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ABSTRACT

An iﬁvestigation has been performed into the dynamics of thin
1iquid»shéets, Observation by high speea ﬁh@tography hés revéaled a
 new'mechanism-of>$heet instability,velgctrohydfodynamic in origin,
Qhen'water is injected into hot combustion gases. An estimation
has béqn @ade of the charge transferred'to”a.liquid sheet from an
ionised gas and a first order solutionvof the resulting coupled
su;face wave has‘been derived. -

Genefal first order sclutions of wavé-growth on finite viscqsity
liqﬁid‘sheets have 5éen made, while a second order solution has been
obtained for the growth of inviscid sinuous waves. The results of
the latter analysis have been used to satisfacterily correlate the:

coherent sheet length.
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Chapter 1. Introduction
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The atomisation of liquids is an eséential feature of a wide-
spread range of induétrial equipment and has important applicatiohs
in combustion (1), chémical (2) and agriculturél.engineering (3).

In many.cases-it is desirable té contrcl the quality of
atomisation within wéil;defined limits. For example, in combustién
a proportion of very small drops ié necessary to assist ignition and
promote flame stability, although the size range and relative
proportion ¢f bigger drcps must be kept within suitable limits in
order tc achieve complete ccmbustion. Cn the other‘hand, in
agricultural usage, whére it is.ccmmon practice tc¢ spray concentrated
sclutions cf toxic selgctive‘materials, it is'essential’for the
proportion of fine drops within the spray tc be reduced to a minimum
in order tc avcid contamination of the surfounding areas by "drift".

No successful solution to this problem has been foUnd, although it

has been mitigated by the use of additives to contrcl the physical
properties of the liquids and by the use‘of(specially designed
atomisers for specific purposes.

Few advances can, however, be expected in the contrcl of the
- spray characteristics until a fuller understanding is achieved of

the complex prccesses of drop formation.
While there is a growing knowledge of the factors influencing
the disintegration of liquid streams under normal atmospheric

conditidns (4), little is known of the perfcrmance characteristics

of spray nozzles in more extreme environments. The purpose of this

research has been to study the mechanishs of drop formation in high

S . ‘u ) - 3
temperature gases, and apparatus has been designed to enéole visual

3] 3 i mbustion
‘and phetcgraphic cbservation cof water sprays to be made in CCngstlon

. . N 0 - - . - . - |
. gases at temperatures ranging up to lcCcO°C. The single orlflceAfan



spray pressure nozzle was used for mcst of the work since it produces
a flat sheet which is convenient fo: both analytical and experimental
study, and on which there is a good background of information (5;11).‘

Former investigations (6) at normal atmcspheric temperature and
pressure have established a mechanism of drop formaticn by rapidly
growing siguous aerodynamic waves, as a result of which fragments of
liquid are detachedbat regular intervals and contract into unstable
ligamént§ from which drops are formed. Cn the basis of a simplified
model, expressicns were déveloged which related the mean drop size
to the operating conditions.

It has been found in this work that hot gases abové BOOOC cause
thigh frequency capillary waves to be superimposed on the sheet and
disintegration then éccurs by the combined action of aercdynamic
waves and perforations, the contribution of the latter predominating
with increase in temperature. Measurements have shdﬁn a.critical
dependence of break-up length and drop size upon the nature of the
disintegraticn process. It is demonstrated that the new wave
system is electrohydrodynamic in origin, the electric field being
generétéd by the charged particles present in the gas.: |

An analysis has been performed of the electrical boundary layer
flow characteristics around a liquid shegt énd first order expres§ions
‘derived for the criterion of stability and wavelength of the neutral
wave. Calculated and observed wavelengths are found to differ

appreciably and this is attributed to unknown turbulent motion around

the sheet.

.

Previous first order theories provide a basis upon which sheet

break-up lengths and average drop sizes may be correlated, but no

" information is provided on the actual mechanism by which the sheet

disintegrates. .In this thesis further insight has been obtained by



extending the analysis to include seccond order terms, and it has

been shown that for low viscosity liquids a critical amplitude exists
at which the sheet bhreaks down,disintegratioﬁ occurring at positions
gcorreéponding to % and»%’of the wavelength. Break-up léhgths have

been shown to be a functioﬁ of the amplitude of the initial disturbance

and experiments have demcnstrated its value to be critically

dependent on a Reynolds number, based uponr the nozzle orifice

gimensions.-

' The firét order fheory has been extended to include real
liquids, and expressions are aerived which show the effect of viscosity
on wave growth for both sinuous and dilaticnal waves.

The mechanism of disintegration of the edge of a fan spray sheet
has been explained as a combination of both Rayléigh and Taylor
instability ,and expressions have been developed for the trajectory
of the rim and for the size of drops formed from disintegration.

A criticai aééessment has been made of the commonly accepted
procedure fer analysing photographs.cf sprays. It is shown that,
because of the periodic nature of drecp formation, unsteady state
conditions may peréist which give rise to unpredictable errors and
it is therefore concluded that accurate drop size frequency
aistributions can only be cbtained from an analyegis of single flash

photogravhs taken nesr the atcuiser.



Chapter 2. Theoretical Considerations




Magnification:- x %.6

Nozzle:~ Bray Unijet Y

Differential Injection Pressure:- 0.69 bar (10 p.s.i.g.)

Fig.2.1a. Formation of a Fan Spray Water Sheet




Magnificaticns: x 2

Nozzle: Bray Unijet X

Differential Injection Pressure:- 2.41 bar (35 psig)
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Fig.2.1b.Fcrmation of a Fan Spray Water Sheet
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 FIG. 22 TRAJECTORY OF A SHEET EDGE



2.1....  Dyidamics of the Rim of a Fan Spréy Sheet

| The flow“characteris£ics of fan-shaped ligquid sheets have bgen

sub jected tb nuch study (see for example Ref, &), but little attention
seems to have been dllected towards the factors influencing thelr
development. A typical photograph of a low viscosity fan spray sheet
iésuing from a single orifice fan spray nozzle is shown in Fig.(?lla)@énd
it is seen thaf as & result of surface tension the édgeé contract and a
curvéd boundary is preduced as the sheet extends from fhe origin, The
rims iniﬁiélly thicken as liquid.accﬁmulates from the contracted sheet,
but;vas a result of'disturbanceé which simulténeously appéar on the

outer surface, rapidly break ddwn into drops, = Dombrowskl at al (lO.
derived an approximafe expreséion for the trajectory of the fims by‘
néglecting the effect of accumulated'ﬁaés'andvtheyifound that it could

be used to correlate results for low viscosiéy liquids over a wide range.

of conditions for cases where disintegration occurred close to the origin.

‘At relatlvely low ejection VElOClt’eS th° coh°rent rim may persist
" some con31derab1e dlstance before break-up and thus effectlvelv control the sheet

aréa Fig.(2.1b). In this section, 'an’ analysis is carrled out-of: its nath
and its stability. - !

2 1. l Trajectory of the Rim of a Fan‘ooray Sheet

L2
The equlllbrlum system considered, F1g£2,2) comprises an gttenuaulng
inviseid liquid sheet bounded by liquid rims of cylindrical cross~section,

Conservatlon of momentum normal to a rlm elemert of length, ds, gives

2 . A . (2.1)
= % A U, sin
20 Q"Ut ) Addrs + ed( Ut) A g B

~ds

where ¢ isbthe angle between the tangent and radius vectors,while

conservation of momentum along the rim element gives,
pd(AUz_t) :r")d(AU;'_) U, cosd 4(2-'2)

ds as

S i . . eiv e 4 emen is
For conservation of mass, the net change of flux, wiinin the element

._balanced by’liquid entering from the liquid sheet i.e.

,Oo.(AUt [Lhz' éo , o ‘  '  (2'3),
= : ds R : : o



In the absence of external *orcea, the uuclcnow of a fan spray sheel

varies inversely with distance from the origin. (lo)viz.

h=K,
'y

and hence equation (2,3) msy be rée-written 'as, '

pd(&) -——-onK_o_d__é?' ‘ : (2.%)
ds dsv

Eliminating d (AU,G) from equation (2.2) and (2.4)

‘ ds ) _
' AU2=ﬁ2K 50035&9 ' ‘ (2.5)
90

Thus comblmng equations (2. 1), (2.%) and (2.5) and noting that

sind =/ T 46 we get

ds
N = dw Scosd 40 + gin°g o (2. 6)
ds r ‘
. 90 . .
vhere N = 2T S (2.7)

PUK,

and, dv, the radius of curvature of the rim, is given by
ds

aw = (] ar
dv ' Q)

&l i-(ldl J )/2

Inspection of pho’cographs reveals that to a first order of approximation

& parabolic relation exists between the dimensionless parameter Nr and

(6-6) and hence,

1ldr d )
r "ae T (d@; >1
) givmg’ B ]
& _3 a6 (2:8)
ds T2 Gr :

Thus, combining equations (2,6) and (2.8) we get,

4

[ —

* Streamlines in a fan-shaped sheet appear to diverge from a centre of
DPressure behind the orifice ‘( 0) and the origin is %aken at this point

(cf pig.2.2).



R P G 17
\dr) -~ (1-(1-*(11-3)7) , e
..~ where .Byz-.. 2. 49 Scosdde

| , | )

©

" In order to provide a simple analy’cicai expression for the ti'ajectory
- of the rim, it is assumed that since o is smpall over a large portion of
- the rim, B will vary little over the range of integratibn and may be

‘replaced by the average value B defined by,
-1-. S B 4ar

r .

| A

Equa’clon (2.9) may thus be :Lnuegrated to g:wei'

(e-¢) = {cos»,1 (1- 2= (N - b))]

-—
-—

B °

For the nozzles uwsed in the _present work (cf Taﬁle 2) r, covers a
range from abput 0.4 to 0.75 mm, and thus, exc‘eplt.within the iricinit‘y
:;Of the‘orifice 4 I‘V <( r. Hence for cos ¢ =~ 1, the shape of“;t‘he
bounda.ry may be described by the following relation. |

2N = 1-cos (6~ 9)+2 (O- o2 (2.10)

2

‘The velocity of the rim, U, is ob’calned by integrating equatlon (2 4)- and

'comb:.m.ng with equation (2.5) viz.

. . Uo
Ut ='é':'é° g cos& ae

©,

-For small values of § , U, =T,

~



2, e St el

Magnificafion S X 107
Nozzle HE Bray Unijet Y

Differential Injection Pressure :- 0.69 bar (10 psig)

Fig. 2.3 _Growth of Waves on the rim of a Fan Spray Water Sheet.
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CFIG. 24 DISINTEGRATION OF A LIQUID RIM



Magnification :- x 6.9

Nozzle :- Bray Unijet Y )
Differential Injection Pressure :- 0.69 bar (10 psig)
Fig .- 2.8 Formation of Drops from the Rim of a Fan Spray Water Sheet.
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2.1.2 Stability of a Liquid Rim Moving alone a Curved Path

An enlargement of part of a rim cn a sheet of water is shown in
Fig.(2.3) which demcnstrates that disintegraticn 6§curs'as a result of
awhigh.frequency wave motion., A pictorial representation is given in
Fig.(2.4). Growth is initially symmetrical, but gecomes asyauetrical
at la£ef stages, the waves baving fhe form ¢f spiky precjecticns
separated bylshallow troughs. ..Eventually the troughs break thrcugh
the riﬁ ihfo the thinner sheet where expansion takes place at a con-
siderably accelerated rate. The‘bgse of the wave beccmes rapidly
undermined to fcrm a swollen ended.protuberance joined to the sheet Dby
a narrow stem. The end of the protuberance contracts into a spherical
form and then beccmes detachked when the stém breaks dewn, producing
large drops with a few satellites. It khas been found that undeg
steady flow ccnditions this mechanism may generatg a stream of
regularly sized drops (c.f. Fig.(2.5). The general appearance of
the waves is characteristic of Tayler ihstabi;ity (12) and the wave
growth can thus be expected to be influenced by the centrifugal forces
generated by a curved trajectery. A rigorcus analyéis of the problem
is most ccmplex; it reguires soluticn of the eguaticns cf wmcticn in
three dimensions where body ferces and equilibrigm fluid boundaries
are both time dependent. LEcwever, in most cases the vgriation of rim
diazmeter over several wavelengths is very small ané the problem canvbe1 
"reduced to that of a léterally accelerated liquid jét cf constant radius.
The system thus considered (Fig.(2.6)) comprises a cylindrical
jet of uniform crcss secticn in which the motion is constrained élonS
a line fcrmea by the intersecticn with the surface cf a plane passing
The liquid is accelerated in a direction froa

through the jet axis.

3 --¢~~.A;\,"“" tI s
the yasecus to the liquid phase &s shown. It is assumed that the
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cross section of the jét remains sensibly circular Qnder the action of
the acceleration.

Instability can be attributed toa combinatidh of two effects,
ngmely; the capillary force generated by a reduction cof Surféce energy
and a bedy ferce génerated by acceleraticn. fhe two'effects rnay be
~ studied by Légfange's method (l})lwhich requires evaluation of the
kinétic‘and potential energies of the jet when subjected to an arbitrary
disturﬁance.

l Where viscous dissipaticn is nggligible)conservetion of energy.
gives,

(sl'- so) =-(Ql - QO) (2.11)

where S and Q denote respectively total kinetic and potential energies
ccntained in one wavelength;and thé subscripts 1 and o dencte the
disturbed and initial state of the Jet. The change in potential
energy between these two sfates, (Ql - QO), results fromn é net change
in surface area and net force displacement.
In the disturbed state the surface area cf thé jet‘qlong a wave

is given 5y thiwrelgtion,‘ ' | ' _

j- r(1 +(91‘>2)‘/Z(1+;12(%£>2)% a (e (2a2)

Al = ox ®
- O

For an arbitrary harmonic disturbsnce of the form,
r =a+ Hcos kx cos mO.
" where B = H(t) <& a, and a-is the effective radius of the disturbed
Jet (22). |
Expansion of the integrand in equation ( 2.12) to in;lude terms

of C(HZ) giﬁes, -
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A1 . 2‘2 , '
A, = aJ}ﬂ (1 + g cos(kx) cos(m &) + kg? sinz(kx) cos2(m ®) +

'“ Ha cos®(kx) sin“(m ® )) d( ) a0 (2.13)

Using the identities,

sin®(x) = L-=.coslex)
e
and cosz(x) = 1 + cos(ex)

2

“equation (2.13) may be intégrated to give,

2.2 . ~ 2.2 Cf-
_ k"Ha v , sin(2mf ) m H _ sin(2% m)}
by =emay=3 >(2 MR )+ 2a (% m )

The net change in surface area between the disturbed and un-

disturbed states is therefcre,
2

' A
A, = A =2%a - 2%a kF{( +s”‘(2' ))}

1 o o 2

- .
m H 81n(cmﬁ ) (2.14)
[ C% T Ly } .

where a_y the radius of the undisturbed jet is related to a, the

effective radius of the disturbed jet by coantinuity viz.

+

: ' 1 14
a = a{zijf‘ (1 + g cos(kx) cos{(m @))K dé%{)d B} 7 (2.15)
<

Combining equafions (2.14) 2nd (2.15) gives to C(H )

aH sin(2mW ) 1
(g Gy

a

2
. s &
m 1 - sin(2m )>]

(
a2 2 m a7

The surface energy change, O) associated with thls con~-

(947 - 9

figuration ie

: 2
(Q,, - 9, )"=_2:‘~1}2i_'l“._l {(’12 512(2’;1% )y (2

1
- =)+
a

. i e
Inz . Sjig‘a:i?i—))} (d.lo,



The enérgy change asscciated with the force displacement (Qfl - Qf')

)
is given by, o, |
(Qfl ",Qfo) =-;€1 }‘Jl f(H cos(kx) qos(m ®) - (ao - a))2
. —2— . ‘v '

f cos @-Qéﬁﬁ) d® (2.17)

where f is the centrifugal acceleration.
Using the relation
gbs 0 cos(2m @)vz %(cos((2m + 1) 8 ) + cos((2m - 1) 8 ))

- equation (2.17) can be integrated to”give to C(HZ)

oo e
afi? { sin((2m s 17 ) sin((zm = L) )} 2.18
Qg - o) =01 8 E (2a + 1) * (2m - 1) (

For irrotaticnal flow the kinetic energy can be written as

+Y 1 ' : ‘ : .
' d( <) "
0 el“ %(P (%f:) S @ | (2.19)
7o S |

4{ the velocity potential is a solution of Laplace's equation which

written in cylindrical co-ordinates is,

04 199 1 &) azd)
- r.a*?ar"’.zfa@z*@a

and is made unique by the boundary conditions,

,- 29 | _ o
- dar - T Ot | ‘
for r = a + H cos(ki) _cos(m ® ) and-i< ® <%
and p’g;l = O

for ¥ = a + H cos(kx) cos(m® ) and © =%

.

The appropriate solution is,,

Q =_é cos(kx) cos(m ® ) Im(kr)
t k Im,r'(ka)'
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where Im is a modified Ressel function; Im . is its derivatives with

]
2, 2

‘2-, 2, 2’ etC.

respect toKr: and m may take only the values

Equation (2.19) may now be integrated to give to O(Hz)‘

° _ ‘2 B
B I (ka) sin(2mﬁ ) -
s. -5 = Et Im(ka)y ( sinteunlt ) ) (2.20)
1 0 lik m Lonm
s T ,

If it is now assumed that the wave amplitude H varies as
HoeXP (ﬁ f); then combining (2.16), (2.18) and (2.20) the amplitude

growth rate, ﬁ , is defined by,

. 2 '

1 sin(2m% ) Ht I (ka)~ TH2 (1 + eln(Zmn ))

Y IW X I :(ka) e 2N m

1
2
22 2, sin(2mf ) fH sin((2m + 1W )

(l‘ka),‘m(l'“ﬂ‘r‘a‘ ﬁ*m{ n v D)
sin((2m - 1)% ) ‘ .

V(Zm _— j (2.21)

Equation (2.21) indicates that the cnly unstable mcde corresponds

to m = % and the relation may therefore be written,

I, (ka) 2 4
% B T 3 22 o A

: = f 4 —— (2 - k&) (2.22)
I%’I((kd) k .2 azcl In ,

and the criterion of instability beccnes
2

37T Tk ‘ _ ,
. (_f_ + ) > — .23

For a rim of slowly increasing thickness subjected to a variable
" hormal acceieration,,the total growth may be defined in terms of the

time average lgm, where,

' l ".
Bu = ?J [S(t) dt | (2.24)

It has been shown in Secticn 2.1 that the skape of the.boundary

Mmay be described by the fcllowing relation,



Nozzle axis

" FIG.2.7 TRAJECTORY OF RIM-



T

J-*?-?-: =1 -cos(BO -6 )+ 1.5(6 -6 )2 (2.25)
C K Uz . o} o
170 0 '

where @c)defines the direction of the tangent velocity vector at the

origin- (cf. Fig.(2.7», the radius of curvature at any point is given by,

“ 3 -(ir

5 & (2.26)

R =

end that for the greater part of the rim,Ut is close to the velocity of

the sheet v, Thus, combining (2.25) and (2.26), and noting that for
. ‘ 2 A
(6 - EBO)< 1, 1-cos(® - 6‘0)== (fi_%_ﬁ_o) , the acceleration

experienced by the rim (i.e. %% ) is given as
£ = 30 ' : (2.27)
S W -
61‘<‘o(9 90)

whilst tre radius at any oocint is given as

a = { k(6 -0 0>j1/2. (2.28)
T

The criterion of stability iherefore beccnmes,

3 (T

(
(o

+
[i'K. -

W

Which is independent of surface tension, density and velocity. .
Equatién (2.24) can only be solved analytically fcr‘the limiting case
of ka > 1, i.e. the diemeter 2a ¥ %%_ . Inspection of & large

numer of ptotographs indicates that this conditicn cerresponds to
liquid eheets of low ejection velocity, when the rims are of relatively
'iarge curvature. Thﬁs,

14,
2 Y¢ sinh(ka)

Lka) = = (

M ka ‘
' . : sink(ka) 2 _\¥
ang, I%;E(Ka) = i— cosh(ka) + Zka j QXka)
and hence, )
I (ka) | | - (2.29)

SN |
_Ik,f(Kd)
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Combihing equations (2.22L.(2i24%>(2{27% (2.28) and (2.29) gives;

L SR R |
_ 1 (N _+3) 2.k (TkT\% : 5.30
B =% ] o k)(fﬁ aw (2:30)

o}
o

In principle, the lower limit of integration.in equation (2.30)
should be taken from the instant at which the rim has thickened

sufficiently for the above reqdirement to be satisfied. However, the
grthh is initially small ana little error will be i?n‘c;urred by taking.
the limit as zero. ‘

Since ds = Udt snd noting also that ds = (1 s REx= Z)A

equation (2.30) may be rewritten in terms of B viz,
6

,

U P - )2 g

%)(e”)% —-(—E—a————?—ﬂ(l-pz(e-en’é

) T 7 c
a ._

- ) ! ’ ' -
(1 +('—e—r'e—-o—-—)j a9 ‘ , . (2.31)

where P =

bk §
ot Yo
3(h + 3)) ‘
d .
Under normal operating conditions rim disintegration occurs-when

2
b .
(9'-6 o) < 1 end since for instability o S (® -0 N<1
30 + %)
equation (2.31) can be 51mp11f1ed go give,

% 2
ﬁ _,3(,& + 1) (el )1/é [Mil-%—('6~9°);
T .

m_E<e"90) k“/é

| e
%Lf( . eo')2 } a0
which on integration gives, . | o
B o= 20 (g-l—;ﬁi—f/z»(-';- (-8 ) - %‘.2..(9_ ® )7/2 .

P/ - 5/2" | , o o (2.32)
58(9-9 J» e SRty
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1
The wave cf maximum growth, X a? with wave number k'd is
. . . i : . P _
cbtained at any point along the rim by putting 3% = 0. Thus,

from equation (2.32 )
. Ny = b7h k(8 -0 NF - (2.33)
Equation (2.33) shows the wavelength to be independent of sheet
velocity and liquid properties and dependent soclely on the sheet
thickness parameter and the distsnce frcm the orifice. Lowever, only
the first of these predict%ons Las been verified, thé observed (or
dominant) wave remaining sensibly constant along the rim. The latter

result is not unexpected since the linearized analysis cnly effectively

describes waves during their early stages of growth, higher order

terms not being taxen into account. Calculated wavelengths for low
values of (B - @ 0) where the waves are seen to be in their early

stages of growth are about one third of those observed. Measurements
of wavelength werg.made,for the range of experiments listed in Table 5
and the resulting relation between the dominant wavelength, % d, and
KO is given by, ’

N4 = 2.42 Ko% | | (2.34)

Eguations (2.32) and (2.34) have been used tc estimate the sizes

of‘drops preoduced whken the rim eventually disintegrates, by assuming

~

‘that the liquid in each drop is derived sclely from that contained in
.one wavelength. By mass balance the drép diameter is given by,
D = (6 Ng a,*2)1/3 : - (2.35)

-where a* denctes the effective radius the rim would have at the point

Ll

of break-up, and is given by,

(B* -6 )
a* = (K, ——p——

)%
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Break-up occurs when the amplitude of the wave grcws to a critical
value, and is defined by the relation,
T = * *
B* = 1 exp (Bx (6 -0 )
which may be more conveniently written as,

c (D L. (E° | ]
B:(B*-0)=1n ) (2.36)

where the asterisk denotes values at break-up. From (2.32) and

L 2 L2
« Clc %) 2., % q . 3/2
(07 - Bg) ) {3%‘9 -0 - 5= (B =0T -
P 4 : -
72%(9*-90)5/2.........j = Const. x 1n (-g:-)
N N . O
Y- |
WKk

b =
where Pd (gzﬁ*:—g))‘
Since in general P, (O - @ )« 1 the series may be truncated

after tre first term giving,
: . 5

(6* _éo‘)s/a Py (Q—Ié%—» )1’é = 1n (g—::)x Cc-nfsf:. | (;.37)
Combining equations (2.3%), (2.35) and (2.37)
| K 2 .
D = const’ (1)1/9(=2)%7 14 £, v (2.38)
: Cl Uo ho

The term on the right hand side of equation (2.38) contains the
unknown initial and final wave amplitudes. It is shown in Sectiocn (4.3)
: *
that for sheets undergcing aerodynamic wave disintegraticn 1ln (%—)
. 1o

has a particular ccnstant value when tre orifice Reynolds number is

_below 9,000 and ancther value between keynoclds numbers of 9,CCC and

33,0C0. In the present study all Reynolds numbers lie belcw the
former value and since it is reascnzble to assume that rim waves will
" exhibit similar characteristics under the same flow regime, eguation

(2.3%; can be written as,
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e
K )
D = const (3-)/9 (2y2/9 | - (2.39)
el ) UO

Fquation (2.39) indicates that the drop size is only weakly 5

determined by the liquid properties and virtually a function of (Tﬁ-).

° (o]



2.2 Aerodynamic Instability of Liguid Sheets

The theory of pertgfbations in liquids has been investigated
extensively, the earliest hydrodynamic conéiderations being connected
faturélly, with the tides. Basset ( 14 ) presents a compreheﬁsive
acccunt of the early history of hydrodynamics, covering the early
work of Newton and Laplace. Lamb (15 ), in order to discriminate
between tidal and surface waves, intrcduced the concept éf the
capill%ry wave, with the assumpticn that it was initiated by a
simple harmonic disturbance of low amplitude. Selecticn of the
appropriate velccity potentials led tc an éxpression for the velocity
of surface waves of any particular wavelength.

Rayleigh (16 ), in addition to.his vell known thecretical analysis
of jet disintegration, studied the insztability préseﬁt at the inter-
face of two fluids of différing density and noted that, in cases
where the upper fluid is the denser, growth rates were large for
small disturbance'Wavelengths. In similar studies G.I . Taylor ( 17)
examined thecretically the growth of perfurbations on an interface
acce}erated in a direction perpendicular to its plane. . |
Bellman and Penningten ( 18 ) included the effects of surface
tension and viscosity and shcwed that viscosity reduces the raté
.éf growth ofvsurface disturbances, while surface tension reduces
the cut-off wave number. Keller and Kolodner ( 19 ) further
extended the theory by examining the disruption of inviscid sheets
by explosion induced acceleration, and estimated, frcm the ﬁost
Qnstable‘mo?e, the size of drops which might be obtained as a
result of the instébility.

Refinements tc these thébries were carried out by Ingraham (20),

whe derived a seccnd order approximation, and by Chang et al ( 21 )



whe carried the analysis further to a third approximaticn. Chang
notedthat the asymmetric development of an initially sinuscidal
disturbance was a non-linear effect and siénificantly dependent upon
She characteristics of the initial disturbance. A similar method
of analysis was used by Yuen (22 ) to study capillary wave growth

on liquid jets, and he fcund that the fundamental frequency and the
cut-cff wave number were alsc controlléd by the initial émplitude.

Melcker (23 ) studied the effect of electric and magnetic
fieids on the growth of waves on conducting liquid surfaces. I'e
applied first order perturbation teéhniques to Maxwell's equations
and developed.a criterion c¢f stability for surfaces subject to a
étressof electrical prigin.

The characteristics of  aercdynamic wave growth on parallel-
sided inviscid liquid sheets has been studied by Squire (24 ) and
Hagerty and Shea (25). Their analyses have been based upén con-
ventional linearized tkeo?y,and first drder solutiohs have been
obtained for dilaticnal and sinuous waves. Dombrcwski and Johns (11)
carried out an apprcximate analysis for the growth of sinuous waves
on viscocus sheets by neglecting the tangential comPOnent of
perturbation velocity and assuming the normal cohponent tc be
gonstant throughout‘the sheet.

In Section 2.2.1 the method of perturbation analysis has been
used to provide a more rigorous treatment of the gfowth of viscous
waves. In Section 2.2.2 first  order solutions of inviscid flow
have been extended to provide a seccnd order solution and, as a
result, it has beep possible to calculate the critical amplitude at

. which a sheet breaks down.
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2.2.1 First Crder Solution for Viscous Liéuids

‘The equilibrium system considered, (Fig.(2.8)), comprises a two-
dimensional parallel sheet moving with velocity,Uo,through an inviscid
@ﬁtatignary'gas£ The y axis is takenperpendicular to fhe undisfurbed
sﬁeet, vhile the x axis lies along the centre line. Thé two
undisturbed faces are defined by the relation y = In.

The system is regarded as héving, initially, an arbitrarily
small digturbance, the Fourier §omponents of which are assumed
dynamically independent.. Since égéh Feourier compénent is a
solution. of the linearized equations of moticn, it is sufficient to
e#amine the behaviour c¢f a general harmqnic disturbance. Zero
Aorder acceleraticn forces are neglected.

For incompressible flow the equations"of motion may, therefore,

be written as » . _
| Due » — OSep) 4 O p T (2.h0)
Dt - By oxp
and
gu""’- = O

O Xt
where S‘P is the symmetric unit tensor andﬂ&@the shear stresé tensor
gove;ﬁing Newtonian flow.
The effect of viscosity is to make the flow within the liquid
film rotational, and we therefore introduce a perturbation stream
. function to satisfy the continuity equation.

\V(x,y,t) = - B(y) exp (i (kx + nt)) ' (2.41)

such that the perturbation velocity components are

Combining equations(2.40)ahd (2.41) and collecting first

crder terms gives,



+
985 -, s v+ 29k%) 4 k5 + Uk

y
v 9 xHT =0 | | (2.42)
' D §=I .n iy BT 2%
" -p+’ryy=261)51§-i§y (E+Uo) +-l-{-r(g?y -k.§y8
4 exp i(kx . nt) : (2.43)V

xy = Tyx = -@){@51 " k2§} exp i(kx + nt) (2.4k)
wh?re]:xy and ﬂ[yi are the perturbatiocn componehts‘of the tangential
and normal stress.
Equation (2.42) is a form of the Orr-Sommerfiela equation.
Unique solutions are obtained by sétisfying the boundary conditions
at each interface.

1. The normal velocity of each fluid is given by the relation

Y, -2 032 o (2.45)

for y = *h and ﬁp;j?o for y = 02

2 Shear stress continuity is given by .
: ' . dv . Ju
oy = ~ A% “an : 4
1 [[ ny]] & "i ox ¥ ’3:]} (2.48)
+ - .

for y = ~h

3. Normal stress continuity is given by
. 32 v
[[-p +Tyy]] = 'Taxa C(2.47)

for y = Ih

where ”l(x,t) is the Fourier cocmponent of the initial disturvance

and is given by /Ql‘z f?o exp(i (kx + nt)) for the upper interfage
and 172 = 17; exp(i (kx + nt + € ))for the lower interface.

* The suverscripts I, II, III, and IV denote the degree cf

differentiation w.r.t. the subscripted variabdle.

* q D denotes a sitep change across the interface,
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.Equatiohs ( 2.42 ) through to ( 2.4?) constitute a complete
boundary Value’problem, and its solution yields a relation between
the properties of primary flow ané those of the disturbance. Frcm
this re.lationship mzy be deduced the conditions governing instability
of the liguid film.

Equation ( 2.42 has a sclution of the form,

C_P_: a; pr(ky)+ a, exp(~ ky)+ ag exp (my )+ 2, exp( - my )

where m° = k® + i (2= h+ U k) : (2.48)

The stream function then becomes
. ">U=(al exp(kj)+ a exp(~ ky)+ a3 exp(my)+ ay, exp(- my))
exp(i (kx + nt)) | (2.49)
For the.a gaseous phase -va = 0, and equation (2.49) therefecre
reduces to the simple form ‘
.)Dj = (al-exp(ky)+ 2, exp(- ky)) exp(i (kx + nt))
where the Subscriptkij = 1 ccerresponds to the upper ihterféces and
j = 2 corresyponds to the lower interface. |
As y—> -(-l)joo , ’\}JJ_ - 0
and therefore

')bj = a; exp ((-1)7 ky) exp(i (kx + nt)) : (2.50)
Solutions of‘bequations (2.49) and (2.50) are obtained for imposed
disturbances of sinucus and dilaticnal form.

2.2.1.1 Sinuous IListurbances

For sinuous disturbances My = f72 = ‘?b exp (i(kx + nt)) and
- hence comoining equations (2.45) and (2.50) and noting that for the

gaseous phase UO =0

_ ‘. :.‘. ‘#,. ‘- .v" ) -‘ “‘:..v“' ‘." "“ .
27 = To if,explln) e —'i

s




Therefore,

T’j ='“20 'E' eXp‘(-(-i)j kIym“MJ)) exp (i(kx + nt)) (2.51)
Combining equations (2.45) and (2.49) and noting tkat the liquid
phase has a finite velocity and viscosity, we gét, |

| qki (n + Ubk) = ik (al exp(kh)+ azyexp(- kh) + 2 exyp( mh)

+ a, exp(- mh)) . | (2.52)

for y = +h
and

Qoi (n + Uok) = ik (al exp(- kh)+ a, éxp(kh)+ as exp (- mh) -

+ 8, exp(mh)) (2.53)

for y = ~h ‘
. Cembining equations ( 2.49 and ( 2.49 gives,

2

-2k“ (a, exp(kh)+ a, exp(- kh)) - (m2 + k2) (33 exp(mh)

1 2
+ a, exp(- mh)) ’ | (2.5%)

for y = +h

and

2

-2k (a, exp(- kh)+ a, exp(kh))- (m2 + k2) (aj éxp(— mh)

1
ot ey exp(mh)) | ' (2.53)
for y = =h

Excluding the trivial case of a

11 8o aBT a, = O, the set of

equations ( 2.52 ) to ( 2.55 ) have the following solutions

al = a2

aj = aL" 2

4. = a 2k cosh(kh)
"3 1 m2‘+ k2 cosh(mh)

o (n + Uok)

a = =
- 2
2k
k(l- ———3) cosk(kh
: m2 + kZ _ )
and therefore from equation (2.41) the liquic stream fuaction is

given by,



cosh (my)/cosh,(mh)
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-ﬂ%/= Mo (n + U k) i cosh(ky) _ 22 cosh(my)}
21{2 cosh(kh) mZ . k2 cosh(mh)
k(l- —=——)
2 2
, m o+ k
exp(i (kx + nt)) ' : o - (2.58)

Combining equations (2.51), (2.56) and (2.47) provides an equation
‘governing normal stress continuity, i.e.

3 _, .2
- 2 . 2 Tk” -
. (29 k" + i(n + U k)) +”éi——553%?§3)='4k3m ﬁi tanh (mh)

coth(kh) | | : . (2.57)
In7order to proceed further and obtain a solution of equation (2.5?)
it‘ié necessary tc gain insight into the nature of the flow within
thé liquid film by examination of the vo;ticity function @3 ,

defined as,

o . Y, Pt e
TR

From equation (2.56) equation (2.58) may be re-written as
¢ =2k (n+ Uok) f(y) exp(i (kx + nt))
where  f(y) = cosh(my)/cosh{mh)

The dimensionless parameter f(y) is uniquely determined by uah,
the liquid film Reynolds ﬁumber (¢ §£. equation (2.48)) and provides
avmeasure of the vorticity profile within the liquid film. The
function is plotted in Fig.( 2.9) for a‘;ange of values of mh |
against the dimensionless thickness parameter y/h*. The curves
. indicate that for mh %> 1 the effect)of'viscosity is essentially to

produce‘a thin boundary layer near the interface in which the flow

_'is rotatiocnal. As mh is progressively decreased, the

:

circulatory flow penetrates further into the liguid film until for

* It is assumed that waves travel with the sheet velocity sc that

mh is real (cf. equation (2.48)).



mh €€ 1 the vorticity is.practically ccnstant throughout.l In

cheracter with all siﬁguiar perturbation problems the BOundary

layér is effectively a region ¢f non-uniformity which must arise
fgllowing the neglect of the gas phase visceosity and the conSequént
abolition ¢f tke non-slip boundary condition. (26). Solution of equation
(2.57) must therefcre be restricted to the‘limiting case of mh oy 1l

when the boundafy layer is thin and .the "relation is thus valid

over the bulk c¢f the liqguid film.

For mh 5y 1 tanh(mh)® 1 and hence equation (2.57) reduces to the

form
(2~ K 4+ i (n +U k))2 + 252,:.ﬁa25 = 4k3m-02'coth kh) (2.59)
E T o p, tanh(kh)” t (kh) (2.59
Using the transfermations (15),
2' eanz - Tk3
N = ————— . - (z.6C)
€. .
- 2 . |
(i(n + Uok) + 29 k7) = XN . (2.61)
and
9 k% -
T = M - ) . : (2.62)
equation (2.59) reduces to the form
(X2 tanh (kb) + 1)2 = 16M2(x - M) : (2.63)

In general |l| 4& 1 and hence equation (2.63) beccmes
(X tanh(xk)+ 1) = ©
which, expressed in dimensional variables, is

2
etk . ‘ 2.2 :
. + 29V k = L6k
e tanh(khf (1(U0k +n) + 2V k) ¢ (2.64)
The sclution ¢f equation (2.64) gives two rootsof the form,

n = C(-ip

where e, the wave velécity,‘is given by the relation



-Uok : '
el = a
i + e_—a (ﬁc65)
1 tanh («h)

and ﬁ ,.the rate of wave growth or decay, is given by

2 +
B = -2 vk 2
-——g—f————%—(u? 2 4y ij )- T (1 + y,_
¢, temb(kh) o KU @, tenh(kn) tanh(xh)? }
(1 + ¢ a )

Cl tanh (kh)

where the two roots can be used to specify the initial velocity

and initial surface displacement. In general, for a gas liquid
system e tanh(kh)l& 1 and the criterion of stability is then
given by
\ ,
5 eauik?‘ - x° )% |
) ﬁ = ~d'vlk_ + Cl tanh (kh) . (2.56)

where the term 2 % K° may be defined as a damping factcr. The

1
equation shows that instability arises when energy derived from the
flow field is sufficient to cuverccme visccus dissipation within the

sheet.

2i2.2.2 Dilaticnal Disturbances

Solution of equaticns ( 2. h ) through to (2.47) and. (2.28) for
dilaticnal disturbances are cbtained in a similar way after first
. - o {4 - . s ?T‘
nlotlng that My o exp(i (kx * ntj) and (QZ 7 exp(i (kx + nt + ))
Thus,'fcr thke gasecus phase,
Co(o1)d n ¢ (-1)9
'}Lj ==(-1)°" 7+ C(exp(- (-1)7 &

and for the liquid,

, "ﬁ;)) exp(i (kx + nt)) (2.57)
G |



sinh (m,y)/sinh (mh)

FIG.2.10 VORTICITY PROFILES FOR DILATIONAL WAVES



k) , . 2 . ‘

”20 (n + Uo sinb{ky) 2k sinh(mny) ) R

Y- o2 sinh(kn) ™ 2 ., 2 sink(an) exp(i(k + fit)
k(L - 2z ) (2.68)

Combining equations (2.47),.(2.67) and (2.68) provides the normal stress
ccﬁtinuity equation

- 3 2
2 . 2  Tk” - Can_
(29, k" + 1(n‘+ U k)™ + 7?;7;;51(kh))

ij)i tanh(kh) coth(mh) ‘ (2.69)

= Lk
From equations (2.58) and (2.68) the vorticity is given by,

w

2k (n + U k) £(y) exp(i (kx + nt))
where f(y) = sinh(uy)/sinh(mh) |
The function f(y) is pletted in Fig.(2.10) against the
dimensicnless thickness paramecter y/h for a range of rrh Fer
mh % 1 the vorticity profiles are similer to those cbtained for
sinuvous distur‘ban.cés and stcw that the region ¢f nen-unifermity is
again restricted to a thin‘layer in the region of the interface.
For mh « 1, hovever, the function f(y)‘-v y/h which may be comparea
with the uniform value ettained for a sinuous disturbance (cf. Fig.(2.9)).
.'As before, a valid soluticn cf equaticn (2.69) can be obtained only

for the limiting case of mh ¥ 1 and hence

. 3 2 g . .
2 . 2 T -e.n° 3 2 . .
(2,'vlk + l(U_ok + n))" o+ e—-———-—‘——-l coth(Lk.ﬂ)— bk m *Dl ténh(k.h) | (2.70)

Using the transformations given by equations (2.60), (2.61) and

(2.62) and noting that, in general, M)l ¢« 1 equation (2.70) reduces to,
-+ T 2 2

e ——— 2 i - =
01 co'th(kh)+ ( \".lk + 1 (ns Uok)) VO

which has the solutions

oL = . S ' . . | - (2.71)
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and,

\
e - T } f2

2
B = -2v.k +_§ o1 SoTRET (2.72)

for €2 «1

€r

The camping factor is thus similar for both sinuous and

dilatiénal Waves, énd in common with inviscid flow,sinuous waves
grow at a greater rate than dilationai waves for kh & 1 and at
equal .rates when kh %7 1.
o The sqﬁare root terms in (2.66) and (2,72) are identicél to
the expressions for the growth rates of inviscid waves found by

(2% ) and ( 25) equation (2.60) and (2.72) may therefore be written as,
LI 2
B= P -2vx (2.7
where B' is the inviscid growth rate. _ __ :
Thus, combining equations (2+48) and (2.73)

B' - 17
mh =[' " - kh
"1._

and hence for mhop> 1

B ~1
- ?
.9lk L+ k2h2 : ' : . , (2.74)

Inspection of gqaation (2.74) indicates that the level of
viscosity at which the equétions may be applied is essentially
‘-determined by the sheet thickness, so that wave growth can be
Vexamined for either relatively thick sheets of high visccsify or
thinﬁer sheets of lowér'viscosity. Further for mh »»1 the region
of non-uniformity is restricted to a thin layer adjacent to the
interface. The flow within the bulk of the film is then

irrotational and the potential distribution reduces to that of
inviscid flow (cf. equation 2.102). Under these conditions the
velocities of both sinuous and dilaticnal waves are independent of

viscosity for a gas-liquid system and are effectively equal tc that

of the sheet (cf. equatiocns (2,565) and (2.71)).
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e

on Inviscid

Ligquid Sheets

First order analysis provides

A Second Crder Solution ¢f wWave (CGrowth

a criterion cf aerodynamic

instability and describes the characteristics'of waves in their

early stages of growth.

It cannot,

however, predict the critical

amplltude at which the sheet breaks down, since it shows that

during wave growth the two gas- llquld interfaces remain parallel.

Thus;»to gain ‘further insight into
integration, the analysis has been
approximation to take into accouht

approach assumes that the velocity

displacement functions may each be

the mechanism ¢f sheet dis-
extended by a method of successive
non-linear effects. The

potential and the free surface

expanded as a series of functions

of a small parameter which characterises the wave amplitude. . Sets

of linearized boundary value problems are then ohktained by - |
arranging“for éach series to satisfy the equétions of motion and
the boundéry conditions. The calculations presented have been
taken up to tre secoﬁd order terms, |

kave Growth dn Uniform Sheets

2.2.2.1
Thé system considered again ccmprises a two-dimensional

éarallel-sided sheét moving with velocity through a staticnary gas.

The y axis is takeﬁ perpendicular to the undisturbed sheet, while

| The two ﬁhdisturbed inter-

the x axis'iies'along the centre line.

faces are defined by the relation y = *h.  Zero order acceleration

forces are neglectéd.

At zerc viscosity the.flow is irrotational and may be described
by a velocity pctential. The general equations of'continuity
are'tﬁuéz |
(2.75)

| 1. For the gas phasé

CP X% J ‘? yyi = °
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for ’?l + h<v“y<eo, -ob<y< - h M wherg J
corresponds to the upper (j = 1) and lower (j = 2) inter-
faées.
Similgrly for the liquid phase A
q’ XX +q)$'y =0 , | . A L | (2f76)
for qa-h£ysh+rrll ' '
Uniquve solﬁt‘iohs are obtained by satisfying the follbwi;;g
boundary conditions:- - |
1. The surface of the fluid moves with the fluid.
Thus for the gaseous phase, |
M5 = Pgmxs * Py - (27D)
for y ='ﬂzj - (-1)331 '

and for i:he liquid phase

Mty ~9x Mxy *Qy=0 - | (2.78)
where each surface is defined by y = rqj(x, t) - (-1)%n
2. The component of normal stress is continuous acrcss the
interface. Thus, '
' 1 2,2 1 12 2
(cptf’.vl - “?t,j ea)'- 2 @l (_d‘)x +‘¢y) * 30a (Cpx,j '+C‘Py,j)
IEEY: , 2 (=3/2 . | 5.
= (-1)Y T ("'lxx.j (1 “Qx,j)‘ ) | - (2.79)
j .
=m. - (-1
for y Vs (-1)*n |
Following Rosenhead (27 ) we assume that the surface dis-

turbancevs and velocity potentials admit expansions of the fo{rm,'

r v * ' '
m 5 h.Zln?o s ) . | (20
. r= ) . .

* Superscripts preceeding the terms of the series repreéent

the ordér of that term‘



32

and

d - ’quro "CP(x,y,t)(z.m)ch: gl'?ro ’Cﬂ (x,y,t) (2'.82?

where‘qk is a small dimensicnless parameter defined és the initial
amplitude to sheet thickness ratio,
, .
where f?: ~U<))( and rc‘)j v rCP must s_z;tisfy equatioys (2.75) and (2.76)°
respectively. o , -
The functiond) can be expressed at.y = M+ b in terms of its

value and those of its derivatives at Yy =h by a Tayior séfies, i.e.

' . - (-1)3n) = rcP( (-1)n) + —9) | (2.83)
’?J ’?J = (= l)Jh
The surface disturbance may be represented as a periodic
function by the complex Fourler series of the form,
. ,~ x*M"“"“ ¥ "'z_w;ﬂ_«mw*ﬂm"ﬂhw&;}p L * !
(2.84)

where ﬁr(t) is a function of time only, and k is a real number
representing the spatial frequency. Soluticns of «V(t) are made

unique by the condition that,

‘ %
mr.‘fj(o) = 2{1{]

I
o

*1‘>2 » M2 - (2.85)
1 .
d ’*}'() 1,31'(/ = ice - 8 - (2.86)

an

The set of linear equaticns thus generated have been

successively solved tc obtain a solution of the second apprcximation.

I. Solution of the first order equations
Combining equations»(E.?S)‘through‘to"(2.83)

and collecting first order terms gives;



10 1.a ' o
: (Pxx,j + pry’j =0, h< yo, -@4 y< ~h
1. 1 ¥
Prx; * flyy =0 1 -hsysh
19" 1 R +
pr,j + hqt>j =0 y ' Y = =h

JéPy + hU.l?x. + hl’?t’:j =0 y ¥ = ~h
1 | 14" 1 ) ‘ ’
_ ( (Pt fl- i cyt‘] ea) + EIUQ(PX'("]')jh‘ "Zxx:j:O y ¥ = *n

Substit‘utién in (2.89) , for l’?j .from equation 2,84 gives,

]

1o , .
pr.j = ?hYt'j exp (1 k% . ¥y = =h

and lcpy‘ = -h‘i’bj exp (ikx)~ iUkh exp (ikx), y = inh

From equations (2.88) and ¢.87) the sclutions for 14) and l&'". ha.v

the form, ‘ -

dJ
Fj(t) + £3(t)

¥

(E exp&y)+ F exp (- ky G exp ka)+ 'H exp (= ikx))

Fj(t) + fB(t)

, ,where,Aj, Bj' C;j' Dj and E, F, G, H are constants of integratio

. L ’
As y=» -(-1)300 then 1CPJ—-> O for all t and hence, A} =3B,

“Aiégvfrom equations.(2.92) and €2.94) ,we ge{, ,
‘lﬁ’ui exp (ikx)= (=k/h) exp (- kh)F (t) (G, exp (ikx)+ D,
exp_'(‘- ikx)) ' o
for y = +h, ahd; ' | |
-%Y,te exp (ikx) = (k/h) exp («n)F,(t) (C, exp fiex) + D,
exp (= ikx)) e

for y = =h

33.

‘(2.87)
(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

e

1(?.' (Aj exp (,kj)+ Bj exp (-ky))(CJ. exp (ikx) + Dj exp -(ikx))‘

(2.94)

(2.95)
INe

=0
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S
i
1

-(- l)J expOrh)h)@igﬁi o
kluz:,dﬂ-a‘; '\

By inspecticn, Dj = O and Cij(t) =
Similarly from equations (2.93) and (2.93) ,
F3(t) x (E exp(kh) - F exp (-kh))(G exp(ikx) + H exp (-ikx))

ol iy ooy L
= h+t;l exp(llgx) 1Uol§h exp(ikx) 701

for y = +h
Fi(t) k (E exp(-kh) - F(exp kh))(G exp(ikx) + H exp(~ ikx))
=-h¥+%2 exp(ikx) - iU kh exp(ikx)L%é , \

for y = =h ' |

where by inspection H = O and thus, by elimination

-(hLﬁé + iUékh lfz)( § exp(kh) - exp(- kh))

Fi(t)'EG‘= L A
. 1, .
'F (t) FG = -(hlxé M luokh‘yé)('x exp(- kh) - exp(kh))
' 2k sinh (2kb)
where #j ‘ )
A o |

Fence ccmbining eguations (2.91), (2.94) and (2.95)
the two linear differential equations governing normal stress

centinuity at each interface'are;
1 1y ¥ cosh (2kh) =1 7 N
(- {h 7Ltt,2 + 722 iU kh}{ % sinh (dkh) ] exp (ikx) fo.{‘\:,l

+ flft,} (EahLﬁ:t,2 3 exp (ikx))- CIU (i_hl"ﬁ:’2 l‘]l‘a ivu kh}

k sinh (2kh)

for y = +h,'and, _ .
1 - cosh (2kh) .
‘el(‘{ h )&tE + t2 iy ké}{. R (ZKh) exp.(lkx) + elfGB

G Cahlj%te exp (ikx))-€1po({ h 7%2 N 7% iUO%}
. . k ’

Lk) Ycosh. (2kh)— 1 exp (ikx)) - Tkai‘hlyz =0 : ‘, (2.96)

{}L’s§§§h<§ii?) exp (ikx)) + Tk hl)b : (2.97)



Byinspection?‘: 1 andi"l:f3 = O and equations (2.96) and (2.97)

reduce to the single expression:

-1 : . -.‘ l

—\@C' tanh'(kh);' - 2iy tanh‘(kh)l)u +
T L1 €a ol ' t

'{kueltanh(kh)-Tk} “j/-o

which has. the sclution:

IY A exp(l (o:_-n- l/3)t)+ B exp(J. (ez- ﬂ)t)
wherec{. andB are the real and imaginary parts cf the complex wave

frequency n and 1ts conjugate ©, i.e.

¢ "Ibk

oL =l+ ca A . ) (2.98)
@ tanh{kh)
/3, ((’an Uok tanb(kh)-Tk3 (p, tark(kh) +pa) , (2' 99)
, (61 tanh(kh) +e a) . *
mquatlons (2.98) and (2.99) | are identical to those presented

by Squire without derivation and identical to equations(2.65) and (2.66)

when WV = 0.
: 1
For the initial ccnditions l~)U(C) =1 and?—a—%f :i.oé.
o R | o t=0
o 1 ‘ e
A = B = % and therefcre "f: cosh gt exp(mt) (2.100)

Thus ccmblnlngr equatlons (2.84), (2.94), (2. 95), and (2. lOO) glves for

@%pm.

1

,,2= 5 '\f‘exp(ikx)_ I . : ’ (2.101) :
~ : 1 . . inh .(k | |
14): - }-h‘\ljt/k +h1U]o'f}-€ggH§'z%%)exp(1kx) | (2.102)

("L s .‘_.:.-,r, - 'nawa_

' v | : 1 ' a8
AN G OL hik_t oxp () m((.n :

'\ua. &a..,.w..v Pty

(2.103

/
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IT . Sclution of 2nd COrder Equations

Combining equations (2.75) through to (2.83)

and collecting second crder terms gives:-

2 s %PJ ’ . . . .
. .= 0,f h oD - : -
(PXX,J + yMj Y or < Y £ 9 o0 < y < h (2.104)
2p¢ 2n :
(Pxx: ¥ chy - O,for b £y< b (2.1¢5)
l 1 + )
h o - = -
- = ‘Pxo (93'3 Pyyg 72 O,for y = =h (2.106)

”l (h,,zx ‘Px .+ h,?m CPx) + ch + CPN”L | (2.107)

r ' : = O,for y = th

2 2.1 2 1
(P e1- Prjea - 261( ‘Py * 2Py D) *3ea
102 112 lat 1 1 1 o
(Dxi * Byg’ “Ca Peys 7P rer Py M2~ o1 Px
l‘?xy 1”2 ho=-(-1)3 ?'Zx

where cP CPJ nzand ”?J are defined by equaticns (2. 102), (2. 103),

h,for y = ih (2.108)

(2.101) and:(2.84) respectively.

Solving equaticns (2.104) and, (2.105) give's,

2(:?3 = (Aj exp (2ky )+ Bj exp(—ZKy)XCJ. exp(2 ikx) + 'D‘_j exp(- 2 ikx))

Fj(t) + fj(t) ) . (2.109)

ZC? (E exp(2ky)+ F exp(~- 2ky)XG exp(2 ikx) + H exp(- 2 1kx))

Fy (t) + £5(¢) | I - (2.110)
where Aj’ Bj' Cj’ Dj’ fj(t) i= 1‘and.2 and fj' E, F, G and K are
constantsof integration.

: .As.y-—-y -(-1)%o ‘then 2({);—7 O for all t and hence,

A1=B
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Also from equations €.101) toc (2.103) and.(2,.106) 'we‘getl,"_

.hE%PQL exp (2ikx) + %P;l =4ﬁh2{(£% siﬁh'(ZB%) +:?i

(Lt cosh (BY))y o\ (ouit) exp (2 tkxfy (2.111)
for y = +h
and  h%W _ exo (2 ikx) + o . = n° kz(—@: sinh(2Bt)s i
'7Ut,2 s CP3€2 B ek 7T '
(l + <:ZSh(ZBt,)))exp(Z iczlt) exp(2 ikx)} s (2.112)

*for y = =h
Similarly from equations ©,101) to (2.103) and (2.107) we get,

22,, . > . . 2 5>
‘h .‘)ut.l ex‘p(2 ikx) + L?o'ﬁ 2 ik exp(2 1kx)‘+ ‘CPy = k“h

’

,ié% sinh(2ﬁ})+ iy, + o) (2 CESh(ZBtatanh(kh)

exp (2 iolt) exp (2. ikx)} ) | (2.113)

for Y = +h

h 2‘%:,2 exp (2 ikx) + (?'7”22 ik exp (2 ikx) + 2<Py = - k%

4[5% sinh (2ft) + iy, + of/k)(2-t-cosh (Zﬁt)) tanh(kh)

exp (2 ixt) exp (2 ikx)} ‘ | (2.114)

for y = -h
‘Combining equations (2.109), (2.111) and (2.112) gives,

D;j = O and hence,

. ) .
exo (+ 2 kh)§ .2 2.8 . - p L
BlFl(t) = >k ih 1 + Kh_(‘2 sl‘rA11r.1> (dﬂt)‘+’1d-.

(1 b Co;h (EBtg) exp(2 ﬂgt) : o ‘(2.115)

_ and

AF,(t) = M){-hezﬁz ‘ 2kh2(-2@ sinb (2ft) + iol

[
1 + cosh (2ft)

X 3 ) exp (2 it) ©(2.116)
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Similarly éombiping equavtions (2.110),"(2.113) and (z.lik4) gives,

H = 0 and hence,

ZKi E exp(zkh) - F exp(—'Zkh.)}Fj(t) = Lkzhi:‘@ﬁ sinh

(2B't) + 1 (U + of /i) (£ °2Sh QBt))} exp (2 itt) tank (xh)

-0 Ry, - g2 s - . o (2.117)
and ’
’

2k iE exp (- 2kh) - F exp (21;111)_7l P (t) = - ,kzh{{% sink (2Bt)

+ —i(Uo»f o /i) (2* °§5H23t3}exp @ i%t)tann (kh)- h?a‘f’tz

- 57'32 ikh - , (2.118)

Elimination of ’EFj(t) between (2.117) and (2.118) gives

1 2.2 ' C ar ) o
FFB(t) = iR sinh,'(hkh)ﬁ((ék_h (2-% sinh(f2t) + 1(U0+ ©¢/k)

. 4
(1 + COS h"(2Bt
’ 2
.. . 22 22 2
+ U, 2 ikh YJZj exp( 2kh) - 1}1 1t Ug 2kh 2)"1} exp (—2Kh)}

Similarly eliminating FFB(f) petween (2.117) and (2.118) gives
. ’ M .

228 .t he. '
B(8) = Fratm (Tkn) ﬁ 2:®? (L sim( 2ft)+ 1(y+ oL/k)

3) ta'nh‘v(kh).cosh (2kh)) exp(2 ioit):] + {1‘?2\‘),(:2

& + cgsh‘ (PBt)}) cosh .(2kh) tanh .(kh) ekp.(2 i""t)} * {_}21211’1:2 o

2 , 22 22y g o
+ U2 ;xh?‘h} exp (- 2kh) - ih )Utl + U, 2kh )”l} exp (2kh )} |
From equations (2.109) and (2.110), the.Velocity potentials may then be

~

written as

2.n' (2kh L2 /3' . y . +,1 + coeh (2/3't
<P. = E}'%E_“)ﬁgz‘ﬁEx + 'kh"(5 sinh (2ft) + dec ( E )

‘e‘xp (2 iect )} exp (2 ikx)exp(- 2ky‘)] + f & , (2.119)
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24); = SX0_ 2hh {{ }%27;2 { ‘kh ( sinh (Zﬂ’t) + i

(1‘+ co;h (Zﬂt))j exp (2 101t)} exp (2 1kx)exp (2ky)7 (2. 140)

"o )
CP {FF (t) exp (2ky) + FF (t) exp (- 2ky)} exp (2 1kx)

+ £5(¢) : , - o (2.121)
where |
EF, (t) 21°h (5: inh (26%) + 4 (U, + &
377 T 4k 51nh TQkh) { (Zk sinn (2f6) + 4 + %K)
(Rtcesh “(‘ﬂ” )) exp (2 1t) tanh (kh) cosh (ckh)} i
L + U2 ikh@\t}{ exp(~ 2kh) - Xexp'(.Ekh)} (2.122)
and |

+ 1

FF (t) = 4k sinh (4kh)

{21{ h {(—-—- sinh (cﬁ't) + i(U + OCI/K)

(Lt ccsh (aﬁt))) exp (2 iXt) tanh (kh) cosh (2kh)} Z

+ U 2 1k}$2').L]{ exp (2kh) - \‘ exp (= 2kh) ] (2. 123)
From equations (2,84), (2. 108) and (2.119) through to (2,123) we get the
" following simultaneous llnear differential equatlons whlch s.:atlsfy

the requirement of stress contlnulty at each interface, i.e.

-2 0,0, k{ { ZY’ - 0 ‘)”2 1“%‘_}2 2¥ cosh (Lkt)- }}

2 sln}“ (4kh)

"C‘l{ {h )"tuz . L?"’ﬁzz 1k§} {2 ¥ cosn (kkh) - 2}‘Ca

2 sinh (L+Kh)

22 2 2 e1fest tafia
-L( ttcj Ler i = b°R(Y) + b°P(E) - P
. f’ 2 7-
for y = +h {L {\P (S (o) - (mm t-wm))mn(z@t) (2.124)

Hp o) (Lt ee) |- G (zmccwzrsn)}/exe@m)

+ 20,0, m{ = {haﬁ,z - B lkhjigcosh (bkh) - 2?} “Cq

and

5.nh (4-Kb)
Zk g tt2 ¥ l?af’221kh] 2 cosh(4kh) - 25}} + €a{%—'
_ 2sinh (4kh)
C1 fis+ Gfe

tz)J + brk h27L = KR(t) + h°P(t) - x5 (2 Ik%)
(’L (pz(3+mhz(m) (xruxy b%mh)))mhupt)

for 'y = _-h | + ({3 (o(ﬂ)n)'z)(l- h\,nh (mq)} (a (2($1cosn(1g3\:))}/ 2'125)
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where R(t) is given by,
2 R(t)= {q K {ccsh(dﬁt)(-&g -(U +9¢/ic) 2y, smhczﬁt)

(E~ﬁ(Uo+%/k))— (U +-N/k) } tanh(kh) coth(Zkh)
+C (EOLP:L sinh(2Bt) + (B -OL )(cosh(?ﬂt)) oL ‘)]exo(Zlut)

andr(t) by —tanh (kh)
2 B(t) "56 k{oosh( 'Bt)( E_, -( U +0<./K) ) (== '2 =)

,+(slnh(2[5t)((—§5)(U +&L/K) (3 = tanh (kh)) N

'k

(1« tanh(l«h)) -(U + o</K) 2(3- tanh (kh))} |
-Cv {ZMPSlnh(EPt) + ({3 -o(_ )(cosh(z [},t) + l)}} exp(210<t)
By inspection of equations (2.124) and (2. leL% =-1 and §i=F= & Ponh@pD)
95 = ‘h @(;_»-emgkm (oeqpuk\ (1 Zban? (KI))5 100 1) +{R - (ot V) _m%m;)q

. The equations then become 1dentlcal and using the

relations )
' sinh(4kh)= 2cosh(2kh) sinh(2kh)

and . . »
l+cosh(bkh) _.oth _
= 2k v

sinh(hkh) (2kh), reduce to the form?

. 224 " _—,') "h(;"t)‘
’\Ltta : t2 + ’Y)EC —;iPCOSh(cﬁt b Q sin cp +R}
exp(23t) E = |  (2.1258)

1 ,

where,

bzuelu ki coth(2kh)
61 C;tg(ZPh) +€
c= = hfiU k~ coth(Zkh) +8Tk3

(’1 coth{(2kh) +(

3
APy @ten 2083 )

coth(kh)) + @ak (axpl)}/ggflcoth(zm) - e.)

P= €lk3 (EEZ -(Ug +<¥vk)2(3_:tanh2(kh) -2tanh(kh)’coth(2kh)
E k 2 . - '

te, ’(k’ﬁi‘((ilz -%)) /2((’l coth(2kh) - + ) ’, | ¢
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and,

- | | |
- iclkﬂt B2 s _am®tan)) - (W0 + i0? (32 tanh® (i)
| K? ¢ 2

-2tanh(kh) coth(2kh)} =Pk (;5 -+ _OC )}/2(( coth(2kh)

Equation'(2;125) may be conveniently solved by Laplace transformation

'&iving the auxillary equation,

h P+Q . P-Q

¢ 5° 4 bs *c){ 2(s- 2i(et> i) 2(s -2i('+ 1))

R
Y T T
(s- 2ist’) S

for the initial conditions ?Z’fé(o) = 0 and 25272

¥(s) =

oo
‘ t=C
Defining the roqté of the quadric group ,éz +bs + ¢, as s=a

and s=-a equation (2.126) may be split into partial fractions as

follows,rv

P+Q = A

et {(s—a) (o—a) (s-21(0¢-1i5))} -(—s-—%—-a—y

A, | Ay
- (8 =~ 3a) B (s ~2i(et! - iJP))

P-Q 1 oAy
2 (s « a) (s -~ a) (s f2i®C+ ipﬁ) (s - a)

+ AS + 56 o
(s - &) (s -~ 2i(a’s 1))
t
R L Ay L,y . Ag

(s - a) (s - 51)(5 - 2ieat’) . (s5- zix’) (s - a) - (s - & )
where A, = (» + 1) ¢ 1 ) ’
- , 2 (a -3 ). (a - 2i("- 1ip'))

5 -

)
Ta-2) (@ - 2i(e- ip ).



45 = (£ Z Q? ((g -Z(L - ip‘):)L(a =i ip’)))
"{‘4 = (P‘_.-z' D (a E)_(.a e g

A5 = - 5D (oo T Ee ip')T)

Ag = (P; 9) (= 2i(ot'+.iﬁ’))](.’é - Zi(ols iﬁ')))

N 1 : _ o
o = R GE T ' |

o>
H

1 SRR Do
R ETmoGc - |

>
oo
[}

=
]

l .
9 = R (g 7t =2y

Inverse transformaticn of equation (2.126) gives the general second

order soluticn as follows.
2 . . . - .
L (t) = h{{(Al + Ay + Ap) exp at + (A, + Ag + Ag) exp(Ft)
' . ’ . :
+ (A3 exp(2ft)+ Ag exp(- 2ﬁt)+ A9i}exp(25id® (2.127)
where the roots of the equatioh s2 + bs + ¢ are given in termé of

the actual parameters‘és:-

2Co&(7~'<k)
.z :{(2511;1; coth{ 2kh)) 211 G, o5 -2Tk3(e coth( 2Kh) +p ) k
L gy coth (2kb)re,) (2.128) "<
5 ZCO&(Zkk ' o ¥
5 ¥261Uk coth( 2kh»- 2i {(eaelU kY ~2Tk (e coth( 2kh)+ea))}
( coth { ckh )
- | 3 (24 Ca _ (2.129)
In general kh«1, so that tanh(kﬁk.kh and coth(2kﬁ).2kh,and for a ‘.j

gas-liquid system ea< €y and hence equation (2.127 may be simplified.
Since the complex wave frequency a and its conjugate a may be
written as,
‘ Ll [ 1]
a = i(e¢ + i ﬁ’),
" "
i(oe - iﬁ )

and examination of equations (2.,98) and (2.128) shows that

-4
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& = 2°‘-’ = =2k

and thus equation (2.127) beccmes

22 | Ph ' ‘ "y

= - = - =3 cosh (2Bt) - cosh ( t)}
Y2 ~{(2ﬁ+ﬁ)(2ﬁ-ﬁ)i Ao | P
+§%1_2.-icosh B"t) - ] exe 21ty O (2.130)

where

P=.R= p2n

Combining equations (2.84), (2.119), (2.120), (2.121) &nd (2.130) gives the 2nd
| ' . 2 o 24 2 '
order solutions for “M,, the wave amplitude, Q and . CP the

velocity potentials, i.e.

27. = ZZ}L exp (2 ikx) | S (2.131)

Ph ! . "
22 : o - — 4 cosh (2f8t) - cosh (B t)
Rh " . .
—5—35 {ccsh (fJt)- l} exp (2 iot)

2 -cosh (2k S | .
CP: 2§O:in}(1 (gih) {{ ”Z' ("@‘ sinh (Zﬂt) + 1(U + u/x()

+

(1 + cosh (2/3'§)) tanh(kh)exp (2 io(t% | h )111:2 + 2iU KE 7'}

exp (2"ikx)}*—;; fﬂ(h—-“—“‘s—'ﬁ) (o«:gm (':_Qﬂ:ﬂ‘))))s‘nh(zp\:) (2.132)
for -ng yen U (“*0“)‘)('—t°~£.__““"")) “] |
chi = EXP C 2;}8‘ - y)){ ‘-ga‘fté + :k'h? (é sinh (Zﬁ‘t)‘ + Joé

. (1 + co;h (Z,Bt))) exp (2 iq't)} exp (2 .?'.kx).iﬁ-}*fismhu[it)) (2.133)

for h ¢ y 4eq
. ) . ]

' exp (2x(y + h)) 2 ' 22 B . - .
?CPZ = 2k —hz)btz + ‘xh (2 sinh (2fBt) + oz

(i + cosh (2/3"(:)
e

)) exp (é ib‘(t)J exp (2 ikx)+tps‘.’nh(2pt) (2.13&)

for —edLy £ .-h
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| - 2 a4,
where ﬂ' = {(eamk - Tk )} %
p " {(faU;?kZ - 2Tk3)2khj %
€1

The second order solution describes some new features of

,‘aerodynamic' wave growth. Equationsé.ln)arid (2.101')‘ which describe the

interfacial disturbances, shows that wave growth corresponds to a

combination of a basic sinuous mode and a dilational first harmcnic.

As a result wave growth is asymmetric and the sheet progressively

diminishes in thickness at points egual to %)\ and %)\ of the
fundamental mode. The sketch shown in Fig.(2.11) demcnstrates
the wave profile at the point of rupture. Equations (2.132) and (2.133)
show that the growth of the first harmcnic is due to two effects,
namely, the‘ energy addition derived sclely from the fundamental and
the inherent instablllty of the first harmonlc itself when the wave
e ue
number k <

Inspectlon of the series expan51on of the liquid phase veloc1ty

potentlal ootalned by comblnlng equations (2.102) and (2.132) 1.e.’

h (ky) . 2.2
(P”‘Ux * e i {(l‘ft/k % f?“"‘rlsigsh T exP(lkx’}* oh {

;ﬁsglxgik{;ky) { Y (_f’__ sinh . (2ﬁt)+ J.(U +°—‘-)Q_+r~osh( 2pt)))

tanﬁ’ (kh)exp(2 iect) + d)btz + 2i0K ‘)L exp(2 1kx)}*fa}

shows that at large values of time the series beccmes inv‘alld when

lcP - ZCP7/O< ’?;l)



2.2.2.2 Break-up Length of an Attenuatinff Sheet

Equation (2.131), shows that on a par_'allel sided sheet thinning
and eventual rupture occur at half wavelength intervals. The
nbreak up 1ength may therefore be deflned by the 1mpl:.c1t equatlon.-—
n?z(x,t ) - hzl(x,t ) = ;h
where x* denctes the break-up length, f* denotes the break~up time
and the interfacial disturbances M, and M are given by-equations ¢.101)
and (2.131)., Since the second order growth rate ﬁ.” is negligiole,

" '
cosh(ﬁ ’t)'.‘-’l and thus, the pecint of rupture occurs when

{nzi '—3;1 Kk°n? {cosh.’( Zﬂlt*)- 1}} = 2h (2.135)
Equation (2.135 can be applied toc an attenuating sheet, if the
effect of surface curvature is neglected and if it is assumed that
the wave growth at any point' depends sclely upon the values of the
local parameters. .The growth rate then becomes time dependant and
the total growth can be defined by a time avefag;e. Thus, equation

@.12%) may be re-written as

, ' -
iﬂf L kZhB{cosh‘ (2Bat) - 1]} = 2h (2.136)

where ﬁm = 70- J p(t) dt

In the absence of external forces the thickness of an

attenuating sheet at any péint is inversely.propocrtional to its
. .
distance frcm the orifice
Ko Ko

ioeo ?.h = =
‘ X lLt

Hence, from equatlono(2 93) and (2.136)

%
[3(t) - i 2(6 14 2 - Tk )Ut}
. ] K .
2 ()-1 o Yo
. and _— B(CaUOK - Tk )q’t : ~(2.137)
| B S | _,
1 '

'F T : . . . : . v .
When an attenuating sheet is formed from an orifice the streamlineg
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Since % =Uof equations (2.136) and (2.137) give tte break-up length
of the sheet i.e.
s

' %
r )] 9671 Ko U e ! =2 ]
x:-T{EE(QaUSQk_QTkg)Uog)} cosh {8("20Ah) +1} (2.138)

appear to diverge from a source situated behind it., Since the
distance between this 'origin' is negligible compared to the
length of the sheet,x can effectively be measured from the
orifice.

3
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2.3 The Electrohydrodynsmic Instability of Liguid Sheets

in an Ionised QGas

The behaviour of liguid streams in an applied electric field
;Pas received much attention @8-31) and it has been shown that for
conducting jets, charge,'under certain limiting conditions, has the
effect of extending the range of instability.

In Appendix I a description is given of the characteristics of
a liguid sheet injected intc a hot ionisead gas;~and‘thé follewing
aﬁalysis provides approximate expressions for the early stages of
growth of field~-coupled waves, where the surface charge is derived
solely by diffusion from the surrcunding gas in the absence ¢f an
applied field.

The system considered comprises an isolated parallel-scided
inviscid liquid sheet of perfect electrical conductivity supporting
an equilibrium charge aﬁd moving through a stationary gés. The y
axis is taken perp;ndicular tc the plane of the undisturbed sheet
and the x axis lies alohg the centre line. The irterfaces are
defined by thé relation y = M Ih, where ﬂzzf?(x,t) is a small
imposed periodic disturbance.

For incompressible flow the equations of motion may therefore

be written as,

6 L . —9pSp), Qg . | (2.139)
e oxp CEY
and . . '_ ) )
cux - o - (2.139)
E?sz

where Sap is the symmetric unit tensor and Mxp is the Maxwell
1 .
stress tensor defined as,

Map = De iE‘ Es- Sup ( £y Eﬂj (2.140)

where D is the dielectric constant and €, the peraittivity of free

space. o : N
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The flow is implicitly irrotational and hence,

Guig,x %‘ﬁfp = O (2.140)

where Gur,g is the alternating unit tensor.

For zero magnetic field strenpgth NMaxwells equations reduce to,

. Db -
Gy o3 © . (2.141)
and
O ¥ Des (2.142)
forﬂ’l +h< ycoo and ©0 = £ y(-h+nz
and !

Ee =0 (2.143)
for A -h <y< -9 + h |
As a consequence of equaticns (2,140 and (2.14) both the field
strength and fluid velocity can be written in 'tei‘nxs of their

respective potential functions viz.

E, = - 9% (2. 144)

~ .
U = - 3.‘2. | (2.145)
Combining (2,138 and (2.149; (2.142 and (2.144 and (2.143) and
(2.145) gives respectively

Ve - o (2.146)

v'd, - %"Eo (2.147)
and | ‘ |
P, = ccnst | O (2.148)
for - M -h<y < m  +h
Unique sclutions of equaticns (2.146 and (2.147) are obtained

by satisfying the following boundary conditions
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1) Fory-» Leo 4>¢7 o A (2.149)
For y = fnZ I h, the normal velecity of eack fluid is given

by'the relétion ' |

. ‘ pr + n?t + (px q?x =0 ' (2.150)

2) Normal stress coentinuity is given by

ﬂp ["Pni") “+ W{; ﬂoé’]~ = TYYPLDL tl* “)_;.}“3/)' (2.151)

wheré~'ﬂd is a‘unit vector normal tc the interface.

3) For y-w I ‘Pe G | o | (2.152)
Further, the electrical boundary concitions at the interface are
found by integrating equatiocns (2.142) and (2.139 over the vclume of

a ncermal cylinder which instantanecusly includes the interface, i.e.

r@ﬂb&aﬁx} dv = G5 dv o (2.153)
vjﬁ O v |

@Ps_aafs v = (2.154)
WA A | | |

If the dimensions of the cylinder are diminished such that in
the limit it becomes a disc lying in the interface‘equ%tions 2.153
and (2,154, using Gesuss's theorem, reduce to a fcrm which describes
the "electrical" boundary ccnditions, i.e.

{\s q. €o Ex}l= c]:n,\‘ - | | - (2.155)

Cops 3 [E] = 0 ‘ | (2.156)
where (¢ denotes the charge per unit area at the interface.

Equations (2.146) through to (2.152), and (2.155) and (2.157)
define » complete bcundary value problem for the velbcity and electrical
potentials and may be solved assuming that for small perturbations
the clharge density, electrical poterntial, velccity potential end

surfsce disturbance functicns may oe expanded in the form



o

2_ (Q: r(’;. [CRR7ID O (2.157)

=0

AR
a

ol

q’)g‘: (Z&qz: F(PQ (x, ¥, t) | | (2.158)

(p?: Z OZ‘:‘EP (Xa .Ya. t) (2.159)

=0

and

' ‘_ | rr L | . : Lo
fl’z = IZ:o h qzo (12 (x,t) . (2.160)

where the first term of the series defines the equilibrium state
and ‘70 ig the dimensionless parameter a/h.
Combining eguations @,147), €.157) and (2,158 and collecting

first order terms we get

v ped 14') ‘le
=~ {¢ (2.161)
e -
Do .
for h ¢ ysea and ~c0 < y<£ - h
Equation (2.16) is sclved in the region h £ y 0 , the .

scluticn for the lower region being given by symmetry.

The charped particle density in the region adjacent to the
surfece is a function of the potential znd may be expressed by the
relation

-
()f Cf(cpe)

The first order perturbation term can therefcre be written as

For a disturcunce of the foram ! 1
9

()

AL
=‘\] (t) explikx), equaticn

(> : . : .
v(‘~-l5l) therefore Las a scluticn ¢f the form,

1<p = M) T () exp tixx)

e



where 1Y(y) is a scluticn of the seccnd order differential equation

21 .

d Y L doy 291
g = . =k R N
e i £o d(?e : f =0 ’ (2.152)

The solution cf eguation (2,162 depends upon the value of the

bracketed functicn. For d ¢ k2/ .
Qe Dee

the equation has an oscillating solution and for

it hes an exponential soliution. Using the transformation of

variables given on page A7 Appendix I and ncting that (y-b)/g o =

k' = k,go and x' = x/g o equaticn (2.1639 can we written as,
21 - -
d__R -{pd als) + 1:'.“} n =0 (2.163)
<
d&
‘where g(%) = d(nﬂ - ngl
le

.
-

2 . s o
p is a large parameter and k' is<C(1 ) c¢ver the whoele range of .

The form cf the eguation is therefore similar tc that considered by

®

Langer ( 32 ) and assuming q(%) has a rcot of crder 1 at & = £

then the sclution of equation (2.16% which is finite over the whcole

range of ¢ is
*In the analysis perfcrmed in Appendix I it hes been assumed that the
positive and negative charge densities are zmero at the interface and
equal and finite at large distencesg from it. Under thece conditions
it is found that the electricai‘potential’increases monctonically on
moving away frcm the interface, while the charge separaticn pacses

through a maximum value. The parameter q.therefore has a zero at

this point.
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ST
L )2 b 6 | 3
lR - {2 %J q% d%} 1/6 i AL AL (pz/)z ) + B Bi (PZ/BE, ) (2.164)

1

q”

j i qgy2/3s and Al (02?2 ) ana B (%2 )

PP

where ¥ = (
*
are Airy functions of the first and second kind.
Invcking the boundary condition c¢f equation €.152), equation

©.164) has a bounded sclution prcvided that B = O. The perturbaticn

distribution therefcre beccmes

(4

. LY —_ '
O 37 i [ & d*a}”? ai 622 )T (6) exp (ikxd(2.165)
t

G is found by utilizing the boundary conditions of equation
Combining (2,144, ©.148) end (2.15H and noting that to a first crder
of approximation i = & = % ?%i% b where ¥ and b are unit vectors
in the y and x~dir§ctions respectively, we get,

v xaz ©

i.e. the interface remains at ccnstant potential so thgt

CPC( m + h) = %Pe(h) | : (2.166)
$xpandingcpe(ﬁl-+ h) by means qf a Taylor expan§ion to includg all
first order terms, gives; '

C?e(ﬂ}_-r h) = O(fe(h) +.42 { (h) + Mo /,2 h a(pe(h)
and hence from equation (2.166).

o]
]-(Pem = - h exp(ikx}"1’(t) o n) (2.167)
. dy

From equaticn (2.1653)

'..G )
Po = T LJ

e
1 o}

~

qé 4% } 1/6 I qr/B) q (t) exp (ikx) (c 16686)

3
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Thus, combining equations (2.167) and (2.168) end ncting that

¢
y

al

oy ~°
1 . F al ‘ .
CPe = “mn F;'q (t) exp (ikx) (2.169)
€, .
i] o dt}1/6 AL (2 pz/))
where F = to (2.170)
: q}.“

and the subscript o indicates the function to be evaluated at the
interface.

By symmetry the sclution for the lower regicn is,

0 A Al
%Pe = =~E h %: q%(t) exp (ikx)

where in the corresponding expression for F and Fo’ 4+ is replaced

by - 'to
Comparing first crder terms in equaticn ( ) gives
1 i el i1 o e
- 7Py + P, +De EE = (-1)Y 71 qzxxh | (2.171)
for y = In

where j = 1 denctes the upper interface and j = 2 the lower interface.
In this research the nature of wave grewth in icniscd,gaseé
has oveen examined at temperstures cf about lOCOOC. Under these
conditions sercdynanic effects are negligiblg for velccities
3,0C0 cm/sec‘(ref. Secticn 4.1 )} and hence the perturbatioﬁ
value of gas pressure may be cuitted frem equation (2.171).
It wés shcewn in Section 2.2.2.1 that for sinucus disturbances

the velccity potential may be written as

Vi

Q- oy pstnrley) oo G o 1o
(p - -h{_-‘_ + 1 UO‘ }COSh(kh) exﬂp (ikx%)

K
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where:‘) (9 Uo 31(9 = -lPl
a‘t ' d X , ‘ ,
Combining equations (2.169) ,(2.171) and (2.172) gives two

identical expressions for each interface, i.e.

. 2F ‘ o
) 2 2 -D E %, k~T 5
'ﬂ\l’,tt + 21067 Yuck =§( fo " - °} o (2.173)

)
tanh(kh)
Equation (2 173) has a solutlon of the °form exp(lnt) where

for temporally growing waves,

: 0.2 F -3
h=Uk t o4 (-Dg, E ___%_,_g_):t- Tk’¢,
' €1 tanh(kh)g

A dilational disturbance of the formozl—hﬁYt)qyexp(lkx)

%

vandlqz hﬁkt)? exp(l(kxﬁY)) 51m11arly yields the growth rate

of gilational waves i.e. v . ¥%
. 0.2 \F, )
n= Uok ¥ i (-De, F _ty0)k- TkE
Clcoth(kh)5

The criterion of stability of both’ types of disturbance
_‘reduces to the form,

g1v1ng the cut off wave number as,

% : : .
0.2 F
. o] :
--The optimum wave numbers are ,however, only similar for kh>1 when,
o 2 F
- - 201
Koot i( D_e 5T§o} . ( ?7.)’
_while for kh<1 ‘
kopt =0

- for sinuous waves

¥
Kot {( -De ° o F )/2T_§}

and

F
o

for dilational waves
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kc and kopt canlbe evaluated for any set of operating conditions
provided °& and FO are known. Approximate values of the latter may
be obtained by assuming that the sheet Las reached its floating
gpotenfial. This approximatioﬁ is valid when the relaxétion time of

‘the ionised gas is st least an crder of magnitude less than the

break-up time of the sheet.:. In the present wcork the hot gases.
contain sodium as an impurity and electron ccncentrations lOl8 electro
~3

m” can be expected ( 33 ). The correspbndingvvalue of relaxation
time is lOm6 secs, which is s}gnificantly greater than the sheet
breuk;up time of lO“3 secs.

A partial analysis c¢f the characteristiés of the momentuam and
electrical boundary layers surrounding a conical liquid sheet is
carried cut in Appendix I. It is ehown that the dimensicnless
electric field strength, G, arising at the gas-liquid interface as a
result of charge separaticn in a necn-ccnvective sheath adjacent to

tke sheet is determined by the eguation

1 b §° Je (0, = d)
25 = +{Ji+—;€-{t-ts - s )
P 2p ¥ -
) S_:.{}. } } o (A.35)
- x
p .

with boundary ccnditions
¢l = o, tI = --p2(Ji - Je) and G = Gw wken t = O

Sy - 9)
G 0 5 as t-» 1
(Ji'+ “E)(% - %3)
¥

_ » , ‘ . - -
‘where p , %y Ji and J_ are dimensionless perameters, and G is
b .

related tc its dimensicnal value by the expression
- . ' 2.176
G=-~-¢FEg , , | (2.27%5)

(0

K

<

e



where go is the thickness c¢f the non-convective sheath.
Since the parameter q is defined as,

'd(ni - ne)

q = — : (2.177)
where,
dR = -~ Gdt
" and frem egquation (A.34)
' I
(n, ~n) = -2
i 2
. P

Equations (A.35) &nd @.177) can be combined to give,

= ol = G2 J iﬁ 4 - 3T - (ii,:~i3)
@ T N) YL trR e G

GI {i 1}
T2 w7
P

For the case where the surface potential is negative with

respect to the free stream pas (i.e. charging results frcm more

mobile negative ions or electrons) q is negative and hence arg g =T
F
’O
1“\
°

can be obtained from equation .17C) as,

The ratio

| Fe,o 4 (Ai(pa/3 ej"\f’ z,) 5{ a,| % 2/5}

5.0 _ %
/3 _iv o
) flqlkdt)l/s
.tO .

E\
O .
Ai(p ez,

o] dat

A S et ot

t:o"qo'—l} (2.175)

O

o 1
where § = (% J ]ql/zdt)z/3
t

! e}

and from eguaticn

o ‘ 2 (J. -J)
v X a__ X e
tJ q, (.HS = tj p ('& - %)(Ul 4 Je/h) - T G '
° £> : | i
¢t (1 - *) ] dt +(2.279)
=3 ' |
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J .
a9 = . 8 - T 1
and === Ji 4o ¥ (Ji °e)(x 1)

For any set of operating conditions the dinmensionless parameters

2 ' ' ) o . . :
P, ts, Ji, Je and Gw’ and the parameter § o has been determined

using the matching prccedure described in Appendix I, part 3.

With these data available equation (4.35) has then been solved

numerically using an RKM procedure, the point to being given by the

II
zero of -5 and the resulting values of G and GI used to evaluate
p G  F : : -
equation R.179) by quadrature. The ratio ;'O has then been
o

obtained from equation (2.178 using tabulated values of thé‘Airy
functions, while °F has been obtained from equation (2.176) using the

calculated values of Gw end G,e



Chapter 3.

Exnerimental Procedure
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3,1 Layout of Apparatus

The apparatus has been designed fcor the purpose of studying the
perfcrmance chara;teristics of pressure spray nozzles in gaseocus
environments ranging up to l,COOOC. The flow diagran is shown in
Fig.( 3.1). The nozzle is positioned in the test chamber to spray

verticaily dowiwards into a conical funnel, which removes most of the
spray by impingement. "An exhaust fan draws the remainder through an
internally spray cooled duct, and through an impingement separator.

All the work was carried out with water apart from a short
series of experiments in which organic liquids were used. tater is
fed to the nozzle from‘a 5.46 i 101 (1& gallon) pressure vessel, A,
by means éf compressed nitrogen isolated from the liquid in a
flexible bag. Provision is made for de-aerating the liéuid by
applying a vacuum to the vessél, and for heaéing the liquid by means
of‘a 2 Kw manually controlled immersion heater operating on a by-
pPass. Cther experimental liquids are fed frocm a 6.85 1 (1% gallcn)
cadmium plated pressure vessel, B, the pressure being applied by
means of,oxygen-frée nitrogen.

The heot ras is supplied by a spedially designed 1.706 x lO‘lm
(7 in) square‘propaneeair‘flat flame burner, attached to a
4,57 x 107 n (18 in) high asbestcs~lined chamber. The fuel and
oxidant, metered separately by variable area flow ﬁeﬁers, are
injected tangentially int¢ a mixing vessel and then fed to the
burner. - Rectangular ports cut in the sides of the chamber afford
access to the interior for photographic observation and temperature
measurement. . Provision is made for cooling the gases by inserting
cne or two sets of water-cooled tubes between the burner body and

test cramber.



The liquid temperature at the nozzle is measured by a copper-
censtanton thermocouple placed just upstream of the orifice, while
the hot gas temperature is meaéured by a Platinum-Platinum 13%
fhodiﬁm thermoéouple. The output from each thermocouple is

displayed upon separate chart recorders.

3.2 ULesign of the Burner

The basis of design of the gas burner is to produce an
environment with uniform temperature and veiocity profiles. These
requirements are best satisfied by an enélcsed flat-flame burner
whose characteristics approximate to a one-dimensional system.

The operation of a flat-flame burner hecessitatés a balance
between the approach gas and flame velocities at all points in the
combustion plane. In practice this can only be achieved by burning
the gases upoﬁ a stabilising grid. Gas is passed through the grid
at a velocity lower than tha£ of the free space flame; whiéh, as a
result, tends to b;rn back.. As the latter approaches the grid,loss
of heat by ccnduction lowers the flame velocity until the requirgd
balance is reached ﬁetween the velocity of the flazme and that of the
incoming gas. A flame maintained under such conditions is extremely
stable and unaffected by transient disturbances. To maintain a
Qniform temperature profile it‘is necessary to ensure that combustion
takes placé cnly at the surface of the grid, and fhé gas mixture
must therefcore be homogeneoés and uniformly distributed.

Fig.(3.2 ) shows a diagram-of the gas burner and mixing vessel
finally édogted, which implements the above requirements. The
apparatus has been designed to burn an 854 lean stcichiometric
mixture of prcopane and air, which correspon@s to an'appfdximate flame

speed of 0.43 m/sec at atmespheric pressure (34).



Fig.3.2. Sketch of Gas Burner

and Mixing Vessel
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The mixing vessel has a capacity of approximately 5 x 10"l 1.
The propane and air enter respectivelyvthrcugh diametrically oppoused
6.35 mm (C.25 in) tangential ports let into the cylindrical walls,
and leave througﬁ a 12.7 mm (C.5 in) outlet at the top. A pumsting
disc clamped bétween.a’spigot and flange forms the base cf the
vessel. Preliminary tests indicated that the required propane and
air flow rates of 1.65 x 10# and 6 x 1021 /sec respectively gave a
pressure drcp of 0.276 bar (4 psi) over the whole system, and con=-

Sam (2.5 x 1077 in)

sequently a bursting disc fabricated from 6.35 x 10~
aluminium foil which ruptures under a differential pressure of
C.552 bar (8 psi) was used. |

| The éremixed gases are distributed initially at the top of the
purner by a perforated toroidsl pipe and subseqﬁently by 23 gauge wire
gauze, before paséing through‘a cefamic stabilising grid. The gria
comprises a number of 9.5 mm (0.375 in) thick ceramic blocks ginned

and cemented together to form a 1.78 x 107+

m (7 in) square. The
blocké, which have been kindly supplied by Messrs. Siaps*, have a
free area of flow egqual to Half the total area. In order that the
nqzzle may be rotated sbout the axis and located at any desired
height below the combustion zone, a 6.35 mm (0.25 in) I.D. pipe is
inserted along the' axis of tke burner. The nozzles may be clamped
at any position by means of a gland with an O-ring éeal.

Fig.( 3.3 ) shcws typical axial temperature profiles normal to
‘the liquid sheet when water at‘25°C and ?800 respectively is injected
intc hot gasés at a bulk temperature. of I,CCOOC. The results are

also plotted in Fig.(3.4 ) as isotherms.

‘SiapS. Gas,Radiants Ltd., Grand Buildings, Trafalgar Sg.,

London %.C.1
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3.3 Temperature Measurement

3.3,) Gas Temperature

The most convenient method of ﬁeasuring gas temperature of not
.more than abéut 1000°¢C is by thermocouple probe, elthough these‘must
gé fabricated from fine wires in order to afford good spatial
resclution which can be in the order of 10x the wire diameter and to
minimise both aercdynamic and thermal disturbances. Catalytic
effects at the hot junction which give rise to spuriously high
readings can be eliminated by a coating of non-catalytic material such
as silica (34). Low readings'due to conduction losses can be neg- .
lected if fine wires less than C,25 mm diameter with an exposed
surface to diameter ratio of abcut SO are useﬂ (35), whilst those due
to radiation may be estimated by making a balance between the energy
recei&ed by ccnvection and that lost by radiation.

Thus, for a small spherical bedy within a large enclogure at
constant temperature we have,

4 4

- = - ‘ .1
B(Ty - T,) = ej0 (T -1, 0) . . (3.1)

where h, the heat transfer coefficient, is determined from the
expression, (36)

0.2 0.33

Nu = 0.42 Pr + 0.57 Pr

20+5 . (5.2?

for 0.01€ Re< 10,000

Gas propertieé in equation (3.2) are evaluated at the mean of the
junction temperature Tj’ and the true gas temperature Tt'

The emittance, é., of the ccated junction has been taken !
as being equél tc 0.22(34) since microscopic examination of‘the
thermocduple used in the present Qork indicated the‘thickness’of the

silica to be swmall in comparison to the total diameter of the junction



kThe.wall temperature, Tw’ has been estimated by equating the hLeat
lost by convection from the outer surface of the test section with
that flowiﬁg through it by conduction, i.e.
< ' T .
T, = (hy(T - T + = )R | (3.3)
In equation (3.3) the heat transfer coefficient, h2 is given by

the relation, (37)
h, = 1.82 (AT )% - (v m=2 °c‘l) : (3.4)

The thermal resistance of the test chamber, R, is 4.19 m2 °c W-l.

'The outer wall temperature, To’ and the ambient gas temperature, Ta’
were measured directly. |

In this research temperatures kave been measured of the bulk
flow from the burner and that adjacent to fan shaped sheets of water.
water has an absofption spectrum with a peak of 3 pm (38 )
corresponding closely to the peak in the radiation from a black bocdy
at QCOOC. It can therefcre be expected that the sheet will tend
" tc act as a heat sink andlfhus make additional ccrrections necessary.
Ec@ever, the méximum radiaticn loss that’cculd cccur wonld cqrrespond
to an enclosure maintained at a rcom temperature. Under these
conciticns equation'(B.l) predicts & positive correction of Lo°c
for a thermoccbple reacding of 92000. 'At a gas temperature of
96OOC the walls of the tes£ chamber have a temperature of 57000
which results in a correction ofIBOOC. The presence . of a water

*

sheet will prcduce a correction lying between these two values, but

. . . rspop o " : s
since the maximum pcssible difference of 10 C lies well within the

‘expcrimental error ¢f tlBOC, its effect can be neglected.



Temperatures have been measured over a range of 100-10c0°¢
and a Platinum-Platinum 13% Rhodium thermocouple has been used.
Tge thefmccouple assembly is shown in Fig.(3,5a). The wires, each
of C.125 mm diameter,Were supported in a twin bore ceramic tube
and welded at the hot junction to ferm a bead of aporcximately
C.5 mm diameter. Further support and rigidity is given by a con-
centric 3 mm C,D. single bofe ceramic tube and a.6.35 mm (C.25 in)
C.D. brass tube. A terminal block clamped to the former provides
electrical contact with the B.S. compensating cables. Extraneous
temperature effects at this junctién are minimized by enclosing it
. ‘a glass wool filled cardboard case. The hot juncﬁion was coated
with silica by passing it slowly (about 1 ﬁass per seccnd) through

a flame ccntaining particles of silica from the deccmposition of

64' 

in

dimetryl siloxane, and then examining the Jjunction under a nmicroscope

fer possible flaws. The thermccouple is supported by a system of
micrometer screw slides, so tkat it can be traversed at -any plane

around the nozzle.



Fige3.5. Thermocouple Assemblies for

the Measurement of Liguid and

Gas Temperatures




Cardboard
screen

o S Single bore ceramic tube
_ s | e Terminql block

. o Twin bore -
———] - o _ ceramic tube
" o < '7/j . .7 - . - j// - - ‘. ~7!. 4 d :
T T ///L[//J///f o ./l~ P e
g__ = ypr s , ) v
— Brass support tube ‘Silica coated
: C bead
“B.S. Compensating cable
- - overall length 0-3 m. : -

(b) Pt.~Pt. 13% Rh. Thermocouple assembly.



Spring Compression fitting

wcsher\ i /
Cardboard - ' — — 4

screen v _

025 mm dia. shellac coated
/copper-constontcn wire

_ A
A 3 5 \1 ‘5mm.O.D. stcmless steel
| N capullory tube

T

Tl

| ez | B l. J;;-,;t'.'-,-. :"J':"-:'.' Gite
, ' A R
e
.

‘Araldite’
seal

B.S. Co'mpensating .

cable LIQUID

FEED

— — overall length 0-45 m. — —

(a) Nozzle assembly.



Eorrertr |

PRr ettt X B
BT >
Ererbriririrty

pliaplogdpelignigets A
e —<t

TO VACUUM

|

;l,,f-—WATER TRAP. .

. PRESSURE VESSEL—

» TO TEST CHAMBER

' FIG. 3,6 GENERAL ARRANGEMENT OF APPARATUS FOR PRODUCING

DEAERATED WATER.



3.3.2 Liquid Temperature

In order to evaluate temperature dependent properties.of the
1iquidanait is injectéd into a gaseous atmosphere a C.25 mm diameter
Shellac cerred Copper-Ccnstantan thermoccupie was positioned just
ﬁpstream of the orifice. A diazgram of the assembly is shcwn in
Fig.(3.5b). The thermocoﬁple wires are supported in a stainless
steelAtube, which passes dcwn the centre of the feed pipe.
Effecti#e‘sealing is provided by pluggiﬁg the top end of the thermo-
“couple tube with "Araldite'" and attaching it to the feed pipe with a
tapered compression fitting.

3.4 De-aeration of Liquid Feed

In order to investigate the effect ¢f dissolved air cn the
mechanism cf sheet disintegration invhot atmospheres, the equipment
shown in Fig.( 3.6 ) was used to cbtain de-aerated water and inject
it into the.testhhamber by applying compressed nitrogen, yet
avoiding gas to liquid contact.

To prepare a batch of distilled water, the first step was thé
evacuation of the pressuré vessel and also the flexible bag which
would otherwise expand and prevent the entry of water.

Vacuurm was applied to the system through a water trap by means
of a water ejectcr. During the evacuation A, B, C, D, G and H were
closed while B and F were open. When the minimum pressure was
‘reached, A was opened to admit distilled water from a 5C litre
reservoir. /;It entered througﬁ a Bray miniature Unijet Y nozzle.
Water accumulating in the water trap indicéted that the pressure
vessel had been filled and it was then isolated by‘closing A, E and
F. Finally, D was cpened to cgnnect the flexible bag with the
ccmpressed nitrcogen suoply and the de~acrated water was nuw ready

for injection into the test chamber by opening G.



Sémples of water were withdrawn through B after each batch was
produced." The air current in the samples was analysed by the
method due to Winkler ( 39 ), which depends on the chemical

estimation of the amount of dissolved oxygen.
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5.5 Determination ¢f Sheet Thicknees and 3heet Length

The thickness of spray sheets has been ﬁeasured by an inter-~
ferometric technigue developed by Dombrowski, Fasson and Ward (10),
sigce it enables thickness variations cver the entire sheet to be determined
from a single photograph.

‘The break-up length of spray‘sheets has been measured directly
from sub-microseccnd flash photographs'which have been obtained
employiné an optical system identical to that in Secticn 3.6
Theory

When a monochromatic parallel beam of light falls upén a film,
reflecticn takes place at both the front and rear surfaces.(B;f); - Because

of the difference in the lisht paths, the reflecticns mutually inter-

fere or reinforce to produce a system of fringes,Fig.(3:8). If the
light paths between two adjascent light fringes are Dr and Dr+l’ then
Ir = (Znh+ 1) w/e = 2Sr)u.CosG
D ..y =.(¢n + 3) w/2 = 2oP¢LuosB
where w is the wavelength of light
/L is the refractive index of the film
O is the angle ¢f refracticn of the light veam in the film
Sr and Sr+l are the sheet thicknesses corresponding to the light
path lengths Dr and Dr+l'
i
w
N oY - == — i — L
- (°r+l Sr) . 2}L0059 (3.5)

since fcr a spray S = EQ , equation (3.5 ) gives:

TIPS | 1 W
Ko & =577 ) = 35¢osp
r r+l P~
or mcre generally,
. 1 1 wn
K, (x T x ) = ZfLCosﬁ
r r+n
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A linear relation therefcre exists between n and z L .
r+n
If the slope is given by m, then

2 )
w in“®: 1%
Ko=z*n;7:(l-§i'r;:é‘-‘) (3.6)

where @' is the angle of incidence.

ixperimental

o For convenience the optical system was combined with that
enployed for reccfding sheet length by sﬁbmicrosecond;spark photography
(Fig.(3.1% Section 3.6 ), a common camera being used for both sets of
eiperiments. The arrangement is shown in Fig.(3.9. Light from a
250 watt mercury vapour lamp (J) is condensed by a pair 6f
'1.52 X lo-lm (6 in) plane convex lenses (I) into an approximately
parallel beam and transmitted through a mercury yellow filter (K) onto
the liquid sheet by a front aluminized mirror. The reflected light
.is directed back té the camera (D) by apprcpiately rotating the plane
of the sheet about the nozuzle axié. Equation (3.6 ) shoss that the
value cf KO depends upon the value of sin2€9'. The.errér in
‘Getermining © ' has been reduced by placing the mirrcr and camera as
"close topether as possible and under .these conditions the angle O '
was. about 9O so that any errcr in measurement was negligible.

Becazuse the élane cf the sheet is disturbed by waves, relatively
long exposures and a wide aperture are required to ensure that light is
;eflected from every part of the sheet as the latter moves past the
lens. The best érrangement emboéied a shuttgr setting of 1/30 sec at
én aperture of £5.6 with PanF filn reversally processed to give hié’;'h

cuntrast.
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Experimental Results

The thickness paramet%r, Ko’ has been measured for the three
sizes of Bray miniature unijet nozzle listed in Table 3 éver a range
of }njecéion gressures. Since it has been established by previous
workers that Ko is independent of surface tension, measurements have
only been made with water and aqueous glycerine mixtures. Figé.(;.lc) (3.1 anc
G{la show thg results cbtained for W, X and Y nézzles ﬁsing water, 50% and
75% glycérine water mixtures respectively, for an injectiocn pressure

range of 0. 69 - 6,91 bar (10-100 psig).

3.6 HMeasurement of Drop Size

Figh speed flaesh photography was chosen as the means for assessing
éhe drop size distributions. It is a relatively simple technigue and
.has a further advantage in that measurements can be made without

~affecting the dynamics ¢f the spray.

It is shown in Appendix ITII that, because of the pericdic nsture
of drop formation, accurate results can only be assured by measurements
of the spatial size distribution within the vicinity cf tﬁe atcmiser.
'Double-flash phctography, uéually employed for obtaining temporal size
disﬁfibution; was tlus unnecessary, and a single-exposure electronic
flash unit ras been used.

A diagram of the plan view of the optical system is given in Fig.(3.13)
Light from a spark source (A) is focuséed by means of a condensing
iens system, comprising a 1;52 b'4 10-lm (5 in) sinéle element convex
lens (H) and & 1.72 x 107 m (7 in) Aero Ektar lens (F),. into the
centre cf tlre camera iris (3). A 1:1 cbject/image magnificaticn at
an asperture of f/ié was chosen to orovide the-best cc@promise between

a gocd dépth ¢f field and high resocluticn. Because of the limitations
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of the optical components the field of viéw cculd not always
incorporate the region of drop formaticn and the nozzle, and, in order
to ascertain the position of the nozzle on the photograph, it was
i%}uminéted by an auxilliary light source. This was carried out by
focussing the light from a Pointolight lamp ontb the nozzle tip by a
condensing lens-mirror system, |

The light flashes, of sub-microsecond duration, were provided by
an'openlel?ctrode spark discharge system comprising a 0.0Z}LF fapid
discharge ccndenser charged to lSqu. The electric gap was set to
8 mm and the light intensity adjusted to the reguired value by a C.1
natural density filter (G). Kodak Kodaline K85 fiim, giving high
~resolution and contrast, was used; the optinum developing conditions
were found tc be 290 secs (6} mins) in Ilford I.D.1ll developer. The
minimum size cf drop that could be resolved was lOrUQwith a depth.of

field of 4 mm.

3.7 Drop Sizing and Counting

To avoid the difficulties of counting and sizing drgps by micro-
'scopié techniques the negatives were examined at a magnification of
x60 by.rear prcjection on a screen ccvered with tracing paper; the
size groups chosen were C—BCPm,.30~4%um, 45”6cpjb etc., in intervals
of 15 pm, |

The minimum number of drops to be counted in a sample‘to give a
~reasonabie estimatce of mean drop size is difficult to determine.
Eooper (40) has shown that a drog ccunt cf l,COO‘gives the mean
diameter to an accuracy of th%. The normal counting fate of saméles
ranging'in size from 800~1200 drops was aboﬁt 2,0CC per hour and the

total number counted per day by dictation into a tape recorder was 1C,CCC.
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It is showh in Appenddx III that the true drop size distribution cf a
spray can only be accurately.determined if the drops are measured
close to the regicn of disintegraticn. Thus, for each photograph the
- section énalysed covered the first band of drops formed. For con-
sistency, drops were measured within 5.C mm on either side of the
nozzle axis.

Calculation of S=zuter Mean Diameter

The mean drop size was expressed in terms of the volune-surface

mean’diameter, D32, defined as;:~
" Dpax Diax
[ 3 dn 2 dn
Dy, _J = ap f p° 2 ap (3.7)
0 0 .

In equation (3.7 ) D is the drop diameter and %% is the frequency

distribution. Since
Dmax
J 3 dn dD = Total drop volume
0

suitakle rearrangement of equation (3.7 ) gives

D
nax
B 14U+ g
D.jz-l/.( = <5 4D (3.8)
o
where U* is the fractional volume oversize.
For discrete drop sizes the equaticn may be written as
max . max , ‘ )
Dy, = 1 Z {D Za A /Z D3mAN} (3.9)
In equation (3.9 ) Dm is the median drop size in any group, N
is the number of drops in a group, Dmax is the maximum drop dismeter in



Table 1],

Calculaticn of Volume-surface

Mean Diameter

Nozzle:- Bray Unijet Y

Injecticn Pressure:~ 50 psig
Jiquid Temperature:- 26°¢
Ambient Gas Temperature: 67rOC
A. Calculation of Cumulative Fraction Cversize
. : . . Cunulative
Group Ri;g: lM;?.;?HADBXIO—(D AN D.jx[\N6 E;%fNé Frsgzion
pr e x 107 . Oversize
1 0-30 | 15 ¢.ce34 [11C] 0©.062[C.CcC013| L.cCoce
2 30-4571 27.5 |0,0535 |526] 27.87&|C.05967] ©.99987
3 45-60 | 52.5 |C.1455 1320| 46.4C0|C.,09932] 0.94C20
L 60-75 | 67.5 10,3085 |122| 37.576|C.C8C34| ©.,84cE8
5 75-90 | 82.5 [0.5675 | 66] 37.092|C.C7940[ C.76045
6 90-105| 97.5 |0.9275 | 641 59.328]|C,12699] 0.68105
7 105-120{112.5 {1.4245 | 32| 45.568]C.09754] 0.55406
689 120-1501135 2.450 541132.64C [0, 28435 0.45652
10811 150-180 |155 L, 492 8135.936 [C.07692| 0.17217
12813 180-210 {195 7.415 6 Jk k90 |c.09523| 0.09523
Totals 467,170 C.99989
B. Calculation of D32 Using Smoothed Data from Fig
Size Median Cumula?ive CumulaFiVe 3
Range Dia. Fraction Fraction (D XAN)<
, Vol. Vol. in |DJD7x AN
pa. ﬂm' Range Each Group
0-20 10 [1.00-C.992.] ©.CcC8  [0.0C0s60
C2c-40 |30 |o.992-c.9540 ©.046  |o.cC153
© 40-60 50 |0.954-C.865| . 0.069 C.00178
60-80 70 0.865-0.735| o©.130 0.00185
80-100 | 90 [c.735-0.592| ¢C.143  |0.0C158
1C0-120 | 110 [0.592-C.455] 0.137 0.00124
12¢-140 | 130 |0.455-C.3C6] " 0©.147 0.00113
140-16C | 150 |C.308-C.175] <¢.133 C.CCc08%
160-180 | 170  |{C.175-0C.081| 0.09%4 0.CCC53
180-200 | 190 [0.081~C.015| C.066  |C.0CO35
200-220 | 216 |o.c15-c.co0| ©0.015  |o.cocc?
22c-240 | 230 - |
1 _
D32 = Dj X 3 X N T 85}*nz
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Following Feywood (41) the data is first smoothed by plotting

D
max max
: DBmAN/ g DnlAN
L

against D_, the lower limit of the size groups (c;f. Fig.(3.14).

Mo

=}

The abscissais divided into ZOILmintervals and the volume for each
is read from the curve, and divided by its median diameter.

The summation of all these quantities gives

D D
max max )

E DBmANZ- DBmAN (3.9)
0 ) 9)

the reciprocal cf which (i.e. equation (3.9 )) gives the mean drop

size D, . A sample calculation is given in Table 1.

32



Table 2

(i) IList of Fan Spray Nczzles

Nozzle - Crifice™ Woter Flow Velocity
Catalogue LCimensions Number 5 Coefficient
Designation (mm ) (FN) x 10 (cv)

¥ ' 0.85 x 0.3951C.403 - (0.84) 0.85

X 0.745 x 0.31110.275  (0.57)]  ©.84
. ) N 5 .

Y - |C.h6D x 0.29730.124 (0.26) 0.81

(ii) List of Swirl Spray Nozzles

Water Flow Velcecity | Sheet Thickness

M;Z:i:;:zizi's (Fggmzeios Coeféi;ient Par;igtirlégo)*
DB/;Q* c.072  (0.15) 0.79 2.8
DE/4S * |C.077  (0.16)f  0.79 2.8
935/4-5*_ 0.288  (0.6) c.84 &.5
D100/80 1.2 (2.5) C.84 23.7

~

+ ) . ’ . .
These figures are based upon the dimensions of a rectangle
of equivalent area.
’ : )
- *The number appearing after the solidus signifies the ncminal

spray angle.



Table i

of Liquid Properties

75%

1
at_20°C x 10°
(més-1)

. SR ! Carbon 5C%
JLiquid Dlitllled Acetone| Tetra~ [Glycerine|Glycerine
Water . -
chleride} -water ~-water

" Density, Py 1.0 C.79 1.595 1.13 1.2

(Kgm=3) x Yo-3 .

Surface Tension 72.8 23.7 26.95 70 69

T, at 20°C x 10 :

(Nm=1)
 Viscosity, 1.0 0.405 | 0.606 5.65 31
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3.8 Liquids Studied in Present Work

The'majority of the work was carried out with distilled water,
while a short series of experiments were conducted on sheet length
determination with acetcne, carbcn tetrachloride and 5Ci% glycerine
solution. Tre physical properties of the four ligquids are ziven in
Table 3. .

3.9 Soray lFczzles used in Present Vork

Experiments were perfcfmed with both single hole fan sprays and
‘swirl spray. nozzles.
3.9.1 TFan Sorays

‘The single hole fan soray nczzles used were Bray miniature
unijets, maenufactured by Geo. Pray and Co. Ltd. Tre functicnal
’pért of the nozzle is a porcelain mculcding in a brass frame (cf. Fig.
3.15), .Table 2 gives the dimensicns cf the rectangular crifices of
the nozzle, meaéurgd with a microscope, znd the flow characteristics.

The flcw number, FN, is defined as the ratio
FN:-@‘T/; o o

P

where Q is the injection flow rate and P the differential injeétion

ressure, For ccnvenience the value of flow number is yresented both

in 8,I. units and conventicrnal units (gph/(psig)%), the latter

éppearing in brackets. The velocity coefficient'(cv) has been faken

equal tc the discharge coefficient (C;), which has Eeen obtained from

volumetric flecw measuremeﬁts. Since it has been shown (2 ) that

the area coefficient (CA) is approximately equal to unity for flow

1

through fan spray nozzles.

3.9.2 8wirl Sorays

The swirl sprays used were manufactured by Fanfoss Ltd.
(Lcndon), Greenford, Hiddlesex. Table 2 gives their flow

characteristics (42 ). The sheet thickness parameter K is -



defined as
: | 9 ‘
Ko 2wy sin&)
c o]
where @ is the volume flowrate, Uo is the sheet velocity and

k4
2 @o is the ccne angle.
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Differential injection(a) 1.72 bar

N
POV AW i b S

pressure

"Nozzle Soa Bfay Unijet Y

(25psig) . . (50 psig)

Magnificstioﬁ,‘: X2

Ambient has temperature : 20°C . ’ -

Liguid temperature : 20°% . , S :

Fig. 4.1 eTgpical Photographs of Fan Spray Water Sheets formed at Room Temperature.




‘Differential injection a) 1.72 Dbar (b)

pressure

(25 psig)

Magnification : X 2

Nozzle : Bray Unijet Y
1 o}

Ambient gas temperature : 380°C

Liquid temperature 2% < 28°%

3.58
(52 psig)

bar

Fig.%.2  Typical Photographs of Fan Spray Water Sheets formed in a Hot Gas.

(c)

6.35
(92 psig)

bar



Differential injection (a) 1.72 bar (b)) 3.58 bar () 6.35 bar

pressure (25psig) (52psig) (92psig)
Magnification : x 2
Nozzle : Bray Unijet Y
Ambient gas temperature : 675°¢
Liquid temperature 2 ou - 26°¢C

Fig., .4 Typical Photographs of Fan Spray Water Sheets formed in a Hot Gas




Magnification: ¥ 10.4

Nozzle: Bray Unijet Y

Differential Injection Pressure: 3,44 bar (5C psig)

L) el ) 2 =0
Ambient Gas Temperature: 675 C
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Liguid Tempe

D)
ature: 250

he Region of Disintepraticn of a Flat Water
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L

Fig ."'!‘- 1;-

Skeet in a Fot Gas
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41 THe Mechanism of Drop Formatioh in Fot Atmospheres

The effect of ambient gas temberature on the mechahism of éheet
disinfegrétion was‘exaMiﬁedﬂ at temperatures.cf 20%¢c, 38Q°C, 675°C
'iand‘95000, Some results are demonstrated in Figs.(4.1), (4.2) and

(4.3) for-a~range of injection pressures. Fig.(4.1l) shows typi;al

photographs of sheets formed'at roon tehperature with aerodyhamic

wéves being glearly visible and causing break-up at the higher pressures.

Fig.(4.2).dém6nstrates that, as expected, the aerodyn?mic wave motién

beccmes less pronounced when the temperature is r#i;ed to 38000.

The photcgraphs also reveal, hLowever, the presencé of a series of high
‘freéuency capillary waves over a large portion of the sheet, and that
'sheet disintegration occurs as a result of aercdynamic wave motiocn and

random perforations. At 675°C. (Figs (4.3)) aerodynamiéﬂwaves are only -

apparent at thé highest pressure and capillafy wave mction predominates
) throuéhoﬁt. Perfbrafions beécmé more fregquent and the region of dis-
integration recedes back towsrds the nozzle. _The mechanism of drop
formation now follows more closely the simple model'emplbyéa for wave
, disintegration, the liquid trapped within the network of holes contracting
iﬂto ligaments whichléhbsequently break down into a correspondihg’net-
work of drops. Fig.(#.#) shows part of the sheet illustrated in
Fig.(4.3p0 ). Inspection of thepédges of the’larger-perforations
reveals varicose profiles which indicate the ;ipples td be dilaticnal
'\waQes. This conclusion may_élso be drawn from the highly eccentric
elliptical shape of thé perforatibns which cén be assﬁmed.to resuit

}from the relati&ely high rate of expansion along the wave trcughs
Where the sheet is thinnest. Tre enlargement‘also reveals’#he
upréseﬁce of numerous point disturbances where fhg‘waves have high local

grcwth rates. txamination ¢f a lafge numoer of similar photogravhs
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shows the distﬁrbaﬁces always to be present and randomly distriﬁutéd
about the sheet. ~ This phenqmenon was examined further with the aid of
a high speed cine camera* coperated at a rate df 10,0C0O pictures per
segond.' The resulting film demcnstrated that the disturbances became
apparent only at scme distance from the orifice and thatlthey-were
'evéntually the scle cause of sheet break down.

A sgries of experiments was undertaken tc ascertain the cause of‘
these phenomena. Initially, in crder to determine whether the presence
of dissolved air affected tke behavicur of the sheet, experiments were
carricd out with tap water, which was generally found to be super-
‘saturated with air, and with distilled water in which the air coﬁtent
-was reduced to a value of 1 ppm by means of the métbod described in
Section 3.4, No difference cculd be detected. Experiments were then

. /
carried cut in the cpen laboratcry with a dMeker burner to examine the
sheet more closeiy. It was discovered that thke perfcrations were

‘produced only when the lumincus geses came into contact with the sheet,

Since they are a rich scurce of charged particles, figures in the reange

; ’ : 18
lO13 - lO15 ions/m3 being repcrted for bunsen flames @2 Yy lO15 - 10
ions/m5 for hydrocarbon-azir flames (t3-4%) and'10-’-1017 ions/m3 for flares

. . + .
containing traces of alkali metals (32), it was pc:tulated that the
rhencomena were associated with the electrical groperties of the flame
g;ases-

* The high speed film was taken with a hitachi Bymac 16 mm camera

synckronised with an Ernest Turner 66/AV sub-mich§eccnd repetitive

spark light source.

+ . , . ' . a " - childisdino o
The burners used in the werk inccrgeorated ceramic stabilising grids

arnd ijrodaced predcminantly yellow flames typical of the ccicration of

scdium traces.
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"In ordef to determine whether’charge transferenée could take place
in the relatively shortllifeﬁime of the sheet (i;e. 1072 secs),‘a
ksimpig apparatus was cénstrgcted/fo determine approximate valué;vof the
charge collected by tﬁe liquid. A schematic diagram of thé-appafatus
is shown in»Fig.(4.5). Watér from a s&irl spray‘nozzle operated at é
low pressure of about 0.69 bar (10 psig) to miniﬁise drcplet dispersion,
waé passed thrcough the impinging interconél‘gases of two meker burners
?nd theﬁ collected in a perspex container.. The bottom half of the
latter was covered With'a tbiﬁ éppper electrcde which was éénnectéd
through a micrcammeter to earth. The whole apparatus was surrounded
by ah earthed aluminium screen. It was observed that, in thé absence
.of the f;amé, the spray produped a small positive current of approx=-
imately 10-2 189 Vheﬁ the burneré were ignited a negative current of.
the order of IJSILA was recorded. The negative polarity was not
unexpected sinée it has been previously demonstrated that noh-emitting
~ surfaces placed in a; ionised gas accumulates charge as a result of the
high mobilifyvof electrcns. Fcwever, at this‘stagej evidence for tﬁe
waves being electrohydrcdynamic in crigin was inconclusive, since the
possibility of teamperature effécts could not be excluded. Further
e#periments were therefore performed to isclate these two prdperties.
Th; first series was devised tb study the behaviour of sheets in hot
gaseé with the surface charge reduced tc negligible proportioné, while
the second was performed to examine the effec&,bfAsurface charge at
room femperature. A1l experiments were performed with a Bray miniature .
unijet Y,noiz}e} ' o TR

.Two agproaches Qere adopted to reduce the surface chargé; The ¢
fifst was ccencerned with re@uciﬁg‘the electron mobility and promcting
reccmbinétion 5y introducing a material ﬁithba high collisicn cross-

. } 0 .
section inte the boundary layer. The most convenient method of



Liquid Temperature : (a) . 56¢c (b) 67% (c) 78%

Differential Injection Pressure : 1.72 bar (25psig) 1.59 bar (23psig) 1.72 bar (25psig)
Magnification : x 2
Nozzle : Bray Unijet Y
Ambient gas temperature : 940°C

Fig . 4.6 Typical Photographs showing the effect of Liquid Temperature on the Mechanism of Water Sheet disintegration in
Hot Atmospheres.




79

accompliéhihg this is, in fact, to raiée the partial pressure of w;ter
vépour adjacent to the surface by heating the liquid,vand a series of
photographs were taken of sheets at various temperatures in a/g s strean
of@95OOC. The partial pressure of water vagour in the‘combﬁstioh £58
was estimated to be about 0.133 bar (103 mm Kg) and it was therefore
expected that significant effects in sheet stability were only llkely to
Quing vapour pressures

be observed at llquld temperaturesyabove this value. Fig.(4.6) shows
photographs of sheets of water with temperatures ranging from 5600 to 7800*.
Figi (4.6a) (56°C equilibrium vapour pressure 0.165 bar (124 mm Hg))
demonstrates capillary wave motion and disintegration typical of that
observed at low liguid temperatures. As the liquid temperature is
‘raised abcve 5600 the ihcidence of perfcrations becgmes less, until at
67°c, Fig (4.6b) (equilibrium vapéur pressure 2.72 bar (2C5 mm Hg)),

they ceaée. Capilliary waves are, however, still evideht although the
vwavelengﬁh is inéregsed. As the temperature is raised still further

the waves become less pronounced until, at a témperature of 78°C
(Fig.(l4t.6¢c ), equilibrium partial pressure C.432 bar (327 mm Hg)), they
disappear. Under these conditions the sheet remains plaﬂe and dis-
integration occurs at the edgés iﬁ a manner similar to that observgd

by Eooper at low gas densities (40).. Temperature profiles in the test
chamber (Flg (3.3 )) show that the teamperstures adgacent to the sheet

are not significantly different from those at liguid injection temoeratures
cf ZOOC. Cenfirmation of . these measurements is afforded by the fact |
‘that, at gas temperatures below BCOOC, wheré capillary waves Lave

disappeared, the gas density is sufficiently high for aserodynamic waves

to re-~appear.-

* The maxluua temperature attainsble at the rozzle wes



‘Ambient gas temperature  (a) 20°C (b) 9uo’c (&) 9u0
Liquid temperature 20% 26°C 82°%
Magnification : X 79
Differential Injection Pressure : 3.u4 bar (50psig)
Nozzle 3 Danfoss D8/u45
Fig, 4.9 Typical Photographs showing the effect of both liquid and gas temperature upon the mechanism of conical water

sheet disintegration,




The'secand approach took advantage of the fact that ionisation in
hydrogen;air”flames is several orders of magnitude less than that of
hydrocarbon-air mixture. A meker burner was modified to burn/premixed
' hyérogenﬂand air by first remcving the ceramic grid and placing a fine
mesh stainless steel gauze in the mouth of the burner. Eigh purity Air
Products Ltd. hydrogen and air were used, great care being taken to
ensure that all surfaces were free from contaminants. The flame was
directed‘tb‘impinge on both sides of the sheets and tﬁméeraturés of
130000 were recorded adjacent tp the surface. Stroboscopic illumination
showed the sheet tc be planej devoid of both aercdynamic and capillary
wave motion. The tWo free surfaces contracted by surface tension and
‘a sheet similar to that shown in Fig.(%4.6c) was prcduced. Capillary
waves could, however, be induced by seeding the flame with small
amounts of sodium bicarbonate.

Some observations were also made of fhe behaviouf of cénical
sheets under the same set of cperating conditicns, and a few typical
.results are given in Fig.(4.7). Similar effects were fcund tc cccur
.at low liquid temperatures, but diffefences were noted at higher
temperatﬁres.

At low gas temperatures (Fig.(4.7a))* disintegraticn takes place
thrcugh aerodynamic wave motion. At high temperétures (Fig.(&,7b) the
sheet length is mafkedly decreased by the cnset of éerforations, ahd

capillary waves may readily be identified.

*No significant differences were observed for sheets ranging in
temperature from 18° to 82°C and Fig.(4.7a) is used to represent sheets
produced octh at 20°C and 82°C when injected intc air at room

temperature.
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It has been shown (45 ) that when a ccnical sheet, produced by a
swirl spray nozzle, is injected into an environment of sufficiently
low dénsity, aercdynamic wave mction disappears. The sheet léngth
ingreasés, but prematﬁre breakdown by perforationsvoccurs as.a reéult
of ripples originating at the crigin (cf. Section 4.3) befcre the
leading edge attains at equilibrium pesition. In the light of the
findings.for fan sprays it was therefore expected that at high liguid
temperafures ccnicél sheets would exhibit similar»phenohena. LFowever,
altﬁough Fié.(ﬁ.?b) demonstrates the absence of aerodynamic waves‘and
the presence of perforations, the latter occur relatively clcse té the
nozzle. Inspection of the sheet again reveals the presence of
‘associated capillary waves. The reascn for this i; not clear, although
it is likely that the boundaery layers around conical sheets are com=-
parativeiy thinner as & result of their more turbulent ﬁature and
hence a Ligher tqmpefature and thus higher vapour préséure is required
to reduce charge diffusicn to the surface.

The effect c¢f surface charge at rocm temperature.vas studied‘by
'placing an electrode near the sheet énd‘causing‘a high fréquency; high
voltage-discharge tc take place between it andltﬁe metal pressing‘
surrcunding the nozzle tip. The power source consisted of an Zrnest
Turnér ESS/L4/8 stroboscopé operating at 4,0C0 flashes/sec with the
standard flash lamp replaced by a pair of electrodeé. The charging
mechanisnm is not directly éomparable with that occurring in hot gases,
since surface charge will result frcm both ihduction and diffusion.
Liowever, it was expected that the general'chérécteristics would be
similar. A typical result is shown in Fig.(4.8). Thelphotograph
demonstfates a similar pattern.éf waves and“local disturbances, althcugh

4
o
kY

they differ in detail, tlre disturbences tuking ca the Jorm ¢f craters,



Table 4
Data used tc calculate the surface charge, and cut-off and_oétimum

wave numbers cn liquid sheets

2y

FPlat BSheets .Conical Sheets
Nozzle ; Bray Unijet Y Danfoss Lo/45
B, (?gﬁ%ent gas teaperature) : 1220 -
By (Iiquid temperature) (°x) \ 300
Gas compesition H20 = C.133
' CCo%+ A = 0.100
02 = C.032:
! , No = C.735
Nfo, (Charge particle density) 18
(m...j) lO
Sca (Ambipolar schmidt number) ‘ 1
B1 EIon'temperature) (°K) 760 ,
. (Gas phase kinematic 4 -
Ve viscosity) (mPsec~l) 1 5.7 x 10 X
ki (Ion mobility) (mfsec™ ™) 0.7 x 1¢”
® , c.62
Ji/Je 102
U, (Ligquid_velocity)

) (m sec-1) ‘ , 14 \ 8.14
A (eq.A.48) 1.72 x 10_ .2 x 10_
p2 (eq. A.32) S 1.2 x 102 1. x 102+
go (eq. 12¢) 0,38 .67

w (eq. A.k2) 1 18.2 174
Kopt (m™7) 0.85 x 102 0.64 x 105
k, . (m=1) 1.47 x 10° 1.21 x 10
k measured (m=1) 1. 2 x 104 3.3 x 104
OF calculated (valy  |2.99 x 10k 2.38 x 107
OFE observed : (Vm~1) - 2.07 x 1¢°

*Although these values of p2 and Mo do not satisfy the reguirements
given onhpageA.l2they are sufficlently close to provide reascnable

estimates of the charge and field distributions.
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it is @ell known (28-31) that'liquid streams become mere unstable
under the influence of an applied electric field and it was therefore
reascnable to conclude that the small waves are electrohydrodyﬁamic in
or}gin,'while the localized disturbances ére a result of random |
fluctuations in the charged particle distribution in the surrcunding
gas. An analysis was then perfecrmed of the electrical boundary layer
characteristics around a continuously expanding liquid sheet assuming
'laminar‘flgw (Appendix I) and expressions were developgd for the
criterion of stability, and the cut-off and optimum wave-numbers of the
field ccupled waves (cf. eqﬁations (2.178% ang (2.175 Section 2.3).

Values of cut-off and optimum wave-numbers have beeﬁ calculated
-fof flat sheets and'conical sheets and compared with observed values.
Typical sets of operating conditions and calculations are given in
Table b, It is assﬁmed that the gas composition cofresponds to
that obtained from c9mplete combustion of an 85% stoichiomet?ic mixture
of propane and air to carbon dioxide and water and that the ionization
results frcm‘sodium inpurities of low electrcnegativity, which at the
.theoretical flame texperature of 214OOK give rise to a free stream
chérge ﬁarticle density, Nfo’ of lO18 electrens m—3.
Little information is available on the values c¢f ambipolar Schmidt

numbérs in ionized* gases and recourse was made to estimation® taking
average values of the temperature dependenf propertiés in the gas

boundary layer (E}i, v g and ki) based upon the arithmetic mean

temperature (P a t @i)/Z.

*Talbot (46 ) héds reported values of 1.3 for ions in Argon at low,

temperature.

~eé Vg

 *The ambipolar Schmidt number is given by Sca = Jk (Kejki + KD,k )

and since the icn mebility ki is much less than the electron mobility

ke the expression reduces to 3ca = \%e/ZKEEki.

o
S
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BjA‘the ion temperature, was then assumed fo be equal to the
mean temperature siﬁce ions are genefally in thermal equilibrium with
the neu?ral carfier gas, while -gg, the viscesity of the -boundary layef,
has then been taken to be that of air under the same ccnditions, |

ki, the ion mobility, is dependent upon the nature ¢f the carrier
gas, particularly its per@ittivity. For example, the presence of
water moclecules over a wide range of conditions reduces the ion mcbility
as a result cf icn-molecule cluster fcrmaticn. Preliminary cal-
culaticns using the approach of Bloom and Margenau (47) indicated that,
for the proportions of water and carbon dioxide present in the ionized
gases, appreciable clustering will occur at te@peratures.below 400%k
for 002 and 10C0°K for water. Munscn and Foselitz (48) have measured
the mobility cf sodium ions in Argon in the presence cf varying amounts
of water vapour at a temperature of 2930K,and calculated the corresponding
cluster sizes by means c¢f the classical Langevin equation in the snmall
jon limit (45). Their results indicated that at zeroc field strength
the cluster éttains a maximum of six water molecules. The maximum
field strength/gas pressure ratio was of the crder cf 1.52 x 106
vglts (m-bar)_l,'and for 2.8% by volume water vapour the cluster was
estimated to ccntain four molecules, corresgonding to 0;7 of the
maximnum. Loeb (50) has noted trat a field of this magnitude corres-
vonds tc an increasé in the gas température to abou£ BBOOK. Since
Munson aﬁd Foselitz have alsoc shown.that cluster stability increases
with increase in water vapour ccﬁtent, it is reascnable to assume that
.for trke present wors where the mean temperature is 7500KAand the water

vapour content is 13%, the cluster size will be near to its maximum

value throughcut the bcundary layer. For this cluster size the

S
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Langevin equation gives a value of mobility of 5.7 x lO“br m° (sec volt)"l

at 700%K in N; at 1 bar (760 mm Eg)*, compared to a value of

s | -1 . . L
7.7 x 10 m- sec volt for the unclustered ion. Using this value
of¢@obility gives the ambipolar Schkmidt number a value of 1.

The parameter,.A, defined by equation (A.48) is
dependent upon the surface radius y(s) (cf. eéuation (A.54))
For simplicity, ah.avérage value based upon half the sheet length has
been usea.

In determining the value of‘x, thke ratio of ion to electron
temperature to be used in the calculations, ‘it has been assumed that

because of the relatively small size of electrons little momentum .

transfer occurs as they pass throcugh the boundary layer. Their

temperature thus remains close to that of the ambient gas
(BEQ, giving a value of ® of 0.62. The ratio Ji/Je given by
equation (4.299 is equal to the ratio of ion and electron diffusivities

at their respective temperatures.
’ K

i e

Using the Einstein relations, Di = k the ratio beccumes
.ke/ﬁki' ke has been determined by utilizing the Compton eqguation

. with tabulated values of collision crcss scction. Since ke is also
a functicn of OE, the interfacial fiéld strehgth, an iterative

prccedure was adopted using equations(@.47) and (A.48) to obtain the

apprcpriate value.

+Although nitrogen ccnstitutes only 73% of the gas mixture, Blancs

Law (49) shows that little error is incurred by treating the gas as

pure nitrcgen., _

' A G 4 az© .
*For convenience Loeb's computed values of mobility at 293 K have been

m the

O

A . - . -~C, .
utilized and the reguired values at 75C K determined fr

approximate relation Kiéai = ccnst (49 ).
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Examination éf the numerical results showsthe theory to predict
cut-off and oétimum wave-numbers to be of approximately two orders cf
magnitude smaller for both flat and conical sheets. These differences
are most likely‘to be due to the implicit assumption in the boﬁndéry
layer analysis>that the mode of charge transfer is independent of the
naéuré of the surface. In practice it would be expected that the
onset of.wave mction would induce local turbulence and thus enhance
diffusidn rates. “rhis effect would be particularly marked for
conical sheets, which show the greatest discrepancies, since, compared
to flat sheets, the photographs (e.g. Fig.(4.7)) reveal the presence of
a basic irregular ﬁave pattern caused by flow disturbances within the
-nozzle. |

An alternative methcd of testing the electrohydrodynamic thecry of
wave-growth derived in Sectidn 2.3 could in principle be carried out by
‘using known value§ of the charge distributions on and adjacent to the
surface of the sheet. It is not possible, hoﬁever, to make direct
mea§urements from moving liquid sheets, but an indirect estimate of the
surface charge cnh conical sheets can be made from its effect upon the
shéet profile. This is discussed in detail in Appendix II where ;t is
shown that the field is much greater than that estimated above, being

2.07 x_lOG‘ volts/m compared to the theoretical value of 2.38 x 104.

g b et oo 4 oot s e
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L,2 Effect of Gas and Liquid Temperaturé upen Drop Size

Drop size distributions as produced by boﬁh fan and swirl‘spray
nozzleshave been determined fcr a ranpge of gas temperatures and
1n3ect10n velocities using Bray unijet Y and Danfoss D&/L5 nozzles.
In generel two measurements were made for each set of operating con-
ditions using the technigue described in Section (3.6).

Fop sheets disintegrating tbrough aerodynamic wave motion the

vcelume surfuace mean diameter, can be related to the cperating

" Pz2’
conditionsy and relations sre available fcr bcth fan and swirl sprays.

For liquids of low viscosity, Hooper (40) and Briffa (53 ) have shown

that
1/3 (’ €1 1/6
C’a

for fan sprays,while Wolfschn (54 ) has shown that

D =256(A3

32 (/Lm) o ‘ (h.;)

_ s FN..T 1/3 611/
Dyp = 22.7 (F5517 )<Ca 7 () g (4.2)

for swirl sprays.

The results for all operating conditicns are plotted in Figs. (4.9)
and (4.10) on the basis of equations with the corresponding mechanisns
of sheet disintegration identified. In Fig. (4.9 ), in order to
avoid confusion due to a multiplicity of points, some of the data are
piotted cseparately on the inset graph. The figures show that, where
drecp formation cccurs through aerodynamic wave motién, the results
- compare favourably with those cobtained by previocus wcrkers. It is
also seen that the suoerimoosition c¢f perforations on the waves has no
" significant effect. Fowever, where alslntegrdtlcn ocecurs ;olply by
perforations the resulting drop size tends to be higher than that
prédicted by equation (4.; ) té an extent inversely related to the
| This decreszo:z

rressure ard indepandent of gas and liguid temnerature.

[



in‘droﬁ size with pressure may be explained by a close examination of
photographs such és those in Fig.(4.3), which indicate that the number
of perferations increases with pressure. The sizecf tlre ligamenté
are Ccnéequently reduced,‘resulting in rélatively smaller drcp sizes.
The increased frequency is grobably due to a greater number c¢f flow
disturbances which act as sites of high local growth rate, and it is
therefqre likely that higher pressures may lead to eveﬁ smaller drop
sizes. |

‘The figures also shcw that, as found previously (40) for both
types of sheet, edge disintegration causes larger drop sizes than the

other mechanisms.



4,3 Ccmparison of Measured and Theoretical Break~up Lengths

of Attenuating Sheets

Break-up lengths have been determined fcr attenuating sheets
%as produced by fan and swirl spray nozzles?*. The ﬁeasurements
‘were made using flash pkotography, the initial point of rupture
being clearly delineated by using a "focussed shadowgraph"‘lighting
technique (Section 3.6 ). It was fcund that break-up lengths
fluctuated by 120% about a mean, and at least a dozen readings were
faken i; each case, The average values are listed in Table 7
In order to compare these values with those predicted by
equation ( 2.138), it is necessary to determine the value of
'dcminant'wavelength, Xdom, and initial disturbancer?oh chargcter-
istic ¢of the cperating conditions.
Previous‘workers have taken the docminant wave as the optimun,
i.e. the wave ¢f maiimum thecretical growth acccrding to first order
theory viz. )‘op;; = 4 T/fan. FEowever, .there is nc real
justification for this choice, as it implicitly assumes a uniformly
distributed wéve spectrum in which each conmponent grows independ-
“ently of the others. Hooper/(hc ) found that the dcminant wave-
length is significantly greater than the optimum, although, for a
1limited range of conditions, the values may be correlated. Second
‘ordér thecry dces not provide any further information on the

relation between optimum and dominant wavelength.

*Application of equaticn (2.138) to liquid sheets:issuing fron
orifices is not strictly valid since disturbances are unlikely to
be instantaneously imposed at the origin and, as a result, spatially

growing waves are generated which may be described by the relation

I
&

m = (?Jlexp(i ((kr + 1 ki) x + oet))
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Indeed, since equation @.132) demonstrates that energy for
wave growth is essentially derived from the fundamental, theloptimum
wavelength is identical to that given by equation (2.99).

- Values of dominant wavelength as observed directlylfrom the

‘photographs have therefore been used, and for ease of handling the
‘ , \

data have been correlated with A A plot of the two wavelengths

opt*®
is shown in Figh.11l and a linear regression gives

. Lat S _
)\dom = 0.9 e Uz«-o.ooz C.0C018

a o

[

While some theoretiéal background exists for predicting
characteristic wavelengths, the unkncwn nature of the random molecular
‘or turbulent motions at the interfaces makes it impossible to
specify the amplitude of disturbances initiatiﬁg wave growth. In
principle, therefore, recourse has to be made to direct measurement.
This was readily achieved fcr the cohical sheets by examiﬁing the
prcfile at the orifice and it was found that the initial val;es of
amplitude were.approximately lO—A n*, It was not possible, hoﬁever,
to measure initial amplitudes on fan spray sheets, since the presence
of thé rims preéludes observations along the plane of the sheet.

It was therefore necessary tc make an estimaticn of this value.

‘Disturbances observed on conical sheets are most likely caused by
wave moticns within the air core upstream of the érifice. These
values cannot be used as a working basls for éstimations for fan

sprays, since the orifice runs full, and disturbances can only be

propagated upstream of the outlet.

fBecause /78 occurs as a logarithmic"term in equation (2.138 )

accurate measurezents are unnecessary.
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a) Re = 8,150

‘ Liquid : Distilled water
Differential Injection
Pressure : 2.41 bar
(36 psig)
Magnification ®1ked
Nozzle Bray Unijet X

Re = 23 ,800

Acetone

2.75 ibar
(40 psig)

Fig. 4.13 Typical Photographs of a Fan Spray Sheet Taken of the Region near the Nozzle Orifice.
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It is reascnable to postulate, however, that the minimum value
is likeiy to be of the order cf molecular dimensions, i.e. 10-8ﬁ.
This value was‘therefore used for calculating break-up lengths frem

Qeqﬁafion (2.138). Measured values of break-up lengths, and thpse
‘calculated, are plotted in Fig.(4.12). The fipure shows that the
results for ccnical sheets fall about the theoretical line, while
those for fan shéets are scattered above 1it. This ostensibly
implies that smaller values of initial disturbances should be used
as a basis for calculation and a figure of 10-12 m would be necessary
to perform their appropriate adjustments. Littie significance can,
bowever, be attached to this value and thé discrepancies are more
“likely to be undérstood ih the light of approximations incurred in
the derivation of the equatiocns. The satisfactory agreement fer
conical sheets may well, therefore, be fértuitous as a result of
additional thinning caused by surfece ripples which are pfobably
generated in the swirl chamber, However, the 'fan sheet’
data were re-examined in conjunction with the corresponding photoéraphs
to establish the cause of the wide scatter, and it was.observed
“that, for the results nearest the thecreticai line, regular non-
growing capillary waves were visidle at the orifice,vwhile‘the sheet
¥emainai§lane for the others. Typical enlarged photographs of the
regions within the vicinity of the orifices for thése two cases are
shown respectively in Figs.®.132) and (4.13b). On this basis it was
found that the experimental points could be segarated intc two
distinct bands. Tkis suggestéd differences in the nature of flow

in the nozzles and it was established, in fsct, that the onset of

ripples occurs at a critical value cf Re. No.* wiich lies arouand 9,CCC.

*Rased upon the hydraulic mean .dlameter of the orifice.
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Nozzle :- (a) Bray.Unijet Y G VK ’ﬁfa;“U-r.x-ijef_ x (é) Bray Unijet W
R
eynolds number 3 250 0 8,000 10,400
Magnific;‘cion % - 25
Differential Injection Pressure : 241 bar (35psig)
Fig, 4.l4 Typical Photographs of Water Spray Sheets showing the effect of Reyriolds number upon the break-up length.
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The effect is demonstrated in Fig. (4.14) which shows photo-
graphs cf water sheets produced from the nozzles at ccnstant
ejection velocity. The nozzle orifices increase in size frém left
to riéht, the first two, (a and b), operating at KReynolds numbers
below 9,CCC, whilst the third (c) operates abcve. Comparison of

photographs (a and b) clearly shows the expected increase of sheet.
length with nozzle size. A further increase, however, photOgraph
(¢}, results in a Reynolds number of 16400 ripples are tterefore
propagated, and the sheet markedly diminishes in length.

These findings can be used to expglain the apparent ancmalous
results of Dombrowski and Eodper (9) and Briffa (52), who
ccrrelated sheet lengths con the basis of a thecretical relation
developed from the first order fheory cf Squiref viz.

Cl KOTLn ﬁ?/ilﬁ?ozl/B
civ:

X* = Const i

Ln WA} " was taken to be ceonstant and evaluated from the 'best
Mo

KT
L 3

line!' relation between x and J;l o
P UZ
a

fcund the value to be 12, while Briffa and Dcmbrowski fcund it tc be

1/3 ~
. Dombrowski and Hooper

50, i.e. sheet lengths predicted by the latter were greater than the
former. ’

Re-examination of their data reveals that the;former worked at
Reynolds numbefs in excess of 9,000, while theylatter worked below
the value. Figk.15, thch shcws a plot of these parameters,

indicates that the present data compares favourably with thcse of

the other workers.

-+ . . ) 1. . A .
The previous published results cannot be plotted accirding to
Fig.(4.12) since no details were given cf the operating ccnditions

fcr each experimental point.
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RIM TRAJECTORIES (FOR LEGEND SEE TABLE 5)



Table 5.

Range of Experiments

l: 3
(¢
m

1

end Injectiocn Pressure Range
(Fig.4.16 Iiguid Nozzle| ™ (b”;) ©
and 4.17) -
| 0.69 - 1.38
Yate . -
v Hater Yo,y 5.5 x 1672 an®)
Water X C.69 - 2.41 o
o ' -(Ko, 11.3 - 11.1 x 10 mm”)
C.69
+ -
° Acetone ¥ (Ko, 11.2 x 10 2 mma)
+ 5C3% Glycerine- .X‘ 1.38 2 5
+ Hater ‘ (KO, 11,6 x 10 © mn”)
o , C.69 - 1.38 .
X Water W (K, 12.5 = 13.5 x 107° ma®)
" g . N -
' 5C% Glycerine-| 1,38
A 2" ~ -2 2
Hater (Ko, 15 x 10 mm )
. Carbon Y 2 41 > >
@ Tetrachloride (KO, 5.0 x 10 7 am )

¥ Pig.4.16 only

* Pig.4.17 only
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Lok Qompariscn of Theoretical and Measured Rim Trajectories

Equaticn @.1C) has been tested by plotting the dimensicnless
parameters Nr and (9 -GCQ for a range of Bray miniature fan spray
Q?zzleé and liquids as listed in Tables k‘2 ) and ( 3 ).

The streamline velocity, UO, is given by (10 )

U = cQ (;zzxp/el)}é

O

while from ccentinuity

‘ecbz ﬂyg - 2.

2U K
o0
The distance ¢f the sheet origin from the orifice is then given by,

f = ?d tan 80

where d is tke width of the crifice. The distance r is then
riecasured frcm this point.

The results are shownvin Fig.4,16 . It is seen that for the
lower viscosity liquids the experimental pecints lie very close to the
theoretical line, éﬁt tend to fall below it with increase of (© *Q 0).
This divergence is nct unexpected; because of the initial assunmgtion
cosoc > 1. Whiie this simplificaticn is justified near to the crigin
discrepancies beccme prcgressively magnified further away (cf.
equation (2.6))

) Viscous forces can be expected to oppose contracticn of the rim
SS that corresvonding points should lie above the inviscid line.

This is demonstrated in Fig.(4.10 for a viscosity of 5.65 c¢s, although
it should be borne in mind that -the apparent differences have been

minimised by the inherent theoretical errors described above,.
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4,5 sizes of Drops Formed frcm a Liouid Rim

Some seasurements have been made of the main drogs peruced at
the edges of sheets ejected from the range ¢of Bray niniature fan spray
npzzleg listed in Table 2. It was roticed in some phctographs that,
beéause ¢f initisl randem disturbances, adjaéent waves occasionally
tended to merge (cf. Fig.(2.3)) producing relatively large drops and
tliese were hgglected. .Between 1C and 2C measurements were made for
each set ¢f operating conditions and the arithmetic mean velues each
with a scatter of approximately ill%_are listed in Table 9..\ The data
have been correlated on the basis of equation (2.39) and the results
shown in Fig.(h.l?), wheré'it is seen that the experimental points
‘fall close to a sﬁraighﬁ‘;ine paésing thréugh the origin.

It should be ncted £héﬁ‘§part frcm,one.e%périment'with Carbon
tetracrloride, all £he'ﬁcrk was cafried et witg water and the ecunaticn

therefore reguires further experimental confirmation.-



Chapter 5. Sunmnary of Ccnclusions




1. Theoretical and experimental studies have been made of the flow

instebilities of liguid shects under a wide ranpge of ccnditicons.

2 In analysis has been carried cut ¢f the trajectory cf the rium of
“ a fan spray sheet of liquid and a theoretical relaticn derived

which shevis satisfacltory apreement with experimental values

(c.f. Sections 2.%1.1 and 4.4h),

A

It is postulated that the subsequent bresl down of the rim is

due to beth Rayleigh and Taylor instabilitygtne la£ter resulting

from centrifugal fcocrces generated by a curved trajecfcry. A semi-
empirical relation is developed which satisfectorily correlates
the sizes of dreops formed frem the disintegrating rim with
operatingvccnditions for a limited numbef of experimental data
(c.f. Sections 2.1.2 and 4.5).

L, The early stages of aercdynamic wave gréwth have been analysed

for both sipuous end dilational waves using first order

perturbation theory, and it ras been shcown that the velocities of

both forms cf wave are independent of viscosity end effectively

equal to that of the sheef. The viscous damping facter is found

to be similar fof both types of wave, znd, in ccmmon with inviscid

flow, long sinucus waves grow at a greater rate than dilatioral

wa&es, whilst short waves grow at an equal réte (c.f. Section 2.2.1).

In order to gain insight into the mechanism of aerodynamic wave

1

disintegration @ seccnd order snalysis has been mede of the

grewth of vaves on parallelLsided inviscid liquid shecets. It is
shown thkat tre wave prcfile conprises a basic sinuous mode and a
dileticnal first harmonicf Wave grqwth is conseguently )
asyaretric and the shect prcgressively diminishes in thickness

at points egual to 3 N and %j\ cf tre fundamental mcde, where

it subsequently breaks downo
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The results ¢f the above analysis have been applied to attenuating
liquid sheeté'and a relation has been derived which relates the
lengths of sheets produced by fan and swirl spray nozzles to the
oéerating cenditions (c.f. Section 2.2.2.2).

The defived relations show that break-up lengths are a functicn

of the amplitude of the initial disturbance and experiments have
suggested that its value is critically dependent upon the nature
bf tre flow within the qrifice (c.f. Section 4.3).

An experimental study lhas been made ¢f the stability of liguid
sheets in hot combustion gases, &nd a new form of instability bzs
been discovered in which high frequency capillary waves are super-
imposed upon the sheet. This Las been shown exéerimentally tc be
caused by the chargiﬁg of the sheet by ionised particles present
in the gas. The sheet subseguently perferates, giving a larger
drop size than is produced in otherwise écmparable conéitions
(c.f. Sections 4.1 and 4.2).

Perturbation analysis lLas been used tc study wave sStability and
ckaracteristics of sheets subjectéd to electrohydrcdynamic
insﬁability, out insufficient physical data are asvailable to
verify the findings completely (c.f. Section 2.3).

An estimation of the charge diffusing to the—sheet surface has
been obtained by examining the profile of é conical sheet in both
the presence and absence of hot gases (c¢.f. Appendix I11).
Thecretical analyses c¢f charge transfer using laminer beundary
layer tlisory kave been carried out, the resulté of.which predict

A

the value of the equilibrium surface crarge tc be approximately

two crders of magnitude less than that cbserved. It has been

curoulent

pecstulated that this discrepuncy erises from neglecling

diffusiocn around the sheet (c.f. Appendix I).
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12. A critical appraisal hes been made of the commenly used high speed
photograghic techniques for measurihg drcp size in sprays, and it
is shown that, because of the pericdic nature of drop formaticon,

- unéteady state conditions may persist near the atomisef which give
rise to unpredictable errors. In these circumstancés, correct
size-fregyuency distributions can be cbtained only from the anelysis
of single flash ?hotographs taken of the region cf drop formation

(c.f. Appendix III).
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Appendix I

The Electrical Characteristics of Laminar Boundary Layers arcund Liquid

Sheets Flowine in an Ionised Gas

. As a liquid sheet flows through an ionised gas, an electrical
boundary layer is developed in which interaction occurs between the
gas and the surface as a result c¢f the transference of charged particles.
In particular;7when the charge carriers exhibit a difference in mobility'
charge separaéion occcurs giving rise tc a field of significant effect,
which for an isolated liquid“beécmes a maximum at ambipolar diffusion.
Under such conditions, the system is similar to that cconsidered by
Chung . (55) - who analysed the boundary layer characteristics for
flow past two dimensional and axisymmetric solids. It was fcund tlrat
fer a weakly ionised gas the diffusion boundary layer could be divided
into two regicns, as shown in Fig. Al Regicn I is electrically
neutral throuéhout and particle flux results frcm ambipolar‘diffusicn_
which is deécribed o;.the classical boundary layer similarity eguaticns.
Regicn II cefines a thin shegth adjacent tc the wall of the ccunductoer
in which charge separaticn occurs effectively in the absence of -
,ccnﬁectivé diffusion.

In Section Al.l and Al.2 analyses are made cf the chérged particle
and‘field strength’distributions in Regions i and iI respectively for
the case cf a ccnicel liguid sheet in which the‘liquid flows in the
direction c¢f the meridian.
In Section Al.} expressicns are derived to determine the thickness

cf tre non-conyective sheath.

Al.l1 Analysis of the Charsed rarticle and Field Strength Distribaticns

in the Neutrsl Poundary Layer

In the analvsis the free stream gas is consicered to centain only

ions and electrons and it is assumed that negligible ion=-



He

electron reccmbination occurs in the boundary layer.. For a weakly
ioniéed gas the electrical properties’have ne effect upen the macro=-
scopic equations cf éharge transfer, apd in general the equations of
cogtinuity fcr ions and electrcns throughout beth regicns become

respectively,

oM AR

é-}—c; ‘ +a Xor = C (.A.l)
N ‘ -
Uy g;i +ad£f"{3- =0 - | (82)

where Ni and Ne are the number densities of icns and electrcns and

fTiu and F

their flux densities, are given by,

el
M M
'() Ivi I\iDi e ) (P(J
- Pi = Dl e a % + W O "‘\X . (AB)
;\( <l PAVN ¢ i (¢ o .
DN, ND e 4 A
"F = D [ ) =+ EYRN Y ) ([' )
ex TP C TR XKL, Tm
where 4)6, the electrical potential, is determined. by,
2 -e ‘ . . : "
Y (P e —D_E-_—; (I\i - I-«e) | (25)
and where N, = N =N and 45 = 0 in the free gas stream )
i e fo T e
‘and- N, = N_= 0 and 4> = c@ at the surface.
) i e e ew

Because of surface tension the profile of a conical shect is
curved (Agpendix II).  FKowever, the boundary layers will generally be
small in ccmparison to the radius of curvative énd the neutral

bcundary layer approximation of equations (Al - AS5) beccmes

~ Ny e ™~ 2'
W SH,y 28 5 O (46)
Jds g a(j§¢3
The equations of motion and continuity may be written as SHesKyn (57))
w 32 Ju 2% (A7)
u + v S = L anfuaamed
s o€ 39 gl
o >
= (80)
y(S)u -;Ié-“
-V o
and y(s)V = —e— : . (a9)

¢ s



where Da is the ambipclar diffusicn coefficient, s and 'g are general
orthegonal co-ordinates respectively, measured along and normal to the

meridian, and where y(s) is the radius of the surface.

The boundary conditions fcr equaticns (45 to A9) are,

u = U,y v = 0, when £=0
w=U,v=>C, K=N_ when £= &
and U - Cy N = N, as £~

Equations (Ab to A9) can be reduced to a form which is identical

*

with those for plane flow using Manglers transformation (57).

Letting,

I3 .U % _
X = !(y(S))zds, m =i~:.—g-} E y(s),

W= (2 v 0 ()

and m= . gives
, N
fo
D f
¢ =T, ED, (a10)
and V= -U (—lh*° ;i (s) { ¢ - gﬁ il
T Vo Zx (g y { Ki a,‘?} ~ (A1)

Combiniﬁg equations (410), (All) with their respectiﬁe differential
coé%ficients, equations (A6), (A?), (AS) and (A9)Aare transformed into
| fr1ir 45U = Q - | (al2a)
and m" + Sca wrf = 0 (al2b) -
with the‘correqunding becundary ccnéitions

ft =1, f = 0 at ﬂz: 0

‘mo=moat = (a12c)
] m .-“l Wo |
and . f'—= 0, m =1l as f2~€?ao
‘ ; A g
2 Teohantd S bee e fined as P
tte ambipclar Schaidt nunber defined as "

Qr

where Sca is



To solve equation (Al ) which defines the velocity distribution, we

put,

, . o ﬁln
2 =
f(nz) = ’Q + e =
where g satisfies e boundary conditions a = 0. ubstituting
he £f(9) tisf the b d ait t Substituting

the expansion into (Al2) we find the coefficients a_ in terms cf

= a, whence,

a, _
st - oy o sgl ey
+%%§g~—7- (a13)
The unknown parameter, a, is founé by integrating equation (A12),‘i.e,
O
~-(fl(e0) - fI(C)) = a j‘ exp - F(q )dr? = =1 (A14)

0
'(A14) is evaluated with tke fecllowing substitutien

2 P n .
F(q ) = nz ;;; leﬂz = \f (415)

and sy _ '
q .
m =0
where by comparison with (A13)
' 2 Ve
C, = & €)= a/t3, C, = 0, Cy = a/i5, C = -a"/16,
‘ ‘ 2
G5 = 3a/17, Cg = 11/2416% ...,
Combining equations (AlL4) and (A15) we get,
[ =] ’ o0 . ; :
- A 1 _ -
afe’tz__g'\c/z(ml)dnt -1 | (A17)
o m=0 » '
Integrating (AlY7) in Gamma functions we obtain
a % : 2 (A18)
Z[Acﬁfaﬂxl [(1) + 8, [T(r2) + a4 [(2) |

4 A, [(5/2) eveveinnnneee = =1



To evaluate the coefficients we differentiate (A1G) to give,

00
4
d”Z ;: m Y %(m-1) 4
n=0
when it follows that,

O+ O+,0+
J dW Am d

iy . '
m) = =3 -;t- 2N i Am v - (Al19)

1§

where o+ cdenotes a circuit in the positive direction around the zero
point, tﬁe gingle circuit around ? = Q corresponds to a double circuit
roﬁnd'{ = 0 in the plane. This integfation path is necessary to
dispose of the fractionél powers of T . It follows, therefbre, from
(A19) thét A is the coefficient of ”z-l in the expansion of 'E-A(m+l)
in ascending powers of v

Now from (415)

”t-%(m+l) - ,?-(m+l) (Co . CV”Z . Cg’? 2 ......)f%(m+l) (12C)

. Expanding (A20) by the binomial expansion we find,

Ay = Co-}é S -Clco—z v A 05007/C i%
Ay = -c;5(2cicj + 4013) )

a, = ¢ (oss20 Po, v 22 co?cjci ; 5'7:2;21014 )
s = cgg(-3c502 +12¢%c ¢, -2 ?54 2+ ¢ %c,%,

3.4.5.6.7 5.
- 15 ¢y )

TheAvalué of the parameter, a, can ncw be found by substituting
for the coefficients Am in equation (Al8) and then determining the
. rocts c¢f the generated power series by successive approximation. The

series converzes rapidly for a < 1 and, truncating after the first four

. .' =~ - Y ’ -1 e I egs v . 1 '"ith the
terms, gives a value of a equal to =C.525. This agrees well w



exact value of -C.627 cobtained by Lowarth (58) who obteined a numerical
solution of equation. (Al2).
Equation (A26) which defines the charped particle distribution

may be sclved to give,

‘; A )
‘m-nm - F)d | ,
° w[a xel 'ﬁl (a21)

I-:-E; - JJQ
| , exp (- F)de
m To )

where F = Sca J f dnl
: 7o

- ‘ g
From (Al2) f = ‘%ﬁ‘“ and equation (A21) may be written mcre
sinply es,
jQ I Sca
vl IR
S N | 1 (422)
l - mc - fM Sca . At).
"
Q 1T e

The dencminator con the R.E.S. equaticn (A422) may be written as,

d 5 ‘ To L v
f J o™ o1 '
£ = £ dn - j £n g (A23)
o : 1 o "
The first term on the R.F.S. of eguation (A23) is sclved using

eqaatlons (Al?) and (A18) to pgive,

Moo & @ oS
j’f"l dnz=%[~—-‘-. “+ L + 23 2

2 e b0
.ch a /

cee (A20)
ca _

The last term may be integrated by the mean value theorem to pive,

e Sc © Sca

J']f"l B am = “Zolf"m‘ : '4 o (h25)

-0

where f” denctes the mean valuu of f" in tre range C £ ﬂz ’QO



Examinaticn of equaticen (Al3) shows that foer<< 1,f" is epproximately

ccnstant and we may therefore put f” = f"

(o) ~

Thus, after substituting fcr the values of Am’ found above, in
equation (A24) and combining with equation (A25), eguation (A423)
becoﬁes,

o |
Sca Sca - -1
‘f“\' | dY = |a| “[[ 1.26 Sca ' + €.209 Sca ~ + 0,206
o .

-3/2 -5/2

Sca - C.114 Sqa-z + O, 048 Sca

-0.002 s'_cq'3..... ] -n?o] (a26)

Al.2 Analysis of the Ncrmal Ch reed Particle and Field Strength

Distributions in a Non-ccnvective Sheath

Cmitting convective terms from eguations (Al) and (A2) and con-

sidering transport only in the direction normzal to the interface we

get,
| av; Ny dd | : |
e D, (d.%' + kB, ag ) = I, (427)
dN' N, dd, o -
and <i§ kee 3e ) = Ie‘ : . (a28)

where Ii and Ie are constants of integration and denote respectively
“icn and electrcn currents which are identical (Ii = Ie = I) for
ambipoler diffusion.

Equation (A5) is then,

9, e | o (a298)
- J - N . ' a
i —-d-g—g-* = DEO (Ni I\e)
Introducing ﬁhe dimensionless variables,
| e N, N, :
. “Ge i S (429b)
R+ == =5 n, == , 0 =¥
L ! . ! i Iwo e Ivo ‘
I I
3* = ~—Q"~—- s Jd. = Ig]g ’ Je = _e.?“ gDO and
Ge 1 eI‘O i Yole
L2 ;a@ei‘__e_g
e pod
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where %;é denotes the thickness of the sheath, eguations (427), (428)

and (429) reduce to the form,

dni dR ’
*@® T M ow ¢ OEY (430)
dne , dRr
dé ol T < Je | (A31)
1 d R ’
and -5 =3 = n. - n : (A32)
, pc d%a i e
2 2 2
wbere p = h_ /50

with the transfermed boundary conditions

R(o) = Rw and R(l) = 0
Di(e) T Pe(o) 24 Pi(1) T Pe(1)

o)

Replacing - %% in equations (43C), (A31) and (A35) by G and

eliminating ng and D,y 2 differential equation descriving the dimension-

less field strength is cbtained viz.

_. . Jd
ny 1 elc ;I ' 1
lz[%‘] _&S....,..(ié.[:}._l]:[‘]i+;g} +§-(J-J)

el
E S
kel

. Integratidn gives

" 3 : J '
(AN« S ELE[ L. 1] - [J. " —3] Gt - (3, = J) + GGy (A33)
1l ¥ 1 e

p2 2pdk p

where Cl is a constant of integration,

‘The four bcundary conditions required to sclve equation (A33) can

be found using equations (A30), (A}i) and (A3%2) together with the

coenditions imposed upcn the clarged particle densities at £ = C and
= 1.

i.e. GI ; C and G¥ = —pZ(J - Je) at £ = C

and” GI = C and GE = - G(1 + ") + (9 - ]



A9

#e are, however, cnly interested in soluticns of equation (A33) for
which G is small and nifz n, in the neighbourhcod of ¢t = 1.
Examinaticn of equation (A33) shows that for large pZ it tends to the

asyptotic form

Ji - Je
G = as £-—» 1
$(d; + Je/x).+ c,
Invoking the boundary conditions ne(l) = ni(l) = 1 equations

(A30) and (A31) give G = = (Ji B Je) at ¢ = 1 and hencc,
1+ = :

1 Je
C, =1 +=-(J, + — )
¥* *

The bcundary conditions for equation (A33) when p2 is large may
therefore be written

GI = 0 and G& = -p2 (Ji - Je) at & = O

xJi - Je by
- A
i e :
- where ts = XJi * Je -l

(xJi + Je)

The self consistency'cf equation (A34) in the neighbourhcod of
t = lvmay be examined by using it to eva;uate the order of the negléctéd
terms, It can be shown by this method that the errcrs invclved are
<.O(p'2/3). Thus, for p2 = 10° the error is in the order of less
then 10%. |

Introducing the scaling variables

= pz/3 [-(Ji +

‘p2/3 {-(Ji +

&
t

) ]1/3 [ts - t] (ABS)

and G

i/ﬁ (A36)
>}F |

x‘mc_. * }mf—q

equation (A433) reduces-to the form,
: 5 -

i :
S e E-n=-s-

by ‘ _ (437)
2% F



Table 6

Sumgsary of Cohen's Numerical Results

s, N - T I N
~3.3341 0.9990 | 1.0C | -6.263| C.990 | 5.00
-2.3541 C¢.99C0 " 4,599 | 0.9900 "
-2.0C0} €.9785 n -2.495 | €.9000 n
-1.176| c.90c00 | -1.245| 0.7000 "
L0.521 |.0.7cco | v -0.627 | 0.5c00|
-0.5C0} 0.6890 "

-0.232}| 0.50C0 n

-4, 4561 0.9990 | 2.00 | -7.987 | ©.9990} 10.00
~-3.,228 0.9960 " -5.888 | €.99¢C0 u
-1.690f 0.9000 " ~-3.233 | 0.90CC "
-0.798} 0.7¢CC " -1.646 | 0.70CC "
-0.,376] 0.50C0 " ~0.855 | C.5C00 "
~0.135] 0.3CC0 " -0.356 | ¢.300C0] v
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x(J - Je)

where m*&:)

with the boundéry conditions

F,~ ==-2s.% , F' =0 and F" = at 5 = 8 (¢t = 0) (A38)
& B o o }-\-
@ as. s - Eo(t = 1) (A39)

Equations (A37) to (A395 are of an identical form to those
obtained fcr spherical'eléctrostatic prcbes by‘Cohen 66) who sclved
them numerically by initially chcosing a pbint (Fw; sw) at the con~
ductor surface aﬁd adjusting the value of N until the integral curve
was found which satisfied relation (A39).

Cchen's values cf B, and N\ have-been used to provide values of
'GW and J, in equaticn (A33) for a range ovai/Je, * and p2 using

equations (A35) and (A36) re-written in the fcllowing form,

( | M) ( (Jl) /5 2, X" ) (ab
~-J. = (1 + )L -~ ——r ALC)
* ) N ((1 + x)pz)l/3
1/3 :
- ®(~Jd,) 2/3 8 X
3= (1 -N)(1 - ——= e ) (ak1)
e X + A (1 + 3‘E)Pé)l/)
. J 1/3
.and G = pz/) F [—(Ji + ;S] (Ah2)

A summary of Cchen's numerical results is shown in Table 6,

Al.3 The Thiékness of the Non-convective Sheath

-

The three parameters pd, W% and & (cf equations (432 and (Al2c))’
define the thickness of the non-convective sheath, and are evaluated
‘by matching the electric field strengths (E), the charge particle

densities (N) and the fluxes (I), in each regicn at the common bouncary.



All

For émbipolar diffusion the equations of continuity for ions and
electrons (cf. equations (Al) and (A2)) at the common boundary of region

become, neglecting convection effects,

D ax - __j;_?.%i\fﬁ_. = I L .
iedglg=g, k6, a’ (a43)
and '
D EN
dN e o
D -1 _ t = = I (ALY)
e e g § "'go k ee é
Ll . dN A .
Eliminating == |, between (AL42) and (AL3) gives,
dg r=g
S 50
Ia Di eNOE 1 : ‘
= (1-5) = ¢ 5 (Z + 1) (A45)
i e e

Equation (A45) is recognised as being identical in form to
equation (A3&) which defines the field strength in the non-convective
sheath for t — 1 and large values of p2.

Continuity of the charged particle fluxes requires that the
dimensionless variable J, is matched at the boundary and since,

1

m =

- is the value at the boundary of the dimensionless variable, m, defined
above, elimination of E between equations (A43) and (Akb) gives
' Jimo Di )
(1 + %) mé = (1 + B—) (AL6)

go e

mé is obtained by differentiating equation (421), and evaluating the

dimensionless variable f?,at the boundary we get,

Sca
lgnl -

_“ ‘Sca = Jimo}ﬁ(l + -ﬁi:) (a47)
. f" . d"z
Mo

el

(1 o+ E)(1 - mo)“zo



of

- A=10"

Am o Amo - gmooh
- Sca
- FIGA.2 <>n_>joz,0m\m\a~.s_41 ‘Sca’ AND ‘A’
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Re~arranging (A47) and substituting for m, from (L46) gives.a

corresponding relation solely in terms of W s lees

P Sca
(LSl _.J.fil.,.._; g, X (1 .13_,) : (AL8)

2 le T Sca T "1l + = *

X Ap - jlf"‘ ., ‘ e

: o

U . -
where A = [:2—9--; 2 9 De“ ]
” J(y( ))2as €Nt

Equations (A47) and (A%48) have been solved by an ‘iterative
procedure which satisfied simultaneously the ccnditions cf. p2:> 103
'and gi (cf. eguation (Al3), which represents a measure of convection,

>0.8.

The dimensionless interfacial.field streng?h Gw/’?o has then been
calculated from equations (a42), (AL47) and (AL8). Some typical results
are presented in Fig.(82) as a function of the Schkmidt number for

-6

¥ = 1, Ji/Je = lO3 and valves of A equal to 10 7, lO-5 and_lo-q.

‘The latter value of A corresgonds to the limiting valugs of p2 and

. —5— of 10 3,0.8 respectively. It is seen that the value of Gw/”2$

p;Zgressively increases with Schmidt number. Beyond .a value cf about

102 equations reduce to a simple form in which 1/420 is_proportionalbto
¥

Sca’. Under these coenditions the interfacial field strength is most

sensitive to variations in ambipolar Schmidt number.



(a) Ambient gas temperature _20°C
Magnification s % 16
Nozzle Danfoss D8./u45
Differential Injection Pressure : 0.69 bar (1lOpsig)
Fig. A.3 Typical Photographs of Conical Water Spray Sheets

(b) Ambient gas temperature 940°C

showing the change in profile when injected into a Hot

Ionised Gas.



FIG. A4  PROFILE OF CONICAL SHEET
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APPENDIX 1T

Estimation of the Field Ztrencth at the Surface of a TLiquid Sheet

in an Ionised Gas

As a result of surface tension a conical sheet initially
emerging into the atmosplere @s a plane cone rapidly assumes a
curved profile. When the sheet is injected into an ionised gas

the surface beccmes charged by diffusicn and, as a result of the

‘generated electrical stress, the sheet curvature beccmes less con-

vex. This is clearly demcnstrated in Fig.( a3 ) which shows photo-
graphs of conical water sheets produced from nozzles at censtant

injection velocity with the left hand one, (a), being formed at room

temperature, whilst the right hand one, (b), is formed in a hot ionised

gas.

It has been shown by Wolfsohn (54 ) that the profile of the
meridian section of a ccnical sheet produced under atmospheric
cenditions, i.e. for‘the case of zero normal stress, is accurately
given by utilizing the equations derived by Taylor ( 59 ) for the
trajectcry of a water bell. In this secticn the equaticons are
solved fer the more general case c¢f an imposed stress noramal te the

sheet. The electrical stress is then calculated by matching the

observed snd calculated prcfiles.

The model ccnsidered by Taylor, Fig.( A4 ), comprises an
inviscid liquid sheet projected in the form of a thin walled cone of
angle ECP'O, with the x axis lying glong the centre line.
Neglectingsgfavity, a momentum balance perpendicular ﬁo the

surface gives,

2
21 2reosd o u@b o (449)
r, y r.

7 i Foth g £ 1 ¢ i s » e redius of
where q) is the slope of the surface to the k‘aXlS, T, the red 50 0f
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curvature c¢f the meridian section and p is a normal imposed stress
taken as the electrical stress, F., in the present case.

The equaticn of continuity is,
) 2nyu h=q | T (A50)

where Q is the volume of fluid projected per second. Equations

(449 ) and (A50 ) can be expressed in non-dimensional form as

d . . | ’
- (1 - %) -g—y—ﬁ- sn_nc? + 9—9; -0 =0 (A51)

where o = Uer:
LT S

by setting,

Bquation (451 ) can be integrated to give

2
(1-1) cosd =c- %I | (452)

where C is a ccnstant of integraticn which satisfies the cendition

(p:: ({)o when Y = Q.

, v .
- S = s C -
Hence (1 - Y) co @ co Po >
Since 9L _ tan (P equation (A52 ) gives
ax ’
'¥ ) c scP - & YZ)
{ co °) 2
' 1-Y
X = 2 ay . - (A53)
oL Y
o CV - ————— /
1 (Cquo 3 Y %
1 -3
In Section 2.3  the prcfile is reguired in terms of s, the
arc length .of a meridian section. This is obtained by expressing s
. s.4n
in the non-~dimensional form S = % OT
. OL
Thus, g—g = sin(? and hehce,

. . c.2
* From equation (2.140) P= .¢i



o<c=2'7 s . -1
(°E=2-07 x10° Vm )
e/ , x=14 »
(°E=1-82 x10° vm ) -

FO'3"’ : ‘ oé:O

(°€ =0)
02
LEGEND VELOCITY AMBIENT
K ' Vo GAS
m/sec TEMP
. °C
o o 8-06 950
01k A 12:9 = 950
o - 8:06 20
A 12:9 20
“ (o) ] 1 ] 1 1 1
0 0-1 0-2 03 04 0-5 06

FIG.AS CALCULATED PROFILES OF CONICAL WATER SHEETS
WITH A DIFFERENCE IN NORMAL STRESS ACROSS
" THE SURFACE (DANFOSS D8.45 NOZZLE)
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S o Y2
' (cos(@ o - 4?—— %
a = "1 - ¥ '
as
giving S explicitly as
Y, ay
8 = : o Y B (A54)
3}* (o G o = F )1 # | e
0 1 -¥ N

Equation (A53 ) has been solved for a range of values ofcﬁ o
and o by numerical computation based upon an R.K.M. procedure, and
values of selected to match the experimental and calculated
profiles. The results of calculations for two ejection velocities*
are shown in Fig.( A5 ) together with the calculated values of the
field strength %, They demonstrate that the field strength is
sensibly independent cf sheet velocity and hence supggests that

equilibrium is rapidly achieved.

*The velocities have been determined from the profiles c¢f sheets
emerging at rcom temperature, i.e. (oL = 0) by grojecting images of

the sheets cn an X - Y plot and adjusting the magnification until

LT
the curves superimposed. The value of the parameter ) is then
o

given by the ratio of the image and abscissa magnificaticns.



T

Fig.A7. Formation of Droos from a Conical Sheet in a

Eigh Velocity Air Stream




£

Fig.Ab. Formaticn of Drops from a Flat 3heet
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Appendix TII

Photographic Analysis of Sprays

Introduction
!

!
f

High speed photography affords a convenient means of éssessing the
drop-size distribution of a spray and has been widely uséd. The |
Qtechnique usually consists of'taking double—exposure photographs to
determine drop velocities and then weighting the number of drops fouﬁd
in each size range. This prbcedure is adopted, since drag creates a
relative velocity between drops of different 51zes, and the spatial
dlstrlbutlon, as recorded by a 51ng1e exposure, may be conslderably
different from that aotually produced. The Weighted' distribution
is generally accepted as gifing good correspondence (see for example
ref. 60)), but it does not however seem to be realised that this implicitly
aséumes the drops to be moving in a continucus stream, In féct, the
processes of drop formation usually occur in a periodic manner,

This is demonstrated in figures(45) and(A7), which show résbectively
examples of a flat sheet breaking down by aerodynamic wave motion in
a quiescent atmosphere and a conical sheet of liquid atomised by a high
velocity air stream, Iﬁ each of these cases the spatial distribution,
as représented by:the fifst discrete band of drops, will clearly be
identical to the temporal distribution of the spray, and it would thus
be lnoorrect to 'weight! the drops even though they may be travelling at
dlfferent speeds. It also follops ‘that 51m11ar correctlons carried out
further downstream whére bands start to'merge will also involve erroré
and & 'true' dlstrlbutlon w1ll only be obtalned where the drops are

. moving at their tnrmlnal velocltles.

* The term "temporal distribution" is usually employed in tﬁe literature
as a synonya for a weighted drop-size distribution. However, the former
really describes the frequencies by which drops of various size ranges

traverse & plamnormal to the direction of flow., It is not possib1¢ to
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Theoretical Conaiderations

i

A rigorous theoretical analysis of the relation between 'true' and

;weighteé‘ drop-size distributions is not a%t present poésibleysince it
requires a knowledge of both the initial drop-size and velocity spectra,

' Drép formation is a cﬁmplex process and occurs randomly fgom the free

edges of fragments of liquid vhich are simultaneously being torn from the
main stream in an irfegular ﬁénner. : Whén atémisation is comﬁlete, drops
of all sizes will have been subjectedvto drag for different periods of time
and their velocity will thus be unknown. Nevertheless, some appreciation
of the effect of periodic disihtegration on the 1ikely errorslwhich may
arise by conventional 'weighting' can be adduced from the foliowing simple
'model, vhere it is aséumed}that fragments ére detached at regular intervals
and subsequent drop formation oécurs only at a fixed distance from the‘.
nozzle. It is further assuméd that for a given drop size, fhe number |

of drops generated per unit area is constant, and that all drops are
rrojected dovmstream with the same initial velocity, A pictorial
representation of the spray pattern which would be obser&éd és a result

. of thié ideaiized pfocess,both in the absence aﬁd the presence of drag,‘

is shown‘for two drop sizes in Figs.ﬂga-and’AB%vrespectivély.

 In the absence of drag, drops are propagated downstream as a series

of eguispaced bands of consfant width vin which the concentration

of drops is uniform. In the presence of drag, houever,

derive this information from a doublénflash photogréph since there are
insufficient image-pairg passing through any one plane. ' The size

distributions which are obtained from these phofographs are determined
by weighting drops which extend over a reléfivel& large area and they

should be more accurately designated as 'weighted! or 'quasi-temporal!

distributions. O



. g

drops immediately decélerate after formafion with a consequent distortion
of the regular spray pattern. The bands are preserved for éach drop
size but become narrower and closer together to an extent wHich is

~ dependent in their decelerations, and as a result the bands merge with

; consequent loss of identity. In order to describe this analytioally
we shall first write the appropriate Fourier series for the square wave
spray pattern shown in Fig.ABa;'noting that the leﬁgth of a detached

fragment is equal to the distance between successive ones,
Thus .

— oo

)] 4 1 : .
Efﬂ - N'ok 1 4 ﬁi :Ej sin (k(2m+1) (x+€)) (455 )
dax o { m=0 | (2m+1)

vhere NjojS'ﬂm inital number of drops of diameter(Dj in an element dx,

k  is the wave number (2 W/ X ),
_)\ is the spatial period of the distribution, and

_E represents a phase difference which may vary between
¢ = o and €= )»/2 *
The effect of drag, as shown in Fig.Alb, is to cause a contraction
of the waves as they move progressively away from their origins, The
appropriate expression describing this spray pattern is conveniently
obtained from equation AS5SS by introducing a new variable x' such that
x! ' ' .
{ % ax' = x o (A56)
. Vj(x') ' :

o

-

- 4 . . ) .
€ = o0 corresponds to the conditions when a sheet fragment has just

'diéintegratéd, vhile € = )\éz corresponds to the condition where

.disintegration of the succeeding fragment begins, i.e. as shown in Fig.a&,

-
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FIG AQ PICTORIAL REPRESENTATION OF BAND HISTORIES
FOR €=0 and €= /2
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where Vj‘(x') is the velocity decay function of the drop Dj' In equation 455
X representé, the distance travelled by a drop in time t in the absence
of drag while x' corresponds to the distance the drop actually travels

in the same time when decelerated by drag.

Substituting £ or x in equation (59 gives the number of drdps

in an element of length dx', i.e.

:‘_IV_'J = Vo Nk | 14 k& Z sin A ' (457)
v ax! Vj(xl> 27 ™ m=0 B
'_ xt
vhere A = k(zm#1) ( S‘ v, ot o+e)
.o V:j x')
and B = 2m+ 1

A pictorial representation of equation A57 is.: given in Fig.(As)
‘which shows the histories of bands of drops corﬁprising two widely
differing drop sizes when €&=o0oand . € = >\/2 .

Integrating equation A57 gives the number of drops' in en element

of co-ordinates x's to x'2 i.e.

| .N.—k x;’ ) ""‘(Q -
AN = _id ( Vo axt -k } cos A (458)
- 2w PRACOR L A
. 3 . '

m=o

The weightéd number of drops is obtained by multiplying the
right-hand side of equation A57 by the normalised velocity_ decay

function VJ. (x')/\fo and integrating betweeh the limits x'1 to :»:'2.

Hence, - .
| : . x'2. i o -
P A 148 | > 2nd ax' (159)
= S , i B
2l m=c



- For a polj—disperse gystem the possibilitj of an'infinite
number o%'drop’ sizes exists ahd'conSequent.ly Njo ﬁuﬁ;‘; be re-written
as A Njo’ the initial num%aer of drops of average diémeter ‘Dj iri_.
‘v:l:hge' size‘ range. AD. For_ the ‘purpose of the iilustration, éalculatibﬁs
. have been carried out for the following realiétic éxample. It is |
 assumed that ' |
' (a) the initial drop sizé spectrun varies fr.om‘12*'fz - 261’7}!, with

é. ro‘ot—normal distribution, ('6i) viz

Blg o 1 e (5 fmF

J ‘ Co 2s?

'suéh that the standard deviation s = Js . and the

iinfaar mean digmeter D'm‘.‘v = lOOIIA. and

(b)  the drops are injectefi with an initial veloéity of 10 r:i/Sec. |

vertically dowvnwards int§ _stagnagt é.ir, from fragments 5 mm in length,
It is furthe;t; assuméd that sténdard drag'r.e.lat.ions cgn be applied‘

' to‘decelerating parfcicles. The drops thus move in‘the intefmediaté

" flow regime according to the following relation (62).

, - - 0.687
| NaV. = g - 18p o V.(x') D.P |
B ACON I ;éf) (1+ 0.15 ["s™ Fﬂ_]v ) (a6

| ‘Equations A58, AS9_ and 461 have -been‘ solved humeriéally for€=NMN/2¢ and

Apszs)g."

*Since drop formation is a random process, the value of € recorded on
a single flash photograph taken at any instant in time has an equal
probability of lying anywhere in the range 0 to N/2. A value of A/2
has been arbitrarily selected. » o - St

-

4
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Results

;Fig@Albshows computed weighted size~frequency distributionsv
(curves IT fo.V) at various intervals down-stream of the site of
drop formation compared with that initially pfoduced (curve I).

It is seen that, near the atomiser, marked differences exist,
particularly around the peeks, and it is thus necessary to measure
drop sizes some distance downstfeam (curve V)'befofe congruence

occurs between the measured and true distributions,

The correépondiﬁg spatial size~frequency distributions within
the first three 0.01 m intervals are shown in Fig.All. The curves
demonstrate that'%he composition of the first band of arops (curve II)
is practically identical to that of the original distribution (curve I),

discrepancies only arising further downstream (curves III and IV).

_ Although the frequency distribution is essential for accurately
defining the performance of a spray, it is often desirable in meny
transport processes to work with mean diameters. The input data has
therefore been used to caiculate two common mean diameters; namely,.

the volume-surface mean (D32) and the linear mean (D1O)‘

Fig.A12 (ompares the weighted and true mean diametersat various
.. distances from the origin. It is seen again that discrepancies may

occur near the region of disintegration, although these are less marked

for the yolume-surface mean diameters,'which are least sensitive to
variation in the smaller drop sizes, Fig.Al3 ', on the other hand,
‘demonstrates that while consideéable errors arise from unweighted
'méasurements’obtained some distance away from the nozzle, very accurate

results can be expected near the region of disintegration,



;a;

Discugsion

The idealised model examined has shovm that for specific types
of sprays a weighting technique can result in significaht disparities
betweén the measured and true drop-size distributions. The size of
fhese errors and the distance over which théy persist are determined
by the initial drop-velocity and size spectra, the band frequency,
and the nature of the surrounding atmosphere., These conditions are
effectively unknown in praotice‘and hence except for.regidns wﬁere the
drops approach their terminal velocities; it is not possible to relate

a measured drop-size distribution to that originally produced.
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(a) Flat sheets

Ambient gas temperature:

Table 7

Measured and Theoretical Break-up léngths

hep, = 10°
o ' ° 0
20°C. Liquid temperature : BO'C

-8

-

(m)

Liquid : - (i) Distilled Water.
K. T . Calculated Mean of
Nozzle (gé—22)143103 _Reygglds brea-up Jjmeasured
(an ' length,x dreak-up
(m) x 10 lengths2
o : (m) x1C
Y 1.38 7,350 - 1.37 2.8
1.68 5,670 1.53 3.4
, - 2.38 3,340 1.90 4,0
X 1.79 13,500 1.79 2.6
2.18 9,950 1.99 3.0
2.86 6,400 2.4y 5.4
W 1.99 16,900 1.98 2.7
2.40 12,6C0 2.21 3.2
3.17 8,3C0 2.74 4,6
(ii) Carbon Tetrachloride.
Y 1.16 - 12,1C0 1.43 2.3
1.41 9,250 o 1l.51 2.7
1.84 5,5CC 1.72 3.8
X 1.51 22,1cC 1.86 2.5
: 1.83 15, 400 1.97 2.9
2.40 . 10,5C0 2.2k 3.1
(iii) Acetone
Y 0.88 16,2C0 1.13 - 2.0
1.67 14,000 1,18 2.3
1.40 &,300 1.23 3.2
X 1.15 33,400 1.45 2.0
1.39 24, 50C 1. 54 2.3
1.83 16,000 1.73 . 2.8

Azé



Table '7 (cont.)

(iv) 50% Glycerin-water solution

Mean of

K T Calculated measured
Nozzle (g--].é--%—)l/}xlo3 Regnolds break-up break-up
O length

ean (m) x l02 lengths
(m) x 10

‘ . 1.43 1,410 1.k2 2.8

Y S 1.73 1,090 1.58 3.7
2.27 ..720 1.96 4.0

' 1.85 © 2,500 1.84 4,2
X 2.25 "1,840 2.06 L.,7°
2.95 1,240 2.55 4.9

(b) Ambient gas temperature: 380°C. Liquid temperature:

(i) Distilled water
Y 2.38 8,800 2.13 3.2
‘ 2.88 11,C00 2.50 3.5
Ambient gas temperature: 675°C. Liguid temperature:
Y 2.92 11,400 2.56 3.7
. , 4
(¢) Conical sheets mh =3 x10 'm

Ambient gasbtemperature: 20°¢.

(D) ‘Distilled watef»

Liquid temperature:

D8/30
Danfoss

D' 25/45

‘1 Danfoss
T100/80

Danfoss

0.32

0.34

0.55
1.08
C.67
0.72

- 1.12
2.26
1.42
2.26
o bl

Not
given

for
conical
sheets

L] * L] * [} - L ] [ ]
O\ £ FWAW R

oNoNeNoNoNoNoNoRoNo e/

o XoXeXoReXoXeRoXo Xo Xo
(N‘ L ] » * * ® L ] *

R S STV ST VPRI

WO ONOOONO\WWO\W O~

(o) N ot

20°¢

24°¢
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Drop size distributions at

Table 8

- , : gas ahd

various injection pressures and ambient

liguid temperatures

Nozzle: Bray Unijet Y

Liquid: Distilled water

Differential injection
pressure (bar)

(psig)
Ambient gas temp. (°C)
Liquid temp. (°C)

Volume surface
mean diameter (Dzp)(fam)

138 380 380 380 380 675 675

1.72 1.59 3.58 3.58 6.35 1.72 ;;72'
25 23 52 52 92 25 25

8 28 26 26 24 26 26
170 150 85 81 70 125 165

Size range (pm)

‘Av| AN | ax | av AN | Ax | AN

0-30
3C-45
L5-60
60-75
75-90
90-105
105~120
120-150
150-180
180-210.
210-240
240~270
270-330
330-39C

180 {120 {268 {308 370 | 8¢ | 60
268 | 230 | k22 | 590 (425 [3¢c7 |2¢6
84 | 174 1 1ce 198 {118 |139 |2c0
76 | 136 | 142 (136 | 95 61 92
281 42| 48 | 50 | 30 | 37 | 34

84 1172 92 | 64 | 18 | 41 | 56
14 61 18 | 28 712 28
s4 {102} 16 | 17 2 | 26 | 54
28 | 94 2 8 - 1 13 | 24
16| 36| - - - | 10 6
61 14| - - - 4 8
8 6| - - - 21 12
10| =~ - - - - -
2 - - - - -

Ao



Table

8

(cont.)

Differential injection
pressure (bar)

3.40 3044 6.35 6.35 1.72 3.44 3044

(psig) o 50 50 92 92 25 50 50
Ambient gas temp. ( C) 675 675 675 675 950 950 950
Liguid temp. (°C) 25 25 2L 24 24 23 23
Volume surface
mean diameter (DBE)(le) 85 114 75 67 175 105 110
Size range (pxn) AN AN AN] AN AN | AN | AN
0-30 110 9¢j 141135 60| 88| 50
30-45 526 | 263 | 459 | 447 | 30C | 390 | 308
45-.60 320 | 16¢c | 178 161 1203 {312 | 218
60-75 le2) 61} 651 371 61| 80| 86
75-90 661 33| Lol 25 36 1122 | 49
90-105 64 | 321 211 12| 43 60| @22
105-120 32| 16 ? 3] 11 ] 18] 14
120-150 541 30 7 2| 31 28| 17
15C0-180 . 8 4 1 2| 24| 12 6
180-210 6 3] - - | 16} 10 8
210-240 - - - - 9 2 1
1 240-270 - - - - 81| - 1
27C-330 - - - - 6 -
330-390 - - - - 1

Ac/



Table 8‘

(cont.)

D}fferential injection
pressure (bar)

9¢

1.72 1.59 1.72 1,65 1.59 1.72

(psig) v 90 25 - 23 25 24 23 25
Ambient gas temp (°C) 950 950 950 950 20 20 20 .
ILiguid temp (°C) 22 56 67 78 56 67 78
Volume surface
mean diameter (D32)(;Lm) g1 157 185 165 115 111 100
Size range (Pm) AN} AN | AN | AN | AN [ AN | AN
0-30 1350 | 260 | 94 | 36 {176 | &5 | 341
20-45 659 | 4ho {146 | 56 (210 (193 | 218
L5-.60 220 1116 | 50| & | 772 | 99| &0
60-75 150 {138 | 4o | 32 | 92 |101| 78
75-90 s?7 | 26 | 26 | 10 | 17 | 59| 13
90-105 70 {102 | 70 | 62 | 76 | 35| 53
105-120 301 12 13 { 26 | 1c | 43} 12
120-150 20| 52 | 656 | 70 | 25 | 17| 22
150-180C 9| 5% |50 | 40 s |11 8
180-210 - 26 | 58 | 18 | 14 L 5
210-240 - 2L 118 | 10 - - -
2Lo-270 - 6 | 20 8 |- - -
270-330 . . - 6 4 - - - -
33C-390 - - - - - - -

*

»>
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Table 8 (cont.)

Nozzle: Danfoss D8/4L5
Liquid: Distilled water

-

Differential injection
pressure (bar)

6.9 3.44 3,44 3,44 1.38 1.38 .69

(psig) o 1¢0 50 50 50 20 20 10
Ambient gas temp ("c) 950 950 950 20 950 20 950
Liquid telp. (°C) 25 26 26 20 27 20 27
Volume surface ,
mean dismeter (DBZ) (}Lm) 100 95 93 49 125 188 165
Size range (,.,m) AN L AN | AN [ AN [ AN [ AN | AN
¢-30 106} 132 62| 282 13 1 10
30-45 180} 1cCf 110} 391] 13 gl 18
L5-6C 96| 126§ 104} 150 12 12 8
60-75 106 8k 98 72 16 6 14
75-30 30 36 26 29 4 3 1
90-105 6C 56 72 13 17 13 8
105-120 6 6 16 4 2 3 -1
120-150 . 20 14 26 1 15 15 7
150-1860 6 4 4 - 9 6 2
180-210 6| - - - 4 1i¢ 3
210-240 - - - - 2 3 2
240-270 - - - 2 el 2
27C=-330 - - - - 2 -

-~ 429



(cdnt.)

Table 8

Differential injection £
pressure (bar)’ €.0% 6.9
‘ (psig) o 10 100
Ambient gas temp.( C) 20 20
Liquid temp. (°C) 20 20
Volume surface

. . 210 28
mean diameter CD32> (pm)
Size range (pm) AN 1 Size 'range] AN
0-30 14 Cc-1C 321
30-45 8 10-18 141
45-60 16 18-28 101
60-75 21 28-38 Lo
75-9C 5 35-48 19
90~-105 14 48-58 -8
105-120 3 58~68 6
120-150 17 68-78 1
150-180 15 78-98 1
180-210 >
210-240 4
240-270 -+ - 5
270-33C 3

T AD0



Table 9.

Sizes of Drops Formed at the

Pims of Flat Spray Sheets

2
K .
T \1/9_0_y2/9 .
+ Ligquid Nozzle (m.ggc'l) ‘fl) (Uo ) Mea?ﬂ?;§meter
x_ioh
Water Y 11.9 -1.19 310
9.25 1.23 330
Water . X 6.75 1.86 Lok
‘ 9.25 1.76 430
Water W 6.75 1.98 L7s
; 9.25 1.84 L3
Carbvon. )
Tetrachloride ¥ 14.1 0.98 185




A32

APPENDIX V

.Numerical Solution of Equations Describing Spatial and Weighted Drop-

Size Distributions

Eqdations (456 ), (A58 ) and (A59 ) have been solved numerically
using a computer program written in Algol. Drop velocity =~ distance
data obtained by solution of equation (A6l ) is provided in the form

of the polynomial,
M+l

V(1) = a(l) + a(2) s + a(3) 8% + a(k) 82 ... a(isl) s
where the coefficients a(l) - a(M+l) have been ottained separately by

the method of lesst squares.

The computed results are presented as a set of spatial and weighted

- drop size distributibns and mean drcp diameters at consecutive down-
stream elements commencing at 'the region of drop fofmation. Because
of the restricted choice of typewritten symbols it bhas nof been
possible to identify variables used in the program with the symbolé'

appearing in the text. The following are, therefore, a list of

eguivalents.
by = e
D = deltad
Dio." d@
Djé“= SMD
xl; =5
x,' = éa
x,' - xl' = ds*
'gjo = NO

Njw = INTND (2, j, r)

Nj = INTND (1, i, r)




vV = V(1)
av
= v(2) etc.
VvV =YV0
[0}
82=8Ci

<«

Ccmputer vropgram

begin
real k,deltad.dm,sd,I,i,sl,VO,eps,deltas,totsum,SMD,Tv,Ts,sZ,pi,A,B,Z,NO;»
. integer r,N,j,n,M,p,1,2,q,m0,b;

open(20);0pen(70);

k:resd(20); dgltas:-read(ZO);
deltad:nread(ZO)} N:-read(éO);
dm:=read(20); E ~ n:=read(20); |
sd:=read(2C); pi=read(20);
VO:=read(2C); b:=read(20);

begin array d,VOLDELTAN,AFEADEZLTAN,Vstar(l:n),PARTSUM(O:n),a(1:20),

CINTND(1:2 l:p), V(1:20);

for j:=1 step 1 until n do begin
.d(j):=read(20);
end;

begin procedure summation(b,q); -

"value b,q;

integer qs
array b;

begin totsum:=C;

for j:=1 step 1 until q do begin PARTSUM(j):=03end;



AL

for j::i step 1 until q do begin

PARTSUN(J): =PARTSUM(j-1)+b(3);end;

totsum: =PARTSUM(q) ;

end;

real ‘'vrocedure function(s,X);
valueX;
real s,X;

real Fjinteper p,;o0;

I&

begin

for z:=1l step 1 until M+l

if s Ts then begin

or l:=z step 1 until M+l do begin

if z#1 then for o:=1 step 1 until z-l do begin p:=px(l-0);end;

V(z)::V(z)+px(i£ 1=z then a(z) else a(l)xs?t (1-2));

end;
end else

V(l)::Tv;

- end;for z:=1 step 1 until M+ldo begin for m:=1 step 2bunti1 b do begin

+ 4

F:=F+V(2)xk/pix(if z/2=2+2 tlen (sin(mxkxX+pi))/(kfzxmf@i+l))x(i£_<z)/4=(2)1

then +1 else -1l)else (cos(mxkxX+pi))/(kfzxm1(z+l))x(i£ (z+41)/b4=(2+1) ¢4 then

else +1)) x (if .2= 1 then + 1 else(V(1)} (z-1))/(V04(2-2))); end; end;

" function:=Fj;,

end;

real prccedure f(s);

real s;

begin



if s Ts then begin

V(l):=

Cs

for 1:=1 step 1 until M+1 do begin

VSl)::V(l)+(i£ l=1ltkena(l) else a(l)xs ¢ (l-l));égg;

end else V(1):=Tv;

£:V0/V(1);

end;

grbcedure simpson(a, b, f; I, i, eps, N){

value a, b, eps, Nj

real a, b, I, i, eps; integer N;j real procedure f;

comment a procedure based upon simpsons rule;

begin integer m, n;

real d, h, ga, gb, gc, gd, ge, aa, ab, ac;
real array s(1:N,.1:3);
I:=0; m:=n:=0; 1i:=a;
ga:=f(a); gc:=f((a+b)/2); ge:=f(b);
aa:=(b-a)x(ga+bxgc+ge)/2;
AA: d:=2 m; h:=,25x(5—a)/d;
| gb:=f(a+hx(bxm+l));
gd:=f(a+hx(4xm+3));
3 ab::hx(ga+§xgb+gc);.
ac:=hx(gc+hxgd+ge);
if abs(ab+éc—aa)> epsxass(ab+ac)

then

-‘ begin m:=px2; n:;n+1;
if mN then goto OC;
aa::ab;

s(n, 1):i=ac;
s(n, 2);=gd;

s(n, 3)i=ge;

A35



ge:=gc;
gec:=gb;
goto AA
end
else

begin I:=I+(ab+ac)/3
m:=m+l;
it=a+mx(b=~-a)/d;

BB# - if m=2g(m+2) then

begin m:=m#2;

n:=n~1l;
goto BB
end; -
if (m#1) or (nAC) then
begin aa:=s(n, 1);
ga::ge;'
gei=s(n, 2);
ge:=s(n, 3);
. geto
:pﬁﬁﬂ
£2§; 
CC:
end of procedure simpson;

1

pis=3.142;

loop: . Je=J+1;

M:=read(20);
Tv::reaﬁ(2c);

Ts:zread(2C);

AV
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eps:=read(20);

for l:=1step 1 until M+1ldo begin

a(l):=read(20);
end;
NO:=deltad/(2xsqrt(2xsdxpixd(j))xexp((sqrt(a(j))-sqrt(dm)) 2/(2xsd)))x1C00;

write text (?O,ii}cl#s)Drop*sizeScll);write(?O,format(£125+d.dd +ndc)),d(j.

10

write text (?O,Li}clhlerequencyicll);write(?o,format(£125+d.add +ndc) ), NC,

10
write text (70,((3clhs)Axial*drop*density(c))); -

“write text (70,((3c10s)Spatial(8s)Apparent*temporal(12s)Axial*distance(c)));

for ri=l step 1 until p do begin
=(r—l)xaéltas;

sZ::sl+deltas§

simpson(0,s1l,f,I,i,eps,N);A:=1I;

simpson(sl,s2,f,I,i,eps,N);B:=

Z:=0; |

-~

for m:=1 step 2 until b do begin

Z:=2Z+(cos(mxkx(A+B)+pi))/mt2xk)~(cos(mxkxA+pi))/(mb2xk);end;
INTND(1l,j,r): kOxk/(prl)x(B (4/pidx2);
INTND(2, j,r):=NCxk/(2xpi)x(function(sl,A)~ functlon(SZ B*A)+V0xa ltas) end; g

 for ri:=l step 1 until p do begin

- write (70,format(£85+d.dddd +nd) ), INTND(1,J,r));

10

write(70, format((8s+d.dddd, +nd)), ININD(2,3,7));

write(?C,formét(£155+d.dd‘ +ndcl),(rxdeltés));

10
end; write'text(?O ((p))); if j n then goto loop;

‘ for q’—lsteo:l until 2 do begln

if g= lthen

“write text‘(70}((301Cs))Spatial‘ drop *size * distributions*and*drop*sizes

"

evaluated*at*equal*increments*along*the*spray*axis(c)) )




8,0

else write test (?O,L&}cl@sl temporal*drop*size*distributions*and*drop*size

evaluated*at‘equal*increments*along*the*spray*axisicll);

for r:=lstep 1 until p do begin for j:=1 step 1 until n do beginv
VOLDELTAN(j):=d(j) 3xINTND(q,J,r);end; -

summation(VCLDZLTAN,n);

write text(?70,((3cks)Volume*percent*oversize(3s)Drop*size(c)))iforji=1lstep 1
until n do begin |

oial o Sumiiny

Vstar(j):=10Cx(1-PARTSUM(j)/totsum);

write(?O,formatjilés+d,ddd +nd)),Vstar(j));

10
write(?O,fcrmat(ilZs+d.dddlo+ndcl),d(j));
end;

- for j:=lstep 1 until n do begin

AREADELTAN(j):=d(j) 2xINTND(q,j,r)/totsum;end;
summation(ARZADELTAKR,n); ‘
SMD:=100/totsum; - : : - i
write text (?O,i&Bc#slSauter*méan*diameterilSsleial*distanceicll_);

write(70,format((14s+d.ddd, .+nd)),SMD);

10

write(?O,format(£155+d.dddlb+ndcl),rxdeltas);

Egg;write'text(70,££pll);

* end;

write text (70,((7c?s) order *of*approximation *to*a‘square'wave‘is‘iZsll);

write(7C, format((sdd)),b); | I BRI g
write text(70,SL}C?SlDrop*number*densityi?slx-coordinateicll);

for r:=1 step 1 until 20 do begin

" sli=rxdeltas/(20);

Z:=0;

for m:=lstep 2 until b do begin
Z:=2+(sin(mxkxsl+pi))/m;

end;
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Z:=(i+(l+/pi)xZ);

write (70,fcrmat((12s+d.ddd, +nd)),2);

10

+ndcl);sl);

write(?O,format(_(_lst.ddlc

end;

end;end;close(2C);close(7C);end




NOTATION
In order to use ccmmcnly accepted'notation, duplication has been

unavoidable; the notation used in each section is therefcre listed

;fparafely.
2.1.1 |
A ‘ cross sectional area of rim
‘ Cq orifice discharge ccefficient
d | width of orifice
f distance of centpg of pressure behind orifice
h half sheet thickness
K, shget trickness parameter (= 2hr)
N parameter (E~§§—;
o (I
Ap differential injection pressure
r distance frcm centre of pressure tc any point on the rim
s distance}aiong the rim ”
T surface tensicn
Uo liquid‘velocity ;lcng any streaﬁline within the sheet
Ut » - -liquid velocity at any péint along the rim
r. v distance from centre cf pressure té initial pgint(of

thickening along the rim

8,0, 0,0 angles defined in Fig. (2.2)

e liquid density

2.l.2

‘a effective equilibrium radius of perturbgd cylindrical rim

a* effective equilibrium radius of perturbed cylindrical rim at

break-up



ALl

radius c¢f unperturbed cylindrical rim

diameter of drops produced at a liquid rim

acceleration experienced by a liquid rim

time dependent amplitude of arbitrary surface disturbance
initial ampiitude

modified Bessel function of order m

spatial frequency (wave number)
spatial‘frequency‘corresponding to wave of.maximum'growth
sheet thickness parameter (= 2hr)

eigenvalue >
K k Yo

parameter (=(;—%~;—£—) Z)

kinetic energy per unit wévelength in perturbed state
kinetic energy per unit wavelength in unperturbed state
radial diétance measured from jet axis (cf. Fig.2.6 )
distance measured along rim arc (cf. Fig.2;7 )
potential‘;nergy per unit wavelength in pertﬁrbed state’
pctential energy per unit wavelength in unperturbed state
time .
surface teqsion

velocity along any streamline in a liquid sheef.

distance co-ordinate measured along rim‘axis

velocity potential

angle shown in Fig. (2.6)

angle shown in Fig. (2.7)

~liquid density

wavelength
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Subscrigts

f

8

denotes potential energy term dve to acceleration

denotes potential energy term due to surface area

~denotes a time averaged quantity or order of Bessel function

denotes differentiation with respect to time

denotes differentiation with respect tc r

constants of integratioh
half sheet thickness

spatial frequency (wave number)

. _ i(n+Uok))%)

dimensionless parameter (=(k~ + ———
' 2o 1
dimensionless parameter (=(Ca" Tk Y'%)
¢ €, )

complex temporal frequency

. sz
dimensionless parameter (JN——)
time
surface tension
velocity vector 4 , ‘ v °

zero order liquid velocity

x~-component of perturbaticn velocity

y-component of perturbation velccity

distance co-ordinate along sheet axis’

, : 2

1(n+Uok)+2ﬂlk ))
N

distance co~ordinate ncrmal to. sheet axis

dimensionless parameter (=(

stream function
L]

gasecus phase stream function

separated variable in stream function

Newtonian stress tensor
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symmetric unit tensor

real part of temporél fréqﬁency

complex bart of temporal frequency

complex part of inviscid tempcral frequency

kinematic visccesity

Fourier compcnent of arbitrary surface displacement

ratio of amplitude c¢f initial surface displacement to

sheet thickness ratio

]

€ phase angle

w component of vorticity

¢ density |

Subscriots

a gasecus phase

1 iiquid‘phase

3 integer, (j=1) upper interface (j=2) lower interface

=i

B, C,

E, F,

Q R

compcenents of vector or tensor quantity with respect to

rectangular Cartesian co-crdinates

seccnd order complex temporal frequency

conjugate of seccnd order complex tempcral frequency
constants of integration

coefficients appearing in equation

~half sheet thickne§s

~spatial frequency (wave number)

first order complex fémporal frequency

cenjugate of firstbofder ccmplex temporal frequency
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-?Ei R a_ ,é’d?é _{?

€
)y

time

surface tension

zerc-order liquid velocity

distance co-crdinate along‘sheet éxis
distance co-ordinate ncrmal to shget,axis

Laplace transform of aya

liquid phase velocity potential

rth term in perturbation expansion of @

- gaseous phase velocity poténtial

rth term in pertubation expansicn of@é
Fourier ccmponent of arbitrary surface displacement
rth term in perturbaticn expansicn of 73
amplitude of initial disturbance to sheet thickness rétio
separ%ted variable in liquid phase velccity potential
rth termAip perturbation expansion of AY
separated variable in gasecus phase velocity potential
rth term in perturbation expansicn cf”%i'.
real part ¢f first crder complex temporal frequency
real part c% second order complex temporalyfrequency
imaginary part cf first crder complex temporai frequency
imaginary part cf seccnd order complgx,temporai frequency
ratio f&i |

r¥%
density ‘

wavelength

Subscripts

1

t

liquid phase
denctes differentiaticn witk respect tc t

denctes differentiaticn with respect to x

ALl



X
Bv
B!
5

denotes differentiaticn with respect tc y
integer, j=1 denctes upner interface, J

interface

gaseous phase

hkalf sheet thickness

half thickness of undisturbed sheet at break-up
spatial frequency

sheet thickness parameter (=2hr)_

time

break-up time

surface tension

zero order sheet veloccity

distance co-crdinate alcng sheet axié

break-up length of a liquid sheet

imaginary part c¢f first corder temporal frequéncy

imaginary part of second corder tenporal frequency

Fourier components of initial surface displacement

Subscrigts

n

denotes a time averauged value

integer j=1 denotes upper interface, j=z denctes lower

interface

arplitude of initial disturbance
unit vector in y-direction
constant cf integration
unit_vectcr in x-directiocon

cocnstant of integration

iz denotes lower

Abs



o
e P

3

Us

A4O

dielectric constant

electrenic charge

electric field strength vectcr

zero order component of electric field stréﬁgth in y-direction
first ordgr compenent of electric field étrength in y-direction

function defined by

constant of integration in equation

dimensionless field strength

half‘shéet thickpess

dimensionless icn current

dimensionless electron currént

spatial fréquency (wave number)
dimensionless spatial frquency (=k:§c)
cut-cff wave‘number

wave number ccrrespoﬁding to wave of maximum'growth rate
Boltzménn»constant

Maxwell's stress tenscr defined by équation
unit vector ncrmal tc liquid-gas interface

nermalised electric density

ncrmalised ion density

~dimensicnless parameter defined by equation

perturbation value of liguid pressure
perturbation value of gas pressure

d(ni - ne) )

d'R
P

K

dimensionless functicn. (=

. - e '
ditensicnless electric potential (= 2) )

time’

dimensionless distance (¥—=)

©

surface tension

velocity vector
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zero order sheet velocity
volume
distance co-ordinate alcng sheet axis

; X . T oo . X
dimensionless distance co~crdinate along sheet axis (= =)
: : o

ratio of ion and electrcn temperatures (==€E£)
distance co~crdinate normal to sheet axis

"separated variable in electric potential

| b,
dimensionless function (:(% ,J qédt)z/s)

t

o
velocity potential
rth term in velocity potential perturbation expansion
electric potential

rth term in electric potential perturbation expansion

Fourier component of surface displacement

rth term in surface displacement perturbaticn expansion
amplitude of initial surface displacement to sheet thickness

ratio
permittivity of free space
density

electric charge density

rth term in electric charge density perturbation expansion
symmetric unit tensor

alternatingunit tensor’

vectér differential operator (= 2 )
_ v Oxe

thickness of non convective sheath
surface ckarge density
temperature

separated variable in electric rotential

4w

separated variable in velocity potential
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Subscripts
V,@ﬁv components of.vector cr tensor quantity with respect to

rectangular Cartesian co-ordinates

3, . ‘integer - (j = 1) upper interface (j = 2) lower interface

t ‘ differentiation with respect to t

t differentiaticn with respect to t

X ' differentiation with respect to i

N ” ‘differentiation with respectito ¥y

6 denotes the value cf the subscripted variéble at the outer

edge of the non-ccnvective sheath

w denotes the value of the subscripted variable at the liquid

surface
3.3.1
e emittance
h " heat transfer coefficient
L ‘ ~height of test chamber
Nu Nusselt number (h x diameter of juhction

thermal ccnductivity

specific heat x viscositz)

Pr . Prandtl number ( thermal conductivity

R Reynclds numer (MIOSAEY X glanster of junction,
R ~ heat transfer resistance
‘Tr ' tempe rature
o Stefans constant
Subscripts . . .
. a denctes the value of the subscripted vériabl? within the

’surrounding air v

J denoteé value of thé subscripted vériable at the thermo-
ccuple junction

o} . denotes value cof the subscripted.variable at.the cufer wall

‘.lz



A49,"

t ' denotes the value'of thé-subscripted variable within thé

‘gaseous phase at the thermbcouple junction

W depotes‘thé‘value of the subscripted variabie ét'tbe inner‘
o wall ‘
D length of light path in liquid sheet
Ko sheet thicknesé paramefer (sx)
n, m . integers .
<] . _ sheet thickness-
x diétancé from centre of pressure to interféce fringe
w ' &aveléngth of light
9,6’ | angles defined in Fig.(3.8)

, M refractive index

Subscrigts,

ry n ‘ ihteggrSt
3.7
D
max
I - p® 48 gp
: dD
D32 o
‘ D
- max
2 dn
) D D dﬂD
o
AD drop size range
D - drop diameter
n " cumulative number of drops in the_rangé'o'to D
Aw . number cf drops in AD T L .
v | cumulative fraction vclume oversize
 Subscripts . R
max . denotes the maximum drop‘sizg_in a spray
m denotes the median diameter ofmé’rangei
1 L denotes the smallest diameter of a range » e

" ki kr imaginéry and real parts'§f a”¢omplex spatial frequency.




Appendix I

coefficients in power seriesexpansién of f(q )
coefficients in pbwer»éefies expansion of (M)
coefficients in power series expansion of F(m)
dielectric constant

ambipolér diffusicn ccefficient

electron diffusion coefficient

ion diffusion cocefficient

charge on an electren

' zero order electric field strength

transforaed stream function

J
23, 2N

transformed varlable (=G p

Jeew aq |
dlmen51cnless electric field strength (= - EB )-
Debye attenuating length

ambipoclar current

eléctron ana ion currents respectively:

dimensionless electron and ion current respectively

Boltzmann's constant

aso

integer or dimensicnless charge density in neutral regicn

N/Nf )

‘ N
1nteger or clmen51onlesq charge den51ty (- T )

o

dimensionless electron and. icn charge densities

' N Ne
(= ﬁ‘ =5 )

.0 Lo
charge density in neutral region
electron and icn charge densities resgectively in non-

cenvective sheath

'hd
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ratio of ion and electrcn temperatures (=

A51

-

‘free streamiéharge'density

o h
dimensionless perturbation parameter (= - )
o]
. q)ee
dimensionless electric potential (= - K6 )
: e

general ortlogonal co-crdinate along liquid surface
ambipolar Schmidt'nu@ber

dimensionless distance

Qelocity vector in gaséous phaseé

liquid sheet velocity

S - component of gés velocity

€ - component of gas velocity

: s -
transformed variable (= J (y(s))° ds)

© Bi
O¢

radius of curvative of surface measured from axis
transformfd variable (= p2/3(-(Ji + %;))l/j(ts - %)
electric potential ‘

stream function

generalised ortlogconal co—ordinate

ion flux
Me. electron flux density o |
Y\ similarity variable (=(2 3 x)%g y(s?):
[
'98 gas kinematic viscosity
F()
© temperature
‘Eo pe;mittivity of frée space
v vect;Jr diff.erentiai operator ‘.<= %iu)
:Subscfiotsf
o Genotes the value of the subscriﬁted variable at the‘outer

edge of the non-convective sheath N R
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ﬁ ' denctes the value of the subscfipted‘variable'at'thev

} liquid surface | |

componéﬁts‘of vector or fenéor‘quantity with respéct to
regfangular Carfesian(co-ordinates o |

Appendix-II

Q

o -

ccnstant of integration

E zero order electric field strength

- L Y -

F electrical stress (= €, E )

P normal stress

Q volume flowrate

R dimensionless érameter (= ELLSEE )

_ parame ST
fc‘ radius of curvature of meridian section
. \ ' : _ r

Rc dimensionless radius of Curvature of meridian section (= E;)
8 arc length‘of the meridian section
s - dimensionless arc length of meridian secti;g (= % )

T - surface tension

Uo liquid velocity
x distance co-ordinate méasured-along the centre line
X ~ dimensionless co-ordinate along the centre line (= %)
y distancelgo-ordinate measured normal to centre line
,Yb‘ v ‘dimensionless co-ordinate normal to centre line (= %)
L : U _QF

™ dimensionless stress (= — 5 ) o : - : _ : -

: &y~ -~
€ o permittivity of free space : . S : :
Qo éone angle | i
P slope of liquid surface to the x axis ﬁ

Appendix III

Ay B , see‘equation; A57,—”
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&l
[o3
o

N
Q.
=

daD

s
!

e
l

éD

"drop size of type J

drop size range.

20

N

)

spatial frequency c¢f square waves (=

”]

number cf drcps of type jJ

initial number of drops of type j

total number ¢f drops of type j in a given element
weighted numoer of‘drOps of typ¢ j in a'giyen element
integer‘ |

standard deviation

distance co-ordinate in the absence of dfag
distance co-ordinate in fhe presence of drag
veldcity of dreps of fype 3

initial velccity of drops of tyﬁe 3

pﬁase lag

air viscosity

air density

liquid density

wa'velength

AS3
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