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Abstract

We extend study of the Jaynes-Cummings model involving a pair of identical
two-level atoms (or qubits) interacting with a single mode quantised field. We
investigate the effects of replacing the radiation field mode with a ‘big spin’,
comprising a collection of N qubits, or spin-1/2 particles. We demonstrate the
similarities of this set-up to the qubits-field model in terms of the qubits state
probability, occurrence of attractor states, generation of Schrédinger cat state,
and in particular the collapse and revival of the entanglement between the two
qubits in the qubit subsystem. We extend our analysis by taking into account
a decoherence effect due to qubit imperfections. We study two cases of ‘error’
in the system for both the field mode and ‘big spin’ cases. In the first part, we
consider the case of systems with non-resonance frequencies, and secondly we let
the systems evolve with a difference in the dipole interaction strengths of the two
qubits. We average over the errors in both of these parameters with distributions
of varying width. We demonstrate the effects of such error modeling in both the
field mode and the ‘big spin’ scenarios. We discover that increasing the width
of the ‘error’ distribution increases suppression of the coherent dynamics of the
coupled system, including the collapse and revival of the entanglement between
the qubits. We also find out that the decoherence effects are more significant
in the system with difference in the coupling strength as opposed to the non-
resonance case that has higher robustness against errors. At the end of the study,
we investigate the qubit-big spin system with a modest value of N to identify the
smallest size of the big spin that exhibits the important events in such interacting

model.
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7.4.3

744

Plots comparing qubits linear entropies (red), probability of the
two qubits state |ee) (blue), probability of the two qubit being in
an attractor state ‘w;r att>N (orange) for two qubits-big spin models
of initial qubit state \/% lee) + % lgg), |¢|? =9, N = 40 and the
big spin’s initial phase ¢ = 0, with errors in dipole interaction
strength, A. Figure (a) shows the differences in the system with
A = 0.1, (b) shows the differences in the system with A = 0.3 and
(c) shows the differences in the system with A =0.5. . . ... ..
Plots comparing the concurrence ¢(t) for two qubits-big spin mod-
els of initial qubit state \/%T) lee) + \/L;—g l99), |¢]?> =9, N = 40 and
the big spin’s initial phase ¢ = 0, with errors in dipole interaction
strength, A. Figure (a) shows the differences in the system with
A = 0.1, (b) shows the differences in the system with A = 0.3 and
(c) shows the differences in the system with A =0.5. . . . .. ..
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Chapter 1

Introduction

Quantum information technologies range all the way from communications with
discrete resources, through metrology and simulation technologies to quantum
computers that require large entangled quantum resources. Behind these tech-
nologies lie the fundamental features of quantum physics like entanglement, su-
perposition, non-cloning properties, measurement, and many more. Based on
these physical laws of quantum mechanics, quantum technology has a potential
to revolutionise many areas of science and technology besides opening possibilities
for new capabilities and applications.

Among many quantum information applications, quantum metrology is an
emerging field that utilises the theory of entanglement to generate quantum re-
sources via an interaction. It exploits quantum entanglement theory to enable
highly sensitive measurements of physical parameters. ‘Schrodinger cat’ state is
one example of potential resources for quantum metrology. It is a product of
atom-field interaction system that can be used especially in the detection of weak
forces [1, 2] and in enhancing the measurement precision [3, 2, 4, 5]. As opposed
to the estimation precision by utilising separable states of N particles that is
bounded by the Standard Quantum Limit of ﬁ, by employing maximally entan-
gled state like a ‘Schrodinger cat’ state, estimation precision can be improved to
the Heisenberg Limit of % 6, 7, 8.

Not only in quantum metrology, physical applications of an interaction be-
tween a two-level system (a qubit) with a field can be observed in many other
different and interesting quantum systems, such as Rydberg atoms [9], Cooper
Pair Boxes [10], Cavity Quantum Electrodynamics [11], trapped ions [12] and
Circuit QED [13]. Amongst many, one of the most widely used atom-field inter-

action model is the Jaynes-Cummings model that was introduced by E. Jaynes
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and F. Cummings [14]. This model was studied to understand the predictions for
the state evolution when a two-level atom is coupled to a quantised radiation field,
in comparison with the semi-classical interaction model, the Rabi model [15]. Not
only does this model exhibit many interesting phenomena, the Jaynes-Cummings
model also provides a very important explanation about the event of spontaneous
emission in quantum theory of radiation.

In the present day the Jaynes-Cummings model is widely used as a tool in
many quantum fields. Not only because of the wide applicability of this model
to a range of qubit-field systems, the significant potential for using qubits and
fields together in quantum processing are also very promising. Therefore, we can
easily find many applications of this model in quantum processing [16, 17, 18] and
quantum computing systems [19, 20, 21].

Following the initial investigations, there have been numerous extended theo-
retical and computational studies of the Jaynes-Cummings model. These studies
are conducted with a wide range of physical implementations in mind, to identify
the similarities, differences, fundamental features and to extend potential applica-
tions of these systems. They first led to the discovery of qubit collapse and revival
[22, 23] and more recently to the discoveries of many new interesting phenomena,
such as sudden death of entanglement [24, 25, 26], collapse and revival of qubits
entanglement [25, 27, 28], and cat-swapping [28].

In this thesis we study variants of some of these prior works, particularly those
by C. Jarvis et al [27, 28] and S. Dooley et al. [29]. We propose a new model that
incorporates some selected features of these earlier works into a different hybrid
system with qubits that should also be a candidate for quantum information and
processing applications. Our work demonstrates the appearance of a range of
phenomena with potential application, including the collapse and revival of Rabi
oscillations, the attractor and the spin Schrodinger cat states of the system, as
well as the dynamics of the entanglement between the two initial qubits in the
system.

This thesis is separated into 8 chapters. Later in this Chapter 1 some impor-
tant terms, notations and operations that will be used throughout this thesis are
introduced. It will then followed by a brief introduction of the standard quantum
theory that is very important in influencing our models, and also many impor-
tant concepts that are very useful when discussing the results in Chapter 2 and
afterward.

In Chapter 2 we introduce the ‘one-qubit Jaynes-Cummings model’, a system
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that describes a single qubit interacting with a single mode of the field. We
show the detailed calculations performed to understand the dynamics and and
the properties of the model. By using the similar methods and understanding
developed from this model, we show the calculations and the behaviours of an
alternative model called the ‘one-qubit big spin model’ where a single qubit is
allowed to interact with a collection of spin coherent states (called the ‘big spin’).
This chapter is the foundation to understand the quantum research in this thesis
where in the subsequent chapters, all calculations will be based on and extended
from the calculations made here.

We then proceed with Chapter 3 where we study both one-qubit Jaynes-
Cummings model and one-qubit big spin model with non-zero detuning effects.
We divided the studies into two parts, where in the first half of the chapter, we
observe the effects of a finite frequencies detunings on both systems. On the other
half, we introduce a concept of ‘decoherence’ on the systems, where we consider
its effects with an ideal case of error in the detunings that is described by a
distribution.

In Chapter 4, we extend both models by adding an extra qubit into the system
and observe the behaviours of the interactions. This brings many new exciting
dynamics to the system especially on the entanglement between the two qubits
themselves. Phenomena such as ’attractor state’, ‘collapse and revival of qubits
oscillations’, ‘qubits entropy’ and ‘collapse and revival of entanglement’ are ob-
served on both systems and these lead to the explorations of another dimensions
in Chapter 5 and 6. In these chapters, we respectively study the decoherence
effects on both interacting systems where in the first we let the systems evolve
with errors in the detunings, and in the latter we consider the case of errors in
the dipole-interaction strength between the qubits and the field (and big spin for
the two-qubit big spin model).

We then proceed to extend the study on the two-qubit big spin model with
modest numbers of spin-1/2 particles in the big spin, more relevant for current
experimental possibilities. We observe the robustness of this model against the
decreasing size of the ‘big spin’. Chapter 8 concludes this thesis with some com-

parisons between the results produced in the preceding chapters.
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1.1 Dirac Notation

In quantum mechanics, Dirac notation [30] is mainly used to represent state vec-
tors. With such notation, we can represent pure states by kets |¢)) and their
Hermitian conjugates by bras (1|. This notation has an equivalent matrix rep-
resentation. As an example, a quantum bit state can written in Dirac notation
as |[¢) = ale) + [ lg) where a and [ are the probability amplitudes written as
complex numbers and |e) and |g) are the basis states that respectively indicate
the excited and the ground state of the system. This ket state can be written in

a matrix form as a column vector of

—[*). 1.1.1
) (ﬁ) (1.1.1)

The bra (1| that represents the conjugate transpose of the ket [¢)) has the form

of (¢| = a* {e| + 5* (g| and can also be written as a row vector

(W= (o p). (1.1.2)
Intuitively, the bra-ket is then represented by (¢|1)) and the output value is
called an inner product. This product is used to calculate the orthogonality of

state. Two states are said to be orthogonal if the inner product is zero. For

example,

therefore our qubit basis states |e) and |g) are orthogonal to each other.
With this inner product we may also check the normalisation of a vector by

calculating if (1)|¢)) = 1. For a state |¢) to be normalised, we need

(Yly) = (o™ (e + B (g))(a|¥) + B¥)) (1.1.5)
= |af* {ele) + aB* (gle) + a*B (elg) + 18I (9lg) (1.1.6)
=la*+ |8 = 1. (1.1.7)

Two states that are orthogonal and normalised are said to be orthonormal to each

other.
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1.1.1 Operators

With Dirac notation, we can form operators by considering the outer products

|[) (@] = (exle) + Blg)) (07 (e + € (g]) (1.1.8)
= ad” [e) (e| + 807 [g) (e| + a€” |g) (e| + B€" |g) (9] (1.1.9)

which can also be represented in a matrix form of

) (4] = (Z) (5 ) (1.1.10)

(045* ae*)
= (1.1.11)
poé* Be*

Operators are usually distinguished from numbers by a hat above their sym-
bols. For a system of a single qubit |e) (e|, |g) (e|, |g) (e] and |g) (g| are the possible
operators. Pauli operators are example of these operators. They can be written

in both matrix form as

0 1 0 —i 1 0
6% = , 6Y = , 67 = : (1.1.12)
10 i 0 0 -1

There are also raising and lowering operators given by

0 1 00
6t =2 . 6 =2 , (1.1.13)
0 0 10

o =o% +i0Y (1.1.14)

where

and therefore the Pauli operators can be written in Dirac form as

5" = 56" +67) = 3 (1e) (gl + 1g) fel), (1.1.15)
6 =567 =5%) = (l9) (el — le) (gD, (1.1.16)
5 = 5 (676 — 676 = S(1) (el ~ Ig) (o). (1.1.17)



These operators obey the Pauli spin algebra (commutation relations)

[61,67] =67 (1.1.18)

[6%,6%) = +£26F (1.1.19)

Q>

where the commutator of two operators A and B is defined as

[A,B] = AB - BA. (1.1.20)

Another example of an operator is the Hamiltonian or energy operator of a
system, which is a Hermitian operator. It is an operator that is its own adjoint.
Therefore, it is also known as a self adjoint operator. A Hermitian operator is
represented by a square matrix that satisfies A = At. Given that all the diagonal
elements are real, this Hermitian matrix can be diagnolised by a unitary matrix.
It is a a square matrix that represents Unitary operators U and satisfies UUT =
UtU = I,,. Ut is the conjugate transpose of Ut and I, is given the n x n identity
matrix. All the eigenvalues of a Hermitian matrix are real and an eigenvector
associated with a specific eigenvalue is orthogonal to another eigenvectors [31].
Given two Hermitian operators A and B and commutation relation [A, B] = 0,
then the operators A and B are said to have a common set of eigenstates.

In this thesis, we will also be using the photon creation ' and annihilation a

operators that satisfy

[a',a] = 1. (1.1.21)

These operators are usually associated with a field state where they act on photon
number states |n). Unlike a qubit, a field has an infinite number of basis states,
with n bounded from below, so n = 0,1, 2, .... The creation operator a' increases
the number of quanta by one and on the other hand the annihilation & operator

reduces it by one as follows:

atln) =vn+1|n+1) (1.1.22)
aln) = vnln—1) (1.1.23)

and since the state |n) are the eigenstates of the photon number operator a'a,

therefore
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ata|n) =nn). (1.1.24)

1.1.2 Hilbert Space

Hilbert space is a complex vector space of dimension appropriate for the physical
system it is being used to describe. In a finite dimension, it is exactly the same
as a complex inner product space. For instance, the Hilbert space H for a single
qubit has a dimension 2. However, for a two qubit state the space is much bigger
as it is now a combination of each qubit’s Hilbert space, Ho ® Ho = H4 where
® is a tensor product that expands vector spaces into a larger space. In a Dirac
notation this symbol is usually hidden e.g. for two qubits, the qubits state is
written as |e) ® |e) = |e) |e) = |ee) and in a matrix form this operation produce a

larger vector as depicted in the example below.

b11 blg bll b12
b b B P N L
ayl a
oz b b 21 bao 21 bao (1.1.25)
az a2 ba1  bao b1 b1 b1 bi2
asy an?
521 b22 521 b22
a11bir  anbiz aebin  aibio
_ | anbar anbaa aizbar  aizbae (1.1.26)
a21b11  ao1biz  agzbii  azbio

ao1ba1  ag1baa  azzba1  azsba,

1.1.3 Expectation Value

If a system is described by any normalised state |¢) in Hilbert space H, the
the observable quantity represented by an operator O¢ = |¢) (¢| is given by the

expectation value

A\ [V Opbdr
(0) = v (1.1.27)

This can also be written in terms of bra-ket notation as

Py =(0) = W (1.1.28)

where Py is the probability of finding a particle in state |¢) given an initial state
|¥).
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1.2 Quantum Theory of Radiation

1.2.1 Coherent States

There are many photon distribution functions for a field and one of them that
is our interest in this thesis are coherent states. Coherent states are a type of
quantum harmonic oscillator with dynamics properties very close to the classical
harmonic oscillation system or usually referred to as the most classical single-
mode quantum state [32]. They are very close to the classical states, but are
still quantum in nature. These states are the right eigenstates of the annihilation

operator @ and denoted as |a). With a complex number «, the states satisfy

ala) = ala) (1.2.1)

and a similar relation with the creation operator ' where

(alal = o (a]. (1.2.2)

With a complete basis of number states |n), we expand |a) and the states

become

_ lal?/2 Z \ﬁ In) (1.2.3)

where

o= |ale™®, (1.2.4)

where the negative sign is just convention, which is adopted to be consistent with
previous authors, |n) is the eigenstate of the photon number operator . = ata
with eigenvalue n = 0,1, 2.., € is the initial phase of the field and |a] is the size of
the radiation field with

n = (alhla) = |al?. (1.2.5)

The probability of detecting n photons in the field is given by a Poisson dis-

tribution with mean 7
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’a‘2n

2
Po=(nla)[* = 7]

(1.2.6)

For a large value of n we may rewrite the distribution as a Gaussian distribution
of

_nht 1 —(n-n)2
el — e (1.2.7)

n! \V21mn

The width of this probability distribution is v/ and the following are the examples

of the photon number probability distribution with two different values on n =

2.
0.20 0.08
0.157 0.067
P. 0.107 P. 0.041
0.051 0.027

(a)i=5 (b) 7 = 50

Figure 1.2.1: Plots of Coherent photon number distributions for two different

values of n

1.2.2 Spin Coherent States

In this section we will now introduce the analogues of optical coherent states for
composite spin systems. In a two dimensional space where H = C? a quantum
state can be written as a single spin-1/2 particle. It is one of the simplest ex-
amples of a state in such a state space and can be visualised in the Bloch sphere
representation as a three dimensional vector r, where r = (r, 7y, r;) and |r| < 1.
A pure state has |[r| = 1 which means it is positioned on the surface of the sphere,
and a mixed state is at inside the sphere with |r| < 1 [33]. The definition of the
pure and mixed states will be introduced and explained later in Section 1.3.

A spin-1/2 particle can be written in the form of |1) and |{) as
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=) =

(\T> + 1) (1.2.8)

%\

) = 7(IT> ) (1.2.9)

@) = ﬁm +i[) (1.2.10)
1 ‘

©) = ﬁm — i) (1.2.11)

1 0
where |1) = (0), ) = (1>, @ is for the arrow pointing into the page and ©®

is for the arrow pointing out of the page. Associated with these states are the
Pauli operators described in Section 1.1, that are given by Equation (1.1.12) to
Equation (1.1.14) and obey the commutation relations given by Equation (1.1.15)

to Equation (1.1.19). These operators act on the states as follows

6% =) = |—=) 6Y @) = |@) =1 =11

(1.2.12)
57 l)=—]«)  svley=—|o) &7l =—|)

A system of two spin-1/2 particles lies in a four dimensional Hilbert space
where H = C? ® C2. The states inside this state space can be written in the |11),
IT4), [41) and |]]) basis. For example, a set of symmetric (under exchange of the

two spins) triplet states are given as

M) 5 L) 5 1) (1.2.13)

and an additional antisymetric singlet state is given as

1
Z5(1) = ). (1.2.14)

With N spin-1/2 particles, we have H = C?®C2..2C? = (C?)®" with collective

spins operators

=ixNiey 5 =36l 5 P =i2N 6 (1.2.15)

and the total spin operator is the given by
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J? = (J) 4 (J9)? + (J)2 (1.2.16)

Associated with these operators are the Dicke states of the N spin system |j, m) 5.
These states are the simultaneous eigenstates of operator J* and the total spin

operator J? such that

J7|j,m) = mj,m) g (1.2.17)
T2 |j.m) = 3G+ V)1 m)y (1.2.18)

where the subscript N is to indicate that the state is a N spin system. There are

also raising and lowering operators

JE=J%+iJY (1.2.19)

that have the following commutation relations

[JT,J7]=—2J° (1.2.20)
[JZ,J%) = +JF (1.2.21)
[J2,J%] =0 (1.2.22)
and act on the Dicke states as
JEjm)y = \iG + 1) —m(mE 1) [j,m+1) . (1.2.23)

However, with the number of spin-1/2 larger than two, N > 2, the Dicke
states |j, m)y cannot form a complete basis for the system. The number of states

is given by

N/2

d(2j+1) = (% +1)? (1.2.24)
§=0

which is smaller than the total space 2%V spanned by the state |, m) N+ We may
introduce an extra notation [ to denote the missing spaces where in the j subspace

the degeneracy is given by
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. N N
pGN) =y |-~y . . (1.2.25)
2 =J 271

This combinatorial factor gives us the total dimension

N/2
> (g, N)(2j+1) =2~ (1.2.26)
j=0

where 0 < 5 < % It represents the decomposition of the state space for a
system with IV spin-1/2 particles into the sum of subspaces with C%*! dimensions.

Therefore, the Hilbert space becomes

N/2
H= E{/}u(N,j)CQJ'“ (1.2.27)

j=0
where the state space for each single spin-j particle is 25+ 1 dimensional subspace.
For example, the state space for j = % is N + 1 dimensional, which is a subspace
of the total 2V dimensional state space. States in this eigenspace are symmetric
with respect to exchange of two spins and in this thesis, we will consider the spin

system of j = % subspace.

In a Bloch sphere representation, a spin coherent state can be written in terms

of Dicke state as

7, (0,0)) y = zj: ( 2 )2<cosg>jm (e—i¢sing)j+m|j,m>,v (1.2.28)

m=—j ’I?’L—I—]

where 6 is the polar angle and ¢ is the azimuthal angle. By letting # = m, we can
make a stereographic projection of any point on the sphere from the north pole
onto a complex plane through the equator. We can transform the the spherical

coordinates (6, ¢) by a parameterisation that is given by

¢ =e “tan g (1.2.29)

Therefore, the spin coherent state that is given by Equation (1.2.28) can now be

rewritten as
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A 1/2 ,
J 24 1 J .
|j, C>N = Z ( J ) m C]+m |j, m>N . (1.2.30)

m=—j ]+m

Inaj= % eigenspace, a spin coherent state can be described as a state in
which each of the N spins is in the same pure state [34, 35]. It is a separable
state and with a given complex parameter ¢ defined by Equation (1.2.29), the

spin coherent state in such state space is written as

N P 1 ¢ .
‘2’C>N - <\/71 TP NG ’M) |

In terms of Dicke states, the equivalent representation of this spin coherent state

‘¢<i>> n (1.2.31)

is given as
N
N N
N = —,n—— 2.
NOx =Y Cul5m-3 ) (1:2:32)
n=0
where

1 N! .
o= i e (239

For this case, the Dicke state has a binomial distribution that is given by

( 2 ) pitm( — pyi—m (1.2.34)

m—+

where P = sin? g, j= %and shown in Figure 1.2.2 for three values of P.
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0.12 0.12
0.10 0.10
0.081 0.081
0.061 0.061
0.041 0.041
0.021 0.021

-80 -70 -60 -50 -40 -30 -20 -10 0 10 20 30

m m
(a) P=0.1 (b) P=05

2
5.(0, ¢)>N for two different values of P and with N = 150.

Figure 1.2.2: Distributions of Dicke states | m>N for the spin coherent state

1.3 Mixed states and Density Matrix

Quantum systems with a well defined state are said to be in a pure state, where
we know exactly about which state the system is in. However, there are quantum
systems with states that can not be written as a single pure state vector, called
the mixed state. Given a set of pure states [¢;) with probability P;, we can write

mixed states as a probabilistic sum P; of several pure states |t;) such that

b= Pl wil. (13.)

This is called the density matrix or also known as a density operator and has the

following properties

p=p' (1.3.2)
Tr(p) = 1 (1.3.3)
(0) =t (p0). (1.3.4)

Given a square m-by-m matrix with elements a;; (i|p|j) where i = 1,2..m and
7 = 1,2..m, the trace of this matrix is defined as the sum of its eigenvalues, or

the diagonal entries which is given by
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To(p) = 3 Glali) = 3 (1.35)
=1

7

A pure state is a special case of a mixed state when P; = 1 with only one state |;)
in Equation (1.3.1). A pure state also always satisfies p = 52 and always takes a
trace value of Tr(p?) = 1, whereas a mixed state takes Tr(p%) < 1. While pure
states are written as vectors, the mixed states are usually written as operators.
The basis of eigenvectors is given by the smallest number of pure states that make

up the mixed state and given by

D

where D is the Hilbert space, \; and |¢;) are respectively the are the eigenvalues
and eigenvectors of the system.

There are many ways of writing a mixed state. For example, by simply chang-
ing the basis of the pure state [¢;) that forms the mixed state, we can have a

state

W1, = 2(1€) {el +19) {o) (13.7)
written in the form of
My = 21 (+ + 1) D) (133)

where |£) = %(]e) (e] £1g) (g]). In additional to these, a mixed state can also be
represented in the basis of eigenvectors of pure states.

Density matrix and trace operations are very useful tools to deal with multi-
particle systems. For example, a pure state for two systems A and B is given by

|W4p) and the corresponding density matrix is then defined by

paB = |Yap) (Vap| (1.3.9)

To analyse the information of system A only, we need to separate both systems
by performing a trace operation over system B on this density matrix pap. We

will be left with a reduced density matrix of system A in the form of
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pa=Trp(paB) (1.3.10)

where Trp is the partial trace over system B.

1.4 Entanglement and measurements

The concept of entanglement was first introduced by Schrodinger [36, 37] and
since it has become the essential foundation in quantum information processing
[38, 39]. It is a very unique quantum property that explains the correlations of
two or more quantum systems which has no classical counterpart.

A system is said to be entangled if it can not be decomposed and expressed
as a product of states for each system component. For example let us consider a

two-qubit state

@F) = (Jee) +[99))/ V2. (1.4.1)

For comparison, we also consider a system with two normalised qubits [¢) =
ale) + 5 lg) and |¢) = d|e) + €|g). The state of this composite system of the two

qubits can be written as

) @ ¢) = (ale) + Blg) @ (]e) +€lg) (1.4.2)
= ad |ee) + aeleg) + Bd |e) + Pele) . (1.4.3)

In order to to reduce this composite system into state |<I>+> we need ae = 56 =
0. However none of these o, 3, § or € can take a value of zero to make state
|®T). Therefore, we can conclude that this state is not separable and is said
to be entangled. In fact, the two-qubit state |®T) is an example of a state with
maximum entanglement. It is one of the following maximally entangled Bell states

[40]

_|ee) £1gg)
|dF) = —7 (1.4.4)
gy = o) Elge)

N (1.4.5)
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The density operator for state ‘<I>+> can be calculated by Equation (1.3.6)

which gives us

Pap = (Iee>\4/r§|99>) ((ee\\ﬂ;;ggl) (1.4.6)

_ |ee) (eel + |ee) (ggl + |g9) (eel + |g9) (99|
2

(1.4.7)

(1.4.8)

—_
_ o O =
S o o O

0
0
0
0

- o O =

As given by Equation (1.3.10), to find the reduced matrix of qubit A, we trace
out the qubit B such that

pa=Trp(paB) (1.4.9)
T, <yee> (ee| + Jee) {gg] ; 199) {eel + 199) (gg\) (1.4.10)
_ le) (el + 1g) {9l (1.4.11)
2
1({1 O
_ 1 (1.4.12)
210 1
which gives us a mixed state as Tr (ﬁ%) = % and since pap is symmetric, it

implies that p4 = pp. Therefore, from this we can conclude that a partial trace
of a maximally entangled state pap gives us a reduced density matrix p4 that is
a maximally mixed state. It is also important to note that applying local unitary
transformations like operators U, VofUUona maximally entangled state
would not change the amount of entanglement in the state [41].

A state that has no entanglement is called a separable state. It is the opposite
of entangled state, where the two qubits can easily be separated and written as
a product |¢) ® |¢). There are also states that are neither maximally entangled
nor separable, for example the state \/% lee) + \/% lee) that will be used as an
example later in Chapter 4, 5,6 and 7 of this thesis.

1.4.1 Entropy of Entanglement

For certain systems like a two entangled pure state, the amount of entanglement

in a state can easily be quantified. However, quantifying entanglement is in mixed
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states is very hard as a single mixed state can be written in many different bases
as shown the previous Section 1.3. While the amount of entanglement in the state
is high in one basis, it could be the other way around if it is written in another

basis. A mixed state is entangled if the following inequality holds, [42, 43]

pF ZPi 1) (il @ |di) (il - (1.4.13)

This means that if a mixed state can be written in a basis of product states then
there is no entanglement present between the systems and the mixed state is called
separable.

There are many different measures available to quantify mixed state entan-
glement between two qubits ¢; and ¢s. Different methods would suggest different
conclusions on the dimension of the entanglement. While one suggests that qubit
q1 is more entangled than qubit ¢, the other would suggest otherwise. However,
all measures do agree on the degree of the entanglement, which to decide if both
qubits [¢) and |¢) are separable or they are maximally entangled. In this section
we will consider two measures of entanglement that are of significance to this
thesis, which are entropy of entanglement and concurrence.

Entropy is a quantity used to measure purity of a quantum state and distur-
bance of a system. The are various types of entropy like von Neumann entropy
[44, 45] and linear entropy [46]. Both measures range from zero which indicates
the state being measured is pure, to one that tells us that the state is maximally
mixed. However, linear entropy has an advantage over von Neumann entropy in
terms of the amount of calculations involved. The linear entropy needs only the
square of p, whereas the von Neumann requires diagonalisation of p to find its
eigenvectors and eigenvalues at every point in time if a dynamical evolution is
being considered. Therefore, throughout this thesis we will use linear entropy for

it simplicity. It is denoted as S and given by the following formula

St = % (1- (%) (1.4.14)

where D is the dimension of Hilbert space.
It was shown earlier in this section that if we trace a single qubit out of a

maximally entangled two-qubit system, the remaining reduced state is maximally

mixed with Tr(p%) = 1/2. In another study, Araki and Lieb have proven [47] that
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if an entangled system starts as a pure state, then the individual entropy of each
component is the same throughout the interaction.

These facts are very important and very useful in many quantum systems as
these allow us to use the entropy as a measure of entanglement. This method
is known as the entropy of entanglement [48, 49]. As an example, we consider a
quantum system in which two qubits ¢; and ¢ interact with a field mode f. We
assume the whole system py, 4, 7 is in a pure state and a partial trace on the field

gives us

Par,az = Tt (Pgyq0,1)- (1.4.15)

With this, we can calculate the entropy of the reduced density matrix pg, 4, by
using Equation (1.3.10). In a two-qubit Hilbert space, the linear entropy is cal-

culated as

st = %(1 — Tr(p%)). (1.4.16)

We can then decide if the state being measured is pure or not. Based on the the
calculated entropy too, we can observe if there is entanglement present between
the two-qubit and the field subsystems. Zero value of this quantity means the state
is pure and there is no entanglement between the two parts. On the other hand, a
non-zero value tells us that the reduced density matrix is in a mixed state and there
is entanglement present between the two subsystems. The value also indicates
that there is maximum entanglement if the calculated entropy is unity. However,
this method does not provide us the information about the entanglement between
the two qubits, which requires another measurement called tangle (concurrence

squared) that will be discussed shortly.

1.4.2 Concurrence and tangle

Previously, we have seen an example where linear entropy is used to calculate the
purity of a quantum system, in which two qubits interact with a field mode. We
can calculate the entropy of the whole interacting system or only the individual
entropy of each subsystem. For a system that starts in a pure state, the individual
entropy is much of interest, and it is used to measure the entanglement between

the two-qubit and the field components. However, this quantity cannot be used to
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measure the degree of entanglement between the two qubits. A different quantity
has to be used because the two-qubit state is sometimes a mixed state.

For this purpose, we will use a quantity called the mixed state tangle 7(p).
This measurement is extracted from the entanglement of formation Er(p) that
was introduced by Bennett et al. [50] as a measure of entanglement for two

quantum systems of any size.

Ep(p)=h [

1+vi-70p) Vl_T(ﬁ)] (1.4.17)
2

where

h(z) = —zlogyx — (1 — x)logy(1 — z) (1.4.18)

and 7(p) is the tangle of the state p. It is hard to compute this entanglement of
formation Fr(p) for a general state, even by numerical computations. However,
this quantity ranges from zero and monotonically increases in a similar magnitude
as the value of tangle 7. The minimum and maximum of 7(p) respectively corre-
spond to the minimum and maximum of Er(p) [49]. Therefore, it is sufficient for
us to only use tangle (concurrence squared) as a measure of entanglement [51, 52].
For the purpose of this thesis where we consider the case of two-qubit systems,

the quantity is defined as

7= = [max (V& — vy — Vs~ VA 0) ] (1.4.19)

The x's are the eigenvalues of matrix py(0¥ @ o¥)p; (0¥ ® 0¥) in decreasing order,

where
0 0 0 —1
01 0
o @Y = , (1.4.20)
10
-1 0 0
oY =i(c” —oT) and py is the complex conjugate of the qubit density matrix p,

in the computational basis |00), |01), |10) and |11) [53, 51]. Similar to entropy,
tangle takes a value from zero to unity to represent the strength of the entangle-
ment where the first indicates no entanglement (separable) and the latter is for

the maximum entanglement between two pure states. In this thesis, we will be
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using this quantity and its square root, concurrence ¢(p) = /7(p) to measure the
entanglement between two qubits in Chapter 4, 5, 6 and 7.

1.4.3 Maximum Two-Qubit Entanglement and Entropy

A two-qubit pure state can have a tangle (and concurrence) value between zero and
unity. A zero tangle value indicates a separable state with no entanglement, and
unity is for the maximum entanglement between the two components. In between
these minimum and maximum, there is a mixed state that has the maximum
amount of tangle lower than unity in the two-qubit density matrix [54].

Studies by Munro et al. have discovered the amount of entanglement available
to a state for a given value of the entropy [55, 49]. In their studies, they performed
two measurements on the states of many randomly generated two-qubit density
matrices. They calculated the linear entropy S” and the tangle 7 of the states
and found the level of mixture in the two-qubit state with no trace operation
performed. Therefore, the term entropy used here is not a similar quantity with
the case where we find the entropy of entanglement with a part of the system is
traced out and the density matrix represents a pure state, as discussed earlier in
this section.

They also studied the relation between the two quantities, (the linear entropy
and the tangle) by using a mixture of the maximally-entangled state and the

maximally-mixed state, called a Werner state [56] that is given by

. 1=y
Pw = 1

where I5 is the 2-by-2 identity matrix and |®) = %(\00) +[11)) is a Bell state.
This Werner state is an entangled state for v > 1/3 and is a maximally entangled
states when v = 1 [57]. This relation is shown in Figure 1.4.1 for a range of =

value.
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Figure 1.4.1: Plot of tangle for a different degree of entanglement parameterised

by a positive integer v in a Werner state p,,.

For a specific value of S there is a state with the maximum value of entnaglement
called the maximally entangled mixed state (MEMS) [58]. This state has the form
of

9(7)/2 0 0 ~/2
0 1-2 0 0
PMEMS = 907) , (1.4.22)
0 1 0 0
v/2 0 0 g(v)
where
v/2, v>2/3
g(7) = (1.4.23)
1/3, ~<2/3.
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Figure 1.4.2: Two measures of entanglement versus linear entropy for the Werner

state Py .

The relation between the quantities can be seen in Figure 1.4.2 where the amount
of entanglement for a given value of linear entropy is plotted. We plot in figure
(a) the tangle versus the linear entropy and in figure (b) the concurrence versus

the linear entropy for the Werner state (1.4.21).

1.5 Summary

We have now introduced all the tools required for the rest of the thesis. These tools
are very important for calculations and understanding the physical behaviours of
the systems. For example, the operators introduced in Section 1.1 are useful
in formulating the Hamiltonian, the trace formula given by Equation (1.3.5) in
Section 1.3 will be used to calculate the linear entropy, and the discussions on the
entropy in Section 1.4 will guide us to understand the dynamics of entanglement
between a qubit and a field state in a single qubit Jaynes-Cummings system that

will be discussed further in the next Chapter 2.
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Chapter 2

Single Qubit Interaction
Models

2.1 Introduction

Interaction of a two-level system or a qubit with an external field is a very inter-
esting topic in quantum physics. Depending on the properties of the field, either
a quantised or a classical field is applied, and different picture of interactions can
be observed. The differences are due to the ability of the quantum field to en-
tangle with the qubit which therefore requires modelling the field as part of the
whole quantum system, as opposed to the classical field that just interacts with
the qubit as a source in the Hamiltonian [59].

One of the most well-known atom-classical field interaction models is the cou-
pling of a two-level atom with a laser field that was first studied by I. Rabi in
1937 [15]. In this model, the field is classical and enters the qubit Hamiltonian as
a source. It considers two-state atom coupled to an oscillatory driving electromag-
netic field or in other words the atomic transition and the field’s frequencies are
similar or close enough to each other. This is a very good semi-classical interaction
model involving only two atomic states that has many interesting phenomena like
the continuous Rabi oscillations in atomic excitation probabilities [15, 23], which
is very useful in modern optics.

This model was later further investigated by E. Jaynes and F. Cummings
(thus named as Jaynes-Cumming model) in order to interpret its relationship
to the quantum theory of radiation in describing the event of spontaneous emis-
sion [60]. Due to this unique phenomenon where the atomic population transitions

in a quantised field can still occur even with the absence of photons, the model
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becomes a great reference in atomic physics, quantum optics and also theoreti-
cal and experimental quantum information. This model was later generalised by
Tavis and Cumming for the case of multiple qubits [61].

Many interesting observations were discovered in a single qubit interacting
model especially when a coherent state of the field is applied. In this chapter,
we will discuss in detail this Jaynes-Cummings model and its various interesting
characteristics. We will then extend our discussions to another interesting inter-
acting model studied by S. Dooley on a system of a qubit coupled to a collection of
N qubits or spin-1/2 particles called the “big spin” [29, 62, 63]. Detailed calcula-
tions and discussions on this single qubit and spin coherent state will be presented

especially on its correspondence to the analogous Jaynes-Cummings model.

2.2  One-Qubit Jaynes-Cummings Model at Zero De-

tuning

The Jaynes-Cummings model considers a single two-level atom (also known as a
qubit) interacting with a single-mode quantised electromagnetic field that made
is up by a collection of energy or quanta (called photons), and represented by a
harmonic oscillator. To study all the features in this interacting system, we will
start off by finding its wavefunction, which will be calculated in detail in this
section. Note that all these calculations are related to the works by C. Jarvis [64].
Here, we reproduce similar analytic calculations, and present the corresponding
numerical results of the Jaynes-Cummings system. These calculations will provide
the formalism and tools that we will use for the new calculations presented later

in this thesis.

2.2.1 One-Qubit Jaynes-Cummings Hamiltonian

We consider a qubit with two energy levels or atomic states defined as |e) for
excited state and |g) for its ground state. The atomic energy level is set to be zero
halfway between these states, K, = —E, = @ and the free atomic Hamiltonian

may be calculated as

N 1 1

Hy = 3 (Ee — Eg) 6% = 5/‘3962. (2.2.1)
where 6% is a Pauli Z operator given by Equation (1.1.17). This qubit interacts
with a quantised field that has the following form
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- hw \ /2
_ A A-l- .
E=¢ (60 ) (a +a ) sin(kz) (2.2.2)

where € is a polarisation vector that is orthogonal to the z axis, w is the coherent
field’s frequency, a' is the creation operator and & is the annihilation operator
acting on the field given by Equation (1.1.22) and Equation (1.1.23) respectively
[23].

The Hamiltonian that describes the atom-field interaction is given by

H;=—-d.E (2.2.3)
= dg (a+a) (2.2.4)
where Y
g= (eOV> sin(kz) (2.2.5)
and d = —d.e, where d is an electric dipole moment that couples state le) and

|g) of a two-level atom. This can also be written in terms of atomic transition

operators 67 = |e) (9| and 6~ = |g) (e| as

d=dg6” +deg6" +dyg6 6" +decdt6. (2.2.6)

dge = dj, is the transition dipole moment which is also the non-zero off-diagonal
elements (g|d|e) = (e|d|g) = d, while d,y and d.. are the permanent dipole
moment which are in this case equal to zero, (e|d|e) = (g|d|g) = 0. Therefore,

our dipole operator d is now

d = d|g) (e| + d" [e) (g] (2.2.7)
=d6~ +d'6t (2.2.8)
=d(6T+67) (2.2.9)

where d is real. Therefore our interaction Hamiltonian becomes

Hy=nx (6% +67) (a+a) (2.2.10)

where A\ = dg/h is the dipole-interaction strength between the two level system
and the field.
The free-field Hamiltonian for the single mode of the cavity field with photon

frequency w is given by Hp = hw (&Td + %) where the % is coming from the
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Figure 2.2.1: Energy levels for a qubit of frequency €2, acting with a near resonant
field of frequency w. ¢ is the frequency difference between the cavity and the qubit
and called qubit-cavity detuning.

zero-point (vacuum) energy and can be dropped from the total Hamiltonian. We
can now write the total Hamiltonian of the system by a combination of these

free-atomic, free-field and atom-field interaction Hamiltonian as

Hyyoo=Ha+ Hp + H; (2.2.11)
1

= Sh06% + hwala+ A (6 +67) (a+al) (2.2.12)
2
1

= 6% + hwala + hiA (6ta+otat+o7a+omal) (2.2.13)

where the subscript “1,tot” is to highlight that this is the total Hamiltonian for a
single qubit system and to differentiate this Hamiltonian with the two-qubit case
that will be discussed in Chapter 4.

With the rotating wave approximation, all the rapid oscillating terms 6+ af
and 6~al are dropped [23, 65]. This is because in an interaction picture the
bare frequency dependence is incorporated into the operators. It is in such an
interaction picture that the terms can be thought of as rapidly oscillating. With
these, we arrive to the approximation of the total Jaynes-Cummings Hamiltonian

in the form of

1
Ay = $hQ5" + hwila+ 1 (6% a+67al) (2.2.14)

The term R\ (6*& + 6*dT) describes the interaction between the qubit and the

field, where operators & act only on the qubit state whereas the operators a and
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a' act only on the field mode. If the qubit moves from an excited state |e) to
the ground state |g), a photon is created and the number of photons in the field
increases by one. Alternatively if the qubit moves from the ground state to the
excited state, then a photon from the field is absorbed by the qubit (annihilated)
and the number of photons in the cavity reduces by one.

The Hamiltonian H; given by Equation (2.2.14) commutes with an operator
M that represents the total number of quanta and given as

A~

My =ala+6%6. (2.2.15)

However, it does not commute with the full Hamiltonian H1 ;o that is given by
Equation (2.2.13) , although the expectation value of the excitation number is pre-
served by evolution under the full Hamiltonian. This is due to the dropped terms
tat and 6-a' that do not commute with the operator M. The commutation

relation between this operator and Hamiltonian is

[y, M) = [Hy,a%a) + [Hy,6%67] (2.2.16)
= Tw [@Ta, @Ta] + ? [6%,aTa] + hA[as™t,aTa] + hA[ate—, ata)
At st s— Ry At sds— Ata— ada—
+hwla'a, 676 —|—7[U L6767 +hX[acT, 6767 +hA[a'6, 6767 .

(2.2.17)

With the fact that an operator always commutes with itself, we can further sim-

plify Equation (2.2.17) into

[ﬁl, Ml] = h\ <&+

(2.2.18)

and from commutation relation given by Equation (1.1.20), we expand Equation
(2.2.18) into




Therefore, we have

Hy,a'la+676~

— {HMl} = 0. (2.2.21)

which means the quanta operator commutes with the Hamiltonian (2.2.14) and
the number of excitations in the system is conserved under the rotating wave

approximation.

2.2.2 Eigenvalues and Eigenvectors of Hamiltonian

To find the eigenvalues and eigenvectors of the Hamiltonian, we solve the eigen-

value equation

i) = E 4. (2.2.22)

where the general decomposition of an eigenstate solution to this equation is given
by

oo
W) = Z Qe l€,n) +agnlg,n). (2.2.23)
n=0

At time t = 0, a wavefunction is assumed to be a general product state of the

field and the qubit which is given by

[W1(0)) = [¢(0)) [¢41(0)) - (2.2.24)

We will use this initial state at time ¢ = 0 and from the eigenvalues we will
decompose it into the eigenstates that will lead us to the general time dependence.
With these, we can now solve Equation (2.2.22) by operating the Hamiltonian
(2.2.14) on the general form for an eigenstate given by Equation (2.2.23). By
changing the basis to be in terms of |e,n) and |g,n + 1) and then rearranging the

equation, we obtain

. o h$)
Hy|¥,) = Z [(hwnae,n + — den + hlagni1vVn + 1) le,n)
n=0
h (2.2.25)
+ (hw(n+1)agni1 — 5 Ggn+l + hAaenVn+ 1) |g,n+1) -4
Q
- h5a9,0 |ga 0> .
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With the conserved number of quanta, we can decompose the system into m;
different decoupled sectors, where my is the number of different values that the
eigenvalue of M can take for this system. We can then write Equation (2.2.25)

in a matrix form

o [Pon+BE BA/RFT
o |0y) =Y |) . (2.2.26)
"N FT hw(n+1) — B2
This matrix is for each of the m; sectors and these amplitudes will form doublets
of states except for |g,0) that is left on its own. It is then diagonalised to give us

two eigenvalues

B
By, = hon+ 5\/52 4N (n + 1) (2.2.27)

and two corresponding eigenvectors

O£+ AN (n+1)|e,n) +2M/n+1]g,n+1)

+,m) o
V2(82 44N (n+1) £ 6/ + D2 (n+ 1))

(2.2.28)

where § = €2 —w is the qubit-field detuning. These eigenvectors are often referred

to as dressed states and can be written in a simpler form of sin 6 and cos 6 [23]

|+,n) = cosb, |e,n) +sinb, |g,n + 1) (2.2.29)
|—,n) = —sinb, |e,n) + cos b, |g,n + 1) (2.2.30)

where

§+ 02 +4N% (n+1)

cos b, = 7 (2.2.31)
V2(82+4X (n+1) £ 6/ + D2 (n+1))
sin 6, = 2an 1 (2.2.32)

2
V2 (62 + 402 (n 4+ 1) £0/0% + 422 (n + 1))1/

2.2.3 Exact Solution

The Jaynes-Cummings model can be solved exactly by including the time depen-
dence of the eigenstates and solving the time-dependent Schrédinger equation in

the form of
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W1 (8)) = e 0, (0)) (2.2.33)

To achieve that, we first transform the basis vectors |e,n) and |g,n + 1) into the

eigenvector terms in the form of sin § and cos 6

le,n) = cos b, |[+,n) —sin b, |—, n) (2.2.34)
lg,n + 1) =sinb, |[+,n) + cosb, |—,n) . (2.2.35)

Now the wavefunction at time ¢ = 0 which is |¥1(0)) and given by Equation

(2.2.24) can be written in terms of the eigenvectors as

[¥1(0)) = [¢(0)) |[41(0)) (2-2.36)
=Y _Culn) (Cele) +Cylg)) (2.2.37)
n=0

= Y [(CeCrcos b + CyCry sinby) |+, 1m)
" (2.2.38)

+ (Cgcn+1 COs Hn - CeCn sin en) |_7 n>] + CgCO ’ga 0>

where 3°2° ( |Cp,|> = 1 and |C,|*+|Cy|? = 1 for normalised initial states. This step
relies on the decomposition of the initial state into a superposition of eigenstates
across all the different m; sectors. Once this is done, the known time evolution
of each eigenstate can be used to find the full state at a later time. This is a
very useful approach because it doesn’t need numerical integration of the time
evolution, where errors can build up. Therefore, with this initial wavefunction we

can calculate |¥;(t)) by using the time-dependent Schrodinger Equation (2.2.33)

W1 () = e~ /M 0y (0)) (2.2.39)
= CyCoe™2|g,0) + 3 [eiww;)t
n=0
<€_it §2+4x2(n+1)/2 (CeCly cos by, + CyChiq sinby,) |+, n) (2.2.40)

+ VI AD2 (0 0y L cos 0, — CoClysinby,) |—, n) ﬂ .

We then rewrite the solution back into the basis |e,n) and |g, n + 1) terms, replace
the exponential into the sine and cosine terms where e’ = cosx + isinz, and

obtain
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(W1 (1)) = CyCoe®®/? |g,0) + > {e‘iw(”%)t
n=0

((CeCn cos <t\/52 +4X2 (n+ 1)/2) + isin (t\/62 + 422 (n + 1)/2)

(CeCn (sin2 0, — cos’ 9n> —2C4Chiq cos by, sin Gn) ) le,n)

+(CyChuss cos (t\/52 2 (1) /2) + isin (t\/62 T2 (1) /2)

CyCni1 (cos2 6, — sin? On) —2C.C,, cos b, sin 0n> )lg,n+1) )} )
(2.2.41)

We consider the case of field and the qubit are on resonance, so that Q = w
and thus 6 = 0. These simplify the terms cos§,, = sin6,, = % as well as Equation
(2.2.41) into

o0

|Wy(t)) = Z [ei‘“("+é)t< (CeCn cos ()\t\/m) + isin ()\t\/m)) le,n)

n=0

n (cgan cos (At\/m) 1 isin ()\t\/m» lg,n+ 1) ﬂ

+ CgC(] |g, O> .
(2.2.42)

The solution given by Equation (2.2.42) is for the case of only operators are
time dependent. In an interaction picture both operators and state vectors are
time dependent. The time dependence of the operators is coming from the inter-
action part of the Hamiltonian, H; = A (67 4+ 67) (& + dT), whereas the time
dependence of the latter is given by Hy=Hp + Hy = hw (%62 + &T&) and cal-

culated as

W7 (1)) = e~ Hot/m () (2.2.43)

Therefore, for state vectors |e,n) and |g,n + 1), the time dependent terms are
defined as

iw(n+

[NIES

¢~ iHot/h )t le,n) (2.2.44)

Tt g 4 1) = e ®(n+3) g 1 1) (2.2.45)

le,n) =e~
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With these, we can make the following transformations

e'5t|e) — |e) (2.2.46)
'3t g) = |g) (2.2.47)
e~ n) — |n) (2.2.48)

and Equation (2.2.42) becomes

(e}

| Wy (t)) = Z | (C’eCn cos (Atﬁ) + i sin ()\t\/m» le,n)

[e=]

+ (CgCnH cos ()\t\/n + 1) + isin ()\t\/n + 1)) lg.n+1)] + CyCog,0).
(2.2.49)

2.2.4 Collapse and Revival at Zero Detuning

To further investigate the Jaynes Cumming model, we consider Equation (2.2.49)
for the case of interaction between a qubit and coherent state |a) given by Equa-

tion (1.2.3). Therefore the initial state of such system can be written as

[W1(0)) = la) (Ce le) + Cy 1g)) (2.2.50)
= > Culn) (Cele) + Cyl9)) (2.2.51)
n=0
where
Co = e o2 S (2.2.52)

Vn!

with 72 = |a|? is the average photon number in the coherent state and |n) are the
number (energy) eigenstates of the field.

Many interesting observations can been made out of this interacting model.
Figure 2.2.2 illustrates the time evolutions of the system for the case of field and
the qubit are on resonance so that 6 = 0 and the qubit starts in a ground state
|g). For numerical purposes, we use n = 150 for the sum over photon number and
|a|? = 36 for the average photon number in the field mode.

One of the most remarkable features of this model is the occurrence of a

phenomenon called the ‘collapse and revival’ of Rabi oscillation in the qubit system
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[23, 66, 67]. This is the event where the dynamics of qubit state probabilities
appear to damp out before the oscillation totally disappear for a period of time.
After some time this qubit oscillation revives at the same frequency, however not
with a uniform amplitude. In contract to the system with a classical field, with an
appropriate strength that is comparable to the coherent state |a), we can observe
that the Rabi oscillations appear with the same frequency as in this quantum
Jaynes-Cummings model. However, these oscillations do not collapse and revive,
but they just go on with a uniform amplitude permanently.

This event of ‘collapse and revival’ can be seen from the blue line in Fig-
ure 2.2.2, where there is collapse, total disappearance and succeeded by a revival
in the qubit state probability. These collapse and revival occurrences are periodic
and at longer times a sequence of collapse and revivals can be observed and these
can be explained by the destructive and constructive interferences.

From Equations (2.2.50) and (2.2.51) the initial system is given by |¥1(0)) =
|a) |[g). The probability of the qubit remains in the state |g) or going to state |e)

are given by

Py(t) = (glpq(t)]g) =€ ”Zi s2(Aty/n) (2.2.53)
Put) = (elpyt)le) = e - 2 sin? (/) (2.2.54)
n=1

where py(t) is the reduced density matrix of the qubit system as defined by Equa-
tion (1.3.10) is the form of

Pq(t) = Trp([W1(2)) (W1 (t)])- (2.2.55)

By looking at the qubit probabilities Equations (2.2.53) and (2.2.54), it is clear
that the probability of finding the qubit in a particular state at a certain time is
the sum of oscillating terms, where each term oscillates with a specific frequency
depending on the value of n. The collapse in the qubit state probabilities can
easily be understood by considering the phase differences between these discrete
frequency components. As two oscillating terms with different phases are added
together, destructive interference occurs and if the terms are 180° out of phase,
they cancel each other. As we allow the evolution to continue, at a later time
the phase difference becomes smaller and this contributes to the rephasing of the

oscillating terms. Constructive interference occurs and this results in a reverse
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event called the revival in the qubit probability dynamics. This event has a peak
at the revival time ¢,, where for a given positive integer j, the jth revival time can

be calculated as

215 = tr(wnt+1 — wp) (2.2.56)
=t (2\7n + 1 -2 \n) (2.2.57)
=1, (20Wn + \/Aﬁ —2\V/n) (2.2.58)

ty = 2”;/% (2.2.59)

Since 7 = |a|?, then for the case of j = 1 as shown in Figure 2.2.2, the revival

time is then

_2mvn 2rw|al

2%
A A

(2.2.60)

2.2.5 One-Qubit Attractor States

Besides collapse and revival, another interesting feature that can be observed from
the one-qubit Jaynes-Cummings model is a phenomenon called the ‘attractor
state’ [22, 68]. C. Jarvis et al. [27] have demonstrated that for n > At the
wavefunction |W;(¢)) can be reduced into a simplified form of two distinct parts;
the qubit state ‘Di%(t)> and the field state ‘Cbi%(t)>.

B1(0) = B2 (O] Dya (1)) |41 (0) + BB |D_y ) [o_1 () (22.61)

2 2

where

Bax(t) = \}ieﬂ”i«(ﬁ“) (e"Ce ¥ Cy) (2.2.62)
D, 0) = 25 (1) %77 |a) (2.2.63)
\@i5w>=eﬂﬁway (2.2.64)

In the original study on this model, Gea-Banacloche [22, 68] has shown that
with n > 1 approximation, at half way to the revival time, the qubit completely
disentangles itself from the field and the initial qubit state evolves to a state

known as an ‘attractor state’ [23] of the qubit. This is evident and can easily be
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seen by rewriting Equation (2.2.62) to Equation (2.2.64) in terms of % that gives

us the following:

Bﬂ:%(%) = % (0, 7 Cy) (2.2.65)
‘Dié(tg > 2 (e ey ) +ilg)) (2.2.66)
’¢i;(t§)> — |4ia) . (2.2.67)

Obviously at time %, the qubit states ’D+%(§)> and ‘D_%(%“)> are identical

and this attractor state has the form of

[ ) = \}E (e71e) +ilg)) - (2.2.68)

The probability of the qubit being in this state ‘¢Iatt> is calculated as

Pla(8) = (U1 aal a0 ) (2:2.69)

and the quantity is shown as an orange curve in Figure 2.2.2. It is clear that at
tlme r the probability goes very close to unity.

From Equation (2.2.66) it is noticeable that this attractor state is independent
of the initial qubit state. There is no contribution of the initial coefficients C, and
Cy that have been used at the beginning of the interaction to this state. However,
it depends on the phase of the initial coherent field state . Since at time % the
qubit state can be factorised out of the wavefunction, the qubit and the field are

therefore a product state. Equation (2.2.61) then becomes

U, <t’”>> — W\;§tt> (ieiﬂﬁ/Q(eiOCe — Q) Jia) — Z-efifrﬁ/2(eiece +C,) |_Z.a>) _

(2.2.70)

At this time too, all the information about the initial qubit state is swapped into
the radiation field which happens to be in a Schrédinger cat state. It is a coherent
superposition of two coherent states with opposite phase |a) and |—a) [69, 70]
as seen in Equation (2.2.70) with coefficients that contain the information about

the initial qubit state..
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As the subsystems continue to interact, at the revival time ¢, the field states
‘@i%(t)> evolve into an identical state where ’<I>+%(tr)> = ’@_%(tr)> = |—a).
The field is factorised out of the wavefunction and the system is once again a
product state. Opposite to the system at %T, all the information about the initial
qubit state is transferred from the field back to the qubit.

Similar disentanglement is also observed at time 3%, where the components are
once again factorised. The qubit is again in a pure state in which it evolves to an
attractor state, but this time it is orthogonal to the state ‘wiatt> and can be writ-
ten as ’1/){ att>. Therefore, at this time, as depicted in Figure 2.2.2 we can see the
probability Pj 4(t) approaches very close to zero. The interaction then continues
with the field being in state |«) at time 2¢, and the system repeatedly evolves from
an entangled state to a product state and back again. Gea-Banacloche defined
this phenomenon as a natural route to quantum state preparation [22] where at
the attractor times all initial qubit states evolve to the same state with all initial

qubit information been transferred and stored into the field.

2.2.6 Linear entropy

One way to quantify information about entanglement in a system is by using a
quantity called ‘entropy’. It is an evaluation of quantum state purity, disturbance
or missing information due to incomplete measurement of the system [23] and
accessible at any point of time of the system. A Jaynes-Cummings system always
starts in a pure state and its evolution is always determined by the time-dependent
Schrédinger dynamics. Therefore, provided that the initial state chosen is pure
overall, this qubit-field interacting system will always be a pure state. With no
decoherence, the entropy of the complete system stays constant at zero throughout
the interactions. This means that no interesting dynamics of this quantity could
be observed in this overall system.

However, we can observe many interesting events in the dynamics of the indi-
vidual entropy, either the qubit or the field. Araki and Lieb [47] have discovered
that for a system that starts with a pure state, the partial entropy of the sub-
systems are always equal. This means that, for our Jaynes-Cummings model,
the partial entropy of the qubit is always equal to the partial entropy of the
field throughout the evolution. This enables us to use only one of the quantities
to observe the dynamics of the entropy, and therefore the entanglement in the
system.

As discussed in Section 1.4.1, we know that we can use entropy to measure the
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Figure 2.2.2: Time evolution for one-qubit Jaynes-Cummings model with the
initial qubit state |g), |a|? = 36 and the initial phase of the radiation field 6 = 0.
The entropy of the qubit is shown as the red line, the probability of being in the
state |g) is shown as the blue line and the probability of being in the attractor

state ’1/1? att> is shown as the orange line.

entanglement between two subsystems. Therefore, for the rest of the thesis only
entropy of the qubit subsystem will be used, and we shall refer to the value of
qubit’s entropy only when entropy is mentioned. We will be using ‘linear entropy’
(impurity of a state) as a measure of entanglement between the qubit and the field
for its simplicity over the Von Neuman entropy, where there is no diagonalisation
needed on p in calculating the quantity. As given by Equation (1.4.16), the linear

entropy is defined as

SE(t) =1—Tr(pg(t)?). (2.2.71)

where p4(t) is the qubit’s reduced density matrix given by Equation (2.2.71). This
quantity ranges from zero to unity, where the former corresponds to a completely
pure state and the latter corresponds to a completely (or maximally) mixed state.
If the value of the entropy is non zero then the reduced density matrix is mixed,
and it is a sign of some entanglement present between the qubit and the field.
The dynamics of qubit entropy in this system is illustrated as a red curve in
Figure 2.2.2. From previous section, we know that at the attractor times % and
3%, the qubit is an attractor state, which is a pure state. The qubit disentangles
itself from the field and there is no entanglement presents at these times. This
explains the dips in the red line in the figure at these particular times, where we

can see the entropy values S(f (t) approach very close to zero.
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At time t, only a shallow dip in entropy can be seen. This suggests a mixed
state or the presence of large entanglement between the qubit and the field. This
is in contradiction to the analytic prediction made in the large n approximation
where the qubit is expected to once again disentangle from the field, and be in
a pure state which makes the entropy curve approaches very close to zero. The
reason of such difference is the width of this dip is on a time that is much narrower
than the entropy at %T [27, 64]. However, with a greater value of 7 in the numerical

calculation, the value of the entropy at this time will get closer to zero.

2.3 One-Qubit Big Spin Interaction Model

From the previous section, we have seen many remarkable features revealed by
a composite system of a single qubit interacting with a quantum field, named
the Jaynes-Cummings model. Appearance of events like collapse and revival of
the qubit oscillations, attractor states, Schrédinger cat states and the dynamics
of entanglement between the qubit and the field have made this model a great
reference in atomic physics, quantum optics and also theoretical and experimental
quantum information.

Motivated by these findings, S. Dooley and collaborators have made further
studies on the single qubit interacting system [29, 62, 63]. They investigated a
system of a single qubit coupled to “big spin”, which is a collection of N qubits
or spin-1/2 particles. They demonstrated the correspondence of a spin coherent
state with a coherent state for a field mode and further extended their analysis on
a single qubit and big spin interacting system. From their research, they managed
to demonstrate similarity of this model with the Jaynes-Cumming model, and also

highlight the similar characteristics of the two models.

2.3.1 One-Qubit Big Spin Hamiltonian

In this model, we consider the interaction of a qubit with a big spin that is made

N eigenspace, which is the

of a collection of N qubits or spin-1/2 particles. In an
maximum angular momentum eigenspace of the N spins, a spin coherent state is
a product of N spins that are all in the same pure state. The state is parametrised

by a complex number ¢ = v/ne " and is written in the form of

IN,¢) = @) (2.3.1)

¢ i
L (b + e 1))
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This state can also be represented in a Dicke state as

N

N
IN.C) =[N = e (2.3.2)
N g 2>
where
1 N (2.3.3)

)YV (N =t
We can shift the label for Dicke state to avoid the redundant & terms and a

subscript N is placed to differentiate with the state of coherent ﬁeld considered

in previous sections.

N N
The “n” used in this section is not to be confused with the one that has been used

for the coherent state. In this model, it represents the number of excitations in
the system, as opposed to the number of photons in the previous model. Similarly
for the expectation value n where in this section it is for the spin coherent state
such that 7 = [(|%.

We consider a qubit and big spin interacting system with a scaled complex

parameter ¢ by a factor of so that the initial spin coherent state is in the

)
form of ’ﬁ>N This scalinggvery important to maintain the correspondence of
this system with the Jaynes-Cummings model when we consider N — oo in which
the spin coherent state is mapped to an oscillator coherent state of amplitude ¢
(34, 35].

The spin coherent state may be written as

Vil

3

N n
;]( ; )N/2 (Z) (&) n) 5 (2.3.5)
- T

N 1/2
> [(D(l —p)N”p"] e n) y (2.3.6)

3
o

where

¢I°/N

el wren (2.3.7)
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Then for N — oo limit, we have p — 0, Np — |¢|? and

oo on11/2 ‘
lim \/C7>N = Z lelgzm'] e~ |n) (2.3.8)
=e2 Y ——|n). (2.3.9)

Clearly in this condition, our spin coherent state reduces to a coherent state of
the field mode |().
In their study, S. Dooley et al. [29] have calculated and obtained the Hamil-

tonian for this interaction system. The modified Hamiltonian contains the bare

Hamiltonians for the big spin I:IB = hwy (jz + g) and the qubit ﬁA = @62,

and then a coupling interaction H; = %(j tom 4+ J ~61) with is the analogous
term to the dipole coupling term in the Jaynes-Cummings system. Therefore, the

Hamiltonian for this system is given by

A .. N R, RN s s L
Hl,N_th<J +2>+20 +\/N(J 6-+J767) (2.3.10)

where wy is the frequency of the big spin, J* = 2N, G(; and JE=N, 6(32) are

~l9w) {9

individual spins that make up the big spin. The constant term % is introduced

so that the ground state eigenvalue of the big spin Hamiltonian J? is zero like the

operators that act on the big spin and &(Zi) = ‘e(i)> <e(i) acts on the

photon field with the vacuum energy neglected.

In a restriction of % subspace, operators J* can be written as

g X n\ |N N\ /N N
i D(1-=)|= A 2.3.11
VN ;)\/(“)( N)’z’”+ 2><2’” 2‘ (2:3.11)
- X —1\|N N\ /N N

n=0

A

and operator J? is

N

. N_

A (M 2.3.1
2,n 5 2,n 5 (2.3.13)

N N><N N

The similarities of the N-spin system with the field mode can be understood by

considering a N — oo limit. We can consider an embedding of this N-spin system
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in the Hilbert space of the coherent state by a linear mapping f where these
operators can be transformed from a Dicke state ,n — %> into the Fock state
|n) . Ina N — oo limit of f\/—NfT and f (JZ 7) f1 operators (2.3.11-2.3.13)

then become

Jim f fT Z Vin+1)|n+1) (2.3.14)
Nligloof—ff ,/ (n—1)|n+1) (2.3.15)
Jim £ <jz + 2) fl= ngon\/ﬁ\n +1) (n]. (2.3.16)

These are respectively the harmonic oscillator creation (a'), annihilation (a) and
number (af@) operators. It is clear that our qubit-big spin Hamiltonian (2.3.15)
reduces to the Jaynes-Cummings Hamiltonian and our operators (2.3.11-2.3.13)
transform into the harmonic oscillator operators.

In a bosonic limit, the corresponding big spin operators given by Equation (2.3.14)
to Equation (2.3.16) obey the bosonic commutation relation [a,a!] = 1 and
<[€L,€LT]> = 1. However, when N is finite these conditions are not fulfilled by

the operators because in this case we have

JoJy 2 ( . N)
— = =1——= .+ = ]. 2.3.17
l\/N \/N] N 2 ( )
To satisfy the following conditions,
j gt
—,—=| =1 2.3.18
] 2315)

and

- 7+

< J,JD ~1; (2.3.19)
N’ VN

_|_

%) term. Since

<C ‘ <jz - Z) ‘ C>N = % (2.3.20)



a condition where |(|?> < N is required so that the term is negligible and the cor-
respondence between the qubit-big spin model and the Jaynes-Cummings model
holds.

We introduce an operator M; y that represents the total number of excitation

in the system which is given as

Myy=J+6"6". (2.3.21)

The subscript “1,N” is to differentiate the term with the one-qubit Jaynes Cum-
ming model and later for the two qubits case that will be considered in Chapter
4 and the subsequent chapters. The commutation relation between this operator

and Hamiltonian (2.3.15) is calculated as

[Hyn, My N] = [Hin,J?] + [HiN, 6767 ] (2.3.22)
_ 7z N Tz 79 Az Tz hA T— st 7z hA T+ ~— 7z
hw[J +2,J:|+ 2 [ 7J]+ /*N[JU 7J]+\/N[J ’ }

., N hQ hA | &

I R N B —at At
+7Lw|:J 5070 2[0,00]+\/N[Ja,aa}

hA ’\_;'_A_ A_j’_A_

Since an operator always commutes with itself, we can further simplify Equation
(2.3.23) into

{I:ILN, MI,N:| = (6* Jt 0|+ J et ete T + St [6m,6167]

VN

j—,jz} pe

and from commutation relation given by Equation (1.1.20), we expand Equation
(2.3.24) then becomes

Therefore, we have
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HLN,JZ + 676~

= [H MLN} =0. (2.3.27)

which means the excitation number commutes with the Hamiltonian (2.2.14) and

the number of excitations in the system is conserved.

2.3.2 Eigenvalues and Eigenvectors of Hamiltonian

Similar to the Jaynes-Cummings model discussed in the previous section, we can
find the exact solutions to the dynamics of this one-qubit big spin model. We can
achieve this by finding the eigenstates and eigenvalues of the Hamiltonian. We

first solve the similar eigenvalue equation to that given by Equation (2.2.22)

Hiy[6)y =E )y (2.3.28)

where the general decomposition of an eigenstate solution to this equation is given
by

N
W1y =D aenle,n)y + agnlg,n)y - (2.3.29)

n=0

The initial state for the prepared wavefunction at time ¢ = 0 has the form of

(W1(0))y = [6(0)) v [#1(0)) - (2.3.30)

It is assumed that this initial state is a general product state of the big spin and
the qubit. We can then decompose it into the eigenstates that will lead us to the
general time dependence (from the eigenvalues) for the initial state.

Now we can solve Equation (2.3.28) by operating the Hamitonian given by
Equation (2.3.15) on the general form for an eigenstate Equation (2.3.29). We

then obtain

N

N h<)

HLN |\II1>N = Z {thn(a’eyn ‘e’n>N tagn ’g’n>N) + 7(a6,n |€’n>N
n=0

—agnlg,n) N ) + m(ae,n\/(n +1) (1 - ;) lgn+1), (2331

-1
+ agn n(l—nN> \e,n—l)N)}
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Because of conservation of excitation number, we can decompose the system into
mq N different decoupled sectors, where my y is the number of different values
that the eigenvalue of M; y can take for this system. We change all the basis so
that they are in the form of |e,n),y and |g,n + 1),, and then we rearrange the

equation so that

N-1

. hQ

Hyn|¥1) N = E [(thnaem + 5 Gen + h)\ag,nﬂ\/(n +1) (1 — ;)) le,n) y
n=0

—+

N

hQ)
hwn (n+ 1)agni1 — 5 g1+ h)\aan\/(n +1) (1 - ;))

Q Q
9o+ 1) |+ BN + F)ac fe, M)y B agolg: Oy
(2.3.32)
which may also be written in a matrix form of
N hwyn + m\/(n +1) (1 — ]@)
Hin [Ty =) 1P1)y -
n=0 m\/(n+ 1) (1 - ;@) hon (n+ 1) — 1
(2.3.33)

This matrix is for each of the m y sectors and these amplitudes will form doublets
of states except for the |g,0) and |e, N). The energies for these uncoupled states
are respectively given by Eg o = —h% and E. vy = h(wnyN + %) This matrix is

then diagonalised and this gives us the following eigenvalues

h
Ey , =hwyn =+ 5/%(5) (2.3.34)

where

11 (6) = \/52 +4X2 (n+1) (1 - ;) (2.3.35)

and § =  — wy is the detuning between the frequencies. The corresponding
eigenvectors are then given by
0+ pun(6)) e, + wn(d)|g,m+1
V2(11n(8)2 £ 51 (9))

and often referred to as dressed states. These eigenvectors can also be written in

the form of
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|[+,n) v = cos oy |e,n) y +siney [g,n+1) 5 (2.3.37)

|—,n)y = —singy, |e,n) y +cosop |g,n+ 1) 5 (2.3.38)
where
_ fin(6) + 6
COS ¢y, = NoNROERTNG (2.3.39)
1 [pa(8) + 612
-5 {un(é) ] (2.3.40)
. - Un(é) -9
sin ¢y, = 0= 0) (2.3.41)
L1 [a(8) — 8112
_ ﬁ{ L } (2.3.42)

2.3.3 Exact Solution

To observe the interacting system of one-qubit big spin, we need to solve the

time-dependent Schrodinger equation similar to Equation (2.2.31).

Uy (1)) = e HLN/R g (0)) ) (2.3.43)

We first transform the basis vectors |e,n) y and |g,n + 1) 5, into the trigonometric

form of

le,n) y = cos ¢y |+, n) y —singy, |[—, 1)y (2.3.44)
lg,n + 1)y =singy, [+,n) 5 + cos oy |—, 1)y - (2.3.45)

We may then rewrite the wavefunction at time ¢t = 0 as given by Equation (2.3.30)

in terms of the eigenvectors as
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(W1(0) y = 19(0)) v [¥1(0)) y = Z Cn|n)y (Cele) + Cqlg)) (2.3.46)

N-1
= Z |:CeCn<COS(Z5n H‘,n>N — sin ¢y, ‘—,TL)N)

2.3.47
C’C+1(sinq§nl+,n)N+cosq§n—,n)N)] ( )
C N\e N> +CgC()]g,O>N
N—
= Z KC@Cn cos ¢y, + CyChp 41 sin qbn) |+, n)
n=0
(2.3.48)

+ (CgCn+1 cos ¢, — C.Cl, sin d)n) |—, n)N}
+ CeCN |€7 N>N + CgCO |g’O>N

with the normalised initial states, "1 |C,|* = 1 and |C.|* + |C'g|2 = 1. This is
based on the decomposition of the initial state into a superposition of eigenstates
across all the different m n sectors. The known time evolution of each eigenstate
can then be used to find the full state at a later time. By doing this, we do not
need to apply numerical integration of the time evolution, which may cause errors.

We can then calculate |¥;(t)), as

1 (1)) = e NP 0 (0)) (2.3.49)
= Z [ —iwn (nt3 < —itun(9)/2 (CeChpcos oy + CyCrirsingy) |[+,n) y

+ eitHn(9)/2 (CyCr1 cos ¢, — CeCy, sin ¢y, ) |— ) N

+ O One MeNNTE) [0 NY | 4 CyCoe'®S |g,0)
(2.3.50)

We once again transform the basis so that they are in the bare basis terms of

le,n)y and |g,n + 1) 5
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N—
|0 (¢) Z { —iwn (nt3 <(cos e~ O/2 (0, C,y cos ¢y + CyCrr Sitt )
— sin ¢ e/ (€ Chyiq cos ¢y — CeCyy sin ) ) le,n)
+ (sin ¢ne_it“"(6)/2 (CeCy cos pp, + CyChyr sin ¢y,)

+ cos gpe'thn(9)/2 (CyCpny1CeCy, cos ¢y, sin ¢,) > lg,n+ 1)y )]

+ CeCNe_it(wNN+%) e, N)y + Ccheit% 19,0)
(2.3.51)

Finally, we further simplify this Equation (2.3.51) by rewriting the exponential

terms as e" = cosz + i sinx and obtain the following expression

0, (1) Nz_: [ i (ntg ((cecn cos (;un(5)> +isin (;Mn(a))

(C’eC’n(sin2 b — o8> b)) — 2C;Ch41 €OS ¢y sin gbn)) le,n)

+ (CgCn+1 cos (;un@)) + isin (;un(5)>
(CyChri1(cos?® ¢y, — sin ¢y,) — 2C.Cy, cos ¢y, sin ¢n¢n)) lg,n+ 1)y )]

b COye NN | Ny + Cgcoeit% 19,0)
(2.3.52)

In this chapter, we will apply a similar condition as the case for the Jaynes-
Cummings model in Section 2.2.4, where we let the qubit and the big spin to
interact at the same frequency, so on resonance.. This means that there are
no detunings in the system. The case where there is a non-zero detuning will
be considered in the next chapter. As we let the frequency of the qubit €2 and

frequency of the big spin wy to be at resonance, therefore § = 0 and we have

n

i (0) = 2>\\/ (n+1) (1 - N) (2.3.53)

and cos ¢, = sin ¢, = % The wavefunction |W¥;(t)) is then simplified into
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N-1

Ta(E)y = X e

n=0

((CeCn cos </\t\/(n +1)(1— ;)) — iCyChyq sin ()\t\/(n +1)(1— ;))) le,n)
+ (CgCn+1 cos <)\t\/(n +1)(1— ]7\17)) —1C.Cy, sin (/\t\/(n +1)(1— ]T\lf))) lg,n + 1)N)]

+ CGCNefit(UJNN‘F%) le, N)y + CgCOe*it(WN*%) 19,0)

(2.3.54)

In the solution given by Equation (2.3.54) only operators that carry the time
dependence terms which is coming from the interaction part of the Hamiltonian,

H; = %(ﬁ'&‘ +J76%). We can include the time dependence of the states by

defining the vectors in the interaction picture as

1 (1)) = e Mot/ g()) (2:3.55)

I:Ig’ ~ consists of the big spin and the qubit parts of the Hamiltonian, which is
given by Ho y = hwy (jz + ];[) + @62. Therefore, for state vectors |e,n), and

lg,n + 1), the time dependent terms are defined as

e~ iHont/h )t le,n)y (2.3.56)

) lg,n+ 1)y - (2.3.57)

NG

e,y = e

6—2'1?07 ~Nt/h

N

—IWwN (n+

|gvn+1>N =e

With these, we can make the following transformations

e ) — |e) (2.3.58)
2 g) — |g) (2.3.59)
e N InY 5 |n) (2.3.60)

and obtain the solution of time-dependent Schrédinger equation with § = 0 that

is now given by
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N—

H

|Wy(t)

n=0

K(CeCn cos ()\t\/(n +1)(1 - ;)) — iCyCht1 sin <)\t\/ (n+1)(
+ (CgCn+1 cos <)\t\/(n +1)(1 - ]7\17)) — iC.Cy, sin (/\t\/ n+1)(

=) tems
)]

(2.3.61)

2\3 2\3

2.3.4 Collapse and Revival at Zero Detuning

In Section 2.2.4, we have seen an event called the collapse and revival of qubit
state probability in one-qubit Jaynes-Cummings model. It is an event in which the
oscillations of the qubit state collapse for a period of time and then revive at the
revival time ¢,. In another study, S. Dooley et al. [29, 63] have also demonstrated
similar occurrence in the one-qubit big spin system. With a scaled spin coherent
state ‘\/LN>N’ they showed the correspondence of such events in both one-qubit
big spin and the Jaynes-Cummings interacting systems.

Given that we start off with a single qubit interacting with a spin coherent
state ‘ﬁ%\;’ the initial state for such an interacting system that was given by

Equation(2.3.30) becomes

> (Cule) + Cyl9)) (2.3.62)

|10 N_ZC

where C,, is the coefficient for the big spin that has the form of

— > 1 N! ¢ \"
_7; (1 + %)N/z (N —n)'n! (m) ’ (2.3.63)

n = |¢|* is the average excitation number in the spin coherent state and |n) are

the energy eigenstates. We may then factor and write the solution as

Wi(t)n = le(®))n l€) + [1g (1)) 19) (2.3.64)

where |W.(t)) and [¥4(t)) are the big spin components of |¥1(t)) given by
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N
et = 3 Cucos (Mt tn+ D1 - 7)) ) (2.3.65)

n=0

g () = —z‘i‘acn sin ()\t\/(n +1)(1- Xf))) n+1). (2.3.66)

Therefore the probabilities of the qubit being in the excited or ground state are

N 2\ " m
Palt) = (el pa(t) e} = —1 !2)N > _ﬂmm (ﬁv) sin? () (n+ 1)1 - 1)t)

1+ 5
(2.3.67)
R N! N 1 ¢2 " n
Py(t) = (gl pq(t) lg) = TENGEr nZ::o & il <N> cos’ (A\/(n +1)(1- N)t> :
(2.3.68)

The atomic inversion or the expectation value for the qubit (67%(t)) can also

be calculated as

W (t) = (e(t)|¢e(t)) n — (g (D)1g(1)) 5 (2.3.69)

_ N a 1 \" -
_ (1+'<N'2)anzo e <N> cos<2)\t\/(n+1)(1 N)). (2.3.70)

where py(t) is the reduced density matrix of the qubit system given by Equation
(2.2.55).

To observe interesting properties of this interacting model, we plot Figure

2.3.1 which illustrates the time evolutions of the system for the case of big spin
and the qubit are on resonance so that § = 0. For numerical purposes, we let
the qubit start with a ground state |g) so that C, = 0 and Cy = 1, N = 120
and |¢|? = 16. We plot the probability of the qubit being in the ground state |g)
as a blue curve in Figure 2.3.1. From the plot, we can observe a similar event
of collapse and revival in the qubit state oscillations. The dynamics of the state
collapse and disappear completely for a period of time and then reappear at the
revival time ¢,. Similar as for the case of the standard Jaynes-Cummings model,
such disappearance is due to the destructive interference of the individual qubit in
the big spin which later revives as the phase of oscillating terms start to interfere

constructively.
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The time where the qubit expectation value revives can be estimated by using
the maximum values of which the excitation number probability distribution are
in phase. It is periodic with 27 intervals and occurs repeatedly. Given that k is a
positive integer, the kth revival time for the one-qubit big spin model can the be

calculated by

2rk = tr (Wﬁ_l,_l — Wﬁ) (2371)
=t (2/\\/(ﬁ+1) (1—}3) — 2\ ﬁ(1— ﬁ;ﬁ)) (2.3.72)
t, = 2mk (2.3.73)

(QA\/(T‘H—I) (1-2) -2\ ﬁ(l—"];l))

With binomial expansions and given that . = |[¢|?, then for the case of k = 1, the

revival time of the system is approximated as

N2
27\ | NHIeP
(2.3.74)

1— sl N+l el N(CPE-D+HCR(N-1) °
2(NF[C?)  NICP T AN (N-+[¢[2)?

by =

To simplify this equation but without neglecting the correspondence between
this one-qubit big spin model and one-qubit Jaynes Cumming model, we have
to observe the mean value condition of |[¢|? < N. With this we may make an
estimation and further simplify the revival time ¢,. With the fact that 1 <«
n < N, which implies very small values of %, we can therefore make appropriate

approximations that give us the kth revival time as

o2k = t, (2)\ (n+1) (1 - ;) —22/n <1 - ;)) (2.3.75)
= t, (2)\\/7:1 + Aﬁ — 2A\/ﬁ) (1 — ﬁ) (2.3.76)

\/> N
27
k\/ﬁ

apYiey (2.3.77)

(2.3.78)

where kK =1,2...
Therefore, in a parameter regime that satisfies 1 < 7 < N, k=1 and n = |C|?

the equation for revival time ¢, is simplified into

70



g _2mVA_ 2m (2.3.79)

M-8 a0 )

This simplified revival time ¢, agrees with the results presented by S. Dooley

[63]. Calculations also show that the numerical values for this equation are con-
sistent with the revival time given by the first approximation (Equation (2.3.74)).
Therefore, for the rest of this thesis, we will be referring to Equation (2.3.79)

when mentioning the revival time ¢, for the one-qubit big spin model.

2.3.5 Omne-Qubit Attractor States

In Section 2.2.5, we have shown that in a one-qubit Jaynes-Cummings model with
|a|? > 1, at a particular time %, the qubit disentangles itself from the system and
evolves into an a special state called the ‘attractor state’ ’¢fatt>. In their study,
S. Dooley et al. [29] have also shown that we can as well observe the similar event
in a one-qubit big spin model. They have also proposed a method of creating
spin cat states when the 1 < |(|> < N condition is observed. In this parameter
regime, we can rewrite the final solution to the one-qubit big spin system given
by Equation (2.3.61) in the exponential form and then we collect the terms with
the same frequency so that we have an equation with states |e,n)y and |g,n)y

basis.

Wy (1)) y = f: [C;"((eA (nt)(1- %) (Ce B Cgcgﬂ) e )

n=0 n

1 eM/n(1-2) (C’g B C@Cg_1> !g,n)N)

+ (VOO (00 0, S o

n

4 e-iM/n(1-5) <(Jg + Ce Cnl) l9:7)w >)]

Cr

(2.3.80)

Due to the form of C),, for the terms n in the summation which give significant
contribution we use the facts that (n — n) is very small as compared to n and

n < N, to make the following approximations on the big spin’s coefficients
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Cn+1__\/ﬁ N —n
Ch i n+1 |
_\/Cﬁm'<1_n—n>1/2(l+n n—|—1> 1/2
v N-n n
N'fﬁ\/m'<1 n-m_ ><1 n—m+1
L ova 2(N —n) 2n
C( <l >( 1 1 1 )
Nl —=+.. (1= - ——+..
[q 2V N 2N|[¢] 2N|¢]*? 2N
¢ —i¢
~ — =€
[q

and similarly

O Il _ o
Ch ¢ .

Therefore we can write an approximation to the state |Wy(¢)), given by Equa-
tion (2.3.80) as ’\Ifl(t)>N which has the form of

n <€—7j)\ (n+1)(1-%) (Ce — eid)Cg) le,n)

¥ (c, - ioc) \ga”>Nm

+e)

(2.3.81)

(2.3.82)

(2.3.83)
(2.3.84)

(2.3.85)

(2.3.86)

(2.3.87)

To separate the qubit and the big spin parts we again use the binomial theorem

to expand the square root, and we use the facts that, for significantly contributing

terms in the summation, (n — n) is very small as compared to n and n < N to

make the following approximations




where [ is a parameter that takes on the value of 0 or 1.
We insert this approximation into Equation (2.3.87) and obtain

B N (1= 3 )t in(1-%)t , aa(1-%)t '
\Ill(t)>N = Z [C; (e\r(2)e 2V (e 2V (Ce — e’¢Cg) le)

+(Cy—eC.) lg) )) ]n>N].
(2.3.91)

From this, we can now separate the qubit and the big spin terms as

B 1/ N awva(i-2)e ixn(1-F )t in(1- &)t
= — n — 7‘¢ n — 7‘¢
‘Ifl(t)>N =3 (nzoe 2 e 2vn \n>N> (C’e e Cg) <e 2/ le) —e \g))
N —ixva(1— 2 )t 77,)\71(17& t ) —iX lfi)t
(TR ) (- te) (R 1 - el )
n=0
(2.3.92)

_ 1 i)\\/ﬁ(lfi)t Mn(l—%)t ix 1—%)t
o) b ) (e (S o)
N
1 —iawa(1-F)e | —n 1-4)e ¢ y —in(1-§)e y
A € o (P ey
N
(2.3.93)

which consists of two distinct parts; the big spin and the qubit parts. We can

write the equation in a simplified form of

(2.3.94)

Ta(0) =0 [ Qur) [ Brs) Fog Qo) |2os)

Qi;> is a state of the qubit and }CI):I:1>N
2 2

is

where 7, 1 is a normalisation factor,
2
a state of the big spin. Note that ¢, is the revival time given by Equation (2.3.74).
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Ny (t) = i\%eﬂ“i(ﬁ“) (e“C. ¥ Cy) (2.3.95)
\Qi% (t)> = \}5 (e‘“S le) F & |g>) (2.3.96)
41 (1)), =

N

VN

This solution clearly shows that the wavefunction is separated by the big spin

e S > . (2.3.97)
N

and the qubit parts. It can also be noticed that there are two different spin
coherent states that are out of phase by 2mt/t, = At(1— ). As it was also shown
by S. Dooley [29] that in the 1 < |[¢|* < N regime, at & the qubit evolves to an
attractor state. Equation (2.3.95) to Equation (2.3.97) therefore become

Mt (’;) = i\jieﬂ””ﬂ (eC. ¥ ) (2.3.98)
Qi (7;)> - \}5 (7 le) +ilg)) (2.3.99)

‘(I)ié (2)>N = ’j:i\/CN>N. (2.3.100)

It can be seen that at half of the revival time %T, the qubit and the big spin are
disentangled. At this time too, we have qubit states ’QJF% (%)> = ‘Q7% (%)>

The qubit approaches an attractor state that has a form of

‘¢Iatt>N = \}i (‘fid) le) 4 ’9>) . (2.3.101)

Similar to the attractor state in the Jaynes-Cummings model, this state is inde-
pendent of the qubit’s initial conditions, but depends on the initial phase of the
spin coherent state ¢. This can be seen from Equation (2.3.99), where there is
no factor of coefficients C, and Cj. To show the dynamics of the attractor state,
we calculate the probability of the qubit for being in the state ‘wfatt>N by using
Equation (2.2.69). We then plot a curve for this quantity as an orange line in
Figure 2.3.1. From the figure, it is clear that at the attractor time %’“, the prob-
ability approaches very close to unity. At this particular time too, the qubit and

the big spin are in a product state, therefore the wavefunction at % is given as

o)

_i\/CN>N>' (2.3.102)

+
G (b ‘wlv“tt> - imi /2 (i
Wy <2>>N = NG N (ze /2(6 °C, — 9)

- ie—iﬂﬁ/Q (ei(bce + Cg)
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The big spin is now in a superposition of two adjacent states (opposite phase)
‘ﬁ%v and ’_TCN>N called the spin cat state that contains all the information
about the qubit’s initial state.

As we let the system continue to evolve, we can later see the the evolution in
the big spin’s system. At time ¢, state ‘fb +1 (t)>Nev01ves into an identical state
where ’<I>+%(tr)>N = “P,%(tr)> = ‘—ﬁ%\]. The overall system is once again a
product state and the big spin can be factorised out of the wavefunction. At this
time, all the information about the initial qubit state is transferred from the big
spin back to the qubit.

Similar disentanglement as at time %’ is also observed at the second attractor
time % The big spin and the qubit components are once again factorised, at
which the qubit is again a pure state. It evolves to an orthogonal attractor state,
‘wi att>. This makes the probability P; . (t) curve depicted by orange line in
Figure 2.2.2 approaches very close to zero.

The interaction then continues with the big spin evolving into state ‘ﬁ%\[
at 2t,.. The overall system then repeatedly evolves from an entangled state to a
product state and then back again into an entangled state where the information
in the qubit is transferred into the big spin and again back into the qubit. This is
a similar phenomenon to the case of the Jaynes-Cummings model, that is defined
by Gea-Banacloche as a natural route to quantum state preparation [22] and can

be clearly seen by monitoring the entropy of the system.

2.3.6 Linear entropy

To understand the dynamics of the entanglement in the system, we observe the
linear entropy of the qubit throughout its interaction with big spin. We use a
similar linear entropy formula as Equation (2.2.71), but this time the big spin is
traced over to give the reduced density matrix of the qubit p(¢). The dynamics
of this quantity are shown in the illustrated red curve in Figure 2.3.1.

From the analytical calculations made in Section 2.3.5, we know that at the
attractor times %’“ and % the entropy S’qL (t) is zero to indicate that the qubit
and the big spin form a product state. The qubit is an attractor state which is a
pure state and disentangled form the big spin. This is supported by our numerical
outputs where the red line in Figure 2.3.1 approaches very close to zero, thus there
are dips in this quantity at these times. This confirms the system is indeed in
a good approximation to a product state where there is very little entanglement

between the qubit and big spin.
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Figure 2.3.1: Time evolution for a system with one-qubit big spin model with the
qubit starts in an initial state |g), N = 120 and |[¢|? = 16. (a) red line is for the
entropy of the qubit. (b) blue line is for the probability of being in the qubit’s
initial state |g). (c) orange line is for the probability of the qubit being in the

attractor state ‘wiatt>N'

Another dip in the entropy curve can also be seen at the revival time t,.
This is where the qubit and the big spin are expected to disentangle once again.
However, a shallower dip is observed which seems to suggest the presence of
large entanglement in the system while the analytical prediction states otherwise.
Similar explanation with the case of Jaynes-Cummings model can be made where
this happens as an effect of the narrow time scale on the width of this dip. With a
greater value of N — oo in the numerical calculation, the entropy at this time gets
closer to zero and agrees with the analytical predictions. These observations on
the properties of the linear entropy are similar to the analogous Jaynes-Cummings

model.
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2.4 Summary

We have investigated the dynamics and time evolutions of a single qubit inter-
acting with a collection of N spins, called the big spin. We also have shown the
correspondence of this interacting system with the one-qubit Jaynes-Cummings
model. We started by reproducing the results of prior works by C. Jarvis et al.
[64] to develop in depth understanding on a single qubit interacting model and
later we used similar calculation methods to reproduce the results produced by a
one-qubit big spin model studied by S. Dooley [63, 29].

We calculated and demonstrated many interesting phenomena resulting from
such interactions. Quantities like the oscillations of qubits probabilities, the one-
qubit attractor state with the attractor time, the linear entropy of the qubit
subsystem, were plotted to visualise their interesting dynamics and properties.

A direct comparison can be made with similar quantities that are produced by
the Jaynes-Cummings model. We see that all above-mentioned quantities behave
in similar ways for both systems, and thus we can conclude the correspondence of
our one-qubit big spin and Jaynes-Cummings models. Next, we will extend our
research to understanding the dynamics of these systems including the effects of
decoherence. Given the already observed correspondences, we can thus study both
models side by side to further investigate their similarities and differences with
errors in the frequencies, which will be considered in the next chapter. Subsequent
chapters will then employ the formalism established here to consider two-qubit

systems.
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Chapter 3

Single Qubit Interaction
Models With Non-Zero

Frequencies Detuning

3.1 Introduction

In the previous chapter, we have considered the one-qubit Jaynes-Cummings
model as well as the one-qubit big spin model with a resonant condition for the
two frequencies in the Hamiltonian. In other words, we let the systems evolve
with a zero detuning in the frequencies of the qubit Q and the field w (or big
spin wy), and we analysed the time evolutions for both interacting systems. In
this chapter, we will investigate and discuss the influences of a non-zero detuning
between the frequencies on both systems.

In these set ups, we are dealing with a condition where there is difference in the
energy levels, as depicted in Figure 2.2.1. This difference is due to a mismatch
between the energy level separation in the qubit system and the energy of a
photon in the field mode. As this difference in energy increases, fewer emitting
and absorbing events take place. A study on the effects of non-zero detuning
in the one-qubit Jaynes-Cumming model has been conducted by C.Jarvis in her
thesis [64]. She demonstrated the changes in the time evolutions of this interacting
system when there is an exact value of detuning as a result of 6 = Q — w. In this
set up, the evolution was still Hamiltonian and reversible, but simply off-resonant.
In the first part of this study, we will apply similar frequency detunings to the

one-qubit big spin model where we are interested to investigate and observe the
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off-resonant attributes in the time evolution of the one-qubit big spin system.
We will then further extend our research by considering both one-qubit Jaynes-
Cummings as well as one-qubit big spin interaction systems with error effects.
In this case, we will consider the condition of which the desired system is an
interaction with § = 0, but subject to a distribution of errors. In other words,
we will deal with errors from the ideal case of zero detuning, and therefore the
distribution is chosen to peak at zero. Such considerations are because in a real
system, there are always the potential for decoherence, i.e. the transformation of
a quantum-mechanical superposition state into a classical statistical mixture over
time. It is a condition where there is an irreversible increase in the mixture of
an ensemble of quantum systems with time. This could be due to a distribution
of detunings, as we are considering here, or to interaction with some other form
of environment or noise [23]. Therefore, to understand the realistic case of both
forms of interacting system, it is important to study the behaviour of these models

under the decoherence effects.

3.2 Jaynes-Cummings Model with Non-Zero Detun-
ing

As shown in Section 2.2.3, by letting €2 # w we can find the solution for the one-
qubit Jaynes-Cummings Hamiltonian which is in the form of Equation (2.2.41).
In an interaction picture, we can apply the state transformations as given by

Equations (2.2.46) to (2.2.48) and simplify the solution into

o0

() => ((Cecn cos (t\/62 +4X% (n + 1)/2) + isin (t\/52 +4X2 (n + 1)/2)

n=0

(C’eCn (sin2 0,, — cos> Hn) —2C,Cp1 cos by sin 9n> ) le,n)

4+ (G, cos (t\/(52 2 (01 1)/2) +isin (t\/(52 2 (n 1)/2)
(CgCnH (COSQ 0,, — sin® Hn) - 2C.C,, cos B, sin 9n> ) lg,n + 1) )

+ C'gCoei‘w2 lg,0)
(3.2.1)

where § = ) — w, besides cosf, and sin#, are respectively given by Equa-
tions (2.2.31) and (2.2.32). In a system with a coherent state of the field, C,
is then given by Equation (2.2.52). We will use Equation (3.2.1) to calculate and
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show the dynamics of one-qubit Jaynes-Cummings model with an exact value of
detuning in Section 3.2.1, and later we will consider the system with a distribution

of detunings, leading to errors and decoherence, in Section 3.2.2 .

3.2.1 Finite Frequencies Detuning

As mentioned in the introduction, C. Jarvis has made a further analysis on the
one-qubit Jaynes-Cummings model by studying the effects of non-zero detunings
to the behaviour of such system with an exact value of § [64]. She presented the
changes in the system caused by non-zero detunings and the studies concluded
that, as the value of § increases the qubit state probabilities, together with a delay
in the revival time.

To exhibit the results, we plot Figure 3.2.1 for several value of §. Note that we
define our time in the units of revival time t¢,.. Therefore, there is a corresponding
conversion for the units of the angular frequency (and so d) to units of ¢, 1. In
this figure, we plot several curves of which each of them represents the probability
of the qubit being in the ground state P, (t) = (g|pq(t)|g) for different values of é.
From the graph, we can see it is evident that the qubit state probability increases
to follow the increment in the § value. As compared to the one-qubit Jaynes-
Cummings system with § = 0 depicted as the red line in Figure 3.2.1, where the
probability is always averaged at approximately Py(t) = 0.5, it can be seen that
the probability is shifted to a higher value for each different cases of § > 0.

Besides the changes in the qubit state probability P,(t), we can see that there
is also adjustment in the revival time of this system with respect to the increasing
detuning. From the plot, we can observe that the respected revival time for each
value of detuning ¢, 5, has become longer with the increment of §. The revival

time for each § can be estimated by

21 =t 5(Wnt1 — wn) (3.2.2)
. <\/52 F ) — V2T 4)\271) (3.2.3)
tr,& 2n (324)

T /T AN+ 1) — Vo2 + 4N
As an example, for the case of 0 = 10 the revival time is approximately at ¢, 19 ~

1.30, but the revival time is longer for § = 25 which occurs approximately at

tr725 ~ 2.29.
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Figure 3.2.1: The probability of the qubit being in the state |g) for a one-qubit
Jaynes-Cumming model with four different values of §. The initial qubit state is
|g) with n = 36 and 6 = 0. The red curve is for § = 0, orange 6 = 5, blue 6 = 10
and grey 6 = 25.

0.6

{V\

0.4

0.2

t/tr

Figure 3.2.2: Time evolution of a one-qubit Jaynes-Cummings model when the
qubit started in the initial state |g) with n = 36, § = 0 and 6 = 5. The red curve
is for the linear entropy Sé:(t) of the reduced density matrix, blue curve is for the
probability of the qubit being in state |g) and orange is for the probability of the
qubit being in attractor state ‘wf att>.
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Not only it changes the qubit probability and revival time, the increment in
6 also influences the entanglement of the qubit and the field subsystems. To
illustrate this fact, we plot the a curve in Figure 3.2.2 to show the linear entropy
SE(t) = 1 — Tr(pg(t)?) of the qubit subsystem of one-qubit Jaynes-Cummings
model with a specific value of error 6 = 5. We plot together the probability of
the qubit being in the ground state Py(t), as well as the probability of the qubit
being in the one-qubit attractor state P{fatt(t) = <¢iattlﬁq(t)\¢fatt>. A similar
overall pattern of time evolutions can be seen in this figure as compared to the
case of § = 0 shown in Figure 2.2.2. However, besides some delay in the revival
time by approximately 0.1, changes can also be noticed in the linear entropy SqL (t)
as well as the attractor state probability Pf}r at(t) lines. We can see that at half

of the revival time, t’f, the linear entropy curve does not approach very close

to zero, while the probability of the qubit being in the one-qubit attractor state
has slightly reduced, although still quite close to unity. These show that the
detuning introduced has made the disentanglement between the qubit and the
field subsystems harder, and therefore increases the mixture in the qubit state at
that particular time.

These observations clearly demonstrate that a non-zero detuning has some sig-
nificant effects on the time evolutions of one-qubit Jaynes-Cummings interacting
model. Therefore, if the desired system evolution is the behaviours that seen in a
system with zero detuning, having a finite non-zero detuning causes a deviation
from these desired behaviours, as shown in the time-dependence of the various

quantities described above.

3.2.2 Error Modelling: a Distribution of Errors

We have seen the effects of having a non-zero detuning in one-qubit Jaynes-
Cummings system. It is clear that changes in J have some influences in the
probability of the qubit state, the revival time, and the entanglement of the qubit
and the field (purity of the qubit state). In this section we discuss a Jaynes-
Cummings system with different treatments on the detuning in the frequency of
the qubit 2 and the coherent field w. This time we analyse the system with
realistic errors that usually occur in a practical system.

In an actual system, there will always errors that coming from unknown de-
tunings, which will lead to disturbance in the system. In this thesis, we will focus
on the case of a desired system with zero detuning, but with a potential errors

that subject to a Gaussian distribution. We will use this distribution to average

82



over the frequency differences § with a distribution of error width A.
With a Gaussian distribution that is centered at an expectation value zero

6 = 0 and standard deviation A, the error can be written as

£(5]0,A) = ¢ 27 (3.2.5)

where § is the error sampled over a range of its standard deviation. To analyse

the system, in principle an integral should be done over all § such that

pu(8) = [ 5 (610.8) (8,5). (3.2.6)

This is to evaluate the density matrix of the qubit for all of the § values by
averaging the density matrix over the errors. However, as this is not possible
analytically, we use an approximation to this integral which involves a sufficiently
large number of §. This means, we consider a discrete approximation to this

ensemble of system which can be calculated in the form of

Zf@WA%@M 2
8;

25, 1 (0i]0, A)

K3

where 7 indicates the number of the discrete events. The spacing in § chosen is
such that there is only a small error between our approximation and the analytic
integral over all 0 given by Equation (3.2.6) and as this number i increases, the
function begins to resemble a distribution in the continuous regime as shown in
Figure 3.2.3. It can be seen in subfigure (d) that as we set ¢ = 31 the curve is
very close to the original distribution shown in subfigure (a). This indicates that
1 = 31 is a sufficiently good approximation to our Gaussian distribution and will
be used in our work. Note that we define the time of our system in the units of
revival time ¢,., so there is a corresponding conversion for the units of the angular
frequency. Therefore, § and A in this thesis are defined in units of ¢,

We use Equation (3.2.7) and the error distribution properties to calculate the
qubit’s reduced density matrix over a distribution of § values and then we evaluate
the probability of the qubit being in ground state P,(t), the linear entropies S(f (t)
and the probabilities of the qubits being in the attractor state Pf 2t (). We plot
the time evolutions of this case of one-qubit Jaynes-Cummings model for a several

values of error distribution width A and the results are presented as Figure 3.2.4.
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Figure 3.2.3: Plots of Gaussian distribution with various values of discrete estima-
tions, 7. The distribution given by Equation (3.2.5) is centered at an expectation

value zero 6 = 0 and standard deviation A = 0.3
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Figure 3.2.4: Plots comparing qubit linear entropies (red), probability of the
qubit being in state |g) (blue) and the probability of the qubit being in attractor
state ‘wfatt> (orange) for one-qubit Jaynes-Cummings model of initial qubit state
lg), n = 36 and the initial phase of the radiation field # = 0 with decoherence
effects. Figure (a) shows the differences in the system with A = 0.3, (b) shows
the differences in the system with A = 0.5 and (c) shows the differences in the

system with A = 0.7.
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We choose A = 0.3, A = 0.5 and A = 0.7 as comparisons to the case of one-qubit
Jaynes-Cummings model with zero detuning value shown in Figure 2.2.2.

Unlike the results from Section 3.2.1 where the probabilities of the qubit be-
ing in state |g) are shifted to larger values with the increment in the frequency
detunings, we can see the probabilities in this case remain averaged at around
Py(t) = 0.5 even with changes in the error values. At the attractor time % no
changes are observed in all quantities suggesting that no changes in the purity
of the qubit subsystem and the one-qubit attractor state can still be observed at
this particular time.

Perhaps the most obvious distinctions to the one-qubit Jaynes-Cummings
model with zero detuning value can be noticed at the revival time ¢,.. Even
though the changes are small, we may see that as we increase the error width A,
the amplitude in the qubit state probabilities at this particular time have become
smaller for both Py(t) and Pf 411 (). Therefore, we can conclude that a single non-
zero value of detuning shifts the revival (so changes the revival time) but with
a distribution of detunings to model realistic errors in the system, the revival is
suppressed. This is because of the different detunings in the ensemble distribution
are causing revival at different times. Qubit information is also affected at this
revival time ¢, in which a shallower dip in the entropy line is observed for a larger
value of error. This increment in the qubit entropy is due to additional entropy
from the decoherence as a result of the distribution of detunings over the ensem-
ble. This indicates that at this time the system is in a more mixed state, therefore
there is addition to the entropy resulting from entanglement of the qubit with the
field. This behaviour also suggests that the disentanglement between the qubit
and the field subsystems become harder with the presence of larger decoherence
effects.

To further investigate the effects of decoherence on the system, we extend our
analysis with larger values of error. We aim to determine the maximum value of
A that abolishes the revival of qubit’s state probability. We plot Figure 3.2.5 with
various values of A > 1 and from the figure, we can see that as the A increases,
the qubit state oscillations continue to revive with a lower amplitude, until with
A = 3.0, the revival diminishes completely. This shows that the errors have also
interrupted the constructive interferences and affected the qubit state revival in
the system. The death of oscillations can also be observed on the probability of
the one-qubit attractor state, as well as the linear entropy evolutions where both

quantities are flat, even at the revival time ¢, as shown in Figure 3.2.5(c).
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Figure 3.2.5: Plots comparing qubit linear entropies (red), probability of the
qubit being in state |g) (blue) and the probability of the qubit being in attractor
state ‘wfatt> (orange) for one-qubit Jaynes-Cummings model of initial qubit state
lg), n = 36 and the initial phase of the radiation field # = 0 with decoherence
effects. Figure (a) shows the differences in the system with A = 1.5, (b) shows
the differences in the system with A = 2.0 and (c) shows the differences in the
system with A = 3.0.
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3.3 Single Qubit and Big Spin Model with Non-Zero

Detuning

In the previous sections, we have seen the effects of having a finite non-zero
frequency detuning, as well as the effects of a distribution of errors in one-qubit
Jaynes-Cummings system. We will now extend our research to study the impacts
of applying similar treatments on one-qubit big spin interacting model. In the first
part of this section, we consider the case of a qubit of frequency €2 interacting with
the big spin of frequency wy where we will observe the changes in the dynamics
of this system when we have an exact value of non-zero detunings. We will
then proceed with investigation on the case of which we have an ideal system
but with a potential errors that subject to a Gaussian distribution as given by
Equation (3.2.5).

In Section 2.3.2, we have calculated the eigenvalues and eigenvectors for one-
qubit big spin system. We then obtained the solution for Hamiltonian (2.3.10) in
the form of Equation (2.3.52). Within interaction picture assumption, we can ap-
ply the state transformations as given by Equations (2.3.58) to Equation (2.3.60),

and Owe simplify the solution as

N-1
w0 = 3 (CuCueos (Gunla)) + isin ( Guald))
(C’eC'n(sin2 bn — cos? ¢) — 2C;Cy 41 €OS yp sin cbn)) le,n)
+ (CgCnH cos <;,un(A)) + isin (;un(A)>
(CgCn+1(COSQ b, — sin? ¢,,) — 2CC,, cos ¢y, sin qﬁngbn)) lg,n + I)N}

+ C.Cne M@NNTE) o N) 4+ CyCoe N =5) g 0) .
(3.3.1)

where 6 = Q — wy and in the units of i, tn(0) is given by Equation (2.3.35),
and cos ¢, as well as sin ¢,, are respectively given by Equation (2.3.40) and Equa-
tion (2.3.42). We will use Equation (3.3.1) to investigate and demonstrate the
changes that a detuning and an error can make in the time evolutions of this

interacting system.
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3.3.1 Finite Frequencies Detuning

From Equation (3.3.1), we plot Figure 3.3.1 to show the effects of four non-zero
detuning values § on the probability of the qubit being in the ground state Py(t) in
one-qubit big spin model. We compare these results with the similar case of one-
qubit Jaynes-Cummings model. A similar pattern of responds exhibited by both
models towards the increased detuning value. It is clear that with a larger non-zero
detuning, the qubit state probability increases from approximately Py(t) = 0.5 for
the case of the system with resonance frequencies as discussed in Section 2.3.4.
We can also observe that the system has a delayed revival time, as was observed
in the corresponding one-qubit Jaynes-Cummings case. We can estimate the

adjusted revival time as

21 =t s(Wpt1 — wn) (3.3.2)
3 n—1
- 240402+ 1) (1— ) — /82 + 4227 1—”) 3.
tms(\/5+ A2 (n+ )( N) \/6+ )\n( 7 (3.3.3)
tro 2m (3.3.4)

- \/52+4>\2(ﬁ+1)(1—}3,)—\/52+4)\2ﬁ(1—’3§1)

from which we may calculate the revival time values for each case of  shown
in Figure 3.3.1. For example, the new revival time for § = 10 is approximately

tr10 ~ 1.78 and for § = 25 the revival time is at ¢, 95 ~ 3.61.
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Figure 3.3.1: The probability of the qubit being in the state |g) for four different
values of 0. The initial qubit state is |g) with n = 16, N = 120 and ¢ = 0. The
red curve is for 6 = 0, orange § = 5, blue § = 10 and grey § = 25.

For a clearer picture on the overall effects of detuning to the one-qubit big spin
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system, we plot Figure 3.3.2 to show the changes in the system at detuning é = 5.
From the figure we can see that not only does the non-zero detuning affect the
average qubit state probability P,(t) and the revival time ¢,, but it also changes
the expected value of the attractor state Pf}r a1(t) and linear entropy SE(t) of the
qubit.

At the attractor time tT;’, there is an increase in the entropy value. The
quantity no longer approaches close to zero as it was observed in the system with
zero detuning value. At the same time, in contrast the probability of being in the
attractor state Pf 4t (t) reduces slightly from unity. Therefore, a conclusion on
the entanglement or purity of the system can be made where we can say that the
occurrence of detuning ¢ in this interacting model has prevented the qubit from
easily disentangling with the big spin, and either subsystem remains as a more
mixed state at this particular time. Again, these changes towards the increment
in the § value are similar to the effects shown in the one-qubit Jaynes-Cummings

model with non-zero detunings.
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e
Figure 3.3.2: Time evolution of one-qubit big spin system when the qubits are
started in the initial state |g) with n = 16, N = 120, ¢ = 0 and 6 = 5. The red
curve is for entropy of the reduced density matrix, blue is for the probability of
the qubit being in state |¢g) and orange is for the probability of the qubit being in
attractor state ‘wi’:att> .

N
3.3.2 Error Modelling: a Distribution of Detunings

In this section we consider one-qubit big spin interacting model with errors in
the detunings. Similar to our discussion in Section 3.2.2, we apply an analogous

method with the one-qubit Jaynes-Cumming model on this system, where we
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average over the detuning with a distribution of standard deviation A. To model
the a practical scenario where the desired detuning is zero but allowing for errors,
we consider a Gaussian distribution of detunings centred at expectation value zero
as defined by Equation (3.2.5). A discrete approximation of density matrix with
a sufficiently large number of § values and averaged over the distributed error as
given by Equation (3.2.7) is used to analyse the time evolutions of the erroneous
System.

We calculate the probability of the qubit being in the ground states Py(t),
the linear entropy SqL (t) and the probability of the qubit being in the one-qubit
attractor state Pf’r att(t). We plot Figure 3.2.4 to show the time evolutions of
this interaction system for several values of error distribution widths A, and the
results are presented as Figure 3.3.3. We choose A = 0.3, A = 0.5 and A = 0.7
to compare with the desired system of zero detuning as depicted in Figure 2.3.1.

From the plot, we can observe some changes in the time evolutions which
indicates the effects of decoherence on the system’s dynamics especially at the
revival time t,.. The probability of our qubit state remains averaged at approxi-
mately Py(t) = 0.5. However, we can see that as we increase the value of error
distribution width A, the amplitude of the revival at ¢, decreases. This is due to
the mixture over different revival times considered within the range of the error
distribution. The same pattern of amplitude reductions with respect to the in-
creasing error width is shown in the one-qubit attractor state probability Pir utt(0)
curve. At the revival time t,., we can see that the amplitude of the orange line
reduces significantly.

There are also changes in the linear entropy SqL (t) of the system, where the
dip in this quantity at time ¢, has been filled in. This suggests that at the revival
time, the error has its effects on the purity of the qubit subsystem. Although we
can see an almost similar phenomena was also shown in Figure 3.3.1 for the case
of A = 0, where the dip in the entropy line does not goes near to zero at time
t, due to the very short time scale in this system with finite value of N, but the
shallower dips in this quantity at the respective time as shown in Figure 3.3.3 are
telling us that the subsystems now are more of a mixed state. This means that
the disentanglement between the qubit and big spin components have becoming
harder as A increases. This is due to the overall state of the system that is no
longer a pure state as a result of decoherence.

We continue our study with larger values of error to investigate the maximum

value of A that the revival of the qubit state oscillation can hold. We plot the qubit
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Figure 3.3.3: Plots comparing qubit linear entropies (red), probability of the qubit
being in state |g) (blue) and the probability of the qubit being in attractor state
‘@bf’att>N (orange) for one-qubit big spin model of initial qubit state |g), n = 36,
N = 120 and the initial phase of the radiation field ¢ = 0 with decoherence
effects. Figure (a) shows the differences in the system with A = 0.3, (b) shows
the differences in the system with A = 0.5 and (c) shows the differences in the
system with A = 0.7.
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Figure 3.3.4: Plots comparing qubit linear entropies (red), probability of the qubit
being in state |g) (blue) and the probability of the qubit being in attractor state
‘@bf’att>N (orange) for one-qubit big spin model of initial qubit state |g), n = 36,
N = 120 and the initial phase of the radiation field ¢ = 0 with decoherence
effects. Figure (a) shows the differences in the system with A = 1.5, (b) shows
the differences in the system with A = 2.0 and (c) shows the differences in the
system with A = 3.0.
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Figure 3.3.5: Time evolution of one-qubit big spin system when the qubit started
in the initial state |g) with n = 16, N = 120, ¢ = 0 and A = 3.5. The red curve is
for entropy of the reduced density matrix, blue is for the probability of the qubit
being in state |g) and orange is for the probability of the qubit being in attractor

state ’wiatt>N'

state probability with various A values in Figure 3.3.4. For comparisons, we use
similar error distribution width values to those for the case of one-qubit Jaynes-
Cummings model plotted as Figure 3.2.5 in Section 3.2.2. From comparison, we
can see similar attributes against the increment of A in our one-qubit big spin
system, where a lower revival amplitude is observed in the system with a bigger
value of A. However, as opposed to the one-qubit Jaynes-Cummings model where
the revival completely diminished at A = 3.0, a slower reaction to error is observed
in our one-qubit big spin model. There is still revival in qubit state oscillation
occurs at t.. The oscillations only completely disappear at A = 3.5 as shown
in Figure 3.3.5, where the curves for both one-qubit attractor state and linear

entropy also become a thin line.
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3.4 Summary

We have shown the effects of detunings in both the one-qubit Jaynes-Cummings
as well as the one-qubit big spin models. We first analysed the systems with a non-
zero frequency detuning and observed the the differences Hamiltonian evolution
of these systems when such detuning is applied.

We then considered the more realistic and practical case of detuning where we
analysed both interacting systems with an error given by a Gaussian distribution
of detunings. In this work, we limited our analysis to the error scenario where
the desired evolution is for zero detuning, when the entangling and other effects
are most pronounced. However, in an experiment which is deliberately set up to
realise off-resonant dynamics, the detuning would be set to some chosen value. In
this case we could model errors (and thus decoherence) by choosing a distribution
that has a finite width but peaks at this value of detuning, instead of peaking at
Zero.

It is clear that such non-zero detunings have affected and changed the time
evolutions of both one-qubit Jaynes-Cummings as well as one-qubit big spin in-
teracting systems in similar manner. Nevertheless, the results also show that the
big spin system is a little more resilient against increasing error width compared

to the field mode case.
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Chapter 4

Two-Qubit Interacting Systems

4.1 Introduction

There have been numerous extended studies of the Jaynes-Cummings model con-
ducted to identify the similarities, differences, fundamental features and potential
applications of these systems. For example Chumakov et al. have made a detailed
study on the many-qubit Jaynes-Cummings model, where they analysed the in-
teraction of multiple two-level atoms and a strong quantised electromagnetic field
in a lossless cavity [71]. They presented the time evolution and demonstrated
many interesting events coming out of such a system, like the factorisation of the
wave function, trapping states, collapses and revivals of atomic inversion and the
field distribution.

Other studies on similar multi-qubit models have also been conducted by con-
sidering a very large n approximation [27, 28, 72, 73, 74]. As a part of their works,
a detailed study on a specific case of two qubits interacting with a coherent state
have been carried out by C. Jarvis and collaborators [27, 64]. They have demon-
strated the time evolution of the system and made many important discoveries
especially on the occurrence of attractor state in the system, as well as qubit-qubit
entanglement and their dependency on a set of qubits initial conditions.

In Section 2.3.1, we have seen the correspondence between a collection of N
ﬁ> with coherent state |a). With this fact, a one-

qubit big spin interaction model has been proposed [29] and discussed in the

spin called ‘the big spin’

same section. In this chapter, by using a similar correspondence we propose a
new model that incorporates some selected features of the earlier works into a
different hybrid system with qubits, where in this model we investigate a system

of two qubits interacting with the big spin.

96



We will start by introducing the two-qubit Jaynes-Cummings model and all
its important features that have been discussed in [27, 64]. In the first half of this
chapter, we will reproduce these results in order for us to understand the basics
and all the features that come out of an interacting system with two qubits. We
will then introduce the two-qubit big spin model and discuss its interesting time
evolutions. We demonstrate the appearance of important phenomena including
the collapse and revival of Rabi oscillations, the attractor and the cat states of
the system, as well as the dynamics of the entanglement between the two specific

qubits in the system.

4.2 Two Qubits Interacting With A Single Mode Of
A Field At Zero Detuning

Adding an extra qubit into the one-qubit Jaynes-Cummings model indeed in-
creases the complexity of the system. However, with an extra qubit in the system
more interesting features can be studied from such interaction of the qubits and
the field mode. For example, in this new set up, besides the entanglement be-
tween the qubits and the field, the entanglement between the qubits themselves
can also be observed. To study all the features in the system, we have to find
its wavefunction, which will be calculated in detail in this section. Note that all
these calculation have been made by C.Jarvis [27, 64]. Here we reproduce these
analytic calculations, and present equivalent numerical results, as we will then be
using similar techniques and calculating comparable quantities in order to study

our new system in the following Section 4.3.

4.2.1 Two-Qubit Jaynes-Cummings Hamiltonian

A multi-qubit Jaynes-Cummings Hamiltonian for the interaction of a bosonic field

mode with ¢ qubits can written in the form of

R h q q
H, = hwa'a + 529@% +hY N(als) +as;). (4.2.1)
i=1 i=1
This is called Tavis-Cummings Hamiltonian [61] where 67 = |e;) (€] — |gi) (gil,
67 = |ei) {(g;] and &; = |g;) (e;| are the qubit operators, ' and @ are respectively

the creation and annihilation operators for a photon with frequency w, and A; is
the cavity-i-th qubit coupling constant. Each qubit is labeled by a subscript ¢ and

has a ground state |g;)as well as an excited state |e;). With an energy €, ; for the
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ground state and €. ; for the excited state, we may calculate each qubit frequency
by h{); = €c; — €g.-
In this section, we will consider the case of two identical qubits (¢ = 2) inter-

acting with a coherent field |a). The Hamiltonian (4.2.1) is then reduced to

. h
Hy = hw(a'a) + 5 (@167 +w283) + Ay (a67 +a'ey ) + hao (aof +aley ).
(4.2.2)
The total number of quanta in this two-qubit Jaynes-Cummings model case is

represented as an operator

My, =a'a+6167 +656,. (4.2.3)

This operator commutes with the Hamiltonian (4.2.2) as

|y, V5| = 0. (4.2.4)

So the number of excitations in this system is conserved.

For this two-qubit case, we assume that each qubit independently interacts
with the field mode by a similar way to the one-qubit Jaynes-Cummings system
and no direct interaction happens between the two qubits. With the possibility
of each qubit absorbing at most one photon,, the field mode could now differ by
up to two photons and the field could be in states |n), [n + 1) and |n + 2).

4.2.2 Eigenvalues, Eigenvectors and Exact Solution

In order to find the solution to the dynamics of two-qubit Jaynes-Cummings
model, we first find the eigenvalues and the eigenvectors of the Hamiltonian by

solving the eigenvalue equation

Hy ) = E¢). (4.2.5)

We will then take an initial state at time ¢ = 0 and decompose it into these
eigenstates that will lead us to the general time dependence (from the eigenvalues)
for this initial state.

At time t = 0, the prepared wavefunction is assumed to be a general product

state of the field and the qubits which is given by

[W2(0)) = [4(0)) |12(0)) (4.2.6)
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and the general decomposition of an eigenstate solution to Equation (4.2.5) is in

the form of

o0

|Wq) = Z (Geen €€, M) + Qegn €9, 1) + Ggen |ge, n) + aggn |99, 1)) (4.2.7)
n=0

where |ee) is shorthand for |e;) |ea) and ete.

Now we can solve Equation (4.2.5) by operating the Hamitonian (4.2.2) on
the general form for an eigenstate given by Equation (4.2.7). With the solutions
and after we rearrange them in states with the same number of excitations |ee, n)

leg,n + 1), |ge,n + 1) and |gg,n + 2), we get

ﬁﬂq@:i[

Iggvn+2>}

n=0
[ O Qo
+ |h(wn + 5 + 7)&6@,11 + hvn+ 1(Magent1 + A2aegnt1) | lee, n)
[ Q Qo
+ |h|lwn+1)+ 5 T g ) Gegnl + hAivVn + 2a4g ni2 + hAeVn + lacen | leg,n+ 1)
I 0 Qo
+ [h(wn+1) - 5 T 5 ) dgen+1t hAvn 4 laeen + hAavVn + 2a4gn4-2
I 04 Oy
+ |h W(n + 2) - 7 - 7 Qggn+2 hvn + 2()\laeg,nJrl + hAQGge,nJrl)
I hQ hQ
+ (hw — Tl - 72)6ng71 + h)\laeg,o + h>\2age,0] |gga ]->
[, RO hQ hQ hQ
+ [(— Tl + Tz)age,g + )\gagg,l] lge,0) + [(21 - 72)%9,0 + Alagg,1:| leg, 0)
Yy hQs
- (T + T)agg,o |ggv 0> .
(4.2.8)

Since the number of excitations is conserved, the system can be decomposed into
my decoupled sectors, where mo is a number of different sectors that is equal to
the number of different values that the eigenvalue of M can take for this system.

So we may put this equation into a matrix form given by

V1,1 V1,2 V13 Uig

o0
~ V2,1 V22 V23 U4
Hy|Wo) = Ty) (4.2.9)
n=0 | V3,1 V32 U333 7U34
V4,1 V4,2 V43 V44

where the entries are

99

lge,n+ 1)



v, = hwn + % + % V1,2 = hXav/n +1

v1,3 = hAxivn +1 V14 = 0

V21 = h)\Q\/m V22 = hw(n -+ 1) + % — %
V2,3 = 0 V2.4 = h/\l\/m

v31 = hxivn+1 V32 = 0

=i+ 1) = B4 o= BT

V41 = 0 V42 = h/\lvn + 2
V43 = hxov/n + 2 Vg4 = hw(n + 2) — % — %

This matrix is for each of the mq sectors and these amplitudes will form quartets
of states except for |gg,0), |ge, 0), |eg,0) and |gg, 1) that are left out on their own.

In this chapter, we consider the atomic and the field inversion frequencies to be
at resonance as well as the field and the qubits to be at a uniform dipole-interaction
coupling. We will consider the cases of non-resonant frequency and different
couplings in Chapter 5 and Chapter 6 respectively. So for all i in equations
above, we have w = €; and A = \; where ¢ = 1,2. We may find the eigenvalues
and eigevectors for each of the m sectors by diagonalising Matrix (4.2.9) and this

gives us four non-zero eigenvalues. For n =0

Eon = Eq, =hw(n+1) (4.2.10)

and for the case where n > 1

Ei, = hw(n+ 1) £ /2(2n + 3). (4.2.11)

For the lower energy levels from outside the summation, the eigenvalues are

Ei 1 =+V2R\ (4.2.12)
Eq 1=0 (4.2.13)
Eyo = —hw. (4.2.14)
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From these eigenvalues, we find the corresponding eigenvectors. Three of them
lie only in the symmetric (with respect to exchange of the two qubits) subspace

and are given by

n+1

Eon)y =
£ =\ 550 1 3)

1 n-+ 2
lee, ) £ 5 (leg,n +1) + lge,n + 1)) +4 /5 l99,n +2)

2(2n +3)
(4.2.15)

n 42 In+1
0 = — 2 4.2.16
‘ ?n>2 2n_+_3|66vn>+ 2n+3|ggvn+ > ( )

where the subscript “2” is used to differentiate these vectors from the vectors in

the one qubit cases. Another eigenvector is in the antisymmetric subspace and is
known as a dark state. It is a state where no photon emission occurs because as
the first qubit emits a photon, the second photon will immediately absorb it and
it is antisymmetric because the exchange of the qubits gives a minus sign. This

state is written as

L
V2

We can also find the rest of the unpaired eigenvectors and they are in the following

|d,n)y = —=(lge,n+1) —|eg,n +1)). (4.2.17)

forms:

=), = %5 (eg.0) + lge,0) + = a0, 1) (1215)
4.=1), = == (9e.0) = feg.0)) (4:219)
199,0) (4.2.20)

We can transform the basis vectors |ee, n), leg,n + 1), |ge,n + 1) and |gg, n + 2)

in terms of eigenvectors as
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n—+1 n-+ 2

je.n) = [ gagmpgy (0:m) + =) = [ 32 o) (4.2.21)
legm+1) = & (1, + =) - % d,n) (4.2.22)
jge.n-+1) = (.} + =) + =5 fd.n) (4.2.23)
gg.n +2) = 2(;;_23)(+,n> Fl—m)) — 2’;‘1113 10, n) (4.2.24)
leg,0) = %(\+,—1> + 1= -1)) - \2 |d, —1) (4.2.25)
j¢.0) = 51+ =1) + 1= =) + —=|d. =) (4.2.26)
99,1) = \2(|+,n> + |—,n)). (4.2.27)

We can then decompose this general form into the eigenstates by using the state

|W4(0)) as given by Equation (4.2.6). Therefore, we have

o0

’\112(0» - Z (Cncee ’667 n) =+ Cn—i—lceg |€g, n+ 1> + CTH-nge ’967 n+ 1>
n=0

+ CTH-Qng |ggv n+ 2> ) + COCEQ ‘egv 0> + COCge ‘gea 0> + Cngg |ggv 1)
+ CoCyq l99,0) (4.2.28)

and by changing its basis, we have

oo

W) =3 |
n=0
Vit Cup Vit 2 )
c.C.. Ceg+ Cye) + CnsaCog—m—s | |4,
( 23 | 2 (Geg & Cle) + Cn2Csy 2(2n +3) o
Vil Cun Vi +2 )
o ~ T (Ceg + Cge) + Cnr2Cog—a——sz ) |-,
+( 2 2 oot Cod ¥ O gy ) 17
Vntil \/m> Cnt1 ]
Cn Cog—F/—s=— nvYee S5 07 Ce_ce d’
+( ARy 2n+3 0+ ﬂ( ! o) 14,7)
Oy 1 Co
+ (72 (Ceg + Cge) + ECICQQ) [+, —1) + E(Cge - Ceg) |d,—1)
e 1
(- 70(069 + Cge) + —=C1Cyg) | =, —1) + CoClq 199, 0)

\/i
(4.2.29)

From this, we can now calculate
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(1)) = =207 [,(0)) (4.2.30)

by including the time dependence of the eigenstates and then rewrite the solution
back in terms of |ee,n), |eg,n + 1), |ge,n+ 1) and |gg,n + 2). It is desirable to
put the eigenstates back in terms of these basis states as these are the “logical”
basis states that measurements would project to. With e = cosz + isinz, we

get

|Wo(t) Z e~ w(n+1) ( ;:Lic; ((n +1)cos (x\ﬂ/M) + (n+ 2))
+ ngCnHW (COS (AtM) — 1)

— z‘Cn+12(;j+13) sin (At\/2(2n + 3)) (Ceg + Cge)} lee, n)
isin(Xty/2(2n +3))
+]-

2(2n +3)

<V n+ 1C,Cee + Vn + 2Cn+20gg>

+ C2+ cos(/\t 2(2n + 3) ) Ceg + Cye) + %(Ceg — Cge)] leg,n + 1)

2
isin( A\ty/2 2n+3
+ |: ( 2n+ 3 VN C Cee +vn+ Cn+2ng>

cos( \/7> (Ceg + Cye) — %(Ceg - Cge)] lge,n + 1)
[oeec ﬁﬁ( os(Aty/2(20+3)) - 1)
+ Cm <(n + 2) cos </\t\/2(2n + 3)) + (n+ 1))
— iChy1 2(;;:23) sin <)\t\ /2(2n + 3)) (Ceg + Cge)] lgg,n + 2) )

ZC()
\/»

(Ceg + Cye) cos(xf)\t)

+ e_m[ (Ceg + Cye) sm(\[)\t) + Cngg cos(xf)\t)} lgg, 1)

e
—iwt | Y0
+e { 5

Co
2

\/ﬁCngg sin(\/i)\t)} ( leg, 0) + |ge, 0) )
+ e 2 (Cog — Cye) (1g€,0) — leg, 0) ) + €3 CoCyq 99, 0) -

(4.2.31)

Similar to the single qubit case considered in Section 2.2.3, we can then transform

into an interaction picture and remove basic time dependence of the states to
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become implicit for ease of calculations. This equation loses its dependency on w

by making the following state transformations

4.2.32
4.2.33
4.2.34
4.2.35

~—~~ I~ N
~—  ~— ~— ~—

4.2.36

4.2.3 Two-Qubit Attractor States
In Section 2.2.5 we have seen that in a one-qubit Jaynes-Cummings model with
large n approximation, every initial qubit state will approach a one-qubit attrac-

2
et.al then extended this analysis for the case of two qubits under the same n ap-

tor ‘wfatt> at the attractor time % regardless of the qubit initial state. C.Jarvis

proximation [28, 27]. They discovered that different to the case of a single qubit,
the attractor state in the case of two-qubit Jaynes-Cummings model behaves dif-
ferently with respect to the initial state of the qubits as will be discussed in this
section.

With the general solution given by Equation (4.2.31), we can now consider a

two-qubit Jaynes-Cummings system with an initial state

[W2(0)) = |) [1h2), (4.2.37)

where |«) is a coherent state given by Equation (1.2.3)

) =S 2y _ Jaje (4.2.38)
a)=ce nzo\/mn , a=|ale 2.

and [¢9) is the two-qubit state in the form of

[h2) = Cee lee) + Ceg leg) + Cye |ge) + Cyql99) - (4.2.39)

This state is normalised so that |Cee|? + |Ceg|? + [Cye|? + |Cyqgl? = 1. With large

7, We may approximate
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2(2n + 3) ~ 2v/n (4.2.40)
n+2~n (4.2.41)
n+l~xn (4.2.42)

and we can also transform the cosine and sine terms into an exponential form of

_ 1 i —ix
cosT =5 (e +e ) (4.2.43)

1, . .
sinz = 5 (e” - 671‘%) . (4.2.44)

Uo(t)) = i (;[(ceecn — CyyCrra) ee, n)

Ceg — Cge)Cnia(leg,n+ 1) —[ge,n + 1))

+(
+ (= CeeCh + CyyCni2) lgg,n + 2) |
2Nt/
4
+ ((Ceg + Cyge) Crs1 = CeeCp — CggCria) (leg,n + 1) + [ge,n + 1) )
(CeeCh 4 CygCria — (Ceg — Cyge) Crt1) lgg,m + 2) |
NG
4
+ ((Ceg + Cye)Cri1 + CeeCh — CygCriya) (leg,n + 1) + |ge,n + 1))

+ [(Ceecn + ngcn—l-Q) - (Ceg - Cge)cn—l-l ‘66, TL>

_l’_

[(Ceecn + ngCTH—Z) + (Ceg - Cge)Cn+1 |€€, 7’L>

(CeeCn + ngCn+2 - (Ceg + Cge)Cn+1) ‘997 n+ 2> }) + |CR> .
(4.2.45)

where |Cg) are all the quantum state terms outside the sum in Equation (4.2.31)

that is given by

|Cr) = < — %(Ceg + Cye) sin (\/§/\t) - %C’ngg cos (\/iz\t) ) lgg, 1)
+ <C;](C’eg + Cye) cos (ﬁ)ﬂf) - \;‘501099 sin (\/ﬁ)\t) ) (leg,0) + |ge,0))
+ %(Ceg = Cye) (lge; 0) — leg, 0)) + CoCyg |99, 0) - (4.2.46)
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We can regroup the terms according to their basis |ee, n) ,|eg,n) , |ge,n) and

lgg,n) and the equation is now in the form of

80) = > % ([(Cuw = 00y %22 e

n=0

+(Cuy = ) (legm) —lgesn)) = (Cu 22 = G ) ) |

Ch
1 3 n n
41 {62@)\t\/n+2 <Oee n ngC +2 (Coy+ Cge)C +1> lee, n)
2 Ch Ch
2iMty/mFT Ch-1 Chnt1
te (Ceg + Ce) _Ceec«i _09907 (leg,n) + lge,n))
IRNAVLD Cn—2 Cn—
4 e2iXtyn (C’eecn + Cgg — (Ceg + Cye) —— c. ) lgg, )})
1 —27 n Cn 2 Cn 1
+3 [e 2N/ 2 (Cee + Cyg CZ (Ceg + Cye) 0: ) lee, n)
VN Ch-1 Chn+1
te (Ceg + Cye) + CeeT - ngT (leg,n) + |ge,n))
—2i n Ch— Cn—
+e? Atf( C 99 + (Ceg + Cye) —— C. ) 99, )D

(4.2.47)

As (n —n) is very small compared to 7, further approximations can be made

on the coherent field’s coefficients such that

Cht1 _ n:l:l\/> feq:ZO - $z9
Cp ary/(n+ 1) Vn+l

(4.2.48)

and we may also expand y/n + k by applying a binomial expansion

NG n k
Vn+k= —)+kR Y+ =+ —= 4.2.49
k=it () 2 ' ovn 2V ( )

where k is an arbitrary number —1, 0 or 1. With these, we can now separate

Equation (4.2.47) into the field and the two qubits parts as
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[Wa(t)) = (Z Chn |n) ) [(e%‘gCee ~ Cyq) (€72 lee) — |9g))
+(Cuy = ) () = loe)) |
W (emcee . ew(ceg +Cpe) + ng) (i CnemAt/\/ﬁ |n>>
n=0
e ee) — e TNV ([eg) + |ge)) + e HM/VT |gg)

—iM/nt  2iMt /i ) ) 0 ) _
e € (6216‘066 . ezO(Ceg + Cge) + ng) <Z Cne—znkt/\/ﬁ |n>>
n=0

4
¢ |ec) — MV (|eg) + |ge)) + XMV |gg))

~/~ _l’_

—+

/N

(4.2.50)
which can be simplified in the form of
Ws(t)) = S G) ID4(0) @ [0 (4.2.51)
k=-1
where
eE2imt(A+2)/tr . A
Bar(t) = 5 (€#9Cee ¥ € (Ceg + Cye) + Cyy) (4.2.52)
260 _ 2 _ 2
Bo = \/|€ Cee 099|2+ [Ceg = Coel (4.2.53)
1 —2i T —1 T
Dx1()) = 5 (7 ee) F /e ((jeg) + [ge)) + T gg))  (4.2.54)
2i60 _ —2460 _ _ —
‘DO( )) ( Cee ng(€ ' ’6€> ‘gg>) + (Ceg Cge)(’eg> |g€>)) (4255)
V2 (129 Cec = Cygl? +1Ceq — Coel?)
By, (2) Z Cr 2kt |y (4.2.56)

n=0

Here, t, is the one-qubit revival time as stated in Equation (2.2.59) and for co-

herent state, we have

By (t)) = ]e%km/tm>. (4.2.57)

From Equation (4.2.54) it can be observed that the two-qubit states |Di1(t))
are actually the direct product state of one-qubit states ‘D 41 (t)> given by Equa-
2
tion (2.2.44) with time ¢ — 2¢ .
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1/ o it [ty —i i
[Dx1(1)) = 5 (7 lee) F /™ (eg) + [ge)) + T4/ |gg) ) (4.2.58)

_ \}5 (6—19 le) T €2t/ |g>) ? \}5
= |Di(2t)) @ |Dya(20)) (4.2.60)

(7 [e) F €2/t |g))  (4.2.59)

It was shown in Section 2.2.5 that at the attractor time %T the qubit state in a
single qubit model evolves into an attractor state ‘D +1 (t)> = ‘wiatt>' Given the
correspondence between the one-qubit and the two-qubit systems, we therefore
can predict a similar behaviour for the latter where the state evolves to a direct

product of one qubit attractor states }wf att> att =t

ou ()b ()eba(5) wae
= ‘¢fr,att> ® ‘¢iatt> (4.2.62)
= |V ate) - (4.2.63)

Similar to the case of the one-qubit system, we can find the second attractor
state of the two-qubit system ‘wg’ att> at half way between the first and the second
revival, which is at time %. So we can label and write our two-qubit attractor

states as
1/, y
‘¢;att> -1 (ezle lee) £ ic® (|eg) + |ge)) — \gg>) . (4.2.64)
4.2.4 Basin Of Attraction

By using the two-qubit attractor state above, we may rewrite the wavefunction

of the two-qubit Jaynes-Cummings system at the two-qubit attractor time as

= [t \\ 1) 4 2i0 )2 |; —irA2 |
U, (4>> =-3 ‘w27att> ( (e Cee + C’gg) (e lic) + e \—w))
_ i iR ;N )2
6 (Ceg + Cye) (/2 i) — ¢ ia)) ) + 50| Do) o)
(4.2.65)

From the above wavefunction, we can see that there are three components to the
full time-evolving state of the system at %. If the last part of the equation van-

ishes, the first two components combine at half way to the two-qubit revival time

108



into a product state of the field with the two-qubit states. Since at this time the
two-qubit state is a two-qubit attractor state [75], there is neither entanglement
between the two qubits and the field nor between the two qubits themselves. In
another words, there’s absolutely no entanglement in the system at this particular
time.

We can thus say that the 5o |Dp) |a) part of the time-evolving state has an
important influence in quantifying the initial states of the two qubits that lead
to the attractor states. C.Jarvis referred to this initial set of states as the ‘basin
of attraction’ [27, 64]. One way we can eliminate this part and find the ‘basin of
attraction’ of the system is by letting Sy = 0. To satisfy this, the coefficients of
the two-qubit states have to be ¢?C,, = e*ngg =aand Cpy = Cye = 1/% — lal?.

These give us an initial state of the form

92) = a (7 lec) + € lgg) + /5 — Lol leg) + lge)) (4.2.66)

where 6 is the initial phase of the radiation field and a is a complex variable
parametrising the state and satisfies 0 < |a| < %

Beside the attractor state, at time tzr the wavefunction also contains two field
states which are macroscopically distinct coherent states, |®+1 (%)). We can

again rewrite the wavefunction in terms of these states as

-~ [t ;
2 (5)) =~ vt
ini/2 1 2 s —imi/2 1 9 .
X |e a— §—|a| lic) + e a+ §—|a| |—ia) | .

By writing the wavefunction in this form, the connection between the two-qubit

initial states with the proportion of the field states |a) and |—«) is clearly visible.
It also shows that the initial information in the state of the qubits is mapped into
a cat state of the field while the two qubits evolve into an attractor state.

It was shown in Section 2.2.5 that for the one-qubit Jaynes-Cummings system,
the qubit disentangled itself from the field at . and 2¢, so that the field states at
these times are ’CIDJF% (tr)> = ‘@_% (tr)> and }Q)Jr% (2tr)> = ‘@_% (2tr)>. Similar
to the attractor state, relationship between the one-qubit system and two-qubit
subsystem under ¢t — 2t mapping can also be seen in the field states. It turns out
that |4 () = ‘Cbi% (2t)>. From this we can predict that [®41 (%)) = |®_1 (%))
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and |®yq (t,)) = [P (¢,)). Clearly at time % and ¢,, the field part can be
factorised out of the wavefunction and there is no entanglement present between

the two qubits and the field at these times.

4.2.5 Numerical Results

The time evolutions of the two-qubit Jaynes-Cummings system are illustrated as
Figure 4.2.1 and Figure 4.2.2 where the first shows the dynamics in the quantities
of the system with an initial two-qubit state that lies inside the basin of attraction,
while the latter is for the case of an initial state outside the basin of attraction.

For the first case, we choose a two-qubit state of %(|ee> + |gg)) and we use state

\/%—0 lee) + \/%—8 lgg) for the system with an initial state from outside the basin as

a comparison to the previous works [27, 28]. We use n = 36 and 6 = 0 for both

cases.

0.8
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¥
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t/'tr

Figure 4.2.1: Time evolution for two-qubit Jaynes-Cummings system with the
initial two-qubit state %(!e@ +g9)), n = 36 and the initial phase of the radiation
field # = 0. The linear entropy of the qubits is shown as a red line, the probability
of the two-qubit state being in state |ee) as a blue line and the probability of

being in the two-qubit attractor state ’@D; att> as an orange line.

In the figures, we plot the linear entropy S(f(t) =1- Tr(pg(t)) as a red
line. The entropy is associated with density matrix of the qubits at certain time
when the field has been traced out, pg(t) = Try(|Wa(t)) (¥2(t)]). This entropy
of the two-qubit subsystem indicates entanglement between the two qubits and
the field, as the overall system is in a pure state. This however, breaks down

when we consider the decoherence cases in Chapter 5 and 6, where an average is
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Figure 4.2.2: Time evolution for two-qubit Jaynes-Cummings system with the
initial two-qubit state \/% lee) + 1/33 |g99), 7 = 36 and the initial phase of the
radiation field & = 0. The linear entropy of the qubits is shown as a red line,
the probability of the two-qubit state being in state |ee) as a blue line and the

probability of being in the two-qubit attractor state ’1[)5’ att> as an orange line.

made over the qubit density matrix, as we can not know if the entropy is due to
entanglement with the field or with the decoherence.

We also plot the probability of the two qubits being both in the excited state
lee) as a blue line by calculating P..(t) = .00 ,|(ee, n|¥a(t))|? where (ee,n| cor-
responds to the state that both qubits are in their excited state with n photons in
the cavity. The probability of the two-qubit state being in the two-qubit attractor
state of Equation (4.2.64) is also calculated by Py, (t) = <¢§:att|pq(t)|¢;att> and
shown as the orange line.

From the figures, it is clear that the revival time of this two-qubit Jaynes-
Cummings system is half of the revival time of the system with one qubit, which
is t, that is given by Equation (2.2.59). Regardless of the initial state of the two
qubits, we can still see the event of collapse and revival of Rabi oscillations in this
model. It can also be observed that the characteristics of the dips in entropy are

different for each case of initial conditions. Even though for both cases the dips

tr
4

very small and nearer to zero with an initial two-qubit state from inside the basin

are observed at the similar times * and %, the entropy at the first is seen to be
of attraction.

At this time, the two qubits have disentangled themselves from the field again
and are in a pure state known as the two-qubit attractor state ‘1/); att>‘ This fact is

shown by the orange line in the graph, where the probability of the state being in
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the two-qubit attractor state is very close to unity. The system repeats this cycle
at time % but this time the two qubits are in the orthogonal two-qubit attractor
state ‘1/)5 att>. This is the reason for the probability of being in the two-qubit
attractor state ’w; att> approaching zero.

On the other hand, if the system starts with an initial state from outside the
basin of attraction, it has a non-zero entropy value at times % and %. This is
due to the relationship between entropy and entanglement, as the two-qubit state
can not be factorised out of the wavefunction. The two qubits also will not be
reduced into the two-qubit attractor state as Sy # 0 in Equation (4.2.65). This
can be seen from Figure 4.2.2 where the probability of being in the attractor state
‘w{ att> at % is small due to the reduction in the purity of the system.

From the analytical solutions in the previous section, the calculations show

tr
2

again factorised into the two-qubit and field parts if the two qubits start with

that with a very large n approximation, at times and ¢, the system is once
a state from inside the basin of attraction. This is where we have |®_;(¢,)) =
|®o(t,)) = [@1(tr)) = |a) and [P_1(%)) = [®1(%)) = |—a). At these times, the
two-qubit state is again pure and the the entropy is expected to approach zero.
Similar behavior is also expected at time ¢, for the case of initial two-qubit state
from outside the basin of attraction. However, the plots in Figure 4.2.1 and Figure
4.2.2 show otherwise where there is no deep dip shown in the linear entropy line at
these times indicating large entanglement between the qubits and the field. This
is due to the very short time scale where the width of the gap between the peaks
before and after this dip is much narrower as compared to the similar phenomena
at time & [27]. At this time a larger value of 7 would be needed in our numerical

approximation to approach the analytical results.

4.2.6 Collapse, Revival, Death and Rebirth of Qubits Entangle-

ment

Another interesting event that can be observed from the interaction of two qubits
and a coherent field is the ‘collapse and revival of entanglement’ between the two
qubits [27]. As opposed to the single qubit case where entanglement can only
be measured between the qubit and the field, in two-qubit cases we can further
measure the entanglement between the two qubits themselves.

To quantify the amount of entanglement between the two qubits, we may
either use mixed state tangle 7(¢) [51, 53] or concurrence, ¢(t) = /7(¢). Similar to

entropy, these quantities take a value from zero to unity to represent the strength
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of the entanglement where the first indicates no entanglement and latter indicates
maximum entanglement between the qubits. These quantities have been explained

in Section 1.4.2 and the tangle is given by the formula

7(t) = [max{x1 — x2 — x3 — x4, 0}]*. (4.2.68)

The dynamics by which these quantities disappear and reappear are very interest-
ing. If they disappear with a finite slope, an event called ‘sudden death of entan-
glement’ (and then birth when they reappear) is observed. If they go smoothly
to zero and then reappear also smoothly (with no discontinuous change in the
gradient), then this event is called the ‘collapse and revival of entanglement’.

C. Jarvis and collaborators have shown that it is possible to study the connec-
tion of the basin of attraction with the dynamics of the entanglement between the
qubits [64, 27]. It was shown that similar to the entanglement of the two-qubit
system with the field, the entanglement between the two qubits is very much de-
pendent on their initial conditions too. States from inside and outside the basin of
attraction present different time evolutions of the two-qubit entanglement [64, 27].
This is in agreement with the results of [76] which concludes that choosing proper
initial conditions is very important in determining the behaviour of the entangle-

ment in a two-qubit system.
Initial two-qubit state from inside the basin of attraction

In Section 4.2.4 we have calculated the basin of attraction for the initial states
of a two-qubit Jaynes-Cummings model. C. Jarvis et.al have also demonstrated
the level of entanglement with respect to the basin of attraction [64, 27]. They
demonstrated that if the two qubits start with a state from inside the basin of
attraction, there are only two possible states from the whole set where the initial
entanglement measure 7(t) = 0. These points are given by a = :l:% indicating
that there are only two product states in this basin of attraction. All other points
represent entangled states and have entanglement values of either 7 = 1 and or
in between zero and unity.

These entangled states evolve into the attractor state ‘wj att> at time & and
its orthogonal state ‘1/12_ att> at time 3. From Equation (4.2.60), we know that
these states are the products of two one-qubit attractor states which are pure and

unentangled, such that ‘w; att> = ‘wiatt> ® ‘d;f att>. Therefore, at these times we
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have a system with absolutely no entanglement, either between the two qubits
and the field or between the qubits themselves. Similar to the one-qubit case, all
the quantum information in the two-qubit initial state is transferred and encoded
into the field state, producing a cat state of the field. The entanglement however

returns into the system and recovers its initial value at the two-qubit revival time

% and later at time ¢,. At these times, the value of the tangle or concurrence for
the two-qubit state is expected to be exactly the same as its initial value at the
tr

beginning of the interaction. So we have 7(0) = 7(%) = 7(¢,). This interesting

2
phenomenon is called ‘collapse and revival of entanglement’ [28, 64, 27, 25].

The dynamics of such entanglement is depicted in Figure 4.2.3 and Fig-
ure 4.2.4. In the first plot, we use tangle 7(¢) as a measure of entanglement
as a direct comparison with the previous works [28, 64, 27]. In the second fig-
ure we use concurrence ¢(t) to display the entanglement and we will be using
this quantity to describe the entanglement between the two qubits throughout
this thesis. However, both quantities are shown as a black line in the respective
figures.

Another interesting phenomenon can be seen in the dynamics of the qubit-
qubit entanglement in which there are long periods of time for which this quantity
remains near zero. This feature has been described as the ‘death of entanglement’
[24, 77, 26]. Therefore we can conclude that if we have a two-qubit Jaynes-
Cummings system that starts with a two-qubit initial state from inside the basin
of attraction, over time we will observe that the entanglement in the two qubits
is exchanged for the qubits-field entanglement, and later for a superposition of

field coherent states, or the cat states of the field. No entanglement is present at

Iy

the two-qubit attractor time 7, after which the entanglement exchange process

starts to reverse. The entanglement between the two qubits and the field will start

tr
5 -

to reappear and again disappear at time At this point too, the concurrence
returns to its initial value indicating the presence of entanglement in the two-qubit
subsystem only.

In addition to the collapse, revival and death of entanglement features dis-
cussed above, from the figure we may also note another interesting phenomenon
of this quantity by observing its disappearance and reappearance behaviour. We
can see that at the two-qubit revival time %T, the entanglement appears smoothly
and then vanishes in a similar way. In the case of infinite finite size of the field
strength n, the entanglement would go to it initial value and then zero again

with a Gaussian envelope manner which can be explained by a detailed look at
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Figure 4.2.3: Time evolution for two qubits Jaynes-Cummings system with the
initial qubits state %(\ee) +199)), n = 36 and the initial phase of the radiation
field # = 0. The linear entropy of the qubits is shown as a red line, the probability

of the two-qubit state |ee) as a blue line and the tangle 7(¢) as a black line.
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Figure 4.2.4: Time evolution for two qubits Jaynes-Cummings system with the
initial qubits state %(\ee) +199)), n = 36 and the initial phase of the radiation
field # = 0. The linear entropy of the qubits is shown as a red line, the probability

of the two-qubit state |ee) as a blue line and the concurrence ¢(t) as a black line.
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the eigenvalue expressions in Equation (4.2.69). However, in this case of finite
system, there is not complete disentanglement of the field from the qubits, so the
qubits cannot return to a maximally entangled pure state. Nevertheless, strong
entanglement can still be seen in the considered finite system.

We have seen that our system wavefunction can be decomposed into the qubits
and the field part a given by Equation (4.2.51). A state from inside the basin of

attraction means that we have a wavefunction in the form of

‘{Iv’z(t)> = B-1(t) [D-1(1)) @ [D1(2)) + Br(t) |D1(2)) @ |2-1(2)) - (4.2.69)

This is a superposition of two product states and the reduced density matrix of
this system p,(t) has only two non-zero eigenvalues. So, there is no need for maz
operation in Equation (4.2.68) as our eigenvalues y; and X2 are never a negative
value. This makes the collapse and the revival of the entanglement is smooth
rather than evolving with a discontinuous change in gradient which is the case

that we will discuss in the next section.
Initial two-qubit state from outside the basin of attraction

We have discussed interesting findings from a two-qubit Jaynes-Cummings
model with an initial two-qubit state from inside the basin of attraction. It is
the case where we satisfy the fy = 0 restriction in Equation (4.2.65). In this
section, we will consider a similar two-qubit system, but with a different regime
of initial two-qubit state where where we consider states from outside of the basin
of attraction.

Considering such initial conditions means we are dealing with a system with
a wavefunction given by Equation (4.2.65) restricted by Sy # 0 inequality. The
Bo | Fo) |@) term prohibits the two-qubit subsystem to be factorised out of the
wavefunction at tz’“ and %. This can be seen by the linear entropy plot depicted
as a red line in Figure 4.2.5 where we plot the time evolutions of a two-qubit
Jaynes-Cummings model with an initial two-qubit state from outside the basin of
attraction. For a direct comparison with the results of previous studies [28, 64,
27, 26, 77, 78, 24, 25|, we use an initial state \/%—0 lee) + \/%mg) and it is clear
that the values of linear entropy are larger than zero at the two-qubit attractor
times. This indicates that there is entanglement between the two qubits and the

coherent field. This also means that the two-qubit subsystem is in a mixed state
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and will not approach the pure attractor state at these times.

We also plot the concurrence, ¢(t) as a measure of qubit-qubit entanglement
for the case of initial qubits state from outside the basin of attraction. Within
this regime of initial condition, the quantity highlights many interesting events,
especially the ‘sudden death / birth of entanglement’ [24, 25, 26] that occurs when
the eigenvalues difference y1 — x2 — x4 — x4 in Equation (4.2.68) is negative. The
mazx operation is then needed and this makes the value goes to zero with a finite
gradient, as opposed to the Gaussian collapse and revival event as displayed in the
case of initial states from inside the basin of attraction. This quantity is depicted
by a black line in Figure 4.2.5.

In contrast to the case of a system with an initial two-qubit state from inside
the basin of attraction with no entanglement measured between the two qubits
at the attractor times, there are peaks with death / birth in this quantity for the
system that starts with a state from outside the basin. This indicates that there
is qubit-qubit entanglement occurring at the attractor times. These peaks are due
to the fact that wavefunction (4.2.65) contains the |Dp) term. At time &, it was
shown in Section 4.2.4 that at this time, the two-qubit state is an attractor state.
We have |Dil(%)> = ’@Z)Z att>‘ This means there is no entanglement at all, even
between the two qubits except if 8y # 0. So, all the entanglements that occurs in
the system at this time are coming from the |Dg) term.

The peaks in the concurrence can also be observed at times % and t,.. This is
similar to the case of an initial two-qubit state from inside the basin of attraction
where the entanglement between the two qubits can be measured. We have seen
from the analytical calculation for a large n approximation, at the second two-
qubit revival time t,, the field state can be factorised out of the wavefunction,
where we have |®y(t,)) = [®P_1(t,)) = |P+1(tr)) = |—a). Therefore, the value of
entanglement is also expected to be equal to its initial value at the beginning of the
interaction. However, in Figure 4.2.5 we cannot see neither the complete qubits-
field disentanglement nor the complete revival of qubit-qubit entanglement. These
are because with n = 36 the entropy will not approach zero, indicating there is
entanglement between the qubits and the field which prevents the complete revival

of the entanglement between the two qubits.
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Figure 4.2.5: Time evolution for two qubits Jaynes-Cummings system with the
initial qubits state \/% lee)+1/ 32 |99), i = 36 and the initial phase of the radiation
field # = 0. The linear entropy of the qubits is shown as a red line, the probability

of the two-qubit state |ee) as a blue line and the concurrence ¢(t) as a black line.

4.3 Two Qubits Big Spin Interaction Model

So far we have discussed the one-qubit Jaynes-Cummings model [[64, 27], the two-
qubit Jaynes-Cummings model [75] as well as a one-qubit big spin model [29]. We
studied these models and we reproduced the results that have been discovered
and discussed by the previous researchers. We calculated the Hamiltonian, eigen-
values, eigenvectors and exact solutions for the respective systems. We evaluated
the time evolutions for all these interacting systems and discussed a range of in-
teresting properties resulting from these systems. All of these are important in
helping us to understand the fundamentals of such qubit-field and qubit-big spin
interacting systems.

In this section, we extend our analysis into a new area to explore the interaction
between two qubits and a collection of IV identical single spins in a pure state,
or a big spin. We are interested in understanding the features of the dynamics

produced by such an interacting system.

4.3.1 Two-Qubit Big Spin Hamiltonian

In Section 2.3.1 we have seen that the correspondence between one-qubit Jaynes-
Cummings model and a one-qubit big spin model lies in the limit of N — oo.
This is where a scaled spin coherent state ‘ﬁ%\[ is equivalent to an oscillator

coherent state of amplitude (.
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With such correspondence and approximation, S.Dooley [29] has modelled the
Hamiltonian of a one-qubit big spin model as given by Equation (2.3.10). We can
expand the Hamiltonian to the multi-qubit case, so that the Hamiltonian for a

system of multiple qubits interacting with a ‘big spin’ is given by:

R . N b . : o+ J o
Hyn = hwy(J +5)+§;Qia ; (JTer + 76T (4.3.0)

and J*

2 Z ak are the operators for the big spin with

where J? = %

TTMZ

requency wN and )\Z is the qublt blg spin coupling strength. &7 = |e;) (e;] —
lgi) (gil, 6, = |ei) (gi| and &; = |g;) (e;| are the individual qubit operators and
the constant term ﬂ is introduced so that the ground state eigenvalue of the
big spin Hamiltonian J# is zero to prevent the ground state tending to negative
infinite energy as N becomes very large. The subscript N is to differentiate this
system from the two-qubit Jaynes-Cummings model.

In this chapter we limit our study to only a system of two qubits interacting
with a big spin in a spin coherent state ‘\/C—N>N as defined in Section 1.2.2. The
\/iﬁ factors are inserted to anticipate the use of spin coherent states and the large

N limit. The Hamiltonian is then reduced to

Hy n =hwy <jz + g) + g (2167 + Q263) + TL/% (j"'&f + JA_61+)

+ \h/)% (J*o3 +J765). (4.3.2)

With an additional qubit in the system, the big spin could be in one of these

In)n» [n+ 1)y and |n+ 2)5 states. The “n” used in this chapter is not to be

confused with the one that has been used for the coherent state and similarly 7
in this section is for the spin coherent state such that n = |¢|?.

We assume independent interaction between each qubit and the big spin and

so the interaction between the two qubits only happens via the big spin, which is

the analogous case to compare with the field mode Jaynes-Cummings situation.

We represent the total number of quanta in this two-qubit big spin model as an

operator

Myy =J° + 6767 +6565. (4.3.3)

The number of excitations in this system is conserved since the above operator

commutes with the Hamiltonian (4.3.1) as
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ﬂ2,N7 MZ,N =0. (4.3.4)

4.3.2 Eigenvalues, Eigenvectors and Exact Solution

Now we are going to find the solutions to the dynamics of our two-qubit big
spin model. We can do this by finding the eigenstates and eigenvalues of the

Hamiltonian. We solve the eigenvalue equation

Hy) = E ), (4.3.5)

and then decompose the following initial state into the eigenstates and find the

general time dependent solution. The wavefunction at time ¢ = 0 is given by

[W2(0)) 5 = [¢(0)) v [42(0)) (4.3.6)

By operating the Hamiltonian (4.3.2) on the following general decomposition of

an eigenstate solution

N

‘\I/2>N = Z Qee,n ’667 n)N + Qegn ’697 TL>N + Qgen \ge, n>N + aggn ‘gga n)N (4~3-7)
n=0

the eigenvalue equation (4.3.2) gives us the following solutions

N

Hyn W) Z{

Q Q Q Q
h(wnn + 5 + 22)aeen lee,n) y + h(wnn + ?1 — 72)(169,” leg,n)
Ql QQ Q1 Q?

—{—h(wNn—f—i- )age,n > +h(wNn—?— 2) ggn|ggv >

1

+h n<1 — n&) (AMagen + A2Gegn) lee,n — 1) 5

n—1
+h n<1 — N)agg’n()\l leg,n — 1)y + A2 |ge,n — 1) )

n+1)(1— ;>aeen()\1|gen+l> + X2 leg,n+ 1))

+n
+n

g&

(n-+1)(
(04 1) (1 ¢ ) Otgen + Nategn) g9, + 1)y

(4.3.8)
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We then change the basis and rearrange the equation in terms of |ee, n) 5, leg, n + 1)y,

lge,n + 1) 5 and |gg, n + 2) y states as

N-2

N hQ) hQ)

Hyn W)y = Z K(thn + =N L. —22)(1@67” + Tz\/(n +1) (1 — ;)
n=0

(Magent1 + )‘2aeg,n+1)) lee,n)

hQ) hQ 1
+ ((th(n +1)+ 71 - TZ)Gengrl + h/\l\/(” +2) (1 - %)%g,nw
n
+ h)\g\/(n +1) (1 — N)“@an) leg,n+ 1) 5

hQ2 RO
+ ((th(n +1)— 71 + 72)%67”“ + ﬁ/\l\/(n +1) (1 — ;)aee,n

1
+ h)\g\/(n +2) <1 — n;)agg’nﬂ> lge,n + 1) 5

hQ) hQ) 1

Ry RS
)

()\laeg,n+1 + )\2age,n+1)) Igg, n+ 2>N

Ry hQe
X agg.0199,0) 5 + (( = —= + =) age,0 + hraagg1) [ge, 0) y

2 2
th FLQQ th hQ2

+ ((T - T)aeg,o +hAiagg 1) leg,0)  + <(th Ty T)

R hQ2
X Ggg,1 + NA1Geg0 + h)\gag&()) l99,1) 5 + (Awn N + ikt 72)

2 2
rQ rQ
X aee N €€, N) v + ((hwy N + =1 72)@69,]\[ + hA\2aee N—1) |€g, N)

2 2
hQ) hQ2
+ ((hwyN — =2 + Tz)age,N +hXaeen-1) |96, N) y + ((hArage v

2
h<) hQ2
+ h)\Zaeg,N) + (hWNN — hwy + 71 + 72) ee,N—1

+ h()\lag&N + )\2@69,]\/)) lee, N — 1>N .
(4.3.9)

We have shown in Equation (4.3.4) that the number of excitations is conserved.
So, we can decompose the system into mg n different decoupled sectors that the
eigenvalue of MZ ~ can take for this system. We may then put this equation into

a matrix form of
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V1,1
V21
n=0 | V3,1
V41

where

Vil = fleTL + %

v23 =10

:mwﬂ) (1-%)

V33 :th(n+1) - %4‘ FLQ&

v41 =10

V1,2
2.2
V32

V42

V1,3
V2.3
V33

V43

V14
V2.4

|Wa) (4.3.10)
V34

V44

Vg = Tz)\z\/(n +1) (1 — };‘,)

1/174 =0

voo = hwn(n+ 1)+ B —

hQo
2

Va4 = h)\l\/(n + 2) (1 — n]—&\;l)

1/372 =0
V34 = h)\g
V42 = hAl

Jnra(1-52)
/

(n+2)(1—"§1

V4,3:h)\2\/(n—|—2)<1—”ﬁ\}1) 1/474:th(71—|—2)—%—%

This matrix is for each of the mg x sectors where the amplitudes will form quar-

tets of states except for |gg,0) ., |ge,0) . |€9,0) n, 199, 1) n, lee, N) s leg, N) n,

lge, N) 5y and |ee, N — 1) 5.

We consider an interacting system with two identical initial qubits, so that we

have resonant inversion frequencies between the qubits and the big spin, wy =

Q1 = Q. The dipole-interaction strengths between them are also assumed to be

the same so that we have A = A1 = Ao. Note that we will study the case of errors

in these parameters in Chapter 5 and 6 respectively. We obtain the following

eigenvalues where for n = 0 we have

Eon = Eqpn = hwy(n +1). (4.3.11)

and for 1 <n < N — 2 the eigenvalues are

E:I:,n = th(n + 1) + hA

4
dn+6— —(n+1)>2 (4.3.12)
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We also have the eigenvalues for the lower energy levels from outside the summa-

tion denoted as

Ei 1 =+V2h) (4.3.13)
Eq 1=0 (4.3.14)
Eyo0 = —hwy (4.3.15)

while for the upper energy levels their eigenvalues are given as

E:I:,N—l = thN + \/§7L)\ (4.3.16)
Eqn_1 = hwyN (4.3.17)
E&N = th(N + 1). (4.3.18)

From these eigenvalues, we find the corresponding eigenvectors which are

,n—+ 2
i \/4n+6—N(n+1 99+ 2
(4.3.19)
VY +2) (152
|O’7”L>27N = _\/( (=) 1 (nt2)(1— L—H) ‘€€,n>N
! N N (4.3.20)

i+ 11— %)
i+ DA = 2) + (n+2)(1 - )

The subscript “2,N” is used differentiate these vectors from the vectors in the

+

one-qubit big spin as well as two-qubit Jaynes-Cummings models. Similar to case
of the two-qubit Jaynes-Cummings model, we also have a dark state that lies
in antisymmetric subspace as there is no excitation in the system. This state is

written as

1
d,n)y = ﬁﬂge, n+1)y —leg,n+1)5) (4.3.21)

The rest of the unpaired eigenvectors are given by
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1 1
£, 1)y v = 7 99, 1)y £ §(|€g, 0) v + |9€,0) )

1
d, _1>2,N = ﬁ(|g€70>N —leg, 0) )

199,0) x
1 1

|:l:7N - 1>2,N = ﬁ |6€7N - 1>N + 5(‘69’N>N + |gevN>N)
1

’va - 1)2,1\7 = ﬁ(’ge7 N>N - ‘egaN>N)

—lee, N) -

(4.3.22)

(4.3.23)

(4.3.24)

(4.3.25)

(4.3.26)

(4.3.27)

We can then transform and write all the basis vectors used in (4.3.7) to (4.3.9) in

terms of the eigenvectors as

n+1)(1—-%
’66, n)N = \/( )(4 N) (‘+7n>2,N + ’_7n>2,N)
VA +6 — f(n+1)2
Y(n+2) (- )
B n nt1 10,)5
VD= 2) + (n+2)(1 - 2
eg.n+ 1)y = 5(m)y = [y ) = 5l
lge,n+ 1)y = %(|+an>2,N — =)o)+ \2 d,n)y
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(4.3.30)
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leg,0) y =
lge, 0) y =
199, 1) v =
‘697N>N =
|967N>N =

lee, N — 1)y =

%(H‘a Loy == =Dan) - \}5 =Dy

%(H, —Lon— = =Don) + \}5 |4, =1)2,y
Jli(|+,n>2,N+ .1 )

%(‘—i_aN - 1>2,N - ’_7_1>2,N) - \}§ |d, N — 1>2’N
é(H—,N — Loy == —Dgn) + \}5 &N = 1)y n
%(|+,n>2,N+ = 1)y n)-

(4.3.32)
(4.3.33)
(4.3.34)
(4.3.35)
(4.3.36)

(4.3.37)

Then we use the initial state at ¢t = 0, as given by Equation (4.3.7) to decompose

the general state into eigenstates as

N-2

|W2(0)) y = Z <Cncee lee,n)y + Cn+1Ceq leg,n + 1) 5 + Cn+1Cge lge,n + 1)y

n=0

+ Cry2Cyq 199, n + 2>N> + CNCee lee, N) y + Cn_1Cecc lee, N — 1) 5

+ CNC@Q |eg, N>N + CNCge \ge, N)N + CUCeg |eg,0>N + COCge |ge, O>N
+ C1Cyg 199, 1)y + CoCog 99, 0) 5

and by changing the basis of the states, we have
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n+2)(1- %5t n+1)(1-2
SRCRPOAS LLLL L TN BRI (RO (R L |
_|_

\/4n+6—%(n+1)
n _ ntl
_%(Ceg+cge)+cn+2099 \/( +2)(1 N) )
2 \/4n+6—%(n+1)2
Y+ - %)
Vi + DA = 8)+ (n+2)(1 - )
Jn+2)(1- %)

d,n ——(Cye — Cgq
Vit D= &)+ (n+2)(1 - W)) by )]
Cn

+ 10, ”>2,N (Cn+2099

1
+ |+ N —=1)yy (T(Ceg + Ce) + ECNAC@@)
Cn 1
+]= N =1y (- T(Ceg + Cge) + ECN—ICee)
Cn
+|d, N — 1>2,N (W(Cge — Ceg)) — lee, N>27N CnCee
Co 1
+ |+ —Lon (7(0651 + Cge) + \ﬁclcgg)
ey (= LGy 1 Coo) + 1)
) 2,N 2 eg ge \@ 1%gg
C
14, =L)g 5 (75(Coe = Ceg)) + 199,002, CoCg

(4.3.39)

where in this set up, C, is the coefficient for the big spin coherent state as given
by Equation (1.2.33).

N 1 N! n
C’n:nZ::O(l_Hdz)Nﬂ (N—n)!n!C '

(4.3.40)

With the above Equations (4.3.39) and (4.3.27), we can include the time depen-

dence of the eigenstates by

Wy (1)) = e 28t/ |4y (0)) (4.3.41)
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We then expand the equation and put the solution back into the basis states that

measurements would project to, in terms of |ee, n), y, l€g,n + 1)5 v, lge,n 4+ 1)5 &

and |gg,n + 2)27N and we get

(Wa(t)) v =

= e—in(n+1)t [e—iA\ /4n+6—%(n+1)2 <Cncee \/(ﬂ T 1)( %)
n=0 \/4n+6——( +1)2
C (n+2)(1 - ")
+ T2 (Ceg + Cge) + CnraCyq - 4+, 1)y
\/ n+46— §(n+1)>

W = (Cncee Jorna-4)
n(n+1

Con Vi +2) (1 - 2 ) B
2

+ <Cn+2099
i+ -4

- Cn Cee

i+ DA - 2) + (n+2)(1 - ) ’

Cn 1
+ T;(Cge B C@g) d, n>2,N

+ e—inNte—\/Ez‘At(@(Ceg +Cle)

1
+ ECN—ICee) |+aN - 1)27]\[

1
3ON1Cee) |2 N = 1)y

(Cye = Ceg)) 1d, N = 1) — e “NVADICC fee, Ny

+ e—inNte\/i’iAt( CN (Ceg + Cge)

o

V2
e

+ e—ﬁ“t(—o((}eg + Cye) +

4 e—inNt(

1

ﬁclogg) H‘a _1>2,N
1

ﬁclcgg) |_7 _1>2,N

(Cge — Ceg)) |d, _1>2,N + eintCOng 199, 0>2,N

. C
VPN (0 5 (Ceg + Cye) +

Co

+(ﬁ

(4.3.42)

Next, we transform the exponential terms into sin and cos form such that e =

cos x +isin z and simplify the equation to get the exact solution to the two-qubit

big spin model in the form of
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)
+(n+1)(1—%)+(n+ )(1—%1)>
+ngC’n+g\/n+1 1-— ;)\/(n+2)(1—n;1)
cos()\t\/4n +6— N(n +1)2 1
X( 2n+3— % (n+1)2 D)2+ (n+2)(1 - ";1)>

=

- Z.Cn—i-l

\/(" D - n)) sin (At\/zln +6— %(n + 1)2> (Ceg + Cge)]

VAn 46— 0+ 172
isin(Xt/4n +6 — &(n+1)?)

~ <\/(n+ (1~ $)CaCee

\/4n+6— ~(n+1)2

X |ee,n)y +

1 Ch 4
+ \/(n +2)(1 - n]—\t )Cn+Qng> + 2“ cos <)\t\/4n +6— N(n + 1)2>

Cn 1
X (Ceg + Cye) + %(Ceg — Cge)

- isin()\t\/4n+ 6 — x(n+ 1)2> (\/(n+ 1)(1- ﬁ)CnCee

VAn +6— & (n +1)2 N

\eg,n—i— 1>N

_|_

1 n 4
+ \/(n +2)(1— n]—i\; )Cn+2C'gg> - C2+1 cos ()\t\/éln +6— N(n + 1)2>

Ch
X (Ceg + Cye) — TH(Ceg — Cye) | lge,n + 1)y

n—+1

+ CeeCn\/(n+1)(1—Z)\/(n—|—2)(l— )

y (cos()\t\/4n +6— +(n+ 1)2)

1
2n+3— %(n+1)2 n+1)(1—%)+ (n+2

)(1 -
(ESTIES I T
—i—ngC’n+2<2n+3_ 2 1) cos| At 4n—|—6—ﬁ(n+1)

.

(n+1)(1— ) 2 J(n+2)(1—%)
TR ) o A

4
X sin ()\t\/éln +6— N(n + 1)2> (Ceg + Cge)] l9g,n + 2>N>
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—iCn

+ e—in(N—i-l)tCN |€€, N>N + e—inNt [2 (Ceg + Cge) Sil’l(\/ﬁ)\f)

+ Ciggg cos(\@)\tﬂ lee, N — 1)y + o iwn Nt [C;N(Ceg + Cye) cos(ﬂAt)

+ %jgm’ sin(\/i)\t)] (leg:N)n + |ge, N) )

iC,
+{ =0

— 7(069 + Cye) sin(\/§>\t) + GGy cos(\@)\t)] 199, 1)

V2

+ {C;O(Ceg + Cye) cos(V2AE) — ch\/?’g sin(\/i)\tﬂ (leg, 0) x + |ge, 0) 5 )

Co
—(Ceg — Cye) (19€,0) y — 1€g,0) 5 ) + CoCyqy 199,0) v -

3

(4.3.43)

To simplify the calculations, similar to the single qubit case considered in
Section 2.3.3 we may then remove the basic time dependence of the states by
moving to an interaction picture with the following state transformations. With

these, the equation loses its dependency on wyy.

e N ee) — |ee), (4.3.44)
leg) — leg) (4.3.45)

lge) — |ge) (4.3.46)
e“Ngg) — lgg), (4.3.47)

e lonnt n)ny — |n) N (4.3.48)

4.3.3 Two-Qubit Attractor States

Similar to the previous models, we can find the attractor state for our two qubits
and big spin model. In Section 2.3.5 we have demonstrated that in a parameter
regime 1 < [¢|?> < N where i = [¢|?, a qubit state in a one-qubit big spin model
will approach an attractor state regardless of its initial state. We then showed that
for the case of two-qubit Jaynes Cumming model, whether or not the two-qubit
attractor state is approached is dependent on the initial state of the qubits.

To find the attractor state for our model, we start by rewriting the cosine and

sine terms in the exponential forms as
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(e + i) (4.3.49)
sinz = 2i (eix — e*ix) : (4.3.50)

and then we collect the terms with the same frequency. Equation (4.3.43) above

now becomes

N—2
|‘1’2(t)>N = (
+

nt2U- %) g0
8= Fn+ 12T )= )+ (21— )
Ceg — Cye
X CggCnia | lee,n)y + #erl( leg:n+ 1)y — lge,n+1) )
Vi D= R)y/ (0 +2) (1 5 (n+ 1)1 3)
X - n nt1 CG@C”+ 2 2
(n+1)(1—-F)+(n+2)(1-") 2n+3— %(n+1)
X ngCn—f—?) lgg,n + 2>N
ixt\/Ant6— 2 (ni1)?) N
+° - K DK 0,
V+1) (1 - &)/ (n+2) (1 - 25 Jo+)a-%)
+ ) 2 1)2 ngCn+2 7
n+3-gxn+1) VA +6— £ (n+1)2
Ceg + Cye (n+1)(1-%)
X (Ceg"’Cge)Cn—i-l) |€€,n>N+< g+ J Cn+1 \/ N
2 \/4n+6—%(n+1)2
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_l’_

oAt/ An+6— 5 (n+1)?) K (n+1)(1—2)
2

+¢(n+1><1—%w<n+2><1—"7> Jn+1)(1— %)
+1

2n+3— 2 (n+1)2

(C€9 + Cge)Cn+1> lee n>N + (Ceg + Cye Cooi1 \/(n + 1)( - %) o
2 Vit 6= (n+ 1)2
n+2)(1 -2t
\/\i( —:‘6)(4( 11))20 Cn+2)(’eg,n+1> +lge,n+ 1))
n -~ n
Vot )= 5)/n+2) (-5 421 28
+< 2n+3— £(n+1)? Ceecn+2n4r3—%(nﬁ1)2
n+2)(1— 2l
\/\Z( _:‘6 )(4( ifl))Q (Ceg+cge) n+1> !gg,n+2> >+|CR>N
n -~ n
(4.3.51)

where |Cg), are all quantum state terms from outside the sum in Equation
(4.3.43) that is given by

—iCyn

|ICr)y =Cn |ee, N)y + [ (Ceg + Cye) sm(\f)\t)

+ Ci%gg cos(\/i)\t)} lee, N — 1)y [CN (Ceg + Cye) cos(\f)\t)

26\1/15099 (f)\t)} (leg: N)w + 19, Ny )

+ { i ——(Ceg + Cye) sm(xf/\t) Ci/c%gg COS(\@M)} 199, 1) n

[CO (Ceg + Cye) cos(vV2M) — Cfg sin (V) | (Jeg. 01 + 19e. 00y

+ 7(069 - Cge)( |g€>O>N - |eg7O>N) + COOgg ‘9970>N
(4.3.52)

Within a regime of 1 < [¢|> < N where i = [(|?, we can make the following

approximations
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(n+1)(1 - %) ~n(l— 1) (4.3.53)
(n+2)(1— ”]‘V”) ~n(l- ) (4.3.54)
\/4n+ 6— %(n +1)2 % 24 /n(1 - %) (4.3.55)

we further simplify Equation (4.3.52) as

N—2
Da(t)) = ( [(CoeChn — CygCria) lee, )y
n=0
+ (Ceg — Cge)Cryi(leg,n+ 1)y — |ge,n+ 1) )
+ (= CeeChp + CygCri2) lgg,n + 2) |
2N n(1-2)
+ 1 [(CeeChn + CggCri2) = (Ceg — Cge) Crrr lee,n) iy

1 ((Ceg + Coe) Oyt — CeeCr — CggCria) (legm+ 1) + lgesn 4+ 1))
(CeeCn + ngcn+2 - (Ceg - Cge)Cn-i-l) !gg, n+ 2>N]
2N n(1-2)

+ f [(Ceecn + ngCn+2) + (Ceg - Cge)Cn+1 ’667 n>N

+ ((Ceg + Cge)Crt1 + CeeCrn = CygCriy2) (legin+ 1)y + lge,n + 1)y )
(Ceecn + ngcn+2 - (Ceg + Cge)CnJrl) |gg, n+ 2>N]) + |CR>N
(4.3.56)

We regroup the terms based on their state basis |ee, n) 5, |eg,n + 1) v, [ge,n + 1) 5
and |gg,n + 2) ; and obtain
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i), = (e en ) s

Ch—
+ (Ceg - Cge)(|egun>N - ’ge)n>N) - (CeeC,Q - ng) |ggan>N]

1{62i,\t (n+2) (1- 252
2

Cn 2 Cn 1
)<Cee+cgg 2 (Ceg + Cye) 2t >|ee,n>N

n n

i n n+1
2N (n+1) (1- )((Ceg L) — Cu

it fa(1—2) [ Co Cn-
+e2)\t (1 N)(Ceec,2+c — (Ceg + Cge) —~— C )|gg, nw })

n

Ch— Cn
et = Coy 5 ) Uleg iy~ lgesn)y)

17 -2 n +2 n n
+ 5 |:€ 2t ( +2)< ) (Cee + ng CC+2 (Ceg + Cge) CC+1> |€€, 7’L>N

n

—2ixty/ (n+1) (1- 252 Cn— Cn
+e (n+1)( )<(Ceg+cge) CeeCl_ngCJrl>(|eg’n>N_ lge,n) )

—2ixy/n(1— Cp_ Ch—
+e ( N)<Cee . +ng+ (Ceg + Cye) —— c >|gg, n) N D
(4.3.57)

A further approximation can be made if the relevant values of n are such that

(n — n) < n, which simplifies the big spin’s coefficient as

¢ N — 1A
Cni1 _ [VN (4.3.58)
Chn i n+1 |
S /N —7mn B 1/2 a1 2
_ | A (1—" ”) (1+"”+> (4.3.59)
N N -7 n
N'\/Cﬁm-@_”_" + )(1—”_n+1+ ) (4.3.60)
~ = SN % 3.

¢ ( ¢l >( 1 1 1 >
N —=1l—-——+..]|1- — - — 4+ .. 4.3.61
g\ "avw INI(] 2N 2N (4361
S o (4.3.62)
and similarly, we have
RN ] =,
Cn ¢

With the facts that (n—n) is small compared to n and n < N, we can separate

(4.3.63)

the two-qubit and the big spin parts by using binomial theorem to expand the

following square roots and then simplify the terms inside.
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\/(n—l—l)(l—;):(ﬁ—i-(n—ﬁ)—l—l) (1_7_l+(’l_ﬁ))é (4.3.64)

N
~ (ﬁ + (’;ﬁ?) + éﬁ) (1 _ ;) (4.3.65)
~ (‘/j + % + 2\%) (1 - ]:L,) (4.3.66)

where [ in this case is a parameter that takes on the value of —1, 0 or 1.

N
Ba0)), = (Z Cn |n>N) [ (€Cee = Cyy) (72 lee) — lgg))
n=0

+(Cup = ) () = lge)) | + (H9C0 = €%(Coy + Cy) + Co)

(4.3.67)

It is clear that there are two distinct parts in this equation which can be simplified

in the form of

1
[T2(6)) = D0 m(t) [Qu(t) @ [@1(1)) (4.3.68)

k=-1

where 7, (t) is normalisation factor, |Qx(t)) is the two-qubit state, |®x(t))y is a
state of the big spin state and k takes a value of —1,0 or 1. With ¢, as the one-
qubit big spin revival time and given by Equation (2.3.78), these terms are then

written as
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o 2imt(A+2) [t

e (t) = 5 (€%9Cec F € (Ceg + Cye) + Cyg) (4.3.69)
2i¢h _ 2 _ 2
o ¢ 49 Cee = Copl +1Ces = Cad (4370

1 —92; % —i i
(Qur (1)) = 5 (7 lee) F 2™/ (|eg) + [ge)) + T/ gg))  (4.3.71)

(€*?Cec — Cyg(e™ |ee) — 1gg)) + (Ceg — Cye)(leg) — |ge)))

[Qo(t)) = = - -
V2 (1629 Ce — Cyql2 +|Ceg — Cyel?)
(4.3.72)
N .
D))y = Y Cre®mkmt/ir |y (4.3.73)
n=0

The term [Qo(t)) is time-independent and with this the qubit is a maximally
entangled qubit state at all times if Ccy = Cye. With a spin coherent state, we

have

|[Pr(t)) v =

JRikrt/t, \/CN >N _ (4.3.74)

We can see that the two-qubit states |Q11(t)) given by Equation (4.3.69) are
actually direct products of the single qubit states ‘Q 11 (t)> with a mapping of
2

time t — 2t .
Q1 (1)) = % (729 ee) 22/ e 19 (|eg) + |ge)) + €741 |gg))  (4.3.75)
= 5 (7l 3 T g) ) & = (70 ) 3 T g)) - (43.70)
= ‘Q:ﬁ:%(2t)> ® ‘Q:I:%(Qt)> : (4.3.77)

From Section 2.3.5 we know that the qubit state in the one-qubit big spin

model evolves into an attractor state at the attractor time &, such that ‘Q +1 (%)>

‘wf’ att>. We have also seen the correspondence of attractor states for the one-qubit
and two-qubit Jaynes-Cummings models in Section 4.2.3 where the two-qubit state
|Q+1(t)) becomes a direct product of ‘Q +1 (t)> at time 4. Therefore we can con-
clude that the attractor state for our two-qubit big spin model will behave in the

same way where
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o)l (§)elon(s))  wom
= ’wiatt>N ® ’wiatt>N (4.3.79)

= V) - (4.3.80)

We can also find the second two-qubit attractor state of the two-qubit big spin
system ‘wg att>N which is orthogonal to ’w; att>N at time % which we label and

write both two-qubit attractor states as

[UFan) | = 5 (2% lee) £ i€ (leg) + |ge)) ~lag)). (43.8)

We may note that these states are exactly in the same form as the two-qubit
attractor states of the two-qubit Jaynes-Cummings model given by Equation
(4.2.64). This shows the correspondence of the two models in the N — oo ap-

proximation.

4.3.4 Basin of attraction

We have seen that the initial two-qubit state for the case of the two-qubit Jaynes-
Cummings model is bounded by a regime called the basin of attraction given by
Equation (4.2.66). The correspondence of our two-qubit big spin model with the
two-qubit Jaynes-Cummings model enables us to find a similar basin of attraction
i.e. all two-qubit initial conditions that lead to the two-qubit attractor states
‘wg:,att>N‘ The wavefunction for the whole system at time % can be written in

terms of the two-qubit attractor state and spin coherent state as

'z <Z)>N == % ’w;att>N [(emd)Cee + ng) (e”ﬁ/Q

),

_ pinii/2 _Z\/CN>N>] + 10 |Qo) \/CN>N

(4.3.82)

By writing the equation in this form, it is clear that the two qubits and the
big spin parts in this equation will be in a product state when the 79 |Qo) ‘\/Ciﬁ>

part vanishes. This is when the linear entropy goes to zero, indicating that there

136



is no entanglement between the two qubits and the big spin. At this two-qubit
attractor time too, there is no presence of entanglement between the two qubits.

To find the ‘basin of attraction’ of the system we start by letting 1y = 0. This
is only possible if the coefficients of the two-qubit states in Equation (4.3.72) are
eC,, = e‘i¢ng =band Cey = Cye = ,/% — |b|2. With these we have an initial

state of the form of

92 = b (7% ec) + ¢ gg)) +1/5 — B2 (eg) +Ige) (138

where ¢ is the initial phase of the spin coherent state and b is a complex variable
parameterising the state and satisfies 0 < |b] < % Obviously this basin of
attraction is identical to the two-qubit Jaynes Cumming case a given by Equation
(4.2.66). We have similar set of initial two-qubit states that lie in the symmetric
subspace and will lead to two-qubit attractor states.

At this two-qubit attractor time too, all the information inside the qubits
system has been transferred into the big spin, which is now a spin cat state
[29, 63, 62] . From the wavefunction, we can see that Equation (4.3.82) contains
two distinct spin coherent states “I’ﬂ(tz’”)>- We can rewrite the equation to see

a clear connection between the two-qubit initial states with the proportion of the

spin coherent states ‘ﬁ> and ’—ﬁ> as

0, <Z>>N = —¢'¢ ‘¢Iatt>N

X (d”m/? <b — ,/% - |b|2> ‘z\/%> + e/ (b + \/% - \bP) ’—z\/%» :

(4.3.84)

This also explains how the information from the two-qubit initial state is encoded

tr
T

into the big spin while the two qubits evolve into an attractor state at time

The connection between the big spin state in the two-qubit model with the
one-qubit case can also be seen under the ¢ — 2t time mapping. Similar to the
two-qubit Jaynes-Cummings model, we have |®4; (1)) = ‘@i%(2t)>N. We also
know from the one-qubit case that at time ¢, and 2¢, the big spin and the qubit be-
come unentangled, so ‘<I>+%(tr)> = ‘@_%(tr)>N and ’¢+%(2tr)>N = ‘@_%(Ztr)>N.
With these results, we can write |®41(%)), = [®-1(%)),y and [®41(t,))y =
|®_1(tr))y- This shows that at times & and ¢,, the big spin part can be fac-
torised out of the wavefunction and there is no entanglement present between the

two qubits and the big spin at these particular times.
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4.3.5 Numerical Results

We plot the time evolutions of the two-qubit big spin system as Figure 4.3.1
and Figure 4.3.2. The first figure shows the dynamics in the interacting system
with an initial two-qubit state that lies inside the basin of attraction, while the
second figure is for the case of the initial state outside the basin of attraction. As
comparisons to the two-qubit Jaynes-Cummings model considered in the previous

section, we use a similar %(!e@ + |gg)) as the initial state from inside the basin

of attraction, and state \/% lee) + \/% lgg) for the case of an initial state from
outside the basin. For both cases, we let n =25, N = 150 and ¢ = 0.

The linear entropy associated with the density matrix of the two qubits at all
times when the big spin has been traced out SqL (t) is plotted as a red line to show
the purity of the two-qubit system. We also plot the probability of both qubits
being in the excited state P..(t) as the a blue line and the probability of the two-
qubit state being in the two-qubit attractor state P2J7r 21 (t) is shown as an orange
line. Both figures show the presence of collapse and revival in the two-qubit state
probability regardless of the initial state where the blue lines show probability
peaks at certain times. From the figures, we can see that the first revival for this
two-qubit big spin system happens at %, which is half the revival time of the
system with one qubit ¢, given by Equation (2.3.78).

At the two-qubit attractor time tz’", with an initial two-qubit state from inside
the basin of attraction, the qubits and the big spin are essentially unentangled.
This result can be seen by the linear entropy line (red) approaching zero at this
particular time, indicating little entanglement present between the two subsys-
tems. In addition to that, the qubits are now in an approximate pure state
known as two-qubit attractor state )7,/};_ att>N. This is demonstrated through the
fidelity against this state, shown as an orange line in Figure 4.3.1. This means
that there is no entanglement present in the system with the quantum informa-
tion of the initial two-qubit state now encoded into the big spin which is now a
spin cat state [29, 63, 62]. This is however not the case if the qubits start with
a state from outside the basin of attraction. It is because the two-qubit state
in this interacting system can not be factorised out of the wavefunction given
by Equation (4.3.82). The non-zero 7 value prohibits the factorisation of the
wavefunction into the two-qubit and the big spin parts thus; the entropy will be
non-zero. This is clearly shown in Figure 4.3.2 where the red line has a signifi-

cant value at time %’" indicating some entanglement between the big spin and the
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two-qubit subsystem. Furthermore, the two-qubit system does not approach the
two-qubit attractor state as shown by the orange line, where the probability of
being in the two-qubit attractor state P2J7r 211 (t) does not approach unity at time
%. Similar behaviour emerges at the second two-qubit attractor time % except
for the attractor state probability where the orthogonal two-qubit state ‘¢5 att>

N
is the relevant attractor.

1
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Figure 4.3.1: Time evolution for two-qubit big spin system with the initial two-
qubit state %(\ee) +1]99)), n =36, N = 150 and the initial phase of the radiation
field ¢ = 0. The linear entropy of the qubits is plotted as a red line, the probability
of the two-qubit state |ee) as a blue line and the probability of being in the two

qubit ‘attractor’ state ‘1/1; att>N as an orange line.

From the previously considered analytical solutions with large n where 1 <
n < N, we know that regardless of the initial conditions, the system will once
again be factorised into the two-qubit and the big spin parts at time ¢,. Similar
behaviour is also predicted at time %" if the two qubits start with a state that
lies inside the basin of attraction. At these times, the two qubits are again in a
pure state and their entropy are therefore expected to be zero. The dips in the
linear entropy line is expected to be very near to zero to indicate the absence of
entanglement between the subsystems. However, we can see this is not the case in
the graphs. Unlike the behaviour at %’" in the figures that can be approximately
understood from the analytics, we cannot make a similar conclusion with the
behaviour of the system at later times. There are no deep dips shown by the

red line at % and ¢, in Figure 4.3.1 as well as at time ¢, in Figure 4.3.2. This
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Figure 4.3.2: Time evolution for two-qubit big spin system with the initial two-
qubit state \/% lee) + \/% lgg), n = 25, N = 150 and the initial phase of the
radiation field ¢ = 0. The linear entropy of the qubits is plotted as a red line, the
probability of the two-qubit state |ee) as a blue line and the probability of being

in the two qubit ‘attractor’ state ‘w; att>N as an orange line.

means that the parameters used in the numerical calculations are insufficient to

approach the N — oo conditions required for the analytic results to apply.

4.3.6 Collapse, Revival, Death and Rebirth of Qubits Entangle-

ment

As shown in Section 4.2.6, in a two-qubit system we can measure not only the
entanglement between the qubits and the field, but also between the two qubits
themselves. While we use linear entropy to measure the first entanglement, we
use a quantity called concurrence ¢(t) = \/7(t) as a measurement of the latter,
where 7(t) is the mixed state tangle that is calculated by using Equation (4.2.68).
We have discussed the linear entropy behaviour in our two-qubit big spin model
in the previous section. So here we will further investigate the qubit-qubit entan-
glement in the system. This will reveal interesting phenomena resulting from the
interaction of the two qubits and the big spin. These phenomena are known as
the ‘collapse and revival’ as well as ‘the sudden death / birth’ of entanglement be-
tween the two qubits and they are analogous to the two-qubit Jaynes-Cummings
model behaviour[64, 27].

It was also shown that in the two-qubit Jaynes-Cummings model, the the

events depend on the two-qubit initial state, which is bounded by the basin of
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attraction described by Equation (4.2.66). Given the similarities of the two mod-
els, it is possible for us to study the connection of the phenomena ‘collapse and
revival’ as well as the ‘death and birth’ of entanglement with the basin of attrac-

tion in our two-qubit big spin model.

Initial two-qubit state from inside the basin of attraction

The basin of attraction for the initial states of a two-qubit big spin model is given
by Equation (4.3.83). It is parameterised by a single complex variable b and similar
to the basin of attraction for the case of two-qubit Jaynes-Cummings model as
given by Equation (4.2.66). As was demonstrated by C.Jarvis et.al [64, 27], we
can calculate the level of entanglement associated with the states inside the basin
of attraction. We plot Figure 4.3.3 to demonstrate the connection of concurrence
¢(t) and parameter b. This figure shows that all possible levels of entanglement
are represented in the basin of attraction. It shows that there are only two points
where we have ¢(t) = 0, indicating that there are only two product states in this
basin of attraction which are at b = :I:%. All other points represent entangled
states with the entanglement varying between zero and the maximum value of

unity. All the points representing states with maximum (unit) entanglement are

given by the circle b = % and the line Re(b) = 0, where ¢ is an arbitrary phase.
At time %, all initial states inside the basin evolve into a two-qubit attractor

state ‘wgr att>N given by Equation (4.3.78), and at time % they evolve into the

orthogonal two-qubit attractor state ’1/)5 att>N. These states are pure and unen-
tangled with the big spin, so there is no entanglement between the two qubits
and the big spin at these times. We also know from Section 4.2.3 that the two-
qubit attractor states is simply a direct product of two one-qubit attractor state
‘wi att>N which are also pure and unentangled. Therefore, if the system starts
with any state from inside the basin of attraction, there will be no qubit-qubit
entanglement present and we will have a system with absolutely no entanglement
either between the subsystems or between the two qubits at these times. Since
the state of our composite system is pure at all times, the big spin must also be
in a pure state at these times % and :%. Similar to the single qubit case, all
quantum information in the two-qubit initial state has been transferred into the
big spin, even though in this case the two-qubit state contains entanglement.
From the analytical solutions, we know that with a large number of spin

where N — oo where 1 < n <« N, at the two-qubit revival time % the two-qubit
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Figure 4.3.3: The value of the concurrence for the states in the basin of attraction

for different values of b.

entanglement returns into the system and concurrence will regain its initial value.
This also happens at the second two-qubit revival time ¢,. The phenomenon is
called ‘collapse and revival of entanglement’ [28, 64, 27, 25] and is observed at
the times where ¢(0) = ¢(%) = ¢(t;). In between these times another interesting
phenomenon called the ‘death of entanglement’ [24, 77, 26] can be seen. We

plot Figure 4.3.4 to demonstrate these interesting phenomena. With b = == or

equivalently an initial two-qubit state of |¢)2) = %(\ee) +|99)), the figure cl\gzrly
exhibits the events of ‘collapse, revival and death’ of entanglement in a two-qubit
big spin interacting model with a two-qubit initial state selected from inside the
basin of attraction. In this figure, we plot a black line to represent (), the value of
entanglement measured between the two qubits. Although the quantity does not
actually return to unity, a strong qubit-qubit entanglement revival can be seen.
The discrepancy and difference between the analytical and numerical results are
due to the finite size of the big spin and its spin coherent state. Clearly with

N = 150 the entropy does not go to zero, so for this finite system there is not

complete disentanglement of the big spin from the qubits, so the qubits cannot
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return to a maximally entangled pure state.

-
b A
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Figure 4.3.4: Time evolution for two-qubit big spin system with the initial two-
qubit state %(\ee) +199)), n =25, N = 150 and the initial phase of the radiation
field ¢ = 0. The linear entropy of the qubits is shown as a red line, the probability

of the two-qubit state |ee) as a blue line and the concurrence ¢(t) as a black line.

As we let two entangled qubits interact with a collection of N spins, over
time there will be evolution in the initial entanglement of the qubits. There
will be exchange in the value of the qubit-qubit entanglement for the value of
the two-qubit big spin entanglement and then for a superposition state of the
big spin. This can be seen in Figure 4.3.4 where the value of ¢(t) approaches
zero at time %. This is why we find no entanglement present in the system at
the first two-qubit attractor time, before the process reverses. The entanglement
between the two qubits and the big spin returns into the system and expected

to reach its maximum while the entanglement between the two qubits starts to

reappear. Then both entanglements are also expected regain their initial values

tr

at time 7%,

where the entanglement between the qubits and the big spin is again
disappears and the value of entanglement between the two qubits goes to its
maximum. However, with N = 150 in our numerical analysis, these entanglement
disappearance and revival processes could not be completed as shown by the red
and black curves in the Figure 4.3.4.

It is interesting to note that during the disappearance of the entanglement
between the two qubits, the value goes smoothly to zero in a manner that has

been described as a Gaussian envelope [64, 27] which is a similar case to the
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two-qubit Jaynes-Cummings system. The value of the entanglement collapses
but the eigenvalues of Equation (4.2.66) never go negative so no maz operation
on the eigenvalues is needed to calculate ¢(t) as described in Section 4.2.6. This
makes the collapse goes smoothly rather than disappear and reappear with a finite
gradient, which is the case of a system with an initial two-qubit state from outside

the basin of attraction that will be discussed in the next section.

Initial two-qubit state from outside the basin of attraction

We have seen many interesting attributes of a two-qubit big spin interacting sys-
tem in the previous sections. We have also seen the event of collapse, death and
revival of entanglement between the two qubits that resulted from an interaction
of a two-qubit initial state from inside the basin of attraction and the big spin.
In this section we will extend our research by studying the system with an initial
state selected from outside the basin.

Here we are considering a case where we let 19 # 0 in Equation (4.3.79). With
such a restriction, the equation maintains its last term 79 |Qo) ‘ﬁ%\[ This makes
the wavefunction inseparable into a product state of the two-qubit and big spin
subsystems at the two-qubit attractor times % and %. As the qubits cannot be
factorised out of the wavefunction, there will be non-zero entropy in the system.
The qubits will not approach the two-qubit attractor state. To illustrate the time
evolutions for an interacting system involving a big spin and two qubits with an
initial state from outside the basin of attraction, we plot Figure 4.3.5. We choose
a two-qubit initial state from outside the basin of attraction which in the form of
L= fee) + /35 199).

We can see that the time evolutions produced are different to the case when
the initial state is from inside the basin and in this section, we will focus only
on the entanglement between the two qubits which is plotted in the figure as a
black line. In this system we can observe an occurrence of a different phenomenon
called ‘sudden death / birth of entanglement’ [24, 25, 26]. With a negative value
of the eigenvalue difference, the max operation in Equation (4.2.68) influences
the behaviour of the entanglement, where the value ¢(¢) goes to zero with a finite
gradient instead of collapsing smoothly.

In the case of an initial two-qubit state from inside the basin of attraction
where 79 = 0 in Equation (4.3.82), there is no entanglement presents at times %

and %. From our analysis in Section 4.3.3, we have shown that for this case at

these times we have a two-qubit attractor state |Q+1(%)) = ‘wim> that is pure
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Figure 4.3.5: Time evolution a for two-qubit big spin system with the initial
two-qubit state \/% lee) + ,/% lgg), n =25, N = 150 and the initial phase of the
radiation field & = 0. The linear entropy of the qubits is shown as a red line, the
probability of the two-qubit state |ee) as a blue line and the concurrence ¢(t) as

a black line.

and unentangled. However, we can see a different picture here, where there are
peaks in the ¢(t) at these times for the case of an initial state from outside the
basin. We know that for this case, ng # 0. Therefore, if there is any measurement
of entanglement at these times, then it has to be the contribution of |Qg) term in
the wavefunction (4.3.79). This event is shown in the concurrence plot in Figure
4.3.5 where we can see peaks at these times.

Anyway, this is not always the case. We may have a two-qubit big spin system
that starts with an initial two-qubit state from outside the basin of attraction but
not showing any peaks at times % and %. It is when the |Qg) is a product state,
then no entanglement presents in the qubits system. On the other hand, if it is
an entangled state, then there is a chance that entanglement exists between the
two qubits, and there is also possibility of no entanglement because a mixture of
an entangled and a product state is not necessarily entangled. To illustrate this,
we plot Figure 4.3.6 to show the different dynamics of concurrence ¢(t) that is
measured between the two qubits with three different initial states.

For comparison, Figure 4.3.6(a) is for a system that starts with a state from
inside the basin of attraction while the last two with states from outside. It shows
the event of Gaussian collapse and revival with smooth decay in the entanglement

as compared to the other two which exhibit the event of sudden death / birth in the
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Figure 4.3.6: Plots comparing value of concurrence ¢(¢) as a measurement of two
qubits entanglement with different initial two-qubit states, n = 36, N = 150 and
the initial phase of the spin coherent state ¢ = 0.
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entanglement between the two qubits. From Figure 4.3.6(b) and Figure 4.3.6(c)
we can see the difference in the entanglement measurement at time % . Unlike in
Figure (b) there is no peak in concurrence in Figure (c) eventhough both systems
start with an initial two-qubit state from outside the basin of attraction.

From our theoretical analysis for large n and 1 < n < N in Section 4.3.4, we
have seen that at time ¢, the system has zero entropy and can be decomposed into
the qubits and the big spin subsystems. At this time the big spin system ®_;(¢,) =
Dy (t,) = P1(t,) = ‘ﬁ> and the amount of qubit-qubit entanglement returns to
its value at the beginning of the interaction ¢(0) = ¢(¢,). Some indication of this
is shown in Figure 4.3.6 where there are peaks in the entanglement measurement
for both cases of initial state, from inside and outside of the basin of attraction.
However, with n = 25 and a limited value of N = 150, the revival will not be
complete and the concurrence will not show the full recovery of its initial value.
There cannot be perfect two-qubit entanglement again if the entropy of the two-
qubit subsystem is not allowed to return to zero because of the entanglement with

the big spin not vanishing in this finite version of the system.

4.4 Summary

We have investigated the dynamics and time evolutions of a system with two
qubits interacting with a collection of N spins. We also have shown the corre-
spondence of this interacting system with the two-qubit Jaynes-Cummings model.
We started by reproducing the results of prior works by C. Jarvis et.al [27, 64, 28]
to develop in depth understanding on a two-qubit interacting model and later for
a comparison with our two-qubit big spin model.

We calculated and demonstrated many interesting phenomena resulting from
such interactions. Quantities like the Rabi oscillations of qubits probabilities,
the linear entropy of the qubits system, the two-qubit attractor state, basin of
attraction and lastly the entanglement between the two qubits with respect to
their initial state were plotted to visualise their dynamics.

A direct comparison can be made with similar quantities that are produced
by the two-qubit Jaynes-Cummings model. We see that all above-mentioned
quantities behave in similar ways for both systems, and thus we can conclude the
correspondence of our two-qubit big spin and two-qubit Jaynes-Cummings models.
Next, we will extend our research to understanding the dynamics of these systems

including the effects of decoherence. Given the already observed correspondences,
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we can thus study both models side by side to further investigate their similarities

and differences with errors in the frequencies and dipole interaction strength.
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Chapter 5

Two-Qubit Interacting Systems
with Non-Zero Frequency

Detuning

5.1 Introduction

In Chapter 3 we have seen the effects of frequency detunings on the one-qubit
Jaynes-Cummings model and the one-qubit big spin model. We have also con-
sidered the two-qubit Jaynes-Cummings model and extended our analysis on the
two-qubit big spin model with a resonant condition for the system frequencies
in Chapter 4. In this chapter, we will study the effects of non-zero frequency
detunings on both two-qubit interacting systems. We investigate the changes in
the time evolutions of both systems with respect to the changes in the detunings.

Unlike the cases of single qubit systems, the study on the frequency detunings
for the two-qubit cases will be more complicated as an extra qubit is involved. For
example, instead of only § = w —  as for the case of one-qubit Jaynes-Cummings
system, more variables need to be considered where in this new set up, there will
be two values of §. However, more interesting features like the decoherence in the
entanglement between the qubits can be studied.

In Chapter 3, we undertook our frequency detuning analysis on single qubit
interacting systems in two stages. First we considered a single non-zero detuning
by taking a mismatch between the frequencies of the qubit and the field (and
big spin for the case of one-qubit big spin model). Here the evolution was still

Hamiltonian, but differed from the zero detuning resonant case. Following this,
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we analysed the systems by considering a distribution of detunings to model the
realistic errors that usually occur in actual systems. In this chapter however, we
will only focus on the latter, as we are interested on the effects of decoherence
in both interacting systems, particularly on the dynamics of the entanglement

between the qubits.

5.2 Collapse, Revival and Decoherence of Entangle-

ment in Two-Qubit Jaynes-Cummings Model

To analyse and observe the effects of non-resonant frequencies in a two-qubit
Jaynes-Cummings system we consider a case where the field mode’s frequency,
w is positioned in between the two qubits frequencies, 2 and 25 as shown in
Figure 5.2.1. We label the mismatches in the frequencies as hd; = h(; —w) and
hdy = —h(Qe — w).

We solve the dynamics of this system by first solving the eigenvalue equa-
tion given by Equation (4.2.5). Rearranging the states with the same number of

excitations, (4.2.8) now takes the form

ﬁﬂ%pi[

n=

o

[ h
h(w(n+1)+ B (01 — 62) Jacen + AV + 1 (A1agent1 + )\2aeg,n+1):| lee, n)

h (w (n+1)+ 5 (61 + 52)) Qegnt1 + A1 \/magg,nﬂ + ﬁ)\z\/maee,n} leg,n + 1)
h (w (n+1)— B (61 + (52)) Agent1 + AANVI 4 Lagen + BAavVn + 2a4gn42| |ge,n + 1)
h (w (n+1)— B (61 — 52)) Aggn+2 + AANVI + 2(aegni1 + Bdaagent1) | |99, n + 2)}
+ { (%61 + %%)agg,l + h\1Geg,0 + h)\2age,0] 199, 1)
+ {_ (%61 - %62)@9670 + /\2%9,1} lge, 0) + {_ (%61 - %52)%%0 + Alagg,l] leg, 0)
— (hw + % + %)agg,o l99.0) .

(5.2.1)

As was discussed in Section 4.2.2, we may then put this equation into a matrix

form given by
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Figure 5.2.1: Two-level energy of field mode and qubits frequencies.

V1,1 V1,2 V13 V14

V22 V23 V24

WE
S

Hy [5) = W) (5.2.2)

n=0| V31 V32 U33 U4

V4,1 V4,2 V43 V4g

where

V1,1 = hw (n + 1) + % ((51 — (52) V1,2 = ﬁ)\zvn +1

V1,3 = hxivn+1 V4= 0

vo1 =hdav/n+1 vag =hw(n+1)+ % (01 + 62)
V23 = 0 Vo4 = hhivn + 2

v3,1 = hAdiv/n+1 V32 = 0
v33 = hw (n + 1) — % ((51 + 52) v34 = hAov/n + 2
V4,1 = 0 Vg2 = hdivn + 2

v43 = hAav/n+2 vgq =hw(n+1)— % (01 — 02)

There are many possible ways to analyse this interacting system off resonance,
and in general this requires two independent detuning parameters. Given the cal-

culational complexity required to explore this space, in this thesis we will consider
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a condition where the frequency of the field w is equidistantly positioned in be-
tween the qubit frequencies 2 and €25. With this we eliminate the d; — o terms
and we can assign § = d; + do. This enables us to explore the off resonant case
as a function of a single detuning parameter §. We also assume the case of equal
dipole interaction strength between the field and both qubits so that we have
A1 = A2 = A (A mismatch in dipole coupling is explored separately in Chapter
6). This condition further simplifies the the equations and we can then find the

eigenvalues of the Matrix (5.2.2). For the case of n = 0, we obtain

EO,n = Ed,n = hw(n + 1) (5.2.3)

and for n > 1, the eigenvalues are

h
Bip=hw(n+1)+ 5\/52 +8)2(2n + 3). (5.2.4)

We also have the eigenvalues for the lower energy levels given as

B
By =502 +8) (5.2.5)
E4_1=0 (5.2.6)
E,0 = —hw. (5.2.7)

From these eigenvalues, we find the corresponding eigenvectors that are given

as
|£,n)y = Plee,n) £ Qleg,n+ 1) £ R ]ge n+1)+ S|gg,n+ 2) (5.2.8)
10, n) _H +————gg,n +2) (5.2.9)

JNYy = — ee,n) gg,mn 2.
\Pg + S? 1/P2+SO
Qo
|d,n), lge,n+ 1) — ———=|eg,n+ 1) (5.2.10)
\/Q0+R0 \ Q0+00
where
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Novaoes 1)\/ (62 + 442 (20 + 3) + 5,/57 + 8XZ (2 4 3))

P =
(64 07+ 8XT (20 +3)) /82 + 8)2 (20 + 3) + 31/07 + SAZ (20 + 3)
(5.2.11)

0 :\[2\/ (62 +402(2n + 3) + 6,/82 + 8X32(2n + 3) ) 521

21/8% + 8X2(2n + 3) + 6,/67 1 8AZ(2n 1 3)

\/ (62 + 4022 + 3) + 6,/82 + 832(2n + 3) ) (5.2.13)
R=V2

21/8% + 8X2(2n + 3) + 6,/67 + 8XZ(2n 1 3)

VN (n + 2)\/ (62+4)2 (20 + 3) + 6,/82 + 832 (20 + 3) )

S =

(64 V078X (20 +3)) /82 + 8)2 (20 + 3) + 31/07 + SAZ (20 + 3)
(5.2.14)

Py =/8A2 (n + 1)\/<52 +4X2 (20 +3) +6,/62 +8X2 (20 + 3)) (5.2.15)

5.2.16
Qo = 12\/(52+4A2(2n+3)+5\/52+8)\2(2n+3)) ( )

(5.2.17)
Ry =— \}5\/(62 +4X\2(2n +3) + (5\/52 + 8\2(2n + 3))

(5.2.18)

So =1/8X\2 (n + 2)\/(62 +4X% (2n + 3) —1-5\/52 + 8\ (2n + 3))

Note that we can make a check on all these eigenvalue and eigenvector expres-

sions by letting 21 = (23 = w, and recover the results for resonance case discussed

in Chapter 4. We follow the similar steps as in Section 4.2.2 to find the exact

solution to this system’s Hamiltonian. By transforming into the interaction pic-

ture and using the analogues of the state transformations (4.2.32) to (4.2.36), the

solution reduces the into the following equation :
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2 s S5
’\Ifg ; ([CnCee (2P COS(Q\/(S2 + 8)\2(27’L + 3)) + m

PySo )
P§ + 5§

t
—iCpi1 P sin<\/(52 + 8A\2(2n + 3)) (Ceg + Cye)

+ CygChria (QPS cos(;\/(SQ + 8X\2(2n + 3)) -

ee,n)

+ [ - zsm( V62 +8X2(2n + 3) ) <cnceep + Cn+2cggs)

+Cri1@Q cos( \/52 + 8A\2(2n + )> (Ceg + Cye) + Cry1 R(Ceqg — C’ge)] leg,n + 1)

+ { — zsm( \/52 + 8A\2(2n + 3) <CnCeeP + C’n+2ngS>

+ Cri1Q cos( \/52 + 8X\2(2n + 3)) (Ceg + Cye) — Crp1 R(Ceg — Cge)] lge,n+ 1)

PySy
+ |:Ceecn <2PS cos(z\/é2 +8X\%(2n + 3)) — PO2+S§>
+ CyC, 2(252 cos(t\/52 + 8A\2(2n + 3)) + POQ)
g9bn+ 5 Pt

t
_ iCnHSsin(Q\/é? F8A2(2n 1 3)) (Cog + cge)] l9g.m +2) ) +1CR)

(5.2.19)
where |Cg) are all other state terms outside the sum given as
|CRr) =(— hdagg1 + hA1aeg0 + hA2age0) 199, 1) + RA2agq1 |ge, 0)
+ hAiagga |eg,0) — h(w + 8)aggo g9, 0) . (5.2.20)

With this solution, we will analyse the system with respect to the errors as
modelled in Section 3.2.2. With the single parametrisation of the detuning as a
function of §, we consider a practical system where the desired case is both qubits
on resonance with the field mode, but where there are detuning errors across
an ensemble of systems in this two-qubit Jaynes-Cummings model, in which the

errors are distributed by Gaussian statistics given by Equation (3.2.5).

52

f(6]0,A) = e 257 (5.2.21)

1
A2
where § is the error sampled over its width, A. This represents errors distributed
over § but centred on zero, to model the ideal detuning case with decoherence

(due to errors) effects.
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We average over this frequency difference with distributions of varying width
by averaging the density matrix over the error distribution. As explained in
section 3.2.2, we achieve this with a discrete approximation given by Equation
(3.2.7) that has the form of

S £ (810, A) pq(t, 6:) (5.2.22)
d;

25, 1 (3]0, A)

K3

where ¢ indicates the number of the discrete events.

Similar to the case of two-qubit and field mode with resonant frequencies,
we can study the time evolutions of this system with different initial qubit state
regimes. We observe the decoherence effects of systems with initial qubit states

from both inside and outside of the basin of attraction given by Equation (4.2.66)

v2) = a (7 lec) + ¢ lgg) + /5 — Lol leg) + lge)) (5223)

where 6 is the initial phase of the radiation field and a is a complex variable

parameterising the state and satisfies 0 < |a| < %

5.2.1 Initial two-qubit state from inside the basin of attraction

Equation (5.2.19) gives us the solution for a two-qubit Jaynes-Cummings model
with a difference in the qubits’ and the field’s frequencies. With this equation and
properties given by Equation (4.2.32), Equation (4.2.33) and Equation (4.2.34),
we calculate the probability of the two qubits being in excited states Pe(t), the
linear entropy of the two-qubit subsystem S(f (t), the probability of the two qubits
being in the attractor state P; .+ (t) and the concurrence ¢(t) of the two qubits
entanglement. We then plot Figure 5.2.2 to show the time evolutions of this two
qubits-field mode model for three different values of error, for the case of the
initial two-qubit state of the qubits lying inside the basin of attraction.

Many interesting observations can be made from this Figure 5.2.2 especially
when we compare these time evolutions with the case of two qubits-field system
on resonance frequency, as shown in Figure 4.2.1 and Figure 4.2.4. By comparing
the figures, we first observe that at this two-qubit attractor tlme , the changes
that emerge with increasing error distribution width are rather small. The linear
entropy stays very close to zero and the two-qubit attractor state probability stays

close to unity, meanwhile the two-qubit probability and tangle lines remain flat, as
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Figure 5.2.2: Plots comparing qubits linear entropies (red), probability of the two-
qubit state |ee) (blue), the probability of being in the two-qubit attractor state
‘1/){ att> (orange), and concurrence ¢(t) (black) for two qubits-field mode models
of initial two-qubit qubit state %(]e@ +|gg)), n = 36 and the initial phase of the
radiation field § = 0, with decoherence effects in frequency. Figure (a) shows the
differences in the system with A = 0.4, (b) shows the differences in the system
with A = 1.0 and (c) shows the differences in the system with A = 2.0.
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they were in the zero detuning system. This indicates that there are rather small
changes in the purity of the two-qubit subsystem. Similar observations can be
made at the second two-qubit attractor time 3% where again minimal changes to
the entanglement indicators can be seen. This shows us that the detuning errors
introduced have no or very small effect on the system at these particular times.

However, interesting behavioural changes are visible at the two-qubit revival
time, %T This is where in a system with a very large 7, the two-qubit subsystem is
expected to once again disentangle from the field and the linear entropy approach
zero. With errors in the system, we can see that there is some disturbance to
the linear entropy of the qubits. As the error distribution width increases the dip
in the entropy curve becomes shallower indicating that the purity of the qubits
system is lowered and the level of mixture increased. The value has now moving
away from near zero to a larger value. This increase in the two-qubit entropy
at the revival time is due to additional entropy from the decoherence due to the
distribution of detunings over the ensemble, adding to entropy resulting from
entanglement of the qubit with the field.

Beside the linear entropy, changes in the qubit probabilities can also be seen
at this time. Although the effect is negligible on the probability of the qubit being
in the two-qubit attractor state P; .(t), as a function of increasing error width
we observe a reduction in the amplitude of oscillation of the probability of the
two qubits to be in the ground state P..(t). The revival amplitude of the qubit
at this time thus becomes smaller with increasing error width.

At time % too, with a perfect revival the concurrence would be expected to
return to the same value as it was for the initial state of the qubits at the beginning
of the interaction ¢(0) = ¢(%). However, as shown in the numerical analysis in
Section 4.2.5, with n = 36, no perfect revival would be observed. Besides that,
the results shown in Figure 5.2.2 also suggest that this quantity is also affected
by the detuning errors in the system. As the error distribution width increases,
the two-qubit entanglement becomes smaller as shown in the figure where the
concurrence revival peak reduces in size. This shows that there are some effects
on the entanglement value between the two qubits where it becomes smaller with

the appearance of error.

5.2.2 Initial two-qubit state from outside the basin of attraction

We have considered the two-qubit Jaynes-Cummings model with initial qubit

states from inside the basin of attraction. Considering such an initial condition of
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qubit states means that we are dealing with a two-qubit Jaynes-Cummings model
with a restriction of 779 = 0 on Equation (4.2.65). For the case of resonance, we
have seen the effects of neglecting such a restriction on the system in Section 4.2.6.
Here, we will study the model with 79 # 0 and non-zero detuning. This means
that we will explore the system outside the basin of attraction under the effect of
increasing errors in the detuning.

With Equation (5.2.19) and properties given by Equations (5.2.21), (5.2.22)
and (5.2.23), we calculate the probability of the two qubits being in ground states
P..(t), the linear entropy of the qubits system SqL (t) and the probability of the
two qubits being in the two-qubit attractor state PZ att(t). We also calculate the
concurrence ¢(t) to show the sudden death / birth of two-qubit entanglement in
the system. We plot Figure 5.2.3 to show the time evolution of the two-qubit
Jaynes-Cummings model with an initial qubit state from outside the basin of
attraction and an increasing detuning error distribution width. We compare the
results to the ideal model plotted as Figure 4.2.2 and Figure 4.2.5 in Chapter 4.

Similar to the case of resonance (zero detuning), without the 79 = 0 restriction,
the two-qubit state cannot be factorised out of the wavefunction at tzr and %.
With this fact, the two qubits will not go towards the attractor state. The entropy
will also be non-zero at these times. All this can be seen by the P; 41t (t) shown
as an orange line, which has its maximum significantly less than unity at the
first two-qubit attractor time. The red linear entropy line has only shallow dips
towards zero at the two attractor times, but does not approach close to zero. The
amount of entanglement is shown as the black line and unlike for the case of initial
states from inside the basin, clearly there are peaks at % and :%. However, no
significant changes can be observed on all of the dynamics at these times, even
with error value A = 2.0. This shows that the detuning introduced have rather
limited effects on the system at the two-qubit attractor times.

At the two-qubit revival time % as well as the one-qubit revival time ¢,
we observe changes to the system as a function of increasing error distribution
width. First, on the probability of the qubits being in the two-qubit attractor
state ‘@ZJ; att> and being both in the excited state |ee). There is suppression of the
revival oscillations in both probabilities with increasing errors. This can be seen
by blue and orange lines where they become flatter at both times.

At the one-qubit revival time ¢, too, the entropy is predicted to be near zero
as the the qubit states can again be factorized out of the wavefunction. However,

we can see that the entropy dips are filled in with increasing errors. Similarly, the
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Figure 5.2.3: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue) and concurrence ¢(t) (black) for two qubits-field mode
models of initial qubit state \/% lee) + \/éjg lee), n = 36 and the initial phase of
the radiation field # = 0, with decoherence effects in frequency. Figure (a) shows
the differences in the system with A = 0.4, (b) shows the differences in the system
with A = 1.0 and (c) shows the differences in the system with A = 2.0.
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concurrence also suffers with increasing decoherence due to detuning errors. In
an ideal revival, the entanglement should be the same as at the start and at the
revival time of interaction ¢(0) = ¢(¢,). However, with n = 36, it is not enough
to see this happening in the system. Furthermore, with errors in the detunings,
the occurrence of this quantity is now affected where the entanglement revivals
decrease with increasing errors. The black line shows that the entanglement peaks
at both times completely disappear with error distribution width A = 2.0. This
indicates that the expected revival of entanglement between the qubits is very

sensitive to increasing detuning errors.

5.3 Collapse, Revival and Decoherence of Entangle-

ment in Two-Qubit Big Spin Model

We have seen the effects of errors in the detuning on the two-qubit Jaynes-
Cummings model. In this section, we will extend similar analysis on the two-
qubit big spin model. We will investigate the system by considering a detuning
error distribution modelled by Equation (5.2.21) and we will average the density
matrix of the system over this error distribution. We will use a similar discrete
approximation to the systems given by Equation (5.2.22).

We start with solving the dynamics of this system by finding the eigenvalues
equation given by Equation (4.3.5). Rearranging the states with the same number

of excitations, Equation (4.3.9) becomes
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N-2
100 = 3 K(thn + Z (61 = 82) Y aeen(t) + h\/(n +1) (1 - ;)
n=0

X (g (8) + Dategnin (1) ) eesnly

+ ((th(n +1)+ g (61 + d2) )aeg,n+1(t) + h)q\/(n + 2) (1 _ n]-i\; 1>

aggmia(t) + h)\g\/(n +1) <1 - ;z])aeem(t)) leg.n+ 1)y

+ ((th(n 1) - g (61 + 62) agemsi () + Tz)q\/(n +1) (1 - ;)

eean(t) + mz\/ (0+2) (1= "5 )aggnsa(®)) lges + 1)y
+ ((th(n +2)+ g (61 — d2) )agg7n+2(t) + h\/(n + 2) <1 _ n; 1)

X (ategnsn (6)+ Doty (0) ) a9, +2) |
hé1  hoo

hd1  hos
(=5 = 5990199, 00 + [( = = + 57 )ageo + hdaagga] lge, 0)y
hd1  hé
[(71 + 72)%6,0 + hdagg,1] leg, 0) v
hé1  hé
+ [((th + 71 — %)agg’l(t) + h/\laegp(t) + h)\Qage,o(t))] ‘gg, 1>N
)
+ (hwy N + 71 + 72)%67]\/(15) lee, N)
)
+ (o N + =5 = =F)acg,n (1) eg, N)
hd1  hos
+ (thN — 7 + 7)age7N(t) \ge, N)N + ((h)\lageij(t) + h)\gaeg7N(t))
hd1 o
+ (hwnN — hwy + 71 + 72)%671\/,1(75)) lee, N — 1) 5
(5.3.1)

We then put this equation into a matrix form of

M1 g2 V3 Y4

A N2 Vo1 Va2 V23 Voy
H|Usy(t)) = > [ (t)) (5.3.2)

n=0 | V3,1 V32 V33 V34

Vi1 V42 V43 Va4

where

161



Vil = th(n + 1) + % (51 - (52)) V12 = h)\Q\/(n + 1) (1 — K,)

V3= h)\l\/(n + 1)( - E) vig=0

voq = h)\g\/(n +1) (1 — ;) Voo =hwn(n+ 1)+ 5 (51 + 82))
va3 =0 Vo = ﬁz\l\/(n + 2) (1 - "]'\*}1>
V31 = h)\l\/(n +1) (1 — K,) v39 =10

V33 = th(n + 1) — % (51 + (52)) V34 = FL)\Q\/(TZ + 2) (1 — TLK[l)
V41 = 0 Vyo = h)\l\/(n + 2) (1 — n]—\&;l)

V43 = h)\g\/(n + 2) (1 — n]—\*}l> V44 = th(n + 1) + % (51 — 52))

Similar to the case of the two-qubit and coherent field model, we consider a
condition where the frequency of the big spin wy is equidistantly positioned in
between the qubits frequencies {21 and €25 as depicted in Figure 5.2.1. In this case
we replace the coherent field frequency w with the big spin’s frequency wy .

Again, in order to simplify the exploration of the detuning parameter space to
a single parameter, we can eliminate the §; — do terms and assign § = §; + J2. We
also assume the case of equal dipole interaction strength between the field and
both qubits so that we have Ay = Ay = X\ which further simplify the equations.
We will consider the case of mismatch in coupling where A1 # Ag in the next
chapter.

We can then find the eigenvalues by diagonalising Matrix (5.3.2). For n =0
and 1 <n < N — 2, we respectively have

EO,n = Ed,n = th(TL + 1) (533)

Ei,= hwn(n+1) +

| S

\/ b an ((4n £6) — (n+ 12 ) (5.3.4)

V02 + 402¢. (5.3.5)

I\D\D*

= hwn(n+1)

162



For the lower energy levels, the eigenvalues are

h
By 1= 5\/52 + 82 (5.3.6)
Ej 1=0 (5.3.7)
Eg’() = —th (5.3.8)

and for the upper energy levels we have

Ei,Nfl = hwyN =+ g\/ 52 4+ 8)\2 (539)
Ed,N—l = thN (5310)
Een = th(N + 1). (5.3.11)

From these eigenvalues, we find the corresponding eigenvectors that are given as

|£,1)y v = Plee,n) £ Qleg,n + 1) + Rlge,n + 1) + Sgg,n +2)  (5.3.12)

P So
S —— 2 3.13
|O?n>2,N \/m \ee,n) + \/ﬁng,n‘}' > (53 )
|d,n), lge,n+ 1) — ———=|eg,n+ 1) (5.3.14)
\/m \/Qo +Ro
where
8N>\\/ (n+1 \/N (62 + 2)2¢ + 6/07 + 43%)
\/N 02 + AN + 51/07 + AN%€) (6N + N /67 + 4N%) (5.3.15)
\/N (52 +2X2E + ON/S2 + 4)\25)
Q=V2 (5.3.16)
2\/]\7 (52 + AN+ 6,/07 1 4)\25)
\/N 82 + 2026 + SN /62 + 4)2 )
(5.3.17)

\/N 82 4+ AN2E + 0+/82 + 4NZ )
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SN+ 2) (1= 5 [N (92 + 2026 + 06+ 12%)

S =
N (52 + e 1 oV E D) (53 + NV T D)

(5.3.18)

Py _8N/\\/(n +1)(1 - ;)\/N (52 oN 5\/m> (5.3.19)

1
Qo :ﬂ\/N (52 + 2026 + N/ 62 + 4)\2£> (5.3.20)

Ry = \}5\/1\[ (62 +2X26 + ON/62 + 4>\2§> (5.3.21)

So :8N)\\/(n +2)(1— ”; 1)\/N (52 + N2 + 5\/m> (5.3.22)

Note that by letting 7 = Q9 = wy we recover the eigenvalue and eigenvector
expressions for resonance case discussed in Chapter 4. We solve the equation and
find the exact solution to this system’s Hamiltonian, and by transforming into the
interaction picture and using the analogues of the state transformations given by

Equations (4.3.44) to (4.3.48), the solution reduces the into the following equation
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|Wa(t)

E 2 2
( [CnCee <2P COS(2 \/6 + 8\ (2n + 3)) P02 Sg)

FySop >
P+ 52

t
+ CygChyo <2PS cos(2 \/52 + 8\2(2n + 3)) —

—iCpi1 P sin(t\/52 + 8A\2(2n + 3)) (Ceg + Cye) | |ee, n)

+ [ — Zsm( \/52 + 8A\2(2n + 3) ) (CnCeeP + C’n+2C'ggS>

+Cri1@Q cos( \/52 + 8\2(2n + )) (Ceg + Cye) + Crp1 R(Ceg — Cge)] leg,n + 1)

+ [ - zsm( V62 +8)2(2n + 3) ) (CnCeeP + cmcggS)

+ Cri1@Q cos< \/62 +8X\2(2n + )> (Ceg + Cge) — Cry1R(Ceg — Cge)] lge,n+ 1)

PySy )
P+ S2

+ [CeeCn <2PS cos (2 \/52 + 8A\2(2n + 3)) -

) ([t ; Fy
+ CygCha <2S cos(2 \/52 +8X2(2n+3) ) + P+ 52

t
- Z'Cfn+15’ Sin<2\/52 + 8)\2(271 + 3)) (Ceg + Cge):l |gg> n+ 2> ) + |CR>N
(5.3.23)

where |CR) 5 are all other state terms outside the sum given as

’CR>N :(_ 9 2

hoy  hoa

)aggO 199, 0) v + [( T + B )%610 + 75/\2%971] lge, 0) n

hor  hdy

hé hé
[(71 + 22)age 0+ h)\lagg 1] |€g7 >

ho hé
[((EWN + 71 22)agg,1(t) + hAlaeg,O(t) + hAZ@qe,O(ﬂ)] ’gga 1>N

+ (hwnyN + %51 + h252)aee,N(7f) lee, N) n
+ (hwn N + %51 - %(Sz)aeg,]\f(t) leg, N) i
+ (hwn N — %51 + %62)%6 ~N(t)|ge, N) y + (RMagen(t) + hAzaeg N (1))
(o N — oy + 101 4 102

5 5 —aeen—1(1)) |ee, N — 1) 5 . (5.3.24)
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5.3.1 Initial two-qubit state from inside the basin of attraction

We use the solutions given by Equation (5.3) and error modelling properties given
by Equations (5.2.21) and (5.2.22) to calculate the probability of the two qubits
being in the excited states Pe(t), the linear entropy of the two-qubit subsystem
SqL (t), the probability of the qubits being in the two-qubit attractor state PQJ,F att(0)
and the measure of entanglement, concurrence <(t) of the two-qubit subsystem.
We consider the case of an initial two-qubit state that lies inside the basin of
attraction, and we then plot Figure 5.3.1 to show the time evolutions of the two-
qubit big spin system for three error values in the frequency detuning. With the
figure, we compare the results with the case of a system with resonance frequency
considered in Chapter 4 and depicted as Figure 4.3.1 and Figure 4.3.4.

From the plot, we can see that at the two-qubit attractor times %’" and %, the
effects of error on the system’s time evolutions are very minimal with increasing
error distribution width. The linear entropy curve stays very close to zero and the
two-qubit attractor state probability stays close to unity (and zero at the second
attractor time %) Furthermore, the qubits probability and concurrence plots
maintain flat at zero, as they were observed in the system with zero detuning.
This indicates that there are only very small changes in the purity of the two-
qubit subsystem at these times, meaning that the two-qubit state remains pure
and unentangled. So, it is very interesting to see that even with errors as high as
A = 2.0, we may still observe the two-qubit attractor state of the qubits, as well

as the spin cat state of the big spin at these times.

tr
2

Interesting changes can be seen at the two-qubit revival time as well as
at time t,.. At these times, in a perfect system with a very large vslue of IV, the
two-qubit subsystem is expected to once again disentangle from the big spin and
the linear entropy curve approaches zero. However, we have seen in Section 4.2.5
that with n = 25, this disentanglement process will not complete. In addition to
that, for a system with decoherence in the detuning, we can see from Figure 5.3.1
that the dip in the red line has become shallower as the error distribution width
increases. This suggests that there is some disturbance in the linear entropy of
the qubits, where the purity is lowered and the level of mixture increased as the
effects of the errors in the detuning. We can also note the effects of decoherence in
the amplitude of the probability for the two qubits being in the state |gg) at these
times. The revival peak of the two-qubit probability P..(t) decreases with the
increment of error distribution width. Similar behavioral change can also be seen

in the probability of the two-qubit attractor state PQJ’r .11 (t), where the amplitude
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Figure 5.3.1: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue), probability of the two qubits being a two-qubit attrac-
tor state ‘wg ”>N (orange), and concurrence ¢(t) (black) for two qubits-big spin
models of initial qubit state —= (|ee> +199)), |¢]? = 25, N = 150 and the big spin’s
initial phase ¢ = 0, with decoherence effects in the frequency. Figure (a) shows
the differences in the system with A = 0.4, (b) shows the differences in the system
with A = 1.0 and (c) shows the differences in the system with A = 2.0.
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reduces significantly with the increasing error.

The plotted figure also suggests that at times %" and ¢, the qubit-qubit en-
tanglement is also affected by the decoherence in the frequency of the system.
The peaks in the value of concurrence can be seen to reduce with the increasing
error distribution width as compared to the non-zero detuning case as depicted
in Figure 4.3.4. This suggests that the entanglement between the two qubits are

getting weaker with a larger value of decoherence.

5.3.2 Initial two-qubit state from outside basin of attraction

To analyse a two-qubit big spin model with non-zero detuning and with initial
qubit states from outside of the basin of attraction, we plot Figure 5.3.2. The
figure shows the time evolutions of the system where we plot similar quantities
we used in the previous section when we considered the case of initial qubit states
from inside the basin of attraction.

From the case of resonance system considered in Section 4.3.6 and depicted as
Figure 4.3.2 and Figure 4.3.5, we know that for a system with initial qubit states

form outside the basin of attraction, the two-qubit states cannot be factorised out

tr
4

and %, the two-qubit states are not pure and will not be a two-qubit attractor

of the wavefunction at the two-qubit attractor times. This means that at times

state. The probability of the two qubits being in an attractor state P;,“ (1) (shown
as an orange curve) is far from unity, and the linear entropy SqL (t) (shown as a red
curve) does not approach zero. The peak in the concurrence can also be observed
indicating non-zero entanglement between the two qubits. From Figure 5.3.2, we
can see that similar to the case of initial two-qubit states from inside the basin of
attraction, no significant changes can be observed on these quantities even with
an error distribution width A = 2.0 at times % and %.

The effects of the decoherence in a two-qubit big spin system with non-zero
detunings can be seen at the two-qubit revival time %T as well as at the one-qubit
revival time t,. From Figure 5.3.2 we can see that the revival amplitude of both
the probability of the two-qubit attractor state P; .1 (1) as well as the probability
of the two qubits being in the state |ee) are reduced as the error distribution
width increases. The value of linear entropy has also increased at these times
and the dip in the red curve is filled and become shallower with the increment of
error value. This indicates that there is increase in the mixture of the two-qubit
subsystem at these times.

The decoherece effects at times % and t, can also be observed on the black
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Figure 5.3.2: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue), probability of the two qubits being a two-qubit attrac-
tor state ‘w; att>N (orange), and concurrence ¢(t) (black) for two qubits-big spin
model of initial qubit state \/%—0 lee) + \/% l9g), |¢]? = 25, N = 150 and the big
spin’s initial phase ¢ = 0, with decoherence effects in the frequency. Figure (a)
shows the differences in the system with A = 0.4, (b) shows the differences in the
system with A = 1.0 and (c) shows the differences in the system with A = 2.0.



concurrence curve. The plots in Figure 5.3.2 shows that this quantity is very
sensitive to the increment of decoherence in the system with an initial two-qubit
state from outside the basin of attraction. The peak that resulted from the birth
of entanglement between the two qubits reduces in size as the error distribution

width increases, and it become totally flat at these particular times with Ay = 2.0.

5.4 Summary

We have considered both the two-qubit Jaynes-Cummings model as well as the
two-qubit big spin model, both with the effect of non-zero detuning between
the qubits and the field mode or big spin. In principle the detuning space has
two independent parameters, so in order to simplify and make the investigations
calculationally practical, we reduced this to a single parameter by detuning the
qubits either side of the fieldmode and the big spin frequency. We then analysed
the systems by taking a desired scenario of zero detuning, and for each example
considering an ensemble of systems with a distribution of detunings, subject to
a Gaussian distribution peaked at zero, with different chosen widths. We have
demonstrated how the decoherence introduced by these detuning errors affects
both the field mode and big spin systems, for states both inside and outside the
basins of attraction.

From these studies, we have demonstrated that both the two-qubit Jaynes-
Cummings model as well as the two-qubit big spin model react in a similar manner
to the errors introduced, for both forms of system in their equivalent initial state
regimes. All quantities like the probability of the two qubits being in the two-
qubit attractor state, the Rabi oscillations, the linear entropy and the concurrence
considered in both interacting systems show similar effects with increasing width
of error distribution.

In additional to the presented results, we can also observe the characteristic
of changes in the time evolutions for both two-qubit models with respect to de-
coherence. In this thesis, we use concurrence ¢ as an example where we show
the decrement in this quantity with respect to the increasing error distribution
width, A. For that purpose, we plot Figure 5.4.1 that exhibits and compares the
changes in the amount of two-qubit entanglement between the two-qubit Jaynes
Cummings and two-qubit big spin models. By considering both cases of initial
two-qubit state from inside (Figure 5.4.1(a)) and outside (Figure 5.4.1(b)) the

basin of attraction, we plot the values of concurrence at time % against their spe-
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cific A. Although there are significant gaps in the value of concurrence between
the two models, we can see that for each initial two-qubit state, both models ex-
hibit almost similar decrement trends in the changes as the results of increasing

decoherence.

tr

a) Two-qubit state from inside the basin of attraction at time
T bit state fi inside the basin of attracti t ti o

0.15

0.10

0.05

tr

(b) Two-qubit state from outside the basin of attraction at time %

Figure 5.4.1: Measure of entanglement (concurrence) versus error distribution
width (decoherence) for two-qubit Jaynes Cummings model (solid line) and two-

qubit big spin (dashed line) model.
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Chapter 6

Two-Qubit Interacting Systems
with Non-Zero Dipole

Interaction Detuning

6.1 Introduction

With an extra qubit in the system, the study on the the two-qubit interacting
models are more complicated. More variables are involved and have to be consid-
ered. So far in all our analysis on the two-qubit interacting models, we have made
an assumption that the interaction strength A between the two qubits with the
field (or with the big spin) are uniform such that we have A} = Ay = A\. With this
assumption, we have studied the resonant cases of two-qubit Jaynes-Cummings
model and two-qubit big spin model in Chapter 4, as well as both models with
a non-resonant condition for the system frequencies in Chapter 5. This led to a
study of decoherence due to errors in the resonant condition.

In this chapter, we will study the effects of non-zero mismatch in dipole in-
teraction strength (or errors) on the two-qubit Jaynes-Cummings model and then
will extend our analysis on the two-qubit big spin model. We will investigate the
changes in the time evolutions of both systems with respect to the changes in the
dipole strength differences, particularly the entanglement between the two qubits.
Similar to the case of non-zero frequency detunings, we will analyse the systems
by considering a distribution of dipole strength differences to model the realistic

errors that usually occur in actual systems.
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6.2 Collapse, Revival and Decoherence of Entangle-

ment in Two-Qubit Jaynes-Cummings Model

To analyse and observe the effects of non-zero difference in the dipole interaction
strength of a two-qubit Jaynes-Cummings system, we consider a case where the
dipole interaction strength of the first qubit A\; and the second qubit Ay are dif-
ferent. In order to isolate the effects just due to to the coupling mismatch, this
time we we let the frequency of both qubits and the field mode to be resonant
such that w = 0y = Q. We solve the dynamics of this system by first solving the
eigenvalue equation given by Equation (4.2.5). By rearranging the states with the

same number of excitations, Equation (4.2.7) now takes the form

EI2|\I/2>:§:[

n=0

|ee, n)

hw (n+ 1) aeen + BVN 4+ 1(Aagent1 + XN2Gegnt1)

hw (n+ 1) Gegny1 + RA VN + 2agg nt2 + RA2vn + 1a€e7n} leg,n + 1)

(6.2.1)

hw (n+ 1) agent1 + AAvVn + lacen + RAavVn + 2agg ny2| |ge,n + 1)

hw (TL + 1) Aggn+2 + hAivn + 2(aeg,n+1 + h)\2@ge,n+1)} ‘gg, n+ 2> }
+ h)\laeg,() + h)\2age,0 |g.97 1> + )‘2agg,1 \ge, 0> + Alagg,l |6gv 0>

- hwagg,o |,997 O> .

As was discussed in Section 4.2.2, we may then put this equation into a matrix

form given by

U1,1 V1,2 V13 Ulg

U1 V22 U23 U2

NS

hE

iy | ) = W) (6.2.2)

n=0 | V3,1 V32 V33 V34
Vg1 V4,2 V43 U4g

where
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vii=hw(n+1) wvig=hlv/n+1
vig=h\vn+1 vi4=0

vo1 =hdavn+1 weg="lw(n+1)
vo 3 =0 vo4 =hM\vn+2
vg1 =hhivn+1 wv39=0

vsg=hw(n+1) wvss=hlv/n+2
vg1 =0 vg0 = hAv/n +2

Vg3 = hhov/n + 2 V44 = hw (TL + 1)

By diagonalising the Matrix (6.2.2), we then find the eigenvalues of the Hamilto-

nian. For n = 0, it is given by

Eom = Eq, = hw(n +1). (6.2.3)

and for the case of n > 1 the eigenvalues are

Ey,=hw(n+1)

1/2

h
£ 5 [+ 6)(AF +23) + 2/ (4n + 6)°A008 + (At = A2 (h1 + Ao)?

(6.2.4)

We can also calculate the eigenvalues for the case of lower energy levels which are

given as

By 1 =4h/A+ )3 (6.2.5)

Eqg_1=0 (6.2.6)
Eg0 = —hw. (6.2.7)

From these eigenvalues, we find the corresponding eigenvectors that are given

as
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|£,n)y = Plee,n) £ Qleg,n + 1) + Rlge,n + 1) + S|gg,n +2) (6.2.8)

50 So
0,n)y = —————=lee,n) + ——= 99,7+ 2) (6.2.9)
P34+ 53 Vs + 53
Qo Ry
|d,n)y = ——=|ge,n + 1) — ———=leg,n + 1) (6.2.10)
Qf + Rj V@ + Rj
where
P ()\1+)\2)\/n+1

1/2
((4n +6) (A2 + A3+ M) + \/(4n +6)20303 4+ (A1 — A2)2(\1 + A2)2)

(6.2.11)

1/2
((4n +6) (A7 + \3) + 2\/(4n +6)2AIA3 + (A1 — X2)2 (M1 + A2)2)

Q= 1
/2
2<(4n +6) (A2 + A3+ M) + \/(471 +6)2AIA3 + (A1 — A2)2 (M1 + )\2)2)
(6.2.12)
1/2
((4n +6)(A2 4+ A3) + 2¢/(4n + 62203 + (A1 — A2)2(h1 + AQ)Z)
R= 1/2
2((4n +6)(AF+ A3+ M) + \/(4n +6)2X3A3 + (A1 — A2)2(A\1 + )\2)2)
(6.2.13)
g_ ()\1 +)\2)\/n+2
- 1/2
((4n +6)(A?+ 23+ M) + \/(4n +6)2AIA3 + (A1 — X2)2 (M1 + )\2)2)
(6.2.14)
(6.2.15)

Py :()\1 —|—>\2) vn+1
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1 1/2
Qo=; ((4n +6)(A\3 + A3) + 2\/(4n +6)2A203 4+ (A1 — A2)2(\y + /\2)2>

(6.2.16)

1 1/2
Ro=—3 ((4n +6) (A7 + \3) + 2\/(4n +6)20202 4+ (A1 — A2)2(\ + A2)2>

(6.2.17)

(6.2.18)
So=A1+X2)vVn+2

Note that we can make a check on all these eigenvalue and eigenvector expressions
by letting the two couplings tend to the same A, and recover the results shown in
Chapter 4.

We follow the similar steps as in Section 4.2.2 to find the exact solution to this
system’s Hamiltonian. By transforming into the interaction picture and using the
same state transformations (4.2.32) to (4.2.36), the solution reduces the into the

following equation:

W2 (t)) = |Cr) + Z
Y

<2PS coS (; A

2

2 t )
[C Cee<2P cos(2\/7 + 52

.
> PySo
(

) + ngCN—I—Q

ee,m)

) —~ z'cn+1psin<;ﬁ> (Ceg + Cye)

P34+ S§
+ {— zsm( ) CpCooP + Cn+QngS>

t
+Cri1@Q cos( \@) Ceg + Cye) + Crny1C(Ceq Cge)} leg,n + 1)

+]isin(5vz

+ CnHQCOb( VZ ) (Cey + Cge) — Cry1C(Ceg — cge)} lge,n + 1)

PySo
+ {C’eeCn <2PS COS<2\/Z) - m

¢ P , [t
X <2S2 cos<2\/2) + Po2+058) - zCnHS&n(z\/Z) (Ceg + Cge)] lgg,n + 2) >
(6.2.19)

nCeeP + Cn+20ggs>

) + ngcn—l—Q

where Z = (4n+6)(\3 + \3) + 2\/(4n +6)2A2A3 + (A1 — X2)2(A\1 + A2)? and |CR)

are all other states outside the sum given by
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|CR> = (hAlaefko + hA?aQE,O) |ggu 1> + >\2@gg,1 |g€7 0> + Alagg,l ‘ega 0> (6 9 20)

— hwaggo199,0) .

With this equation, we will analyse the two-qubit Jaynes-Cummings system
with respect to the errors as modelled in Section 3.2.2. We let the difference in
the dipole interaction strength of both qubits (or error) is given by ¢ such that
Ao = A1 + 0. With the single parametrisation of the mismatch as a function
of 0, we consider a desired case of a realistic system with both qubits having
equal dipole interaction strengths with the field mode. However we then consider
unavoidable errors across an ensemble of this two-qubit subsystem, in which the

errors are distributed by Gaussian statistics given by

52

£ (5]0,A) = e 3a2 (6.2.21)

1
AV2r
where ¢ is the error sampled over its width, A. This represents errors distributed
over ¢ but centered on zero, to model the ideal case of equal dipole interaction
strength of both qubits with decoherence (due to errors) effects.

We average over this frequency difference with distributions of varying width
by averaging the density matrix over the error distribution. We achieve this with

a discrete approximation as explained in Section 3.2.2 that has the form of

S (0:]0, A) pq(t, 04)
%: SWACINN (6.2.22)

where ¢ indicates the number of the discrete events.

We can observe the time evolutions of this system in a similar way to the
cases of two-qubit and field mode with resonance and non-resonance frequencies
where the observation can be made on this system with different initial qubit state
regimes. We will study and observe the decoherence effects of the systems with
initial qubit states from both inside and outside of the basin of attraction that

given by Equation (4.2.66)

0a) = a (7 ee) + € lgg)) + 15 — lal? (leg) + ge) (6223)

where 6 is the initial phase of the radiation field and a is a complex variable

parametrising the state and satisfies 0 < |a| < %
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6.2.1 Initial two-qubit state from inside the basin of attraction

Equation (6.2) gives us the solution to the Hamiltonian of a two-qubit Jaynes-
Cummings model with a mismatch in the qubits’ dipole interaction coupling to
the field. With this equation, we calculate the probability of the two qubits both
being in the excited state P..(t), the linear entropy of the two-qubit subsystem
SqL (t), the probability of the two qubits being in the attractor state P; . (1) and
the concurrence ¢(t) of the two qubits entanglement. To illustrate these quantities
with respect to an initial two-qubit state from inside the basin of attraction, we
plot Figure 6.2.1 for three different error distribution widths, A. We can make
many interesting comparisons in the time evolutions of an interacting system with
an error in the dipole interaction strength as depicted in the Figure 6.2.1 with
the standard two-qubit Jaynes-Cummings system as depicted in Figure 4.2.1 and
Figure 4.2.4.

In a standard Jaynes-Cummings system where the overall state of the system
is pure, at the two-qubit attractor time % the system is expected to have no
entanglement, either between the two qubits and the field or between the two
qubits themselves. The two-qubit subsystem is a two-qubit attractor state which
is pure and disentangled from the field. These facts can be seen by observing
Figure 4.2.1 where the linear entropy of the two-qubit subsystem represented by
the red line approaching close to zero, and the probability of the two qubits being
in the two-qubit attractor state ‘1/1; att> represented by the orange line approaching
close to unity. It is interesting to note that with of n = 36, although it is very
close to zero, there is still a non-zero value of entropy can be observed in the
red curve. This is due to some residual entanglement of the two qubits with the
field. However, with increasing decoherence in the system, both quantities show
some changes. The red entropy curves in Figure 6.2.1 show a weaker approach
to zero and the orange probability curves show a weaker approach to unity, with
increasing error distribution width A. This indicates that the purity of the two-
qubit subsystem has been affected by the decoherence introduced into the system.
There is an increase in the two-qubit mixture, with a little bit still attributable
to entanglement with the field, but the increase is due to the decoherence. This
is reflected in the plots by the entropy and probabilities deviating further from
the pure state cases at this particular time as the error distribution width is
increased. Similar observations can be made at the second attractor time % but
with affected purity of the orthogonal two-qubit attractor state ‘1#277 att>'

In a large n approximation, at the two-qubit revival time % the two-qubit
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Figure 6.2.1: Plots comparing qubits linear entropies (red), probability of the two-
qubit state |ee) (blue), the probability of being in the two-qubit attractor state
‘@ZJI att> (orange), and concurrence ¢(t) (black) for two qubits-field mode models
of initial qubit state %(\ee) +gg)), n = 36 and the initial phase of the radiation
field # = 0, with decoherence effects in dipole interaction strength. Figure (a)
shows the differences in the system with A = 0.1, (b) shows the differences in the
system with A = 0.3 and (c) shows the differences in the system with A = 0.5.
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subsystem is expected to once again disentangle from the field, and thus the
linear entropy is again very close to zero. However, with decoherence in the
system, interesting changes are visible where there is some disturbance to the
linear entropy of the two qubits. We can see that as the error distribution width
increases the entropy value has become larger than zero, and the dip in the red
line becomes shallower which indicates the decrement in the purity of the two-
qubit subsystem. The decoherence has increase the mixture of the system and
therefore we can see the dip in the linear entropy curve is filled in.

Beside the linear entropy, changes in the qubit probabilities can also be seen at
time %T Although very small effects of decoherence can be seen on the probability
of the qubits being in the two-qubit attractor state P;f a1 (1), a significant reduction
in the amplitude of oscillation of the probability of the two qubits to be in the
excited state P..(t) is observed. The revival amplitude of the two qubits state
at this time becomes smaller as a function of increasing error width where we
can see from Figure 6.2.1, even with A = 0.1, the revival envelope has shrunk
significantly and the blue line has become almost a flat line at both % and ¢, with
A =0.5.

The decoherence effects can also be seen in the value of entanglement between
the two qubits. At time % in a perfect system, the tangle value is expected to
return to the same value as it has at the beginning of the interaction, so that
(0) = ¢(%). The numerical results for a system with 7 = 36 is shown in Figure
4.2.4. However, as shown in the Figure 6.2.1 the concurrence decreases with
the peak of its revival reduces to a lower value as the error distribution width
A increases. This shows that there is a significant effect of decoherence on the
entanglement value between the two qubits. Anyway, it is very interesting to
see the fact that there is still some entanglement revival showing even with error
distribution width at the scale of A = 0.5, means that there is a good robustness
of the entanglement against errors in the dipole interaction strength.

In Section 4.2.6 we have discussed that at the two-qubit revival time %" the
process where the entanglement in the two qubits is exchanged for the qubits-field
entanglement, and later for a superposition of field coherent states. However, in
this case we cannot make a similar conclusion about the trade-off between the
qubit-qubit and the qubits-field entanglements even though from the Figure 6.2.1
we can see there is an additional entropy being added by the increasing error
width. This is because with the decoherence in the system, we can no longer

have a promise that the total state of the system is still pure. Therefore, we
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can only conclude that it is certainly the case that the entanglement between the
two qubits weakens with increasing error distribution widths A, but this does not
necessarily imply the increment in the entanglement between the two qubits and
the field.

6.2.2 Initial two-qubit state from outside the basin of attraction

Similar to the case of non-resonant frequencies, we can also study our model
with errors in the dipole interaction strength with an initial two-qubit state that
comes from outside the basin of attraction as given by Equation (6.2.23). With
Equation (6.2) and an approximation given by Equation (6.2.22), we calculate the
probability of the two qubits being in the excited states Pe.(t), the linear entropy
of the two-qubit subsystem SqL(t), the probability of the two qubits being in the
two-qubit attractor state P;f .+ (t) and also the concurrence ¢(¢) as a measurement
of the entanglement between the two qubits. These quantities are plotted in Figure
6.2.2 that shows the time evolution of the two-qubit Jaynes-Cummings model that
begins with an initial two-qubit state from outside the basin of attraction and
considers an increasing error distribution width in the dipole interaction strength
between the two qubits and the field.

We compare the results to the standard case of the Jaynes-Cummings model
plotted in Figure 4.2.1 and Figure 4.2.4. Similar to the case with A\; = Ay, without
the np = 0 condition in Equation (4.2.65), we cannot factorise the two-qubit
state out of the wavefunction at times tz’“ and %. This prohibits the two-qubit
subsystem from approaching the two-qubit attractor state and thus the entropy
will be non-zero at these times. These are shown by the P;f 211 (t) plotted as an
orange line, which has its maximum significantly less than unity at the first two-
qubit attractor time. The red linear entropy line has only shallow dips towards
zero at the two attractor times, but does not approach close to zero. The amount

of entanglement is shown as the black line and unlike for the case of initial two-

3ty
1

There are changes that can be observed on some of the dynamics at these

qubit states from inside the basin, clearly there are peaks at %’“ and

two-qubit attractor times, even with a small error value A = 0.1. At time % the
linear entropy can be seen to have a shallower dip, indicating that the approach
of the entropy to zero weakens with increasing decoherence. On the other hand,
the probability of the two qubits being in the two-qubit attractor state ’w; att>
decreases where the approach of the probability to unity weakens although a little

less susceptible with increasing decoherence. Similar attributes can be observed at
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Figure 6.2.2: Plots comparing qubits linear entropies (red), probability of the two-
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the second two-qubit attractor time % but with two-qubit attractor state ‘1/12_ att>.
This indicates that the two-qubit state which was already a mixed state has
become more mixed with the increment in the error distribution width. Significant
changes can also be spotted on the entanglement between the two qubits at these
two-qubit attractor times. The quantity can be seen to reduce rapidly with the
error distribution increment. With an error at the scale of A = 0.3, a lesser value

of entanglement peak is observed at %, and the quantity even vanishes completely

tr
1

has very significant effects on the purity of the two-qubit subsystem as well as the

at time These changes show that the error in the dipole interaction strength
two-qubit entanglement at the respective attractor times for the case of an initial
two-qubit state from outside the basin of attraction.

Besides at the two-qubit attractor times, we can also observe changes to the

system as a function of increasing error distribution width at the two-qubit revival

tr
2

suppression of the revival oscillations in probability of the two qubits being in the

time as well as the one-qubit revival time ¢, too. At these times, there is
two-qubit attractor state ‘1/13 att> and both qubits being in the excited state |ee).
This can be seen by blue and orange curves where the quantities become flatter
at both times with the increasing decoherence.

At the one-qubit revival time t,, the two-qubit state can be factorised out
of the wavefunction, so the entropy is predicted to be zero. However, Figure
6.2.2 shows otherwise where the entropy dips are less pronounced with increas-
ing decoherence. Similarly, the two-qubit entanglement measurement also suffers
with increasing decoherence due to the dipole interaction strength mismatches.
If an ideal revival was to occur at the revival time of interaction, the entangle-
ment should have the same concurrence value as at the start where ¢(0) = ¢(¢,).
However the quantity is now affected and the entanglement revivals decrease with
increasing decoherence. The black line shows that the entanglement peaks at both
times completely disappear with error distribution width A = 0.3. This indicates
that the expected revival of entanglement between the qubits is sensitive to the

increasing qubit-field dipole interaction strength errors.

6.3 Collapse, Revival and Decoherence of Entangle-
ment in Two-Qubit Big Spin Model

We have considered and seen the effects of errors in the dipole interaction strength

modelled a distribution given by Equation (6.2.21) on the two-qubit Jaynes-
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Cummings model. We averaged the density matrix of the system over this er-
ror distribution and used a discrete approximation given by Equation (6.2.22) to
calculate the time evolutions of the decohering system.

In this section, we apply the similar analysis on the two-qubit big spin inter-
acting model. We will consider a similar error distribution and density matrix
approximation to observe the effect of errors in the dipole interaction strength to
the system. To do this, we consider a condition where the frequency of the big
spin wy is at resonance with the frequency of both qubits €2; and 9 and we find
the eigenvalues of the Hamiltonian (4.3.2). After we rearrange the states with the

same number of excitations, Equation (4.3.43) becomes

Hyn |W2) = i Kth(n + 1) deen + h\/(n +1) <1 a Xf)

n=0

X (Magent+1 + >\2a697n+1)> lee,n)

1
+ (ﬁwN(n + 1)aegn+1 + R \/(n +2) (1 - n]—l\; >

n
X Qggn+2 + Tz)\z\/(n +1) (1 — N)aew) leg,n + 1) 5

+ (th(n + Dagent+1 + A1 \/(n +1) (1 — ;\l])

+1
X aee,n + h)\Q\/(n + 2) (1 — nN>agg,n+2) |g€, n + 1>N (631)

+1
+ <th(n + 1)aggnt2 + h\/(n + 2) <1 — nN )

X (Maegnt1 + )\20/ge’n+1)> lgg,n + 2>N]

+ hwnagg o 99,0) y + hAaagg 1 |ge, 0) v + hAiagg 1 |ge, 0) 5

+ <h)\1a6970 + h)\gage’0> 199,1) y + hwn (N + 1)ace N |ee, N) i
+ hwyNaeg v leg, N) y + hwnNage n |ge, N) n

+ (ﬁwNaee’Nl + hAiage N + 7'1)\2%971\7) lee, N — 1) .

We then put this equation into a matrix form of
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Vi1 Y12 13 Vg4

=
&

Vo1 V22 V23 V24

H W)y = W) (6.3.2)
n=0 | V3,1 V32 V33 V34
V41 V42 Va3 V44
where
v1,1 = hwy(n+1) Vg = h)\g\/(n +1) (1 — X,)
Vi3 = h\ \/(n + 1) (1 - X[) V4 = 0
Vo1 = ﬁ)\g\/(n + 1) (1 — ]T\L,) Vg9 = th(TL + 1)

Va3 = 0 V2.4 = FL)\1 \/(n + 2) (1 — W)
V31 = h\ \/(n + 1) <1 — ]7\?) V3o = 0

V33 = th(n + 1) V34 = hAo

(n+2)<1—”;\;1>

vg1 =0 Va2 = h/\l\/(n +2) (1 - 7114\;1)

Vg3 = ﬁ)\g\/(n + 2) <1 — n]—i\;l) V44 = th(n + 1)

We can then find the eigenvalues of Matrix (6.3.2) where for n = 0 we get
Eom = Eqn =hw(n+1), (6.3.3)

and for 1 <n < N — 2 the eigenvalues are

Ej;n = th(n + 1)

+ g [(471—!— 6 — %(n +1)2)(\2 +)3)

7] 1/2
+ 2\/(471 +6 — N(n + 1)2)2/\%>\% + ()\1 - )\2)2()\1 + )\2)2] (634)

and with £ = 4n + 6 — - (n + 1)2, we have

1/2

h
Eip=hoy(n+1)+ 3 [&(A% +A3) + 2/E0IAF + (M — Ao) (M + M)?}
(6.3.5)
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For the lower energy levels, the eigenvalues are given by

By 1 = 4hA\2 + )3

Eq4 1=0

Eg,O = —FLWN

and the upper energy levels we have

E:i:,N—l = ﬁwN + h\/ )\% + )\%

Eqn-—1 =hwyN
Ee,N = th(N + 1)

(6.3.6)
(6.3.7)
(6.3.8)

(6.3.9)
(6.3.10)
(6.3.11)

From these eigenvalues, we find the corresponding eigenvectors that are given

as
[£,n)y = Plee,n) £Qleg,n+1) + R|ge,n+1) + S|gg,n +2)
Py So
0,m)y = —————=lee,n) + ————= 99,7+ 2)
VS + S5 V5 + S8
Qo Ry
[d,n)y = ———=ge,n+1) - ———=eg,n + 1)
V@ + R V@ + Rj
where

(A1 +22)y/(n+ 1) (1 F)

P =
12
<£()\% + A3+ A A2) + \/§2>\%>\§ + (A1 = A2)? (A1 + >\2)2>

1/2

(5()\% +A3) + 20/E2003 + (A1 — A2)2 (M + /\2)2>

Q=

1/2
2<§(A% + A3+ MiAo) + \/ézA%A% + (A1 = A2)2 (M + A2)2>
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(6.3.12)

(6.3.13)

(6.3.14)

(6.3.15)

(6.3.16)



1/2
(5()@ +A3) + 2\/§2/\§)\§ + (A — X2)2 (A + /\2)2)

R= 7 (63.17)
2(5@% + A3+ AAg) + \/§2A%A% + (A= A2)2 (M1 + A2)2)
(M + )\2)\/(% + 2) (1 — HTH)
S = 1/2 (6.3.18)
(g(A% + A2+ M) + \/52/\%/\3 + (A1 = X2)2(\ + AQ)Q)
Py =(\ +)\2)\/(n+ D) (6.3.19)
1 1/2
Qo =5 <f(>\% +A3) + 22NN + (A = A2)2 (M + >\2)2> (6.3.20)
1 1/2
Ry =3 (g(A% +23) +20/EAN3 + (A — X2)2(\1 + /\2)2) (6.3.21)
So =(\1 + AQ)\/(n +2)(1 - n;\; L (6.3.22)

Note that by letting the two couplings tend to the same A, we recover the eigenval-
ues and eigenvectors for the case of two-qubit big spin model with Ay = Ao = X as
described in Chapter 4. We find the exact solution to this system’s Hamiltonian
and by using the state transformation given by Equations (4.3.44) to (4.3.48), we

set the states into the interaction picture and get the following solution
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2

—2

t 2
|‘112( )>N - |CS {C Cee <2P2 COS<2\/Z> + 52) + CQQCnJrZ
n=0
t PySo . [t
(QPS cos<2\/2 g Sg) —iCpi1 P s1n<2\/2) (Ceg + Cye) | |ee,n)
+ [ — zsm< \/>> (C’ Cee P + C’n+2C’ggS)

VZ ) (Coy + Cye) + Cry1C(Cey Cge)} leg,n + 1)

N | o+

+ Cp11@ cos(

+ | —isin( 5

)
72)
+ CnHQcos( \F) (Ceg + Cyge) — Cry10(Ceg — Cge)} lge,n + 1)

PySo
+ |:Ceecn (QPS COS(2\/§> m

t Pg , [t
X (252 COS(Q\/Z) + PO2+OS3> —iCp418 sm<2\/2) (Ceg + Cge)] lgg, n + 2))
(6.3.23)

nCeeP + Cn—l—QngS)

> + ng Cn+2

where Z = £(A2 + \3) + 2\/52)\%)\3 + (A1 — X2)2(A1 + A\2)? and |Cg) are all other

states outside the sum given by

|CS> = thagg,U ’gga 0>N + h)\Qagg,l ‘gea O>N + hAlagg,l ’9670>N

+ (h)\laeg,o + hAQCde,O) ‘997 1>N + th<N + 1)aee,N ‘66, N)N (6 3 24)

+ hwnNaeg n leg, N) y + hwnyNage v |ge, N) y
+ (hwNaee N—1 + hA1age N + hA2aeg N) |ee, N — 1) 5

6.3.1 Initial two-qubit state from inside the basin of attraction

We use solution given by Equation (6.3) and error modelling properties by Equa-
tions (6.2.21) and (6.2.22) to plot relevant time evolutions of a two-qubit big spin
model with mismatch in the qubits’ dipole interaction coupling to the spin coher-
ent state. We calculate the probability of the two qubits being in the excited states
P..(t), the linear entropy of the two-qubit subsystem SqL (t), the probability of the
two qubits being in the attractor state PZ . (t) and the measure of entanglement,
concurrence ¢(t) of the two-qubit subsystem. We show the time evolutions in
Figure 6.3.1 for three error distribution widths. We consider the case of an initial

two-qubit state from inside the basin of attraction and we compare the results
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with the case of uniform dipole interaction coupling depicted as Figure 4.3.1 and
Figure 4.3.4.

We have seen in Section 4.2.3, for the case of Ay = Ag in a large photon number
approximation, at the attractor time % qubits and the big spin are disentangled.
The two-qubit subsystem is a two-qubit attractor state which is a pure state.
Therefore, in 4.3.1 we can see the linear entropy line (red) approaching close
to zero while the probability line (orange) of the two qubits being in the two-
qubit attractor state ‘w; att> approaching close to unity. At this time too, the
system is expected to have no entanglement between the two qubits, therefore
the concurrence should remain flat near zero. However, in Figure 6.3.1 we can
observe changes on most of these quantities with an increasing error in the system.
The plots show that the linear entropy and two-qubit attractor state probabilities
deviating further from the pure state properties at %. A weaker approach to
zero in the red entropy curves, as well as a weaker approach to unity in the
orange probability curves are observed with respect to the increment in the error
distribution width, indicating the purity of the two-qubit subsystem has been
affected.

In large n and N — oo approximations, another interesting observation can

tr

be made at time %,

where the two-qubit subsystem and the big spin are expected
to once again disentangled, which is indicated by the linear entropy curve goes
very close to zero. Although the numerical plots do not accurately display this
condition, we can still see dips in the red curve in Figure 4.3.1. Furthermore,
with decoherence in the system, we can also see that there is an increase in the
entropy value and shallower dips and later their disappearance in the red curves
with respect to the increasing error distribution width A as depicted in Figure
6.3.1. This shows that there is an addition in the two-qubit mixture due to the
decoherence in the system.

At this two-qubit revival time % too, we can also see changes in the two-qubit
probabilities, either for both qubits being in the excited state |ee), or for the
qubits being a two-qubit attractor state ’w; att>. As the error distribution width
increased, significant reductions in the revival amplitudes of both quantities can
be seen from the blue and orange lines in Figure 6.3.1. With A = 0.5 the curves
become almost flat lines, and similar condition can also be observed at time t¢,.

Besides the above quantities, the entanglement between the two qubits is
also affected by the decoherence in the system. In a perfect system with large

n, at time %‘ the concurrence is expected to recover its initial value, so that
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Figure 6.3.1: Plots comparing qubits linear entropies (red), probability of the
two-qubit state |ee) (blue), the probability of being a two-qubit attractor state
‘@Z){ att>N (orange), and concurrence ¢(t) (black) for two-qubits big spin models of
initial qubit state %(\ee) +199)), I¢|?> = 25, N = 150 and the big spin’s initial
phase ¢ = 0, with decoherence effects in the dipole-interaction strength. Figure
(a) shows the differences in the system with A = 0.1, (b) shows the differences in
the system with A = 0.3 and (c) shows the differences in the system with A = 0.5.
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5(0) = ¢(%). This is however not happening in a system with decoherence in the
dipole interaction strength as shown by a black line in Figure 6.3.1. It can be
seen that the revival peaks at this time decrease significantly with the increment of
error distribution widths. However, it is very interesting to note that there is still
some entanglement revival showing in the two-qubit subsystem even with A = 0.5,
indicating a good robustness of this interacting model against the decoherence in
the dipole interaction strength, and thus providing some promise for experimental

investigations.

6.4 Initial two-qubit state from outside basin of at-

traction

To understand the effects of decoherence in the dipole-interaction strength on the
two-qubit big spin model with an initial two-qubit state from outside the basin
of attraction, we plot Figure 6.4.1. The figure shows the linear entropy SqL (t)
(red), the probability of both qubits being in the excited state P..(t) (blue), the
probability of the two-qubit being an attractor state P;f a1 (t) (orange) and also
the concurrence ¢(t) (black) to show the dynamics of the entanglement between
the two qubits.

We have seen in Section 4.2.6 that for the case of Ay = Ay and with initial
two-qubit states from outside the basin of attraction, the two-qubits state cannot
be factorised out of the wavefunction at the two-qubit attractor times of the
system. This means that at time % and %, the two-qubit state is not a pure
attractor. These facts are reflected in Figure 4.3.2 where the probability of the
two qubits being in the two-qubit attractor state is far from unity at the first
attractor time, and only has a shallow dip at the second. The linear entropy
also does not approach close to zero at these times. With decoherence in the
system, we can observe changes in the dynamics of these quantities. With an
error distribution width A = 0.1 a shallower dip in the entropy curve, indicating
a weaker approach to zero at time % is shown in Figure 6.4.1. The probability

P{ .t (t) has also deceased and shows a weaker approach to unity at this time.

These changes suggest that the two-qubit subsystem has becomes more mixed

3tr

with the increment of decoherence. Similar observations can be made at time i

but with two-qubit attractor state ‘\IIQ_ att>.
The effects of the errors can also be seen at the two-qubit revival time % as
well as at t,.. The revival magnitude of the two-qubit attractor state probability
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P{ 4 (t) as well as the two-qubit oscillation Pe.(t) reduce with the increment of

the error distribution width. With A = 0.5 the revivals in both quantities are very

small and the curves are almost flat lines. Further more, at %, we can see that
there is a decrement in the purity of the two-qubit subsystem where the entropy
value has become larger than zero and the dip in the red line are no longer visible
as the error distribution width increases to A = 0.3.

Another interesting change can also be observed in the dynamics of the entan-
glement between the two qubits. Significant reductions in the peaks of the black

curves are seen in Figure 6.4.1 with the increment of error distribution width at

time % and %. Although the peak at the second attractor time vanishes com-
pletely with A = 0.1, we can still see the sign of entanglement revival at the %

even with A = 0.5. At the two-qubit revival time % and t,, this quantity suffers a

very significant suppression. The entanglement between the two qubits vanishes
completely with error distribution width A = 0.3 at %’" and the curve is completely
flat at ¢, with A = 0.1. These reductions show that the entanglement of the two
qubits are very sensitive to the decoherence in the system at these times for the

case of initial two-qubit states from outside the basin of attraction.

6.5 Summary

We have considered both the two-qubit Jaynes-Cummings model as well as the
two-qubit big spin model, with the effect of decoherence in the dipole interac-
tion strengths. With two qubits in the system, in principle the dipole interaction
strength has two independent parameters A; and Ag. Therefore, in order to sim-
plify and make the investigations calculationally practical, we reduced this to a
single parameter by detuning the dipole strength of one of the qubits, so that
A2 = A1 + 0.

We then analysed both systems with the field mode and the big spin by taking
a desired case of zero difference in the dipole interaction strengths. For each ex-
ample we considered an ensemble of systems with a distribution of errors, subject
to a Gaussian distribution peaked at zero, with different chosen error widths. We
have considered two cases of initial states i.e from inside and outside the basins
of attraction, and demonstrated how the decoherence introduced by these errors
affect both interacting systems.

From these studies, we have demonstrated that both the two-qubit Jaynes-

Cummings model as well as the two-qubit big spin model react in a similar manner
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Figure 6.4.1: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue), probability of the two qubits being a two-qubit attractor
state ‘w; att>N (orange), and concurrence ¢(t) (black) for two-qubit big spin model
of initial qubit state \/%—5 lee) + \/%\gg>, |C]? = 25, N = 150 and the big spin’s
initial phase ¢ = 0, with decoherence effects in the dipole-interaction strength.
The figures show the differences in the system with (a) A =0.1, (b) A = 0.3 and
(c) A=0.5.

193



to the errors introduced. Both systems show similar behaviors for each equivalent
initial state regimes. All relevant quantities like the probability of the two qubits
being in the attractor state, the probability of the two qubits being in the ex-
cited state, the linear entropy and the concurrence considered in both interacting
systems show similar effects with increasing error distribution width.

Besides the presented results, we can also make an observation on the way that
the time evolutions of both two-qubit models change with respect to decoherence.
Similar to Chapter 5, we use two-qubit entanglement as an example to exhibit the
decrement in this quantity with respect to the increasing error distribution width.
We plot Figure 6.5.1 that compares the changes in concurrence for both two-qubit
models by considering all initial two-qubit state regimes. We plot the amounts of
concurrence ¢ for their specific value of A at time %T for the case of initial state
from inside the basin of attraction, and at time % for the case of initial state form
outside the basin of attraction. We can see that there are significant gaps in the
amount of two-qubit entanglement between the two models, but similar trends
of decrement can be observed in this quantity for both two-qubit models as the

results of increasing decoherence.
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Figure 6.5.1: Measure of entanglement (concurrence) versus error distribution
width (decoherence) for two-qubit Jaynes Cummings model (solid line) and two-

qubit big spin (dashed line) model.
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Chapter 7

Two-Qubit Big Spin Interacting
System With Small NV

7.1 Introduction

The calculations we have presented for the two-qubit big spin models in the pre-
vious Chapters 4, 5 and 6 have been performed with N = 150 and a spin coherent
state parameter |¢|? = 25. These conditions are used such that N is large enough
to make a good comparison with the field mode case and to enable comparison
with the two-qubit Jaynes-Cummings model.

However, in order to consider the potential for experiments that could be
realistic with current or near future systems, it is interesting to consider smaller
values for N. Such consideration for the one-qubit big spin system have been
studied by S. Dooley etal. [62, 63] where they demonstrated that even with a
small value of N, we can still observe the fractional revival in systems of few
spins.

In this chapter, we extend our study by exploring the regime of small qubit
number in the big spin. We will investigate to ascertain the smallest IV that main-
tains the relevant time evolutions in the two-qubit big spin system, especially the
occurrence of qubit-qubit entanglement. We will study this model by consider-
ing interacting systems with errors as modelled in Section 3.2.2 for both cases of

non-zero errors in detuning and non-zero errors in dipole interaction strength.
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7.2 Rabi Oscillation, Linear Entropy, Attractor State
and Two-Qubit Entanglement

Similar to the case of a two-qubit big spin system with a large value of NV studied in
Section 4.3.5 and Section 4.3.6, we will evaluate our two-qubit big spin system with
a small value of IV in two sets of initial two-qubit states. We have demonstrated
that for a large value of IV, the time evolutions of a two-qubit big spin system is
bounded by a basin of attraction given by Equation (4.3.83). Starting the system
with an initial two-qubit state from inside or outside this basin of attraction gives
us different behaviours in the relevant quantities. Therefore, in this section we will
replicate the similar numerical analysis to observe the differences in the system

with a small value of N.

7.2.1 Initial two-qubit state from inside the basin of attraction

To exhibit the changes in the time evolutions of the two-qubit big spin system with
an initial two-qubit state form inside the basin of attraction given by Equation
(4.3.83), we plot Figure 7.2.1. The figure shows the differences in the system for
three small values of N, where we can see the evolutions of the relevant quantities
in the system with respect to the increment in the size of the big spin, N. The
changes can clearly be seen in the the probability of the two qubits being in the
excited states Pec(t), the probability of the two qubits being in an attractor state
PZ . (t) and the linear entropy SqL (t) of the two-qubit subsystem. From Figure
7.2.1, with the increment in the size of the big spin, we can see these quantities
start to resemble the attributes displayed by the two-qubit big spin model with a
large value of N. With N = 20 shown in Figure 7.2.1(a), these quantities appear
to be rather noisy which is a similar manner to the dynamics produced by the
one-qubit Jaynes-Cummings model with small size coherent states [64]. Such a
noisy appearance is not due to actual noise, but rather the complicated quantum
dynamics of a modest size system. However, the appearance of the important
events become more obvious with the increment of the big spin’s size N.

We can start to observe interesting dynamics of Rabi oscillations in a system
with N = 30. The two-qubit state probability P..(¢) that is depicted by the blue

line collapses until time %“, before the quantity starts to revive and peaks at time

tr
5 -

in Figure 4.3.1 for a system with N = 150. We can also note the appearance of

This can be seen in Figure 7.2.1(b) even though it is not as smooth as seen

a dip in the red line and a peak in the orange line at %. The two-qubit linear
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entropy SqL (t) approaches zero meanwhile the two-qubit attractor state probability
Pi .+(t) approaches unity at this time. This suggests that, at this point there is
a sign of disentanglement between the two-qubit subsystem and as we know from
Section 4.3.4, these are the properties of a two-qubit attractor state. So, it is
clear that with a big spin with size as small as N = 30, we may start to see the
signature of a two-qubit attractor state, and thus the spin coherent state.

Similar phenomena as at time % are also expected at the second attractor

time % if the size of the big spin is large, but with the orthogonal two-qubit
attractor state ‘1#2_ att>. However, with such small N values, the effects are not
clearly visible as shown in Figure 7.2.1. The value of linear entropy SqL(t) is
large for all times, which is the similar case for the two-qubit attractor state
probability PQJ,r 2t¢(t). These indicate no significant disentanglement between the
two-qubit and the big spin and the mixture of the two-qubit subsystem is high.
In fact, no interesting observations can be made on the system at time larger
than % since the time evolutions produced are rather noisy except a small sign of
disentanglement between the two qubits and the big spin at approximately times
% and t,.

To observe the changes in the entanglement between the two qubits, we plot
Figure 7.2.2, that shows the concurrence ¢(t) for a two-qubit big spin system with
three values of N. It was shown in Section 4.3.6 that with an initial state from
inside the basin of attraction and N = 150, we can observe the event of collapse
and revival of the two-qubit entanglement. This is where the quantity smoothly
goes to zero, revives and has a peak at time %T With |¢|? = 9, some signature
for this phenomenon can be seen for N ~ 20 and this is more apparent in the
case of N = 30 as presented in the figure. From this Figure 7.2.2, we can see
that the collapse and revival of the two-qubit entanglement are rather noisy in
comparison to the larger N results shown in Figure 4.3.4. However, there is still
clear evidence for revival of the entanglement between the two qubits with small
values of N.

We can also note that at the beginning of the interaction, there are fluctuations
in the in the two-qubit entanglement especially in Figure 7.2.2(a) for the system
with N = 20. This can be explained by the dynamics in the trade-off between
entanglement and entropy [49]. We know from Section 4.3.6 that in the evolutions
of two qubits interacting with IV spins, there will be exchange in the value of the
two-qubit entanglement for the value of the two-qubit big spin entanglement. This

means that the two-qubit entanglement fluctuations require some disentanglement
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Figure 7.2.1: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue) and the probability of being in the two-qubit attractor state
‘wi att>N (orange) for two qubits-big spin models of initial qubit state %(\ee) +
l99)), |¢]? = 9 and the big spin’s initial phase ¢ = 0. Figure (a) shows the system
with N = 20, (b) shows the system with N = 30 and (c) shows the system with
N = 40.
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Figure 7.2.2: Plots comparing the concurrence () for two qubits-big spin models
of initial qubit state %(|ee> +199)), |¢|* = 9 and the big spin’s initial phase ¢ = 0.
Figure (a) shows the system with N = 20, (b) shows the system with N = 30 and
(c) shows the system with N = 40.

200



fluctuations of the two qubits from the big spin qubits. These variations in the
disentanglement between the two qubits and the big spin cause the fluctuations
in the two-qubit entanglement with a small N value.

Not only it introduces fluctuations in the two-qubit entanglement, the two-
qubit and big spin disentanglement variations also put a limit on the quantity.
From Figure 7.2.2 we can note that at larger time, most of the peaks in the two-
qubit entanglement fluctuations are higher with N = 20 as compared to the case
of N =30 and N = 40. There are linear entropy points that drop lower for the
smallest IV indicating disentanglement between the two qubits and the big spin,
and it is become harder to achieve as N increases which then limit how big the
two-qubit entanglement can get. This is the reason we see suppression in the

concurrence fluctuations with bigger big spin’s sizes.

7.2.2 Initial two-qubit state from outside the basin of attraction

We also plot Figure 7.2.3 and Figure 7.2.4 to show the time evolutions of the
two-qubit big spin system with an initial two-qubit state that lies outside the
basin of attraction. We plot the graphs for three different values of small N. The
first figure shows the probability of the two-qubit state being in the excited state
Pec(t), the probability of the two-qubit state being in an attractor state Py, (t)
and the linear entropy SqL (t) of the two-qubit subsystem, while the latter shows
the concurrence ¢(t) that represents the entanglement of the two qubits.

From Figure 7.2.3, we can see that similar to the case of the system with an
initial two-qubit state from inside the basin of attraction, the quantities change
with the increment of N. Although seemingly noisy evolutions are shown, these
start to resemble the system with a large value of N as plotted in Figure 4.3.5,
as the number increases. With also N = 30, the visibility of significant events
like the collapse and revival in the two-qubit probability P..(t), the peak in the
two-qubit attractor state probability P;f .+(t) and the dip in the linear entropy
Scf (t) line start to become clearer at time .

From Section 4.3.5 too, we know that at time % the two-qubit state will
not approach the two-qubit attractor state that is unentangled and pure. So, at
this particular time the linear entropy remains high and the value of the two-
qubit attractor state probability PZ .+ (t) will not approach close to unity. These
properties are also visible in the system with small value of NV as shown in Figure
7.2.3. However, even with N = 40, we still cannot see any interesting phenomenon

in the system at later times. These quantities are noisy and no clear important
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events can be observed. No revival peaks at %“ and t, are developed in the two-
qubit probability P..(t), and no dips in the linear entropy Sé;(t) at %, % and t,
are visible, which are the cases for a system with a large value of V.

Figure 7.2.4 is plotted by using similar parameters as used in Figure 7.2.3.
From Section 4.3.6, we know that the concurrence exhibits the ‘sudden death and
birth’ property if the two qubits start with a state selected from outside the basin
of attraction. In Figure 7.2.4 we can start to spot such an event at approximately
time %’“ in a system with a big spin of size N = 30. We also know that this peak is
the result of 9 # 0 in Equation (4.3.82) and it becomes more apparent in a system

with N = 40 where a revival peak appears and then disappears again with a finite

tr
2

large value of N, the entanglement between the two qubits will again reappear.

gradient. Similar observation can be made at time % where in a system with a
However, with a small size big spin, the revival peak is very low and again, the
appearance of ‘sudden death and birth’ becoming clearer with N = 40.

No further observations on the ‘death and birth’ of entanglement between the
two qubits can be made on a system with small N at later times, as the dynamics
appear to be very noisy. However, similar to the case of initial two-qubit state
from inside the basin of attraction, the peaks in the concurrence fluctuations are
higher at most of the points in a system with N = 20 as compared to N = 30
and N = 40. As discussed in the previous section, we know that this is due to the
variations in the disentanglement between the two qubits and the big spin which
also permits fluctuations in the two-qubit entanglement in a small IV regime. The
results can be seen especially at the beginning of Figure 7.2.3(a) where there
are fluctuations in the concurrence line at which the quantity starts to collapse.
However, these variations in the entanglement between the two qubits and the
big spin are actually suppressed with the increment in IV as can be seen in the
linear entropy plots in Figure 7.2.4. This also means that the fluctuations in the

two-qubit entanglement are also suppressed with bigger big spin’s sizes.
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Figure 7.2.3: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue) and the probability of being in the two-qubit attractor state
‘1/){ att>N (orange) for two qubits-big spin models of initial qubit state \/%—0 lee) +
% lg9), [¢|> = 9 and the big spin’s initial phase ¢ = 0. Figure (a) shows the
system with N = 20, (b) shows the system with N = 30 and (c) shows the system
with N = 40.
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Figure 7.2.4: Plots comparing the concurrence () for two qubits-big spin models
of initial qubit state \/% lee) + % l9g), |¢|? = 9 and the big spin’s initial phase
¢ = 0. Figure (a) shows the system with N = 20, (b) shows the system with
N =30 and (c) shows the system with N = 40.
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7.3 Collapse, Revival and Decoherence of Entangle-
ment in Two-Qubit Jaynes-Cummings Model With

Non-Zero Error in Frequency Detunings

In the previous section, we presented numerical results for a two-qubit big spin
system with a small number of qubits IV in the big spin. We also demonstrated
that for a system with an initial two-qubit state from inside the basin of attraction,
we start to observe the event of collapse and revival in the two-qubit entanglement
with N = 30, and for the case of an initial two-qubit state from outside the basin
of attraction, we start to clearly see the event of death / birth of two-qubit
entanglement with NV = 40. Therefore, in this and the following sections, we will
respectively use these big spin sizes to consider an erroneous two-qubit big spin
system for both initial two-qubit states.

To observe the effects of non-zero detunings in a two-qubit big spin system
with small N, we apply similar analysis we applied to the system with a large
number of N considered in Section 5.3.1. We again consider the case where the
big spin‘s frequency wy is positioned in between the two qubits frequencies, €21
and Q9 such that hd; = h(2; — wy) and hdy = —h(Q2 — wy) as shown in Figure
5.2.1. We use a similar error distribution modelled by Equation (5.2.21) and
we average the density matrix of the system over this error distribution with a

discrete approximation as given by Equation (5.2.22).

7.3.1 Initial two-qubit state from inside the basin of attraction

We reproduce the results in Section 5.3.1 by replacing the big spin’s size with
N = 30 and we plot Figure 7.3.1 and Figure7.3.2 to show the non-zero detuning
effects on the two-qubit big spin system with small number of N. The first figure
shows the dynamics in the linear entropy and the two-qubit probabilities, while
the latter shows the collapse and revival of the two-qubit entanglement. We can
compare the results of our analysis in this section with the results of a system
with no detuning effects plotted in Figure 7.2.1(b) and Figure 7.2.2(b).

In Figure 7.3.1, at time % we can see some reductions in the amplitudes of
the two-qubit probabilities and the entropy as the error distribution width A
increases. The dynamics in the oscillations of the two qubits being in excited
state Pee(t), the probability of the two qubit being in an attractor state ng art (1)

as well as the entropy SqL (t) of the two-qubit subsystem are getting weaker at
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this time with a higher value of error. However, there is neither increment nor
decrement in the value of these quantities at this time as compared to the system
with N = 30 and no detuning effects as shown in Figure 7.3.1(b). This indicates
that there are no significant changes in the purity of the two-qubit subsystem
and the amount of entanglement between the two qubits and the big spin at the
attractor time. This also means that we may still observe the two-qubit attractor
state as well as the spin cat state with such small N.

Further changes in the amplitudes of these quantities can also be seen at time
% and time t,. Greater reductions are observed with respect to the increment of
error distribution width, and with A = 2.0, these quantities are almost flat lines
at time t,. In Section 4.3.4, we have shown that in a system with a large value
of N, there are dips in the linear entropy at these times and in Figure 7.2.1(b)
there are signs that this event occurs. However, from Figure 7.3.1, we see that
these dips are being filled in as the decoherence is increased. This is not due
to entanglement with the big spin (or less disentanglement), but rather due to
increased mixture of the two-qubit system because of the decoherence.

From Figure 7.3.2, interesting observations can be made on the dynamics of
the entanglement between the two qubits in a system with N = 30. The plotted
black line in the figure suggests that at times % and t,, the concurrence ¢(t) is
also affected by the non-zero detunings in the system. At these times, the peaks
in the quantity reduce with the increasing error distribution width as compared to
the non-zero detuning case as depicted in Figure 7.2.2. This suggests that weaker
entanglements between the two qubits are observed with larger decoherence. As
discussed earlier, the decoherence has increased the mixture of the two-qubit sub-
system as suggested by fewer and smaller dips at time %T and t, in the entropy
line in Figure 7.3.1. Not only it affects the purity of the two qubits subsystem,
such increment also limits the maximum fluctuation heights of the entanglement
between the two qubits. This is due to the relationship between the two-qubit
linear entropy and the two-qubit entanglement [49], and can be seen by the black
concurrence line in Figure 7.3.2 that gets lower with the increasing error distri-
bution width. However, it is very surprising to learn that the robustness of the
quantity in a system with a small N value against the error as high as A =2.0. A
revival peak can still be seen at time %T although it disappears completely at time

t, and the event of collapse and revival of entanglement becomes more apparent.
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Figure 7.3.1: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue), probability of the two qubit being in an attractor state
‘1/){ att>N (orange) for two qubits-big spin models of initial qubit state %(|ee> +
l99)), 1¢|> = 9, N = 30 and the big spin’s initial phase ¢ = 0, with errors in
detunings, A. Figure (a) shows the differences in the system with A = 0.5, (b)

shows the differences in the system with A = 1.0 and (c) shows the differences in

the system with A = 2.0.
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Figure 7.3.2: Plots comparing the concurrence (t) for two qubits-big spin models
of initial qubit state %ﬂee} + lgg)), |¢|> =9, N = 30 and the big spin’s initial
phase ¢ = 0, with errors in detunings, A. Figure (a) shows the differences in the
system with A = 0.5, (b) shows the differences in the system with A = 1.0 and
(c) shows the differences in the system with A = 2.0.
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7.3.2 Initial two-qubit state from outside the basin of attraction

We also plot Figure 7.3.3 and Figure 7.3.4 to show the time evolutions of the two-
qubit big spin system with an initial two-qubit state that lies outside the basin of
attraction with non-zero detunings. We plot the graphs for three different values
of error distribution widths A, where in the first figure we show the probability
of the two-qubit state being in the excited state P..(t), the probability of the
two-qubit state being in an attractor state P;f 21 (t) and the linear entropy SqL (t)
of the two-qubit subsystem, and in the second graph we show the concurrence
¢(t) that represent the entanglement of the two qubits.

With an initial two-qubit state from outside the basin of attraction, we com-
pare the time evolutions of this non-zero detuning two-qubit big spin model plot-
ted as Figure 7.3.3 with the resonant case two-qubit big spin system with N = 40
shown in 7.2.3(c). From our observations, we can see some changes in these quan-
tities with respect to the increment in the error distribution width. Similar to the
case of a system with an initial two-qubit state from inside the basin of attraction,
there is some reduction in the amplitude of these quantities as a larger value of
A is used.

We know that with an initial two-qubit state from outside the basin of attrac-

tion, the two-qubit states cannot be factorised out of the wavefunction at time

tr
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linear entropy is high and the value two-qubit attractor state probability P;f ae (1)

Therefore at this time, the two-qubit is a mixed and entangled state. The

does not approach close to unity as displayed in Figure 7.2.3(c). As comparisons,
from Figure 7.3.3 we can see that similar to the case of initial two-qubit states
from inside the basin of attraction, no significant changes can be observed on
these quantities at this time. Even with an error distribution width as high as
A = 2.0, there is no change in the values of these quantities, indicating no sig-
nificant decoherence effects in the two-qubit big spin system that starts with an
initial two-qubit state from outside the basin of attraction, with N = 40 at time
%. In addition to that, at later times, although there is no clear visibility of the
significant events like the collapse and revival in the two-qubit probability Pe.(t)
and only small signs of dips in the linear entropy SqL (t) at times % and ¢, we
can still see the suppression in the plots of these quantities. Furthermore, these
small dips in entropy get filled in as the decoherence increases, and this puts some
limits on the two-qubit occurrence of two-qubit entanglement.

In Figure 7.3.4 we plot the concurrence ¢(t) of the system for three different

values of error to exhibit the changes in the entanglement between the two qubits
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Figure 7.3.3: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue) and the probability of being in the two-qubit attractor state
‘1/){ att>N (orange) for two qubits-big spin models of initial qubit state \/%—0 lee) +
% lgg), |¢|> = 9, N = 40 and the big spin’s initial phase ¢ = 0 with errors in
detunings, A. Figure (a) shows the system with A = 0.5, (b) shows the system
with A = 1.0 and (c) shows the system with A = 2.0.



with the increment in the decoherence. We compare the results with Figure
7.2.4(c) which shows the dynamics in the quantity for a system with no detunings
and N = 40. In the figure there are revival peaks in the quantity approximately
at times % and % and they exhibit the event of ‘sudden death and birth’ of
entanglement. By comparing both figures, we can see that there is no significant
change in the quantity at time tf. There is still revival and the peak of the
concurrence remains even with A = 2.0. However, at time at time larger than %,
the dynamics of the concurrence show fluctuations for A = 0.5, but then these are
suppressed to almost a completely flat line when we increase the error distribution

width to A = 1.0, and with A = 2.0 the fluctuations have completely vanished.

7.4  Collapse, Revival and Decoherence of Entangle-
ment with Non-Zero Error in Dipole Interaction

Strength

Earlier in this chapter, we have studied a two-qubit big spin system with small
values of N and then we extended our research to observe the effects of errors
in the frequency detunings on the time evolutions. These analyses are actually
replications of Chapter 4 and Chapter 5, but with N = 30 or N = 40 instead of
N = 150, depending on whether the initial two-qubit state is respectively coming
from the inside or outside the basin of attraction. We have also seen in Chapter
6 that not only can we study the effects of errors in the frequency detunings, we
can also apply the similar analysis on the non-zero mismatch in the interaction
strength between each qubit and the big spin. Therefore, in this section we will
reproduce our analysis in Chapter 6 but with small values of N to see the changes
in the time evolutions of the system as an effect of errors in the dipole interaction

strength A.

7.4.1 Initial two-qubit state from inside the basin of attraction

We plot Figure 7.4.1 and Figure 7.4.2 to show the effects of non-zero mismatch
in the dipole interaction strength on the two-qubit big spin system with N = 30.
The first figure shows the dynamics in the linear entropy SqL (t), the probability
of the two qubits being in an excited state P..(t) and two-qubit attractor state
probability P{ 2¢(t). In the second graph, we plot the concurrence ¢(t) to show

the events of collapse and revival of the two-qubit entanglement. We can then
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Figure 7.3.4: Plots comparing the concurrence (t) for two qubits-big spin models
of initial qubit state \/% lee) + % lg9), |¢|> = 9, N = 40 and the big spin’s
initial phase ¢ = 0 with errors in detunings, A. Figure (a) shows the system
with A = 0.5, (b) shows the system with A = 1.0 and (c) shows the system with
A =2.0.
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compare the plots with the results of an ideal system depicted as Figure 7.2.1(b)
and Figure 7.2.2(b).

Based on the comparisons between the plots in Figure 7.4.1 and Figure 7.2.1(b),
at time & we can see increment in value of the linear entropy SqL (t) and decrement
in the value of the two-qubit attractor state probability P;f att (). These quantities
deviate further from the attractor state properties as the error distribution width
A increases. This indicates that there is an addition in the two-qubit mixture
due to errors in the dipole interaction strength. We can also note that there is
suppression in the amplitude of the variations in linear entropy, as well as the
two-qubit probabilities especially at time % and at the one-qubit revival time
t.. The revivals in these quantities are weaker with the increment in the error
distribution width and almost flat with A = 0.5. These changes in the system are
similar to the case of a two-qubit big spin system with NV = 150 under the same
error parameters that we considered in Section 6.3.1.

It is also very interesting to note that as compared to the system with no error
in the dipole interaction strength shown in Figure 7.2.1(c) the visibility of some
important dynamics in the quantities are clearer with the decoherence effects.
The events such as collapse in the P..(t) curve and its revival at times %T and
t, can be seen although there are very small dips in the linear entropy line after
time % as they are being filled in with increasing decoherence.

Besides the above quantities, the effects of decoherence in the system can also
be seen on the entanglement between the two qubits. The first obvious effect
on this quantity against the error distribution width A is the collapse on the
concurrence curve at the beginning of the interactions. The time for the quantity
to drop until it reaches near zero is shorter with larger error values. This effect
is similar to the case of N = 150 we considered in Section 6.3.1, but different to
the case of errors in the detuning that we considered in the last section, where no
changes in this quantity can be observed regardless of the increasing decoherence.
We can also note that the fluctuations in the collapsing line these arise in the
small N dynamics are suppressed with increasing error distribution width A.
This is due the suppression of the variations in the linear entropy with increasing
decoherence.

In a perfect system with a very large N, the concurrence is expected to recover
its initial value at the two-qubit revival time, so that ¢(0) = ¢(%). This is however

not happening in a system with N = 30 and errors in the dipole interaction

strength as shown in Figure 7.4.2. With such small size of the big spin and
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Figure 7.4.1: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue), probability of the two qubit being in an attractor state
‘1/){ att>N (orange) for two qubits-big spin models of initial qubit state %(|ee> +
l99)), 1¢I> =9,
dipole interaction strength, A. Figure (a) shows the differences in the system
with A = 0.1, (b) shows the differences in the system with A = 0.3 and (c) shows
the differences in the system with A = 0.5.

N = 30 and the big spin’s initial phase ¢ = 0, with errors in
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Figure 7.4.2: Plots comparing the concurrence ¢(t) for two qubits-big spin models
of initial qubit state %ﬂee} + lgg)), |¢|> =9, N = 30 and the big spin’s initial
phase ¢ = 0, with errors in dipole interaction strength, A. Figure (a) shows the
differences in the system with A = 0.1, (b) shows the differences in the system
with A = 0.3 and (c) shows the differences in the system with A = 0.5.
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decoherence, there cannot be a complete revival in the concurrence. It can be
seen that the revival peaks at time % decrease significantly with the increment
of error distribution widths and this can be explained by the linear entropy curve
in Figure 7.4.1 that have the dips filled in at this time. There is increment
in the value of the linear entropy of the two-qubit subsystem at this time due
to the decoherence, and this puts more limit on the entanglement between the
two qubits which results in the suppression of the concurrence curve. Similar
observations on the connection between the linear entropy and the concurrence
can be made at time ¢,.. However, it is very interesting to note that the event
of collapse and revival of entanglement is more apparent with the decoherence
effects, and in additional to that, there is still some entanglement revival showing
in the two-qubit system even with A = 0.5, indicating a good robustness of the
system against the decoherence in the dipole interaction strength, even with a

small value on N.

7.4.2 Initial two-qubit state from outside the basin of attraction

Figure 7.4.3 shows the effects of decoherence on the linear entropy SqL (t), the
probability of the two qubits being in an excited state Pe.(t) and the probability
of two-qubit attractor state P;f 2t (t) in two-qubit big spin system with an initial
two-qubit state from outside the basin of attraction and N = 40. Some obvious

changes in the dynamics of these quantities especially on their revival amplitudes

tr
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quantities as an effect of errors in the dipole interaction strength. With the

at times ¥ and ¢, can be observed. There are reductions in the peaks of these
increment in the error distribution width A, the peaks become lower and the
curves are almost flat with A = 0.5. However, it is very interesting to note that
as compared to the system with no error in the dipole interaction strength shown
in Figure 7.2.3(c) the visibility of the events of collapse and revival in the P,.(t)

curve has become clearer. The dips in the linear entropy line are also become

tr
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these dips are filled in and with A = 0.5, the variations in the red curve are

apparent and the decoherence effects can be observed at times ** and t, where
significantly reduced.

Another interesting observation can be made at the two-qubit attractor time
%. This is where we can see the dip in the red line becomes shallower as the
error increases, and at the same time the peak of the two-qubit attractor state

probability an’L .1t (t) shows a weaker approach to unity. These indicate that the

two-qubit subsystem has become more mixed with the increment of decoherence
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in the system as the result of non-zero mismatch in the qubits-big spin dipole
interaction strength.

Significant changes can also be observed in the dynamics of the entanglement
between the two qubits with respect to the non-zero mismatch in the dipole in-
teraction strength. Similar to the case of initial state from inside the basin of
attraction, the collapse time of the concurrence curve at the beginning of the in-
teractions is shorter with increasing A as shown in Figure 7.4.4. Reductions in
the amplitudes of the peaks in the concurrence curves are also observed with the
increment of error distribution width especially at time %, where with A = 0.5,
only a small peak is visible. This indicates that the sensitivity of the entanglement
between the two qubits is high towards the decoherence. As compared to Figure
7.2.4(c), the peak at time %T as well as the signature of entanglement between
the two qubits at later times vanishes completely. This is due to the changes in
the purity of the whole system as a result of decoherence, which can be explained
by the increment in the linear entropy curve in Figure 7.4.3. As the decoherenc
increases, the mixture of the two-qubit state also increases, and this suppresses
the maximum possible entanglement of the two qubits, which results in the lower

peaks of the concurrence.
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Figure 7.4.3: Plots comparing qubits linear entropies (red), probability of the two
qubits state |ee) (blue), probability of the two qubit being in an attractor state
‘1/1{ att>N (orange) for two qubits-big spin models of initial qubit state \/%—0 lee) +
\/L% lgg), |¢|*> = 9, N = 40 and the big spin’s initial phase ¢ = 0, with errors
in dipole interaction strength, A. Figure (a) shows the differences in the system
with A = 0.1, (b) shows the differences in the system with A = 0.3 and (c) shows
the differences in the system with A = 0.5.
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Figure 7.4.4: Plots comparing the concurrence (t) for two qubits-big spin models
of initial qubit state \/% lee) + \/% lg9), |¢|?> =9, N = 40 and the big spin’s initial
phase ¢ = 0, with errors in dipole interaction strength, A. Figure (a) shows the
differences in the system with A = 0.1, (b) shows the differences in the system
with A = 0.3 and (c) shows the differences in the system with A = 0.5.
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7.5 Summary

In this chapter, we have considered a two-qubit big spin model with small values
of N. We have then further analysed the system with decoherence effects we have
taken into account errors in the system as the results of non-zero detunings, as
well as non-zero mismatch in the dipole interaction strength. These are analogous
calculations to those of the second parts of Chapter 4, 5 and 6, but with small
values of N.

The studies suggest that, if the system starts with a two-qubit state from
inside the basin of attraction, with NV = 30 we can start to observe the important
events of the relevant time evolutions. On the other hand, with an initial two-
qubit state from outside the basin of attraction, these properties are visible with
N = 40.

Analogous to the case of a two-qubit big spin system with N = 150, the
effects of decoherence on the system are clearly apparent. Both errors in the
detunings as well as the dipole interaction strength will change the dynamics
of the time evolutions. It is very interesting to note the results of our analysis
show that the effects of the latter are larger than the former. This means errors
in the dipole interaction strength have more impact on the linear entropy, two-
qubit probabilities and the concurrence, as compared to the errors in detunings.
However, it is also very interesting to see that the entanglement between the
two qubits has a very good robustness against these errors, which provide some

positive promise for experimental investigations with realistic values of N.
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Chapter 8

Conclusion

In this thesis, we have anaylsed, discovered and discussed many interesting phe-
nomena resulting from the interactions of a qubit subsystem with another non-
classical subsystem of either a coherent state of a field or a spin coherent state
(called the big spin). We started by reproducing the calculations involved in solv-
ing a one-qubit Jaynes-Cummings model in order to understand the mathematical
process used in a system of which a single qubit interacting with a coherent field.
We reproduced the works by C. Jarvis by following a similar method used in her
works [27, 64], where we first formulated the Hamiltonian of the system, found
the eigenvalues and the eigenvectors of such Hamiltonian and then, by solving
the time-dependent Schrodinger equation, we found the exact solutions for the
model. This process was very helpful in the subsequent studies especially when
we applied a similar calculation method to investigate the dynamics and time
evolutions of a single qubit interacting with the big spin. Although this work
was originally introduced by S. Dooley [29, 63], he used a different mathematical
method to solve the one-qubit big spin system.

By identifying the correspondence between the parameters of both systems,
we have shown the similarities in the attributes of the one-qubit big spin model
with the one-qubit Jaynes-Cummings model. Both models exhibit the collapse
and revival of qubit probability where at the beginning of the interaction, there
is a decay or collapse in the value of the quantity. This is then followed by a
period of time in which the oscillations (or variations) in the dynamics totally
disappear before these reappear and peak at the revival time ¢,. As explained in
Chapter 2, these are the results of the destructive and constructive interference
between different frequency amplitudes of each subsystem. We also have shown

that within a similar parameter regime, we can generate a quantum state known
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as the Schrodinger cat state of the big spin. It is a state where the big spin is in
a superposition of two coherent states with opposite phase and contains all the
information about the initial state of the single qubit that interacted with the
big spin. These make the spin Schrodinger cat state a very useful state and has
found its applications in quantum metrology [79, 80]. Among the advantages of
this particular state over other forms of entangled states usually used to achieve
high precision beyond the Standard Quantum Limit in quantum metrology are its
robustness against particle losses, and the ease of experimental preparation [80].

We then continued our research by considering the case of non-resonant fre-
quencies in both single qubit interacting models, where we divided this particular
study into two parts. Firstly, we let the systems evolve with a fixed value of non-
zero detuning. Again, for the case of one-qubit Jaynes-Cummings model, this
work was already done by C. Jarvis [27, 64]. We however, reproduced her results
as comparisons to our one-qubit big spin case. From the study, we found that
with a finite non-zero detuning there are changes in the qubit state probability,
the revival time, the purity of the qubit subsystem, as well as in the probability
of the qubit being in attractor state. There are shifts in the dynamics of these
quantities, where these move in the same magnitude of the changes in the non-
zero detuning value, and these happen to both one-qubit Jaynes-Cummings, as
well as one-qubit big spin models.

In the second part of the study on one-qubit models with non-zero detuning, we
considered the case for which we expected the interacting systems to evolve with
the behaviours seen in a practical system with resonance frequencies. Therefore,
we developed a model for the case of a desired system with zero detuning, but
with potential errors subject to a probabilistic distribution, leading to additional
mixture in the qubit’s reduced density matrix. In this thesis, we used a Gaussian
distribution (of variable width A) as an example to represent the errors in an
actual system, which is very useful for experimental works. However, the error
model is not limited to only this specific example, but can be applied with any
other form of probabilistic distributions, depending on the systems being observed.
Due to calculation complexity, we have also proposed a discrete approximation to
evaluate the density matrix of the qubit by averaging it over the errors as given by
Equation (3.2.7). The study suggests that unlike for the case of a fixed non-zero
detuning value that shifts the revival of qubit probabilities, by considering errors
as a distribution of detunings, the revivals in such quantities are suppressed at a

particular revival time ¢,. This is because of the revivals that occur at different
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time as a result of different detunings in the ensemble distribution have been
averaged. More significant suppression effects are observed with a larger value
of error A, which also affected the purity of the qubit subsystem at the revival
time t,.. It is also very interesting to note that, from our numerical analysis, we
found that the one-qubit big spin model has a better robustness against errors as
compared to the one-qubit Jaynes-Cummings model.

In Chapter 4 of this thesis, we expanded the dimension of our study on the
interacting models by introducing an additional qubit into the systems with the
assumptions that Ay = A9 and w = 7 = Q9. This means that we considered the
case for which there is no error or mismatch in the dipole interaction strengths
of the two qubits, and their frequencies are at resonance with the applied field.
Similar to the single qubit cases, we reproduced the works by C. Jarvis [27, 64]
on the two-qubit Jaynes-Cummings model. Under the same assumptions on the
dipole strengths and frequencies, we then applied similar extension, analysis and
calculation methods to find the exact and approximate solutions, and therefore
observed the dynamics of the two-qubit big spin model. We showed that the
phenomena of ‘attractor states’ can also be found in a two-qubit model, and it is
simply a direct product of two one-qubit attractor states. We also demonstrated
that the occurrence of such states depend on the initial conditions of the two
qubits, which enabled us to quantify a set of initial conditions that leads to a
phenomenon called the ‘basin of attraction’.

Different to the single qubit case, in a two-qubit interacting model, we man-
aged to study the entanglement properties between the two qubits. The two-qubit
subsystem exhibits interesting entanglement properties, where the dynamics are
also influenced by the initial conditions. For a system that starts with a state
from inside the ‘basin of attraction’, we observed phenomena called the ‘collapse
and revival of entanglement’. This is the event in which the entanglement disap-
pears with a Gaussian envelope, smoothly approaches zero, and then returns to
its initial value at a later time. A different entanglement dynamics were observed
for a system with an initial two-qubit state from outside the ‘basin of attraction’
In this regime of initial conditions, the systems exhibit the event of ‘sudden death
and birth of entanglement’ where the entanglement vanishes with a finite gradient.

Not only do they influence the occurrence of a two-qubit attractor state and
the dynamics of the entanglement between the two qubits, the initial conditions
also shows significant effects on the occurrence of the spin Schrédinger cat states.

In the large number of spins N approximations, we have shown that if the system
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starts with a two-qubit initial state from inside the basin of attraction, at times
% and t,. the wavefunction can be factorised into the two-qubit and big spin
subsystems, and therefore, there is no entanglement present between the two
parts. At these times too, the big spin is in a superposition of two essentially
orthogonal coherent states, called the ‘spin cat state’ that contains the information
about the initial state of the two qubits. However, this is not the case if the two-
qubit initial state is from outside the basin of attraction. The disentanglement
between the two-qubit and the big spin subsystems is not complete, and therefore
prohibits the occurrence of the spin Schrodinger cat states.

As mentioned earlier, the interacting models with an additional qubit that we
considered in Chapter 4 were analysed with assumptions that the dipole interac-
tion strengths of each qubit are uniform, and the qubits are interacting with the
coherent fields or the big spin at approximately the same frequencies. With two
qubits in the systems, we had the opportunity to extend the scope of our study by
considering the case where these assumptions are eliminated. In any physical re-
alisation of interaction between two qubits and a field mode (or a big spin), there
will always be the potential for errors and thus decoherence. Therefore, in Chap-
ter 5, we considered the case of frequency mismatch in our interacting systems.
We explored the effects of detunings on these two-qubit models where we let the
field mode’s frequency w positioned in between the two qubits frequencies €2; and
Q9. This means that there are mismatches in the frequencies of each component
for both the two-qubit Jaynes-Cummings model, as well as the two-qubit big spin
model.

This was followed by Chapter 6 that studied the effects of having non-uniform
dipole interaction strengths of the two qubits for both models. Such mismatch
in the couplings of the two qubits might arise due to spatial positioning errors
for physically identical fundamental qubits, or be caused by fabrication and po-
sitioning errors in the case of manufactured qubits. We let the difference in the
parameter take the form of Ay = Ao+9. We then analysed the system with respect
to the mismatches (or errors) in the detunings as well as the couplings, as mod-
elled for the single qubit case in Chapter 3. Again, similar to the case of two-qubit
models with resonant frequencies, we observed the time evolutions of the systems
with initial qubit states from inside and outside the basin of attraction.

Studies on both forms of error have revealed many interesting new findings.
Observations on the main features of the two-qubit Jaynes-Cummings model and

two-qubit big spin model showed that both systems responded in a similar way
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towards the errors introduced. Changes in the two-qubit state probability, the
occurrence of a two-qubit attractor state, the linear entropy of the two-qubit
subsystem and the entanglement between the two qubits are seen in most of these
erroneous systems especially at the two-qubit revival time % and one-qubit revival
time ¢,. At these times, be it a two-qubit Jaynes-Cummings or two-qubit big spin
model, either with error in the detuning or with error in the dipole interaction
strengths, all of the stated features show some significant changes in their time
evolutions. With the increasing (dimensionless) error distribution width A, the
two-qubit state probabilities show reductions in the amplitude of their revival, the
linear entropy increases, and the concurrence revives with lower amplitudes. These
changes are due to the disturbance in the purity of the qubit system as a result
of decoherence, which can be explained by the increment in the linear entropy.
As the decoherence increases, the mixture of the two-qubit state also increases,
and this suppresses the maximum possible entanglement of the two qubits, which
results in the lower peaks of the concurrence. It is also very interesting to note
that the visibility of these effects are more apparent in the two-qubit interacting
systems with errors in the dipole interaction strength as compared to the systems
with detuning errors. For example, in a two-qubit big spin model that starts
with an initial two-qubit state from inside the basin of attraction, it takes only
A = 0.3 for a system with error in the dipole interaction strength to reduce the
concurrence value to ¢(t,) ~ 0.2, in contrast to A = 2.0 for a system with error
in the detuning.

Similar effects on those quantities were also observed at times % and % in
both two-qubit models with error in the dipole interaction strength. Given that
either the initial two-qubit states are from inside or outside the basin of attraction,
the two-qubit state probabilities, the linear entropy and the concurrence change
in a similar behaviour as they were observed at times % and t, with respect to
the increment of error. However, a unique observation was noticed on both two-
qubit systems with errors in the detunings at times % and %. There are no
significant changes in any of the quantities at these times regardless of the initial
state of the two qubits. In another words, at these times there are no decoherence
effects on the purity of the two-qubit subsystem, the level of entanglement between
the two qubits, the occurrence of the two-qubit attractor state and therefore the
generation of Schrodinger cat state of the field and the big spin, even with error
distribution width as high as A = 2.0. This indicates a very good robustness

of these interacting systems against errors in the frequencies at these particular
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times.

We ended our research with Chapter 7 that discusses the robustness of the
two-qubit big spin models against errors as described in Chapter 5 and 6, with a
small number N of spins in the big spin. We first investigated and ascertained the
smallest N that maintains the relevant time evolutions of this system. We started
to observe the signature of important events of the relevant time evolutions with
N = 30 if the system starts with a two-qubit state from inside, and with N = 40
if the system starts with a two-qubit state from outside the basin of attraction.
Similar considerations were also made as in the previous two chapters, where
we considered a two-qubit big spin interacting system with errors as modelled in
Section 3.2.2 for both cases of non-zero errors in detuning as well as non-zero errors
in dipole interaction strength, and subject to the basin of attraction. Analogous to
the system with NV = 150, we also found that the errors in the dipole interaction
strength have more impact on the linear entropy, two-qubit state probabilities
and the two-qubit entanglement, as compared to the errors in detunings. We also
noted a very good robustness in some of these quantities against these errors,
which provide some positive promise for experimental investigations with realistic
values of V.

In the future, an immediate extension to this work would be to consider a
larger number of qubits N, to interact with the big spin of size N. It would be
very interesting to investigate the dynamics of the interacting systems with large
number of qubits especially when we have the two components with an equal size,

such that the system evolves with Hamiltonian

N\ hs hoa
N B ., N h B e o F—ad
Hy N = hwn <J + 2) + 2;:19101 +\/Nizgl)\Z(J 6; +J767). (8.0.1)

In this thesis, we have considered the parameters in the regime of ﬁ <
¢ < VN, where 1 <« N. Therefore, it would be very interesting to explore the
possibilities to study the qubit-big spin system with different parameters from
outside of this regime. For example, S. Dooley and T.P. Spiller have made an
analysis on the evolution of single qubit interacting with an initial spin coherent
state that has § = § in Equation (1.2.28), or equivalently the value of Equation
(1.2.29) becomes ¢ = 1 [62]. By doing this, they found a way of generating a
‘multiple-Schrodinger’ cat state which is a superposition of many spin-coherent
states. We may then extend our two-qubit big spin model into these similar

parameters and observe the interesting features resulting from such system.
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There are many possible experimental set ups that can be implemented and
taking into account the decoherence effects we discussed in Chapter 3, 5, 6 and 7.
One of such systems is superconducting qubit like a two-qubit gate operations of
superconducting circuits, in which two qubits are interacting with a fundamental
superconducting oscillator mode with a detuning factor in the frequencies [81,
82, 83]. For an example, we consider a similar set up of superconducting qubits
as considered in [84]. With a characteristic energy of 1 GHZ and the dipole-
interaction strength as given by Equation (8) in the paper, we can calculate the
dimensionless qubit-field coupling for the superconducting system, which is A =
0.095. Integrating these values into the cases of our studies in Chapter 5, we
obtain our two-qubit revival time at % = 5.25us. As explained previously in the
relevant chapters, this is the time for the first entanglement revival in our two-
qubit subsystem. It is very interesting to note that the calculated characteristic
two-qubit revival time is much shorter the system’s typical decoherence time of
100pus. This comparison shows us that there is potential experimental possibility
at the current time to observe the interesting dynamics in the interacting systems
we considered in this study. Furthermore, an interaction between two qubits and
7 spin chain as a quantum bus in a superconducting system has been proposed in
[84] with very encouraging results.

There are also numerous other platforms for physical realisation where the ap-
plications of an interacting model in which a collection of N spins are considered
instead of the field mode. For example, a system of multiple superconducting
qubits with uniform coupling to one or more microwave field modes operated in
their qubit limit (zero or one excitation) could be used in the physical implemen-
tation of Circuit QED [85, 86, 87, 88, 89, 90, 91]. Similarly, ion trap or atomic
systems [92, 93, 94, 95] that utilises ions or atoms coupled to various cavity modes
operated with two-level excitation could also be considered. Another possible ap-
plication is in the molecular fabrication [96, 79] where one or more specific spins
couple to a system of N other spins to envisage designer molecules besides the
applications in quantum dots [97, 98] through an interaction of an electron spin
with nuclear spin for quantum computation using semiconductor. These examples

are among many other systems that could be studied in the near future.
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