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ABSTRACT

We follow Humphreys [4], studying the structure theory of semisimple Lie algebras
(over algebraically closed fields of characteristic zero) in detail, proving the existence of
a Chevalley basis and constructing Chevalley groups of adjoint type.

We provide elementary definitions and results about Lie algebras. We take the per-
spective of toral subalgebras to show the root space decomposition with respect to a
maximal torus. We utilise representation theory to prove that the set of roots forms a
root system. Studying root systems in their own right then gives us further structural
results for semisimple Lie algebras. These enable us to prove the existence of a Chevalley
basis, which allows us to transfer the Lie algebra structure to finite fields. We conclude
by using this to construct Chevalley groups of adjoint type.
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PREFACE

Finite simple groups have been completely classified [2] and the classification theo-
rem is familiar to many. Such groups fall into one of the following categories: prime
cyclic groups, alternating groups, Chevalley groups, twisted Chevalley groups and spo-
radic groups. Cyclic groups and alternating groups are straightforward to construct, but
this is not the case for the other categories. It is possible to give relatively elementary
constructions in some circumstances, for example the Suzuki 7] and Ree [8, 9] groups.
However, such constructions are done with the aim of giving shortcuts to known desti-
nations, so they lack the overarching mathematical backbone which connects all of these
groups together.

It is important, then, for the standard constructions, and the machinery behind them,
to be understood. This machinery is known as Lie theory (pronounced ‘lee’), named after
the Norwegian mathematician Sophus Lie. For us, this will be the study of Lie algebras;
Lie groups are not mentioned. We primarily follow the path laid out by Humphreys
[4], framing the root space decomposition in terms of toral subalgebras, as opposed to
the more traditional Cartan subalgebras [I, B]. Our goal is the construction of Chevalley
groups (of adjoint type). We give a process for taking a finite field K and a semisimple Lie
algebra L over an algebraically closed field of characteristic zero (the complex numbers,
for example), and producing a finite group of matrices with entries in K, determined
by the Lie algebra structure of L. This process is sufficient to construct all families of
non-twisted Chevalley groups; the twisted Chevalley groups require further machinery
.

This construction of Chevalley groups is our singular goal. As such we take a somewhat
streamlined path through the literature, only discussing the results needed for this. In
particular, the classification of Lie algebras using Dynkin diagrams, though important
to Lie Theory as a whole, is not covered. This approach does allow us room to cover
more detail, however. The elementary but essential results regarding simultaneous diag-
onalisibility, which are omitted in [4], are covered in full (Section [2). The discussions on
the machinery behind the construction in sections 25.4 and 25.5 of [4] are expanded into
formal results with proofs (Sections [18 and [19). Notably, a proof that G(K) is an auto-
morphism group of L(K) (Theorem and an explicit example of such a construction
(example are given. More explicit proofs have been given throughout, though it
should be noted that certain results have been stated without proof (the exhaustive list
is: Engel’s Theorem (1.21)), a corollary to Lie’s Theorem (1.27), Weyl’s Theorem ((9.4)),
and an automorphism lemma (17.1])).

We begin with a brief introduction to some of the basic concepts (Section , followed
by a discussion of some ideas from linear algebra that are of particular importance to us
(Section . The notion of Jordan decomposition, though also very grounded in linear
algebra, is the first key idea relating directly to Lie algebras which we discuss (Section
3)). We prove Cartan’s criterion (Section , which is necessary only for one crucial result:
that the Killing form is nondegenerate (Section . Our study of Lie algebras begins
in earnest with the introduction of toral subalgebras (Section [5]), which leads into the
central idea of the root space decomposition of a semisimple Lie algebra (Section @ Our
understanding of this decomposition will improve when we show that it revolves around
the maximal torus (Section [)), then again when we begin to see the structure of sly(F)
appearing (Section , and finally when we discover that root spaces are 1-dimensional
(Section [L1]). For this, we use the representation theory of sly(F), which we develop
beforehand (Section E[) We come to a temporary peak with the proof that the set of
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roots has the structure of a root system (Section [12), which we follow with a look at
root systems themselves (Sections to [L6). We are then set to prove the existence
of a Chevalley basis (Section . This is the key we need to transfer our Lie algebra
structure to a finite field (Section , over which we can construct automorphism groups
generated by exponentiating the adjoint maps of (non-toral) elements of the Chevalley
basis (Section . These are the Chevalley groups of adjoint type.

We write N, Z, Q and R to denote the natural numbers, integers, rationals and reals
respectively. Z[T| denotes the set of polynomials in 7" with coefficients in Z. The symbol
C denotes strict containment of sets; we always use C when equality is a possibility. We
use the shorthand Fx to denote the F-span of x.
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1. FIRST DEFINITIONS

We begin by defining Lie algebras and laying out some of the basic results which we
use in later sections. Certain results, such as Engel’s Theorem ([1.21]) and a corollary to
Lie’s Theorem (|1.27]), will be taken as assumed (for proofs, see [4]).

Throughout this paper, F denotes some field and L denotes a finite dimensional Lie
algebra (defined below) over F. We place restrictions on L and F in subsequent sections.

1.1. Definition. A Lie algebra, L, is a vector space over some field F, equipped with a
multiplication

LxL—L:(z,y) v [zy],
called a Lie bracket, which is bilinear and satisfies

o [zz] =0forall z € L,
o [z[yz]]+[z[xy]]+[y[zz]] = 0 for all z,y, 2 € L. This is called the Jacobi identity.

1.2. It is useful to consider various reformulations of the Jacobi identity:

[zly2]] + [zlzy]] + [y[za]] = O, (1.2.1)
[zly2]] = —[z[zy]] — lyl=]], (1.2.2)
[zly2]] = [ylez]] — [zley]] = [2ly2]] — lylz=]]. (1.2.3)

1.3. Definition. Let V' be a vector space. We denote by End(V') the space of linear
maps from V to V. Note that if L is a Lie algebra, then when we write End(L), we
are still referring to vector space endomorphisms of the Lie algebra, not Lie algebra
endomorphisms. The space End(V) is an associative algebra under the composition of
functions operation, denoted o.

We can define a Lie bracket on End(V') by

[ty] =z o0y —you,

for z,y € End(V'). We then obtain a Lie algebra called the general linear Lie algebra
of V, denoted gl(V). For n € N, we also write gl,,(F) to denote the general linear Lie
algebra of F". The above method (defining a Lie bracket from the commutator of an
algebra) can be used to generate a Lie algebra from any associative algebra. Such a Lie
algebra is called a linear Lie algebra. It is also true that any finite dimensional Lie
algebra is isomorphic to some linear Lie algebra (see [5, Chapter VI]).

Another example of a Lie algebra which will be useful to us is the special linear
Lie algebra, denoted sl(V). This is defined as the subalgebra of gl(V') consisting of
endomorphisms with trace 0. We also write sl,(F) = sl(F") for n € N.

1.4. Definition. A homomorphism of Lie algebras is a linear map ¢ : L — L' : x
¢(x) which satisfies [p(z)d(y)] = ¢([zy]) for all 2,y € L. An isomorphism of Lie
algebras is a bijective Lie algebra homomorphism. An isomorphism from a Lie algebra
to itself is called an automorphism and we denote the set of all automorphisms of L by
Aut(L). This is a group under the composition of functions operation.

1.5. Definition. Let A, B be subspaces of L. We write [AB] = spany {[ab] : a« € A,b € B}
for the product of subspaces. Note that taking the span is necessary for this to be a
subspace, because it is not in general possible to express a sum [ab] 4 [a'b'] as a single
product.

We call A a Lie subalgebra of L if it is closed under the Lie bracket. That is, if
[AA] C A, so A is a Lie algebra in its own right. The Lie subalgebra [LL] of L is called

the derived subalgebra of L.
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Let I be some subspace of L. Then I is called an ideal of L if [LI] C I. Important
examples of ideals are the derived subalgebra [LL] and the centre of L (Definition [1.7).

1.6. Lemma. The derived subalgebra of L is an ideal of L.

Proof. Let z,y,z € L. Then [yz] € L by definition, hence [z[yz]] € [LL]. Therefore,
[L[LL]] C [LL). O

1.7. Definition. Write Z(L) = {z € L : Vo € L : [zz] = 0} and call this space the centre
of L.

1.8. Lemma. Z(L) is an ideal of L.

Proof. Let © € L and z € Z(L). Then [zz] = 0 by definition, where 0 € Z(L) by
linearity. U

1.9. Definition. Call L simple if [LL] # {0} and the only ideals of L are {0} and
L. Throughout, we are primarily interested in semisimple Lie algebras (Definition ,
which is a weaker condition than simplicity. Semisimple Lie algebras are direct sums of
simple ones.

1.10. Note that if L is simple, then as [LL] is an ideal (Lemma [I.6)), we must have that
(LL] = L.

1.11. Definition. A map
0:L—L:xw—(x),

is called a derivation of L if it is linear and satisfies

0([zy]) = [xd(y)] + [6(x)y]
for all x,y € L. The space of derivations of L is denoted Der(L) and is a Lie subalgebra
of gl(L). The derivations we are interested in are the following:
Let x € L. The map
ad(x): L — L :yw— [zy]
is called the adjoint endomorphism or adjoint map associated to x. It is important
to note that ad(z) is a vector space endomorphism, but not in general a Lie algebra
endomorphism. Derivations of this form are called inner.
When S is a subalgebra of L and « € S, we can consider ad(z) to be acting on either
L or S. To remove ambiguity, we write

adp(z): L — L:yw— [zy]
or

adg(z): S — S:yw— [zy]
in these situations.

1.12. As the Lie bracket is bilinear, it follows that ad(z) € End(L) for = € L. However,
ad(x) is not in general a Lie algebra homomorphism. We often use the notation of the
Lie bracket and that of adjoint maps interchangeably, depending on what we want to
emphasise.

The fact that adjoint maps are derivations will become useful in Section Con-
structing Chevalley Groups, when we construct automorphisms by exponentiating certain
adjoint maps.

1.13. Lemma. Let x € L. Then the map ad(z) is a derivation. That is, fory,z € L,

ad(x)([yz]) = [yad(x)(2)] + [ad(z)(y)2].
8



Proof. Immediate from reformulating the Jacobi identity (|1.2.3)). 0

1.14. The notion of adjoint maps is important, because it gives us a very useful way
of representing Lie algebras. We use the adjoint representation directly, in order
to prove many key structural results in Section [11} Integrality Properties. Additionally,
many ideas, such as nilpotency , are much easier to phrase in terms of adjoint maps.

1.15. Definition. Let V' be some vector space over F. Then a Lie algebra homomorphism
p: L — gl(L) is called a representation of L.
The representation we are interested in is called the adjoint representation of L,
denoted ad. We define
ad: L — gl(L) : x — ad(x).
As in the definition of ad(z) (1.11]), we write ad; when there is ambiguity as to the
domain.

1.16. Lemma. The map ad is a Lie algebra homomorphism (and hence is a representa-
tion,).

Proof. Let z,y,z € L. The Lie bracket in gl(L) is given by
lad(z) ad(y)] = ad(z) o ad(y) — ad(y) o ad(x).

Therefore,
[ad(z) ad(y)](2) = (ad(z) o ad(y) — ad(y) o ad(x))(z)
= (ad(z) 0 ad(y))(2) — (ad(y) o ad(x))(2)
= ad(z)(ad(y)(2)) — ad(y)(ad(z)(2))
= [xlyz]] — [yl2=]].
By the Jacobi identity ((1.2.3 - this is equal to
[2ly]] = —llyx]z] = [[zy]z] = ad([zy]) (2)-
As z was arbitrary, this implies that ad([zy]) = [ad(z) ad(y)]. O

1.17. We can see that
ker(ad) ={r € L:ad(x) =0} ={z € L:Vye L: [zy] =0} = Z(L),
so Z(L) = {0} if and only if ad is an injective homomorphism. That is,
~ad(L) < Z(L)={0}.
1.18. Lemma. Let x,y € L such that [xy] = 0. Then ad(x) and ad(y) commute.

Proof. For all z € L,
(ad(x) o ad(y))(2) = [z[yz],
which, applying the Jacobi identity ([1.2.3) and the assumption that [xy] = 0, gives
[z[yz] = lylez]] = [2[zy]] = [ylz=]] = (ad(y) o ad(z))(z).
As this holds for all z € L, we have
ad(z) oad(y) = ad(y) o ad(x).
0
1.19. Definition. Let V' be some vector space over F and z € End(V). If 2" = 0 for some
n € N, then z is called nilpotent. We say an element x € L is ad-nilpotent if ad(x) is

nilpotent. L is called nilpotent if ad(L)"(L) = {0} for some n € N.
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1.20. Note that if all x € L are ad-nilpotent, then there exists an n € N such that
ad(z)"(y) =0
for all z,y € L, whereas if L is nilpotent, then there exists an n € N such that
(ad(z1) o -+ cad(zn))(y) =0

for all z1,--- ,z,,y € L, so the latter appears to be a stronger condition. It is in fact true
that the former implies the latter, so they are equivalent. This result is known as Engel’s
Theorem, and the proof nontrivial. We state Engel’s Theorem here as an assumption,
in addition to another result, about ideals of nilpotent Lie algebras. These will both be
used in Section [§f The Maximal Torus.

1.21. Theorem (Engel’s Theorem). Suppose that ad(x) is nilpotent for all x € L. Then
L is nilpotent.

Proof. See Section 3.3 of [4]. O

1.22. Lemma. Let L be nilpotent and let K be an ideal of L. Then K # {0} implies that
KnZ(L)#{0}.

Proof. See Lemma 3.3 of [4]. O
1.23. Definition. The derived series of L is denoted

{L(n) }nZO ’

where L) = L and L™ = [L""Y L] for n > 0. If L™ = {0} for some n € N, then
L is called solvable. An important example of a solvable Lie algebra is the centre Z (L)
of L.

1.24. Lemma. Z(L) is solvable.
Proof. For all z,y € Z(L), we have [zy] = 0 by definition, hence [Z(L)Z(L)] = {0}. O

1.25. Solvability is a weaker property than nilpotency (Lemma - a fact we use
multiple times. Although it is also true that [LL] is nilpotent if L is solvable. This result
(Theorem is a corollary to Lie’s theorem and shall be taken as an assumption. It is
used in Section [I0} Orthogonality Properties.

1.26. Lemma. Let L be nilpotent. Then L is solvable.
Proof. Suppose L% C ad(L)!(L) for some i € N. Then, as L¥ C L, we have
L) = [LOLO] C [ad(L) (L)L] = ad(L)*(L).
Further, L) = [LL] = ad(L)(L). Therefore, by induction, L™ C ad(L)*(L) for all i € N.

As L is nilpotent, ad(L)"(L) = {0} for some n € N, hence L™ C ad(L)"(L) = {0}.
Therefore L™ = {0}, so L is solvable. O

1.27. Theorem (Corollary to Lie’s Theorem). Let L be solvable and let v € [LL]. Then
the map ady(x) is nilpotent. Further, [LL] is nilpotent.

Proof. See Corollary 4.1C of [4]. O

1.28. We have seen that the centre of L is solvable and an ideal. This gives Z(L) a
property (Proposition [1.29) which we need to prove a corollary to Cartan’s Criterion in
Section [d] We prove this result for an arbitrary solvable ideal.

1.29. Proposition. Let I be a solvable ideal of L. Suppose L/I is solvable. Then L is

solvable.
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Proof. Suppose (L/I)® = L@/ for some i € N. Then
(L/ DT = [(L/D)"(L/ DY
= [(LO/ D)LY/ D)]
= span {[(z + I)(y + )] : w,y € LV}
= span {[vy] + [ : 2,y € LV}
=span{z +1:x e [LDLO]}
_ [L(i)L(i)]/[
— L(’L+1)/[
We have (L/I)° = L/I = L9 /I, so by induction we have that (L/I)® = L® /I for all
1€ N.
As L/I is solvable, (L/I)™ is zero for some n € N. Consider the canonical homomor-
phism
7:L—L/l:x—z+1.
As (L/1)™ = L™ /I, we have
(L") ={a+T:2e L™} =L"/I=(L/1)™.
Therefore, L™ C ker(n) = I. As I is solvable, 1™ = {0} for some m € N, hence
L(ntm) — (L(n))(m) C 1™ = {0}.
That is, L™ = {0}, so L is solvable. O

1.30. Example. We use the toy example of L = sly(F). By definition, this consists of
traceless 2 x 2 matrices over F. So elements of L can have arbitrary off-diagonal entries,
and the diagonal entries must sum to zero. That is,

L:{<a b):a,b,cEF}.
c —a

It would seem natural, then, to choose the basis

(o) () -6 h)

This turns out to be a good choice, as it fits well with the structure theory which we
develop later. It is considered the standard basis for sly(IF).
As a subalgebra of gl,(F), the Lie bracket is given by [xy] = z oy — y o z. That is,

- (3 -390 5)-»
()0 ) - )
()-8 (5 8-
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2. SEMISIMPLICITY AND SIMULTANEOUS DIAGONALISATION

Results about Jordan decomposition (Section [3) and root-space decomposition (Sec-
tion [5)) rely upon the ability to find a basis on which multiple diagonalisable maps are
simultaneously diagonal. We prove results to that effect in this section.

Throughout this section, V' denotes a finite dimensional vector space over F. From this
section onwards, we assume [ is algebraically closed.

2.1. Definition. Let z € End(V). We call  semisimple if the roots of its minimal
polynomial are all distinct. As F is algebraically closed, this is equivalent to z being
diagonalisable.

2.2. Lemma. Let x € gl(V') be semisimple. Let (vy,--- ,v,) be a basis for V. on which x
is diagonal. Denote the standard basis vectors of gl(V') relative to (vq,--- ,v,) by e;; for
i,j=1,---,n. That is, e; j(vy) = 0;vj. Then xe;; = Ne;; and e; ;v = \;e; j, where the
values Ay, - -+ , A\, are the eigenvalues of x corresponding to vy, --- , v, respectively.

Proof. For each k =1,---,m, we have
(€ij2)(vk) = Agei (V) = Adi k5.
But when k& = 7, we have
A0 kU5 = Nibiivj = Nieg i (vg),
and when k # i, we have

M0 k05 = 0 = N0y pv; = Aiej j(vg).

That is, (e;;z)(vg) = Ne;j(vg) for all k = 1,--- ,m, hence e; jv = \e; ;. Similarly,
T = )\j(ii,j. Ol
2.3. Proposition. Let z1,- -+ ,x,,y € End(V) commute and be diagonalisable. Suppose
that x1,- -+ , T, are simultaneously diagonal with respect to some basis B = (e1,--+ ,€y)
of V. Then x1,--- ,xm,y are all sstmultaneously diagonalisable.

Proof. We are given that z;(e;) = \; je; for some scalars \;; € F, for each i = 1,--- ,m
and j = 1,--- ,n. Then, as the maps commute,

zi(y(e;)) = y(wile;)) = Aijyle;),
for each 7 and j. So y stabilizes the eigenspaces of all the x;. Therefore, if V' is decomposed
into the intersections of the eigenspaces of all the x;, say Vi,---, V., then y stabilizes
each V;. Therefore, if we consider these maps as matrices with respect to B, then we can
consider y and all the z; as block diagonal matrices with blocks corresponding to the V.
Then the x; consist of scalar blocks. Specifically,

Ay
‘ri - n . )
Ai,r
for each i = 1,--- ,m, where the blocks A, ; are all scalar matrices (not necessarily distinct
scalars), and Ay ;,--- , A, ; are all the same size for each j. As for y, we can write
Yy
y — S, . s
Y,

12



where each block Yj is a square matrix of the same size as the A; ;. If a block-diagonal

matrix is diagonalisable, then each block must be diagonalisable, so each block Y7, Y,
is diagonalisable.
Therefore, for each j = 1,---,r, we have that D; = CjY}C’j_l is diagonal for some

change of basis matrix C;. Note that
CinJC{l = CJ()\,LJI)C;l == )\Lj(CjC;l) = )\i,j[ - Ai,j7

for each ¢ = 1,--- ,m and j = 1,--- ,r, as A;; is a scalar matrix for some eigenvalue
Aij € Fof z;. So if we let

Cy
c= )
G,
then cx;c™! = a; for each @ = 1,--- ,r. Further,
C1y, 07! D,
cyc_1 = = ,
C.Y,Cct D,

which is diagonal. So conjugation by c preserves the diagonality of each z; and takes y
to a diagonal matrix. That is, if we apply ¢ to the basis B, we obtain a basis on which
1, ,T,,y are all diagonal. Il

2.4. Corollary. Let A C End(V) be some finite set of commuting diagonalisable maps.
Then all the maps in A are simultaneously diagonalisable.

Proof. We can use induction on |A| with Proposition as the induction step. The base
case of |A| =1 is trivially true. O

2.5. Lemma. Let z1,--+,x, € End(V) be diagonal with respect to some basis B =

(€1, -+ ,en) of V. Then any linear combination of x1,--- ,x, is also diagonal with respect
to B.

Proof. Let y € End(V') be some linear combination of xy,--- ,x,. That is,

Yy = Z i
i=1

for some set of scalars y; € F. We have that x;(e;) = A, je; for some \;; € F, for each
t1=1,---,rand j=1,---  n. Therefore,

yle)) =Y mixile;) = pikije; = (Z NMm) €j,
=1 =1 =1

for each j = 1,--- ,n, hence y is diagonal with respect to B. U

2.6. Theorem. Let A C End(V) be some set of commuting diagonalisable maps. Then
all the maps in A are simultaneously diagonalisable.

Proof. As A C End(V), we must have that spang(A) C End(V) has a finite basis con-
tained in A, say xi,---, 2, (where r < dim(V)). By Corollary the z; are simulta-

neously diagonalisable. Then by Lemma [2.5] any linear combination of 1, -+, z, also
diagonalises simultaneously with x,--- ,z,. That is, all maps in A are simultaneously
diagonalisable. Il
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3. JORDAN DECOMPOSITION

Jordan decomposition (or Jordan-Chevalley decomposition) is the idea that an endo-
morphism (or an element of a Lie algebra) can be split into a sum of two parts, one
nilpotent and one semisimple (or ad-nilpotent and ad-semisimple for Lie algebras).

We begin with some results about semisimple and nilpotent endomorphisms. After
the main result (Jordan Decomposition), we extend the notion to abstract Lie algebras
through the adjoint representation, then show that the two correspond.

Throughout this section, V' denotes a finite dimensional vector space over F.

3.1. Lemma. Let z,y € End(V). Suppose x and y commute and are both semisimple.
Then x + y 1s semisimple.

Proof. As x and y commute and are diagonalisable, Proposition [2.3 implies that = and y
are simultaneously diagonalisable. Then Lemma implies that x 4 y is diagonalisable.
O

3.2. Lemma. Let x,y € End(V). Suppose x and y commute and are both nilpotent. Then
x 4y is nilpotent.

Proof. As x and y are nilpotent, there exist n,,n, € N such that 2"* = y™ = 0. Let
n = max {n,,n,}. Then 2" = y" = 0. Now consider

on = 2NN\ i oon
(w+y) =3 (7 )y
i=1

Note that whenever i < n, we have 2n—14 > n. So for each term in the sum, either z* = 0
or y*"~* = (. Therefore, (x + y)?*" = 0, hence = + y is nilpotent. O

3.3. Lemma. Let x € End(V'). Suppose x is both nilpotent and semisimple. Then x = 0.

Proof. As x is semisimple, there exists a basis for V', say (v, -+ ,v,), and a collection of
scalars A1, -+, A, € F such that z(v;) = \v; for all ¢ = 1,---  n. On the other hand, x
is nilpotent, so ™ = 0 for some m € N. Therefore, 2™ (v;) = A"v; = 0, hence \; = 0 and
xz(v;) =0foralli=1,--- n. That is, x = 0. O

3.4. Theorem (Jordan Decomposition). Let € End(V'). Then:

o There exist unique x5, x, € End(V'), such that x = x5+ x,, where x5 is semisimple
and x, 1s nilpotent and x, and x,, commute.

o There exist polynomials p(X), q(X) € F[X], without constant term, such that 5 =
p(z) and x, = q(z). In particular, z, and x, commute with any endomorphism
which commutes with x.

o Let A and B are subspaces of V. where A C B C V. Suppose x(B) C A. Then
zs(B) C A and z,(B) C A.

Proof. Let x be the characteristic polynomial of . This can be expressed as

n

X(X) = H(X = A)™,

=1

for some n € N, where the values A{,---,\, are the distinct eigenvalues of x with
corresponding multiplicities my, - -+ ,m,. Let 1y denote the identity in End(V'). Define

Vi = ker ((x — \1y)™).
14



As F is algebraically closed, all roots of the polynomial y(X) exist, hence V' can be
expressed as the direct sum of these subspaces:

V= é V.. (3.4.1)
=1

As x commutes with itself and 1y, it commutes with (x — A;1y/) and hence (z— \;1y)™.
Therefore,
(z = Aily)™ (2(v)) = z((z — Aily)™ (v)) = 2(0) = 0
and hence x(v) € V; for all v € V;. That is, (V;) C V;. Therefore, z can be considered
as a linear endomorphism of each V;. In this regard, x has characteristic polynomial
(X — X\)™. Applying the Chinese Remainder Theorem for the ring F[X] allows us to
find a polynomial p satisfying p(X) =0 mod X and

p(X)=X\ mod (X — )™ (3.4.2)

foreacht=1,--- ,n.
Set ¢(X) =X — p(X). As p(X) =0 mod X, there exists some r € F[X] satisfying

p(X) =0+ Xr(X),

hence p € XF[X]. Therefore, ¢(X) = X — Xr(X) = X(1 —r(X)), hence both p and ¢
have no constant term.

Let xy = p(z) and z,, = q(z). As x5 and z,, are polynomials in z, they commute with
each other and any endomorphisms which commute with x, in addition to stabilizing
any subspaces stabilized by z. In particular, they stabilize V; for each i = 1,---  n.
By (3.4.2), we have that p(X) = X\; 4+ 7(X)(X — )™ for some r € F[X], hence z, =
p(x) = N + r(x)(z — A\)™. Therefore, (xs — \;) = r(z)(x — \;)"™. Let v € V;. Then
(x — Aly)™(v) = 0 by definition, hence

(25 = Aily)(v) = (r(z)(z — Aily)™)(v) = r(2)(0) = 0.
That is, zs(v) — (A1y)(v) = 0, hence x4(v) = \jv. As v € V; was arbitrary, this implies
Ts = Nily. (3.4.3)

Therefore, z; acts diagonally on V; with sole eigenvalue \;. Therefore, by (3.4.1), =,
acts diagonally on the whole of V| hence is semisimple. Further, (3.4.3) implies that
T, =T —xs = — N1y, hence

i (v) = (x — N1y)™(v) =0,

n

for all v € V;, hence z™ is nilpotent on V;. This is true for all i = 1,--- | n, so by ,
T, is nilpotent on the whole of V.

If U C V is a subspace stabilized by x, then U is stabilized by z* for any k € N. As U
is a subspace, it is closed under addition and scalar multiplication and so is also stabilized
by any sum or scalar multiple of stabilizing endomorphisms. That is, U is stabilised by
any polynomial of x without constant term, in particular x, and x,.

Now it only remains to prove uniqueness. Suppose x = s + n is another such decom-
position of x. Then

S+nNn=r=x,+T, = Tsg—S=N—1T,

and by part 2, all of these endomorphisms commute. Sums of commuting semisim-

ple/nilpotent endomorphisms are also semisimple/nilpotent (Lemma and . Fur-

ther, if an endomorphism is both semisimple and nilpotent, then it is zero (Lemma .

Therefore, x, — s is semisimple; n — x,, is nilpotent; and x4, — s = n — x,,. Thus, x, — s is
15



both semisimple and nilpotent, hence zero. That is, x4 —s =n — z, = 0, hence z, = s
and z,, = n. Therefore the Jordan decomposition is unique. U

3.5. Lemma. Let x € gl(V') be nilpotent. Then ad(zx) is nilpotent.
Proof. Consider the endomorphisms
Ao 1 gl(V) = gl(V) iy — z oy,
pr i gl(V) = gl(V) :y—youx.
Let y € gl(V). As z is nilpotent, 2™ = 0 for some n € N. Therefore,
(A2)"(y) = 2"y =0,
and

(p2)"(y) = yz" =0,
for some n € N, hence A, and p, are both nilpotent. Further,

Aep) () = Aa(pu(y)) = wo (you) = (xoy) ox = pp(Ae(y)) = (p2a)(y),

so A, and p, commute. Sums of commuting nilpotent endomorphisms are nilpotent

(Lemma [3.2)), thus ad(z) = A, — p, is nilpotent. O
3.6. Lemma. Let z € gl(V') be semisimple. Then ad(z) is semisimple.

Proof. As x is semisimple, there exists a basis, say (vy,- - ,v,), for V and some collection
of scalars Ay, -+, A\, € F such that x(v;) = \v; for each ¢ = 1,--- ,n. Denote the
standard basis vectors of gl(V') relative to (vq,--- ,v,) by €;; foré,j =1,--- ,n. That is,

e; ;(vr) = 8; xvj. Then Lemma [2.2 implies that
ad(x)(em) = [ZL‘@Z‘J‘] = .1761'7]‘ — €i7j17 = )\iei,j — )\jem- = ()\Z — /\j)ei,j~
Therefore, ad(x) acts diagonally on gl(V'), hence is semisimple. O

3.7. Theorem. Let v € End(V) and let © = x5 + x, be its Jordan decomposition. Then
ad(x) = ad(xs) + ad(x,,) is the Jordan decomposition of ad(z) in End(End(V)).

Proof. We can write ad(z) = ad(zs + z,,) = ad(zs) + ad(x,,), as ad is linear. Then, for
y € End(V'), we have

[ad(z) ad(2n)(y) = ad(ws) ad(zn)(y) — ad(zs) ad(z,)(y)
= [zs[nyl] — [zalzy]]-
Applying the Jacobi identity (|1.2.3]), we get
[zslznyl] = [wnlray]] = [ylznz]] = —[lenzy] = —ad([znz.]) (y)-

This implies that [ad(z,)ad(z,)] = ad([z,xs]). By Theorem 3.4 z, and z; commute,
hence ad([x,zs]) = 0. Therefore, [ad(x;)ad(z,)] = 0, so ad(zs) and ad(x,) commute.
As z, is semisimple, ad(z) is semisimple (Lemma [3.6); as z, is nilpotent, ad(z,) is
nilpotent (Lemma [3.5]). Therefore, ad(z) = ad(z;) + ad(z,) is the Jordan decomposition
of ad(x). O

3.8. If L is a Lie algebra and x € L, then we can consider the Jordan decomposition
of ad(z) € End(L). The above results show that this decomposition corresponds to the
Jordan decomposition of x in L, if L is a linear Lie algebra. If L is an abstract Lie algebra
- that is, not consisting of endomorphisms - then the Jordan decomposition of an element
x € L is simply taken to be that corresponding to the Jordan decomposition of ad(x).
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4. CARTAN’S CRITERION

We begin with a result about fields of characteristic zero, which will be used imme-
diately to prove a trace criterion for endomorphism nilpotency (Lemma , as well as
later, in Section[I2} Rationality Properties. We also prove an associativity identity on the
trace function (Proposition [£.3). These results will be used to prove Cartan’s Criterion
(Theorem . It will, however, be the corollary to Cartan’s Criterion which we will rely
upon in Section [/} The Killing Form.

Throughout this section, V' denotes a finite dimensional vector space over F. From this
section onwards, we assume that F has characteristic 0 (in addition to algebraic closure).

4.1. Proposition. As F has characteristic zero, Q C IF.

Proof. AsF is a field, by definition we have that 1 € F, where 1 denotes the multiplicative
identity. As IF has characteristic zero, we have that n = (1+---4+ 1) € F for all n € N.
That is, N C F.

Also by definition, we have 0 € F and that F contains the additive inverses of all its
elements. That is, z € F implies —z € F. Therefore, =N C F. Thus we have

Z=(NU{0}U(—-N)) CF.
Further, F contains the multiplicative inverses of all its nonzero elements. That is,
r € F\ {0} implies z7! € F. Let ¢ € Q\ {0}. Then ¢ = 2/n for some z € Z and n € N.
By the above, z,n € F, hence n=! € F. Thus,
g===22n"teF,
n
as [ is closed under multiplication. That is, Q C F. Il

4.2. Lemma. Let A, B be subspaces of gl(V') such that A C B. Let
M={zegl(V):[zB] C A}
and y € M. Suppose trace(yz) = 0 for all z € M. Then y is nilpotent.

Proof. Let x = s+ n be the Jordan decomposition of z. As s is semisimple, there exists
a basis of V, say (vy,- -+ ,v,), and some collection of scalars Ay, ---,\,, € F, such that
s(v;) = A\, for each i = 1,-- - m. The field F has characteristic zero, so by (Proposition
4.1)), we have Q C .

Let I/ = spang {A1,- -+ , A} be the vector space over Q spanned by the scalars A;. This
is a vector subspace of IF, where F is considered as a vector space over Q. Denote the
dual space of E by E*. Then the following statements are all equivalent: x is nilpotent;
x =n; s = 0; the scalars Ay, - -+, A\, are all zero; F = {0}; E* = {0}. In particular,

E* ={0} = z nilpotent. (4.2.1)

Let f € E*. Let y € gl(V) be such that y(v;) = f(a;)v; for each ¢ =1,--- ;m. Then y
is semisimple by definition. Then Lemma implies that e; ;s = \ie; ; and se; ; = Aje; 5,
as well as e; ;y = f(\)e;; and ye; jy = f(A;)e; ;. Therefore,

ad(s)(ei;) = [seis] = seij —eijs = (A — Ai)eiy,
ad(y)(ei;) = lyeis] = yeiy — €y = (F () = f(A)))eiy-

Note that, if \; — A\; = A\ — \; for some values of 4, j, k, [, then f(\; — ;) = f(Ax — Ni),
hence f(\;) — f(/\ ) = f(Ax) — f(\). Further, if A\; — A; = 0 for some values of i and

J, then f(A\; — X;) = f(Ni) — f(A;) = 0. Therefore, for all pairs of ¢ and j, the points

(0,0) and ()\ - )\] f(Ni) — f();)) are either equal or have distinct first coordinates. We
17



can therefore use polynomial interpolation with these points to construct a polynomial
r € F[T] satistying both 7(0) = 0 and r(\; — A\;) = f(\;) — f(};) for all pairs of ¢ and j.
Therefore,

r(ad(s))(ei;) = (Z riad(s )k> (€i)
= Z rrad(s eZ )
= Z T’k 61 J

= (Z rk(/\z — )\])k> 61'7]‘

k
= T()\Z - )\j)em
= (F(\i = Aj))ei
= ad<y) (ei,j)a

for each pair of ¢ and j, hence r(ad(s)) = ad(y).

As ad(s) is the semisimple part of the Jordan decomposition of ad(x) (Theorem [3.7)),
ad(s) can be written as a polynomial in ad(x) with no constant term (Theorem |3.4)).
Therefore, ad(y) is also a polynomial in ad(z) without constant term. Then, by the
assumption of the theorem, we have that ad(z)(B) C A, hence ad(y)(B) C A. But this

implies that y € M, hence trace(zy) = 0 by assumption.
We can calculate
(zy)(vi) = z(f(Ai)vi)
i) (vi)
i) (s(vi) + n(vs))
)\z i iV + f()\l)n(vl),

where n(v;) contains no terms in v;, as n is nilpotent. Therefore,

8

(
(
= /(
I

—

0 = trace(zy) Z f(A

As f(\) € Q and \; € E, this expression is a Q—hnear combination of elements of E. so
we can apply f to get

(Zf ) =2 TGN

= Z FO?, (4.2.2)

which equals f(0) = 0. As f € E*, we have that f(\;) € Q for each i =1,---  m, hence
either f(A )2 > 0 or f(X\;) = 0. This implies that f(\;) = 0 for all ¢ = 1,--- ,m, as
expression 2)) equals zero. That is, f = 0. As f € E* was arbitrary, we have shown

that £* = {0} Therefore by (4.2.1)), x is nilpotent. O
18



4.3. Proposition. Let z,y,z € gl(V). Then
trace([zy]z) = trace(z[yz]).

Proof. From the definition of the Lie bracket in gl(V'), we have

[zylz = (zy — yz)z = 2yz — yo2
and

zlyz] = z(yz — zy) = xyz — x2y.
Therefore, using the fact that trace(ab) = trace(ba) for all a,b € gl(V'), in addition to the
fact that trace is linear, we can calculate

trace([zy|z) = trace(zyz — yxz)
= trace(xyz) — trace(y(zz))

(
(
= trace(xyz) — trace((zz)y)
= trace(xyz — x2y)

(

= trace(z[yz]).
U

4.4. Theorem (Cartan’s Criterion). Let L be a Lie subalgebra of gl(V'). Suppose that
trace(zy) =0 for all v € [LL] and y € L. Then L is solvable.

Proof. By Lemma if we let A =[LL] and B = L, then
M ={xegl(V):[xL] C[LL]}

and all x € M which satisfy trace(zy) = 0 for all y € M must be nilpotent.

Let x € [LL]. Then x = [x125] for some x1,29 € L. Let z € M. Then [2L] C[LL] b
definition, hence [zx], [z25] € [LL]. Then the supposition implies that trace([zx;]zy) = 0.
Therefore (by Proposition ,

0 = trace([zx1]zy) = trace(z[z22]) = trace(zz) = trace(zz).

As x € [LL] C L, we have [zL] C [LL], hence = € M by definition. Therefore, as z € M
was arbitrary, we have that z is nilpotent. As x € [LL] was arbitrary, this implies that all

x € [LL] are nilpotent, hence [LL] is nilpotent by Engel’s Theorem. Nilpotency implies
solvability (Lemma [1.26]), hence [LL] is solvable, which implies that L is solvable. O

4.5. Corollary. Suppose that trace(ad(z) ad(y)) = 0 for all x € [LL] andy € L. Then L
15 solvable.

Proof. Consider the adjoint representation of L,
ad: L — gl(L) : x — ad(x).
As ad is a homomorphism, we have that ad(L) is a Lie subalgebra of gl(L), and that
lad(L)ad(L)] = ad([LL]). That is, z € [LL] for all ad(x) € [ad(L)ad(L)]. Therefore,
by assumption, trace(ad(z)ad(y)) = 0 for all ad(z) € [ad(L)ad(L)] and ad(y) € ad(L).
Then (Theorem implies that ad(L) is solvable.
We have that ker(ad) = Z(L) (Remark|1.17). Thus ker(ad) = Z(L) is a solvable ideal

of L (Lemma and Lemma [1.8). Further, L/ker(ad) = ad(L), which we have shown
is solvable. Therefore, Proposition [1.29| implies that L is solvable. O
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5. TORAL SUBALGEBRAS

We introduce a type of Lie subalgebra called a torus. Tori play a central role in
the structure of Lie algebras. We show that nonzero tori always exist in semisimple
Lie algebras, and in the following section, we use the properties of tori to decompose
semisimple L around a maximal torus.

5.1. Definition. Let 7" be a nonzero Lie subalgebra of L. If all elements of T are
semisimple (Definition , then T is called a toral subalgebra or a torus.

5.2. Proposition. Let T be a toral subalgebra of L. Then T is Abelian.

Proof. T is Abelian if [tt'] = 0 for all ¢,¢' € T'. That is, if adp(t) = 0 for all t € T". This
is the case if adr(t) has all zero eigenvalues.

Let ¢t € T and suppose (for a contradiction) ady(¢) has a nonzero eigenvalue A € F
with eigenvector s € T'. That is,

adp(t)(s) = As # 0, (5.2.1)
hence
adr(s)(t) = —adrp(t)(s) = —As,
which implies that

adr(s)([st]) = adr(s)(—As) = —Aadr(s)(s) =0, (5.2.2)

hence [st] € T' is an eigenvector of adr(s) with eigenvalue 0.

On the other hand, s € T, hence is semisimple, hence adr(s) is diagonalisable. There-
fore there exists an adr(s)-eigenbasis for T', say eq, - -+ , e, with corresponding eigenvalues
A1, -+, A,. t can then be expressed as

t= i i€,
i=1

for some set of coefficients u; € F, with at least one p; # 0. Then

[st] = adp(s (Z M16,> = Z,ui adr(s)(e;) = Z:ui/\ieh
i—1 i—1

hence

adr(s)([st]) = adr(s (Z i\ ez> Z piX; adr(s Z,ul)\Qe, (5.2.3)

If [st] = 0, then [ts] = 0, which contradicts the supposition -, hence [st] # 0.
Therefore, for some ¢ = 1,--- ,n, the the coefficient of e; is nonzero. That is, u;\; # 0,
which implies that both u; and ); are nonzero. Hence p;A\? # 0, which, when applied
to (5.2.3), implies that adp(s)([st]) # 0. This contradicts (5.2.2), hence the supposition
that adz(t) has a nonzero eigenvalue must be false. As adr(t) is diagonalisable and has
all eigenvalues equal 0, adr(t) = 0. As ¢t € T was arbitrary, we have that adr(t) = 0 for
all t € T. That is, [tt'] =0 for all t,¢' € T O

5.3. Definition. The radical of L, denoted Rad(L), is the maximal solvable ideal of L.
This is unique, due to the fact that sums of solvable ideals are also solvable ideals. We
call L semisimple (not to be confused with semisimple elements of L) if L is nonzero
and Rad(L) = {0}.
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5.4. Proposition. Let L be semisimple. Then Z(L) = {0}.
Proof. Z(L) is an ideal of L (Lemmal|lL.8) and is solvable (Lemmal[l.24)), hence is contained
in Rad(L) = {0}. O

5.5. If L is simple, then Rad(L) is either L or zero. If Rad(L) = L, then L is solvable,
hence [LL] # L. But this contradicts simplicity (Remark |1.10]), hence Rad(L) = {0}.
That is, if L is simple, then L is also semisimple.

5.6. Lemma. Let L be semisimple. Then ady, is injective.

Proof. Apply Proposition [5.4] to Remark [1.17] O
5.7. Lemma. Let L be simple. Then L 1is not nilpotent.

Proof. As L is simple, we have that ad(L)(L) = [LL] = L (Remark [1.10]), hence
ad(L)"(L) = ad(L)" (L) = -+ = ad(L)(L) = L # {0},

for all n € N, hence L cannot be nilpotent. O

5.8. Lemma. Let L be semisimple. Then L is not nilpotent.

Proof. Let I be a maximal ideal of L. As L is semisimple, Rad(L) = {0}, hence either
I ={0} or I is not solvable. If I = {0}, then L is simple, hence Lemma [5.7| implies that
L is not nilpotent.

Otherwise, I is not solvable. As I is an ideal, we have that I C [LI] C [LL]. Together
these imply that [LL] is not solvable. Nilpotency implies solvability (Lemma [1.26]), hence
non-solvability implies non-nilpotency. Therefore [LL] is not nilpotent and so L must not
be nilpotent. U

5.9. Theorem. Let L be semisimple. Then L contains a nonzero toral subalgebra.

Proof. Lemma implies that L is not nilpotent. Therefore, by Engel’s Theorem (|1.21)),
not all x € L can be nilpotent. That is, there exists some x € L, where if x = z,, + x,
is its Jordan decomposition, then z, # 0. As z, € L is semisimple, this implies that
span {z,} is a nonzero subalgebra of L consisting of semisimple elements: a torus. U

5.10. Definition. If T is a toral subalgebra of L and there exists no other toral subalgebra
T’ such that T' C T”, then T is called a maximal toral subalgebra or maximal torus.

5.11. Example. We return to our toy example of L = sly(IF). We want to prove that L
is simple and find a maximal torus.
Suppose L has an ideal I. Recall the multiplication calculated in Example [1.30}

[zy] = h, [hx] =2z, [hy] = —2y.
We then have
[Lz| = span {[zz], [yz], [hz]} = span{—h, 2z} = Fh & Fz,
[Ly] = span{[zy], [yy], [hy]} = span {h, =2y} = Fh & Fy,
[Lh] = span {[zh], [yh], [hh]} = span {—2x,2y} = Fz @ Fy.

Therefore, if h € I, we must have x,y € I, hence I = L. Further, if either x or y is in I,
then h € I. That is, if any one of z, y or h (or any nonzero multiple of these) is contained
in I, then I = L.

Suppose ax + bh € I for nonzero a,b € F. Then

[h(azx + bh)] = alhx] = 2az € 1,
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hence x € I. Similarly, if we suppose ay + bh € I for nonzero a,b € F, then
[h(ay + bh)] = alhy] = —2ay € I,
hence y € I. Suppose ax + by € I for nonzero a,b € F. Then
[z(az + by)] = b[zy] = bh € 1,
hence h € I.

We have therefore shown that if ax 4 by + ch € I and any of a, b, or ¢ are zero, then
I = L. So suppose that ax + by + ch € I for nonzero a,b,c € F. Then

[h(ax + by + ch)] = a[hz] + blhy] = 2ax — 2by € 1,

which by the above, implies that I = L again.

Therefore, the only nonzero ideal of L is L itself. That is, L is simple.

We now want to find a maximal toral subalgebra of L. We can see that h is semisimple,
as ad(h) maps x to 2z and y to —2y. Let T be the maximal toral subalgebra containing Fh.
Tori are Abelian (Proposition, so the fact that  and y do not commute with h, implies
that x,y ¢ T. Further, as [hz| = 2z and [hy| = —2y, there cannot exist nonzero scalars
a,b € F such that az+by commutes with h. Therefore, as [h(az+by+ch)] = [h(ax+by)],
there cannot exist nonzero scalars a, b, c € F such that ax + by + ch commutes with h.
That is, T'= Fh is a maximal toral subalgebra of L.
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6. RoOoT SPACE DECOMPOSITION

Tori are Abelian, hence their adjoint maps commute. Recall that commuting diago-
nalisable maps are simultaneously diagonalisable. So, given a torus, we can find a basis
for L on which the entire torus acts diagonally. This enables us to decompose the Lie
algebra into its maximal torus and a set of root spaces (defined below), parametrised by
elements in the dual of this torus, called roots. These roots and their corresponding root
spaces will turn out to have various interesting properties, and the roots will turn out to
form a structure known as a root system ([14.1]).

In this section and all subsequent sections, we fix L to be a semisimple Lie algebra and
T to be a maximal toral subalgebra of L, which exists by Theorem We denote the
dual space of T" by T™.

6.1. Definition. For a € T™, we write
Lo={xeL:VteT:tz] =at)zr}.

If @ # 0 and L, # {0}, then we call @ a root and L, a root space of L. Note that L,
is indeed a subspace of L, as both the Lie bracket and « are linear.
The set of roots is denoted by ®. That is,

& ={aecT"\{0}:L,#{0}}.
6.2. Note that
Lo={zxeL:VteT:|tz] =0} = CL(T),

where C,(T) is the centraliser of T'in L. As T is Abelian, we have [tz] = 0 for allt,z € T,
hence T’ g LO = CL(T)

6.3. Proposition. Root spaces are all linearly independent subspaces. Specifically, if
a, € ®U{0}, then

LaNLs# {0} < a=48

Proof. Let x5 € Lg for some 3 € ®. Suppose we have some set of linearly independent
root spaces Ly, , -+, Ly, with 6 ¢ {aq, -+, a,}. Suppose also, that

Tg € éLai.
i=1
That is,
i=1

for some \; € F and some nonzero z; € L,,. Then for all ¢t € T', we have [txg] = B(t)zg,

hence

On the other hand, [tx;] = a;(t)x;, hence

The x; are all linearly independent by supposition, hence A\;G(t) = A\;a;(t). As this holds

for all ¢ € T, the supposition that 8 # «; implies that A\; = 0. This holds for all
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t=1,---,n, hence xg = 0. That is,

Lﬁmé[’ai = {0}7
i=1

hence Lg, L, - , Lq, are all linearly independent.
Extending inductively from n = 1, we get that all root spaces are linearly independent.
O

6.4. Theorem. L can be expressed as

L:@La:LOGEEBLa.

aeT* aced

Proof. Let s,t € T. As T is Abelian (Proposition [5.2), [st] = 0. Then by the Jacobi
identity, for all x € L,

[sfta]] + [xst] + [t[zs] = 0,
hence
[sfta]] = —[ts]] = [t[sz]]
That is,
(ad(s) 0 ad(t))(z) = (ad(t) o ad(s))(x),
hence the ad(t) € End(L) for t € T commute. We can therefore invoke Theorem[2.6} there

exists a shared eigenbasis of L for the maps {ad(t) : t € T'}, say ey, -+ ,e,. That is, a basis
on which all these maps diagonalise simultaneously. Therefore, for each 1 =1,--- ,n,

Vi e T :ad(t)(e;) = ay(t)e;,
where a; : T'— T is a function mapping ¢t € T to the eigenvalue of ad(t) corresponding
to the eigenvector e;. As ad is linear, each «; is linear. So each «; € T™ and satisfies

[te;] = ay(t)e; for all t € T, hence e; € L,,. Linearity of the Lie bracket then implies
that Fe; C L,,. The «; are not necessarily distinct, but each o € T™ gives distinct L,

(Proposition [6.3)), hence
L=@P La.

aeT*
By definition, the nonzero L, in this sum either satisfy o = 0 or a € ®. Therefore,

L:LO@@LQ.

g

6.5. The decomposition of L in Theorem is called the root space decomposition
of L. We have that T'C Ly by Remark [6.2] It will later turn out that 7" = Lj.

6.6. Proposition. Let o, € T*. Then [LoLg|] C Loyp.

Proof. Let x € L, and y € Lg. For all t € T, we then have [tz] = a(t)x and [ty] = a(t)y.
From the Jacobi identity (|1.2.3)), we have

[tlzyl] = [xfty]] — [ylt]]
= [z (B(1)y)] = [y (a(t)z)]
= B(t)[zy] — a(t)[y]
= B®)xy] + alt)zy]

= (a(t) + (1)) [zy]
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= (o + B) () [xy],
which implies that [zy] € Las. O

6.7. One specific case of the above result is when = —«a. We then have [L,L_,]| C L.

6.8. Example. We continue our toy example of L = sly(F). Recall from Example m
that 7" = Fh was a maximal torus of L. We can see that [hx] = 2z, so if we let o € T* be
the map sending h to 2, then we have x € L,. Further, [hy] = —2y = (—a)(h)y, hence
y € L_,. We thus have ® = {o, —a} and

L=T®L,®L_,,
where T'=Fh, L, = Fx and L_, = Fy.
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7. THE KiLLING FORM

We introduce the Killing form: a symmetric bilinear form on L. This form will play a
key role in all to come. Here, we will show that a semisimple Lie algebra has a nondegen-
erate Killing form. Further, we show the restriction of the Killing form to Ly = CL(T)
is also nondegenerate. This result underpins the following section. We conclude with a
result about the non-orthogonality of certain root spaces.

We continue to take L to be semisimple, T" to be a maximal torus of L and FF to be
algebraically closed with characteristic zero.

7.1. Definition. Let L be a Lie algebra over F. The Killing form, «, of L is a symmetric
bilinear form

K:LxL—F:(x,y)— (z,y),
where
(x,y) = trace(ad(x) ad(y)).
The radical of of the Killing form (not to be confused with the radical of L) is defined
Rad(k) ={r € L:Vye L: (z,y) =0}. (7.1.1)
A bilinear form is called nondegenerate if its radical is zero.

7.2. Proposition. The Killing form of a Lie algebra is associative with respect to the Lie
bracket.

Proof. Let x,y,z € L. The maps ad(z),ad(y),ad(z) are linear, hence contained in gl(L).
Therefore, by Proposition [4.3] we have

trace([ad(x) ad(y)] ad(z)) = trace(ad(z)[ad(y) ad(2)]).
Further, the map ad : L — Der L is a Lie algebra homomorphism (Lemma , SO
ad([ab]) = [ad(a) ad(b)],

for all a,b € L.
Therefore,

7.3. Lemma. The radical of the Killing form is an ideal of L.

Proof. Rad(k) is an ideal if [L Rad(x)] € Rad(k). So let € L and r € Rad(k) be
arbitrary. Then Proposition implies that, for all y € L,

([ler],y) = = ([ral,y) = = (r, [ey]) = 0,
hence [zr] € Rad(k), so we are done. O

7.4. Proposition. Let o, f € T* such that o+ 5 # 0. Then (L,, Lg) = {0}.
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Proof. Let v € L, and y € Lg. As o+ 3 # 0, there must exist some ¢ € T" such that

(a4 B)(t) # 0. (7.4.1)

Then [tz] = a(t)z and [ty] = B(t)y. We have that ([zt],y) = (x, [ty]) (Proposition [7.2)),
hence

Therefore either (o + )(t) = 0 or (x,y) = 0; the former contradicts (7.4.1]), hence the
latter must be true. Asx € L, and y € Lg were arbitrary, this implies (L,, Lg) = {0}. O

7.5. Proposition. Let L be semisimple. Then the Killing form, k, is nondegenerate.

Proof. By definition of semisimple,
Rad(L) = {0}, (7.5.1)

where Rad(L) is the maximal solvable subalgebra of L.
Let S = Rad(k). Then by definition, for all z € S and y € L,

(x,y) = trace(ad(z) ad(y)) = 0.
More specifically (as [SS] C L), for all z € S and y € [SS5],
trace(ad(z) ad(y)) = 0.

Therefore Corollary implies S is solvable. S is an ideal of L (Lemma , hence
is contained in the maximal ideal Rad(L). But Rad(L) = {0}, so S = Rad(k) = {0}.
Therefore the Killing form is nondegenerate. U

7.6. Proposition. Let L be semisimple. Then the restriction of the Killing form to Ly is
nondegenerate.

Proof. By Proposition the Killing form is nondegenerate on L. By definition, 0 ¢ ®,
so by Proposition [7.4] for all o € ®,

(Lo, Lo) = {0} . (7.6.1)
Let kg be the restriction of k to Ly and let © € Rad(kg). Then, for all yy € Ly,
(x,yo) = 0. (7.6.2)
Further, by , for all « € ¢ and y, € L,
(x,ya) = 0. (7.6.3)

Recall that we have the decomposition (Theorem [6.4])
L=1Ly®EP L,
acd
hence any y € L can be expressed as

y:y0+zya

aced
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for some yo € Lo and collection of y, € L,. Therefore, by (7.6.2) and (7.6.3), for all
ye L,

(x,y) = <x,yo - Zya>

acd
= <IE, y0> + Z <I, ya>
acd
= 0.
That is, x € Rad(k) = {0}. As x € Rad(kg) was arbitrary, we have Rad(xg) = {0},
hence kg is nondegenerate. U

7.7. Proposition. Let o« € ®. Then (Lo, L_,) =F # {0}. Specifically, (x,L_,) =T for
all x € L, \ {0}.

Proof. Firstly, note that the first assertion follows from the second, as v € ¢ implies that

La 7é {O}
Let € L. Suppose (z, L_,) = {0}. By Proposition , we have that, for all 8 € T*,

B#—a = (z,Lg) ={0}.
But, by the supposition, we also have
f=-a = (z,Lg) ={0}.
Therefore (z, Lg) = {0} for all § € T*. But by (Theorem [6.4)),
L= Ls,
BeT™

therefore (z, L) = {0}. But as the Killing form is nondegenerate (Proposition [7.5)), this
implies that x = 0. As x was arbitrary, this shows that L, = {0}, which contradicts the
assumption that o € ®. Therefore, the supposition that (x, L_,) = {0} must be false.

As (x,L_,) # {0}, linearity implies that (z, L_,) = F: take some y € L_, such that
(x,y) = A # 0, then

F=F\=F{(z,y) = (x,Fy) C (z,L_,) CF.

7.8. Corollary. If a € ® then —a € .

Proof. Suppose —a ¢ ®. Then L_, = {0} by definition, hence (L., L_,) = {0}. But
this contradicts Proposition [7.7, so the supposition is false and o € ®. Il
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8. THE MAXIMAL TORUS

Our goal in this section is to prove that T' = Ly. From this, we will obtain two useful
results: that the Killing form is nondegenerate when restricted to 7', and that the root
space decomposition of L (Theorem is centred around T'.

We continue to take L to be semisimple, T" to be a maximal torus of L and FF to be
algebraically closed with characteristic zero.

8.1. Lemma. Let V be a finite dimensional vector space over F and x,y € End(V') such
that y is nilpotent and xy = yx. Then zy is nilpotent and trace(xy) = 0.

Proof. As y is nilpotent, there exists some n € N such that y™ = 0. Therefore, the
commutativity of z and y implies that (xy)” = 2"y = 2" -0 = 0. That is, zy is
nilpotent.

The trace of xy is equal to the constant term in the characteristic polynomial of zy.
But as zy is nilpotent, this is zero. O

8.2. Lemma. Let z,y € L such that y is nilpotent and [xy] = 0. Then (x,y) = 0.

Proof. By the definition of the Lie bracket on gl(L), the fact that ad is a Lie algebra
homomorphism (Lemma [1.16) and the assumption that [zy] = 0, we have

ad(r) ad(y) — ad(y) ad(x) = [ad(z) ad(y)]
= ad([zy])
= ad(0)
= 0.

Therefore, ad(z)ad(y) = ad(y)ad(x). That is, the maps ad(x) and ad(y) commute.
Further, as y is nilpotent, ad(y) is nilpotent, by definition.
So ad(z) and ad(y) satisfy the criteria for Lemma [8.1] hence

(x,y) = trace(ad(z) ad(y)) = 0.
U
8.3. Lemma. Let x € Z(Ly) be nilpotent. Then x = 0.

Proof. Lety € Ly. As x € Z(Lg), we have [zy] = 0. As z is nilpotent, Lemma implies
(r,y) = 0. Thus (x, Ly) = {0}, as y € Ly was arbitrary, hence x is in the radical of the
Killing form restricted to Ly. This radical is zero (Proposition , hence z = 0. U

8.4. Lemma. Let x € Ly. If x = x,, + x4 is its Jordan decomposition, then x,,xs € L.
Proof. Recall that Lo ={y € L:Vt € T : [yt] = 0}. So by definition,

ad(z)(T) = {0} . (8.4.1)
The Jordan decomposition of ad(z) in gl(L) is

ad(x) = ad(x,) + ad(x;).

One property of Jordan decomposition (Theorem is that if A C B C L are subspaces,
then
ad(zs)(B)
ad(z,)(B)
Applying this to A = {0} and B =T, we obtain ad(xs)(T") = {0} and ad(z,)(T") = {0}.
Therefore x,,, x5 € Lg. O

N 1N
S

ad(z)(B) CA = {

29



8.5. Lemma. Let x € Ly be semisimple. Then x € T.

Proof. Let t € T and y = Ax for some A € F. Then both ¢ and y are semisimple. Further,
[yt] =0, as y € Ly.

Semisimplicity is, by definition, equivalent to ad-semisimplicity, hence ad(y) and ad(¢)
are semisimple. As [y¢] = 0, the maps ad(y) and ad(t) commute (Lemma [1.18). Sums of
commuting semisimple maps are semisimple (Lemma[3.1)), thus (ad(y)+ad(t)) = ad(y+t)
is semisimple. Therefore y + ¢ is semisimple.

Ast € T and y € Fz were arbitrary, we have just shown that the space T+ Fx consists
entirely of semisimple elements.

As x € Ly, we have that [2T] = {0}. Therefore (and as T" is Abelian),

(T +Fz)(T +Fx)| = [ITT) + [T Fx] + [Fx T] + [Fx Fz]
= [TT) + F[2T] + Flzx]
={0} +F{0} + F {0}
= {0} C T+ Fx.
Therefore, T'+ Fz is a Lie subalgebra of L. Further, as T+ Fx consists entirely of
semisimple elements, it is a toral subalgebra. Clearly 7" C T'+Fz. But as T is a maximal

toral subalgebra, it cannot be strictly contained by 71"+ Fz, which implies 7' = T + Fx
and hence x € T O

8.6. Theorem. The restriction of the Killing form to T is nondegenerate.

Proof. Let © € Ly and t € Rad(k|r). That is, t € T and (¢t,7) = {0}. Let x = 25 + x,
be the Jordan decomposition of z. Then zg,x, € Ly by Lemma [8.4 Then as xz; is
semisimple, we have x, € T by Lemma . Therefore (t,zs) = 0. As x,, € Lo, we have
[z, T] = {0}. Specifically [z,t] = 0. As x, is nilpotent, we have ad(x,) is nilpotent.
Therefore, we can apply Lemma to get (t,z,) = 0. Therefore, we have
(t,z) = (t, x5+ x,)

= (t,xs) + ({t, )

=0.
As x© € Ly was arbitrary, we have shown that (¢, L) = {0} and therefore that ¢ is in
the radical of the Killing form restricted to Ly. But this restriction of the Killing form
is nondegenerate (Proposition , hence the radical is zero. Therefore ¢t = 0. As t was

arbitrary, we have shown that Rad(k|r) = {0}. Therefore, the restriction of the Killing
form to T is nondegenerate. O

8.7. Lemma. L is nilpotent.

Proof. Let x € Ly and let x = x5 + x,, be its Jordan decomposition. That is, ad(z) =
ad(zs) +ad(z,) is the Jordan decomposition of ad(x). As Ly is a Lie subalgebra of L, we
can consider the restrictions of these adjoint maps to Ly:

adr,(z) = adp,(zs) + adp, (z,).
We have z, z,, € Ly by Lemmal[8.4and z, € T by Lemma[38.5] Therefore, [z,Lo] = {0}.
That is, ady,(xzs) = 0. Therefore, ady,(z) = adg,(x,), which implies that ady,(z) is
nilpotent.

As x € Ly was arbitrary, we have shown that all elements of Ly are ad-nilpotent. We
can therefore apply Engel’s Theorem ((1.21)) to get that Lg is nilpotent. O
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Proof. For t € T and x € Ly we have [tx] = 0. Therefore, utilizing the associativity of
the Killing form (Proposition [7.2)), we get
(T',[LoLo]) = {(t, [zy]) - t € T 2,y € Lo}
= {([tal,y) : t € T; 2,y € Lo}
={(0,9) : y € Lo}
= {0}
Let t € T N [LoLo). Then t € [LyLy], so by the above, (t,7) = {0}. That is, t €

Rad(k|r). But Rad(k|r) = {0} by Theorem [8.6] so ¢ = 0. As ¢ was arbitrary, we have
shown that T'N [LyLe] = {0}. O

8.9. Lemma. L, is Abelian.

Proof. Suppose that Lo is nonAbelian. That is, [LoLe] # {0}. By Lemma 8.7 Ly is
nilpotent. As [LoLy| is an ideal of Ly (Lemmall.€]), we can apply Lemma[l.22)to get that
[LoLo]l N Z(Lg) # {0}. So there exists a nonzero z € [LoLo) N Z(Loy). This intersection is
contained in Lg, so we have z € L.

z € Ly. (8.9.1)
Suppose this z is semisimple. Then Lemma [8.5| implies z € T', hence by Lemma [8.8],

But z is nonzero, so this is a contradiction. Therefore, the supposition that z is semisimple
must be false. That is, if z = z,, + 2, is the Jordan decomposition of z, then z, # 0. As
z € Ly, Lemma implies that z, € Ly. As z € Z(Ly), we have [zLy] = {0}, hence
ad(z)(Lg) = 0. We can then apply Theorem [3.4} if A C B C L are subspaces, then

ad(z)(B) € 4,

ad(z)(B) CA = {ad(zn)(B) C A

If we let A ={0} and B = Ly, we have that ad(z,)(Lo) = {0}.

That is [z,Lo] = {0}, hence 2, € Z(Ly). Therefore z, = 0 by Lemma [8.3l But
this contradicts the fact that z, # 0, so the supposition that Ly is nonAbelian must be
false. O

8.10. Theorem. T = L.

Proof. Suppose that T' # Lo. We have that T C Ly (Remark , so the supposition
implies that there exists * € Ly such that = ¢ T. Let © = z, + x5 be the Jordan
decomposition of x. Then zg,x, € Ly by Lemma [8.4] hence z; € T by Lemma [R.5] If
x, €T, then v = x4+, € T, contradicting the definition of z. Thus z,, ¢ T (specifically,
x, #0).

Lo is Abelian by Lemma , so &, € Z(Lg) = Lo. Then Lemma implies x,, = 0.
But this contradicts the fact that z, # 0, so the supposition that T" # L, must be
false. O

8.11. Corollary. T' = Lqy and the root space decomposition of L can be expressed
L=Tao@L..

Proof. See Theorem [6.4] and Theorem [8.10] O
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8.12. By Theorem [8.6] the Killing form is nondegenerate when restricted to T'. Therefore,
we can express a correspondence between T and 1™ as follows: for each ¢ € T™, there
exists a unique t, € T such that ¢(t) = (t4,¢) forall t € T'.
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9. MODULES AND WEIGHTS

We introduce the basics of modules and present Weyl’s Theorem (which we will take as
an assumption: see [4] for a proof). We then introduce the notion of weights and discuss
the representation theory of sly(F). This is important to the larger theory of semisimple
Lie algebras, because (it will turn out) these Lie algebras are built up from copies of
sl5(IF), so we can use results about sly(F)-modules to determine the structure of arbitrary
semisimple Lie algebras.

Throughout the section, we take z, y and h to denote the standard basis vectors of
sly(F) (defined below).

9.1. Definition. Let L be a Lie algebra over some field . Then a vector space V over F
is called an L-module if it is equipped with an operation

LxV —=V:(a,v)—~a-v,
which satisfies

(Aa+ pb) -v=Aa-v)+ ul-v),
a- (A4 pw) = Aa-v)+ pla-w),
l[ab] -v=a-(b-v) —=b-(a-v),

for all A, u € F; a,b € L; v,w € V. Naturally, if S is a subspace of V' and also an
L-module under the same action, we say S is an L-submodule of V.

9.2. Definition. Let V be an L-module for some Lie algebra L. Then V is called irre-
ducible if there exist precisely two L-submodules of V: itself and {0}. That is, if V' is
nontrivial and there exist no proper nontrivial L-submodules of V.

V is called completely reducible if IV can be expressed as a direct sum of irreducible
submodules.

9.3. It makes sense to talk about representations being irreducible and completely re-
ducible: we apply the term to a representation p : L — gl(V') if the term applies to the
L-module induced on V' by p.

9.4. Theorem (Weyl’s Theorem). Let ¢ : L — gl(V') be a finite dimensional representa-
tion of a semisimple Lie algebra. Then ¢ is completely reducible.

Equivalently, if V is a finite dimensional module of a semisimple Lie algebra, then V
1s completely reducible.

Proof. See Theorem 6.3 of [4]. O

9.5. Lemma. Let L be a Lie algebra over some field F and let V' be an L-module. Suppose
L acts trivially on V. Then all subspaces of V' are L-submodules, and submodules of V'
are 1rreducible if and only if they are 1-dimensional.

Proof. Let v € V. Then [vL] = {0} by assumption, hence Fv is an L-submodule of V. As
Fv is 1-dimensional, it has no proper nontrivial submodules, hence is irreducible. That
is, all 1-dimensional subspaces (and hence submodules) of V' are irreducible submodules.

If S is a subspace of V, then S is a direct sum of 1-dimensional subspaces, which are
all submodules, hence S is a submodule of V' and is irreducible if and only if dim(S) = 1.
All submodules are subspaces, so this also implies that all irreducible submodules are

1-dimensional. O
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9.6. Definition. Recall our example of sl;(F) (Example[1.30]). The representation theory
of this Lie algebra is of particular importance to us, because we are able to utilise it in
the study of arbitrary semisimple Lie algebras.

We have shown that sly(F) = span {z,y, h}, where

(01 _(00y (10
Tloo) YT\ o) "T N0 1)
The Lie bracket on sly(F) is then given by

9.7. Definition. Let V be an sly(IF)-module, A € Fand V\, = {v € V : h-v = Av}. When
Vy # {0}, call A a weight of h in V' and call V) a weight space.

9.8. Lemma. Let ¢ be a finite dimensional representation of L. Then ¢ maps semisimple
elements to semisimple elements.

Proof. See Corollary 6.4 of [4] O
9.9. Lemma. Let V be an sly(F)-module. Then

V=W,

where V) is the weight space of h in V' with weight \.

Proof. As h is semisimple, Lemma[9.8]implies that the representation inducing V' maps h
to a semisimple element of gl(V'), which gives a diagonal action of h on V. Therefore, V/
can be decomposed into eigenspaces of this action, which are just weight spaces of h. [J

9.10. Lemma. Let V' be an sly(IF)-module. Denote weight spaces of h in V' by V, for
pwelF. Let \e FandveV,. Thenz-v e Vi andy-v e V\_s.

Proof. We have that h-v = Av. From the definition of the module action, we can calculate
h-(z-v)=Tlhz]-v+z-(h-v)=2x) - v+z-(M)=N+2)x -,
and similarly
h-(y-v)=[hyl-v+ty-(h-v)=(=2y) - v+y- () =(A=2)y-v,
hence z-v € Vi o and y - v € V) _o. O
9.11. Definition. Let V' be an sly(F)-module, A € F and V) a weight space of h in V.

If v € V), is annihilated by z, we call v a maximal vector of weight \. As V is finite
dimensional, Lemma [0.9] and Lemma [9.10] imply such vectors must exist.

9.12. Proposition. Let V' be an irreducible sly(IF)-module. Then the action of sly(F) on
V' is given by
o h-v; = (\— 20y,
o y-v; = (i+ 1)1,
® -V, = ()\—z'—i—l)vi,l, fOTiZO,
where vy s a maximal vector of weight X and
L
Vi = 7Y -V
i!

for each i > 0.
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Proof. Lemma implies y - V) C Vi_a, hence y* - V) C Vi_o;. Therefore, v; € Vy_y; for
each i, hence
By definition,
- L, i+l iy
o=y (gt m) = (g™ m) = 6 v

We prove the third point using induction on i. Suppose = - v; = (A — i + 1)v;_1, for
some ¢. Then
1

(i+1Dz-vp =+ 1)z (H—lyvl)
=z-y-u
= [zy]-vi +y- (v v)
=h-vi+y - (A—i+ 1))
=A=2)v;+AN—i+1)(y-viq)

A —=20)v; + (A — i+ 1) (i)

) — i+ (A —1i) + )y

(

hence z - v 1 = (A — (i + 1) + 1)v;.
As vy is a maximal vector, x - vy = 0 (this satisfies the formula under the convention
that v_; = 0), hence

TV =2y
=[zy]-vo+y-x-v9
=h-vo+y-(0)
= Avy.

Therefore, the base case of ¢« = 1 is satisfied and consequently the third point holds for
all ¢ > 0. ]

9.13. Theorem. Let V' be an irreducible sly(F)-module. Then

m
V = P Fu;,
i=0
where the v; are defined as in Proposition[9.13,

Proof. By the first point of Proposition [0.12] the weight of h on v; is A — 2i. This implies
that the v; are linearly independent. As V' is finite dimensional, there can only be finitely
many nonzero v;. Let m € N be the minimum index such that v,, # 0 and v,,;1 = 0.
This implies that v; = 0 for all ¢ > m, by definition.

Consider the subspace M of V' given by

M =TFvy @ --- & Fuo,,.
As v_1 = 0 = v,,41, Proposition implies that M is an L-submodule of V. Further,
M is nonzero, as vy # 0. But V' is irreducible, so we must have that V' = M. U

9.14. Corollary. Let V' be an irreducible sly(F)-module. Then:
e Fach nonzero weight space of V is 1-dimensional and spanned by v; (as defined

in (Proposition[9.17)).
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e For some A € F, there exists a maximal vector of weight \ in V. Further, all
mazximal vectors in V' have weight \.

e \=dimV — 1 (and is therefore a nonnegative integer).

o The weights of h on V are the values A, A\ — 2,--- ,—X. Consequently, if i is a
weight, then p is an integer and —p is also a weight.

o We can write V. =V\ @ Vi_o ®---® V_y, where the V,, are I-dimensional weight
spaces of h.

Proof. The first point follows immediately from the theorem. This then implies that the
maximal vectors in V' are precisely the vectors in Fvg, which gives us the second point.

The theorem gives us that dim V' = m 4 1. By the third point of Proposition [9.12] we
have that

T Upp1=A—=(m+1)+ Doy, = (A —m)vy,.

But v,,41 = 0 and v,, # 0, hence A\ = m =dimV — 1.

By the theorem, the weights of h on V' are the values A, A — 2,--- . A\ — 2m. But we
can now express these as A, A —2,--- , —\. O

9.15. Definition. In light of (Corollary [9.14)), there exists a unique positive integer \ for
which vectors in V' are maximal if and only if their weight is A\. Further, all other weights
of h on V' are integers less than A\. We therefore call A the highest weight of V.

9.16. Proposition. Let V' be an sly(IF)-module. Then V' can be expressed as a direct sum,
V=L& &I, (9.16.1)

of irreducible submodules I;. If X € F is a weight of h on V', then I; NV # {0} for some
1=1,--- ,n, where Vy is the weight space of h in V with weight A\. That is, there ezists
some nonzero x € I; with weight \.

Proof. As sly(IF) is simple, Weyl’s Theorem (9.4) implies that V' is completely reducible.
That is, V' can be expressed as in (9.16.1)).

Suppose A € F is a weight of h on V. That is V), # {0}. Then there exists some
nonzero v € Vy, so h-v = Av. By , there exist v; € I; for each i = 1,--- ,n such

that
n
v = Z V;.
=1

Then, as h-v = v,

h-v:ih-vi:/\v:i)\vi.

As the I; all intersect trivially, this implies that A - v; = Av; for each ¢ = 1,--- ,n. That
is, v; € V). As v is nonzero, at least one of these v; is nonzero, hence I; NV, # {0} for
some ¢ =1,---n. ]

9.17. Proposition. Let V' be an irreducible sly(F)-module. Then each weight space of V
can be generated from any other, by applying x or y.

Proof. Let S = sly(F). By Corollary|9.14] V' is expressible as a direct sum of 1-dimensional
weight spaces of h,

V=V ® V2@ & Vo, (9.17.1)

where m = dim(V') — 1. Let Z denote the set of indices which appear in this expression.
That is, Z = {m,m —2,--- , —m}.
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Suppose that « -V, = {0} for some r € Z\ {m}. Let V' =V, @& ---® V_,,. Then
{0} c V' C V. By Lemma 9.10] for all A € F,

2 Vy C Ve, (9.17.2)
y-Va S Vi,
h-Vy CVy.
Therefore,
SV =S V.@---S-V_,.
Cr- V.oV, @ DV o
V@V,
Vv,
as V_,,—o = {0} by and x -V, = {0} by supposition. This implies that V' is

an sly(IF)-module. This contradicts the assumption that V' is irreducible. Therefore, the
supposition that z - V, = {0} must be false. By (0.17.2)), and as each nonzero weight
space in the decomposition (9.17.1)) is 1-dimensional, this implies that = -V, = V.5 for
all r € Z.

Using an almost identical argument to the above (replace x with y and reverse some
signs), we can also conclude that y - V,, = V,_5 for all r € Z. Together with the decom-
position , these imply the result we are after. U

9.18. Proposition. Let V' be a finite dimensional sly(F)-module. If V is expressed as a
direct sum
V=L& - ®I,,
of n irreducible submodules I;, then n = dim(Vp) 4+ dim(V7).
Proof. Let I = I; for some irreducible submodule I; of V. By Corollary [9.14]
I=W,(I)e W, o(I)&--- & W_,(I),

for weight spaces W;(I), where dim(W;(I)) = 1 for each i occurring in the sum. As
the indices in this sum are symmetric about 0, occur in intervals of 2 and are integers,
precisely one of 0 or 1 occurs as an index. That is, either Wy(I) # {0} or Wi (I) # {0},
but not both, hence

dim(I N'Vy) + dim(I N Vi) = dim(Wy (1)) + dim(Wy (1)) = 1.
Therefore, as V =1, & --- & I,,, we have
dim(Vp) + dim(V3) = dim(V N'Vg) + dim(V N 1))

= dim (@I,- m%) + dim (@Ii N m)
=1 =1
= dim(; N Vp) + dim(Z; N V4)
=1

=1

=n.

9.19. Lemma. sly(F) is an irreducible sly(IF)-module (via the Lie bracket).
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Proof. Suppose A C sly(F) is a nontrivial submodule of sly(F). Then [sly(F)A] C A,

hence A is an ideal of sly(F). But sly(F) is simple (Example [5.11]), so has no proper
nontrivial ideals. This is a contradiction, so the supposition must be false. Therefore

sl5(IF) has no nontrivial submodules. That is, sly(F) is irreducible. d
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10. ORTHOGONALITY PROPERTIES

We have been building up to a series of results about the root space decomposition of
L, which will ultimately motivate the definition of a structure called a root system. This
series of results is divided into three sets, each building upon the previous, the first of
which we shall prove in this section.

We continue to take L to be semisimple, T" to be a maximal torus of L and FF to be
algebraically closed with characteristic zero.

10.1. Proposition. ® spans T*.

Proof. Let n = dim(T) = dim(7T*) and let m = dim(span(®)). There exists a subset
A C @ such that |A| = m. Suppose that span(®) # T*, hence m < n.

The kernel of any nonzero o € T* has codimension 1 in 7. Thus dim(ker(a)) =n —1
for each o € A. As m < n, the intersection of m subspaces of dimension n — 1 must have
at least dimension 1. Therefore, there exists a nonzero ty € T such that

to € ﬂ ker a.

a€cA

Any o € &\ A is a linear combination of elements of A, so has a kernel which is a
linear combination of the kernels of A. Therefore, ty € ker a for all a € ®.

Then we have [tgz] = a(to)x = 0 for all z € L, for a € ®. Further, [tyt] = 0 for
all t € T as T is Abelian. Therefore, by the root space decomposition (Corollary ,
we have [tgz] = 0 for all © € L, hence t, € Z(L). But as L is semisimple, Z(L) = {0}
(Proposition [5.4)). This is a contradiction, so the supposition that span(®) # T must be
false. U

10.2. Proposition. Let « € ®, x € L, and y € L_. Then [xy] = (z,y) to, where t, is
the element of T corresponding to « as in Remark[8.13

Proof. Let t € T. We have (¢, [zy]) = ([tz],y) (Proposition [7.2). As z € L,, we have
[tz] = a(t)z. Lastly, if ¢, is the element of T' corresponding to a (Remark [8.12)), then
a(t) = (ta,t). Therefore,

{t, [zy]) = (a(t)z, y)

= {{tas t) 7, y)

= (ta, 1) (2, y)

= {(z,y) ta,t)

= (t, (z,y) ta) -
Rearranging the above equation gives

0=( [zy]) — (¢, (z,y) ta) = (¢, [2y] — (z,9) ta) - (10.2.1)

The Killing form is nondegenerate on 7" (Theorem . Therefore, as holds for
all t € T, we have that [zy] — (z,y) to = 0. Thus [zy] = (x,y) ta- O

10.3. Proposition. Let « € ®. Then [L,L_,] = Ft,.
Proof. By Proposition [10.2] we have that
[LaLl-o] ={lzy] 1@ € La; y € Lo}
={(r,y)ta:x € Ly; y€ L_,}
= (Lo, L_4) ta.

We also have that (L., L_,) = F (Proposition [7.7)), so we are done. O
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10.4. Lemma. Let « € ®. Let x € L, and y € L_, such that (z,y) # 0. Let S =
span {z,y, [zy]}. Then dim(S) = 3.

Proof. The assumption that (z,y) # 0 implies both x and y are nonzero. By Proposition
10.2) [zy] = (x,y)ta # 0, as t, corresponds to a # 0. As z, y and [ry| are nonzero
elements of the linearly independent spaces L, L_, and T' = Lg respectively (Proposition
, their span has dimension 3. U

10.5. Proposition. Let a € ®. Then a(t,) = (ta,ta) #0

Proof. Suppose a(t,) = 0. Then, for all z € L, and y € L_,, we have
[tat] = [tay] = 0. (10.5.1)

We have that (L., L_,) = F (Proposition [7.7). Therefore, there exist € L, and
y € L_, such that (z,y) = 1 (these elements must therefore be nonzero). Then [zy] = ¢,
by Proposition [10.2]

Let S = span{z,y,t,}. By Lemma [10.4] we have dim(S) = 3. Using (10.5.1]), we can

calculate

[55] = span {[zy], [taz], [tay]}
= span {t,,0,0}
— Ft,. (10.5.2)

Therefore
[SS1[55]] = [(Fta)(Fta)] = Fltata] = 0,

hence S is solvable. As L is semisimple, the adjoint representation of L is injective
(Lemma [5.6). Therefore, S = ad(S) C gl(L), hence adr(S) is also solvable. Then
Theorem implies that [ad,(S)ad,(S5)] = ad,([SS]) is nilpotent. By (10.5.2), ¢, €
[SS], so adp(t,) € adr([SS]), which is nilpotent. Therefore ady(t,) is nilpotent, but is
also semisimple, as t, € T'. If a map is both nilpotent and semisimple, then it must be
zero (Lemma [3.3). That is, [t,L] = 0, hence t, € Z(L). As L is semisimple, Z(L) = {0}
(Proposition 5.4)), hence t, = 0. But this contradicts the definition of t,, as a # 0.
Therefore, the supposition that «(t,) = 0 must be false. O

10.6. Proposition. Let & € ® and x, € L, \ {0}. Then there exists y, € L_, such that,
for he = [xayal, the span of {Ta,Ya,ha} is a Lie subalgebra of L isomorphic to sly(FF).
Further,

and h_, = —h,.

Proof. We have that (z,, L_,) = F (Proposition [7.7)). Therefore, for any A € F, we can
find some y, € L_, such that (z,,y,) = A. Specifically, we can find a y, satisfying

2
<xa> ya) - Ma
as this value is in ' (Proposition [10.5]).
Let o
he = -
(tasta)
Then, by Proposition [10.2]
2
aYa] = (Ta, Ya) ta = ta:ha.
[TaYa] = (Ta) Ya) Tt



Further,

2 2 (ta,ta)
[hato] = Tt [taTa] = T 75a>04(t04)1:a = 2<tmta>xa = 272,
Lastly,
) = ] =y e = 2= 2

Let S = span {4, Ya, ha}. Lemma implies that dim(S) = 3; by the above, S has
the same multiplication table as sly(F).
For the final point, we can see that, for all t € T,

(_Oé>(t) = —Oé(t) = - <t0mt> = <_ta7t> ;
hence t_, = —t,. Therefore,
2 2

h_o = —(t,a,t,a>t‘“ = TE— (—ty) = (—1)?

10.7. Corollary. Let o € ® and let Sy = {Ta, Ya, ha} be taken as in Proposition |10.6,
Then a(hy) = 2.

Proof. We have a(hy) = (to, ha) (Remark [8.12)). Therefore
2t (ta,ta)

aha) = (ta, ha) = <t—> —9 — 2.

(ta,ta) (ta,ta)

U

10.8. Definition. For a € @, we write S, = span {z,, Y, ha }, for some choice of z, € L,
and y, € L_,, and where h, = [z,y.] € T. As in Proposition we have that
Sa = 5[2 (F)
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11. INTEGRALITY PROPERTIES

We continue the series of results on the root space structure from the previous section.
Of note are the results that all root spaces are 1-dimensional and that £« are the only
roots in the span of a root a. We also introduce the notion of a root string - roots of the
form S-+ia occur in unbroken sequences. This notion will be developed further in Section
115} Pairs of Roots. It will become important when we look at the Chevalley Basis of a
Lie algebra in Section Chevalley Basis.

For roots a, we use the notation S, (Definition to denote some 3 dimensional
subalgebra of L, spanned by an element of L, and L_, and their product. These S, are
isomorphic to sly(F) (Proposition [10.6), so we can take advantage of the representation
theory of sly(F) we discussed in the Section [0} Modules and Weights.

We continue to take L to be semisimple, 1" to be a maximal torus of L and F to be
algebraically closed with characteristic zero.

11.1. Lemma. Let o € ® and let
M = ZLM.

Then M =S, +T =L, ®L_, D Ly.

Proof. Let z, € L,. By Proposition [10.6] we can find y, € L_, such that S, =
span {Za, Yo, ha} (Where h, = [2,ya]) is a 3 dimensional subalgebra of L isomorphic
to 5[2 (F)

We want M to be an S,-module via the Lie bracket. This is automatically true, as
long as we have closure: [S,M] C M. We have that

[LﬁL’Y] C Lpiy (11.1.1)
for all 3, € T* (Proposition[6.6]), and that Ly = T' (Corollary [8.11), hence [LoL_,] C T.

Therefore

Sa CLa®L_o® Ly C M. (11.1.2)
Applying (11.1.1)) again, we get
[SaM] = Z[Sa[’)\a]

AeF

C > [LoLaa] + [L-aLsa] + [LoLna)
AEF

- Z Lixinae + Lix-1a + Laa-
AeF

For each A € IF, we have that L(xt1)a; L(x-1)as Lrxa € M by definition, hence [S,M] C M
and M is an S,-module. Specifically an S,-submodule of L.
We now want to find the weights of h, on M. Lemma [9.9 gives us that

M= My,

where My = {z € M : [hoz] = Ax}. The value A € F is a weight of h,, if M, # {0}. That
is, A is a weight if it is an eigenvalue of ad(h,) on M.
Let A € F and x € M,. As v € M, there exists an x, € L,, for each p € F, such that

xr = E Ty
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Then, as a(h,) = 2 (Corollary [10.7)), we have
[hat] = Z[hocxu]

pelr

= 3" (ua) (ho)a,

pel
= Z(Q,u)xu.
pel
But as # € M), we have [h,z] = Az, hence
22:“% =\t = Z)\x“.
ner peF

The x, are all linearly independent (Proposition . Therefore, for all 4 € F, we have
2ux,, = Ax,, hence either x, = 0 or 24 = X\. That is, for all u € F,

2u#EN = z, =0,

hence
We have therefore shown that

for all A € F.

Now let z € Ly,. Then [hyoz] = Aav(hqy)r = 2ux (Corollary [10.7). Therefore o € My,y.
We have therefore shown that Ly, € M,y for all A € IF.

Putting these last two results together gives us that, for all A € F,

My =Ly, (11.1.3)
This implies that A is a weight of h, on M if and only if %a is a root. Further, by
Corollary these weights A must be integers. That is,
My, #{0} <= L, #{0} = 2u€cZ. (11.1.4)
Let ¢t € ker(a). Then
[zot] = —[txs] = —a(t)zs =0,
Yal] = —[tya] = —(=a)(t)ya = 0,
[hat] € [TT] = {0},
hence [S,t] = {0}. Therefore, as t was arbitrary,
[Sq ker(a)] = {0} . (11.1.5)

By definition, im(«) C F. As « is a root, it is nonzero. Therefore, im(a) = F and
dim(im(«)) = 1. This implies that ker(«) has codimension 1 in 7. We have a(h,) = 2
(Corollary [10.7)), hence h, ¢ ker(a). Therefore, ker(a) is complementary to Fh, in 7.
That is,

T = ker(a) @ Fh,. (11.1.6)
By , the fact that Lo = T (Corollary , and respectively,
My =Ly =T = ker(a) ® Fh,. (11.1.7)
Further, Fh, C S, by definition, hence
My =T C ker(a) & S,. (11.1.8)
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The sum is direct, because z,,yo ¢ T

Suppose (for a contradiction) that M has an even weight greater than 2 (or less than
—2), say A. Then by Proposition , there exists some irreducible submodule of M
which intersects M) nontrivially, say I. By Corollary [0.14] we can express the weight
space decomposition of I as

I1=1,®1,2® - DI, (11.1.9)

where m = dim(/) + 1 and each weight space I; has dimension 1. As I N M, # {0},
it contains elements of weight A\, which is even, hence I has a nonzero weight space of
even weight. Therefore, one of the terms in has even index, which implies all the
terms have even index, as the indices are in intervals of 2. Therefore,

Io # {0}. (11.1.10)

By definition, Iy C My, hence Iy C ker(a) + S, by (11.1.8)). Therefore, by (11.1.5) and
as [SaSa) = Sa,

[Salo] C [Sa(ker(a) + Sq)]

C [Saker(a)] + [SaSa]
C {0} + Sa

C S,.

But then repeated application of ad(S,) to Iy will still be contained in S,. As S, contains
only elements of weight 0 and 42, only elements with these weights can be generated from
Iy by applying x, and y,. This contradicts Proposition [9.17] therefore the supposition
that M has an even weight greater than 2 (or less than —2) must be false.

Specifically, 4 is not a weight of h, on M. That is, My = {0}, hence Lo, = {0} by
, so 2« is not a root. As o € ® was arbitrary, this shows that

peEDP = 20¢ D,
or equivalently,
20€d = ¢ ¢ .
As a € &, we thus have %a ¢ ®. Therefore, by again, we have that
M, = {0}. (11.1.11)

Let n = dim(T). Then by (11.1.6)), dim(ker(a)) =n — 1. Let (k1,--- ,kn,—1) be a basis
for ker(«). That is,

n—1
ker(a) = @Fk’
i=1

By (11.1.5)), S, acts trivially on ker(c), so Lemma [9.5]implies that all 1-dimensional sub-
spaces of ker(a) are irreducible submodules. Specifically, Fk; is an irreducible submodule
of ker(a) for each i = 1,--- ,n — 1. Therefore, the above decomposition of ker(«) is
actually a decomposition into n — 1 irreducible submodules.

By (11.1.8)), ker(cw) and S,, are disjoint, so consider the direct sum

n—1
Sa ® ker(a) = S, @ (@]Fki> . (11.1.12)
=1

Se is an irreducible S,-module (Lemma(9.19). Both S, and ker(«) are contained in M by

(11.1.2) and (11.1.7)) respectively. Further, ker(a) is an S,-module by (11.1.5)), so they
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are also both S,-submodules of M. Therefore, the expression ((11.1.12)) is a direct sum of
n irreducible submodules of M.

However, by Proposition 9.18] any decomposition of M into irreducible submodules has
m = dim(My) + dim(M;) terms. Thus by (11.1.11)), (11.1.3) and the fact that Ly = T

(Corollary respectively,
m = dim(My) = dim(Ly) = dim(T) = n.
That is, the expression ((11.1.12) is, in fact, a decomposition of M, so
M =S, @ ker(«)
= So + Fh, + ker(a)
=S5.+T, (11.1.13)
as Fh, C S, and Fh, + ker(a) =T by .

We have S, C Lo® L,® L_, and Ly = T (Corollary [8.11)). Therefore ((11.1.13)) implies
that

M:SO,—FT:SQ—FL()QL()EBL&EBL,Q,
which is contained in M by definition, hence
M:LO—FSQIL()EBLQEBL_Q.

U
11.2. Theorem. Let a € . Then dim(L,) = 1. That is, root spaces are 1-dimensional.
Proof. Let
M=) L.
AeF
By Lemma [11.1] we have
M=Ly+Se=Ly® Lo ®L_,. (11.2.1)

Let n = dim(7) = dim(Ly). We know that dim(S,) = 3 and that dim(S, N Ly) =
dim(Fh,) = 1. Therefore,

dim(Lo + S,) = dim(Ly) + dim(S,) — dim(S, N Lg) =n+3 —1=n+ 2,
whereas
dim(Lo @ Lo ® L_,) = n+ dim(L,) + dim(L_,).
Therefore, by ,
dim(Lq) + dim(L_o) = 2. (11.2.2)
As a € ®, we also have —a € & (Corollary , hence both L, and L_, are nonzero.

But equation (11.2.2) implies that if either root space has dimension 2, then the other
must have dimension 0, hence they must both have dimension 1. That is,

dim(L,) = 1.

11.3. Lemma. Let o« € ®. Then S = Lo & L_o ® [LoL_4].

Proof. Theorem implies both L, and L_, have dimension 1. That is,
[LoLl_o] = [(Fzo)(Fyo)] = Flzy] = Fh,
hence L, ® L_, ® [LoL_,] has dimension 3. By definition, S, C L, ® L_, & [LoL_,] and

also has dimension 3, hence we have equality. U
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11.4. Proposition. Let a be a root. Then the only scalar multiples of o which are also
roots are o.

Proof. Let
M=) L.
AEF
Then M = L, ® L_, ® Lo by Lemma [11.1} Therefore
Ly # {0} <= Xe{0,1,—1}. (11.4.1)
By definition, if ¢ € T* \ {0}, then ¢ € @ if and only if L, # {0}. So (11.4.1)) implies
that \a is a root if and only if A = £1. U

11.5. Lemma. Let o, 8 € ® such that f # +a. Let

K=Y Lgia

i€Z
Then K is an irreducible S,-module via the Lie bracket and the weights of h, on K are

the values B(hy) + 2i for which 8+ ic are roots, and these are all integers. Specifically,
each weight space Kgp,)+2i = Latia-

Proof. Let
K=Y Lgia
i€Z
If 8+ ia =0 for any i € Z, then § = —ic. But g € &, so 5 = +a (Proposition ,
which contradicts the assumption. Therefore, 5 + iav # 0 for all ¢ € Z.
For each i € 7Z, calculate

N

Therefore, [So K] C [(La ® L_o ® Lo)K
implies that
K=K\

AEF
for weight spaces K. As in the proof of Lemma [11.1, we want to find a correspondence
between weight spaces of K and root spaces of L.
Fix some i € Z and let € Lgio. Then [ta] = (8 + ia)(t)x for all ¢ € T. Therefore,

as a(hy) = 2 (Corollary [10.7)), we have
(hox] = (B +ia)(ha)x
= (B(ha) +ia(ha))z
= (B(ha) + 20,
hence x € Kpg(,)42i- This implies that
Ltia C Kahysa (11.5.1)

K, hence K is an S,-module. Then Lemma

Now let x € Kgh,)42i- As v € K, there exists an x; € Lgy o for each j € Z, such that

xr = E Ij.

JEZ
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Therefore,
[hat] =) Thaw;) = Y (B + ja)(ha)z;.
On the other hand, as a(h,) = QJ?éorollary ,
[hax] = (B(ha) + 20)x
= (B(ha) + ic(ha))z
= (B +ia)(hy)z
(B +ia)(hy)

Put together, these two equations give
Y (Bria)(ha); =Y (B+ ja)(ha)z;,
JEL JEZ
which, as a(h,) = 2 by (Corollary [10.7)), is equivalent to
> (B(ha) + 20)z; =Y (B(ha) + 2j)z;.
JEZ JEZ
Root spaces are linearly independent (Proposition , hence for each j € Z we have
either z; = 0 or B(hqa) + 2i = S(ha) + 2j. That is,

ﬁ(ho) + 20 7é ﬁ(ha) +2.] = T; = 0,

which simplifies to
i#j = ;=0
In other words, * = ; € Lgy. As x was arbitrary, we have shown that

Kpha)+2i © Ltia- (11.5.2)
Putting (11.5.1) and (11.5.2]) together, we get
Kﬁ(ha)+2i - Lﬂ—l—ia' (1153)

Therefore, the weights of h, on K are the values 3(h,) + 2i for which § + i« are roots.
Suppose that both 0 and 1 are weights of h, on K. Then (hy)+2i = 0 and S(hs)+2j =
1 for some i, 7 € Z. Therefore,

1=1-0=(8(ha) +2j) = (B(ha) +2i) = 2j — 20 = 2(j — 1),

so (j —1) = % ¢ 7, which contradicts the fact the ¢ and j are integers. Therefore, not
both 0 and 1 can be weights of h, on K. That is,

Ko # {0} <= K, = {0} (11.5.4)

Consider K expressed as a direct sum of irreducible submodules. Proposition [9.18
states that the number of irreducible submodules in such an expression must me equal
to n = dim(Ky) + dim(K;). We have that n # 0, otherwise K would be zero, so Ky and
K, cannot both be zero. By , Ky and K; cannot both be nonzero. Therefore,
either n = dim(Ky) or n = dim(K;). But implies the weight spaces are all
1-dimensional, as root spaces are 1-dimensional (Theorem , so either way, n = 1.
That is, K is irreducible. Then Corollary implies that the weights of h, on K are
all integers. U
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11.6. Corollary. Let o, 3 € ®. Then f(hy) € Z.

Proof. If B # +a, then Lemma implies the result. Otherwise, a(h,) = 2 (Corollary
10.7) and (—a)(hy) = —a(hy) = —2. O

11.7. Definition. For «a, f € ®, we refer to the values 5(h,) as Cartan integers.

11.8. Proposition. Let a, 8 € ® such that § # +«a. Let r and q be the largest integers
for which  —ra and 5+ qa are roots. Then B(h,) = r — q and we have an unbroken
sequence of roots { —ra, -+, B, , B+ qa} C P.

Proof. Define K as in Lemma [11.5] and consider the highest and lowest weights of h,,
on K. By Lemma [11.5 these must be S(h,) + 2¢ and B(h,) — 2r respectively, where
the values ¢, € Z" are the largest integers for which 8 + ga and 8 — ra are roots. By
Corollary [9.14], the weights on K occur as an arithmetic progression with difference 2.
Therefore, the weights on K are precisely

B(ha) - 2707 U 7ﬁ<ha)> U 76(}7101) + 2%
and due to the correspondence between weights and roots in Lemma [11.5, the roots of
the form (8 + i« are precisely
5—7'06,"' 767”' ,5+q0&.
Further, Corollary also implies that the lowest weight is the negative of the highest
weight. That is, B(ha) — 2r = —(B(ha) + 2¢), hence 25(h,) = 2r — 2q, so
B(ha) =Tr—gq.
OJ

11.9. Definition. By Proposition [11.8, we can precisely list all roots of the form g + i«
for © € Z. We write

ng{ﬂ_raa'“ aﬁa"' 7ﬂ+qa}
denote the set of such roots. We call such a set a root string. Specifically, S is called
the a-string through g.
11.10. Proposition. Let o, € ® such that § # £a. Then (8 — B(ha)a) € P.

Proof. Let Z ={i € Z: B +ia € ®}. By Proposition 7 the roots of the form S + i«
are precisely
B—ra, -, B, B+qa,
for some r,q € Z*, hence Z = {—r,--- ,q}. Therefore g—r € Z. That is, f+(¢—7r)a € P,
so as f(ha) = r — ¢ (Proposition , we have
B=B(h)a=p~(r—qga=p+(g—r)ac .
]

11.11. Proposition. Let a, 5 € ® such that 5 # ta. Then [LoLgl = Lo+p.

Proof. Let K be as in Lemma Suppose that 5+ «a is also a root. Then Lemma|[11.5
implies that 3(h,) and 5(h,) + 2 are weights of h, on K, as well as that K is irreducible.
Therefore, by Proposition all its weight spaces can be generated from any single one
by applying z, and y,. Specifically, if we apply Lemma [9.10 we get

[0 K p(ha)] = Kaha)+2
Therefore, by Lemma [11.5] again, we have

[QSQL/;] = L5+Oé7
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and as x, € L,, this implies that
[LoLg]l = Lo+
O
11.12. Theorem. L is generated as a Lie algebra by the root spaces L, for a € ®.

Proof. ® spans T* (Proposition [10.1]), so there exists some subset &' C ® which is a basis
for T*. We have a bijection between T and T, sending each o € ¢ to t, (Remark[8.12)).
Thus {t, : « € '} must be a basis for 7. That is,

T = P Fta. (11.12.1)

aed’
By Lemma we have that S, = Lo ® L_o & [LoL_4], where [LoL_,] = Fh,, for
2
ha = —19_ € Ty,
(ta,ta)
Therefore, [LoL_,] = Ft,. So by (11.12.1)),
T =EPlLlal-ol] (11.12.2)
acd’

We have the root space decomposition of L (Corollary [8.11)):

L=T® (@ La> .
aced
By , this can be expressed:
b= (@) o (@),

acd’ acd
11.13. Corollary. The root space decomposition of L can now be expressed:
i (@) e (@),

acd’ acd
where ®" C ® is a basis for T* and hy, = [xqx_4] for each a € ®.

49



12. RATIONALITY PROPERTIES

In this section, we complete the set of properties for semisimple Lie algebras that we
have been working towards. The results which we are interested in are summarised in
Theorem The crux of this is that ® forms a root system, which we will define and
study in upcoming sections. This is significant, because root systems live in Euclidean
space, so we can use Euclidean geometry to obtain results about L, despite the fact that
L is over F # R. We begin by recalling the definition of a Euclidean space, which will be
used in (Corollary as well as in subsequent sections.

We continue to take L to be semisimple, T" to be a maximal torus of L and FF to be
algebraically closed with characteristic zero.

12.1. Definition. A Euclidean space is a (finite dimensional) vector space over R with
a positive definite symmetric bilinear form.

12.2. Definition. Let o, f € T*. We have corresponding elements t¢,,%5 € T (Remark
8.12)), so we can define a form on 7% by

(@, B) = (tasts).
This form is nondegenerate, as the Killing form is nondegenerate on 7' (Theorem .
12.3. Lemma. Let o, 3 € . Then
2(8,q)

(@, a)

Proof. We have that (t,,t,) # 0 (Proposition [10.5) and B(h,) € Z (Corollary [11.6)).
Therefore,

= fB(ha) € Z.

2<ﬁaa>_2<tﬁ,t > 2ta _ _
<Oé,Oé> B <to¢7ta> <tﬁ’ <ta,t >> <t57hoz> B(ha) € 7.

g

12.4. Lemma. Let 5 € ®. If B is expressed as a sum over some basis ® C ® of T*, then
the coefficients of each o € ®' are rational numbers. Additionally, such a basis exists.

Proof. Let (ay, - -- an) be a basis for 7%, where each a; € ®. This exists because ® spans
T* (Proposition [10.1]). Then, for § € ®, we can express ( as

= E iy,
i=1

for some collection of A\; € F.
Then for each j =1,--- ,n, we have

<6, Oéj) = <i /\Z‘Oéi, Oéj> = i /\z <O[i7 O[j> .
=1 =1

Therefore,
Q; u 2 (o,
ZAGH J Z J (12.4.1)
(ay, aj) — (ay, aj)
We thus have a system of n equations (one for each j =1, - n) each in n unknowns

(A1, ,An), in which the coefficients are integers (Lemma [12.3]). The coefficient matrix
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for this system of equations is

2Aa,0n) . 2an,on)
<a1,a1) <C‘f1)a1>
C =
2{1,0m) ) 2{n,0m )
<Oln704n> o <anyo¢n>
Let
<041,C¥1> o <a17&n>
M = : :
<Oén, a1> e <an7 Oén>
Suppose that M is singular. Then there exists some linear dependence between the rows
of the matrix. That is, there exists a set of coefficients Ay, -+, A\, € F - not all zero -

such that, for each j =1,--- ,n,

zn: )\z <O./7;, O./j> =0.
i=1

Then, for each j =1,--- n,

</6aaj> = <2n: )\io%aj> = zn:)\i <Oéi,Oéj> =0.
i=1 1=1

As (aq, -+ ,ay,) is a basis for T*, this implies that (3, T*) = {0}. Therefore, 5 = 0, as the
form is nondegenerate by definition. But this contradicts the definition of 5. Therefore,
the supposition that M is singular must be false. That is, M is nonsingular.

For each i =1,--- n, let M; = ({aj, 1), -+, {a;, ). Then we can express M as
M,
M=
M,
Then
(041?011>M1
c=| |
<0<n?an>M"
hence

n

det(C) = (H ﬁ) det (M),

As M is nonsingular, det(M) # 0. Therefore, det(C) # 0 and C' is nonsingular. As C'
is the matrix describing the system of equations (12.4.1]), this implies that there exists a
unique solution over Q. That is, # € spang {ay,- -+, an}. U

12.5. Definition. We write Eg = spang(®). It makes sense to consider rational multiples
of elements of 7%, because Q C F (Proposition , so in fact Eg C T™.

12.6. Lemma. There exists a subset ® C ® which is a basis for both T* and Ey.
Proof. By Lemma such a @' exists as a basis for 7%, where ® C spang(®’). There-

fore, for each o € P,
o = Z ,Uoz,ﬁﬁ'

Bed’
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If v € Eg, then for some collection of \, € Q,

V= Z Aot = Z Ao Z Ha,pB = Z (Z )\a,ua,g) g e spanQ(CI)').

acd acd ped’ BeEDP’ \aed

That is, Eg C spang(®’). Further Ey = spang(®) 2 spang(®’), as ® C &, hence we
have equality: Eg = spang(®’). Lastly, ® is F-linearly independent (as it is a basis for
T*), so it must also be Q-linearly independent, as Q C F (Proposition . Therefore,
®’ is a basis for Eg. O

12.7. Lemma. The form on T* can be restricted to Eg. This form on Eg is positive
definite.

Proof. Let v,0 € T™. Their corresponding elements in 7" are ¢, and ¢5 respectively. Recall
the root space decomposition (Theorem [8.11)):

L=Ta& (@La>,

acd

where L, = Fz, (Theorem [11.2). Therefore {t1,--- ,t,} U{z,: o € ®} is a basis for L,
where {t;,--- ,t,} is a basis for T'.
By definition of L, ad(t)(z,) = a(t)z, for all t € T" and « € ®. Therefore,
t,)o

(ad(t,) 0 ad(ts)) (za) = ad(t,)(ad(ts) (z.))
— ad(t,)(a(ts)ra)
— a(ts) ad(t,) (z)
= a(ts)a(t,)z,.
Further, ¢, and ¢; act trivially on 7', as T' is Abelian (Proposition , hence
trace(ad(t,) ad(ts)) = > _ a(t,)al(ts).

acd
Therefore,

</Y7 5) - <t7’ t5>
= trace(ad(t,) ad(ts))

= alt))alts)

aced

=57 (@) o, 8)

acd
that is,

(7,0) =) {a,7) (e, 0) . (12.7.1)

acd

Let § € ®. By , we have that
(8,8) =) {a,p)”.

acd
Therefore,




_ <O"5>)2. (12.7.2)

€z, (12.7.3)

hence

Which, when applied to ((12.7.2)), gives
1

(8,8)

€Q,

hence we also have that (3, 8) € Q.
Let a, 8 € ®. By ((12.7.3) again, we have

@8 =5 6.5 (355)) e ez -a
That is,
@.9)CQ

Therefore, as Eg = spang(®),

(Eq, Eq) = <Z@a Z@ﬁ> =Y Q{pc ) Q=0 (12.7.4)

acd BED a,Bed a,Bed

We can therefore consider this form restricted to Eg.
Suppose v € Eg such that (v, Eg) = {0}. We can express v as

= ZAaaa

for some collection of scalars A\, € Q. By the supposition, (v,a) = 0 for each a € P,
hence

(3,T7) = (7, 5pang(®)) = 3" F (3,0) = 0.

As v € Egp C T and the form on 7™ is nondegenerate, v must be zero. This shows that
the form is still nondegenerate when restricted to Ejg.

Let v € Lyg. Bym, a,7) € Q for all & € ©, as & C Ejp. Bym,wehave
that
(o) =D (a)®
acd

That is, (7,7) is a sum of squares of rational numbers, hence is either positive or zero,

and is zero only if all terms are zero. That is, if (y,v) = 0, then (a,v) = 0 for all « € .

But as ® spans Eg by definition, this implies that (Eg,~) = {0}, which in turn implies

that v = 0, as the form is nondegenerate on Ep. That is, the form is positive definite on

Eg. O
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12.8. Definition. As Q is a subfield of R and Ejg is a Q-vector space, both R and Ejg
are (Q-modules. We can therefore define the tensor product £ = R ®g L. That is,

E:{Z/\z@’Yz/\ZERy ’%EE@},

=1

where (A®7) = 1g ® (A\y) for all A € Q and v € Ep.
12.9. Proposition. E = spang(®P).
Proof. Consider a pure tensor A ® v € E for some A € R and v € Eg. We have

1= o
aced
for some collection of scalars p, € Q. Then
)\®7=)\®Z,uaa:z:)\®(uaa) :Z(uaA)G@a:ZVa@a,

acd acd acd acd
where v, = pA € QR = R. We identify v, ® a with v,(1g ® ) and 1g ® « with «,
hence v, ® a with v,a. Therefore,

AQy = Zua®oz = Zyaoz € spang(P).

acd acd

That is, the pure tensors in F are contained in spang {®}. As E consists of sums of pure
tensors and spang {®} is closed under addition, we have shown that

E C spang(®). (12.9.1)
Now let v € spang(®). That is,

V=) pa0 =Y e ®@a

acd acd

for some collection of scalars p, € R. Then p, ® a € E for each a € ®, hence v € F.
That is,
E D spang(®).

Which, with (12.9.1)), implies equality. U
12.10. Lemma. The form on Eg can be extended to E and it remains positive definite.

Proof. Let v,6 € E. In light of Proposition we consider E as spang(®), so
Y= Aat; =) b
acd ped

for some collection of scalars A, ug € R.
We extend the form on Eg to E via

(7.0)p =D > At {0, B, R

acd Bed

This is consistent: if each Ay, g € Q (and hence 7,0 € Eg), then
)= 3 s (0 ), = <z e, Zu5ﬁ> ~ i),
acd Bed acd Bed Fo

We can thus write (7, d) without having to specify whether this is the form on Eg or E.
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As E and Eg have the same basis, the form must stay positive definite when extended
from Eg to E. 4

12.11. Corollary. E = spang(®) is a Euclidean space.

12.12. Theorem. Let L be a simple Lie algebra over an algebraically closed field of
characteristic zero. Let ® denote the set of roots of L. Then:

e O spans E and does not contain 0.
o [fa € @, then the scalar multiples of o contained in ® are precisely L.

o [fa, € D, then
2(8,a)
(a, q)

2(8,q)

(@, a)

€ Z.

If a, B € @, then

b — a € .

Proof. ® spans E by Proposition [12.9] and does not contain zero by definition. The
second point is from Proposition [11.4. The third point is from Lemma [12.3] which with
Proposition [11.10] also implies the final point. O

12.13. This theorem is equivalent to the statement that ® is a root system in E. Root
systems will be defined and discussed in Section [I4k Root Systems.
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13. REFLECTIONS IN EUCLIDEAN SPACE

Before we start looking at root systems, we need some results about reflections. We
outline some basic properties and prove a criterion (Theorem which will be useful
when we look at root systems in the following section.

Throughout this section, we take E to be a Euclidean space (Definition [12.1). We
denote the form on F by (a, 8) for a, f € E.

13.1. Definition. A hyperplane in E is a subspace of codimension 1. For a nonzero
vector a € E, we write P, to denote the corresponding hyperplane orthogonal to «,
defined
P,={B€E:(B,a)=0}.
A reflection in F is an invertible linear transformation of F which fixes some hyper-
plane and sends any vector orthogonal to that hyperplane to its negative. For nonzero
a € E, denote by o, the reflection in the hyperplane P,.

13.2. Lemma. Let o, 5 € E and P be some hyperplane in E. If a ¢ P, then = p+ aa
for some p € P and a € R. Specifically, if « # 0, then 8 = p + a« for some p € P, and
a € R.

Proof. As P has codimension 1, we have that £ = P & Ra. We can therefore write
B = p+aa for some p € P and a € R.
If @ # 0, then we have that (o, ) # 0, as the form is positive definite. Therefore

a ¢ P,, so we can apply the above for P = P,. O
13.3. Definition. For «, 5 € E, we will use the notation (linear in the first variable only)
_2(Ba)
(5705> - <Oé,Oé> :
Note that this means
2 (o, a)
(Oé, a) = =
(a,a)

13.4. Lemma. Let o € E. Then the reflection o, is given by

0a(f) =B — (B, a)a,
forall p € E.

Proof. Let B € E. By Lemma [13.2] there exists pg € P, and ag € R such that § =
pg + aga. Therefore,

0a(B) = 0alps + apa)
= 0a(ps) + agoa()
= pp — apa
= [ — 2aza. (13.4.1)
Further, (pg, ) = 0 by definition, hence
(B, a) = (ps + aga, )
= (ps, @) + ag (o, q)

=ag(a,a).
Therefore,
RS
7 {aa)
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which, when applied to (|13.4.1)), gives

, QU
u(8) = B~ 20
O
13.5. Lemma. For all o € E, the reflection o, is an involution. That is, 0, = o, .
Proof. Let § € E. Then, by Lemma [13.4]
0a(8) = 0a(B — (B, a)a)

= 04(8) — (B, )0a(a)

= ﬁ - (570‘)& + (ﬁ>04)a

= ﬁ
As 3 was arbitrary, this shows that ¢2 = 1, which proves the result. O

13.6. Definition. We write GL(E) to denote the general linear group of E. This is
defined as the group (under the composition of maps operation) of invertible linear maps
in End(E).

13.7. Theorem. Let ® be a finite set (not containing zero) which spans E and where
all reflections {04 : @ € @} leave @ invariant. Suppose o € GL(E) leaves ® invariant,
pointwise fixes a hyperplane P of E and sends some o € ® to its negative. Then o = o,
and P = P,.

Proof. Let 7 = 00,. Then 7 = oo,' by Lemma m By definition, 7(®) = ¢ and
T(a) = «, hence T fixes Ra.
Let 8 € E. As o pointwise fixes P, but not a, we have that o ¢ P. Therefore, there
exist p € P and a € R such that § = p+ aa (Lemma|13.2]). Then
o(8) = olp+aa)
= 0(p) + ao(a)
= p—a«x
= p+aa — 20«
= [ — 2aq,
hence
7(6 + Ra) = 7(8) + Rr(«)
= 0(0a(B)) + Ra
(8= (B, a)a) + Ra
(8) = (8, @)o(a) + Ra
= [ —2aa + (B,a)a + Ra
= B+ Ra.
So 7 pointwise fixes both Ra and E/Ra.

Let (g1, ,&,_1) be a basis for P, and let ¢, = a. Then (eq,--- ,&,) is a basis for F.
We then have, for some ¢; € R,

eiteen, (=1, ,n—-1),
T IE .
En, (i =n).
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Consider the representation of £ where

1 0

0 :

€1+ s ER )

: 0

0 1

Then the matrix representation A, of 7 is given by
1 0 -+ - 0
0 )
A= ¢

o -~ 0 . 0
el .. .. enfl 1

Thus we can write A, = N, + I,,, where [,, is the identity matrix and

N
e1 ... €n_1 O

As N, is strictly lower triangular, N," = 0, hence (A, — I,,)" = N, = 0. Therefore, the
minimal polynomial of A, (and hence that of 7) divides (X — 1)" € R[X].
As 7(®) = ® and @ is finite, for each 3 € ®, we have that 7% () = 3 for some ks € N.

The value
I *s

Bed
exists in N, as ® is finite; further, as kg divides k, we have that 7% fixes 3 for all 3 € ®.
Therefore, as ® spans E, we have that 7° fixes all of E, hence 7% = 1. Therefore the
minimal polynomial of 7 divides X* — 1.
The minimal polynomial of 7 must therefore divide the greatest common divisor of
(X —1)¥ and X*—1, which is X — 1. That is, 7 = 1. Therefore, oo, ! = 1, which implies
that o = o, O
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14. ROOT SYSTEMS

We look at root systems, discussing the Weyl group and duals/inverses of root systems.
We conclude by relating the notion of root duals/inverses back to our Lie algebra setting.
We continue to take E to be a Euclidean space. We also take ® to be a root system in

E (defined below).
14.1. Definition. Let ® be a subset of the Euclidean space E. Then ® is called a root
system in F if the following axioms hold:

e d is finite, spans F and does not contain 0.

o If a € ®, the scalar multiples of o in ® are precisely +a.
o If a € ®, the reflection o, leaves ® invariant.

o If o, 0 € ®, then (5,a) € Z

Let ® and @’ be root systems in E and FE’ respectively. We call & and ¢’ isomorphic
as root systems, if there exists a vector space isomorphism, ¢ : E — E’, which satisfies:

* §(0) =2/,
e (0(B),0(a)) = (B, ) for all a, 5 € P.

14.2. Lemma. Suppose o € GL(E) leaves ® invariant. Then, for all a, € ®:
° Uaaafl = Og(a);
e (B,a) = (c0(p), o(a)).
Proof. Both o and o,, leave ® invariant (by supposition and by definition of ®). Therefore,
00,0 H(®) = 00,0 (0(®)) = 00,(P) = D,

so 00,0 ! leaves ® invariant.
For all g € E, we have

00,0~ (0(B)) = 00a(B)
=o(f — (B, 0)a)
— 5(8) - (8,)0(a). (142.1)
Further, if 5 € P,, then (8, a) = 0, hence (3, «) = 0; therefore,
00u0 ((8)) = 7(8) — (B, a)r(a)
— o(9).

50 00,01 fixes o(P,), which is still a hyperplane, because o is invertible so preserves
dimension.
Lastly,
a) = —o(a).
Therefore, 00,0 7! leaves ® invariant, pointwise fixes o(P,) and sends () to its negative.
Therefore, Theorem implies that 00,071 = 04(q).
Therefore, for all 5 € F,

0o()(0(B)) = 00,07 (0(B)) = a(B) — (B,a)(a),
by , whereas by Lemma m,
o) (0(B)) = o(B) — (o(8),0(a))o(a).

00,0 (o)) = oo,(a) = o(—

Therefore,

which simplifies to



g

14.3. Corollary. Let ¢ € GL(E). Suppose ¢ leaves ® invariant. Then ¢ is a root system
automorphism of ®.

Proof. The definition of a root system isomorphism is already satisfied by ¢, bar one
point: that (8, @) = (¢(8), #(a)) for all o, 3 € ®. This is implied by Lemma [14.2] O

14.4. Lemma. Let (E,®) and (E',®") be isomorphic root systems with isomorphism ¢.
Then

for all o, 5 € .
Proof. Let o, B € ®. Then,

by Lemma [13.4] and the definition of root system isomorphisms. O

14.5. Definition. Denote by W the subgroup of GL(E) generated by the reflections
{04 : a € ®}. This is called the Weyl group of ®.

14.6. Proposition. W is a subgroup of the symmetric group on ® and is finite.

Proof. By definition, ® is left invariant by the reflections generating WW. As @ is a finite
set, these generators are permutations of ®, hence are elements of the symmetric group
on . U

14.7. Proposition. Let (E,®) and (E', ®") be isomorphic root systems with isomorphism
¢. Let W and W' denote their respective Weyl groups. Then the map

oW =W o pooog?
1S a group isomorphism.
Proof. Let 01,09 € W. Then

¢*(0102) = po (01 009) 097"
=¢ooio(¢ptop)ogyop !
= (¢pooi0¢ ) o(pooy00™)
= ¢"(01)p"(02),

hence ¢* is a group homomorphism.

W and W' are generated by the sets R = {0, : « € ®} and R’ = {05 : § € ®'} respec-
tively. As 0, = 0p if and only if 8 € Ra, and the scalar multiples of a € ® are precisely
+a by definition, we have that |R| = 1|®| and |R'| = 1|®’|. Further, |®| = |®’|, as the
root systems are isomorphic, and this value is finite by definition. Therefore,

IR| = |R| (14.7.1)

and is finite.
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Let o5 € P'. That is, f € ®'. As ¢(P) = ', we have § = ¢(«a) for some a € $. As
¢ is an isomorphism, for all v € E’, there exists some § € E such that v = ¢(d) and
6 = ¢~ (7). Further, o4)(4(d)) = ¢(04(d)) by Lemma [14.4] hence

75(7) = 04() (8(0)) = $(0a(8)) = P(0a(¢7' (7)) = (¢ 000 0 d™1)(7) = ¢"(0a)(7)-
As v € E was arbitrary, we have o5 = ¢*(0,), where o, € R. Therefore, as 05 € R’ was
arbitrary, we have R’ C ¢*(R). Thus, by (14.7.1),

R < |¢"(R)| < |R| = [R],

hence |R/| = |¢*(R)| and R’ = ¢*(R). As these sets are finite and of equal size, we have
that ¢* acts as a bijection between R and R’. As these are the generators of W and W,
we have that ¢* is a bijection. U

14.8. Proposition. The Weyl group of ® is a subgroup of Aut(®).
Proof. Let 0 € W. Then o € GL(E) and o(®) = ®. Therefore, by Theorem [14.3 o is a

root system automorphism of ®.
So W C Aut(®), hence is a subgroup, as the group operation (composition of functions)

is the same. O
14.9. Definition. Let a € ®. We define
o — 200
(o, )
and call

V={a":aec d}
the dual or inverse of ©.

14.10. Lemma. Let o« € ®. Then o,v = 0.

Proof. As oV is a scalar multiple of «, the hyperplanes orthogonal to a and " are the
same, hence the reflections in those hyperplanes are the same. U

14.11. Theorem. ®V is a root system in E.

Proof. By definition, |®Y| < |®|, so is finite. The form is positive definite, so

2a
o

(@, a)

exists and, as « # 0, is nonzero for all & € ®. Therefore, 0 ¢ ®V. Further,

span(®Y) = Z Ro”

aVvepy

hence @V spans F.



Note that, for a € P,

2(—a) < 200 )
—a) = = — = —(a). 14.11.1
T Can ey - \fway ) T S
Suppose ¥ and BY in ®V are scalar multiples. That is, ¥ = Aa" for some A € R.
Then
28 \ 2«
(8,8) Aa,q)
which implies
ﬁ — >\ </87 /8> .
(a, )

That is, f and « are scalar multiples. But as 8 and « are in ®, we have that g = +a.
Therefore, either 8¥ = a" or Y = (—a)” = —(a"), by (14.11.1). That is, the scalar
multiples of o € ®V are precisely +a".

Let o¥,8Y € ®V. Then

200(P)

O P R CIE

By Lemma [13.4] we have that
(0a(B), 0a(B)) = (B — (B, @)a, B — (B, @)a)
= (8,8) = (B,a) (@, B) — (B, @) (B,a) + (B,)* (o, @)
= (8,8) = 2(8,a) (B, @) + (B,0)* (a, ) ,

where we can express

(50 (o) = (3.0 75 (o) = 2(5.0) (o).

Putting these together then gives

(0a(B), 0a(B)) = (B, B) = 2(8, ) (B, ) + 2(8, @) (B, ) = (B, ) -
Therefore, applying Lemma again,
204(P)

O = 10(8), 0u )
268 -2(8,0)a
(8,8
25 20
G <<M>’“) ’
=p' = (8", 0)a
= aa(B")
= aav(BY),
where the last step uses Lemma[14.10] @ is a root system, so 0,(8) € @, hence (04(8))" =

oo (8Y) € @Y for all o, f € ®. That is, the reflections o,v preserve ®V.
Finally, let «¥, Y € ®V. Then,

28 20 B _a
2(B8Y,a") 2<</3,6>’ a,a>> _ 2<<w>7 a,a>>

<()éV,Oév> a <2a 2a> < a «a >
a,a)? (o,

(@) (o)
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We can express the denominator as

(o) =y

hence
Vo, B a L (B.a) () _2(B,0) _
09 =2( 7 oy ) @) =25 () = o} = )
which is an integer, as ® is a root system. U

14.12. Proposition. The root systems ®" and ® have the same Weyl group.

Proof. Let WY denote the Weyl group of ®V. This is generated by the set RV =
{oav : @ € &} and W is generated by R = {0, : @ € ®}. By Lemmal(l4.10| for each o € P,
the reflections o,v and o, are the same, hence RY = R and consequently WY =W. 0O

14.13. Corollary (to Theorem [12.12)). Let L be a simple Lie algebra over an algebraically
closed field of characteristic zero. Then the set of roots is a root system.

Proof. Now that we have defined what a root system is, we can see that this result is

equivalent to Theorem [12.12] Il

14.14. Lemma. Let L be a semisimple Lie algebra over an algebraically closed field of
characteristic zero. Let T denote a mazimal torus of L, and ® denote the set of roots.
Then in the correspondence between T and T (Remark , the element of T' which

corresponds to " is
2t

(tarta)
Proof. For all t € T, we have that «(t) = (t,, 1), hence

av(t):( 20 )(z): 2 () = —2 (ta,t>:< e t>:(ha,t>.

(o, @) (ta,ta)

he =
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15. PAIRS OF ROOTS

We study root systems further, demonstrating restrictions on angles and length ratios
between pairs of roots. We use this to prove an interesting result about root strings: they
have length at most 4. Further, the a-string through [ is reversed by the reflection o,
(that is, the midpoint of the string lies on the hyperplane F,).

We continue to take E to be a Euclidean space and ® to be a root system in E.

15.1. Theorem. Let a, f € ® be nonproportional roots, labelled such that ||| < ||B]].
Let 0 be the angle between them. Then 0 is one of the values in this table:

(@.8) Be) 6 IBIF/lledl?

0 0 /2 -
1 1 /3 1
1 -1 273 1
1 2 /4 2
1 -2 3r/4 2
1 3 7/6 3
1 -3 571/6 3
Proof. As ||a|] < ||B]|, we have that (a, a) < (8, 3), hence
1 S 1
(o, ) = (B,5)

Therefore,
2(B,a) _ 2(B,a) _2(a,B)
ﬁ705 = Z - = 05,6 .
B=Taa 268 = B @Y

As F is a Euclidean space, we can use the standard identity for the angle, 6, between
« and f(:

[ |[B]] cos(0) = (e, B) -
This implies that,
2(8,) _ I8l lledl cos(0) _ , 11l

)~ llall lalleos(©) ~ “Tlal

(8,0) =

which in turn gives
(B,a)(a, ) = ( HBH (9)) ( Hﬁ” (9)) = 4cos*(6). (15.1.1)
As cos(0) € [—1, 1], we have that cos?() € [0, 1], hence

(B, a)(e, B) €10, 4].

Further, as @ is a root system, both (5, ) and («, 3) are integers, hence

(B,a)(c, B) € 10,4 NZ = {0,1,2,3,4}.

If (8, @)(«, B) = 4, then by , cos(f) = 1, hence § = 0, which implies that o and
B are proportional. This contradicts the assumption, hence (5, a)(«, 5) # 4. If either
one of (5, ) or (a, B) are zero, they must both be zero. The rest of the table exhausts
the possibilities for two integers multiplying together to give 1, 2 or 3.

For the ratios of norms, we can see that if (8, a) = n(«, ) for some n = 1,2,3, we get

2(8,0) _ 2(af)
(aa) "B
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which simplifies to (3, 8) = n («, a), hence
IBI2 _ (8.8) _niaya)

lall*  {a,0) — {a,a)

15.2. Lemma. Let o, 5 € ® be nonproportional.

o If (o, ) <0, then a+ f € ®.
o If (o, 3) >0, then a — B € .

Proof. Suppose («, ) > 0. Then («, 8) > 0, as the form is positive definite. By Theorem
15.1) we have at least one of (o, 8) =1 or (5, ) = 1.
By definition, ® is closed under the reflections o, and o5. Suppose («, 8) = 1. Then
by Lemma [13.4}
ogla) =a—(o,B)f=a— P € .
Now suppose (8, «) = 1. Then, again by Lemma [13.4}

0a(B)=08—-(B,0)a=0—acd,
which implies that o — 8 € ®, as ® is closed under negation.

Now suppose that (o, ) < 0. Then («, —3) > 0. We have that — € ®, so we have
already shown that this implies a — (=) = a + 5 € ®. O

15.3. Theorem. Let o, § € @ be nonproportional. Then the a-string through [ is reversed
by 0., 1s unbroken, and has length at most 4.

Proof. Let r,q € 7Z be the largest integers for which f —ra € & and g+ qa € ®
respectively. As § € ®, these values exist and are nonnegative.

Suppose there exists some ¢ € Z strictly between r and ¢, such that g + ia ¢ .
Consider the substring of non-roots surrounding 5 + ia. Specifically, the end points of

this string. For some p € {—r,--- i — 1}, we have

B+paed;, B+ (p+1aé¢d. (15.3.1)
Similarly, for some s € {i+1,--- , ¢}, we have

B+ (s—1a¢d;, [L+sacd. (15.3.2)

By Lemma [15.2}

(a,B4+pa)y <0 = a+ (B+pa) €D,
and

(a, B+sa)y >0 = a— (f+ sa) € .
But by (15.3.1), 8+ (p + 1) € @, hence (o, 8+ pa) > 0. Additionally, by (15.3.2)),
—(B+(s—1)a) ¢ @, hence B+ (s — 1)a ¢ ®, as P is closed under negation. Therefore,
(a, B+ sa) < 0. That is,

(a, B+ sa) <0 < (a,f+ pa) .
Therefore,
(o, B) + s, a) < ({a, B) + pla, o),
which can be simplified to
5 < p,
because (o, a) > 0, as the form is positive definite. But p < s by definition, so this is

a contradiction. Therefore, the supposition that 5 + i ¢ ® must be false. That is, the

root string is unbroken.
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We use the notation S? to denote the set of roots in the a-string through 3. Let
L = {B+ta:t € R} denote the line through S?. Let L, C L denote the closed line
segment from S — ra to 8 + qa. That is,

SP=LNndcCL,CL.

The line L is, by definition, parallel to «, hence orthogonal to P,. So the reflection o,
reverses L about the point where L intersects P,. Call this point y. Therefore,

0a(S?) Co.(L) = L.

As @ is a root system, it is preserved by o,. As S? C &, we have that o,(S?) C .
Therefore,

oo (SHYCLNd=25" (15.3.3)

Suppose o, does not reverse L;. Then y is not the midpoint of Ly (that is, P, does
not intersect L at its midpoint). Therefore, one of the endpoints of L lies further from
x than the other. Therefore, o, sends this endpoint outside L,. That is, we have at least
one of:

e 0,(f—ra) ¢ Ls;
e 0o(B+qa) ¢ L.
But as S? C L,, this implies that o,, sends at least one of 8 —ra or 8+ qa outside of S?,
which contradicts . Therefore, the supposition that o, does not reverse L, must
be false. That is, o, reverses L, and, because the endpoints of L, and S? coincide, also
reverses S5
Let v =08 —ra. Let S) ={y—1"a,--- ,v+ ¢'a} denote the a-string through ~. This

is the same as S? = {# —ra, -+, B+ qa}, hence 7' = 0 and ¢ = r + q. As o, reverses
S8 it maps the endpoints to one another. That is,
O-a(ﬁ/) = 5, + q,Oé.

Therefore, by Lemma [13.4
ﬁl - (6/7 Oé)Oé = B/ =+ q/Oé,
hence
(6,7 O[) = _q/'
Theorem limits the possible values of (8, «), giving | — ¢'| < 3. As ¢’ is nonnegative,
this implies ¢’ < 3. The length of the root string S = S¥ is given by
|Saﬁ| = |{/8/,/6/+Oé,"' ,B,+q,05}| = |{O717 aq/}| :q,+]—
Therefore, the length of the a-string through £ is ¢’ + 1 < 4. O

66



16. BASES OF ROOT SYSTEMS

We define a base of a root system and prove that every root system has a base (Corol-
lary and that every base occurs in a certain form (Theorem . We will use
bases to define a Chevalley basis in the following section, which will be instrumental in
constructing Chevalley groups.

We continue to take E' to be a Euclidean space and ® to be a root system in E.

16.1. Definition. Let A C ®. We call A a base of ® if it is a basis for F and each 5 € ®
can be expressed as

B=> Ao, (16.1.1)
aEA

for some collection of A\, € Z, either all nonnegative or all nonpositive. With respect to

a given base, the roots contained in that base are called simple.
The height of a root [ relative to A, denoted ht(5), is defined

ht(8) = > A,

aEA

where \, is the coefficient of « in the expression for § (16.1.1). These values are unique
for each § € ®, as A is a basis for F.

16.2. Lemma. Let o € A. Then ht(a) = 1.
Proof. This is immediate from the definition. O
16.3. Lemma. Let § € ®. Express [ as

B=> Ao

aeA

If ht(B) > 0, then A\, > 0 for all « € A. Ifht(8) < 0, then A\, <0 for all « € A. As
0 ¢ ®, the value ht(5) is never zero.

Proof. By definition, the coefficients A\, are either all nonnegative or all nonpositive. [

16.4. Definition. Let 5 € ®. If ht(5) > 0, call § positive; if ht(3) < 0, call 5 negative.
Denote the sets of positive and negative roots in ® by ®* and ®~ respectively.

16.5. Lemma. ® can be expressed as a disjoint union ® = & U P~

Proof. By Lemma [16.3, we have that ht(3) # 0 for all § € ®. By definition ®* and &~
do not intersect, so the union is disjoint. U

16.6. Lemma. Let a, B € A be distinct. Then (o, ) <0 and (a — ) ¢ P.
Proof. Let A\, be a collection of scalars indexed by v € A, where all A, = 0 except A\, =1

and A\g = —1. Then
a—pf— Z)‘77~

YEA
This collection of scalars is not all nonpositive or all nonnegative, hence by definition of
A, we have that « — 8 ¢ ®. The roots o and [ are distinct elements of a basis, hence
nonproportional. Therefore, by Lemma [15.2

(,3) >0 = a—p €.

We have o — § ¢ @, hence («, ) < 0. O
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16.7. Definition. Let v € E. Denote the subset of roots which lie on the same side of
the hyperplane P, as v by

¥ (7) ={a € ®:(a,y) >0},

and the subset of roots which lie on the opposite side of P, from v by
7 (y) ={a e ®:{a,v) <0}.

16.8. Lemma. For all v € E, we have @~ () = —DT(y).

Proof. Let a € ®~ (). That is, (a,7) < 0, hence (—a,7) > 0. Therefore —a € (),
or equivalently &« € —®* (). This implies that &~ (y) C —d* ().

Now let « € —®*(~). That is, —a € T (), hence (—a, ) > 0. Therefore, (o, ) < 0,
hence v € ®~(«y). This implies that —®*(y) C &~ (). O

16.9. Definition. Let v € E. Call v regular if

WGE\UPQ,

acd

and singular otherwise.
16.10. Lemma. Let v € E be regular. Then ® = T (y) U &~ ().

Proof. Suppose ® # ®T(v) U @~ (y). Then there exists some o € ® which is not an
element of ®* () or —®*(y). Then both («,v) > 0 and — (a, ) > 0 are false. That is,
both (o, ) < 0 and (a,7) > 0 are true, hence («, ) = 0. Therefore, v € P,. But as v is
regular, v ¢ P,, so we have a contradiction. Therefore the supposition must be false.

16.11. Definition. Let v € E be regular. Then o € ®*(v) is called decomposable if
a = 1 + By for some f1, B2 € ®T(7), and indecomposable otherwise. Denote the set
of indecomposable roots in ®*(v) by A(y).

16.12. Lemma. Let v € E be reqular. Then each root in ®*(v) is a nonnegative Z-linear
combination of roots in A(7).

Proof. Suppose otherwise. Then ®*(y) \ Z # 0, where Z = span,(A(y)). Let a €
d*(v) \ Z such that the value of (v,«) is minimal in this set. As 1 € Z*, we have
that A(y) C Z, hence a ¢ A(y). That is, « is decomposable, so can be expressed as
a = P1 + B for some By, B2 € ®F (). By definition of ®* (), both (v, ;1) and (v, B2)
are strictly positive. Further, (v, a) = (v, 51) + (7, 52), hence both (v, 51) < (v, «) and
(v, B2) < {7, a). Therefore, 51,5y ¢ ®*(y) \ Z, as @ was chosen to have minimal (7, )
in this set. That is, 81, 82 € ®T(y)NZ. The set Z is closed under addition by definition,
hence o + (1 + B2 € Z. But this contradicts the definition of «, hence such a cannot
exist. This implies that ®T(v) \ Z = () (as nonempty finite sets always contain their
minimums). This contradicts the supposition, hence we have the result. U

16.13. Lemma. Let v € E be reqular and let o, 5 € A(7y). Suppose o # . Then
(o, p) <0.

Proof. Suppose (o, 3) > 0. By definition, if a € ®*(v), then —a ¢ ®*(y). Therefore
B # —a, hence o and [ are nonproportional. Therefore by Lemma [15.2] o — f € ®,
hence by Lemma [16.10} either a« — 8 € ®*(v) or 8 — o € & (7).

Suppose a— 3 € @t (). Then we can express o = (a— 3) + 3, where both components
of a are elements of ®T(v). That is, « is decomposable, which is a contradiction, as

a € A(7). Therefore, the supposition must be false.
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Now suppose  — a € ®T(y). Then we can express 8 = (§ — a) + «, where both
components of 3 are elements of ®*(vy). That is, § is decomposable, which again is a
contradiction, as 5 € A(y). Therefore, the supposition must be false.

Together, these points give a further contradiction, which implies that the original
supposition must be false. That is, (a, ) < 0. O

16.14. Lemma. Let S C E be a nonempty set of vectors lying strictly on one side of
some hyperplane. Let
o= Z B.

Then « lies on the same side of the hyperplane as the vectors in S.

Proof. Let P, denote the hyperplane in question, where v € E is some nonzero vector
orthogonal to it and on the same side as the vectors in S. Then each [ € S satisfies
(B,7) >0 and B ¢ P,. Thus we can write 5 = pg + A\g7, for some pg € P, and A\, € R
(Lemma [13.2). We have that (pg,7) = 0, hence

0 < (B,7) = (s +As7,7) = (ps; V) + X5 (1,7) = Xs (1,7) 5

where (y,7) > 0 as the form is positive definite. Therefore, Ag > 0. Now we can express

a=> B=) (ps+Xs)= (Z%) + (ZM)V:P“AW’

Bes Bes Bes Bes
where p, € P, and A, is a sum of strictly positive reals, hence is strictly positive.
Therefore,

(@,7) = (Pa + Aa¥,7) = (Pas V) + Aa (1,7) = Aa (1,7) >0,
again as the form is positive definite. That is, « lies on the positive side of P,. O
16.15. Lemma. Let S C E be a set of vectors lying strictly on one side of some hyperplane.

Suppose that o« # B implies (o, 5) < 0 for all o, B € S. Then S is a linearly independent
set.

Proof. Suppose there exists some set R = {r, : « € S} C R which satisfies

Zraa =0.

a€sS

Let St={ae€S:r,>0}and S" ={a € S:r, <0}. Then a € S\ (ST US™) implies

ro = 0. Therefore,
0= Zraa = Z roo + Z Tl

a€eS acSt aeS—
For each oo € S, let t, = —r,. Then each t, > 0 and we have

Zraa:—Zraoz: Z—Taoz: Ztaa.

aeSt aeS— aeS— aeS—
Let
=) rea= Y taa. (16.15.1)
aeS+ aeS—
Then
(e,6) = < Z T, Z t55> = Z Z rots (@, B) .
aeSt BeS— a€St BesS—
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As St and S~ intersect trivially by definition, each pair of & and 3 in the above sum satisfy
a # [, which implies («, 5) < 0 by assumption. Further, each r, and ¢ appearing in the
above sum is positive. Therefore, the sum must be negative or zero. That is, (¢,¢) < 0,
hence (g,¢) = 0 and € = 0, as the form is positive definite.

As all the coefficients r,, and t,, appearing in ((16.15.1)) are positive, the vectors (r,a and
toa) in each sum lie on the same side of the hyperplane as the vectors in S. Supposing
that these sums are nonempty, we can apply Lemma to get that € also lies on that
side of the hyperplane. But ¢ = 0, so cannot lie strictly on one side of any hyperplane,
which is a contradiction. Therefore, the supposition that the sums are nonempty must
be false. That is, ST =S~ =0, hence r, =0 for all « € S.

We have shown that in an arbitrary expression of linear dependence on S, all coefficients
are zero. That is, S is a linearly independent set. O

16.16. Proposition. Let v € E be regular. Then A(7) is a base of ®.

Proof. Let € ®. By Lemma we can express & = OF(y) U &~ (y), so either
B € DF(y) or B € @ (v). In the latter case, —3 € ®*(v). Therefore, by Lemma [16.12]
one of § or —( can be expressed as a nonnegative Z-linear combination of elements
of A(v). That is, f can be expressed as either a nonnegative or nonpositive Z-linear
combination of elements of A(7).

Therefore, A(7) spans ®. As ® spans F by definition, we have that A(~) also spans
E. By definition, ®*() lies strictly on one side of some hyperplane, hence so does

A(y) € &*(y). Further, by Lemma [16.13) o # § implies («, 8) < 0 for all o, § € A(7).
Therefore, by Lemma |16.15, A(7) is linearly independent. Therefore, A(7) is a basis for
E. U

16.17. Lemma. There exists v € E which satisfies (y,a) > 0 for all a € A.

Proof. Label the elements in A such that A = {«ay, -+, a,}, where n = dim(FE). For
each k =1,--- n,let B, =span{aq, -, ax}.
Suppose v € E, satisfies

(v,a;) >0 (16.17.1)
foreachi=1,--- k. Let
P.=E-r={5€ E:{5E) ={0}}.
Then dim(P;) =n — k and dim(Fx11) = k + 1. We have that
dim(Py @ Eyy1) = dim(Py) + dim(Egq) — dim(Py N Eyy1)
=n—k+(k+1)—dim(P, N Exy1)
=n+1—dim(P; N Egy1).
But as these spaces are contained in F, we must have dim(P, & Ejy1) < n. Thus

dlm(Pk N Ek+1) Z 1.
So there exists a nonzero § € P, N Ey.1. As 0 € P, we have that

(0,0;) = 0 (16.17.2)

foreachi=1,--- k.

Suppose that (§, ax11) = 0. With (16.17.2)), this implies that (0, Ex,1) = {0}. But
as § € Ej,q, this implies that (4,0) = 0, which in turn implies that § = 0, as the
form is positive definite. This contradicts the definition of ¢, hence the supposition that

(0, ag+1) = 0 must be false. That is, (J, ag41) # 0.
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For each A € R, let 7, = v+ AJ. Then

(Va, arg1) = (v + A6, agqr) = (7, gr) + A (0, Q1) -

As (0, 1) # 0, there exists some A € R for which (), axy1) > 0. Fix A to be such a
value.

Then, by (16.17.2)), we have
(v, i) = (v + A6, i) = (v, u) + A (0, a5) = (7, i),

for each i =1,--- k. By (16.17.1)), we have (v, ;) > 0, hence (v, a;) > 0.
We have shown that if there exists a v € Ej, satisfying (v,a;) > 0 forall i =1,---  k,

then there must also exist a v, € Eiy; satisfying (yx, ;) >0 foralli=1,---  k+ 1.
Further, a; € E; and (o, ;) > 0 as the form is positive definite. Therefore, by
induction, there exists a v € E = E,, satisfying (v,«a;) >0 foralli=1,--- n. U

16.18. Lemma. Let v € E satisfy (y,a) > 0 for all « € A. Then = is regular.
Proof. Let § € ®. As A is a base, § can be expressed

5 ::jg:'kaaa
aEA
where the coefficients are either all nonnegative or all nonpositive. We have v € Ps only
if
0=(v.8)

(2
= Z Ao (7, 0) .

a€cA

But by assumption, (7, «) > 0 for each a € A and the coefficients all have the same sign,

s0 (7,8) # 0 and v ¢ Pgs.
As [ was arbitrary, v ¢ P for all 5 € ®, hence 7 is regular. O

16.19. Corollary. There exists a base for ®. Specifically, there exists a reqular v € FE
and A(vy) is a base.

Proof. Together, Lemma and Lemma [16.18)imply that there exists a regular v € F.
Then Proposition [16.16 implies that A(7y) is a base O

16.20. Lemma. Let v € E satisfy (y,a) > 0 for all « € A. Then ®T = &T () and
O™ =07 (v).
Proof. Let 8 € ®*. Then 8 € ® and can be expressed

5 :ZZE:*Xaaa

aEA
where \, € RT for all & € A. Therefore,

(v, B) = <% Zkaa> =Y Aa(v,0) >0,

acA aEA

as (y,a) > 0 for each a« € A by assumption (we have (y,5) # 0 as § # 0), hence

p € T (). As § was arbitrary, this implies that & C ().
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Now let 8 € ®~. Then —f3 € ®*, so by the above, we have —f3 € ®*(v). By Lemma
16.8, @~ () = =™ (), hence 5 € &~ (). This implies that &~ C &~ (). We have that
¢ =T UP~ (Lemma|l6.5) and that & = &*(y) U P () (Lemma|16.10)). Both of these
unions are disjoint. Therefore,

PTUCT =P (1)UL (y),
hence
T = (2T (UL (y)\ O
= (1) U(® (1) \ @),
as @~ C &~ (). But then the fact that the union is disjoint, along with &+ C &*(y),
implies both that ®* = ®*(v) and that &~ () \ &~ = 0, hence d~ = d~ (). O

16.21. Theorem. There exists a reqular v € E such that A = A(y).

Proof. By Lemma [16.17] there exists a v € E which satisfies (y,a) > 0 for all « € A.

Let € A. Then § € & = &*(y) by Lemma and Lemma (16.20]
Suppose that g is decomposable with respect to v. That is, § = B + [, for some

B1, P2 € @t (). As A is a base, we can express this as

B= (Z Aaa) - (Z uw) , (16.21.1)

acA aEA
where each collection of scalars A\, € Z and pu, € Z is either all nonnegative or all
nonpositive. As 1,02 € ®T(y) = &1 by Lemma [16.2] these values are in fact all
nonnegative.

We can rearrange ((16.21.1)) to give

(As+us—1)B+ Z (Aa + pta)o = 0.

acA\{B}
This is an expression of linear dependence on A, hence all the coefficients are zero, as A
is a basis. That is, A, + 1o =0 for all @« € A\ {f} and \g+pg—1=10. As Ay, o >0
for all @ € A, this implies that \,, o = 0 for all &« € A\ {#} and that one of A\g or
pp is zero (as Mg, g € Z). But at least one A, and one j, must be nonzero, as both
and fy are nonzero. We therefore have a contradiction, hence the supposition that [ is

decomposable must be false. That is, 5 € A(7).
Thus, we have shown that A C A(y). By Proposition [16.16, A(y) is a base of @, and
by definition A is a base of ®. Therefore, |A| = dim(E) = |A(y)|, hence the inclusion
A C A(y) implies that A = A(7). O

16.22. Corollary. The root space decomposition of L can now be expressed:
i (@) o (@en)
aEA aced

where A is a base of © and h, = [xax_4] for each a € P.

Proof. By Theorem [16.21, ® has some base A. Then ® C spany(A) by definition. This
implies that ® C spang(A), as F has characteristic zero. Further, as ® spans 7%, we have
that 7" = spang(A). The result then follows from Corollary |11.13] O
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17. CHEVALLEY BASIS

In this section, we return to the Lie algebra setting, armed with the results about root
systems from the previous sections, which we can apply to the set of roots, ®, as this is
a root system (Theorem . We will define and construct a special kind of basis for
L - one in which all structure constrants are integers - called a Chevalley basis. For this,
we will need a result about a certain automorphism of L (Lemma , which we will
take as assumed (for a proof, see [4]).

It should be noted that the statement and proof of (Lemma is slightly different
from the corresponding result in [4] (Proposition 25.1b). The statement of the result
differs so as to make its use in the proof of (Lemma clear and accurate. The proof
differs so that it (and hence Lemma [17.F] (corrispondingly Proposition 25.1c of [4])) do
not depend on the classification theorem.

We continue to take L to be semisimple, T to be a maximal torus of L and F to be
algebraically closed with characteristic zero.

17.1. Lemma. There exists an automorphism o of L, of order 2, which maps Ly, to L_,,
for each o € ® and maps t to —t for allt € T.

Proof. See Proposition 14.3 of [4]. O

17.2. Let a, 8 € E and let 6 be the angle between these two vectors. Then:

e )< 7/2 < (o,3) > 0.

e )=17/2 < (o, ) =0.

o 0>1/2 < (a,fp) <0.
Consider the hyperplane P,: this consists of points in E orthogonal to «, hence points
with an angle of 7/2 with . We also have that («, P,) = {0} by definition.

If 5 lies on the same side of P, as «, then § < 7/2. This is the positive side of P,,

so {(«, ) > 0. Similarly, if § is on the opposite side of P, from «, then § > 7/2 and
(o, B) < 0.

17.3. Lemma. Let o, 8 € E be nonzero and let 6 be the angle between them. Then the
angle between o and o,(fB) is ™ — 6.

Proof. Reflections preserve angles, so the angle between o,(a) = —a and o,(f) is also
0. Further, the angle between o and —« is m. As we are working in the 2 dimensional
Euclidean plane spanned by a and 3, the angles between o and o,(5) and —« must add
up to 7. Therefore, the angle between « and o,(53) is ™ — 6. O

17.4. Proposition. Let a, 3 € ® be nonproportional. Let S? = {B —ra,- -, B+ qa}
denote the a-string through . Then at most two distinct root lengths occur in S? U{a}.

Proof. Without loss of generality, choose /3 in this root string such that (3, &) is minimal.
We have that

<5_ O'/va/> = <ﬁ,0./> - (a,a> < <ﬁ,0./>,
as the form is positive definite, hence 8 — « cannot be a root. Therefore, we can express
the root string as

ng{ﬁa ,ﬁ—f-q&} (1741)
The reflection o, reverses this root string (Theorem [15.3)), hence
oa(B +ia) = B+ (q—i)o. (17.4.2)

Let 6 be the angle between a and . Suppose 6§ < 7w/2. By Lemma [17.3] the angle
between « and o,(f) is m — 6. By (17.4.2), we have 0,(8) = S + qa, thus by the
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FIGURE 1.

P,

FIGURE 2.

supposition, the angle between o and § + ga is greater than w/2 (see Figure [1)). That is,
in view of Remark [17.2]

(a, B+ qa) <0 <A, f),
which contradicts the minimality of (e, 3). Therefore, § > 7/2, hence by Theorem [15.1]

we are restricted to
0 c T 2w 3w bmw
2737476 |

Suppose 0 = 7/2. Then (8, «) = 0 (Theorem [15.1]). Suppose ¢ > 0. Then by Lemma
3.4

0a(B +qa) = 04(B) + qoa(a) = 8 — (B,a)a — qa = B — qa
is also a root. But this contradicts , which implies there are no roots of this form.
We conclude that ¢ = 0 and S? = {3}.

Now suppose that § = 27/3 (see Figure [2). By Lemma and (17.4.2)), the angle
between o and § + qov is 1 — 0 = w/3. As B + ga lies in the arc between a and 3, this
implies that the angle between § and § + qa is § — /3 = 7/3. Further, the roots 8 and
B + qa have the same length, as reflection preserves length. Therefore the points 0,
and 8 4 ga form the vertices of an equilateral triangle (see Figure , hence the length

of the edge from 3 to [ + qa is equal to the length of 3. These lengths are given by
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A3 Hqg\l B+ qa

5 g B+ qo

FIGURE 4.

3 [lge|| f+ o

18] 18]

vl

FIGURE 5.

|18 + g — B]| = ||qe|| and ||3]| respectively. Therefore,

18] = llgal] = gllel;

where ||a|| = ||3]] by Theorem [15.1} hence ¢ = 1. That is, S® = {3, 3 + a}, where both

these roots have the same length.
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15 ]| B+ a B+ 2a

151

FIGURE 6.

Now suppose that 6 = 37/4 and ||a|| < ||B]| (see Figure 4). By Lemma and
(17.4.2), the angle between o and 8 + gov is m — 37w /4 = /4. Further, |||| = || + gl
as reflections preserve length. The angles between v and § + g and 8 must add to 37/4
(the angle between o and f3), hence the angle between 4+ ga and 3 must equal 7/2. We
can then apply Pythagoras’ Theorem on the triangle with vertices 0, 8 and 5 + qa (see
Figure [5)), giving

llaadl[* = 181" + 18 + qol|* = 2[|8]I*,

which implies that

2 _ L lIBIP
¢ =2—-=2-2=4
[laf[?
by Theorem [15.1] Therefore, as ¢ is a nonnegative integer, ¢ = 2. This implies that 5+ «
is the midpoint of the line segment from 5 to 5+ qa, hence 0, $ and [+ « are the vertices

of a right-angled triangle (see Figure @ Therefore, we obtain
1811* = llall* + 118 + al?
which, as ||3||*> = 2||«||? by Theorem [15.1] implies
18 +alf? = ||al?,

hence ||3 + a|| = ||a]|. So we have that S? = {3, 8+ a, B + 2a}, where ||3]| = ||5 + 2|
and |[8 + af| = [|a]].

Now suppose that § = 37/4 and ||a|| > ||f]| (Figures {4 and 5| still apply). As in the
previous case, the angle between § and 8+ g is 7/2 and ||8]| = ||8 + qa||. This gives us

llgal* = [18]1* + 118 + gal[* = 2[|8]%,
which implies that

2 2 2
o olE 28
el [> 2[[B]

as ||a||? = 2||8]|* by Theorem [15.1] That is, SZ = {8, 8 + a}, where ||3]| = || + al|.

Now suppose that § = 57/6 and ||a|| < ||B]| (see Figure [7). By Lemma [17.3] and
, the angle between o and § + g is m — 5w/5 = 7w/6. Therefore, the angle
between § and (8 + qa is 27/3; further, these roots have the same length, as § + qa is

the reflection of g in P,. Consider the midpoint of the line segment between these roots:
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B 2 B+ qa

FIGURE 7.

g 132l

18]] = V3l[e]

FIGURE 8.
g ol Bz B 430
18+ 30l
V3|lal
0
FIGURE 9.

B+ Za. This point, with 3 and 0, form the vertices of a right angled triangle with angle
7/3 at the vertex 0 (see Figure [§). Therefore, applying trigonometry gives us

.<w>_||%al|_q ledl g ledl V3
Sin 5 —5

M8~ 2 V3llal] 67

7



FIGURE 10.

as ||| = v/3||e|| by Theorem [15.1} hence
V3 _ V3

2~ 6 "
thus ¢ = 3. We can now find ||3 + 3a|| (see Figure @ We have
3 3
2 _ 12 12 O 2
18112 = 120 + 16 + 2ol
which, as ||| = v/3||c|, implies

18+ Sall? = 3llal” — Cllafly

9
= (3= llalP
3
= Zfall

Now consider the right angled triangle with vertices 0, 5+ « and 3+ %oz (see Figure .
From this, we get

1 3 1 3
2 _ o2 O o2 2 2, 2 2 _ 2
18+ all? = [I5all? + 118 + Sall* = {llall + S llall* = llal

hence || + a|| = ||a||. Further, by (17.4.2), we have 0,(3 + a) = B + 2a, hence these
two roots also have the same length. So we have S? = {8, 8 + «a, 3 + 2a, 3 + 3a}, where
lla]| = 118+ al| = ||8 + 20| and [|8]] = ||8 + 3«

Now suppose that 6§ = 57/6 and ||a|| > ||8]|. As in the previous case, the angle
between  and 5+ qav is 27/3, and these roots have the same length, hence the points 0,
f and 8+ Za form a right angled triangle with angle 7/3 at the vertex 0. We again use

trigonometry to get
. <7r> gl
sin | —

3/ 18Il
which, as ||a|| = v/3]|3|| by Theorem [15.1], implies
V3 _ 3Vallall _ V3
2 |18]] 2 7

hence ¢ = 1. That is, S = {8, 8 + a}, where ||3]| = |8 + «||. O
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17.5. Lemma. Let a,3,a+ 3 € ®. Let S? = {8 —ra,---, 8+ qa} denote the a-string
through 5. Then

_qla+B,a+f)
r+1= 3.3 .
Proof. We have that (3, «) = r — ¢ (Proposition , hence r = ¢ + (3, «). Therefore,
CqlatBa+B) N _qla+Ba+p)
_ N Cqla,e) 2¢{a.B) ¢ (B,B)
A i N S N R TN
_ (8.a g{a, o)  2q(a,B)
B N N
_ gl 2¢{a 6Ha®
=Berl-Tg 7" G
— (B.a ql{o,a) q (o
=BT =T5 < )( i)
~ayr1- ) < o
_ (B q< a)
- “”(1 <w>)
= AB,
where we let
A= (f,a)+1
and ( >
__1\>®
=155

Now we need only show that AB = 0.

Suppose (o, ) > (5,5). Then |(5, )] < |( B)|, hence by Theorem we have
(B,a) € {—1,0,1}. If (B,a) = —1, then A = Otherw1se (B,a) > 0, hence (B, a) > 0.
Therefore,

(B+a,B+a)=(a,a)+(3,8)+2(8,a) 2 (a,a) + (8,5) .

As the form is positive definite, (o, a) , (5, 5) > 0, hence (8 + «, 5 + «) is strictly greater
than both of these. That is, || + || # ||8|], ||a||. As B+ a € ®, we have 8+ a € SP,
hence ||a|| = ||3]|, because only two distinct root lengths occur in S? (Proposition [17.4]).
That is,

() = (B,8). (17.5.1)
Further (B+2a,B+20) > (ﬁ + a, 8+ a), hence || + 2a|| # || + a||. Therefore,
B+ 2« §é o (Proposmon . That is, ¢ = 1, hence by (|17.5.1)),
q{a,a) _q_ (o, ) _
(8,8) (o, @)
Now suppose (o, a) < (B,3). Then ||a|| # [|B]|. As a + 8 € @, Proposition [17.4]
implies that || + 5| € {||a||, ||5]|}, or equivalently,

(a+ 8,0+ p) € {{a,a),(B,8)}
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We have that («, a), (8, 8) > 0 as the form is positive definite, hence
(B+a,B+a) < ({a,a)+(8,8).

But
(B4 a,b+a)={a,a)+(5,6)+2(8 ),
hence
(B,a) <0. (17.5.2)
Therefore,

(B—a,f—a)=(8,8) +(a,a) =2(B, ) > (B, 8) + (a,a) > (B, ) > (o, @) .

Therefore, 3 — a ¢ ® (Proposition [L7.4). That is, r = 0. As ||a]| < ||8]|, Theorem [15.1]
implies («a, f) € {—1,0,1}. But by (17.5.2)

Y

_ (o)
(a, B) = B3 S 0,

hence (o, ) = —1. We have that r = 0 and ¢ = r — (3, «). Therefore,
(Ba) _ (By) _ (B.a)(B,B) _ (B.8)

1==00) =T =GB T @B wa)  (aa)
hence
ey (B B) ()
B=1="m = G A ma)

g

17.6. Lemma. Let o, € ® be nonproportional. Choose x, € L, and x_, € L_, for

which
2t,,

{ta; ta)

Let x5 € Lg be arbitrary. If S® ={8 —ra,---,B,---, B+ qa} is the a-string through 3,
then

eT.

[Jjax—a] = ha =

[x—a[xaxﬁ]] =q(r+ 1)1‘/3.

Proof. If x5 = 0, then the result holds. So suppose x5 # 0. If 5+ a ¢ ®, then
[LaLs) = Lots = {0} (Proposition [11.11]), hence [z425] = 0. This implies that ¢ = 0, so
the result holds.

So suppose also, that o + 8 € ®. Therefore, L,.3 # 0, hence L,y5, L, and Lg are
all 1-dimensional (Theorem [11.2). Therefore, we can consider the subalgebra S,. Recall
that L is an S,-module under the Lie bracket. Note that

[Saxg] = [spang {Ta, T_a, ha} 5] = [spang {Za, T_a, ha } spang {z5}] = [SaLs]
and
[SaLﬁ+ioc] = [LaLﬁ—l—ia] + [L—aLﬂ-i-ioc] + [FhaL6+ia]
= Lgt(i+1)a + Lo+-1)a + Latia,
by Proposition [11.11} Therefore the S,-module generated by zg is
K=Y Lgia
i€Z
Then by Lemma [11.5, we have that

K:Lﬁ—roc@"'Lﬂ@"'@Lﬁ—i-qaa
80



is irreducible, and the weight spaces of K correspond to root spaces via

Kp(ho)+2i = Lptia- (17.6.1)
The highest weight on K is thus

B(ha) +2q = <t5, @Qt—;‘>> + 2¢

_2(5,a)
(a, )
= (B,a) +2¢
=(r—q)+2q
—r+q. (17.6.2)
By Corollary [9.14] there exists a maximal vector kg in K,,. By Proposition [0.12] there

exist vectors

+ 2q

1 .
ki = ﬁ adl(x_a)(k:o),
and ad(z_,)(k) € K _o for all k € K and A € F. Therefore,
ad?(2_0) (ko) € Kyrgsg = Ky—q.

That is, k, € K,_,. As x5 € Lg, we have that x5 € Kgp,) by (17.6.1). As these
root/weight spaces are 1-dimensional, by Theorem , xg and k, must be proportional.
That is,

T = kg
for some p € F. Finally, r+¢q is the highest weight on K by , hence by Proposition
[0.12] we have

[Taky) = ((r +q) —q+ ki1 = (r + 1)k,
[2-akq-1] = ((¢ = 1) + Dkg-141 = gk,

so we can calculate

17.7. Proposition. There exists a choice of x, € L, for each a € ® which satisfies:

o [x,x_o] = hy for all a € O
o [fa,f,a+ B € @ and [1,25] = CapTarp, then cop = —C_o_g.

Proof. Let a € ®. By Lemma [17.1] there exists an automorphism o of L of order 2, for
which 0(Ly) = L_, and o(t) = —t for all t € T..
Let x4 € Ly \ {0} and let z_, = o(x,). Then z_, € L_, by definition, and x_,, # 0,
otherwise ¢ maps a nonzero element to zero, which contradicts the bijectivity of o.
Suppose (Za, T o) = 0. By Proposition, [z0r_o] = (Ta, T_4) ta, hence [xoz_o] = 0.
But root spaces are 1-dimensional (Theorem [I1.2), so this implies that [LoL_,] = {0},

which contradicts Proposition [10.3] Therefore, (z4,7_4) # 0. We also have that (a, a) #
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0, as the form on F is positive definite. Therefore, as I is algebraically closed, we can

define
2
_ F.
‘ J@ma@«xwe

Therefore, cz,, € L, and —o(cz,) = cx_o € L_,. Then

(CToyCT_g) = ? (Ta, T_a)

2

- (To, T_o) (v, @) (Ta: )

Therefore, by Proposition [10.2]

o

2t, B
[(cxa)(cx_o)] = (cTa,cx_4o) to = W —

For each pair («, —a), we take this choice of root vectors for z, and x_,, which exhausts
all a € .

So fix a choice of z, for a € ® satisfying the first point. Let o, 8 € ® and suppose
o+ € ®. We have that [z,24] € Las (Proposition [6.6), and as La. 4 is 1-dimensional
(Theorem [11.2)), we also have that [za25] = ¢a 5Zass for some ¢, 3 € F. As roots occur
with their negations, we must also have that —a, —f§,—a — f € ® and [z_,v_p5] =
C_q,—pT_q_p for some c_, _3 € F. We have defined z_,_3 = —0(2443), thus

o([zawg]) = 0(CasTarp) = Ca,80(Tatp) = —CapTa—p-
On the other hand, as ¢ is a morphism,
o([razp]) = [o(za)o(2p)] = [(—7-a)(—2-p)] = [1-a®—p] = C—a,~T—a—p-
Therefore, c_o, 5 = —Cq,p- O

17.8. Lemma. Let x, € L, for each o € ® such that Proposition|17.7 is satisfied. Then
for all a, B € ® for which o+ € ®, we have

(o + B, 0+ f)
8,8

where [XaTg] = Co pTats and SB={B—ra, -+, B, -, B+ qa}.

Gs=qr+1)

Proof. Let o, € ® such that « + f € ®. Then a and  must be nonproportional
(Theorem [12.12)), hence ¢, and tg must be nonproportional and satisfy ¢, + tg = taip
(Remark [8.12). We can calculate

[(ca,pTat8)(Casa—p)] = Co slTatsT—a—p]

— Ci,ﬁha“"ﬁ

2 2tatp

“Pla+B,a+8)

_ 2 2(ta + tp) .
“Fla+B,a+B)

On the other hand, we have ¢, gZa1p = [Ta®s] and ¢, T_q—5 = —[T_ax_g], hence

(17.8.1)

[(CapTatp)(CapT—a—p)] = —[[Tats][r_az_p]]

= —[za[vglr_ar_g]] + [ws[Talr_az_g]]]
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= [zalzslr_pr o]l + [wslralr—azpl]]. (17.8.2)
Consider these root strings involving +« and £4:
Sa={B8—ra,--,B+qa},
S—a={-B-r(=a), -, =B +a(-a)}
S ={a—=7r'8,---,a+B},
ST ={-a=1'(=p), -, —a+ (=)},
for some nonnegative integers r’ and ¢’ (we define S§ with 7" and ¢’ then calculate the

negative root strings using the fact that f+ia € ® if and only if —(8+ia) = —f+i(—a) €
®). By Lemma [17.6] we have that

[2_alzazs]] = q(r + 1)zg,
[alz—az—p]] = q(r + 1)z_g,
[z_plzsza]] = ¢'(r" + 1)za,
[zs[r_pr_0]l = ¢ (7' + )20
Therefore, applying these to , we get
[(ca,parp)(Ca,pt-a—p)] = [Ta[vslr—pr_o]]] + [Ts[2alr—az—g]]]

= [2a(q' ("' + Dz _o)] + [75(q(r + 1)z _p)]
= (r' + D[xar_a] + q(r + 1)[zsz_g

i ta 2t
=q((r+1 + +1)——
U VT
Then applying this to (17.8.1)) gives
2ty +t3) 2t
c T (1) g(r 1)
SatBarh Uy TG
hence
2t 2t 2t 2t
A o +c & — (1) 4 q(r+ 1)
Ha+patp)  atpBa+p) ( )<a,a> ( )<6,B>

Which, as t, and tg are linearly independent, implies

9 2t B 2t
“arparh TV ey
hence ( 5 8
a+ Do+
Ci,ﬂ = Q(r + 1) <5’ 5) .

4

17.9. Definition. A Chevalley basis of a Lie algebra L is a basis {z,:a € ®} U
{hy,- -+, h,} for which the set of x, satisfies Proposition m, and for which all h; = h,,
for some base A = {ay, -+, a,} of .

17.10. Theorem. Let {x,:a € ®} U {hy, -+, h,} be a Chevalley basis of L. Then the
associated structure constants are all integers. Specifically,
o [hhj] =0 foralli,j=1,--- ,n.
o [hiz,] = (a,a5)xy foralla € ® andi=1,--- n.
o [xox_o] = hy for all a € O, where h, € spany {hy, -, h,}.
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o For a, € O, then either [xoxg] =0 if a+ 0 € O or [vaxs] = £(r + Dagyp if
a+ B e, where S®={B—ra,---, B+ qa}.
Proof. For each i,j = 1,--- ,n, we have that h;, h; € T, hence [h;h;] = 0 as T is Abelian
(Proposition [5.

Let o € ® and i=1,---,n. By definition, z, € L,, so [tx,] = a(t)z, for all t € T
Specifically, [h;zo] = a(h ) . We also have a(h;) = (ta, h;) (Remark [8.12)), hence

2. 2 (to, to
[hixa] = <ta7 hz) Lo = <tom <t tz >>xa = <t< p 1>> Lo = (Oé,Oéi)QZa.
Let a € ®. By Theorem [14.11} &Y = {a" : a € ®} is a root system with base AY =
{OZY, T 7a1\7/,}7 where

2«
(o, @)
By Lemmal[l4.14] oV (t) = (hq,t) for all ¢ € T. As AY is a base for ®", there exist scalars
M1, , [n € Z such that
= Z pic]
i=1

Vv

Therefore, for all t € T,

(hg, t) = Z,uz Z,uz hi,t) = <Z,uzhl,t>

<ha — zn:[,blhz,t> =0
i=1

As the Killing form is nondegenerate, this implies that

ha = i :ulhz
=1

Finally, let o, 3 € ® be nonproportional and write S® = {8 —ra,---, 8+ qa} for
the a-string through f. Suppose that a + ¢ @, then L,.s = {0}. We have that
[2a26) € Lats (Proposition [6.6)), hence [z,25] = 0. Now suppose that o+ 8 € ®. Then
by Lemma [17.5]

hence

q{a+B,a+3)
(B, 8) '

As {z, : o € ®} is part of a Chevalley basis, it satisfies Proposition hence [z 5] =
Ca,8Ta+3, Where

r41= (17.10.1)

@ﬁzqw+1ﬁ@??g¢ﬂ> (17.10.2)
by Lemma m Rearranging the equations and gives
r+1 A{a+p,a+p) Ci,g
g BB qr+1)
which implies that
ciﬁ = (r+1)3
hence ¢, g = =(r + 1). O
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18. PASSING TO A FINITE FIELD

Up to this point, we have been working with a Lie algebra over an algebraically closed
field of characteristic zero. We want to capture the Lie algebra structure of L over an
arbitrary finite field. For a given field K of characteristic p, we reduce the vectors of L
modulo p to get a Lie algebra over [F,,, then we extend to K. We can do this because, with
respect to a Chevalley basis, all the structure constants are integers, so the Lie bracket
remains closed.

We continue to take L to be semisimple and F to be algebraically closed with charac-
teristic zero.

18.1. Definition. Let B = {2, : « € ®}U{hq,- -, h,} be a Chevalley basis for L. Define
L(Z) = spany(B).

18.2. Given some choice of z,, for each o € ® which satisfies (Proposition [17.7)), a Cheval-
ley basis is then determined by a choice of A. The following lemma is to show that this
choice of A does not affect the L(Z) obtained from the resulting Chevalley basis. That
is, L(Z) is determined only by the choice of z,.

18.3. Lemma. L(Z) is independent of the choice of A.

Proof. Let A, A’ be bases for ®, with respective Chevalley basis B and B’. By Lemma
14.14] the map taking a € T* to h, € T is a bijective linear map. Write h(A) =
{ho :a€ A}y ={hy, -+, h,} and h(A") = {hy: € A’} ={h}, -+ ,hl}. Then
B ={z,:a € d}ULA), (18.3.1)
B' ={z,:a € ®}UR(A). (18.3.2)
By the definition of a base, we have that ® O A /A’ and ® C spany(A), spangy(A').
The former implies that span,(®) D spany(A),spany(A’); whereas the latter implies
that spany(®) C spangy(spany(A)) = spany(A) and similarly, span,(®) C spany(A’).
Therefore,

spang(A) = spany (®) = spany(A'). (18.3.3)
Now we calculate

h(spany(A)) = h (Z Z(5> = Zh(6) = Y Zhs=spang(h(A)).

seA seA hseh(A)
Similarly, we have that h(span,(A’)) = spany(h(A’)). Therefore, by (18.3.3)), we have
spang (h(A)) = h(spang(A)) = h(spang (A')) = spang (h(A")).
Therefore, by (18.3.1) and (|18.3.2)), we have
spany(B) = span,({z, : « € P} UA(A))
= spany({z, : @ € }) @ spany(h(A))
= spany ({x, : @ € ®}) @ spany (h(A"))
(
(

= spany ({z, : « € P} U h(A"))
= spangy(B’).

18.4. Lemma. The space L(Z) is closed under the Lie bracket inherited from L.
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Proof. Let B denote the Chevalley basis for L from which L(Z) is constructed. By
Theorem [17.10} [b1bs] € spany(B) = L(Z) for any by, by € B. Thus,

(52) (2] -5

beB beB by,b2€B

[L(Z)L(Z)] =

which is contained in
Z Z spany(B) = Zspany(B) = spany(B) = L(Z),
b1,b2€B
hence [L(Z)L(Z)] C L(Z). g
18.5. Definition. Fix some prime p and define L(Z) as above for some Chevalley basis

B of L. Let I, denote the prime field of characteristic p. We have that L(Z) and F, are
Z-modules under the actions

x~n::Z:c (x € L(Z),n € Z),
i=1

and

n-A=> A (n€ZAEF,
=1

respectively. We can therefore define the tensor product

L(Fp> = L(Z> Xz ]Fp = {Zl’z & /\z X € L(Z), )\Z - ]Fp} ,

i=1
where we identify (z-n) @ A=x® (n-\) for all z € L(Z), n € Z and X € F,,.

18.6. Proposition. L(F,) = spang (B).

Proof. Consider a pure tensor x ® A € L(IF,). We can write
T = Z npb,
beB

for some n;, € Z. Therefore,

TN = (Zm) RA= (mh)@A=Y b (ny- ),

beB beB beB

where n;, - A is just some element of F,. Arbitrary elements of L(F,) can therefore be
expressed as sums of such pure tensors, which can then also be expressed in the form

Z b® My,
beB

for some A, € F,, because (b ® A1) + (b ® A2) = b® (A + A2). For each element in
L(F,), the values X\, are unique, and for any choice of \,, the above expression is an
element of L(F,). Therefore, mapping b® A in L(F,) to Ab in spang (B) gives the desired
isomorphism. O

18.7. Definition. We define a Lie bracket on L(F,) by

[(z @ Ny @ pwlee,) = [2yluz © A,

for each (z @ \), (y @ u) € L(F,).
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18.8. The Lie algebra L(F,) has the same Lie bracket structure as L, unless p divides one
of the structure constants of L. In that case, some of the nonzero structure constants in
L become zero in L(F)).

18.9. Definition. Let K be some field extension of [F,. Then K is an [F,-module under
multiplication. As L(F,) is a vector space over F,, it is an F,-module under scalar
multiplication. We can therefore define the tensor product

L(K) = L(F,) ®p, K = {Zm @ ki x; € L(F,); w; € K} :
=1

where we identify (Az) ® k = 2 ® (Ak) for all x € L(F,), A € F, and x € K. By a similar
argument to that in (Proposition [18.6)), we have that

L(K) = spang(B).
Again, we define a Lie bracket on L(K) by
[(z @A)y @ )iy = 2yl @ A,
for each (x @ \), (y @ p) € L(K).
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19. CONSTRUCTING CHEVALLEY GROUPS

The thrust of the previous section is that we can take any finite field K and construct
a Lie algebra L(K) over K with the same multiplication table as L (apart from the
exceptions noted in Remark . Now, we construct an automorphism group over each
L(K) by exponentiating the adjoint maps of elements of the Chevalley basis (recall that,
by construction, this is a basis for L, L(F,) and L(K)). These groups are called Chevalley
groups (of adjoint type). We also use some ideas from [1I] in this final section.

It should be noted that, in this section, we give a substantially more thorough treatment
of the results than appears in the literature [I, 4]. In particular, we prove that Chevalley
groups are in fact automorphism groups of L(K') (Proposition and Theorem
and prove a concrete example of constructing a Chevalley group from a given Lie algebra
(example [19.17).

We continue to take L to be semisimple, T" to be a maximal torus of L and F to be
algebraically closed with characteristic zero.

19.1. Recall that for x € L, the map ad(z) is a derivation (Lemma [1.13)). It therefore
satisfies an identity known as the Leibniz rule. We prove the Leibniz rule for arbitrary
derivations.

19.2. Lemma. Let § be a derivation ofL and a,b € L. Then for all n € N:

6"(7[;!Lb]) Z [(521('@)) (é:_:(f))'ﬂ . (19.2.1)

=0

Proof. We use induction on n. The base case is satisfied:

= e = Yl

—ZK *) (=]

The inductive assumption is that (19.2.1)) is satisfied for some n € N. This implies that

0" ([ab]) 1 "([ab]))

(n+1)!  (n+1) n!

(n
_ 15<i

5n+17i(b)
(n—1)!

(5n+1—i(b)

(n —1)!

sy
~— N
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We shall deal with the sums A and B separately. Firstly,

K ) (T
—ZZE:[ ) ()
=§ () :'“3)!)}

i=o ( i (
> 10 [(%F) (el

n+1-—

i) [

: J (b)

= 1—

e r-0|(57) (e
as the (n + 1)’th term is zero

Secondly,

A+ B = 2(n+ 1—14) [(52';) ((g”jl_i_(b;ﬂ)} I, K&f,a)) ((gi?_(bg)!)}

-See () ()] -

Continuing from where we left off, we have

S (al)) 1
ity AtD)
1
:(n—l—l)c




19.3. Lemma. Let o € ® and x € L,. Then ad(zx) is nilpotent.

Proof. We calculate
ad(I)(L()) Q [LaLo] Q La
(Proposition [6.6]), which gives
ad(x)?(Lo) C ad(x)(La) C [LaLa] = {0}.
Now, for § € ® and ¢ € N, we calculate
ad(z)'(Lg) C ad(La)'(Ls) € Lptia-

Root strings are finite (Theorem [15.3)). Therefore, for some i € N, we have Lg;;, = {0}
and hence ad(z)'(Lg) = {0}.

As L is finite dimensional, we can take n € N to be the maximum of these ¢ (and 2).
Then, using the root space decomposition (Theorem [6.4))

L=La L
ped®
we have that ad(z)" = 0. O
19.4. For a € @, we can express exp(ad(z,)) as a finite sum:
" ad(x,)!
explad(z,)) = Y- 9oL
i=0 '

This is because ad(z,) is nilpotent by Lemma [19.3]

19.5. Lemma. Let § be a nilpotent derivation of L. Then exp(d) is a Lie algebra homo-
morphism. That is, exp(0) is linear and, for all a,b € L,

exp(d)([ab]) = [(exp(9))(a) (exp(9))(b)] -
Proof. The linearity of exp(9) follows from the linearity of 6.
Let a,b € L. As ¢ is nilpotent, let n € N be such that m >n = ¢™ = 0. Then

{(exp(9))(a) (exp(8))(5)] = [(Z 4’) (Z &'b))]

i=0 =0

_ zn: K‘S;‘L)) (5;(5’))} . (19.5.1)

i,j=0
We want to put this sum into a form where we can simplify using the Leibniz rule (|19.2.1]).
Notice that we are summing over {(i,j) € Z* : 0 < i,j < n}:

(TL, O) e (TL, TL)
Any method of iteration which exhausts this list will give us an equivalent expression
for ((19.5.1). We can rearrange this list such that each row corresponds to each upwards

diagonal of the previous:
(0,0)

(m.0) - (n,0)

(n,n)
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As ¢™ = 0 for all m > n, we can include terms (7, j) with either of 7, j > n and retain

equality with (19.5.1)):

(0,0)
(m0) - (n,0)
(2m,0) - (n.n) --- (0,2n)

In this arrangement, the ith row contains the terms
{(170)7 7(072)} = {(Jal_j) 1j=0,-- ,i}.
This gives us the expression for ((19.5.1):

L[ ()]

From here we can apply (19.2.1]) to give

[(exp(8))(a)(exp(0))(b)] = > 0" ([ad])

again using the fact that ¢™ = 0 for m > n. U

19.6. Proposition. Let § be a nilpotent derivation of some Lie algebra L. Then exp(d)
1s an automorphism of L, with inverse

(exp(6)) ™" =Y (=1)'n’,

i=0
where n = exp(d) — 1 and n is the largest power for which § # 0.

Proof. By Lemma [19.5] we have that exp(d) is a homomorphism, so we need only show
that the product with the claimed inverse equals 1.

(Z(—UW) (exp(0)) = Z(—DW) (1+7)
= Z(—l) ) (Z(—D”n”)

oo (el
: n>+<"“ )

= _|_ ini) _ (_1)n+1nn+1
=1
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The lowest power of § in the above sum is 1, hence the lowest power occurring in the
expression as a whole is n + 1. However, 6"*! = 0, hence

n N\ n+1
5’&
1i<zﬁ> —14+0=1.

i=1

19.7. Lemma. Let o« € ® and m € N. Then
ad(zq)™
m!

(L(Z)) € L(Z).

Proof. We can express the Chevalley basis as B = {z, : a € ®}U{hy, -+, h,}. Fix some
a € ® and let f,, = ad(z,)™/ml.
Suppose f,(B) C L(Z). Let x € L(Z). Then

m:ZAbb

beB
for some collection of scalars A\, € Z. Therefore,

fm<x> = fm (Z /\bb> = Z&fm(b),

beB beB
hence f(z) € spany(f,,(B)). By the supposition, this implies that

fm(x) € spang(fm(B)) C spang (L(Z)) = L(Z).
As x was arbitrary, we have f,,(L(Z)) C L(Z). That is,
fm(B) € L(Z) = [m(L(Z)) C L(Z). (19.7.1)
By definition, for m > 1,

f(z) = %ad(xa)(fm_l(x)). (19.7.2)
Therefore, if x € L and [ > m, then
fm(z) =0 = fi(x) =0. (19.7.3)
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For m =1, we have
fm(7) = ad(24)(70) = [Tata] =0,

hence by ((19.7.3), we have f,,(xz,) = 0 for all m € N.
By Theorem [17.10],

[hizo] = (o, @)z € Ly,
hence for m = 1, we also have
fm(hi) = ad(zq)(h;) = [xohi] = —[hiza] = — (o, @)z € L(Z),
for each i = 1,--- ,n. Then for m = 2, (19.7.2)) implies that
1 1 1
fu(hi) = 5 ad(za)(fi(hi)) = 5 ad(wa)(=(a, ai)za) = (@, ai)[zaza] = 0.

Therefore, by (19.7.3)), we have f,,(h;) € L(Z) for all m € N.
By Theorem [17.10| again, we have [z, _,] = ho, where h, € spany{hy, - -, h,} C
L(Z), hence for m = 1, we have
fm(r_a) = ad(zs)(2_q) = ha.
Then, for m = 2, (19.7.2]) implies that

o) = 5 20 ((-a)) = (@) (ha) = —3[hata] = —5(ha)ira = —2a,

as a(hy) = 2 by (Corollary [10.7)). Then for m = 3, we have

u-a) = 5 ad(a) (fo(o-0)) = 3 lra(—20)] = —glrata] = .

Therefore, by (19.7.3)), fin(z_) € L(Z) for all m € N.
Now let 8 € ® such that 8 # +a. Denote the a-string through 3 by S?. That is,

87 = {f—ra, B +qa}.
For each i € Z, consider S?** the a-string through 3 + ia. We write
SPtie — £(B +ia) — o, -+, (B +ia) + ga}.
Therefore, as S? = SP* we have
Si={B—ra,.-,B+qa}
={(B+ia) = (r+i)a, -},
hence r; = r + i. Therefore, by (Theorem ,

[$ax5+ia] = :I:(TZ + 1)"1;/34_(7;4_1)04 = :I:(T +17+ 1)$B+(i+1)a, (1974)
hence we can calculate
ad(zy)™
o) = (212 )

= % ad(xa)m_l([xaxﬁ])'

With repeated application of (19.7.4]), we obtain

fm(l'ﬂ) - i| (H(T + Z)) LB+mo

" \i=1

m
L [/ (r+m)!
m

rl
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(r +m)!

mlr! TB+ma

('r’ -+ m)
= TB+mas
m

where the last line uses the binomial coeflicient and we take zg:mq = 0 if 5+ ma ¢ @.
That is, f,(zg) € L(Z) for al m € N.

We have shown that f,,(B) C L(Z) for all m € N. Therefore, applying (19.7.1]), we
have that f,,(L(Z)) C L(Z) for all m € N. O

19.8. Proposition. Let a € ®. Then exp(ad(z,)) leaves L(Z) invariant.

Proof. By Lemma [19.7],

VieN: (ad(;a>i) (L(2)) C L(Z).

We can express exp(ad(z,)) as a finite sum, by (Remark [19.4)). Therefore,

y e ) (L(Z)

exp(ad(za))(L(Z)) =

hence exp(ad(z,)) leaves L(Z) invariant. O
19.9. Lemma. For A € F, we have that exp(ad(Az,)) is an automorphism of L.

Proof. We have that ad(z) is a derivation of L for any x € L. By Lemma [19.3] ad(z,)
is nilpotent. Thus ad(Az,) = Aad(x,) is a nilpotent derivation of L. Therefore, by
Proposition exp(ad(Az,)) is an automorphism of L. O

19.10. It turns out that exp(ad(Az,)) only depends on A is a specific way: elements of
the Chevalley basis B are sent to Z[A]-linear combinations in B. Further, the coefficients
in these polynomials in Z[A] do not depend on A. Therefore, if we replace A with an
indeterminate 7', we obtain a map taking elements of B to Z[T]-linear combinations in
B. These maps are the automorphisms of L(K') from which we construct our Chevalley
groups.

19.11. Proposition. Let T be an indeterminate. Let ey, --- , e, denote the elements of the
Chevalley basis B (in no particular order). Then, for each o € ®,i € Nandj=1,---,n

d(Tz,
(a(—x> Z,u aazaja ek:

for some p(a,i,j,k) € Z and

)

exp(ad(Tz,)) Z Joik(T)eg,

for some fo ;1 € Z[T).
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Proof. By Lemma [19.7] for e; € B and ¢ € N, we have

(ad(l‘a)i> (e;) = iu(a,i,j} k)ex,

2!

where u(a, 1, , k) € Z. Therefore,

(M) () =T (ad($a)i> (¢))

7!

k=1
= Z ple, i, j, k)T ey,
k=1
Thus,
™ (ad(Tz,)
espadTan))(e) = 3 (L) @)
i=1 )
= Z ,U,(Oé7Z7j,k’)T €L
i=1 k=1
-3 (Ssteanr)
k=1 \i=1
= fa] k(T)ek
k=1

As each u(a, i, j, k) € Z, we have that

m

foqi(T) = plevi, j, k)T € Z[T).

=1

O

19.12. Definition. For each a € ®, denote the matrix representation (with respect to B)
of exp(ad(T'z,)) by My (T).

19.13. Corollary. For each a € ®, the entries of the matriz M,(T') are elements of Z[T).
19.14. Proposition. For each o € ®, the matriz M, (T) is invertible.

Proof. Fix a € ® and write M = M,(T). As ad(Tz,) = T'ad(x,) = 0 if ad(z,) = 0, we
can extend Remark to give that
™ ad(Tz,)
exp(ad(Tz,)) = ; —
Therefore, M = My + M; + --- 4+ M,,, where each M; is the matrix representation of
ad(Tx,)*
il

Note that this implies that M is the identity matrix, I,.
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Let e, -+ , e, denote the elements of the Chevalley basis B. By Proposition [19.11] for
eachteNand j=1,---,n,

(T

1!

> (6]') = Zu(a7i7j7 k)Tieka
k=1

for some p(a,i,j, k) € Z. As ad(z,) is nilpotent (Lemma [19.3)), M; is nilpotent for each
1 > 0. Further,

(ad(rwa)i) (ad(TW) _ ad(Tea) ™ (ad<T$a>j) (ad(T.g”a)i) ,

il ;! il ;! il

so these M,; commute.

Let N = M+ ---+ M,,. Sums of commuting nilpotent endomorphisms are nilpotent
(Lemma, thus N is nilpotent. Therefore, for some change of basis, NV is strictly upper
triangular, hence M = I, + N is upper triangular with each diagonal entry equal to 1:

1 Myy -+ My,
M = 0
: c Mn,nfl
o --- 0 1
Thus M has determinant 1 and is invertible. O

19.15. Definition. Let G(K) = (M,(k) : « € ®,x € K). This group is called a Cheval-
ley group (of adjoint type).

19.16. Theorem. The group G(K) acts on L(K) as a group of automorphisms.

Proof. Let M,(k) € G(K). Firstly, we need to show that M,(x) acts on L(K). By
Proposition [19.11], we have that

M, (k)e; = Zfa,z‘,j('f)eja

for fa. (k) € Z[k]. As K is a field, it is a natural Z-module via

a
ak = E K,
i=1

hence we can interpret f,; ;(x) as an element of K. Therefore,
M, (k)e; € spang(B) = L(K),
and by extension,
Ma(k)(L(K)) € L(K).

By Proposition [19.14] M, (k) is invertible, hence is a bijection. So for M, (k) to be an
automorphism, we only need to show that is is a Lie algebra homomorphism. That is,

for z,y € L(K), we need to show that
Mo (r)([zy]) = [Ma(r)(z) Ma(r)(y)]-
As L(K) = spang(B), we need only show that, for e;,e; € B,
Ma(r)([eie;]) = [Ma(r)(e:) Ma(r)(e;)]

and the desired result will follow by linearity.
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By Proposition [19.17],
exp(ad(Azy)) Zfa]k )€k

for some f, ;x(A) € Z[\], with coefficients not dependent on A. Therefore,

exp(ad(Az,))([eie;]) = explad(Azy)) (Z c;ijek>

k=1

= Z cf’j exp(ad(Az,))(ex)

k=1

—ZC”Zfakl
k=1
—Z(chfakl )
I=1 \k=

= Zga,m(/\)ez, (19.16.1)
=1

where the coefficient of ;, go.;1(\) € Z[)], is a polynomial with coefficients not dependent
of A\. Further,

[exp(ad(Az,))(e;) exp(ad(Azy))( [(Z Jaik(A > (Z foji(A )]
_Zz.fazk fa]l )[ekel]

k=1 I=1
_Zz.fazk fa], )Zcf@let
k=1 =1 t=1
_Z<chklfalk fO{jl( ))
t=1 \k=1 I=1

= haie(Ne, (19.16.2)
t=1

where the coefficient of e;, hq;j:(A) € Z[)], is - again - a polynomial with coefficients not
dependent on A. By Lemma[19.9] exp(ad(Az,)) is an automorphism of L, hence (19.16.1)
and are equal for all A € F. Therefore they must be coordinatewise equal, hence
Gaijt(A) = haijr(A) for each t = 1,--- ,n. As the coeflicients of these polynomials do
not depend on A, and they are equal for all A € I, they must be equal as polynomials.
Therefore they are still equal when taking values of k € K, hence

exp(ad(rza))([eie;]) = [exp(ad(kza))(e;) exp(ad(kza))(e;)]-
That is,
Mo (k) (leie;]) = [Ma(k)(es) Ma(r)(€5)]-
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19.17. Example. We shall use our toy example of L = sl5(FF) to demonstrate the process
of constructing a Chevalley group. Let K = F3 = Z/3Z. For concreteness, we could take
F = C, however, as the structure constants are integers with respect to the Chevalley
basis, any algebraically closed field of characteristic zero gives the same Lie structure.

Recall the standard basis (z,h,y) of L. As [zy] = h and there are no triples of roots
a, B,a+ € ®, this basis satisfies Proposition [I7.7] hence is a Chevalley basis.

The root system ® of L has two roots, a and —a, where x = x, and y = x_,. So the
generators of G(K') will be the matrices M,(x) and M_, (k) for k € K, where M,(k) is
the matrix of exp(ad(kx)) and M_,(x) is the matrix of exp(ad(ky)). That is, we have
|®|-|K\{0} | = 2-2 = 4 generators (when x = 0 we obtain the identity). These generators
are dim L x dim L = 3 x 3 matrices over K = FF3.

Firstly, we need to compute the adjoint maps of x and v,

x 0, x +— —h,
ad(x) : ¢ h— =2z, ad(y) : ¢ h— 2y,
y — h, y— 0.
This gives us the matrices
0 -2 0 0 00
X=(0 0 1}, Y=|-10 0},
0 0 0 0 20

respectively. Further, we have

0 0 =2 0 00
X?=100 0], Yi=|0 0 0],
00 O -2 0 0
and X3 = Y3 = 0, Therefore, as (ad(Tz))" = T"(ad(x))", we have
1 1 =27 —T?
M (T)=IT+TX+-T?X*= [0 1 T
2
0 0 1
and
1 1 0 0
M_(T)=I+TY +-T*Y*=| -T 1 0].
2 ~T? 2T 1
The generators for G(K) are then
11 2 1 2 2
X, =M1 =01 1], Xo=M,2) =01 2],
0 01 0 01
1 00 1 00
le_M—Oc(l): 2 10/, YVQZM—OL(Q): 110 )
2 21 2 11
and I = M,(0) = M_,(0). From these, we obtain the elements
1 2 2 11 2
O,=xYi=|[10 1], Oy = XoYo=[2 0 2],
2 21 2 11
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00 2 00 2
Li=XYo=|(0 2 1], Lo=XY1=|(0 2 2],
2 11 2 21
11 2 1 2 2
Uy=YX;=1|1 2 0], Uy=Y1Xo=12 2 0],
2 00 2 00
and
0 0 2
D=00,=(0 2 0
2 00

The multiplication table is given by:

I Xy Xo v Y, O Ln Ly Oy Uy Uy D
I 1 Xy Xo i Y, O Ly Ly O, Uy Uy D
Xi|Xe Xo I O Ly Ly Oy Y1 Y2 Ui D U
Xo|Xo I Xy Ly O Y7 Yo O Ly D Uy, Uy
Vi Yi O Uy Yo I Xy Ly D U O Xy Iy
Yo Yo Uy O I Y1 Uy D Li Xi Xy Oy Lo
O,10, Yo Uy In X3 I Yy U D Ly Xy Oy
Liy|\Ly D Ly X4 O Uy Uy O Xo I Yy Y;

0,10, U Y7 Xo Ly D U Yy I Xy Ly O
Uy | Uy Y9 O D U Yy I Xo Ly Ly O X,
U|Uy O Yo Uy D Ly Xy I Y7 Oy Ly Xy
D|D Ly Ih Uy Uy Oy Xo X5 O Yy Y7 I

From this, we can read off that G(K) is a group of order 12, has 3 elements of order 2,
namely O, Oy and D, and 8 elements of order 3. This is the alternating group Ay, also
known in the literature as PSLy(3). It should be noted that this is not a simple group.
However, for larger fields K and larger Lie algebras, this process does give simple groups.

19.18. This process - taking a finite field K and generating a matrix group over K deter-
mined by L - is how the non-twisted Chevalley groups are constructed. For the twisted
Chevalley groups, we need to take advantage of symmetries in the Dynkin diagrams.
That is, we need the machinery behind the classification, which is covered in any good
introductory text on Lie algebras [Il, 3], 4} [6].

The classification is based upon a correspondence between the pairs (L, T) and (P, F).
We have seen how a root system ® in FE is associated to the maximal toral subalgebra
T of L (Theorem [12.12). We have also seen how L is determined by its roots, in that
it is generated by the 1-dimensional root spaces L, for & € ® (Theorem [11.12)). There
are still some important questions to answer, however. For any given L, we may have a
choice of T' - does this freedom of choice affect the resulting root system? The answer
is no: given two maximal tori 7" and T” of L, there exists an automorphism of L which
maps T onto 7" [4].

Another question is whether the group G(K) is affected by the choice of Chevalley
basis. We know (Lemma [18.3) that L(Z), and hence G(K), is unaffected by the choice of
A, but there is still some freedom when choosing the x, vectors in the Chevalley basis.
It turns out that this freedom of choice actually reduces down to merely a choice of sign
[4], which therefore does not ultimately affect G(K).
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