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Abstract

Let G be a semisimple simply connected linear algebraic group over an alge-
braically closed field k of characteristic p. In [11], Donkin gave a recursive
description for the characters of cohomology of line bundles on the flag va-
riety G/B with G = SLz. In chapter 2 of this thesis we try to give a non
recursive description for these characters. In chapter 3, we give the first step

of a version of formulae in [11] for G = Gs.

In his famous paper [7], Demazure introduced certain indecomposable mod-
ules and used them to give a short proof of the Borel-Weil-Bott theorem

(characteristic zero). In chapter 5 we give the cohomology of these modules.

In a recent paper [17], Doty introduces the notion of r—minuscule weight
and exhibits a tensor product factorization of a corresponding tilting module
under the assumption p > 2h — 2, where h is the Coxeter number. In chapter
4, we remove the restriction on p and consider some variations involving the

more general notion of (p,r)-minuscule weights.
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Chapter 1

Preliminaries

In this chapter we will set up the notation and outline some of the basic con-
cepts in the representation theory of algebraic groups. Most of the material
is given in [18], [19] and [20]. The author has also consulted [26] and [25] for
some details. Throughout this thesis £ will denote an algebraically closed
field. Moreover Z will denote the ring of integers, the field of real numbers
will be denoted by R and Q will denote the field of rational numbers. Also
G will always denote a group and our groups will be algebraic unless stated
otherwise. The set of all nxn matrices with entries in k is denoted by M,, (k)
and we will write GL, (k) for the group of n x n invertible matrices with

entries in k£ and call it the general linear group.

1.1 Representation Theory

Definition 1.1.1. Let k be a field. A k—algebra is a ring A that is also a
k—wvector space and

A(ab) = (Aa)b = a(A\b)



forall ek, a,be A.

We will now construct the group algebra that we will denote by kG. Let G
be a group and k be a field. Consider a set {ay|g € G} and define kG to be a
vector space with basis a4, g € G. We will now define multiplication on kG.

If Z A0, and Z iy, are elements in kG then
zeG yeG

(2 Ae@a) (Y, 1yay) = D) Aaftyaty = 3, Aoflylay.

reG yeG z,yeG z,yeG

Here zy denotes the multiplication of x and y in G. Since G is a group we
have xy = g for some g € G and we can write

Z )\:c,uy = Z /\gx‘lﬂx = Z Ty

z,yeG geG geG

where 7, = Z Age-1liz. 1t is easy to show that this operation makes kG into
zeG
a k—algebra.

Definition 1.1.2. Let G be a group. A matriz representation of G is a group
homomorphism p : G - GL,(k). We call n the degree of representation
p. Similarly a matrix representation of a group algebra kG is a k—algebra
homomorphism

¢ 1 kG — M, (k)

for some n.

Let ¢ : kG - M, (k) be a matrix representation of the algebra kG. Define
V' to be the space of column vectors of length n with entries in k£ then we
can make V' into a kG-module by defining gv = ¢(g)v, for g € kG and v e V.
The module V is called the module afforded by ¢. Conversely let V' be a
kG'-module with basis vy, vs, ..., v, then we have gv; € V for all g € kG. So gv;
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is a linear combination of vy,vs,...,v, with the coefficients of v; depending

on ¢,j and g. We have
gu; = Z bji(9)v;.
j=1

Define amap ¢ : G — GL, (k) by ¢(g) = (¢i;(g)). It is easy to check that this
is a group homomorphism and hence a matrix representation of G. We call
this the matrix representation of G afforded by the module V' with respect

to the basis vy, ..., v,.

Definition 1.1.3. A non-trivial kG—module V' is called simple (irreducible)
if its only submodules are {0} and V itself. V is called completely reducible

(semisimple) if it is the direct sum of simple submodules.

Theorem 1.1.1. (Maschke’s Theorem) Let G be a finite group and k be a
field. If the characteristic of k does not divide the order of G then every finite

dimensional kG-module s completely reducible.

Recall that the character of a matrix representation p : G - GL, (k) is the
function y : G — k defined by

x(g) = trace(p(g))

for g € G.

Proposition 1.1.2. (Schur’s Lemma) Let V,W be finite dimensional simple
kG-modules (k algebraically closed) and let @ : V — W be a kG-module

homomorphism.

1. If V is not isomorphic to W then 6 = 0.



2. If V=W then there is a constant X € k such that
O(v) =\

forallveV.

1.2 Algebraic Groups

In this section we will give a very short overview of algebraic groups. Our
emphasis here will be on linear algebraic groups. For further details of this
rather dense subject the reader is encouraged to see [19] and [8]. Let V be a
set. Define

Map(V,k) ={f[f : V = k}.

We can regard Map(V, k) as a k-algebra by point-wise operations, in par-
ticular the multiplication is defined by fg(z) = f(x)g(z). Let A be a
k—subalgebra of Map(V,k). We have a map ¢, : A — k, called evalua-
tion at x, defined by €,(f) = f(z) for f € A. For k—algebras A and B we
denote by Homy_,,(A, B) the set of k—algebra homomorphisms from A to
B.

Definition 1.2.1. An affine variety (over k) is a pair (V,A) consisting of
a set V and a finitely generated k—subalgebra A of Map(V, k) such that the
map

V - Homk,alg(A, ]{Z)
T = €,

s a bijection.
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From now on we will just say that V' is an affine variety to mean that we
have a pair (V, A) together with the above bijection. If V' is an affine variety
then we will denote A by k[V] and call it the coordinate algebra of V.

Definition 1.2.2. Let V. W be affine varieties. A morphism of affine vari-
eties is a map ¢ : V- W such that g o ¢ € k[V'], for every g € k[W].

Definition 1.2.3. A group G is called a linear algebraic group if G is also
an affine variety such that the multiplication m : G x G - G and inversion
i : G - G are morphism of affine varieties. Moreover a map ¢ : G - H,
of algebraic groups is called a morphism of algebraic groups if it is a group

homomorphism and a morphism of affine varieties.

We will only be considering affine varieties in this thesis. All our algebraic

groups will be linear so we will often drop the word linear.

We can assign to each affine variety a topology as follows. Let (V, A) be an
affine variety and S ¢ A. We define

Y(S)={xeV| f(x)=0forall feS}
then it is not very difficult to show that
L y(1)=2,Y(0)=V;
2. If we have a collection S; of subsets of A then Y(U; S;) =N, Y(5;).
3. For subsets S,T of A we have Y(ST) =Y (S)UY(T).

Here ST denotes the set {fg| f € S,g € T}. It is clear from the above
conditions that the sets Y(S) form the closed set of a topology on V. This

topology is called the Zariski topology.
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An algebraic group G is said to be connected if it is connected as a variety.
Let G be an algebraic group and A, B be closed subgroups of G. We define
the commutator group (A, B) to be the group generated by the commutators
xyxr~ly~t where x € A and y € B. We define the derived series of G inductively
by ©°G = G and D"1G = (DG, D'G) for i > 0. If G is a connected algebraic
group then DG is a closed normal connected subgroup of G. We say that
G is solvable if DG = 14 for some n. Similarly we define the descending
central series of G by induction as €°G = G and €@ = (G, €'G) for i > 0.
We call G nilpotent if €*G = 15 for some n. We define a matrix A € GL,, to
be unipotent if A - I, is nilpotent i.e. (A—1I,)" =0 for some r. An element
g € G is called unipotent if for some (hence every) faithful (one to one)
representation p : G - GL,(k) the image p(g) is unipotent. A subgroup of

G is called unipotent if all its elements are unipotent.

Every algebraic group G has a unique maximal normal solvable subgroup
say H. This subgroup of G is always closed. The connected component of
H is denoted by R(G) and is called the radical of G. Let U(G) denote the
subgroup of R(G) consisting of the unipotent elements in R(G). It is not
difficult to show that U(G) is normal in G. We call U(G) the unipotent

radical of G and it is the largest connected normal unipotent subgroup of G.

Definition 1.2.4. (Semi-simple and Reductive Groups) An algebraic group
G is called semi-simple if the radical of G is trivial. Similarly G is called

reductive if U(G) is trivial.

An algebraic group G is called a torus if it is isomorphic to D, (k), the sub-
group of GL,, consisting of the diagonal matrices, for some n. The maximal

tori are conjugate in GG. The dimension n of a maximal torus 7" is called the
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rank of G. A maximal, closed, connected, solvable subgroup B of G is called
a Borel subgroup of G. All Borel subgroups of G are conjugate. We fix a
Borel subgroup B of G and a maximal torus T'c B of G. Let Ng(7T') denote
the normalizer of 7' in G and Zg(T') denotes the centralizer of 7" in G then
the Weyl group W of G is given by Ng(T')/Za(T). Note that W is a finite

group.

1.2.1 Representation Theory of Algebraic Groups

Now we will say a few words about the representation theory of the algebraic
groups. Let G be a group and V' a finite dimensional kG-module with basis
V1, ..., Up. We define the coefficient functions f;; : G — k of V' with respect

to the given basis by the equations
qu; = Z fji(g)vj'
j=1

By cf(V') € Map(G, k) we denote the coefficient space of V' and define it to
be the k-span of {f;;|1 <i,j<n}.

Definition 1.2.5. Let G be an algebraic group. A finite dimensional

kG—-module is said to be rational if cf(V') € k[G]. IfV is a finite dimensional
kG-module and p : G - GL, is a matrix representation afforded by V then
V' is rational if and only if p is a morphism of algebraic groups. We will call

p a rational representation of G in V.
We will denote by mod(G) the category of finite dimensional rational

G-modules. All the modules considered in this thesis are rational unless

stated otherwise. We finish this section with a rather beautiful proposition.
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Proposition 1.2.1. Every (linear) algebraic group G is isomorphic to a
closed subgroup of GL,,, for some n. This result justifies the name linear for

linear algebraic groups.

1.2.2 The Lie Algebra of an Algebraic Group

Suppose (V, A) is an affine variety. For z € V we define

T,(V) ={a : A= kla(fg) = f(x)a(g) + a(f)g(x) for all f,g e A}

and call it the tangent space of V at a point . Now we define Lie(G) = T1(G)
and we will give Lie(G) a Lie algebra structure. Let V, W be affine varieties
and let z € V, y e W. Define a bijection ® : T,,(V) xT,(W) = Tz, (V x W)
with ®(a, 8)(a®b) = a(a)B(b), for a € k[V] and b € k[WW]. Using ® we will
identify T, (V) x T,(W') with T(,,\(V x W).

Finally define a map ¢ : G xG - G by ¢(x,y) = zyz~ly~! for all z,y € G.
This map ¢ gives us a differential d¢; 1) = Lie(G) x Lie(G) - Lie(G) and we
define the bracket operation on Lie(G) by [X,Y] = d¢11)(X,Y). We leave
this to the reader to prove that this indeed defines a Lie bracket and makes
Lie(G) a Lie algebras. Details are also given in [8]. We will usually denote

the Lie algebra of G by g.

1.2.3 Weights and Roots

Let G, be the multiplicative algebraic subgroup of k (considered as the affine
line), then G}, is isomorphic to k* as a group. Suppose also that G is reduc-
tive. If T is a maximal torus of G then we define X (7") to be the set of mor-
phisms of algebraic groups ¢ : T — Gj. For a T-module V' and A € X(7T),
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we define V* = {v € V|tv = A(t)v} to be the A\-weight space of V. Those
N’s for which V* is non-zero are called weights of V. Any G-module V is
completely reducible as a T-module. So V' decomposes as a direct sum of

its weight spaces and we have V = P V* as a T-module.
AeX(T)

We call X(T') the weight lattice of G. It has a structure of a torsion free
abelian group and is isomorphic to Z" for some n. The Weyl group W acts
on T by wt = ny,tn;! where t € T and w =n,,T. This action can be extended
to an action on X (7)) by wA(t) = Mw~t) for A € X(T),w e W,t € T. Let
e(A),A € X(T) be the canonical basis for the integral group ring ZX (7).

The character formula for V is defined to be the sum
ch V=3 (dimV*)e(N), A e X(T).
by

Suppose ( , ) is a real, positive definite, symmetric, W —-invariant bilinear
form on R® X (T'). Let ® denote the set of nonzero weights for the action
of T on Lie(G). The elements of ® are then called the roots of G. We
identify X (7T") with a subgroup of R® X (7'). Let E denote the R—span of ®
in R® X(7T) then the induced bilinear form considered above make (E, ®)
into a root system with Weyl group W, see e.g. [20] and [10]. A subset S of
® is called a set of simple roots if every a € ® can be written as a Z linear

combination of elements of S ie. « = Z xpfl where €S and x5 € Z are

B
either all nonnegative or all nonpositive.

A root « is called a positive root if zg > 0 for all 5 and negative if x5 <0 for
all 5. We will denote the set of positive roots by &+ and &~ will denote the

set of negative roots. For o € ® we will denote by " the coroot of a and is

given by (2—"‘ The reflection of a denoted s,, is given by s,(8) = - Q(ff))oz.

a,a)”
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It is easy to see that s, sends a to —a. We will denote the number %

by (8,a). For a € S, we denote by P, the parabolic subgroup containing B

which has « as its only positive root.

As an example of root systems we take G = GL,,. Let e; = (0,0,...,0,1,0,...,0)
with the ith entry 1 and 0 every where else. The maximal torus T of G is a di-
agonal matrix in G. Suppose T' = diag(ty, ts, ..., t,) then e;(diag(ty, to, ..., t,)) =
t;. The set of roots @ of G is given by ® = {e; —¢; | 1<i<n,1<j<n}, the
set of positive roots ®* is given by ®* = {e; —e; | 1 <i <j <n}, and the set

of simple roots S is given by S ={e; —e;41 | 1<i<n-1}.

The Weyl group W is generated by the set {s, | @ € S}. The action of W on
X(T) called the dot action is given by

wA=w(A+p)-p

where w e W, A e X(T') and p is the half sum of the positive roots. We can
give X (T') a partial order by defining

@< A if and only if A — 1 can be expressed as a sum of positive roots.

We call a weight A dominant if (A, a¥) > 0 for all a € ®*. We will denote the
set of dominant weights by X*(7"). We define the r—restricted weights to be
the set

X (T)={A|0< (N a")<p for all a € S}

where p is the characteristic of the field k. The set X;(7T') is simply called

the set of restricted weights.
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1.3 Hopf Algebras and Group Schemes

The main purpose of this section is to define the infinitesimal groups G,. We
will only be giving the necessary definitions here. For further details please
see [9]. Let k be a field then we will denote the k tensor product by ®; or
simply by ® see e.g. [23]. Let A be an associative algebra over k with identity

14. We define a coalgebra over k as follows

Definition 1.3.1. (Coalgebra) A coalgebra over k is defined to be a triple
(C,0,€), where C' is a vector space over k and 6 : C - C®C, e : C >k

called comultiplication and counit respectively are linear maps satisfying
(5 ® idc)5 = (idc ® (5)(5

(6 ® idc)(s = (idc ® 6)(5 =ide

From now on we will just write C' for the coalgebra and we will call 6 and
€ the structure maps of C. Let (C,0,€) be a coalgebra. A coideal of C is a
subspace I such that §(I)<C®I+I1®C and e(l) =0.

Definition 1.3.2. Let (C,6,¢€) be a coalgebra over k. A right C'—comodule
over k is a pair (V,7), where V is a vector space over k andt : V-V &C

1s a linear map satisfying the following conditions.
(r®ide)T = (idy ® )7

(idy ® €)1 = idy.

Definition 1.3.3. (bialgebra) A bialgebra over k is a coalgebra (C, 9, €) such

that C' is also an algebra and d,€ are morphisms of algebra.
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Suppose (C,6,¢), (C',8,€) are bialgebras over k. A morphism of bialgebras
isamap ¢ : C' — (" such that ¢ is both an algebra and coalgebra morphism.

We define an antipode of a bialgebra as follows.

Definition 1.3.4. Let (C,6,¢€) be a bialgebra. An antipode of C' is a linear
map o : C - C such that

m(o®ide)d =m(ide ® 0)d = 1ce

where m denotes multiplication.

We are now in a position to define Hopf algebras.

Definition 1.3.5. (Hopf algebra) A Hopf algebra is a quadruple (H,d,€,0)
where (H,d,€) is a bialgebra and o is an antipode. Suppose (H,d, €, 0),
(H',5',€,0") are Hopf algebras. A morphism of Hopf algebras is a map
¢ : H—> H such that ¢ is a bialgebra morphism and o' o = poo. Moreover

an ideal m of a Hopf algebra is an algebra ideal, a coideal and o(m) =m.

We have a relation between affine group schemes and Hopf algebras. Loosely
speaking affine group schemes over k correspond to commutative Hopf alge-

bras over k see e.g. [29].

In order to avoid giving all the details about affine group schemes we say that
G is a group scheme over k to mean that we have in mind a commutative
Hopf algebra over k denoted by k[G]. Let G, H be (affine) group schemes
then we will call ¢ : G — H a morphism of group schemes if the map
¢* : k[G] - k[H] is a morphism of Hopf algebras. We will call V' a left
G-module if we have a structure map 7 : V - V®¥k[G] such that (V,7) is a

18



k[G]-comodule. Suppose G is a group scheme then we will call H a subgroup

scheme of G if there is a Hopf ideal Iy of k[G] such that k[H] = k[G]/Ix.

Suppose (H,d,¢€) is a commutative Hopf algebra and m = Ker(€) then m is a
Hopf ideal. Moreover let m[rl be an ideal generated by f?, f € m then ml?]

is also a Hopf ideal. Now we are able to define the infinitesimal groups G,.

Definition 1.3.6. Suppose r > 1 then G, 1is the affine group scheme such
that
k[G,] = k[G]/ml"]]

where mlP'] 4s the Hopf ideal generated by fP", fem

The main result that we will be using from this section is the following
(1 — modules = restricted g — modules

see e.g. [21].

1.4 Induced Modules and Weyl Modules

Let G be a reductive algebraic group and V' a B-module (B a Borel sub-
group). We define the induced module IndgV to be the space of maps
f + G-V with the following properties

1. Im(f) is contained in a finite dimensional subspace of V| say Vj, and
the restriction f: G — V} is a morphism of affine varieties. If f satisfies

this condition then f is called a regular map.
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2. f(bx)=0bf(x) for all be B and x € G. If f satisfies this condition then

f is said to be B—equivariant.

The group G acts on IndGV by (¢f)(x) = f(xg), g € G. The module Ind%V
is a rational G-module. Let k), be the one dimensional B-module with
weight A (B acts trivially) then Ind$k, is nonzero if and only if A € X*+(7)
see [10, theorem 4.3.]. For X € X*(T) we will write V()\) = IndGky. We will
denote by k) the one dimensional B-module with weight \. We will often
write A for k. The character of V() is given by the Weyl character formula
(See [21, I, proposition 5.10]) and we will write x(A) for ch V().

For A € X*(T) there exists an irreducible (simple) G-module with highest
weight A that we will denote by L(\). Moreover the modules L(\), A €
X*(T) form a complete set of pairwise non-isomorphic simple G-modules.
Now the module V() has simple socle L(\) with the highest weight A and
is the largest G-module with this property. We define the Weyl module
A(N) = V(-woA)* where wy is the longest element of W and * denotes the
dual. It is not very difficult to see that both V() and A()\) have the same
character. Note that due to duality the Weyl module has a simple head L(\).
If k is a field of characteristic p > 0 then we will call the module L((p—1)p)
the Steinberg module and we will denote it by St.

1.5 Tilting Modules

Let V € mod(G) be a G-module. We define a good filtration of V' to be a
filtration 0= V5 < V3 < V5 <... £V, =V such that for each 0 <i<n, V;/V;_; is

either zero or isomorphic to V(\;) for some \; € X*(7').
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A tilting module of G is a finite dimensional G-module V' such that V' and
its dual module V* both admit good filtrations. For each A € X*(7T') there is
an indecomposable tilting module T'(\) which has highest weight A. Every
tilting module is a direct sum of copies of T'(A), A € X*(T') as in [21, E.6,
proposition]. For A € X*(T') the tilting module T'((p — 1)p + \) is projective
as a G1—module, where G, is the first infinitesimal group and p is the half

sum of positive roots.

1.6 Vector Bundles

We will now give a definition of vector bundles. Our definition is based on
an account in [3], see also [28] and [5]. We will start by giving a definition of

a family of vector spaces.

Definition 1.6.1. Let X be a variety. A family of vector spaces over X is
a variety E together with a morphism of varieties p : E — X such that
for all x € X the set E, = p~'(x) has the structure of a vector space. Let
E, F be families of vector spaces over X. A morphism of families is a map
¢ : E — F such that the map ¢, : E, - F, is a vector space homomorphism

and the following diagram commutes

E—?% _p

21



Here p,q are called projection maps, X 1is called the base space of the family
and E its total space.

For every vector space V' we have a product family i.e. if X is a variety then
take F' = X xV and define p : E - X by p(x,v) =z so that E, = {z} x V.
If F is any family then F'is called a trivial family if it is isomorphic to some
product family. Let F be a family of vector spaces over X and let Y be
a subvariety of X. Then FE is clearly a family over Y with projection p,
p: p H(Y) > Y. We call this family the restriction of F to Y and denote it
by EJY.

A faimly E of vector spaces over X is called locally trivial if for every z € X
there exists an open cover U, such that the restriction E|U, is trivial. We

can now define a vector bundle.

Definition 1.6.2. Let E be a family of vector spaces over X. Then E is

called a vector bundle if E 1s locally trivial.

It is worth mentioning that there is also a notion of an algebraic vector
bundle. It is known that the two notions are equivalent. In this thesis we
will be using the vector bundles defined as follows. Let G be an algebraic
group and B a Borel subgroup of G. Let V' be a B-module. We define a
vector bundle denoted £y by £ = G xBV and X = G/B. Here G xBV =
G x V| ~ ,where ~ is the equivalence relation given by (¢b,v) ~ (g,bv) for
all g € G,v € V and b € B. The projection map p : E — X is given by
p(gb,v) = gb for some g € G and for all b e B. If V is one dimensional then
the vector bundle is called a line bundle. We will denote a line bundle by

£y, where X is the weight of the one dimensional vector space.
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1.7 Cohomology and a Spectral Sequence

We will now briefly discuss cohomology. A version of all the definitions given

below is available for homology. The material is mainly from [4].

Let 2 be an abelian category. A cochain complex of objects in 2 consists of
collection of objects C = {C"| n € Z} and a collection of maps 6" : C™ - C™*1
satisfying o™ o 071 = 0. We say that = has degree n if z € C™. The cohomology
of a cochain complex C denoted H"(C) is then given by

Ker(om : C™ - C"*1)

H"(C) = .
©) = tm@rT - s oy

A short exact sequence of chain complexes
0-C -C->C" -0
gives rise to a long exact sequence of cohomology given by
.- H(C") - H*(C) - H*(C") - H™(C') > H"!(C) - ...

Let G be an algebraic group and B a Borel subgroup of GG. For the rest of
the thesis we will be using the cohomology defined by the derived functor of
induction i.e. if M is a B-module then Hi(M) = RiInd%(M). As a k-vector
space Hi(M) is isomorphic to the vector bundle cohomology Hi(G/B,G xB
M) as in [27].

Now we will describe the Grothendieck spectral sequence as given in [21].

Proposition 1.7.1. (Grothendieck Spectral Sequence) Let A4, and A" be
abelian categories with § + A - A and § : A - A" the additive functors.

If § is left exact and if § maps injective objects in A to objects acyclic for
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S, then there is a spectral sequence for each object M € 2 with differential
d, of bidegree (r,1-r), and we have

E;l,m — (Rn%,)(RmS)M —_— Rn+m(grog)M
We will be extensively using this spectral sequence in the form

R"Ind$, R™Ind M = R™™Ind% M.

1.8 On the Representation Theory of SL;
and G5

We will now consider the representation theory of SL3 and G5. We will
discuss SL3 in more depth and state the results for (G5 and leave them to the
reader to verify. Let G = SL3 then we can take the maximal torus 7" of G to

be the diagonal matrices in SL3 so
T ={g| g€ D3 and det(g) = 1}.

It is clear that dim(7T") = 2. Let t1,to € k* be the generators of T' then a

typical element ¢ € T will look like

t7 0 0
0 ty O
0 0 -+

tito

We can take a Borel subgroup B of G' to be the group of lower triangular
matrices in SLz. Recall that A\ € X(7T) is defined as a map A : T — k.
For SL3 we define maps w; and wy in X (7T') by wy(t) = t; and wy(t) = t1ts

24



then it is clear that X (7T') = Zw; + Zws therefore we can identify X (7") by
Z2. We will write X = (r, s) where r, s € Z. Recall that the A\ weight space for
a T-module V is defined by

V*={veV|tv=\(t)vforallteT}.
We will simply call A’s the weights of SL3. So in particular we have

Vs = v e V|tw = th*5t5v}.

Let = (2,-1) and 8 = (-1,2) then the set of roots ® for S L3 is given by ® =
{xa, £6, £(a+ )}, the set of positive roots ®* is given by &* = {«, 5, a+ 8},
and the set of negative roots ®~ is given by &~ = {-«,-3,-(a + 8)}. Also
SL3 has two simple roots namely « and 8. Moreover the Weyl group W of
SLj is generated by s, and sg.

Now we consider G = G5. The weights A of G5 are of the form A\ = (r,s)
where 7, s € Z. There are two simple roots of Gy given by « = (2,-1) and

B =(-3,2). The set of roots is then defined to be the Z-span of « and /.

1.9 Formulation of the Problem

Finally we will formulate the problem that we will be considering throughout
the chapters 2, 3 and 5. Let G be a reductive algebraic group and B a
Borel subgroup of G. Then G/B is a flag variety. Moreover if 9B is the
collection of all Borel subgroups of G then we can identify % with G/B
via the correspondence G/B — B such that ¢B — gBg~! see e.g. [19].
Let £, denote a line bundle on the variety G/B then we consider the i—th
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cohomology groups H{(G/B, £,). In Chapter 2 and 3 we take G = SL3 and
G = G respectively and try to find the character of H{(G/B, £,) when the

characteristic of the field £ is a prime p.

Chapter 5 gives cohomology of certain modules appearing in Demazure’s

proof of the Borel-Weil-Bott theorem (characteristic zero).
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Chapter 2

Characters of Cohomology of

Line Bundles on Flag Varieties

2.1 Introduction

In this chapter we will try to calculate the cohomology of line bundles on
flag varieties. The main part of the chapter will consist of results about the
three dimensional flag variety. We will start by giving some of the known
results in this area and then we will give some new results. Most of the new

results are based on Donkin’s results in [11].

For the rest of this chapter G will be a semisimple, simply connected linear

algebraic group over an algebraically closed field k.

2.2 Characteristic Zero Case

If the characteristic of the field k is zero then H'(G/B,L(k,)) is given by

the following theorem.
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Theorem 2.2.1. (Borel-Weil-Bott)[21, 1I, chapter 5]
If X e X*(T) and w € W then H'(w.\) =0 for i + l[(w) and H™ (w.\) =~
HO()).

Also the character of H(\) is given by Weyl character formula below.

Theorem 2.2.2. (Weyl character formula)[21, 11, proposition 5.10]
If e X*(T) and w e W, define

A(N) = ) sgn(w)e(w))

weW

then

=

where p is half sum of the positive roots.

The above two theorems resolve the characteristic zero case completely.

2.3 Characteristic p Case

A natural question to ask is what will happen when characteristic of the field
k is a prime p. One would expect the above results to generalize nicely in
this case. But the truth is far from expectation. If ¢ = I(w) then it is not
true in general that Hi(w.\) ~ HO(\) (characteristic p). Moreover a weaker

result that ch(H*(w.\)) = ch(H%(\)) is also false.

In fact we know very little in the case of characteristic p. Given below are

some of the known results.

Theorem 2.3.1. (Kempf’s vanishing theorem)[21, II, proposition 4.5]
If Xe X*(T) then H{(X\) =0 for all i > 0.
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Theorem 2.3.2. (Grothendieck vanishing) H(G/B,Ly) = 0 for all i >
dim(G/B).

Theorem 2.3.3. (Serre duality)[21, 11, 4.2(10)]
Let d = dim(G/B), then

HZ(G/B,EM)* ~ Hdii(G/B,E(M*(gkiQp)),

where M* is dual of M.

The following result by H. Andersen gives a necessary and sufficient condition
for first cohomology modules to be non-zero. Moreover this result also gives
the highest weight for the cohomology module if it is nonzero (see e.g [21, 11,
proposition 5.15].

Proposition 2.3.4. (Andersen)
Suppose char(k)=p # 0. Let a € ®* be a simple root and A\ € X(T) with
(A, av)>0.

1. Suppose (\,a) = ap™ -1 for some positive integers a,n with 0 < a < p.
Then
H'(54.0) 20 <= X e X (T).
2. Let (\,a) =) a;p’ with 0 < a; <p and a; # 0. Suppose there is some

=0
Jj<n witha; <p-1. Then

H'(54.0) #0 <= 5, A+ a,p"ae X (T).

Moreover If X € X*(T) then X is the highest weight of H'(sq.\). If

not let m be minimal with a,, <p—1. Suppose m' >m is minimal for
n

= Sa A+ Y a;p’ae X*(T). Then p is the highest weight of H'(s4.))
j=m'
and occurs with multiplicity 1.
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The following result tells us when RiIndg")\ is nonzero. We will be using this

result extensively throughout the thesis.

Proposition 2.3.5. [21, II, proposition 5.2]
Let a € S and X e X(T).

1. If (\,a¥) = =1 then RIndi* A\ =0 for alli.

2. If (\,¥) 2 0 then RInd5* A\ =0 for alli # 0.

3. If (\,a¥) < =2 then RiInd5* A =0 for all i # 1.
We will often write V,(\) for Ind£\.

Proposition 2.3.6. (The linkage principle)[21, 11, 6.17]
Let A\, e X*(T). If Extg(L(X\), L(1)) #0, then A e W - i+ pZ&.

Let G = SLy and let B be a Borel subgroup of G then dim (G/B) = 1. By
Grothendieck vanishing we have Hi(M) = 0, for all ¢« > 1. Also by Serre
duality

H(\) ~ H'(\-2p)*.

This gives us the complete result in this case.

2.4 G = SLg

For the rest of this chapter let G = SL3 unless stated otherwise. Let k be an
algebraically closed field of characteristic p. We will denote the character of
H¥(\) by x%(A). Since dim G/B =3, by Grothendieck vanishing H(M) =0,
i > 3. Also by Serre duality H3(\) ~ HO(A - 2p)* and H2(\) ~ H' (A -2p)*.
So it is sufficient to find ch H!'(\). Also by Kempf’s vanishing theorem
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Hi{(A\) =0 for all A\ e X*(T) and i > 0. For A = (r,s) € X;(T") we will denote
the character of L(r,s) by x,(r,s) and it is given by

x(r,s)-x(r-a,s—a), ifr+s+2=p+a,a>0
Xp(r, ) =
x(r,s), otherwise.

Let F': G — G be the Frobenius morphism of G defined by F'(g) = (g;;) for
all g = (g;;) € G. Let N, denote the unique two-dimensional indecomposable
B-module with character e(0) + e(—a). Thus there is a non-split short exact
sequence 0 - k_, > N, = k - 0. We denote by N,(\) the module A® N,, and
we write x% (\) for x*(N4(N)). In [11], Donkin gave a recursive description
for the characters of cohomology of line bundles on the flag variety G/B,
where G = SL3. He gave the result in three parts, p=2, p=3 and p>5. The

result in characteristic p = 2 is given below.

Lemma 2.4.1. (Donkin) For i > 0, integers r,s and o, simple roots we

have:
1. X' (2r,25) = X(r, 8) + x'(r = 1,5 = 1) + x(1,0)x (r,s - 1)F
+x(0, Dx(r - 1,5);
2. X (1+27,28) = X (r+1, 5= 1) +x(1,0)x'(r, 8)F +x(0,1)x*(r,s-1)";
3. X'(2r,1+25) = X%(T—l,S+1)F+X(1,O)Xi(7“—1,S)F-i-X(O, )x'(r,s)F;

4. X(1+2r,1+2s8) = x(1,1)x(r, )"
Also the result for x%(r,s) is given by
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Lemma 2.4.2. (Donkin) For i >0, and integers r,s and a simple root o we

have:

1. xL(2r,25) = X' (r—=1,s-1)"+x(1,0) "\ (r-1,5) " +2x(0,1)x*(r-1, s)F
+x(1,0)x0(r s - 1)";

2. xi(1+2r,25) = X' (r+1,5= 1) +x(1,0)x*(r,s) +x(0,1)x*(r,s - 1)F
+x(L DX (r - 1,5);

3 x5 (2r,1+25) = x(0, 1) (r=1,8) " +x* (r=1, s+1) " +2x(1,0)x' (r-1, s)"

+x(0, 1)x6(r, 8);
4. XL (1420, 1428) = XL (1, 8) 4+ x(1,0) ¢ (r=1, 5+ 1) F+x(0,1)x* (r-1, 5)

+x(1,1)x"(r, ).

The above result is the best result available so far which provides us with a
complete description of the characters. But due to the recursive nature of
the result it is very hard to use. In what follows we will try to give a non
recursive description for these characters. The results given rely heavily on

the recursion given in [11].

We will first give a few results on H/(N,(\)). The following theorem gives
the cohomology of H?(N,(\)), for a dominant weight .

Theorem 2.4.3. Let A € X*(T') and G be a semisimple group. Suppose o is

a stmple root.
1. If (\,a?) > 0 then H(No(X)) =0 fori>D0.
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2. If (\,av) =0 then H'(N,(X\)) =0 for all i.
Proof. We have a short exact sequence
0> A—a—> Ny(A) > A->0.
This gives rise to a long exact sequence of induction given by
0— H°(A-a) > H°(N,(\)) - H°(\) - H' (A - )

- H'(N,(\)) - H*()\) - ...

Now A € X*(T) so HY(\) =0 for all ¢ > 0 by Kempf’s vanishing theorem.
For (A, av) > 0 we have (A - a,a’) > -1 and H(\A — «) = 0 because either
(A\—a,a?) =-1or A\—a € X*(T') and the result is true by Kempf’s vanishing
theorem. So H*(N,(\)) =0. This proves 1.

For (A, a?) =0 we use the spectral sequence given by

R'Ind$, Rilndi (Va(p) ® (A-p)) = RiInd%, (Va(p) ® RiIndL (A - p)). Since
(A, a?) =050 (A= p,av) = -1 and hence RiIndE*(\ - p) = 0.

This gives the result in 2. O

Suppose A € X(T'). Now we will ask the question: when is H'(N4(\)) =
Hi(\) @ Hi(A—«)? Recall that N,(\) is given by the short exact sequence
0> A-—a— Ny(A) > A= 0. So the above statement is definitely true when
A and A - « are in different blocks. For a definition of blocks see [15]. The
next two propositions give the precise condition when A and A\ —« are in the

same block.

Proposition 2.4.4. Let G = GL3 and A = (A, 9, A3) € X(T). Let o =
(1,-1,0) be a simple root then X\ and \ -« are in the same block if and only

if X has one of following forms:
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1. ()\2 +pay, )\27 )\3)
2. ()\1,)\1 +p(l2,)\1 +1 —pal)

Proof. Using the linkage principle if A and A — « are in the same block then
A—aeW - \+pZ®P where W is the Weyl group and & is the set of roots. So
there exists some w € W and 0 € Z® such that A —a =w- A+ pfh. The Weyl
group for G Lj is the symmetric group S3. We have the following possibilities

1. Let w = I3 then A and XA — o can not be in the same block because if

they are we would have « € pZ® which is clearly not possible.

2. Let w = (12) then w- (A1, A2, A3) =w(A + 1,2, A3 -1) = (1,0,-1). For
w = (12) if A and X\ — « are in the same block then (A; =1, + 1, \3) =
(A2 =1, A1 + 1, A3) + p(aq, as,a3). Therefore A\; = Ay + pay, Ay = Ay — pas
and A3 = A3 + pag. This is only possible when ay = —a; and az = 0.

Hence A = ()\2 + paq, )\2, )\3)

3. Letw = (123) then ()\1—1,)\2+1,)\3) = ()\2—1,)\3—1, )\1+2)+p(a1,a2,a3).
Therefore A\; = Ao +pay, A3 = Ag—pas+2 and A3 = A1 +pasg+2. So we get

aj = —ag —as which is always true. Hence A = (Ag +pay, Ay, Ao +2 — pay).

4. If w = (23) then A and A\ — a can not be in the same block because if

they are we will get pa; = —1 which is clearly not possible.

5. Suppose w = (132) we get (A1 — 1L, A+ 1,A3) = (A3 =2, M+ 1, +1)+
p(ay,as,as). Therefore A3 = A\; —pay +1, Ao = A1 +pag and A3 = A\ + 1+

p(az+as). So we get —a; = ag+az. Hence X = (A1, A1 +paz, A\ +1-pay).

6. If w = (13) then A and A\ — a can not be in the same block because if

they are we will get pas = 1 which is clearly not possible.

We have the result.
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From proposition 2.4.4, we get the following

Proposition 2.4.5. Let G =SLs and A€ X(T). If p does not divide (\, ")
then
H'(Ny(\) 2~ H(\) @ H'(\ - ).

Proof. Since G = SL3 so A =(r,s), where r, s are integers. From proposition
2.4.4, X\ and A\ — « are in the same block if and only if A\ is in one of the

following forms
L. (pah >\2 - )\3)
2. (-pag, 1+ pay - pa,)

From these conditions it is easy to see the result. O

The proposition 2.4.5 help us a great deal to simplify the recursion. For an

application the results of Donkin given by Lemma 2.4.2 now become

Lemma 2.4.6. For i >0 integers r,s and a simple root o we have:
1. x4(2r,28) = X'(r=1,5-1)F +x(1,0) " x*(r-1,s)F +2x(0, 1) x(r-1,s)"
+x(L,0)xg(r s = 1)
2. XL (1+2r,28) = x'(1+2r,25) + X (2r — 1,1 + 2s);
3 %L (2r,1425) = (0, DI\ (r=1, s)F+x (r-1, s+1)F+2x(1,0) X (r-1, 5)*

+x(0, 1)xa(r,5)"
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4. XL (1+2r,1+28) = X' (1+2r,1+25) +x"(2r — 1,25 + 2).
We will now give some results about H*(\).

Proposition 2.4.7. Suppose n >0 and 0 <m <p-1 then we have

Ho(r —pr(m+1),p"(m+1)-1), r>p*(m+1
i —pm + 1) - 1) = (r=p*(m+1),p"(m+1)=1), r2p*(m+1)

0, otherwise.

Proof. Using the spectral sequence we get

Hi(r,-p"(m+1)-1) = RiIndg(r, -p"(m+1)-1)

= Ind§, R'Indy,’ (r,—p"(m +1) - 1) (2.1)
Now RiIndgﬁ(r, —p*(m+1)—-1)=0 for all i # 1. So from equation 2.1 we get
Hi(r,-p"(m+1)-1) = IndgﬁRInng(r, —-p"(m+1)-1) (2.2)
Using the Serre duality we get
RIndgﬁ(r, —-p"(m+1)-1)=(-r+1,p"(m+1)-1)"

and B(-r+1,p"(m+1)-1)" = B(r-p*(m+1),p"(m+1)-1) (Using the
SL, case). Replace the values back in equation 2.2 to get

Hi(r,-p"(m+1)-1) = Indgﬁvg(r -p"(m+1),p"(m+1)-1)

=Ind$(r - p"(m+1),p"(m +1) - 1)

Finally Ind%(r - p*(m+1),p"(m+1) - 1) # 0 if and only if 7 > p*(m+1). We

have the result.
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Proposition 2.4.8. Suppose n >0 then for all r > 2 we have
H'(p"-1,-p"-7r)=0.

Proof. Let X = sg.(p* —1,-p* —1) = (=r,p" + 1 —2) then (\,BY) = p" +71 - 2.
For r = 1 the result is true by proposition 2.4.7. Now for r > 1 we write

pr+r—2= Z ajpj. So by proposition 2.3.4 case 2, we have
=0

H'(p"-1,-p"-r)#0 < (p" - 1,-p" = 71) + anp™(-1,2) € X*(T).

The above statement is true if and only if p” > a,,p™ + 1 and 2a,,p™ > p™ +r.
From the first inequality we get n > m but if n > m then 2a,,p™ > p" +r is

never true. Hence the result. O

Proposition 2.4.9. Suppose n >0 and r > 2 then we have
HY(Ns(p" = 1,-p" = 7)) = H' (p",-p" -7 - 2).
Proof. We have the short exact sequence given by
0 (p",~p" —r-2) > Ns(p" -~ 1,=p" =7) > (p" = 1,-p" =) > 0.

Moreover HO(p" —1,-p® —=r) =0 and H'(p® - 1,-p" —r) = 0 by proposition

2.4.8. So by the long exact sequence of induction we have
0 H'(p",—p" —r-2) > H'(Ns(p" - 1,-p" = 1)) > 0.

and hence the result. O

Proposition 2.4.10. Suppose n >0 and r >0 then we have
HZ(N,B(pn =T _pn - 1)) = Hl(pn -r+ 17 _pn - 3)
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Proof. We have the short exact sequence given by
0—-(p"-r+1,-p"-3) > Ng(p"-r,-p"-1) > (p" -r,—p" -1) > 0.

Moreover H'(p® —r,—p"—1) = 0 for all 4 by proposition 2.4.7. So by the long

exact sequence of induction we have
0~ H'(p" —r+1,-p" =3) > H'(Ns(p" - r,-p" - 1)) > 0.

and hence the result. O

We would like to point out here that Donkin’s recursive formulas given [11]
are also valid for ¢ = 0. In this chapter we will often be using the phrase ”the
p—expansion of Weyl character of x(u,v)” to mean that we are considering

the expansion of x(u,v) using Donkin’s formulas.

2.4.1 The case p=2

Now we will consider the case p = 2. Kempf’s vanishing theorem implies that
X(r,s) =0 when r > 0 and s >0. Also x*(r,s) =0, if r=0,-1 ors =0, -1 see
e.g. [11, lemma 1,2]. So if xi(r,s) # 0, then either r < -1 or s < —1. Without
loss of generality we will assume that s < —1. The following result gives us

the condition when the result is the same as in characteristic zero.
Proposition 2.4.11. Let p = 2 then x'(r,-s-2) = x(r —s-1,s) for all
r>2s,r,s>0. Moreover

xL(r,-s-2)=x(r-s-1,s)+x(r-s-2,5-1)

and
Xlﬁ(r,—s—Q)zx(r—s—l,s)+x(r—s—2,s+2)

for all r > 2s, r,s > 0.
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Proof. The argument is by induction on r and s. We will divide the proof

into the following cases

1. Suppose r = 1+ 2u and s = 1 + 2v for some positive integers u and v

then
X1+ 2u,1+2(-v = 2)) = x(1L, D)x* (u, v = 2)"

=x(1,Dx(u-v-1,v)F

=x(2u-2v-1,2v+1)
=x(r-s-1,s).
2. Let r = 2u and s = 2v for some positive integers u and v then
X1(2u7 2(_U - 1)) = Xl(ua —v- 1)F + Xl(u -1,-v- 2)F + X(17 O)Xl(u7 U= 2)F
+x0, DxH(u-1,-v-1)F, (2.3)
To apply induction we need v > 2v -2 and u > 2v — 1. But by our

assumption u > 2v so both inequalities are clearly true. From equation

2.3 we get

2w, 2(~v-1)) = x(u-v,v - D + x(u-v-2,0)F +x(1,0)x(uw-v-1,v)F
+x(0,Dx(u-v-1,0-1)F (2.4)

Now the p—expansion of Weyl character of x(2u—-2v-1,2v) is given by

xQu-2v-1,2v) = x(u-v,0- 1)+ x(u-v-2,0v)"

+x(1,0)x(u—-v-1,0)F + x(0, Dx(u-v-1,v-1)F.
(2.5)

Compare equations 2.4 and 2.5 to get
X' (2u,2(-v-1)) = x(2u - 2v -1,20).
Hence the result.
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3. Now we take r = 1 + 2u and s = 2v for some positive integers u and v

then

X1(1 + 2u72(—U - 1)) = Xi(UJF 17_U - 2)F +X(1,0)X1(u,—?} - 1)F
+ X(07 1)X1(U, U= 2)F
= Xé(u'i' 17_U - 2)F +X(1,0)X(U—U,U - 1)F

+x(0,1)x(u-v-1,0v)F. (2.6)

Now the p—expansion of Weyl character of x(2u - 2v,2v) is given by

x(2u - 2v,20) = x(u-v,v)" + x(u-v-1,v-1)F

+x(1,0)x(u-v,v - 1)F + x(0, Dx(u-v-1,0). (2.7)

If equation 2.6 and 2.7 are the same we must have

xL(u+1,-v-2)=x(u-v,v)+x(u-v-1,v-1).

We will now prove that x!(r,-s-2)=x(r-s-1,s)+x(r-s-2,s-1)
for all » > 2s. If r is odd then the result is true by proposition 2.4.5

and the inductive hypothesis. We have the following two cases left

(a) Suppose r = 2u and s = 2v for some positive integers u and v we

have

Xa(2u,2(-v-1)) =x"(u-1,-v-2)" + x(1,0)"x (u-1,-v - 1)
+2x(0, Dx (u—=1,-v - 1)F + x(1,0)xL (u, v - 2)F
=x(u-v-2,0)" +x(1,0)"x(u-v-1,0-1)F +2x(0,1)
x(uw-v-1,v-DF+x(1,0)[x(u-v-1,v)+x(u-v-2,0-1)]F.

(2.8)
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Now the p—expansion of Weyl character of x(2u - 2v —1,2v) is
given by
x(2u-2v-1,20) = x(u-v,v - DI + x(u-v-2,0)
+x(1,0)x(u-v-1,v)" +x(0,)x(u-v-1,0-1)F.  (2.9)
and the p—expansion of Weyl character of x(2u—-2v-2,2v-1) is
given by
xQu-2v-22v-1)=x(u-v-2,0)" +x(u-v-1,0v-2)F
+x(L,0)x(u-v-2,0-1)F +x(0,D)x(u-v-1,0-1)F.
(2.10)
Add equations 2.9, 2.10 and note that

x(1,0)x(u—v-1,v-1) = x(u—v,v-1)+x(u—v-2,v)+x (u—v-1,v-2).

to get the result.

Now let » = 2u and s = 1 + 2v for some positive integers u and v

we have
Xé(QU, -3- 21}) = X(07 1)FX1(U - 17 -v - 2)F + Xl(u - 17 -U - 1)F

+ 2X(17 O)Xl(u - 17 U - 2)F + X(Oa 1)Xi(u> —U - 2)F (211)

Using the inductive hypothesis we get

Xa(2u, =3 = 20) = x(0, 1) x(u - v =2,0)" + x(u-v-1,0-1)"+2x(1,0)

x(u-v-2,0)+x(0,)[x(u-v-1,0) + x(u-v-2,v-1)]".
(2.12)

The p—expansion of Weyl character of y(2u—2v-2,1+2v) is given
by

xQ2u-v-1),1+2w)) =x(u-v-2,v+ 1)  + x(u-v-1,v-1)F
+x(1,0)x(u—-v-2,0)" +x(0,)x(u-v-1,0)F. (2.13)
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and the p—expansion of Weyl character of x(2u —2v —3,2v) is
x1+2(u-v-2),2w))=x(u-v-1,v-1)"+ x(u-v-3,0)"+
x(1,0)x(u—v-2,0) +x(0,)x(u-v-2,v-1)F. (2.14)
Add equations 2.13,2.14 and note that
x(0, D) x(u-v-2,v) = x(u—v-2,v+1)+x(u—v-1,v-1)+x(u—v-3,v).
to get the result.

4. Finally suppose r = 2u and s = 1 + 2v for some positive integers u and
v then
X1(2u7 I+ 2(_U - 2)) = Xé’(u - 17 i 1)F + X(L O)Xl(u - 17 —U - 2)F

+x(0, )X (u, —v=2)"
=xp(u—1,-v=-1)" +x(L,0)x(u-v-2v)"
+x(0,D)x(u-v-1,0)F. (2.15)

Now the p—expansion of Weyl character of x(2u—-2v-2,1+2v) is given

by

xQu-2v-2,1+20)=x(u-v-2,v+1)F + x(u-v-1,v-1)F
+x(1,0)x(u = v =2,0)" +x(0, )x(u-v-1,0)".
(2.16)

If equation 2.15 and 2.16 are the same we must have
xplu-1,-v-1)=x(u-v-2,v+1)+x(u-v-1,0-1).
We will now prove that Xé(r, —s=2)=x(r-s-1,8)+x(r-s—-2,s+2)

for all » > 2s. If s is odd then the result is true by proposition 2.4.5

and the inductive hypothesis. We have the following two cases left
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(a) First we take r = 2u and s = 2v for some positive integers u and v

then

Xé(Qua 2(_U - 1)) = Xl(u - 17 U= 2)F + X(O7 1)FX1(u7 O 2)F

+2x(L,0)x" (u,—v = 2)" + x(0, ) xp(u-1,-v-1)". (2.17)
Using the inductive hypothesis we get

Xp(2u,2(-v-1)) = x(u—-v-2,0)" +x(0,1) " x(u-v-1,0)" +2x(1,0)
x(u-v-1,0)" +x(0,)[x(u-v-1Lv-1)+x(u-v-2,v+1)]F.
(2.18)

Also the p—expansion of Weyl character of y(2u - 2v - 1,2v) is
given by
x(1+2(u-v-1),20) = x(u-v,v -1 +x(u-v-2,0)F
+x(1,0)x(u-v-1,v)"+x(0,1)x(u-v-1,0-1)F. (2.19)
and the p—expansion of Weyl character of x(2u - 2v—2,2v+2) is

xQu-v-1),2(v+1))=x(u-v-1v+1)" +x(u-v-2,0)"

+x(1,0)x(u-v-1,0)" +x(0,)x(u-v-2,0+ 1) (2.20)
Add 2.19,2.20 and note that

x(0, D) x(u—v-1,v) = x(u—v-1,v+1)+x(u-v,v-1)+x(u-v-2,0).
(2.21)

to get the result.

(b) In our very last case we consider r = 1+ 2u and s = 2v for some

positive integers v and v then

Xé(l + 2“7 _2(_U - 1)) = X(L O)FXl(Ua -U = 2)F + Xl(u + 17 e 2)F

+2x(0,1)x" (u,—v = 2)" + x(1,0) x s (u, —v - 1)". (2.22)
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Using the inductive hypothesis we have

X}j(l +2u,2(~v-1)) = x(1,0) " x(u-v-1,0v) + x(u-v,v)" +2x(0,1)
x(u-v-1,0)" +x(1,0)[x(u-v,v-1)+ x(u-v-1,v+1)]F.
(2.23)

The p-expansion of Weyl character for x(2u - 2v,2v) is given by

x2(u-v),20) = x(u-v,0)" +x(u-v-1,v-1)F

+x(1,0)x(u-v,0-1)" +x(0,1)x(u-v-1,0)".  (2.24)
and the p—expansion of Weyl character of x(2u—2v-1,2v+2) is

YA +2uw-v-1),2(v+1))=x(u-v,0)" +x(u-v-2,v+1)F

+x(L0)x(u-v-1,0+1)" +x(0,D)x(u-v-1,0)F. (2.25)
Add equations 2.24 and 2.25 and note that

X(1,0)x(u—v-1,v) = x(u-v,v)+x(u—v-2,v+1)+x(u-v-1,0-1).
(2.26)

to get the result.

This completes the proof.

Corollary 2.4.12. Let p=2. Then the sequence
0 H(r-2,-s-1) — H'(Ny(r,-s-2)) — H'(r,-s-2) — 0

15 exact for all r > 2s.
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Proof. We know that the sequence
1 ¢ 1 % 1
H' (r-2,-s-—1) — H (Ny(r,-s-2)) — H'(r,-s—2)
is exact meaning Im¢ = Kerty). Moreover by proposition 2.4.11, we have

V(=5 =2) =Y (r, =5 = 2) 4\ (r =2, -5 - 1).

Let X = H'(r-2,-s-1), Y = H(Ny(r,-s-2)) and Z = H'(r,-s - 2).
Now Imy ~ Y /Kery ~ Y /Ime, therefore dim Y = dim Im¢ + dim Img). It is
clear that dim Imt < dim Z. Also by the character result we have dim Y =
dim X +dim Z. Now dim Im¢ = dim Y — dim Im¢) < dim Y —dim Z = dim X.
This implies dim Im¢ < dim X. We have proved that dim Im¢ < dim X and
dim Ime < dim Z but dim Y = dim X + dim Z so we must have the equality.

This proves that ¢ is injective and v is surjective and hence the result. [J

The only region left to consider is when r < 2s. We will give here a few special
cases to give us an idea how the general case may look like. The proof is by
repeated application of recursive formulas and is very easy but long. We will
leave it to the reader to verify. The cases s = -2, -3, -5 are already given in

[11].

X' (r,—4) = x(r-3,2), r>3

0, otherwise.
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x(0,2), r=4

x(0,4) +x(0,1), r=5

(o =6) = x(1,4) + x(0), r=>6
x(2,4)+x(0,1)F, r=7
x(r—->5,4), r>8
0, otherwise.
x(0,1), r=4
x(1,1), r=>5

X (r,=7) ={x(0,5) + x(1,0), r=6

x(r—=6,5), r>7
0, otherwise.
x(0), r=4
X(170)> r=>5

XH(r,=8) = 1x(0,2)F + x(0,1), r=6

x(r-17,6), r>7

0, otherwise.

x(r-8,7), r>8
Xl (Ta _9) =
0, otherwise.

X' (r,=10) = {y(r-9,8), r>9

0, otherwise.
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x(0,5), r=8
x(1,5), r=9
x(0,9) + x(1,4), r=10
x(1,9) + x(1,3), r=11
x(2,9) +x(1,2), r=12
X' (r,=11) = 43(3,9) + x(1,1), r=13
x(4,9) + x(1,0) + x(0,1)x(0, 1), r=14
x(5,9) + x(1,1)x(0,1)F?, r=15
x(6,9) + x(1,0)x(0, 1), r=16
x(r-10,9), r>17
0, otherwise.

Proposition 2.4.13. y!(27,-2" -2) = x(0,2" - 2), for all n > 0.

Proof. The argument is by induction on n. The result is true for n = 1 by
above special cases. Suppose the result is true for n — 1. Using the recursive
formula we have
Xl(Qna _on _ 2) — X1(2n_1, _2n—1 _ 1)F + X1(2n—1 _ ]_7 _2n—1 _ 2)F

+ X(L O)Xl(zn_lv _2n—1 - 2)F + X(07 1)X1(2n_1 - 17 _2n—1 - 1)F (227)
Now by proposition 2.4.8 we have (271 -1,-2""1-2) =0. Also x'(2" ! -
1,-27"1-1) =0 and x!(2"!,-271 - 1) = x(0,2"! - 1) by proposition 2.4.7.
the equation 2.27 becomes

X2, =2 =2) = x(0,2" 1 = )" + x(1,0)x(0,2" ! = 2)". (2.28)

47



Finally compare equation 2.28 with the p—expansion of Weyl character of

x(0,27 —2) to get the result. O

Proposition 2.4.14. Suppose n >0 then we have x*(2" -1,-2") = x(0,2" -
2). Also
Xi(?”, -2"-1) =x(0,2" - 1).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get
X1(2n _ 17 _2n) — X(ll(2n—1’ _2n—1 _ 1)F + X(17 0)X1(2n—1 _ 1, _2n—1)F
+x(0, ) (2m !t -1, -2 1), (2.29)

Now x!(271-1,-27"1-1) =0 by proposition 2.4.7. Also the p—expansion of
Weyl character of x(0,2" —2) gives

X(07 2" - 2) = X(07 2n—1 - 1)F + X(L O)X(07 2n—1 - 2)F

So if the result is true we must have x! (2771, =271 - 1) = (0,271 - 1). We
will show this by induction on n. The result is clearly true for n = 1. Now

by the recursive formula we get

X(ll(2n7 _on _ 1) — X(O7 1)FX1(2n—1 _ 17 _2n—1 _ 1)F + X1(2n—1 _ ]_7 _2n—1)F
+ 2X(17 O)Xl(Qn_l - 17 _2n—1 - 1)F + X(07 1)Xé(2n_17 _2n—1 - 1)F
(2.30)
Now x!(2n-! —1,-27"1 = 1) = 0 by proposition 2.4.7. Using the inductive
hypothesis equation 2.30 becomes
Xé(2n7 2" - 1) = X(Oa 2n71 - 2)F + X(07 1)X(Oa 2n—1 - 1)F

= x(0,2" - 1). (2.31)
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Substituting from equation 2.31 to equation 2.29 and using the inductive

hypothesis we get the result. O]

Proposition 2.4.15. y!'(27,-2") = x(1,2" - 2) for alln > 0.

Proof. We argue by induction on n. The result is clearly true for n = 0.

Suppose the result is true for all £ <n then we have

X1(2t7 _2t) = X(L 2t - 2)
Now for n =t +1 we get
X1(2t+17 _2t+1) — X1(2t7 _2t)F + X1(2t _ 17 _2t _ 1)F
+ X(lu 0)X1(2t7 _2t - l)F + X(()? 1)X1(2t - 17 _2t)F‘ (232)
From propositions 2.4.14 and 2.4.7 we get that x!(2¢ - 1,-2") = x(0,2¢ - 2)
and x!'(2-1,-2t-1) = 0. Also x'(2%,-2t - 1) = x(0,2* - 1) by proposition
2.4.7. The equation 2.32 becomes
X2 =2 = x(1,2°-2) P +x (1, 0)x (0,2 -1) "+ (0, 1) x(0,2°-2) " (2.33)

Compare the p—expansion of Weyl character of y(1,2!*! - 2) with equation
2.33 to get the required result. O

Proposition 2.4.16. Suppose n >0 then we have x*(2" +1,-2") = x(1,2" -
2). Also
X}X(Q", -2"-1) =x(0,2" - 1).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get
(204 1,2 = A2+ L2 - 1)F (L 0)x (2, -2 )

+x(0, 1)yt (2™, —2nt - 1), (2.34)
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Now x!(271, =271 —-1) = x(0,2""1 - 1) by proposition 2.4.7. Also by propo-
sition 2.4.15 we get x!'(2771,-27"1) = x(1,2"! = 2). The proposition 2.4.5
gives

)((11(2"71 +1,-2"71 - 1) = x(1, on-l_ 1)+ )(((),2”71 -2).
The equation 2.34 becomes
XH2 1 -2 = (1,277 = 1)+ x (0,277 = 2)]7 + x(1,0)
(1,277 = 2)F 4 3 (0,1)x(0,2" ~1)"" (2.35)
Also the p—expansion of Weyl character of x(1,2" —2) gives
x(1,2" = 2) = [x(1,2"7" = 1) + x(0,2""" = 2)]" + x(1,0)
V(1,277 = 2)F 4 (0, 1)x(0, 21 - )T, (2.36)

Compare equations 2.35 and 2.36 to get the result. O]

Proposition 2.4.17. Supposen > 0 then we have x*(2"-1,-2"+1) = x(1,2"-
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

Y(2M-1,-2"+1) = x(1, 1)) (27! -1, -2 H)F
= x(1,1)x(0,2" 1 - 2)"

= x(1,2" - 3).

Proposition 2.4.18. Suppose n >0 then we have x*(2",-2"+1) = x(2,2" -
3).
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Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

V220 1) = B2 = -2 )P (L0 (2 - 1, -2

(0, )X (2, —2n ) (2.37)

Now x!(2n-1 —1,-27"1) = x(0,27"! - 2) by proposition 2.4.14. Also
x'(2n 1 -2n71) = (1,271 = 2) by proposition 2.4.15. Moreover proposition
2.4.5 gives

X%(T—l -1,-2" 4+ ) =2t -1 -2 )+ (2n T -2 - )
Using propositions 2.4.7 and 2.4.17, equation 2.37 becomes

(27 2"+ 1) = [x(1,277 = 3) + x (0,27 = 1)]F + x(1,0)x* (0,271 = 2)F

+x(0, )x' (12" - 2)", (2.38)

Compare equation 2.38 with the p—expansion of Weyl character of x(2,2"-3)
to get the result. O

Proposition 2.4.19. Suppose n > 0 then we have x*(2"+1,-2"+1) = x(3,2"-
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

YR+ 1,27+ 1) = (1, D)2, —2n ) F
=x(L x(1,2" - 2)"

= x(3,2" - 3).
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Proposition 2.4.20. Suppose r,n >0 then we have

x(0,2"=7r), n>r-1
Y2, -2" -r) =

0, otherwise.

Proof. We argue by induction on r. The result is true for r = 1 by proposition
2.4.7. Suppose the result is true for all t—1 < r. For r = ¢ we have the following

two possibilities.
1. Suppose t is even then t = 2u for some positive integer u we have

(27, -2" - 2u)
=M@ -2 ) (2 -, -2 - )
+x(1,0)x (27, =2 —u = 1)F + (0, 1)) (27 -1, -2 —w)F.
(2.39)

By proposition 2.4.8 we have (271 -1,-27"1—y-1) =0 and x!(2"!-
1,-27"1 —u) = 0. Using the inductive hypothesis we get

12, -2" = 2u) = x (0,27 —u)T + x(1,0)x' (0,2 —u - 1)F. (2.40)

Compare equation 2.39 with the p—expansion of Weyl character of

x(0,2" - 2u) to get the result.

2. Now suppose r = 2u + 1 for some positive integer u then we have

(2", -2" - 2u—1)
= X520 -1, =27 =) (L) (2 - 1,27 - - 1)

+x(0, )X (2™t -2t — - 1)F. (2.41)
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By proposition 2.4.8 we have x'(2" 1 -1,-2""1 -y —-1) = 0. Also by
proposition(16) we have y3(2"~" -1, -2 —u) = x' (2", -2t —u - 2).

Using the inductive hypothesis we get
(2", -2"-2u~1) = x(0, 2" —u—-2)"+x(0,1)x* (0, 2"t —u-1)". (2.42)

Compare equation 2.42 with the p—expansion of Weyl character of

x(0,27 —2u - 1) to get the result.

2.4.2 The case p=3

We will now give a version of the results given in the above section in p = 3.
The following proposition tells us when the result is the same as in charac-

teristic zero.

Proposition 2.4.21. Let p = 3 then x'(r,-s -2) = x(r = s—-1,s) for all
r>3s,r,s>0. Moreover
xL(r,-s-2)=x(r-s-1,8) +x(r-s-2,s-1)
and
Xp(r,=s=2)=x(r—-s-1,s)+x(r-s-2,s+2)
for allr>3s, r,s>0.
Proof. The proof is again by induction and the recursive formulas given in

[11]. As in characteristic p = 2 there are many cases to consider. We will

outline some of the cases below.
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1. First let r = 2+ 3u and s = 2 + 3v for some positive integers v and v

then we have

X2+ 3u, -3v - 4) = x(2,2)x* (u, v - 2)F

= X(27 Q)X(U —U- ]-7 U)F
=x(Bu-3v-1,2+3v).
This proves the result in this case.

2. Next we take r =1+ 3u and s = 1 + 3v for some positive integers u and

v then we have

(1 +3u,-3v-3) = x(1,0)[x! (u,~v - 1) + x' (u - 1,~v - 2)]"
+x0,2)x (u-1,-v-1)F + x(2,1)x (u, —v - 2)*
=x(1,0)[x(u-v,v-1)+x(u-v-2,0)]"

+x00,2)x(u-v-1,v-1)F +x(2,D)x(u-v-1,v)F. (2.43)

Now the p—expansion of Weyl character of x(3u-3v-1,1+3v) is given
by

xBu-3v-1,1+3v) = x(1,0)[x(u-v,v-1) + x(u-v-2,0)]"
+x(0,2)x(u-v-1,v-1)F +x(2,D)x(u-v-1,v)F.
(2.44)

Compare equations 2.44 and 2.43 to get the result.

3. Now consider r = 3u and s = 3v for some positive integers u and v then

o4



we have

' (Bu, -3v -2) = x(0, D)[x ' (u,~v - 1) + x' (u-1,-v-2)]"
+x(2,0)x (u, —v - 2)" + x(1,2)x (u - 1,-v - 1)*

=x(0,D)[x(u-v,v-1)+x(u-v-2,0v)]"

+x(2,0)x(u-v-1,0-1)F +x(1,2)x(u-v-1,v-1)F. (2.45)

Now the p—expansion of Weyl character of y(3u-3v-1,3v) is given by

x(Bu—-3v-1,3v) = x(0, D[x(u—-v,v-1) + x(u—-v-2,0)]"
+x(2,0)x(u-v-1,v-1)F +x(1,2)x(u-v-1,v-1)F.
(2.46)

Compare equations 2.45 and 2.46 to get the result.

4. Let r =2+ 3u and s =1+ 3v for some positive integers u and v then we

have

X2+ 3u,-3v - 3) = x(0, 1)x(u+1,-v-2)"+x(2,0)x" (u, v - 1)F
+x(1,2)x" (u, —v - 2)F
=x(0,)xi(u+1,-v-2)" +x(2,0)x(u-v-1,0-1)F

+x(L,2)x(u-v-1,0)F. (2.47)

Now the p—expansion of Weyl character of x(3u—3v,1+3v) is given by
x(3u—3v,1+3v) =x(0,D[x(u-v,0)+x(u-v-1,0v-1)]"
+x(2,0)x(u-v,0 - 1)+ x(1,2)x(u-v-1,0)F. (2.48)
If equations 2.47 and 2.48 are equal we must have
xa(u+1l,-v-2)=x(u-v,v)+x(u-v-1,v-1).
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We will now show that x!(r,—s-2) = x(r-s-1,s)+x(r-s-2,s-1). By
proposition 2.4.5 the result is true whenever r # 3u for some positive
integer u. We will now cover the case when r = 3u and we have the

following cases for s.

(a) Let s =3v then we get

& (Bu, —3v-2) = x(0, D[x (u-1,-v-2) + x(1,0)x* (u - 1,-v - 1)]"
+x(2,0)x% (u, v - 2)F + 2x(1,2)x* (u - 1,-v - 1)F
=x (0, D[x(u-v-2,v)+x(1,0)x(u-v-1,v-1)] +x(2,0)
[x(u-v-1,0)+x(u-v-2,0-1)]F +2x(1,2)x(u-v-1,0)F.

(2.49)

Now the p—expansion of Weyl character of x(3u - 3v - 1,3v) is
given by

x(Bu—-3v-1,3v) = x(0, ) [x(u—v,v-1) + x(u—-v-2,v)]"
+x(2,0)x(u-v-1,0) +x(1,2)x(u-v-1,v-1)F.

(2.50)

And the p—expansion of Weyl character for y(3u —3v-2,3v-1)

is

x(Bu-3v-2,3v-1) = x(0,)[x(u-v-2,v)+x(u-v-1,0-2)]"
+x(2,0)x(u-v-2,0-1)" +x(1,2)x(u-v-1,v-1)F.

(2.51)

Add equations 2.50 and 2.51 and compare it with equation 2.49
to get the result.
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(b) Now suppose s = 3v + 2 then we have

YL (3u, -3v-4) = x(1,0)[x* (u-1,-v-1) + x(0, Dx'(u-1,-v-2)]"
+x(0,2)xL (u, v = 2)F + 2x (2, 1)x* (u -1, -v - 2)F
=x(1,0)[x(u-v-1,0-1)+x(0,1)x(u-v-2,v)]" +x(0,2)
[x(u-v-1,0)+x(u-v-2,0-1)]" +2x(2, )x(u-v-2,v)F.

(2.52)

Now the p—expansion of Weyl character of x(3u—-3v-3,2+3v) is
given by
x(Bu-3v-3,2+3v) = x(1,0)[x(u-v-2,v+ 1)+ x(u-v-1,v-1)]F
+ X(Oa 2)X(U —U- 17 U)F + X(27 1)X(U -v- 27 U)F'
(2.53)
And the p—expansion of Weyl character for x(3u —3v-4,3v+1)
is
x(Bu-3v-4,3v+1) =x(1,0)[x(u-v-1,v-1) +x(u-v-3,v)]"
+x(0,2)x(u=v-2,0-1)" + x(2,1)x(u-v-2,0)".
(2.54)
Add equations 2.53 and 2.54 and compare it with equation 2.52
to get the result.

(c) Finally we have the case when s = 1+ 3v which follows exactly the

same as the above two cases. We will omit the details.

This completes the result in this case.
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Corollary 2.4.22. Let p=3. Then the sequence
0 H(r-2,-s-1) — H'(Ny(r,-s-2)) — H'(r,-s-2) — 0
15 exact for all r > 3s.

Proof. We know that the sequence
1 ¢ 1 % 1
H' (r-2,-s-—1) — H (Ny(r,-s-2)) — H'(r,-s—2)
is exact meaning Im¢ = Kerty). Moreover by proposition 2.4.21, we have

V(=5 =2) =\ (r,=s = 2) 4\ (r =2, -5 - 1).

Let X = H'(r-2,-s-1), Y = H(Ny(r,-s-2)) and Z = H'(r,-s - 2).
Now Imy ~ Y /Kery ~ Y /Ime, therefore dim Y = dim Im¢ + dim Img). It is
clear that dim Imt < dim Z. Also by the character result we have dim Y =
dim X +dim Z. Now dim Im¢ = dim Y — dim Im¢ < dim Y —dim Z = dim X.
This implies dim Im¢ < dim X. We have proved that dim Im¢ < dim X and
dim Ime) < dim Z but dim Y = dim X + dim Z so we must have the equality.

This proves that ¢ is injective and v is surjective and hence the result. [

As explained in characteristic p = 2 the only region left to consider is when
r < 3s. We will give here a few special cases to give us a sense of the general

case.

x(r-=1,0), r>0
Xl (Ta _2) =
0, otherwise.
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x(0,1), r=2
x(1,1), r=3
x(2,1), r=4
Xl(ra _3) =
x(3,1) +x(0,1)x(0,2)", r=5
x(r—=2,1), r>6
0, otherwise.
x(r-3,2), r>3
Xl(ra _4) =
0, otherwise.
x(0,1), r=3
x(0,3) +x(0), r=4
Xl(ra_5> =
x(r-4,3), r>5
0, otherwise.

Now we will try to give a version of all the results given for p = 2 in the case
of p=3.
Proposition 2.4.23. x!(3",-3" - 2) = x(0,3" - 2), for all n > 0.

Proof. The argument is by induction on n. The result is true for n = 1 by the
special cases above. Suppose the result is true for n — 1. Using the recursive

formula we have

XH(3%,=3"=2) = x(0, )X (3", =3" = 1) + X' (3" - 1, =371 - 2)]F

+ X(27 O)X1(3H_17 _3n—1 - 2)F + X(la 2)X1(3n_1 - 17 _3n—1 - 1)F (255)
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Now by proposition 2.4.8 we have (3"t -1,-37"1 -2) =0. Also x!(3"! -
1,-37"1=1) =0 and x'(3"!,-3""1 -1) = x(0,3"! = 1) by proposition 2.4.7.

The equation 2.55 becomes
X1(3n7 -3" - 2) = X(Oa 1)X(07 3nt - 1)F + X(Qa O)X(07 3nt - 2)F (256)

Finally compare equation 2.56 with the p—expansion of Weyl character of

x(0,3" = 2) to get the result.

Proposition 2.4.24. Suppose n >0 then we have x'(37-1,-3") = x(0,3" -
2). Also
Xi(gna -3" - 1) = X(07 3" - 1)

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get
X'(3"=1,-3") = x(0, x4y (3", 3" = 1)+ x(2,0)x' (3" - 1,-3""H)F
+x(1,2)x' (3™ -1, -3t - 1), (2.57)

Now x!(3"1-1,-3""1-1) =0 by proposition 2.4.7. Also the p—expansion of
Weyl character of x(0,3" - 2) gives

x(0,3" = 2) = v(0,1)x(0,3™ 1 = 1)F + x(2,0)x (0,37 - 2)F.

So if the result is true we must have x} (371, =371 -1) = x(0,3"1 - 1). We
will show this by induction on n. The result is clearly true for n = 1. Now

by the recursive formula we get

Xé(3n7 =-3" - 1) = X(lv 0)[X1(3n_1 - 17 _377,—1) + X(07 1)
X3 =1, -3 = )T+ x(0,2)x, (3", -3 - 1)

+2x(2,1)x (3" - 1,-3" - 1)F. (2.58)
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Now x!(37! —1,-3""1-1) = 0 by proposition 2.4.7. Using the inductive

hypothesis equation 2.58 becomes
Xa(3",-3" = 1) = x(1,0)x(0,3"" = 2)" + x(0,2)x(0,3"" = 1)"

= x(0,3" - 1). (2.59)

Replacing value from equation 2.59 to equation 2.57 and using the inductive

hypothesis we get the result. O]

Proposition 2.4.25. x'(3",-3") = x(1,3" - 2) for alln>0. Also
Xé(?)” -1,-3") = x(0,3"-2).

Proof. We argue by induction on n. The result is clearly true for n = 0.

Suppose the result is true for all £ < n then we have
X' (35, -3") = x(1,3" - 2).
Now for n =t +1 we get
X1(3t+17 _3t+1) = [Xl(?)ta _3t) + Xl(?’t - 17 _3t - 1)
+ Xé(gt - 17 _3t) + Xé(gta -3' - 1)]F
+chL(p)[x'(3%,-3" = 1) +x* (3" = 1,-3") + x' (3" - 1,-3" - 1)]*.  (2.60)

From propositions 2.4.14 and 2.4.7 we get that x!(3t-1,-3") = x(0, 3'-2) and
X1(3t-1,-3t-1) =0. Also x!(3*,-3"-1) = x(0,3! — 1) by proposition 2.4.7.
Moreover xt (3!, -3t -1) = x(0,3" —= 1) by proposition 2.4.24. The equation

2.60 becomes

X1(3t+17 _3t+1) = [X(L 3t - 2) + X[li’(3t - 17 _3t) + X(Oa 3t - 1)]F

+chL(p)[x(0,3" - 1) +x(0,3" - 2)]". (2.61)
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Now the p—expansion of Weyl character of x(1,3"*! - 2) is given by

x (1,351 = 2) = [x(0,3" - 2) + x(1,3" = 2) + x(0,3" - 1)]¥
+chL(p)[x(0,3" - 1)+ x(0,3" - 2)]". (2.62)

Now if equations 2.61 and 2.62 are equal we must have xp(3' - 1,-3") =
x(0, 3t = 2). We will prove this by recursion. We have

X}%(?)t - ]-7 _3t)
= X(07 1)[X1(3t_1 + 17 _St_l - 1) + X(17 O)Xl(gt_l - 17 _St_l - 1)]F
+x(2,0)x5(37 =1, =37+ 2x (1, 2)x ' (3" - 1,-3"1 - 1) (2.63)

From proposition 2.4.7 we get that (3! +1,-3""1 - 1) = x(1,3""1 - 1) and
x'(3t=1,-3"-1) = 0. The equation 2.63 becomes

xp(3°=1,-3") = x(0,1)x (1,37 = 1)" + x(2,0)x(0,3"1 -2)".  (2.64)

Compare this with the p—expansion of Weyl character x(0, 3! - 2) to get the

required result.

Proposition 2.4.26. Suppose n >0 then we have x*(3" +1,-3") = x(1,3" -
2).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

Xl(gn + 17 _3n) = X(L 0)[X1(3n_17 _3n—1) + Xl(gn—l - 17 _3n—1 - 1)]F + X(O7 2)

V@ L3 @O E T - D (269)
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Now x!(371,-3""1-1) = x(0,3"1 = 1) by proposition 2.4.7. Also by propo-
sition 2.4.25 we get (3771, -3771) = x(1,3"1 - 2) and x'(3*!1-1,-3""1) =
x(0, 371 = 2) by proposition 2.4.24. The equation 2.65 becomes

X1(3n + ]-7 _Sn) = X(L O)X(L 3n—1 - 2)F + X(07 2)X(07 3n—1 - 2)F

+x(2,1)x(0,3" - 1) (2.66)
Also the p—expansion of Weyl character of x(1,3" —2) gives
X(1,3" =2) = x(L,0)x (L, 3" = 2)" + x(0,2)x(0,3" - 2)"
+x(2,1)x(0,3" 1 - 1)F. (2.67)

Compare equations 2.66 and 2.67 to get the result. O

Proposition 2.4.27. Supposen > 0 then we have x'(3"-1,-3"+1) = x(1,3"-
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

(3" =1,-3"+1) = x(1,0)xL (3", =31 = 1)F + x(0,2)
X3 -1, -3 =) e x (2, )X (3 -1, =3
(2.68)
Now x!(37~1-1,-37"1-1) = 0 by proposition 2.4.7. Also by proposition 2.9 we
have x} (3771, -37"1-1) = x(0,3"!-1) and x'(3"1-1,-3""1) = x(0,3""1-2).

The equation 2.68 now becomes
X1(3n -1, -3"+ 1) = X(17 O)X(Oa 3n—1 - 1)F + X(27 ]-)X(O: 3n—1 - 2)F (269)

Compare equation 2.69 with the p—expansion of Weyl character of x(1,3"-3)
to get the result.
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Proposition 2.4.28. Suppose n >0 then we have x*(3",-3"+1) = x(2,3" -
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

Xl(gn’ -3" + 1) = X(O7 1)[X1(3n—1’ _3n—1) + Xl(?’n_l - 17 _3n—1 - 1)]F

+ X(27 O)Xl(gn_la _3n—1 - 1)F + X(17 Q)Xl(gn_l - 17 _3n—1)F‘ (270)

Now x!'(37~1—1,-3""1) = x(0,3""! = 2) by proposition 2.4.24. Also
X' (371, =3771) = x(1,37! = 2) by proposition 2.4.25. Moreover proposition
2.4.7 gives x'(371 -1,-3""1 - 1) = 0. Equation 2.70 becomes

X'(3", 3" +1) = x(0,1)x(1,3"" = 2)" + x(2,0)x(0,3" " ~ 1)"
+x(1,2)x(0,3"1 - 2)F. (2.71)

Compare equation 2.71 with the p—expansion of Weyl character of x(2,3"-3)
to get the result. O]

Proposition 2.4.29. Supposen > 0 then we have x'(3"+1,-3"+1) = x(3,3"-
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

(3 +1,-3"+1)
= [Xé(?)n_l - ]-7 _Sn_l + 1) + X(l)z(?)n_l + ]-a _Sn_l - 1) + Xl(gn—l’ _Sn_l)
X - L D] AL () (3-8 (33 1)

+xH (3"t -1, -3 H]E. (2.72)
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By proposition 2.4.5 we have

Xp(3M T =1,-3"1 1) = (3 -1, =3+ ) (30, -3 - )

and

Xa(B 41, =3 = 1) = (3 + 1,37 - )+ X (30 -1, -3 ).

Also using proposition 2.4.7, 2.4.24 and 2.4.25 the equation 2.72 becomes

3" +1,-3"+1)
= [X(Lsn_l - 3) + X(O73n_1 - ]-) + X(]-a 377,—1 - ]')

+x(0,3"1 = 2) + x(1,3"1 - 2)]F + chL(p)

(1,377 =2) +x(0,3"" = 1) + x(0,3" - 2)] .

The p—expansion of Weyl character of x(3,3" - 3) is given by
X(37 3" - 3)

= [0(1,371 = 8) + x(0,3" 1) + ¢(1,3" ~ 1)
(0,371 = 2) + x(1,3" = 2)]F + chL(p)

[x(1,3"71 =2) + x(0,3"" = 1) + x(0,3"" = 2)]".

Hence the result.

Proposition 2.4.30. Suppose r,n >0 then we have

x(0,3"=7r), n>r-1
(3-8 - ) =
0, otherwise.

(2.73)

(2.74)

Proof. We argue by induction on r. The result is true for r = 1 by proposition

2.4.7. Suppose the result is true for all t—1 < r. For r = ¢ we have the following

three possibilities
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1. Suppose t = 2 + 3u for some positive integer u we have

(3™, -3" - 3u-2))
=x(0, D)3, -3 —u - 1) + (3 -1, -3~y - 2)]F
+x(2,0)x (3", -3 —u = 2)F (1, 2)x (3" -1, -3 —u - 1)F,
(2.75)

By proposition 2.4.8 we have x'(371-1,-3""1-u-1) =0 and x!'(3"!-

1,-3""1 —u) = 0. Using the inductive hypothesis we get
(3™, -3"=3u-2) = x(0,1)x(0,3"  —u—-1)"+x(2,0)x(0,3"  ~u-2)F.
(2.76)

Compare equation 2.76 with the p—expansion of Weyl character of

x(0,3" = 3u - 2) to get the result.

2. Now suppose r = 3u + 1 for some positive integer u then we have

(3", -3" - 3u-1)
= X(L O)X,lﬁ(3n71 - 17 _37%1 - U)F + X(Oa 2)X1(3n717 _3n—1 —u- 1)F

+x(2, D' (3™ -1, -3" 1 —u - 1), (2.77)

By proposition 2.4.8 we have (371 -1,-3""1-4) = 0. Also by propo-
sition 2.4.5 we have xj(3"' - 1,-3""1 —u) = }'(3"71,-3""! —u - 2).

Using the inductive hypothesis we get

Xl(gn’ _3n_3u_1) = X(L O)X(O> 3n_1_u_2)F+X(07 2)X(07 3n—1_u_1)F.
(2.78)

Compare equation 2.78 with the p—expansion of Weyl character of

x(0,3" = 3u—-1) to get the result.
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3. Finally let r = 3u for some positive integer u then we have

X' (3", -3" = 3u)
=[x'(3™ Y, =3 —w) + (3" -1, -3 - - 1)
18 ) @ )
+chL(p)[X' (3", -3" —u—1) + X' (3" = 1,-3"" —u)

+xM B -1, -3 —u - 1)) (2.79)

By proposition 2.4.8 we have x!(3"1-1,-3""1-u) = 0. Also by propo-
sition 2.4.5 we have xp(3"' - 1,-3""1 —u) = x'(3"!,-3""! —u - 2).

Using the inductive hypothesis we get

(3™, =3" = 3u) = [x(0,3" 1 —u) +x(0,3" ! —u-2)

+x (3", =3 —u—1)]F + chL(p)x(0,3" ! —u—-1)F. (2.80)

Now the p—expansion of Weyl character of x(0,3" - 3u) is given by

x(0,3™ = 3u) = [x(0,3" " —u) +x(0,3" ™ —u—-2) +x(0,3" —u-1)]"
+chL(p)x(0,3" ! —u-1)F. (2.81)

If the equations 2.80 and 2.81 are the same then we must have
L3, =3 —u—1) = x(0,3" ! —u-1).

This completes the proof.
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2.4.3 The case p>5

In this section we take p > 5 try to give simplify the recursion in this case.
The following proposition tells us when the result is same as in characteristic

Zero.

Proposition 2.4.31. Let p > 5 then x'(r,-s -2) = x(r —s—-1,s) for all
r>ps, r,s>0. Moreover
xo(r,-s-2)=x(r-s-1,8)+x(r-s-2,5-1)
and
Xp(r,=s=2)=x(r-s-1,5) +x(r-s-2,5+2)
for all r>ps, r,s>0.
Proof. The proof is again by induction and the recursive formulas given in

[11]. As in characteristic p = 2,3 there are many cases to consider. We will

outline some of the cases below.

1. First let r =a+pu and s+ 2 =—-p+ 2+ a+ pv for some positive integers

u and v and 0 < a < p -2 then we have

x'(a+pu,p-2-a-pv)
=x(p-1,a)x" (u,~v-1)" + x(a,p-2-a)[x"(u,-v)
+ Xl(u_ I,—v- 1)]F + X(p_ 2- a,p - 1)X1(u_ 17_U)F'

Apply the inductive hypothesis to get

X'(a+pu,p-2-a-pv)
=x(p-La)x(u-v,v-1)"+x(a,p-2-a)[x(u-v+10v-2)
+x(u-v-Lov-1D)]"+x(p-2-a,p-1)x(u-v,v-2)" (2.82)
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The p—expansion of Weyl character of x(p-1+p(u-v),a+p(v-1))is
given by
X(p=1+p(u=v),a+p(v-1))
=x(p-La)x(u-v,v-1)"+x(a,p-2-a)[x(u-v+1v-2)

+x(u-v-Lv-D]F+x(p-2-a,p-1)x(u-v,v-2)". (2.83)

Compare equations 2.82 and 2.83 to get the result.

. Now suppose r = p—1+pu and s+2 = —a + pv for some positive integers
v and v and 0 < a < p-2 then we have
X' (p—1+pu,a-pv)
= X(p - 17 Q)Xl(u, _U)F + X(a7p -2- a)xé(u + 17 U= 1)F
+ X(p -2- a,p - 1)X1(u7 —v- 1)F
Apply the inductive hypothesis to get
X' (p—1+pu,a—pv)
=x(p-La)x(u-v+1v-2)"+x(a,p-2-a)xa(u+1,-v-1)"
+x(p-2-a,p-1)x(u-v,v-1)~. (2.84)
The p—expansion of Weyl character of x(a+p(u-v+1),p-2-a+p(v-1))
is given by
xX(a+p(u-v+1),p-2-a+p(v-1))

=x(p-La)x(u-v+1,v-2)"+x(a,p-2-a)[x(u-v+1v-1)

+x(u-v,0-2)  +x(p-2-a,p-1)x(u-v,v-1)F. (2.85)

If the equations 2.84 and 2.85 are the same we must have
Yi(u+1l,-v-1)=x(u-v+1,0-1)+x(u-v,v-2).
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We will now prove that
xi(r,-s-2)=x(r-s-1,8) +x(r-s-2,5-1).

By proposition 2.4.5 the result is true if r # pu for some positive integer

u. We will now take r = pu and we have the following cases for —s —2:
(a) Let —s—2=p-2-pv for some positive integer v then

Xa(pu,p -2 -pv)
= x(0,p=2)[x(1,0)x (u-1,-v) + x' (u-1,-v-1)]" + x(p-1,0)

Xo(u,~v = 1) +2x,(p - 2,p = )x* (u - 1, -v) "
Using the inductive hypothesis we have

Xa(pu,p—2-pv)
= X(Oap_ 2>[X(1?0)X(u -V, -~ 2) + X(u —Uv- 1>U - 1)]F
+x(p=1,0)[x(u-v,0-1) +x(u-v-1v-2)]"
+2x,(p-2,p - )x(u-v-1,0-2)~. (2.86)
The p—expansion of Weyl character of x(p—1+p(u—-v),p(v-1))
is given by
x(p-1+p(u-v),p(v-1))
= X(p_ 170)X(u U,V — 1)F + X(O’p_ 2)[X(U i 17U - 2)
+x(u-v-Lov-D]F+x(p-2,p-Dx(u-v,0-2) (2.87)
and the p—expansion of Weyl character for x(p -2+ p(u—-v),p—
1+p(v-2))is
x(p-2+p(u-v),p-1+p(v-2))
=x(p-1,0)x(u-v-1,0-2)"+x(0,p-2)[x(u-v-1,0-1)

+x(u-v,0-3)]" +x(p-2,p-Dx(u-v,v-2)F. (2.88)
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Add equations 2.87, 2.88 and note that

x(1,0)x(u—v,v-2) = x(u-v+1,v-2)+x(u-v-1,v-1)+x(u-v,v-3).
(2.89)

to get the result.

(b) Now let —s—2=p—2-b-pv for some positive integer v then

Xa(pu,p—2-b-pv)
=2xp(P=2,p = 1-b)x' (u=1,-0)" + x,(0,p = 2= 0) [x' (u~1,~v - 1)
+x(1L,0)x (u=1,-v)]F +2x,(p - 2= b,b = 1)xL(u,~v - 1)F
+Xp(P = 1=0,0)xq (u, ~v = 1)" +2x,(b,p = 2)x " (u = 1, ~v = 1)"

+ Xp(b - 17 0)[X1(U’ - 17 _U) + X(07 ]-)Xl(u - ]-7 e 1)]F
Using the inductive hypothesis we have

Xa(pu,p—2-b-pv)
=2x,(P=2,p = 1-b)x(u-v,0-2)" +x,(0,p-2-b) [x(u-v-1Lv-1)
+x(1,0)x(u—v,v-2)]" +2x,(p—2-b,b-1)[x(u-v,v-1)
+x(u-v-1,v-2)1" +x,(p-1-b,0)[x(u-v,0-1)
+x(u-v-1,v-2)]"+2x,(b,p-2)x(u-v-1,v-1)F
+xp(b-1,0)[x(u—-v-1,0-2)+x(0,)x(u-v-10-1)]".
(2.90)
The p—expansion of Weyl character of x(p—1-b+ p(u-v),b+

p(v-1)) is given by

X(p-1-b+p(u-v),b+p(v-1))

=Xp(p—Q,p—1—b)X(u—v,v—Q)F+Xp(0,p—2—b)[>((u—v+1,1}—2)
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+X(U—’U—1,U—1)]F+Xp(p—2—b,b—1)[X(U—’U7U—1)
+x(u—v-1,v-2)]" +x,(p-1-b,b)x(u-v,v-1)F
+Xp(b,p—2)x(u—v—1,1)—1)F+Xp(b—1,0)[x(u—v—1,v)

+x(u-v,v-2)]". (2.91)

and the p—expansion of Weyl character of x(p-2-b+p(u-v),b-
1+p(v-1))is

X(p-2-b+p(u—-v),b-1+p(v-1))
= Xp(P=2,p=1-0)x(u=v,0-2)" +x,(0,p - 2= b)[x(u-v-1,0-1)
+x(u-v,v-3)" +x,(p-2-b,b-1)[x(u-v,0-1)
+x(u—v-1,0v-2)]" +x,(p-1-b,b)x(u-v-1,v)F

+xp(b,p—2)x(u-v-1,v— 1)F+Xp(b— L0)[x(u-v,v-1)

+x(u-v-2,v-1)]". (2.92)
Add equations 2.91, 2.92 and note that
x(0, D) x(u—v-1,v-1) = x(u-v-1,v)+x(u—v,v-2)+x (u-v-2,0v-1).
and
x(1,0)x(u—v,v-2) = x(u—v+1,v-2)+x(u-v-1,v-1)+x(u-v,v-3).

to get the result.

The remaining two cases are very similar to the above case so we

leave them to the reader.

3. Now suppose r=p—-2—-a+pu and s+ 2 =—-p+ 1+ pv for some positive
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integers v and v and 0 < a < p -2 then we have

X'(p-2-a+pu,p-1-pv)
=x(p-1,a)x*(u~- 1,—U)F+X(a,p—2—a)x}j(u— 1,-v+1)F

+x(p-2-a,p-1)x"(u,-v)¥"

Apply the inductive hypothesis to get

X'(p=2-a+pu,p-1-pv)
=x(p-La)x(u-v,0-2)" +x(a,p-2-a)xp(u-1,-v+1)"
+x(p-2-a,p-1)x(u-v+1,v-2)" (2.93)

The p-expansion of Weyl character of x(p-2-a+p(u-v+1),p-1+
p(v—2)) is given by

x(p-2-a+p(u-v+1),p-1+p(v-2))
=x(p-La)x(u-v,v-2)"+x(a,p-2-a)[x(u-v,v-1)
+x(u-v+1,v-3)]  +x(p-2-a,p-1)x(u-v+1,0v-2)"
(2.94)

If the equations 2.93 and 2.94 are the same we must have
xp(u-1,-v+1) = x(u-v,0-1)+x(u-v+1,0-3).
We will now prove that
Xp(ri=s=2)=x(r-s-1,8) +x(r-s-2,s+2).

By proposition 2.4.5 the result is true if s + 2 # pv for some positive
integer v. We will now take s+ 2 = pv and we have the following cases

for r:
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(a) Let r = p -2+ pu for some positive integer u then

X5(p =2+ pu, —pv)
=x(P-2,0)[x(0, D)x" (u,~v = 1) + x (u—-1,-v = 1)]" + x(0,p-1)

xp(u-1, ) +2x,(p-1,p - 2)x" (u,-v - 1)
Using the inductive hypothesis we have

Xp(p =2+ pu, —pv)
= X(p - 270)[X(07 1)X(U -U,0 - 1) + X(U —U- ]-7U - ]-)]F
+x(0,p =) [x(u-v,0-2) +x(u-v-1,0)]"
+2x,(p - 1,p=2)x(u-v,v-1)F. (2.95)
The p-expansion of Weyl character of x(p-1+p(u-v),p-2+
p(v—-1)) is given by
X(p-1+p(u-v),p-2+p(v-1))
=x(p-1,p-2)x(u-v,o-1)"+x(p-2,0)[x(u-v+1,0v-2)
+x(u-v-1v-1)]+x(0,p-)x(u-v,v-2)F. (2.96)
and the p—expansion of Weyl character for x(p -2+ p(u—-v), pv)
is
X(p=2+p(u-v),pv)
= X(p_ ]-ap - 2)X(U —U,v - 1)F + X(p_ 270)[X(u - U’U)
+x(u-v-1Lov-D]F+x(0,p- Dx(u-v-1,0)F.  (2.97)
Add equations 2.96, 2.97 and note that
x(0, ) x(u—v,v-1) = x(u-v,v)+x(u—v+1,v-2)+x(u-v-1,v-1).
(2.98)

to get the result.
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(b) Now let r =p—2-b+ pu for some positive integer u then

X5(p—2—-b+pu,—pv)
=2x,(p—1=b,p = 2)x" (u,—v = 1)" + x,(p -2 - b,0)
[X'(u=1,-v-1)+x(0, )x" (u,~v-1)]"
+2xp(b—-1,p=2-b)x(u—1,-v)" + x,(b,p-1-b)
xp(u—1,-0)" +2x,(p-2,b)x" (u—-1,-v-1)"

+ Xp(()? b- 1)[X1(U, U= 1) + X(la O)Xl(u’ - 17 —v - 1)]F
Using the inductive hypothesis we have

Xp(p=2-b+pu,-pv)
=2x(p-1-bp-2)x(u-v,0-1)" + x,(p-2-1b,0)
[x(u-v-1,0-1)+x(0,1)x(u-v,0-1)]"
+2x,(b-1,p-2-b)[x(u-v,v-2) +x(u-v-1,v)]"
+xp(b,p=1-0)[x(u-v,0-2) +x(u-v-1,0)]"
+2x,(p—2,b)x(u—v-1,0-1)" + x,(0,b-1)

[x(u-v,0-1)+x(1,0)x(u-v-1,0-1)]". (2.99)

The p—expansion of Weyl character of x(p—1-b+p(u—-v),p-2+
p(v-1)) is given by

X(p=1-b+plu-v),p=-2+p(v-1))
=Xp(P=1=bp=2)x(u-v,v-1)" +x,(b-1,p-2-b)
[x(u-v-1,v+1)+x(u-v,0-1)]"
+xp(p=2-b,b-1)[x(u-v+1,v-2)+x(u-v-1,v-1)]"
+xp(P=2,0)x(u-v-10-1)"+x,(b,p-1-0)
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x(u=v,v-2)" +x,(0,b-1)[x(u-v,v-1)

+x(u-v-1,v-2)]". (2.100)

and the p—expansion of Weyl character for x(p—2-b+p(u—v), pv)
is
X(p=2-b+p(u=-v),pv)
=xp(P=1-b,p=2)x(u-v,0-1)"+x,(b-1,p-2-0)
[x(u-v-1,0)+x(u-v,v-2)]"
+xp(p-2-0,0)[x(u-v,v) +x(u-v-10-1)]"
+Xp(p=2,b)x(u-v-10+1)" +x,(b,p-1-b)
x(u=-v-1,0)"+x,(0,b-1)[x(u-v,0-1)

+x(u-v-20)]". (2.101)
Add equations 2.100, 2.101 and note that
x(0, D) x(u—v,v-1) = x(u-v,v)+x(u—v+1,v-2)+x(u-v-1,0-1).
and
x(1,0)x(u-v-1,v-1) = x(u—v,v-1)+x (u-v-2,v)+x (u-v-1,v-2).

to get the result.

The remaining two cases are very similar to the above case so we

leave them to the reader.

4. Suppose r=p—-1-a+pu and s+2=—-p+1+b+ pv for some positive

integers v and v with
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1<a,b<pand a+2b,2a+b<pthen we have

x'(p-1-a+pu,p-1-b-pv)
=Xp(p=1-a,p=1-0)x"(u,~0)" +x,(a~1,p-1-a~b)
Xp(u-1,-v+ 1) +x,(p-1-a-bb-1)x,(u+1,-v-1)F

+xp(p—1-b,a+b-1)x" (u-1,-0)" +x,(a+b-1,p-1-a)

XM, v =1 + x,(b-1,a - 1) [x (u, -v) + x' (u-1,-v - 1)]F.

Apply the inductive hypothesis and the results proved above for

Xa(r,—s) and x4 (r, —s) we get

X'(p-1-a+pu,p-1-b-pv)
=x,(p-1-a,p-1-b)x(u-v+1,v-2)"+x,(a-1,p-1-a-b)
[x(u-v,v-1)+x(u-v+1L,v-3)]"+x,(p-1-a-bb-1)
[x(u-=v+1Lv-1)+x(u-v,0-2)]" +x,(p-1-ba+b-1)
x(u—v,v-2)" +y,(a+b-1,p-1-a)x(u-v,v-1)~
+xp(b-1,a-1)[x(u-v+1,v-2)+x(u-v-1,v-1)]". (2.102)

The p—expansion of Weyl character of x(p-1-a-b+p(u-v+1),b-

1+p(v-1)) is given by

x(p-1l-a-b+plu-v+1),b-1+p(v-1))
=x,(p-1-a,p-1-b)x(u-v+1,v-2)+x,(a-1,p-1-a-b)
[x(u-v,v-1)+x(u-v+1,v-3)]"+x,(p-1-a-bb-1)
[x(u-v+1v-1)+x(u-v,0-2)]" + x,(p-1-b,a+b-1)

x(u-v,0-2)" +x,(a+b-1,p-1-a)x(u-v,v-1)*
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+xp(b-1a-1)[x(u-v+1,v-2)+x(u-v-1,0-1)]". (2.103)

Compare equations 2.102 and 2.103 to get the result.

All the remaining cases are very much similar to the above case. We leave

the details to the reader. O

Corollary 2.4.32. Let p>5. Then the sequence
0—-H'(r-2,-s-1) — H'(Ny(r,-5-2)) — H*(r,-s-2) — 0
is exact for all r > ps.

Proof. We know that the sequence
H'(r-2,-s-1) -5 HY(Na(r,~s - 2)) —> H'(r,—s - 2)
is exact meaning Im¢ = Kerty. Moreover by proposition 2.4.31, we have

A(r =5 =2) = X (r, =5 = 2) + X (r = 2,5~ 1).

Let X = HY(r-2,-s-1), Y = H'(Ny(r,-s-2)) and Z = H'(r,-s - 2).
Now Im#) ~ Y /Kery) ~ Y /Tm¢, therefore dim Y = dim Im¢ + dim Ime). Tt is
clear that dim Imy < dim Z. Also by the character result we have dim Y =
dim X +dim Z. Now dim Im¢ =dim Y —dim Imy <dim Y - dim Z = dim X.
This implies dim Im¢ < dim X. We have proved that dim Im¢ < dim X and
dim Ime < dim Z but dim Y = dim X + dim Z so we must have the equality.

This proves that ¢ is injective and v is surjective and hence the result. [

The only region left to consider is when r < ps. We will list here a version of

the propositions proved earlier for p =2 and p = 3 in the case of p > 5.
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Proposition 2.4.33. x!'(p®,-p" -2) = x(0,p" = 2), for all n > 0.

Proof. The argument is by induction on n. The result is clearly true for
n =0. Suppose now n > 1 and the result is true for n—1. Using the recursive

formula we have

XH(p" -p" - 2)
=x(p-1,0)x" (" " = 2)" + x (0, p - 2)[X (" " - 1)
X =L = 2) ] e x(p - 2, - DX -1 - )R
(2.104)
Now by proposition 2.4.8 we have x!'(p" ! -1,-p"1 -2) =0. Also x!'(p" ! -
1,-p»1-1)=0and x'(p" 1, -p» 1t -1) = x(0,p" ! = 1) by proposition 2.4.7.
The equation 2.104 becomes

(", -p"=2) = x(p-1,0)x(0,p" = 2)F + x(0,p-2)x (0, p"* - 1)F. (2.105)

Finally compare equation 2.105 with the p—expansion of Weyl character of

x(0,p" - 2) to get the result.

Proposition 2.4.34. Suppose n >0 then we have x*(p™ -1,-p") = x(0,p" -
2). Also

Xo(P",-p" =1) = x(0,p" - 1).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

X" = 1,-p")
=x(P= 10X (" = L=p" )"+ x(0,p = 2)xo (" -p" T - DT
x(p-2p- X' (" - L - DT (2.106)
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Now x!(p"t-1,-p»1-1) =0 by proposition 2.4.7. Also the p—expansion of
Weyl character of x(0,p™ —2) gives

X(0,p" =2) = x(p - 1,0)x(0,p" " = 2)" + x(0,p - 2)x(0,p" " - ).

So if the result is true we must have x} (p*!,-p*1-1) = x(0,p" 1 - 1). Now
by [11, 6.3, lemmal(iii)], we have

X(ll(pn—l’ _pn—l _ 1) — Xl(pn—l7 _pn—l _ 1) + Xl(pn—l _ 27 _pn—l + 1)

Now x'(p"™' =2,-p* +1) = 0 and }'(p",-p"' - 1) = x(0,p"" - 1) by
proposition 2.4.7. This completes the proof. O

Proposition 2.4.35. x!'(p®, -p™) = x(1,p" = 2) for all n > 0.
Proof. We argue by induction on n. The result is clearly true for n = 0.
Suppose the result is true for all £ < n then we have
XHp'-p') = x(Lp' - 2).
Now for n =t +1 we get
Xl(pt+1’ _pt+1)

= Xp(P=2,2=2)x' (' = L,-p")" +x,(0,p = 3) [X" (»", -p")

+ X' (0" -1, -p - D))+ x(p-3,0)x5(p - 1, -p" + 1)

+Xp(P =2, D)X (0, =" = )T + i (Lp = 2)x (0, -p")

+Xp(0,0) x5 (p" +1,-p" - )T (2.107)
From propositions 2.4.34 and 2.4.7 we get that x'(p' - 1,-p?) = x(0,p' — 2)
and x1(pt-1,-p'-1) =0. Also x'(p!,-p* - 1) = x(0,p* — 1) by proposition
2.4.7. Moreover

Xa(P' +1,-p" = 1) = X" (0" + 1, -p = 1) + X' (p' = 1, -p")
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and
Xp(' = 1,-p + 1) = ' - 1,-p' + 1)+ X' (0", -p' - 1)

by proposition 2.4.5. The equation 2.107 becomes

X" -t
= xp(0,p = 3)x(1,p" = 2)" + xp(p = 3,0)[x(1,p" = 3) + x(0,p" - 1)]"
+xp(P =2, D)x(0,p" = 1) +x,(1,p - 2)x(1,p" = 2)"
+xp(0,0)x% (p" + 1, -p" = 1), (2.108)

Compare the p—expansion of Weyl character of x(1,p!*! —2) with equation
2.33 to get the required result. O]

Proposition 2.4.36. Suppose n >0 then we have x'(p™+1,-p") = x(2,p" -
2). Also

Xp(P" =1, -p" 1) = x(0,p" " - 2).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

X"+ 1,-p")

=Xp(P=Lp =3 (" = 1,-p" = 1)T + x,(0,p - 4)

Xa(@" L -p" =D 4 x(p -4, Dxp(p" ! -1, -p" )T

+Xp(P =4 DX (" = L-p" ) (2 =2 (T e T - 1)

+xp(LO) D (" =) (0 - L pt T = DR (2.109)
Now x!(p"1,-p»1-1) = x(0,p" ' —1) by proposition 2.4.7. Also by propo-
sition 2.4.35 we get x'(p*~t,-p* 1) = x(1,p" 1 - 2) and x'(pnt-1,-pn1) =
x(0,p™~! = 2) by proposition 2.4.34. Moreover

Xa (" —p" Tt =1) = x(0,p" " - 1)

81



The equation 2.109 becomes

X' (p"+1,-p")
= xp(0,p=4)x(0,p" ' = 1)+ x,(p -4, Dxp(p" ' = 1,-p" )"
(0 =4, 1D)x(0,p" = 2)" + (2,0 - 2)x(0,p" " - 1)F

+xp(1,0)x (1, p" " = 2)". (2.110)

Also the p—expansion of Weyl character of x(2,p™ —2) gives

X(27pn - 2)
= xp(0,p=4)x(0,p" " = )"+ xp(p = 4, x(1,p" - 2)"
+xp(P=3,2)x(0,0" " = 2)T + 3, (2,0 = 2)x(0,p" " = )T

+xp(1,0)x(1,p" " = 2)". (2.111)

Compare equations 2.110 and 2.111 to get the result. O

Proposition 2.4.37. Supposen > 0 then we have x'(p"-1,-p*+1) = x(1,p"-
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get
X" = 1,-p"+ 1) = x(p - L)X (0" - 1,-p" )+ x(Lp-3)
Xa(" =P =D+ x(p=-3,p-Dx' (" - L-p" - DFL (2112)

Now x!'(p»!—-1,-p»' -1) = 0 by proposition 2.4.7. Also by proposition
2.4.34 we have yL(pmt,-p»1 -1) = x(0,pn! = 1) and x(p*! -1,-pn1) =
X(1,p*1 = 2). The equation 2.112 now becomes

X' ("1, -p"+1) = x(p-1, 1) x(1,p" " =2)"+x(1,p-3)x(0,p" ' =1)". (2.113)
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Compare equation 2.113 with the p—expansion of Weyl character of x(1,p" -
3) to get the result.

Proposition 2.4.38. Suppose n >0 then we have x'(p™, -p"+1) = x(2,p" -
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

X (p",-p" + 1)
= (P -3 -2 (" -1, -p" =)+ x,(1,p-4)
Xa (@ -p" T =D +xp(p - 4,0)x5 (0" -1, -p" )T
(0= 40X (" = L") X2, p -3 (0" -t - D)

+xp (0, DX (" =" ) + X - L - 1)) (2.114)

Now x!'(p" ' =1,-p" 1) = x(0,p"! = 2) and x4 (p"',-p" ' =1) = x(0,p" - 1)
by proposition 2.4.34. Also

X' (pt —pnt) = x(1,p™ ! = 2) by proposition 2.4.25. Moreover proposition
2.4.7 gives x'(p*!' - 1,-p»1 - 1) = 0. Equation 2.114 becomes

Xl(pnu _pn + 1)
= xp(Lp = Dx(0,p"" = )T+ x,(p = 4,0)[x(0,p" " - 2)

+x(0,p" 1 =2)1F + xp(p - 4,0)x (0, p" = 2)F

+xp(2,p = 3)x(0,p" ™ = 1) + x,(0,1)x(1,p" ! - 2)F. (2.115)

Compare equation 2.115 with the p—expansion of Weyl character of y (2, p" -
3) to get the result. O
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Proposition 2.4.39. Suppose n >0 then we have x'(p"+1,-p"+1) = x(3, p"—
3).

Proof. The argument is by induction on n. The result is clearly true for

n = 0. Using the recursive formulas we get

X't +1,-p" +1)
=xp(P=3,p=3)X" (" = 1,-p"" = 1)" + x,(1,p - 5)
Xa(@" - =D+ (-5, Dxs(" ! - L —p
+x(P =5, DX (" =1, ")+ 0B =3 (" T - )T
(LD @ ") X -1 - D)) (2.116)
By proposition 2.4.34 we have . (p*~!,—p"1 -1) = x(0,p" ' -1). Also using
proposition 2.4.7, 2.4.34 and 2.4.35 the equation 2.116 becomes
X't +1,-p"+1)
= Xxp(L,p=5)x(0,p" " = )" + x,(p =5, 1) [x(0,p" " - 2)
+x(0,p" 7 =2)]" + x,(p = 5, 1)x(0,p" " = 2)F

+xp(3,0 = 3)x(0,p" = 1)F + x, (1, 1) x(1,p" - 2)F. (2.117)

The p-expansion of Weyl character of x(3,p" — 3) is given by

X(Svpn - 3)
=xp(1,p=5)x(0,p" = )"+ x,(p = 5, 1) [x(0,p" " - 2)
(0, = 2)]F + v, (9= 5, 1)x(0,p" = 2)F + x,(3,p - 3)

X(0,p" 1 = 1)+ x,(1, Dx(1,p" " - 2)" (2.118)

Hence the result. L]
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Proposition 2.4.40. Suppose r,n >0 then we have

. x(0,pr=1r), n>r-1
X (p"-pt-r) =
0, otherwise.

Proof. We argue by induction on r. The result is true for r = 1 by proposition
2.4.7. Suppose the result is true for all t—1 < r. For r = ¢ we have the following

possibilities
1. Suppose t = p—2 then

X' (", -p"-p+2)
=x(p-1,0)x'" (", -p" " = )T+ x(0,p-2)[x" ("', -p" ")

X" =L = D) e x(p -2 - DX (T - 1 -pt )T
(2.119)

By proposition 2.4.7 we have x!(p"'-1,-p*1-1) =0 and
xH(pt -pvt=1) = x(0,p" 1 = 1). Also by proposition 2.4.34 we get
Xt =1 =pnh) = x(0,p771 = 2) and x (Tt —pth) = x(1,p7 7t - 2).
The equation 2.119 becomes
X (p",-p" =p+2)
=x(p=1,0)x(0,p"" = )" +x(0,p - 2)x(1,p"" - 2)"

+x(p=2,p-1)x(0,p" " =2)". (2.120)

Compare equation 2.120 with the p—expansion of Weyl character of

x(0,p" = p+2) to get the result.
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2. Now suppose t =p—1

X', -p"-p+1)
=x(p-Lp-2)x'(p""' - 1,-p" )" +x(p-2,0)

Xp(@" =1L -p T+ )P x(0,p- DX M (2.121)

By proposition 2.4.34 we get x'(p" ' -1,-p*1) = x(0,p*! - 2) and
Xt -ptt) = x(1,pmt = 2). Moreover xg(pnt - 1, —ptt + 1) =
Xt =1, -p»t+ 1) + xY(p™ L, —p»t = 1) by proposition 2.4.5. The

equation 2.121 becomes

X" -pt-p+1)
=x(p-1,p-2)x(0,p" " =2)" + x(p-2,0)[x(1,p" - 3)

+x(0,p" = 1)]" + x(0,p - 1)x(1,p" " -2)". (2.122)

Compare equation 2.122 with the p—expansion of Weyl character of
x(0,p" —p+1) to get the result.

3. Now suppose t =p—b—-2, where 1 <b<pand 1+2b,2+0b<p then

X (", -pt—p+b+2)
=xp(P-2,p-1=-b)x (" = 1,-p" )" + xp(0,p-b-2)
B T B G (A B e D] o
+xp(P=b=2,b- )X, (", —p" " - 1)F + xp(p-b-2,b-1)
><1(pn—17 _pn—l _ l)F + Xp(byp _ 2)X1(pn—1 _ 17 _pn—l _ l)F

+xp (0= 1,0)x5(p" " = 1,-p" )T, (2.123)

By proposition 2.4.34 and 2.4.35 we get x'(p"1-1,-p"1) = x(0,p" 1 -
2) and x'(p"t, —p") = x(1,p"! - 2). Also x'(p" ' -1,-p" 1 -1) =0
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by proposition 2.4.7. Moreover x!(p"~t,-p»1-1) = x(0,p*! -1) by
proposition 2.4.34. The equation 2.123 becomes
X' (PP = p+b+2)
= xp(P=2,p=1=0)x(0,p"" = 2)" +x,(0,p = b= 2)x(1,p"* - 2)"
+Xp(P=b=2,0-1)x(0,p" ! = 1) + X (p = b=2,0 - 1)x(0,p" ' = 1)"

+xp(0=1,0)x(0,p"" = 2). (2.124)

Compare equation 2.124 with the p—expansion of Weyl character of
x(0,p" —p+b+2) to get the result.

4. Finally let t = a—1, where 1 <a <p and a+2,2a+ 1 < p. The case is

similar to the above case so we omit the details.

2.5 Summary of Results and Conclusion

In the last part we will give a list of all the results proved in this chapter.

The following result helps us simplify the recursive formulas of y%,(\).
Proposition 2.5.1. Let G =SLs and X\ € X(T). Suppose « is a simple root
of G. If p does not divide (\, ") then

HY(N,(\)=H'\) o H' (A - ).
The next two results partially answer the question: When the result if the

same as in characteristic zero? We would like to point out that there are

some other instances when this condition holds.
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Proposition 2.5.2. We have x'(r,-s —=2) = x(r —s—1,s) for all r > ps,

r,s>0. Moreover

xL(r,-s-2)=x(r-s-1,8) +x(r-s-2,5-1)

and

Xé(r,—s—Q)zx(r—s—1,3)+x(r—s—2,s+2)

for all r>ps, r,s>0.

Corollary 2.5.3. The sequence
0— H'(r-2,-s-1) — H'(Nu(r,-s-2)) — H'(r,—s —=2) — 0

15 exact for all r > ps.

The remaining results outline some of the cases in which we were able to
find a non-recursive result. All the results are valid for all p > 0. The reader
might wonder why we gave the proves in separate cases earlier in the chapter.
There are two reasons for this. One because Donkin’s formulas are different
in these cases. It is not yet clear if the formulas for p = 2 and p = 3 can be
deduced from formulas for p > 5. Although we do believe that this might be
possible (work in progress). But even if we know that the formulas are same
in all positive characteristics, we found it almost impossible to get a sense of

the results without working in a particular characteristic.

Proposition 2.5.4. Suppose n >0 and 0 <m <p-1 then we have

HO(r—pr(m+1),p"(m+1)-1), r>p*(m+1
Hi(r,—p(m + 1) - 1) = (r=p*(m+1),p"(m+1)-1), r2p"(m+1)

0, otherwise.
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Proposition 2.5.5. Suppose n >0 then for all r > 2 we have

H'(p"-1,-p"-r)=0.

Proposition 2.5.6. x!'(p®, —p" - 2) = x(0,p" = 2), for all n > 0.

Proposition 2.5.7. Suppose n >0 then we have

Xl(p” +r,-p")=x(r+1,p"-2), for r=-1,0,1.

Also

Xa(p",-p" - 1) = x(0,p" - 1).

Proposition 2.5.8. Suppose n >0 then we have
XU+, —pm+1) = x(r+2,p"=3), for r=-1,0,1.

Also

X" =1,-p") = x(0,p" - 1).

Proposition 2.5.9. Suppose r,n >0 then we have

1 X(O7pn_7n)7 nxr-1
X (" -pt =) =
0, otherwise.

Conclusion

The results of this chapter help us a great deal to simplify the recursive
formulas of Donkin. A significant progress has been made towards finding
a result which describes x?(r,s) completely. There are still many cases to

handle but we were unable to spot a pattern in these cases.
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Chapter 3

Towards a Recursive
Description for Characters of
Cohomology of Line Bundles

On G5 in Characteristic 2

3.1 Introduction

Let k be an algebraically closed field of characteristic p. Let G be an algebraic
group of type Gy and B a Borel subgroup of G. Suppose M € mod(B) and
P\ € mod(G), where P, is projective on restriction to the first infinitesimal
subgroup G (of G of type G3). The representation theory of G' has been
discussed briefly in chapter 1. Let U; denote the radical of G;. We will
denote by Q,(\) the projective cover of L(\) as a G,T- module. If N = MF
then we will write M = N-1. We will assume the following conjecture due to

Donkin in this chapter see e.g. [13]. The conjecture is known to be true for
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p > 2h -2, where h is the Coxeter number of G.

Conjecture. (Donkin)

Let N € X1(T) then the restriction of the indecomposable tilting module
T(2(p-1)p+wo) to Gy is indecomposable. This implies that T'(2(p—1)p+
woX) is isomorphic to Q1()\) as GyT-module.

We will also be extensively using the following result without reference see

e.g. [21, II, propostion 5.20].

Proposition 3.1.1. Suppose char(k) =p 0.

1. We have H'(B,-p"a) =k for all « € S and n € N.

2. For all € X(T) with pn #+ —p*« for all a € S and n € N we have
HY (B, ) =0.

In this chapter we will try to give a recursive description for the characters of
cohomology of line bundles on G. The method we will use here was developed
by Donkin in [12]. Application of the method for G = SL3 is given in [11] and
has been discussed extensively in the previous chapter. First we will say a
few words about the method and how it works and then we will try to apply
it to G5. We would like to remark here that although the method given in
[12] is very impressive it relies mostly on finding the U;—invariants of M ® Py

which is not always easy to find.

The precise result is given below see e.g. [12, proposition 1.1b].
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Proposition 3.1.2. (Donkin) Suppose that, for X\ € X1, we have modules
Py, Qy € mod(G) which are projective on restriction to Gy and that Py ~
Q1(\) @ Qy, as GyT—modules. Then for all M € mod(B) and i >0 we have

X(M) = > chL(A)*X'(H*(By, Pxe M)™)"

)\EX:[

- > chLOA)* X' (H (B1,Qr® M) ™) (3.1)

)\EX1

The result given in proposition 3.1.2 is not the most general case but it is
sufficient for application to G5. The most general formula is given in [12].
As remarked in [12, remark 1] if Qx| ~ Q1()\) then the proposition 3.1.2

becomes

X'(M) =" chL(A)*X'(H°(B1,Qr® M)™")".

)\EXl

It will become clear later on that the condition Qy|¢,r = Q1(\) does not
always hold for GG and hence we will be using the original formula. For
the rest of this chapter G will denote the algebraic group G, unless stated

otherwise.

Recall that there are two simple roots of G given by a = (2,-1) and [ =
(-3,2). The Weyl group W is generated by s, and sg and is a finite group
of order 12. We will denote by s(\) the orbit sum of A\ under the action of

the Weyl group W ie. s(A) = > e(n). We will also some times denote by
peWA
s(\) the orbit of A when no confusion arises. We will first take p = 2.

3.2 The case p=2

Suppose that the characteristic of the field k£ is 2. We will now specialize
proposition 3.1.2 for this case. Recall that for p = 2 on restriction to G;, G
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has four simple modules L(0,0), L(1,0), L(0,1) and L(1,1). Also for A # 0
we have Py = T(2p - \) and Q) = 0. For A =0 we take Py = T'(2,2)’, where
T(2,2)" denotes the non-Steinberg component of St ® St and Qg = 27°(2,1).
Here T'(11) denotes the tilting module with highest weight i see section 1.5.
The details of this will becomes clear as we go on to find the tensor product

of the simple modules. So proposition 3.1.2 now becomes

X' (a,b) = ch L(0,0)x*(H°(B1,T(2,2) ® (a,b))™)"

+ch L(1,0)x (H(B1,T(1,2) ® (a,b)) )"

+ch L(0,1)x" (H(B1,T(2,1) ® (a,b))™)*

+ch L(1,1)x"(H(B1,T(1,1) ® (a,b)) )"
—2ch L(0,0)x*(H°(B1,T(2,1) ® (a,b))™)F (3.2)
In order to calculate all the terms in this formula we need to first calculate
the tensor product of all the simple modules and then their U;—invariants.

We will finally incorporate all the information back into equation 3.2 to get

the formulas.

3.2.1 Tensor product of simple modules

In this section we will calculate the tensor product of the simple modules of

G. We will denote L(1,1) by St.
1. L(0,0) ® St = St
2. L(1,0) ® St =T'(2,1) = Qo,1)- This is true because
Homg(L(0,1),L(1,0) ® St) = Homg(L(0,1) ® L(1,0),St) = k.
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3. Now consider L(0,1) ® St. We need to calculate the following homo-

morphism spaces to decompose this module.

(a) Homg(L(0,0),L(0,1) ® St) = 0.
(b) Homg(L(1,0),L(0,1) ® St) = k.

(¢) Homg(L(0,1),L(0,1)®St) = Homg(L(0,1)®L(0,1),St). We need

to calculate x(0,1)? to find the dimension of this Hom space.

s(0,1) =s(0,1)x(0,0)
= X(07 1) + X(_37 2) + X(37 _2) + X(_37 1)
= X(Ov 1) - X(17 0) - X(07 0)
Therefore
x(0,1) =5(0,1) +s(1,0) +2s(0,0)

We have

x(0,1)% = x(0,1)x(0,1)
=x(0,2) +x(3,0) + x(=3,3) + x(-3,2) + x(0,0)
+x(1,1) + x(2,0) + v(-2,2) + x(1,0) +x(0,1)
+x(0,1)
=x(0,2) +x(3,0) = x(1,1) = x(1,0) + x(0,0)
+x(1,1) +x(2,0) = x(0,1) + x(1,0) + x(0,1)
+x(0,1)

= X(O’ 2) + X(S’ O) + X(27 0) + X(Ov 1) + X(07 0)

Since ch St does not appear in the character of L(0,1) ® L(0,1)
we have dim Homg(L(0,1), L(0,1) ® St) = 0.
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(d) Finally we need to find Homg(St, L(0,1) ® St). We will calculate

x(0,1)x(1,1) to get its dimension.

X(0, Dx(1,1) = x(1,2) + x(4,0) + x(=2,3) + x(-2,2) + x(1,0)
+x(2,1) +x(0,2) + x(3,0) + x(2,0) + x(0,1) + 2x(1,1)
= x(1,2) + x(4,0) = x(0,2) = x(0,1) + x(1,0) + x(2,1)
+x(0,2) +x(3,0) + x(2,0) + x(0,1) +2x(1,1)
= x(1,2) + x(4,0) + x(1,0) + x(2,1) + x(3,0)
+x(2,0) +2x(1,1)

Hence dim Homg(St, L(0,1) ® St) = 2. Combining the above re-

sults we get

L(0,1)®St =25t @ T'(1,2) =25t ® Q1,0

. Finally we need a decomposition of St ® St. We will first calculate

x(1,1)2. For this we need the orbits listed in table 3.1.
s(1,1) =s(1,1)x(0,0)

=x(1,1) +x(5,-2) + x(=5,3) + x(4,-3) + x(-4,1)
+x(1,-2) + x(-5,2) + x(5,-3) + x(-4,3)
= x(1,1) =x(2,0) + x(0,0) + x(0,0) - x(2,0)
=x(1,1) = 2x(2,0) +2x(0,0)

Therefore x(1,1) = s(1,1) +2x(2,0) —2x(0). Also

$(2,0) = x(2,0) + x(=2,2) + x(4,-2) + x(-4,2) + x(2,-2) + x(-2,0)
=x(2,0) = x(0,1) = x(1,0)
Hence x(2,0) = s(2,0) + x(0,1) + x(1,0). Moreover x(1,0) = s(1,0) +
5(0,0) and x(0,1) = s(0,1) + s(1,0) + 25(0,0) so

x(2,0) =5(2,0) +s(0,1) +2s(1,0) + 3s(0,0).
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We have

x(1,1) =s(1,1) +25(2,0) + 2s(0,1) + 4s(1,0) + 4s(0,0)

X(1,1)% = x(2,2) + x(0,3) + x(~4,4) + x(5,-2) + x(-3,2)
+x(0,0) + x(-4,3) + x(6,-2) + x(=3,4) + x(5,0)
+2x(3,1) + 2x(=3,3) + 2x(1,2) + 2x(4,0) + 2x(-2,3)
+2x(=2,2) + 2x(1,0) +4x(2,1) + 4x(0,2) + 4x(3,0)
+4x(2,0) +4x(0,1) + 4x(1,1)
=x(2,2) +x(0,3) = x(2,1) = x(2,0) - x(1,0)
+x(0,0) =x(2,0) = x(3,0) = x(1,2) + x(5,0)
+2x(3,1) = 2x(1,1) + 2x(1,2) + 2x(4,0) - 2x(0,2)
—2x(0,1) +2x(1,0) + 4x(2, 1) + 4x(0,2) + 4x(3,0)
+4x(2,0) +4x(0,1) + 4x(1,1)
=x(2,2) +2x(3,1) + x(5,0) + x(1,2) + x(0,3)
+3%(2,1) +2x(4,0) + 2x(0,2) + 3x(3,0) + 2x(1,1)

+2x(2,0) +2x(0,1) + x(1,0) + x(0,0).

Therefore dim Homg (St, St ® St) = 2 and we get

St ® Stla, = Qo ® 2Q0,1) © 165t
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s(1,1) s(2,0) s(0,1) s(1,0)

(L) (L)| 20 (01) (L0)
(-1,2) (1-2) | (-2,2) (3-1) (-1,1)
(5-2) (52) | (4-2) (32) (2-1)
(-5,3)  (5,-3) | (-4,2) (3,-2) (-2,1)
(4-3) (43) | (2-2) (31) (L-D)
(-4,1) (4,-1) | (-2,0) (0,-1) (-1,0)

Table 3.1: Orbits of (1,1),(2,0),(0,1) and (1,0)

3.2.2 The U;-invariants

Now we will calculate H°(Uy, X)), where X is one of the modules given in
1,2,3 and 4. We will be using the notation N,g,(\) to mean we have module
with weights A, A\ —a, A\ —a -3, \—a - - «. Similarly we will be using the
notations Ngag(A), Nag(A), Nso(A) and their variations.

1. H(Uy, L(0,0) ® St) = (~1,-1).
2. Now we consider HO(Uy, L(1,0) ® St). We know that
ch HO(U;, L(1,0) ® St) = (ch L(1,0))e(~1,-1).

From table 3.2 we get

97



$(1,0) | +(=1,-1) | ®rex, (1) kn ® Z%

(1,0) (0,-1) (0,1) +2(0,-1)
(-1,1) | (-2,0) (0,0) +2(-1,0)
(2,-1)| (1,-2) (1,0) +2(0,-1)
(-2,1) | (-3,0) (1,0) +2(-2,0)
(1,-1) | (0,-2) (0,0) +2(0,-1)

(-1,0) | (-2,-1) |(0,1)+2(-1,-1)

Table 3.2: Base two expansion of (ch L(1,0))e(-1,-1)

((_1’0)) ®(0,1) ®( (0,-1) ) ®(1,0)® ((O’_l))
(0,-1) (-1,-1) (-2,0)
Also the B-socle is given by

(0,-1) @ (-2,0)® (-3,0)® (0,-2) ® (-2,-1).

Moreover Extp((~1,0),(0,-1)) = 0 and Exty((0,-1),(-1,-1)) = 0.
There is an extension from (0,-1) to (-2, 0) given by N,(0,-1). There-

fore we have

HO(Uy, L(1,0) ® St) =[(-1,0) ® (0,-1)]" @ (0,1) ® [(0,-1) ® (-1,-1)]"
@ (1,0) ® No(0,-1)*

. Now we take H°(Uy, L(0,1) ® St). We know that
ch H°(Uy, L(0,1) ® St) = (ch L(0,1))e(-1,-1).

From table 3.3 we get
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(1,-1)
(-1,0)
(0,-1)
(-2,0)

We will denote by Z(; ;) the (7, j)—part of H*(Uy, M) when we write it

®(0,1)®

(0,-1)
(=2,0)
(1,-2)
(-1,-1)

®(1,0)®

®2(1,1) ® (-1,-1)1]

in the above form, where 7,5 =0,1. We get

Zhoy® (0,1)® Z5 @ (1,0)® 2, @ (1,1)® Z

The B-socle is given by

(-1,0)
(0.-1)
(-2,0)
(-1,-1)

(1,1)

[(-2,0)® (-1,0)]" @ (0, 1) ® [(-1,-1)]" ® (1,0)®

[(-1,0)® (-2,0)® (-1,-1)]" ®2(1,1) ® (-1,-1)"

We now consider each module Z; ;) separately.

(a) Consider the module Z(g ). We can see that

and this extension is given by N,(0,-1). Now

Exty((0,-1),(-2,0)) =k

Extp((~1,0), No(0,-1)) = HY(B, Nao(1,-1)) = 0

Moreover Ext((1,-1),(~1,0)) = k and this extension is given by

No(1,-1). We get

Z(O,O) = Na(O, —1) (&) Na(l, —1)
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weights | +(=1,-1) | @rex, (1) kr ® ZT
(0,1) | (-1,0) | (1,0)+2(-1,0)
(3,-1) (2,-2) (0,0) +2(1,-1)
(-3,2) (-4,1) (0,1) +2(-2,0)
(3,-2) (2,-3) (0,1) +2(1,-2)
(-3,1) (-4,0) (0,0) +2(-2,0)
(0,-1) | (-1,-2) | (1,0) +2(-1,-1)
(1,0) (0,-1) (0,1) +2(0,-1)
(-1,1) | (-2,0) | (0,0)+2(-1,0)
(2,-1) (1,-2) (1,0) +2(0,-1)
(-2,1) (-3,0) (1,0) +2(-2,0)
(1,-1) | (0,-2) | (0,0)+2(0,-1)
(-1,0) | (-2,-1) | (0,1)+2(-1,-1)
(0,0) (-1,-1) [ (1,1)+2(-1,-1)
(0,0) (-1,-1) [ (1,1)+2(-1,-1)
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(b) We will now consider the module Z( ;). It is easy to see that
Exty((1,-2),(-1,-1)) =k
and this extension is given by N,(1,-2). Also
Extp((=2,0), No(1,-2)) = HY(B, N, (3,-2)) = k

So there is a unique extension from N,(1,-2) to (-2,0). This
extension is given by Ng,(-2,0), where N3, (-2,0) is a submodule
of V(1,0). Lastly we want to check if there is an extension from

Ngo(-2,0) to (0,-1). Now
Exty((0,-1), Nga(-2,0)) = H'(B, Nsa(-2,1))
We have a short exact sequence of modules given by
0—(-3,0) > Ngo(-2,1) > Ng(-2,1) - 0.

Now H(B,(-3,0)) =0 by [21, 5.20 proposition]. Also
H'(B,Ns(-2,1)) = k therefore by the long exact sequence of in-
duction we have H'(B, Ngo(-2,1)) = k. Hence there is a unique
extension from Ng,(-2,0) to (0,-1) and this extension is given
by Naga(0,-1), where Nyp,(0,-1) is a submodule of V(1,0) and
is self dual. We get

Z0,1) = Napa(0,-1).
(c) Now we will consider the module Z(; g). We can see that
Extp((-2,0),(-1,-1)) =H'(B,(1,-1)) =0
and there is no extension from (-1,-1) to (-2,0). Also
Exty((0,-1),(-2,0)) =HY(B, (-2,1)) = k
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and

Extp((0,-1),(~1,-1)) = HY(B, (~1,0)) = 0.

So there is a unique extension from (-2,0) to (0,-1) and this

extension is given by N,(0,-1). Lastly
Extp((~1,0), No(0,-1)) = H'(B, No(1,-1)) =0
So there is no extension from N, (0,-1) to (-1,0). We get
Z,0) = (-1,-1) ® No(0,-1) ® (-1,0)
Combine the above cases to get
HO(Uy, L(0,1) ® St) = [Na(0,-1) & Na(1,-1)]7 @ (0,1) ® Naga(0,-1)"
@ (1,0)®[(-1,-1) ® N,(0,-1) ® (-1,0)]"
©2(1,1)® (-1,-1)F
4. Finally we consider HO(Uy, St ® St). We know that
ch H°(Uy, St ® St) = (ch L(1,1))e(-1,-1).

From table 3.4 we get

F 1,0 1,-1
(0.0) (-1,0) (1,-1)
(2,-2) 2% (-1,0)
24 (1,-1)
4% (07_1) (_371)
4% (-1,0)
2% (-2,0) 4% (0,-1)
(_371)7(27_2) 69(071)@ 69(170)®
2% (1,-2) 4% (-2,0)
4% (0,-1)
4% (~1,-1) 24 (1,-2)
2% (-2,0)
(-3,0) 2x(-1,-1)
(_17_1)
(07_2) (_370)
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2+ (0,-1)
2% (=2,0)
2% (1,-2)
e(1,1)®] 2% (-3,0)
2+ (0,-2)
2% (-2,-1)
4 (-1,-1))

we can write this as

Zhoy® (0, 1)® 25,0 (1,000 2 @ (1,1)® Z[ ).

The B-socle is given by

[(-1,-1)@2x(-2,0)®2% (0,-1)®2x(-1,0) ® (0,0)]"®
(0,1)®[(0,-2)®3* (-1,-1) @2 (0,-1)]" @
(1L,0)®[(-3,0)® (-1,-1) @3 (-2,0) ® (-1,0)]"®

(LD e[2x*(-2,-1) @2 (-1,-1)]"

We will now consider each module Z; ;) separately.

(a) Consider the module Z( ). Arranging the weights in descending
order we get figure 3.1.
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weights | +(-1,-1) A@ ky® Z% weights | +(-1,-1) AE)B( ky® Z%
(1,1) (0,1) (0,0) +2(0,0) |2%(2,-2)| (1,-3) (1,1) +2(0,-2)
(-1,2) (-2,1) (0,1) +2(-1,0) [2%(-2,0)| (=3,-1) | (1,1)+2(-2,-1)
(5,-2) (4,-3) (0,1)+2(2,-2) | 2%(0,1) (-1,0) (1,0) +2(-1,0)
(-5,3) (-6,2) (0,0) +2(-3,1) [2*(3,-1)| (2,-2) (0,0) +2(1,-1)
(4,-3) (3,-4) (1,0) +2(1,-2) [2%(-3,2)| (-4,1) (0,1) +2(-2,0)
(-4,1) (-5,0) (1,0) +2(-3,0) [2%(3,-2)| (2,-3) (0,1) +2(1,-2)
(-1,-1) | (-2,-2) | (0,0)+2(-1,-1) | 2% (=3,1) | (-4,0) (0,0) +2(-2,0)
(1,-2) (0,-3) (0,1) +2(0,-2) [2%(0,-1)| (-1,-2) | (1,0)+2(-1,-1)
(-5,2) (-6,1) (0,1) +2(-3,0) | 4%(1,0) (0,-1) (0,1) +2(0,-1)
(5,-3) (4,-4) (0,0) +2(2,-2) |4x*(-1,1)| (-2,0) (0,0) +2(-1,0)
(-4,3) (-5,2) (1,0) +2(-3,1) [4*(2,-1)| (1,-2) (1,0) +2(0,-1)
(4,-1) (3,-2) (1,0) +2(1,-1) [4*(-2,1)| (-3,0) (1,0) +2(-2,0)
2% (2,0) (1,-1) (1,1) +2(0,-1) [4*(1,-1)| (0,-2) (0,0) +2(0,-1)
2x(-2,2) | (-3,1) (1,1) +2(-2,0) |4 (-1,0) | (-2,-1) | (0,1)+2(-1,-1)
2x%(4,-2) | (3,-3) (1,1) +2(1,-2) | 4%(0,0) | (-1,-1) | (1,1)+2(-1,-1)
2x%(-4,2) | (-5,1) (1,1) +2(-3,0)

Table 3.4: Base two expansion of (ch L(1,1))e(-1,-1)
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Figure 3.1:

It is easy to see that
Extp((-2,0),(-1,-1)) = H(B,(1,-1)) = 0,
so there is no extension from (-1,-1) to (-2,0). Also
Extp((0,-1),(-2,0)) = H'(B, (-2,1)) = k,
hence there is a unique extension from (-2,0) to (0,-1) and this
extension is given by N,(0,-1). We get figure 3.2.
Now
Extp((-3,1),No(0,-1)) = HY(B, N,(3,-2))
=k.
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2% (1,-1)

4% (-1,0)

(-3,1) (2,-2)

2% Nay(0,-1) @2 % (0,-1)
Figure 3.2:

The above statement is true because we have a short exact se-

quence of modules given by
0-(1,-1) > N,(3,-2) - (3,-2) - 0.

This gives rise to the long exact sequence of induction and we get
HY(B, N,(3,-2)) = H}(3,-2). By [11, 7.2(2)] we have H!(-p"a) =
k so HY(B, N4(3,-2)) = k. Similarly Extp((2,-2), No(0,-1)) =
HY (B, N,(-2,1)) = k. Hence there are unique extensions from
N,(0,-1) to (-3,1) and from N, (0,-1) to (2,-2) and these exten-
sions are given by Ngo(-3,1) and Naa(2,-2) respectively. More-
over

Exts((~1,0), Na(2,-2)) = k

and

Extp((-1,0), Nga(-3,1)) = k.
Again we have a short exact sequence
0— No(1,-1) > Ngo(-2,1) - (-2,1) - 0.
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2x%(1,-1)

(0,0) ® (—1, —1) @2 * (0, —1) @ Naﬁa(—l,O) ® Nﬁaa(—l,O)

Figure 3.3:

This gives rise to the long exact sequence of induction and we get
0 H'(N,(1,-1)) > H'(Ngo(-2,1)) > H'(-2,1) >
H?*(N,(1,-1)) > ...

Moreover we have a short exact sequence
0—-(-1,0) > N,(1,-1) - (1,-1) » 0.

Using the long exact sequence we get H (N, (1,-1)) = 0 for all 1.
Using this we get H'(Ngo(-2,1)) = k. Similarly we can show
that H'(N,a(3,-2)) = k So there are unique extensions from
Noa(2,-2) to (-1,0) and from Ng,(-3,1) to (-1,0) and these
extensions are given by Ngaq(—1,0) and Naga(—1,0) respectively.
We arrive at figure 3.3.

Now consider

Extp((1,-1), Ngaa(=1,0)) = HY(B, Ngaa(-2,1)) = k
Also

Extp((1,-1), Naga(=1,0)) = HY(B, Noga(-2,1)) = k

Hence there are unique extensions from Ng.o(-1,0) to (1,-1)

and from N,g,(-1,0) to (1,-1) and these extension are given
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by Nagaa(l,-1) and Nyapa(1,-1) respectively. Combine all the

above results to get

Z(070) = (0,0) @ (—1, —1) @2 * (O, —1) D2 % (_1’0)

(&) Naaﬁa(la —1) (&) Na/gaa(l, —1)

Remark. Note that there is another possible decomposition of
Z(o,1) but that decomposition contradicts the famous conjecture
of Donkin given in [13]. We assume that the conjecture is true

hence we take the above decomposition.

Now we will consider the module Z(; o). Arranging the weights in
descending order we get figure 3.4. There is a unique extension
from (-3,0) to (=1,-1), because Extp((~1,-1),(-3,0)) = k and
this extension is given by N,(-1,-1). Also

Exty((1,-2), No(-1,-1)) = HY(B, No(-2,1)) = k
So there is a unique extension from N,(-1,-1) to (1,-2) and this
extension is given by N, (1,-2), where N, (1,-2) has weights

(1,-2),(-1,-1),(-3,0). Now we will check if there is an extension
from Nao(1,-2) to (-2,0).

Ext((~2,0), Naa(1,-2)) = H'(B, Naa(3,-2)) = k
Hence there is a unique extension from N,,(1,-2) to (-2,0) and
this extension is given by Ngaa(-2,0).
Now we will check to see if there is an extension from Nga.(-2,0)
to (0,-1). We have

Ext5((0,-1), Ngaa(=2,0)) = HY(B, Ngaa(-2,1)) = k.
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(17 _1)

2% (-1,0)

(_37 1)

(=1, -1) ® Napaa(0,~1) ® 3 + N, (0, -1)

Figure 3.5:

This is true because we have a short exact sequence given by
0> No(-1,0) > Ngaa(-2,1) = Nz(-2,1) - 0.

Also HY(B, N,(-1,0)) =0 and HY(B, N3(-2,1)) = k, so using the

long exact sequence of induction we get

HY(B, Ngaa(-2,1)) = k,

so there is a unique extension from Ngaq(—2,0) to (0,-1) and this

extension is given by Nygaa(0,-1). Moreover

EthB((Ov _1)7 (_27 O)) = Hl(B7 (_27 1)) = k.
So there is a unique extension from (-2,0) to (0,-1) and this
extension is given by N,(0,-1). Combining these we get figure
3.9.

Now we will check if there is an extension from N, (0,-1) to

(-3,1). We have

Extp((-3,1), No(0,-1)) = HY(B, Na(3,-2)) = k
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The above statement is true because we have a short exact se-

quence of modules given by
0—(1,-1) > N,(3,-2) - (3,-2) = 0.

This gives rise to the long exact sequence of induction and we get
H' (B, N.(3,-2)) = H'(3,-2). By [11, 7.2(2)] we have H!(-p"«a) =
k so HY(B, N,(3,-2)) = k. Hence there is a unique extension from
N,(0,-1) to (-3,1) and this extension is given by Ng,(-3,1). We

also have
Exty((~1,0), Nao(=3,1)) = HY(B, Nso(-2,1)).
Again we have a short exact sequence
0— Ny(1,-1) — Nga(—Z, 1) > (-2,1) - 0.

This gives rise to the long exact sequence of induction and we get
0— H'(Ny(1,-1)) > HY (Npa(-2,1)) > H'(-2,1) -
H?*(No(1,-1)) - ...

Moreover we have a short exact sequence
0—(-1,0) > No(1,-1) - (1,-1) = 0.

Using the long exact sequence we get Hi(N,(1,-1)) = 0 for all
i. Using this we get HY(Ngo(-2,1)) = k. So there is a unique
extension from Ng,(-3,1) to (-1,0) and this extension is given
by Nusa(-1,0), where N,po(-1,0) is a submodules of V(1,0).
Using this we get figure 3.6.
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(-1,

(17 _1)

-1) @ (-1,0) ® Nopaa(0,-1) & Nypa(-1,0) @ 2+ N,(0,-1)

Figure 3.6:

Finally
Extp((1,-1), Naga(=1,0)) = H'(B, Nuga(-2,1)) = k.

So there is a unique extension from N,g,(-1,0) to (1,-1) and

this extension is given by Nuaga(1l,—-1), where Nyopa(1l,-1) is a

submodules of V(1,0). Combining all the above results we get
Z(LO) = (_17 _1) @ (_L O) @ Naﬁaa(oa _1)

® Noapa(l,-1) ®2 + N,(0,-1)

Now we will consider the module Z ;). Arranging the weights in

descending order we get figure 3.7. There is a unique extension
from (0, -2) to (=3,0), because Extj((=3,0),(0,-2)) = k and this
extension is given by Ng(-3,0). Also

Exti((=1,-1), Np(=3,0)) = H'(B, Ns(-2,1)) = k
So there is a unique extension from Ng(-3,0) to (-1,-1) and this

extension is given by N,z(-1,-1). Now we will check if there is

an extension from N,g(-1,-1) to (1,-2).
Extp((1,-2), Nag(-1,-1)) = H'(B, Nas(-2,1)) = k

Hence there is a unique extension from N,5(-1,-1) to (1,-2) and

this extension is given by Nyas(1,-2). Also there is an extension
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(_170)

(Qa _2)

4% (0,-1)

2% (-2,0)

2% (=1,-1) ® Naas(1,-2) ® Na(1,-2)

Figure 3.8:

from (-1,-1) to (1,-2) and this extension is by given N,(1,-2).
Combining above results we arrive at figure 3.8.

Now we will check to see if there is an extension from Nyp(1,-2)

to (-2,0). We have
Extp((~2,0), Naas(1,-2)) = HY(B, Naas(3,-2)) = k.

So there is a unique extension from N,q5(1,-2) to (-2,0) and this
extension is given by Ngaas(—-2,0). Also

Extp((-2,0), No(1,-2)) =H'(B, Na(3,-2)) = k
Hence there is a unique extension from N,(1,-2) to (-2,0) and
this extension is given by Nz, (-2,0). We get figure 3.9.

We also have
Extp((0,-1), Nga(~2,0)) = HY(B, Ngo(-2,1)) = k.
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(_1’0)

(27 _2)

4% (0,-1)

2% (=1, -1) ® Naas(1,-2) ® Nja(~2,0)
Figure 3.9:

(_170)

(27_2)

2% (-1,-1)@2x(0,-1)® ((-1,-1) ® M) ® Napa(-2,0)

Figure 3.10:

So there is a unique extension from Nz, (-2,0) to (0,-1) and this

extension is given by N,p,(0,-1). Moreover
EXt}%((()? _1)7 Nﬁaaﬁ(_Q, O)) = Hl(Bv Nﬁaaﬁ(_2; 1)) = k.

So there is a unique extension from Ngaas(-2,0) to (0,-1) and
this extension is given by (-1,-1)® M, where M = V(1,0)/(-1,0).
Using this we get figure 3.10.

Now we will check if there is an extension from N,z,(0,-1) to
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(_17 0)

2% (~1,-1) @2 % (0,-1) & ((-1,-1) ® M) & Naaga(2, -2)

Figure 3.11:

(2,-2). We have
Extp((2,-2), Naga(0,-1)) = HY(B, Naga(-2,1)) = k.

So there is a unique extension from N,z,(0,-1) to (2,-2) and
this extension is given by Nyaga(2,-2). Combining all the above
results we get figure 3.11.

Finally we will check if there is an extension from Nyag4(2,-2) to

(-1,0). We have
Extp((-1,0), Naasga(2,-2)) = H'(B, Naaga(3,-2)) = k.

So there is a unique extension from Nyas.(2,-2) to (-1,0) and
this extension is given by (0,-1) ® N, where V(1,0)/N = (1,0).

Combining all the above results we get

Zony=2+(-1,-1)®2+(0,-1) & ((-1,-1) ® M)

® ((0,-1)® N)

Remark. Note that there is another possible decomposition of
Z(,1) but that decomposition contradicts the famous conjecture
of Donkin given in [13]. We assume that the conjecture is true

hence we take the above decomposition.
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(d) Finally for the module Z(; 1y we have
Zay =(-1L,-De(-1,-1)e®T(1,0)
Combining the results in (a),(b),(c) and (d), we get

HO(U,,St® St) = [(0,0) @ (-1,-1) @2 (0,-1) @2 % (-1,0)
® Noaga(l,-1) & Nogaa(l,-1)]F
®((0,1)®[2*(-1,-1)@2x* (0,-1)® ((-1,-1)® M)
@ ((0,-1)eN)]" @ (1,0)® [(-1,-1) ® (-1,0) ® Nogaa(0,-1)
® Noaga(l,-1) @2 % N,(0,-1)]"

o(L,)e[(-1,-1)®(-1,-1)®T(1,0)]"

Lemma 3.2.1. We have:
1. HO(U,, L(0,0) ® St) = (-1, -1).
2. HO(Uy, L(1,0) ® St) = [(~1,0) @ (0,-1)]F & (0,1) ® [ (0,~1)
a(-1,-1)]" & (1,0) ® N,(0,-1)".
3. HO(Uy, L(0,1) ® St) = [Na(0,-1) ® Na(1,-1)] & (0,1) ® Naga (0, ~1)F
e(1,0)®[(-1,-1) ® N, (0,-1) ® (-1,0)]" @ 2(1,1) ® (-1,-1)%.

4. HO(U,,St®@St) = [(0,0)@ (-1, 1) @2+ (0,~1) @2 (~1,0) ® Npapa (1, ~1)

®Nopaa(1,-1)]F @ (0,1)®[2* (-1,-1) @2 (0,-1) & ((-1,-1) ® M)

e((0,-1)eN)]F @ (1,0)®[(-1,-1) ® (-1,0) ® Napaa(0,-1)

®Nuasa(l,-1)®2% N, (0,-1)]"®(1,1)®[(-1,-1)&(-1,-1)®T(1,0)]*.
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Now we will write the recursive formulas obtained from the above lemma.

We have the following cases:

1. Suppose (a,b) = (2r,2s), where r, s are integers then the equation 3.2

becomes
x'(2r,25) = X' (HY (B, T(2, 2)/ ® (2r,25)) ™ HF
+x(1,0)x" (H(By1,T(1,2) ® (2r,2s)) )"
+x(0, )X (H° (B, Py ® (2r, 25))H)F
+X(L )X (H*(By, Py ® (2r,25)) )"

- 2(HY(B,,T(2,1) ® (2r,25)) H)F

We will calculate each term separately.

(a) First we will take x*(H°(B1,T(2,2)" ® (2r,2s))™")

X (HO(B1, T(2,2) ® (2r,25))™") = X (HO(Us, Py, ® (2r,25)) ™)™
= ((2r,2s) ® H(Uy, T(2,2))™) ™
=X s) + X (= Ls = 1) + 2 (rs = 1) + 2x(r = 1,9)

+ X' (Naapa(r + 1,5 = 1)) + X'(Nagaa(r + 1,5 = 1)).
(b) Now take x*(H°(B1,T(1,2) ® (2r,2s))71)

X {(HO(By,T(1,2) ® (2r,25))71) = x*(H°(U,, T(1,2) ® (2r,2s)) )™
=x'((2r,2s5) ® H°(Uy, L(0,1) ® St)™1)~*

=x.(r,s—-1)+ X (r+1,5-1).
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(c) We will now calculate yi(H(By, T(2,1) ® (2r,25))7)
X' (H°(By1, T(2,1) ® (2r,25))™") = X\"(H°(Uy,T(2,1) ® (2r,2s)) ™)™
=x'((2r,25) ® H°(Uy, L(1,0) ® St)71)~*
=x'(r-1,8) +x'(r,s - 1).
(d) Finally take ¢ (H(By,T(1,1) ® (2r,25))71)
X{(HY(By,T(1,1) ® (2r,25)) ") = X' (H* (U, T(1,1) ® (2, 25)) ")

=x'((2r,25) ® H°(U,St)™ )™ = 0.

We will denote the character of X(Naas(7,5)) by X,,q5 and
X' (Naga(r,5)) by X3, Combine the above results to get

X(2r,25) = X' (r,8) + X' (r—1,5—1) +2x'(r,s = 1) + 2x'(r - 1, 5)
+ X' (Naapa (1 +1,5=1)) + X'(Nagaa(r + 1,5 = 1)) + x4 (r,s = 1)
+xLr+1,s =D +xi(r-1,8)" + xi(r,s - 1)
= 2% (r-1,8)F = 2xi(r,s - 1)F
= X'(r,8)" + Xoas(r+ 1,5 = 1)F + XL g, (r+ 1,5 - 1)

+Xa(r s =D+ xa(r+1,s =D+ X (r=1,8)" + x'(r,s - 1.

Similarly we can get x*(2r, 1+ 2s), x*(1 +2r,2s) and x*(1+2r,1 +2s).

The complete result is given in the following lemma.

Lemma 3.2.2. Fori >0, integers r,s and o, 3 simple roots we have:
1. X'(2r,258) = X' (r,8) "+ X (r =1, s = 1) + Xhapa(r+ Ls = 1)F
X ogaa T+ Ls =)+ xL(r,s = 1)+ XL (r+ 1L s - 1) + X' (r-1,5)"
+x'(r,s - 1)F;

119



2. X(2r,1+28) =X ((r-1,s-1) @ M)F + ' ((r,s-1)® N)¥
+xX (s - DF +x'(r-1,s-1)" + Xgﬂa(r,s -5
3. X(1+2r,28) =2x"(r=1,s = 1) + 2x"(r = 1,8)" + X’paa(r:s = 1)
X haga (T + 1,5 = 1) +2x0 (r,5 - 1)7;

4. Y(1+2r,1+2s) =4 (r-1,s - D)F + x{((-1,-1) ® T(1,0))*.

3.3 Conclusion

In this chapter we have given the first step of the recursive description for
X'(r, s). Asit is clear from the above lemma that there are some new modules
appearing in this description. The next step is to find a description, recursive
or otherwise, for these modules. Unfortunately it is very hard to find this
description using the methods available to us. There is also scope to repeat

this process for higher characteristics but we have not tried it yet.
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Chapter 4

A Tensor Product Factorization

for Certain Tilting Modules

4.1 Introduction

The contents of this chapter have been published see [1]. Let G be a semisim-
ple, simply connected linear algebraic group over an algebraically closed field
k of characteristic p > 0. In this chapter we will give a generalization of
the results given by Doty in [17]. In his paper [17], Doty observed that the
tensor product of the Steinberg module with a minuscule module is always
indecomposable tilting. We will show that the tensor product of the Stein-
berg module with a module whose dominant weights are modular minuscule
is a tilting module, not always indecomposable. We also give the decom-
position of such a module into indecomposable tilting modules. Doty also
proved that if p > 2h — 2, then for r—minuscule weights the tilting module is
isomorphic to a tensor product of two simple modules, usually in many ways.

We remove the characteristic restriction on this result. A generalization of
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[11, proposition 5.5(i)] for (p,r)-minuscule weights is also given. We start
by setting up notation and stating some important definitions and results

which will be useful later on. For further explanation please see chapter 1.

Let F': G — G be the Frobenius morphism of G. Let M be a G- module. In
this chapter we will denote M*" by MU'l r > 1. Let B be a Borel subgroup
of G and T c B be a maximal torus of G. Recall that X,.(7") denotes the set
of r—restricted weights. Moreover A(\) and L(\) denote the Weyl module
and the simple module of highest weight \ respectively. Let T'(\) denote the
tilting module with highest weight .

Recall also that for A € X,.(T'), the modules L(\) form a complete set of pair-
wise non-isomorphic irreducible G,—modules. For € X (T') let Q, () denote
the projective cover of L(u) as a G,T-module see e.g [21] and [22]. The
modules Q,(\), \ € X, (T), form a complete set of pairwise non-isomorphic

projective G,—modules.

A dominant weight A is called minuscule if the weights of A(\) form a single
orbit under the (usual) action of W. Equivalently, by [6, chapter VIII, Section
7, proposition 6(iii)], A is minuscule if -1 < (A, a") < 1 for all roots . If s(\) =

> e(u) then A minuscule implies s(\) = ch A(X) = ch V() = ch L()). For
peW A

A€ X*(T') define A to be modular minuscule if (X, 5y) < p, where [ is the

highest short root. Moreover we define a weight A\ € X,.(T) to be (p,r)-
r—1

minuscule if A = ) p/N, where each M is modular minuscule (and M ¢
=0
r—1
Xi1(T)). In [17] Doty defines a weight A to be r—minuscule if A = ) p/ M, with
=0

each A/ minuscule. Note that A\ minuscule implies A is modular minuscule.

Similarly if A is r—minuscule then A is (p,r)-minuscule.
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4.2 Main Results

r—1
Definition 4.2.1. For A=) p’X e X, (T), M € X,(T) define

J=0

5:(A) = s(AD)s(pAl) ...s(p"A"h).

Proposition 4.2.1. If X is (p,r)-minuscule then

chT((p"-1D)p+A)=x((p"-1)p)s-(N),

where x(\) denotes the Weyl character corresponding to A € X*(T) as given
in [21, II, proposition 5.10].

Proof. By [10, theorem 5.3] we have if A € X1(T") and T'((p — 1)p + N)|g,
is indecomposable then T'((p — )p + A) ® T(p)!" =~ T((p - 1)p + X + pu)
for all e X*(T). Also by the argument of [10, proposition 5.5] for modular
minuscule (and restricted) A we get that T'((p—1)p+\)|g, is indecomposable.
So we have T((p" = 1)p+A) = Q5 T((p—1)p+ M)l So chT((p" - 1)p +
A) =g ch T((p - 1)p+ M)l Since each M is modular minuscule by [10,
proposition 5.5] we get chT'((p—1)p+MN) = x((p-1)p)s(N). Hence ch T'((p"-
Dp+X) =125 x((p-1)p)Us(M)ld]. Combine this with the above definition
to get the result.

[

Remark. If X\ is minuscule then s(\) = ch L(\) and hence T((p—1)p+ \) ~
St ® L(\) because these are tilting modules with the same character. This

gives us [17, lemma).

Lemma 4.2.2. We have the following:
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1 If pe X*(T) then T((p" - 1)p) @ T(u)l = T((p" = 1)p +p"pu).
2. Suppose X is minuscule then
St® L(A) = Qi((p—1)p+wo)),

as G1T'-modules, where wy is the longest element of W. In particular

St ® L(\)|g, is indecomposable.

3. If X is minuscule and p€ X*(T') then

St LN @ T(p) =T ((p-1D)p+X+p"p).

Proof. By [21, 11, 3.19] with ¢ = 0 we have St, ® V(u)["l ~ v((p" = 1)p+ p"u)
for every p € X*(T). Tt follows that St, ® VIl is tilting for every tilting
module V. In particular St, ® T'(u)l"] is tilting. By [13, 2.1], St, ® T'(u)l"] is
isomorphic to T'((p" = 1)p + p"w). This proves part (1).

Since
Homeg, 7 (L((p-1)p +woA), St ® L(N))
= Homg,7(L((p—1)p+wo\) ® L(A)*,St)
= Homg,7(L((p—1)p + woA) ® L(—woA),St) # 0.
we have

St® L(N)|e, = Q1((p-1)p+wod) @ Z.

Also by [11, 1.2(2)], ch Q1 ((p=1)p+wo)) = x((p=1)p)¥, where ¢ = " ace(€)
and ag >0 for all €.

Also by [21, I, 11.7, lemma(c)], ch Q1 ((p—1)p + woA) is W invariant. This
implies ¢ is W invariant. Moreover Q;((p — 1)p + wo)) has unique highest

weight (p—1)p+A, so ¢ = s(A)+60 where 0 = > a,s(p) with p < A. But ¢
HeX(T)
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is W invariant and ch Q; ((p—1)p+woA) is divisible by x((p-1)p) so we must
have ¢ = s()\). So we get Z =0 and chQ;((p-1)p +woA) = ch (St ® L())).
This proves that

St® L(A) = Qi((p—1)p+wod).
Now by [22, 4.2, Satz], Q1((p—1)p+wpA) is indecomposable as G;-module,
so St ® L(A) is indecomposable as G;—module. Hence St ® L(\)|g, is inde-

composable. This proves part (2).
Since St ® L(\)|g, is indecomposable by [13, 2.1] we get
Ste L) @ ()" = T((p-1)p+X+p'p).

This gives us the result in part (3).

Proposition 4.2.3. Suppose X is r—minuscule and p € X*(T) then
St,® L(A) @ T(1)!" = T((p" = 1)p + A+ p'p).

Proof. Using Steinberg’s tensor product theorem we get

St, ® L(\) = @; (St ® L(\))lI

P
where A is r—minuscule. By remark 4.2, we have
St © L) = @ (T((p- 1)+ 1)
P

Apply lemma 4.2.2(3) inductively to get

St, @ LIAN) ~T((p" - 1D)p+ ).

Now tensor both sides by T'(x)l"] and apply lemma 4.2.2(3) again to get the

result.
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Corollary 4.2.4. Let A\ be r—minuscule and € X*(T) then:

1.T((pr=1D)p+p ) ® LAA) = T((p" = 1)p+ A+p"p).

2. If T(p) is simple then St, @ L(p"p+ X) ~T((pr = 1)p+p 1+ N).

Proof. By lemma 4.2.2(1) we get St, ® T'(u)l"] ~ T((p" = 1)p + p"u). Tensor
this with L(\) to get the result in part (1).

If T(p) is simple then L(p) ~ T'(p). So L(A\) @ T(u)l"] ~ L(N) & L(p)l").
Using Steinberg’s tensor product theorem we get L(A\)® L(p)") ~ L(A+p™p).
Tensor this with the r—th Steinberg module to get the result in part (2). [

Remark. Note that proposition 4.2.4 and its corollary remove the restriction

on p in the corresponding results in [17].

In case A is modular minuscule it is of interest to determine the decomposition
SteL(N), St®A(A) and Ste® V() as a direct sum of indecomposable modules.
In what follows we will show that these are all tilting modules and the direct
sum decomposition is determined by the characters of V(A) and L(\). We
will also show that if A is (p,r)—-minuscule then St, ® L(\) is tilting. We will

also give decomposition of St, ® L(\) into indecomposable tilting modules.

Lemma 4.2.5. Suppose \ is modular minuscule. Then every weight p of

V(N) satisfies pp+ € X*(T), where V(X) = A(N) or V(N).

Proof. If 7 is a dominant weight of V' (\) then 7 is also modular minuscule
because A is the highest weight so 7 < A and we can write A = 7 + § where 6

is a sum of positive roots. Also p> (X, 5y) = (7, By) + (0, By) > (7, 5Y)-
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Let u be a weight of V' (\) then wy = 7 for some modular minuscule 7 € X*(7T")
and w € W. Let a be a simple root then (pp + u, ") = p+ (w™lr, ") =

p+ {7, (wa)v). So we need to show that p+ (r,7") >0 for all roots .

Now p+ (7,7") >0 for all roots v <= p+ (7, (wgy)") >0 for all roots v. And
this is true <= p+ (we7,7") > 0 < p - (~weT,7") 2 0 <= p—(7,7") > 0.
From the last inequality we get (7,7") < p and since (7,7") < (7,8y) < p we
have the required result.

]

Recall that if 0 = My < M; < ... < M, = M is a chain of B-modules and
RInd$M;/M;_y = 0,1 < i < t then for Ind% M we have a sequence 0 = Ind§ M, <
md$M; < ... < Ind§M, = Ind$M with Ind§M,;/IndGM,_y ~ Ind§ M,/ M,_,.
This follows by induction on t. Recall also that RIndGu = 0 if (1, o) > -1
for all simple roots a. This follows by Kempf’s vanishing theorem and [21,

11, proposition 5.4(a)].

Proposition 4.2.6. Assume X is modular minuscule and let V be a finite
dimensional G-module such that @ < X for all weights p of V.. Then St®@ V'

15 a tilting module.

Proof. We will show that St ® V' has a V-filtration. Let u be a weight of
V', then pu is a weight of some composition factor L(v) of V. Now v < A, so
(v, By) < (A, BY) < p, therefore v is modular minuscule. Moreover p is a weight

of L(v) and hence of V(v) and so by lemma 4.2.5 we have pp + e X*(T).

Now choose a B—module filtration of V given by 0 = V5 < V; < ... <V, =V with
Vi/Viiy = k,, where p; is a weight of V. Then St®V = Ind%((p—1)p® V) and
(p-1)p®V has a filtration 0 = (p—-1)p@Vy < (p—1)p@Vi < ... < (p-1)p®V; =
(p-1poV.
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Also for each section (p—1)p ® V;/Vi_; we have RInd%((p-1)p® V;/Vi_y) =
RInd%((p-1)p®k,,) = RInd%((p—1)p+u;) = 0 because {(p—1)p+p;, a¥) > ~1.
So St ® V' has filtration with section

mdS((p-1)p® Vi/Viy) = V(pi), pie X*(T)

0, otherwise.
Therefore St ® V' has a V-filtration. Also p* < A* for all weights u* of V*
and A* is modular minuscule. So St ® V* has a V-filtration. Therefore

(Ste V*)* =St ® V' has a A-filtration. Hence St ® V' is tilting.

Corollary 4.2.7. Suppose A is modular minuscule then St A(N\) ~ St®V(A).

Proof. By proposition 4.2.6, St ® A()A) and St ® V() are tilting modules.
Moreover St ® A(A) and St ® V(A) have the same character and hence are

isomorphic. O

Theorem 4.2.8. Let A be modular minuscule and V' be a finite dimensional

G-module such that p < X\ for all weights v of V.. Then

SteVe P aT((p-1)p+v)

veX*(T)

where ch(V) =Y a,s(v).

veX+(T)
Proof. By proposition 4.2.6 we have St ® V' is a tilting module. Also by
[11, proposition 5.5] we get chT((p—-1)p+v) = x((p - 1)p)s(v). Write

ch(V)= > a,s(v) then the tilting modules St ® V" and
veX+(T)
®yex+(1) /T ((p—1)p+v) have the same character and hence are isomorphic.

[]
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Proposition 4.2.9. Assume X is (p,r)—minuscule then St,® L(\) is a tilting

module.
r—1
Proof. Since X is (p,r)-minuscule this implies A € X,(T) and A = )" p/ N,
=0

where each A is modular minuscule. Using Steinberg tensor product theorem
we have St, ® L()) = ®/Z; (St ® L(M))U]. By proposition 4.2.6, St ® L(\)
is tilting for each A. We will use mathematical induction to complete the

proof.

Write St, ® L(A) =St ® L(A\°) ® (St® L(A) @ St e L(A2)H e .. @St e
L(\=1)[=21)l1). Then using inductive hypothesis and theorem 4.2.8 we have
St, ® L(\) = @, a,St® L(A\°) @ T'()M). Also by theorem 4.2.8, St ® L(A°) =
@uex+) b T((p-1)p+v). So St,®L(A) = ®,., a,b, T((p-1)p+v)@T (p)I1].
Hence St, ® L(\) is tilting. O

Theorem 4.2.10. Let A\ be (p,r)-minuscule then

St ® LA)~ @ bT((p" -1)p+v)

veX+(T)

where chL(A) = > b,s,(v).

veX+(T)
Proof. St,® L(\) is tilting by proposition 4.2.9. Also by proposition 4.2.1 we
have ch T'((p" - 1)p+v) = x((p" - 1)p)s,(v). Write chL(A) = > bys,.(v)
then the tilting modules St, ® L(\) and e
@vex+ (1) b,T((p"—1)p+v) have the same character and hence are isomorphic.

O

4.3 Conclusion

In this chapter we have removed the characteristic restriction on Doty’s re-

sults given in [17]. We have also proved that if A is modular minuscule and
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V' is finite dimensional G-module such that u < A for all weights p of V
then St ® V' is a tilting module. We have also given the decomposition of
St ® V' into indecomposable tilting modules. This in particular given the
decomposition of St ® V() and St ® A(\) (A modular minuscule). We have
also shown that if A is (p,r)—-minuscule then St, ® L(\) is a tilting module.

We also give its decomposition into indecomposable tilting modules.
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Chapter 5

On the Cohomology of Certain
Homogeneous Vector Bundles

of G/B in Characteristic Zero

5.1 Introduction

The contents of this chapter have been accepted for publication see [2]. Let k
be an algebraically closed field of characteristic zero and let GG be a reductive
connected algebraic group over k. Let B be a Borel subgroup of G' and
T c B be a maximal torus of G. Recall that for an algebraic group J,
we write mod(J) for the category of finite dimensional rational J-modules.
As explained in chapter 1, given an algebraic group J over a field k and a
subgroup H we have the induction functor Indy; : mod(H) — mod(J) see
e.g [21]. For H < J < K and V an H-module we have a Grothendieck
spectral sequence converging to R*Ind% V', with F, page RilndJGga R Indga V.
For A € X(T') we denote by k, the one dimensional (rational) B-module
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on which T acts via A. In what follows we will denote k) simply by .
We will also write Hi(M) for R1Ind§M. We will denote by P./R,(P,) the
P,—module on which the unipotent radical R, (P,) acts trivially.

In his famous paper [7] Demazure introduced the indecomposable modules
Vio with weights A\, A — a, ..., s,()), where « is a simple root and s, is the
corresponding reflection. He used these modules to give a short proof of
the Borel-Weil-Bott’s theorem. In this chapter, we consider a generalization
of the module V), by M,,()), where M,,(\) = Va(rp) ® (A —7p) and
r > 0. We will first show that M, ,()) is the unique (up to isomorphism)
indecomposable B-module with weights A\, A\—-a, ..., A\—=ra. We determine the
i—th cohomology of M, () for all <. This in particular gives all cohomology

of the modules V) , appearing in Demazure’s paper.

The following proposition along with its corollary shows that M, ,.(\) is
the unique (up to isomorphism) indecomposable B—-module with the given

weights.

Proposition 5.1.1. If V' has weights A, A — «, ..., A\ —ra then V' is a direct

sum of copies of My (1), where p is of the form A — ja, j > 0.

Proof. We will use induction on r to prove the result. The result is clearly
true for r = 0. Now let r > 1 and suppose that the result is true for r—1. Let
V" denote the sum of weight spaces V2=, > 0. Then V' is a B—submodule
of V. By the inductive hypothesis V" is a direct sum of copies of M, ¢ (p).
We write V' as a direct sum of B-modules, V' = X @ Y, with X ~ M, ((\ -
a) and Y = @My, (N - qa), t; >0, ¢ > 2. We will now check to see
whether there is an extension from Y to \. Firstly Exty(ky, My, (A -q)) =
Hi(B,-A® M, 1,(A—qa)) =0, for all ¢; > 2. This is true because the weights
of “A® My4,(A— ) are —gia, —(q; + 1), ... = (¢; + t;)a and HY(B,—ja) =0
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for all 7 > 2. This shows that there is no extension from Y to A\. Hence we

can write V = Z @Y as B-modules, where Z is an extension of X by A i.e.

X<Zand Z/X ~

Now we will check whether there is an extension from X to A\. We have
Extp(kx, X) = Extp(ky, Va((r=1)p) ® (A= (r = 1)p-a) = H'(B, Va((r -
1)p) @ (~(r - 1)p-a)). We get H'(B,Va((r -1)p) ® (~(r - 1)p - a)) =
HOY(P,,Vao((r=1)p) ® Vo((r—1)p)*) = k. Hence there is a unique non-split

extension from X to .

Using the above extensions we get that V' is either A\ @ X @Y or M, s11(\) @Y.
[l

Corollary 5.1.2. If V is indecomposable then V = M, ().

Proof. The result is clear from the above proposition. O

We will now give the cohomology of M, ().

5.2 Main results

Consider the module M, (), with weights A, A — a. The following theorem

gives the i—th cohomology of M, 1(\) for all i.

Theorem 5.2.1. Let o be a simple root and A € X(T') then

H(OM, 0 <] DA, a0
07 <)\,Oév>=0,

Proof. We will give the proof in separate cases.
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1. Let (A\,a¥) < -1. On the second page of the Grothendieck spectral

sequence we have
H{(M,1(\) = R7'ndg, RMInd (M1 ().

Also since (), o) < -1, we have Ind5*\ = 0. Moreover P,/B is one
dimensional so RiInd5* A = 0 for all i > 2. Hence from the short exact

sequence

0> A-—a—->My;(A\)=>A-0

we get

0 - R'IndE* (A - @) - R'IndL* (M4, (M) - Rnd5 (\) - 0.

Since all modules for P,/R,(P,) are completely reducible (Weyl’s com-
plete reducibility theorem) we have R'Ind5* (Mg ()\)) = RndE (N -
o) & R1IndE>()\). Therefore

H{(M,1(\)) = R7ndE (RMnd* (A - a) @ R'Ind 7 ()))
and we get the result.

2. For (\, ) = 1 we get that RIIndL* (A-p) is zero for all j # 0. Therefore
Val(p) ® VoA =p) = Va(N). Hence Hi(My1(N)) = HI(N).

3. Suppose (A,a¥) > 2. On the second page of the spectral sequence we

have
R'Indg, RiInd5 (Va(p) ® (A - p)) = RInd%, (Va(p) ® RIndL* (A - p)).

For (\,a¥) > 2 we have that R/IndE (A - p) is zero for all j # 0. There-
fore Hi(Ma1(N)) = RInd%, (Va(p) ® Vo(X - p)). Since the weights of
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Va(p) are p and p — «, by a special case of the Clebsch-Gordan for-
mula we get Vo (p) ® Vo(A = p) = Vo(A) ® Vo (A - ) (we are working

in characteristic zero) and hence

Hi(Ma1(\) = H(N) @ Hi(\ - ).

4. Finally we consider the case (A, ") = 0. We have (A - p,a¥) = -1 and
hence RIIndE* (A - p) = 0 for all j. So we get Hi(M,1()\)) =0 for all i.

This completes the proof.

Now take M, () for all » > 0. The i-th cohomology of this module is given
by the following theorem.

Theorem 5.2.2. Let r >0, A e X(T), m=(\,a") and s = (A —rp,a¥); then

Dio H'(A - ta), (N av)<-1

Dr_o Hi(N - ta), O av) >
andr <s

Do H'(A - tav), (A av)>r

Hi(Ma,r(A)) =

andr > s
@B Hi(tp-(t-2-m)a), 0< (N av)<r-1

Hi(N), (N\av)y=r

Oa <A,Oév>=7"—]_.

Proof. We will use induction on r to prove the result. The result is true for
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r =1 by theorem 1. Suppose the result is true for r — 1; then

i Hi(A - ta), (A av)<-1

@0 Hi(\-ta), (N av)y>r-1
andr-1<s

. @, H'(\-ta), (Nav)y>r-1

HZ(Ma,r—l()‘)) =

andr-1>s

@ Hi(tp-(t-2-m)a), 0<{\aY)<r-2

Hi(\N), (Nav)y=r-1

0, (N av)y=r-2.
Now for r we give the result in cases as in theorem 5.2.1.
1. Let (A, a¥) < -1. On the second page of the spectral sequence we have
H{(M,,(\) = R'Indg, R*Ind} (M, (N)).
Moreover we have the short exact sequence
0> My,o1(A-a) > My, (A) > A= 0.

Also since (), ) < 1, we have Ind5*(\) = 0. Moreover P,/B is one
dimensional so RiIndg" =0 for all ¢ > 2. Using the above short exact

sequence we get

0 — R'Ind2(M,,1(\ - a)) - Rnd5 (M, ()\)) - R1IndE (A\) - 0.

Since all modules for P,/R,(P,) are completely reducible we get

R'IndE* (M, (\)) = RMIndE* (My,- (X - a)) @ RInd5* ().
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Therefore

H (M, (\)) = R7'ndg, (RMndL* (My, 1 (A - @) @ RUInd} (\)).

Since we are working in characteristic zero we can get

Hi(Ma,r()‘)) = Hi(Ma,r—l()\)) ® HZ(A)

Now use the inductive hypothesis to get the result.

. Suppose (A, @¥) > r. On the second page of the spectral sequence we

have

R'Indg, RiInd5 (Va(rp) ® (A -1p))

= R'Ind$, (Vo (rp) ® RIndy* (A -1rp)).
For (\,a") > r we have that RiIndL*(\ - 7p) is zero for all j # 0.
Therefore
R'Ind§, RiInd} (M, (\)) = RInd%, (Va(rp) ® Vo(X-1p)).
Now we have two cases here. Firstly let r < s then we will get
Hi{(M,,(N) =®;_ o H (N —ta). Now if r > s then we have
H (M, (M) =€ H (A - ta).
=0
. For 0 < (\,av) <7 -1 we get that RiTndE* () —rp) is zero for all j # 1.

We get
R'Ind§, RInd5 (Va(rp) ® (A -7p))

= R'Ind$, (Va(rp) ® R'Indy (A -7p)).

Using Serre duality we get (R!Ind5*(\ - 7p))* = Indi (=X +7rp — a).
Therefore Hi(M,,()\)) = R'Indf, (Va(rp) ® Va(-A+7p—a)*).
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Now let (A, ") =m then we get
H (M, (\)) = RInd$, (Va(rp) ® Va(A—rp+ (r —1-m)a)).
Apply the Clebsch-Gordan formula again to get the result.

4. For (\,a¥) = r we get that RiTndL> (A-rp) is zero for all j # 0. Therefore
Val(rp) ® Vo(A=71p) = Vo(N). Hence H (M, (X)) = Hi(N).

5. Finally we consider the case where (A, a¥) =r -1, so (A-rp,a") = -1
and hence RIIndL*(\ - p) = 0 for all j. So we get H(M,,,(\)) =0 for

all 1.

This completes the proof. n

5.3 Conclusion

In this chapter we have proved that in characteristic zero the modules M, ,.(\)
are unique (up to isomorphism). We have also given the i—th cohomology of
these modules. The modules with weights A\, A\—a, ..., A\—ra are of particular
interest to us in characteristic p as they appear in recursion given in chapter
2 and 3. The module M, ;()\) is unique in positive characteristic p and is
denoted by N,(\) in [11]. For r > 1 the modules M, ,(\) are not always
unique in characteristic p hence we are using the different notation to that

of Ny (N).
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