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Abstract

This thesis is concerned with the Mass Transference Principle and its applications in
Diophantine approximation. The Mass Transference Principle, proved by Beresnevich
and Velani in 2006, is a powerful result allowing for the transference of Lebesgue
measure statements for lim sup sets arising from sequences of balls in R¥ to Hausdorff
measure statements. The significance of this result is especially prominent in
Diophantine approximation, where many sets of interest arise naturally as limsup

sets.

We establish a general form of the Mass Transference Principle for systems of
linear forms conjectured by Beresnevich, Bernik, Dodson and Velani in 2009. This
improves upon an earlier result in this direction due to Beresnevich and Velani from
2006. In addition, we present a number of applications of this “new” mass transference
principle for linear forms to problems in Diophantine approximation, some of which
were previously out of reach when using the result of Beresnevich and Velani. These
include a general transference of Lebesgue measure Khintchine-Groshev type theorems
to Hausdorff measure statements. The statements we obtain are applicable in both the
homogeneous and inhomogeneous settings as well as allowing transference under any
additional constraints on approximating integer points. In particular, we establish
Hausdorfl measure counterparts of some Khintchine-Groshev type theorems with

primitivity constraints recently proved by Dani, Laurent and Nogueira.

Using a Hausdorff measure analogue of the inhomogeneous Khintchine-Groshev
Theorem (established via the mass transference principle for linear forms), we give
an alternative proof of most cases of a general inhomogeneous Jarnik—Besicovitch
Theorem which was originally proved by Levesley in 1998. We additionally show that

without monotonicity Levesley’s theorem no longer holds in general.

We conclude this thesis by discussing the concept of a mass transference principle
for rectangles. In particular, we demonstrate how some known results may be extended

using a slicing technique.
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1.1

1 Introduction

In this chapter we gather background information and preliminaries which will be
required throughout as well as give an overview of the contents of subsequent chapters.
Much of this chapter is based on the surveys [4, 6]. For further information we also refer
the reader to the many interesting and classical books on Diophantine approximation
including, but not limited to, [11, 16, 30, 46, 47].

One Dimensional Approximation

Lying at the heart of Diophantine approximation is the question:
“How well can any given real number be approrimated by rational numbers?”

It is well known that rationals are dense in the reals and so one answer to this question
is essentially “as well as you like”. Therefore, we refine our question and consider,
for example, how well real numbers can be approximated by rationals with given

denominators.

Trivially, given any real number x and natural number ¢ we can always find p € Z
such that

. fz‘ <1
q] ~ 2q
or, equivalently,
1
gz +pl < 5. (1.1)

For aesthetic reasons we shall typically favour this latter formulation.

In fact, this is rather weaker than what is actually always possible. A fundamental
theorem of Dirichlet, the proof of which relies on the pigeonhole principle, provides us

with a much stronger statement.
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Theorem 1.1 (Dirichlet [22]). For any z € R and any Q € N, there exist integers p
and q such that 1 < q < Q and

1
qr +p| < —=.
| <3

An immediate consequence of the above theorem is that if we replace the right-hand
side of (1.1) with % then, although it may not hold for every ¢ € N, for any z € R the
inequality still holds infinitely often.

Theorem 1.2 (Dirichlet [22]|). For any x € R, there exist infinitely many pairs
(p,q) € Z x N such that

1
lgz + p| < " (1.2)

From a slightly different viewpoint, we can also consider questions such as: what
can be said about the set of z € R for which (1.2) holds if we replace the right-hand

side with a general function of ¢7

Given any function ¢ : N — R™, which we call an approzimating function, define
A() :={z €1: |gx + p| < ¥(q) for infinitely many pairs (p,q) € Z x N},

where I denotes the unit interval [0, 1]. Here, and throughout, we are using the notation
RT := [0,00). The restriction of our attention to points in the unit interval here is
purely for simplicity and causes no loss of generality since the approximation properties
of real numbers are unaffected by integer translations. Similarly, when we consider
approximation in higher dimensions we shall restrict our attention to points in the unit
cube. We refer to the points in A(¢) as y-approximable points. We will be interested
throughout in the “size” of A(¢) and other related sets. In particular, we will be

concerned with Lebesgue measure, Hausdorff dimension and Hausdorff measures.

For monotonic v, a fundamental theorem of Khintchine gives us an elegant criterion
for determining the Lebesgue measure of A(z)). For a set X C R* we will denote by

| X | the k-dimensional Lebesgue measure of X.

Theorem 1.3 (Khintchine [35]). Let ¢ : N — R™ be an approzimating function. Then

0 if 2311 ¢(Q> < 00,
[A(Y) =
Lodf Y22, ¢(q) = oo and ¢ is monotonic.
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Remark. The above theorem is a modern improved version of Khintchine’s original
theorem (see, for example, [6]). In [35] the stronger condition that gi(q) is monotonic

was assumed.

An important observation, which will be central to most of what follows, is that

A(1)) and other sets we will be interested in can be expressed as lim sup sets.

Definition 1.4. Let (4;);en be a collection of subsets of a set Y. Then

limsup A; ;= {zx € Y : x € A, for infinitely many i € N}.

1—00

Equivalently,

limsup A; := ﬁ G A;.

=00 k=1 i—Fk

For lim sup sets, the following result from probability theory provides a sufficient

condition for the set to have Lebesgue measure zero.

Lemma 1.5 (Borel-Cantelli Lemma). Let (Q,m) be a finite measure space and let

(Ai)ien be a sequence of m-measurable sets in Q. If

i=1
then
m(limsup A4;) = 0.
i—00
To see this, suppose we are given an arbitrary € > 0. Then, we can choose N € N
such that >, v m(4;) <e. Finally, since limsup;_,,, A; C ;> 4, it follows by the

subadditivity of measures that

m <limsup Ai) <m (U AZ-) <> m(4) <e.

o0 i>N i>N

Similar covering arguments to this one used to prove the Borel-Cantelli Lemma
are fairly standard and appear relatively often in Diophantine approximation. They
are often used for establishing the “convergence” part of statements like Khintchine’s
Theorem, as we shall now demonstrate. Indeed, we shall see this kind of argument

appearing in a variety of settings throughout these pages.
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Returning to the set A(¢), let B(x,r) denote a ball in R (i.e. an interval) of
radius r centred at z. For each (p,q) € Z x N with B (” ) NI # (), define

By (V) = B (£,42) 1. Then,

q7

A() = limsup By, ¢) ().

(p:9)

Suppose, for the moment, that >, ¥(q) < co. Thus, we must have ¢(¢) — 0 as
q — oo and, therefore, it follows that

2. B !<<Z 2Zw

(p.9)€ZXN
B(p,q>(1/))ﬂﬂ7é@
Remark. Here, and throughout, we are using the standard Vinogradov notation. Thus,
we write A < B if A < ¢B for some positive constant ¢ and A > B if A > ¢B for
some positive constant ¢’. Finally, if A < B and A > B we write A < B and say that

A and B are comparable.

The convergence part of Khintchine’s Theorem follows on taking 2 = I and m
to be Lebesgue measure in the Borel-Cantelli Lemma. Notice that, in deriving the
convergence part of Khintchine’s Theorem, we have not required any monotonicity
assumptions on the approximating function ). Statements like Khintchine’s Theorem,
so-called “zero-one” laws, with the measure of a set depending on the convergence or
divergence of a certain sum, appear quite frequently for sets of interest in Diophantine
approximation. It is often the case that the convergence parts of such statements

follow from the Borel-Cantelli Lemma and require no monotonicity assumptions.

On the other hand, a counter-example constructed by Duffin and Schaeffer [25]
shows that the monotonicity assumption is absolutely crucial in the divergence part
of Khintchine’s Theorem. They constructed a function 6 : N — R* for which
> ey 0(q) = 00, yet [A(0)] = 0. At the same time, they also posed a conjecture
on what should be true when considering general (not necessarily monotonic)

approximating functions.

For an approximating function ¢ : N — R* let A'(v)) denote the set of points
x € [ for which the inequality

lgz + p| < ¥(q)

is satisfied for infinitely many pairs (p,q) € Z x N with ged(p, ¢) = 1.
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It follows from the Borel-Cantelli Lemma that
L e U(q
@) =0 it Y e@h? <,
q=1

where ¢(q) is the standard Euler function; recall that ¢ : N — N is defined by
p(q) =#{1 <p < q:ged(p,q) = 1}.

Duffin and Schaeffer predicted that the complementary divergence statement

should also be true.

Conjecture 1.6 (Duffin—Schaeffer Conjecture [25]). Let v : N — RT be any
approzimating function and denote by ¢(q) the Euler function. If

ng(@@ — oo then |AW)| =1

Remark 1.7. Cassels [15] and Gallagher [27] have shown, respectively, that [.A()| and
|A’(1)| only take the values 0 or 1. As a consequence of this, in order to establish the
Duffin-Schaeffer Conjecture, it would suffice to show that |A’(¥))| > 0 which seems
more achievable than showing directly that |A’(y)| = 1.

In the same paper, Duffin and Schaeffer proved their conjecture subject to an

additional assumption.

Theorem 1.8 (Duffin—Schaeffer Theorem [25]). Let v : N — RT be any
approzimating function and denote by ¢(q) the Euler function. Suppose that

and, additionally,

Then, |A'(¢¥)| = 1.
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Simultaneous Approximation

In higher dimensions, instead of rational numbers, we can consider how well points in
R™ can be approximated by rational points, i.e. vectors in R™ where all of the entries
are rational. In this case, given an approximating function ¢ : N — R, we let A,, ()

denote the set of points x € I such that

lgx +p| < ¥(q) (1.4)

for infinitely many pairs (p,q) € Z™ x N. Here, | - | is the supremum norm, i.e.
g% +p| = max |gz; + pil

We refer to points in A,,(v) as simultaneously -approzimable points. Note that
Ai(¥) = A(Y).

In the setting of simultaneous approximation, we have the following analogue of

Dirichlet’s Theorem (Theorem 1.1) — see, for example, [6, 46].

Theorem 1.9 (Higher-Dimensional Dirichlet [22]). For any x = (z1,...,2,) €
R™ and Q € N, there exists (p,q) € Z™ x N with 1 < ¢ < Q such that

1
lgx + p| < Qi.

In line with how Theorem 1.2 follows from Theorem 1.1, the next statement is a

corollary to Theorem 1.9.

Theorem 1.10 (Dirichlet [22]). For any x € R™, there exist infinitely many pairs
(p,q) € Z™ x N such that

1

In particular, A,,(q— ¢ m) =1".

For more general approximating functions, Khintchine also extended his

one-dimensional theorem to the setting of simultaneous approximation.

Theorem 1.11 (Khintchine [36]). Let ¢ : N — R™ be an approzimating function.
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Then
0 if Y2 ¥(Q™ < oo,
[Am(¥)| =
L odf > 2, 9(q)™ = oo and 1 is monotonic.

Remark. As with the one dimensional case, Khintchine again had stronger
monotonicity conditions on his original statement of this theorem in |36]. For this

modern version see, for example, [6].

As in the one-dimensional case, the convergence part of Khintchine’s Theorem is a
consequence of the Borel-Cantelli Lemma and requires no monotonicity assumptions.
Unlike in the one-dimensional case though, monotonicity is not needed at all in
Theorem 1.11 when m > 2, not even for the divergence case. That this is the case is
due to a result of Gallagher. To state Gallagher’s result, let us denote by A’ () the
set of x € I"™ such that (1.4) is satisfied for infinitely many (p,q) € Z™ x N such that

ged(pr, pa, - Pm; q) = 1. Note that A3 (v) = A'().

Theorem 1.12 (Gallagher |28|). Let m > 2. For any approximating function
Y :N— RT,

AL =1 i Y (g = oo

Note that A/ (¢¥) C A, (¢). In particular, if |A! (¢)] = 1, then |A,,(¢)] = 1.
Thus, combining Gallagher’s Theorem with Khintchine’s Theorem (Theorem 1.11)

completely removes any monotonicity conditions from the latter whenever m > 2.

Theorem 1.13 (Khintchine + Gallagher). Let m > 2 and let ¢ : N — R* be an

approximating function. Then

0 i Y2l < o,
[Am(¥)] =
L if Zzil Y(q)™ = oo.

We conclude this section by mentioning the analogue of the Duffin-Schaeffer
Conjecture for simultaneous approximation. In order to do so, let us denote by A” (1)
the set of points x € I"™ for which the inequality (1.4) is satisfied for infinitely many
(p,q) € Z™ x N which also have ged(p;,q) = 1 for all 1 < ¢ < m. The following
conjecture, which includes the Duffin—Schaeffer Conjecture (since Af(v) = A'(y))
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and naturally extends it to the setting of simultaneous approximation, was formulated
by Sprindzuk [47, Chapter 1, Section §].

Conjecture 1.14 (Higher-Dimensional Duffin—Schaeffer Conjecture [47]). Let
¥ : N —= R be any approximating function and denote by p(q) the Euler function. If

m

Z‘P(‘me(gn) =00 then AL (¢)] =1.

q

For m > 1, Sprind7zuk’s conjecture (Conjecture 1.14) was proved in the affirmative
by Pollington and Vaughan [41]. Meanwhile, the Duffin-Schaeffer Conjecture in the
case of one-dimensional approximation still represents one of the most significant,

unresolved, and long-standing conjectures in Diophantine approximation.

As well as being extended to higher dimensions, giving us the theory of
simultaneous approximation, the fundamental theorems of Dirichlet and Khintchine
have also been generalised in numerous other directions. In later chapters we will
be particularly interested in generalisations of these theorems in two directions.
Analogues of these results in the setting of approximation by linear forms will be
mentioned in Chapter 3, and in Chapter 5 we shall provide some discussion of the
theory of weighted simultaneous approximation. To some extent, in Chapter 3,
we will also be interested in inhomogeneous approximation and approximation with

restrictions imposed on the “approximating points”.

Aside from those mentioned, there is a vast array of other directions in which the
results from these first two sections have been generalised. For much more extensive

surveys of such results we refer the reader to, for example, [4, 6] and references therein.

Limitation of Lebesgue Measure

In Diophantine approximation, there exist many elegant zero-one laws, such as
Khintchine’s Theorem, which give simple criteria — usually the convergence or
divergence of a certain sum — for determining the Lebesgue measure of sets of interest.
While these results are quite attractive, we will present in this section an illustrative
example which demonstrates a limitation of such statements. In particular, such
statements do not allow us to distinguish further between sets which have Lebesgue
measure zero even when, intuitively, we may have good reason to believe that the

sets under consideration are not the same “size”. For example, let us consider the
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approximating function ¢ : N — R* defined by ¢ (q) = ¢~ for some 7 > 0. In this
case we write A(7) in place of A(¢) and refer to the points in A(7) as 7-approzimable
points. By Khintchine’s Theorem we see that if 7 > 1 then |A(7)| = 0. However,
for any 7 < 75 we have A(7y) C A(7) and intuitively one would expect that as 7
increases the size of A(7) should decrease. Nevertheless, all that can be inferred from
Khintchine’s Theorem is that for any 7 > 1 the set of T-approximable points has

Lebesgue measure zero.

In order to distinguish such sets we have to appeal to a measure finer than Lebesgue
measure. For this purpose we consider Hausdorff dimension and, more generally,
Hausdorff measures. In the next section we will provide the definitions and some
properties of Hausdorff measures and dimension. In the subsequent section we will
provide statements which allow us to distinguish sets such as the T-approximable

points via Hausdorff measures and dimension.

Hausdorfl Measures and Dimension

In this section we give a brief account of Hausdorff measures and dimension.
Throughout, by a dimension function we shall mean a left continuous, non-decreasing
function f : RT — R* such that f(r) — 0 as r — 0. We say that f is doubling if
there exists a constant A > 1 such that for x > 0 we have f(2z) < Af(z).

Given a ball B := B(xz,r) in R with respect to some norm || - || on R¥, we define

and refer to V/(B) as the f-volume of B. Alternatively, we could consider balls with
respect to a metric on R¥ but here, for the most part, we will just be concerned with
balls determined by norms. Note that if | - | is the k-dimensional Lebesgue measure,
|| is the Euclidean norm on R, and f(z) = |B(0, 1)|2*, then V7 is simply the volume
of B in the usual geometric sense; i.e. V/(B) = |B|. In the case when f(z) = x° for

some s > 0, we write V* for V/.

The Hausdorff f-measure with respect to the dimension function f will be denoted
by H/ and is defined as follows. Suppose F' is a subset of R¥. For p > 0, a p-cover for
F is a countable collection {B;} of balls in R¥ with radii 7(B;) < p for each 7 such that

F C |J; B;. Clearly such a cover exists for every p > 0. For a dimension function f,
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define
= inf {Z VI(B;) : {B;}is a p-cover for F}

The Hausdorff f-measure, H'(F), of F with respect to the dimension function f
is defined by
HI(F) == limH](F) = supH/(F) .
p—0 p>0
Observe that, for a given f, this limit exists (but may be infinite) since the quantity
Hf;(F) is non-decreasing as p — 0. This is because as p decreases the number of

available p-covers also decreases.

We note that the precise value of H/(F) may vary depending on the norm
with which R¥ is endowed. While it should be clear from the context which norm
is being used, it is worth noting that we are usually interested in the supremum
norm when discussing simultaneous approximation. For considering approximation
by linear forms, in Chapter 3 we define another specific norm (3.1) which turns out
to be particularly convenient. If we have the further assumption that the dimension
function f is doubling, then the Hausdorff measure only varies by a constant when
the underlying norm is changed. In particular, if we are dealing with sets which
have either zero or infinite Hausdorff f-measure, then the underlying norm becomes

essentially irrelevant in this case.

A simple consequence of the definition of H/ is the following useful fact (see, for

example, [26]).

Lemma 1.15. If f and g are two dimension functions such that the ratio % — 0 as
r — 0, then H/(F) = 0 whenever HI(F) < oo.

Proof. Let € > 0 and choose p > 0 such that gg:)) < ¢ for all » < p. By definition, we

have

= inf {Z VI(B;) : {B;}is a p-cover for F}
(B,
= inf {Z %VQ(BO : {B;}is a p-cover for F}
< einf {Z VI(B;) : {B;}is a p-cover for F} = cHI(F).

The result follows on letting p — 0 and noting that ¢ was chosen to be arbitrary. [J
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Often we are interested in Hausdorff dimension and the classical Hausdorff
s-measure. The Hausdorff s-measure, which we denote by H®, can be obtained by
letting f(r) = r® (s > 0). The Hausdorff dimension of a set F, dimy F, is then
defined as

dimyg F =inf {s >0 : H*(F)=0}.

One interesting property of Hausdorff measure is that, for subsets of R¥, H* is
a constant multiple of the k-dimensional Lebesgue measure. Indeed, these constants
are known explicitly — see |26]. However, it will suffice for us to know that H* is

comparable to the k-dimensional Lebesgue measure.

For Hausdorff s-measures, there exists a kind of analogue of the Borel-Cantelli
Lemma, christened the Hausdorff-Cantelli Lemma by Bernik and Dodson [11], which
gives a sufficient criterion for a set F', which is or is a subset of a lim sup set, to have

H?(F) = 0. This immediately also yields an upper bound for Hausdorff dimension.

Lemma 1.16 (Hausdorff-Cantelli Lemma). Let (E;);en be a sequence of subsets

in R* with diameter d; — 0 as i — oo. Suppose that, for some s > 0 we have that

(o ¢]
D d < 0.
=1

Then,
H® <lim sup El) = 0.

i—00
In particular,

dimy (lim sup EZ) <s.

1—00
Proof. For each ¢ € N, let B; be a ball of radius d; which covers E;. Let ¢ > 0 and
p > 0 be arbitrary.

Let N € N be such that ZizN d; < e and d; < p for all + > N. This is possible
due to the assumptions that y .-, df < oo and d; — 0.

Note that J,. v B; is a p-cover for limsup,_, ., £;. Hence, we have

H;(limsup F;) < ZT(Bz')S = de <E.

v i>N i>N
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Since € > 0 and p > 0 were chosen arbitrarily it follows that

H* (lim sup El) = 0.

1—00

Furthermore, by the definition of Hausdorff dimension it follows that
dimpg (lim sup E,) < s. O
1—+00

Remark. By the same argument one can prove similar statements for more general

Hausdorff f-measures.

One of the advantages of Hausdorff dimension is that, in many cases, it allows us to
distinguish sets of Lebesgue measure zero. Lebesgue null sets, i.e. sets X with | X| = 0,
can still have intricate geometric structure and, as discussed, may not necessarily be
of the same size. By appealing to the Hausdorff dimension of such sets we can often

quickly get an indication of their relative size.

If we are faced with two sets, X and Y, with the same Hausdorff dimension, we can
next appeal to their Hausdorff s-measure at the critical value dimy X = dimg Y = s
to see if that provides a way of distinguishing their size. However, it is worth noting
that, computing Hausdorff s-measures is typically more complicated that determining

Hausdorfl dimension.

While Hausdorff dimension and Hausdorff s-measures help us to say much more
about the size of sets than Lebesgue measure often can, sometimes we may desire an
even sharper indication of the size or dimension of a set. This is where Hausdorff
f-measures come into play. If we stumble across sets X and Y which, as well as
having the same (trivial) Lebesgue measure, have the same Hausdorff dimension
dimpg X = dimg Y = s and furthermore satisty H*(X) = H*(Y), there may still be
a dimension function f such that X and Y can be distinguished via their Hausdorff

f-measure. For an explicit example of two such sets, see [48, Chapter 1].

For further information regarding Hausdorff measures and dimension we refer the
reader to |26, 40, 43].
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Theorems of Jarnik and Besicovitch

With the definitions of Hausdorff measures and dimension now at our disposal, we
return to our example from Section 1.3. While Lebesgue measure proved to be
insufficient for allowing us to distinguish between sets of T-approximable points for
values of 7 > 1, we have somewhat more luck if we consider the Hausdorff dimensions
of these sets. The following theorem, proved independently by both Jarnik and
Besicovitch, indicates that our earlier intuition, that A(7) should get “smaller” as

T increases, is correct.

Theorem 1.17 (Jarnik—Besicovitch Theorem, Jarnik [33|, Besicovitch [12]). Let
7> 1. Then

2
dimyg(A(7)) = .
H(A(T) = ——
As predicted, at least if we look at these sets from the perspective of Hausdorff
dimension, the above theorem shows that as 7 increases the size of A(7) decreases. In
a further study, Jarnik later proved a much stronger statement regarding the Hausdorff

measures of more general sets of Y¥-approximable points.

Theorem 1.18 (Jarnik’s Theorem, Jarnik [34]). Let v : N — RT be an
approximating function and let f be a dimension function such that r—"f(r) — oo

as r — 0 and the function r=™ f(r) is decreasing. Then

0 i S (U2) <o,
H (An(¥)) =
oo if 220:1 q"f <@> = 00 and Y 1s monotonic.

Remark 1.19. The statement we give here is a modern-day improvement on Jarnik’s
original theorem, which required the additional hypotheses that ri(r)™ is decreasing,
r(r)™ — 0 as r — oo and r™*1f (@) is decreasing. However, in [5] it was shown
that monotonicity of ¢ suffices in Jarnik’s Theorem, thus leaving us with the above

“cleaner” statement.

Now, considering the case when m = 1 and f(r) = r° for s € (0,1), Jarnik’s
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Theorem tells us that

From here we can easily recover the Jarnik—Besicovitch Theorem. Furthermore, we
gain the additional information that HTLH(A(T)) = 00, which the Jarnik—Besicovitch
Theorem alone does not yield. By a similar argument, Jarnik’s Theorem
also allows for the easy inference of information about the Hausdorff dimension
of sets of simultaneously T-approximable points in higher dimensions. Let
A (1) := A (g — ¢77) denote the set of T-approximable points in R™. Then, the

following is an immediate consequence of Jarnik’s Theorem.
Theorem 1.20 (Jarnik [34]). For 7> &,

dimH(Am(T)):Ti_ll and HF (A (7)) = oo.

Despite the generality of Jarnik’s Theorem, a consequence of the assumption that
r~™f(r) — oo as r — 0 is that Jarnik’s Theorem does not cover the natural case where
f(r) = r™. Nevertheless, following the improvements on Jarnik’s Theorem made in
[5], the modern versions of the theorems of Khintchine (Theorem 1.11) and Jarnik
(Theorem 1.18) can be combined into the following unifying statement which can be

thought of as the Hausdorff measure analogue of Khintchine’s Theorem.

Theorem 1.21 (Khintchine—Jarnik Theorem [5]). Let ¢ : N — RT be an
approzimating function and let f be a dimension function such that r=™f(r) is

monotonic. Then

0 i X (ML) <o,
H (A (¥)) =
HI(T™) if doa 4" f (@) = 0o and v is monotonic.

While, on the surface, it appears that the Khintchine—Jarnik Theorem is a
consequence of combining two independent results — Khintchine’s Theorem for
Lebesgue measure and Jarnik’s Theorem for Hausdorff measures — there is actually

a much deeper connection. It turns out that Khintchine’s Theorem implies Jarnik’s
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Theorem and so, in fact, Khintchine’s Theorem alone underpins the Khintchine—Jarnik
Theorem. That is, a statement about Lebesgue measure implies a seemingly more
general statement about Hausdorfl measures. This is especially surprising given
that our motivation for considering Hausdorff measure in the first place was because
we were finding that Lebesgue measure was not giving us sufficient information.
This implication is just one of the surprising consequences of the Mass Transference

Principle, which will be introduced in the next section.

As with the Lebesgue measure statements of Dirichlet and Khintchine, the
Hausdorff measure results of Jarnik and Besicovitch have also been generalised in
various directions. Again, we will be interested in the extensions of these results to
the setting of approximation by linear forms in Chapters 3 and 4, and in Chapter 5
we will encounter some results analogous to the Jarnik—Besicovitch Theorem in the

context of weighted simultaneous approximation.

The Mass Transference Principle

Originally discovered by Beresnevich and Velani in 2006, the Mass Transference
Principle is a remarkable result which allows us to transfer a Lebesgue measure
statement for a lim sup set defined by a sequence of balls in R* to a Hausdorff measure
statement for a related lim sup set. Over the intervening years since its initial discovery,
the Mass Transference Principle has become an important tool in metric Diophantine
approximation. This is largely because, as alluded to earlier, many sets of interest in

Diophantine approximation arise as lim sup sets.

In this section we present statements of the Mass Transference Principle and the
more general theorem proved by Beresnevich and Velani in [7]. In Section 1.7 we will
touch upon a couple of applications and some surprising consequences associated with

the Mass Transference Principle.

We take this opportunity to remark that the Mass Transference Principle is the
basis for the rest of what will be discussed in this thesis. More specifically, the main
result of this thesis (Theorem 2.2) is an extension of the Mass Transference Principle
to systems of linear forms. Furthermore, the proof of Theorem 2.2 presented in the
next chapter is based heavily on the proof of the Mass Transference Principle given
in [7]. In the subsequent two chapters, various applications of Theorem 2.2 will be

discussed. The final chapter of this thesis will also be concerned with generalisations of
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the Mass Transference Principle in another direction, to rectangles, which is of interest

for weighted simultaneous approximation.

1.6.1 The Mass Transference Principle

To state the Mass Transference Principle we first introduce a little extra notation.
Given a dimension function f : R¥ — R* and a ball B := B(z,r) in R* of radius r
centred at z, let Bf := B(xz, f(r)*). We write B* instead of B if f(z) = z* for some

s > 0. In particular, we have B¥ = B.

Theorem 1.22 (Mass Transference Principle, Beresnevich — Velani [7]). Let
{B;}jen be a sequence of balls in R with r(B;) — 0 as j — oo. Let f be a dimension
function such that x=% f(z) is monotonic and let Q be a ball in R*. Suppose that, for
any ball B n €,

H* (B N limsup B]f) =H"(B) .

j—00

Then, for any ball B in (2,

H/ (BN limsup Bf ) = H/(B) .
j—0o0
Remark. Strictly speaking, the statement of the Mass Transference Principle given
initially by Beresnevich and Velani, |7, Theorem 2|, corresponds to the case where Q
is taken to be R¥ in Theorem 1.22. The statement we have opted to give above is a

consequence of |7, Theorem 2.

The Mass Transference Principle allows us to transfer a Lebesgue measure
statement for a limsup set of balls to a Hausdorff measure statement for a limsup
set of balls which are obtained by “shrinking” the original balls in a certain manner
according to f. This is a remarkable result given that Lebesgue measure can be

considered to be much “coarser” than Hausdorfl measure.

The motivation which led to the Mass Transference Principle was a desire to
find a general Hausdorff measure analogue of the Duffin—Schaeffer Conjecture (see
Conjectures 1.6 and 1.14). We shall elaborate on this, together with some other

applications of the Mass Transference Principle, in the next section.
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1.6.2 A more general mass transference principle

In addition to the Mass Transference Principle, which is in itself a truly remarkable
result, Beresnevich and Velani also record in [7] a natural generalisation which allows
for the transference of HY measure statements to H/ measure statements for lim sup

sets of balls in a locally compact metric space. We now make this more precise.

Let (X, d) be a locally compact metric space and let g be a doubling dimension
function. Recall that we say ¢ is doubling if there exists a constant A > 1 such that
for x > 0 we have g(2z) < Ag(z). Furthermore, suppose that there exist constants

0<c <1<y <ooandrg>0such that
ag(r) <HI(B(z,r)) < cag(r)

for any ball B = B(z,r) with centre x € X and radius r < ry. In this case, given a
ball B := B(x,r) and any dimension function f we define B"9 := B(z, g1 f(r)). Note
that B9Y = B.

Theorem 1.23 (Beresnevich — Velani |7]). Let (X,d) be a locally compact metric
space and let g be a doubling dimension function. Let {B;};en be a sequence of balls
f(x)

in X with r(B;) = 0 as j — oo and let f be a dimension function such that @ S

monotonic. Suppose that, for any ball B in X,

H?(B N lim sup B]f’g) = HI(B).

j—00

Then, for any ball B in X, we have

#H/(BNlimsup BYY) = H/(B).

Jj—00

In the case that g(z) = 2* and X = R¥, Theorem 1.23 precisely matches the original
statement of the Mass Transference Principle given by |7, Theorem 2|. However,
Theorem 1.23 is applicable in more general settings. For example, by taking X to be
the middle-third Cantor set in Theorem 1.23, Levesley, Salp, and Velani [39] have used
Theorem 1.23 as a tool for proving an assertion of Mahler on the existence of very well
approximable numbers in the middle-third Cantor set. We shall revisit this particular

application of Theorem 1.23 in Section 1.7.4.
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Some Consequences of the Mass Transference Principle

In this section we mention a few notable consequences of the Mass Transference
Principle. First, we will discuss the Hausdorff measure analogue of the Duffin-Schaeffer
Conjecture, which gave rise to the discovery of the Mass Transference Principle in the
first place. Then we will show how the Mass Transference Principle can be used to
deduce Jarnik’s Theorem given Khintchine’s Theorem and how the Jarnik—Besicovitch
Theorem actually follows already from Dirichlet’s Theorem. We will conclude this
section by mentioning one application of the more general mass transference principle

(Theorem 1.23) stated in the previous section.

1.7.1 Hausdorff measure Duffin-Schaeffer Conjecture

In |7], Beresnevich and Velani proposed a version of the Duffin-Schaeffer Conjecture for
Hausdorff measures. Their statement naturally extends Conjecture 1.14 and, according
to them, represents “the ‘real” problem and the truth of which yields a complete metric
theory”. The Mass Transference Principle further supports this view and was used to
show that, in fact, the Duffin-Schaeffer Conjecture for Lebesgue measure gives rise to

the more general analogous statement for Hausdorff measures.

Throughout this section, we will assume that any dimension function f satisfies the
hypothesis that =™ f(r) is monotonic. Recall that A” (1) denotes the set of points
x € I for which the inequality (1.4) is satisfied for infinitely many (p,q) € Z™ x N
which also have ged(p;, q) = 1 forall 1 < ¢ < m. Before we present the Duffin-Schaeffer

Conjecture for Hausdorff measures, we first make the following observation.

Observation 1.24. Denote by ¢ the standard Euler function. If
— (Vg "
Zf( D o < oo, (1.5)
q=1 9

then
HI (A7, (1) = 0.

Proof. This observation can be established via a relatively easy covering argument.

We first note that, without loss of generality, we may assume that @ — 0 as ¢ — oo.

Suppose that this is not the case, then there must exist some ¢ > 0 such that @ >c
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for infinitely many ¢ € N. Therefore, in order for the sum in (1.5) to converge, there
must be some ¢ > 0 such that f(x) = 0 for all z < ¢. Consequently, we must have
H/(X) = 0 for any set X C R™. In particular, H/(A” (¢)) = 0 in this case and so we

may assume that ( ) 50 as q — o0, as claimed.

For each (p, )eZMxNMthB(Bﬁ)mﬂm;é@1ethq)(¢)_B(, )
ol

be the ball in R™ (with respect to the supremum norm) centred at 2 . With radius ¥

Now, let p > 0 be arbitrary and let Q(p) € N be such that Tq) < p for every
q > Q(p). Observe that

U U B(p,q)<w)

7>Q(p) pEZ™:
ged(pi,g)=1,1<i<m

(s )

is a p-cover for A” (¢). Thus, remembering that we are only interested in balls which

intersect 1", it follows that

s 5 2 () ()

7>Q(p) pEZ™: 7>Q(p)
ged(pi,g)=1,1<i<m

B( B, )£

Since we assumed that Zq f <w(q)> ©(q)™ < oo, we can make the right-hand
side of the above arbitrarily small by taking p to be sufficiently small. The claim then

follows from the definition of Hausdorfl measure. O]

In [7], Beresnevich and Velani proposed that the following corresponding opposite

statement should also be true.

Conjecture 1.25 (Hausdorff Measure Duffin—Schaeffer Conjecture [7]). Let
Y : N — RT be any approximating function and let f be a dimension function such
that r=™ f(r) is monotonic. If

Soelas (U0) =00 then WY (w) = W)

q=1

Setting f(r) = r™ in the above we see that we immediately recover Conjecture 1.14
and so Conjecture 1.25 really is a natural extension of the usual Duffin—Schaeffer

Conjecture to Hausdorff measures. In fact, using the Mass Transference Principle,
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Beresnevich and Velani proved that Conjecture 1.14 implies Conjecture 1.25 and hence
that they are actually equivalent. Before we proceed to give a proof of this statement,

we first record another straightforward, but nevertheless convenient, observation.

Observation 1.26. Let ¢ > 0 and let x € I'"". Then, for every sufficiently large ¢ € N,
there exists a p = (p1,pay- -+, Pm) € Z™ such that for each 1 < i < m we have

lgz; —pil <cq and  ged(pi,q) = 1.
Proof. Fix 1 <1i < m. Note that if we could find p; with ged(p;,¢) = 1 in the interval
I" = (qui — cq, q; + cq)

then we would be done. In fact, we will show that it is possible to find a suitable value

of p; in the subinterval

I := (max{qx; — cq,0}, qx; + cq) C I".

Observe that the number of prime divisors of ¢ is less than log, g.

Now, let us consider how many primes lie in the interval I. If [ = (qz; —cq, qz;+cq)
then, by the Prime Number Theorem (see, for example, [3]), the number of primes in

I is (or is possibly one less than)

qr; + cq 49T —cq
log(qz; + ¢q)  log(qx; — cq)’

m(qz; + cq) — w(qx; — cq)

where 7(x) is the number of primes less than or equal to z. As ¢ — oo,

qr; + cq qr; — cq 2¢cq
- — :
log(gx; + cq)  log(qx; — cq) log ¢q

2cq
7 logq
primes contained in I which are not divisors of q. For each suitably large ¢ we may

Furthermore > log, q for all large enough ¢ and so, for each such ¢, there are

just take p; to be one such prime.

In the case that [ = (0, qx; + cq) we use essentially the same argument. O]
Theorem 1.27 (Beresnevich — Velani [7]). Conjecture 1.14 implies Conjecture 1.25.

Proof. First note that we may assume without loss of generality that @ — 0 as

q — oo. Otherwise, in light of Observation 1.26, we see that A’ (1)) = I and the result
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follows immediately. Also recall that we are given that > 2, f (@) 0(q)™ = oo.
For each (p,q) € Z™ x N with ged(p;,q) = 1 for 1 < ¢ < m and either
B <§, M) NI™ #£( or B (%,f (@)m) NI™ 0, let us denote by B ) (1) the

q
ball in R™, with respect to the supremum norm, centred at % of radius 22, Notice

q
that
A (¥) =T N limsup Bp, ) (1)

(p,q)

In order to use the Mass Transference Principle, we also consider the balls B(fp’q) (¢) of

radius f (@) " centred at % for the same pairs (p,q) in Z™ x N as before. We note
that
I"™ M lim sup B(f () = A5 (0)

(P.9) p.a)

where 0(q) := qf (@)E.
Now, assuming the validity of the Duffin-Schaeffer Conjecture (Conjecture 1.14)

gives us that | A" (0)| = 1 since, by assumption,

i so(q)mefjf = i v(@)"q"f (w@) qim = i o)™ f (@) — .

q g

Thus, for any ball B C I, we have

H™(B N limsup B/ y (1)) =H™(B).

o) P

By the Mass Transference Principle, it follows that for any ball B C I we have

H/ (BN limsup B ) (¥)) = HY(B).

(p,q)

In particular, we have

HI(AY (1)) = H! (I™ N lim sup Bp.g)) = HI(I™),

(p,9)

as required. N

Since Pollington and Vaughan [41]| showed that Conjecture 1.14 holds for m > 2,
an immediate consequence of the above equivalence is that Conjecture 1.25 also holds

for m > 2 for general approximating functions .
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1.7.2 Khintchine’s Theorem implies Jarnik’s Theorem

In this section we will indicate how Jarnik’s Theorem follows from Khintchine’s
Theorem as a corollary of the Mass Transference Principle. Strictly speaking, since
the statements we have provided represent modern improved versions of Khintchine’s
Theorem and Jarnik’s Theorem, the argument we present below does not quite
immediately let us extract Theorem 1.18 from Theorem 1.11 — some discrepancies
arise between monotonicity conditions. However, we shall bypass these issues in this
section by assuming, as Jarnik originally did, that ¢™*'f (@) is decreasing — see
Remark 1.19.

We note that, without loss of generality, we may assume @ — 0 as g — 0. To

see this, suppose for the moment that this is not the case. Then, there exists some

¢ > 0 such that @ > ¢ for infinitely many ¢ € N. In particular, this means that
f (—q)) > f(c) infinitely often. If f(c) > 0 then the assumption that ¢™*!f (@)

q
is decreasing is violated. Thus, we must have f(x) = 0 for all x < ¢. Consequently,
for any set X € R™ we have H/(X) = 0 and the desired result follows. Thus, we may

w(Q)

assume without loss of generality that — 0 as ¢ — oo.

q

For each (p, )ezmewth(P w<q>>mﬂm¢@or3( f(M>”)m]1m¢@

let Bpg(¥) == B (E —q) be the ball in R™, with respect to the supremum norm,

centred at B Wlth radius 2@ . Then,

Am(w) =I" N limsup B(p7q) (¢) =1"nN ﬂ U U B(p7q)(l/})

(p,a) Q=1 q¢>Q pezZ™

First of all, we will deal with the convergence part of Jarnik’s Theorem. This relies
on a standard covering argument and does not utilise the Mass Transference Principle
at all, nor does it require the additional monotonicity assumption we have imposed.

To prove the convergence part let p > 0 and let Q(p) € N be such that 22 ) < p for all

q > Q(p). Then,
U U Bp,q) ()

7>Q(p) peEZ™

(s S

is a p-cover for A,,(1). Since we are only concerned with balls which have non-empty
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intersection with I"™ we see that

WA < Y o (—) (L6)

4>Q(p)

Since 2211 q"f (@) converges by assumption, we can make the sum on the
right-hand side of (1.6) arbitrarily small by taking p to be sufficiently small. The

result then follows from the definition of Hausdorff measure.

For the divergence part we are given 2511 qmf (@) = 0o. We note that

o= (20 (%))

™ N lim sup B/ (V) = A(0)

(P.9) (P

and

3|

where 0(q) := qf <ﬂ> . By Khintchine’s Theorem we have that |A,,(f)| = 1 since

o) ] - S (2 -

q=1 9
and, by our additional assumption, we have that 6(q) is decreasing. Thus,

> b =>

q=

™ A limsup B, ()] = 17,
(p.q)
So, applying the Mass Transference Principle with Q = I"™ we conclude that for any
ball B in I we have

H/ (B Nlimsup B, (1)) = H/(B).

(P,9)

In particular,

HI (A () = H(I™ N limsup Bp ) (1)) = H (I™).

(p,9)
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1.7.3 Dirichlet’s Theorem implies the Jarnik—Besicovitch Theorem

Another extraordinary consequence of the Mass Transference Principle is that
the Jarnik—Besicovitch Theorem (Theorem 1.17) actually follows from Dirichlet’s
Theorem. In fact, we will show here how the Jarnik—Besicovitch Theorem follows

from Theorem 1.2 and does not even require the full power of Theorem 1.1.

Recall that the consequence of Dirichlet’s Theorem recorded in Theorem 1.2 states

that for any = € R there exist infinitely many pairs (p,q) € Z x N such that

1
< .
22

q

Consider 7 > 1. For a fixed s > 0, for each (p, )GZXNW1thB< : TH)ﬂH;&@
OTB< ) S<T+1>> NI # 0, let By g (T )zB(p ) Observe that

q’q""

A(1) =Inlimsup B, (7).

(p,9)

Now,

; _p(p 1t
B(Pv‘]) (T) =B (5’ qs(‘rJrl))

and so, by Dirichlet’s Theorem, if s(7 4+ 1) < 2 we have

[N limsup By, (1) =L
(p:q)

That is, if s < 35 then [INlimsup, , B, (7)] = [I|. In this case, we can apply the

(p.9)
Mass Transference Principle with = I to conclude that

H(A(T)) = H(INlimsup B, q) (7)) = H(I) = o0

(p,q)

when s < 22 Tt follows that dimg(A(1)) > =25

2
T+17

standard covering argument like the ones we have seen previously. We note that,

for any N € N,
T)cIn U U Bp.g) (7).

qg>N PEL
1
B<§’qf+1 )ﬂ]I;é(Z)

The corresponding upper bound, dimyg(A(7)) < can be obtained via a

Let p > 0 and take Q(p) to be such that # < p for all ¢ > Q(p). Since we are only
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interested in balls intersecting I, we see that

<< Z q T+1)

7>Q(p)

Whenever s > +1’ the right-hand side can be made arbitrarily small by taking p to
be sufficiently small. So, H*(A(7)) = 0 when s > —= and, hence dimy (A(7)) < 5.

Combining the upper and lower bounds yields dlmH A( ) = as required.

=
1.7.4 Mahler’s assertion — an application of Theorem 1.23

We end this section by also mentioning one example of a use of Theorem 1.23, the
more general mass transference principle recorded in Section 1.6.2. As indicated there,
we shall discuss how Levesley, Salp, and Velani [39] have used Theorem 1.23 as a
tool for proving an assertion of Mahler on the existence of very well approximable
numbers in the middle-third Cantor set. They were able to do this because, unlike
Theorem 1.22, which just applies to limsup sets in R¥, Theorem 1.23 can be applied
to lim sup sets in more general metric spaces. In this particular case, Levesley, Salp
and Velani have made use of the fact that Theorem 1.23 can be used when X is the
standard middle-third Cantor set. The middle-third Cantor set, which shall be denoted
throughout by K, is the set of = € [0, 1] which have a ternary expansion containing only
0s and 2s. Alternatively, the middle-third Cantor set can be obtained by removing the
open middle-third from the unit interval and then subsequently repeatedly removing

the open middle-third of every remaining interval. It is well known that

log 2

|[K|=0 and dimygK = .
log 3

As a result of Dirichlet’s Theorem, we know that for any x € R there exist infinitely

many pairs (p,q) € Z x N for which

If the exponent in the denominator of the right-hand side of the above can be
improved (i.e. increased) for some x € R then z is said to be very well approzimable;

that is, a real number x is said to be very well approximable if there exists some ¢ > 0
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such that

(L1.7)

P 1

‘ < q2+a
for infinitely many pairs (p, q) € ZxN. We will denote the set of very well approximable
numbers by W. If, further, (1.7) is satisfied for every ¢ > 0 for some z € R\ Q then

x is called a Liouville number. We will denote by L the set of all Liouville numbers.

It is known (see, for example, [14]) that

IW| =0, dimg(W) =1,
|£] =0, and dimy(L) = 0.

Furthermore, both of the sets W and L are uncountable.

Regarding the intersection of VW with the middle-third Cantor set, Mahler is

attributed with having made the following claim.

Mahler’s Assertion. There exist very well approximable numbers, other than

Liouuville numbers, in the middle-third Cantor set; i.e.
W\ L)NK #0.

Remark. We refer the reader to [39] for discussion of the precise origin of this claim
and also for some discussion regarding why it is natural /necessary to exclude Liouville

numbers from Mahler’s assertion.

Now, let B = {3" : n = 0,1,2,...} and, given an approximating function
1 : N — R, consider the set

Ap() = {:c e0,1] :

xr — B' < 1(q) for infinitely many (p,q) € Z X B} .
q

In the case that ¢)(q) = ¢~ for some 7 > 0, write Ag(7) in place of Ag(v).

Remark. Although it is slightly inconsistent with other notation used throughout, we
have decided to use this particular notation here for clarity and since it is in keeping
with the notation used in [39].

Levesley, Salp and Velani have used the general mass transference principle
(Theorem 1.23) as a tool for establishing the following statement regarding Hausdorff
measures of the set Ag(1) N K in [39].
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log 2
Theorem 1.28. Let f be a dimension function such that r_%f(r) s monotonic.
Then,

log 2

0 if D ooey f($(3M)) x (37")1ees < o0,
H (Ap(¥) N K) =

log 2

HIK) if 3000, f((3M) x (37)ess = oo

Taking f(r) = r° in Theorem 1.28, and noting that Agz(7) N K C W N K for any
7 > 2, we deduce that dimy (WNK) > 21(1)ng23. Combining this with the fact that
dimy £ = 0, we obtain the following corollary to Theorem 1.28. For further details on

the derivation of this corollary we refer the reader to [39].

Corollary 1.29 (Levesley — Salp — Velani [39]). We have

dimpg(W\ £) N K) >

The truth of Mahler’s assertion follows immediately from this corollary.

Overview

While they are exceptional results with some astonishing applications, both the original
Mass Transference Principle (Theorem 1.22) and its generalisation given by Theorem
1.23 concern limsup sets arising from sequences of balls. Throughout this thesis, we
will mostly be concerned with an extension of the Mass Transference Principle to the
case where the lim sup sets of interest are defined by sequences of neighbourhoods of
approximating planes, or linear forms, and some of the associated applications. We
shall also briefly discuss some recent progress towards establishing a mass transference

principle when the lim sup sets of interest are defined by sequences of rectangles.

In Chapter 2, we will present the statement and proof of a mass transference
principle for systems of linear forms. In Chapter 3, we will discuss a number of
applications of this theorem. Specifically, we develop a very general framework for
transferring Lebesgue measure statements to Hausdorfl measure statements in the
context of approximation by linear forms. The material in Chapters 2 and 3 can be
found in [1].
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In Chapter 4, we shall discuss a general inhomogeneous Jarnik—Besicovitch
Theorem introduced by Levesley in [38]. In particular, we shall demonstrate how
one of the consequences of the mass transference principle for linear forms can be used
to provide an alternative proof of most of the cases of Levesley’s result. Additionally,
we will show that the monotonicity condition imposed in Levesley’s theorem cannot
be removed. The results from Chapter 4 appear in |2, Section 3.3|.

In Chapter 5 we shall provide some discussion of weighted simultaneous
approximation before mentioning some recent progress towards proving mass
transference principles for rectangles. Chapter 5 is based on [2, Section 4| and the

contributions made in Section 5.3 appear in [2, Section 4.2|.



2 A Mass Transference Principle

for Systems of Linear Forms

As mentioned previously, the findings of Khintchine, Jarnik and Besicovitch described
in Chapter 1 have been sharpened and generalised in numerous ways. One direction
in which such results have been extended, and which we will be particularly interested
in here and in subsequent chapters, is to involve problems concerning systems of linear

forms.

As discussed in the previous chapter, many sets of interest in Diophantine
approximation can be naturally expressed as limsup sets. There we were mostly
concerned with sets expressible as limsup sets of balls in R*¥. In the setting of
approximation by linear forms, which we will now be concerned with, many of the sets
of interest can be expressed as lim sup sets determined by sequences of neighbourhoods

of “approximating planes”; i.e. linear forms.

In this chapter we will be dealing with the extension of the Mass Transference
Principle in this setting. This is not an entirely new direction of research. Indeed,
such an extension has already been obtained in |8|. However, the mass transference
principle result of [8] carries some technical conditions which arise as a consequence
of the “slicing” technique that was used for the proof (for a simple demonstration of
the idea of “slicing” see the proofs of Propositions 5.11 and 5.12 in Chapter 5). These
conditions were conjectured to be unnecessary by Beresnevich, Bernik, Dodson and
Velani in [4]. In this chapter we state and prove an extension of the Mass Transference
Principle for systems of linear forms which verifies this conjecture and thereby improves

upon the result obtained in this direction by Beresnevich and Velani in [8].

The mass transference principle for linear forms that we present in this chapter is
the main result in [1] and constitutes the main result presented in this thesis. In the

following two chapters, we will discuss various applications of this result.

The contents of this chapter appear as in [1] modulo minimal modifications made

for the purposes of readability.

36
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Statement of Main Result (Theorem 2.2)

Let k,m > 1 and [ > 0 be integers such that k = m+1. Let R := (R;);en be a family

of planes in R¥ of common dimension [. For every j € N and § > 0, define
A(R;,6) = {x € R¥ : dist(x, R;) < J},

where dist(x, R;) = inf{||x —y|| : y € R;} and || - || is any fixed norm on R*,

Let T: N — R : j — T, be a non-negative real-valued function on N such that
T; = 0as j — oo. Consider

A(T) := {x € R" : x € A(R;,T;) for infinitely many j € N}.

In [8], the following was established.

Theorem 2.1 (Beresnevich — Velani [8]). Let R and Y be as given above. Let V be a

linear subspace of R* such that dimV = m = codim R,

(i) VNR; #0 forall j €N, and

(ii) sup,cydiam(V NA(R;,1)) < oo.

Let f and g - v — g(r) := r7'f(r) be dimension functions such that r=%f(r) is
monotonic and let Q0 be a ball in R*. Suppose that, for any ball B in €,

1 (B nA <g('r)%)> — HM(B).
Then, for any ball B in (2,
HI(BNA(Y)) = H(B).

Remark. In the case that [ = 0, Theorem 2.1 coincides with the Mass Transference

Principle (Theorem 1.22) stated earlier.

Remark. Conditions (i) and (ii) essentially say that V' should intersect every plane
and that the angle of intersection between V' and each plane should be bounded away
from 0. In other words, every plane R, ought not to be parallel to V' and should

intersect V' in precisely one place.
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The conditions (i) and (ii) in Theorem 2.1 arise as a consequence of the particular
proof strategy employed in [8]. However, it was conjectured [4, Conjecture E| that
Theorem 2.1 should be true without conditions (i) and (ii). By adopting a different
proof strategy — one similar to that used to prove the Mass Transference Principle
in [7] rather than “slicing” — we are able to remove conditions (i) and (ii) and,

consequently, prove the following.

Theorem 2.2. Let R and T be as given above. Let f and g :r — g(r) :=r~Lf(r) be
dimension functions such that r=* f(r) is monotonic and let Q be a ball in R*. Suppose
that, for any ball B in 2,

3

7#(BmA<¢T))):HwB) (2.1)

Then, for any ball B in (2,

H/ (BN A(T)) = H/(B). (2.2)

At first glance, conditions (i) and (ii) in Theorem 2.1 do not seem particularly
restrictive. Indeed, there are a number of interesting consequences of this theorem —
see [4, 8]. However, in the following chapter we present applications of Theorem 2.2

which may well be out of reach when using Theorem 2.1.

We proceed now by establishing the remaining necessary preliminaries and some
auxiliary lemmas in Sections 2.2 and 2.3 before presenting the full proof of Theorem 2.2

in Section 2.4.

Preliminaries

Firstly, recall that, given a ball B := B(z,r) in R*, with respect to a fixed norm || - ||
on R*, and a dimension function f : RT — R we write V/(B) := f(r) and refer to
VI(B) as the f-volume of B. If f(x) = z* for some s > 0, we write V* instead of V7.

We observed earlier that if | - | is k-dimensional Lebesgue measure, || - || is the
Euclidean norm, and f(x) = |B(0,1)|z*, then V/ is simply the volume of B in the
usual geometric sense; i.e. V/(B) = |B|. In particular, for any ball B in R we

have that V*(B) is comparable to |B|. Another observation we made earlier is that,
for subsets of R¥, H* is also comparable to the k-dimensional Lebesgue measure.

Combining these two facts, it follows that there are constants 0 < ¢; < 1 < ¢y < 00
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such that for any ball B in R* we have

e, VE(B) < H¥(B) < ¢y VH¥(B). (2.3)

A general and classical method for obtaining a lower bound for the Hausdorff
f-measure of an arbitrary set F'is the following mass distribution principle. This will

play a central role in our proof of Theorem 2.2 in Section 2.4.

Lemma 2.3 (Mass Distribution Principle). Let u be a probability measure
supported on a subset F' of R¥. Suppose there are positive constants ¢ and r, such
that

u(B) < eV (B)

for any ball B with radius v < r,. If E is a subset of F with p(E) = X\ > 0 then
HI(E) > N c.

The above lemma is stated as it appears in |7] since this version is most useful for

our current purposes.

We conclude this section by stating a basic, but extremely useful, covering lemma
which we will use throughout. Let B := B(z,r) be a ball in R¥. For any A > 0, we
denote by AB the ball B scaled by a factor A; i.e. AB := B(z, Ar).

Lemma 2.4 (The 5r-covering Lemma [40]). Every family F of balls of uniformly

bounded diameter in R* contains a disjoint subfamily G such that

B c |JsB

BeF Beg

The K¢q p Covering Lemma

Our strategy for proving Theorem 2.2 is similar to that used for proving the Mass
Transference Principle for balls in [7]. There are however various technical differences
that account for the different shape of approximating sets. First of all we will require
a covering lemma analogous to the K¢ p-lemma established in |7, Section 4]. This
appears as Lemma 2.5 below. The balls obtained from Lemma 2.5 correspond to
planes in the limsup set A(g(T)#). Furthermore, for the proof of Theorem 2.2 it is

necessary for us to obtain from each of these “larger” balls a collection of balls which
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correspond to the “shrunk” lim sup set A(Y). The desired properties of this collection

and the existence of such a collection are the contents of Lemma 2.7.

To save on notation, throughout let Tj = g(Tj)%. For an arbitrary ball B € R¥
and for each j € N define

®;(B) :={B(x,T;) C B:x € R;}.

Analogously to Lemma 5 from [7] we will require the following covering lemma.

Lemma 2.5. Let R, Y, g and Q be as in Theorem 2.2 and assume that (2.1) is
satisfied. Then for any ball B in ) and any G € N, there exists a finite collection

Kop C{(Ai]) 1] 2 G, A€ ®(B)}
satisfying the following properties:

(i) if (A;j) € Kgp then 3A C B;

(i) if (4;9),(A7") € Kgp are distinct then 3AN3A" = 0; and

(iii) HEk < U A> > =M (B).
(Asj)eKe,B

Remark 2.6. Essentially, K¢ p is a collection of balls drawn from the families ®;(B).
We write (A;j) for a generic ball from K¢ p to “remember” the index j of the family
®;(B) that the ball A comes from. However, when we are referring only to the ball A
(as opposed to the pair (4; 7)) we will just write A. Keeping track of the associated
j will be absolutely necessary in order to be able to choose the “right” collection of
balls within A that at the same time lie in an T j;-neighbourhood of the relevant R;.
Indeed, for j # j' we could have A = A’ for some A € ®;(B) and A’ € ®,/(B).

Proof of Lemma 2.5. For each j € N, consider the collection of balls
3(B) := {B(x, 3Y,) C B:x € R;}.

By (2.1), for any G > 1 we have that

HE (U (A(R;,3T;) N B)> = H*(B).

312G
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Observe that
U L c A®R;.3T)nB

3
Le®?¥(B)

and that the difference of the two sets lies within 3Tj of the boundary of B. Then,

since T; — 0, and consequently Tj — 0, as 7 — oo, we have that

U U (U (A(Rja3Tj) N B)) = Hk(B) as G — oo.

J2G Led?(B) JjzG

In particular, there exists a sufficiently large G’ € N such that for any G > G’ we have

1HH(B).

[\Dlt—\

U Uz

712G Le®¥(B)

However, for any G < G’ we also have

UULDUUL

72G Le®¥(B J2G" Le®3(B)

Thus, for any G' € N we must have

14 (B). (2.4)

[\.')Ib—

U Uz

712G Le®¥(B)

In fact, using the same argument as above it is possible to show that for any G € N
we have HF <Uj2G UL@?(B) L) > (1 — e)H*(B) for any 0 < & < 1 and hence that

we must have H* (szG ULcas (s L) = H*(B). However, (2.4) is sufficient for our

purposes here.

By Lemma 2.4, there exists a disjoint subcollection
G c{(Lj):j =G, Le®i(B)}

such that

ULCUULCU5L

(L;j)€g 72G Le®3(B) (L;j)€g

Now, let G’ consist of all the balls from G but shrunk by a factor of 3; so the balls
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in G’ will still be disjoint when scaled by a factor of 3. Formally,
G ={(L;4) : (L; ) € G}.
Then, we have that
U Ac Y U Lc |J 154
(A;5)eg’ j>G Le®¥(B (A;5)eg’
From (2.4) and (2.5) we have that

(A;f)ed’ (A)eg’

712G Le®¥(B)
1
> k(B).
2% 15"‘7{ (B)

42

(2.5)

Next note that, since the balls in G’ are disjoint and contained in B and Tj — 0 as

] — 00, we have that

HE U Al =0 as N — oo.

(As5)ed’
Jj=N

Therefore, there exists a sufficiently large Ny € N such that

1

k A k(B).

" (AL3Jeg' EE 15kH )
3J

Jj=No

Taking K¢ g to be the subcollection of (4;j) € G’ with G < j < Ny ensures that K¢

is a finite collection of balls while still satisfying the required properties (i)—(iii).

]
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Lemma 2.7. Let R, T, g, Q and B be as in Lemma 2.5 and assume that (2.1) is
satisfied. Furthermore, assume that r="f(r) — oo as r — 0. Let Kgp be as in
Lemma 2.5. Then, provided that G is sufficiently large, for any (A;j) € Kg g there
exists a collection C(A;j) of balls satisfying the following properties:

(i) each ball in C(A;j) is of radius Y; and is centred on Rj;
(ii) if L € C(A;j) then 3L C A;
(iii) if L, M € C(A;j) are distinct then 3L N3M = {);
(iv) %’Hk(A(Rj, T)n3A) < H# | | L] < HY(AR,Y)NA); and
LeC(A;j)
(v) there exist some constants dy,dy > 0, independent of G and j, such that

1\ ! a0\ !
4 x (q_>> < #0(4 ) < d(q_>) 2.6

Proof. First of all note that, by the assumption that r =% f(r) — oo as r — 0, we have
that -
—1 590 as j — 00.
J

In particular we can assume that G is sufficiently large so that

67, <T; for any j > G. (2.7)
Let xq,...,x, € R; N %A be any collection of points such that

|x; — xi|] > 67 if i #£7 (2.8)

and ¢ is maximal possible. The existence of such a collection follows immediately from
the fact that R; N 3 A is bounded and, by (2.8), the collection is discrete. Let

C(A4;j) :=={B(x1,Y;),...,B(x:,YT;)}.

Thus, property (i) is trivially satisfied for this collection C(A;j). Recall that, by
construction, A € ®;(B), which means that the radius of 14 is %Tj. If L eC(A;7),
say L := B(x;,Y;), and A is centred at xo, then for any y € 3L we have that
ly — ;|| < 3Y; while ||x; —xo|| < 1T;. Then, using (2.7) and the triangle inequality,
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we get that

ly = xoll < [ly = xill + lIx; = xoll < 3T; + 37T, < T;.

Hence, 3L C A whence property (ii) follows. Further, property (iii) follows

immediately from condition (2.8).

By the maximality of the collection x;,...,x;, for any x € R; N %A there exists an

x; from this collection such that ||x — x;|| < 67;. Hence,

A(R;,Tj)N3A ¢ | 7L.
LeC(4;5)

Thus,

HY(A(R;,T;) < Y HMIL)

LeC(A;))

< > THML

LeC(A;7)

= 7" U L

LeC(Asj)

On the other hand, by property (ii), we have that

U L cawr,r)nAa,

LeC(A;7)

which together with the previous inequality establishes property (iv).

Finally, property (v) is an immediate consequence of property (iv) upon noting
that

H (AR, T)NEA) < HY(A(R;,T)NA) < TP

XN

and
wl | L) = #CAHHMEL) =< #C(A;: ) Th,
LeC(A;j)

where [ is the dimension of R;, m = k — [ and L is any ball from C(A4; j). O
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Proof of Theorem 2.2

As with the proof of the Mass Transference Principle given in [7] and the proof of
Theorem 2.1 given in [8], we begin by noting that we may assume that 7= f(r) — oo
as r — 0. To see this we first observe that, by Lemma 1.15, if 7% f(r) — 0 as r — 0
we have that H/(B) = 0 for any ball B in R¥. Furthermore, since BN A(Y) C B, the

result follows trivially.

Now suppose that r =% f(r) — X as r — 0 for some 0 < A < oo. In this case, H/ is
comparable to H* and so it would be sufficient to show that H*(BNA(Y)) = H*(B).
Since r = f(r) — X as r — 0 we have that the ratio % is bounded between positive
constants for sufficiently small . In turn, this implies that, in this case, the ratio of
the values g(Tj)% and T is uniformly bounded between positive constants. It then

follows from [9, Lemma 4] that
HE(BAA (9(0)7 ) ) = HA(BNA(T)).

This together with (2.1) then implies the required result in this case.

Thus, for the rest of the proof we may assume without loss of generality that
r=*f(r) — oo as r — 0. With this assumption it is a consequence of Lemma 1.15 that
H/(By) = oo for any ball By in ©, which we fix from now on. Therefore, our goal for

the rest of the proof is to show that
HI (By N A(Y)) = oo.

To this end, for each n > 1, we will construct a Cantor subset K, of ByNA(T) and a
probability measure ;. supported on K, satisfying the condition that for any arbitrary
ball D of sufficiently small radius r(D) we have

V(D)

u(D) < o (2.9)

where the implied constant does not depend on D or 7. By the Mass Distribution
Principle (Lemma 2.3) and the fact that K, C By N A(Y), we would then have that
HI(ByNA(Y)) > H/(K,) > n and the proof is finished by taking n to be arbitrarily

large.



Chapter 2. A Mass Transference Principle for Systems of Linear Forms 46
2.4.1 The desired properties of K,

We will construct the Cantor set K, := (2, K(n) so that each level K(n) is a finite
union of disjoint closed balls and the levels are nested, that is K(n) D K(n + 1) for
n > 1. We will denote the collection of balls constituting level n by K(n). As with
the Cantor set in [7], the construction of K, is inductive and each level K(n) will
consist of local levels and sub-levels. So, suppose that the (n —1)th level K(n — 1) has
been constructed. Then, for every B € K(n — 1) we construct the (n, B)-local level,
K (n, B), which will consist of balls contained in B. The collection of balls K (n) will
take the form

K(n) = U K(n, B).
BeK(n—1)
Looking even more closely at the construction, each (n, B)-local level will consist of

local sub-levels and will be of the form
Il
K(n,B) == J K(n,B,i). (2.10)
i=1

Here, K (n, B, i) denotes the ith local sub-level and [ is the number of local sub-levels.

For n > 2 each local sub-level will be defined as the union

K(n,Bi):= |J U ci)). (2.11)

B'€G(n,B,i) (Aj)€Kgr pr

where B’ will lie in a suitably chosen collection of balls G(n, B, i) within B, K¢ g
will arise from Lemma 2.5 and C(A; j) will arise from Lemma 2.7. It will be apparent
from the construction that the parameter G becomes arbitrarily large as we construct
levels. The set of all pairs (A; ) that contribute to (2.11) will be denoted by K (n, B, ).
Thus,

K(n, B,i) := U Ko pr and  K(n,B,i) = U C(A; 7).

B’€G(n,B,i) (A;5)eK (n,B,i)

If additionally we start with K(1) := By then, in view of the definition of the sets
C(A;j), the inclusion K, C By N A(Y) is straightforward. Hence the only real part of
the proof will be to show the validity of (2.9) for some suitable measure supported on

K,. This will require several additional properties which are now stated.
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The properties of levels and sub-levels of K,

(P0)

(P1)

(P2)

(P3)

(P4)

(P5)

K (1) consists of one ball, namely B.

For any n > 2 and any B € K(n — 1) the balls
(3L : LeK(n B)}

are disjoint and contained in B.

For any n > 2, any B € K(n — 1) and any i € {1,...,lg} the local sub-level
K (n, B, 1) is a finite union of some collections C(A; j) of balls satisfying properties

(i)—(v) of Lemma 2.7, where the balls 3A are disjoint and contained in B.
Forany n >2, Be€ K(n—1)and i e€{l,...,lp} we have

> VHA) = ¢ VH(B)

(A;4)eK(n,B,i)

2
where c3 := m (‘é—;) with ¢; and ¢y as defined in (2.3).

Foranyn > 2, Be€ K(n—1),any i € {1,...,lg — 1} and any L € K(n, B, 1)
and M € K(n,B,i+ 1) we have
fr(M)) <

f(r(L)) and  g(r(M)) < 5 g(r(L)).

N | —

The number of local sub-levels is defined by

rr

Co M .
—_— 1 f B= By :=K(1
lB =
[ VI(B)
—_— 1 if Be K ith n > 2
\ _@V’“(B)}—'— , if Be K(n) withn > 2,

and satisfies [z > 2 for B € K(n) with n > 2. Here, for x € R, [z] denotes the

greatest integer less than or equal to x.

Properties (P1) and (P2) are imposed to make sure that the balls in the Cantor

construction are sufficiently well separated. On the other hand, properties (P3) and
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(P5) make sure that there are “enough” balls in each level of the construction of the
Cantor set. Property (P4) essentially ensures that all balls involved in the construction
of a level of the Cantor set are sufficiently small compared with balls involved in the
construction of the previous level. All of the properties (P1)-(P5) will play a crucial

role in the measure estimates we obtain in Section 2.4.4 and Section 2.4.5.

2.4.2 The emistence of K,

In this section we show that it is possible to construct a Cantor set with the properties

outlined in Section 2.4.1. In what follows we will use the following notation:

l l
Ki(n,B) = | JK(n,B,i) and  Kn,B) = U (n, B,i) .

i=1 im1

Level 1. The first level is defined by taking the arbitrary ball By. Thus, K(1) := By
and Property (PO) is trivially satisfied. We proceed by induction. Assume that the
first (n—1) levels K(1), K(2), ..., K(n—1) have been constructed. We now construct
the nth level K(n).

Level n. To construct the nth level we will define local levels K(n, B) for each
B € K(n —1). Therefore, from now on we fix some ball B € K(n — 1) and a
sufficiently small constant ¢ := ¢(B) > 0 which will be determined later. Recall that
each local level K(n,B) will consist of local sub-levels K(n,B,i) where 1 < i < Ip
and [p is given by Property (P5). Let G € N be sufficiently large so that Lemmas 2.5
and 2.7 are applicable. Furthermore, suppose that G is large enough so that

37, < g(T]—)% whenever  j > G, (2.12)

<e whenever  j > G, and (2.13)

f(Y5)
C3 T?

> 1 whenever  j > G, (2.14)

where c¢3 is the constant appearing in Property (P3) above. Note that the existence
of G satisfying (2.12)—(2.14) follows from the assumption that r=*f(r) — oo as 7 — 0
and the condition that T; — 0 as 7 — oo.
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Sub-level 1. With B and G as above, let K¢ p denote the collection of balls arising
from Lemma 2.5. Define the first sub-level of K (n, B) to be

Kn,B1):= |J ¢c4),

(A9)€Ka, B

thus

K(n,B,1) = Kgp and G(n,B,1)={B}.

By the properties of C(A;j) (Lemma 2.7), it follows that (P1) is satisfied within this
sub-level. From the properties of K¢ p (Lemma 2.5) and Lemma 2.7 it follows that
(P2) and (P3) are satisfied for i = 1.

Higher sub-levels. To construct higher sub-levels we argue by induction. For [ < [,
assume that the sub-levels K (n, B,1),..., K(n, B,l) satisfying properties (P1)—(P4)
with [ replaced by [ have already been defined. We now construct the next sub-level
K(n,B,l+1).

As every sub-level of the construction has to be well separated from the previous
ones, we first verify that there is enough “space” left over in B once we have removed
the sub-levels K(n, B,1),..., K(n, B,l) from B. More precisely, let

We will show that
H(AY) > L HM(LB) . (2.15)

First, observe that

il o 4r) < Y HML

LEK[(TL,B) LGKl(n,B)

(2.3)
<dbey Y VL)

LEK,(n,B)

=4y > VD)

=1 LeK(n,B,i)

l
= 4Feyy > #C(A ) x XY

=1 (A;j)eK (n,Bi)
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l
(2:6) : (1)
k Z Z g k
< 4 ngg ( TJJ Tj

=l (Aj)EK (n,B,i)

l
= dradd Y g

=1 (Aj)eK (n,B,i)

l . T
=dad) 3 o(T)n o

=1 (A;j)eK (n,Bi)

3=

= 4*cydy Z Z 9(T;)

=1 (Ayj)eK (n,B,i)

=
.
N

Hence, by (2.13), we get that

VAN
IS
ol

)
%)
=N
%)
™

w4 < WZ jz g(T;)m

LEK(n,B)

(;1 5f(r(B)>Z 2. HW@W

=1 (A;j)eK(n,Bi)
(P<2) ey, r(B)*

k k
< 4 Cldg f(r(B))lH (B)
k€2 c T(B>k . k
4 —Cldg —f('r(B))(lB 1)H"(B). (2.16)

1 2 B

If B= By, set e =¢(By) := ¥R (C_l) cs flr( 0))'
2

Otherwise, if B # By, set

o n 1 [ ? C3
e =¢(B) :=¢(By) x T (By) 2 (C_z) Sk

Then, it follows from (2.16) combined with (P5) that

thus verifying (2.15).
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By construction, K;(n, B) is a finite collection of balls. Therefore, the quantity
dmin :=min{r(L) : L € K;(n, B)}

is well-defined and positive. Let A(n, B, 1) be the collection of all the balls of diameter
dimin centred at a point in A®), By the 5r-covering lemma (Lemma 2.4), there exists a
disjoint subcollection G(n, B,l + 1) of A(n, B,[) such that

AV c |J B c lJ B,

B'€A(n,B,l) B'eG(n,B,l+1)

The collection G(n, B,l + 1) is clearly contained within B and, since the balls in this

collection are disjoint and of the same size, it is finite. Moreover, by construction

Bn |J 3L=0 forany B'€G(n,B,l+1); (2.17)

LeK;(n,B)

i.e. the balls in G(n, B,l + 1) do not intersect any of the 3L balls from the previous
sub-levels. It follows that

(2.15)
HF U 5B = n4Y) >

B'€G(n,B,l+1)

On the other hand, since G(n, B,l + 1) is a disjoint collection of balls we have that

HE U s )< Y  #HEB)

B’€G(n,B,l+1) B'€G(n,B,l+1)

(2.

2.3)
<

523 HNB)

C1
B'eG(n,B,l+1)

— 52k J B

B'€G(n,B,l+1)

Hence,

1 U B = H(B). (2.18)

2025k
B’eG(n,B,l+1)
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Now we are ready to construct the (I + 1)th sub-level K(n,B,l + 1). Let
G’ > G + 1 be sufficiently large so that Lemmas 2.5 and 2.7 are applicable to every ball
B’ € G(n,B,l+ 1) with G’ in place of G. Furthermore, ensure that G’ is sufficiently
large so that for every i > G’,

f(r) <i min f(r(L)) and  g(Y;) <1

m
LeK,(n,B)

in_g(r(L)). (2.19)

m
LEK,(n,B)

Imposing the above assumptions on G’ is possible since there are only finitely many

balls in K;(n, B), T; = 0 as j — oo, and f and g are dimension functions.

Now, to each ball B" € G(n, B,l+ 1) we apply Lemma 2.5 to obtain a collection of
balls K¢ g and define

K(n,B,l+1):= [ U ey,

B'e€G(n,B,l+1) (Asj)eKqgr pr

Consequently,
fN((n,B,l—i—l): U KG’,B"

B/€G(n,B,l+1)
Since G' > @, properties (2.12)—(2.14) remain valid. We now verify properties
(P1)—(P5) for this sub-level.

Regarding (P1), we first observe that it is satisfied for balls in

U Uz

(A;j)EKG/7B/ LeC(A;j7)

by the properties of C(A; j) and the fact that the balls in K¢ g are disjoint. Next, since
any balls in K¢/ p are contained in B’ and the balls B’ € G(n, B, [+ 1) are disjoint, it
follows that (P1) is satisfied for balls L in K (n, B,l+1). Finally, combining this with
(2.17), we see that (P1) is satisfied for balls L in K;y1(n, B). That (P2) is satisfied
for this sub-level is a consequence of Lemma 2.5 (i) and (ii) and the fact that the balls
B' € G(n, B, + 1) are disjoint.

To establish (P3) for i = [+ 1 note that

> V= Y > VR4

(Asj)eK (n,B,I+1) B'e€G(n,B,l+1) (Aj)€Kqr pr
(23) 1
> = HE(A).
LYy ww

B'€G(n,B,l+1) (A;j)€Kgr pr
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Then, by Lemma 2.5 and the disjointness of the balls in G(n, B,l + 1), we have
that

1 1
Vk A > Hk B/
2. VM=o ) ottt
(Asj)eK (n,B,l+1) B'€G(n,B,l+1)
Cy X 4 x 15k
B’eG(n,B,l+1)
(2.18) 1 1

k(1
=B
- 02><4><15’f2><02><5’“H (2 )

(23) 1 A\ .
> - B
= 2k+3 % 5k x 15 <02> Vi(B)

= c;;Vk(B)

Finally, (P4) is trivially satisfied as a consequence of the imposed condition (2.19)
and (P5), that [, > 2 for any ball L in K(n, B,l + 1), follows from (2.14).

Hence, properties (P1)-(P5) are satisfied up to the local sub-level K(n, B,l+ 1)
thus establishing the existence of the local level K(n,B) = K;,(n,B) for each
B € K(n—1). In turn, this establishes the existence of the nth level K(n) (and
also K(n)).

2.4.3 The measure p on K,

In this section, we define a probability measure p supported on K,,. We will eventually
show that the measure satisfies (2.9). For any ball L € K(n), we attach a weight p(L)

defined recursively as follows.

For n = 1, we have that L = By := K(1) and we set u(L) := 1. For subsequent

levels the measure is defined inductively.

Let n > 2 and suppose that u(B) is defined for every B € K(n — 1). In particular,

> wB)=1.

BeK(n—1)

we have that

Let L be a ball in K(n). By construction, there is a unique ball B € K(n — 1) such
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that L C B. Recall, by (2.10) and (2.11), that

K(n,B) = U C(A;))

(A3j)€Ki (n,B)

and so L is an element of one of the collections C(A’; j') appearing in the right-hand
side of the above. We therefore define

- 1 y g(X;)m
u(L) = FC(A ) SEOL X pu(B).

(Asj)€Ki (n,B)

Thus p is inductively defined on any ball appearing in the construction of K.
Furthermore, ;o can be uniquely extended in a standard way to all Borel subsets F' of
R* to give a probability measure p supported on K,. Indeed, for any Borel subset F
of R¥,

LeC(F)
where the infimum is taken over all covers C(F) of FNK, by balls L € |J K(n). See
neN
[26, Proposition 1.7| for further details.
We end this section by observing that
1 9(Xy)
u(L) < — X ’ + % u(B)
g (e > g(Ty)m
A (Aif)€Ki, (n,B)
e
= (Yy) — X u(B). (2.20)

dy > g(Lj)m
(As5)EK g (n,B)

This is a consequence of (2.6) and the relationship between f and g. In fact, the above

inequality can be reversed if d; is replaced by ds.
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2.4.4 The measure of a ball in the Cantor set construction

The goal of this section is to prove that

V(L)
n

w(L) < (2.21)

for any ball L in K(n) with n > 2. We will begin with the level n = 2. Fix any ball
L € K(2) = K(2,By). Further let (A';j) € K, (2, By) be such that L € C(A";j').
Then, by (2.20), the definition of p and the fact that u(By) = 1, we have that

f(Yj)
L _ 2.22
H) < 4 g(;)% (2:22)

(AJ)EELBO (27B0)

Next, by properties (P3) and (P5) of the Cantor set construction, we get that

SNooogrym= > VA

(AU)EI?lBO(Q:BO) (A;j)Gf(zBO (2,Bo)

Iy

=2 2 V@

=1 (A;j)eK(2,Bo,i)

lp,
(P3) °
> Z%Vk(Bo)

=1
= ZBOC;gvk(BO)
(2.3)

®5)  con 3,
_— By) = n. 2.23
= csHF(By) CQH (Bo) n ( )
Combining (2.22) and (2.23) gives (2.21) as required since f(Y;) = f(r(L)) = VI(L).

Now let n > 2 and assume that (2.21) holds for balls in K(n — 1). Consider an
arbitrary ball L in K(n). Then there exists a unique ball B € K(n — 1) such that
L € K(n,B). Further let (4;5') € K,(n, B) be such that L € C(A’;5). Then it
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follows from (2.20) and our induction hypothesis that

pu(l) <« 7 S g(Tj)ﬁx p (2.24)

(Asj)€Kiy (n,B)
Now, we have that

Yooogryym=Y" Y VR4

(AU)EI?ZB (an) i=1 (A,])Ek(n,B,Z)

(
(P5) Vf(B)
— «VF(B)
= VI(B). (2.25)

03Vk(B)

Since V/(L) = f(T;/), combining (2.24) and (2.25) gives (2.21) and thus completes

the proof of this section.

2.4.5 The measure of an arbitrary ball

Set ro := min{r(B) : B € K(2)}. Take an arbitrary ball D such that r(D) < rq. We
wish to establish (2.9) for D, i.e. we wish to show that
V(D)

n(D) < ,
n

where the implied constant is independent of D and 7. In accomplishing this goal the

following lemma from [7] will be useful.

Lemma 2.8. Let A := B(xa,74) and M = B(xp,7my) be arbitrary balls such that
ANM %0 and A\ (cM) # 0 for some ¢ > 3. Then ryy < ra and cM C 5A.

A good part of the subsequent argument will follow the same reasoning as given in
[7, Section 5.5]. However, there will also be obvious alterations to the proofs that arise
from the different construction of a Cantor set used here. Recall that the measure

p is supported on K,. Without loss of generality, we will make the following two
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assumptions:

e DNK, #0;

e for every n large enough D intersects at least two balls in K (n).

If the first of these were false then we would have p(D) = 0 as y is supported on K,
and so (2.9) would trivially follow. If the second assumption were false then D would
have to intersect exactly one ball, say L,,, from levels K, with arbitrarily large n;.
Then, by (2.21), we would have u(D) < u(L,,) — 0 as i — oo and so, again, (2.9)

would be trivially true.

By the above two assumptions, we have that there exists a maximum integer n
such that

D intersects at least 2 balls from K (n) (2.26)

and D intersects only one ball B from K(n — 1).

By our choice of ry, we have that n > 2. If B is the only ball from K (n — 1) which
has non-empty intersection with D, we may also assume that r(D) < r(B). To see
this, suppose to the contrary that »(B) < r(D). Then, since DNK, C B and f is

increasing, upon recalling (2.21) we would have

u(D) < u(B) < LP) < _ VD)

and so we would be done.

Now, since K (n, B) is a cover for D NK,, we have

> )

LeK(n,B,i)
LND#0

.
£z, T

Aj)eK ,iLG(A
(4;5)€K (n,B,i) Dot

3 Z > Z ). (2.27)

=l (A;j)eK(n,B,i) L C(f;é

/)
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To estimate the right-hand side of (2.27) we consider the following types of sub-levels:

Case 1 : Sub-levels K(n, B, i) for which

#{L e K(n,B,i): LND #0} =1.

Case 2 : Sub-levels K(n, B, i) for which
#{Le K(n,B,i): LND #0}>2 and

#{(A;j) € K(n, B,i) with DN L # () for some L € C(A; j)} > 2.

Case 3 : Sub-levels K(n, B, i) for which
#{L e K(n,B,i): LND #0} >2 and

#{(A4;j) € [?(n,B,i) with DN L # () for some L € C(A;j)} = 1.

Strictly speaking we also need to consider the sub-levels K (n, B, ) for which
#{L e K(n,B,i): LND #0} =0.

However, these sub-levels do not contribute anything to the sum on the right-hand
side of (2.27).

Dealing with Case 1. Let K(n, B,i*) denote the first sub-level within Case 1 which has
non-empty intersection with D. Then there exists a unique ball L* in K(n, B,*) such
that L* N D # (. By (2.26) there is another ball M € K (n, B) such that M N D # .
By Property (P1), 3L* and 3M are disjoint. It follows that D \ 3L* # (). Therefore,

by Lemma 2.8, we have that r(L*) < r(D) and so, since f is increasing,
V(L) < V(D). (2.28)
By Property (P4) we have, for any i € {i* +1,...,lg} and any L € K(n, B, i), that

V(L) = f(r(L)) <277 f(r(L7)) = 2707 V(L)
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Using these inequalities and (2.28) we see that the contribution to the right-hand side
of (2.27) from Case 1 is:

4 V(L F(L* f
> 3 VI(L) 2 o-(imimy VI (L) _5V (L") <oV (D) (2.29)
icCase | LeK(mBy) i>ir U n n
LND#0

Dealing with Case 2. Let K (n, B, 1) be any sub-level subject to the conditions of Case 2.
Then there exist distinct balls (A;j) and (A’;5') in I?(n, B,i) and balls L € C(A;7)
and L' € C(A’;5") such that LN D # (@ and L' N D # (. Since LN D # () and L C A,
we have that AN D # (). Similarly, A’ N D # (). Furthermore, by Property (P2), the
balls 34 and 34’ are disjoint and contained in B. Hence, D \ 3A # (). Therefore, by
Lemma 2.8, r(A) < r(D) and A C 3A C 5D. Similarly, A’ C 34" C 5D. Hence, on
using (2.6), we get that the contribution to the right-hand side of (2.27) from Case 2

is estimated as follows

D DD DL SR STt L

i€Case 2 (4:5)eK (n,B,i) LEC(A)) i€Case 2 (4; ])EK(n B.,i) 1

LND=#)
N
(2.6) ij Tj
Yy (g(Tj> )f( )

i€Case 2 (A:5)eK (n,B,i)
AC5D

2. X

i€Case 2 (A;5)eK (n,B,i)
AC5D

g(T;)m !
Yooy dw

i€Case 2 (A.5)eK (n,B,i)
ACHD

g(1;)m
Yooy

i€Case 2 (A.5)eK (n,B,i)
AC5D

VE(A
> ox B9

iCase 2 (4;j)eK (n.Bi)
AC5D

g()= ;" hg(Y5)

i ~J
n
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Combining this with properties (P2) and (P5) we get

> oY PRl s oy owa

C
i€Case 2 (A;5)eR (n,B,i) LGC(A ) 1n i€Case 2 (A:5)eK (n,B,i)
LND#( AC5D
(P2) 1 Z k
P2) - H U 4
1] i€Case 2 (Asj)EK (n,B,i)
AC5D

<— >, H(D)
zGCase 2

1
< —5FIpHF(D)
1

Recalling our assumption that r(D) < r(B) and the fact that =" f(r) is decreasing,

we obtain that

V/(L) L2 V(D
> > 2 g 2 VD)
jcCase 2 L cm eV (D)
i€Case 2 (4;5)eK(n,B,i) GCAJ)
LND#)
_2025’C Vf(D)
C1C3 n

V(D)
—

< (2.30)

Dealing with Case 3. First of all note that for each level ¢ of Case 3 there exists a
unique (A;; ;) € I?(n, B, i) such that D has a non-empty intersection with balls in
C(A;;ji). Let K(n, B,i**) denote the first sub-level within Case 3. Then there exists
a ball L** in K(n,B,i**) such that L** N D # (. By (2.26) there is another ball
M € K(n, B) such that M N D # (). By Property (P1), 3L** and 3M are disjoint. It
follows that D\ 3L** # () and therefore, by Lemma 2.8, we have that r(L**) < r(D)

and so, since ¢ is increasing, we have that

g(r(L™)) < g(r(D)). (2.31)
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Furthermore, by Property (P4), for any ¢ € {i** +1,...,lg} and any L € K(n, B,1)

we have that
g(r(L)) <2707 g(r(L*)).

Thus, the contribution to the sum (2.27) from Case 3 is estimated as follows

Vf Vf
> oYy Y rPey ¥
i€Case 3 (A:j)eK(n,B,) LEC(A) i€Case 3 LeC(Aisj:)
LND#D LND#D

zzf

i€Case 3 LeC(Ai;j:)
LND#)

<y (r}(fp))l f<’;fﬁ>

i€Case 3

Noting that Y ;.. = r(L*") and recalling (2.31) we see that

r(D)’ f(r(D)) _ V(D)
<< 2 g(r(D)) =2 < . (2.32)
zegs:e 3 (4; j)GzKEn Bii) Lfr%ié) " " "

Finally, combining (2.29), (2.30) and (2.32) together with (2.27) gives u(D) < @
and thus completes the proof of Theorem 2.2.



3 Hausdorff Measure Khintchine—
Groshev Type Statements

In this chapter we highlight merely a few applications of Theorem 2.2 which we hope
give an idea of the breadth of its consequences. In Section 3.1 we show that, using
Theorem 2.2, with relative ease we are able to remove the last remaining monotonicity
condition from a Hausdorff measure analogue of the classical Khintchine-Groshev
Theorem — this is essentially the analogue of Khintchine’s Theorem for approximation
by linear forms. We also show how the same outcome may be achieved, albeit
with a somewhat longer proof, by using Theorem 2.1 instead of Theorem 2.2. In
Section 3.2 we obtain a Hausdorff measure analogue of the inhomogeneous version of
the Khintchine-Groshev Theorem.

In Section 3.3 we present Hausdorff measure analogues of some recent results of
Dani, Laurent and Nogueira [18|. They have established Khintchine-Groshev type
statements in which the approximating points (p, q) are subject to certain primitivity
conditions. We obtain the corresponding Hausdorff measure results. On the way to
realising some of the results outlined above, in Section 3.2 and Section 3.3 we develop
several more general statements which reformulate Theorem 2.2 in terms of transferring
Lebesgue measure statements to Hausdorff measure statements for very general sets
of W-approximable points (see Theorems 3.10, 3.11 and 3.14). The recurring theme
throughout this section is that given more-or-less any Khintchine-Groshev type
statement, Theorem 2.2 can be used to establish the corresponding Hausdorff measure

result.

The contents of this chapter are taken from [1, Section 2|. Although we have
included minor additions and modifications in an attempt to improve clarity, most of

the material appears here as it appears in [1].

62
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The Khintchine-Groshev Theorem for Hausdorff Measures

Let n > 1 and m > 1 be integers. Denote by I" the unit cube [0, 1] in R™™.

Throughout this section we consider R™ equipped with the norm || - | : R"™ — R
defined as follows:

= 1

Il = Vi max [l 3.1)

where x = (x1, ..., X,,) with each x, representing a column vector in R" for 1 < ¢ < m,

and | - |2 is the usual Euclidean norm on R". The role of the norm (3.1) will become

apparent soon, namely through the proof of Theorem 3.2 below.

Given a function ¢ : N — R, let A, ,,(¢)) denote the set of x € I"™ such that

lax + p| < ¥(|q])

for infinitely many (p,q) € Z™ x Z" \ {0}. Here, |- | denotes the supremum norm,
x = (x4) is regarded as an n X m matrix and p and q are regarded as a row vectors.

Thus, gx represents a point in R given by the system
QT+ Gt (1 <L <m)

of m real linear forms in n variables. We will say that the points in A, ., (¥)
are -approzimable. That A, ,,(¢) satisfies an elegant zero-one law in terms of
nm-dimensional Lebesgue measure when the function v is monotonic is the content of
the classical Khintchine—Groshev Theorem. We opt to state here a modern improved

version of this result which is best possible (see [10]).

As usual, | X| will denote the k-dimensional Lebesgue measure of X C R*,

Theorem 3.1 (Beresnevich — Velani [10]). Let v : N — RT be an approzimating

function and let nm > 1. Then

0 if X2 " (g™ < oo,
| Anm ()] =
L if Y g (g™ = oo

The earliest versions of this theorem were due to Khintchine [35] and Groshev
[29] and included various extra constraints including monotonicity of ¢. A famous

counterexample constructed by Duffin and Schaeffer [25], mentioned earlier in
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Chapter 1, shows that, while Theorem 3.1 also holds when m = n = 1 and ¢ is
monotonic, the monotonicity condition cannot be removed when m =n = 1 and so it is
natural to exclude this situation by letting nm > 1. In the latter case, the monotonicity
condition has been removed completely, leaving Theorem 3.1. That monotonicity may
be removed in the case n = 1 is due to a result of Gallagher [28] (see Theorems 1.12
and 1.13 in Chapter 1) and in the case where n > 2 it is a consequence of a result due
to Schmidt [45]. Alternatively, for n > 2 this also follows from a more general result
due to Sprindzuk [47, Chapter 1, Section 5| (see Theorem 3.6). For further details
we refer the reader to [4] and references therein. The final unnecessary monotonicity
condition to be removed was the n = 2 case. Formally stated as Conjecture A in [4],

this case was resolved in [10].

Regarding the Hausdorff measure theory we shall show the following.

Theorem 3.2. Let ¢ : N — R" be any approzimating function and let nm > 1. Let
fand g :r — gr) = v~V f(r) be dimension functions such that r=""f(r) is

monotonic. Then,

0 Zf ZZil anrmflg (@) < 00,
H (A1) =
Hf(ﬂnm) Zf Z(C;il anrmflg <@) = 00.

Theorem 3.2 is not entirely new and was in fact previously obtained in [4] via
Theorem 2.1 subject to ¥ being monotonic in the case that n = 2. The deduction there
was relying on a theorem of Sprindzuk (namely, Theorem 3.6) rather than Theorem
3.1 (which is what we shall use). In fact, with several additional assumptions imposed
on ¢ and f, the result was first obtained by Dickinson and Velani [21].

Theorem 3.3 (Dickinson — Velani [21]). Let f be a dimension function such that
r="f(r) — oo as r — 0 and v~ f(r) is non-increasing. Suppose ¢ : N — R is
¥(9)

an approximating function such that 0 is decreasing, ¢"(q¢)™ — 0 as ¢ — oo and

q"Y(q)™ is non-increasing. Furthermore, suppose that ¢"™+q(q)~mn=1 f (@) is

non-increasing. Then

0 i X S (M) wlg) g < o,
Hf(An,m(d})) =
0o i X (M) v e Vg~ o,
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While the above theorem due to Dickinson and Velani constitutes the first
Hausdorff measure result obtained for the sets A, (1), the first Hausdorff dimension

results were obtained even earlier by Bovey and Dodson [13].

Returning to Theorem 3.2, the convergence case of the proof makes use of standard
covering arguments that, with little adjustment, can be drawn from [21]. For

completeness we shall include this argument here.

Thereafter we shall give two proofs for the divergence case of Theorem 3.2, one
using Theorem 2.1 and the other using Theorem 2.2. The reason for this is to show
the advantage of using Theorem 2.2 on the one hand, and to explicitly exhibit obstacles
in using Theorem 2.1 in other settings on the other hand. In the proofs we will use
the following notation. For (p,q) € Z™ x Z" \ {0} let

Rpq:={x€R" :gx+p =0}

Note that, throughout the proofs of Theorem 3.2, (p, q) will play the role of the index
j appearing in Theorem 2.1 and Theorem 2.2. Also note that for § > 0 we have

A(Rpq,0) = {x € R" : dist(x, Rpq) < d},

where
dist(x, Ry o) = inf [|x — ]| = YI9X Pl
2€Rp,q a2

As with the results of Cassels and Gallagher mentioned in Remark 1.7, it is also
the case that the sets of interest when we are approximating by systems of linear forms
satisfy the dichotomy that their measures only take the values 0 or 1. In this setting
the result is due to Beresnevich and Velani and will be useful shortly in deriving (3.3).
In order that we might state the result of Beresnevich and Velani in its full generality,

we first introduce a little more notation.

Given U : Z" — R*, let A, ,,(¥) be the set of x € I"™ for which

lax +p| < ¥(q) (3.2)

is satisfied for infinitely many pairs (p,q) € Z™ x Z" \ {0}. We denote by
Al (¥) the set of points x € I" for which (3.2) is satisfied for infinitely many

pairs <p7 q) ez x 21" \ {0} with ng(pJ q) = ng(phva -3 Pmy 41,492, - - - 7%1) = L
Finally, let A7, | () be the set of points x € I"™ for which (3.2) is satisfied for infinitely
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many pairs (p,q) € Z™ x Z™\ {0} with ged(p;, q) := ged(pi, ¢1, G2, - - -, qn) = 1 for each
i=1,....,m. If U(q) = ¢(|q|) for some function ¢ : N — R we write, respectively,
Anm (), A, ,,(¥) and A7, () in place of A, (), A7, (V) and A}, (7).

Theorem 3.4 (Beresnevich — Velani |9]). For any n,m € N and any approzimating
function ¥ : Z™ — RT, we have that

Anm(W) €{0,1}, A, (W) €{0,1}, and |A;,, (V)] € {0,1}.

Proof of convergence part of Theorem 3.2. We begin by noting that without loss of

generality we may assume that @ — 0 as ¢ — oo. In particular, this means that
¥(g) < q.

Recall that, in the convergence case, we are given that Z;il gt lg (@) < 00.

Using the fact that |q| < |q|2 we note that, for a fixed (p,q) € Z™ x Z" \ {0},

< R™ - Vnlqx + p| _ \/W(IQD}

xR : jqx+p| < w(lal)} = {

lal2 al2
c {X g . Vlax+pl _ \/ﬁw(!ql)}
© dl [€1
_ Vvny(lal)
=8 <Rp’q’ lq > '

Thus, for each N € N we have

Ay el U U A (Rp,q,@> NI,

¢>N q€ezZn\{0} pezZ™
lal=¢

Observe that, for a fixed (p,q) € Z™ x Z" \ {0} with |q] = ¢, we may cover
A (prq, M) NI with a collection Cp, 4 of balls of common radius Aa) satisfying

; q m(n—1)
#oas (Gig)

Furthermore, note that for a fixed q with |q| = g,

V(q)
q

#{pEZm:A(prq, )m]l”m;é@}«qm

and, also, that the number of vectors q € Z" with |q| = ¢ is < ¢" L.
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Finally, since @ — 0 as ¢ = oo, for any M € N there exists an Ny, € N such
that for any ¢ > N, we have %‘1) < L. Thus, it follows from the definition of #/

M-
that

H_y (Aum(@) < Y f (ﬁ> % (M>_m(”_” p—

M q>Np q q
V(@) \ mtne
-3 (M) et

q>Np q

The proof is completed by letting M — oo and noting that the term on the
right-hand side of the above tends to 0. [l

Next, we turn our attention to proving the divergence part of Theorem 3.2 via the
two routes outlined above. We note that if ¢(r) > 1 for infinitely many r € N, then
A,m(1) = 1" and the divergence case of Theorem 3.2 is trivial. Hence, without loss

of generality we may assume that ¥ (r) <1 for all » € N. First we show how
Theorem 2.1 and Theorem 3.1 imply the divergence case of Theorem 3.2. (3.3)

Proof. Recall that N

Zq”*mflg (M> = 00. (3.4)
g=1 q

To use Theorem 2.1 we have to restrict the approximating integer points q in order
to meet conditions (i) and (ii) of Theorem 2.1. We will use the same idea as in [4];
namely, we will impose the requirement that |q| = |gx| for a fixed K € {1,...,n}.
Sprindzuk’s Theorem (Theorem 3.6) that is used in [4] allows for the introduction of
this requirement almost instantly. Unfortunately, this is not the case when one is using
Theorem 3.1 and hence we will need a new argument. For each 1 < ¢ < n define the
auxiliary functions ¥, : Z" \ {0} — R by setting

Y(lal) if ol =gl
Vi(q) =
0 otherwise.

In what follows, similarly to A, ,,(¢), we consider sets A, ,,,(¥) of points x € I""™ such
that

lax + p| < ¥(q)
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for infinitely many pairs (p,q) € Z™ x Z" \ {0}, where ¥ : Z" \ {0} — R" is a
multivariable function. Since, by definition, ¥;(q) < ¥(|q|) for each 1 < i < n and
each q € Z" \ {0}, it follows that

A (V) C Ay (¥) for each 1 < i < n. (3.5)
By (3.5), to complete the proof of (3.3), it is sufficient to show that
H (A (Vg)) = H (™) for some 1 < K <n. (3.6)
Without loss of generality we will assume that K = 1. Define

S:={(p,q) € Z" x Z"\ {0} : |q| = |@:| and |p| < M|q]},

where

M := max {2n,sup 2, (Wa))’;} . (3.7)

reN n r

Note that, since ¢ is increasing and ¥(r) < 1, the constant M is finite. Let
T Vi (q)

pq = T for each (p,q) € S. The purpose for introducing this auxiliary set
q

S will become apparent later. Now, for each (p,q) € 5,

1
A(Rpq, Tpq) NI = {X el vnlax + p| 1(q) }

|Q|2 |Q|

lal2¥1(q)

=qxel™:jgx+p| < ———
{ Vvn|q|

C {X el" : |jgx+p| < \Iil(q)} ,
since |ql2 < v/n|q|. It follows that A(Y) NI" C A, n(¥;) C I"™, where

A(Y) =limsup A(Rp g, Tpq)

(p,)es

and, in taking this limit, (p,q) € S can be arranged in any order. Therefore, (3.6)

will follow on showing that

HI(A(T) NI = HI(T™) (3.8)
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Showing (3.8) will rely on Theorem 2.1. First of all observe that conditions (i) and

(ii) are met with the m-dimensional subspace
Vi={x=(x1,X9,...,Xp) ER" :xy=0forall {=1,... mandi=2,...,n}.

Indeed, regarding condition (i), we have that R, q NV consists of the single element,

_pn P2 __Pm
Q1 g 7 q1
0 0o ... 0
0 0 0

and so is non-empty. Regarding condition (ii), for (p,q) € S we have that

VNARpq, 1) ={x eV dist(x,Rpq) < 1}

:{XEV:—\/ﬁ’qX—i_p| <1}

|Q‘2
n|qi1x1.¢ + )
= {x € R" . max Vil + pd <1 and z; =0 fori# 1}
T Tl
C {XEani max SL’L["‘@ <1 and xig—Ofori%l}
1<6<m @

since |¢1| = |q| and |q|2 < v/n|q|. Hence diam(V N A(Rpq,1)) < 2 and we are done.

Now let # : N — R™ be given by

and, for each 1 <i <n, let ©; : Z™ \ {0} — R* be given by

Ola))  if |a| =lal,
o ldl o (Wi(q) _
Sulw) = \/ﬁg( dl ) B

3=

0 otherwise.
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Similarly to (3.5), we have that A, ,,,(©;) C A, ,(8) for each 1 <1i < n. Furthermore,
Ann(0) = | A (©:). (3.9)

Indeed, the “D” inclusion follows from the above. To show the converse, note
that for any x € A,,,(0) the inequality |gx + p| < 6(|q|) is satisfied for
infinitely many (p,q) € Z™ x Z" \ {0}. Clearly, for each q € Z" \ {0} we have that
0(]a|]) = ©:(q) for some 1 < i < n. Therefore, there is a fixed i € {1,...,n} such that
lax + p| < 6(|q|) = ©,(q) is satisfied for infinitely many (p,q) € Z™ x Z™\ {0}. This
means that x € A, ,,(0;) for some 4, thus verifying (3.9).

Next, observe that, by (3.4), the sum
X n+m—1 o0
n—1 q ¥(q) 1 ntm—1 (¢<Q))
q"0(q N g( ) = q g\ —
S =3 W) &5 q
diverges. Therefore, by Theorem 3.1, we have that |A,,,(f)] = 1. Hence, by (3.9),

there exists some 1 < K < n such that |A,,,(©k)| > 0. By the zero-one laws in
Theorem 3.4, we know that | A, ,,(Ok)| € {0,1}. Hence,

|Anm(Ok)| = 1. (3.10)

Without loss of generality we will suppose that K = 1, the same as in (3.6).

Now, using the fact that |q| < |qls, for (p,q) € S we have that

!q| |

:{xe]I"m lax +p| < lal: g(

o (%))

) {XE]I”"‘ lax + p| < 1?_‘9( q‘q))m}

={xeI":|gx+p| < O1(q)}.

3
——

Furthermore, observe that if {x € I"™ : |qx + p| < ©1(q)} # 0, then |p| < M|q| and
so (p,q) € S. To see this, suppose that x € {x € I : |qx + p| < ©1(q)} and note
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that if [gx + p| < ©:1(q) then

laxe + pe| < O1(q) < l;llg ( (|q|)) " for each 1 </ <m.

]

Using the reverse triangle inequality, it can be seen that for each 1 < /¢ < m,

ol (v(al)\ "
_ 1d < (lal) )”11 Z
\/—g ‘q’ + q;Tip-

Since x € "™, it follows that

1= ()" - (0)"

By the definition of M, we see that |p, < M|q| for each 1 < ¢ < m. Hence,
Ip| < M|q|if {x € I" : |gx + p| < ©1(q)} # 0 and so, in this case, (p,q) € S.

Therefore,

Apm(©1) C Alg(T)m) NI C I

In particular, |A(g(Y)w) NI"| = 1 and so for any ball B C I"™ we have that
”H”m(A(g(T)i) N B) = H"™(B). Hence, we may apply Theorem 2.1 with k = nm,

Il = m(n — 1) and m to conclude that, for any ball B C I™, we have
H/ (BN A(Y)) = H/(B). In particular, H/(A(YT) N I"™) = H/(I"™) and the proof
is thus complete. O

We now show how
Theorem 2.2 and Theorem 3.1 imply the divergence case of Theorem 3.2.  (3.11)

Proof. As before, we are given the divergence condition (3.4). For each pair
(p,q) € Z™ x Z™\ {0} with |p| < M|q|, where M is given by (3.7), let

Roq={xeR"™:qx+p=0} and T,q:=—F=.



Chapter 3. Hausdorff Measure Khintchine—Groshev Type Statements 72

For such pairs (p,q) we have that

ARy Tp) NI = {X cpm . Volax Pl (|q|)}
|al lq|

C{xeI":|ax+p| <¥(q|)}

since |q|s < v/n|q|. Therefore

A(T) N I"™ C Ay () C TP

Y

where the lim sup is taken over (p,q) € Z™ x Z" \ {0} with |p| < M|q|.

Consequently, if we could show that H/(A(T) N I*™)

= H/(I"™) the divergence
part of Theorem 3.2 would follow.

Define 6 : N — R™ by

and note that

1
i nm nm X + ™
Al (Tpa)#) NI = x s VR g ()

g )
{xe]l"m |ax + p| < ’3‘59(%)771}
{{ |

1
x eI : |qx +p| < 14 q] < (|Q|)>

]I?”Lm

lax +p| <60(lal)},

where this penultimate inclusion follows since |q| < |qlo.  Observe that if

{xeI" :|gx+ p| < 0(]q|)} # 0, then |p| < M|q|. This can be seen using the same
argument as the one beginning on page 70. It follows that

A (0) € A(g(X)m) NI,

Now, by Theorem 3.1 and the divergence condition (3.4), we know that
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iqn n :iq”m ' (d)(@) .

g=1 q

Hence, |A(g(Y)w) NI"| = 1 and so we may apply Theorem 2.2 with k = nm,
l=m(n—1) and m to conclude that, for any ball B C 1", we have
H/ (BN A(Y)) = H/(B). In particular, H/(A(T) N I"™) = H/(I"™) and the proof

is complete. O

Remark 3.5. Note that the proof of (3.11) is not only shorter and simpler than that of
(3.3) but it also does not rely on the zero-one law of Theorem 3.4. This seemingly minor
point becomes a substantial obstacle in trying to use the same line of argument as for
(3.3) in other settings, for example, in inhomogeneous problems. The point is that, as
of now, we do not have an inhomogeneous zero-one law similar to Theorem 3.4 —
see [42] for partial results and further comments. The approach based on using
Theorem 2.2, on the other hand, works with ease in the inhomogeneous and other

settings.

Inhomogeneous Systems of Linear Forms

In this section we will be concerned with the inhomogeneous version of the
Khintchine-Groshev Theorem presented in the previous section. Given an
approximating function ¥ : Z"\ {0} — R" and a fixed y € I, we denote by A} (V)
the set of x € I for which

lax +p —y| < ¥(q)

holds for infinitely many (p,q) € Z™ x Z" \ {0}. In the case that V(q) = ¢ (|q|) for
some function ¢ : N — R* we write AY (1) for AY (V).

For n > 2 we will represent by P(Z") the set of primitive vectors in Z"; that is,
the non-zero integer vectors (vy, v, ...,v,) € Z" \ {0} with ged(vy, va, ..., v,) = 1.
Regarding inhomogeneous Diophantine approximation, we have the following

general statement due to Sprindzuk [47, Chapter 1, Section 5.

Theorem 3.6 (Sprindzuk [47]). Let m > 1 and n > 2 be integers. Let ¥ : Z" — Rt
be an approzimating function such that V(q) = 0 whenever q ¢ P(Z") and let y € I™
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be fixed. Then,

0 if quzn U™ (q) < oo,
|AY o (P)] =

1 Zf quZn \Dm(q) = Q0.

The following inhomogeneous version of the classical Khintchine-Groshev Theorem
can be deduced as a corollary to Theorem 3.6 by restricting the approximating function
U so that it depends only on |q| (for further explanation of how see, for example, [4]).
In the case that ¢ is monotonic this statement also follows as a consequence of the

ubiquity technique, see [5, Section 12.1].

Inhomogeneous Khintchine—-Groshev Theorem. Let m,n > 1 be integers and
let y e I™. If ¢ : N — RY is an approrimating function which is assumed to be

monotonic if n =1 orn = 2, then

0 if >0 ¢ (@™ < oo,
|AY (V)] =
L df Y2 ¢ (g)™ = oo

The following is the Hausdorff measure version of the above statement.

Theorem 3.7. Let m,n > 1 be integers, let y € 1™, and let v : N — R be
an approzimating function. Let f and g : v — g(r) := r~™=V f(r) be dimension

functions such that r=™™ f(r) is monotonic. In the case that n =1 or n = 2 suppose

1
also that rg (@) " is monotonic. Then,

0 il (ML) < oo,

q

HI (A, () =
Hf(ﬂnm) Zf Z;O:l qn—l—m—lg <¢_q)) = 00.

q

1
Remark 3.8. Although the condition that rg (@)7 being monotonic when n = 1
or n = 2 is the one that we naturally arrive at upon combining Theorem 2.2 with
the Inhomogeneous Khintchine-Groshev Theorem, it is worth noting here that this
condition may be relaxed. In the case when n = 2, by appealing to the more

general theorem of SprindZzuk (Theorem 3.6), we will show that it is possible to
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1

replace monotonicity of rg <@> " in the statement of Theorem 3.7 with the more

aesthetically pleasing assumption that 1) is monotonically decreasing. When n =1 we
believe it should be possible to make the same assumption replacement by using ideas

from ubiquity (see [5, Section 12.1| and references within).

Proof of Theorem 3.7 — Convergence. We appeal to a standard covering argument, as
in the proof of the convergence part of Theorem 3.2. We first note that we may assume
without loss of generality that @ — 0 as ¢ — oo. For each pair (p,q) € Z™ xZ"\{0}
let

Roq={xeR"™:qx+p—y=0}

Recall that for § > 0 we have
A(Rpq,0) = {x € R" : dist(x, Rpq) < I},

and, in this case,

dist(x, Rpq) =

A4S

inf [x—zf = YU P Y]
Rp,q |Q|2

Since |q| < |qla, for any fixed pair (p,q) € Z™ x Z" \ {0} we have

Vnlgx+p —y| _ ﬁw(IQD}

{xeR"™:|lgx+p—y|<¢(q])} = {x € R":

ql2 a2
ql2 [e]
N (R ﬁwqw)
’ (1

Thus, for each N € N we have

a.wcl U U A(Rp,q,@)mnnm.

¢>N qeZ™\{0} peZ™
lal=q
The proof can now be completed by using the same covering argument used to prove

the convergence part of Theorem 3.2. [

Remark 3.9. We note here that in both the Inhomogeneous Khintchine-Groshev
Theorem and Theorem 3.7, the Hausdorff measure version we have just recorded,

the monotonicity conditions on ¢ when n = 1 or n = 2 are only required for the
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divergence cases. For both of these theorems the proofs of the convergence parts
follow from standard covering arguments for which no monotonicity conditions need

to be imposed.

The divergence part of the proof of Theorem 3.7 may be obtained directly using
Theorem 2.2 — the argument is almost identical to that used for obtaining the
divergence part of Theorem 3.2 via Theorem 2.2. However, by exploiting this argument
a little further, we may actually use Theorem 2.2 to prove the following two more
general statements from which both Theorems 3.2 and 3.7 follow as corollaries.
Therefore, we shall postpone the proof of the divergence part of Theorem 3.7 until
after we have established Theorems 3.10 and 3.11 below. In some sense Theorems 3.10
and 3.11 below are essentially reformulations of Theorem 2.2 in terms of, respectively,

V-approximable and -approximable points.

Theorem 3.10. Let ¥ : Z"\ {0} — R be an approzimating function and let 'y € ™.
Let f and g : v — g(r) == r~™"=Vf(r) be dimension functions such that r—"" f(r) is

monotonic. Let

His

©:2"\ {0} - R" be defined by O(q) = |alg (\I/](TT))

Then
|AY . (©)] =1 implies 'Hf(A%m(\I/)) = HS (1™,

The proof of Theorem 3.10 is similar to that of (3.11). However, we shall omit this
particular argument here. Instead, we shall explicitly deduce Theorem 3.10 from an
even more general result which will be proved in Section 3.3, where the approximating

function will be allowed to depend on p as well as q — see Theorem 3.14.
The following statement is a special case of Theorem 3.10 with ¥(q) := ¥(|q]).
Theorem 3.11. Let ¢ : N — R™ be an approzimating function, let y € I"™ and let

fand g:r — gr) = r~™" Y f(r) be dimension functions such that r=""f(r) is

monotonic. Let

6:N—R" be defined by O(ry=rg <¢(r))m )

Then
AY (0 =1 implies  H/(AY,,(¥)) = H/(T"™).
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Proof. Define ¥ : Z"\ {0} — R" by U(q) = ¢(|q|). Then, it is not too difficult to see
that AY (V) = AY (). Therefore, we may appeal to Theorem 3.10 which tells us
that H/(AY () = H/(I"™) if |AY,,(©)] = 1, where © : Z"\ {0} — ]RJr is defined

1

by ©(a) = lalg (%2) " However, O(a) - \qrg(m)l ~ Jalg (42)" ~ o(ja)

lal lal
and so A}, (©) = A} ,.(0). We are given that |AY, (0)] = 1. Hence it follows that
|AY ,.(©)] = 1 and the proof is thus complete. O

Theorem 3.7 now follows on combining the Inhomogeneous Khintchine-Groshev
Theorem with Theorem 3.11. Furthermore, any progress in removing the monotonicity
constraint on Y from the Inhomogeneous Khintchine-Groshev Theorem can be
instantly transferred into a Hausdorff measure statement upon applying Theorem 3.11.
Indeed, we suspect that a full inhomogeneous analogue of Theorem 3.1 must be true.

Recall that it is open only in the case when n =1 or n = 2.

We shall conclude this section by providing further details of the proof of the
divergence part of Theorem 3.7. Additionally we show that Theorem 3.7 holds when
n = 2 under the more satisfying monotonicity assumption that ¢ is monotonically

decreasing.

Proof of Theorem 3.7 — Divergence. The result would follow from Theorem 3.11
provided that we could show that [AY . (0)] = 1 where § : N — R* is defined by

O(r)=rg ( (r) ) Assuming that rg ( (r )>E is monotonic when n =1 or n = 2, we
know by the Inhomogeneous Khintchine-Groshev Theorem that |AY  (0)] = 1 if

which is true by assumption.

In order to prove the statement subject to the condition that ¢ is monotonically

decreasing when n = 2 the argument is a little more complicated and relies on
Theorem 3.6. So, suppose n = 2 and let us define © : Z?\ {0} — RT by

O(la))  if qe€ P(Z?),
O(q) =

0 otherwise.

Note that AY, (©) C AY (0). Therefore, it would be sufficient for us to show that
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|AY (©)] = 1. By Theorem 3.6, this would follow upon showing that

pOICHTIES

qEeP(Z?)

To do this, we will make use of the following two claims.

Claim 3.12. Letn=2. If @ 15 monotonically decreasing then

[e.e]

B () -Een ()

Proof of Claim 3.12. Since % is monotonically decreasing, we may bound

Do @M g (w(q ) from below as follows,

yoe() - T (J)

q=1 t=1 2t—-1<q<2t

SHDIREENE

t=1 2t— 1<q<2t
t—1 m+2 w<2t)
-3 g( 5
21)
2t(m+2) w( .
>R (5

On the other hand,

S ()£, 5 ()

t=0 2t<g<2t+1
¥(2")
<Z Z 2t+1 m+1 (
t
t=0 2t<q<2t+1 2
t t+1 m+1 w(2t>
- 22 ey (V)
¥(2')
2t(m+2) )

The desired result follows on combining these upper and lower bounds. O
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Claim 3.13. Letn=2. If @ 15 monotonically decreasing then we have

> ") > ; gtm+2) g (@)

qeP(Z?)

Proof of Claim 3.13. We begin by observing that

Y, ema= > 0"(al) :Z > (). (3.12)

qcP(72) qcP(72) g=1 1<p<q:
ged(p,q)=1

As usual, let ¢ denote the Euler function. Remembering that m and n are constants,

and using the monotonicity of @, we have

8

e

2. 2, G

g=1 1<p<q: q:l
ged(p,g)=1

| |
/-\
\_/
)
3
—

™)
~—

> 2y (M?)) > el (3.13)

2t-1<g<2t
We recall (see, for example, [3]) that, for real = > 1, we have
ng = —x >+ O(zlog ).
q<lzx

It follows from this that,

> plg) > 2™

ot—1 §q<2t
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Combining this fact with (3.12) and (3.13) yields

% >®m(q) ” ithg <%§t>> > wlg) > §2t<m+2>g (%%t))

qeP (22 2t=1<g<2t
as claimed. O

Now, recall that we are given 22021 grtmTlg (@) = 00. Therefore, it follows

from Claim 3.12 that Y 32, 24m+2)g (%2:)) = oo. In turn, by Claim 3.13, this implies
that qup(ZQ) ©™(q) = oco. Finally, in light of this it follows from Theorem 3.6 that
|AY .(©)] = 1, as required. O

As mentioned previously, Theorem 3.2 may also be derived as a corollary of
Theorem 3.11. The argument for this is essentially the same as the first part of

the above so we shall omit the details.

Approximation by Primitive Points and More

The key goal of this section is to present Hausdorff measure analogues of some recent
results obtained by Dani, Laurent and Nogueira in [18]. The setup they consider
assumes certain coprimality conditions on the (m + n)-tuple (q1,...,qn, P1,---,Pm) Of
approximating integers. To achieve our goal we will first prove a very general statement
which further extends Theorems 3.10 and 3.11 and is of independent interest. In
particular, we will allow for the approximating function to depend on (p,q) and will
also introduce a “distortion” parameter ® that allows certain flexibility within our
framework. This allows us, for example, to incorporate the so-called “absolute value
theory” [19, 31, 32].

Within this section ¥ : Z™ x Z" \ {0} — R* will be a function of (p,q), y € I
will be a fixed point and ® € ™™ will be a fixed m x m square matrix. Further, define
M2 (U) to be the set of x € I"™ such that

lax +p® —y| < ¥(p,q)

holds for (p,q) € Z™ x Z™ \ {0} with arbitrarily large |q|. Based upon Theorem 2.2,

we now state and prove the following generalisation of Theorems 3.10 and 3.11.



Chapter 3. Hausdorff Measure Khintchine—Groshev Type Statements 81

Theorem 3.14. Let VU : Z™ x Z™ \ {0} — R* be such that

U
lim  sup P9 (3.14)
laj—oc pezm |q

and let y € I™ and ® € 1™ be fived. Let f and g : v — g(r) := r~™ "D f(r) be

dimension functions such that r="™ f(r) is monotonic. Let

o o
©:Z" x7Z"\ {0} - R* be defined by  O(p,q) =|d|g ( (|I;’|q)) .
Then
|M%;§1(@)| =1 implies ’Hf(/\/l%:i(\ll)) = HI (1.
Proof. Let
M :=max { 3n, sup 36(p. a) : (3.15)
(pajezmxzm\foy  Vnld]

By the monotonicity of g and condition (3.14), we have that M is finite. Let
S={(p,a) € Z" x Z" \ {0} : |p®| < M|ql}

and let Sp be any fixed subset of S such that for each (p',q) € 5 there exists
(p,q) € Se such that

pd =p'® and O(p’,q) < 20(p,q). (3.16)
Furthermore, let Sg be such that for all (p,q), (r,s) € Se we have

(p®,q) # (r®,s) if  (p,q) # (1r,s).

The existence of Sg is easily seen. For each (p,q) € S, let

Ryq={xeR"™:qx+pP—y =0} and Tpq:i=

For (p,q) € Se we have that

¢ — U
A(Rpg’ Tp,q) N mm = {X c - \/ﬁ’qx‘f' P }’| < (p,q)}

|Q\2 |q!

C{xel™:|gx+pP—-y| < V(p,q)}
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since |qls < v/n|q|. Also note that for each q € Z"™ \ {0} there are only finitely many
p € Z™ such that (p,q) € Se — indeed, the motivation for introducing the set Sg is

to ensure such finiteness. Therefore
A(T)NI"™ € MY () C T, (3.17)

where, when defining A(T), the limsup is taken over (p,q) € Se. Hence, by (3.17), it

would suffice for us to show that
H(A(T) NI = 1T,

Consider A(g(T)m), where the limsup is again taken over (p,q) € Sy. Take any
(p’,q) € S and let (p,q) € Sy satisfy (3.16). Then, since |q| < |q|2, we have that

)mﬂnm:{xeﬂnm Vnlgx +p® — y|<g(‘11(p,q))”11}

|Q\2 \q]

3=

A(Rp.q,9(Tpq)

b (¥(p.a))"
=¢xel™: |gx+pP —y| < g
{ Vn al
lal (%(p.a)\"
q p,q)\™
Dexel™:|gx+pP —y| < ( )
{ NN

= {x el :|gx +p® —y| < in@(p,q)}

D{XGH””‘ lgx + p'® —y| < 3 @( )}

Also observe that if {X el : |gx+p'®—y| < ﬁ@(p’,q)} # (), then
|p’®| < M|q|. This can be shown by making suitable modifications to the argument
beginning at the end of page 70. It follows that

M (5520) C Ag(T)m) T, (3.18)
Recall that MY (©)| = 1. Furthermore, in view of [9, Lemma 4] we have that

|Mnm(2\/ﬁ )| = 1. Together with (3.18) this implies that |A(g(Y)w) NI"™| = 1
Further, note that, by (3.14), Tpq — 0 as |q| — oo. Therefore, Theorem 2.2 is
applicable with £ = nm, [ = m(n — 1) and m and we conclude that for any ball
B C I"™ we have that H/(B N A(T)) = H/(B). In particular, this means that
HI(A(T) NIV™) = HI(I™™), as required. O
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Before we proceed to exhibit further applications of Theorem 3.14, we show how
Theorem 3.10 in Section 3.2 follows as a corollary of Theorem 3.14. A consequence of
this is that all of the Hausdorff measure results obtained so far in this chapter can be
derived from Theorem 3.14. Furthermore, the rest of the Hausdorff measure results
which will be presented in this chapter will also be deduced using Theorem 3.14. In
short, Theorem 3.14 is an extremely versatile statement which can be used to easily
extract Hausdorff measure statements from Lebesgue measure statements for a wide

range of sets of interest in Diophantine approximation.

Proof of Theorem 3.10. Let W be as in Theorem 3.10. First observe that if U(q) > 1
for infinitely many q € Z", then AY (¥) = I" and there is nothing to prove.
Otherwise we obviously have that ¥(q)/|q| — 0 as |q] — oo. In this case, extending
U and © to be functions of (p,q) so that ¥(p,q) := ¥(q) and O(p,q) := O(q), we

immediately recover Theorem 3.10 from Theorem 3.14. [

Theorem 3.14 can be applied in various situations beyond what has already been

discussed above. For example, divergence results of [20] can be obtained by using
Theorem 3.14 with
L,
b .= 0
0 0

where [, is the identity matrix. In what follows we shall give applications of
Theorem 3.14 in which the dependence of ¥ on both p and q becomes particularly
useful. Namely, we shall extend the Lebesgue measure results of Dani, Laurent and

Nogueira [18] to Hausdorff measures.

First we establish some notation. Recall that for any d > 2 we denote by P(Z%)
the set of points v = (v1,...,v4) € Z% such that ged(vy,...,vq) = 1. For any subset
o= {iy,...,i,} of {1,...,d} with v > 2, let P(c) be the set of points v € Z? such
that ged(vi,...,v;,) = 1. Next, given a partition 7 of {1,...,d} into disjoint subsets
7 of at least two elements, let P(7) be the set of points v € Z< such that v € P(m,)

for all components 7, of .

Given an approximating function ¥ : N — RT and fixed ® € I"™ and y € 1™, let
M3 () be the set of x € I"™ such that

lax + p® — y| < ¥(|q) (3.19)

holds for (p,q) € Z™ x Z™\ {0} with arbitrarily large |q|. Also, given a partition 7 of
{1,...,m+n}, let M™¥:?(1h) denote the set of x € I"™ for which (3.19) is satisfied for

,m
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(p,q) € Z™xZ"\{0} with arbitrarily large |q| and with (¢1,...,qn,P1,-..,Pm) € P(7).

Specialising Theorem 3.14 for the approximating function

»(|al) it (q1,--,qn,P1,---,Pm) € P(7),
U(p,q) =

0 otherwise,

gives the following.

Theorem 3.15. Let ¢ : N — R be an approzimating function such that @ — 0 as
q — oo. Let m be any partition of {1,...,m+n} and let & € I™™ andy € I'"™ be fized.

Let f and g : 7 — g(r) := r~™"= D f(r) be dimension functions such that r~""f(r) is
1

monotonic and let 6 : N — R™ be defined by 0(q) =qg <@) " Then
MEZEO) =1 implies I (MIR(W)) = W™,

n,m

Now, let us turn our attention to the results of Dani, Laurent and Nogueira
from [18|. For the moment, we will return to the homogeneous setting. Given a
partition 7 of {1,...,m + n} and an approximating function ¢ : N — R we will
denote by A7 () the set of x € I"™ such that

lax + p| < ¥(|q])

holds for (p,q) € Z™ x Z" \ {0} with arbitrarily large |q| and with
(@1, Gny D1y .-y Pm) € P(m). We note that in this case the inequality holds for
(p,q) € Z™ x 7" \ {0} with arbitrarily large |q| if and only if the inequality holds for
infinitely many (p,q) € Z™ x Z" \ {0}. The notation A, ,, (1) will be used as defined

in Section 3.1. The following statement is a consequence of [18, Theorem 1.2].

Theorem DLN1. Let n,m € N and let w be a partition of {1,...,m + n} such that
every component of ™ has at least m + 1 elements. Let 1) : N — R* be a function such

that the mapping x — " 14)(x)™ is non-increasing. Then,

0 if 32" (g™ < oo,
A% (V)] =
Lo if 32 q" (g™ = oo
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The following Hausdorff measure analogue of Theorem DLNI1 follows from
Theorem 3.15.

Theorem 3.16. Let n,m € N and let w be a partition of {1,...,m+n} such that every
component of ™ has at least m + 1 elements. Let ¢ : N — RY be an approzimating

function. Let f and g :r — g(r) := v~V f(r) be dimension functions such that the

function r~"" f(r) is monotonic and ¢"t" g w9 g non-increasing. Then,
q

0 Zf Z(C;il anrmflg <@) < 00,
HI(AT (1) =
Hf(ﬂnm) Zf Z;il anrmflg (@) = 00.

Proof. First note that in light of the fact that ¢"t™ g <M> is non-increasing we

q
@ — 0 as ¢ — oo. To see this, suppose
¥(9)

that @ —+» 0. Therefore, there must exist some € > 0 such that = € infinitely

often. In turn, since ¢ is a dimension function, and hence non-decreasing, this means

may assume without loss of generality that

that ¢"t" g (@) > ¢""™ 1g(e) infinitely often. However, since this expression is

non-increasing, we must have that g(¢) = 0. In particular, this means that g(r) = 0
and, hence, also f(r) = 0 for all r < e. Thus H/(X) = 0 for any X C I"™ and so the
result is trivially true.

In view of the conditions imposed on 7, we must have that nm > 1. Furthermore,
since AT (¥) C Apm(1), it follows from Theorem 3.2 that H/ (A7 (1)) = 0 when
P gty (@) < 0o. Alternatively, one can use a standard covering argument

to obtain a direct proof of the convergence part of Theorem 3.16.

Regarding the divergence case, observe that A7, (v) = M9 (¢), where I,

represents the m x m identity matrix. Therefore, if M7 (0)| = |AT  (0)| = 1 where

§:N — R is defined by 8(q) = q ¢ (@) ™ then it would follow from Theorem 3.15
that Hf (AT, (1)) = HS (MO (1) = HI (I™™).

Now, by Theorem DLNI1, |A7 (0)] = 1if ¢ — ¢"'6(¢)™ is non-increasing
and Z;il ¢ 10(q)™ = oco. We have that ¢ '0(q)™ = ¢"t" g (@) which is

non-increasing by assumption. By our hypotheses, we also have
d g => g 19(— = 00
q=1 qg=1 q

Hence the proof is complete. O
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If ¢(q) := ¢ for some 7 > 0 let us write A7 (7) := AJ . (¥). The following
result regarding the Hausdorff dimension of A7 (7) is a corollary of Theorem 3.16.

Corollary 3.17. Let n,m € N and let m be a partition of {1,...,m + n} such that

every component of ™ has at least m + 1 elements. Then

m(n —1) + 25 when 12> 2,

3=

dimy (A7 (7)) =

nm when 1<

35

Proof. For 7 > = the result follows on applying Theorem 3.16 with

m-+n
T+1°

fs(r) := root? where so=m(n—1)+

Indeed, with ¢ sufficiently small, all the conditions of Theorem 3.16 are met and

furthermore, letting gs(r) := r~™"=V f;5(r), we have

< 00 if 0>0,

Z q”+m_1gg(q_T_1)
qg=1

%) if 0 <0,

since Z qn-l—m—lgé(q—'r Z qn+m 1+(74+1)(m(n—1)—s9—46) Z q—l 5( T+1)
q=1

qg=1

Thus, we have from Theorem 3.16 that

0 if 6>0,
(AL (7)) =
HI™) if 5§ <0,

This means that H*T (A7 (7)) = 0 for § > 0 and HO(AT (1)) = Ho (")
for 6 < 0. Therefore, if so < nm then dimu(AJ,, (7)) = s since, in this case,

HH (") = oo whenever § < 0. Finally, note that sy < nm if and only if 7 > o

In the case where 7 <  observe that A7, (1) D AT (%) so

dimg (A7, (7)) > dimyg (Agm (%)) = nm.

Combining this with the trivial upper bound gives dimy (A7, (7)) = nm when 7 < =,

as required. O
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Next we consider two results of Dani, Laurent and Nogueira regarding
inhomogeneous approximation. As before, for a fixed y € I"™ we let LAY (¢)) denote

the set of points x € I for which

lax +p —y| < ¥(lql) (3.20)

holds for infinitely many (p,q) € Z™ x Z"\ {0}. Given a partition 7 of {1,...,m+n},
let A7 () be the set of points x € I"™ for which (3.20) holds for infinitely many

(pvq) SV Y/ \ {0} with (qla- -y qn, P15 - - 7pm) € P(ﬂ—)

Rephrasing it in a way which is more suitable for our current purposes, a

consequence of [18, Theorem 1.1] reads as follows.

Theorem DLN2. Let n,m € N and let w be a partition of {1,...,m +n} such that
every component of © has at least m+ 1 elements. Let 1) : N — R™ be a function such

that the mapping v — x" 11 (x)™ is non-increasing. Then,

(i) o Yooty ¢ ()™ = oo then for almost every y € I™ we have |ATY ()] = 1.

(il) if Yooy ¢"Mb(q)™ < oo then for any y € I™ we have | AY L (¥)] = 0.

The corresponding Hausdorff measure statement we obtain in this case is:

Theorem 3.18. Let n,m € N and let 7 be a partition of {1,...,m+n} such that every
component of ™ has at least m + 1 elements. Let v : N — RT be an approximating

function. Let f and g : v — g(r) := ="V f(r) be dimension functions such that the

function v~ f(r) is monotonic and ¢"t" g (@) 18 non-increasing. Then,

(i) if >o0ms gitmTlg (@) = oo then for Lebesque almost every y € I'"™ we have
HI (AT () = ().
(il) if Y02 ¢ g (@) < 00 then for any y € I™ we have H' (A, (¢)) = 0.
Remark. The proof of this result is similar to the proof of Theorem 3.16 with the only

difference being the introduction of y.

Proof. We note here that, by the same reasoning as that given in the proof of

Theorem 3.16, the assumption that ¢"*™ lg (@) is non-increasing means that we
may assume without loss of generality that @ — 0 as ¢ — oo.
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To prove statement (i) we first note that ATY (¢) = Mp¥Im(y) for any
approximating function. So, by Theorem 3.15 we have H/(ATY (v)) = H/(I™™)
whenever |[M7¥.I(0)] = |ATY (0)] = 1, where § : N — RT is defined by

1
0(q) = a9 (42)"

By Theorem DLN2, if ¢ — ¢"'6(¢)™ is non-increasing and PR " 0(q)™ = oo
then [M7Y.I(0)] = [A7Y (0)] = 1 for Lebesgue almost every y € I". That these
two conditions are satisfied can be verified by the same reasoning as in the proof of
Theorem 3.16. Thus, for almost every y € I we have |[M7 ¥/ ()| = 1 and for each
of these y’s we also have H/ (AT (1)) = HI (M () = H/ (I"™). This completes
the proof of statement (i).

Statement (ii) follows from the convergence part of Theorem 3.7. ]

Finally, let us re-introduce the parameter ® € I"™. In this case, considering the
sets M7¥:%(1)) (as defined on page 83), it follows from [18, Theorem 1.3| that we have:

Theorem DLN3. Let n,m € N and let w be a partition of {1,...,m +n} such that
every component of m has at least m + 1 elements. Let 1» : N — RT be a function

such that the mapping v — x" ")(x)™ is non-increasing. Then, for any y € I™,

(i) if Z;‘;l " (@)™ = oo then for almost every ® € I™™ we have that
IME2 ()] = 1.

(il) if Yooy ¢"Mb(q)™ < oo then for any ® € I™™ we have |IMYy ()] = 0.

Combining this with Theorem 3.15 we obtain the following Hausdorff measure

statement.

Theorem 3.19. Let n,m € N and let 7 be a partition of {1,...,m+n} such that every
component of © has at least m + 1 elements. Let v : N — R*Y be an approzimating
function. Let f and g : v — g(r) := v~V f(r) be dimension functions such that the

n+m—1 ¥(9)

function r="™ f(r) is monotonic and q g (—) is non-increasing. Then, for any

yel™,

q

(i) if > g 19( (g )> = oo then for Lebesgue almost every ® € I™™ we have
that Hf(/\/t”y@(w)) HE (1),

(i) of Zq LT g <¢é)) < oo then, for any ® € 1™, we have that
HI (M (1) = 0.
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Proof. The proof is essentially the same as the proof of Theorem 3.18 with the obvious
modifications. Namely, we appeal to Theorem DLN3 rather than Theorem DLN2 in
the divergence part of the proof and in the convergence part, for fixed y € I and

® € 1™, we consider
Rpq={x€eR"™:qx+pd—y =0}
for each (p,q) € Z™ x 7" \ {0}. O

While all of the Hausdorff measure results established throughout this section could
have been obtained by combining Theorem 2.2 with the relevant Lebesgue measure
statement via a proof similar to that of (3.11), it can be seen that Theorem 3.14
provides an easier mechanism for transferring Lebesgue measure statements to their
Hausdorff measure analogues. Moreover, the generality of Theorem 3.14 means that
it is applicable in a vast range of settings including, as we have seen, homogeneous

approximation, inhomogeneous approximation, and approximation with restrictions.
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4 A (General Inhomogeneous

Jarnik—Besicovitch Theorem

In this chapter we consider another indirect application of the mass transference
principle for linear forms (Theorem 2.2). Namely, we show how the Hausdorff
measure analogue of the Inhomogeneous Khintchine-Groshev Theorem (Theorem 3.7),
obtained in the previous chapter as one of the consequences of Theorem 2.2, can
be used to provide an alternative proof of most cases of a general inhomogeneous

Jarnik—Besicovitch Theorem due to Levesley [38].

Furthermore, inspired by this and the (lack of) monotonicity conditions required
in Theorem 3.7, we investigate the necessity of the monotonicity condition imposed
in Levesley’s Theorem. We show that, in general, monotonicity cannot be removed
from Levesley’s Theorem. Aside from a few minor amendments and the addition of
an explicit proof of Proposition 4.4, the material in this chapter appears here as it is

presented in |2, Section 3.3|.

A Theorem of Levesley

The Hausdorff dimension of AY (v), in the general inhomogeneous setting, was
determined by Levesley in [38]. To state his result we first introduce one additional
piece of notation. Given a function f : N — R™, the lower order at infinity of f,
usually denoted by A, is
A(f) := liminf M.
avoo log(q)

Theorem 4.1 (Levesley, [38]). Let m,n € N and let ¢ : N — Rt be a monotonically
decreasing function. Let X\ be the lower order at infinity of i Then, for anyy € I'™,

m(n —1) + 555 when A > 2

dimy (A ,,(¥)) =

nm when A<

e

90
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Remark. In the homogeneous case, when y = 0, this result was previously established
by Dodson [23].

Levesley proved the above theorem by considering the cases of n = 1 and n > 2
separately. In both cases his argument uses ideas from ubiquitous systems. These are
combined with ideas from uniform distribution in the former case and with a more

statistical (“mean-variance”) argument in the latter case.

Using Theorem 3.7, we can give an alternative proof of this theorem in the case

that n > 2. That is, we will prove:

Theorem 4.2. Let m > 1 and n > 2 be integers. Let 1 : N — R be a monotonically
decreasing function and let X be the lower order at infinity of % Then, for anyy € I,

m(n —1) + 55 when A > 2

dimy (A7, (¢)) =

nm when A<

3Js

An Alternative Proof of (most of) Levesley’s Theorem

Recall that in Remark 3.8 we noted that it was sufficient in Theorem 3.7 to assume
that ¢ is monotonically decreasing in the case that n = 2. Throughout this section,
we shall assume any mention of Theorem 3.7 refers to a statement including this nicer

monotonicity condition for the n = 2 case.
To prove Theorem 4.2 using Theorem 3.7 we first establish a useful lemma.

Lemma 4.3. Let ¢ : N — RT be monotonic and bounded. Then,

lim inf M = lim inf M.

q—+00 log q t—o00 log 2¢

Proof. Assume first that ¢ is non-increasing. Note that (2°)$2, is a subsequence of

(¢)72, and so

lim inf —22 log(v(q)) < liminf o= log (¢(2t))

q—00 log q t—00 log 2¢

[t remains to prove the reverse inequality. Suppose for now that 1(q) > 1 for all ¢ € N.

In this case, since ¥(q) — ¢ for some ¢ > 1 by monotone convergence,

hminfM =0= hminfw.

q—+00 log q t—o0 log 2¢
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Thus, we may assume that ¥(q) < 1 for all sufficiently large ¢. Given ¢ € N, set
t, to be the unique integer satisfying 2« < ¢ < 2%t Then 9(2%) > 9(q) and
log(¢(2%)) > log(t(q)). Since further ¢ < 2%+ and so log g < log2'*!, we obtain

—_ J— tq
i inf 180D < i Zlos (V(27)
q—0o0 0og q q—00 ]Qg ANq+1
—1 tq
= lim inf —os\WRe ) (¥(2"))
g—oo log 2t + log 2
—1 2t
— lim inf M)
t—00 log 2!

as required.

For non-decreasing 1 the proof is similar. By the same argument as above, it is

again sufficient to show that

lim inf ——227 log(v(q)) > liminf o= log (v(2)) .

q—00 0g q t—00 log 2t

We note that if ¢)(q) > 1 for all sufficiently large ¢ then, since v is bounded,

lim inf —log(¥(9)) _ 0= liminfw.

g—00 0g q t—00 log 2¢
Therefore, we may assume that ¢(q) < 1 for all ¢ € N. Now, along the same lines as in
the argument above, given ¢ € N let ¢, be the unigue integer for which 2t~ < g < 2%,

Thus, we have
log2% >logg and logt(2%) > log (¢(q)).

Hence, it follows that

—1 2tq
lim inf o8 (¥(q)) > lim inf %8 (wg, )
q—00 0ogq q—oc0 log 2%
1 2t
= lim inf 0g (V(2)))
t—>00 log 2¢
and the proof is thus complete. O

Proof of Theorem 4.2 using Theorem 3.7. To avoid confusion throughout the proof,
for approximating functions ¢ : N — R we will write A, to denote the lower order at
infinity of i However, when there is no ambiguity we will just write A and omit the

additional subscript.
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We observe that, since v is assumed to be monotonically decreasing, we must have
Ay > 0. To see this, suppose that A\, < 0. Then, by the definition of the lower order
at infinity, it follows that for any ¢ > 0 we must have (q) > ¢~*»* for infinitely
many values of ¢. In particular, this is true for every 0 < e < |\y| and so we conclude

that 1) cannot be monotonically decreasing if A\, < 0.

We will now show that if the result stated in Theorem 4.2 is true for approximating
functions with A = ™, then this implies the validity of the result for approximating
functions with 0 < A < *. We will then establish the result for approximating
functions with A > .

For the time being, assume that the conclusion in Theorem 4.2 holds for any

monotonically decreasing approximating function with A =  and let ¢ : N — R*

be a monotonically decreasing approximating function such that A, < . Consider
the function ¥ : N — R* defined by ¥(q) = min{¢(q),q = }. Note that ¥ is a
monotonically decreasing function (since it is the minimum of two monotonically
decreasing functions) and that ¥(q) < ¢(q) for all ¢ € N. In particular, we have
dimg (AY,,(V)) < dimg(AY,,(«)). Next, note that it follows from the fact that
U(q) < ¢ m for all ¢ € N that \y > 2. On the other hand, since A\, < * we
know that v(q) > ¢~ for infinitely many values of ¢. In particular, this implies that
we must have U(q) = ¢~ = infinitely often and, consequently, that Ay < ~. Hence,

Ay = 7= and so, by our assumption, we see that

n-—+m
=nm.
Av +1

dimps(AY,, (¥)) > dimu(AY,,(2)) = m(n — 1)+

Combining this with the trivial upper bound we conclude that dimu(AY,,(¥)) = nm,
as required.

It remains to be shown that dimu (A, (¢)) = m(n — 1) + 525 for monotonically

decreasing approximating functions ¢ : N — R* with A\, = A > . To this end,

suppose ¢ is such an approximating function.

Let so = m(n — 1) + 55 and consider fs(r) = 70" where -4 < § < 50 We

aim to show that

0 if §>0,
HO (A, () =
HeoTo(I™) if 5 <0,

from which the result would follow.
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Note that fs(r) is a dimension function and r~""fs(r) is monotonic. Let

gs(r) = r=m0=0 fi(r) = pmmnmDE0 Sinee § >~ and so —m(n—1)+s946 > 0,

the function gs(r) is a dimension function. Thus fs and gs satisfy the hypotheses of
Theorem 3.7.

It follows from the definition of the lower order at infinity that, for any € > 0,

Y(q) < g~ %) for all large enough ¢, and

¥(q) > ¢~ for infinitely many ¢ € N. (4.1)

Combining this with Lemma 4.3, we have

Y(2h) <2719 for large enough t, and

(24 > 27849 for infinitely many ¢. (4.2)

By Theorem 3.7 it follows that to determine H/s(AY (1)) we are interested in the

behaviour of the sum

i ¢ gs (@) = i ¢ (@) B (4.3)

q:l q:l

Observe that, by the conditions imposed on 6, —m(n — 1) + so+ 9 > 0 and also
that, by (4.1), we have 1(q) < ¢~*~9 for sufficiently large ¢. Thus, (4.3) will converge
if

(e o]

an—i—m—l(q—()\—a)— ) m(n—1)+so+5 __ an-i-m 1+(A+1—¢)(m(n—1)—so—95) < 00. (44)

This will be the case if
n+m—1+A+1—e)(m(n—1)—sy—9) < —1

which is true if and only if

n—+m

m+m(n—1)<80+5.
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If 6 > 0 we can force the above to be true by taking ¢ to be sufficiently small. Thus
we conclude that, for § > 0, (4.3) converges and consequently HSOM(AQ’ZM(@/))) =0.

Next we establish that (4.3) diverges when —5% < § < 0. First we note, since ¢

is monotonically decreasing, that

= n+m—1 M)—m(n—l)-kso-i-&_ 0 S (M)—m(n—l)-‘rso-‘r&
qzz;q ( q =2 >« p

e (2]
> Z Z (2t~1yntm=1 <T>

t=1 2t-1<qg<2t
oo 2t)
— 2t—1 2t—1 n+m—1 &

00 t —m(n—1)+so+0
b 3 gttem) <¢(2_>> . (4.5)

- 2m+n — 2t

) —m(n—1)+so+0

We proceed by showing that, when 0 < 0, we have for infinitely many ¢ that

ot —m(n—1)+so+d
gt(m+n) (%) > 1. (4.6)

For any § < 0 we can choose £ > 0 small enough such that

m-+n

_— —1) > 0.
>\+1+a+m(n ) 2 50t

Note that such an e exists since we are assuming that ¢ is negative. Rearranging, this
gives
m+n—A+e+)(—=mn—1)4+s1+0) >0

and then, exponentiating,

—t(O0+ —m(n—1)+s0+9
gt(m+n) (2 ;t E)) > 1.

Now, by (4.2) we have ¥(2t) > 27t*+4) infinitely often and so (4.6) holds, thus
proving the divergence of (4.5) and hence also the divergence of (4.3).
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Hence, we have shown that

0 if §>0,
HOH(A (1) =
o (I if S < 0.

If sp < nm then H*+°(I") = oo whenever § < 0. From this it would follow that
dimg (A, (¥)) = so. The proof is completed upon noting that so < nm is equivalent
to A > . O]

The Necessity of Monotonicity in Levesley’s Theorem

In Theorems 4.1 and 4.2 the approximating function 1 is assumed to be monotonic.
However, the main tool in our proof of Theorem 4.2 is Theorem 3.7, which requires
no monotonicity assumptions on 1 for n > 3. This leads immediately to the natural
question of whether this monotonicity assumption is indeed necessary in Levesley’s
Theorem (Theorem 4.1).

In an attempt to address this question, let us consider general (not necessarily

monotonic) approximating functions ¢ : N — R with A, the lower order at infinity of
1

77)7
arguments to those which we have employed here to prove Theorem 4.2, we obtain the

satisfying A > . Assuming no monotonicity conditions on v, and applying similar

following bounds on the Hausdorff dimension of AY, . (¢).

Proposition 4.4. Let m > 1 and n > 3 be integers. If ¢ : N — RT s any function
and \ is the lower order at infinity of%b then, for any 'y € I, if A > - we have

m+n—1 m-+n
— < di y < —1 )
Tl S dimy (A, (¥)) <m(n—1) + N

m(n—1)+

Proof. Let ¢ : N — R* be any function with A > . We will use Theorem 3.7
to obtain upper and lower bounds for dimg (A, ,,(¢)). To this end, we will consider
dimension functions f(r) = r* and, correspondingly, g(r) = "D+ We will be

interested in establishing values of s for which the sum
0 0 —m(n—1)+s
n+m— q n+m— q
Zq+ 1g(1/)<)>:zq+ 1<¢()) (4.7)
q=1 q q=1 q

converges or diverges.
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First of all we will consider when this sum converges. Note that it follows from the

definition of lower order at infinity that for any ¢ > 0 we have
¥(q) < ¢ ? ) for all sufficiently large ¢ € N.

In particular, this means that, for any € > 0,

S 1< é) <<Zq+ 111
ql

q=1

Zq ntm—1—(s—m(n—1))(A+1-e) (4.8)
q=1

Thus, if the sum on the far right-hand side of (4.8) converges then (4.7) will also
converge. Now, it can be seen that the sum on the far right-hand side of (4.8) converges
if
m-+n

1)+ —-.
s>m(n—1)+ R
Since (4.7) also converges for these values of s, it follows from Theorem 3.7 that

H(Apm() =0 for s>m(n—1)+ )\T_—&
Furthermore, since the above holds for arbitrarily small £ > 0, it follows that

m-+n
A+1°

dimig (A, (1) < m(n— 1)+ (49)

Now we turn our attention to investigating when (4.7) diverges. From the definition

of lower order at infinity it follows that for any € > 0 we have
¥(q) > ¢~ for infinitely many ¢ € N.
Consequently, for infinitely many ¢ € N we have

—m(n—1)+s
qn+m—1 (w<q)> > qn+m—1(q—()\+€)—1)—m(n—1)+s
q =

— qn—i-m—l—()\—i—a—i—l)(s—m(n—l))'
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Thus, if we had, for example,

g Qe (s=mn=1) 5 (4.10)

then the divergence of (4.7) would follow. It can be seen that (4.10) holds when

< n+m-—1

—1).
S_)\+1—|—5 +m(n—1)

Since € > 0 was arbitrary, it follows from Theorem 3.7 that

-1
H (AL, () = M) when s < "2 4 — 1),
: A+ 1
Since A >  we have
ntmol -1 <

and, hence, it follows that
H(AY (V) =00 when s < ———— +m(n—1).
Thus, we conclude that

dimg (A, (¥)) > m(n —1) + (4.11)

The proof of the proposition is complete upon combining the upper and lower bounds
given by (4.9) and (4.11), respectively, for the Hausdorff dimension of AY (). O

We see that the upper and lower bounds we obtain for dimg(AY (1)) in
Proposition 4.4 do not coincide. Interestingly, it turns out that these bounds are
the best possible if one does not assume monotonicity of ¢y — as we will now show.
To the best of our knowledge the following result has not been considered before, even

in the homogeneous setting.

Theorem 4.5. Let m,n > 1 be integers. Let a > = be arbitrary and let sy be such

that

ern_l< < m( 1)+m+n

— <s m(n — )
a+1 0 a+1

m(n—1)+

There exists an approxzimating function ¢ : N — R such that for every y € I™ we
have dimy (AY . (¥)) = so and Ay, = a (where Ay is the lower order at infinity of i)
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Proof. Fix sq satisfying the inequality in the statement of the theorem and let y € I™
be arbitrary. Then, let J := {ay : k € N}, where ay = [k77],

2 . n+m
n+m—1—(a+1)<”+—m> so —m(n —1)

Y=
B+1

Note that v < 0. Define ¢ : N — RT by

g it qeJ,
HOE
P if q¢J

We show that v is an approximating function which satisfies the desired properties
of the theorem. First, note that

m(n_1)+n+m

> 50,
a+1 0

which implies that

n—+m
— 1>
sp —m(n —1)

—log(¥(9))

In turn, this implies that 8 > « and so liminf, Toa(q)

= a, giving \y, = «, as

required.

Recall that if A\, = « then for any ¢ > 0 there exists some N € N such that
Y(q) < ¢ @79 for all ¢ > N, and ¥(q) > ¢~ @9 for infinitely many ¢ € N.

To establish that the Hausdorff dimension is sy we note that
dimg (A}, () > dimu (A, (¢ = ¢77))

since 1(q) > ¢~° for all q. Furthermore, since ¢ — ¢~” is a monotonic function with

Ag—q-#) = B3, by Theorem 4.1 we have

m-+n
= 5.
g+1

dimg (AY . (q — ")) =m(n—1)+

Therefore, dimg(AY,,(¢)) > so and it remains to show that dimu(AY (1)) < so.

As a consequence of Theorem 3.7 (and Remark 3.9), we only need to verify that
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for all 4 > 0 we have

00 —m(n—1)+so+0
anerfl (¢(Q>> < 00

q=1 1

since this would imply that H**(AY  (¥)) = 0 and dimg(AY,,(¥)) < s+ 0.
We note that

0o S @Z) q —m(n—1)+so+3d
S (M
q=1

q
_ Z qn+m—1(q—a—l)—m(n—1)+so+5 + Z qn—i-m—l(q—ﬁ—l)—m(n—l)—l—so—i—(F
q€J agJ
_ Z qn+m—1—(a+1)(so+(5—m(n—1)) + Z qn+m—1—(ﬁ+1)(so+5—m(n—1))‘ (412)
= agJ

We consider each of the terms on the right-hand side of (4.12) separately and show
that each of them converges. We first consider the second sum on the right-hand side
of (4.12). Since § > 0 we have so —m(n — 1) < sg+ 6 —m(n — 1) and hence

n—+m

n—l—m<( )(80+5—m(n—1)).

so —m(n—1)

Recalling that
n+m

B = ~1

sp —m(n —1)

it follows that
n+m—1—(B+1)(so+0—m(n—1)) < -1
which is sufficient for the second sum on the right-hand side of (4.12) to converge.

For the first sum on the right-hand side of (4.12) we make the following

observations. First of all notice that

n+m
p+1

n+m—1—(a+1)( >:n+m—1—(a+1)(so—m(n—1)).

Also note that

n+m-—1

1 +m(n—1)<sy gives n+m—1—(a+1)(so—m(n—1)) <0.
«
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Thus, provided that ¢ is sufficiently small,

n+m—1—(a+1)(so+d—m(n—1))

Z anrmflf (a+1)(so+d—m(n—1))
k

qeJ

[
b@ﬂg

T
I

"k,,y-‘ n+m—1—(a+1)(so+d—m(n—1))

I
NE

T

1

(k,,y)n+m—1—(a+1)(so+6—m(n—1)) (413)

NE

e
Il

1

asn+m—1—(a+1)(so+d—m(n—1)) <0and vy <0.
Now, for § > 0,

%:n+m—1—(a—|—1)(so—m(n—1))
>n+m—1=(a+1)(so+0d—m(n—1)).
Hence,
2<y(n+m—1-(a+1)(so+35—m(n—1)))

since v < 0. Therefore (k—)"Tm=t=(eFDotommn=l) =2 4nq g0 (4.13) converges.

Consequently, since both the component sums converge, it follows that (4.12)

00 —m(n—1)4so+4
anerfl <¢(Q)) < o0,

q=1 q

converges, i.e.

and we conclude that dimg (A, (¢)) < so+0d. The desired result follows upon noticing
that 6 > 0 can be taken to be arbitrarily small. m



5.1

5 Mass Transference Principles for

Rectangles

Another very natural situation, not covered by the setting of systems of linear forms,
for which we might hope for some kind of mass transference principle, is when our
lim sup sets of interest are defined by sequences of rectangles. Recently some progress
has been made in this direction by Wang, Wu and Xu [49]. Results of this kind are of
interest, for example, when we consider weighted simultaneous approximation. Before
presenting the results of Wang, Wu and Xu in Section 5.2, we will first survey some

results in the theory of weighted simultaneous approximation.

We will conclude this chapter by discussing the problem of obtaining a general
mass transference principle between lim sup sets defined by rectangles. By combining
the idea of “slicing” with either the Mass Transference Principle (Theorem 1.22) or a
result of Wang, Wu, and Xu (Theorem 5.7), we will show how we may obtain partial

results in this direction.

This chapter is heavily based on [2, Section 4]. In particular, the majority of the
material presented in Sections 5.2 and 5.3, including Propositions 5.11 and 5.12 in
Section 5.3, appears here as in |2, Section 4]. Any additions or modifications made

here have only been done so to improve readability and comprehensiveness.

Weighted Simultaneous Approximation

Until now, we have been mainly concerned with simultaneous approximation and
approximation by systems of linear forms. In other words, we have been interested
so far in approximation by balls centred at rational points or approximation by
planes. In this chapter we will consider weighted simultaneous approximation, that is,
essentially, approximation by rectangles. Unlike in the classical simultaneous setting,
we now consider approximation where we may require different levels of accuracy
of approximation in different coordinate directions. In this setting there exist natural

extensions of Dirichlet’s Theorem and Khintchine’s Theorem (Theorems 1.9 and 1.11).

102



Chapter 5. Mass Transference Principles for Rectangles 103

5.1.1 Weighted versions of Dirichlet’s and Khintchine’s Theorems

Before we proceed to give any statements of theorems, we first establish some notation
which will be used throughout this chapter. Suppose T = (71,...,7) € R¥ and 7, > 0
for 1 <i < k. We define Wj(T) to be the set of points x € (zy,...,7;) € I* such that

lgz; +pi| <q¢ ™, 1<i<k,

for infinitely many pairs (p, ¢) € Z* x N. If the vector T satisfies the further properties
that
0<m<1l foreach1<i¢<k

and Tl+"'+Tk:1,

then we shall refer to 7 as a weight vector. For 7 > 0 we will also define
T, := (7,...,7) € R¥. Thus, for example, Wy (7,) = Ap(7).

In the setting of weighted approximation, we have the following analogue of
Dirichlet’s Theorem.

Theorem 5.1 (Weighted Dirichlet’s Theorem). Let 7 € R* be a weight vector.
Then, for any x € R* and Q € N, there ezist ¢ € N with 1 < ¢ < Q and p € Z* such
that

lgz; +pi| < Q7 7, 1<i<k.

Remark. Notice that if 7 = T, then Theorem 5.1 reduces to the standard simultaneous

version (Theorem 1.9).

This weighted version of Dirichlet’s Theorem is a consequence of Minkowski’s
Linear Forms Theorem — for a statement of Minkowski’s Linear Forms Theorem
and details of how it implies Theorem 5.1 we refer the reader to, for example,
[17, Chapter ITI] and [6, Section 1.4.1].

In much the same way as Theorem 1.2 follows from Theorem 1.1 and Theorem 1.10

follows from Theorem 1.9, the following corollary is a consequence of Theorem 5.1.

Corollary 5.2. Let 7 € R¥ be a weight vector. Then, for any x € R¥ there exist
infinitely many pairs (p,q) € Z¥ x N such that

1 |
gzt pil < —, 1<i<k.
q"

Hence, W,(1) =T*.
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So far, the “weighted” sets we have been dealing with here have essentially been
generalisations of the simultaneously 7-approximable points introduced in Section 1.5.
We can also consider sets of weighted v-approximable points. Suppose we are given
7 € R* and an approximating function ¢ : N — R*. We will denote by Wy(¢, T) the

set of points in I* which satisfy
lgzi +pi <P(@)", 1<i<Kk,

for infinitely many pairs (p,q) € ZF x N. Khintchine himself proved an extension
of his simultaneous theorem (Theorem 1.11) to the setting of weighted simultaneous

approximation.

Theorem 5.3 (Khintchine, [37]). Let ¢ : N — R* be any approzimating function and
let T € R* be a weight vector. Then

0 if Y2 ¢¥(qg) < oo,
(Wi(, )| =
L df Y22, 9(q) = oo and ¢ is monotonic.

5.1.2 The Hausdorff dimension of Wy(T)

Here we record a general result due to Rynne relating to the Hausdorff dimension of
the sets Wy(7). Suppose @ is an arbitrary infinite set of natural numbers and, given
T € R¥ with 7, > 0 for i = 1,...,k, let W2(T) denote the set of points x € I* for

which the inequalities

hold for infinitely many pairs (p, q) € Z* x Q, hence W) (7) = W, (7). Define

v(Q) :inf{l/eR:Zq”<oo}

qeqQ

and let o(T) = Y8 7.
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Theorem 5.4 (Rynne [44]). Let = = (71,79,...,7%) € RF be such that
0<7m <1< <7 Let Q be an arbitrary infinite subset of N and suppose that
o(T) > v(Q). Then,

dimpy WkQ(T) = min {k + Q) +7 — Y Ti} .

1<j<k 1+

Sets such as Wj,(7) and variations on W (7) have been studied in some depth, with
particular attention paid to the question of determining their Hausdorff dimension,
even before the work of Rynne [44]. For example, consider 7 € R for some 7 > 1.
Then the set W}¥(7) = W, (7) coincides precisely with the set A(7) considered in the
Jarnik-Besicovitch Theorem (Theorem 1.17). For an overview of some other earlier
results of this kind we direct the reader to the discussion given in [44| and references

therein.

Given an approximating function ¢ : N — R, we write WkQ(z/z, T) to denote the

set of points in I* which satisfy
gz +pil <@, 1<i<h,

for infinitely many pairs (p,q) € Z* x Q. If the approximating function 1) satisfies a
certain kind of limiting behaviour, then we can derive the Hausdorff dimension of the
set W,?(z/z, T) as a corollary to Theorem 5.4.

Corollary 5.5 (Rynne [44]). Let Q be an infinite set of positive integers, let T € RF
with 7, > 0 for each 1 < i < k, and let ¢ : N — R be an approzimating function.

Assume that the limit |
e = 1oB0)
g—oo  loggq

. . .. v(Q)
exists and is positive. Furthermore, suppose that o(T) > ==. Then,

_ i k+y(Q)+)\jT»—)\§j_ T
Q — J i=1
dimyg W,° (¢, 7) = min { T+ .

Proof. By the definition of \, for any € > 0 and each 1 <1 < k we have

q—>\TL'—6 S 77Z}(q)7'1 S q—)\Ti-f—é
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for all sufficiently large ¢ € Q. Tt follows that
WEOAT + 1) CWE W, 7) C WA — 7).

On letting € — 0, we see that dimy WkQ(w, 7) = dimy W,?()\T). Finally, taking A7 in

place of 7 in Theorem 5.4, we obtain

k Nt =AY T
dimy WkQ(/\‘r) = min +r(Q) + AjTy Do Ti
1<j<k 1+ A7

and the proof of the corollary is complete. m

A Mass Transference Principle from Balls to Rectangles

Throughout this section let & € N and, as usual, denote by I* the unit cube [0, 1]
in R*. Given a ball B = B(x,r) in R* of radius r centred at x and a k-dimensional
real vector a = (ay,as,...,a;) we will denote by B? the rectangle with centre x and
side-lengths (r®, 7 ... r%). Given a sequence (X, )nen of points in I* and a sequence

(7n)nen of positive real numbers such that r, — 0 as n — oo we define
Wy ={xeI":x € B, := B(x,,r,) for infinitely many n € N}.
For any a € R* we will also write
Wa = {x € I* : x € B? for infinitely many n € N}.

In [49], Wang, Wu and Xu established the following mass transference principle.

Theorem 5.6 (Wang — Wu — Xu [49]). Let (x,)nen be a sequence of points in I
and (r,)nen be a sequence of positive real numbers such that r, — 0 as n — oco. Let
a=(ay,as,...,a;) € R* be such that 1 < ay < ay < --- < ay. Suppose that |Wp| = 1.
Then,

~I<i<k a;

k+ja; — >0 a;
dimyg Wy > min{ +J4; Zzla}.

Furthermore, if we have the additional constraint ay > 1, Wang, Wu and Xu are
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also able to say something about the Hausdorff measure of W, at the critical value

N
$ = min {k+]a] 2 al}. (5.2)

1<j<k a;

Theorem 5.7 (Wang — Wu — Xu [49]). Assume the same conditions as in Theorem 5.6.
If the additional constraint that ag > 1 holds, then

H? (Wa) = o0.

Essentially, the results of Wang, Wu and Xu allow us to pass from a full
Lebesgue measure statement for a limsup set defined by a sequence of balls to a
Hausdorff measure statement for a limsup set defined by an associated sequence of
rectangles. As an application, Wang, Wu and Xu demonstrate how Theorem 5.6
may be applied to obtain the Hausdorff dimension of the sets Wy (7) of weighted
simultaneously well-approximable points. The following is derived in [49] as a corollary
to Theorem 5.6.

Corollary 5.8 (Wang — Wu — Xu [49]). Let 7 = (11,79, ...,7%) € R* be such that
F<T S <<y, then

14+ r — SV
dimp (Wi (7)) = min {k+ T = e TZ}.

1<j<k 1+7;

Proof. We first obtain an upper bound for the dimension of W (7). For this we make

use of a fairly standard covering argument and do not require Theorem 5.6. For
(p>Q) = (P1>p2> s 7pk’7Q) € Zk X N; let

Di
T; — —

q

<

E(p,q) :== {x: (z1,...,23) €7

1 for each lgigk}_
qr

Then,

wn = U U Ew®a.

Q=1¢>Q pezk:
E(p,q)#0

Note that for a given ¢ € N there will be < (¢ + 1)* rectangles E(p, q) which are

non-empty.
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Now, for a fixed 1 < j < k, we can cover a rectangle E(p,q) using

cubes of side-length 2¢=1~7.

Thus, given p > 0 and letting Q(p) € N be such that ¢~'=7 < p for all ¢ > Q(p),
we see that

i e
s q b Ti)s
Ho(Wi(T)) < ) (q+1)’“H—q,1,qu (47)

a>Q(p) i=1
<y gE i (=) —s(4)
7=2Q(p)

o
< Z g s (1)
q=1

k+1+jijzz:1 Ti

If s > -
J

, the above sum converges and so, on letting p — 0, for such

values of s we see that H*(W},(7)) = 0. Hence, dimg Wy (1) < ’Mﬂﬁ—?ﬂ“

Finally, since the above argument holds with any choice of 1 < j < k we conclude

that '
k14— 9 7,
dimpg Wi(7) < min { R Rl B TZ} .

<<k 1+7;

Next, we turn our attention to establishing a lower bound for the Hausdorff
dimension of Wy (7). For this we will appeal to Theorem 5.6. Let S be the set of
pairs (p, q) € ZF x N with 0 < p; < g for 1 <i < k. For each (p,q) € S, let

p 1
Bpq =B (E’ q1+,ﬁ> '

From Theorem 1.10 we see that

: _1
limsup Bpg)| = [Ae(g = ¢ *)| = 1.
(P.9)es
If we take a = (ai, ..., ar) € R* to be the vector with components a; = ¥ for

1+k
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each 1 < i <k then

Di

i <
q

(p,9)

B2 :{XERk: T

1Jr_foreachlgigk}.
q T

In particular,

limsup B, ;) C Wi (7).
(P.q)eS

Applying Theorem 5.6 with the vector a specified above we obtain

dimyg Wi (’T) > dimpy (hm sSup B?p,q))

(p,q)€S
> nin {k+]aj_2i:1ai}
1<j<k a;
k(14 1) 7 k(1+7) \
k MET MET )
() -2 (S
ik k(1+ ;)
1+k
1 i N
o d LR T |
1<j<k 1+7;

Finally, observing that this lower bound for the Hausdorff dimension of Wj(7)

coincides with the upper bound obtained earlier, we conclude that

{1+k+jfj—zgzlri}

1+Tj

dimpg Wi (1) = 121]15{

as required. 0

While the proof of Corollary 5.8 given in [49] is novel, and is a neat application of
Theorem 5.6, the result itself was already previously known. In fact, Corollary 5.8 is a
special case of the earlier more general theorem due to Rynne [44] cited in Section 5.1.2
— we may easily recover Corollary 5.8 by taking () = N in Theorem 5.4 and noting
that v(N) = 1. Since the hypotheses of Corollary 5.8 demand that 7, > % for all
1 <i <k, we see that the condition o(7) > v(Q) in Theorem 5.4 is also satisfied.
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Mass Transference Principles from Rectangles to Rectangles

The original Mass Transference Principle (Theorem 1.22) allows us to transition from
Lebesgue to Hausdorff measure statements when our original and “transformed” lim sup
sets are defined by sequences of balls, i.e. it allows us to go from “balls to balls”.
Theorem 5.6 allows us to go from “balls to rectangles”. Another goal which we might
like to achieve, which is not covered by any of the frameworks mentioned so far, would
be to prove a similar mass transference principle where we both start and finish with

lim sup sets arising from sequences of rectangles, i.e. from “rectangles to rectangles”.

Problem 5.9. Does there exist a mass transference principle, similar to Theorem 1.22
or Theorem 5.6, where both the original and transformed limsup sets are defined by

sequences of rectangles?

Although in the most general settings this problem remains open, we consider what

can be said in a few special cases.

We first observe ! that if we are in a metric space (X, d), satisfying the hypotheses
of Theorem 1.23, where the balls with respect to d are actually rectangles, then
Theorem 1.23 does gives us a kind of mass transference principle from rectangles
to rectangles. The disadvantage with such a statement obtained in this way, though,
is that the “shape” of the rectangles must be preserved between the associated original
and transformed lim sup sets. Furthermore, the Hausdorff measure statement obtained
will relate to Hausdorff measure with respect to the particular metric with which the

space X is equipped.

In |8] Beresnevich and Velani employ a “slicing” technique, which uses a
combination of a slicing lemma and the original Mass Transference Principle, to prove
Theorem 2.1. We show how an appropriate combination of these two results can also
be applied to considering the problem of proving a mass transference principle for
rectangles. We proceed by stating the “Slicing Lemma” as given by Beresnevich and
Velani in [§].

!The author is indebted to Henna Koivusalo for many conversations about rectangles while she
was a postdoc in York and, in particular, thanks her for making the observation recorded above.
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Lemma 5.10 (Slicing Lemma [8]). Let [,k € N be such that | < k and let f and
g :r — r L f(r) be dimension functions. Let A C R¥ be a Borel set and let V be a

(k—1)-dimensional linear subspace of R*. If for a subset S of V* of positive H'-measure
HIAN(V+0b) =00 forallbe S,

then HY(A) = oo.

Suppose that (X,)n = (Tp1,Tnos- .-, Tok)n 18 a sequence of points in IF. Let
(1), (12), .. ., (rF),, be sequences of positive real numbers and suppose that r2 — 0

as n — oo. Let .

Hn - H B(xn,’b T:L)
i=1
be a sequence of rectangles in I*, where Hle A; = Ay x Ay x - -+ x A}, is the Cartesian
product of subsets A; of R¥. Let o > 1 be a real number and define another sequence

of rectangles by
k

hn = B(In,h (T':L)Oé) X HB(In,ia T;L’L)

=2
So, h, is essentially a “shrunk” rectangle corresponding to H, from the original
sequence. Note that in this case we only allow shrinking of the original rectangle

in one direction. Then, we are able to establish the following.

Proposition 5.11. Let the sequences H,, and h,, be as given above and further suppose
that |limsup,,_,. H,| = 1. Then,

1
dimy (limsup hn) > —+k—1.

n—00 o
Proof. Let V. = {x = (11,...,2) € I*¥ : 2, = 0 foralli # 1}. Since

|lim sup,, ., H,| = 1, for Lebesgue almost every
be{x=(v,...,2;) €1F: 2, =0}

we have
|(V +b)Nlimsup H,| = 1.

n—o0

Let us fix a b for which this holds and let W =V +b. Now, limsup,,_,., H, "W can

be written as the limsup set of a sequence of balls B; = B(wy,1,7,,) with radii r,, .
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Note that |limsup;_ ., B; " W/| = 1. For each j also let b; = B(x,, 1, (r}lj)a) and note
that
limsup b; N W = limsup h,, N W.

j—o00 n—00

In accordance with our earlier notation, b5 = B(x,. 1, (r} )**). Therefore, if s <
J 7 n;

QI

then (r), )** > 1, for sufficiently large j and so

b; D B; and [limsupb; NW|=1.

Jj—o0

Thus, for any s < é we may use the Mass Transference Principle (Theorem 1.22) to
conclude that for any ball B C W we have

H*(limsup b; N B) = H*(B).

j—00
In particular, since s < i < 1, this means

H*(limsup h, " W) = H*(W) = 0.

n—o0

Since this is the case for Lebesgue almost every b € {x = (z1,...,2;) : 1 = 0} we

can use the Slicing Lemma (Lemma 5.10) to conclude that

H* (limsup h,,) = o0

n—oo

for all s’ < é + k — 1. Therefore, it follows that

1
dimy (lim sup hn> > —+k—1 O
o

n—o0

Using Theorem 5.7 in place of Theorem 1.22, we are actually able to extend this

argument a little further. Again, let (x,), = (Tn1,Zn2,-..,Tnk)n be a sequence
of points in I¥ and let (7)., (r?),,..., (rF), be sequences of positive real numbers.
Suppose that for some 1 < kg < k we have rl =72 = ... = 7% for all n € N and also
that 71 — 0 as n — oo. Let

k

H, = H B(zp,7")

i=1

be a sequence of rectangles in I*. Next, let 1 <ay <ays <---< ay, be real numbers

and suppose ay, > 1. For each rectangle H, in our original sequence we define a
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corresponding “shrunk” rectangle

ko k
ho = [[ Bwni (r)*) x [] Blxnarh).
=1

i=ko+1

In this case we are able to prove the following.

Proposition 5.12. Let the sequences of rectangles H, and h, be as given above and

further suppose that |limsup,, . H,| = 1. Then,

dimyg (limsuphn> > min {ko_l_ja] 2y @ +k’—k’0}-

n—oo T 1<5<ko aj

Proof. Let V. = {x = (x1,29,...,7) € I¥ : 2; = Oforalli > ko + 1}. Since

| lim sup,,_, . H,| = 1, for almost every
be {x=(v1,19,...,2;) €1F: 2, =0 for all i < ky}

we have
|(V +b) Nlimsup H,| = 1.

n—o0

Let us fix a b for which this holds and let W = V +b. As before, limsup,, ,.  H, "W

can be written as a sequence of kg-dimensional balls B; = B(xﬁ(j’,,r}”) with
s 1 (_ 2 _ ... _ ko ko ._
radii v, (=7 =---=1) and centres X;0 = (Tp;,1,%n;2,- -+ Tn; k). Note that

|limsup, ., B NW|=1.
This time, for each j let

ko
b = [ [ Blwn,i (ri,)™)
i=1
and note that
limsup b; N W = limsup h,, N W.

j—00 n—00

By Theorem 5.7 it follows that

He(limsup h, N W) = oo

n—oo

. ko + ja; — j, i
S = mln{o 4 Zzla}.

J

where
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Since this is the case for almost every
b€ {x=(1,79,...,7%) €IF:2; =0 for all i < ko}
we may use Lemma 5.10 (with | = k — kg) to conclude that

H* (limsup h,,) = oo

n—oo

where '
k I a;
s’ := min { 0+ J4 = iz @ +k‘—k‘o}

1<j<ko a;

Hence
dimpy (lim sup hn) > s
n—oo

as required. N

A disadvantage of using the “slicing” arguments above is that we have to impose
quite strict conditions on both the original and transformed rectangles. Namely, the
sides of the original rectangle which are permitted to “shrink” have to be of the same
initial length (but can shrink at different rates). Meanwhile, the rest of the sides of the
original rectangle are not allowed to shrink at all when passing to the corresponding
transformed rectangle. We conclude this section by considering one more situation
where all sides of the original rectangles may have different lengths and are all allowed

to shrink in a specified manner. Let

k
H, = H B(Xp, %)

i=1
be a sequence of rectangles in I¥ with 1 < ¢, for 1 <i <k and r, — 0.
Let the corresponding shrunk rectangles be defined as

k

hn = H B<Xn,i7 T?Liti>7

i=1

where 1 < aq; for 1 < ¢ < k. Suppose without loss of generality that
1 <ait; < asty < -+ < agty. Furthermore, suppose that

D::inf{dG]R:Zri<oo}.

n=1
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By using the “natural” covers of limsup,, ,. h, we can get an upper bound for the

Hausdorff dimension of this lim sup set.

Observation 5.13. Let the sequence of rectangles (hy,), be as defined above, then

D+ jat; — 37 ait;
dimg (llmsuph ) < min { At = 2 @ } (5.3)

n—0o0

Proof. To see this we first note that for a fixed 1 < j < k the rectangle h,, may be

covered by

it
/r‘nl 7

a;t;
i=1 I'n

balls (i.e. cubes in this case) of radius ry’".

Given p > 0, let N(p) € N be such that 77 < p for all n. > N(p). It follows that

J a;t;
s . Tyt e tis ZZ (aiti—ajt;)+ajt;s
Hp (hmsup hn> < Z (H ajtj a3t ) Z 1 J itis

oo n>N(p) \i=1'm n>N(p

By the definition of D, the above sum converges if

D+ j&jlfj — Zgzl aiti
a;t; '

S >

Thus, letting p — 0, for such values of s we see that H*(limsup,, ,. h,) = 0. In

particular, this means that

> < D+jait; — S aity

a;t;

dimpyg <1im sup h,

n—oo

Since this argument is valid for any 1 < 5 < k, we conclude that

D+ jajt; — 31, aity
dimy (hmsuph ) < min { T 745t tZz—la } 0
J

n—o0

This observation leads us to contemplate the following problem.

Problem 5.14. Under what conditions do we get a lower bound for

dimy (limsup,, , . h,) which coincides with the upper bound given by (5.3) ¢
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