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Abstract

Lagrangian multiforms are an important recent development in the study of integrable
variational problems. In this thesis, we develop two simple examples of the discrete
Lagrangian one-form and two-form structures. These linear models still display all the
features of the discrete Lagrangian multiform; in particular, the property of Lagrangian
closure. That is, the sum of Lagrangians around a closed loop or surface, on solutions, is
zero. We study the behaviour of these Lagrangian multiform structures under path integral
quantisation and uncover a quantum analogue to the Lagrangian closure property. For the
one-form, the quantum mechanical propagator in multiple times is found to be independent
of the time-path, depending only on the endpoints. Similarly, for the two-form we define a
propagator over a surface in discrete space-time and show that this is independent of the

surface geometry, depending only on the boundary.

It is not yet clear how to extend these quantised Lagrangian multiforms to non-linear
or continuous time models, but by examining two such examples, the generalised McMillan
maps and the Degasperis-Ruijsenaars model, we are able to make some steps towards that
goal. For the generalised McMillan maps we find a novel formulation of the r-matrix for the
dual Lax pair as a normally ordered fraction in elementary shift matrices, which offers a new
perspective on the structure. The dual Lax pair may ultimately lead to commuting flows
and a one-form structure. We establish the relation between the Degasperis-Ruijsenaars
model and the integrable Ruijsenaars-Schneider model, leading to a Lax pair and two
particle Lagrangian, as well as finding the quantum mechanical propagator. The link

between these results is still needed.

A quantum theory of Lagrangian multiforms offers a new paradigm for path integral

quantisation of integrable systems; this thesis offers some first steps towards this theory.
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Introduction

Discrete systems occupy an important position in the theory of integrability. Many
standard integrability properties have turned out to have discrete counterparts that in some
sense are more fundamental than their continuous relatives, so that in recent years there has
been a large growth in the study of such systems [15] 221 [51], 68 [75, 80]. These systems have
surprisingly wide application in areas as diverse as discrete differential geometry, cluster
algebras, Painlevé equations, random matrix theory and others [16]. Discrete integrable
systems also give rise to interesting new mathematical theories through their underlying
structures; as we allow these systems to speak for themselves, we uncover new principles

that are suitable for describing their structures and integrability properties.

There are two parallel but equivalent approaches to classical mechanics: that is the
Hamiltonian and Lagrangian formalisms. Traditionally, the Hamiltonian perspective has
been dominant in the study of integrable systems: Liouville integrability requires the
existence of a sufficient number of commuting invariants, leading to direct linearisations of
integrable models. These invariants are interpreted as Hamiltonians generating multiple

commuting time-flows [5, 22, 116, 117]. A recent development, however, has been the
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Lagrangian multiform structure discovered behind many integrable models [I7HI19, 511, 62
65, (110, 112, 111, 123H126]. This is a variational framework able to capture the aspect
of multiple equations holding simultaneously on the same set of variables, which appears
to exist on a fundamental level for discrete models; the known continuous examples have
been derived by continuum limit. In the case of evolutionary equations, these continuous
Lagrangian one-forms are related to the multiple commuting Hamiltonians by Legendre
transform. Although Hamiltonian and Lagrangian formulations are equivalent, as Dirac
writes, “there are reasons for believing that the Lagrangian one is the more fundamental”

27).

A particularly interesting feature of these Lagrangian multiform structures is their
accompanying variational principle. In the usual least action principle we extremise the
action under variation of the dependent variables, producing the equations of motion. In
the multiform case, however, the full set of simultaneous equations of motion arises from
the variation of both independent and dependent variables: that is, the action must be
stationary under a variation of the underlying geometry of the independent variables.
This has been observed in the case of evolutionary equations, where variation is over
the time-path through multiple time variables [125] [126], and for lattice field equations,
where an underlying two dimensional, space-time surface is varied in a third (or higher)
dimensions [63]. The outcome of this variational principle is that the resulting Euler-
Lagrange equations become the defining equations for the Lagrangians themselves; only
those Lagrangians with the so-called closure property yield actions which are stationary in

the extended variational principle.

The preference for Hamiltonian descriptions of integrable systems is also reflected
in a preference for canonical quantisation of such systems in the literature. Yet the
alternative Feynman’s path integral, or sum over histories, quantisation has been known
for almost seventy years [36], [87]. Moreover, the sum over histories approach is known to be
advantageous in many areas of physics, not least because (in contrast to the Hamiltonian
approach) it can be written in a manifestly covariant, relativistic way [107, 114]. Up
until recently, however, an integrable understanding of Lagrangian structures was missing
from the literature. Without a good understanding of the necessary classical Lagrangian
structures, the corresponding quantum question was unapproachable. The development
of the Lagrangian multiform structure therefore offers a tantalising possibility: can a

path integral quantisation for integrable systems, capturing the multiple flows that are
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a hallmark of integrability, now be developed? In this thesis we make some tentative first

steps towards answering this question.

Discrete systems are particularly important in this context. From an integrability
perspective, discrete systems represent a more fundamental set of models than their
continuum limits. From a quantum perspective, the path integral for continuous systems
can be problematic due to the difficulty of establishing the measure in an infinitesimal time
slicing. For discrete systems, such difficulties are avoided by the finiteness of the time-steps:
there is no infinitesimal time-slicing limit for a discrete system. Additionally, calculating
the path integral in practice typically requires a discretisation of the Lagrangian, but
the correct discretisation is not necessarily obvious since many different discrete models
might lead to the same continuum limit. However, integrable discretisations are generally
somewhat unique, potentially resolving this ambiguity. The interpolating continuous flows
that belong to integrable discrete systems then suggest the possibility of establishing a

path integral without any need for the time slicing limit at all.

In this introduction we review some helpful groundwork. In section we consider
integrable lattice models and their fundamental property of multi-dimensional consistency,
which is the bagis for the Lagrangian 2-form structure in the discrete case. In section we
look at discrete mappings and their integrable structures, essentially captured in multiple
commuting Hamiltonians. We consider the discrete Ruijsenaars-Schneider model as an
example of an integrable discrete mapping that exhibits commuting discrete flows, which
give rise to a Lagrangian 1-form structure. We review some important ideas of quantum
mechanics in section and clarify what we understand by a quantum discrete system (of
which many variations appear in the literature). In section we consider possible links
between this work and ideas in the field of quantum gravity. Integrable systems give us an
insight into fundamental mathematical structures, and progress in the field of integrable
systems may in turn guide the mathematics necessary in other areas of physics. Section

contains a brief overview of the thesis.

1.1 Classical lattice models

A key starting point in the study of integrable discrete-time systems is to consider partial

difference equations on a space-time lattice - systems where time and space directions are
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n
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w w

Figure 1.1: The quad equation Q = 0 embedded within a square lattice.

both discrete and essentially on an equal footing. We consider field variables w at each
lattice site on a two-dimensional square lattice, labelled by discrete independent variables
n, m. We use “shift” notation, denoting movement in the n direction by a tilde and in the
m direction by a hat. Under-accents represent backwards shifts, so that if we define the

notation w := wy, m, then
W= Wptim , W:i=Wp-1m, W:I=Wpmtl, W:i=Wpm-1- (11)

Equations determine the dynamics of the field variables across the lattice. In particular,
we study quad equations - equations that link the four variables at the corners of each
elementary plaquette on the lattice, and are then repeated across the entire lattice, shown

in figure Such an equation has the form

SN

;p.q) =0, (1.2)

Q(w, w, w,
where p and q represent lattice parameters in the n and m directions.

The integrability of such quad equations is characterised by their multi-dimensional
consistency [15, 83, [71]. The quad equation and two-dimensional lattice are embedded
within a three (or higher) dimensional square lattice, labelled by three discrete variables
n,m,l. The third shift is labelled by a bar =, with lattice parameter r, so that for field

variable w := wy, n,; we have

W= Wpml+1 , W= Wpmi-1 - (1.3)
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The quad equation (1.2) produces companion equations,

:q,r) =0, Qw,w,w,w;r,p) =0, (1.4)

S

Q(w, w,w,
that hold across elementary plaquettes in the (m —1) and (I —n) lattice planes respectively.

An alternative notation labels the lattice directions (1,2, 3), introducing shifts

W1 ‘= Wn4+1,m,l 5, W2 = Wpm+1,1, W3 = Wpmi+1 > (15)

with lattice parameters p;, ¢ = 1,2,3. Then the quad equations (1.2)) and (1.4) can be

summarised by the general form
Qw, wi, wj, wij; pi,p;) =0 . (1.6)

Notice that implicitly this requires symmetry of the quad equation under the interchange

of the lattice directions.

The question then remains: for a given quad equation Q = 0, can this embedding
in a higher dimensional lattice be done consistently? Beginning with initial conditions
w,w, W, w, it is clear from figure that the opposite corner of the elementary cube, %,
can be calculated via three different routes. Multi-dimensional consistency is captured
in the property of closure around the cube: the multi-dimensional embedding is
consistent if the three possible values for % coincide. This is the key integrability criterion

for such lattice models [82], 83].

glv

Figure 1.2: Closure around the cube: arrows show the three routes to calculate .
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Closure around the cube is the basis of the well-known classification of integrable quad
equations in the ABS list [1, 2]. Demanding that the quad equation Q = 0 satisfy
conditions of affine linearity, symmetry under Dy on the square, and three-dimensional
consistency, the authors classified all possible such equations in three lists, up to Mdbius
transformations on the variables and point transformations of the lattice parameters. These
are labelled (Q1) - (Q4), (H1) - (H3) and (Al) - (A2). The affine-linearity property in
particular is justified by restricting attention to those equations which can be uniquely
solved for any argument: that is, those with a unique solution across the lattice for

appropriate initial conditions.

An alternative approach to deriving integrable lattice equations is found in [80], based
on a direct linearisation method. Such lattice equations are more general than the quad
equations above, in that they involve not only the field variables around a square, but also
field variables at the next-nearest and possibly further lattice sites. These equations form
an integrable hierarchy: the lattice Gelfand-Dikii hierarchy, integrable due to the existence
of an underlying Lax structure. The simplest member of the hierarchy is the so-called

lattice Korteweg-de Vries (KdV) equation [75] 88 [120],
(p—q+w—0)p+qg—w+w)=p’—q*. (1.7)

This is an important example: in addition to sitting in the lattice Gelfand-Dikii hierarchy,
the lattice KAV equation is also a quad equation (it links variables around an elementary
square plaquette) and in fact is equivalent to (H1) of the ABS list under a simple

transformation.

1.1.1 Key example: the Lattice KAV Equation

We consider the lattice KAV equation ((1.7)) as an illustrative example for the integrability
of multi-dimensionally consistent lattice equations. Embedding the equation within a

three-dimensional lattice, we write the multi-dimensional form (/1.6

(pi — pj +wj —w;)(pi + pj + w — wij) = p; —P? . (1.8)

Beginning with initial values on four corners of a cube, w,w, w,w, as in figure [I.2] it is
then possible to calculate the opposite corner w in three different ways. For instance,

P’ —q?

—_— . 1.9
p—q+w—w ( )

W=p+q+w—
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This is most easily expressed in terms of transformed variables w (indicated by Roman

script) where a copy of the lattice parameter is absorbed in the shift [51],
Wi=w, Wi =w—p,W:=W—q, W:=wW~—T, %Cv::t%—p—q, e (1.10)

(and similar). Using the quad equation 1} to write w 1’ in terms of the initial values,
with the shifted variables w, we find
(P* = @®)WW + (¢* — r?)WW + (r? — p*)Ww

w=— = —
7 = P + (@ = )5+ (17— )W

(1.11)

~

This opposite corner @ only depends on w, @ and w, in a symmetric form. This is sufficient
for closure around the cube, since the symmetry makes manifest that the alternative
calculations will yield the same result. As commented in [1], in fact all known examples
with the closure around the cube property have this “tetrahedron” form, linking % with
the three other points in the elementary cube w, w and w. The closure around the cube

proves the multi-dimensional consistency of the lattice equation ([1.8]).

This multi-dimensional consistency is the key integrability condition for lattice
equations. For the lattice KAV equation, we explore this below to see that a Backlund
transform and Lax representation, standard features of integrable systems, arise naturally
from the multi-dimensional consistency. It is also possible to derive soliton solutions and

continuum limits, but we omit these here.

Bicklund transform and Lax pair

We can exploit the multi-dimensional consistency to derive a Backlund transform for the
initial lattice KdV equation ((1.7]). The shift in the third lattice direction, w, is interpreted
as the introduction of a transformed variable v, with the lattice parameter representing a

Béacklund parameter k,

vi=w, k:=r. (1.12)

The lattice KAV equation in the (1 —3) and (2 — 3) directions is given by
(p—k+v—w)p+k—70+w) = p*—k*, (1.13a)
(q—k+v—0)qg+k—-T+w) = -k, (1.13b)

which give equations for v in terms of w. The multi-dimensional consistency (1.11)
guarantees that the new variable v will also obey the lattice KdV equation (1.7)),

(P—q+0—0)p+q—v+v)=p>—¢*. (1.14)
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This represents an auto-Bécklund transform for the system; the transform takes us from

one solution of the equation w (|1.7)) to another solution of the same equation, v.

The Bécklund transform ([1.13]) then leads to a Lax pair for the lattice KAV equation.

Writing the fractional form

v—k=1¢/¢, (1.15)
then the “tilde” equation (1.13a]) can be rewritten as
- - (PP —k)go
b= (p+w)p— LI 1.16
R P (119

We make a choice for 5 so that this reduces to the linearised equations

(p—ko = (p—D)op+7, (1.17a)

p—k)Y = [(p+w)p—0)—p*+k]o+(p+w). (1.17b)
Introducing the vector ® := (¢, )T, (1.17) can be written in matrix form,
~ p—w 1
(p—k)® = D . (1.18)
(p+w)(p—w) —p* +k* ptuw

An entirely similar construction can be performed for the hat shift ({1.13b)), which

together with the matrix form of the tilde equation (1.18)) produces the Lax pair

(p—k)®=Ld, (q—k)d=.47, (1.19)
with matrices
. 10 p 1 1 0
L = WBW = , (1.20a)
w 1 K p —w 1
. 10 g 1 1 0
M = WQW ™= . (1.20b)
w 1 k> q —w 1

A key feature of this matrix Lax pair is the appearance of the field variable w in lower
triangular matrices. Consistency of the spectral problem ([1.19) gives rise to a zero-

curvature condition,

Ll =ML (1.21)
Requiring this condition to hold produces the initial lattice KdV equation (1.7)) as a
compatibility condition. The existence of a Lax pair is a standard feature of integrable
systems, which here is a direct consequence of the multi-dimensional consistency of the

parent equation.
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Variational Principle

The lattice KdV equation (1.7)) can be derived from a variational or least action principle,

by defining a discrete action across the two-dimensional lattice,

S = Z L(wn,mawn+l,mawn,erl;p’Q) s (122)
n,meZ

where  L(wWnm, Wnt1,m> Wnm+1;P,q) is a Lagrangian density defined on individual
plaquettes of the lattice. Note that for quad equations like lattice KdV, it is sufficient
to consider 3-point Lagrangian densities with no dependence on wp41m+1 [1, 62]. In
general, there is sufficient freedom within the action to define the Lagrangian densities to
depend only on three points of the elementary plaquette. As in the continuous least action
principle, we demand the action be stationary under variation of the field, 68/dw = 0,
which applied to the action leads to the discrete Euler-Lagrange field equations,

0

o (£l .0 + £.102) + £, Tw) ) =0 (1.23)
w

The three-leg form of a quad equation is given by

~

f(w, w;p) — f(w,w;q) + glw,w;p,q) =0, (1.24a)

for some functions of the field variables and lattice parameters f and g [1, [51]. By writing

the lattice KAV equation (1.7) in this form,

p*— ¢

—= =0, (1.24b)
prgt+w—w

(W —p) —(0—q)+

so that f(w,w;p) = w — p and g(w,tﬁ;p, Q) =0*—-¢*)/(p+q+w —ﬁ), it can be seen to

arise from the three point Lagrangian [24]
L(w, @, w;p,q) = ~w(p —q— 0+ @)+ (p* — ¢*)log(p — ¢ — @+ D) . (1.25)

The discrete Euler-Lagrange equation ([1.23)) yields the equation of motion,

P’ —q _ p?* — ¢

PHetw—U— ————— =Pt W — . (1.26)
p-qg-wtw

This is not the quad equation (1.7, but a weaker version of it. Comparing with the three-
leg form ([1.24b)), it is clear that two copies of the equation are produced. This is a general

feature of quadrilateral equations under a variational principle [62, [69].
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In chapter 2, we will use a simple example to discuss the Lagrangian 2-form structure:
a Lagrangian structure and accompanying variational principle due to Lobb and Nijhoff
[62H65]. The Lagrangian 2-form structure is built on a closure property for the Lagrangians
L(w) around the elementary cube of figure [1.2] first shown to hold for lattice
equations of the ABS list, and the lattice KdV equation in particular. This extended
Lagrangian structure results in not only the strong form of the quad equation arising
directly from the variational principle, but also the full set of multidimensionally consistent
equations : as such it is an integrable Lagrangian structure, capturing the multiple

consistent equations of these lattice models.

1.2 Classical discrete mappings

Whilst the lattice equations of section treat both space and time as discrete variables
on an equal footing, in a discrete mapping it is time only that is the discrete variable.
Lattice equations therefore resemble field theories or PDEs, whereas discrete mappings
resemble evolution equations or ODEs. Position often plays the role of dependent, rather
than independent, variable. Discrete mappings therefore emerge somewhat differently to
lattice equations; in this section we discuss some of the basic theory and introduce the

notion of an integrable mapping [22], 116, 117].

1.2.1 Integrable Symplectic Mappings

A symplectic map is defined in [22] on a differentiable manifold M of dimension 2N. The

manifold is equipped with a symplectic structure w(u),

w(u) = ZJrs(u)dur ANdus, rs=1,...,2N, (1.27)

with Jacobi conditions on the matrix J,s. Equivalently this is expressed by the Poisson

bracket,
N oz 1 09
a; Jp— -
{F, 9}y = ”521 o, (J7 s o (1.28)

A well known result [5] is that locally the symplectic structure can be described in terms

of canonical co-ordinates: position and momentum variables z;, X;, ¢+ =1,..., N, in terms
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of which the canonical structure can be written more simply,

N
wa,X) = ) dz;AdX;, (1.29a)
j=1
N
OF 04  OF 09
ar — _ -
{ng}%x N Z <al'j OXj an al‘J)

j=1

(1.29b)

In practice, this canonical form will be the most useful for our purposes. We adopt the
notation using lower and upper case pairs of letters to denote conjugate position and
momentum variables, so x, y indicate positions, and X, Y their respective conjugate

momenta.
A symplectic mapping is then a function from M to itself,

D M — M,

/\ (1.30a)
(x5, X;) = (75,X;),
defining transformed co-ordinates
i‘\j = fj(.%',X) y Xj = gj(a:,X) y (130]3)
such that the symplectic structure (i.e. the Poisson bracket) ([1.29b)) is preserved:
{f © (I)7g o Q}I,X = {f’g}i‘\j(\ ) (130C)
for any pair of functions f,g. A consequence is that
@3} ={X. X} =0, {2.X;}=0;, (1.30d)

for the new co-ordinates. Such a map is also called a canonical transform.

A symplectic map defines a discrete-time system by iteration. Introducing a discrete
time variable m € Z, we interpret the map as the evolution of a system under a single,

discrete time step. The mapping equations (1.30b]) are rewritten as
zj(m+1) = f; (x(m),X(m)) , Xj(m+1):=g; (x(m),X(m)) , (1.31)

such that the Poisson bracket structure ([1.29) is preserved under every step of the evolution.
We use the “hat” notation to indicate a time-step evolution: if x := x(m), then z :=

x(m+1).

An important result is that symplecticity of a map is equivalent to the existence of a

generating function [43]. Different forms of generating function can be written depending
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on the specific form of the mapping equations (|1.30bf). For example, so long as the Jacobian

|09i/0X ;| # 0, we can write a generating function depending on the initial position and

—

final momentum variables, F'(x;, X;), such that the equations of the mapping are given by

oF — OF —~
/l‘\':7 l‘i,Xi N X, =— -Tini . 1.32
1= o ) X=X (1.32)

Under appropriate conditions, these relations can be inverted to write the mapping in its
canonical form . The equations and related forms are sometimes referred
to as discrete Hamilton’s equations, although this terminology must be used cautiously.
The generating function F(.ZL'Z,)/(\Z) is emphatically not a Hamiltonian as, unlike in the
continuous case, discrete generating functions are in general not preserved under the

~ —

mapping, F(@,Z) # F(zi, X;).

We are most interested in the Lagrangian form of the generating function, £(z;, Z;).
For such a form, the mapping equations naturally arise from a principle of least action.
Defining the action 8 as a functional of the path in discrete time x;(m),

Slai(m)] = Y L(wi(m), z:i(m +1)) , (1.33)
meEZ

the mapping arises at the stationary point of the action 8:

48
dzx;i(m)

=0. (1.34)

This least action principle yields the discrete Fuler-Lagrange equations,

0 .
W[L(w,(m—l),mz(m)) +£(xi(m),xi(m+1))} =0, ¢=1,....,N, (1.35)
or equivalently -
oL 9L ,
o T =0 i=L.N. (1.36)

In this view, the discrete Lagrangian L(x,Z) is the defining object for the symplectic
map, with the canonical momenta and Poisson structure arising as a consequence of the
generating function, via the equations

0L ;e 0L

X‘ = — prm— —_—
! 8931 ’ ! 8SUZ ’

(1.37)

so that we once more have the symplectic structure (1.29). Note that so long as the action
(1.33)) is unchanged, then the Euler-Lagrange equations ((1.36]) will also remain the same,
but that the conjugate momenta (1.37) are affected by changes in the Lagrangian, even

when the action stays the same.
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In principle, the two generating functions £(z;, Z;), F(z;, 5(\1) are related by a discrete

Legendre transform [22, 43]. Notice the differentials from ([1.32]), (1.37)),

dF = Y (Xpda; + 7,dX5) (1.38a)

)

AL = Y (~Xidw + X;d7) (1.38Db)

i

so that we can write the Legendre transform
F(xj,Xj) :ZXiEi_L(xﬁi'\j) . (1.39)
i

However, in practice, performing the transform depends on inverting the equations (|1.37))
to eliminate Z; (respectively 5(\1)

/x\,-:@(xj,Xj) . (1.40)
This is not always possible, and so this Legendre transform is not a universal construction

for any Lagrangian.

The symplectic structure allows a discrete analogue of Arnol’d-Liouville integrability.
A 2N-dimensional discrete mapping is said to be completely integrable if there exist N

functionally independent invariants in involution [22], I;(z;, X;), i =1,..., N,
L(Z, X;) = Ij(wi, X)), where {I;, ,} =0, jk=1,...,N. (1.41)

This integrability results from a canonical transform of the map into “action-angle”
variables, new variables where the invariants I; become the canonical momenta Y;(m),

with some positions y;(m), j=1,..., N, so that
Yiim+1) = Y;j(m) = I, (1.42a)
yim+1) = Gj(y(m),Y(m)) . (1.42Db)
That is, the new momenta are constant in time. We must have preservation of the Poisson

bracket,
{yi(m +1),Yi(m + 1)} = {gi(m + 1), Yi(m)} = di; , (1.43)

which implies

yim+1) =y;(m) + (V) , (1.44)

where the frequencies v; are some functions of the momenta Y;, and therefore constant.

In other words, such a transformation linearises the mapping so that it can easily be
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integrated. This is explored in more detail in [22]; integrability as sufficiently many
invariants in involution is the basis of many known discrete integrable models in the

literature [77, [78] 8], [88] 00], and is an important feature of the example discussed below.

1.2.2 Lagrangian One-form Structures

Continuous integrable models are characterised by a complete set of invariants in
involution; these describe Hamiltonians that generate commuting time-flows. Recently,
the Lagrangian one-form structure has been developed: this structure captures the
multiple commuting flows of an integrable systems in an extended variational principle.
In the discrete case, for some integrable models there have been found commuting maps
analogously to the multi-dimensional consistency of the lattice models discussed in section

these commuting maps give rise to a discrete Lagrangian one-form structure.

A first example of the Lagrangian one-form was uncovered for the discrete Calogero-
Moser (CM) model in [124] [125], and subsequently extended to the relativistic
generalisation [I126] and Toda-type systems [I8], with the continuous theories arising in
well chosen limits. Some additional exploration of the general theory has been done in

[19, 110].

We consider the discrete Ruijsenaars-Schneider (relativistic Calogero-Moser) model of
[126] as an illustrative example. The Ruijsenaars-Schneider (RS) model is an integrable,
continuous-time, multi-particle model in one spatial dimension, initially found in [98] as
a relativistic generalisation of the CM system [23, [85]. An integrable discrete-time model
(discrete mapping) which produces the continuous-time model in a well chosen limit was

discovered in [81], with a Lagrangian-type generating function of the form (1.33)).

Following the treatment by Lagrangian one-form of the CM model [125], the commuting
discrete flows of the RS model and corresponding Lagrangian one-form were uncovered in
[126], also enabling the authors to expand the theoretical underpinnings of the discrete one-
form structure. In the continuum limit, the authors discovered the Lagrangian one-form
for the continuous-time model, expanding the Lagrangian description for the RS model

given in [20)].

We adopt similar notation to section [[.I] We consider vector functions of two discrete

time-variables n,m, such that x; := x;(n,m), using tilde and hat to indicate shifts in the
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n and m directions, Z; = x;(n + 1,m), Z; = z;(n,m + 1). Note that here n,m denote
two distinct time variables, with two corresponding evolutions, rather than the discrete

space-time of section

The time-discrete RS model is derived from a Lax pair (inspired by the known Lax

representation for the continuous-time model [21],[96]) and has discrete equations of motion

— /\ —Zp)o(z; — xi + A ]
E o(@i —xk+A) H K)o (@i :k ), fori=1,...,N . (1.45)
pitolwi—ze—A) -—xko( — T —A)
#z
The variables x;, ¢ = 1,..., N are interpreted as the positions for N identical particles,

evolving under discrete time n (z; is a function of n). A is a relativistic parameter, such
that it is possible to regain the discrete CM model in a non-relativistic limit as A — 0.
o(x) is the Weierstrass sigma function (with implicit primitive periods w; and ws), and
p = p(n) is introduced as a free parameter that may depend on n: it relates to a free choice
regarding the centre of mass motion, and we take it to be a constant (so p/g = 1). The
Lax pair naturally implies an isospectrality which yields the invariants for the model and

hence integrability.

Notice that the equations of motion give the particle positions z; at time n + 1
implicitly, in terms of positions at earlier times z;, z;. In fact the map is multi-valued,
but in a precise way. As a result of the integrability, it is possible to construct exact
solutions as the eigenvalues of an N x N matrix; the multi-valuedness manifests itself as
indistinguishability of the N identical particles (the positions can be exactly calculated,
but in the discrete case there is no way of ascribing particular eigenvalues to particular
particles). It is interesting that this typically quantum phenomenon occurs here in the

classical, discrete case.

Inspired by the commuting flows of the related discrete-time CM case [78, [125], in
[126] the authors posed a commuting, discrete flow for the time-discrete RS model. By
introducing an alternative Darboux matrix into the Lax pair, they found a second set of
discrete equations of motion in a second time variable m, so that x; = x;(n, m), with shifts

in m labelled by a hat,

N N =
_ A) P — A
gnw H o=zt Ay (1.46)
qolwi—ar—A) zr)o(z; — T — A)
k#i
q = q(m) is also a centre of mass parameter, similar to p, which is also chosen to be

constant.
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The compatibility of these two discrete time flows (1.45) and (1.46)) is guaranteed on

the level of the Lax matrices, and requires a further two constraint equations,

N ~ ~
p o(xi —zj)o(z; — T — A)
Po_ L z , 1.47a
¢« = e=2ew=2-» 47
N
p o(@i —zj)o(zi —z; — A)
- = . 1.47b
. = o =em—o—n (AT)

So there are now four equations of motion describing the evolution in two discrete times of

the particle positions x;(n,m): (1.45), (1.46]), (1.47). Remarkably, these four equations are

consistent, with a joint solution x;(n, m) expressible once again in terms of the eigenvalues

of an N x N matrix.

The evolution in discrete time (1.45)) (respectively also ([1.46])) is a symplectic mapping

(section|1.2.1)) and can be expressed through a variational principle on a generating function
of Lagrangian form (|1.33) [8I]. We choose the specific form of the Lagrangian given in
126,

S ) = Y (Fwi =) = S =T = N) =3 3 (Fles— a5+ )
i,7=1 Zlgjl
N
@ -7+ A)) +loglpl S (@ —2:) . (1.48a)
=1
where
f(z) = / log (€| dé (1.48b)

is an elliptic dilogarithm, and the final term of represents the centre of mass motion.
The Lagrangian £, yields the equation of motion for the tilde evolution under
discrete Euler-Lagrange equations, as in . A similar Lagrangian, £,)(z,7), yields
the equation of the hat evolution .

The critical observation is the closure relation of the Lagrangians (1.48)) [126]. That is,

when we apply the equations of motion ([1.45]), (1.46)) and the constraint equations (|1.47)),
the equality holds,

o~ ~. ~

L(m) (.T,Zf) —I-L(n) (57\, .%) - E(m) (f, %) — L(n) (:c,f) =0. (1.49)

Note that for a generic choice of x;(n,m), the sum of Lagrangians is non-zero, so that the

closure relation holds only on solutions. For the discrete RS system, this result must be
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shown by direct calculation, which was done explicitly for the rational case in [126], and
requires the specific choice of Lagrangians given in ((1.48). The closure relation ([1.49) can
be understood as a closure around the elementary square in the lattice of time variables,

shown in figure [L.3]

~ L(n) (a:,:c) =
Tq e
m
L(m)(,7) — L) (7,7)
e —@_
x —Lny(z,7) x

n

Figure 1.3: Oriented Lagrangians around a square in the time directions n, m.

This closure relation (1.49) is the key requirement for the discrete one-form structure.

The essential observation is that all four equations of motion (L.45)), (L.46)), (1.47) (i.e.

including the constraint equations) arise from Euler-Lagrange equations on the Lagrangians
. In order to make a general statement we suppress the vector index ¢ and mark shifts
in the lattice by o, a = 1,2, so that 1 = Z, xo = T, and label the Lagrangians £,, and
Loy by Lo, a = 1,2, similarly. Then there are four elementary configurations of the action
that yield the four possible Euler-Lagrange equations, shown in figure [I.4] In each case
a pair of Lagrangians, with variation over the middle variable, yields an Euler-Lagrange

equation of the form

0

9 (Lalw,70) + L(ra70s) ) = 0. (1.50)

As derived in [126], it is then straightforward to show that the elementary curves of
figure produce the equations of motion for the system. Clearly figures (i) and (ii)
correlate with the known single time variable case, and yield the respective equations of
motion and (L.46). It can then also be shown that curves (iii) and (iv) yield the
constraint equations and respectively, so that the complete set of equations
of motion are described by this Lagrangian one-form. More detail of the Lagrangian one-
form structure, and its accompanying variational principle, will be discussed via the simple

example derived in chapter 2.
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m m
x
Lm
x
T T T Lo
o —r—O0———@
Ly L, T
n - n
i) ii)
m m
T T Ln 2
_Lm —Lm
r L, T T
iii) oy n

Figure 1.4: Elementary discrete curves for variables m and n.

The Lagrangian one-form structure therefore captures the multi-dimensional
consistency of the system, encoding all the equations of motion and constraint equations
within a single, extended, Lagrangian structure. The discrete RS system is essentially an
iterated Béacklund transform (as are many other integrable discrete time systems) [122]
such that the Lagrangian one-form captures the commutativity of the Backlund transform
under different choices of parameter. In the RS and CM cases, the discrete one-form
structures have also been shown to lead, in well chosen continuum limits, to continuous

one-form structures that capture the commuting flows of integrable Hamiltonian systems.

Note that the elliptic potential o(z) of the RS equations (1.45)) can be simplified through

limits on the primitive periods of the Weierstrass sigma function. There are three cases of

interest,
Hyperbolic: o(x) — sinh(z), (1.51a)
Trigonometric: o(x) — sin(x), (1.51b)
Rational: olx) — =. (1.51c)

This limit can be performed directly on the sigma function o(z) in the results of this section

to yield the appropriate equations of motion (1.45), ([1.46)), constraint equations (|1.47)),
and Lagrangians (1.48) via the function f(z) (1.48b). In particular, all the calculations for

closure discussed in this section can be performed explicitly in the rational case [126].
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1.3 Quantum Mechanics

There are two primary competing paradigms in quantum mechanics: canonical
quantisation, a Hamiltonian approach, and path integral quantisation, whose fundamental
object is the Lagrangian. In this section we review some essential notions of canonical
and path integral quantisation, in particular developing how familiar quantum mechanical
treatments extend naturally to discrete-time systems through the Heisenberg picture. We
do not seek to provide a full introduction to quantum mechanics,E] but only to clarify
our particular perspective on quantum mappings, since many different views of “discrete

quantum mechanics” exist in the literature.

In the context of integrable systems, Hamiltonian approaches to quantisation have
received a lot of attention, whilst the path integral has been relatively neglected.
The machinery of quantum inverse scattering and the Bethe ansatz is a key tool for
understanding canomnical quantum integrability, through the derivation of commuting
quantum invariants in analogy to classical notions of integrability [58] 103]. Such invariants
often require a quantum correction involving the Planck constant h, relative to the
classical case [50), 49]. Despite this, making a precise notion of “quantum integrability”
is not straightforward due to the difficulties of establishing functional independence in the
operator case. So far, there is no clear notion of quantum integrability for path integral

quantisation, although an attempt was made by de Vega [25].

First, we consider systems evolving in continuous time ¢. In the Hamiltonian (canonical)
approach, the canonical variables of position and momentum z;, X; become operators,
acting on a (typically) infinite dimensional Hilbert space. Where it aids clarity, we use a
bold type to indicate operators x;, X;. The Poisson bracket of the classical theory

becomes an operator commutator bracket between the position and momentum operators,
[XZ‘,XJ‘] = zhé,] . (1.52)

Operators act on states in the Hilbert space, which are labelled using Dirac notation, [¢).

Eigenstates for the position and momentum operators |z),|X) are postulated such that
x|lzg) =zlz), X|X)=X|X). (1.53)

Such eigenstates then allow us to define position (or momentum) space wave-functions,

of which many are available [29] [100]
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Y(z,t) := (x|¢p). In particular, the “free wave” is a position space representation of a

momentum eigenstate, (X|z) = exp(—izX/h).

The fundamental object in the continuous time theory is the Hamiltonian H(x, X),

which generates the time-flow via the Schréodinger equation,
0
i [¥) = Hx X)) . (1.54)

This governs how states evolve in time in the Schrédinger picture, where time-dependence
is assumed to sit in states, with operators time-independent. In this view of quantum
mechanics, one often either considers stationary states, such that H(x, X)|y) = E[), in
which case the goal is typically to investigate the spectrum of the Hamiltonian operator.
Or, one maintains an interest in the time dependence, in which case the usual goal involves

calculating correlations functions to analyse some scattering process.

For Hamiltonians that do not explicitly depend on ¢, the consequence of the Schréodinger
equation is that the time dependence of a state is easily expressed in terms of the

Hamiltonian,
(1)) = ey (0)) . (1.55)

This leads to the obvious definition of the time evolution operator, a unitary operator for

Hermitian Hamiltonians,

U(t) := e /M (1.56)

We transition to the Heisenberg picture by using the time evolution operator to relocate
the time-dependence from states to operators. States become time-independent, whilst the

time evolution of operators is expressed by conjugation
o) =UT®)O0)U(t) , (1.57)

and eigenstates naturally also become time-dependent,
[2(8)) = UT(®)|z(0)) . X (1)) = U ()| X(0)) - (1.58)

Wave functions (and all physical consequences of the theory) remain unchanged,
Pz, t) = (2(0)[¢ (1)) = (@(O)[U(£)[1(0)) = (x(t)|1(0)) - (1.59)

The Schrodinger equation ((1.54) governs the time evolution of states, and so is no longer

relevant in the Heisenberg picture. Instead, the time-evolution of operators is governed by
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the operator equation of motion,

0

500 =

7 [J-C, o], (1.60)

so that the Hamiltonian generates time-evolution of the operators by commutation: this

directly parallels time evolution via Poisson bracket in the classical Hamiltonian formalism.

An alternative view of quantum mechanics due to Feynman [36] moves away from the
Hamiltonian to the Lagrangian, and away from an operator view of quantum objects to
considering particle trajectories. Although the origins of this view are in Dirac’s work
on the place of the Lagrangian in quantum mechanics |27, 28], Feynman’s development
initially faced some resistance, returning to particle trajectories at a time when many
had rejected such a notion as unphysical. This theory of path integrals led to many new
developments in quantum mechanics and wider physics (particularly statistical mechanics)

and has been expounded since its inception in a number of texts [37, [47, 99, 102].

The primary object in this “sum over histories” formulation is the propagator, the

maftrix elements of the time evolution operator,

K(zq,te; xp, ty) = (xp(th) |2 (ta)) = (xp|U(ty — ta)|xa) - (1.61)

This expresses the probability amplitude for a particle to travel from a position x4 at time t,,
to position xp at some later time ¢, (note that we have tacitly assumed time independence
of the Hamiltonian). Completeness of the position eigenstates, [ |z)(z|dz = 1, gives the

propagator the important group property,

K(xav ta; Tp, tb) = /dxc K(mav ta; e, tc) K(xw te; T, tb) s (162)
for any intermediate time ..

Derivations of the sum over histories formalism (as early as Dirac’s original paper) use

the group property to begin with a “time-slicing” of the interval [t,, tp] into segments,

N-1
K(J}a,ta,xb,tb / H dxl H xj+1|U(tj+1 _tj)|xj> * (163>
7=0

The derivation then depends on a small-time approximation: taking N to be large as the
time becomes finely sliced, we allow t;11 —t; =: €, small, so that there is a time-slicing

lyimit on the propagator,

N-1 N-1
K(zq,tq; Tp, tp) = lim / H dz; H (zj1|exp [ — ied(/h]|z;) . (1.64)
7=0

N — o0
e—0
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It is usually supposed that the Hamiltonian is written in a Newtonian, separable form,
1
H(x,X) =T(X) +V(x) = 5X2 +V(x), (1.65)

such that in the time slicing limit the evolution operator can be written in a separated

form,

Ulty —ta) = gi_lﬂo[exp[—ieﬂ-f/h]]]v, (1.66a)
e—0

. . N
— lim [e—“T“)/ﬁe—“V(X)/ﬂ , (1.66b)

N —o0
e—0

where this equality holds only within the time-slicing limit [99].

Inserting a complete set of momentum eigenstates into each propagator segment of

(1.64), and using the analytic continuation of the Gaussian integral formula,

/OO e—%iaw2+ibxdx _ 2.16162/@ ’ (167)
o V ia

the infinitesimal piece of the propagator becomes

. —ie 3 1€ 1 Tj+1 — Ty 2
1%<$j+1‘e H/r‘mﬂ = exXp [h <2 <H> —V(xﬂ)] ) (1.68a)

€
1€
= exp (h L(xj,z:j+1)> . (1.68b)

L(zj,z41)is a discretisation of the Lagrangian that corresponds to the Legendre transform

of the Hamiltonian H (1.65)). The full propagator becomes

N-1 . N-1
K(xg,ta;xp, ty) = ]%1_{11 deiexp %Zﬁ(xj,xjﬂ) , (1.69a)
e—0 7 i=1 =0

_. /x ()] exp (isle(t)]/n) - (1.69D)

(ta)zafa
In this last equality, the path integral notation is defined. Notice especially the appearance
of the action 8[z(t)], a functional of the path x(¢). This has the well known physical

interpretation as sum over all possible paths, or sum over histories, for the particle.

From a discrete-time perspective, there are a number of points of interest, especially
for integrable systems. Many important integrable systems do not have a Hamiltonian of
Newtonian form (1.65)) (the Ruijsenaars-Schneider model of section is one such case)
but the derivation of the path integral relied upon such an assumption. For non-Newtonian
models, it is not clear whether canonical and path integral quantisation are equivalent. If

not, which is “correct”?
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We noted also the appearance of a discretised Lagrangian in . Many discrete
integrable models can be described by Lagrangians, though these are often not of
a Newtonian form, and may have non-trivial continuum limits (again, consider the
Lagrangian for the discrete Ruijsenaars-Schneider model in ) Additionally, in the
discrete case the infinitesimal time-slicing is no longer needed, since we are concerned with
finite time steps. This may offer a resolution to some of analytical difficulties that face the

path integral as a result of the time slicing limit.

In studies of quantum gravity, the discretisation necessary for the path integral can
be problematic as discretisations generally break the symmetries of the continuous model
[10]. Additionally, the discretisation of the Lagrangian is non-unique for a given continuum
model, yet choice of discretisation can change the result of the path integral calculation:
for even the simple example of a Newtonian particle evolving under a vector potential,
the “wrong choice” of discretisation leads to the wrong propagator [99]. Discrete integrable
systems potentially resolve these problems; invariants of the continuum model are typically
also preserved as commuting flows in the discrete case, and integrable models do not in
general have such freedom in the choice of discretisation. Indeed, the discrete models

themselves are perhaps the truly fundamental system, rather than their continuum limit.

1.3.1 Quantum mappings

Quantum mappings (or discrete-time systems) have a wide range of interpretations. The
notion of a quantum mapping essentially began in [I4], but has been advanced a great
deal especially in the area of integrability, via canonical quantisation of known integrable
maps [3, [74, 76, OT]. This has led naturally to the notion of a “quantum canonical
transform” [3, 4], which is a transformation preserving commutation relations. For a
discrete-time quantum system, we insist on formal unitarity of the time evolution operator,
which is a stronger condition. We consider systems where the time variable ¢ is replaced
by the discrete variable n, which takes integer values; wave-functions become therefore
¥(g,n) = n(q). We also discuss the quantisation of lattice equations, such as (L.8): in
such cases both time and position become discrete, and we are essentially examining a
discrete quantum field theory. Such integrable models have received some attention, e.g.

in [33] 118, 119].

Clearly, in discrete time the Schrodinger equation (1.54)) becomes redundant as a



24 CHAPTER 1. INTRODUCTION

starting point, since time derivatives are no longer meaningful. Thus in the discrete case
it is the operator equations of motion that take the centre stage. In general one takes
discrete equations of motion from the classical case and transforms them into operator
equations of motion, with commutator brackets defined from classical Poisson brackets, as
in . This process is not necessarily unambiguous, as there may be issues with operator
ordering. The emphasis on operator equations of motion means that the Heisenberg picture

of quantum mechanics is often the more natural for discrete systems.

Canonical quantisation of discrete integrable systems is essentially linked to their Lax
representations through the quantum inverse scattering method [58]; Lax representations
encode the invariants of the system essential for integrability, as classically. In the quantum
case, as operator ordering becomes non-trivial, quantum corrections are required to the
invariants to account for the commutation relations. An R-matriz structure guarantees
the commutation of the invariants, and the preservation of the symplectic structure under

the mapping; this will be discussed at more length in chapter 4.

For a canonical transform (section [1.2.1), the operator equations of motion may have
a form of the kind,
Xn+1 = f(XTm Xn) ) Xn+1 = g(Xn, Xn) ) (1'70)

although such a form cannot always be written explicitly. Recalling the time evolution
of operators by conjugation with the operator U (1.57), in the discrete case we seek an

elementary time evolution operator, U, evolving states or operators by
[W)nt1 = Ul , Opy1 =U10,U . (1.71)
Time evolution occurs by iteration of the operator U,
0, =U""0U". (1.72)

We insist that U be formally unitary, so that UUT = L.

Comparing ((1.70]) with (1.71)), the functions f, g arise from the time evolution operator,

U xU = f(x,X), U XU =g(x,X) . (1.73)

For many quantum discrete mappings it is then possible to write the evolution operator in
a separated form,

U = exp(—iT(X)/h) exp(—iV(x)/h) . (1.74)
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Recalling the commutation relations (1.52)), the conjugations follow,

T My =iTO/h 5 4 /(X)) | (1.75a)

VX em VM~ X _ Y (x) . (1.75b)

In the case of a Newtonian kinetic term T/(X) = X2/2, the operator equations of motion

(L.70) become

Xni1 —Xp = Xp,—V'(xn), (1.76a)

Xps1 —Xn = —V'(xn) . (1.76D)

Of course, many other forms of time evolution operator U and equations of motion are
possible. The generalised McMillan maps [41], [74], for example, are known to have “cross

terms” in the unitary operator of the form
exp(—ix;X;/h) , fori#j, (1.77)
which act on operators by conjugation as

eiXiX]‘/flxke—iXiX]‘/h = xXp+ (5ij1 , (178&)

XXl e XX/l = Xy 5y X (1.78b)

As we have seen, separability of the time evolution operator is an important part of the
path integral derivation (1.66b]) - these ideas have been used in [38, 40] to make some
first steps towards path integral quantisation of discrete systems, which remains an under
explored area, especially considering the many recent advances in the classical theory of
such systems. The separability of the evolution operator opens the possibility of performing

the path integral without the need for an infinitesimal time limit.

Recalling the centrality of the action in the path integral , it is natural to ask
how the Lagrangian one-form structure should inform the quantisation of these systems.
Traditionally, the variational principle of the classical action becomes a sum over histories
in quantum mechanics. For integrable systems and the one-form structure, the correct
variational principle includes a variation over underlying geometries of the independent

variables: how should this translate to quantum mechanics?
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1.4 Reparametrisation invariance and quantum gravity

We mention some recent ideas in the field of quantum loop gravity that, although holding
a different perspective, share some striking similarities with our work. Quantum gravity
naturally poses two questions: what is the appropriate way to consider time in quantum
mechanics, when looking towards relativistic concerns? And, what is an appropriate way
to view the smallest length scales, as we approach the Planck length? These questions may
be related to the questions we are posing in the context of integrable systems: what is a
correct view of the independent variable (time) in a Lagrangian formulation? And, how

do systems whose time (and perhaps length) scales are inherently discrete behave?

In [94, O5], Rovelli considers a reparametrisation invariant form of the Harmonic
oscillator, and its discretisation. He poses a toy model where the independent variable can
be freely reparametrised, without changing the physical observables of the model: so called
Diff-invariance. The key conceptual step is the reclassification of the time variable ¢, such
that rather than a system defined by the variable z(t), we instead have the two variables
z(7), t(7) in terms of an evolution parameter or real-time 7. Physical configurations of the
system are then defined in terms of the pair (z(7),t(7)), meaning that there is a very large
gauge invariance: any reparametrisation of 7 leads to the same physical output. This is a
view of time also investigated in [II] in the context of Machian schemes, and similar steps

were made in a different context in [10].

The action governing the system is given by

)
S = % /dT (g; - w2im2> , (1.79)

which is easily seen to be the same as the usual action for the harmonic oscillator. In the

two variables, the action ((1.79) yields two equations of motion,

d @ 9 d (i 5,
ari O d7<t2+“”” (1.80)

These are simply equivalent to the usual harmonic oscillator equation of motion d?x/dt? =
—w?z, and the corresponding conservation of energy. So far, so unremarkable! The Diff-
invariance of the system is in the very large gauge invariance: the model is physically

invariant under arbitrary reparametrisations of 7.

Rovelli’s observation is that this reparametrisation invariance yields some interesting

properties under discretisation. As in the continuum case, time is no longer considered the
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independent variable to be discretised. Rather, we discretise 7 so that 7, = na for some
fixed step size a, yielding discrete position and times z, = x(7,), t, = t(7,). In other
words, the time-step t,+1 — t, is no longer fixed (as is standard) but is allowed to vary.

The discretised action from (|1.79)) yields,

sy="%" (M — (b1 — tn)xi> : (1.81)

n—0 tn+1 - 7fn

which has the critical property that it is independent of the step variable a - this is the
discrete realisation of reparametrisation invariance. A continuum limit to the original
model (1.79)) is now achieved in the limit N — oo with no need to tune the parameter

a — 0; the shrinking of the step size is an automatic consequence of the N — oo limit.

The elevation of the time ¢,, to a dependent variable means that variation of the action

(1.81)) yields two independent equations of motion,

2 1,2 122 1,2 1 22
Ungl = Un — (tnp1 — tn)w T , 505,41 + 5w Ty, = 50, + 5w T, g, (1.82)

where we have introduced the discrete velocity vp4+1 := (Zp+1 — Tn)/(tnsr1 — tn), and the
second equation has the form of an energy conservation, E,+1 = E,. Here is a striking
feature: energy is not conserved under generic discretisations, but in this case the time
parametrisation has been performed in such a way as to preserve an energy. In essence, the
gauge freedom of has been sacrificed in order to fix the energy; the time steps are
chosen in such a way that energy is held constant. But, this is a feature of discrete integrable
systems! As discussed in section [[.2.1] an integrable discrete flow is precisely characterised
by the preservation of a sufficient number of invariants, with multiple invariants at the

continuum level leading to a Lagrangian form structure by Legendre transform.

Rovelli comments further on the resulting quantum structure through a path integral.
The correct, physical object to consider is a propagator (1.61]), since objects depending on

the parameter 7 are physically meaningless. So in the discretisation we have the propagator
Kn(xg,te; o, ty) = AN / Ap(ay,, ty) SN @nta)/h (1.83)

with a normalisation .4 and some integration measure du over the variables x,,t,. Unlike
in the non-parametrised case, t, itself becomes an integration variable, under the obvious
restrictions

i <tp <tht1 < tf . (1.84)
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As N becomes large, the equations of motion approximate to U?H_l/Q ~ v2 /2, which
is the free particle. Since Rovelli is interested in the continuum limit as N — oo, he fixes
the integration measure by considering this free particle case. This is the regime Rovelli
calls “Ditt-invariance”, that is, an almost Diff-invariance recaptured in the large N limit

for the discrete case. The approximation justifies the choices

N! mA\N/2 [TV, de,dt,
N o= dp(an,tn) = v
(t; —t)Nvw’ #(@n; tn) (h)

so that ([1.83]) yields the expected harmonic oscillator propagator in the N — oo limit.

oW (1.85)

There are some interesting parallels between these ideas and the quantisation of
Lagrangian form structures. As discussed in [63] (and explored in chapter 2), a variational
principle for Lagrangian forms extends beyond variation of the dependent variables to
variation of the underlying geometry belonging to the independent variables. In his talk
[72], Nijhoff proposed an extended path integral quantisation for a (continuous) Lagrangian
1-form structure in multiple times ¢,

t(sp)=ty z(tp)=y .
K (Za, ta, Sa; Tos th, 5p) = / Dlt(s)] / Dla(t)]eS@/" . (1.86)
t(sq)=ta x(to)=2xq
In other words, a path in multiple time-variables is parametrised by some variable s. The
propagator results (in line with the variation in the classical theory) from a sum over
histories, including a sum over geometries of the time path. Such a system would clearly
be expected to satisfy Diff-invariance: that is, invariance under arbitrary reparametrisation
of s. Under some appropriate discretisation, this idea is not very dissimilar to Rovelli’s
discretised propagator , and indeed a “sum over geometries” has appeared elsewhere
in the study of quantum gravity [92, 93]. Clearly the journey from a discretised one-form
propagator to a continuous expression such as may not be straightforward, but in

this thesis we take some tentative first steps to solving this problem.

1.5 Organisation of the Thesis

In chapter 2, we introduce the linearised integrable lattice model, and discuss its
Lagrangian 2-form structure. Linear mappings are derived using a periodic staircase initial
value problem, and we exploit the multi-dimensional consistency to derive commuting flows,
and hence a “simplest possible” discrete Lagrangian 1-form. Commuting continuous flows

with an interchange of continuous and discrete parameters and variables are observed. The
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next member of the family is also considered as a generalisation. These examples are used

to demonstrate the extended variational principle for Lagrangian multiform structures.

In chapter 3 we consider the quantisation of the linear models of chapter 2 as a first
study of the quantisation of Lagrangian form structures. For the linear discrete mapping,
it is found that the propagator for the one-form structure has a time-path independence,
which depends on the correct initial choice of Lagrangian generating function. Similarly,
for the lattice model, the Lagrangian 2-form structure can be path integral quantised, and
the propagator is surface independent in the multi-dimensional structure. In other words,
there is a quantum analogue to the classical Lagrangian closure and variational principle

for forms.

Chapter 4 considers a discrete non-linear model: the generalised McMillan maps,
derived from the lattice KdV equation. We make some investigations into possible
commuting flows following the method of chapter 2, although these are predictably more
complex in the non-linear case and do not so far yield a Lagrangian form structure. We
consider quantum aspects in the McMillan case, writing some simple propagators for this
non-linear example which may, ultimately, feed into a full path integral quantisation.
We demonstrate that there are potentially consistent ways of viewing the Hilbert space,
despite singularities of the model, and highlight a possible quantisation of the mapping
parameter. The main result is a novel formulation of the r-matrix for the dual Lax pair of
the generalised family of maps. The r-matrix can be written as a normally ordered fraction
in elementary shift matrices, leading to new insights on the nature of the structure. We
replicate some known results with this new formulation, and propose a possible quantum

structure for the dual Lax pair.

In chapter 5 we study a simple, but non-trivial, continuous model, related to the
Ruijsenaars-Schneider model; here called the Degasperis-Ruijsenaars (DR) model. This
has a non-Newtonian Hamiltonian that nonetheless yields the harmonic oscillator as its
equation of motion. We are able to derive a Lagrangian for the model by embedding it
within a 2-particle system, following known results for the Ruijsenaars-Schneider case. We
also derive the precise link between the RS and DR models, and hence a Lax pair for the DR
system. Nonetheless, the precise nature of discrete integrable systems leaves an integrable
discretisation for the model out of reach. Consideration of the known quantum solution

for the model yields an expression for the propagator, but the path integral quantisation
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that would link the propagator to the Lagrangian description remains elusive. However, its
exact solution and integrability make this a promising model for path integral quantisation

of a non-Newtonian system.

Chapter 6 contains a brief summary of the results and some discussion of future

outlook and outstanding research questions.
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Multiform Structures for Linear Models

“The career of a young theoretical physicist consists of treating the harmonic

oscillator in ever-increasing levels of abstraction.”

— Sidney Coleman

The Lagrangian multiform has been introduced in a number of recent works, the two-
form for integrable lattice models [62-65] and the one-form for continuous and discrete
evolutionary equations [I7HI9, [72] 110, 123H126]. As illustrated particularly in [63], 126],
the Lagrangian multiform gives rise to a novel variational principle for systems with
commuting, compatible flows. The system sits at a critical point in an extended variational
principle, varying over not only the dependent variables but also the underlying geometry

of the independent variables.

We apply these ideas to simplest models in the lattice and evolutionary cases: a
linear lattice equation, and the discrete harmonic oscillator. These systems are simpler

than previous examples of the Lagrangian multiform, indeed such systems are generally
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considered too simple to have any meaningful integrable structures. Nonetheless, in the
lattice case it emerges that multi-dimensional consistency is sufficient to produce a two-
form structure even in the linear case, and we use this simple example to illustrate the

general theory in section

By applying a periodic initial value problem to the linear lattice equation, we derive the
equation of motion for the discrete harmonic oscillator in section This unusual starting
point, however, endows the model with the multi-dimensional consistency of its parent, and
we show that it is therefore possible to find a commuting discrete flow for the equation. In
the same way as for the discrete Ruijsenaars-Schneider model, these commuting flows are
captured by a Lagrangian one-form structure . This is surprising for such a simple

model.

In section we consider a higher dimensional reduction of the lattice equation by
lengthening the periodic initial condition, and find that the one-form structure continues
to hold. However, the general case remains out of reach for the moment, as the invariants

of the system cannot currently be captured in a Lax pair.

2.1 Linearised Lattice KAV Equation

Recall the lattice KAV equation of section |1.1.1} (1.7)),
(p—g+@—)(p+q—wtw) =p*—¢" . (2.1)

This holds across a 2 dimensional quadrilateral lattice, with a field variable w(n,m) at
each lattice point, and lattice parameters p and ¢ associated to the n and m directions on

the lattice.

We are interested in the linearisation of the lattice KAV equation (2.1). Expanding

about a fixed point, for a small parameter 7,
Wnm = Wo + Mn,m + O(n?), (2.2)
leads to the linearised lattice equation at first order in 7,
(+a)@—a)=(p-)(u—1). (23)

This equation is supposed to hold on every elementary plaquette across a two dimensional

lattice; the elementary plaquette is shown in figure 2.1] The linear lattice equation ([2.3)
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U p u n
o o)
q19(u, u, u, u)
o o
u u
m

Figure 2.1: An elementary plaquette in the lattice

can be written as a quad equation,
Qu,u, u, u;p,q) =0, (2.4)

comparing with (1.2)). Although we have derived (2.3)) here as a linearisation from the
lattice KAV equation, it is the natural linearisation for nearly all the quad equations of the

ABS list [1].

The linear lattice equation (2.3) can be derived from a variational principle on the

three-point Lagrangian

1
£(u, 5, 8) = u(ii — ) — Qm(a_w, (2.5)

where, for the action, we sum across every plaquette in the lattice,

= Z L (Unms Unt1,m, Unm+150,9) (2.6)
n,me”Z

as in (1.22]). The Lagrangian ([2.5)) is also the natural linearisation of the Lagrangian (|1.25)
of the lattice KAV equation, at O(n?). Lower order terms in 7 are either constants or total

differences, which are absorbed in the action. The Lagrangian (2.5)) gives rise to the lattice
equation (2.3 via the Euler-Lagrange equations (|1.23), which yield

P-u-1u)-p+u-1)=pP-9u—-u)-(pP+q@—u). (2.7)

In the same way as the lattice KdV equation (section [L.1.1]), this is a weaker version of the
lattice equation (2.3)): two copies are produced. We will see that this problem is remedied
by the Lagrangian form structure associated with the multi-dimensional consistency of the

model.
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2.1.1 Multi-dimensional Consistency

The linear lattice equation (2.3) can be embedded into a multi-dimensional lattice, with
directions labelled by subscripts i, j, k. Across an elementary plaquette in the ¢ — j plane,

the linear lattice equation (2.3 takes the form

(pi +pj)(wi —uj) = (pi — pj)(u — uij) , (2.8)

where u; indicates u shifted once in the 7 direction on the lattice, and p; is the lattice
parameter associated to the i direction. Notice the symmetry of (2.8) under interchange

of the lattice directions ¢, j.

This embedding can be performed consistently if exhibits closure around the cube
[83]. Considering an elementary cube within the multi-dimensional lattice, and initial
conditions u, U = w1, U = ug, U = ug, there are three routes to calculate the variable % ;
for the equation to be multidimensionally consistent, all three possibilities must yield the

same result (see figure . Around the cube, there are three elementary quad equations

([2.8) and their shifts,

(p+a)E—-a) = (p—q)(u—1), (2.9a)
(q+r@-1) = (g-r)(u-7), (2.9b)
(rp)@—a) = (r—p)u-1), (2.9¢)
pro@-1) = (p-q@-u), (2.9)
g+1)@-7) = (q—r)@—1), 2.9¢)

@-7) = (r-p)@-u) )

(
(2.9f

Beginning from and substltutmg we deduce an expression for T in

terms of the initial values,

_ptqr+p ﬁ_q+rp+q a_r+pq+r -
p—gqr—p g—1rp—g r—-pq-—r

(2.10)

U=
The symmetry of this expression is sufficient to guarantee the closure around the cube.

Note that this derivation required the critical partial fraction expression

p+qq+r+q+rr+p+r+pp+q
p—qq—r q—TTr—Dp r—pp—g

+1=0. (2.11)

This fraction relation turns out to be a key combinatorial property for many of the results

in this chapter. As in the lattice KdV case, the multi-dimensional consistency is the key
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integrability property of the linear lattice equation (2.3)), leading to a Bécklund transform,

Lax representation, and ultimately Lagrangian two-form structure.

Plane wave solution

The multi-dimensional consistency of the system allows us to derive a Bicklund
transformation - and this in turn can be used to generate solutions. Beginning from
equations (2.9b), (2.9¢), we take v := @ and let A := r. We then have the transformation

u — v with Bécklund parameter A,
p+N—u) = (p-ANw-u),
G+ —u) = (¢=N{WV-u).

These equations imply that

(2.12)

[(p+9)T—0)—(p—q)@—v)] + [p+)@—7) —(p—q)(@—u)] =0,  (2.13)

or, in other words, if (2.3]) holds for w, then it also must hold for v. The shift v — v is

therefore an auto-Backlund transform.

Taking a trivial seed solution of (2.3) u(n,m) = 0, we apply the Bécklund transform

v(n,m) = <§fi)n (Zfi)mv(o,()). (2.14)

to gain the solution

This is the discrete analogue of a plane wave, producing an exponential plane-wave factor

in a continuum limit. By linear superposition we therefore have the general plane wave

u(n,m):/rgfi)n <Zi—i>mw()\)d/\, (2.15)

with an appropriate weight function and integration contour.

solution,

Lax representations

In a similar way to the lattice KAV equation, the Bécklund transform also gives rise to
a Lax pair for . To construct a linear spectral problem for an already linear system
is perhaps a curious thing to do, but it is a feature the model shares with its non-linear
relatives. Taking the Backlund transform and writing the spectral variables ¢ := v,
k := X, we find the linear inhomogeneous spectral problem

ptk
p—k

qtk

b=u+ (¢ — 1) , $:u+q_k(¢—a). (2.16)
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The lattice equation 1} arises from the compatibility condition $ = &5

Introducing the vector ® := (¢, 1)7, we can pose (2.16)) in a matrix form,

d=L%, d=MP, (2.17a)
with matrices
ptk ptk~ p+k ~
= u— E2u 1 u == 0 1 —u
L = | 7 PR = Pk . (2.17b)
0 1 0 1 0 1 0 1
q+k q+k ~ q+k ~
A e T} 1 u 4= 0 1 —u
M = a—k k| = 9=k . (217¢)
0 1 0 1 0 1 0 1

These factorisations define the matrices L =: UIP’kﬁfl, and M =: UQ;J?*I. The lattice
equation (2.3) now arises from the compatibility of the matrix spectral problem (2.17al),

which is the zero-curvature condition

LM = ML . (2.18)
The lattice equation ([2.3) appears as the coefficient at O(k) in the (1, 2) entry of the matrix;
all other entries are trivially satisfied.

An alternative Lax formulation can be derived by exploiting the origin of the lattice
equation as a linearisation of the lattice KdV equation (2.1)). Beginning with the
spectral problem for the lattice KdV equation , we introduce the linearisation ({2.2))
and expand,

=09 +nd1, ZL=Lo+nlr, A =DMy+nM, (2.19)
where ®¢, Ly, My are fixed points. Expanding the form of the matrices (1.20) in 1 yields

P — wo 1

Lo = WoBW,!= , (2.20a)
k? — w3 p+wo
—1 q — Wo 1
My = WouWy'= , (2.20b)
K —w? g+ wo
- 0
L = N , (2.20¢)
(p —wo)u—(p+wo)u u
—-u 0
M, = , (2.20d)
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so that Lo and My are clearly non-dynamical, and commuting. To lowest order in 7, the

spectral problem ([1.19)) gives
(p— kK)o = Lo®o , (g — k)Bo = Moy . (2.21)

So, ®g is a joint eigenvector of Ly and Mo; we can take ®! = (1,wo—k)? ¢o. The interesting

part of the spectral problem is at first order in 77, where we have
(p— k)P = Lo®1 + L1®y , (q— k)3 = Mg®y + M Dy . (2.22)

Seeking a zero-curvature condition for this spectral problem leads to a condition on the
coefficients of @,

ElMo + LoM; = MlLO + MyLq . (223)

(The @4 coefficients are automatically satisfied due to the commuting of Lo and My.) This
linearised zero-curvature condition then yields the linear lattice equation (2.3), as desired.
This represents an entirely alternative Lax description to (2.18)), and is a somewhat unusual

Lax pair compared to those normally associated with lattice equations.

The challenge in exploiting this Lax pair for the integrability of the model is that,
in the linearising limit from lattice KdV, the invariants appear at quadratic order in 7,
whereas the equations of motion and Lax pair appear at first order. It is unclear whether

the invariants can be recovered from this linearised Lax pair.

2.1.2 Lagrangian Two-form Structure

The multi-dimensional consistency of quad equations is the key to their integrability,
leading to Bécklund transforms, soliton solutions, and Lax pairs. Such multi-dimensionally
consistent quad equations can be seen as a set of compatible equations that all hold
simultaneously on the same set of variables uy ,,;, as in P_-I The consistency of
these equations is guaranteed by the closure around the cube . Quad equations
(and specifically the linear lattice equation) also arise from a Lagrangian, but the usual
variational principle produces only the basic lattice equation, and not the full multi-
dimensional family. How, then, can these multiple, consistent equations be recovered

from an extended variational principle?

! The multi-dimensional consistency can be freely extended into an arbitrary number of dimensions:

there is no need to stop at three. Equally, three dimensions is sufficient to illustrate everything we need.
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For such lattice systems, Lobb and Nijhoff recently introduced a multi-form variational
principle that captures the multiplicity of equations of motion within a single Lagrangian
2-form and variational principle [62, [63]. Generalising the Lagrangian (2.5)) to the multi-

dimensional case,

Lij(u) = L(u,us, uj; pi, pj) = w(u; — uj) — %sij(ui — uj)2 , (2.24a)
where s;; = bi +p] (2.24b)
Di p]

we consider an action over a 2-dimensional surface o, embedded within the multi-
dimensional lattice. o is composed of oriented, elementary plaquettes o;;, shown in figure
To each oriented plaquette 0;; is associated a Lagrangian £;;(u), so that the action is
the sum of Lagrangians over the surface o,
Sy = Z L (u, wi, wys pi, pj) - (2.25)
o€
This is a natural generalisation of the action . Note the antisymmetry of the

Lagrangians with respect to the orientation of the plaquette, £;;(u) = —L;;(u).

e
@.‘

Figure 2.2: The multi-dimensional surface o, deformed by an elementary move to the

surface o’. The elementary plaquette is ;;.

The crucial observation is the closure property of the Lagrangians L;j(u) (2.24).
Considering the combination of oriented Lagrangians on the faces of a cube, on the
equations of motion, the Lagrangians sum to zero. Introducing the notation of a difference
operator A; in the direction ¢, so that A;u := w; — u, we have the sum of oriented

Lagrangians around the cube,

A1 Laz(u) + AaLsi(u) + AzLia(u)
= ng(ul) — ng(u) + [:31(’&2) — Lgl(u) + ,512(U3) — ng(u) , (2.26&)

=0, (2.26b)
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where the final equality holds only when we apply the lattice equation . The
implication of Lagrangian closure is that a local move deforming the surface o — o’
will leave the action 8, on the equations of motion unchanged (see figure . In
other words, the action 8, is invariant under deformations of the surface 0. Note that
Lagrangian closure for the linear case is a property that it inherits from its parent

models of the ABS list, which were shown to have the Lagrangian closure property in [62].

This simple observation leads to a much deeper idea: the multi-form variational
principle. The traditional variational principle holds the surface ¢ fixed and demands
the action be stationary under variation of the dependent variables w. This leads to
the equations of motion arising as Euler-Lagrange equations, although in the case of
quadrilateral equations we find a weaker version of the equation , . Lobb and
Nijhoff extended this variational principle by demanding that the action be stationary not
only under variations of the dependent variable, but also under variation of the surface
itself; that is, under variation of the independent variables. This leads to not a single Euler-
Lagrange equation, but a system of Euler-Lagrange equations, corresponding to different

configurations of the surface.

In [63], the authors derive three elementary configurations of the surface, that yield all
the fundamental Euler-Lagrange equations of the model, shown in figure [2.3] The three
configurations arise from considering the Euler-Lagrange equations around a cube - the
simplest possible closed surface. The usual variational principle on this surface produces

the three Euler-Lagrange equations,

;Z <£ij(u) + Ln(u) + aki(w) — 0, (2.272)
aau (sz(u_z) — ij(u) + [;m(u_1>> = 0, (2.27]3)
88u (Lij(u—j) + Lki(“—k)) = 0, (2.27¢)

recalling antisymmetry of the Lagrangians under the change of orientation. These Euler-
Lagrange equations are elementary in the sense that, by varying the surface, we demand
that the equations should hold everywhere in the lattice; all possible Euler-Lagrange
equations are then constructed from these three elementary choices. In each case, the action
is constructed from a sum of neighbouring Lagrangians, indicated by the shaded triangles
in figure - the triangle indicates the three variables appearing in each Lagrangian,

consisting of a base field variable u and two evolved variables u;, u;. The white circle
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indicates the field variable over which we perform the usual variational principle, with

black circles indicating other field variables appearing in the equations.

(i)

Uk

Figure 2.3: Three elementary configurations of the lattice.

Lobb and Nijhoff [63] then found that, in order to be consistent, such a system must

be described by a Lagrangian of the form
L(u, ui, ugs pi pj) = Aw, wis pi) — Alu, wgi pj) + Cui, ugi pis py) (2.28)

where C;; must be antisymmetric under interchange of ¢ and j. Notice that the Lagrangian

for the linear lattice equation ([2.24)) is already in this form. We must have

A(u, uis pi) — A(u, ujspy) = w(u; — uy) (2.29)
so that
A(w,ug;pi) = wug+Au+p, (2.30a)
1p; +pj
C(ui, uj;pi,pj) = —= J (u; — Uj)2 , (2.30b)

2pi —pj
for arbitrary constants A\ and p. The Euler-Lagrange equations (2.27) then yield the

equation on a single plaquette [63]

0
aui

(A(uaui§pi) — A(ui, uwijs pj) + C(ui, UjJPian)) =0, (2.31)
which produces the lattice equation
(pi + i) (wi — uj) = (Pi — pj) (v —uij — A) (2.32)

for all pairs of lattice directions ¢, j. Such an equation for any A must, by construction, be
multidimensionally consistent; taking A = 0 we recover precisely the linear lattice equation

in its multi-dimensional form (2.8]).
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The Lagrangian 2-form therefore captures the full set of multi-dimensionally consistent
lattice equations via an extended variational principle. By varying the underlying surface
geometry o, the full set of lattice equations can be forced to hold simultaneously at the
critical point for the action. This structure for the linear lattice equation is inherited
entirely from its non-linear parents in the ABS list, for which equations the 2-form has
been shown explicitly (including the case of the lattice KdV equation discussed in section
. It is nonetheless interesting that the structure should continue to hold even for this

simple, linear model.

2.1.3 Uniqueness

We have shown that the linear lattice Lagrangian has a Lagrangian 2-form structure.
In fact, it is the almost unique quadratic Lagrangian 2-form (i.e. that exhibits the closure
property). The general form for a three-point Lagrangian 2-form is given in , with
the lattice equation arising from the 2-form Fuler-Lagrange equation . If we restrict

our attention to quadratic Lagrangians, we therefore have the general form
Lij(u, wiy ugs pi, py) = (3au® + cuw;) — (3au® + cjuuy)
+ (%bwuf - %bﬂug + 5ijuiuj) R (2.33)

where we require d;; = —9;; in order to have antisymmetry. Here, subscripts on coefficients

indicate dependence on the lattice parameters p; and p;.

This Lagrangian 2-form (2.33)) yields the equation of motion
c;u — cjuij = (aj - blj)ul - 5ijuj . (234:)

This is a quad equation, and as such it is required to be symmetric under the interchange

of ¢ and j. This leads to the conditions
¢ = ¢j = ¢, constant, (2.35a)
CL]' — bij = (5@' . (2.3512))

Noting that the Lagrangian (2.33)) already obeys the closure relation (2.26]) on the equations
of motion (2.34]), we use the freedom to multiply by an overall constant to let ¢ = 1, and

hence the general quadratic Lagrangian 2-form is given by

Lij(u, us,uj) = w(u; —uj) — %@'j(ui — Uj)2 + %ai(UQ — uj2) — %CL]‘(UQ — u?) . (2.36)
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This has the same form as the linear lattice Lagrangian (2.5), but with a more general
dynamical, anti-symmetric parameter J;;, and the free parameter a; that does not effect

the equations of motion and is absorbed in the action.

The extended variational principle for 2-forms therefore does more than give the multi-
dimensional lattice equations. It also restricts the class of permissible Lagrangians to those
obeying a closure relation; only such Lagrangians give an action that can be stationary
with respect to variations of the surface o. In some sense, then, the extended variational
principle also selects appropriate Lagrangians describing the model. The inverse problem
of Lagrangian mechanics is, given an equation, to find a Lagrangian description, of which
there may be many possible choices. The multi-form variational principle perhaps offers

some resolution to this problem.

2.2 One Dimensional Reduction: The Discrete Harmonic

Oscillator

2.2.1 Periodic Reduction

A common procedure in the literature is the construction of integrable symplectic mappings
as reductions of lattice equations, by the application of some boundary conditions [24] [75]
80, 88]. Considering the linearisation of the lattice KdV equation, we follow the same

reduction procedure as has been previously studied for non-linear quad equations.

The linear lattice equation is reduced to a difference equation in one dimension by
a periodic initial value problem. The evolution of the data progresses through the lattice
according to a dynamical map, constructed via the lattice equation. We begin with initial
data ag, a1 and ag, and let ay = ag, according to figure This unit is then repeated
periodically across an infinite staircase in the lattice. This is the simplest meaningful
reduction we can perform on the lattice equation. The lattice variable m becomes a

discrete time, labelling iteration of the mapping.

Applying the linear lattice equation (2.3)) to each plaquette, we can write equations for
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lao p ai a2
.
m q, I
: ao : al 62 = ap
O-------- O--------
Figure 2.4: The simplest periodic initial value problem on the lattice equation.
the dynamical mapping (ag, a1, a2) — (ag, a1, az), as
a = a —i—S(al —62) ,
o _p—q
ay = ag+s(ap—ai), where s := —— | (2.37)
p+gq
62 = qag -
This is a finite-dimensional discrete system; we introduce the reduced variables
T:=ai —ag, Yy :i=az—aj . (2.38)
In terms of these, the equations of the map become
rT=y—sr+sy, y=-x—y+sx, (2.39)
and, by eliminating y, we write the second order difference equation
TH+2x+2=0, b:=1+2s—s. (2.40)
This equation can be expressed by a Lagrangian-type generating function
L(x,Z) = —2T — ba? | (2.41)
and so is symplectic, dZ A dy = dz A dy. The map also possesses an exact invariant,
Iy(2,2) = 2® + 2% + 2ba7 . (2.42)

The difference equation (2.40)) is a discrete harmonic oscillator. It is not difficult to see

that the general solution to (2.40) is

Ty = €1 SID um + cp cos pm

(2.43)

where cospt = —b and m is the discrete variable. This has an obvious relation to the

solution for the continuous time harmonic oscillator.



44 CHAPTER 2. MULTIFORM STRUCTURES FOR LINEAR MODELS

Continuous Flow

This solution (2.43]) can alternatively be written as
T = AN L BAT . A= bt /02 1. (2.44)

By considering derivatives with respect to the parameter b, we write

ox —m
LR AN™ — BAT™) . 2.45
b b2_1( A A7) (2.45)

Writing  := %y, T := Ty and T := x,,,—1 allows us to derive the semi-discrete equations

dx m dx m
— = ——(b z — =———(b 2.46

and eliminating Z, z yields the second order differential equation in b

(1— b2)d2i e

2 0. 9.47
a2 Vg T =0 (2:47)

A remarkable exchange has taken place: the parameter and independent variable of the
discrete case, b and m, have exchanged roles to become the independent variable and
parameter of a continuous time model. Note that the differential equation (2.47) can be

simplified by taking u := cos™1(—b) as the “time” variable, so that

d*z 9
— +mz=0. 2.48
This is the equation for the harmonic oscillator, with a quantised frequency w = m,

formerly the discrete time variable. Note also that the solution (2.43) guarantees the

compatibility of the discrete and continuous flows.

2.2.2 Commuting Discrete Flow

Recalling that the linear lattice equation (2.3)) is multi-dimensionally consistent, we can
introduce a third direction to the reduction, with parameter r, and the shifted variables

@;, as shown in figure 2.5

To derive the mapping, we now use the lattice equations (compare (2.8]))

~

(g+r)(u—u) = (¢—r)(u—1), (2.49a)

(r+p)@—a) = (r—p)(u—1). (2.49b)
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Figure 2.5: Commuting flow: the variables @; extend from the plane in a third direction.

In terms of the a;, these equations give

ap = ai +t(61 —a()) R

t .= P ,
W= w0 (250)
as = a0—|—t’(do—a2). ot

Again, we are interested in the reduction to (x,y) variables (2.38]) which yields the map

(z,y) = (Z,7), given by

T = y+t(y—=), (2.51a)
— 1 _t J—

This map can be written in a matrix form,

1 —t x —t 1 x

= ) (2.52)
(1-t)t’ _ 1—t
w1 Yy 1w 1L Y
from which it can be shown to be area preserving, dZ A dy = dx A dy.
As before, we eliminate y to produce a second order difference equation in z,
20 +1—t%) —t/(2t — 1+ 2
T+2ar+2x=0, with 2a:= (2t + ) ( +t) . (2.53)

1— 2t
This equation has the same form as (2.40), that of a discrete harmonic oscillator, along
with invariant
I(2,7) = 22 + 7% + 2027 . (2.54)
Using the reduced forms of the two mappings (equations (2.39) and (2.52))) we can
write both maps (z,y) — (Z,7) and (z,y) — (Z,y) in matrix form,
x

x=Sx, x=Tx, forx:= , (2.55)
Y
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with matrices

s2—-25 1—s 1 t“ﬁ# 1-—1¢
S — . T=— ), (2.56)
s—1 -1 AU R

~ A~ —_— —

where A := (1—t2t")/(1—tt). It is then clear that the two maps commute, (7,7) = (Z,7) ,

since we have [S, T] = 0 . This last relation relies on the parameter identity
stt! =s—t+t", (2.57)
which is a reformulation of the partial fraction identity and is easily shown using
the definitions for s, ¢t and t'.
Our equations are slightly simplified by introducing the parameters
P:=p"4+pq, Q:=¢*, R:=r>, (2.58)

in terms of which a = (P — R)/(P+ R) and b = (P — Q)/(P + Q). By returning to the
reduced forms of the mappings (2.39), (2.51) and eliminating y in a different manner, we
can derive “corner equations” for the evolution. These link z, 7 and Z, or Z, T and 7,

respectively. Thus,

P_ _

< e P R)x - DAR, PHQy (2.59)
q r r q

P — P— ~ P P

( Q_ R)m _ PHRy PrQL (2.50b)
q r r q

We therefore have multiple, consistent equations of motion (2.40)), (2.53), (2.59) all holding

simultaneously on the same variable . Such a set of multiply consistent equations is

precisely the scenario best described by a Lagrangian one-form.

Joint Solutions

The compatibility of the two discrete evolutions and their corner equations allows a joint
solution to the equations, x,,,. We allow m to label the hat evolution, and n to label

the bar evolution, so that * = %y 5, T = Zmi1,n, T = Ty, and so on. We have the

equations of motion (2.40), (2.53)

T+2bx+2=0, T+2ar+z2=0, (2.60)
which have solutions ([2.43))
Ty, = Pysin(pm)+ Pacos(um), with cosp=—b, (2.61a)

rn, = aisin(vn) 4+ agcos(vn), with cosv = —a. (2.61b)
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Now (1, B2 in the full case can depend on n, so that

Tm,m = acsin(pm) sin(vn) + Bsin(pum) cos(vn)

+ 7 cos(um) sin(vn) + & cos(um) cos(vn) . (2.62)

Requiring x,,,, to also obey the corner equations (2.59) imposes conditions on the
constants; the application of some basic trigonometric identities leads to the general
solution

Tmn = a1 sin(um + l/n) + a9 cos(um + Vn) . (2-63)

Note the comparison with the interpolating continuous time solution,
x(t) = c1 sinwT + ca coswT . (2.64)

In a standard continuous limit, it is clear that the commuting discrete flows must degenerate
to a single continuous-time harmonic oscillator low. However, in section we consider
an alternative continuous flow where this may not be true, whilst in section [2.3| we examine

flows of higher dimension where this degeneracy may be avoidable.

2.2.3 Lagrangian one-form structure

Recall the discrete Ruijsenaars-Schneider model discussed in section There we had a
set of variables x; with compatible evolutions in two distinct discrete-time directions ,
, supplemented by constraint equations that govern the compatibility of the flows
(1.47). This structure of two commuting, discrete flows can be described by a Lagrangian
one-form structure. But this is the same scenario for the commuting, discrete harmonic
oscillators: the Lagrangians generating the flows © — Z and = — T , should
form the components of a difference 1-form, each associated with an oriented direction on

a 2D lattice.

The action functional is defined as a sum of elementary Lagrangian elements over an

arbitrary discrete curve I' in the two time variables m, n, shown in figure 2.6
Sl(n);T) = > Li(z(n),z(n+e)) . (2.65)
v(n)er
~v(n) are the unit elements that compose the discrete curve I', such that «(n) corresponds

to the single time-step evolution of the system from time n = (m,n) to time n +e; (where
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e; is the unit vector in time co-ordinate ¢). The usual variational principle demands
that, on the equations of motion, the action Sr be stationary under the variation of
the dynamical variables . In the variational principle for forms, we also demand that
Sr be stationary under variations of the curve I' itself. This principle will lead to the
compatibility of equations of motion and corner equations, under the condition of closure
of the Lagrangians. That is, on the equations of the motion, the action should be invariant

under local deformations to the curve, I' — I'' as shown in figure This requires
0L = Ly(2,2) + Lo(T,T) — Li(F, T) — Lo(2,T) = 0, (2.66)

where this last equality holds only on the equations of motion. (Recall that Lagrangian

closure is a closure around the elementary square, shown in figure )

n n

Figure 2.6: A curve I in the discrete variables, transformed to IV by an elementary move.

In the model we are considering, we already have compatible flows with consistent
corner equations, and so it is natural for us to seek a Lagrangian one-form exhibiting
closure. However, if we naively seek to satisfy the closure relation with simple
Lagrangians of the form (2.41]), we will find that these do not suffice - the closure requires

a specific form for the Lagrangians. We can write a family of quadratic Lagrangians which
generate the correct equations of motion (2.40)), (2.53)),
L, = a( — 2T — (a — a0)1:2 — CLOEQ) , (2.67a)

Ly, = B(—az—(b—by)r* —by7?) , (2.67h)

and apply the closure 0L = 0 to these as a condition.

Recall that closure holds only on the solutions to the equations of motion, so that we
apply the corner equations 1} to OL, eliminating x and 7 to give OL in terms only

of  and Z. Comparing coefficients of the remaining terms and demanding that a,ag and
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B, bg be independent of @ and R respectively, we find the conditions on the coefficients

P+ R r
o =

1
e ap = P+Rf(P)+§“’ (2.68a)
_P+Q . q 1
p= i bo = P+Qf(P)+ 50 (2.68b)

where v is some overall constant, and f(P) is a free function of P. f does not make any
further contribution to what follows, and so we ignore it; let f = 0, so a9 = a/2 and

by = b/2.

This yields the Lagrangians

Lo(z,T) = i(— (P+ R) 2T — %(P—R) (a:2—|—a:2)> , (2.69a)
Lo(2,7) = ;<— (P+Q)ai — %(P—Q) (a:2+§52)> . (2.69D)

By construction, these obey the condition 0L = 0 on the equations of motion, and also
yield the equations of motion (2.40) and by the usual variational principle. This
eliminates a great deal of the usual freedom in choosing our Lagrangian: requiring the
closure condition mandates a specific form for the Lagrangians. As we saw for the two-
form case, the extended variational principle for forms restricts the class of admissible
Lagrangians, so that the Lagrangian itself is in some sense a solution to the least action

principle.

The equations of motion and arise from a variational principle on this
action by construction, but the extended variational principle on the action Sp also yields
the corner equations . As we allow the curve I to vary (leaving the action unchanged)
there are four elementary curves in the space of two discrete variables, shown in figure 2.7
Across each curve, we can define an action, and then a variation with respect to the middle

point, which leads to an equation of motion.

The action for elementary curve [2.7)1) is

S = Lo(x,T) + Lp(T, T) , (2.70)
with Euler-Lagrange equation
a8 .
o= |- (R4 BQ)p — Befy _ IReg| o, (2.71)

which is compatible with the corner equations (2.59)).
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Figure 2.7: Simple discrete curves for variables m and n.

The action for elementary curve [2.7(ii) is

S =L4(2,T) + L4(T,T) , (2.72)
with Euler-Lagrange equation
95 _ P—R— _ P+R =] _

which is equation (2.53)). (i.e. this is a standard Euler-Lagrange equation).

Curves [2.7(iii) and (iv) yield similarly the equation of motion (2.40]) and the other part
of the corner equations . We therefore have, for the specific choice of Lagrangians
described, a consistent 1-form structure, yielding the equations of motion and corner
equations, and obeying a Lagrangian closure relation. The discrete harmonic oscillator,
despite its simplicity, nonetheless has an underlying structure of a Lagrangian one-form

expressing commuting flows: this is the simplest example yet discovered of such a structure.

2.2.4 Invariants

Recall that the discrete evolutions (2.40), (2.53) possess the invariants (2.42) and (2.54)

respectively. It is straightforward to show using the equations of motion that both

invariants are preserved under both evolutions,

L=Tp=10, I,=1I,=1I, (2.74)
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It is not clear, however, that these invariants are necessarily equal: I, has an apparent

dependence on @), and I, on R, that must be resolved.

Taking the special choice of Lagrangians for the one-form (2.69)), we can define canonical
momenta (as discussed for ((1.37))) and rewrite the invariants in those terms. Writing X,

as the momentum conjugate to z in £, and Xj similarly for £p, we find

0L, P+R_ P—R
T + x

X, = — = , 2.75
ox r T ( 8)
0L P R P —
x, = %o _PrQ. PmQ (2.75D)
ox q q

Then, it follows as a direct consequence of the corner equation (2.59)) that X, = X =: X.
In other words, we can define a common conjugate momentum for both evolutions. Writing
the invariants in terms of x and X we find after multiplication by a constant (which clearly

does not change the nature of the invariants) that
Lo 2
I,=1, = §X + 2Pz* . (2.76)

Note that this in entirely @ and R independent, and that it is nothing other than the

Hamiltonian for the continuous harmonic oscillator, with angular frequency w = 2v/P.

Notice that this is dependent on the choice of Lagrangians. A different choice, such
as (2.41), yields different conjugate momenta that are no longer equal, and where also the
equivalence of the invariants is no longer apparent. Requiring equality of the invariants

turns out to be an equivalent condition to demanding Lagrangian closure [110].

To illustrate this, suppose that we again consider the more general quadratic

Lagrangians of (2.67). These are associated to the conjugate momenta

X, = —8;'1 =a(T+2(a —ao)z) , (2.77a)
x
Xy = —% =B(z+2(b—bo)z) . (2.77Db)

Demanding equality of the momenta X, = X}, and comparing with the corner equation

(2.59a)), yields the conditions

P+R P+Q

v, (2.78a)

&
26(b—bg) — 2a(a — ag) = ( — > v, (2.78b)
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for some constant multiplier v. Supposing we again require £, and L to be @ and R

independent, respectively, the condition (2.78b] reduces to the requirement

1 1 r
ag = §a+§P+Rf(P)’ (2.78c¢)
b = 2b+—1 _¢(p (2.78d)
O 7 2" TPt ’ '

for f afunction of P only. But these are precisely the conditions on «, 3, ag and by that were
required for the Lagrangian closure (2.68)). Requiring the canonical momenta to coincide is
an equivalent condition to the Lagrangian closure. Note that we could alternatively have
demanded equality of the invariants I, and I, (up to an overall constant), which yields the

same conditions on the coefficients in the Lagrangian.

2.2.5 Commuting Continuous Flows

In the same way as the parameter b generates a continuous flow compatible with the discrete
evolution (2.47)), so we can find a continuous flow in the parameter a. By manipulating
the solution to the bar evolution (2.53)) (analogously to (2.46])) we derive the semi-discrete

equations

dx n . dx n
da o@D gy = gl 27

leading to a differential equation for x as a function of a,
(1-a*)=—5 —a— +n?z=0. (2.80)

The joint solution guarantees the compatibility of the a and b flows with the
commuting discrete evolutions. Recall that in terms of the lattice parameters a is given
by a = (P — R)/(P + R), such that the singularities of at a = £1 correspond to the
limits on the lattice variable R — 0 and R — oo - that is, the lattice either collapses or is

stretched to infinity.

The compatibility of the continuous flows can be further verified by checking the relation

0 0dxr 0 Ox

using (2.46) and (2.79). Adopting the shorthand for velocities z}, := dx/db, the continuous

time-flows are generated by the usual Euler-Lagrange equations on continuous time
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Lagrangians of the form

1
Ly(z,zp) = —/1—-02x} —

2.82
5 (2.82a)

1
LQ(LU,IL'G) = % 1-— CL2 I’g — 2\/%1'2 . (282b)

Using the corner equations (2.59) these Lagrangians exhibit continuous multiform

compatibility, obeying the relations

0L, 0L, 0 (0L,\ O (0L
Ox,  Oxp ' 8a<6x>_8b(8x> ' (283)

So, by considering the discrete parameters a,b now as continuous wariables, we find a

continuous-time 1-form structure [125] [126].

As in [26], the harmonic oscillator continues to display surprising new features. On the
discrete level, we discover compatible flows that can be expressed through the structure
of a Lagrangian form, even for this very simple case. This deeper structure then extends
beyond the discrete case also into compatible continuous flows and we have an interplay

between these discrete and continuous one-form structures.

2.3 Longer periods

The periodic reduction defined in section is part of a more general family of periodic

staircase initial value problems [24, [80] [88]. In general, we define 2P initial conditions,

ag, a1, - - -, asp_1 such that ag = asp_1, along a staircase as shown in figure . The linear
lattice equation (2.3)) defines a dynamical map (ao,a1,...,a2p—1) — (Go,a1,...,a2p—1).
As before, we introduce reduced variables x1,...,xp_1, y1,...,yp_1 and can eliminate the

y; to give a P — 1 dimensional system of second order difference equations in terms of the

x; variables.

The P = 2 case yields a one dimensional mapping that is entirely equivalent to the
case we have considered in section except the lattice parameters combine in a slightly

different way to give the coefficient of the harmonic oscillator.

The P = 3 case is the next case of interest, as here we find a system of coupled harmonic
oscillators in z; and x2, with two commuting invariants, and a similar commuting flow

structure.
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Figure 2.8: The periodic staircase for period P.

2.3.1 P = 3 Discrete Flow

As in section we can derive equations for a discrete flow. We begin with the initial
value problem on the staircase for lattice variables ag,...,as, as in figure 2.8l Applying
the lattice equation (2.3) we have the mapping {a;} — {@;},

Qi1 = G2; , 2; = a1 + s(azit2 — az;) . (2.84)

(s is given in (2.37)). We can then define reduced variables, as before, but due to the

increased degrees of freedom of the system we require four reduction variables,

Tr1=a2—ay , YL =4az—ai,
Y (2.85)
To=as—as , Ys=das—as,
in terms of which the mapping equations (2.84]) become
/\1 = x2 5 /-75\1 = 1 — S xl i x2 ,
’ Y ( ) (2.86)
Yo = —(z1t+z2) , T2 = y2—s(1+229).

By eliminating y;, we derive paired equations for a discrete flow in variables x1 and x2,

T1+Zo + T+ S(2$1 + xg) = 0, (2.87&)

Tot+z1+x2+s(xr+2x2) = 0. (2.87b)
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These are an entangled pair of discrete harmonic oscillators.

Now, the equations (2.87) can be generated as discrete Euler-Lagrange equations from
a Lagrangian

L(SC, /l‘\) = —.731(/1‘\1 + /.T\Q) - 1'2552 — S(ZL‘% + 129 + l’%) 5 (288)

which is sufficient to prove this is a symplectic map. Note that the Lagrangian above

produces canonically conjugate momenta,
Xi=pt+y, Xo=y2. (2.89)

In particular, y; is not canonically conjugate to x;. We have the symplectic structure

dz; A dX; = dz; A dX;.

Writing the vector X = (1, 22,1, ¥2)", we can pose the map (2.86)) in a matrix form,

—S S 1 0

_— -s —25 0 1

X=AX, A= (2.90)
0 1 0 0
-1 -1 0 0

As the map is linear, we seek quadratic invariants. These have the form I = XTJX for

some matrix J. The condition for invariance is then

~

I =1,
= XX = xTJx, (2.91)
= ATJA = J.

By writing the matrices A and J in 2 x 2 block matrix form,

S| Ji | T
A= . J= : (2.92)

E|0 J3 | Ju

and using the condition (2.91)) we are able to find two independent matrices Jy, Jo
satisfying the conditions, and hence two independent invariants of the mapping. After

some simplification, these have the form

L = my —21y2 + 22291 + 22Y2 (2.93a)

Iy = 23 +23+ 97 +y5 +x1me +y1y2 — s2x1y1 + 2192 + T2y1 + 272y2) (2.93D)

It is straightforward to check using the mapping equations QD that IA1 = I; and fg = I.
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Additionally, the conjugate momenta ([2.89)) define Poisson bracket relations which are

preserved under the mapping,

Zy, = -1 3 Iy, =0 )
{z1,01} {21, 92} (2.04)
{zo, i} = 1, Az} = 1.
With respect to these the two invariants are in involution,
{I1,Ib} =0. (2.95)

So this map satisfies the standard criteria for an integrable map: it has sufficient invariants

in involution. This symplectic structure is also preserved under the mapping.
Rearranging the mapping equations (2.87), we can write

1 s I —Xr9 — 28@\2 — :.:U\\Q
= : (2.96)

s 1 1 T2 + ST

This allows us to eliminate x; from the equations of motion and derive a fourth order

ordinary difference equation for xo,
(T2 + 2) + 35(T2 + 22) + (1 + 35222 = 0 . (2.97)

Seeking solutions of the form zo = A", we find that the auxiliary equation is solvable,

giving four solutions )\f, where

1/2
Ai__ZSiT/l_ZS + (—4sj:21/1—43 —1| . (2.98)

Using (2.96) to write x; in terms of z2, we can express solutions to both in terms of AL.

za(m) = ANP+ B +CX" + DX, (2.99)

~1

n(m) = <A(s>\;1 + 14824+ 25A + AN}
+B(sAy +1+ $? + 23)\11 + )\12))\;’"
FO(SAZ! + 14 8% + 2sA- + A2) A7

FD(sA- 4+ 1+ 824 2507 £ AT (2.100)

Thus an explicit solution to the discrete system exists.

An area for further investigation would be to consider whether these solutions exhibit
compatible continuous flows by differentiation with respect to the parameter s, following

the continuous parameter flows for the simpler model of section [2.2.5
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Commuting Discrete Flow

As in section we can also derive a commuting discrete flow for the evolution.
Beginning with the a;, and extending in a third, “bar” direction with lattice parameter
r (similarly to figure application of the multi-dimensional property of the linear lattice
equation (2.8)) gives

azi+1 —az; = t(az —a2i+1) , ti=b
where b (2.101)
agi — agip1 = t'(a2it1 —a2i) , t=11

In terms of the reduced variables (2.85)) these produce the equations

Ti—(p—y) = —tler— (T — 7)), (2.102a)
Ty —y2) = —t(xa—T7), (2.102b)
Ttr = —t'(yp+7), (2.102¢)
Yotartae = —t(y2+T1+72). (2.102d)

Finally, by eliminating y; we derive paired second order difference equations for the z;

variables,

(14 t)(T1 4+ 2,) + To + ttzy + (t + ) (201 + 22) = (2103)
(L+t) (T2 + 2o) + T + a7 + (t+ ) (21 +222) = 0.
Comparing these with the “hat” equations of motion , we are then naturally interested
in their compatibility. This “bar” evolution technically represents a Backlund

transform of the discrete system (2.87) with parameter r.

Note that the equations for the commuting flow (2.103) arise as Fuler-Lagrange

equations from a discrete variational principle on the Lagrangian
L(2,Z) = —(1 + tt') (2171 + +22T2) — 1T2 — tt'woTy — (¢ + t’)(x% + 2129 + x%) . (2.104)
This guarantees that the map is symplectic.

Recalling the vector X (2.90)), we can write the mapping equations (2.102)) in a matrix

form
1 0|—-t t —t 0 1 -1
0O 1[0 —t [|__ 0O —-t| O 1
X = X, (2.105a)
t 0|1 0 -1 0 |-t 0
vl 0o 1 -1 —-1| 0 -t

= BX = CX. (2.105b)
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Comparing with the matrix A encoding the map {X} — {3(\} 1) we find that the

matrices commute, [B~1C, A] = 0. Since the matrices generating the maps commute, so

do the maps themselves (as in (2.55])).

Additionally, considering the matrix form for the invariants in (2.91)) we can describe

the evolution of I (2.93a) and I3 (2.93b) under the commuting flow by
I=X'JX =XxB'0)'JBcX . (2.106)

But a calculation shows that for both choices of J we have (B~'C)TJB~1C = J, and
hence the invariants are also preserved under the commuting flow, I1 = I, Iy = I>. Since
the invariants of the “hat” evolution are also invariant under the “bar” evolution, we again

have two invariants and integrability for this second evolution ]

One-form structure

By eliminating the y; from the reduced equations (2.86) and (2.102) in a different
combination, we can derive corner equations for the x; variables under the hat and bar

evolutions,

ey = (1—t) (221 + T2 —Ta) — (2 + )71, (2.107a)
Sty = (1—tt) (21 +Z2+7T1) — (1 +2tt)T2 (2.107b)
3T = (1—tt) (T + 71 —T2) — (1+2t)7 (2.107c)
31Ty = (1—tt)(—Z1 + T + 2T2) — (24 1) 7o . (2.107d)

As in the one dimensional case of section [2.2.3] the existence of compatible equations of

motion (2.87)), (2.103)), (2.107) on the variables z; suggests a Lagrangian 1-form structure.

Seeking a closed form of the Lagrangians (2.88)) and (2.104)), we take the choice

Ll(x,f) = *561(/‘%\1 + /$\2) — T9To
—%s(w% +z1my + x5+ T2 4+ T + f%) , (2.108a)
1+t
LQ(ZL‘,E) = —%tt/(iclfl + $252) — 1—7tt’(m1§2 + ttlfvzfl)
1t++¢
51 (x% + 2172 + 25 + T3 + T1T2 + Tg) 5 (2.108b)

2Technically, we must also show involutivity of I;, I> with respect to the canonical structure of the bar

evolution. However, this will follow from the one-form structure.
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such that for these Lagrangians the closure property holds on the equations of motion

287, [@.103), @.107),

0L = L1(2,8) + £2(2,7) — £1(7,T) — La(2,7) = 0. (2.109)

Note that this closure depends on the parameter identity (2.57). The Lagrangian 1-form
structure then has a multiform variational principle which produces all the equations of

motion, as described for the one-dimensional case in section [2.2.3]

Notice the symmetrical form of the potential terms in the closed form Lagrangians
which appears to be a feature of such discrete Lagrangians (compare, for example,
(1.484), and [125]). Also, note that the closure determines the relative scaling
between the two Lagrangians and (2.108D)), fixing much of the usual freedom in

choosing a Lagrangian.

The Lagrangians (2.108al), (2.108b) define the momenta conjugate to z1,z2 by the

usual formula X; = —0L1/0z;, so that
X1 =71 +7Zo+ %S(Z’El + .TQ) , Xo=1T9+ %S($1 + 2$2) R (2110)

with respect to which we have the invariant Poisson structure {x;, X;} = d;;, preserved
under the mappings. We could also write expressions for the momenta X; using the second
Lagrangian Lo; equality of these expressions is given by the corner equations . The
invariants can then be rewritten in terms of the momenta X; ,

L = 1 X1 —2x1 X9+ 229X — 22X5 , (2111&)
L = X{—-X1Xo+ X3+ (1-35%) (2 + 2120 +23) . (2.111b)

The canonical structure yields involutivity of the invariants, {I1,Io} = 0. The invariance
and involutivity of these can be shown by direct calculation, also guaranteeing integrability

for both maps.

In the simple, one-dimensional periodic reduction, we faced the problem that there
were no longer meaningful commuting flows in a continuum limit, due to the insufficient
number of degrees of freedom: in a continuum limit the commuting flows must ultimately
coincide. For this period 3, two dimensional example, however, we expect this limitation
will no longer be a problem. We have two commuting, independent invariants that
are generating Hamiltonians for two commuting, continuous time-flows. An outstanding
problem is to derive an appropriate continuous Lagrangian one-form structure for these

flows, perhaps in a continuum limit from the discrete structure.
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2.3.2 Lax Pair

It seems probable that the one-form structure can be generalised for a staircase of arbitrary
length 2P (figure . However, an important aspect of the integrability of the maps is
the presence of a sufficient number of invariants: a staircase of length 2P produces a P —1
dimensional map, and hence integrability requires the existence of P — 1 independent

invariants in involution.

A Lax representation for the staircase reduction can be derived from that of the linear
lattice equation (2.17)), (2.18) (compare with previous work on staircase reductions from
the lattice KdV equation [24] 88| [91]). Recall the staircase configuration of figure and

define the general reduction variables by
Ti = A — (2342 , Yi = A2—1 — 2441 - (2.112)

The linear lattice equation causes the a; to evolve according to the mapping (2.84]), which

leads to the equations of motion
Tj=yjr1+s(@jm — ), Yj=1x;. (2.113)

It is these equations that we wish to capture in a Lax pair.

azj L a2j+1
M M
. = azj+a = a2j+41
azj L :

| =

| M

:

1

U/\

a2j+2

Figure 2.9: Two alternative routes through the lattice. The bold line and the dashed line

must be equivalent.

Consider the two alternative routes along the staircase shown in figure 2.9] and the
linear lattice Lax pair of section There are two alternative combinations of the Lax

matrices, according to the bold or dashed routes through the lattice, yielding the equality

MML = MLM . (2.114)
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This follows as a straightforward consequence from the zero-curvature condition (2.18).
Using the factorisations of the Lax matrices (2.17)), and recalling the definitions of x;,y;

(2.112)), we therefore have
QX[ PY;QA Agj 1 = QALY Agj 1 Qe X, PrY; (2.115)

in which we have introduced notation for the upper triangular matrices,
X = , Y= , A= . (2.116)

The equation (2.115)) simplifies significantly as we identify the Lax pair for the mapping

reduction,

—~ 1 yj+ sz
Lj = @kX]PkY; s Mj = QkAgj Agj_l = Qg 0 . , (2.117&)

(where we have used (2.113]) in the expression for M;) in terms of which (2.115) becomes
LiMj = M;1L; . (2.117b)

This Zakharov-Shabat condition generates the equations of motion for the mapping as a

compatibility condition.

In general for an integrable system, it is then possible to extract invariants from such

a Lax pair by the construction of a monodromy matrix,
T(k*) = LpLp_y...LaL; . (2.118)

The Zakharov-Shabat condition guarantees the preservation of the spectral data of
T'(k?) under the map. However, for the linear reduction mapping, these spectral data are
trivial: no invariants are encoded. Indeed, this Lax representation is closely related to that
of the reduction from the lattice KdV equation (which will be considered in chapter 4),
which encodes not only the invariants, but also has an r-matrix structure which is sufficient
to demonstrate their involutivity; but in the linearisation this r-matrix structure is also

lost.

Recall the alternative Lax formulation for the lattice equation as the linear limit from
the Lax pair of the lattice KdV equation (2.23). On this level, the reduction equations
and Lax representation appear at first order in the linearising parameter 7. However, the

invariants of the reduction are quadratic: they appear at quadratic order in 7 as the limits
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of the non-linear invariants, and similarly at quadratic order in the Lax pair. This may
explain why the invariants are not easily encoded in the Lax structure for the linear model:
in the limit they appear at a different order. Nonetheless, the invariants do exist, and it
is possible that they retain the independence and involutivity of their parents in the non-
linear case, but this remains to be shown. It is possible that the one-form structure may

be a viable alternative for exploring the integrability of this model.

2.4 Summary

By considering the linearised lattice equation that arises naturally from the ABS list,
its multi-dimensional consistency and Lagrangian structure, we have found a “simplest
example” of a Lagrangian 2-form structure. There is a choice of Lagrangian for the
lattice equation that possesses the closure property on the level of the multi-dimensional
equations, leading naturally to the multi-form variational principle for lattice equations.
The family of multi-dimensionally consistent lattice equations arise from an action that
must be stationary both under variation of the dependent variables and under variation
of the surface itself. Furthermore, we have seen that the quadratic Lagrangian 2-form for
lattice equations is almost unique; the class of admissible Lagrangians is restricted by the

closure requirement.

The multi-dimensional consistency of the linear lattice equation led to a mnovel
perspective on the mappings that arise from periodic reductions of the lattice. Applying
a periodic boundary condition led to a discrete harmonic oscillator which, by exploiting
the multi-dimensional consistency of the parent lattice equation, was found to have a
commuting, discrete flow. These commuting flows can be expressed in a Lagrangian 1-
form structure, which is equivalent to the maps possessing a shared conjugate momentum.
The Lagrangian 1-form captures the full set of equations of motion through a least action
principle, varying both dependent variables and the time curve of the evolution. Due to
their joint solutions, these commuting, discrete flows also have compatible continuous flows

in a regime where discrete variables and continuous parameters exchange roles.

The reduction can also be extended to higher dimensional cases by lengthening the
periodic initial value problem on the lattice. We examined the next case (in two dimensions)

as an example, deriving the Lagrangian 1-form. Although this family of reductions have a
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local Lax pair inherited from the multi-dimensional consistency of the lattice equation, an
outstanding problem is to encode the invariants of such mappings on the level of the Lax

pair and hence relate the Lax problem to the Lagrangian form structure.
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Quantum Multiform Structures for Linear Models

The development of the multiform variational principle is an important step forwards in the
study of integrable systems from a Lagrangian perspective, both for evolutionary systems in
the one-form case [18, [110, [125] 126] and for two-dimensional (particularly lattice) models
in the two-form case [62165]. These multiform structures capture the aspect of multi-
dimensional consistency for integrable systems, parallel to the commuting Hamiltonian

flows that have long been understood.

So far, the Lagrangian multiform structure has been used to describe the classical
mechanics of integrable systems, but it is natural to speculate about the quantum
analogue of these constructions. Canonical quantisation of integrable systems depends
on the classical invariants becoming commuting Hamiltonian operators, but a Lagrangian
approach to quantisation means a path integral, or sum over histories, approach [27) 28,
30, B7] - and as early as in [27] Dirac claimed that the Lagrangian formulation is the
more fundamental approach. The classical principle of least action becomes a sum over all
paths, with the action dictating the phase. For Lagrangian multiforms, the least action

principle involves a variation over the underlying geometries of the independent variables;
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we might wonder how the Lagrangian closure and variation of surfaces, which manifest the

multi-dimensional consistency of integrable models, will appear at the quantum level.

In chapter 2 we explored discrete, linear models with a Lagrangian multiform structure:
the linear lattice equation and the harmonic oscillator. But, the harmonic oscillator is the
essential toy model for quantum mechanics; the path integral can be calculated explicitly for
quadratic Lagrangians using straightforward methods. For the discrete harmonic oscillator
we can also avoid the problematic infinite time-slicing that is inherent to path integral
methods. In this chapter we make use of the toy models of chapter 2 to consider how the
multi-dimensional properties of the Lagrangian multiform manifest in a quantum setting.
For the discrete harmonic oscillator, we find in section that the natural propagator for
the Lagrangian one-form is independent from the path taken in the discrete time variables.
That is, it depends only on the end-points. This is a quantum analogue to the Lagrangian
closure condition. We also find that this is uniquely true (in the quadratic case) for the
Lagrangian one-form structure of chapter 2. In section we extend these ideas to the
lattice two-form case and find similar results. We define a propagator over a surface on the
lattice that, for the linear two-form, is independent of variations of the surface, depending
only on the boundary. This can also be viewed as a quantum analogy for Lagrangian
closure and, similarly to the one-form case, this holds uniquely for the linear Lagrangian

two-form of chapter 2.

3.1 The Quantum Reduction

From the earliest works on creating a Lagrangian approach to quantum mechanics, the
harmonic oscillator has provided the key example [27, [36]. In chapter 2 we found that,
by exploiting lattice multi-dimensional consistency, we were able to construct commuting
discrete flows for the harmonic oscillator and therefore to endow the model with a discrete
Lagrangian one-form structure. The discrete harmonic oscillator is therefore an important

toy model for exploring the quantisation of the Lagrangian one-form.

Rovelli in [94, ©5] also tackles path integral quantisation of a discrete harmonic
oscillator; although he considers reparametrisation invariant discretisations, whereas we
proceed from what is essentially a Béacklund transform. Nonetheless, there are important

similarities, such as the preservation of the energy of the continuous model even in the
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discretisation.

3.1.1 Feynman Propagators

Consider the simple discrete harmonic oscillator model of section The commuting
flows of this model were described by a Lagrangian-type generating function (2.69) which
has a one-form structure,

P+Q . P—-Q
_ 7 —
q 2q

Ly(x,Z) = (2 +7?%) . (3.1)

Recall that, of the possible quadratic Lagrangians generating the discrete model, the

Lagrangian one-form is almost unique. The Lagrangian defines conjugate momenta

P P-
X = -% = ZQf+ qu, (3.2a)
—~ P P—-0Q .
X= % - ;Qx— qu, (3.2b)

which are equivalent to discrete Hamilton’s equations.

In canonical quantisation, position x and momentum X become operators x and X,
with equal time commutation relations [x, X] = ¢h. The momentum equations (3.2]) become
operator equations of motion,

2P q o
—P_Qx— P—QX’ (3.3a)

X—x =

4Pq - 2P o
P—-qQ P—-qQ

0

~X = (3.3b)

In continuous time quantum mechanics the principle object of interest is the Schrédinger
equation, with the operator equations of motion playing a more secondary role. In the
discrete regime, however, the Schrodinger equation is no longer relevant, and so it is
these operator equations of motion that become the primary objects of study. We make
some assumptions on the Hilbert space, such that these operators have complete sets of
orthogonal eigenfunctions; since the system is in essence the harmonic oscillator these are

not difficult assumptions.

To understand the discrete time evolution, we express the Hamilton’s equations (3.3
in terms of a time-evolution operator Uy. As in ([1.71]), we require

x = x=U"'xU,, X—=X=UXU,. (3.4)
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This is a “canonical” approach to discrete quantisation, see for example [74]. Comparing

equations (3.3]) with (3.4), and using the conjugations ([1.75]), it is not hard to see that an

appropriate choice of Uy is given by

Uy, = e=iV00/2h=iT(X)/h =iV (x)/2h (3.5a)
—iPx? —igX? —iPx?
- <hq> P (271(P+Q)> exp( hg ) 13:50)

In other words, a separated form for Uy, exists, but it is required to have three terms. This
contrasts with previous one-dimensional examples in the literature, where two terms are
normally considered sufficient (see (1.74))) [74]. Note that (3.5) is not a unique form for

Up; it can alternatively be written

U, = e—iT(X)/%,e—iV(x)/he—iT(X)/%,’ (3.6a)
—iX? —2iPgx? —iX?2
= o (G ) () o (e ) o

but when working in position space we will find (3.5)) a more helpful form.

We use bra/ket notation to write |z) as the eigenstate for the position operator x, so
that x|z) = x|z). A subscript |x),, indicates Heisenberg picture states with a dependence

on the discrete time variable m. The propagator for a single, discrete time-step is
Ky(z,m;Z,m+ 1) = 1 (Z|a)m = (Z|Up|2) , (3.7a)

where we have moved in the second equality from time-dependent, Heisenberg picture

eigenstates to time-independent, Schrédinger picture eigenstates.
Since we have an explicit form for Up (3.5, we can calculate the propagator,

(E\Ub\@ _ </x\‘e—i\/(x)/2f‘ze—z'T(X)/?’ze—i\/(x)/271@)7 (37b)

e~V (@)/2h 3 g IT(X)/h| ) =iV (@) /2D (3.7¢)

Making some assumptions on the Hilbert space we insert a complete set of momentum

eigenstates,
(Z|Uplz)y = /dX<5|X><X\:c) exp [; (—T(X) — %(V(i:\) + V(x)))} ) (3.7d)

=~ [axexp [Z (2(_QX2—X(EE—x)—P(x2+§:\2)>] . (3.7¢)

2rh h\2(P+Q) q
_ (P+Q 1/2 i P+Q . P-Q o 4
= < 2mihg ) exp [h <— . xxT — 5 (x°+72 ))] , (3.71)
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where the last equality results from a Gaussian integral. The linearity of the model justifies
taking the integration region over the whole real line. But, it is clear to see by comparison
with the Lagrangian (3.1 that this is simply

(#(Uy|z) = (1; W;fj) Y {;Lb(@«, f)] . (3.8)

This is what might be expected for a “one-step" path integral (such as in [38 40])
noting that this approach has also specified the normalisation constant. As early as
Dirac’s paper [27] it was shown that the Lagrangian appears in such a way for quantum
mechanical systems, but here for the discrete evolution we have recovered precisely the

chosen Lagrangian one-form.

This is sufficient to define the discrete-time path integral. By iterating the one-step

propagator (3.8) over M steps, we can write the propagator for the discrete system,

. (P Q\M? e = iS[zm]/h
Kb(l’(), 07 TM, M) - < 27_‘_th ) /Oo anl dﬂ:‘m € ) (39)
with action
M—1
Slam] = > Lo(Tm, Tm1) - (3.10)
m=0

In this discrete case, equation (3.9)) gives a precise definition to the path integral notation

x(M)=x )
Kaoo. i, M) = [ [Da(m)] eSletml/ (3.11)
z(0)=xzo

Notice in particular that the normalisation associated to the measure is unambiguous. We

can deduce a similar expression for the bar evolution with parameter a.

Calculating the Discrete Propagator

We define the discrete-time path integral propagator in equations (3.9) and (3.10). In the

quadratic regime, we can now calculate this explicitly.

Since we are working with a quadratic Lagrangian, we begin the evaluation (as in the

continuous case [37]) by expanding z,, around the classical solution,
T = T + Y (3.12)

where z¢ is the classical solution, and 1, is the quantum deviation from the classical

trajectory, with the endpoints fixed so that yo = yas = 0. The action is expanded in a
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Taylor expansion, which separates for quadratic Lagrangians,
Slz] = 8[z7 +y] = S[rg] + Slym] - (3.13)

As in the continuous case, the path integral separates into a part depending on the action

of the classical path, and a path integral with no dependence on the endpoints,
y(M)=0

Ky(w0, 05207, M) = exp [;5[1‘%]] /( ) Dly] Swml/h (3.14)
y(0)=0

These two parts can be evaluated separately.

First, we evaluate the classical action for the path beginning at xg, and reaching x s
after M time steps. Recalling the discrete equation of motion (2.40)) and classical solution

(2.43)), and applying the boundary value problem, we rewrite the classical trajectory as

1
Ty, = Sin i (zarsin pM — g sin p(m — M)) (3.15)

where b = — cos p1. Substituting (3.15) into the action gives
M—1

P P —
S = Z <_ ki C255m-’£m+1 - c (ern + x?n—&—l)) ) (3163“)

— q 2q

VP
= o T [(:1:% + 2%,) cos uM — 2wz ] (3.16b)
where we have used the identities
P — 2qV P

cospu =—b= P-Q inp= qVP (3.17)

P+Q’ - P+Q°
and made extensive use of trigonometric formulae to reach the second, simplified, expression
(13.16)). Notice two things about this result. First, there is no explicit ) dependence in
Se; all @ dependence is contained within the parameter p, which only appears as puM.
Second, the structure is identical to the classical action in the continuous case, in the limit

uM — WT.
It is left for us to evaluate the discrete path integral for the quantum deviation,

. y(M)=0 ,
Rri(0,0) = / Dlypn] Slml/n (3.18)
y(0)=0

In the discrete case, we can consider this via a time slicing procedure without needing to
worry about the problematic shrinking to zero. Following the propagator definition (3.9)),

we have
En(0.0) =4 [ ... [y
M-—1

X exp {hzq Z (—(P + Q)YmYm+1 — é(P — Q)2 + y3n+1)) } , (3.19a)

m=0
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where A := [i(P + Q)/27hq]'/? is the normalising factor appearing in 1 , and yg =
yy = 0. This expression is quadratic in all ¥, variables, and so can be evaluated as a set
of M — 1 Gaussian integrals. This is most easily achieved by writing the equation in a

matrix form (as in [99)], for example). We define y = (y1,...,yn—1), in order to write
K(0,0) = J/M/dMly exp(—yLoy) , (3.19b)

for o a symmetric, tri-diagonal matrix,

P—
6 12
_iP+Q) | 12 55 (3.19¢)
Z S
12 755

As o is symmetric, it can be diagonalised by a unitary matrix V, so that o = ViepV, and

the vector becomes £ = Vy. The propagator is then

K (0,0) = JVM/dM_lf exp(—€&Topé) (3.19d)
M-1
= M H A / where o, are the entries of op , (3.19¢)
M 1)/2
= JVMi (3.19f)

Vdeto

and hence it remains to calculate deto.

o is a tri-diagonal matrix. Let X, be a determinant for a general tri-diagonal matrix,

X, = . of size n X n . (3.20a)

The determinant is found by forming a recursion relation on the size of the matrix.
Performing the cofactor expansion and solving the resulting discrete system, we find the
determinant

Xn:27

A? —2B? n—1
I 2 2
<A+m> (A+\/A 43)

+ (A - %) (A AR 4B?)n1] . (3.20b)




CHAPTER 3. QUANTUM MULTIFORM STRUCTURES FOR LINEAR
72 MODELS

For the matrix o (3.19¢]), we have A = (P — Q)/(P + Q) = cosp and B = 1/2, so that
VA% — 4B? = jsin . This leads to significant simplifications of the above expression, so
that

M-1 .
deto = (P+Q> sinpM- (3.20c)

\ 2ihg sin
Putting this together with the normalisation constant .4 (3.8]), we have the propagator
for the deviation

- P 1
Rar(0,0) = |2 1Q s

. . 3.21
2mihq sin uM ( )

With the classical action (3.16)) we therefore find the propagator for the discrete harmonic

oscillator,

\/F )1/2

Ky(20,0; 20, M) = <mhsmuM

iv P

X —
P sin uM

((m% + 2%;) cos uM — 25603:M)] . (3.22)

Note that this has the same form as the propagator for the continuous time harmonic
oscillator. Dependence on the parameter b is evident through cos u = —b. We note, then,
that the propagator is common to the discrete evolution and its interpolating continuous

time flow.

3.1.2 Quantum Invariants

Using the operator equations of motion (3.3)) it is easy to see that the discrete harmonic
oscillator has an operator invariant given by

I, — ~X2 4 2Px> — hQ—aQ + 4Pz’ (3.23)
= — X = — — .
b= 2 522 )

where we have taken the standard position space representation for the momentum X =
—ih 0/0x. This invariant is, of course, simply the operator version of the classical invariant
, and is precisely the Hamiltonian for the continuous time harmonic oscillator, where
4P = w?.

The invariant can also be considered from the perspective of path integrals and the time
evolution operator following the method of [40], where the authors investigated quantum
systems possessing invariants under a one time-step path integral evolution. We begin by

considering the evolution generated by Lagrangian £;(x,Z) (3.1). We know this has a “one
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time-step” propagator given in (3.8]). A wave-function v,,(z) evolves in discrete time under

this transformation according to

Unia(8) = A [ dzexp (;Lb@c, f)) Ymlz) (3:01)

with ./ the normalising constant. To look for an invariant we desire v, and 9,41 to be

solutions of the same eigenvalue problem, with the same eigenvalue:
Myt() = Em(z) = Mati1 (3) = B (3) - (3.25)

M, is a differential operator, and we restrict to considering the second order case,

2

0 0
M, = p0($)@ +p1($)% +p2(z) , (3.26)

for pi(z) some functions of  which are to be determined. The quadratic restriction is

justified as we are seeking an invariant of the form (3.23]). Now,

Bmir () = N / exp <;Lb(m,:§)) Ep(2)da | (3.27a)
- / exp <;Lb(a:,fc\)> (Mo (x)) dz | (3.27h)
_ // <M$ exp (;Lb(m,é:\))) bm(@)dz + 5, (3.270)

where M, is an adjoint to M, constructed under integrations by parts, and S is the

resulting surface term,

_ 8? )
M, = ) opo(x) — Iz opi(z) + p2(z) , (3.28a)
S = [poe™pl, — (poe™ ™Y apy + prelip, | (3.28b)

If we assume 1, and ¢/ vanish at infinity (a reasonable physical assumption) then the

surface term S vanishes.

We can also write,

Etmir(3) = Mathmir(3) , (3.200)
_ WL(Mgexp (;Lb(x,i?)>>@bm(x) dz . (3.20D)

So, comparing (3.27¢) with (3.29b)), we require

M, exp (;Lb(x,§)> ~ Myexp (;Lb(x,fﬁ)> . (3.30)
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Following the analysis in [40], and using the given Lagrangian ({3.1)), we find this can only

hold under the restrictions

po(x) = —h2Cy, pi(x) =0, po(x) =4PCox? + Csy , (3.31)
so that
2 82 2
M, = Co [ 122 +4Pa?) + Cy . 32
C()( hax2 x) Cy (33)

This is precisely the Hamiltonian for the harmonic oscillator. In terms of the operator
invariant (3.23)),
M, =2CI, + Cy (333)

or in other words we have precisely the invariant I;, which is in accord with the invariants

found in [40].

The invariant I, (3.23) is further related to the evolution operator Uy, (3.5]) in principle

by a Campbell-Baker-Hausdor{l expansion [87, [115]; an explicit form is given by algebraic

1 ivP
P arctanh (q) Ib] . (3.34)

So it can be clearly seen how the discrete quantum evolution relates to an interpolating

manipulation [56],

Up = exp [

continuous time-flow via these alternative expressions of the unitary time evolution

operator.

3.1.3 Path independence of the propagator

In equation (3.22) we established the propagator for an evolution in one discrete time
variable. But recall that in the classical case there are two compatible discrete flows: the
bar and hat evolutions. These can be viewed as two discrete time evolutions. In the same
way as the hat evolution, the bar evolution is characterised by a Lagrangian £,(z, T) ,

P+ R P—-R

r 2r

Lo = (2 +7%), (3.35)

with time evolution generated by an operator U, as in (3.5)). This leads to a one time-step
propagator similarly to (3.8]),

_ P+R\'? Ti _
Ky (z,7;1) = (27rihr> exp [hﬁa(:v,:v)} . (3.36)

Noting that the invariant I, (3.23) is independent of ¢, it is clear that the bar evolution

shares the same invariant, I, = I,. We remark that, as we have here a second time direction,
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we might plausibly introduce a second h parameter. We ignore such considerations for the

time being and allow A to be the same in both time directions.

In general, if we begin at a time co-ordinate (0,0) and evolve along integer time co-
ordinates to a new time (M, N), the propagator could depend not only on the endpoints,

but also on the path I' taken through the time variables (see figure . We associate to
the path an action 8p := 8[z(n); '] (2.65)),

Sr= Y Li(z(n),z(n+e;)), (3.37)
v(n)er

where the summation takes place over unit elements y(n) of the discrete time curve T,

each of which is associated to a single Lagrangian £;(z(n),z(n+e;)). We can then define

a propagator for the evolution along the time-path I', made up of the one-step elements

B3, (36)

Kt (24, (0,0); 23, (M, N)) :z,/i/p/ IT deman exp [;sp[x(n)]] , (3.38)
(m,n)er

where the integration is over all internal points x,, , on the curve I'. Here .47 represents the
product of normalisation factors from the relevant elements of (3.8]), (3.36)); the selection

of the constant 41 is explained in appendix [A]

Consider the simple case of an evolution of one step in each direction. There are two
routes to achieve this, shown in figure 3.1l Either we evolve first in the hat direction,

followed by an evolution in the bar direction, or vice versa.

In path (i), we evolve first according to the hat evolution Ly, and then according to
the bar evolution £,. The propagator is
A (PHQPHRN - e
K (z,7) = < i) g - dz exp 5 (Lb(x,:v) +La(x,:1:)) , (3.39a)
B < (P+Q)(P+R) I/QQXP i[(P+Q)(P+R) ~
- )

2mih(P — qr)(q +r AP =g)g+n "
+} (P(Q+T) B P—Q’I"> ($2+;2):|} 7 (339b)

2 P —qr q+r

where we have substituted the Lagrangians (3.1), (3.35) and made use of the Gaussian
integral. Notice that K is totally symmetric under interchange of the parameters q and r.
This symmetry makes is very straightforward to evaluate the propagator for the alternative

path, (ii).
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T Lb(§7 %> %

Q- .
Lo(w,T) L L4(3,7)

° —cY

z Ly(x,T) z

m

Figure 3.1: The solid line shows path (i) for K, and the dashed line path (ii) for Kr. The

white circles represent variables that are integrated over.

In path (ii), we evolve first by the bar evolution £,, and then the hat evolution £y, so

we have the propagator

Kr(z,T) = <(P (Zfi)}g;; R)>1/2 /de exp{; (La(:p,x)JrLb(x,E))} . (3.40)

But, this expression is identical to (3.39a) with the parameters ¢ and r exchanged and a
relabelling of the integration variable. We know that K | is symmetric under the interchange

of ¢ and r, and so

~ ~

Kr(2,7) = K ,(2,7) . (3.41)

It is an obvious corollary of this result that, so long as we take only forward steps in time,

the propagator Kus n (24, ) (3.38) is independent of the path taken in the time variables.

Backwards time-steps

The discrete nature of the time evolution suggests the possibility of including backwards
time steps in the path I', via inverse canonical transforms. As in the classical case, we
can construct an action for such a trajectory, using an appropriate orientation for the
Lagrangians. In the quantum case we perform a path integral over this action, integrating
over all the intermediate points. As the unitary operator U, generates a time-step in the

b direction (section , its inverse U, ! generates the backwards evolution.
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Considering once more the simplest case, we imagine a trajectory around three sides

of a square, with action
Snlz(m,n)] = La(z,T) + L4(F, T) — Lo(Z,T) . (3.42)

This path is shown in figure [3.2]

n
x Lb(fa %) T
O O
La(z,7T) —L4(2,7)
| e .
x Ly(x, ) z

Figure 3.2: The path for action 8n. In the propagator, we integrate over the variables at

the white circles. Note the minus sign on the backwards step, £q(Z, T).

Including the normalisation factors from (3.8) we therefore have the propagator for this

three-step path

o (P+Q 1/2 P+R ZSn[iEn m]/r
Kn(z,7) = @rh) 2 (i) 2 / dx/ dz e (3.43)

This is easily calculated using Kr which we have already found, and another Gaussian

integral, and yields

1/2 , B
Kn(z,z) = <P+Q> exp [; (—P Q(a:2 +7%) — P:Qac/x\)] , (3.44a)

2mihg 2q
(P Q\'? i N\ _
= <2m’ﬁq> exp ﬁﬁb(:c,x) = Kp(z,z;1) . (3.44b)

So we regain exactly the one step propagator from (3.8). Remarkably we again achieve
Lagrangian closure, but now on the quantum level. Recall that classically Lagrangian
closure held only on the equations of motion: here we have left the equations of motion

behind, and yet this key result still holds.
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Time Loops

We can also consider the possibility of a loop in the discrete variables, illustrated in
figure (1) We imagine some unspecified incoming and outgoing actions 8;,(z4, 1)
and Syt (s5, zp), a simple loop in discrete steps, and five integration variables 1, ..., xs.
Note that we assign two integration variables z; and x5 to the same vertex, as it is visited

twice by the path: the following calculation justifies this choice.

vy —Lp(za,73) 13

(i) (i)

—Lq(5,24) Loz, x3)
Sin(zq, 1) PR 1
i Ly(x1,z2) 22 Sin(xq, 1)
Sout($57 .Z'b) Sout (3717 l’b)

Figure 3.3: (i) shows the loop in discrete variables. (ii) is what remains after collapse of

the loop.

Consider the action for the loop,
Stoop = Lv(w1,72) + La(2,23) — Lp(v4,23) — La(T5,24) (3.45)

noting the orientations on the Lagrangians (3.1)) that correspond to backwards time-
steps. With normalising factors from (3.8)), (3.36)) (including complex conjugates for the
backwards steps), the propagator is then

P+QP+R
2whq 2mhr

Kloop(maa mb) = dzy ... /deS exXp {;(Sm + ‘SZOOp + Sout)} . (346)

The x9 and x4 integrals are evaluated as in (3.39a)) yielding,

P )(P+ R)
Kloop(-ra’-rb) — ( i Q t /// dx dl’g dl’5

2nh(P —qr)(q + )
(P+Q)(P+R)
(P—qr)(qg+r)

B % <P— qr P(q+r)> (22 — 22) +50ut($5,$b)}} . (347)

X exp {; {Sm(xa, x1) + ; (x1 — m5)x3

q+r P—qr
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Critically, the quadratic term in x3 has disappeared, and so the integral over x3 produces
a Dirac delta function, d(x; — x5). Combined with the integral over x5 this forces x5 = 1

(as expected) and we finally conclude,

Kloop(xaaxb) = /dxl exp |:7Zi <Sin(xa>x1)+Sout($1axb)>:| . (348)

So, the path integral over the loop action and the normalising factors have cancelled
out. Diagrammatically, this is equivalent to the disappearance of the loop, shown in
figure ii). Loops in the discrete variables therefore “close” and do not effect the overall

propagator.

The sum of these results leads to the proposition:

Proposition 1 For the special choice of Lagrangians , the propagator Kt along
the time path T’ 1s independent of the choice of I', depending only on the end points.

Proof

Equations (3.41)), (3.44) and (3.48) together show that the propagator is unchanged under

elementary deformations of the curve I'. Since we have a simple topology, a curve I'; can
be deformed into any other curve I'y (with the same endpoints) by a series of elementary

deformations. The proposition follows. O

This proposition amounts to a quantum analogue for the classical closure condition
on the Lagrangians. In the classical case, the action is invariant under variations of the
curve I', on the equations of motion. In the quantum regime, the equivalent condition is
invariance of the propagator under changes in I'. This quantum Lagrangian closure holds

despite the redundancy of the equations of motion in the quantum regime.

The multi-time propagator

In proposition [1| we established the independence of propagator Kt from the time
path I'. This now allows us to calculate the general propagator for M steps in the hat
direction and N steps in the bar direction. We denote such a propagator from position x,
to zp by Ky n(xa,2p). As a consequence of the path independence, it is then clear that

we can calculate this as

KMVN(xa,Z‘b) = /dx KMVO(xa,x)KOVN(w,xb) . (3.49)
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In other words, we can make all the hat steps first, followed by all the bar steps.

Taking the discrete propagator in one time direction from (3.22), we can calculate the
two-time propagator (3.49) via another Gaussian integral; but in fact the result follows
immediately from the group property of the propagator, using its shared form with the

continuous time case. So,

1/2
VP /
mwihsin(uM + nN)

iv/P
hsin(uM + nN)

Ky n(xq,2p) = (

X exp [ ((ajg + 27) cos(uM +nN) — 2$axb)] . (3.50)

As in the one-time case , this has a clear relation to the continuous time propagator
for the discrete harmonic oscillator. As we noted classically, in a continuum limit these
commuting discrete flows will degenerate to a single continuous-time flow - inevitably given
the single, shared invariant. To study commuting flows at the continuous level will require

a model with more degrees of freedom.

3.1.4 Uniqueness

For the special choice of Lagrangians (3.1)), (3.35) the propagator Kr is independent of
the path in the time variables, I' (proposition . This is a special property of the choice
of Lagrangians that does not hold in general. As in the classical case of section 2.2.3] we

consider the generalised, quadratic, oscillator Lagrangians (2.67)),

Ly = a( — 27 — (a — ag)z® — CLOEQ) ) (3.51a)
Ly, = B(—az— (b—by)z? —bo7?) . (3.51b)
We view the time-path independence of the propagator as the quantum analogue of the

classical closure condition on the Lagrangians, and seek conditions on the Lagrangians

(3.51)) such that the propagator exhibits path independence.

We define propagators around two corners of a square as in equations ([3.39a)) and (3.40))
(see figure [3.1)),

(Lb(:c,if) +La(g?,§))} : (3.52a)

ST

K (z,T) = JIC/ dz exp{

(La(x,f) + Ly(7, %)) } : (3.52b)

ST

Kr(z,T) = </Vr/ dz exp{
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Note that we have generalised the normalisation constants, .4 and 4, and that ¢ and b

are free oscillator parameters. The analogue of closure is equality of these expressions,

K (2,7) = K- (2,T) , (3.53)

up to a possible normalisation.
Calculating the propagators via a Gaussian integral yields

A 1/2
Bbo + aa — ao)))

X“®{£[(Mﬁm+fia—aw>_5@_b”>$2

o’ — aaq %2 ap x% a
+ <4(5b0+a(a—ao)) 0> + 2(Bho + ala — ag)) ]} ., (3.54a)

&mQ:%Q(

Kr(z,T) = N <i(aao +7Tﬁizb — bo))>1/2
i o?
X exp {h { (4(aa0 + B(b—bo))
o

5 B ~ R
' <4(<mo +B(b — bo)) Bbo) T YNaao + BB bo));m} } - (3.54b)

By comparing the coefficients of 22, Z2 and 27 in the exponent, we derive conditions for

—ala - a0)> 22

time-path independence on the coefficients,

2

y - - —afa—a a

4(Bbo + afa — ag)) Bl =bo) = A(cag + B(b— by)) ( 0), (3.55a)
a2 _ 62 B

4(Bbo + ala—a0)) ™ T A{aae + Bb—bo)) Bbo (3.55b)

o - o (3.55¢)

2(Bbo + a(a — ap))

2(cap + B(b—bg))

Note that an immediate consequence of (3.55c|) is that the multiplicative factors in (3.54al)
and (3.54b)) are the same: we can allow .4, = 47, Analysis of the three conditions (3.55))

leads to the necessary and sufficient conditions on the coefficients:

1 / 1 /
= — - bp = =b+ — 3.56
ag 2a+ 50 0= 3 + 55 ( a)
i i
o= = . 3.56b
a?—1 p b2 —1 ( )

Here, f must be independent of the oscillator parameters a, b, and -y is an overall multiplier.
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Now, these are the same conditions that arose in the classical case by demanding
that the Lagrangians should obey the classical closure condition. As in that case, the
constant f makes no contribution and we ignore it. The general Lagrangians are
therefore restricted to a symmetric form, with a specified overall constant given by the

oscillator parameters a, b,

L, = L( — IT — %a(xQ +§2)) , (3.57a)
a?—1
L, = ﬁ( — 23— Lb(a® + 7)) . (3.57h)

Note that takinga = (P—R)/(P+R), b= (P—Q)/(P+Q) leads exactly to the conditions

of (2.68)) and the Lagrangians (3.1]) and (3.35).

In conclusion,

Proposition 2 For given oscillator parameters a and b, the Lagrangians are the
unique quadratic Lagrangians, up to constants v and f , such that the multi-time

propagator Kr is independent of the time path T.

In other words, demanding time-path independence of the propagator is the natural

quantum analogue of the closure relation on the Lagrangian.

We note that a general problem in the theory of path integrals is how to choose the
correct Lagrangian. For example, in the case of a Newtonian system with a vector potential,
the result of the path integral is sensitive to the choice of discretisation for the Lagrangian
[47]. Here, for the Lagrangian one-form, we now have a more definite choice where the

discretisation is precisely specified in order to preserve the time-path independence.

3.1.5 Quantum Variational Principle: One dimension

Consider a quantum mechanical evolution from an initial time (0,0) to a new time (M, N),
along a time-path T" (shown in figure . We associate an action to the path, Sp ,
and consider the propagator for the evolution Kp(z,;zp) defined in (3.38)). We have shown
that, in the special case of quadratic Lagrangian one-forms , the propagator Kt is
independent of the path T (it depends only on the endpoints) but that this is not true in
general. For a generic Lagrangian, Kt will depend on the time-path chosen, as shown in

section B.1.4]
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Classically, a Lagrangian one-form defines a system as the critical point in a variational
principle over both the dependent and independent variables. That is, the one-form system
is a critical point with respect to variations of the time-path. This not only yields all the
compatible equations of motion for the system (as in figure but also selects certain
“permissible” Lagrangians which obey a closure relation (2.66). This results in a system of
extended Euler-Lagrange equations where the solution is not only the equations of motion,

but also in some sense the Lagrangian itself.

(0,0)

Figure 3.4: Three possible paths in the time-variables. Path (a) is a direct path. Path (b)
extends for some distance in the m direction before returning. Path (c) includes a loop in

the time variables.

In the quantum case, consider the dependence of the propagator on the discrete time-
path T between fixed initial and final times. In general, there are an infinite number of
possible time paths from (0,0) to (M, N), including shortest time-paths as well as those
with long diversions, or loops, as illustrated in figure 3.4 For a generic Lagrangian, as we
vary the time path, each I' yields a different propagator (3.38)) viewed as a functional of
the path. In the special case of the Lagrangian one-form , however, the propagator
Kr is independent of the path taken through the time variables, and so remains unchanged
across the variation of the time-path I". This path independence property is the natural

quantum analogue of the Lagrangian closure condition ([2.66)).
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We might then speculate about the quantum analogue of the one-form variational
principle. Let us view the propagator Kp as a functional of not only the path x(n) and
the time-path I', but also of the Lagrangian. The Lagrangian one-form can then be
thought of as representing a critical point (in a properly chosen function space of Lagrange
functions) for the path-dependent propagator, with regard to variations of the time-path.
That is, it is uniquely the choice of Lagrangian such that the propagator remains fixed over
variations of I'. Suppose that the time-path I" can be varied in such a way that the critical
point analysis selects the Lagrangian one-form from the space of possible Lagrangians.
This was the point of view put forward in [63] in the classical case. This principle could
perhaps be represented in a path integral by a “sum over all time-paths,” by posing a new

quantum object of the type first proposed in the continuous time-case in [72], (see (|1.86]))

K (25, (M, N); 24,(0,0)) = > A Kp (0, (M, N); 24, (0,0)) . (3.58)
reyp

Here, B the set of all possible time-paths from (0, 0) to (M, N), and A1 some normalisation
factor to be specified. Although this formula is currently meaningless (its meaning is yet
to be defined) we include as an illustration of the concept. As a functional of
the Lagrangian such an object would have a singular point for those Lagrangians with
the quantum closure condition, where the path-independent propagators Kt would all
contribute the same amount. However, controlling and regularising the singular behaviour
of such an object is presently beyond our understanding. We note, however, that there are
countably many time-paths in the set B, so that some reasonable renormalisation of the

sum over time paths may be achievable.

In the continuous case, a “sum over time-paths” might require some parametrisation of
the (multi-)time in terms of a parameter s, so that ¢(s). This might bear some relation to
the reparametrisation invariant path integrals of Rovelli [94, 05| discussed in section
For a single time variable, Rovelli implemented a parametrisation, treating the time as a
dynamical variable and integrating over the possible parametrisations. These ideas may
help to extend the Lagrangian one-form into the continuous time, quantum case. However,
this would require a model with a non-trivial one-form structure in the continuum case;

one such possibility is discussed below.



The Quantum Reduction 85

3.1.6 Quantisation of the P = 3 case

A natural extension to the ideas of section is to apply them to the two-dimensional
evolution of the higher period staircase reduction, described in section [2.3] There are
again two commuting, discrete flows, {1, 22} — {&1,72} and {z1,22} — {Z1,T2}, but
now with two position variables, and correspondingly two commuting invariants. The
discrete harmonic oscillator model of section has the disadvantage that it does not
seem to retain the one-form structure in a continuous limit, due to degeneration of the
flows; a higher order system could potentially avoid this pitfall and offer a richer insight

into the continuous structures.

Beginning with the “hat” flow generated by the Lagrangian (2.108al) (which obeys the

closure property)
C ) ~ A A1 (a2 2, A2 A A2
1(2,2) = —21(T1 + T2) — 22To — 5s(2] + 122 + 25 + T + T1Z2 + T3) (3.59)

we generate operator equations of motion

21 = X1 — Xg — %S(Xl — Xg) s (360&)
Xo = X9 — %S(Xl + 2X2) , (360b)
X; = —sX;+ 45X — (1 25%)x; , (3.60¢)
X, = —%le — %SXQ —(1- %52)(x1 +x3) . (3.60d)
The system has equal time canonical commutation relations,
[XZ‘,X]‘] = [Xz‘,Xj] =0 5 [Xi,X]‘] = zhéw y (361)

and is essentially a pair of harmonic oscillators.

We wish to express this mapping by the action of a time evolution operator Uy (3.4)),
but the appropriate form for such an operator is not immediately apparent. However, we
are inspired by the “cross terms” for such evolution operators in [74] (see equation (1.77))
and the three term time-evolution operator found in . We pose an ansatz for the

evolution operator,
Uy = exp (—£V(x)) exp (—+T(X)) exp (—1x1Xs2) exp (— £V (x)) , (3.62)

and working through a lengthy calculation leads eventually to the expressions for the
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potentials,
T(X) = i(X}+X3), (3.63a)
V(x) = 3(1+45)(x]+x3)+ gsx1x2 , (3.63b)
V(x) = 324 s)(x]+x1x2) + (1 +5)x3 . (3.63¢)

It is straightforward to verify that conjugation by U; generates the operator equations of

motion (3.60)).

In the same way as the one-dimensional case, it is then possible to calculate the one

time-step propagator by using the joint position eigenstates,
K (:Ul, To,Mm; /.fl, i‘\g, m + 1) = <i'\1, fg’Uﬂl‘l, $2> . (3.64)

Noting in particular that the commutation relations permit the evaluation with position

and momentum eigenstates of the cross term,
<X1, XQ’G_iX1X2/h|IE1, .T2> == E_ilez/h<X1, X2|:E1, {L‘2> y (365)

we find the propagator in the same way as (3.8])

1 ?
z|Uy|x) = —Li(z,7) ) . 3.66
@) = oz owp (3 0.7)) (3.66)
As expected, we recover the exact form of the Lagrangian from ([3.59).

More work is needed to delve into this system further. In particular, we expect a link
between the time evolution operator Uy and the known invariants of the model . The
commuting flow should lead to a second time-evolution operator Us, such that [Uy, Us] = 0,
we would hope then to see how the interplay of the commuting invariants relates to these
commuting time flows. Perhaps the most important avenue to pursue is the continuum
limit for this model: how do the commuting discrete flows and one-form structure go over

into a continuous one-form model that can be examined on the quantum level?

3.2 Quantisation of the Lattice Equation

In section we introduced the linearised lattice KdV equation (2.8). Having considered
the quantisation of its finite dimensional reduction, we now turn to quantisation of the

lattice equation itself. Quantisation of lattice models has been previously considered from
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a canonical (quantum inverse scattering method) perspective [13, 33| 118, 119], but here

we will consider a Lagrangian, path integral perspective.

We have the linear lattice equation,

(pi + pj)(ui —uj) = (pi — pj)(u —uij) , (3.67)

where p; is the lattice parameter in the i direction, and w; indicates a shift of the field
variable u in the i direction. Classically, we suppose this equation holds on all plaquettes
in the multi-dimensional lattice at the same time, so that there are multiple consistent
equations holding on the same lattice variable u. The equation is generated by the oriented

Lagrangian (|2.24])

1 pi+p
Lij(u, us, uj; pi, pj) = w(u; — uj) — isij(ui — uj)2 ,  where s;; = pz. — pj' . (3.68)
i — Pj

The Lagrangian itself is a critical point of the classical variational principle over surfaces:
it obeys the closure property on the classical equations of motion, such that the surface
can be allowed to freely vary under local moves. Indeed, classically it is also fairly unique,

as seen in section 2.1.31

How might we proceed to quantise such a system? A canonical approach is to transform
into an operator equation of motion, but we are concerned here with a Lagrangian
approach. The clear analogy is to quantum field theory: we have a discretised space-time
and a Lagrangian in two dimensions over field variables u(n) indexed by a discrete vector
n. Field theoretic equations such as the Klein-Gordon equation can be quantised using two
plane-wave factors to form creation and annihilation operators [107, 114], but the linear
lattice equation is an essentially first-order equation with only a single plane wave
solution (|2.14)).

We imagine some space-time boundary do enclosing a surface o made up of elementary
plaquettes o;; (such as in figure 2.2). We can then construct an action by summing the

directed Lagrangians over the surface, as in the classical case,

Se= Y Lij(u), (3.69)

g €0

where we define the shorthand L;j(u) = L(u,u;, u;;pi,p;). We then consider the
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propagator over the surface o

K,(do) = / [Dity ] €S nml/h (3.70a)

= dp(u(n)) eSomml/h (3.70b)
/11

The integration is over all interior field variables, with some measure du(u(n)). The
propagator depends, in principle, on the surface ¢ and is a function of the field variables
on the boundary do, which form some boundary value problem (see a similar point made
in [95]). We will see as we go on that this object is subject to infra-red divergences, as
particular surface configurations produce integrations yielding volume factors. Since our
main statements involve only the combinatorics of the exponential factors, involving the
action and arising through Gaussian integrals, we tacitly assume that the propagator K,

can be renormalised by an appropriate choice of normalisation factor 4.

K;(0o) describes a propagator in the sense of a surface gluing procedure. Two
propagators K, and K,, are combined to form a new propagator by multiplication
and integration over all interior variables on the shared boundary do; N dog, leaving a
new propagator K, us, dependent only on field variables that lie on the new boundary,
(01 U 0g). This surface gluing is illustrated in figure where white circles indicate
the interior field variables on the shared boundary which are integrated over. The black
circles show the two field variables that lie both on the shared boundary but also on the
boundary of the new surface o1 Uos, and hence are not integration variables. The product
* in indicates this procedure. Thus, the one-step surface gluing can be written

symbolically as,

KU1U<T2 = / Kal *Kag s (3.71&)
Oo1Ndoa
‘= N0 [I du®n) | Ko (001).Ksy(d02) ,  (3.71b)
nedo1Ndos

where the integral is over appropriately chosen coordinates of the joined boundary.
Iterating the gluing formula is tantamount to setting up a “surface-slicing” procedure for

the path integral.

3.2.1 Motivation: The pop-up cube

The classical variational principle for two-forms includes a variation of the surface o,

so that the Lagrangian and equations of motion sit at a critical point. The action is
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Figure 3.5: The gluing of surface o1 to og, forming a new surface o7 U o2. White circles
indicate interior, integration variables in the gluing procedure, whilst the black circles

remain boundary variables.

stationary under variation of not only the dependent variables u, but also the variation of
the surface itself. As we move to the quantum regime, we naturally ask: what happens to
the propagator K,(0o) under variation of the surface ¢? In particular, we will be
interested in variation of the surface under local moves, that is changes in the surface on
the level of a single cube in the multi-dimensional lattice, such that any variation of the
surface can be achieved through a series of local moves. We consider the effect of a simple

variation of the surface: a local move from a flat surface to a popped-up cube, see figure

>§<
(a) . (b)

Figure 3.6: A flat surface in (a), compared to a pop-up cube shown in (b).

3.6l

The following conventions are used for such local moves, as in figure [3.6] Black circles
indicate variables on the boundary of the surface (in the move) that are not integrated over
- the contribution to the overall propagator depends on these field variables. White circles

indicated interior variables on the surface that are integrated over to give the contribution
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to the propagator from that surface configuration. As in figure [2.3] shaded triangles
indicate the three variables on which each oriented Lagrangian depends. Lagrangians
are oriented in local moves according to the classical closure relation , such that
when two sides of a local move are compared, the signs on the Lagrangians must match
the signs on the corresponding classical closure. For example, the closure relation is

rearranged for the local move of figure [3.6] as
ng(u) = 523(U1) + Lgl(UQ) + L12(U3) - ng(u) - L31 (u) 5 (372)

which will be used below. The closure relation can be rearranged as appropriate for the

local move under consideration.

The contribution to the action given by surface (a) is therefore a single Lagrangian,
L12(u). On surface (b) we have five plaquettes, with a contribution to the action given by

the sum of oriented Lagrangians

Spop[tn,m] = Loz (u1) + L31(uz) + L12(uz) — Laz(u) — L31(u) . (3.73)

Note that the orientations lead to the negative contributions, shown in (3.72). In the
path integral perspective , to calculate the propagator we must also integrate over
the interior, “popped-up”, variables us, us3, us1 and ui23, shown by white circles in figure
b). The boundary variables on which the contributions depend are u, u1, us and uis.

So altogether the contribution from the pop-up cube to the propagator is

)
KpOp = c/%op //// dus dugy dussg duies exp (hSpOp[un’m]> . (3,74)

Npop 18 @ normalising constant. The action Spep|tn m] does not depend on wja3, so the

integral f dui23 produces a volume factor V.

Equation (3.74) can then be written in a matrix form,

(1
Kpop = V%op/d?’u exp% <2uTAu +Btu>

X eXp {Z [331(U% - U%Q) + 523(u§ - U%Q) + (u + ulg)(ul — UQ)]} , (3.75&)

2h
where
ul' = (u3,u31,us3) , (3.75b)
$93 + 831 1 -1
A = 1 —(s12 + 523) 512 ; (3.75¢)
-1 512 —(s12 + 831)

BT = (= sziun — sogug, —un + sozuiz, up + sziunz) - (3.75d)
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In principle, equation (3.75a) could be solved as a set of three Gaussian integrals, but the

matrix A is singular. We calculate
det A = (s23 + s31)(s12523 + S23531 + s31512 + 1) (3.76)
and recall the identity for the parameters s;;
S12823 + $23831 + 8318512 + 1 =0, (3.77)

such that det A = 0. We therefore resolve (3.75al) by carrying out only two Gaussian

integrals. The third integration variable must leave an exponent that is at most linear.

Performing the Gaussian integrations with respect to ug and us;, we therefore have

2mh 7
Kpop = V%Opg /du23 exp 7 (u(u1 —ug) — %312(u1 — ug)Q) , (3.78a)
9 27h )
=V ‘/V”"”Q exp ﬁﬁlg(u, ui,u2) |, (3.78b)

where in the first equality we note that all terms containing ugs have vanished entirely.
This is now ezactly the exponent expected from the diagram (a) in figure So, whilst
it is clear that there are non-trivial issues to resolve with respect to volume factors and
normalisation factors in ,EI in the critical issue of the contribution to the action in the
exponent between diagrams|[3.6|(a) and B.6|(b), the two pictures make the same contribution.
In other words, there is some sense in which the action is unchanged by the local move
that transforms the surface o by the pop-up cube. Inspired by this discovery, we consider

a more general situation.

3.2.2 Surface Independence of the Propagator

For classical lattice two-forms, Lobb and Nijhoff [63] (also [19]) identified three elementary
configurations of the surface in three dimensions that yield three elementary Euler-
Lagrange equations (see figure [2.3). The Euler-Lagrange equations for any configuration
of the lattice can be derived from these three elementary configurations ([2.27).

In the quantum case we no longer have Euler-Lagrange equations, but alterations to the
propagator (3.70) under deformations of the surface o. Deformations can be considered to

take place one cube at a time in a series of local moves. The three elementary configurations

!The asymmetrical factor of sa3 in the pre-factor is an indicator that all is not as it should be, and the

multiple infinities due to volume factors are an obvious concern.
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of the classical case yield three elementary moves that form the basis for deformations of
the surface o. Combined with the pop-up cube of figure these give a full set of four
elementary moves on the surface such that any local move on o can then be recreated by

a series of elementary moves. The three additional elementary moves are shown in figures

B B8 and B3}
(i) (i)

Figure 3.7: Elementary move (a). We pass between (i) and (ii); white circles indicate

variables to be integrated over in the move.

The first move is shown in figure 3.7, We denote the two sides of the elementary move
with the subscripts + and —, so that figure (1) is denoted by the subscript a4+ and figure

3.7(ii) by a—. The action for figure 3.7)(i) is given by
Sar = L”(U) + ij(u) -+ Lkl(u) , (379&)
= —Lsii(ui —uj)® — dsn(uy —uk)® — Sspi(u —w;)* (3.79b)
As described in (3.70) we integrate over interior field variables on the surface, marked by

white circles on the figure, so that the contribution to the propagator (3.70)) is given by

the integral over u,

Kot :JI{l+/duexp [i8at /] , (3.80a)

—1
=V A1 exp {% (sij (wi — uj)? + sk (u; — ug)® + sgi(ug — uz)2> } . (3.80b)

Na+ indicates a normalisation factor. We note that all the u terms in the exponent 8,

cancel out, so the integral reduces to a volume factor, V.

In contrast, the action for figure (ii) is given by

S Lij(uk) + ij(ui) + Eki(“j) . (3.81)
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The contribution to the propagator is then

K, =H,_ //// du;jdujrdugdug;, exp [iSa,/h] , (3.82a)

} 1
=V /dgu exp% <—2uTAu—i— Btu> , (3.82b)

where the integral over u;;, has produced a volume factor, and

ul = (Wij, Wik, Uk;) (3.83a)
Sk + Ski —Ski —Sjk
A = —Ski Skt Sy —Si : (3.83b)
—Sjk —sij  Sij T Sjk)
BT = (u; — uj,u; — g, up —u;) (3.83¢)

Critically, det A = 0, so again this is a singular integral. Carrying out two integrals in

turn, so that the third integration produces a volume factor, we therefore have

Ko = V24, _2rh exp {;;L (sij(ui —uj)* + s (uj — up)? + spi(ug — uz)2>} . (3.84)

Thus, the ezponents in K,y and K,_ (3.80)), (3.84) are the same. With the correct choice
of normalisations 4,4+ and .4,_, the two configurations make identical contributions to

the propagator.

(1) (i)

Figure 3.8: Elementary move (b). White circles indicate integration variables.

Considering elementary move (b), shown in figure the action for figure [3.§{1i) is

given by

Spr = Lij(u) + Lri(u) — Ljx(u;) - (3.85)
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The contribution to the propagator is

Kyt —,/%,+/dui exp [i8p+/h] | (3.86a)
orh \'? i . . )
i () o { Ry oy 205 =10~ Bty =)
i
_ (Siju]‘ + skiuk)(uij - u;ﬂ)] — thk(u)} . (3.86b)

On the other side of the elementary move, for figure [3.8{ii) we have
Sp— = Lij(uk) + Lyi(uj) — Lj(u) (3.87)
with contribution to the propagator

K,_ :%_/dujk exp [iSb_/h] , (3.88a)

» < 27h )1/26 i [1@ w)?
p— _ —_— X — — o —
b Z'(Sz‘j + Ski) P h(Sij + Ski) 23\ k

— L5581 (uiy — wgi)® — (siju5 + Spawn) (wij — um’)] }
X exp [— thk(u)] , (3.88b)
_Ky, (3.88¢)

once we allow A4 = A,_. So here the contributions to the propagator are easily seen to

be identical, without any volume factor concerns.

(1) (i)

Figure 3.9: Lattice elementary move (c).

Lastly, consider elementary move (c¢) shown in figure . This move has a clear relation

to figure[3.8} the element £;;(u) has been shifted from one diagram to the other, inducing
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also a slight change in the integration variables. [3.9(i) is easily calculated from [3.8fii):

8et = Lij(ug) + Lriluy) (3.89)
Koy =AMy // dujpdugji, exp [z’SC+/h] , (3.90a)
orh \ /2 i ) )
-V (i(Sij + Ski)> o { hsij + ski) [Q(Uj )
- %sijski(uij — Uki)2 - (Siju]' + skiuk)(uij - ’LL]“):| } . (390b)

Similarly, the other side of the move [3.9(ii) is derived from [3.8|(i) with an additional integral

over u. The action is
Se- = Lij(w) + Lju(w) + L) — Lju(us) | (3.91)

and the contribution to the propagator

K._=/_ // du du; exp [z’Sc_/h] , (3.92a)
orh \ /2 i . )
- Ve (i(Sij + 8ki)> o { hsij + ski) [Q(Uj )
- %sijski(uij — Uki)2 - (Siju]' + skiuk)(uij - ’LL]“):| } y (392b)
et - (392C)

We have once more allowed the normalisations to be the same, A = A, yielding

identical contributions to the propagator.

These results lead to the following proposition:

Proposition 3 For the Lagrangian two-form (5.68), the surface propagator K,(do)
3.70), correctly renormalised, is independent of the surface configuration o, depending

only on the boundary Oo.

Proof

The combination of elementary moves above (3.80), (3.84)), (3.88)), (3.92)), combined with

the pop-up of figure |3.6] allows us to deform any surface o to another topologically

equivalent surface o’ by a series of elementary moves, without changing the exponent in
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the propagator. This free deformation gives us independence from the surface. O

The propagator therefore depends only on the surface boundary do, and the
field variables specified there - i.e. it is a function only of the boundary value problem.
Note that since different topologies are specified by changes of the boundary, we have not
considered these explicitly. This represents a quantum analogy to the Lagrangian closure
property of the classical case. As in the classical case we have invariance of the action
under deformations of the surface o, so in the quantum case this carries over to invariance

of the propagator under such deformations.

3.2.3 Uniqueness of the Surface Independent Lagrangian

The Lagrangian two-form (3.68)) produces a propagator which is independent of
variations of the surface o (proposition . In fact, it turns out that is the unique,
quadratic Lagrangian two-form such that this holds. Consider a general, 3-point, quadratic
Lagrangian, imposing antisymmetry under interchange of ¢ and j (required for the form

structure)
1. .2 1z 2 1z .2
Lij(u, ui, uj) = sa;;u + 5biju; gbjiu; + cijuu; — cjiuug + dijuiug (3.93)

(compare . On the coefficients a;;, b;j, c;ij, d;; subscripts ¢,j indicate dependence
on the lattice parameters p;,p;, with the ordering of subscripts important (e.g. a;; =
a(pi,pj) # a(pj,pi)). The two-form structure requires that a;; and d;; are anti-symmetric
under interchange of the parameters, aj; = —a;j, dj; = —d;;. Our interest is in the subset
of Lagrangians that display the surface independence property for the propagator. We
therefore look for conditions on the Lagrangian such that elementary moves will leave the
contribution to the action (i.e. the exponent in the propagator) unchanged. We assume
that external factors and even volume factors can be resolved by renormalisation, so that

we only consider that part of the propagator in the exponent.

Consider the propagator for the general, quadratic Lagrangian (3.93) under elementary
move (a), shown in figure . The contributions to the propagator, K,+ and K,_, are

calculated according to (3.80a) and (3.82al).

The integrations involved in these calculations fall into three types: they may appear

in the exponent as quadratic, linear, or zero - leading to Gaussian, Dirac delta function,
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or volume factor integrals, respectively.

/dx e’ = 1/% , /dx e = §(a) , /dx =V. (3.94)

However, a Dirac delta function would force linear dependence of field variables at different
lattice points. This is an undesirable outcome and so we exclude this possibility: we will
apply conditions to prevent such integrals arising.
In configuration (i) (figure 3.7(i)) the contribution to the propagator is
i
Ko =Mt /du exp {h [%(aij + ajk + aki)zﬂ

+ ((Cij — cik)ui + (Cjk — ¢ji)uj + (cri — ij)uk)u

+ $(bij — bir)u? + cyclic + dijuiu; + cyclz‘c} } . (3.95)
The integration takes place over u, so that the cases for this integral divide on the totally
antisymmetric parameter,

Qjjk ‘= Qij + G5k + Qg - (3.96)

When a;;, # 0, (3.95) is resolved by a Gaussian integral, such that

omih\ /2 i1 1 ,
Koy, =Nt ( ) exp | [ (bij — by, — —(cij — Cz’kﬁ)“? + cyclic
aijk A2 QAijk

1 )

+ (dij — Tk(cij — cik)(cji — cji)>uiuj + cyclzc] } ) (3.97)
ij

The subscript G indicates that this is the Gaussian case. The alternative case is that

a;x = 0. In this case we require the integral to reduce to a volume factor - terms linear

in u in the exponent of (3.95) must disappear - to prevent a Dirac delta function in the

propagator. This requires the conditions

aijr = 0 ; cij—cr = 0, (3.98)
= Qi = a;—aj s Cij = Ci.

That is, a;; must separate into p; and p; dependent parts, and c;; must be a function of

p; only. Applying these conditions to (3.95) yields the contribution to the propagator

|1
Korv =V Ny exp {; |:2(bij — by )uz + cyclic + dijuiu; + cyclic] } , (3.99)

where the subscript V' indicates that this is the volume factor case. So for configuration
(i), the propagator contribution K, divides into two cases: (3.97) when a;;; # 0 and ([3.99))

when Aijk = 0.
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Notice that under the conditions (3.98) for the volume factor case (when a;;, = 0) we

can write the Lagrangian as

Lij(u,uiyug) = (2aiu® + cuu;) — (Sau® + cjuuy)
-I—%(b”u? — bﬂujz) + dijuiu;

= Ai(u,u;) — Aj(u,uj) + Cijug, uj) (3.100)

with Cj;(u;, u;) antisymmetric under interchange of ¢ and j. This is the general, quadratic,

lattice Lagrangian two-form ([2.28)), (2.33)) as found in [63].

Conversely, for configuration (ii) (figure [.7)ii), equation (3.82a)) we have the

propagator contribution

(1 1
Koy =V A /// d3u exp { ! <2uTAu + Blu + §(ajku? + cyclic))} . (3.101a)

St |

where

u’ = (uig, ugk, ug) (3.101b)
bik —bix  dg dj

A4 = dri by —bj  dy : (3.101c)

BT = (cjrui — cipuj, perm (ijk),perm (kji)) . (3.101d)

This also separates into two distinct cases, resting on the critical point of det A. For
det A # 0, the propagator contribution (3.101a}) can be evaluated using the matrix form of

Gaussian integration,

_ (2mih)3 Lo 1T a1 1.2 .
KooGg= VA Tot A O h( sB'AT'B + (a5u; +cyclic)) p . (3.102)

This yields a very complicated expression! Alternatively, when det A = 0, there are no
longer three Gaussian integrations in (3.101a}), and one of them must therefore reduce to

a volume factor. det A = 0 if

bij = _dij y (3103&)

so that b;; is also anti-symmetric. Carrying out the integrations of (3.101a)) in turn, we

also find the condition for preventing a delta function integral,

Cij — Cj = 0 Vl,j . (3103b)
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Le. ¢;; must be symmetric. The det A = 0 case then yields the propagator contribution

2mh i .
Koy = VQW%_ exp {h [%ajku? + cyclic
1 dy ) .
T 9T A, (Gt cwig)” + eylic o (3.104)
ij

where we have introduced the totally symmetric parameter
Aiji = digdjp + djrdp; + dpidig + 1 . (3.105)

Configuration (ii) therefore also yields two cases for K,_: (3.102) when det A # 0 and

(3.104) when det A = 0.

We now compare the two configurations of the elementary move, and demand that the
exponents from each configuration be the same, i.e. both K, (3.95) and K, (3.101a))

make the same contribution to the propagator.

In the generic case (a;;, # 0, det A # 0) we compare equation (3.97) with (3.102).
Comparing coefficients of u? and u;uj in the exponent produces the functional equations

on the coefficients of the Lagrangian,

bij — bir — — (cij — car)?
Aijk

1 ) 2
= ajp + M{(dij — (bri — bji) (big — big)) 5

+ (d%z - (bj — bir) (bri — bjz‘))Czj + Q(dijdki — djk(bki - bji))cjkckj} , (3.106a)

1
dij — ﬁ(cij — cir) (¢ — ¢ji)
()
1
= 2ot | (Oni = b3) (big = biy) = dij)ejuein = (digs — diilbiy — brj))jics

+ (d]kdkz — dzg(b] — bik))ckickj — (dmdkz — dj (bkz — bji))cikckj y (3106b)

along with cyclic permutations of these. It is not at all obvious that a solution to these

equations, under the constraints on a;;, and det A, exists.

However, there is a solution to the problem that exists at the critical point of the

system, when a;;, = 0 and det A = 0. Considering the propagator contributions for

these special cases (]3.99[) and (]3.104[), and comparing coefficients for u? and u;u; in the
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exponents, we derive the conditions

bij — bik dij + dii) . (3.107a)

iy — ———
Jk 1_Aljk(

d;j
dij = 1—7/J\ijk.cjk0ki. (3107b)

Recall that we also have conditions preventing Dirac delta functions (3.98) and (3.103)),

which together imply

¢;ij = ¢, constant. (3.107¢)

The conditions (3.107al) and (3.107b|) reduce to
Az’jk =1- 02 N Qi = 0. (3107d)

Finally, since the Lagrangian is defined only up to an overall multiple, we let ¢ = 1 without
loss of generality, so that A;;;, = 0. We therefore find the unique quadratic Lagrangian

satisfying the requirements,
Lij(u, ui,uj) = u(u, — Uj) — %dw(ul — ’LLj)2 N (3.108)

with the condition on d;; that A;;; = 0. Comparing the definition of A;;;, = 0 (3.105)) with
the parameter identity on the s;; (3.77)), we see that this is precisely the condition

dij = Sz‘j . (3.109)

So the resulting Lagrangian (3.108) is uniquely the Lagrangian two-form (3.68). We already
know from section that this Lagrangian also exhibits surface independence for the

other elementary moves.

We summarise this result in the proposition:

Proposition 4 We assume a valid renormalisation, and demand independence of field
variables (i.e. excluding delta function integrals). Then, provided that we discount the
generic case , the linear lattice Lagrangian two-form is the unique quadratic

lattice Lagrangian yielding a surface independent propagator .

Proof

, with the restriction A, =0 , is the unique Lagrangian exhibiting surface
independence for elementary move (a), and is identical to the Lagrangian . We also
have from proposition |3| that Lagrangian has surface independence under all other
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elementary moves. O

The principle of surface independence is therefore sufficient to determine the Lagrangian

uniquely: even more so than in the classical case (section [2.1.3)).

3.2.4 Quantum Variational Principle: Two dimensions

This result suggests a quantum variational principle in analogy to the one dimensional case

of section [3.1.5L. We consider the propagator over a discrete surface o defined in (3.70)),

K, (00) = A, / TT duu(n)) esetumirn (3.110)

nea
We have shown that, for the special choice of the Lagrangian two-form , the
propagator K,(0o) is independent of the surface o. It depends only on the variables
sitting on the boundary, do. Additionally, this is a very unique choice of Lagrangian; for

a generic Lagrangian, K,(do) will depend also on the geometry of the surface o itself.

Recall that, classically, the Lagrangian two-form structure arises from a variational
principle over surfaces as in [63]. An extended set of Euler-Lagrange equations arise as
we vary not only the dependent field variables u(n), but also the surface o. This restricts
the class of admissible Lagrangians to those obeying the closure property : it is only
for such Lagrangians and equations of motion that the classical action remains stationary

under variations of the surface.

As we move to the quantisation, we consider the variation over all possible surfaces o
with a fixed boundary do, parallel to the argument in the one-form case. For a generic
Lagrangian, as we vary the surface o the propagator K,(do) changes. However,
for the special “integrable” choice of Lagrangian two-form the propagator K,(Jo)
remains unchanged as we vary the surface. The integrable choice of Lagrangian therefore
represents a critical, indeed singular, point for some new quantum object in a space of
possible Lagrangian functions: a “sum over surfaces” of all possible surface dependent
propagators,

K(00) =Y MK, (o), (3.111)

ceS

where & is the set of all surfaces with boundary do, and 4 signifies some normalisation

and regularisation. As in the one-form case, this formula does not yet have a meaning -
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but at this stage merely illustrates the concept. The key idea is that this sum over surfaces
somehow forces the integrable, two-form choice of Lagrangian through the dominance of
the singular point. As in the one-form case, how to control the singular behaviour, or write
a concise mathematical definition, of such an object is currently unknown. Nonetheless,
such an object may be the natural quantum analogue of the classical Lagrangian variational
principle for two-forms, and could perhaps form an ingredient for the quantisation of lattice

models that are integrable in the sense of multi-dimensional consistency.

The idea of a quantisation by a sum over surfaces is not a new one, see [92), 93], but these
are concerned with a sum over topologically inequivalent surfaces. By demanding a fixed
boundary, we restrict to surfaces that are topologically equivalent, and seek a Lagrangian
with the special property of allowing a resolution to the sum over surfaces. However, the
authors note in [93] that the contribution of a surface for their models depends only on its

topology: for the special case of the Lagrangian two-form we have the same result.

3.3 Summary

By quantising the linear models of chapter 2 we have begun to form a picture of
the quantum analogue to Lagrangian multiform structures. The mapping equations of
the discrete harmonic oscillator were reinterpreted as operator equations of motion for
canonical quantum mechanics, leading to a time evolution operator. Examination of the
propagator then showed that this is equivalent for these cases to the Lagrangian (path
integral) approach. The commuting discrete flows of the classical model led to multiple
time evolutions in the quantum case. We discovered that the propagator for such multiple-
time evolutions is independent of the path taken through the time variables: that is, it
depends only on the endpoints of the path; this is a quantum analogue to the Lagrangian
closure condition. Remarkably, although the classical Lagrangian closure holds only on
the equations of motion, the quantum equivalent holds over the whole sum over histories
(i.e. despite the redundancy of the equations of motion in the quantum regime). Further,
we then found that in the case of quadratic Lagrangians, this is uniquely true for the

Lagrangian one-form structure of chapter 2.

We have begun to extend some of this work into the 2 dimensional case (paired

discrete harmonic oscillators), where the time evolution operator must be written with
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an interaction term exp(—ix;Xga/h). There is more to consider in this case, in particular
how the time evolution operators of the commuting discrete flows relate to the commuting
invariants of the model. The multiple invariants also makes this system a candidate for

investigating the behaviour of the Lagrangian one-form in a continuum limit.

To quantise the two-form case, we considered propagators over a surface within the
multi-dimensional lattice, where a path integral quantisation is enacted by integrating over
the interior field variables. Motivated by the discovery that “popping up” a cube onto a flat
surface does not change the propagator, we discovered that for the Lagrangian two-form of
chapter 2 the surface propagator is independent of the geometry of the surface: it depends
only on the boundary, and the field variables found there. This result directly corresponds
with the time-path independence of the one-form case, and is also a quantum analogy to
the Lagrangian closure property. Classically the Lagrangian two-form is closed only on the
equations of motion, but in the quantum case this closure holds within the path integral,
despite leaving the equations of motion behind. Further, we found that the Lagrangian
two-form for the linear lattice equations is precisely the unique quadratic three-point lattice

Lagrangian such that this holds, including specifying the necessary parameter.

These path- and surface-independence results lead us to propose a quantum multiform
variational principle: by integrating over all possible time paths, or all possible surfaces,
such an object could perhaps select exactly the integrable Lagrangian form structures.

Understanding, and taming, such an object is beyond the scope of this thesis.
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Generalised McMillan Maps: Commuting flows

and r-matrix structure

In chapters 2 and 3, we extended the Lagrangian multiform structure in a new way to
discrete linear models, which yielded insights into the possible operation of such structures
in a quantum regime. The important and unresolved question is how to understand a
quantum Lagrangian multiform in the non-linear (integrable) case. This turns out to be
a complicated problem, which we are not able to solve in this thesis. Two distinct types
of model suggest themselves as the most feasible candidates for study: on the one hand,
models of Calogero-Moser type have a known integrable discrete structure and Lagrangian
one-form, which are the essential ingredients of interest [78, [125]. On the other hand, we
have discrete mappings arising from integrable lattice equations, the non-linear relative of
the mappings considered in chapters 2 and 3. In this chapter we consider the latter option.
Although the one-form structure (even classically) remains elusive for this model, we find
commuting discrete flows by following the method of chapter 2. We investigate the dual

Lax pair as a possible route to understanding these commuting flows, and find a novel
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realisation of the r-matrix structure.

The so-called generalised McMillan maps arise as reductions from the lattice KdV
equation (1.7)), and are an integrable family of maps of dimension 2N [24, [79, B0, 91]. The
linear maps of chapter 2 arise essentially as their linearisation. As the multi-dimensional
consistency of the linear lattice equation resulted in commuting discrete flows for the linear
map, we might hope that the multi-dimensional consistency of the lattice KdV equation
[1 (75, 80] will ultimately lead to commuting discrete flows for the generalised McMillan
maps. The lattice KdV equation has a known Lagrangian two-form structure [62] [64],
which makes its reductions a very natural place to extend the work of chapter 2 and to

seek a Lagrangian one-form.

A significant advantage of these maps is that, although non-linear, they have a
Newtonian form: they are generated by a Lagrangian of the type L = T — V. As a
consequence, in the quantum regime the time evolution operator U can be written
in a separated form (1.74) (compare (3.5))), which leads naturally to the construction of a
discrete path integral, beginning from the canonical perspective. In contrast, such a form

is not known for maps of Calogero-Moser type.

As integrable maps, the generalised McMillan maps have a family of commuting
invariants. These also suggest the possibility of a compatible commuting flow, although
unlike in the Calogero-Moser case the invariant flows are not known to arise from a
continuum limit on the mapping. There is a well known Lax representation with a
corresponding integrable quantum structure for these maps [46, [74] [76]; the maps retain
integrability on the quantum level, which perhaps can be uncovered in the path integral
regime. Furthermore, it is not currently known how the Lax structure relates to a
variational formulation for most models, and in particular how this might be manifest
in a path integral quantisation: the generalised McMillan maps offer a possible avenue
for this research. Consideration of the spectral curves and Sklyanin variables [104] for
these maps also leads to a semi-linearisation, even on the quantum level, in the Dubrovin
equations for the map 39, [70], through the study of a quantum determinant. Perhaps such

approaches might offer further insight into a path integral quantisation?

In this chapter we consider some issues around the generalised McMillan map, working
towards a deeper understanding of the Lagrangian one-form and path integral structures.

In section we briefly overview some known classical and quantum results for these
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models that will set the scene for the rest of the chapter. In section we consider
commuting flows to the map, following chapter 2. For this non-linear case, we find that
such commuting flows are significantly more complicated, so that it is not straightforward
to express these flows via a generating function. In section we examine some early
steps to the path integral quantisation of the simplest member of the family, the McMillan
map. Although a quantum one-form structure is not yet clear, it is possible to make some
observations which point towards how the Hilbert space for such a model might look,
and the relevance of the choice of Lagrangian. Finally, we examine the dual (or big) Lax
pair for the generalised McMillan maps and its r-matrix structure, uncovering some new
details that may lead to better insights into the structure of the model. The big Lax pair
offers another way of considering the time-evolution of the map, whose connection to the

Lagrangian perspective is not currently known.

4.1 The Generalised McMillan Maps

4.1.1 Staircase reductions from the Lattice KdV Equation

In chapter 2, we described a linearisation of the lattice KdV equation, a multi-dimensionally
consistent, quadrilateral equation on a square lattice . By applying a periodic initial
value problem along a staircase in the lattice (figure the system of quad equations was
reduced to a linear, finite-dimensional mapping. In other words, a discrete-time system.
Although in chapter 2 we were primarily interested in the linearised system, such reductions
were first studied for the parent equation, and other integrable lattice equations [24], [80].
Recall the lattice KAV equation , which holds on elementary plaquettes in the lattice

on variables wy, m,
(6 + Wnm+1 — wn+1,m)(€ — Wpt1,m+1 T wn,m) =€ . (41)
In terms of the lattice parameters p and ¢, we use the notation d =p—¢q, e=p+gq.

As in figure 2.8 we apply a periodic initial value problem along a staircase of length

2P, introducing initial values
Wy =:0a25 , Wjitl,; =: A25+1 for j = 1, oo ,P y,  Qi42p = Q4 (4.2)

noting the periodic condition (compare [41], where non-periodic boundary conditions are

used for the same problem). The lattice KAV equation (4.1) then describes on each
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elementary quadrilateral the evolution of the variables a;. Evolution in the m (or hat)
direction is taken to correspond to the mapping as a discrete time evolution (note that we
could equivalently consider the evolution of n in the tilde direction; these two possibilities

were compared in [70]). We therefore have evolution equations for the a;,

€d

Q2j = Qgj41 — 0 + ———————— ,  QA2j41 = A2j+2 - 4.3
J J € — agjqo +ag; J 7 (4.3)
We introduce “reduced variables” v; such that

vii=€+a; —ajo, i=1,...,2P (4.4)

so that the evolution of the a; (4.3]) yields the equations of motion

=R =R € €0
Vgj—1 = V25 , Vg = v2j—1 + o o
27 25+2

It is easy to see that the map has two Cagimirs,
P P

szi = ZUQi—l = Pe, (4.6)
i=1 i—1

so that this staircase initial value problem produces a 2P — 2 dimensional map.

This is an alternative choice of reduction variables to the {z;,y;} used in (2.112)), which

have a non-ultralocal Poisson bracket structure,
{vi, v} = Git15 = Gijr - (4.7)

In other words, only nearest neighbours of the v; have non-trivial Poisson brackets. Note
that is is possible to eliminate the odd (or even) labelled v; from the map, and hence write

the mapping equations (4.5)) as a canonical map in a Lagrangian form.

Recall from section that the multidimensional consistency of the lattice KdV
equation ({.1) leads to a Lax representation (|1.20)), (1.21). The staircase reduction (4.2)

can be applied on the level of this Lax pair, producing a local Lax pair for the mapping

(4.5). The mapping equations are produced by the Zakharov-Shabat condition,

Lo(A) . Myp(AN) = Mypia(A) . Ly(N), n=1,....N, (4.8)
for matrices,
Vg 1
Lj()\) = VQjVQj_l s where V} = N (4.9&)
l; 0

Vo1 —edvs it 1
M= IA 7 o (4.9b)
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where lo; := X and ly;_1 := A — €, with X the spectral parameter. The invariants of the

mapping arise through the monodromy matrix
TA)=LnyA)...Li(N), (4.10)

where the Zakharov-Shabat condition (4.8) ensures that the trace of T'(\) will be invariant
under the map (4.5)). “Sufficiently many” (i.e. P — 1) invariants arise by expanding trT'()\)

in powers of A. We can equivalently consider the spectral curve,
det(nl —T(\) = n* —trT(A\)n + det T(\) =0, (4.11)

which yields the invariants in the same way.

4.1.2 Classical r-matrix structures

The generalised McMillan mappings (4.5]) have sufficiently many independent invariants for
integrability, guaranteed by the existence of the monodromy matrix 7'(A\) (4.10). However,
for the mappings to be integrable, these invariants must be in involution: this is shown by

constructing an r-matrix structure for the Lax pair [79].

We introduce tensor product spaces for the local Lax matrices of (4.9)). The space of
2 x 2 matrices GL(2) is embedded in a product space, GL(2) x GL(2). Index notation

indicates which space a particular matrix sits in,
1 2
AEA1:A®]I, AEAQZ]I@A (412)

Matrices labelled with multiple indices, such as rqs, sit across both tensor spaces, and are
represented as 4 x 4 matrices. Occasionally we will also need to use a third (or higher)
matrix product space, but the notation generalises in the obvious way. Note that typically
a different spectral parameter is associated with each element in the product space, for
example

Ly1:= Ln(Al) Q1 , Ln72 =I® Ln(>\2) , (413)

)

where A1 and A9 are distinct spectral parameters. In the notation, this dependence is often

left implicit.

Using this notation, the Poisson bracket structure of the v; (4.7) can be encoded on

the Lax matrices 1’ with the use of matrices rfé and 8{52, that live in the tensor product
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space [74, [79],

_ + -
{Ln,h Lm,Q} = _5n,m+1Ln,1512Lm,2 + 6n+1,mLm,2512Ln,1

+ Onm (TBLmle,Q — Ln,le,er—Q) . (4.14)

The matrices 73, and s, are given in [74]. The requirements on the Poisson bracket for
skew-symmetry and the Jacobi identity yield conditions on rliQ and sli2 that must hold,

most notably the classical Yang-Baxter equation,
+ + + + + +
[z m13] + [r12, 3] + [z ras] = 0, (4.15)

which is a classical limit of the famous Yang-Baxter equation [53], [10T]. The usual difficulty

in finding such r-matrix structures is in identifying solutions to the Yang-Baxter equation.

A consequence of the r-matrix structure (4.14]) is that traces of the monodromy matrix

trT'(A\) ({.10) are in involution,
{trT (M), trT(\2)} =0 . (4.16)

But therefore the invariants of the system are in involution, and hence the generalised

McMillan maps are integrable in the Arnol’d-Liouville sense [22].

4.1.3 The Quantum Map

In the quantum regime, the reduced variables v; (4.4]) become operators v;, with the Poisson
bracket (4.7)) replaced by a commutator bracket,

[Vi,Vj] = ih(6i+17j — (52"]‘4_1) . (4.17)

The mapping equations of motion ({.5)) become operator equations of motion, under the

assumption that we can create the inverse operator V;l [46, [74], [76],
62]'71 =V, 62] = V2j-1 + E(sz_jl — 65V2_j1+2 . (418)
We will not consider the analysis of this assumption at length.

Although the equations of motion transfer to the quantum regime in an obvious way,
the integrability of the quantum map is more difficult. The Lax pair (4.9) is also a Lax
pair for the quantum mapping, so long as care is taken with operator ordering. But, the

identification of invariants is more difficult. Due to the non-commuting operators, the trace
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of the monodromy matrix tr7'(A) (4.10) is no longer preserved under the mapping: a more

subtle approach is needed.

Integrability follows from a quantum R-matrix structure which encodes the
commutation relations on the level of the Lax matrices (4.9)), using the same tensor notation

as previously. We have matrices RE, SE such that

RTQLTLJ ) LH,Q = Ln,2 : Ln,lRl_Q ) (419&)

Ln+1,1 : STQL’H,Q - Ln,QLn+1,1 5 (419b)

LnlemQ = LmVQLnJ s for |7”L — m\ Z 2 (4.19C)

recalling the periodicity in n = 1,..., P. The matrices R1i2, Sig are given in [74]. The

same structure also holds for the other part of the Lax pair, M; (4.9b). These equations

describe the commutation of the operators within the Lax matrices.

Proving the existence and commutativity of the invariants in the quantum case depends

on the object

1 0
7(A) =tr(T(\)K (X)), where K(\) = . (4.20)
0 1+ih/A

The R-matrix relations (4.19) guarantee that 7(\) is preserved under the mapping, 7(\) =

7(A), and that as operators 7(\) commute for different choices of the spectral parameter,
[T(M),7(A2)] = 0. (4.21)

In other words, 7(\) produces the quantum invariants of the model, and they are
commuting. The proof of these results is by no means trivial [74]! The effect of the
matrix K () is that these invariants have a “quantum correction” from the classical
invariants, such that they reduce to the classical invariants in the limit &4 — 0. Notice that
in the quantum case the R-matrix structure is needed not only to prove commutativity of

the invariants, but also to derive the invariants themselves [103].

4.2 Commuting Discrete Flows

In section we discovered commuting discrete flows for the staircase reductions of the
linearised lattice KdV equation. The multi-dimensional consistency of the parent lattice

equation allowed us to extend the staircase reduction into a third direction in the lattice,
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producing a second mapping. The map was consistent with the initial mapping as a
consequence of the closure-around-the-cube property. The generalised McMillan maps of
this chapter are staircase reductions from the lattice KdV equation (section[4.1.1]) which has
the same key property of multi-dimensional consistency. Although the non-linearity means
that the commuting flow equations will be more complex, we can search for compatible
maps in the same manner as the linear case. This is potentially a fruitful avenue of research
as, unlike in the linear case, the generalised McMillan maps possess a known meaningful

Lax representation encoding the invariants.

To simplify the calculations, we first consider the simplest possible reduction: the
“P = 1.5” mapping shown in figure 2.4 We begin with initial values ag, a1, a2 and apply
the periodic boundary condition @y = ag. The lattice equation then yields equations
for the mapping

(p—q+ao—a)p+q+a—a) = p’—q*, (4.22a)
p—gq+a1—a)p+qg+a—ay) = p*—q°, (4.22b)
ay = ag. (4.22¢)

As in the linear case, we introduce the reduction variables x and y,
ri=ay—ay , Y:=ay—a, (4.23)

in terms of which the mapping equations (4.22)) become

p* — ¢ P — ¢

F o= y+ - _ (4.24a)
ptqg+z p+qg+7y
2 2
. P’ —q
= poqop—y+ T 4.24b
y pP—q U ( )

so that it is clear {Z,y} can be calculated from {z,y}.

This map is most naturally expressed in Hamiltonian form, in terms of the variables x

and 7, as
2 _ 2
~ P —q
= p—-q—-r—Yy+—m—, 4.25a
Y p—q Ut o Tata ( )
-
T =p—q-x—y— —— 4.25b
pPtq+y ( )
which can be derived from the Hamiltonian-type generating function
~ ~ ~ p+qgq+x
Fww-—p—q:ﬂ+y—1x+y2+zﬁ—fl%<A). 4.26
@9)= - +7) b+ 07 + 0~ o (LT (1.26)
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This guarantees the symplectic structure of the map, such that dx A dy = dZ A dy. Notice

that this form is somewhat more complicated than the usual maps of generalised McMillan
type .

Following section we extend the mapping into a third lattice direction, illustrated
in figure The lattice equation is first embedded within the multi-dimensional
lattice,

(i — pj + wj — w)(pi + pj +w — wij) = p; —p5 | (4.27)
where p; indicates the lattice parameter associated to the lattice direction ¢, and w;
indicates a shift of the lattice variable w in the ¢ direction. This yields the set of equations

for the staircase variables a;,

(p—r4+a—a)lp+r+a—a) = p?—r?, (4.28a)
(p—r4+a —a)lp+r+a —ay) = p2 —r? (4.28b)
(g—r+a2—agp)(g+r+ay—ay) = @ —r. (4.28¢)

We wish to write this map in terms of the reduced variables x and y (4.23)), but now the
non-linearity of the mapping equations (4.28)) makes this rather more difficult than in the

linear case.
By eliminating @; and @s, it is possible to write a quadratic for @y in terms of the initial
conditions,
A — |2r4+q—p+ar+a)A+ (= )2 —x—y)+ (P - r2)(p+q+m)}ao
—(p—r—a)[(r+q+a)A+ (> —¢*)(2p -z —y)]
+ 0 =) [(p+a+a)(rtata)+r? =g =0, (4.292)
where
A=02p—x—y)p+qg+az)—p*+r*. (4.29b)
This yields the double-valued expression for ag,
ao_;4<(2r+q—p+a1+a2)A+Ci¢E>, (4.30a)
where we have added the shorthand
B = [(p+q+y)A+(TQ—qz)(Qp—x—y)
ot o) 0226 ), (430)

C = (=) 2—2—9)+ @ —r)p+q+a). (4.30¢)
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The mapping equations (4.28)) then allow the derivation of similar expressions for @; and

a27

2(p* —r?H)A
a = p+rtap— =) , (4.31a)
(p+a+y)A+C+VB
2(r2 — ¢>)A
@ = r—q+ao— ("~ (4.31b)

(p+q+y)A-CFVB’

noting that the multi-valuedness of these expressions is determined by the single choice in

ag.

These expressions lead finally to expressions for the commuting map in terms of the

reduction variables, for Z,¥ in terms of z,y,

T = ay—agp,
_ Bp-gq-2c—yA-CFVB 2(p* —r?)A (4.320)
24 (p+q+y)A+C+VB'’ '
y == a2_617
2 2 2A 2 2 2A
= —(p+aq)+ " —r) ” —a) (4.32b)

p+q+)A+CEVB (p+q+y)A—CFVB '

The new variables Z, 7 can be calculated from these expressions, but are dual-valued: there

is a choice of sign for the square root. In this form, the map appears to be double valued.

The compatibility of the map {z,y} — {7,y} with the map {z,y} — {Z,y} is
guaranteed by the multi-dimensional consistency of the parent equation , but other
pertinent questions such as whether the map is symplectic, or preserves invariants of any
kind, are harder to answer at present. We would hope to express the mapping via a
generating function, but the form of the mapping equations doesn’t seem amenable
to this; however, it is possible that a better form may exist. The lattice KdV equation
from which the mapping originates possesses a Lax pair, with a matrix associated to every
lattice direction - discussed in section Indeed, the Local Lax representation for
the generalised McMillan maps is derived from this lattice Lax. In deriving the
commuting flows above, we have not yet exploited this Lax representation; it is possible
that this may resolve some of the present difficulties. More research is needed into these

commuting maps if multi-form structures analogous to the linear case are to be uncovered.
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4.3 Quantum McMillan Map

For the generalised McMillan maps there is a well established canonical quantum structure,
discussed in section [£.1.3] via the quantum inverse scattering method. We have found that,
classically, establishing commuting flows for these non-linear maps is more difficult than
in the linear case. Approaching a path integral quantisation for these non-linear maps is
also more challenging: in the linear case (chapter 3) we were able to make use of repeated

Gaussian integrals, but such a technique no longer works in this non-linear case.

In the section below, we consider the simplest member of the family of mapping
reductions: the McMillan map. Considering this simple, two dimensional map allows us
to explore questions regarding the path integral quantisation for a non-linear mapping,
examining forms for the time evolution operator and the resulting propagator, and
considering the behaviour of the operator invariant. This is essential groundwork to prepare

the way for studying Lagrangian one-form path integrals.

4.3.1 The McMillan map: P =2

Recall that the maps we have been studying in this chapter arise from staircase reductions
of the lattice KAV equation, as in section [{.1.1] The simplest non-trivial such mapping
arises when P = 2: this yields the famous “McMillan map” [66]. This map can be expressed
in terms of the variables vy, vo , but it will be more convenient in this section to describe

the map in terms of the alternative reduction variable g,, where

g = 290 (4.33)

€

The subscript n labels the discrete time evolution, so that ¢, = ¢u+1, and so forth. The

evolution of the a; (4.3 yields the equation of motion

2aqp,
1—gq2’

G+l + Gn-1 = where av := —d /e, (4.34)

which is a well known form for the McMillan map.

The McMillan map (4.34)) is symplectic, since it arises from a variational principle on

a discrete Lagrangian,

£(g,9) = —q3— aln(l — ¢%) , (4.35)
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where the equation of motion results from the discrete-time Fuler-Lagrange equations
(1.36)) (we have suppressed the subscript n for ease of notation). It is easy to check that

the map has an invariant,

In(@) = (1= ) (1 — qi 1) + 20Gngn—1 - (4.36)

As such, the McMillan map is an integrable mapping of standard type, corresponding to
a specific parameter choice of the type (i) mapping described by Suris [109].
Using the functional relation

sna cnbdnb + snbcna dna
1 — k2 sn2%asn?b ’

sn(a +b) = (4.37)

the McMillan map (4.34) can be explicitly solved in terms of the elliptic sn function,
qn = Asn(¢n + &) , (4.38a)
where
a=cnCdn¢, A?=k%*sn’C. (4.38b)

k is the modulus of the elliptic function, and { represents the discrete time step. From the
perspective of a discrete time evolution, this solves the mapping for all time. Comparing
this to the classical solution for the discrete harmonic oscillator (2.43)), z(t) = Asin(6t+6),
the McMillan solution is in some sense an elliptic generalisation of the linear case.

4.3.2 Quantisation of the map

In section we consider the canonical quantisation of the generalised McMillan maps
using an R-matrix. Following chapter 3 we would like to investigate a sum-over-histories
quantisation, to extend the quantum Lagrangian one-form ideas into a non-linear example.
Very little has been written on the path integral quantisation of integrable maps, although

some early work exists in [38] [40] which we will build on in this section.

We consider the simple case of the McMillan map given in (4.34). In the quantum case,

this as a map of quantum operators [76],

(Qni1 +9n-1)(1 — q2) = 2aq,, . (4.39)

Bold symbols here denote operators. This quantum McMillan map is an operator equation

of motion in the Heisenberg picture. However, making sense of such an operator equation
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(4.39)) is problematic. The Hilbert space on which these operators act is, a priori, unknown.
In order to understand this quantum mechanical system, we need to understand the Hilbert

space.

To understand the quantum McMillan equation requires commutation relations
between the position operators q, at different times n. These commutation relations
are defined by the conjugate momenta, and so the interpretation depends in an essential
way on the choice of discrete Lagrangian. A different Lagrangian yields different conjugate
momenta, hence different commutation relations. The question remains: what is the correct

choice of Lagrangian?
A natural choice of Lagrangian that expresses a relation to standard approaches in
continuous timd'|is given by [74]

1

L(an Qn-‘rl) = §(QH+1 - QR)z - %21 - (X]Og(l - qrzL) . (440)

This Lagrangian has a kinetic and potential part,

L =T(gn+1 = qn) — V(gn) , (4.41)

in a Newtonian form. It is straightforward to check that discrete Euler-Lagrange equations

yield the mapping equation (4.39)). The Lagrangian (4.40) yields canonical momenta

0L
= = — qn , 4.42
Pr+1 dgy I (4.42a)
oL 2aq,
- _ - _ i 4.42b
Pn e Gn+1 + Qn 1_ q721 ) ( )
which endow the model with canonical commutation relations,
[dn, Pn] = ih . (4.43)

The momentum equations (4.42]) then define commutations between the position operators
q, at different times, so that we have as a consequence of (4.43)),

[An—1,qn] = iR . (4.44)
We can then show that the two factors of the mapping equation (4.39) commute,

(@nt1 +an-1)(1—q) = (1 = q2)(qnt1 + An1) (4.45)

!This Lagrangian is of Newtonian form, and has a kinetic term that goes to ¢°/2 in a simple continuum

limit.
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which is essential for the consistency of the equation.

Having established commutation relations for the q,, we can also find the quantum

correction to the classical invariant (4.36]), such that I,,11 = I, is the quantum invariant,
In = (1 - q%)(l - qifl) + 2(0& + ih)qnqn—l . (446)

The A correction addresses the operator ordering issues; but defining the invariant is
therefore dependent on establishing commutation relations , or equivalently on
choosing a generating Lagrangian. Such invariants (including in the McMillan case) were
also considered in the paper [40], from a single-step path integral perspective, which we

have included for the linear case in section

4.3.3 Unitary operator and One-step Propagator

In [74], the authors used the Lagrangian (4.40) and the resulting canonical momenta (4.42))

to describe the quantum McMillan map in terms of a time-evolution operator U, such that

Pn — Put1 = U'paU, (4.47a)
A — Quy1 = U'quU . (4.47D)
The Newtonian form of the Lagrangian (4.41]) means that it is straightforward to write U

in the separated form,

U = e=T®)/he=iV(@)/h (4.48a)

where

T(p)=ip?, V(a)=q’+alog(l-q?, (4.48b)

are kinetic and potential terms. Writing the momentum equations (4.42)) in the form

Qn+t1 = dn+Pn—2qn + %g(é% = qn —T'(pn) +V'(an) , (4.49)
Porl = Pn— 200 + 1% = pu+ V()

and recalling the conjugations (1.75) it is easy to see that the time evolution operator U
(4.48) leads to the correct operator equations of motion.

With the McMillan map expressed in terms of a time-evolution operator U, we can
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consider the one time-step propagator (as in chapter 3)

n+1{@a)n = (@lUlg) , . (4.50a)
= [dpexp [;( —50? +p(@—aq) + V(Q))} : (4.50b)
= e |1 (3@ 02— -aloga-@)] s

_ W exp [;L(q, a)} , (4.50d)

so that the Lagrangian (4.40) reappears. We assume that we can introduce a complete
set of momentum eigenstates; the integral over p is interpreted as a Gaussian integral.
This assumption is to some extent validated by the resurfacing of the Lagrangian at the
final step. Although this is not a new result [74], it is important to note the way that the
propagator depends essentially on the initial choice of Lagrangian. We highlight this below

by considering an alternative, simpler, choice of Lagrangian.

As given in (4.35)) we can also choose the Lagrangian

L(Gns Gnt1) = —@ndns1 — alog(l — q2) (4.51)

this represents a simplest possible choice of Lagrangian generating the McMillan equation
(4.39), and is clearly equivalent to the Lagrangian (4.40) in the action. This alternative
choice of Lagrangian defines different conjugate momenta, or Hamilton’s equations,

2aqy,

— . 4.52

Pn+1 = —Qn, Pn =dn+1 —

Compare (4.42)). These also yield the commutation relations (4.44).

The momentum equations (4.52) define a subtly different evolution to the previous
choice (4.42)), and correspondingly this is described by a different choice of time evolution
operator U. We rewrite the momentum equations (4.52)) in the form

20
Quit = GuFPu— Wty _‘z‘z = qp + T (pn) — V'(an) , (4.53a)
n
Pl = Pn—Gn—Pn = Pn—V (an) = T'(Ps) - (4.53b)

Inspired by the three-part time evolution operators found in chapter 3 (3.5)), we write the

time-evolution operator for this Lagrangian

U = ¢~ V(@/hy—iT(p)/h iV (@)/h (4.54)

)
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where
Via)=1id>, T(p)=1ip*, V(q)=3id*+alog(l—q?). (4.55)

This generates the operator equations of motion by the conjugation (4.47)), as before.

Once again, as in (4.50)), it is possible to write the one time-step propagator,

ns1(@lg)n = @e*iV(q)/hefiT(p)/he*iV(q)/h|q>’ (4.56a)
= V2mwih exp % (—qqA— alog(1l — q2)) , (4.56b)

so that we recover the specific form of the chosen Lagrangian, given by (4.51). Note the
sensitivity of the one-step propagator to the choice of Lagrangian; a key question remains

whether a one-form structure that might fix the Lagrangian exists for this integrable model.

4.3.4 Quantum Mechanical Propagators

Following the one time-step propagator (4.56)), a path integral quantisation of the McMillan
map requires the extension of the propagator into multiple time-steps. The Hilbert space
for the operator equation of motion (4.39) is not known; perhaps the path integral approach

can ultimately offer new insights into the system.

One approach by Field and Nijhoff [38] begins by postulating Heisenberg picture
position eigenstates at time n, |g),, and proceeds from the operator equation of motion
(4.39). The equation of motion is sandwiched between the quantum states ,4+1(q| and |¢),

to yield an equation for the “one time-step” propagator,

n+1 <a (qn—l—l + qn—l)(l - qi)|Q>n =2« n+1<zﬂqn’q>n . (457)

Evaluation of this operator equation depends once more on our choice of Lagrangian and
conjugate momenta. Taking the Lagrangian (4.51) with operator momentum equations
(4.52)), we choose a standard representation of the operators q, and p, as differential

operators,
ndlanl¥) = qnld¥), (4.58a)
0
n{alpnlt) = —m(a—qn<q|w>- (4.58D)

This leads to the differential equation from (4.57))

1= (a— h(fq) K1(0,9) = 200K1(q,3) (1.59)
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where we have introduced the one time-step propagator

Ki(q,9) == n1(Q@)n - (4.60)

It is possible to solve the differential equation (4.59) for the propagator, so that
~ ~ { ~
Ki(,3) = A (@) exp |+ (=47 — alog(l = ¢))| . (4.61)

The ¢ dependence of the integration factor is fixed by comparing different evaluations of

n+1(qlQn|q)n, using the equation q, = —pn+1 ([#.52),
N .. 0 .
n+1{qlan|@)n = ¢K1(q,q) = ZH%K1(Q7Q) ; (4.62)

which yields that .4#* = constant. We therefore have the result

L
h
‘

h

Ki(q.9) - Wexp[ (—qa—alogu—q?))] , (4.63)

- JVeXp[ L(q,@)} , (4.63b)

where L£(q,q) is the discrete Lagrangian generating the map, given by . Note the
consistency of this result with the propagator derived through the time evolution operator
U . This equation of motion approach could similarly have used conjugate momenta
defined from the alternative Lagrangian , leading to the alternative propagator

expression (4.50)).

The two time-step propagator

The equation of motion method of section [.3.4] can be extended to derive an equation for

the two-step propagator,
Ky (21\7 g) = n+1<E]\]Aq>n—1 . (464)

This method is again due to [38]: here we explore the full propagator expression in more

detail, and relate the result to the one-step propagator of (4.63).

Sandwiching the operator equation of motion (4.39) with the Heisenberg position

eigenstates ,+1(q] and |¢),—1 we can write

n+1{ql(An+1 + An-1)(1 — qi)‘@n—l = 20n41 <aQn|Q>n—1 . (4.65)
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Again using the operator equations of motion (4.52), the commutation relation (4.43)) and
the representation (4.58)), this yields the second order differential equation in terms of g,

0? 0
~ 2 . . ~ o
[(q+g) <1+ﬁ 862) —22h(a+zh)8—a ng(q,g) =0. (4.66)
This differential equation can be solved in terms of Bessel functions. Writing
zi=q+q, w(z):=Ksqq), (4.67)

where ¢ is treated as a parameter, the differential equation 1’ can be rewritten as

2i(ac+ih) 1
" /

This has the form of equation (10.13.4) from [30], which is solved in terms of a cylindrical

function %,
.
w(z) = 247, (%) . v=x <2 - Z;:) . (4.69)

This solution can be elaborated by seeking a series solution to the differential equation

(4.68)) around z = 0. There are two such solutions, given by

> n 1 z\2n
wi(z) = ;(—1) m(%) , (4.70a)
—2v . n 1 z\2n
w_(z) = 272 7;](_1) . <%) , (4.70b)
where v = 1/2—ia/h. (4.70¢)

The notation (a),, represents the Pochhammer symbol of a,
(@), =ala+1)...(a+n—1). (4.71)

The Bessel function is defined by

B2 = (22 Sy T (4.72)
— E'T(v+k+1)

[30, 121] so that the solutions for the two time-step propagator (4.64) are

K2(q,q) = a4(q) wi(3+q) +a—(q9) w-(3+q), (4.73a)

where wi(z) = (q+ g)nyiy<(qA+g)/h>, (4.73b)

with v given in (4.70c), and a+(q) undetermined integration factors.
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It remains to resolve the ¢ dependence of the integration factors ai, but this can be
approached in a similar manner to the one time-step case (4.62). Observe that from the
momentum equations (4.52)) we have

2aqn—1
Qn = —Pntl = Pu-1+-—5—, (4.74)
- qd,—1

so that ,+1(q|qn|¢)n—1 can be evaluated in two different ways,

2aqy,—

@Dt = et oo 22 gy (@)
n—1
o . . L0 20q ~

= g = (g v ) (1.730)

Now, noting that
ow;(z) B ow;(z)
G~ oq (4.76)

and substituting (4.73)) into (4.75)), the condition becomes

12:1122 (CLJr (g)w+(z) +a_ (g)w,(z)> .47

~

0= ih(aﬁr (9)wi(2) +a_ (g)uu(z)) +

This is most easily solved by resolving the a4 (q) parts separately as coefficients of w4 (2)

respectively, yielding

a+ (g) = a4 exp [;( — alog(l — q2))} , (4.78)

for constants ay. Hence the solution to the differential equation (4.66)) is given by
~ { . —v
Ky (q, g) = exp [h( — alog(1 — qu))} (q + g)
x [a+ J,,((c?—i— g)/h) +a_ J_V((a+g)/n)] . (4.79)

This approach does not specify the constants a4, but we will see that they follow from the

group property of the propagator.

A natural question is: how does the two time-step propagator (4.79) link to the
one time-step propagator (4.56]), (4.63)7 An expected property of quantum mechanical

propagators is the group property, which is a composition rule
K(z,y; T+T') = /dM(Z)K(:v,Z;T)K(zvy;T’) : (4.80)

In the discrete time case, the two step propagator has a natural time slicing into one step

propagators, but this requires the introduction of a complete set of position eigenstates,
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with an appropriate integration measure. Without knowing the form of the Hilbert space,

it is unclear what this should look like.

We postulate the complete set of position eigenstates

/ du(q) lg)lal =1, (4.81)

where the measure du(q) is to be specified. Using the time evolution operator U (4.54),

we time-slice the two step propagator into one step pieces,

K2 (67 g)

(@U?lg) = /du(Q) (@Ula){alUlg) , (4.82a)

~ [ anta) K@ aKila.) (4.52b)
So this is a simplest possible manifestation of the composition rule (4.80) and time-slicing.

Substituting in the expression for K; (4.63) we find the integral for the two step

propagator

Ka(d,q) = A exp [;( — alog(1 - qf))}
X /dM(Q) exp [; < —q(q+q) — alog(l — q2))] . (4.83)

Now, consider the following integral representations for the Bessel function [30, 121],

Z/2 zzt v—1/2 1

W) = f/ dt et (1 — 2) SR> (48k)
2(z/2)” sin(xt) 1

Ju(x) = T2 —0)vm ), CEnEEER |Rv| < 3" (4.84b)

In fact, we will need to assert the analytic continuation of these identities to the region

Rv = £1/2. Suppose we make the identification,

[~ [ Z dq | (4.85)

which is a standard assumption for a physical Hilbert space. It is then possible to rearrange

the integral (4.83)) into two parts,

1 oo
X </ dg e™1(1 — ¢ )_m/h-i—Qi/ dgsin(zq)(¢* — 1)_m/h> . (4.86)
1

-1

K (q, g) = 2rhexp [;( — alog(1 — q2))}
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But these integrals are solvable with Bessel function representations (4.84]), so that the

propagator is given by

KQ(a\v g) = Qo (1

—ta/h g~ —v ~ . ~
=) ) (M@ m @) s
with v =1/2 — ia/h as before (4.70c), and the identification
ap = (2R T2 T (v +1/2) . (4.88)

But this expression is precisely compatible with that found through the differential
equation , where the relative values of a1 are now fixed. Only an overall normalisation
constant remains. This composition rule approach yields a compatible answer with the
operator equation of motion. A key outstanding difficulty, however, are the singularities
at ¢ = +£1. How to resolve singularities in discrete-time quantum mechanics is not in
general currently clear, but the favourable properties of integrable systems suggest it may
ultimately be possible to understand the behaviour of solutions around these singularities
in the quantum regime. Perhaps integrable systems may point the way for the broader

theory.

4.3.5 Operator Invariant

Recall the invariant for the quantum McMillan map ({4.46). In terms of the conjugate
momenta (4.52)), this can be written

L, =(1-q;)(1-p;)+2(a+ih)a.pn - (4.89)

We can consider eigenstates of the operator invariant, such eigenstates will have a fixed

eigenvalue under the time evolution,

Loale) = Loy = Elv). (4.90)

These represent stationary states for the quantum mapping. In the discrete-time case,
there is not a Schrédinger equation in the same way as for continuous time systems, but
the invariant can be thought of as a Hamiltonian generating a continuous-time flow that
is compatible with the map, with stationary Schrédinger equation given by the eigenvalue

problem (4.90)).

Taking a standard position space representation by conjugation with the position

eigenstates |q)n, the eigenvalue problem (4.90)) leads to the differential equation in position
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space
(1= )il(a) — 21 (0 + iWav(a) + 3y (1~ Phin(@) = pyvnla) . (491)

where ¥, (q) is the wave function at discrete time n. It is observed in [40)] that this is an
equation of confluent Heun class. By substituting ¢, (¢q) = G(q)v(q), (4.91) can be written

in the form

i(1— 2)d—”+ V(1 —q*) —n+p(p+1) - v (q)=0 (4.92a)
A q°) —n+ p(p 2| v@=0 :
where
w = ia/h—2, (4.92b)
v o= 1/h*, (4.92c)
n = E/h*, (4.92d)
_ H 2
G(g) = exp [—5 log(1 —¢q )} : (4.92¢)

Equation is the spheroidal wave equation for v(q), see equation (30.2.1) of [30].
The Sturm-Liouville form of is sufficient for orthogonality of eigenfunctions either
on the range [—1,1] or over the whole real line with vanishing boundary conditions, with
weight function o(q) = 1. Such boundary conditions would need to account in some other
manner for the singularities occurring at ¢ = +1. However, we can gain some further

insight from the existing literature on the spheroidal wave equation.

The spheroidal wave equation is in general multi-valued across the complex
plane; literature on solutions is generally focused on the case where a single-valued function
can be found [6, 12, 34} [67), 106]. For this single-valuedness, it is required that the parameter
p is an integer (4.92b). In that case there is a set of eigenvalues,

Ni=p(p+1)—n= X0, numberedby v=p, p+1, p+2,..., (4.93)

where A (b%) < A (b*). These eigenvalues correspond to eigenfunctions Psk (g, b?), called
spheroidal wave functions, which are bounded, complete and orthogonal on (—1,1). They
have the form (1 —¢?)*/2¢(q), for g(q) an entire function. In other words, if v(q) takes this
form, then the quantum wave function ¥, (q) is an entire function.

One must then consider the physical requirements on the solution 1, (q). The results

above in the literature for the spheroidal wave function are suggestive that a physically

meaningful solution to the equation (4.92a) requires that p (4.92b)) be integer, so that we
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make the parameter choice

a=—(u+2)ih (4.94)

for integer u. In other words, physical restrictions on the wave function ¥, (q) could lead
to a quantisation of the mapping parameter itself. Under such a quantisation, the wave

functions would then be
Un(q) = (1 - ¢*)"*Psli(q) (4.95)

for spheroidal wave functions Ps”, with eigenvalues given by Ay, and v enumerating the

v
energy levels for the model. These functions are naturally bounded (hence normalisable),
orthogonal and complete over (—1,1). Perhaps a suitable basis for a Hilbert space theory

of the model can be found in these functions.

Note that a second special case of 1} corresponds to the choice p = % In that
case, the equation becomes the Mathieu equation, equation (28.2.1) of [30].

4.4 Dual Lax and r-matrix Structure

There are a number of outstanding challenges in the path integral quantisation of the
McMillan map. As we saw in sectiond.2] it remains unclear whether we can establish a one-
form structure, due to the difficulties in describing the commuting flow. Similarly, in section
the early inroads into the path integral itself so far only hold for the simplest case, and
only as far as the two time-step propagator. But, the McMillan maps have extensive
integrability structures that we have not yet leveraged to their full extent, particularly the

Lax pair.

In the section below, we consider the Lax pair in more depth. It is not yet clear how the
Lax pair relates to the Lagrangian structure, but rather it is a parallel approach. The local
Lax structure of the generalised McMillan maps (discussed in section has a related
dual structure of large Lax matrices [80]. In the following section we discuss the r-matrix
structure belonging to this dual Lax pair, identifying some novel features, by expressing the
r-matrix as a normal-ordered matrix fraction. It emerges that this dual Lax pair may have
a simpler quantisation than the one already known for the local Lax case, although this is
not yet clear in the general case. In the discrete Calogero-Moser and Ruijsenaars-Schneider
models (section , the Lagrangian one-form structures were associated to commuting

discrete flows - these commuting flows arose through the introduction of additional elements
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into the large Lax pair. Further, for the CM case, the one-form action actually arises
directly from the Lax pair as a log-determinant of the ordered sequence of Darboux matrices
M generating the time evolution. By elaborating the large Lax structure for the McMillan
maps, it is possible that we will be able to pursue a Lagrangian one-form structure through

this avenue.

4.4.1 Dual Lax Matrix

The generalised McMillan map in variables v; (4.5) has a well studied “local” Lax pair
(4.9), but this is not the unique Lax description for the model. It is possible to move to

an alternative, “dual” Lax matrix formulation [24], by considering eigenvectors 61 of the

monodromy matrix T'(\) (4.10)),

T(\) 61 = ho) . (4.96)

Recalling that T'(A\) = Van ... Vi, the local matrices V; (4.9a]) define a sequence of vectors
0

9j+1 = VJHJ = 92N+1 = hb; , (4.97&)
such that
0; = ¢ = A N A (4.97D)
(0 Yit1 Ajdj

Eliminating v; from these equations gives a system of equations for ¢;,

bjiy1 = vjQ;+Aj1dio1, j=2,...,2N -1, (4.98a)
hor = wvengon + Aen—1P2n-1 , (4.98b)
hea = hvigr + Aangan - (4.98c)

Forming the new vector ® = (¢1,...,¢2x)7, we can cast these equations (4.98) into the

matrix form

L(h)D =\ . (4.99)
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This is a dual spectral form to the local Lax matrix (4.9)), with the dual (2N x 2N) Lax
matrix given by

€ —V2 1
0 —-wv3 1
€ —wm
L(h) = 0 1 (4.100)
—VaN -1 1
h € —UaN
—h’U1 h 0
Note that the roles of h and X as eigenvalue and spectral parameter are reversed from the
local Lax case (4.96)).
The Lax matrix £(h) is more easily expressed in terms of the (2N x 2N) shift matrix
Eh7
01
2N—1 0 1
Xy = Z Ej,j+1 + hEgN’l = e T R (4.101)
=1
’ 0 1
h 0

which acts on elementary 2NV x 2N matrices E; ;j by

ShEij=FEi_1;, YnE1;=hEoN; ,

(4.102a)
Ei,th = Ei,j—H R Ei,QNEh = hEZ'J . (4102]3)
>p, has the additional periodic property
22NV = hl. (4.103)
In terms of ¥, the dual Lax matrix £(h) can be written as
L(h) Y2 SV 4+A, (4.104a)
2N N
Sh—Sa | Y viEj; | +e0> Eajigi1 (4.104b)
j=1

j=1
where we have also introduced the diagonal matrices V' and A. Hence £(h) is expressible

in terms of a combination of ¥; and diagonal matrices [80].
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Since ¥ allows us to express the Lax pair in terms of diagonal matrices, we introduce
the simplifying notation D; (with a single subscript) to indicate the (2N x 2N) elementary
diagonal matrix with a 1 in the (j,j) entry, and zero everywhere else, D; := Fj;;. This
reduces some unnecessary subscripts in the calculations to follow. X5 also commutes with

these diagonal matrices according to the simple rule
D;¥y =Xy Djy1 (4.105)

which is easily shown from the definition (4.101]).

Having written the Lax matrix as a quadratic in 3; (4.104), it is easy to identify

factorisations of L£(h), of which there are two possibilities. Either

L(h) = N(h)M(h) , (4.106a)
with
M(h) = Sp—ed> vy Dyjy, (4.106b)
j
N(h) = Sp=Y vj1Dj+e5Y vyl ,Daj . (4.106¢)
J J
Or the alternative decomposition,
L(h) = M (h)N'(h) , (4.107a)
with
M(h) = Tp—ed> vyl 1Dyjq, (4.107b)
N'(h) = %, — Z;Dj +e6y vyl Do (4.107c)
j j

The equations of motion for the map (4.5) then arise from a conjugation with the matrix
M(h),
L(R)M(h) =M(R)L(R) = L(h) =M(h)N(R) . (4.108)

In other words, evolving the map by one time step corresponds to interchanging the factors
of the Lax matrix £(h) [80]. Note that the Darboux matrix M(h) could also be derived
from the local Lax matrices L;(X), M;(X) (#.9a), in the same way as the Lax matrix
L(h). Although these interchanges generate the dynamics, the possible link to a variational

formulation, or indeed to a path integral quantisation, is not currently known. For the
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discrete Calogero-Moser map, the generating Lagrangian arises as the log determinant
of the Darboux matrix, M, but such a connection has not yet been discovered for other
discrete-time mappings. Interchange of the alternative factors M’ and N (4.107)) yields

equations of motion corresponding to the backwards time evolution.

The evolution of the Lax matrix £(h) (4.108)) additionally guarantees the invariance of

the spectral curve,

det (A\I - £(h)) =0. (4.109)

This yields invariants for the model as the minors of £(h). Note that the spectral curve
(4.109) is closely related to the spectral curve of the local Lax pair (4.11)), such that the

invariants for the dual Lax matrix are the same as those yielded by the monodromy matrix

T(\) (@E10) [24].

4.4.2 r-matrix structure

As described in (#.14)), the Poisson bracket structure of the local Lax matrices L;(\) (4.9a))
can be encoded in a classical r-matrix structure. We would expect there to be a similar
structure for the dual Lax matrix £(h) , but such a structure for the generalised
McMillan case surprisingly does not exist in the literature; although it has been found for
a selection of other models with similar Lax structures [104] 105]. However, in [60] the
authors consider a similar dual Lax structure for the Dimer-Self-Trapping model, and the

r-matrix structure in that case turns out also to be the correct one for the McMillan map.

We begin by choosing the r-matrix from [60] which lives in the matrix tensor product

space,

1
ria(h W) = — WY +h> | By Ej; . (4.110)
7>t I<t

The authors do nothing more with ri2 except to comment on its non-unitarity, that is
r91 # —rio. They mention that in some cases it is possible to gauge transform to an

alternative, unitary form of the r-matrix, although this is not done for the specific case.

The r-matrix (4.110) however, can alternatively be written in terms of the shift matrix
> (4.101)), which reveals some interesting properties. We suppress the spectral parameter

to write

1 2
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Recalling the periodicity property of ¥j (4.103]), we write the r-matrix as

1 1 2 1 2
ra(h, ) = o= h,(ZE%N EijEji + Y EijEji 2§N> : (4.112a)

J<i j2i

1 oN—itj L 2 i
T h-W <221 ! EjjEj; Xy

j<i
+> 5 BBy 22N W), (4.112D)
7>t
1 2N
= mZﬁN—ksnz’;, (4.112¢)
k=1

where we have introduced the sparse diagonal matrix across the tensor product space,

2N
Eia=)Y E;;@Ej;. (4.113)
j=1

The expression (4.112¢) then gives a form for ris in terms only of the shift matrix > and
€12 - a form inherently compatible with the dual Lax matrix £(h) (4.104).

We can take the summation expression for the r-matrix (4.112¢|) further by noting a

relation to a fractional expression of the Y matrices. Notice that

2N
1
(B —%y) ! = - DIPR > R Vi (4.114)
k=1

which is easily checked by multiplication by (X1 — ¥9) and use of the periodicity property
(4.103)). Comparing with the expression for the r-matrix (4.112cf), we can write the normal

ordered expression

2N
1 IN—k k-1
rio(h, B = T ROt A Vil DO (4.115a)
k=1
E12
= [ ——"— 3. 4.115b
D ( )
The notation : : indicates a normal ordering on the factors 31 and Ys. In a series

expansion of : f(X;, ;) : the normal ordering indicates that factors of ¥; should be placed
to the left, and factors of X, to the right. Note that the ordering of factors is indicated by

the order that the Xj factors are written inside the function, so that for example

. €12 ._ 1 2 y2N—ke sk—1
‘21—22'_h—h/2 1 1252
k=1
L £
_ yIN—ke k=l _ . _Z12 . (4116
#* h—h’z 5 12237 S ( )

k=1
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In the first normal-ordered fraction, 3, factors are placed to the front and Yo factors to
the back, whereas in the second expression this ordering choice is reversed, with the two
choices not equivalent. This yields a very satisfying form for r1o as a normally ordered
fraction of ¥, matrices. In practice, the expansion (4.112¢) remains the more useful for

calculations.

Now, recalling the non-ultralocal Poisson bracket structure for the v; (4.7) we can
calculate the Poisson bracket for the dual Lax matrix £(h) (4.104)),

2N

{£1,L2} = T ) <D1+2 - D1> Di S, (4.117a)
=1

= Xol12¥1 — ¥1&12¥s (4.117b)

so that this is expressed in terms of X and €1o. Returning to the expression for rio
(4.112c)) it is straightforward to show that the Poisson bracket (4.117)) can be expressed in

linear r-matrix form as

{L1(h), Lo(R")} = [r12, £1] — [ra1, Lo - (4.118)

Such r-matrix forms have been found previously [9, [104] in particular for the Dimer-Self-
Trapping case that we have been following [60], but this is a new result for the generalised
McMillan maps. Notice that in comparison to the local Lax case (section [4.1.2)) this is a

linear r-matrix structure, rather than the typically quadratic form of (4.14).

A number of properties for the r-matrix arise from its normal ordered fraction form

(4.115). Respecting the normal ordering, we can write the inversion of the fraction, such

&1 €12
Y Yo =~E19 . 4.119
1( SN ) ( SHESN ) 2 12 ( )

This is easy to verify by expanding the fraction and using the periodicity property of p:

that

there is a natural telescoping of the terms created. But, this is equivalent to a classical

pseudo-skew-symmetry for the r-matrix,
r12 + 191 = —&12 . (4.120)

Notice that in order for the r-matrix structure of the Lax matrix (4.118)) to define a proper
Poisson bracket, it must be skew-symmetric. But this is automatic in this case. Hence the

non skew-symmetry of the r-matrix, rio # —ro1, is not problematic.

In many cases, the classical r-matrix is skew-symmetric, and has often emerged as

the classical limit of some unitary solution to the Yang-Baxter equation [53]. In [60], the
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authors mention another case (the Toda system) where a gauge transform puts a non
skew-symmetric r-matrix (of the kind we are considering) into a skew-symmetric form.
However, they do not suggest what an appropriate transform might be in the DST case,
and it is similarly unclear how to make such a transformation for the generalised McMillan
case. The r-matrix of is, however, sufficiently interesting to merit further study

despite its non skew-symmetry.

To define a proper Poisson bracket, the r-matrix structure (4.118) must also have the

Jacobi property,
{£1,{L2, L3}} + { Lo, { L3, £1}} +{£3,{£L1,L2}} = 0. (4.121)
To hold, this requires that 12 obeys a classical Yang-Baxter condition [32] 53],
Ly, [ri2,m13] + [r12, 23] + [r32,713]| = O, (4.122)

which is clearly satisfied if the sum of r-matrix commutators is zero. Using the summation

form of the r-matrix (4.112¢) we can show that the three-term relation holds,
712713 = 13732 + r23T12 , (4.123)

from which it is easy to show that the classical Yang-Baxter equation (4.122)) follows, and
hence the Poisson bracket (4.118)) has the Jacobi property.

This three term relation appears somewhat mysterious, but is related to the normal-
ordered fraction form of the r-matrix (4.115). The three term relation (4.123)) is written

using the fractional form as

E &
ERGEIN ERSEIY
21 Y9 21 Y3
€23 €12

€13 E32
= DI Yot T ———>3 ——>9: . (4124
ST S A S s N NS s R R LS S A S8 ( )

We note two properties. First, since ¥; and &;; are numerical matrices, matrices in
different tensor product spaces can commute through each other freely. Second, using
the commutation rule between the D; and ¥; (4.105)), it is possible to reverse the factors

in the normal ordering,

: Y = ZQN ke, . xk 4125
DI hjkl S ( )
2N
- ! S oskemENh =y i . (4.125b)
hi — h; ! 'Y - %

U
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Note that the exchange only works in this simple form because there are precisely 2NV
of the ¥ matrices in each term of the summation. Exploiting these two properties, the
extra factors of 39 and X3 in (4.124)) can be cancelled out, leaving a relation in terms of

normal-ordered fractions only,

R B 3t N o BTN <3t <5 S < - B
ST s Ll e LR s L s L

(4.126)

But this has the form of a partial fraction identity for the normally ordered matrix fractions.
Note that the ordering of the factors in the identity is non-trivial. Indeed, showing that
this identity holds directly seems to be quite tedious. Nonetheless, it hints at possible

deeper elements to these normally ordered fractions which merit further exploration.

4.4.3 Structure under the mapping

Considering the wider Lax structure of (4.106), we find that the r-matrix structure (4.112c)),
(4.118)) can also be extended to the Darboux matrix M(h) (the matrix generating the time
evolution). Since M(h) depends only on the even numbered v;, the non ultra-local Poisson

structure means it has trivial Poisson bracket,
{M1, M2} =0. (4.127)

Considering the r-matrix, it is also straightforward to show that the sum of the
commutators is zero,

[Tlg,Ml] — [T’Ql,Mz] =0. (4.128)

But the sum of these results is that M(h) has the same r-matrix structure as £(h),
{M1, Mo} = [r1g, My] = [ro1, M) =0, (4.129)

albeit the structure holds in a “trivial” sense.

In order to describe the full r-matrix structure for the mapping, we also need a
description of the interaction between L(h) and its factor M(h) that generates the time
evolution. It is easily possible to calculate the relevant Poisson bracket,

(1 1 2
{L1, Mo} = €6 3y ZUQJ- D2j+1 — D2j—1 | D2j—1 - (4.130)
J
The “missing piece” of the r-matrix structure is to express this Poisson bracket in terms

of the r-matrix (or possibly an “s-matrix” as in the local case (4.14)). The Poisson
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bracket {£1, Mz} describes the relations for the discrete time-evolution, and is needed
for a complete description particularly in the quantum case, where establishing invariants

is more difficult.

To be useful for the discrete time-evolution, the r-matrix structure (4.118]) must be

preserved under the mapping; in other words we need
{21722} = [7“12721} - [T21,z2] . (4.131)

The evolved matrix Z(h) is given in (4.108]). To calculate the r-matrix structure we would

ideally use the bracket {£1, Ma}, but this part of the r-matrix structure remains unknown.
However, using the expressions for M(h) and N(h) (4.106) we can calculate z(h) directly.

In terms of the v;, we find

L(h) = Eh<2vl+1D +652 vy = V33 D2J> +e5Y Doj1.  (4132)
J

From this, and using r12 (4.112¢) and the Poisson bracket (4.7)), it is possible (though
tedious) to show directly that (4.131)) holds, and

{21,22} = [7"12721] - [7“21722] = 29&12%1 — Y1120 . (4.133)

This means that the r-matrix structure (4.118)) is indeed preserved under the mapping.
Recalling (4.117)), the last equality of (4.133)) then also gives us that

{L1, L2} = {£1, L2}, (4.134)

so that the Poisson structure of the v; can be clearly seen to be preserved by the mapping
{vi} = {wi}.

The r-matrix structure is then useful to prove that the system possesses sufficiently
many invariants in involution, with respect to the Poisson bracket (4.7)). The time evolution

of the Lax matrix is described by a zero-curvature condition (4.108)), which ensures that

the trace of powers of £(h) are preserved under the mapping,
tr(Z”(h)) - tr(Jv[(h)L”(h)M_l(h)) - tr(L”(h)) . (4.135)

Varying the power n yields sufficient invariants (P — 1) for the mapping. Note the link to

the invariants derived from the local monodromy matrix T'(A) (4.10) through the relation

of the spectral curves (4.109).
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Involutivity of these invariants is proved by considering trio{L}(h), £L5*(h')} (that is,
the trace across both parts of the tensor product space) [9]. On the one hand,

tr1o{ L7 (h), LT (W)} = {teL™(h), trL™ (1)} . (4.136)

On the other hand, using the r-matrix relation (4.118]),

n—1m-—1
trig{LT(R), L5 (W)} = trig » > LVLL{Ly, Lo} Ly 7RLy 17 (4.137a)

k=0 [=0
= trig »_ LFLL([r12, £1] — [ra1, Lo]) 671 FLTH (4.137b)

k,l
= triy (ZLé[rlg,L?]L?_l_l—ZL’f[rgl,Lgn]qu_l_k) , (4.137¢)
l k

— m tr (trl([m,z:’f]) LgH) ~ntn (trg([rm,%”]) L’f‘l) , (4.137d)
=0. (4.137¢)

Hence the invariants are in involution,
{trL™(h),trL™(R)} =0, (4.138)

and therefore we have classical integrability of the map.

Much of the literature on classical r-matrices focuses on the skew-symmetric case [104],

where the linear Poisson bracket algebra (4.118)) can be recast into a quadratic form,
{L1(h), La(W)} = [r12(h — K'), L1 (R)La(R)] . (4.139)

Such quadratic Poisson algebras then have a known relation to quantum R-matrix
structures. The desire for skew-symmetric r-matrices is sufficiently strong that non skew-
symmetric r-matrices have tended to receive less attention, even when they are the natural
structure for a particular model [60]. We have uncovered here a novel formulation of
the non skew-symmetric r-matrix as a normally ordered partial fraction, with interesting
properties of its own that seem to be inherited from the fractional form. Moreover, this is
the natural r-matrix for the McMillan map, with no apparent transformation to a unitary
form. The outstanding problem is to relate the evolution as derived from the Lax pair
to a variational formulation from the map, and hence (perhaps) to the possibility of a

commuting flow and Lagrangian one-form structure.
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4.4.4 The Quantum Case

The Local Lax matrices of the generalised McMillan map permit a quantisation via the
quantum inverse scattering method - a quantum R-matrix structure . This structure
allows the derivation of commuting quantum invariants, which is less straightforward than
in the classical case, requiring the construction of the object 7(X) . The classical
Yang-Baxter structure of section and then arises naturally in the small A limit
of this quantum structure. The dual r-matrix structure of is a linear and non
skew-symmetric structure, and it is less clear how this might arise from a wider quantum
structure. However, there is some literature on the quantisation of non skew-symmetric
r-matrices [42], and it is known that such linear structures can be transferred easily into
the quantum regime via a quantum v-matrix [L04]. We make some further remarks about

the quantisation here.

In the quantum regime, the variables v; become operators v; with the Poisson bracket
replaced by a commutator (4.17)). Denoting the dual Lax matrix (4.104) in the operator
case by L(h), the linear nature of the structure yields a commutator that is a direct

translation of the classical Poisson bracket [104],
(L1, Lo) = ihi([r12,£,] — [ra1,£5)) - (4.140)
This leads us to introduce the quantum t-matrix,
tyg = ihrig . (4.141)

The linearity also means that the classical calculation of preservation of the Poisson bracket

structure (4.134]) carries over directly in the quantum regime to give
[£1,£5] = [£1,£5] = [r12,£4] — [r21,£5] - (4.142)
So, the commutator bracket structure is also preserved under the mapping.

Recall the pseudo-skew-symmetry of r1o (4.120]). The r-matrix remarkably also exhibits

a quantum-type unitarity. Consider the product,

2N N
1 ) 1 i
rig(h b)) e (W h) = h—Hn ZZ%N Feaxh . h— hzng e 2l
k=1 =1
2N
-1 ON—kt+l H AL 2 IN—I+k
- m Z Z1 + DiviDiD;iDj— 22 + ,
kliyj=1
—hh'
= ozl (4.143)

(h— h')2
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So, o1 is a scaled inverse for r1s: the r-matrices are essentially unitary. In terms of the

quantum t-matrix, we can write the unitarity as

h—n R —h
h tlg(h, h/) . X

to1 (W, h) = (ih)? . (4.144)

This is unusual: 719 is a classical r-matrix, exhibiting a quantum property. This property

allows for a rearrangement of the commutator bracket (4.140) as
{§1 + o1, Ly + tm} =0. (4.145)

This represents the quantum commutation relations for the dual Lax matrix. Compatibility
of the bracket under a Jacobi-type relation leads to the classical Yang-Baxter
equation as a condition, which we already know is satisfied by vi2, due to the
three term relation (4.123). Notably, the Yang-Baxter equation does not appear as a

requirement, as in many standard solutions for quantum inverse scattering.

This quantum commutation relation (4.145)) can be extended into a more general case.

Consider additional v-matrices in the product,
(L1 + 21 +v31) (Lo + t12 + t32)
= (L +r21) (L +r12) +v31 (Lo +1v12) + (L +t21) v32 +v31v32 . (4.146a)

Now, using the commutator (4.145)), and identifying those matrices which commute, almost

all terms can be commuted,
= (Ly +t12) (L1 +121) + Lorgr +v32L + t31t12 + T21t30 + t31T32 . (4.146b)

Finally, the paired t-matrices can be reversed by exploiting the three-term relation (4.123)),

so that these entire expressions commute,
(Lq +to1 +131) (Lo + 12 +132) = (Lo + 12 +t32) (L1 +v21 +131) (4.146¢)

This proof extends inductively to the addition of an arbitrary number of v-matrix terms,

so that
[@1 FiR(ror 1), Lo+ iR(r12 32 4 b rm2)| =0 (4.147)

It follows that n such mutually commuting terms can be created,

[(Lj—&-ihizn;nj), (Lk—i—ihzzn;rik)] 0, Vjik=1,....n. (4.148)

i#] ik
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It remains unclear, however, how such a structure could be used to derive the quantum

invariants of this dual Lax matrix.

Mysteriously, despite the lack of a quadratic R-matrix structure, t12 4s a solution to

the Yang-Baxter equation. Proceeding from the expression for r19 (4.112¢), we can write

2N
1 B B _
raTisTs = g 3y (sz ’felgz’;) (sz lelgzg) <ng maggz?) (4.1492)
kJlm=
1 2N
— E4N_k_l22N+k_le+m
H123kl§m::1 ' ’ ’
2N 1 2 1 3 2 3
X Y Di-tDitk—mD;Djs1tmDsDsrm , (4.149b)
1,3,s=1
- N 3
= T > mv (Z Dz’Dz‘—i—kDi) skt (4.149¢)
k,l=1 =1

In the final equality we have used the product for elementary diagonal matrices D;D; =
;7 D;, and we have used the shorthand for the spectral parameters Hios = (h — h')(h —
R")(h'—h"). Then, the remarkable result is that, with careful relabelling of the parameters,
we acquire the same result for the product rog713712, so that we have the Yang-Baxter

equation for the quantum t-matrix,
T12 T13 t23 = T23T13 T2 . (4.150)

However, so far it is unclear where, or whether, a requirement arises in the structure for
t12 to obey the Yang-Baxter equation: in other words, it is so far unclear how this result

might be useful.

As discussed in [74], [103] uncovering the invariants in the quantum case is more
complicated than classically, since we must deal with the issue of operator ordering.
Whilst classically it is straightforward to find invariants using the trace , in the
quantum case this is no longer sufficient: non-trivial commutation relations mean that the
cyclic property of the trace does not hold in general. In order to prove both invariance
and commutativity, some quantum corrected object may be required, as in the local Lax
case . What is missing to prove these properties, however, is an t-matrix structure
encompassing the time evolution element M(h) - exactly as in the classical case (4.130).
An alternative approach for some models has been the creation of central objects in the
operator algebra called quantum determinants [39} 103} [104], but these have generally been

applied to 2 x 2 Lax matrices.
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However, we can make some progress in this example by considering the simplest case,

when 2P = 4: the McMillan map. Then the quantum dual Lax matrix (4.100]) is given by

£(h) = . (4.151)
—th h 0 0

The classical invariant for the map is given by tr(£*) (or equivalently det(\ — £(h))),
I = (vqvg — €d)(vav — €6) . (4.152)
In the quantum case there is a correction to the McMillan invariant, so that it is given by
I = (vyvs —€d)(vavy — €d) + ihvavy . (4.153)

(See section [£.3]) In the local Lax case this is derived from 7()) (£.20), but can also be
verified with the equations of motion (4.5)) and commutator bracket (4.17)) [74].

For the quantum Lax matrix £(h), we then consider the trace tr(£*(h)). We evaluate
this trace with consideration for the operator ordering in the matrix product, and recall

the algebra Casimirs (4.6]), so that

tr(L4) = 2((65)2 + h)2 +2h% + 16he36 + h |:V3V4V1V2 + v1Vaov3vy
+(2€0 + v4v1)(2€6 + vavs) + (266 + vavs)(2€d + vyvy) | , (4.154a)
= 2((ed)* + h)2 + 2h? + 16he®5 + 4h |:(V4V3 —€d)(vavy — €)
Filivgva + (€8)2 + 4635 — 3ihe? + %iﬂ : (4.154b)
= 4h1+2((e0)? + h)* + 2% + 16hes

+4h [(65)2 4 4¢3 — 3ihe? + %hﬂ . (4.154¢)

So, in the McMillan case, tr(£*(h)) yields ezactly the correct quantum invariant T (4.153).
The natural ordering of the factors in the matrix product turns out to yield the correct
operator ordering. In this simplest case, then, the traces of the powers of £ are indeed
conserved in the quantum regime: this may be a crucial hint to uncovering the general

structure.
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4.5 Summary

By exploiting the multi-dimensional consistency of the lattice KdV equation, we
investigated discrete flows that commute with the McMillan maps. We have written explicit
equations for such a commuting map for the simplest possible reduction. However, due to
the difficulties of the non-linearity, we have not been able to write this map in a generating
function form. It remains to be shown that these maps must be canonical, and that
they preserve the invariants of the initial maps, so that uncovering the desired Lagrangian

one-form structure has not so far been possible.

For the simplest member of the mapping family, the McMillan map, we have shown
that the choice of initial Lagrangian leads to the time evolution operator and one-step
propagator. Approaching the propagator via the time evolution operator, derived from
the Hamilton’s equations, appears to be equivalent to deriving the propagator though
a sandwiching of the Fuler-Lagrange equations between position eigenstates. The key
element is allowing the choice of Lagrangian to determine the commutation relations. There
are possible insights to be gained regarding the Hilbert space from considering the group
property of the propagators, and also from considering stationary states of the operator
invariant. However, the key outstanding question is how to resolve the two singularities
occurring at ¢ = 1. The resolution of singularities in quantum mechanics is an important

question in the study of integrable systems, for which this model may be a useful test case.

Considering an alternative approach, we examined the dual Lax matrix structure for
the generalised McMillan maps, and uncovered a novel expression for the r-matrix as a
normal-ordered fraction of shift matrices ¥ in the matrix tensor product space. This
structure leads to interesting formulations of the pseudo-skew-symmetry and a three-term
relation that is a stronger form of the classical Yang-Baxter equation, and can also be
used to prove preservation and involutivity of the invariants. The r-matrix structure is
also preserved under the mapping, although the full structure (in particular, relating to
the Darboux matrix M(h)) is not known completely. This dual r-matrix structure leads
to a linear, quantum v-matrix structure that encodes the quantum commutation relations,
and where the matrix v is remarkably a solution of the Yang-Baxter equation. It appears
possible that the quantum invariants may be encoded simply in the trace of powers of the
Lax matrix £(h), but the full structure required to show this in the general case remains

unknown.
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The McMillan map remains, from the perspective of the Lagrangian one-form, unsolved.
Although one-form structures have been found to describe a range of integrable maps, it is
not yet clear how this structure might apply in cases like this one. A key missing element is
the commuting discrete flow that is typically described by the one-form structure. However,
by deepening our understanding of the Lax structures, in particular for the dual Lax matrix,
perhaps commuting flows can be uncovered in a similar way to the discrete time models

of Calogero-Moser type [77, 81 [125], 126].
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The Degasperis-Ruijsenaars Model: Propagator

and Lagrangian Formalism

The Degasperis-Ruijsenaars (DR) model was proposed in [26], where it is studied from
the perspective of Newton equivalence. The DR model has the classical equation of
motion for a harmonic oscillator, but derived from a non-Newtonian Hamiltonian which
is multiplicatively separable. This Hamiltonian is “Newton equivalent” to the standard
harmonic oscillator, since the classical Newton equations of motion are the same. The DR
Hamiltonian has a relativistic form and is closely related to the integrable Ruijsenaars-
Schneiderfl] (RS) model [96, 08]. Additionally to its classical properties, there is an exact
canonical quantisation of the DR model by creation and annihilation operators, in analogy
to a standard approach to the quantum harmonic oscillator. However, this quantisation
is mot unitary equivalent to the standard harmonic oscillator, and differs by a shift in
the energy levels. In other words, although it is classically equivalent to the harmonic

oscillator, it is different on the quantum level. As for the one-form structure investigated

Lor relativistic Calogero-Moser
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in chapters 2 and 3, the DR model reveals hidden depths to the humble harmonic oscillator.

As discussed in section [1.2.2] the Ruijsenaars-Schneider model has a known integrable
discretisation [81] and, recently, a Lagrangian one-form structure [I126]. Conversely, the
Degasperis-Ruijsenaars model is a harmonic oscillator: it may be a suitable example for
a path integral quantisation of a non-Newtonian model, allowing a comparison with the
established canomnical quantisation. Through its relation to the RS model this may provide
crucial insights into the path integral quantisation of integrable models with a Lagrangian
one-form structure and to the discrete counterpart. Although the DR model is a model in
continuous time, path integral quantisation naturally raises the question of discretisation
in the time-slicing approach. For integrable models, is the correct time-slicing one that

utilises the integrable discretisation?

After introducing the Degasperis-Ruijsenaars model, we develop a novel Lagrangian
description of the model by embedding it as a centre of mass system in a two-particle
setting. We see that this again yields the harmonic oscillator equation of motion (i.e. is a
Newton equivalent description) although the separation of variables is not manifest on the
level of the Lagrangian. By making explicit the connection to the Ruijsenaars-Schneider
model, we are also able to write a Lax pair for the DR system. Finally, considering the
quantisation of the model, we exploit the known results of the canonical quantisation to
derive an expression for the propagator, and consider some aspects of the Lagrangian

structure that may lead towards a possible path integral quantisation.

5.1 The Degasperis-Ruijsenaars Model

In [26] a new system was derived from the classical Newtonian equation of motion for the

harmonic oscillator, with the Hamiltonian

Hg = ﬂle cosh (Bp) (1 + N2a2)/2 | (5.1)

with position x and momentum p. Hamilton’s equations yield

xr = Blm sinh(8p) (1 + A\2z?)'/? | (5.2a)

)\2
p = ~ cosh(Bp) z(1 + /\2:(,'2)1/2 ) (5.2b)
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so that, when the momentum p is eliminated, the equation of motion is

P <ﬁ)7\n>2x . (5.3)

In other words, the Hamiltonian Hg (5.1 generates the harmonic oscillator, with angular

frequency w = \/fpm.

This makes this a very interesting model. The harmonic oscillator (also discussed in
chapters 2 and 3) is the standard example for understanding path integral quantisation,
due to the advantages gained from its quadratic Hamiltonian |37, 47, 99]. But, here is an
alternative, non-Newtonian Hamiltonian yielding the same classical equation of motion.
As the authors go on to show to [26], this Hamiltonian can also be canonically quantised.
Can such a model, despite losing the benefits of the quadratic Hamiltonian, also be path

integral quantised?

The Hamiltonian (5.1)) is interpreted as a relativistic harmonic oscillator, with the
parameter (3 playing the role of the inverse speed of light [26]. This is justified by embedding

the Hamiltonian into the two particle model,

Hg = 521m [cosh (Bp1) + cosh (,Bpg)} (1 + N (2 — a:g)Q) 2 : (5.4)

By changing to centre of mass co-ordinates,

1
T = T1— T2, X = 5(331 + x2) , (5.5a)
1
b= 5(1?1 —p2) P =p+p, (5.5b)

the Hamiltonian Hgi can be written in the form

Hpi = 2cosh (62P> Hg(z,p) , (5.6)

with Hg (5.1) appearing as the centre of mass Hamiltonian. The two particle Hamiltonian
Hp, separates multiplicatively into an (X, P) and an (x, p) component. Note that separation
of variables usually occurs additively; nonetheless we will see that this separation is effective

due to the total momentum P being an integral of the motion.

The relativistic aspect of the model then arises by considering the Lie algebra
of symmetries for Hr (5.4) (the invariants (5.9)) which represent the Lorentz group.

Additionally, considering the non-relativistic limit on Hr as f — 0, recalling that
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A = Bmuw,
Hr = 5 (24 8 (5hnd + hnd + bma?a?) + 0(5%) (57a)
52 m 2m 2m 2 )
2
= - +H 2. 7b
miE Ho + O(57) (5.7b)

The standard Newtonian Hamiltonian for the harmonic oscillator, Hyo, reappears in the

non-relativistic limit, with a constant shift to the energy —2/mp32.

Considering the dynamics of the two particle Hamiltonian Hp (5.4), Hamilton’s
equations yield immediately that

P=0, (5.8a)

so that the total momentum P is an invariant of the motion. We also find equations for

the positions,

22 P\\?
I = —dg = ~ B <cosh <B2>) x, (5.8b)
so that in terms of the centre of mass variables,
) 2 P\\?
X=0, =- <ﬁ7/7\1COSh <52>) x . (5.8¢)

So the total velocity X is constant, and the centre of mass variable  obeys the harmonic
oscillator equation (5.3)), with angular frequency w = 2\ cosh(8P/2)/8m, as in the one
particle model - compare to the one-particle equation of motion (5.3). Notice that
we also have two integrals of the motion, P and X 1} so that

L = P =pi+p2, (5.9a)
. 1
L, = X = 25m(sinh(ﬁp1)+sinh(ﬂp2))(1+A2x2)1/2. (5.9b)
These are independent and in involution, {I;,I5} = 0, and hence we have Liouville

integrability of the two particle model.

Other “relativistic oscillators” have been considered in the literature in a number of
places; Degasperis and Ruijsenaars highlight [7, [§] as describing a relativistic oscillator

Hamiltonian that is directly related to the DR model by a unitary similarity transform.

5.2 Lagrangian Description

In the section below we derive and investigate a Lagrangian description for the Degasperis-

Ruijsenaars model of [26]. We search for a Lagrangian that is Newton equivalent to
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the harmonic oscillator; that is, a Lagrangian that produces the harmonic oscillator as
an equation of motion, but does not have the standard Newtonian form for a harmonic
oscillator Lagrangian. This Lagrangian perspective has been previously considered in [108]
where the authors derived a relativistic form of Newton-equivalent Lagrangian, but our
perspective differs in that we seek a Lagrangian explicitly related to the DR model by

Legendre transform.

5.2.1 Legendre Transform

The Hamiltonian perspective on the Degasperis-Ruijsenaars oscillator is well understood
[26], but for our purposes we are interested in the companion variational approach. In
general, the Lagrangian is found via a Legendre transform from the Hamiltonian Hg ,
but attempting such a Legendre transform for the DR model produces an undesirably
complicated Lagrangian that does not seem amenable for further study. However, the two
particle Hamiltonian Hg [26] turns out to be an appropriate setting for a Legendre
transform and a variational formulation of the model. This is unsurprising: the two particle
form of the DR oscillator is closely related to the Ruijsenaars-Schneider model, which has

a known Lagrangian form [20]. This relation will be established in more detail in section

b.2.3

Establishing the Lagrangian for the two particle Hamiltonian Hp rests on the
integrals of the motion. For Lagrangian one-form structures, Legendre transforms relate
the hierarchy of commuting integrals to the components of the one-form structure [110,
126]. Although in the two particle case we expect only a single Lagrangian, the invariants
maintain their importance. Considering the integrals of motion Iy, I» , it is easy to

see that we equivalently have commuting integrals

S, = ef = emtr2 (5.10a)

Sy = 28°mePI2H, = <eﬁpl+eﬁp2> (1+ 222212 | (5.10b)

with Hg the one particle Hamiltonian given in (5.1). Performing a Legendre transform
on the two particle Hamiltonian Hg (5.4) is also difficult. However, if we consider the
time flow generated by the invariant Sy (5.10bf), then we are able to perform a Legendre

transform. In other words, we take S2 to be the two particle Hamiltonian.
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We generate Hamilton’s equations from Ss,
i = BePPi(1 + N2a?)1/?, (5.11)
and Legendre transform the invariant S in the usual way. This yields the Lagrangian

1 1
La(z, i) = 3 By Indy + by Iy — o (@1 + 22) (1 + Na?) — (21 + 29) . (5.12)

Removing the overall multiplier 1/8 and a total derivative term, this is equivalent to the

Lagrangian
1
Lpr(z,&) = d1Indy 4 dolndy — 5(g'cl + d9) In(1 + A22?) . (5.13)

As for the two particle Hamiltonian , this closely resembles the known Lagrangian for
the Ruijsenaars-Schneider model [20]. Indeed such @ In# kinetic terms are characteristic
of these relativistic models [18, 20, 07, 126]. Note that the relativistic parameter [
has disappeared from the Lagrangian, amounting to a fixing of the gauge, but is easily

reintroduced.

5.2.2 Lagrangian dynamics

Is the Lagrangian Lpgr really equivalent to the Degasperis-Ruijsenaars Hamiltonian
Hp ? We saw in section that they are not related by a Legendre transform.
However, it is easy to see from the dynamics of £ pgr that we recover the essential harmonic
oscillator motion on the level of the centre of mass motion that characterises the DR

oscillator.

The Lagrangian Lpg (5.13)) vields the Euler-Lagrange equations

1L

“o 2
fi= 2w

(5.14)

In terms of the centre of mass variables © = a1 — x9 and X = (a1 + z2)/2 (5.5), the

equations of motion are

. 9 X1 oo

so that there is a constant centre of mass motion, and X is an integral of the motion.

Now, considering the conjugate momenta arising from the Lagrangian Lppg,

oL
iy

i = Ind; +1— FIn(1+ N\2?) , (5.16)



Lagrangian Description 151

the Euler-Lagrange equations (5.14)) yield the conservation of the total momentum,

d 0Lpr OLpR
— P = =
dt ox + 0o

0. (5.17)

Hence expressing the conjugate momenta in terms of =, & (5.16|) we can write the integral
of the motion
T1%2 9
L = —2 - = elrtP2—2 5.18
T2 (5.18)

The equation of motion in the centre of mass variables (5.15)) therefore reduces to
i = —4n\2a? | (5.19)

which is the equation of motion for a one-dimensional harmonic oscillator, as in the
Hamiltonian description and , with angular frequency w? = 4I1A%. In other
words, the Lagrangian Lppr once more results in the harmonic oscillator equation of
motion; in the terminology of [26] it is “Newton equivalent” to the usual harmonic oscillator
Lagrangian. Additionally, the equations of motion describe the same dynamics as the two
particle DR Hamiltonian , and so the Lagrangian Lpr and Hamiltonian Hp are

equivalent, up to a gauge choice of momentum variables.

In addition to the total momentum, yielding the invariant I; (5.18)), the centre of mass
velocity X is also an invariant of the motion 1)

1 1
I = (i +d2) = %(epl—i-epQ)(l—i—)\sz)l/Q, (5.20)

which is essentially the generating Hamiltonian S (5.10bj).

5.2.3 Comparison to two particle Ruijsenaars-Schneider Model

Writing ¢;, p; for position and momentum, the two particle Ruijsenaars-Schneider model

has a Hamiltonian of the form [96]

Hps(q,p) = ch(coshpl + coshpa) (p(v) — p(q1 — qg))l/2 , (5.21a)

= 2mc®cosh Pcoshp (p(v) — p(q))/? | (5.21b)

for centre of mass variables ¢,p, P (compare (5.5))), parameter v, and where p(q) is the

Weierstrass p function. This has invariants,

Sy = eP1tP2 Sy = (P + P?)(p(v) — p(q))"/? . (5.22)
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So, notice that the Hamiltonian and invariants here have the same forms as the Degasperis-
Ruijsenaars case (5.4), (5.10a) and (5.10b)), with a different potential term.

The invariant Ss undergoes a Legendre transform to

) ) ) ) 1, . )
Lrs=q1Ing +g2lnge — 5((11 +¢2) In(p(v) — p(q)) , (5.23)

in the same way as the DR Lagrangian Lppr (5.13). Similarly, the equations of motion

reduce in the centre of mass variable g to

/

i = 24— = 27729/ (q) . (5.24)
o0~ 9@ )
This has the same form as the centre of mass equations of motion for the DR model (5.15)),

with an altered potential.

In fact it is possible to make the connection between the Ruijsenaars-Schneider and
Degasperis-Ruijsenaars models explicit. The DR model arises as a specific linearisation
from the trigonometric case of the RS modelE] The trigonometric case arises from a

reduction on the periods of the elliptic p function to produce a trigonometric potential,
©(q) — cosec?q (compare the limits of (1.51)), so that the Lagrangian (5.23)) and equations
of motion (5.24) become

L1rig(q,q) = q1lngr + Golnge — 5(611 + ¢2) In (cosec®v — cosec’q) | (5.25a)

cosec3q cos q

j = —4q¢1q . 5.25b
4 NP sec?y — cosec2q ( )

To reduce to the equations for the DR model, we introduce the small parameter e, and

expand with an angular shift,

q:g—}—ex, V:g—}—e,u. (5.26)

Applied to the trigonometric Lagrangian and equation of motion (5.25)), these yield to

highest order in €

1
L(x, &) = d1Indy + dolndy — 5(@ + o) In(p?® — %), (5.27a)
i
P o= AT (5.27h)
ue—x

But, these are exactly the equations for the Degasperis-Ruijsenaars model under the

parameter relabelling pu? = —1/A2: the replacement yields precisely the DR Lagrangian

Lpr (5.13) and equations of motion (5.15)).

I am grateful to S. Ruijsenaars for this hint.
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We exploit this direct limit from the trigonometric Ruijsenaars-Schneider model to
derive two additional results below: an alternative Lagrangian and a Lax pair for the

Degasperis-Ruijsenaars model.

Alternative Choice of Lagrangian

In [126], the authors derived a discrete Lagrangian one-form structure for the integrable
discretisation of the Ruijsenaars-Schneider model, discussed in section A continuum
limit led to an alternative Lagrangian to Lgg for the rational RS model, in the
continuous Lagrangian one-form. In the rational limit, the elliptic function reduces to
a rational function, p(q) — 1/¢?, and the lowest member of the Lagrangian one-form

hierarchy (for the two particle model) is given by

Lrat(q,4) = dilngr + d2Inge — ¢1(In(g + v) —Ing) — ¢2(In(qg — v) —Ing) . (5.28)

Compared to the Lagrangian £Lgrg the potential term has been factorised and rearranged.
Guided by this Lagrangian, we seek an alternative Lagrangian to Lpgr (5.13) for the
Degasperis-Ruijsenaars model. The key observation is the factorisation of the potential

term,

1+ X22% = (1 +ida)(1 —idx) , (5.29)

as used in the canonical quantisation of the model [26] (see section [5.3.1)). A little

investigation reveals the alternative Lagrangian for the DR model,
Lpr(z,2) = @1 Indy + 2o Indy — &1 In(1 + iAx) — @2 In(1 — iAx) . (5.30)

Note that although the Lagrangian £pr 1} does not Legendre transform to the same
Hamiltonian as Lpr (5.13)), it nonetheless has the same classical dynamics. Essentially, it
differs in a gauge choice of momentum variables. The simplicity of this form of Lagrangian

is particularly appealing, especially in seeking a suitable path integral quantisation.

Lax Pair

The close relation between the Degasperis-Ruijsenaars model and the two particle
Ruijsenaars-Schneider model allows us to find a Lax pair encoding the DR system and

capturing the integrals of the motion, by modifying the known Lax pair for RS. Recalling
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that the systems are linked via the trigonometric RS model (5.25)), which has the Lax pair

59, [06]
. sin(k+v) .+ \1/2 sin(k4v+q)
Lt ) (:‘Q) o 1:in,:siny (qqu) / W (5 313)
rig = o . _ g ’ ’
(412)"/? o)y o S t)

g1 (cot k + cot v)
. .. in(k+v
+%Q2 ( COt(V + Q) (q1q2)1/2 ssinsfsinl)/
+ cot(v — q)
g2 (cot k + cot v)
.. 1 “+v .
(G1Go) /2 Snletr) +1d1(cot(v —q)

+ cot(v + q))

The Lax pair encodes the equations of motion by the relation

Ltrig = [Mtrigthrig] . (532)
We note that, in the matrices above, the spectral variable x is separable and therefore
redundant to the dynamics.

Applying the linearising limit (5.26) to the RS Lax matrices therefore leads to a Lax
pair for the DR model,

B 1 (l + %) (#1d9)1/2 (; 41 %)
Forl) = (&19)1/2 (E %_ ﬁ) iy <g N %> g , (5.33a)

Mppr(k) = ? . (5.33b)

1 (s + i)

where a spectral parameter x has been used to mimic the form of the RS Lax pair. Recall
that the parameter u is related to the oscillator parameter A\ by u? = —1/A2. The DR
equations of motion arise from the commutator,

Lpr(k) = [Mpr(r), Lpr(k)] | (5.34)
with the invariants (5.20) encoded by the spectral curve,

det (Lpr(k) —nl) =0 (5.35)
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The form of the Lax pair Lpgr(k), Mpr(x) might encourage us to think we could lift
the model to a discrete time version, since it is closely related to the RS Lax pair for
which an integrable discretisation is known [8I]. However, in the RS case this depends
upon the Lagrange interpolation formula, but in the DR model some critical factors in the
application of this formula are missing, so that an analogous derivation does not seem to
be possible. This is perhaps unsurprising, as the nature of the integrable discretisation is
very precise. However, it is possible that a correct application of the linearisation ({5.26))

to the discrete trigonometric RS model might yield some integrable discretisation for DR.

5.3 The Quantum System

We consider the quantisation of the Degasperis-Ruijsenaars oscillator. The quantum DR
oscillator is not unitary equivalent to the harmonic oscillator, but it shares many of its
nice properties. These allow a canonical quantisation, in particular the construction of
a creation and annihilation operator algebra [26]. This leads us to question whether a
path integral quantisation is possible, despite the non-Newtonian Lagrangian. Indeed, its
relation to the integrable Ruijsenaars-Schneider model and discrete counterpart, together
with their Lagrangian one-form structures, make this an interesting and potentially fruitful
avenue for exploring the nature of path integral quantisations in such integrable cases. As
commented in [26], the move from a classical equation of motion to quantum mechanics
depends essentially on choosing either a Lagrangian or Hamiltonian function as a starting
point: in the non-Newtonian case it is not necessarily clear that these two approaches need

be equivalent.

5.3.1 Canonical Quantisation

A remarkable feature of the Degasperis-Ruijsenaars Hamiltonian Hg is that it can be
quantised [26]. Position and momentum become operators x, p, and a particular ordering
prescription is chosen for Hg to ensure the Hamiltonian is self-adjoint and parity invariant
as a quantum operator,

Hg = ﬁ?lm (14 ixx)2ePP(1 —idx)/2 + (1 —idx)2e PP (1 +ixx)Y/2| . (5.36)
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Under a standard operator representation p = —ihd,, the exponentiated momentum

operators act as analytical difference operators,
P f(x) = e % f(z) = f(z —ihp) . (5.37)

The Hilbert space theory for such models is by no means straightforward [26, 96]. The
authors proceed by establishing a set of complete, orthogonal eigenstates for the model,
and then treating H 3 as a proper Hamiltonian operator restricted to the Hilbert space

formed by the eigenstates.

Following [26] we use dimensionless variables, making the replacements /(mw/h) x —
xz, and VhBA — X. We replace H 5 with the Hamiltonian in terms of the dimensionless

quantities,

Hy = 21? (14 ixx)2e7% (1 — iAx)Y2 4 (1 — ixx) /26 (1 4 Mx)l/ﬂ . (5.38)

By establishing an algebra of creation and annihilation operators similarly to the standard
treatment of the quantum harmonic oscillator, the authors find explicitly a complete set
of eigenstates and energy levels for the system. In particular, this is therefore an exactly

solvable quantum system in 1 dimension, with a non-Newtonian Hamiltonian.
The Hamiltonian H A 1) possesses a complete set of normalised, orthogonal, energy
eigenstates {1&,({\) (x)|n=0,1,2,...}, so that

By = Byl | with B, =22 +n . (5.39)

Notice that the model has quantised energy eigenstates. We use w,(f‘) to denote the
unnormalised state, whereas the addition of a hat 1&,9) indicates the normalised eigenstate.

The un-normalised eigenstates are given by

vM(@) = o (@)p () | (5.40)
with a ground state
Ny — -2 | -1 —9 y—14]Y?
o} (z)_[P(A i) D(A2 — i a:)} , (5.40b)

and excited states given by the polynomials

P (z) = n! @) PO (2/2i/2) (5.40¢)
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where P (x;0) are the Meixner-Pollaczek polynomials [30, 57], a family of orthogonal

polynomials. The normalisations follow,

A" T(n + 2272
Wd. M) = <2> wam, (5.41a)
(5", 05”) = 27 maArEA?) (5.41b)

The authors note additionally that some alternative ordering choices can be made in H X
but the analytical requirements mean that these alternative choices are not necessarily
straightforward. Notice that these results apply to the reduced (centre-of-mass) model,
rather than the full two particle model. Some additional treatment is required for the
centre of mass, which may not be trivial as the separation of variables in the model is not

of the standard additive form.

In quantum mechanics, the Hamiltonian or Lagrangian play a much more fundamental
role than the classical case. Here, the Hamiltonian has been chosen as the fundamental
object, leading to a canonical quantisation. Alternatively, a Lagrangian for the model
, can be chosen as the fundamental object. This leads to a quantisation
procedure via the path integral. For non-Newtonian Lagrangians (as we consider here)
it is far from obvious that the path integral and canonical quantisations need even be
equivalent: standard derivations of the path integral assume Hamiltonians of Newtonian
type [37, 47, 99]. The explicit canonical quantisation of this model therefore makes it an

interesting study for the development of non-Newtonian path integral quantisation.

5.3.2 The Propagator

Using known results for the Meixner-Pollaczek polynomials, it is possible to derive a
formula for the propagator for the Degasperis-Ruijsenaars model, beginning from the
Hamiltonian H) . Here we apply a Mehler formula for the Meixner-Pollaczek
polynomials to perform the sum over eigenfunctions required for the propagator, producing

an expression in terms of a hypergeometric function o F}.

Recall that for the simple harmonic oscillator, the canonical quantisation leads to energy

eigenfunctions expressed in terms of the Hermite polynomials,

1 mw\ 1/4 2 mw
HO _ —mwz*/2h
Y () ST ( 7Th> e H, <,/ - x) . (5.42)
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The eigenfunctions lead to the quantum mechanical propagator ((1.61]) through the Mehler

formula for the Hermite polynomials,

00 Ut — (22 + 42 )2
S Ho(a) Haly) (51)" = (1 — £2) W2 exp | 2221 1(_tjy w1 (5.43)

This leads to the well known propagator for the harmonic oscillator (3.22)) discussed in

chapter 3.

The Meixner-Pollaczek polynomials of the DR eigenfunctions (5.40]) also have a Mehler
formula [52],

= nl T
2 oy, P (63) B ()
n=0 ( a)n
o o L o+, a0+ i —4t
= (1 — )77 (1 — )= (1 4 )it ) ; A= 12 (5.44)
o
2F1 is the hypergeometric function,
a,b () =T(a+s)I(b+s)
2 c - F Z c+ s)s! = (5.45)
S=

(defined for |z| > 1 by analytic continuation) and (a)j indicates the Pochhammer symbol

for integer k,
I'(a+ k)
I'(a)

This Mehler formula allows us to evaluate the sum over eigenfunctions that appears in the

(a)p=ala+1)(a+2)...(a+k—-1)= (5.46)

propagator calculation.

The Hamiltonian H) 1} is time independent, and so the propagator 1) for the

DR model is given by

K@,y T) = (yle ™ zye(r) (5.47a)
= Y V@M e o) (5.47b)
n=0

by inserting a complete set of energy eigenstates ) |¢n)(¢n| = 1. We use the shorthand
T =T/h, and ©(7) is the Heavyside step function. Then, using the known results for the

energy eigenfunctions (5.39), (5.40a)) and (5.41)), we can write the propagator

1 \) N\ —ix—2r
K(z,y;T) = ——— Yo (@)Y (y) e o(r)
W, iy

00 2n -2
Zﬁ() e @R e (st
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But we can apply the Meixner-Pollaczek Mehler formula (5.44) to this summation, with
t = e~'. Using the expressions for the energy eigenfunctions (5.40b)) and (5.41)) yields the

propagator,

1 =222 [ cos T\ 3@+y)
K(z,y;T) = ————— j sin — 2
(@,4:T) QWAI(2A—2)CXT)(ZS”12> (isn1g>

.

(e )]

x P‘(A‘2+—Zx>]1(k_2—
A
A2+ i A2+ iy T\ 2
: (Sin )

x oF7 ;
2272

This is a new expression for the DR propagator.

Clearly the propagator is a complicated expression, and there are aspects of its
expected behaviour that are worthy of further study. Showing explicitly that K(x,y;T) is
a solution to the time dependent Schrédinger equation and examining the small time limit
for the propagator are not straightforward. Quantum mechanical propagators also obey the
group structure composition rule, which in this case will manifest as an integral identity
for hypergeometric functions. The resulting identity is in some sense a generalisation
of the known orthogonality for Meixner-Pollaczek polynomials, with the weight function
appearing; the Meixner-Pollaczek polynomials themselves are a specialisation of

the hypergeometric function [30], 57].

However, we are chiefly interested in an alternative question: how does the propagator
derived from the canonical quantisation compare with a path integral approach? In
particular, the canonical approach dealt carefully with ordering ambiguities and the Hilbert
space problems arising from the analytic difference operators appearing in the Hamiltonian.
In the path integral approach we face alternative difficulties, including an ambiguous choice
of Lagrangian, but more particularly how to carry out the time-slicing procedure in a non-

Newtonian case, if indeed this is an appropriate approach.

5.3.3 Path integral quantisation

The path integral quantisation begins with the Lagrangian as its fundamental object,
posing the propagator
x(t//)zzll

K(x,,t/;lj,,t”) — /

z(t')=xa'

Dla(t)] exI)(iS[x(tﬂ) : (5.49)
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with the action appearing in the exponent. D[z(t)] indicates the path integral measure,
which is usually understood by a discrete time-slicing procedure beginning from the
Hamiltonian. In a non-Newtonian case such as the Degasperis-Ruijsenaars model, however,
it is not clear that the canonical and path integral quantisations are equivalent; nor can
we say definitively which is the more fundamental. However, investigating path integrals

of non-Newtonian models is in general not straightforward.

We consider in this section some possible hints that may lead to a path integral
quantisation for an integrable case like the DR model. Other work on path integrals
for similar models does exist. A path integral for some three body cases of Calogero-Moser
has been evaluated explicitly [35, 44, 54, 55]. In [45] a path integral for the Ruijsenaars-
Schneider model appears as an interpretation of the theory considered, but this does not
include an evaluation of the propagator for RS. In a different vein, a new approach to path
integrals with a stochastic viewpoint is being developed by Hallnas and O’Connell [48] [84];
it is not currently clear how this relates to our point of view, but this approach could prove

a fruitful avenue of research in the future.

Recall the Lagrangians for the DR model, Lpp (5.13) and Lpr (5.30). The

exponentiated action for these Lagrangians contains kinetic terms of the form
exp(%jcj Ini;). Now, using the freedom to add total derivative terms into the Lagrangian,
these can be rewritten,

exp (+&; In(id; /h)) . (5.50)

But to factors of this form, we can apply Stirling’s formula [30],

(ax)®® ~ L D(az) [az] /e as a — oo . (5.51)

V2r

In the path integral, a time slicing approach is typically taken where the positions = are
discretised, and the approximation taken for the velocity &(t) ~ (zp+1 — xy)/€. The time
slicing limit entails the shrinking e — 0. So in such a limit (or equivalently, understanding
that the velocity in the path integral is typically large) the kinetic factors can be
rewritten using Stirling’s formula ,

' 1 L TOR .
exp (5, In(id;/h)) ~ Von r <ZZJ> exp [Z? t5 In <Z?>} , (5.52a)
1 i ,

~ T r <hj> exp (3Ind;) . (5.52b)

In the last line we have again used the freedom to add total derivatives and constant

terms to the Lagrangian. So this suggests a way of rewriting the kinetic terms in the path
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integral, perhaps in some time-slicing limit, to produce gamma functions. Note that such

“small €” limits for time-sliced path integrals have been used previously in other cases [54].

A pertinent question for integrable systems is, since in many cases one can find
integrable discretisations of the Lagrangian, what is the correct way to discretise the
Lagrangian in the path integral? Kinetic terms of the form 2 InZ are characteristic of
“relativistic” integrable systems of this family, and indeed appear in known integrable
discretisations. The observation of the Stirling’s formula approximation for such terms
(5.52) may then have wider application in the path integral quantisation of these

relativistic, integrable models.

A second observation applies to the exponentiated potential term of the Lagrangian

Zpr (6:30),

exp [; (=i In(1 + iA\z) — o In(1 — W))] | (5.53)

By writing 27 and &3 in terms of the centre of mass variables x, X we observe that this

has the form of a generating function for the Meizner-Pollaczek polynomials [57, 30],

exp [<_h + 2h> In(1—i\x) + <_h - 2h> In(1 +iAx)

- iX T m n
=> " pi/m <2h;2> (Az)™ . (5.54)
n=0

P,(la) (x;0) are the Meixner-Pollaczek polynomials that appeared in the excited energy
eigenstates for the canonical quantisation of DR (5.40)): it is interesting that they should

also appear here.

Combining the observation of the Stirling formula approximation (5.52)) with the (5.54)
leads to a tantalising final possibility. Beginning with the Lagrangian Lppr 1D we have,

in terms of the centre of mass variables,

— 1 iX i iX i
iLpr/h o —plZZ L\ 222
€ o ( nT 2h> < h 2h>

X 1/2 e - T T
2 1.2 (iX/h) I n
X (X Li ) A <2h, 2) (A\z)" . (5.55)

n=
But, recalling the eigenfunctions (5.40), these gamma functions are precisely the
appropriate weight function for the Meixner-Pollaczek polynomials appearing in the
expansion. Although this is not yet sufficient for the DR propagator, perhaps with the

necessary further insights a full path integral quantisation may be possible.
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5.4 Summary

By placing the Degasperis-Ruijsenaars model into a two particle setting, we were able
to derive a Lagrangian for the model. In the same way as the DR Hamiltonian, this
Lagrangian is Newton equivalent to the standard harmonic oscillator on the level of the
centre-of-mass variables. Two invariants arise in the equations of motion which guarantee
integrability, and produce the simple harmonic oscillator. We have also made explicit
the connection between DR and the Ruijsenaars-Schneider model, which is as a well
chosen linearisation from the trigonometric case of RS. The Hamiltonian, Lagrangian and
equations of motion all arise naturally from the RS case in this reduction. Additionally, we
derived an alternative form of Lagrangian from the one-form structure of the RS model,

and also a Lax pair as a limit from the RS case.

In the quantum regime, we have derived a propagator for the DR model using a Mehler
formula for the Meixner-Pollaczek polynomials, which give the excitations of the energy
eigenfunctions. The unresolved problem is to contrast this with a propagator derived from
a Lagrangian (path integral) approach. However, we have made some observations on the
exponentiated DR Lagrangian that may lead to an eventual solution. Further research is
needed in this area, in particular regarding possible discretisations of the DR Lagrangian
in order to carry out a time-slicing of the path integral. Given the Meixner-Pollaczek
generating function arising in the exponentiated Lagrangian, an appropriate discretisation
may also lead to the correct one time-step stationary states following the method of [40],

discussed for a simple case in section [3.1.2]
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Conclusion

6.1 Summary

The Lagrangian multiform structure captures the integrability of both discrete and
continuous systems in a new way, expressing the feature of commuting flows through
a variational framework. Through studying simple, linear examples we have extended
the one-form and two-form structures to simplest possible discrete examples. These
have enabled us to consider how such structures could be quantised. Naturally for
Lagrangian structures this takes the form of a Feynman path integral, but with novel
features associated to the Lagrangian multiform structure. Extending the multiform path
integral for non-linear examples is a more challenging prospect, but we have considered
both the generalised McMillan maps as an example of a non-linear discrete system, and
the Degasperis-Ruijsenaars model as a non-Newtonian system in continuous time which
captures the harmonic oscillator in an unusual way. Although we have not yet come to a

quantised non-linear Lagrangian one-form, we have uncovered new aspects of these models.
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In chapter 2 we derived Lagrangian one- and two-form structures for simpler models
than have been previously considered. Beginning from a linearised lattice equation, we
showed that the equation can be described by a discrete Lagrangian two-form, in the
same way as the non-linear, multi-dimensionally consistent quad equations from which
it is derived. The correct choice of Lagrangian for the linear lattice equation has the
closure property, so that the action is stationary on solutions under deformations of the
underlying surface geometry. Moreover, this linear lattice two-form is fairly unique. By
imposing a periodic staircase initial value problem, we reduced the lattice equation to a
linear, discrete mapping, and exploited the multi-dimensional consistency of the parent
lattice equation to derive discrete commuting flows. These commuting flows can be
described by a Lagrangian one-form structure, where the action along a time-path T’
remains invariant under deformations of the path - another manifestation of Lagrangian
closure. The Lagrangian one-form was also shown to be uniquely determined by the choice

of oscillator parameters.

The simplicity of the linear models explored in chapter 2 makes them helpful examples
of the discrete multiform structure. As models with quadratic Lagrangians, they are useful
toy models for exploring the quantisation of the Lagrangian multiform in chapter 3, since
the path integral can be explicitly calculated for quadratic Lagrangians. In the one-form
case, we constructed a propagator in multiple times, capturing the commuting flows of
the discrete system. For the Lagrangian one-form, this propagator is independent of the
path taken in the time variables. That is, the time-path can be freely deformed without
changing the propagator, so that the propagator depends only on the endpoints. This is the
quantum analogue of the classical Lagrangian closure condition. Moreover, from all possible
choices of quadratic Lagrangian, this property holds uniquely for the one-form. For the
lattice equation, we defined a quantum propagator over a space-time surface, depending on
boundary values. When this propagator is evaluated with the Lagrangian two-form it has
the remarkable property of surface independence: we showed that the surface can be freely
deformed whilst leaving the propagator unchanged, so that the propagator is independent
of the surface geometry, depending only on the boundary. As in the one-form case, this
is a quantum analogue to the Lagrangian closure condition. Additionally, this surface
independence was also shown to hold uniquely (in the linear case) for the linear Lagrangian
two-form. Classically, the Lagrangian closure depended on the equations of motion, leading

to invariance of the action under deformations of the time-path or surface. In the quantum
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analogue, the propagators continue to display time-path or surface independence, despite

the redundancy of the equations of motion.

In chapter 4 we considered a non-linear model derived from the lattice KdV equation,
the parent equation of the linear lattice model. A staircase reduction on the lattice KdV
equation gives rise to the generalised McMillan maps. Exploiting the multi-dimensional
consistency of the lattice KdV equation, we derived a commuting flow for a simple member
of the mapping family, but the non-linearity of the parent lattice equation resulted in
complicated expressions for the commuting flow that have so far not been written in a
canonical, generating function form. It remains an outstanding problem to establish a
Lagrangian one-form for these mappings. We have made first steps for the McMillan map
towards performing the discrete path integral, by establishing the two-step propagator
using Bessel functions, demonstrating the consistency of the propagator group property
with a differential equation established via the operator equation of motion. This two-step
propagator may be sufficient to establish whether path independence for the propagator

could hold in this case, if a classical one-form structure can be uncovered.

Additionally, investigating the complementary canonical quantisation led to new
insights for the dual (or large) form of the Lax pair. For the discrete Calogero-Moser
model, the large Lax pair leads to commuting flows and hence to the Lagrangian one-form
structure, from which the one-form for the continuous model is derived in a continuum
limit. Moreover, there is a tantalising relation between the Darboux matrix M of CM and
the Lagrangian form - the action is precisely the log determinant of the ordered product
of Darboux matrices generating the time evolution. We have some hope that the dual
Lax pair for McMillan may also lead to helpful insights in that case. We encoded the
Poisson bracket structure of this Lax matrix with a classical r-matrix, which is expressible
as a normally ordered partial fraction in terms of elementary shift matrices. This new
formulation of the r-matrix reveals some interesting results: the r-matrix has a pseudo-
skew-symmetry which is equivalent to an inverse fraction relation, and it obeys a three-term
relation that is a strong version of the classical Yang-Baxter equation and is equivalent
to a normally-ordered partial fraction expansion. The r-matrix structure can be used
to prove the involutivity of the classical invariants and the preservation of the Poisson
bracket structure under the mapping. Additionally, the linear r-matrix structure gives rise
to a quantum t-matrix structure, where the t-matrix has a unitarity and is a solution to

the Yang-Baxter equation. On the quantum level, it is not yet clear how the quantum
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invariants arise from the dual Lax structure, or how to establish their commutativity, since
the time-evolution part of the t-matrix structure remains unknown. But, the simplest
case of the McMillan map offers a hint that the trace of powers of the Lax matrix may
be sufficient to resolve the operator ordering ambiguity; in other words, that the natural

ordering in the matrix product may be the correct one.

In chapter 5, we studied the Degasperis-Ruijsenaars model, a non-Newtonian
Hamiltonian system that produces the harmonic oscillator equation of motion. By
embedding the DR model as a centre-of-mass motion in a two particle system, we have
shown that it is a linearisation of the integrable trigonometric Ruijsenaars-Schneider
system; this relation gives rise to a Lagrangian and Lax pair for the DR model. The
RS model has a known discrete counterpart with commuting flows and an established
Lagrangian one-form structure, giving rise to a continuous Lagrangian one-form structure
in a well-chosen limit. The semi-linearity of the DR model and its known canonical
quantisation then makes this an interesting model for investigating the continuum
quantisation of one-form structures. By exploiting the known quantum eigenfunctions
(established through a canonical quantisation) we were able to write the propagator
explicitly for the DR model. The outstanding problem is to establish a link from the
Lagrangian structure to the known propagator: we have uncovered some starting hints
towards this calculation, but a crucial aspect remains the correct time-slicing of the
Lagrangian. Perhaps a solution may be possible through further elaboration of the links

to the discrete RS model and its corresponding one-form structure.

By investigating one-form and two-form structures for discrete, linear models, we have
uncovered a quantum analogue of the Lagrangian closure condition that holds for these
linear cases. However, extending the quantisation of Lagrangian multiform structures for
non-linear examples is a challenging problem, due to the difficulty of carrying out the
required time-slicings and integrals. Nonetheless, investigating the McMillan maps and
Degasperis-Ruijsenaars model we have made some steps towards that goal. The dual Lax
matrix structure of the McMillan maps suggests a possible avenue for the derivation of
commuting flows and hence a one-form structure in that case; whilst the propagator and
Lagrangian description for the DR model may lead to a connection between these two

results, and hence insights into the quantised continuous Lagrangian structures.
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6.2 Outlook

The discrete, linear one-form and two-form structures investigated in chapter 2 have a
natural path integral quantisation (found in chapter 3) that reveals a quantum analogue
to the Lagrangian closure condition. That is, the one-form and two-form propagators are
time-path and space-time surface independent, respectively. This quantum Lagrangian
multiform theory is in a very early stage of investigation, and so a number of avenues
require further study; in particular there is a need for more examples of the quantum
multiform structure, both in continuous time and for non-linear models. The results of
the linear, discrete theory may guide the necessary calculations. There is also a great deal
that remains unknown about the multiform structures themselves, some areas of which we

discuss below.

The linear discrete mapping has a commuting flow whose compatibility with the
initial flow is guaranteed by the multi-dimensional consistency of the underlying lattice
equation (found in chapter 2). Many multi-dimensionally consistent lattice equations
are known, so we would expect compatible, commuting mappings to arise in these non-
linear cases. However, as found in chapter 4, the non-linearity makes this not necessarily
straightforward. There is an open question about how to capture these commuting flows in
the general, non-linear case. In particular, many of these lattice models are captured by Lax
pairs, whose link to the commuting flows and one-form structures is not yet clear. Further
research is also needed in understanding the relation between the two-form structures of

the lattice and the one-form structures of the mapping reductions.

Path integral quantisation of the discrete Lagrangian one-form and two-form of chapter
2 revealed a surface independence of the discrete quantum propagators. For other
examples in the literature, discrete one-form structures undergo well chosen continuum
limits to Lagrangian one-forms describing compatible continuous flows [123] [125], [126]. The
commuting invariants of the discrete mappings become generating Hamiltonians for these
compatible continuous flows. The continuous Lagrangian one-forms also have a Lagrangian
closure relation, a differential relation representing local independence of the action under
variation of the continuous time-path. A suitable quantum analogue of this continuous
Lagrangian closure is not yet clear. The higher dimensional linear reductions of section
may be suitable candidates for investigating these continuous structures, as they have

a known discrete one-form and also commuting invariants such that it may be possible to
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avoid degeneration of the flows in a continuum limit. The discrete and continuous flows

are also described by quadratic Lagrangians, so that the path integral can be carried out.

For discrete linear models, the path integral can be resolved by repeated Gaussian
integration. However, many integrable models with Lagrangian multiform structures are
non-linear, indeed in some cases even non-Newtonian: it is not known in general how
to path integral quantise these models. Creating a general theory for the quantisation
of Lagrangian multiforms clearly requires exploration of non-linear examples. There is,
however, a clear relation between one time-step propagators for integrable discrete models
and the notion of a Baxter Q-operator [60, [61], 89, [105]. In fact, it is known that there is
a semi-classical relation between integral kernels for the Baxter Q-operator @y (z, ) and

generating functions for classical Backlund transforms Fy(z,z) [61],

Or(@,3) ~ exp (—;F,\(x,f)> L ash—0. (6.1)

But discrete-time integrable systems are nothing other than iterated Backlund transforms,
where the Lagrangians are the generating functions. Perhaps the technology of the Baxter
Q-operator may be precisely what is required to solve the multiform path integral in
the non-linear cases. For non-linear models, resolution of singularities also becomes a
significant issue, as is revealed even for the relatively simple case of McMillan. Further
study of the Degasperis-Ruijsenaars model may also yield a crucial connection to an
integrable discrete time model, which would suggest a way to approach the path integral
time-slicing for this non-Newtonian model. If the Lagrangian one-form can be quantised
for a greater number of models, it will then be possible to see to what extent the time-path

independence of the propagator holds in the general case.

Studying the generalised McMillan maps, we uncovered a novel formulation of the
r-matrix structure as a normally-ordered fraction of elementary shift matrices. The
generalised McMillan maps arose as periodic reductions of the lattice KdV equation, and
their Lax pairs as a consequence of the underlying Lax structure of the lattice equation.
Now, the lattice KdV equation itself is the first member of a hierarchy: the lattice
Gelfand-Dikii hierarchy [80]. A significant question is whether the r-matrix structure of

the generalised McMillan maps is a universal structure; a natural setting to answer this
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question is the next equation in the hierarchy, the lattice Boussinesq equation,

p3_q3 p3_q3 AS =
=~ = ~ =~ Ww+tww
p—qtw—w p—gtw—w

+1%<p—q+@—5)+w(p—q+@—ﬁ)

- (2p—q)<w+5) - (p+2q)(@+5) . (6.2)

In contrast to the four field variables of the lattice KdV equation , the lattice
Boussinesq equation depends on nine points in the lattice. Dual Lax matrices on the
reduction will be cubic in the shift matrix 3, and thus the equation may offer a deeper
insight into the nature of the r-matrix. Elements of the quantum structure have been
found in [73], and a two-form structure established in [64] - this model may be useful to
explore the mysterious relation between Lax pairs and Lagrangian multiforms. There is a
known link for the discrete time Calogero-Moser model between the Darboux matrix M
generating the time evolution of the Lax pair and the Lagrangian one-form structure, but
such links are not known for any other models [125]. Perhaps the rich structures of the

lattice Gelfand-Dikii hierarchy may offer further insights.

In sections [3.1.5] and [3.2.4] we propose a quantum variational principle for the one-

form and two-form cases. Classically, the Lagrangian closure leads to a wider variational
principle: the action should be stationary under variation of both the dependent and
independent variables. In the path integral, the classical variation of the dependent
variables become a sum over all possible configurations. The suggestion is that the variation
of the independent variables for the multiform - i.e. the variation over time paths - should
become a sum over all possible time-paths in the quantum regime (respectively, a sum over
all surfaces for the two-form). As discussed in chapter 3, how to calculate such a sum is
currently unknown, but the suggested principle is that in the unique case of the one-form
all terms of the sum will converge to the same, path independent, value. With the correct
renormalisation, this unique value will yield the desired propagator and also the desired
Lagrangian multiform. Taming the unusual behaviour of such an object is a subject for

future research.
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6.3 Final Remarks

In this thesis we have made an early investigation into the quantisation of Lagrangian
multiform structures on the discrete level: many important questions remain, but perhaps
these findings will be a useful starting point. The Lagrangian multiform theory is a new
way of understanding integrability from a variational perspective, even suggesting new
ways of thinking about Lagrangians themselves as solutions to a variational problem. In
order to quantise the range of integrable systems where a Lagrangian multiform structure
has been discovered, we require a new approach to path integral quantisation that can

capture the integrability of these models.

In ideas discussed by Rovelli, a parametrisation is introduced for time so that both time
and space become integration variables in the path integral, creating a reparametrisation
invariant system [94, [97] (section [1.4). Rovelli is far from alone in suggesting the need
for new ways to think about space and time in quantum mechanics - Barbour [II]
considers a Machian view, where he dispenses of an independent time variable, t'Hooft
[113] suggests the long discarded view that it may be possible to view quantum mechanics
as a hidden variable problem, using cellular automata, even Einstein himself [31] suggested
that quantum mechanics must be incomplete without a proper theory of discrete functions.
Rovelli’s reparametrisation invariance is not so dissimilar from the time-path independence
of the linear mapping in chapter 3; if such a time-path independence were to hold for
Lagrangian one-forms on the continuous level, a description of such systems would require
parametrisation of the time path by some “real time” s. The suggestion by Nijhoff [72]
of a path integral over time-paths then looks somewhat similar to Rovelli’s ideas. The
suggested sum over all time-paths of chapter 3 is an attempt to create a concrete
realisation of this idea for a simple case: if such an object can be tamed and understood

it will offer an entirely new way of thinking about the quantisation of integrable systems.
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Appendix

A Normalisation constants for the one-form path integral

The discrete path integral for one forms is defined along a time-path T" (3.38)),
)
Kr (ﬂ?a, (07 0);37127 (M’ N)) = JVF/ H dxmm €Xp [hsF{x(n)]] . (Al)
(m,n)er

This is made up of discrete elements for time-steps in m and n directions. A single time-step

in the m direction is given by (3.8)),

1/2 .
Ko (2,3:1) = (;Jghff) exp [;_Lab(x,f)} , (A.2)

and in the n direction by (3.36]),

_ P+R\'"* i . _
K, (z,7;1) = (27rihr> exp [h[m(x,x)] : (A.3)

Backwards time steps are given by the complex conjugates on K, and K.

]

n

Figure A.1: A simple time-path T" in the discrete variables.

The normalisation constant At (A.l) is simply a product of the constants for the
individual time steps. Consider the simple curve I' illustrated in figure This time-

path is made up of three steps in the m direction, and 2 in the n direction, hence the
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normalisation constant results from the product

3 2
([ [Praq P+R
A= ( 2mihq ) ( 2mihr > ’ (A4)

A general time-path T" from time co-ordinate (0,0) to (M, N) is made up of M + k forward

steps and k backwards steps in the m direction, and N + [ forward steps and [ backwards
steps in the n direction, so that the normalisation constant in the general case is given by

p (M+R)/2 / p k2 /p (N+)/2 / p 1/2
N = fQ +Q fR +R . (A.5)
2mihg —2mihg 2mihr —2mihr

The ordering of factors is unimportant. This normalisation is unambiguous for any given

I.
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