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ABSTRACT

The thesis deals with two main subjects, one being metric Diophantine approxima-
tion and the other Fractal Geometry.

As far as the first subject is concerned, the results presented lie in the setup of inhomo-
geneous Diophantine approximation. The following is shown: suppose A = (¢,,)22; C N
is a lacunary sequence and p is a probability measure with Fourier transform of a pre-
scribed logarithmic decay rate. Then for any v € R and any decreasing approximating
function ¢ : N — R, the set Wa(y,9) = {z € [0,1) : ||gnz — || < ¢(gn) for im. n €
N} satisfies a Khintchine-type law with respect to the measure p. This result builds
on the work of Pollington and Velani in [51]. It is also shown that W (~,1)) is a Salem
set, generalising a result of Kaufman in [38].

Regarding Fractal Geometry, we present a refinement of Marstrand’s famous projection
theorem for arbitrary dimension functions. We state an analogue of Kaufman’s result
on the dimension of the set of angles of exceptional projections and discuss on the
necessity of the conditions imposed in our main theorem.
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Preface

Chapter 1 is an introduction to well known basic facts and results which are used in
subsequent parts of the thesis. Proofs are included for most of the results presented.
The main areas covered are continued fractions, metric Diophantine approximation and
connections of fractal geometry with Diophantine approximation.

In Chapter 2 we formulate and prove a Khintchine-type law on inhomogeneous
Diophantine approximation with restricted denominators. The size of the set of well
approximable numbers is given with respect to a probability measure the Fourier trans-
form of which has a prescribed logarithmic decay rate. The denominators are restricted
to a lacunary sequence.

In Chapter 3 we show that the set of inhomogeneously -well approximable num-
bers, where ¢ is an arbitrary approximating function, is a Salem set. That is, its
Hausdorff dimension equals its Fourier dimension. This generalises the result proved
by Kaufman for the homogeneous case.

Finally in Chapter 4 we present a refinement of Marstrand’s projection theorem to
arbitrary dimension functions. This refinement allows us to discriminate, for example,
between projections of sets of dimension zero. We also show that the conditions imposed
in the theorem are in some sense necessary.
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Chapter 1

Introduction

1.1 Continued Fractions

We begin this introductory chapter by presenting some of the basic facts and properties
of the expansion of reals into continued fractions. Let

1
x = lag; a1, az,...] :=ap+ N
a; + ——
az +
be the continued fraction expansion of some real number x. Here ag € Z and aq, a9, ... €

N. The integers (ay)>2, are known as the partial quotients of x. Note that when x is
rational the continued fraction terminates.

The n-th convergent of an irrational x € R is defined to be the rational number

Dn
; = [ao;al,...,an].
n

The sequences (pn)22 4, (gn)22, are called the sequences of numerators and denomina-
tors associated to the continued fraction expansion of x, respectively. They satisfy the
following recursive relations

(1.1)

Pnt1 = Gni1Pn + Pn-1 Gn+1 = An+19n T Gn-1
p-1=1,po = ag ¢-1=0,90=1

which may also be written in matrix form as

@ -ENED-CD e

9
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Taking determinants in (1.2) gives

Pndn—1 — Pn—14n = (_1)n+1’ (13)

and this implies that (p,,q,) = 1 for all n = 1,2,..., i.e. the convergents are all in
reduced form.

The convergents of x also satisfy the inequalities

1
Qn(QnJrl + QH)

< :E—]ﬁ

an

n=1,2,... (1.4)

There are several properties of real numbers which are reflected in the corre-

sponding continued fraction expansion. The continued fraction [a1,aq,...] is called
eventually periodic if there exist integers k,d > 1 such that (axy1,...,a54q) =
(ak+nd+17 N ,ak+(n+1)d) for all n = 1, 2, N

Proposition 1.1. Let x € R. Then x is a quadratic irrational if and only if the
continued fraction expansion of x is eventually periodic.

For example, the golden ratio %(14—\/5) and v/2 have the well-known continued fraction
expansions

1++5
2

=1;1,1,..]

and

V2 =11;2,2..

For more details on continued fractions we refer to [40], [21, Chapter 3], [54].

1.2 Dirichlet and Khintchine’s Theorems

1.2.1 Dirichlet’s Theorem

The fundamental result in Diophantine approximation is Dirichlet’s theorem.

Theorem 1.2 (Dirichlet). Let z € R and N € N be a positive integer. There exist
p € Z and a positive integer 1 < g < N such that

The proof is an easy consequence of the pigeonhole principle, see for example [30,
Chapter 2|. In what follows, we use the notation
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|z|| := min{|z — k| : k € Z}

for the distance of the real number z to the nearest integer. Then Dirichlet’s theorem
implies that for any real number x and for any integer N > 1, there is some g > 1 with
q < N and

1
< .
lazll < ~

An immediate corollary to Dirichlet’s theorem is the following.

Corollary 1.3. Let z € R\ Q. There exist infinitely many rational numbers % ceQ

such that

1
x_p‘SQ.

q q

So Dirichlet’s theorem gives a rate of approximation which is attained by all real num-
bers. Actually this uniform rate of approximation can be improved in the following
sense.

Theorem 1.4 (Hurwitz). Let x € R\Q. There exist infinitely many rational numbers
% € Q such that
1

N2

-3
q
The rate of approximation described in Hurwitz’s theorem is actually the best possible
which is achieved by all irrational numbers, as the following proposition implies. For

the proof see [40].

Proposition 1.5. Let ¢ = [151,1,...] = %(1 +/5) be the golden ratio. For any e > 0,
there exist at most finitely many rational numbers p/q € Q such that

P 1
‘qj Q‘S(\/nga)qQ

In view of the previous statement, it makes sense to define as badly approrimable those
real numbers for which the aforementioned rate of approximation is actually the best
possible. In what follows, we restrict to numbers in the unit interval [0,1) since all
properties of reals with respect to Diophantine approximation we study are invariant
under translation by integers.

Definition 1. A number =z € [0,1) is called badly approximable if there exists a
constant ¢ = ¢(x) > 0 such that

qllgz|l > ¢, for all ¢ =1,2,...

The set of badly approximable numbers is denoted by Bad.
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By Proposition 1.5 it follows that the set Bad is non-empty. The fact that Bad is
uncountable may be deduced from Khintchine’s characterisation of badly approximable
numbers, see [40].

Proposition 1.6. Let xz € [0,1) have the continued fraction expansion x = |ay, az, . ...
Then x € Bad if and only if the sequence (ay)32, of partial quotients is bounded.

This proposition implies, for example, that all quadratic irrationals are in Bad. It
remains an open problem to determine whether there are any other algebraic irrationals
of degrees greater than 2 which are in Bad. It is conjectured that the answer to this
question is negative.

For each N =1,2,... define the set

Fy = {z€]0,1) : x =[a1,a9,...] witha; <N,i=1,2,...}. (1.5)

Then Proposition 1.6 implies

o0
Bad = U Fx.
N=1

1.2.2 Khintchine’s Theorem

Dirichlet’s theorem states that all irrational numbers admit approximations by rationals
p/q of the rate of 1/¢%. Tt is natural to ask what is the size of the set of numbers which
have approximations of various rates. In what follows, we write R™ for the set (0, 00).

Given a function v : N — R, define the set
W) ={x €]0,1) : |lgz|] < (q) for infinitely many ¢ € N}

of Y-well approximable numbers. The function v determines the rate of approximation
by rationals, and will be referred to as the approximating function. Also for any 7 > 1
we define W (7) to be simply the set W (1)), when ¥ (q) = ¢~ ; that is,

1
W(r)= {:E €[0,1): ||lgz| < T for infinitely many ¢ € N}. (1.6)

Khintchine’s theorem gives the size of the set W (i) in terms of one-dimensional
Lebesgue measure. In what follows, | - | stands for the Lebesgue measure on the real
line.

Theorem 1.7 (Khintchine). Let ¢ : N — R™ be a decreasing function. Then
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Before we proceed to more details on the proof of the theorem, let us study the set
W (¢) more closely. Given a sequence (Ay)72; of subsets of an arbitrary set X (not

necessarily a subset of R), we may define the set limsup A, by
q—o0

oo o0
limsup 4, = ﬂ U A;
q—o0 q=1i—q
= {x € X :x € A, for infinitely many ¢ € N} .

Using this definition, the set W (1)) can be written as W (1) = limsup A,(¢), where we

q—}()O
define

Ag) = {z€l0,1): [lgzl| < ¥(a)}
_ {Ip(r @
= pL_JOB<q, ; )ﬂ[O,l).

Here we define B(z,7) = {y € R: |y — 2| < r} for each z € R and r > 0. So each set
A4(1)) has Lebesgue measure |A4(1)| < 2¢(q), and this explains the appearance of the

oo
series Y 1(q) in Khintchine’s theorem.
q=1

The difficult part in the proof of this theorem and many other similar results we will
encounter is the divergence case. The convergence case is relatively easy, as it follows
directly from the Borel-Cantelli Lemma.

Lemma 1.8 (Borel-Cantelli). Let (X, B, u) be a probabilty space and (Ap)22, C B be
a sequence of subsets of X. If > u(Ay) < oo then
n=1

I <lim sup An> =0.

n—o0

Since W () = limsup A,4(?) and each set A,(1)) has Lebesgue measure |A4(¢)] < 21(q),
in the convergence case we deduce that
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9]
D 1A(W)] < oo
q=1

and |[W(v)| = 0 by the Borel-Cantelli Lemma. Observe that the assumption of mono-
tonicity of v is not necessary for the convergence case of Khintchine’s theorem.

Khintchine’s original proof [40] is under the additional assumption that the function
q — q¥(q) is monotonic, and uses the apparatus of continued fractions. Cassels [12]
proved the theorem under the assumption of monotonicity of ). As we explain later
in subsection 1.2.4, the assumption of monotonicity cannot be removed. Schmidt [56]
proved a quantitative version of the theorem. For an alternative proof related to the
theory of ubiquitous systems we refer to [4].

Equipped with Khintchine’s theorem, we can easily deduce that |[Bad| = 0.

Proposition 1.9. The set Bad has zero Lebesgue measure.

Proof. Consider the function ¢(q) = 1/(¢qlogq), ¢ > 2. Then

Bad C [0,1)\ W(1).

Khintchine’s theorem implies |W(¢)| = 1, hence |[Bad| = 0. O

1.2.3 A proof of Khintchine’s Theorem

Here we give a proof of Khintchine’s theorem which makes implicit use of the apparatus
of ubiquitous systems. The proof relies on the notion of quasi-independence on average
and the following zero-one law due to Cassels [13].

Theorem 1.10 (Cassels’ Zero-One Law). Let ¢ : N — R be any function. Then the
Lebesgue measure of the set W (1)) satisfies

W@)[=0 or [W(H)=L1
In view of Cassels’ zero-one law, in order to prove the divergence case for Khintchine’s
theorem it is sufficient to show that |[W ()| > 0. Hence we want to show that the

Lebesgue measure of a certain lim-sup set is positive. With this in mind, the following
partial converse to the Borel-Cantelli Lemma is useful, see [30, Lemma 2.3].

Lemma 1.11. Let (X,B,u) be a probabilty space and (A,)5%; C B be a sequence of
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o0
subsets of X. If > p(Ay,) = oo then

n=1

7 (limsupAn) > limsup ~ 7;\7:1
A TN S alAnn An)

n=1m=1

Let us give the following definition.

Definition 1.12. Let (X, B, 1) be a probability space. The subsets (A,)2%; of X are
called quasi-independent on average if there exists a constant C' > 0 such that

N N N 2
DY ulAnn Ay) gc(ZM(An)> , N=1,2,... (1.7)
n=1

n=1m=1

So the divergence Borel-Cantelli Lemma (Lemma 1.11) implies that whenever the sets

(An)S2, are quasi-independent on average, the set limsup A, has positive Lebesgue
n—oo
measure. More precisely, whenever (1.7) is satisfied, then

1

li A, —
im sup C’

n—oo

We proceed with the divergence case of Kintchine’s theorem. Consider the sets

U U (pq’mn)), n=12,... (1.8)

=2n-1 p=l
(pg)=1

Clearly limsup By,(¢) € W(v) and it suffices to show that |limsup B, (¢)| > 0. In view
n—oo

n—oo
of the previous remarks, it suffices to show that the sequence (B, (¢))22 is pairwise

quasi-independent. Notice that without loss of generality we may assume that

Indeed, if this is not the case, define

W(g) = mm{ }

o0
and observe that Y ¥(q) = co and W (¥) C W (). Now we estimate the measure of
q=1
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the sets B, (). If 271 < g1 < g2 < 2" and 0 < p; < q1, 0 < pa < g2 then

p1_p2
q1 q2

1 1 (2"
> — > 5> LICo}
quge 2% 2n

Hence the intervals in (1.8) are pairwise disjoint and each set B, (1)) has Lebesgue
measure

on_1 q on 1
= Y Y 2 ) =" S g = 2.
qg=2"n—1 p=1 g=2n—1

(p,g)=1

Here we have used the fact that Euler’s totient function satisfies

N
> o(q) —N2—|—O(NlogN) N — .
q=1

Next we estimate the measure of the intersections of the form B,,(¢) N By (). Let
m < n and fix one of the intervals B (%, w(;m)) which comprise By, (). This interval

overlaps with intervals of the form B (g, Q’b(f:)

) the centers of which have distance at

least 1/2%". Thus the number of intervals of the form B (p , ¢(n )) contained in an

m’ 2™

interval of the form B <£ w2 )) is at most

202m)/2" (")

221 4 9,
1/22n om +

Each of these intervals of the form B (9 »(2")

g o ) has Lebesgue measure equal to
¥(2™)/2™. Also the set By, (1) consists of

27’”
> ¢(q)
om—1
intervals in total. Thus for m < n,
om 25(27) e
BB < (250 e) 2R S g
g=2n"1

v2™) o ¥ (2") 2
<<<2m2 —i—l) 2n2.
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So for N large enough we get

N N N N . .
S BB < 33 (Ve ) e

m=1n=1

N N N N
PE2") 020 Y(2") som ¥Y(2") 2m
< Y et 5y M

m=1n=1 m=1n=1
N 2
n=1 1<m<N
m<n<N
N 2 N 1
< (zmnw) £ (e ¥
n=1 m=1 m<n<N
N 2 N
< (ZIBn(WI) + > 1Bu(®)|
n=1 n=1
N 2
< (Zanw) .
n=1

The last estimate follows because

> Bu(w)] = ) 2mp(2™) = oo
m=1 m=1

by the assumption of monotonicity of 1 and Cauchy’s condensation test. Thus we have
shown that

N N N 2
S S Bu) N Ba(9)] < (Z\Bmw) . N -
m=1

Hence the sets (B, (1)), are quasi-independent on average and Lemma 1.11 implies

that

(W)l =

n—o0

lim sup Bn(w)‘ > 0.

In view of Theorem 1.10 we have that |W ()| = 1.
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1.2.4 The Duffin-Schaeffer counterexample

Here we explain why the assumption of monotonicity in the divergence case in Khint-
chine’s theorem cannot be removed.

Duffin and Schaeffer [19] constructed an approximating function 6 : N — Rt which is
not monotonic and for which

Zﬁ(q) =o0 and |W(O)|=0
q=1

hold simultaneously. The definition of the function @ is as follows. Let (Ny)?2; be an
increasing sequence of integers such that the following properties are satisfied:

(i) Ny is squarefree for k = 1,2,...
(ii) (Ng,Ni) =1 for k # [ (i.e. the integers Ny are pairwise coprime), and

(iii) for all k = 1,2,...

H <1+1> > 142k
P

p| N

Note that the choice of the sequence (Ny)32, is possible because the product [[(1+p~1)
P

diverges to infinity. The function 0 : N — R is defined by

q )
— = fg>1andq|N
k1 ) 1 q q k
0(q) = ¢ 2 Nk

0, otherwise .

Observe that for any k =1,2,... we get

Z o Z q
H(Q) - 2k+1Nk
q| N q| Nk

q>1 g>1

A\

1
= ] 0+
2k+2Nk ( p)
p| N

T 9k+2 n
p| Ny p
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142k
2k+2
S 1
4 )
hence
o0 o
D 0a) =2 0la) =
q=1 k=1¢q| Ny
q>1

In order to show that the set W (6) has zero Lebesgue measure, we need to examine
the sets

Aqy(0) = qU13<p, 0<q)> . oq=1,2....

o0 N4 4

When ¢ > 1 is not a divisor of any of the integers N, then A,(f) is empty. Fix some
k € N; then for any divisor ¢ > 1 of N}, the set A,(#) is a union of intervals centered
at points of the form p/q, 0 < p < ¢ and with radii equal to

6(q) 1 0(Ni)

q = 2k+1Nk - N,

Since each rational of the form p/q, 0 < p < g can be written as p’/Ny, 0 < p’ < N, the
intervals comprising the sets A,(#) are among the intervals comprising A, (#). Thus

An (0) = | A4400)

q| N
and
W(#) = limsup Ay, (0). (1.9)
k—00
Now
An, (8)] = 20(N}) = Qik E=1,2,...

hence |W(6)| = 0 by (1.9) and the Borel-Cantelli Lemma.

1.2.5 The Duffin-Schaeffer Conjecture

In their paper [19], Duffin and Schaeffer not only showed that the assumption of mono-
tonicity is necessary in Khintchine’s theorem, but they also formulated a statement



20 CHAPTER 1. INTRODUCTION

regarding arbitrary functions. This statement remains open to date and is known as
the Duffin-Schaeffer Conjecture.

Given an arbitrary function ¢ : N — R™, define the set

W (1) = {xe 0,1) : ‘m—p’ <

¥(q)
q

. for inf. many p/q € Q with (p,q) = 1} )

Intuitively, the set W’ (1)) consists of numbers x which admit the same rate of ap-
proximation as the elements of W (1)), but with the restriction that the corresponding
rationals are in reduced form. Trivially, W'(¢) C W ().

Just like in Khintchine’s theorem, the set W'(y) can be written as W'(y) =
lim sup A7 (1), where we define

q—0

AL(W) = qu B(p,W>.

e a q
(p,g)=1

Each of the sets A}(v) has Lebesgue measure |A} ()] < qﬁ(q)q’bé@, and once more

the Borel-Cantelli Lemma implies that |[WW/(1)| = 0 whenever > gb(q)@ < o0. Here
q=1

#(q) is Euler’s totient function. The Duffin-Schaeffer conjecture is the statement that
|[W' ()| = 1 whenever the aforementioned series diverges.

Conjecture (Duffin & Schaeffer). Let 1) : N — R be a function. Then

0, it 5 o2 < o,
q=1 q

W' ()| =

=

Loty o2 — o
q=1 q

Remark 1. When ¥ is a decreasing function, the Duffin-Schaeffer conjecture and Khint-
chine’s theorem coincide as statements. To see this, first observe that W' (¢)) = W (¢).
Indeed, trivially W’ (y) C W (v) and for the converse suppose x € W (1)). There exist
infinitely many p/q € Q such that

pl _ v(@)

i
q q

Write each of them as p/q = p'/q’ € Q with (p/,¢’) = 1. The assumption of monotonic-
ity of v yields
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so x € W/(¢) as well. Furthermore the series

S g and Y )29
qg=1

g=1

appearing in Khintchine’s theorem and the Duffin-Schaeffer Conjecture, respectively,
either both converge or both diverge. Clearly if the first series converges, then so does
the second. Also for any positive integer N large enough,

N N-1 27+l
Zmy”;” > 3 Y el 1/’q
q=1 n=0 q=2"+1
N—1 2ntl
> Y > ¢l
n=0 qg=2"+1
N-1 on on+tl
= w;n) > ()
n=0 q=2"+1
- = w(2n)22n
= on
n=0
N-1
= > 2mp(2Y),
n=1

hence the divergence of the first series implies the divergence of the second series by
Cauchy’s condensation test.

Remark 2. Duffin and Schaeffer’s function 6 is not a counterexample to their conjecture.
To see this, observe that

LOL N S SPALC
=1 k=1 q| Ny,
q>1
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it 1
=2 D) ey,
k=1gq| Ny
q>1

[e.9]

1
= Zm > 4)
k=1 q| Ny,

g>1

> 1

= 2 ey, (M= D)
k=1 k

S |
< Z 9k+1
k=1
< 0.
Regarding the Duffin-Schaeffer Conjecture, Gallagher [26] showed that for the diver-

gence case it is sufficient to prove that |[W’/(y)| > 0. The following result is a natural
analogue of the aforementioned Cassels’ zero-one law.

Theorem 1.13 (Gallagher’s Zero-One Law). Let ¢ : N — R" be any function. Then
the Lebesgue measure of the set W'(v) satisfies

W@ =0 or [W(})=1

For several partial results related to the Duffin-Schaeffer Conjecture we refer to [1, 5,
22, 31, 50, 62]. Tt is also worth mentioning the following partial result proved by Duffin
and Schaeffer in their attempt to prove their conjecture.

Theorem 1.14 (Duffin, Schaeffer). Let v : N — R be any function. If

-1

N
limsup | > ¢(g)— | [ D_v(@ | >0,
q=1

then |W'(y)| = 1.

For the proof we refer to [30, Chapter 2].
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1.3 Inhomogeneous Diophantine Approximation

The object of Diophantine approximation, which is finding rational approximations to
a real number z, can be equivalently stated as follows: given z € R, how close does
the sequence gz (mod 1), ¢ > 1 approximate the point 07 It is natural to study an
“inhomogeneous” generalisation of this question: given any v € R and an irrational
x € R, how close does the sequence gx, ¢ > 1 approximate v mod 17

In the setup of inhomogeneous Diophantine Approximation, several variants and gen-
eralisations of the aforementioned results for the homogeneous case (7 = 0) have been
established. We mention just a few of them, starting with a Theorem due to Chebyshev
with the proof presented in [33].

Theorem 1.15 (Chebyshev). Let x € R be an irrational and vy € R be any real number.
Then

3
llgx —~] < p forinf. many q=1,2,...

Proof. Let (P,/Qn)52, be the convergents of z. By (1.4), for each n =1,2,... we can
write

P, 4
r=_-"4+ " 0<|5 <l 1.10
Qn Q2 1] (1.10)

For each n = 1,2, ... there exists ¢, € Z such that |Qny — t,| = [|Qn7] < %, hence

ty En

T Q. 200

v len] < 1.

Since (P, @n) = 1 there exist py, ¢, € N such that

Qn 3Qn
_— <<
5 Sin<

and  Pogn — Qnpn = th. (1.11)
Thus for all n,

gz =~ < |gnx — pn — 7

) |, (B ),
"o, T Qz) Q. 2.

(L1) g, 1

< 4n, -

= @2,

(111) 3

< —_
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O

Khintchine [33] improved the constant appearing in the previous theorem.

Theorem 1.16 (Khintchine). Let x € R be an irrational, v € R be a real number and
e > 0. Then

q.’L‘ ’Y
\/gq

for inf. many ¢q=1,2,...

Theorem 1.16 is an obvious generalisation of Hurwitz’s result (Theorem 1.4). Observe
that the assumption that x is irrational is necessary, otherwise the approximation rate
to v may not be achieved.

In the inhomogeneous setup, it is also natural to ask if a variant of Khintchine’s metric
theorem is true. Namely, if v € R and ¢ : N — R is a function, we would like to know
the Lebesgue measure of the set

W(v,¢) = {z €[0,1): |[gx — 7] < ¥(q) for infinitely many ¢ € N}.

Sziiss [59] proved that an inhomogeneous version of Khintchine’s theorem is true under
the same assumptions.

Theorem 1.17. Let ¢ : N — RT be a decreasing function. Then

0, if § ¥(g) < o0
qg=1

W (y,4)| = o
L, if Z:jld)(q}:oo

Again, the assumption of monotonicity of 9 is required only for the divergence case.

The set Bad of badly approximable numbers admits an inhomogeneous analogue.

Definition 1.18. Let v € R. Define the set

Bad, = {x €[0,1) : ;glgqﬂqx — v > O} .

The elements of Bad,, are called inhmogeneously badly approrimable numbers with
respect to 7.

Remark 3. In view of the inhomogeneous Khintchine theorem, we can deduce that the
Lebesgue measure of Bad, is zero in the same way we derived the same conclusion for
Bad.
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1.4 The Hausdorff theory of Metric Diophantine approx-
imation

As we have seen, Khintchine’s theorem implies that the sets W (7), 7 > 1 all have zero
Lebesgue measure. However it does not allow any further discrimination between them,
even though we know for example that W (3) is in some sense “bigger” than W (100).
The theory of Hausdorff dimension helps us overcome this problem.

1.4.1 Hausdorff measure and dimension

Let us start with the definition of a dimension function.

Definition 1.19. A dimension function (or gauge function) is a function f : R™ — R*
which is increasing and continuous with f(r) - 0asr — 0.

Definition 1.20. Let A be a non—empty subset of R™. For p > 0, let

’Hg(A) = inf{Zf(in):Ag UUi’ \Ui| < p for all i = 1,2...} ,

i=1 =1

where |U| denotes the diameter of the set U and the infimum is taken over countable
covers (U;)2, of A by sets of diameter at most p. The Hausdorff f-measure of A is
defined by

H/(A) = lim HJ(A) .

p—0

When f(r) = r° for some s > 0, the measure H7 is the usual s-dimensional Hausdorff
measure H°.

Remark 4. When 0 < p1 < po, ”Hfjl (A) > 7—[52 (A) so in the definition of H/ we actually
have

HI(A) = lim HI(A) = sup HI(A).

Remark 5. According to the previous definition, the value of the f-Hausdorff measure

#H only depends on f(r) for r € [0,79) where 7¢ is arbitrarily small. Thus we can

define the Hausdorff measure H/ for any function f which is continuous and increasing

on any interval of the form [0, 7).

Definition 1.21. The Hausdorff dimension dim A of a set A C R" is defined by
dimA = inf{s:H°(4) =0}

= sup{s: H’(A) =o0}.
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Let A CR™ be a set. According to the definition,

0, if s> dim A
H(A) =
oo, if s < dim A.

Furthermore, if s = dim A any of the statements H*(A4) = 0, H*(A) = oo or 0 <
H*(A) < oo might hold. Sets for which the latter is true are called s-sets.

Defining Hausdorff measures for general dimension functions allows a more precise
notion of dimension than just a numerical value. For example, a set A may have
Hausdorff dimension s but H*(A) = 0. However, it may be that 0 < H/(A) < oo where,
say f(r) = r®log(1/r), in which case we think of A having dimension ‘logarithmically
smaller’ than s. Introducing a partial order < on the set of dimension functions by

f=<g if lim===0,

which implies that #9(A) = 0 whenever H/(A) < oo, allows a much finer notion of
dimension, see [55]. It is also worth noting that there are sets A C R™ for which there
is no dimension function f such that 0 < H/(A) < oo, see [16].

A variant of the Hausdorff measure which we use in Chapter 4 is the centred Hausdorff
measure. Even though it is not essentially different, it appears to be more suitable to
use in some applications. For its definition we consider covers by a countable collection
of balls (B(x;,r;)):2, of radii r; < p with centres in A.

Definition 1.22. For p > 0 we set

Héyp(A) = inf{Zf(m):Ag UB(mi,ri), €A r<p i= 1,2,...} )

i=1 i=1
We define the centred Hausdorff f-measure of A by

HE(A) = lim HE, (4)

The standard and centered Hausdorff measures are equivalent, in the sense that for all
ACR"®

HL(A) < H(A) < m, HL(A), (1.12)

where m,, depends only on n. This follows easily from the definitions, noting that every
set U that intersects A is contained in a ball with centre in A and diameter |U|, and
that every ball B C R" of radius r is contained in a finite number m,, of balls of radius
%r, that is diameter r; in particular mo = 7.
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It follows from (1.12) that we get the same value for Hausdorff dimension if we re-
place H*® by H¢ in this definition. For further discussion of Hausdorff measures and
dimensions, see [23, 44, 55].

1.4.2 An explicit example: the Cantor set

In the current subsection we give a specific example of the calculation of the Hausdorff
dimension of a specific set, namely the middle-third Cantor set K. We follow Falconer
[24].

The set K is defined as follows. First we divide the unit interval [0,1] into three
subintervals of equal lengths and remove the middle one, so we obtain the set F; =
[0,1/3]U[2/3,1]. We repeat the same procedure with each of the intervals of F, so we
obtain the set F» = [0,1/9]U[2/9,1/3]U[2/3,7/9] U [8/9,1]. Inductively we obtain the
sets (F),)22,, where each F), is the union of 2" intervals of length 37". We define

- (n
n=1

)
We explain why dim K = s, where s = % For each n, F}, is a cover of K consisting
0g

of 2™ intervals of length 37", hence
M (K) < 237" = 1.

Letting n — oo we get H*(K) < 1. Thus dim K < s.

for the converse inequality, let (B,,)°; be any cover of K consisting of intervals. Since

K is compact, we may assume we have a finite cover (Bn)nNzl. Also we may assume

the endpoints of each B,, are endpoints of the intervals comprising the sets Fj, k > 1.
For each n=1,...,N let I,, and J, be the largest such intervals. Then B,, consists of

three consecutive intervals; I, an interval L, in the comlpement of K, and J,.

Since J, has length greater or equal to the maximum length of I,,, J, we have
1
[Lnl 2 5 (Hal +[Ja]) - (1.13)
Thus

’Bn‘s = (‘In‘ + ’Ln’ + |Jn‘)s



28 CHAPTER 1. INTRODUCTION

(1.13) 3\ ° s
= (5) 0nlelab

(L] + | Jnl\°
— o lInlTIonl
(5

>[I 4 [l

Observe that for each interval I appearing in the definition of the sets Fy, k& > 1, hence
for the intervals I, J,, as well, if I’, I"” are the two intervals of the "next level” which
form I, then

’I|s — ‘I’|S + |I”‘S.

The upshot is, in the estimates for |B,|* we can replace |I,,|* and |.J,,|° with the cor-
responding sums taken over all subintervals of the same common level. Thus if kg
denotes the maximum level of all intervals I, J,,1 < n < N and Fj, is the union of
the intervals A;,1 < j < 27 then

N N
YNIBuT = Y (Ll + | Tl)
n=1 n=1

2ko

>l
j=1

v

— 2k0 3—k08

= 1.

Thus H*(K) > 1 and dim K > s. Also note that we have shown something much
stronger than dim K = s; we have proved that H*(K) = 1.

Remark 6. The fact that the Hausdorff dimension of K is equal to log2/log 3 and the
fact that K was constructed by dividing intervals into 3 pieces and keeping 2 of them
at each stage are not unrelated at all. Using the same methods we can show that if
we construct a set K’ by dividing intervals into b subintervals and selecting a of them
at each stage, the set will have Hausdorff dimension equal to loga/logb. See [23] for
more details.

In many cases, a lower bound for the Hausdorff dimension of a set can be found by the
properties of the probability measures supported on the set.

Theorem 1.23 (Mass Distribution Principle). Let p be a probability measure supported
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on a set FF C R™. If there exist constants c,s,ry > 0 such that
u(B) < c|B* (1.14)

for any ball B of diameter |B| < rg, then dim F > s.

Proof. Let (By,)2; be a cover of the set F' consisting of balls of diameters at most 7.
Then

o oo
L= u(B) <3 p(Ba) < 3 IBaP.
n=1 n=1
Taking the infimum over all such possible covers, we obtain ¢#; (A) > 1. Thus

1
H(A) =supHi(A) > —->0
r>0 c

and dim A > s, as required. O

Remark 7. If f is a dimension function and the probability measure p is such that
uw(B) < f(|B])

for any ball B of sufficiently small diameter, we say u satisfies the Hélder condition
with respect to the dimension function f. In particular, when (1.14) holds, we say
satisfies the Holder condition with exponent s.

Remark 8. The Mass Distribution Principle can be generalised to arbitrary dimension
functions. In particular, if u is supported on A C R™ and satisfies the Hoélder condition
with respect to the dimension function f, then H/(A) > 0.

The Mass Distribution Principle can be used to calculate the lower bound for the
Hausdorff dimension of the Cantor set K in the previous example. Indeed, for n =
1,2,...let u, be the probability measure assigning mass equal to 2% uniformly on each
of the intervals of F,,, and let u be the weak limit of (p,,)5% ;.

If I C [0,1) is an interval with I N K # @, let n > 1 be such that 3=+ < |1 < 37"
Then I intersects at most one of the intervals of F,,, hence

1 1 3°
u(l) < 5 = 3w = 30D < 2|I°.

1
Now the Mass Distribution Principle implies that H*(K) > 3 and dim K > s.
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1.4.3 The Hausdorff theory of well approximable numbers

Jarnik [35] and Besicovitch [8] independently calculated the Hausdorff dimension of the
sets W (7) defined in (1.6).

Theorem 1.24 (Jarnik-Besicovitch). Let 7 > 1. The Hausdorff dimension of the set
W(r) is

2
T+1

dimW(r) =

The Jarnik-Besicovitch Theorem tells us the Hausdorff dimension of the set W (r) but
it gives no information for the value of the corresponding Hausdorff measure at the
critical exponent s = 2/(7 + 1). This was found later by Jarnik [36]. We mention that
Jarnik proved his theorem under more assumptions on the functions involved, which
were shown to be unnecessary in [4].

Theorem 1.25 (Jarnik). Let ¢ : N — RT be decreasing and let f be a dimension
function such that f(r)/r is decreasing and f(r)/r — oo as v — 0. Then

0, if §1Qf(¢(Q)/Q)<OO

H (W () = 5
oo, if ;qf(w(Q)/q)ZOO-

Observe that when the function f is such that f(r)/r — oo as r — 0, then H7([0,1)) =
00. Thus Khintchine’s and Jarnik’s theorems can be unified into a single theorem,
referred to as the Khintchine-Jarnik theorem.

Theorem 1.26 (Khintchine-Jarnik). Let 1 : N — RT be decreasing and let f be a
dimension function such that f(r)/r is decreasing. Then

0, if i af ((9)/q) < o0

H (W () = x
M) D el Wla)/9) = oo

As an immediate corollary we obtain the value of the Hausdorff measure of the set
W (r) at the crucial exponent s = 2/(1 + 7).

Corollary 2. For any 7 > 1, we have

HY O (W (1)) = oo.
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Theorem 1.26 gives the f-Hausdorff measure of the set W (1)) for arbitrary approximat-
ing function 1. The Hausdorff dimension of this set is related to the lower order of 1/
at infinity.

Definition 1.27. Let f : N — (0,00) be a function. We define the lower logarithmic
order of f at infinity to be the number

A(P) = limin 1087

q—oo  loggq

Dodson [18] calculated the Hausdorff dimension of W (v) and its higher-dimensional
analogues. Levesley [41] generalised the result to the inhomogeneous case. Here we

state explicitly only the one-dimensional result, which gives the Hausdorff dimension
of the set W (v, ).

Theorem 1.28. Let ¢ : N — (0,00) be any function. If X = X(1/v) is the lower
logarithmic order of 1/, then

1, if A <1

dim W (v,v) = 2

= ifA> 1.
14+ N ifr=

1.4.4 The Hausdorff theory of badly approximable numbers

It turns out that we can calculate the precise value of the Hausdorff dimension of many
sets which appear in the theory of Diophantine Approximation.

We have already seen that Bad is minimal in terms of Lebesgue measure. However,
according to the following theorem due to Jarnik [34], Bad is maximal in terms of
Hausdorff dimension. We present the proof given in [6].

Theorem 1.29 (Jarnik). The Hausdorff dimension of Bad is full in the unit interval;
that 1is,
dim Bad = 1.

Proof. Let R > 4 be an integer and 0 < ¢ < % For n =1,2,... define
P n—3 n—2
Qn = 5€Qz(p,q):1 and R 2 <g<R 2 .

Clearly the sets @, n > 1 form a partition of Q. For each rational p/q € Q with
(p,q) = 1 define the interval
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A(?)z{xemﬂ):x—ﬂ<};}.

We construct inductively a sequence (E,)7, of sets with the following properties:

() EbDE1 D EsD...
(ii) For n = 1,2,... the set E,, is the union of (R — 2)" intervals of length R™™.
(iii)For n =1,2,... E, NA(p/q) =0 for all p/q € Q.

Set Ey = [0, 1]. Assume for some n > 1 we have defined the sets Ej, ... F,,_1 such that
the desired properties hold. Observe that for any distinct points p1/q1, p2/q2 € Qn,

pL_ 2
q1 q2

_ |p1g2 — p2qu 1
- > n—2
4192 R

(1.15)

Now we partition F,_; into consecutive subintervals of length R™". Let I be any of
these subintervals.

Claim: I intersects at most one interval of the form A (p/q),p/q € Q.
Proof of Claim: For each p/q € Qy,

P 26 1
‘A<q>\:m<m

Also by (1.15) intervals A (p/q),p/q € @Qp have their centers at distance at least
R~(=2) hence the Claim follows.

In view of the Claim, if we divide each of the (R — 2)"! intervals of E,_; into R
consecutive subintervals of length R~" we can choose R—2 of them so that the resulting
set E, does not intersect any of the A(p/q), p/q € @, and hence property (iii) is
satisfied. This completes the construction of the sequence (E,)5 ;. Finally define

o
Kgp = (]E%.
n=1

We show that K C Bad. Indeed, let z € K and p/q € Q. Let n € N be the unique
positive integer such that p/q € Q. Then x € E,, C A(p/q)¢, so

x—g >i> 0
q —Rn—R3q2

Thus for each integer R > 4, the set Bad contains a subset K g, the Hausdorff dimension

of which is dim K = w

log ¢ (see Remark 6 and the relevant subsection). Hence
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1 -2
dim Bad > limsup M

=1.
R—o0 log R

O]

Jarnik [34] also gave estimates for the Hausdorff dimension of the sets Fy, N > 1
defined in (1.5).

Theorem 1.30 (Jarnik). For N > 8, the Hausdorff dimension of the set F is

1 1 gimPy < 1 !
[e— lm _—— .
Nlog2 — N =77 8NlogN

It has been shown that the set of inhomogeneously badly approximable points is of full
Hausdorff dimension, as well.

Theorem 1.31. Let v € R. The set of inhomogeneously badly approrimable points
with respect to v has full Hausdorff dimension; that is,

dim Bad., = 1.

For the proof of this theorem we refer to [7]. The result proved there is much stronger,
since it is actually shown that dim (Bad N Bad,) = 1.

Remark 9. The results regarding the Hausdorff dimension of the aforementioned sets
of badly approximable numbers can be obtained via the theory of Schmidt games in-
troduced in [57]. Using this theory it has been shown that if (7,)0%; is a sequence of
reals, then

dim (ﬁ Bad%> = 1.

n=1

We refer the reader to [7] and [20] for more information.

1.5 Diophantine Approximation on higher dimensions

In this subsection we give a brief description of the higher-dimensional analogues of
the notions and results we have already presented in the one-dimensional case. The
one-dimensional results admit generalisations in two different setups in higher dimen-
sions, namely the setup of simultaneous Diophantine approximation and that of dual
Diophantine approximation. Here we only present results relevant only to the former.

First, let us begin with some useful notation. As in the one-dimensional case, we
restrict our attention to the unit cube [0,1)”. The generic element x € [0,1)" is a
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vector x = (x1,...,%,). For such an x € [0,1)", we seek rational approximates of the
form p/q € Q™. For x € [0,1)" we define

[l = max{ {lzifl,..., llznll }-

Dirichlet’s theorem admits the following generalisation, which is also proved using the
pigeonhole principle. Alternatively it is an easy consequence of Minkowski’s convex
body theorem from the geometry of numbers.

Theorem 1.32 (Dirichlet’s Theorem in R™). Let x € R™ and N € N be a positive
integer. There exists a positive integer 1 < g < N such that

1
lgx|| < N

Corollary 1.33. Let x € R". There exist infinitely many positive integers g = 1,2, ...
such that

x|l < 7

If ¢ : N — RT is an approximating function, we define the set W, (1) of simultaneously
p-well approximable points to be

Wh(¥) ={x € [0,1)" : ||gx|| < (q) for infinitely many ¢ € N}.

A generalised version of Khintchine’s theorem gives the n-dimensional Lebesgue mea-
sure of Wy, ().

Theorem 1.34 (Khintchine’s Theorem in R™). Let ¢ : N — RT be a decreasing
function. Then

0, i §1w<q>" <0
q:
Wn()| = o
1, if le(q)" = 00.
q:

Remark 10. As we have seen, in the one-dimensional case the assumption of mono-
tonicity cannot be removed. However Gallagher [28] has proved that for n > 2 the
conclusion in Khintchine’s theorem is true without the assumption of monotonicity.

The Khintchine-Jarnik theorem can also be generalised to the multiple dimensions

setup and to the inhomogeneous setup. If v = (71,...,7,) € R” and ¢ : N — R" is an
approximating function, define the set

Wa(v,) = {x € [0,1)" : [lgx =] < 9(g) for infinitely many q € N}.
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The inhomogeneous Khintchine-Jarnik theorem is the following statement. For details
see [6, 3, 4].

Theorem 1.35. Let ¢ : N — R be decreasing and let f be a dimension function such
that f(r)/r™ is decreasing. Then

0 i S @)/ <o

H (Waly,9) = oo
Hf([O, 1)n)’ if qgl qnf(w(Q)/Q)n = Q.

Let us write W, (v, 7) for the set Wy, (v, 1) when ¢(q) = ¢~". The Hausdorff dimension
of the set W, (v, 7) follows as a direct corollary of the previous theorem.

Corollary 1.36. Let 7 > = and v € R™. The Hausdorff dimension of the set Wy, (v, )
18
1+n

dim Wy, (v, 1) = s

1.6 Diophantine Approximation with Restricted Denom-
inators

In the field of Diophantine Approximation, one can consider the problem of approximat-
ing real numbers by rationals with denominators in a fixed subset of positive integers.
If A C N is a subset of the positive integers and ¢ : N — R™ is an approximating
function, define the set

Wa(p) = {z €10,1) : |lgz|| < ¢(q) for infinitely many ¢ € A}. (1.16)

T

For the specific choice ¥(q) = ¢~ of the approximating function, the above set is

denoted by W(T).

A metric result for sets of the form W (1)) can be proved when the denominators are
restricted to the set of prime numbers. The proof is a simple application of Theorem
1.14, see [30, p. 27].

Theorem 1.37. Let P C N be the set of primes, and ¢ : N — R be a function. Then

0, if > ¥(p) <o

peP

|WP(¢)‘ = 1, if Z ¢(p) = 0.

peEP
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As we shall see later in Chapter 2, a case of special interest is when the sequence A
is lacunary. In that case, we can prove a Khintchine-type metrical result for the set
Wa(y). The proof we present here follows to a large extent the theory developed in
[4].

Let us first give the definition of a lacunary sequence.

Definition 1.38. A sequence (g,)22; of positive integers is called lacunary if there
exists a constant K > 1 such that

Intl > g n=1,2,... (1.17)
dn
Theorem 1.39. Let A = (¢,)52; be a lacunary sequence of positive integers and

Y : N = RT be a function. If W4(v) is the set defined in (1.16), then its Lebesque
measure 18
Ov Zf 21 d}(Qn) <00

Wa(w)] = -
17 Zf Zz:l d}(Qn) = o0.

Proof. Define the sets

A, :qUIB (p d)(qn)) ., n>1.

=0 qn ’ qn

Then clearly W (1) = limsup A,, and the convergence case follows from the Borel-
n—oo
Cantelli Lemma. For the divergence case, it suffices to show that (A,)>2, is a sequence

of quasi-independent on average sets. Since the sequence (g,)22, is lacunary, there
exists a constant K > 1 such that (1.17) holds.

Let m < n. Each of the intervals of A,, has the form B(p/¢m, % (¢m)/qn) and contains
at most

M+2:qu+2

1/ qn qm
points of the form p/g,, so

P )

qm qm
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and

A4, < (200, 4 ) 20001

m qu

Hence for all N large enough,

N N
SN Ann Al < 23 Y AN A

n=1m=1 1<m<N
m<n<N
< 2y y ot i),
1<m<N n 1<m<N
m<n<N m<n<N
< 23S Al Al +2 303 40 (am
1<m<N 1<m<N
m<n<N m<n<N

< i (IAmI EN: |An|) +§: (w(qm) i

n=m-+1

m=1 n=m+1 m=1

< ()t

n=1 n=1

< <i|An\>2.

n=

—

The last estimate is because

Z ’An| = 221/}(%1) =0
n=1 n=1

We have actually shown that for all NV,

ZZ|A NA, \<C<Z|A |>

n=1m=1

37

1
Kn—m

where C' > 0 is an absolute constant. So by the divergence Borel-Cantelli Lemma

(Lemma 1.11),
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(Wa)| = > 0.

limsup A4,
n—oo

The fact that [Wa(¢)| = 1 follows by Cassels’ zero-one law (Theorem 1.10), because
[W4(¥)| = W (%), where ¢ : N — RT is defined by

Y(n), ifned

vln) =9, ifn ¢ A

O]

Regarding the Hausdorff theory of restricted Diophantine approximation, Borosh and
Fraenkel [11] have calculated the Hausdorff dimension of the sets W4(7).

Theorem 1.40 (Borosh, Fraenkel). If A C N is a set of positive integers, then the set
WA(T) has Hausdorff dimension

dim Wy(r) = min{l—'—y(A), 1} ,
1+7

where v(A) is defined by

. 1
v(A) = inf 17>0.Zq—n<oo
geA

For more details on Diophantine approximation with restricted denominators we refer
to [30].

1.7 Potential theory and Hausdorff dimension

We have already discussed several ways to calculate the Hausdorff dimension of a given
set. In addition to geometric methods, potential theory provides another powerful tool
to estimate the Hausdorff dimension of a given set. We will make use of potential
theoretic notions and results in Chapter 4.

1.7.1 Fourier transforms of Probability Measures

Given a probability measure pu supported on a subset of R”, the Fourier transform of
w is the function p : R™ — C defined by

a(t) = /e‘Qﬂit'Idu(x), teR™.
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When the measure p is supported on a subset of the real line, the Fourier transform is
simply the function

u(t) = /e_zmmd,u(a:), teR.

For example, if A denotes the restriction of the Lebesgue measure on the unit interval
[0, 1], direct calculation shows that

1, if t =0,

1
At) = /0 ey = § | _ —2mit o
_—, i .
2mit
The properties of the Fourier transform ji reflect many of the properties of the measure
. The following fundamental inversion theorem asserts that distinct measures have
distinct Fourier transforms.

Theorem 1.41. Let i be a probability measure supported on a subset of R and a,b € R
be points with u({a}) = p({b}) = 0. Then

T 6—27rzta o e—27rztb/\

p((a,b]) = lim - m p(t)dt.

We refer to [9] for the proof and for more details on the Fourier transform and connec-
tions with probability theory.

Remark 11. In the setup of Diophantine Approximation we restrict our attention to
subsets of [0,1), which can be identified with the unit circle T. For a probability
measure u supported on T, it is common to refer to its Fourier coefficients defined by

i) = [, ez

instead of the Fourier transform. Clearly the two definitions coincide for integral values
of the argument. In what follows we consider all probability measures as measures on
the real line and follow the former definition.

1.7.2 Energies and Capacities

This subsection is a brief introduction to the notion of s-energy of a measure and
s-capacity of a set and their connection with Hausdorff dimension.

Definition 1.42. Let s > 0. If u is a probability measure supported on a subset of
R™, we define the s-potential at € R™ due to p to be
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du(y)
|z —yl®

¢s(w) =

The s-energy of u is defined to be

0= Jotme = [ [

Definition 1.43. Let s > 0. Let A C R™ be a Borel set. The s-capacity of A is defined
to be

Cs(A) = sup{ : MGMT(A)} :

1
Is(p)

Here ]\41+ (A) denotes the set of positive probability measures supported on the Borel
set A C R. The actual connection between Hausdorff dimension and capacities is given
by the following theorem.

Theorem 1.44. Let A CR". Then

dimA = sup{s > 0:Cs(A) >0} = inf{s >0:Cs(A) =0}.

We do not give a complete proof for the relation of s-capacity with Hausdorff dimension,
as this will be done later in the text, when the generalised energy and capacity are
introduced. Also see [23, Chapter 4] and [44, Chapter 8|. Instead we present the clear
heuristic explantion given in [44].

If p is a probability measure supported in a Borel set A C R™ and s,t,¢ > 0 consider
the conditions

w(B(z,r) <ecr®, zeR", r>0 (1.18)
and

Ii(p) < oo. (1.19)

We already know by the Mass Distribution Principle (Theorem 1.23) that if u satisfies
(1.18), then A has Hausdorff dimension dim A > s. Let us see how (1.18) and (1.19)
are related. Observe that

du(y)
lz —ylt

B /oooﬂ({y o —y[™" > u}) du

Pr(x) =
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= /000 i (B(x,u_l/t)> du

_ [ nBar)
= t/o dr.

]

Thus if (1.18) holds, then (1.19) is satisfied for any ¢ < s.

Conversely, if (1.19) holds, there exists some M > 0 such that the set
Ay ={z : ¢(x) < M}

has p(A1) > 0. Let v be the restriction of p on A;. Then for any x € Ay, r > 0 we
have

v(B(z,r) = /B L

t/ dp(y)
r t
B(z,r) ‘.I' - y‘

< Mt

IN

Also for any x € A and r > 0 such that B(z,r) N A; # 0, there exists z € A; with
B(z,r) C B(z,2r), so

v(B(z,r)) < v(B(z,2r)) < 2t Myt

and the measure v satisfies (1.18) with s = ¢.

1.7.3 Frostman’s Lemma for Fourier transforms

The result connecting the Fourier transform of a probability measure p with the Haus-
dorff dimension of its support set is known as Frostman’s Lemma. For completeness,
we provide a proof of the theorem taken from [23, Chapter 4]. In order to do so, we
briefly describe the necessary properties of Fourier transforms.

If pu is a probability measure supported in a subset of R” and f : R®™ — R is a function
in L;(u), we define the convolution of f with x to be the real-valued function

(f % w)(z) = / fo—y)duly), @R
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Then the Convolution Theorem states that if f and p are as previously, the Fourier
transform of f x u satisfies

— —~

(f+p)(z) = fe)i(z), xeR”

~

where f(x) denotes the Fourier transform of the function f. We are now in a position
to present Frostman’s Lemma for Fourier transforms.

Theorem 1.45. Let p be a probability measure supported on a set I C R™. If there
exist constants ¢, > 0 such that

A@)] < elal ™2, Ja] #0 (1.20)
then dimy F' > min{n,n}.

Proof. For any s > 0, consider the function f(x) = |z|~®. Then the s-potential due to
the measure p is by definition

bu() = du(y)

)z -yl

= (f*p)(z).
By the Convolution Theorem,

bs(x) = flo)i(z)

Thus

Ly = / b () dp(2)

= /cgs(t)ﬁ(t)d,u (by Parseval’s Theorem)

— Cn,s) / ) Pdu(t).

This implies that whenever p satisfies (1.20) then for any s < 7 the s-energy of u is
finite, and hence dim F' > n by Theorem 1.44 provided n < n. O

Frostman’s Lemma for Fourier transforms naturally gives rise to the following definition:
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Definition 1.46. If A C R"” is a Borel set, the Fourier dimension of A is defined as
dimp A = sup {17 €[0,n] : 3p € M (A) s.t. fi(t) = O (|t|—77/2) , [t] = o0 }

Theorem 1.45 implies that for any A C R"™, we have dimp A < dim A. There exist
subsets of R for which the aforementioned relation is true with equality.

Definition 1.47. A Borel set A C R" is called a Salem set if its Fourier dimension is
equal to its Hausdorff dimension, i.e.

dimp A = dim A.

Trivial examples of Salem sets are intervals [a,b] C R as well as finite sets X C R".
Kaufman [39] showed that for 7 > 1 the set W (7) of 7-well approximable numbers is
a Salem set. We will show in Chapter 3 that the set W (~, 1) of inhomogeneous -well
approximable numbers is also a Salem set.
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Chapter 2

Inhomogeneous Diophantine
Approximation on M, sets with
restricted denominators

2.1 Introduction and main result

In the present chapter we formulate and prove a Khintchine-type theorem within the
framework of inhomogeneous Diophantine approximation. Here the denominators ¢ of
the “shifted” rational approximates (p +)/q form a lacunary sequence and the “size”
of the set of well approximable numbers is measured in terms of probability measures
with sufficiently rapid Fourier transform decay. Subsets of the real line which support a
probability measure with Fourier transform tending to zero are referred to as My sets.
Results in this chapter are joint work with A.D. Pollington, S. Velani and E. Zorin.

2.1.1 Motivation

A long-standing open problem in Diophantine approximation dating back to the 1930s
is Littlewood’s Conjecture.

Littlewood’s Conjecture : For all o, 5 € [0, 1),

lim inf ql|qa|[l48 = 0. (2.1)
q—00

Observe that (2.1) is trivially true if o is not an element of Bad. In view of this
observation, Pollington & Velani [51] consider the following basic question: Given « €
Bad, are there 5 € Bad such that the pair («, 3) satisfies condition (2.1)?

Their answer to this question is positive. To be more specific, they prove the following
statement:

45
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Theorem 2.1 (Pollington, Velani). Given a € Bad, there ezists a subset G(a) C Bad
with dim G(«) = 1 such that for any 8 € G(a),

1
log ¢

qllgel[ llgBl| < for infinitelymany ¢ = 1,2. .. .

A key fact for the proof of Theorem 2.1 is the following result proved by Kaufman [37]
and later improved by Queffelec & Ramaré [52].

Theorem 2.2 (Kaufman, Queffelec & Ramaré). Let N > 2. For any % < 6 < dimFl,
the set F supports a probability measure p = (N, ) with the following properties:

(i) u(J) < e1]J|® for any interval J of sufficiently small length, and

(i) [1(t)] < ca(1 + |t])™" for allt € R, where n > 0 is a constant.
Here c1,c9 > 0 are absolute constants.

The proof of Theorem 2.1 in [51] involves the following steps: The set G(«) is defined
as the union of the sets

Gn(o) ={z € Fn : ||gnz|| < 1/logg, for infinitely many n € N},
where (g,,)92; is the sequence of denominators of . This implies that

hence for any 8 € G(a) we have

tnllgne|llgn B < n=12,....

log g5’
This clearly shows the connection of the set G(«) with the statement in Theorem 2.1.
It is then shown that

(Gn () >0
for any of the aforementioned measures p supported on Fy. Then, fact (i) together with

the Mass Distribution Principle implies that the set Gy («) has Hausdorff dimension
equal to that of Fy, and thus dimG(a) = 1.

Theorem 2.1 naturally opens up some directions for further research. To be more
specific, the following questions arise naturally.

e Can we prove a similar statement in the setup of inhomogeneous Diophantine
Approximation?
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e Can we prove a full measure statement rather than just a positive measure state-

ment?
o If o € Bad, the corresponding sequence (g,)>>; of denominators satisfies the
inequality
n+1 .
Kl < SKQ, n—1,2,... (22)
an

where K2 > K > 1 are constants. Can this assumption on the sequence (¢,)5,
be relaxed?

e Can we show a result for arbitrary approximating functions ¢ : N — R™ rather

than just for the specific choice ¥ (q) = ] ?
0g4q

e Can we prove a result valid for arbitrary probability measures with sufficient
assumptions on the decay rate of their Fourier transform?

These are the problems we intend to answer, at least partially, in the current chapter.

2.1.2 The main result

The following theorem is the main result of this chapter.

Theorem 2.3. Let v € R, ¢ : N — R be a decreasing function, A = (¢,)5>; C N be
a lacunary sequence and p be a Borel probability measure on [0,1). Assume that

o 1 .
u<t>—0<(10g,t,)A>, it — (2.3)

where A > 5 is a constant. Consider the set

Wa(3i) = {o € [0,1) : lgoz — 7| < (gu) for infinitely many n € N}.

Then -
0 if 2_:177/}((%) <00

p(Waly;v)) = o

In the case of convergence we are able to prove the following stronger statement for
general sequences.
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Theorem 2.4. Let v € R, ¢ : N — R be a decreasing function, A = (gn)?2; C N be
a sequence of integers and p be a Borel probability measure on [0,1). Assume that

“+o0o  +oo

% [ ﬁf'" . (2.4)

n=1k=—oc0
k40
Then

pWa(y ) =0 if > 1(gn) < 0. (2:5)
n=1

It is easily verified that Theorem 2.4 implies the convergence case of Theorem 2.3.
Indeed, if A = (g,)52; is lacunary and the probability measure p satisfies (2.3), then

+o0 ~ —+o0
[1i(kan)| 1
-~ - << N
k;w Id k:z_:oo |k|(log |kqn|)*
k0 k0

1
(log g )42
! by the 1 ity of o
< =gy M0 (by the lacunarity of (g,)ne; )

hence (2.4) is satisfied.

Remark 12. Theorem 2.3 is a Khintchine-type result for denominators restricted to a
lacunary sequence. We would like to know if similar results are valid for other sequences
of denominators with slower growth rate. Consider for example the sequence

Al = {293% : a,b >0}

= {q1<q2<...}.

It can be shown that li_>m Tnt1 _ 1, hence A; = (¢n)52; is not lacunary. It is an open
n o q?’L

problem whether we can prove a statement like Theorem 2.3 for the set W4, (v, %),
maybe with more restrictions on the probability measure p.

2.2 Proof of Theorems

Let vy € R, ¢ : N — R" and A = (g,)5, be as in Theorem 2.3. For n = 1,2,... define
the set

En={z €10,1) : llgnz =7 < ¢(qn)}- (2.6)
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Then the set W4(v; 1) can be expressed as

Wa(v;9) = limsup E,.

n—oo

2.2.1 The convergence case

Taking into account the previous remarks, we estimate the measure of the sets (Ey,)22 ;.

Lemma 2.5. Let ¢ : N — R be a decreasing function. For all ¢ € N consider the
set B (¢¥) = {z €10,1) : |lgz — || < ¢(q)}. Suppose u is a Borel probability measure
supported on [0,1) such that

o 1 o
u@>—<><w%H)A>, 1] (2.7)

where A > 5 is a constant. Then

WEF) = 200 +0 (i) a0

where I' > 4 is a constant.

Proof. Fix ¢ € N and set 6 = @ > (. Consider the function
q
1, if [z <6
X5 :[0,1) =R, xs(x) = ,
0, if [|z]| >0
and its continuous approximation
1, if [|o <

1
et 2R @) =1+ -@—fal), i#0< o] <o+e
0, if ||z|| > d+¢€

where 0 < ¢ < §. Also consider for each ¢ € N the function
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hence

1
u(BY(8)) < /0 Wy (@)du(). (2.9)

Regarding the Fourier coefficients of the functions X;“E, calculation yields

2%+ e, i k=0,
56\;,5(]‘3) = § cos(2mkd) — cos(2mk(d + ¢€)) ik £ 0
2m2k2e o
By (2.8),
q—1
Wity (6) = 3 Busa (. 8),
p=0

so for k # 0 we have

2mik cos(2mkd) — cos(2mk(d + & .
B o (2T ales2mk) eoonk )
Wy (k) = ! (2.10)
0, if gtk
and
W, (0) = 20(q) + ge.
+00 |~
Since > ’Wqﬂ(k’)‘ < 00,
k=—o0

+oo
714 ki
Wi (@) = Z W;;/(k:)eQ

k=—oc0

uniformly for all 0 <z < 1. Integration with respect to p gives
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1 too
| Wi = Y W wack)
k=—o0

+oo

= 2h(q)+ae+ Y, W, (k)A(-k)
o

(2.10) = N

=7 2(Q) +ae+ Y, Wi (kg)fi(—kq)
o

Write A =5 4 2n, where n > 0. The sum in the third term is

+00 +oo
—~ R _oniky COS(2mkqd) — cos(2mkq(d + €))
B S e

k=—o0 k=—o0

k0 k0

+o00 1
< _—
2 || log™ (|kq])

k=—o00

k40

= 1 1

<
Z |E| logH"(l + |k]) (log q)*+n

k=—00

k+#£0

1

< Togg)™

If C > 0 is the implicit constant in the previous estimates, letting € — 0 we obtain

C

p(E] (V) < 2¢(q) + (og g7’

(2.11)

Now we introduce the lower approximating functions

1, if [|z]| <6 —¢

1
Xse(@) =1+ ~@—llzl), e <l <9,

0, if ||| > &

and
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q—1
Woq = Z Op/q * Xoe:
p=0

Their Fourier coefficients are

20 — ¢, if k=0,
X5 (k) = cos(2mk(0 — €)) — cos(27mk0) ik £ 0
212 k2e ’
and for k # 0,
271 2 — — 2
exp <_ mlm) q (cos(2mk(d 25)2 cos( 7rk5))’ if g |k
W- (k) = q 2m2k4e
a5
0, if gtk
while

o~

Using the same arguments as previously, we obtain

C
n(EJ(¥)) = 2¢(q) — (log )7 (2.12)
Combining (2.11) and (2.12) gives the required result. O

Now the convergence case of Theorem 2.3 follows easily from the Borel-Cantelli Lemma
(Lemma 1.8). If (E,)5, is the sequence of sets defined in (2.6), we have shown that

n=1

W(En) = 2¢<qn>+0<(loglqn)r>

= 2¢(qn) —i—O(?llF), n — 00.

The last estimate in the error term is due to the lacunarity of the sequence (gn)5> .

Thus the convergence of > 1(q,) in the hypothesis implies Y u(FE,) < oo and finally
n=1 n=1
u(Wal(vi)) = 0.

The arguments used here can be utilised to prove Theorem 2.4, as well.
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Proof of Theorem 2.4

Let X(}:, Wq'fv be the upper approximation functions used before. By (2.9), (2.10) and
the estimates following them, for all n = 1,2... we obtain

cos(2mkqnd) — cos(2mkq,(d +¢€)) -

+oo
WE] () < 20(qn) + gue+ Y €2

—kq,
2 I H(=Fgn)
k#0
+00 |~
kagn
= 2¢(qn) + que + O Z M(’k‘)’
k=—00
k40
Since this is true for all € > 0, letting € — 0 we obtain
; LS~ k)]
(B (¥) < 2¢9(gn) + p Z TR
k=—00
k#0

Thus the conclusion of Theorem 2.4 follows by (2.4) and the Borel-Cantelli Lemma.

2.2.2 The divergence case

o0 o0
In the case > 1(gy) = oo, the previous estimates imply that Y u(E,) = co. Since we

n=1 n=1

n—oo
1.11) will be useful. However, as explained in Section 1.2.3, the divergence Borel-

Cantelli Lemma can only show that the set lim sup E,, has positive Lebesgue measure.
n—oo
In order to prove the desired full-measure result, more tools from measure theory are

needed.

aim to show that pu (lim sup En> = 1, the divergence Borel-Cantelli Lemma (Lemma

Proposition 2.6. Let p be a Borel probability measure supported on [0,1) and A C
[0,1) be a Borel set. Assume there exist constants c,lyg > 0 such that for any interval
B C[0,1) with length |B| < lo

WANB) > cu(B).

Then p(A) = 1.

This is [4, Lemma 7] adapted to the case when the underlying metric (or topological)
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space is a subspace of the real line.

The following definition enables us to use Lemma 1.11 together with Proposition 2.6.

Definition 2.7. Let u be any Borel measure on [0,1). A sequence (A,,)> ; of subsets
of [0, 1) is called locally pairwise quasi-independent on average if there exists a constant
C > 0 such that for any interval B C [0,1) of sufficiently small length with u(B) > 0,

N N o N 2
ZZM(AnmAmmB)§<Zu(Ant)> , N=1,2,... (2.13)

n=1

Lemma 1.11 implies that if the Borel sets (A,,)22; C [0,1) are locally pairwise quasi-

n=1

o0
independent on average and »_ u(FE,) = oo, then

n=1

p (B N lim sup An> > %M(B)

n—oo

for any interval B C [0,1) of sufficiently small length. In turn, this fact combined

with Proposition 2.6 implies that u <lim sup An> = 1. Hence for the proof of Theorem

n—oo
2.3 it suffices to show that the sets (E,)5°; are locally pairwise quasi-independent on

n=1
average.

For any interval B C [0,1) define the probability measure up to be the normalised
restriction of p on B, that is,

1
up(A) = ——=-u(ANB) for all Borel subsets A C [0,1). (2.14)

n(B)

Then showing that the sets (E;,)52; are locally pairwise quasi-independent is equivalent
to proving that there is some C' > 0 such that

N N N 2
Z Z pe(EyNEy,) <C (Z ,uB(En)> ., N=1,2,... (2.15)
n=1m=1 n=1

for any interval B C [0,1).

Remark 13. Suppose that instead of (2.15) we are able to show that there is a constant
C > 0 so the following holds: for any interval B C [0, 1), there exists a subsequence
(Ek, )2, possibly depending on B, such that



2.2. PROOF OF THEOREMS 95

N N N 2
>3 pus(Eyp, NEy,) <C (Z ,uB(Ekn)> ., N=1,2,... (2.16)

n=1m=1 n=1

Then

n(B)

1
u(limsupEnﬁB> > i (limsupEknﬂB) > C

n—o0 n—oo

and the requested result remains true. The upshot is that in order to prove the diver-
gence case of Theorem 2.3 it suffices to prove (2.16), as long as the constant C' > 0
does not depend on the choice of the interval B or the subsequence (E,, )72 ;.

Properties of the measure pup.

Proposition 2.8. Let pu be a Borel probability measure on [0,1) such that

o 1 Ny
u(t) =0 <(10g !t!)A> ot =

for some constant A > 1. If B C [0,1) is an interval with u(B) > 0 and pp is the
probability measure defined by (2.14), then

fin(t) = — O<(1og|t1|)A1>’ ] = 0. (2.17)

We present the proof of the proposition decomposed into several steps:

Lemma 2.9. Let (11,)52, be a sequence of probability measures supported on [0,1).
Suppose f : R — (0,00) is a function such that |f,(t)] < f(t), t € R. If (1un)02,
converges weakly to some measure (i, then also

AW < (1), forall teR,

Proof. For all t € R,

o) = | e auta)

(by the hypothesis)

n—oo

= lim ‘/e_%mtdun(:n)

— lim (1)

n—oo

ft).

IN
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Next, for all € > 0 sufficiently small consider the function

L, ifat+te<z<B—c¢
(x—a)le, fa<zr<a+e

(

0, otherwise,

XB,e - [07 ]-) — R) XB,E(*/E) -

=
-2
~
o

fpf—e<ax<p

where o, B are the endpoints of B. Also consider the measures up,. defined by the
relation

1 1
/ 9(2)dpupe(x) = / 9(@)xp.e(@)dus ()
0 0

for any continuous function g : [0,1) — R.

Lemma 2.10. The family of measures (upe)e>0 converges weakly to pp as e — 0.

Proof. Let f:[0,1) — R be bounded and continuous. For any ¢ > 0,

1 B—e a+e
/0 F(a)dupo(z) — / f@)dps(z) + / @)y (@) dup(z)

+e «

3
+ f(x)xBedup(x),

B—e
[ s@ans@ - [ s = | [0 xmo)i@anm
B
+ [ - ()]
< |70 e
B
H| [ 0= et @
< —lflenloatau(E—<0)

— 0, ase—0. O

Proof. (of Proposition 2.8) According to the previous, it suffices to show that the
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Fourier transforms of all measures p1p . have the requested logarithmic decay rate as in
(2.17).

Fix some ¢ > 0. The Fourier coefficients of the function xp . are

p—a-—c¢, if k=0,
SC\B,E(]C) = (ezm'kﬁ _ 62mk(6fs)) _ (e—zmk(a+s) _ e—2m‘ka) £ F 40
(2mik)2e .
This implies that
~ 1
XBe(k) < Je2e” k| = o0 (2.18)
400
so Y. |xB.e(k)| < oo and the Fourier series
k=—o0
400 )
XBet) = Y Xpe(k)e*™ (2.19)
k=—o00

converges uniformly to xp.. Using the Mean Value Theorem we get the alternative
estimate

XBe(k) < |k| — oo (2.20)

1
kI
for the Fourier coefficients of x ¢, which is uniform for all ¢ > 0. Now by definition

1
Ape(t) = / e ()
0

1
_ M(lB) /0 e~ 2mitey o (x)dp(x)

1 ! —2mitx = o mTikx
_ u(B)/o e 3 %y (k)eP R d ()

k=—o00

1 +o00 1 : )
N(B) kZE_OOXB7E( ) 0 /’L( )

1 =
= 2B > Rpe(R)ilt — k).

k=—00

Decompose the sum in the right hand side into the terms



58 CHAPTER 2. INHOMOGENEOUS APPROXIMATION ON My SETS

+o0o

A = ) Rpe(R)ilt - k),
k=—oc0
|t—k|>2¢]

+o0
Ay = > KBt — k),

k=—o00
Litl<|t—k|<2[t]

+o00
Ay = Y Rpe(WAct— k).

k=—00
|t—k|<5t]

Since k = 0 gives the term

~ ~ 1
XB.(0)i(t) < W

and values of k with |k — | < 2 give terms

XBe(k)u(t —k) < LR

these terms can be ignored in our estimates. Also we only need to deal with the case
t > 0; the other one is similar due to symmetry.

Regarding the first sum, the condition of summation |k — ¢| > 2|t| implies that k > 3t
or k < —t, hence

2 t
- <1—-=<2
3 = k —
So
t
\t—k|:\k|‘1—k‘x]k\, |k| — o0
and
xBe(k)u(t —k) < 1
XB,e\R)U(t —
k| (log [t — k[)*
1

< |k| — oo.

k| (log [k[)*"
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The condition of summation also implies that |k| > |¢|, and we estimate

“+oo
A = Y et — k)

k=—o00
[t—k[>2]¢|

< Y SRt — k)

|k|=]

1
< ileglRiA
&, Tkl (log k)
1

< QoglpA—T

Regarding the second sum, the condition of summation implies |k| < 3|t|, hence

+oo
A = 3 Wit —k)

k=—o00
LtI<[t—k|<2]t]

+o00o 1 1
<Y W
= KL (gt — k)
S1tI<[t—k|<2]t]
—+o00
1 1
<< - e
A
kz_:oo [kl (log [¢)

St <[t—K|<2¢]
1 1
« Loy L
A
(log‘t‘) |m|<3]¢| 14

1

<< N
(log ¢4~

Finally the condition [t — k| < 3[t| in the third sum implies that

1 3
Sl < [kl < St
2 2
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So

+o0o
A3 = > Rpe(R)at—k)

k=—00
|t—k| <5t

« 0y L
k| (log |t — k|)*

k=—o0
2<|t—k|< 3t

1 1
<< _ -
i 2 (log [k[)4

2<k<|t

1

< QogthaT

where the last estimate follows if we compare the sum with the corresponding integral.

Combining all previous cases yields the required decay rate for the measures pp..
The same is true for up by Lemma 2.9, since the implicit constant is independent of
e > 0. O

Finally, we establish the following analogue of Lemma 2.5 for the measure yp.

Lemma 2.11. Let ¢ : N — R" be a decreasing function. Let ji be a Borel probability
measure supported on [0,1) such that

. 1
alt) =0 (aog |t|>A> M=o

where A > 5 is a constant. Define the sets EJ (1) = {x € [0,1) : ||qgz — 7] < ¥(q)},
q=1,2,... Then

o 1 1 N
un(EJ0) = 2000) + 0 (o) 0

where I' > 3 is a constant.

Proof. By Proposition 2.8, the Fourier transform of the measure up satisfies

S 1 N
0) = 0550 () 1

Consider the approximating functions X(}F - X5 and qu ~» W as in the proof of Lemma

2.5. Combining the same arguments as in the proof of Lemma 2.5 together with Propo-
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sition 2.8, we get
1 Ch

pe(E] () < 2¢(q) + w(B)  (logq)F

and

1 Cq

up(E] (1) > 2¢(q) — w(@B)  (log q)T

where I' > 3 is a constant. The constant C'y > 0 only depends on A. Combining the
two inequalities we get the required result. ]

Completing the proof of Theorem 2.3

From now on, in the definition of the functions quw we consider the implicit constants
to be equal to
PR ()

q
Let K > 1 be an absolute constant such that

Intl 5 g p=1,2,... (2.21)
an

holds. Also write I' = 3 + 21, n > 0 for the constant I' > 3 in Lemma 2.11. If we
restrict to values of n such that (logg,)"u(B) > 1 (see Remark 13), by Lemma 2.11 we
have the estimate

1
Hence we may assume without loss of generality that
1
up(En) = 2¢0(gn) + O T) noo (2.22)

with T' > 3. Set W, = W Wi

qmY qn 777 S0

1
pp(Ea B < [ W @WE (@ans (@)



62

Now

where
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= Wi 00+ > Wi, (k)ip(—k). (2.23)

AN
©
i
>
o
b

gn—1
2¢(qn
2En_UB<p+’Y ¢(Q)>7 neN
dn dn

p=0

is the set which consists of the intervals of F,, dilated by a factor of 2. Under the

2
assumption m < n, each interval of the form B <p+’y, 1?(%;)) contains at most
dm dm
20(gm)/Gm o5 _ 20(Gm)an
1/qn dm
P+

numbers of the form

, 0 <p < gn hence

an

SN W0 < YN 2B N (2E,))

1<m<n<N 1<m<n<N
2 4
< ZZ < Y(qn +2> w(Qn)qm
1<m<n<N n
< ZZ < Qm an Q’n> dm + w(Qn)Qm>
qmdn qn

1<m<n<N

_ ZZ B(gm ) (an) ZZ 1/1% Im

1<m<n<N 1<m<n<N
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< TY vlaaie) + Y L)

1<m<n<N 1<m<n<N

« (Zw> Yy Yo

1<n<N 1<m<n<N

1<n<N 1<n<N

<
1<n<N

(2<i2) Z HB(En)>

1<n<N

Now we focus our attention on the second term of (2.23). This is

+oo
Smn = Z Wr:,n(k),aB(_k)

k=—o00

k0

_ Z Z W sqm Lt B (—(sqm + tqn))

§=—00 t=—00
Sqm+tqn #0

=: Si(m,n)+ Sa(m,n) + S3(m,n),

where

+oo
Sim,n) = Y W (OW, (tgn)fin(—tan)
t=—00
140
400 /\
t=—o0

t£0

63
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SQ(mv n) = Z qn,'y qm W(SQm)ﬁB(_Sqm)

S§=—00

s#0

+oo

— 3¢(qn) Z W(Z_RW(S(]m)ﬁB(_Sqm)v

S§=—00

s#0

Ss(m.n) = 33" Wi (sqm)W,h (tan)iin (—(5qm + tan)) -

s,teZ\{0}
8qm+tqn7#0

By (2.10) we get the estimate

W _(tgn) < —

Iy mi |t| — oo (2.24)

which is uniform for all n € N. Also Proposition 2.8 together with the argument leading
0 (2.22) we may assume

1

_— t 2.2
Qogligpd 117 (2:25)

iB(teg,) <

for some constant A > 4. Thus, if we write A = 4 + 26, with 6 > 0, we obtain

(224) (225
S1(m. ) Z . Tilog tgD™ AT
Y (gm) 1
(log gy, )3+? Z < _|t|(log [t[)1+*
t;éO
< Y (gm)

and
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ZZ S1(m,n)

1<m<n<N

Similarly,

< Yy U

1<m<n<N

= Z Y(qm)

1<m<N

2 ()

Y37 Sa(myn) < (2“3 >2.

1<m<n<N

Now decompose the third sum as

20w

s,t€Z)\ {0}
S$qm~+tqn7#0

= 2> W
s,teZ\{0},st>0
$Gm+tqn#0

S3(m,n) =

+ YN W),

s,t€Z\{0},st<0
5qm+tqn#0

s (50m) W,

o (tan)iip (—(sgm + tqn))

Sqm an y(th)HB ( (Sqm + tqn))

(5am)W," - (tan)Tin (—(5qm + tan))

= 54(m7n) + S5(7TL,TL) 5

where

Si(m,n) = ZZ W

s,t€Z\{0},st>0
$Gm +tqn#0

2.0 Wi,

s,teZ\{0},st<0
$qm+tqn7#0

Ss(m,n) =

sqm W

($Gm) W

~tan)ii (—(sqm + tan))

~(tan)iiB (—(sqm +tqn)) -

Observe that (2.10) gives the alternative estimates

65
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and
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Wi (tgn) < ¥(gn),  n— o0 (2.26)
1
Wi (tgn) < —5—0, t| — oo. 2.27

Regarding Sy(m,n), observe that when s,t have the same sign then

1SGm +tqn] > 24/|Sqmtqn| =

1 1
- << -
log |sqm + tqn| log |sgmtqn|

hence
Sg(m,n) = SN Wi (sam)Wyh L (tqn)fin (—(sqm + tan))
s,t€Z\{0},st>0
5qm+tqn#0

LW 1

S5 log\stl #0108 [gngm)**?

1
< (m + n)2to
and

ZZ Si(m,n) < 1

1<m<n<N
N 2
(me) |
n=1

Now write
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1
Ss(m,n) < Wi (sam)Wit (tan) -
2; = (log |sam — tgn|)™
Sqm+tqn#£0
- Z Z Q'ma'Y Sqm /an ’y(tqn) : 1 A
s=1 t=1 (log |sGqm — tqnl)

[sqm—tqn|>qn/2

+ Z Z W+ ,v(sqm)anﬁ(tq”) ’ 1

A
s=1 t=1 (10g|SQm_th’)
|Sq"L_th|<Q7L/2

= Sﬁ(man) +S7(m7n)7

where
1
Sﬁ(m7n) = W SQm Wn (th) :
; ; " (log |5gm — tan])™
‘SQm—th|ZQn/2
and
oo oo e —, 1
Sr(m.n) = Wit (sam)W (tan)-
SZ:;; qm Y m qn,Y n (log ‘SQm o tqn’)A
|SQm*th|<Qn/2
Clearly

227 X
Se(m 2282t2¢ (

s=1 t=1 )(loan)

1

D R P P

Now since the series Z ¥(gqn) diverges but Z n~2/4 < o, passing to a further sub-

sequence if necessary (See Remark 13), we may assume without loss of generality that

1
1/1((]71) > W, n — oQ.

Thus



68 CHAPTER 2. INHOMOGENEOUS APPROXIMATION ON My SETS

1

AJ4

Seg(m,n) <
ol ) (mn)

and

ZZ Se(m,n) < 1

1<m<n<N

N 2
< (Z MB(En)> .
n=1

Regarding the sum S7(m,n), observe that in each term the value of s determines at
most one value of t. Now decompose S7(m,n) further into

o0 o0
72 7 —A
Sr(m,n) = SN W (sam) Wy (tan) (log | sqm — tgn|) =/
s=1 t=1
Gm /2<|sqm—tqn|<qn/2

W w A
+ Z Z W;nﬁ(sqm)wq—;;y(tqﬂ) (log ’3(1m - thD /2

s=1t=1
[8Gm —tqn|<qm /2
s<1/¢(qm)

o0 (o)
W w A
+ 3N Wi (sam) Wt (tgn) (10g |5 — taa]) ™
s=1 t=1
[sqm—tqn|<qm/2
5>1/¢(‘1m)

=: Ss(m,n)+ So(m,n) + Sio(m,n).

Now easily

227y &

m,n 71 O, —A/2
Ss(m,n) < ;Sw(qm)w(qn)(lgqm)

1
< Tﬁ(Qn)W’

hence this term gives
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N
SOY Ssmn) <Y dlan)
1<m<n<N n=1

N 2
< (ZMB(%)) .

Regarding Sg(m,n) and S1o(m, n) observe that the condition of summation implies

q
|SQm_th‘ < ?m =
q q
—ngsqm—tqn < 7’” =
1 t
_tcg M 17
2~ qm ~ 2

hence each t determines a unique value of s, which is trivially

s = 8 <X —t
qm
Thus
(2.26)
So(m,n) < 3D (am)¥(an)
t<q7m
an(gm)
< Iy
dm
< — m)s
“ Y(gm)
which leads to
N
ZZ Sg(m,n) < Z¢(Qn)
1<m<n<N n=1
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Finally
Sw(m,n) < 3N Wi (sam)W  (tgn) (log|sgm — tgn]) >/
s>1/%(qm)
t>1/1(qn)
+ YN W (sam)W  (tan) (log sgm — taa]) ™2/
s>1/v(qm)
t<1/v(gn)
(2.26),(2.27) 1 an\> ¥(gn)
<D Gy ey T 2 <qt> ¥lam)
>1/¢(Qm) s>1/9(am)
t>1/v(gn) t<1/4¢(gn)

a 1 a2, ¥(gn)
D B DI
t>1/1(gn) qn w( )¢( ) t>qnlz7(,;m) qnt w(Qm)

an\® V(@) an\? Y(an) ¥ (gm)
< <q> 0 an)(am) +<qn> Glam)  Gm

< (%)mem) 0y (g,),

QH n

which implies

S Swmn) < SN Gy sy Gl

1<m<n<N 1<m<n<N 1<m<n<N

N
< Y ¥(gn)
n=1

N 2
(Z /‘B(En)> .
n=1

Combining all previous cases, we get the desired result.




Chapter 3

The Fourier dimension of the set

W(vy,v)

3.1 Introduction and main result

Let us recall the definition of inhomogeneously well approximable numbers with respect
to a given approximating function. If ¥ € R and v : N — R™ is a function, the set
W (v, ) of inhomogeneously 1 -well approzimable numbers with respect to v is defined
as

W(y,¢) ={x €0,1): |[gx — || < 1(q) for infinitely many ¢q € N} .

As we have already seen in the introductory chapter, the Hausdorff dimension of the set
W (v, ) is related to the decay rate of the approximating function ¢. If f : N — (0, 00)
is a function, the lower logarithmic order of f at infinity is defined as

A(f) = liminf Lgf(q) .
q—oo  logq

Let us recall the theorem of Levesley [41] which gives the Hausdorff dimension of the set
W (7,). The theorem actually refers to the Hausdorff dimension of higher dimension
analogues of W (7, ), but here we only present its one-dimensional version.

Theorem 3.1. Let v € R and v : N — R be a function. If X = X(1/) is the lower
logarithmic order of 1/, then

1, ifA<1

dim W (v,v) = 2

—_ fA> 1.
14+ N ifr=

71
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We show that for a decreasing approximation function ¢ : N — R the set W (~v,4) of
inhomogeneously ¥-well approximable numbers is a Salem set, generalizing the result
of Kaufman in [39]. For the definition of Salem sets, see Chapter 1. We follow Bluhm’s
method of proof in [10].

Theorem 3.2. Let v € R and ¢ : N — R be a decreasing function. Let \ be the
lower logarithmic order of 1/1. For any € > 0, the set W(vy,1) supports a probability
measure ;1 = (1, ) the Fourier transform of which satisfies

fi(z) = o(logla|) |~/ IR z] = oo, (3.1)

Before we proceed to the proof of Theorem 3.2, let us see how it yields the requested
information for the set W (v, ).

Corollary 3.3. Let v € R and ¢ : N — R be a decreasing function. The set W (~y, 1)
is a Salem set.

Proof. Let €, ¢ > 0. By Theorem 3.2 the set W (v, ) supports a probability measure
w with the property

Cdse
Ae) < Jal TR o] 5 oo,
Now this implies that the Fourier dimension of W (~y, ) is

2 —10e
di D ——————
1mFW'Y(17Z)) - 1+>\+€ 8’

so letting €, ¢/ — 0 we obtain the desired lower bound. O
3.2 Proof of the main result

3.2.1 Notation

For the proof of Theorem 3.2, fix some € > 0. By the definition of A we have

for inf. many ¢ € N. (3.2)

First let us begin with some notation. For all M € N let
Py = {p prime : M <p <2M}.

We are going to choose a sequence (M},)3°  of positive integers which satisfies

My <2M; < My < 2My < ... (33)
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M,
P > — k=1,2,... 4
‘ Mk|—210ngv y 4y (3 )
and
1
IM;) ¢ IM)ME, k=1,2,... .

The choice of a sequence (My,)?° satisfying (3.4) is possible by the Prime Number
Theorem, while the fulfilment of assumption (3.5) is possible because of (3.2).

The measure p to be constructed will be supported in the set

+oo
Sp=() U {zelo) lpz -l <v@)}

k=1 pEP]\/jk

From now on, whenever we refer to a positive integer M > 1, we shall implicitly mean
a term of the aforementioned sequence (My)?2 ;. For each M € N such that

R =Ry :=v(2M) <

NN

define a function

15

Fy:R— R, Fylz) ={ 16R°
0, ]| > R.

(R?—a%)?, |lz| <R

Clearly Fy is a continuous 1—periodic function. Consider the Fourier series expansion

+oo
Fy(x) = Z a(M) g2mima, (3.6)

The Fourier coefficients of Fj; are the numbers
1
M) — /FM(t)e2”mtdt, m=0,+1,+2,...
0

Observe that
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ag = 1,
a2 <1,
alal] < m € Z\{0}, (3.7)

m2R?’
where the last estimate follows by partial integration.

Finally define

gM(iU) ‘PM‘ Z FM p:L’— = Z Z 2mm (pz— 7)

pEP pr m—*“WGPM

which is clearly a 1-periodic function with gj;(0) = 1. The connection of the functions
gar with the result to be shown becomes clear by the following:

Proposition 3.4. If x € R is such that gpr(x) > 0, there exists a prime p € Py such
that [[pz — | < ¥ (p).

Proof. Since the functions F); are non-negative, there exists p € P s such that Fjs(pxr—
~) > 0, and the definition of Fj; implies that

[pz — || < R =(2M) < 9(p).

3.2.2 Some auxiliary lemmas

In what follows we use the function
1, if|x’<I$A£
_ 1-5¢
(logz|) |z[ 1HAe if |z| > 25,

where

14+A+e
ol+M+e, T-5e

.ZL')\’E =

We are only interested in large values of 0(x), as it is clearly related to the requested
decay rate mentioned in the main result.

Lemma 3.5. Let k € N, M € N. Then

#{p € Py iplk} < (3.8)
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Proof. By the canonical factorisation of k as a product of prime powers we obtain

log |kl > ) logp
plk

> logp

plk
peEP N

Y

> (logM) - #{pePy:plk}.

Lemma 3.6. For all k € Z\ {0} and for M large enough, the Fourier coefficients of
gm satisfy

=N 2log |k
lgn (k)| < Ai' | (3.9)
and 8M log |k
—~ og
k)| <~ 3.10

Proof. The Fourier coefficients of gp; are

1
gM(k’) — / gM(:L,)e—kaxdx
0

1 ] 1 I )
_ —2mikx E § (M) 27”m(P$*’Y)d
= e = Ay, '€ T
/0 L%

m=—00 peP

1 \ (M) ' (mp—k)
_ —2mimy 2pi(mp—k)x
= E E ay, € e dz.
‘f M ‘ /0

m=—0Q pEPA{

Note that we are allowed to interchange the order of summation and integration since
(3.7) implies that the Fourier series (3.6) converges uniformly. Thus

1

g (k)| < m 71;2)1}2 \agy” #{(p,m) € Py X Z : k = mp}. (3.11)
pEP

Observe that each prime p € P s determines a unique m € Z such that k& = mp, hence
also a unique pair (p,m) € Ps x Z such that & = mp. Thus (3.4) and Lemma 3.5 yield
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2log M

gkl = =2

#{pe Py : p|k}

< 2log | k|

so (3.9) is proved. Alternatively, note that when k& = mp for some p € P/, then

oy = B W
p — 2M
Thus (3.7) implies
AM?
(M) « =2
‘am | — ‘k|2R27
which together with (3.4), (3.8) and (3.11) give (3.10). O

Lemma 3.7. There exist constants My > 0, A = A(y,e) > 0 such that for all M >

My,
- log M
(k)| < Ajiez. forall k#0
~ log |k _
Gu (k)| < A|k,g1’—;e” k| > MR
1+A—e

Proof. Consider the cases:

CASE I: 1 < |k| < MR!. Using (3.9) and then (3.5) we obtain

- 2
9m (k)] < 57 (log(M) —log R)
= 2 (log(M) — log y(2M))
Y g g
2
< i (log M + (A +¢)(log 2 + log M))
log M
< 2(142X+2
< 2(142X+2¢) 7
log M

CASE II: |k| > MR™!. Then by (3.5),

k| > 22~ e MitA—e, (3.12)
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So (3.10) yields

||
¢ gy R A ol
3+4\ lOg ’k‘
2142 —
|| TA—<

Now we use (3.12) together with the fact that for a > 0 the function = — (log|z|)|z|~*
is finally decreasing. We obtain

344\ log (22— pfltA—¢€
Guy| < 2res o8l )

1-4
(r-ea ey T

1+ +e(A=¢€) oo M
4——~—= 10g
< (T+A-e2 A= oo

hence the desired statement is true with

RSN g Ate(d—e)
A:max{2(1+2)\+28),21+>\—€,(1—!—)\—5)2 TTr— }

O]

In what follows, we write C?(R) for the set of compactly supported functions on R with
continuous second derivative.

Lemma 3.8. Let My > 0 be as in Lemma 3.7. For every ¢ € C*(R) and M > M
there exists a constant B = B(¢,1,e) > 0 such that

log M

’(@M)(l')_a(l'” SBW fOT‘ alll‘ER.

Proof. Since ¢ € C2(R) its Fourier transform satisfies

1

P(r) < 422’

|z| — oo.
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Since v, gar € C?(R), by the convolution theorem we obtain

“+oo

Goa)(@) = 3 Guk)d@—k), zcR.
k=—00
Hence for all z € R,
— o~ +oo -~
(Ggr)(@) = 0@)| = | 3 Gulk)d@ k)
o
+o00
< > lguk)e(@ — k)|
ot
oo
log M 1
B k_z_:oo M (1 [o — k)2
k#0
< lonlt

Lemma 3.9. For every ¢ € C?(R) and § > 0 there ewists a positive integer My =
My(¢,6,€) such that

(b9 (@) — B(2)| < 80(z) for all z € R

for all M > M.

Proof. Once again consider two cases:

CASE I: |z| < 2MR™!. Then z < (2M)'***¢ and by Lemma 3.8 we have

(b9a)(@) = 0(0)| < Thig
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1-5¢
log (2(155) ‘.’B| 1+)\+€>

< 1—5e
Me= |x’1+)\+6
1 log |x|
< E T 1me -
‘x|1+>\+5

Choosing M to be sufficiently large, the right hand side can become less than §6(x).
CASE II: |z| > 2MR~'. Then |z| > (2M)'**~¢ and as in the proof of Lemma 3.8,

400
G9r)(@) = @) < D [Gu(k) (L+|o — k)

k=—oc0
)
< Y g+ fe—k)
k0
lo—k|>1a|

+ ) guR) A+ |z — k)72,
k=0
|z—k|< 3]

where the first term is
~ _9 - 1 1
Z [gm ()| (1 + [z —k)™" < [gam(0)] Z T2 < 2]
k+£0 k> 1l
|z—k|> 3 |z|
and the second is
Yo lauB A+l =k < > [guk)| (L4 |z — k)77
k#0 |m—k\<%

|z—k|<3 x|

< sup |gm(k)|
|k|>‘i2I

log |k
< sup % ( by (3.10) )

|k[>12l || T+A—

log |z|

’m| 1:»7)\%{;:
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_ltA—c_ log ||
(3
< (M) TS —

|x’ 1+X+e

so they are both less than 60(z) for M large enough. O

3.2.3 Finishing the Proof of Theorem 3.2

We use Lemma 3.9 to construct the requested measure g. Choose a function ¢ € C2(R)
such that

[ oot =1, ol >0 and ol =0,

Pick an arbitrary 0 < 6 < % Using Lemma 3.9 we can find a sequence (M)32; € N
satisfying (3.3), (3.4) and (3.5) where

My = M (¢o,627 " ¢),

M2 - M2 (¢09M1752_275) )

Mk = Mk ((Z)()gjwlg]\/[2 .. .ng_l,(SQ_k, 6) R k e N.

We point out that the dependence of the integers My, k = 1,2, ... on the corresponding
parameters is in accordance with Lemma 3.9. Also define a sequence of functions

(Gr)iZo by
Go = 1,

Gk = gM1gM2"'ng, k:1,27

According to Lemma 3.9, for all k¥ € N we have
[(¢0Ga1) () — (0Gy) ()] < 62~ *FDg(z), for all = € R. (3.13)

If X denotes the Lebesgue measure on [0, 1], the measures (ux);>, defined by pui =
doGrA, k=1,2,... have Fourier transforms

fila) = [ (o)

_ / e=2712 4 (2 G () A (1)

= (¢oGp)(z), z€R
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Now (3.13) shows that (fi;)72 is a || [|sc-Cauchy sequence, hence there exists a constant
¢ = c(1,e) > 0 and a probability measure p supported on the unit interval such that
the sequence (cpuy)p2, converges weakly to f.

The following proposition essentially proves Theorem 3.2.

Proposition 3.10. The measure p is supported on W (vy,1) and has Fourier transform
i) = 0(0(x), |2 = o

Proof. The fact that the support of p lies within W (v,1) follows directly from the
definition of the functions (G});2, and the measure p. Also observe that since fiy(x) =

(¢0Gk)( ) and ¢G}, is a C%2—function, we have

. Co

/,Lk(l') S m, for all z € R.
X

forall k =1,2,.... Now for all k£, p € N we have

f@)] = (@) = Beep(@) + ) (frrs (@) = frj—1(2) + Ax(@)
7j=1

< |i(x) = Hrgp(z)| + Z [kt (@) — Hpgj—1(z)] + [Hr(z)]

) Co

; (by (3.13)) .

< B = Brplloo

Letting p — oo we obtain the requested bound. O
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Chapter 4

A refinement of Marstrand’s
projection Theorem

4.1 Motivation

4.1.1 Marstrand’s Theorem

Given 0 < § < T, let Ly denote the line through the origin of R? that forms an angle
0 with the horizontal axis. Let proj, denote orthogonal projection onto the line Lg
and dim A denote the Hausdorff dimension of a set A C R%. Then projj, is a Lipschitz
mapping; indeed for all 6,

|projgz — projoy| < |z — y| for all z,y € R?. (4.1)

This together with the trivial fact that projyA is a subset of a line, implies
dim projyA < min {1,dim A} , (4.2)

see for example [23, Proposition 3.3]. The famous projection theorem of Marstrand [43],
dating back to 1954, states that equality holds in (4.2) for almost almost all directions
0 with respect to Lebesgue measure. Equivalently, the exceptional values of 6 € [0, 7)
for which the inequality (4.2) is strict, form a set of one-dimensional Lebegue measure
Z€ero.

Theorem 4.1 (Marstrand). Let A C R? be a Borel set.
(i) If dim A <1 then dimprojyA = dim A for almost all § € [0, 7).
(i1) If dim A > 1 then |projyA| > 0 for almost all 6 € [0, 7).
Observe that the measure conclusion of (ii) is significantly stronger than the corre-

sponding dimension statement; it trivially implies that dim projgA = 1 for almost all
6 €[0,m).

83
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Marstrand’s proof depends heavily on delicate and, in places, complicated geometric
and measure theoretic arguments. Subsequently, Kaufman [39] gave a slick, two page,
proof that made natural use of the potential theoretic characterization of Hausdorff
dimension and Fourier transform methods.

4.1.2 The motivating example

Before moving onto our main result, Theorem 4.4, which is an analogue of Marstrand’s
Theorem for a general class of dimension functions, let us recall the definition of an
explicit class of sets that has motivated our work and which illustrates and clarifies the
need for statements such as Theorem 4.6.

Recall that if ¢ : N — R™ is a decreasing function, a point (y1,...,y;) € R" is called
simultaneously v—well approzimable if there are infinitely many ¢ € N and (p1,...,px) €
Z" such that

P TS (4.3)
q q

The set of simultaneously t-well approximable points in [0,1)"” will be denoted by

Whn(¢). As we have already seen, the Khintchine-Jarnik theorem (Theorem 1.35) pro-

vides a criterion for the ‘size’ of W, (%) in terms of Hausdorff measures /.

For all 7 > 0, let ¢, be the approximating function given by ¥,(q) = gexp(—q").
Then by definition, when n = 1 the corresponding set W, (¢;) is a subset of the set
of Liouville numbers, which is well-known to be of Hausdorff dimension zero. In fact
dim W, (¢;) = 0 for all positive integers n. To see this, note that for any dimension
function fs(r) =7r°,

> ¢ fs(@Wr(@)/a) = D exp(—(sq¢" —nlogg)) < oo
q=1 q=1

for all 7 > 0 and n € N. Hence it follows from the Khintchine-Jarnik Theorem and the
definition of Hausdorff dimension that dim W,,(¢;) = 0 for all 7 > 0 and n > 1. The
upshot of this is that by (4.2), for all 8 € [0, 7)

dim (projy Wa(t,)) = 0

and Marstrand’s Theorem is not particularly informative. The problem is that the
dimension functions fs given by fs(r) = ¥ are not delicate enough to differentiate
between sets of dimension zero. Instead, for s > 0 consider the logarithmic dimension
function fs given by fs(r) = (—logr)~® for 0 < r < 1. Then, for 7 > 0 and n > 1, it is
easily verified that
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> < <oo, if s>sp
§ qn fs (1/17 (Q)/Q) = E q (rs=n) .
q:l q:l = OO’ lf s < SO
where
n—+1
so = .
-

It then follows from the Khintchine-Jarnik Theorem and the definition of logarithmic
Hausdorff dimension (Definition 4.5 in the following Section) that dimj,e Wi (-) = so
for all 7 > 0 and n > 1. In turn Theorem 4.6 which follows will imply the non-trivial
statement that for almost all 6 € [0, ),

dimyg (proje Wn(wT)) = 5.

4.2 The main result

The results of this subsection are joint work with V. Beresnevich, K. Falconer and S.
Velani. In order to state our main theorem we first need to introduce the notion of a
doubling function.

4.2.1 The doubling condition

Definition 4.2. A dimension function f is said to be doubling if there exist constants
c¢>1 and rg > 0 such that

f@2r) <ecf(r) forall 0 <r <rg. (4.4)

The number ¢ in the above definition is called a doubling constant. Note that if f is
given by f(r) =r° (s > 0) then f(2r) = 2°f(r) and so ¢ = 2° is a doubling constant
for f.

We state an equivalent form of the doubling condition (4.4).

Lemma 4.3. Let f be a dimension function. Then f is doubling if and only if there
exist constants s > 0, kK > 0 and r; > 0 such that

frA) > & A%f(r) forall 0<A<1 and O0<r<r;. (4.5)

Moreover, if f has a doubling constant ¢ > 1 then (4.5) holds with k = ¢~ and
s = logy c.

Proof. Suppose f is doubling with constant ¢ > 1. For each positive integer n, applying
(4.4) n times gives
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1
fr) <cf <2n r) for all r < 2™rq.

Set s =logyc > 0. For each 0 < A < 1, let m > 0 be the unique integer such that

1
2m < — < 2mtl,
- A
Then
1
fOr) = flommr
1
> g f(r)
> TN
- ).
T c
e e L,
For the converse implication simply put A = 5 in (4.5). O

4.2.2 The main result

We are now in the position to state our main result.

Theorem 4.4. Let A C R? be a Borel set.

(i) Let f be a dimension function. Then HY (proj,A) < HT(A) for all 6 € [0, 7). In
particular if HY(A) = 0 then H/ (projsA) = 0 for all 6 € [0, ).

(ii) Let f be a dimension function such that HT(A) > 0. Suppose g is a dimension
function that is doubling with constant ¢ < 2 and such that

—/Olf(r) d(g(lr)> < o0. (4.6)

Then, HI(projgA) = HI(A) = oo for almost all € [0, ).
Several remarks are in order.
Remark 14. Part (i) of Theorem 4.4 is an immediate consequence of the Lipschitz

condition (4.1) and the definition of H/, see [23, Proposition 3.1] where the case of
f(r) = r* is given. Thus the main substance of the theorem is part (ii) when H/(A) > 0.
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Remark 15. The conclusion of (ii) remains true if the range of integration in (4.6) is an
interval [0, 7¢] for any ro > 0. Moreover, if g is differentiable, or at least differentiable
except at finitely many points, then

) 4. (4.7)

- /olf (55 - /olf )5

In particular, if f and g are dimension functions satisfying (4.6) then

lim /()
r—0 g(?")

= 0. (4.8)

For suppose not. Then there exists a > 0 and a decreasing sequence ()22 ; tending
to 0 such that

S~

(rn)
(rn)
Let 7/, > 7y, be the least number such that g(r),) = 2¢(ry,); such an 7}, exists by conti-

nuity and monotonicity of g provided that the sequence is chosen taking r; sufficiently
small. Then

>a forall n=1,2,...

Q

o g(r) ™ f(ra) g'(r)
/rn f(r)g2(r) dr > dr

v

1
—alo
2% 4(rn)
1
= §alog 2.
Since 0 < 1, < ), — 0, the integrals in (4.7) and (4.6) cannot be finite.

Remark 16. It is easily verified that if f and g are dimension functions satisfying (4.8)
and H/(A) > 0 then H9(A) = co. Thus, the main substance of part (ii) of Theorem
4.4 is the statement that H9(proj,A) > HI(A) for almost all § € [0, 7). For further
relations between measures with respect to different gauge functions, see [55, Section
4].

Remark 17. Regarding the dimension function g, the condition that ¢ < 2 on the dou-
bling constant is necessary. To see this, we derive the dimension aspect of Marstrand’s
Theorem from our result. With this in mind, assume without loss of generality that
dim A > 0 and let sq,s9 be arbitrary real numbers satisfying 0 < s; < sy < dim A.
Now let g and f be dimension functions given by g(r) = r** and f(r) = r*2. It follows
from the definition of Hausdorff dimension that H*1(A) = H*2(A) = oco. Also it is
easily checked that condition (4.6) is satisfied and thus, modulo the condition on the
doubling constant, part (ii) of Theorem 4.4 implies that H*! (projgA) = oo for almost
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all 6 € [0,7). In turn, it follows (from the definition of Hausdorff dimension) that
dim proj,A > s1 (4.9)

for almost all § € [0, 7). The application of Theorem 4.4 is legitimate as long as the
doubling constant ¢ = 2% associated with ¢ satisfies s; < 1. Now with reference to
(4.9) this restriction on s; makes perfect sense since dim projyA < 1 regardless of the
size of A. By continuity, we can replace s; in (4.9) by dim A. The complementary
upper bound can easily be deduced via part (i) of Theorem 4.4 but inequality (4.2)
gives it directly.

Remark 18. Even if H/(A) = oo, the conclusion of part (ii) of Theorem 4.4 is not in
general valid for the dimension function f. Indeed, if f is given by f(r) = r so that H/
is simply 1-dimension Lebesgue measure, it is known [23, Section 6.4] that there are
sets A for which H/(A) > 0 but H/(projgA) = 0 for almost all § € [0, 7).

As alluded to in Remark 19, in §4.4 we will investigate the size of the set of exceptional
angles 6 for which the conclusion of part (ii) of Theorem 4.4 fails. In short, by replacing
the integral convergence condition (4.6) by a suitable rate of convergence condition we
are able to conclude that the exceptional set of 6 € [0, 7) for which HY(projgA) < oo is
of Hf-measure 0, see Theorem 4.12 for the precise statement.

The logarithmic dimension result

One consequence of Theorem 4.4, our main result, is the following analogue of
Marstrand’s Theorem for logarithmic Hausdorff dimension.

In terms of dimension theory, when we are confronted with sets of Hausdorff dimension
0 it is natural to change the usual ‘r®-scale’ in the definition of Hausdorff dimension to
a logarithmic scale. For s > 0, let fs be the dimension function given by

fs(r) = (—logr)?, (4.10)

for0 < r< % As explained in Remark 5, the fact that we have restricted to sufficiently
small values of r > 0 does not affect the Hausdorff measures defined by the functions
fs- In what follows, whenever we refer to dimension functions with a logarithmic factor
in their definition, it is implied that these functions are studied in an appropriately
chosen interval of the form [0, o).

Definition 4.5. Let A C R". The logarithmic Hausdorff dimension dimj,s A of A is
defined by

dimjpg A = inf {s H5(A) = 0} = sup {s cHT5(A) = oo} , (4.11)

where the functions f; are as in (4.10).
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It is easily verified that if dim A > 0 then dim;,; A = 00, precisely as one would expect.

Armed with Theorem 4.4 it is straightforward to prove the following.

Theorem 4.6. Let A C R? be a Borel set. Then
(i) dimjeg projgA < dimyeg A for all 6 € [0, ),
(i) dimjog projgA = dimyeg A for Lebesgue-almost all 6 € [0, ).

Proof. Part (i) is immediate from Theorem 4.4(i) and (4.11).

For part (ii), without loss of generality, assume that dimj,e A > 0 and let sq, s2 be real
numbers satisfying

0<sy <8< dimlog A.

Consider the dimension functions given by g(r) = (—logr)~*' and f(r) = (—logr)~*2.
It follows from (4.11) that H9(A) = H/(A) = oco. It is easily verified that condition
(4.6) is satisfied and that g is doubling with constant ¢ < 2. Thus, Theorem 4.4(ii)
implies that H9(projyA) = oo for almost all § € [0, 7). In turn, it follows from (4.11)
that for almost all § € [0,7), dimyes projgA > s1 and thus dimje projpA > dimjg A.
0 O

Remark 19. By considering the size of sets of exceptional angles, see §4.4, we are further
able to conclude that

dimyeg {6 € [0, 7) : dimyeg projyA < dimyjeg A} < dimyeg A (4.12)

Of course, the interesting case is when dimj,g A is finite. Then, by definition dim A = 0
and so (4.12) is significantly stronger than Theorem 4.6.

Explicitly exposing the gap of uncertainty

With reference to our motivating example, for all 7 > 0 let ¢, : N — R* be the
approximating function given by

1

—_— > 2.
qT—l (lOg q)’?’ ’ q

Yr(q) =

It follows, via the Khintchine-Jarnik Theorem and the definition of Hausdorff dimen-

1
sion, that for all 7 > + n’
n

n+1
T

0=0(1) :=dimW,(¢;) =
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In fact, the Khintchine-Jarnik Theorem implies a much finer conclusion. Fix 7 >
(1+n)/n and consider the family of dimension functions (f5s)s>0 given by

frolr) =1° (—1 1ogr>s .
T

o0 o0

Z q f(55 ¢T E qlogq 1+n T Nlen—s°®

q=2 q=2

It is easily verified that

in the sense that the series either both converge or diverge, and so the Khintchine-Jarnik
Theorem implies that

0 if s<n,

o (Wi(yr)) = {

oo if s>n.

Loosely speaking, the set W,,(¢;) has “§(7)-logarithmic dimension” equal to n.

Now let n = 2 and with reference to Theorem 4.4, put f = f5- and g = f5,. Suppose
that 7 > 3 so that §(7) < 1. This ensures that g is doubling with constant ¢ < 2.
Theorem 4.4 then implies that for almost all 8 € [0, 7),

0 if s<2,

oo if s>3.

HI5s (projy Wa(vr)) = {

Of course, part (i) of Theorem 4.4 implies that the zero measure statement associated
with s < 2 is true for all § € [0,7). Regarding the application of part (ii), we need
s > 3 in order for the integral convergence condition (4.6) to be satisfied. Thus the
latter gives rise to a gap of uncertainty; namely s € (2, 3) in the specific example under
consideration. We suspect that the infinity measure statement for s > 3 is actually
true for s > 2.

Problem: Show that H/5s (projy Wa(¢),)) = oo if s > 2.

The fact of the matter is that it is highly unlikely that any set Ws(1)) of simultane-
ously y—approximable points will have the necessary ‘dense rotational’ structure that
underpins the construction of the sets associated with Theorem 4.14 which follows later.

4.3 Proof of main result

Our proof of Theorem 4.4 will follow Kaufman’s potential theoretic proof [39] of Mas-
trand’s Theorem. We adapt the proof that he gave for the specific functions f(r) = r*
(s > 0) to general dimension functions.
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4.3.1 Energies and capacities

We first generalise the standard notions of s-energy and s-capacity of a measure which
have been defined in the introductory chapter, see for example [23, Section4.3] and [44,
Chapter 8]. In what follows, f is a dimension function.

Definition 4.7. The f-energy of u € M1(A) is defined as

// I I:c—yl

Alternatively, we could have defined the f-energy via the f-potential at a point x € R?,

that is
and so  I¢( /gb ) du(x
/f (lz = y! sl e

Definition 4.8. The f-capacity of a Borel set A C R? is defined as

Cy(A) = Sup{I e Ml(A)}

Ty(n)

with the interpretation that Cy(0) = 0.

Naturally, when f is given by f(r) = r° (s > 0) we recover the familiar notions of
s-energy and s-capacity.

We now establish the connection between the Hausdorff measure H/(A) and the ca-
pacity C'r(A) of a set A with respect to a general dimension function f. These results
stated below have a long history: apart from notational differences they appear as
Theorems 1 and 2 in [60], though versions for the dimension functions of the form
f(r) = r® date back to the 1930s. The paper [60] discusses the historical development
to increasingly general dimension functions and includes further references. Proofs for
dimension functions f(r) = r® may be found in several more recent accounts of fractal
geometry, for example [23],[44]. Even for general dimension functions the proofs are
relatively short, so for the sake of completeness we include these proofs.

Proposition 4.9. Let A C R? be a Borel set and f be a dimension function. If
H/(A) < oo then Cy(A) = 0.

Proof. Assume Cf(A) > 0. By definition, the set A supports a Radon probability
measure p such that Ir(u) < oo. Thus

/ < oo for p-almost all z € A.
I Iw - yl

For such = € A,
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li .
rg%/f\x—y\ =0

By Egorov’s theorem, for all € > 0 there exist § > 0 and a Borel set K C A such that

u(K) > 3 and
/ f( !m—yl
Bzr

< ef(r), forallz € K and 0<7r <.

u(B(z,r))

IN

Now let ( (x4, n)) be a cover of K by balls with x; € K and r; < § such that

> fr) < HE(K) +1

=1
Then - -
5 < WE) < 3 p(Bar) 2 30 f() < e (Hh(A) +1),
i=1

=1

where ’Hé is centred Hausdorff measure. Since € > 0 can be made arbitrarily small,

we conclude that H7/(A) = ”Hé(A) = 00, using (1.12). This contradicts our hypothesis
that Hf(A) is finite. O

The following statement is referred to as Frostman’s lemma, and can be viewed as
a partial converse to the Mass Distribution Principle, Theorem 1.23 in Chapter 1.
Throughout, given a Borel set A C R? we denote by M;(A) the set of Radon probability
measures i with compact support in A.

Theorem 4.10 (Frostman’s Lemma). Let A C R? be a Borel set and f be a dimension
function. Then H/(A) > 0 if and only if there exist a measure p € Mi(A) and a
constant c¢; > 0 such that

w(B(z,7)) < e f(r) for all z € R? and 7> 0.

Two very different proofs for the case where f(r) = r° (s > 0) are given in [44, Theorem
8.8], where it is explicitly pointed out that both proofs are valid for general dimension
functions. Alternatively, for the harder of the implications, namely that suitable mea-
sures exist, the result in Rogers [55, Theorem 57], that for general dimension functions
there exists a compact subset A’ of A with 0 < H/(A’) < oo, followed by a density
argument akin to [23, Proposition 4.11], also gives the conclusion.

Proposition 4.11. Let A C R? be a Borel set and let f and g be dimension functions
satisfying the integral convergence condition (4.6). If HY(A) > 0 then Cy(A) > 0.



4.3. PROOF OF MAIN RESULT 93

Proof. By Frostman’s lemma, Theorem 4.10, the Borel set A supports a Radon prob-
ability measure p such that

p(B(x,r)) < c1 f(r) for all 7 >0 and z € R? (4.13)
for some constant ¢; > 0. Fix z € R? and let
m(r) = p(B(z,r)) .

Using (4.13) and that x(R?) = 1 and integrating by parts,

Cdely) _duly) _duly)
[0 - _/|<1g<|m—y|> ’ _/>1g<|a:—y|>
b HR?)
< J, 7 0+ 4

- (B0 - [mea(h) + 45

m) _oml) (1Y ()
0 B /of”d(gm)* o(D)

IN

noting that

by (4.8). This bound is uniform for all x € R and so

// du!w—yl

giving Cy(A) > 0 by Definition 4.8. O

Remark 20. Fix 0 < § < 1 and consider the family of dimension functions (fss)s>0
given by

fo.5(r) = 10 (= logr)®,

to within constants the same as those considered in §4.2.2. Let A C R? be a Borel set
and « > 0. Then, by Propositions 4.9 and 4.11,
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(i) if s < a and H/52(A) < 0o then Cy;,(A) =0,
(ii) if s > a4 1 and HPse(A) > 0 then Cy,.,(A) > 0.

The upshot is that if @« < s < a+1, condition (4.6) is not satisfied and the propositions
provide no information. The main aim of the paper [60] is to show that this “gap of
uncertainty” is genuine — it really exists! So for example, by [60, Theorem 3], if f and
g are dimension functions not satisfying condition (4.6), then there exist Borel sets A
with 0 < H/(A) < oo but Cy(A) = 0.

4.3.2 Proof of Theorem 4.4

(i) As pointed out in Remark 14, this is a trivial consequence of the definition of the
Hausdorff measures that projection is a Lipschitz mapping.

(7i) From Remark 16, H9(A) = oo. Thus it suffices to show that H9(projgA) = oo for
almost all § € [0, 7).

Since H9(A) > 0, it follows via Proposition 4.11 and the definition of capacity, that
A supports a Radon probability measure p such that I;(p) < co. For each 6 € [0, 7),
projecting p onto the line Ly gives a measure pg supported on projgA defined by the
requirement that 1i9(K) = p(proj, '(K)) for each Borel set K C Ly. For each = € R?,
let ¢(z) denote the angle that = (viewed as a vector) forms with the horizontal axis.
Then, by Lemma 4.3 and using the fact that g is doubling with constant ¢ < 2, it
follows that

" dpig(z)dpe(y
I, (19)d0 = de
/0 (i) / / / g(lz —yl)
\prOJew - prOJeyI)

= // </ (lx —y))| cos(cgs(x —y) — 9)|sd0> du(x)du(y)
< o // dp(z |x - y| (because s = log, ¢ < 1)

= aly(p)

< 00.

This implies that I,(pg) < oo for almost all § € [0, 7). From the definition of capacity,
Cy(projgA) > 0 for such 0, so by Proposition 4.9, H9(projgA) = oo for almost all
0 € [0, 7). O



4.4. EXCEPTIONAL PROJECTIONS 95

4.4 Exceptional projections

Marstrand’s Theorem trivially implies that the set of exceptional angles
E(A):={6€[0,m) : dimprojyA < dim A} ,
is a set of (one-dimensional) Lebesgue measure zero. Kaufman also showed [39] that
dim F(A) < min{l,dim A} (4.14)

(see also Remark 21 below). Clearly, when dim A < 1, this bound on the size of the
set of exceptional angles is significantly stronger than the measure zero statement of
Marstrand’s Theorem. It is natural to attempt to extend Theorem 4.4 in a similar
fashion. With this in mind, let E4(A) denote the exceptional set of 6 € [0, 7) for which
the conclusion of part (ii) of Theorem 4.4 fails; that is

Ey(A) :={0 € [0,m) : HI(projgA) < oo} . (4.15)

By replacing the integral convergence condition (4.6) by a rate of convergence condition
we are able to establish the following strengthening of Theorem 4.4. It is easily verified
that condition (4.16) below implies condition (4.6) of Theorem 4.4.

Theorem 4.12. Let A C R? be a Borel set. Let f be a dimension function such that
HI(A) > 0 and let g be a dimension function that is doubling. Suppose that there exist
constants ty and cg > 0 such that

1 1 1
_/0 f(r) d(g(tr)) < e E forall 0<t<ty. (4.16)
0

Then, H' (E,(A)) =

Proof. In view of Proposition 4.9,
Ey (A) CE,:={0¢€[0,7m):Cy(projgA) =0} .

Thus, it suffices to show that #/(F,) = 0. Suppose this is not the case. Then H/(E,) >
0 and by Theorem 4.10 the set F, supports a probability measure v € M;(E,) such
that

v(B(z,r)) < 1 f(r) for all z € R%, >0

where ¢; > 0 is an absolute constant. On the other hand, since H/(A) > 0 and the
fact that condition (4.16) implies condition (4.6), it follows via Proposition 4.11 and
the definition of capacity, that A supports a probability measure u € M;(A) such that

Ig(p) < oo. (4.17)

For each 0 € [0,7), let py be the projection of u onto the line Ly supported on projyA,
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so that y1p(K) = p(proj, ' (K)) for any Borel set K C Ly as in the proof of Theorem 4.4.
Let us assume for the moment that

/ Iy(pp)dr(0) < oco. (4.18)
B

This implies that I,(pg) < oo for v-almost all § € E,. By the definition of capacity,
Cy(projgA) > 0 for such 6, contradicting that Cy(projyA) = 0if § € E,. This completes
the proof of the theorem modulo establishing (4.18).

To establish (4.18), we first observe that for all z € R?\ {0} and d > 0, the set
{0 € [0,7) : [projex| < d}

is a union of at most two intervals each of diameter at most 7 d/|x|. The upshot is that

v ({0 € [0,7) : [projez| < d}) < zclf<ﬂ|z).

This, together with the fact that ¢ is doubling, implies that

. sty W = /om”<{9‘g<|prij9w|>zr})d’“
_ /Ol/g(xny({e;Wzr}) dar
" /1:(.36) Y <{0 : g<|prij9w\> - T}> &

g(llxl) I T O
[0 (atm)
~ ol ”“/f (e
e o [

IN

IN
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(4é6) 1 + 2 1
= g(z) e g(%\x!)
1 1
+ 2¢1 f(7) <g(i@0'_gﬂ$D>
< (& !
= 7 ()

for some c3 and for all x # 0 with |z| < tg . Hence, using Fubini’s theorem,

[t avey = [ [ LA a0
- /*// |P1”0J090—p(r22)‘]03/|) dy(9)
- JI L resdte )
= C?’// dMlﬂb‘—yl

<

by (4.17). This establishes (4.18) and completes the proof. O

Remark 21. The above proof of Theorem 4.12 is based on that of the special case (4.14)
presented in [45, Theorem 5.1] which in derives from [39]. Indeed, it is easy to deduce
(4.14) from Theorem 4.12. To see that this, without loss of generality assume that
0 < dim A < 1 and let s1, s2 be real numbers satisfying 0 < s1 < so < dim A. Let

E(A,s1) :={0 € [0,7) : dimprojsA < s1}.

Let g and f be the dimension functions given by g(r) = r! and f(r) = r*2. It follows
that H*2(A) = co and that ! (projyA) = 0 for all § € E(A, s1). Thus

E(A,s1) C E4(A),

with E,(A) as in (4.15). Clearly, the function g is doubling and it is easily checked that
f and g satisfy condition (4.16). Theorem 4.12 implies that H*2(E,(A)) = 0 and so
dim (Elog(A, 31)) < s9, and (4.14) follows on taking s, so arbitrarily close to dim A.

Armed with Theorem 4.12 it is straightforward to prove (4.12) which we formally state
as a corollary.
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Corollary 3. Let A C R? be a Borel set. Then, dimjeg Flog(A) < dimyeg A where

Fiog(A) :={0 € [0,m) : dimyeg projy(A) < dimjeg A}.

Proof. Without loss of generality, assume that 0 < dimj,e A < 0o and let s1, 52 be real
numbers satisfying 0 < s1 < so < dimjoe A. Let

FEiog(A, s1) :== {0 € [0,7) : dimjoe projy(A) < s1}.
As in the proof of Theorem 4.6, let g and f be the dimension functions g(r) =
(—logr)=*t and f(r) := (—logr)~*2. Then H/(A) = oo and HY(projy(A4)) = 0 for all
0 € Fiog(A, 51) 50 Eig(A, s1) C E4(A). Clearly g is doubling. Assume for the moment

that f and g satisfy condition (4.16). Then Theorem 4.12 implies that H/(E,(A)) = 0
so from the definition of logarithmic Hausdorff dimension (4.11),

din’1log; (Elog(A7 31)) < s3.

The conclusion now follows on taking s1, s arbitrarily close to dimyeg A.

It remains to verify (4.16). For all sufficiently small ¢ > 0,

‘Av“”(mzﬂ :[ﬂgﬁ‘%ﬁfﬂg

Y (AT TC)
0 t

9(t) g(tr) g(tr)

For the first integral, » < ¢ implies that

and hence it follows that

o M df)
<QAgm

25182(52 — 81) ]
(log 2)s2—s1

For the second integral, » > ¢ implies that
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1 s
o) <7 4

and hence it follows that

1 1
/ df(,r) < 281 / df(’r) — 281 f(]‘) .
¢ g(tr) o 9(t) g(t)
On combining these estimates, we obtain that

(L) e | 2isg(ss — 1)
I ”d(gw)) = @ = DIW T g2y

IN
S

for some constant cs, as desired.

4.5 Final comments

Apart from working in higher dimensions, there are several other directions in which
one could attempt to strengthen/generalize the main theorem. We concentrate on just
a few of them.

The gap of uncertainty. Theorem 4.14 in the following section shows that we can not
in general replace condition (4.6) by (4.8) in Theorem 4.4. Thus there is a genuine
gap of uncertainty associated with Theorem 4.4. It would be highly desirable to know
whether or not condition (4.6) is really necessary. Namely, if f and g are dimension
functions such that (4.6) is not satisfied, then does there exist a set A C R? such that
H/(A) > 0 but HI(projyA) = 0 for almost all 0 < 6 < 7? Theorem 4.14 provides
sufficient conditions on f and g for the existence of such a set A.

Brownian paths. Brownian motion sample paths, see [23, Chapter 16] for a general
introduction, illustrate the sort of situation that can arise for projections of sets in
R3, and which perhaps may occur in R2, though there is no direct analogue. Let
B[0,1] € R? be (random) Brownian motion path over the unit time interval. Then,
almost surely, the Hausdorff dimension of B[0, 1] is logarithmically smaller than 2, more
precisely 0 < H/ (B0, 1]) < oo where f is the dimension function f(r) = r?loglog(1/r)
(for small r), see [15]. However, the projection projp(BJ0,1]) of B[0,1] onto any given
plane P has exactly the same distribution as a Brownian motion in the plane, which
is almost surely of Hausdorff dimension 2, or precisely, 0 < H9(projp(BJ0,1])) < oo
where g is the dimension function g(r) = 7?log(1/r)logloglog(1/r), see [61]. This
example, where the exact dimension functions of a set and of almost all its projections
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onto a plane can be identified, illustrates the sort of change in exact dimension that
may occur under projection.

Sets with no exceptional projections. The dimension result (4.14) for the set of ex-
ceptional projections has been extended in various ways — see [25, 45] and references
within. We highlight a result concerning sets A for which there are no exceptional
projections; that is, sets A for which E(A) = 0.

Theorem (Peres—Shmerkin). Let A C R? be a self-similar set with dense rotations.
Then
dim projyA = min{dim 4,1} for all 6 € [0, 7). (4.19)

This theorem was proved by Peres and Shmerkin [47] and subsequently generalized by
Hochman and Shmerkin [32]. Now suppose A is self-similar set with dense rotations
and f and g are dimension functions as in Theorem 4.4. It is natural to ask whether
or not the conclusion of part (ii) of Theorem 4.4 is actually valid for all 6 rather than
just almost all 6 € [0, 7).

Lengths of projections. It is natural to seek a finer version of part (ii) of Marstrand’s
theorem which gives a criterion for almost all projections of a set to have positive
length. One aspect of this was investigated by Peres and Solomyak [48], who considered
dimension functions f such that f(r)/r? is decreasing for 7 > 0 (a condition that holds
in virtually all cases of interest). They showed that |projgA| > 0 for almost all § € [0, )
for all Borel sets A satisfying H/(A) > 0 if and only if fol r=2f(r)dr < oco.

4.6 On the gap of uncertainty

As we have explicitly demonstrated in §4.2.2, the integral convergence condition (4.6)
gives rise to a gap of uncertainty. It is natural to ask whether this condition is really
necessary. Namely, if f and g are dimension functions such that (4.6) is not satisfied,
then does there exist a set A C R? such that #/(A) > 0 but H9(projyA) = 0 for almost
all0 <0 < 7w?

In joint work with David Simmons and Han Yu, in this section we partially answer this
question by providing sufficient conditions on f and g for the existence of such a set A.
Our construction of this set is a generalization of a construction of Martin and Mattila
[42], in which they proved that for every 0 < s < 1 there exists a set A C R? such that
H*(A) > 0 but H®(projgA) = 0 for all 0 < § < w. By making a careful quantitative
analysis of their construction, we are able to improve their result and establish Theorem
4.14.

For the statement of this result we need the notion of a codoubling dimension function,
which is similar to the notion of a doubling dimension function.

Definition 4.13. Let f be a dimension function. Then f is called codoubling with
exponent s if there exist constants x > 0 and r; > 0 such that
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fOr) <k Af(r)  forall 0<A<1 and 0<7<r]. (4.20)

Remark 22. Just as in the case of doubling functions, we could have defined a codou-
bling function to be a dimension function f for which there exist constants ¢ > 1 and
ro > 0 such that

f@2r)>cf(r) forall 0<r<rg, (4.21)

and then show that this condition is equivalent to (4.20) for some appropriate choice
of the constants. However, in what follows we shall only use condition (4.20).

The theorem we prove in this section is the following.

Theorem 4.14. Let f, g be dimension functions such that f is doubling with exponent
s1 <1 and codoubling with exponent so > 0, and such that

1
g(r) <M f (7“ log 7“) forall 0 <r <y (4.22)

where rg > 0 and M > 0 are constants. Then there exists a set A C RZ with 0 <
HI(A) < oo but HI(projgA) =0 for all 0 < < 7.

Remark 23. The assumption that the function f is doubling with exponent s < 1
restricts our attention to subsets A C R? of Hausdorff dimension at most 1, which is

expected given the nature of the problem (cf. Remark 17).

Remark 24. The growth condition (4.22) can be replaced by any condition of the form

g(r)y < f (7‘ log(rfl) log3(7‘*1) 10g4(r*1) . -logp(rfl)) (4.23)

where p > 3 is a positive integer and r > 0 is sufficiently small — see Remark 27 below.
Here we write log, t = loglogt, logst = logloglogt, etc .

Remark 25. Under the assumptions of Theorem 4.14, the integral

Laf(r f( ! 1
/ (r) _ ()—/f(r)d< )
o 9(r) 9 Jo g(r)
diverges, hence the integral convergence condition (4.6) is not satisfied and in turn

Theorem 4.4 is not violated. To see this, observe that since f is doubling with exponent
s1 <1, we have

1 1
f <rlog r> < f(r) 10g; r—0t.

Now since f is codoubling with exponent sy > 0, we have
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flr) < rs

and thus

1
log — < log (r —07).
r

b
f(r)

Together the above estimates yield

f <7“ log i) < f(r)log f(lr) .

It then follows that for any ¢ satisfying condition (4.22), we have

/0 3 / f(rlogl) rlog

> /
f(r)log 1 log O
71 g
B /0 xlog%
= 0.

4.6.1 Construction of an f-set

Given a dimension function f, a set A C R" is called an f-set if 0 < H/(A) < oo. Here
we present the construction of an f-set A C R? for a given function f, which is similar
to the one presented by Martin and Mattila in [42, Section 5.3] for dimension functions
of the form r — r*. In the next section, we will show that by choosing the parameters
of the construction appropriately, the resulting f-set A will satisfy H9(projyA) = 0 for
all0 <6 <.

Throughout, (r;)3, is a decreasing sequence of positive real numbers tending to 0,
(Np)32, is a sequence of positive integers > 2, and (0)72, is a sequence of angles
0 <0, <m, k>1. The sequences ()72, and (Nk)kzl will be assumed to satisfy the
inequalities

a <Ny - Npf(rr) <2a (4.24)

and

Nit1rk41 <Tg (4.25)

for all k£ > 0, for some constant a > 0.
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Let Ap be the closed disc of radius rg centered at the origin. In the first step, inside Ag
we consider Ny subdiscs of radius 71, denoted C1,...,Cy, and defined as follows: their
centers are equally spaced, lying on the diameter of Ay which forms angle 6; (measured
counterclockwise) with the horizontal axis, and the boundaries of first and last subdisc
are tangent to the boundary of Aj. Condition (4.25) guarantees that these subdiscs
are disjoint. Let d; = 01, and set

Ny
A =]
=1

Now inductively assume that for some k& > 1 we have defined the discs C,. ;,, 1 <7; <
N;, 1 < j <k, each of radius 7.

At the (k + 1)st step, inside each disc Cj, ; we consider Njy; subdiscs
Ciy.ig1s -+ Ciy iy Nyyr » €ach of radius ri 11, defined as follows: their centers are equally
spaced along the diameter of Cj,  ;, which forms angle 4, with the line containing
the centers of the discs of the kth step, and the boundaries of the first and last subdiscs
are tangent to the boundary of Cj,. ;.. Again, condition (4.25) guarantees that these
subdiscs are disjoint. Let dip+1 = 601 + ...+ 641 (mod 7), so that for any disc Cj,
of Ay, dp41 is the angle between the diameter of C, . ;, used to define the subdiscs of
Ci,...i, and the horizontal axis. Set

A1 = U Ciy i -
1<i, <N;
(j=1,0..k+1)

We complete the construction by setting

A:ﬁAk
k=1

We show that under certain conditions on f and appropriate choices of the sequences
(k)72 and (Ng)32,, the set A is an f-set.

Proposition 4.15. Let f be a dimension function which is doubling with exponent
s <1, and let (r)72, be a sequence satisfying the inequalities

flren) < 36) (4.26)

and

f(rk+1) > 3f(7"k) (4 27)
Tk+1 Tk .
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for all k > 0. Let (0;)32, be any sequence of real numbers. Then the parameter a > 0
and the sequence (Ny)72, can be chosen so as to satisfy (4.24) and (4.25) for all k > 0.
The resulting set A C R? constructed as above is an f-set.

Proof. Let a = f(rg), so that (4.24) automatically holds when k£ = 0. Now inductively
assume that for some & > 0 we have chosen Ni,..., N; > 2 such that (4.24) holds.
Since

2 - a _ f (%) 1
N1 Nif(res1)  Ni-o Nif(res1) f(reg1) N1 Ny, f(re)
429 1 f(re)
— 2 f(res1)
4.26
( > : 2,
the interval
2a a

Ny Nif(rgsa) " Nioo Nif(rien)
contains a positive integer Ni,1 > 2. Thus, the inequality
a S N1 s 'Nk-Nk+1 f(?“k+1) S 2a (428)

is satisfied. This completes the inductive step, thus demonstrating that the sequence
(Ng)2, can be chosen so that (4.24) holds for all k£ > 0.

To demonstrate (4.25), we note that

(4.28) 2% 42 flm) m2 m

2
< . ‘.
= Ni--Npf(rpsr) — f(Tks1) 3 TRyl

and in particular Ng17rgr1 < rg.

Ni41

(4.29)

For each k € N, the set A is a cover of A consisting of discs of radius 7. The number
of balls in this cover is Ny - -+ Ng, hence for k € N we have

HI (A) < N1+ Nif(ri) < 2a

and thus

HI(A) = sup?-lffk(A) < 2a < oo
k>0

Now consider the probability measure p supported on A which is defined by assigning
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each of the discs Cj,. 4, of A the same measure, i.e. by setting

1

lu‘(Cil---ik) = m

We claim that for all z € A and r > 0 small enough,
p(B(z,r)) < Cf(r) (4.30)

for some constant C' > 0. By the Mass Distribution Principle, this will imply that
H7(A) > 0 and thus complete the proof.

Whenever r,t are sufficiently small and r < ¢, since f is doubling with exponent s < 1,
for some constant £ > 0 we have

e (7)o

(T

O

> m&,

- t

which gives

f®) < m—lfifz- (4.31)
t T

Now fix x € A and r > 0, and let £ € N be maximal such that B(z,r) N A is contained
in only one disc of Ay. Consider the following cases:

Case 1: 7 < ri. Let sp41 be the common distance between any two consecutive
subdiscs of Ayy;. Then by subdividing the appropriate diameter of Cj, . ;, into intervals
consisting of its intersections with discs Cj,. ;,; as well as the gaps between them, we
find that

2Ng417k+1 + (Nk—i-l — 1)Sk+1 = 2r. (4.32)

Now in any sequence of n consecutive subdiscs of Ay, 1, the distance between the first
and last subdiscs in this sequence is

(n—1)sk1 + (n—2)2rk1 > (0 — 2)(Sk41 + 27%41)-

Since the diameter of B(x,r) is 2r, if n is the number of subdiscs of A1 that intersect
B(x,r), then the distance given above must be less than 2r. It follows that

2r

R N —
2rp41 + Sk41

(4.33)
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On the other hand, we have

Nit1(Sk+1 — rh+1) > (Ngg1 — 1)Sg1 — Nep17h41

(4.32)
= 27"]€ — 3Nk+17‘k+1

(4.29)

which implies that

Sk4+1 > Tk41 - (434)

On the other hand, by the maximality of k, B(x,r) intersects at least 2 discs of A1,
including the disc containing x, and thus it follows that r > s;11. This together with
(4.34) implies that r > r;41 and so

2r 2
2941 + Sp+1 3 '
Hence,
(4.33)
22y (27“>
2741 + Sk
-1
(4.32) Tk — Nk+1rk+1>
=" 8r|2rgy +2————
(2w + 27N
_N -1
< 4r (Tk+1 i Tk k+17“k+1>
N1
N,
= 4k,
Tk
(4.29)
2 flre) 7
flresn) mx
w8 )
& f(re+1)
1
Since each subdisc of Ap;1 has measure —————— it follows that
N1 Npp1
8 f(r) 1 (4.28) 8
B(x,r)) < — . < — f(r).
BB < S s < a0

Case 2: r > ry. Let C;, ;, be the unique disc of Ay, intersecting B(x,r), which exists



4.6. ON THE GAP OF UNCERTAINTY 107

by the definition of k. Then

B 1
NN
(424) 1
< —f(re)
1
< —
<50
where in the last inequality, we have used the fact that f is increasing.
. . 8 1
Thus in either case, (4.30) holds with C' = maxq —, — ¢ > 0. O
ak’ a

Remark 26. Note that Proposition 4.15 applies to any possible sequence of angles
(0r)32,, indicating that varying the sequence of angles may cause the quantity HI(A)
to change slightly but will not affect the fact that it is finite and positive. The role of
the sequence (6;);2, will become apparent in the next section.

4.6.2 Proof of Theorem 4.14

We show that if g satisfies the growth condition (4.22) relative to f, the sequences
(i), (Ng)g2, and (6x)72, in the aforementioned construction can be suitably se-
lected so that the corresponding f-set A C R? satisfies H9(projyA) = 0forall 0 < 0 < 7.

First, we claim that the sequence (1,)72, defined by the formula
. = (klog kloglog k)" (4.35)

satisfies (4.26) and (4.27) for all sufficiently large k. To prove this, we first observe that

Tht1 - 1 0
. klog k log log k

as  k — oo. (4.36)

On the other hand, by the doubling and codoubling hypotheses imposed on f, there
exist constants k1, ko > 0 such that

KIATf(r) < f(Ar) < kA f(r)

for all 0 < A < 1 and 7 > 0 sufficiently small. Since r}, > r;_, for all k sufficiently
large, we have that
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and

Tt "k+1 \ Tk
/ s1—1 /
o [ TR2 f(rE)
T, .
Thus by (4.36), the inequalities (4.26),. _ ., and (4.27),. _, are satisfied for all k large

TR=TY,
enough. Let k1 > ko be chosen so that (4.26),,
k> k.

TE=TY

, and (4.27) , are satisfied for all

=r =T

Now consider the sequence (r1)72, defined by the formula

/
Tk — Tk+k1’

and note that (4.26) and (4.27) are satisfied for all £ > 0. Thus by Proposition 4.15,
we can choose a sequence (INj)32,; such that (4.24) and (4.25) hold for all £ > 0. Also
note that by (4.36) we have that

Tk+1 - 1 )
e klogkloglog k

(4.37)

Let the sequence of angles be defined by

.
Opir = 2L k>0
Tk

Then
Z Qk = OQ.
k=1

Take an arbitrary 0 < 6§ < 7w. Let dy denote the direction perpendicular to Ly, i.e.
the direction of projection, dp = 6 + 7/2 (mod 7). Since the series > 72, 6 diverges,
there are infinitely many k € N such that dy lies between dj and dgyi. For each of
these values of k, the angle between dy and dj1 is at most 641, and thus for each disc
Ci,...i, of Ag, the distances from the centers of all subdisc C;,. ;,; of Cj,. 4, from the
diameter of C;,. ;. in the direction dy are at most

rpsinfpi < rpbepn = e

This is because all of these centers lie on the diameter of Cj, . ;, in the direction dj1.
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This means that within each disc of Ag, when we project the union of the subdiscs of
Agy1 onto Ly we get an interval of length at most 4711, which we can think of as the
union of at most 4 intervals of length at most ri;;. The number of such intervals is
equal to the number of discs of Ay, that is,

We have shown that for infinitely many values of k there is a cover of projyA which
consists of 4V; - - - N, intervals of length at most rg1, hence for such k we obtain that

. 9(Tk+1)
HE, (projyd) < Sa f(’;;
< 8(1M71 f (rk+1 log(r_1 ) log log(r_1 )) (4.38)
= f(T’k) k+1 k+1

Now (4.35) implies that

log(rgl) = log(r;;l)
= klog(klogkloglogk)
= klogk,

and

loglog(r,!) = loglog(r; 1)
= log(klogk)
= logk

as k — oco. Combining this estimate with (4.37), (4.38), and the fact that f is codou-
bling shows that

My
g .
HTk+1(prOJ9A) S (log k)SQ )

where M; > 0 is some absolute constant. This implies that

#(projyA) = lim HT (projoA) =0

Tk+1

and thereby completes the proof of Theorem 4.14.

Remark 27. As mentioned in Remark 24, the growth condition (4.22) in Theorem 4.14
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can be replaced by any condition of the form (4.23). The corresponding set in that case
is constructed using the sequence (7}.)x>k, defined by the formula

ry, = (klogklogy k- - -log, k:)_k.

The proof is nearly identical.
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