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ABSTRACT

and uniqueness of the solution. In this thesis we address these questions corresponding to

two models governing the dynamics of incompressible fluids, both being the modification
of classical Navier-Stokes equations: constrained Navier-Stokes equations and tamed Navier-
Stokes equations.

F undamental questions in the theory of partial differential equations are that of existence

The former being Navier-Stokes equations with a constraint on the L? norm of the solution
considered on a two-dimensional domain with periodic boundary conditions. We prove existence of
the unique global-in-time solution in deterministic setting and establish existence of a pathwise
unique strong solution under the impact of a stochastic forcing.

The tamed Navier-Stokes equations were introduced by Rockner and Zhang [75], to study the
properties of solutions of the 3D Navier-Stokes equations. We use three new ideas to prove the
existence of a strong solution and existence of invariant measures: approximating equation on
an infinite dimensional space in contrast to classical Faedo-Galerkin approximation; tightness
criterion related to the Dubinsky’s compactness theorem introduced recently by Brzezniak and
Motyl [23]; and lastly proving the existence of invariant measures based on continuity and
compactness in the weak topologies [62].
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CHAPTER

INTRODUCTION

he time dependent partial differential equations, commonly known as evolution equations

play a crucial role in modelling various natural processes mathematically, which are used

to study the behaviour of physical entities like wave function of a particle, temperature
profile of a system, stocks in a financial market and velocity of a fluid. Well-known examples are
Schrodinger equation from quantum mechanics, reaction diffusion equations modelling biological
processes and heat flow, Black-Scholes equation from finance and Navier-Stokes equations from
fluid mechanics.

At instances these physical processes are subject to external forcing, which mostly is random
in nature. Thus, one has to modify the mathematical models accordingly to incorporate this
randomness, which in turn gives rise to stochastic partial differential equations (SPDE), providing
us with more robust model to study these natural processes.

Though (S)PDE serve the purpose of analysing these physical entities well, they pose quite
basic mathematical questions, like global in time existence and uniqueness of the solution,
existence of invariant measures. This thesis deals with such questions for constrained Navier-
Stokes equations, stochastic constrained Navier-Stokes equations and stochastic tamed Navier-

Stokes equations.

1.1 Stochastic and deterministic constrained partial

differential equations

In the theory of partial differential equations one often studies equations with constraints on the
values of the unknown function. Here primary examples are geometric heat and wave equations

where it is required that the solution is a manifold-valued function. Such models have been

15



CHAPTER 1. INTRODUCTION

extensively studied, one could mention Eells-Sampson [41], Struwe and Shatah [83-85] for the
deterministic problems; Funaki [44], Carroll [32] and Brzezniak et al [11, 27] for the stochastic
problems. If the target manifold is a sphere, one can study a generalisation of the heat flow map,
called the Landau-Lifshitz-Gilbert Equations [2, 4, 19, 22]. Recently, different kind of constraints,
the nonlocal ones, were investigated by Rybka [81], Caffarelli-Lin [30] and Cagliotti et al. [31].
For instance, one imposes the constraint that the L? norm of the solution remains constant.

It is well understood that how to construct a stochastic or deterministic equation on hypersur-
faces of an Euclidean space (or even general Hilbert space) from a given equation on an ambient
space, provided the latter is given in terms of smooth functions. To be precise let us describe this
procedure.

Suppose that (H,(-,)) is a Hilbert space and .# = ¢ 1({1}) c H is a hypersurface for some
non-degenerate smooth function ¢: H — [0,00). Each element w € .4 has a tangent space T,.#
which can be identified with the closed subspace of H (of co-dimension 1) given by kerd,¢ ={x €
H: (dyp)(x) =0}, where d,¢ € Z(H,R) is the Fréchet derivative of ¢ at w. By the Riesz Lemma
there exists a unique element in H, denoted by (D¢)(w), such that (d,¢)(x) = (D) w),x), x € H.
Since (D@)(w) # 0, the orthogonal projection n,: H— T, .# is given (with |- | being the norm on
H) by the formula

(1.1.1) M) =x—{x,Aw)i(w), x€H,
where Do)

L. Dolw

U= D@’

Given a vector field f: H — H we can consider the “tangent projection” f of the restriction of
f to . (which is a “tangent" vector field on .#) defined by

(1.1.2) Fw):=n,(f)eTytl, we.M.
The associated ODE
(1.1.3) dzit) =f(x(?), t=0,

takes the following well-known form on .4«

(1.1.4) dzit) = fx(t)), t=0.

Note that / has a smooth extension to an open neighbourhood of .# and the ODE (1.1.4) is locally
well-posed on that neighbourhood. One can then show that given xy € .4, the local solution stays
on ./, by either using local diffeomorphism of some neighbourhood of x¢ in .# (i.e. de facto the
Hilbert manifold structure of .4) or by showing that ¢(x(¢)) = 0 for ¢ in the domain of the solution.

If one knows that .# is a compact set (that requires H to be finite dimensional) then we can easily

16



1.1. STOCHASTIC AND DETERMINISTIC CONSTRAINED PARTIAL DIFFERENTIAL EQUATIONS

deduce that each solution starting at x¢ € .4 is a global one, i.e. defined on [0,00). However, if .4
is not compact the solutions may not be global-in-time.

Similar argument can be made for stochastic differential equations, with one small but
important difference. Suppose fo,f1, -+, fn is a finite collection of vector fields on H and W =
(W(¢)), ¢t =0 is an RN -valued Wiener process, we write W(¢) = (W;(¢)) defined on some filtered
probability space (Q, % ,F,P), F = (%;):>0, satisfying the so-called usual conditions [63].

In the whole ambient space we can study stochastic differential equations either in the

It6 or Stratonovich form, the latter requiring more regularity assumptions on the vector fields

fl"",fN:

N
(1.1.5) dx = fo(x)dt+ Y fi(x)dW;,
i=1
or
N
dx = f()(x)dt+ Z fi(x)OdWi
i=1
1 N N
(1.1.6) = fo(x)dt + 3 Y flefi@ | de+ ) filx)dW;,
i=1 i=1

where f l’ (x) = dyfi, x € H. On the other hand, it turns out that the correct form of these equations
on ./ is the Stratonovich one. This fact is related to the Wong-Zakai type theorems, see [10] or
the rough paths theory proposed recently by Terry Lyons [59]. With the same notation as before

one can consider an equation

N
dx = fo)dt+ Y fi(x)odW;
J=1
. N 1y
(1.1.7) = fox)dt + Zlfj(x)de *3 Zlfj'-(x)fj(x)dt.
J= J=

The issues of local and global solutions to the above problem can be solved through a similar
approach as the one used to answer the analogous questions in the deterministic case, see for
instance [15] and references therein.

However, when the vector fields are not smooth or not everywhere defined or both, the
situation changes. For instance, let us consider an unbounded, self-adjoint and non-negative
operator A on a Hilbert space H. The domain of A, denoted by D(A), is a Hilbert space endowed
with the “graph norm" :

lx[3a) = 21>+ Ax[?,  xeD(A).

Such an operator A induces a (only densely defined) vector field fo(x) = —Ax. Theory of corre-
sponding deterministic and stochastic problems related to equations (1.1.5) and (1.1.6) is now
well developed and understood, see e.g. a monograph [38] by Da Prato and Zabczyk. However,
this is not the case for equations (1.1.7) with a vector field fo defined by

(1.1.8) folx) = folx) — (fo(x), A(x)ii(x), x€.4NDA),

17



CHAPTER 1. INTRODUCTION

in the view of (1.1.1) and (1.1.2). In [48], Hussain studied reaction diffusion equations under a
non-local constraint, in both deterministic and stochastic cases. He established the existence of
“unique" global “solution" for these equations.

The aim of this thesis is to present a detailed study of such questions in the case of Navier-
Stokes equations. We address the questions of existence and uniqueness for two dimensional
Navier-Stokes equations with a constraint on the L? norm of the solution. Another related
problem that we have addressed in this thesis is that of three dimensional tamed Navier-Stokes
equations, which can be used to study the properties of the solution (if exist) of three dimensional
Navier-Stokes equations. We provide a new approach to prove the existence of a pathwise unique

strong solution for the tamed Navier-Stokes equations under the impact of stochastic forcing.

1.2 Thesis layout

Chapter 2 includes all the necessary preliminaries required by the reader to understand the
thesis. The majority of this thesis focuses on constrained Navier-Stokes equations. Thus, in
Chapter 3 after introducing certain functional spaces and operators we deduce constrained
Navier-Stokes equations (CNSE) from Navier-Stokes equations under the constraint of constant
energy.

The questions of existence and uniqueness of a global-in-time solution of the deterministic
CNSE are considered in Chapter 4. We start by giving the motivation behind studying such a
system and stating the main results of the chapter. We prove the global existence of the solutions
using the Banach Fixed Point Theorem and a non-explosion principle, i.e. proving the enstrophy
(gradient norm) of the solution remains bounded. The periodic boundary conditions play a crucial
role in obtaining the boundedness of enstrophy. We show that if the solution starts from the
manifold .#, then it stays on .#. Furthermore we prove the existence of local solutions to CNSE
with Dirichlet boundary conditions (as well as invariance of .#). In the vanishing viscosity limit,
we show that the CNSE converges to the Bardos solution (see [5]) of the Euler equation. We
extend our analysis to fractional Sobolev spaces, where using the Banach Fixed Point Theorem,
Kuratowski-Zorn Lemma and maximal solutions we prove the global existence of solutions to
CNSE. We end the chapter with an informal discussion about the lower bound on the regularity
of the initial data corresponding to the well-posedness of CNSE.

The stochastic generalisation of CNSE is studied in Chapter 5. We consider the noise of
gradient type in the Stratonovich form. The structure of the noise is such that it is "tangent"
to the manifold .#. Here we take more classical approach of Faedo-Galerkin approximation to
prove the existence of local solutions. We start by showing that each approximating equation has
a global solution, which satisfy suitable a’priori estimates. Then, using Aldous condition along
a’priori estimates, we prove that the laws of the solutions of these approximating equations are

tight on a suitably chosen topological space Zr. By applications of the Jakubowski-Skorohod
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1.2. THESIS LAYOUT

and martingale representation theorems we deduce the existence of martingale solutions. We
also prove the so-called maximum regularity of solutions and their pathwise uniqueness, which
helps us to establish the existence of a strong solution to stochastic constrained Navier-Stokes
equations (SCNSE) by invoking Yamada-Watanabe type theorem. We end the chapter by showing
that the solution of SCNSE depends continuously on the initial data.

Moving away from constrained equations, in Chapter 6 we shift our focus to tamed Navier-
Stokes equations, which were introduced by Rockner and Zhang [75]. In this chapter we study
stochastic tamed Navier-Stokes equations on R? and reprove the results from [76] using a different
approach and in doing so we generalise the L* estimate of the solution from T2 to the whole
Euclidean space. We use three new ideas to prove the existence and uniqueness of global solutions
and the existence of invariant measures on the whole Euclidean space. Firstly, in contrast to
classical Faedo-Galerkin approximation where one uses finite dimensional spaces, we study the
truncated equations on infinite dimensional spaces. We prove the existence of global solutions
to these truncated equations satisfying suitable a’priori estimates. Secondly, we use a tightness
criterion related to Dubinsky’s compactness criterion introduced recently by Brzezniak and Motyl
[23]. Finally, we end the chapter by proving the existence of invariant measures using the method
based on continuity and compactness in the weak topologies [62].

Chapter 7, the final chapter of the thesis summarises some of the open problems arising from

this thesis and also enlists other related problems that will be part of my future research.
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CHAPTER

PRELIMINARIES

his chapter has been included in the thesis so as to make it self-contained. We hope
to provide all the necessary mathematical concepts that the reader might require to
understand this thesis. The content of this chapter has been taken from various textbooks

which have been aptly listed in the bibliography.

2.1 Hilbert space and orthogonal projection
Let H be a Hilbert space with the norm |- |z induced by the inner product (-,-)z.

Definition 2.1.1. Let x,y € H, then we say x is orthogonal to y if (x,y); = 0. In general, if V is a

subspace of H, then so is the set
Viz{xEH: (,g=0Vy eV}.

Lemma 2.1.2. [50, Theorem 21.4] Let V be a closed subspace of H. Then every x € H has a unique
decomposition

x=y+z with yeV,zeV*,

Theorem 2.1.3 (Projection Theorem). Let V be a closed subspace of H. Then for every x € H, there

exists a unique element X € V (same as y from the previous lemma) such that
lx —X|lg=inf|lv—x|g.
veV
Moreover
i) x=xiffxeV.

21



CHAPTER 2. PRELIMINARIES

ii) x—%eV+tand
lcl7 = |&1 + o — &1
Corollary 2.1.4. [50, Corollary 21.5] For every closed subspace V of H there exists a unique

linear map

n:Hoax—xeV,

with

) ||
7l := sup =
xeH,x#0 1X|H

b
n2=n and kerr=V=+.

Remark 2.1.5. The existence of the element & in Corollary 2.1.4 is guaranteed by Theorem 2.1.3.
The map 7 described in Corollary 2.1.4 is called the orthogonal projection of H onto V.

Definition 2.1.6. The sequence (x,),cn © H is said to converge (strongly) to x € H, symbolically
x, — x, if
Ve>03INeN:Vn=N |x, —x|g<e.

Definition 2.1.7. A sequence (x,),cy € H is called weakly convergent to x € H, symbolically
xn, — x, if

X,V — X, ¥, forallyeH.
One can easily see that a sequence converging in usual sense also converges weakly, since,
[, ) — X, | < |y —xlg |35 -

Theorem 2.1.8. [50, Theorem 21.8] Every bounded sequence (xp),en € H has a weakly convergent

subsequence.
Lemma 2.1.9. /50, Lemma 21.11] Every weakly convergent sequence (x,),en < H, is bounded.

Remark 2.1.10. H is not metrizable w.r.t weak convergence. But a closed unit ball in a separable

Hilbert space H w.r.t weak convergence is metrizable.
Definition 2.1.11. H is called a separable Hilbert space if it contains a countable dense subset.

Definition 2.1.12. An orthonormal basis of a Hilbert space H is a sequence {e} jen © H, such

that linear span of {e;} is dense in H and

(ej;ek>H:5jk’ j7k€N7

lejlg=1, VjeN
where 6, is the Kronecker delta.

Theorem 2.1.13. Every separable Hilbert space H admits an orthonormal basis.
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2.2. LINEAR OPERATORS

2.2 Linear operators

Let X and Y be normed spaces with |- |x and |- |y norms respectively.

Definition 2.2.1. A linear operator from X to Y is amap L: X — Y such that for a,eR
L(ax+pBy)=aLx+BLy, x,yeX.

Definition 2.2.2. If L: X — Y is a linear operator, the kernel of L is defined as the pre-image of
the null vector in Y i.e.
kerL :={xe X :Lx=0}.

The range of L is the set of all images i.e.
LX):={Lx:xeX}.
Definition 2.2.3. A linear operator L: X — Y is called bounded if there exists a C > 0 such that
|ILxly <Clx|lx, x€X.

Theorem 2.2.4. [50, Theorem 7.18] A linear operator L: X — Y is bounded if and only if it is

continuous i.e. if x,, — x, then Lx, — Lx.

The set of all bounded linear operators from X into Y is denoted by £(X,Y). If X =Y then
we will write £ (X).

Theorem 2.2.5. [50, Theorem 7.21] Let Y be a Banach space and X a normed space. Then,
ZL(X,Y), with the norm

(2.2.1) ILl¢x,y):= sup |Lxly, Le<Z(X,)Y),

xeX,lx|x=1

is a Banach space.

Lemma 2.2.6. Let Z be a real normed space with the norm |-|z. Assume that L1: X — Y and
Lo:Y — Z are bounded linear operators. Then the composition LooL 1 is a bounded linear operator
from X into Z and

(2.2.2) |LooL1|ex,z) < |Lalewy,z)|L1lex,y)-
Definition 2.2.7. A sequence of operators (L,),cy € Z(X,Y) is said to:

a) converge in operator norm to L € £(X,Y), if

ILn—Lllgx,y)— 0asn—oo.

b) strongly converge to L € £(X,Y), iff L,,x converges to Lx strongly in Y for each x in X.
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CHAPTER 2. PRELIMINARIES

Definition 2.2.8. A linear operator L: X — R is called a linear functional. The space of all
bounded linear functionals f: X — R is called the dual space of X and is denoted by X* or X', i.e.
X" =2X,R).

Remark 2.2.9. By Theorem 2.2.5, X* is a Banach space with the norm

(2.2.3) ILlgxp = sup |Lx|, LeX".

xeX: |x|x=1
Theorem 2.2.10 (Riesz Representation Theorem). /50, Theorem 21.6] Let L be a bounded linear
functional on the Hilbert space H. Then there exists a uniquely determined y € H with

Lx={(x,y)g, VxeH.

Moreover
ILl2@w,R) = |Y\H .

Definition 2.2.11. If there exits an injective continuous linear map L from X into Y, then X is
said to be embeddable in Y. Such a map L is called the embedding.

Definition 2.2.12. Assume that X €Y. Then X is called continuously embedded in Y if the
inclusion map (identity function) i: X — Y is continuous, i.e. there exists a constant ¢ > 0 such
that

lulx <cluly wvelX.

In this case we denote this embedding symbolically by X — Y and the map i is called the

embedding operator.

Definition 2.2.13. Let X* be dual and X** be double dual of X respectively. Then we have a
canonical map x — X defined by:

Xf)=fx) feX",

gives an isometric linear isomorphism (embedding) from X into X**. The space X is called

reflexive if this map is also surjective.

2.2.1 Closed operators

Definition 2.2.14. L: D(L) —Y is a linear operator, D(L) c X, then L is called a closed linear
operator if its graph
G(L)={(x,y): x€ D(L),y = Lx}

is closed in the normed space X xY.

Theorem 2.2.15. [50] Let L be a linear operator in the Banach space (X,|-|x). Define norm on
D(L) by
lxlpz) = lx|x +|Lxlx , x€D(L).

Then (D(L),|-lpr)) is a Banach space iff L is closed.
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2.2. LINEAR OPERATORS

2.2.2 Adjoint operators

Let H be a Hilbert space with the norm |- |zg. Let L: D(L) — H be a densely defined operator, with
D(L)c H. Let us denote by D(L*) the set,

DWL*)={yeH: D(L)3x — (Lx,y)y € Ris H-continuous} .

Note that if L is bounded then D(L*) = H.
Hence by Riesz Representation Theorem 2.2.10, for every y € D(L*) there exists a unique

(uniqueness is guaranteed by the denseness of L) z € H such that
(Lx,y)g ={x,2)g, VYxeD(L).
For ye D(L*), put L*y = z.

Definition 2.2.16. For a densely defined linear operator L: D(L) — H, with D(L) c H, its adjoint
is an operator L*: D(L*) — H that satisfies the identity

(Lx,y)g =(x,L"y)y, x€D(L), yeDL").

Definition 2.2.17. A densely defined operator L: D(L) — H, with D(L) c H, is called self-adjoint
iff D(L) = D(L*) and
(Lx,y)u = x,Ly)r, x,y€D(L).

2.2.3 Compact operators

Definition 2.2.18. Let X and Y be normed spaces. A linear operator L: X — Y is called compact
if for each bounded sequence (x,),cny < X, the sequence (Lx,),en has a convergent subsequence
inY.

Definition 2.2.19. The embedding X — Y is compact iff the identity map i : X — Y is compact.
Lemma 2.2.20. [96, Theorem 8.3] Let X and Y be Banach spaces, then £C(X,Y), set of all

compact operators from X into Y is a closed (and hence complete) subspace of £ (X,Y) with

operator norm.

Definition 2.2.21. Let X and Y be Hilbert spaces. A linear operator L: X — Y is called Hilbert-

Schmidt if for every complete orthonormal basis (e;),eny € X

o0
(2.2.4) ILlgs =Y |Le; |3 <oo.
=1
The space of all Hilbert-Schmidt operators L: X — Y will be denoted by J2(X,Y) and the
operator norm will be denoted by | - ll2 or || - || 7;(x,y) which is equal to | - [lzs norm defined in
(2.2.4).

Theorem 2.2.22. [96, Theorem 8.7] Hilbert-Schmidt operators are compact.
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2.3 Semigroups

For this section we will assume that X is a Banach space with the norm |- |x. The content of this

section is based on [73].

Definition 2.3.1. A function S :[0,00) 3 t — S(¢) € £(X), which is usually denoted by S =

{S()}+>0, is called a semigroup of linear bounded operators on X if
i) S(0)=1, where I is the identity operator on X,

ii) for all ¢£,s =0,
S(t+s)=8S®)S(s),

where S(#)S(s) denotes the composition of the operators S(¢) and S(s).
Definition 2.3.2. Let S be a semigroup on X. If
(2.3.1) Hm|S(#) -1z =0,
then S is called a uniformly continuous semigroup.

Definition 2.3.3. A semigroup S on X is called a Cy-semigroup (or strongly continuous semi-

group) iff for each x € X,
(2.3.2) Pn(t)lIS(t)x—xIX =0.

Theorem 2.3.4. If' S be a Cy-semigroup on X, then there exist constants M =1 and =0 such
that

(2.3.3) IS(H)| ) < MePt, t=0.

Corollary 2.3.5. If S is a Cy-semigroup on X, then for each x € X, the function
S(C)x):[0,00)3t— SE)x)e X

is continuous on [0,00).

Definition 2.3.6. Let S be a semigroup on X. A linear operator L defined by

(2.3.4) D(L) = {x e X :lim S@e=x exists}
and
(2.3.5) La=lim 20872 _ 480, by

t—0 t dt

is called the infinitesimal generator of the semigroup S.
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Theorem 2.3.7. A linear operator L is the infinitesimal generator of a uniformly continuous

semigroup iff L is a bounded linear operator.

Theorem 2.3.8. Let S be a Cy-semigroup on X with the infinitesimal generator L. Then for all
t=0,

i) foreach x€X,

1 pt+h
(2.3.6) lim— | S()xds =S,
ii) for each x€ X, [3 S(s)xds € D(L) and
2.3.7) L ( fo tS(s)xds) = S(hx-x,
iii) for each x € D(L), S(t)x € D(L) and
(2.3.8) %S(t)x = LS(t)x = S()Lx,
iv) for each x € D(L),
2.3.9) S(t)x — S(s)x = f "S(Lxdr = f ‘LS(@xdr.

Corollary 2.3.9. If L is the infinitesimal generator of a Cy semigroup S on X, then D(L) is dense

in X and L is a closed linear operator.

Definition 2.3.10. A Cy-semigroup S on X is called uniformly bounded if there exists a constant
M =1 such that for each ¢ =0,

(2.3.10) ISl exy<=M.
Definition 2.3.11. A Cy-semigroup S on X is called a contraction semigroup if for each ¢ =0,

(2.3.11) ISz <1.

2.4 Deterministic compactness criterion
Let (X,p) be a metric space. Consider the set,
¢ (X):={f : X — R is continuous},

then ¢ (X) is a Banach space endowed with the norm

||f||<g(X) :=suplf (%) .

xeX

We say that a sequence (f},) converges to f in € (X) if

sup|fp (x)— f(x)] — 0,

xeX

i.e. (f) converges uniformly to f in X.
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Definition 2.4.1. Let (X,p) be a metric space. A family of functions A c € (X) is called equicon-

tinuous if for every € > 0 there exists a § > 0 such that for all f € A,
If(w) - f(v)| <e, for all u,ve X satisfying p(u,v)<9.
The family A is called uniformly bounded if there exists a constant C > 0 such that
[fwu)l<C, forall fe Aand forall ue X.

Definition 2.4.2. If (X , p) be a metric space, a subset K c X is called precompact (or relatively

compact) if closure K of K is compact in X.

Theorem 2.4.3 (Arzela-Ascoli Theorem). /50, Theorem 5.20] Let (X, p) be a compact metric space.

For a family of functions A c € (X) following conditions are equivalent:
i) A is relatively compact,
i) A is equicontinuous and uniformly bounded.
Following is an immediate consequence of the Arzela-Ascoli theorem.

Corollary 2.4.4. [50, Corollary 5.21] Let (X ,p) be a compact metric space. If a sequence of
functions (f,,) € 6 (X) is equicontinuous and uniformly bounded then it contains a uniformly

convergent subsequence.

Now we state the classical compactness criteria due to Dubinsky [94, Theorem IV.4.1] (see
also [56]).

Theorem 2.4.5 (Dubinsky Theorem). Let Ey,E and E1 be reflexive Banach spaces such that
Eyg— E — E; and the embedding Eg — E is compact. Let q € (1,00) and let K be a bounded subset
in LY(0,T;E) consisting of functions equicontinuous in €([0,T1;E1). Then K is relatively compact
in L10,T;E)n<6(0, T E1).

2.5 Random variables

Throughout this section, we assume that X is a separable Banach space with norm |- |x and Q is

a non-empty set. The contents of this section are based on [38, 79].
Definition 2.5.1. A family & of subsets of Q) is called a o-field on Q if
1) Qe F,
ii) if A e &, then Q\A e &,
iii) if A1,Aq,... is a sequence of sets in &, then the countable union U,y A, also belongs to &.
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The pair (Q2, %) is called a measurable space.

Definition 2.5.2. Let (Q21,%) and (Q22,%) be two measurable spaces. A map ¢ : Q1 — Q9 is said

to be measurable if for every A € 4,
FlA) ={weQ:EweAle .
Such a measurable map is called a random variable on Q1.

Definition 2.5.3. Let ./ be a family of subsets of Q. The smallest o-field on Q2 containing ./ is
called the o-field generated by # and it is denoted by o(#°).

Definition 2.5.4. The smallest o-field containing all closed (or open) subsets of X is called the
Borel g-field of X and it is denoted by 2(X).

Lemma 2.5.5. /38, Proposition 1.3] Let X* be the dual space of X. Then %B(X) is the smallest
o-field of X containing all sets of the form

xeX:p(x)<a}, peX*, acR.

Definition 2.5.6. Let (£2,%) be a measurable space. A mapping ¢ : Q — X is said to be Borel
measurable if for each A € B(X), ¢ 1(A) € Z. Such a Borel measurable map is called an X-valued

random variable on Q.

Definition 2.5.7. Let (£2,%) be a measurable space and ¢ be an X-valued random variable on Q.
The smallest o-field o(¢) containing all sets ¢ 1(A), A € B(X), is called the o-field generated by ¢.

Lemma 2.5.8. /38, Lemma 1.5] Let (2, %) be a measurable space. Assume that { and { are

X-valued random variables on Q. Then
i) for a,feR, aé+ B is an X-valued random variable on €,
it) the mapping Q3 w— |&(w)|x is a real-valued random variable on Q.

Definition 2.5.9. Let (2, %) be a measurable space. A map p: ¥ — R is called a non-negative

measure if
i) forall Ae &, u(A)>0,
ii) w(@)=0,

iii) for all countable collection {A;}°; of pairwise disjoint sets in &,

u(uAi) - 5 o,
i=1 =1
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The third condition in the definition is called the o-additivity and the triple (QQ, %, p) is called a
measure space. A non-negative measure P satisfying P(Q2) = 1 is called a probability measure and

the triple (Q2,%,P) is called a probability space.

Theorem 2.5.10 (Lebesgue’s Monotone Convergence Theorem). [79, Theorem 1.26] Let (f1),en

be a sequence of real valued measurable functions on Q, satisfying
a) 0sfi<fo<..<00
b) fn— f point-wise as n — oco.

Then f is measurable and

ffndﬂ—’ffdﬂ as n — oo.
Q Q

Theorem 2.5.11 (Fatou’s Lemma). [79, Lemma 1.28] If f,, : Q — [0,00] is measurable for all n € N,
then

f (hm inffn) du< lim inff fudy,
Q n—oo n—oo Q

lim supf fndusf (lim supfn) du.
Theorem 2.5.12. [79, Theorem 1.33] If f € L' (u) i.e. [ fdu < oo, then

Ugfdu SfQIfldu-

Theorem 2.5.13 (Lebesgue’s Dominated Convergence Theorem). [79, Theorem 1.34] Suppose

(frn)nen De the sequence of real valued measurable functions on Q) such that f, — f point-wise as
n — oo. If there exists a function g € L1 (1) such that |fn(w)| < g(w) for every w € Q) then f € L1 (1)

and
hmf fo—fldu=0,
n—oo Q

lim f fndu:f fdu.
n—oo Q Q
Theorem 2.5.14 (Vitali Convergence Theorem or Vitali Theorem). [79, Exercise 6.10 (b)] Let

(Q, %, ) be a measure space. If p(Q) < oo and {fr},en IS @ sequence of functions on Q) such that
1) {fx}is uniformly integrable,
i) fn — [ pointwise a.e. on (),
1) |f(x) <ooa.e

Then f € L(u) and
tim [ 1f,~ fldu=o0.
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Definition 2.5.15. Let (Q, %, P) be a probability space. A set F defined by
F={AcQ:3B,Ce F;BcAcC,P(B)=P(C)

is a o-field and is called the completion of &. If & = Z, then the probability space (Q2,%,P) is

said to be complete.

Definition 2.5.16. Let (2,%,P) be a probability space and ¢ be an X-valued random variable on
Q. Then a mapping L(¢) : 8(X) — [0,1] defined by

LEA) =P (¢ HA) =P({weQ:&w) e A}), AecB(X)
is called the law (or the distribution) of &.
Theorem 2.5.17 (Kuratowski Theorem). [70, Theorem 3.9] Assume that X1,X9 are the Polish
spaces with their Borel o—fields denoted respectively by B(X1),B(X2). If ¢: X1 — X9 is an injective
Borel measurable map then for any E1 € B(X1), E2:= @p(E1) € B(X52).

2.6 Miscellaneous preliminaries

Lemma 2.6.1 (Gagliardo - Nirenberg inequality). [91] Assume that r,q € [1,00), and j,m € Z

satisfy 0 < j<m. Then for all a € [#, 1] there exists a constant C > 0 such that

(2.6.1) |DJ' u

SC|Dmu

a 1-a o0 (I
Lr@™) L@ | UlLagny, wE€Cy (®"),

where 1—17 =Lita (2- o +(1- (x)%. If m—j— % is a non-negative integer, then the equality holds
J

onlyforae[ . 1).

m

The next two results play a pivotal role in this thesis.

Theorem 2.6.2 (Banach Fixed Point Theorem). [50, Theorem 4.7] Let (X,d) be a complete metric
space, K c X be a closed subset, f : K — K be a function that satisfies the inequality, for some
O<sa<l,

d(fw),fM)<ad(u,v), forallu,veX,

Then f has uniquely determined fixed point in K i.e. there exists a unique a € K such that f(a) = a.
Lemma 2.6.3. /88, Lemma II1.1.2] Let T > 0, V,H be two Hilbert spaces, V* and H* be cor-
responding dual spaces. Assume that V — H = H* — V*, where embeddings are dense too. If
a function u belongs to L?(0,T;V) and its weak derivative u' belongs to L%(0,T;V"), then u is

a.e. equal to a continuous function v :[0,T] — H such that the function [0,T]3 t — IV(zf)I%I eRis

absolutely continuous and
d
Elv(t)lz =2(v',v)y, foralmostall t€[0,T].
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The following lemma is used repeatedly in this thesis. We will later state a generalisation of

it for random variables.

Lemma 2.6.4 (Bellman—Gronwall Inequality or Gronwall Lemma). /86, Section 1.3.6] Suppose
pe Ll[a,b] satisfies

t
<,b(t)Sf(t)+,6f P(s)ds, a.e.,

where f € L'[a,b] and B is a positive constant, then

¢
o) = f)+ ,6/ F()eP9ds, fora.e. tela,bl.
In particular if f(t) = a (constant) then
Pt) < aeﬁ(t_“), for a.e. tela,b].

Lemma 2.6.5. [58, Chapter 2] Let f € LP°NLP. Then for 0 € (0,1) there exists a constant ¢ >0
such that

fleeo < clf1501F10,, . fELPO ALPY,

where
1 1-6 6

po po  P1
Lemma 2.6.6 (Poincaré Inequality). /50, Corollary 20.16] Let Q c R® be open and bounded. Then

there exists a constant C, depending only on Q
1,2
|u|L2(Q) = CIVuILZ(Q) ueE WO Q).

Theorem 2.6.7 (Plancherel Theorem). [79, Theorem 9.13] Let f € L? and we denote its Fourier
transform by f . Then

i) forevery f €L |f|2=\flL2,

ii) the mapping f — f is a Hilbert space isomorphism of L? onto L2.

2.6.1 Kuratowski-Zorn Lemma

This subsection is based on [60, Chapter 1].
Definition 2.6.8. A relation < on = is called partial order if < is:
i) reflexiveie. x<x forall x€ =,
ii) antisymmetrici.e. for all x,ye Eifx <y and y <x, then x = y,
iii) transitive i.e. for all x,y,z€ Zif x <y and y < z, implies x < z.
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In this case (=, <) is called partially ordered set (or poset).

Definition 2.6.9. A chain in a poset (£, <) is a subset B € = such that any two elements in B are

comparable.

Definition 2.6.10. Let (=, =) be a poset and B < = then an element u € = is called upper bound
of B, if x < u for all x € B.

Definition 2.6.11. Let (Z,<) be a poset. An element m € = is called maximal element of E, if

there is no element x € = such that m <x and m # x.
Now we state the main result of this subsection.

Lemma 2.6.12 (Kuratowski-Zorn Lemma). If every chain in a poset (£,<) has an upper bound in

=, then Z contains a maximal element.

2.7 Stochastic processes and martingale

We fix a probability space (£2,%,P) for this section and assume that H is a separable Hilbert

space with the norm |- |z. The content of this section is based on [28, 38].

Definition 2.7.1. An H-valued continuous-time stochastic process {¢:};e7 is a family of H-valued
random variables indexed by time ¢. Moreover, either T :=[0,7] or T :=[0,00).
For each w € O, the map
(w): Tat—-¢&(w)eH

is called a path (or trajectory) of the process ¢.

We will use the notation ¢ instead of {{(2)}seT for simplicity. And throughout this section we

will assume that ¢ is an H-valued stochastic process on T unless specified otherwise.

Definition 2.7.2. A process ¢ is called continuous if P-a.s. the trajectories of ¢ are continuous on
T, i.e. there exists Q € & with P(Q) = 1 such that for each w € ), the mapping T3¢ — &(t,w) e H

is continuous.

Definition 2.7.3. An H-valued stochastic process { on T is called a modification (or version) of
the process ¢ if
PHweQ : &t,w)#{(t,w)})=0 foreveryteT.

Definition 2.7.4. A process ¢ is called measurable if the following mapping
&:[0,T1xQ—H
is B([0,T]) ® #-measurable.
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Definition 2.7.5. A process ¢ is called stochastically continuous at ¢¢ € [0, T'] if for every €,6 > 0,
there exists p > 0 such that for each ¢ € [¢g — p, o + p1 N[0, T1,

P({w e Q:[5(t,w)—§(to,w)lg =€) <6.

If the process ¢ is stochastically continuous for each g € [0, T], then it is said to be stochastically

continuous on [0, T].

Lemma 2.7.6. /38, Proposition 3.2] If a process & is stochastically continuous on [0,T1], then it

has a measurable modification on [0,T].

Definition 2.7.7. A family {%;};>¢ of o-fields such that for all t &; c &, is called a filtration if

for any 0 <s <t <oo, ¥, © Z.
From now on, we will assume that F = {;};>¢ is a filtration.
Definition 2.7.8. A process ¢ is said to be adapted to [ if for each ¢ € [0, T'], {(£) is F;-measurable.

Definition 2.7.9. A process ¢ is called progressively measurable if for each ¢ € [0, T'], the following
mapping

& 10,81 x Q3 (s,w)— é(s,w)e H
is %([0,t]) ® F;-measurable.

Definition 2.7.10. A subset P £[0,00) x Q is said to be progressively measurable, if the process
&s(w) := 1p(s,w) is progressively measurable. The o-field generated by all such subsets P of

[0,00) x Q is called progressively measurable o-field.
Remark 2.7.11. If the process ¢ is progressively measurable, then it is adapted to F.
Lemma 2.7.12. Limits of progressively measurable processes are progressively measurable.

Lemma 2.7.13. [38, Proposition 3.5] If a process ¢ is stochastically continuous on [0,T] and

adapted to [, then it has a progressively measurable modification.

Definition 2.7.14. A random variable 7:Q — [0,00] i.e. a random time, is a stopping time (w.r.t
filtration ) if for all € T,
{r<st}i={weQ:1(w)<tle F.

Remark 2.7.15. i) One can easily see that if 7 and o are two stopping times then tAG, TV O

and 7 + o are also stopping times.
ii) Every stopping time 7 is &;-measurable, where
Fr={BeF:Bn{r<tleF, forall t€ T}
is a o-field.
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iii) A r.v { is &;-measurable if and only if for all £ € T, {1;<y is F;-measurable.

Lemma 2.7.16. [74, Proposition 1.1.3] Let ¢ be a progressively measurable process, and T a
stopping time. Then & p<y is Fr-measurable and the stopped process qpr is also progressively

measurable.
Definition 2.7.17. An H-valued process ¢ is called an F-martingale if
i) ¢ is adapted to [,
i1) for each ¢t €[0,T], E(|&(#)|g) < oo,
iii) for each ¢,s €[0,T] with ¢t = s,
ECE@)|Fs)=E(s),1.e. VA e F fAf(t)le :fAé(s)d[P’.

Lemma 2.7.18. [38, Proposition 3.9] Let ./%721 be the space of all H-valued, continuous and square

integrable martingales ¢ on [0,T]. Then ./%% is a Banach space with respect to the following norm

2
|€I,ﬂ;=([E sup Ié(t)li,) , fedy.
te[0,T1]

Theorem 2.7.19 (Burkholder-Davis-Gundy inequality). /74, Theorem 1.1.6] Let 1 < p < oo, then
for all H-valued continuous martingales M with My = 0 and stopping time T, there exist positive
constants c, and C, such that
p
2.7.1) E| )| < E( sup IMtI) < C,E [(M@)P2]
O<t<t

where (M) denotes the quadratic variation of M.
We will require following generalisation of the Gronwall Lemma [40, Lemma 3.9]:

Lemma 2.7.20 (Generalised Gronwall Lemma). Let X,Y,I and ¢ be non-negative processes and
Z be a non-negative integrable random variable. Assume that I is non-decreasing and there exist

non-negative constants C,a, B,y,n with the following properties

T
(2.7.2) f p(s)ds<Ca.s., 2Bef=<1, 2neC=<a,
0
and such that for 0<t<T,
t
(2.7.3) X +aY®)<Z+ f o(MX(r)dr+I(t), a.s.,
0
t
2.7.4) E(I(8) < BECX () + 7 f E(X(s))ds +nEY (£)+C,
0

where C > 0 is a constant. If X € L*([0,T] x Q), then we have

(2.7.5) ELX(8)+ aY (£)] < 2exp C + 2tyeC) (E2)+ C), tel0,T.
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2.8 Wiener process and the martingale representation theorem

We assume that H is a separable Hilbert space with the norm |- |z and (Q2,%,P) is a probability

space. The definitions and results are taken from [28, 38].

Definition 2.8.1. A probability measure u on (H,%(H)) is called Gaussian if for arbitrary A € H

there exist m € R, 0 = 0, such that
pulxeH: (h,x)pe A} = A (m,0)(A), AecBR).

Definition 2.8.2. An H-valued stochastic process X on [0,00) is said to be Gaussian if, for
any n € N and for arbitrary positive numbers, ¢1,t9,---,¢,, the H"-valued random variable
(X(t1),X(t2),---,X(t,)) is Gaussian.

Definition 2.8.3. A real valued Wiener process (or Brownian motion) is a stochastic process W(¢)
with values in R defined for ¢ € [0,00) such that

1) W0)=0a.s.,
ii) the sample paths ¢ — W(¢) are a.s. continuous,
iii) for 0 <s <t <oo, W(t)— W(s) is normally distributed with mean 0 and variance ¢ —s,
iv) forany0=tg<t; <:--<t, <oo, the increments
W(t1)-W(to), - ,W(tn)—W(ty-1)
are independent.

Definition 2.8.4. We call W(¢) = (Wl(t),W2(t),--- ,Wd(t)), a d-dimensional Wiener process if

Wl(t),---,We(t) are independent R-valued Wiener processes.

Let U be a Hilbert space (can be finite dimensional too) with norm |- |y and @ € Z(U) be a
symmetric non-negative operator. We also assume that Tr@ < co. Then there exists a complete

orthonormal basis {e;} in U, and a bounded sequence of non-negative real numbers A; such that
Qep =Apep, k=12,
Without loss of generality, we may assume that @ is injective.
Definition 2.8.5. A U-valued stochastic process W(¢), ¢ = 0 is called a @-Wiener process if
i) W(0)=0 a.s.,
ii) W has a.s. continuous trajectories,
iii) W has independent increments,
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iv) ZW(@)-W(s)=A(0,(t-5)Q), 0=s<t.

If a process W(¢),t € [0,T] satisfies (i) — (iii) and (iv) for ¢,s € [0,T] then we say that W is a
®@-Wiener process on [0, T1].

Lemma 2.8.6. [38, Proposition 4.1] Assume that W is a Q-Wiener process on U, with Tr@ < oco.
Then the following statements hold :

i) W is a Gaussian process on U and

(2.8.1) E(W(¢) =0, CoviW(@)=tQ, t=0.
i) For arbitrary t,

(2.8.2) W)= AiBi(Me; a.e

where 1
,Bj(t):_<W(t)5ej>U’ j:1)2""’
Aj

are real valued Brownian motions mutually independent on (Q2,%,P) and the series (2.8.2)

is convergent in L2(Q, F,P).

Theorem 2.8.7 (Martingale Representation Theorem). /38, Theorem 8.2] Assume that M €
./%%(H ) and

t *
= [ (0692 (p0)@") s, telo7),
0

where ¢ is a predictable T5(Uq, H) process; Uy = Q2U is a Hilbert space endowed with the inner
product
vy, =@ ?u,@ Wy u,vely,

and @ a given bounded symmetric non-negative operator in U. Then there exists a probabil-
ity space (Q,é’% ,I]i’), a filtration {%;} and a Q-Wiener process W, with values in U, defined on
(Q xQ,F x F,Px Ili’) adapted to {F; x Z,}, such that

¢

(2.8.3) M(t,w,d) =f o(s,0,0)dW(s,w,d), tel0,T] (w,d)eQxQ,
0

where

(2.8.4) M(t,0,0)=M(t,w), and @t,w,o)=@tw), (W,a0)ex Q.

Next we state a simplified version of an existence theorem for the stochastic differential

equation
t ¢

(2.8.5) X(t):€+f a(X(s))dW(s)+f b(X(s)ds,
0 0
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where the maps
o: R - Ty(H,RY), b:R—R?,

where H is a real separable, possibly infinite dimensional, Hilbert space, are measurable. Suppose
that % :=(Q,%,P;[F) is a filtered probability space and W = (W (¢));>o be an H-cylindrical Wiener

process on %.

Theorem 2.8.8. [1, Theorem 3.1] Assume that the functions o and b satisfy the following condi-

tions

(i) For any R > 0 there exists a constant C > 0 such that

l0G) — 0 gytszry +16G0) — bWlga < Cle— 124, Ixlga, [ylpe <R.

(it) There exists a constant K1 > 0 such that

IO, (g + 2@ DN ge < K11+ lxl3,), xR

Then, for any R%-valued Fy-measurable random variable &, there exists a unique global solution
X =(X()s=0 to (2.8.5).

2.9 Tightness and Skorohod Theorem

In this section we take E to be a separable Banach space with the norm |- |g and let (F) be its
Borel o-field. The family of probability measures on (E, %(E)) will be denoted by A. The set of all
bounded and continuous E-valued functions is denoted by %6,(E). The content of this section is
based on [23, 24] and [38, Chapter 2].

Definition 2.9.1. The family A of probability measures on (E,%(F)) is said to be tight if for

arbitrary € > 0 there exists a compact set K, c E such that
WK)=1-¢, forallueA.

Definition 2.9.2. A sequence of measures {,un}nEN on (E,%(E)) is said to be weakly convergent

to a measure u if for every ¢ € 65 (E) we have

limf(p(x)un(dx):f @) u(dx).

Definition 2.9.3. The family A is said to be compact (respectively relatively compact), if an arbi-
trary sequence {y1,}, ., of elements from A contains a subsequence {11, }, ., Weakly convergent

to a measure u € A (respectively to a measure p on (E,%B(E))).

Theorem 2.9.4 (Prokhorov Theorem). /38, Theorem 2.3] The family A\ of probability measures on
(E,%(E)) is relatively compact if and only if it is tight.
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The following theorem, due to Skorohod, links the concept of weak convergence of probability

measures with that of almost sure convergence of random variables.

Theorem 2.9.5 (Skorohod Theorem). [38, Theorem 2.4] For an arbitrary sequence of probability
measures {{i,} neny O B(E) weakly convergent to a probability measure p, there exists a probability
space (Q,%,P) and random variables X,X1,---, such that L(X,) = i, LX) =p and

limX,=X, P-a.s.

n—oo

We will need the following Jakubowski’s generalisation of the Skorohod Theorem, in the form
given by Brzezniak and Ondrejat [26, Theorem C.1], see also [49], as we deal with non-metric

spaces.

Theorem 2.9.6. Let & be a topological space such that there exists a sequence {f}men of contin-
uous functions f, : & — R that separates points of X. Let us denote by & the g-algebra generated
by the maps {fn,}. Then

a) every compact subset of X is metrizable,

b) if (Um)men is a tight sequence of probability measures on (Z,.%), then there exists a subse-
quence (mp)ren, @ probability space (2, % ,P) with & -valued Borel measurable variables

¢k, ¢ such that [y, is the law of &, and &y, converges to ¢ almost surely on Q.
Let (S, p) be a separable and complete metric space.

Definition 2.9.7. Let u € €([0,T1];S). The modulus of continuity of u on [0,T] is defined by

m(u,d):= sup o(u(®),u(s)), 6>0.
s,t€[0,T],|t—s|<0

Let (2, %#,P) be a probability space with filtration [ := ()0 ) satisfying the usual condi-

tions, see [63], and let (X,),ecn be a sequence of continuous F-adapted S-valued processes.

Definition 2.9.8. We say that the sequence (X},);en of S-valued random variables satisfies
condition [T]iff Ve >0,¥Yn>0,36 > 0:

(2.9.1) supP {m(X,,6)>n} <e.

neN

Lemma 2.9.9. [24, Lemma 2.4] Assume that (X,)nen satisfies condition [T). Let P,, be the law of
X, on 6(0,T1;S), n €N. Then for every € > 0 there exists a subset A, < €([0,T1;S) such that

supP,(Ag)=1-¢

neN

and

(2.9.2) lim sup m(u,6)=0.

5—'0u€A5
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Now we recall the Aldous condition [A], which is connected with condition [T]. This condition
allows to investigate the modulus of continuity for the sequence of stochastic processes by means

of stopped processes.

Definition 2.9.10. [Aldous condition] A sequence (X,),en satisfies condition [A] iff Ve > 0,
Vn >0, 36 >0 such that for every sequence (7,,),en of F-stopping times with 7,, < T one has

sup sup P{o(X,(1,+0),X,(1,) =1} <e.
neN 0<6<d

Lemma 2.9.11. [64, Theorem 3.2] Conditions [A] and [T] are equivalent.
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CONSTRAINED NAVIER-STOKES EQUATIONS

ncompressible Navier-Stokes equations describe the dynamics of an incompressible viscous

fluid. These equations were proposed by C. Navier in 1822 on the basis of a suitable molecu-

lar model and were later derived by G. Stokes by means of the theory of continua. A solution
to these equations predicts the behaviour of the fluid, in particular, describes the evolution
of velocity of the fluid as a function of space and time, given the initial and boundary states.
Even though Navier-Stokes equations have variety of applications ranging from aerodynamics to
biology, such as modelling the flow of blood in the circulatory system; the basic mathematical
question of the existence of a unique global-in-time solution to these parabolic PDEs on a bounded
domain in R? still remains open. The non-linear convective term poses a lot of problems during
the analysis as well as in physical systems by causing physical phenomenons, such as eddy flows

and turbulence.

The existence of a unique global-in-time solution to the Navier-Stokes equations on R? has
been known for a long time. In her seminal paper [54], Ladyzhenskaya proved an inequality
to control the non-linear convective term on a bounded domain in RZ, which was later used to
prove the global-in-time existence of a unique solution to the Navier-Stokes equations. This trick
already fails in the case of a bounded domain in R3. One can prove the existence of a global-in-time

weak solutions [47, 55], also known as Leray solutions on a general bounded domain in R3.

In this chapter we introduce the constrained Navier-Stokes equations, which are Navier-
Stokes equations with a constraint on the LZ—energy of the solution. We assume that the
L2-energy of the solution remains constant and is assumed to be equal to 1. The motivation to
study such a constrained problem, is that these equations should be a better approximation to
incompressible Euler equations, since for the Euler equations, the energy of (sufficiently smooth)

solutions is constant (see [31]).
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We end the introduction by giving a brief overview of the chapter: in Section 3.1 we define
our functional spaces along with the Stokes operator, for both R?2 and bounded domain with
periodic boundary conditions (i.e. a torus). We introduce the bilinear map corresponding to the
non-linear convective term along with some of its important properties in Section 3.2. We conclude
the chapter by introducing the constraint and corresponding orthogonal projection map which
projects the Hilbert manifold .4 onto its tangent space, that along with all the functional setting

is used to describe the constrained Navier-Stokes equations (CNSE) in Section 3.3.

3.1 Functional setting

Let @ be either a bounded domain in R?, the full Euclidean space R? or the torus T2. For p € [1,00]
and % € N, the Lebesgue and Sobolev spaces of R?-valued functions will be denoted by L?(G,R?)
and WP (0,R2) respectively, and often L? and W*P whenever the context is understood. The
usual scalar product on L? is denoted by (u,v) for u,ve L2. The associated norm is given by
lulrz,u € L2. We also write Wk’z(@’,le) := H*(@) and will denote it’s norm by Il 7+ In particular

the scalar product for H(@) is given by
W, vy =(u, vy +(Vu,Vv), u,vEHl(@’),

and thus the norm is

2 9 112
Nl = (1wl +1VuZ,] Y2

In the following two subsections we will introduce some additional spaces. The structure of

the spaces will depend on the choice of G.

3.1.1 Functional setting for R>

We consider the whole space R?. We introduce the following spaces:

H={u e L*R?,R?): divu = 0},

(3.1.1)
V=H'NnH.

We endow H with the scalar product and norm of L? and denote it by (u,v)g, |u|g respectively for
u,v € H. We equip the space V with the scalar product and norm of H! and will denote it by (-, -)v
and || - ||y respectively.

Let IT: L% — H be the Leray-Helmholtz projection operator [88] which projects vector fields
on to the plane of divergence free vector fields. We denote by A : D(A) — H, the Stokes operator
which is defined by

D(A)=Hn H2R?),
Au=-IT1Au, ueD(A).
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It is well known that A is a self adjoint non-negative operator in H [33]. Note that A and I1

commute with each other. Moreover
D(A+D")=V and (Au,u)=|Vul?,, ueDA).

From now onwards we will denote E := D(A).

3.1.2 Functional setting for a periodic domain

We denote the bounded domain with periodic boundary conditions by T2 which can be identified
to a two dimensional torus. Let €>°(T2,R?) denote the space of all R?—valued functions of class

€ with compact supports contained in T2. We introduce the following spaces:
¥ ={ue€>@,R%:divu = 0},

L2 = {u €L2('|]'2,[R§2):[ u(x)dx = o} ,
(3.1.2) T2
H={uel?:divu =0},

V=H'nH.
We endow H with the scalar product and norm of L2 and denote it by (u, V), |ulg respectively for
u,v e H. We equip the space V with the scalar product (Vu,Vv)r2 and norm |ulv,u,ve V. One

can show that in the case of T2, V-norm | - |y, and H!-norm || - | g1 are equivalent on V.
As before we denote by A :D(A) — H, the Stokes operator which is defined by

D(A) = Hn H%(T?),
Au=-IT1Au, ueD(A).

It is well known that A is a self adjoint positive operator in H [90]. Moreover
DAY=V and (Au,u)=llul?=|Vu?,, ueDA).

In the following section we will introduce a tri-linear form corresponding to the non-linear
convective term from Navier-Stokes equations, which is well defined for any general domain &

and will state some of its properties.

3.2 Convective term

From now onwards we denote our domain by & which can be either R? or T2. We introduce a
continuous tri-linear form b :LP x W4 x L” — R,

2 ovl
bu,vw)= Y [ v V.wfdx,
o

i,j=1
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where p,q,r € [1,00] satisfies

1 1 1
—+—+-=<1.
p q r

By the Sobolev Embedding Theorem [91] and the Hélder inequality [91], we obtain the

following estimates

4
|b(u’v’w)|S|u|L4”V”V|w|L4’ u,LUEL 7V€V7
(3.2.1)
sclulviviviwly,  u,v,weV.

Hence, we can define a bilinear map B :V x V — V' such that
(B(u,v), @) =b(u,v,p), foru,v,peV,

where (-,-) denotes the duality between V and V'.
Using the following well-known Ladyzhenskaya’s inequality on @ c R? [88] (this is a special

case of Gagliardo - Nirenberg inequality):

(3.2.2) lulge <2V ullZIVull?,  ueV,

and the Hoélder inequality, we obtain
1 111
(3.2.3) [b(u,v, )| < \/Elulﬁ||u||\2,||V||$|V|]23(A)|<,0|H, ueV,veD(A),peH.
Thus b can be uniquely extended to the tri-linear form (denoted by the same letter)
b:VxDA)xH—R.
We can now also extend the operator B uniquely to a bounded bilinear operator

(3.2.4) B:VxDA) - H.

The following properties of the tri-linear map b and the bilinear map B are very well estab-
lished in [88] and Appendix A:

b(u,u,u)=0, uev,
(3.2.5) b(u,w,w)=0, uEV,wEHl,
B(u,u),Auygy =0, ueD).

Note that the last identity in (3.2.5) holds only in the two cases that we have considered here, i.e.

on the whole Euclidean space R? and torus T2.
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3.3 NSEs and CNSE

The 2D Navier-Stokes equations (NSE) governing the dynamics of an incompressible viscous

fluid are given as following:

aug;’ 0. vAu(x,t) + (ulx, £) - Viulx, £) + Vp(x, ) =0,
(3.3.1) divu(x,t) =0,

u(x,0) =uo(x),

where x € @ and t € [0,T] for every T >0; u: @ — R? and p: G — R are velocity and pressure of
the fluid respectively. v is the viscosity of the fluid.

With all the notations as defined in the Sections 3.1 and 3.2, the Navier-Stokes equations
(3.3.1) projected on divergence free vector field using the Leray-Helmholtz projection operator is

given by

d_u +vAu+B(u,u)=0,
(3.3.2) dt
u(0)=uop.

Let us denote the set of divergence free R?-valued functions with unit L2 norm, as following
M={ueH:|lulg=1}.
Then the tangent space at u is defined as the following closed subspace of H,
T, M={veH: (v,u)yg=0}, ue.
A linear map n,, : H— T, .4 defined by
(V) =v—(v,u)nu,
is the orthogonal projection from H onto 7', ..
Remark 3.3.1. It follows from (3.2.5) that
Bu,u)eT, 4, ue#nD).

In particular,
7w, (B(u,u))=B(u,u), uednDA).

Let
F(u)=vAu+B(u,u)
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and F'(x) be the projection of F(x) on the tangent space Ty, .4, then for u € D(A),

F(u)=m,(F(w)=F@u) - (Fw),uwnu
=vAu+B(u,u)— (VAu+B(u,u),u)gu
=vAu —v{Au,u)gu+B(u,u)— (B(u,u),u)gu

=vAu —vIVuIi2 u+B(u,u).

The last equality follows heuristically from Remark 3.3.1.
Thus by projecting NSEs (3.3.2) on the tangent space T,.#, we obtain our constrained
Navier-Stokes equations (CNSE) which is given by

du
— +vAu—-v|Vul?, u +B(u,u)=0,
(3.3.3) dt L

u(0)=uyp.

The majority of this thesis is dedicated to the study of the constrained Navier-Stokes equations
(3.3.3) under the impact of external forcing, both deterministic and stochastic. Even though in
Chapter 4 the analysis has been carried out in the absence of any deterministic external forcing
(i.e. assuming external force is identically zero) one can easily generalise the results obtained
there for non-zero deterministic external forcing, under suitable assumptions. We also show that
the solution of CNSE (3.3.3) converge to the unique solution (Bardos solution, see [5]) of the Euler
equations (formally obtained by putting v = 0 in (3.3.1)) in inviscid limit (v \ 0) with appropriate
assumptions on the initial data.

In Chapter 5 we shift our focus to the stochastic generalisation of (3.3.3) where we assume
that the stochastic forcing is tangent to the manifold .4, enabling the solution to stay on the
manifold. The analysis is carried out using classical tools from the theory of partial differential

equations, like Faedo-Galerkin approximations and compactness.
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DETERMINISTIC CONSTRAINED NAVIER-STOKES EQUATIONS ON A
2D TORUS

e study 2D Navier-Stokes equations with a constraint on L? energy of the solution.
We prove the existence and uniqueness of a global solution for the constrained Navier-
Stokes equations on R? and T2, by a fixed point argument. We also show that the
solution of constrained Navier-Stokes equations converges to the solution of Euler equations as

viscosity v vanishes.

4.1 Introduction

The motivation behind this chapter is threefold. Firstly Caglioti et.al. in [31] studied the well-
posedness and asymptotic behaviour of two dimensional Navier-Stokes equations in the vorticity

form with two constraints: constant energy E(w) and moment of inertia I(w)

0
a—(;)+u'Vw:vAw—vdiv

b

|2
wV (bu/ +a?)

which can be rewritten as

p)
(4.1.1) 6—‘:+u-w;:vdiv

bk

2
wV (logw—bw—a%)

where w = Curl(u), a = a(w) and b = b(w) are the Lagrange multipliers associated to those

constraints and
E(w)zf yodx, I(w)zf IxPwdx, w=-Alw.
R2 R2

They were able to show the existence of a unique classical global-in-time solution to (4.1.1) for a

family of initial data [31, Theorem 5]. They also showed that the solution to (4.1.1) converges, as
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time tends to +o0o, to the unique solution of an associated microcanonical variational problem [31,
Theorem 8].

Secondly, Rybka [81] and Caffarelli & Lin [30] study the linear heat equation with constraints.
Rybka studied heat flow on a manifold .# given by

M:{ueLQ(Q)n%(Q):f uk(x)dx=ck,k=1,...,N},
Q

where Q denotes a connected bounded region in R? with smooth boundary. He proved [81,
Theorem 2.5] the existence of the unique global solution for the projected heat equation
412) ?—u‘;:Au—zﬁzlakuk—l in Q cR2,

5 =00n0Q, u(0,x)=ug,
where 1, = 13(u) are such that u; is orthogonal to Span{uk_l}, for a more regular initial data.
He also showed that the solutions to (4.1.2) converge to a steady state as time tends to +oo.
On the other hand Caffarelli and Lin initially establish the existence and uniqueness of a global,
energy-conserving solution to the heat equation [30, Theorem 1.1]. They were then able to extend
these results to more general family of singularly perturbed systems of non-local parabolic
equations [30, Theorem 3.1]. Their main result was to prove the strong convergence of the
solutions of these perturbed systems to some weak-solutions of the limiting constrained non-local
heat flows of maps into a singular space.

Finally, these equations should be a better approximation of the Euler equations (for small
viscosity), since for the Euler equations, the energy of (sufficiently smooth) solutions is constant
(see [31]).

In this chapter we consider a problem which links the aforementioned works. We consider
Navier-Stokes equations as in [31], but subject to the same energy constraint as in [30, 81].
Contrary to [31] we prove global-in-time existence of the solution but only on a torus, namely in
the periodic case. Surprisingly our proof of global existence does not hold for a general bounded
domain, although the local existence holds. We also prove our result of global existence of
the solution for R%2. We additionally show that, in vanishing viscosity limit, the solution of the
constrained equation (4.1.3) below, converges to the Bardos solution (see [5]) of the Euler equation
(formally obtained setting v = 0).

We are interested in the Cauchy problem

du

— = —vAu+v|Vul?,u -B(u,u),
(4.1.3) dt L

u(0)=uoy,

where u € H, and H is a space of divergence free, mean zero vector fields on a torus, see (3.1.2) for
the precise definition.
The above problem has a local maximal solution for each ug € Vn.#, where V is defined in
(3.1.2) and
M={uecH: |lulg=1}.
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Moreover u(t) € 4 for all times ¢. This result is true, both for constrained Navier-Stokes
equations on a bounded domain or with periodic boundary conditions (i.e. on a torus). In a more

geometrical fashion, equation (4.1.3) can be also written as

d

where &(u) = %IVuI%Z, ue.# and V_4,&(u) is the gradient of & with respect to H-norm projected
onto T, 4. The remarkable feature of this is that on a torus V_4&(u) and B(u,u) are orthogonal
in H. This orthogonality holds for the Navier-Stokes without constraint too, i.e. on a torus V&(u)
is orthogonal to B(u,u) in H. The fact that this constraint preserves the orthogonality somehow
makes it a natural constraint.

Hence, at least in a heuristic way

d du
ag(u(t)) = <Vﬂé"(u(t)), E>H

= (V.4 6w®),-V. 48w(®) - B(u,w)u
= —|V.4 8,

so that &(u(2)) is decreasing and thus the H'2 norm of the solution remains bounded.
Next we state the two main results of this chapter on a torus.

Let us denote
Xr=%(0,TL,V) ﬂL2(0,T;E).

Theorem 4.1.1. Let v >0 be fixed. Let ug € V.4 . Then there exists a global and locally unique
solution u of (4.1.3) such that u € X for each T > 0.

The space X7 with more details and the precise definition of the solution of (4.1.3) will be

given in Section 4.2. Theorem 4.1.1 will be proved in steps in Sections 4.2 and 4.3.

Theorem 4.1.2. Let uo,uy € V.4 and u" be the solution of (4.1.3) (existence and uniqueness of
u" follows from Theorem 4.1.1). Assume that uf — ug in V as v \\ 0, and that Curl(ug), Curl(uo)
stays uniformly bounded in L™(T2). Then for each T >0, u" converges in €([0,T1;L%(T?)) to the

unique solution u of the limiting equation (namely (4.1.3) with v=0).

We end the introduction with a brief description of the content of the chapter. In Section 4.2,
a precise definition of the solution to problem (4.1.3) is given, and local existence and uniqueness
are proved, together with some basic properties of the solution. In Section 4.3, global existence
is established. After proving Theorem 4.1.2 in Section 4.4, we study CNSE (4.1.3) in fractional
Sobolev spaces and establish the existence of a unique solution for much more regular initial data
in Section 4.5. We end the chapter by presenting a formal discussion regarding the lower bound

on the regularity of the initial data so as to have the existence of a solution to problem (4.1.3).
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4.2 Local solution : Existence and Uniqueness
In this section we will establish the existence of a local solution to

du

— +Au—|Vul?,u+B(u,u)=0,
4.2.1) dt L
ul®=upeVn.«,

by using the Banach fixed point theorem. We obtain certain estimates for non-linear terms of
(4.2.1) using results from Chapter 3. After obtaining these estimates we construct a globally

Lipschitz map. Some ideas in the Subsection 4.2.1 are based on [29].

In what follows we put E := D(A) and V, H are spaces as defined in Section 3.1.
Lemma 4.2.1. Let G1: V — H be defined by
Gi(u)= IVuI%2 u, ueV.
Then, there exists C > 0 such that for ui,ugs €V,

(4.2.2) IG1(u1) - G1(uo)la < Cllur — usllv[lluillv + Iqullv]z-
Proof. Let us consider u1,ug €V, then

2 2
IG1(u1) - G1(ua)lu = |IVuilyu1 — Vuslyus|y
_ 2 2 2 2
= [IVuilfou1 = [Vurljaug + Vuilfus — \Vualfug|y
2 2 2
= [IVu1l7a(u1 —ug) + (Vuil7, — Vuslsug|y
2
<|Vuiljelur —uslp+ [IVuilze + |Vuslze] [IVuilzz — Vualz: ] lualu
2
<|Vuilf,lur —uglg + [IVuil: + [Vuslr: | V(w1 —ug)lzlusly
2
=C [IVulle lut —wallv + [I[Vuilze + [Vualze | IV(w1 —u2)lzelluzlv]

2
<Cllui - uzlv [IVu1ly, + IVuzlgzlluzly + Vuilzlluzliv] ,

where we have repeatedly used the fact that V is continuously embedded in H. Thus, we obtain
(4.2.2). |

Lemma 4.2.2. Let Go: E — H be defined by
Go(u)=B(u,u), uek.
Then, there exists C > 0 such that for ui,us €E,
]13/2 )

5 12, 1/2 1/2
(4.2.3) IGo(u1) - Go(ug)lg < C | luilly luilg llur —uallv + llugliviiug — ually”luy —usl
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Proof. Let us take u1,ug € E, then

|Go(u1)—Galug)lg = 1B(u1,u1) —Blug,ug)lg
=|B(u1,u1)—B(ug,u1)+B(ug,u1)—B(ug,u2)ly
=|B(u1—ug,u1)+Blug,u1 —u2ly
= (w1 —ug)-Vuil+lug-V(ur —u2lly
<l(u1—-u2) - Vuilg+luz-V(ui—u2)ly
<lui- u2|L4(@)|Vu1|L4(@) + |u2|L4(@)|V(u1 - u2)|L4(@)~

Now using the Ladyzhenkaya’s inequality (3.2.2) and the embedding of V in H, we obtain
|Go(u1) -~ Go(ua)lu < V2 lu1 — usli V(w1 — ug)liy 2\ Vur 2 1V2u1 2
+ V2 uo i I Vusli V(w1 — ua)liZ IV (w1 - ug)ly?

< V2C |l - ualvlua Iy

1/2 1/2
+lluglvliur —uwally™lur —ualg”|-

Thus, we obtain the inequality (4.2.3). |

4.2.1 Construction of a globally Lipschitz map

Let 6 :R+ —[0,1] be a C° non-increasing function such that

min®'(x) > -1, 6(x)=1iff x €[0,1] and O(x) = 0 iff x € [3,00)

xeRy

and for n > 1 set 6,(-) = 6(;;). Observe that if 4 : R, — R, is a non-decreasing function, then for
every x,y € Ry,
0n(x)h(x) < h(3n), |0,(x) —0,(y)] < 3nlx—yl|.

Let us fix T' > 0. We will first construct a solution on [0, T']. For that, set

X1 =%(0,T;;V)nL*0,T;E),
with norm

2 2 T 2

i, = sup [u@]+ f w2 dt.
£€[0,T] 0
Let us define G: E — H as

(4.2.4) G(u):=G1(u) - Ga(w) = |Vul?,u — B(u,u).
Lemma 4.2.3. Suppose G: E — H is a map defined in (4.2.4). Define a map

@, r: X7 — L*0,T;H)
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by

(4.2.5) D, 7(w)(t) =0,(lulx,) G (u(@)), tel0,T1.
Then @, 1 is globally Lipschitz and moreover, for any ui,uz € Xt

(4.2.6) 1Dy (1) = D (w220 ox1) < K, Tlur — sl T4,

where

K(n,T)=3n (272 T4 + 9n + 12T + 2],
depends on n and T only.
Proof. Assume that ui,ug € Xp. Set
Ti=inf{t€[0,T];|ui|Xt23n}, 1=1,2.

Without loss of generality assume that 71 < 79. Consider

1
2

T
fo |<1>n,T(u1>—d>n,T(uz)|%{dt]

|‘Dn,T(u1) - ‘Dn,T(u2)|L2(o,T;H) =

[

fori =1,2 0,(lu;lx,) =0 for ¢t = 79, thus we have

1

9 2
0,(lu1lx,)G(u1)— 0n(|u2|X,)G(u2)‘Hdt] ,

2 13
On(lu1lx,)G(u1)— 6n(|u2|Xt)G(u2)|Hdt]

T2
|<I>n,T(u1)—@n,T(uz)ILz(O’T;H) = [fo

gl
On(lu1lx,)G1(u1) — 0, (lu1lx,)G1(u2) + On(lu1lx,)G1(u2) — 0, (lu2lx,)G1(ug)

ol |

2 2
+0n(lu1lx,)Go(u2) — 0, (lu1lx,)G2(u1) + 0, (Juzlx,)Ga(usg) - 0n(|u1|Xt)G2(u2))Hdt] .

2 13
0n(lu1lx)[G1(u1) — Go(u)] - 0, (luzlx, ) [G1(ug) — Go(ug)] ‘Hdt]

Using the Minkowski inequality we get,

|®p, (1) — (Dn,T(u2)|L2(()’T;H)

f
0
f

0

1
2
<

2 2 3
On(u11x)[G1(u)) - Ga(up)]| dt| + [Hn(|u1|Xt)—9n(|u2|Xt)]G1(u2)'Hdt]2

f
0
f

0

1
2

2 2 %
]| [onturlx) 1Gatwe) - Ga@n | _de| "+ [en<|u2|xt>—en(|u1|x,>]G2<u2>\Hdt] .
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Set

T3 2 %
A1=f0 [en(|u1|Xt)_9n(|u2|Xt)]Gl(u2)|Hdt] ,

[T 2 13

A2=f0 9n(|u1|Xt)[G1(u1)_Gl(UZ)]‘Hdt] ,
[ T2 2 2
A3=[O [en(|u2|Xt)_9n(|u1|Xt)]G2(u2)’Hdt] )

[ T2 2 %

A4=f0 9n(|u1|Xt)[G2(u2)—Gz(u1)]‘Hdt] ,

and hence

4.2.7) Py, r(w1)— (Dn,T(u2)|L2(0,T;H) <Ai1+Ag+A3+Ay.

Since 6, is a Lipschitz function with Lipschitz constant 3n, we obtain
2_ ™ 2 2 [ 2 2
Af =f0 [[6n(u1lx,) - On(uzlx,)] G1(ug)|f dt < 9n /0 |luilx, — luslx, |5 1G1(w2)lf dt.
Again, using the Minkowski inequality, we get
2 2 [ 2 2
A% =00 [ s - s}, 1Gr(ua)lf dt
2
(4.2.8) <9n®lu1 —usgly, f |G1(u2)lfy dt.
0

Now consider [;?|G1(u2)l% dt. Using (4.2.2) we get

3
T2 T2
f G1(un)?, dt < C f lus®ISdt<C | sup lus@IZ| 7.
0 0 tel0,72]
Since
2 2 [ 2
uslZ = sup lus(®I?+ f a2 dt,
2 tel0,15] 0
thus
2 2
sup fu2@®ly =< luzly, ,
te[0,75] 2
and using
luslx,, <3n,
we get

3
sup llus@)l%| T2=Clusl%y 72 =C3n)°rs.
tel0,72] 2

T2
| ieraiar=c
0

Hence, the inequality (4.2.8) takes the form
A% <9n%C luq— ugl‘%(T(Bn)6 T2,
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from where we deduce

1
(4.2.9) A1=Bn)'Clur —uslx, 72

Similarly, since 0,(lu1lx,) =0 for £ = 71 and 71 < 79, we have

1
To 2 T1 2
Ag= [fo |9n(|u1|xt)[G1(u1)—Gl(uz)]\?{dt] = [fo |0, (lu1lx)[G1(w1) - G1(u [ dt |
Since 0, (lu1lx,) <1 for ¢ €[0,71) and using (4.2.2), we have

A< fo 1G1(u1) - G1(uz)i% dt < C fo lu1 () - us®IZ s @lly + syl dt

T1
<C sup llui(®)-us®)? f [lur@®lly + luz@®lv1* dt
tE[O,Tl] 0

T1
2 4
= Clui—uzly, sup [lui@lv+luz2@)lv] dt
te[0,71] 0

4
2
<Clur-usl}, |lualx,, +luslx,, | 11.

Since |u;lx, <3n,i=1,2, we get,
13

4
2 2 4 2
< —_ < —_
A5 =Cluy u2|XT[|u1|X11+|u2|XT1] 71 =(6n)*Cluy u2|XTT1.

Thus

1

(4.2.10) Ag = (6n)°Clus —uslx, 7.

Now we consider \
[0n(luzlx,) = Onllurlx)] Gotus)| dt.

T2
A2:f
37 Jo

Since 6, is a Lipschitz function with Lipschitz constant 3n, we obtain

2 _g 2" 2 2
A359nf0 |lualx, = lu1lx, [ Ga(uz)|g dt.

Since
llualx, —luilx,|qg < |u1_”2|Xt’
we get
T2
A559n2f0 \ul—u2|§(t|Gz(u2)|12{dt
2 2 [P 2
(4.2.11) <9n Iul—uzlef0 |Gausg)|gdt.

Now consider forz |G2(u2)|?{dt. Using (4.2.3) we get

3
2

sup [luz@)II3
tel0,72]

T2
fo sl dt.

T2 2 - T2 ~
fo |Ga(u2)|fdt < C fo luz@®I3 luz@®p dt < C
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We apply the Hélder inequality to obtain

1 1
2 T2 2
I
0

T2 2 - 3 To 9
fo |Go(ug)|5dt < Cluzlx,, [fo lug(®)lg dt
Now since fOTZ |u2|%dt < |u2|§(12 and |uglx,, <3n,
& 2 503 5 _ Aranydos
A |G2(u2)|Hdt < C|u2|XT2|u2|XT2T2 <C@n)*t;.
Hence, the inequality (4.2.11) takes the form
. 1
Ag <9n2Clu; - uzliT(Sn)‘LT; ,
from where we deduce
N 1
(4.2.12) A3 =(3n)°Clut —uslx, 74 .

Since 0,(lu1lx,) =0 for ¢ > 71 and 71 < 72, we have

w0 I

Since 0,(lu1lx,) <1 for ¢ €[0,71] and using (4.2.3), we have

1
2

-
0, (1u1lx,) [Ga(uz) — Ga(u1)] ’Hdt]Z .

2
Hn(|u1|Xt)[G2(u2)—Gz(u1)]‘Hdt

T1 2 %
Avz| [ [Gatun-Gatunf
0 H

1
T1 2 2
A 12, 12 1/2 1/2
=<C f [Ilulllv luilg®llur —uellv + llug —ually”lur —ualg ||u2||V] dt]
0

Now by the Minkowski inequality,

0 2 2 & 2 1/2 :
Ag=C f luilgllur —uelyluillvde| + f luglylur —ualg”llur —uzllvdt
0 0
1 3
5 2 2 |* (™
<C| sup lluy—uzly | sup lluily f luilgdt
tel0,71] tel0,71 0

1
1 2

2 T1
2
sup llu1—uzly f lu1 —uglgdt
0

A 2
+C | sup |luzlly
tel0,71]

tel0,71]

Since
2 2 LR 2
sup llu;lly < luily f luilgde<luily, ,
£€[0,71] 0 1

and by using the Hé6lder inequality, we obtain

Tl,

1 113
- 9 T1 9 2 T1 2
Ay =Cllur—usly, luilx,, A luilgdt A dt
1
. 9 71 9 30 (T 3]2
+C |l - ol luslk, | [ s -usiae|" | [ ar
0 0
. ) ) s 5 ) 113
=C |u1—u2|XT|u1|X11Tf +C |u1—u2|XT|u2|X11Tf]
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Fori=1,2, IuL-IXT1 < 3n, thus
. 1
(4.2.13) A4S6nC|u1—u2|XTT‘1‘ .
Now using (4.2.9), (4.2.11), (4.2.12) and (4.2.13) in (4.2.7), we obtain

1Dy, (1) — ©p, (w2200, 7:1)

-

1 1 1
4 2 2 2 36 i 5 i
<(3n)*Clur —uslx, 75 +(6n)°Clus —uzlx,7; +Bn)°Cluy —uglx, 7, +6nClus —uslx,7;

<3n)*Clu; —u2|XTT% +(6n)%Cluq - u2|XTT% +38n)3Clu; —u2|XTT% +6nCluy —u2|XTT%

=K, T)ui - u2|XTTi,

where
K(n,T)=3n (27n3T1/4 +on2+ 12TV 4 2) ,

is a constant which depends only on n and T. Thus we have proved that ®, 7 is a Lipschitz
function and satisfies (4.2.6). |
4.2.2 Definition of a solution

Let us recall that E — V — H. S = (S(#));>¢ is the Stokes semigroup. The following are well-known
[39, 88, 90]

Al. For every T >0 and f € L?(0,T;H) a function u = S * f, defined by
u(t)=f0TS(t—r)f(r)dr, tel0,T1],

belongs to X7 and
(4.2.14) lulx, < C1lflr20,1:8H)-

A2, For every T >0 and ug €V a function u = Su( defined by

u(t)=S@uyo,
belongs to X7 and
(4.2.15) lulx, < Calluolly.
Definition 4.2.4. ¢ A solution of (4.2.1) on [0,T], T €10,00) is a function u € X7 satisfying
u@®)=SWuo+ fOtS(t -r)Gu(r))dr, v tel0,T1,

where G : E — H is defined by

G(u)ZIVuIizu—B(u,u), uek.

* Let 7 €[0,00]. A function u € €([0,7),V) is a solution to (4.2.1) on [0,7) iff V T'< 7, uljo,1 €
X7 is a solution of (4.2.1) on [0, T'].
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4.2.3 Local existence

Lemma 4.2.5. Let K(n,T) be as introduced in Lemma 4.2.3. Consider a map Y, 1: X1 — X7
defined by
VYor(w)=Sug+S*®, 7(u), ueXr.

Then for every ug €V, there exists a constant C1 > 0 such that

(4.2.16) W rwi) =Y 1r(u2lx, <C1Kn,T)lui - u2|XTTi, u,ug € Xr.
Moreover, ¥ £ €(0,1) 3 To = To(n,€) such that ¥, 7 is an e-contraction for T < T.
Proof. The map ¥, r is evidently well defined. Now for any u1,us € X7

Wi 2 (1) = W (), = |S(Euo +S * Py (1) = SBuo =S By 1(uz)

X7
=[S« @ppwn) - @y (2|,
T

then by treating S * (@, r(u1) — @, 7(us2)) as u and [®, 7(u1) - ®p r(us)] € L2(0,T;H) as f in
inequality (4.2.14) and using Lemma 4.2.3 we get

W, r(w1) — Vo, r(u2lx, < C1l®n r(u1) — Oy (w220 r:1)

< C1K(n, T)luy - uslx, T4,

which shows that WV, 7 is globally Lipschitz and satisfies (4.2.16).
Let us fix n € N and € € (0,1). Since the constant C; is independent of T', we can find a Ty = Ty(n, )
such that

ClK(n,To)Tg =e,

and thus ¥, 7 is an e-contraction for T' < T. [ |

Let £ €(0,1) then from Lemma 4.2.5, ¥,, 7 is an e-contraction for T' = Ty(n,e) and thus by

Banach Fixed Point Theorem there exists a unique u” € X7 ! s.t.
un = \Pn,T(un)-

This implies that
u" () =[¥n,r@wml®), t€[0,Tol.

Let us define

7, =inf{t €[0,To]: [u"|x, = n}.

Remark 4.2.6. If |u"|x, <n for each ¢ €[0,7]] then 7, = TYj.

1In fact u™ should have been denoted by u™T but we have refrained from this.
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Theorem 4.2.7. Let R > 0 be given then 3 T, = T« (R) such that for every ug €V with ||lugllv <R,
there exists a unique local solution u :[0,T.]1—V of (4.2.1).

Proof. Let R >0 and fix € € (0,1). Let us choose? n = L%J +1 where C3 is as defined in (4.2.15).
Now for these fixed n and ¢, 3 Ty(n,¢) such that ¥, 7 is an e-contraction for all T' < T. In
particular, it is true for T' = Ty and hence by Banach Fixed Point Theorem 3! u" € X7, such that

u" =Y, r(u").
Note that we have

[u”lxp, = ¥n,r(W")x,, =1Suo+8 * Qp r(w™)x,,

<ISuolxy, +1S * @pr™)xy, -
Now from (4.2.15) and Lemma 4.2.5, we have
[u"lx,, < Calluolv +elu"lx,, -
Since [|ugllv <R, hence on rearranging we get
(1-o)lu"lx,, =C2R,

and so

2
Iu”IXT0 <—_<n.

1-

Now since ¢ — | -|x, is an increasing function, the following holds
lu"lx, <n, VY tel0,Tol.

In particular, |u"| Xg, ST, ie. |u"| Xz, is finite and thus u" € X7,. This implies
0.(u"x,)=1, tel0,Tol.

Thus for ¢ € [0, T]
t
u™(t)=S®ug +f S(t-r)Gw"(r))dr.
0
So 1" on [0,T.(R)], where T, = Ty(n,¢), solves (4.2.1) and T, depends only on R. Thus, we have

proved the existence of a unique local solution of (4.2.1) for every initial data ug € V, and this

unique solution is denoted by w. |

2| M| denotes the largest integer less than or equal to M.
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4.2.4 The local solution stays on the manifold .#

Lemma 4.2.8. If u is the solution of (4.2.1) on [0,7) then u' € L2(0,T;H), for every T < 1, i.e.
u' EL%OC([O,T);H). Moreover, u € L(0, T;D(A)).

Proof. Let us fix T' < 7. Since u is the solution of (4.2.1) on [0, 1) it satisfies

d
(4.2.17) = = —Au+ Vul}u-Blu,u).

We will show that RHS of (4.2.17) belongs to L2(0, T;H) and hence u’ € L?(0, T; H).
Since u € L%(0,T;E), Au € L%(0,T;H). From (4.2.2) we have

T 9 T
f [IVu@Ru| di < f C2u@ISdt < C? sup @IS f dt
0 H 0 £€[0,T']

3

<C2T | sup Ju@®I?| <C?Tlul, <oo,

te[0,T1]

thus we have shown that [Vu(|?,u € L*(0,T;H).
From (4.2.3), we have

T 2 ~
f B, uw)| dt=c? f lu@I3u@)gdt < C? sup u®)3 f u(t)lgdt
0 H 0 t€l0,T1

1
2

<C?| sup lu@I3

T
dt
t€[0,T] 0

5 T §
[ moizar
0

52,13 1
<C IuIXTIuIXTT2 <o0.

Thus the convective term from Navier-Stokes also belongs to L2(0, T; H) and hence RHS of (4.2.17)
belongs to L2(0, T;H) which implies that «’ € L?(0,T;H) for all T < 7. The second conclusion can
be inferred from property Al. |

Let us recall that the inner product ¢:,-)y was defined in Section 3.1 for R? as well as T2.
Remark 4.2.9. In the framework of Lemma 2.6.3, we can identify v with u and so we get
1 2 1 2 g i
(4.2.18) Elu(t)lH = §|u0| +f (w(s),ul(shuds, for a.e. t€[0,7).
0
Moreover, from Theorem 4.2.7 and Lemma 4.2.8
1 2 1 2 g l
(4.2.19) 5 lu®Iy = ElluollV + 5 (u'(s),u(s)vds, for a.e. t€[0,7).

Theorem 4.2.10. If 1 €[0,00], ug € .4 NV and u is a solution to (4.2.1) on [0, 1) then u(t) e .4 for
all t€[0,T).
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Proof. Let u be the solution to (4.2.1) and ug € 4 NV. Let us define ¢(¢) = Iu(t)l%{ —1. Then ¢ is

absolutely continuous and by Remark 4.2.9 and (4.2.1) we have a.e. on [0,7)

d _i 2 _ i
ﬁ‘b(t)_ dt“u(t)'H 11=2¢u (&), u(®)u

= 2(=Au(t) + |Vu®)|?, u(®) - Bu(®),u®), u(®)g
= —2(Au(®), u(t)) +2Vu®)|7, w®), u®)g

= —~2|Vu(®)2, +2Vu@)|2, lu®)?

= 2IVu(®)2,(u@®)f — 1) = [Vu@)7, ().

This on integration gives

P(t) = Pp(0)exp , tel0,1).

¢
f IVu(s)I%2 ds
0

Since ug € .4 ,¢(0) =0 and also as u € X7 is the solution of (4.2.1),
¢ ¢
/ IVu(s)IiQ dssf ||u(s)||%;ds<oo, tel0,1).
0 0
Hence, we infer that Iu(t)I%{ =1 for every t €[0,7). Thus, u(t) € .4 for every t € [0, 7). |

Corollary 4.2.11. Let the initial data ug € 4 NV and u is the solution to (4.2.1) on [0,7). Then
u'(t) is orthogonal to u(t) in H for almost all t € [0,71).

Remark 4.2.12. We can also prove Theorem 4.2.7 and Theorem 4.2.10 for any general bounded
domain. Thus, establishing the existence of a local solution to (4.2.1) for any general bounded

domain and R2.

4.3 Global solution: Existence and Uniqueness

The main result of this section is the proof of Theorem 4.1.1, i.e. we will show that the local
solution obtained in Theorem 4.2.7 is indeed a global one. Lemma A.1 and the Remark 4.3.1
play crucial role in proving the global existence of the solution. We first show that the enstrophy
(gradient norm) of the solution remains bounded (see Lemma 4.3.2) and then use stitching
argument to extend our solution from [0,T'], T' < co on to the whole real line.

We recall the orthogonality property of the Stokes-operator in the following remark.

Remark 4.3.1. Let u € D(A), then
Bu,u),Auyp=0,  VYueDA),
on a bounded domain with periodic boundary conditions (i.e. on a torus) [90] or on R?.
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We define the energy of our system by
1 2
E(u) = §|Vu|L2’ ueV.
Then, heuristically, for u e VN .,

V. 8w) =,(VE) = I, (Au)
=Au-|Vul?,u.
Thus, for u e .«
V.8 = |Aulf; + Vul7a lulf - 20Vul?: (Au, un
(4.3.1) = lulh +Vul7, —2|Vull, = [ulf - [Vul, .
In particular, the R.H.S. of (4.3.1) is = 0.

Lemma 4.3.2. Let ug €V and u be the local solution of (4.2.1) on [0,7), then

sup [lu(s)llv = lluollv.
s€l0,7)

Proof. Let u be the solution of (4.2.1). Then, from (4.2.1), Remark 4.2.9 and Corollary 4.2.11, for

any t €[0,7) we have

1 1 ¢

5 OIF = Zluolly + fo W/(s),u(s)y ds
1
2

t t
luol + fo W (s),u(s)ds + fo (u/(s), Au(s))r ds

1 t
= 5 luolly + fo (—Au(s)+ |Vu(s)[2; uls) - B(u(s), u(s)), Au(s))u ds

1 t
= 5 luolly + fo [—(Au(s), Au(s)u + Vu(s)lF, (u(s), Auls))a] ds

t
_fo (B(u(s),u(s)),Au(s))gds

1 t
= ghuol+ [ [~lu(s) + Vuts)fa] ds.

Now from Theorem 4.2.10 we know that u(¢) € . for every ¢ € [0,7) and hence by using (4.3.1) we

obtain,
1 9 1 9 t 2
§||u(t)llv— E"uOHV_fO |[V%éz’(u)](3)|Hds,

Hence, we have shown that

lu@®llv < llwollv,  tel0,7).
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Remark 4.3.3. The boundedness of enstrophy (the square of the gradient norm) of the solution,
as proved in the Lemma 4.3.2, will play a crucial role in proving the existence of a global-in-time
solution to problem (4.2.1). Note that, in the proof of the Lemma 4.3.2, the orthogonality of the
Stokes operator A to the convective term B(u,u) in H was essential, which as far as we know,
holds only on R? and on bounded domains with periodic boundary conditions (i.e. on a torus). This
is the reason we were unable to prove the existence of a global-in-time solution to problem (4.2.1)

on any general bounded domain.

Lemma 4.34. Let 0<a <b <c <ooand u € Xjqp},V € Xp ¢}, such that u(b™) =v(b™). Then

2 € X[q,c) Where,
u(t), tela,bd),
v(t), telb,c).

2(t) =

Proof. Let us take 0 <a <b < ¢ <oo and u € Xy, ],V € X[p ¢}, such that u(b~) =v(b*). Then for

any 0 < ¢; < tg < oo, using the definition of the norm | -| X1y 11 WE have

(]
2%, = sup 013+ f (O dt

tela,cl

b c
< sup ()13 + sup 22+ f O dt+ f DR dt.
tela,b] telb,c] a b

Now by the definition of z we have

b c
l2l%,, ., < sup lu@If+ sup IIV(t)II%+f |U(t)|%dt+f V(O d
1 tela,b] ] a b

telb,c
2 . [° 2 2 (€ 2
= sup L@+ [ @ de+ sup vl + [ woRde
tela,b] a telb,c] b

_ 2 2
- |u|X[a,b] + IVlX[b,c] )

Now since u € X[45) and v € X[ ] we have |z|x,, , <00, and thus, z € X[, ¢]. |

We will use the following lemma to prove the main result about existence of the global

solution.

Lemma 4.3.5. Let 1 be finite and the initial data ug e Vn.4. If u :[0,7] — V is the solution of
(4.2.1) on [0,7] and v :[1,27] — V is the solution of (4.2.1) on [7,27] such that u(z™) =v(z"), then
z:[0,27] — V defined as

u(t), telo,7],

2(t) =
v(t), telr,27],

is the solution of (4.2.1) on [0,27] and z € X[¢ 2.
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Proof. Since u is the solution of (4.2.1) on [0,7] then u € X[o,;) and similarly v € X{; 97 :=
6([r,271;V) N L?(1,27;E). Thus by Lemma 4.3.4 and the definition of z, z € X[0,271- Now we
are left to show that z:[0,27] — V defined as

u(t), telo,1],
2(t) =
{V(t), telr,21],

is the solution of (4.2.1) on [0,27]. In order to achieve this we will have to show that z satisfies
(4.3.2) for every t €[0,27].

t
4.3.2) 2(8) = S()z(0)+ f St - MGG dr.
0

For ¢ €[0,7], z satisfies (4.3.2), since z(¢) = u(¢), V t € [0,7] and u is the solution of (4.2.1) on
[0,7].

For t € [7,27], 2(¢) = v(¢) and since v is the solution to (4.2.1) on [1,27],
z@)=v(@®) =St —-1)v(1)+ f: St —r)Gw(r))dr.
Now because of continuity of  and v, v(z) = u(1),
2(t) =S - T)[S(T)uo + fOTS(T - r)G(u(r))dr] + f:S(t —r)G(r))dr.
Now using the definition of z we obtain,
2(t)=S@#)z(0)+ ‘/(;T S(t—-r)G(z(r))dr + f,t S(t—r)G(z(r))dr
= S()2(0)+ fo S(t- GG dr.
Thus z satisfies (4.3.2) on [0,27] and hence z is a solution to (4.2.1) on [0,27]. [ |

Proof of Theorem 4.1.1 Let us take ug € V. Put R = ||uglly. By Theorem 4.2.7 there exists a T'> 0
such that there exists a unique function u : [0, 7] — V which solves (4.2.1) on [0,7] and u € X7.
Also by Lemma 4.3.2 |[u(T)|lyv < R thus again by Theorem 4.2.7 there exists a unique function
v:[T,2T] — V which solves (4.2.1) on [T,2T'] and v € X|7 271. Now if we define a new function
z:[0,2T]1—V as

u(t), tel0,T1,
2(t) =
{v(t), te[T,2T],

then by Lemma 4.3.5, z is also a solution of (4.2.1) and z € Xo7. Moreover [|z(2T)|ly < R. We can
keep doing this and extend our solution further and hence obtaining a global solution of (4.2.1)
still denoted by u such that u € X for every T < co. Each bit of the solution is unique on the
respective domain and hence when we glue two unique bits we get a unique extension and thus

obtain a unique global solution due to its construction. |
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4.4 Convergence to the Euler equation, i.e. the inviscous limit

In this section we are concerned with the convergence of the solution of the constrained Navier-

Stokes equations, namely

du
(4.4.1) dt
w(0)=uf eVn.,

+vAu—v|Vu|%2u+B(u,u):O,

as v vanishes on a torus.

The curl of a vector field u is defined by
(4.4.2) Curl(x) :=Diug—Dsu;.
We will prove Theorem 4.1.2 after several preliminary results.

Remark 4.4.1. Curl is a linear isomorphism between V and L%(Tﬂ), where

LA(T?):= {w e LA(T?): f w(x)dx = 0} :
'|]'2
Moreover for u € V and some universal constants C >0, C, >0

(443) |Au|L2(-|]-2) < CIVCurl(u)ILz(Tz),

(4.4.4) ||vu||Lp(]]'2) < Cp”Curl(u)”LOO(‘[[Z).

This remark is proved in Appendix B.

Hereafter u” is the solution to (4.4.1), and w"(¢,x) := Curl(u¥(#))(x). In particular, due to
Remark 4.4.1 and Theorem 4.2.10, " € €([0, T1;LA(T?))nL?(0, T; H'(T?)). It is then easy to check

that w" is a weak solution to

dw”

(4.4.5) dt
0"(0) = w} := Curl(uy) € LE(T?).

+V- @' oY) =vAwY +vIVu" %, 0",

Proposition 4.4.2. Let us fix T > 0, and assume that wg € Lo(T?). Then

(4.4.6) sup [|@"(®)llzer2) < ol exp (vIugly T)
te[0,T1]
T 2 1 2 2 2 2
(4.4.7) Vfo IV (17 52y At < 510017 52 +V Tllugly |0g 117 w2y exp (2VIugly T) -
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Proof. Take h € C%(R), convex, with bounded second derivative. Then, since w € 6([0, T];L3(T?))
(h(w"()),1) = (h(wp), 1)
(4.4.8) =v fo t [—(h"(@"(s), IV (8)[7,) + Vi (8)I7, (R (0" (s)), 0" (s))] ds
<v fo t VL (s)[2; (h'(w"(s)), 0" (s)) ds.
For p=2,R >0, take

lwl?, if lwl=R,

(4.4.9) h(w) = hy p(w):= 1)
R? + pRP Y (w|-R)+ ZE=RP%(lw|-R)?, if lw|>R.

Then |A'(w)w| < p h(w) and, by Lemma 4.3.2 Vs €[0,], ||u”(8)||%, < ||ug||\2,

t
(4.4.10) (@' (), 1) < (h(w!), 1) +vp f lug I (h(w(s), 1) ds.
0

By the Gronwall Lemma

(4.4.11) (h(w" 1)), 1) < (h(wy), 1 exp (vpluglyt), tel0,T.
Since
(4.4.12) lw" e = sulg <hp,R(wV),1>1/p,

D,

we get (4.4.6).
On the other hand, from the first equality in (4.4.8), taking now A(w) = w?/2

T T
1 2 2 1 2 2 2
§|wV(T)|L2(-|]—2) +v 0 |vwv(t)|L2(*[|—2)dt = Qlwz)/lLZ('ﬂﬂ) +v 0 |vuv(t)|L2 |(1)V(t)|L2(-|]—2)dt
V)2
< 20y 172 pz) + v TIUG I 0§17 gaye® 10l

where in the last line we used (4.4.6). Hence (4.4.7). |
Proposition 4.4.3. For each ¢ € H2(T2), and v>0

(4.4.13) (') - w"(s),9) < (t =) (|0” | Loqo.11xT2) + 2VIug V(L + llug ||%;)) lplg2(r2) -

Proposition 4.4.4. Suppose that, uniformly in v, u; is bounded in V and Curl(uy) is bounded in
L°(T2). Then the sequence u" is precompact in €([0,T1;L2(T?2)).

Proof. Let us take and fix ¢ € H%(T?). Also fix 0 < s < ¢ < T. Then from the equation (4.4.5) and

I’ @12 < lul? we get,

t t t
(4.4.14)  [W'@®-u"6),¢)| v f (Au”,@)dr +v||ug||%,f |(w”, )| dr+ f Ww'vu",p)dr|.
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By (4.4.3), (4.4.7) and the hypotheses on the initial data, the first term in the R.H.S. is bounded
by Crlplza(t — )"
(4.4.14) easily enjoys the same bound. As for the third term in the R.H.S., for any p > 2, |u|p~ <
Cp(lulgz +1IVullLr), so that from (4.4.4) and (4.4.6), this term is still bounded by Cr|¢p|p2(f - s)V2,

Therefore, since u is bounded uniformly in L%(T?) by Poincaré inequality, it follows that u"

for some constant Cr independent on v. The second term in the R.H.S. of

is equibounded and equicontinuous in L2(T?) and, by Arzela-Ascoli theorem (see Theorem 2.4.3),
precompact in €([0, T; L2(T?)). [ |

Proof of Theorem 4.1.2 Fix T > 0. Using Propositions 4.4.3 - 4.4.4, from each subsequence we can
extract a further subsequence such that w¥ — w in €([0, T];H ~2(T2)) and weakly in L*°([0, T'] x T2),
u¥ — u weakly in L®([0,T];V) and in €([0,T];L%(T?)). It is immediate to check that w = Curl(w).

Notice that w‘o’ = Curl(ug) converges weakly in L°(T?) to wo := Curl(ug). Passing to the limit

in the weak formulation of the equation one then has, for each ¢ € C2([0,T] x T?)

t t
(4.4.15) (), () — (@0, p(0)) — fo (@(s), 05 p(s)) ds — fo (w()w(s), Vopls) ds = 0,

and w(0) = wg. Recalling that w = Curl(u)
t t
(4.4.16)  (u(®), V-(0)) - (wo, V4 (0)) - f (u(s), 05V (s)) ds — f (w(s)- Vuls), V- (s)) ds = 0.
0 0

Since (uww,Ve) = (u-Vu,VHp) holds.

By Bardos uniqueness theorem [5, 37], we conclude that u¥ — u. |

4.5 CNSE in the fractional Sobolev spaces

We study 2D Navier-Stokes equations with a constraint on L2 energy of the solution in fractional
Sobolev spaces. In Theorem 4.1.1 we proved the existence of a unique global-in-time solution
for the constrained Navier-Stokes equations (4.1.3) on R? and T2 with initial data ug € V (see
Section 3.1). In this section we consider more regular initial data, ugeV = D(A%), a €(1,3/2)U
{2} (see below for details), and prove the existence of a unique global-in-time solution for the
constrained Navier-Stokes equations on a general bounded domain under condition (4.5.21). In
particular, we show it for a bounded periodic domain.

Our proof heavily relies on the Lemma 4.5.2, which holds true only for y € (0,%). This
restriction on 7y, is the essential reason for not having an existence of the solution in the case of
ac€ [%,2), included in this thesis.

We are interested in the initial value problem

d
d_LtL =—-vAu +v|Vu|izu -B(u,u), on0O,
(4.5.1) u(0)=ug, on0O,

u'n=0 onl,
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where u € H, and H is a space of divergence free vector fields, see (4.5.2) below for a precise
definition. I' is the smooth boundary of the bounded and simply connected domain @. n is the
unit outward normal to I'.
The above problem has a local maximal solution for each ug € V., where V is defined in
(4.5.3) and
M={ueH:|lulg=1}.

As in Theorem 4.2.10, the solution u of (4.5.4) stays on the manifold .# for all times . We
use a different approach to prove the existence of a global solution compared to the proof of
Theorem 4.1.1. We first show existence of a local solution using Banach fixed point theorem
and then use these local solutions to construct a maximal solution. Next using the maximality
of the solution we show that either the solution is a global one or V-norm blows up in finite
time, Lemma 4.5.10. Instead of using the geometric structure of (4.5.1) we use Lemma 2.6.5
and the Gronwall Lemma to obtain the bound on V-norm of the solution, Lemma 4.5.12 and
Remark 4.5.13. Invoking contradiction by the use of Lemmas 4.5.10 and 4.5.12, we infer the

existence of a global-in-time solution.

Let us fix T > 0 and set
X1 =€(0,T1;V)nL%0, T;E).

The following theorem holds true for both, bounded domain with Dirichlet boundary conditions

and bounded domain with periodic boundary conditions, i.e. on a torus.

Theorem 4.5.1. Let a € (1, %) U{2} and ug € VN .. If the function B defined in (4.5.21) belongs to
LY([0,TY) for every T > 0, then there exists a global and locally unique solution u of (4.5.1), such
that for every T >0, u € Xr.

In Subsection 4.5.1, the space X7 with more details along with a precise definition of the
solution is given, and existence of a local solution is proved, together with some basic properties
of the solution. In Subsection 4.5.2, the maximal solution is defined and it’s existence is proved.
Finally, in Subsection 4.5.3, we define the function 8 and establish the existence of the global

solution.

Let @ be a bounded simply connected domain in R? with sufficiently regular boundary I'. We

introduce the following spaces:
H={ueL*0,R?:divu=0,u-n=00onT},
(4.5.2)
V=H}nH,

where n is the outward normal to I

We endow H with the scalar product and norm of L? and denote it by (x,v)H, |u|i respectively
for u,v € H. We equip the space V with the scalar product and norm of H' and will denote it by
(-,»)v and | - |lv respectively.
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Let us recall the Stokes operator A : D(A) — H, which is defined by

D(A)=Hn H%R?),
Au=-TIAu, ueD(A).

It is well known that A is a self adjoint positive operator in H [93, Chapter 4]. Thus, the fractional
powers A% exist for a € R, and
D(AY) =[H,DA)], ,

where [-,-], is the complex interpolation functor of order a (see [58, Chapters 2 & 4]). The norms

in the space D(A%) are equivalent to the norms in the space H2%. We will be using the following

spaces
V:=DA?),

(4.5.3) H:=DAT),
E:=DA%)

Moreover, for a > 1, we have the following identities (see [92])

D(AZ)= HY®)NV,
DAT)=H*Y{@)nH,
DA% ) = H* @) V.

4.5.1 Local solution : Existence and Uniqueness

In this subsection we will establish the existence of a local solution to the problem (we have taken
v=1)

d
(4.5.4) d_L;JFAU—quIiZquB(u,u):(),

u(0)=uo,

with ug € VN ., by using the Banach fixed point theorem. We follow the same methodology as

we did while establishing the existence of a local solution to the problem (4.2.1).

The following lemma [12] along with the Gagliardo-Nirenberg inequality (4.5.6) plays a

crucial role in obtaining the bounds on the non-linear terms of (4.5.4)

Lemma 4.5.2. Assume that y € (0, 3). Then for any s € (1,2] there exists a constant C > 0 such that

I1B(w, V)l =Clull u,veD(A).

s ||V
bVl

D(AY)
In particular,
(4.5.5) luvvlgr < CllullsIVilgr, — u,veH?.
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Let u € H* for any s € (1,2] and v € H! then there exists a positive constant C depending on s
such that

(4.5.6) luvlig: < CllullgsIvilg: , ueHs,VEHl.

In what follows we assume that D(A),V, H, E,V and H are spaces as defined above. The next
lemma establishing the estimates on the non-linear term arising from the constraint can be

proved in the similar way as Lemma 4.2.1. Thus, we will state the lemma without the proof.
Lemma 4.5.3. Let G1: V — H be defined by
Gl(u)ZIVulizu, ueV.
Then there exists C >0 such that for ui,ug € \7,
(4.5.7) IG1(u1) - G1(ua)lg < Cllut —uzliy [lluilly + ||u2||\7]2 .
Lemma 4.5.4. Let a € (1, g) U{2} and Go: E — H be defined by
Go(w)=B(u,u), uck.
Then there exists C > 0 such that for ui,us € E,
(4.5.8) IG2(u1) - Ga(u)ly < Cllut —usally (lutly + lluzly) -

Proof. Let us take uq,ug€ E, then

|Go(u1) — Go(ug)lg = 1B(u1,u1) — Blug,u2)ly

=|B(u1,u1)—B(ug,u1) + B(ug,u1) — B(ug,u2ly
=1B(u1—ug,u1)+Blug,u1 —ugly
= M[(u1—ug) - Vuil+lug-V(ur —u2llyg
< (w1 —u2)-Vuillger + lug- V(s —ug)lge-r.

Now for a € (1, %), we use (4.5.5) with y=a-1€(0, %), and for a =2 we use (4.5.6). Since, (4.5.5)

and (4.5.6) hold for any s € (1,2]; we choose s = @, and hence we obtain

(w1 —ug) - Vuillge1+ lugV-(u1—ug)lge1 < Cllur —uglgelluillge + Cllugllgellus — uzllge
<Cllur —uzllge(luillge + luzllge)
(4.5.9) <Cllur —uzllyUluillyy + luzly) -

In case of @ = 2 the above inequalities take the form

(w1 —u2) - Vuillg: +lluaV- (w1 —u2)lg: < Cllur —uzllg2IVuillgr + Clluall g2 I V(w1 — u2)ll g
< Cllur —uzllgz(lulig: + lluallg2)

(4.5.10) = Cllur —ualyUlully + luzlly),
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where the last inequality holds since for a =2, D(AZ)=H2NV.
Thus for a € (1, 2) U {2}, from (4.5.9) and (4.5.10), we obtain

IGa(u1) — Ga(ua)ly < Cllug —ually (Ilutlly + luzlly) -
|

Let us recall that E — V — H. Let S = (S(¢));0 be the semigroup on H generated by the
Stokes operator. Then the following are well-known [39, 88, 90]:

Al. For every T >0 and f € L%(0,T;H) a function u = S = f, defined by
u(t)szTS(t—r)f(r)dr tel0,T1,
belongs to X7 := €([0,T1;V)nL2(0, T;E) and
(4.5.11) lulx, < C1lf |20 rpn) »
where |u|§(T 1= SUPye(0,T] IIu(t)II%,+fOT Iu(t)IQEdt.
A2, For every T >0 and ug € V a function u = Sug defined by
u(t) = S(uo,
belongs to X7 and
(4.5.12) lulx, < Callugll .
Definition 4.5.5. * A solution of (4.5.4) on [0,T], T €[0,00) is a function u € X7 satisfying
u(t) =Sug +f0tS(t—r)G(u(r))dr tel0,T1,
where G : E — H is defined by
G(u)=|Vu|%2u—B(u,u), uek.

¢ Let 7t €[0,00]. A function u € c6([0,1),\7) is a solution to (4.5.4) on [0,7) iff V T' <7, uljo. 1 €
X is a solution of (4.5.4) on [0, T].

Now we state the main result of this section, which can be proved as Theorem 4.2.7 using
Lemmas 4.5.3 - 4.5.4.

Theorem 4.5.6. Let R > 0 be given then 3 T, = T+ (R) such that for every ug €V with luwolly =R
there exists a unique local solution u :[0,T.] — A of (4.5.4).

The following theorem states that the local solution of (4.5.4) stays on the manifold ..

Theorem 4.5.7. If 1 €[0,00], ug € .4 NV and u is a solution to (4.5.4) on [0, 1) then u(t) € M4 for
all t€[0,1).

The proof of Theorem 4.5.7 is essentially the same as of Theorem 4.2.10 and hence, we have

skipped it here.
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4.5.2 Maximal solution

Let ¢ be a set of all local solutions, whose existence was established in Theorem 4.5.6. Let

u',u? € ¢4 defined on [0,71) and [0, 72) respectively. We define an order " <" on ¢ by

ul <u?iff 1y <79 and u?|jo ) = ul.

Lemma 4.5.8. If ¢ and =< are as described above. Then, 4 has a maximal element.

Proof: In order to show that ¢4 has a maximal element we will prove that {¢4,<} is a partially
ordered set (poset) and every chain in ¢4 has an upper bound in 4.

Claim {¥¢4,<} is a poset.

Let u!,u? u3 €% s.t. u' is a solution of (4.5.4) on [0,7;), i = 1,2,3.

(a) < is reflexive.

1 1

ul <u! since 71 =71 and ulljo;,) = u'. Hence < is reflexive.

(b) < is anti-symmetric.

Let u! <u? and u? <ul.

(4.5.13) ul=<u? = 11 <19 and w?|jo,,=ul.

(4.5.14) W<yl = T9 <71 and ull[o,w) =u?.
(4.5.13) and (4.5.14) = 711 =719 and
ul = uzl[o,rl) = u2|[0,12) =u”.

Hence = is anti-symmetric.
(e) < is transitive.

Let u! < u? and u2 < u3.

(4.5.15) ul=<u? = 11 <19 and w?ljo=ul,

(4.5.16) u2 =< u3 — T2 =T3 and u3|[0,72) = u2 ,
(4.5.15) and (4.5.16) = 711 <73 and

3 _ .2 _ .1
ulo,r) = U0y =u".

Thus u! < 3. Hence < is transitive.
Thus from (a),(b) and (c), we conclude that {¢4, <} is a poset.
Let u’t <u’2 <y’ <-.. be a chain in ¥, where each u'" is a solution of (4.5.4) on [0,7;,) and

Tjy STiy <Tj; <---. Also, let 7 =sup; ,cnTi, and we define v :[0,7) — Vv by
u(t)=u'"(t) ift€[0,7;,).
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Since [0,7;,) < [0,7) for every n €N, u is the upper bound of the chain. Since each of uin is a
solution of (4.5.4), uljo ;) € X7 and from the definition of u it is clear that u solves (4.5.4) on [0, 7),
thusue 9.

Hence every chain in ¢ has an upper bound in 4. Thus by the Kuratowski-Zorn Lemma (see

Lemma 2.6.12) ¢4 has at least one maximal element. |

Definition 4.5.9. We say that a function u is a maximal solution on [0, 1) if u is a solution to
(4.5.4) on [0,7) and if there exists another function v € X7 satisfying (4.5.4) on [0, 7y) such that
u=<vthenty=7and u(?)=v(t) V te[0,T).

Lemma 4.5.10. Suppose u is a local maximal solution of (4.5.4) on [0,7) and 7 < oco. Then

VR>0,36>0:llu®lly>Rifte(r-6,1).

Proof. We will prove the proposition by contradiction, i.e. we assume that 3 R > 0 such that
V6>0,3t5€(r-6,7): llults)ly <R.

Let us choose 6 > 0 such that § < TT AT, where T, will be chosen later in the proof. Then for
this 6, there exists a t5 € (1 — 6, 7) such that |lu(ts)ly <R.

Now since ||u(¢5)ll; < R, then by Theorem 4.5.6, there exists T« = T'«(R) such that there exists

a unique solution v of (4.5.4) on [¢5,t5 + T«] and v(¢5) = u(¢s). So on the common domain v =u, i.e.
v(t) = u(t), telts,1).

Now let us define z:[0,7] — V as follows:

u(t), tel0,ts]
2(t) =
{V(t), telts,tl,

where 7:=t5+ Tx.
Claim u <z and u # z.
Since [0,7] C [0,7], i.e. the domain of z is bigger than that of « and thus by the definition of z,
u#z.

Now we need to show that z is a solution of (4.5.4). It is clear from Lemma 4.3.4 that z € X;.
Now it remains to show that z satisfies (4.5.17) for ¢ € [0, T].

¢
(4.5.17) z(t)=S(t)z(0)+f St —-r)G(z(r))dr.
0

For t €[0,%5], z satisfies (4.5.17), since z(¢) = u(¢), V t € [0, t5].
For t € [t5,7], z(¢) = v(¢) and since v is the solution of (4.5.4) on [¢5,7],

¢
z@t)=v(t)=SEt—-ts)v(ts)+ | SE—-r)G(r))dr.

ts
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Now since v(ts5) = u(ts),
ts t
2(t) = S(t - t5)[S(t5)u0 + f S(ts— r)G(u(r))dr] + | S¢t-rGwG)dr
0 ts
Now using the definition of z we obtain,

t t
z(t)ZS(t)z(O)+f §S(t—r)G(z(r))dr+f St —-r)G(z(r))dr
0 ts

t
=S(t)z(0)+f St -r)G(z(r)dr.
0

Thus z satisfies (4.5.17) on [0, 7] and hence z is a solution to (4.5.4) on [0, 7].
Hence, u < z, but u is the maximal solution and thus we have the contradiction. This implies

lim, - u(®)llg = oo. m

4.5.3 Global solution: Existence and Uniqueness

In this subsection we will prove the existence of a global solution of (4.5.4) with ug € .4 AV for
both, bounded domain with Dirichlet boundary conditions (see Theorem 4.5.14) and bounded
domain with periodic boundary conditions, i.e. on a torus (see Corollary 4.5.15). We use the
stitching argument to extend our solution from [0,7'], T' < co on to the whole real line.

Let us recall the functional spaces that we will be using
V:=D(A%),
f:=DA%),
E:=DA?).
Lemma 4.5.11. Let a € (1,2), 6 € (0,1). Then for every € > 0 there exists a constant C > 0, such
that

C
(4.5.18) |(Blu,w), Awynl < eluly + —lulGluly ®luly’,  ueDA.

Moreover for a =2, for every € > 0 there exists a constant C > 0, such that

C
(4.5.19) |(B(u,w), A%u)ml < elul? + ;Iul%, u e D(A?).

Proof. Let a €(1,3/2) and u € D(A%), then
|(Bu,u), A%yl = AT Blu,u),AT u)yl
<|A“T B(u,w)lglAT uly.

Now using Lemma 4.5.2 with y = a — 1, Interpolation Theorem and the Young inequality we get
for u € D(A%)
KB(u,uw),A%u)ul < Cllullgsllullylulg
=< Cllul i lwl S lullglulg
29|u|%9 ,

C
2 2 2—
<elulg+ . i3 el
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where 8(s) =s—1€(0,1].
Let a = 2, then for u € D(A?) using Cauchy-Schwarz inequality we get

|(B(u,u), A%uul = (A2 B(u,u),AZu)y < |Bu,wllylulg,

where E = D(Ag ). Using (4.5.10) and the Young inequality, we obtain

- C
|(B(u,u),A’uw)nl < Clulgluly < elulf + ;|u|‘§.

Now since for a =2, V= E, (4.5.19) can be rewritten as

6
(4.5.20) I(B(u,u),A%u)yl se|u|2E+—|u|;%,.
&

Lemma 4.5.12. Let a € (1, %) and u be a maximal solution of (4.5.4) on [0,7) with ug € 4 nV. If
€€(0,1], 6 €(0,1), then there exists a C >0 such that

t t
lu@I2 < lluoll? + llu ||2if ()els PP gs  tef0,1),
v = IR0l mioly Jo b
where

2C
(4.5.21) Bls) =2Vu(s)E: + = u@)Iy P lu@)lg,  s€l0,0).

Proof. Let a€(1, %), uog € 4 nV and u be the maximal solution of (4.5.4) on [0, 7). Then using
(4.5.4), we have

1 2 _ 1 2 g ! a
NI, = Sluollg + fo (u'(s), A%u(s)uds

1 t
= =lluolZ + f (IVu(s)12,u(s) — Auls) — B(u(s), u(s), A%u(s)u ds
2 Vb

1 t t
= =lluolZ + f (V)7 uls), A%u(s)Huds — f (Au(s),A"u(s)uds
2 Vo 0

t
- fo (Blu(s),u(s)), A%u(s)p ds
1 t t a+l a+l
= 5lluollg + fo IVu(s)[? (uls), A%uls)uds - fo (A7 u(s), A u(s)uds
t
- fo (Bu(s),u(s)), A%u(s) ds.

On rearranging we get

1 t 1 t t
S 1u®Ig + fo lu()lg ds = Slluollg, + fo IVu(s)IZ. lu(s)IF ds — fo B(u(s),u(s),A"u(shuds.
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Using the Cauchy-Schwarz inequality, the Young inequality and Lemma 4.5.11 for every € € (0,1]
there exists a C > 0 such that for every 6 € (0,1)

1 t 1 t t
1@ + [ ) ds = Shuol? + [ VeI ds+ [ 1B, ue).A"()nlds

1 t ¢ C B
< Slluollg + fo IVu(s)I7 . lu()l3 ds + fo elu)I + — Iu@IgIuE)Iy *lu)lg | ds.

Thus on rearranging we get

1 2 ! 2 1 2 ! 2  C 2-20 20 2

éllu(t)llv +(1- 8)f0 lu(s)ly ds < §||u0||\7 +f0 IVu(s)ly, + ;Ilu(S)IIV lu(s)lg | lu(sl ds.
In particular

1 2 _1 2 ! 2 C 2-20 20 2
(4.5.22) Ellu(t)llv < §”u0||\7+f0 Vu(s)l7, + ;Ilu(S)IIV lu(s)lg | lu(s)llg ds.
Now we apply the Gronwall Lemma in integral form with
2 , 2C 2-26 20
B(s) =2|Vu(s)l7. + Tllu(S)IIV lu&lg, selo,tl,
to obtain
t t
(4.5.23) luw@IZ < luollZ +lluollZ fo B(s)eh PN g
|

Remark 4.5.13. Now for a = 2, using (4.5.19), equation (4.5.22) transforms to

1 1 ¢ C
(4.5.24) §|u<t)|§ s§|uo|%+ [0 |Vu<s)|i2+;|u(s)|% lu(s)l5ds.

Thus, for every € € (0,1], Lemma 4.5.12 holds true for
2C
B(s) = 2|Vu(s)I?, + ?Iu(s)I% , sel0,7).

Theorem 4.5.14. Let u be a local maximal solution of (4.5.4) on [0,7) with T <oo, ug € M V. If
the function B defined in (4.5.21) belongs to L1([0,1)), then T = co.

Proof. We will prove the theorem by contradiction. Assume 7 < co, then by Lemma 4.5.10
}E}l- lu@)15 = oo.
But on the other hand, if 8 € L1([0,7)) then by Lemma 4.5.12 there exists some K > 0 such that
sup;eio,nlu@®If <K,
which is a contradiction. Thus we infer that 7 = co. |
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Corollary 4.5.15. Let O be a bounded periodic domain, a € (1, %) U{2} and ug € 4 n D(A?). Then
there exists a unique global solution u of (4.5.4) such that for every T >0, u € Xr.

Proof. Letuge . 4 n D(A?). It is enough to show that for 7 < oo, the function  defined by (4.5.21)
belongs to L([0,7), in case of a periodic bounded domain. Now by Theorem 4.1.1, for every 7 > 0,
uecé(0,7;V) nL2(O,T;E) and thus S belongs to Ll([O,T)). Hence from Theorem 4.5.14, we have a
unique global solution of (4.5.4). |

4.6 Lower bound on the regularity of the initial data

This section is dedicated to finding a lower bound on the regularity of the initial data ug such
that problem (4.5.4) has a local solution. The analysis carried out in this section is on a formal
level and some of the details need to be verified hence, remains an open problem.

In the previous sections we have established the existence of a local solution for any general
bounded domain @ c R? and hence we have focussed on such a case here too. We are interested in

the existence of a local solution of the following problem:

du

— +Au=|Vul?,u-Bu,u),
(4.6.1) dt o
ulO)=upeVn .4,

where the Stokes operator A, the bilinear map B, the manifold .4 and the functional space V=
D(A%) are understood as in the previous section. After establishing the existence for a € [1, 2)uU{2}
we are specifically interested in « € (0,1).

If the initial data wg € V, then according to the maximal regularity principle [39], the solution
u of the parabolic equation (4.6.1) should belong to X7 := €([0,T1;V)nL%(0, T; ), which in turn
is possible only if the R.H.S. of equation (4.6.1) belongs to L2(0, T'; H).

Since we are interested in finding a lower bound on a we will take a bottom to top approach,
i.e. we will assume that u, the solution of (4.6.1) belongs to X7 and then obtain bounds on «a for
which each term in the R.H.S. of (4.6.1) belongs to L2(0, T;I:I).

Lemma 4.6.1. Let a €(0,1)and u € E. Then, there exists a constant C > 0 such that
(4.6.2) B, wlg < Cllullyluly.
In particular, if u € Xt then for every a €(0,1), B(u,u) € L%(0, T;H).
Proof Let a>0and @€ H'=%, then
1B, u, @) = (B, ), @) = ‘ | @ vup@as

(4.6.3) <lul, 2 IVulp2lgl, 2,
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where (-,-) denotes the duality between H*"! and H'~* and we have used the Holder inequality
to obtain the last relation.

Using the Sobolev embedding theorem for a bounded domain in R?, we have
HY™@cLi and H%cLte,
where a €(0,1). Thus (4.6.3) can be rewritten as
16(u,u, )| < Cllullge|Vulrzlplgi-o
< Cllullgellullviglgi-«,
where C > 0 is a generic constant. Since ¢ € H1~® and E c V, we have
(4.6.4) [B(u,w)lg < Cllullylulg,

where we have used the definition of functional spaces from (4.5.3).

Using (4.6.4) and the Holder inequality, we get
T T
2 2 2
| Baowengae=c [ uoRioid

T
<C sup Ju@®IF | |w@®)Fdt
te[0,T1 0

<Clulk, lulk, -
Since u € X, we infer that B(u,u) € L2(O,T;ﬂ). |
Lemma 4.6.2. Let u € X, then for a € [%, 1), IVuIizu e L2(0,T;H).

Proof. Let u € X7. Note that for a € (0,1) we have the following inclusion of functional spaces
V < H c H. Then by the Hélder inequality, we have

’qu|2 ul” = T|Vu(t)|4 lu(®)2 dt
L** 20,8~ Jo L H
T
(4.6.5) < sup Ju@If | 1Vu@)I,dt.
te[0,T] 0

Using the interpolation between V and H, for every v € V there exists a constant C > 0 such that
a l1-a
IVl =< Clviglvilg ™.
Therefore on using the above relation in (4.6.5), we obtain

2 T
Vul? _<Cs )12 Vu@®) 2 | Vu) |29 q¢
I - Sup W@ |- Va@I IVl

T T
< Clulk, [ OIS @ de< Clulk, sup lu@lle [ lu@iE = dr

tel0,T1
T 2(1-a) ; T 2a-1
<Clul, lulff, | [ o de R e T ot
0 0
Thus, we infer that for a € [1,1), [Vul?,u € L%(0, T;H). |
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Hence, from Lemmas 4.6.1 - 4.6.2 and maximal regularity principle we can conclude that the
minimum regularity required for initial data u such that the problem (4.6.1) has a local solution
is D(AY4).

As mentioned at the beginning of this section, the analysis carried out here is at a formal

level, thus one needs to make sure that this holds rigorously too.
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CHAPTER

STOCHASTIC CONSTRAINED NAVIER-STOKES EQUATIONS

tochastic constrained Navier-Stokes equations are a generalisation of constrained Navier-

Stokes equations which were introduced in Chapter 3. In this chapter we study constrained

2-dimensional Navier-Stokes equations driven by a multiplicative Gaussian noise in the
Stratonovich form. In the deterministic case (see Chapter 4) we showed the existence of the global
solution on a two dimensional torus and hence we concentrate on such a case here. We prove the
existence of a martingale solution and later using Schmalfuss idea [82] we show the pathwise
uniqueness of the solutions. We also establish the existence of a strong solution using results
from Ondrejat [68].

5.1 Introduction

In this chapter we consider the stochastic Navier-Stokes equations
m
(5.1.1) du+[(w-Vu—-vAu+Vpldt=) (cj-VuodW;(t), te[0,00)
j=1
in @ = [0,27]? with periodic boundary conditions and with the incompressibility condition

divu =0.

This problem can be seen as a problem on a two-dimensional torus T2 what we will assume
to be our case. Here u : [0,00) x @ — R? and p : [0,00) x @ — R represent the velocity and the
pressure of the fluid. Furthermore Z;.”: 1(cj-V)u o dW;(¢) stands for the random forcing, where c;,
j=1,---,m, are divergence free R?-valued vectors (so that the corresponding transport operators
o} ju:=(c;-V)u are skew symmetric in L2(1T2,|R€2)) and W;, j=1,...,m are independent R—valued

standard Brownian Motions.
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The above problem projected on Hn.# can be written in an abstract form as the following

initial value problem

(5.1.2) {du(t) +vAu@)dt+B(ut))dt = leu(t)I%2 u(®)dt+ 27:1 Cju(t)odW;(t), t€[0,T],

u(0) =uy,
where H is the space of square integrable, divergence free and mean zero vector fields on & and
M={ueH:|ulg=1}.

Here A and B are appropriate maps corresponding to the Laplacian and the nonlinear term, res-
pectively in the Navier-Stokes equations, see Chapter 3 and C; = 13((¢] 7), where I1 :L%(T%,R?) - H
is the Leray-Helmholtz projection operator [88] that projects the square integrable vector fields

onto the divergence free vector field.

We prove the existence and uniqueness of a strong solution. The construction of a solution is

based on the classical Faedo-Galerkin approximation, i.e.

dup(t)=— PnAun(t)+PnB(un(t))—IVun(t)I%Zun(t) dt

(5.1.3) + 2 PrCiun(9)odW;(@), t€l0,T],
P,ug

given in Section 5.5. Let us point out that without the normalisation of the initial condition in the
above problem (5.1.3), the solution may not be a global one, even in the deterministic case. The
crucial point is to prove suitable uniform a’priori estimates on the sequence u,. We will prove

that the following estimates hold

supk

n=1

< 00,

T 2
f() |un(3)|D(A)dS

and

sup[E( sup ||un(s>||3p) <oo,

n=l \0=ss<T
for pell1,1+ %), where D(A) is the domain of the Stokes operator and V = D(AY2), see Section 3.1
for precise deﬁcnitions and the positive constant K, is defined in (5.3.1).

In Theorem 5.3.3 we prove the existence of a martingale solution using the tightness criterion
in the topological space Z7 = 6 ([0, T];H)HL%V(O, T;D(A)NL%0,T;V)n€([0,T];Vy) showing that
the trajectories of the solution lie in €([0,T'];Vy) but later on in Lemma 5.3.5 we show that in
fact the trajectories lie in €([0,T']; V).

This chapter is an extension of Chapter 4 from the deterministic to a stochastic setting.

More information and motivation can also be found therein. Let us recall that already in the
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deterministic setting, we have been able to prove the global existence of solutions for CNSE only
on a bounded domain with periodic boundary conditions and this is why we have concentrated
here on such a case. A similar problem for stochastic heat equation with polynomial drift but
with a different type of noise has recently been a subject of a PhD thesis by Javed Hussain [48].

It’s remarkable that in that case the result holds for Dirichlet boundary conditions as well.

We consider the noise of gradient type in the Stratonovich form (5.1.1). The structure of noise
is such that it is tangent to the manifold .# just like the non-linear part from Navier-Stokes
and hence, there is no contribution to the equation (5.1.2) because of the constraint. In the
deterministic setting (see Chapter 4) we proved the existence of a global solution by proving the
existence of a local solution using the Banach Fixed Point Theorem and no explosion principle, i.e
enstrophy (V-norm) of the solution remains bounded. We can’t take the similar approach in the
stochastic setting as one can’t prove the existence of a local solution using the Banach Fixed Point
Theorem and hence we switch to more classical approach of proving the existence of a solution

using the Faedo-Galerkin approximation.

We consider the Faedo-Galerkin approximation (5.1.3) of (5.1.2). We prove that each approx-
imating equation has a global solution. One can show that for every n € N global solution to
(5.1.3) exist for all domains, in particular for Dirichlet boundary conditions. But in order to obtain
a’priori estimates, Lemma 5.5.4, we need to consider the Navier-Stokes Equations (NSE) on a

two dimensional torus T2 (i.e. the NSEs with periodic boundary conditions).

In order to prove that the laws of the solution of these approximating equations are tight
on Zr (defined in (5.4.3)), apart from a’priori estimates we also need the Aldous condition,
Definition 2.9.10. After proving that the laws are tight in Lemma 5.5.5, by the application
of Jakubowski-Skorohod Theorem and the martingale representation theorem we prove Theo-

rem 5.3.3. The chapter is organised in the following way:

Stochastic constrained Navier-Stokes equations (SCNSE) are introduced in Section 5.2. The
definitions of a martingale solution and strong solution and all the important results of this
chapter are given in Section 5.3. Section 5.4 contains the well-known and already established
results regarding compactness. In Section 5.5 we establish certain estimates on the way to prove
Theorem 5.3.3. Existence and uniqueness of a strong solution using the results from Ondrejat
[68] is proved in Section 5.6. In Section 5.7, we prove the continuous dependence of the solution
of (5.1.2) on the initial data. We conclude the chapter by showing that the semigroup {T};>¢ on
PBp(V) (defined by (5.8.1)) generated by the solution of SCNSE are sequentially weakly Feller in
V.
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5.2 Stochastic constrained Navier-Stokes equations

The 2D Navier-Stokes equations driven by multiplicative Gaussian noise in the Stratonovich

form are given by:

du@®) +[(w@®) - Vu®) - vAu@)+Vp@®)] dt = X7 [(c;- V)u®)] 0 dW;(t), tel0,00),
(5.2.1) divu(-,2)=0, t€[0,00),

u(x,0) =uo(x), x€0,

where ©: [0,00) x @ — R? and p: [0,00) x @ — R are velocity and pressure of the fluid respectively.
v is the viscosity of the fluid (with no loss of generality, v will be taken equal to 1 for the rest of
the article). Here we assume that c; are divergence free R2-valued vectors, W; are R—valued i.i.d.
standard Brownian motions and o denotes the Stratonovich form. Note that the operators C i
j€{l,...,m}, defined by Cu := (c;-V)u, for u € V are skew-symmetric on L2(T2,R?), i.e. C‘J’f =-Cj,
where C';f denotes the adjoint of C jon L2(T2,R?).
We will be frequently using the following short-cut notation
m

CuodW() = Z Cju(t) Ode(t),

j=1
where C; = 13((8; 7) and IT is the Leray-Helmholtz projection operator, as introduced in Chapter 3.

With all the notations as defined above and in Chapter 3, the stochastic Navier-Stokes

equations (5.2.1) projected on divergence free vector field is given by

{du(t) +[Au®) + Bu@)] dt = Cu) o dW(t),
(5.2.2)

u(0) = up.
Let us recall the orthogonal projection map 7, : H— T, .4, which is given by
T, (V) =v—(v,u)gu, forue #,

where T,./4 is the tangent space corresponding to the manifold .# as introduced earlier in
Chapter 3.

Since for every je({1,...,m}, CJ’T =-C; in H we infer that
(5.2.3) (Cju,uyp=0, ueV, jefl,...,m}.

In particular, if u e VN .4, then Cju € T, 4 for every j€{l,...,m} and hence won’t produce any

correction terms when projected onto the tangent space T, .#, which is shown explicitly below.

Let
Fu)=Au+B(u,u)—CuodW(t)
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and F(u) be the projection of F(u) onto the tangent space T, .#, then

F(u)=m,(F(w) =F(u) - (Fu),u)gu
=Au+Bu)-CuodW —-{(Au+B(u)—CuodW,u)gu
=Au-{Au,u)gu+B(u)— Bw),u)ygu—CuodW +{(Cu,u)guocdW
=Au—|Vul?,u+Bu)-CuodW.

The last equality follows from (5.2.3) and the identity that (B(u),u)g = 0.
Thus by projecting NSEs (5.2.2) onto the tangent space T', .4, we obtain the following stochas-
tic constrained Navier-Stokes equations (SCNSE)

(5.2.4) du(t) +[Au(t)+ B(u(t)ldt = IVu(t)Iizu(t)dt +Cu(t)odW(2),
o u(0)=uyp.

5.3 Assumptions, definitions and results

From now on we will assume that c; are constant vector fields. Whether our results are true in a

more general setting is an open problem.

Assumptions. We assume that

(A.1) Vectors c1,...,cm belong to R? such that K f <1 where
(5.3.1) K. :=maxjec(1,.. mlcjlpe,
|- g2 is the Euclidean norm in R2.

(A2) ugeVn 4.

Definition 5.3.1. We say that problem (5.2.4) has a strong solution iff for every stochastic basis
(Q,%,F,P) and every R™— valued F—Wiener process W = (W(#));=0, there exists a F—progressively
measurable process u : [0,T] x Q — D(A) with P-a.e. paths

u(-,w) € €([0,T1;V)n L0, T; D(A)),

such that for all ¢ €[0,T'] and all ve V P-a.s.

¢ ¢
(u(t),v)—(uo,v)+[ (Au(s),v)ds+f (B(u(s)),v)ds
(5.3.2) t ° 1 rtm ° t m R
:f IVu(s)Iiz(u(s),V)ds+—f Z(C?u(s),v)ds+/ Z(Cju(s),dej(s).
0 2Jo i3 0 =1

J=

Definition 5.3.2. We say that there exists a martingale solution of (5.2.4) iff there exist
* a stochastic basis (f),ﬁ,[ﬁ,[ﬁ’),
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e an R™-valued F—Wiener process W,
e and a F—progressively measurable process u : [0, T] x Q — D(A) with P-a.e. paths
u(-,w) € ([0, T;V,,) N L%(0, T; D(A)),
such that for all ¢ €[0,T'] and all v € V the identity (5.3.2) holds P-a.s.
Next we state some important results of this chapter which will be proved in further sections.

Theorem 5.3.3. Let assumptions (A.1) - (A.2) be satisfied. Then there exists a martingale solution
Q,Z F,B,W,u) of problem (5.2.4) such that

T
(5.3.3) E| sup IIu(if)II%,+f0 (B a)dt | <oo.

te[0,T1]

Remark 5.3.4. The solution obtained in the above theorem is weak in probabilistic sense and

strong in PDE sense.

The next lemma shows that almost all the trajectories of the solution obtained in Theo-

rem 5.3.3 are almost everywhere equal to a continuous V-valued function defined on [0, T1].

Lemma 5.3.5. Assume that the assumptions (A.1) - (A.2) are satisfied. Let (Q,ﬁ JE P, W, u) be a
martingale solution of (5.2.4) such that

T
5.3.4) E| sup ||u(t)||%,+f0 |u(s)|2D(A)ds < o0.

tel0,T1]

Then for P almost all w € Q the trajectory u(-,w) is almost everywhere equal to a continuous

V—valued function defined on [0, T]. Moreover, the following equality in H holds for every t € [0,T],

P—-a.s.
¢
u(t)=ug —f [Au(s) +B(u(s)) - IVu(s)I%2 u(s)| ds
0
t m t m
(5.3.5) o1 f Y. Couls)ds+ | Y Cju(s)dW(s).
2 Jo j=1 0 j=1

Definition 5.3.6. Let (Q, % ,F,P,W,u?), i = 1,2 be the martingale solutions of (5.2.4) with u#(0) =
ug, i = 1,2. Then we say that the solutions are pathwise unique if for all ¢ € [0,T], P-a.s.
ul(t) = u2@).

In Lemma 5.6.1 we will show that the pathwise uniqueness property for our problem holds.
This will enable us to deduce the following theorem that summarises the main result of this

chapter:
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Theorem 5.3.7. For every ug €V there exists a pathwise unique strong solution u of stochastic

constrained Navier-Stokes equations (5.2.4) such that

T
(5.3.6) E fo lu@®Ip s dt+ sup u@Iy | <oo.

te[0,T]

Remark 5.3.8. The solution of (5.2.4) obtained in previous theorem is strong in both probabilistic
and PDE sense.

5.4 Compactness

Let us consider the following functional spaces for fixed T > 0:
%([0,T];H) := the space of continuous functions u :[0,7] — H with the topology 97 induced by

the norm |u|<g([0,T];H) 1= SUPyefo,7 lee(®)|w,
L%V(O, T;D(A)) := the space L2(0,T;D(A)) with the weak topology I3,
L2(0,T;V) := the space of measurable functions u : [0, 7] — V such that

1
T 2
lulr20,;v) = (fo IIu(t)II%,dt) < 0o,

with the topology I3 induced by the norm |ulzz2¢ 7.v)-

Let V,, denote the Hilbert space V endowed with the weak topology.

€¢([0,T1;Vy) := the space of weakly continuous functions u :[0,7] — V endowed with the weakest
topology 94 such that for all A € V the mappings

€0, T;Vy) 3 u — (u(-),h)v € €(0, TI;R)
are continuous. In particular, u, — u in €([0,T1];V,) iff for all A€ V:

lim sup Kun(¢)—u(?),h)vl=0.
=0 ¢e[0,T1

Consider the ball

B:={xeV:|x|v=r}

Let g be the metric compatible with the weak topology on B. Let us consider the following
subspace of the space €([0,T1;Vy,)

¢([0,T1];B,,) = the space of weakly continuous functions u:[0,7]—V

(5.4.1) such that sup |u(®)|yv<r.
te[0,T]

The space €([0,T];B,,) is metrizable (see [9, 23]) with metric

(5.4.2) o(u,v)= sup q(u(t),v(?)).
t€[0,T1]
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Since by the Banach-Alaoglu theorem [80] B,, is compact, (€([0,T];B,),0) is a complete
metric space.

The following lemma [24, Lemma 2.1] says that any sequence (1 ,,)nen < 6([0, T'];B) convergent
in €([0,T1;H) is also convergent in the space €6([0,T1;B,,).

Lemma 5.4.1. Let u,:[0,T]1— V,n €N be functions such that
(1) sup,enSuPgero 1 llun(slv=r,
(ii) u, — uin €(0,T];H).
Then u,u, € 6(0,T];B,) and u, — u in €(0,T];B,,) as n — oo.
Let
(5.4.3) Zr =%€(0,T;H)NL2(0, T;D(A)) nL*(0, T; V) N 6([0,T1; V),

and let 9 be the supremum of the corresponding topologies.
Now we formulate the compactness criterion analogous to the result due to Mikulevicus and
Rozowskii [65], Brzezniak and Motyl [24] for the space Z7 .

Lemma 5.4.2. Let Z7, 9 be as defined in (5.4.3). Then a set & < Zp is I —relatively compact if
the following three conditions hold

(@) supye z Supseqo 1 lluls)lly <oo,
®) supyey [ |u(s)I} 5y ds <00, i.e. K is bounded in L*(0,T;D(A)),

(¢) lims_gsup,ecx Supg,te[o,g’] lu(t)—u(s)lg =0.
|t—s|<

Proof. Let A be a subset of Z7. Because of the assumption (a¢) we may consider the metric
space 6€([0, T1;B,) = 6([0,T1;Vy) defined by (5.4.1) and (5.4.2) with r = sup,,c » supgepo, ) lu(s)lv.
Because of the assumption (b) the restriction to # of the weak topology in L2(0,T;D(A)) is
metrizable. Since the restrictions to £ of the four topologies considered in Zr are metrizable,
compactness of a subset of Zr is equivalent to its sequential compactness.

Let (u,) be a sequence in £ . By the Banach-Alaoglu Theorem [80], condition (b) yields that
A is compact in L2 (0, T;D(A)). Condition (c) implies that the functions u, are equicontinuous in
€%([0,T1,H). Since the embeddings D(A) — V — H are continuous and the embedding D(A) — V
is compact, then Dubinsky Theorem (see Theorem 2.4.5) with conditions (b) and (¢) imply that
A is compact in L2(0,T; V) n€([0, T1;H). Hence in particular, there exists a subsequence, still
denoted by (u,), convergent in H. Therefore by Lemma 5.4.1 (u,,) is convergent in ([0, T];B,,).
This completes the proof of the lemma. |

86
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5.4.1 Tightness

Using Section 2.9 and the compactness criterion from Lemma 5.4.2 we obtain the following

corollary which we will use to prove tightness of the laws defined by the Galerkin approximations.

Corollary 5.4.3 (Tightness criterion). Let (X, ),en be a sequence of continuous F-adapted H-

valued processes such that

(a) there exists a constant C1 >0 such that

sup E

neN

SCl,

sup [ X, (s)lI3
s€[0,T1]

(b) there exists a constant C9 > 0 such that

sup E

neN

(¢c) (X)nen satisfies the Aldous condition [A] in H.

T
fO |Xn(3)|12)(A)ds] <Cyq,

Let P, be the law of X,, on Zr. Then for every € > 0 there exists a compact subset K, of Zr such
that

supP,(K,)=1-¢.

neN

Proof: Let € > 0. By the Chebyshev inequality and (a), we infer that for any n e N and any r >0

3 E,[supseo 1 1X2)12] 4
Po( sup IXn(s)I > 1) = ——— V<ol
s€[0,T1] r r

Let R be such that }% < 5. Then

. €
sup,( sup 1X,()I%>R1) <.
neN  \se[0,T] 3
Let By :={ueZr: SUDge[0,7] ||u(s)||%, <R}

By the Chebyshev inequality and (b), we infer that for any n e N and any r >0

” 2
En [1Xnl7 20,708 ] _Ce
r2 T r2’

Pr(1Xnlr20.1:004) > 7) <

Let R9 be such that }% < £. Then
2

supP, (1Xnlz200,m:p(a) > R2) <
neN

Lol m

Let By := {u e Zrp: |u|L2(0’T;D(A)) < Rg}
By Lemmas 2.9.9 and 2.9.11 there exists a subset Ag c 6([0,T1,H) such that P, (Ag) >1-
and

olm

lim sup sup |u(t)—u(s)lg=0.
6—-0 u€A¢ s,tel0,T]

|t-s|<é
It is sufficient to define K, as the closure of the set B nBg ﬁAg in Z7. By Lemma 5.4.2, K, is
compact in Zp. The proof is thus complete. |
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5.4.2 The Skorohod Theorem

Let us recall the Jakubowski’s generalisation of the Skorohod Theorem as given by BrzeZniak
and Ondrejat [26, Theorem C.1], see also [49].

Theorem 5.4.4. Let & be a topological space such that there exists a sequence {fy}men of contin-
uous functions fr, : X — R that separates points of . Let us denote by & the o-algebra generated
by the maps {fn.}. Then

(a) every compact subset of X is metrizable,

() if (Um)men is a tight sequence of probability measures on (¥ ,#), then there exists a subse-
quence (mp)ren, @ probability space (2, F,P) with % -valued Borel measurable variables
¢, € such that iy, is the law of {; and &}, converges to ¢ almost surely on ). Moreover, the

law of ¢ is a Radon measure.

Lemma 5.4.5. The topological space Zr satisfies the assumptions of Theorem 5.4.4.

Proof. We want to prove that on each space appearing in the definition (5.4.3) of the space Zp
there exists a countable set of continuous real-valued functions separating points.

Since the spaces €([0,T1;H) and L?(0,T;V) are separable, metrizable and complete, this
condition is satisfied, see [3], exposé 8.

For the space L%U(O, T;D(A)) it is sufficient to put

T
fm(u):= f @), vmO)pwydt€R,  ueL?(0,T;DA), meN,
0

where {v,,,m € N} is a dense subset of L2(0,T;D(A)).

Let us consider the space 6([0,T1;Vy). Let {h,,, m € N} be any dense subset of H and let Q7 be
the set of rational numbers belonging to the interval [0, T]. Then the family {fy, ;, m €N, t € Qr}
defined by

fmt@) = (u(®),hn)veR, ueé6(0,T;Vy), meN, teQr

consists of continuous functions separating points in 6 ([0,71; V), thus concluding the proof of

the lemma. |

Using Theorem 5.4.4 and Lemma 5.4.5, we obtain the following corollary which we will apply

to construct a martingale solution to the stochastic constrained Navier-Stokes equations (5.2.4).

Corollary 5.4.6. Let (n,),en be a sequence of Zp-valued random variables such that their laws
ZL(ny,) on (Z7,9) form a tight sequence of probability measures. Then there exists a subsequence
(n3), a probability space (Q,ZF,P) and Zp-valued random variables i, iz, k € N such that the

variables 03, and i, have the same laws on Zp and fj;, converges to i almost surely on Q.
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5.5 Faedo-Galerkin approximation and existence of a

martingale solution

As mentioned in the introduction, the proof of the existence of a martingale solution is based
on the Faedo-Galerkin approximation. In this section we first talk about the basic ingredients
required for the approximation and then obtain the a’priori estimates, which we later use in the
Subsection 5.5.1 to prove the tightness of laws induced by the solutions of the approximating
equations (5.5.2).
Let {e;}72, be the orthonormal basis in H composed of eigenvectors of A. Let H, := spanf{ey,...,en}
be the subspace with the norm inherited from H, then P, : H — H,, given by
n
(5.5.1) Pnu::Z(u,ei)Hei, ueH,
i=1
is the orthogonal projection onto H,,.
Let us consider the classical Faedo-Galerkin approximation of (5.2.4) in the space H,, :

dun(t) = = [Py Aun(®) + PyBun(®) + [Vun@)2,u,(t)| dt
(5.5.2) +Z7:1Panun(t)ode(t), telo,T],

1n(0) = (BH,
Using the idea from [48] and the Banach Fixed Point Theorem we can show that the SDE (5.5.2)
has a local maximal solution up to some stopping time 7 < T'. In the following lemma we show
that this local solution stays on the manifold ./ if we start from the manifold, i.e. if the initial
data u,(0) € 4 then u,(t) € 4 for every t € [0, 7).

Lemma 5.5.1. Let ug € VN .4 then the solution of (5.5.2) stays on the manifold 4, i.e. for all
tel0,7),u,(t)e .

Proof. Let u, be the solution of (5.5.2). Then applying It6 formula to the function IxI%{ and the
process u, along (5.5.2), (3.2.5) and assumption (A.1), we get

1
§d|un(t>|%{ = (Un(t), —~PpAup(t) = PoBun () + |Vun ()2 un(®)udt

+ % Z (un(t)y(Pan)2un(t)>Hdt+ % Z (PrCiun(®),PrnCjun(t)udt
j=1 j=1
+ ) un(@),PrCiun(®)dW;()u
j=1
1 m
= —llun@®IFdt + [Vun ()2, lun () Fdt + 5 2 (Cun®),Cun(Nudt
j=1
i1 Y ICun(®)% dt
1 m
= lun I3 [lun®)F - 1] dt + 3 Zl [ICjun®); - ICun®f] dt.
J:
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Thus, we have
d [lun@®If = 1] = 2lun @13 [lua @ - 1] dt.

Integrating on both sides from 0 to ¢, we obtain

un (@)% =1 =[Jun(0)% — 1] exp ,

t
2 fo lun()I2 ds

Now since |u,(0)|lg =1 and fot IIun(S)||%,ds < oo, we get |lu,(t)lg =1for all t€[0,7),i.e up(t) €. A
for every ¢ € [0, 7). |

Since on the finite dimensional space H,, the H and V norm are equivalent, we can infer
from the previous lemma that the V-norm of the solution stays bounded. Hence using this non-
explosion result as in the case of deterministic setting (see Chapter 4) we can prove the following

lemma:

Lemma 5.5.2. For each n €N, there exists a continuous H,-valued global solution u, of (5.5.2).

Moreover for every T > 0, for any q € [2,00)

T
fo lun(s)lf;ds

We will require the following lemma to obtain a’priori bounds.

E < 00.

Lemma 5.5.3. Let c € R? and let ¢: T? — R? be the corresponding constant vector field. Put, for
u € HY2(T2 R?)
Cu=c-Vu and Cu =TI(Cu).

If the vector field u € H>?(T2,R2) is divergence free, then Cu is divergence free as well and in

particular,
(5.5.3) ACu—-CAu=0, ue H¥*(T%,R?).
Proof Let ¢ =(c1,c9) then Cu = (¢c1D1 + caD2)u. We have

div(C’u) = Dl((chl + 02D2)u1) +D2((01D1 + CzDz)uz)
=c¢1D1D1u1+c9D1Douq+c1DoD1ug+coDoDous
= ClDl(Dlul +D2u2) + CQDQ(DllLl +D2u2)
= (01D1 + CzDg)(divu) =0,
where we used that vector c is constant and u is divergence free respectively. In order to establish
the equality (5.5.3) we start by considering ACu — CAu. Since Au is divergence free, from first
part we have II(CAu) = CAu and so CAu = CAu. Thus
ACu-CAu= —A((ClDl + C2D2)u) - (ClDl + C2D2) (—Au)
=—[c1ADiu+coADou]+[c1AD1u +coADou]l =0,

since c is a constant vector, completing the proof. |
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Lemma 5.5.4. Let T > 0 and u, be the solution of (5.5.2). Then under the assumptions (A.1) -
(A.2), forall p>0and pe[l1,1+ %), there exist positive constants C1(p,p), Ca(p,p) and C3(p)
such that if |ugllv < p, then

(5.5.4) sup[E( sup Ilun(r)llf,p) =Ci(p,p)

n=1 \re[0,T]

T
(5.5.5) supfE fo lun(S) g ? ™V 1Aun(8) = [Viun(s) 2, un()IF ds < Ca(p, p),

n=1
and
T 2
(5.5.6) sup[Ef0 Iun(s)ID(A) ds = Cs(p).
n=1

Proof. Let u,(¢) be the solution of (5.5.2) then applying the It6 formula to ¢(x) = IIxII%, and the

process u,(t), we get

Allun®IF = 2(Aun(t), ~PnAun(t) — PyB(un(t), un(®) + [Vun ()12 un (t)udt
+2x % Y (Aun(®),(PrC)un(@))udt +2 x é D (APyCjun(®),PnCun(®)udt
j=1 j=1

+2 ) (Aun(t),PpCiun,)dW;(t) .

j=1
Now since (|Vun(£)12,un(t), Aun(t) = [Vun ()3 ,un(t)) = 0, using (3.2.5), we have

dllun@®1F = —2(Aun®) — IVun (O s un (@), Aun () = [Vun @) un () adt
+ 2| Vin ()P (@), An () = [V ()] 2 un(t))udt

m

— 2(Aun (), Bun(8),un@Nudt + Y (Aun @), Cun () udt

=1
+ ) (ACjun®),Ciun@)udt+2 ) (Aun(t),Ciun(t)dWi(t)u
j=1 =1

= —2|Aun () — Vi, (07 un@OFdt + Y (ACjun(t) — CjAun(t),Cju,(t)udt

Jj=1
m

+2 ) (Aun(®),Cjun(t)dWi(t)n.

Jj=1
By Assumption (A.1) and Lemma 5.5.3 we have AC;u — CjAu =0 for every j € {1,---,m}.

Thus, integrating on both sides we get
¢
Ian®I+2 [ 1A2n(6) = IVun O n )y ds

m t
(5.5.7) = lun O3 +2 ) | (Aun(s),Cjun()dWj(s)n
j=1

m t
< I3 +2 ) | Aun(s), Cjun(s)dWj(sNi.
Jj=1
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By Lemma 5.5.2, we infer that the process
m t
CEDS fo (Aun(s),Cun() AW (s)p, t€[0,T]
J=1

is a R-valued F-martingale and that E[u,(¢)] = 0 for ¢ € [0, T']. Thus

t
(5.5.8) Ellun ()3 +2E fo |Aun(8) = [Vun(8)[2un(s)yds <EluO)3, ¢el0,T1.
Hence
(5.5.9) sup sup [Ellun(t)ll% < EIIu(O)Il%.
n=1 te[0,T']

Note that using (5.5.9) in (5.5.8), we also have the following estimate

T
(5.5.10) supE f IAun(s) = [Viun(8)[2un(s)Fy ds < Elu(0)].
0

n=1

Let &(2) = |Iun(t)ll%, t €[0,T] and ¢(x) = x?, for some fixed p € [1,00). Using the It6 formula
and (5.5.7), we obtain

lun@®IZ = lun(OIZF -2p f lunIZP V| Aun(s) ~ [Vun()2un(s)Eds

+2p(p - 1)2 ||un<s>||2"’ 2 Aun(s),Ciun(sh ds
j=1J0

(5.5.11) +2pZ ||un(s>||2"’ V(Aun(s),Cjun(s)dW, ().
Jj=1

Since C is skew symmetric, {Cu,(s),u,(s)) = 0 and thus, we get

lun@®IZ +2p f NI | Aun(s) ~ [Vun() 2 un(s)bds

= un ()] +2pZ ||un(s)||2‘p Y(Aun(s),Cjun(s)dW,(s)u
Jj=1

+2p(p-D Y X ||un<s)||2(” 2 Aun(8) = [Vun(8)25un(s), Ciun(s)ids.
j=1

Using the Holder inequality we have

lun@®IZ +2p f NI | Aun(s) ~ [Vun()un(s)bds

< un(0)]12 +2pZ ||un(s)||2(" Y (Aun(s),Cjun(s)dW,(s)n
j=1

+2p(p - 1)2 ||un(s>||2(” 2| Aun(8) ~ Vun ()2 un(s)EIC jun(s) ds.
j=1

92
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On rearranging we get

lun @2 +2p f 1 I2P V1A (8) ~ [Vien(s)2,un(s)5ds
t
< ||un<0>||vp+2pz | lun@IFP™D(Au,(5), Cun(s)dWils)u
j=1

+2p(p - DK? f I (2P V1A (8) ~ [Vien(s)2,un(s) 5 ds,

where K, is the positive constant defined in equality (5.3.1).
For pe[1,1+ %), K,=2p[1-K2(p-1)] >0, thus

lun®IF +K f NP V| Au (5) ~ [Vien(s)[2,un(s)5ds
(5.5.12) < un(0)]12 +2p2 ||un(s)||2<” V(A (s), Cjtn(s) dWi(s)m.
j=1

Using Lemma 5.5.2 we infer that the process

nn(t)—Z ||un(s)||2"’ V(Aun(s),Cun(s)dWshu, t€l0,T],
Jj=1

is a martingale and E[n,(¢)] = 0. Thus

(5.5.13)  Elun@I +K,E f NS IEP P Aun(s) = [Vun(s) 2, un($)Ih ds < Elun(0)12
In particular
(5.5.14) sup sup Ellu, ()% <Elluolls?.

n=1¢€[0,T1]

Note that using (5.5.14) in (5.5.13), we also have the following estimate,
1
(5.5.15) supl fo lun(Iy” ™ 1Aun(s) = V(o) Faun(s)lfy ds < 2~ Eluolly?
n=1 p

In order to prove (5.5.4) we start from (5.5.11),

lun@®IZ = lun(OIZ -2p f 1122V 1Au(8) ~ IVun($) 2, un(s)Eds

+2p(p - 1)2 ||un(s>||2(p 2(Aun(s),Cun(sh’ds
j=170

+2pZ ||un<s>||2(” (At (s), Ctn(s) dW;(s))m.
j=1
Since for every j € {1,---,m}, (Cju,(s),un(s))u =0, hence
lun®I3 +2p f lun)3" P 1Aun(S) — IViun(s) 2, un(s) i ds = lun (O

+2p(p - 1)2 ||un(s)||2(” 2 Aun() = IVun(s) 2, un(s), Ciun(s) ds
J 1

+2p2 ||un(s)||2"’ V(AU (8) ~ [Vun(9)[2,un(s), Cjuun(s) dWi(s)h.
j=1
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Taking the mathematical expectation and using the Hélder inequality, we have

E sup lun(r)3” +2pE sup f N IEP VAU (S) = [Vien(s) 25 un($)F ds < Elun (02
rel0,t] rel0,t]

+2p(p— DKE sup [ fo 1nSIPP 2| Aun(8) = [Vin ()2, un(8) | Vun ()2, ds
rel0,t]

(5.5.16) +2pE sup
rel0,z]

Z A ||un<s)||2"’ D (Aun(8) ~ Vun(9)12,un(s),Cun(s) dW;(s))m | -

Using the Burkholder-Davis-Gundy inequality, we get

E sup Z ||un(s)||2‘p V(AU (8) = [Vun(8)[2,un(s), Cjuun(s) dWi(s)u
I‘E[O t] J 1 0
1/2
un(s)n D (Aun(8) = IVun(9)2,un(s), Cun(s)i ds
Jj=1
1/2
<3E|). f N3P 1AL ()~ [Vun($) 2, un(IHICrun() ds

1/2
< 3EK, [ f ln I 1unSIEP ™ Ay (8) = IVun($) 2, un()F ds

Using the Holder inequality and the Young inequality, we obtain

Z i eI At () ~ [Vt () n(5), Ctun(s) AW (5D
Jj=1

E sup
rel0,z]

<3k

1/2
K, (sup ||un<r)||v) ( f lne" P 1Aun(S) = [Vien(s) 25 un(s) ds) ]
rel0,z]

=3k

e sup un(MIZ f IV |Aun(s) = V() un (o) ds | -
rel0,z]

Thus using this in (5.5.16), we get

.
E sup lun (I3 +2E sup f I (IEP P |Atn(5) ~ [Viun(s)I2,un(s) ds
rel0,z] rel0,z]

<rE||un(0)||V +2p(p - DKZE sup f 1122V (8) ~ IVun(s) 2, un(s) ds
rel0,t]

6517 +2PKe f 1n (1P At ()~ 192 () Ry un () ds

Hence for € = L, Eq. (5.5.17) reduces to
12p

E sup l|un(r)II?” +4E sup f lun()e” P 1Aun(s) — [Viun(s) 2, un(s) ds < 2Elun ()
rel0,¢] rel0,¢]

+4p(p - DKZE sup f NP IAU(8) ~ [Vun(e) 2, un()F ds
rel0,t]

+36p°KE f N5~V 1Aun(s) = (Vi) 2un(s) ds.
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Since for |[Au,(s)— IVun(s)Iizun(s)l%{ ds is an increasing function, we have

t
E sup lun (M2 +4E fo lun@IZP | Aun(s) ~ [Vun() 2 uns)l% ds
rel0,z]

t
< 2F||un (O +4pKZ[10p - 1]E fo IV |Aun(s) = V()2 un(s) ds.
In particular

t
E sup lun ("I <4pK2[10p - 1]E fo 1 (IEP P |Atn(8) ~ [Vaun(s)I2,un(s) ds
rel0,t]

+ 2E]|un (057 .

Since [Ellun(O)Ilf,p < [Elluollf,p and using (5.5.15), for p € [1,1 + %)

d 2p-1) 2 2
E [ hun I 1A (6= Va6V sun Oy ds
is uniformly bounded in n, thus
supE sup IIun(r)Ilg,p =Ci(p,p).
n=1 ref0,T]
Now we will establish (5.5.6). Note that

T T T
[Efo |tn(s)}ya)ds =E fo |Aun(s) — V()2 un(s)Z ds +E fo lun(s)I* ds.

Using (5.5.4) for p =2 and (5.5.5) for p =1, we get

T
SupE [ lun(s)i3a)ds = Coll, )+ C1(2, 0T = Cap).
0

n=1

5.5.1 Tightness of the laws of approximating solutions

In this subsection using the a’priori estimates from the Lemma 5.5.4 and the Corollary 5.4.3 we
will prove that for every n € N the measures £ (u,) on (Z7,9 ) defined by the solutions of the
stochastic ODE (5.5.2) are tight. The following is the main result of this subsection.

Lemma 5.5.5. The set of measures {£(uy),n € N} is tight on (Z7,9).

Proof. We apply Corollary 5.4.3. According to the a’priori estimates (5.5.4) (for p = 1) and (5.5.6),
conditions (a) and (b) of Corollary 5.4.3 are satisfied. Thus it is sufficient to prove that the
sequence (u,),en satisfies the Aldous condition [A] in H. Let (7,,),en be a sequence of stopping
times such that 0 <7, <T. By (5.5.2), for ¢ € [0,T'] we have

t t t
un(t):un(O)—f PnAun(s)ds—[ PnB(un(s))ds+/ IVun(s)Iizun(s)ds
0 0 0

t t
+% f (P,CPun(s)ds + f P,.Cu,(s)dW(s)
0 0

= JT+ IR+ TP + TP + TR + IR, te[0,T].
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Let 6 > 0. We start by estimating each term in the R.H.S. of the above equality.
Ad. J7. Since A:D(A) — H is a bounded linear map, then by the Holder inequality and estimate

(5.5.6), we have the following inequalities

E[|2(r, +0) - I ()] =E

T,+0
f P,Au,(s)ds
Tn

T,+0
< c[Ef [Au,(s)lg ds
H T

n

T,+0 1
(5.5.18) < c[Ef lun(s)Ipa) ds < cO? ([E
T

n

T 2
f() |un(3)|D(A)d3

Ad. J3. Since B:V xV — H is bilinear and continuous, then using (3.2.3), the Cauchy-Schwarz
inequality, estimates (5.5.4) (for p = 1) and (5.5.6), we have the following estimates

E[IJ} (T, +0) — T2 (T o)lp] = E

T,+0
f P,B(u,(s))ds

T,+0
< c[Ef [B(un(s),un(s)luds
H T

n

0 5 1/2
L ||un(3)||\27|un(3)|D(A) ds

% T,+0 9
[/‘; |un(3)|D(A)ds]

1
4

T,+0 1 1
= C[Ef lun(S)glun()lviun(s)ly,, ds < cE
T,

SC[E(

(5.5.19) <cOi

PN

T,+0 9
|7 s
T

n

3
4 1
E sup ||un(s)||%; < cCl(l)%Cé‘ 97 = c3 .01,
s€[0,T1]

T
2
lEf() |un(3)|D(A) ds

Ad. J}. Using Lemma 5.5.1 and estimate (5.5.4) (for p = 1), we have

ELJ2 (T +0) = JP(Tp)lp] = E

T,+0
f IVun(s)|7sun(s) ds
Tn

H

T,+0
(5.5.20) SE[ IVun(s)I%QIun(s)IH ds<E sup ||un(8)||%/95Cl(l)-92104'9.
Tn s€[0,T]
Ad. J¢. Since C is linear and continuous, then using the Cauchy-Schwarz inequality, assumption
(A.1) and (5.5.6), we have the following
T,+0

1 9
2 Z (PrCj)un(s)ds
=1

E[J2(Tp +0) — J2(T)lp] = E

H

1 m T,+0 1 T,+0
< EC[E |C?un(s)IHds < chf[Ef lun(s)lpa) ds
Tn

=197
1
1 5 r 9 2 K2 1 o 1
(5.5.21) < ECKC [Ef0 lun(s)lpa ds| 62 < ZCC§ 0% =:c5-02.
Ad. Jg. Using the Itd isometry, assumption (A.1) and estimate (5.5.4) (for p = 1), we obtain the
following
T,+0 2 T, +0
E“ngn+6)—JgUﬁN%]=El/ P,Cupn(s)dW(s) ScEj1 |Cun(s)I% ds
Tn H Tn
T,+0
(5.5.22) < cK?[Ef lun(s)Iy ds < cKZE sup [lun(s)l50 < cKZC1(1)-0 =:cg-0.
Tn s€[0,T1
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Let us fix x > 0 and ¢ > 0. By the Chebyshev’s inequality and estimates (5.5.18) - (5.5.21), we

obtain

1 ;0
P17 (1 +6) = 7 (x5 2 kD) < E[1] (1, +6) = ] (x)lz] = 67 neN,

wherei=1,---,5. Let §; = 56. Then
ci

sup sup P{|J] (1, +0)-J' (T )la=x})<e, i=1...5.
neN 0=<6<6;

By the Chebyshev inequality and (5.5.22), we have

1
PTG (T +6) = T3 (Tl 210 = E (17 (0 +0) = I (o)l

cgb
< 5 n eN.
K
2
Let 6 = —e¢. Then
Ce
sup sup P({|J5 (1, +0)-Jg(Tp)lm=x}) <e.
neN 0<0<dg
Since [A] holds for each term J, i =1,2,---,6; we infer that it holds also for (u,). Therefore we
can conclude the proof of the lemma by invoking Corollary 5.4.3. |

5.5.2 Proof of Theorem 5.3.3

We prove certain pointwise convergence in Lemma 5.5.8 which is later used to construct a contin-
uous H—valued martingale. Martingale representation theorem then guarantees the existence of

a martingale solution of problem (5.2.4), proving Theorem 5.3.3.

By Lemma 5.5.5 the set of measures {Z(u,),n € N} is tight on the space (Z7,9), defined by
(5.4.3). Hence by Corollary 5.4.6 there exist a subsequence (n},)en, @ probability space (Q, %, P)

and, on this space, Zr-valued random variables &,%,,,% = 1 such that
(5.5.23) iin, has the same law as u,, and @,, — @ in Zr, P—-a.s.
dn, — GinZy, P—a.s. precisely means that

fin, — @in €([0,T];H),
ln, —@in L%(0,T;D(A)),
lin, — @in L2(0,T;V),
lin, — in €([0,T1;V,).

Let us denote the subsequence (i ,,) again by (&, )nen.
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Since u, € €([0,T1;H,), P-a.s. and €([0,T1;H,) is a Borel subset of €([0, T1;H)nL2(0,T;V)

and also i@i,, u, have the same laws on Zr we can make the following inferences
ZL(G,)€(0,T;H,) =1, n=1,
[, (O)lg = lun(®)lg, as.

Also from (5.5.23) @i, — @ in 6([0,T];H) and by Lemma 5.5.1 u,(¢) € .4 for every t € [0,T1].

Therefore we can conclude that
(5.5.24) u(t)eH, tel0,T].

Moreover by (5.5.4) and (5.5.6), for p e [1,1+ %)

(5.5.25) sup[E( sup IIan(s)Ilép) = Ci(p),
neN  \0ss<T
1T
(5.5.26) supk f |iin($)IHa ds | < Cs.
neN 0

By inequality (5.5.26) we infer that the sequence (ii,) contains a subsequence, still denoted by
(i) convergent weakly in the space L2([0,T] x €;D(A)). Since by (5.5.23) @&, — @ in Zp P-a.s.,
we conclude that @ € L2([0, T x Q;D(A)), i.e.

(5.5.27) E < 0o0.

r 2
fo Iﬁ(s)ID(A)ds

Similarly by inequality (5.5.25) we can choose a subsequence of (i) convergent weak star in the
space L2(Q;L>(0,T;V)) and, using (5.5.23), we infer that

(5.5.28) [E( sup ||a(s)||%,) < oo.
0<s<T

For each n = 1, let us consider a process M,, with trajectories in €([0,T1;H,), in particular in
€¢([0,T];H) defined by
t t
M, (t) = Gi,(t) — P, i(0) +f P,Aii,(s)ds +f P,B(ii,(s))ds
0 0
t 1m t
(5.5.29) —f Vit (s)|?tin(s)ds — 5 Y | (PuCj)?an(s)ds,  tel0,T].
0 j=1J0
Lemma 5.5.6. M, is a square integrable martingale with respect to the filtration F, = (9,17,5),
where gn,t = o{ii,(s),s < t}, with the quadratic variation
m
Y 1PnCjiin(s)% ds.
i=1

t
(5.5.30) UMy =
0 ;

Proof. Indeed since i, and u, have the same laws, for all s,t € [0,T],s < ¢, for all bounded

continuous functions 2 on €([0,s];H), and all v,{ € H, we have
(5.5.31) E[(Mn(t) — My (s),y)ah(ingo,s)] =0
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and
E| (4,8, )5 V(8,11 = M), )11 (M (5), O

m t
(5.5.32) Y | {(Cjan(@)* Prw,(Cjn(0) Pul)g dg) -h(ﬁm[o,s])] =0.
j=1Js

Lemma 5.5.7. Let us define a process M for t € [0,T] by

t t

(5.5.33) W0 =) -30)+ [ Auds+ [ Bla)ds
0 0
t m t

(5.5.34) - f IVﬁ(s)Iizﬁ(s)ds—lz f C%u(s)ds.
0 2j:1 0

Then M is an H-valued continuous process.

Proof. Since it € €([0,T1];V) we just need to show that each of the remaining four terms on the
RHS of (5.5.33) are H-valued and well defined.

Using the Cauchy-Schwarz inequality repeatedly and by (5.5.27) we have the following
inequalities

T T 1/2
E f |AG(s) [ ds < T2 ([”E f Ia(s)IZD(A)ds) <co.
0 0

Using (3.2.3), the Holder inequality, (5.5.24) and the estimates (5.5.27) and (5.5.28) we obtain
the following:

T T
E f B(i(s))l ds < 2F f @S IPIVEE) 2 s ds
0 0

T 3/4 , .1 1/4
(fo ||a(s)||$/3ds) (fo Iﬁ(S)I%(A)ds) ]
1/4

3/4 T
< o734 ([E sup IIﬁ(s)II%,/S) ([Efo Id(s)IZD(A)ds) < 0o0.

<2F

s€[0,T]
Using the Holder inequality, (5.5.24) and inequality (5.5.28) we have
E f Vi), la(s) | ds < E f la(s)12 ds < [E( sup ||a(s)||%,) T < oo.
0 0 s€[0,T]

Now we are left to deal with the last term on the RHS. Using assumption (A.1) and the

estimate (5.5.27), we have the following inequalities for every j€ {1,---,m},

T T 1/2
[Ef C3a(s) | sKCT”z([Ef |a(s)|2D(A)ds) < o0.
0 0

This concludes the proof of the lemma. |
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Lemma 5.5.8. For all s,t€[0,T] such that s <t, we have :
(@) limy,_.oo(ii,(2),Pry)y = Gt),v)u, P-as. weH,
() lim,—co [H(Al,(0), Py do = [ (Al(0), ) do, P-as. weH,
(© limy,—co [ (B(in(0),1,(0)), Payu do = [{(B(i(0),@(0),y)udo, P-as. yeV,
(d) limy, oo f; IViin(0)12, (iin(0), Poydu do = [} IVi(0)2,(i(0),y)u do, P-a.s yeH,
(©) limy—co([; C2@(0), Pry)u do = [{(C3a(0),y)m do, P-as. yeH.

Proof. Let us fix s,£€[0,T1], s <t¢. By (5.5.23) we know that

(5.5.35) i, — @ in 6(0,T;H)n L2 (0, T;D(A) N L%(0, T;V)n€([0,T;V,), P-as.

Let v € H. Since i, — @ in €([0,T];H) P-a.s. and P,y — v in H, we have

r}il]é‘o (@n (), Prydu — (G@), v
= r}gngo<an(t) —a(t),Pry)u + r}grgo<ﬁ(t),in —y)u=0 P-as.

Thus we infer that assertion (a) holds.
Let w € H, then

t t
f (Ain(0), Pyl do — f (Ad(0), vy do
t t
- f (Adin(0) - Ad(0), ¥y do + f (Aiin(0), Py — ) do
t t
Sf <ﬁn(0)—ﬁ(U),A_11I/>D(A)dU+f [tin (o)D) Pry —wla do

t
Sf (tin(o)— ﬁ(U),A_1w>D(A)dU+ |Pry _1//|H|an|L2(0,T;D(A))T1/2-
S

By (5.5.35) @i, — @ weakly in L2(0,T;D(A)) P-a.s., @i, is a uniformly bounded sequence in
L%(0,T;D(A)) and P,y — v in H. Hence we have P-a.s.

t
lim f (tin(0) — (), A" ) peay do — 0,
®©Js

and
lim [P, v -yl — 0.
n—oo

Thus, we have shown that assertion (b) is true.

We will now prove assertion (c¢). Let 1 € V. Then we have the following estimates:
t t
| Bt P~ [ B, viudo
S S
¢ ¢
= | Blan(o) - BN, wiudo+ [ Bl Poy-vindo
S S

t t
_ f [5(n(0), n(0), 9) - b(@(@), @(0), )] do + f (B(@n(0)), Pry -y do.
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Using (3.2.1), we get

fs ' Blin(0)), Pyt~ f BN, i do
- f b (0) - 1(0), (o)) do + f b(a(0), n(0) - a(0) ) do
+ fst<B(an(0)),in— vpdo
< f (@) 2y lEn(@ iy Iy Iy do + f @ lylino) - a@lvlyly do

t
+ [ 1an@N1Pwy - wivdo.
S

Now since by (5.5.35) @i, — @ in L2(0,T;V) strongly, the sequence (i ,) is uniformly bounded in
L2(0,T;V). Thus using the Cauchy-Schwarz inequality and the convergence of P, — 1 in V, we

have P—a.s.

t t
lim f (Biin(0)), Pr)ss — f (B@0), vyudo

n—oo
< 1im [y - lgo.r |12 ;
Bim |in = dlr20,7v) | 1nlL20,T0)

~ . ~ 12
g2 |1V + T 825 73 1Py ~ Iy — 0.

Next we deal with (d). Let v € H, then

fs t|van<a>|i2<an(a>,in>Hdo— f t Vii(0) [ (o), y)udo
= f t [IViin(0)I7, = IVi(0)I7, ] (o), y)udo + f t Vi (0)135(lin(0) - @(0), y)udo
v V(@124 (o), Pyyy — sy do

= f t [IV@n(0)l2 = V(o) 2] [IViin(0)l L2 + V(o) 2] (@0), yyu do

t t
+f IVan(U)I%NZn(U)—ﬁ(a),w>Hda+f IVitn ()3 (@in(0), Pry —y)u do.

Thus, by the Cauchy-Schwarz inequality we get

t t
f Vi (017 lin(0), Pryudo — f IVii(0)[7 (o), y)udo
t
< f [lin(0) = @) IvIEn(@)lly + a0V |i(o)ulyla do

t t
¥ f Nin (@31 (0) - a(0)plyli do + f Vin (@3 |Gl Pay -yl do
S S

101



CHAPTER 5. STOCHASTIC CONSTRAINED NAVIER-STOKES EQUATIONS

By (5.5.35) @i, — @ strongly in €([0, T1;H)n L2(0,T;V), in particular & € L2(0, T; V), the sequence
(ii,) is uniformly bounded in L%(0, T;V) and P,y — vy in H. Thus, we have P-a.s.

t t

lim [ V8,01, @n(@), Payindo - [ V()2 a(0), pudo
s S

< lim [1@nlL20,5v) + |@lL20,7:v) | 1@n L0, 2:10) 10 = @l 20,73 W

. - 9 - - . - 2 -
+ lim [@nl7s g poy)l@n = Bl rmlWla + B 1@nl;2 g poy | 8nlLeo, 0 Pry = wla — 0.

Hence we infer that assertion (d) holds.
Now we are left to show that (e) holds. Let ¢ € H, then

t t
f (C?n(0),Ppy)udo — f (C?i(0), vyudo
t t
= f (C?(iin(0) - @(0), W) do + f (C?0in(0),Ppy — )y do
t t
< f (C2A™ A1, (0) - @(0)), W) do + K2 f |G (0) D) Pry — wln do,

where K_ is defined in (5.3.1). Since (i,,) is a uniformly bounded sequence in L2(0,T;D(A)) and
C?A7! is a bounded operator thus by (5.5.35), we have P-a.s.

t t
lim f (C2i1,(0), Pyy)rdo — f (C2(0), p)udo

n—oo
t
< lim | (A@n(0) = @(0)),(C*A™) ydudo + lim K|z 7.0 Pav ~In T
S
t
= lim f (@n(0) = (0), A"H(C*A™) yip(ay do + lim K|l p2 rpean| Py - wlaT? — 0,
S

where to establish the convergence we have used that P, — v in H.

This completes the proof of Lemma 5.5.8. |

Let A be a bounded continuous function on €([0,T1;H) and F = (%;) = o{ii(s),s < #} be the
filtration of sigma fields generated by the process i.

Lemma 5.5.9. For all s,t €[0,T], such that s<tand all yeV:
(5.5.36) T}Lngo[ﬁ (M, (8) — M, (8), W) (G yo.51)] = E[(M(t) — M(s),w)h(@ 0], he€€(0,TIH),
where (-,-) denotes the duality between V and V'.
Proof. Let us fixs,t€[0,T],s<t¢and v eV. By (5.5.29), we have
(M, () — Mo (5), ) = (Gn(), Pny) g — (Gn(s), Prydu +fst(Aan(U),Pn1//>H do
. ' (Bliin(0)), Pay) do - | Va0 (0) s in(0), Pap)ss do

1 t
-3 f (C21i (@), Py do.
S
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By Lemma 5.5.8, we infer that
(5.5.37) ,}LIEO<Mn(t)—Mn(S)aW> = (M(¢) —M(s),w), P-a.s.

In order to prove (5.5.36) we first observe that since i@, — @ in Zp, in particular in €([0, T']; H)

and A is a bounded continuous function on €([0,T];H), we get

(5.5.38) Ji%h(ﬁn|[0,s]) = h(fc|[0’s]) [ﬁ’ —-a.s.
and
(5.5.39) sup |h(l~tn|[0,s])|Loo < OQ.

neN

Let us define a sequence of R—valued random variables:

fr(w) = (M (t,0),w) — (My(s,0), )| h(@nos), @€Q.

We will prove that the functions {f,},en are uniformly integrable in order to apply the Vitali

theorem later on. We claim that

(5.5.40) supElI£,1%1 < co.

n=1

By the Cauchy-Schwarz inequality and the embedding V' — H, for each n € N there exists a

positive constant ¢ such that
(5.5.41) ELfnl?] = 2¢lh @S E [IMA 05 + M)

Since M, is a continuous martingale with quadratic variation defined in (5.5.30), by the Burkholder-

Davis-Gundy inequality we obtain

m T
) A |P,.Ciin(0) 5 do
j=1

(5.5.42) E <ck

sup M, )%
te[0,T1

Since P, : H— H is a contraction then by assumption (A.1) and (5.5.25) for p =1, we have

m T T
E|Y A |P,Cjin(0)l do| <E szfo lin(0)I% do
J=1
(5.5.43) <mK2E| sup lld, ()% |T <oo.
o€[0,T1]

Then, by (5.5.41) and (5.5.43) we see that (5.5.40) holds. Since the sequence {f,},en is uni-
formly integrable and by (5.5.37) it is P—a.s. point-wise convergent, then application of the Vitali
Theorem (see Theorem 2.5.14) completes the proof of the lemma. [ |

From Lemma 5.5.6 and Lemma 5.5.9 we have the following corollary.
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Corollary 5.5.10. For all s,t €[0,T] such that s <t:
E(M(t)— M(s)| ) =0.
Lemma 5.5.11. For all s,t €[0,T] such that s <t and all ¢y,{ €V :

Tim E[((V2,(8), ) (V1 (8), ) — (W (5), Y)W (), O 0,50
= | (10, (1(1),0) - (W), 9) (W (5), 0 (o), b€ €10, THH),

where (-,-) denotes the dual pairing between V and V'.

Proof. Let us fix s,t €[0,T] such that s <t and y¥,{ € V and define the random variables f, and f
by

Fa©) = (M (t,0), ) M (8, 0),) = (VL (5,0), 1) (W (5,00),0) @i 1 (@)),
F@)i= (Mt 0),9) FL(E,0),0 = M (s,0),9) M(s,0),0 |hp @), we.

By (5.5.37) and (5.5.38) we infer that lim,, .o, fr(®) = f(w), for P almost all w € Q.
We will prove that the functions {f,,},en are uniformly integrable. We claim that for some r > 1,

(5.5.44) supk [Ifnl"] < co.

n=1

For each n € N, as before we have
(5.5.45) E[1fal"] < CIANL W IG I IGE [ @1 + | Ma(s)*].

Since M, is a continuous martingale with quadratic variation defined in (5.5.29), by the Burkholder-
Davis-Gundy inequality we obtain

r

(5.5.46) E| sup |M,®)% | <cE

te[0,T1]

m T
Y A |P,Cjin(0)do
Jj=1

Since P, : H— H is a contraction, by assumption (A.1), we have

r r

m T T
E|Y A |P,Cin(0)fdo| <E szfO liin(0)I% do
j=1
(5.5.47) <(mK2YE| sup llan(o)Z|T".
o€l0,T1]

Thus for re (1,1 + I%), by (5.5.45), (5.5.46), (5.5.47) and (5.5.25) we infer that condition (5.5.44)
holds. By the Vitali theorem

(5.5.48) lim E[£,]1=E[f].
n—oo
The proof of the lemma is thus complete. |
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Lemma 5.5.12 (Convergence of quadratic variations). For any s,t € [0,T] and v, €V, for all
h € €([0,T];H) we have

lim E
n—oo

m t
(Z {(Cjiin(0))" Pyw,(Cjiin(a))” P.l)p dU) -h(ﬂn|[0,s])]
j=1ds

=t

m t
(z <(cja<a>)*w,(cja<a>)*c>Rda)-hmlm,sp

j=1Js

Proof. Let us fix ¢,{ € V and define a sequence of random variables by
m ot i . B
falw):= (Z <(C]izn(0',w)) Py, (ijtn(a,w)) Pn(>R dU) 'h(anl[O,s]), w €.
j=1Js

We will prove that these random variables are uniformly integrable and convergent P—a.s. to

some random variable f. In order to do that we will show that for some r > 1,

(5.5.49) supE|f,|” < oco.

n=1

Since P,,: H— H is a contraction, by the Cauchy-Schwarz inequality, and assumption (A.1)

there exists a positive constant ¢ such that

|(C‘]an(0,w))*PnU/|R = |(Cjﬁn(0,w))*|$(H;[R) |PnW|H = |Cjﬁn(0,w)|$(R;H)IWIH

= KC Ilan(a,w)llVllVlH; .] € {17 e 7m}’

where Z(X,Y) denotes the operator norm of the linear operators from X to Y. Thus using the
Holder inequality, we obtain

r

[E|fn|r=[~E

m t
(Z ((den(o))*in,(Cﬁn(a))*PnGRdU)‘h(ﬁnuo,s])

j=1Js

r

m t
SIhlZW[E(Z |(ijtn(0))*PnW|uqa'|(Cjﬁn(0))*Pn(|Rda)
j=1Js
t r
S(me)rlhlioolwlﬁlflﬁ[E([ IIan(U)II%dU)
o€l0,T1]

(5.5.50) <(mK2y |h|gm|w|f{|5|{{[§( sup ||an(a)||%{)T’.

Therefore using (5.5.50) and (5.5.25) we infer that (5.5.49) holds for every r e (1,1 + %).

Now for pointwise convergence we will show that for a fix w € Q,

t m
(5.5.51) lim | ) ((Cjin(o,0) Pay,(Cjin(o,w)) Ppl)ydo
n—oo Jo j=1
t m
= | Y {(Cjiilo,w)" v, (Cjii(o,w)) )z do.
s j=1

Let us fix w € Q such that
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(i) @n(,0)— @(,0) in L*(0,T;V),
(i1)) and the sequence (@i, (-,w)),>1 is uniformly bounded in L2(O, T;V).
Note that to prove (5.5.51), it is sufficient to prove that
(5.5.52) (Ctin(o,0))" Ppy — (Cjii(o,w)" v in L%(s,t;R),
for every j€{1,---,m}. Using the Cauchy-Schwarz inequality we have
fst |(Cjitn(o,0) Pry — (Cjil0,0)" y|2 do
< [ (ICsnto. )" (av =0l + |(Cnto,00 - Cito0) w1y ) do
< zfst |Ctin(o,0)| % g |Pav — w5 do +2[ |Ctin(o,0) - Cjii0,0)| g Wk do
=I5 () +I2(t).
We will deal with each of the terms individually. We start with I1(¢). Since
lim [P,y -yla =0, eV,

and by assumption (A.1), (i7) there exists a positive constant K such that

t t
supf ICﬁn(U,w)Ié(R;H) do SKCZ supf IIﬁn(J,w)H%dU <K.
S S

n=1 n=1
Thus we infer that
lim I;(5)=0.
Next we consider I2(t). Using assumption (A.1) and (i) we can show that for every j €

{1,"',7’)’1,},

n—oo

¢
lim f |Cjﬁn(a,w) - de(a,w)@(R;H) leflda
S
. 2 752 t 2
< lim |ylg K, fs lin(o,0)=t(o,w)lydo =0.
Hence, we have proved (5.5.52), finishing the proof of lemma. |

By Lemma 5.5.9 we can pass to the limit in (5.5.31). By Lemmas 5.5.11 and 5.5.12 we can
pass to the limit in (5.5.32) as well. After passing to the limits we infer that for all v,{ € V and
he€(0,T];H):

(5.5.53) E[(M(t) - M(s),y)h(iijo,)] =0,
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and
E| (1), 9) 1), — (), (¥ (5), )
m t
(5.5.54) -2 | (Cja@) v, (Cjﬁ(a))*QRda) .h(amsl)] =0.
j=1Js

From the two previous lemmas and Lemma 5.5.6, we infer the following corollary.

Corollary 5.5.13. For t €[0,T1]

L 2
Y |Cjals)|ds,  tel0,TI.

t
INTE
0 j=1

Theorem 5.3.3 proof continued. Now we apply the idea analogous to that used by Da Prato
and Zabczyk, see [38, Section 8.3]. By Lemma 5.5.7 and Corollary 5.5.10, we infer that M(t),
t €[0,T]is an H-valued continuous square integrable martingale with respect to the filtration

F = (%;);=0. Moreover, by Corollary 5.5.13 the quadratic variation of M is given by
_ tm 5
(M)t = ; Y |Cjas)|zds,  telo,T1.
J=1

Therefore by the martingale representation theorem (see Theorem 2.8.7), there exist
* a stochastic basis (f),ﬁ,étzo,ﬂ%),
o aR™—valued F-Wiener process W(¢) defined on this basis,

* and a progressively measurable process () such that for all £ €[0,7] and ve V:

t t
@(t), vy = (@(0),v) + f (Ali(s),v)ds + f (B(ii(s)),v) ds
0 0
Y (Cyiils), vy AW (s).
=1

t t m t
:fo |Vﬁ(s)|iz(ﬁ(s),v)ds+%f0 ;(C?ﬁ(s),v)ds+ ) &

Thus the conditions from Definition 5.3.2 hold with (Q, %, {%}1=0,P) = (Q, F,{F,}120,P), W =W

and @ = . Hence the proof of Theorem 5.3.3 is complete.

5.6 Pathwise uniqueness and strong solution

In this section we will show that the solutions of (5.2.4) are pathwise unique and that prob-
lem (5.2.4) has a strong solution in PDE as well as in probabilistic sense. In the previous section
we showed that paths of martingale solution u of (5.2.4) belong to €([0, T1;V,,)NL2(0, T;D(A)). We
start by proving Lemma 5.3.5, i.e. showing that the trajectories of the solution u € €([0,T];V)n
L%(0,T;D(A)).
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Proof of Lemma 5.3.5 u is a martingale solution of (5.2.4) thus, u € €([0,T1; V)N L0, T;D(A))
P—a.s. We start by showing that RHS of (5.3.5) makes sense. In order to do so we will show that
each term on the RHS is well defined.

Firstly we consider the non-linear term arising from Navier-Stokes. Using (3.2.3), the Holder

inequality, (5.5.24) and the estimate (5.3.4), we have the following bounds :

T T
3 fo IB(u(s))lfds < 2E fo ()| Vu(s) |22 u(s)|pa) ds

T 1/2
~ 12 [~
< 2T (Esupseroru(s)Ily) ([E fo |u(s)|%(A)ds) <oco.

Using (5.5.24), the Holder inequality, (5.5.23), estimates (5.5.25) and (5.3.4) we have the

following inequalities for the non-linear term generated from the projection of the Stokes operator,

T T
N 2 A~ N
[Ef ||Vu(s)|%2u(s)|H ds = [Ef |Vu(s)|i2 ds<T ([E sup IIu(s)II‘\l,) < oo.
0 0 s€[0,T1

Next we deal with the correction term arising from the Stratonovich integral. Using assump-

tion (A.1) and (5.3.4), for every je{1,:--,m} we have

T T
[Efo |C§u(s)|§sK;‘[EfO |u(s)I 4y ds < 00,

where K is defined in (5.3.1).
We are left to show that the Itd integral belongs to L2(Q x [0, T']; V). Due to It6 isometry it is

enough to show that for every je{1,---,m}
T
(5.6.1) [Ef ICju(s)% ds < oo.
0

Using assumption (A.1) and (5.3.4), we have

T T
[Ef ||cju(s)||%,dschfE/ |u(s)I 4 ds < 0o
0 0

Thus we have shown that each term in (5.3.5) is well defined. Now we will show that the equality
holds.

Since u is a martingale solution of (5.2.4), for every ve V and ¢ € [0, T'] it satisfies the equality
(5.3.2), i.e. P-a.s.

t t
WO - o) + [ Aue)vds+ [ B vds
0 0

¢ 1 ptm tm .
=[ IVu(s)I%Q(u(s),v)ds+ —f Z(Cjz»u(s),v) ds+ Z(Cju(s),v)de(s).
0 2 Jo j=1 0 j=1
Note that the above equation holds true for every v € 7 (as defined in (3.1.2)) and hence (5.3.5)
holds in the distribution sense. But since 7 is dense in V, equality (5.3.5) holds true almost

everywhere, which justifies Remark 5.3.4.
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We use [71, Lemma 4.1] to prove the first part of the lemma. We work with the D(A)cVcH

space triple. Let us rewrite (5.3.5) in the following form

t
u(t):u0+f g(s)ds+N(2),
0

where g contains all the deterministic terms and N corresponds to the noise term. We have
shown that g € L2(Q;L2(0,T;H)) and N € L2(Q;L?(0,T;V)). Thus from [71, Lemma 4.1] we infer
that u € L%(Q;6([0,T1;V)). This concludes the proof of lemma. [

In the following lemma we will prove that the solutions of (5.2.4) are pathwise unique. The
proof uses the Schmalfuss idea of application of the Itd6 formula for appropriate function (see
[82]).

Lemma 5.6.1. Assume that the assumptions (A.1) - (A.2) are satisfied. If ui,us are two martin-
gale solutions of (5.2.4) defined on the same filtered probability space (Q, %, F,P) then P—a.s. for
all te[0,T], ui(t) = ug(t).

Proof. Let us denote the difference of the two solutions by U := u1 —ug. Then U satisfies the

following equation

dU(8) +[AU () + B(ug(®) - Blui())] dt = [[Vu1(®)I7,u1(t) - [Vus(®)2,us(?)] dt
(5.6.2) + Y C;U@)odW(t),  tel0,TI.

j=1

Let us define the stopping time
(5.6.3) tn: =T Ainf{t €[0,T): lu1 (I3 v luz®)I3 >N}, NeN.

Since [supte[O’T] IIui(t)II%,] <ooP-a.s. fori= 1,2, limy ooty =T.
We apply the It6 formula to the function

F(t,x)=e"Ox%, te[0,T],xeV

where r(t), ¢ €[0,T], is a real valued ¢'-class function which will be defined precisely later in the
proof.
Since

oF oF
o =70y, ——()=2e7"0,m,

we obtain for all ¢+ €[0,T]

tATN
e TNV ATN)IE = f e (—r'(9)|U(s)[% +2(~AU(s) + B(u1(s)) — B(us(s)),U(s))u) ds
0

INTN
+f e 7
0

1 INTNy M

- T
+20 jzzlr

2(IVu1(9)72u1(s) — [Vua(s)[2,uz(s), U)u+ Y (C3U(),UshHu | ds
j=1

02F tATN ©) m
CjU(s)W(CjU(s))* ds+2f0 e ¥ Z(CjU(s),U(s»HdW(s).

J=1
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Thus using the assumption (A.1), we obtain the following simplified expression

INTN
e TNV ATN)IE < f e (= (U - 21U )2 - 2b(U(s), u1(s),U(s))) dss
0
tATN
+2 fo e ((IVur(s)I7, — [Vua(s) 2 (w1(s), US)E + [Vua(s) 7. U (s)I) ds

tANTN m 1
+ e "N [(C2U(s),U()m + = x 2(C;U(s),C,;U(s)m | ds.
0 = J 2 J J
Using (3.2.1) and the Cauchy-Schwarz inequality, we get

tATN
T ATy + 2 fo e TONU()IZ ds
IANTN 9
< j(; e 7 (—r/(S)lU(S)lH +4UG) UG Iviieis)lv) ds

IANTN

+ 2/(; e—r(s)||U(S)||V(|Vu1(s)|L2 + IVuz(S)ILz)|LL1(S)|H|U(3)|H ds
tINTN 9 2

2 fo e O WVug(®) 2, UG ds.

Using the Young inequality, we obtain

—r(tATy) 2 N s 2 NN 2 2
e [U@EATN)Ig+2 . 1U)yds < e [—r'(s)+8llu1)I ] 1U (sl ds
N e 2 2 2
+2f0 e " (IVui(s)ipz + Vua(s)lpe) lui(s)lgU )G ds
IATN _r(s) 9
(5.6.4) + e 1Us)lI5 ds.
0

Now choosing

t
r(t):= fo |81 +2(1Vu1()Izs + Vua(s)lze) lur () | ds,

inequality (5.6.4) reduces to

INTN
e TNV AT + fo e "ONUB)IZ ds 0.
In particular

(5.6.5) sup [T AT =o0.
tel0,T1]

Note that since ©1 and ug are the martingale solutions of (5.2.4) satisfying the estimates
(5.5.4) and (5.5.6) and because of the Lemma 5.5.1, r is well defined for all ¢ € [0, T'].

Since P—a.s. limy—_oo 7y = T and E[r(T)] < oo, thus from (5.6.5) we infer that P—a.s. for all
t€[0,T1], U(t) = 0. The proof of the lemma is thus complete. |
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Definition 5.6.2. Let (Q!,Z! F', P!, Wi, u'), i = 1,2 be the martingale solutions of (5.2.4) with

u'(0) = uo, i = 1,2. Then we say that the solutions are unique in law if
Lawp: (u1) = Lawpz(u2) on €([0,00); V) N L2([0,00); D(A)),
where Lawpi(ui), i = 1,2 are by definition probability measures on 6 ([0,00); V) ﬂLz([O,oo);D(A)).
Corollary 5.6.3. Assume that assumptions (A.1) - (A.2) are satisfied. Then
(1) There exists a pathwise unique strong solution of (5.2.4).

(2) Moreover, if (Q, % ,F,P,W,u) is a strong solution of (5.2.4) then for P—almost all w € Q) the
trajectory u(-,w) is equal almost everywhere to a continuous V—-valued function defined on
[0,T].

(3) The martingale solution of (5.2.4) are unique in law.

Proof. By Theorem 5.3.3 there exists a martingale solution and in the Lemma 5.6.1 we showed
it is pathwise unique, thus assertion (1) follows from [68, Theorem 2]. Assertion (2) is a direct

consequence of Lemma 5.3.5. Assertion (3) follows from [68, Theorems 2,11]. [ |

Using Theorem 5.3.3, Lemma 5.6.1 and Corollary 5.6.3 one can infer Theorem 5.3.7.

5.7 The continuous dependence of solutions on the initial data

This section deals with the continuous dependence of martingale solutions of (5.2.4) on the initial
data. Roughly speaking, we will show that if (g ,)nen © VN is a sequence of initial conditions
approaching in V topology to ug € Vn.#, then the sequence (u,),cn of martingale solutions of
(5.2.4) corresponding to initial data (u¢ ), satisfying inequalities (5.5.4) — (5.5.6), on a changed
probability basis, converges to a martingale solution with the initial condition ug. Note that
existence of such solutions u,, n €N, is guaranteed by Theorem 5.3.3. Let us recall that for a
fixed T >0,
Zr =€(0,TI;H)n L% (0, T;D(A) N L*(0, T; V)N 6([0,T1;Vy).

The following auxiliary result which is needed in the proof of Theorem 5.7.7, cannot be

deduced directly from the Kuratowski Theorem.

Lemma 5.7.1. Assume that T > 0. Then the following sets €([0, T1;V)nZr and L?(0, T;D(A)NZr

are Borel subsets of Zr.

Proof. First of all €([0,T1;V) < €([0, T1;H)nL2(0, T;V). Secondly, €([0,T1;V) and €([0, T1;H) N
L2%(0,T;V) are Polish spaces. And finally, since V is continuously embedded in H, the map

i: €([0,T1;V)— 6(0,T;H) n L0, T; V),
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is continuous and hence Borel. Thus by application of the Kuratowski Theorem (see Theo-
rem 2.5.17) €([0,T1;V) is a Borel subset of €([0,T1;H) N L2(0, T;V). Therefore by Lemma C.1
€6([0,T1;V)n Zr is a Borel subset of €([0, T1;H)nL2(0,T;V)n Zr which is equal to Z7.
Similarly we can show that L2(0,T;D(A)) n Zr is a Borel subset of Z7. L%(0,T;D(A)) —
L2(0,T;V) and both are Polish spaces thus by application of the Kuratowski Theorem, L2(0,T’; D(A))
is a Borel subset of L2(0,T; V). Finally, we can conclude the proof of theorem by Lemma C.1. B

5.7.1 Tightness criterion and the Jakubowski-Skorohod Theorem

One of the main tools in this section is the tightness criterion in the space Zr. We will use
a slight generalization of the criterion stated in Corollary 5.4.3. Namely, we will consider the
sequence of stochastic processes defined on their own probability spaces in contrast to one
common probability space. Let (Q,,%,,F,,P,), n €N, be a sequence of probability spaces with
the filtration F,, = (%, 4),.,-

Corollary 5.7.2. (Tightness criterion) Assume that (X,)nen IS a sequence of continuous [Fy-

adapted H-valued processes defined on 2, such that

(5.7.1) supy, [ sup 1X,(s)lI] < oo,
neN  se[0,T]
T 2
(5.7.2) sup, | f X)) ds| < oo,
neN 0

(a) and for every € >0 and for every n > 0 there exists 6 > 0 such that for every sequence (T, )neN

of [0, T'l-valued [, -stopping times one has

(5.7.3) sup sup P, {IX,(1,+0)-X,(t)lu=n}<e.
neN 0<0<é

Let P, be the law of X,, on the Borel o-field B(Zr). Then for every € > 0 there exists a compact
subset K. of Zr such that

supP,(K,)=1-¢.

neN

The proof of Corollary 5.7.2 is essentially same as the proof of Corollary 5.4.3.

If the sequence (X)), en satisfies condition (a) then we say that it satisfies the Aldous condition
[A] in H on [0,T]. If it satisfies condition (a) for each T > 0, we say that it satisfies the Aldous
condition [A] in H (see Definition 2.9.10).

Below we will formulate a sufficient condition for the Aldous condition. This idea has been

used in the proof of Lemma 5.5.5, but has not been formulated in such a way.

Lemma 5.7.3. Assume that Y is a separable Banach space, o € (0,1] and that (up)nen IS @

sequence of continuous [F,-adapted Y -valued processes indexed by [0,T] for some T > 0, such that
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(') there exists C > 0 such that for every 0 > 0 and for every sequence (Tp)nen of [0, Tl-valued

[F,-stopping times one has

(5.7.4) En [lun(ty+0)—un(ty)ly] <CO°.
Then the sequence (u,)neN satisfies the Aldous condition [A]lin Y on [0,T1].

Proof. Let us fix 1> 0 and € > 0. By the Chebyshev inequality and the estimate (5.7.4) we obtain

1 -6°
Py ({lun(Tn +0)—un(tply = 77}) = E[En [|un(Tn +0)- un(Tn)|Y] = neN.
1
Let us choose & := [%|7. Then we have
sup sup Pn{lun(t,+60)—un(tp)ly 20} <e.
neN 1<0<d
This completes the proof. u

We restate the version of the Skorohod Theorem that we stated in Theorem 5.4.4 in a slightly

different way.

Theorem 5.7.4. Let (%, 7) be a topological space such that there exists a sequence (fy,) of contin-
uous functions fr, : X — R that separates points of &. Let (X,,) be a sequence of & -valued Borel

random variables. Suppose that for every € > 0 there exists a compact subset K. ¢ & such that

supP({X, eK.})>1-¢.

neN

Then there exists a subsequence (np)ren, @ sequence (Yp)pen of X -valued Borel random variables

and an & -valued Borel random variable Y defined on some probability space (Q0, 5 ,P) such that
ZL(X,,)=2LYy), k=1,2,..

and for all we Q:

Yi(w) = Y(w) ask—oo.

Note that the sequence (f,) defines another, weaker topology on &'. However, this topology
restricted to o-compact subsets of & is equivalent to the original topology 7. Let us emphasize
that thanks to the assumption on the tightness of the set of laws {£(X}),n € N} on the space &
the maps Y and Y3, £ € N, in Theorem 5.7.4 are measurable with respect to the Borel o-field in
the space &.

In Lemma 5.4.5 we have already shown that the topological space Z7 satisfies the assump-
tions of Theorem 5.7.4.
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5.7.2 The continuous dependence

We prove the following result related to the continuous dependence on the deterministic initial

condition.

Theorem 5.7.5. Let T > 0. Assume that (uo’n)neN is a VN4 -valued sequence bounded in V and
(Qnag.n, nen;nﬁ)naWn; un)

be a martingale solution of problem (5.2.4) with the initial data ug , and satisfying inequalities
(5.5.4) — (5.5.6). Then, the set of Borel measures {ff(un),n € I\I} is tight on the space (Z1,9).

Proof. Let us fix T > 0. Let (uo,,), be a VN .#-valued sequence. Let
(Qnyﬁn, ﬂenyﬂ,imWn, un)

be the martingale solution of problem (5.2.4) with the initial data uj; and satisfying inequalities
(5.5.4) — (5.5.6). Such a solution exists by Theorem 5.3.3.

To show that the set of measures {ﬁf(un),n € N} are tight on the space (Z7,9), we argue as
in the proof of Lemma 5.5.3 using Corollary 5.7.2. We first observe that due to estimates (5.5.4)
(with p = 1) and (5.5.6), conditions (5.7.1) and (5.7.2) of Corollary 5.7.2 are satisfied. Thus, we
are left to prove condition (a), i.e. the sequence (u,),cn satisfies the Aldous condition [A]. By
Lemma 5.7.3 it is sufficient to prove the condition (a’).

Note that we have to choose our steps very carefully as we no longer treat strong solutions
to an SDE in a finite dimensional Hilbert space but instead a strong solution to an SPDE in an
infinite dimensional Hilbert space.

Let (1,,),en be a sequence of stopping times taking values in [0, T']. Since each process satisfies

equation (5.3.2), by Lemma 5.3.5 we have

¢ t t
up(t) =uon —/ Au,(s)ds —f B(un(s)) ds +/ IVun(s)Iizun(s)ds
0 0 0

t t
L1 / C2u,(s)ds + f Cuun(s)dW(s)
2 Jo 0

= J7+JyO)+ 3O+ JL @)+ JE@)+Jg (),  tel0,T],

where the above equality is understood in the space V. Let us choose 6 > 0. It is sufficient to
show that each sequence l" of processes, i = 1,---,6 satisfies the sufficient condition (a’) from
Lemma 5.7.3. Now the rest of the proof is identical to that of Lemma 5.5.3. |

Remark 5.7.6. It is easy to be convinced that u, take values in Z7 but it’s not so obvious to see
that in fact u, are Borel measurable functions. Indeed, this is so because our construction of
the martingale solution is based on the Jakubowski-Skorohod Theorem, see Theorem 5.7.4 for
details.
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The main result about the continuous dependence of the solutions of the stochastic constrained

Navier-Stokes equations on the initial state is expressed in the following theorem.

Theorem 5.7.7. Assume that (uo,n) nen 18 @ VNl -valued sequence that is convergent weakly to
upoeVn.#. Let
(Qmﬁn,ﬂ?n,ann, un)

be a martingale solution of problem (5.2.4) on [0,00) with the initial data uj and satisfying
inequalities (5.5.4) — (5.5.6). Then for every T > 0 there exist

* a subsequence (ny)p,
* a stochastic basis (Q,Z,F,P),
* a R™—valued F—Wiener process W

* and F-progressively measurable processes i, (ﬁnk) z>1 (defined on this basis) with laws

supported in Zp such that

(5.7.5) iin, has the same law as up, on Zr and i,, — G in Zr, P-a.s

and the system
(Q,Z,F,P,W,a)
is a martingale solution to problem (5.2.4) on the interval [0, T] with the initial data ug. In

particular, for all t €[0,T]1and all veV
t t
(ft(t‘),v>v—<L1(0),V>V+f0 <Aft(3),V>vdS+fO (B(@i(s)),v)yds
t ¢
:f (IVﬁ(s)I%{ﬁ(s),v)Vds+ (f Cii(s) odW(s),v) , P-a.s.
0 0 \%

Moreover, the process i satisfies the following inequality for every p e [1,1+ %)

T
(5.7.6) E| sup IIa(s)IIV2p+f0 |(s) (34, ds | < o0.

s€[0,T']

Proof. Since the product topological space Zr x €([0,T],R™) satisfies the assumptions of The-
orem 5.7.4, by applying it together with Theorem 5.7.5, there exists a subsequence (np), a
probability space (Q,Z,P) and Zr x €([0, T1,R™)-valued Borel random variables (lZ,W), (ﬁ k,VVk),
k €N such that W and W, & € N are R™-valued Wiener processes such that

(5.7.7) the laws on B(Z7 x €([0,T1,R™)) of (up,, W) and (i, Wp,) are equal.
where B(Zp x €([0,T],R™)) is the Borel o-algebra on Zr x €([0,T],R™), and
(5.7.8) (ﬁk,Wk) converges to (d,W) in Zr x €([0,T],R™) P-almost surely on Q.
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Note that since B(Z7r x €([0,T],R™)) c B(Z7) x B(€([0,T],R™)), the function u is Zr Borel
random variable.

Define a corresponding sequence of filtrations by
(5.7.9) Fr. = (F()e=0, where Fp(t) = o ({(@r(s), Wi(s)), s < #}), t€[0,T1.

To conclude the proof, we need to show that the random variable @ gives rise to a martingale
solution. The proof of this claim is very similar to the proof of Theorem 2.3 in [66]. Let us denote
the subsequence (@ ,,);, again by (@,),.

The few differences are:

(i) The finite dimensional space H,, is replaced by the whole space H. But now since the space

%6([0,T];H) is a Borel subset of Z7 and i@, and u, have the same laws on Zr, we infer that

in,€€(0,T];H) nx=1, P-as.

(ii)) The operator P, has to be replaced by the identity. But this is rather a simplification.

In addition to point (i) above, we have that for every p € [1,1 + %)

(5.7.10) sup E (sup ll@n(s)lv??) < C1(p),
neN 0<s<T

Similarly,

i,€L%0,T;DA) n=1, P-as.
and

B T
(5.7.11) supf [f i (s)B ) ds| < Co.
neN 0

By inequality (5.7.11) we infer that the sequence (i ,) contains a subsequence, still denoted by
(ii,), convergent weakly in the space L2([0, T'] x ;D(A)). Since by (5.7.8) P-a.s. &i,, — @& in Zp, we
conclude that @ € L2([0,T] x ;D(A)), i.e.

T
(5.7.12) E [fo ()35 ds| <00

Similarly, by inequality (5.7.10) we can choose a subsequence of (ii,) convergent weak star in the
space LP(Q;L>(0,T;V)) and, using (5.7.8), infer that

(5.7.13) E[ sup lla(s)Iv?P] <oo.
0<s<T

The remaining proof will be done in two steps.

Step 1. Let us fix T' > 0. We will first prove the following Lemma.

Lemma 5.7.8. Forall t€(0,T]and p eV
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(@ limy oo [ [@n(®) - a(0),0)u]* di] =0,

(®) Tim, oo E [[(0(0) - 2(0), pu|*| =0,

(©) limg o E[fif | [ (Atin(s) - Adi(s), @) ds|dt] =0,

(@) limy—oo E[ S | f¢ (Blin(s)~ B(a(s)), ¢) ds|dit] =0,

© limy—coE[fi | /& (IV@($)2,n(s) — IVE()I2, (), ) ds| dt] = 0,
() lim,—oo E[fif | & (C2an(s) - C2als), ) ds| dt] =0,

@) Tim, oo E[ i |(JEICEA(s) - Cli(s)1 AW (s), ) |* dt] = 0.

Proof. LetusfixpeV.
Ad (a). Since by (5.7.8) ii,, — & in €([0,T1;H) P-a.s., ({Un(),oyg — @), ) in €0, TLI;R), P-a.s.

Hence, in particular, for all ¢ € [0,T]
lim (@,(8), @)y = @0, )y,  P-as.

Since i,(t) € A for all ¢ € [0, T], sup;epo |ﬁn(t)|%1 < 00, P-a.s., using the dominated convergence

theorem we infer that

T
(5.7.14) 1imf Kin(®) —a@),p)gl?dt=0  P-as..
0

n—o0o

Since i, (t),i(t) € 4 for all t € [0,T1], by the Holder inequality for every n e N and r € [1,00)

T , T
(5.7.15) EH[O LROBIGIEEY ]Sc[E[fO (lan® +1a@F) dt| =2¢T,

where ¢ is some positive constant. To conclude the proof of assertion (a) it is sufficient to use
(5.7.14), (5.7.15) and the Vitali Theorem.

Ad (b). Since by (5.7.8) ii,, — i in €(0,T;H) P-a.s. and @ is continuous at ¢ = 0, we infer that
(G (0), p)g — (G(0), )y, P-a.s. Now, assertion (b) follows from the Vitali Theorem.

Ad (¢). Since by (5.7.8) @i, — i in Li(O,T;D(A)), P-a.s., we infer that P-a.s.

t t
lim f (Al (s),p) ds = lim f (i (s),A™ ) pa)ds
n—oo 0 n—oo 0

t t
(5.7.16) - fo (@(s), A phpa ds = fo (Ad(s), @) ds

By the Holder inequality and estimate (5.7.11) we infer that for all £ €[0,7]1 and n e N

_r1 [t 2 T
(5.7.17) [EH[O (Atin(s), ) ds| | <c |<p|%{[E[f0 (5 ) ds| = ECs,
where c,é > 0 are some constants. By (5.7.16), (5.7.17) and the Vitali Theorem we conclude that
for all ¢t € [0,T]
t
lim [E[|f (Adi,(s)— Afi(s), @) ds|] =0.
0

n—oo
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Assertion (c) follows now from (5.7.11) and the dominated convergence theorem.
Ad (d). By (5.7.8), @i, — @ in €([0, T;; H)n L2(0, T; V), P-a.s. and since i, (t) € 4 for all t € [0, T]
hence by (3.2.1) we infer that P-a.s. for all £ €[0,T] and ¢ € V

t t
fo(B(ftn(S)),(,D)HdS—fo(B(ﬁ(S)),qo)H ds

lim
n—oo

t
= lim A [B(in(5),in(s), ) — b(ii(s),id(s),p)] ds

n—oo

t t
- lim [ f bdi(s) — i(s), dn(s), @) ds + f b(i(s), n(s) — @(s), @) ds
0 0

n—oo
t
5,}1“30]0 (lzn v+ 1a)Iv) 1@n(s) - alviellvds
(5.7.18) =< lim (1Znlz20,mv) + 18lL20,79)) 1n = G2, 70 l@llv = 0.

Using the Hé6lder inequality, (3.2.1), and the estimate (5.7.10) we infer that for all ¢ € [0,T1,

re(l,1+ %) and n € N the following inequalities hold

E[| fo B0 ds|| <€ fo t Ban(lv lglvds)' |

t
< (clelv)"E ([0 lZn(s)lv®" ds)

(5.7.19) < ¢E[ sup @ (s)lv®"] < CC1(r).
s€l0,T1]

By (5.7.18), (5.7.19) and the Vitali Theorem we obtain for all ¢ € [0,T']

n—oo

t
(5.7.20) lim [E[| fo (B(@in(s)) - B(ii(s)), ¢) ds|] =0.

Hence by (5.7.20) and the dominated convergence theorem, we infer that assertion (d) holds.
Ad (e). By (5.7.8), i, — @ in €([0, T1;H)nL2(0, T;V), P-a.s. and since i, (¢) € 4 for all t € [0,T]
hence we infer that P-a.s. for all ¢ € [0,T']

lim fo t Vit (8)I7 2 tin(s), p)m ds — fo t IVii(s)|7, (@(s), o) ds
= lim fo t [IViin(s)I75 = IVi(8)I3, ] (Gin(s), @) ds + fo t IVi(s) |2 (i (s) — @(s), p)u ds
= Jl%f()t [IVin ()2 = IVE(S)IL2] [IV@r($)IL2 + IVE(S)| 2] (Gn(s), @) ds
+ lim fo Va2, an(s) - 2(6), phrds
< lim fo 0(8) — A IV IEE) ) () tlplss s

t
) - 9 . -
# lim [ 12120 - 2ol ds
n—oo 0
= lim €1 (l@nlz20,mv) + 11220, 70)] 1@ L0, T80 |Tn = El 200,73

(5.7.21) + lim C~2|l~6(3)|%2(0,T;V)|ﬁn — tlz=(0,r;1) = 0.
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Using the Hoélder inequality, (5.7.10) and the fact that u,(¢) € .4 for all ¢ € [0, T] we infer that for
all£€[0,T], re(1,1+ %) and n € N the following inequalities hold

f fot'Vﬁn(s)liz<ﬁn(s),<p>Hds|r] < fo t lan I3 lan()ulgluds) |

t L et
s(c|<p|H)’fE[([O |an(s)|g1) fo lan(@lv? ds|

(5.7.22) <&t" ] sup [@n(s)lv] < CC1(r).
s€l0,T1]

By (5.7.21), (5.7.22) and the Vitali Theorem we obtain for all £ € [0,T']

(5.7.23) lim E

n—oo

=0.

t
Uo (IVii(8)F1iin(s) — IVE(8)IF(s), @)y ds

Hence by (5.7.23) and the dominated convergence theorem, we infer that assertion (e) holds.
Ad (f). Since by (5.7.8), @i, — @i in L?(0,T;D(A)), P-a.s., using (5.7.11) we infer that P-a.s.

n—oo

t t
lim f (C?1n(s) - C%a(s), p)yds = lim f (C2(iin(s) - a(s)), Py ds
O n—oo 0
t
= lim f (C?A AT, (s) - @(s)), ) ds.
n—oo 0

Now since C2A~! is a bounded operator

t t
lim f (C?1i,(s) - C%u(s), p)uds = lim f (A, (s)—i(s)),(C2A™ D) * p)uds

t
(5.7.24) = lim | (@a(s) - a(s),A"HC2A Y p)pw)ds = 0.
— 00 0

By the Hélder inequality and estimate (5.7.11) we infer that for all £ €[0,7] and n e N

2}
! 2
j(; |an(3)|D(A)dS
where ¢ > 0 is some constant. By (5.7.24), (5.7.25) and the Vitali theorem we conclude that for all

tel0,T1]
|-o

Assertion (f) follows from (5.7.11) and the dominated convergence theorem.
Ad (g) Since by (5.7.8) @i,, — @ in L%(0,T;V),P-a.s., we infer that for all £ €[0,7] and p € H

2

E =E

t
‘ f (C2a,(s), p)uds
0

t
‘ fo (in(s),A"H(C2A ) p)pa)ds

(5.7.25) < élpl5E <éCo,

lim £
n—oo

t
f (C2iin(s) = C2i(s), p)u ds
0

¢ ¢
limf0 I(Cﬁn(s)—Cﬁ(s),w)l?%(Rm,R)dssr}irglolwlglf() ICﬁn(s)—Cﬁ(s)I%{ds

n—oo

t
. 2, 12 - ~ 2
(5.7.26) < r}Lr&KCI(pIHfO @ (s)—ti(s)l5;ds =0,
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where ¢ > 0 is some constant.
By the uniform estimates (5.7.10) and (5.7.13) we obtain the following inequalities for every
tel0,T],re(l,1+ ;) and neN

t r t
E UO (Ciin(s)— Cii(s), )7 gy ds| | = cE |<p|§{f0 [ICan(s)E +ICas) ] ds
(5.7.27) <GE | sup @, () + sup @) | <2eC1(r),
s€[0,T1] s€[0,T7]

where c, ¢ are some positive constants. Using the Vitali theorem, by (5.7.26) and (5.7.27) we infer
that for all pe H

t
(5.7.28) r}Lnolo[E [[0 I(Cﬁn(s)—Cﬁ(S),¢>|?%(Rm,R)ds =0.
Hence, by the properties of the It integral we infer that for all £ €[0,7] and ¢ € H
t 2
(5.7.29) nlim E ‘<f [Cii,(s)—Cii(s)] dW(S),<P> =0.
oo o

By the It6 isometry, and estimates (5.7.10), (5.7.13) we have for all p e H, t €[0,T] and n e N

~ t ~. 2
[EH(fO [Ciin(s)—Ci(s)1dW(s),¢)|]

t
[E[.[o (Ciin(s)—Ciils), ¢>|?%(Rm;m) ds]

IA

t
Ellpl [ 1Can9)-Cato)ds]

(5.7.30) < cE[ sup @ (s)l%+ sup lla(s)I3] <2¢C1(1),
s€[0,T] s€[0,T1]

where ¢ > 0 is some constant. Thus by (5.7.29), (5.7.30) and the Lebesgue Dominated Convergence
theorem we infer that for all p € H

2
=0.

n—o0o

T ~
(5.7.31) lim E
0

t
'< f [Ciin(s)— Cii(s)] dW(s),(p>
0

O

As a direct consequence of Lemma 5.7.8 we get the following corollary which we precede by

introducing some auxiliary notation. Analogously to [20] and [66], let us denote
t ¢
Al W 9= Cn O )~ [ An(s),rds— [ Blanto,prds

¢ ¢

(5.7.32) +f (IVﬁn(s)Iizﬁn(s),(p)ds+(f Cﬁn(s)Ode(s),(p), te[0,T],
0 0

and

t t
A, W, 0)(®) 1= (@(0), @)y — fo (Adi(s), p)ds - fo Blas), ) ds
t t
(5.7.33) +f (IV&(S)Ii2ﬁ(s),(p)ds+(f Cﬁ(s)OdW(s),cp), tel0,T].
0 0
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5.7. THE CONTINUOUS DEPENDENCE OF SOLUTIONS ON THE INITIAL DATA

Corollary 5.7.9. For every ¢ €V,

(5.7.34) ’IILIIOIO|(ﬁn(), @)y —al), (p>H|L2([0,T]><Q) =0
and
(5.7.35) S 1A (@, Wn, @)= G WO o yeqyy = -

Proof. Assertion (5.7.34) follows from the equality

T
[(@n (), @)= EO, Ot a 0 1y = E| fo (@n(®) - a(@), p)ul* dt

and Lemma 5.7.8 (a). Let us move to the proof of assertion (5.7.35). Note that by the Fubini

theorem, we have

|An(an, Wna (P) - A(lj,W, (P)|L1([0’T]XQ)

T
= fo E[1ALGn, W, 0)(#) — MA@, W, ) @) |dt.

To conclude the proof of Corollary 5.7.9 it is sufficient to note that by Lemma 5.7.8 (b) — (g), each
term on the right hand side of (5.7.32) tends at least in L1([0,T] xQ) to the corresponding term
in (5.7.33). O

Step 2. Since u, is a solution of the stochastic constrained Navier-Stokes equations (5.2.4), for
allte[0,TTand p eV
(un(t),‘P>H = An(un,W,(p)(t), I]:D'a.s.

In particular,

T
fo E[1(n(®), @) — Antn, W, @)D | dt = 0.

Since L(u,, W)= Lin, Wy),

T
fo E[1<G@n @), )y = An(Gin, W, @)(®)] | dt =0.

Moreover, by (5.7.34) and (5.7.35)
[ CE (1@, g~ A, W, X0 | di =0
Hence for Lebesgue-almost all ¢ € [0, 7] and P-almost all w € Q
@@®), oy — A@,W,p)#) =0,

i.e. for Lebesgue-almost all ¢ € [0, 7] and P-almost all w € O
t ¢
@+ [ A6 ds+ [ Baw).g) ds

¢ ¢
(5.7.36) = (@(0), p)yg +f0 (IVu(s)Iizu(s),(p) ds+ ([0 Cu(s)OdW(s),(p).
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Putting % := (Q, %, P,F), we infer that the system (%, W, ) is a martingale solution of equation
(5.2.4). By (5.7.12) and (5.7.13) the process i satisfies inequality (5.7.6). The proof of Theo-
rem 5.7.7 is thus complete. |

5.8 Sequentially weak Feller property

In this section we show that the family {7}, defined by formula (5.8.1) is sequentially weakly
Feller. We show that the weak convergence of the solutions of SCNSE in V is sufficient to es-
tablish the sequentially weak Feller property of {T};>o. This property, along with some a’priori
estimates (e.g. boundedness in probability) implies existence of an invariant measure, see [62]
for a generalised result and [25] for a particular case, i.e. NSEs in two dimensional unbounded

domains. However, so far we have been unable to find such a’priori bounds.

Let us fix a stochastic basis (Q2, %, F,P) with the filtration F = {%;};>¢ and an R™-valued stan-
dard Wiener process W on this stochastic basis. By u(¢,uo) we denote the pathwise unique strong
solution to equation (5.2.4), defined on the above stochastic basis (which exists by Theorem 5.3.7).

For any bounded Borel function ¢ € %;(V), t = 0, we define a function T;¢: V — R by
(5.8.1) (Trp)uo) :=E[pu(t,uo))|, uoeV.

It follows from Lemma 5.6.1 and Ondrejat [69] (see also [17]) that T € B5(V) and {T4};50 is a
semigroup on %y (V). Moreover, {T};>¢ is a Feller semigroup, i.e. T; maps C(V) into itself.
We also have a different version of the Feller property, which is proved in the following

theorem.

Theorem 5.8.1. The semigroup {T+};>¢ is sequentially weakly Feller, i.e., if ¢ : V — R is a bounded
sequentially weakly continuous function, then for t >0, Ty@ : V — R is also a bounded sequentially

weakly continuous function. In particular, if &, — & weakly in 'V then,
(5.8.2) T1p(&n) — Trp(S).

Proof. Let us choose and fix 0 <t <T,{ €V and ¢ :V — R be a bounded weakly continuous
function. Need to show that T;¢ is sequentially weakly Feller in V. For this aim let us choose an
V-valued sequence (¢,) weakly convergent in V to £. Since the function T;¢ : V — R is bounded,
we only need to prove (5.8.2).

Let u,(-) = u(-,&,) be the strong solution of (5.2.4) on [0, T'] with the initial data ¢, and let
u(-) = u(-,&) be the strong solution of (5.2.4) with the initial data ¢ on the same stochastic basis
(Q,Z,F,P,W), which exist by Theorem 5.3.7. By Theorem 5.7.7, about the continuous dependence

on the initial data, there exist
* a subsequence (ny)g,
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* a stochastic basis (Q,F, #,P), where [ = {Zs}sejo.11,
e an R™-valued F-Wiener process W,

* and progressively measurable processes @(s), (&i,,(s))r>1, s €[0,T] (defined on this basis)

with laws supported in Zr such that

(5.8.3) iin, has the same law as u,, on Zr and i, — @ in Zr, P-a.s.

and the system

(5.8.4) Q,Z,F,B,W,a)

is a martingale solution to (5.2.4) on the interval [0, T'] with the initial data ¢.
In particular, by (5.8.3), P-almost surely!

fin,(t) — G(¢) weakly in V.

Since the function ¢ : V — R is sequentially weakly continuous, we infer that P-a.s.,

(fin, (1)) — @(@(?) in R.

Since the function ¢ is also bounded, by the Lebesgue dominated convergence theorem we infer
that

(5.8.5) lim E [, (0] = E[p(@(e)].

From the equality of laws of @i, and u,,, £ €N, on the space Z7 we infer that @,, and u,, have

the same laws on V,, and so
(5.8.6) E[@(@n, )] = E [@p(un,(@®))] -

On the other hand, R.H.S. of (5.8.6) is equal by (5.8.1), to T;:¢(¢,,,).

Since u, by assumption, is a martingale solution of (5.2.4) with the initial data ¢ and by the
above, @ is also a martingale solution with the initial data ¢. Thus, by Corollary 5.6.3, we infer
that

the processes u and @ have the same law on the space Zr.

Hence
(5.8.7) E[p@®)] =E [pu@)] .

As before, the R.H.S. of (5.8.7) is equal by (5.8.1), to T ¢(&).

1Let us observe that it would be sufficient to have strong convergence below. But we have been unable to get such
a stronger result. The power of our method lies in the fact that the weak convergence is sufficient for our purposes.
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Thus by (5.8.5), (5.8.6) and (5.8.7), we infer
kli_{n Tip(&n,) = Trp().

Using the subsequence argument, we can conclude that the whole sequence (T ¢({,)nen is
convergent and

lim T:p(n) = Trp(E).

n—oo
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CHAPTER

STOCHASTIC TAMED NAVIER-STOKES EQUATIONS ON R3

he tamed Navier-Stokes equations on R? were introduced by Rockner and Zhang [75],
where they proved the existence and uniqueness of a smooth solution to tamed 3D Navier-
Stokes equations in the whole space. Later on in [76] they proved the existence of a
unique strong solution to stochastic tamed 3D Navier-Stokes equations in the whole space and
for the periodic boundary case using a result from Stroock and Varadhan [87]. In this chapter
we reprove their results for a slightly simplified system using a self-contained approach. We
generalise Rockner and Zhang result corresponding to estimate on L*—norm of the solution from
torus to the Euclidean space R3. We also establish the existence of an invariant measure on R?

for time homogeneous damped tamed 3D Navier-Stokes equations, given by (6.6.1).

6.1 Introduction

We are interested in the study of the stochastic tamed Navier-Stokes equations (NSE) on R3
which were introduced by Rockner and Zhang [76]. We consider the following stochastic tamed

NSEs with viscosity v (assumed to be positive), on R3:
dul(t,x) = [vAu(t,x) — (u(t,x)- VIu(t,x) - Vp(t,x) — g(lult, )*)u) + f (x,ult,x))] dt

(6.1.1) £ 3 (0,60 - Vu®+V5,,0] AW/, (6 €l0,TTx R,
j=1

subject to the incompressibility condition
(6.1.2) divu(t,x) =0, (t,x) € [0,T1xR?,
and the initial condition

(6.1.3) u(0,x) = ug(x), xeR3,
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where p(¢,x) and p(¢,x) are unknown scalar functions, and the taming function g : R, — R, is

smooth and satisfies for some N e N

g(r)=0, ifr<N,
(6.1.4) gr)=(r-N), ifr=N+1,
0=<g'(r)<2/(val), re[N,N +1].

{Wtj ;6=0,7=1,2,...}is a sequence of independent one-dimensional standard F = (&%;);>¢-Brownian
Motions on the complete filtered probability space (Q2,.%,F,P). The stochastic integral is under-

stood as It6 integral. The arguments of the coefficients are given as follows:

R x R3 3(x,u)— flx,u)e R®
R, x R 3 (¢,x) — o(t,x) € R x £2,

where ¢2 is the Hilbert space consisting of all sequences of square summable numbers with
standard norm | - || p2. In the following f and o are always assumed to be measurable with respect
to all their variables.

In classical Navier-Stokes equations on R? with ug € V (see Section 6.2) there is only existence
of local solution [88]. The addition of tamed term enables to prove the global existence [75].
The non-explosion of the solution is due to the tamed term. Réckner and Zhang [76] proved the
existence of a martingale solution to (6.1.1) (for more generalised noise) in the absence of compact
Sobolev embeddings. They use the localization method to prove tightness, a method introduced
by Stroock and Varadhan [87]. In this chapter we present a self-contained proof of the same. In
order to prove the existence of a martingale solution they use the Faedo-Galerkin approximation
with the non-classical finite dimensional space H ,1L =spanfe;,i =1---n} where & ={e;}jen 7 (see
Section 6.2) is the orthonormal basis of H'. They also require that in the case of periodic boundary
conditions & is an orthogonal basis of H? which was essential in obtaining the L*—estimate of the
solution. We generalise this result to the Euclidean space R3. Another reason for them to choose
periodic boundary conditions was the compactness of H?> — H'! embedding, which along with the
L*—estimate of the solution was crucial in establishing the existence of invariant measures. We
do not require this embedding and hence are able to obtain the existence of invariant measures
for time homogeneous damped tamed Navier-Stokes equations (6.6.1) on R3.

In the present chapter we prove the existence of a unique strong solution to the stochastic
tamed 3D Navier-Stokes equations (6.1.1) under some natural assumptions (A1) - (A2) on f and o
(see Section 6.2). To prove the existence of strong solution we use the Yamada-Watanabe theorem
[95] which states that the existence of martingale solutions plus pathwise uniqueness implies the
existence of a unique strong solution. In order to establish the existence of martingale solutions,
instead of using the standard Faedo-Galerkin approximations we use a different approach
motivated from [42] and [61]. We study a truncated SPDE on an infinite dimensional space H,,,
defined in the Section 6.4 and then use the tightness criterion, the Jakubowski-Skorohod Theorem
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and the martingale representaion theorem to prove the existence of martingale solutions. The
essential reason, for us to incorporate this approximation scheme was the non-commutativity of
gradient operator (V) with the standard Faedo-Galerkin projection operator P, [13, Section 5].
The commutativity is essential for us to obtain a’priori bounds. We also prove the existence
of invariant measures, Theorem 6.6.1, for time homogeneous damped tamed Navier-Stokes
equations (6.6.1) under the assumptions (A1) - (A3)’ (see Section 6.6). We use the technique
(Theorem 6.6.4) of Maslowski and Seidler [62] working with weak topologies to establish the
existence of invariant measures. We show the two conditions of Theorem 6.6.4, boundedness in
probability and sequentially weak Feller property are satisfied for the semigroup (7);=0, defined
by (6.6.2). In contrast to Rockner and Zhang [76], a’priori bound on L*—norm of the solution plays
an essential role in the existence of martingale solutions and not in the existence of invariant
measures.

This chapter is organised as follows: in Section 6.2, we recall some standard notations and
results and set the assumptions on f and . We also establish certain estimates on the tamed
term which we use later in Sections 6.4 and 6.5. In Section 6.3, we establish the tightness
criterion and state Skorohod’s theorem which we use along with a’priori estimates obtained
in the Section 6.5 to prove the existence of a martingale solution and path-wise uniqueness of
the solution. In Section 6.4 we introduce our truncated SPDE and describe the approximation
scheme motivated from [42, 61], along with all the machinery required. Finally in Section 6.6
we establish the existence of an invariant measure for time homogeneous damped tamed 3D

Navier-Stokes equations (6.6.1).

6.2 Functional setting

6.2.1 Notations

Let CSO(RS,R?’) denote the set of all smooth functions from R? to R? with compact supports. For
p=1,let L? ([R€3,[R3) be the vector valued L? —space in which the norm is denoted by | - [lz». If
p =2, then L2(R3,R?) is a Hilbert space with the scalar product given by

(u,vyre :=f u(x)-vix)dx, u,VELZ(IR?’,[R3).
R3

Let HY(R3,R?) stand for the Sobolev space of all u € L2(R3,R3) for which there exist weak
derivatives D;u € L2(R3,R?), i = 1,...,3. It is a Hilbert space with the scalar product given by

W, vy = w, vz +((w,v), u,ve H'R3R3),
where

3
(6.2.1) ((w,v)):= (Vu,Vv) 2 :izzl » a—m-a—mdx, u,ve HY(R3 R3).
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Let

V= {u € CSO(IR?’,IR3) :divy = 0},

H := the closure of 7 in L%(R%R?),
V :=the closure of ¥ in H(R?R?),
D(A) := Hn H*(R?,R).

On H we consider the scalar product and the norm inherited from L2(R3,R3) and denote them

by (-,)u and || - |z respectively, i.e.
(u,vig :=(u,v)rz2, lulg :=lulp2, u,veH.

On V we consider the scalar product and norm inherited from H LR3,R3), i.e.
(6.2.2) W, Vv =,z +(@,v),  luld:=u+Vu?, uveV,
where ((+,-)) is defined in (6.2.1). D(A) is a Hilbert space under the graph norm

ulpa = lulf+1Aul?,,  ueDA),
where the inner product is given by
(u,v)(p) := U, v + (Au,Av) 2, u,veD(A).

6.2.2 Some operators

Let us recall the tri-linear form b: L? x W4 x L™ — R which was introduced earlier in Chapter 3

(6.2.3) b(u,w,v)=f3(u~Vw)vdx, uelP weWh? velL",
R
where p,q,r €[1,00], satisfy
1 1 1
—+—+-=<1
p q r

We will recall the fundamental properties of the form b which are valid in unbounded domains.

By the Sobolev embedding theorem and Hélder inequality, we obtain the following estimates

(6.2.4) 1b(u,w, V)| < lulpallwlvivigs, u,veL*,weV

(6.2.5) <clulvllwlvivily, u,v,weV

for some positive constant c¢. Thus the form b is continuous on V. Moreover, if we define a bilinear
map B by B(u,w) := b(u,w,-) then by inequality (6.2.5) we infer that B(u,w)€ V' for all u,w eV
and that the following inequality holds

(6.2.6) IB(w,w)llv < clulviwly, u,weV.
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Moreover, the mapping B :V xV — V' is bilinear and continuous.
Let us, for any s > 0, define the following standard scale of Hilbert spaces (see Rudin [80] for
the definition of H*(R3, R?) space)

V, := the closure of 7 in H*(R?,R?).
Ifs> % + 1, then by the Sobolev Embedding theorem
(6.2.7) HYR3,R%) — Cp(R3,R3) — L®(R3,R3).

Here Cp(R3,R?) denotes the space of continuous and bounded R3—valued functions defined on
R3. If u,w eV and v e V, with s > %+ 1 then

[b(u,w, V)| =1b(u,v,w)| < |ulpzlwllIVViiLe < clulpelwlpz Vi,

for some constant ¢ > 0. Thus b can be uniquely extended to the tri-linear form (denoted by the
same letter)
b:HxHxV;—R

and

1b(u,w,v)| < clulglwlalvly,, w,weH,veV,.

At the same time, the operator B can be uniquely extended to a bounded bilinear operator
B:HxH—-V.,.

In particular, it satisfies the following estimate

(6.2.8) I1B(w,w)lly: <clulglwlg, u,weH.

We will also use the notation, B(u) := B(u,u).

Let us assume that s > 1. It is clear that V; is dense in V and the embedding js:V; — Vis
continuous. Then there exists [23, Lemma C.1] a Hilbert space U such that U c Vg, U is dense in
V, and

the natural embedding is: U — V; is compact.

The following Gagliardo-Nirenberg interpolation inequality will be used frequently. Let
gell,ocol and m e N. If
1 1 ma
—=————, O=sac<l,
qg 2 3
then for any u € H™ there exists a constant C,, ; depending on m and g such that
(6.2.9) lullLe < Com g lull&mluly,”
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Let IT be the orthogonal projection from L2(R3 ,R3?) to H, famously known as the Leray-
Helmholtz projection [88]. For any u € H and v € L%(R3, R?), we have

(u,vyg :=u,lIvig =(u,v)2.
The Stokes operator A: D(A) — H, is given by
Au =-TI(Auw), u € D(A).
The bilinear map B: H x H — H will be given by

B(u,v)=I1(u-V)v), u,veH.

6.2.3 Assumptions

We now introduce the assumptions on the coefficients f and o:

(A1) A function f :R? x R — R3 is of C! class and for any T > 0 there exist a constant Crr>0
such that for any x € R3,u € R?,

10, F (2, W2+ 1f e, w2 < Cpp-(A+ul®), j=1,2,3,

Iau,-f(x,u)l =< CT,f .

(A2) A measurable function o :[0,00) x R3 — R3 of C! class with respect to the x-variable and for

any T > 0 there exist a constant C, 7 > 0 such that for all £€[0,T], x € R3
||0x10(t;x)||[2 = C(T,T’ J = 17273
and, for all ¢ € [0,00), x € R®

(6.2.10) lot,x)l1% <

=

Below for the sake of simplicity the variable “x” in the coefficients will be dropped.

Define, for k€N, G, :[0,T] x H— H by
(6.2.11) Gj(t,u):=Mlo;t)-VIul, tel0,T],ucH.

Then a function G : H — 95(¢2;H) is defined by

(6.2.12) Gk =Y k,G;(w), ueH.
j=1

Let {e J'};'.i1 be the orthonormal basis of £2 then we see that (6.2.12) implies
Gu)e;)=Gj(u).
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For simplicity we will assume that v = 1. In particular, the function g defined by (6.1.4) will

from now on be given by

g(r)=0, ifr<N,
(6.2.13) gr)=(r-N), ifr=N+1,
0<g'(r)=<2, re[N,N +11].

Observe that the function g defined in this way satisfies

(6.2.14) lg(r) =r, r=0,
and
(6.2.15) lg(r)—g<2lr-r|, r,r'=0.

We are interested in proving the existence of solutions to (6.1.1) - (6.1.3). In particular, we
want to prove the existence of divergence free vector fields u and scalar pressure p satisfying
(6.1.1) and (6.1.3). Thus we project equation (6.1.1) using the orthogonal projection operator IT on
the space H of the L2—valued, divergence free vector fields. On projecting, we obtain the following

abstract stochastic evolution equation:

6216 {da(t) = [-Au(®) - B@(®) - Mg(u®P)u®] +If w®)] dt + £2, G (¢, u() dW;t),

u(0) = uo,

where we assume that ug € V and W(¢) = (Wj(t));?‘;l is a cylindrical Wiener process on ¢2 and
{(WJ(#),¢ =0, €N} is an infinite sequence of independent standard Brownian motions. We will

repeatedly use the following notation

o0

G(t,w)dW(t) =Y G;(t,u)dW;(?).

Jj=1
We will need the following lemma in Section 6.4 to obtain the a’priori estimates.

Lemma 6.2.1. i) For any u € D(A)

1 1
(6.2.17) |(B(w), uyy| < §|u|2D(A)+§||u|-|Vu||§2
i) If u e H, then

6218 {«—g(|u|2>u,u>)scN|Vu|§2 —2fjul- IVul|%,

(—g(ulPu,u)y < —llulf, +Cylulf,
where the semi-inner product ((-,-)) is defined in (6.2.1).
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iii) For any u € D(A),

(6-2~19) ”G(t u)”o*([2 H) |vu|L2;

(6.2.20) IG W2, oy < |Au|L2 +CorlVul2,.

Proof. Let u € D(A). Since (B(u),u)y = 0, using the Cauchy-Schwartz and Young inequality we
get

[(B(w),uyv| = |<B(u),(I—A>u>H| < |—Au|Lz|(u-v>u|Lz
1
< SI-Aulf,+ |<u Vul?, < |u|D(A) ||u|-|Vu||iz.

Let us introduce a function ¢: R, — R such that g(r) = r — ¢(r) which in particular satisfies

r, r<N,
P(r) =
N, r=N+1.

Since ¢'(r) = 1 - g'(r), there exists a constant Cy > 0 such that |¢/(r)| < Cy for every r = 0.

Moreover
, 1, r<N,
P'(r)=
0

, r=N+1.

Hence, we infer that |¢'(r)-r| is bounded by some positive constant Cy .

Let u € D(A). Using the definitions of g and of semi-norm ((-,-)), we get

(~g(u®u,u) = —(g(u®u,~Au)r:
_f[R3 g(u@)®)ux) - (—Aulx)) dx

- fR i () Pu(x) (A u(x)) dx + fR i H(u)?)ulx) (-Au(x)) dx.

Thus, on integration by parts we get

(—g(u®u,u) = -

[ R VuoP dx+2 f P - Vuo)? dx
R

(6.2.21) +fR3(,b(|u(x)|2).|Vu(x)|2dx+ f Dy, (,b(lu(x)l )) uj(x)-Dpuj(x)dx.

Jk=1/R

Using the bound on |¢(r)-r|, we obtain

[ Dy, (p(u(@)®) uj(x)- Dpuj(x)dx = 22[ &' (Ju)?)(u), Dku(x))Radx

Jk=1/R

6222 =2 W@ u@PTuw? ds < CyiTul,
R3
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Since g(r) =0, |¢p(r)| < r for all » = 0. Thus using (6.2.22) in (6.2.21), we obtain
(-g(u®u,w) < -3|lul-IVul|7. + CNIVulZ, +[lul - 1Vul |7,
= CnIVul?, - 2|lul-[Vul|7,.
Now to prove the second inequality, we take the similar approach. Let u € H, then
(—g(uP)u,uyg = - fR Nu@)Plu@)? da + fR L P(uEPu) da.
By the definition of ¢ there exists a constant C > 0 such that |[¢p(r)| = Cy for all r > 0, thus
(—g(ulP)u,udn < —llulf, + Cnlulf.

This completes the proof of part (ii).
Now for (iii), by (A1) and (A2) we have

G gy = 2. 16 = X [ 16t ut) d
j=1 j=1

1
< | Mo, %IVu@)*dx < supllo(t, )% 1Vul?, < = 1Vul7,.
R? xeR3 4

Secondly, noting that

2 _ 2 2
IG(E I, oy = 1GE W, gy + IVGEWIZ o

and
0,iGr(t,u) =110,;[(o1(t,%) - VIul =1 [0, 0k (t,x) - VIu + (0 (¢,x) - V)O,ue] .
Thus
% | 3 2
VG, W2 o4 = k; J;H [0k (t, ) VIu + (04 (2,) - VDO, 1] ]

3
=2 fR |2 10,07 V@) dx+2 fR o, )%10u@) dz.
J=1

Hence, by assumptions (Al), (A2) and (6.2.19), we have

G, W%,

1
sz = 5 AU+ Cr g VUl

Remark 6.2.2. On a purely heuristic level, by the application of It6 Lemma to the function Iul%{

and a solution u to (6.1.1), using Lemma 6.2.1 one obtains the following inequality
1
Edlu(t)I%{ = (u(t), —Au(t) - Bu®) - g(lu@®)®)u®) + f(w®)n
1
+ (u®), Gls,u@ AW g + S 1Gn (s, un (Dl o

7
(6.2.23) < — 5 IVu®IL, ~ 1wz, +Cn plu@lf + @), Gls,u@) dWo,

which could lead to a’priori estimates that can be used further to prove the existence of the

solution.
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6.3 Compactness

Let (Or)ren be a sequence of bounded open subsets of R? with regular boundaries G such that
Or < Or+1. Let us consider the following functional spaces:

€([0,T1;U’) := the space of continuous functions u : [0,7'] — U’ with the topology 97 induced by
the norm |ul¢(o,71;U) := SUPyero, ) (DU,

L%,(O, T;D(A)) := the space L2(0, T;D(A)) with the weak topology I3,

L%0,T ;Hjge) := the space of measurable functions u :[0,7] — H such that for all R € N

T 1/2
(6.3.1) QT,R(u)::”u”LZ(O,T;H@R):(fO f@ lu(t,x)®dxdt| <oo,
R

with the topology 3 induced by the semi-norms (¢7 r)ren-
The following lemma is inspired by the classical Dubinsky Theorem (see Theorem 2.4.5) and

the compactness result due to Mikulevicus and Rozovskii [65, Lemma 2.7].
Lemma 6.3.1. Let
(6.3.2) Zr:=€(0,T1;U")nL2(0,T;D(A)) N L*0, T;Hy,,)

and let I be the supremum of the corresponding topologies. Then a set X < Zp is 9 -relatively

compact if the following two conditions hold :
i) supyen fOT Iu(s)lzD(A)ds <0, i.e. X is bounded in L(0,T;D(A)),

ir) limgs_.oSup,ec 7 SUp sseon 1w(t) —u(s)ly =0.
|t—s|<0

The above lemma can be proved by modifying the proof of [23, Lemma 3.1], see also [94, Theo-
rem IV.4.1].

Let V,, denote the Hilbert space V endowed with the weak topology.
€(10,T];Vy) := the space of weakly continuous functions u :[0,T] — V endowed with the weakest
topology 94 such that for all A € V the mappings

€¢(0,T;Vy)du — (u(-),h)yv € (0, TI;R)
are continuous. In particular u, — u in €([0,T];V,) iff for all h e V:

lim sup [{un(¢)—u(t),h)y|=0.
n”°°te[0,T]

Consider the ball

B:={xeV:|xllv=<r}.
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Let g be the metric compatible with the weak topology on B. Let us recall the following
subspace of the space €([0,T1; V)

€(0,T];B,):= the space of weakly continuous functions u: [0,T]—V

(6.3.3) such that sup |u@®)|v<r.
te[0,T1]

The space 6([0,T];B,,) is metrizable with metric

(6.3.4) o(u,v)= sup q(u(t),v(?)).
te[0,T]

Since by the Banach-Alaoglu theorem [80], the set B, is compact, (6([0,T];B,),p) is a
complete metric space.

The following lemma says that any sequence (u,,),en < 6([0, T'1;B) convergent in 6([0, T1;H)
is also convergent in the space 4([0, T'];B,,). The proof of the lemma is similar to the proof of [24,

Lemma 2.1].
Lemma 6.3.2. Let u,:[0,T]— V,n €N be functions such that
(1) suppenSuPgepo 1 llun(slv=r,
(ii) u, — uin €(0,T];H).
Then u,u, € €(0,T];B,) and u, — u in €(0,T];B,) as n — oco.
Let
(6.3.5) Zr =%(0,T1;U)nL2%(0,T;D(A) N L0, T;Hy,.) N €0, T V),

and let 9 be the supremum of the corresponding topologies.
Now we formulate the compactness criterion analogous to the result due to Mikulevicus and
Rozowskii [65], Brzezniak and Motyl [23, Lemma 3.3] for the space Zr .

Lemma 6.3.3. Let (Z7,9 ) be as defined in (6.3.5). Then a set & < Zp is 9 —relatively compact
if the following three conditions hold

(@) sup,e z supgepo 7 luls)lly < oo,
®) supyey [ |u(8)I}) 5y ds <0, i.e. X is bounded in L*(0,T;D(A)),

(c) limg_.oSupye z SUP; seqo. 17 146(8) — u(s)lg = 0.

|t—s|<é

Proof Let us notice that Zp = Zr n6([0,T1;V,), where Zr is defined by (6.3.2). Let A be a
subset of Zr. Because of the assumption (a) we may consider the metric space €([0,T];B,,) c
¢([0,T];Vy) defined by (6.3.3) and (6.3.4) with r = sup,¢ » supgjo 71 lle(s)lv. Because of the
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assumption (b) the restriction to % of the weak topology in L2(0, T;D(A)) is metrizable. Since
the restrictions to £ of the four topologies considered in Z7 are metrizable, compactness of a
subset of Z7 is equivalent to it’s sequential compactness.

Let (u,) be a sequence in £ . By Lemma 6.3.1, the boundedness of the set % in L2(0, T;D(A))
and assumption (c) imply that % is compact in Z7. Since the embeddings D(A) — V — H are
continuous and the embedding D(A) — V is compact, by Dubinsky Theorem 2.4.5 assumptions
(b) and (¢) imply that % is relatively compact in L2(0, T; V) n€([0, T1;H). Hence in particular,
there exists a subsequence, still denoted by (u,), convergent in H. Therefore by Lemma 6.3.2 and

assumption (a), (1) is convergent in 6([0, T'];B,,). This completes the proof of the lemma. |

6.3.1 Tightness

Using Section 2.9 and the compactness criterion from Lemma 6.3.3 we obtain the following
corollary which we will use to prove tightness of the laws defined by the truncated SPDE (6.4.26).

Corollary 6.3.4 (Tightness criterion). Let (X, ),en be a sequence of continuous F-adapted H-

valued processes such that

(a) there exists a constant C1 > 0 such that

sup | X,(s)I%|=C1,

s€[0,T']

supl

neN

(b) there exists a constant C9 > 0 such that

suplk

neN

T
fO |Xn(3)|]2)(A)d3] <Cq,

(¢) (X, )nen satisfies the Aldous condition [A] in H.

Let P,, be the law of X, on Zr. Then for every € > 0,3 a compact subset K, of Zr such that

supP,(K.)=1-¢.

neN

Proof. Let £ >0. By the Chebyshev inequality and (a), we infer that for any n e N and any r >0

En [SUPse[O,T] ||Xn(8)||%,] - Ci

Po| sup 1X, ()2 >r|<
o sup 1Xn()I% > . -

s€[0,T1]

Let R be such that 1% < £. Then

supf, ( sup |X,()I% > Ry) <
neN s€[0,T1]

ol m

Let By :={u € Zp: superor ()13 < R1}.
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By the Chebyshev inequality and (b), we infer that for any n e N and any r >0

iy 2
~ En [1X5 |L2(0,T;D(A))] Cs
Pr(1Xnlr20.1;p04) > T) < e <3

Let R9 be such that % < §. Then
2

Lol m

sup®, (1Xnlz20,m;p(a) > R2) <
neN

Let BQ = {u eZ: |u|L2(0,T;D(A)) SRQ}.
By Lemmas 2.9.9, 2.9.11 there exists a subset A: < €([0,T],H) such that I]i’n(Ag) >1-¢and

lim sup sup |u()—u(s)|g=0.

6—-0ycA; s,te[0,T]
3 lt-s|=5

It is sufficient to define K, as the closure of the set B;{ nBg ﬁAg in Z7. By Lemma 6.3.3, K, is
compact in Zp. The proof is thus complete. |

6.3.2 The Skorohod Theorem

Let us recall the Jakubowski’s generalisation of the Skorohod Theorem as given by Brzezniak
and Ondrejat [26, Theorem C.1], see also [49].

Theorem 6.3.5. Let & be a topological space such that there exists a sequence {fm}men of contin-
uous functions fr, : X — R that separates points of X. Let us denote by & the g-algebra generated
by the maps {fn}. Then

(a) every compact subset of X is metrizable,

(b) if (Um)men is a tight sequence of probability measures on (X ,F), then there exists a subse-
quence (mp)ren, @ probability space (Q,F,P) with & -valued Borel measurable variables
¢k, ¢ such that iy, is the law of & and &} converges to ¢ almost surely on ). Moreover, the

law of & is a Radon measure.

Using Theorem 6.3.5, we obtain the following corollary which we will apply to construct a

martingale solution to the tamed Navier-Stokes equations.

Corollary 6.3.6. Let (n,)nen be a sequence of Zp-valued random variables such that their laws
ZL(ny,) on (Z7,9) form a tight sequence of probability measures. Then there exists a subsequence
(n3), a probability space (Q,F,P) and Zr-valued random variables fl, A,k € N such that the

variables 0 and 7, have the same laws on Zr and i, converges to i almost surely on Q.

Proof. 1t is sufficient to prove that on each space appearing in the definition (6.3.5) of the space

Zr, there exists a countable set of continuous real-valued functions separating points.
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Since the spaces €([0, T1;U’) and L2(0, T;Hy, ) are separable, metrizable and complete, this
condition is satisfied, see [3], exposé 8.
For the space L%,(O, T;D(A)) it is sufficient to put

T
Fn(w) = f W@, v @)@y di R, weL(0,T;DA), meN,
0

where {v,,,m € N} is a dense subset of L2(0, T;D(A)).

Let us consider the space €([0,T1;V,,). Let {h,,, m € N} be any dense subset of H and let Q7 be
the set of rational numbers belonging to the interval [0, T]. Then the family {f;, ;, m €N, t € Qr}
defined by

fm, (@) = (u(®),hn)v ER, ue€(0,T;Vy), meN, teQr

consists of continuous functions separating points in 6([0,71;V,,). The statement of the corollary

follows from Theorem 6.3.5, concluding the proof. |

6.3.3 Martingale and strong solution

We end this section by giving the definitions of a martingale and strong solution to (6.2.16).
Definition 6.3.7. We say that there exists a martingale solution of (6.2.16) iff there exist
* a stochastic basis (Q,ﬁ, F,B),

* acylindrical Wiener process W(¢) = (Wj(t));il on ¢2, where {W;(¢),t >0, j € N} is an infinite

sequence of independent standard (%;)—Brownian motions,
e and a progressively measurable process u : [0,T] x Q2 — D(A) with [P-a.e. paths
u(-,w) € €([0,TL;V,) N L*(0,T;D(A)),

such that for all t € [0,T] and all ve ¥ P-a.s.

t ¢ ¢
(u(t),v)+f (Au(s),v) ds+f (B(u(s)),V)ds+f (g(lu(s)lz)u(s),v)ds
(6.3.6) 0 0 0

t t
= (ug,Vv) +f (f(u(s)),v)ds+ <f G(s,u(s))dW(s),v>.
0 0

Definition 6.3.8. We say that problem (6.2.16) has a strong solution iff for every stochastic
basis (2, %,F,P) and every cylindrical Wiener process W(¢) = (Wj(t));il on ¢? there exists a
progressively measurable process u : [0,7] x Q — D(A) with P-a.e. paths

u(-,w) € €(10,T1; V)N L%(0, T; D(A)),
such that for all £ € [0,T] and all ve 7 (6.3.6) holds P-a.s.
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6.4 Truncated SPDE
We will be using the following notations and spaces repeatedly in this section.
anz{x€R3:|xISn}cR3, neN.

We will use % (u) and i interchangeably to denote the Fourier transform of «. The inverse Fourier
transform will be given by & 1.
We define H,, as the subspace of H

H, :={u € H:supp(it) c B,}.

The norm on H, is inherited from H and will be denoted by || - ||, .
Let
P,:H—H,,

be the orthogonal projectioni.e. Vu € H, u —P,u 1 H,, and
y=P,ueyeH,andu—-y 1L H,.
One can show that P,, is given by
(6.4.1) Pou=Z"1(1g,a).
Let us recall that D(A) := Hn H??2 and the Stokes operator is given by
Au=-TI(Auw), u€D(A),

and D(A) is a Hilbert space under the graph norm

|l ay = ulf + 1Auf.
Lemma 6.4.1. Let P, be the orthogonal projection given by (6.4.1), then P, :V — Vis a contraction.

Proof: Let u €V, then by the definition of P,, and V

1/2 1/2

I1Prullv =

fR (AHEPNF o) O d

12
=

- [ fR a+ |£I2)Iﬂ3n(€)&(f)l2d€]

1/2

= [ f| BICERTIGIEY fR 3(1+|£|2)|12(5)|2d{] = .

Thus we have shown that

IPrullv < lullv.

Lemma 6.4.2. If u € D(A) then Au € H. In particular, if u € D(A) then Au =-Au.
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Proof Since u € D(A), it is clear that Au € L2. Thus we are left to show that div(Ax) = 0 in the
weak sense. Let ¢ € Cgo([l%??’), then using the definition of div and A, we get

(div(Aw) | @) = —(Au| V)
=—(u|A(Ve))
=(divu|A¢)=0.

By definition Au = —II(Au) but since Au € H, and IT: L2 — H is an orthogonal projection, [I(Au) =

Au and hence,

(6.4.2) Au=-Au, u € D(A).

Lemma 6.4.3. H,, c D(A) and
(6.4.3) P,(Au)=Au, ueH,.
Proof. We start with proving the first statement. Let u € H,,. By definition
DA)={uecH:ueH>? = {u €H:fR3 (1+182)° [a(&) 2 dE <oo}.
Since u € H,,,supp(ét) c B,
fRS(1+|é|2)“"|ﬁ(f)|2df=fkf

:(1+n2)2fR3 2(©)2dE = (1+n?2lul <oo.

(1+162)° [a@©)2 dE < (1 +n2)? f (&)1 dé

I=n [§l=n

Thus we have proved that u € D(A) and hence H,, c D(A). Moreover we showed that there exists a

constant C,, >0, depending on n such that
(6.4.4) lulp@) = Crllully,, ueH,.

Now in order to establish the equality (6.4.3), we just need to show that Au € H,,. Since u € H,,
u € D(A). Hence, Lemma 6.4.1 implies Au = —Au. We are left to show that supp(¥(Au)) c B,,.
Using the definition of Au, we get following equalities

F(Au)E) = —F(Au)é) = —|EPa).

Thus
supp(Z (Au)) c supp(|- |2) Nsupp(it) € B,.

Hence Au € H,,. Since P, : H — H,, is an orthogonal projection, we infer that

P,(Au)=Au.
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Lemma 6.4.4. A, := A|Hn :H,, — H,,, is linear and bounded.

Proof. In Lemma 6.4.2 we showed that A,, is well defined and it’s straightforward to show it is
linear. We are left to show that it is bounded. Let u € H,,, then by the Plancherel Theorem (see
Theorem 2.6.7) and the definition of H,

1/2

1/2
1Anully, =1-Aulgz = UR |£|2m(f)|2df] = [[E

12

nzf a©2de| =
[€l=n

|¢|2m(5>|2d5]

|<n

<

1/2
n2f |a<5)|2d5] =nllulmy,.
R3

Thus

(6.4.5) lAnully, <nlulg,.

Lemma 6.4.5. The map B,, defined by
(6.4.6) B,:H, xH,>w,v)~ P,(B(u,v))eH,
is well defined and Lipschitz on balls. Moreover

(6.4.7) (B,(u),u)g =0, ueH,,

1 1
(6.4.8) (B, u)l = S lulpp + 5 llul- Valls, uweH,,
where B, (u) := B, (u,u) and ((-,-)) is defined in (6.2.1).

Proof. We will show that Vu,ve H,, B(u,v)€ H. Since u,ve H,, u,ve D(A). Thus, by the Holder
inequality

[B(u,V)lg =II(w-VV) g < lu-Vvip: < ullpe|Vvige.

From (6.2.7), H>? — L™ for every s > %. Therefore, there exists a constant C > 0 such that
lullLe < Cllwli gse2.
In particular it holds true for s = 2. Thus, we have
[B(w,V)lg < Cllullg2lIvig:.
Now by (6.4.4) and (6.4.15)
(6.4.9) IB(u,v)lg < Kyllullg, Ivig, <oo.
Hence B(u,v) € H, which implies B, (u,v) € H,, and is well defined.
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Let u,v € Bg, where
(6.4.10) Br := {u € H, :llully, <R}.
Then, as before

1By (w) =B, <B(w)-BW)|g<lu-Vu—-v-Vv|:
<|(u—-v)-Vulpe +1v-V(u —v)l2
< |llu=vliLe|Vulrz + 1VIlLe |V(w = v)lz2

< lu=vllgzllullg: + Ivigllu = vig.
Since u,v € Bg, using (6.4.4) and (6.4.15), we get
(6.4.11) I1Bn(w)— By, <Crrlu-vly,, u,veBg.
Since u € H,, and P,, is the orthogonal projection on H,
(Bp(w),uyg = (Pr(B(u,u)),u)y = Blu,u),Pru)y = (B(u,u),u)y =0.
Also by using the definition of ((-,-)) and the Cauchy-Schwartz inequality we get
[(Br(w),u)) = KB, (uw),-Auw)ngl = KB(u,u), —Pr(Au))ul = KB(u,u), - Au)gl

1 1
= B, i l(-Awl = S lulh + 5 |lul- 1Vul[Z.

Lemma 6.4.6. The map g, defined by
(6.4.12) gn:H,3u— P, [(g(ul®)w)] € Hy,
is well defined and Lipschitz on balls. Moreover

2 2
(6.4.13) {((‘gn(”)’u” <CNIVul?, —-2|lul-|Vul|;>, ueH,,

(—gn(w),uyn < —llul7, +Cnluly, ueH,.

Proof. Let u € H,,, then by the definition of g (6.2.13), the estimate (6.2.14) and the embedding of

H!— L% we have

lgn@lie, = [|Pn [Mgul®w)] ||y, < IME@(ul w)lk < lg(ul® ulL

1/2
f lu(x0)|® dx
R3

=
3/2
<clutl=c|[ ariPia©rd] =c|[ a+iPraobd

3/2
f @2 de
[¢l=n

(6.4.14) = C(L+n*Pul}, = Collulf <oo.

1/2 3
= ul?

) UR lg(u@)P)|” lu@)? dx

]3/2

3/2
< C(1+n?)%? ]

= C(1+n?)*? [ fR . ()12 dé
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Therefore g, : H, — H,, is well defined. From above we can also infer that there exists a constant

C,, > 0 depending on n such that
(6.4.15) lulg < Crllulln,, ueH,.
Let u,v e Bg, then as before using (6.2.13), we have

lgn(w)— gnWllg, < IM(g(u®)u)-g(vi®) Vg < lg(ul®) u - g(vI?) Vi

< |g(ul®)u -V + 1 (g(ul®) - g(vI®) vizs
1/2
+4

1/2
<

f GOl () — v dax
R3

f.; )~ v [P + V@] @) da

Since H! — L%, we obtain

f Iu(x)lﬁdx
R3

1/6
“f Iu(x)ledx flv(x)Ide
R3 R3

2 2 9 \1/2
:[||u||L5||u—V”L6+4||u—V||L6(||u||L6+||V||L6) Ivilze

1/6

13
lgn(®)—gnMlu, < [fm@ lu(x) — v(x)[® dx

1/3
+

1/3

+4 [f Iv(x)(® dx
R3

f lu(x) — V(oc)l6 dx
IR3

2 2 9 \1/2
< Cllu=vilgzs [NulZs +4 (1l + 1v1%,) " Vi)

Since u,v € Bg, using (6.4.15), we get

lgn(w) - gnWlu, < Crllu—vllg,

2 2 2 1/2
luld, +4(luld, +IvIE ) Ivis,

(6.4.16) <Cprlu-vlu,.
Let u € H,,, then using Lemmas 6.4.2 and 6.4.3, the definitions of g,, and ((-,-)) we get

((—gn(w),u)) =—(gn(u),-Au)yg = —(H(g(lulz)u,—Pn(A uNH
= —(g(u)u,~-TI(Auw)g = —(g(ul®)u,~Au)rs.

Also note that for u € H,
(—gn), )y = —((g(u®)u,Ppuyy = —(g(u®u, w2 = —(g(u®u,u) ..

Hence the inequalities (6.4.13) can be established with the help of the above two relations and
Lemma 6.2.1 (ii). This completes proof of the lemma. |

Lemma 6.4.7. Let us assume that the function f satisfies the assumption (Al). Then the map
(6.4.17) fn:H,2u— P,[II(f(u)]eH,
is well defined and Lipschitz.
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Proof. Let u € H,,, then by the assumption (A1),
I fn@)la, < TI(F@la < |f @)z < Crlulpz = Crllullg, <oo.
Therefore f,, : H, — H,, is well defined. Let u,v € H,,, then

1 fn(@) = frnDla, < TLf(w) -fW)Ig < |f(w) - fV)IL2
(6.4.18) SCﬂu—VEZICﬂW—Vhﬁ.

Lemma 6.4.8. Let o0 satisfy the assumption (A2). Then the map
(6.4.19) Gn:H,3u— P,o(G)) € I3(¢%;H,)
is well defined and Lipschitz.

Proof. Let ueH,, then

1/2
1G @ 73(e21,) < IG@D 7 021) =

| lo@iziva@iax

] 1/2

1
< [sup loGI%| [Vl < Sl

x€R3

Using (6.4.15), we infer

(6.4.20) 1Gn (@l gy e2:1,) < Crllully, <oo.

Thus G, : H, — J2(¢2;H,,) is well defined. Let u,v € H,,, then
1G (@) = Gl g32.1,) = 1GW) — Gl g2

I 1/2
< [ f Y 1o ;0P V(w - v)()[* dx
[R3j:1

1/2
= [ f oGl %1V (w - v)()I da
R3

1/2 1
S(sup ”U(x)”§2) IV(u—V)lg2 < -llu—vlg.
x€R3 2

Using (6.4.15), we infer

(6.4.21) 1G (@) = Gl g 211, < Cll =V,

Proposition 6.4.9. L2, H' and D(A)-norms on H,, are equivalent.
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Proof. Let u € H,, then using the Plancherel Theorem

f a2 dé
|{l=n

Thus if v € H, then L? and H, have equal norms. The equivalence of H' and H, norms is
established from (6.4.15). Using (6.4.5) and (6.4.22) we can establish equivalence of D(A) and H,,

norms. u

1/2
= llulm,.

1/2
(6.4.22) lulpe = U{Rg |a(6)|2d€] =

As discussed earlier in the introduction instead of using standard Galerkin approximation
of SPDE on the finite dimensional space we will look at the truncated SPDE on an infinite
dimensional space H,,. We will establish the existence of a unique global solution to the truncated

SPDE and obtain a’priori estimates in order to prove the tightness of measures on a suitable space.

In order to study the truncated SPDE on H,, we project the SPDE (6.2.16) on H,, using P,,.
The projected SPDE on H,, is given by

(6.4.23) duy,(t)=—-[Ayu,(t)+By(un(®)+ gn(uy(£) — fn(un, ()] dt + G (u, )W (),
h 1n(0) = Pr(uo),

where u, € H,, ug € V and other operators B,,g,,f» and G, are as defined in Lemmas 6.4.4 -
6.4.8.

Lemma 6.4.10. Let us define F : H, — R by

(6.4.24) FWw) = 1Gr@ll gy, +2(u,~Apu —Br(w) - gn(w)+ frw)u, ueH,.
Then for every u € Hy, there exists K1 > 0 such that

(6.4.25) Fw) <Ki(1+]lulf).

Proof. From the definition of A,,, B,,,g, and f,,, we have

1Gn (Wl gyr2:1,) + 2¢u, —Apu — Bp(w) — gn (W) + fn(w)nu
= G @l g2,y +2{u, ~TI(A w) = Po(B(w)) — PplT(g(Jul®)w)] + PuTI(f @)])y -

Since u € H,,, using Lemma 6.4.8, we get

1
Fu) < Znun%{n —2|Vul?, — 2(u, Bw))u — 2(u, g(lul®)u)n + 2¢u, f w)u

1 2
< Il —219ulf, - 2|\ g ul|p, + Crlul,

1
Fw)+21Vul?, +2|\/g(ul®) ull}. < Zuuu%{n +Crlluly, <Ki(1+lulf ),

for appropriately chosen K;. Thus, in particular

Fw)<Ki(1+]lulf).
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We will need the following theorem to prove Theorem 6.4.12. We have modified it in the way

(compared to the statement in Theorem 2.8.8, see also [1, Theorem 3.1]) we will use it.

Theorem 6.4.11. Let X be a separable, possibly infinite dimensional, Hilbert space. Assume that

o and b satisfy the following conditions
(i) For any R > 0 there exists a constant C > 0 such that
lo(w) — oMl gy2.x) + 16(W) —b(Wlx < Cllu - vlli, lulx,lIvix <R.
(it) There exists a constant K1 >0 such that
||J(u)l|?%([2;X) +2(u, b)) =Ki(1+|lu ||§(), ueX.

Then for any X —valued &, there exists a unique global solution u = (u(t));>q to

¢ ¢
u(t)=¢ +f o(u(s))dW(s) +f b(u(s))ds.
0 0

Theorem 6.4.12. Let the assumptions (Al) and (A2) hold. Then for every ug €V there exists a

unique global solution w, = (up(£));=q to

(6.4.26)
un (@) + f3 [Antn(8) +Bp(un(s) + gnwn(sN1ds = [§ fu(un(s)ds+ [3 Gn(un(s)dW(s),
u,(0)=PLuyp.

Proof. The proof is direct application of Theorem 6.4.11. Using Lemmas 6.4.4 - 6.4.8, we can
show that the condition (i) of Theorem 6.4.11 is satisfied. In Lemma 6.4.10 we proved that the

condition (i) is satisfied. Thus we have the existence of a unique global solution u, to (6.4.26). W

By Lemma 6.4.4 the map A, is linear and bounded on H,, and thus, A,, = A on H,,.

6.5 Existence of solution

6.5.1 A’priori estimates

In this subsection we will obtain certain a’priori estimates for the solution u, of (6.4.26). We will
use these a’priori estimates in Lemma 6.5.3 to prove the tightness of measures on the space Zr,
defined in (6.3.5). We will also establish certain higher order estimates which will be required to

prove the convergence of non-linear terms in later sections.

Let us fix T > 0. For any R > 0, define the stopping time
(6.5.1) Tg :=inf{t €[0,T]: [lu,(?)llv = R},

where u,, is the solution of (6.4.26). By the definition of martingale solution one can infer that for

everynzl,r}‘%/’ooasR/’oo.
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Lemma 6.5.1. Let u, be the solution of (6.4.26). For all p > 0 there exist positive constants
C1(p),Co(p) such that if |uollv < p, then

(6.5.2) sup[E( sup llu,(tA T%)II%) <Ci(p),
neN  \z€[0,T]
Thty 9

(6.5.3) sup[Ef lun(®lpa @t < Ca(p),

neN 0
Moreover, for every 6 > 0 there exists a constant C(6) > 0 such that if luglg < 6, then

TAth 4

(6.5.4) supE f lun()lL, < C3(6).

neN JO

Proof. Let u, be the solution of (6.4.26) then applying the It6 formula to ¢(x) = le%{ and the
process u,, we get

tATY

[, (t A T}%)l%l = |Pnu0|12{ + 2](; * (un(s),—Au,(s) —Bp(un(s) —gnun(s)huds

tATT

tATY
2 fo " Un(S), Faltn(s))rds +2 fo " (), G (5,1 () AW

tATR 9
(6.5.5) +‘/(; ||Gn(3, un(S))Hg—z(gz;H)dS'

Using Lemma 6.2.1, assumptions (A1) and (A2), boundedness of P,, in H, the Cauchy-Schwarz
and the Young inequality, we get

INTR 9 IATR 9
un(t AT < Lol — 2 f IVt ()12, ds —2 f (@ ten()Dun(s), un(s)p ds
0 0
tAT% tAT§ 1 tArg
(6.5.6) +2Cff |un(s)|§lds+2f (un(s),G(s,un(s))dWs)H+Zf IVun(s)l7, ds.
0 0 0

Since u, € H,,, we have the following identities

(@nun)yun)m = M (g(un|®un), Prun)u = (€(un|*un, Muy) s

= (@(un|n,un)p2.

Thus, using the second part of the inequality (6.4.13), we get

tATT

tATY, R
2
lun(s)lf;ds

ny2 2 R 2 TR 4
lun(EA TR < IuoIH—2f0 IVun(S)Ides—2/0 IIun(s)IIL4dS+ZCNfO

n
tAT]

tATY
+2C; f " ()L ds+2 f (1n(5), G5, 1n(s) AW
0 0

1 tArg
+1f0 IVun(s)Iizds.

On rearranging we have

7 tATY, EATE,
Iun(t/\r}‘e)lfﬁzfo IVun(8)|i2d8+2fO lun(s)7sds

AT

tATT
(6.5.7) < luol% + Cf,NfO " lun(s)2 ds + 2[0 * (Un(3),G(s, un(s) dWy)h.
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Now since the process p,(t AEATR), t€[0,T]

t/\T;%
Hn(tATY) = f (tn(s),Gls, un(s) Wy, t€[0,T]
0

is a F-martingale, as by Lemma 6.2.1 and (6.5.1) we have the following inequalities

tATR 9 INTR 9 9
E fo (tun(s), Gs, un ()1 ds <E fo U I GS, un (NI, agq) A

< l[EftAT;% lu (s)l2 [Vu (s)l2 ds <oo
=4 Jo n H n L2 )

where to establish the last inequality we have used the equivalences of norm from Proposi-
tion 6.4.9. Thus E[y, ()] =0.

Using Lemma 2.7.20 for the following three processes:

9 7 tATE, 9 ENTE 4
X0 =luntATpl, Y= fo (Viun(s)/2, ds +2 fo lun()2,ds,

and
n
tATR

1) = 20 (1) = 2 fo (Un(8), G5, un(s) AWy,

we see that from (6.5.7), condition (2.7.3) is satisfied fora =1, Z = Iuoll%I and ¢(r) = Cr y. Since
E(I(2)) = 0, condition (2.7.4) is satisfied and hence all inequalities for the parameters (see (2.7.2))

are trivially satisfied. Thus if |uglg < §, we have

(6.5.8) supE

neN

9 7 tAT, 9 tATE 4
|un(tAT;l€)|H+Z\[0 |Vun(3)|L2 d3+2/(; ||un(3)||L4 ds| =Cr(9).

In particular

(6.5.9) sup| sup Elu,(t ATR)% | < Cr(d).
neN |\ te[0,T1]

Hence, using (6.5.8) and (6.5.9) we infer that

TAth 4 ~ 9
(6.5.10) supE fo lun()I4, < Crllugl?) = Cs(d).

neN

Since we are interested in the estimates involving V norm of u. We apply the It6 formula to

d(x) = IVxI%2 and the process u,(¢), obtaining

AT

IVt ATRIF, = IV(Pruo)l7s +2 fo " (Un(8), ~AUn(s) ~ Bu(un(s)) ~ gn(un(s)) ds
tATE, tATE,
+2 fo (un(s), faun()))ds +2 fo (un(5),Gn(s,un(s)) AW,))

tATR 9
6.5.11) " fo 19 (s, (I, o gp s,
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where ((-,-)) is as defined in (6.2.1). Using Lemma 6.2.1, assumptions (A1) and (A2), boundedness
of P, in H, estimates (6.4.8), (6.4.13), the Cauchy-Schwarz and the Young inequality, we get

tATT

2 2 IR 2 R 2
IVun(t ATR)IT 2 < Vuoly» —2f0 |Aun(s)l;2ds +f0 [Aun ()],

INTR
+
0

tATE, 9 tATE,
—4f0 [len ()l IVun(s)l|72ds +f0 |Aun(s)p2lf(wn(s))lg2ds

tATY

|un($)] - [Vien(s)l|7 ds +20Nf0 ! IVun(s)l7.ds

tATT

1 [iATR 9 2 9
+_f |Aun(s)|L2 dS+CT,0‘/(‘) |vun(3)|L2 ds

2 Jo
tAT%
+2 f (wn(5), G5, un(s)AW,))
0

9 1 [iATR 9 ENTE 9
< lvu°|L2_§fo |Aun(s)l7s ds—SfO |lun ()l IVun(s)l| 2 ds

tATT

tATR 9 1 [N 9 3 9
+CT’0’Nfo IV, (8)l7 . ds+—f |Au, ()7, ds+Cff0 lun(s)lf;ds

4 Jo

tAT%
+2 f ((un(s), G s, un(s) dWy)).
0

On rearranging we have

9 1 tAT% 9 INTR 9
Vun(e A TR+ fo Aun(s)2,ds+3 fo n () 1Ven ()| ds

tATY

9 tArg 9 13 9
< Vuol2, +Cron fo Vun ()2, ds +Cy fo PROLER

tATY
(6.5.12) +2 f " (Un(s),G(s, 1wy () AW,)).
0

Now since the process p,(t At ATE), t€[0,T]

AT,
Hnlt AT) = fo " (wn(s),Gls, un()dW,), t€[0,T]

is a F-martingale, as by Lemma 6.2.1 and (6.5.1) we have the following inequalities
AT

tATE 9 5 9 9
E fo |(n(s),Gls, un()|*ds < fo AU IG (s, un (I o 7 D

1 tArz 9 9
< Z[Efo IAun(s)ILQIVun(s)IL2ds<oo,

where to establish the last inequality we have used the equivalences of norm from Proposi-
tion 6.4.9. Thus E[u, ()] =0.
Again as before, by applying Lemma 2.7.20 for

9 1 tATE, 9 ENTE 9
XO=Vuat TR, Y= fo Aun(s)?,ds +3 fo |lwn($)]- IVun(s)l[72 ds,

tATT

I(0) = 2un(t) = 2 fo * (un(s),G(s, un(s) dWy)),
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the inequalities (2.7.3) and (2.7.4) are satisfied. Thus from (6.5.9) and (6.5.11), if |ugllv < p, then

9 1 t/\T;lz 9 t/\r}‘i, 9
(6.5.13) supk IVun(tAT§)|L2+ZfO IAun(s)Ides+3f0 ||un(s)|-|Vun(s)||L2ds =Cr(p).

neN

In particular

(6.5.14) sup| sup E|Vu,(tATR)Z, | < Crlp).
neN \¢t€[0,T1]

From (6.5.14) and (6.5.13), we have the following estimate

T/\T;le
(6.5.15) sup[Ef |Aun(®)2,dt < Cr(p).
0

neN

Note that Iul%(A) = Iuli2 + IAuliz. Thus from (6.5.9) and (6.5.15) we can infer (6.5.3). On
combining (6.5.9) and (6.5.14), we get

(6.5.16) sup( sup [EIIun(tAT;%)H%) < Cr(p).
neN \ t€[0,T1]

Using the Burkholer-Davis-Gundy inequality, the definition of (-, )y and the Young’s inequality,

for every € > 0 we obtain

tAt;
E sup f (Un(8), G5, un(s) dWs)y
t€[0,T1J0

1/2

T/\‘rl?e
=E fo [(wn(5),G(s,un()E + ((wn(s),G(s,un(s)))[? dSJ

1/2

Trty 9 9
<E j; ”G(S,un(s))”%(ﬂ;H)|un(3)|D(A)ds

1/2

1 ny2 TATZ 2
<—F| sup |Vun(SATR)|L2fO Iun(s)ID(A)ds

s€[0,T]

TAT}
(6.5.17) <¢E sup [Vun(sn T}%)Iiz + Cg[Ef 8 Iun(s)lzD(A)ds.
$€[0,T1 0

On combining (6.5.7) and (6.5.12), then using (6.5.3), (6.5.9), (6.5.14), (6.5.17) and Lemma 2.7.20,

we can infer (6.5.2). Thus the proof of the lemma is complete. |

In the next lemma we will use the estimates from Lemma 6.5.1 to establish higher order

estimates.

Lemma 6.5.2. Let T% be as defined in (6.5.1). For all p > 0 and p €[1,3] there exist positive
constants C1(p,p), Ca(p,p) such that if |uollv < p, then

(6.5.18) sup[E( sup ||un(t/\T?3)|I%,p) <Ci(p,p),
neN te[0,T1]
Thtg 2(p-1) 2
(6.5.19) supE A lun(S)ly" 1Aun(s)ls ds < Calp,p).
neN
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Proof. Let p €[1,3]. Then by using the It6 formula for &(¢) = IIun(t)II%, ¢(x) = xP, equations (6.5.5),
(6.5.11) and the definition of || - ||y, we obtain

tATh,
lunlt ATEIE = lun(O)I” —2p fo NI~ (IVn($)I2; + [Aun(s)2;) ds

EATY

t/\T
~2p f @122 (W (9), Ba(un(s))v ds — 2p f @122 w(8), gn(wnls))y ds

INTR

t/\
~2p f NI an(s), fulun M)y ds + p fo NunI? NG, unGNIZ, oy, ds

t/\T

+2p(p-1) f " n 12 11 (5), Gl un()E ds
6.5.20)
t/\T 9 1
+2p f N IZP ™ (5, G5, () AW, )y
0

Using Lemma 6.2.1, the definition of g (6.2.13), boundedness of P,, in V and assumption (A1), we
can simplify (6.5.20)

t/\T
lunt AT < lun(0)I5” —2p f Nun@IEP™ (IVun()2, + [Aun(s)2,) ds
t/\T
+2pf0 lun()I5? ™Y

tAT?
~2p f @I wn(8), 1un(s)2un(s) - Nug(s)y ds

1
|Aun(3)|%2 + §||un(s)| . |Vun(8)||i2 ds

) tAT 2(p-1) C 2 1 A 2 d

+2p lun ()5 f|un(3)|H+Z| un(s)ly.|ds
t/\‘r

+p fo a2

EATT
#2001 [ I UG, un N o lun I ds

|Aun(s)|i2+CT,U|Vun(s)|§2 ds

t/\r 9 1
+2p f Htn I (), G5, un() dWe)y.
0

On rearranging we get

tA T
lun(t AT = 1unOIF =5 [ len @R A (o) ds

t/\'L’

t/\r
-2p f unIZP D Vu,(s)2, ds + p f NI lun(@)]- IVun(s)l |22 ds

t/\‘[ t/\T
~2p f Nun@IZP 7)1/ g(u@)I) |- 1us)l| 22 ds + Cn -2p f Nun@IZP DV, (9)2, ds

INTR

t/\
~4p [ PV (o) V(][ ds + 29 C [ a3 unto ds

t/\'[ AT
+pCry fo Nun@IZP P Vun(s)2, ds +2p fo @I wn(s), Gls, un(s) W)y

tATY,

1
+2p(p-1) f [un @I | ZAun O, + CrgTun)2, | ds
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which on further simplification yields

2p p(3 p) tATR

lwn(t AT NP Aun(s)2, ds

tATE tATY,
+3p fo ||un<s)||2(p 1)||un(s>|~|Vun(s)||§zds+2p fo ||un(s>||2"’ Y11/ g(u)2)]- 1wl ds

tATT

t/\T R
< 1un (I +Crg fo Nun @I Van(s)2, ds +C; fo lun PP V() ds
6.5.21)

t/\T 9 1
+2p f ln(IEP ™ wn (), G (s, un(s) dWsdy.
0

As before we will show that the process u,(¢ At ATE), t€[0,T]

t/\‘r
pn(t ATR) = f NI wn(s),Gls, un(s)dWs)y, te[0,T]
0

is a F-martingale. By Lemma 6.2.1 and (6.5.1) we have the following inequalities

AT,
E fo Nun @I (un(s), Gls, un(s))v] ds

IR 4(p-1) 2 2
<E [ Hun @I (6 IG G, un (DI gy I

1

tATR 4(p-1) 2 2
;E fo Hn NPVl (1B ) Vit n (12, ds < 00,

IA

where the finiteness of the integral follows from Proposition 6.4.9. Hence E[y,(¢)] =0.
Since |u,(8)| < lun(s)lv and |Vun(s)iz2 < luy(s)lv on applying the generalised version of the

Gronwall Lemma (Lemma 2.7.20) for

3 2D 3 t/\‘[ 2Ap—1)
X@) = lun@ATRIIY S I@)=2p A lun (NG (un(s),G(s,un(s))dWs)v,

and
Y(t):p(32_p) 2P D A wn(5), ds + 3p fo O ) (] 1Vt 2 s
+2p fo o ||un(s)||2(” V)1 gu)2) |- lw@)l|3: ds,
we have
(6.5.22) itglg (tes[%%]E”un(tATR)”V ) <Crp ||u0||37p, p€ell,3]

Using (6.5.22) in (6.5.20), we also obtain

t/\T
(6.5.23) supk fo Nun®IZP V| Aun(s)2ds < Crpluoly := Calp,p), pellL,3l.

neN
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Now we are left to show the estimate (6.5.18). Using the Burkholder- Davis- Gundy inequality,

Lemma 6.2.1 and the Young inequality for every € > 0, we get

AT,
E sup f @122 (W (9), G, un(s)NAWs )y
t€[0,71J0

1/2

TAT%
— 2
<E fo 1an 1PV (), Gls, un(sN)v | ds
T/\T;l? 1/2
4(p-1
<E fo ln(@liy? ™ IGs, wn DN gy 1 () a5
n 1/2
1 T/\TR Ap—1
<[ 1@ Ve ds
n 1/2
1 [ rTrrg _
<t fo len(S) I N ($)l5? 1)|un<s)|]%(A)als]
n 1/2
1 9 T/\‘L'R 2p—1) B
<-E| sup lu,(EATR)I p[ lun®Iy" " [un(s)Ha ds
4 410,71 n Ry 0 n \% n D(A)
ny\ 20 Thtg 2(p-1) 2
(6.5.24) <¢E sup IIun(tATR)IIV +CE A lu, () Iun(s)ID(A)ds.
te[0,T1]

Thus from (6.5.21) and using (6.5.23), (6.5.24) and Lemma 2.7.20, we have

2 2 2
tE( sup ||un<tm,';)||v”) <CryE ||u0||vp)+€[E( sup ||un<tm;3>nvp) +Cr pe.
te[0,T1] t€[0,T]

Choosing € small enough we get

(6.5.25) sup[E( sup IIun(t/\T}%)llf,p) <Crp (Iluollf,p) :=Ci1(p,p), pell,3l
neN tel0,T1]

6.5.2 Tightness of measures

For each n € N, the solution u, of the truncated equation (6.4.26) defines a measure £(u,) on
(Z71,9), defined in (6.3.5). In this subsection we will prove that this sequence of measures defined
on Zr is tight.

Lemma 6.5.3. The set of measures {£(u,),n € N} is tight on (Zp,9).
Proof. We recall the definition of stopping time, 77,
Tp :=inflt €[0,T1: [u,(t)lv = R}.

We will use Corollary 6.3.4 to prove the tightness of measures. According to estimates (6.5.2) and

(6.5.3), conditions (a) and (b) are satisfied. Thus it is sufficient to prove that the sequence (u,),en
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satisfies the Aldous condition [A] in H. By (6.4.26), for ¢ €[0,T A7},] we have

t t t t
() = un(0) - f Antin(s)ds — f Bo(un(s))ds — f gn(un(s))ds + f Falun(s)ds
0 0 0 0

t
+ f Gn(s, un () AW (s)
0

= I+ IR+ THO) + TP + TR + TR, te[0,TATL].

Let 5,6 €[0,T],s <t and 0 :=t —s. First we will establish estimates for each term of the above
equality.

Ad. Jj. Since A:D(A) — H is a bounded linear map, then by the Holder inequality and estimate
(6.5.3), we have the following inequalities

tATT
[E[IJg(t/\T;%)—Jg(s/\T?g)lH] =E S[Ef 8 |Au,(s)|lgds
S

n
/\TR

tAT%
f A, u,(s)ds
S

n
/\TR

H
1

) ENTE 2 1
(6.5.26) <cO?2 [Ef Iun(s)lzD(A)ds <c(Co(R))2-0:=co-0.
S

n
/\TR

Ad. Jg. B : D(A) xV — H is bilinear and continuous and P, : H — H is bounded then by
Lemma 6.4.5, the Cauchy-Schwarz inequality and the estimates (6.5.2), (6.5.3) we have

tATE,
E[IJ5(¢ A TR) — I3 (s ATR)lm] = E <E f IPB(un(s), un(s)l ds
s

n
/\TR

tATE
f P,B(u,(s))ds

n
/\‘L'R

H

tATR
< [Ef 1Bl [wrn(s)Ipaylluen(s)llvds
S

n
/\'L'R

1/2 t/\r;g 1/2
<|BI-E| | sup llu,(tATHIS -GWU |un(s)|%,(A,ds]
tel0,T1] 0
(6.5.27) <(C1R))V2(Co(R)V2-012 := c5-012.

Ad. Jy. Since H 1 L5 then by the definition of g and estimate (6.5.18) (for p = 2), we have

tATY
E[1J7(tATE) = T2 (s AT)IE] = E <E f P L (Mg (un ()P un(s)la ds

n
ATp

tArg
f gn(un(s)ds

n
ATp

H

t/\'[;;‘2 t/\T;Le 1/2
< [Ef lg(n()P)un(s)|2ds < [Ef (f3 Iun(s,x)l6dx) ds
s R

n n
/\TR S/\TR

3/4
0

tATT

tATE 3 B 3
= [Ef ”un(s)”LGdSSC[Ef lun(s)llyds<C

n n
ATp ATp

E| sup llun(tATHIY
te[0,T1]

(6.5.28)
<C-(C1(2,R))**-0:=c4-6.
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Ad. Jf. Using the assumption H1, (6.5.9) and the Cauchy-Schwarz inequality, we obtain the

following inequalities

tAr tAr
2 AT) -T2 6 A tlu] =E| [ " Paif@nends) <E [ ifwn(sDinds

ATR H ATR
tATR 1/2 tATR 12 1
< [E(f |f(un(s))IHds) 0 < Cy (f Iun(s)I%{ds) 02
SATR, SATR,
(6.5.29) <Cr(C(R)V20:=c5-6.

Ad. Jg . Using the It6 isometry, Lemma 6.2.1 and (6.5.2), we obtain the following

2

tAr
[E[IJg(t/\T?e)—Jg(s/\T??)l%{] =[Ef G, (s,u,(s)dW(s)

/\TR

H
t/\T

tAT ¢
< c[Ef G (s, un(s))llg(ﬂ ) ds < 1 f IVun(s)Ides
S S

n
/\TR /\TR

(6.5.30) < ZE| sup luntAT})I2|0< Cl(R) 0:=cg-0.
4 \tero,m

Let us fix x > 0 and ¢ > 0. By the Chebyshev’s inequality and estimates (6.5.26) - (6.5.29), we

obtain

9
PAIJIEATE)—J (s ATR)IH =KD < [E [(lTMEATE) - sATR)Ia] < —; neN,
K
where i = .,b.Let §; = —E Then
I
sup sup P{|J(tATR)-J (sATp)lu=KkD)<¢e, i=1...5.
neN 0<6<§;
By the Chebyshev inequality and (6.5.30), we have
1 0
PUlJg(t ATR) —Jg(s ATR)lE 2 k) < S E[lJg(t ATR) — Jg(s A T;%)@_I] < C%; neN
K K
2
Let 6 = —e. Then
Ceé
sup sup P({|lJg(tATR)—Jg(sATR)lH=K}) <€
neN 0<0<dg
Since [A] holds for each term </ L.”, 1=1,2,...,6; we infer that it holds also for (z,),en. Thus the
proof of lemma can be concluded by invoking Corollary 6.3.4. |

Now we will state the main theorem of this section.

Theorem 6.5.4. Let assumptions (H1) and (H2) be satisfied. Then there exists a martingale
solution (Q,ﬁ,[AF,[Iﬁ’,u) of problem (6.2.16) such that

(6.5.31) t

< 00.

T
sup 1w+ [ Ol dt
te[0,T] 0

In the following subsection we will prove Theorem 6.5.4 in several steps.
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6.5.3 Proof of Theorem 6.5.4

By Lemma 6.5.3 the set of measures {£(u,),n € N} is tight on the space (Z7,9 ) defined by (6.3.5).
Hence by Corollary 6.3.6 there exist a subsequence (n},)en, a probability space (Q, % ,P) and, on

this space, Zr-valued random variables &, ,,,k = 1 such that
(6.5.32) iin, has the same law as u,, and @,, — @ in Z7, P-a.s.
iin, — @ in Zp,P - a.s. precisely means that

fin, — @ in €([0,T1;U"),
fin, — @ in L%(0,T;D(A)),
fin, — @ in L*(0,T;Hj,,),
fin, — & in €(0,T1;V,).

Let us denote the subsequence (i ,,) again by (&i,),en.

The following auxiliary result which is needed in the proof of Theorem 6.5.4, cannot be

deduced directly from the Kuratowski Theorem (see Theorem 2.5.17).

Lemma 6.5.5. Let T > 0 and Zr be as defined in (6.3.5). Then the following three sets €([0,T1];V)n
Zr, €(0,T1;H,) n Zr and L3(0,T;D(A)) N Zr are Borel subsets of Zr.

In order to prove Lemma 6.5.5 we will need the following space:

T
Lf ([O,T]><IR3):{u:[O,T]x[Ris—»lezff Iu(x,t)lzdxdt<oo,VR>0}.
oc o Jixi<r

L2

10c([O, T1xR3) is complete under the family of semi-norms

T
ff lu(x,t)?dxdt
0 |x|<R

In particular it’s a Frechét space with the metric

1/2

PR =

_ 1 Pn(U—U)
du,v)= ,;1 2% 1+ pp(u—v)’

Remark 6.5.6. L%(0, T;Hype) CL%OC([O,T] x k%) and we can define the open sets in L2(0, T;Hyoe)
by restricting the metric d to L2(0, T;Hj,c)- Hence L2(0, T;Hj,.) is a topological space with the
trace topology from L%oc([o’ T1 x R3).

Let us define a new topological space:
Zr:=€(0,TLUNN LY (10, T1x RN L7, (0, T;:DA)NE (0, T]; Viy).
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Note that Zp and Zp are same as a set. Because L%OC([O,T] xR3) N L%U(O, T;D(A)) and
L2(O,T;H10C) ﬂL?U(O,T;D(A)) are same as a set. L2(O,T;H10C) c L%OC([O,T] x R%) and the only
extra elements in L%OC([O,T] x R3) are the ones which are locally square integrable but have
non-zero divergence. But the intersection of L%OC([O, T1 x R3) with L%)(O, T;D(A)) eliminates those
elements as the divergence free condition is imposed by the second set.

By Remark 6.5.6 and Lemma C.2, Z7 and Z7 have the same topologies. Thus we will prove
Lemma 6.5.5 for Z7 instead of Zr.

Proof of Lemma 6.5.5 First of all €([0, T1; V) c ([0, T];U’)nL%OC([O,T]xR?’). Secondly, €([0, T1; V)
and €([0,T1;U’ )ﬂL%OC([O, T1xR3) are Polish spaces. And finally, since V is continuously embedded
in U’, the map

i: 6(0,T};V) —~ €([0,T;U)n L7 ([0, T1xR?),

is continuous and hence Borel. Thus by application of the Kuratowski Theorem, €([0,T];V) is
a Borel subset of €([0,T1;U") anOC([o, T1x R3). Therefore by Lemma C.1, €([0,T1;V)n Zr is a
Borel subset of €([0,T];U’) QL%OC([O, T1xR3)N Zp which is equal to Z7. We can show in the same
way in the case of €([0, T];H,,) N Z7r.

Similarly we can show that L2(0,T;D(A)) N Zr is a Borel subset of Zp. L2(0,T;D(A)) —
L%OC([O,T] x R3) and both are Polish spaces thus by application of the Kuratowski Theorem,
L2%(0,T;D(A)) is a Borel subset of L%OC([O,T] x R3). Finally, we can conclude the proof of theorem
by Lemma C.1. |

By Lemma 6.5.5, €([0,T1];H,) is a Borel subset of €([0,71;U’) mL2(0,T;H10c). Since u,, €
€([0,T];H,,),P-a.s., and i@ ,, u, have the same laws on Zp, thus

(6.5.33) L@@ )€6(0,T;H,)=1, neN.

Since €([0,T1; V)N Zr and L?(0, T;D(A)) N Z7 are Borel subsets of Zr (Lemma 6.5.5) and i,
and u, have the same laws on Z7; from (6.5.18) and (6.5.3), we have for p €[1,3]

(6.5.34) supE( sup IIﬁn(S)H%,p) <C1(p),
neN 0<s<T
= T 2 2
(6.5.35) suplk f Iﬁn(s)ID(A)ds < Ca(lluollyy)-
neN 0

Since €([0,T];H,) is continuously embedded in L%0,T;L* and @,, u, have same law L on

€([0,T];H,,), we have
T4
fo Iyl ds

T
[ naontds= [ dp(y)
0 Q
T
fo Iyl ds] dp(y)

T
fo lin(s, )2, ds

dP(w) = f
L40,T;L%)

T
- i ||y||i4ds] )= [
€¢([0,T1;H,) LJO L4(0,T;L*)

T T
= fQ fo lun(s, )7, ds dP(w)=[Ef0 lun()l7.ds.
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Thus, by estimate (6.5.4) we infer
(6.5.36) supf f T||ﬁn(s)||§4dtscg(|uo|%{).
neN JO
By inequality (6.5.34) we infer that the sequence (ii,) contains a subsequence, still denoted
by (@i,) convergent weakly in the space L2([0, T x Q; D(A)). Since by (6.5.32) P-a.s @, — @& in Z7,
we conclude that @ € L2([0, T] x Q;D(A)), ie.

(6.5.37) E

< 00.

T
j(; |12(8)|]2)(A)d3

Similarly by inequality (6.5.34) for p = 1 we can choose a subsequence of (ii,) convergent

weak star in the space L2(Q;L>°(0, T;V)) and using convergences (6.5.32), we infer that

(6.5.38) [E( sup ||a(s)||3,) <oo.
O0ss<T

For each n = 1, let us consider a process M,, with trajectories in €([0,T1;H,), in particular in
%¢(10,T1;H), defined by

¢ ¢ t
Mn(t)zdn(t)—Pnd(O)+f Aﬁn(s)ds+f Bn(ﬁn(s))ds+f gn(lin(s))ds
0 0 0

t
(6.5.39) —f ful@n(s)ds, te[0,T1].
0

Lemma 6.5.7. M, is a square integrable martingale with respect to the filtration F, = (jn,t),

where jn,t =o{ii,(s),s < t}, with the quadratic variation

5 t
(6.5.40) M)y = fo 1G (s, (N po.37, ds-

Proof. Indeed since i, and u, have the same laws, for all s, € [0,T'],s < ¢, then for all bounded

continuous functions % on €([0,s];V,,), and all y,{ € V, (for y > 4), we have
(6.5.41) E (M (2) = My (s), ) h(@injjo,61)] =0
and

E[ (1,00, 9) W1, (8),0) = (Wl (), (W, (9), O

t
(6.5.42) - | 4G, 80@N)" Puy (G0, 200 Pa) o) o )] =0,

Lemma 6.5.8. Let us define a process M for t €[0,T] by

M®) = ﬁ(t)—ﬁ(0)+f0tAL1(s)ds+f0tB(11(s))ds+fOt H(g(lﬁ(s)|2)12(s))ds
(6.5.43) —fotl'[f(ﬁ(s))ds.
Then M is an H—valued continuous process.
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Proof. Since ii € 6([0,T1;V) we just need to show that each of the remaining terms on the RHS of
(6.5.43) are H—valued a.s. and well-defined.

Using the Cauchy-Schwarz inequality repeatedly and (6.5.37) we have the following inequali-
ties

172
< 00.

T T
= _ 12 = _\2
[Ef0 [Ad(s)lgds<T ([Efo ()| pa) D5

Since H*? — L™ for every k > d/p, hence there exists a C > 0 such that |u|z~ < C |lul g2z

for every u € H>2. Thus by the Cauchy-Schwarz inequality, (6.5.37) and (6.5.38) we obtain the
following estimate

T T 1/2
E f |B(i(s))lg ds < T1/2[E( f |i(s)- Vii(s)[7, ds)
0 0

12 12

T T
sTWE( fo ||ﬁ(s)||%m|va(s>|izds) sT”QC[”E( fo () 126 ds
1/2 1/2

T
<T"2C [[Efo |@(s) D a) s

E sup [a(s)ll3
s€[0,T1]

< 00.

We know that for d = 3, H2 — L5, thus using (6.2.14), convergences (6.5.32) and (6.5.34), we
get

T T T
[Efo INg(as)?)a(s)|y ds <E fo g(aD)a() . ds <E fo N2, ds

T 3/4
scrﬁf las)¥ ds < C|E sup llas)ly| T <oo.
0 s€[0,T1]

Using the assumptions (Al) and (6.5.38) we can show that

1/2

T T T
E fo ITf (@(s)lg ds <E fo |f(@(s))I2ds < TV2E ( fo |F(E(s))12, ds)
T 1/2
<T2Cy ([Ef IfL(s)I%{ds) <oo.
0
This concludes the proof of the lemma. |

Lemma 6.5.9. Let us fix y > % If u e L?(0,T;H)NL*0,T;L*) and (u,)nen be a bounded sequence
in L2(0,T;H)nL*O0,T;L*) such that u, — u in L2(0,T;Hloc), then for all r,t € [0,T] and all
WweV,:

t ¢
(6.5.44) lim f (gun()Pun(s), y)ds = f (g(u(s)P)uls),p)ds.
Here (:,-) denotes the duality pairing between Vy and V;,.
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Proof. We will prove the lemma in two steps.
Step I
Let us fix y > % and r,t € [0,T]. Assume first that ¢ € 7. Then there exists a R > 0 such that

supp(y) is a compact subset of Or. There exists a constant C = 0 such that
[(g(ulPu,w)| = ‘ f@ ] g(u@ @y dx| < 1g(u®)L2gp 14172, 1V L5
(6.5.45) < |1ul?| Lo [lL20p 1¥ Lo < CllulFalul 2@ Ivllv,,  weHNLY,
where we used (6.2.7) to establish the last inequality. We have
gunPun - g(ulP)u = g(lun*)Yu, —w) + [g(lunl?) - g(lu®)] u.

Thus using the estimate (6.5.45), the Holder inequality, (6.2.15) and the Cauchy-Schwarz inequal-

ity, we obtain

t t
f (@(un($)Pun(s),w) ds — f (@n(1()D)uls), vy ds

t t
< f (@(un()2)Nun(s) — u(s),w) ds| + f (g(un®)?) - glu)®) uls), v) ds

t
SC[ ”un(s)”iﬂun(s)_u(3)|L2(@’R)”1pU”Vyd3
t
+2 f (ltn(s) - w(] (n(s)] + () us), )| ds
t
< Cll, [ Tun() 1 luns) - ulpso ds

t

Thus by the Hélder inequality, we get

t t
f<g(|un(8)|2)un(8),w>ds—f (gn(lu(s)®uls),wyds

2
=Clyllv, |un|L4(0’T;L4)|un —ulr2(0,7;1.2(68))

. 5 1/2
f |u(8)[|un(8)l+|U(3)|]|L2(@R)ds]

+2|un —ulr20,1.L268)

lun —ulp20,1;L20p) 1V IV,

1
2 2 2 2
< C lunao s + 210 a0 g (140 2o i + 1140 rig s

Since u,, — u in L%(0, T';Hj,.) we infer that (6.5.44) holds for every y € 7.
Step 11
Let y € V) and € > 0. Then there exists a ¢ € 7 such that [y, — UIHV}’ < e. Hence, we get
[<g(un®un - g(ul®u,y)|
< [KgUun®un — glul®u,ve) |+ [(g(un®un — glul®u, v — ye))|
(6.5.46) < [(g(unlPun - guP,yo) | + | lgunPunly, + lgluPuly, | 1y - vely,
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Since 7 is dense in Vy, (6.5.45) holds for all ¢ € V,. In particular, there exists a constant C >0
such that

(6.5.47) lg(uPuly, < CllulZ,luly,  weHLY

Using (6.5.46), (6.5.47) and the Cauchy-Schwarz inequality we have following inequalities

t
f (@(un()Pun(s) — g(lu(s)Puls),w) ds

t
<eC f (lun (I slun(®)la + w7 (luls)u) ds

t
; f (@(ln(8)P)n(s) - gu()Puls), ve) ds

2 2
<eC ”un ||L4(0,T;L4) ” Un ”L2(O,T;H) + ” u I|L4(0,T;L4) ” u ”LZ(O,T;H)]

+

t
f (@(un(®)Dun(s) - g(u)Puls),we) ds

Hence by Step I and the assumptions on u,u, there exists a M > 0 such that

¢
f (@(un(s)1®)un(s) —g(lu(s)|2)u(s),1//) ds| < Me.

lim sup
n—o0

Since € > 0 is arbitrary we conclude the proof. |

Corollary 6.5.10. Let us fix y > %. If u € L%(0,T;H)nL*0,T;L*) and (up)nen be a bounded
sequence in L2(0, T;H)NnL*(0, T;L*) such that u, — u in LZ(O,T;HZOC), then for all r,t €[0,T] and
all yeVy:

t t
(6.5.48) ,}Lrglo[ (8(un(8)un(s), Pry)ds :f (g(u(s)®uls), ) ds.
Here (-,-) denotes the duality pairing between V, and V;,.
Proof. Let us fix y > % and take r,t€[0,7] and v € V,. We have
! 2 ! 2 ! 2
[ @unPrunts), Payyds = [ {glun@Pun)Pav w1 ds+ [ {glun@Puns)v)ds
=11(n)+Is(n).
We will consider each of these integrals individually. Using the estimate from (6.5.47), we have
¢
[I1(n)| < f ||g(|un(8)|2)un(8)||v/y I1Pry —yllv,ds
¢
= ||Pn1,U—1l/||Vy[ ||un(8)||]2;4|un(8)|HdS-
Since the sequence (1, ),en is bounded in L?(0,T;H)nL*0,T;L*) and P,v — v in V,, we infer
lim 71(n)=0.
n—oo
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By Lemma 6.5.9, we conclude

t
lim T = [ {g(u)Puts), pds.

Lemma 6.5.11. For all s,t €[0,T] such that s<tand y > %:
(@) lim,—.co(ln(t),Pry) = @), y), P-a.s, wevV,
) lim,—co [H(Al,(0), Prw)uds = [H(Ai(o),y)udo, P-as, weH,
(© lim,—co [ (B(i@,(0)),Pry)do = [H(B(a(o)),v)do, P-a.s, weV,,
(@) limy—co [H{g(|E,(0)?)in(0), Pry)do = [{{g(@(o) (o), w)do, P-as, weV,,
(@ limy,—co [1{f(@n(0)),Pry)do = [{f (@), y)do, P-as, weV,,

where (-,-) denotes the duality pairing between appropriate spaces.

Proof. Let us fixs,t€[0,T],s<¢andy> %. By (6.5.32) we know that
(6.5.49) i, — i in €(0,T];U") mL%,(O,T;D(A)) mLZ(O,T;Hloc)m €(0,T1;V,), P-as.

Let w € V. Since @i, — i in €([0, T1;V,,) P-a.s., from (6.5.34) i, is uniformly bounded in € ([0, T1; V)
and P, — v in V, thus

Hm (@n(8), o) = @(0), y) = lim (@n(5) — a(®), y) + lim @n(6), Py ~y) =0 Peas.

Hence, we infer that assertion (a) holds.
Let v € H. Since by (6.5.49) @i, — @ in L%U(O,T;D(A)) P-a.s., from (6.5.35) i, is uniformly
bounded in L%,(O, T;D(A)) and P,y — v in H. Thus, we have P-a.s.,

t t
lim | (Ad,(0),Prv)u da—f (At(o),y)yg do

n—oo s

¢ ¢
= lim [ (Ati,(0)—-Au(o),v) do + lim f (Aii,(0),P,y —y)g do — 0.
n—oo s n—oo s

Hence, we have shown that assertion () is true.

For every v € V, assertion (c) follows directly from [23, Lemma B.1] and a modification of
Corollary 6.5.10.

By (6.5.49) @i, — it in L2(0,T;Hloc). From Lemma 6.5.1, convergences (6.5.49) and estimate
(6.5.36) the sequence (i) is bounded in L2(0, T;H)n L*(0, T;L*) and @ € L?(0, T;H) n L*(0, T; L*).
Thus, using Corollary 6.5.10 we infer that (d) holds for every y € V,.
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Now we are left to deal with (e). Let y €V,

t t
f (Fn(0)), Py ds — fo (o), vy do
t t
- fo (Flan(@) = F @), vy do + fo (Fin(@), Pry ) do

Since V, — H, by the Cauchy-Schwarz inequality we have

t t
f (F(@n(0)), Py ds - fo (o), wydo
t t
< fo (Flin(o) - f@(@)), y) do + f £ @n(Dly, 1P ~wlv, do

t t
Sfo (f(ﬁn(a))—f(lNL(O')),T,de'+Cf||Pn1,U—1//”VY[ lan(o)lpdo

=I11(n)+Is(n).

Since @, — @ in L2(0, T;Hy,) and i, is a bounded sequence in L2(0,T;H), I1(n) can be shown to
converge to zero as n — oo following the methodology of Lemma 6.5.9 and Corollary 6.5.10. Since

P,y — vy in V), Is(n) — 0 as n — oo. This completes the proof of Lemma 6.5.11. |

The proofs of Lemmas 6.5.12, 6.5.15 and 6.5.17 follow the similar methodology as that of
Lemmas 5.6 - 5.8 [23] and Lemmas 5.5.9 - 5.5.12.

Let A be the bounded continuous function on €([0,T1;U’) and F = (5@) = o{ii(s),s <t} be the

filtration of sigma fields generated by the process i.

Lemma 6.5.12. For all s,t€[0,T], such that s<tand all yeVy:
(6.5.50) lim (<M, (8) = Mn(8), ¥) AGinyio,s1)] = E[(M@) = M(s), wh(iiyo,s0)] -

Proof. Let us fix 5,£€[0,T],s <t and v € V,. By identity (6.5.39) we have

(M (8) = My (8),9) = (lin(2) — @Ln(s), Pryp) +[(Aﬁn(0),in>d0
+fst<B(ﬁn(a)),Pnu/>da+[(g(lan(a)IZ)ftn(a),in)dU—[(f(an(a)),Pnu/)dU-
By Lemma 6.5.11, we infer that
(6.5.51) lim (M, (t)— M, (s),w) = (M(t)— M(s),y), P-as.

In order to prove (6.5.50) we first observe that since @, — @ in Z7, in particular in €([0,T1;U’)

and A is a bounded continuous function on €([0,T1;U’), we get
(6.5.52) lim h(ﬁn\[o,s]) = h(ﬁ|[0,s]),
n—oo
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and

(6.5.53) sup [|A(@ 0,5l L= < 00.

neN

Let us define a sequence of R—valued random variables :
fn(w) = [(Mn(t,Q)),w> - <Mn(s,(1)),u/>] h(ﬁnl[O,s]), wE Q

We will prove that the functions {f,;},en are uniformly integrable in order to apply the Vitali
theorem. We claim that
(6.5.54) supE[|£,1%1 < co.

neN

Since H — V;, then by the Cauchy-Schwarz inequality, for each n € N we have
(6.5.55) Ellfal"1 < 2¢lh o @7yl E[IMa(®)1F +|Ma(s)lF ]

Since M), is a continuous martingale with quadratic variation defined in (6.5.40), by the Burkholder-

Davis-Gundy inequality we obtain

(6.5.56) E| sup IM,(®)5| <cE

T
IG (0, Gn(ONIZ . do]
1€10,T] j; n n F9(¢%;H)

Since P, : H— H is a contraction and by Lemma 6.2.1, (6.5.18) for p = 1, we have

T T
E fo 1G (0, @n (O, 2y do | <E fo ||G(a,ﬁn(a))||§~2(ﬂ;mda]

(6.5.57) <E <E T < co.

sup [l@n(0)l%

T 1 9
~ |V, (o)|5.do
fo 4 UL o€l0,T]

Then by (6.5.55) and (6.5.57) we see that (6.5.54) holds. Since the sequence {f}},en 1s uniformly
integrable and by (6.5.51) it is P—a.s. point-wise convergent, then application of the Vitali

Theorem completes the proof of the lemma. |

Remark 6.5.13. Using the Burkholder-Davis-Gundy inequality we have proved a stronger claim
(6.5.56) than what we needed.

From Lemma 6.5.7 and Lemma 6.5.12 we have the following corollary.
Corollary 6.5.14. For all s,t €[0,T]such that s <t:
E(M(t)-M(s)|F) = 0.
Lemma 6.5.15. For all s,t €[0,T1]such that s<t and all y,( €V, :
Tim [ (0,00, ) (0 (8),0) = (W (8), ) M (5), 0 o o)
= [ (010, y) 1), 0 — W(6),10) (F1(5), 0 )l o, 1)

where (-,-) denotes the appropriate dual pairing.

164



6.5. EXISTENCE OF SOLUTION

Proof. Let us fix s,t €[0,T] such that s <t and y,{ € V, and define R—valued random variables
fn and f by

fn(w) = ((Mn(t, (1)), u/> <Mn(t7w), () - <Mn(saw)’ w> <Mn(3,w),(>)h(ﬁn|[0,s](w)),
f@): = (It,0), ), 0),0) — M (s,0),9) M(s,0),0 @0 @), ol

By Lemma 6.5.11 or more precisely by (6.5.51) and (6.5.52) we infer that lim,,_., fr(®w) = f(w),
for P almost all w € Q. We will prove that the functions {f};,},en are uniformly integrable. We claim
that for some r > 1,

(6.5.58) supf [|fn]"] < oo.

neN

For each n €N as before we have
(6.5.59) E [|fn|r] <Cllhotipll} ||1//||(;y ||(||(/ny [an(t)l%{r + |Mn(s)|%_1r] .

Since M, is a continuous martingale with quadratic variation defined in (6.5.40), by the
Burkholder-Davis-Gundy inequality we obtain

r

T
(6.5.60) E| sup |Mn(t)|§{ <cE fo ||Gn(a,an(a))llng;mda]

te[0,T1]

Since P, : H— H is a contraction and by Lemma 6.2.1 we have

T r T r
[Efo 1G (0, (NN po.gpy dO s[EfO ||G(a,an(o>>||;(gng)do]
_[rT1 ] [T
s[E[ Z|Van(0)|%2da sCrTr‘l[E[f ||l~tn(0')||%/rd0']
0 0
(6.5.61) <C,E| sup la (@I | 1"
o€l0,T1]

Thus, if r € [1,3] then, by (6.5.18), (6.5.53) and (6.5.59) - (6.5.61) we infer that (6.5.58) holds.
Hence by application of the Vitali theorem

(6.5.62) lim Elf,] =EIf1.
]

We will be using the following notations in the following lemmas. V'(Or) is the dual space to
V(Or), where
V(Og): = the closure of 7(Og)in H'(Or,R®),

where 7 (Or) denotes the space of all divergence free vector fields of class € with compact
supports contained in Or. We recall that Hgp, is the space of restrictions to the subset O of
elements of the space Hi.e.,

Hp, :={uio,: u € H},
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with the scalar product defined by
(lL,V)H@R :=f u(x)v(x)dx, u,veHg,.
Or

Lemma 6.5.16. The map G: Hp, — F2(02;V'(OR)) given by (6.2.12) is well defined and there

exists some constant Cr > 0 such that
(6.5.63) IG@ g3e2:v16r) < CrIIUIH,,, uweH.

Moreover, for every v €V the mapping H 3 u — (G(u),y) € £2 is continuous, if in the space H we
consider the Fréchet topology inherited from the space L%OC([R3, R3).

Proof Let o =(cl,...,0%):60 — R? and fix R > 0. Let u € ¥(Og). Then

d . .
(6.5.64) Y ai(gfu)_ Y (aiu+ jou

ou
j=19%j j=110%; 0x )

d
=(divo)u + Z ol —
x]

j=1
Let ve ¥7(Og). Since v on the boundary 00z is equal to zero, thus using the integration by parts

formula, we obtain for ve 7 (COg)

f Z UJ de = Z —(aJu)de (dlva)uvdx
J xXj

=- Z (UJu)—dx f (divo)uvdx.
j=1J0 @
Using the Hélder inequality, we obtain
(6.5.65) |f Z UJ de| < loli=lulng, IVilveg) + ||d1VU||L°°|u|H@R IVlviog)
Therefore, if we define a linear functional Bg by
BRVZ—f (Z (TJ )vdx veV(Og),

Or Jj= J

we infer that it is bounded in the norm of the space V(Gr). Thus it can be uniquely extended to a

linear bounded functional (denoted also by Bg) on V(Gr). Moreover, by estimate (6.5.65) we have
the following inequality

IBr Ivi@g) < (ol + ||diV0'||L°°)|u|H@R

or equivalently
(6.5.66) (o - Vullviog) < (lollize + Idivo || L) - s, -

Since by equality (6.2.12), G(u)(e;) = I1[(0; - V)u], for some orthonormal basis {e;} 3, of ¢%, we
get by estimate (6.5.66)

1/2
< (lollgz + Idivollgz) - lulm,, -

IGW 7,(e2:v(6r)) = [Z ”G(u)(ej)”%/"(@e)
=1
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Therefore, using the assumption (A2), G(u) € T(¢%2,V'(OR)) and
IG @ 702, v(6r)) < CR " UlH,, -

By estimate (6.5.63) and the continuity of the embedding J3(¢2,V'(Ggr)) — ZL(¢2,V'(ORr)), we
obtain

IG@y vy < CRNuly, Iyle,  uweH, yef?

for some constant C(R) > 0. Thus, for any v € V(Or)

(6.5.67) Gyl = CRuly, Iylelviviey, —weH, yel?.

Now we identify v(G(-),w)y with the mapping **G: H — (¢2)' defined by
W Gw)y:=(Gwyw eR, ueH, yel?

Thus, from the inequality (6.5.67), we infer that

(6.5.68) ly ™ Gl 2 < C(R)IlllfllvlulHﬁR.

Therefore, if we fix ¢ € 7 then, there exists R > 0 such that suppv is a compact subset of Og,.
Since G is linear, estimate (6.5.68) with R := R yields that the mapping

L%OC([R?s,[R?’) SHau—y** Gu) e ¢2
is continuous in the Fréchet topology inherited on the space H from the space L?OC(R3,R3),
concluding the proof of the lemma. |

Lemma 6.5.17 (Convergence of quadratic variations). For any s,t € [0.T] and v,{ € Vy, we have

t
( f (GG, (@) P, (G(0,Tn(0))" Pal) g da) -h(anuo,s])]

lim E
n—oo

b

t
=k [(f (G(o,@(0)))* v,(G(o,4(0)" {)p2 dO) ~h(@p0,51)

where :,-) p2 is the inner product in Za

Proof. Let us fix ¢,{ € V), and define a sequence of random variables by

¢
frnlw): = (f (G(o,in(o,w))" Pry,(G(o,Tn(0,w)" Pyl) e do) -h(Gn0s]), WE Q.

We will prove that the functions are uniformly integrable and convergent P—a.s. We will prove

that for some r > 1,

(6.5.69) supE[|f»1"1 < oo.

neN
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For some ¢ > 0 we have the following inequalities

1
1(G(0,in(0,w))* Pyl < |G(0,Tn(0, ) ¢2am) | Pryln < §|Vﬁn(0,w)|L2|U/|H,

and thus

r

t
Elfal” =E ’(f (Glo, ﬁn(U)))*Pntlf,(G(U,ﬁn(U)))*PnGesz) “h(@p0,51)

t r
<|hod,lyE U (G(0,Tn(0,0)* Prylp|(G(0,in(0,0)))" Pplle da)
S
t r
< ot ool IHE ( f ||ﬁn(a,w)||%,da) .

Using the Holder inequality, we get

t r t
[E( f ||ﬁn(a,w)n%do) =(t-s)'E f ||ﬁn(a,w)||%’dasc[E( sup ||an(a,w)||%f)
s s o€l0,T1]

for some C > 0. Thus

E|fn|rsé[E( sup |mn(a,a»>||%r)
o€[0,T1]

for some C > 0. Hence by (6.5.18) for r € (1,3]

sup|f,|” < Csupk <CC1(r) < oo,

~ 2
sup i, (o, w)”Vr
n=1 n=1

0€l0,T]

inferring (6.5.69).

Pointwise convergence : Next, we have to prove the following pointwise convergence for a fix

w e Q, i.e. we will show that for a fix w € Q

n—oo

lim fst((G(cr,ﬁn(a,w)))*in,(G(a,ﬁn(a,w)))*PnO[zdU
(6.5.70) = £t<(G(0,ﬁ(0,w)))* v,(Glo,i(o,w)* {),.do.
Let us fix w € Q such that
(i) @n(,w)— &(,)in L*O0,T,Hj,.),
(i) @(-,w)e L?(0,T;H) and the sequence (i, (-,w)),>1 is bounded in €([0, T1; V).
Notice that, in order to prove (6.5.70) it is sufficient to prove that

(6.5.71) G(, i, ) Pry — GG, a(,w)*y  in L%(s,t;0%).
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We have
t
f ||G(a,ﬁn(0,w))*Pn1//—G(U,ﬁ(a,w))*ilf”??d”
. 2
< f (16, @n(0,0)" @ry =) 2 + |Gl in(0,00)" v - Gl ilo,0) v o) do

t t
st [G(o,in(o,w)* ||?%,(H,[2)-|in—wl%{da+2f ||G(0,L2n(0,w))*u/—G(a,ﬁ(a,w))*u/”?gda

(6.5.72)
=:2{I1(n)+ Ia(n)}.

Let us consider the term I1(n). Since ¢ € V,,, we have
lim |P,w —vy|lg=0.
n—oo
By Lemma 6.2.1, the continuity of the embedding F5(¢2,H) — £(¢?,H) and (ii), we infer that

t t
f |G(o,tin(c,w)* ||?$(H,£2)da < Cf IViin(o,0)I7,do < CTsupldn(@)l¢qmv) <K
S S

n=1

for some constant K > 0. Thus
¢
. 1 ~ %112 2 _
lim 730) = lim [ 640,800,001y 1Pwv =l dor =0.

Let us move to the term I2(n) in (6.5.72). We will prove that for every y € V,, the term I2(n)
tends to zero as n — co. Assume first that ¥ € 7. Then there exists R > 0 such that suppy is a

compact subset of Og. Since i, (-, w) — @(-,w) in L%(0, T;Hy,c), then in particular
lim g7 g (@n(,w) - @(-,w)) =0,
n—oo

where g7 g is the seminorm defined by (6.3.1). In other words, @ ,(-,w) — @(-,w) in L2(0,T; Hep,).

Therefore there exists a subsequence (i, (-,w)); such that
Gin,(0,w)—i(o,w) in Hg, for almost all 0 €[0,T] as & — oo.
Hence by Lemma 6.5.16
G(0,iin,(0,0) v — G(0,i(0,w)) "y in ¢2 for almost all o €[0,T'] as & — oo.
In conclusion, by the Vitali Theorem

t
lim f IIG(L”Lnk(U,a)))*u/—G(ﬁ(a,w))*lllﬂ?pz do=0 foryev.

k—o0

Repeating the above reasoning for all subsequences, we infer that from every subsequence of the

sequence (G(0,i,(0,w)) ), we can choose the subsequence convergent in L2(s, ¢; £%) to the same
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limit. Thus the whole sequence (G (U, ﬁn(a,w))*w)n is convergent to G(U, ﬁ(o,w))*w in L2(s,t;0?).
At the same time

lim Io(n)=0 for every y eV .
n—oo

If y €'V, then for every € >0 we can find ¥, € 7 such that ||y - Ws”VY < . By the continuity of
embeddings J3(¢%,H) — £(¢*,H) — £(¢?,V}), Lemma 6.2.1 and (ii), we obtain

fs t||G(a,an(a,w))*u/—G(a,a(a,w))*w”ﬁz do
< 2[:||[G(0, fin(0,0))* = G(0,@(a,0) (Y —ye)| 2 do
+2 f tn[G(a,ﬁn(a,w))* ~ G0, 0) e |2 do
<4 f t [1G(@, an(@. D2y, + 1G (0, 8T, D g2 ) [V = Wy, do
+2 fs t||[G(U,L2n(cr,w))* ~G(0,(0,0) Iy | % do
< e T(1@nC, 2% 1) + 1EC, 00 1)) € +2 f t||[G(a,ﬁn(a,w)>* ~G(o,8(0,0) e |22 do

t
<Ce?+2 f (G0, @n(o,0)* - G(a,d(0,) || da,

for some positive constants ¢ and C. Passing to the upper limit as n — oo, we infer that

t
limsupf HG(U,ﬁn(a,w))*t//—G(a, a(o',(U))*'(//”?z do < Ce?.
S

n—oo

In conclusion, we proved that

t
lim f ||G(0, iin(o,w)*y—G(o, ﬁ(o,w))*w”?Z do=0
S

n—o00
which completes the proof of (6.5.71). Thus, by (6.5.69), convergence (6.5.70) and Vitali Theorem,
we conclude the proof of Lemma 6.5.17. |

By Lemma 6.5.12 we can pass to the limit in (6.5.41). By Lemmas 6.5.15 and 6.5.17 we can
pass to the limit in (6.5.42) as well. After passing to the limits we infer that for all y,{ €V, and

all bounded continuous functions & on €([0,T1;U’):
(6.5.73) E[(M(t) - M(s),9)h(@0,61)] =0,
and
E| (<o), ) (¥1(1),0) — (¥(s), ) (¥(5),)
(6.5.74) - f (G, @) Y, (G, a O dr)-h@o.] =0,

where (:,-) is the dual pairing between V’y and V,.

From Lemma 6.5.7, Lemma 6.5.15 and Lemma 6.5.17, we infer the following corollary.
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Corollary 6.5.18. For ¢t €[0,T]

t
(MY, Zfo 1G(s, TN 70211 dS tel0,T1].

Continuation of the proof of Theorem 6.5.4. Now we apply the idea analogous to Chapter 5,
see also [38, Section 8.3]. By Lemma 6.5.8 and Corollary 6.5.14, we infer that M(t),t € [0,T1]
is an H-valued continuous square integrable martingale with respect to the filtration F = (%,).

Moreover, by Corollary 6.5.18 the quadratic variation of M is given by

t

(6.5.75) (T, = fo IGGs, @D gyeands  t€0,T].
Therefore by the martingale representation theorem, there exist

® a stochastic basis (f),j,[l::,[ﬁ’),

¢ a cylindrical Wiener process W(#) on Iz

¢ and a progressively measurable process #(t) such that for all t€[0,T] and all ve 7 :
¢ t ¢
@0 - @O+ [ (A vds+ [ B, awds+ [ @i ds
0 0 0

t t -
= f <f(ﬁ(s)),v>ds+< f G(s,ﬁ(s))dW(s),v>.
0 0

A

), W=W and & =

=1l
Su

Thus the conditions from Definition 6.3.7 hold with (Q, %, F,P) = ((:2,9:7 ,ﬂ::,
The proof of Theorem 6.5.4 is thus complete.

6.5.4 Uniqueness and strong solutions

In this subsection we will show that the solutions of (6.2.16) are pathwise unique and that the
martingale solution of (6.2.16) is the strong solution. Let us recall the definition of pathwise

unique solutions.

Definition 6.5.19. Let (Q,%,F,P,W,u’),i = 1,2 be the martingale solutions of (6.2.16) with
u'(0) = ug,i = 1,2. Then we say that the solutions are pathwise unique if P—a.s. for all ¢ € [0, T,
ut(t) = u?@).

Theorem 6.5.20. Assume that the assumptions (Al) and (A2) are satisfied. If ui,ug are two
solutions of (6.2.16) defined on the same filtered probability space (Q,Z,F,P) then P—a.s. for all
tel0,T], u1(?) = ua(®).

The theorem has been proved in [76, Theorem 3.7].

Theorem 6.5.21. Assume that assumptions (Al) and (A2) are satisfied. Then there exists a
path-wise unique strong solution u € €([0,T1;V) N L2(0, T;D(A)) of (6.2.16) such that

T
sup w1+ [ 1u(@)ffy de <co.
te[0,T] 0
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Proof. Since by Theorem 6.5.4 there exists a martingale solution and by Theorem 6.5.20 it
is pathwise unique, the existence of strong solution follows from [68, Theorem 2] or by the
Yamada-Watanabe Theorem [95]. |

6.6 Invariant measures

In the following, we consider time homogeneous damped tamed NSEs, i.e. the coefficients f,o are
independent of ¢ and furthermore f € H is not dependent on u. The time homogeneous damped

tamed NSEs in abstract form are given by

6.6.1) du(t) = [—Aau(t)—B(u(t))— Mg(lu(®)?)u(t)] +Hf] dt+z;°;1Gj(u(t))de(t),
o u@=upeV,

where A, = al — vA for some a € R and v > 0 is the viscosity. The operator B and the cylindrical
Wiener process W = (Wj);il on /2, is same as defined in Section 6.2 and G; are as defined in
(6.2.11).

Let %;,(V) denote the set of all bounded and Borel measurable functions on V. For any
@€ Bp(V), t =0, we define a function T;¢: V — R by

(6.6.2) Tip(v) :=E(p(u(t;v)), veV.

It follows from Theorem 6.6.2 and Ondrejat [69] (see also [17]) that T € % (V) and {T'};s¢ is a
semigroup on %By(V). Also since this unique solution to (6.6.1) has a.e. path in €([0,T];V), it is
also a Markov semigroup (see [69, Theorem 27]). Moreover, {T};-¢ is a Feller semigroup, i.e. T

maps Cp (V) into itself.

Next we state the main result of this section, regarding invariant measures:

Theorem 6.6.1. Let for every a > 0, the assumptions (A1) — (A3)' be satisfied. Then there exists
an invariant measure (L€ (V) of the semigroup (T't):>0 defined by (6.6.2), such that for any t =0
and ¢ € SCy(Vy,)

fv Top(p(du) = fv o).

If T is sequentially weakly Feller Markov semigroup then for every ¢ € SCy(Vy), T €
SCy(Vy) € Bp(V) (see [17, 62] for the definitions and inclusions of the spaces); therefore the

integral on LHS in Theorem 6.6.1 makes sense.

Now we list the assumptions that we make on the coefficients f and o along with a coercivity

type assumption, see [72].

Assumptions. (A1)’ The function f: R3 — R3, is time independent and H-valued.
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(A2)" A measurable function o :R% — R3 of C! class with respect to the x-variable and for all x € R3

there exists a constant C, > 0 such that
”axjo-(x)ll[z SCUa J:17273

and, for all x € R3,

1
lo@)l7 < 7.
(A3)' there exists a § >0 such that
2vIVulZ, — IG@I7, o) = 201Vul,.

The following theorem regarding the existence of a pathwise unique strong solution to the time
homogeneous damped tamed NSEs (6.6.1) can be proved by modifying the proofs of Theorem 6.5.4

and Theorem 6.5.20 to incorporate the extra linear term a u.

Theorem 6.6.2. Assume that assumptions (A1) and (A2) are satisfied. Then for every ug €
V, there exists a path-wise unique strong solution u of (6.6.1) for every T > 0 such that u €
€([0,T1;V)nL%(0,T; D(A)), P-a.s.

For the fixed initial data uy = veV we denote the (pathwise) unique solution of (6.6.1), whose
existence is proved in Theorem 6.6.2 by u(¢;v). Then {u(¢;v):veV,t =0} forms a strong Markov

process with state space V. We have the following result:
Lemma 6.6.3. For v,v' € Vand R > 0, define
Tp :=inf{t € [0, T]: [|u(t; Vv > R},

and

T};’V’ =T A T}’é.
Suppose that assumptions (A1) and (A2) hold, then
Ellu(t A T}%V,;V) —u(tn T;;’V’;v’)ll% =Cig-llv— V/||%7.
Proof. Let u(t) :=u(t;v), a(t):= u(t;v'), and
w(t) .= u(t)—u(?).

Set tg :=7);" At. By Itd Lemma, we have
lw(®I2 = w2 -2 fo " (Aato(s),w(s)yds -2 fo " (Bu(s) — Blals)), w(s)yds
-2 " D) - g(aPas),w(s)yds + i " IG @) - G@ENIE, oy ds
+2fOtR (i (G(u(s)) -G ;(@(s)) dW;(s),w(s)v

j=1
= |w(O)I% + I1(¢r) + Ia(tr) + Is(tR) + 14(tR) + I5(tR).
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Now we deal with each term individually. From the definition of A,, we have

tr tr tr tr
Iy(tp) =2 f (Aqto(s),w(s))y ds = —2a f lw(s)I2 - 2v f (), +2v f w(s)2 ds.
0 0 0 0

By definition of the operator B and the Holder inequality, we get

tr
[I2(2R)I =2U0 (B(u(s)) — B(ii(s)),w(s))v ds

: t
:2‘[0R(B(w(s),u(s)),w(s))vds+f0 (B(ii(s),w(s)),w(s))v ds

13:3
< 2[0 lw(s) - Vu(s)lz (lw(s)lg + 1Aw(s)|z2) ds

IR
+2[O l@(s)- Vw(s)lzz (lw(s)lg + |Aw(s)|2) ds.

Using Lemma 6.2.1, the Gagliardo-Nirenberg inequality (6.2.9), the Holder inequality, the Sobolev
embedding theorem (H! — L®) and the Young inequality, we obtain the following estimate on the

second term,
iR 9 iR 9 v [tr 9
\Io(tR)| sCfO Iw(s)-Vu(S)ILzolHCvf0 Iﬁ(S)-Vw(S)IdeS+§fO [w(s)Ipa)ds
tr 2 2 ‘" 2 2 v [ 2
< Cfo w7 Vuls)l; 2 +Cvf0 w76 lIVw(s)lly s ds + 5[0 lw(s)lpa)ds
tr 3/2 12 tr
< CR[O lw () 77z lw(s)lg d8+CR,vf0 IVw(S) g1 IVw(s)g2ds
v [ir
+ 5[0 Iw(s)lzD(A)ds
‘r 2 v [ 2 v [ 2
SCR,Vj(; ||1/U(3)||\/'d~5'+5\[0 ”w(s)”Hz d3+§ﬁ Iw(s)ID(A)ds.
Since |g(r)— g(r")| < |r —r'|, the Holder inequality and the Young inequality gives

tr
[I5(tg)l =2 ‘ fo (g(lu(s)Puls) - g(li(s)?)ils), w(s))y ds

t
s4f0R(Iw(s)l(lu(s)|+|a(s)|)a(s)+|u(s)|2w(s)’w(s»vds

tr 22 V[ 2
sCVfO lw(s)-(Ju(s)| +|i(s)]) |H+Z[o lw(s)pa) ds-

Using the Holder inequality, the Sobolev embedding theorem and the Gagliardo-Nirenberg
inequality (6.2.9) we get the following estimates,

tr 9 4 v (iR 2
1863 sCVfO w7 ||l + @)l 6 d8+2f0 lw(s)pa) ds
tr v tr 2
< CR’Vj(; ”LU(S)"H2|U)(3)|H ds+ Z/(; |LU(3)|D(A) ds

v v

tr 9 tr 9 tr 9
<Cpgry d d ds.
= R,fo lw(s)ly S+4f0 w2 S+4f0 lw(s)Ipa)ds
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Using assumption (A2) and Lemma 6.2.1 we get the following estimate on I

tr - 2 1 [ir 2 tr 2
114(¢tR) = Uo 1G@(s) = G@N 5y ds Séfo IALU(S)IHOZS+CafO IVw(s)l7 . ds.

Since E(I5(tg)) = 0, by combining all the above estimates and using |u|pa) < llullz2, we get
vV A2 2 tr 2
Elw(t ATEI < 1w + Cr.ay fo Ellw(s)I2 ds
t !
< v-VII3+ CR"”fo Elw(s ATy I3 ds.
The desired estimate follows from the application of generalised Gronwall Lemma. |

For a metric space U, we use Z22(U) to denote the total of all probability measures on U. We
will use the following theorem from Maslowski-Seidler [62] to prove the existence of invariant

measures.
Theorem 6.6.4. Assume that
(i) the semigroup {T':};>0, defined by (6.6.2) is sequentially weakly Feller in V,

(i) for any € > 0 there exists R > 0 such that

1 T
sup—f P({llu(t;ug)llv >Rhdt <e.
=1 T Jo

Then there exists at least one invariant measure for (6.6.1).

6.6.1 Boundedness in probability

Lemma 6.6.5. Let ug €V. Then, under the assumptions of Theorem 6.6.1, for every € > 0, there
exists R > 0 such that

1 T
(6.6.3) sup — P{|lu(t;ug)llv >Rh)dt <e.
=1 T Jo

Proof. Using the It6 lemma for the function |x|12{ and the process u(¢), we have
1 9 1 2 t 2
§|u(t)|H = §|u0|H +f0 (—Aqu(s) — B(u(s)) - Il(g(lu()Fu(s) + I ,u(s))uds

t
(6.6.4) +f
0

Now we deal with each term individually.

0o 1t
Jj=1

(6.6.5) (Aqu,uy = allull? +vIVul2,.

(6.6.6) (B(u),u)y =0.
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(6.6.7) M g(lul®u,uyg = |1V g(u@)|-1ul)%,.

Using the assumptions on f, for some > 0 we obtain the following estimate:

1
(6.6.8) M ww =y luly < 2 IF12, + Bllul2.

Since u is the solution of (6.6.1) and satisfies the estimates (6.4.25) (Theorem 6.5.4 and
Theorem 6.5.21 hold for the tamed NSEs, but we can also prove similar theorems for the damped

tamed NSEs too), we can show that the process
t o]

M) = fo @), Y. G () dWi(s),
j=1

is a F-martingale. Thus taking expectation in (6.6.4) and using the estimates (6.6.5) - (6.6.8), we

infer
1 9 1 9 t 2 ‘ 2
E[Elu(t)lH < —IuolH—a[Ef Iu(s)IHds—v[Ef IVu(s)IL2 ds

—[Ef 1&uD I @2 ds + - f||f||v,ds+ﬁ[5f lu()I2 ds

+§j(; ”G(u(s))”i}([ZyH)dS

On rearranging, we get

1 1 t t
SElu@®l + SE fo (2VIVu)2, ~ IG@ENI, oy | ds +E f 1Y/ g(us)®) |- 1uls)l|7. ds

1
(6.6.9) 5§|u0|%1 TIIfIIV,+,B[Ef |Vu(s)|L2d3+(,B a)[Ef Iu(s)IHds

4B

Now using the assumption (A3)' in (6.6.9), we obtain

1 t t
E[Elu(t)I%{ +(5— ,B)[Efo IVu(s)[2,ds +(a— ,B)[Efo lu(s)5 ds

¢ 1
+[Ef0 180D 1w [Fa ds < 5ol + ﬁTnan,

Choosing 8 < mln {0, a} yields

1 0 ¢ a ¢ ¢
SEl + 5 fo |Vu(s>|izds+—[E fo () ds +E fo /20?12 ds

1
s§|uo|%{ TIIfIIV,

4p

Therefore for y = %min{aﬁ},

1 £ ¢ 1
5[E|u<t>|%{+y[E fo lu(s)I3 ds +E fo ||\/g<|u(s>|2>|.|u(s)||iZdSs§|uo|%I 4}STnqu,
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Thus for any T > 0, we infer that

1 T
(6.6.10) 7| Bl ds = —IfI3..

|u0|H 4 ,3

Using the Chebyshev inequality and inequality (6.6.10), we infer that for every T'=0

1fTuﬂ><{n t,u0)l >R})dt<ifT[E|| O3 dt
T), ROl TR? v

< —
b T| offi+ 5 ﬁufnv, .

Now for sufficiently large R > 0 depending on ¢, |ug|lg and || f |y the assertion follows. |

6.6.2 Sequentially weak Feller property

We are left to verify the assumption (i) of Theorem 6.6.4, i.e. the Markov semigroup {T};>¢ is
sequentially weakly Feller in V. In other words we want to show that for any # > 0 and any

bounded and weakly continuous function ¢ :V — R, if {,, — ¢ weakly in V, then
(6.6.11) Tip(&n) — Trp(&).

In Theorem 5.7.7, we proved for stochastic constrained Navier-Stokes equations that the
martingale solution of SCNSE continuously depends on the initial data. We have a similar result
for time homogeneous damped tamed NSEs, which can be proved analogously, see also [25,
Theorem 4.11].

Theorem 6.6.6. Assume that (uo,,);; is a V—valued sequence that is convergent weakly to ug € V.
Let
(Qn,gn,ﬂ:n,[pn,wnaun)

be a martingale solution of problem (6.6.1) on [0,00) with the initial data ug ,. Then for every
T > 0 there exist

* a subsequence (ny)y,
® q stochastic basis (Q,S’Z“,[NF,@),
* a cylindrical Wiener process W(¢t) = (W/ (t)) _,on 2

* and F-progressively measurable processes @, (in,) z>1 (defined on this basis) with laws
supported in Z (see (6.3.5)) such that

(6.6.12) in, has the same law as up, on Zr and i,, — @ in Zy, P-a.s.

and the system
(&, %,F,5,W,a)
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is a martingale solution to problem (6.6.1) on the interval [0, T] with the initial data ug. In
particular, for all t€[0,T1and all veV

t t t
@),V + f (Aqitls),v) ds + f (B((s)),v) ds + f @(a@(s))a(s),v) ds
0 0 0
t t oo
= (ﬁ(O),V>V+/ (f,v)ds+ (f Z G(s,i(s)dW;(s),v), P-a.s.
0 0 j=1

Moreover, the process i satisfies the following inequality

(6.6.13) E

T
sup ||L1(s)||v2+f() |(s)|P ) ds | <oo.

s€[0,T1]

We will need the uniqueness in law of solutions of (6.6.1). We define the uniqueness in law

here:

Definition 6.6.7. Let (Q!, Z! F',P' Wi, u?),i = 1,2 be the martingale solutions of (6.6.1) with

u*(0) = ug,i = 1,2. Then we say that the solutions are unique in law if
Lawp: (1) = Lawpz(12) on €/([0,00); V) N L2([0,00); D(A)),
where Lawpi(ui),i =1,2 are by definition probability measures on €([0,00);V,,)N L2([0,00); D(A)).

Lemma 6.6.8. Assume that assumptions (A1) —(A2) are satisfied. Then the martingale solution

of (6.6.1) are unique in law.

The proof of the above lemma is the direct application of Theorems 2 and 11 of [68] once we
have proved the existence of a pathwise unique martingale solution of (6.6.1), which follows from
Theorem 6.6.2.

Lemma 6.6.9. The semigroup {T;};>0 is sequentially weakly Feller in V.

Proof. Let us choose and fix 0 <t <T,{ €V and ¢ :V — R be a bounded weakly continuous
function. Need to show that T;¢ is sequentially weakly Feller in V. For this aim let us choose an
V-valued sequence (¢,) weakly convergent in V to £. Since the function T:¢ : V — R is bounded,
we only need to prove (6.6.11).

Let u,(-) = u(-,&,) be a strong solution of (6.6.1) on [0,T] with the initial data &, and let
u(-) = u(-,¢) be a strong solution of (6.6.1) with the initial data {. We assume these processes are
defined on the stochastic basis (2, %,F,P,W). By Theorem 6.6.6 there exist

* a subsequence (ny)g,
* a stochastic basis (Q, Z,F,P), where [ = {F}sc10.71,
* a cylindrical Wiener process W(¢) = (W’ (t))ji1 on /2,

178



6.6. INVARIANT MEASURES

* and progressively measurable processes i(s),(i,(s));>1,s € [0,T] (defined on this basis)

with laws supported in Z7 such that
(6.6.14) iin, has the same law as u,, on Zr and i,, — @ in Z7, P-a.s.
and the system
(6.6.15) Q,7,F,P,W,a2)
is a martingale solution to (6.6.1) on the interval [0, 7] with the initial data ¢.
In particular, by (6.6.14), P-almost surely
iin,(t) — G(¢) weakly in V.
Since the function ¢ : V — R is sequentially weakly continuous, we infer that P-a.s.,
P(iiy, (2) — @(@(t) in R.

Since the function ¢ is also bounded, by the Lebesgue dominated convergence theorem we infer
that

(6.6.16) lim E [, (0] = E[p(@(@)]

From the equality of laws of @i, and u,,, £ €N, on the space Z7 we infer that @,, and u,, have

the same laws on V,, and so
(6.6.17) E[@(in, @)] =E [p(un, (1))] .
On the other hand, R.H.S. of (6.6.17) is equal by (6.6.2), to T;¢(¢,,).

Since u, by assumption, is a martingale solution of (6.6.1) with the initial data ¢ and by the

above # is also a solution of (6.6.1) with the initial data ¢. Thus, by Lemma 6.6.8, we infer that
the processes u and @ have the same law on the space Zr.
Hence
(6.6.18) E[p(@#)] =E [pu(?)].
As before, the R.H.S. of (6.6.18) is equal by (6.6.2), to T;¢(&).
Thus by equations (6.6.16), (6.6.17) and (6.6.18), we infer
lim Tp(&y,) = Trp(8).
k—o0

Using the subsequence argument, we can deduce that the whole sequence (T;¢(¢,,))nen is conver-
gent and
lim T (Sy) = T p(<).
n—oo
|

Thus the existence of an invariant measure is established by using Theorem 6.6.4, Lemmas 6.6.5

and 6.6.9; completing the proof of Theorem 6.6.1.
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CHAPTER

OPEN PROBLEMS AND FUTURE DIRECTIONS

n the final chapter of this thesis, we formulate some of the open problems that arise from
the work carried out here and will also list down other related problems that I plan to

explore in the future.

7.1 Open problems

7.1.1 Constrained Navier-Stokes equations on a general bounded domain

In Chapter 4, we proved the existence of the global solution to the CNSE

d
(7.1.1) d—L:+Au—|VuI%2u+B(u,u):0,

u(0)=ugeVn.«,

on a two dimensional bounded domain with periodic boundary conditions. We were also able to
establish the existence of local solutions to (7.1.1) as well as invariance of the manifold .4, with
Dirichlet boundary conditions. Our approach of proving boundedness of the enstrophy using the
gradient type structure of the equation obviously fails, since the orthogonal property (3.2.5) is not
satisfied in this case. Thus, it will be interesting to see if one can prove the existence of a global
solution to (7.1.1) on a general bounded domain, possibly by obtaining suitable bounds on the

gradient norm of the solution.
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7.1.2 Lower bound on the regularity of the initial data

At the end of Chapter 4 we provided a formal analysis to show that for the CNSE

du
— +Au—|Vul?, u+B(u,u)=0,
(7.1.2) dt L

u(0)=u0€\7ﬂ%,

where V=D(A?) is as in (4.5.3), to be well-posed we need « to be at least % It’s important to note
that we consider these equations on a bounded domain with the periodic boundary conditions.
Since, the formal analysis indicates that the initial data u( at least needs to be in D(AY%) for
(7.1.2) to be well posed, one should prove the same rigorously. Another reason to explore this
problem is to compare it with the two dimensional Navier-Stokes equations, where the well-
posedness results for ug € H and V (see [88]), for more regular initial data with a “compatibility
condition" on the boundary of the domain (see [89]) and for ug € V= D(A%), aE (1, %) (see [12,

Proposition 3.3]) are known.

7.1.3 Stochastic constrained Navier-Stokes equations on R?

In Chapter 5 we proved the existence of a strong pathwise unique solution to the SCNSE

(7.1.3) du(t)+[Au@®)+Bu@)]dt = IVu(t)I%2 u@)dt+ Cu(t)odW(2),

u(0)=uo,

on a two dimensional bounded domain with periodic boundary conditions, i.e. on a torus. We
believe that an analogous result holds also in the Euclidean space R2, but so far we have not
addressed this problem (even the existence of a martingale solution). Here we briefly describe a
possible approach to the problem (inspired from Chapter 6 and [23]).

Step I

In the spirit of Chapter 6, one considers truncated equations on infinite dimensional space rather
than Faedo-Galerkin approximations on finite dimensional space. The non-commutativity of
the classical Faedo-Galerkin projection operator with the gradient operator (V) on the whole
Euclidean space, as mentioned in Chapter 6, is the motivation towards studying truncated SPDEs
instead of approximated finite dimensional SDEs.

Step 11

The second major difference between our method and the approach taken in the case of a torus
is in the choice of the space Zr. We will have to prove the tightness of the laws of the solutions

of the truncated SPDEs on a different space instead of the one used in the case of a torus, see
2

lo
deduce strong convergence of approximating solutions. We will also require an auxiliary space U,

Eq. 5.4.3. Due to the lack of compactness of embedding H! — L? on R?, we will use L . Space to

as in Chapter 6. In contrast to [23] we will not use this space to prove convergence, but just to
establish the Aldous condition, see Definition 2.9.10. Once we have the tightness of the laws, the
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rest of the proof of the existence of a martingale solution should be analogous to the existence

proof for stochastic tamed Navier-Stokes equations, see Theorem 6.5.4.

7.1.4 Existence of invariant measures for stochastic constrained

Navier-Stokes equations

In Theorem 5.8.1, we proved that the family of semigroups generated by the solution of (7.1.3)
are sequentially weakly Feller, which along with the other necessary condition corresponding to
boundedness in probability implies the existence of invariant measures. The proof will essentially
use Theorem 6.6.4 (see [62]), but we haven’t been able to verify the second condition and this

remains for now an open problem.

7.1.5 Stochastic tamed Navier-Stokes equations: Invariant measures

Rockner and Zhang proved the existence of a unique invariant measure for the time homogeneous
stochastic tamed Navier-Stokes equations on T3 [76]. We established the existence of invariant

measures for the time homogeneous damped tamed Navier-Stokes equations

du(t) = [-Aqu(t) - B(u(t)) - Mg (lu@®)®)u@®)] + If|dt+ Z;’;l Gj(u(t))thj,
u)=ugeV,

(7.1.4)

where A, = al —vA for some @ € R and v > 0, on the whole Euclidean space. The question of
uniqueness of invariant measure remains open.

Another interesting problem in this direction could be to prove the existence of invariant
measures for the time homogeneous tamed Navier-Stokes equations on a general bounded domain

after establishing the existence of solutions.

7.2 Possible future research directions

7.2.1 Stochastic 2D viscous shallow water equations

Bresch and Desjardins [8] studied a two dimensional viscous shallow water model with friction
term in a bounded domain with periodic boundary conditions. They proved the existence of global
weak solutions. To the best of my knowledge, this problem has not been studied in a stochastic
setting. Thus, I would like to study the well-posedness of the following SDE which will be a good

starting point to understand the dynamics of such a model under random forcing.

0:h +div(hu) =0,
1
(7.2.1) dhw)+ |divihu ew)+ BY

+rou+rihlulu

0
hVh
—xkhVAhR + e vdiv(hVu)|dt=hfdW,
T
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supplemented with initial conditions
(7.2.2) hli=0 = ho, (hu)lt=0 = mo.

In the equation (7.2.1) u denotes the horizontal mean velocity field, A the depth variation, Fr >0
the Froude number, Ry > 0 the Rossby number and x = 0 the capillary coefficient. The terms
rou and rih |u|u correspond to the drag terms and W = (W!,W?) is a two dimensional Wiener
process where W! and W? are real-valued independent Brownian motions defined on a suitable
probability space (Q2, % ,F,P).

Even though the motivations behind the following two problems are completely different, they
are related in the sense that both provide an approximation scheme for CNSE in deterministic
and stochastic setting respectively. The motivation for studying such a constrained problem
(7.2.5) is that these equations should be a better approximation of the Euler equations (for small
viscosity) since, for the Euler equations, the energy of (sufficiently smooth) solutions is constant
(see [31]).

7.2.2 Slightly compressible approximation of constrained Navier-Stokes

equations

Rubinstein et.al. [78] constructed an asymptotic solution for small ¢ to the following reaction-

diffusion problem on Q c R™:

0
*_ eAu—-eVV(w)
(7.2.3) ot
u(x,0,¢) = g(x), 0,u =0o0n 0Q2.

They showed that at each x € QQ, u tends quickly to a minimum of V(u). Motivated by their work,
I would like to show that asymptotically (as € — 0) the solution to

out

(7.2.4) o

=vAuf +uf-Vut —e WV20ud),

on T2, where

1
¢p:R%3u — Z(IuI%I—l)2€|R,

converges to the solution of Navier-Stokes equations whose L?-norm is conserved and equal to 1:

9
(7.2.5) = =vhutu-Vu+viVulfu.

We have already established the existence of the global solution to (7.2.5) on T2 in Chapter 4.
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7.2.3 Stochastic hyperbolic constrained Navier-Stokes equations

The motion of a particle of mass u under the impact of a random forcing b(q) + o(q)W with the

damping coefficient proportional to the speed is described according to the Newton law
(7.2.6) ugh =b(gy)+o(@ YW, —agy, qj=qeR", ¢y=peR"

In practice, the dynamics of the position q; is of interest and thus in principal we are working
with a system involving twice as many variables (q¢,¢;). Valid approximations that reduce the
state space are crucial for both theoretical and computational applications.

Smoluchowski showed that for Brownian particle under an external field, there exists a
Markov process which under certain circumstances is a good approximation to the position of the
Ornstein-Uhlenbeck process (governs the dynamics of a Brownian particle). Developing on the
same, it has been shown [67] that for very small u, qif can be approximated by the solution of the

first order equation
(7.2.7) 4t =blg)+0(g)W,, qo=qeRY.

In short, this small mass limit or the Smoluchowski-Kramers approximation of the system (7.2.6)
reduces the state space from (q;,q:) to q; cutting the dimension of state space to half.

Apart from it’s application in reducing the computational cost significantly Smoluchowski-
Kramers approximation is also used by several mathematicians and physicists to study funda-
mental mathematical notions, like invariant measures and large time behaviour. In particular,
Cerrai and Freidlin [34, 35, 43] have shown that the solution of damped wave equations perturbed
by stochastic forcing converges to the solution of corresponding stochastic heat equation. They
also established relations between stationary distributions and large deviations of a general
class of SPDEs and their limiting equations. Existence of such convergences make it possible to
analyse the simpler equation (first order) in order to understand the large time behaviour and
other asymptotics of second order equation.

Brenier et.al. [7] showed that the solution of a damped wave equation converges to the solution
of Navier-Stokes equations on a two dimensional torus in small mass limit, which could be seen
as a deterministic version of Smoluchowski-Kramers approximation. I would like to consider a
similar problem in the context of stochastic hyperbolic CNSEs. To be precise, I would like to show
that as u — 0 the solution of

ut  out

(7.2.8) PR = vAuF +ut - Vut +v|Vut |3, ut + g(,ut)

ow
ot’
converges to the solution of SCNSE with the same external forcing. This would also enable

us to address the questions of stationary distributions and large deviations for the stochastic
hyperbolic CNSE.
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APPENDIX

ORTHOGONALITY OF BILINEAR MAP TO THE STOKES OPERATOR

In this appendix we show that the bilinear map B: VxV — V', defined in Chapter 3 is orthogonal
to the Stokes operator A in H on R2. This in fact holds true for any bounded domain with periodic
boundary conditions and the proof for that can be found in [90]. The proof of the following lemma

is motivated from the same.

Lemma A.1. Let x € R and u € D(A), then

(A.0.1) (B(u,u),Au)i =0, Yu e D(A).

Proof. Let u € D(A) then, by the definition of B(u,v) and Au,

(B(u,u),Au)y

/ (u(x)-Vulx)-Au(x)dx
(%

2

> f(uiDiuj)(—Auj)dx
i,j,k=1J0

2

=- Z fuiDiujDiujdx.
i,j,k=170

Now by integration by parts and the Stokes formula

2 2
(B(u,u),Au)H:—( Z uiDiujDkuj)‘6@+ Z fﬁDk(uiDiuj)Dkujdx

i,j,k=1 i,j,k=1

2 2
= Z kauiDiujDkujdx+ Z fukaiujDkujdx.
i,j,k=1Y0 i,j,k=1J0
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Now we will show that each of the terms in RHS will vanish. We will consider the first term

and show that it vanishes.

2
Y DjuiD;u;Dyu;=(D1u1)® + D1usDou1Dius + Diui(D1u2)® +(D1us)*Dous
i k=1

+(D2u1)?Dyuy +Doug(Dout)? + DauiDiusDous +(Daous)®
=(Dyu1 +Dsug) [(D1u1)* + (Dauz)® - DiuiDaus|
+DqugDoui(Diuy +Doug) +(Diuz)*(Diug + Daus)

+(D2u1)*(D1uy +Dauy).

Now since V-u =Djui +Dgoug =0, the first term vanishes identically.
The second term vanishes because

2 2

2 Z fukaiujDkujdx: Z fuiDi(Dkuj)de
i,j,k=1Y0 i,j,k=1Y0
| & w5 2
= u;(Dpu;) - fD~u~(Dku') dx
i k=1 l " Jlao ij k=140 o !
2
==Y f(v.u)(Dkuj)de =0.
j k=170
Thus we have shown that for every u € D(A), (B(u,u),Au)g =0. ]
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APPENDIX

SOME RESULTS IN THE SUPPORT OF SECTION 4.4

This appendix is dedicated to the proof of Remark 4.4.1, which plays a crucial role in proving the
convergence of solution of Constrained Navier-Stokes to the solution of Euler equations in the

inviscid limit, Theorem 4.1.2.

Remark B.1. If V-u = 0 and Curl(u) =0, then u is constant by Hodge decomposition. In particular,
if ueVand Curl(u) =0, then u =0.

Proof of Remark 4.4.1. We want to show that Curl is a linear isomorphism between V and L%(Tz).
It is clear that the map
Curl: V3 u— o = Curl(u) € LA(T?),

is linear and continuous. Hence in order to prove the Remark 4.4.1 it is sufficient to find a

continuous linear map

(B.0.1) A:LYT?H -V,
such that,

(B.0.2) Curlo A =id on LE(T?),
(B.0.3) AoCurl=idon V.

Let w € L%(Tz) then by elliptic regularity [46] (applies also for p # 2) there exists a unique
v e L2(T?%) n H*(T?) such that

(B.0.4) Ay =w,

and the map
Lisw—yelinH?,
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is bounded. Let us put u = -V'y, i.e.
(B.0.5) u=(-Day,D1v).

Then u € HY(T?) and V-u = 0 in the weak sense. Thus u € V. Using all of this we define the
bounded linear map A :L%(Tz) 3w — u € V. Now we are left to check that (B.0.2) and (B.0.3) holds
for this A.

Let us take w € L%(Tz) and put u := A(w) € V. Now considering LHS of (B.0.2),

(Curlo A)(w) =Curl(u) =Dius —Dsuq
=D1D1y —(-D2Doy) = Ay = w,

where we have used the definitions of ¥ and u from (B.0.4) and (B.0.5). Hence we have established
(B.0.2).

Now we take vV and put w = Curl(v) € L(T?). Define y € LA(T?) n H*(T?) by
(B.0.6) Ay = w.
Observe that in view of (4.4.2) we have
A = Curl(-Dog,D1¢), @ e HXT?).
Thus by (B.0.6) and the definition of u from (B.0.5) we obtain
Curl(z) = Curl(v),

where u = —V+y € V. Therefore using Remark B.1 u = v, thus proving that Curl is a linear
isomorphism between V and L%(1T2). It is straightforward to show (4.4.3). Thus we are left to
prove (4.4.4).

Let us fix p € (1,00) and take u € HP(T?). Denote w = Curl(x) € L{(T?). From the first part of
the proof there exists a bounded linear map A :Lg(TIZ) — HLP(T2)

A:LgawHuEHl’p,

such that
Curlo A =id on Lg(TI2).

In particular, there exists a C;, >0,

IAl o2y < ChllwliLoe), o€ LH(T?).
Hence
(B.0.7) IVA®ILor2) < Cpllwlipoer, e LE(T).
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Taking now u € HP(T2). Putting w = Curl(z) so that Aw = u from (B.0.7) we infer (B.0.8),
(B.0.8) IVu ||Lp(‘|]’2) = Cp ||w||Lp(‘n'2).

Now since [wllzo(r2) < lwllLo(T2) for every p, we can establish (4.4.4).
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APPENDIX

KURATOWSKI THEOREM

The main objective of this appendix is to establish the preliminaries that are required to prove
Lemmas 5.7.1 and 6.5.5. The proof of lemmas heavily rely on the Kuratowski Theorem [70,

Theorem 3.9], which we recall below for the sake of completeness.

Theorem C.1. Assume that X1,Xo are the Polish spaces with their Borel g—fields denoted res-
pectively by B(X1),B(Xs). If ¢: X1 — X2 is an injective Borel measurable map then for any
E1 e B(Xy), Eg:=@(E1) € B(X2).

Next two lemmas are the main results of this appendix.

Lemma C.1. Let X1,X9 and Z be topological spaces such that X1 is a Borel subset of Xo. Then
X1NnZ is a Borel subset of XoNZ, where XoNZ is a topological space too, with the topology given

by
(C.0.1) 1(XonZ)={ANB:Aec1(Xs),Be1(Z)}.

Proof: Since the Borel o—filed on X9 N Z is the smallest 0—field generated by (X2 n Z), i.e.
B(XonZ)=0(1(X2nZ)), in order to prove the lemma it is enough to show that VY € %8(X7)

(C.0.2) YNZeRBXanZ).

Firstly, we show that (C.0.2) holds for all Y € 7(X;). Since X; € #(X3), X1 < X2 and has trace
topology from X, i.e VY € 7(X1) there exists a C € 7(X3g) such that

Y=CnX 1.
As X € #(X5) there exists a countable collection {K;};cn of open subsets of X9 such that

X1 = UKi-
ieN
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Therefore,

YnZ=ClemZ=Cm(UKi)nZ= UCnK)nZ.

ieN 1eN
Since C € 7(X3), for every i € N, CnK; is open in X3 and there exists a collection {B j}jel\l € 1(X9)
such that

U(CﬂKi)Z UBj'

1eN JEN
Thus

YnZ=(BjnZ),

JeN

and for every jeN, B;NZ € B(X2NZ). Since B(X3NZ) is a o—field, the countable union also
belongs to %B(X9 N Z), proving (C.0.2) for every Y € 7(X1).
Secondly, we implement the method of good sets to prove (C.0.2) for a larger class of subsets of
X 1. Let

(g={A CX1: AﬂZE%(Xz ﬂZ)}.
Claim: ¥ is a o—field.

1) X1 €% since X1 c X1 and X1 € 7(X1) by the definition of topology.

ii) Let A € 4. We want to show that A :=X1\Ae€¥9,ie. A°cX; and A°NZ € BXon2Z).
SinceAe¥9, AcX;and AnZeB(XanZ).Clearly A =X1\A cX;.
Since ANZ € B(X9NZ), then by the definition of o—field

CLANZ)=XonZ)\ANZ)e B(XoNZ).
We have the following set relations

“(ANZ)=°AU‘Z=[(Xa2nZ)\AlU[X2nZ)\Z]
=[X2\A)NZlup =(X2\A)NZ
=[A°UX2\X|nZ
=(A°NZ)ulX2\X1)NZ]
=(A°NZ)u°X;.
Now in the above identity ¢ (A N Z), X7 belongs to 8(X2nZ) and hence A°NZ € B(Xan2Z),
inferring A¢ € 4.

iii) Let {A;}ien € 9. Then A; c X for every i € N hence

U A, cX;.
1eN
Also, the following holds

(UAi)mZ: U@in2).

ieN ieN
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Since A; €4, A,NZ e B(XonZ)and as B(XonNZ)is a o—field

U@in2)e BX2n2).
ieN

From i) - iii) we can infer that ¢ is a 0—field. We have already shown that 7(X;) % thus
B(X1)=0((X1) Y.
Therefore, we have shown that for every Y € 8(X1), Y NnZ e B(Xon Z). [ |

Lemma C.2. Let X1,X2,Y be topological spaces such that X1 c X9, X1 has trace topology from
Xoand X1nY =X9nNY then
1(X1nY)=1X2nY).

Proof. The topologies of X1 NY and XoNY denoted by 7(X1NnY) and 7(X9 NY) respectively are
given by

7(X1NnY)=generated by {AnB: Ae1(X1),Bet(Y)},
7(X2NnY)=generated by {CNB: Ce1(Xg),Bet(Y)}.

Since X1 has a trace topology from Xg, for every A € 7(X7) there exists a C € 7(X3g) such that
A=CnX;. Thus

7(X1NnY)=generated by {CNX1NB: Ce1(Xy),Bet(Y)}.

Thus all we are left to show is CnX;nB =CnB for every C € 1(X2) and B € 7(Y). Since
X1nY =X9nY, we have the following set relations

CnXinB=CnX)n¥nB)=(CnX1nY)nB
=(CNXoNnY)NB=(CnX9)Nn(Y NnB)=CnB.
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APPENDIX

CONVERGENCE OF P,

Here we present various convergence results for the orthogonal projection P,, as given by (6.4.1)

(for more details see Section 6.4) as n — oo.
Lemma D.1. Let y > £ and P,,: H— H, be the orthogonal projection. Then as n — 0o
(i) Pyy —winH for w e H,

(it) Pyy —wywinV foryeV,

(iii) P,y —yin Vy for y €V,.
Proof. Let v € H, then by (6.4.1) and Plancherel Theorem, we have

Pav—vlh= [ FCO- 0O A= | 1, OO -bOPdE= | P
Now since ¥ € H using Lebesgue dominated convergence theorem it can be shown that
Jim | #©FdE=0,

which infers (1).
Let v €V, then by (6.4.1) and the definition of V-norm we get

_ /m (1+1E2) )2 de.

Again using the Lebesgue dominated convergence theorem and the fact that y € V, we can show
that
lim | (1+EP)[E@)IPde =0,
>n

n=ooJig|
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thus proving (ii).
Let v € Vy, then by (6.4.1) and the definition of V,—norm we get

IPry —wlly, = fR AP | F Py -9 dé = fR A+ P [15,@9© -9 d¢
= [ ey erde
Similarly as before it can be shown that

lim A+1EP 1912 dE =0,

=00 JiE|>n

as ¥ € V), which concludes the proof.
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