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Abstract

The research in this thesis deals primarily with the solution of the differential equation based
models that are encountered in the study of engineering dynamics, and concentrates exclusively
on enhancing processes of approximate analytical solution.€ftliancement centres initially

on the premise that asymptotic methods offer a powerful and adaptable group of formalisms
that can be used, with care, to solve a very wide range of nonlinear dynamics problems,
represented either as sets of nonlinear ordinatijfferential equations or as sets of nonlinear
partial differential equations and boundary conditions. A further premise is that asymptotic
methods can be structured in such a way that the user can apply them algorithmically, and an
excellent example oftiis, which is used in this thesis, is the perturbation method of multiple
scales. The final premise is that the algorithmic structure of the solution method lends itself to
symbolic computation, and that this then offers the user an extremely powerful-ligseool

for investigation, on the assumption that the tool is tested and reasonably validated.

It has been shown in this thesis that the perturbation method of multiple scales can be fully
automated and that it is then capable of analysing vergdatale systems with many degrees

of freedom. The usual expectation would be that the symbolic computations required to solve
the problem would then give way to a numerical phase during which suitable data is substituted
into the equations and then somerim of high impact visualisation tool would be implemented

for data output. However, numerical methods are highly dependent on the boundary conditions
and the data used and they cannot necessarily generate a truly generalised solution to the
probleminhakR® ¢ KS& | OG tA1S | wotl Ol 62EQ FYyR | &

clearly the general physics of the systems being examined.

The alternative approach in applied dynamics is to use numerical integration directly to solve
either the reduceebrder, yet physically representative nonlinear model of the system, or even

a fuller higher dimensional differential equation model. But it is still the case that numerical



output does not necessarily give a general picture, nor does it offer a full stasheling of the

relative significance of terms within the governing equations

In order to enhance the generality offered by approximate analytical modelling a new
generation of solver has been proposed in the form of a wider computational study which has
been termed Symbolic Computational Dynamics. The application process of Symbolic
Computational Dynamics, as it is considered in this thesis, comprises two strands of symbolic
computation. The first strand leads to the analytical solution to the differeetiahtion model

using a method such as multiple scales, noting that the codehfsrid termed the core solver.

The second strand interrogates that solution continually, as it evolves in a structured manner,
so that the underlying mathematicghysical liks are established between terms, quantities,
and operators. This process starts from the initial statement of the governing equations and
continues right through to the final solution, and the strand of computation that does this is

termed the termtracker.

Therefore, the requirement of the solver part is to generate a general solution which gives an
insight into the physics of the system, and the highly nonlinear interactions that frequently
occur. Currently, practical application of these methods tertd be limited to models
comprising a few degrees of freedom (or generalised coordinates), as they are mostly applied
manually. This restriction is lifted when using a computer to do the analytical calculations and

one can envisage moving from a few dezg®f freedom to hundreds or even thousands.

Therefore the core solver comprises a symbolic approximate analytical method, based here on
the perturbation method of multiple scales, and running as a process that is computationally
transparent, rather likehat which emerges when using a pen and a paper. The-texoker
generates all the extra information during the solution procedure. The fully symbolic solution
procedure provides detailed information about each step of the analysis, while thettaaker

can highlight the connection between the assumptions and decisions that underpin the physical
model, the resulting equations of motions, the solution procedure and then the final result in

specific equation form.

In this study, the concept of a Symbolien@putational Dynamics solver has been advanced in
several ways; firstly, an implementable version of early proposals for the Source and Evolution
Encoding Method (SEEM) for comprehensive t&acking is introduced, and a computerised
basis for this is eablished. A generalised algorithm has been developed to apply the SEEM

potentially to any symbolic solution procedure, so it is not at all limited to use with the



perturbation method of multiple scales. The SEEM makes it possible for the analyst tcaithck e
individual physical parameter and all physicathematical assumptions and simplifications

through an approximate analytical solution process.

Secondly, theBlueprint visualisation method has been proposed, as a first attempt at

visualisation of the gsults of a Symbolic Computational Dynamic solver. This method can
interactively illustrate the connections between equations and the generated SEEM encodings
information in a 3D graphical structure. This visualisation provides the analyst with new

information that was previously hidden within the structure of the adopted solution procedure.

Finally, a combination of the number of quantities in each term and their encoding information
is used to define a new normalised parameter, called the Strength F&fQr The SF value is
implemented into theBlueprint visualisation method. The SF value can assist the user to
estimate the strength of each term in an equation. Under a series ofipfimed conditions

some terms can be considered generically negligibie then removed from the analysis; this
being a somewhat new result in the application of asymptotic procedures such as multiple scales
to problems of nonlinear dynamics. As a further developmentgassibility of manufacturing

a solidthree-dimensionalprinted structure for each solution methodas been suggested.
Moreover, the outputs of the new developments of Symbolic Computational Dynamic solver are
discussed for two well known, and somewhat challenging, nonlinear dynamics case studies;
those of the parametrically excited pendulum and the autoparametrically coupled beam

problem,respectively.
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Chapter 1 Introduction

Symbolic Computational Dynamics solvers are capable of applying analytical solution methods
to reduced order problems expressed in differential equation form. A general solution for the
problem of interest, to some degree of accuracy, can generally bermiéted using the
mathematics underpinning these method®e intention behind developing the subject area of
Symbolic Computational Dynamics is to provide a new way of gaisiggptinto the physics of
wide-ranging dynamicasystens and to uncover the @epest possible information aboukhe

highly nonlinear interactions that frequently occur.

The research topic of Symbolic Computational Dynamics was initiated around twenty years ago
and the research reported in this thesis is a major part of an ongteénglopment of software
techniques necessary to create usable Symbolic Computational Dynamics solvers. This work
builds on ideas originally proposed by Cartmell, Khanin, and Fordhal®], and which have

been substantially improved through novel implementations in software by the author of this
thesis. Many new ideas have been contributed through the research reported in this thesis and

as a result the topic is now about to entenaw phase of development.

1.1 Motivation

The story of this research is in some ways similar to the introduction of the Little Prince Book,

by Antoine de SairExupéry[{14]. In this storya sixyearold boy was looking at a book called
GAONHzZS &a0G2NEB FNBY ylIddaNBésx FYyR KS alg¢g | LAO
considered the picture and made his own drawing, as showingrel-1. The boy then showed

his drawing to some adults and wondered if they were going to be scared by it. Interestingly,
they looked at the drawing and wondered why should anyone be &igid by ehat. Then the

boy begins to show extra information about his drawing, by making a new ondsigaeel-2.
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Figurel-1 Thesixyear-old boyQ &irst drawing[14].

Without having certain key information about a topic it is possible to be entirely misguided
about it. In this example, without the secdrawing, it is almost impossible to say that the real
202800 Aa Iy StSLKIFIYyd Ay | 062FQa ad2YlFIOKX FyR Y2a&

without striving to know what else it could be.

Figurel-2 The second drawin§l4].

Taking the discussion further, into an engineering context, in particular such as the study of

nonlinear dynamics, it is possible to look Rigure1-3 I y R lisé&HisYusta differential

equatiorK ¢ = 2NJ (2 62yYRSNJ gKIFd tASa gAGKAY GKFG Sljdz GAz:
inner part of the definition might present a larger, and gbsfar less obvious context. This

research endeavours to offer a fresh perspective for asymptotic symbolic solutions in the field

of nonlinear dynamics.

Dé6g + D560, + 2eDyD, 6, + 25BD,6,

+ 0, + €0, — eqw?Bycos(wTy) + e85 = 0

Figurel-3 Is this just a differential equation@For the answer checkigure7-1).

1.2 Background

There is no absolute linear system in the universe, addaguelhomsersaid: ‘A linear system
repreents a matheratical abstractiona useful and productive invention of the human mind
[15]. In some cases, it is possible to assume that the system is constrained to operating within a

limited range, and so the response can be calculated using a linear theory. Théesheo



developed for studying linear systems are quite advanced and have numerous robust
application methodologies, as long as the numerical limitations and contstraie well known
in advance.However, a great deal has been uncovered and understood ahontinear
dynamics, particularly in the last 40 years, the general concept of nonlinearity still contains

extensive areas yet to be discovered.

In the world of mechanical systems and structural dynamics ipossible to categorise
nonlinearity sources o four main groups:geometrical nonlinearitiesimaterial nonlinearities,
nonlinear body forces, anghysical configuration nonlinearitiefRRegardless of the source,
nonlinearitiesare alwaysnathematicallyshown in a unique form in thgoverningequatiors of
motion. Due to the inherent complexity of nonlinear systems, both the physical model and
mathematical solution procedure representing these systems always include some form of

simplifications or assumptions.

The ultimate goal of this research isdffer a new perspective to analyse nonlinearity within
engineering problems. The creation of a new set of computational tools aims to establish a
connection between the physics of the actual system, the mathematical solution procedure, and
the final resporse. Inother words trying to define a mathematiephysical meaning for each
term involved in the mathematics of the adopted solution procedure. Furthermore, the ability
to track the effects of each, and every assumptions or simplification in the anialgsien to be

an essential constituent part of this process, in order to ensure no loss of information.

1.3 Aims and objectives

The aim of this research is to advance the functionality of the computational tools that are so
vital to the development of the fuimplementation of Symbolic Computational Dynamics, and
in so doing tocreate afresh perspective for symbolically analysing the sorts of nonlinear
differential equations encountered in mechanical engineering dynamics. Ultimately, if properly
developed, ach a tool should be able to create a complete informatimk between the
physical concept ofn engineering problem, the procedunesed to solve itand the final

response To achieve this target the followings objectives may be defined:

1 To develop andemonstrate the concept of the Source and Evolution Encoding Method
as a basis for implementing the historical tracking features central to the concept of

symbolic computational dynamics.

1 Then to create a practical computational basis for implementing $tneirce and

Evolution Encoding Method into Symbolic Computational Dynamics.
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91 After this, to develop and then introduce a precursor method for interactive
visualisation of the mathematical features inherent to Symbolic Computational

Dynamics.

1 Finally, to propse a symbolic term evaluation method that can be used to distinguish
between different levels of importance of terms within a differential equation model,

and then to use that as a basis for identifying negligible terms in the equations.

1.4 Thesis outline

This thesis consists of seven chapters. After the introduction, the second chapter provides a
concise summary of the previous research in the topic of symbolic calculations. Chapter three is
the heart of this thesis and discusses the methodology of the $camd Evolution Encoding
Method. This is followed by the fourth chapter, which includes the algorithms that have been
developed to implement the Source and Evolution Encoding Method within a demonstrator
Symbolic Computational Dynamics solver. Chapterifigludes the process of developing and
implementing the first visualisation method for the demonstrator Symbolic Computational
Dynamics solver. Then, leading on from this, chapter six proposes the very first symbolic term
evaluation concept, based on ti#ource and Evolution Encoding Method. Finally, chapter seven

provides conclusions and suggestions for future work for this research.



Chapter 2 Literature Review

Traditionally some of the more difficult engineering dynamics problems have been solved
manually with a pen and paper, using complex modelling strasegienixture of physically and
mathematically based assumptions, and highly bespoke mathematics. This has inevitably
required a combination of a highly expert and knowledgeable analyst, possessing a solid
background in engineering, physics and mathematiod, the identification of a meaningful yet
tractable solution procedure. Deriving an accurate solution for even a single degree of freedom
nonlinear problem can be very challenging indeed, and this difficulty can then be dramatically

upscaled when complited, coupled nonlinear systems are taken into account.

Numerical analysimethods (for ordinary differential equationsf engineering dynamics can

be based on numerical integration techniques and in a more generalisable sense on finite
element analysisand a very large number of commercial codes are now available for both
approaches. Generally, it is the case for commercial numerical solvers that the complete
solution process is automated; from the initial stages in which the equations of motion are
condructed in numerical form, through the solution generation process, with fwilt
sophisticated convergence and error seffalysis techniques provided, to the final post
processing stages required for graphical output and visualisation, possibly in rtime ofo

animations running against a time scale.

There is no doubt that validated and benchmarked commercialised platforms based on
numerical analysis are of immense utility and practical importance, however it can also be
argued that as sth computationabystems becomenore automated and less transparent, the
analyst potentially loses certain forms of control so that the processes of pHyesiesl
derivation and physiemfluenced solution modification and specialisation are not as apparent
as they necessdy have to be when approximate analytical modelling and solution is attempted,

usually manually, by an expert engineer or engineering mathematician.

As a consequence of this insigathew approach to modelling and solution based on specialised

computaion known generically as Symbolic Computational Dynamics, has been introdaged
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features of this approach are highlighted, discussed, and developed in detail within this thesis.
This chapter aims to provide a brief review of the context, the historyrevhelevant, and the
previous research that has been carried out in the development of symbolic solvers for certain

types of nonlinear dynamics problems.

2.1 Numerical methods

This section only considers the finite element methods tbah be based on processes of
numerical integration, on the premise that some forms of computable differential equations of
motion can be derived and structured appropriately within the solver, or in the formal process
of finite element analysis. The lattés particularly powerful as the computational structures
necessary for the formulation of finite element algorithms lend themselves naturally and
efficiently to many elegant forms of scaling up. This leads to finite element analysis, which is
now routindy capable of intricate and potentially accurate calculations of dynamic responses in
the largest and most complicated structures. However, despite this, there is theidirey fact

that generic and numerically independent informatic linkages between ghgsics of the
problem and the emergent solution still remain elusive and are very difficult to define within

any finite element formulation, no matter how sophisticated it may be.

In the finite element methods, the structure of interest is generalbgditised into several small
elements, and these elements are then connected at key points known as nodes, according to
precise rules which accord appropriately with the underlying physics of the problem. These
processes result in a series of algebraicapns, which can be expressed numerically within
the procedure used and then an approximate solution for the unknowns can be determined at
each nodd16].

Finite elements are used in various application areas of engineering such as statics, dynamics,
thermo-fluids, electrodynamics, and more mttly across multphysics domains. For example,
NASTRANNASA STRucture Analydis7] is a finite element based programme, which was
developed in 1964, originally for the design of space vehicles. The commercial version of this
software can now & used for analysis across many different industries, for which definable
physics can be exploited for modelling and solution. Another powerful and popular numerical
package isMSC ADAMEL8], noting that this is capable of analysing complicated nonlinear
dynamics problems. Théortexpackage, based on a Lagrangian formulafit®], transforms

static CAD models to interactive systems in a 3D environment and is capable of modelling real

time dynamic reactions, deformationspllisions, and rigid body dynami@0-22].



There are several advantages offered by finite element analysis, not least that they are capable
of producing approximate solutions for problems that are very complicated and where analytical
solutions cannot be found,ravhere methods for doing such analysis cannot readily be defined.
Also, it is possible to model highly complex geometries and loadings within finite element
analysig23-27].

Despite many powerful features inherent to finite element analysis, there are certain sources of
error that must be always considered. Regardled the modelling quality, the output of
commercial finite element packages is invariably portrayed in a coloay&atatchingform and

this can sometimes obscure fundamental inaccuracies in the solution.

For exampleconsideringthe investigation thathad been carried out byu [28] AsFigure2-1

shows, a pressure pulse was applied to a straight beam, the beam was hinged at both ends. The
response of this system wagfihed as a lateral displacement of the beam at the middle point,
against time. To determine the response, ten validated finite element cbhdes been usedty

ten expert users. ABigure2-2 shows, it is not possible to identify which one of these codes is

showing a valid resu[29, 30]

E 200 mm > [ _:..4ggmm+..:_¢

EYRRNVENYVYYY VY I

1-ms pressure pulse 4 mm

—

Figure2-1 A hinged beam loaded by a pressure pulse

Displacement, mm

LY
1 2 3 4 5 6 7

Figure2-2 The results of ten different finite element codes applied to a beam, loaded with a

pressure pulsg29].
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Computational errorscan be inherent to finite element formulations. For instance, the
computational domain is always a simplified form of the real geometrfigwe2-3-a shows,

an &tual structure is not equivalent to its discretised mo[sdl].

The other source of error is the fact that finite element methods are basegiecewise
polynomial interpolation In a typical finite element analis, the structure ofinterest is
discretised into small elements to evaluate a field quantity; the field quantity is the quantity of
interest in the analysis, for example: it can be displacement, stress, and so on. The field quantity
for each element is then determined by impmlation of the field values at nodes of that
element. Afterwards, the elements are connected together and the overall field quantity is
determined by piecewise polynomial interpolation. Therefore, the number of polynomial
expression is equal to the numbef elements. As interpolation is an approximation of a
continuousfunction, therefore, it can lead to inaccuracy in the result of a finite element analysis,

seeFigure2-3-b.

Furthermore, the result of numerical integrations within the finite element formulation is an
approximation[32]. Gauss quadrature integration approximsin integral into a weighted

summation of a finite number of terms, the formulation showrFigure2-3-c.

Finally, there is the ubiquitous problem of specifying eassary and sufficient number of digits

for numerical representation in the computer code itself, Ségure2-3-d.

Domain
o D=
FEM
True deformation Linear o} . Quadratic el "
b) =
FEM

o T e L )
q " "1

Approximated
domain

Cubic element

X

d) J2 =1.41421356, 7 =3.14159265

Figure2-3 Some examples of inherent Finite element codes err[@%].



2.2 Approximate analyticaimethods

In these methodsthe nonlinear solutionis derived by perturbing the response of the
corresponding linear systefi33]. The approximate analytical metho@se generallyvalid for
weaklynonlinear systemsyherebythe nonlinear termsre considerably smaller than the linear
ones. In other words, the motion must be finite with a moderate amplitud® have an
acceptableaccuracy[15]. However, it can be noted thate multiple scales methodasbeen

applied to strongly nonlinear systesin several studies such aakrad and Belhaq [34]

There are several approachevhich can be used to apply mathematical perturbation to a
system, such as: Tt&traightForward Expansigrthe method ofLindstedtPoincare Harmonic
Balance and the method oMultiple ScalesThe choice of the perturbation methodrizostly a
matter of personal preference, in general none of these methods teigraficantsuperiority
over others[15]. Therefore, in this research for the convenience of the author, te¢hod of
multiple scales is practicetlote that it is possible taeachthe same conclusion by applying the

other methodk.

The method of multiple scaless originally developed biayfeh [35] where,the dependent
variables in the equation of moticarerepresented by using two or more independent variables
(or scales). The underliningdfeire of this method is to take time (equatid®.1) ) as a series of
independent timescales The expansion is assumed to be uniformly convergehé Variables

or coordinates must be expressed by a uniformly valid expression to create a set of perturbation

equations[35-37].

A fast timescale (Y) is used for describing dynamics for which the operating frequencies are
near the linear ntural frequencies of the systerfiast time scale is equal to the real tingé).
However, theslowertime scales are employed to define slow variations of amplitude and phase.
The final solution is bu#tip gradually by formulating the results of each perturbation. The first
and secondime derivatiesare determined based on the perturbation expansion and show
equations(2.3) and(2.4), respectival. The number of independent timscales is limited by the
order at which the expression is truncateth these equations is a small perturbation

parameter and'Yshows the slower time scales.

N o1

W o - "YAYBhY 0 -7Y 2.2)
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To investigate the functionality of this method, the solution procedure for a problem of the
parametrically excited beam is investigated in p&tof the appendix. Furthermore, an
experimental investigatiofor this problem has beenonductedin this research. The results of

the experimental and theoretical solution are compared.

2.3 Symboliccomputational calculations

Symbolic computational calculations can consididy increase insight into the dynamics of a
system[3]. The ideal case is tevelop a powerfusymbolic solver that has the #ity to apply
analytical methods into complestynamical problera [3, 38] The hierarchical structure and
conceptual simplicity of the perturbation methods, especitily multiple scale method have
made them more conventionalto be implementedto a computerised algorithm.The
development of the symbolic computational codessstarted withformulationsthat were only

capable of deriving equations of motion, lathe topic ofsymbolic solversvasintroduced.

2.3.1 Symbolic generation of equation of motion

Multibody codes are mainly based two formulations:TheEulerian and the Lagrangian. In the
Euleriancodesthe analysis starts with the Newton and Euler equations, while, Lagrangian codes

INBE 6F&aSR 2y [FANI yIBRNa FyR I FYAfG2y Sldz GA2ya

In 1983 the SYMBODvas developedhs acomputerised symbolic programmé&his code was
capable of deriving equations of motion automaticgi]. In 1985 NEWEUI41, 42]was
programmedto generak equations of motion symbolicallypased on the Newtoituler
principle. Lieh andHaque [43]developed aclosedform equation formulation based on the
principal of virtual work. Itwas stated that the algorithm ha the ability to generate
automatically botithe linear and nonlinear equations of motion symbolically. The outputisf th

algorithm was irthe form of a FORTRAN copel] and it was possible to display equations like
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a handwritten documentMore efforts on generating formulatiambased on the both Lagrange
[45-47]and Newtoniarj48, 49]havebeenmade As a resulthere are a few fully symbolic codes

that can beusedto generate and solve formulations for the dynanaé¢$lexible bodieg50-54].

Forehand, Khanin [Yhave developed the MultiFlex.m function Mathematica code This
Lagrangian formlation can derive equations of motion for a multibody system symbolicafig.
initial code was based on theFisette, Johnson [52inethod, this packagewvas capableof

modellingboth rigid and flexible bodies

2.3.2 Symbolic generation of the solution procedure

In 1987 Rand and Anbruster [55]developed the MACSYM#avhichwas capable ofapplying
some of the perturbation methods toscillatingsystems.The perturbation equationswere
generated symbolically, however, the solution for these equations veerly availablefor
limited cases. Furthermore, MACSYMAvas not designed toevaluate solutions for the
modulation equations (secular equations). Thserinterventionin the analysis processas

compulsoryin some casef56].

Large numbeg of the symbolic solverBave beendevelopedwithin the Maple interface[57].
For exampleSanchez [58ymbolicallyappliedthe method of multiple scales to a single degree
of freedom problem. Later, Corless, Jeffrey [5%tudied the application of perturbation
method for two fluid mechanicgelated problems. Furthermore,Vakhidov and Vasiliev [60]
developed aodebased on the Hamiltoniaiormulation. Yu[61-63] developeda symbolic solver
based on theanultiple scalesthiscode usé the number of real and complex eigenvalues for the
linearized system, and the order of normal forms as inpitang, Stey¥Ross [6fideveloped a
semiautomatedsymbolic solver based on thmultiple scalesnethod. Other examples can be
found that were involved in developing a symbolic cdaesed on gerturbation method such

asFranciosi and Tomasiello [6Blismenret al.[66, 67]

Khanin and Cartmell [12}troducedan advanced symbolic computational solMeased ortwo
perturbation methods. In thistudy, both the straight forward expansion andanultiple scales
method were applied tahe equation of motion ofa pendulum. Thisolver was programmed
within the Mathematica code interface Later, Khanin, Cartmell [2flevelopeda generalised
symbolic solverbased on the multiple scales methotlhis solver was impheented into a
Mathematica function, named & a dzf (i A &iie SHh& yeheduity and wider range of
applicatiors are the standing points of this solyeomparing to the otherexistingsymbolic

codes.Furthermore, this codés able toperform the perturbationanalysisin both forms of
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automated and sersautomated In order toincrease the application of this codeeparallelsed

version[1, 11, 13wasintroduced

The Khanin, Cartmell2] symbolic solvehas been used in severaludies for instance; he
nonlinear cutting model for a primary chatteasevaluated usinghis packagd68]. All possble
resonance conditions were determinessing this powerful functionMoreover, he resuls of
this study were compared with other numerical method (neural network) the package

performancewas describeésquick and sophisticated.

A thorough review otthe multiple scales methods argpecial cases has been doneGartmell,
Ziegler [5]In this paper, special case studies and different versions of the multiple scales were
discussed. Furthermoreit was suggestedto introduce a semianalytical solver tothe
MultipleScalesode, in order tdind solutions for problems that the dedform solutions are

hard to find.

2.4 Termtrackingmethods

The essentiality for evaluation of the tertracking methodwas originallydemonstratedby
Cartmell and Forehand [38h this study the principal effects of assumptions and simplifications
made during a solution procedure for reduced order models were investigated. The infonmatio
loss within an approximate analytical method is shown to be noticeable, and it is evident that it
can be attributed to the solution evolution process by the analysis of inherent issndhis
paper, the assumptions and simplificatiohave been madavithin ten sample problems in
engineering dynamics welavestigated The resultsof this study aresummarised imTable 21.

For example, the assumption that there is assless element in the systeis used in three

cases out of ten (30%).
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Table2-1 The percentage olpplying nine types ohssumptiorsin ten case studie438].

Assumption types Percentageof using the assumption in ten case studie
Massless element 30%
Maclaurin expansion 30%
Modal space 40%
Single degree of freedom 40%
Classical linear viscodamping 90%
Harmonic excitation 90%
Necessaryliscretisation 10%
Frequency normalised 20%
Nondimensionalised 100%

It is universally acceptable toondimensionalis, however, frequency normalisation is not
always acceptable. Generally, damping and excitation are considered lyineéscous and
harmonic, but this is not necessarily always going to be a physically accurate assumption. For
simplification, some elements are frequently considered to be massless, and this is generally
applied to beam and mass problems where each propestyisually separable, but this is

actually a gross assumption that can often affect the accuracy of the solution.

As well as assumptions and simplification, the structure of the derived response is important.
Forexamplethe symbolic form of the equain of motion, part of the solution procedure and

the amplitude() and phasée ) response for the problem of a parametrically excited pendulum
are given inFigure2-4. It is possible to nate the highlighted symbols with the equation of
motion has appeared in another form within the response. As well as this explicit connection,
Cartmell and Forehand [69khowed the theoretical possibility of the existence of implicit
physicalmathematical linksvithin a dynamical modelling procedure and approximate analytical

solution

Asaresult, theterm-trackingmethodsfor the purpose of identifying, and somehow extracting,
these connectiondiave beendeveloped Currently two types of terntracking methodhave
been developedthe Source Encoding Methd®@EM) and thé&ource and Evolution Encoding
Method (SEEM)it shouldbe noted thatthe SEEM method is fully introduced in Chapter 3 of this

thesis.
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Figure2-4 Explicitphysicalmathematical links existing within a dynamical modelling procedure

and approximate analytical solution

2.4.1 Source Encoding Method

TheSource Encoding Methd@EM has a straightforward logic which can identify and track the
position of each term during the analysis, without providing any extra information about the
guantities within the terni7]. The worderm here defines a group of symbolic quantities which,
when taken as group havephysical meaning, such as inertia, stiffness, damping, or excitation.
As the solution analysis proceeds the physical definition of the terms that arise tends in some
cases to recede, but the concept of a mathematically grouped set of symbolised quaatitiss

to continue to hold true. On that basis, the SEM method useshia ¢format to encode each
term. ¢ indicates the equation numbef, correspondso the position of theterm within the
equation righthand side (RHS) and is shown¥yywhile theleft-hand side (LHS) is symbolised
by 0, finally ddemonstrates the position of the term within the corresponding side of the
equation. For examplep fOT means the fourth term on the lefhand side of equation 10.
Also, in this approach, the positigabove or below the equation) means that the encoding is
shown to have a specific meaninghe encoding would be displayeabove a term for
referencing/identification andbelow for presenting the history of the term. The SEM is
conveniently demonstratedni [7] through an application to the equation of motion of a
parametrically excited pendulunirhe first few steps of this analysis with the SEM encoding

informationare shown irFigure2-5.
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Figure2-5 The Source Encoding Methapplied to the first six equation in the analis of a

parametrically excited pendulurf69].

2.4.2 Computerisation of the Source Encoding Method
Due to the transparent nature of the SEmhis method can be readily automated within a
computer codeForehand and Cartmell [Zised five main functions to apply the SEM encoding

to a modified version of the multiple scales solver writterkiiyanin, Cartmell [2]

In summary, this method defines a multiplier (an encoding vector) at the beginning of the
analysis for each termAs the equation number and the position of each term changes, the
encoding vetor is updated. The encoding information is saved within the solution procedure
structure, and it is possible for it to be displayed usingfheltipfunction. TheTooltipis a built

in function in theMathematicacodeinterface; it displays encodingformation as the mouse
pointer moves over the ternfigure2-6 provides an example of the encoded function whereby
the mouse pointer is placed ovére highlightedterm and the encoding indicates that it is the
third term on the lefthand side of that egation. It is also possible to present the encoding

results in the form of a tredike structure inMiathematica[7].

O[t] + —qew? Cos[tw] B[t] +veB[t]>+2Beco [t] +67[t] =0

)]

Figure2-6 An examplethat shows how enodings information can be displayed using the Tooltip

function.
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(115) (2,R1) (4L2)

Figure2-7 An example of showing history of a term using a tree structure in Stoairce
Encoding Method7].
As the analysis progresses, the information gathered within the encoding vectors becomes more
detailed, and can quickly beme confusig for the user, andt the same time this increase in
information complexity places more demands on computation processing timev@@ome
this issue a new function defined asnencodeEquatiors introduced to erase the encoding
history after several siges. Therefore, it is possible for the user to unencode and encode

equations after each step, thus preserving memory and enhancing computational efficiency.

Figure2-8-a shows a long encoding vector that is displayed for the analysis of the parametrically
excited pendulum. It is possible to use this information to identify the source of the highlighted
term in the equation of motion (fifth term on the leftand side). IfFigure2-8-b, the user then
decides to unencode and encode the same equation, so the specific agdsdihanged to the

seventh term on the lefhand side of equation 7.

(@) G0[To, T1] + -q< w? Cos[Tow] Bg[Tas T1] +
Y€60[To, T1]>+€61[Ta, T1] +28€6,™1% [To, T1] +

26, [To, T1] + 66 2% [Tay Tal + €612 [Ty, Ty] =
) [Tes Tq] ) [ 1 [Tay T4]

(b) Go[Te, T1] + -qe w’ Cos[Tow] So[Te, T1] +
y€60[Tas T1]>+ €61 [Ta, T1] +28e€6, % [To, T1] +

260 Y [To, T1] + 60 2% [To, T1] + 6,29 [Ty, T4] =

|
i
®

Figure2-8 The application ounencodeEquatioriunction to unencode and encode equations

The other challenge to emerge within the cputerisation of the SEM was found to be in saving
the encoding information during the mathematical procedure. Thigsissed due to the fact that

the encoding vectors are stored in the inherent structure of the equations, and so when the
differential equatons are subsequently solved the encodings are integrated within the terms,

and this leads to a complex structure when visualised, as explaifégure2-9-a. To ercome
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this obstacle a function is defined to remove all the unique encoding vectors that are repeated
or placed in inappropriate positions (such as the denominators or indices of a power function),

as shown irFigure2-9-b.

(a) 61 [Ta, T1] =
@ 31T0-1T19 gqy? Conjugate[A[1] [T,]] term[25, 2, 1]
2 (term[25, 1, 1] - O term[25, 1, 2])

1 .
(b) 61070, T1] = - - €170 11 qu? Conjugate [A[1] [T:]]
term([25, 1, 1] term([25, 1, 2] texrm[25, 2, 1] +

Figure2-9 (a) The encoding vectors are mixed with the term during analysis, (b) Unique
encoding vectors are removeghote this apartial presentations ofan equation).
Therefore, it is essential to develop a new tetiracking method which is able do track each

guantity as well as the terms through the solution procedure.

2.5 Summary

In this chapter, after a shortdiscussionof the numericalmethods, the existing gap for
developing a transparent symbolic analytical solver is highlighted. Aftesyv#ind general
concept of the perturbation method of multiple scalesdiscussed. This is followed by a
comparison between the theoretical responsand experimental investigation of a
parametrically excited beam. The detail of the solution procedure and conducted experiment

are provided in the appendix.

The history of the symbolic computational solverss briefly discussed,tarting from the
automatic generation of the equation of motion to fully automated symbolic solution
procedure.Finally, the history and reasoning for the concept of the teératking methodsare

discussed.






Chapter 3 SymbolicComputational

Dynamics Solvers

3.1 Introduction

A majority of currently available computational tools for modelling engineering systems are
restricted in terms of user interactiomherethe core processor is hign away from the analyst.

The ethos behind the Symbolic Computational Dynar(®3D) solver is tieliberatelydesign a

high degree of flexibility and control for the analyst to exploit émdpply. The usual processes

of modelling nonlinear systems introduce a considerable numbeaddiocsimplifications and
assumptions, and theshave to be introduced by the user on the premise of physical and
mathematical acceptability and consistency. It is therefore reasonable to assume that by taking
control away from the user unknown opportunities for missing information or the accumulation

of unexpected errors in the calculations and final respasfaie systencould emerge.

Figure 3-1 shows a general overview of the principle behind the SCD sdkewing how it
connects the mechanical system, the solution procedure and the final response in a unique
structure. SCD solvers are potentially capable of processing distinct types of mechanical
systems, the requirement for the input to the system can \&argt depends on the selected core
solver. In this study, pertbation methods are of interest.hErefore, the application of these

solvers is currently limited to weakly nonlinear systems.

At present the general input to an SCD solver is the equatioh(sption. The structure of such
a solver is based on tarm-tracker that operates in parallel with the core solver. The term
tracker depends on its logic, adds extra informatioto the structure of the equations that
emerge from the solution process. i§textra information is saved in a special format which
guarantees no interaction with the actual solution procedure itself. The complete solution
procedure plus the terntracking information (or, encodings) is presented during and after the

analysis.
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Mechanical system Physical model Equation/s motion

Symbolic Computational Dynamics

(

_I_I\

Core solver Term-tracker
.

I L

SR gy TS

Final solution

s = = =

Figure 3-1 Overview ofa genericSymbolic Computational Dynamic solver

AsFgure 3-1 shows a generic SCD solver currently consists of a core solver and-taeker,

whereasthe rest of the process must be done manually. It is expected that automated
generation of the physal model and the equation(s) of motion will be included in SCDs in the
future, Figure3-2. Considering the solver is currently based on the general multiple scales

method, dimension reductiormust be done in the process of physical modelling.

Mechanical system

< =

[ Symbolic Computational Dynamics |, _ . . ~

| |

. | Physical Model Equation/s motion 1

| ! ] |

Dimension .

I | reduction I I

| |
[ Core solver » Term-tracker

\ - !

N et et et e e e —— - )

Final solution

Figure3-2 Overview of possible Symbial Computational Dynamic solvén the future.

3.2 Core solver

The flexibility ofan SCD solver sssuredby the potential ability of the user to change the core
solver. The core solver can be based on any approximate analytical method; in this study, the

multiple scales method is selectefihe solver functions lika white box, providing as much
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information as possible. A general overview of the first few equations of the analysis of the
dynamics of a parametrically excited pendulum is showRigure3-3. The solution procedure
which develops within an SCD sohisrcompletely symbolic and looks essentially like a

corresponding handvritten document.

EGn[1]  wns€ns ©[T]> +O[T] - > COS[T W] Gex Eex O[T] +
24p Bdp €dp (e) [t] + (87)[z] =

Eqn[2] © =6,[Te, T1] + €, 61[To, T1]
Eqn[3] dt[1] ==Dp +D; g,

Eqn[4] dt[2] = D] + DgD; 24, €4r
Eqn[5] ©[t]® = 6e[Te, T21°

Eqn[6] D3Oe[Tos T1] + Do 2dp Bap €dp Oo[Tos Ta] +
DeD1 24r €dr 80 [Tos T1] + ¥ns €ns G0 [To, T1]> +
e[ Tos T1] - w? COS[To 0] Qex €ex O [Tos Ta] +
D3 €pO1[To, T1] +€p01[Te, T1] == ©

Eqn[7] D366[To, T1] +6[Tas T1] =©

Ean[8] D;61[To, Ta] +61[To, Ta] =
Do 2dp Adp €dp f@[Te.T11] DaD1 24 €dr fa[Te,T1]

cp cp
3 2
¥ns €ns €9 [TesT1] L Cos[Te @] Gex €ex falTe,T1]
€p =P

EGn[9] 6o[To, T1] = A[T;] e*T0 + A[T;] e*Te

Figure3-3 Appearance of tk solution procedure in a Symbolic Computational Dynamics solver

A modified version of theymbolic multiple scales solvas first introduced byorehand and
Cartmell [7]has been used in this research. The solver is-semeimated, and this providaste
developer and usewith the freedom toselectthe necessary steps of the analydiepending

on the personal preference of the user, and also the specific nature of the mathematical
problem itself, the number obutput equationsormally within a standat perturbation analysis

can differ from problem to problem. It can be very detailed, thereby defining a single equation
for each minor step of the analysis, @ncise skipping some unnecessary steps in the output
(noting that they will still be generateidternally and processed accordingly). This means that
the information created by the teraracker (the encodings) is unique to the solution procedure,
and the encodings must always be presented with the details of the solution procedure. For
example, wha consideringrigure3-3, it is possible to avoid statirgguation (5) and instead

substitute the result directly iequation (6).
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3.3 TheSource Evolution and Encodimgethod

It has been shown that the tersmacker has to run in parallel with the core solver in order to
create the extra information that is sougfithis information assisia identifyingthe important
stages of analysis for each quantitin this researcthe Source Evolution and Encoding Method
(SEEM)69] term-tracker is developed and discussed in deffile purpose ofthe SEEMs to
highlight the contribution of eaclspecific symboliqquantity to the analysis bextracting
relevantinformation. The information that is gathered for each quantity in the analysis is called

its encoding

The encodings amefined when thequantity is firstly introduced to the analysis and they evolve
during the solution procedure. Thereforthe details of the encodings for each quantity are
adjustableand mainlydepend on the encoding levellhe encodings are displayed inside a
bracket aml each encoding element is separated with a comma, and the syntactical structure of
this is called thencoding vectaiCurrently, he SEEM is categorised into the four encoding levels

andthe encoding logic is summarisedliable3-1.

Table3-1 The Source Evolution and Encoding methbaic summary

Encoding level Description Display

Fist level Origin of the equation and themall parameteorder () ¢ ke

Second level | Eguation number in whiclthe quantitybecomes explicit ¢ fE e

I

Third level | Equation number in which the explicit form is modified ¢ e

Simplification of exponential functions for the first time zfg
Compound | Simplification of exponential functions for the second tif e
Simplification of exponential functions for the third time | A
Simplificationof exponential functions for the fourth time|  ze
Simplification of exponential functions for thiéh time 2z

Thefirst level of encoding is applied when a quantity appears for the first time in the analysis
and no encoihg vector is allocated to it. The encoding vector is defined at this step and it always
contains of two digits§( FE ;¢ is the equation numberat which the quantity is introduced

for the first time, anct is the order of the small parametér). Despite other encoding levels,

all the quantities in the analysis should have been assigned the first level of encoding at some
point of the analysis. Quantities have to pass the first level in order to be considered for the
other levels of encoding. THist level of encoding works as an identifier which helpguakly

classifyboth the originand significance dhe quantity.
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Thesecond levebf encoding is only considered for the quantities that have been introduced
before (those that have already passed through the first level of encoding) and which have
reappeared iran explicitform equationfor the first time The explicit equation numbet is
added into the encoding vectors for all the quantitigs,f§ b ). The explicit equations that
emerge within the early stages of the approximate analytical solution method play a major role
in the final solution For exampleconsidering thesymbolic solution for thezerothorder
perturbation equation, it is essential for the user to be able to identify the history of each

quantity as it directly connects to the physical system.

In order to collect more information about the quantities thaegparticipating in an explicit
form equation, athird level of encoding can be defined. Tlieird level of encoding is added,
where a quantity with a second level of encoding is modified from its original form. It is
necessary to follow a quantity with second level of encoding, and track the changes in the
solution procedure. The way to do this is to add a fourth encoding element to the encoding

vector(¢ FE R ,= ), indicating exactlwherethe particularquantity is significantly modified

The man policy of SEEM is to avoid any possitieerical or algebraicancellatiors as a way
of preventinginformation lossHaving said this it is understood thiateping all the quantities
unmodified in their original forntanmake equationsppear to beunnecessaly complicated.
Therefore the compound levebf encoding islefined and n practicethe use of this hamainly
focusal on handling theexponential functionshat routinely arise in the algebra of the multiple
scales method, and wher@is the base of the natural logarithm an@he imaginary number

within the exponent

Expression(3.1) is an arbitrary demonstraibn for the application of the compound level
encoding The syntax * is used to show that this simplification is done for the first. fiimse
assumed that two expmential quantities, with differentmathematicaiphysicalorigins, are
subsumed together in an arbitragguation, with number. Considering the rightand side
(RHS) of this expression, one ceasily see that this term is created by subsuming two
exponeatial terms created frontwo arbitrary equationswandwof the preceding analysis. If the
exponential term is subsequently subsumeithin other exponential term$or a second, third,
fourth and fifth time then thell, A Z, andzz syntacticalsymbolsare used, respectivelyo

denote that this further compounding has happened.
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*h (3.1)

hh hA

hh hh
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To
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= x
¢
¢
N
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3.3.1 Special considerations
It is imporant to note that from a consistent operational and logistical point of view encoding
information should be applied to all the quantities in a perturbation analysis, but with the

exception of time and the dependent variables (before introducing the pertishaxpansion).

The reason for this is that the dependent variables are necessarily restructured within the

required form of the perturbation equations, and so each correction term has to be addressed

to its perturbational source rather than to the maitependent variable(s) in the equation of

Y2GA2y® ¢KS SyO2RAYy3 2F (GAYS R2SayQid KIF@S | LI NI A
remains unchanged from equation to e@tion, despite the use of timscales within the

analysis. The effects of tirscaling are accommodated automatically within the structured

mathematics of the perturbation method itself.

A vehicle for discussion of the SEEM methodology in practice is provided next in the fibven of
detailed analysis of vibration of a parametrically excited pendulum, close to principal parametric
resonance. This is a single degree of freedom problem, therefore with one generalised
coordinate in the Lagrangian sense, and characterised by the preseadtena variant stiffness
term, in conjunction with the usual physically based terms representing inertia, damping, and

stiffness.

3.4 Parametric excitation of a pendulum
A simplified physical model of an engineering system, a parametrically excited pendulum i
shown inFigure3-4. To define the equation of motion of this system, each component of the

system iglefined bya unique symbol:
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a Pendulum mass
10 :
C/t‘)? . a Length of the maskess rod
/)
a g ¢¢¢ — Instantaneous angle of rotation
u(t)=]_ 7 [
y - : .
gleos( )7 2  — Viscous damping moment
27
0(1) 0 Position of hinged support
X o m m External excitatiofirequency
Q Acceleration due to gravity

Figure3-4 Configuration and gmbols used to describéhe problem ofa parametrically excited

pendulum[15].

3.4.1 Physicaimodelling

The kinetic and potential energy of the system is givergiumaéions(3.2) and(3.3), respectively.

P v i ens (3.2)
Y E(X 0 ¢co+ Q& a—
W 4" N0éE +— 0 (3.3)
The equation of motior{3.4) is then derived usinftagrange'€quation for a singldOF non

conservative systerf89].

w
o

Q-1

MM oi M O (3.4)

Thelinear natural frequencyl ( ) of the system is equal to"(¥& dampingratio ¢ ) isdefined
aso¥ ¢dl , and the external excitatioro] isexpressedasfy ® ¢ i 0. The standard form of
the equation of motion is given below:

The pendulum is excited parametrically, as the external excitation appeared as a parameter in
the system (stiffnessYhe equation of motion is nonlinear because of thé&&-term. To solve

this equation, it is assumethat the rotation of the systenis finite and limited, soa Taylor
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expansion up to the second ter(B.6) can represenf Q& term in this equationThen the
nondimensionabed form of the realtime (0) andthe excitation frequency( ) aregiven(3.7).

Qubstituting equationg3.6) andinto equation(3.5), resuls equation(3.8).

p

i Q& — ——
< ® (3.6)
0 1 1 I 3.7)
P ow s p
— d— p N osm’r—(—p— T (3.8)

In perturbation methods, the relative importance of each term must be considered
mathematically.There is noestablished method fothe term ordering,and the analyst must
applyit based on his/her experiend&0]. The linear inertia ten (3, which is fundamental to
the motion of systenis strong as well ashe stiffness term. Finally, the damping tergh {, the
external excitation amplitudéerm () and the nonlinear termpffo—) are considered to be
weakand - as a small paramet is multiplied to these terms. is a multiplier that used to
highlightthe significance of each term amequation and it does not have any physical meaning
[15]. After applying thenentionedassumptions to the equation of motion, terms with the order
of - and higher are removed. The final formtbe equation of motion is shown in eqgtian

(38.9),r isthe coefficient of the nonlineastiffness
_C'T_ p 'TﬂbETlT—-F— n (3.9)

By applying such assumptions systematically up to the point at which an ordered differential
equation of maotion, or set of equations of motion, is/are defined means that up to this stage of
analysis, a considerableimberof assumptions has been made atg term-tracking method
could assist theuser to track each assumption through the solution procedure. These
assumptions are considered amdelling related assumptienand they are distinguished from

the solution process relateaissumptiors.

3.4.2 Solutionprocedure

At this stage of the analysis the method of multiple scales can start to be applied to the equation
of motion (3.9). For consistency, the equation numbég has to be changed from the thesis
format (i.e. (3.9)) to (1) to reflect the logical structure of the SEEM as would be applied to such
a problem.Thefirst level of the SEEM encoding is applied to the equation of mdfiprthe
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equation number and the order of each term are both shown in a bracket below each term. It

can be seen that no encoding vector is definedfband—-for the reasons discussed above.

Then it is assumed that the approximate solution containing the zeroth and first order
perturbation solutions can satisfactorily predict the response of the pendulum accurétely
perturbation expansion, which is conventionally assumed to be uniformlg,valintroduced

and encoded irequation (2). Thefast and slow independent timgcales are defined 8 T

and”Y - T, respectively.

(1)

—¢I— p 7 ATOGY — -1— ™
f f f f ﬁ
it — — - 2)
f ﬁ

Then the first and second derivatives up to fiostler perturbation are given and encoded(8)
and (4), respectively (noting that the -Dperator notation is used to define the partial

derivativesiO T jT V).

Q (6] O U
—, - v -
Qo ; ; (3)

4
¢-O0 UR “@

h

T(O

Q
™

Equation(5) defines the cubic form of the generalised coordinatbased on the perturbation
expansion up to the first order of. Since the cub form now appears in expligibrm the
equation numbeiis added as the third digit of the encoding. The encoding vector for this term
is shown as (2,0,5Yhis information can help the user to identify the source of each quantity,
and the stage that thguantity is explicitly defined as:

— — -8
(5)

¢
¢

The next step is to substitute equatiof®), (3), (4), and(5) into equation(1), and then the

higher order terms can be removeresulting in
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O — -0 — ¢00 — ¢10 — — - —

FoR R OR R KR R R R R B R
“H —Ai6Y -1 — m (6)
FooF i PR

The SEEM created a considerable amount of information in this early stage. For example, it is

possible to distiguish between - hthat is introduced in the modelling stage and which is
h h

introduced in the solution procedure, botts are small but not necessarily equal.

Perturbation equations

The zerothorder perturbation equatior{7) is obtained by taking the terms of order out from
equation(6) and then setting them to zetdl'he same action is taken for all terms toin order

to structure the firstorder perturbation equation(8). From this conventional step, the two
necessary perturition equations can be constructed. When taking the Figind side (RHS) of
equation (8), it can be seen that this is the first time in the analysis that the SEEbUO&mL
method prevents the cancellation of divisor terms; this is because the origins of terms are
different and so in the SEEM context they are definitionally different. Also, there is no sign of
equation number (8) within the encoding vectors, as no patéir modification has ydbeen

carried out at that point.

hoh h (7

- (8)

The general harmonic solution for the zerathder perturbation equation is routinely obtained
and is shown in equatiof®) in exponential formin keeping with the usually accepted notational
formalities of the method. In this equatianis an asyet arbitrary and complex function of the
slow time scalgY, anddlrepresents its complex conjugaf€he third encoding digit is added to
the encoding vectors of all the quantities on the RHS+as defined explicitly ithis equation.
The origin of complex amplitud® origin is referred back to equatiaf2) because it physically

relates to the — in equation(7).

h
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> O
>

(9)

= 3'e)
=y
=< o

nl_
h

=
= 3'e)
¢

Then the solution of the zerothrder perturbation equation is substituted into the cubic form

of —, resulting

— o) ‘Q f Rf of @ & P
hhh h hhh h
o O of Q= (10)
h  hhh hhh h
o o) of Q&
h  hhh hhh h

Equation (10) is an example of how the logic behind the SEEM starts to become complicated. If

one looks closely it can be seen that there are two sgienumber 3, with the sae numerical

value but dissimilar encoding sources. The first one is the number 3 within the index of the

exponential function, and the encoding refers it back to equation (1). The second one is the

number 3 in theod 60 and c66l'Q  terms, which are defined because of the algebraic
procedure in this equation structure® ® ®W oww o w.Applying the SEEM

to this equation has clearly addressed the origin of each quantity to its physical source.

The third level of the M is used for the first time in this analysis. The encodingsawfd 6!
are defined as (2,0,9,10), which clearly shows that the origin of zbieth-order term is
equation (2), that it has appeared in an explicit equation structureguration (9) andinally

that its structure has been modified in equation (10).

Then theexponential form of theharmonic function within the external excitation term in

equation (1) is given as:

hh  Rh

AT OY

sl o)

0 hh  Rh
hh

j(b

(11)

¢
¢
¢

The solution of thezeroth-order perturbation equation(9) and the cubic form of— (5) are
substituted into the first order perturbation equatiof8), and the result is shown in equation
(12).
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The information added by implementation of the SEEM has created a &argpunt of new
structure to each term. From this process, it is now possible to track each quantity to its origin

and precisely identify stages at which the quantities have been modified.

¢CKS OFyOSttlriAaz2y 2F avYl tf I[skoNdtiorsaditkd beGaude A t 2 y
of the differences emergent within the encoding information. In a standard multiple scales

analysis, there is no difference between temall parameter- which is introduced in the
h

equation of the motion and the small paratee - introduced within the perturbation

h
expansion, as so ake results they would usually be cancelled out. The small parameter
WSLIAAE2YQ A& 2NRAIAAYyLFffe&@ RSTFAYSR Fa | NDAGNI NR

equal to a uniquesmall numerical value. Thereforel- in this equation is not definitionally
f
equal to 1. However, there can be exceptions to this, and one case in point is where it is clear

that the numerical value of the- which is introduced within the perturbation expansidn

h

equal to the - because they both are introduced into the analysis based on the perturbation
h
expansion, but in different equations. However, cancellation is still avoided so as to retain as

much inbrmation as possible.

The SEEM signifies the distinctions between the valueg of ¢ , and ¢ which are,

h h hh
respectively, related directly to the damping term, the second derivative definition after
introducing the perturbation expansion, and the expotial form of the external excitation

term.
Moreover, the application of theaenpoundlevel of the SEEM is used in this equation for the

first time. For example, Q # "' § means ‘Q f is subsumed into

zh h
‘Q AR AR at equation (12) for the first time (therefore showing up as an operation
hh
defined by *). At a result, applying the compound level of the SEEM helps to simplify the

structure of the equation, without losing any fundamental encoding information.
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Solvability coditions

The perturbation expansion in the multiple scales method must be uniformly valid, therefore,
— must always be bigger thar-. Terms that cause— to grow too large too quickly, and
therefore which could threaten this uniformity, are calledalar terms Terms containing the
natural frequency of the homogenous system are resonant and so when they appear in the
exponents of the complex frequencies their sum must be zero in order to ensure that a valid
perturbation expansion is maintained. Inghtase, the natural frequency of the homogeneous

system is equal to one, thereforeerms containing Q h  are removed and set to zero. We
h

note that at each level of perturbation the method requires tisgtcularterms are routinely
processed offine in order to obtain information about amplitude and phase at that level of

perturbation.

There are some terms in equati¢h?) that can be resonant depending on the valuedgfwhich

is used here to represent the external excitation frequency. il set to the numerical value of

N
E
S
|
= Ne)

o o~ . R . . : .
[ q - h and its complex conjuge are then considered
h zh

z

to besecular

Asaresults the principal parametric resonana®nditionis shown in equatior(13). Thenear
resonancecondition is accommodat when a system is excited near to a resonance condition
such as this. To formulate the neaasonance condition (fL4), the detuning parameter (which

offers a smallatitude around the resonant point) is add to equatifit8) as shown.
A (13)

h h h (14)

Nearresonance case

For determininghe nearresonance solution, equatiofi4) must be substituted intdirst order
perturbation equation(12). In a standard multiple scale analysis, all ##esilon€are equal and
therefore, whenever it is required) K &psildhgxan be replaced with the definith of the
perturbation parametergquation(15). However, according to the SEEM concept,‘dpsilon€
in an analysis are not necessarily equal and they must not cancélleage two statements lead

to an interesting observation, whidgh summarised below:



3.4Paraméric excitation of a pendulum 33

hA

By considering ‘Q *h h and then applying th@earresonance condition clearly
zh
leads to ‘Q :h h hoh A In order to guarantee a valid solution; must be
zh h
equalto Y] Y, resulting in 'Q *h h h h . This providegvidenceto showthat

zfy

the small parameter in the detuning parameter-( ) must be equato the perturbation
h

expansion (- ), so it can remove the explicit presence’¥fin the index of the exponential
h

function.

Thisleads toa noteworthy observationthat even in the standard multiple scales methib
Wpsilongshouldnot really beconsideredo be identicalandit is shavn that byusing the SEEM
OF NBFdzZ te& Ay (GKA&A ¢l & RAAGAYOlA2ya o0SGoSSy U
be retained when it is useful to do so, but not at other times.

N

R (15)
The first order perturbation equation for the nesgsonant case is provided in equatifd®). As
the analysis progresses the encoding information in each term becomoes diverse. In the
initial stages of the analysis most of the terms had almost the same origin and order. In a
standard multiple scales method, without applying the SEEM, it is virtually impossible for the
user to identify the source of each quantifipr example those quantities within'Q

which appears in equatiofil6). Applying the SEEM method has restructured that term to

0%« o:

Q m h h h . 0 is the complex amplitude of thezeroth-order
h rh
perturbation part of the response and it is shown in this form in equa@nThell within the
encodings ofQand "Qare showing that the index is simplified for the second time. The

summation of ¢ Y p “Y in the index shows how the external excitation relates to the
h h

homogeneous natural frequency. Without the SEEM method this suiomwas simply equal
to 3, a nondimensionalised frequency in the form of a numerical number without any particular

physical definition.



34 3.4 Parametric excitation of a pendulum
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The next step is to select thgecularterms from equation (16) and define the solvability
conditions. This is done by taking out the terms containfdg out and setting them to zero,
leading to thesolvability condition as given in equatioffl7). Having secular tersin the
equation makes the first order perturbation grow to quickly and make pleeturbation

expansion invalid as-| —.
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The SEEM has made it simple for the user to detect the changes from the last stage quickly. The
Acharacter in the acoding index of the last term shows that this term has been simplified for
the third time, by dividing the whole term i . Also,there are three different numbe2s in

this equation; ¢ relates to the external excitation frequency¢ is the nondimensionalised
hh h
principal parametric resonance frequency, and relates to the nondimensionalised system
h

natural frequency.

In this initial proposal for the SEEM most cancellations and simplifications must be avoided. In
order to follow this requirement dividing the LHSeguation(17) by ‘Q obviously results in a

very complex equation forr(8.10). However, in cases where the encodings are exactly the same
in divisor terms it is then advantagesto perform the cancellation and simplify the expression,

as nothing is necessarily lost.
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Removing the secular terms and their complex coajag yieldsequation(18).
A o
o — — — T 0 Q n Ak
A R A " R RAR R
A
L I o I
" h hARR A
A
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The particular solution for this first order perturbation equation is giveeguation (19). As—

is expressed explicitly in this equation, the third encoding element is added into the encoding
vector for each quantity.
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0 "Y is expressed in the polar form in equati(20), ©"Y ande "Y are the amplitude and the
phase, respectively. As all the quantities are introduced in this equation, and the first level of

the SEEM is applied. By that means the equation number and the order of the small parameter
WS LJA A £ 2 yhd thi eéncotling) RSt

5y P oovaA (20)

Thenequation (20) is substituted into the solvability conditioid7) and multipliedby Q

h
resultingin:
¢ - ¢ - ° -
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By considering the large amount of encoding information that is generated in the exponential

term Q & h h h h R it can now been seen that this term is credt
zZh

from equations(9), (13),(14), (20), and(21). Also, theZ symbol within the encodings of the

exponential term shows that this term has been simplified for the fourth time.

Modulation equations
To obtain the modulation equations, thmaginaryandrealparts ofequation(21) are separated
out and set to zerotesultingin equations (22) and (23). There is no evidence efjuations(22)

and (23) within the encodingsas no particular modification has besradeat this stage

¢ - ¢ -
L ioav By v
B ﬁ h h B ﬁ h h
LI Erﬂ Y i Q¢ Y , Y 7Y (22)
- 66 i ﬁ ﬁ h
h hh h
¢ oY T
hooh
0 - -
—Ch%r|v —“g Sgo@Y dEig Y, Y
L K RR R P b h h
P (23)
Y cC Y Q Q ——QOY O 7Y
f ok R oS LR R

So that it is possible to identify the stationary response of the system it is essential to be able to
find conditions for which the amplitudes and the phases are constant with time. The notation

of singular points is related to autonomous systems, therefo as a new vaable is introduced

to eliminate”Y. The encodings clearly address each quantity to its source. The third digit of
encoding is added at this point to the encoding vector of quantities with just a second level of

encoding.
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The autonomous pair of modulation equatioizsobtained by substitutingequation (24) into
equations(22) and (23), resultingin:

¢ - ¢ -
L Loay Ly ey
R bR R b B
- (25)
LI n Y i QF L1
S S h i
i hh h
0 - -
_ch ey = ¢ coavoed
PR D R 5 RE . h h h
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0 L ftgy A° " on
P oG T R N N
h h hh hh
Furthermore, the multiplicationin  "Q ‘Q is avoided as the encodings information are not
h h

similar.

The singular points can be calculated by stipulating the conditions@iat”y O] Y
1, physically meaning that and| are not dependent oriY, and therefore virtually static.

Applying these conditions to the modulation equations and dividing the LHS of the equation by
| “Y,yields:

C - -
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hop D T h
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ey AR Py Ger
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By considering equations (28) and (29) it is possible to note that most of the quantities would
have been cancelled or multiplied out in a standard multiple scales analysis. Also, there is no
evidence of equations (28) and (29) appearing here as no newitjuaas been added at this

point.

There are two equations and two unknownsusingequations (28) and (29). Therefore, it is
possible to calculate the explicit value of the amplitudeY ) and autonomousform of phase
(¢ "Y). The first possibilitysi®”Y 1 which means the pendulum is at rest. The second

possibility is determined by solvimgjuations(27) and(28), resulingin:

5
” c c -
hh hh hh hh
s ¢ I -
hh hh hh hh
(29)
S ¢ ¢ 1 1 - - T 1 - -
hh hh hh hR RA hh hh hh Rh ) hh hh
s ¢ I -
hh hh hA hh
r (30)
h
C
h h
CV'TV
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"o q - "
: h h-h r (:l’) "y 0 o) hch h-h hch
B B hh hh hh Rk Bk B B

The encoding information generated by SEEM is critical in these equations because it shows how

the amplitude and phase of the response is connected to the physical source.

The next stepn the analysis is to construt¢he nearresonarte solution The zerothrorder

perturbation solution based o "Y ande "Y are given as follow:
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oY Q@ ° L
h

31
Q  Nh Fh 3D
h

This equatin is structured from equations (9) and (20), and the third encoding digit is added at
this stage. The compound level is used in this equation as well. The trigonometrical form of
equation(31) is defined as:

h

— QY ¢ g Y .Y
ﬁ h (32)

It is possible to notice that the encodings of the terms are not affected by this action. Then

equation(24) is substituted inta32), resulting in:

C
h

q q q q (33)
h

Theinteractions between the first natural frequency of the system, the principal parametric
resonance and the solvability conditioan be seen her@he detuning parameter is defines

based on equatioiil4):

N G
hh hh
HF] t ] i ) (34)
h R h f
Thenthe definitiors of fast time,”Y 1, and slow time;Y - thand equation (34)are all

h

substituted intoequation (33). As mentioned before - must be equal to - . Thezeroth

h h

order perturbation solution now emerges in the following form:
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(35)

¢
pmy

It is possible taliscusshe SEEM information in the argument of the trigonometric funcasn

follows;
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9 The first naural frequency of the system %ﬁ% ) is eliminated by the principal

parametric response and the solvability conditior—"—,
R

1 Inthe second ternthe nondimensional frequencieg; ¢ are mutually eliminated
h h
and only the ¢ generated by the solvability condition remains.
h

1 Without this SEEMjenerated information the effect of the principal parametric

resonance on this equation is not apparenthaligh it is shown here to exist.

The solution of the first order perturbation is given basediofY ande "Y :

L PoOTY QR AR FR
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. N | hh h h
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h h h
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The encoding information generated in this equation is essential for identifying the sources of

the various elements, however they make the equation appear very complerdnd

Equation(37) is the trigopnometrial form of the first order perturbationsolution Then the

definitions for the fast time,”Y t, and theslow time,”Y - thand equation (34) areall

h

substituted into equation (37)o lead to equation (38)
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Again the interactions between the natural frequende principal parametric resonance and

the solvability conditions arelearlyvisible in this equation.

At the last stage of the analysibtie solutiors of the both zeroth and first order perturbation

equationsare substituted into the perturbation expansi@guation, resultingin equation (39)

Considering the encodings information,-

in the denominator of the second term can be
hh

cancelled with -

, giventhat the first two encoding digits are the same.
R



44 3.4 Parametric excitation of a pendulum

C
iR Y BED g oy P ¢ tor
R G ¢ A f h A R
h h
B cﬂ % oY Ai 6o t
R i f hh h hh h
hh ¢ G G S ot T (39)
¢ ho ok hh R A
h
- v_v Cv
A hh i [ p P Ai O ¢ 0 h
I N AR A <
s Fh R Fooh i
G G d r
h hh C _‘_ 5 hh T h
h h h h
O -

It is possible tdhighlight the percatage of contribution oflifferent equations in the solution
procedure in symbolicallystructuring the final respons&hiscan be done by tracking tHest

digit of the SEENbr each encoding vectdn the final respons@and compatre it to the overall
number ofencoding vectors for the equatio@verall45 encoding vectorior equation (39are
defined, and the percentage of contribution for each equation comgaoethe overall is given

in Table3-2. In this table, the first column describes the equation detail, the second column is
the number of encoding vectors that are sourced to the relevant equation, and the last column
shows the percentage of contributiorf that specific equation number the final response. For
example considering the first row of the table, there are 6 quantities out of 45 that are

addressed to equation (1according to the first digit of the SEEM encodifge contribution of

equationof motion (1) in structuringhe final response is roughy3%(— p 1)1t
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Table3-2 The percentage of contribution of each equation for the final solution

Equations details Total number of Percentage of
guantities contribution

Equation of Motion (1) 6 13

Perturbation expansion (2) 4 9
Solution of thezeroth-order perturbation

equation (9) > t

Principle parametric resonance (13) 8 18

Near resonance condition (14) 4 9
Solution for the first ordeperturbation

equation (19) ? :

Polar from of the complex amplitude A (2 5 11

Solvability condition (21) 8 18

Autonomous form of phase (24) 3 7

3.5 Summary

In thischapter,the general concept of SCD solvers is introduced. SCD solvers currently consist
of two main parts; a core solver and a tetracker. In this studysymbolic computational code

for the multiple scales methof¥], with many modifications, is used to create the core solver.
The SEEM is defined and introduced practically as a newttacking method and a summary

of the underlying encoding strategy of the SEEM is geainTable3-1.

The SEEM produces encoding information when a quantity is introduced to the analysis for the

first time and also tracks how the information evolves during the solution procedure.

For demonstrating and highlighting the distinctions of the SFEiEN appled in full to the
dynamic problem of a parametrically excited pendulum. The equation of motion for this
problem is derived and the assumptions that are made in both the physical modelling and the

solution procedure are highlighted. The results of this wsialare listed as follows:

1 The SEEM has created wadble information in each stagef the analysis, and the
information can be used to identify the sources of each term and make a connection

back to the physical conceptualisation of the problem.

1 There isa tradeoff between flexibility and user interaction in the construction and

operation of SCD solvers of this nature.
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3.5Summary

The meaning of the encoding information is directly dependent on the solution
procedure, and the way it is introduced mathematically. Efere, all SEEM
information must always be presented in close association with the chosen solution

procedure.

In the early stages of the analysis the encoding information for all the quantities within
an equation is reasonably similar in form and contedbwever, as the problem

develops the SEElENnerated encoding information becomes much more complex.

The cancellation of parameters within the solution procedure that would naturally
follow an efficient and elegant algebraic process is deliberately avaudiih a SEEM

approach; unless both the quantity and the two first encodings digits are identical.

¢CKS avYlFff LI NIYSGSN wSLIAAT 2 ysoidhe andlysis dol NB

not necessarily have the same numerical value. The exceptidnigdst - , - hand
h h

- which have different encoding information, but the same numerical value. This is
h

because they are all sourced back to the perturbation expansion.

To ensure a uniformly valid perturbation expansion, the in the detuningparameter
h

must be numerically equal to- .

h
Applying the SEEM to many of the numbers that emerge within the perturbation
analysis helps to relate the physical concept to the mathematical equations. One
example of this is highlighted in equation (16), exd the principal parametric
resonance and the first natural frequency of the system are seen to influence each

other.

Ay idNRR



Chapter 4 Computerisation of the
Source Evolution and

EncodingMethod

The general concept underpinning the Source Evolution and Encoding method (SEEM) is
thoroughlydiscussed in the previous chapter. This chapter discusses the proaessetdping
effective algorithms which can be used to computerise the SEEM concept. These algorithms are
compatible with the structure of the associated Symbolic Computational Dynamics (SCD) solver.
Flexibility and user control are two main guiding prinespin the development of the SCD

solvers; therefore in this studgreat effort has been expended in satisfying these requirements.

4.1 The core solver

The perturbation method of multiple scales has been the preferred choice of solution used in
this researchgnainly because of its adaptability, transparency, and logical algorithmic structure.
The core solver of the SCD in this study is based on a modified version of the multiple scales
code as developed biforehand and Cartmell [7]n this research the powerful symbolic
programming interface provided by tHdathematicalanguage is used in depth but it should

also be noted that it woul potentially be perfectly possible to programme the algorithms in

another symbolic computational language, as may be required.

4.2 The general procedure for encoding application

The policy of the SEEM is to collect information about the fundamental quaniitiesch
equation therefore the encoding algorithm must be capable of decomposing each equation into
expressions, terms, stierms, down to the fundamental individual quantities inside each-sub
term. A schematic view of this process, as applied to the eguaf motion of a parametrically
excited pendulum, is shown Figure4-1. In this figure the encoding algorithm must be able to

identify the different function tpes, to decompose the stierms accurately. For example, the
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trigonometrial functionA T ®"Y is decomposed td ; whilst the power function ob is

decomposed down to and 2.

6 +2¢B 0 + Bey03 = eqw?Bcos (wTy)

6+ 2¢pB 6 + ey B eqw?fcos (wTy)

fey6?

2¢( 0 “

Figure4-1 A graphicalrepresentation of he decomposition processf an equationinto the
fundamental quantities

After the decomposition process has been completed the encoding information (constituting
the encoding vectors) must be added into the equation structure. ConsgiEigure4-2, the
encoding information for each quantity is added in the form of a multipdier,As the encoding
information for each fundamental quantity is iguie, the index is used to define a single piece
of encoding information which is represented for each quantity. Afterwards both the quantity
and its encoding information are combined as an encodedteth. Then, the encoded sub
terms are joined together to create enced terms. Encoded terms are merged to give
structured encoded expressions, and finally the encoded expressions are combined to create

the encoded equation.
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|
4

OX1+2X2eX3BX4 6X5 + OX6eX7yX863 = eX11gX12w2X13X146X15c0s (wT,) |

Figure4-2 A graphical representation of theombination process; encoded quantities into the

encoded equation
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When taking the SEEM methodology into consideration the encoding information must be
defined and updated at each step of the solution procedure. Therefore all the equations in the
SCD solwemust go through both the decomposition and combination process at least once. As

the results of this these processes can then be combined téoren as a new concept, which for

02y @SYyASyOS Aa OFft S HFigued-XBNI{LI0AO0 | Syt B2 R\MIS/LINDRES
SyO2RAYy3 0&0ftSQ Ay Sy adSLas G6kKSasS aisSLa oS

Step-1: Theinput equation from the core solvelis decomposedhto two expressios; the left-
hand side (LHS) amigjht-handside (RHS).

Step2: Theexpressions are decomposeéato terms.
Step3: The terms are disintegrated down smbterms.
Step4: The subtermsare then decomposed intthe original quantities.

Step5: The encoding vector for each quantity is defined or updated, and it is multiplied by the

fundamental quantity.

Step6: The encoded quantities are combined to structure the encodedtetrs.
Step7: The encoded suterms are multiplied together tédorm the encoded full terms.
Step8: The encoded terms are added together to form encoded expressions.

Step9: The encoded expressions are combined together appropriately to form an encoded

equation.

Step10: The encoded equation is sent to the solutioropedure, which might be rencoded

later, dependent on what is needed functionally.
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Stepl( Equations Stepl
fgfgﬁfﬁ Expressions
Step9 Step2
esgfgsds?gn ) Terms
— , The SEEM encoding -
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Encoded sub
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Figure4-3 A graphicalrepresentation of%* 1 KS { 99a Sy.02RAy3a 0e&0f SQ

4.2.1 Computerisation of the encoding vector

There are several principal challenges in computerisation of the SEEM, namely storing the
encoding information in the equationrsicture in such a way that it does not have any influence

on the mathematical solution procedures. Also, depending on the SEEM level, the encoding
vectors should have the provision for variable len@B.8). Furthermore the encoding function
must be sophisticated enough to distinguish betweéffiedent function types (842 Despite

the fact that encoding an unencoded equation can be achieved quite readily, ngddue
encoding information for previously encoded quantities can be a rather more demanding

process.

In order to be able to identify the SEE#®Iated information from the actual mathematical

structure of the equation, a special format is required. In khethematicalanguage everything

is an expression of one form or another, and different type of expressions can be identified by

their Head for example, theHeadof the number 2 in theMathematicalanguageis given by

Integer. As well as the buiih MathematicaHeads (expression types) it possible to define a new

class ofHeadto store and identify the SEEM information. the results a new class offiead

VI YSR 0OKI a 06SSy RETKSRT KSINSONBIALF GAZ2Y T2 NJ
Casequently the Computerised Encoding Vector (CEV) in the format of

NE VORQE MOMEE R £ is created; ¢ £ B i are the SEEMencoding
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elements(Table3-1), and’QQ'Q ¢ ‘®&@ dsédeéfined in the next paragraph. To eliminate any
possible interaction between the CEVs with the solution procedure, all elements inside the CEVs

must be in either the string or number forma

Theidentity factoris a string form of the input quantity and this element is introduced to assist
the algorithm in identifying the correcCEVfor a selected quantity. For example when
considering an arbitrary encoded statement suclidak) the encoding information is converted

to a CEV format in stateme(®.2). During the mathematical procedure, the presentation of this
statement can be altered into stateme(#.3). In this situation it is impossible ftine encoding
algorithm to classify the correct encoding information for a selected quantity. As there is no
indication of the input quantity inside the corresponding CEV, so the algorithm cannot identify
the correct encoding information for a given inpgiantity. As the resultsin statement(4.4)

the identity factoris added as the firstelement in theCEV This makes it possible for the
algorithm to select the coect CEV for each quantity. Note that fine unavailable encoding
digits @ @is used, thisisah 6 6 NS A (A 2y Frhdidentity faciorisladdgticey 6 S NI
the first element of the CEV, to keep the CEV flexible. Therefore, the CEV can be extended from

the other side to store morenformation if this is required.

AR A

c - 1 & (4.1)

cQi U ohdp frt G& - Q& VR Gde o¢ 0
1 Q& oplpikE odet & Q& piphk odee oa (4-2)

G- 1 Q& 0 Ghdp et GeEQE L ekt ddE GeEQE L b Gdet Ga

Q¢ U ebe: Gdet G (4-3)

¢- 1 & Qécvligbe: Gde: G L Epiphe: ddE e
(4.4)

Q¢ 0 QT fet GEQe U Qdpphe Odet o

4.3 Theencoding algorithms

Two main functions are developed as a basis for computerising the SEEMdeking method.
These are defined b§EEMencodeand SEEMcoreThe SEEMencodes a usefend function
which formats both the input and the output of th8EEMcordunction. Moreover, the

SEEMcorapplies the SEEM cycle to the input equation and mastgeCEVs.
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4.3.1 TheSEEMencoddunction

ConsideringAlgorithm 4-1, the inputs of this function are defined a%) , andQwhere,0s the
input equation numberi is the relevant side of the equation; so thelSof the input equation

is represented by 1, anBHSof the input equation is identified by. Finally,Qis the actual
source of the equation, an@and’@re unique for most case$o demonstrate how these input
values are definedequation (10) in the analysis of the parametric excitation of a pendulum
(83.4)is considered. fle user cardecide to introduce a new equation for the polar form of the
harmonic excitéion introduced in equation (1). In this case the actual equation nhumber that

needs to be encoded is 1@( p 1 while the true source of this equatias equation(1), (Q

P).

Al ©Y ‘Q hh  hhk 'Q Rk Rh (10)
hh hh

2l el

¢
¢

The"YO'OD Q& dfénelien disables the differentiation operators and passes both the LHS
(Lines 2 to 15) and the RHS (lines 15 to 30) of the equation t8EEVIcoréunction. Then it
takes the encoded expression as the output of B fEMcorand activates the differentiation

operators. Finally the encoded equation is structured and then sent back to the core solver.
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Algorithm 4-1 The"YO'O0 Q¢ cféan@tidn algorithm

1: Function SEEMencoder[j,s,k ]

2 if j==LHS,

3 if LHS == Function,

4 if  Function == expression,

5: Deactivate the function , out < - SEEMcore|[ expression,i,j,k ]
6 else

7 SEEMcore[ term,j,s,k ]

8 end

9 else

10: if LHS == expression,

11: out < - SEEMcore[ expression,j,s,k ]

12: else

13: out < - SEEMcore[ term,j,s,k ]

14: end

15: end

16: else

17: if j==RHS,

18: if LHS == Function,

19: Deactivate the function ,out <- SEEMcore[ expression,j,s,k ]
20: else

21: out < - SEEMcore[ expression,j,s,k ]
22: end

23: else

24: if LHS == expression,

25: out < - SEEMcore[ expression,j,s,k ]
26: else

27: out < - SEEMcore[ term,j,s,k ]

28: end

29: end

30: end

31: Restore the differentiation operators in the output
32: endFunction

4.3.2 TheSEEMcoréunction

TheSEEMcoris the main algorithm for defining or updating encoding information. This function
has a complex structure; therefore it is explained in 14 separate algorithms. In the actual code
these algorithms are all included in the main body of 8&EMcoréunction. AsAlgorithm 42
shows, he inputs of this function arein expression (LHS or RHS of the input equafi@n);Q,
where (s the input equationj is therelevant side of the equation, anglis the actual source

of the equation.

This function gtracts information from the input expression in several stages. At the first stage
all relevant information from the input expression is extracted. The CEVs for each side of the
equation are then stored separately (lines 2 and 3). In the next step the Y¥ar the fourth

digit of the CEV is defined (lines 4 to 10). When considering the SEEM second encoding level
the equation number of an explicit form equation is added to all the CEVs in that equation.
Consequently line 4 is used to check if the &ipn is defined in an explicit form or not; this
means whether a single quantity appears on the LHS and there are no differentiation operators
on either side of the equatiorAlthough this condition isot necessarily mean that must be

updated. ©nsicering line 5, if the input equation number is equal to the source equation
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number(Q Q, adding a third digit of encoding would be meaningless; as the encoding vectors
would be of this form (40, 0, 40). If in an explicit equation the source and the equation
number are dissimilar@ Q, then¢ is set to the input equation numbei{ otherwise, it is

set to an empty cell, shown ¢ &

The CEVs are stored in the equation structure as multipliers; therefore having a numerical zero
on eitherside of the equation can lead to information loss. Therefore the zero from the relevant
side of the equation is temporarily removed (line 13). Afterwards all the CEVs from both sides

of the equation are extracted and stored (line 14).

Following on fromliis, the input expression is decomposed into its fundamental terms, and the

CEVs for each term are extracted and stored in the Q'Q adirectdry. Then the actual

symbolic form of the term, without the encodings, is saved inthe directory.Table4-1 shows

the indextrmandtrm directories, for an arbitrary term. After separating the terms and CEVs, the

¢ digit of the SEEM, this being the order of theksinf  LJ- N} YSG SNJ WSLIAAf 2y QX A& F
information that is generated in this stage is able to be reset for each term, and so nothing will

actually be stored in th&EEMcoré&unction.

Table4-1 An example ofthe indextrmand trm for an arbitrary term

Inbut term G- T & Qévlgihet ddet OeQ ¢ U @ipiphet ddet Oa
P Q¢ 0 QT e GEQE 0 @ dpiphe Gde (e
indextrm ¢ Itprpl"c;z V(%drf‘ oocf_h (;:tetpvrpmg WAEE (OeEN

Hhuiip 1y | 1 rpiply” [y Y
trm ¢- T a

In the next step each term is decomposed down to its fundamentaitaurhs. Extracting the
fundamental quantities from each sttbrm is not a straightforward task. Each sigéibm must

be categorised in one of the 14 defined algorithms, note all these #igosiare placed inside
the mainSEEMcor&unction. After applying or updating the CEV for each fundamental quantity
all the CEVs are multiplied by the correspondinig,@and all thed i @06 ‘O aére added together

to constitute the output (this beinghe encoded expression).
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Algorithm 4-2 The SEEMcoralgorithm.

1: Function SEEMcore[ expression,j,s,k ]

2: lhs< - remove encodings of LHS egn( i)
3: rhs <- remove encodings of RHS eqn( i)
4: if eqn( j ) == explicit,

5. if j =k,

6: fourthDig< - "pan"

7. else

8 fourthDig < -

9: end

10: else

11: fourthDig < - "pan"

12: end

13: Remove number zero from the RHS;

14: indextotal <- Extract all the encodings from both side of eqn(j);
15: for each term in the input express ion
16: indextrm <- exraxt encodings for the term
17: trm <- remove encodings from the original terms
18: thirdDig <- epsilon oder

19: for each sub - term,

20: if subterm == Power function,

21: Check PowerFunction;

22: else

23: if subterm == Complex function,

24: Check ComplexFunction;

25: else

26: if subterm == none zero integer,

27: check InetegerFunction;

28: else

29: if subterm == Rational function,
30: check RationalFunction;

31: else

32: if subterm == differentiation function,
33: check DiffFunction;

34: else

35: if subterm == Trigonometric function,
36: check TrigFunction;

37: else

38: if subterm == Complex amplitude,
39: check ComAmpFunction;
40: else

41: if subterm == normalised coordinates
42: check NormCoFunction;

43: else
44 check GeneralFunction;

45: end

46: end

47: end

48: end

49: end

50: end

51: end

52: end

53: end

54: end

55: endFunction

Power functions
Subterms in the form of power functions are decomposed into the base and ipdes, and
then each part is encoded independently. In this algorithm power functions are categorised into

the following groups:
1 Exponential functions; the index is in a summation forshgorithm4-3.

1 Where the base contains differentiatiaperators, Algorithm4-4.
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9 The basdsin either a summation or multiplicatioform, and the index is an integer

Algorithm4-5.
1 The indexs a negative integeAppendix: algorithri.
1 Exponentialthe index is in multiplication fropAppendix: algorithn®.
1 The base isither a summation oa multiplication, Appendix: algorithn3.
1 The base is a derivative of the dependent variaBlgpendix: algorithna.
Exponential function where the index is structured in the form of a summation
a) Where the sulierm has been encoded before and is not modified in the solver.

This is a very important category because the compound level of the SEEM is applied at thi
stage. Initially consideringlgorithm4-4, here at first both the imaginary and real parts of the
index are separated and stored (lines: 2 and 3). Line 4 checks if thersulhas been encoded
before and this is done by checking tleeponential identity factolin the indextrm The
exponential identity factoris only defined for this term category; where the complete
exponential subterm is stored in a strinfporm in the term structure,
QLo o OdE OdE O& (line 21). If theexponential identity factoexists in the
Q¢ Q'Q athiisi neans that the suberm has been encoded before and its structure remains
unchanged. The relevant CEVs are selected fronntlextrm and after updating the third digit
of encoding this is sted in the term structure (line 5). However if tagponential identity factor

is not available in th&Q¢ 'Q'Q oflineé &)this means either that the suterm has recently been

created or that the sulterm has been modified and so the CEVs mustmated.
b) Thesubterm is recently created

The compound level of the SEEM tetracking method is applied between lines 8 to 20 of
Algorithm4-3. The algorithm usesno criteria to decide whether the exponential stdrm has
been encoded before, or not. The first condition is defined such that there must be no
exponential identity factom the ' Q¢ 'Q 'Q wThe fecond condition is given by the requirement
that there must be no CEV with a string form quantity as its second digit imdestrm line 8.

The reason for having the second condition is that in the SEEMttagking method the first
element of the encoding vector uses a syntax that is stored in swwimg ih a CEV. Asable4-2

shows, the first element in the encoding vector is the same the second digit of the CEV due to
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the presence of the identity factor as the first digit. Therefore, If the second condition is true, a
10. Otherwise, the encoding information muse lupdated, line 11. Unlike for other encoding
levels in the compound level the input equation sourcgisot Q The reason for this is that the
compound level only shows the stages of the analysis where the exponential quantities are
subsumed, not thectual source of each quantity. The actual sources can be identified from the
CEVs in the index.

Table4-2 The Source and Evolution Encoding vector format is compared to the computerised

encoding vector.

Encoding vector ¢ VOB kR

Computerised encoding vect(CEV) N: VOO0 VM bHeH R

c) Special conditions

If the compound level has been defined before and the structure of thaesurb is altered then

the exponential identity factois not the same as the sttbrm. In this situation the CEV must

be updated and the algorithm must identify the CEVs that aratedlto the latest step of the
compound level. To do this the algorithm has been provided with the list of syntaxes that have
been used in the compound level in the order of their appearance; * is the first, then #, etc. The
algorithm searches for a CEMwa string form as the second digit and matches the second digit
with any of the available syntaxes in the list. In the case where none of the syntaxes in the list

match the string from the object, line 15, the first level of compound encoding is inteabuc

Both lines 10 and 15 define the compound level for the first time, however there is a key
difference between them. Taking the conditions in part (b) into consideration, the first condition
is that there is n@xponential identity factqrwhile the secod condition is that there must be

no CEV with a string form quantity as the second digit. In somecassionst may be possible

for a CEV to have a string form quantity as the second digit and which is atdréd the
compound level. As theesultif a subterm fails the conditions in part (b), the second condition

is again checked in part (c).
d) The compound level is updated

If a subterm fails all the conditions in both parts (b) and (c), then the compound level must be
updated. The algorithm firglthe matching syntax in the list, then takes the next syntax as the

second digit of the CEV. For example, if the string form syntax is #, then the algorithm finds the
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position of # in the list ( [*, # ,$ ,£ ,**]), and takes the next syntax, which is&c@mpound
encoding level is either defined or updated by this section, and finallgtpenential identity

factor for this subterm is added, line 21.
e) Encoding thargumentin the index

In considering a suterm of the form ofQ so far only theCEVdor Qand "Care encoded
Consequently the argument of the inde® @ must then beencodedand this is not a
straightforward task. In order to illustrate the difficulty of automatically updating the encoding

information a generabverview is provided below:

Considering that every equation created within the solver is also passed to thetri@cker
function then the encoded equation is extracted from the tetmacker and passed to the core
solver. From that point onwards the encatlequation possibly goes through further complex
mathematical procedures that only affect the actual quantities, notithentity factorswithin

the CEVs. Therefore the information provided in ttientity factoris always one step behind
the actual quanty itself. The encoding algorithm must know what has happened in the solver
in order to identify the previous state of the quantity in tmelextrm A series of significant and
carefully chosen conditions are defined so that 8 eEMcoréunction can succesfully identify

the state of an input quantity, as follows:
1 A new gquantity that has not been yet encoded.

1 A quantity that has been encoded and it is repeating, with no changes witlideitsty

factor.

1 A quantity that has been encoded before and has also been modified during the solution

procedure, so thédentity factordoes not exactly match the input quantity

It is easily possible for the algorithm to assign a new CEV for a modified quantity thmedras
encoded before, as thédentity factors for both conditions do not exist in thendextrm

Quantities can change form within different mathematical procedures, such as in cases where:
9 Differential equations are solved; i.e. finding solutions of theybation equations
1 Changing an equation structure from trigopnometrical form to polar form, and vice versa

91 Defining a new definition for a single quantity and substituting it in to the equation; i.e.

the polar form of the complex amplitud®
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This issueas graphically explained figure4-4, where every equation defined in the solution
procedure is passed to the termacker, and after being encoded it is passeth®solver. Here,

a mathematical procedure has been applied to the encoded equation resulting in a new
equation. Then the new equation is passed to the taratker. The terrtracker has no idea
what has happened to the equation because it works indepetiger the solution procedure.

It only has knowledge of the previously defined CEVs with a mixture of old and newly defined
guantities to encode. The only information that the tetracker gets is a list of the CEVs which
are all one step behind the matheatical operations of the solver. The tesimacker uses this
information and evaluates the mathematical procedure and hence updates the quantities

accordingly.

Solution procedure Term-tracker

Equation is defined P Input equation

|

An encoded equation <

!

Mathematical procedure

!

New structured equation

Waiting for the input <=

Figure4-4 The encoded information is always one step behind the solution procedure

Depending on the function types the algorithm makes a series of estimates to find the previous
state of the input quantity in thendextrm Almost the same procedure is used for lefienction

type but the criteria that theédentity factorselects are different.

Considering line 25, if the argument of the exponential function is in a summation dornuy,
each fundamental quantity§andc in the index must be encoded separatefpr this category,
the algorithm assumes that last state®andcowasQ and’Q , respectively. Therefore, in line

26 this form is recreated, and it is savedNiewVardirectory; [, ¢ °© [Q ,Q ].

Afterwards the algorithm must findhe identity factorin the Q¢ 'QQ adiractary for each
qguantity. In order to do this a series of conditions are created, starting from the highly possible

ones to those that are less likely; these conditionslistedin Table4-3. If none of these options
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is available in th&Q¢ 'Q'Q pthen this quantity is considered to be an unencoded quantity and
the first level of encoding is applied, line 3herwise the CEV is updated and the outdated

version of thedentity factoris replaced with the string form of the quantity.

Table4-3 Criteria that are checked for finding the position of the argumentaof exponential

function.
Condition
number Identity factor actual® quantity

1 Q0 Q
2 RN
3 w% Q
! ©° Q
5 9 00
6 5 0 9g

¢KS adlriSySyida adOK +a aRSTAYS F ySé SyOz2RAYy3I @GSO

several times in th&EEMcoréunction. For the first statement it means that a new CEV must
be defined:Q¢ 0 VHQ ¢ M bEE 1I AR HE OE. Thet Fis either equal td® OGor Q
as has already been explained. It should be noted that the CEV format is different to that of the

CEVs that are defined in the compound level, part (b).
The general procedure needed to updateragefined CEV is summarised in three steps

By considering the process of updating the CEM (U €xxfe & R & ) for the input
guantity ofQ as an exampldit can be noted that the updated encoding digit is shown in a bold

font).

1 If the CEV forth elemer(te ) is equal tod Yy I, theén the CEYourth digit of the SEEM

must be updatedQ ¢ U €Xafe £ R &

f Otherwise the algorithm, checks the fifth element @ 0 2F GKS / 9+, A& Sl dz

and theidentity factoris not the same as the input quantity. In this situatiormust be
updated:Q ¢ U €t R R b

1 Finally, if none of the above conditions are true, the CEV remains unaltered;
Q& 0 @XxE R R

{
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Finally, dithe defined pieces of information in parts (a) to (e) are multiplied by the actual input
subterm and then stored in the equation structure. Going back to the exanle, is
encoded asiQ¢ 0 QfHz AGEE AR OE& Q& 0 o dE OdE OdE Ok O&
Q¢ 0 RP g OdE o0& Qi 0 Bip @i OEE o0&
Algorithm 4-3 Encoding algorithm for the exponential sttbrms that contain a smmation form

in the index

PowerFunction1(Line 20 SEEMcore)
1: if base == E and index == expression

2: im< - imaginary part;

3: arg< - index;

4: if subterm part of indextrm,

5: update encoding vector;

6: else

7 remove exposnetial identity from indextrm;

8: if (subterm 7Zndextrm) and indextrm PXXXIITIR_, String,
9: the subterm has not encoded before

10: eEncode < - envec['subterm”,*i,"nan","nan"]

11: else

12: list < - {FH#S.E)

13: char < - any possible compound level signs;
14: if char == {},

15: eEncode < - envecleNi,*, i, "nan", "nan"];
16: else

17: com < - next character after char in the list;
18: eEncode < - envec[eni,com, i, "nan", "nan"];
19: end

20: end;

21: eEncode < - eEncode*envec[subterm,"nan”, "nan", "nan","nan"];
22: end

23: Remove {_, _String, _, _, _} from the indextrm;

24: for each term in the index:

25: if term == expression

26: NewVar < - e”(each quantity in the expression);
27: for each NewVar

28: pos < - find the position Newvar

29: if pos < - {3

30: Define a new encoding vector

31: else

32: update the previously defined encoding vector

33: end

34: end

35: else

36: pos < - find the position Newvar

37: if pos <- {}

38: Define a new encoding vector

39: else

40: update the previously defined encoding vector

41: end

42: end

43: end

44: end

Power function witha differentiation operator in the base

As mentioned ing4.3.1, the differentiation operator functions are deactivated during the
encoding process. The deactivation is done by replacingHbads of builtin derivative
functions ofD (this being the partial derivative) ariderivativewith dif and diff, respectively.

After the encoding procedure is competed, these functions are updated again.
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Algorithm 4-4 shows the encoding procedure for power function debms, where a

differentiation operator has appeared in the base; for examiféQ"@Q

The argument of the differentiation function is extracted),(line 2. Lines 2 to 8 encode the
argument of the functionThen the actual differentiation operator is encoded in lineso9ly.
Finally the encoding vectors for both the argument and the differentiation operator are

multiplied by the original input suterm, and placed into the equation structure.

Algorithm 4-4 Powerfunction with differentiations operator in the base

PowerFunction2( Line 20 SEEMcore)

1: if there is any differentiation in the base

2. var < - argumnet of the differentiation

3. pos < - find postion of var in the indextrm

4; if pos =={}

5: outl < - define a new encoding vector;

6: else

7: outl < - update the encoding vector;

8: end

9. pos < - find position of the differentiation operator in the indextrm;
10: if pos== {}

11:  out2 < - define a new encoding vect or;
12: else

13: out2 < - update the encoding vector;

14: end

15: outl*out2

16: end

Power function where the base is either a summation or multiplication and the index is an

integer

This form of sullerm can be shown by generic examples suchéas @ or &z @ . As the
SEEMcortunction only deawith the CEVs, then it multiplies the CEVs by the originatesu,
this function is not sensitive to the type of operation beummation or multiplicationAsTable

4-4 shows there is no diffence between the CEVs for both staétms.

Table4-4 An example showing that thEEEMcordunction is independent of the input function

operator.

subterm CEVs Output

Q¢ L oo T OG + 4 Q¢ 0 Qoo i O&
@ & & Q¢ 0 @ipphe OEE O& Q¢ 0 Qipph® OEE O&

Q¢ 0§ dghto & v Q¢ L Qddto @ v
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Q¢ U Qebotmio 88 O& +24 Q& L @domio t& &
@] &zd Q¢ 0 ddpphe OdE Os Q¢ 0 @iplphe OdE O&
Q¢ U Qdghto & v Q¢ L Qddto @ v

Asthe results the base of the input suberm is decomposed into the fundamental quantities
¢fo. Then, each fundamental quantity is encoded and the final version of the expression is

created and the criteria for identifying the identity factor are givef @ble4-5.

Table4-5 Criteria that are checked for finding the position od quantity in the base of a power

function.
Number Identity factor© actual quantity
1 WO @
2 WO @
3 WE QQ Q¢ VMO FROIEQE O & & D i

Algorithm 4-5 Power function where the base is either a summation or multiplication and the

index is an integer

PowerFunction3(Line 20 SEEMcore)
1: if index == Integer and (base == expression or summation)

2: out2 < -1

3: out < - original form of the sub - term;

4: item < - break the subterm into the fundamental quantities;
5: for each item

6: if item == imaginary unit number

7 const < -1

8 else

9 if item == string form

10: convert it to expression;

11: else

12: do nothing

13: end

14: end

15: pos < - position of the item in the indextrm
16: if pos =={},

17: outl < - define a new encoding vector;
18: else

19: outl < - update encoding vector;

20: end

21: out2 < - out2*outl;

22: end

23: out2

24: end

4.3.3 Nonpower function forms
This part of theSEEMcoralgorithm deals with functions that are not in a power form. The
process of encoding the terms is almost the same as has been explained in the previous section.

This section is divided up into the following different functional forms:

1 Complex functionAppendix: algorithn®)
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1 Integers(Appendix: algorithn®)
1 Rational(Appendix: algorithn¥)
9 Differentiation functiors (Appendix: algorithn® and Appendix: algorithn®)
9 Trigonometric functiongAlgorithm4-6).
1 CGomplex amplitude functioa(Appendix: algorithniQ)
9 Other functiongdApperdix: algorithml11)
Trigonometic functions

The process for encoding a trigonometric function is discussed in this section. Considering

Algorithm4-6, at first the argument of the trigonometriaifiction is extracted and stored, line

H® ¢KSY G4KS 2NRSNJI 2F GKS avylrff LI NIYSGSNI WSLIBEAL2Y
is not necessary equal to the order of the corresponding term. Considering equation (1) in

§3.4.2 the order of this term -1 AT & Y is one, however the order of the
R h

trigonometrical argument is zero (given that the frequency of excitation in most practical
problems willnot be definitively small). Afterwards the algorithm checks to see if the argument

is a single quantity or not. For a single quantity the encoding process is done as described
previously. The only difference is that the order of the argument is used dgshkevel of the
SEEM, lines 4 to 10. For an argument that is structured in other forms (a summation or
multiplication), then the argument is decomposed into the fundamental dtias through

several stages.
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Algorithm 4-6 The trigonometric encoding policy

TrigFunction(Line 32 SEEMcore)
1: if subterm == Trig

2: arg < -argument of the trig function without time

3: argorder < - find the order of the argument

4: if arg =1= summation or expression

5: pos < - position arg

6: if pos === {}

7 out < - define a new encoding vector

8. else

9: out < - update the encoding vector

10: end

11: else

12: for each arg

13: var < - remove time elements

14: if var == expression or power function

15: if var == powerfunction

16: NewVar < - list base and index
17: else

18: NewVar < - list var

19: end

20: for each NewVar

21: if NewVar == String

22: convert the string from into expression;

23: pos < -find the position of NewVar in indextrm;
24: else

25: if Ne wVar == Power

26: pos < - find the position in indextrm;
27: else

28: pos < - find the position of in indextrm;
29: end

30: end

31: if pos == {}

32: outl < - define a new encoding vector;
33: else

34: outl < - update the encoding vector;
35: end

36: out < - out*outl,

37: end

38: end

39: if var == complex

40: check complexfunction

41: else

42: if var == ineteger

43:

44: check integerfunction

45: else

46: check RationalFunction

47: end

48: end

49: out= out*outl

50: end

51: end

52: out

53: end

4.3.4 Summary of the encoding function

The SEEM terrracking method is computerised by defining two main functions; the
SEEMencodemd theSEEMcoreAsFigured-5 shows, theSEEMencodeés a usetend function,
and it deactivates the differentiation functions for the input equation and prepares the
expressions to bee input of theSEEMcor&unction. Then th6SEEMcor&inction decomposes

the expressions into the fundamental quantities, after which the CEVs for all the quantities are
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defined or updated and stored in the term structures as multipliers. The encodedsstpnas
then passed to th6EEMencoddunction, and after activating the differentiation operators the

encoded equation is sent to the solver.

RE'EVant
Side
€quatiop, of the

* Actyg| I m
S0urce of e Quantiey &d equatign

eqllation

s ’L,;i;:
} on \ :

Figure4-5 Graphical representation of the relationship beeen the SEEMencodeand the
SEEMcoréunctions.
This function is computationally efficient because the information that is created during the
encoding process is thereafter erased, after the input equation has been passed to the solver.
In otherwords, all the necessary information is stored inside the input equation structure, and

there is no requirement for a separate database.

This is aiimportant analogy, as it creates flexibility for further developments, meaning that it is
possible to define diffrent postprocessing functions to extract encoding information and then
present them in a desired format. In this study several gmstessing functions are developed

for the purposes of displaying, visualising, and term evaluation.

4.4 Displayngthe encodnginformation

TheSEEMencodéunction applies the SEEM teriracking method to the equations during the
solution procedure. The encoded equations are like a row of data, and they must be processed
in order to have a meaningful format for the user. Anmapée of the output of an encoded
equation is provided ifrigure4-6. The analytical solution procedure of a nonlinear problem is
complex in its own right, so adding the encoding information, either above or below the

guantities, only serves to escalate this complexityafesult,a practical method must be used
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to display the encoding information in the SCD solver and this section reviews possible methods

of disgay.

eqn[l] =
ExpandAll|
X''[t] rwP X[E] -
e (foCos[at]+ u (Y'[t]2+Y""[t]+ V[t]) -2 Erw X'[t] +
X'[t]«X"[t] ¥) =©];

SEEMencoder[1, 1, 1]

-fgeCos[t2)] envec[-1, 1, 1, nan, nan]
envec[-1, nan, nan, nan, nan] envec[Cos[tQ], 1, 8, nan, nan]
envec[fg, 1, 1, nan, nan] envec[=, 1, 1, nan, nan] +
w; envec|wi, 1, @, nan, nan| X[t] + 2 £; w; envec (2, 1, 1, nan, nan]
envec[2, nan, nan, nan, nan] envec[Z;, 1, 1, nan, nan]
envec[wi, 1, 1, nan, nan] envec[e, 1, 1, nan, nan] X' [t] -
yeenvec[-1, 1, 1, nan, nan] envec[-1, nan, nan, nan, nan]
envec(v, 1, 1, nan, nan] envec [diff[1] [X] [t]%, 1, 1, nan, nan]
envec[s, 1, 1, nan, nan] X’:t]z—e 1envec[-1, 1, 1, nan, nan]
envec[-1, nan, nan, nan, nan] envec[u, 1, 1, nan, nan]
envec [diff[1][¥][t]%, 1, 1, nan, nan] envec[e, 1, 1, nan, nan] Y [t]% -
X“[t] -euenvec[-1, 1, 1, nan, nan] envec[-1, nan, nan, nan, nan]
envec[u, 1, 1, nan, nan] envec[e, 1, 1, nan, nan] Y[t] Y [t] =@

Figure4-6 The output of theSEEMencodefunction format, for the equation of motion of in

plane response ofhe problem of theautoparametricallyexcited beamsystem

4.4.1 TheTooltipfunction

The Tooltip function is commonly used in different programming languages. It displays extra
information attached to an element, usually activated when a user hovers the mouse pointer
around that element. In th&lathematicalanguage this function is readily defineddalogically

named asTooltip[71]. This functio in general has two inputthe main element and the label.

An application of this function is demonated in Figure4-7. In this example the arbitrary
encoding vectors are assigned taaptities inside an expressiofooltipn lj dzZF Y G A G& X & Sy
vector"]. The output$ displayed like a normal mathematical expression until the user decides

to have more information about a particular quantity. If the user hovers the mouse pointer
around the highlighted areas in the Figure the arbitrary encoding information will be gigbla

below the quantities and then the information disappears as the mouse pointer moves away.
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Tooltip[x*2, "(1,0,12,30)"] »Tooltip[b, " (1,0)"] +
Tooltip[4, " (5,1,15)"] #Tooltip[x, "(1,0,13,34)"]

4x + b x> 4% b x? 4 x +bx> 4x+bx?

Figure4-7 A gaphical demonstration of the application of thEooltipfunction for an arbitrary
encoded expressionthe highlighted area shows the mouse pointer position.

The nain advantage of this method i#, does not make the appearance of the solution

procedure more complex-orehand and Cartmell [dpplied theTooltip function to an SCD

solver to display the SEM tertracking information. The dependency on the specific

computerised environment can be codered as the main downside of this methotihe

information stored in this function only can be displayed using the mouse poimntem printed

only the main element is printed without the label.

4.4.2 Labdedfunction

For documentation purposes it is essential to have the encoding information in a printout
version. One possible option is using the builLabeledunction ofthe Mathematicainterface

The input form of this function is the same as fheoltig comprishg an element and a label.
Unlike the Tooltip all the encoding information is represented underneath each quantity.
Consideringrigure4-8, the label is displayed rddy in the output but this does make the output

visually more complex.

Labeled[x"2, "(1,0,12,30)"] = Labeled[b, " (1,0)"] +
Labeled[4, " (5,1,15)"] Labeled[x, "(1,0,13,34)"]

4 X + b x?
(5,1,15) (1,0,13,34) (1,0) (1,0,12,30)

Figure4-8 A graphical demonstration of the application of theabeledfunction for an arbitrarily

encoded expression

4.4.3 Displayformat options

The advantages of both thEooltip andLabeledfunctions are required on various occasions.
Asthe resultsit is essential for the user to have the flexibility of using either of these methods
in a given situation; perhaps using tfA®oltp function when working in a computerised
environment and the_abeledfunction for documentation purposes. From the programming

point of view it is fairly easy to computerise this idea, as the inputs of these two functions are
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the same, and only théleadsare different. Basically the main displaying ppsbcessing
function can process the quantities and encodings in the required format:
tMORNOATME AU Alherénheadis a neutral head. AFable4-6 shows by selecting a

relevant option it is possible to replacéeadwith either of these buikin functions.

Table4-6 Displayformat option structures

Displaytype number Operation Output
1 nhead® Tooltip Tooltigquantity, encoding]
2 nhead® Labeld Labelediquantity, encoding]

4.4.4 DisplaySEENunction

The DisplaySEENE a usetend function and has been developed to process the encoding
information embedded inequation structures. This function hawo inputs: the equation
number that needs to be displayed and the display type numbeAldarithm4-7 shows the
differentiation operators are disabled and each side of the input equation is passed to the
CoreDisplayefunction. Afterwards thalifferentiation operatorsare activated for the outputs

of CoreDisplayefunction, on each side of the equation.

Algorithm 4-7 The DisplaySEEMunction.

DisplaySeem(i,d]

1:if LHS eqn(i) == function

deactivate the functions and send the LHS to display function
else
send the LHS to display function

: end

:end

Lif RHS eqn(i) == function

deactivate the functions and send the RHS to display function

: else

10: send the LHS to display function

11: end

12: set the encoded the LHS equal to the RHS

CoNOR®ON

4.45 CoreDisplayer

The main processing for displaying the SEEM 4{eacking method is carried out in this
function, Algorithm 4-8. The input of this function is an expression which is processed by the
DisplaySEERInction. The general process of thereDisplyeiunctioncan be compared tthe
SEEMcoreas the expressn structure is decomposed into fundamental quantities and the
encoding information is extracted, layer by layer. The main difference is thadenéity factor

for each quantity always matches the input quantity, because there is no mathematical
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procedue between the output of thé YOUOQ ¢ ¢ ¢ frRiion and input of theDisplaySEEM

function.

The displayer function must extract the relevant pieces of encoding information and assign them
to the actual quantities, without affecting the format of the equation itself. Unlike the encoding
procedure in which the CEVs were independent of the inputtion operator, as discussed in

Table4-4 the operators in the display function are quite important.

To summarise, after the sttierm is decomposed into the fundamental quantities the position

of each quantity in théQ¢ 'Q'Q cisdldcated. If nadentity factoris found it means that there is

no CEV for that quantity, and the algorithm defines an empty encoding vector. Otherwise the
algorithm converts the CEV into the output format. For example, considering the steps that the

algorithm takes to proess the encodings fabin the input subterm of o @
1) The function takes the CEV from tliE 'QQ ¢ idfphio && OG.
2) Then it removes the empty cefs ¢fphto c.
3) After this it removes thédentity factor® plrio c.
4) It then changes the formatting plmo ¢.
5) From there it converts the output into the string foat® ¢ pio ce.
6) The displaying optiod™ @ & &e p h 1 hsceated

7) Finally it replaces the input quantity in the stdsm with the displaying output A%
ot MOWe phnhhog ¢

The same process as listed in steps 1 to 7 above is taken for all the quantities in that term, and
at the last stage theé "M wiQreplaced with the selected display typlee Tooltipor the Lableled
functions It can be noéd thatthe subterms are decomposed in exactly the same order as the

SEEMcor&nction
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Algorithm 4-8 The algorithm foré ¢ i 'QO"Qifupcti®r i

display[expr]

1: for each term

2: indextrm < - extract encoding information from the term structure
3: trm < - removing the encoding information from the term
4: for each subterm

5: if subterm == power function

6: Check powerdisplay

7 else

8 if subterm == Rational

9: check Rationaldisplay

10: else

11: if subterm == differentiation

12: check diffdisplay
13: else

14: check diff2display

15: if subterm == complex

16: check complexdisplay

17: else

18: if subterm == trig
19: check tringdisplay

20: else

21: if subterm == integer

22: check integerdisplay

23: else
24: check other functions

25: end

26: end

27: end

28: end

29: end

30: end

31: end

32: end

33:end

4.5 SymbolicComputational Dynamics solver

The SCD works like a digitateractive notebook in theMathematicainterface This layout
provides an essential level of flexibility for the user so that s/he can apply any assumption or
simplification, where it is requiredt is possible for the user to define a separate equation for
introducing new mathematical concepts and even to add notesample of a SQibtebook is
shown inFigure4-9, this notebook is divided into six main sectioligs possible to open each
section by clicking on the highlighted aréabrief explanation for eaghart of this SCD notebook

is provided in this section.
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|. Defining the term-tracking functions

2. Deriving the equation of motion o

[¥8)

. The non-resonant case o

4. Saving visualisation information (non-resonant case) 4

L

. The resonant case a

6. Saving visualisation information (resonant case) p

Figure4-9 A graphical representation of the Symbolic Computational Dynamoitebook

45.1 Section 1Defining functiors

All the encoding and posprocessing functionsywhich are explained in483 and &.4, are
defined in the first section of the SCEBeeFigure4-10. This provides flexibility for the user to
check the function structure and to modify the conditions, if this is required. As shefane
the detail of the functions can be shown if the usécks on the triangle sign on the righand

side of the menu.

I.1 DEFINING THE "SeemEncode" FUNCTION
1.2 DEFINING THE "DisplaySEEM" FUNCTION
1.3 DEFINING THE “DisplaySEEM™” FUNCTION
|.4 DEFINING THE "visualise" FUNCTION

I.5 DEFINING THE "QuickVis" FUNCTION

1.6 DEFINING THE "EncodeSeem" FUNCTION
|.7 DEFINING THE "DisplaySeem" FUNCTION
1.8 DEFINING THE "encodeTable" FUNCTION

Figure4-10 The encoding and posprocessing functiosa defined at the beginning o& given

Symbolic Computational Dynamic notebook

4.5.2 Section2: Defining the equation of motion

In section 2 of a given SCD noteboblgqre4-9), the procedure that has been carried out to
derive the equatio(s) of motion forthe system is explained and the assumptions are listed. This
part of the SCD is not currently automated and so the user can add in these pieces of information
for documentation purposes. In future it may be possible to build irMb#iFlex.m[9] function

in order to automate the symbolic derivation of teguations of motion.
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4.5.3 Section3: The nonresonart condition

The actual solution procedure starts in section 3 of gheenSCD notebook. The analysis starts
by introducing the symbolic form of equation of motion is defined by the .u$&e input
equationsare defined by usinglaead ofegri], where (s the equation numberAs Figure4-11
indicates, the user defined equation 1 by using the desired symbols. Isshp®to compare

this equation to equation (1) in chapter 3.

eqn[l] =
Expand [EJ' "[t] + 24p €dp Bap & " [T] + (1 - Eax Qex W CoOS[w r]) g[t] +
Ens Tns E[E:|3] ==8

a[t] —wt COS[T W] Qex Eex PLT] # ¥ns Ens ﬁ[t]3+idpﬁdp €gp 8 [T] +67 [T] == 0

Figure4-11 A screenshot from a defined input equation in a Symbolic Computational Dynamics

solver.
¢tKS dzaSNJ RSTAYySa RAFTFSNBYy(d aeévyvYo?dfierefieis 0 KS a
For example, the small parameter that scales the external excitation amplitude is symbolised by
-, while the small parameter that scales the damping té&rsymbolised by . In equation

(1) inchapter 3, all these parameters are shown by fwhich makes idifficult for the user to
h

distinguish between these parameter in later parts of the analysis. These the standard
multiple scales areansidered to be numerically equal, however in reality they invariably have

different physical sources.

Figured-12 is a screesrshot of the SCD solver where the usefter introducing the symbolic

form of the equation of motion, has decided to add some text to help with documentation
purposes. Afterwards the equation is sent to tAREEMencoddunction: noting that the inputs

are [1,1,1]ithe input equation number i4, the user wants to encode the LHS of the equation,

and the actual equation source is the same as the input (1). As discussed previously, the output

of this function requires postINR OS&aaAy 3> a2 A0 A& adzINBaaSR o
to display the equation, so thBisplaySEENunction is used. The first input is the equation
number (1), and the second input is the displaying type, for which in this ca3edtfipmethod

was selected (1). In this figure, the mouse pointer is hoveringrafio , so (1,0) is shown.
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eqn[1] =
Expand[6 "' [T] + 24 €4p Bap © ' [T] + (1 - €cx Qex 0 COS [@ t]) erc] +
€n5¥n56[t]3] ==9;

As equation 1 is a fundamental equation the left hand side is encoded. It is
possible to observe that encoding vectors are assigned to each variable. Also,
the dependent variable 6[t] have not been encoded. The output is suppressed
by using “;”.

EncodeSeem[1, 1, 1];

DisplaySeem[ 1, 1]

¥ns €ns ©[T]% + ©[T] - 0’ Cos[T 0] Gex Cex O[T] + 2qp Bap €ap (8') [T] + (87) [T] =

Figure4-12 A screenshot from the SCD solver; how equations are defined, encoded and
displayed.

Every small step or assumption is shown and explained directly in the SCD, so the user is fully
informed and can interact where it is required.Rigure4-13 an exanple is shown whereby a
computational procedure must be performed in the SCD solver. Instead of hiding this procedure
from the user the complete code is written within the documentation. The original solver of
Forehand and Cartmell [Bhowed the template for the nonesonant response and the only
missing parts were the solutions for the modulation equations. These parts are inctutied

study.

diff[a_+b_, x_] :=diff[a, x] +diff[b, x];
diffle,™ a_, x_] 1=, diff[a, x1;
diff[diffla_, x_], y_] :=

diffla, Sort[{x, y}1[[1]1], Sort[{x, y}1[[2]]11;

templ = Sum[epj diff[#, timeScales[[1i+1]]], {i, @, maxOr‘der‘]];
temp2? = head[temp1] /. head -» Function;

eqn[3] = dt[1] == temp2 /. {diff - D};
EncodeSeem[3, 2, 3];

DisplaySeem[3]

dt[1] =D+ D1 &,

Figure4-13 An example showing the transparent structure of the SCD solver
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4.6 Summary

In this chapter the process of computerisation of the SEEM teaking method has been
explained in some detail. Thdathematicaprogramming language is used throughout due to

its extremely powerful capahties for symbolic computatiorit would obviousy be possible to
programme the developed algdiims in any other language, bitiishould be borne in mind that

the main criteria for the algorithms created here have been generality and flexibility. Examples
of these requirements can be identified in thegistics of all the functions in this chapter. For
example, the computerised encoding vector (CEV) is designed to have a flexible length so it has
the potential for future extension. Two separate functions for the encoding purposes are
developed. Firstiythe SEEMencodeis presented, where this is a usend function that
transforms the input equation to the required format for tteEEMencodefunction. The
SEEMencodér LILJt A S& WiKS {99a 0&80tSQ G2 SI OK SELINS
encodirg information are saved within a format of strings and numbers so that they do not have
any interaction with the actual solution procedure. One form of gastcessing the encoded
equations was introduced as theisplaySEENunction. This function has théexibility for
adjusting the display function type; this being either theoltip or labeled function. It is

therefore possible to summarise the findings of this chapter in the following points:

1 The method of multiple scales has been used for generakiagpproximate analytical

solution due to its flexibility and adaptability.
9 The whole SCD solver has been programmed itMhthematicainterface.
9 The process of the SEEM encoding cycle has been explained in somd-agteai-3.
9 The Computerised Encoding Vector (CEV) has been introdlaklg4-2.

9 The inherent obstacles &t have been encountered in the automation of the SEEM

encoding have been summarisdtigure4-4.

1 A summary of the computerisation of the SEEM teratking method ha been given,
Figure4-5.

1 An overview of the SCD solver has been provided.

1 Overall, 28 algorithms have been developed in this study.






Chapter 5 Visualisation Methods

5.1 Introduction

A novel proposal for a computationally implementable temacking methodology in the form

of the Source and Evolution Encoding Method (SEEM) was fully introduclkeapiter 3 of this
thesis. The computerisation and ingphentation of this method into a Symbolic Computational
Dynamics (SCD) solver was discussed in detadhdpter 4. Posprocessing functions are
henceforward required to extract the SEEM tetracking information from the encoded
equations, and to preserthis in a meaningfulhigh-impact format for the user. lchapter 4,
DisplaySEEMwvas introduced as a computational process for displaying the encoding
information either in the form of arooltip or as Labeledfunctions. It has already been
established thaa nonlinear solution procedure is computationally complicated in its own right
so displaying extra information in and around the equations adds a considerable and challenging
layer of additional computation to the procesgherefore,a robust visualisatin method which
enablesthe user to interact with th&SEEM information is requireBigure5-1 shows a graphical
summary of the development of the SCD method in thissis. It is possible to notice the
classical hangvritten solution procedurén chapter3 wasdeveloped to a computerised format

in chapter 4 This chapter reviews the process of developing the very first generation

visualisation method for a practicaliyplementable SCD solver.
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Figure5-1 A graphical review of the development of Symbolic Computational Dynamics in

chapter 3 and 4.

5.2 Successful visualisation criteria

The core solver and the tertnackercan be considered as two independent procedures that
are exchanging information. The SCD solver is intended to generate the symbolic form of the
solution procedure and the terrtracker is intended to display the encoding in a practically
useful format, ina form that is potentially highly customisabénd most informative. The
novelty of the work described within this chapter is the efficient computation required to
achieve the foregoing aims and the new graphical results that have emergedifismosghle

to combine the solution procedure and the tesimacking results in a usetefinable single graph

form. The essential properties of a successful visualisation method are as follows:
A 1t should have the ability to show all the SEEM tératking informaion in an analysis.

A 1t can highlight theposition of each quantity inside the relevant equatjdiis possible
for an equation to have the same quantity appearing in different terms. It is important
for the user to distinguish the specific source of theantity, not just the equation

number.

A A clear identification ofhe path foreach quantitythat is taken from its source tthe
final response This could help the user to follow the path for each assumption or

physical concept in a given analysis.

A Enoughinformation should be provided about various stages of the analytical analysis.
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Considering the above conditions, two different dksation methods are suggestethe

ColourMapand theBlueprintmethods.

5.3 TheColourMapvisualisation method

TheColourMapis the first generation visualisation method that was proposed for use with SCD
solvers,Figure5-2. The information assembled in an SCD analysis is visualised in the form of a
table, where all the quantities in the analysis are listed in the first row of the table, and the
equation numberare given in the first column. The encoding information is colour coded; in
this figure thezeroth-order quantities are shown in blue, the first order quantities in pink, and

the second level of the SEEM in green.

-
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Figure5-2 Initial overview of the ColourMap visualisation method

Then in this study ane modifications have been applied to the method to increase its
functionality. This comprises the use of different shapes presenting all the SEEM enceelisg le

for example thezerothrorder terms are shown with an oval shape, while the first order
guantities are shown using a rectangular shape. Furthermore, distinct colours are used to
represent the different encoding levels; the first level is shown in lgyigecond level in blue,

etc. To distinguish between various stages of an analytical analysis, the quantities in each
equation are given in a single rofhis method is computerised and implemented into the SCD
solvers by means of th€olourMapfunction. The colours and shapes allocated to the SEEM
information can be altered for the convenience of the us€onsideringFigure 5-3, the
guantities in equation (1) are shown in the first row, the quantities for the second equation are

shifted to the second row and so on.
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Figure5-3 A graphical representation of th€olourMapvisualisaton method

There are several possible advantages to usingothleurMapvisualisation method such as the
possibility for quick recognition of various stages of the analysis where a single quantity appears
and disappears. Also the SEEM tdracking levelsan be highlighted by adjusting the shapes
and colours of each cell in tl@@lourMap Finally, the user can identify the exact source of each

guantity with relative ease.

Despite these advantages this method still fails to highlight the position of ezafitity in an
equation. Also information relating to a repeating quantity in an equation is not available.
Furthermore this method, as conjectured, fails to show the path that a quantity has taken from
the beginning to the end of an analysis. Finally,tdi#e size is likely to grow exceptionally large
for a complex problem. Therefothis method has been rejected and no further developments

of it are considered in this research.

5.4 TheBlueprintvisualisation method

By considering the necessary criteriatthave been identified for a robust visualisatji@new

and somewhat more comprehensive and inclusive visualisation method can be proposed. In this
further attempt the principal aim is to show all the sources and connections between the
guantities in thesolution procedure, like a map. In other words a blueprint for the solution
procedure is developed. The initial idea of Blkeieprintvisualisation method is shown Kigure

5-4. In this visualisation format each equation is shown in a line, and each term in the equation
is allocated a block in the equation line. The interactions of the quantities are highlighted wit
lines between different blocks. It is possible to change the lines colours and patterns to show

different encoding information.



5.4The Blueprint visualisation method 81

Figure5-4 A grapical representation of the initial idea for tiBueprintvisualisation method

This method has several advantages, such as the possibility for highlighting the path for each
guantity from its source to the ultimate point of the analysis. This is essential in case the user
wants to follow a given assumption thrgh the solution procedure. Also it is possible to use a
unique colour shade for each system element (such as damping for example) so the user can
visualise how the damping ternfsr other system elementgre distributed within the solution
procedure.Danping characteristioof systens has a considerable effect dhe response of the
system as energy dissipasghrough damping Generally stronger excitation results a higher
response amplitde and wider resonant regionoiMever, small excitation in resonacbndition

can cause high amplitude response even with significant damping (5%). This is also noticed in

parametric excitation where small excitation can cause large response in presence of damping.

Furthermore it shows the position of each quantity indahequationsso thatthe user can
distinguish between similar quantities in different terms. More importantly, the steps of the
solution procedure are identifiable in an analysis. The SEEM information can be highlighted by

assigning a unigue colour or patteto the connecting links.

The main disadvantage of this method is that the number of links increases with the complexity
of the analysis. This can be prevented by defining controlling functions for the visualisation
interface, such as temporarily hidimgformation that is not required, zooming in on that which

is of particular interest, or also showing only a particular quantity or elemenan be noted

that element here means mechanical system elements (mass/inertia, damping, etc.) and

guantity mears any symbol used in the equation structures.
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5.5 Computerisation of the visualisation method

The visualisation method is implemented within the SCD solver by deftofgurCodeand
BluePrintfunctions This section summarises the development process rgjatariheBluePrint

function.

5.5.1 Automated panel

The first challenge in the computerisation of tBé&ugorint was to find a way to assign colours

and patterns for different levels of the SEEM encodings. In the early attempts a panel as shown
in Figure5-5 was developed so that the user could select different options before running the
code. These options are described as the function notebook, the input core solver nofebook
and setting the specifications for each level of the SEEM-teanking method. For example,

the user can select the predefined functions notebook and press run functions. Then the

solution procedure notebook, where the problem is defined, must be run.

After a few minutes of running the solver the visualisation panel would be populated and made
visible to theuser. There were found to be several issues with this form of visualisation; firstly
the solution procedure and functions were hidden from the usHne second issue was that
when changing the visualisation settings the user would negéghave to rerun the program
These two issueare againsto the main philosophy of the SCD solvdlexibility and control.

Asthe results, this form of visuasation is not considered for the main function.

4} L x_
Please select the input files :
Function File: Browse... | Run Functions |
Solution Process: Browse... | Run Solution Process |

Please select the desired visualisation setups :

Zeroth Order: . u

Zeroth Order Thickness: U 0.001
First Order:

First Order Thickness: 0.001

—
Explicit: u
—

H

First Order Thickness: 0.001

=]

Meodified:

First Order Thickness: 0.001

| =

Visualise l Cancel |

Figure5-5 User pannel for setting up the visualisation method
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5.5.2 Two-dimensional panel

The first version of th8luegint was in twedimensional (2D) form. A control panel was defined

on the lefthand side (LHS) of the visualisation interfadégure5-6. The user could set the
equationnumber with the first selection bar, and the solution procedure would run based on
the settings input to the system by means of this panel. Any changes in the setting, the equation
number, encoding colours, or a wish to change fonts, would all requireetihen of the solver

process.

Equation Mumber U

Colour Intensity U

Font size D
262

Graph height D

Graph width U

T e e —

Zeroth order Thickness U
First order *

First arder Thickness D
ot ] ——

Explict Thickness D
Modified *

Modified Thickness D

Figure5-6 Control panel of the visualisation interface

FHgure5-7 is an example of the output of the panel noting that there is a specific line for each
equation and the detail for the equation is stated besides the equation number. The pink
coloured linksrepresentingzeroth-order are defined to be denser than the blue links which

depict the first order. The colour intensity of the links is adjustable so that the user can hide the

links in order just to have the symbolic form of the solution procedure.
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Figure 5-7 The output of the twoedimensionalBluepint visualisation method

5.5.3 Special considerations

As the analysis progresses the number of links increases and it quickly becomes essential to have
an alterndive approach to display the SEEM information. It was therefore decided to add the
encodings in the form of either th&@ooltip or Labeleddisplaying function on each link.
Implementing this facility allowed the user to be able to hover the mouse pointaurat a
particular link to visualise the quantity and its associated encoding vectors. This seems to be
readily achievable usingathematicabuilt-in functions; however, aBigure5-8 shows, there is

a bug in a specific application of this function. One can define this problem by considering that
canddrepresent two terms in two separate equations, and two differenaugities from term

care linked to the ternta As visible in the graph, the colour assigned to thedifk ®is red

and the tag is0, while for the other link the colour is blue and the tagdis Due to the

Mathematicabug these different links arénewn as being the same.

Graph[{Labeled[Style[a » b, Red], "A"],
Labeled[Style[a » b, Blue], "B"]}, EdgeStyle - Thick,
VertexLabels —» "Name™]

Figure5-8 Mathematicabug in visualising different link tags
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To fix this issue a middle point between each links is created as shdviguire5-9. Therefore,
in the visualisation function for each defined link, a connection point must be defined

automatically, and its coordinates must be adjusted to the source and destination links.

Figure5-9 Solving theMathematicabug in tagging links

5.5.4 The threedimensional Blueprint visualisation method

The next phase in the development of the visualisation was to create a-thineensional (3D)
version of theBlueprintmethod. This version enables the user to have a productive interaction
with both the SEEM encoding and the analytical results and comparing to that of the 2D version
the control panel functionality is significantly more advanced-igare5-10shows the user can
select the desired equation number and extract the development pattern for that specific
equation. The results of the analysis are stbite a database in order to enhance computational
efficiency, and there is no need for the solution procedure to beure for every small
modification made at the control panel. Finally, it is possible for the user to extract the

generated graph by pregsid 0 KS Wal ¢S 3ANF LK +Fa OLIRFTQ o6dzid2:
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Save graph as .pfd
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Figure5-10 The threedimensionalBlueprint visualisation panel

Figure5-11 is an example of the output of the visualisation graph, for the problem of the
parametrically excitation of a pendulurhis figure is provided just for showing the overall
interface of the slver and a detailed presentation is provided in this chaptéreunderlining
theory of this case study was introduta Chapter 3 and part of the SCBeneratedsolution
procedureis given in 85.5The full symbolic form of the solution procedure isypded on the
right-hand side of the panel, where the SEEM tdratking informatiorcan be shown using the

Tooltipfunction.
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Figure5-11 An example of the output for the threelimensional visualisation

As an adjunct to the symbolic nature of the solver it is also possible to substitute numerical data
into the symbolic forms of the solution equation in order to derive the specific numerical
response for some given input data. An example of this is therantive plotting of the
amplitude of the response of the parametrically excited pendulum against the detuning
parameter(Figure5-12), whereby the user can adjushé physical input data by changing the

settings of the bars in thpanel controllers.

- a (rad)
g [} 0.30¢
| []
J _ 0251
ep {
€ex f 020}
Ens D )i — 04
— 05 r
Edp { a
Bap I 0.10F
Hex D -
005}

Figure5-12 A graphical example of the interactive plots for the SCD solvers

After solving the problem of a paramaetailly excited pendulum, the numerical response against
time is plotted inFigure5-13. This panel enable the user to replace the desired experimental

data for each symbol and obtain the response plot in return.
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& (rad)

AL
YTV

Figure5-13 The numerical response of the case study is plotted based on the symbolic general

solution.

As well as the 2D response plot, an animation of the problem is also included in the visualisation
notebook EFigures-14). In this format by changing the system characteristics, both the response
and animation would be updatefFigure5-14-d). For example considerirfgigure5-14-a and
Figure5-14-b, wherethe support displacement as fraction of the pendulum length ) is

decreased from0.61to 0.3 respectively In another example, the length of the pendulum is

doubled fromFigure5-14-b to Figure5-14-c.

Resonant condition
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Figure5-14 An interactive animation of the response based on the symbolic solution

Resonant condition
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5.6 A case study

The application of the visualisation panel is discussed by investigating the dynamic problem of
a parametrically excited pendulum. The same case study asjter 3 is used to enable the

reader to compare the different features of the SCD solver.

The equation of motion (1) is inbduced by the user and encod¢Bigure5-15). The labelled

type of displaying is used so that the encoding information can be visilihe ireport format.

The user can decide to add indices to each quantity; for example the quantities in the nonlinear
term havee iin the index,Q ds for external excitation, an rjs used for the damping term.
These indices help the user to distinguish the different sources of the small parameters in each
term. The dependent variable;- does not have any encoding vector because the perturbation

expansion series has not yet been introducg®l 3.1

- q Cos| = o €ex + wi  X[t]l- ¥ enss X [z]1%-
(1,1) (1,8) (1,8) (1,1) (1,0) (1,1) (1,1)
u Ecplf Y,[t]Z + 2dmpwC Edmpf L1 w1 X [z]+ X' [T] - H Ecplf Y[z] Y'[z] =8
(1,1) (1,1) (1,1) (1,1) (1,1) (1,1) (1,1) (1,1)

Figure5-15 The automatically generated Source and Evolution Encoding Method information for
equation (1) of the parametrally excited pendulum problem

The perturbation expansion up to the first order perturbation equation is introduced, equation

(2). Figure5-16 shows the encoding farmation for this equation and it can be seen that the

perturbation parameter ) is introduced for the first time in this problem. The indpgis used

as an abbreviation for perturbation expansion. Any reference to this equation in the later

analysishighlights the choice of the solution procedure expansion, and is not defined through

physical modelling.

8 == BQ[TD, Tl] + GP 6I[TOJr Tl]
(2,0) (2,1) (2,1)

Figure5-16 The automatically generated Source and Evolution Encoding Method information for

equation (2) of the parametrically excited pendulum problem

The first time derivative function is created based on the perturbation expansion, and is stated

in D-operator notation.

dt[l] == DO + D]_ ep
(3,0)  (3,1) (3,1)
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Figure5-17 The autonatically generated Source and Evolution Encoding Method information for
equation (1) of the parametrically excited pendulum problem

It is convenient to assume that the epsilon shoim equation(4) isnumericallyequal tothe

epsilon in the perturbation guation. However, to highlighthe source of the epsilons, this

instance of the small paramet& shown by a unique symbel

dt[2] = D3 + DgDs 24r €4r
(4,0) (4,1) (4,1) (4,1)

Figure5-18 The automatically generated Source and Evolution Encodeghod information for

equation (1)of the parametrically excited pendulum problem

Then the explicit form of is derived,and the third digit of the SEEMencodingis added

accordingly, as shown Figure5-19.

e[t]® == € [Ts, T1]°
(2,0,5)

Figure5-19 The automatically generated Source and Evolution Encoding Method information for

equation (5) of the parametrically excited pendulum problem

The first four equations that are shown iRigure 5-20 are generally considered to be

fundamental equations; therefore, there are no connection links visible in the graph.

Equation (1)
8[1]
Equation (2) - w? COS[T W] oy €y O17]

Vns €ns 8171 d B[7]

Equation (3 —_—2
q (3) i 8[H1, 12] e dp ﬁdpd%nb[r]
E 4 dt €, 6, [H1, 72] d 2
uation
q (4) d*[r] Dy 0
d? Dy e,
D;
DoDy 24y €

Figure5-20 TheBlueprintvisualisation for the fundamental equations in the analysfsthe
parametrically excited pendulum problem
Equation 5 is the first stage in this analysis, where a new equation based on the fundamental
equations is created. Consequently, from this point onwards the sources and links are
highlighted using thélueprint method. Forconsistencya unique colour for each level of the

SEEM is usedonsidering thdirst SEEM encodingvel zeroth-order and first order quantities
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are shown in pink and blue, respectivelpeBecondevel in green, thehird in purple, an the
compound level in yellow. To emphasis the strength ofsiveth-orderterms, thezeroth-order

links are shown as denser than those for the first order terms. Note that it is possible in the
implementation to change these definitions at anyqtaif the analysis. Considerifggure5-21,

the pink link shows that theeroth-order— comingfrom the perturbation expansion has been

cubed in this equation.

Equation (1)
6[1]
Equation (2) - w” CoS[T W] Gex €ox 6[T]
8 3
. Yns EIIS e[r] d B[r]
Equation (3) d B[ H1, H2] dr 2 B 5]
at €, 6,[111, 112) 2
Equation (4) d?[1] D, ’ < 0

- g D,
Equation (5) D?
0

ot® DDy 24 €4r
8[To. TiT°

Figure5-21 The visualisation graph up to as far as equation (5) for the analysis of the
parametrically excited pendulum problem

It has already been explained that the format of the information generatédguthe SEEM
term-tracking method is sensitive to the solution method. Therefore the visualisation graph
generated with theBlueprintmethod is specific to the user choice of solution. Some prefer a
very detailed analysis, where a single equation is ddfifoe each minor step of the analysis,
while others will prefer a concise approach where only the main steps are provided. Obviously
the SEEM information generated for a detailed analysis has a higher resolution comparing to
that for a concise version. oF example, it is possible to skip equation (5) and substitute
equation (2) into equation (1) in a single step, which is mathematically correct but results in very
different encoding information, and therefore a different visualisation pattern. The beagfit
defining a separate equation for the explicit form-ef, is that the user can distinguish the exact
step at which the nonlinear restoring force is defined. The general inference from this is that the
encoding strategy should tend to favour maximiskxdail at the outset as this can always then

be suppressed if it is not wanted.

Equationg2), (3), (4) and (8re substitutednto equation (1), andhe result isexpanadkd, with
terms of higher tharfirst order being discarded, according to the decisineady made about
the accuracy that is needed from the perturbation expansiigure5-22 shows the overall
sources and links for equation (6). The symbolic forms of the terms in this equatishawed
on the equation linewith no particular orderThe source of each quantity shown upstream

of the equation line. It is possible for the user to hover the mouse pointer around any link to
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display that quantity and its encoding information, using Tle®ltipfunction. The choice of the
colour and thickness of the links can clednilyhlight the powerfukeroth-order quantities from
the first order ones. Moreover it is possible to identify the path forthenoting that a pink link
connects this quantity from the perturbation equation into equation (Byhlighted in orange
Afterwards, the colour of the link changes to grefeam equation (5) to(6), highlighted in
yellow. Thishighlightsthe change of the first SEEM encoding level, to secaathe explicit

form of the— was determinedn equation (5)Figure5-19.

-w? Cos[T w] gex €ex 7]

\Z Yis €ns OT1° d [1]
N\
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Do D1 66[To,T1] 24 €ar 4
Dgeo[To-Tﬂ

D36[To.Til€p

Figure5-22 The overallBlueprint visualisationgraphfor equation (6). The first level of the
encodings for— is highlighted in orangeand the second level in yellow

TheBlueprintvisualisation method can show an overall vifaweach equation in theolution
procedure, as well as detailed information for eaelhm. AsFigure5-23 shows the user can
zoom inon each term toinvestigatethe structure of each term by pressing ctrl and hovering
the mouse pointerin upward or dowrward directions In this FHgure the SEEM encoding
information are shown with the_abeledfunction. Figure5-23-a shows thenonlinear stiffness
term, which it is introducé based on a modelling assumption. The explicit form—efis
substituted from equation (5), the link is shown in green. The orderadk zero, so the link
thickness is larger than the first order links. Furthermare,is intoduced in the equation of
motion to scale the nonlinear restoring fordeigure5-23-b is the external excitation term, the
term - is introduced through the assuption thatthe support displacement is much smaller
than the rod lengthrf ). This is based on a physical interpretation atrtteaelling phase. The

external excitationfrequency] , and— are both zeroth-order quantities. Moreover, Figure
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5-23-c presents the first ordeperturbational correction term,- is introduced based on the
perturbation expansion. All the quantities in this term are first order and therefore links are in
blue. The damping term is shown kiigure5-23-d, - is introduced byphysical modelling to
scale the damping termAlso,— is sourced from the perturbation equation and the first time
drivative is linked to equation (3). FurthermoFegureb-23-e is gperturbationalcorrection term

and considering the first digit of the encodintere is no quantity sourced from the equation

of motion. This term structure is highly depending on the choice of theisalmethod. Finally,

Figureb-23-f isthe powerfullinertiaterm, all quanties areerothorder.
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Figure5-23 contlnues the next page
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Figure5-23 Detaileddiscussion for selected terms in equation (&here; (a) is nonlinear
stiffness term, (b) is the external excitation term, (c) is a perturbational correction term, (d)
damping term, (e)s a perturbational correction termand (f) is the inertia term.

Figure5-24 presents he zeoth-order perturbation equation, whicks obtained bysettingthe
coefficient of - in equation (6) to zeroAs this is a single degreefafedomproblem, with just
one generalised coordinatghen [ isin factthe main part of the motion that the chosen
generalised coordinate undertakes. Physically ¢ujgationrepresents theswinging motiorof
the pendulumin this case studyThe Doperator notationis used torepresent the time
derivative with respect tdhe time scales'Y. Physically th second order time derivativelates
directly to the inertia of the problem, which in turn is bagaaelyon thekinetic energy within

the pendulum

D3 eo[To,T1]+eo[To,T1]
(4,0) (2,0)
(2,0)

Figure5-24 Encoding information for equation (7)

The first order prturbation equation is derivedy takingthe coefficientof - terms out from
equation(6) out and set to zero, resultinrgguation (8) Both the SEEM encoding information

and the overalBlueprintvisualisation are giveim Figure5-25.
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Figure5-25 Overall visualisation graph for equatidB).

Figureb-26 shows the detailed investigation of the selected terms in equationH{gure5-26-

a is the inertigierm, in this term thedifferentiation operator source is equation (4), whilst the
source of — is the perturbation equation. Furthermoré&igure5-26-b shows the ifst order
perturbation term,/ 8n the standard multiple scale analysis the small epsilon parameters such
asr andr (in Figureb-26-c) would cancel each otharut. However the epsilons areeserved

here in orderto plot their history, R is introduced to scale thexternalexcitation andr is

the perturbation small parameter.

Figure5-26-d shows the dmping termin a conventional multiple scales analy3ise nonlinear
restoring force is shown ifrigure 5-26-e, Ry is the perturbation parameteand the R ds
introduced in the equation of motiarFinally, inFigure5-26-f both - iare sourced from the
perturbation equation, and it might be possible to cancel these two epsilons without losing any
vital information. Thezeroth-order perturbation term is the only strong quantity in this term,

shown in pink.
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Figureb-26 continuedon next page.
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Figure5-26 The detailed encoding information for selected terms in equation; (Bhere, (a)is
the inertia term, (b) is the first order perturbation term, (c) is the external excitation term, (d)
is the damping term, (e) is the nonlinear stiffness term, and (f) is a perturbational correction

term.

It is possible to hide other equations and onligualise thesolution of the zeroth-order
perturbation equation is shown iRigure5-27. Thisfigure shows that all the links areeroth-

order (pink) and there are no other links related to other SEEM encoding levels. The arbitrary
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complex amplituded "Y and its conjugate areeferenced to thezeroth-order perturbation

term in the perturbation expansion, equation (2).

o111, 2]
%'ﬁ]

%;:1]

Equation (9)
6y[To, T4]
Ary)e T
ATy o' 0

i TU i TU

BU[TQ,Tl] = A[T:] e (00 4 ZE[T1] e (9.0
(2,0,9) (9,0) (2,0,9) (9,0)

Figure5-27 Encoding information fothe solution of thezeroth-order perturbation equation

Then the soltion of the zeroth-order perturbation solution is substituted into the cubic form of
—, resulting inFigureb-28. Various levels of the SEEM tetracking method ae& visible in this
Figure. The purple links show thieird level of the SEEM and confirm that an expfioim

guantity has been modified in this step.
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i Te
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Figure5-28 Overall visualisation graph fagquation (10).

Figure5-29 shows the thorough detail of the encodings for equation (FQjure5-29-a shows

the explicit nonlinear restoring term; where the encoding link is given in green. The user can
quickly identify the history of this term, such as the source-ois from equation (2) which is

the perturbation expansion,ral its order of epsilon is zero. lebomes explicit in equation (5)
where the perturbation expansion has been used to get the cubic form-drfito first order

epsilon form.

Furthermore, the solution of theeroth-order perturbation has been involved in the term shown

in Figure5-29-b. There is no first order quantity in this term and the visualisation links and SEEM
encoding vectocan clearly show the history of each quantity. In sumnigig referenced to

the perturbation expansion which is shown in explicit format in equation (9). Furthermeig,
introduced in the form of the amplitude in equaton (9) for the first timeAlso Q is introduced

in the solution of thezerothrorder perturbation equation Furthermore,c relates to equation

(1), from which it can be deduced that the rdimensionalexcitation frequency and then
multiplied by 3 in equation (10). Asthe compdemplitude is powered to 3 in this term, modified

from the original form, a fourth digit of encoding is added to signify that fact.

Figure5-29-c shows the interaatins of the amplitude® and its conjugate, and dbe results of

this thethird level of the SEEM method is applied to these quantities.
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Figure5-29 A selected detailed discussiaf the SEEMnformation for equation (10) where, (a)

is the nonlinear restoring force, (b) and (c) are the definition of the restoring force based on the
zeroth-order perturbation solution

The exponential form of theodne function (defined aoshere) is shown ifrigure5-30. This

step is added for the convenience of the user and is not necessarily a fundamental step of the

multiple scales angsis (eqn(11)). Considering théBlueprintvisualisation graplin thisfigure,

the function has correctly linked this term to the external excitation term in the equation of

motion.
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Figure5-30 Encoding information for equatior{11).
5.7 Summary

In this chapter the need faa robust visualisation method for the SCD solvers is discussed. The
main criteria for possible visualisation methods are introduced, and two approaches have been
suggested; theColourMapand the Blueprint. Th€olourMapmethod is fully introduced and

computerised. However, due to its lack of practicality at anything but the smallest scale

modelling, any future development of this method has been terminated.

The Blueprintmethod concept is fully introduced, and the obsliess in computerising this
method have been investigated. This idea has been developed in three stages; an automated
panel, a 2D visualisation panel, and the 3D visualisation panel. The final version of the 3D
Blueprintvisualisation panel is applied todhproblem of a parametrically excited pendulum,

and the results for the first 11 equations of this analysis are provided in this chapter. The main

conclusions from this case study are listed as follows:

1 Generally visualisation links makes the interpretatiof the complex mathematical

solution procedure easier for the user.
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1 The visualisation relates the complex mathematical notations of the solution to the

practical physical reasoning very early on in thedelling and solution phases.

1 Colour coding and odifying the width of the links clarifies the significance of the

relevant quantity to the analysis quickly.

1 For moreinformation, the user can zoom in on each node and check the encoding

information in the finest grained level of detail.

It can be noted that this method has a huge potentialtfa future developments. It is possible

to introduce the controlling functions which enable the user to visualise information layer by
layer.These functionsan assist theser to validate the solution procedure just by investigating
the generated visualisation resultstlzoroughdiscussion on the future plan for tHgueprint

methodis providedin 8§7.2 of this thesis.






Chapter 6 An Evaluation Methodor

Symbolic Terms

6.1 Introduction

The development of the first version of thBlueprint visualisation method for Symbolic
Computational Dynamics (SCD) solvers diasussedn the previous chapter. ThBlueprint
visualisation method enables the user to obtain an overview of the completysiaas well as
generating a detailed investigation of the history of each term. The detailed investigation is
achieved by zooming in on each term in the equation, and then analysing the encoding links to
create a solid connection between the physics lid system and the mathematical solution
procedure. Interesting observations can be made in these typesnalysis,starting off by
consideringrigure6-1 one can see the variability of the distribution of the SEEM links in terms
of colours and thicknesseshe first term has twazeroth-order and four first order quantities,

and the second term has oreeroth-order and five first order quantitieghe zeroth-orderterm

are shavn in pink and the first order term are shown in blu&he keyquestionhere is & Aaa

term with a larger nmber ofzerothorder quantities,regarded as having a higher significance

when compared to the other terms in the same equ#{i@
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Figure6-1 A graphical example of two terms with differe®iueprintencoding structures.

In order to be able to derive a mathematically and physically correct solution for the final
response wherusing an adaptable perturbation method such as multiple scdlese is a
necessity for the user to be able to apply both formal and informal interventions to the method,
to ensure the uniformity of the perturbation expansion and also to eliminate anyicus!
dynamic effects that may otherwise arise. In the formal case one considers key issues such as
secularity, autonomy, and slow moduiens of the amplitude and phase.oever other
interventions, which are somewhat informal, such as the identificatbrierms that are
principally relevant (or not) to a resonance condition of interest, usually require some degree of
user experience, and there are not necessarily general guidelines for doing this. Therefore, there
could be merit in developing a term euakion concept which is based on the symbolic
formulations, and which applies ideastbé SEEMierarchy to aid such processes. Ideally this
could be a reference method for the user to compare the significance of terms in a single
equation, and even expte how they may contribute to the solution based on a chosen
resonance conditionDeveloping the SF theory can ultimately increase the popularity of the

perturbation method as they can assist the analyst to specify possible negligible terms.

Figure6-2 summarises the development stages of the SCD solver up to this chapter of the thesis
and may be interpreted as followGhapter 3 introduces the concept of the SEEM teracking
method, thenchapter 4 summarises the algorithms developed for implementation of the SEEM
into the SCD solver. The first version of the visualisation method for the SCD solver is introduced
in chapter 5, and this current chapter introduces a pbksterm evaluation method for the SCD

solvers.



6.2 The Strength factor 105

Chapter 3 Chapter 4 Chapter 5 Chapter 6
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Figure6-2 The development procedure of the Symbolic Computational Dynamics solver in this

thesis

6.2 TheStrengthfactor

A new metric based on the SEEM information is proposed in order to highlighighiéicance

of each term inan equation Thismetric is in the form of a calculatedumber and this is
henceforth calledi KS W{ i NSy 3 i K i€baged @rihaid thed drderiadd the BEEM{ C
hierarchyof the constituent quantitiesn each term.The first level of the SEEM represents the
order of quantity. The SEEM hierarchylable3-1, for each quantity iscategorisedinto two
clases simpleor complex The quantities with the firsSEEM encoding level actassified as

simple andthe second and high68EEM:ncodirg levels ar@laced irnthe complexclassification

A quantity that classified asomplexhas possibly more involvement & particular analysis,
compared witha quantity with the simple classification For example, the contribution of a
guantity that has been part of the equation structure of the expligfinition of the amplitude

responsecontribution morethan a quantity that haghe first level of the SEEM.

In order to quantify this concept a points system based on order and SEEM hierarchy has been
defined. Table6-1 is a guideline for both the ordeassociated points and th8EEM hierarchy

that are used in this researcBased on experiencd,is assumed the effectiveness oferoth

order term is twice that of the first orderand quantities withcomplexSEEM hierarchigave

twice the points value compared tuantities withthe simpleclassificationlt can be noted that

these conditions can be adjustedcording tauserpreference
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Table6-1 A points systemin calculation of the Strength Factor

Zeroth-order First order
Order point
2 1
) . Simple Complex
SEEM hierarchpoint
2 4

Equation(6.1) shows the proposed SF formulation for each quantity in a term; noting that for

each quantity the order point is multiplied by tt®EEM hierarchgoint, and then normalised.

The maximum valuéhat a"Y'O can hae is eightand this defines aeroth-order term

with a complexclassification The SFormulation for a term isgivenin (6.2), the “Y™O

values in a term aradded and divided by the number of quantities in a term.

01 QRE "QENHOOTOQI i ® Q¢ 0
m (6.1)

YO

B"Y"O
BA 6 GE 0 Q0 QQI (6.2)

Table6-2 showsthe process of calculatirthe SFvaluefor 6 Q

hh h
equation (9) in chapter .3For each quantity in this term both the order aB&EM hieratty
points are defined, then théY"O

, this term is taken frim

is determined. Finally, all thre&y"O values are
added together and divided by three for normalisatidh should be noted rbm this point

forward all the reference to S6 regarded t&SF valuealculatedfor terms.

Table6-2 Calculating theStrength Factowalue for a term

Quantity Order point SEEM hierarchy 1 Fo +5iea 1l 5
F?ﬁ ZerothO ¢ CompleX® 1 ¢ Ty
? Zeroth© ¢ Simple® ¢ ¢ Cjy <
n o
R
0 ZerothO ¢ Simple® ¢ ¢ Cjy

6.3 Implementation of the Significancedetor

It is essential to implement the SF number within Blkieprintvisualisation methodThe SF

valueis showngraphicallyas a sphere arounelachterm node in the visualisation palleand the
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diameter of the sphere is equal to the SF value of the tehstigure6-3 illustrates this allows

the userto grasp aiicklythe significance of each term ligerelyinspectingthe visualisation

graph.
stion {1)
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Figure6-3 A graphical example of implementation of ti&trength Factomumber in the

Blueprintvisualisationgraph.

6.4 An autoparametriccase study

An autoparametricsystem is now used as a basis for further testing of the SCD sélipre

6-4 shows the wetknown problem of a pair of beams coupled in such a manner that the forced
response of the horizontal primary beam acts as a parametric excitation of the vertical
secondary bearf68]. Asingle frequency external excitation is applied to the primary beam (AB)
at the first natural frequency of free undamped vibration, resulting in a first bending mode
response. The secondary beamC(Bs considered to have a high flexural stiffaestio;
therefore, the bending deformation of BC in the@Baneis negligible, and so the response of
the secondary beam isut of the plane of the diagramThis depends on the system being
configured in such a way that the response of the fundamentahgry mode is around twice

the frequency of the fundamental secondary mode, in which case the condition for

autoparametricresonance is satisfied.
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secondary beam with
an end mass of
adjustable position

B

primary beam

Figure6-4 Coupled beanmsystem based orCartmell [70] ABis the primary beam, an®Cis the

secondary beam. W(t) represents the external excitation

6.4.1 Physicaimodelling

Theautoparametricsystem shown itthis sort of systems can be modellasl followq68]:
wt ¢1 ot 1 ot - ‘&t wtot -t 0 QEit (6.3)
ot ¢1 ot 1 ot rROtOT = (6.4)

In these equationsd and @ representthe physical irplane and outof-plane modal responses
of the primary and secondary beams respectivdlge first linear natural frequency for the
primary and secondary systems are shown byand] . The coupling between primary and
secondary beam is modelled by’ @t @t dT in equation(6.3). Considering equation
(6.4), wis the parametric coefficient for the coordinate The damping coefficients for both
systems, up to the first order, are presented wjthand, symbols.The damping coefficients
for the primary and secondary systezan be showrasr- andr- . Furthermore, the external
excitation amplitude is shownyb0 which is equal to- fj Unlike the problem of the
parametrically excited penduluim chapter 3 and Syhereit was equal tamondimensionatime
based on the natural frequendy 71 0), in this case study it is equal to the real tinfe (0).
Thecomplete process of derivation of the equations of motfonthis systencan be found in

[72].

6.4.2 Solution procedure
A part of the slution procedure for the problem athe autoparametricallyexcited coupled

beam system based on the developed SCD solver is given in this sEotidhis case study a
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dzy AljdzS 1 06St 2F WSIjyQ A& dza She ifphlandegualor NS & & A Y
motion for acoupledbeam based on thd&koberts and Cartmell [7&rmulation, isgiven hegn

(1) In this equatiorthe external excitation amplitude is shown By- isa small parameter
introduced forscaling theexternal excitation], is thefirst natural frequencyf free undamped
vibration,| is the coefficient of centripetal acceleration, is a small parameter that scales

this particulamonlinear stiffness ternt, isthe effective mass ratio, isasmall parameter

added to scale the quadratic coupling terpasd- is a small parameter introduced to scale
the damping term for the primary systerRinally— is the damping coefficient for the primary
system.
ot ¢ - -1 ot 1 @f
egn (1)
- ot wtzwt Ot zotr-

o RATRT

The overall visualisation graph ftris equationis shown inFigure6-5. In this case study this
equation is regarded as fundamentakquation and is introduced as an input to the SCD solver
by the user; thereforeno links arevisiblein this figure TheSFvalue for each term is graphically
shown using a sphere placed at each term nasligh the diameter equal to the SF numbéis

the perturbation expansiorhas not yet been introducedy T is not encodedand no SF

representation is generatefbr this term. It can be noted that the and7 in this chapter are

the same.
-qCos[1 Q] €
wf X[7]
. d X[1]
— 24mpf €dmpt §1 W1
o oz d X1,
- Y €nst
® dr v,
= H €cpif
dt
o d? X[1]
e d7 d2v[e
- Hecpr Y[1]
O dr

Figure6-5¢ KS @A adzl f Aal A2y 3INF LK F2N G§KS LINA YL NR ¢

The automatically generate8EEM termiracking information for this equationis shown in
Figure6-6 and it should be noted that the terms of the differential equation have been
rearranged from left to right in order to suite SCD proces$he external excitation term,

is introduced to scale the excitation amplitudg).( The external excitation frequency X is
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clearly independent of and considered aeroth-order quantity. Also, he coefficient of
centripetal aceleration [) is scaled by the small parameter through the process of
modelling. The firstime derivative ofdis not encodedecausehe perturbation expansion has
not beenyetintroduced to the analysigurthermore,- ‘@t isaquadratic coupling term
for which it is assumed that the effective mass rati0) (is scaled by- . Finally,
q - -1 @® T is the damping term for the primary begmand t is assumed that the

damping ratio € ) issmall enough to becalel by introducing

- q Cos[t Q €ex +
(1,1) (1,0) (1,1)
w:  X[t] -
(1,0)

Y ensf X' [T] 2 -
(1,1) (1,1)

u €cplf Y,[t]z"'
(1,1) (1,1)
24mpf  Edmpf <] w1
(1,1) (1,1) (1,1) (1,1)
X [t]+ X" [t] - wu

(1,1)

€cprr Y[T] Y7 [t] =
(1,1)

Figure6-6 A screenshot of the automatically generated encodings for eqn (1).

The equation of motion for the secondary beamaken fromRoberts and Cartmell [72nd
shownin eqn (2). where, represents the oubf-plane motion ofthe secondary beam is
natural frequencyof free undamped vibratiorfor the secondary beant scales the
damping term— is the damping coefficient for theecondarysystem finally - scales the

coupling term.
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1 Ot ¢ - -1 ®ft - OftdT ot = eqn ()

Figure6-7 shows the automatically generated SEEM information, whereg) T is thelinear
stiffness term for the secondary beamind ¢ - -1 &7 isthe damping termwhich is
considered to be weaklue to theintroduction of - . The coupling term; &1 & T his

scaled by introducing

It could easily barguedthat the small coupling paramete(- in egn (1)and thisequation
(- are numerically thesamebut in orderto track the parameter pathin the solution
procedure different symbols are selecteéinallyc T appears in thdinear nertia term and
represents theprincipal kinetic part of the oubf-plane motion of the secondargeam. N

sphereis defined forthis node, asthe perturbation expansion has not yet been introduced.

», w3 Y[1]
dY[r]
— 24mps €dmps §2 W2

(,/ " d? X[1]

_—2 €cpls Y[1]

(/ dr

d2y[r

w% Y[z] + 2dmps €dmps
(2,0) (2,1) (2,1)

g W Y [t] -
(2,1) (2,1)

€cpls YI[T] X" [t] +
(2,1)

Y’ [1] =

Figure6-7 Overall visualisation graph forgn (2)
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Themultiple scales perturbation expansionagplied to the dependent variabd@€yand, up to
the first order correctionThe result is given in eqn (3yhere;the small perturbation parameter

is shown by , fast time scale is shown BY and slow time scale byy.

W o YIY - ® "YRhY eqn @)

Consideringrigure6-8, the sphererepresenting thezerothorder term is considerably larger
than the first order. This is a fundamental term therefore no visualsatink isshown here. In
this figure®is the dependent variabl@nd has not yet beeancoded Furthermore, he zeroth-
order perturbationterm, - & his introduced for the first timeThe first level of the SEEM can
be identified in this Figure. As expected the sphere forzbmth-order term is much larger

than that for the first ordeperturbationalcorrection term.

Xo[To,T4]
< |

€ X4[To,T4]

o

X =

Xo[Te, T1] + €p Xi[Te, T1l
(3,9) (3,1) (3,1)

Figure6-8 Overall visualisation graph forgn (3)

The solution procedure progresses by applying thétiple scales perturbation expansiofup
to the firstorder correction}o the dependent variablé), resulting in eqn (4). As both epsilons
in egn (3) and eqgn (4are sourced from the multiple scales perturbation expansion the same

numerical value and symbol halzeen used for them both in this analysis.

G @ YRY - & YRY eqn @

Figure6-9 shows thevisualisation grapllescribingeqn (4).In this Figure is the zeroth-order
perturbationterm for the transverse displacement of thendary beam anche - @ is the

first order correctionfor the transverse displacement of the secondary bedime sphetical
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shape representing the SF number far being considerably larger than @. This is a

fundamental equation therefore no visualisation link is introduced.

[ : YolTo,T4]

€ Y1[To,T1]

©

Yo[Tes Ta] + €p  Yi[Te, T1]
(4,0) (4,1) (4,1)

Figure6-9 Overall visualisation graph forgn (4)

After these initial declarationghe first time cerivative is introduced using the multiple scales
perturbation expansion resulting in egn (Bhere theD-operator notation is used to define the

partial derivativesO T T "Y.
Q@ 0 ©- ean ©)

The visualisation graph for this equation is showifrigiure6-10. Considering the SEEM term
tracking informationA @ is the total first time derivative and this is decomposed into a power
series sum of partial derivatives by means of the perturbation egjpen. O is the time
derivative with respect to the timecale”Y and the perturbation order of this term is zero and

it is encoded to the first level of the SEEMR is theperturbationalcorrection term which is

to first perturbation order here, nahg that the whole perturbation scheme for the problem is
truncated after all first order perturbation correction terms. This term is also expressed to a first
level of SEEM encoding. Clearly the SF valu@ fermuch larger thal® - which indicateghat

the point scaling for the SF value appears to be numerically reasonable.

]
&la

C

dt[l] == Do + D, €p
(5,0) (5,1) (5,1)

Di¢p

C
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Figure6-10 Overall visualisation grapbf egn (5)

The secondime derivative is determinedsing the multiple scales perturbati@xpansion, egn

(6), again based on the algebra of theoperator notation. A unique symbol for the small
perturbation parameter; , is introduced by choice of the user. The numerical value of
clearly equato - , as both are part of the same perturbation expansion, but once again different
sub-scripting is employed in order for clarity. This series is also truncated after the first order
perturbation correction, as shown in egn (6).

Qxg ©O - ¢ 00 eqn )

The visualisation and encoding informatifam this equationare shown inFigure6-11; where,
‘Q & isthe total second time derivative ani@ isthe secondime derivative with respect to
time scal€e’Y, which is clearly t@erothrorder perturbation. One can see that ¢ ‘OO isthe
next and final term in this seriel this term all the quantities are to first perturbation order
and at the first level of SEEM encoding. The SF value fazetfogh-order (O term is much

higher than that for the first order terrt ¢ 'O 'O , again as one would expect.

O

DoDy 24r €r

dt[2] =

D + DgD, 24r €dr
(6,0) (6,1) (6,1) (6,1)

Figure6-11 Overall visualisation grapbf egn (6)

Figure6-12 Shows the fundamental equation in the analysis of dlngoparametricalexcitation

of a coupled beam system. Obviously no visualisation link yet has been introduced.
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Equation (1)
-qCos[7Q] €ex

Equation (2) “f xm dX[1]
Wi Y[ — 24mpt €dmpt §1 W1
d s dr daxii,
" a 2 &
Equation (3) Pl “a"i(?f des T
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[ of o

09091 2gr €ar

Figure6-12 Fundamental equations for the problem @utoparametriallyexcitation of a coupled
beam system.
The multiple scales perturbation expansiand the series forms for the first and second time

derivativesare substitutednto the equation of motiorof the primary beamresulting in:

0& O¢ - -1 1 & 00¢ G- R[OEY - eqn )

Orw- Ow- -1 & O'®w- » ™

Figure6-13 shows the general visualisation grafioin this equation. In this Figuréé dense pink
links are used to show the stromgrms (o zerothperturbationorder), whilst the slim blue links
are representing the weadr terms (o first perturbation order). Furthermore it is possible to

identify the exact source of each quantity from the upstream terms

@ L axia
‘ ) dt zdmpufpr] 2(1 Wy
- V &y
0 Q ¥ = mzﬂfcpu
KXol To,T1] O Hzx d2v[1]
- €pit Y71
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O O-Do YolTo, TP 1 Ecpit | N
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0

Figure6-13 Overall visualisation graph foagn (7).
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Adetailed analysis dboth the SEEM terAracking andhe Blueprintvisualisation methods for
each termis shown irFigure6-14. The external excitation term is shownFigure6-14-a where
the amplitude of excitationj is scalé by introducing a small parameter andthe order of the
excitation is shown by one. The frequency of the external excitatidis fozerothperturbation

orderand its visualisation link is shown in pink and is denser than the other links.

Figure6-14-b representstie linear stiffness termand the natural frequency is directly linked to
the equation of motion, whilsty is linked to the perturbation equatio All the links for this

term are in pink and the encoding information is shown byl#ieeledfunctionon the links.

Figure6-14-c showsthe stiffnessterm whichis introducedpurely throughthe choice of the
perturbation expansionThe first linear natural frequency is the ordgroth-order quantity in

this term and is linked to the equation of motion for the primary beam.

Figure6-14-d shows he damping ternwhich is scalefly introducing . The time derivative
operator is linked to egn (5) and shown in pink. Aidgure6-14-e depicts he coefficient of
centripetal acceleration terrdefinedbyf , and this is scaled tthe use of . There are three

zeroth perturbation order and two first perturbation order quantitiesthis term.

FurthermoreFigure6-14-f presents the coupling ternThe effective mass ratio considered to
be small by introducing . Figure6-14-g is theinertia termand in the perturbation scheme
this is influenced by the introduction of the perturbation series form forsecond order
differentiationwith respect to time.tlis possible to notice that all the quantities, excépt are
linked to equation (6)in Figure6-14-h theinertia termcan be seen and ik defines the principal
part of the kinetic effects, which in turn represent the main part of thetion of the primary

beam.This term is purely to zeroth perturbation order and all the links are shown in pink.

Finally Figure6-14-i is the second and final term emanating from the perturbation scheme and
directly affecting the inertial quantity for the secondary beamhis term isa functionof the

multiple scalesmethod, andtwo out of three quantities in this term are linked to eqn (3).
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Figure6-14 continuedon next page.
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Figure6-14 A detailed investigatiorof the encoding for eqn (7)(a) is the external excitation
term, (b) is the linear stiffness(c) is astiffnessterm, (d) is the damping term(e) and f are
coupling terms,(qg) is aperturbationalcorrection term, and finallyh) and (i) are the inertia
terms.
The same procedure as abowascarried out to derive the new forrf the equation of motion

for the secondary beamup to the first perturbation order correction. The perturbation

equations (4), (5) and (@&Ye substituted inteequation (2), resulting in:

0& 00¢ & ©O® 0¢ & -1 0&- & can @)

T ® -1 ® T

Figure6-15 shows the sources and links for each ternedm (8). Thénertia and linear stiffness
terms have larger S§pheres as compared with the other term#t.is possible to follow each link

to the source terms located in the upstream direction of the equalioa
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Figure6-15 Overall visualisation graph faagqn (8)

A detailed investigation of some selected terms from this equation is providedyire6-16.
Figure6-16-a is thestiffness tem for the secondary beapand obviouslyplays an important
role in the responseof the system Figure6-16-b is the part of the stiffnessterm for the
secondary beam relating to the first order cortieo in the perturbation series.here are two

first order quantities and oneeroth-order quantity in this term.

Figure6-16-c shows thelamping termstructured from equations 24, and 5Figure6-16-d is a
perturbational corection term generated by the series usedtime multiple scales methodt
has only one strongeroth-order quantity, and the rest of the terms are linked in different ways

to the multiple scales process.

Figure 6-16-e is a @upling term It is assumed that the coupling term is smitough
introducing- at this point.This termhas three zeroth perturbation ordequantities in its

structure.
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Figure6-16 A detailed investigation of the encoding information for eqn (8); whe(@,is a

stiffness term,(b) is aperturbationalcorrection term,(c) is the damping term(d) is a

perturbational correctionterm, and (e) is the coupling term
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The zeroth-order terms from eqn (/) are selectedto form the zeroth-order perturbation

equation, as follows:

o® 1 & YRY m eqn @)

Figure 6-17 shows all the sources and linkentributing inthe zeroth-order perturbation
equation structure for the primary systemThe Blueprintvisualisationmethod successfully
shows 4 the linksin dense pinkformat and the SF valgfor all termsare approximatelythe
same.Considering the SEEM information tmeitia termis linked to egn (3) and (6), and the

stiffness term has a direct link back to theuagjon of motion.
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D2 Xo +
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(1,0) (3,9)

Figure6-17 A detailed investigation of the encoding information for eqn (9).

The zerothperturbation order terms fromeqgn (8) are selected and set to zeto,form the

zeroth-order perturbationequation, as follows:
O®d 1 ®YAY m eqn (L0)

Figure 6-18 shows all the sources and links thednstitute the zeroth-order perturbation

equation for the secondary beam. All the links are displayed with dense pink lines and the SF
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valuesfor all terms are roughly the samAgain the user can quickly get the importance of this

equation by considering this Figure.
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Figure6-18 A detailed investigation of the encoding information for e¢h0).

The firstorder perturbation equatiorfor the primary beam is shown in egn (11). This equation

is created byaking the terns containing- out from eqn (7) and setting them to zero
OoO® 1 ® YRY eqn (1)
0 ‘'m- 00¢ - noeyY -

Orw- 0O ¢ - -1 O'®d-

Theoverallvisualisation graph foegn (11)is given irFigure6-19 andit is possible to notice
that terms with more than one zerotperturbationorder quantity have a noticeably larger SF
representation.Thecontribution from the primary egation of motion and the fundamental
equations used within the method of multiple scates be noticed in the upstream of the
equation line. Furthermore,it is possible tanterpret that highlightedtermsin eqgn (7)are

merely rearrangedandthen appeare in equation (11).
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Figure6-19 Overall visualisation graph faagn (11)

Adetailed investigatiorfor the encoding information and visualisation &@lectedterms in egn
(11)aregiven inFigure6-20. The linear stiffness term is given in part (a) of Eigsire, the natural
frequency which is linked to the equation of motiphas zeroth perturbatioorder and is shown
in pink. The first order perturbation term for the primary beam is shown in blue. Furthermore

the inertia term isshownin part (b) of this Figure

The external excitation term is shown kigure6-20-c and he epsilonsn this termare not
cancelledThe external excitation frequency is to zeroth perturbation order and is shown in pink.

This signifies the strong effect of the external excitati@gtrency in this equation.

The damping term is given Figure6-20-d and is structured from equations 3, and 5.The
small epsilor(- ) which waglefined by theuserin the modelling stagean be cancelled by
the small epsilonparameter (- ) that relates to the perturbation expansionMoreover a
coupling term ishownin Figure6-20-e and thigermis structured from equations 1, 3, 4 and 6.
The number of the zeroth perturbation order and first perturbation order quantities is equal in

this term.

Finally a perturbational correction term is showrFigure6-20-e. Asmentioned before- and
- hawethe samenumericalvaluesothisterm.¢ KA & G SNX¥ Qa & NHzOG dzZNB RS

choice of the solution method.
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Figure6-20 A detailed investigation of eqn (11}a) is a linear stiffness,(b) is the inertia,(c) is
the external excitation,(d) is a damping term,(e) is a coupling term, and finallyf) is a
perturbationalcorrection term.

Egn (R) is the first order perturbation equatiofor the secondary beamThis equation is

obtained by taking terms with the coefficient of from egn (8), resulting in:

o® 1 &"YRY
00c¢c - O ¢ ®- -] OoOwh- ®

eqgn (12)

Figure6-21is a general overview of the sources and linksefpr (12) Equation (8) ikighlighted

in this graphis a transitional area because no new terms are introduced at this stage.
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Figure6-21 Overall visualisation graph foaqn (12)

Figure6-22 shows a detailed process behind the visualising links for selected terms in this
equation. The stiffness term is givenkigure6-22-a, and the first linear natural frequency is
linked to the equation of motion for the secondary beam. Also the inertia term is sikigume
6-22-b where the time derivative is shown in pink and linked to egn (6). The first order
perturbation term for the secondary beam is shown in blue and linked to the perturbation

expansion. Both terms in this equation are sourt@the perturbationexpansion.Figure6-22-
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¢ shows the dampg term for the secondary beam. This teisrstructured from equations 2, 4,
and 5. Most of the links in this Figure arefitst perturbation order and are shown by blue and
the user can quickly see that the dampitgym is not strong.Finally, the perturbational

correction term for this equation is given kgure6-22-d. This term is sourced to equations 4

6.4 An autoparametric case study

and 6, and changing the solution method will obviously highly affect this term.
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Figure6-22 A detailed investigation of the encoding information for egn (12); whe@,is the

stiffness term,(b) is the inertia,(c) is the damping term, and (d¥ the perturbationalcorrection

term.
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Thesolutionprocedurecontinues inAppendixC of the thesis.



6.5Postprocessing the Strength Factor information 127

6.5 Postprocessing the Strengthkactor information

Considering the main logic of the SF value, which is identifying the less effective term in each
equation, a scatter plot based on the terms and their SF values is créaEjure6-23 shows,

this graph is addedhto the SCD solver. The user can change the equation number by adjusting
the bar on the top of the graph, and the SF valwsefach term, in the selected equation, are
given on the yaxis of the plot as functions of the term on theaxis. Moreover, theexact SF

value for each ternis labelled neaits node. This is just a presentation of the SF values and does

not confer an atomated decision process due to the algorithm.

Equation Number D

=

2

hd|
+]
>
«]

Equation 2
SF

0.50
.

0.25 0.25
. .

0.2

Terms

Figure6-23 A typicalStrength Factographfor the eqn (2) of theautoparametrically excited

coupled beam system.

6.5.1 The Strength Factor guideline
The main goal of this procedure is to develop an algorithm that can automatically identify
the less important term in any equation based on both the terms SF number and the solution
procedure concept. The fundamental aim has been to create a series atioosdvhereby
a quantity cannot be justifiably removed from an equation. This initialg done by
manually checking the SF graph for each equation and then developing a guideline proposal.

The SF guideline is summarised below:
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6.5.2

6.5Postprocessing the Strength Factor information

No terms from the perturhtion expansion and the differentiations equations must be
removed. This is because the higher order terms are already truncated based on the

mathematical model.

The user must define a threshold from which the SF number below that threshold can
be consideed to represent an insignificant term. The higher range of SF values indicate
terms that are more important, because they have higher points in either, or both, the
order and the SEEM hierarchy. As the SF value for each term is a number between 0 and
1, athreshold of 0.5 is regarded as a conservative decision point for removing the

associated term. It is possible for the user to change this sensitivity, if this is required.

The algorithm must not remove the inertia term, or any external excitation teons,

indeed any fundamental dynamical term from any of the perturbation equations.

As explained in 83.3.1, there are some quantities that the SEEM encoding information
is not defined intentionally. If there is no encoding information, the SF cannot be
calcuated for that quantity and makes the SF for that term equal to zero. As the results

terms with zero SF value should stay in the analysis.

The StrengthFactor analysidfor autoparametric system

The SF graph for all equations in the coupled beam case styniytted and the SF guideline is

used toselect negligible termim each equationTheoriginalresponsds calculated by the SCD

solver, without removing any terms. Whilg¢he response after removing a selected term based

on the SF guideline is calletbdifiedresponse

For each case toompare theoriginal and modifiedresponsa, a set of numerical values are

substituted in to thesesymbolicresponses and the results are plotted in a single grapte

numerical values are initially adopted from experimental data providegdartmell [70]which

isgivenin Table6-3.

Table6-3 Experimnetal datdor the coupled beam system parameterg0].

Parameter Numerical value
‘ 0.3
- 0.5
1 (Hz) 50
1 (Hz2) 25
, 0.01
, 0.001
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It is important to show that the qualitative forms of the generated responses are not dependent
on the specific numerical values of the data used to calculate them. Thereforeri¢heal and
the modified responses are plotted in a dynamic interface wheéine user can adjust the

numerical values for the system

As Figure 6-24 shows, theoriginal and modified responses, based on the numerical data
provided in Table 6-3. Theseresponse plots show all the classical characteristics of an
autoparametricallyresonant systenj70]. Both original and modifiedresponses hsed on this

numerical data set arthe same.
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Figure6-24 Theoriginaland modifiedamplitude responsgfor the primary (a) and secondary
(b) beams (based on the numerical values giveTaiple6-3.

It was then decided to change the numerical data values to ensure thatghoisn inFigure

6-24 are indeed qualitatively independent from them, sEmgure6-25. It is possible to notice
that the original and modifiedgraphs @& qualitatively identical in both plots, which strongly
implies (but does not prove) that they are qualitatively independent of the numerical values

used to calculate them.
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Figure6-25 Theoriginal and modifiedamplitude responses for the primary and secondargams
(based on varied numerical input data values)

The SF plot for eqn (1) is providedFigure6-26. Noterm isselectedunderthe first rule of the

F guideline asthis not either a perturbation expansion or the definition of time derivatives

Considering the second rule the chogéresholdis 0.5, therefore @ T should stay in the

equation. The third rule stops the user for removirfigndamental terms such asiamping

C - -1 &1, external excitaton- R wé it, and principal coupling terms

- ot ®t zdT . Finally, the fourthrule of the SF guideline indicates retaining the

inertia term,® T which it is not yet encoded. Consequently, the guideline suggests removing

the T zdTr- term. These results are also categorisedmiable6-4.
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Figure6-26 The Strength Factographof egn (1)

Table6-4 TheStrengthFactor guideline applied to egn (1)

The Sf guideline rule

number ferms
1 -
2 1 wf

¢ - -1 &f
3 - ot eotzot
- AOE T

4 ot

Considering the SF selectiohetmodifiedresponse by removing t 2 & 1 -  from eqn (1)
is then calculatedThenoriginal and modified responsesbased on the numerical valuese
plotted, resulting inFigure6-27 . Both the original and modifiedresponsegemainthe same,

and it is possible to remove this term permanently from this analysis.

It should be noticed thathis term is also considered negligible @artmell [70] through
observations mainly based on repeated numerical explorations in different problems, typified

by differential equations incorporatingutoparametricresonances .
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Figure6-27 Theoriginal and modifiedresponsesafter removing &t z® 7/ -

The same procedure as egn (1) is repeated for eqgn (7) in the study cutioparametric
excitation of copled beam systems. The SF graph for this equation is provideidune6-28.
As this equation is not categorised as the definition of either perturbation expamsidhe
differentiation equations, rule number one of the SF guideline is not. Malded on the second
rule of the SF guidelingerms with the SF higher than O0dhould remainin the equation
structure, which means] & "YRY andO & “YHY . The third rule of the SF guideline

dictates the fundamental terms; such atampingO ¢ o - -1 , external excitation

noeY - ,andthe couplingternd® @ - must stay in the equation structure. Finally,
number zro based on the fourth rule is retained in this equation. These results are also

summarised ifmable6-5.
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Figure6-28 The Strength Factoplot of eqn (7)
Table6-5 The Sterength Factor guideline applied to egn (7).
The Sf guideline rule numbet Terms
1 -
$ D
2
1 ®
$c o - -
3 iy -
$O ‘-
4 T
Astheresultsg - OO®,anddt zofr- ,$ &- ,and-7 & are considered less

effectivetermsin this equation As discussed iRigure6-29 removingw ¥ 2@ T - has no

particular effect on the response of the system.

The modifiedreposeof the systenby removing; - OO @ , termisinvestigated Figure6-30
shows theoriginal and modified responses, it is possible to notice removing- O 0 &
significantlyaltered the secondary beam response of the systeBonsequentlythis term

shoud not be removed from this equation.
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Figure6-30 Theoriginal and modifiedresponsesafter removingg R $ $ 8.

Then themodifiedresponsafor $ @ - , and- ]

andFigure6-32 show, removing either of theséermsdo notaffect the response of this system.

As the result$s @ - , and- ]

in this equation.

@ can be neglectedvhile ¢

@ individullyare calculated. Afigure6-31

'O 'O & shouldbe retained
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Figure6-31 Theoriginaland modifiedresponsesafter removing$ @ - .

Figure6-32 Theoriginal and modifiedresponsesafter removing - 1 &















































































































