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Abstract

Throughout this thesis, we study the representation theory of the Fuss-Catalan
algebras, FCs ,,(a,b). We prove that these algebras are cellular and we define their
cellular basis. In addition, we prove that they form a tower of recollement, and
hence, they are quasi-hereditary. By calculating the Gram determinants of certain
cell modules for the Fuss-Catalan algebras, we determine when these algebras are
not semisimple. Finally, we end with defining homomorphisms between specified

cell modules.
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Introduction

The Fuss-Catalan algebras was first introduced by Bisch and Jones [3] as a
k-colour generalisation of the Temperley-Lieb algebra. We will denote it by
FCgn(ai, ag, -+ ,a;). They have given an explicit presentation of FCy,(a,b) in
terms of generators and relations for the special case £ = 2. In addition, they
computed the structure of FCy,,(a,b) when they are semisimple by using the
diagram basis approach. These algebras have dimensions equal to the generalised
Catalan numbers or Fuss-Catalan numbers thus they called it the Fuss-Catalan
algebras.

Landau [26], generalised some results for general k that were proved in [3]
for the case k = 2. For example, he defined a complete set of generators for
FCgn(ai,as, ..., a;) [26, Theorem 4]. In addition, the isomorphism between the
diagram definition and the abstract definition of the FCy ,,(ay, as, ..., ax) is given
in [26, Theorem 6]. Francesco [14], has given new hyperbolic solutions to the
Yang-Baxter equation and constructed new integrable lattice models by using
the Fuss-Catalan algebras.

In this thesis we shall study the representation theory of the Fuss-Catalan
algebras FCy, (a1, aq, . . ., ai) for the special case k = 2.

One motivation to study the Fuss-Catalan algebras FCs,,(a,b) is that they
satisfy the conditions of cellular algebras that have been given by Graham and
Lehrer [19]. That is, they have cellular basis which introduce a filtration of FCy ,,
and define a special kind of modules which is called cell modules. Furthermore,
for each cell module we can define a bilinear form. One strong result of cellular
algebras is that a cellular algebra is semisimple if and only if the bilinear form

for every cell module is non-degenerate.
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Another reason for studying these algebras is that they satisfy the axiomatic
framework of towers of recollement that has been defined by Cox, Martin, Parker,
and Xi [12]. This framework specifies when the algebra is semisimple and
determines the simple FCy,,(a,b)-modules. In addition, the problem of finding
a non-zero homomorphism between two cell modules will be reduced to the case
when one of them is simple.

The main results that we have in this thesis are as following. In chapter one,
we prove that FC, ,,(a, b) are cellular algebras in Theorem 1.3.14. In chapter two,
Theorem 2.3.16 states that the Fuss-Catalan algebras are a tower of recollement.
In chapter three, the Gram determinants for the Fuss-Catalan algebra cell mod-
ules are given in Theorem 3.4.17. Moreover, the values of a and b that make
the algebras FCs,,(a,b) not semisimple are given in Theorem 3.4.19. Finally, in
chapter four, Theorem 4.1.5 and Theorem 4.1.6 give the homomorphisms between
specified cell modules.

We will give a brief summary of this thesis. In chapter one, we introduce the
Fuss-Catalan algebras and prove that they are cellular. We start the first section
of this chapter by giving two equivalent definitions of FCy ,(as,as,. .., ax), one
via generators and relations and one via diagrams. In section two we summarise
some known results about the Fuss-Catalan algebras when they are semisimple.
In addition, definitions of the cellular algebra, cell module and the bilinear form
are introduced in section three. Moreover, we prove, in Theorem 1.3.14, that
our algebras FCs,,(a,b) are cellular and we define its cellular basis. In the last
section, we state some results related to set of labels for the cell modules. For
example, its dimension and how to find its elements. Furthermore, we give some
examples to explain the theory that we use throughout this chapter.

In chapter two, we show that the Fuss-Catalan algebras satisfy the axiomatic
framework of towers of recollement introduced by Cox, Martin, Parker, and Xi
[12]. The axioms Al to A4 are proved in the first section. In the last section we
study the restrictions of the cell modules so that we can give the proof for the
last two axioms A5 and A6. The main theorem in this chapter is Theorem 2.3.16
which states that FCy,,(a, b) satisfy the axioms for a tower of recollement.

In chapter three, we find the Gram determinant for FC,,,(a,b)-cell modules
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by using a similar technique to that used in [38, Section 4] to find the Gram
determinant for the Temperley-Lieb algebra modules, and by using some of the
properties of being a tower of recollement (see [12, Section 5]). This leads to
finding the general form of the Gram matrices and we give the Gram determinant
for some special cases of the cell modules. After that we state in Theorem 3.4.17
the general form of the Gram determinant for a large family of cell modules. We
will end this chapter by our main result Theorem 3.4.19 which gives the values
of a and b such that the Fuss-Catalan algebras FCs,,(a,b) are not semisimple.
In chapter four, we work on homomorphisms between cell modules such that
one of them is simple. We define morphisms from the cell modules that generated
by the upper half diagrams of the generators for FCy,,(a,b) to a cell module with

certain label.



Chapter 1

Preliminaries

In this chapter we are going to give some definitions and basic concepts related to
the Fuss-Catalan algebras. In addition, we prove that they are cellular algebras
and define their cellular basis. Furthermore, we introduce some results on the

labels of their cell modules.

1.1 The Definition of the Fuss-Catalan algebras.

Bisch and Jones [3], first defined the coloured generalisations of the Temperley-
Lieb algebras which are called the Fuss-Catalan algebras. These algebras are
defined in two different ways, the first as abstract algebras that defined by
presentations, and the second way as diagram algebras. There is an isomor-
phism between these two ways of defining these algebras that has been given in
[3, Theorem 4.2.14] for the special case k = 2. While the isomorphism for k& > 2
is proved in [26, Theorem 6]. Here the author proved, in general, that these two

algebras are isomorphic by using relation checking and basis counting.

Definition 1.1.1 ([3, p.96]). An (n,n)-planar diagram D is a diagram consisting
of two horizontal, parallel lines with n vertices drawn on each line. The vertices
are connected by strings either to vertices on the same line or to vertices on the
parallel line provided that D has no crossings and strings do not leave the strip

in the plane defined by the top and the bottom lines of the diagram.
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Definition 1.1.2 ([3, p.97]). A colouring of a (kn, kn)-planar diagram D is an
identical assignment of colours aq, as, ..., ai to each of the top and the bottom

vertices of D such that the colouring is of the form

(arasg -+ ag)(agag_q---ay)---(ajag---ax) if n is odd

(arasg -+ ag)(agag_q---ay) - (agag_1---ap) if n is even.
In addition, only vertices with the same colours have connecting strings.

We denote the set of all coloured planar (nk,nk)-diagrams by Bj ., so that

B, represents the set of all (2n, 2n)-diagrams.

We can define the multiplication for any two diagrams in the set By, to be the

concatenation of two diagrams, since the top and the bottom lines of the diagrams
have the same number (nk) of coloured vertices and the same colouring.
Let Dy and D, are two diagrams in By, then the multiplication of these two
diagrams is D1Dy = (a1)™ (a2)"™ ... (ax)™ D3 where ay, as, ..., a; are complex
numbers, Dj is an element in By, obtained by placing D; on the top of the D,
and deleting the closed loops from the resulting diagram, and r; is the number of
the closed loops formed by the strings with colour a;. The multiplication on By,
is not commutative in general.

Now, we are ready to introduce the diagrammatic version of the Fuss-Catalan

algebras.

Definition 1.1.3 ([3, Definition 2.1.2]). Fix k& complex numbers (the colours)
ai,as,...,ag, k> 1, and denote by FCy (a1, as, ..., ax) the complex linear span
of Bgn,n > 1. We set FCy o = C. Clearly, FCy (a1, ag, ..., a;) is then an asso-
ciative algebra over C with multiplication being the multiplication of diagrams
as explained above, extended linearly and respecting the distributivity law to all

of FCyn(ay, as, ..., ax).

Remark 1.1.4. In this thesis we assume that the parameters aq, ao, ..., a; in the

algebras FCy,,, are non-zero complex numbers.
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Definition 1.1.5 ([26, Definition 11]). Let ,e;, 1 <i <n—1,1 <p < k denote
the idempotent in FCy,,, that is

times the following diagram:
pi(p)

1 2 ik—p+1 ik ik+p nk

N

where

ajag - - - a, if i even
pi(p) =
app—1 - Qg—py1 if 7 odd.
Theorem 1.1.6 ([26, Theorem 4]). The set {1, ,e;}, with 1 < i < n —1 and

1 <p <k is a generating set for FCy,.

There is another definition of the Fuss-Catalan algebras, which is defined by

the generators and relations.

Definition 1.1.7. [18, Definition 2.2] Let FCy,(a1,...,ar) be the complex
associative algebra generated by the set {,U; | 1 < p < k,1 < i < n—1}
together with the identity (oU;) = (oU) = 1 subject to the relations:

(pUi>(qUi) = (qUi>(pUi) = pi(p)(qUi) for p<gq
(pUi)(qu) = (qu)(pUz') for | 1—J |> 1 or
j=txlandp+q<k

(Ui (Uix1) GU:) = pi(k — @) (oUi) (k—pUiz1) ~ for p+q >k,

forall 1 <p <k, 1<i<n-—1(n—2 for the third relation), where p;(p) is as
defined above.

This is called the n-th Fuss-Catalan algebra with k-colours a4, ..., ax € C.
Let TL,(a) be the Temperley-Lieb algebra, then under the correspondence
(1U;) < Ui, a1 = a, we have FCy ,(a1) = TL,(a). Hence, the Temperley-Lieb

algebras are the first in the series of the Fuss-Catalan algebras.
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Landau in his paper [26, Theorem 6], introduced the isomorphism between

the two definitions of the Fuss-Catalan algebras, by showing that the map

o(,Ui) = pi(p)pes

is an isomorphism.

The dimension of the Fuss-Catalan algebras FCy,,, is the number of elements

in the set By, and it is given by the Fuss-Catalan numbers.

Proposition 1.1.8 ([3, Corollary 2.1.7]). We have

1 kE+1
dim FCk,n = n 1 (( —; )n)

fork>1andn >1.

Since our work is concerned with the case k = 2, we will denote by FC,, the
algebras FCs ,,(a,b) and by B,, the set of all basis elements of FC,,,. Recall that
throughout this thesis we will assume that the parameters a and b are non-zero
complex numbers. Now, we present some definitions and examples related to the

algebras FC,,.

Proposition 1.1.9 ([3, Proposition 4.1.3]). The algebra FC,, is generated by the

diagrams 1, 1U; and 2U;, where 1 <1 <n—1, and

12 23 2n 12 27 2n
% W/
WU = , Ui =
/A AN

Definition 1.1.10 ([3, p.106]). The colouring of a basis diagram in FC,, is

a(yz)s 'ya for n even, and a(yz) "z b for n odd, where 2 = aa and y = bb.

We indicate how to multiply diagrams in FC,, in this example.
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Example 1.1.11. The colouring of a basis diagram in FCjs is abbaab.
Let Dy, Dy € FCs, where

D, = and Dy =

Then
a_ b b a a b
a_b b a a b
DDy = =
a b b a a b
a_ b b a a b
DDy = =a

We can see that there are no loops in the diagram D, Dy while the diagram Dy D,

has an a-loop.

1.2 The structure of FC,(a,b)

The Fuss-Catalan algebras over the complex field are generically semisimple [3,
Lemma 2.2.1]. In this section we will review some known results when FC, (a,b)

are semisimple.
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Definition 1.2.1 ([3, Definition 3.1.1]). Given a diagram D € B, a through
string is a string connecting a vertex on the top line to a vertex on the bottom

line. The number of through strings of D is denoted by (D).

Definition 1.2.2 ([3, Definition 3.1.2]). To each diagram in B, there is a well
defined word on a and b called the label of the diagram, obtained by writing down

the colours associated to the through strings reading from left to right.

The authors of [3] used the notation “middle pattern” instead of label in the

above definition.

Definition 1.2.3. Let D € B,,, a diagram that obtained from D by removing all
non-through strings and its vertices from the bottom line of D, is called the initial
part of D, whereas a diagram that obtained from D by removing all non-through

strings and its vertices from the top line of D, is called the final part of D.

Sometimes we call the initial part of a diagram D the upper half diagram and
we call the final part of D the lower half diagram. In addition, the initial and the
final parts of D have label equal the label of D, and they are uniquely determined
by D.

Example 1.2.4. The label of the following diagram D € FCj is abbb = ab?®, and
[(D) = 4.

The initial part of D is the diagram

S
p
p >
B
P
=
=
S
S
S

C
C
C
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and the final part of D is the diagram

Lemma 1.2.5 ([3, Lemma 3.1.4]). A label of a diagram D € B,, is either empty
(only possible if n is even) or of the form aw(x,y)a if n is even and aw(x,y)b if

n 1s odd, where w is a word on x = aa and y = bb.

We note that not every word on a and b represents a label of a diagram. For
instance, there is no label that starts with the letter b, and no label consisting of
the letter b only. We will call the number of the letters in a label A, the length of
the label and we denote it by [()), it is clear that, [(D) = I(\).

Remark 1.2.6. Let Dy, D, be two basis diagrams in FC, with labels A\;, Ay
respectively. Let D3 = SD; D, have a label A3. Since the product of two diagrams
does not create new through strings, and any through strings in D3 are obtained

by connecting a through string from D; to a through string from Dy we get

[(A3) < min(l(A1),l(A2)). Then we have

Definition 1.2.7 ([3, Definition 3.1.7]). The two-sided ideal in FC,, linearly
spanned by diagrams with at most [ through strings will be denoted by 1.

By planarity, we have that the number of through strings must be even.

In addition, we have

FCn(a,b) =15, DIy oD ---D1yDO0.

Therefore, to describe the structure of FC,(a,b) in the semisimple case, it is
enough to find the minimal ideals for the algebras [;/I;_o for 0 < 1 < 2n where
I 1=1,=H{0}.

Without assuming that FC,,(a,b) is semisimple, we have the following three

lemmas.
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Lemma 1.2.8 ([3, Lemma 3.1.8]). Let A be a label and let M be the initial part
of some diagram in B, with \ as its label. Let M* be the reflection of M about
its top line. Then Py = MM* is a multiple of a projection, i.e. Pi = cPy, for

some scalar ¢ € C (which is a product of a’s and b’s).

Let M be the initial part of a diagram D € FC,,, we can define, D'M, the
product of a diagram D’ € FC, with M to be the initial part of the diagram
D’'D. That is, D'M is the diagram that obtained from D’D after removing all

non-through strings and its vertices from the bottom line of D'D.

Lemma 1.2.9 ([3, p.108]). The idempotent pyy = <Py has the following

properties:

(i) pum represents a minimal idempotent in FC,,/I,_o, where the label of M has

length 1.

(i) If My and My are initial parts of diagrams with distinct labels of length I,
then pp,FCupa, =0 mod ;5.

(iii) If My and My are initial parts of diagrams with the same labels A of length
[, then My = c¢DDM,, where D € B, is a diagram with label \, and c is a

product of a’s and b’s.

Definition 1.2.10 ([3, Definition 3.1.12]). If A is a word on a and b, we define
K} to be the number of distinct initial parts of the diagrams in FC,, having label

A with the convention that {Z] = (0 if X is not a label.

Lemma 1.2.11 ([3, Lemma 3.1.13]). If X is a label of length | and M is an initial
part of a diagram with label X, the dimension of the left ideal py(I,/1;_2) is [ﬂ .

Lemma 1.2.12 ([3, Lemma 3.1.14)). Let I; be the two sided ideal in FC,, as
defined in Definition 1.2.7. Then

L)Ly = @(11/11—2)]7M(fz/11—2)7

A

where the sum is over all labels X of length | and M is an initial part of a diagram

with label A (choose one M for each \).
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From the above lemmas we have the following theorem which describe the

structure of the algebra FC,,(a,b) when it is semisimple.

Theorem 1.2.13 ([3, Theorem 3.1.15]). If a and b are such that FC,(a,b) is

semisimple, we have

FC,(a,0) = P My (C),

X:[}]>0

where the sum is over all labels A of diagrams in FC,,.

Definition 1.2.14 ([3, Definition 3.1.16]). Let A be a word in a and b with

ﬂ > 0 and let [ be the length of A\. Let V) be the complex vector space of

dimension KL] having the distinct initial parts M of diagrams in B, with label
A as a basis. Let D € B,, and define a representation 7 of FC,(a,b) on V) by

DM, if DM has [ through strings,
WA(D)M =

0, otherwise,

for M € V) (where we replace closed loops in DM with a or b as usual).

Theorem 1.2.15 ([3, Theorem 3.1.17]). If a and b are such that FC,(a,b) is
semisimple, then all representations wy as defined above are irreducible and any

irreducible representation of FC,(a,b) is equivalent to a my.

1.3 The FC,(a,b) are cellular algebras

Cellular algebras are a class of associative algebras defined by Graham and Lehrer
[19]. One main property of this kind of algebras is that they have special bases
that define a set of modules called cell modules and for each cell module there is
an associated bilinear form. Furthermore, the theory of cellular algebras helps us
to provide the complete set of irreducible modules for a given cellular algebra by
studying the quotients of the cell modules by the radical of its bilinear form. We
start this section by giving some basic concepts related to the cellular algebras.
Then we will prove that our algebras FC,,(a, b) are cellular and define their cellular

bases. As well as we define their cell modules.
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Definition 1.3.1 ([19, Definition 1.1]). Let R be a commutative ring with iden-
tity. A cellular algebra over R is an associative (unital) algebra A, together with

cell datum (A, W, B, *) where

(C1) A is a partially ordered set and for each A € A there is a finite set W(\)
such that B={Cg, | A € Aand S, T € W(A)} is an R-basis of A.

(C2) If A € A and S,T € W(XA). Then % is an R-linear anti-isomorphism of A
such that (C§,)* = Cpg -

(C3) If A€ A and S, T € W()) then for any element a € A we have

aClr=( Y ral8,8)Chy) +7
STEW(N)
where 7,(5’,5) € R is independent of T, and 7’ is a linear combination of

basis elements with upper label p < A.

If we have a cellular algebra A, then we call the basis B in the above definition

a cellular basis.

Definition 1.3.2 ([19, Definition 2.1]). Let A be a cellular algebra with cell
datum (A, W, B,x*). For each A € A define the left A-module A(\) as a free
R-module with basis {Cs | S € W(A)} and A-action defined by

aCs = > 1,(9.9)Cs (ae A, SeW))
S’TEW(N)
where 7,(5’,S) € R as defined in definition 1.3.1. This module called the cell
module of A labelled by .

The cell module A(\) can be seen as a right A-module if we define the action
of A on A(X) by

Csa= Y r1a(5,9)Cs.
S’'ew(N)

Definition 1.3.3. For each A € A, define A* to be the R-submodule of A with
basis

{CsplpeAp<Xand S, T € W(u)}.
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Definition 1.3.4 ([19, Definition 2.3]). For A € A, define a bilinear form
Dy AN) X A(N) = R
by the equation
Ogl,Tl Cé\Q,Tz = 0, (O, OSQ)Cgl,TQ mod A*

where Sy, .55, T1, Ty € W(A).
Proposition 1.3.5 ([19, Proposition 2.4]). Let A € A, and z,y € A(X). Then
(i) The form @ is symmelric, i.e. we have ®y(x,y) = ®(y, x).
(ii) For alla € A, we have ®y(a*z,y) = Pp(z,ay).
Definition 1.3.6 ([19, Definition 3.1]). Let A be a cellular algebra with cell
datum (A, W, B,*). For A € A, define

rad(\) = {x € A(N) | Pa(x,y) =0 for all y € A(N)}.

Proposition 1.3.7 ([19, Proposition 3.2]). Let A € A. Then
(i) rad(\) is an A-submodule of A(N).
(ii) If @5 # 0, the quotient A(X\)/rad(N) is absolutely irreducible.
(iii) If ®y # 0, rad(N) is the Jacobson radical of the cell module A(N).

The next theorem is one of the main theorems that was introduced by Graham

and Lehrer [19], to classify the irreducible cell modules for a cellular algebra A.

Theorem 1.3.8 ([19, Theorem 3.4]). Let R be a field and let (A, W, B,*) be a
cell datum for the R-algebra A. For each A € A define the cell module A(\) and
bilinear form ®5 on A(N) as in definitions 1.53.2 and 1.3.4 respectively. Suppose
Ao={N €A | D\ #0}. Then the set {Ly = A(N)/rad(\) | XA € Ao} is a complete

set of non-isomorphic irreducible A-modules.
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Theorem 1.3.9 ([19, Theorem 3.8]). Let R be a field and let (A, W, B,*) be a
cell datum for the R-algebra A. Then the following are equivalent:

(i) The algebra A is semisimple.
(ii) The non-zero cell modules of A are irreducible and pairwise inequivalent.
(iii) The form ®, is non-degenerate, that is, rad(\) = 0 for each X € A.

Now, we are going to identify a cell datum (A, W, B, *) such that the algebras
FC,(a,b) are cellular. Let us start with this definition.

Definition 1.3.10 ([3, Definition 3.1.5]). If A and A" are words on an alphabet,

we say A < A if \ is obtained from X by removing some (or no) letters of \'.

For example, we have aaabba < abbaabbbba. In addition, the empty word, (),

satisfies () < A for any word \.

Definition 1.3.11. We define A to be set of all possible labels of the basis
diagrams of FC,,, and W, ()) to be the set of all distinct initial parts of the

diagrams in B,, having label .
Lemma 1.3.12. The pair (A, <) forms a partially ordered set.

Proof. To see that A is a partially ordered, let \;, A, A3 € A. By the definition
of the order <, we have A\; < A;. Now, suppose that A\; < Ay and Ay < Ay,
Then I(A1) < I(A2) and I(Ag) < I(N\). So we get I(A) = I(A2). If A; is not
equal to Ay this means that we cannot get one of them from the other which is
a contradiction, thus \; = A9. For transitivity, suppose A\; < Ay and Ay < A3.
Let S7 and S, be the multi-sets of letters that we removed to get A\; from Ay and
Ay from A3, respectively. Now, if we remove S; and S5 from A3 then we get A;.

Hence, A1 < As. O

Lemma 1.3.13. The function x : FC,, — FC,, that reflects a diagram about a

horizontal line in the middle of a diagram is an anti-isomorphism.

Proof. To show that * is an anti-morphism, we prove that (D Ds)* = (Dy)*(D1)%,

for all Dy, Dy € B,, and extend linearly to all elements of the algebra FC,,. In fact,
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this holds because (D;Ds)* is found by putting D; above Dy and then reflecting
them. As a result, we get the diagram Dj above the diagram D7, which is the
same as D3 D7.

Since * sends a basis element to a (distinct) basis element, it is injective.
Using the rank-nullity theorem, we have dim(FC,) = dim(Im(x)), which means
that % is surjective. We have shown that * is bijective and an anti-morphism, so

it is anti-automorphism. O

Now, we will give the complete proof that the algebras FC,(a,b) are cellular
with cell datum (A, W,,(A), By, *). (We do not know of any explicit proofs in the
literature).

Let A and W, (\) be as defined in Definition 1.3.11. Let S, T" € W, (), and
define Cg}T to be a basis diagram obtained by putting the diagram S above the

diagram T after turning 7" upside down.

Theorem 1.3.14. The Fuss-Catalan algebras FC,,(a, b) are cellular algebras, with

cellular bases B,,.

Proof. (C1) We have B, = {C5, | A € A and S, T € W,(\)} because each
diagram D in B, with label X is a composition of the initial part with the

final part of D, where the initial and the final parts of D has label A.

(C2) By Lemma 1.3.13, we have x is anti-isomorphism such that

(Cé\,T)* = C%,S'

(C3) Let C§r be a basis element of FC,, and let D =37 OéS/,Tf,,\/Cé\:,T/ € FC,, be

a linear combination of basis elements of FC,,. Then

/
DCg,T - ( E O{S/7T/7)\/C§/7T/> C§7T

XN A
= E :aS’,T’7A’(CS',T/CS,T)-

Suppose A’ is the label of the diagram Cgi,T,CgT. Then, by Remark 1.2.6,

we have \” < X, and " < \. Now, consider these cases:
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Case I: If ' =\, and

(i) A7 = A, then the upper half diagram S’ of CQZ’T, and the lower half
diagram T' of Cg‘,T are not changed in the product, but we may get
some loops in the middle which give us some scalars. Thus we have
(C§:7T,C§\7T) = apgx C4p where ap gy € C depends on the half
diagrams T”,.S and does not depend on T'.

(i) A" < A, then C’g‘f’T,C'é\’T =f C'gi:mu where C’:g\x’T,, is a basis diagram

obtained from the half diagrams in W(\"), and 5 € C .

Case II: If A < )\, then \” < A. This case is similar to Case I.

Case III: If M < A, then \” < X. By the property of the partially ordered

set, we have \” < A, and this is similar to Case I(ii).

Case IV: If X and )\ are incomparable. It is still true that \” < X\ and
A < X, and may argue in the same way as Case I and Case III.

Thus, from our cases above, we get

A E A E A
DCS,T = QT 8\ OS’,T + ﬁ OS”,T”7

where M < )\ .

Then FC,, is cellular algebra with cellular basis B,,. O
Since FC,, are cellular algebras, then we have the following definition:

Definition 1.3.15. For each A € A, there is a cell module A, (\) with basis
Wi, (A) such that for all D € FC,, and M € W, ()\), the action is defined by

DM, if {(DM) = I(M),
D-M =

0, otherwise.

Consider V) and m), that defined in Definition 1.2.14. We can see that the
basis diagrams for the cell module A, (\) are the same as the basis diagrams for
the vector space V). Furthermore, the action of the diagrams D € FC,, on A, (\)

is the same as the action of m,(D) on V), then we have
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Proposition 1.3.16 ([4, Section 2|). Suppose that A,(\) be a cell module with
X = abbl>- - 2 where z = a if n even and z = b if n odd. The dimension of

A, (A) ds {Z] , (defined in Definition 1.2.10), and is equal to:

(i) Whenn =2m, m €N,

s 3(m—r)+s :
|:2TT[| _ 3(m—r)+s( m—r ) it m >
A 0 it m<r,
where r = l_’%l and s = ?HTPH.
(i) Whenn=2m+1, m € N,
|:2m + 1:| o 3(m—8r)+s (3(7217—12+8) it m >
A 0 ifm<r,
where r = FTP and s = w.

We will finish this section with some examples.

Example 1.3.17. In this example we will construct the basis of FC3 and its
cell modules. Consider the algebra FCs(a,b). Using Proposition 1.1.8, we have
dimFCy3 = %(2) = 12. The basis diagrams of FC3 are diagrams that have six
vertices on the top and the bottom lines with colouring abbaab.

Let

51: 9 S2: Y 83: )

\ VARV Y
T1: \\/ s TQZ s and T3: \\/ .

The respective labels of these diagrams are A\; = ab®a?b, \y = a3b, \3 = ab?,
and of T}, Ty and T3 is Ay = ab. For i = 1, 2, 3, we have W(\;) = {S;}, and
W(/\4) = {Tl,TQ,Tg}.
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Then the set of the basis elements of FCjs is

Bs ={Cir|A€Aand 5,T € W)}
= {0517517 CSQ,SQ; 053,537 CT1 NAT) CTl NPY) CTl,Tgn CTQ,T]? CTQ,TQJ CTQ,TgJ

CTS,TU CT37T27 CTs,Ts}

where the basis elements are as follows:

\/ \/ v

A\ A\ Ja\

Csy,8q Cs,,8 Csg,55 Cry,14

VARV ¥ ¥ Y
JANA Ja\ JaNIAN Ja\

Cry, 1y Cry,1y Cry, 1 Cry.my
VARV VY v v

Ja\ Ja\ Ja\ A N

Cry 1y Crymy Cry,14 Cry 1y

The set of all distinct labels is A = {ab, aaab, abbb, abbaab}.
The basis of the ideals A%, A%, A% and AM are respectively:

AM = Span{Csr | S,T € W(u) and p < ab®a®b}
- Span{052,527 053,537 CTl,Tm CTl NS CTl 3, CTQ,TU CTQ,T27 CTQ,T37
Crymy, Cry oy, Oy 13}
A* = Span{Csr | S,T € W(p) and p < a’b},
A% = Span{Csr | S,T € W(u) and p < ab’}.

Thus

A A
A =A% = Span{CTl,Tu CT17T27 CTLTS? CTz,Tu CTQ,Tza

CT27T37 OT37T17 CT37T27 C’T3,T3 }7

AM = Span{Csr | S,T € W(u) and p < ab} = 0.
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Now, to find the cell modules of the algebra FC; we will use Definition 1.3.2.

We have four cell modules:

Az(A) = Span{S1}, As(A2) =Span{Ss}, As(A3) = Span{S;},

and

Ag(@b) = Span{Th T27 T3}7

where the action is as defined in Definition 1.3.15.
To explain the action of FC3 on the cell modules, let D = Cp, 1, € FC3 and
Sy € Az(a®h), then we have

because this diagram has two through strings and S; has four through strings.
That iS, Z(DSQ) 7é l(SQ)
Let T1 < Ag(&b), then

because [(DTy) = (Ty).

Example 1.3.18. Consider the cell module Asz(ab) for the algebra FCs, with
the action that defined in Definition 1.3.15. We have As(ab) = Span{T}, T3, T3},
where 17,15, T5 are as defined in Example 1.3.17.

Recall that the bilinear form &, is defined by the equation

A A A
C’Sl’ths%tQ mod A

= 0,(C,,,C,,) 02

s1,t2

where s1, so,t1,t2 € W(N).
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(i) Fori=1, 2, 3, let C}, = C,, =T, and Cj, 4, = Cr, 1, then we have

Cr.1,Cr.1, = ®(T, T)Cr,

Since, Cr, 1,Cr, 1, = abCr, 1, for all i =1, 2, 3, then we get

(T, T) = ab.

(i) Let Cy, = T3, Cs, = Ty and Cy, +, = Cp, 1, then we have

CTg,TgCTQ,Tz = q)(T?” T2>CT3,T2 =a CTg,T27

and hence,

(I)(Tg, Tg) = a.

By doing similar calculations we can show that
(I)(Tg,Tl) =1 and (I)(TQ,Tl) =b.

Now, we can find rad(ab), the radical of the cell module Asz(ab), which is
defined by

rad(A) = {x € A(N) | ®r(z,y) =0 forall ye A(N)}.

For u, v € As(ab), where

u = OélTl + OZQTQ + CY3T3,

v = BT + BT + B3T3,

suppose that u is in the radical of Ag(ab), thus, we have ®(u,v) = 0 for all
v € Ag(ab). Then we get

Q(ar Ty + aoTh + 3Ty, BTy + BTy + [315) = 0.
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By using the properties of the bilinear form, and substituting the values of

O(T;,1;) for i, j =1, 2, 3, we get

(anab + agb + a3) 1 + (b + azab + asa) By + (ag + asa + aszab)fs = 0.

Since u is in the radical this equation is true for all values of (1, 82, B3. Thus

we have the following system:

Oélab + a2b + a3 = O,
a1b + azab + asa = 0,

aq + aga + azab = 0.

We can write this system of equations in matrix form

ab a 1
det |la ab b | =0.
1 b ab

That is, when ab(a® — 1)(b* — 1) = 0.
Therefore, if a, b # 0, 1 then a3 = as = az3 = 0. Thus we conclude that
u = 0 and so rad(ab) = 0. Hence, Az(ab) is irreducible for all a, b € C\{0,1, —1}.

1.4 Properties of the Labels

In this section we give some properties related to A € A(n).

Definition 1.4.1. Let A\ = a"'b2 - - 2% be a label, where z = a if n is even and
z=>bif nisodd, and [; > 0 for all 1 <i < p. Then we call p the number of parts
of \.
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Remark 1.4.2. Let A\ = a1b2 - - - 2'» be a label, such that [; > 0 for all 1 < i < p.

If n is even then we have
(i) z=a (by Lemma 1.2.5).
(i) ® € A(n) (by Lemma 1.2.5).
(iii) pis odd and p > 1, since A = a'*b2 .- alr.

(iv) Iy = lis even if p = 1. Otherwise, [; and [, are odd, and /; is even for all

1 <7 < p. This is from the definition of the Fuss-Catalan diagrams.
If n is odd then we have
(i) #="5 (by Lemma 1.2.5).
(ii) O ¢ A(n) (by Lemma 1.2.5).
(iii) pis even and p > 2, since A\ = a"*b2al? - - - blr.

(iv) [y and I, are odd, and [; is even for all 1 < ¢ < p. This is from the definition

of the Fuss-Catalan diagrams.

Definition 1.4.3. Let d,,(p, ) be the number of the labels A = al*b2 - - - 2> € A(n)
such that A has length [ and exactly p-parts. If A = () then we consider that p = 1

and [ = 0.

The initial values of d,(p,[) are d;(2,2) = d3(1,2) =1 and d,(1,0) = 1 while
d,(p,0) =0 for all p > 1 and d,(0,{) =0 for all [ > 0.

Proposition 1.4.4. For n > 3, we have

dn(p,1) = (pé 1),

foralll=2p—2,2p, ..., n+p—1,andp=1,3, ..., n+1 if n is even and
p=2,4,....,n+1ifn is odd.

Proof. We start by finding the lower and the upper values of p and [. The lower
bound of p is 1 if n is even (when A = (), and 2 if n is odd (when A\ = ab).
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The upper bound of p occurs when A is the identity element where all strings are
through strings. Then A has the form A = (ab%a)? if n even, and A = (ab?a)"= ab
if n odd. Thus the number of parts of A is 2(3) +1 = n + 1 if n even, and it is
2% +1)+1=n+1if n odd.

For fixed p, the lower bound of I()\), where A has exactly p-parts, happens
when A has the form A = ab®a?...b%a, (resp. A\ = ab*a*...a?b) if n even, (resp.
if n odd). For the even and the odd case we get [(\) = 2(p —2) +2 = 2p — 2.
From Proposition 1.3.16, to get [ﬂ >0, we haven > 2r =1 —p+1if n is even
and n — 12> 2r =[—pif nis odd. Then, for both cases, | <n+p— 1.

Now, to find d,(p, 1), we have three cases:

Case I: If p = 1, then X has the form A = () or A = @, and for every even [ such
that 0 <1 <n, we have a distinct label, hence d,(1,]) =1 = (162).

Case II: If p = 2, then A\ = a"b" where [ = I + I, such that [; and [, are odd.
The number of distinct words A = a"1b* is equivalent to finding the number of

integer solutions of the equation | = l; + [ satisfying the conditions that [; and

I are odd. This is equivalent to finding the coefficient of z! in E, where
E=@+2*+2° 4+ )a+*+2°+-- ) =21+ 2+ 2" +---)?

1 (i1 L, =i+ 1\
2 2 21 21+2
_x(l_x2)2_x2( 1 >x _Z< 1 )x

i=0 =0

Let [ =2+ 2, theni+ 1 = %, hence the coefficient of 2! in E is (l/12). Thus,
d,(2,1) = (l/12) for every even [ such that 2 <[ <n+ 1.

Case III: If p > 2, then A = a"b2 - - - 2! where z = a if n is even and z = bif n is
odd. In this case, we need to find the number of integer solutions of the equation

l =1 +1y+---+1, where [; and [, are odd and [; > 0 are even for all 1 <7 < p.

This is equivalent to finding the coefficient of z! in E, where

E=@+2*+2°+-- )@ +at +2° 4+ P2 a+2> +2°+ )

=2*(1+2”+a* 4+ 2?1+ 2> 2+ )P

a
= 2% 1 P = %" 2§: z—l—p—l 2i:§: it+p—1 L 2it2p—2
1—:1;2 P p—1

1=0

Let l =2i1+2p—2,thenit+p—1= %, hence the coefficient of 2! in E is (}f{zl). O
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Proposition 1.4.5. Letp > 1,1 > 2 and n > 3 then we have

dn(pa l) = dn—1<p - 1>l - 2) + dn—2(p7l - 2)

Proof. We have
dyr(p—1,1—2) + dy_o(p,1 — 2) = <%(l —22)) . (%(z - 2))

_ (pli 21) — dy(p.]). 0

Definition 1.4.6. We define the set E7 to be the set of all even numbers in the
interval [4, j], and the set Og,, to be the set of all odd numbers in the interval

[i',5'], where i, 5, i, j € Z.
Proposition 1.4.7. Let n > 3. The order of the set A(n) is

A =Y (%(” o ”),

p

where p runs over O if n is even, and p runs over Ey™ if n is odd.

Proof. Since, d,(p, () is the number of labels with length [ and have p-parts. Thus

A=Y > dulp.l)

P oleBytn!

where p € O7! if n is even and p € E™ if n is odd. Let

R= > dupl)= > (W).

-1
lEEn+p71 leEn+p71 p

2p—2 2p—2

Set h = 1/2. When !l = 2p —2 then h = p— 1, when | = n+ p — 1 then
h = 1(n+p—1). We can rewrite R as the following

1(n+p-1)

ne 30

h=p—1

By using the fact that Y27, (1) = (¢1), we get R = (é(n;pﬂ)) =



Chapter 1. Preliminaries 26

Proposition 1.4.8. Consider the sets A(n), A(n—1) and A(n—2) where n > 3.
Then |A(n)| = |[A(n — 1)| + |A(n — 2)| + s, where s =1 if n is even and s = 0 if

n 1s odd.

Proof. 1If n is even, we have

o= (47)- (1) (7)o (2)+0)

and

e 2 (77 () ()

I
Y
N3
—_
N———
+
=
Y
DO [
3
+
3
_I_
=
N———

Now, if n is odd, we have

ICENEDY (é(”“’)), and [A(n—2)[= <%(”“’_1)>.

peO? p
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So, we have

[A(n = 1) + [A(n = 2)]

_ K%(nj 1))+(%<n2+1>)] N {(%(n;?)))—i_(%(njg))}
e GRa) GR) G
() ()

=S (%(”+pp+1>>:|/\(n)|. O

pEE;‘+1

Remark 1.4.9. Any basis diagram D of FC,,_; is a basis diagram of FC, by
adding two through strings to the right end of D and the additional strings are
labelled with ab if n is odd and ba if n is even. Thus if A € A(n — 1) then
Aab € A(n) if n odd and Aba € A(n) if n even. Furthermore, if D is a basis
diagram of FC,,_s with label A € A(n — 2) then by adding the sub diagram

=[]
— I/

to the right end of D we get a basis diagram of FC,, with label \a? (resp. \b?) if
n is even (resp. odd), since D’ has label a? (resp. b?) if n is even (resp. odd). Let
z € {aa, ab, ba, bb}, and suppose that A(i)z = {\z | A € A(i)}. Notice that, there
is no intersection between the sets A(n — 2)a? and A(n — 1)ba. In addition, the
label A = () does not exist in these two sets. Then by using Proposition 1.4.8, if

n is even, we have that
A(n) = Aln —1)ba UA(n —2)aa U{\=0}.
In a similar way we can show that if n is odd we have

A(n) = A(n —1)ab UA(n — 2)bb.
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We can find all possible labels of the cell modules, A, ()\), inductively by
using Remark 1.4.9. Alternatively, we can find them by using Proposition 1.4.8

as explained in the following example.

Example 1.4.10. Let n = 5. To find the elements of the set A(5), we use
Proposition 1.4.8. Since n is odd, then 2 <p <n+1,and 2p—-2<I<5+p—1.
Recall that d,(p,1) = (/) -

When p = 2, the values of [ are {2,4,6} . Any label with two parts has the
form A = a"b* such that [y, [ are odd, and [ = [; +l,. Now, when [ = 2, we have
ds(2,2) = 1. That is, we have one label with length 2 and 2-parts. It is clear that
[y = I3 = 1 is the only solution. Hence, A\; = ab.

When [ = 4, we have d5(2,4) = 2, then we have two labels with length 4 and
2-parts. The solutions of 1 + Iy = 4 are (I1,l3) = (1,3) and (l1,13) = (3,1), thus
Ao = ab® and A3 = a3b.

When [ = 6, we have d5(2,6) = 3, then we have three labels with length 6
and 2-parts. The solutions of 1 + l = 6 are (I1,02) € {(1,5),(3,3),(5,1)}, thus
A = ab®, A5 = a®b?, and \g = a®b.

Now, we move to the case p = 4, we have [ € {6,8}, and X = a"b2a’p".
When [ = 6, we have d5(4,6) = 1, then we have one solution to the equation
l1+ 15+ 13+ 14 = 6 such that [1, 14 are odd and [y, [3 are even. The only solution is
(1,2,2,1). Hence, A\; = ab®a®b. When [ = 8, we have d5(4,8) = 4, then we have
four solutions to the equation l; + I + I3 + 4 = 8 such that [;,[4 are odd and
lo,l3 are even. The only solutions are {(1,2,4,1),(1,4,2,1),(1,2,2,3),(3,2,2,1)}.

Hence,

s = ab®a’b, g = aba’b,

)\10 = G62&2b3, )\11 = a3b2a2b.

Finally, when p = 6, we have [ = 10, and d5(6,10) = 1. In fact, the maximum
value of p will give us the label of the identity diagram which is A\j» = ab*a?b*a?b.

Thus we have the set A(5) below.

{ab, ab®,a®b, ab®, a°b, a*b?, ab®a®b, ab*a*b, ab*a®b, ab®a*b?®, a®b*a®b, ab®a*b*a’b}.
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Proposition 1.4.11. Let x = ba, and y = aa if n is even, while x = ab, and

y =bb if n is odd.

(i) If An—1(X) is one dimensional, then A, (\x) is one dimensional. And
if An_1(X) has dimension greater than one, then A,(Ax) has dimension

greater than one.

(i) If A,_o(N) is one dimensional, then A,(A\y) is one dimensional. And
if An_o(A\) has dimension greater than one, then A,(A\y) has dimension

greater than one.

Proof. We use Proposition 1.3.16, to count the dimension for each case.

Recall that, the dimension of A, (\) is

s 3(m—r)+s :
|:n:| _ 3(m—r)+s( (m—v)' ) it m >
A 0 it m<r
Wheres:w, andr:H’T+lifn:2m,whiler:Z*Tpifn:2m—|—1. In

addition, [, p are the length and the number of parts of A respectively. We can
see that if m = r then {Z] =1, but if m > r then {ﬂ > 1.
Let (1), p(p) be the values of r, p related to any label p.

(i) Suppose n =2m + 1, then n — 1 = 2m. In this case, we have
n—1] [2m 0d n|  [2Zm+1
ATl el T aab |

2 2
If [ ;r\n} =1, then m = r()\), and if [ ;\n} > 1, then m > r(\).

Now, [(Aab) = I(\) + 2 because we add only two letters to A, moreover, we
have p(Aab) = p(A) + 1 because (n — 1) is even, then A\ ends with the letter

a so that when we add ab to the end of A we add only one new part. So,

r(\ab) = % (l()\ab) - p(Aab))

- %(l()\) +2- (pA) + 1))
1
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Therefore, when m = r()\), we get m = r(Aab), hence, [)\nb} =1
a

In addition, when m > r(\), we get m > r(Aab), hence, L\nb} > 1.
a

By same argument we can prove the even case, n = 2m.

Suppose n = 2m, then n — 2 = 2(m — 1).

e ['77] < [ 0] [ 2] 2],

Now, we have [(Aaa) = [(\) + 2, and p(Aaa) = p(\). This is because n — 2
is even which means that A ends with the letter a, so that when we add aa
to the right end of A there is no change to the number of parts of Aaa. So,

we have

r(Aaa) = %(l()\aa) — p(Aaa) + 1)
= (1) —p) +1) 41
=r(A)+1

—2 2(m —1
Therefore, when {n \ ] = { (m)\ )} = 1, then m — 1 = r(\), that is,

m = r(A) + 1. This implies m = r(Aaa), hence, L\n } =1
aa

2(m—1)

Furthermore, when [n N 2} = )

A

} > 1, then m — 1 > r(A), that is,

m > r(A) + 1. This implies m > r(Aaa), hence, L\n } > 1.
aa

We can prove the odd case, n = 2m + 1, in a similar way.
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Towers of recollement

In 2006, Cox, Martin, Parker and Xi [12], introduced an axiomatic framework
for studying the representation theory of towers of algebras, and each family of
algebras that satisfy these axioms will be called a tower of recollement. To show
the utility of this framework they defined a new family of algebras called contour
algebras and proved that it is a tower of recollement [3, Section 2|. There are
interesting algebras that are tower of recollements. For instance, the Temperley-
Lieb algebras [28], cyclotomic Temperley-Lieb algebras [39], the blob algebra [32],
the Partition algebra [5, 21, 29, 30], and the Brauer algebra [6, 7, 36, 37].

In this chapter we are going to discuss and apply these axioms to our algebras,
the Fuss-Catalan algebras, to prove that FC,, are a tower of recollement. This
axiomatic framework will help us to classify the simple FC,,-modules inductively,

and to determine which of the algebras in the family are semi-simple.

2.1 Axioms for towers of recollement

Let A,, with n > 0 be a family of finite-dimensional algebras over an algebraically
closed field, with idempotents e, in A,. Let us first introduce some definitions

before we state the axioms for a tower of recollement.

Definition 2.1.1. Let A,, be the label set for the simple A,-modules, and A™ be
the label set for the simple A,, /A, e, A,-modules.

Let e be an idempotent of an algebra A, then we have this theorem.
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Theorem 2.1.2 ([20, Theorem 6.2g]). Let {L()\) | X € A} be a full set of simple
A-modules, and set A° = {\ € A | eL(\) # 0}. Then {eL(\) | A € A°} is a full
set of simple eAe-modules. Further, the simple modules L(\) with A € A\ A® are
a full set of simple AJAeA-modules.

We apply Definition 2.1.1 to Theorem 2.1.2 by setting A = A,,, e = ¢, and
A = A, then we have A° = A,, 5 and A" = A, \ A, _».

Definition 2.1.3. For m,n € N with n —m > 0 even, we define A7" to be the
set of labels in A,, that first appeared in the labelling set A™. If n —m < 0 then
A" =1 .

n

Example 2.1.4. Consider the algebra FCy, then the labelling sets A} = A? and

A% are given by
A} = A* = {ab*a®b?a, a*b*a, aba, ab®a®, a*}

A3 = A? = {ab%a, d? 0}
We will see later that the Fuss-Catalan algebras are quasi-hereditary algebras,

thus we introduce this definition.

Definition 2.1.5 ([43, Definition 1.4]). Let A be a k-algebra. An ideal J in A is
called an heredity ideal if J is idempotent, J(rad A)J = 0 and J is a projective
left (or, right) A-module. The algebra A is called quasi-hereditary provided there
is a finite chain

OIJ()CJlCJQCCJn:A
of ideals in A such that J;/J;_; is a heredity ideal in A/J;_; for all j. Such a
chain is then called a heredity chain of the quasi-hereditary algebra A.

Now we are ready to present the axioms of a tower of recollement as stated

in [12, Section 1]:
(A1) For each n > 2 we have an isomorphism v, : A,,_5 — e, Ae,.

We define the localisation functors

Fn: Ap-mod — A, _o-mod by  F, (M) =e,M,
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and the globalisation functors

G Ap-mod — A, o-mod by G, o(N) = A,e, ®ec,a,e, N,

where the isomorphism in (A1) have been used in each case. Note that G, o is
the right inverse to F,.

From Theorem 2.1.2 and axiom (A1), we have

Ap = A" U A, s. (2.1)

(A2) (i) The algebra A,/A,e,A, is semisimple.
(ii) Set e,0=11in A,, and for 1 <1i < n/2 define new idempotents in A,
by setting e, ; = ¥, (en—2i-1). Set A,; = A, /(Anenir1Ay). For each
n >0 and 0 <i < n/2 setting e = e,; and A = A,,;, the surjective

multiplication map Ae ®.4. €A — AeA is a bijection.

By using [15, Statement 7] or ([34, Definition 3.3.1] and the remarks after it),

the axiom (A2) can be replaced by

(A2’) For each n > 0 the algebra A, is quasi-hereditary, with heredity chain of
the form

0C - CApeniA, C-- CApenody, =A,.

When A, is quasi-hereditary algebra, we have that for each label A € A,, a
standard module A, () with simple head L, (\). For A € A” we have A, (\) =
L,(X), and that this is just the lift of a simple module for the quotient algebra
An/AnenA,. From [31, Proposition 3|, we have

Gn(An(A) = Anga(X). (2.2)

In similar way (see for example [17, Al]) we have

A, _o(A) if A€, o,
FulBa(N) = (2.3)
0 if A e A™.
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(A3) For each n > 0 the algebra A,, can be identified with a subalgebra of A, .

(A4) For all n > 1 we have A,e, = A, as a left A, -, right A,_s-bimodule.

Before we state axiom Ab, we need these two definitions.

Definition 2.1.6. A A-filtration is defined to be a filtration of a module

such that successive quotients isomorphic to A(u) for some p € A.

Definition 2.1.7. If a module M in A,,-mod has a A-filtration then the set
of labels A for which A(X) occurs in this filtration defined to be the support
of M, and is denoted by supp,,(M).

(A5) For each A\ € A" we have that res(A,(\)) has a A-filtration and

supp (res(A, (X)) € AP LA

(A6) For each \ € A” there exist p1 € Al77 such that A € supp (res(A,41(p)).

The axioms (Al) to (A6) will reduce the study of finding a non-zero homo-
morphism between two cell modules to the case when one is simple, as illustrated

by the following theorem.

Theorem 2.1.8 ([12, Theorem 1.1]). (i) For all pairs of weights A\ € A" and

p € AL we have

Hom(A,,(A), A (1)) ifl < m,

I

Hom(An(A), An(p))

0 otherwise.

(ii) Suppose that for all n > 0 and pairs of weights X € A" and p € A2 we have
Hom(A,(N), An(r)) = 0 then each of the algebras A, is semisimple.

2.2 Proof of axioms Al to A4

In this section we are going to prove that FC,, satisfies the axioms Al to A4. The

axioms A5 and A6 will be discussed in the next section.
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Definition 2.2.1. For n > 3, we define e,, € FC,, to be the diagram

en = —

1
ab

2n—4

where 2n — 4 in the diagram e,, represents 2n — 4 consecutive through strings.

For example,

€4 = —

ab

It is easy to see that e, is an idempotent of FC,, by checking that €2 = e,,.

Proposition 2.2.2. For n > 3, we have

FC,_y = e,FC,e,

so FC,, satisfies axiom (Al).

Proof. For all basis element D € FC,,_5, we define v, : FC,,_5 — ¢,FC,e,, by

D L1 D
ab

We will show that 1), is a bijection by proving that FC,,_, and e,FC,e, have the
same dimension.

Consider the set B C B, the set of all basis elements of FC,, obtained by
adding four consecutive through strings to the right end of each basis element of

FC, 5. For all v € B} we have

1 2n—4
ab
1
eplen, = D = D
1 2n—4
ab

Recall that D is a basis element in FC,,_5, therefore,

dim(e,FC,e,) > dim(FC,,_,).
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On the other hand, for all D" € B, with D’ ¢ B2 we have

1 2n—4
ab
enDlen = D’ =9 D"
1 2n—4
ab

where D" is a diagram with 2n — 4 vertices on each line and § € C. We can see

that there is no connection between the diagrams D” and the four non-through
A\S7g

strings at the right end of the diagram, ~~\. So D” must be in B,,_,, that is, D"

is a basis element in FC,,_5. Thus,
dim(e,FC,e,) < dim(FC,,_»)

and hence,

dim(e,FC,e,) = dim(FC,,_,).

Once we know that v, is a homomorphism this will imply that v, is bijective
since it sends a basis element in FC,,_5 to a distinct basis element in e, FC,e,,.
Now, to show that v, is a homomorphism. Let D and D’ are basis elements

of FC,,_5, then

%l D
1
Un(D)hn(D') = == DD’ — b, (DD').
| D
Therefore, 1, is an isomorphism. O

We now move onto the proof of axiom (A2)(i). To prove that the algebra
FC,/FC,e,FC, is semisimple, we recall certain results from [3] that we shall

require.

Proposition 2.2.3. Let A, (\) be a cell module for the algebra FC,. Then the

following are equivalent
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(1) dim A, (\) = 1.
(1) No basis diagram for A, () has two consecutive non-through strings.

(iii) Ap_a(\) = 0.

Where we mean by two consecutive mnon-through strings the patterns

VUV oand .
Proof. See [3, Proposition 3.2.5]. O

Definition 2.2.4. [3, Definition 3.2.6] Let A, (\) be a cell module for the algebra
FC,. We say that X\ is a new label at level n if one of the equivalent conditions

of Proposition 2.2.3 are satisfied.

Remark 2.2.5. Since the dimension of A, () is one when A is a new label at level
n, then there is only one basis diagram D with label A\. That is, D is completely
determined by its label. Furthermore, Definition 2.1.3 is equivalent to Definition
2.2.4, thus A? is the set of all new label at level n, and hence, for all A € A} we
have dim A, (A) = 1.

Recall that U; is the generator of FC,, that is defined in Proposition 1.1.9.

Definition 2.2.6. Define J,, = {z | * = p;,pj, - - - pj,, }, where |js — ji| > 2, s # ¢,
1<jii<pp<--<jn<<n-1, andp,-:(%)lUiWherelgign—l, and c = a

if 7 even and ¢ = b if 7 odd.

Lemma 2.2.7. Let D € FC,, be a diagram with label X. Then X is a new label at
level n, that is, A € A%, if and only if D € J,.

Proof. See [3, Lemma 4.1.6(i)]. O

Lemma 2.2.8 ([3, Lemma 4.1.7]). LetY,, be the two sided ideal in FC,, generated
by e,. Then the basis for FC, /Y, is the set J,

Theorem 2.2.9 ([9, Theorem 1]). Suppose F is a field and A is an F-algebra
generated by idempotents. The following are equivalent

(i) A is commutative,

(i) A has no non-zero nilpotent elements,

(i1i) A is F-isomorphic to a direct product of copies of F.
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Proposition 2.2.10. The algebra FC,,/(FC,e,FC,,) is commutative semisimple,
and so satisfies aziom (A2)(i).

Proof. Let @@ = FC,/FC,e,FC,. Since FC,e,FC, is two sided ideal of FC,
generated by e,, then by using Lemma 2.2.8, the basis elements of () is the set
{z | x=pjpj, - pj.} where [js —ji| 22, s L, 1 <ji <jo < <jn<n-—1,
and p; = (%)1Ui where 1 <i<n-—1, and ¢ =a if i even and ¢ = b if 7 odd.

In addition, by Proposition 1.1.7, we have p? = p; and p;p; = p;p;, for all
1 <1, 5 <n-—1. Then @ is generated by a set of commuting idempotents. That
is, () is commutative algebra. Therefore, by Theorem 2.2.9, we have () has no
non-zero nilpotent elements. But rad(()) is nilpotent, thus rad(Q) = 0 and hence

() is semisimple. O

We now turn to proving axiom (A2)(ii). Set e, o =1 in FC,,, and for 1 <i <
n/2 define new idempotents in FC,, by setting e,,; = ¥, (e,—2.-1), as in Figure 2.1

where 1), is as defined in Proposition 2.2.2.

- 2n—41¢ 7 times
(ab)’

Figure 2.1: The diagram e, ;.

Recall that we say A < p if we can get A from p by removing some or no

letters from pu.

Lemma 2.2.11. Let Ap be the label of a diagram D. For each diagram D € FC,,,

we have A\p < A if and only if D is in FCe, i11FC,,.

€n,i+1

Proof. 1t is clear that if D € FC,e,, ;11FC,, then A\p < A
On the other hand, suppose that D € FC,, such that \p < A,

enyit1
nir1s We will
claim that D can be written as ue, ;+1v = ¢D for some u,v € FC,, and ¢ € C.
Recall that the initial part S, (resp. the final part T'), of a diagram is its
upper (resp. lower) half diagram which is defined in Definition 1.2.3. In addition,
if S and T have label A then Cg, is a diagram with label A that obtained by

connecting S with 7.
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Let Dy,u; and vy are the initial parts of D, u and v respectively, and Dy, us
and vy are the final parts of D, u and v respectively. Set D; = u; and Dy = vs.
Now, to determine the diagrams u and v such that we, ;v is a scalar multiple
of D we only need to find us and v;.

Since A is the label of the identity diagram for FC,,_9; 5, then there exist

€n,i+1

at least one diagram, say w, in FC,,_5;_» such that A\, = A\p < A, Let w’ be

ryitl
the initial part of w and we construct v; as following: let v; be the diagram such
that the first 2n — 4(i + 1) vertices, (from the left), represented by w’ and the
last 4(i + 1) vertices represented by i+ 1 consecutive nested pairs of non-through
strings, moreover, we choose uy to be v} where v} is obtained by turning v; upside

down. By this setup we have A\,, = A\, = Ay = Ay, = Ap, and e, ;410 = v where

v =CP, and as explained in Figure 2.2.

1

Enitl = 7T 2n—4(i+1)
t (ab)it!

o 'LUI i+1 times

V2

Figure 2.2: The diagram e, ;4+1v

Similarly, we can show that ue, ;11 = u, where u = Csfw. Hence, we have

UCn i+1V = UV
_ (D AD
- CUI,UQCUL'UQ

— o AD

uy,v] V1,02

Note that viv; is a scalar multiple of the identity diagram for FC, where 2/ is

the length of v;. So, we get

_ A
ueniy1v=cCypPl

— AD
=cCp’p, =cD

where ¢ € C. N
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To explain this lemma, we give this example.

Example 2.2.12. Let n = 8 and i = 1, then A, = ab’a*®a. Consider the

diagram D € FCg, where

VANRVAN VANVANVAN

then we have A\p = ab*a < Aeso- We will show that D € FCgeg2FCg by finding
two diagrams u,v € FCg such that uegov = ¢D and as explained in Lemma
2.2.11. Let Dy,u; and vy, (resp. Ds,uy and vy), are the initial, (resp. final ),
parts of D,u and v respectively. Put u; = D; and vy = Dj. since Ap < A,
then there exist a diagram w € FC4 such that A\, = Ap. Since \p is obtained
by removing some letters from A ,, So we can find the diagram w by comparing
Ap = ab'a with A.,, = ab*a*b*a and then represent each letter in Ap that not be
removed from A, by a through string while each letter that be removed from

Aey, Dy a non-through string. Then w has the form

€s8,2

abbd bba
Y

JAN

Let v; be the initial part of w and uy = v}, then ueg v has the form

a bbaabbaadbbaabda

Uy = D1
U2
€82 = —75
a?b?
U1
Vg = D2

We can see that, wuegov = a®b* D.
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Proposition 2.2.13. For each n > 1 and 0 < i < n/2, setting e = e,; and
A =FC,/(FC,e,;+1FC,), the surjective multiplication map Ae 4. eA — AeA
is a bigection. Thus FC,, satisfies axiom (A2)(ii).

Proof. To prove this proposition we will show that Ae ®.4. eA and AeA have

same dimensions.
Define' = {A <A [ A £ A

that if Ap < A

enii1t- By Lemma 2.2.11 we have, for all D € FC,,
then D € FC,e,;11FC,, and if D' € A then Ap £ A
Therefore, Ae, eA and AeA have the diagrams with label A € ' as a basis. We

€n,i+1 €n,it1"

divide the proof into three steps.
(1) We will show that diagrams with same label in Ae, (resp. eA), must have
unique final, (resp. initial) part.

Recall that A(n) is the label set for the basis diagrams in FC,,, and let D,
be the initial part of D € eA. Since the last 4i vertices of D; are connected to
non-through strings then the label of Dy, which is the same as the label of D, is
completely determined from the first 2n — 4i vertices of D;. So the label for D,
can be any label for a diagram in FC,,_g;, that is, the possible labels for D; are
the set A(n — 2i). From equation 2.1, we have

Aln —2i) =An—2i —2) UA""Z

n—2i°

Since Ac—, ; is the label of the identity diagram for FC,,_5; and A is the label

€n,i+1
of the identity diagram for FC,,_5; 5. Thus for all 4 € A(n — 2i — 2) we have

n—21
n—2i

w< A and hence p is not a label for D;. In addition, for all i/ € A

€n,i+1

n—21

we have p/ < A, because A} "3

have labels for diagrams in FC,,_5;, moreover,
p £ Ae, ., otherwise p/ must be in A(n — 2 — 2) and this contradict to being 4/
a new label at level n —2i. Thus ¢/ € T and A?~3! C T'. By the definition of I we
have I' € A”~2!. Hence, I' = A"73.. That is, the possible labels for D; are the set
A""2. By Remark 2.2.5, we have, for all A\ € A”73! that dim A,,_5;(\) = 1. Thus
we have only one possible initial part D; for all diagrams D € eA with label A.
Similarly we can show that if diagrams in Ae have same label then they must
have the same final part.

(2) We can read the label of a diagram from its initial part or from its final part.
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So one obtains all diagrams of label A € I' by choosing an initial part and a final
part of the same label A and then the diagram can be uniquely determined by
connecting their through strings. From (1), we have that the basis diagrams for
Ae, (resp. eA), that have same label must have unique final, (resp. initial), part.
Thus the basis for Ae, (resp. eA), are diagrams that obtained by connecting all
possible initial, (resp. final), parts with label A € I with the unique final, (resp.
initial), part that have label A. But all initial parts with label A are precisely the

basis for the cell module A, (A). Thus dim Ae = dimeA = Z dy where dy is the

AeT
dimension of the cell module A, ()).

For each A € T', the diagrams that obtained by connecting all possible initial
parts of the diagrams in Ae that have label \ with all possible final parts of the
diagrams in eA that have label A are basis for AeA. Then we have d3 choices,

and hence, dim AeA = Z d; .
Ael
(3) Now, to find dimension of R := Ae ®.4. €A, we have

dim R < dim( Ae (Z d,\>

el

We will show that if A,e # A, then ue ® ev = (ue) ® (ev)’ where (ue)’ and (ev)’
have same label.

From (1), we have that I' = A""2! that is, ' is the set of all new labels at
level n — 27, then, by Lemma 2.2.7, T is the label set for the diagrams in 7, _o;.
By Definition 2.2.6, the diagrams in 7,,_o; must have the form

1 2 3 4 5 6 7 8 2n—41

Figure 2.3: Diagram in J,,_o;

where any two adjacent free vertices are either connected with through strings
or connected with a non-through string, for example, the first four vertices either
have the form‘ ‘ ‘ ‘ or ‘ N ‘ . Therefore, the first 2n — 4z vertices of the final and
the initial parts for the diagrams in Ae and eA respectively have pattern similar

to the pattern of the diagram in Figure 2.3.
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We assign the numbers 1,2,...,2n — 4i to the vertices (from left to right) of
the final part of ue and the initial part of ev, and let y, be a non-through string
that connect 2h-th vertex with (2h + 1)th-vertex where 1 < 2h < 2n — 4.

Assume that ue € Ae and ev € eA have different label then the final part of
ue and the initial part of ev have different label as well. So there is at least one
non-through string in one half diagram (the final of we or the initial of ev) that
is not exist in the corresponding position in the other half diagram.

Without loss of generality, suppose that the final part of ue has a non-through
string vy, whereas the 2h-th and (2h + 1)th-vertices in the initial part of ev are

connected with through strings as explained in the following diagrams

‘ ‘ . UYn ‘ N ‘ i times
2h 2n—4i

Figure 2.4: The diagram ue

1234 2h 2n—41

- - ™

Figure 2.5: The diagram ev

Note that if a diagram D € FC,, has a non-through string connected with two
adjacent vertices at the bottom line of D, (for example, the diagram in Figure
2.4 ), then D = ¢DU; for some 1 < j <n — 1, where ¢ € {a,b} and ,U; is the
generator of FC,, which was defined in Proposition 1.1.9. In addition, e U; = 1Uje
and e U; = 621Uj =ecUjefor1 <j<mn-—2—1.

Thus we have ue = cue (U, = cu e U}, e, and

ue@ev=cue U, e®ev
=cu®e U, ev

=cu® Uy, ev.
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Consider the diagram (U}, ev

1234 2h 2n—41
‘ ‘ ‘ v ‘ ‘ \/ i \/

7 times

Figure 2.6: The diagram U} ev

We see that the non-through string y;, in the final part of ue are created in
the initial part of ev and in the corresponding position as in uwe. Similarly, we
can create any non-through string that exist in the final part of ue and does not
exist in the initial part of ev and vice versa. Eventually, the final part of ue will
be the same as the initial part of ev (after turning ev upside down). Hence, the
two diagrams have the same label. (Sometimes, creating non-through strings in

a half diagram gives us a label < A, and hence the tensor product is zero).

n,i+1
Therefore, to give an upper bound for the dimension of R, we need only count

elements of the form ue ® 4. ev with \,e = Aep. So, dim R < Z (dy)?. Since the
Aer
multiplication map is naturally surjective we must have that dim R > Z (dy)2.

Aer
Finally, we get dim R = dim(AeA). O

Since the algebra FC,, satisfies axiom A2, we have

Theorem 2.2.14. The Fuss-Catalan algebras FC,(a,b) are quasi-hereditary with
heredity chain of the form

0C...CFCe,FC, C... CFC,e,oFC, =FC,

where a,b € C are non-zero.

We turn now to proving axiom (A3), namely that the algebra FC,,_; is iso-

morphic to a subalgebra of FC,, for n > 2.

Remark 2.2.15. Any basis element D € B,_; can be viewed as a basis element
D € B2 C B, by adding two straight through strings to the right end of D with
labelling ab if (n—1) is even and ba if (n—1) is odd. Therefore, the sets B,,_; and
B2 have equal number of elements. In addition, we can see that H,, = Span(B2)

is a subalgebra of FC,,.
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Proposition 2.2.16. For all n > 2, we have FC,_; = H,.

Proof. For all D € B,,_1, we define

iy FC,_1 — H,

by

Il
_@|

(D)

As a diagram, this means that

Dw| D

Recall that H,, = Span(B2), and FC,_; = Span(B,_1). In addition, the sets

B2 and B,_; have the same number of elements, then we have

dim(FC,_1) = dim(H,).

Since ¢, maps a basis element to a distinct basis element, it must be bijective.

Now, we need to show that ¢,, is a homomorphism. For D, D’ € B,,_;, we have

D
tn(D)en(D') =
D/
=| DD = 1,(DD").
Therefore, ¢,, is an isomorphism. O

We now prove axiom (A4) namely that for all n > 2, we have FC,,_; = FC,e,
as a left FC,,_;-, right FC,,_o-bimodule. We shall prove this module isomorphism
by showing that FC,,_; and FC,e, have the same dimension. Then we define a
bijective map between them, and show that it is a homomorphism as left FC,,_;-

module, and right FC,,_s-module.
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Proposition 2.2.17. For all n > 2, we have
dim(H,e,) = dim(FC,_,).

Proof. Suppose ¢ = dim(FC,,_1). By Proposition 2.2.16, we have dim(H,,) =

dim(FC,,_1) so dim(H,,) = q. We can represent a basis diagram of H,, as following

hr = @\
@\ € By

and the subdiagram R has (2n — 2) vertices on the top line and (2n — 4) vertices

where the subdiagram

on the bottom line.
Suppose B2 = {hg, | 1 <1 < q}. Then the hg, are distinct diagrams for all
t=1, ..., q. So the R; are distinct diagrams for alli =1, ..., q.

Consider the multiplication of the diagrams in B2 by e,:

2
Bie, =

A }

Let v; = hp,e,. To show that all the diagrams in B2e, are distinct, we can

v
3

L~
v
7

L~
v
7

L~

ignore the last two non-through strings in the bottom line in each v;.

Now, for all 1 < ¢ < ¢, when we multiply an element hp, € Bﬁ with e,
we just move the two red strings from the bottom line to the top line and the
subdiagram R; has no changes (since it is still has (2n —2) vertices on the top line
and (2n—4) vertices on the bottom line), that is, we do the same movement to get
each diagram v;, thus, two diagrams v;, v; € BZe,, are equal if their subdiagrams
R; and R; are equal. However, R; are distinct for all 1 <4 < ¢, then v; are all

distinct as well. Therefore, dim(H,e,) = ¢. O
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Proposition 2.2.18. Let n > 2. Then dim(FC,e,) = dim(FC,,_1).

Proof. Since B2e,, C B, and by Proposition 2.2.17, we get

dim(FC,,—1) < dim(FC,e,).

Every basis element v € FC,e, has the form v = @y and it can be

decomposed as following

(R

2n—4

where hr € B2, and R is a subdiagram with (2n — 2) vertices in the top line and
(2n—4) vertices on the bottom line. Then dim(FC,e,,) < dim(H,,) = dim(FC,,_;).

Therefore, FC,.e,, and FC,,_; have the same dimension. O

Remark 2.2.19. Considering the functions 1, that are defined in Proposition
2.2.2 and the ¢, that are defined in Proposition 2.2.16, we have

(i) FC,e, is a left FC,,_;-module, where the action is defined by
x-D=1u1,(x)D

for all basis elements x € FC,,_; and D € FC,e,,.

(ii) FC,e, is a right FC,,_s-module, where the action is defined by

D -y = Dy (y)

for all basis elements y € FC,,_y and D € FC,e,,.

(iii) FC,_; is a right FC,,_s-module, where the action is defined by
D -y = Dui, 1(y)

for all basis elements D € FC,,_; and y € FC,,_».
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Proposition 2.2.20. For all n > 2, we have that FC,,_y = FC,e, as a left
FC,,_1-, right FC,,_s-bimodule.

Proof. For all D € FC,,_1, define 4 :FC,,_; — FC,e,, by
(D) = v,(D)ey,

Since 6 maps every basis element in FC,,_; to a distinct basis element in FC,e,
and by Proposition 2.2.18, we get 0 is a bijective.
To show that 0 is a homomorphism as a left FC,,_;-module, Suppose that D

and D’ are basis elements in FC,_;. We have

8(D-D') = §(DD') = 1,(DD)e,,
= 1,(D) 1,(D"e,
= 1,(D) 0(D")
=D-0(D)

To show that 6 is a homomorphism as a right FC,,_s-module, suppose that D; is

a basis element in FC,,_1, and D, is a basis element in FC,_5. Then we have

0(D; - Dy) = 0(Dy t,_1(Dy))
= Ln(Dl Ln_1<D2))en
= Ln(Dl) Ln(Dg)en
= Ln(Dl) D:2 €n

= (ta(D1)en) (en Do)

Hence, # is an module isomorphism. ]



Chapter 2. Towers of recollement 49

2.3 The Restriction of the cell module A, ()

In this section we are going to study the restriction of the cell modules. We need

it to complete the proof of the last two axioms for the tower of recollement.

Definition 2.3.1. Let M be a basis diagram in A, () such that the last two
vertices are connected to non-through strings. Then we say such a diagram has

Form 0 as depicted in Figure 2.7.

N4

Figure 2.7: Diagram of Form 0.

Definition 2.3.2. Let M be a basis diagram in A, (\) such that the 2n-th vertex
(the last vertex) is connected to a through string while the (2n — 1)-th vertex is
connected to a non-through string. Then we say such diagram has Form 1 as

depicted in Figure 2.8.

\&/

Figure 2.8: Diagram of Form 1.

Any other basis diagrams will have two through strings from the last two
vertices and will be known as Form 2. This won’t be used in the sequel however.
We will use the convention that when j, and j; are strings connected to vertices
that the subscript indicates the labels s and ¢ respectively on the strings, where

s, t € {a,b}. We define the following procedures.

Definition 2.3.3 (The Add-procedure). Let M be a diagram with 2n—2 vertices
and label A\yst. If we add two vertices to M and connect the last through string 7,
with the (2n — 1)-th vertex, and connect a new through string j, with the 2n-th
vertex (the last vertex), we get a diagram M’ with 2n vertices and its label will

be (A;ss). This process is depicted in Figure 2.9.
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S t S t t s
V| v L 4 KS/
Jt — Jt Js
M M’

Figure 2.9: The Add-procedure.

Definition 2.3.4 (The Cut-procedure). Let M be a diagram with 2n vertices
and label \;st, and let j; be the string which is connected to the 2n-th vertex
and js be the string which is connected to the (2n — 1)-th vertex. If we remove

the last two vertices of M and sliding down j, and j;, we have

(i) If js and j; are non-through strings, then we get a diagram M’ with 2n — 2

vertices and its label will be Aystts.

(ii) If js is a non-through string and j; is a through string, then we get a diagram

M’ with 2n — 2 vertices and its label will be \;ss.

This process is depicted in Figure 2.10.

t S St t S
—@, 7/ V[V
At % Jt - [ st Jt Js

M M’

(a) (i)
S S 1 S
\/ v
A g | AT |,
M M’

(b) (i)

Figure 2.10: The Cut-procedure.

Let n be an odd number, then every label must end with the letter b. That is,
if A,()) is a cell module for FC,,, then A = A\jab or A = A\1bb. Let us first discuss
the restriction of A, (\) when the last two letters are different and consider the

restriction of A, (Ajab).
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Recall that W, () is the set of basis diagrams M) of the cell module A, ().
Let A,_1(A\) be a cell module for FC,,_; with basis diagrams in W,,_1(\1),
and define W2(\1ab) to be the set of elements M), 4 obtained by adding two
straight through strings to the right end of each diagram M), in W,,_1(\1). Then

W2(A1ab) is a subset of W, (A1ab), and we can define the inclusion map
On : Ap_1(A1) = res(AL(N)) (2.4)
via
¢n(MA1) = M)\lab
and extend it by linearity to A,_1(A1).

To show that ¢, is a FC,_;-homomorphism, suppose D € FC,_; and
M = My, € W,_1(\1) then we have

¢n(DM) = D-M

D

M

= tn(D)¢n (M)
=D- ¢n(M)

where ¢,, is the inclusion map of FC,,_; into FC,,.

Let @Q,(A1ab) = res(A,(Aab))/A,—1(A1). Now @, (A1ab) is the linear span of
elements in

v+ A, 1(\) | v € W,(Mab) \ W2(A\ab)}

and every such element v+ A,,_;(A;) has a unique coset representative in the set

W, (A1ab) \W2(A1ab). Thus we may view basis elements of Q,,(\jab) as diagrams.
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Since for all My, € W?2(\jab), there exist My, € A, _;(\;) such that
On(My,) = My, then every diagram My, € @Qn(A1ab) must have less than
two through strings at the right end. That is, the basis diagrams of @, (\1ab)
must be of Form 0 or Form 1. The basis diagrams for @,,(Ajab) has the form

b a ab

N2

Poxyab

Form 0

and

a a ap

v\

Form 1

where hy, . and hy, are subdiagrams with label A\jab and A; respectively.

We can identify the basis of @, (A1ab) with the basis diagrams in the cell

modules A,,_;(Ajabba) and A,,_;(Aaa) as following:

o Let v € A,_1(A\aa) be a basis diagram. Then, v has 2n — 2 vertices with
label Ajaa. If we apply the Add-procedure to v, we get a new diagram, v’

say, with 2n vertices and label A\jab. So, v' € @, (A\1ab) and it has Form 1.

e Let v € Q,(Mab) be a basis diagram. Then v has 2n vertices and its label

is A\jab. If we apply the Cut-procedure to v, we have
(i) If v has Form 0: We get a diagram, say v’, with 2n — 2 vertices and
its label is Ajabba. Thus v € A,,_1(\jabba).

(ii) If v has Form 1: We get a diagram, say v’, with 2n — 2 vertices and

its label is A\jaa. Thus v' € A,,_1(Aaa).
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Proposition 2.3.5. Suppose that Q,,(\) = res(A,(N))/An_1(\1) where A = A\jab.
Let f and g be the functions that represent the Add-procedure and the Cut-

procedure respectively. Then f and g are FC,,_1-module homomorphisms, where

f € Hom (A,_1(Maa), Q,(N)) and g € Hom (Q,(N), Ap—1(Aba)).
Proof. (1) Define f: A,_1(Maa) = @Q,(A1ab) by
a

a
ha, "|>—> i, '\'/|

where h), is a subdiagram with label A;.

Suppose that D € FC,,_;, and M € A,,_1(Aaa) are basis diagrams. Consider

the diagram

D
b= h>‘1 ja
a a
If j, is a through string in D - M then we get
a b a_b
D / D
f(D-M) = 'K:/, = '_C'/
h)q Ja h)\l Ta
a a

So,
f(D-M)=u,(D)f(M)=D-f(M)

If j, is a non-through string in the diagram D-M then we have [(DM) < (M),
that is, D - M = 0. In addition, j, in the diagram D - f(M) = 1,(D)f(M) will
be a through string. That is, D - f(M) will ends with two consecutive through
strings. Thus D - f(M) = 0 because any basis diagram of Q),(A;ab) are must be

of Form 0 and Form 1. Hence, f is FC,,_;-module homomorphism.
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(2) Let M be a basis diagram in @, (A1ab). Define g : @, (A1ab) — A,_1(\abba)
by

b a ab b a

. v v TV
(i) Pxsab \—/ = Py

it M is of Form 0 and where hy, 4 is a subdiagram with label A;ab.

(i) M — 0 if M is of Form 1.

To prove g is an FC,,_1-module homomorphism, suppose that D € FC,,_; and
M is a diagram in @, (A1ab). We have the following cases.
(i) M is of Form 0, then

ab
D -M)= D)YM) = b
o(D- M) = g (1(D)M) = g -
Psab
D
= oo — P9(M)
Pxyab
b a
(ii) M is of Form 1. We have
ab
D
g(D- M) =g((D)M) =g v\ ¥
hy,
a

Recall that the basis of @,(Aab) consists only of diagrams of Form 0

and Form 1. If D - M is a non-zero diagram, then D - M = ,(D)M must
be of Form 1, (it is not possible to be of Form 0 because it ends with one through
string). Therefore, by the definition of g, we have g(D - M) = 0. On the other
hand, it is clear that D-g(M) = 0. Thus g is a FC,,_;-module homomorphism. [J
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Proposition 2.3.6. Let Q,(\) = res(A,(N)/A,_1(\1), where A = A\ab. In
addition, let f and g be as defined in Proposition 2.3.5. Then

0= Ap_i(Maa) L Qu(hab) L A,_i(Aabba) — 0

s a short exact sequence of FC,,_1-modules.

Proof. We proved that f and g are homomorphisms in Proposition 2.3.5. Since
f maps every basis diagram to a basis diagram with one through string at the

right end, we must have g o f = 0. Hence, Im(f) C Ker(g).

On the other hand,

Ker(g) = Span ¢ M = ha, VAT e Qn(N)

Since the diagrams of Ker(g) are of Form 1, then we can get these diagrams by
applying the Add-procedure (which is represented by the function f ) to the basis
diagrams of A,,_1(A\aa). Thus, for all M € Ker(g), there exist M’ € A,,_1(\jaa)
such that M = f(M'). Then Ker(g) C Im(f) and, hence, Ker(g) = Im(f). O

Putting this altogether, we may now state our first proposition about the

restriction of A, (Ajab).

Proposition 2.3.7. As an FC,,_1-module A, (\ab) has a filtration

0CViCVyC Vs=A,(\ab)

where V1 2 A, _1(\1), Vo/Vi =2 A, _1(Maa), and V3/Va = A, _1(Aabba).

We now turn to considering the restriction of the module A, (A1bb).
Suppose A = A\1bb, with A, (\) a cell module, then A,,_;(A1ba) is a cell module.
Any basis diagram M of A, _;1(Aiba) can be viewed as a basis diagram M’ of
A, (A) if we apply the Add-procedure to M.
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Proposition 2.3.8. Let f and g be functions that represent the Add-procedure
and the Cut-procedure on the module A, (A1bb) respectively. Then f and g are
FC,,_1-module homomorphisms, where f € Hom (An,l(klba),res(An()\lbb)) and
g € Hom (res(A,(A1bb), A,_1(A1bbba)).

Proof. (1) Define f: A,_1(Aba) — res(A,(A1bb)) via

B, "|>—> I, '\’/|

where h), is a subdiagram with label A;.
To see that f is a homomorphism, let D € FC,_; and M € A,,_1(\1ba) be

basis diagrams. Then

D
DM = h)‘l ja
b a
If j, is a through string in D - M then
a b ab
D / D
fD-M) = v Xi/ = LA/,
h/\l ja h)\l jb ja
b b

So
f(D-M)=u,(D)f(M)=D- f(M).

If j, is a non-through string in D - M then (D - M) < (M) which leads to
D - M = 0. While j, becomes a through string in D - f(M) = (D) f(M), this
means that j, is connected with an a-through string in the subdiagram h,, but
this will enforce jj, to be a non-through string in D- f(M) to avoid the intersection
with j,. Thus [(D - f(M)) < I(f(M)), and D - f(M) = 0. Then we get f is a

FC,,_1-module homomorphism.
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(2) Note that the basis diagrams of A,,(A1bb) are of Form 0 and Form 1, (if there
is a basis of A, (A1bb) that ends with two consecutive through strings then the
last two letters of its label must be ab not bb). Let M € res(A,,(A\1bb)) be a basis
diagram, and define g : res(A, (A1bb)) — A, _1(A1bbba) by

b a ab b a

. v v TV
(i) Poxyob \—/ = B

if M is of Form 0 and where hy, is a subdiagram with label A;bb.

(i) M — 0if M is of Form 1.

Let D € FC,,_; be a basis diagram. We now show that g is a homomorphism.
(i) If M is of Form 0, then

ab
D-M DYM b
g(D - M) = g(tn(D)M) = g ——
Poxob
D
= o—o— — D 9(M)
Poxob
b a
(i) If M is of Form 1, then D - g(M) = 0, and
aph
D
g(D- M) =g(.(D)M) =g L AN J
h>‘1 ja
b

If j, is a through string in D - M = 1,(D)M, then D - M has label ends with (ab)
and hence, D - M = 0. If j, is a non-through string in D - M, then D - M is of
Form 1, and hence, g(D-M) = 0. Thus g is a FC,,_1-module homomorphism. [
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Proposition 2.3.9. Let f and g be as defined in Proposition 2.3.8. Then
0= Ay (Arba) L res(An(\bb)) & An_i(Aibbba) — 0

15 a short exact sequence of FC,,_1-modules.

Proof. By Proposition 2.3.8, f and g are FC,,_;-module homomorphisms.

Let M be a basis element of A,_1(\ba), then, by the definition of f, the
diagram f(M) is of Form 1. But g sends any diagram of Form 1 to zero, thus
go f=20, and

In(f) C Ker(g).

Now, Ker(g) spanned by the diagrams M € A, (A;bb) of Form 1, but any such
diagrams can be obtained by applying f to the basis element M’ € A,,_1(A1ba).
That is, for all M € Ker(g), there is M’ € A, _1(A1ba) such that M = f(M').
Thus

Ker(g) € Im(f).

Hence, we get

Ker(g) = Im(f).
O

Remark 2.3.10. If n is even then the general form for the labels of the cell
modules A, () is either A = A\jba or A = \jaa. All the results that we discussed

when n is odd are true when n is even if we swap ab with ba and bb with aa.
Then we have

Proposition 2.3.11. As an FC,,_1-module A(A1ba) has a filtration
0cVicCVyCVy=A(Aba)

where V1 =2 A, 1(A1), Vo/Vi =2 A, _1(Abb), and V3 /Vy =2 A, _1(Abaab).
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Proposition 2.3.12. Let f and g be functions that represent the Add-procedure
and the Cut-procedure on the module A,(\jaa) respectively. Then

0— A,_1(A\ab) ER res(A, (Maa)) L A,_1(Maaab) — 0

s a short exact sequence of FC,,_1-modules.

Thus in all cases the restriction of the cell module has a A-filtration and thus

satisfies the first part of axiom (Ab5).

Remark 2.3.13. Assume that (s,t) = (a,b) if n even and (s,t) = (b, a) if n odd.
By using Proposition 1.3.16 and the same technique as that used in Proposition

1.4.11 to find the dimension of a cell module, we have

(1) If A, (Aist) is a one dimensional cell module, then

res Ap(Ast) = Ap_1(A1)

because the cell modules A,,_;1(A1ss) and A,,_;(\;stts) have dimensions

equal zero. In addition, we have

(i) A,—1(A1) is a one dimensional cell module.
(ii) Apt1(A18s) is a one dimensional cell module.

(ili) A,1(Arstts) is a one dimensional cell module.

(2) If A, (A\qtt) is a one dimensional cell module, then

res A, (Aitt) = Ap_1(Aits)
because A,,_1(Attts) has dimension equal zero. In addition, we have

(i) A,_1(Aits) is a one dimensional cell module.

(i1) A,iq(Aittts) is a one dimensional cell module.
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Proposition 2.3.14. For each A € A we have
supp (res(A, (X)) € AP LA

Proof. Let n be odd. Then the labels A of any cell module A,,(\) either end with
(ab) or with (bb).
Case 1: Suppose X\ = \jab then, by Proposition 2.3.6, we have

E :=supp (res(A,(N))) = {\1, Maa, Aba}

We need to prove that every label in E is in the set A7 ' LI A™"!. Since A € A™

n

then A is a label of a one dimensional cell module A,,(\) for some m < n. Then

(i) By Remark 2.3.13 (1)(i), Ay is a label of a one dimensional cell module
A,—1(A\1) and hence \; € At = AL

(ii) By Remark 2.3.13 (1)(ii) and (iii), we have A;aa and Aba are labels of one

dimensional cell modules A,,1(Ajaa) and A,,1(Aba) respectively. Hence,

Aaa, \ba € A" = AL

Case 2: Suppose A = \1bb then, by Proposition 2.3.9, we have
E = supp (res(A,(N))) = {Miba, Aba}.
We need to prove that every label in E is in A7 U A”™*!. Since A € A™ then )

is a label of a one dimensional cell module A,,()\) for some m < n. Then

(i) By Remark 2.3.13 (2)(i), Aba is a label of a one dimensional cell module
A,_1(A1ba) and hence A\jba € A1 = A"

(ii) By Remark 2.3.13 (2)(ii), Aba is a label of a one dimensional cell module
Ai1(Aba). Hence, Aba € A1 = A

We can prove this proposition for n even in a similar way as we did for n is

odd. O
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We now prove that FC,, satisfies axiom (A6).

Proposition 2.3.15. For each A € A", there exist u € A7} such that

A € supp (res(Ania(p))).

Proof. We will prove the case when n is odd, the case n is even is proved similarly.
Case 1: Suppose A = A\jab. Since A € A? = A", then the cell module A, ()) is
one dimensional. Suppose = Ay, then, by Remark 2.3.13 (1)(i), u is the label

for the one dimensional cell module A,,_;(x) and the label for the cell module

n—1

Any1(p) that has dimension greater than one. Thus p € A} 5.
If Ay = A\sba then, by Proposition 2.3.6,

supp (res(An11(p)) = {A2, Aabb, Aab}.

If Ay = X\saa then, by Proposition 2.3.9,

supp (res(An41(p))) = {A2ab, Aab}.

We can see that if A\; = A\yba or Ay = A\qaa, we have

A = Aab € supp (res(A,41(p))).

Case 2: Suppose A = A\jbb. Since A € A = A", then the cell module A, ()) is
one dimensional. Suppose = Ajba, then, by Remark 2.3.13 (2)(i), u is a label
for a one dimensional cell module A,,_;(x) and a label for a cell module A, (1)

that has dimension greater than one. Thus u € Aﬁﬁ. By Proposition 2.3.6,
supp (res(An11(p))) = {A1, A1bb, Abaab}.

Therefore, A = A\;bb € supp (res(Ani1(1))). O

Now, we have proved that FC,, satisfies all the axioms Al to A6 of the tower

of recollement. We now have the main theorem in this chapter.

Theorem 2.3.16. The Fuss-Catalan algebras form a tower of recollement.
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The Gram determinant

In this chapter we shall define a bilinear form on each cell module and we introduce
the Gram matrices related to it. In addition, we compute the determinant of the
Gram matrices, in order to determine the values of a and b such that the Fuss-

Catalan algebras FC,,(a,b) are semisimple over the complex field C.

3.1 Definition of the Gram matrix

In chapter one we proved that FC,, are cellular algebras. Thus we can define a
unique bilinear form associated to each cell module for the Fuss-Catalan algebras.
Furthermore, by Theorem 1.3.9, a cell module is irreducible if its Gram matrix is

non-degenerate. That is, if the determinant of the Gram matrix is non-zero.

Definition 3.1.1. Let M;, M, be basis elements of a cell module A, ()\). We
define a bilinear form (—, —): A, (\) x A,(A\) = C as follows: Turning M, upside
down and placing it above M; such that each vertex in M is connected with the
corresponding vertex in M. If any through string in M; becomes a non-through
string in this composition then (M;, M) = 0, otherwise (M, My) = a" 0™ where
r1 and 7o are the number of a and b-loops constructed in this composition. We

can extend this form bilinearly to all of A, ().

Suppose that Dy = C3, 1, D2 = C3, 1, € FC,, where Sy, S; are the initial parts
and 17, T, are the final parts of D, Dy respectively. We have that if D3 = DD,
has label A then D3 = ¢ C3, 5, where ¢ € C is product of a’s and 's that obtained
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from the composition of T} with Sy. If D3 = D; D, has label X' < A\ then Ds is
zero in A, (N), (see proof of Theorem 1.3.14 case I). Now, consider the bilinear
form @, that defined in Definition 1.3.4. We can see that ®,(Cr,, Cs,) = ¢ if Dj
has label A and ®,(Cr,,Cs,) = 0 if D3 has label X < A. Therefore, the bilinear
form, (—, —), that defined in Definition 3.1.1 is equivalent to .

Lemma 3.1.2. For all basis diagrams My, My € A, (\) and D € FC,,, we have
(1> <M17 M2> == <M27 M1>
(11) <M1, DM2> - <D*M17 M2>

where D* is the reflection of D about a horizontal line which was defined in

Lemma 1.5.15

Proof. We can check these relations by drawing the diagrams for each side to

show that the left and the right hand sides are equal for (i) and (ii). O

Definition 3.1.3. Let A, (\) be a cell module with ordered basis

(M, M,,... M),

We define the Gram matrix, G, (\), associated with A,,(\) to be the matrix

Gn(N)ij = (My, M)

where 7, 7 =1,2, ..., 7.

Example 3.1.4. Consider the algebra FCy4, and the cell module Ay(aa). The
basis of Ay(aa) is the set { M, My, M3, My}, where

TV AV \ T

Ml MQ M3 M4

We can apply Definition 3.1.1 to find the inner product of any two basis
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elements of Ay(aa). For instance,

b b
A A
Y \V

D

>
I

jan)

<M17M2> = = b27 <M17M4> -

To find the Gram matrix of Ay(aa) we need to compute (M;, M;)

for all 4, 7 =1, ..., 4, then we have

Calculating the determinant of G4(aa) we find that
det G4(aa) = a®b°(a® — 2)(b* — 1).

The problem of finding the zeros of determinant of the Gram matrix G,,(\) for
general A\ will be very difficult. However, the machinery of tower of recollement
can give us much simpler conditions for this problem. By Theorem 2.1.8(ii), we

have

Corollary 3.1.5. The algebras FC,(a,b) are semisimple over C if and only if

the parameters a, b are such that

IT I det(Gu(n) #o0.

/< /-2
SN AEAT,

From this corollary we deduce that in order to find the values of a,b € C
such that the algebras FC,(a,b) are not semisimple we only need to find the

determinant for the Gram matrix G, (\) for all A € A?~2.
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3.2 The Gram matrices for the cell modules

In this section we shall use the restriction rules to give a general form of the Gram
matrix, G,(A), for a cell module A, ()\), where A € A"2.
Throughout this chapter, we will use the notation (s, t) to distinguish between

the even and the odd case and as following:

Definition 3.2.1. Let a, b € C be the parameters of the algebra FC,,(a,b). We
define the ordered pair (s,t) to be

(a,b) if n is even,

(s,1) =
(b,a) if n is odd.

Remark 3.2.2. Let A € A?2 then A € A””3 and by Remark 2.2.5 we have
dimA,,_2(A\) = 1, and hence, the Gram matrix G,,_2(\) represents the inner
product of a diagram with itself. Then G,_5(\) = a"b", for some integers h, /.

We know that a, b are non-zero, then G,,_2(\) is just a non-zero complex number.

Remark 3.2.3. We can use similar calculations as that used in Proposition 1.4.11

to get the following.
(1) If A = A\yss € A2, then

(i) dim A,_;(A;ssst) = 1.
(ii) dim A,_1(Aist) > 1.

(iii) Aist € A"73) that is, dim A, _s(A\st) = 1.

n—1»
2) If A = M\;st € A"2, then

(i) dim A, (\;) > 1.
(i) dimA,_;(Ass) = 1.

(iv) A € A"79 that is, dim A, _3(A\;) = 1.

n—1
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Now, suppose that A = A\;ss € A2 and note that if the short exact sequence
Ap_1(Ast) — res(A,(M185)) — An_1(As%t)
is split, then there is a splitting
7 1res(A,(A185)) = Ap_1(A1st) @ A,_1(\5°t).

If we arrange the basis of A,,(\;ss) such that those of A,_1(\;st) come first,

we can represent 7 by a matrix of the form

where @), \ represents the embedding of A,_;(A1s’) into res(A,(A1ss)). We
define a bilinear form on A,_;(A1st) ® A,_1(\1st) by

(z+2"y+9)) =T @+2), 7 W+ Y))nrss

for z, y € A,_1(\ist) and 2/, ¥ € A, 1(\;s°t). This form is symmetric and

invariant, thus, arguing as in [38, Lemma 4.3], we have

<<3§‘ + xla ) + y,>> = t(l‘, y)nfl,)qst + an,)\lss <l’/, y/>n—1,)\153t

for some o, 5,55 € C. In matrix form this becomes
th,1<>\18t) ) Ozn,Alsan,l()\153t) = (Q;l)\)TGn()\lSS)Q;l)\

Then

tGh—1(Aist) 0
Gn(Miss) = QL n Qn- (3.1)
0 an,A1san—1(/\153t)
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Multiplying the matrices in the right hand side of (3.1) we get

G G
Gu(Ass)=| '+ 7 (3.2)
Gy Gy
where
Gy = tGpo1(M\ist) Gly = tGp1(Mst)Q,

Gy = Q) Guor(Mast)  Ghy =t(Q ) Gt (A1st)@y, \ + naGr1(Ast).
Now, we turn to the case when A = A\;st € A”~2. If the short exact sequence
0—= A,_1(N\ss) = res(An(N))/An—1(A1) = Ap_1(Ats) — 0.
is split, then there is a splitting
X res(An(N) = Ap (A1) @ AL_1(A1ss) D A,_1(Ats)

If we arrange the basis of A,(\) such that those of A, (A1) come first, then
basis of A,,_1(A1ss), and finally, the basis of A,_1(Ats), then we can represent x

by a matrix of the form
I P\ Py

Po=10 I P3,
0 0 I

We define a bilinear form on A,,_1(A1) @ A,_1(A15s) ® A,_1(Ats) by
({z+a'+a"y+y +y") = T He+a"+2"),x Y+ ¥ + 9" )aps
for v,y € Ap1(M\), 2, ¥ € Ap_1(M\iss), 2,y € A, _1(Ats).

((z+a2"+2" y+y +9")

= <[I§', y)nfl,)q + 6n,)\<x/a y/>n71,)\1ss + (5n,)\<$”7 y//>n71,)\t5
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for some f3,, 5,0, 2 € C. In matrix form, we get
Gn—l<)\1) ) 6n,>\Gn—1(/\133) ) (5n7)\Gn_1(>\tS) = (Pn_’)l\)TGn()\lSt)Pn_’)l\
Then
Gn_1(A\1) 0 0
Gn(\ist) = PT, 0 BurGn_i1(A15s) 0 Pox. (3.3)
0 0 OnAGr—1(Ats)
Multiplying the matrices in the right hand side of (3.3), we get
G G G
Gn(Aiab) = |GY, Ghy Gy (3.4)

/ ! /
G31 G32 G33

where
Glll = anl )\1)7
Gy = Guo1(M) Py,
Gl3 = Gn1(M) P2,

Let r[M] and ¢[M] be number of rows and number of columns of a matrix M

respectively, and we denote the dimension of M by r x ¢. To keep the multipli-

cation rules of matrices, the dimension of @), » and P,  and its blocks are given

in the following lemmas.
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Lemma 3.2.4. Suppose X = \ss € A"2, and consider the matriz
I Q. Qu Qr
Qn)\ = - .
0 I Q21 Q2
Then we have :
dim Q11 = dim G,,_1 (A st),
dim ()92 = dim Gn_l()\st) =1x1,
dim Q21 = T[anl()\st)] X C[anl()\lSt)] =1x C[Gn,1<)\18t)],
dim Q12 = dim @, , = r[Gr_1(Mist)] X ¢[Gn1(Ast)] = r[Gro1(Mist)] x
11
A\
Lemma 3.2.5. Suppose A = A\iss € A772, and Q, , = |Q2, | . Then we have
13
A

dim Q1 = r[Gr2(M)] X ¢[Gra(N)] = 7[Gra(M)] x 1,
dim Q}’E)\ = T[Gn—Q()‘)] X C[Gn—Q(/\)] =1x 17
dim Q% = r[Gn_2(A1stts)] X c[Gp_a(N)] =1 x 1.

Lemma 3.2.6. Suppose A\ = A\;st € A"2, and consider the matrix

I P, P2, Py Py P
Pax= 10 I P},| = |Pu Pn Psx
0 O I P3; P3y Psg

Then we have

dim Py = dim G,—1(\y),

dim Py, = dim G,,_1(A\1ss) =1 x 1,

dim P33 = dim G,,—1(Ats) =1 x 1,

dim Py = 7[Gp—1(M185)] X ¢|Gr_1(M1)] =1 X ¢[Gp_1(A1)],
dim P3; = 7[Gp—1(AtS)] X ¢|[Gp_1(M1)] = 1 X ¢[Gp—1(A1)],
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dim P3y = 7[Gp_1(Ats)] X c[Gr_1(A1ss)] =1 x 1,

dim Py = dim(P, ;) = r[Gn_1(A1)] X c[Gpo1(Ar5s)] =[G (M)] x 1,
dim Piy = dim(P?2 ) = r[Gp_1(\)] X c[Gro1(Ats)] = r[Gro1(M)] x 1,
dim Pyy = dim(P; ) = r[Gp_1(A15s)] X ¢[Gpo1(Ats)] =1 x 1.

P
Lemma 3.2.7. Suppose A = A\yst € A7, and assume that P3, = | ""|. Then
we have

dim P2} = dim G, () =1 x 1,

dim P22, = 1[Gy 5(Ms*t)] X c[Gra(N)] = 1 x 1.

Lemma 3.2.8. Suppose A\ = A\;st € A"2 such that \; = A\ots, and assume that

11 21

Pn,)\ Pn,)\

L 12 2 22
Pn7>‘ - PTL,)\ ) and P’nﬂA - P’I’L,)\
13 23

Pn,)\ Pn)\

Then we have

dim P;l/\ = dim Psl/\ =1r[Gn_2(A2)] X ¢[Gr_2(N)] = 7[Gr_2(N2)] X 1,
dim P3 = dim P23 = r[Gp_a(Xatt)] x c[Gra(N)] =1 x 1,

dim P)% = dim P23 = dim G, »(\)] =1 x 1.

Lemma 3.2.9. Suppose X\ = A\jst € A"2 such that \; = \yss and assume that

11 21
n,A A
Pl = , and P, =
P12 P22
n,A n,A

Then we have

dim P}, = dim P2} = r[Gp_2(Xast)] X c[Gr—2(N)] = r[Gp_a(Xast)] x 1,
dim P)3 = dim P23 = dim G, _»(\) =1 x 1
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3.3 Another form of the Gram matrices for the
cell modules

We can find another form of the Gram matrix for a cell module A, (\), where
A € A"2 and then we can compare it with the Gram matrices that we found in
the previous section. This will help us to find the values of o, x, By, and 0, ,
and then to find the Gram determinant for these modules.

Depending on how we restrict each cell module, we describe the general form
of the basis diagrams for A, (\) where A € A""2. We start with the case when
A = Aiss. In Table 3.1, we introduce the general form of the basis diagrams for
A, () when A = A\yss € A"2 . We divide these basis diagrams into four subsets
Vi, Va, V3, and Vj, such that the set of basis diagrams W, (A1ss) = ViUVLUV3UV.
For i =1,...,4, the diagrams in V; has the form v;, where v; are as described in
Table 3.1.

When we restrict A, (), we get the modules in the second row, and when we
restrict the modules in the second row we get the modules in the third row. In
addition, any basis diagram for the modules in row (3) must have the form of the
diagrams in row (4). The diagrams in row (5) are the basis for the modules in row
(2) and it is obtained by applying the appropriate restriction rule for each diagram
in row (4). That is, the diagrams m/, = f(ma), ms = g(m}), m} = ¢p_1(my),
and m/, = ¢,_1(my), where f and g are the Add and the Cut-procedures on the
module A, (A;ss), and ¢, is the inclusion map that defined in equation 2.4. In
similar way, (applying the restriction rules to the diagrams in row (5)), we can get
the diagrams in row (6) which represent the basis for the cell module A, (A;ss).

Since, A;ss € A"~2 then, by Remark 3.2.3(1)(iii), we have A;st € A”"3. Hence,
by Remark 3.2.3(2)(i), we have dim A, _2(A;) > 1, by Remark 3.2.3(2)(ii) and
(iii), we have dim A,,_2(A;ss) = dim A, _o(A;stts) = 1.

Note that, the cardinality of V] is equal the dimension of A, _5(\;) which is
greater than one, whereas the cardinality of V5, V3 and V} is one because it rep-

resents the dimension of A,,_s(A;ss), A,_o(A;stts) and A, _5(\;ss) respectively.
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1420 190) (@) ta
A i .
mumé/\ b Tﬂ . T« { Tﬂ
() @b AVAY Y a)
s] 1s s31ls s 12 1 s s1 1s s s sl11s
T G S fuw
ssty _ ﬁ W Ty ' Ty
1s ¢ s 1 1 s 1 mel.m 1s
Yy fu cu Tw
s 1 1 s 5 S
(ssly)e "y (spsTy)e "y (ssly)e "y (V) 'y
(15 ()1 "y
(ssTY)"v

Table 3.1: Basis forms for A, (A\1ss)
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Proposition 3.3.1. Let A = A\jss € A" 2 and V; UV, U V3 UV, be the basis of
A, (N) such that the diagrams in V; has the form of v; that is described in Table
3.1. Suppose that the Gram matriz of A, () is constructed such that the basis of
A, _1(Aist) comes first. That is, G,(\) has the form

(= =) [ Vi vy v3| s
Vi
Gu Gia
= (%) Gll G12 (35)
Ga1 G
U3
Vg G G

where G117 is the matrix of inner products of elements from Vi U Vo U Vs,
G1o 1s the column vector of inner products of elements of Vi U Vo U V3 with vy,

and Gog = (vg,v4). Then we have
0

(Z) GH = th_l(/\lst), (ZZ) G12 = th72<)\> , (ZZZ) G22 = Sth_g()\).
Gn—Q(/\)

Proof. Since each basis diagram in V; has the form v; and Vo = {wvo}, V5 = {v3},
Vi = {v4}, thus we will use the notations vy, vy, v3, v4 for the basis diagrams for
A, (A1ss) and as described in Table 3.1.

Let v be the diagram obtained by removing the last two vertices of v; and
sliding down the non-through string j;. Thus v} is a basis diagram with 2n — 2
vertices and its label is Ajst, that is, v} is a basis diagram of A,,_1(A;st).

(i) G11 represents the inner product of v; with v; for all 4, j = 1, 2, 3. Thus we

need to prove that (v;,v;) = t(vj, v}) for all 4, j = 1,2,3. To find (v, v1), we have

] S s t

M)\l jt

M

vy v = , and v]-v] =

Lt
A
U

M)\l M)\l

where M), is a diagram that has 2n — 4 vertices and its label is A\; . We can see

that (vy,v1) = t(M,,, My,) = t(v},v]) .
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By the same argument, we can show that (vy, vo) = t{vh, v}), (vs,v3)

and (vy,ve) = (v, v}).

To prove that (vy,v3) = (v}, v}), consider the following diagrams

S S
M)\l Js
V1 - V3 = /\
/ !
M>\1 ]g Jt
S S

and

vy vy =

= t<’Ué, UZ/’)>

st
MAl Js
My, 1t e
s t

where M), and My are subdiagrams (their label is A1) of v; and v3 respectively.

The string j, in v; becomes either a non-through string or a through string in

v1 - v3. We will discuss these two cases:

Case I: If j, in vy - v3 is a non-through string, then it is a non-through string in

v} - vy as well. We thus conclude that (vy,vs3) = 0, and (v, v5) = 0.

Case II: If js in vy - v3 is a through string. Then j; is either connected with j.

or with an s-string in the subdiagram M . In both cases the string j; must

construct a t-loop in vy - vs, otherwise, j; will cross j,. Thus, when we remove the

last two vertices of v; and vz, we are cutting the ¢-loop while the other loops (if

they exist) have no changes. Hence, the result.

We now show that (vq, v3) = t(v), v5). Recall that

S S St ts

Vo =
2 M,

L ANJAV,
Jt

V3 =

S 1

/
My,

4

S Stt s

We will discuss all the possibilities for the shape of j; in the diagram vy - v3.

Case I: If the string j; constructs a t-loop in the diagram wvs - v3, then

Vg V3 = /\
M;,

Jt

and

/ r
/U2'/U3—

/
My,

Jt
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The t-loop in v, - v3 becomes a through string in v} - v4, therefore,

(g, v3) = t(v, V).

Case II: If j; is a non-through string in v, - v3. Then

it S t ¢t

Je

Jt
Vg - U3 = A and v, - vy =
!/ /
M;, M,

It is clear that

(vg,v3) = (v5,v5) = 0.

Case III: If j; is a through string as indicated in this diagram,

Vg - V3 =

M) 5,

then j, must be connected with a ¢-string in the subdiagram M} . This will force
Js to be a non-through string that leads to (ve,vs3) = (v),v5) = 0. (If j5 is a

through string in v, - v3 then j; must cross js).

(ii) We want to find (v;,vs) for i = 1,2, 3. The zero submatrix in G5 represents

the inner product of v; with vy. Since,

M
)\1 /\
V1 - Vg =
/
" NS
then
<U1, ’U4> =0.

The block matrix tG,_2(A1ss) in G2 represents the inner product of vy with wvy.
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Recall that,

S S St ts
AN, Y/
V2 =| My, v Vg = M; :

Js

Suppose v is the diagram obtained by removing the last four vertices of vy and
sliding down j,, and v} is the diagram obtained by removing the last four vertices
of vy. Then v§ and v} have 2n — 4 vertices and their label is A\;ss, that is, they

are basis diagrams of A,,_5(A\1ss). As diagrams

n n /! " no_
U2 — /\4)\1 js 5 U4 — MA 5 aIld U4 * UQ —
| M Js

In addition, we have

M M M;

B N -
v e = MNZAVAI 5| 5 |

M)‘l js Jt M)\l js

By comparing the last diagram with v} - v, we can deduce that

(vg,v9) = t{v},V5).

We now show that (vs,vs) = G,,_2(A15s). Consider the diagrams

M, M,
AN
" 1
Vg U3 =y v Q! E! g;> and vy - vy = Ve ' .
A It A1 Jt
s B s s

We notice that these two diagrams have the same inner product. In addition, v%,
vy are diagrams with 2n — 4 vertices and their label is A;ss, that is, v, v] are

basis elements of A,,_5(A;ss).
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(iii) stG,_o(A15s) in Gag represents the inner product of vy with itself. Now since,

v vy = \Y

then

(vg,v4) = st(v},vy),

where v} is as defined in (ii). O

Now, we turn to the case when A = \;st € A"~2. In this case, we have two
sub-cases, A\; = Agss and Ay = Aots. By using the restriction, then the basis
diagrams for A, (A;st) such that A\; = \yss and A\; = Aqts are described in Tables
3.2 and 3.3 respectively, where the modules in the second row are the restriction
of A, (Ayst), the modules in the third row are the restriction of the modules in
the second row. In addition, the diagrams in row(4) (resp. row(5) and row(6)),
represent the basis diagrams for the modules in row(3) (resp. row(2) and row(1)).

Consider the case A = \;st € A"? such that A\; = Ayts. Then the basis
diagrams for A, (\) is the union of the sets W;, i = 1,...,5, where W; is the set
of diagrams of form w; that described in Table 3.3. From Remark 3.2.3, we can
find that the cardinality of W is greater than one, while W;, ¢ = 1,...,4 has

only one diagram.
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Sn

AR

Ty
AVANY

\b.b£

m.w w S w S m.w w S w mvmuw S w S ww S
Iy 2 Iy _ W W Iy _ 2 ey
s 1 S s 1 S s 1 S [S! S
_.L.b X P X _.L.b X P X
1 S 1 S 1 S 1 S
(1Y) "y (1s1Y)* "y (1sV)* "y (1s2¢)* "y
(spsty)t "y (ssTy) "y (ssty = Ty)T7"y

(385527 = 35\ )"y

Table 3.2: Basis forms for A, (Ayssst)



79

Chapter 3. The Gram Determinant

Sm m €m wm, Im
Ty Iy Ty 2y ey
E N/a\ 8 /2 A\ (2 &
s? 1 s 1s s3 1 s 1ss1 1 s 1ss1 1 1 1ss1i
Iy Iy Iy ey ey
D.F (a\ & /2 a () &
s 1 s st 7 5 st 1 s st 7 1 s 1
_ % Iy Iy _ ey o
1 S 1 s 7 S 1 1
(1sV)e "y (1sV)e "y (1sV)e "y (mey)e vy (2v)e 'y
(spsty) "y (ssTy)T"y (s72¢ = () T7"y

(2559°¢ = 15T\ ) "y

Table 3.3: Basis forms for A, (Aytsst)
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Proposition 3.3.2. Let A\ = A\;st € A""2 with \; = M\ots, and W1 U ... U W5 be
the basis of Ap () such that the diagrams in W; has the form of w; that described
in Table 3.3. Suppose that the Gram matriz of A, (X) is constructed such that the
order of the basis is: the basis of A,_1(\1), the basis of A,_1(\1ss), and then the
basis of Ap_1(Aistts). That is, G,(\) has the form

<_7_> Wi we ws | Wa Ws
Gn G G M
o wy G G | Ghs
Gy Gao Goz| = (3.6)
w3
Gs1 Gs2 G
Wy G21 G22 G23
ws Gs Gz | Gas

where G171 s the matriz of inner products of elements of W1 U Wy U Wi,
the column vectors G1o and G13 are inner products of elements of W1 U Wy U W3
with wy and ws respectively, and Gag = (wy, wy), Gaz = (wy, ws), Gzz = (ws, ws).

Then we have

0 0
(Z) GH = Gn,1(>\1) (ZZ) G12 = 0 (’LZZ) G13 = 0
1Gs(\) Grrs(N)

(iv) Gog = stGp_o(N) (v) Gaz = sGp_o(N) (vi) Gsz = stGp_o(N).

Proof. We will use the notations wy, ..., ws for the basis diagrams for A, (\).

(i) The matrix Gy; represents the inner product of w; with w; for ¢, j =1, 2, 3.
Let w; be the diagram obtained by removing the last two vertices of w;. Then w;
is a basis diagram of A, _;(A;). Since w; ends with at least two through strings
for all ¢ = 1, 2, 3, then these two through strings will not effect the value of the
inner product. Hence (w;,w;) = (w;, w}).
(ii) The first (resp. the second) block matrix of G2 which is the zero matrix

represents the inner product of wy (resp. wsy) with wy. It is easy to check that

(wy,wg) = (we,wy) = 0. The submatrix tG,_2(\) in G5 comes from the inner
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product of ws with wy4. Recall that

tsst St 1881

O TR e TN

Suppose w4 and wj are diagrams obtained by removing the last four vertices of
ws and wy respectively, and sliding down every non-through string still connected

to ws and wy, (sliding down j,, j; from ws, and j; from wy). Thus
s S i

//: d //:
BT My, |, | WE =ML G G,

In addition, the diagrams w? and w} have 2n — 4 vertices and its label is A;st,

therefore, they are basis diagrams of A,,_5(A1st). Consider the diagram

o

‘]\4)\1 N Jt

Wy * W3 =

we can see that, the inner product of w, with ws is not effected when we remove
the last three vertices and cut the non-through string js in ws because it will
never construct loop in the diagram wy - w3. However, j; always makes a t-loop
in wy - ws. To prove this, we discuss the following cases:

Case I: If j, in the diagram wy - w3 is connected with a vertex in ws, then

(ws, wy) = (wy,wy) =0,

as explained in these diagrams

" '
Wy - W3 = '}W Wy
t

N2 v viv
js js jt

Case II: If j, in wy - w3 is connected with a vertex in wy, then j; must construct

'~

w
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a t-loop, otherwise, js will cross j; as explained in this diagram

Wy - W3 =

MAl js

This indicate that when we remove the last four vertices of w3 and w4, we cut
only one t-loop. Therefore, (ws, wy) = t(w}, wy).

(iii) The first (resp. the second) block matrix of G3 which is the zero matrix is
represents the inner product of wy (resp. ws) with ws. It is easy to check that
(wy,ws) = (we,ws) = 0. The submatrix G,,_o(A\) in G13 represents the inner

product of w3 with ws.

tsst ts st

W3 = M, W Ws = M!

Suppose w} is as defined in (ii), and let wf be the diagram obtained by removing
the last four vertices of ws;. Then wj and w! are basis diagrams of A,_o(A).

Consider the diagram

M, M,

Ws s = M)\l U - M)\l

St s

which show that the inner product of the diagrams ws; with ws has no change
when we remove the last four vertices form them. Hence the result.

(iv) The first block matrix, stG,_2()\), of Gas is represents the inner product of
wy with itself. The last four vertices of the diagram wy - wy make one s-loop and
one t-loop, thus when we remove these vertices we lost the factor st.

(v) The submatrix sG,_2(\) in Gas represents the inner product of w, with ws.
The last four vertices of of w4 and ws contribute s to the inner product of them.
Thus removing these vertices leads to lost the factor s.

(vi) The inner product of ws with itself represents the submatrix stG, _2(\) in
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(G33. The result follows immediately from the diagram ws - ws. O

Now, Let A = A\;st € A2 with \; = \yss. The basis diagrams for A, ()) is
the union of the sets U;, i = 2,...,5, (for convenience we start from 2), where Uj;
is the set of diagrams of form wu; that described in Table 3.2. By Remark 3.2.3,
we have that U; has more than one diagrams, and the sets Us, U, and Us has

only one diagram.

Proposition 3.3.3. Let A = \;st € A2 be such that \; = A\yss, and UU. . .UUs
be the basis of A,(X) such that the diagrams in U; has the form u; that described
in Table 3.2. Suppose that the Gram matriz of A, () is constructed such that the
order of the basis is the basis of A,_1(\1), the basis of A,_1(\1ss), and then the
basis of A,_1(Astts). That is, G, () has the form

<_7_> U2 Uus Uy Us
Gii G2 Gis U-
Yl Gu |G| G
Ga1 Gaa Gas| = U3 (3-7)
G31 G32 G33 Uy G21 G22 G23
Us G31 G32 G33

where Gy is the matriz of inner products of elements of Uy U Us, the column
vectors G1o and G113 are inner products of Uy U Us with uy and us respectively,

moreover, Gog = (Uyg, us), Gaz = (ug, us), Gsz = (us,us). Then we have

0
(Z) G11 - Gn—l(/\l) (ZZ) Glg - (’L’LZ) Glg -
tGr_2(N) Gn_2(N)

(M)) GQQ = Sth_Q()\> (U) G23 = SGn_g(/\) (UZ) G33 == Sth_g(/\).

Proof. Consider the diagrams us, ..., us; that have been given in Table 3.2 as a
basis diagrams for A, ().

From Tables 3.2 and 3.3, we can notice that, for 7,7 = 3,4,5, we have the
diagrams u; and w; has the same form as diagrams. Thus (u;, u;) = (w;, w;). In

addition, (us,u;) = (wy,w;) for all i = 2,... 5. Hence, the result. ]
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3.4 The determinant of the Gram matrices

The values of a and b are such that the algebra FC,,(a,b) is semisimple is deter-
mined by finding the determinant of the Gram matrices for the cell modules. We
start by finding the values of a, x, 8, , and 0, ». Then we introduce the general

form for the Gram determinant for any cell module A, (\) such that A € A?2.
Lemma 3.4.1. For A € A"2, we have G,,_3(\) = G,,_1(Ats).

Proof. Since, A € A""2 then by Remark 3.2.2, we have dim A,,_»(\) = 1, and by
Proposition 1.4.11(i), we have dim A, _;(Ats) = 1. Suppose that v is the basis
diagram for A,,_5()), then v has (2n — 4) vertices and its label is A\. Let v be a
diagram that obtained from v by adding two straight through strings (with label
ts) to the right end of v. Then v is a diagram with (2n — 2) vertices and its label
is Ats. Thus v must be the basis diagram for A, _;(Ats). We can notice that
(v,v) = (v,v) because the last two through strings in v will not contribute to the

value of the inner product. Hence, G,,_1(Ats) = G,—2(). O

Proposition 3.4.2. Forn >4, let A\ = \st € A2 with \; = \ots, then

5 s(s? —2)
A T

Si42
ﬁ and (571’)\ = g(t — 1)

Proof. To find the values of 3, and 4, ), we will compare the Gram matrix
Gn(Aitsst) in (3.4) with the Gram matrix G, (A\itsst) in (3.6). The block matrices
G ; in (3.4) must be equal to the corresponding block matrices G;; in (3.6) for
1,7 = 1,2,3. The reason is that we use the same ordered basis in both cases to

construct the Gram matrix G, (). Then we have:

(1) G/12 = Glg. That iS,

0
Gn71<)\1)P7~1L7,\ — O (38)
tGpa(N)

Since A = Ast € A"2 then by Remark 3.2.3(2)(iv), A1 = Mots € A"73.
Thus G,_1(A1) is the matrix in (3.4) with replacing n by n — 1, A by A;, A
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by A9, and swap s with t. The matrix PT})\ is as defined in Lemma 3.2.8,
P
that is, P, , = | P4 |. Now, we multiply G\,_1(\1) with P, and compare it
P,
with the R.H.S. in (3.8), we get
0= G ahe) (B + Py P+ Py, PR (3.90)
0= (Pr_in) Groa(Na) (Poh + Pa_in P2+ Py, Pad) (3.9b)
+ Buo1. G2 (Natt) (Poi + Pa_i )y, Pa)
tGra(N) = (PE15,) Guoa(Xa) (Poh + Pooyp, B3+ Pioin Pad) (3.9¢)
+ B (Pazipg)! Groa(Matt) (P23 + Po_y \ Po3)

+ 6n1.0, Gra(N) Py
Substitute (3.9a) in (3.9b), we get
Bu—1.x Gna(Xatt) (P + P21 5, P)Y) = 0. (3.10)
Substitute (3.9a) and (3.10) in (3.9¢), we get
tGn—2(A) = 012, G2 (M) P35

Since A € A""2 then, by Remark 3.2.2, G,,_»(\) is a non-zero complex number,

thus
P = i L (3.11)
n—1,\1
(2) G35 = G13. That is,
0
Gra(M)P2 = 0 (3.12)
Ga(N)

where G,_1(\1) is as in (1), and Py, is as defined in Lemma 3.2.8, that is
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21
Pn)\

P2, = | P2 |. If we multiply G,,_1(A\;) with P2, and compare it with the

P23
A
R.H.S. in (3.12), we get

0= Gn2(X2) (Po) + Pooip, Pad + Proi s, Pi))

0= (Pi—1,,\1)TGn—2()\2) (P2,1)\ + P;—l,,\lps?x + Pg—l,,\lpg,i)

n

+ Broin Gnoa(Matt) (P2 + P)_y P2
Gna(A) = (P371,,\1)TGn—2()‘2> (Pgl,\ + Pﬁq,,\lpiz,\ + Pﬁq,,\lpsi\)
+ 51171,&(PS—l,,\l)TGn%()Qtt) (PS,ZA + Ps—ml PTQLE\)

+ 0n—1.0 G2 (N) P23,
Substitute (3.13a) in (3.13b), we get
Br1x Gua(Matt) (P + Py 5, P3) = 0.
Substitute (3.13a) and (3.14) in (3.13c), we get
Gr2(A) = 61, Gna (N P,

again by Remark 3.2.2, G),_(\) is a non-zero complex number, thus

(3) G/QQ = Ggg. That iS,
Sth_Q()\) = (PéA)TGn_l()\l)Pé’)\ + 5n7)\Gn_1()\188)

0
From (1), we have Gp_1(A)P,, = 0 , and
tGn_a(N)

(P = ()T (P2)T (P3)T].

(3.13a)
(3.13b)

(3.13¢)

(3.14)

(3.15)

(3.16)
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Substitute them in (3.16), we get

0
stGua(A) = |(PI)T (PI2)T (PB)T| | 0 | + BuaGaci(Aiss)
tGa()

- (Pé,g/\)Tth—ﬂ/\) + ﬂn,AGn—l(A155)~ (317)

Since, A = A\;st € A"72 then, by Remark 3.2.3, dim A,,_;(A;ss) = 1, and by
Remark 3.2.2; we have dim A,,_5(\) = 1. Thus G,,_1(A15s) and G,—o(A = A;st)
are one by one matrices. We can argue as in the proof of Proposition 3.3.1(i) to
show that

Gn-1(A1ss) = tGp_2(N) (3.18)

Thus (3.17) becomes

stGr-a(A) = (P23) " tGh_2(N) + BuatGn_2(N).

t
By substituting (P)%)" = 5 (from (3.11)), and dividing by tG,_2()\), we
n—1,\1
get
t
B =5 — 5 (3.19)
n—1,\1

(4) G/23 = G23. That iS,
$Gr-2(A) = (Ph )" Gro1(M) P2y 4 BupnGro1(Miss) Py (3.20)

Recall that, by Lemma 3.2.8, we have (P, )" = [(P&{\)T (P3)" (P3)"| and
from (3.12) we have

Gn—l(/\l)P%)\ = 0

n
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Substitute them in (3.20), we get

0
sGuaN) = |[(PI)T (PR)T (PEYT] | 0 | +BuaGar(huss) P,
Gn_2(N)
= (P23)" Gra(N) 4 BapnGuo1(Miss) P2 . (3.21)
From (3.11), we have (P)3)" = 5 ! , and from (3.18), we have
n—1,\1

Gn-1(M15s) = tG_o(N). Substituting these two values in (3.21), we get

t
SGn_Q()\) = Gn—2<>\) + tﬁn,/\Gn—Q(A)Ps,/\'

6n71,)\1

Dividing by G,—2(\) and, from (3.19), substitute £, = s — 5 , we get
n—1,\1
3 1
Ply=1. (3.22)

(5) Gg?’ = G33. That iS,

stGn-2(A) = (Py\) Gro1(M) Poy 4 (P a) BapGro1(Miss) Py s + 0, aGno1(ALs)
(3.23)

By Lemma 3.4.1, we have G,,_1(Ats) = G,_2()), moreover, by (3.22), we have

P?\ = %, and by (3.18), we have G,,_1(A1ss) = tG,,—2(\), then (3.23) becomes

1
Sth_Q()\) = (Pi)\)TGn—l()\l)Pi)\ + g/B”%)\Gn_Q()\) + 5n,)\Gn—2()\) (324)

0
By (3.12), we have Gn—l(Al)Pi)\ = 0 , and by Lemma 3.2.8, we have

Grn2(N)
(P27 = [(P2)" (PR)T (P2)7]. Put them in (3.24), we get

1
stGp_a(A) = (P2) G () + ;BH,AGH_Q(A) + 8nnGra(N). (3.25)
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1
571—1,)\1
, then divide by G,,_2(A), to get

From (3.15), substitute (P,%?’)\)T =

, and from (3.19), substitute

B A =S8
" 5n—1,)\1

bur = (= 1)

where A\ = \;st = \otsst € A" 2.
Now, by Remark 3.2.3(2)(iv), we have \; = A\ots € A”~? thus

n—1

t
51171,)\1 = 5(32 - 1)7

(we swap s with ¢ because A ends with st while A\; ends with ts). Put d,_;, in

Bn,)\ =S5

, we get
O
o s(s? —2)

/Bn,/\ = m

]

Proposition 3.4.3. For n > 4, let A = A\;st € A2 be such that \; = \yss.

Then
t

an—l,)\l

By =8— and 6, = ;(tQ—l).

Proof. We will use the same technique that we used in the above proposition
to find the values of 3, » and 6, . The block matrices G;j for the Gram matrix
Gp(A) in (3.4) must be equal to the block matrices G;; for the Gram matrix G,, ()
in (3.7) because we use the same ordered basis in both cases. Then we have:

(1) G/12 = Glg. That iS,

0
Gp1(M) Py = (3.26)
tGh_a(N\)

Since A = A\;st € A2, then by Remark 3.2.3(2)(iv), A = Ayss € A”~3. Then
Gn—1(\1) is the matrix in (3.2) with replacing n by n — 1, A by Ay, and A; by As.
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The matrix P, , is as defined in Lemma 3.2.9, that is,

Py = : (3.27)

If we multiply G,,_1(A;)with the matrix Pi)\ and compare it with the R.H.S. in
(3.26), we get

0 = tGpa(Xost) (P} + Qh_y., Pr3) (3.28a)
tGr2(N) = HQn_1x,) " Gnoa(Nast) (P + Qi y, P3) (3.28b)

+ Op—10 Gn,2<)\>Pé’2)\
Substituting (3.28a) into (3.28b), we get
th,Q()\) = On—1,\ Gn,Q(A)P;?A (329)

By Remark 3.2.2, G,,_5(\) is a non-zero complex number, so we may divide (3.29)

by G,—2(\). We have

(3.30)

(2) G/13 = G13. That iS,

0
Gna(M)P;y\ = o] (3.31)
n—2

where Gp_1(\1) is as in (1), and P?, is as defined in Lemma 3.2.9, that is,

21
P\ = " If we multiply G,_;(A;) with the matrix P?, and compare it

P%
with the R.H.S. in (3.31), we get
0 = tGp_a(Xast) (P75 + Q) 1., P2) (3.32a)
CeaN) = QL 0) Graast) (P + Q) 5, P2) (3.320)

+ On—1,) Gn—? (A)Pz?)\
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Substitute (3.32a) in (3.32b), and dividing by G,,_2()), we get

1
P? = : 3.33
n,A 1, ( )
(3) G/22 = GQQ. That iS,
Sth_g()\) = (Pé,)\)TGn—l()\l)Pé,)\ + an)\Gn_l()\leSS) (334)
Substitute (3.26) and (3.27) in (3.34), we have
StGn2(N) = (P17 (P3)7] + BurGo1(Aiss)
’ ’ tGh_a(N)
= (P3)"tGn—2(N) + BurGn-1(A15s) (3.35)
From (3.30), we have P23 = ! , and by (3.18), we have
’ On—1,0
Gn-1(A15s) = tG_o(N). Put these values in (3.35), we get
t
Sth_Q()\) = th_g()\) + Bn,)\th_Q(/\).
anfl,)\l
Dividing by tG,_2(\), we get
t
P =5 — : (3.36)
anfl,/\l
(4) G/ZS = Ggg. That iS,
§Gn_2(A) = (Py )" Gn1(M) P2\ + BunGno1(Miss)P) (3.37)
Substitute (3.27) and (3.31) in (3.37), we get
sGn-2(A) = [(P)T (PA?I\)T] + BunGn-1(Miss) Py
Gn_a(N)
= (P,3)"Gn2(N) + BuaGno1(A1ss) P (3.38)
t
From (3.30), we have P} = , and from (3.18), we have

Ctnfl,/\l
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Gr-1(A\1ss) = tG,_2(X). Put these values in (3.38), we get

t

O-/n—l,)\l

SGn_Q (/\) =

Gn—2(/\) + tﬁn,AGn—Q()\)Pi)\-

From (3.36), substitute £, = s —

, and dividing by G,_2()\), we get
Oénfl,)q

1
P} = - (3.39)

(5) Gg3 = G33. That iS,

stGya(N) = (P3,) Guoa(M)Po s + (P 3) BunGro1(Miss) Py y + 02 Gror (ALs)

(3.40)
From Lemma 3.4.1, we have G,_1(\ts) = G,,_2(\), moreover, from (3.18), we
have Gy_1(\1ss) = tG,_5(A), and from (3.39), we have P}, = % Thus (3.40)

give us
1
$tGu2(N) = (B2 Gt Q) Py + 1 uaGua(N) + 01aCGua(h)  (3.41)

Substitute (P?,)" = [(le/\)T (Pf%\)T} (from Lemma 3.2.9), and (3.31) into
(3.41), we get

1
stGa(N) = [(PRT (PR 2 BraGaos(N) + GnaGra(N)

Gn—2(/\)

1
= (Ps?A)Tanz()\) + zﬁn,AGnq()\) + 0 2Gr—2(N)

1
From (3.33), substitute P?4 = , and divided by G,,_2(\) we get
’ On—1,)

1

an—l,)\l

st =

1
+ Zﬁn,,\ + O -

By (3.36), substitute 8, = s —

, we get
anfl,)\l

Sor=—-(t*=1). O
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Proposition 3.4.4. Forn >4, let A = A\;ss € A"2. Then

t

ﬁn—l,)\lst '

Qp )\ = St —

Proof. The block matrices G, in (3.2) are equals to the block matrices Gy; in
(3.5). Then we have
(1) G,12 = 012. That iS,

0
Gruoa(Mist)Qy , = % tGr_o(N) (3.42)
Gra(N)

Since, A = M\ss € A"2 then by Remark 3.2.3(1)(iii), A;st € A""3. Thus
Gpn-1(Aist) is the matrix in (3.4) with replacing n by n — 1. The matrix Q). , is
1
A
as defined in Lemma 3.2.5, that is, Qn \ = 12 1. We are going to multiply

13
A

Gp_1(A1st) with Q}M and compare it with the R.H.S. in (3.42), we get
0= Gra(M) ( TPy Aust@na T P, Arst 7113,\) (3.43a)

Gna(A) = (P,_ 1A st) Gn72()‘1)( AT Pl “1ast&n T P 1 ist 7113,\)
(3.43b)

+ ﬁnfl,)\lstGTLf?()‘) ( + P3 1, st :3/\)
1
an—2()‘) = (P'r%—l,/\lst) n— 2(>‘1) (Q + Pl -1 )qstQ + P2 1 AlstQ ) (3-43(3)

+ (P’r?—l,klst)T/Bn—l)q‘StGTb—Q(A) (Q + P3 1 )\1875@ )

+ 010, 5tGn—2 (A1 stts)
By substituting (3.43a) in (3.43b), we get

Gn—2<>\) = 6n—1,>\18tGN—2(/\) ( + P3 1,\st 111?)\) (344)
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Substitute (3.43a) and (3.44) in (3.43c), we get
1
?Gn—2()‘> = (PS—l,Alst)TGn—2()‘) + On-1 a5t G2 (A1 stts) 711:;\ (3.45)

In Propositions 3.4.2 and 3.4.3, we found that when A\ = \jst € A"? with
1
Al = Ags8s or Ay = Aqts then we have Pj)\ =7 Recall that A\ist € AZ::{’,

1
therefore, P2, ,, = T Put this value in (3.45) will give us

(Sn,L)\lsth,Q()\lSttS) is’)\ =0.
Note that, G,,_2(\1stts) is a one by one matrix because A\;st € A% and then by

Remark 3.2.3(2)(iii), dim A, _o(A;stts) = 1. This means that G,_o(A\stts) is a

non-zero complex number, and we know that d,_; ), is a non zero as well. Thus

’}l:,)))\ = 0.
Hence, form (3.44), we get
2 _ 1 .
A anl,)qst
(2) G/22 = GQQ. That iS,
stGp_o(N) = t(Q}M)TGn_l(/\lst)Q}z’/\ + ap \Gro1(Ast) (3.46)

Substituting (Q}, ,)” as defined in (1), and (3.42) in (3.46), we get

0
stGn2(A) = |(Qu)" (@27 (Q2)"] [tGr2 (V)| + nnGaor(Ast).
Gra(\)
1
We know that (Q}2)" = 5 and (Q,?,)" = 0, then we have
n—1,\1st

t

B 5n—l,)\15t

Sth_Q(A) Gn_z()\) + OénV,\Gn_l(ASt).
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By Lemma 3.4.1, we have G,,_1(Ast) = G,,_2(\), and dividing by G,,_2()\), we get

t

Qp )\ = St — .
ﬁn—l,)\lst

]

Remark 3.4.5. To find the values of 3,y and ¢, for n = 3, consider the set
of labels A(3) = {ab®a?b, a®b,ab?, ab}, and A} = {ab}. From Example 1.3.18, we
have det G3(ab) = ab(a® — 1)(b* — 1). Using (3.3), we have

det G3(ab) = det Ga(0) X B34 det Go(aa) X 3 4 det Ga(abba).

It is easy to check that det Gy(abba) = 1, det Ga(aa) = b , and det Go()) = ab.

a 1
—(b* = 1), th w = —(a®>—=1).
b( )7 enﬁ?),b a(a )

Definition 3.4.6. Let ¢ € C. The box number, [n],, is defined by the equation

For convenience, suppose d3 4, =

nle ="
qa—dq
If ¢ = £1 then [n], = ng" .

Proposition 3.4.7. Leta=q, +q;', b=q, + q;l € C be the parameters of the
algebra FC,,(a,b). Suppose A € A2 >0, ' >0, and 2 > 1. We have

(i)
2[3]%, if A= pab (n is odd),

5n,)\ = Z
—[3lgs i A= p'ba (n is even).
a
(i)
2
F :LL 1%“, if A= pa®b (n is odd),
Z a
ﬁn,)\ = 9 !
F i qu, if A= p'b*a (n is even).
< @
(iii)
%, if A = pa*t (n is even),
2
o — 4
[z + 34,

if A= p/b** (n is odd).
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Proof. Note that, by the definition of the box number, we have

a = [Q]QLH a2 - 1 = [S]QCN

b= [2]%7 0 —1= [3]%‘

(1) This is clear from Propositions 3.4.2 and 3.4.3.
(ii) We will use induction on z to prove (ii).

When z = 1, this happens only when n = 3 and A = ab. By Remark 3.4.5, we

1 3
have B,a = —(a®> — 1) = H%’“. When z = 2, if n is odd then A = \;ba?b, where
a Ta
22 4
A1 > . By Proposition 3.4.2, we have 3, \ = a(c; 7 ) = Hq“. If n is even then
as— da
b(b?* —2 4
A = \jab*a, where \; > (). By Proposition 3.4.2, we have 3, , = <b2 . ) = qu'
- v
Suppose (ii) is true for all positive integers less than z.
If n is odd then, by Proposition 3.4.3, we have
g ’ (3.47
= 0 — ———. .
o b an_LMazfl
Since n is odd, then n — 1 is even, hence, by Proposition 3.4.4,
b
Q1 gzt = b — ———. (3.48)
Bn—2,uazf2b
Applying (3.48) in (3.47), we get
b
ﬁn,,uazb =a— b
ab— ——
Bn—Q,uaZ*Zb
Bn—Q naz=2b
=a— : . 3.49
aﬁn—luaz—Qb —1 ( )
By the inductive hypothesis, we have
z
Br—2.paz—26 = & (3.50)

[z = 1]g,
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Applying (3.50) in (3.49), we have (recall that a = ¢, + ¢, ')

[2]qa
-1
/Bn#tazb = a — &
a [2)4a 1
[z — 14,
= a — [Z]Qa
alzlg, — [z — g,
oy (%5 — ¢.7)
(t+ )0z — 077) — (7" —qa ")
T g =g Y g g Y
=(qa+q; ") — M

o —(z+1
a+1 _ q@( )

— z —(2+1 z —z
(Ga+ )@ — ") = (2 — ¢77)
z+1 _q;(z+1)

_ G - q;(z+2) _ [z + 2q,

2+ _ @ 2+ 1],
2q,
By the same way, we can prove that 3, p:q = ———
[z + 1],

if n is even.

(iii) Suppose n is even, and A = pua*™' . By Proposition 3.4.4, we have that

b . [z + 2]
Oy a1 = ab — . Since By_1 ey = ———2 then we have
ot Bn—l,,uazb 5 brat [Z + l]qa v :
b
Oén#taerl = ab — [Z + 2]qa
[z + 1],
_ _ [Z + 1]‘1a)
[z + 2],

— b[z + 3]‘1&
[z + 2],

when n is odd.

O
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Remark 3.4.8. (i) Since the values of «, ) and f, ) depend only on the last
part and the second to last part of the label A respectively, we will write ay:
when A = @bz - s (i > 1), and we will write 8, when A = a1b'2 - - - tJs where
(s,t) = (a,b) if n is even, while (s,t) = (b, a) if n is odd.

(ii) 6, has only two different values depending on whether n is even or odd thus

we will use d, if A ends with a. That is, d, = 2[3],, when n is even, and we will

a

use dy if A ends with b. That is, 6, = [3],, when n is odd.

Proposition 3.4.9. Let A, ()\) be a cell module such that X\ € A2, We have
(i) If X\ = ut’s® with i > 1, then

det G,,(\) = a"V" agi det Gy (ut? s~ 1t).

(ii) If X\ = ut’s, then
det G (\) = a"b" B0y det Gy (ut?™1),

where h,h',r,r" are integers.

Proof. (i) From (3.1), if A = pt’s’ with ¢ > 1, then
det G,(\) = det (tGp_1(ut?s' 1)) det (asGpo1(Ast)).

Since A € A"72 then by Remark 3.2.3(1)(i), we have G,_;(\st) is a one dimen-

sional matrix and thus its determinant is a"1b" for some integers h;, ho. Hence,
det G,,(\) = t"3(a™b") oy det Gp_y (ut?s™'t)

where h3 is the dimension of A, (ut?s*='t).

(ii) From (3.3), if A\ = ut’s then
det G, (A) = det Gpp—1 (ut? ") det (B Grr (/™)) det (8,Gr_1(Ast)).

Since A € A"? then by Remark 3.2.3(2)(ii) and (iii), we have G,,_;(ut’™') and
Gp—1(Ast) are one dimensional matrices, then the product of their determinants

! .
have the form a"b" for some integers r, 7’. m
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We shall introduce the Gram determinant for the cell module A,,(\) for some

special forms of A € A72.

Proposition 3.4.10. For n > 4, the Gram determinant of the module A, (a™?)

is det G, (a"~2) = amb"2[3]5 %% [n),., for some integers vy, .

Proof. Since a™? € A"~? then, by Proposition 3.4.9 (i), we have
det G, (a""%) = det(bG,,_1(a" b)) det(agn—2G,_1(a™ *ab))
We will use the induction on n. When n = 4 then
det G4(a?) = det(bGs(ab)) det(aq2Gs(a’ab)).

From Remark 3.4.5, we have det G3(ab) = ab(a* — 1)(b* — 1), in terms of box
number det G3(ab) = [2],.[2]4,[3]4.[3]4- In addition, det Gs(a®b) = b, and from

Proposition 3.4.7, ag2 = b[ da

, we get
[S]Qa

det G4(a®) = ab®[3],, (4],

Note that, [3],, = b* — 1, and [4],, = a(a® — 2), thus it is the same result that we
have in Example 3.1.4.

Suppose it is true for all integers less than n. To get the result at n, we have
det G, (a"%) = a" b cgn—2 det G,_1 (@™ D) (3.51)
Since a"3h € A"~% then
det G,,_1(a™?b) = a2 Byn-s6, det G,,_o(a" %) (3.52)
Applying (3.52) in (3.51), we get
det G, (a"?) = a" 2B 202 Byn-a by det G_o(a™?)

By the assumption of the induction we have
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det G, _o(a™™*) = a2 [3]" %[0 — 2],

b

for some integers |, 75 . Thus

det Gn(an—Q) _ a(r’1+i1+i2)b(r§+j1+j2)[3];1—4/2 [TL . Q]qab [n]QG [n _ 1]qa 9[3]%

= a"b" (3] [n],,

where 1 = 1| + i1 +is + 1, 79 = 15 + j1 + jo. O
Proposition 3.4.11. Forn > 5, the Gram determinant of the module A,,(a™ 2b)
is det G, (a"~2b) = a"6™2[3)5 ?[n],, for some integers 1, rs.

Proof. Since a™ b € A"~2, then by Proposition 3.4.9 (ii),
det G, (a™2b) = a" b’ Byn—26, det Gy (a™3)
for some integers i1, j;. By Proposition 3.4.10, we get

det G,,_1(a" %) = a®2b2[3]"%%[n — 1],

b

for some integers iy, jo. Hence,

det G (a"2b) = a T 2b 2 (3032 — 1], Byn-20,

i (T n],, a
= a"t Ry 315, 3/2[”—1]qam5[3]qb

= a3,

where ry =41 +io+land ro =51 + 50— 1. u

Proposition 3.4.12. Forn > 5, the Gram determinant of the module A, (ab™?)

is det G, (ab™2) = b1 am2 (3] ?[n],, for some integers ri,ry.

Proof. 1If we reflect any basis diagram of A,(a""2b) about a vertical line and we
swap a with b then we will get a basis diagram of A, (ab"?). We thus conclude
that the Gram matrix of A,,(ab"?) is the same as the Gram matrix of A, (a™ 2b)

after we swap a with b. Hence the result. O
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Proposition 3.4.13. For n > 4, the Gram determinant of A, (ab" %a) is

det G, (ab"%a) = a™b™2[3]"/%[n],,

da

for some integers ri, rs.

Proof. Since ab™2a € A"7?, then by Proposition 3.4.9(ii), we have
det G, (ab™ 2a) = a0’ Byn-26, det G,y_1 (ab™?)
for some integers 41, j;. By Proposition 3.4.12, we have

det G,y (ab™ %) = 22 [3]" %[0 — 1],

da

for some integers js, 75. Then

det G, (ab™2a) = a™ T 2p 2 (3] 2 — 1], Bpn—204

da

i1+i27J1+j2[Q1n—2/2 [n]q b
a" R3] 1]qua[3]qa
= a"b"[3]7%[n],,
where 71 = i1 + iy — 1 and r9 = j; + jo + 1. u

Proposition 3.4.14. Let A\ = us't’s € A2, Then

det G, (us't's) = a™ b §9/? J [—g] 2 det G, (j—1)(us't)
qt

where (s,t) = (a,b) if n is even, and (s,t) = (b,a) if n is odd.
Proof. By using Proposition 3.4.9, we get
det G, (us't's) = a"b"B,;6, det Gp,_y (st ™)

= a0 (B 0s05-1) det Gr_o(ps't?2s)

a"b" (B 801 ) (By—20s0y-3) det Gy (st *s).
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Eventually we have

det G, (us't’s)
= a0 (B bsai—1) (By—20s0-3) -+ (Bra—G- 050ty -(i-3))
x det Gy, (j_oy(ust?~Us)

ah7bh8(5tj5501tj—1)<6tj—25501tj—3) (,Bt46 Oéts) detG (j—2) (,us t2 )

= ahgbhm (Btj5505153‘71)(5153'72550%;‘73) cee (ﬁt4(5304t3)(ﬁt2(5 ) det G (j—1) (/LS t)

We can see that d, appeared with each (5,2, B, ..., 8. Thus o, has power equal
to j/2. Now,

(Broui—1)(B-204i-3) - (Bpaoys) B

— [j + 2]% [j + 1]% [j]% [.] — 1]% . [6]% [5]% [4]%
U+1e Ule —1Ual—2a  [Bla 4e Bl

Hence, the result. O

Theorem 3.4.15. For n > 3, if the algebras FC,(a,b) are semisimple, then for

each A = a2 - - th-15» € A2 we have
3b=p+1) 113 (la—p+1) 2
det Go(N) = a™'b™ [3]2) [3)2 [T+ 2,
i=1

where l, and l, are the number of the a and b-through strings in \ respectively.

In addition, ¢ = a if i is odd and ¢ = b if i is even.

Proof. We will discuss the case when n odd, that is, A = a1b'2 - - - alv=1blr € A72.
Set © = l,, y = l,—1, and suppose that [, > 1 . If we apply Theorem 3.4.9(i),

we get

det G,,(\) = ailbjlabz det Gn_l(allbl2 e ayb“”_la).
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[z + 2],

[z + 1],
det G,,_1(a*b2 - - a¥b*1a) we get

Substituting - and applying Proposition 3.4.14 to evaluate

det G, (\) = a2b” M&(f*l)ﬂw det Gn—(w—1)<all b2 ... a¥b).
[Z‘ + 1]% [3]%

Applying Proposition 3.4.14 again we get

det G (V)

o 2 2
— gBpis [I’ [;—] ]Qb 6&171)/2 51221/2 [y [—;—] ]Qa det Gn—(m—l)—(y—l) (all bl2 . blp—2a>
v qa

If we re-apply Proposition 3.4.14 many times we will get

det Gn()\) _ ai4bj45L(lz—1)/2 [513 + Q]qb 5;);/2 [y + 2]% 52072/2 [lp_z + Q]qb .
[3] (1 [3] da [3] aQ

gl [l2 + 2], (=172

Bla,

[l1+2]qa e a
. det G3(ab)

Substitute z = 1, y = l,_1, and det G3(ab) = [3],,[3]4,[2]0.[2]4, We get

det Gy (\) = @bt 5r—1/2 [y + 2], slr=1/? [lp-1 + 2]q, §ly-2/2 lp-2+2]q,
[3q [3]q [3q

. (5(112/2 [l + 2]% 51511—1)/2 [+ Q]Qa [3]q [3]%

3l 34
From the last equation we can see that for each [,,1,—2,...,l> in det G,()), we
have [3],, in the denominator. As well as, for each [,_1,l,_3,...,1; in det G, (N),

we have [3],, in the denominator. Thus [3],, and [3], in the denominator of
det G,,(\) has power equal to p/2 . In addition, we can see that J, has power
equal to

=14l o+ ls+---+1)

and J, has power equal to

T+ s+ + 3+ 1 —1).
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Set la = lp_1+lp_3+' . +l3+l1 and lb = lp+lp_2+lp_4+' . —I—lg Then la and lb
is the number of a and b-through strings in A respectively. This makes the power

of &, is equal to (I, — 1) and the power of &, is equal to 3(I, —1). Now, we have

52<lb_1)52<l _1> P

EIMEI | (R

det Gu(A) = V" —

b
where ¢ = @ if i odd, and ¢ = b if i even. Recall that 6, = —[3],, and §, = %[3]%.
a

b o
If we consider that - and = of 0, and &, respectively, are multiplied with ab%,

a b
then we get

p
. Lo l
det G, (A) = b 32"l Y T + 2.,
1=1

By doing similar calculations, we can show that this formula is true if [, = 1, or

A =alblz. . ple-1gle, O

Note that the above theorem is true when the algebras FC,(a,b) are
semisimple. To generalise it to the case when FC,(a,b) are not semisimple, we

need this corollary.

Corollary 3.4.16 ([3, Corollary 2.2.5]). The algebras FCy,(ay,...,ax) are
semisimple for an open dense (even a Zariski open) subset of parameters

(a,...,ay) € Ck.

This corollary says that FC,(a,b) are semisimple for an open dense subset
of parameters (a,b) € C2 The algebras FC,, can be defined over the Laurent
polynomial ring Z|a, b][a™!, b~!] and these algebras are cellular. The FC,, over C
are obtained from the above algebras by specialising the parameters, that is, base
change according to a ring homomorphism Z|a, bj[a!,b7!] — C.

The Gram determinants for the FC,, over C are obtained by specialising the
ones for the FC,, over Z|a,b|[a™*,b7!]. The latter are Laurent polynomials in a
and b and they must be equal to the ones from Theorem 3.4.15, since they agree

on a Zariski open dense subset of the parameter space C* x C*. Thus we have
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Theorem 3.4.17. For each A = a"'b2 - - - t-1slr € A"=2 and n > 3, we have
p
1, — 1,_
det G(A) = a2 [8]2" V313" T + 20,
i=1

where l, and l, are the number of the a and b-through strings in \ respectively.

In addition, ¢ = a if i is odd and ¢ = b if 1 is even.

Proposition 3.4.18. For n > 3 and A = ab2-.-th1sh € A2
If Jy = {li,lb,....0,} and J = U Jy, then J is precisely the set
AeAn2

J={1,2,...,n—2}.

Proof. Since A\ = al'b2 ... th-15lv € A"2 then dim A, »()\) = 1. Thus, from
Proposition 1.3.16, we have

n—2=I0l-p+1 (3.53)
where [ = P I,. First, we will show that there is no A € A2 such that
l; > n—2. Consider the equationn—2=[—p+1thenl=n+p—-3. lf; =n—1
for some 1 <4 < p, this means that the remaining p — 1 parts of A are connected
to the remaining [ — (n — 1) = p — 2 through strings. It is impossible, and hence,
Li<n—1.
Now, to show that for n > 3, [; =1, 2, ..., n — 2, we will discuss the even and
the odd case.
Let n is even, then p must be odd. Suppose p = 3, then, from (3.53), we get

| = n, and X has the form A\ = a"b2a® € A"2. Some integer solutions for the

equation [y + ls + I3 = n such that [, [3 are odd and [, even are

(I1,0,13) ={(1,n—2,1),(3,n —4,1),...,(n—5,4,1),(n — 3,2,1)}.

From the case p = 3, we can see that [; take the values {1,2,...,n — 2} .
Let n is odd, then p must be even. Suppose p = 2, then, from (3.53), we get

[ =n —1, and X has the form A = a"'b®2 € A""2. The integer solutions for the
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equation [y + Iy = n — 1, such that [; and [, are odd, are that
(lla l2> = {<1’n - 2)7 (3,7’L - 4)7 R (n -2, 1)}

Suppose p = 4 then, from (3.53), we get [ = n + 1, and A has the form \ =
al'b2al3pls € A2, Some integer solutions for the equation Iy +ly+13+1y = n+1,

such that [y, [, are odd and [s, [3 are even, are that
(ll, lg, l3, l4) = {(1, 2, n — 3, 1), (1,4, n — 5, 1), ey (1, n — 3, 2, 1)}

From the case p = 2 and p = 4, we can see that [; take the values

{1,2,...,n—2}. O

Theorem 3.4.19. The Fuss-Catalan algebras FC,(a,b) are semi-simple except

when [i],, = 0 or [i], = 0 for some i = 2, 3, ..., n, where a = q, + q," and

b=q,+gq, "
Proof. By Theorem 3.4.17, for each A € A”~? we have
3(=p+1) (o153 (la—p+1) <
det Go(A) = a”'b™ [3]2! [3)2 [T+ 2.
i=1

Furthermore, from Theorem 3.4.18, for all ¢+ = 1, 2, ..., p we have that
li €{1,2,...,n—2}. Thus for all A € A”? the Gram matrix of A, (\) has zero

determinant only when

24021313160 Blgy - - [0l g []g, = 0. T



Chapter 4

Homomorphisms

The homomorphisms for a special kind of cell modules for the Fuss-Catalan al-
gebras will be introduced in this chapter. It is sufficient to find homomorphisms
between cell modules such that one of them is one dimensional. Then by Theo-
rem 2.1.8, we can reduce all the family of homomorphisms to morphisms between

these modules.

4.1 Homomorphisms for specified cell modules

Let U = {1U1,1Us, ..., 1Up—1,2U1,2Us, ..., 5U,_1} be the set of the generators of
FC,. Fori =1, 2, ..., n— 1, suppose that v; is the upper half diagram of 1U;,
and )\; is the label of v;. By counting the dimension, we have A, ()\;) is a one
dimensional cell module with basis v;. We are going to show that, for n > 3 and

for certain values of the parameters a and b, there is a non-zero homomorphism

from A, (\;) to A, (pn), where i =1, 2, ..., n—1 and

(abba)™ tab ifn=2m+1
Hn = (4.1)
(abba)™* if n = 2m.

In fact, p, is the label of the identity diagram for FC, 5, and the first initial

values of u, are listed in Table 4.1 .
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Hn
ab

ab’a

ab®a®b
ab’a’b’a
ab®*a’b*a’b
ab*a’b*a’b’a

00~ O ULk W3

Table 4.1: The label pu,

Proposition 4.1.1. Let n > 3, and p, be as defined in 4.1. Then we have
dim A, (pn) = 2n — 3.

Proof. We will discuss the even and then the odd case for p,.

Case I: Suppose that n = 2m where m > 2. Then u, = (abba)™'. The
length of p, is I(u,) = 4(m — 1). We can write p, in the form u, = awa, where
w = (b*a?)™2b?. Suppose that w, is the number of a*’s in w and wy is the
number of b*’s in w. We can see that w, = m — 2 while w, = m — 1, thus the
number of parts, p, of p, is p =1+ w, +w,+1 = 2m — 1. Now, we use Theorem

1.3.16 to calculate the dimension of A, (u,). We have

r=m-—1 and s =4m — 3.

n 4dm — 3 (4m
LUJ 4m ( 1 ) nes

Case II: Suppose that n = 2m + 1 where m > 1. Then u, = (abba)™ *ab.

Hence,

The length of p,, is {(u,) = 4(m — 1) +2 = 4m — 2. We can write y, in the form
pn = awb, where w = (b?a?)™!. Suppose that w, is the number of ¢?’s in w
and wy is the number of b?’s in w. We can see that w, = w, = m — 1, thus the
number of parts of u, is p =1+ w, + wp + 1 = 2m. By using Theorem 1.3.16 to

calculate the dimension of A, (u,), we have

r=m-—1 and s=4m — 1.

nl _dm-1idm+1N o a4
Lhn, dm +1 1

Hence,
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Definition 4.1.2. For j=1,2, ..., n—2,and k =1, 2, ..., n— 1, we define the

half diagrams M, and Ny, as following:

s st t ts st

ERVAY \Y
2j—1 2k—2

M, = N, =

where (s,t) = (a,b) if j, k are even, and (s,t) = (b, a) if j, k are odd.

Note that, if we remove the two non-through strings from the diagrams M;
and Ny then we will get the identity diagram for FC,,_5. Hence, For j =1, 2, ...,
n—2,and k=1, 2, ..., n— 1, the diagrams M; and N}, have label equal to .

Proposition 4.1.3. Let n > 3 and u, be as defined in 4.1. The basis for A, ()
is the set {Ny, My, No, My, ..., Ny_o, My, _o, N,_1}, where M; and Ny are as de-
fined in Definition 4.1.2 above.

Proof. We prove this proposition by using induction on n.
When n = 3, then ps = ab, dim Az(ab) = 3 and the basis elements of Ag(ab)

are

Y vV NS = (N, My, o)

Y Y

When n = 4, then g = abba, dim Ay(ab*a) = 5 and its basis is

apba_ a bba__ab ba  abb a_ apba
VAV VAV

Y

— {N17M17N27M27N3}‘

Suppose that this claim is true for all integers that are less than n. Then the
basis elements of A,,_1(p,—1) form the set

H = {N|,M|,...,N!

n

! /
-3 Mn—37 Nn—2}7

where Ny, M} are the diagrams obtained by removing the last two through strings

from Ny, M; respectively.
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Now, when we add two through strings to the right end of each element in H’
then we get a set, H say, of diagrams with 2n vertices and their label is pu,, thus
these diagrams all belong to the basis of A, (). The number of elements in H
is 2n — 5, and the dimension of A, (p,) is 2n — 3, so we miss two elements. Since
every diagram in H has at least two through strings at the right end, then M,,_,
and N,,_1, that have one and zero through strings at the right end respectively,
are not in H. However, these diagrams have label p,, thus they are basis diagrams

for A, (u,,). This completes the proof. O

Proposition 4.1.4. Let (U;, 2U; be the generators of ¥C,,, and consider the cell
module A, () that is spanned by the diagrams M;, Ny. Then we have:

;

sM;, ifj=3i
(i) \UiMy =< sM,_;, ifj=i—1

0 otherwise.

\

7

M,y ifk=i—-1
(i1) 1U; Ny =

0 otherwise.

sN; ifj=io0rj=1—1
0 otherwise.
(w) 2UNy=<¢ N, ifk=i+1

0 otherwise.

where i, k=1,2, ....,n—1,j=1,2, ..., n—2, and (s,t) = (a,b) if i is even
and (s,t) = (b,a) if i is odd.

Proof. Recall that

S S

~
vl
V)
~+

Ui =| | 2i-1 ~ and, oU; =] | 2i-2
/AN

D)
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; \ s st t
21—1 VAV
(1) 1U1MZ = Q =S 2i—1 = 5’]\417
2i—1
2i—3 t ts s
lUiMz'—l = Q =S 2i—3 vV = SMz‘—l'
21—3

These are the only possible ways that gives a non-zero diagram in A, (u,), since
if the two non-through strings of M; are connected to through strings in 1U; then
we get a diagram with three non through strings. That is, a diagram with length
2n — 6. Thus it is not a basis diagram of A, (u,) because the basis diagrams of

A, (i) has length equal to 2n — 4.

t s s ¢
2i—2 v ts st
.. %
(il) 1U;N; = O =s| | 2i—2 = sNV;,
2i—2
} \V
2i—4 \/ \/
UN, . — )l 2i-3 _Ar
1YiiVi—1 — — = i—1,
2i—4
, \/
2i—1 \/ \/
UN..A — ] ] 2i—1 Y,
1UilVip1 = = = M.
2i—1

Asin (i),if ¢ —1 > j > i+ 1 then ;U; N, will contain three non-through strings,

hence it is not a basis diagram of A, (u,). That is,

1UiNj = 0.
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t s st
2i—2 L tsv”
(111) 2U1MZ = =S 21—2 = SN“
2i—2
t s st
\%
2i—3 tsvst
JUiM;_1 = =s| | 2i-2 = sN;.
2i-3

If 5 # 4,7 — 1 then yU;M; is a diagram with three non through strings. Hence, it

is zero in A, (fy,).

2i—2 Y ULl
. \Y
(IV) QUZNZ = = st 21—2 = StNZ‘,
21—2
t s st
2i—4 Y LA
\Y
QUZ‘NZ‘_l = = 21—2 = Ni,
21—4
t s st
\Y
2i—2 UEA
’ Y
2UiNfL’+1 = = 21—2 = Nz
2i—2

Again, if i—1 > j > i+1 then ,U; N; will give us a diagram with three non-through

strings that means it is zero in the module A, (p,). O

Theorem 4.1.5. Let \; be the label of the generators \U;, where j =2, 3, ...,
n — 2. Let v; be the basis element of the one dimensional cell module A, (A;).
Then 0 : A, (N\;) = Ay(pn) defined by 6(v;) = M; — cNj + M;_y is a module

homomorphism when ¢ = b and b*> = 2 if j even while ¢ = a and a®> = 2 if j odd.
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Proof. Let U = {1U1,1Us, ..., 1Un_1,2U1,2Us, ..., 2U,_1} be the set of the gener-
ators of FC,,. In A, ()\;), we can see that

sv; ifi=jandr=1,
PUivj =
0 otherwise,

forall: =1,2 ....n—1,and j = 2, 3, ..., n — 2, where s = a if j even
and s = b if j odd. To show that # is a homomorphism, we need to prove that
O(uvj) = ub(v;) forallu e U, and j =2, 3, ..., n—2.

If 0 # wv; € A,()), then u = 1Uj, and 6(1U,v;) = 0(svj) = sb(v;). On
the other hand, 1U;6(v;) = 1U;(M; — ¢N; + M;_1), by Proposition 4.1.4, we get
1U;0(v;) = s(M; — ¢N; + M;_1) = s0(v;). Hence, 0(1U;v;) = 1U;0(v;).

Now we turn to the case when 0 = wv; € A,();), this happens only when
u =1U; with i # j or when u = ,U;. Let us discuss these two cases:

(i) For ¢ # j, we have {U;v; = 0. Therefore we need to show that 1U;0(v;) = 0
when i # j. We have 1U;0(v;) = 1U;(M; — ¢N; + M;_1). By Proposition 4.1.4,
we have {U;M; is a non-zero diagram only if ¢ = j and 7 = j + 1. Furthermore,
1UiNj; is a non-zero diagram only if ¢ = j and ¢ = j+1. Since ¢ # j, thus we only

need to show that ;U;0(v;) =0 when ¢ = j £ 1. Let i = j £ 1, then
1Uj-10(v;) = 1U;j 1 (M — eNj + M;)
1Uj10(vs) = 1Uj41 (M — eNj + M; 1)
If j odd, then ¢ = a and we get
1U;10(vj) =0 —aMj_y + aM;_y

1Uj+19(vj) = CLM]‘ — CLM]‘ + 0.

If j even, then ¢ = b and we get

1Uj,19<'l}j) =0- ij,1 + ij,1
lUj+19(vj) = bM] — bMJ + 0.

Hence, 1U;0(v;) = 0.
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(ii) Foralli=1,2,...,n—1,and j =2, 3, ..., n—2, we have ;U;v; = 0. Thus we
need to show that 2U;0(v;) = 0 as well. We have yU,;0(v;) = U;(M;—cN;+M;_4),
by Proposition 4.1.4, the diagram ,U;M; is a non-zero only when ¢ = j and
i = j + 1. In addition, 2U;N; is a non-zero diagram when ¢ = j and 7 = j £ 1.

Thus it sufficient to show U;0(v;) =0 fori = j and i = j+ 1. Let ¢ = j+ 1 then

2Uj10(vj) = 2Uj 1 (M — ¢Nj + Mj 1),

2Uj110(v)) = 2Uja (M — ¢Nj + M; ).
If j odd, then ¢ = a, and we get

ng_lé’(Uj) =0- CLNj_l -+ CLNj_l,

2Uj+19(1)j) = aNjH — aNj+1 + 0.
If 7 even, then ¢ = b, and we get

QUj,lﬁ(vj) =0- ij,1 —+ ijfl,

2Uj+19(’l)j) = ijJr]_ — ijJrl + 0.

Let 7« = j, then
2Uj0(vy) = oUj(Mj — eNj + Mj_y).

If 5 even, then ¢ = b and

2Uj9</l}j> = &Nj — b(abNJ) + GNJ'
=a(2 — b*)N;.

If j odd, then ¢ = a and

QU]‘Q(U]‘) = bNJ — a(aij) + bNJ
= b(2 — CL2)N]‘.

Since a® = 2, (resp. b* = 2) if j odd, (resp. even) then we get sU;0(v;) =0. O
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Theorem 4.1.6. Suppose that A, (A1) and A, (A,—1) are the one dimensional cell
modules that generated by the initial parts vi and v,_q of the generators Uy and
1Un_1 respectively. Then we have

(i) There is a non-zero homomorphism 0 : A, (A1) = A (1) defined by
0(7}1) = N1 — CLM1

when a® =1 .

(ii) There is a non-zero homomorphism 0 : A, (An—1) = Ap(in) defined by
H(Un—l) =M, 5 —cNp_

when ¢ = a and a®> = 1 if n even while c = b and b* = 1 if n odd.

Proof. Let U be the set of the generators of FC,,.
(i) For all u € U such that u # Uy, we have uv; = 0, and ;U;v; = bvy in the
cell module A, (A1). In addition, 8(;Uyv1) = 0(bvy) = bO(vy), and

1Ul’9('l}1) = 1UZ'(N1 — aMl) = b(Nl — CLMl).

Hence, 0(1U;v1) = 1U;0(v1). For 1U; # u € U, we want to show that uf(v,) = 0.
From Proposition 4.1.4, U; Ny and U; M, are non-zero diagrams only if ¢ = 1, 2.
Since we discuss the case ¢ = 1 then we need only to discuss the case i = 2. That

is, we have to show that 1Us0(v;) = 0. For,
1U20(U1) = 1U2(N1 — GM1> = M1 — CZ(CLMl) = (1 — aQ)Ml.

Since a? = 1, then ;U0(v;) = 0.
Now, by Proposition 4.1.4, 2U; Ny and sU; M, are non-zero diagrams only if
i =1, 2. Therefore, we have to prove that sU;0(v1) = 0 when i = 1, 2. We have

2U19(vl) = 2U1(N1 - aMl) = abN1 - abN1 = 0,

QUQQ(Ul) = 2U2<N1 - CLMI) = N2 - CL2N2 =0.
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(ii) For all uw € U, we are going to show that 0(uv,_1) = uf(v,_1). If u= U,
then {U,,_1v,—1 = sv,,—1 where s =aifn—1even and s =bif n — 1 odd. Thus

0(1U,—1vn—1) = s0(v,—1). On the other hand,
1Un719(vn71> = 1Un71(Mn72 - Canl) = S(Mn72 - CNn71>~

Hence, 1U,,—10(v,—1) = s0(v,_1).

For 1U,_1 # u € U, we have uv,_; = 0. Thus we need to show uf(v,_1) = 0.
From Proposition 4.1.4, the diagrams 1U; M,,_o and {U;N,,_; are non-zero only if
1 =n—2,n— 1, but we already discussed the case © = n — 1 then we only need
to discuss the case i = n — 2. That is, we have to show that U, _26(v,_1) = 0.
For,

1Un—20(vp—1) = 1Up—2(M, 5 — cN,_1).

If n even, then ¢ = a, and hence,

1Un—20(vy_1) = aM,,_o — aM,,_5.
If n odd, then ¢ = b, and hence,

1Un—20(v—1) = bOM,,_9 — bM,,_5.

Again by Proposition 4.1.4, the diagrams sU; M,, 5 and 2U;N,,_; are non-zero in
Ay (pn) only if i =n —2, n — 1. We have

2Un729(vn71) = 2Un72(Mn72 - Canl)
2Un—19(vn—1) = 2Un—1(Mn—2 - CNn—1)-

If n even, then ¢ = a, and

2Un—29(vn—1) =alN,—o —alN,_
2Un—19(vn—1) =bN,_1 — (l(aan—l)

= b(l - CLQ)anl.
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If n odd, then ¢ = b, and

2Un—29(vn—1) =bN,—2 — DN,
2Un—19<vn—1) =alN,—1 — b(aan—l)
=a(l —b*)N,_,
Since a® = 1, (resp. b* = 1) if n even, (resp. odd), then 2U;0(v,_1) = 0. O
We recall the globalisation functor that defined in chapter two
G, : FC,-mod — FC,,;o-mod
via
gan(N) = FCnen ®enFCnen N.

In addition, from equation 2.2, we have G,,(A,(\)) = A,42(A). The functor

G, preserves all morphisms that are defined in Theorems 4.1.5 and 4.1.6.

Corollary 4.1.7. Let \; be the label of the diagram generator 1U; of FC,(a,b)
wherei =1,2,... ,n—1, and p, is as defined in equation 4.1. Then for allm > n
such that m—n is even we have a non-zero homomorphism 0 : A, (X)) — Ay (pn)

subject to the following values of a and b
(i) a>=1wheni=1ori=n—1 odd.
(i) b* =1 wheni=mn —1 even.

(iii) a® =2 when 2 <i < n—2 odd.

(iv) b* =2 when 2 <i <n —2 even.



Conclusion

In this thesis we introduce some results on the representation theory of the
Fuss-Catalan algebras over C. However, we think that there are areas of future
research. In this thesis we stated that the Fuss-Catalan algebras are cellular,
quasi-hereditary algebras and they form a tower of recollement. These results can
give the opportunity to study these algebras and get new results. For example, one
way is to study homomorphisms between cell modules in general. In addition, the
problem of finding composition numbers. Another problem one can investigate is
finding the structure of the Fuss-Catalan algebras when they are not semi-simple.
Furthermore, we think that there are some results can be extended to FCy, for

all k > 2, for example, the cellularity of the Fuss-Catalan algebras.
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