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Abstract

The present thesis investigates the validity of some interesting principles such as
the Aziom of Choice, AC, in the general extensional realizability structure V(.A)
for an arbitrary applicative structure, A, generalising the result by Rathjen in
[28] established for the specific realizability model V(K,), the Fan Theorem, FT,
and the principle of Bar Induction, BI, in the particular realizability structures
over the Graph Model, V(Pw), and over the Scott Do, Model, V(D,), since, in the
literature, little is known about these realizability models and most investigations

are carried out in the realizability models built over Kleene’s first and second models.

After an introduction and some background material, given in the first two
chapters, I introduce the notion of extensional realizability over an arbitrary
applicative structure, A, and I show that variants of the axiom of choice hold in
V(A). Next, the focus switches from considering the general realizability structure
V(A) generated on an arbitrary applicative structure, A, to the specific realizability
universes, V(D) and V(Pw) to investigate some interesting properties including

the validity of FT and BI in these universes.

For the remainder of the thesis, a proof of the soundness of realizability with
truth, as it leads to different applications than that without truth, for the theories
CZF and CZF + REA, is given and an investigation of many choice principles
is carried out in the truth realizability universe V*(A) for an arbitrary applicative

structure, A.
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Chapter 1

Introduction

Realizability interpretations are of fundamental importance to the study of
intuitionistic set theories. They are used to extract some useful computational
information from constructive proofs. This thesis mainly employs these realizability
semantics to work out whether some interesting principles hold in the realizability
structures, V(A) for the general extensional realizability and V*(.A) where
realizability is combined with truth in the background model V, for arbitrary or

specific applicative structure A.

Firstly, the general realizability structure, V(A) is introduced to investigate a
generalization of the result by Rathjen, given in [28] establishing the validity of
variants of the Choice axiom in V(A), to an arbitrary applicative structure, A.
Next the Brouwerian Principles of the Fan Theorem, FT, and Bar Induction, BI,
are addressed in the specific realizability universes V(Pw) and V(D,,), where Pw is
the Plotkin-Scott Graph model and D, is the well known Scott model. Finally, the
realizability with truth structure V*(.A) that was introduced in [30], is used to show
that the axioms of the theories CZF, and CZF + REA hold in V*(A). Moreover,

this realizability structure also validates varity of choice principles if they hold in V.
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1.1 A brief history of intuitionism and
realizability semantics

In this section, we give a brief history of intuitionistic logic and realizability
interpretations. More details can be found in [41], [42], [44], [21] and [30].

At the very beginning of the 20th century and in the early days of logic, Brouwer
developed his idea of intuitionism. As we know from papers and text books,
Brouwer, the father of intuitionism, participated little in intuitionistic logic but he

guided his successors [44].

Brouwer believed that mathematical objects are mentally constructed and
emphasized that they are only meaningful if one can understand them mentally.
Intuitionistis believe that some laws of traditional logic are untrustworthy. More
precisely, they reject the Law of Excluded Middle, LEM, (p V —p). Let us explain
this by a way of an example. Let G be Goldbach’s conjecture that every even
number greater than or equal 6 is a sum of two odd primes. By a quick check for
small numbers his conjecture is confirmed. However, it is still difficult to prove
the conjecture. The current knowledge of mathematics has not provided a proof
of G nor of =G. The question is now, can we confirm GV =G ¢ If yes, then a
construction that decides which of the two alternatives holds and gives a proof of it
should be provided. Of course, in this case, we cannot picture such a construction

and therefore have no base for admitting that G vV =G is correct.

Glivenko and Kolmogorov were the first to considered the logic of intuitionism
more formally. In 1928 Heyting independently formalized intuitionistic predicate

logic and theories of arithmetic and set theory. For details see [39].

A core method in the study of intuitionistic theories is Realizability
interpretations which have been developed over the last 70 years with many
different facts across different areas of mathematics, logic and computer science

[44]. The study of these interpretations was started by Kleene [16] in 1945. It
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appears in the literature that Tharp [38] was the first to give a realizability
definition for set theory. His realizers were codes for X; definable partial class
functions. This form of realizability is in fact a direct extension of Kleene’s 1945
number realizability in that e IF Vz¢(x) reads as e realizes Vz¢(x), is the index e of
a Y partial function with {e}(x) IF ¢(x) , for all x. Likewise, e IF Jz¢p(x) if e is of

the form (a, €’) where €’ is a realizer for ¢(a).

In defining realizability, Kleene aimed at expressing the concept that e provides a
computational witness for the constructive content of ¢. Following his version several
other notions of realizability arose. A considerably different realizability notion was
proposed by Kreisel and Troelstra [20]. They defined a notion of realizability for
second order Heyting Arithmetic. The clauses of their definition that are related to

second order quantifiers are:
elFVXp(X) e VXelk p(X),elF IXP(X) & IX el o(X).

Note that the realizing numbers just pass through quantifiers and thus this notion
of realizability does not seem to give any constructive meaning to second order
quantifiers, from which one infers that the collection of sets of natural numbers is
generically visualized. As stated above, intuitionistically the only way to establish
the truth of the formula VX ¢(X) is to provide a proof of it. A collection of objects is
said to be generic when no member of the collection has the power to make differences
to a proof. Friedman applied the latter notion of realizability to systems of higher
order arithmetic [13]. Moreover, Kleene’s slash [17, 18] notion of realizability was

extended by Myhill [23, 24] to several intuitionistic set theories.

1.2 Intuitionistic Zermelo-Fraenkel Set Theory,
1ZF

IZF is a constructive set theory. One approach to IZF is to begin with a classical

theory and throw out the Law of Ezxcluded Middle, LEM, and any axioms that
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imply it and see what is left over. So, we start with classical Zermelo-Fraenkel set
theory, ZF and replace classical predicate logic with intuitionistic predicate logic.

But we also need to modify the Foundation Axiom since it implies LEM.

The Axiom of Foundation asserts that € is well-founded i.e.

r#0=JylyerAynz=>0)

and this is replaced by transfinite induction on € “the set induction schema”

Vo((Vy € 2)o(y) — () — Vzd(2).

This is classically equivalent to the axiom of foundation, capturing the idea that all

sets are built up from the empty set.

The Axiom of Foundation is the only axiom of ZF that intuitionistically implies
the LEM since ZF~ C IZF, where ZF~ is ZF without foundation and IZF does
not prove LEM as IZF + CT, where CT is Church’s Thesis, are consistent but
IZF +LEM + -CT. However there is one more axiom which needs to be discussed,
the Aziom of Replacement.

Two classically equivalent forms of Replacement are:
(a) Vo € adlyp(z,y) — IbVx € ady € bop(x,y)  Replacement .

(b) Vz € adyg(z,y) — IVx € a3y € bop(z,y)  Collection .

Friedman has shown that replacement #- collection in intuitionistic set theories,
and since we aim to discard as little as possible of ZF', we shall formulate IZF
with collection instead of replacement.

So, the precise axiomatic formulation of IZF is as follows:

(i) Extensionality VaVyVz(z € v & z € y) = = = 1]

(ii) Pairing VaVy3z(x € z Ay € 2)
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(iii) Union VzIyVzVw [(w € z Az € z) = w € y

(iv) Infinity IxVulu € z <> (D =uV (v € 2)u = v + 1)]
where v + 1 = v U {v}

(v) Separation Vx3yVz[z € y <> z € x A ¢(z)] for each formula ¢ with y not free
in ¢(z).

(vi) Powerset Vx3yVz[z € y <> Vs(s € z — s € x)]

(vii) Instead of Replacement IZF has collection.

(viii) Instead of Foundation IZF has the Set Induction Schema. [§]

1.3 Constructive Zermelo-Fraenkel Set Theory,
CZF

The general concept of Constructive Set Theory arose in a paper by Myhill 1975 (see
[25]) where a particular axiom system CST is introduced. He aimed at developing
constructive set theory in order to align the principles with Bishop’s notion of what
functions and sets are. Furthermore, he aimed to make “these principles to be such

as to make the process of formalization completely trivial, as it is in the classical

case” ([25], p. 347) [32].

CZF is a constructive theory based on intutionistic first order logic with
equality and has the same first order language as that for classical ZF with € being
the only non-logical symbol. The non-logical axioms of CZF are Eztensionality,
Pairing, Union, Set Induction Scheme and Infinity in their usual forms in addition

to the following axiom schemas:

(i) Bounded Separation Scheme

VaedyVala € y <> a € x A ¢(a)]



Chapter 1. Introduction 6

for any bounded formula ¢ with y not free in ¢.

(ii) Subset Collection Scheme
VaVy32Vu[(Va € x)(3b € y)(a,b,u) — (Fc € 2)((Va € x)(Tb € ¢)Y(a, b, u)
A(Yb € ¢)(Fa € x)1p(a,b,u))] for any formula .

(iii) Strong Collection Scheme
Vz[(Va € x)3bd(a,b) — Jy[(Va € x)(3b € y)P(a,b) A (Vb € y)(Ja € x)p(a,b)]]
for all formulas ¢. [1], [2], [3] and [28].

1.4 Applicative Structures

To define a realizability semantics, a notion of realizing functions must be available.
An especially elegant approach to realizability is built on domains of computation
allowing for self application and recursion that have been variably known as
applicative structures, partial combinatory algebras or Schonfinkel algebras. These
domains are best constructed as models of a theory PCA described in the next

chapter [31].

It is usually useful to endow pcas with additional structure such as the natural
numbers, pairing and definition by integer cases. These tools can in fact be
constructed in any pca, for details see ([8], Theorem 4.2.9) and for convenience

we also include the proof in the next chapter.

1.5 Axiom of Choice, AC

The axiom of choice is distinguished from the other axioms of set theory, by the
fact of being the only one that is ever mentioned in everyday mathematics and thus
it is worth devoting part of this thesis to investigating the axiom in the realizability
models V(A) and V*(A). Discussions about the axiom of choice date back to the
early part of the 20th century. By using the axiom of choice Zermelo proved (in

1904), that every set can be well-ordered. He also argued that the axiom of choice
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is a constructive principle, however; prominent analysts of the day criticized his view.

In constructive mathematics, unsurprisingly the axiom of choice has an
ambiguous status. It is considered to be a direct conclusion of the constructive
semantics of the quantifiers, i.e. every proof of (Va € z)(3b € y) ¢(a,b) must
produce a function f : x — y such that (Va € =) ¢(a, f(a)). In contrast to this, it
has been shown that adding the full axiom of choice to extensional constructive set
theories results in constructively rejected instances of the Law of Fxcluded Middle

(see [10] and [26] Proposition 3.2).

Generally, a proof of a statement of the form (Va € z) (3b € y) ¢(a,b) in an
extensional intuitionistic set theory only supplies a function F' which given input
a proof p that witnesses a € x, produces F(p) € y and a proof of ¢(a, F(p)). So
essentially such a function cannot be recognised as a function of a alone. Thus,
choice holds over sets that possess a canonical proof function where a constructive
function ¢ is a canonical proof function for z if for all a € z, g(a) is a constructive
proof for a € x. Sets with canonical proof functions naturally “built-in” are called

bases (see [40], p. 841).

In this thesis, we investigate many forms of the axiom of choice that have
been considered to be constructive. These forms include countable and dependent
choices as well as relativized dependent choice in addition to some weaker form of
the axiom. A stronger form of the axiom of choice, which will also be discussed
in this thesis, is the presentation azxiom, PAx, which asserts that “every set is the

surjective image of a set over which the axiom of choice holds” [26].

Countable choice and dependent choice follow from PAx and it is known to be
validated by several realizability semantics. In the present thesis we also establish
their validity in the general realizability structure, V(A), for extensional intuitionistic
set theories bulit on an arbitrary applicative structure, A, assuming that they hold in

the background theory V. We also establish a simillar result in the truth realizability
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universe, V*(A).

1.6 Brouwerian Principles

In Brouwerian Mathematics, the principle of Bar Induction, BI, occupies a central
place. The other principle at the core of Brouwerian mathematics is the Fan

Theorem, FT. Brouwer appeals to his principle of BI to justify FT [32].

Little is known of whether these principles hold true in the realizability
interpretations of intuitionistic theories. In this thesis we give a detailed introduction
to these principles and investigate what the general extensional realizability

structures over Pw and D, models can say about their validity.

1.7 Overview of the thesis

Having set out the general motivation, we now proceed to describe what is contained

in the thesis.

We start in chapter 2 by giving some background on applicative structures.
As well as fixing notation, this material is needed for the subsequent chapters.
A summary of useful definitions, facts and properties of applicative structures in
general is given and we treat in particular the Graph Model, Pw, and Scott D

Models as applicative structures.

The third chapter is concerned with an examination of several forms of the
axiom of choice in the general realizability model built over an arbitrary applicative
structure, A, for extensional intuitionistic set theories, V(A). We will show that
certain forms of the axiom of choice hold in these realizability structures. In
particular, this is a generalisation of the result by Rathjen [28] that validates those

choice principles over V(K;).
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In Chapter 4 we will also show that there is an infinite base A C V(D) such

that A is isomorphic to its own function space.

Chapter 5, provides a clear picture of how the world V(A) of the realizability
universe over an arbitrary applicative structure A, thinks of Baire Space. This is
needed to determine which functions from N to N can be represented in Pw and
D, which is used later on to establish the validity of Bar Induction, BI and the
Fan Theorem, FT in the special realizability structures V(Pw) and V(D).

The final two chapters are devoted to looking at the realizability (class) structure,
V*(A), where we combine extensional realizability for intuitionistic set theory with
truth in the background universe, V. In the literature, [30] and [33] this form of
realizability has been used to show that almost all “reasonable” intuitionistic set
theories have the disjunction and numerical existence properties and are closed under
Church’s rule (and more). In these papers only the first Kleene algebra is being used.
An interesting question therefore is whether other applicative structures can be put
to use to establish further derived rules for intuitionistic set theories. Berg and
Moerdijk [43] have employed sheaf models to show that specific intuitionistic set
theories are closed under the bar rule and the fan rule. In these chapters we will
give a generalisation of the result by Rathjen (see [30], Theorem 6.1) of the soundness
theorem for CZF and CZF + REA in the particular realizability universe V*(C;)
built over the first Kleene algebra, Ky where we show that the theories CZF and
CZF + REA are also sound when moving from V*(K;) to V*(.A) for any applicative
structure, A. We also show that various choice principles hold in the realizability
model V*(A) which also extends the result established by Rathjen in [33] for the

particular realizability structure V*(KCy).
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Partial Combinatory Algebras

In this chapter, we set out definitions and review some basic facts and properties
about pcas and applicative structures in general, the graph model, Pw, and Scott’s
D, models in particular since the main concerns of this thesis are to give realizability
models built on these applicative structures. Most of the material of this chapter

was covered in [4], [5], [8], [14], [29], [31] and [36].

2.1 Partial Combinatory Algebras (pcas)

For any notion of realizability, the point of departure is a domain of computation
known as a partial combinatorial algebra pca, pca also known by the name
“applicative structure”. The idea of using these as domains of computation came
from a remark of Feferman in [12]. A pca can be generally viewed as an “abstract

machine” in which we can perform certain computations.

Definition 2.1.1. A pca is a structure (A, e) where o is a partial binary operation
on A with A having at least two elements and there are elements k and s € A such

that :
(i) kexey=ux
(i) sex oyl

(iii) sexeyez~reze(yez) forall x,y,z € A, where >~ means if both sides are

defined then they are equal.

10
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kzy is shorthand for (k @ z) @ y and we assume association to the left.  [31]

Examples.

(a)

Kleene’s first model, K, is the best known pca. K; = (N,e) in which
the universe of computation |K;| = N and application e is Turing machine
application, {a}(b) ~ z, where {a} is the partial computable function encoded

by a and if the computations terminate on input b, it gives an output z.

Kleene’s second model, Ko, is the pca with universe Baire Space NY. To describe

this pca, we first review some terminology.

Definition 2.1.2. Let a, 3, ... Tange over functions in N and let o, T, ... range
over finite sequences of natural numbers. Assume that each n € N codes a finite

sequence o.

(i) For finite sequences o and T, write o C T for o is an initial part of T, o T

for the list concatenation of o and T and () for the empty sequence.

(i1) If T is the sequence (ng, ..., ng), then the length of T is k+1 and is denoted
by Lh(T).

(iii) For o € NN [0] = () and a[n] = («(0), ...,a(n — 1)) for n > 0.
(iv) For o« € NY and n € N, (n) x a produces a new function f € NN with

B(0) =n and B(k+ 1) = a(k).

Moreover, the following two operations on NN are required for the definition of

application on ICs.
Definition 2.1.3. Let o, 8 € NY and n,m,l € N. Define,

(1) aof=m<= Inja(fn]) =m+ 1AV <na(]l]) =0].

(i) (alF)(n) = ao((n)* B).

Note that the function |3 is not total so we cannot define application on NN by

a|B. Thus, application is defined as:

ae =y n (alf)(n) =(n)
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[29]
Definition 2.1.4. A pca is said to be extensional if it satisfies

Va,bVz(ax = bx) — a = b]

2.1.1 The Theory PCA

axioms
(i) key ==
(i) szy |

(iii) szryz ~ xz(yz) for all x,y,2z € A

2.2 The Lambda Calculus

The lambda calculus is a theory of functions as formulas.

manipulating functions as expressions. [36]

For example, the function z + 23

It is a system for

evaluated at x = 5 is written in the lambda

calculus as the formula/expression (Az.z%)(5). The lambda calculus is a formal

language whose expressions are called lambda terms.

Definition 2.2.1. Let V be an infinite set of variables, denoted by x; fori € w. The

set of lambda terms, A, is defined inductively as follows:
(i) x; € N where x; € V.

(i) If M € A then, (A\z.M) € A.

(1ii) If M, N € A then, (MN) € A.

Notation.
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(1) For variables z,y, and a term M, write M{y/x} for the result of renaming x
as y in M, where y replaces all occurrences of x and only applied if y does not

occur in M.

(2) Write M[N/z] for the result of substituting the variable z by the lambda term
N in M, where x has to be free and if , for example, M = Azx.yx and N = A\z.xz
then, we have to rename the bound variable x in M before the substitution to

avoid the unintended capture of free variables.

Definition 2.2.2 (a-equivalence). a-equivalence is denoted by =, and is defined
to be the smallest congruence relation on lambda terms such that for all terms M

and for all variables y with y not occurring in M
.M =, Ay.(M[y/x])

The process of evaluating lambda terms by plugging arguments into functions is

called f-reduction, and is formally defined as follows:
B :={(A\x. M\)N, M[N/z]) : M, N are A — terms }

Definition 2.2.3. Let M and N be A-terms then, we write M =g N if M 1is reducible
to N using p-reduction.  [36]

Theorem 2.2.4 (Introduction of A-terms). Let t be a term and x be a variable.
Then, for anyt and x, one can construct a term, Ax.t, such that PCA F A\z.t | and
PCA  (\x.t)x ~ t, where the free variables of \x.t are those of t excluding x.

[8]
Proof. (i) Ax.z =1 =skk | by the axioms of PCA.
(ii) Ax.t is kt for ¢ constant or variable different from x.

(iii) Az.wv is s(Azr.w)(Az.w) |, since Ar.w and Az.v are defined using the
induction hypothesis, sxy | is an axiom of PCA, and s(Az.u)(Az.v) =~
Az.w)z((Azw)z)r ~uw.  [§]
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Theorem 2.2.5 (The Recursion Theorem). There is a term R such that PCA
proves: Rf | and [g = Rf — Va(gx ~ fgx)]

Proof. Take R to be Af.tt where t = Ayx. f(yy)x. Then,

12

Rf =~ (Mft1)f

it

12

But,

tt ~ (Ay.(Ax.f(yy)x))t
~ (Ax.f(tt))z
~ f(tt)

So,if Rf | and g = Rf then,

g~ tt~ f(tt) ~ fg
Thus, gxr = fgzx. O

Lemma 2.2.6 ([8], exercise 4, p. 107). The aziom k # s in PCA can be replaced
by Ja,b(a # b).

Proof. Assume towards a contradiction that k =s. Then we have:

kxyz = xz as key = z and since sxyz ~ x2(yz), we conclude that zz = xz(yz) Now,
let x = z = \v.v and let y = ku for any w. Then, kxyz = xz = Av.v(Alv.v) = Avw
and sxyz = xz(yz) = Aw.w(kuz) = kuz = u for any u.

So, u = Av.v for all u € pca.

Thus, Va,b(a = b) contrary to the assumption. O

Remark The models of the theory PCA are precisely the pcas.
PCA is an elegant theory but we need more structure in our theory of rules. In

particular we need pairing, natural numbers, and some form of definition by cases.

To attain this we extend PCA to the theory PCA*.  [§]
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2.2.1 The Theory PCA™

language
that of PCA augmented by additional constants p, py, pP;, d, Sn, Pn, 0 and the
predicate symbol N.
axioms
those of PCA together with the following
(i) pry | and po(pzry) = = and p1(pzry) = ¥.

(ii) Axioms for natural numbers:

(a) N(0) and Vz(N(z) - N(Sn(z)) and Px(Sn(z)) = z and Sx(z) # 0).
(b) Vax(N(z)) and z # 0 — N(Pn(z)) and Sx(Pn(z)) = .

(iii) Definition by cases:
(a) N(a) and N(b) and a = b — d(a,b, z,y) = .
(b) N(a) and N(b) and a # b — d(a,b,z,y) = y.

[31]

Theorem 2.2.7 ([8], section 4.2.9). PCA™ is conservative over PCA.

Proof. To show this, it is sufficient to show how natural numbers are defined in
the theory PCA with appropriately defined successor and predecessor functions in
addition to suitable definitions for pairing, projection functions and definition by

integer cases.

(i) Define I = skk. Then
PCA F Iz = z since ,

Iz = skkx
= ka(kz) by definition of s

= 1z by definition of k.
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(ii) Define the truth values as T = k and F = kI.
Observe that Fxy = y since,

Fry = klxy
= (klz)y since association is to the left

=Y

(iii) Define pairing and projection functions as follows

P = Axyz.zay
po = Av.zk
p1 = Ar.xF

To verify that they satisfy the pairing axioms, we need to check the following

(a) pry = Az.zzy | since by (2.2.4) Az.t | in PCA.

(b)

po(pry) = payk

= kuay

pi(pry) = payF
= pay(kl)

= (klz)y
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The pairing function p is injective because suppose that

pry

Then Az.zzy
hence po(Az.zxy)
So (Azr.zk)(Az.zzy)
Therefore (Az.zzy)k
which gives kxy

So z

/.0

pTy
Az.za'y'

po(Az.z2'y") by applying py to both sides

(Az.zk)(Az.z2'y') by po definition

(A\z.z2'y )k
/

ka'y

x'.

And now, if we apply p; to both sides instead we obtain the following

pi(Az.22y)
Hence (Ax.zF)(Az.zzy)

So (Az.zzy)F
which gives Fuxy
Therefore klzy
i. e. (klz)y

So that Iy

giving vy

Thus, p is indeed injective.

(iv) Defining natural numbers

p1(Az.z2y)
(Azr.zF)(Az.zz'y’) by the definition of p,
(Az.z2'y")F

F2'y/

kIz'y

(kIz')y'.

Iy

/

Y.

There are different ways of defining natural numbers one of which is the

following;:

Set 0 to be 0 =1 and let n 4+ 1 to be n + 1 = pFn.

We may define successor and predecessor by using the following terms

Sn = Az.pFx and Py = p1.

which satisfy the corresponding axioms of PCA™.
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(v) Definition by integer cases
We provide a definition by integer cases in steps.
Step 1~ Construct a term that decides for each numeral whether it is zero or
not. This term is denoted by Z and is defined by Z := py = Ax.zk.

Then, we have:

and

Zn = pon forn+#0
= nk

= p(F,n—1)k
= kFn—-1
= F.

Now, observe that for any A, B, C,

PCAFABC =B ifA=T
PCAFABC=C ifA=F

where PCA - B | and PCA - C|.
This holds because, for A = T, we have:

PCA-kBC =108

1S an axiom.

And for A =F = kI, we have:

PCAFKIBC =C
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since in the theory PCA the following holds:

kIBC = (kIB)C as association is to the left
= IC
= C

Step 2 Let (if A then B else C) be the term A(Azx.B)(Az.C')z. Then
if A=T, then

if A then B else ¢ = T(\z.B)(Az.C)x
= [k(Az.B)(Az.C)]x since association is to the left
= (Az.B)x

= B

regardless whether C' is defined or not.

If A=F, then

if A then B else C = F(\z.B)(\x.C)x
= [kI(Az.B)](Az.C)x since association is to the left
= I(\x.C)z
= (A\z.Q)x
= C

Step 3 Define the term D by:
D(z,y) =if Zz then Zy else (if Zy then Zz else D(piz,p1y)).

Next, observe that D(n,m) is either T or F depending on whether n = m or
not. To see this consider the following cases and use induction on n + m to

verify them:
(a) If n = m = 0. Then Z0 = T and by the above observation D(n,m) =
Zm="T.

(b) If n > 0 and m > 0. Then Zn = Zm = F and hence D(n,m) =
D(pin,pim) = D(n — 1,m — 1), by definition of D and p;. Now by the
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induction hypothesis, D(n — 1,m — 1) is either T or F. In fact, we arrive

at

T ifn—1=m-1
D(n,m)=D(n—-1,m—1)=

F otherwise
(¢) If n=0and m > 0. Then D(n,m) = Zm = F.
(d) If n >0 and m = 0. Then D(n,m) =Zn =F.

Therefore, the constant d in PCA™ used for definition by integer cases is

interpreted by the constant d’ in PCA defined as follows:

Txy a,b € N with a =10
d’ := \abzy.D(a,b)ry =

Fzy a,b € N with a # b

(vi) The last part of the proof is to interpret the predicate IN. Since the set of
numerals is not defined by a formula of PCA, we cannot interpret IN as the
set of numerals and thus we cannot give a direct interpretation of PCA™ in
PCA. Instead however we can use a model-theoretic argument as follows:

Let A be a formula of PCA such that
PCA/ A
Then, there is a Kripke model M of PCA such that
MW~ A

Next, expand M to a model M* in which the new constants of PCA™ are
interpreted to be the above defined combinatorial terms. The predicate N is

interpreted to hold on the interpretation of the numerals in M and hence we

obtain a Kripke model M* of PCA™ with PCA™ I/ A.
O

Notation. In this thesis we shall use the term applicative structure for a PCA™

structures.
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2.3 The Plotkin-Scott Graph Model Pw

Independently Plotkin (1972) and Scott (1974) constructed a PCA™ model Pw with
universe the power set of the set of natural numbers partially ordered by inclusion,
Pw = {z:2 Cw}. [5] and [§]

The construction relies upon the fact that natural numbers can encode finite
subsets of w.
Notation. Write z = (z,y) for the pairing function on N and (z), (2); for the

first and second projections respectively.

2.3.1 Binary Representation of N

Number representations are relative to a base a, and to represent a number in base
a, we need a distinct digits. So, to represent a natural number n € N in binary,
we use base 2 with 0 and 1 as digits. To convert a natural number n to its binary
form we start with n and divide by 2 and calculate the reminder. For example, let
n = 100, the sequence 1100100 represents n in binary. Conversely, one can find the
number represented by a sequence of Os and 1s by multiplying every digit by the
corresponding power of 2 and summing the results.

n—1

Ap—1...A10A9 = E CLZQZ.

=0

For example, the sequence 1100100 represents the number 100 since,
O0x204+0x20 +1x224+0x224+0x2%4+1x 2%+ 1 x 25=100.

Definition 2.3.1 (Coding of ordered pairs and finite subsets). (i) Define

a pairing function p : N> = N by

(a+b)(a+b+1)
2

(a,b) = +a+ 1

(i) To any n € N assign the finite subset e, := {i: the ith digit in the binary
representation of n is 1}. Observe that this is a surjective function onto the

finite subsets of N.

[8] and [5]
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Example. To calculate ejgg, we know from the previous section that 100 =
1100100 in binary representation and hence ejg0 = {2, 5,6}.

Therefore, N satisfies the above conditions and hence, for x € N and ¥ C N we
write  C Y to mean that e, C Y. [§]

Remark. Pw can be constructed for any codings (n,m) and e,,. [5]

Definition 2.3.2 (Application in the Graph Model). Application in Pw is
defined by
XeY:={zeN:JyCVY (y,2) e X}

[8]

Theorem 2.3.3 ([8], Theorem 7.2.4 and [15]). With the application defined above

Pw s a non-extensional pca.

Proof. (a) Define k := {(a, (b,c)) : ¢ € a}. Then we have

kXY = ({(a,(b,c)):cea}tX)Y.
= {(b,c):ce X}Y.
= {c:ce X}.

= X verifying the axiom for k.

(b) Define s := {(a, (b, (c,d))) : Jq[Fe1 C ¢((e1,(q,d)) € a) and ¥Vp € ¢Ie; C
c((c1,¢) € b)]}, and let M = 3eg C ¢((c1,(q,d)) € a)and Vp € g3y C
¢((¢1,p) € b). Then we have

sXYZ = ((sX)Y)Z.
= ({(b,(c,d)): Fr C X IgM}Y)Z.
= {(¢,d):Jxr Cc X Iy CY IgM}Z.

= {d:3rC X JyCY I Z3IgM}.
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On the other hand, we have

XZ(YZ) = {d:3eCYZ(e,d) € XZ}.
= {d:3zCZ3e CYZ|(z(e,d) e X NVfe€edz CZ(2, f) € Y]}

= sXYZ satistying the axiom for s.

Thus, with the above defined constants k and s is a pca. To show non-
extensionality, let A := {(0,a),({a},a)} and let B := {(#,a)}. Then, for all
X € Pw, we have

AeX =BelX,

while clearly A # B. O

2.4 Scott’s D, Models

Definition 2.4.1. Let D be a set partially ordered by <, i.e. < is a reflerive,

antisymmetric, and transitive binary relation.

(i) An inhabited subset X C D is said to be directed if for every xy,x9 € X, there

1s x3 € X such that 1 < z3 and x5 < x3.
(ii) D is a complete partial order (CPO) if,

(a) There is a bottom element L € D such that Vx € D, 1 < x.

(b) For each directed subset X C D, there is a least upper bound sup(X) € D.

[5]
(iii) D is an w — C PO if every w-chain, x1 < x9 < x3,... has a supremum in D.
Thus, every C'PO is an w — C'PO.

Definition 2.4.2. Let N* be NU{ L}, where L # a for all a € N and consider the
following partial order < defined on N for all x,y € N

r3y<=(r=_1Landy € N) OR (x = y)
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1

Notation. We will use N* to mean (NT, <).

Examples.
(1) N is a CPO, see ([14], Lemma 12.9).

(2) Let X be a set. Then, (P(X),C) is a CPO because L = () and clearly every
directed subset has a supremum in P(X) by the definition of a direct subset

and since the ordering is inclusion.

Definition 2.4.3. let (Dy, <) and (D3, <) be CPOs. A map 0 : (D1, <) — (D, <)
is order continuous if 0 is an order-preserving map from Dy to Dy such that for any
directed subset X C Dy we have:

O(supX) = sup{f(z)|x € X}.

Notation. write 1p, for the identity function on Ds.

Definition 2.4.4 (Scott Topology). The Scott topology is a natural topology on
(CPOs) where a subset U € D (D is a CPO) is open iff

(1) It is upward closed. If u € U and u < u' then v’ € U.
(i1) For a directed subset X C D whose supremum is in U, UN X # ().

It is clear that () and D are open. For open subsets Uy, Uy € D, condition (i) is
clearly satisfied for U; N U, since it is true for any u; € U; and any uy € U,. For
condition (i7), since Uy, and Uy are open, Uy N X # () and Us N X # (. So, there are
r1 €UNX and 2o € Us N X, and 3z € X[x; < z and 5 < 2] since X is directed
but U; and U, are upward closed as they are open, and hence z € U; N U, thus,
z € [ XN (U NUy) . Let O =04,0,,...,0,, ... be an infinite collection of open sets
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and let o € |JO then, o € O; for some i. Now, if 0 < o' then o' € O; as O; is open
and hence o' € |J O and this showed that | O is upward closed.

Let X C JO be directed whose suprema is in |JO then sup(X) € O; for some i
and hence X N O; #  since O; is open and thus X N J O # 0.

Notation. Henceforth, D; = (D1,<),Ds = (D3, <),... will range over C'POs

equipped with the Scott topology.

Proposition 2.4.5. An order-continuous map of (CPOs) is precisely a continuous

map for this topology.

Proof. Let 6§ : Dy — D, be an order-continuous map between C'POs and let
V' C D, be open. Need to show that 671(V) = {u € D;|0(u) € V'} is open.
6=(V) is upward closed

Let w € 9~*(V) and let ' > u. Then, as u" > u and since 6 is order-preserving map,
we have A(u') > 0(u).

But A(u) € V and V is upward closed since it is open. So, #(u') € V, hence
u €07 H(V).

Thus, 6~(V) is upward closed.

We need to show 071(V) N X # (), for a directed X C D; with supX € 671(V)

Since supX > z for any x € X and as 6 is an order-preserving map we have:
O(supX) > 0(x) , for any = € X.

We have (supX) = sup(0(X)) = sup{f(z)|lx € X} € V.

But 6(X) is directed since 6 is order-preserving and X is assumed to be directed.
So, sup(6(X)) is in V' and hence (X) NV # ) since V is open. Thus, for some
zo € X we have, 6(z) € V since V' is open.

Thus, zo € 671(V), and hence 671(V) N X # (.

Therefore, # is continuous.

Conversely, If 8 : D; — D, is a continuous map for this topology, then we show that
0 is order-continuous.

Claim For any D, the set [, = {y € D : y £ x} is open.

Let y; € I,. Then y; £ x so for ys > 1, yo € I, since otherwise yo < z but y; < y»,

so y; < z and hence, y; € I, contrary to the assumption. Therefore, I, is upward
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closed. Now, suppose that sup(U) € I, for a directed subset U. Then sup(U) £ x.
Assume for a contradiction that Vy € Uly < z]. Then also sup(U) < = because z
is an upper bound for U contrary to the assumption sup(U) € I,. Thus, there is
Yo € U with yo £ z.

Now we use the claim above to show that 6 is order-continuous.

0 is order-preserving

Suppose that u; < us and assume towards a contradiction that 0(u;) £ 6(uz). Then,
O(u1) € Ipuy) = {v € Dy : v £ O(us)}. So, uy € 07 (Ip(uy)), and since the subset
Ig(uy) is open in Dy (by the above claim), its pre-image is open in D; since 6 is
continuous, and hence uy € 07 (Ig(y,)) by condition (i) for open sets.

Thus, §(uz) € oy, contradiction.

Therefore, 6 is order-preserving and hence, Vo € X[0(z) < O(sup(X))] and in
particular, sup(6(X)) < 0(sup(X)).

Now, assume that §(sup(X)) £ sup(6(X)). Then, O(sup(X)) € Lsupo(x)), and hence
sup(X) € 07 (Lsup(a(x))) and as the subset Ig,,(x)) is open (by the claim above),
and as 6 is continuous, 07" (Isuex)) is open. So, 07 (Iypex)) N X # &, by
condition (i7) for open sets. Thus, for some z¢ € X[0(x¢) £ sup(6(X))] contrary to
the assumption.

Therefore, # is order-continuous. O

Notation. The set of all continuous functions with respect to the Scott topology

is denoted by [D — D].

Definition 2.4.6. Let Dy, Dy be CPOs. For f,g € [D1 — Dy, define
f<g& (Vo e D) f(x) <p, g(x)

Lemma 2.4.7. Let Dy, Dy be CPOs. Then [D; — Dyl is a CPO and for all
directed subset H C [Dy — Ds], the following holds (Vx € Dy)(supH)(z) =
sup{h(x) : h € H}.

Proof. Suppose that H C [D; — D»] is directed and for every x € D; define

H(z) ={h(x):he H}.
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Then H(z) is a directed subset of Dy and hence it has a supremum. Now, define a

function f : Dy — D, such that

f(x) = sup(H (x)).
Then f € [D; — Dy and f = supH. For detial see ([14], Lemma 12.18). O

Definition 2.4.8. Let Dy, Dy be CPOs. A pair of functions (¢,1) is an injection-
projection (ip) pair between Dy, Dy (¢ : [D1 — Ds), 0 : [Dy — D)) if po¢p = 1p,
and pop < 1p,.

Notation.  Write (¢,v¢) : Dy — Dy where ¢ is the injection and v is the

projection.

Lemma 2.4.9. Let (¢,1)) be an ip-pair between Dy and Dy. Then, there ezists an
ip pair (¢',¢") such that (¢', ') : [Dy — D1] — [Dy — Ds| with ¢'(f) = ¢o forp
and ¢'(g) =1 ogo¢ for f € [Di — Di] and g € [Dy — Ds].

Proof. Consider the diagrams:

D1 <w— DQ D1 ¢—>— DQ
f ¢'(f) ¥'(9) g
Dl‘;r—*Dz Dl*ZT__Dz

¢’ is continuous since ¢, f and v are continuous and similarly, ¢’ is continuous.

Furthermore,
Vo d'(f) = V()
= Yo¢(f)og
= Yogoforpod
= f (since poé=1p,)

807 W © ¢, = 1[D1—>Dl]'
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For g € [Dy — Dy| we have

¢ od'(g) = ¢'(¥'(9))
= ¢oii(g)oy
= ¢oyogogoy
< lp,o0golp,

< g (since poth < 1p,)
So, ¢' o' < 1ip,—p,). Therefore, (¢',v') is indeed an ip pair. OJ

Definition 2.4.10 (Construction of D.). We define D,, by recursion and take
Dy, to be the limit of the D,s. So, start with a CPO D,
Base case Define (¢o, o) : D — [D — D] by

oo(z) = Mye€eDux (the constant map with value x)
vo(f) = f(Llp)

Since, g o ¢o(r) = Yo(Ay € D.x) = Ay € D.x(Lp) = x, Yo ¢o = Ip and
¢o 0 o(f) = do(f(Lp)) = Ay € D.f(Lp) < f, ¢ootbo < Ip and thus this is indeed
an ip pair known as the standard projection of [D — D] on D. Now, set Dy = D

Successor case

Dyy1 = [Dy— D,

(¢n+17¢n+1) - (qb;wwa,m)

So, a sequence ,D,,, is formed with Dy = D, Dy = [Dg — Dy], ..., Dpy1 = [D,, —
D,].

Dy is the set of all infinite sequences
x = (xo, T1, Ta, ...)
where x; € D; and x; = ¥;(x;41)Vi € w.

Notation. Write x for z € D, and write z,, for the n* component of x.
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®o o1 05
DO -~ Dl - D2 - D3
Yo (0 ()

Definition 2.4.11. For x,y € D, define (point-wise) the ordering
x <y <= Vn € wlz, <p, Yn|
Proposition 2.4.12. With the ordering defined above (2.4.11), D, is a CPO.

Proof. Suppose that X C D, is directed. Define
Y = (sup(Xo), sup(Xy), sup(Xs), ...).

We claim that Y € D, and supX =Y.

Finally, the bottom element of Dy, is Lp. = (Lp ). For details see ([14], Lemma
12.36). O

Definition 2.4.13 (injection-projection pairs from D, to D,,). For anyn,m €

N, define Ky, : D,, — D,, inductively (by following the arrows above) as follows
(

K(nfl)m O 'lvb(nfl) n>m

Knm_ [D n=m

n

¢(m—1) o Kn(m—l) n<m

\

So, for n < m, we have an ip pair (Kpm, Kmn): Dy — Dp.

Definition 2.4.14 (injection-projection pairs between D, and D). For
n < w, we define

Knoo @ Dy — Dy, and Koop © Doe —> D, by Kpoo(z) = (Kpi(2))ien, and
Koon(x) = .

Lemma 2.4.15. (K, Ksp) 18 an ip-pair. Furthermore, for all x € D,, we have

Koo (Kpm (7)) = Kpoo(x)  forn <m [14]
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Proof. Clearly, K., is continuous since for any ascending sequence xp in D, we
have, Koo (suppxp) = supp(Koon(Xp))-
As for the continuity of K, suppose that (z,) is an ascending sequence in D,,.

Then we have the following:

(Knoo(supfnxp))n = <Kni<sup£nxp)>i€N
= sup,(Kn;rp)ien since, for all 1K, is continuous

= SUPKpoeTp.

Koon o Knoo == 1Dn as, Koon o Knoo(x) = Koon(<an<x)>zeN) = .

For, K, 0 Kooy < 1p_, we distinguish two cases

(i) For m <mn. We have

(Koo © Koon)(X))m = (Koo (Tn))m
= ((Kni(Tn))ieN)m

= Tp.

(ii) For m > n. This follows by induction on m as follows:

Base case

(Koo © Koon) (X))nt1 = (Knoo(Tn))nt1
= ((Kni(zn))ien)n+1
= (Kno(zn), Kn1(zn), s s Ky (Tn) ) Jna
S0, Zny1 = Kypmen (@)
= On(Tn), as Kyny1) 18 ¢n 0 Knp = ¢
= On(¥n(@ns1))

< &,y since ¢,, Y, are injection-projection pairs .
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Induction Step

(Koo © Koon)(x))(n+k)+1

(Knoo(xn))(n+k)+1

(<Km(37n)>ieN)(n+k)+1

(Ko (n)s Kn1 (), oy Koy (@n)s Kn(nik)+1)
(zn), -~->>(n+k)+1

Kn(n+k+1)(xn)

Ptk © Kn(n+k)(fcn)

¢n+k(Kn(n+k)(33n))

Gtk © Prri—1 © Knpnir—1)(Tn)

Bk © Prgk—1 0 Pryk—20 ... © P 0 Ky ()
GOtk © Ppak—10 ... 0 Op(y)

Ptk © Prigk—1 © - © Prg1 © G (U (Tg1)).

But ¢, (V5 (n11)) < Tpyq since ¢, ¥, are injection-projection pairs . Now, let

Yns1 be such that ¢, (¥, (zn11)) = Yns1 < Tny1 and hence we have, ¢,y ©

Prik—10 .. © Ppy1 © ¢n(¢n($n+l)) = @ntk © Ppyk—10 ... © ¢n+l(¢n+l(yn+2))'
SimilarIY7 ¢n+l (¢n+1(yn+2)) S Yn+2-

Iterating this we are finally left with ((Kyeo © Koon)(X)) (k)41 < Tkt

For Koo (Kpm (7)) = Kneo(x) for n < m, we consider two cases

(i) If n <m, m =n+ k say. Then,

Kmoo o Knm(x) - <Km0 o Knm(x)a Kml o Knm(x)a seey Kmn o Knm(z)a
Km(n+1) © Knm(x)y EERE) Km(n+k) o Knm(x)u >
= (Kno(x), Kn1(x), ..., Kpn (), Kpng1) (), ..oy K (), ...)

= Kpoolz).
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(ii) If n = m, then,

Kmoo{Knm(x)) =

O

Remark. By lemma (2.4.15), K, isomorphically embeds D,, into D.,. And
by the second part of (2.4.15), we obtain the following inclusions

Dy C Dy C Dy C... C Deo.

Thus, any x € D, may be identified with K, (z) € D and hence z is being

regarded as if it was an element of D.

Definition 2.4.16 (Application on D). Application on D, is defined by
aeb = SupKnoo(an+l(bn))- /]4/

n<w

2.4.1 Properties of Scott’s D, models

Lemma 2.4.17.

KnOO ($n+1 (yn)) < K(n—i—l)oo (xn+2 (yn+1>>

for any x,y € D.
Proof. See [14], lemma 12.42. O

Corollary 2.4.18. Let r > 0 then for any X,y € Dy, the following hold:

(i) Xy = sup Koo (Tni1(Yn))-

n>r

(”) (Xy)r = sup Km‘(mn+1(yn))-

n>r

(i11) (Xy)r = Try1(Yr)-

Proof. See [14], corollary 12.42.1. O
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Lemma 2.4.19. Let x € D, 1 and y € D,,, then the following hold:

(1) Yna(@(y)) = Un(@)Wna(y))  forn>1.

(i1) on(x(y)) = bnir(2)(dnly))  forn = 0.
Proof. See ([14], lemma 12.29). O
Definition 2.4.20 ([14] Definition 10.5). Let (D, e) be a pca then,

(i) For a,b € D, a is said to be extensionally equivalent to b written as a ~ b iff

(Vee D)aec=bec

(ii) The extensional-equivalent-class containing a € D is
a={beD:b~a}
Definition 2.4.21 ([14], Definition 11.19). Let (D, e) be a pca and let A maps D
to D, a (syntax-free) \-model is a triple (D, e, \) such that the following holds:
(i) A(a) ~a(Va € D).
(i) a ~b= A(a) = A(b)Va,b e D.
(i7i) (Je € D)(Ya € D), we have, e @ a = A(a).

Theorem 2.4.22 ([14], Theorem 11.30). Let A = (D, ) be an extensional pca.
Then A can be made into a \-model (D,e A\) in a unique way, namely by defining

A(a) = a.

Proof. Since we are assuming that (D,e) is an extensional pca, every a has one
member and hence A(a) = a is the only way to define A such that A(a) € @ and this
A clearly satisfy Definition (2.4.21) (i) to (iv) O

Proposition 2.4.23 ([14], Exercise 12.30). Forn > 2, let
k’n =\r € anl-)\y € anQ'wan(x)-

Then
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(i) kn, € D,  forn > 2.
(ZZ) wl(k'g) = [Do and w()(wl(kz)) = J_().
(15i) Vp(kns1) =k, forn > 2.

Proof. (i)

k, € D, <= (a)Vd € D,_; ky(d) is continuous ( which implies k,(d) € D,
and hence k,, € (D,,—1 — D,_1)).

(b) k, is continuous .

(a) Let d € D,,_y. Then,
ku(d) = Ay € Dy_sthn_s(d).

This is a constant function on D,,_5 with value v,,_5(d) and hence k,(d) is
continuous and thus k, € (D,_1 — D,_1).

(b) k, is continuous iff k,, is an order-preserving map and k,(supX) =
sup{k,(z) : x € X} for any directed X C D,,_y. Let dy < dy € D,_;.
Then, k,(dy) = Ay € D20, _1(dy).
kn(dy) = Ny € Dy_o.0,1(ds).

Notice that Yy € D, _s[th,—1(d1) < 1,-1(d3)] by continuity of 4,1 and
hence k,, is an order-preserving map.

Next, let X C D,,_; be directed. Then,

kn(supX) = Ay € Dy_9.40,_o(supX)
= sup{\y € D, 2.0, o(x):x € X} by continuity of ¥, o

= sup{ky(z):x € X}

Thus, k,, is continuous and hence k,, € D,,.
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(11) ¢1(k2) = wo o k2 o Qb(). Let a € Do. Then,

Yoo ksogola) = tho(ka(go(a)))
= to(Ay € Do.tho(¢o(a)))
— Yoy € Do.a)  since v 0 do = In,
— My € Dya(ly) by definition of ¢

= a.
ThUS, 77[}1(]62) = IDO- And,

@Z’O(@Dl(l@)) = (¢1(k2))(lo) by %y definition
= Ip,(Lo) by first part of (i7)

— J_().

(iil) Yn(kns1) = Y10 kyr1 0 dp_1. Now, let a € D,,_1. Then,

Y10 kny100p_1(a) = Yu_1(Ay € Dpq1.p—1(dn-1(a)))
= ,@Z}n—l()\y € Dn—l-IDl ((I))
= ¢n—1(Ay c Dn—l'a>

— wn72 O (Ay € anl-a> o ¢n72-

Let b € D,,_5. Then,

Yp_o0 (Ay € Dn—l-a) © %—2(5) = Pp20 (/\y € Dn—l‘a<¢n—2(b)))
= Yp_o(a).

Therefore,

1/)n_1 o kn—H ©) gbn_l(a) = M€ Dn_l.)\b S Dn_2.¢n_2(a>

O

Definition 2.4.24 ([14], Definition 12.43). Let Var be the set of variables. For any
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valuation p : Var — Dy, the interpretation of combinations of variables in Do, is

inductively defined as follows:
(1) [z], = p(x), for any variable x.
(i) [PQl, =[P],e[Ql,, where P, Q are combination of variables.

Definition 2.4.25 ([14], Definition 12.44). If M is an arbitrary combination of
variables, then besides [M], € Do, we additionaly have the map p generates a

“rough” interpretation, denoted by [[M]]g, i every D, defined as follows:
(1) [x]p = (p(x))n-

(ii) [PQI; = [PI;(IQ1})-

Lemma 2.4.26. Let p : wvariables — Dy and let M be any combination of

variables. For n,k > 0, the following holds
() 11, = sup Koo (M),
(i) ([M],)r = ig};Knk([[M]]Z)'
Proof. See [14], lemma 12.48. O

Lemma 2.4.27 ([14], Example 12.49). Let M be the combination of variables ac(bc)
with the interpretation p(a) = x,p(b) =y, and p(c) = z. Then, (2.4.26) part (i)
yields

[ac(be)], =x2(y2) = supKnoo(Tni2(2n11) (Yni1(2n)))

n>0

Proof. Lemma (2.4.24) part (i) says that [M], = sup K, ([M]}), and we know
n>r
from definition (2.4.25) that

[M], = Tlalylel,([6],lc,)

= xz(yz)
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Also,

sup Knoo ([M]}) = sup Kpoo([ac]i ™ ([(be)])) by definition (2.4.25)

n>r n>r

= sup Knoo([al 3 ([ (015 (Te]7)))

n>r
= Sgp Knool‘n—‘rQ (Zn+1) (yn—l—l (Zn)) .

U

Definition 2.4.28. By using the k, defined in proposition (2.4.23), we can define

the combinatorial constant k € D, by
k= <J_0, ]DO7 k’g, ]{33, >

Lemma 2.4.29. [14] The combinatorial constant k defined in definition (2.4.28) is

in Dy and for any x,y € D, we have
kxy = x

Proof. By proposition (2.4.23), it can be seen that k € D,,. For kxy = x, and
applying definition (2.4.25) part (i7) to the following combination of variables
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M = abe and p(a) =k, p(b) = x, p(c) = y. Hence,

(kxy)r = sup Ky (knt2(2ns1)(yn)) by (2.4.26) part (i)

n>r

= sgp Ky (Yn(x,51)) by the definition of ko given in (2.4.23)
= Z&; Koikye(Tryr) wheren=r+k

= sup K(r4k)—1)r © Yrtk)—1(Tr4x) by the definition of K, ip)r
= sup K(ir)—1)r(T(rik)-1)

= sup K(rir)-2)r © Ytk —2(T(r+h)-1)

= K(rk)-2)r (T (r41)—2)

= Sup Krr © wr(xr—‘rl)
= sup{z}

= xT

Proposition 2.4.30 ([14], Exercise 12.31). Forn > 3, let
Sp =X € Dpy_1.0y € Dyy_2.02 € Dyy_3.2(pp_3(2))(y(2)).
Then
(i) $n € D, for anyn > 3.
(11) o(s3) = Ax € D1.A\y € Dy.x(Ly) and 11(¢s(s3)) = Ip,-
(111) n(Sps1) = Sn for any n > 3.

Proof. (i)

sp €D, <= (a)Vdé€ D,_15,(d) is continuous ( this implies s,(d) € D,,_1
and hence s, € (D,,_1 — Dy, 1))

(b) s, is continuous
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(a) Let d € D,,_1. Then,
sn(d) = Ay € Dp_9. Mz € Dyy_3.d(dn—3(2))(y(2))
Sinced € D, 1,y € D, and ¢,,_3 are all continuous functions and as the
application defined on D, is continuous, s,(d) is continuous and hence

Sp € (Dn—l — Dn—l)-

(b) s, is continuous iff s, is an order-preserving map and s,(supX) =
sup{s,(z) : x € X} for any directed X C D,,_1. Now, let dy < dy € D,,_;.
Then,

Sp(di) = Ay € Dy Xz € Dy, _3.d1(Pn—3(2))(y(2)) and
Sp(dy) = Ay € Dy_2. Xz € Dyy_3.da(dn—3(2))(y(2))
Notice that by the definition of ordering on D,,_; and D,,_5, we have:

d(Pn—3(2))(y(2)) < do(Pn-3(2))(y(2))

So, sn(d1) < sn(dy) showing that s, is order-preserving.

Next, let X C D,,_; be a directed subset. Then,

Sn(supX> = )‘y € Dn—2->\z € Dn—S-SupX(gbn—S(Z))(y(z))
= sup{\y € D,,_2.\z € D,,_3.2(¢pn_3(2))(y(2)) : v € X}
by the continuity of application on D

= sup{sp(z):z € X}
(11) 1/)2(83) = ¢1 0 830 ¢1. Let b € D1 then,.

a(s3) = Wi10Ax € Dy Ay € D1 Az € Do.x(do(2))(y(2)) o ¢1(b)
= 1(\y € DAz € Do.du(b)(do(2))(y(2)))
= Yooy € D1.Az € Dy.d1(b)(d0(2))(y(2)) o ¢o.
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Let a € Dy. Then,

Va(s3) = Yoo Ay € Di.Az € Do.g1(b)(¢0(2))(y(2)) © do(a)
= g0 Az € Do.¢1(b)(¢o(2))(¢0(a)(2))

= oAz € Do.¢1(b)(¢0(2))(a)

= o0 Az € Do.¢g o boo(¢o(2))(a)

= oAz € Do.go(b)(2)(a)

= 1o(Az € Do.(b)(2))

= Az € Dy.(b)(2)(Lo)

= b(Lo)

Y1(a(s3)) = oo tha(sz) oo
= Yoo Ar € D1. Ay € Dy.x(Lg) o ¢y

Let a € Dy. Then,
Qﬁl(ﬂ)g(Sg)) = @Z)() oA\ € Dl)\y € Dol’(Lo) o ¢0(a)
= w(] o ()\LU S Dl)\y S D(]LC(J_()))()\]? € Do.a)
= 77[)0()\]? € DQ.CL)
= )\p S Do.CL(_L0>
= a
Therefore, 1 (1s(s3)) = Ip,

(iil) Yn(Snt1) = Yn_108p41 0 Gp_1. If a € D,,_4 then ¢,_1(a) € D,, and so we have
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the following:

Un(snt1) = Yn-10 Sni1(Pn-1(a))
= Yn1(AyY € Dyo1.Az € Dya.¢—1(a)(dn—2(2))(y(2)))
= Yp1(A\y € Dy_1.02 € Dyy_9.0,-2(a(2))(y(2))) by (2.4.19)
= Y20 (A € Dy_1.A2 € Dyyon.9n—2(a(2))(y(2))) © dn

If b € D, then ¢,,_5(b) € D,,_1 and hence we have the following:

Vn(Snp1) = Yn20(A\y € Dy 1.A2 € Dyp2.0n2(a(2))(y(2))) © ¢n_2(b)
= Yn2(A2 € Dyg.¢n-2(a(z))(dn-2(b)(2)))
= Yn-30 (A2 € Dya.dp-2(a(2))(¢n—2(0)(2))) © b3

If ¢ € D,,_3 then ¢,,_3(c) € D,,_5 and hence we get the following:

Un(Sn41) = Vn-3(dn-2(a(dn-5(¢)))(dn—2(b)(dn-3(c))))
= Vn-3(Pn-2(a(dn-3(c)))(dn-3(b(c)))) by (2.4.19)
= Vn-3(dn-s(a(dn-3(c)))(b(c))) by (2.4.19)
= ¥n—3 0 Pn—s(a(Pn-3(c)))(b(c)))
= Ip,_,(a(¢n-3(c))(b(c)))
= X €D, 1.\ € D, 3.\ € D, _3.a(¢,-3(c))(b(c))

= STL
U

Definition 2.4.31. Using s, introduced in proposition (2.4.30), we can define the

combinatorial constant s € Dy, by

S = <J-07 [D()? 1/}2(53)7 S3, S4, >

Lemma 2.4.32. [14] The combinatorial constant s defined in definition (2.4.31) is

m Dy and for any x,y,z € Dy, we have

sxyz = xz(yz)
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Proof. By proposition (2.4.30), it can be seen that s € D... As for sxyz = xz(yz),
we apply definition (2.4.25) part (i7) to the following combination of variables M =
uabc with p(u) = s, p(a) = x, p(b) =y, p(c) = z. Hence, we obtain the following

(sxyz)r = sup Ky, (Sn+3 (l’n+2> (?/n+1) (Zn))

n>r

= sup K, (Tns2(0n(20))(Yns1(2n))) by the definition of s,,3

n>r

given in proposition(2.4.30)
Now, ¢n(2n) = @n(¥n(2n41)) < 2n41 using the fact that ¢, o9, < Ip, ... So,

(sxyz), < sup K (Tni2(2ni1)(Uni1(20)))

n>r

= (xz(yz)), by(2.4.25)

Thus, (sxyz), < (xz(yz)),.

Next, we are aiming to show that

(sxy2), > (xa(y2)).
Starting with the left hand side,
(sxyz), = sup Kp(Tnio(dn(zn))(Yns1(2n))) from step two above
n>r+1
= iuflK(nfl)rwjn—l(xn+2(¢n(zn))(yn+1(Zn)))]

by the definition of K, given in definition (2.4.31)

sup K(n—l)r[wn(xn+2(¢n(zn))(wn—l(yn—i-l(zn)))} by (2.4.19)

n>r+1

SUpK(n—1) [Vns1(Tnr2) (Un(On(20)) (Vn (Yng1) (¥n—1(2n)))] by lemma (2.4.19)

= Ssup K(”*UT [xn-i-l (Zn) (yn(zn—l))]
n>r+1

by the definition of D, and the fact that i, o ¢, = Ip,

v

v

= (xz(yz)), by Lemma (2.4.27)

O

Theorem 2.4.33. Scott’s D, model with the application defined in definition
(2.4.16) is a pca.

Proof. Take the combinatorial constants k and s to be as given in definitions



Chapter 2. Partial Combinatory Algebras 43

(2.4.28) and (2.4.31). O
Proposition 2.4.34. [14] D, is an extensional pca.

Proof. To show that D is extensional, we must show that if xz = yz for all z,
then x =y.
Now, x =y <= Vr > 0(z,41 = Yr41). For g = tho(z1) = 1o(y1) = vo.
And to show inductively that the functions x,,; and y,,; are equal, it is enough to
show that

zr11(d) = yp41(d) for all d € D,

For d € D,, define z € D, by z = K, (d). Then,

zn = Kin(d) for n >0

(xz), = sup Kp(ny1(z,)) by (2.4.18)

n>r

= sup Kmn (l’n+1 (Krn(d)))

n>r

= sup (Kpm-1yr © Yn1(Tps1(dn-1 0 Ky(n—1)(d)))) by definition of K, and K,

n>r

= Ssup (% ©...0Yp 201Uy _10Tyt10Pp_10¢P,_20...0 ¢r)(d)

n>r

by repeating the previous step

= sup (0.0, 90 (V(Tps1)) © Ppp_20...0¢,.)(d), using definition

n>r

¢n(xn+1) - 1/}11—1 O Tp41 0 ¢n—1
= sup (0.0, 202,00, 20..0¢,.)(d) asforx € Do, ¥ (Tpi1) = Ty
n>r

= supz,4+1(d) by repeating the last two steps

n>r

= ZL‘T+1(CZ).

Likewise, (yz), = y,+1(d). Therefore, if xz = yz, then z,,(d) = y,+1(d) as desired.
U

Theorem 2.4.35 ([14], Theorem 12.55). D, is an extensional A-model.

Proof. By (2.4.33), (2.4.34) and (2.4.22) 0



Chapter 3

Preservation of Choice Principles

under Realizability

3.1 Realizability

This chapter presents realizability models for intuitionistic set theories. These
models are used to prove some properties, such as the disjunction and the existence
properties, of intuitionistic set theories that cannot be shown to hold otherwise. It is
also used to extract computational information from constructive proofs. In V(/Cs),
for example, from the realizer for f : R — R is continuous, a program verifying
the continuity of f can be extracted from the realizer obtained from a constructive
proof of f is continuous.

In 1945, Kleene developed realizability semantics for intuitionistic arithmetic and
later for other theories. Kreisel and Troelstra [20] gave a definition of realizability
for higher order Heyting arithmetic which got extended to systems of set theory
by Myhill [23] and subsequently by Friedman [13]. Later further realizability
models were developed by Beeson [7, 8] for non-extensional set theories. The
extensional version of this realizability, already indicated by Beeson, only required
small additions for the atomic formulas and was implemented by McCarty [22]. [22]
is mainly concerned with realizability for intuitionistic Zermelo-Fraenkel set theory,

IZF. As this approach employs transfinite iterations of the powerset operation

44
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through all the ordinals in defining the realizability (class) structure V(A) for any
PCA™ structure A, it was not clear whether this semantics could be developed
internally in CZF. Moreover, in addition to the powerset axiom the approach in
[22] also uses the unrestricted separation axioms. As CZF lacks the powerset axiom
and has only bounded separation it was not clear whether CZF was sufficient as
background theory. The development of this kind of realizability on the basis of
CZF was carried out by Rathjen in [28]. A question that remained open after
[28] was the preservation of various choice principles, i.e., which choice principles
holding in the background universe V' are preserved when moving to V(A) for an
arbitrary PCA™ structure A. Preservation of several choice principles was shown
to hold for the special case of the first Kleene algebra, Ky, assuming a classical
background theory by McCarty [22], and on the basis of CZF in [28]. Especially it
was shown that CZF augmented by the presentation axiom suffices to validate that
the presentation axiom holds in V(K;) whereas [22] uses the full axiom of choice.
The purpose of this chapter is to scan the proofs in [28] dealing with V(K;) and show
that they can be amended to also work for V(.A).

3.1.1 Axioms of Choice

Axioms of countable choice and dependent choices, in many texts on constructive
mathematics, are considered as constructive principles.

The weakest choice axiom, denoted by AC¥*, asserts that there is a function
f:w— wwith Vi € wb(i, f(i)) whenever Vi € w3j € wb(i, j) for some formula 6.

The Aziom of Countable Choice, AC,, asserts that for some formula 6, if Vi €
w3z 0(i,x), then there is a function f with domain w such that Vi € w(i, f(7)).
Obviously, AC,, implies AC“*.

The Aziom Scheme of Dependent Choices DC is a useful axiom to have in set
theory which may be given by the following scheme:
For any formula ¢, whenever (Va € z)(3b € z)¢(a,b) and g € z, then there exists
a function f:w — z such that f(0) =z and (Vn € w) ¢(f(n), f(n+ 1)).

A very useful Axiom Scheme is the Relativized Dependent Choices Axiom, RDC,
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which states that for arbitrary formulas ¢ and v, if

Vr[p(x) — Jy(d(y) A (2, y))]

and ¢(ayp), then there exists a function f whose domain is w with f(0) = a¢ and

(Vn € w)[o(f(n)) AY(f(n), f(n+1))].

How DC and RDC are related: RDC implies DC, see [27] Lemma 3.4, and on the
basis of CZF + DC(C, this was explained in p. 61

3.1.2 The Presentation Axiom PAx

Let C be a category and let P be an object in C. Then, P is called projective in C
if for any objects A, B in C and morphisms
A_f> B, P_Y9 , B, with f an epimorphism, there is a morphism P_h> A

such that the diagram below commutes .

Now, taking C to be the category of sets, then it follows easily that a set P is
projective if for all P-indexed family (X;);cp of inhabited sets X; there is a function
f with domain P such that for all i € P, f(i) € X;.

The presentation ariom PAx asserts that each set is the surjective image of a

projective set. Projective sets are often called bases.  [33]

3.1.3 Realizability Structures

Realizability interpretations are important semantics for the study of intuitionistic
set theories and to be able to define a realizability interpretation, a notion of realizing

functions (partial functions serving as realizers for the formulas of the theory) must
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be to hand. An elegant and general approach to realizability builds on applicative
structures.

Assume that we can formalize (in CZF) the notion of an applicative structure and
let A be an arbitrary fixed applicative structure which in fact is a set. Furthermore,
let |A| denotes the carrier set of A but sometimes we will overload notation and
write just A for |Al.

Write (x,y) for the ordered pair of z and y.

Definition 3.1.1 ([28], Definition 3.1). Ordinals are transitive sets with transitive
elements. Lower case Greek letters will be used to range over ordinals. For A =

PCA*, let

V(Ao = [JP(Al x V(A)p)

BEa

V(A = [JV(A..

In CZF, it is not clear whether V(A) can be formalized since the power set axiom
is not among its axioms. However, this is possible and follows from [28, Lemma 3.4].

Provably in CZF, we also have the following result.
Lemma 3.1.2 ([28], Lemma 3.5). (i) Forany 8 € a V(A)s CV(A),.
(i1) For a subset U C |A| x V(A), we have U € V(A).

Proof. Since V(A)o = Uz, P(I Al X V(A)p), (i) is immediate.
(i1) Let U C |A| x V(A). Then,

Vu € UdaTr € |A|Fx € V(A)y[u = (r, x)]
Now, the scheme of strong collection implies:
d0Vu € U3a € O3Fr € |A|Fz € V(A)u = (1, x)]

where O is a set of ordinals.
Let O' ={a+1:a € O} where a + 1 = aU{a}, and let v = |JO’. Notice that v

is also an ordinal and that Va € Ola € 7).
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Therefore,

Vu e Uda € yar € |A|Fz € V(A)u = (1, x)

Hence, U C U, P(|A| x V(A),). Thus, U € P(|A| x V(A),) =V(A), CV(A). O

acry —

Now, we define a notion of realizability over V(A) for extensional set theories.
For r € | A| we define what it means for r to realize a sentence ¢ whose parameters
are in V(A), which is written as r I ¢.

For r € |A|, write (r)y for por and (r); for pyr.

Definition 3.1.3 ([29], definition 4.1). Bounded and unbounded quantifiers are
syntactically considered as different types of quantifiers. If r € |A| and a,b € V(A)
then, r Ik ¢ for a sentence ¢ with parameters in V(A) is defined inductively on the
complexity of ¢ as follows:

(i) rlFaeb < Fc[((r)o,c) €bA(r) IFa=(.

(i) riFa=b <= Vg, f[({g,f) €a— (r)og - f€L)AN((g,f) €b— (rhglF f €
a)).

(iii) T g Ay = (r)olF ¢ and (r)1 I .

(iv) rlE oV <= [(r)o=0A(r) ko] V[(r)o=1A(r) -]
(v) 7k —¢ <> Vke|A —kIF ¢.

(i) Tk ¢ = <= Vke|A|kIFo— rk k).

(vii) - Vo € ap <> V(k,h) €a rkl- ¢[z/h].

(viii) v IF 3z € ap <= I({(r)o, k) € a A (1)1 IF ¢z /h]).

(iz) - Vop < VheV(A) rl- ¢lz/h].

(z) rlF Jz¢p <= Fh e V(A) rl- plx/h].



Chapter 3. Preservation of Choice Principles under Realizability 49

Notice that (i) and (i7) are definitions by transfinite recursion. In particular, the

(Class) functions

Fe(zyy) = {re|A|l: rikzey}
G_(z,y) = {re|A| :rirzx=y}

can be (simultaneously) defined on V x V by recursion on the relation
(c,d)<{a,b) < (c=aANdeTC(b) V (d=b A ceTC(a))

where TC(z) is the transitive closure of a set z. Moreover, It was shown in
[34] Lemma 7.1 that CZF proves transfinite recursion on <. More precisely, this
principle is a consequence of Strong Collection (or Replacement) together with Set

Induction.

Lemma 3.1.4. For any x,y,z € V(A), there are elements i, 1,1, 10,11 € |A| such

that:

(i) i, Fx=z.

(i) islFe=y—y==x.

(i) - (z=yANy=2)— ==z
(w) ZylF(x=yANy€z)—>uxe-z.
(v) i1IF(zr=yANz€x)—> 2.

Furthermore, for every CZF -formula ¢(u, vy, ..., v,) with FV (¢) C w, vy, ..., vy, there

is an element i, € |A| such that:
Vo, y, 21, ..., zolig IF @(2,2) N =y — ¢(y, Z)] where 2= 21,.... 2, .
Proof. [28, Lemma 4.2]. O

Theorem 3.1.5 ([28], Theorem 4.3). Let P be a proof of a CZF-formula

O(Ury .oy ty) (with FV(¢) among uy,...,u,) in intuitionistic predicate logic with
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equality. Then, there is a realizer rp € |A| such that:

rp Ik Yuy. Yu,op(ug, ..., up,)

15 provable in CZF.

Proof. First, we find realizers for the following logical principles that relate bounded

and unbounded quantification:
Vu € ap(u) <> Vulu € a — ¢(u)]

Ju € ap(u) <> Ju[u € a A p(u)].

We have: r IF Yulu € a — ¢(u)]

< VeeVA)rikx ea— o(x)

& Ve eV(A)Vee |Allel-z €a— relk ¢(x)]

Vo € V(A) Ve € |A|[Fe({(e)o,c) € a N (€)1 IFx=c) = relk ¢(z)]
Veve € |Al[({(€)o, ) € an(e)r IFc=c) = relk ¢(c)]

V(f,c) €a r(pfir) Ik ¢(c)

Afr(pfiy) IF Vu € ag(u).

R

Conversely, if r I Yu € a¢(u), then, equivalently V(k,h) € a 71k IF
#(h), and this implies that Vo € V(A)Vf € |A|[Fc(((f)o,c) € a N (f)1IFx=¢c)—
iy (p(r (/o) (D) - 6(2)].

Now, let R = p(Ar.Afor(p i) (A AL s (p(r(Fo)(/)).

Then R IF VgVu(Yv € up(v) <> Yo[v € u — ¢(v)]), where Vq quantifies over the
remaining F'V(¢). Similarly, one can find R’ such that:

R’ IF Vq3u(Fv € up(v) <» Fvjv € u A ¢(v)]).

We skip the remaining laws of intuitionistic predicate logic. 0

Theorem 3.1.6 (The Soundness Theorem for CZF). For each aziom A of
CZF, there is a closed application term t such that:

CZF - (t I A)
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Proof. This is shown in [28, Theorem 5.1]. To give the flavour, we only show how
to find a realizer for the Fxtensionality and Bounded Separation axioms.
Extensionality: VaVy[Va(a € x <> a € y) — x = y].

We want to find r € |A| such that r IF VaVy[Va(a € x <> a € y) — x = y].

By the definition of realizability, we get these equivalences:

r - VaVy[Va(a € z <> a € y) — x = 9]
VzeV(A)riFVyVa(a € z <> a €y) — 2z =1y]

VzoueV(A)riFVala €z acu) — z=u

1111

(
Vz,u e V(A)VS € |A|[f IF Va(a € z <> a € u) implies rf IF z = u]
Vz,u e V(A)VS € |A|[Vg € V(A)(f IF g € z <> g € u) implies rf IF z = u].

Now, we deal separately with Vg € V(A)(f IF g € z <> g € u), which is equivalent

to:
(i) Vg e V(A)[(flolFg €2 — g€l
(i) Vg e VIA[(f 1 lFg€u— g€ 2]
So, we have

(i) <= Vg,he|A|[hlF g€ zthen (f)ohlF g € u]
< Vg,h € |A|[Bk({(h)o, k) € 2z A (h)1 IF g = k) implies (f)oh IF g € u
<~ Vk,h e |A|[(((h)o, k) € zA (h); IF k = k] implies (f)oh IF k € u].
Consequently, if (I,k) € z, then (i) yields that (f)opli, IF k£ € w. Similarly,

(ii) implies that if (I,k) € wu, then (f)pli, IF k& € 2. As a result, r =

Ay.p(Az.poy(pri,))(Az.pry(pri,)) is a realizer for Extensionality.

Bounded Separation: VzdyVala € y <> a € x A ¢(a)], where ¢ is a bounded

formula with parameters in V(.A).

We need to find 71,72 € |A| such that Va € V(A) 3b € V(A) such that:

r IFYu € blu € a A ¢(u)]
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ro IFYu € alp(u) — u € b).

Let a € V(A) and define

Sep(a,¢) :=={(pfg,x): f.g € AN(g,z) €an [IF¢(x)}.

Observe that Sep”(a, ¢) is a set and moreover it belongs to V(A), for details see
[28] Corollary 4.7. Let r1 := Au.p(p(u)1i,))u)o and re := Au.dv.p(pvu)i.. With
b := Sep?(a, @), these terms provide realizers for the formulas above. For details

see [28, Theorem 5.1]. O

Definition 3.1.7 (Representing w in V(A)). Let A be an applicative structure,
and recall that the zero of A is denoted by 0 and 1 = SnO. Then, w is represented
in V(A) by @ given by an injection of w into V(A) defined as follows:

Set 0 = 0, where 0 is the least element of w (the empty set) and for every n € w, let

n+ 1= Snn. Then, define n := {(m,m) : m € n} and take W = {(n,n) : n € w}.

To verify that W € V(.A) note that @ C | A| x V(A), which implies that @ € V(A)
by (3.1.2) and clearly N(n) holds for each n € w.
Furthermore, we will now show that if n #% m then n # m for all n,m € w, using
the applicative axiom on section (2.2.1).
To show this let n # m. Then either one of them is 0 and the other is a successor

or both are successors.

(i) Suppose that n =0 and m =k +1 for k € w. Then, n = 0 and m = Syk and
(by Axiom (ii)(a) for a PCA™) Syk # 0. Hence Syk # 0 which implies that

n#m.

(ii) Suppose that n =k +1 and m =1+ 1 for k,l € w. By Ax (ii)(b) for a PCA™
we have Pyn |, Pym |, Py(Syk) = k and Py(Syl) = [. Since n # m entails
k # | we can inductively assume that k # [. Therefore, n = Syk # Syl = m.

The contrapositive of the above implies that:
PCATFn=m = n=m

and the converse of this is trivial and thus we obtain the following proposition:
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Proposition 3.1.8. For any n,m € w we have,

n=m<+=PCATFn=m.

We often write V(A) = ¢ to convey that there exists a € | A| such that a I+ ¢.

Proposition 3.1.9. Membership and equality on w are realizably absolute. In other

words, for all n,m € w we have:
(i) n=m <= V(AEn=m.
(i) nem <= V(A)Enecm.
Proof. We prove (i) and (ii) simultaneously by induction on n + m.

(i) If n = m then i, IF @ = m. Now, suppose that r - 7 = m. Then we have:
Vi dl((f,d) en— (r)oflFdem) (3.1)

AN({(f,d)em— (rhflFden).

Since (k, k) € @ holds for all k € n, applying the induction hypothesis to (3.1)
we get Vk € n k € m. By symmetry we also deduce Vi € m ¢ € n. Hence

n=m.

(ii)) If n € m, then (n,m) € m, and hence pni, IF 7 € m.

Now, suppose that e IF 72 € . Then there exists ¢ such that (eg,c) € mAe; IF
7 = c. This implies that ¢ = k for some k& € m. So the induction hypothesis

from part (i) yields n = k, and therefore n € m.

3.1.4 Absoluteness Properties

Definition 3.1.10. For a,b € V(A), define {a,b}s = {(0,a),(1,b)} and let

<a7 b>A = {<07 {&7 a}A>7 <17 {a7 b}A>}'

Lemma 3.1.11 (Internal Pairing in V(A)). If a,b,x € V(A) then:
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(i) V(A)lzx € {a,b}a >z =aVx=Dh.

(i) V(A) =z € (a,b)4 <> v ={a,a}a V x = {a,b} 4.
Proof. (i): e lF z € {a,b}4. Then there exists ¢ such that ((e)y,c) € {a,b} 4 and

()1 IF x = ¢. But, {((e)y,c) € {a,b} implies that ((e)o,c) = (0,a) or ((e)g,c) =

(1,b), and hence we obtain:
[(e)o=0A(e)1IFz=a]V[(e)o=1A(e) IFz=10].

Thus, elFz=aVx =0
Conversely, suppose that e IF x = a Vo = b. Then retracing the steps of the
foregoing proof backwards shows that e IF = € {a, b} 4. And therefore p(Ax.z)(A\z.z)

provides a realizer for (i).

(ii): First assume that e IF 2 € (a,b)4. Then there exists ¢ such that ((e)y,c) €
(a,b)4 and (e); IF = = ¢. But ((e)o,c) € (a,b)4 implies that either ((e)o,c) =
<0a {CL, a}A) or <<€)0,C> = <17 {CL, b}A>7 and hence:

[(e)o=0A(e) IFx={a,als]VI]e)o=1A(e) IFz={a,b}al

Thus, e lF x = {a,a}s V z = {a,b} 4.
Conversely, if e IF z = {a,a} 4 V x = {a, b} 4, then we have

[(e)o=0A(e)1IFz={a,als] V[(e)o=1A(e) IFz={a,b}l

Thus, ((e)o, c) € {(a,b)4 A (€)1 IFz=c for some ¢ € V(A). So, elF x € {(a,b) 4.

Therefore p(Az.z)(Az.x) is also a realizer for (ii). O

3.1.5 Axioms of choice and V(A)

It follows from [22] and [28] that arguing in CZF, the principles DC, RDC, and
PAx hold in V(K;) assuming their validity in the background universe V. Moreover,
AC“*holds in V(K;) regardless of whether it holds in V. Here we show that K; can

actually be replaced by any applicative structure A.

Theorem 3.1.12. Let A be any applicative structure. Then:
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(i) (CZF) V(A) = AC**.
(ii) (CZF + AC,) V(A) = AC,,.
(iii) (CZF +DC) V(A) = DC.
(iv) (CZF + RDC) V(A) = RDC.
(v) (CZF + PAx) V(A) = PAx.

Proof. (i) Suppose that
el-Viewdjewd(i,y).
Then, Y{(a,z) € weal- 3j € wO(x,j), and hence

V{a,z) € w3y [{(ea)o,y) € @ A (ea); IF O(z,y)].

Now, because for (r,s) € w, s is uniquely determined by r, the above entails

that there exists a function f : w — w such that for all n € w,

((en)o, f(n))y €w and (en) I 0(n, f(n)). (3.2)

now define

g9 = {(n,(n, f(n))a) [ n € w}.

Clearly, g € V(A). We first prove that g picks the right things and care about

its functionality later. As

poi. - (0, f(n))a € g (3:3)
it follows from (3.2) and (3.3) that with
h = Au.p(p(p((ew)ol,), pui), (eu)1)
we have for all n € w that

hnlF3ylyew A (R,y)a € g A 0(n,y)]. (3.4)
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(i)

(iii)

As for functionality of g, assume that x,y, 2z € V(A) and

dIF(z,y)a €9 N (z,2)4 € g
Then there exist ¢/, 2 € A such that (doo,y’) € g, (di0,2’) € g, and

doa lFy =(x,y)a AN dialF 2" = (2, 2)4. (3.5)

Moreover, there exist n, m € w such that ¥ = (n, f(n) )4 and 2’ = (m, f(m) ) 4.
Thus it follows from Lemma 3.1.11 that V(A)E=n = m, and therefore n = m
by Lemma 3.1.9. As a result, one can effectively construct a realizer d’ € A

from d such that d’ |-y = z, showing functionality of g.
Validating AC,, in V(A) is very similar to the proof of (i). Suppose that
el-Viewdyd(i,y).
Then, Y(a,z) € @ ea I+ JyO(x,y), and hence
Vi{a,z) € w3z € V(A)ea lF O(x, z)].

Now, invoking AC,, in V that there exists a function F' : w — V(A) such that

for all n € w,
en I 0(n, F(n)). (3.6)

Now define
G = {<ﬂ7 <ﬁ7 F(”))A) ’ n e w}'

Clearly, G € V(A). The rest of the proof proceeds similarly as in (i).

Let t,u € V(A), and suppose the following:
el-Vretdyet ox,y) (3.7)

and

e lFuet (3.8)

Then, (by the definition of realizability) (3.7) is equivalent to:
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Y{a,z) € t y[{(ea)o,y) € t A (ea) Ik ¢(z,y)].

From (3.8) we conclude that there exists ug such that
((€")o,up) € tA ()1 IF u = up.

Thus, for all @ € |A] and for all z in V(A), if (a,2) € ¢, then ea | and there is
a ¢ in V(.A) such that ((ea)o,q’) € t A (ea); IF ¢(z,q).
Externally, define ¢ by:

¢ ((a,2),(b:q)) & b= (ea)o A (ea) I (2, q).
By the validity of DC in V, there exists a function F': w — t with:
F(0) = ((€")o, uo) and for each n € w, ¢ (F(n), F(n+1)).

Notice that, we think of w € A as in (3.1.7).

Next, we need to internalize ' and show that it provides the function required
for the validity of DC in V(A). If x is an ordered pair (u,v), we use (z);
and (x)§ to denote its standard set-theoretic projections, i.e., (z)§ = u and
(2)] = v.

Let F' (the internalization of F') be defined as follows:

F={{p(x, (F(n)g), (@, (F(n))}).a) : n € w}.

Clearly, F' € V(A) as p(n, (F(n));) € |A| and (7, (F(n))j)a € V(A) (by
internal pairing properties).

Now, we need to check that F is internally a function from @ to t.

Firstly, we show that V(.A) thinks that F is a binary relation with domain @
and range a subset of ¢ using properties of internal pairing in V(.A).

To prove that F is realizably functional, suppose that:

hi-(m,x)4 € F (3.9)
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and

k- (m,y)4 € F. (3.10)

Then, (3.9) is equivalent to the existence of an element ¢ € V(.A) such that:
(o, c) € FA(R)1 IF (W, )4 = c. (3.11)

{(h)o,c) € F yields that (h)y must have the form p(m, (F(m))) and ¢ be of
the form (m, (F/(m))3).4 for some m € w. But (3.11) entails that V(A) IF n =
m using (3.1.11) and hence n = m by Lemma 3.1.9. Hence, hgy = n and

c=(m, (F(n))$)a, where hgg is an abbreviation for ((h)g)o. Thus,
(W1 IF ()4 = (1, (F(n))7) 4 (3.12)
Likewise (3.10) yields

(F)1IF ()4 = (0, (F(n))7) 4 (3.13)

Using Lemma 3.1.11 it follows from (3.12) and (3.13) that we get a realizer ¢’
such that €' IF z = y and €’ can be computably obtained from e, h, k, showing

that F is realizably functional.

Next, to verify that V(A)E=F C @ x t, suppose that h IF (z,y)4 € F. Then,

using arguments as before:

(h)l I- <$,y>A = <ﬁ7 (F(n))i>A

with hgo = n. We also have p(hqo, i) IF 7 € @ and, thanks to the definition of
F, p(ho1,i,) IF (F(n)); € t. Thus we can computably obtain h* from h such
that h*lFzew A yet.

Finally, we need to show the realizability of F(0) = u (where 0 stands for the
empty set in the sense of V(A) which really can be taken to be the empty set)
and of Yu € Wp(F (u), F(u +1)).

As for the realizability of F(0) = wu, suppose that r |- (0,uq)s € F.
Then, there exists ¢ such that ((r)o,c) € F A (r)1 I {(0,up)qa = ec.

((r)o,c) € F entails that (1) has the form p(n,(F(n));) and c has the
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form (@, (F(n))j)4. Hence, (r)1 I (0,up)a = (@, (F(n));)a. As the

latter implies V(A)=0 = n by the internal pairing properties, this forces

n = 0 by (3.1.9), and hence V(A)F=uy = (F(0)), so that (r); = i, and

p(p(0, (€*)o),i,) I (0,up)s € F i.e. IF F(0) = uo and since (e*); I u =

ug, there is a realizer €’ that can be computably obtained from r and e* such that e’ I+
F(0) = u.

Next, we deal with the realizability of Yu € w¢(F(u), F(u + 1)). Since for all

n € w we have [¢" (F(n), F(n +1))],

((F(n+1))5 = (e(F(n))5)o and (3.14)

(e(F(n)o)h IF o((F(n))1, (F(n+1))]). (3.15)

Using the recursion theorem for applicative structures, we computably obtain

p € |A| from e, e* such that

PO = (€")o and p(n+1) = (ep(n))o-

Using induction on n, it follows that pn = (F'(n))§ for all n € w. Further, by

induction on n, it can be shown that:

(a) p(p(n, pn),i,) IF (7, (F(n))j)a € F.

(b) (e(pn))1 IF G((F(n))i, (F(n +1))7).

To verify this, let n = 0 and we show that:

(a) P(P(0)(p(0))(ir) IF (0, (F(0))5)a € F, i.e p(P(0)((€))o)(ir) Ik (0,u0)4 €

F, holds by the above argument.

(b) (ep0)y 1= ¢((F(0))3, (F(1))7), i-e (e(e™)o)r Ik (uo, (F(1))7)-
To this end, since Vn € w[¢" (F(n), F(n + 1))], we have:

(e(F(n))o)r IF o((F(n), (F(n+1))7)
(e(F(0)5): F o((F(0))7, (F(1))1)
(e(e’)o)r Ik d(uo, (F(1))7)
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Next, we do the induction step, so assume the result for n and we show that:

(2) P(p(nt1)(p(n+1))(i,) I (75T, (F(n+1)))a € F.
To show this, assume that r |- (n + 1, (F(n 4+ 1))$)4 € F. Then,
riF(n+1,(Fn+1)a € F < 3c[((r)o,c) € EA(r) IF (n+1,(F(n+

1))$)4 = ¢] and hence, (7)o must have the form (m, (F(m))§) and ¢ must

have the form (m, (F'(m))$) 4 for some m € w. So, (r); IF (n+ 1, (F(n +
1) = (m, (F(m));)4 which implies that a realizer 7 can be calculated
such that 7 I n+1 = m which, by (3.1.9), yields that n + 1 = m and
by (3.1.8) we obtain that n + 1 = m. So, by the induction hypothesis we
have p(p(n + 1)(p(n+ 1)))([i,) IF (n + 1, (F(n+1));)4 € F.

(b) (ep(n+ 1)1 IF ¢((F(n+1));, (F(n +2))5). Towards this goal, we know
that (e(F(n+1))5)1IF ¢((F(n+ 1)), (F(n+2));) by (3.15). Note that:

p(0) = (e")o = (F(0))5
p(L) = (e(F(0))5)o
p(2) = (e(e(F(0))5)o)o
Pt 1) = (ele-n(e(FO)oo
and
(F(1)y = (e(F(0))5)o
(F(2))s = (e(e(£(0))g)o)o
(F@3)5 = (ee(e(F(0))5)o)o)o
(F(n+1))5 = (ele-(e(F(0))5)o)o)o

Thus, clearly p(n 4+ 1) = (F(n+1))§. Therefore, (e(p(n + 1)))1 IF ¢((F(n+
D)5, (F(n+2))7).

(iv) Given part (7i7) of this theorem, working in CZF +RDC, it is enough to show
that V(.A) validates the following schema,

v (p(z) = ylo(y)Ap(z, y))Ad(ao) — 3s(ao € sAVx € 53y € s[p(y)A\P(x, y)))-
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So, let ay € V(.A) and suppose the following hold:

e lFVa(é(z) — Iylo(y) A(z,y)]) and (3.16)

r - ¢(ao) (3.17)

Now, we have:

(3.16) < Vx e V(A) el o¢(x) = Tylop(y) Ap(z,y)].
& VfelANVz e V(A)[f IF o(x) = ef IF Fy(o(y) A d(z,y))].
& Ve |AVz e VA)[f IF ¢(x) — Ty e V(A)ef IF o(y) A(z,y)].

Thus, for all f in |A] and for all = € V(A) we have

fIFo(z) =y e V(A) [(ef)o IF o(y) A (ef)r IF (x, y)].

Let N = {n | n € w}. By applying RDC to the above, we conclude that there
are functions i : N — A, j : N — A and [ : w — V(A) with i(0) = r,

[(0) = ap and for all n in w, we have:
i(n) IF ¢(l(n)) and j(n) I &(l(n), l(n + 1)),

i(n+1) = (ei(n))o and j(n) = (ei(n)):.

Using the recursion theorem for A, one can explicitly calculate t;,t; € |A|
from e and r such for all n € w, i(n) = t;n and j(n) = t;n. And thus the
function h : N — A defined by h(n) = p(n, p(i(n),j(n))) for some n € w is
representable in |A| via an element ¢, computable from e and r as well, i.e.,

h(n) = tyn for all n € w.

Now, set

B :={(h(n),l(n)) : n € w}.

B € V(A), since h(n) € |A| and (n) € V(A).

Now, we need to find a realizer e¢* such that:

eIk ag € B. (3.18)
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As

e’ IFap € B< Ic[((€"),¢) € BA(e")1 Ik ag = (]
and ((e*)o, ¢) € Biff ((e*)o,c) = (h(n),l(n)),so (¢*)o = h(n) and ¢ = I(n) = aop.
Since [ is a function, n must be 0 and thus e* = p(h(0),i.). So, (h(0),i,) IF
ag € B.
Furthermore, for (k,u) € B we have k = h(n) for some n € w. Consequently,
(h(n))o = n = (k)o and u = I((k)o), hence (h(Sx((k)o)), (K)o + 1)) € B.
Moreover, since (k); = p(i(n),j(n)) we have ki o = i(n), thus ki o IF ¢(I(n)),
s0 k1o IF ¢(u) and ki1 = j(n) which implies k1 IF ¥ (u, [((k)o + 1)).

Therefore,
V(k,u) € B3v[(h(Snx((k)o)),v) € B A k1ol ¢(u) Akyy - (u,v)]. (3.19)

From (3.18) and (3.19), it is clear that there exists a realizer e computed from

e and r such that:
¢l ap € BAVz € By € Blo(x) AN(z,y)]

and hence,
el 3s(ap € s AVx € s3y € s[p(x) A(x,y)])
which completes the proof of (iv).
Let s € V(A). We are aiming to find a set B* € V(A) such that V(.A) believes
that B* is a base that maps onto s.

Since PAx holds in the background model V, we can choose a base B and a

surjective map j : B —» s. As s is a set of ordered pairs, we may define:
Jjo: B— Aand j;: B— V(A)

by
Jo(u) = 1°(j(w)) and jy (u) = 2"(j(u))

where these functions denote the standard pojections of ordered pairs in set
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theory. Using transfinite recursion, for any set x, we define:

¥ = {(0,y"") : y € z}.

2%t € V(A) is straightforwardly proved by €-induction as follows:
Inductively assume that y** € V(A) for all y € x. As 0 € A this implies that
{(0,y°") | y € x} C |A| x V(A), and thus 2" € V(.A) by (3.1.2) part (i7).

To complete the proof we need the following facts.

Proposition 3.1.13.

(i)

(ii)
vey iff V(ARExTey™

Proof. We show (i) and (ii) by simultaneous €-induction as follows:

(i): The implication from left to right is immediate. As for the other direction,

suppose that e IF 2% = y**. Then,
V{f,u) € 2 ((eof I u € y™) AV(f u) €y ()] IF u e a™).

If z € x then (0, %) € z*, thus V(A)=2*" € y* and thus inductively z € y.

By a symmetric argument, z € y yields z € x. Hence z = y.

(ii): Again the left to right direction is obvious. Suppose V(A)Ez™ € y*.
Then there exists z € y such that V(A)Ez® = 2%, and therefore inductively

x = z, and hence x € y.

As a result, the map taking z to z* is an injection from V to V(.A).

Next, let
B* = {{o(w), ((io(w)™, u).4) : u € BY.

Note that the map u — (jo(u), {((jo(u))™, u™) 4) injects B onto B* and hence

B* is a base (in the sense of the ground universe).
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Define
l:B— V(A

such that [(u) = ((jo(u))®, u*) 4 and let

7° = {Uo(u), (I(u), jr(u))a) - u € B}

As jo(u) € A and (u), j1(u) € V(A), it follows that j* € V(A). Now, we claim
that:

V(A)Ej* maps B* onto s. (3.20)

Firstly, we verify that V(A)=j* C B* x s. Towards this goal, assume that e I
(b,c) 4 € j*. Then there exists f such that ((e)o, f) € 7* and (e)1 IF (b,c) 4 = f.
However, ((e)o, f) € 7* means that there exists v € B with (e)g = jo(u) and
f={(l(u),j1(u)) 4, and hence (e); IF (b,c)4 = (I(u), j1(u)) 4.

So, we need to find realizers r IF [(u) € B* and 7* I ji(u) € s.

Well, r Ik l(u) € B* < 3c[{((r)o,c) € B* A (r); IF l(u) = ¢]. However,
{(r)o,c) € B* implies (r)g = jo(u) and ¢ = {((Jo(u))™, u*) 4 = I(u) for some
u € B, and hence letting r := p(jo(u),i.) we get get r I l(u) € B*.

r* I ji(u) € s is equivalent to the existence of a ¢ such that ((r*)g,c) € s A
(r*)1 IF 71(u) = c. It follows from ((r*)g, ¢) € s that (1*)g = jo(u) and ¢ = ji(u)
and hence, with r* := p(jo(u), 1,) we have r* I j;(u) € s.

Therefore, a realizer e* can be computed from e such that
e'lFbe B"Nc€E s

which shows that V(A)=j* C B* X s.

To verify that j* is realizably total on B*, assume e Ik (¢,d)4 € B*. Then
there exists f such that ((e)o, f) € B*A(e)1 IF {(¢,d)4 = f. But ((e)o, f) € B*
has the form (jo(u), ((jo(u))*, us) 4) for some u € B. So, (e)g = jo(u) and
f = {(jo(u))**, u*y 4 = l(u) for some u € B. Thus, for some u € B we have,

(e)o = jo(u) and (e); IF (¢, d) 4 = l(u).
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Since p(jo(u),i,) IF j1(u) € s and
P (Jo(w), ir) IF (I(u), jr(w))a € j° (3.21)
a realizer é can be computed from e such that:
el {c,d) 4 is in the domain of j*.

To verify (3.21) let 7 I (I(u), j1(u)).4 € j*. Then,
r - (L), j1(u))a € j* < 3c[((r)o, ¢) € 75 A (1)1 IF (I(uw), j1(uw)).a = c].
From ((r)o, ¢) € 5%, it follows that () = jo(u) and ¢ = (l(u), j1(u)).4 for some
u € B, and hence p(jo(u),i,) IF (I(u), j1(u))4 € 5*.
Hence, since we have already verified that V(A)=j* C B* x s, we can infer
that V(A)E=B* is the domain of j*.
Next, we need to show that j* is realizably functional. To this end, assume
that:

fIF(b,c)a€j* (3.22)

bk (b, d) 4 € j*. (3.23)

So by (3.22) there is a ¢ such that ((f)o,q) € j* A (f)1 IF (b,c) 4 = g which
entails that (f)o has the form jo(u) and g has the form (I(u), j1(u)) 4 for some
win B, so that (f); IF (b, c)a = ({(u), 71(w)) 4.

And from (3.23) we get that there is a ¢’ such that ((h)o,q) € j* A (k)1 IF
(b,d) 4 = ¢, and similarly we obtain that (h)g has the form jo(v) and ¢’ has the
form (I(v), j1(v)).4 for some v € B and hence, (h); IF (b,d) 4 = (l(v), j1(v)) 4.
Therefore a realizer r can be extracted such that r I+ [(u) = [(v), so

V(A)El(u) = I(v). By the definition of [, we have:

V(A) (o)™ u™)a = ((Jo(v)™,v™) 4
& V(AR =0

< u=wv by (3.1.13).
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Therefore, there is a realizer &€ computable from f, h such that e I- ¢ = d.

Next, we need to show that j* is realizably surjective. To this end, suppose
that e I 2 € s. Then there exists a ¢ such that ((e)g,c) € s A (e); IFz = c.
{(e)o,c) € s implies that ((e)g,c) has the form (jo(u), ji(u)) for some u € B
because j : B — s maps B onto s. Furthermore, since p(jo(u),i,) IF l(u) €
B* and p(jo(u),i,) Ik ({(u),71(u))4 € 7%, it follows that a realizer é can be
calculated such that

el x in the range of j*.

This completes the proof of (3.20).

Finally, we need to verify that V(.A) believes that B* is a base. To verify this,

suppose that:
e l- Vo € B*Jyp(x,y) for some formula ¢. (3.24)

Now, we are aiming to compute a realizer ¢** calculable from e satisfying:

e IF JH[Fun(H) ANdom(H) = B* AVz € B*¢(x, H(x))] (3.25)

Note that e I Vo € B*3y¢p(x,y) < Vg, c) € B* eqlF Jyo(c,y)
& Y(q,c) € B*Id € V(A) eql- ¢(c,d).
Hence, from (3.24) it follows that:
V{g,c) € B*3y € V(A) eq Ik ¢(c,y).
Now, because B* is a base in the ground universe, there is a function
F:B*"—V(A)

such that
V{(q,c) € B* eql-é(c, F({q,c))).

Next, we need an internalization of F' namely F, defined by:

= {(p(eg; q), (¢, F({g:¢))) a) : (¢, ¢) € B"}.
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Since, eq € A, p(eq,q) € A, c € V(A), {q,c) € B* € V(A) and also F({(q,c)) €
V(A), we can deduce that I € V(A).

First, we need to show that V(A) = dom(F') = B*. Towards this goal, suppose
that h Ik x € B*. Then there exist ¢ such that ((h)o,c) € B* and (h); IF x = c.
((h)o,c) € B* yields that

p(p(e(h)o, (h)o),ir) IF (¢, F({(R)o, ) a € F,

from which we can effectively construct a realizer h such that h I+ z € dom(F).

Conversely, assume that d IF (z,5)4 € F. Then there exists (q,¢) € B*
such that ((d)o, (¢, F({q,c)))4) € F where ¢ = ((d)o); and (d); IF (z,y)4 =
(¢, F({q,c)))a. Consequently, p(((d)o)1,i,) IF ¢ € B*. Therefore we can

calculate an index d* from d such that d* IF x € B*.

Finally, we have all the pieces to construct é from e such that

é - dom(F) = B*.
Next, it remains to show that F is realizably functional. To this end, suppose:
fIE(b,c)aeF (3.26)

hik (b,d)4 € F. (3.27)

(3.26) and (3.27) provide (g, x), (¢’,y) € B* such that ((f)o)1 = ¢, ((h)o)1 = ¢,

and

(N I by cha = (x, F((g, 2)))a N
(M) = (b d)a = {y, F((d', y)))a-

The latter yields V(A)z = y. Since (¢, z),{(¢’,y) € B* there exist u,v € B
satisfying

z = ((jo(u))™, u") 4 and q = jo(u)
as well as

y = ((o(v))™,v")a and ¢’ = jo(v).
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As V(A)E=z = y, the above implies
V(A) = qst — (q/)st A ust — Ust7

and so by Proposition 3.1.13, we arrive at ¢ = ¢ and u = v, which also yields
r=yand F({(¢g,z)) = F({¢,y)). Thus, also taking (3.28) into account, we can
construct a realizer v such that v fh IF ¢ = d. This verifies the functionality of

F, so V(A)=F is a function.

In sum, taking all the foregoing together, we can calculate in A a realizer ¢**

from e such that (3.25) holds.

This completes the proof.
O

Therefore, by the recursion theorem for applicative structures and utilizing the
fact that applicative structures have a copy of natural numbers, Theorem 10.1 in
[28] was generalised to work for an arbitrary applicative structure, A, (the previous
theorem). It worths mentioning here that since the full axiom of choice implies

LEM, see Theorem 1.1 in [8], it cannot be realized in V(.A).



Chapter 4

Realizability Structure Over Scott
D~ Models

4.1 Realizability in V(D)

For sets A, B we use the notation A = B to convey that there exists a bijection
between A and B. Moreover, for ease of notation and since we are not mixing

x € D4, with its components z,,, in what follows we shall write x for x.

Theorem 4.1.1. Let A C V(D) be the set:
A= {{z,2"") 12 € Dy}
Then, we have
(i) V(Do) EA=A— A A 3f[f: N— A A [ is injective].
(ii) If V= A is a base then V(Do) = A is a base.

Proof. (i): First we'd like to find a realizer for the statement 3g[g : N — A A
g is injective].

Define G : N — A by:

(where perhaps n** less ambiguously should be written as (n)).

69
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Clearly, G € V(Dy) as n € Dy, and (n,n*")p_ € V(Ds) by the internal pairing
properties.

Now, we need to check that G is internally a function from N into A.
Firstly, using properties of internal pairing in V(D,,), we show that V(D) believes
that G is a binary relation whose domain is w and range a subset of A. To show

that G is realizably functional, assume that:
hiF{a,z)p, € G (4.1)

k- (a,y)p. € G. (4.2)

By (4.1) there exists a b such that ((h)o,b) € G and (h); IF {(a,z)p,, = b. As
((h):b) € G, (h), must be of the form n and b = (n,n*)p_ for some n € N. Thus,

(h)1 I+ {(a,z)p,. = (A, n*")p... (4.3)

Similarly, from (4.2) we infer the existence of an [ € N such that

(k)1 Ik {a,y)p.. = (LI p... (4.4)
Using the properties of internal pairing (Lemma 3.1.11), we derive from (4.3) and
(4.4) that V(D) =i = a A [ = a and thus n = [ by Lemma 3.1.4 and Proposition
3.1.9. Moreover, by Proposition 3.1.8 n = [ and thus n** = [* using Proposition
3.1.13. Therefore, there is an application term ¢ such that such that t(h, k) IF x = y,
showing that G is realizably functional.
Note also that from (4.1) alone we deduced (4.3) for some n € N, and hence there
exists an application term s showing that sIF G C @ x A.
Finally, we need to verify that G is realizably injective. To this end, assume
that:
hlF (a,z)p, € G (4.5)

k- (b,2)p. € G. (4.6)

By (4.5) there exists a ¢ such that ((h)o,c) € G and (h); IF (a,z)p, = c. As
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((h)g: ) € G, (h), must be of the form n and ¢ = (n,n*)p_ for some n € N. Thus,
(R)1 IF {a,2)p,. = (n,n*")p... (4.7)

Similarly, from (4.6) we infer the existence of an [ € N such that

(k)1 - (b,z)p.. = ([,I")p... (4.8)

Using the properties of internal pairing (Lemma 3.1.11), we derive from (4.7) and
(4.8) that V(D) = n®t = 2 AI*" = 2 and thus n = [ by Lemma 3.1.4 and Proposition
3.1.13. Therefore, in view of (4.7) and (4.8), and using Proposition 3.1.9 we can infer
that a = b is realized, i.e., we can define an application term ¢’ such that such that

t'(h, k) Ik a = b, showing that G is realizably injective.

Next, we need to show that there is a bijection between A and A — A in V(Dy).

First, for each e € D, we define an object

fo = {{e, (@ (ex)™)p.) | € Do} (4.9)

In the definition of f. above we make use of the fact that D, is a total applicative
structure namely that ex is defined for all x € D.,. One easily checks that f. €
V(D) for all € € D.

We first show that there is an application term ¢ such that

tI+ f. is a function from A to A (4.10)
holds for all e € D.,. To show that f, is realizably functional, assume that:
h ik (a,u)p. € fe (4.11)

kIF{a,v)p, € fe. (4.12)

By (4.11) there exists a b such that ((h)o,b) € f. and (h); I+ {(a,u)p, = b. As
((h)g:b) € fe, we conclude that (h), = e and b = (z*, (ex)™)p_ for some x € Dq.
Thus,

(h)1 I {a,u)p = (2™, (ex)*)p... (4.13)



Chapter 4. Realizability Structure Over Scott D, Models 72

Similarly, from (4.12) we infer the existence of a y € D, such that

(k)1 Ik {a, v)p, = (™ (ey)™) D (4.14)

Using the properties of internal pairing (Lemma 3.1.11), we derive from (4.13) and
(4.14) that V(D) | 2% = y* and thus & = y by Proposition 3.1.13, and thus also
(ex)* = (ey)® which in view of (4.13) and (4.14) entails that V(D) = u = v. More
precisely, we can distill an application term s such that s(h, k) IF u = v.
Concentrating solely on (4.11), the arguments above also show that f, realizably
has domain and range A. Moreover, it is also clear that realizably every element of
A is in the domain of f.. As a result there exists an application term ¢ such that

t - fo is a function from A to A holds for all e € D, verifying (4.10).

Now let

F = {{e,{e", f.)p..) | e € Dy} (4.15)

Since f, € V(D) for all e € Dy, we have F' € V(D). We want to show that F' is
a bijection between A and A — A in V(D). Functionality of F' in V(D) can be
shown in the same vein as for f.. It is also clear that F' realizably has domain A
and from (4.10) it follows that F' realizably has a range consisting of functions from

A to A. In sum, there is an application term r such that
r - F is a function from A to A — A.

It remains to verify that F realizably furnishes a bijection.

We first address injectivity. To this end, assume that:
hlF {(a,u)p, € F (4.16)

k- (b,u)p, € F. (4.17)

Then there exists an e € D, such that e = (h)g and (h); IF {(a,u)p., = (€%, fe)p..-

Similarly, from (4.17) we infer the existence of a d € D, such that d = (k)y and
(k)1 IF (b,u)p,, = (d*, fa)p... As a result of the above we obtain V(D) E fe. = fa.
Unraveling the definitions of f. and fy, this then implies that V(D) | (ex)™ =
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(dx)®" and hence ex = dx for all x € Ds by Proposition 3.1.13. Owing to the
extensionality of D, this can only hold if e = d or equivalently, if e = d* by
Proposition 3.1.13 which by the above entails s'(h, k) IF a = b for some application

term s’. Consequently we can construct an application term s such that
s - F' is injective.
To show surjectivity, assume that we have
d I g is a function from A to A. (4.18)
Then there is an application term ¢ such that
tdIFYu e AJv € Ag(u) = v. (4.19)
Let d := td. Unraveling (4.19) we get that for all z € D,
(dz)y IF g(z°") = ((dz)o)*. (4.20)

Let e := Az.(dz)o in Dy. One then constructs an application term s such that for
all v € D,
s(d,z) IF g(z®) = f.(z*).

Since extensionality holds in V(D) one finds application terms s';s” such that
s'd I+ g = f. and furthermore s"d IF g = F(e®"). As a result we can concoct an

application term r such that r |- F' maps onto A — A.

(ii) We need to find a realizer é such that:

e lF A is a base . Towards this goal, suppose that:
e lF Yu € AJv ¢(u,v) for some formula ¢ (4.21)
The aim is to construct a realizer é = tée for some application term ¢, satisfying:

él-3H[Fun(H) ANdom(H) = AAYu € Ao(u, H(u))] (4.22)
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Since e I Vu € AJvp(u,v) < Vi(z,2™) € A ex Ik Jvp(z™ v)

& V(x,2"") € Ada € V(Dy) ex Ik ¢(z*, a)
Hence, from (4.21) it follows that:
V{z,2*") € AJv € V(Dy) ex Ik ¢(z*,v)

Now, since A is a base in the background universe, V, there is a function F': A —

V(D) such that:
V(z,2*)y € A ex - ¢(z*, F({x,2")))

Next, we need to internalize F and show that this internalization, F, defined below:;

provides the function required to show that A is a base. Set

F = {{p(ex)(2), (¢, F({z,2")))p.) : (z,2™) € A}
Since, z,ex € Dy we have p(ex)(x) € Ds. Moreover, z% F({x,2z*)) €
V(D..) entails that (z*, F((z,2*")))p.. and hence F' € V(Dq).
Next, we need to show that the following hold:

(a) dom(F) = A.
To this end, suppose that h IFu € A. Then,

hiFue A<s Ac[((h)o,c) € AN(h) IFu=c]

Now, let 7 I= ((h)st, F({(h)o, (R)§")))p.. € F. Then, we can find a b € V(Dq)
such that ((r)o,0) € F' A (1)1 IF ()&, F({(h)o, (W)sH))) b = b.

But ((r)o,b) € F implies that (1), is of the form p(ez)(z) and b is of the form
(x, F((x,2°"))) p., for some (x, z5") € A and thus taking ((h)o, ((h)o)*) € A, it
follows that p(p(e(h)o)((h)o))(i,) = r. Therefore, we conclude that there is an

~

application term, h, constructible from A such that hiFue dom(ﬁ ).

Conversely, assume that d I+ (u,v)p, € F. Then, this is equivalent to the

existence of f € Dy such that ((d)o, f) € F' A (d); I+ (u,v)p_ = f.
((d)o, f) € Fentails that (d)o has the form p(ez)(z) and f is of the form

(z, F((z, 2*))) p.. for some (z,z*) € A. Hence, we have d I+ (u,v)p_ € F iff
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there exists (z,2°") € A such that ((d)o, (*, F((z,2*")))p.) € F where z = dy,
and (d); IF (u,v)p_ = (z*, F({z,2)))p...

Let s |- 2 € A. Then, this entails the existing of a ¢ € V(D) such that
((8)o,c) € A and (s); IF 2*" = ¢. From ((s)o, c) € A, it follows that (s)g = x and
c = x*" so that p(z)(i,) IF 2 € A.

Thus, we infer the existence of an application term d with dd IF v € A and

hence we can cook up an application term, é, with é IF dom(F) = A.

Functional realizability of F. To establish this, let:
fIF (u,v)p, € F (4.23)

k- (u,w)p,, € F (4.24)
Then, we have (4.23) iff 3¢ such that ((f)o,c) € F' A (f)1 IF (u,v)p_ = c. Now,
from ((f)o,c) € F, we obtain (f)o = p(ex)(x) and ¢ = (%, F({x, 2)))p.
for some (x,z*") € A and hence (4.23) is equivalent to the existence of
(z,2°") € A such that fo; =z and fi I+ (u,v)p_ = (x**, F({x,2°")))p_..
Similarly, one can infer from (4.24) that there exists (y, y**) € A such that ko, =

yand by I (ww)p, = (" F((,y"))pe. Thus, V(Dx) | o = 4
which implies by proposition 3.1.13 that V(D) = z = y. In consequent, by

functionality of F' in the background universe V, we deduce that

F({z, ™) = F({y.y™))

Therefore, there exists an application term s such that s(f, k) IF v = w which
establishes functionality of F.
Using this together with

(i) r Ik dom(ﬁ’) =A
(i) V(z,z)y € A ex Ik ¢z, F({x, x")))

we can construct the realizer, ¢, in (4.22) and this completes the proof of (7).

O
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Remarks. (i) The previous construction would not work for V(Pw). The reason
is that F' can not be shown to be injective in V(Pw) since Pw is not extensional.
(77) By inspection of the proof of Theorem 4.1.1, one can see that the theorem can
be generalised to hold for any total extensional applicative structure not only for

the particular applicative structure D,.



Chapter 5

Brouwerian Principles

The purpose of this chapter is to study the key tenets of the Brouwerian
Mathematical World known as Brouwerian principles namely, The Fan Theorem,
(FT), and the principle of Bar Induction, (BI), in the realizability structures V(Pw)
and V(D). These principles were introduced by Brouwer to preserve the gist of
traditional analysis. In particular, he hoped to save the theorem that a continuous
function from a closed interval of a finite length to the real line is uniformly
continuous and he established this theorem as a consequence of his bar theorem
[40]. The objective here is to determine whether these principles get realized in the
realizability structures V(D) and V(Pw).

We first start by introducing these principles.

5.1 The Fan Theorem, FT

The Fan Theorem is denoted by FT and considered to be central to Brouwer’s
Intuitionistic Analysis. FT is a crucial corollary to The Bar Theorem mentioned
in the next section, and all of the known applications of the Bar Theorem already
follow from FT.

FT also holds classically and it is equivalent to Kdnig’s Lemma. [40]

Definition 5.1.1 ([29], Definition 4.2). Let 2 denotes the set of all 01-sequences
a: N —{0,1} and set 2* to be the set of all finite such sequences. Write s C t for

77
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s,t € 2* to mean that s is an initial segment of t.

A bar B of 2* is a subset of 2* such that:
Va€2¥ In aln] € B

where afn + 1] := («(0), ...,a(n)) and «[0] := ().
The bar B is decidable if it additionally satisfies:

Vte2'(te BVt ¢ B).

The decidable Fan Theorem FTp states that each decidable bar B of 2* is uniform,
in other words:

dm € NVa € 2V 3k <m alk] € B]

The statement of The Full Fan Theorem, FT, is the following:

Fach bar B of 2* s uniform.

5.2 Bar Induction Principle BI

As mentioned in the previous section, Brouwer obtained FTp by appealing to a
principle called decidable Bar Induction, BIp. Moreover, the reasons for accepting
BI provide the best understanding for the intuitionistic motivations that led to
accepting F'T. It is well known that BI occupies a notable place in the literature
since it has a leading role in developing Brouwer’s Intuitionistic Mathematics.

Let N* be the set of all finite sequences of N. For m € N and s € N* such that
s = (80, ..., Sk), s * (m) denotes the sequence (s, ..., Sk, m).

A bar B of N* is defined in the same way as that of 2*, i.e. B C N* such that:
Va € N¥ 3n aln] € B. (5.1)

The bar B is decidable if
Vte N"(te BVt ¢B). (5.2)
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5.2.1 Decidable Bar Induction Blp

BIp states that for any decidable bar B of N* and any arbitrary class G

if VteN'(teB-—ted) (5.3)
and Vte N [(VkeN, tx(k) e G) —t €| (5.4)
then ()€ G. (5.5)

5.2.2 Monotone Bar Induction Bl

BIy; states that for any bar B of N* and any arbitrary class G

if Vs,teN'(seB — sxteB), (5.6)

Vie N (te B—ted) (5.7)

and Vte N*[(VkeN, tx(k) e G) —ted, (5.8)
then ()ed (5.9)

BIy; entails BIp, for details see([11], Theorem 3.7). Furthermore , BIp entials
FTp and Bly entials FT, this was shown in [19], Chl Section 6.10 .  [29]

To understand the idea behind this principle, consider the tree of all finite sequences
of natural numbers T. Then conditions (5.1- 5.3) assert that any path through T
meets the bar B at a node n and hence G is hit at n as well. Condition (5.4) states
that if G holds at all extensions of a node then it also holds at that node and this
allows the property G to “sneak” towards the root of T. Furthermore, we may
think of this principle as an induction statement over a well-founded relation and
to justify this, we argue as follows:

Given condition (5.4), the failure of G to hold at the empty sequence would yield a

construction of an infinite sequence of natural numbers:
Nog, N1, Na, ...

such that at every initial segment (ng,ni,ng,...), G does not hold and therefore

defining such a function « by
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a(k) == ny

would contradict conditions (5.1) and (5.3). [9]

The BI principle follows classically from an adequate axiom of dependent choices.

9]
The unrestricted form of the principle of bar induction, i.e. omitting requirement

(5.2), is denoted by BI. [32]

5.3 Fan Theorem and Realizability Structures
over Pw and D

We are aiming to investigate whether the realizability models over the applicative
structures Pw and D, validate FT or BI assuming their validity in the background
universe V. The first step in the investigation will certainly be what Baire space looks
like in V(Pw) and V(D). However, in the following section, we shall describe in
the general case of what V(A) thinks of Baire space for an arbitrary applicative

structure, A.

5.3.1 Baire Space in V(A)

Let n be the n-th numeral in the applicative structure A, i.e., the interpretation of
the term Sy ... SN0 (with n-many symbols Sy) in A. Below we identify N with its
interpretation in A.

Recalling definition (3.1.7) we have,

n:={(m,m):m € n}
w={(n,m) :n € N}.

And define,

<a7 b>A = {<Q? {a7 G}A>7 <lv {av b}A>}
= {{0,{(0,a), (1, a)}, (L, {(0,a),(L,0)})}
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where a,b € V(A) and {a,b} 4 := {(0,a), (1,b)}.

A realizer e € A can be constructed such that
el {(a,b) 4 is the ordered pair of a, b

and moreover e does not depend on a, b.

This can be seen from the proof of Lemma (3.1.11).

Definition 5.3.1. f € A is said to be of Type 1 if for everyn € w, fn | and there
15 some m € w such that:

fn=m.
Definition 5.3.2. Given a Type 1 f € A we can construct fy € V(A) such that:
fe:={(n,(m,M)4) : n € w and fn =m},
where (T, M) 4 is the internal pairing operation introduced in Definition 3.1.10.

Proposition 5.3.3. For every f € A of Type 1, there is a realizer (in A) for the

statement that fg is a function from w to w.

Proof. Suppose that e is a realizer for the statement that (a,b) 4 is the ordered pair
of a and b.

To show that fp is (internally) a function from w to w, we need to show that
fB Cwxw.

Towards this goal, let

Vnewdmew e fz y={(n,m)

V{fi,c) ew dfilFImew Iy e fz y={(c,m)

V{f1,¢) €0 3¢ ({(dfr)o, ) € WA (dfi)r - Ty € fo y = (e, )

V(f1,¢) €@ 3¢ ((df1)o, ¢) € W 3™ (((df)r0, ") € fa A(dfi)n I " = {c, )

1171 -

Now, (f1,¢) €W <= f; =n and ¢ =7 for some n € w and hence

dnlF3dmew Iy e fp y=(m,m)
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and, ((dn)o, ) € w <= (dn)o = m and ¢ = m for some m € w and
(dn)y; Ik ¢ = (m,m)

((dn)ig,c*) € fz < (dn)ip = n and ¢* = (m,m) 4 for some n € w and
(dn)i IF ¢ = (e, )

Next,

Thus, d = Az.p(f2)(p()(€)). Also, if (n, (7, 7).4), (a!, (7, 77) 4) € fis and V(A)
n =n’, then, n = n’ by (3.1.9) part (7).
This yields that m = m’ and therefore, fg is realizably functional and one easily

construct a realizer for the statement

Vz,y € fal(2)o = (¥)o — ()1 = (y)1]

We can combine these realizers to obtain a realizer for the statement that fg is a

function. O

Proposition 5.3.4. Suppose V(A) = f is a function from @ to @w. Then, there is a
Type 1 g € A such that

VA Ef=0e

Proof. As there is a realizer stating that f is a function, we can find realizers

a,b, and ¢ € A such that:
alFVnew3Imew(n,m) e f (5.10)

blFVz e fIn,mewx=(nm) (5.11)

cl-Yn,m,m'[(n,m) € f A (n,m') € f — m =m/] (5.12)
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So we have,

(5.10) <= Y(fi,¢) €W afilFImew (c,m) € f

= Y(fi,0) €w I (((afi)o,d) € WA ((afi))r Ik (e c) € f)

Now, (fi,¢) €W <= f, =n for some n € w and ¢ = f; = 7.

((afi)o,d) €w <= (af1)o and ¢ = (af1)o-
Let g := Az.(ax)o. Then, by the above g must be of Type 1.

Next, each element of gp is of the form:

(n, (m,9m) 4) = (n, (7, (an)o).4) and (an)1 I (7, (an)o)a € f.
Thus, we obtain a realizer for g C f.

Next, since we have:

(5.11) <= YL,k ef blIFInmewm k= (n,m)
<~ Y(L,k) e f3Iq(((bl)o,q) €w A (bl); IFTIm €@ k = (q,m))
— Yk € f3g((b)o,q) € T A (D)o, €T A (B)1y - k = (g, 1))

Then, for all (I, z) in f, we have:
bl IF Ju,v € W x = (u,v)

Let n = (bl)g, m = (bl)19. Then,
(an)y IF (71, (an)o)a € f and also, (bl)yy IF ((bl)g, (bl)10) 4 = (7, )4 € f.

Next, we need to find a realizer for m = (an)y which gives a realizer for x =

(m, (an)o) 4, but by (5.12) a realizer for m = (an)y can be constructed and thus one

can compute a realizer for f C g.

Therefore, V(A) |= f = gg as required. O

Proposition 5.3.5. V(A) = {(f, fs) : f € A and Yz € N fx € N} is the set of all

functions from w to w.
Proof. The proof is immediate using the previous two propositions. 0]

Therefore, based on what the internal Baire Space of V(A) for any applicative

structure, A, looks like from the previous section, the investigation of FT in V(Pw)



Chapter 5. Brouwerian Principles 84

and V(D4,) reduces to investigating the set:
{(f fe): feAandVz € N fez € N,}

where N are the natural numbers of A.
In other words, we would like to investigate where the following hold for Pw and
D..:

Vg:N—N3Ifec A Ve[reN feox=gx) (5.13)

The upshot of the above is that if the given applicative structure, A satisfies (5.13),

then we have:

V(A) =FT.

5.3.2 The Fan Theorem in V(Pw)

We have earlier shown the development of a PCA as a PCA™ in Theorem (2.2.7)
and one interesting part was deciding how the given applicative structure thinks of
w. For the applicative structure, Pw, Pw thinks of n € N as the singleton subset
{n} € Pw, see ([8] Theorem 7.2.4). Based on the discussion from section (5.3.1),
the problem of investigating whether V(Pw) proves/disproves FT reduces to the
problem of determining which functions A : N — N can be represented in Pw.

Let h : N — N be any given function. Then, a copy of this function in Pw is
denoted by h : Pw — Pw where h(X) = {h(n) : n € X} and consequently,
h({n}) = {h(n)}.

Claim. We claim that A is represented in Pw by the element X} € Pw defined by:
Xy =A{(2", h(n)) : n € w}.

To see this, note that X, e{n} = {2z € N: 3y C {n} (y,2) € X} by definition, we
have y C {n} iff y = e or y = egn. But, there is no k; such that 0 = 37, 2% and
thus we omit the possibility that y = ey. Therefore, X, o {n} = {h(n)} = h({n}),
which proves the claim.

Therefore, assuming that people in V(Pw) thinks that every infinite path through a
tree hits a bar B. Then since all paths in V are also represented in V(Pw), B is also

a bar in V. Thus, using FT in V, there exists a uniform bound.
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Theorem 5.3.6. (i) V(Pw) E FTp iof FTp holds in the background universe V.
(ii) V(Pw) = BlIp if BIp holds in the background universe V.

Proof. Since FTp follows from BIp it suffices to construct a realizer for Blp.
First, since finite sequences of natural numbers (elements of N*) can be coded by
the elements of N and for all natural number n in w, n codes a finite sequence s in
N*, we may therefore identify N* with N.

Next, suppose there exists realizers ey, es, e3 and ey € Pw such that

e1 IFVa e NY 3n € N B(aln]) (5.14)

e lFVs e N (B(s)V-B(s)) (5.15)
eslFVs e N (B(s) — G(s)) (5.16)
eslFVs e N [(Vk e N G(sx* (k) — G(9)] (5.17)

By the realizability definition, (5.14) is equivalent to:

V(f,c) € (NP o - 3n e N B(cn])
= V{f, fo) € N)YP) ¢ £k 3 e N B(fsln]), since (f,c) in the internal
Baire Space of V(Pw), and thus has the form fz = {(n, (72, 7)p.),
for some Type 1 f € Pw and some n,m € w}.
= V(f fs) € NP3 € v(Pw) (((e1f)o, d) € ()P A
(erf)1 I- B(fu[d])).

However, ((e1f)o,d) € (N)V®) entails that d = (e; f)o. Thus, we arrive at

(erf)1 IFB(fsl(e1f)o])- (5.18)

And, (5.15) is equivalent to:
V(g,d) € (N)V®) e, - (B(d) v —B(d)).
(g,d) € (N)V®) «— (g.d) is of the form (n,7) for some n € w.
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Thus, for all (n,7) € (N)V®) we have

een IF B(m) v -B(m)
< [(ean)o =0 A (en); IF B(7)] Vv

[(62@)0 =1A (62@)1 I ﬁB(ﬁ)] (519)
Define B(s) : <= (e5)o = 0, and define a function 1 : N — Puw as follows:

(e3s)(e2s)1 if (eas)o =0

(eas)(Awp(s * (u)) if (ea5)o 7 0

Y(s) =

Let G(s) : <= 9(s) I A(s) IF G(3). But, since Pw is total 1(s) | is trivial.
Claim. We claim that the above defined B and G are the bar and the class which

supply the validity of BIp in Pw. In other words, the following hold

(a) Yo e N¥ 3n e N B(a[n]).

(b) Vs € N (B(s) vV =B(s)).

(c) Vs e N (B(s) — G(s)).

(d) Vs € N [(Vk € N G(s * (k))) — G(s)].

proof of the claim.

(a) Since Voo € NN, there exists f € Pw such that a[n] = fen for all n in N. B(a[n])

holds in V(Pw) by (5.18). Thus, by (5.19) (ezr[n])o = 0 so that B(«[n]) holds.

(b) Since B(s) : <= (ea5) = 0, it is immediate that Vs € (N)V®“)(B(s) v —B(s))

using (77).

(c) Suppose that B(s) then, (e25)o = 0 holds and hence (eq5); IF B(3) so it follows
from (5.16) that (ess)(e2s); IF G(3). Consequently, by definition of v it follows
¥ (s) IF G(3) and therefore by definition of G, G(s).

(d) Suppose that Vk € N G(s * (k)) then, the definition of G entails

(s x (u) L Adp(s* (u) IF G(s * (u))
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Moreover, unravelling (5.17) yields

(5.17) < V(f,c) e NP, £ [(Vk € NG(c* (k) — G(c)]
< sl [(Vk e NG(5* (k))) — G(3)], since (f,c) € (N)V(Pw)
has to be of the form (s,3s) for some s in w

< VrePuw|[(rl-VkeNGGEx*(k))) — (ess)r IF G(3)].

However, r = Au.¢)(s * (u)). Therefore,

(eas)(Aw-(s * {w)) IF G(3),

and thus v(s) IF G(3) for all s in w which by definition of G entails G(s).

Invoking BIp in V, and using the claim above we can infer G({ )) which by the
definition of G entails that ¢ (()) IF G({)). Thus, BIp holds in the special

realizability model V(Pw). O

Remark. Given the fact that we can represent Baire space in Pw, it is very
likely that the principle of BIy hold true in V(Pw). It would be very interesting to
investigate this and see how the proof will proceed but, due to time constrains we

are not carrying out this investigation in the present thesis.

5.3.3 The Fan Theorem in V(D)

Due to the complicated construction of Scott D., models we will first be addressing
simple D, models where we start with a simple complete partial order Dy and
look at its Dy, version in investigating (5.13). The simplest D,, model we shall be
considering in the present work is N, with Dy = NT from example (2.4.2) but, we

first give some definitions and fix notation that will be useful later.

5.3.3.1 Some Basic Definitions and Useful Notations

Definition 5.3.7. (i) A set R is said to be reqular if R is inhabited (i.e.3r r € R),

transitive (i.e. v € y € R = x € R) set and whenever b € R and S C b x R
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satisfies Vo € by € R (x,y) € S then, there exists C € R such that

Veebdye C (z,y) €S
andVy € C3x €b (z,y) € S

Write Reg(R) for R is reqular.

(i1) R is said to be a union closed regqular set, denoted by |J-closed Reg(R), if R

is regular and moreover Vr € R |Jr € R.
[35]

Definition 5.3.8. Let R be a | J-closed reqular set with w€R, and define the local

power set of w relative to R denoted by Prw as follows

Pro={CeR:C Cuw}
or equivalently
Pw)NR
which is indeed a set.
We also have the following useful lemma.

Lemma 5.3.9. (Pgw, C) is an w — CPO.

Proof. Let f:w — Pgrw be an w-chain then,

f(i) € Prw = f(i) Cwand f(i) € R

Now, range(f) € R since w € R and R is regular.

Next, let

b = Urange(f)
= J{f@) i ew}

= supf(i), as the ordering here is inclusion [37]

€W
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Note that Prw is not a C'PO since, if we consider an arbitrary X C Prw then
X C Prw # supX € Pruw.
As stated earlier, the first step in investigating the validity of FTp in V(D) is
to decide how D, thinks of natural numbers. However, in the literature there are
various approaches to modelling w in D,,. In the present thesis, depending on what

D, is, we consider the two approaches contained in the following definition.

Definition 5.3.10. (i) If Do, is guaranteed to contain a copy of w, for instance,
by taking Dy = N*T defined in Chapter 1 or Dy = Prw for Reg(R), starting

with this approach, one can model w by:
N(x) <= dncw Kyx(n)=x

with successor Sn defined in the wusual way.  This, gives the required
behaviour on the natural numbers N of D.,. The same would work if Dy
consists of the subsets of w in some regular set A with weA (e.g. Dy =
P aw, the local power set of w relative to the reqular set A) where the natural

numbers are modelled by:
N(x) <= Incw Koo({n})=x

with SN 1= K100(81) such that sy = AX € Do{y+1:y€ X} € Dy =[Dy —
Dy| gives the required behaviour on the natural numbers N of Dy,. [37]

(i) Modelling w by the Church numerals, in this approach w is modelled by:
N(x) <= dncw x=M.f"

This gives the required behaviour on the natural numbers N of D., with
successor, predecessor and test for zero that satisfy the corresponding arioms

for natural numbers in the theory PCA™T, see Section (2.2.1) are defined as



Chapter 5. Brouwerian Principles 90

follows:

Sen = Anfw. f(nfz)
Pon = Mnfr.n(Agh.h(gf))(Au.x)(Au.u)

Tzerocy = AMnxy.n(Az.y)x

[37]

Firstly, consider part (i) of definition (5.3.10). To investigate (5.13) we need to
start with a C' PO, Dy, such that its D, version contains w. Note that the simple
structure is Dy, = NI where we take the CPO Dy = NT would work in this
case. However, it is informative here to give the next definitions together with the

following lemma with the use of classical logic.

Definition 5.3.11 ([14], p.133). Ewvery partial function ¢ : N — N can be extended

to a total function ¢ : NT — NT defined as follows:

¢(n) for ¢(n) |

1 otherwise

¢ (n) =

and ¢*(L) = L.

Definition 5.3.12 ([14], p.133). There are two kinds of constant functions 1 :
Nt — N7 defined as follows for all p € N

(a) ¥ ' (n) =p (YneN) and ' (L) = L
(b) v ¢ "(n) =p (VneN) and ¢" (L) =p

Remark. If ¢ from definition (5.3.11) is a constant function with value p € N

then, ¥ is of the form ¢ where as, for all such functions ¢, ¢ is never of the form

o

Lemma 5.3.13 ([14], exercise 12.12). If  : Nt — N* s a function, then 6 is
continuous <= 6 has either forms ¢t from definition (5.3.11) or " from definition

(5.3.12)
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Proof.

(a)

h-i-

By definition , 6 is continuous <= (1) 6 is order-preserving
(2) for all directed X C N*

O(supX) = sup{f(z) : z € X}

Forz,ye Ntz <y<—=zxz=1LAyeNorxz=y.

Case 1 Ifzx=_1AyeN,then

0(z) = O(y) <= 6(zr) = L AN0(y) € N so that 6 is of the form ¢ or 0(z) =
6(y) in which case @ is of the form v".

Case 2 If z =y, then
O(zr) = O(y) <= 0O(x) = L AO(y) € N which cannot happen since

0 is a function , or #(z) = 0(y), in which case 6 satisfies any function including

¢t and "
O(supX) = sup{f(x) : x € X} for X directed.

X C N7 is directed <= (1) X is a singleton

(2) X is {L,n} withn eN

Case 1 If X is a singleton, i.e X = {x} for x € N*, then

O(supX) = 0(x) = sup{f(z)}.

Case 2 If X is {L,n}, for some n € N, then

O(supX) = O(sup{L,n}) = 0(n) = sup{6(L),6(n)} & 6(L) = L in which case
6 has the form ¢*, or (L) = (n), in which case 6 has the form v".

O

Next, let h : N — N be a given function. Then A may be extended to a function
: Nt — N7 defined as follows:

i () = h(z) if x € N

1 otherwise
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Note that A" is continuous and hence h™ € Dy by (5.3.13) and by the embedding of
D; into Do, bt can be viewed as an element of D.,. Thus, when n € N is modelled
by its embedding into Do, (Koeo(n)), every function h : N — N is represented in
the D, version of NT, denoted by NI | by K. (hT).

Likewise, if we start with Dy = Prw for some |J-closed regular set R containing
w where the D, version of this is a PCA™ which thinks of natural numbers as
the embedding of singleton sets of w, {n} € Dy into Dy i.e. n = Kyoo({n}) in [37],
where indeed for all n € N {n} € Prw. However, in this case when we extend a

function h : N — N to a function £ : Prw — Pruw, h is defined as
hMX) = {{h(z)} : z € X}

This function is continuous because it is the restriction of a continuous function from
Pw to Pw as was shown earlier in Section (5.3.2) and moreover, it can be viewed
as a member of D, by the embedding K 100(5). Thus every function h : N — N is
representable in Do, when natural numbers are modelled by Koo ({1}).

We conclude that when natural numbers are modelled as given in part (i) of

definition (5.3.10), FTp holds in the realizability structure V(D,,) provided that

wC Dy.

Theorem 5.3.14. If D, is the Scott’s Do, model containing w, say by taking Dy =
NT with natural numbers modelled by its embedding into Dy, (i.e. Koso(n)), then the
following hold:

(i) V(Dy) E FTp if FTp holds in the background universe.
(i) V(Ds) = Blp if BIp holds in the background universe.
Proof. The proof is similar to that of Theorem (5.3.6). O

Secondly, consider part (i7) of definition (5.3.10). In investigating (5.13) where
the natural numbers are modelled by the Church numerals, we claim that all
functions from N — N are representable.

To prove the claim we first need the following results:
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Definition 5.3.15 (Lambda Definability). Let ¢ : N* — N be a function with
k arguments. ¢ 1s said to be \-definable if for some term F € A

Vni,ng, ...,ng € N Frnyng..ny, =g ¢(ng,ne, ...,ng) (%)

where n is the n — th Church numeral in a PCA™ structure.

If (*) holds then, ¢ is A-defined by F.
Proposition 5.3.16. All computable functions are \-definable.
Proof. see [5], proposition 6.3.11. O

Theorem 5.3.17 ([6], Theorem 3.14). With respect to the Church numerals, all

computable functions can be \-defined.
Proof. See [6], Theorem 3.14. O

Proposition 5.3.18. Let D, be such that N C Do, s the set of the Church
numeral, and let f : N — N be a partial function. Then there is an element

p € Dy represents the function f.
Proof. consider the following two functions:
Teq:N— N —N and Tzero:N—N-—N — N

defined by:

0 ifm=n
Teqgmn =
1 otherwise
and
n ifm=20
Tzeromnp =

p otherwise

Note that we are choosing to use 0 for True and 1 for false.

Notation. For readability, write if m then n else p. The functions T'eq and T zero
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are representable in D, by Theorem (5.3.17) and since D, is a A-model.
Now for the given function f: N — N, write d,, for the f(n) — th Church numeral

and consider the following infinite sequence of A-terms:

po = Az. if (Teqx0) then dj else L.

p1 = Ax. if (Teqz0) then dy else (if (Teqzl) then dy else L).

pa = Ax. if (T'eqz0) then dy else ( if (T'eqx1) then d; else ( if (T'eqx2) then dy else 1)).

pn = Az if (T'eqz0) then dy else ( if (T'eqzl) then d; else ...( if (T'eqxn)

then d, else L )))...))) .
—

n-times

We can interpret these terms in D, which gives rise to an increasing sequence of
elements po C p1 C p2 C ... in Dy, because the term p, arises from the term p,_;
by replacing a subterm 1 by something else.

Now, let p be the least upper bound of this sequence within D.,. Moreover, we
claim that p represents f, i.e. d, =pen.

To verify this, we have

pen = (sup” p,)en by definition of p.
= sup”> (p,,en) by continuity of application
m>n
= supP~d,
m>n -

= d,.
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Theorem 5.3.19. For any applicative structure, Do, with natural numbers modelled

by the Church Numerals (i.e.n = Afx.f"z), the following hold:
(i) V(Dy) E FTp if FTp holds in the background universe.
(i1) V(Ds) = Blp if Blp holds in the background universe.

Proof. The proof is similar to that of Theorem (5.3.6). O



Chapter 6

Some Properties of CZF and
CZF + REA in the Universe of
Truth Realizability

In this chapter, we investigate soundness of the theories CZF and CZF + REA
in a different realizability structure, V*(A) called Realizability with Truth. V*(A)
has been introduced by Rathjen in [30]. In [30], Rathjen showed that CZF and
CZF + REA are sound for the special case of V*(K;). He showed further that
the disjunction and some other properties hold for CZF, however, the question of
whether we get similar results when moving from V*(K;) to V*(A) for an arbitrary
applicative structure, A4, was left open after [30]. The objective of this chapter is to
scan the proofs in [30] and make a conclusion about this open question in the world
V*(A).

In what follows we first review some terminology that will be useful later on. This
will be taken directly from [30] but we include it here for convenience as well as

fixing notation.

96
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6.1 Realizability with Truth

For an arbitrary applicative structure, A, assume that such structure can be

formalized in CZF, and that

CZF E Ais a model of PCA™

Notation.
(i) For a class C, write P(C) for the class of all sets b such that b C C.

(i) If x is the ordered pair (a,b), write 1%¢(z) and 2"¢(x) for the first and second

projections of x, respectively.

6.1.1 The general realizability structure

In this section we define the universe of truth realizability V*(A) built on any

applicative structure, A.

Definition 6.1.1. Ordinals are transitive sets with transitive elements. As before,

we use small Greek letters to range over ordinals.

Vi(A) = (J{{a.b): aevg b C A x V5(A); (Veeb)17(2"(c) € a}(6.1)

BE«

) = (JrA
Vo = [ JPy)

BEa

vV o= UVa-
o

In CZF it is not clear whether the classes V and V*(A) can be formalized.
However, using the fact that inductively defined classes is accommodated in CZF,
this can be shown in simillar to [28], Lemma 3.4.

The definition of V¥ (.A) in (6.1) is a bit involved. To make it clear we first note that
all the elements of V*(.A) are ordered pairs (a,b) such that b C |A| x V*(A). Next,
for an ordered pair (a,b) to enter V% (.A) the first requirement to be met is that for

some 8 € o, a € Vg and b C |A| x V5(A). Moreover, it is required that a contains
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enough elements from the transitive closure of b such that whenever (d, e) € b then

1%(e) € a.
Lemma 6.1.2. (CZF).
(i) For 3 € a, we have Vg C V, and Vi(A) C V;(A).
(ii) a €V, for all sets a, .
(iii) Let a,b be sets, such that b C |A| x V*(A) and (Vc € b) 154(2"(c)) € a, then
{a,b) € V*(A).

Proof. See [30], Lemma 4.2. O

6.2 Defining realizability

Having the set up, we can now proceed to define a realizability semantics over
V*(A), where we use small gothic letters as variables a,b,¢,9,¢,,g, ... ranging over
the elements of V*(A) whereas e, ¢, d, f,r,... will be used to range over elements of
the applicative structure A. Note that for all elements a of V*(.A4), a is an ordered
pair (x,y), where z in V and y C |A| x V*(A); and we let a° and a* to be the

components of a defined by

a® = 1"(a)=uz

at = 2"(a) =y.

Remark. For each a € V*(A), if (r,¢) € a* then ¢® € a°.
Notation. For a sentence ¢ with parameters in V*(.A), write ¢° for the result of

replacing each parameter a in ¢ with a°.

Definition 6.2.1 ([30], definition 5.2). In defining realizability, bounded and
unbounded quantifiers will be treated as syntactically different quantifiers.

For r € | A| and ¢ a sentence with parameters in V*(A), define r Il—i ¢ inductively
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as follows:

riF acb iff a®eb® A e [((r)o,c) €b* A (1) IF a=c
rlF a=b iff a®=0b" A VV[(f,¢) €at = (r)of IF, c€b]
AYFYC[(foe) €b* — (r)if IF, c € d]
rIE gaw it (R IE ¢ A () IF
rlIE oV it [(o=0A (M IF ¢] V [(F)e#0 A (1) IF ¢
rlE =g iff =¢° A VFSfIE ¢
rlE ¢ =y iff (¢° =) A YF[fIE ¢ = rfIF Y]
rlE (Ve ea) ¢ iff (Voea)s® A
VIVB((f, ) € a* — rfIF ¢lz/b])
rIE Gz ea)g iff 36 (((r)o,b) € a* A (1), IF, ¢z/b])
rIF Yeo iff VarlF, ¢lz/dl

rIF 3z iff 3arlF, ¢lz/d
Observe that r H—i reyandr H—i x = y can be defined for any sets x,y, i.e., not
just for z,y € V*(A). r II—:\t rEeyandr H—: x = y are defined by transfinite recursion.
More precisely, the (class) functions
Fe(zyy) = {re|A|l :r H—i r ey}
A
G_(z,y) = {rel|Al:rlk, z=y}

can be (simultaneously) defined on V x V by recursion on the relation
(c,d) <(a,b) & (c=aANdeTC() V (d=bAceTC(a), (6.2)

where TC(z) is the transitive closure of a set . Moreover, It was shown in
[34] Lemma 7.1 that CZF proves transfinite recursion on <. More precisely, this
principle is a consequence of Strong Collection (or Replacement) together with Set

Induction.
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Definition 6.2.2. Let = be a set, using €-recursion, define a set x* by:
" = (z,{(0,u") : u € x}). (6.3)
Lemma 6.2.3. For any set x, x5 € V*(A). Moreover, (z)° = x.

Proof. See [30], lemma 5.4. O

To show soundness for the theories CZF and CZF + REA, we require the

following lemmas that we quote form [30] but we skip the proofs here.
Lemma 6.2.4. If ¢)(b°) holds for all b € V*(A) then Va1 (z).

Lemma 6.2.5. If a € V*(A) and (Vb € V*(A))[b° € a° — (b°)] then (Vz €
a)y(z).
Lemma 6.2.6. If¢|F, ¢ then ¢°.

Theorem 6.2.7. Let 0(vy,...,v,.) be a formula of CZF with free variables among
V1,..., 0y and let p be a proof of O(vy,...,v.) in intuitionistic predicate logic with

equality. Then there exists a closed application term r, such that
CZF  (r, IF, Yoy ... Y0, 0(vy, ..., 0.).

Proof. See [30] Theorem 5.13. O

6.2.1 Realizability for bounded formulae
In the following we shall often have occasion to employ the fact that for a bounded
formula p(v) with parameters from V*(A) and = C V*(A),

{{e;c): el A Acex A elf, p(0)}

is a set. To prove this we shall consider an extended class of formulae.

Definition 6.2.8 ([30], Definition 5.14.). The extended bounded formulae are the
smallest class of formulas containing the formulae of the form z € y, x =y, e H-:
x €y, e H—: x = y (where x,y are variables or elements of V*(A)) which is closed

under A, V, -, — and bounded quantification.
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Lemma 6.2.9 ([30], Lemma 5.15.). (CZF) Separation holds for extended bounded
formulae, i.e., for every extended bounded formula p(v) and set x, {v € z : p(v)}

18 a set.
Proof. See [30], Lemma 5.15. O

Lemma 6.2.10 ([30], Lemma 5.16.). (CZF) Let o(v,uy,...,u,) be a bounded
formula of CZF all of whose free variables are among uy, ..., u,.. Then there there
is an extended bounded formula @(v,us,...,u,) and f, €| A | such that for all
a,...,a, € V'(A) and e €| A |,

-A — . ~ —
elb, (@) iff @(fee,d).
Proof. See [30], Lemma 5.16. O

Corollary 6.2.11 ([30], Corollary 5.17.). (CZF) Let ©(v) be a bounded formula
with parameters from V*(A) and © C V*(A). Then

{(e;e): e€|] A| Ncex A ell—icp(c)}

1S a set.

Proof. The previous two lemmas ensures that this class is a set. 0

6.3 The soundness theorem for CZF

Theorem 6.3.1. Let ¢ be a theorem of CZF. Then, there is an application term t
such that
CZF F (tIF ).

Proof. By Theorem 6.2.7 it enough to address the axioms of CZF, so that in what

follows we shall address them one after the other.

(Extensionality): VaVb[Vz(z € a +— x € b) — a = ).

Let a,b € V*(A) and suppose that there exists a realizer e € |A| such that

elF [(Vo € a)(z €b) A (Vo €b)(zca)
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We then have the following equivalences:

el [(Vo € a)(z €b) A (Vo €b)(z € a)
& (e)oF, (Vo ea)(z €b) A (e) IF, (Vo €b)(z € a)
& (Vo ea’)(z eb) A Ve((f,c) €a* = (e)of IF, c €b)] A

[(Vz € 6°)(z € a°) A Y0({g,0) € b* = (e)1g IF, d € a))]

(>

(Vxea®)(x€eb®) A (Ve eb®)(xea®) A OO,(e)o,a,b) A G(1,(e),b,a)
& a°=b° A 6(0,(e),a,b) A O(1,(e)1,b,a)

A
& elF a=b.

As a result, p(Az.x)(A\z.x) II—:‘t FExtensionality.

(Pairing): VaVydz(x € z A y € 2).

We need to guarantee the existence of an e € |A| such that
Va,b e V'(A)Ice Vi (A)elF accAbec (6.4)
By the realizability definition, we have the following equivalences:

elﬁtaecA bec
& (e)lF acch(e)lF bec
& a® e A [((e)o,d) € A (e)or IF, a=2] A

b° € ¢® A Fe[{(e)10,¢) € ¢* A ()11 Il-i b =¢

Set e = p(p0i,)(p0i,) and let ¢ = (x,y), with x = {a°,b6°} and y = {(0, a), (0,b)}.
Using 6.1.2, we see that ¢ € V*(.A). Thus, we have

a’,b% e ¢

and

(0,a),(0,b) € ¢*

Additionaly, we also have

i, F a=aandi IF b=b



Chapter 6. Soundness Theorem For CZF 103

Therefore, e H—i acc A becholds.

(Union): Ya3bVe € aVu € ¢ (u € b).
We define Union in the world of sets V*(A) as follows:
For each a € V*(A), put

Un(a) = (| Ja°, A), with
A {(h,b) : 3(f,¢) € a* (h,b) € "}

Note that (h,b) € A implies (h,b) € ¢* for some (f,¢) € a*, which yields b° € ¢°

and ¢® € a°, and thus b° € |Ja°. Then, Lemma 6.1.2, implies
Un(a) € V*(A).

We want to find a realizer e € |A| such that

e II—: Yw € aVu € w (u € Un(a))

By the realizability definition, for any (f,¢) € a* A ¢ € a°.

ef H—:‘t (Vu € ¢)(u € Un(a))

< (h,b)ec® A DB° e

Next, set

q:= Un(a).
From ¢ € a° A b° € ¢° infer that b° € (Ja°, so that b° € q°. And by the
realizability definition again, (efh)y = h, and we have ((efh)o,b) € ¢*, yielding
{(efh)o,b) € A which implies ((efh)y,b) € g*. Moreover, as i, H—:‘t b = b, we
conclude that efh H—: b € Un(a) verifying (6.5). From (6.5) we arrive at e =
Auv.poi, IF Va3g (Vw € a)(Vu € w)(u € q).

(Bounded Separation): Ya3bVz [z € b <> x € a A O(x)].

Let 6(x) be a bounded formula with parameters in V*(A). We are aiming to find
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realizers r, 7" € | A] such that for all a € V*(\A) there exists a b € V*(\A) such that
(rF.Veeblzea b)) A (IF Vo ealf(z) =z €b)). (6.5)
For a € V*(A), define

Sep(a,0) = {(pfg.c): frg€lAl A (g,c) €a” A [IF, Olz/cl},
b = ({zxea’: 0°(x)}, Sep(a,n)).

By Corollary 6.2.11, Sep(a, ) is a set, so that b is a set. To show that b € V*(.A)
let (h,c) be in Sep(a,#) which implies that (g,¢) € a* and f H—f£ 0z /c] for some
f,9 € |A|l. Hence, ¢® € a° and Lemma 6.2.6, implies 6°[z/c°] which entails that
¢ € {zr€a°: 0°(x)}. Thus, by Lemma (6.1.2), we have b € V*(A).
To show the first part of (6.5), we assume that (h,¢) € b* and ¢® € b°. Then we
have h = pfg for some f,g € |A|, (g,¢) € a* and f Il—i Olz/c]. As ¢® € b°, we
infer that ¢® € a°. In consequence, ¢® € a° and (g,¢) € a* with i, H—:‘t c=oc¢ as a
result p(h)qi, H—i ¢ € a and (h)p H—i f[z/c]. Furthermore, we have (Vz € b°)(z €
a° A 6°(z)) and thus we conclude that with r = p(p(Av.(v)1)i,)(Av.(v)o), we obtain
rIF: VeeblzeaAb(z).

Now, for the second part of (6.5), suppose that (g,¢) € a*, ¢ € a° and f Il—i
O[z/c]. Then, we have (pfg,c) € b*. Furthermore, by Lemma 6.2.6, f H—: Oz /<]

implies 6°[x/c°] so that ¢® € b°. Therefore

p(pf9)i, II—: ceb.

Finally, it follows from the definition of b that (Vz € a°)[0°(x) — x € b°], thus with
"= Auv.p(pou)i,

we see that r/ Il—j5 (Vo € a)[f(x) — x € b].

(Set Induction): For a formula, ¢(y), with parameters in V*(.A) and at most y free.
We would like to find an application term ¢ such that ¢ H—i 0 — 1, with formulas
6 and 1 such that 0 is the formula Va [(Vy € a ¢(y)) — ¢(a)] and ¢ is the formula

Va p(a). Note that §° — 9° is an immediate instance of Set Induction, and therefore
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it is enough to construct a term t with tg ”_:1 ¢(a) holds for all a € V*(.A), whenever
g I 6.
Now, for all a € V*(.A), suppose that

gl (Yyeapy) — oa). (6.6)

By Lemma 6.2.6, 6.2.4, (6.6) implies that

Va|(Vy € ap’(y)) — ¢°(a)]

Thus, by Set Induction, we conclude for all b € V*(A),

©°(b°). (6.7)

Next, assume that a € V% (A) and assume further that there exists a realizer e
such that for all b € g, V5(A), € H—i o(b).
From g “_i (Vy € ap(y)) — ¢(a), we have the following equivalences:

gl (Vy € aply)) — »(a)
& (Vyea®p’(y) — ¢°(a%) A
Ve* [ IF, Vy € ap(y) then ge* IF, o(a)]

Now, (Yy € a°p°(y))— ¢°(a®) is verified by (6.6) and e* II—:‘t Yy € ap(y) is
equivalent to V(f,b) € a* then e*f Il—i ©(b) by the realizability definition. Thus,
b € Upea V5(A), and hence e H—: ©(b), this e is constructed from arbitrary f € |A]

SO we may write e as:
Aukeu Il—:‘t Vy € ap(y) and g(Au.keu) Il—i5 o(a). (6.8)

Using recursion theorem for applicative structures one can construct an application
term ¢ with ¢f ~ f(Au.k(tf)u) holds for any f € |A|. In the above if we set e := tg

then, by induction on «, we see that tg H—: ¢(a) and therefore

t H—: Ya [(‘v’y € agp(y)) — gp(a)] — Vap(a),
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as required. (Infinity): To represent w in V*(A), the most obvious definition is

given by an injection of w into V*(.A), @ such that for any n € w, define

n = (n,{(kk): ken}) (6.9)
W = (w,{(n,n): neuw}). (6.10)

Observe that n° = n and w° = w. Using Lemma 6.1.2, one can clearly see that
n,w € V*(A). To show realizability of the Infinity axiom, we need to write the

axiom out in detail. Set L, to be the formula
Yu € v —u=u,
and put SC(u,v) to be the formula
VYyevy=u V yceul AN [u€ev A Yy €uy €.
Then the Infinity axiom is equivalent to
Jz (Vo € z[L, V Iu € zS5C(u,v)] A Yo[(L, VIu € zSC(u,v)) = v € x])(6.11)

Let 3z 9;,¢(z) abbreviates the formula of (6.11) then clearly, ¥5, ,(20°).

Now, we are trying to find realizers q* and q* such that:

at ¥, Y ew[L, V3uemSC(u,v)] (6.12)

at ¥ vo[(L, V3IuemSC(u,v) — v e (6.13)

rt

For (6.12), by the realizability definition, we have the following equivalences:

q" H—: Vo €w L, VIu€wSC(u,v)]
& Y(f,0) e = q fIF, L V3IuemSC(uc)
& Y{f.0em = [((aflo=0A (q"f)iIF, L)) v

(@ fo=1 A (af)iIF, Fue T SC(u,c))]



Chapter 6. Soundness Theorem For CZF 107

Suppose (f,¢) € w*. Then f =n and ¢ =7 for some n € w.

If n =0 then @ = (0,0) and therefore 0 Il—:J_c.

Otherwise we have n = k 4 1 for some k € w. If (m,m) € n* then m = k or
m € k. m = k yields i, ”_:t m = k by (3.1.9). Now assume that m € k. Note that
r I 7 € & is equivalent to 3¢[{(r)o,¢) € & A (r)1 I, T = ¢]. Thus pmi, IF, m € k

provides the desired realizer. Whence we have

dm k(pOi,)(pl(pmi,)) IF, (m =k Vv m € k).

3l

As a consequence of the foregoing with ((k) := Az.dz k(pOi,)(p1(p=zi,)), we have
(R Vyen(y=k Vyeck)

Note that pki, H—i k € m and \z.pzi, H—i (Yy € k)y € m, and hence p(k) H—:‘t ke
n A (Vy € k)y € m, where p(k) := p(pki,)(Az.pzi,). We also have k = pyn. Put

tn) = pp~n)(Pl(pyn))(p(pyn)))

we arrive at t(n) H—i Ju € wSC(u,m).
As a result, since n =0 or n =k + 1 for some k € w, n = f and 7 = ¢ we conclude
that

df0(p00)(p1t(f)) I, [Le V3u € @ SC(u,c)].

Therefore, with q* := Af.df0(p00)(p1lt(f)), " is a realizer for Vo € @ [L,
VIu € wSC(u,v)].
Conversely let a € V*(A) and suppose that

e IF 1, V3uecwSC(u,a). (6.14)

Then we have either

(e)o =0 and (e); H—:J_a or ,

(e)o =1 and (e); II—: Ju € wSC(u,a)

The first sitauation entails L, by Lemma 6.2.6 and hence a® = 0. Furthermore,
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. . . . N A
it also entails that a = (0,0). To verify this assume (f,¢) € a*. Then (e); f IF, = ¢ =
¢, or equivalently Vg € |A| —¢ H—: ¢ = ¢. But, since i, H—: ¢ = ¢ this is absurd, so

a* = 0 which yields that i, I, 0 = a and therefore
p(e)oi, IF, a € @. (6.15)

The second situation yeilds that ((e);)o = n for some n € w and ((e);); Il—z SC(m,a).

Therefore, by the definition of realizability we have the following equivalences:

(€)1 H—i Ju € wSC(u,a)
& Jel((e)1)o,¢) €T A ((e)1)1 IF, SC(c, a)

& de(((e)1)o,c) €W A ((6)1)1|F:1Vy€a[y:ﬁ Vyen| Anea A VyenyE a

Put s := ((e)1); then, one concludes that ¢, ”_i Vyecaly=nVyen),ts H—ft nea,
and t3 H—::5 Vy e ny € a, with t; := (s)o, t2 := ((s)1)o and t5 := (($)1)1.

The first aim is to cook up an application term q# where q” H—i a= m To
show this we first assume that (f,¢) € a*.

Then ¢, f H—:‘t c=nVcemnand (t1f)o =0 or (t1f)o = 1. However, (¢;f)o = 0 yeilds
(t1f)1 IF, ¢ =7, and thus pa(t, f); IF, ¢ € (n+ 1) . On the other hand, if (¢, f) = 1
then, (t,f); I, ¢ € 7, which implies that ((t£)1)o = k and ((t£)1)1 IF, ¢ = & for
some k € n. Hence,

*
7

ProT1 ”‘i (S (n + 1)

where 7; := ((t1f)1);. Thus, we conclude that
(f.yea” = qf) I, centT, (6.16)

such that q1(f) = d(t1f)o O(pn(tif)1)(Pror1).

Next, suppose that (f,¢c) € m* Then for some k € n + 1, we have f = k and
c=Fk Sothat k=n V k €n.

However, k = n implies k = 7, which yields t, H—: ¢ € a*, whereas k € n implies

tsk H—:j5 k € a, and hence t3k ”_:t ¢ € a. Therefore, as f = k we obtain ¢y(f) Il—:t c€a*
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with go(f) := dfnts(tsf). To sumurize,

(fioem+1) = @f)F cea (6.17)

With g := p(Af.q1(f))(Mf-qa(f)), (6.16) and (6.17) imply that g# IF, a = (n + 1).

Now r H—: a € w means 3¢ [((r)g,¢) € W" A (1), H—:t a = ¢, so we see that
# 1t =
p(n+1)q” IF, acw.

The upshot of the foregoing is that from (6.14), we can conclude (6.15) if (e)o = 0
and if (e)o = 1 then, (6.18) holds. Note also that from (6.14) (e)o = 1 implies
n+1 = Sxn = Sx((e)1)o. Hence, we infer that ¢°(e) ”_:1 a € @ where °(e) :=
d(e)o0(p(e)oir) (P(S ((€)1)o)a™).

Therefore, we have

at F Yo[(L, V3IuemSC(u,v) = v e (6.18)

rt

with 7% := Xe.l°(e).
We deduce from (6.12) and (6.18)that p(q™)(q™™) is a realizer for the axiom Infinity

axiom.

(Strong Collection): For a € V*(.A), suppose that g H—i Vo € adyp(z,y). Then,
by the realizability definition, we have

Vo € a® 3y e°(z,y) (6.19)

Furthermore, for all (f,b) € a*, gf H—i Jy p(b,y), ie., Ic € V*(A) gf II—: (b, c).
Using Strong Collection in the background theory, there is a set D such that the
following hold

V(f,b) € a*Ic € V*(A) [(p(gf)f,c) € D A gf IF p(b,0)], and  (6.20)
Vz e D 3(f,b) € a* e e V*(A) [z = (p(gf)f.c) A gf IF, p(b,c)].  (6.21)

In other words, D C |A| x V*(A). Note that (6.20) also entails that

V(h,c) € D3Ib° € a® p°(b°, ¢°). (6.22)



Chapter 6. Soundness Theorem For CZF 110

Now, apply Strong Collection to (6.19), we infer the existence of a set F such that
Ve €a®dy € Ep°(x,y) AN Yy € Edx € a° ¢°(z,y). Setting

Y = EU{c: 3k (k) e D),
2 = (Y,D).

However, (k,¢) € D entails ¢® € Y so 6.1.2 implies that ? € V*(.A) and by (6.22) we

conculde
Veea’Jy e Yo (x,y) AN VyeY o ea®p(x,y). (6.23)
Our aim is to cook up, from g, an application terms e, ¢’ with

e II—:‘t Ve € ady € 0p(x,y), (6.24)

¢ II—: Vy € 03z € ap(z,y). (6.25)

Note that by the definition of realizability, form (6.24) we have the following

equivalences:

(6.24) <& Vrxea®Iy€0°’(z,y) A V(f,b) €a”ef H—i Jy € 0p(b,y)
& Ve ea®Jy €0 p(x,y)

AY(f,8) € a* Fe({(ef)o,e) € 0° A (ef)1 IF, o(b,¢))

So, let (f,b) € a*. Then, using (6.20), one infers the existence of a ¢ € V*(A) with

(p(gf)f.c) €D A gf IE, o(b,¢). Therefore, p(p(gf)f)(gf) ¥, Jy € 9o(b,y). Let
e be such that

e = Mu.p(p(gu)u) (gu).

Taking into consideration (6.23), we get (6.24).

To show (6.25), we similarly have the following equivalences:

(6.25) & Vyed®Izea®’(x,y) A Vi{h,c)€d*eh H—i dr € ap(z,c)
& Vyed®dx €a®¢(x,y)
AY(h,¢) € 0" 3b({(¢'h)o, b) € a* A (¢'h)y IF, (b, c)).
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So, let (h,¢) € 9%, ie., (h,c) € D. (6.21) entails the existence (f,b) € a* and
g € |A| with h = p(gf)f and gf IF. ¢(b,¢c), and hence p(f)(gf) IF, Iz € a p(z,¢).
Therefore, putting ¢’ = Av.p(v)1(v)o, and since by (6.23) we also have Yy € 0° 3z €
a® ¢°(z,y) holds, so (6.25) is established.

Let ¥(u, z) be the formula Vo € w3y € zp(z,y) A Yy € 23z € up(z,y). Then
by Strong Collection we also get

Vo € a® Jy p°(z,y) — F20°(a’, 2) (6.26)
Therefore, from (6.24), (6.25) and (6.26) we conclude that

p(Ag.e)(Ng.€') H—i Ve e adyp(z,y) — Jzd(a,z2),

(Subset Collection): For a,b € V*(A), let ¢(z,y,u) be a formula with parameters
from V*(.A) and at most the free variables shown. The aim is to construct a realizer

r for which the following holds
r H—: JgVu Ve € a3y € bp(z,y,u) — v € g¢'(a,v,u)], (6.27)
and ¢'(a,v,u) is defined by the formula
Ve €ady cvp(r,y,u) A Yy €vdr € ap(r,y,u).

Let
e H—: Vo € ady € bp(z,y,u)

By the definition of realizability, we have the following equivalences:

e Il-i Ve €ady € bp(x,y,u) < Vrea®dyeb®p(z,y,u) A

V(f,¢) € a30({(ef)o,0) € 6" A (ef)1 IF, o(c,0,u))

First, we define B as follows

B = {(pef,0) : e, f €Al Aefl A((ef)o,d) € b}
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Observe that B is a set.
Next, set ¥(e, f, ¢, u, z) to be the formula

weV(A) Ae,felAlAefl AT [(pef,0) =z A ((ef)o,0) € b" A (ef )1 IF, o(c,0,u)].
Using Subset Collection we infer the existence of a set D such that
YuVe [V(f, ¢) €a* 3z € Bile, f,c,u,2) — Jw e DY'(a* e, u, w)}, (6.28)
where ¢'(a*, e, u, w) is the formula
V{(f,c) €ea"Izcwih(e f,c,u,z) A forallz € w3 (f,c) € a* (e, f,c,u, z).

Setting
D:={wnNB: we D},

(6.28) entails
YuVe [V(f, ¢) €a*3dz € ByY(e, f,c,u,z) — Jw € ZA)W(a*,e,u, w)} (6.29)
By invoking Subset Collection, there is a set C' with
VulVa € a®Jy € b°¢°(z,y,u) — Jv e CI(a°,v,u)], (6.30)

where J(z,v,u) abbreviates the conjuction Vz € z 3y € v°(z,y,u) A Vy € vz €

2% (z,y,u).
Now, for the existential quantifier 3¢ in (6.27), we need a witness in V*(A). To

define the witness, let

W o= {{(vU{: In(hc)ew}w): veC A we D},
E = CU{3": 5eW},
E* = {{0,3): €W}
¢ = (E EY). (6.31)

Since B C | A| x V*(A) and whenever w € D, we get w C |.A| x V*(A) so that using
Lemma 6.1.2, for all 3 € W, 3 € V*(A) holds. Hence, for 3 € W, we have 3° € E and
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(0,3) € |A| x V*(A) which by Lemma 6.1.2, implies ¢ € V*(A).
Next, for e € |A| and p € V*(A) satisfy

elF Vo € ady € bo(z,y,p). (6.32)
We thus obtain,
Ve € a®Jy € b°°(z,y,p°) and (6.33)

V{(f,¢) €a" 30 [((ef)o,0) € b* A (ef)1 IF, o(c,0,p)].

Therefore V (f,¢) € a*3z € B(e, f,c,p,z) which by (6.29), entails the existence
of w € D that satisfies V (f,¢) € a*3z € wi(e, f,c,p,2) and Vz € wI{(f,¢) €
a* (e, f,c,p, z). Unravelling the definition of ¢ yeilds

V(f,c) € a3 [(pef,0) €w A ((ef)o,0) € b* A (ef)r IF. o(c,0,p)](6.34)

¥ (9,0) € w3k [{(9)1,¢) € a” A ((§)0,0) €6 A (91 I, p(c,0,p)], (6.35)

with § := (9)o(g)1. Moreover, (6.32) entails that Vz € a°3Jy € b°¢°(z,y,p°) and
hence, by (6.30), there is a v € C such that

Ve € a®Jy € v°(z,y,p°) and Vy € vz € a® ¢°(z,y,p°).

Set 3 := (v U {0°: Jh(h,0) € w},w). Then we have (0,3) € ¢* with 3 € W. By
(6.35) and using Lemma 6.2.6, (h,0) € w implies that for some ¢° € a° we have
©°(¢°,0°,p°). Thus,

Yy € 3°3x € a° °(z,y,p°).

Thus, one concludes that
Ve € a®Jy € 3°¢0°(x,y,p°) A Yy €373z € a° p°(z,y,p°). (6.36)
Moreover, from (6.34) and (6.35) we also infer that

V(f,c) € a0 [(pef,0) €357 A (ef)1 IF: (e, 0,p)], (6.37)
¥ (g,0) € 3*3c [{(9).¢) € a* A ((9)ol9))1 IF, p(c,0,p)]  (6.38)
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Setting

my = Af.p(pef)(ef)i,
m; = Ag-P((Q)l)(((Q)O(Q)l)l)

(6.36), (6.37) and (6.38) implies that

m, IF Ve € a3y € 30(z,y,p),

m; Il—i Yy € 33z € ap(x,y,p).
Therefore, we have
pmom, I Vo € ady € 3p(z,y,p) A Yy €33 € ap(z,y,p). (6.39)

To summorize, we have shown that (6.32) entails (6.39). Using this together with
(6.30) and with the aid of the fact that C' C ¢°, we conclude that

Ae.pO(pmomy ) II—: Ve € ady € bo(r,y,u) — Jveey (av,p)

as (0,3) € ¢*.
Consequently, we obtain (6.27) with r := Ae.pO(pmmy). O

6.4 The soundness theorem for CZF +- REA

Next we show that the regular extension axiom holds in V*(A) if it holds in the

background universe.
Lemma 6.4.1. (CZF)

(i) If B is a regular set with 2 € B, then B is closed under unordered and ordered

pairs, i.e., whenever x,y € B, then {x,y}, (z,y) € B.
(i) If B is a regular set, then B N V*(A) is a set.

Proof. See [30] Lemma 6.1. O
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Theorem 6.4.2. For every axiom 0 of CZF+REA , there exists a closed application

term t such that
A

CZF + REA I (tIF 6).

Proof. We proceed similarly to [30], Theorem 7.2. In view of Theorem 6.3.1, we
need only find a realizer for the axiom REA. Let a € V*(A). Due to REA there

exists a regular set B such that a,2,|A| € B. Let

A = BnNV(A

¢ = (B,{(0,3) : 3€A}).

By Lemma 6.4.1(ii), A is a set and hence ¢ is a set. Moreover, as A C V*(A), it
follows that {(0,3) : 3 € A} C |A| x V*(A) and we observe that 3 € A implies
3 € B and hence 3° € B by the transitivity of B. Therefore, by Lemma 6.1.2 (iii),
¢ € V/(A). As a € B and B is transitive it follows that a® € B, thus a® € ¢°. Note

also that a € A yielding (0, a) € ¢*. Thus we conclude that
. A
pOi, IF acc. (6.40)
Let m and n be realizers for transitivity and inhabitedness of ¢, respectively, i.e.,

m K Yuecweuvec

nFE Jreccrec
By the definition of realizability,

mll—i VuecVvcuvec
~ A
& Y(r,a)ecmzlE Yveavec

& V(r,a) € ¢ V(y,b) € a*(ihz)y I, b ec

Thus, (mz)y = p0i, so m = Az.\y.pOi,..
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and

n H—i drecxzec
& Fa[((R)p,a) €t A (A) IF aec

& (n)y=0 A (n) IF:aec.

Thus, (n); = p0i, so n = pO(p0i,).

Therefore,
pmi I, Yue€cYocuvec A Jxcerce (6.41)

Since ¢® = B, it is also the case that Reg(c¢®) holds. Next we would like to find a

realizer q such that
qlF, Reg(c). (6.42)

To this end, suppose that (0,b) € ¢*, f € |A|, and ¢(z,y) is a formula with
parameters in V*(\A) such that

FIF Vo e b3y € co(x,y). (6.43)

Note that all elements of ¢* are of the form (0, u). As B is transitive and B is closed

under taking pairs we have ¢* C B, and thus(6.43) yields

VpVe ({e,p) € b* — (6.44)

3z e B3q[z={e,q) A (fe)o=0 A (0,9) € " A (fe)i I, o(p,q)])-
Utilizing the regularity of B and since b* € B, there exists 1 € B such that

VpVe [(e,p) € b* — Tz € uIq(z = (e,q) A (0,q) € & A (fe) H—: ©(p,q))]:(6.45)
AVz € adp,e [(e,p> eb* A 3q(<0,q> e ANz={(eq) A (feh H-i gp(p,q))}(GAG)

From (6.46) it follows that u C |A| x A C |A| x V*(A), and thus with

u = ({p° [ Fee[Al(e,p) €ut,u)
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we have u € V*(A) by 6.1.2. Moreover, the function (e, p) — p° defined on & maps
into B, so that by the regularity of B we have {p° | Je € |A| (e,p) € u} € B, thus
as B is closed under taking pairs we have u € B and hence u € BNV*(A) = A,

which yields (0,u) € ¢*. So we get
pOi, I, u € c. (6.47)

Let r be a realizer for the the statement Vo € b3y € up(z,y). By the definition of

realizability we have the following equivalences:

rIF, Vo e by eup(z,y)
& Ve, p{e,p) € b* = relF, y € up(z,y)]
& Ye,p) € 6" Jq [((re)o,q) € u™ A
(re)s I, é(p,q)].

and likewise we have

t II—:‘t Yy € udz € bp(z,y)
& Ve, q[le,q) € u* — te Iki dr € by(x,q)]
< Ve, q) € u* Ip [((te)o,p) € 6" A
(te)1 IF, é(p, a))-

Letting s(f) := Ae.pe(fe)y, (6.45) and (6.46) yield

s(f) IF, Yz € b3y € up(z,y), (6.48)
s(f) IF. Vy € w3z € bp(z,y). (6.49)

As ¢° = B and B is regular we also have

Vb e ¢ (Vo ebIy e c®p’(z,y) — (6.50)

Ju e ® Vo ebIy €up’(z,y) AVy € ulz € by®(z,y)]).
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We are looking for a realizer r such that

rIf whec(Veeby e cp(z,y) — (6.51)
Juec[VaebIy cup(z,y) AVy €uldz € byp(z,y)])
& (6.50) A V(0,b) € ¢ — (r0) IF, Vo € b3y € cp(a,y) —
Ju€c[Vz ebIy cup(z,y) AVy € ulz € bp(z,y)])
< (r0)f H—:t Juec[VzebIy cup(z,y) AVy € ulz € by(z,y)])
where f here is from (6.43)
< Fu[(((r0)f)o,u) € ¢ A ((r0)f)1 IFft Veebdy cup(r,y) AN Vy cude € bp(x,y)

Therefore, letting q := AAf.p(0)(ps(f)s(f)), (6.47), (6.48), (6.49) and (6.50)
entail that

qlF, vbec(Veebyecp(r,y) — (6.52)

Juec[VeebIy cup(z,y) AVy cude € bp(,y)]).

Choosing ¢(z,y) to be the formula vt C b x ¢ A (z,y) € v, we deduce from (6.52)
and (6.41) that

p(pmn)q H—: Reg(c).

Thus, in view of (6.40), we conclude that

p(p0i,)(p(pmn)q) IF, Ya3c[a € ¢ A Reg(c)].



Chapter 7

Preservation of Axioms of Choice
AC Under Realizability with
Truth

7.1 Truth Realizability for AC

On the basis of CZF, Rathjen showed in [33] that various choice principles including
AC,, DC, RDC, and PAx hold true under truth realizability (Il—z) defined on the
realizability class structure V*(A), for the special case of Kleene’s first model, K1,
providing that they hold in the background theory and it was left open whether this
is also true when V*(A) is the realizability structure built on an arbitrary PCA™
structure. The purpose of this chapter is to generalise the proofs in [33] concerned
with V*(IC;) and show that they can adjusted to work for V*(.A), too.

For a formula ¢ with parameters in V*(A), write ‘V*(A) |= ¢’ to mean that there
is an application term a with a Il—i ¢ holds and for a scheme of formulas SC, we
write V*(A) = SC to convey that for all instances ¢ of SC there is an application
term a depending on ¢ such that a H—: © is satisfied.

Since axioms of choice assure the existence of functions, the point of departure
in investigating these axioms over V*(.A) would be the isolation of pairs and ordered

pairs internal versions in the sense of V*(\A).

119
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7.2 Internal pairing

Definition 7.2.1. For a,b € V*(A), set

{a7b}v* = <{a07bo}7{<07a>7 <17b>}>7
{a}v* = {Cl, Cl}v*,
<av b)v* = <<uov bo)? {<07 {a}v*>v <1’ {Cl, b}v*>}>

Lemma 7.2.2. (i) {a,b}% = {a°, b°}.
(ii) (a,b)° = (a°,b°).

(i) {a, b}, (a,b),. € V*(A).

(iv) V(A) = c € {a, b}, < [c=aV c=b].

(v) V¥*(A) = ce(a,b),. < [c={a}, V c={a,b},].

Proof. See [33], Lemma 7.2. O

7.3 Choice Axioms in V*(A)

Theorem 7.3.1. (i) (CZF) V*(A) = AC*¥.
(ii)) (CZF + AC,) V*(A) = AC,,.

(iii) (CZF + DC) V*(A) E DC.

(iv) (CZF + RDC) V*(A) & RDC.
(v) (CZF + PAx) V*(A) = PAx.

Proof. In what follows we will repeatedly use the phrase that “e* is constructed
fromeq,...,e,” by which we mean the existence of a closed application term ¢ such

that ge; ...e, ~ €* holds in the PCA™, A.
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(i) From the proof of (6.3.1), recall that the set of natural numbers w is modelled
in V*(\A) by @, with @ given by an injection of w into V*(.A):

n o= (n,{(kk): ken}) (7.1)

w = (w,{(n,7m): new}. (7.2)

Now assume
el View3j € wl(i,j).
Then by the definition of realizability, we have

Vi e w°3j € w° (i, §) AV(f,a) € @b € V(A)(((ef)o, b) € T* A (ef)1 IF, (a, b))

Since, for (s,t) € wW*, t is uniquely determined by s we conclude from the

above the existence of a function g : w — w such that for each n € w

((en)o, g(n)) € T* A (en); IF, 0(@, g(n))

To internalize g we first let gy : w — V' such that go(n) = g(n) and ¢; : {n :

n € w} — V*(A) defined by g1(n) = (n, (m, g(n)),.). Next, define

h = <gvgl>

Note that ¢ = {(n, (7, g9(n),.) : n € w} C JA x V(A). As

127 ((n, (7, g(n)),.))) = 1M, 9(n)),.) = (A%, g(n)’) = (n,g(n)) € g, it
follows that h € V*(A).
Now, we first want to verify that § is, internally, in V*(.A) is a binary functional

relation whose domain is w. Suppose that
kIF (a,b),. €hand [ IF (a,c),. €h

Then this is equivalent to the existence of 0,q € V*(A) such that ((k)y,0) €
b A (k) IF (a,b),. =0 and (1o, q) € h* A (1)1 IF, {a,¢),. = q.

((k)o,0) € b*iff ((k)o,0) € b* has the form (n, (7, g(n)),.) and hence we have:

(K)o =n A (k)1 IF, (a,b),. = (@, g(n)),.. (7.3)



Chapter 7. Preservation of AC Under Realizability with Truth 122

and ((1)o,q) has the form (m, (i, g(m)),.), so that
(Do =m A (D11, (a,6),. = (7, g(m)),.. (7.4)

By Lemma (7.2.2), it follows that there exists a realizer d € |A| such that
d H—: n = m which yields by (6.2.6) that n = m. Thus, a realizer e¢* can be
constructed from k and [ such that e* H—i b=c.

Finally, we need to find a realizer for Vo € Wé(z, h(x)).

Since, Vn € w(en) Il—: 0(m,g(n)), (6.2.6) implies that ¥Yn €

—0

w0 (M, g(n)),ie¥n € wh(n,h°(n)). Moreover, as Vn € w(en); IF

rt

0(m, g(n)) and b* = {(n, (W, g(n)),.) : n € w}, we can construct a term q € |.A|
with q := Au.(eu); such that

(a(e))(n) IF, 6(7, (7))

and thus as pni, H—:‘t (m,g(n)),. €,

with j := Au.p(p(p(ew)oi,, pui,), (eu);), we obtain:

W,y €@ A (@,y),. €b A VAb(@,y)).

suppose
elF Vi e @3y o(i,y).
By the realizability definition, this is equivalent to:
Vi e w®3y6°(i,y) A V{f,a) €w*3Ib € V*(A)ef IF, 6(a,b)

A pair (f,a) € @* must be of the form (n,n) and hence, it follows that for all
nin w

Jblen | AenlF, 6(7, b))

Since AC,, holds in the background model, there exists a function H : w —
V*(A) such that
Vn € wen Il—i 0(m, H(n))
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(iii)

Next, we define the internalization of H in V*(A) as follows:

Let Hy:w — V and Hy : {n:n € w} — V*(A) with

and

Hi(n) = (1, H(n)),.

Define h (the internalization of H) by

b = <H07 Hl)

h € V'(A) as for all = in b*, = is of the form (n, (7, H(n)),.) and thus

12" (x)) = (n, (H(n))°).

To show that h provides us with the function required for the validity of AC,

in V*(A), we proceed similarly as in part (i) of this theorem.

Let a,u € V*(A) and assume

e H—i Ve € ady € ap(x,y)
and

e IF uea.

Then (7.5) is equivalent to
Vve((f,¢) € a* — F[{(ef)o,d) € a* A (ef)1 IF, ¢(c,0)]).

Moreover, (7.6) implies
wea® A Je((e)o,c) €' A (€)1 IF u=c,.
Consequently, (7.5) entails that
V(f.6) €0 B0 € V'(A) (9,0) € 0" " (£.), (9.9)).

with 5 (£, 0), (g.0)) s ef L Ag=(eflo A (ef)1 I o(c0).

(7.5)

(7.6)

(7.7)

(7.8)

Invoking DC in V, there exists a function F' : w — a* with functions Fj :
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w — Aand F; : w — V*(A) such that Fy(0) = (e*)o, F1(0) = ¢, Vn €
w (Fy(n), Fi(n)) € a*, and

A
¥n € w (Fo(n), Fi(m), (Fo(n + 1), Fi(n + 1))). (7.9)
Thus, (7.9) entails that for all n € w

e(Fo(n) 4 AFs(n+1) = (e(Fy(n)))o (7.10)
A (e(Fo(n)1 I @(Fi(n), Fi(n +1)).(7.11)

Next, define

fo= A, (Fi(n)*) : n € w},
g = {(ﬂ’ <ﬁ7 Fl(n)>v* > ‘ne w}v
h = (f.9)

h € V*(A). To verify this, we use (6.1.2) and the properties of internal pairing
since ((n, F1(n)),.)" = (n, (Fi(n))°) € f.

We claim that b is a function that validates DC in V*(A).

To verify the claim we first need to show that (in the sense of V*(A)) that b is

a functional binary relation with domain @. Towards this goal, suppose that
kIF (a,b),. € (7.12)
and
LIF (a,¢),. €h. (7.13)

Then (7.12) implies that there exists an element ? € V*(.A) such that ((k)o,0) €
b A (k) IF (a,b),. = 0.
((k)o,0) € b* entails that ((k)o,0) is of the form (n, (%, Fi(n)),.) for some

n € w. As a result,

(k)1 I, (a,b),. = (7, F1((n)),. and similarly (7.14)

(D1 I, {0, ¢),.. = (m, Fi(m)),, (7.15)
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This implies (by the internal pairing properties) that V*(A) = 7 = m which by
(6.2.6) yields n = m. So that Fi(n) = Fi(m) by functionality of F;. Therefore,
a realizer ¢ can be constructed such that é H—i b=rc.

Finally, we need to show that a realizer r constructible from e and e* can be

found such that
r(e,e) IF (0) =u A Vo € Tp(h(x),h(z +1)). (7.16)

Let s Il—: (0,¢y),. € b. Then this implies that there exists ¢ € V*(A) such
that ((s)o,c) € b* A (s) IF (0,¢),. = ¢ . However, {(s)o,c) € bh*
implies that ((s)o,¢) has the form (n, (7, F1(n)),.) so that (s)g = n,c =
(m, F1(n)),., and (s) |I-$ 0,¢4),« = (W, Fi(n)),. vyeilding V*(A) H-:‘t 0=mn
by the internal pairing properties. Applying (6.2.6) to the latter entails that
0 = n. Thus, V*(A) = ¢, = F1(0). In consequence of the foregoing and since
h(0) = ¢y A ("), H—i u = ¢, a realizer (r)p can be constructed from e* with
(r)o IF, B(0) = w.

As for the realizability of Vo € Wp(h(z),h(z + 1)). Since (7.9) entails that
there is an application term q € |.A| constructible from e using the recursion

theorem for applicative structures such that
q(0) = (¢")o and q(n+1) = (e(a(n)))o
Set p(n) := (e(q(n)))1, then

pni, I, (@, Fi(n)),. €

p(n) ”':1 o(Fi(n), Fi(n +1))

This proves that we can construct a realizer r(e, e*) from e and e* such that

(7.16) holds.

(iv) Since we know from ([27], Lemma 3.4) that RDC entails DC and working in
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the theory CZF + DC, the RDC follows from the following scheme:

Va (¢(z) = Jy [e(y) A Y(z,y)]) A b)) — (7.17)

ds(bes AVresdyesloly) A vlz,y)).

Therefore, with the aid of part (ii) of this theorem it is enough to prove that,
in the basis of CZF + RDC, (7.17) holds in V*(.A).

Thus, let b € V*(A) and assume that the following holds for some e,r € |A]

e Il—i Va (gp(x) — dy [gp(y) A w(x,y)]) (7.18)
and
rIE o(b). (7.19)

Then, (7.18) entails that

Va,c € V(A IF wla)) — [(ef)o IF, o(c) A (ef)r I, ¢(a,c)]. By the
validity of RDC in the back ground theory applied to the above, one can find
functions u : N — A, v: N — A, and [ : w — V*(.A) defined as follows:

u(0) =7, [(0) = b, and for every n € w, we have:

u(w) I p(i(n)  and  v(n) I v(i(n), i(n +1)) (7.20)

u(n+1) = (e(u(n)) and  v(n) = (e(u(n))):- (7.21)

From (7.21), and using the recursion theorem for PCA™, we can conclude that
there are application terms q, and q, can be constructed from e and r such
that for all n € w:

u(n) = qun and v(n) = q,n.

Define
0 = {n)":new} {(nln):newp.
0 € V*(A) is obvious. Next, let

tIF beo
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Then is equivalent to the existence of ¢ € V*(.A) such that
((t)o,¢) €0" A ()1 IF, b=c

We have ((t)o, ¢) € 0* entails that (t)o is of the form n and ¢ is of the form [(n)

for some n € w. Thus,
pOi, I b € 0. (7.22)
(7.20) implies that for all n in w
p(u()(v()) I, @(I(n) A $(ln), ((n+1))

Consequently, for all n in w
p(n+ 1) (p(u(w)(v(w) IF, 3y €2 [p(l(n)) A $(l(n),y)).

Hence, choosing an application term q which can be constructed from e and
r with the aid of recursion theorem for applicative structures satisfying qn =

p(n+ 1) (p(u(n))(v(n))) we conclude that

q II—: Ve eddy €0 [p(z) A P(x,y)]. (7.23)

Therefore, (7.22) and (7.23) yields that p(pOi,, qn) realizes (7.17).

Let a € V*(A). Since PAx holds in V, there exists a base Z and a surjection
f:Z—a Letg: X — a°and h: Y — a* and define
X" = {{0,u) :ue X}, (7.24)
Y' = {{sn(ho(v)),v): veY}, (7.25)

where hg : Y — A is defined by hg(v) := 15(h(v)).

Note that X’ is in one-one correspondence with X and Y’ is in one-one

correspondence with Y, which entails that X’ and Y’ are also bases. Put,

B = X UY (7.26)
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The latter implies that B is a base too, since X’ and Y’ have no element in
common and for any z € B we know whether z € X’ or z € Y’ by testing
1%%(2) against 0 using definition by integer cases for a PCA™ if N(1%!(z)) and
decide whether 1%(z) = 0 or not. If =N(1%*(2)) then ofcourse z € Y’. Thus,

we can define a function G : B — a°® such that

2nd (2 if ze X'
Gy =4 9 o (7.27)
(2m(h(27(2))))” if z€eY.
Note that indeed G takes its values in a® because g(2"¢(z)) € a° and for all
veY, (2"h(2((sn(ho(v)),v))))" = (2"¢(h(v)))" € a°. Moreover, as g is

surjective, GG is surjective as well.

Next, set
p(v) = ((SN(hO(v)))St, v . forveY, (7.28)
B' = {(ho(v),p(v)) : veY}, (7.29)
b = (B, B). (7.30)

b € V*(A) since by Lemma 7.2.2 and 6.2.3, we have:

(p(v)” =

So that, by (6.2.6) (iii), it follows that b € V*(A). Moreover, since
(p(v)° = (sn(ho(v)),v) € Y and Y’ is in one-one correspondence with Y,
which entails that @ is in one-one correspondence with Y and hence the map
v — (ho(v), p(v)) is in a one-one correspondence between Y and B’ proving

that B’ is also a base.

We now want to show that b is a base in the internal sense of V*(.4) and that
a is the surjective image of this b.

To show that we first need to define the surjection as follows:
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For v € Y, put

(v) = (p(v),2"(~(v))),. (7.31)
h = {(ho(v),l(v)) :vEY) (7.32)
fo= (G,h). (7.33)

To verify that § € V*(A), let = € §*. Then x € h and hence z is of the form

(ho(v),l(v)) for some v € Y. Consequently,

1(2"(@) = (1(v)° = ({pv),2"(h(v))),.)°

First, we are aiming to prove that
V*(A) | f is a surjective function from b to a. (7.34)
To show V*(A) = f C b x a, assume that there is a realizer e € |A| such that
el (¢,0),. €f

Then by the definition of realizability, there exists e such that {(e)o,¢) € f* A
(€)1 I {c,0),. =e.

However, {(e)o, ¢) € f* entails that ((e)o, ¢) has the form (hy(v),{(v)) and hence
(e)o = ho(v) and (€)1 IF, (¢,0),. = I(v) = {p(v), 2" (h(v))),. for some v in Y.
Now, from (7.31), (7.32) and (7.33), it follows that p(v) € b and we have a
realizer r € |A| with r Il—:‘t 2M(h(v)) € aiff (2"(h(v)))° € a® A Fe[((r)o,¢) €
a A (rh H—i 2" (h(v)) = e}, and hence (r)y = ho(v) as h is surjective and

¢ = 2"(h(v)). As a result,

p(ho(v))i, I, 2"4(h(v)) € a

Therefore, a realizer e* can be effectively constructed from e such that e* H-:
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¢ €b A D € a, establishing

V(A EfCbxa. (7.35)

Next, we aim at showing that § is realizably total on b. So suppose that
e II—: ¢ € b. Then by the definition of realizability, this is equivalent to the
existence of e € V*(A) such that ((e)g,¢) € b* and (e); H—i ¢ = ¢. Hence by
the definition of b*, we conclude that there is a v € Y with (e)g = ho(v) and
¢ = p(v), and thus, (e)oi, H—: (e,2"(h(v))),. € f using the definition of f.

In consequence, a realizer € can be constructed from e with
é H—:i ¢ is in the domain of §
. Thus, there is a realizer e* such that
A
e* IF, b C dom(f)
which with (7.35) entails that

V*(A) = dom(f) = b (7.36)

Next, we verify that § is realizably functional. = Suppose that k H—i
(¢,0),. € fand | IF (ce),. € f By definition of realizability the
first implies that there exists v € Y such that (k)g = ho(u) and
(k)1 Il—:t5 (¢,0),. = (p(u),2"(h(u))),. and likewise we have for some v €
Y, (I)g = ho(v) and (1), H—:‘t (c,e),. = (p(v),2"(h(v))),. consequently
and by the use of internal pairing properties we arrive at V*(A)
p(u) = p(v),i.e. V(A (Sn(ho(u)))™, u™),. = ((Sn(ho(v)))™,v™),., which
by Lemma (7.2.2) yields V*(A) = u* = v*. Using (6.2.6), the latter implies
(u®t)° = (v¥")%i.e.u = v. Therefore by functionality of h there is a realizer q

constructable from k£ and [ such that q H—:i 0 = ¢ arriving at

V*(A) | f is a function . (7.37)

To establish (7.34), it remains to verify that f realizably surjective.
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Let d H—i ¢ € a. By the realizability definition there exists ¢ € V*(\A) such that
{(d)g,¢) € a* and (d), II—: ¢ = e. Since h is surjective, there is a v € Y with
ho(v) = (d)o and e = 2"¢(h(v)). Now, we need to find realizers r, s € |A| such

that
rlIE p(v) € b (7.38)
sIF (p(v),e),. €F (7.39)

Then we have the following equivalences:
(7.38) & (p(v))° € 6° A Fo € V*(A)[((r)0,0) € 6" A (1)1 IF, p(v) =]
((r)0,0) € b* implies that (1)y = ho(v) and 0 = p(v), so we conclude that

pho(v)i, I, p(v) € b

And (7.39) & ((p(v),¢),.)° € ° A F0[(()0,0) €7 A ()1 I, {p(v), ¢)
with (($)o,0) € f* we conclude that (s)g = ho(v) and @ = [(v) and hence

=]

v*

pho(v)i, H—ft (p(v),e),. €f. So that, a realizer d’ can be constructed such that
d H—i ¢ is in the range of §.

Therefore, V*(A) = f maps onto a which together with (7.35), (7.36), and
(7.37) implies (7.34).

Finally, we show that internally in V*(A4) b is a base i.e.
V*(A) = b is a base . (7.40)

To establish this we first assume that there is a realizer e € |A| such that for

a formula ¢(z,y) the following holds:
e H—i Vo € b3y p(z,y) (7.41)

To verify (7.40) we need to show that a realizer ¢ can be obtained from e such

that

t I 3H [fun(H) A b=dom(H) A Vz € bo(z, H(z))].  (7.42)

rt
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Now, (7.41) entails
Ve € b° 3y p°(z,y) A Va,c) € b*ea H—: Fy (¢, y)
& Vo eb®Iye’(zr,y) A Via,c) € b"ea H—:‘t ©(c,0)
As b° = B = X’ U Y’ by the truth part of the above we have
Ve e X' 3y ¢°(z,y). (7.43)
The second part yields the existence of v € Y and 0 € V*(A) with

e(ho(v)) I, @(p(v),d). (7.44)

As X" and Y are bases, we can find functions I and J such that dom(/) = X’
and J : Y — V*(A) which satisfy the following

Vo e X' o°(z, I(x)), (7.45)

Yo €Y e(ho(v)) IF, p(p(v), J(v)). (7.46)

By (6.2.6), (7.46) entailes that Yv € Y ¢° (({((Sn(ho(v))™, (v)**),.)°, (J(v))°) =
©° ({sn(ho(v)),v), (J(v))°). Set z = (sn(ho(v)),v) then = € Y’ and thus

©°(x, (J(2"(x)))°). For the same reasons explained in (7.27) and since X' N

Y’ = (), we can define a function L whose domain is B = X’ UY” such that

L) — I(z) O if reX’ (7.47)
(J(2"(2)))" if zeY"

Hence,
Vo € b° ¢°(x, L(x)). (7.48)
Next, an internalization of L in V*(.A) is defined as follows: put

L = {(ho(v), (p(v), J(v)),. ) : vEY} (7.49)
[ == (L L). (7.50)

[ € V*(A) since for z € [* = L, it follows that x = (ho(v), (p(v), J(v)),. ) for

v
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some v € Y, and thus 1°(2"(z)) = ((p(v), J(v)),.)° = {(p(v))*, (J(0))?) =
(se(ho(v)), 0}, (J(0))°). Let y == (sn(ho(v)). v) then, y € ¥’ and (J(2))° =
(J(2™(y)))” € L. As a result, [ € V*(A).

Next, we aim at verifying that for some e* € |A| that can be extracted from

e, the following holds:

e* H—i fun(l) A b C dom(l) A Vx € by(x,[(x)) (7.51)

We first show that [ is realizably functional, so assume that
sIE (¢,0),. €l and tIF (c,e),. €L (7.52)

Then there are u,v € Y with (s)g = ho(u), (t)o = ho(v), (s) H—:
(c,0),. = (p(u), J(u)),., and (t); II— (c,e),. = (p(v),J(v)),.. Consequently,
by the internal pairing properties V*(A) E p(u) = pv) & V(A E
((sn(ho(u)))* uty,. = ((sn(ho(v)))™ ,v*!),. and hence there exists a realizer
d such that d H—: u®t = vt which by (6.2.6) implies (u**) = (v*!)° which by
(6.2.3) entails that v = v. Thus, from s and ¢ we can construct a realizer d’
such that d' I, 9 = e.

Next, we verify that b is in the domain of [. So suppose that
riF ceb

Then it follows from the realizability definition that there exists 0 € V*(.A)
with ((r)o,0) € b* A (1), IF, ¢ = 0.

As ((r)o,0) € b* has the form (hy(v), p(v)) for some v € Y, which implies that
(r)o = ho(v) and (r); H—: ¢ = p(v) and since (ho(v), (p(v), J(v)),.) € I¥, it is

clear that we can construct a realizer r* such that

r*(ho(v)) I} (ho(v), p(v)) € dom(l)
Therefore,

V' (A) E b = dom(l). (7.53)
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Finally we show that
r H—: Vo € bo(x,[(x)) (7.54)

for some 7’ € | A| that can be obtained from e.

Note that (7.54) is equivalent to

Va € 6° °(x, (I°(x))) A VIVe[(f,c) € b* 7/ f I (e, 1(c))].

By (7.45) the truth part is established. For the second part, every element
(f,¢) € b* has the form (ho(v), p(v)) for some v € Y and hence V(h,(v), p(v)) €
b* " ho(v) Il—i o(p(v), l(p(v))). Now, since (ho(v), (p(v), J(v)),. ) € I* and
e(ho(v)) H—:‘t o(p(v), J(v)) is satisfied by (7.46), we see that a realizer 7 can be

constructed such that

(7e)(ho(v)) IF, ¢ (p(v), [(p(v)))
As a result of the foregoing, we obtain the realizer ' such that
' IF V€ bo(z, ()

which completes the proof of (7.51).
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Conclusion and Outlook

Chapter 3 closes a gap in the literature in that AC** holds in all realizability
universes V(A) for any applicative structure A and moreover countable choice,
relativized dependent choice, and the presentation axiom hold in V(A) if they
happen to hold in V. Furthermore, it is shown that these preservation results can
be established in the metatheory CZF.

Chapter 4 is exclusively concerned with the realizability universe V(D). It is
shown that in this world there is an infinite set A which is in 1-1 correspondence
with its function space A — A. Rathjen has used this structure to develop a model
of set theory in which the equation X = X — X has a nontrivial solution (i.e.
X contains the naturals). The model is a model of intuitionistic IZF without set
induction.

It is known that bar induction and the fan theorem hold in V(/Cs) if they hold
in V [29],where Iy is the second Kleene algebra. In chapter 5 we showed that also
to be the case for two other types of applicative structures, namely V(A) is a model
of these Brouwerian principles when A is instantiated by the graph model and by
Scott’s D, models.

Chapters 6 and 7 address realizability with truth over V*(.A). Using the results
about realizability with truth from chapters 6 and 7, Rathjen has established these
derived rules for many intuitionistic set theories by employing Kleene’s second
algebra. T. Nemoto and Rathjen have also shown closure of many intuituionistic set
theories under the independence of premise rules for the finite types over N, where

they use realizability with truth over graph models.
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