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Abstract

In this thesis we investigate some aspects of Quantum Fields on BTZ black
holes in 1+1 and 142 dimensions. More specifically, we study how a ground
state in AdS spacetime becomes a thermal state when restricted to the ex-
terior region of the BTZ black hole. This ground state is for the quantum
linear real scalar field which satisfies the Klein-Gordon equation and also, in
the 142 dimensional case, for a general QFT satisfying the axioms of Alge-
braic Quantum Field Theory in Curved Spacetime. We also study how these
states map to states on the conformal boundary of AdS spacetime. In or-
der to do this we use Algebraic Holography, Boundary-limit Holography and
Pre-Holography. As a preparation, we give an exposition of AdS spacetime,
we review the principal aspects of the 14+1 and 1+2 dimensional BTZ black
holes and their mapping to the boundary of AdS spacetime. In both cases
they map to part of the boundary of AdS spacetime. In the 141 case we find
that the restriction of the equivalent global vacuum or the Poincaré vacuum
on the boundary becomes a thermal state (KMS state) when restricted to
the BTZ black hole. In the 1+2 case we find that the Poincaré vacuum be-
comes a thermal state too when restricted to the exterior of the BTZ black

hole. In both cases the temperature of the state is T = ==, where k is the

2
surface gravity. In 142 dimensions we give as a concrete model the quantum
linear real scalar field. When we study these states in the boundary of AdS
spacetime we use standard techniques of Conformal Field Theory. One of
the main conclusions we get from our investigation is that in certain sense
the Hawking effect in the eternal BTZ black hole maps to the Unruh effect
on the boundary of AdS spacetime. In the final part of this thesis we study
the brick wall model for these black holes for the quantum linear real scalar
field. In both cases we obtain the two point function for the vacuum and
thermal states in the bulk and on the boundary. We also study the expecta-
tion value of the renormalized energy-momentum tensor in 141 dimensions
for the conformal massless quantum real scalar field. Most of this thesis fits
in the framework of AdS/CFT in QFT which is more limited than AdS/CFT

correspondence in string theory.
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Preface

“I do not know what I may appear to the world, but to myself I
seem to have been only like a boy playing on the seashore, and
diverting myself in now and then finding a smoother pebble or a
prettier shell than ordinary, whilst the great ocean of truth lay

all undiscovered before me.”
Sir Issac Newton!

The present thesis contains essentially all the written work which I carried
out as PhD student in the Department of Mathematics of The University of
York during the last three and a quarter years. In one way or another it
reflects a part of the change that my conception of physics and mathematics
has undergone since I came to York. This change has been produced by ex-
ternal and internal sources. The external sources have been principally from
mathematical physics thinking. While being in York I have been exposed to
more mathematical physics than before. Principally because of the suggested
reading from my supervisor, Dr. Bernard S. Kay, and through conversations
with him. I have no doubt that by following his suggestions and advice I
have grown up a lot as a mathematical physicist.

Along with this formative process, this thesis also reflects the conclu-
sion of a project proposed by my supervisor which grew through interesting

conversations. In order to carry out this task I tried to understand, some

In D. Brewster, Memoirs of the life, writings and discoveries of Sir Isaac Newton,
Edinburgh: Thomas Constable and Co., Hamilton, Adams and Co., London 1855 (reprint
Johnson Reprint Corporation, New York and London, 1965 Vol. 2, p. 407).



times with success others without it, part of the theory and applications of
Quantum Field Theory in Curved Spacetime (QFTCS).

In this work the reader will find some applications of QFTCS to BTZ
black holes in 1+1 and 142 dimensions. As the reader will see, these ap-
plications lead naturally to studying QFTCS on AdS spacetime and also to
relating quantum fields on BTZ backgrounds to the AdS/CFT correspon-
dence.

Also, the reader could see aspects of the Unruh and Hawking effect treated
in a pedagogical form.

The two first chapters are essentially geometric whereas the rest of the
thesis contain mostly aspects of quantum field theory. In particular Chapter
3 can be considered as the background on quantum field theory to under-
stand this thesis. The results are principally in the last three chapters and
appendices although the Chapter 2 has also some new aspects, especially
the Section 2.3. In Appendix F, we added an essay on the quantization of
the real linear scalar field which could serve as a first reading in algebraic
quantum field theory.

It just remains to say that any errors of any type are completely my
responsibility and that I hope the reader will find this work useful and inter-

esting.
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Introduction

In recent years there has been great interest in the so-called AdS/CFT cor-
respondence. It seems fair to say that the majority of works on this topic
belong to the string theory framework. However, with a more limited scope
than in this framework, in the context of Quantum Field Theory (QFT),
also some approaches to the AdS/CFT correspondence have been proposed.
More precisely, in the context of Algebraic Quantum Field Theory (AQFT)
there appeared Algebraic Holography (AH) [70]. Algebraic Holography re-
lates a covariant quantum field theory in the bulk and a conformally covariant
quantum field theory on the conformal boundary? of AdS spacetime. In this
sense AH gives an AdS/CFT correspondence too. Also there appeared the
boundary-limit holography [12] where there has been constructed a corre-
spondence between n-point functions of a covariant quantum field theory in
the bulk and a conformally covariant quantum field theory in the boundary
of AdS spacetime. More recently, partly motivated by these works, there
appeared Pre-Holography [57], which studied some aspects of the correspon-
dence between linear field theories in the bulk and in the boundary of AdS
spacetime by using the symplectic structure associated to the phase space
of the Klein-Gordon operator. When we take into account these works, it
is clear that even at the level of QFT there are interesting aspects of the
AdS/CFT correspondence which deserve to be studied. Amongst the aspects
of the AdS/CFT in QFT?® which have been studied so far is, for example,
how the global ground state in the bulk of AdS spacetime maps to a state in

2From here on, instead of writing conformal boundary of AdS spacetime we will just
write boundary of AdS spacetime unless a confusion can arise.

3By AdS/CFT in QFT we mean AH, the boundary-limit holography and Pre-
Holography since all them fit in the QFT framework.
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its boundary [57].

In QFT, besides ground states, equilibrium thermal states are outstanding
elements in the theory. So, after studying the mapping of a ground state it
is very natural to ask how an equilibrium thermal state maps from the bulk
to the boundary of AdS spacetime. This issue is more appealing when one
knows that models of black holes can be obtained from AdS spacetime. In
particular it is known that in 142 dimensions there exists a solution to the
Einstein’s field equations which can be considered as a model of a black hole,
the BTZ black hole (BTZbh) [11]. This solution can be obtained directly from
Einstein’s field equations or by making identifications in a proper subset of
AdS spacetime [11].

The main purpose of this work is to study how a ground state in AdS
spacetime in 142 dimensions is related to an equilibrium thermal state in the
BTZbh and how it maps to the boundary of AdS spacetime under AdS/CFT
in QFT. One of the main conclusions we obtain from our investigation is
that in a certain sense the Hawking effect for the eternal BTZbh maps to the
Unruh effect in the boundary of AdS spacetime and vice versa.

In order to carry out our objectives, we are faced with the issue of study-
ing quantum fields on BTZ black holes. Apart from the main purpose just
mentioned we have also studied the brick wall model [67] in 1+1 and 142
dimensional BTZ black holes for the quantum linear real scalar field. We also
study the expectation value of the renormalized energy-momentum tensor in
the 141 dimensional BTZ black hole for the conformal massless quantum
real scalar field. These two aspects of our work are complementary to our
study of thermal states in AdS and BTZ backgrounds and also shed some
light on the thermal properties of a field propagating on these backgrounds.

In our study, the symmetries of AdS spacetime are fundamental. The
principal fact is that the group SOy (2,d) acts in AdS spacetime and in its
conformal boundary. In AdS spacetime it acts as the isometry group and in
its conformal boundary as the global conformal group. This is fundamental
in making AH possible. Also, although indirectly, the Tomita-Takesaki and
Bisognano-Wichmann theorems play a fundamental role. These mathemati-

cal aspects are relevant when addressing our problem in the abstract setting.

12



When we give a concrete heuristic example of this formalism we use the pro-
cedure given in [12] to obtain a two point function in the boundary of AdS
spacetime from a two point function in its bulk.

This thesis is organized as follows: in Chapter 1, we give a self-contained
introduction to the geometry of AdS spacetime emphasizing the aspects of
AdS spacetime relevant for this work. We also discuss some issues for the par-
ticular cases in 141 and 142 dimensions. In both cases we introduce global
coordinates and Poincaré coordinates in the 1+2 dimensional case. This
chapter can be used as an introduction to the geometry of AdS spacetime.
In Chapter 2, we discuss the BTZ black hole in 1+1 and 142 dimensions giv-
ing the necessary concepts we need in the later chapters. We also introduce
a model for a 1+1 dimensional BTZ black hole by using just the geometry of
AdS spacetime. Also, we explain how the BTZ black hole maps from the bulk
of AdS to its conformal boundary. In Chapter 3, we introduce the necessary
elements of Quantum Field Theory in Curved Spacetime. Especially we give
the basic elements of canonical quantization. We also introduce the concept
of conformal vacuum and the KMS condition. This condition is very relevant
when we study thermal states in the later chapters. In Chapter 4, we give
our principal results. We show that the global vacuum coincides with the
Poincaré vacuum in the one dimensional boundary of AdS spacetime in 141
dimensions. We also show how this vacuum becomes a thermal state when
we pass from the global vacuum or Poincaré vacuum to the BTZ coordinates.
This is done by using some results from Pre-Holography [57]. These results
are in agreement with previous work [77] where there has been shown that
the global vacuum and the Poincaré vacuum are equivalent in the bulk of
AdS spacetime in 141 dimensions. Later we show how a ground state in
AdS spacetime in 142 dimensions maps to a ground state in the boundary
of AdS spacetime. In order to carry this out we use AdS/CFT in QFT. The
principal fact is that when we restrict the Poincaré vacuum to the exterior
of BTZ black hole, it becomes a thermal state. This thermal state maps
to the boundary in a clear way. Roughly speaking, this is tantamount to
saying that the Hawking effect in the eternal BTZ black hole corresponds
to the Unruh effect in the boundary of AdS spacetime. The Unruh effect

13



takes place in the conformal boundary of AdS spacetime. In Chapter 5, we
discuss the brick wall model [67] for the BTZ black hole in 141 and in 142
dimensions for the quantum linear real scalar field. In both cases we obtain
two point functions in the boundary corresponding to a vacuum and a ther-
mal state. In the 141 case the thermal two point function coincides with
the thermal two point function obtained in Chapter 4 when the brick wall is
removed. In Chapter 6, we discuss the expectation value of the renormalized
energy-momentum tensor for the 1+1 dimensional BTZ black hole for the
conformal massless quantum real scalar field. We obtain closed expressions
for its expectation value in the Hartle-Hawking state. In Chapter 7, we give
some final comments, in particular we argue that by restricting the global
vacuum in 142 dimensions to the Poincaré chart we do not obtain a ther-
mal state. However the proof of this conjecture is still open. In Chapter
8, we give our conclusions and perspectives. In Appendix A, we discuss the
Unruh effect in 141 dimensions for the massless real linear scalar field. In
Appendix B, we calculate the finite transformation of the global conformal
group in 141 dimensions. We also introduce the usual complex coordinates
in conformal field theory and give the Lie brackets between the generators of
the AdS group. In Appendix C, we show that AdS spacetime has a Misner
spacetime at infinity in an appropriate parametrization. In Appendix D, we
calculate the two point function in AdS spacetime by using the conformal
vacuum defined with respect to Poincaré time. In Appendix E, we show that
for vanishing boundary condition at infinity there is no superradiance in the
BTZ black hole. In Appendix F, we present an essay on the quantization of

the real linear scalar field.

14



Chapter 1
Aspects of AdS spacetime

In this chapter, we introduce AdS spacetime and discuss some aspects of it
relevant for this work. At some point we focus the discussion on the 1+1

and 142 dimensional cases due to their relevance for our purposes.

1.1 AdS spacetime in 14+d dimensions

AdS spacetime is a solution of the Einstein’s field equations in vacuum with

negative cosmological constant, A,
1
R, — §ng, + Agu =0, (1.1)

where R, is the Ricci tensor, R is the scalar curvature and g,, is the
Lorentzian metric of the spacetime [46]. It is a spacetime with constant
negative curvature!. In 14+d dimensions it can be introduced as follows: Let

us consider R*t4 endowed with metric

ds® = 1, dX"dX", (1.2)

1See, for example, [79] for a discussion of AdS spacetime in four dimensions.
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Figure 1.1: Schematic AdS spacetime in 1+d dimensions.

where 7, = diag(—1,—1,1,1,...); the three dots denote d — 2 entries with

ones. This metric defines the scalar non positive definite inner product
X - X'=n,X"X" (1.3)

between any two elements of R**4. We are implicitly identifying T},(R**?) ~
R2+4 at each point p of R?*¢. We denote the resulting non-Euclidian space as
R4 AdS spacetime can be identified with the hypersurface in R?¢ defined

by
1+d

XXy X =1 (1.4)
n=2
where [ = w and with metric induced by the pull back of (1.2) to

(1.4) under the inclusion map. The coordinates X° and X! are, let us say,
timelike, whereas the others are spacelike. Note that the equation (1.4) is
invariant under the identification X < —X. AdS spacetime has the topology
of St x RY, see figure 1.1.

In this work we are interested in studying some aspects of AdS spacetime

16



at infinity. Now we explain what we mean by AdS spacetime at infinity. Let

us consider the quadratic equation in R3+4

14+d
QY)=W?— X% - X"+ 3" xr2 (1.5)

p=2

where Y = (W, X). We introduced the coordinate W in order to make our
calculations more rigorously. Because of the homogeneity of @), the locus of
points where Q(Y) = 0 is invariant under Y — AY. In particular we can
always find a A such that we recover (1.4) for any W. Also on Q(Y) = 0 we
can fix W and let X — oo and at the same time multiply all the equation

by a small X. In the limit of this procedure we get

1+d

0?4 X1 = ZXW (1.6)

We call (1.6) the 2+d-dimensional null cone and denote it by C?>T¢. This
cone can be considered as the limit of (1.4) when X — oo and is the com-
pactification of a d-dimensional Minkowski spacetime. This can easily be
visualized in the 14+2-dimensional case where the hyperboloid of one sheet
defined by (1.4) is asymptotically C**2 when X — oo. Now we can introduce
a d-dimensional Minkowski spacetime in (1.6), see [42] for the 6-dimensional

case. We define the coordinates of this Minkowski spacetime to be

XH

g = X0 X w=172 ..4d. (1.7)

The metric on this spacetime is given by 7, with the entries 0 and d + 1

deleted and non positive inner product
5 . 5 — (XO + Xd+1>71<X0 . XdJrl). (18)

These coordinates do not cover all the manifold, points at infinity are left out.
The null cone C?*4 is also invariant under X < —X, hence AdS spacetime has

a compactified Minkowski spacetime at infinity modulo this identification.

17



From (1.6) we can see that the topology of C2*? is the topology of SxS?~1/+£1.

The quadratic equations (1.4) and (1.6) have a common property: they
are both invariant under the group O(2,d). In particular they are invari-
ant under the connected component of this group, namely SOg(2,d). How-
ever the action of this group has a different meaning when acting on these
quadratic equations. On (1.4) it acts as rotations of R?>™¢ which preserve
(1.4), and we will call it AdS group; whereas it acts on (1.6) as the global
conformal group in d-dimensional Minkowski spacetime.

The generators of the AdS group are

J()l = X03X1 - X18X0 ‘]ON - XOaXu + X“@Xo

(1.9)
J,,u = X"Oxu — X*O0xv Jlu = XlaXu -+ X“8X1

where pu, v = 2,3,...1 + d. These generators form a base for the Lie algebra
of the AdS group. The elements of the AdS group can be obtained by ex-
ponentiation of the elements of this algebra [87]. In Appendix B, we do this
explicitly for d = 2. From (1.9) we see that the metric of AdS spacetime in

w killing vectors. Hence AdS spacetime is

1+ d dimensions admits
a maximally symmetric spacetime [88], [23]. Its Riemann tensor, Ricci tensor

and Ricci scalar are given respectively by

1
R;wa& = —l_2 (guagué - guégva) ) (110)
d
R;w = _l_2gW’ (111)
po_dd+l) (1.12)

l2

1.2 AdS spacetime in 141 dimensions

In 141 dimensions the equation defining AdS spacetime is

—u? — v 2? = % (1.13)

18



We can parameterize this equation as
u=Isecpsin\ v =IsecpcosA 1z =Iltanp, (1.14)

where A € [0,27) and p € (—n/2,7/2). These coordinates are known as
global coordinates. With this parametrization the metric for AdS spacetime

(AdS metric) is given by
ds® = >sec? p (—d)\2 + dp2) : (1.15)

We can conformally map this metric to the strip p € [—m/2, /2] of the two

dimensional Minkowski spacetime with metric
ds* = O%ds® = —d)\? + dp?, (1.16)

where () = %cos p. We can draw a Penrose diagram for AdS spacetime in
141 dimensions by taking half of the strip p € [—7/2,7/2] as shown in figure
1.2.

So far we have not implemented the symmetry X < —X. This sym-
metry can be implemented in global coordinates in AdS as follows. Let
Py [—m,m)x[-7/2,7/2] — [—m, 7) x [—m/2,7/2] be the operator defined by
Py(\p)=(\,—p)and Ty : [—7,m) X [-7/2,7/2] — [—m,7) X [=7/2,7/2] the
operator defined by Ty(\, p) = (A=, p) for A € [0, ) and T2(A, p) = (A+7, p)
for A € [—7,0). Then ToPa(\, —7/2) = PyTy(\,7/2). Hence under the si-
multaneous action of 75 and P, we just need to consider the region with
A€ [—m0)as AdS/ £ 1.

For further reference we give the Killing vectors for AdS spacetime in 1+1

dimensions in global coordinates

Juw = U0y, — 00, = —0y, (1.17)
Juz = w0y + 20, = cos psin Ad, + sin p cos Ady, (1.18)
Jyz = 00y + 20, = cos pcos AJ, — sin psin AJj. (1.19)

19



p=0 . p=n/2

i
Figure 1.2: Penrose diagram of AdS spacetime. The two disjointed points, it and i~,
represent future and past infinity respectively.

These vectors satisfy

[y Jag) = Nwadup — Nuadvs — NupJua + Mupdva (1.20)

where 7y, = Nyy = —1zx = —1 with all other entries zero.

1.3 AdS spacetime in 142 dimensions

The discussion of AdS spacetime in 142 dimensions follows similar lines to
the 141 dimensional case, however there are some important differences. It
can be identified with the hypersurface in R?? defined by

—u? — v+ 2y = 12 (1.21)

Now let us introduce the global and the Poincaré charts. Global coordi-

20



Figure 1.3: AdS spacetime in global coordinates.
nates (A, p,#) can be defined by

v = [secpcos A u = [sec psin A

x = [tan pcosf y = ltan psiné, (1.22)

where (A, p,0) € [—m,7) x [0,7/2) x [—m, 7). In these coordinates the metric
is
ds® = *sec? p (—d)\2 + dp? + sin? pd92) ) (1.23)

In these coordinates we can represent AdS spacetime as a cylinder, see figure
1.3. From (1.22) we see that p — /2 corresponds to infinity. The metric

(1.23) is not defined on this point, however we can define what is usually

1

called an unphysical metric as d3* = Q*ds* with Q = ;

cos p and get
ds* = —d\* + dp® + sin® pd6”. (1.24)

This metric is well defined for p € [0,7/2]. When constructing a Penrose
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diagram for AdS spacetime this is the metric most commonly used [46]>.
This is the metric of the Einstein universe, but it cover just half of it since
p € [0,7/2]. Using this conformal mapping we can attach a boundary to

AdS spacetime. This boundary is given by p = 7/2 and its metric is
ds; = —d\* + df>. (1.25)

The topology of the boundary is S' x S'. In order to avoid close timelike
curves it is customary to work with the covering space of AdS spacetime
(CAdS), i.e., by letting A to vary on R, and then the boundary of CAdS is
an infinitely long cylinder R x S*. It is again an Einstein universe but in 141
dimensions.
Poincaré coordinates (7, k, z) can be introduced as follows: define
v+t U= U Y

= T=— k= 2. 1.2
2 "=Tp Im Im (1.26)

Then (1.21) takes the form

mnl* 4+ Pm? (T? — k*) = I%. (1.27)
From (1.26) we have
l2
U:E(m—l—n). (1.28)

Now, using (1.27) in (1.28) we obtain

1
v:%(1+m2 (P+ kK —T7). (1.29)

Defining z = %
U:2—1Z(22+l2+k2—T2). (1.30)

Doing analogously for x and using the definition of 2z in v and y we get

2However there are other possibilities. The interested reader can see [81] and references
therein. For our purposes we attach to (1.24).
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A=-T
Z7=00 z=0

p=m/2

Figure 1.4: A transversal section of the Poincaré chart.

Poincaré coordinates

L 5 0o 2 2 T
S T -
) 7 (z + 1+ k ) U g
1 lk
= —(P—-224T%—k? ==, 1.31
x 5 ( 2+ ) Yy . (1.31)
In these coordinates the metric is
l2
ds* = — (—dT” + dk* + d=?) (1.32)

22

where (T, k, z) € (—00,00) x (—00,00) x (0,00). Actually Poincaré coordi-
nates can also be defined for z < 0, in this work we use the chart with z > 0.
From (1.31) we see that z = 0 corresponds to infinity. Hence from (1.32) we
see that the boundary of AdS spacetime covered by Poincaré coordinates is
conformal to a flat spacetime in 1+1 dimensions®. A section of the Poincaré
chart is represented in figure 1.4.

AdS spacetime can be expressed also as a warp product [68]. By making

3From (1.32) we see that for T' = const. we have the metric of the Poincaré half-plane
model for the hyperbolic plane. Hence the name of the coordinates (T, k, z).
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z = e~ % we have

ds® = 1%e* (—dT? + dk?) + 1%dg? (1.33)

which is the warp product R x . R, where RY! denotes a 1+1 dimensional
Minkowski spacetime. This Minkowski spacetime is called a fiber or a 2-
brane.

We point out that the exposition given so far in this section can be gen-
eralized to any dimension. See for example [9].

Now let us consider AdS/ £ I. In this case the identification X < —X
can be implemented as follows. Let P : [—m,7) x [0,7/2) X [-7,7) —
[—m, ) %[0, 7/2)x [—m, 7) be the operator defined by P3(\, p,8) = (A, p,0—m)
for 6 € [0, ) and P3(\, p,0) = (A, p,0+m) for § € [—m,0). Let T : [—m, ) X
[0,7/2) X [=m,7) — [—m,7) x [0,7/2) X [=m,7) be the operator defined by
T35\, p,0) = (A —m,p,0) for X € [0,7) and T3(\, p,0) = (A + 7, p,0) for
A € [—m,0). These operators can be extended to the boundary p = 7/2 in
the natural way.

In Poincaré coordinates the symmetry X < —X can be implemented by
changing z for —z. Hence in AdS/ + I we just need one chart of Poincaré

coordinates to cover the entire manifold.
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Chapter 2

The BTZ Black Hole

In this chapter we give the generalities of the BTZ black hole and explain
how it maps to the boundary of AdS spacetime. We begin with the 141

dimensional case and later introduce the 1+2 dimensional case.

2.1 141 dimensional BTZ black hole

The BTZ black hole in 1+1 dimensions has been considered before in [4]
in the context of models of gravitational theories in 141 dimensions. We
will follow a less ambitious approach and introduce a model of a BTZ black
hole in 1+1 dimensions just by using the geometry of AdS spacetime in 1+1

dimensions. If we parameterize (1.13) by

r2 _ 2 1/2 r2 _ 2 1/2
U:l< +> sinh xt a::l( 2+) cosh xt

2

r
= _]— 2.1
wm il (2.)
where £ = 7, then we have
ds® = —N?dt* + N 2dr?, (2.2)
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where )
r

N*=-M + z (2.3)

and ry = [v/M. Using (1.14) and (2.1) we obtain

CcoS A

tanh kt = 7 = —rysecpsin . (2.4)

sin p
If we want to interpret r as a radial coordinate, then we should take A €
(—m,0) in order to have r > 0. Clearly this region can not touch p = 0,
however it approaches it asymptotically. When we conformally map CAdS
in 141 dimensions to Minkowski spacetime it covers the interior of the strip
p € (—m/2,m/2). Let us figure out which region of this strip is covered by
the coordinates (¢,r) given by (2.4). The line p = 0 can not be covered, for
example. The lines A = p—n/2 and A = —p—m/2 give r = const. These lines
cross p = 0 where t — £00. Also when p — 7/2 then r — oo and = — oc.
The line A = —m/2 corresponds to ¢t = 0. Taking into account that p = 0 can
not be covered by the coordinates (¢,r) and the fact that the metric (2.2)
is singular at r = r, which in (), p) would corresponds to A = p — 7/2 and
A = —p—m/2 then we can conclude that (¢, r) cover the region between these
two lines with p € (0,7/2) and A € (—m,0). From (2.1) we see that we can
introduce a mirror copy of this region with negative = and p € (—7/2,0)
and A € (—m,0). Clearly the coordinates (¢,r) share the same features with
Schwarzschild coordinates [65] and cover just a portion of CAdS spacetime.
The singularity at r» = r, is a singularity of these coordinates since CAdS
spacetime is well behaved everywhere. When we conformally map CAdS in
141 dimensions to the strip (—m/2,7/2) then we can consider the portion
with A € (—m,0) as a maximally extended black hole, analogous to the
maximally extended Schwarzschild black hole. The black hole corresponds to
the region between the lines A = p—7/2 and A = —p—7n/2 with A € (—7/2,0)
and the white hole with A € (—m, —m/2). See figure 2.1. We can ask ourselves
why we have the right to just consider this portion of AdS spacetime in 1+1
dimensions as a black hole. The answer is given by the geometry. As we

said in the previous chapter, the symmetry X < —X is fundamental when
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A=T

1I

M1 I

v

h=—1
p=—m/2 p=n/2

Figure 2.1: 1+1 dimensional BTZ black hole.

we want to identify infinity of AdS spacetime with Minkowski spacetime. In
the present case a degenerated Minkowski spacetime of just one temporal
dimension. If we apply this identification in the present case, with reflection
with respect to the line p = 0 and antipodal identification in the circle
S! in the temporal dimension, then in the fundamental region of AdS, i.e.
that with A € (—m,7) we just need the region in A € (—x,0) in order to
make sense of a maximally extended black hole. See figure 2.1. In this way
by cutting out this region of AdS spacetime in 1+1 dimensions we have a
model of 14+1 dimensional black hole. The singularities of this black hole
are located at A = —m and A = 0. Clearly these one dimensional regions
are singularities in the sense that every time-like geodesic entering the black
hole can not be extended beyond A = 0; similarly a past directed time-like
geodesic entering the white hole can not be extended beyond A\ = —n. The
region of CAdS spacetime representing the maximally extended black hole
satisfies the requirements of the definition of a maximally analytic extension
for the region which corresponds to the exterior of the black hole. This
definition can be seen for example in [15]. Taking into account this analysis,
the metric (2.2) can be considered a metric for a 1+1 dimensional black hole.
We call it 141 dimensional BTZ black hole.
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Let us consider additional geometrical properties of the 141 dimensional
case. From figure 3.2 in [57] we can see that 0, is also the generator of the

horizon. If we express this Killing vector in global coordinates we get
0y = k (20, +v0,) = K cos Acos pd, — Kk sin psin A0y. (2.5)

Hence at (—m/2,0), this Killing vector vanishes. This is the point where
the past and future horizon of the maximally extended BTZ black hole in-
tersect. Then using the definition of bifurcate killing horizon given in [55]
and observing that this point is left invariant under the action of 9, we con-
clude that 0; generates this bifurcate killing horizon. This horizon divides
locally the spacetime in four regions, R, L, F and P, following Kay and
Wald notation. In [55] it was introduced a global definition of this regions
for globally hyperbolic spacetimes. In the present case we do not have this
property at hand, since AdS spacetime is not globally hyperbolic. We can
still define these regions globally using the geometry of AdS spacetime as
follows. Because of the identification X « —X we just need to define the
regions above mentioned for half of AdS spacetime, for A € (—m,0). This
definition is obvious, for example we can define R as the region invariant
under d;, analogously for the others, see figure 2.2. Hence we can see that
the existence of the bifurcate Killing horizon plays a fundamental role in the
thermal properties of AdS spacetime and the BTZ black hole.

2.2 The BTZ black hole

It is well known that there exists a solution to the Einstein’s field equations
in 142 dimensions which can be considered as a model of a black hole [11],
better known as the BTZ black hole (BTZbh). The metric of this spacetime

is given by

ds® = —f*dt* + [7dr® + r*(dg + N?dt)?, (2.6)
where > g J



A=T

h=—1
p=—m/2 p=n/2

Figure 2.2: Penrose diagram of AdS spacetime in 1+1 dimensions where are indicated
the identifications when making the global definitions of R, L, F' and P.

with |J| < Ml. We call (t,7,¢) € (—o0,00) x (0,00) x [0,27) BTZ coor-
dinates. The metric (2.6), which we call BTZ metric, has an inner and an
outer horizon and also an ergosphere region analogously to the Kerr metric,
however it is asymptotically AdS instead of asymptotically flat. This can be
seen by letting » — oco. From (2.6) and (2.7) we see that in this limit

ds® ~ 1% (—dt? + d¢?) . (2.8)

Hence the BTZbh is asymptotically R x S, an infinite long cylinder, as the
boundary of the covering space of AdS spacetime. It is in this sense that the
BT7Zbh is asymptotically AdS spacetime. The outer and inner horizon are

given respectively by

1/2
MI? 2
ri = TZ 1+ (1 - (Miz) ) (2.9)

This BTZ metric can be obtained directly from the Einstein’s field equations
by imposing time and axial symmetry [11], or it can be obtained as a quotient

of AdS spacetime by a discrete subgroup of the AdS group. When expressed
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in BTZ coordinates (t,r, ¢) the Killing vector which generates this subgroup
turns out to be 9, [11]. The second way of obtaining the metric (2.6) is the
more suitable for the purposes of this work.

In terms of BTZ coordinates the three regions of the BTZbh are given by
[11]: Forry <r

u = +/B(r)sinht (¢, ¢) v = \/A(r) cosh ¢ (t, ¢)
y = /B(r) cosht (t, ) x = /A(r)sinh ¢ (¢, ¢), (2.10)

Forr_ <r <ry

u = —+/—B(r) cosht (t,¢) v = \/A(r) cosh ¢ (¢, )
y = —/—B(r)sinht (¢, ¢) x = +/A(r)sinh ¢ (¢, $) (2.11)

For 0 <r<r_

u = —+/—B(r) cosht (t,¢) v =+/—A(r)sinh ¢ (t, ¢)
y = —/—B(r)sinht (¢, ¢) x = +/—A(r)cosh ¢ (t, ), (2.12)
where s 5 o
o [(T7— 12 (T
Ar) =1 ('f’i — 2_) , B(r)=1 (7‘3 — Tg) (2.13)
and . )
t= 7(r+t/l—r_gz$), b= 7(T+¢—T_t/l). (2.14)

In this parametrization the coordinate ¢ must be 2m-periodic in order to
obtain the usual metric for the BTZbh.
In order to introduce the surface gravity we need to introduce the gener-

ator of the horizon, let us write it down [21]

X =0, — N?|,..0,, (2.15)
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where v and ¢ are Eddington-Finkelstein-like coordinates defined by

dr N¢

Using (2.15), the surface gravity, x, can be calculated and turns out to

be
P2 2
2 _ 5 -

1
K= §V“XVV#XV K =

2.17
l27“+ ( )

This quantity will appear later in our study of thermal states in the BTZbh.
Now let us study the global structure of the non-rotating BTZbh. If we
define r* by %= = f~2 then the metric (2.6) takes the form

ds* = f*(—dt* + dr*?) + r’dg”, (2.18)
where we have made J = 0. If we solve for r* we get

r* = l2 In |7a_r+|‘
2ry  r+4+ry

(2.19)

From this expression we see that! —oo < r* < 0.
Let us now introduce the analogue of Kruskal coordinates for the BTZbh.

Defining null coordinates

T—t—r"  T—ttr (2.20)
we obtain
ds* = — f2dudv + r*d¢?, (2.21)
where 12 = r? (@,0). The relation between r, 7*, @ and v is given by

2 r— T
P Wk S A (2.22)
2ry  r4ry 2

'However the coordinate 7* also covers 0 < r < r, it is only singular at r = 7, where
r* — oo. In this work we shall restrict to r > r4, so we shall omit the absolute value
symbol in 7*.
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From this expression we have

= (rtry)’ F-u)

f2 = B = B e 2 (2.23)
Substituting (2.23) in (2.21) we obtain
2 T+ Ty 22+(a7-a)~~ 2 5.2
ds® = — l e dudv + r*d¢=. (2.24)
Defining
u=—e B v=e#? (2.25)
we have
2 I (r+ry ’ 2 7,2
ds® = —— ( l > dudv + r*d¢
Ty
412 9 1.9
uv

where we have used (2.22) and (2.25) to obtain the second equality. The
range of v and v in (2.25) is —o0 < u < 0 and 0 < v < oo respectively,
however the metric (2.26) is not singular anymore at » = ;. (uv = 0). Hence
now we can extend both ranges from —oo to co with the condition (2.28)
which implies uv < —1. Defining u =T — R and v =T + R we have

412

ds® = i) (—dT? + dR?) + r°dg¢”. (2.27)

The coordinates (7, R) are analogous to Kruskal coordinates in Schwarzschild
spacetime. It is interesting to note that at » = r, the metric in Kruskal-like
coordinates is essentially flat resembling the Schwarzschild case. Also we see
that at this surface dr becomes a killing vector. This implies that 0, and
0, are killing vectors on the past and on the future horizon respectively for
R > 0. If we omit the angular part of the metric (2.27) we can draw a two
dimensional Kruskal-like diagram for the BTZbh. From (2.22) and (2.25) we
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Figure 2.3: Kruskal diagram for the non-rotating BTZ black hole.

have
r — T+
Uy = —

. 2.2
r+ry ( 8)

Hence wv — —1 when r — oo and wv — 1 when r — 0 and we obtain the

diagram 2.3. Each point of this diagram represents a circle. We define

Rk iof u<0,v>0 Lrx if u>0v<0 (2.29)
Frx if u>0,v>0 Pr if u<0,v<0 (2.30)

with the appropriate bound given by » = oo and r = 0 respectively. If
we foliate the Kruskal diagram with surfaces T =const. then we have an
Einstein-Rosen-like throat bridge connecting two asymptotically AdS regions.
The radius of this throat bridge is zero at T = —1 reaches its maximum at
r =r, and is zero again at T' = 1.

For later reference we express the Kruskal coordinates in terms of ¢ and
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r*. In Rk

T =¢#" sinh (%t) R=c#" cosh <%t> . (2.31)
In EK
T =—e®" sinh <%t> R=—e®" cosh (%t) . (2.32)
In fK
T=e®" cosh (:—;t) R=c®" sinh <:—;t> . (2.33)
In P
* b Ty T . Ty
T =—e®" cosh (l—2t> R = —e?" sinh (l—2t> . (2.34)

From these expressions we see that the (7, R) and (t,7*) coordinates are
related as the Minkowski and Rindler coordinates in flat spacetime are.

In order to obtain the Penrose diagram we omit the angular part of the
metric (2.27) and define

A A
u:T—R:tan(Tp) v:T+R:tan<¥>. (2.35)

Then we have
ds® = *sec? p (—d)\2 + dp2) : (2.36)

Hence, if we multiply (2.36) by the squared conformal factor €2 = [ cos p which

is zero at the boundary (p = £7/2) we obtain as the unphysical metric
d&* = —d\* + dp®. (2.37)

From (2.28) and (2.35) it follows that

tan? \/2 — tan? p/2 r—r,
uv = =——.
1 —tan? \/2tan? p/2 T4y

(2.38)

From this equation it follows that infinity, the singularity at » = 0 and the
horizon are mapped to p = £7/2, A = £7/2 and A = +p respectively, see
figure 2.4.

For completeness we give the Penrose diagram for the rotating BTZ black
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Figure 2.4: Penrose diagram for the non-rotating BTZ black hole.

hole [11] in figure 2.5.

2.3 The BTZ black hole in the boundary of
AdS spacetime

We mentioned before that the BTZbh can be obtained by a quotient proce-
dure from AdS spacetime. The quotient is made by a discrete subgroup of
S0y(2,2). Because we want the resulting spacetime not to have closed time-
like curves it is required the Killing vector which generates this subgroup
be spacelike. It turns out that this criterion is not just necessary but also
sufficient [11]. For the moment let us restrict ourselves to the non-rotating
case. In this case, when expressed in embedding coordinates this generator

turns out to be

0, = T7+ (20, + v0,) . (2.39)

We are interested in studying quantum field theory on the boundary of AdS
spacetime and consequently of the BTZbh. So it is useful to find out which
regions on the boundary correspond to the covering space of the BTZbh. Be-

cause the maximally extended BTZbh have two exterior regions analogously
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Figure 2.5: Penrose diagram for the rotating BTZ black hole.

to Schwarzschild spacetime, there will be two regions on the boundary which

cover the maximally extended BTZbh. If we want to know what these re-

gions are explicitly we can express J, in global coordinates, take the limit

p — m/2, and impose on it the condition of being spacelike in the metric

(1.25).
Using
22+ 2\ u Y
sinp = | —= tan A = — tanf = =,
u? + v? v T
we get
[ Asin 6
— 0, = —sin Asin pcos 00, + cos A cos pcos 00, — ﬂ@g.
T4 sin p

On the boundary

l
Jy = Ead)‘p:ﬂ—/g = —sin A cos 60y — cos Asin 00,.
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Figure 2.6: This figure represents the covering space of BTZ on the boundary of AdS
spacetime in 142 dimensions.

Its norm is given by
||Js]|* = — sin® A cos® § + cos® Asin® § = — sinusin v, (2.43)
where we have introduced null coordinates
u=A—10 v=A+0. (2.44)

Clearly this vector can be timelike, spacelike or null. The regions where it is
null are given by
U, v =nmw n=0,+1,+2.. (2.45)

Hence the covering space of the exterior BTZ black hole is the region inside

the lines defined by, see figure 2.6,
u=m,0,—7 v=m,0,—m. (2.46)

Actually we can cover all the boundary of the covering space of AdS space-
time with regions like that defined by (2.46), but for our purposes we just
need to consider one of them. The figure 2.6 has been given before in [2] and
[19].

On the boundary the BTZ coordinates are (t,¢). We have found already
the generator of translations in ¢, let us see what the generator of translations
in time is. In embedding coordinates

0, = == (yd, + ud,). (2.47)

e
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In global coordinates

12 in A\ cos ¢
— 0y = sin Acos psin 00, + cos Asin psin 00y + M@g. (2.48)
Ty sin p

On the boundary

l2
Ji = — 04| p=r/2 = cos Asin 00, + sin A cos 00y. (2.49)
T+

Clearly
T Ty, = 0. (2.50)

The norm of J; is given by
||J¢]|* = — cos® Asin® § + sin® A cos® ) = sin u sin v. (2.51)

From (2.51) it follows that when .J, is spacelike J; is timelike and viceversa.

Now let us see the region of AdS spacetime covered by the Poincaré chart
defined before. Here we are going to consider just one fundamental region of
CAdS spacetime, A € [—m, 7). From (1.22) and (1.31) it follows that

2 24 272
COS A\ = cltk (2.52)

VEE+ Bk -T2 4 (T

and
2 l2 ]{72 _ T2
cosl = — : i . (2.53)

VE B4k = T2 4 (T) — (212)°

By following the analysis in [9] it can be shown that the equality cos A =
— cos f can be satisfied on the surface p = 7/2 and it corresponds to, let us
say, the boundary of one Poincaré chart on this surface, see figure 2.7. From
this we see that the covering region of the maximally extended BTZ black
hole is half of the Poincaré chart. Let us see what the relation between BTZ

coordinates and Poincaré coordinates is.
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A=T

0=—1 0=n

A=—T

Figure 2.7: This figure shows how the covering space of the BTZbh on the boundary is
related to the Poincaré chart. The big diamond is the Poincaré chart whereas the covering
space of the BTZbh is the A and B small diamonds.

From (1.31) and (2.10) it follows that

v tanh (T—th) - coth <T—+¢>

Yy 2 x [

u T v 22HPHEE-T?

vk P . (2:54)

From these expressions it follows that at infinity (there is no dependence on

r) z =0 we have

T Ty l2 -+ k2 — T2 T

Solving for k£ and T" we obtain

T

T =le~ 7 %sinh (%t) k=1le 1 %cosh <%t) . (2.56)

From (2.56) we can see that the relation between BTZ coordinates and

Poincaré coordinates is analogous to the relation between Rindler and Minkowski

coordinates. This suggests that some kind of Unruh effect is taking place on
the boundary. In the next sections we shall show this is indeed the case.

For completeness, let us now find out the expressions for d, and 0 for
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the rotating black hole. From (2.10) and (2.14) it follows that
Ty r_
Oy = T (0 +v0,) — T (YO + u0y) (2.57)

and

0, = = (O +udy) — — (20, + v3,). (2.58)

[? [?
Now we can use the expressions (2.41) and (2.48), since these were obtained

in general in global coordinates. Hence in global coordinates and at the

boundary
27’+ . . 271* : :
O0p = -7 (sinud, + sinvd,) — 7 (sinudy, — sinvd,) (2.59)
and
27'+ . . 27"* : :
Oy = —— (sinud, — sinvd,) + —— (sinud, + sinvd,) (2.60)

l2

where we have used the null coordinates u and v.
The vector fields of 0, and 0, for the non-rotating and the rotating case

are given in figure 2.8 and 2.9%.

2Similar plots have been given in [2] and [1]
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Figure 2.8: These figures show the vector fields 9, and 9; respectively for the non-
rotating BTZ black hole. These figures were made with Maple 10.
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Figure 2.9: These figures show the vector fields 9, and 9; for the rotating black hole.
In the plotting we put ry = 5r_. These figures were made with Maple 10.
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Chapter 3

Elements of Quantum Field

Theory

In this chapter we give the elements of Quantum Field Theory necessaries for
this work. Our purpose is not to be exhaustive but just to give the necessary

theory to understand the coming chapters.

3.1 Canonical quantization of the real linear

scalar field

We consider the quantization of the real linear scalar field, ¢, which obeys

the Klein-Gordon equation
(VHV“ —¢R — m2) ¢ =0, (3.1)

where £ is a coupling constant, R is the Ricci scalar and m can be considered
as the mass of the field. This equation can be considered as the generalization
of the Klein-Gordon equation in flat spacetime, i.e. when the second term

does not appear. This term makes the equation conformally invariant when
m=0and £ = 1[(n—2)/(n—1)] [13].
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The equation (3.1) is derived from the lagrangian density

1

L(z) =5 [—g(@)]'? [¢" (2)$() ub(x) o + [m* + ER()] °(2)]  (3.2)

by using the Euler-Lagrange equations [69]

0SS oL oL
56~ g O (aw,u)) ’ (33)

where

S = / Lz (3.4)

is the action of the field. In order to carry out the canonical quantization we

need to define the momentum conjugate to ¢. It is defined as

oL
= : 3.9
3(62) 52)
In the present case it turns out to be
T =(=9)"g"p (3.6)

Then we promote ¢ and 7 to operators and impose the canonical commuta-
tions relations [69], [36]

[6(t, %), 0(t,x')] =0
[ (t, %), w(t,x)] = 0
[6(t, ), 7(t,x')] = 6" (x — x') (3.7)
where the delta function is defined by

/d"_lxén_l(x —x)f(x) = f(xX). (3.8)

Now we introduce an inner product for solutions to the equation (3.1)

(b1, 62) = —i /E (61V,465 — G5V )P T, (3.9)
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where ¥ is a spacelike hypersurface, n* the normal to this hypersurface point-
ing to the future and v, is the metric induced in . This inner product is
independent of the hypersurface ¥ if the field vanishes at infinity or van-
ishes on a timelike boundary the spacetime can have at infinity. This is a

consequence of the fact that the covector

Jp = (blvuﬁb; - ¢§vu¢1 (3'10)

satisfies
Vi, =0 (3.11)

for any two solutions of (3.1). By integrating this equation over a volume V'

of spacetime and using Stoke’s theorem we obtain

/daf”\/lgW“jM :/a "'y [yt =0, (3.12)
1% 1%

where g = detg,, and v = dety,, is the metric of spacetime V' and the
boundary 0V of it respectively. If OV consists of two spacelike hypersurfaces
Y1 and Y, plus a hypersurface where the field vanishes then

/d”ly\/in“j“:/ d"’lyﬁnuj”. (3.13)
¥

P

From this it follows that the inner product (3.9) does not depend of 3.
When the spacetime is static, i.e., when the metric is diagonal and the
metric is time independent then we can choose solutions harmonics in time.

In this case the Lie derivative of these solutions is
ﬁ[(uui = —iwui, (314)

where K* = (0;)* and t is the time function. The solutions satisfying (3.14)
are called positive frequency modes. These modes can be normalized in such

a way that they satisfy

The field operator then can be expanded in terms of these positive frequency
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modes as

Ot x) =) (u;; +ujal), (3.16)
where * denotes complex conjugate. Imposing the conditions (3.7) we have

the conditions on @ and a' [23]

(s, ;] = 0 (3.17)
la},al] =0 (3.18)
[, al] = 6. (3.19)
The vacuum is defined by
a0y =0 vV i (3.20)

One should be careful with the word vacuum because strictly speaking the
vacuum is defined in flat spacetime where we have Poincaré symmetry [41].
It is better to call the vector |0) in (3.20) ground state with respect to the
time t. The literature on the quantization of the real scalar field is vast.
Basic references are [43], [49], [56], [32], [51], [52] and [6]. General references
on Quantum Field Theory in Curved Spacetime are [27], [33], [85] and [86].

The creation operators act on the vacuum creating states with certain

number of particles. These states expand what is usually call the Fock space.

3.2 Conformal vacuum

As we said in the previous section, when m = 0 and £ = {[(n — 2)/(n — 1)]
the Klein-Gordon operator is invariant under conformal transformations of

the metric
g, (x) = Q% () g, (), (3.21)

where Q(x) is a scalar function of the spacetime. In this case if ¢(x) is a
solution of the Klein-Gordon operator with g, then ¢'(x) = Q2 "/2¢(z) is

a solution of the Klein-Gordon equation with g|,. If we choose g,, as the
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flat metric 7,, = diag(—1,1,1,...) and write
Ny = Q_2gp,w (322)
where we have made ¢’ = g, then ¢ must satisfy

O+ i(n —2)R/(n—1)]¢p =0 (3.23)

and ¢ = Q"=2/2¢ must satisfy
O¢ = n"0,0,6 = 0, (3.24)
since R = 0 in Minkowski. The equation (3.24) possesses the usual solutions
U(z) = 2w(@r) ] 2eh |0 = w. (3.25)

Then the mode expansion for the field in the spacetime with metric g, is

o(t, x) = Q2N Nayetny + af i), (3.26)

i

where y is the complete set of ortonormal solutions (3.25) of the Klein-
Gordon operator. The vacuum defined with respect to the anihilation oper-

ators in (3.26) is the so-called conformal vacuum, i.e.

a0y =0 V k (3.27)

3.3 The KMS condition

The KMS condition reads
(BA) = (ArisB), (3.28)

where

(A) = Z'Tr(e PP A), (3.29)
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7 = Tre PH (3.30)

with temperature T = 1/4. This condition is a consequence of the cyclic

properties of the trace and can be seen as follows.

Define
G7(t,A,B) = (AB)
= ZﬁlTr(efﬁHeitHAe*itHB)
= Z7'Tr(e M gt B) (3.31)
and

G’ (t,A,B) = (BA,)
= Z'Tr(e P Be™ A1)
_ Z—lTr(BeitHAe—itHe—ﬁH)
= Z7'Tr(Be A0, (3.32)

Then, by making ¢t = ¢ — i/ in (3.31) we have
G’ (t—iB, A, B) = G°(t, A, B), (3.33)

or

(BAy) = (Ar—ipB). (3.34)

If the system satisfies CT then the KMS condition boils down to [37]
G (t—iB, A, B) = G (~t, A, B). (3.35)

3.3.1 The simple quantum harmonic oscillator as an

example

As an example of a system which satisfies the KMS condition we give the

simple quantum harmonic oscillator.
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The position operator is given by [72]

h A ,
&(t) = ST (e™'a + e™tal), (3.36)

where G and a' are the anihilation and creation operators respectively. The
anihilation operator satisfies

a|0) = 0. (3.37)

The two point function at zero temperature is given by

(0|2(t)2(t2)[0) = N mintr—ta) (3.38)

2mw

The two point function at temperature T is given by

()i (t2))s = 5T (e PTi()i(n) ) (3.30)

where
Z=(1-e)h (3.40)

In order to calculate this two point function we use the fact that

A B
Tr (efﬁﬂam) — sy (3.41)
— e_
and
[a,a'] = 1. (3.42)
As a consequence of these two expression we have
B o 1
Tr (6 aa ) = W (343)
p— 67
From (3.36), (3.39), (3.40), (3.41) and (3.43) we have
. . h e—iw(tl—tg) +eiw(t1—t2)e—ﬁﬁw
(tas = g (). B
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If we consider this expression as a function F of t; — t, = At, then we have
F(=At) = F(At —if3), (3.45)

i.e., the KMS condition is satisfied.

In the previous characterization of the KMS condition we assumed that
the trace which defines the Gibbs state (3.29) exists, however for infinitely
extended systems this need not to be so. On the other hand, systems where
the KMS condition is very relevant are those on which the thermodynamic
limit is to be taken. These systems usually are infinitely extended. In these
circumstances we face the problem of how to characterize these infinitely
extended systems. It turn out that the KMS condition survives the thermo-
dynamic limit [42] hence allowing us to use an algebraic characterization of
thermal states. In this approach to the KMS condition we do not need to
assume that the trace in (3.29) exists, we define a thermal equilibrium state
as that which satisfies the KMS condition (3.28) in the algebraic definition
of a state. In this case the translation in time is implemented by an auto-
morphism of the algebra which defines time translation. With respect to this

automorphism «y, the thermal equilibrium state, w, is invariant [42]
w(aA) = w(A), (3.46)

where A is an element of the algebra of observables. The advantage of the
algebraic characterization is that it allows us to talk about the KMS condi-
tions without referring to boxes, which otherwise are necessary in order to

have a discrete spectrum of the hamiltonian.

3.3.2 The Tomita-Takesaki Theorem and the KMS con-
dition

When the KMS condition is considered from a purely algebraic approach a

very interesting connection of it with the theory of von Neumann algebras is

possible. The purpose of this section is to sketch this connection.

In the theory of von Neumann algebras there exists the Tomita-Takesaki
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theorem which says [42]:
Let R be a von Neumann algebra in standard form, ) a cyclic and sepa-
rating vector and A, J, U(t) as defined below. Then

JRJ =R/,

U(t)RU*(t) = R,
U(t)RU*(t) = R’

for all real ¢.
The operators A and J are defined by S = JA'Y? where S is a closed

operator which satisfies
SAQ =A"Q, AeR.
Here A* is the adjoint operator to A. The operator U(t) is defined by
Ut) = A"

and R’ is the commutant of R!.

The map o, defined by
o A=U((t)AU*(t), A€R

is an automorphism group of R. It is called the group of modular automor-
phisms of the state w on the algebra R. Correspondingly J is called the
modular conjugation and A the modular operator of (R, ).

Putting A = e~ % where K is a self adjoint operator we have U(t) = e K.
Then it can be shown [42] that the state ) satisfies

(2] (0:4) B|Y) = (2] By, AQ2), (3.47)

i.e., it satisfies the KMS condition with # = —1. Hence it is a thermal state

For more details about these operators see [42] and [18].
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with respect to the automorphism o; defined on the algebra R. If we put
Ot = Q_pt, (348)

then
Q| (awA) B|Q2) = (QBoyigA|S2), (3.49)

where t' = —ft, i.e., ) satisfies the KMS condition with respect to ¢’, the time
in statistical mechanics. From the previous discussion we see the beautiful
and powerful connection between mathematics and physics embodied in the
Tomita-Takesaki theorem and its relation with the KMS condition. In the

next section we shall see a consequence of this connection, the Unruh effect.

3.4 The Unruh effect

Quantum Field Theory in flat spacetime of the real linear scalar field is the per
excellence example of a quantum theory of a field. In standard formulations
of the theory the concept of particle plays a prominent roéle. This is done
through the Fock representation. This concept is intimately related with
the splitting into positive and negative frequency modes, see (3.16). The
existence of this splitting is possible because the existence of a Killing vector.
The positive modes are eigenfunctions of the Lie derivative with respect to
this Killing vector. The usual introduction of the particle in field theory is by
using the vector 0, as the Killing vector, which in no other thing than choosing
translations in time ¢ as the diffeomorphism associated with the symmetry.
This choosing seems to be the more natural in Minkowski spacetime. However
in a spacetime which does not have a natural symmetry this construction
seems to be limited. This is indeed true and can be seen even in Minkowski
spacetime. Let us see this with more detail. In an appropriate subset of
Minkowski spacetime there is other Killing vector which is also natural. The

usual metric in Minkowski spacetime is

ds? = —dt* 4 da?, (3.50)
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where we have restricted ourselves to the 1+1 dimensional case for simplicity

in the argument. Under the coordinate transformation

1

t =a ‘e®sinhan x = a ‘e coshan, (3.51)

where a = const. > 0, the metric takes the form
ds* = e (—dn* + d&?) . (3.52)

Because z > 0 and
g — 12 = a2 (3.53)

the metric (3.52) is just defined in the region = > |¢|, which is a wedge region
in Minkowski spacetime. This region is known as Rindler wedge. From the
form of (3.52) we see that 0, is also a killing vector in the Rindler wedge.
Also we see that the Rindler metric is conformal to the Minkowski metric,
hence using the conformal vacuum method we can expand the field not just

with respect to Minkowski positive modes which satisfy
0
but also with respect to positive modes which satisfy

0

Using this alternative positive frequency splitting we can expand the field in
terms of other set of creation and anihilation operators, more concretely we

have

Ot x) =Y (ia; + @ja)), (3.56)

i

where now we define a vacuum

a;|0) =0 VY . (3.57)
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This vacuum will not coincide with the vacuum defined with respect to a;
[13]. The Rindler observer will see a thermal state at temperature T = z-.

This temperature can obtained from the analysis in Appendix A for a = 1.

3.4.1 The Bisognano-Wichmann theorem

In this section we shall sketch the Unruh effect in the context of axiomatic
quantum field theory in the spirit of [78]. In order to do this we shall state
the Bisognano-Wichmann theorem which belongs to this realm of quantum
field theory and discuss its relation to the Unruh effect.

The mentioned theorem says [42]:

If R(W) has a system of affiliated observable fields satisfying the axioms
of axiomatic quantum field theory [78] then the modular conjugation? for the
vacuum state is

J(W) = U (Ry(r)),

the modular operator is?

AW) = e 2™,

the modular automorphism o, acts geometrically as the boost

2Y(s) = 2° cosh s + z' sinh s, (3.58)
2*(s) = 2°sinh s + 2! cosh s,

" =2a" for r=2,3.
Here z# are Minkowski coordinates belonging to the wedge W defined by
W ={rx e M:a'>|2°; 2% r’arbitrary},

where M denotes Minkowski spacetime. © is the CPT-operator and U(R; (7))

is the unitary representation of the rotation through an angle 7 around the

2This name comes from the Tomita-Takesaki theorem; also the name of modular oper-
ator. See section 3.3.2.

3The operator K is called the modular Hamiltonian and is a self adjoint operator
whose spectrum will extend in general from —oo to co and which has ) as an eigenvector
to eigenvalue zero. Here () is the vacuum vector restricted to the Rindler wedge.
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1-axis, Ry(m).

From (3.51) and (3.58) we see that for an observer at £ = 0 its trajectory
coincides with the boost (3.58) if initially ' = 1. Hence the trajectory
given by (3.58) for this value of 2! can be interpreted as the trajectory of an
accelerated observer with acceleration a. From the Tomita-Takesaki theorem
and its relation with the KMS condition we know that the vacuum when
restricted to the algebra R(W') associated with the wedge W is a thermal
state with respect to t at inverse temperature § = —1. Taking into account
that the proper time of the accelerated observer is 7 = s/a then we can

conclude that for him the vacuum looks like a thermal state at temperature

T=— 3.59
-, (3.59)

which is nothing else than the Unruh effect. We should notice that the time
t for which the inverse temperature is = —1 and the time 7 for which the
temperature is (3.59) are related as 7 = —27t/a. From this discussion is clear
that the Tomita-Takesaki theorem is one of elements of the mathematical

machinery behind the Unruh effect.

3.5 The Hawking effect for an eternal black
hole

One of the main predictions of Quantum Field Theory in curved spacetime is
without doubt the Hawking effect [45]. This effect consists in the emission of
thermal radiation by a black hole. In the more simple setting the black hole
can be taken to be the Schwarzschild black hole formed by the collapse of a
spherical distribution of matter. The story in this setting starts with a field
and the distribution of matter in the past infinity. Then it is supposed that
the matter collapses according to the laws of general relativity. At certain
point during the collapse a black hole forms. Also it is supposed that initially
the quantum field is in the vacuum state. As a consequence of the collapse

particle pair production occurs around the horizon of the black hole. This
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Singularity

Singularity i

Figure 3.1: Penrose diagram for the Schwarzschild eternal black hole.

particle pair production causes that an observer at future infinity measures a
flux of particles with thermal spectrum. The emission of this flux decreases
the mass of the black hole, this process is known as black hole evaporation®.

Related with black hole evaporation there exists other interesting phe-

nomenon which involves the Schwarzschild black hole, whose metric is [23]

2M 1
ds? = — <1 - 7) W gy L (360)

T

where dQ? is the metric on the unit two-sphere
dQ* = db” + sin® 0dp*. (3.61)

In Section 2.2 we considered the maximal extension of the non-rotating BTZ
black hole, its Penrose diagram is given in figure 2.4. An analogous maximal

extension of the Schwarzschild black hole can be done and is given by [23]

32M3 _,
ds* = enr (—dT? + dR?) + r*dQ° (3.62)
T
where
T R? = (1 - ﬁ) e (3.63)

The Penrose diagram in this case is given in figure 3.1.

4The interested reader can see a detailed explanation of this effect in [35].
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Let us consider a real scalar field on this background. Since defining
positive frequency modes with respect to Kruskal time 7' does not give an
interesting vacuum it is customary to define positive frequency modes with
respect to the null coordinates along the past and future horizon, u =T — R
and v = T + R [66]. The vacuum defined with respect to these modes is
called the Kruskal vacuum or the Hartle-Hawking-Israel state [44], [50]. This
vacuum is regular on the horizon [55] and is defined on all the background.
If we restrict this state to the algebra of observables defined in the region I,
then the resulting state is a thermal state with respect to the automorphisms
of the algebra implementing translations in Schwarzschild time [55]. The
temperature of this state is T = &rLM where M is the mass of the black
hole. This state represents a black hole which is emitting and absorbing
radiation at the same rate and hence it is consistent only if it is placed in
a thermal reservoir at temperature T = 87+M. This phenomenon is what we
call Hawking effect for an eternal black hole.

The Unruh effect is the analogue of the Hawking effect for an eternal
black hole. In this case the vacuum when restricted to the Rindler wedge
becomes a thermal state with respect to translations in Rindler time [14],

[83].

3.6 AdS/CFT in Quantum Field Theory

It is fair to say that most of works on the so called AdS/CFT correspondence
fit into the string theory framework. However, partly motivated by this cor-
respondence, recently have appeared some works, with a more limited scope,
in the context of quantum field theory which address some issues related to
the AdS/CFT correspondence. These works are the work by Rehren [70]
which we call Algebraic Holography; the work of Bertola et al. [12] which
we call Boundary-limit Holography and the work of Kay-Larkin [57] which
we call Pre-Holography. We will refer to these three works as AdS/CFT in
quantum field theory (AdS/CFT in QFT), since all three fit in the QFT
framework. These three works in one sense or another give a correspondence

between quantum field theories in the bulk of AdS spacetime and quantum
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field theories in its conformal boundary.

3.6.1 Algebraic Holography

In Algebraic Holography a correspondence between algebras in the bulk and
the boundary of AdS spacetime is given. This correspondence relays heavily
on the fact that the group SOy (2,d) acts in the bulk and in the boundary.
In the first it acts as the group of isometry whereas in the second it acts as
the global conformal group.

The correspondence between algebras is given as follows [70].

Lemma: Between the set of space-like wedge regions® in anti-deSitter
space, W C AdS, 5, and the set of double-cones in its conformal boundary
space, I C C'M 4, there is a canonical bijection a : W — I = (W) preserv-
ing inclusions and causal complements, and interwining the actions of the
anti-deSitter group SOy(2,d) and the conformal group SOy(2, d)

alg(W)) = g(a(W)), o' (g(1)) = gla™ (1)), (3.64)

where ¢ is the restriction of the action of g to the boundary. The double-
cone I = a(W) associated with a wedge W is the intersection of W with the
boundary.

Given the lemma, the main algebraic result states that bulk observables
localized in a wedge regions are identified with boundary observables localized
in double-cone regions.

Corollary 1: The identification of local observables
B(W) = A(a(W)), A():=B(a"'(1)) (3.65)

give rise to a 1:1 correspondence between isotonous causally covariant nets of
algebras I — A(I) on C'M; ., and isotonous causal anti-deSitter covariant
nets of algebras W — B(W) on AdS) ;.

5A wedge region in AdS spacetime can be defined as the region resulting from the
intersection of the usual wedge region in the embedding spacetime with AdS spacetime.
The wedge region in the embedding spacetime is the region defined by X* > |X7| where
X' is a spatial coordinate and X7 is a timelike coordinate.
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A very important result for our work is the following corollary.

Corollary 2: Under the identification of Corollary 1, a vacuum state
on the net A corresponds to a vacuum state on the net B. Positive-energy
representations on the net A correspond to positive-energy representations on
the net B. The net A satisfies essential Haag duality® if and only if the net B
does. The modular group and modular conjugation (in the sense of Tomita-
Takesaki) of a wedge algebra B(W) in a vacuum state act geometrically
(by a subgroup of SOy(2,s) which preserves W and by a CPT reflection,
respectively) if and only if the same holds for the double-cone algebras A(T).

We should note that this Corollary is telling us that if the modular group
acts in the boundary preserving a double-cone, then the correspondent mod-

ular group acts in the wedge which corresponds to this double-cone.

3.6.2 Boundary-limit Holography

The Boundary-limit Holography [12] relates a covariant quantum field theory
in the bulk to a conformally covariant quantum field theory in the boundary
of AdS spacetime. This is done for the real scalar field. This relation is set up
in the rigorous framework of quantum field theory of Wightman formalism.
The basic formalism can be seen in [78]. More explicitly, the Boundary-
limit Holography gives a prescription for obtaining the n-point functions of
a conformal quantum field theory in the boundary of AdS spacetime from
the n-point functions of the covariant quantum field theory in the bulk. The
exposition in [12] is rather technical and here we just will give the neces-
sary information for our purposes. First we express an n-point function in

Poincaré coordinates (T k, )
Wn (Xl, X27 Xn) = Wn (Xl(Tl, ]{31, Zl), XQ(TQ, /{52, ZQ), Xn(Tn, kn, Zn)) s

where we have taken AdS spacetime in 1 + 2 dimensions for being the case

we are interested in, but this applies to any dimension. Here (7 k,z) are

5Definition: Let O — R(O) be a net of von Neumann algebras on a vacuum Hilbert
space Hy. The dual net R? of R is the assignment O — R(O'). Haag duality of R is
equivalent to R = R?, or R(O') = R(O)'.
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Poincaré coordinates. Then we restrict the z coordinate to be the same for

Wi (X1, Xo, .. X5 2) = Wi (Xa(Th, kv, 2), Xo(Th, ko, 2), . X (T, ki, 2)) -
Finally we take the limit
Wo (Xi(T;, ki) = lim AW, (X, Xo, Xy 7)), (3.66)

where X;(T;, k;) denotes all the n-coordinates and A is called the dimension

scaling factor. In particular for the two point function we have

Wy (X1(Th, k), Xo(T, ko)) = lim 222 x (3.67)

z—0

x Wy (Xi(Th, k1, 2), Xo(To, ko, 2))

where the two point function on the left is defined in the boundary of AdS
spacetime whereas the two point function in the right is defined in the bulk
of AdS spacetime.

Strictly speaking all these equalities should be understood as equalities
between distributions, however for our purposes we just need the limit pro-

cedure described before in order to obtain our results.

3.6.3 Pre-Holography

In Pre-Holography it was constructed a symplectic map from the classical
solutions of the Klein-Gordon operator in the bulk of AdS spacetime to a
certain space of functions in the boundary of AdS spacetime. Using this
map it was possible to give new examples of Algebraic Holography and under
certain conditions it was posible to make the Boundary-limit Holography a
real duality. This was done for a massive real linear scalar field. It was shown
that when -
A=g+3 (d® + 4m?)

is an integer or half-integer then the just mentioned duality holds. Also under

1/2

(3.68)

these circumstances Algebraic Holography and the Boundary-limit Hologra-
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phy can be related.

Also it was shown that the global vacuum in the bulk of AdS spacetime
maps to a vacuum in the conformal boundary. Also it was studied some
group theoretical aspects of AdS spacetime. In particular it was given the
expressions for the Killing vectors in AdS spacetime in 1+1 dimensions. This
is important because it was the starting point of our work. We studied how
these killing vectors are related to the thermal properties of the state of the

quantum field.
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Chapter 4

Thermal States in AdS and
BTZ spacetime

4.1 Pre-Holography and Thermal state on the

boundary

In this section we shall use Pre-Holography [57], [60] to show the existence
of a thermal state on the boundary of AdS spacetime in 141 dimensions for
the massless real linear scalar field.

In [60], it has been shown that the symplectic map induces a two point

function on the boundary given by

1 1
G (A1, A2) = — 4.1

where A is the global time.

We want to relate this two point function to a two point function in
Poincaré and in BTZ coordinates. Before we proceed, it is necessary to
make some comments on these coordinate charts on AdS spacetime in 1+1
dimensions. The coordinates we are interested in are global (A, p), Poincaré
(T, z) and BTZ coordinates (¢,r). These coordinates cover different regions
of AdS spacetime, see figure 4.1. The two point function (4.1) corresponds

to the vacuum defined with respect to global time. We can interpret it as
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A=—T
p=—7/2 p=n/2

Figure 4.1: Regions in AdS spacetime in 141 dimensions covered by Poincaré and BTZ
coordinates. The region ABD is covered by Poincaré coordinates whereas the region CED
is covered by BTZ coordinates (exterior region). Global coordinates cover all the manifold.

a vacuum state on the boundary. Now, it has been shown [77] that global
and Poincaré vacuums are the same in the bulk. If the same holds on the
boundary then when we express (4.1) in Poincaré coordinates we expect to
obtain a two point function on the boundary which corresponds to a vacuum
state. Let us show that this is indeed the case. First, let us introduce

Poincaré coordinates. We define

v+ vV— T U
- =_ - T=_"_
{2 [2 Im’

m

Il
3
|

(4.2)
where v, u and x are the coordinates in (1.13). Then (1.13) takes the form
—mnl* — m*T?1* = —[%. (4.3)

From (4.2) we have
v=—(m+n). (4.4)
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Now, using (4.3) in (4.4) we obtain

1
v:%<w+l2—T2). (4.5)

Defining z = %, the expression for the last equation is

_ L e e g
V=g (*+ 17 -T7%). (4.6)

Doing analogously for x and using the definition of z in u we get

1 T
Izﬂ(—22+12+T2> U:7

(4.7)

The equations (4.6) and (4.7) define Poincaré coordinates (7, z). z plays the

role of spacial coordinate and we can see from

-3 (4.8)

1 v+
z

that there are two charts z > 0 and z < 0, z = 0 belongs to the boundary
[9]. Each chart covers half of AdS spacetime. It is standard to choose z > 0,
we will attach to this convention. In these coordinates the expression for the
metric is 2

ds* = = (—dT? + d2?). (4.9)
From this equation we see that the conformal boundary belongs to z = 0.
Since we want to express (4.1) in Poincaré coordinates we need the relation
between global time A and Poincaré time T', let us see what this relation is.
From (1.14) and (4.6)-(4.7) we have

20T >—17 20T

tan A = m COS A\ = 12—|-—T2 sin A = 12—|——fr27 (410)

where we have made z = 0. The relation between \ and T can be written as

% — tan (%) . (4.11)
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where we have used the tangent half-angle formula.

Now, expanding out cos (A\; — A2) and using (4.10) we obtain

1 1 1P+ P+ T
2mcos(M — M) —1 7 42 (T, —Tp)?

(4.12)

So far we just have made a naive and straight change of coordinates, how-
ever, according to AH [70], to the quantum field on the bulk of AdS space-
time corresponds a conformal quantum field on the boundary, and using
Pre-Holography in [57] it has been given explicit examples of this correspon-
dence. In particular the two point function (4.1) corresponds to a state on
the boundary and from (4.11) it follows that the metric on the boundary in
global and Poincaré coordinates are related by

M= 4—l22dT2. (4.13)

(12 +1T?)

The equation (4.13) expresses the same metric in two different coordinate
systems. Let us do a bit of tensor analysis in order to obtain the relation
between the components of the metric in the two different coordinate systems.
If we express the metric in two different coordinate systems z* and z'* we

have
g (@) dada" = gop(x)da®da”. (4.14)

If we use da'* = %dm"‘ in the left hand side of the last expression we get

/ v
, 0x'* Ox

guu<m,)%w - ga,@(x)' (415)

Then on the view of the coordinate transformation (4.11) we have

dT dT
gTT(T)aﬁ = g (4-16)
which turns out to be
24 7T2\°
g = ( ol ) QTT(T)- (4-17)
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On the other hand, in Conformal Field Theory (CFT) the starting point is

to look for transformations x — 2’ of spacetime which satisfy [34]

9, (7") = Q*(2) g (), (4.18)

where z and 2’ represent generic points in spacetime and €2 is a smooth func-
tion. Hence the change from global to Poincaré coordinates can be analyzed
in the context of CFT with

_ l2 + T2

Q
21

(4.19)

In order to do this, let us state some basic facts of CFT [34]. For quasi-
primary fields the two point functions under conformal transformations are

related as

A A
7o | T

% ey, wa)

<¢1(X1)¢2(X2)> = or

where A and A, are scaling dimensions. On other hand we have

or’'

7| = Q. (4.21)

Hence from (4.20) and (4.21) we have

(P1(x1)2(x2)) = Q1) 2 Qx2) ™22 (1 (%) Pa(x5)). (4.22)

If we write (4.12) as

1 1 -1 -1
—;WIQ (T1)Q(T3)

1 1
21 cos (A — Ay) — 17

(4.23)

where A; = A, = 1, then we can read off the two point function in Poincaré

coordinates . .
G, T,) = ———. (4.24)
(T — Tb)?

This two point function has the form, apart from a 1/4 factor, of the two times
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differentiated vacuum two point function restricted to right or left movers!.
Then we can say that also on the boundary the global and Poincaré vacuums
coincide. This just strengthens the fact that (4.1) corresponds to a vacuum
state on the boundary. It is important to remark that this function is defined
on a complete (module identifications) boundary of AdS spacetime. So (4.1)
and (4.24) corresponds to a vacuum defined on the whole boundary. Now let
us consider the two point function expressed in BTZ coordinates.

We have seen that BTZ coordinates cover just half of one of the bound-
aries of AdS spacetime. Then the two point function (4.1) when expressed
in these coordinates will correspond to a state defined on this part of the
boundary. We expect this state to be a thermal state which corresponds to
the state of a field on the BTZ black hole in 141 dimensions. We shall show
that this is indeed the case.

Let us express (4.1) in BTZ coordinates. We obtain the same result if
we express (4.24) in BTZ coordinates, however starting from (4.1) is more
logical. From (1.14) and (2.1) it follows that on the boundary global time A
and BTZ time ¢ are related by

tanh Kt = cos A, (4.25)

where kK = 7;—; From this equation it follows that

1
cosh kt’

sin A = (4.26)

1One can ask why we compare the two-point function of a one-dimensional theory which
is not differentiated to a twice differentiated two point function of a two-dimensional theory.
The answer is in the similarity or analogy between the geometry and the expressions for the
two point functions in both cases. The coordinate, U, on the null line and the coordinate
u for the boost which leaves invariant the right wedge are related as U = e®*, where a
is the acceleration of the Rindler observer, whereas the Poincaré time T and the BTZ
time, ¢, are related as T = le~*T. Then there is an analogy between the null line in two
dimensional Minkowski spacetime and the timelike boundary of AdS spacetime in 141
dimensions. So it is natural to compare the two point functions in both cases.
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Then expanding out cos (A} — Ay) we have

1 — cosh k(t; — to) 2sinh? K (—“5”)
M) 1 — _ ) 4.27
cos (A1 2) cosh kt; cosh kta cosh kt; cosh Kto ( )

Hence the right side of (4.1) takes the form

1 1 1 cosh sty cosh xto
— =——— — ) (4.28)
2w cos (A1 — Ag) — 1 Am sinh? (kB52)

Now, from (4.25) it follows that the metric on the boundary in global and
BTZ coordinates are related by

2

D C—— (4.29)
cosh” Kt
From this equation it follows that
cosh kit \ >
;) = () gett) (4:30

Hence both metrics are conformally related with

b kit
Qt) = COSK . (4.31)

We can do the same analysis we did when we passed from global to Poincaré

coordinates. If we write (4.28) as

SR —— ST I —
4m sinh? (k1512 ) B ! 2 omcos (A — Ag) — 1°

(4.32)

where Ay = Ay = 1, we can read off the two point function in BTZ coordi-

nates )
1 K

Gt ty) = ————
( 1 2) A7 Sinh2 (Htlgm)

(4.33)

This two point function has the form of the two times differentiated thermal
two point function restricted to left movers. Then we can conclude that

(4.33) corresponds to a thermal state on the boundary.
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Now let us give an interpretation to what we have obtained so far. We
have said that the Poincaré chart covers all the boundary of AdS spacetime
whereas BTZ coordinates cover just half of it, see figure 4.1. On the other
hand, the state induced on the boundary under the Pre-holography map
has the form of a state at zero temperature, pure state, when expressed in
Poincaré coordinates, whereas it has the form of a thermal or mixed state
when expressed in BTZ coordinates and this chart covers just half of the sys-
tem on the boundary. Hence it is natural to think the field on the boundary
as pure system made of two subsystems, one for each half of the boundary,
which are entangled.

Other interesting aspect of this problem is the, let us say, group theory
aspect. The isometry Lie group of AdS 141 is the pseudo-orthogonal group
SO(1,2) generated by

Ju = u0, — v0,
Juz = U0, + 20, (4.34)
Joz = 00z + 10,.

The global vacuum is invariant under the action of
Juo = U0y — V0, = —0), (4.35)

which acts as translation in A and indeed leaves invariant (4.1), whereas the

vacuum defined with respect to BTZ time is invariant under the action of
1
—0, = v0, + 20, (4.36)
K

which acts as translation in ¢ and leaves invariant (4.33).
Let us now find out what elements of the global conformal group on the
boundary of AdS spacetime corresponds to the elements generated by (4.34).

First we introduce a representation of (4.34) in R?!:

0
0 (4.37)
0
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Je=1000 (4.38)
000

Je=110 01 (4.39)
010

Then we introduce a coordinate

u

- ) 4.40
¢ v+ ( )
Now we introduce the combinations
0
A= Ju— Jy = -1 0 0 (4.41)
1 0
and
0 -1 1
C=Jw+Ju=]11 0 0 |. (4.42)
1
These two matrices satisfy
A =P =0. (4.43)

Making the same calculation as in Appendix B we obtain that A generates
translations in £ and C generates special conformal transformations in time.
Also we have T
u
= =_. 4.44
¢ v+ [ ( )
Hence using (4.41), (4.42) and (4.44) we have that the translations in global

time in the boundary is given as a linear combination of translations in T’

and special conformal transformations

1
On = 5(0 = 5¢), (4.45)
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where S¢ is the generator of special conformal transformation in time. The
generator (4.39) generates a boost in the plane xv, hence when this boost

T

acts on a point (u,v,z)" we obtain that

£ — e, (4.46)

where s is a parameter. Hence 0; generate dilations in the boundary.

4.2 Wedge regions in AdS spacetime

In the context of Algebraic Holography [70] wedge regions in AdS spacetime
play a prominent role. In this section we will show that the exterior of the
BTZbh is a wedge region.

Following [70] we define a wedge region in AdS spacetime as follows. Let
us take two light-like vectors (e, f) in the embedding space R*? such that
e- f >0, then a wedge region in AdS spacetime is defined by

Wie, f)={zeR*™:2°=—-*e-2<0,f <0} (4.47)

This region has two connected components. One where the resulting vector
by acting on the tangent vector at the point = € W(e, f) with the boost in
the e-f plane is future directed and other where it is past directed. This is a
consequence of the fact that the vector d. sz = (f - z)e— (e-x)f is time-like,
(6esx)* = =2(e- f)(e-x)(f - x) < 0. The wedge regions are defined in [70]
as these regions modulo the identification x «+» —z.2 Hence in order to check
that a region in AdS spacetime is a wedge region we just have to verify that
it has these properties. Let us do this for the exterior of the BTZbh.

2It is worth noting that a more primitive definition of a wedge region in AdS spacetime
is to define it as the intersection of AdS spacetime with a wedge region in the embedding
spacetime.
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4.2.1 The exterior of the BTZ black hole is a wedge
region

Let us take e = (1,0,0,—1) and f = (—1,0,0,—1). These light-like vectors
satisfy e - f > 0. By using the parametrization (2.10) we get

e-x = —+/B(r) (sinht + cosht) < 0 (4.48)

and
f-x=+/B(r) (sinht — cosh?) < 0. (4.49)

Hence the exterior of the rotating BTZ black hole is a wedge region. It is
also true for the non-rotating case. As explained in [70] this wedge intersects
the boundary in a double cone. In the previous section we have found this
double cone explicitly. These regions are preserved by the action of the
subgroup generated by the Killing vector 9;. This group acts on the wedge
as a subgroup of the AdS group and as subgroup of the conformal group on

the boundary.

4.2.2 The exterior of BTZ black hole and the Rindler

wedge in Minkowski spacetime

We have found that the exterior of the BTZbh is invariant under the one-
parameter subgroup of the AdS group generated by 0;. Let us calculate
explicitly this one-parameter subgroup. The generator of this subgroup is
given by (2.47), hence a matrix representation of it on the vector space R*2

is given by

(4.50)

_ o O O
o O o O
o O o O
o O O =
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This matrix has the following recurrence properties

(8,)% = K2 (8,)° = K%0,, (4.51)

o o o =
o O O O
o O O O
_ o O O

and so on. The matrix (4.50) is an element of the Lie algebra of SOy(2,2)

and the one-parameter subgroup generated by it is given by

A) = o — i (t9)" (4.52)

n!

n=0

Splitting this sum in even and odd parts and using the recurrence properties
(4.51) we obtain

coshkt 0 0 sinhkt
0 10 0
Alt) = 4.53
(t) 0 01 0 ( )
sinhkt 0 0 coshkt

This one-parameter group acts on the vector space R*? leaving the exterior
of the BTZbh invariant.

As we said in Section 2, AdS spacetime has a compactified Minkowski
spacetime at infinity. Also we know that SOy(2,2) acts as the conformal
group on this Minkowski spacetime [42]. Let us see to which element of the
conformal group in 141 dimensions the element (4.53) corresponds.

Remembering the definition of the coordinates of Minkowski spacetime

at infinity we have

— 2= (4.54)
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If now we let A(t) act on 27 = (u,v,x,y) we obtain

ucosh kt + y sinh xt u’
/
At)z = ! -7 (4.55)
x x
usinh kt 4+ y cosh xt Y

This transformation on the null cone, C*, induces a transformation on ¢! and

2
5 ’ / y/

2 N 12 — )
& - =t

1 n U
— =
o=

From (4.55) and (4.56) it follows that

(4.56)

¢ = €' cosh Kt + €% sinh kt €7 = €' sinh Kt + €2 cosh kt. (4.57)

Then the subgroup of the AdS group generated by 0; corresponds to a Lorentz
boost in the 141 dimensional Minkowski spacetime. From this we can see
that the Rindler wedge in this 141 dimensional Minkowski spacetime is in-
variant under the action of the subgroup of the global conformal group cor-
responding to the subgroup of the AdS group generated by 0.

The correspondence between the others one-parameter subgroups can be
found analogously. For example let us analyze the subgroup generated by
0.

The matrix representation of this generator on the vector space R*? is

given by
00 00
0010
0y = Kl 4.58
¢ 0100 (4.58)
00 00

This matrix has also the recurrence properties (4.51). Hence the finite trans-
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formation is given by

1 0 0 0
A(g) = 605 _ 0 09sh klg sinhklg 0 (4.59)
0 sinhklg coshklgp 0
0 0 0 1
If we let this transformation to act on z7 = (u,v, z,y) we obtain
u u’
Ad)r = vc.osh klp + x sinh klo _ v (4.60)
vsinh klg + x cosh Kl x
Y Y
This transformation induces a transformation on ¢! and €2 given by
5,1 _ G_Hl¢§1 5/2 — e—nlqﬁfl. (461)

Then the subgroup of AdS group generated by 9, corresponds to the dilation

group on the 141 dimensional Minkowski spacetime.

4.3 Thermal state in AdS spacetime and in
the BTZ black hole

In this section we show that there exist an equilibrium thermal state in
AdS spacetime in 142 dimensions and discuss its relation to an equilibrium
thermal state in the BTZbh.

In the previous section, we showed that the exterior of the BTZbh is a
wedge region. Now, also the Poincaré chart is likely to be a wedge region.
If so we can associate a net of algebras to these regions. This can be done,
for example, by adapting the formalism introduced in [28] to the present

case. Due to the invariance of these wedge regions under the action of the
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subgroups generated by Or and 0; we have
w(ara) = w(a) a€ AWr) (4.62)

and
w(aa) = w(a) aec A(W,), (4.63)

where Wp and W; are the wedge regions associated to the Poincaré chart
and the exterior of the BTZbh respectively. The symbol w denote a state
on these algebras, below we explain more about this state. The symbols arp
and a; denote the automorphisms of the algebras associated to W and W,

respectively. We assume that these automorphisms satisfy
ar A(Wr) = A(NT)Wr) (4.64)

and

a A(Wy) = A(A()W;) (4.65)

where A(T') and A(t) are the transformations which leave invariant Wz and
W, respectively. The last four expressions deserve some comments. The
existence of A(T) and A(t) is a consequence of the existence of the Killing
vectors Or and J;, which is a geometrical property of AdS spacetime. The
equations (4.64) and (4.65) are part of the assumptions about the structure
of the algebras. The equations (4.62) and (4.63) are a consequence of anal-
ogous expressions in the boundary assuming AH. Hence once we are in AdS
spacetime and its geometry and we postulate the algebraic structure on its
boundary these four equations should be valid. Now let us make some com-
ments about the state w. As we have said the last four equations have a bulk
and boundary counterpart. In the boundary we have a Minkowski space-
time whereas in the bulk a spacetime with constant curvature. If we want
to make quantum field theory on both and both should be equivalent there
should be no preference for one of these two perspectives a priori. However,
if we take into account that Quantum Field Theory in Minkowski spacetime
has a well establish theory, it seems that we should go from the boundary

to the bulk, because in this way we can use all the formalism at hand for
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QFT in Minkowski spacetime and try to apply it to the bulk of AdS space-
time. It could be possible that some tools for Minkowski spacetime do not
apply to AdS spacetime, however, we will notice this if we get a contradic-
tion or an unphysical result. By taking this philosophy it seems that we
should take the ground state on the boundary defined with respect to Jg
which coincides with d7, see Appendix B, as the vacuum of the theory on
the boundary. If we do this, then in the bulk w will be our vacuum, i.e., if
we make the GNS construction [42] of this state then the unitary operator
associated with translations in 7" has a self-adjoint generator operator, Hr,

with spectrum [0, co]. This hamiltonian satisfies
Hr|¥,) =0, (4.66)

where |U,) is the cyclic vector associated with w through the GNS con-
struction. Also we have assumed that the unitary operator implementing
translation in T is strongly continuos with respect to 7. Hence in this case
the von Neumann’s theorem [71] assures the existence of Hrp.

As was proven in [70], once we have set up this scenario we can apply the
well-known theorems of Tomita-Takesaki and Bisognano-Wichmann to the
theory on the boundary. From the previous discussion it is clear that w is an
equilibrium thermal state when restricted to the exterior of the BTZbh. Put
in other way, it satisfies the KMS condition with respect to ¢. Let us find
what the temperature of this state is.

From (4.55) we can see that the parameter of the boost is t' = kt with
x = 7. Using theorem 4.1.1 (Bisognano-Wichmann theorem) in [42] we
have that the parameter of the modular group which appears in the Tomita-
Takesaki theorem is given by

t K

e 4.67
T 21 21 ( )

Using theorem 2.1.1 (Tomita-Takesaki theorem) in [42] it is possible to prove

that the state invariant under the modular group satisfies the KMS condition
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with f = —1 = =, see [42]

w((ard) B) = w (B (ar-iA)). (4.68)

Hence from (4.67) it follows the temperature of the thermal state with respect

totis
K

This is the so-called temperature of the black hole. The local temperature

T (4.69)

measured by an observer at constant radius r is

1 K

T(T) = (_900)1/2 %

(4.70)
This is because the proper time of this observer, 7, and the time ¢ are related
as T = (—goo)'/?t.

So far we have shown that w satisfies the KMS condition on the covering
space of one exterior of the BTZbh, however the exterior of the BTZbh is ob-
tained after making ¢ 27-periodic. This periodicity introduces new features
because we have a non simply connected spacetime, a cylinder, instead of a
simply connected spacetime, a plane. We shall assume that there is a way
to construct the thermal state on the cylinder from one on the plane alge-
braically. Let us call the state on the covering space of one exterior region
of the BTZbh w445 and on the exterior region of the BTZbh wpry.

The state wpryz is defined in R! x S' which is one exterior region of the
BTZbh whereas w45 is defined on R x R! which is the covering space of one
exterior region of the BTZbh. Put in this way, the state wgrz is a thermal
state on a black hole, i.e., the Hawking effect for an eternal black hole takes
place and corresponds to the Unruh effect on AdS spacetime after making
¢ 2m-periodic. Put in this form we can say that the Hawking effect in the
eternal BTZbh has its origin in the Unruh effect in the boundary of AdS
spacetime and in the topological relation between R! x R! and R! x St. We
point out that this result is in accordance with previous work on quantum
field theory of the real scalar field in the BTZbh [62].

In the rotating case there is a tiny modification in the analysis. From

78



the form of the parametrization of the exterior of BTZ black hole (2.10) we
see that in the rotating case the subgroup of the AdS group which leaves
invariant the wedge W is generated by 0;. Following the analysis of the
previous section, now the parameter of the modular group which appears in

Tomita-Takesaki theorem is related to the time £ as
T=——. (4.71)

Hence the state is thermal with respect to ¢ at temperature T = % Put in

this form, because the state w satisfies
w (97 A) B) = w (B (zA)) , (4.72)

then there is a periodicity of the state in ¢ and ¢ given by

. . 1 27
where 3 = 2% Hence again the black hole is hot at temperature T = =.

4.3.1 Thermal state for a quantum real linear scalar
field

In this section we show how a thermal state in the bulk of AdS spacetime
maps to a thermal state on its boundary for a quantum real linear scalar
field.

The equation the field satisfies is

(V. V¥ —ER—m?) ¢ =0, (4.74)

where £ is a coupling constant, R is the Ricci scalar and m can be considered
as the mass of the field. For the metric of AdS spacetime, R = 6A = —l%.

Hence the last equation can be written as

(V. V¥ —m?®) ¢ =0, (4.75)
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where m? = m? — ?—25. The operator V,V* is given by

1
Vo = ——0, (Vglg™ 0,0) (4.76)
vard
where ¢ = |g,,|. For our purposes it is convenient to use Poincaré coordi-
nates. In these coordinates g = —i—i Because 0r and 0y are Killing vectors

we propose the ansatz ¢(T, k, z) oc e”“Tein* £ (2). Then the equation (4.75)

becomes a equation for f(z):

zch—f - zﬁ + ((w?* = n?)

22 =) f=0. (4.77)

If we make o = (w? — n?)2z and y = £ we obtain

d*y | dy

2 2 29\, _

which is the Bessel equation with p* = 1 + [?m? [75]. Hence the solution of
(4.77) i8 fun(2) = 2J,(az) where a = (w? —n?)z and J, is a Bessel function.
Following the standard procedure of canonical quantization [13] we normalize

the modes ¢(T, k, z) with the inner product

() ==i [ (f3 =af") Zavi (1.79)

where "= Or and * means complex conjugate. The normalized modes turns

PO
out to be Fo(T, k,2) = (%) 2 e “Te*2.J,(az), where we have used

/ Jp(az)J,(a'z)zdz = 1(5(@ —d),
0 a

page 648 in [5]. These modes satisfy

(an Fn’a’) = nn’5(a - (l,). (480)
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Now we proceed to define the field operator
(T, k, z) = / / (Fraling + F,al,) dnda, (4.81)
—o0 J0

where

CALna’0> =0 i n,a (482)

defines the Poincaré vacuum. The operator qAﬁ acts on the Fock space con-
structed from the one particle Hilbert space spanned by {F,,}.

It follows that the two point function
F(T k2T K, 2') = 016(T k, 2)0(T", K, )|0)
is

/ o0
F(AT,Ak;z,2) = ;—Z dn{ (4.83)
T Jo

& acos nA\k —i(a24n2)1/2
/0‘ dame (a%+n%) ATJP(CLZ)JP<CZZ/)},

where Ak = k — k' and AT = T — T’. By making the integral over n we

obtain

F(AT, Ak;2,2') = == lim{ (4.84)

27 e—04

/000 daaKo(a((Ak)? — (AT + ie)2)1/2)Jp(az)Jp(az’)}

where we have used the identity [;° dm%e—ﬂ(v%w?)m = Ko(y(a® +

32)1/2), equation 3.961 2 in [40], with K, a zero order modified Bessel func-
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tion. By integrating the last equation we obtain

N1+4+p
F(AT,Ak;z,2) = mnm{ (4.85)

2 e—04

22 Z/2

T (AR)2Z2—(ATHie)27 (Ak)2—(AT+z‘e)2> }

F4 (a,a; Q, O

(AK)2 — (AT + ie)?)1+7

where @ = 1 + p, we have used the identity 6.578 2 in [40] and F} is a
Hypergeometric function of two variables. Following [12], we now make z = 2/
and multiply (4.85) by z~204?) and take the limit z — 0. We obtain®

Ey(AT, Ak) = 1in(1)z’2(1+p)F(AT,Ak;z,z’)
1 1
— i . 4.
o7 b (AR — (AT + ic) i+ (4.86)

Now let us analyze what happens when we restrict (4.86) to the exterior
of BTZ black hole. By using (2.56) we get

Fy(At, Ag) = — (2P 7 487
oA AF) = 21 (cosh kAG — cosh(kAL + i€)) 1+’ (4.87)

where k =1, /12, ¢/ =1d, A¢ = ¢ — ¢y and At =t —t'.
From (4.87) it follows that

Fy(—At, A¢) = Fy(At — i3, A¢) (4.88)

where § = 7 = 2. From (4.88) it follows that the restricted two point
function to the exterior of the BTZbh in the boundary satisfies the KMS

K

2
restricted to the exterior of the BTZbh in accordance with [62]. From (4.85)

we see that the thermal property does not change when we take the limit

condition [37]. Hence (4.85) is a thermal state at temperature T = 2 when

z — 0, since z = le‘”¢'%, hence we can say the thermal state in the bulk

of AdS spacetime maps to a thermal state on its boundary, and this state is

3This expression has been obtained before by Dr. Bernard S. Kay by using the Feynman
propagator of the Klein-Gordon operator in Poincaré coordinates, private communication.
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given by (4.87).
The jacobian of (2.56) is

= 2R (4.89)

If we consider (2.56) as a conformal transformation then from (4.89) and the

relationship between two conformal metrics

9 (2') = Q% (2) g (z) (4.90)

it follows that in the present case

1

Q@) = ——. 4.91

) =t (1.91)
If we want to consider Fj, as a correlation function for a conformal field theory
in the boundary of AdS spacetime and take into account that two correlation

functions in a Conformal Field Theory are related by [34]

Q)™ Qay) =2 (d1(2)) g2 (23))) = (d1(w1)Pa(x2)), (4.92)

where Ay and Ay are the scaling dimension of the field ¢, and ¢ respectively,

then from the equality

IR A R A 20

om (Ak)2 — (AT +ie)2)+» 21 (cosh kA@ — cosh(kAL + i€))+P

we finally have

Fy(At, A¢f ! G 4
t ~ . .
oA AP) 272147 (cosh KA@' — cosh(kAt + i€))1+P (4.93)

According to standard Conformal Field Theory [34] this correlation function
would correspond to a field with scaling dimension A =1 + p.

From (4.93) we can obtain the two point correlation functions on the
exterior of the BTZbh and its covering space respectively by using the image

method. Let us explain briefly this method. The image sum method relates
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the two point function in a multiple connected and the two point function in
a simply connected spacetime, see [10] or [24]. In this case we could apply

the formula
Fj(At, Ag) = ™ Fy (AL, Ag + 2mn), (4.94)
nez
where F/(At, A¢) is the two point function in the covering space of the
exterior of the BTZbh and « a parameter which is 0 for untwisted and % for
twisted fields. In this work we are interested in untwisted fields, so we take
a = 0. Applying this method to (4.93) we obtain

1
Fl(At,Ag) = Z%me
neL

;:2(14p)

(cosh 55 (A¢ + 27n) — cosh(kAt + ie))1+P

(4.95)

This correlation function would correspond to fields defined on the same
covering space of one exterior region of the BTZbh. However the BTZ black
hole has two exterior regions analogously to the Schwarzschild black hole.
The parametrization of the other exterior region is given by changing the

sign in (2.56). Hence in this case the correlation function is

1
omotte

F(At,A¢) = Z

neL
52(14'17)

(cosh 5= (A¢ + 27mn) + cosh(kAL i) )17

(4.96)

From the previous analysis, it is clear that on the boundary we have
a thermal state when we restrict the state defined on the Poincaré chart
to the covering space of one exterior region of the BTZbh. Also because
we have to make ¢ 2m-periodic then this covering space is a cylinder with
spatial cross section. Now a massless field theory on a cylinder is equivalent
to a 14+1 dimensional Conformal Field Theory [34], hence we can say that
on the boundary of AdS we have two conformal theories related in such
way that when we restrict a vacuum state to one of them it becomes a
thermal state. We point out that the expressions (4.95) and (4.96) have
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been given in [63] and according to it they have been obtained in [59]. In
[59] it was used the proposal given in [90] for the AdS/CFT correspondence.
However we have just obtained them by using AdS/CFT in QFT which
uses both Algebraic Holography and the Boundary-limit Holography. Hence
we can say that the approach [90] and AdS/CFT in QFT are consistent at
least for the present case. In our opinion they are consistent because both
approaches are using in one way or in another techniques from quantum field
theory in curved backgrounds. Taking into account this fact we conjecture
that there are many aspects of the AAS/CFT correspondence which can
be understood at this level and which just reflect the symmetry and group
theoretical aspects of the AdS/CFT correspondence. It would be interesting
to make a bit more realistic the correspondence in AdS/CFT in QFT for
example by putting supersymmetry in it. It can be done for example by
considering a supersymmetric model in BTZ black holes in 141 and 1+2
dimensions. Also this could be done in AdS spacetime itself.

So far in this section we have considered the non rotating BTZ black hole.
However similar considerations apply to the rotating case. In the rotating

case the relation between Poincaré and BTZ coordinates is

2 2N\ Ll2 2 a2\ 1/2 i
T:j:l(r TJF) e ?sinht k:j:l(r ’”+) e ¢ cosht,

2 2 2 2

r?2 —r? r? —r2
(4.97)

where 7 and ¢ are defined in (2.14). Hence in the limit 7 — oo
T =+le®sinhi k= +le % cosh?. (4.98)

The sign + corresponds to one exterior of the BTZbh and the sign — to the

other. Following the analysis for the non-rotating case we have
Fy(—=A, Ad) = Fy(AE — i21, Ad) (4.99)

if
(t.¢) — (t—iB, ¢+ i6Qu) (4.100)

where (= % and (g is the angular velocity of the horizon.
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4.3.2 Further analysis of the thermal state

So far we have used the duality between the theories in the bulk and in
the boundary. In order to do a simpler analysis we could just look at the
boundary theory and try to get some conclusions.

Let us consider a massless real linear scalar free field in the boundary.

The two point function in Poincaré coordinates is given by

wmawmwwm@:_j

™

In(U —U" —ie) + In(V — V' —ie)], (4.101)

where U =T — k and V = T + k. Because the divergence of this two point
function, it makes sense just after twice differentiated [54]. If we use (2.56)

to express U and V' in BTZ coordinates we obtain
U= —le "™ V =le", (4.102)

where & =t + ¢’ and v =t — ¢’ with ¢/ = l¢. Hence in terms of & and v, the

resulting second derivative of (4.101) with respect, say, @ and u'is

/ s & AN 1 K
F(t.6) = = (0l0(a, 2)o (@, 7)0) =~ - ——————————.
uou (e‘” 2 —e 7T —ie
(4.103)
which clearly satisfies the KMS condition F(—t) = F(t — ¢8) [37], with
8= % = 27” This implies that this twice differentiated two point function

corresponds to a thermal state of the scalar field on the boundary. Now in
order to obtain the covering space of the exterior of BTZ black hole we have
to make the quotient procedure by making ¢ 27-periodic. In this context
we can make use of the image sum method again. Because each term in
this sum satisfies the KMS condition then F'(t,¢') satisfies it too. Hence,
in accordance with the previos subsection, we have a thermal state living on
one exterior region the black hole.

From the previos discussion we can see that the vacuum state with respect
to Poincaré time looks like a thermal state with respect to an observer moving

along the integral curves of 9;. One might be worried about the vacuum with
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respect to global time, |0,), so let us see how these two vacua are related.

The two point function with respect to global time is

(0gld(X, 0)B(N,6")]0,) = —% In{sin %(u —u' —i€) sin %(v —v' —ie)} (4.104)

where u = A — 0 and v = A\ + 0. Hence

O*(0g|o(u, ) (', v)[0,) 1 1 (4.105)
Juou’ 167 sin® 1 (u — o/ — ie)’ .
By using
A—0 A+0
T —k =ltan T+ k = ltan i (4.106)
we get
0*(0p|o(w, 2)p(w',2)0,) 1 L (4.107)
Juou’ 167 sin® L (u — u' — ie) ‘

where w = T'— K and z = T'+k. Hence global and Poincaré vacuum could be
considered as the same, modulo some constant which we could be throwing
away when differentiating the two point functions. Later we shall make some
comments about the global and Poincaré vacuum. In figure 4.2, we show the
integral curves of both vector fields, 0\ and Or.

In passing we note that the previous analysis is in accordance with the
classification of the conformal vacuum given in [13] if we identify the bound-
ary of AdS spacetime with the Einstein universe and the Poincaré chart with

Minkowski spacetime.

4.4 The dictionary

It is commonly seen in the AdS/CFT correspondence literature the phrase:
the dictionary. By the dictionary people seems to mean a way to relate
quantities in the bulk and quantities in the boundary of AdS spacetime. The
word quantity in this context seems to be very broad. For example, we have

just given the relation between a thermal state in the bulk and a thermal
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Figure 4.2: These figures show respectively the vector fields ) and 7 on the boundary.

These figures were made with Maple 10.
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state in the boundary, and as we said in the introduction a relation between
the global ground state in the bulk and in the boundary of AdS spacetime
has been given before in [57]. But even in the context of this work we have a

relation between the mass of the field in the bulk and the scaling dimension,
A, of the field in the boundary

A=1+p, (4.108)
where p* = 1 +m? and m? = m? — %. It is clear that a state and a mass

or scaling dimension have a different physical status, however glossing over
these hierarchy of elements of the theory we can follow the fashion and give
other entry of the dictionary. In [31] it has been shown how to obtain a
field on the boundary of AdS spacetime from a field in its bulk and has been
shown that the field on the boundary is a generalized free field. So to a field
in the bulk corresponds a generalized free field in the boundary.

Another interesting entry in the dictionary could be the energy-momentum
tensor in the bulk and its boundary limit. If we could know this entry then
we could have an idea of how the energy and momentum in the boundary
are distributed in terms of the distributions in the bulk. In quantum field
theory one is not interested in the energy-momentum itself but on its ex-
pectation value on an appropriate state. In AdS/CFT in QFT we would be
interested in this quantity too. It is well known that the calculation of the
expectation value of the energy-momentum tensor is a very delicate problem
and usually a method of regularization and renormalization is required [13].
In the present case we expect that closed expressions would result after these
procedures. This is because AdS spacetime is a maximally symmetric space-
time. In the present work we do not address fully this problem although we
work on it later in Chapter 6. We expect in the near future to work on it by
using functional methods such as the effective action.

We conclude this section by saying that in our AdS/CFT in QFT we can
have a dictionary too. It would be worth exploring more this dictionary with
other models of fields.
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Chapter 5

The Brick Wall model in BTZ
black holes

In this chapter we shall consider the brick wall model [80] in BTZ black holes
in 1+1 and 142 dimensions. It seems to be one of the natural extensions of
the research carried so far. We will calculate states in the exterior of BTZ
black holes and later map them to their boundary. We shall consider states
at zero and non zero temperature. We will show that in both cases we can
obtain states on the boundary of the BTZ black holes.

5.1 Thermal state with the brick wall model

So far we have been considering thermal states as arising from a restriction of
a ground state. However thermal states also arise as heated up states on an
appropriate Fock state representation. For example it is well known that the
Hartle-Hawking state restricted to the exterior of Schwarzschild black hole is
a thermal state with respect to Schwarzschild time, however the heated up
Boulware state coincides with the state previously mentioned. After consid-
ering the arising of thermal states from a restriction of a ground state in AdS
spacetime it seems natural and an instructive exercise to consider heated up
states in a Fock representation. In this section we will do this by considering

the vacuum with respect to BTZ time.
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5.1.1 The brick wall model in 14+1 dimensions

The metric for a 141 dimensional BTZ black hole is given by (2.2). This

metric can be written as
ds® = —N? (dt* — dr*?) (5.1)

where r* = %lnﬂ. We want to solve the massless conformally coupled
+ Tt

real linear scalar field in this geometry. Due to fact that this metric is
conformally flat then we can use standard techniques from quantum field
theory to solve our problem. This can be done by solving the Klein-Gordon
operator with the flat metric in coordinates (¢,7*) and later mapping back
the solutions to the geometry (5.1).

The coordinate r* goes from —oo to 0, since we want to put a brick wall

close to the horizon, let us say at r. + € then —B < r* < 0, where B =

€
2ry T 2rp+e”

In this conditions our problem reduces to solve the equation

0? 0?
(=5 + g ter =0 .

with boundary conditions

If we use separation of variables and harmonic dependence in t then the

solutions are

1 .
(") = ——e ™“rsin(wr*), 5.4
Fultr) = <= sinfor”) 6.9
where
w:% n=123,.. (5.5)

are the frequencies of the modes. At this point we can write the expression

for the field operator

o) = ¢LB_w (dufo+aLf2), (5.6)
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with the vacuum defined by

as)0) =0 V w. (5.7)

5.1.2 Two point function on the boundary in 141 di-

mensions

In this subsection we obtain the two point function on the boundary for the
vacuum and a thermal state.

The two point function for the vacuum is
—iw(t—t")

sin(wr*) sin(wr*). (5.8)

(Olg(t, )t )]0y =>

w

Buw'
If we multiply (5.8) by 1/r*r* and take the limit r*,7* — 0, then we

have

Gty = e, (59)

where we have denoted by G(t,t') the resulting limit. This function can be
thought as a two point function on the boundary, »* = 0, corresponding to
the vacuum associated with the modes (5.4).

The two point function for a thermal state is defined as

Tr (e—ﬂ%(t, VoL, r*’))
~ :

(d(t,r)o(t,r™))s = (5.10)

where Z = Tre*ﬂg, H the hamiltonian of the system and (§ = % with T the

temperature. In the present case

sin(wr*) sin(wr*’)

R S (511)

6—iw(t—t’) + eiw(t—t')e—ﬁw
X .
( 1—e B )

We denote this function by T(At;r*,r*') with At = t — t'. Clearly this
function satisfies the KMS condition T'(—At) = T'(At —i3). If we multiply
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!/

T by 1/r*r*" and take again the limit r*,7*' — 0 then we obtain

w [ e—wt=t) 4 giw(t=t) —Bw
T(At) = ij 5 ( = ) : (5.12)
We see that the KMS condition does not change when we take the limit,
hence we can say that the thermal state maps to the boundary. Also we can
see that in both cases where we have taken the limit, it just depends on the
modes and the power for which we multiply the two point function.

The two point function (5.12) would correspond to a thermal state with
the brick wall model and on the boundary. According to [67] the vac-
uum state in the brick wall model corresponds to the Boulware vacuum
for Schwarzschild geometry. We would expect that the same happens in the
present case and that the two point function (5.12) would correspond to the
discrete limit of the two point function we found before (4.33). Now we show
that this is indeed the case.

If we write (5.12) as

1 d 1 61‘%(At+iﬁ)

ey D S re (5.13)

then we can approximate this sum by the integral

1 i 5 (At+iB) 1 [ e
n#0
where x = fw. Using 3.311 8 in [40], this integral can be evaluated and

finally we obtain
1 K

TAt) ~ —— ——————. (5.15)

The step (5.14) can be understood as taking Aw = % infinitely small, which
corresponds to B — o0, i.e., to removing the brick wall.

In this way we recover the expression we had obtained by restricting the

global vacuum in AdS spacetime to the boundary and later to the exterior

region of the BTZbh. So we have shown that the same conclusion obtained
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by [67] applies to the present case. The vacuum in the brick wall corresponds
to the Boulware vacuum.

From the previous calculations we can consider the two point functions
on the boundary (5.9) and (5.12) as two point functions for the brick wall
on the boundary. In some sense these two point functions give us an idea
how the near horizon geometry has an effect on the theory on the conformal

boundary.

5.1.3 The brick wall model in 1+2 dimensions

In 1+2 dimensions the brick wall can be implemented too and an expres-
sion for a thermal state on the boundary can be obtained. The problem
here is that the resulting expression for the frequencies involve implicitly the
Gamma function and are too wild to give closed expressions, however due
to the results in the 1+1 dimensional case we expect that the results can be
interpreted similarly. We now give the expressions just mentioned.

In 142 dimensions the Klein-Gordon operator in the BTZ metric can be
reduced to the hypergeometric equation if harmonic dependence in time and
in the angular variable are assumed, see Appendix E. This equation has two
linearly independent solutions around each regular singular point. It turns
out that the three regular singular points of this equation correspond to the
inner, outer horizon and infinity. If we impose vanishing boundary conditions
at infinity just one of the solutions around this point satisfies this condition.

This solution, for the non rotating case, is
frw(u) = M (u — 1)U F(a,a —c+ 1;a— b+ 1,u™?), (5.16)

where u = %, a=a+5+%(1+u), b:oz—i—ﬁ—l—%(l—v), c=28+1,1°=
1+m22, a? = — s (rpw)” and 8% = — s ("1*[")2. Here m? = m?— % with
¢ the coupling factor in the Klein-Gordon operator and F' is a hypergeometric

function. Hence the positive frequency modes are

1/ 2 oy
an =7 —eiwtequ}fnwa (517)
[\ cryiw
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where ¢ is a normalization constant [58] and n an integer.

In order to obtain the brick wall model we must impose vanishing bound-
ary conditions close to the horizon, let us say at u = 1 + ¢. Using the linear
relations between hypergeometric functions we can analytically continue the
hypergeometric function in (5.16) to the horizon. After this continuation and

close to the horizon we obtain
frw < e (u—1)7* + e (u — 1), (5.18)

where ¢2 = fra St et P HE) and by = §(14v) with v = VT + W22,

Imposing that at the horizon this function should vanish and using that
u = 1+ € we have that

w 2p+1
6 Y e =
(w,n)—i—Q,{ ne 5

T (5.19)

with p an integer. At this point we can expand the field operator as we did
in 1+1 dimensions and define as the vacuum the one associated with the

positive modes (5.17).

5.1.4 Two point function on the boundary in 142 di-

mensions

Having solved the brick wall model now we proceed to give the two point
functions for the vacuum and for a thermal state on the boundary.

The two point function for the vacuum state in the bulk is

A A A . N ,
(010t )5 o )0) = 3 et g (5.0)

nw

where A = ﬁ If we multiply this expression by (uu/)*/2 with A =1+ v

and take the limit when u, v’ — oo we get

<0‘$<t7 gZﬁ)(Zg(t,, ¢/>|0>b _ Z ée—iw(t—t')ein(¢—¢/)7 (521)

nw
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as the two point function on the boundary.
Using the definition (5.10) for the two point function of the thermal state
we find that

fnwfnw zn ")
(d(t,u, 9)p(t, ', ¢")) ZA (#=4) (5.22)
e—zw(t t') 4 ezw(t t)e Bw
X :
1 —e B
If we take the same limit as in the vacuum state we get on the boundary
ein(o—¢")
(@(t,u, @)o(t, ' ¢')) Z AT (5.23)
e—zw(t t') + ezw(t—t’)e—,@w
X :
1—e B

In this case we again see that the thermal state maps from the bulk, inside
the exterior of the BTZbh, to the boundary. We expect that this two point
function on the boundary in the limit in which the brick wall is removed
should coincide with the two point function (4.95). However to proof this we
have to make the sums over n and w, and since w depends implicitly on the
Gamma function this can not be done in close form.

We just want to stress that the limits we have been taking when we go
from the interior of AdS spacetime to its conformal boundary in all the cases
so far studied give us two point functions on the boundary. This fact can
be explained because the geometry of AdS spacetime. So in this sense the
correspondence between the bulk and the boundary is just kinematical. We
would expect that if we take for example the Dirac field the same limits can
be taken. Also we expect to have the mapping of thermal states from the
bulk to the boundary.

Other point we want to stress is the fact that by imposing the brick wall
close to the horizon the thermal properties of the field are not modified, the

brick wall just has the effect of making the spectrum discrete.

96



5.2 The entropy in the brick wall model in

1+1 dimensions

The principal motivation in [80] to introduce the brick wall model was to
avoid divergences and to obtain a finite expression for the entropy of the
Schwarzschild black hole. It was shown that by imposing vanishing boundary
conditions on the field at a distance from the horizon of the size of the Planck
length the resulting entropy is proportional to the area of the horizon. Later
in [67] it was shown that if we take the entropy close to the horizon then by
choosing adequately a parameter of normalization, which is proportional to
the Planck length, the Bekenstein-Hawking entropy is recovered. Hence we
can say that in this model the entropy of the black hole is distributed around
the horizon. Let us see what happen in our model in 141 dimensions.

It is a fairly easy to obtain the entropy in 1+1 dimensions. The partition

function for a gas of photons is

o0

InZ(T,B) = —> In[l - exp(—BE,)], (5.24)

r=1

where F, is the energy of a photon and 3 = % We can do the last sum as
an integral by multiplying it for the correct factor %dw where B is the size

of the one dimensional box. The result is

*“ B
mmﬂm_—/ B o[l — exp(—Buwh)). (5.25)
0 TC
In order to calculate the entropy we calculate first the free energy which is
given by
F(T,B) = —kTlhZ
B/{?2T2 00
= / drIn(l —e™®)
mch  J,
BE*T*?
= — '(2)((2). 5.26
7 1(2)2) (5.26)
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The entropy given by S = — (g—l;) 5 The result is

BE*Tr

5= 3hc

(5.27)

where k is the Boltzmann’s constant, 4 the Planck constant and ¢ the speed of
light. In order to obtain (5.27) we have used that I'(2) = 1 and ¢(2) = 72/6.

If we take T = /27 and make the constants equal to one then

1 €

S=——1 .
1272r, te

(5.28)

In obtaining the last expression we have used that x = r,/I*> and B =

—% In er - If we make r, = 1 then in order to have an entropy of the order
of 2m we must have € ~ 3.42 x 10733cm. This magnitude has the same order
of the Planck length [, = 1.62 x 10~*c¢m. However in 141 dimensions we do
not know what the Planck length is, hence this result should be taken with
care. Also we should note that in the present case the entropy is distributed
over all the volume, not just outside the horizon. From this analysis we see
that the brick wall model in 141 dimensions give also the correct entropy
however differs physically from its counterpart 143 dimensional case!. By
the correct entropy we mean an entropy proportional to 27 gives an € similar
to the Planck length, hence in this case also the brick wall model reproduces

the features of the 143 dimensional case.

IFor a calculation of the entropy of the 1+1 dimensional BTZ black hole by using the
asymptotic symmetries of the 141 dimensional AdS spacetime and the conformal group
in one dimension, see [20].
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Chapter 6

The Energy-Momentum Tensor
in the 14+1 dimensional BTZ
black hole

It is well-known that the energy-momentum tensor in Quantum Field Theory
in curved spacetime is a subtle issue. This is principally due to the diver-
gences which ocurre when the expectation value of it in a certain state is
calculated, see for example [13] for an extensive discussion. However, since
it contains important physical information of the field it is worth trying to
calculate it. It turns out that in 141 dimensions most of the difficulties can
be removed and it is possible to obtain closed expressions for it [26]. In this
chapter we will exploit this fact and will calculate this quantity for the 141
dimensional BTZ black hole.

6.1 The energy-momentum tensor in 141 di-

mensions

In 1+1 dimensions the energy-momentum tensor is almost determined by its

trace. In what follows we give the basic formule for calculating this quantity.
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Let us consider the following metric
ds® = O(—dt* + dz*) = —Cdudw, (6.1)

where w = ¢t — x and v = t 4+ x. Since every 1+1 dimensional metric is
conformal to a 1+1 dimensional metric in Minkowski spacetime, the metric
(6.1) is very general. The function C' in general depends on both variables
in the metric. In these circumstances the expectation value of the trace of

the energy-momentum is [26]

<TH>=—— = —
# 247 67

c? B

R 1 (Cw C,C,

( ) | (6.2
where R is the Ricci scalar and C, = B%C’, etc. The last expression holds
for the real scalar field. The expectation value of the components of the

energy-momentum tensor in null coordinates is

1

(Tu) = =15 CY20,C7% + f(u) (6.3)
1

(Tw) = =5 C2;C71 + g(v) (6.4)

where f and g are arbitrary functions of u and v respectively. These functions
contain information about the state with respect to which the expectation

value is taken. The mixed components are given by

CR

Tu'u = <5 -
(T} 967

(6.5)

Now let us apply these formule to the 1+1 dimensional BTZ black hole.
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6.1.1 The energy-momentum tensor in the 141 dimen-
sional BTZ black hole

In the previos chapter we saw that the metric for the 141 dimensional BTZ
black hole can be written in the form (6.1) with

2 r’

C=N*= (—M + 1_2) (6.6)
and r = x. This function can be written as function of r* or v and v as
follows v u

C = = , 6.7
sinh? kr*  sinh? K/—(U;u) (6.7)
where £ = 7 is the surface gravity.
Using the previos expression for C' we obtain
(2
Tou e — 6.8
(Tuud = o + f() (69
and
(2
(Tyo) = “1on + g(v). (6.9)
Using that

ﬂt — Tuu + 2Tu’L} + T’U’U; (610)

Tmac - Tuu - 2Tuv + Tvv: (611)
and

71t:z: - _Tuu + Tv’u (612)
we obtain > oR
K
(Tw) = —6—W+@+f(u)+9(v)y (6.13)
k2 CR
and
(Thw) = g(v) — f(u). (6.15)
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From the last three expressions it follows that

(T")) = A+B+D (6.16)

K2 1 0
A= 1
o6mC ( 0 —1 > (6.17)

R 10
B=—— 6.18
481 ( 01 ) ( )

p_L ( —f(w) — gv) flu) - g(v) )
C\ (o) = flu) f(u)+g(v)

If we choose f(u) = g(v) = 0 we obtain the analogue of the Boulware

where

(6.19)

state in Schwarzschild spacetime which is singular at the horizon (C' = 0).
However we can also obtain the analogous of the Hartle-Hawking state which
is regular in both the future and the past horizons. The value of f(u) and g(v)
can be obtained if we express the energy-momentum tensor in Kruskal like

coordinates, U and V, see (2.25). In these coordinates the energy momentum

tensor is
(Tyu) = %(TMJ = % (fég) - é) ; (6.20)
<TVV> = %<Tvv> = % <% - é) 5 (621)
and
(Tyv) = 0. (6.22)

Hence we demand that f(u) = g(v) = %, although it is not the only
possibility. We could choose functions which close to the horizon are have
the values % and a different value far from it. So f and g constants are not
the only possibility. It is worth to point out that there is no natural analogue
of the Unruh vacuum, since these would lead us to have no conservation of
energy-momentum at infinity.

Also it is interesting to write this tensor in an orthonormal frame. This

can be done by introducing two-beins. The appropriate orthonormal frame
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is given by
et = (N,0) (6.23)

and
e’ = (0, N), (6.24)

where a and b are indexes associated with the orthonormal frame. In these

circumstances the energy-momentum tensor is given by

(T =E+F+G (6.25)
where
K2 10
E=— 2
6mC ( 0 1 ) (6.26)
R 1 0
F=— 2
487 ( 0 —1 ) (6.27)

o1 ( J(w) + g(v) f(u)—g(v)) (6.28)
C\ J(w) = g(v) f(u)+g(v)

From this expression we see that for the Hartle-Hawking state

(T = % ( (1) _01 ) : (6.29)

Since in the present case R = —l% = 2A, then the energy density and the

pressure are given respectively by

and
_ _A (6.31)
b= "our '

Hence the cosmological constant determines the properties of the field in the
141 dimensional BTZ black hole.
It is also interesting to look at the semiclassical Einstein field equations. It

is well known that in 1+1 dimensions the Einstein tensor vanishes identically,
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so there are no Einstein equations. In particular the Einstein field equations
with cosmological constant in vacuum are imposible, however we now show
that a kind of Einstein field equations with cosmological constant make sense
when the right hand side of them is taken to be the expectation value of the
energy-momentum tensor we have found.

If we write the semiclassical Einstein field equations as
1
Ry = 5B + Mgy = (T ), (6.32)

then in 141 dimensions the first two terms of the left hand side vanish iden-

tically and we are left with
Aguw = (Tu)- (6.33)

But according to our expressions for the energy-momentum tensor this equal-

ity can be satisfied if and only if

c (1 0
G = 542 ( 0 —1 ) (6.34)

which is no other thing than the metric for the BTZ black hole in 1+1
dimensions, scaled by an overall factor and multiplied by minus one. This
could be interpreted as the metric inside the horizon. Hence we could say that
the back reaction shifted the horizon by making it bigger. It is interesting to
note that if the sign would be opposite then there would not be change in the
geometry. Since if we take this metric as the starting point for calculating the
expectation value of the energy-momentum tensor we would find the same
values as previously [8]. In this second scenario the BTZ metric would be
stable under back reaction effects.

The previous discussion should be taken with care and just as an indi-
cation of the possible scenarios, since there is no Einstein equations in 1+1
dimensions. A more natural thing to do would be to plug in the expectation
value of the energy-momentum we have found into a theory of gravity in 141

dimensions and see how it is modified.
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Finally, if we consider the field in a box by putting the brick wall then
we can calculate the expectation value of the energy-momentum tensor in a
thermal state very simply. The expressions for the expectation value are the
same plus a Casimir energy term [26]. Then if we want our thermal state to

coincide with the Hartle-Hawking state we must have

. R [10 r (10
<TV>__48_7T<0 1>—m(0 _1> (6.35)

where d is the size of the box corresponding to the brick wall conditions.
The justification for obtaining the last expression is that when we remove
the brick wall then the expectation values of the energy momentum tensor

should be the same as the expectation value in the Hartle-Hawking state.
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Chapter 7
Final Comments

In Section 4.3, in associating an algebra to the bulk of AdS spacetime we
took the algebra associated with the Poincaré chart, however one can ask
why not take the algebra associated to the global chart. Even one can think
that the algebra associated to the global chart is the most natural since it
covers all the spacetime. This property seems to be enough to give priority
to the global chart over the Poincaré chart, however as we said the Poincaré
chart is likely to be a wedge region and when seen from the boundary it is
the natural candidate to work with. Also it is worth remarking that when we
pass from the global chart to the Poincaré chart we are restricting the global
ground state to a state on the Poincaré algebra. In this conditions the issue
of thermalization of this state by restricting it to a subalgebra arises if we
have in mind the Minkowski-Rindler story. However we claim this is not the
case. As we saw in the last section by doing a little calculation we show that
the two times differentiated two point functions coincide in both charts on
the boundary, and then the ground states can differ at most by a constant.
Now from the point of view of the bulk theory although the global chart and
the Poincaré chart do not cover the same region they both share a common
spacelike surface, T" = A = 0, hence the analogy to the Minkowski-Rindler
case is not complete. Also related to this point is that the horizon defined
by the Poincaré chart is not a bifurcate killing horizon as in the Minkowski-

Rindler story. It would be worth while to study how the GNS representations
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of the global ground state and the Poincaré ground state are related. Our
conjecture is that they are not disjoint and that the global ground state is not
thermal when restricted to the Poincaré chart. Finally, we note that we have
to do more work in order to construct rigorously the algebras we are talking
about for example as was done in [28] for the real linear scalar field in a
globally hyperbolic spacetime. The problem we have in our case is that AdS
spacetime is not globally hyperbolic and there are not rigorous proofs on the
existence of fundamental solutions to the Klein-Gordon operator. However
in this work we have shown that by taking vanishing boundary conditions at
infinity it is possible to construct an inner product conserved in time. Hence

it would be worth while to explore this construction more rigorously.
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Chapter 8
Conclusions and Perspectives

In this work we have presented the research we carried out on quantum field
theory on AdS spacetime and on BTZ black holes in 1+1 and 142 dimensions.
Also we presented how thermal states in the bulk of AdS spacetime are related
to thermal states of a conformal field theory on the conformal boundary of
AdS spacetime and of the BTZ black holes. In order to do this we used
methods and ideas of Algebraic Holography, the Boundary-limit Holography
and Pre-Holography. We called AdS/CFT in QFT these three approaches
to the AdS/CFT correspondence. This part of the work fits naturally in the
subject of AdS/CFT correspondence where just methods of quantum field
theory are used.

We also studied the brick wall model in 141 and 1+2 dimensional BTZ
black holes, and obtained two point functions in the bulk and in the boundary
in both cases. This was done by using the Boundary-limit Holography. The
141 case is illustrative since it allowed us to obtain expressions which are
interpreted easily.

While studying the brick wall model we came across the renormalized
energy-momentum tensor. We studied it in the 141 dimensional BTZ black
hole and obtained closed expressions for it. This was possible because in 141
dimensions the conformal anomaly fixes its form. In the Hartle-Hawking state
the properties of the field are given in terms of the cosmological constant.

In the appendixes we presented complementary material to the body of
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the work.

A summary of the conclusions we have obtained is given now:

e There exist thermal states in the boundary of AdS spacetime in 1+1

and 142 dimensions.

e These thermal states result as a restriction of a ground state in the
boundary. In 141 dimensions this ground state corresponds to the
global and the Poincaré ground state. In 1+2 dimensions this ground

state corresponds to the Poincaré ground state.

e The thermal properties of these states rely on the geometrical prop-
erties of AdS spacetime. More precisely on the existence of its killing

vectors.

e The Hawking effect for the eternal BTZ black hole is a consequence of
the Unruh effect on the boundary of AdS spacetime, since after making

the identifications in ¢ the Unruh effect becomes the Hawking effect.

e Algebraic Holography, the Boundary-limit Holography and Witten’s
Holography are consistent when one studies a thermal state on the
BTZ black hole.

e There are interesting aspects of AdS/CFT in QFT which deserve to
be studied and reflects the geometrical and theoretical aspects of AdS
spacetime, and perhaps of the AdS/CFT correspondence in string the-

ory.

e The brick wall model gives a correct approximation for the BTZ black
hole in 1+1 dimensions, however differs in the physical interpretation
from its analogous 143 dimensional case. This is because in the 141
dimensional case the entropy is distributed in all the volume whereas
in the 1+3 dimensional case the contribution to the entropy come from

the entropy around the horizon and not from all the volume.
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e There is no natural notion of Unruh vacuum on the 141 dimensional
BTZ black hole. Also the properties of the field are fixed by the cos-

mological constant.

e There is no superradiance in the BTZ black hole in 142 dimensions for

vanishing boundary conditions at infinity.

In general we can say that AAS/CFT in QFT makes sense as a theory
where we ignore supersymmetry and on which the geometrical and theoretical
aspects are fundamental. Our point of view is that AdS/CFT correspondence
in the context of string theory is much more richer and complicated but in
certain limit its predictions coincide with the predictions of AdS/CFT in
QFT. It is worth emphasizing that the Boundary-limit Holography is sup-
posed to be valid for interacting fields not just free fields which have been
treated in this work.

As a future work we would like to explore more AdS/CFT in QFT but
with more realistic models. For instance, we can work with supersymmetrical
models in AdS spacetime in 1+1 and 142 dimensions and in BTZ black holes.
Also it would be worth considering interacting fields in these spacetimes too.
Other natural direction would be to generalize the present work to higher
dimensions.

Related with these issues it would be worth exploring how the energy-
momentum tensor around the horizon in the BTZ black holes enters in the
theory in the boundary. In order to carry this out it would be interesting to

use functional methods such as the effective action.
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Appendix A

The Unruh effect in 141

dimensions

The Unruh effect can informally be stated as: a constant accelerated observer
in Minkowski spacetime sees a thermal state that with respect to an inertial
observer is a state at zero temperature. The existence of this effect can
be shown by using the mode expansion of the field and the creation and
anihilation operators, this can be seen, for example, in [13]. However there is
another way to show it by using the expressions for the two point function,
see [54]. In the sequel, we will follow the second way.

The Klein-Gordon equation in 141 dimensions on a flat background re-

duces to o2 92
(—@ + @) (t, x) = (A1)
which is nothing more than the wave equation in 1+1 dimensions. Defining
null coordinates u =t — x and v =t + = we have
92

Oudv

o(u,v) =0. (A.2)
Hence a solution of this equation has the form

d(u,v) =F(u)+ Gv) =F(t—x)+ G(t+ x). (A.3)
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It is clear that F,,(t — ) = exp(—iw(t —x)) and G, (t +x) = exp(—iw(t +x))
are solutions of the wave equation. These solutions are called mode solutions

and satisfy
0

ot

similarly for G,. This equation shows that the mode solutions are eigen-

F, = —iwF,, (A.4)

functions of the Lie derivative operator associated with the Killing vector 0;.
The parameter w is interpreted as the frequency of the mode and the mode
functions are called positive with respect to ¢ when they satisfy (A.4) with
w positive.

The quantum field operator can be expressed in terms of positive modes

as

1 * dw . .
— —iwu T iwu
o(u,v) = (27r)1/2/0 20172 [au.e + @y €] (A.5)

1 > dw —iwv T iwv
+ (27{)1/2 ; (2(4))1/2 [avwe + Ay € :|

where T means the adjoint operation®. This expression can be found in many
standard texts, for instance [66], where a detailed deduction of this expression
is given by using the Hamiltonian formalism. The operators a,, and a,,' are
the standard anihilation and creation operators respectively. The two point

function is given by

1 & du) : ’ o du) : ’
0 "0 = — / W —iw(u—u') / Y —iw(v—0') ) A6
ot 0ot o0y = 5 | [7 ey [ 2 (A6
In obtaining (A.6) we have used the definition of the anihilation operator
a,|0) = 0 and [aw, awﬂ = 0. In order to make the integration, let us take
just one factor inside the square brackets. Defining z = u — «/, we have the

function

f(z) = /Ooo d—we_i‘“z, (A.7)

2w

1t is standard to represent an operator with a letter with a hat on it, for instance A,
however for sake of simplicity in the notation we shall not use the hat.
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then

af v [ ’
— = —= dwe™ "%, A8
0z 2/0 e (A.8)
If we write the last expression as
) ;[ o ; oo S
91 = —3/ dwlim e~ =9 = _ iy dwe™ (=19 (A.9)
82 2 0 e—0 e—0 0
we obtain o7 ) .
— = ——1i . A.10
0z 220 2 — e ( )
Consequently
F2) = = [lim—— = L limin(z—ie) + 4 (A1l
2)=—5 [ lim——7 = —7 limIn(z — e : A1)

where A is a constant of integration. Using (A.11) in (A.6) we finally obtain

1
O0|p(u,v)p(u',0")|0) = —— [limIn(u — u' — i€)+
4 Le—0
+ l/ir% In(v — v — ie')] ) (A.12)

where we have omitted the constants of integration. It is interesting to note
that the right (u) and left (v) modes do not interact between themselves, they
behave as independent degrees of freedom of the system. Another important
point about this two point function is that it is defined with respect to vacuum
|0) which corresponds to the vacuum an inertial observer with proper time
t sees. Actually, this vacuum will correspond also to an inertial observer
related to the first by a Lorentz transformation, invariance of the vacuum
state under Lorentz transformations.

The two point function (A.12) corresponds to a quantum field at zero
temperature. Now, let us calculate the two point function of a quantum field
at temperature different from zero. The state of this field can be described

in the Fock space by

at )™
In) = |ny,na,...) = [H ( WS)! ] |0). (A.13)



This vector corresponds to the quantum state in which n; particles have
frequency wy, ny particles have frequency ws, etc. After a bit long calculation

we obtained

Tr (6_6H¢(u, v)¢’(u', ,U/)) B /oo dw [e—iw(u—u’) + 6iw((u—u')+i,8):|
0

Tr (efH) 1—e B 4w
) d ef'iw('ufv/) + eiw((va’)Jri,B)
+ / w | }(A.14)
0 1 —e B 4w
where 3 = % and T is the temperature. We shall show that this two point

function corresponds to a thermal state, which is a state with finite temper-

ature. A thermal state must satisfy [37]
F(t—1i8) = F(-t), (A.15)

where F(t) is the two point function of the field for constant spatial coordi-
nates. Let us consider the u-part of (A.14). If we keep z fixed and define

7 =1t —t we have

> dw 1 —iwT iw(T+1
Fir) = /0 drw 1 — e P [e e ﬁ)] ’ (A.16)

By making 7 — —7 in (A.16) we have

o 1 ) . .
F(—T) _ /0 dw - [ezuﬂ' + 6—2w(7’—%,3)j| . (A17)

drw 1l — e Bw
Now, by making 7 — 7 — i3 in (A.16) we have

> dw 1 : . .
I . — s T —iw(T—iP) wr] A.18
(r=if) /0 drw 1 — eBw [¢ + ] ( )

Similarly for the v-part. Hence the two point function (A.14) corresponds to
a thermal state at temperature 3 = 1. Let us calculate the integral (A.14).

Let us just take the u-part. Defining z = u — v/ we have the integral

* dw 1 : o
_ s T iwz iw(z+i08) ) Al
/z) /0 drw ]l — e Bw [e te ] (A.19)
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Then o/ s )
1 . . .
A d o —twz w(z+18) ) A.20
0z 47T/0 wl—efﬁw[ ¢t ) ( )

After some algebra this integral can be written as

of ) e
- = dw————. A.21
0z Am /_OO Y1 epw ( )
If we define y = [fw the we have
1 00 —y(l—%) 1 oo —y(l—e—%)
of _ i dyS—— = 2 [ gylim & . (A22)

0z 4rp) 7 1—ev :47rﬁ oo =0 1 —eY

where in the last equality we have introduced an epsilon in order to use a
known integral. Now, we have (3.311 8 in [40])

o0 —px
/ dxl ‘ — =Tmcotmu 0 < Rep < 1. (A.23)
—e xT

—00

Hence from (A.22) and (A.23) we obtain

%:ﬁy_{%cotﬁ(l—e—%):ﬁco*mr(l—%). (A.24)
Finally
f(z)= —% Insin 7 (1 — %) + D, (A.25)

where D is a constant of integration. After a bit of algebra and in terms of

u and u' we obtain

1 u—u’ u—u )
flu,u') = I {ln (67r - e‘”T> +1In %] + D. (A.26)
If6:27r:%vvehave
1 u—u/ U—U/ i
/ _ —_——— —_— T2 —_—
flu,u') = gy {ln <e 2 e 2 > +1In 2} + D. (A.27)

Hence the two point function (A.14) for § = 27, modulo constants, is given
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T _/BH ) ! ,7 ! 1 U*ul U*u/
P ) L () (ay
Tr (efH) 47
+ In <e%Tv/ —e vgvlﬂ
and corresponds to a thermal state at temperature T = 1/27. For our

purposes we will need the second derivatives of this function, for instance

0*(n|o(u, v)¢(/,v)n) 1 1

v’ _E< v vv’)2'
e 2

(A.29)

— e 2

It is well known, see for instance [66], that in the right wedge of Minkowski
spacetime we can introduce Rindler coordinates which correspond to a con-
stant accelerated observer, see figure A.1. Let us call these coordinates (7, §).

The relation between Minkowski and Rindler coordinates is given by
t = a'e™ sinh an x = a ‘e coshan, (A.30)

where a is the magnitude of the acceleration of the Rindler observer. The

null coordinates are given by
u=—e" v=-e", (A.31)

where we have made a = 1 and u =n — &, v =+ £ are null with respect to
Rindler coordinates. If we take the v-part of (A.12) and substitute (A.31) in
it we obtain

0%(0¢ (i, v)p(u', 1) |0) 1 1

VO - (e"}‘f’ _5_E,>2, (A.32)

where we have taken the limit ¢ — 0. Hence the second derivatives of the two
point function (0|¢(u,v)¢(u’,v")|0) when expressed in Rindler coordinates
have the same form as the second derivatives of the two point function of a

thermal state. In conclusion, a constant accelerated observer sees a thermal
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Figure A.1: 1+1 dimensional Minkowski and Rindler spacetime.

state whereas an inertial observer sees a state with zero temperature. This
is the so-called Unruh effect [83]2.

As a historical curiosity it is interesting to note that the Unruh effect was
discovered in an attempt to understand better the Hawking effect [83], how-
ever the Bisognano-Wichmann theorem was already available when Unruh

made his discovery.

2An excellent review of this effect has recently appeared in [25].
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Appendix B

Global conformal
transformations in 141

dimensions

In Section 5, we found explicitly the subgroups of the conformal group in
1+1 dimensions induced by the generators J,, and J,,. In this appendix we
give the others subgroups of this group.

First let us remember the elements of the Lie algebra of the AdS group.

These elements are

Jup = U0y — VO, oy = 20y — YO,
Juz = U0y + 10y Juy = u0y + Y0, (B.1)
Jpz = V0, + 20, Jyy = 00y + YO,

It is well known that in a representation on the vector space R?*2 these

generators can be represented by the matrices

0 -10 0 000
1 00 000

T = Ty = (B.2)
0 00 000 —1
0 00 001 0
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(B.3)

- o O O

o o o O

o o o O

o o o

J o (
For our purposes the relevant elements of the Lie algebra of the AdS

o o o O

- o O O

o o o O

o o — O

Jum(
va(

(B.4)

o +H O O

o o o O

o o O

o H O O

o o —H O

oS O o O

group are

(B.5)

o o O

— O O

— O O

A=

000 O

0 0 0O

—~ —~
© =
M /M
~— ~—

— o O O

— _ (@n)

— O O

o O

i
| o O
o O
o o O S~
I I
~ ~
+ +
g s
~ ~
I I
) QO

0 0 0 O

(B.8)

119



Let a = (a,b) be a two dimensional vector. Then

1 a a
b2—(l2 b2—a2
 aAws | o 147 2 b
A(a> =e = angz 14 aggbg b . (Bg)
0 b b 1

If we apply this transformation to 7 = (u,v,z,y) we get

/ U+ av + ax

u
/ —au+<1+M>v+(M>x+by
U, - 2 12 ’ 2 22 (BlO)
x au+(%)v+(1+%>x—by
Y bv +vx +y
Using (4.54) we finally get
'=+a =+ (B.11)

Hence A(a) generate the translation subgroup on ¢! and 2. The expressions
(B.11) is true at all orders since it is the finite transformation generated by
the linear combination of (B.5) and (B.6).

The special conformal transformations can be obtained in a similar way.

Let ¢ = (¢, d) be a two dimensional vector. Then

1 —c & 0
. C 1 _|_ d2—c2 02—d2 —d
Afc) = ecCtdl — . P - 2 IR (B.12)
2 2
0 —d d 1
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Applying this transformation to 7 = (u, v, z,y) we get

/ u—cv—+cx

u
v cu + 1—1—#)@—1—(# x—dy
’ = d2—c2 22 (B13)
x cu + T>U+<1+T x—dy
y —dv+dr+y
Using again (4.54) we get
% ' —c(¢-9) % £-dE-¢

T 1200+ (cc)(E-E) T 1200t (co)(E€)

where the inner product is with respect to the metric diag = (—1,1). Hence
A(c) generate the special conformal subgroup on &' and &2,
For completeness let us write down the relationship between the metric

expressed in &', €2, and in global and Poincaré coordinates. On the boundary

Hence )
—dg" +de*’ = ey (—dX2 + d6?) . (B.15)
Also we have
¢ = % &= ? (B.16)
Then
—ae? pae? = L Carr v ar) (B.17)

2
Before finishing this section let us see how are related the three generators
of translation in time on the boundary, dy, dr and 0.1. We have chosen

O\ = Jou. (B.18)

This can be seen from the expression for J,, and the parametrization of AdS
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(1.22). By using (B.5) and (B.7) we obtain that
1
8,\ = 5 (851 - Sgl) y (Blg)

where Sg1 denotes the generator of special conformal transformations in time
(B.7). The last expression is obtained by solving for .J,,, from (B.5) and (B.7)
and taking into account that the first generates translations in time and the

second special conformal transformation in time. We also have

O — %agl. (B.20)

B.1 Conformal field theory on the complex

plane

In this section we will transform the coordinates ¢! and &2 to complex coor-

dinates on C?. From (B.14) we have

A+ 0 A—0
¢+ ¢ = tan (%) ' — ¢ =tan (T) ) (B.21)
If we define
1 el 2 1 (el 2
Z1 = M 29 = M) (B22)
=i +¢) =i —¢)
then
21 = Gi()\ie) Z9 = ei()\+9). (B23)
If now we make 7 = ¢\ then
2 =e Te 2y = e e, (B.24)

We can consider z; and 2, as complex conjugate of each other and defined on
the complex plane. However following the usual approach to Conformal Field
Theory they can be considered as independent complex variables and define

C2. At this point we could apply the standard Conformal Field Theory to
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our problem by using z; and 25 as our complex variables.

B.2 Commutators for the Lie generators

For completeness we now give the Lie brackets for the Lie generators (B.1).

These commutators are

[Juva Ja:y] =0
[an J’vy] = _Juy
[Jmm me] = _va

[Juv’ Ju:r] - J'u:c
[Jzy; Juy] = _Jux

[Ju:va Juy] - _Jacy
[Juz7 J:py] = _Juy
[vaa Juy] =0

[‘]'Uﬂ.H Jv:c] - _Ju:z:

[Jazya va] = _va

123

[Juws Juy) = Juy
[Juzs Juy) = 0
[Jow, Joy] = = Jay
[Juzs Joa] = = Juw
[Suys Joy] = Ju

(B.25)

(B.26)
(B.27)
(B.28)

(B.29)



Appendix C

Misner space on the boundary

We shall show there is a Misner space on the boundary of AdS spacetime.

Let us parametrize a region of AdS spacetime as

v = 4/ B(r) sinh —t u =/ A(r) cosh %gb
x = —+/ B(r) cosh l_2t y =/ A(r)sinh %qﬁ (C.1)

where A(r) and B(r) are given as in (2.13) with r_— = 0. From (1.31) and
(C.1) we get

T = le#* cosh (%ﬂp) k= le#sinh (%w) . (C.2)
From (C.2) it follows that the metric on the boundary in Poincaré and
BTZ coordinates is given by

ds? — —dT? + dik2 = "o 3 (—dt? + 12de?) (C.3)

l2

where we have introduced the surface gravity x = 7, /I>. The right side of
this equation can be considered as the metric on the boundary of this region
of AdS spacetime, which we will refer to as ds%;. Putting y = €*** and after

rescaling it by 17— we get

dsy; = Uk (—y 'dy* + ydo?) (C.4)
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where a = 2[lk¢. When « is 2w-periodic we have the Misner space metric
[46]. Tt is important to note that the manifold and the Hausdorff property
are still preserved after making the quotient [46] when 0 < y < occ.

Now we will show there is a thermal state with respect to t. First let us

relate the M metric to a Rindler type metric. This can be done as follows
dsy = e (—dt* + d¢”) = DA e (C.5)

where

ds%%indler = 62’{(;5/ (_dt2 + d¢/2) (06)
and ¢’ = l¢. By defining
1 Kt / 1 Kt L3 /
xro = —e™ cosh K¢ x1 = —e™ sinh k¢ (C.7)
K K

we obtain

dsi, = —dxj + da3. (C.8)

Similarly, by defining

1 / 1 /
r) = —e" sinh kt r) = —e"” cosh kt (C.9)
K K
we obtain
dséindler = _dx62 + dx,12 (ClO)

Hence if we consider x,, and z}, with u = 0,1 as charts covering 1+1 dimen-
sional Minkowski spacetime we see that the M chart covers, F', the inside
of the future light cone from the origin whereas the Rindler chart covers, as
should be, the right wedge, R.

Now, 0, is a Killing vector of (C.6) and a conformal Killing vector [84] of
(C.5) since it satisfies

£(8t)°‘gm/ = 2ﬁg;w7 (Cll)

where L,y is the Lie derivative with respect to (9;)*. This can be checked
by using the Christoffel symbols T, = Ff;t = k associated with the metric
(C.5).
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At this point we can use standard techniques [13] and write down the

mode expansion for a field living on M spacetime
o(t,0) = Y (e + aluf)
k

where the normalized modes are given by

b
(4w)

e ke w=|kg] —o0<kr<oo

U (t, ¢/) =

N[

(C.12)

(C.13)

and z# = (t,¢'). There is no factor before the sum because in general this

factor should be Q=272 which is one in this case. The vacuum defined by

CLk|0M>:O V k

(C.14)

is the conformal vacuum which in this case coincides with the Rindler vac-

uum. Hence the vacuum with respect to positive Poincaré modes will be a

thermal state with respect to positive modes with respect to t. The temper-

ature of the state will be T = - too [13].
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Appendix D

Conformal vacuum on AdS

spacetime

As an exercise, in this appendix we will calculate the two point function
associated with the conformal vacuum on AdS spacetime by starting with a

set of normalized solutions of the Klein-Gordon operator with metric
ds* = —dT? + dk* + d2?, (D.1)

where the coordinates have the same range as Poincaré coordinates. One set

of such solutions is

1 —iwT jink s
F (T k,z)= W@ Temr sin(az), (D.2)

1/2

where w = (n? + a?) ", —co < n < oo and a > 0. By choosing the coupling

constant £ = % then a set of solutions of the Klein-Gordon operator on AdS

spacetime in Poincaré coordinates is
F T k _ ! 1 —iwT _ink _: D.3
wna( s ;Z) = m—@ﬁw)lﬂe e Sln(az). ( . )
Then a real linear scalar field on AdS spacetime can be expanded as

(T, k, z) = / / (Frating + Fal,) dnda, (D.4)
—00 J0
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where the conformal vacuum is defined by
anal0) =0 ¥V n,a. (D.5)

From (D.4) and (D.5) it follows the two point function is given by

. - dad
VAT RS0 = e [ (D.6)

+ nz a0z "

sm(az) sin(az’) cos(nAk)e @+ )!/2AT

X

where AT =T — T’ and Ak = k — k. After doing the integral over n we

obtain

O1G(T, k, 2)$(T', K, 2)|0) = lim / da (D.7)

zz 1/271' e+—0

x  Kola ((Ak)* — (AT + ie)?) 2 ) sin(az) sin(az’),

where we have used 3.961 2 in [40]. We can integrate this equation and obtain

. . 2
(Op(T, k, 2)p(T", K, 2)|0) = 1)

x  lim ( : 12
=0\ ((Bh)2 = (AT +ie) + (= = 2)) "

_ ! : 2) (D8)
((Ak)2 — (AT +i€)? + (z + 2)2)"

where we have used that 2sin(az)sin(az’) = cos(a(z — 2')) — cos(a(z + 2'))
and the identity 6.671 6 in [40]. From this expression we see that we can not
obtain a two point function on the boundary just by multiplying by some
power of zz' and taking the limit z, 2z’ — 0. Hence our attempt to obtain a
two point function on the boundary by using conformal techniques does not
give a correct answer, however the dependence in 7" and k is quite similar to

the correct one.
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Appendix E

Superradiance

The superradiance phenomenon takes place when a wave is partially reflected
and partially transmitted. It can be roughly defined by saying that: the re-
flected part has a bigger amplitude than the incident one. This phenomenon
can be possible because energy is being taken from a source which might be
for example a electrostatic field [64]. It turns out that this phenomenon also
occurs on black hole geometries, particularly on the Kerr metric. However,
in this metric the real scalar field present superradiance whereas a fermionic
field not, see for example [82], [61]. As it has been said before, the BTZ
metric has some similarities with the Kerr metric. Hence it seems natural to
investigate what happen in the BTZ metric regarding superradiance. Apart
from the interest in its own right, superradiance is closely related to quantum
effects on black holes, for instance, pair particle creation.

Naively, we could expect that superradiance must occur on the BTZ met-
ric for the scalar field whereas must be absent for the Dirac field. See for
example [22] where it is argued that superradiance exist in the BTZ black
hole for the scalar field. However, as we will show below, there is no super-
radiance for vanishing boundary conditions at infinity.

In order to achieve our goal we will use the known exact solutions of the
Klein-Gordon operator in the BTZbh, [48] and [59]. Before doing this we
will analyze some properties of the asymptotic solutions of the Klein-Gordon

operator which shed some light on the peculiarities of the problem under
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consideration. We will do this by using some techniques borrowed from [27].

We shall assume that the scalar field ¢ satisfies the equation
(VHV“ —¢R — mz) w =0, (E.1)

where £ is a coupling constant, R is the Ricci scalar and m can be considered
as the mass of the field. For the BTZ metric

ds® = — f2dt* + f2dr? + r*(d¢ + N°dt)?, (E.2)
where 2 2 (r2 = 12) (r2 = 12)
9 r J re—ri)(rc—r2
pe(eae ) = (E3)
and ;
b . ryr_
N? = ~52= "2 (E.4)
where "
M2 7\
= |1+ (1 - (M) ) : (E.5)
with |J| < MI, the Ricci scalar is R = 6A = —3. Hence the last equation

can be written as

(V. VF—m?) ¢ =0, (E.6)
where m? = m? — ?—25. Here m? can be negative since we assume m? > 0. The
operator V,V* is given by

V.o = —=0, (VIglg" ) (E.7)

1
vard
where ¢ = |g,,|. For the BTZ metric with J # 0 we have g = —r?, then
gl =r*.

After a direct calculation, using (E.7) in (E.6), it is obtained

d*R

2 12 g 2 2
- o2 _ 2n_ =2 T__ f_ J —
s +{(w+nN®)" — f [T2 +m?+ 5 dr( )+2T2]}R 0, (E.8)
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where it has been made the ansatz ¢(r,t,¢) = e_mem‘f’% and r = r (r*).

This equation has been written in [47]. However, there is a typo in the
expression given in this reference, the factor 7'/ in the third term in the
square bracket is missing.

If (E.8) is rewritten as

d’R .
s V(r*) R =0, (E.9)
where
2 1/2 4 2 2
) 6\ 2 2 ~2 T f f
V(r) (w—l—nN) —f[ 2+ + 9 E(T‘?’/Q)—i_ﬁ]? (ElO)
then d [ dR dR
2 1
_ - E.11
dr* (Rl dr* R dr* ) 0, ( )

where Ry and Ry are solutions of (E.9). Hence

dR, dRy

a

Ry = const. (E.12)

The equation (E.9) is valid for all the region “outside”the horizon where r*
goes from —oo to 0. In analyzing superradiance in Kerr metric, the equation
(E.12) is the starting point [27]. The idea is to use this equation for two
asymptotic solutions of (E.9) where in the asymptotic regions the potential

V' is finite. In the present case at the horizon, N = 0

d’R

i W*R =0, (E.13)

where @ = w + nN®. From the last equation it follows that at the horizon
the behavior of R is
Roce ™ R o e, (E.14)

However, V (r*) goes to oo when 7*(r) goes to 0 (c0). This is because at in-
finity the BTZbh is asymptotically AdS. So it seems that we can not proceed
further in the analysis by this method. However from (E.9) it follows that if
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V' were finite at infinity then we would have

1%

Roce @ R o e (E.15)
for some w’. In this case we could analyze the superradiance phenomenon in
the same lines as in the Kerr case. It turns out that V is finite at infinity
when
R (E.16)
412

Hence, in this case (E.15) is true with

, 1 M
w :\/wQ—l—Q(nQ—I—Z>. (E.17)

If at infinity there is a incident and a reflected wave R, o< e ™" + Ae™™" with

A a complex constant, and at the horizon an incident wave Ry oc Be ™"
with B also a complex constant, then after substituting this solution and its

complex conjugate in (E.12) it is obtained
1- A2 = 4B (E.18)
w

From this equation it follows that if & < 0 or w < nQy with Qy = —N?, the
angular velocity of the horizon, then the reflected wave has a bigger amplitude
than the incident one. At this stage it seems to exist superradiance when
(E.16) is satisfied. However because of (E.17), it must be satisfied

w>%1/n2+%. (E.19)

Also because w < nf2y, it must be satisfied

nJ

< P
YIS oM

(E.20)

where we have used Qy = 3% and r; = [v/M. Because |J| < IM and w > 0
+

both inequalities can not be satisfied at the same time. Hence the fact that
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w < nfly could happen does not imply that superradiance exists. In the next
section we will show that it does not exist for vanishing boundary conditions
at infinity. We point out that these boundary conditions are between the
more natural ones since the BTZbh is asymptotically AdS spacetime, and it
has been shown [7] that a well defined quantization scheme can be set up in
AdS spacetime with these boundary conditions. Also related with this issue
is the fact that in four dimensions in the Kerr-AdS black hole the existence
of superradiance depends on the boundary conditions at infinity [89]. So it

is expected that in the present case something analogous is happening.

E.1 No superradiance in the BTZ black hole

The discussion of this section follows closely the discussion in [48] and [59],
however in those works no mention to superradiance is made.
If we assume harmonic dependence in t and ¢, then the operator (E.7)
reads
2

1 1
VMV”SO _ _m (—wQTQ +n2 (% _ M) _+_an) + ;87, (Tf26r) . (E.Ql)

Hence the equation (E.6) reduces to an equation in r for f,,

2
[_leﬂ (—w2r2 + n? (% — M) +an) + %di; (Tf2%> — 777?] fun(r) =0.

If we make v = ’l"—;, then after some algebra we get

(d2 Al d 1

e + A7 + IA? (n(Mn — Jw) — m*’A — (n® — w*l?) v)) faw(®) =0,

where A = (v —vy) (v—wv_) and ' = 2. If now we let

fow = —v4)" (v— U—)ﬁ Inw (E.22)
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we get

u(l = u)gn,(u) + (¢ = (a + b+1)) goo (1) = abgno(u) =0, (E.23)
where u = vﬁ:—vv_,’ a=a+p+5(1+v),b=a+8+5(1—-v),c=206+1,1°=
~ _ 1 r_n\2 _ 1 ryn\2
1+ m2l2, a? = —m (r+w - T) and 62 = —m (’I“_CL) — J'l_ ) .

The equation for g,,, is the hypergeometric differential equation, its solutions
are well known. This equation has three (regular) singular points at 0, 1,
oo and two linear independent solutions in a neighborhood of these points.
Any of these solutions can be analytically continued to another by using
the so-called linear transformation formulas, we will use this property later.
The solutions are divided in several cases depending on the values of some
combinations of the coefficients a, b and c¢. Let us consider the case when
none of ¢, c —a — b, a — b is a integer.

The points u = 0,1, 00 correspond to the inner horizon, outer horizon
and infinity respectively. Because of the timelike boundary of the BTZbh at
infinity, we are interested in solutions which allows us to have predictability.

Let us consider the two solutions at infinity. These solutions are given by
Onw = U "Fla,a—c+1;a— b+ 1;u™t) (E.24)

and
Gnw = w PF(byb—c+1;0—a+ L;u™t), (E.25)

where F'(a, b; ¢; z) is the hypergeometric function with coefficients a, b and c.

If we write (E.22) as a function of u we have
Frw(w) = (v = v2)" (w0 = 1) 4 g (u). (E.26)
Using (E.26) in (E.24) and (E.25) we have two functions at infinity given by

Faw(@) = (vp =) (u—= 1) *Fla,a—c+1;a—b+1;u™t) (B.27)
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and
frw(w) = (vy =0 )P (u=1)* WP Fbb—c+1;b—a+1;u™t). (E28)
The last two equations can be approximated as
frw(u) ~ (v — U_)a-l-ﬁ w " Fla,a—c+1;a—b+1;u™) (E.29)
and
Jrw(w) ~ (vy — v_)a+ﬁ w=F(bb—c+1;b—a+ 1;u™h), (E.30)

where hy = 2(14+v), ho = L(1 —v) with v = £V/1+m22. If we take
the positive square root then the first solution converges for any value of v
and the second solution converges for 0 < v < 1 and diverges for v > 1. If
we take the negative square root the situation is inverted. Let us take the
positive square root and just the first solution. We can analytically continue

this solution to a neighborhood of u = 1 using the following linear relation
3]

[(o)T(a+b—c)

F(a,b;c;u) = OO (1 — ) Py x
x Flc—a,l—a;c—a—b+1;1—1/u) (E.31)
Mllc—a-b) .,
T Te—are=pn" %
x Fla,a—c+1l;a+b—c+1;1—1/u),

where I'(z) is the gamma function. By letting u =1, a =a, b=a—c+1

and ¢ = a — b+ 1 in the last equation we have

' 1. Tla-b+DI'(a+b—c) fu—1 crab

F(a,a—c+1,a—b+1,;) = T(aT(a—ct 1) ( " ) X

W PF(1—=b1—a;c—a—b+1;1—u)

Fla—b+1I'(c—a—Db)
I'(1—=b)(c—b)

X Fla,bja+b—c+1;1—u).

X

u® X (E.32)
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Inserting (E.32) in (E.29), close the outer horizon, we have

Fa—b+1I'(a+b—rc)
Ia)l'(a—c+1)

x F(1-0b,1—a;—2a+1;1—u) (E.33)

Fa—=b+1I'(c—a—Db)
'l —0b)I'(c—0b)

fmu (u— 1)_au_ﬁ X

(w —1)*uPF(a,b;2a + 1;1 — u).

The expression (E.33) can be expressed as

I'(1+4v)[(2a) o
R ) v by o LR B
X F(—a—0+hy,—a—0+h_;—2a+1;1—u)+
I'(1+v)I'(—2a)
MN—a—pF+h ) T(—a+B+hy)
x Fla+B+hi,a+B+h_;2a0+1;1—u) (E.34)

(u— 1)*u’ x

From this expression we can see that the two coefficients in both terms are
conjugate one of each other. Hence near u = 1 we can write the last expres-
sion as

fow ~ € (u—1)*+e O (u—1)"" (E.35)

210 _ D(=a=p+h )l (—a+pB+hy)T(20) ; ;
where e*¥ = F(of:-ﬂ +h++)F(a—O:6’ +h+)lf(_203‘ . We would like to write the last

expression as a sum of two wave modes. In order to do this we introduce

another variable [59]. First we notice that

;
=+——(w-— E.

a=* —=(w-n) (E.36)

where T = % and Q = l’;—; We now define # = ;2= In(u — 1). With this

definition the equation (E.35) becomes
fnw ~ eiéeix(wfﬁn) + efiaefiz(wfﬂn)' (E37)

From here we conclude that the solution to the Klein-Gordon operator near
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the outer horizon goes like
© ~ e—iwteimj) (eiﬁeiz(w—Qn) + e—iQe—ix(w—Qn)) ' <E38)

From this expression we see that the mode near the outer horizon is a super-
position of an ingoing and an outgoing wave, both with the same amplitude,
hence cancelling each other. This is what we expected since at infinity this
mode vanishes, hence the superradiance phenomenon does not appear.

It would be interesting to explore superradiance with other fields, for
example, the Dirac field. Also with the real scalar field it would be interesting

to study other boundary conditions and see what happen.
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Appendix F

On the quantization of the real

linear scalar field

The quantization of a classical field in a curved spacetime is a key issue in
understanding fundamental processes in nature. The par excellence example
of quantization of a classical field is the quantization of the real linear scalar
field. The general (canonical) formalism for quantizing the real linear scalar

field is the topic of this essay.

Basic elements in the quantization of a classical sys-

tem

A classical field represents a physical system with infinite degrees of free-
dom. Hence it is natural to consider the quantization of this field as the
generalization of the quantization of a classical system with finite degrees of

Lof a

freedom. Let us review the basic ideas in the canonical quantization
system with finite degrees of freedom. In the canonical quantization of this
system one starts with the phase space of the system, which is the space of
states of the system. Each point in this space represents a state of the system.
The coordinates of this space are the canonical coordinates and comprise the

(configuration) coordinates {¢;} and the associated canonical conjugate mo-

Tt is important to have in mind that there are other approaches to quantization of a
classical system, for example, path integral quantization.
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mentums {p;}. For a system of 6N degrees of freedom the phase space is a
6/N-dimensional manifold M. The classical observables are represented by
functions from this manifold to the real line, O : M — R. On the other
hand the states of a quantum system are elements of a Hilbert space H and
the observables O are represented by Hermitian operators which act upon
these states, O:H — H. The problem of the quantization of a classical
system then is that we need to find an appropriate Hilbert space and a map
~ from classical observables to quantum observables,”: O — O which allows
the passage from the classical system to the quantum system. It is apparent
that both mathematical structures (classical v.s. quantum) are completely
different. However there is a similar algebraic structure which allows to make

2

the desired transition for linear systems”. The algebraic classical structure

is the Poisson bracket of two functions on M defined by
9f dg  Of Oy
= — F.1
(ror =3 (-2, (F.1)

while the algebraic quantum structure is the commutator of two operators
defined by

A A A

[A, B] = AB — BA. (F.2)
We demand the map ~ to satisfy®

.9y = ilf,q] (F.3)

It turns out that when the phase space is the cotangent bundle, M = TQ*,
then it is possible to choose a Hilbert space H and the map ~ such that the

2In this work we just consider linear systems. A linear system is a system which
satisfy: 1) The phase space has the structure of a vector space and 2) The Hamiltonian is
a quadratic function on M, and then the equations of motion are linear in the canonical
coordinates. In this case the space of solutions has the structure of vector space. For more
details see [85] and [73]. The quantization of non-linear systems seems to be much more
complicated.

3The problem of finding the correct map ~ is known as the Dirac problem. See [51] for
a discussion of this issue.
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canonical coordinates satisfy [85]

[Cjw (ju] = 07 [ﬁwﬁv] = O’ (F4)
[(j,uaﬁl/] = i{Quapu} = 7;5;11/:[' (F5)

It is well-known that on M a symplectic form can be defined [73]
Q = dq' A dp;. (F.6)

Furthermore, when the system is linear, M and its tangent space can be
identified, i.e., there is an isomorphism between M and its tangent space on
each point of M. Then in this case M can be thought of as a symplectic
vector space equipped with a symplectic form € : M x M — R. Also it is
well-known that on the integral curves of Hamilton equations, i.e., along the

canonical flows, the symplectic inner product is conserved

d

where Y; (¢) and Y3(¢) are solutions of the Hamilton equations [73]. In classical
mechanics, this property of the symplectic inner product is used to define
conserved quantities. We shall see that in the quantum theory of the real
linear scalar field a symplectic inner product can also be defined together
with a conserved current.

Because of the uniqueness of the solution of the Hamilton equations and
the conservation of the symplectic inner product we can identify each point on
M with a solution. Hence the basic structure on which the theory relays can
be taken as (S,€2), i.e., the space of solutions & equipped with a symplectic
structure. In terms of €2, the Poisson brackets for the canonical coordinates

can be written as

(Y, ), QY )} = -1, Ys) (F.8)
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and the corresponding quantum commutator as
(Y1, ), QY2 )] = —Q(Y1, V2)L (F.9)

This form of the quantum commutator is very important in the formal for-
mulation of Quantum Field Theory in Curved Spacetime (QFTCS) [85].

Basic elements in the quantization of the real linear

scalar field

Let us now proceed to sketch the general formalism for the quantization
of the real linear scalar field in curved spacetime. In QFTCS a quantum
field which propagates on a fixed classical spacetime is studied*. This theory
is expected to be valid at scales where the expected quantum nature of the
spacetime, whatever it could be, is not relevant for the phenomenon in con-
sideration. In particular, it is expected to be valid on scales above Planck

length.

The spacetime is modelled as a manifold M equipped with a pseudo-
Riemannian metric g,,,. We shall assume that this manifold is well-behaved
(smooth, paracompact, Hausdorff, etc.). Let us suppose we have a classical
field ¢ defined on M which satisfies

Fo=0, (F.10)

where F' is a linear partial differential operator. The first step in the quan-
tization of this system is to solve this equation. The field in (F.10) can be
bosonic or fermionic. Let us consider a real scalar field, i.e., a bosonic field.
In this case we have

F=0-m?—¢R, (F.11)

where 0 = ¢"'V ,0,(= (\det(g)])’%au((\det(g)])%g‘“’&,)) is the Laplace-Beltrami

4In the back reaction problem the spacetime has dynamics but it is studied after the
quantum field is known.
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operator, m is a parameter of the theory and can be taken as a smooth func-
tion of spacetime®, £ is a coupling constant and R is the scalar curvature.
Two particular choices of £ are of interest: the minimal coupling £ = 0 and
the conformal coupling £ = %[(n—2)/(n—1)]°. The equation can be obtained
from the variation of the lagrangian density L with respect to ¢ where L is
given by
L= =3 (=g (9" oo+ + ERI. (F.12)
In the quantization of the classical system with finite degrees of freedom
we identified the space of solutions with the phase space. In the quantiza-
tion of ¢ we would like to do the same, even though, in this case the phase
space concept is less intuitive. The aforementioned identification was pos-
sible because the existence and uniqueness of the solution of the dynamical
equations. Hence in the present case it is natural to demand that (F.10)
has this property too. This is known as the well-posed initial value problem.
It turns out that (F.10) has a well-posed initial value problem when M is
globally hyperbolic [84]. A globally hyperbolic spacetime is one which has a
Cauchy surface, which is a closed achronal set ¥ with D(X) = M where D(X)
means the domain of dependence of ¥. The domain of dependence represents
the complete set of events for which all conditions should be determined by
the knowledge of conditions on” . Therefore if we know the initial data,
position and momentum of the field, on a Cauchy surface, we can predict

deterministically its behavior.

There is a theorem which states that in a globally hyperbolic spacetime
a global time function f can be chosen such that each surface of constant f
is a Cauchy surface and consequently M can be foliated by Cauchy surfaces
and the topology of M is R x X, where ¥ denotes any Cauchy surface [84].
Let us denote the global time coordinate by ¢ and each Cauchy surface of

constant ¢ as X;. Let n* be the unit normal vector field to ¥;. The metric

°In flat spacetime this parameter corresponds to the mass of the field [49].

SFor more details on the conformal coupling and conformal transformations see [13],
sections 3.1 and 3.2.

"For an illustrative discussion of the importance of the hyperbolicity of the manifold
in quantum field theory see [49], section 2.
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g, induces a metric h,, on each X, by the formula®
hyw = g + 1. (F.13)

Let t* be a vector field on M satisfying t*V,t = 1 and decompose it into a

part tangential to 3; and a part tangential to n*. We write it as
th = Nnt + N*, (F.14)

where N and N* are known as the lapse and the shift function respectively.
We may interpret the vector field ¢# as representing the flow of time through-

out the spacetime. Then the 4-volume element is given by [65]
d*z = NhY2dtd3 e, (F.15)

where d3x is the 3-volume element and A is the determinant of hyuw. The

action defined by

S = /Ld“x (F.16)
then takes the form

S = /L’dt (F.17)

with

1
L= 5/ {(0"V,u0)" = WV, oV — [m® + ER|Q*INRdPe. (F.18)
3t

As we said before we want to associate a phase space to the real linear
scalar field. We can take ¢ as the coordinate in the configuration space, but

we need to construct the canonical momentum. It is defined by

05

W:@.

(F.19)

8In a fancier language, hyw is the pull back of g,, from M to X;. See, for example,
[23].
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With the lagrangian density (F.18), the canonical momentum is
T = (n"V .0) h'/2. (F.20)

Then a point in the phase space is defined by giving the values of ¢y and 7 on
a Cauchy surface, say ¥y. Furthermore, there is a theorem [84] which states
that the equation (F.10) with the operator (F.11) has a well-posed initial value
problem in a hyperbolic spacetime. More precisely, given arbitrary smooth
initial data on a Cauchy surface there exists a unique solution to (F.10) with
the operator (F.11). Using this theorem and noting that we are considering
linear fields, then we can make the same identification we did in the case of
a system of finite degrees of freedom between the set of solutions? S and the
phase space M. Additionally, in order that all structures be mathematically
well defined we should demand that ¢ and 7 have compact support, i.e., both
belong to C5°(M).
The symplectic structure, €2, on M is given by

Q([pr, m], [p2, m2]) = / (T2 — mopr) A (F.21)

b

The symplectic product (F.21) is conserved, i.e., if ¥3; and ¥ are two different

Cauchy surfaces then

Q[p1, mi; (2, m2])sy = Q([w1, m], (2, m2])s, - (F.22)

To prove this equation the four dimensional version of Gauss’ law and the
equation of motion are used [33]. Also it can be seen as consequence of the

current conservation, V,j* = 0, with
. «—
I =1 Vs = @an Vo1 — 10V 0. (F.23)

where 1 and @5 are two solutions. As in the case of finite degrees of freedom

9We shall use the same notation as in the case of the system with finite degrees of
freedom.
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we can define the Poisson bracket

{Q(lpr, ml, ), Ulpa, ma, )} = =01, 1], [p2, m2]) (F.24)

and the quantum commutator

[Q<[9017 Wl]? ')’ Q([ng, 7T2]7 )] = _iQ<[§017 71-1]7 [@27 7T2DI' (F25)

Let p be a positive, symmetric, bilinear map p: S X § — R and let us
demand that

1/2[

S ()| < I (or. 0] 2 (o 02)] 7, (F.26)

for all p1, o € S. There is a theorem [55] that states: for any real vector
space S on which are defined both a bilinear symplectic form, Q, and a bilinear
positive symmetric form, p, satisfying (F.26), one can always find a complex

Hilbert space 'H together with a real-linear map K : § — H such that

(i) the complezified range of I, (i.e., KS + 1KS) is dense in H,
(i) 1 (1, 02) = Re{Kop1, Kpa)r ¥V o1, 2 € S,
(111) Q (1, p2) = 2Im{(Kp1, Kpa)y ¥V o1, @2 € S.

Moreover, the pair (IC,H) will be uniquely determined up to a unitary
transformation.

Hence it is possible to construct a Hilbert space using the space of solu-
tions. Now we can proceed to define the anihilation operator, a, and creation
operator, a', on the Fock space F(H). We define the operator associated with
Qe, ) by

Qp,-) = ia (Kp) —ia" (Ky). (F.27)

With the Fock space F (H) we could try to associate particles, however
there is an ambiguity in the particle concept associated in this way since
the product p is arbitrary up to (F.26). Then there is an ambiguity in the

particle concept in a curved spacetime, at least with this association through
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the Fock space construction, but probably it could be possible to find another
construct which allows a well defined particle concept in a curved spacetime.
It seems that, as far as we know, in the present status of the theory there is
not such construct.

The operator (F.27) is in the, let us say, Schrodinger representation. We
can introduce the Heisenberg operator through the evolution of the solution
©:

Qulp,-) = ia(Ker) —ia (Ker) , (F.28)

where ¢, is the solution whose initial data at time ¢ is the same as the initial
data of ¢ at t = 0. Using the advanced, E4, and retarded, Egr, fundamental

solutions of the operator (F.11) we can write (F.28) as

o(f) = QUES,) = ia(K(Ef)) —ia' (K(ES)), (F.29)

where F := E4 — Eg is a map from the C§°(M) to S. This operator is the
Heisenberg operator smeared over all spacetime with the function f. This
operator can be obtained from the corresponding operator in the heuristic

approach integrating the latter over all spacetime with the weight function

f.

Even though there is an ambiguity in the particle concept in a curved
spacetime, there are cases when the particle concept has an unambiguous
meaning. These are the static and the stationary spacetime. The Minkowski
spacetime is the simplest static type, where as is well known, and every
day verified, the particle concept is well defined. Another (curved) static
spacetime could be one in which the shift vector N* is zero (see (F.14)) and
hence we have an hypersurface orthogonal timelike killing vector. In such
a spacetime it is always possible to construct an unambiguous Fock space
and associate with each state of the field particles with determined energy
and momentum. In the stationary case we no longer have an hypersurface

orthogonal timelike Killing vector but just a globally timelike Killing vector!?,

10The rigorous mathematical analysis for a stationary spacetime has been given in [6]
and [52].
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K*". However in this case it is also always possible to give a particle meaning.
In this case the mode decomposition of the field is given with respect to the

time coordinate chosen along the integral curves of K. In this case we have!!
,CK;LUZ' = —iwui, (F30)

and
Lgpu; = iwu;, (F.31)

where Ly denote the Lie derivative, {u;, u}} is a complete set of solutions'?

and w > 0; the vacuum state, |0}, is defined by

al0) = 0. (F.32)

Some comments on the Energy-momentum tensor

A fundamental element in the theory we are dealing with is the energy-
momentum tensor T#”. Its importance is clear from a physical point of view.
It contains the information about energy and momentum of the field. If we
want to treat interacting fields then the currents formed with this tensor take
a relevant role in the formalism, besides it is a fundamental element in the
study of the back reaction problem through the semiclassical Einstein field
equations

G = (Tw), (F.33)

where (7,) means the expectation value of the energy-momentum tensor

operator with respect to the state ). The energy-momentum tensor is defined

H1See, for example, [27].

12In this case the field can be written as ¢ = " [a;u; +a)u}]. This expansion is identical
to the expansion of the displacement function of a string in classical mechanics where the
corresponding modes satisfy the harmonic oscillator equation, and hence the continuous
system can be thought as an infinite collection of decoupled harmonic oscillators. In the
case we are dealing with we can give the same meaning to this expansion. The modes u;
are called positive modes and u} negative modes.
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by
2 68

(L
[~g)2 09"

(F.34)

the factor (— g)_% is introduced to give a tensor rather than a tensor density'3

For the minimally coupled massless scalar field it is given by

1
—guungSO;pSO;a- (F35)

T = QP — 9

In order to calculate the expectation value of this tensor we can just make it
an operator and make the usual sandwich procedure, however, for example,

the expectation with respect to the vacuum state is given by'*
(0[T,,]0) = ZTW e, ug, (F.36)

which diverges. In flat Minkowski spacetime this divergence corresponds
to the sum of the zero-point energies of the infinite collection of harmonic
oscillators which form the field. Let us see another particular case of this di-
vergence. Let us take as the spacetime a cylinder, which is locally isomorphic
to the two dimensional Minkowski spacetime but topologically different. In

this spacetime the expectation value of the energy density is
(0|T,|0) = (27 /L?) Zn (F.37)

where L is the period in the compactified spacial dimension of the cylinder.
This expression clearly diverges. Then it is necessary to find a procedure
which allows us to obtain a finite energy density. In this case a heuristic
careful subtraction of the infinite energy of the Minkowski is enough to cure
this disease!®, however in a curved spacetime this is not enough and some
regularization and renormalization techniques must be used'®. It turns out

that the expression (F.33) can not be given meaning for all states, but just

13[13], p. 8T.

T, (¢, ¢] denotes the bilinear expression (F.35).

5For a conceptual and illuminating discussion of this example see [53].
16See, for example, [13] for an introduction to these techniques.
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for some, say, the physical ones. These states are the Hadamard states [55],
[85].

Basic elements in the Algebraic Approach to QFTCS

We have seen that the specification of the map p allows the construction
of a Hilbert space on which the operators act. It turns out that in a general
globally hyperbolic spacetime for different u’s the resulting quantum field
structures are not unitary equivalents and then we have a problem: what is
the correct one? It is worth mentioning that in a system with finite degrees of
freedom the Stone-von Neumann theorem saves us from this problem, how-
ever this theorem does not hold in the case we are considering. It could seem
that we can not develop further QFTCS consistently. Fortunately it is not
so, and there is a formalism which allows us to circumvent this problem and
formulate QFTCS in an unambiguous mathematical setting. This formalism
is based on the algebraic structure generated by the field operators,!” and we
shall refer to it as Algebraic Approach to Quantum Field Theory in Curved
Spacetime (AAQFTCS).

Let us see the basic elements of this algebraic approach. Let us consider
the fields (F.27) and the Hilbert space where they act. We define the unitary

operators'®

A ~

W () = expli€(ep, )], (F.38)
which satisfy
W ()W (2) = exp[=i€(1, 2)/2]W (21, p2), (F.39)
and
W) = W(-y). (F.40)

These relations are known as Weyl’s relations and a system (S,Q,W) is

known as Weyl system [17]. To the algebra generated by the Weyl operators

17This formalism can be thought as a generalization of the Segal’s approach to Quantum
Mechanics, see [74].
181t is also possible to work with the symplectically smeared field operator Q(g, ) [55].
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can be given the structure of a C*-algebra'®. In the formulation of the
AAQFTCS this C*-algebra (Weyl algebra) is taken as the minimal algebra of
observables A. We say minimal algebra because there are other observables
which do not belong to it, for instance the energy-momentum tensor. There
are proposals to incorporate this tensor as part of the algebra?’, however it
seems that most authors do not consider it as an element of 4. A fundamental
property of the Weyl algebra is that even though two inner products p; and
o may give two inequivalent quantum field theories, the algebras A; and A,
which arise are isomorphic.
The states are defined as positive linear functionals on A, w : A — C
which satisfy?!
w() =1. (F.41)

Positive means

w(A*A) >0 V Ae A (F.42)
The two point function is defined by

82

A1, 92) = 950 {wW(sp1 + tS02)]e_isw(%%)ﬂ}s,t:o- (F.43)

t

The function in curled brackets is called the generating functional??. The
other n-point functions are defined similarly.
There is a subclass of states known as quasifree states. These are specified

wu[W ()] = exp[—u(p, )/2]. (F.44)

For these states the two point function is given by??

1.
A1, 2) = por, 02) + 510(901a ©1). (F.45)

19See [38] for a definition of a C*-algebra.

208ee [86], p.12.

2L A more detailed discussion of this issue can be seen in [41].

22Gee [17]. A complementary discussion of the generating functional concept can be seen
in [43].

Z3For more details see [55].
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It is interesting that the inner product p is just the real part of the two point
function.

The relation between the state in the algebraic approach and the familiar
notion of a state as an element in a Hilbert space can be seen as follows:
every vector or density matrix in H can be realized as an algebraic state
when the expectation value of an operator is taken, which corresponds to the
representation of an element of the algebra A. Conversely, for each algebraic
state w we can obtain by the GNS construction a representation 7 of A on a

Hilbert space ‘H with a cyclic vector = such that
wlA] = (E,1(A)Z) VA € A. (F.46)

A vector = is cyclic if 7(A)Z is dense in H [55]*.

Any quasifree state can be represented as a vacuum state
a=" =0, (F.47)

where =7 is the vacuum state in the Fock space constructed with the inner

product p. In this case an element of the Weyl algebra is represented as

mu[W(p)] = exp{—[a(Kp) — a(K¢p)]}, (F.48)

where the bar means the closure of the operator. Then for all A € A we have
wu(A) = (25, m, (A)ET). (F.49)

The last expression shows that to any quasifree state corresponds a vacuum
state. It is worth mentioning that when the GNS representation is irreducible
then w), is a pure state [76]*°. A state w is said to be mixed if it can be
expressed in the form

W = ciwy + Cowo (F.50)

2For the detail of this construction see, for example, [76].
25 An irreducible representation, by definition, just leaves invariant the hole space and
the identity element.
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where ¢y, co > 0, otherwise the state is said to be pure.
The dynamics in the algebraic setting can be introduced as follows?®. As
we have seen the symplectic product is conserved. This is equivalent to the

existence of a symplectic map, T': § — S which satisfies

Q(T1, Ta) = Q (1, 92) - (F.51)

This symplectic map induces a *-automorphism a7 on the Weyl algebra such
that [17]
ar (W(p)) =W (Tp). (F.52)

This *-automorphism sometimes is called Bogoliubov transformation. Ex-

plicitly, the last equation is
W (Tp) = V)W ()V(-1), (F.53)

with
V(t)Z ==. (F.54)

The unitary group V() is generated by the Hamiltonian of the system [52].
The equation (F.53) gives the evolution of W in the Heisenberg picture.

In addition to the symplectic map arising from the equation of motion
there is a symplectic map which arises from the one-parameter group of
isometries generated by a Killing vector. Let us denote this map as 7; :
M — M with t € R. This group of isometries acts on the space of solutions
S through the map Y(¢) : S — S as follows

(T()p)(2) = @(m(2)). (F.55)

The symplectic form is invariant under this action and because of the group
structure of Y(¢), which is inherited from the group structure of 7, then Y (¢)

is a one-parameter group of symplectic transformations. Hence as before we

26 A careful discussion of the introduction of the dynamics in the algebra can be seen in
[43].
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have an automorphism on the algebra A:
a(t)[W(p)] = W(X(t)e). (F.56)
Sometimes one is interested in states which satisfy
wla(t)A] = w(A) VA € A. (F.57)
For example, for a quasifree state w,, this will be satisfied if and only if*”

(L)1, T(t)pa) = (o1, 02) VEER, Yor, 00 €S. (F.58)

In addition to the algebraic setting sketched above there is a slightly
different approach®® where to each bounded open region B of the spacetime
it is associated an algebra A(B), generated by the operators defined on B5.
These algebras are called local algebras and must satisfy certain axioms [7].
Perhaps between these axioms the two more outstanding for their apparent
connection with the causality principle?® are: if B’ C B then A’ C A; and
if B and B are spacelike separated, then A’ and A commute.®* In this
approach no reference is made at the outset to the Hilbert space concept and
operators defined on it, however this construct can be recovered by the GNS

construction [56].

Some comments on the quantization of the Dirac field

In order to quantize the Dirac field on a globally hyperbolic spacetime
we could follow similar lines to the quantization of the scalar field, although
there are some physical and mathematical differences which must be taken

into account. The principal physical differences are the additional degree of

2TFor more details see [43] and [55].

28The basic reference for this approach is [28]. This algebraic approach seems to be a
generalization to curved manifolds of the formalism introduced by Haag and Kastler [?]
for Minkowski spacetime.

29%We must remember that one of the cornerstones of modern physics is the locality
principle which somehow is incorporated by the field concept.

30See, for example, [56].
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freedom of the system: the spin and that fermion fields anti-commute. The
spin gives a richer geometric structure and makes the mathematics somewhat
harder. Let us consider some relevant mathematical elements which arise in
a fermionic system?®!.

The basic elements in a fermionic system are: a real Hilbert space, H,
with an inner product, V', together with an orthogonal transformation, 7T,
which leaves invariant this product, and a C*-algebra A over H. In the
quantization of the Dirac field in an electromagnetic field, H is constructed
with solutions to the Dirac equation, hence in the case we are discussing we
could do the same, since we know the initial value problem is well-posed for
the Dirac equation in the spacetime we are considering [29]. The orthogonal
transformation can be constructed using that the Hamiltonian is self-adjoint
and the Stone theorem, as in the case of the electromagnetic field. This
transformation can be used to introduce the dynamics in the algebra, as in
the bosonic case. In the construction of the vacuum additional care must be
taken since the Hamiltonian is not positive. It is worth noting that in this
case we do not need to use the Weyl algebra since the operators (generators)
are bounded. As an alternative procedure we can use the formalism given

by Dimock [29] in terms of local algebras.

31For a further discussion see [16] and [17].
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