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Abstract

In this thesis we examine the construction and characteristics of generalised
reflection matrices, within the agl), ag) and aéz) integrable affine Toda field the-
ories. In doing so, we generalise the existing finite-dimensional reflection ma-
trices because our construction involves the dressing of an integrable boundary
with a defect. Within this framework, an integrable defect’s ability to store an
unlimited amount of topological charge is exploited, therefore all generalised
solutions are intrinsically infinite-dimensional and exhibit interesting features.
Overall, further evidence of the rich interplay between integrable defects and
boundaries is provided. It is hoped that the generalised solutions presented in
this thesis are potential quantum analogues of more general classical integrable

boundary conditions.
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Chapter 1

Aspects of Integrability

In this introductory chapter we aim to provide the necessary background ma-
terial for all subsequent chapters. In the process, we will cover several impor-
tant aspects of quantum integrability, markedly: the Yang-Baxter [1, 2, 3, 4],
boundary Yang-Baxter [6, 7] and transmission Yang-Baxter equations [8, 9,
10], as well as explore their history and significance. The analogous classical
framework of integrable boundaries [11, 12, 13, 14] and defects [15, 16] is also
discussed. As a matter of course, it will become apparent how the ideas and
theories of integrability have grown over the years. Eventually, this will lead us
to the main focus and aim of this thesis: to understand the interplay between
integrable boundaries and defects at the quantum level within the affine Toda
field theories (ATFTs). We will achieve this by dressing integrable boundaries
with an integrable defect. The results of [17], where infinite-dimensional re-
flection matrices were constructed for the sine-Gordon model, are extended by

1) (2

constructing generalised solutions for the ag and a, ) affine Toda models in

chapters three and four. In chapter four, the behaviour of infinite-dimensional
solutions suggests that the defect has an intrinsic purpose within the aél)
model, which is discussed in detail. To further emphasise the fundamental
connections between boundaries and defects, the way in which an integrable
defect fits into an algebraic framework proposed by Delius and MacKay [18]

is documented in chapter two.

13



14 Chapter 1. Aspects of Integrability

1.1 Factorised Scattering and the

Yang-Baxter equation

An excellent starting point within the realm of two-dimensional quantum in-
tegrability is the exact scattering matrix, as to each such matrix there should
correspond an integrable field theory. In two-dimensions the S-matrices pos-
sess the property of factorised scattering [3], which means that it is possible
to reduce many particle scattering processes and simply consider two-particle

processes.

The scattering matrices can be described by an associative algebra, known as
the Faddeev-Zamolodchikov algebra [3, 4]. In this algebraic setting, the par-
ticles of a theory having rapidity, 6;, are represented by the non-commutative
symbols A;(6;). Then one considers the scattering of this particle with an-
other, A;(6;). Importantly, the products are arranged in terms of decreasing
rapidity to reflect their spatial order. For example, if 6; > 0;, we arrange
the corresponding in-state as: A;(6;)A;(0;). As time evolves the particles will
meet and must scatter, because ¢; > ;. As a result of this, out-states are
arranged in order of increasing rapidity so that as time continues to evolve the
faster particle continues to move away and there is no further interaction. The

S-matrix describes the processes involved during the particles’ interaction:
Ai(0:)A;(0;) = S5 (6: — 6;) A(6;) Au(6;). (1.1)

From this we see that the subscript indices label incoming particles, while the
superscripts label outgoing particles. By considering the incoming particles,
and respecting the fact that there is no particle production in the integrable
theories [19], one can label each non-zero entry of the scattering matrix. To
find the following: Si(6; —6;), for two particles of the same type and different
rapidities, Sfj(@l — §,) for the process ij — ij and finally SZJ] (6; — 60;), when
two particles reflect, 17 — ji. In algebraic terms, the S-matrix acts as an
intertwining map on the vector spaces associated to each particle in the two-

particle scattering process:
Sl,—6) VooV, = V,®V,.

A comprehensive introduction to the theory of S-matrices can be found in [19].
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Figure 1.1: Diagrammatic representation of the Yang-Baxter equation.

We will now detail some of the properties of S-matrices. Arguably, the most
important and significant property for integrability is the Yang-Baxter equa-

tion, which ensures consistency between all three-particle scattering processes

1, 2):

1900 — 00) S0 (00 — 0) S (05 — 0c) = Syl (05 — 00) S5 (0 — 0c) Sy (0a — 0y).

(1.2)
The above equation can be obtained by following the particle trajectories
in figure (1.1), where we sum over repeated indices in the above equation.
Equation (1.2) has a great algebraic significance and deep connections within
quantum groups, many results can be found in [20, 21]. By solving the Yang-
Baxter equation, which is a difficult task, one can obtain the S-matrix entries.
However, the equation does not constrain the S-matrix scalar prefactor, p(f),
as it simply cancels throughout the equation. There exist further properties

that restrict the prefactor, they are unitarity:

S0 — 0,) 51" (0; — 0;) = 6707, (1.3)
and crossing symmetry:

SE (B — ;) = S2(im — (6; — 6;)), (1.4)

where the barred indices label the appropriate anti-particle. The relation due
to crossing symmetry is obtained by reversing one particle’s trajectory in the
two-particle scattering process, and considering following the new process.
The S-matrix should also satisfy the bootstrap relation - alluding to soliton

fusing relations that we do not require in this thesis, details are given in [19].
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In due course we will see several S-matrices for various affine Toda models,
which have been studied heavily in the past - for example, in the o'l affine
Toda models see [22]. Interestingly, a total classification of all solutions to the
Yang-Baxter equation does not yet exist, although particular cases have been
studied providing partial classification [23] - [26]. Our main focus will be the
construction of more general objects, compatible with the S-matrix, that use

the theory of factorisable scattering in the presence of boundaries and defects.

1.2 The Reflection equation

Over the years, as more results surrounding the Yang-Baxter equation and
factorised scattering were discovered, the next logical step was to consider
factorised scattering in the presence of a boundary, and if it is possible to
maintain integrability. The boundary restricts the theory to the half-line
—00 < x < 0, where scattering far away from the boundary is still described
by the S-matrix. A new object is needed to describe any reflection off the
boundary. Moreover, it must be compatible with the S-matrix, so that the
theory remains integrable. Processes of reflection are characterised by reflec-

tion (R—)matrices and the FZ-algebra can be extended to include them:
Aj(0;)B = Rj(0;)Ax(—0;)B, (1.5)

where B denotes the boundary at + = 0 and we assume summation over
repeated indices. Overall, this means an incident particle, A;, eventually en-
counters the boundary and then reflects as A, with negative rapidity. From
the above, we see that it is possible for a particle to change during reflec-
tion off the boundary. For example, the particle could reflect as itself, or its

antiparticle:

R;(0;) : Vi =V, (1.6)

Ry(6;) : V; = V&, (1.7)

where the spaces V; and Vj, correspond to the particle and antiparticle respec-
tively. For the time being, we will deal with the particle preserving case unless
otherwise stated. Processes of reflection and consequently R-matrices are de-
fined by the reflection equation - also known as the boundary Yang-Baxter

equation:
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Figure 1.2: Diagrammatic representation of the reflection equation.

Set (B — 0b) R3(02)S% (60 + 0,) R (6) 18)
18
= R{(00)S55(00 + 0,) R (0)S7} (8 — 03).

Equation (1.8) was first introduced by Cherednik [6] and later studied with
regard to the quantum inverse scattering method in integrable theories with
a boundary [7, 11, 12, 27]. Also, one can derive the index equation (1.8) by
following particle trajectories in figure (1.2). Importantly, it is the associativ-
ity condition of the algebra (1.5) and within the vector space description of

the particles, a completely analogous tensor product version of (1.8) exists:
S0, — 0p)R1(0,)S (6, + 0p) R2(0p) = Ra(0)S (00 + 05) R1(0,)S (0, — 65). (1.9)

In the above, Ry = R® 1 and Ry, = 1 ® R. As one expects, equations (1.8)
and (1.9) are equivalent. We have seen that the scattering matrix must satisfy
certain properties, and the reflection matrix is no exception. The prefactor
is not restricted by equation (1.8), but is restricted by the boundary cross-
unitarity condition proposed by Ghoshal and Zamolodchikov [13]:

R (%T — 9) = S¥(20)Rf (%T + 9) : (1.10)

Our investigations do not require the use of such prefactors, further details

are found in [13].

The reflection, or boundary Yang-Baxter, equation is a difficult equation to
solve. A popular method is employed in [5, 28, 29] to determine the entries

of the reflection matrix. Firstly, a normalisation is specified - Kim divides
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through by matrix entry 2,2 when considering the three-by-three reflection
matrices of aéQ) [28]. Following this, to tackle the problem of the different
rapidity dependences, the derivative is taken with respect to rapidity #,, after
which 6, is set to zero - these quantities then label the free parameters. The
result gives functional equations of the remaining rapidity, #,. An assumption
is then made, the reflection matrix should be proportional to the identity
when 6, = 0. This procedure is applied to all equations, that are acquired by
the expansion of indices in (1.8). As the dimension of the matrix increases,

the procedure becomes more difficult.

1.2.1 An Algebraic construction

Some years later, in 2003, Delius and MacKay proposed an algebraic frame-
work relying on an underlying quantum group symmetry. Reflection matrices
are then defined as the solutions of a linear intertwining equation. Conse-
quently, the difficulty of the problem is substantially reduced, although there

is one caveat. We will now detail the method, first outlined in [18].

The construction begins by considering the representations of the particles of
a U,(g) quantum algebra. The solitons of the particular theory, in multiplet
p with rapidity 6, span a vector space V'. The solitons are then described
by appropriate representations my : U,(g) — End(V}"). It is then questioned
whether it is possible to regard the reflection matrix - now labelled K*(0) -

as an intertwiner of the representations:
K"(0)m4(Q) = 7 (Q) K*(0), (1.11)

for all @ € U,(g). Of course, it is not possible for all generators of U,(g) be-
cause the boundary breaks the quantum group symmetry. However, a remnant
of the quantum symmetry might survive despite the inclusion of a boundary
within the theory. Therefore, equation (1.11) may hold for all @ € B, where
B is a symmetry-preserving subalgebra of U,(g). Moreover, the subalgebra,

B, must be a left coideal of U,(g) meaning that:
AQ) e Uy(g)®B,  VQeB,

hence, the boundary’s processes are encoded in the second slot (as the bound-
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ary is on the right) and the usual bulk theory is described within the first
slot. This is vital because the coproduct, A, must represent the action of
multiparticle-states, therefore it must include both U,(g) and B to ensure
compatibility throughout. The object of interest is now the subalgebra, B,
and its generators. There is an alternative framework where the generators of
the boundary subalgebra are calculated using boundary conformal perturba-
tion theory - the details are found in [18] - but the algebraic method is most
relevant for our purposes. The caveat associated with the construction is that
it requires prior knowledge of a solution of the reflection equation. Supposing
that we do know a particular reflection matrix, we can move on to define the
corresponding L—operators that are compatible with the vector spaces, V;',
and U,(g). The universal R-matrix, R, of U,(g) is used to define the operators,
full definitions are found in [30, 31]. For our purposes, all we need to know
is that the universal R-matrix is related to the S-matrix that we are familiar
with, as follows [18]:

SO —0) o PRI —0), R0 —0) = (7 @ %) (R),

where P is the permutation operator, interchanging the tensor factors. The

Lj-operators are then defined [32]:

L = (i © 1)(R) € End (V) ® Uy (9), )
L7, = (v, © 1)(R) € End(V7,) @ U, (9). |

where R is the opposite universal R-matrix that is formed by swapping
the two tensor factors. The generators of the boundary subalgebra are then

constructed as follows [18]:
B = Ly(K"(9) ® 1)L} € Hom(V}", V") @ U,(g),
or equivalently in terms of matrix indices:
(BY)% = (L) o (E"(0))4(Lg) %,

assuming the usual sum over repeated indices. Since the construction of the

generators has been detailed, it remains to check if they satisfy the linear
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equation (1.11), together with known reflection matrix, K*(0),
K*(0') o (BY)) = 77 (BL)YS) o K*(9) (1.13)
or equivalently:
(1o K@) ol (BY) = (1er",)(B) o (1 K" (). (1.14)

The beauty of this construction is that the properties of the universal R-
matrix are exploited to show that equation (1.14) naturally leads to the re-
flection equation. Using the defining properties of the L-operators alongside

the natural properties of the universal R-matrix it is found that [18]:

(L@ mg)(Ly) = (g @ 75 )(R) = R (0 — 6), (1.15)
(1o ) (Lh) = (7", @ 74)(R®) = PR (0 + 0') P, (1.16)
(1@ 7", ) (LE) = (7 @ 77, ) (R) = R (0 + 0'), (1.17)
(1@ 2y (L)) = (7" @ 77y)(R®) = PR — ') P. (1.18)

Straightforwardly, by substituting all definitions (of the generators of the
boundary subalgebra and L-operators) into equation (1.14) and identifying S
as PR, one is able to obtain that the reflection equation is satisfied. Chiefly,
this guarantees compatibility between any reflection matrix and the genera-
tors of the boundary subalgebra, providing this construction is adhered to.
Lastly, it remains to show that when the coproduct is applied to the gen-
erators By that the result is left coideal. This must hold as the generators
are assumed to belong to the boundary subalgebra. As before, one simply
follows the defining relations together with the properties that originate from
the R-matrix [18]:

AL =Ly Ly,  A(LY)=Le L,

to discover that:
A(By) = LyLy © By,

and so, this does indeed belong to U,(g) ® B as required.

In [18] the sine-Gordon is given as an example, and the generators of the
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boundary subalgebra are calculated by means of boundary conformal per-
turbation theory. Nonetheless, solving equation (1.11) is much simpler than
employing the usual method. The boundary subalgebra, for the sine-Gordon

model, contains two generators ()1 that are represented as follows:

m<@+>=<é*_q1 - ) mcz):(éq_l ) (1.19)

cx™! e gt

with z = e/, v = 52/(87 — 8?) and ¢ = 3™ /% and ¢ = /\2(¢® — 1)/2mi,
where é, are parameters associated with the boundary condition and X origi-
nates from the perturbative conformal theory approach used to calculate the
generators. Using this representation Delius and MacKay reproduce the re-

flection matrix first presented in [13]:

1

S ria) e
K(0) = k(0) ( 12 g2 %(gfx + el

(1.20)

where k() is the prefactor restricted by crossing and unitarity.

The problem of fully classifying all solutions to the reflection equation is re-
duced to the classification of boundary subalgebras, which may provide further
insight. Up to this point, our recount of the reflection equation and its the-
ory is finite-dimensional. In particular, its solutions do not depend on the
topological charge. However, it seems natural that charge may be exchanged
with the boundary, thus enabling solutions to become infinite-dimensional. If
charge is included within the reflection matrix entries, it becomes yet more
difficult to solve the reflection equation and even the linear process would re-
quire modification. As a result, one might begin to think that there is room
for generalisation. There is no reason why a solution should not depend on

the topological charge, but its inclusion causes difficulties.

In the physical world, there are many parallels between the classical and
quantum scenarios. In the case of reflection matrices this is no different. To
each reflection matrix there should exist a corresponding classically integrable
boundary condition (IBC) of the specific theory in question. Reasonably, one
might think that the potential to generalise reflection matrices will lead to
more general IBCs. With this, we must now consider the theory of integrable

boundary conditions and finally introduce the integrable models that we will
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work with.
1.3 Classically Integrable Boundary conditions

We have now briefly discussed the aspects of quantum integrability that are
most relevant to the work in this thesis. Let us move on to consider the as-
sociated classical framework. In this thesis we primarily consider the affine
Toda field theories (ATFTs). They are very special, not only because they
are integrable, but because they showcase a great connection between math-
ematics and physics. The connection is that to each affine Dynkin diagram
one can associate a (1 + 1)-dimensional ATFT, hence, a field theory is con-
structed from the root data of a particular algebra [33]. The theory without
a boundary (the bulk) is described by the Lagrangian [34]:

1
L= §(ut-ut—ux-uz)—U(u), (1.21)
with potential:
2 n
m iU
Ulu) = T > ny (e 1), (1.22)
=0

where m concerns the mass scale, [ is the coupling constant and n is the rank
of the underlying algebra. The simple roots are labelled by «;, j = 1,...,n
and the marks, n;, are a feature of the underlying algebra. The additional

lowest root, «ap, is defined:
Qo = — Z’I’LjOéj, (123)
5=0

with the convention ng = 1. Accordingly, the above Lagrangian describes a
multi-component affine Toda field, u = (uy, ..., u,), existing in the underlying
algebra’s root space. It is the additional root that differentiates between the
massive and massless non-affine Toda field theories. The massive ATFTs are
integrable, and possess the hallmarks of integrability such as: infinitely many
conserved charges and a Lax pair representation, to name just two; more
details are found in [35, 36].

Of particular importance are the o' ATFTs. They possess the most symmet-

ric root/weight spaces and many results are known regarding their integrabil-
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ity. The marks of this algebra all take the same value, n; = 1 and the roots
are all of equal length, a conventional choice is |o;| = v/2. If the coupling
constant, 3, is real and the fields are also restricted to be real, then upon
quantisation the ATFT describes n interacting scalars - fundamental Toda

particles, of mass:
Ta
ma:2msin<7), a=1,2,...,n,

with h = n + 1 the Coxeter number of the algebra. To obtain classical soliton
solutions, within the ATFTs, the fields must be complex [37]. The complex
case is also described by the Lagrangian (1.21) where the coupling constant,
B, is replaced by ¢3. In turn, this changes the nature of the potential in the
Lagrangian (1.21). Indeed, it will vanish for particular constant values of the
field, namely when:

aj-w € Z,

which means that w belongs to the weight lattice of the particular Lie algebra
a,. Such values of the field correspond to the stationary points of the affine
Toda potential. The complex soliton solutions smoothly interpolate between
these points along the whole z-axis. The solutions are then characterised by

their topological charge, (), which is defined:

_ % [ dvu, - % (u(00, ) — u(—00, 1)).

Q

All of the topological charges belong to the weight lattice of the a,, Lie algebra.
If it is assumed that u(—o0, t) is zero, one can obtain static solutions where the
remaining contribution belongs to a subset of the weight lattice. Furthermore,

these solutions can be described using the Hirota formalism [37, 38]:

n

> a;n(1 + E,w®), (1.24)

J=0

im?
B

Ugq =

B, = et tbaltla (g b,) = mg(coshf,sinhf), w = e*™/h

where &, is a complex constant and 6 is the soliton rapidity. Hollowood un-
covered that solutions of this type, even though they are complex, have real
energy and momentum [37]. Furthermore, their masses are proportional to

the mass parameters of the real theory:
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In the subsequent chapters we will deal with the a,(ll), n = 1,2 ATFTs - where
agl) is the famous sine-Gordon model, and the slightly different a§2) case.
Previously, we have hinted that the work contained within subsequent chapters
investigates a more general framework for the solitons of these theories. Before
considering the ingredients and mechanism of the generalisation, we must

recount the way in which the ATFTs are modified by a boundary.

If an ATFT is restricted to the half-line —oo < x < 0 with a boundary at
x = 0, the Lagrangian (1.21) is modified as follows:

L'=60(—x)L — i(x)B, (1.25)

where £ is the usual Lagrangian (1.21), §(z) is the Dirac delta function and B
is a functional of the field u only, this is not totally necessary as it could also
depend on the field’s derivatives, but this restriction simplifies the discussion.

The equations of motion are therefore:

2 n
Ut — Upgy = _n anozjeﬁaj'“, x <0, (1.26)
B =
0B
u 5 x (1.27)

The boundary condition must be chosen carefully, so that it satisfies the above
property in an attempt to maintain integrability. For the a,d and e series of
ATFTs, the boundary contribution takes the form [14, 39, 40]:

m - U
B(u):EZAje(Bmf . (1.28)
j=0

The above boundary conditions are very constrained. This is because the

coefficients must take one of two forms, [14, 39, 40] either:
A, =0, Vi=0,1,....n or |4 =2yn; Vi=01,...,n,

to maintain integrability. The only exception is the sine-Gordon model
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(n = 1), where the two coefficients are free. Under these conditions the theory
is shown to be integrable by addressing the conservation of several charges, of

different spin, and also by a Lax pair approach [11, 12, 39].

For the a(22) ATFT, when the theory is restricted to be real, a similarly con-
strained boundary density occurs. The existing Lagrangian (1.21) is modified
slightly, as it is built from a different root space. Specifically, the af) model
is a member of the non-simply laced theories, which means that all roots do

not have the same length and the potential (1.22) takes the form:
m2
Uu) = ﬁ (e‘/i’gu 1 e Pu/VZ _ 3) ,

The condition to maintain integrability is given by [39]:
B = A" + Age 2, (1.29)
after rescaling the field suitably, where the coefficients satisfy

Ag(A7 —2) =0.

Soon after, a new class of integrable boundary conditions for the ATFTs were
calculated by Delius [41]. The discovery was prompted by allowing the ATFT
to be complex and considering a ‘method of mirror images’ that uses parity
reversal [41]. This method pairs a soliton in the region < 0 with another soli-
ton in region x > 0. The boundary condition is a combination of a Dirichlet
condition on the imaginary component of the field, and a Neumann condition

on the real part:

Im(u)
2 =

€ coweight lattice of g, 0.Re(u) =0, (1.30)
0 =0

where the coweight lattice is a set of weights, {l}, such that [ -« € Z, for
all roots in the root system of the underlying Lie algebra g [42]. The above
condition still appears restrictive as there are no free parameters. However,
there is increased freedom because the imaginary part of the field can be any

element of the coweight lattice.
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The curious integrable boundary conditions of the ATFTs, from the existing
literature, have been documented. Yet again, one might hope to generalise the
existing situation since they take such a severely restricted form, or at least,
one might hope to uncover the mechanism that prescribes such restrictive

conditions.

We will now consider a reflection matrix and its analogue in the classical
setting, to give further evidence that points to the rich interplay between the
classical and quantum set-ups. Diagonal reflection matrices are of particular
importance for our further work, hence we will examine the sine-Gordon’s

only diagonal reflection factor [13]:

Rul) = prl®) (ﬁ”‘”) 0 ) (131)

where pgr(6) is the prefactor restricted by crossing and unitarity, it is found
in [13]. We can see that this matrix possesses one free parameter, r. The
diagonal nature of the matrix suggests that the corresponding boundary con-
dition takes a simple form. In fact, reflection matrix (1.31) corresponds to a
soliton preserving Dirichlet condition. Moreover, if the parameter r is set to
unity the boundary condition becomes u(0,¢) = 0 and the matrix becomes a

multiple of the identity.

Another interesting case within the sine-Gordon model is the non-diagonal
reflection matrix first calculated by Zamolodchikov and Ghoshal [13]. It was
calculated subsequently via the algebraic technique of Delius and MacKay [18]
and is documented in matrix (1.20). In particular, it contains two parameters
€+ that are associated with the boundary condition, this matches the known
real integrable boundary condition which also contains two free parameters.

In fact, the condition is presented as:

Uy = %Sinﬁ (u—2u0>

where a and ug are arbitrary constants and [ is the sine-Gordon coupling.

: (1.32)

=0

The above boundary condition is obtained from equation (3.18), in Delius
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and MacKay’s paper [18], by making the equalities:

iBug /2 N —ifug /2
) Y

€, = ae €. =ae

together with the normalisation that they adopt throughout [18].

We will now move on to recount another aspect of integrability, namely defects.
Later, we will observe how they are used to generalise reflection matrices and

therefore provide possible candidates for more general boundary conditions.

1.4 Integrable Defects

Following the logical progression of ideas, as the vast literature concerning the
Yang-Baxter and reflection equations, as well as integrable boundary condi-
tions developed, it is natural to next consider models with an internal bound-
ary: also known as an impurity or defect. The foundations for defects within
two-dimensional integrable theories were first established by Delfino, Mus-
sardo and Simonetti [8, 9]. Their results showed that theories including a
defect can only remain integrable if the defect is either purely reflecting (an
integrable boundary) or purely transmitting. Alternative frameworks do ex-
ist, whereby an impurity both reflects and transmits particle content. In one
case, the defect must possess internal degrees of freedom [43]. Another alter-
native was investigated by Mintchev et al. [44], however, their results rely on
S-matrices that do not depend on the rapidity difference, S(6, — 6,), but on
each rapidity separately, S(6,,6s).

In the real world defects are commonplace. Within a two-dimensional in-
tegrable quantum field theory one can regard defects as a juncture of two
bulk regions. Special defects conditions must hold to ensure that the two
bulk regions are ‘stitched’ together. This will become evident in the follow-
ing section, where we detail the Lagrangian formalism developed by Bowcock,
Corrigan and Zambon [15], first for the sine-Gordon model. The results of the
Lagrangian approach, in the sine-Gordon case, matched Konik and LeClair’s
earlier findings for the quantum sine-Gordon model [10]. For other models we
will see, again, how the classical and quantum theories influence one another.

This work was extended to include al’ defects in [16]. Later work lead to
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the discovery of another type of defect, supported by the a,(ll) theories and the
Tzitzéica model - aéQ) affine Toda [45, 46, 47]. The sine-Gordon, agl) and aéz)

models are of particular importance for this work.

Furthermore, we will see how the classical framework provides insight into the
quantum scenario, which is most important for the work contained herein,
especially when we begin to investigate the rich interplay between integrable
defects and integrable boundaries. The defect’s intrinsic features are exploited

to generalise a particular type of integrable boundary .

1.4.1 The Classical Picture

Throughout this section, we will detail the classical theory that is relevant to
later work contained in the coming chapters. In particular, we will consider
the ag) affine Toda models, which includes agl) that we will examine in chapter

(4) and it generalises earlier work concerning the sine-Gordon model.
1.4.1.1 Type - I defects

The addition of a defect, at the point x = 0, to a theory is very natural. One
simply needs to account for the two fields, u and v, either side of the defect,
and the defect itself. Therefore, a single defect placed at x = 0 is described
by the Lagrangian [16]:

Lg=0(—2)L, +0(x)L,

1 (1.33)
+6(x) (g(u-Buﬁ—u-th —uy - Dv+ v - Byy) —D(u,v)) :

where 6(z) is the Heaviside step function, to signify the bulk regions and §(z)
is the usual delta function, to signify where the defect is defined. The matrix
B i s an anti-symmetric, n by n matrix (where the algebra has rank n) and
the matrix D is defined as: D = 1 — B. The defect potential, D(u,v), is
defined [16]

'D(U, U) — _ﬁ E Ue%ozj.(DTu—l—Dv) + legaj-D(u—v) 7 (134)
p* 4 o
J=0
where: m is the usual mass parameter, 3 is the coupling, oj, j =1,...,n are

the simple roots and «y is the additional root (1.23) of the particular affine
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Toda model. Importantly, the matrix D, satisfies the constraints:

2, ifk=j
ay - Doy = § =2, if k = 7(j), D+ DT =2, (1.35)
0, otherwise.

The matrix D is of central importance, as it depends on a permutation of
the simple roots, 7(j). Consequently, there is associated with D a choice of
the clockwise or anti-clockwise permutation. The permutation will specify the
defect and we will see its importance in the quantum setting later in chapter

(4). For now, let us choose the clockwise permutation, following [48],
ary =j_1, J=1,...,n, Qr(0) = Q-

The constraints are satisfied when D is chosen to take the form

D = 22 la(la - la-‘rl)Tv (136)

i=1
where the vectors [,, a = 1,...,n are the fundamental highest weights of the
Lie algebra a,. In particular, they satisfy: l; - o; = d;; for 4,5 =1,...,n, and

lo = l,4+1 = 0. If the anti-clockwise permutation of simple roots is used, one

simply replaces D, defined in (1.36), with its transpose.

Using the Lagrangian (1.33) we can obtain the equations of motion, as well

as the defect conditions specified at x = 0 [16],

imQ - iBa-u

Uy — Upy = —— Zaje i x <0, (1.37)
i

. 2 n

im o
Vyp — Vg = 7 jz:; aje‘ﬁaﬂ , x>0, (1.38)
Uy — Buy — Dv, + D, = 0, x =0, (1.39)
v, — DTuy + Buy — D, =0,  x=0. (1.40)

It should be mentioned that the defect conditions in fact take the form of
a Bécklund transformation that is frozen at = 0 [16]. This feature is in-
teresting as such transformations are a hallmark of integrability. It is also

reasonable, given that the defect is purely transmitting and solitons usually
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re-emerge from the defect, but it cannot be applied in the usual sense to ob-
tain multi-soliton solutions. Furthermore, the bulk and defect potentials are

both invariant under particular translations of the fields, u and v:

U — U+ 2_7rb v— v+ %

B’ B’
for b, ¢ any two elements of the root lattice. As a result of this invariance, one
can obtain other solutions, that have the same energy and momentum. Some
comments regarding energy and momentum, in the presence of the defect are
in order. The energy and momentum contributions from the bulk regions are

given by the usual formulae, respectively:

E :/0 dx G(u ) )+ U(u)>

—00

+Amm(;%wﬁ+;ww»+ww) (1.41)

P:/O dw(ux-ut)Jr/oood-?C(Ux'Ut)-

—0oQ

In order to contemplate their conservation we must consider their time deriva-
tives. By differentiating the above with respect to time, as well as using the
equations of motion appropriately together with the assumption that the fields

provide no contribution at spatial infinity one finds [49]

E = Ug Uy |:v:0 — Vg - U |ac:07 (142)

P = (e ua) + 30w~ U )

=0

(1.43)

— (30 )+ 00 - Vi)

2=0
To enable the exchange of energy and momentum at the defect, the above
quantities must be expressed as time derivatives of functions of the fields at
the defect location. For the conservation of momentum, we can use the defect
conditions (1.39) and (1.40) to eliminate the spatial derivatives of the fields

in the above equation:
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P <%(But + Doy — Do)+ %(ut ) — U(u))

(1.44)
1 1
— (§(DTut — Bu,+D,)? + §(Ut Svy) — V(v)) .
It is readily observed that the above contains only time derivatives of the
fields, as well as the potentials: U(u), V(v), and derivatives of the defect
potential. It is possible to arrange P as a total time derivative providing

several relations hold:

u - (1+ BB — DD )y, =0, (1.45)
v - (1= D'D — BT B)v, = 0, (1.46)
uy - (BTD + DB)v;, = 0, (1.47)
1 1

59" -D,, — §Dv D, =U(u) — V(v). (1.48)

Relations (1.45)-(1.47) are verified easily using the defining properties of the
matrices B and D stated earlier. The final relation is not so easily verified.
In [16], the final relation is verified by running the defect potential through
(1.48), after which the properties of matrix D are again used to rearrange
the result. The matrix D and its connection with the permutation of roots is

crucial to obtain the end result [16]:

n
. . i 1 :
P=1, U= _% 2 (aef%"(DTWDv) _ —efo‘]"D(w)> . (149)
=0

g

hence, the defect supplies a contribution, U, to the momentum so that the total
momentum, P = P+U, is conserved. Overall, this is result is quite remarkable
because the defect’s construction appears to account for its breaking of the
space translational invariance. However, the defect does not disrupt time
translational invariance and so the defect potential simply contributes to the
total energy. Specifically, the equation (1.42) for E becomes equal to D, which

means the total energy € = F 4+ D is conserved.

In fact, it is shown in [49] that if momentum is conserved the theory with

a defect is classically integrable. A generalised Lax pair is also employed to
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show that the theory including a defect remains integrable. Consequently,
the conservation of momentum is an important facet of the defect theory.

Previously, the constant fields

were mentioned in section (1.3). However, some of their features are modified
when a defect is included within the theory. Usually, the constant fields, where
b and c are weights, belonging to the same representation in this instance, have
zero energy. As we have seen, the defect adds its own contributions of energy
and momentum so that their energy and momentum are now given by [48]:

2mh 2mh
N cosh 7, Py = 52

&g = sinh 7,

where 7 is related to the defect parameter ¢ in the following way: o = e™".
This concludes our consideration of energy and momentum. We will now
progress to review the way in which solitons transmit through a defect, so

that we can work towards the quantum picture.

The way in which a soliton transmits through the defect is of greater relevance
to us. The classical behaviour provides insight into the defect transmission
matrices of the quantum setting, which our work relies upon heavily. The
main goal is to understand all possible behaviour exhibited by a right-moving
soliton when it encounters the defect. One can again use Hirota’s formulation

[37, 38], where the a'V single soliton is given by:
Uy = — Y a;In(1+ Ew®), (1.50)

where the parameters are defined as before (1.24). Eventually, the soliton will

encounter the defect at = 0 and it typically emerges; albeit slightly modified

im?

3 Z a;In(1 + 2, E,w™). (1.51)

J=0

Ua

The additional factor, z,, encodes all possible processes a soliton can undergo
during transmission. It first appeared in [16] where it was calculated for the

anti-clockwise permutation of simple roots. Later, in [48], it was calculated
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for the clockwise permutation by sending the a' soliton of the expression in
[16] to the (h — a)™ soliton. Specifically, the soliton is delayed by the defect

and the delay parameter z, with the clockwise permutation is:

—(0—n) o~ 1a
e + e Ta
za - ( 67(9777) _|_ Z.ei’y“ ) 9 ’7(1 — 77 (]‘52)

where h is the Coxeter number of the particular atV theory. Upon quick
inspection we see that the delay is usually complex. However, the exceptions
to this are the self-conjugate solitons where a = h/2 (with n odd), in this case

the delay is real and is equal to the delay experienced by sine-Gordon solitons
[15]:
e ? +1 n—=0

Let us now examine the delays experienced by the solitons. Firstly, consider
the behaviour encoded within (1.53). There are several possible configurations
of the parameters that return interesting results. If the overall argument is
negative: n — 6 < 0, then z < 0 and the incoming soliton converts to an
anti-soliton. This occurs when n < 0 < # and again for n < 6,7 > 0. By
anti-soliton we mean a soliton of the same mass, but with opposite topological
charge. Topological charge is described by the imaginary part of &, appearing
in (1.24). Therefore, for large enough values of 6, enough topological charge
is exchanged with the defect to cause the imaginary part of £, to change, so
that an anti-soliton re-emerges. If n > 0 and 6 < 7, the argument remains
positive and the soliton is simply delayed. Interestingly, if & = 1, the argument
becomes zero and the soliton never leaves the defect, it is subsumed by the
defect. The delay expressed in (1.52) acts somewhat differently. Following
[16, 48] it is instructive to consider the argument of the phase delay (1.52):

sin 27,
e=200-1) 4 cos 27,

tan(arg z,) = (1.54)
The above is very interesting because the phase shift appears able to vary
between zero, provided § — —oo, and —27,, provided § — oco. Furthermore,
this interval coincides with the separation of the different topological charge
sectors [50], in terms of the parameter &, appearing in the soliton’s definition
(1.50) - specifically, its imaginary part. Thus, a soliton can convert to one

of its neighbours when the rapidity is sufficiently large. This behaviour is
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most significant, because its repercussions are felt within the quantum theory.
The transmission matrices must mirror the severely restricted processes, and
indeed they do, as some contain zeroes that replicate the restricted process.

The full details are discussed in chapter (4).

One final remark concerning (1.52) is required. Owing to the definition of ~,,

one readily observes that the delay diverges for a specific value of the rapidity:

T 2a
= — 1 —-—.
0 17+2( h)

Overall, except for the self-conjugate solitons where a = h/2, this means that
the defect cannot absorb any soliton possessing real rapidity. This concludes
our recount of type - I integrable defects. Let us now move on to the yet more

interesting type - II defects.

1.4.1.2 'Type - II defects

The fact that the type - I defect conditions, for the o't Toda models, take
the form of a Backlund transformation frozen at the defect location is en-
tirely consistent with the work of Fordy and Gibbons, where the sine-Gordon
Backlund transformation was generalised to encompass the a$?) models [51].
However, the constraints placed on the theory, and appropriate defect poten-
tial, appear too stringent. As a result, it seemed that none of the other affine

Toda models could support a defect.

To make progress, and discover defects in other affine Toda models, a generali-
sation was proposed by Corrigan and Zambon, whereby the defect possesses its
own degree of freedom [47]. The added parameter induces extra freedom and
one can similarly show that both energy and momentum are conserved. How-
ever, energy conservation is no surprise because the time translation invariance
is not violated. On the whole, despite more complicated defect potentials, the
type - II scenario is treated analogously and is shown to be compatible with
the bulk theory. In particular, it is well-defined by the consideration of con-
servation of momentum, reference [47] contains full details. The framework is
sufficiently more general to allow the inclusion of a defect within the Tzitzéica
model. However, one must consider the conservation of different charges to

show that the theory is integrable, as a generalised Lax pair methodology does
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not yet exist in this framework.

The Lagrangian framework is modified to include the defect’s extra degree of
freedom, A, at = 0, it takes the form [45, 46, 47]:

Lip=0(—x)L,+0(x)L, +0(x) (2¢ - A — D(u, v, \)), (1.55)

with ¢ = (u(0,t) — v(0,t))/2 and as usual the fields v and v are defined on
the left and right of the defect, respectively. The defect degree of freedom is

restricted to x = 0. It is useful to consider the system in terms of:

u+v u—v
2 9 q_ 2 9

p:

then as well as the typical bulk equations of the motion, the Lagrangian (1.55)
supplies the defect conditions [46]:

2qgc = _Dp7 2px - 2)\t = _an ZQt = _‘D/\' (156)

Corrigan and Zambon went on to find that the defect potential must satisfy

two further conditions:

D=flp+Xq +aglp—X\a),

Vaf - Vag = VgV f =U(u) = V(v).

(1.57)

The second constraint above is most powerful, as it links the features of the
defect to the potential difference across the defect. Moreover, the right-hand
side of the second constraint does not contain any dependence on A\, further

signifying its powerful nature.

We will now detail the defect potential for the aéQ) affine Toda model. The

fields v and v are single component scalar fields that have bulk potentials:

2
U(u) = —% <ei5“‘/§ + Qe Bu/VZ _ 3) ,

2
V(v) = —% <ezﬂv\/5 4 e iPV2 _ 3) ,

where m represents the mass scale and [ is the real coupling constant. The
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associated type - II defect potential, fulfilling conditions (1.57) is [45, 47]:

Dp,q; ) = % (ei(pﬂ)ﬁ/ﬁ 1 emilptNB/2v2 <ez‘qﬁ/\/§ 4 e%qﬁ/ﬁ))

Y

N ;/;m (8 —iP=NB/2VE | ip-N5/V2 <€iq6/\/§ n ez’qﬁ/\/i>2>
g
(

1.58)

and we see that the usual defect parameter o appears alongside A\ that suit-
ably generalises the framework. Again, we would like to consider the soliton’s
transmission through the defect; within the new framework. The Hirota for-
malism [37, 38| is used, again, to express the soliton solutions of the bulk

theory:

wo__

(1+ E)? (1+2FE)?
- @ e —
(1 —4F +¢e?)’ (1 —42FE + 22¢2)’

i

(1.59)
E = etrtbite a = V6 cosh, b= —/6sinh 6.

where z signifies the delay experienced by the soliton. We have, in this in-
stance, dropped the dependence on the mass scale and coupling. Also, one
must remember that within this model the soliton is complex, and the con-
stant e is selected such that the expressions for the soliton are non-singular
for all real = and ¢t. Typically, we expect the soliton to exhibit standard be-
haviour when passing through the defect, even in the presence of the defect

‘field’, A. The delay, of most relevance to us, experienced by a soliton is:

B 0—n arm 0—n am B .
z = coth (T E) coth (T + E) : o =V2e". (1.60)

The above is calculated in [47], where the full details are provided. The main
point is that the defect field, A\, must take a particular value when calculating
the possible delays. More importantly, this delay exhibits the same behaviour
as the type - I sine-Gordon defect. Namely, if 1 is real, thus matching the
rapidity that is always real, the delay is real and positive. In this instance, the
soliton simply transmits through the defect and is delayed. It cannot convert
to its anti-soliton. Finally, for specific choices of complex 7, the soliton can
either convert to its anti-soliton or the defect can absorb it. Such behaviour
is important for our purposes, because it helps to lead investigations in the

quantum picture where suitable transmission matrices are calculated. The
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auxiliary field possessed by the defect, in the classical picture, will translate
into the presence of (related) free functions of the topological charge in the
quantum transmission matrix. Consequently, this shows that the type - II

defect can also store an unlimited amount of topological charge.

For completeness, we will now include the classical framework for the type -
I1 defect in the af’ theories [45], as we will consider the type - II transmission

matrices of agl) in chapter (4). The potentials of the bulk fields u and v are:

2 n 2 n
U = =S 1), V) == S ),
j=0 j=0
and as usual, «j, j=1,...,n are the simple roots, where ay = — 2?21 a; is

defined as the lowest root. The Lagrangian for this type - II set-up takes the
same form as (1.55). The main difference is that there are two possible defect
potentials, referred to as setting A and setting B in [45]. The defect potential
in setting A is given by:

m & By 1 i (e
D<p7q7A) e @ Z (O,elﬁa] (p+)\)/2AJ(q) + ;6 B J (p )\)/2AJ+1(Q)) 7 (161)
=0
with
Ay(q) = yeiPorGar2 4 L omisoy a2
Y

where p and ¢ are defined as before. Additionally, the constant matrix, G, is
defined as:

GzQZ(wa—waH)wg, ai-wjzéij, i,jzl,...,n,

where w; are the fundamental weights of the a'V Lie algebra, also, o,v are

the two defect parameters. To obtain the defect potential in setting B, simply
make the substitutions p — —p and G — —G. Let us recall that the classical
type - I defect also contains two possible defect potentials, originating from
a choice of permutation that defines the matrix D: hence, it is unsurprising
that the type - II setting also contains two possibilities. Ultimately, we are
most interested in the type - II behaviour within the quantum framework, and

. . .. . 1
its impact on the transmission matrices. In the aé ) case, many parameters
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are included within a type - II T-matrix. Yet more significantly, there is a
definitive relation between the type - I and type - II matrices. Altogether,
this exemplifies the strong relationship between type - I and type - II defects

within the same theory and it makes for interesting behaviour.

Finally, before the quantum setting is reviewed, a comment concerning type
- IT defects is required. In the case of the sine-Gordon model, one can view
the type - II defect as two fused type - I defects [46]. If two defects are
fused together, the presence of an auxiliary field within the resulting defect is
entirely natural. The extra freedom could be a result of something formed or
trapped during the fusion process. However, we will view type - II defects in

their own right and do not need to consider the fusion process any further.

1.4.2 The Quantum Picture

In the quantum setting, the defect is described by an exact transmission (7-)
matrix. All information concerning the interaction between soliton and defect
is encoded within the T-matrix. The early results of Delfino, Mussardo and
Simonetti [8, 9] showed that an integrable defect must be purely transmitting.
Furthermore, the defect can be included in the FZ-algebra, where it is repre-
sented by the operator D,, to denote a defect carrying topological charge «.
The process of a soliton (labelled with the usual operators A;(6)) transmitting
through the defect from the left is given by:

Ai(0)Dy = T (0) DA, (6).

The role of the T-matrix is clear from the above: the incident right-moving
soliton, labelled subscript i, encounters the defect with initial charge ov. Dur-
ing its interaction the soliton can exchange topological charge with the defect,
and potentially convert to another soliton or anti-soliton. Consequently, the
emerging soliton is labelled subscript 7 and it continues to move away from the
defect, with final charge S. To account for topological charge conservation,
each entry in the T-matrix includes a Kronecker-delta operator-like object:
68, 68%L §5+2 for example. There exists an algebraic framework, developed
by Weston [52, 53], wherein each matrix entry includes appropriate raising
and lowering operators a;, alT satisfying algebraic relations, thus replacing the

Kronecker-deltas. We will now give details of both theories.
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Figure 1.3: Diagrammatic representation of the transmission Yang-Baxter
equation, where the dashed line represents the defect.

1.4.2.1 'The Quadratic equation

Ultimately, we see that T-matrices are the crucial component. We will now
consider the ways in which they are defined. In particular, we will describe two
methods by which they are constructed: one involves solving the transmission

Yang-Baxter equation and the other employs quantum groups.

The former ensures that the defect is compatible with the S-matrix, the pro-

cess is illustrated in figure (1.3) and the equation is given by:
St Ba = 0) T30 () T3 (0) = T,7 (0) T (0a) Siis (0o — B0), (162)

where the repeated indices are summed over. The above index approach is
helpful because the charge dependence of the system is explicit, however one
can reformulate equation (1.62) in terms of tensor products - as in the case of

the reflection equation -
S0, — 0p)T1(0,)T2(0,) = To(6,)11(0,)S (0, — ), (1.63)

where 7' = T ® 1 and T, = 1 ® T. Of course, the two are equivalent,
and we will use the latter in the subsequent section. The transmission Yang-
Baxter equation does not constrain the T-matrix prefactor, as it simply cancels
throughout the equation. However, the T-matrix must satisfy analogues of
the crossing and unitarity conditions which do constrain the prefactor. For
completeness, it should be noted that the bootstrap procedure also restricts
the prefactor and is considered in [46]. However, the work in this thesis does
not require the transmission matrices’ prefactors, and so we will not discuss

them further. Crossing symmetry imposes the condition
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T2(0) = Ty (im — 0), (1.64)

where the barred indices represent the anti-particle of the particular soliton.

The unitarity condition is
TR(0)T) (=0) = 5:65. (1.65)

The matrix, 7', describes the transmission of a soliton from the right to the
left. We expect that it is defined differently, because the defect breaks the

parity invariance of the theory. In fact, it is defined as

and one can rearrange equations (1.62)/(1.63) to obtain its defining equation:
Sae (Ba — 0) Ty (60) T3 (62) = Ty (0.) T (64) Sy (6 — b).

Equation (1.65) highlights an important feature of any transmission matrix,
namely, it must be invertible. Previously, in [46], it was shown that there
are some solutions to the transmission Yang-Baxter equation that are not in-
vertible - clearly, these solutions are not viable T-matrices as they can never
satisfy (1.65). We will see, throughout the coming chapters, that inversion
is a vital property. Without it, one cannot construct generalised reflection
matrices. Usually, one can construct general formulae for the inverse trans-
mission matrix. They coincide with the standard rules of inversion, but their
constituent matrix entries must be shifted to account for changes in topo-
logical charge. This is most likely a consequence of the underlying quantum
group structure. To give a simple example of this, let us consider a general

sine-Gordon T-matrix

TH(Oé,.T>65 Tlg(Oé,ZL’)(Sg_Q
T (6) = : (1.66)
T (e, )05+ Tos(a, )0

The inverse T-matrix should possess the same Kronecker-deltas, in the same
positions, together with slightly modified entries. The inversion formulae

are readily obtained by forming and rearranging equations resulting from the
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multiplication of (1.66) by a matrix, 7~!, whose product returns 1-§2, to find

YH(CY,LE) B Y12(O‘71') 5ﬁ*2
s «a

bﬁfl( ) _ A(a,x) Aa,x)
aasa Yo1(a,z) ¢B+2 Ya2 (a,x) 65 ’
A(a—2,z) "o Ala—2,2) "o
with entries:
Yii(a,z) = Too(a + 2, 2), Yio(a,z) = =Tho(e, x),
(1.67)
Y21<Oé, IE) = —T21(Oé,$)a YQQ(OZJ) = Tn(Oé - 27$),
and determinant
Ao, x) =T (o, 2)Toe(a + 2,2) — Tho(a, )Ty (o + 2, ). (1.68)

Immediately, the parallels between the standard inversion formulae of an ar-
bitrary two-by-two matrix are clear. The determinant must be non-zero to
guarantee that the matrix is invertible. This provides us with the true con-
straint, from which we can invert the matrix and go on to show that it is
satisfies the unitarity condition. However, the determinant seems to depend
upon the topological charge, a. In most cases, the determinant is independent
of the topological charge and we will see several instances of this in chapters

three and four.

The sine-Gordon model possesses the simplest T-matrices. We have seen
that they are easily inverted and contain simple Kronecker-deltas that track
exchanges of topological charge. In particular, if the first row/column is re-
garded as an incoming/outgoing soliton and the second row/column is viewed
as an incoming/outgoing anti-soliton, we see that entries: 1,1 and 2,2 must in-
clude 67 as no charge is exchanged. Therefore, we see that entry 1,2 (incoming
soliton with outgoing anti-soliton) must include 6°~2 to mirror this process.
In the case of the sine-Gordon, the defect simply counts topological charge
in units of £27; thus emulating the fact that a soliton could emerge from
its interaction with the defect as an anti-soliton or vice-versa. However, the
defect does not behave like this for all other models. We will now introduce
the transmission matrices of the sine-Gordon model, which we will use later.
The model is special in that it supports both type - I and type - II defects.

The type - I transmission matrix was first calculated by Konik and LeClair
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[10]. Some years later, their solution was generalised by Corrigan and Zambon
[17]. The new solution includes both the type - T and type - II transmission

factors via a specialisation of its parameters, the solution noted in [17] is:

T4(0) = p(0) (“”q_a/%_l +aqan, () ) ,

Aa)ogt? (dvg e+ d_q*/?27")8]
(1.69)
where the functions u(a), A(«) satisfy:

pla)a = 2) — pla = 2)A(@) = (¢ — ¢~ a-d_¢* —aydyq ). (1.70)
The above relation implies the following:
pla—2)Ma) =a-d_¢* ' +ardig T + 7.

A solution to the constraint is given in [46], where the functions are chosen

as follows:
pla) = brg '+ b_q*?, AMa) = crq? +c ¢ apdy —bicy =0,

for complex constants a, by, ¢y, dy. If we substitute the functions into (1.69)
and set Q = ¢~ /2, we find:

30y — (a+ Q™" +a_Qx)d]  (0+Q* +b-Q )3
feal0) =0t ( (0@ + e Q) (dy@oa+d_@oa-tsz) TV

By carefully choosing the parameters in matrix (1.71) we can recover both the

type - I and type - II defects. First, set
a_=dy =c_=b, =0, b_=c, and extract a factor of (ard_)"?z!,

to recover the type - I transmission matrix [10]:

—-1/2 045,3 —a65—2
v Q « EI‘Q « > , (172)

61‘Qa55+2 V1/2Q—a§g

T; lfx = /)I(H) (

with the identification, v'/? = (d_/a,)"?, €= b_(a,d_)"'2.
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Similarly, by setting,

ay =1=d_, a_ = —b_b,, d, = —b.b_Q*,

Cy = _67Q747 c_ = _BJra

as well as extracting a factor of 7! from (1.71), to ensure the recovery of the

type - II transmission matrix [17, 46]:

T, ¥ = pr1(9) (C_Qa - b76+€2_a$2)5£ (b Q" +_b—Q_a)5§_2 .
oo (b QU+ B QO (Q0 — byb Qo a?)a)
(1.73)

As we are aware, the sine-Gordon model is quite specialised and it is known
that defects within the a,(ll), n > 1, ATFTs behave differently. Let us now
document the general structure of an arbitrary ag) transmission matrix, we

will work with matrices of this form in chapter (4):

Tnoy T~ Thgogtee
Tyl = | Twolter Tub)  Tasd) o2 | (1.74)
Tgl(sg_ao T325g+a2 ngdg

The topological charge is no longer counted in units of 2w, therefore, ex-
changes of charge are no longer tracked by objects of the form: §°%7, j € Z.
The charges are now represented by the weights of the solitonic/anti-solitonic
representations, labelled by «, 3, and a soliton can move around the corre-
sponding weight lattice by depositing root-like charges at the defect. Conse-
quently, exchanges of topological charge are described by objects of the form:
6P%2i where vy, o are the simple roots of agl) and ag is the additional lowest
root. Such transmission matrices are also invertible, as they should be, and

an infinite-dimensional analogue of Cramer’s rule is easily derived.

1.4.2.2 The Linear equation

Presently, we have only considered T-matrices as solutions to the quadratic
equation (1.62), which is not easily solved. Let us now move on to inspect the
algebraic framework developed by Weston, in [53], where quantum groups are
cleverly utilised. The importance of placing the defect in this larger algebraic
context is to connect its theory with generalised oscillator algebras and Q-

operators [52, 53]. We will now examine and recount the alternative method
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within [53] that reproduces the sine-Gordon type - I and type - II transmission
matrices. In this framework, the S-matrix is replaced by the R’-matrix that

acts as an intertwiner of the finite-dimensional representation V, of Uq(agl)):
R(z1/22) : Vi, @ Vi = Vi, @ Vi,
satisfying the linear intertwining condition:
R'A(a) = A'(a)R/, (1.75)

for all a, where a is a generator of Uq(agl)). Likewise, the T-matrix is viewed

as a specialisation of a more general intertwiner, £,
L(z/z) WP @V, = WY oV,

We can see that £ intertwines an infinite-dimensional space, WZ@, and the
finite-dimensional space, V. In fact, W is a representation of a Borel sub-
algebra that is parametrised by a complex vector (r) = (rg, 71, r2), and a
rapidity-like parameter, z. The operator, £, satisfies a linear intertwining

condition

LA®b) = A(b)L, (1.76)

where b is any generator of the Borel subalgebra. In terms of the defect
transmission matrix, (1.76) is now the defining equation to solve. As the result
of the calculation is a more general object, one must choose the parameters
(r) precisely to obtain the sine-Gordon type - I and type - II defects that we

are familiar with.

The main constituents of this construction are the infinite-dimensional Borel
subalgebra and the finite-dimensional representation of the underlying quan-
tum group. To detail the construction we require the defining relations of the
quantum affine algebra U, (sly). It is generated by six generators {E;, F;, K},

i =0, 1, satisfying the following relations:

K,E;K " = ¢°E;, KE;K[ ' = q?E;, i#}, (1.78)

KFK =q7°F, KFK ' =¢F, i#] (1.79)

7
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EE} — B|EEE} + B|ESEE; — EXE; =0, i # j, (1.80)
FF} — BIFEE; + BIFfFF; — F)F, =0, i#j, (1.81)
where the notation . .
n] = ﬁ,
q—q

is used. The construction relies upon the coproduct, A, which is defined as:

AE)=FE®1+K®E, AF)=FEK '+1®F,

(1.82)

for i = 0, 1. The opposite coproduct, A’, is obtained from the above by ap-
plying the permutation operator, P, that interchanges the factors. Following
Weston’s methodology, we will now begin to construct the infinite-dimensional
Borel subalgebra, U, (b4 ). It is generated by the elements E;, K;i= 0, 1, hence
only relations (1.78) and (1.80) must be satisfied by the subalgebra.

The next step in [53] is to define the generalised oscillator algebra that will be
used to construct the representation of the Borel subalgebra. The generalised
oscillator algebra, O72) for complex numbers r; and 79, is generated by the

operators: a,al, g™ satisfying relations

NalqV =qad’, ¢Nag™N =q'a,

aa’ = (ry +¢*N)(r2 + ¢*V) = F(N), (1.83)
(ITCL = (7’1 + q272N)(7"2 + q2N*2) = F(N — 1)

One can regard the operators: a,al, as raising and lowering operators that
account for the defect’s ability to store charge. As a result, clearly, there is
no need for a ground state because the defect can store an unlimited amount
of topological charge. In order to realise this the Q72 module W(m2) =
®,ezC |j) is considered, because it acts on the infinite-dimensional space as

follows:
alj)=1i—1), d'lj)=(1+q¢¥)(ra+4¢¥)[j+1),

N 15) = a5

(1.84)

By setting either m = 0 or r, = 0 one retrieves the usual g-oscillator algebra
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relations [54]

a'a — ¢*aa’ = (1 — ¢*), when r; =0,
(1.85)
aa’ — ¢*a'a = (1 — ¢*), when ry = 0.

Armed with this knowledge, we must choose the generators of the Borel sub-
algebra such that they mimic the above behaviour and act on the infinite-
dimensional space appropriately. Again, following [53] we will document the
action of the U,(by) module, W where r = (rg,r1,72) € C3 and the space
is spanned by |j) ® 2" € W2 @ C[[z, z71]:

Eo(l7) © 2") = a'|j) ® 2",

1
(¢q—q7)
1

Eq(l) ® 2") = (]

alj) ® ", (1.86)

. n _ . n . n 1 . n
Ki(lj) ®2") =rog N j) @ 2", Ko(|j) ® 2") = aqm j) ® 2"

It is easy to verify that this action satisfies the relevant relations (1.78) and
(1.80). Furthermore, in terms of constructing the defect transmission matrix,
it is clear from the relations (1.86) that we should choose the generators of

the infinite-dimensional Borel subalgebra in the following way:
FEyxa', Eyxa, Kyx¢?®, K, oxqg V. (1.87)

One can include constants and functions of N in the above, provided that
they satisfy the necessary algebraic relations. Any functions and/or constants

included are then constrained by the linear intertwining equation.

Before detailing Weston’s solution to equation (1.76), further comments re-
garding the generalised oscillator algebra are necessary. Looking back at We-
ston’s definitions (1.84) we see that infinite-dimensional space is truncated
for particular values of r; and 7,. For example, let either r, = —¢~ 2" or
ry = —q*" for an integer, n, then a' |n) = 0. Of course, this is not the only
possible truncation. In [45] Corrigan and Zambon consider a truncation of
the infinite-dimensional space in order to find the scattering matrix, R’, em-

bedded within the 7’-matrix. This was achieved by considering the action of
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the raising and lowering operators on the state space. The work contained
in this thesis does not require a truncation of the infinite-dimensional space,
further details are found in [45, 52, 53].

We are now ready to consider the linear intertwining equation (1.76). To
evaluate, and then substitute, the coproduct into the linear equation one must
also use the fundamental two-dimensional representation of the quantum affine

algebra. The solution given in [53] is:

0N+ 122N —rozq- Nt
LO(z2,q) = . (1.88)
a roqg N + rori22g"™

The power of the algebraic approach is clear from the solution. The parame-
ters rg, 11,72 and z add a lot of freedom, they can be chosen to take certain
values that in turn affect the function F(N), and the space over which the
operators act. If the £L-matrix given in (1.88) is related to defect transmission

matrices, then it must satisfy the relevant properties.

First of all, we can calculate the inverse matrix entries using the general

formulae:
1oy BV 1) iy —RV)
L (N)—ma L (N)—m,
= Fand =t

where the determinant is defined as:
A(N,z) == L11(N 4+ 1)Los(N) — Lio(N + 1) Loy (N)F(N);

hence, the inverse is:

1 roqg Nt 4+ rory 22gN ! rozq’NHaT

£/mH-1 2,q) = — ) 1.89

(L) (z0) A 2Vt GV 4 22N ( )
Note that we have dropped the N-dependence of the determinant, because it
takes the form:

A(2) = 1oq(2* — 1) (ri1m92* — 1).
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Therefore, the unitarity property is satisfied. Weston also states that the
L-matrix satisfies the crossing relation [53]:
LN ~2q,q) = ——(0"L(2)0")",
A(=zq)
where ¢% is the Pauli matrix and ¢y denotes the transposition of the two-

dimensional space. Finally, the Yang-Baxter relation:
R'(w1/22)L(2/22)L(2/21) = £(2/21)L(2/72) R (21 72)

holds, it is a natural consequence of this construction, where both sides of the
equation act on the space W) (2)®V,, ®V,,. As the above properties are sat-
isfied, it appears that the general algebraic object, £, fits into the usual defect
framework. However, it is also connected to Baxter’s Q-operator, see [55]-[58]
for details of Baxter’s Q-operator and [52, 53, 59, 60] for details surrounding
the connection. The Q-operator can be identified as an appropriately regu-
larised trace of the £-matrix over the infinite-dimensional space [59], and this
was first proposed by Bazhanov et al. in [60]. The construction of the general
object, £ - in both [52, 60] - is slightly different but remains very algebraic. In
a similar fashion to Delius and MacKay, [18], the universal R-matrix is used
together with particular evaluation representations. Bazhanov et al. go on
to define the Q-operator in terms of this regularised trace, because they show
that it satisfies similar functional relations to the Q-operator. On the whole,
the workings required to showcase the connection fully are very involved and
it is not suitable to document them here. Nonetheless, it is important to high-
light that this connection does exist and ties the theory of integrable defects
to a wider algebraic setting. We do not require any further details concerning

this topic, for information please see references [52, 53, 59, 60].

It still remains to recover the sine-Gordon transmission matrices (1.72), (1.73)
from the more general £-matrix. To achieve this one must assign values to all
parameters z and r;, for all i and apply similarity transformations as required.
Firstly, we will retrieve the type - I matrix by adopting the method detailed
in [53]

Tro (0,m) = v 12U () L= =0m2=0) (5 — 7 0=m) (U =1 (), (1.90)

where the similarity transformation U; is:
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1 0

0 _V1/2q—N—1/2

U[(V) =

The result of this calculation contains extra factors of ¢ in the off-diagonal
entries. This is a result of the different notations adopted by Corrigan and
Zambon in [46] and Weston in [53]. When executing the substitution of pa-
rameters, one should identify e~ := ezx. Interestingly, the type - I special-
isation forces the oscillator algebra’s function F'(IN) to collapse to unity. This
behaviour is expected, since ry appears to be the most significant parameter

in the type - I case and it has no bearing on the function F'(N).

The recovery of the type - II T-matrix is similar, but more involved because

all available parameters are given a value:
Trrg (0,0, by) = Upp LIomtn=b=c®/brra=b=/ab0) (5 — |, | q)UL, (1.91)

where the similarity transformation Uj; is:

( ) 1 0
Urr(b-,by) = :
0 \bil (by +b-g2"72)

Performing this calculation returns a type - II T-matrix of the form:

N 7 —N,2 xbyby
g  —b b qgVx _<b+qN*1+b,q*N*1 al

Trrgs(0,bs) = ’ , (1.92)
l‘(bJqu—H + b,q_N_l)a q—N _ b+b,x2qN+2

and this does not exactly match the previously documented type - II trans-
mission matrix (1.73), satisfying the quadratic equation, regardless of differing
conventions. However, the off-diagonal entries satisfy a constraint that is sim-

ilar to (1.70):

P(NIAN = 1) = u(N = DA(N)

*byb 1.93)
qrb b B B (
" bVl +2_+q—N+1 (0= q )(brq" —bg™),

where p(N) and A(NN) are entries 1,2 and 2,1 respectively. More significantly,



50 Chapter 1. Aspects of Integrability

we find in this limit that the function F(N) becomes

b_b_ b b_
F N — 1 - e —2N -2 - 2N +2
(N) g, b 5

_ b b_ —2N-2 b_ 2N+2 by
‘m(éﬁq )*m(q )

At this point, the difference between the type - I and type - II defects of the

linear intertwining approach is clear. For the type - I defect, F'(IV), is merely

(1.94)

a constant. Whereas, for the type - II case, F/(IN) contains two non-trivial
parameters: by, b_, thus resulting in a richer transmission matrix. Restricting
the general object, £, is illuminating because of the way that the parameters
are handled. In the type - I case, rq, is the only parameter of interest while
the others, r{,ry, are simply ‘switched off’. As one expects, when dealing
with the type - II defect, r; and ry are ‘switched on’, and there is no need
to include the type - I parameter; hence it is ‘switched off’. Moreover, one
should note that this behaviour is expected given the classical setting of the
type - II defect. The extra field associated with the defect translates into the
appearance of more parameters in the T-matrix. Of course, the sine-Gordon
model is quite specialised and it is fortunate enough to admit both type - 1
and type - II defects. However, the Tzitzéica model only supports a type -
IT defect. If one were to calculate the general L-operator for that model, we
would see that the parameters r; are related and one cannot simply ‘switch
them oft” [45].

Throughout this section and its discussion of the linear intertwining approach
we have adopted Weston’s notation and followed his work closely, [53]. Nev-
ertheless, another notation is perhaps more intuitive, whereby the raising and
lowering operators shift the topological charge in units of £2, which allows
us to easily recognise the processes concerning the sine-Gordon soliton and
anti-soliton. Indeed, such a change in notational convention is permitted,
providing consistency is maintained ubiquitously. In chapter (2) the type - II

function F'(N) will reappear, although with this slightly different convention.

Furthermore, some comments regarding the spaces over which the transmis-
sion matrices act are required. Let us recall that the transmission matrices

defined as intertwiners of the infinite-dimensional Borel subalgebra and finite-
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dimensional representation act over the spaces:
T(z/z) V.V, =V, V,,

and satisfy the linear intertwining equation. As a consequence of their con-

struction, they naturally satisfy a transmission Yang-Baxter equation [52, 53]:
R'(x1/2)T' (2)x0)T" (2)21) = T'(2/21)T' (2 02) R (21 22).
Both sides of this equation act on the space:
W=V, 0V, @V,

Similarly, if we consider the transmission matrices obtained from the quadratic

equation:
% (B = 00) T (6a) T (6) = Tyl (0) T2 () St (60 — 60),
we see that this equation acts on the space
W=V, ®V, V..

On the whole, this simply amounts to monitoring notational convention care-
fully. This does affect generalised reflection matrices slightly, and details are
provided in the coming sections. In particular, we will see the effects of these
considerations in chapter four, when relating transmission matrices from the

two slightly different backgrounds.

We have now explored the two constructions, as well as the features, of trans-
mission matrices. Overall, in the quantum story, it is easier to deal with
the linear intertwining equation (1.76). Due to its linear nature the resulting
equations are more accessible and easier to manipulate than the quadratic
transmission Yang-Baxter relation (1.62); especially, when dealing with type -
IT defects and their added complexity. Let us now continue to introduce gen-
eralised reflection matrices, they are realised by dressing a particular type of
reflection matrix. Chiefly, their importance lies in the fact that they combine
the theories of boundaries and defects in such a way to produce interesting

results.
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Figure 1.4: Dressing a boundary (represented by the dashed line) with a defect
(represented by the dotted line).

1.5 (Generalised Reflection Matrices

In light of our knowledge regarding reflection and transmission matrices, we
can consider the way in which the two are combined to form a more general
object, the generalised reflection matrix, satisfying a suitably generalised re-
flection equation. The new, more general, object describes a new process: one

where an integrable defect is placed near the boundary.

Constructing solutions via the dressing procedure is important for several rea-
sons. Firstly, within this framework one can easily exploit the defect’s ability
to store charge, therefore generalised reflection matrices depend upon the
topological charge and are intrinsically infinite-dimensional. The generalised
matrix is endowed with a transmission matrix-like structure, in that it includes
either the Kronecker-deltas (with appropriate labels) or the raising/lowering
operators ai,a;r to track exchanges of topological charge, exemplifying the
infinite-dimensional nature. Introducing the topological charge via the defect
circumvents the additional complexity of including it within the original reflec-
tion equations. Secondly, the defect can add additional parameters: we will
see the importance of these parameters in the coming chapters. Ultimately, it
is hoped that this perspective provides new evidence that may help generalise

existing integrable boundary conditions.

We will now detail the construction of generalised reflection matrices, the
complete process is illustrated in figure (1.4). We have already seen that a
reflection matrix should carry its own charge labels: @, 3, denoting the initial

and final charge on the boundary, respectively. When the boundary is dressed
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Figure 1.5: Diagrammatic representation of the generalised reflection equa-
tion. The dotted and dashed lines represent the defect and boundary respec-
tively.

with a defect, we must include a new set of labels that account for the charge
carried on the defect [12, 17, 61]. By consulting figure (1.4) and following the
soliton’s trajectory, it is clear that the soliton transmits through the defect
- from left to right - before reflecting from the boundary and then transmits
through the defect - this time from right to left. Let us now take a diagonal
reflection matrix, RZQ(@) and dress it with a defect, to obtain the modified

matrix:

R = TH(0) R (0)T(0), (1.95)

where T'(0) is defined as before: T~1(—6), to describe the soliton’s transmis-
sion through the defect from right to left. The matrix R(6) satisfies a modified
reflection equation, illustrated in figure (1.5):
S5 (00 — O REZ(02)S3L (0u + 0) REZ(0))
= R (0,)S55(00 + 05) R (8,) 520 (8 — 6).
(1.96)

In order to show that equation (1.96) is satisfied by the modified R-matrix,
we must use the following facts: the original diagonal matrix, R,(f), satisfies
the reflection equation, as well as a unitarity relation, and the 7/ T-matrices
both satisfy the transmission Yang-Baxter equation. To prove this, it is most
instructive to use the tensor product formulation of the equations, to avoid
confusion involving the indices. Before we move on to the proof, let us detail
one key property of the diagonal reflection matrix that is also exhibited by

the generalised reflection matrix:



54 Chapter 1. Aspects of Integrability

Rq(0) - Ra(=0) = f(0) - 1, (1.97)

where f(6) is a scalar function. In order to show that the R-matrix possesses
this property we simply substitute the definition of the generalised reflection

matrix and evaluate the products:

R(0) - R(=0) = T(0)Ra(0)T ' (—0) - T(—0)Ra(—0)T " (0)
— T(0)Ry(0)LR4(—0)T~(6) (1.98)
= /(6)-1

We will now begin with the generalised reflection equation (1.96) written in

the tensor product language:
S0y — 0,)R1(0,)S (00 + 05) Ra(6) = Ry(65)S (00 + 0,) R1(64)S (0, — 6;), (1.99)

where, again, Ry = R ® 1 and R, = 1 ® R. The next step involves replacing
R with its definition throughout the left hand side of the equation, to find:

S(0,—0y) T1(00)Ray (0) T (—04) - S(00+0y) - To(0y) Ray (0,) Ty (—6). (1.100)

To make progress, we must now isolate a particular section of the above and

use the transmission Yang-Baxter equation, to find
T (=0,)S (04 + 0)To(6y) = To(05)S (04 + 0,)T, (—0,).

The above relation is readily acquired by reversal of a particle trajectory (as-
sociated with rapidity 6,) in figure (1.3), together with the T-matrix that
denotes a soliton’s transmission through the defect from right to left. Follow-

ing this, we place the relation in (1.100) to achieve

S0, —0,)T1(02)Ra, (04) | To(05)S (00 + 0T, (—0,) | Ray (0,)T5 1 (—6). (1.101)

At this point, it is helpful to remember that Ry is a finite-dimensional diag-
onal matrix, and therefore the tensor products, Ry, are also diagonal. It is
important that the original diagonal matrix is finite-dimensional. Specifically,
its entries do not contain any dependence on topological charge, hence they
are unaffected by the operators appearing in the transmission matrix. Con-

sequently, the R4, will commute with all matrices in the product and we can
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make use of this in the above expression (1.101)
S(0a — 05)T1(0a)To(05) Ra, (00)S (00 + 0b) Ray (06) 11 (—0a) Ty ' (—6,).  (1.102)

Immediately, we recognise half of the transmission Yang-Baxter equation, and

replace it to find:
T2(00) T3 (0a) [S(Ga — 0b)Ra, (02)S (0 + eb)Rd2<9b)] Ty (=0a)T; " (—6,). (1.103)

After this, we can use the reflection equation to modify the bracketed term to

obtain:
T5(0,) T (6,) [RdQ (05)S (00 + 05) Ra, (02)S (0 — 9,,)] T (—0,)Ty  (—6;). (1.104)

At this moment, we can only use a transmission Yang-Baxter equation to

rearrange the terms on the far right of the above
T3(05)T1(00) Ray (65) S (B + 06) Ray (Ba) T3 (—05) Ty (—04)S (0 — 65), (1.105)
and then rearrange the factors of R, , as they commute with all matrices,
T3(00) Ras (00) [ T3 (0)S B+ 00) T (~60) | R, (0) Ty (~0) 56— 6y).(1.106)

This time, to obtain the bracketed term, we reverse the other particle trajec-

tory - that associated with #, and examine the new process to find:
T5(6y) Ra, (6)) [T;l(—eb)S(ea n el,m(ea)} Ra, (0)T71(—8,)S (8, — ). (1.107)

Finally, we can identify the generalised reflection matrices to discover the

equality
Rty (00)S (603 R, (0)S (8 —04) = S(0— 03) B (0)S (0 +00) Fa(6y) (1.108)

which shows that the generalised reflection matrices do indeed satisfy a gen-
eralised reflection equation. As we have noted, a transmission matrix can
track exchanges of topological charge via Kronecker-delta operator-like ob-
jects, or raising/lowering operators associated with an infinite-dimensional
Borel subalgebra. The above procedure specialises to the framework where
Kronecker-deltas are used within the transmission matrix. An analogous pro-

cess exists for the transmission matrix originating from the linear intertwining
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equation. As we are aware, transmission matrices from different defining equa-
tions act over slightly different spaces. We will now consider their effect on

the generalised reflection matrices.

While the general construction works irrespective of the language used to
describe the T-matrices, the generalised reflection matrices are themselves af-
fected by this difference. The upshot is that the generalised solutions act on
slightly different spaces, depending on the construction of the T-matrix. Pre-
viously, we have discussed the slightly different spaces that the transmission
matrices, from the linear and quadratic equation, act over. Let us recall that
any T-matrix calculated from the linear intertwining equation (1.76) acts on
the space
W'=V.®V,

whereas, the T-matrices calculated from the quadratic equation (1.62) act on
W=V,®V,.

And so, when we calculate generalised reflection matrices using a diagonal

(finite-dimensional) reflection matrix, acting on the space:
Ry(z) : Vp — Vo,

they will act over the same space as the transmission matrix that is used in its
calculation. Most importantly, this does not distort or alter our results but
one complication can arise. Namely, when one would like to relate generalised
solutions from the two backgrounds. As the defect has the power to introduce
several parameters of particular significance in their own framework: either
from the representations that are intertwined, or from each matrix entry when
considering the transmission Yang-Baxter equation, it is not clear how the
various parameters are related. This matter is most likely solved by using
similarity transformations, but this is quite a difficult task. In chapter (4) we

will encounter this complication.

To demonstrate the nature and features of generalised reflection matrices we
will examine the well-studied sine-Gordon model, this work was first docu-

mented in [17]. As our starting point, we will take the diagonal reflection
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matrix introduced earlier (1.31) [13]

(Ru@el 0\ [(E+ar)dl 0o
Rd(:c)_< 0 Rm(a:)5§>_< 0 (c+e)e) (1.109)

First of all, let us consider the resulting multiplication of the dressing proce-

dure, where any defect of the form:

T (x) = T Tady™ (1.110)
A\ Twet Ty '

is used. Of course, the above framework specialises to the sine-Gordon defect
transmission matrices and other cases are considered in the coming chapters.
Furthermore, the general formulae for the inversion of such a matrix were

provided earlier. The T-matrix is labelled in the same fashion:

T (z) = Tnd;  Tiady (1.111)
T\ Tport? Ty ) '

The corresponding generalised solutions (for the sine-Gordon model) are cal-

culated by evaluating the product (1.95), specifically:

an ’ 858 L 52 5B
B () = | (@ O‘)éaé"‘g Fas(@, @) ga , (1.112)
Rgl(l’, &)5£+25& RQQ(ZL’, 04)555&
with entries:
Ryy(z,a) = Tia(@) Ru(2)T1a (v = @) + Tha(@) Roa () Taa (v = a + 2),
(1.113)
ng(SC, Oé) = TH(()[)RH(JI)Tu(’)/ = Oé) -+ Tlg(Oé)Rgg(l')TQQ(’}/ =+ 2),
RQl (l’, Oé) = T21 (CY)RH(JZ)TH(’Y = — 2) + TQQ(O[)RQQ(ZL‘)TQl (’7 = O[)7
(1.114)

1:222(35, a) = Tgl(@)R11<$>T12(’}/ =a—2)+ ng(a)Rgg(x)Tm(fy = ).

In the above, note that, the sum over the charge on the defect is evaluated by
tracking the labels of the Kronecker-deltas. The boundary adds an additional
5@, however its presence is optional because there is no exchange of charge at

the boundary and in future work it will be disregarded. Overall, this provides
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a good example of the methodology used to obtain generalised solutions. For
other models, the transmission matrices are typically higher in dimension and
the defects are able to store different quantities of charge; described appropri-
ately, as we will see. We will now detail the sine-Gordon generalised solutions

and examine their characteristics.

As we have documented, the purpose of this construction is to obtain new
solutions to the suitably generalised reflection equation. One might hope that
the resulting solution corresponds to an integrable boundary condition ly-
ing outside of the known results. When considering the sine-Gordon model,
promising results are obtained by dressing the boundary with a type - I trans-
mission matrix (1.72). Primarily, we see that the original diagonal process is
greatly modified. The defect appears to generalise the diagonal boundary pro-
cess (corresponding to a simple Dirichlet condition), returning a generalised

Zamolodchikov-Ghoshal type solution of shape (1.112) with entries:

Rn(w,a) =z (é — ;) +

~ € o 1
o) = 5@ (- )

(1.115)
f%m(x, a) = revt/2Q (x2 — —) ,

The results of dressing the simple diagonal matrix with a type - II defect are
yet more striking. Again, the resulting generalised solution was first calculated
in [17], but is expressed differently below. It has the shape (1.112) with entries

~ - roo—
Ri(z,a) = ;b+b—Q2a_2(1 —a7h) + ;b—b+Q_2a_2(1 —at)

1
+Q (% + :m") (L [os210-2) + Q72 (S 4 2 ) (102 = o).

=1
ra?

Pzl ) = (bs +b-Q72) (@2 +r2_b,)

(1.116)
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~ -1 - _ _
Ry (z,0) = — 2 (by +b-Q* ) (b:0-Q* +r?Q %),
D, o bJrB* 2a—6 4 A —2a42 _ .4
Ros(x, ) = g Q"1 —2%) +arb_b,Q (1—2x77)
1 r T
(1 2 g2 (T T 20 |2
+Q (Tx+wr) (Jb+)* = [b-]*) + @ (T+$) (1+ [b4]]0-) .

(1.117)

In this instance, the dressing procedure produces a new type of solution,
lying outside of the Zamolodchikov-Ghoshal class and containing more free
parameters. As we might hope, a generalised reflection matrix that lies outside
the known class of solutions could correspond to a new type of integrable
boundary condition. Corrigan and Zambon proposed a possible Lagrangian
density that might correspond to this more general solution, it takes the form
[17]:

B(u,\) = M2 f(u) + e M?g(u), (1.118)

where the functions f(u) and g(u) satisfy:
f(w)g(u) = hpe"? + h_e™/? 42 (e"+e™™) + ho,
the functions can be arranged as:
f(u) = fo+V2 (be“/2 + b_le_“/Q) o glu) = go+ V2 (b_le“/2 - be_“/Q) :

The density provided above contains more freedom due to the type - IT defect’s

auxiliary field, A, and free constant parameters:
ho=gofo, he=V2(fob™ +gob). h-=V2(fob+gob7").

It appears that this condition is not as heavily restricted, as the original known

boundary conditions.

The sine-Gordon model, despite being the simplest ATFT, exhibits very inter-
esting and pleasing results. It also supplies potential evidence as to how a de-
fect can produce generalised solutions that might correspond to a generalised
boundary condition. Additionally, one would hope that this phenomenon is
exhibited by other ATFTs.
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1.6 In summary

Integrability is a vast and wide-ranging area of research: hopefully, we have
supplied some evidence of this by considering scattering, reflections/boundary
processes and defects. The way in which they all ‘marry’ together, at the
quantum level, is quite clear when one considers generalised reflection matri-
ces. The coming chapters provide further evidence of the interplay between

integrable boundaries and defects.

Firstly, in chapter 2, we will consider how sine-Gordon’s generalised reflection
matrices fit into the algebraic framework of [18]. In particular, we will investi-
gate the way in which boundary subalgebras are modified to include the defect.
The results are promising, given that the modified boundary subalgebra asso-
ciated with the type - I generalised reflection factor appears to generalise the
finite-dimensional case. Parallels between the finite and infinite-dimensional
subalgebras are readily apparent. When a type - II defect is introduced the
resulting subalgebra is yet more general, as one expects. The complex sine-
Gordon model is not considered. A thorough examination of boundaries, de-
fects and dressed boundaries within the complex sine-Gordon is contained in
(62, 63, 64]. The dressing procedure also places an integrable defect near the
boundary, and similar results are obtained; the dressed boundary appears to
generalise the original one parameter boundary condition [62] by adding two
more parameters [64]. All details are found in [62, 63, 64] and the references

contained therein.

In chapter 3, we review the known finite-dimensional reflection matrices of
the quantum agz) affine Toda model, as well as the known transmission ma-
trix. We then form several generalised solutions and attempt to relate them
to the known finite-dimensional cases. The generalised solutions appear to
develop the known finite-dimensional results naturally and embody some of
their structures. Unfortunately, due to the complicated nature of the previ-
ously known reflection matrices, it did not prove possible to recover them all
within new generalised reflection factors. However, we must recognise, it is
possible that not all finite-dimensional solutions can be recovered. The origi-
nal boundary that we dress with an integrable defect takes a particular form

and is one that possesses a diagonal reflection factor. And so, it is possible
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that all existing solutions cannot be reached by dressing such a boundary.

In chapter 4, we will discuss the quantum agl) affine Toda model. We will re-
view all known results concerning reflection and transmission matrices. As we
are aware, the model admits several type - [ defects within the classical picture
and this enriches the quantum setting as it contains several defect transmission
matrices. Several classes of generalised solution are then constructed and pe-
culiar behaviour arises. The generalised solutions contain several patterns of
zeroes, which at first sight seem peculiar. However, when one recalls the strict
selection rule that the defect can impose, the behaviour is not only reasonable
but natural. It is illuminating to describe the new generalised solutions picto-
rially, and several such diagrams are found throughout the chapter. A strange
limiting process is utilised to recover the structures of the finite-dimensional
solutions; all details are found in chapter 4. The more complicated type - 11
defect T-matrix is used to construct generalised solutions, which prove to be

the most general in that they do not contain any zero entries.

Chapter 5 summarises the findings contained within this thesis and discusses

some possible areas of future work.

)

Appendix A contains the remaining diagrams that describe the agl generalised

reflection matrices.

Finally, appendix B contains the defining relations of the determinant for an

agl)—transmission matrix that satisfies the linear intertwining equation.






Chapter 2

Coideal Boundary Subalgebras
and Defects

Integrable boundaries accommodate integrable defects naturally, however, the
proof in chapter one (1.108) concerns the reflection equations originating from
the tensor product (and equivalent index) approach. We will now provide fur-
ther evidence: showing that integrable defects are totally consistent in the
coideal boundary subalgebra framework, developed by Delius and MacKay in
2003 [18]. By including a defect, the algebraic framework is generalised to ac-
count for exchanges of topological charge and therefore, generalised reflection
matrices as well. We specialise to the sine-Gordon model, building on Delius
and MacKay’s earlier results, where we will study the algebraic framework
using both type - I and type - II defects. The close interplay between defects,

boundaries and boundary conditions is this chapter’s overriding theme.

2.1 Generalising the Framework using

a Type - I Defect

At this point, we are familiar with the reflection equation and its importance,

as well as its different likenesses: whether that be the tensor product/index

63
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approach or the linear intertwining relation,
R (0)my(Q) = m4(Q)R(0), (2.1)

for all @ € B C U,(g), where B is the remnant boundary subalgebra of the
quantum group. The above equation enables us to view the reflection matrix
as an intertwiner of the particle representations. The computation in [18]
focusses on the sine-Gordon model and the generators of the boundary subal-
gebra corresponding to the Zamolodchikov-Ghoshal reflection matrix [13]. If a
defect is to be added into this picture, we should be able to take a generalised
reflection matrix containing dependence on the topological charge and calcu-
late its modified representation of the subalgebra. The new representation
will be more general, as it will include dependence on the topological charge.
Once this is known, we can compare it with the known results of Delius and
MacKay to see exactly how the defect has expanded on their results. The
type - I modified representation is similar to that appearing in [18] and it is
apparent how the defect generalises the generators of the boundary subalge-
bra. The type - II case produces a much more complex object. We will now

begin by reviewing the required steps to generalise this particular approach.

Firstly, we will substitute the reflection matrix with a generalised reflection
matrix, of the usual form R(#) = T(9)R4(0)T(6), into equation (2.1):

THO) R (O)T"(0)m(Q) = o (Q)T™ () R*(0) 1" (9),

noting that the original equation is now changed dramatically. In order to
rectify this imbalance, we must include the defect’s effects on the representa-
tion and specialise to the soliton preserving (SP) case where u = [, to give

the full equation:

1 1

TH(O) Ry ()T (=0)T"(=0)my (Q)T* (—0)

1 1

. i (2.2)
=THO) 2o (Q)T" (0)T"(0)Ry(0)T" (—0),

where the definition, 7'(f) = T~'(—6), was used in the above. To demonstrate
how this process generalises Delius and MacKay’s findings we will specialise to
the case of the sine-Gordon model, that has a single two-dimensional soliton
multiplet spanned by the soliton and anti-soliton. As we are considering the

SP case, we will drop the index p from now on. Consequently, we see that
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the above equation is exactly the same as (2.1) if we multiply by 7% ' (8) on
the left and T"(—#) on the right. Let us begin by introducing the type - I

transmission matrix, first calculated in [10], presented in a different form:

TI<9i> = Pl(e) (f@ Aa ) )

1 —N
Baf a—ziQ
with: , A
—4neq T
Ii:eweia q:6327 ’YZE_17 Q_QZQ7

and free parameters «, 5. The coefficient ensures that the transmission matrix
satisfies the analogues of crossing and unitarity, but is not required for our
purposes. The Kronecker-deltas have been replaced by the annihilation and

creation operators, acting on the infinite-dimensional space as follows:

alfy=F@G) -2, dliy=i+2, Nli=ili), jezZ

One must also recall the way in which the operators multiply together and

act on functions of the number operator:
aa' = F(N +2), a'a = F(N),

aH(N)=H(N +2)a, a'H(N)=H(N —2)a'.

The above set-up is simplified for the type - I defect as F(N) = f, where
f is a constant. The type - I transmission matrix satisfies the transmission

Yang-Baxter equation (1.62) with the sine-Gordon S-matrix:

Q2%r — Q*x1 0 0 0
0 Q?2-@Q*> xz—at 0
5(©) = ps(©) o2 2 )
0 r—x Q- —0Q 0
0 0 0 Q2%r — Q*x!

all definitions of the above parameters remain the same, where we now define
x = x1/xy. Again, the coefficient pg ensures that the S-matrix satisfies both
unitarity and crossing properties, but it is not needed in this case. If we are to
form a generalised solution with this transmission matrix we must calculate

T. This is easily done using the following inversion formulae, recall:
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Y .: TQQ(N—FQ,.’L") Y _ _le(N, I’)
11 A(N) 3 12 A(N) )

Y- _ TQl(N, SL’) Y- . TH(N — 2,I>
21 A(N—Q)’ 22 - A(N—Q) 3

with determinant
A(N) = T11<N, .ﬁL’)TQQ(N + 2, IE) - Tlg(N, $)T21(N + 2, IE)F(N + 2),

one quickly observes that the formulae are the standard ones required to invert
a two-by-two matrix, but now they include the necessary shifts. For the T}-
matrix we find the determinant is: A := Q2272 — 3%f, and this is simplified
slightly by the following identification 32 f = f, which will be used from now
- one could view this as a particular rescaling of the operators a and af. With

this information we can calculate the T-matrix:

-y 0 (2
TI(Q)IPIA <—BaT axQAC’L_2>’

where A(z) = A(z™!) and we have dropped the subscript on x for simplic-
ity. Let us now take a diagonal reflection matrix, corresponding to a simple

Dirichlet boundary condition, of the form [13]:

where z is still the same rapidity dependent parameter, and r is a free param-
eter. We can now calculate a type - I generalised solution by evaluating the

multiplication (1.95) to obtain:

1 ( kx + 1zt ’B—;XQN(JL'Q — x‘2)a> | (2.3)

R=—
%Q*N(ﬁ —a )al lr + kx!

A
(P (1
S B C 0}

The generalised solution (2.3) demonstrates the interplay between defects and

with

boundary conditions very neatly. The result of dressing a simple diagonal
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reflection matrix (corresponding to a Dirichlet condition in this case) with a
type - I defect is an infinite-dimensional generalisation of a Zamolodchikov-
Ghoshal type reflection matrix containing dependence on topological charge
and defect parameters. The solution can be simplified by setting o = r,
without losing generality, then we see that the defect has added the parameter

o := B%f. Returning to our original focus, we wish to see how this more
general Zamolodchikov-Ghoshal (ZG) type solution expands upon the results
of Delius and MacKay. We know that the finite-dimensional ZG solution,
expressed in the language of [18]:

R(0) = pr(0) ( Cotes) @) )

(22 — 2x72) Tl (e_x4erah)

was found to possess the following representation of the boundary subalgebra,
B, with generators @, and Q_ [18]:

e (40 =), y

cxtt gt

where €4 are parameters associated with the boundary condition and c is a
constant, defined in [18]. The representation is easily broken down into a sum

of generators of the original sine-Gordon algebra,

01 00 qil 0
I +1 11
mo(Q+) = cx +cx + € .
(@) <0 0) (1 0) jE<0 qq”)

It will be useful to bear this expression in mind as we try to calculate the
analogue of my(Q4) for the type - I generalised solution, we will denote it by

79(Qx). To begin, we will use the following ansatz:

~ . [ AN,z) B(N,z)a
Iy(Q+) = (C(N, 2al DN, x)) ; (2.5)

where I4(Q=) := T(—0)76(Q+)T~(—6). Substituting this in equation (2.1)

and evaluating the multiplication returns the following four equations:

(kz + 1 Y A(N, x) + %QN(xQ — 2 HfC(N +2,7)

N

= AN, 2 Y (kx +lz7") + B(N, 2 1) Q_N (2% — 27 f,
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(kx + 1z~ )B(N,z)a + 5704@1\7(362 — 27 ?)D(N +2,7)a

nBan, o -2 ~1 -1 (2.7)
= A(N,z )TQ (=2 %)a+ B(N,z ") (lx + ka™),

ZQN@® —2HAN —2,2)d" + (lz + ka™")C(N, z)al

-1 —1 B N o (2:8)
= C(N,z ") (kz + 1z~ Ya' + D(N,z )EQ (2% — x7)a’,

%Q‘N(f — 2 HB(N - 2,2)f + (lz + kx~')D(N, x)

Ba (2.9)

=CO(N, v H)=—=Q"2(z*> — 27 f + DIN,z " (lz + ka™1).

In order to balance the topological charge dependence in equations (2.6) -

(2.9), we will introduce it into the off-diagonal entries as follows:

~

B(N,z) =QVB(z), and C(N,z)=Q NC(zx),

ensuring that: equations (2.6), (2.9) are independent of the charge, and Q*V
appears as an overall in equations (2.7) and (2.8) respectively. With the equa-
tions appearing more balanced, we now want to determine relations among
the entries. One such relation can be obtained from equations (2.6) and (2.9),

by collecting the functions A(N,z*1) on one side, and then invert z to find:

(lz + kz (AN, z) — A(N, 1))

Ba oA, rB oA
= TQ fa® —x 2)0(33 H - EQ 2fla® - 2)3(37)-
If we perform the same manipulations on equation (2.9), but without inverting

x, we find that we can equate it with the above, resulting in the relation:
D(N,z) — D(N,z™") = A(N,z™") — A(N, z).

Continuing in this way, we obtain further identities concerning the diagonal
entries. For instance, similar manoeuvres within the second equation (2.7)

return:

D(N +2,2) — D(N +2,27Y) = A(N,2~1) — A(N, 2),

and when taken with the first relation we see that D must be independent of
N. Repeating this kind of procedure enables us to find analogous relations

regarding the function A. Ultimately, they again show that A must also be
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independent of N. We must now exercise caution when turning our attention
to the off-diagonal entries, specifically the functions B(z), C(x), because we
must remember that our matrix representation ITy(Q. ) is a linear combination
of the generators, therefore, one needs to be able to distinguish the generators
at all times. It is instructive to recall Delius and MacKay’s results: the
off-diagonal entries in their representations are simply proportional to the

+1

rapidity, = . Bearing this in mind, as well as the fact that we are dealing

with a linear combination of generators, we will use ansatz of the form:
B(z)=biz+b_a™! Clz) = cox +c ot

Substituting the above ansatz throughout equations (2.6) - (2.9) provides us
with more insight into the properties of the system. The most helpful relations

come from equations (2.7) and (2.8), which read, respectively:

é (kby —1b_) = A(z™") — D(z), and (2.10)
% (ke —ley) = A(z) — D(z™). (2.11)

The left hand sides of both (2.10) and (2.11) are independent of x, hence, we
can invert x in the first equation and equate it with the latter, to find that:

2 ,,,.2
CcC_ = _b+, Cy = —b_.
(6]

a2
At this point, one could set @ = r, without losing generality to neaten the
expressions. Using the above identities in the remaining two equations that

read:

(kz + 12 1) (A(z) — A(z™1)) :%Q2f(x2 —27?)(byz ' + b )
i (2.12)
- TQ_2f<I2 —a7%)(crx + ez,

(lz + kz~ 1) (D(z) — D(z™")) zﬁ—aQ_Qf($2 — 27 (cpz M+ c )
r "5 (2.13)
- - a4 b,

enables us to see that they reduce to A(z) — A(z~!) =0 and D(z) — D(x™ ') =
0, meaning that both A and D could be any symmetric Laurent polynomial

satisfying equation (2.10), which is equal to equation (2.11) under the relations
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between b4 and cy. Combining all of this information, we see that the object
ITy(Q-) takes the form:

N A QN(byx+b_xYa
Ip(Qx) = (;iQ Mo+ boaT)al b ) (2.14)

together with the difference relation:

r
A—D=— (kb —1b_). 2.15

kb~ ) (215

In pursuance of our original goal, to calculate ﬁg(@i), we must now ‘unpick’
ITy(Q<). By unpick, we mean perform the following multiplication, obtained

via the simple rearrangement of the definition of II:
79(Qx) = T~ (—0)e(Q=)T(=0),

where 7' still refers to the type - I defect transmission matrix. When evaluating
the above product it is very important to keep track of the operators and
include any shifts that they induce. Despite the product’s nature, one finds

that it simplifies neatly to give the following matrix:

where A and D obey the difference relation. It is illuminating to exploit
the difference property (2.15) and make the above matrix traceless. This is
achieved by extracting a multiple of the identity, namely (A + D).1/2. The

result is the matrix:

o i (2+2) 25,0 %
To(Qx) = <(% +rz) ro_QN%a —y ) 7 (2.17)
where ] ‘_1 TQQ 2 _,_ﬁb - Q- 2b 2be
"o \aB * Toag a )7

The purpose of the coefficients, b, is to help us identify the separate genera-
tors within the linear combination, which we now can by expressing the above
as a sum of two pieces with one proportional to b, and the other b_. We will
need to use this traceless matrix in the next section, when we introduce the

type - IT defect. The traceless matrix (2.17) is the original algebraic represen-
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tation that corresponds to the diagonal reflection matrix, R;. By substituting
the diagonal solution into equation (2.1) we can obtain a very general form of

the representation:

M(Qi):( F B($+g)a>7

Clrz+ L)al G

where F,G,B and C are all symmetric Laurent polynomials. The matrix
representation of the generators that we have calculated, (2.17), does indeed
fit into this picture. However, the freedom introduced by the many symmetric
Laurent polynomials is lost. Nevertheless, we have shown how the defect is
totally compatible within this framework. Particularly, the manner in which it
transforms the simple initial representation (of the diagonal reflection factor)
into a representation of another more general reflection matrix. This truly
evidences the strong interplay between boundaries and defects. To add further
significance to this body of evidence we will now use the result, (2.17), and
apply the type - IT defect transmission matrix. The calculations become more
complex owing to the nature of this transmission matrix and the way its
operators combine. The ensuing formulae do reduce to the type - I case, when

the type - I limit of the type - II matrix is invoked.

2.2  Generalising the Framework using
a Type - II Defect

Equipped with the workings of the previous section, we can now move on to
consider the type - II sine-Gordon defect, first introduced in [46] and later
[17], and its impact on the representation of the algebraic generators. The
type - I case was particularly pleasing, as we know that a type - I generalised
solution corresponds to a generalised Zamolodchikov-Ghoshal like reflection
matrix and in turn, this has been studied extensively over time along with
other integrable boundary conditions. The type - II defect gives an even
more general solution, seemingly removed from the class of known integrable
boundary conditions. Let us recall, from the introductory chapter, the pro-
posed candidate for the boundary density (found in [17]) associated to the
type - IT generalised solution. The suggested boundary density is [17]:

B(u, \) = e f(u) + e ?g(u), (2.18)
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where the functions f(u) and g(u) satisfy:
f(w)g(u) = hpe"’? + h_e™/? 42 (e“+e™") + ho,
and the functions can be arranged as:
fu) = fo+ V2 (be?+b7re™™2) | g(u) = go + V2 (b e"? + be™/?).

This boundary density would lie outside the existing well-known results, due

to the presence of the extra degree of freedom, A, and free constant parameters:
ho = gofo, i =V2 (fob™' + gob), h-= V2 (fob+ gob™") .

We will now examine the type - II generalised solution within the algebraic
framework, hoping to identify similar parameters that could correspond to a

boundary condition of this type.

To proceed let us detail the method that we will employ. Once the type -
IT transmission matrix and the corresponding T-matrix are introduced, it is
possible to calculate the associated generalised solution. We can then take
the matrix (2.17), simply apply the type - II defect matrices and generalised
solution to equation (2.2). We do not need to perform the same working as in
the previous section because we have already calculated the representation of
the generators for the diagonal reflection matrix; via the unpicking procedure.
This is sufficient to acquire the representation of the subalgebra generators
in this case. With the help of Maple we can verify that the new object does
indeed satisfy equation (2.2). The determinant of the type - II transmission

matrix plays a key role in achieving this equality, as we will see.

The type - II defect transmission matrix is presented differently in (2.19) to
that of [17, 46], as all Kronecker-deltas are replaced by the raising and lowering
operators. It does satisfy the transmission Yang-Baxter relation (1.62), with

the S-matrix introduced in the previous section and takes the form:

arxQ N +a_z QN a (2.19)
at dexQN +d_z'Q N )’ ‘

Tr1(0) = p11(0) <

with free parameters ax,ds and F(N) = fo +a_d,Q*¥ 2 +a,d_Q N2 1t
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is instantly obvious that this transmission matrix is more general, due to the
extra free parameters and the form that F'(N) takes. We will now use the
inversion formulae to invert the matrix, as well as reversing the rapidity to

form the T-matrix:

~ ﬁ][(@) d+l’_1QN+2 + d_JIQ_N_Q —a
T[[(e) = = —1)—N+2 N-2 |’
A(0) —al ayr QN +a_x@Q
where the determinant is now,
R 2 2
Alr) = Afpty = @7 ada?

22 Q2
It is useful to describe the limit of the type - II T-matrix to the type - I T-

matrix, owing to the presence of all type - II objects. Simply prescribe these

particular values to the type - II parameters:
a; =0, d. =0, a_=c«o, d.=ao ' and fy=f, (2.20)

where we have also simplified the type - I matrix by taking g = 1.

Armed with the type - IT matrices, we will construct the associated generalised
solution using the same diagonal reflection factor, R4, returning a solution of

the form:

ﬁbH -

1 U(N,x) L(N)(z* — z7%)a
A(z—) (M(N)(:c2 — 2 %)al V(N,z) ) 7 (2.21)

with entries and coefficients:

U(N,z) = £a+d_Q_2N_2(x4 10— (f _ Z)

T T

1
+ za—athQNjLQ(ﬁ_zl — 1)+ (apdyQ* +ad Q7% (m + —> ;
T xrr

L) = (@Y —ra. Q7).

r

M(N) = (rd_Q—N _ d?+ QN) | (2.22)

V(N,z) = %QQN”(;E“ —1) = fo (m + i)

rr rr

e d QN — 1)+ (0 s+ ad @) (24 L),
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We have yet more confirmation that a type - II object is manifestly more
general, affirmed by the above generalised solution. Obviously, the algebraic
representation associated with this reflection factor must be very compre-
hensive. Given our knowledge of the original algebraic representation (2.17)
(corresponding to the original reflection factor, that accounts for topological

charge) we can substitute the type - IT transmission matrices into the following
Mg, (Qs) = Trr(—0)7o(Q+) Ty (—0).

Yet again, this representation is a linear combination of the generators of the
boundary subalgebra for the generalised R;-matrix (2.21). Moreover, it is
clear that it is not necessary to perform the same multiplication for the similar
object appearing on the second line of equation (2.2) because the calculation
is redundant. Simply expanding the above product and inverting the rapidity
returns the required object. As a means of simplifying the calculation and
its result, we have elected to split the traceless matrix (2.17) into the two

separate generators:

0 —T11,

3 0 (2.23)
~ AN i1
W@(Q*) =0b_ <($ . rx) TQN_QGT —ﬁ11_> )

with:

.1 r? 9 - 1 -2 9
7TH+—%(EQ +5f)> WII——%<7+T‘5JC>-

Once the matrices are multiplied many parameters will be contained within
each matrix entry. With a view to simplify matters now, we will set g = 1
and a = r, as the type - I parameters are not particularly important. It is
also important to recognise that we can reformulate 777, as follows, bearing

in mind the specialisation of type - I parameters:

7~T][+:%(7"Q2+£> :%<k+¥),

=g (S ) =g e, .

2

The above manipulation is crucial for several reasons: we would like to identify
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new parameters or groups of parameters that the type - I matrix introduces.
It is hoped that they are related to the extra degree of freedom appearing in
the proposed classical boundary density (1.118); also, the parameters k and [
appear linked to the Zamolodchikov-Ghoshal boundary condition. Identifying
them within a type - II setting might possibly discern the way in which they
are modified by a type - II matrix, therefore generalising the original condition.
Moreover, when the representations are expressed in this way, one can quickly
verify that only a diagonal matrix proportional to the original solution, Ry,
commutes with them. With these slight modifications, let us now apply the
type - II T-matrices and state the results. First, let us consider the generator

@+. By evaluating the required product we obtain:

x ~ by Iy, M
I = —F | - - 2.25
Orr <Q+) AH(x_l) (H;—laT HQLQ, ( )

and entries of the form:

i+ — % (k: + 27) (M) +2F(N +2)
~N-2
(D) (B ) e
+ + A—N N x oo\ QN2
le = (—Q + ZL'CL_Q ) <; + ;) a

[, = —% <I<: + ﬁ) (A (x™h) +2F(N))

P () (0 ) o

where Ay, F(N) are those defined earlier for the type - II T-matrix. The

results for the second generator Q_ are similar:

Iy, (Q-) = #1’1) (El_lT H_2a> ; (2.26)
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where the entries are now:
~ 1
I, = 5 (I +2fr) (Am(z™!) + 2F(N +2))
1
+rQV (— + mc) (d—+QN+2 + xd_Q_N_z) F(N +2),
re x
= a+ ~ N N
Iy =(+2fr) <—Q +za_Q ) a
x
. d (2.27)
I, =—({+2fr) (—+QN + d_xQ_N> al
x
dy N -N e N-2 t
+ | —Q" +d_zQ — +rx ) rQ" " %a’,
x re
[ = = (I+2fr) (Ap(z7!) + 2F(N))

— QN2 (é + m) (%QN + :CdQN) F(N).

N | —

Unfortunately, the generators Ily,, (Qi) do not factorise neatly, as in the type -
I case where all factors of the determinant cancel. However, when expressed in
this compact form, there are striking similarities between the representations
of the generators. Another striking feature is that the trace is not preserved,
this is due to the operators, a and a', shifting the entries in a non-trivial way
so that the trace cannot remain zero. Evaluation of the type - II to type - |
limit, (2.20), returns the expected result of TIp(Qx ).

To illustrate the role that the determinant plays, in the type - II story, we
will state how one can verify that the representations satisfy equation (2.2).
This exercise was completed with the help of Maple. Begin with the type - I1
solution (2.21) and apply Ily,, (Q=) on the right. Now, to form the remaining
half of the equation, apply H,gn(Qi) to the left of the same generalised
solution. To simplify matters simply choose either Q+ or Q_, we will now

specialise to the Q+ case. Overall, the four equations read:

U(N, 2)II{,(N, ) + L(N)(2? — 272§ (N 4 2,2)F(N + 2)
= I\ (N, 2 HYU(N, z) + I}(N, 27 YM(N + 2)(2> — 2 ) F(N + 2),
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U(N, 2)IT, (N, z)a + L(N)(2* — 2 )ILL(N + 2,2)a

I (N, 27 ) L(N)(2® — 2™ %)a + I (N, 2 V(N + 2, 2)a,

M(N)(ZL‘2 - 'I_Q)ﬁii_l(N - 27 x>aT + V(N7 I)ﬁ;—l(Nv x)a’T
= 115, (N, 2 YU(N = 2,2)al + (N, 27 )M (N)(2* — 2 %)al,

]\4(]\/)(:1;2 — x*Q)fIE(N —2,2)F(N)+ V(N, x)ﬁJQ(N, )
= (N, 27 YL(N — 2)(2® — 2 ) F(N) + L (N, 27 Y V(N, z).

Any factors multiplying the generalised solutions will cancel throughout the
four equations, however the same is not true for the representations 1:[91 ,, due
to the inversion of the rapidity parameter, x. The representations are propor-
tional to the type - II determinant, that depends on x and therefore cannot
be cancelled. Effectively, to eliminate all denominators, the first/second line
in each equation above is multiplied by A;r(x)/Ar(z7!), respectively. This
ensures that the equations are satisfied. In this case, the determinant is cen-
tral to guarantee that the theory works, which is interesting, because it is not
required in the type - I case where it appears as an overall factor. We know
that T-matrices must be invertible. Therefore, they must have a non-zero de-
terminant, it is one of their defining properties, but the determinant appears

to have a wider significance in this algebraic framework.

2.3 Concluding Remarks

Throughout this chapter, the connection between boundaries and defects has
been explored from an algebraic viewpoint. Existing finite-dimensional re-
sults, [18], have been generalised by including a defect. The defect’s ability
to store topological charge transforms the finite-dimensional to the infinite-
dimensional. This is reflected in the representations of the boundary subalge-
bra by the dependence on the charge, N, and the presence of the operators a
and a'. Interestingly, the known behaviour exhibited by the type - I defect,
whereby a diagonal reflection matrix (corresponding to a Dirichlet boundary
condition) is transformed to a generalised Zamolodchikov-Ghoshal (ZG) type
solution, was explored within this framework. It was evident that the original
freedom enjoyed by the diagonal matrix’s representation was changed dramat-

ically, to a more restricted object (1.14). However, despite the restrictions,
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it did indeed appear to match and develop the results of Delius and MacKay
when they considered the (ZG) solution [18]. And so, because the type - I
case works in this manner, we believe that its associated parameters, «, 5 and
f are not significant in our quest to generalise the current framework. There-
fore, we look to the type - II scenario where there are more parameters and it
is thought to correspond to a more general boundary density in the classical
Lagrangian description. To remind us, the type - II defect’s parameters are
as,dy and fo. In the limit (2.20) we have observed that a_ and d_ are both
related to the type - I parameter ™' = r*! and that f; is related to the
type - I f. Also, f could be rescaled to a simple constant, even unity, by
tweaking the operators a and a'. Consequently, we will not consider this a
valuable parameter. However, parameters a. ,d, must be ‘switched off” in the
limit and set to zero. As a result of this behaviour, one can think of those
two parameters as an addition, truly adding more generality to the system
consisting of the parameter r. We believe that the three parameters r, a, and
d, are the algebraic analogues of the constants: hg,h_,hy, appearing in the

proposed classical boundary density.

Despite constructing the representations of the modified boundary subalge-
bra and verifying that they satisfy the necessary properties, it is not clear
how they are the fundamental objects that one would naturally look to first.
Particularly, in the type - II case where the representation’s entries are com-
plicated and ungainly. Perhaps, the answer lies within the coideal framework.
Unfortunately, we are unsure how these representations fit into that part of
the story and what form the coproduct might take. This would be interesting

to address in the future.

Nonetheless, defects can be introduced into this algebraic approach and they
do generalise known results, as we expect. The results of this chapter show the
versatility of the defect and help us to form a coherent picture of the interplay
between defects and boundaries. As we have examined the generalised solu-
tions of the sine-Gordon model within the algebraic setting, we will now move
on to consider other models and their generalised solutions, investigating their

features and ability to generalise finite-dimensional results.



Chapter 3

Generalised Reflection Matrices of the

agz) affine Toda model

As the previous chapter showed the way that generalised reflection matri-
ces fit into an algebraic framework, we will now construct several gener-
alised reflection factors for the aéz) affine Toda model (also known as the
Tzitzéica, Bullough-Dodd or Mikhailov-Zhiber-Shabat model). Following this,
we will detail their relation to the known finite-dimensional reflection matrices.
Firstly, we will document the known finite-dimensional reflection factors cal-
culated some years ago by Nepomechie and Mezincescu, Kim and Lima-Santos
(27, 28, 29], as well as the type - IT transmission matrix calculated by Corrigan
and Zambon [45]. Subsequently, we will follow the construction of the gener-
alised reflection matrices, detailed in chapter one: by evaluating the product
T(0)R4(0)T(A). We will use all finite-dimensional diagonal reflection matri-
ces, calculated by Nepomechie and Mezincescu [27], to form three generalised
reflection matrices. The generalised solutions of this model are particularly
well-ordered, as their structure naturally incorporates the finite-dimensional
solutions. In this case, one can observe readily the way in which placing a
defect near an integrable boundary develops the existing finite-dimensional

theory.

79



80 Chapter 3. aéQ) Generalised Reflection Matrices

3.1 Known Results

We will now chronologically detail the work within the literature concerning
a§2) that has enabled the completion of this work. The literature heavily
relies upon the R-matrix, calculated by Izergin and Korepin [65] in 1981, that
is invariant under the action of the Uq(aéQ)) algebra. The R-matrix intertwines

between two representations of the algebra, namely:
R(x1/22,q) : Vay @ Vi = Vi, @V,
and is defined as:
R= (7" = 1)¢’Riz+ (1 = 2)q° Ry +q°(¢" = 1)(¢° + 1) P,

where Ry; = PR15 P, with Ry, the constant solution of the Yang-Baxter equa-
tions for the U,(sly) spin 1 representation and P is the permutation operator.
Several years later, Smirnov built on this by calculating an appropriate S-
matrix, defined as [66]:

2
S(0) =ps(©)PR(x,q), x= i—:, z; = ¢ ¢ = % (8:—?52) , (3.1)
in the above, R takes the form:
c 00[0 0 O0[0 OO
0O b 0|e 00[{0 0O
00 dl0go|f 00
0O e O0|b O 0[O0 0O
R=100 ¢g|0 a 0|g 00 [,
00 0|0 O0OWbB|[O €O
00 f]0 g O{d 00
00 0|0 0 e[0O b O
00 0|0 0O0[0O0 ¢
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d=q ' (1—x)+qx' —1),

e=q (z-1)0-q¢")=(¢=q¢ )+ (@ —q7),

=qla ' ="' =) = (g—¢H+("—q7),
(-D1-¢g "' =9 —(g—q )+ —q¢),

f=GE"=D"-Da—q¢)—(ag=a )+ —q).

The advent of the S-matrix paved the way for others to calculate new and
interesting objects within integrability, such as reflection and transmission ma-
trices. At this point, it is worth noting how the index notation is used in this
setting. The agz)—model exhibits a peculiar phenomenon: the quantum setting
contains a fundamental particle that is represented by a three-component soli-
ton, with charges (—1,0,+1), in contrast to the classical case where only two
components appear. The indices within the reflection equation must account
for all possible particle processes and we will label each charge (—,0,+) cor-
respondingly. In total, we see that there are nine possible in-going and nine
possible out-going configurations that return eighty one equations upon the
evaluation of indices. All eighty one equations are listed in Kim’s paper [28],
and coincide with our equations following from (1.8) by expansion of indices -
in the finite-dimensional case. As we are aware, when considering generalised
reflection matrices it is important to include the charge dependence within

the reflection matrix, this alters the equations in a very non-trivial fashion.

The first known solution to the reflection equation (1.8), for the Tzitzéica
model, was calculated by Nepomechie and Mezincescu in 1991 [27]. Their pa-
per has a different focus, that of integrable spin chains, therefore they consider
the simplified case of diagonal solutions. They discovered three diagonal solu-
tions: one of which is the identity, the remaining two are non-trivial diagonal

matrices - that only differ by choice of sign - of the form [27]:

(@Pz=t +19) 0 0
RM(x,q) = 0 (¢Pz 1) 0 ,
0 0 z(q® +ix)

where the parameters are those defined earlier, except  now labels, z = ¢*>™/¢.

In 1994, Kim developed the theory further by calculating several new reflection
factors [28]. Kim utilised the same approach as Nepomechie and Mezincescu:

whereby one forms functional equations from the original set by differentiating
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with respect to one variable, so to leave dependence on solely one variable [5].
This is the approach that was documented in the introductory chapter to solve
the Yang-Baxter and Reflection equations. Kim successfully obtained three
solutions satisfying the reflection equation. We shall denote them: Case I,
Case II and Case III. Case I is as follows, [28]:

B(g,x) 0  Z(g,x)
Rl(q,z) = 0 Algz) 0 :
Z(g,x) 0 Glgx)
with entries:
Z(va) = Zl(xz - 1)a
_ b2
Z(q,x) = Z—lff(w2 - 1),

1

B(q,z) =2z +bi1(¢* — 1)(1 — z),
A(q,7) = 22 + by (¢* + 2)(1 — 2),
G(q,x) = 22 + biz(1 — ¢*)(1 — 2),

b1, z1 are two free parameters, they are introduced during the formation of the
functional equations, and the parameters z, g are the same as before. In the
above solution constraints reduce the number of free parameters to two, they

are: g; = ¢°b; and 2, = ¢?b,*/z1. The Case II solution takes the form, [28]:

B(q,r) X(q,x) Z(gq,x)
Rl(q,x) = 0 Ag,z) Y(g,7) |,
0 0 G(q, )

with entries:
B(g,z) = ¢’z + 1,
Al x) = ¢’z + 1,
Gla,7) = a(q* + i),

X1

X(g.2) =

(¢" £iq — 1)(q Fi)(a® — D)2,
Y(q.2) = 3@ +ig = D1 £ig)(@® = 1)g >,

_ 2i(¢® £ig — 1)*(¢ Fix)(¢ Fi)(1 — 2°)g 2!
Z(q, ) ) :
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this solution contains only one free parameter 1, as all other parameters are

related to it by the constraints:
2 _ N2 2 /6,3 ~
yi=q m, z=—(¢xi)(q" *ig—1)a1/2¢"(q £ ).

The Case I1I solution takes the following form [28]:

the entries in the above solution are exactly the same as those of Case II, pro-
viding that =1, y, 21 are replaced with zy, 4, z;. With the help of Maple one
can verify that these solutions, despite their appearance, satisfy the relevant

equations together with the S-matrix [65, 66].

In Kim’s paper [28] it is stated that one can uncover a new diagonal solution
from the Case I reflection matrix. Kim achieves this by evaluating a limit
of the free parameters that are present in the solution. Kim asserts that if
by — 0 then it follows that g; — 0 also, which is correct. This then implies that
either z; — 0 or z; — 0. However, the paper incorrectly assumes that both
21,21 — 0, which reduces the Case I solution to a diagonal form. Furthermore,
if we try to verify this supposed diagonal solution, we find that it does not
satisfy the relevant equations. Actually, Kim’s limit corresponds to two new

solutions, that we shall denote Case IV:

B(g,z) 0  Z(q,x)

Ry(q.x)=| 0  Algz) 0 |,
0 0 Glg.x)
B(g,z) 0 0
Ry(q.x)=| 0  Algz) 0 |,

Z(g,z) 0  G(g,)

where the entries are exactly those of Case 1. Again, with the help of Maple
one can verify that these solutions do indeed satisfy the reflection equation

(1.8).

Kim’s initial classification of solutions was extended by Lima-Santos in his
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papers [29]. All existing solutions were recovered, as well as another four so-

lutions. The first two are denoted Case V, each contain a single free parameter
and take the form:

1 0
R(g,z)=1|0 1 0
0 0
0 0
R (q,z) = 0 10
01

The final two solutions, Case VI, are the most general of all the reflection
factors as every matrix entry is non-zero:

Riy Rz Ris
Rl(q,x) = | Ry Ry Ras |,
R31 Rsy Rss

one solution has the following entries:

+q! S 1
Ry o= 10 (ng%ﬂ(\/E—ﬁ))
¢+q? Bi2? 9 o9 . 1 —1
" v (2513(q3+Q)+4(q tamile=dat)) )

(£ 3) 1)) (5 3)

po B @ -D) (@ +1) (¢~ + 1) (@ + 1)

R P3@—1(@ -+ ) (r+1) (¢ +1)(=¢"+ (= - 1ig— )
13 ‘=
4q4x3/2

Y

B B @D @D =+ 1) (@ + 1)

- 4q4:c3/2 )
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im0 (s (5-5)
{2 () 5))
g ot 00 (5-5).

iBro(@—1D (" —@2+1) (z+1) (2 +1)°

Ro3 = P )
R BB =1 (@' =@+ 1) @+ 1) (@ +1) (=¢* + (iz — i) g — )
. 45122333/2Q4 ’
. i (=1 (' =+ 1) (z+1) (¢ + 1)
32 1T )
_z n(ve @ (- 1
o) (- )
VT 1 Pra® 2, 2 —1)) !
) (Vi- ) (g e i) ),
Loy o T  q i ¢ +q”
(e () 5 (e 5

Originally, the above solution contained many free parameters, ;;. However,
constraints are used to reduce the number of them significantly and only

B2, P13 remain. The constraints are:
511:_312(Q+q_1+i)_£( 4-2(¢—q") )
Bis\d*(a+a?)) a\a+at—il®—q?))
Bug = — Bia (Q+q‘1—i>_iq< 4-2(g—q7") )
B \ g ra ) q+qt =il —q?))’
By = 512 ( 1 ) 512 ( 4—2(q—q") )
B \Para D)) B \ara —iP-q2))

P P 35,
B23 q122 ) 632 q221 ) 631 - 2511213

and their complicated nature in turn influences the solution, making it difficult
to manipulate. The second solution of this type is similar and differs by several

sign choices within the entries and constraints.
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It may seem surprising that the ag)-model possesses this multitude of solu-
tions. However, one can argue this is precisely what we should expect because
of their structure. To illustrate this argument let us examine a reflection ma-
trix where each entry is replaced by its index notation, the index on the

left /right refers to in/out-going particles respectively:

++ +0 +-—
RE=10+ 00 0—
_+ _0 I

The above matrix highlights the significance of each matrix entry and its
associated boundary process. For example, the Case II (upper-triangular)
solution represents a boundary process where the particles can remain as they
are or lose one or two units of charge, if it is permitted. Similarly, the Case
IIT (lower-triangular) solution concerns a boundary process where particles
remain the same or gain charge. Collectively, the solutions cover all possible
processes, whether it is Case II: a particle’s charge decreases, or Cases IV
and V, where only even units of charge may exchange. Adding an integrable

defect near the boundary allows us to expand upon the ag) story further and

we will now review the details of a defect within af).

During the time that Kim and Lima-Santos calculated reflection matrices,
interest in integrable defects began to stir. The early results of Delfino, Mus-
sardo and Simonetti were expanded upon by many authors over the last twenty
years, see [10, 45, 46, 47, 61] for example, leading us to 2011 when the aéQ)
transmission matrix was calculated in [45]. Before stating the transmission
matrix we will briefly recount the details of the classical story reviewed in
the introductory chapter, presented in [45, 47]. As mentioned in chapter one,
the Tzitzéica model can only support type - II defects. In the Lagrangian
description, this means that the additional defect contribution possesses an
extra degree of freedom - an auxiliary field. The model’s two complex soliton
solutions, regarded as the soliton and anti-soliton, can experience: a delay
when travelling through the defect and retain its particle type or convert to
the anti-soliton, or the defect can absorb the soliton. Of course, the process
taking place depends on the initial conditions of the fields u,v and A, char-
acterised in chapter one. With knowledge of the classical findings and the

S-matrix one can study the transmission Yang-Baxter equation (1.62), as we
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know, to calculate suitable T-matrices. As we are aware, the transmission
matrices’ entries can be described by an index approach, whereby Kronecker-
deltas keep track of charge or by annihilation and creation operators belonging
to an infinite-dimensional representation of the Borel subalgebra. Throughout
this chapter we will use the most general transmission matrix calculated in

[45], expressed in the Kronecker-delta language for simplicity:

(24 + ¢ 2*7%x)0" ep(a)os! M ()85 2
T (9) = p(0) o) Tzof+! (¢7 4 Téx)0” Fu(a)g 201581
L(a)xd5+2 ENQ)P? 1P (BgPor + 727268

containing the following parameters:

M(@) = eduta+ DI Lla) = M@)o - 1)1

with constraint
pla)A(a+1) = (¢ + q_l)(T%q_QO‘_l + qu2a+1)’

The T-matrix contains much freedom, because of the free parameters €, €, 7, 7
and one of the free functions p(a) or A(a). Resultantly, the generalised solu-
tions will possess more freedom. The coefficient p(#) ensures that the T-matrix
satisfies the analogues of unitarity and crossing symmetry, it can be found in
[45], but it is not required for our purposes. The summary of known results is
now complete, and charged with this knowledge we can construct generalised

solutions.
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3.2 Generalised Reflection Matrices for the ag) affine
Toda model

To form a generalised reflection matrix we must evaluate the product,

T(0)Ra(0)T(0),

where T'() := T-'(—0) and care must be taken when tracking all shifts in
the topological charge. We will dress diagonal solutions with the T-matrix
detailed previously. Therefore, we require the inverse matrix T(Q) As we
have mentioned previously, any transmission matrix must be invertible, it is
one of its vital properties and is most likely a result of the underlining quantum
group structure. Any inversion procedure must account for the presence of the
Kronecker-deltas. Resultantly, the entries of the inverse matrix will contain
various shifts. One can readily obtain the infinite-dimensional analogue of
Cramer’s rule that gives a formula for each entry in the inverse T-matrix.

Those formulae are:

xQQ(Of + 1)1]33(04 + 2) - ZEQg(Oé + 1).T32(Oé + 2)

(o) = — S 62

Yor(ar) = Zalat 1)x23(a)d;t29033(a i 1)2821(04)’ (3.3)
~ zg(a)ry(a —1) — x5 () rn(a —1)

ysi () = oty ; (3.4)

where

det1 = ZL’H(OZ)[ZL’QQ(O{ + 1)[[‘33(@ + 2) — .1323(0( + 1)5(732(0& + 2)]
a)|res(a 4+ 1)azr (o +2) — 291 (a0 + 1)x33(a + 2)]
Oé)[l’Ql (Oé + 1)1’32(0& + 2) — 1’22((1/ + 1)1’31 (Oé + 2)],

+ x19(
+£L‘13(

dets, dets consist of the same entries but take different arguments,

z13(@)rza(a +2) — zip(a)rsz(a + 2)

yiz(a) = dots , (3.5)
Yao(ar) = zi(a — Dags(a + 1)de—t5l“13(04 — Dag (o + 1)7 (3.6)
ysn (@) = z1a(a — 2)x31 () — 211 (0 — 2)x32(0) | (37)

detﬁ
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ZL‘lg(O./)Igg(O./ + 1) - xlg(a)xm(a + 1)

yi3(a) = don : (3.8)
R 3.9)
S e R T)

Determinants dets and detg are formed by expanding the determinant around
the second and third rows respectively. They are related to all other determi-

nants via particular shifts of topological charge, for example:
det;(a) = dets(a + 1), det;(a) = detg(a — 2).

In fact, the determinants are all equal, and this might seem surprising given
the T-matrix’s dependence on the topological charge. However, when calcu-
lating det;, for instance, one finds that the determinant does not depend on
the topological charge. Therefore, all determinants are equal, because they
only differ by various shifts in the charge. Given that the topological charge is
counted in integer units, similar to the sine-Gordon case, we might expect this

behaviour. We can invert both the above matrix and the rapidity to obtain

T(0), which takes the form:

5(=9) Ti(a)d; pla)Tq 2705~ —M(a)g 6]
1Y) = 2(_9) —Aa)g*ex 65+ Tya(a)ds ep(a)g3o0
L(a)x~165+2 —Aa)gra—1tof+t Ts3(0)6?

T11<a) — (q2a+3€2:1:'*1 _ 7~_2q72a73)q71’

Tyo(a) = ¢ H(1E¢°x™ — €7),

q
Tys(a) i= q—1(7_2x—1q—2a+3 _ 62q2a—3)7

where the determinant A(—0) = (ér¢?x™! — e7)(érz™! + e7¢™*). With ease
one can invert the rapidity, in the above matrix, and verify that the inverse

works as expected.

At this moment, all necessary components to form a generalised solution are
available. Let us begin by choosing the identity solution, R; = 13. Evaluating

the product (1.95) returns a generalised reflection matrix of the form:
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X115§ Xlg(sgil X136§’72
R(0) = | Xaud2H! Xo0l  Xoa0l7' |
X31(5§+2 X325g+1 X335g7

with entries:

1
X = x [5272(12 —eerfrt Feeriq e - EF¢ - PR o — xil)] ,
1 "t B
Xip = A [(a)*Fg**Hz — 27 h)],
1 2 202 —1
X13 = Z [—M(Oé)T q (ZL‘ X )] ,
1 2 —2a-2 -1
Xar = & [A@)Prg e =],
1
Xpp = A [P (1 + %) (x — a7") +eerq e — €72+ E7°¢7 —eerTa ],
1 2~ —da—1 -1
Xog = X [—,u(a)r Tq (r—x )] ,
1 =2 —2a 1
Xq = X [—L()7?q > (x — 2™ 1)],
1
X3p = A [A(Q)T%QQ_QO‘H(QU x_l)} ,

1
Xi3 = X [627'2(]2 + €€r7q 2w — eérFr — EFq T - PP (v — x_l)] )
The first generalised solution enjoys a seemingly compact form. To access
more complicated solutions we must dress the non-trivial Nepomechie and
Mezincescu diagonal solutions. Let us now dress the following solution with
the defect:
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(Px=t+1) 0 0
Ry(x,q) = 0 (¢°x + 1) 0
0 0 r(q® +iz)

Evaluating the multiplication provides another solution, that does not contain

any zeroes, with entries:

1
)(11 = Z[ 2€2q4a+4(i - ql’fl)(l‘ o xfl) o 627~_2q71$71 + 627'2(]5%71

— i i — eerig® — ieertPaT! —ieerra!

+ ieéTTq?x + ieéTTq 2w + eéTTq|,

Xip = % [—iep(a)q " (erq® —ieT)(x — 2™ h)],
Xi3 = % [ezM(a)q%‘(q —iz)(r — ZE_l)] ,
1 ~ 20 ~_ 3 ~ -1

Xo1 = x [—eq Ma)(érq® —ieT)(x — x )] ,

1 1,..2

1 N .
2r2¢° T — €ETTq T

Xog = A [eéT%q + eériq " +ieerTq i + E7 0w — 7%

+ ie€7’7~'q2x_1 + i€272q2 — ie27~'2q_4 — €€T7~'q3 — ie€7’7~'q2x — LEETTX|,

Xo3 = % [e(e)gz(erg® — ief)(z — 2™ ")],

1

X31 = A [gzL(a)qh(m —q)(z — x_l)} ’

1
X3 = A [—ieX(a)g** P (erg® —ier)(x — 27 1),

1
Xgg = | = €77q’ —cerq ! —iceriz + ¢ g —iw)(2® — 1)

+ 6€7‘7~'q_1x2 + e€7‘7~'qx2 + ieéT%q_% + €27'2q5x

— 7% e + i@ %2 — iR
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The above generalised solution is not as simple as the former generalised
reflection factor. This is expected due to the non-trivial diagonal matrix used
in its construction. The third generalised solution, created by dressing the
remaining Nepomechie and Mezincescu diagonal solution (with the negative
sign), is almost identical to the above solution. The two solutions differ by

multiple plus or minus signs within the matrix entries.

At first glance, the arrangement of the free parameters in particular matrix
entries hints at an underlying structure. Almost immediately, one begins to
see how the defect’s ability to store charge, and introduce further degrees of
freedom, generalises the finite-dimensional story. Let us now consider how

they are related the solutions of Kim and Lima-Santos.

3.3 Relation to Existing Solutions

If we cast our eye over the first generalised solution, formed from the dressing
of the identity solution. It becomes clear that if 7 = 0 all entries except the
diagonal and entry 3,1 vanish. We believe this particular limit returns the

infinite-dimensional analogue of Lima-Santos’ Case V solution:

1 0
R = 0 1
0

(=27

= O O

o[y

To illustrate this, take 7 = 0 and evaluate all matrix entries, including the
determinant. The identity is now present on the diagonal, as the determinant
cancels the remaining factor of —€?72¢™*, and entry 3,1 can take the above
form if for example:

2 4

L(0) — 1, RN

<1

Similarly, when 7 = 0, we find the infinite-dimensional analogue of the other

Lima-Santos Case V solution:
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When taking this limit we find that there is an overall factor of 22, originating

~2.2 2 2

from A;_y = €#7°¢°2z~° and if we take, for instance, the following limits we

will obtain the Case V solution exactly:
M(0) — —1, & — —.

It is not immediately obvious if any other finite-dimensional solutions are
hidden within this generalised solution and so we will now examine the second

more complicated generalised solution.

Despite the appearance of the solution’s entries, and their complicated struc-
ture, they do in fact possess natural upper and lower triangular structures.
Setting e = 0 will give the solution a lower triangular structure, and similarly,
€ = 0 returns an upper triangular structure. We believe that the above limits
represent the infinite-dimensional analogues of Kim’s finite-dimensional lower

and upper triangular matrices. Let us quickly recall Kim’s upper triangular

solution:
B(z) X(z) Z(x)
R = 0 Alz) Y(z) |,
0 0 G(x)

with entries:

92

Z(x) = 21(¢* +ig = (g — i) (¢’ + D)@ ~ )
4¢°(q +1)
the above is presented slightly differently when compared to that of its first in-

Y (x) (1—ig”)(1 —a*)q 2,

Y

troduction in the Known Results section. Some brackets have been expanded
and the uppermost sign was chosen, to achieve simplification and to help us
relate the solutions. The above finite-dimensional solution is realised within

our infinite-dimensional solution by taking the following limits:
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€=0, a=0, p0)=1, %%L
x1(q® + 1)
with N
M<1)_>(1+Q)(Q +Zq.—1)‘
(¢ +)(q +1)

Kim’s lower triangular solution is simply the transpose of his upper triangu-

lar matrix, together with the conjugation of all free parameters. Somewhat
similarly, we can realise the finite lower triangular solution by considering the

following set up:

and (1 +¢°)(¢* +ig—1)
(@ +i)g+i)

The equalities and limits used to realise the finite solutions are not unique

A—1) —

and it is likely that there exists a nicer formulation. However, I believe that
this set up illustrates how the infinite-dimensional solution, containing free
functions of the charge and several free parameters, can collapse to return the

finite-dimensional solutions.

Further scrutiny of the second generalised solution is most revealing, especially
within entries: X9, Xo1, Xo3, X32. They all contain the factor (é7¢® —ie7) and
so the limit
€T — ie%q_g

returns a solution of the form:
Xhop 0 Xjag

b _ B

Rad(e) - O B Xézfsd 0 B )

Xudg™ 0 Xigh,

where X, and Xj; represent the entries after implementing the limit. Given
the above solution’s shape, it is most likely an infinite-dimensional analogue
of Kim’s Case I solution. Unfortunately, due to the nature of the remaining
entries, it is not clear how we can identify the free parameters of the finite-
dimensional solution or reduce the solution so that it equals Kim’s reflection
factor exactly. It most likely requires a similarity transformation together

with other specialisations of the leftover parameters.
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Finally, it remains to recover Lima-Santos’ most general solution within one of
the new matrices. Unfortunately, this has escaped us so far. The identification
of his constraints proves to be very difficult. Nevertheless, we believe that it
is possible, because Lima-Santos obtains Kim’s upper and lower triangular
solutions [28] (cases II and III) from the most general solution (case VI) [29].
We know that the defect and boundary work together extremely well. The
defect develops and generalises the simple reflection factor, and the resulting
generalised reflection matrix satisfies a modified reflection equation as we have
proved. Therefore, it is difficult to suppose that one might lose some solutions
during the construction, but it might be the case. To achieve equality, we
imagine that a similarity transformation is required, as well as giving many of
the parameters a specific value. A promising observation is that the rapidity
dependence of most off-diagonal entries appears to match, but this is as far

as we can go at the moment.

The Tzitzéica model exhibits several peculiar features, which we have dis-
cussed. One further peculiarity is the fact that the identity matrix is a bona
fide solution to the reflection equations. The result of dressing this reflection
factor with an integrable defect is a generalised solution that has a compact
form, R = T()T(A). However, this generalised solution is naturally related
to the most simple non-diagonal Case V reflection matrices. Typically, some
of the remaining (more complicated) solutions are related to the generalised
matrices constructed from the non-trivial diagonal matrix. Moreover, this
neatly shows that we can dress a boundary with a defect to extend the class

of known solutions.
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3.4 Future work concerning af)

In the introductory chapter, the important role of integrable defects was de-
scribed: including the conjecture that dressing a particular boundary (one
having a diagonal reflection matrix) with an integrable defect enables the
calculation of more general objects from which all known solutions are recov-
ered. This chapter has focussed on the a§2)— affine Toda model, which is the
next logical step after the extensive study of the sine-Gordon, and we have
provided generalised solutions that follow this construction. The recovery of
all known solutions was then considered, but remains incomplete. This work
supplies a large amount of support for the conjecture, and with a little more
work, we will hopefully find that the conjecture is true in this case. Some of
the difficulty may be attributed to the unusual phenomenon exhibited by this
model, whereby the classical soliton spectrum does not match the quantum
spectrum. In the future, the generalised solutions presented in this chapter
require further examination. In particular, one should hope to discover their
associated classical integrable boundary conditions. Given their nature, it is
reasonable to expect an increase in the number of degrees of freedom. As a

result, they would lie outside the known class of results (1.30) [41].



Chapter 4

Soliton Preserving Generalised

Reflection Matrices of the aéD affine
Toda model

We have seen how defects and their associated generalised solutions fit, pleas-
ingly, into an algebraic framework. In doing this, we also formed generalised
solutions for the sine-Gordon (agl)) model, and commented on their curious
properties. As a matter of course, it was natural to consider the Tzitzéica
model next, where one is able to observe the way in which the defect effort-
lessly generalises the finite-dimensional solutions. It is now useful to study
the aél)— affine Toda model that admits both type - I and type - II defects.
In this case, the type - I defect behaves in a very striking yet peculiar manner,
but still generalises the finite-dimensional results of the literature. At the
beginning of this chapter, we will state the known solutions to the reflection
equation - concerning soliton preserving (SP) boundary conditions - as well as
the known type - I transmission matrices. We will then construct the gener-
alised reflection matrices via the dressing procedure and relate these solutions
to the existing finite-dimensional reflection factors. The curious characteris-
tics of the type - I generalised solutions are illustrated in several diagrams,
some are found within this chapter and all others in an appendix. Following
this we can study the type - II defect transmission matrices that build upon

the results of the type - I case.

97
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4.1 Review of Known Results in aél)

The S-matrix, given by Jimbo [24], enabled many to compute several reflection

and transmission factors over the years and it takes the form:

a 0 0|0 0 O 0 0
0 b 0fct 0 O 0 0
00 [0 0 O0jc 0 O
0O ¢c 0]b 0 0[]0 0 O
S(O12)=ps©12) ] 0O 0 0,0 a 0|0 0 0|,

00 0|0 0O b|0 ¢ 0
0 0 ¢ct|0 0 0|b 0 O
00 00 0 c¢c |0 b O
00 0]0 0 0[O0 0 a
a=qris—q T,
b=x19 — 175,

ct=(g—q 25"

O =0, — 0y, v, =2 =12, z,= ﬂ; g=—e", ~y= T 1.
To (32

We will now state the reflection matrices associated with SP boundary con-
ditions, calculated in papers [67, 68, 69], where the diagonal solutions are of
particular importance because we will use them to construct the generalised
reflection matrices. The diagonal solutions are presented in such a way that
they are compatible with the defect transmission matrices, which we will use

to construct generalised solutions.

4.1.1 Reflection Matrices

The first step to classify all SP solutions to the reflection equation (1.8), in
the agl) case (actually for all ay) models, n > 1), was taken by de Vega and
Gonzalez-Ruiz in 1993, [67], where they calculate several diagonal solutions.
They discovered three solutions of two different types: one containing no free

parameters, and the other containing one parameter, v. The solutions are of
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the form:
1 0 0
Ry(x) =10 23 0o |, (4.1)
0 .1'8/3
(x?v —v7h) 0 0
Ry, (z) = 0 243 (220 — v7h) 0 ; (4.2)
0 0 2?3 (v — 2?71
and
(z?v — vt 0 0
Rul@)=| 0 a2 a2 0 )
0 0 2?3 (v — g0

in the above z = ¢3%/2 for a soliton of rapidity 6, and v = €™ where € is the
boundary parameter associated to all diagonal matrix entries. Note that the
factors multiplying entries: 2,2 and 3,3, of the diagonal reflection matrices,
are necessary to relate the different gradations of the S-matrix used here and

in papers [67, 69].

Abad and Rios added to the literature by calculating a non-diagonal reflection
matrix in 1995 [68]. Lima-Santos also rediscovered their solution in his 2002

paper [69], it takes the form:

fi1(w) 0 sBis(e® —1)
Riz(u) = 0 Ji1(u) + for (u) 0 : (4.4)
1831 (e* — 1) 0 e fi1(—u)

fu(u) = Bule” —1) + 1, fy(u) = %(522 — Bu)(e* — 1) where the Bij
are free parameters associated with the boundary, satisfying the condition
P13031 = (Pao + 11 — 2)(B22 — P11). Lima-Santos went on to calculate two

more non-diagonal solutions [69]:

fii(u) sPa(e® = 1)
Rip(u) = | $8a(e* —1) e fii(—u) 0 , (45
0 0 62uf11(—U) + euf;i (U)

where: fi(u) = (833 + 11 — 2)(e** — 1) together with the constraint
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Br2B21 = (B33 — B11 — 2)(Bs3 + Bu1 — 2). And finally,

foa(—u) + e 3 (u) 0 0
Ros(u) = 0 faz () 1Bos(e® = 1) |, (4.6)
5Bsa(e® —1) € fao(—u)

with foo(u) = Ba(e® — 1) + 1, fii(u) = 3(Boo + P11)(e** — 1) and con-
straint fa3f83s = (11 + P22)(f11 — Pa2). The non-diagonal solutions contain
free parameters associated to each matrix entry. Specifically, we find that
each non-diagonal solution includes three parameters: two ;; parameters, as
well as two (3;; parameters, which are related via a constraint. In order to
relate the parameters (5, i = 1,2,3 to v we must consider certain limits of
Lima-Santos’ non-diagonal solutions. All limits in this case should reduce
solutions: Ry3(u), Ria(u), Ras(u) to diagonal form, without violating the con-

straint equations. The following limits [69]:

Ris(w) : 11 = Pog with 13 =0 = B4,
Riz(u) : B33 = — (P11 — 2) with B1p = 0 = By,
Roz(u) : oy = —P11 with Bo3 = 0 = sy,
force the non-diagonal solutions to take a diagonal form. Each matrix then

depends on one free parameter that is identified with v. The limits above

allow us to recover the de Vega and Gonzalez-Ruiz solutions as well as two

more:
(x %20 — v 0 0
Ry, (z) = 0 2783z — v 0 , (47)
0 0 e 3 (r %0 — vt
and
(2?0 —v71) 0 0
Ry, () = 0 o3 (2P0 — vt 0 ;o (48)
0 0 e 43 (x%0 — v

further details regarding limits of the boundary parameters can be found in

Appendix B of [69]. Furthermore, it can be shown that R, is equal to Ry, by

4/3

performing: x — 27!, extracting a factor of 2%/ and applying the similarity
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transformation

_ o O
o = O
o O =

Consequently, we will not use R4, in the dressing procedure.

The notation, R;;, adopted by Lima-Santos to label reflection matrices has
an exact meaning. Essentially, it reflects his starting point and embodies a
relation he observed within the reflection equations. In [69] it is noted that

the relation:
Bijrii(u) = Bjirg(u),  Vi#j, (4.9)

(ri; label the entries of the reflection matrix) solves nine of the reflection
equations. Specifically, the equations that correspond to processes where the
in-going solitons are equal to the out-going solitons. These particular equa-
tions are obtained by equating the following indices: a = g and b = h. This
allowed Lima-Santos to choose a particular entry, 7;;, and assume that it is
non-zero. Therefore, by the above condition 7;; is also non-zero. With this
knowledge, one can then express the remaining entries of the reflection ma-
trix in terms of this non-zero element. This is permitted providing further
constraints hold [69]:

uﬁpq 1 y y
e"iri(u), if p>i and ¢ >,

Tpq(U) = 5 o ' . . (4.10)
BT (u), if p>i and ¢ <y,

valid for p # ¢. By combining the above relations, Lima-Santos arrives at a

very restrictive relation for the matrix entries 7;;:

rpg(u) #0 =

rpj(u) =0, for p#i, (4.11)
0

for q # 7.

This is in fact why all three solutions Ri9, R13, Re3 have four zero entries. In
section 4.2 we will see how the diagonal solutions R,,,7 = 1,2, 3 are used to
construct several new generalised reflection matrices that are characteristically

different to Rya, R13, Ros, because they appear to violate the constraint (4.9).
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4.1.2 Transmission Matrices

Y transmission matrices is detailed in [48]

A comprehensive account of the a;
and in this article we will use the transmission matrices documented in Ap-

pendix B of [48] that satisfy the Transmission Yang-Baxter equation:
(0o — 0) T (Ba) Ty (6) = Tyt (00) T (6) S (6 — 6).

As we know, all transmission matrices are infinite-dimensional and this mirrors
the defect’s ability to store the topological charge of solitons. The story for aél)
is slightly different, as the soliton and anti-soliton correspond to two different
(though conjugate) representations: the solitonic representation consists of
fundamental weights

1 1 1
ll = 5(2041 + 042), lz = —5(041 — 062), l3 = —§<Ck1 -+ 2@2),

where aq,ay are the two simple roots of the a(21)

root system. The anti-
solitonic representation has weights —Iy, —l5, —[3, all of which label the topo-
logical charges. When a soliton (anti-soliton) passes through the defect its
topological charge can either remain the same, J for example, or it could
become 7y, another weight within the solitonic (anti-solitonic) representation.
Consequently, the defect will not change the boundary condition: if a SP diag-
onal reflection matrix is used then the resulting generalised reflection matrix
should correspond to another SP boundary condition. The generalised solu-
tions will possess some curious features, because the defect allows movement

within the weight space.

o . 1
Before we state the transmission matrices of the ag )- model some remarks are

required. In the classical picture there exist different defect Lagrangians. The
difference originates from the choice of either a clockwise or anti-clockwise
permutation of the extended simple roots, which includes the lowest root «p.
The permutation alters a matrix within the defect Lagrangian, thus to each
permutation corresponds a different Lagrangian. In the quantum setting sim-
ilar results appear. Transmission matrices can be calculated using either the
solitonic or anti-solitonic representation and so we would expect at least two
such matrices. However, we can also choose the clockwise or anti-clockwise

permutation of the extended simple roots. Consequently, there are four trans-
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mission matrices corresponding to the solitonic/anti-solitonic representation

with either choice of permutation [48].

We will now list the transmission matrices as they appear in [48]. The trans-
mission matrix corresponding to the solitonic representation with the clock-

wise permutation is:

tnq—a.ll 53{ tlfst;Q x4/35g—o¢1 t13x2/3qa-l2 52—5—040
Ty = | ty22/3¢ls5pten tonq 1267 %fk/%g—w , (4.12)
t3ato1 ,.4/3 SY—a 2/3 -l +a —a-l

The following T-matrix corresponds to the anti-solitonic representation with

the anti-clockwise permutation:

qa.ll 5g t12$_2/3q_a'l3 (')‘;‘y{—al t1t22t223 x—4/35g+a0
TII — t2t33t331 x—4/353+a1 t22qo¢-l2 53 t23x—2/3q—a.l1 53{—&2
t31x72/3q7a-12537a0 t31t12x74/35;+a2 tggqa-lgé‘g

(4.13)
The solitonic representation together with the anti-clockwise permutation re-

turns a T-matrix of form:

q_o"l15g 0 t13$2/36g+a0
Tirr = |t 2350 tyeq 287 0 : (4.14)
0 t32$2/353+a2 tggqfa'l?’ch

Finally, the anti-solitonic T-matrix with the clockwise permutation is:

qa-hég t12$72/3527a1 0
Ty = 0 toaq®200  togzTH30772 | . (4.15)
tglx_2/35g_o‘0 O t33(]wl353

Note that the Kronecker-deltas again allow us to track any exchange of charge
during the soliton’s interaction with the defect; albeit with slightly different

labels: «,~y refer to the agl)

weights and aq, as, ag refer to the extended simple
roots of agl) with the lowest root g = — (a1 + a2). It is helpful to rewrite the
roots «p, a1, s and fundamental weights in terms of the standard orthonormal

base vectors, {e;}, i = 1,2, 3, satisfying e; - e; = d;;:

1 1 1
ll 25(261—62—63), 1225(262—61—63), 1325(263—61—62),
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this allows us to evaluate any dot product of the simple roots easily, due to
the constraint on the components (v;,72,73) of the weights: v + v + 73 =
0, v-1l; = 7. These relations are very useful and ensure that we obtain
compact expressions for the generalised reflection matrices, which we will see

later.

4.1.3 Pictorial Representations of known Reflection

and 'Transmission matrices

It is instructive to associate a pictorial representation to each known reflection
and transmission matrix. In the following section, this allows us to observe
the importance of the defect, and elucidate the generalised solutions. We
have already detailed the way that transmission matrices track exchanges of

topological charge and we will now view the boundary in a similar manner.

Figure 4.2: Pictorial representation of reflection matrix Rys.

As incoming solitons must reflect from the boundary as solitons, we see that
the soliton can only remain as it is, or change to another weight within that
same representation. The zeroes appearing in the reflection and transmis-
sion matrices represent the fact that movement between the weights of the
solitonic/anti-solitonic representation is restricted. Figures (4.1), (4.2) and
(4.3) illustrate this behaviour.

An example of this phenomenon is the T7;-matrix, it is illustrated in figure

(4.4). However, some transmission matrices do not contain zeroes. In this
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Q"
)

Figure 4.3: Pictorial representation of reflection matrix Ro3.

)

Figure 4.4: Pictorial representation of transmission matrix Ty;;.

case, the soliton possesses maximum freedom, one such example is the T;-
matrix and this is illustrated in figure (4.5). We will see the importance of

these illustrations in the next section.

4.2  Construction of Type - I Generalised Reflection

Matrices

We are now familiar with the construction of generalised reflection matrices.
However, the solutions in this case appear different, because the topological
charges are the fundamental weights: [;,ly and [3. The transmission matri-
ces’ dependence upon the topological charge, now denoted by the weights,
is the crucial ingredient that transforms the diagonal reflection factor to an
infinite-dimensional object. In this section, we will see that the generalised
objects possess a different structure to the reflection matrices introduced in
section 4.1.1. By using specific limits of the defect parameters, it is possi-
ble to reduce the generalised solutions so that the possess same shape as the

finite-dimensional cases.

P \a

@

Figure 4.5: Pictorial representation of transmission matrix 7.
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In order to construct the new solutions we need to calculate the T-matrices,
which requires the inversion of all matrices Ty, Ty, Ty, Ty . Inversion formu-
lae are easily derived and they are very similar to the ag) case, except the
entries are now shifted by the extended simple roots. The T-matrices are as

follows:

_ 11168 0 Tygofte
T1(0) = 7 | Tmdlter Tyl 0 , (4.16)
0 Typo0te2  Ty308

with determinant A([E) = ﬁ(tntggtgg, — t13t32t21$2q71)2, coefficient

21(27) = (t11t22t33 — t13t32t21$2q_1), and entries:

- v-l142 B ¢ ~ "
Ty =2 7 Ty = —— 22 2723 Ty = ——2 =23,
ti 1133 t11t9o
a2 vl3+2

~ q’y 2 - t32 B ~ q
Ty = ; Ty = ———— a3, T33 =
t22 loolss tas

Ti68  Tipdf— 0

3 72 (51 v 2 )
T1(0) = A(T ) 0 ng&é T2§(55_0‘2 , (4.17)
Tgl(s,e—ao 0 T3365
with the determinant A(x) := %(tggtgg — tiatastsiz2q)’, coefficient

Y2(x) 1= (taatzs — tiatostziz2q), and entries

lp—2
] — ~ 12 _ = q7
Ty =q 702 Ty = — 2371, To = ,
22 22
~ t23 _ ~ 31 _ ~ g 2
Ty = ———a?Pq™, Ty =—"2*¢", Ty =
Lotz l33 l33

T1168  Typ00=0r Tyg6f+eo
Tzléﬁ“"l T2255 7?2?,(55%2 ) (4.18)
T316’€7040 T32(5§+a2 T3355

Tirr(0) = ﬁ

with determinant A(z) := toat33¢® + ti3tsatarz?, and entries:

Tyy = tostssq" 172, Tyg = tystaer ™3, Tig = —tggtyga™2/3g 72t

Tor = —tagtora 23qBH Ty = ta3q72"2, Ty = tntiza /%,
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Ty = oot 3, Tyy = —tgou 2B3g 00+ Ty = topq78+2,

Ti68  Typdf=er Tygsftoo
Tyo0ter Tyl Tysob=o2 | (4.19)
Ty 00700 Typdftoz  Tyyo0

Trv(0) = ﬁ

with determinant A(z) := tosls3q™2 + tiatastsi ™2 and entries:

Tll = t22t33q_7'l1_2, Tm = —753375125E2/3q7'l3_1, T13 = t12t23$4/37
Toy = tostsr a3, Ty = ta3q V272, Thg = —tgaa®/3q7 171,
T?)l — _t31t22x2/3q’}/-l2—1’ T32 — t31t12$4/3’ ng — t22q—’y~l3—2.

The transmission matrices are now used to dress the first diagonal reflection
matrix, R4,. The generalised solutions are very peculiar, but the defect’s
significance is readily observed. We will label the most simple generalised
solutions Ri, 1= I,II,111,1V, to denote the transmission matrices used in

their construction. The solutions are as follows:

f’llég 0 7;1355—}-040
R, = 0 Pogdl Fogdlioz | (4.20)
0 0 iyl

with entries:

. 1 2 1
T = —21(1’*1) (t11t22t33 - t13t32t21$ q ) )
4.21
Fis = e (i taatiga 2P (1)) "
13 = Si(z1) 11t22t13 g x )
. 1 -
Tog = m (SE4/3 (tiitastss — tastastarz®q ")),
. 1 aly—
T93 — m (t22t21t13q fs 1(374 - 1)) ) (4-22)
. 1 -
= (562/3 (751175227533332 — t13t32t21q 1)) )

e
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mdf 00
Ry = P 0BT Fy008 0 ; (4.23)

723155_0(0 0 7’A335£

with entries:

. 1 2

. 1 ~4/3 —ali+1(, 4

To1 = —m (t22t23t31$ R 1)) ;

) 1

Tog = m (l’ 2/3 (t22t33]72 - t12t23t31Q)) ) (424)
. 1 —2/3 alz+1(,.4

31 = ] (tastsstsrz™*Pg b (2t — 1)),

) 1

33 = m (I’Q/S (t22t33$2 - t12t23t31Q)) )

F1108 190871 figgftan

RIII — 0 ,,?.2255 0 , (425)
0 0 Pa304
with entries:
- 1 (tastssq® + tistaatara®)
11 = Alz-D) 221334 13032021 )
) 1 /3 e
"2 A @) (tistssr™ 31 (2" — 1)),
) 1 ~2/3_a-
T3 = Al ) (taatrar™Pq B F (2t — 1)) (4.26)
R 1 -
NI (272 (taatssq®a® — toatistsa)) |
R 1
T33 = A(x—l) (x2/3 (t22t33q2372 + t32t21t13Q)) )

71167 0 0
RIV - 0 7g225§ 0 s (427)

fgltsg*ao f325g+a2 fgg(gg

with entries:
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T = A ) (taotssq ™ + tiotastsia®)

. 1 _

Tog = A ) (564/3 (tootssq ™ — tostaitina?))

. 1 ol

T3 = (:1: 0 (tantsstsiz™ el — 1)), (4.28)
T3 = ( sataiting®(a* — 1)),

T'3g = ( % (taotssq *a® + tartiatas)) -

Despite the very strange appearance of the above solutions, ]%i, an interesting

pattern arises. If we label each entry of the generalised reflection matrix as

follows:
0
Ri=10+ 00 0— |,
—F -0 ——

where + corresponds to weight /1, 0 corresponds to weight s, and so forth.
The defect appears to modify a diagonal reflection factor, with no associated
free parameter, by allowing the soliton to convert to a limited selection of the
adjacent weights. Furthermore, note the similarity between Ry, Ry, the first
is built from the 77 matrix (solitonic representation with clockwise permuta-
tion), the second is built from the T}y matrix (anti-solitonic representation
with clockwise permutation). From the classical type - I set-up, we expect

that the soliton and anti-soliton interact with the defect differently. Clearly,

First Transmission S-P Boundary Second Transmission Overall Process

Figure 4.6: Pictorial representation of generalised solution Ry.
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this is an exhibition of that feature in the quantum theory. As always, the
permutation specifies the defect, but the soliton and anti-soliton still interact
with the defect differently. It is readily observed that R; details a process
where the incident solitons of charges: [; and [, can convert to their neigh-
bour; of charge l3. However, Ry details a process where the incident soliton
of charge [3 can convert to either of the adjacent solitons. Similarly, for R,
any incident soliton is able to convert to its neighbour of charge [;. And for
RIH, the incident soliton of charge [y is free to convert to either neighbour.
Note that none of the solutions concern the soliton of charge [, - the classically
forbidden particle. The first generalised solution is represented in figure (4.6),

the remaining three are found in appendix (A).

We will now repeat the process for the diagonal reflection factors containing
a boundary parameter, observing yet more interesting behaviour. Beginning
with R4, (4.2) and dressing it with the Tj-matrices, we find a solution of the

form:

F1100 T8l FgdPtao
R[(Q) - O 7;2255 7:23(5(6_&2 9 (429)

0 Fpdltez  y3hP
with entries:

- 1 2 1 2 1
T = m ((x v — v ) (t11taatss — tistsatazq )) )

- 1 2/3 ala—1(,.4
P2 = Sy (Vinhistea® g @t - 1)),

1

__— 1 -2/3 —ali—177 _ 4

8T ST (v tntiatepe™ g (1~ 2%))

1 - g

Foo = (1) (@2 (tiatastas (2?0 — v™") — tortigtas(v — 207 ")g "))
. 1 1 alz—1 4

To3 = m (U toatonti3¢™™ (1 — 2 >) ;

~ 1 —alz—1(, .4

T3o = m (vtiitsstsag™ 27 (2! — 1)),

1 - g

Ts3 = m (372/3 (t11t22t33(v — 2?07 — igtagta (2P0 — v )g 1)) ’

with $1(271) = (t11tastss — tistsatarz2q "),
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Secondly, if we dress R4, with the T7;-matrices we obtain a different solution,

71167 0 Fgdftao
RII(Q) = | P08t 08 Fozdfo2 | (4.30)
?z3155—a0 0 7”‘33(55

the entries are:

T = v — v tgatss — tiatastsiq(v — 2°v 7)) |

To1 = v gatastzia g (2t — 1))

4/3 (%0 — v ) (togtss — t12t23t31$_2¢I)) 5

To3 = Utaotasq™ (1 — 2%)),

sy (@
w2y ¢
2y ¢
Ty = (x
sy ¢
Fa = (v tootasta ™ Pq* B (2t — 1)),

1

T3 = ¥2(2-1) (%7 (tastas(v — 2*0™") — tiatastar (2P — v~ 1)q))

with 22(l‘71) = (t22t33 — t12t23t31$2q).

Thirdly, by evaluating the multiplication (1.95) with the Tj;/-matrices we

again discover a new solution with different characteristics:

7:1155 f1255’“1 f13(5£+a0
Rip(0) = 0 TP 0 : (4.31)

~ _ ~ + ~
7“315§ a 7“32(55 @2 7“33(55
the entries are:

((ZL’ZU — U_l)t22t33q2 —+ t13t32t21(1} — JIQU_l)) s

ri =

—4/3

g "z - 1)),

T1g = A (v st

- 1 _ “92/3 o

Tog = A ($4/3(I2U — 07" (taatssq® + tagtatarz™?)),
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N 1 ~2/3 —acl 4
T3 = A (vtsstsatonz™ g B (1 —at)),

. 1 ala+1y, 4
T3g = A ) (vtsstspg®H (2" — 1)),

~ 1 - -
33 = A(z—1) (2772 (taatasq® (v — 2°07 ") + tigtaatar (270 — v 1))) .

Continuing in this fashion, now using the Tjy-matrices we find another new

solution:
fnég 0 0
Riv(0) = For0PFa  Fandl FogdfToz | (4.32)

F3100700  Fapdftaz a8

with entries:

_ 1 2 “1 2 2

F1p = AT ((x U — v )(taatszq < + tiotostsix ) )

— 2/3 aly(, 4

Top = AlT) (vtastastsiz® g™ (a* = 1)),

_ 1 _ _ _
N =) (22 (taatssq >(a®v — v71) + tagtartiz(v — 207 1)))
_ 1 —alz—1 4

T3 = A(z—1) (vtaatasg™* P71 (1 = %)),

N 1 1 ~2/3 —ali—1(, 4

Ty = A1) (v taatsstgz™ g T (2t = 1)),

B 1 _ o

T3z = A(z~1) (v tastarting™ ™ (1 — ),

_ 1 _ _ _
N =) (2% (taatssq (v — 2®0 ") + tastartia(a®v — v71))) .

We will now form another collection of generalised solutions by dressing Ry,
with all T-matrices. The combination of the second diagonal solution and the

Tr-matrices returns a solution, Ry, of the same shape as R;;, with entries:

T = SHE=! (titaotss(z®v — v™h) — tigtaatarg” (v — v ),

N 1 1 ~2/3_—adi—1 4
T3 = SHE=! (v ntigtyr g1 = 2Y))

1 4
I —4/3 —alo—17,4
To1 = St (Ut22t33t2133 g (w 1)) )
1

Tog = S (272 (v — 2*07Y) (tiataatss — tartistsa®q ")),
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~ 1 -1 a-l3—1 4

Tog = S (v taatortazg®® (1 — 2))

" 1 ~2/3 _aly—1(,4

T3 = S (vtsstsatonz™?Pq* "1 (2" — 1)),

_ 1

33 = Yi(z—1) ($2/3 (titastss(v — 2?07 1) — tygtaator (2P0 — v )g ™))

Another type of solution is uncovered when dressing R4, with the 7};-matrices,
it has shape:
F1168  Fradfr 0
Ryi(0) = | fndlter  Fpdf 0o |. (4.33)

f?’l(;g—ao f32(55+a2 fggég

and entries:

T = ((t22t33 v =) = tyrtiatasq(v — 2?v7))

T1o = (Utggtlga: A3+l — ),

To1 = (U tostostara™Pq I (o — 1)),

T2 = ( /3 (taatss(v — 207") — tiatastarg(z®v —v™")))
T31 = (U tootsstan 2 3 (2t — 1),

T3 = (Ut337512t3193 g (1 - ah),

T33 = ( (v ) (taotssa® — tiotastsiq)) -

Yet another new variety of solution, Ry, is discovered by dressing R,, with

the Tr;r-matrices:

71108 Fradfer pgghta
Ryir(0) = | 768t bl Tzl o2 | (4.34)
0 0 T3307

its entries are:

T = (tastssq®(@’v — v71) + tistaator (v — 2*071)) |

1
Az~



114 Chapter 4. Soliton Preserving Generalised Solutions in aél)

T12 = (U tigtsor 3N (2t — 1)),

T3 = ( Mytapr g (1 - zh)),

To1 = (Ut22t21t3337 Wgeh (2t — 1)),

T2 = ( 13 (taatssq® (v — 2?0 7") + tartistae(av — v 1))
T3 = (Ut22t21t13l’ g (1 —aY),

33 = ( B " (tastsza®q? + tortastsn)) -

It now remains to dress Ry, with the T7y-matrices. The resulting solution,

RV[U has the same shape as RIU with entries:

T = A(i ) (tootssq *(z*v — v7") + tiabagtsr (v — 2?07 1)) |

T2 = Az ) (Ut33t12$_4/3q_a'l2_1(1 — ),

Fia = Jny (Vhetae™ g™ (" 1)),

Tog = A(alcl) (272 (v — 207" (taotssq ™ + tiatastsiz?))

31 = A (v tsitantggz ™ Pqm 1 2t = 1))

T3p = A(;l) (v tastarting™ (1 — ),

T33 = A(;l) (352/3 (tantssq (v — 2*07Y) + tiatastsi (2P0 —v71)))

We will now document the generalised solutions calculated by dressing the
Lima-Santos diagonal solution, R,,. No new varieties of generalised reflection
matrix are found, in fact we find that each structure: ]:2[, ]:211, RIH, Z?IV, Rw, I:ZVH
appears twice. Dressing R4, with the Tj-matrices produces a generalised so-
lution, Ry, that has the same structure as Ry, and entries:

T = ) (titaatss(z v — v71) = tigtaatarg (v — a7 %07)),

1
Yzt

N 1 ~10/3 acla—1(, 4
T2 = m (Ut11t13t32l' g (2t — 1)) )
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To1 = (U tortastssr Pq (1 — ),

T = ( (t11t22t33(1¢ v — v = tigtsatarg (v —2*v7))
T31 = (U tastaotora g™ (1 — 2t))

T3 = (Ut11t33t32x ¢ B2t - 1)),

33 = ( 43 (2720 — v ) (t11taatss — tigtaataz®q ")) -

Applying the Tj;-matrices to Ry, gives another solution, Ry, with structure
RI and entries:

7:11 =

-2 -1 —2
2z 1) (2720 — v ") (taatss — tiatagtsrqr™?)),

N 1 -1 ~10/3 a-li+1( 4
Tig = m (v tratas ¢t - 1)),

. 1 —14/3 —avlz+1 4
T3 = m (Ut12t23$ R O )) 5

1

__— —8/3
To2 = ¥2(z1) (:v /

<t22t33($2?) - 'U_l) - t23t31t12x2(J($_2U - U_l))) )

N 1 —4_aly+l 4
To3 = m (vtaatagz g™ (1 — 2t)),

N 1 -1 —4_—aula+1(, 4
T3y = SEE=) (v astaitipr g (2 = 1)),

1

T33 = m (37_4/3 (t22t33(x_2v —07Y) = taitiatagqr (2P — U_l))) '

Similarly, dressing R4, with the Tj;;-matrices we find a solution, RX 7 with

the same shape as RIV and entries:

1

T = A (2720 — v ") (taatssq® + tistaatorz™?)
S -1 —10/3 ali4l/q _ 4
Top = INCED) (v tastastorx g1 —ah),
-8/3
f22 = A(m ) (t22t33q (.772’1) — ’Uﬁl) + t21t13t32$2(l’721} — Uﬁl)) s
~ —1 —4 —a-l 4
To3 = A D) (v M taatortigz g2 (2 — 1)),

. 1 ~14/3, —al 4
T3 = A ) (vtsstsatorx g Bl —a"),
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. 1 4 a
T'3p = m (Utggtggx 4q l2+1($€4 — 1)) y
—4/3

T33 = A

(t22t33q ( U — U71> + t32t21t13x*2(9&21} — Uﬁl)) .

\_/

The final generalised reflection matrix, Ryy, is constructed by dressing Ry,
with the Try-matrices. In this case we find the solution has the same shape

as Ryr and entries:

7:11 (t22t33q T U — U ) + t12t23t31$72(l’2’0 — ’Ufl)) ,
T12 = ( otgsr O Bgm T (o — 1)),
T3 = ( Migtosa 8 N (1 — 2t))
To1 = (Ut22t23t31$ 1B qectz (gt — 1)),
oo = 78/3 (tastssg *(2°v — v71) + tastgitipa® (@20 — v 1))
22 = Alz1) 220339 23031012 )
_ 1 4 oy
To3 = A1) (vtastos tgmel (1 - 374)) ;
—4/3

T33 = A (2720 — v ") (taatssq ? + taitiatasa?)) .

Essentially, we have calculated six varieties of solution each containing two
zeroes, which is in contrast to Lima-Santos’ findings: three solutions each
with four zeroes. The difference originates from the fact that our construction
does not impose any conditions upon the entries of the reflection matrix at
any stage. One can easily verify that Lima-Santos’ constraint (4.9) does work
for the same in-going and out-going processes, in the suitable generalisation
of the reflection equation. However, this is because no overall shift in the
charge occurs. Difficulties arise when one tries to express the remaining matrix
elements in terms of a particular generalised reflection matrix entry, due to
the shifts in the arguments of those entries. Factors are not easily extracted
throughout all of the generalised reflection equations, and consequently the
very restricting constraint (4.11) does not apply. However, in the limit z — 1,
all generalised solutions exhibit the same characteristics as the three finite-
dimensional solutions. This limit reduces all generalised solutions to a multiple

of the identity matrix.



4.2.  Construction of Type - I Generalised Reflection Matrices 117

1" Transmission S-P Boundary 2" Transmission Overall Process

2\

@ ® Qb 11‘)
&)

Figure 4.7: Pictorial representation of generalised solutions RI, X-

Let us now scrutinise the generalised solutions and reason why they possess
such a curious structure. Consider the shape of generalised solution Ry, and
therefore Ry as well. If we look at the processes involved in their creation -
transmission, reflection and a second transmission - and inspect the pictorial
representation, a pattern seems to emerge. Figure (4.7) depicts the processes
that characterise this type of solution. Solutions of this form are a gener-
alisation of Rs3, depicted in figure (4.3) and the details are given in section
four, figure (4.7) displays this very well. It appears that the defect adds extra
freedom, allowing a soliton of weight [; to convert to either adjacent charge,
indicated by the green dotted lines. Furthermore, a transmission matrix with
the opposite permutation has the effect of reversing the direction of the new
channels opened by the defect. For the opposite process see the illustrations of

solutions RIV and R 7 in appendix A - where all other diagrams are present.

In the next section we will investigate the way in which generalised solutions
are related to the existing ones, where we will see the importance of the
clockwise/anti-clockwise permutation and explain the behaviour exhibited by

the new solutions.
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4.3 Relation to existing Solutions

A simple limiting procedure is adopted to give the new solutions the same
structure (number of zeroes) as the three finite-dimensional solutions. We can
then recognise the new solutions as a generalisation of the finite-dimensional
reflection factors. Additional, previously unseen, solutions having the same
structure as the aéQ) reflection matrices [28, 29] are also found when certain

defect parameters, t;;, are set to zero. Some of the solutions gained in this

AR
way contain more than four zeroes and this is again because the constraint

(4.9) no longer applies, details are supplied in the next section.

Ultimately, this shows that dressing a diagonal reflection factor with an inte-
grable defect allows us to uncover many more reflection matrices, as well as
revealing their potential power to help us classify the solutions to the reflec-
tion equation (1.8). Let us begin by considering generalised solution, R;. To
ensure that it has the same structure as the finite-dimensional solution, Rs3,
we require entries:

f12, 7:13 — 0.

After examining these entries we find that their only common parameter is:
t13 and if this becomes zero entry 793 will also vanish. To counteract this limit
we relabel t5; as well. Now, we can relabel the necessary parameters in the
following way:
t13 =p, and ¢y = éy

such that when p — 0 only entries 715,73 vanish, for finite A. This limit,
despite its strange appearance, works because the parameters involved also
appear in other matrix entries as a product. Typcially, when parameters
appear as a product, the limit does not harm them as it simply replaces them
with a finite constant; A in the above case. Consequently, we can regard R;
as an infinite-dimensional analogue of Rs3. This procedure can be repeated
for all remaining generalised reflection matrices. The parameters involved in
the limit always appear elsewhere as a product, but providing the constants:

A, B, C and others, remain finite we will obtain the required zeroes.

Solution RH is an infinite-dimensional generalisation of Ry3 after relabelling

the following parameters:
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C
to3 = r, and t15 = —, for finite C,
r

and then take the limit » — 0, to gain the required zeroes. Solution finl is

an infinite-dimensional analogue of R3 also, after relabelling parameters:
_ D .
t3o =7, and ty; = —, for finite D,
T

and taking the limit 7 — 0. Solution R,y is another generalisation of Ras,

upon relabelling:

F
ts1 = p, and tig = —, for finite F,
p

and taking the limit 5 — 0. Solution Ry is another infinite-dimensional

analogue of Ri3, via the procedure:
G .
to1 = s and t33 = —, for finite G,
s

and allowing s — 0. Solution RV[ is an infinite-dimensional version of R,

realised by relabelling:
H
t31 = v and ty3 = —, for finite H,
v

together with the limit v — 0. Solution fiv 71 18 also another infinite-dimensional

generalisation of Ry, via:

ti3 =10 and t3g = —, for finite J,

SIS

together with v — 0. Solution ]:ZV[H is another generalisation of R;3, shown

by relabelling:

t1o = § and t93 = —, for finite K,
S

and allowing 5 — s. Solution RI x is yet another generalisation of R;s, realised
by taking:
L
tgo = v and ti3 = -, for finite L,
v
along with the limit v — 0. Solution Rx is another generalisation of Ras,

acquired by relabelling:

M
t12 =z and t31 = —, for finite M,
X
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and evaluating the limit x — 0. Solution Ry is another infinite-dimensional

version of Ry3, obtained by setting:

t21 =z and tlg = s for finite N,

e

and taking the limit z — 0. Finally, solution Rx;; is another generalisation
of Rs, realised similarly by taking:

4
v

tog =0 and t31 = s for finite Q,

and the limit v — 0.

Let us now discuss the importance of the permutation and its implications.
For example, consider R; and Ry, they are calculated from the matrices
T; and Ty, both corresponding to the solitonic/anti-solitonic representations
with the clockwise permutation. Any generalised solution constructed from
these transmission matrices reduces to the same finite-dimensional reflection
matrix. Curiously, note the relation between the parameters involved in the
limits above. They appear to be related by the swapping of indices, remi-
niscent of a conjugation relation. Likewise, any generalised matrix calculated
using Ty and T7;; will reduce to the same finite-dimensional reflection ma-
trix. In this case, the matrices come from different representations but possess
the anti-clockwise permutation. It seems that the permutation is responsible
for this structure and the reason why we have twelve generalised reflection
factors of six different varieties. We can also group the generalised solutions
according to their structure, for example, R;; and Ry both have zeroes in
the same place. The first, RH, is constructed from the T and TH matri-
ces and they themselves correspond to the anti-solitonic representation with
anti-clockwise and clockwise permutations respectively. The latter, Ry, is
built from matrices T; and T, that correspond to the solitonic representa-
tion with clockwise and anti-clockwise permutations respectively. If we label
transmission matrices in ‘conjugate pairs’, whereby a 7T-matrix constructed
from the solitonic representation with clockwise permutation has a conjugate
constructed from the anti-solitonic representation with anti-clockwise permu-
tation, then one observes that conjugate pairs return a generalised solution of

the same structure, albeit with different entries.
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One caveat concerning the limiting procedures: whatever limit is used must
not reduce the determinant of the transmission matrix to zero. Such a limit
would prevent the inversion of a transmission matrix, thus violating one of
its crucial properties, as well as rendering the construction of generalised re-
flection matrices impossible. Moreover, the determinant is vital to ensure the
correct function of the type - II defect generalisation of Delius and MacKay’s
algebraic framework, similarly any limit taking the determinant to zero de-

stroys the construction.

4.4 Remarks concerning agm and the Type - I Defect

In this chapter we have calculated sixteen generalised reflection matrices (of
ten different varieties) for the a(zl) - affine Toda model by dressing all four
diagonal reflection factors with defect transmission matrices. In doing so, we
have provided further evidence that a defect placed near the boundary does
indeed produce more general solutions to the suitably generalised reflection
equation. Within the agl) case, we see that the addition of a defect produces
unexpected results. We believe that they originate from the extra choice
associated with the clockwise/anti-clockwise permutation, which specifies the
defect within the aél) framework. Describing the solutions pictorially provided
us with added insight. In particular, we can view the total process in terms
of the weights of the solitonic/anti-solitonic representations and track the
possible exchanges of topological charge. The non-diagonal finite-dimensional
solutions appear to restrict the possible processes at the boundary, in that a
soliton cannot convert to all of its neighbouring charges. When a defect is
introduced, we find a multitude of new solutions and the dressed boundary is

able to deal more effectively with the weights.

Interestingly, it is possible to obtain more solutions by ‘switching off’ different
defect parameters within the type - I generalised solutions. Consequently, one
can obtain matrices that have the same shape as the a;Q) reflection matrices
28, 29]:
71108 0 Fgdfteo
Casel = 0 Fopd? 0 ; (4.35)
0 0 3300
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71107 0 0
Case IT = 0 Fped? 0 |, (4.36)

733155—110 0 fggég

7;1155 flg(sg_al 7113554-&0

Case III = 0 f225§ 7:235570[2 3 (437)
0 0 F33007
f115£ 0 0

Case IV = | 7ydft™ 70?0 . (4.38)

f315§7a0 ,,:325g+a2 7:3355

The case I solutions are found in: RI, when t9; = 0, }?IH when t35 = 0, }?Iu,

when t35 = 0 and RV, when ¢5; = 0 and also in RVH, when t33 = 0.

Solutions that have the same structure as case II are found in: E’H, when
tog = 0, RIV, when t15 = 0, RU, when t93 = 0, }?V, when t95 = 0 and in

RV[[[, when tlg = 0.

The solutions sharing the case III structure are: 1:21, when t33 = 0 and RVH,

when t33 = 0 and also RX, when t3; = 0.

Finally, the solutions sharing the case IV structure are: RIX, when t13 =0

and ]:EXI, when t13 = 0 and also RXH, when t3; = 0.

As always, particular care must be taken to ensure that the ‘switching off’
of defect parameters does not cause the determinant to become zero. The

above behaviour is not surprising given the root spaces of aél) and ag)

, since
the former can be projected onto the latter. Overall, this again shows that
generalised reflection matrices enjoy more freedom and are not as heavily

constrained as the finite-dimensional solutions of Lima-Santos [69].

For this model, the type - I quantum setting has proved to be very fruitful so
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far. Especially, when we compare our findings of this chapter to those of the
agz)— model, where the type - II defect naturally includes the finite-dimensional
solutions in a clear cut fashion. We must now go on to consider the type - 11

defect, and investigate exactly how it develops the theory further.

4.5 Type - II Generalised solutions within ag)

Y case even further by using type - II defects to

We will now develop the ag
construct generalised solutions. Previous results indicate that the type - II
defect will return more general solutions. In particular, we expect that the
generalised solutions will not contain any zero entries, which means that the
solitons are able to deposit charge freely. And so, after its interaction with
the defect and boundary, it can possess any weight-like charge of the repre-
sentation. In this section, a different notational convention is used, namely
that of [45]. This allows us to state the type - II defect presented in [45], but

we must alter the diagonal reflection factors (Ry,, R4, , Ra,, Ra;) accordingly.

Before stating the type - II T’-matrix, we will detail the alterations introduced
by the change of notation that concerns the way in which the generators and
consequently, the matrices R and T” act on ‘in’-states [45]. Earlier results,
including the type - I transmission matrices, are based on the S-matrix pro-
vided in section (4.1). In [45] the scattering matrix, R’ labelled (5.5), satisfies
the linear intertwining relation R'A(a) = A’(a)R’ where a is any generator of
the Uq(agl)) algebra and is related to the R-matrix of [48], labelled (3.5), in
the following way:
R (q,z) = R(¢* x).

To mirror this relation, ¢ in the S-matrix of section (4.1) is replaced by ¢? and
the transpose is taken. Consequently, all four diagonal reflection matrices are
modified:

1 0 0
Ry(x)=[0 273 0 |, (4.39)
0 0 %3
(220 —v7h) 0 0
Ry, (z) = 0 v 43 (%0 — vt 0 , (4.40)
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(x?v — v 1) 0 0
Ry, (z) = 0 2?3 (v — 2?07 0 . (4.41)
0 0 v (v — 2?07
(z7%v — v 0 0
Ry, (z) = 0 283 (x%0 — v 0 . (4.42)
0 0 /3 (220 — v

We can now move on to detail the theory surrounding the type - II trans-
mission matrices. Throughout this section, we will see the parallels between
the Kronecker-deltas appearing in earlier transmission matrices satisfying the
transmission Yang-Baxter equations and the raising/lowering operators of the
infinite-dimensional Borel subalgebra, where transmission matrices satisfy the

linear intertwining equation:
T'A(b) = A'(b)T",

where b is any generator of the Borel subalgebra. Specifically, there are two
type - II T"-matrices that are each related to two type - [ transmission matrices.
Both are presented in the operator language. Despite the use of raising and
lowering operators, the importance of the permutation is still apparent and
this is used to relate the new solutions to the type - I solutions. As we
know, any 7’-matrix satisfying the linear equation acts as an intertwiner of
the infinite-dimensional representation of space, V., and the three-dimensional

representation of space V:
T(z/x):V, @V, =V, QV,.

The representations must satisfy the Uq(agl)) algebra, consisting of nine gen-
erators, { X5, K;},i = 1,2, 3; with relations [70]:

K} — K.?
T g2
KK =K7'K; =1, KX K'=¢?°X"  KX'K'=¢'X,

[Kiu KJ] =0, [Xziv X;F] =0, [X+7 Xz_] )

for all 4,7 = 1,2,3. The coproducts A, A" are defined as follows:

AK)=K®K, AXH=XeoK'+K X
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AN(K) =A(Ky), ANXH=K'e X+ X oK,
for all 7,7 = 1,2,3. As we are working within agl), we must again differentiate
the soliton from the anti-soliton. The three-dimensional soliton (first funda-
mental) representation was used to calculate the first type - II 7’-matrix (5.10

in [45]):

qg 0 10 g! 00
Ki=10 ¢ , Ka=10 ¢ , Ks=10 10/,
0 0 00 ¢! 0 0 ¢
010 000
Xf=x)"=]000|, X5y=X)"=]0 0 1), (4.43)
000 000

The representation is studied in the spin gradation, consequently certain gen-

erators are modified,
B, =2*BPX', F=1%3X7, i=1,23.

Within the three-dimensional space the weight vectors are:

1 0 0
)\1: 0 y )\2: 1 ) A3: 0 )
0 0 1

and with respect to the above representation Ay is the highest weight vector.

Like before, these vectors match the topological charges defined previously:

1 1 1
ll = 5(2041 + 042), lQ = —g(al — 042), lg = —§(Oé1 + 20./2),

expressed in terms of the simple roots of the ag) algebra. Corrigan and Zam-
bon use the following infinite-dimensional representation of the Borel subal-
gebra, which is most suitable for calculating the first type - II defect matrix
[45]:

K = mig™ Nt X =dlay, i=1,2,3. (4.44)

(2
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The spin gradation affects the infinite-dimensional generators, X", in the
following way:

Ef = 228X} i=1,2,3.
T

The operators a;,a; are three independent sets of lowering and raising op-
erators. All operators act in a direction given by one of the unit vectors
{e1, eq, €3}, therefore the way in which the operators model the exchange of
charge and the soliton’s movement within the weight lattice is evident. Of
course, the choice of representation is not unique and others satisfying the al-
gebraic relations could be used. Let us now detail the action of the operators

on the infinite-dimensional space:
a;lji) = g(G) i = 1), alli) = LG li+1),  Nild) =ildi)
with
a;al = F;(ji) 15:) = £i(G:)giGi + 1) 13i)
ala; = Fi(ji = 1)1ji) = fiji = DgiGG) 7). 1= 1,2,3,
where the number functions are required to take the form:
E5(N;) = (f;r)QQQNi - (fi_)2q_2Ni-
This is realised by choosing the auxiliary functions:
[N = (fFa™ + f7a™), a(N) = (fFa™ ™ = fra ™), i=1,2,3.

In fact, the type - II nature of the transmission matrix is signalled by the
presence of both f;" and f;. This is exemplified when considering limits from
the type - II to type - I matrices. Using the above representations, Corrigan

and Zambon calculated a type - II 7"-matrix [45]:

A(Ny, Na, N3) kq_N?’ala; qu"’alag
T = qugagaJ{ B(Ny, Ny, N3) mq*Nlagag , (4.45)
wg M agal gV asal C(Ny, No, N3)

with diagonal entries

_ 1 —Ni+No+N3+1 11 _N1—No—N3—1
A(Ny, Ny, N3) = a'q 200 4 gl e
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B(Ny, Ny, Ng) = b gt NetNatl gyt~ NNz =Na—1

/! Ni1i+No—N3+1 11 —N1—No+N3—1
C(Nl,NQ,Ng):Cq 1+Ng 3+ +cq 1 2+N3 ’
and coefficients

/ /
=0 T m = () R

S
I
A~
SRS

L 54/3L v 32/32 B - -
V=) maear V=) LAY,
AL 1 e 2/3(1—qY), ,_ ._
c = (;) m, c = (;) g (fl f2 f?j_)Qv

2

w=—(fy)% k= m = —r1(fr)%

O e I O R e B O R e

The constants, k;, satisfy the condition (k1r9k3)* = 1 and in order to obtain

the above solution it is assumed that kixak3 = 1.

The second type - II T’-matrix is built from the following finite and infinite-

dimensional representations of the Uq(agl)) algebra and Borel subalgebra, re-

spectively:
¢' 00 1 0 0 ¢ 0 0
Ki=10 ¢ 0], Ke=1]0 ¢! 0|, Ks=|01 0 |,
0 0 0 ¢ 00 ¢!
000 000
Xt=x)"=[100], X;=x)"=[00 0], (4.46)
000 010
001
xXt=x)"=100 0
000
and
K; = kg NN X =l i=1,2,3. (4.47)

However, in this case, the spectral parameters are added to the two represen-

tations in the following way:

B, =2 28X} Fy=2?X;, i=1,2,3.
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The second type - II transmission matrix is obtained by combining the above

representations with the action of the operators defined previously, it has the

form:
U(N1, N2, N3) 7“QN‘Q’CHOLE gq_N%la;
T =| pg™agal V(N Ny Ns)  tgMasay |, (4.48)
hq2azal sq NMagal,  W(Ny, Ny, N3)

with diagonal entries:

U(Nl, NQ,Ng) — ulq7N1+N2+N3+1 _|_ u//qu N27N371’
V(Nl, NQ,Ng) — U/qu No+N3+1 i U/ q*N1+N27N371’

W(Ny, No, Ng) = w/ gVt V2= Natl g g=Na=NatNs=1

and coefficients

=)t =y

=) e (2) TR

v= () T = () -
(R s=-r, 9= )"

A e IR O M e S O et

The constants, x;, remain constrained by (/4;1/12%;3)2 = 1, and to ensure that
the above solution satisfies the linear intertwining equation it is again assumed

that R1RoK3 = 1.

We readily observe that the type - II transmission matrices also contain nine
parameters: k;, fi , fi,i = 1,2,3. However, the nine parameters, t;;, appear-
ing in the type - I T-matrix and the above type - II parameters do not share
the same origin. The t;; are a result of the transmission Yang-Baxter equa-
tion, where each matrix entry is assigned its own parameter and by solving the
equations certain relations emerge. The type - II parameters are due to the
infinite-dimensional representation that is used to construct the 7’-matrix, to-

gether with the associated action of the operators. Consequently, the limiting
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process from type - II to type - I is somewhat intricate, and we will now move
on to consider these limits before constructing type - II generalised reflection

matrices.

4.5.1 Limits: From Type - 1I to Type - 1

We will now delve into the details concerning the limits of type - IT 7"-matrices
to type - I T-matrices. Following this, we will use some of their features to
recover the structures of the earlier generalised solutions. In this section, we
will also expand upon previous comments regarding the differences between

type - II and type - I defect parameters.

An important aspect of these limits is the matching of raising/lowering op-
erators to the Kronecker-deltas. We must bear in mind the essence of the
operators, fundamentally they describe movement around the weight lattice
(describing exchanges of charge) as each operator is associated with one of
the orthonormal basis vectors, e;. However, the states that the operators act
on are restricted because any topological charge deposited on the defect must
belong to the weight lattice [45]. If we express any weight, j, in terms of the
orthonormal basis:

J = €1+ J2e2 + Jzes,

then the following must hold:
J1+J2+7Js=0.

In light of this, during any limit from type - II to type - I, we will equate
N; with j; and evaluate the above constraint. In the type - I case, [;, are
the fundamental weights and «,~ label the weights that obey the constraint
v - l; = v, where 71 + v2 + 73 = 0. Before we investigate the limits, it is
necessary to make one final remark. As explained earlier, in section (4.5), the
notation adopted in the type - II case corresponds to a different action of the
T’-matrix on the in-states. We have also observed earlier how the transmission
Yang-Baxter equation and its analogue in the linear intertwining framework
act on slightly different spaces. Consequently, we expect the following relation
to hold between the type - II, 7", and type - I, T":

T (g, ) = T(q*, 2).
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Curiously, the transposition of the T’-matrix causes unusual behaviour. It
is evident when considering the limits of the type - II generalised solutions,
which we will detail in due course, but firstly let us specify the workings of

the limits.

The first T’-matrix (4.45) is related to both T;; and Tjy type - I matrices. As
noted earlier, the appearance of both parameters f;" and f;” indicates that
the T'-matrix is type - II. Therefore, to return to the type - I matrices we
must ‘switch off” either f;" or f;~ (for all i = 1,2,3). Switching off either set
of parameters will return different structures, for instance, when f;” = 0 we
obtain three zeroes. Subsequently, one expects that this limit concerns the
Trv type - [ matrix. Likewise, if f;” = 0, no zeroes appear and so we expect

this limit to return the matrix 7;;.

To obtain the type - I matrix, Tj7, from (4.45) begin by setting: f;* = 0,
k; = 1, N; = j; and evaluate j; + j» + j3 = 0. Following this, extract a factor
q(1 — ¢")2(x/2)"3 =: A and take the transpose to find:

q oy wqj?’*léf_o‘l —ng7j2*15f+a°
T, =A —ng_j3_16§“+al q_2j25f wqjl_léf*m , (4.49)
wqu—l(;;?—ao _qu—j1—15;?+a2 q—2j3(5§c

with coefficients:
W= <§>2/3 (1—qY, = <§>4/3 (f7)2(1 — g2, foralli =1,2,3.
Next, apply the following similarity transformation:
U = diag(q™”, ¢, ¢ "),

and set (f;)* = —¢¥i~! - to ensure the powers of ¢ match those of the type
- I matrix. Finally, make the identification ¢ = 2%/3(1 — ¢*)¢~" and send ¢ to
¢ /% to find the matrix:

qj1(5§? 6x—2/3q—j35§€*a1 €2x—4/35;?+010
Tr=A4A 62:1:'_4/35;”0‘1 q’2 ex_2/3q_j16f_°‘2
€$72/3q7j25;€—ao E2x74/35;'€+a2 qj35§3

The above matrix coincides with T7; when the following equalities are made:
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a; = ji; ti; =1 and l1g = ta3 = 131 = €.

To obtain Tyy a similar procedure is adopted, this time set f;” = 0, while f;"
is non-zero for all 7 = 1,2,3. As before, equate xk; = 1, N; = j; and evaluate

j1+j2+73 = 0, extract the factor A and take the transpose so that the matrix

becomes:
_9i: ¢k in—1ck—a
q o5 wg’? '6j ! | 0
T,—>IV = A 0 q—2J25]/§ wqh—lé;ffal ’
io—1 ck—a —243 Sk

with w as defined previously. Then, apply a slightly different similarity trans-
formation:
U = diag(qjl, q—j27 q?j1+j3)7

to remove all powers of ¢ in the off-diagonal entries and identify € in the same

way. Finally, send ¢ to ¢~'/? to acquire the matrix:
1 sk —2/3 sk—a
) ¢’1o; €T / o; 0
T =A 0 qJQ(S;? 61‘_2/35;?_&1 y
—2/3 ck—a i3 Sk
ex~?/ o; 0 q’?4;

which coincides with 17y after setting a; = j;, t;; = 1 and t19 = to3 = t3; = €.

To obtain the remaining type - I T-matrices, we follow very similar procedures.
We can manipulate matrix (4.48) so that it resembles both 77 and Ty, type
- I matrices. We will begin with the 7 limit of (4.48), where we make the
following equalities for all 4 = 1,2,3: f;" =0, k; = 1, N; = —j; and evaluate
41+ jo + j3 = 0. Now, extract a factor ¢(1 — ¢*)2(2/2)*?® =: B and take the

transpose to find:

T',;= B |wq st g2k Qpgn=teb=r [, (4.50)
Qéqul(;;c—ao w/q*jlflé‘?“!‘oﬂ q72j35§c

this time with slightly modified coefficients:

/_f2/3_4 /_f4/3 271 A2 .
=)0 2= ura- g forani=123

z
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Again, we require a similarity transformation to adjust the powers of ¢ ac-

cordingly. In this case, we use the transformation:
U = diag(qjl 7 qj1—j37 q—j3)7

and then set (f;)%? = —¢~ %!, identify € = 27%/3(1 — ¢*)¢~! and finally send

q to ¢~/? to achieve:
qu15jls €2$4/35;c—a1 €x2/3qj25§€+a0
TI =B €x2/3qj35‘;€+a1 q_jQ €2x4/3q_j15§570‘2
€2x4/3q_j25§:_a0 6x2/3qj16§:+0‘2 q_]36§€

The above matrix coincides with 77 when the following equalities are made

a; = ji7 t“ =1 and t13 = t21 = 7(;32 = €.

The final limit will reproduce the type - I matrix, 77;; and we start this time by
setting: f,” = 0,k; = 1, N; = —j; and evaluate the constraint j; 4 jo + j3 = 0.

As before, extract the factor B and take the transpose to discover:

q'2j15]1.€ O w/q—j2—15jl§+ao
L =B [ Wglete ¢ 0% 0 : (4.51)

0 w’q*j1*15f+°‘2 q*2j35;~C
To ensure that the powers of ¢ match the type - I case, we use the similarity

transformation:
U= diag(q™",q 7", ¢"7).

Then, as usual, identify ¢ = 272/3(1 — ¢*)¢~" and lastly send ¢ to ¢~'/2 so that

the matrix becomes:

g (5§C 0 ex2/35§“+0‘°
Ty =B e:v2/35f+a1 q 72 0
2/3 ckta —js Sk
0 ex?/ 0; 7 q0;

This matrix does indeed concur with T7;; when «; = j;, t;; = 1 and

t13 = to1 = 32 = €.

We can extract more information about the type - I matrices from these
limits. In particular, the parameter f;" appears to be associated most closely

to the type - I case. We know that the presence of both f:° signals that a



4.5. Type - II Generalised solutions within aél) 133

transmission matrix is of type - II, and we have seen how they collapse in
different ways. However, for the type - I case, one would expect that either
f;7 or f; is present and the limits illustrate this fact because whenever f; is
non-zero a further condition is required to guarantee that the type - II matrix
collapses as it should. Furthermore, the limits also highlight how difficult it
is to recover type - I parameters, ¢;;, within type - II parameters. A suitably
elaborate similarity transformation might allow us to recover all parameters,
but the limits noted here provide sufficient justification. In the next section,
generalised reflection matrices are constructed using the intricate type - II
matrices. Later, we will use certain aspects of the limits that will reveal the

importance of transposition in the limiting process.

4.5.2  Construction of Type - II Generalised Solutions

As we are aware, generalised reflection matrices require the inversion of the
transmission matrix and because the type - II matrices are expressed in terms
of raising and lowering operators we must calculate new general formulae for
the inverse matrix. It is indeed possible to invert the type - II matrix, but
there is one very striking feature: a determinant is associated to each set of
(independent) operators a;, a;r, which is dependent on /N;. This is in contrast
to earlier examples, where the determinant does not contain any dependence
on the topological charge. Ultimately, we will see that this is not a problem

as they are all related via shifts in the V.

The inverse of a transmission matrix possessing the same structure as (4.45)
and (4.48), takes the form:

T, (N1,Na,N3) 775" (N1,Na,N3) of 773" (N1,Na,N3) aal
A1(N1,N2,N3) Az(N1+1,Na—1,N3) “1%2 Ag(N;+1,Na,N3—1) 143
71— Ty (N1 N2 Ns) T55' (N1,N2,N3) Ty (N1, N2 Na)
A1(N1—1,No+1,N5—1) 2%1 Ao (N1,N2,N3) As(Ni,Na+1,N3—1) 273
Tg;" (N1,Na,N3) aeal Ts' (N1,Na,N3) anal Tas' (N1,N2,N3)
A1(N1—1,N3,N3+1) “3%1  Ay(Ny,N2—1,Ns+1) 372 As(N1,N2,N3)

with coeflicients:

T3 (N1, Na, Ng) = | Toa( N + 1, Np — 1, No)Tag (N1 + 1, Na, Ny = 1)

— To3(N1 + 1, Ny — 1, N3)T52(Ny + 1, No, N3 — 1) F5(Ny — 1) F5(N3 — 1)]7
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T5' (N1, Noy N3) = [T13(N17N2, N3)T55(Ny + 1, No, N3 — 1) F5(N3 — 1)

— T9(Ny, Na, N3)T53(Ny + 1, No, N3 — 1)]7

T3 (N1, No, N3) = [T12(N1, Ny, N3)To3(Ny + 1, Ny — 1, N3) F5(Ny — 1)

— T13(Ny, Noy N3)Too(Ny + 1, Ny — 1, N3)]»

Tor' (N1, No, N3) = [T23(N1, Ny, N3)T51(Ny, Ny + 1, N3 — 1) F5(N5 — 1)

— T (N1, Na, N3)T35(Ny, No + 1, Ny — 1)]7

Tyy' (N1, Ng, N3) = [T11(N1 — 1, Ny + 1, N3)T35(Ny, No + 1, N3 — 1)

— T13(N1 — 1, N2 + 1, Ng)Tgl(Nl,NQ + 1,N3 — 1)F1(N1 — 1)F3(N3 — 1):|,

T251(N17N27N3) = [T13(N1 - 17N2 + 17N3)T21<N1>N27N3)F1(N1 - 1)

— T11(Ny — 1, Na + 1, N3)T3( Ny, No, N3)],

Ty' (N1, N, N3) = [T21(N1,N2 — 1, N3 + 1)T355(Ny, Na, N3) Fo(Ny — 1)

— Tho(Ny, Ny — 1, N3+ 1)T51(Ny, No, N3)],

Ty (N1, No, N3) = [T12(N1 — 1, No, N3 + 1)T51 (N1, Noy N3)Fy (N — 1)

— T11 (N1 — 1, N, N3 + 1)T55(Ny, No, N3)]»

T (N1, Na, Ng) = | T (Vi = 1, Ng, Ny + 1)Toa (N1, N = 1, Ny + 1)
- T12(N1 — 1, Ng,Ng -+ 1)T21(N17N2 — 1, N3 + 1)F1<N1 - 1)F2(N2 — 1)] .

(4.52)

The above formulae, despite their complex appearance, are an infinite gener-
alisation of Cramer’s rule that account for the presence of the operators. The
defining relations for all determinants: A;, A, Az are found in Appendix (B).
We will now state the inverse matrix entries for (4.45), whereupon inversion
of the rapidity we will have all components necessary to construct the first

four generalised solutions. The inverse of matrix (4.1) has diagonal entries:
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N1—N2+N3+3

T,1_11 _ (;>2/3 :gdll(_f ))FQ(N2 —1)F3(N;—1) + [ (§>4/3 51:2(1 — ¢)?

+ (E>2/3 M(l — q4)qu1+N27N3,3 _ <E>4/3 M
T Ko z ,€3(1 _ q4)2

. @2/3 Ui fs I q4)q_NI_N2+N3_3]

R3

)

N1+N2+N3+3

( )2/3 K2 (f. F1(N1 CR(Ns— 1)+ [@)4/3 I{3q<1 7

+(—> U F a1 = e[ (D) C
n (E)m (fi fa 15)? (

1— q4)qN1N2+N33:| 7
K3

2/3 N1+N2+N3+3
= ( FN 1) Fy(Ny — 1)
2 s - [ 22
2/3

+< > rs(fi 2 f3)2(L—q")g™ } {(g)%;@ g N2+N3+3

z ,{2 1 —q )
2/3
+ (;> K1 (fl f2 f3 ) ( — )q_Nl+N2—N3_3 .

4/3K/q

Unfortunately, the above expressions do not factorise neatly, however the off-

diagonal entries are less cumbersome:

_ x\4/3 qN1+N2 1 B _
T/121 = K1 (;) VPTG (53(f3 )2 2Ns (f?, )2(53 - 1)61 2N3+4)

(1—¢")?
AN o 12(1 _ g4~ N1—Na-3
+ K1 . (fr f2 f3)7(f3)( q)q )
2 N1+N3+3 K
T,—1:_ff1f<03 ({) q R e e N2 Ny —2Np—N3+1
13 —@ > —(1 — )3 Hz(fl [y I3)a

R1 _ _ _ — Na—
b (U ) ff Sy PN,

T3 = w1 a7 (s — D™ — mal )2 )
N1+N2+3

()
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_ 4/3 q
7L — (f) B
2 z) k(1 —q*)?

No+N3—1

(Ra(f)2q™ + ()P0 (1 = hy))
+ (x)2/3 (fl f2 f3 ) (fl ) ( )qu27N3*37
>4/3 qN1+N3—1

T =2 () g e <f;>2q—2N2+4<m3 - 1))

Ro \Z2

KR1KR3 (Z

g P g,
e \z 1J2 J3 2 ol
T = Z—z(f;fg)Qq‘NQ‘Ng"?’ (2PN = (f7)2q> )

B <x>2 g2t sts ( Cfy f3)? PN Ne=N3 =3,
IiQ(l — q4) K9

z

When a type - I limit is applied the way in which the inverse matrix collapses

is very clear. In particular, we see that when f; = 0 and kikok3 = 1 for

all i=1,2,3, no zeroes appear, which is what we expect upon comparison with
Try. If ;7 =0 and kikokg = 1, for all i=1,2,3, it is clear that entries: 1,2;
2,3; 3,1 become zero and once the transpose is taken we see that the modified

matrix has the same structure as 17;.

The inverse of type - II matrix (4.48) is like the above and its entries are:

N1—N2+N3+3

Tl <§)2/3 K1(]”1)2 Fy(Ny — D) Fy(Ny — 1) + {(E>4/3 Raq

T(1—q") x r1(1—g*)?
N (E)Q/?) m(fff;f?,_)Q (1 B q4)qu1+N27N373 . (5)4/3 N3QN1+N27N3+3
z K1 x (1 —q*)?

/
* (%)2 3"”"3(fff5f§r)2(1 — q4)q—N1—N2+N3_3:|7

- 2\ 2/3 2\ 4/3 g~ N1+N2+N3+3
T/221 _ (;) (f2 ) Fl(Nl _ 1)F3(N3 _ 1) |: (_) q—

(1—q%) x rs(1 — ¢*)?
N2 (fi fy f5 ) - Ny—Na— 2\ 4/3 pigqNiHNa—Nat3
H(3) TR e s] . “;) i

z

+ <£>2/3 /{3<f1_f2_f;)2(1 — q4)q_Nl—N2+N3—3:|’
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) 4/3 qu1+N2+N3+3

r3(1 — q*)?
N1—N2+N3+3

T’;; _ (;) 2/3 ?2(]03 i)

. <Z>2/3 UWhE) )qu_N2_N3_3] . [<3>4/3 Kag

K3 z ’@1(1 - q4)2

—N1+Na—N3—3

(N1 — 1) Fa(Ny — 1) + [(f

T

a\2/3 ko(f{ £ f1)?
+<_> o(fi f5f5) (1—q4)q
z K1
The above expressions denoting the diagonal entries do not factorise nicely,

however the off-diagonal entries are more manageable:

Tl (f)Z g _ (fi fo £5)? —Ni—N2—2N3+1
12 — 4\3 q 9
x/) ki1(1—q*) K1
71— (E>4/3 ra(fs)? Ni+2N2+N3—1
1 x k(1 — q*)?

/3
a (;)2 " (f1 fr f3 )22 (1 — gyg M3,

=l <i>4/3 (f:;r)Q Ni4+No+2N3—1
21 — 4 2q
x 1(1 —4q )

— = F—\2
N (2)2/3 (f1 f;lfg ) (f;)z(l B q4)q—1\/1—1\f2—37

-1 <2)2 g2t s s (f7 i i )2q 2N Na+d
= —K — P EE— — K )

23 2\ (1— ¢Y)3 2\J1 J2 /3 )4

Tl <E>2 Y A H2(fff{f§)2q—N1—2N2—N3+1
31 x/ ki(1—q*)3 K1 ’

T/fl = Ko (i>4/3 (fl—i_)2 q2N1+N2+N3—1
2o Ty

/
b () U BP0 = g

In this case, different entries become zero in the various limits, but they display
the desired characteristics. The non-diagonal entries have been simplified by
using the constraint kik9k3 = 1. Again, there are no zero entries when the
limit requires f; = 0, and this matches the structure of T, 717- In contrast, if
the limit requires f; = 0 then three zeroes emerge in entries: 1,3; 2,1; 3,2 and
by taking the transpose we find that the inverse matrix has the same shape

as 17.

Now, equipped with the inverse matrices we can invert their rapidities (to form
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T ) and evaluate the product to obtain type - II generalised solutions. As a
result of the involved nature of the transmission matrices it is more instructive
to document the symbolic multiplication, where the action of the operators is
most vivid, instead of listing all eight generalised solutions. In an attempt to
maintain perspicuity, any label Tj; or Tj; now represents Ty;/T;;(Ny, Ny, N3)
and only shifted variables are presented in the formulae. The generalised
solutions’ entries are obtained by substituting the relevant components into

the following formulae:

Ry = Tanan + T12Rdi22T21(N1 + 1, N — 1) F1(N1) F2(N2 — 1)
+ Ti3Ra,, Tsi(Ny + 1, Ny — 1) Fy (N1) F3(N3 — 1),

Ry = Tanme + T12Rdi22f22(N1 +1,Ny — 1)
+ Ti3Rq,, Tsi(Ny + 1, Ny — 1) F3(N3 — 1),

Ry3 =Ty Ry, Tis + TiaRa,, Tos(Ni + 1, No = 1)Fy(N — 1)
+ Ti3Ra,, Tss(N1 + 1, N3 — 1),

Roy =Ty Ry, T11(Ny — 1, No+ 1) + TRy, T
+ TosRa, Ts1(Ny + 1, Ny — 1) F3(N3 — 1),
Ry = TQlemle(Nl — 1, Ny + 1) F5(Np) Fy (N, — 1) + TzszmTzz
+ TosRa,, Tso(No + 1, N3 — 1) Fy(Ny) F5(N3 — 1),

Ry = TQlemTls(Nl — LNy +1)Fi(Ny — 1) + T22Rdi22T23
+ T23Rd¢33T33(N2 +1,N; — 1),

Ry = T31Rme11(N1 —1LN;+1) + T32Rdi22T21(N2 — 1L, N3+ 1)F5(Ny — 1)
+ Ts3Ra,, Ts,

33
Ry = T31Rme12(N1 —L N3+ 1)Fi(Ny —1) + T32Rdi22T22(N2 —1,N;+1)
+ Ts3Ra,, Tso,

33
Ry = T31Rme13(N1 — 1, N3+ 1)Fi(Ny — 1) F5(N3)
+ T32Rdi22f23(N2 — 1, N3 + 1) F5(Ny — 1) F3(N3) + T3st133T~33>

where Rdij]- denotes each entry of the diagonal reflection matrices. At this
point, we must remember to include the determinants that appear throughout
the inverse matrix. For our purposes, we will consider the first row of the

generalised reflection matrix where each entry depends upon (reading from
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entry 1,1 to 1,3):
Al_l(N17N2aN3)7 A2_1(N1+17N2_1aN3)7 A3_1(N1+]-7N2aN3_1)'

The second row depends upon the same determinants with the shifts:
Ni — N1 — 1, Ny = Ny + 1 and the third row is shifted in the following way:
N; — N7 — 1, N3 — N3+ 1. Initially, this seems somewhat unusual but when

Maple is used to calculate the shifted determinants we find several equalities:
Ay(Ny, Noy N3) = Ag(Ny+1, Ny —1,N3) = Az(Ny +1, Ny — 1, N3).

And so, one quickly observes that each row contains the same overall factor,
therefore it can be extracted via row operations. Furthermore, whenever a
limit from type - II to type - I is applied, the determinants, 4A;, collapse to
achieve equality. And so, we can progress to consider all type - I generalised
solutions, knowing that the determinants do not damage or further complicate

the workings.

Unsurprisingly, all eight type - 1I generalised solutions do not contain any zero
entries. Subsequently, this suggests that the type - II defect provides ultimate
freedom within the system: by which we mean that any root like charge
can be deposited at the defect, therefore generalising the type - I framework.
However, we have not yet provided any details to explain how the type - II
defect selects either the clockwise or anti-clockwise permutation of extended
simple roots. Presently, the type - I limits of type - II defect matrices are
known and through them we know that each matrix (4.48) and (4.45) is related
to the solitonic/anti-solitonic representation respectively. As a consequence of
the limits, one reasonably expects that type - II solutions should break down
to reproduce the structure of a type - I solution. Undeniably, this does take
place, but the emerging pattern leads us to connect the transposition of the
solution with the permutation. Let us consider any generalised constructed
from matrix (4.45) and apply the limit where f;” = 0. Due to the nature of this
limit, matrix (4.45) will share the same structure as 77y, we predict that zeroes
will appear to give the solutions the same shape as: RIV,RIV, RVIH, RXH.
Actually, when f;” = 0 and the transpose is taken, we find the structures of

solutions: RH, RI I, RV I R x. Upon reflection, this discovery is not so shocking
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because we have taken the transpose of a product, specifically:

/ = T = T / T
<T—>IVRdi —>IV> = (T—>IV) Rdi (T—>IV> .

If we now recognise the transposed matrices’ structure, we actually have an

object most like: A
( ~/—>IV)TRdi< /—>IV)T ~ Ty Ra,Trr,

thus explaining why the other type - I structures appear. We can apply this
argument to all limited type - II generalised solutions, to explain why they
appear as they do. Therefore, we can reason that transposition of the solution
is connected to the permutation of simple roots. All calculations of this sort,
concerning the type - II defect matrices, were evaluated in Maple that can han-
dle the elaborate matrix multiplication and impose limits easily. Furthermore,
the pleasing behaviour exhibited by type - II limited solutions highlights the

)

important relation between the agl type - I transmission matrices and their

inverses.

Overall, we must remember that the defect does not change the original
boundary condition. The diagonal reflection matrices used in this chapter
are ‘Soliton Preserving’ (SP). We postulate that the new solutions correspond
to a generalisation of that particular type of boundary condition (1.30). Such
a generalisation might contain an extra free parameter, for example, which em-

bodies the soliton’s added freedom to exchange charge with the defect freely.



Chapter 5

Conclusions and QOutlook

The main theme of this thesis concerns the generalisation of finite-dimensional
reflection matrices and its associated mechanisms. The construction of gen-
eralised reflection matrices is known to provide new solutions to a suitably
generalised reflection equation (1.96). In the case of the sine-Gordon model,
the most general solution of this type lies outside the known classes of solution
and is thought to correspond to a more general integrable boundary condition
[17].

In chapter two, the role of sine-Gordon’s generalised reflection matrices within
the algebraic framework of [18] was documented. It was shown that the asso-
ciated boundary subalgebra of a generalised type - I solution not only agrees
with the results of Delius and MacKay, but generalises them by accounting
for the topological charge at the boundary. As we already know, type - I
generalised solutions are constructed from a diagonal reflection matrix that
corresponds to an integrable Dirichlet boundary. The resulting solution has
the same underlying structure as a Zamolodchikov-Ghoshal solution (2.3), but
is infinite-dimensional due to dependence on the topological charge. The way
in which the defect modifies the original boundary subalgbera of the diagonal
reflection matrix is readily apparent. Calculations of this type might aid the
classification of integrable boundary conditions, as each boundary condition
possesses its own boundary subalgebra. Perhaps, in the future, other gener-

alised solutions should be compared in the same way to discover if the new
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solution does indeed correspond to a more general boundary condition. How-
ever, when the same calculation is performed with the type - II defect, the
resulting boundary subalgebra lies outside the known class of results. In this
case, the determinant of the type - II T-matrix plays an important role, as
it does not cancel throughout. Its presence guarantees that the construction
works. Potentially, this might allude to some hidden algebraic significance, or

it simply demonstrates the importance of transmission matrix inversion.

In chapters three and four, generalised solutions were calculated for the aéQ)

and agl) ATFTs respectively. In both cases, the new solutions naturally gen-
eralise the finite-dimensional cases. Unfortunately, the results concerning the
aéQ) affine Toda model are incomplete, as it was not possible to recover the
most general solution within a generalised solution, which we have discussed.
For the agl) theory, several intriguing results arise. However, this behaviour
is unsurprising when the classical behaviour of the defect is considered. The
specific way that solitons transmit through the defect clearly comes into play,
and the significance of the original boundary parameter also becomes clear.
Solutions constructed from a diagonal reflection factor that does not possess
a free parameter, f%, mimicked the defect’s selective behaviour - although, in
a slightly different fashion. The behaviour is documented in several diagrams
that explicitly illustrate the extra freedom added by a defect. The presence
of a boundary parameter, v, allowed further freedom within the solutions, R,
and similar diagrams illustrate their processes. However, it still remains to
associate these generalised solutions to integrable boundary conditions. We
imagine that they generalise conditions of the form (1.30), whereby extra pa-
rameters may be included to describe the added movement around the weight
lattice. In the future, it would be natural to investigate the agl) affine Toda
model to see if the same behaviour arises. If it does, then one might be able
to generalise the framework to include all atV generalised reflection matrices.
Ultimately, the generalised solutions that we have calculated and presented in
this thesis show the strong relationship between defects and boundaries. For
example, they naturally accommodate one another and generalised reflection
matrices naturally satisfy a generalised reflection equation. Unfortunately, a
full classification of solutions still escapes us, but generalised solutions defi-

nitely do generalise the finite-dimensional framework.

With the classification of solutions weighing heavily on our minds, we will
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briefly mention a recent classification of particular reflection matrices pro-
vided by Regelskis and Vlaar, [71]. The framework and classification that
they propose associates a Satake diagram to every trigonometric reflection
matrix corresponding to particular coideal subalgebras that are described by
admissable pairs, the theory of which was developed by Letzter and Kolb
[72, 73]. Their results also rely on the theory of quantum symmetric pairs,
many properties of the quantum group and its subalgebras [72, 73]. However,
their classification concerns only finite-dimensional solutions. It is natural to
expect that a defect and its associated generalised solutions can be included
in an appropriate infinite-dimensional framework. If this is possible, the clas-
sification of generalised solutions might become more simple and this could

lead to advances regarding integrable boundary conditions.

Recently, Lima-Santos and Vieira obtained reflection matrices for the D,(izl

affine algebra [74]. This model appears to exhibit many interesting reflection
factors, several of which possess different structures. In particular, several

gl) case. As defects and boundaries

patterns of zeroes arise; much like the a
appear to marry together so naturally, one wonders whether the structure of
the reflection matrices could indicate certain behaviours concerning a defect

of the theory.

Finally, in chapter four, only soliton preserving solutions were considered.
In the literature, concerning a§1)7 there exist several soliton non-preserving
solutions, calculated by Gandenberger [75, 76]. If one allows a soliton to
convert to an anti-soliton at the boundary, and change multiplet, the reflection

matrix must act over the spaces:
RE(0) : Vo = Vi,

RY(O) -V — Vi,

where the barred indices refer to anti-soliton and unbarred indices refer to

the soliton. Such reflection matrices satisfy a reflection equation of the form
(75, 76]:

SH(0; — 0;) R} (6:) St (0 + 0;) R1(6)

k I N\ D pr / (51)
= R; (0,)S:(0+6 )RZ(@)S}% 0—6.
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In the above equation one can use crossing symmetry, as follows:
k L 2] ji
S (0) = S (im — 0), S (0) = S5 (9),

to simplify equation (5.1). Unfortunately, when crossing symmetry is used and
the indices are permuted, some of the resulting equations become unbalanced.

As an example consider the following process,

incoming: 1 = +,j = —

outgoing: p=+,r = —
that returns the equation:
STZ(0; — 0;) RE(0:)STL(0: + 0;) R (6))
+ S50 — 0;) RL(0:)S5(0; + 0;) RZ(6;)
+ 5750 — 0;)R(0:)S1=(0: + ;) R:.(6;)
= RI(0;)SLL(im — (0; + 0;)) R(0:)SZL(6: — 0;)
+ RE(0;,)S= (im — (6; + 0,)) RE(6:) S5 (6; — 0;)

- RZ(6;)5 (im — (6, + 6,)) R (6575 (6 — ).

The solutions that Gandenberger supplies do indeed satisfy all eighty one
equations [75, 76]. However, when one attempts to construct a generalised
solution there is an immediate problem. Usually, the Kronecker-deltas and
raising/lowering operators describing the exchange of topological charge ap-
pear unanimously throughout the whole equation. In the above, this is not the
case. Four terms are proportional to §° but the remaining two contain §5+e
and 67~ hence they will not cancel. Further investigation is required. How-
ever, one possible explanation is that the construction breaks down because
one of the necessary steps in the proof (1.108) is violated. On the whole, this
is strange because we know that the aél) T-matrices are compatible with the
bootstrap [48]. In the future, this problem should be addressed and perhaps

the bootstrap can remedy the issues appearing here.

To conclude, several classes of generalised reflection matrix have been calcu-
lated and presented in this thesis. It is hoped that they offer some insight

into potentially new integrable boundary conditions. Nevertheless, this is an
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exciting time within integrability, as new interest has been revived in quantum
symmetric pairs [71, 72, 73] and the surrounding theory might provide further
insight into outstanding problems. The author would like to thank the reader
for their time and patience while reading this thesis, and also wishes them

every success with their own mathematical endeavours.






Appendix A

(1)

Depiction of ay * Generalised solutions

In this appendix all remaining diagrammatic representations of the generalised
solutions can be found. The additional freedom added by the defect is shown
by the dotted grey lines for all R solutions, where the diagonal reflection
matrix contains no boundary parameter, represented by dashed lines. For
the R solutions, the dotted green lines denote the freedom added by the
defect, when the original reflection matrix contains a boundary parameter,
v. As we have remarked earlier, the processes that the diagrams represent
are one way of classifying the generalised solutions. It is not necessary to
form similar diagrams for the type - II solutions, because the corresponding
solutions possess ultimate freedom - the solitons can freely interact with the
defect, depositing any allowable charge. Therefore, after this interaction the

soliton’s charge can convert to either neighbouring weight.
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Figure A.1: Pictorial representation of generalised solution R;;.
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Figure A.3: Pictorial representation of generalised solution Ruv.
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Figure A.5: Pictorial representation of generalised solutions R; IV-
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Figure A.6: Pictorial representation of generalised solutions RHLVH[.
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Appendix B

(1)

Determinant Formulae for the as

Transmission Matrix

Previously, several equalities among the determinants, Ay, Ag, A3, were stated
and now we will present their defining equations. Yet again, we see that the
formulae are an infinite-dimensional generalisation of the usual formulae to
calculate a three-by-three matrix determinant, they are listed below where

Ai = Ai(Nl, NQ,Ng) for now:

Ay = Ty (Ny, Nay N3)[Too(Ny + 1, Ny — 1, N3)Ts3(Ny + 1, Ny, N3 — 1)
— To3(N1 + 1, Ny — 1, N3)T35(Ny + 1, N, N3 — 1) F5(No — 1) F3(N3 — 1)]
+ Ty5(Ny, No, N3)Fy (Ny) Fy(Ny — 1)-
[T53(N1 + 1, Ny — 1, N3)T31 (N1 + 1, No, N3 — 1) F3(N3 — 1)
— To1(Ny + 1, Ny — 1, N3)T33(Ny + 1, Ny, Ny — 1)]
+ Ty3(Ny, No, N3)Fy (N F5(Ng — 1)-
[T51(N1 + 1, Ny — 1, N3)T35(Ny + 1, No, N3 — 1) Fo (N, — 1)
— Too(N1 + 1, Ny — 1, N3) T3 (Ny + 1, Np, N3 — 1)],
(B.1)
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Ay := Ty (N1, No, N3)Fo(No)Fy(Ny — 1)-
[Ti3(N1 — 1, Ny + 1, N3)T35(Ny, Na 4+ 1, N3 — 1) F3(N3 — 1)
— T1o(Ny — 1, Ny + 1, N3)T33(Ny, Na + 1, N5 — 1)]
+ Too(Ny, No, N3) [T11 (N7 — 1, Ny + 1, N3) T3 (Ny, No + 1, N3 — 1)
— Ti3(N1 — 1, Ny 4 1, N3) T3 (N1, Ny + 1, N3 — 1) Fy (Ny — 1) F3(N3 — 1)]
+ Ty3(Ny, Ny, N3)Fy(No) F5(Ng — 1)-
[T12(N1 — 1, Ny + 1, N3)T31 (N1, Ny + 1, N3 — 1) Fy (N; — 1)
— T11(N1 — 1, Ny 4+ 1, N3)T3(Ny, Na + 1, N3 — 1)],
(B.2)

and finally,

Az = T31(Nq1, Na, N3)F5(N3)Fi (N — 1)-
[T12(N1 — 1, Na, N3 + 1)Tp3(Ny, Na — 1, N3 + 1) F5(No — 1)
— Ti3(N1 — 1, N3, N3 + 1)T5o(Ny, No — 1, N3 + 1)]
+ T39(Ny, No, N3) F5(N3) Fo(Ny — 1)-
[T13(Ny — 1, No, N3 4 1)T51 (N1, Ny — 1, N3 4+ 1) Fy (N; — 1)
— T11(N1 — 1, Na, N3 + 1)Ta3(Ny, Na — 1, N3 + 1)]
+ T33(N1, Na, N3)[T11 (N1 — 1, No, N3 4 1)To5(Ny, Na — 1, N3 + 1)
— T12(N1 — 1, Na, N3 + 1)T51 (N1, No — 1, N3 + 1) Fy (Ny — 1) F>(N, — 1)].
(B.3)

The equalities:
A1(Ny, Na, Ng) = Ag(Ny+1,Ny —1,N3) = As(Ny +1,N; —1,N3),

are checked easily by shifting all N; appropriately and identifying the like

terms within the formulae.
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