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I 

 

ABSTRACT 

 

This thesis is focused on the torque production and control strategies of variable flux 

reluctance machines (VFRMs). 

Based on energy conservation, an instantaneous torque equation is developed and analysed, 

which reveals the contributions of harmonic currents and inductances to the torque production. 

By using Fourier series, all of the harmonics in the phase currents and winding inductances are 

considered. It was found that the average torque of a 6/4 VFRM is mainly produced by the dc, 

fundamental and second harmonic components of the phase currents. Based on the derived 

torque equation, magnitudes and phases of the current harmonics are optimised so that the 

average torque is maximised under a given rms current. Undesirable level of torque ripple was 

found, due to the inductance harmonics. The third harmonic torque ripple is dominant in the 

6/4 VFRM, whilst the 6/7 VFRM has a lower magnitude sixth harmonic component. In order 

to reduce the torque ripple, a harmonic field current is injected. Since the torque ripple 

reduction method utilises the machine parameters, the influence of the parameter mismatch is 

investigated. The torque waveforms predicted by the derived torque equation are compared 

with the results directly calculated by 2D-finite element analysis (FEA). Additionally, the 

experimental results verify that the derived torque equations can predict the torque production 

of the VFRMs to a good degree of accuracy. 

In order to improve the machine efficiency and extend the operating speed range, an 

integrated field and armature current control strategy has been proposed. The field and 

armature currents are injected into a single coil as a sinusoidal current biased by a dc offset, 

rather than a separate field and armature winding. In the integrated current control scheme, a 

zero sequence current generates a virtual rotor flux as the field current, whilst the three-phase 

sinusoidal currents produce a rotating stator field. The zero sequence current is generated by 

adjusting the on-time of zero vectors between two inverters. In the case of the 6/4 VFRM, an 

open winding configuration is utilised since the field and armature windings have the same 

polarity in each tooth winding. In contrast, a dual three-phase winding configuration having a 

neutral point is adopted for the 6/7 VFRM, due to the opposite polarity between the field and 

armature windings. For the vector control, the voltage and torque equations are derived in the 

synchronous dq-axis frame. With the aid of MATLAB/Simulink, these equations are also 

utilised for the dynamic simulation. The simulation and experimental results validate that the 

proposed strategy can effectively increase the efficiency and extend the operating speed range 

of the VFRMs. As an extended work, a torque ripple reduction method is also applied to the 

integrated current control by injecting harmonic components into the zero sequence current.  
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CHAPTER 1 

GENERAL INTRODUCTION  

 

1.1  Introduction  

The interest in non-permanent magnet (PM) machines has been increased continuously. 

With the advanced technologies in the power electronics devices and controls, the various 

machines have been utilised as an alternative to conventional electrical machines such as 

induction or brushless PM machines [HUS05], [JEO15], [ZHU14]. VFRMs are stator 

electrically field excited synchronous machines having a similar structure with switched 

reluctance machines (SRMs) [LIU13b], [ZHU14], [LIU14a]. The stator and rotor are doubly 

salient structure without any coil or magnet on the rotor. The field and armature windings are 

identically wound on the stator tooth using non-overlapping windings. As a result, the rotor is 

simple and robust, and the heat can be dissipated easily. Additionally, brushes or slip rings are 

not required to feed the dc excitation current. The VFRMs have the advantage of wide-range 

constant-power operation, since the dc field current can be controlled independently from the 

armature current when the input voltage is limited at a high speed region [MBA12]. The 

flux-linkage can be adjusted in order to improve the efficiency in the high speed range 

[SHI07]. Because of its capability of flux control by the field current adjustment, the doubly 

fed configuration can achieve a very wide range of flux regulation, which realises a high 
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starting torque at a low speed operation and maintains a constant output power over a wide 

speed range [CHU15]. Hence, these two features are highly desirable for the industrial 

applications for various purposes. Fig. 1.1 shows the category of the electric machines based 

on the PM usage, i.e. PM machines, hybrid PM machines, and non-PM machines. 

 

Fig. 1.1. Electric machines category based on the PM usage. 

1.1.1 PM Machines 

PM machines have been used in many applications such as automotive and industrial 

market sectors due to high torque/power density, high efficiency, high controllability and wide 

speed range operation [BIA01], [ZHU07], [CHA08], [DOR11]. Surface-mounted PM (SPM) 

and interior PM (IPM) machine types are both popular among the PM machines. The SPM 

machines are easier to be manufactured, whilst the IPM machines have a very good overload 

capability over the entire speed range. For a continuous torque production, both SPM and IPM 

machines exhibit practically the same performance at a given inverter rating and given size of 
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the mechanical parts [VAG10]. In terms of high speed losses, the SPM machines are mainly 

affected by PM losses, but the IPM machines are sensitive to slot harmonic losses [PEL12]. 

The PM machines can be classified into a different category depending on location of the 

PM excitation [LIA95]. Due to the PMs in the rotor, the SPM and IPM machines can be 

suffered from the possibility of irreversible demagnetisation by armature reaction or high 

temperature. Also, mechanical reliability may be degraded at high speed operation [CHE01]. 

When the PMs are placed on the stator side, the rotor geometry should be a salient pole, which 

is similar to that of switched reluctance machines (SRMs). Hence, it can have a potential for 

high speed operation due to its simple and robust rotor structure [CHE11], [ZHU11], [WU15]. 

Additionally, the temperature is easier to be managed with forced liquid cooling. 

When the PMs are located between the stator teeth, it is switched flux PM (SFPM) 

machines [ZHU10]. The PMs can be also placed in the stator back-iron, which is known as 

doubly salient PM (DSPM) machines [CHE11]. As a major drawback of the DSPM machines, 

the torque density is relatively low due to its unipolar flux-linkage waveform. It can be 

overcome with the SFPM machines, which produces a bipolar phase flux-linkage waveform 

and more sinusoidal back electro-motive force (emf). As a result, the torque capability can be 

significantly improved due to its flux-focusing characteristic compared with that of the DSPM 

machines [ZHU10]. 

However, it becomes more important to consider the machines with less or no rare-earth 

magnet due to the relatively high PM material cost. Moreover, in order to extend the speed 

range a negative d-axis current is required for a flux weakening operation, which results in an 
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additional loss [JAH87], [MOR90], even demagnetisation in the PMs [SAR12]. Additionally, 

the flux weakening capability may be limited by an uncontrollable PM flux-linkage. 

1.1.2 Hybrid PM Machines 

Variable-flux PM (VFPM) machines are those which utilise some ways of changing the 

PM flux level [OWE11]. It allows flexibility in terms of optimising efficiency over a machine 

operating range. As examples, many VFPM machines have been researched including 

hybrid-excited machines with field windings [LUO00], which are one major category of the 

VFPM machines. A compromised design for the PM machines, which utilises the dc field 

winding in rotor [AMA09] , has been developed for the SPM and IPM machines [AKE00]. 

Additionally, a mechanical structure is altered to adjust the flux level [ZHU15a], whilst the 

machines with other means of varying the PM flux have been used [SWA06]. Hybrid SFPM 

machines [OWE10], [AFI15] and hybrid DSPM machines [CHA03], [ZHA12] have been 

proposed, in which both dc field windings and PMs are utilised on the stator. Those machines 

can also utilise the coordinated operation between the PMs and field excitation current. From 

an integration of the topology between the PM machines and synchronous reluctance 

machines (SynRMs), a saliency ratio can be increased for the torque density enhancement 

[SOO95].  

As a drawback of the hybrid PM machines, high magneto-motive force (mmf) from the 

field windings is required to change the flux density in air-gap produced by the PMs although 

it is relatively much easier to weaken the flux. It is because that magnetic saturation is 

significant and winding excitation is weaker compared with the PM excitations. Additionally, 
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the part of the stator should be occupied for the PMs, which reduces the area for the field and 

armature windings in the stator. In the case of the mechanically adjusted VFPM machines, it 

requires an extra actuation hardware which causes more complex system. 

1.1.3 Non-PM Machines 

SRMs have been applied to many applications since they have a simple and robust rotor 

structure [HUS05], [VIJ08], [TAK12] . They can be operated under high magnetic saturation 

and high temperature. Additionally, the SRMs exhibit inherent capability of fault tolerance 

[RAH00]. However, the SRMs also produce a large torque ripple and high noise and vibration. 

Induction machines are also one of the most used electric machines due to their ruggedness 

and availability for different applications [BEN00]. It can be commonly thought of a 

three-phase transformer whose shortened secondary winding is freely rotating forming an 

asynchronous machine [NAM10]. Additionally, the SynRM uses a rotating sinusoidal mmf 

and a reluctance concept [VAG98]. However, the rotor geometry design is quite complex, and 

numerous parameters are involved for an optimal design. More importantly, they exhibit 

relatively low torque density and low power factor. 

Rotor wound field synchronous machines (RWFSMs) have been recently used for electric 

vehicle (EV) propulsion [JEO15]. Apart from the stator windings, they have the field windings 

on the rotors. As a main drawback of the RWFSMs, brushes or slip rings should be utilised for 

the field current excitation, which reduces mechanical reliability [SAN12]. 

In stator wound field (SWF) machines, it does not require any brush or slip rings for the 

field excitation since the field windings are placed on the stator [ZHU14]. For the 
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development of the non-rare earth PM machines, doubly-fed doubly-salient machines 

(DFDSMs) have been researched for electric vehicles and hybrid electric vehicles [FAN08], in 

which the PMs in the DSPM machines are replaced by the field excitation windings [LIA94]. 

Additionally, by substituting all of the PMs in the SFPM machines to the field windings, SWF 

switched flux machines (SWFSFMs) have been proposed [ZHU11]. The DSDFMs exhibit a 

simple and robust structure, which can save the cost of maintenance and manufacture. 

However, its phase flux-linkage waveforms are not identical between the phases since a flux 

path is asymmetric in the DFDSMs. It causes a high torque ripple and different amplitudes of 

each harmonic in the three-phase windings. Hence, the dc link voltage cannot be effectively 

utilised since the positive and negative peak voltages have different magnitudes [CHA02].  

Compared with other DFDSMs, the VFRMs exhibit the short flux path, and the identical 

flux distribution for each phase since the field and armature windings are identically wound on 

the stator tooth [ZHU14]. This symmetrical flux distribution allows the identical back emf for 

all of the phases, which reduces the cogging torque and torque ripple. Unlike the SRMs or 

other non-PM machines, the main advantage of the VFRMs is the possibility of odd rotor pole 

numbers, whilst the doubly salient structure is maintained. For example, in the three-phase 

SRMs with 6-stator pole, odd rotor pole numbers cannot be applied [DES10]. However, the 

combinations of the stator/rotor pole in the VFRMs are no longer limited by the equations for 

the SRMs or doubly salient machines. Hence, the VFRMs with new stator/rotor pole 

combinations can be categorised as a new family of the reluctance machines [LIU13b], 

[LIU14a]. For example, in the 6-stator pole VFRMs, an odd rotor pole machine (5- or 7-rotor 
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pole) is applicable as well as an even rotor pole such as 4- or 8-rotor pole. However, the odd 

rotor pole number causes an unbalanced magnetic force (UMF). In order to avoid the UMF, a 

12-stator-pole with either 10- or 14-rotor pole machines has been proposed by doubling the 

number of the stator and rotor poles together [LIU14a]. 

1.2  Variable Flux Reluctance Machines 

1.2.1 Winding Configurations and Flux-Linkage 

The VFRMs have the dc field windings identically wound in each stator tooth. It allows 5- 

or 7-rotor pole VFRM whose field flux can pass though the adjacent stator poles [LIU13b]. As 

a result, thinner back-iron can be achieved due to shorter field flux path compared with the 

SRMs and DFDSMs. Fig. 1.2 shows the cross sections and winding configurations of the 

6-stator pole VFRMs with different rotor pole combinations. The initial position (ɗe = 0°) is 

defined, in which the centre of the rotor pole is aligned with one tooth wound by A1. Hence, if 

a constant current is excited in the A1 winding, the rotor will be aligned with the stator tooth 

wound by A1 winding. Fig. 1.3 shows the back emf vectors of each coil for the 6-stator pole 

VFRMs with different rotor pole combinations. Based on the coil back emf vectors, the 

winding configurations can be determined. In the 6/4 and 6/8 VFRMs, each coil of the 

armature windings in one phase has the same polarity. On the other hand, since the field and 

armature fluxes can pass through the adjacent stator teeth in the 6/5 or 6/7 VFRMs, each coil 

back emf of the same phase has an opposite polarity. It can be geometrically explained that the 

rotor pole is aligned with the stator tooth, whilst the rotor slot is align with the other stator 
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tooth simultaneously shown in Fig. 1.2. As a result, even order harmonics in the armature 

windings are cancelled due to its opposite polarity connection in the 6/5 and 6/7 VFRMs. 

 

(a) 6/4 VFRM 

 

(b) 6/5 VFRM 

 

(c) 6/7 VFRM 

 

(d) 6/8 VFRM 

Fig. 1.2. Cross sections and windings of the 6-stator pole VFRMs with different rotor [LIU13b]. 

 

(a) 6/4 VFRM 

 

(b) 6/5 VFRM 

 

(c) 6/7 VFRM 

 

(d) 6/8 VFRM 

Fig. 1.3. Coil emf vectors in the 6-stator pole VFRMs with different rotor poles [LIU13b]. 
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(a) 6/4 VFRM 

 

(b) 6/5 VFRM 

 

(c) 6/7 VFRM 

 

(d) 6/8 VFRM 

Fig. 1.4. Finite element meshes of the 6-stator pole VFRMs with different rotor pole numbers. 

The entire cross section region is subdivided into triangular finite elements, in which the 

sides of the triangles coincide with the boundary of each material. In this thesis, Flux2D finite 

element software is utilized. The finite element subdivision meshes of the VFRMs are 

presented in Fig. 1.4. It can be seen that there is a higher concentration of elements near the air 

gap. 
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The flux-linkage waveforms and the harmonics are presented in Fig. 1.5. It shows that the 

dc component does not exist in the flux-linkage due to its opposite connection of the coils in 

the same phase in the 6/5 and 6/7 VFRMs. Additionally, the even and third harmonics in the 

6/5 and 6/7 VFRMs are relatively less compared with the 6/4 and 6/8 VFRMs. Hence, more 

sinusoidal flux-linkage waveforms can be found in the 6/5 and 6/7 VFRMs. 

Due to the short flux path through the adjacent stator teeth, the symmetrical field flux 

distribution can be achieved for each phase which provides the identical back emf for all of the 

phases. Fig. 1.6 shows the back emf waveforms and the corresponding harmonics for the 

VFRMs having different rotor pole combinations at 400 rpm and the field current of 2 A. It 

can be seen that the even order harmonics of the back emf are relatively small in the 6/5 and 

6/7 VFRMs compared with the 6/4 and 6/8 VFRMs. Additionally, the third harmonic 

component is also negligible. This cancelation of the back emf harmonics can be also 

explained by the opposite connection and its flux-linkage cancelation, which cannot be 

obtained in the 6/4 and 6/8 VFRMs. 

  



11 

 

 

(a) Flux-linkage waveforms 

 

(b) Corresponding harmonics 

Fig. 1.5. Flux-linkage waveforms and corresponding harmonic analysis of the 6-stator pole 

VFRMs with different rotor poles [LIU13b]. 
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(a) Back emf waveforms 

 

(b) Corresponding harmonics 

Fig. 1.6. Back emf waveforms and corresponding harmonic analysis of the 6-stator pole VFRMs 

with different rotor poles [LIU13b]. 

1.2.2 Self- and Mutual Inductances 

The self-inductance waveforms of the armature windings show a significant difference 

between the machines with different numbers of the rotor poles in Fig. 1.7(a). The 6/4 and 6/8 

VFRMs exhibit the significant self-inductance variation, which is synchronous with one cycle 
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rotation. On the contrary, the self-inductance of the armature windings is almost constant in 

the 6/5 and 6/7 VFRMs due to the adjacent flux path. It is worth mentioning that the 

self-inductance variation is utilised for the average torque production in the SRMs, whilst it 

only contributes to torque ripple in the VFRMs [LIU13a]. Hence, it can be expected that the 

constant self-inductance waveforms of the armature windings in the 6/5 and 6/7 VFRMs will 

produce the low torque ripple compared with the 6/4 and 6/8 VFRMs. 

Fig. 1.7(b) shows the self-inductance waveforms of the field windings. It can be found that 

the VFRMs exhibit the relatively constant waveforms in any rotor combinations. In the 

VFRMs, the field windings are configured in a series connection among all of the field coils. 

Hence, although each coil of the field windings may produce the variation, the variation 

component will be cancelled out except for a multiple of the third harmonic components due 

to the identical winding. From the field current control point of view, it is desirable to control 

the relatively constant inductance. The field current can be easily controlled, whilst a 

converter rating for the field current can be selected with less consideration about the 

inductance variation. 

The mutual inductance waveforms between the field and armature windings are shown in 

Fig. 1.8(a). Unipolar inductance waveforms are observed in the 6/4 and 6/8 VFRMs, whilst 

bipolar mutual inductance waveforms are seen in the 6/5 and 6/7 VFRMs due to the opposite 

connection of the armature windings. More importantly, compared with the 6/4 and 6/8 

VFRMs, the 6/5 and 6/7 VFRMs exhibit more sinusoidal waveforms. Since the average torque 

of the VFRMs is mostly produced by the mutual inductance between the field and armature 
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windings, it can be also expected that there is less torque ripple in the 6/5 and 6/7 VFRMs. 

 

(a) Self-inductance waveforms of the armature windings 

 

(b) Self-inductance waveforms of the field windings 

Fig. 1.7. Self-inductance waveforms of the 6-stator pole VFRMs with different rotor poles 

[LIU13b]. 

Fig. 1.8(b) shows the mutual inductance between the armature phases. The mutual 

inductances are almost negligible in the 6/4 and 6/8 VFRMs, whilst the 6/5 and 6/7 VFRMs 

have almost constant mutual inductance waveforms. It confirms that the flux-linkage of the 

armature windings in the 6/5 and 6/7 VFRMs passes through the adjacent stator poles, which 
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results in a short flux path, whilst the 6/4 and 6/8 VFRMs have a long flux path. The 

negligible mutual inductance in the 6/4 and 6/8 VFRMs is the same as the SRMs. In contrary, 

the mutual inductance between the armature windings in the 6/5 and 6/7 VFRMs is given by 

the half of the self-inductance in the armature windings except for the leakage inductance. In 

the same principle of a synchronous machine such as the PM and induction machines, it is 

because that each phase winding is placed spatially by 2/3́  and cos(2/3́) = -1/2. 

 

(a) Mutual inductance waveforms between the field and armature windings 

 

(b) Mutual inductance waveforms between the armature windings 

Fig. 1.8. Mutual inductance waveforms of the 6-stator pole VFRMs with different rotor poles 

[LIU13b]. 
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1.2.3 Torque Waveforms 

Fig. 1.9 shows the torque waveforms of the VFRMs with different rotor pole combinations 

when the armature current is excited at 2 A and the field current is 1 A and 2 A. When the 

field current is excited at 2 A the average torque is almost doubled than that with 1 A of the 

field current in all of the stator/rotor pole combinations. However, a significant torque ripple 

can be observed in the 6/4 and 6/8 VFRMs. It is because that the self-inductance variation of 

the armature windings contributes to the torque ripple. Especially, the fundamental component 

of the self-inductance produces the third harmonic torque ripple. Hence, a significant 

reduction of the torque ripples can be obtained using the VFRMs having the odd rotor pole 

numbers, which has almost constant self-inductance [ZHU14]. 

The cogging torque waveforms of the VFRMs with different rotor poles at 2 A field current 

are shown in Fig. 1.10. In the PM machines, the cogging torque is produced by the interaction 

between the saliencies of the stator and the magnetised pole of the PMs [KOH03]. In the 

VFRMs, the cogging torque is defined as a torque at which the field current is only excited. 

Since the variation cycles of permeance are different depending on the stator/rotor pole 

combinations, the least orders of harmonic will also be different [LIU14a]. The least order 

harmonic of the cogging torque is 3 in the 6/4 and 6/8 VFRMs, whilst 6 in the 6/5 and 6/7 

VFRMs. Additionally, a high field current will result in a higher cogging torque [LIU13b]. 
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Fig. 1.9. Torque waveforms of the 6-stator pole VFRMs under Ia = 2 A [LIU13b]. 

 

Fig. 1.10. Cogging torque waveforms of the 6-stator pole VFRMs under I f = 2 A [LIU13b]. 

The torque generation in the VFRMs can be explained by the rotational force generated by 

the excited stator poles attracting the rotor poles. Fig. 1.11 shows the torque production of the 

6/4 VFRM when the electrical rotor position is at 0↔, 90↔, 180↔, and 270↔, respectively. The 

diagram shows the flux path, excited current and directions of the torque production in the 

case of the excitation current shown in Fig. 1.12. For the simple explanation, the excited 

currents are presented as a summation of the field and armature currents since both windings 
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are wound on the same stator tooth. 

 

(a) ɗe = 0↔ 

 

(b) ɗe = 90↔ 

 

(c) ɗe = 180↔ 

 

(d) ɗe = 270↔ 

Fig. 1.11. Torque production of 6/4 VFRM at different rotor positions. 

In this description, the field current is 2 A and the armature current is 3.83 A. The excited 

currents are presented in Fig. 1.11 as current symbols depending on the current magnitude and 

excitation direction. When the electrical rotor position is 0↔, Phase B is excited at around 4.3 A, 

whilst Phase A is excited at 2 A. Due to the stator tooth excitation wound by Phase B, an 
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electromagnetic force is produced to minimize the reluctance on the main flux path. At ɗe = 90↔, 

both Phase B and Phase C are excited followed by Phase C at ɗe = 180↔ and Phase A at ɗe = 

270↔. 

 

Fig. 1.12. Current waveforms of 6/4 VFRM. 

The torque production in 6/5 or 6/7 VFRMs can be explained in the same manner with 6/4 

VFRM torque production. As an example, torque production of 6/5 VFRM is presented in Fig. 

1.13 with different electrical rotor positions. In 6/5 VFRM, one winding set has the same 

polarity between the field and armature windings, whilst the other winding set has different 

polarity. Hence, the excitation currents in stator tooth have six balanced waveforms shown in 

Fig. 1.14. When the electrical rotor position is located at 0↔, Phase B1 and Phase C2 are excited. 

In order to minimise the reluctance on the main flux path, the rotor rotates with counter 

clockwise. At ɗe = 90 ↔, Phase A2, Phase B1, and Phase C1 are excited, which leads to the 

torque production in the same direction. However, the torque is produced on only one side. It 

is different from 6/4 VFRM, in which the torque is generated by both sides. Hence, 6/5 or 6/7 

VFRMs produce the unbalanced magnetic force (UMF). It should be noted that it can be 
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overcome by doubling the numbers of stator and rotor poles [REF]. 

 

(a) ɗe = 0↔ 

 

(b) ɗe = 90↔ 

 

(c) ɗe = 180↔ 

 

(d) ɗe = 270↔ 

Fig. 1.13. Torque production of 6/5 VFRM at different rotor positions. 
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Fig. 1.14. Current waveforms of 6/5 VFRM. 

1.3  Torque Production 

1.3.1 Switched Reluctance Machines 

In a general way, when the mutual inductance is neglected, the voltage equation for Phase 

A can be written as [MIL01] 

  (1.1) 

The instantaneous power vi of Phase A is 

  (1.2) 

The supplied energy, We, into the windings can be presented with the two parts, mechanical 

energy Wm and stored energy in magnetic circuits Wf. The mechanical energy only contributes 

to the torque production, whilst the stored energy in magnetic circuits does not affect the 

torque. 
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At any instant, the change rate of magnetic stored energy is  

  (1.4) 

Based on energy conservation, the converted mechanical power can be obtained by 

subtracting the resistive loss Ri
2
 and the rate of change of the magnetic stored energy from the 

input power vi. Then, the instantaneous electromagnetic torque of Phase A is 

  (1.5) 

The torque of the SRMs is generated by the tendency of the rotor pole to align with the 

stator pole so that the flux-linkage distance is shortened. When the phase current is excited in 

the stator winding, the stator poles generate the flux-linkage. Then, the nearest rotor pole is 

pulled to align with the excited stator poles, in which the phase inductance increases. Fig. 1.15 

shows the diagram of the phase inductance, phase current and the rotor position. When the 

edge of the rotor pole starts to be overlapped with the edge of the stator pole at ɗo, the phase 

inductance starts to increase. When the rotor pole is aligned with the stator pole at ɗal, the 

phase inductance reaches to the maximum inductance, Lal. Then, the aligned rotor pole and 

stator pole will be separated due to the rotor rotation. When the rotor pole is aligned with the 

centre of the stator slot opening at ɗu, the phase inductance is at the minimum Lu. ɗon is the 

rotor position, which is starting point of the phase current conduction, whilst ɗoff is the end 

point of the phase current conduction. It is worth mentioning that ɗon is placed between ɗu and 

ɗo so that the phase current increases to its maximum quickly under the lowest phase 

inductance. 
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Fig. 1.15. Diagram of the phase inductance, current and rotor positions [MIL01]. 

Fig. 1.16 illustrates the torque production of the ideal phase inductance under a constant 

phase current. When the slope of the phase inductance is positive, it generates positive torque 

at +Tph, whilst the negative inductance slope produces negative torque at ïTph. It can be seen 

that the constant inductance does not produce any torque. In order to obtain a continuous 

positive torque, the phase current should be excited only at the positive slope of the phase 

inductance. In a three-phase SRM, the phase current can be consecutively excited so that all of 

the phase currents utilise the positive slope of each phase inductance. Then, resultant torque 

will be close to a constant torque ideally. 
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Fig. 1.16. Ideal torque production under a constant phase current [MIL01]. 

1.3.2 Permanent Magnet Synchronous Machines 

The terminal voltages of the PM machines can be written with the phase currents and the 

flux linkages as 
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where ɣa, ɣb and ɣc are the abc-axis flux-linkages, respectively. These flux-linkages can be 

defined in terms of the inductances, phase currents and flux-linkages by the rotor as follows 
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where ɣar, ɣbr and ɣcr are the flux-linkages produced by the PMs on the rotor. The open-circuit 

back emfs can be presented as 
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Then, the electromagnetic torque can be calculated as [LIU13a] 
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(1.9) 

The first term of (1.9) is the synchronous torque, which is generated by the interaction 

between the phase current and flux-linkage generated by the PMs. Fig. 1.17 illustrates how a 

PM machine produces a constant power. With a balanced three-phase winding, having 

three-phase sinusoidal emfs, resistances, and inductances, three-phase sinusoidal currents 

produce a positive power. Then, the total electrical power is a constant value. The torque can 

be given by dividing the obtained power by a machine speed. The second and third terms are 

the reluctance torque, which is proportional to the change rate of the inductance with the rotor 

position. In the IPM machines, the inductance of any phase has two maxima and two minima 

in one electrical cycle rotation, representing a double-frequency harmonic variation. The 

mutual inductance between any two phases exhibits a similar characteristic. These inductance 

variations contribute to the reluctance torque produced by rotor saliency of the machine. 

 

Fig. 1.17. Constant power generated from three-phase sinusoidal currents and back emfs 

[NAM10]. 
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1.3.3 Variable Flux Reluctance Machines 

Based on (1.5), the instantaneous torque production is extended to the 6/4 and 6/8 VFRMs 

as presented [LIU12b] 

  (1.10) 

It is shown that the instantaneous torque of the 6/4 VFRM is generated by three components. 

Firstly, the self-inductance variation of the armature windings produces the torque component. 

The torque production principle resulted from the self-inductance in the 6/4 VFRM is the same 

as that of the 6/4 SRM. It is proportional to the square of the armature current magnitude, but 

not related to its polarity. Under a sinusoidal armature current and constant field current 

condition, the self-inductance of the armature windings contributes to the torque ripple in the 

6/4 VFRM, whilst it generates the average torque in the SRMs [LIU13b]. Secondly, the 

self-inductance of the field windings generates the torque ripple. This component can be 

regarded as a cogging torque as mentioned earlier. Lastly, the mutual inductance variation 

between the field and armature windings interacts with the field and armature currents and 

generates torque. The principle of the torque generation with the mutual inductance is similar 

to that of the PM machines having PM flux-linkage, where the torque is generated by the 

interaction between the flux-linkage and armature current. The relationship between the field 

current and the mutual inductance generates flux-linkage, and the flux-linkage contributes to 

the torque production with the armature current. Since the flux-linkage of the armature 

winding is varying over one periodic cycle with respect to the rotor rotation, the maximum 

torque generation can be achieved by using the armature current in phase. Under the 
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sinusoidal phase current and constant field current, the average torque is mostly produced by 

the mutual inductance between the field and armature windings [LIU13a]. 

On the other hand, the instantaneous torque production of the 6/5 and 6/7 VFRMs is  

 
 

(1.11) 

Unlike the 6/4 VFRM, the 6/5 and 6/7 VFRMs have the mutual inductance component 

between the armature windings. Hence, this mutual inductance component contributes to the 

torque production, which is presented in the second component of (1.11). 

The VFRMs can be divided into two categories based on the winding configurations of the 

armature windings [LIU13b]. As a first category, the 6/4 and 6/8 VFRMs have a significant 

fundamental component of the self-inductance in the armature windings since the armature 

windings in each phase are connected with the same polarity. Based on the torque production 

in the SRMs, the self-inductance can be utilised for the additional average torque generation 

with the harmonic current injection. In contrast, the 6/5 and 6/7 VFRMs have a relatively 

constant self-inductance due to the opposite connection of the armature windings. This 

characteristic is similar with the SPM machines, which does not have a saliency between 

dq-axis inductances in a synchronous reference frame. Hence, the maximum average torque 

can be obtained by a maximum torque per ampere (MTPA) control, in which q-axis current is 

maximised with zero d-axis current control [NAM10].  
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1.4  Control Strategies 

1.4.1 Switched Reluctance Machine Control 

Typically, the SRM is excited by the unipolar excitation using an asymmetric bridge 

inverter [WAN05]. Although the SRMs have a simple and robust structure, they have some 

issues to be improved, i.e. high torque ripple, acoustic noise and vibrations. In order to 

improve a performance of the SRMs, many methods have been proposed, mainly for the 

torque ripple reduction. From the control point of view, the methods can be categorised into 

the following groups. 

1.4.1.1 Current Waveform Shaping  

This method is a conventional technique to reduce the torque ripple of the SRMs. The 

phase current waveforms are modified so that a smooth torque can be achieved by using a 

precedent calculation [MIK13]. The similar concept can be accomplished based on the 

flux-linkage waveform modification instead of the phase current [RUS98]. During the process 

of the current calculation, the torque sharing profile, optimisation, or overlapping angle 

between the phase currents have been utilised for the torque ripple reduction [HUS96]. 

Additionally, both voltage and current waveforms have been optimised to avoid the spike 

voltage since high peak current can be excited at the rotor position having a low inductance 

[STA99]. A modulated unipolar current waveform has been proposed and compared with a 

bipolar excitation current in terms of torque/current ratio and motor efficiency [NAK12]. The 

torque ripple was minimised by a combination of machine design and control strategy 
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[MIK13]. Through a simulation, the required current profiles were found and the resultant 

current harmonics were given based on the Fourier series. For the elimination of the third 

harmonic component in the sum of radial forces of the stator teeth, the acoustic noise and 

vibration reduction method has been proposed based on the utilisation of the dc, fundamental, 

second and third harmonic currents [TAK15]. As an extended study, a general case is derived 

by exploring optimised solutions, which considers not only the minimisation of the acoustic 

noise and vibration, but also copper loss, peak current or torque ripple [BAY16]. 

1.4.1.2 Feedback Method 

For the torque ripple reduction, the operating conditions including machine parameters are 

fed back to a controller either directly or indirectly. A hysteresis torque controller has been 

utilised, in which the reference currents are calculated by comparing the directly measured 

torque and the reference torque [FUE05]. Instead of the direct torque measurement, the torque 

is estimated based on the measured phase currents and rotor position due to its high cost 

[KIM01]. Additionally, co-energy is employed for the torque calculation [LUK04], whilst the 

flux-linkage feedback is utilised for the torque estimation from the phase current and rotor 

position in a linear condition [BAR98]. 

1.4.1.3 Advanced Control Method 

Since the current shaping technique and feedback methods are still complex, advanced 

control strategies have been proposed. The current profiles for the torque ripple reduction have 

been provided from an iterative learning controller [SAH01], whilst fuzzy logic provides a 
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turn-off angle for the same purpose [ROD01]. The fuzzy logic is also implemented in the 

current loop for the reference current generation [MIR99], and in the speed loop [SIN98]. 

Additionally, a neural network is adopted in a learning process of the torque estimation 

[LIN06]. However, the advanced control strategies have a slow dynamic response due to their 

high computation overloads. 

1.4.1.4 Bipolar Current Excitation 

A conventional three-phase inverter has been used for a sinusoidal current excitation to 

reduce a noise emission and vibration due to its smooth phase current excitation [AHN99], 

and torque ripple reduction [MOR12]. However, as a drawback of the sinusoidal current 

excitation, the torque density is inevitably decreased since some harmonic currents 

contributing to the average torque production are not utilized [LIU10]. One of the challenges 

for the modern SRM drives is the achievement of the torque density with smooth current 

excitation. In order to improve the torque density, a bipolar non-sinusoidal current excitation 

has been proposed by using different current excitations. The bipolar excitation of the SRM 

phases can result in a short flux path magnetic circuit, and lead to generating a higher torque 

with less pulsation, in addition to the efficiency and power quality improvement [EDR05]. 

The sinusoidal current biased by a dc offset was applied to each circuit, which provides the 

precise torque control and MTPA control. Although this method utilised the virtual rotor flux 

and rotating stator field, the fundamental component of the phase currents and inductances are 

only considered [NAK14]. Space vector control from a synchronous machine control has been 

adopted for the SRM drives [CHE02]. This scheme has a major advantage, which requires 
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neither the torque nor current profile. 

1.4.2 Permanent Magnet Synchronous Machine Control 

In general, the machine control methods can be categorised to three types, i.e. scalar 

control and vector control, which have been widely utilised for various machines [LIP96], and 

more recently direct torque control (DTC) [TAK89]. In this chapter, vector control and direct 

torque control are briefly reviewed. 

1.4.2.1 Vector Control 

The vector control allows an induction machine or synchronous machine to be controlled 

like a separately excited dc machine. The basic concept of the vector control is to transform 

three-phase quantities to two equivalent dc components called dq, in which d and q are two 

perpendicular axes [PAR29]. This allows the torque and flux to be decoupled and controlled 

separately [NAM10]. In vector control, the rotor position should be known in order to 

transform the machine quantities.  

Generally, the operation conditions of the vector control are a constant torque and flux 

weakening region. These operations are determined due to the physical limitation of the 

machine and inverter [MOR90]. MTPA control and flux weakening control have been widely 

utilised. The MTPA control produces a maximum torque of the machine under a given current 

condition by maintaining a particular current angle [NAM10]. On the other hand, the objective 

of the flux weakening control is to increase the machine speed above the base speed [MOR90]. 

The basic concept is to reduce the flux-linkage in the air-gap by injecting a demagnetising 
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armature current in the synchronous machine drive. In this thesis, the vector control will be 

utilised, and more detailed control strategies will be given in Chapter 2. 

1.4.2.2 Direct Torque Control (DTC) 

The basic concept of the DTC is to control the torque and flux-linkage directly by using 

lookup tables with voltage vectors [TAK89]. The DTC employs two hysteresis controllers 

typically, in which one is to correct torque error and the other one is for flux-linkage error 

correction [FRE96]. The torque controller maintains the estimated torque within a hysteresis 

band, whilst the flux controller makes the rotating stator flux following a reference trajectory. 

The DTC has many advantages compared with the vector control. Of all the machine 

parameters, the stator winding resistance is only required for the DTC. Since the DTC utilises 

the reference voltage from a lookup table, the computation time of the control system can be 

reduced. Additionally, because it controls the torque and stator flux-linkage directly, a faster 

torque response is achieved compared with the vector control. 

However, the main drawback of the DTC method is high torque ripple and stator 

flux-linkage ripple due to hysteresis controller [CAS00]. The DTC scheme is incorporated 

with space vector pulse width modulation (SVPWM) for the induction machines. It reduces 

the torque, flux, current, speed ripples in steady state as well as the acoustic noise [LAS00]. 

Additionally, since the switching frequency varies with operating conditions including the 

machine speed, load torque, and bandwidth of the controllers, a modified DTC has been 

proposed for the torque and flux ripple reduction at almost fixed switching frequency 

[TAN03]. Meanwhile, when the stator flux-linkage is estimated based on an integration of 
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voltage, it may lead to a long estimation time for both flux-linkage and torque [BOS97]. The 

compensation for the dc offset error has been utilised in the IPM machine drives [RAH04]. 

Since the flux-linkage estimation is mainly depended on the stator resistance, the resistance 

variation can cause a mismatch in the estimation. Especially at low speed operation, the 

variation of the stator resistance can significantly affect the integration process due to the low 

back emf. Hence, the stator resistance estimation scheme has been applied by using 

proportional and integral (PI) controllers based on the error in the flux-linkage [HAQ01]. 

1.4.3 Variable Flux Reluctance Machine Control 

1.4.3.1 External Field Current Control 

For the VFRM drives, the external field excitation current control scheme has been utilised 

as shown in Fig. 1.18 [LIU12a], [FUK12]. For the armature current control, the three-phase 

bridge inverter can be employed, which has been commonly used in the PM machine and 

induction machine drives. The dc field excitation current can be obtained by using a separated 

current source or additional inverter bridge. 
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Fig. 1.18. External field current control method for VFRM drives [LIU12a]. 

1.4.3.2 Harmonic Current Injection 

The current shaping techniques in the SRM drives can be regarded as a harmonic current 

injection into the phase currents. It was shown that the second harmonic current injection into 

the armature winding could contribute to the average torque in the 6/4 SRM [LIU12b]. 

However, the principle of the average torque production resulted from the second harmonic 

current was not fully explained, and the optimal excitation current was obtained from the 

numerical calculation [BAY16] . Since the 6/4 VFRM has the same structure as the SRMs 

except for the divided field and armature windings, the contribution of the harmonics will be 

investigated by using the 6/4 SRM. The derived torque equation is able to evaluate the torque 

productions for all of the current harmonics in the SRMs. 

In contrast, the main source causing the torque ripple can be divided into three parts based 

on the torque production mechanism of the VFRMs. Firstly, the self-inductance of the 

armature windings produces the third harmonic torque ripple. Different from the 6/5 or 6/7 
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VFRMs, the 6/4 VFRM produces the significant third harmonic torque ripple, which is 

proportional to the square of the phase current magnitude [LIU13b]. In the IPM machines, the 

self-inductance of the phase windings changes at twice frequency per one rotor revolution, 

which results in a reluctance torque. However, the 6/4 VFRM has only one periodic change in 

the self-inductance with respect to the electrical rotor position. This fundamental component 

of the self-inductance generates the significant torque ripple having the third harmonic 

component in the 6/4 VFRM. Secondly, the harmonic components of the mutual inductances 

cause the torque ripple, which is similar with the harmonics in the back emf in the PM 

machines. Lastly, the cogging torque exists when only the field current is applied in the 

VFRMs. The interaction between the stator slot openings and the field excitation current 

causes cogging torque, which is independent of stator armature currents. Hence, in order to 

reduce such torque ripples the harmonic field current injection scheme can be applied to the 

VFRMs.  

For the torque ripple reduction, many investigations have been researched over the past few 

decades based on the harmonic current injection. The torque ripple was minimised by 

selecting the appropriate current harmonics [LEH86]. A series of specific harmonic currents 

were added into the q-axis reference current to suppress the torque ripple. The additional 

torque components was generated to counteract the fundamental and second harmonic 

components of the cogging torque for the SFPM machines [JIA10], and PM machines 

[LEE08]. These prior works were extended to consider the inverter limitations including the 

finite supply voltage and the finite di/dt capability [HAN94]. Since these schemes were 



36 

 

studied under the assumptions that all of the three phases have identical back emf waveforms 

and have 120↔ elec. phase shift, the optimised reference phase current waveforms were 

calculated considering three-phase unbalanced conditions [PAR00]. In [NAK12], the 

enhanced half sinusoidal phase current has been proposed to achieve the smooth torque 

production when the excited phase is switched over the adjacent phase. In [BAY15], a 

numerical solution has been proposed by using the combinations of the harmonic components 

in the phase currents in order to reduce the acoustic noise and torque ripple.  

1.5  Integrated Current Control for VFRMs  

There is a possibility to inject the field and armature currents together into a single coil as 

sinusoidal current biased by a dc offset as shown in Fig. 1.19 [LIU12b], which is named as an 

integrated field and armature current. Since both field and armature windings are wound on 

the same stator tooth in the VFRMs, the field and armature windings can be connected in 

parallel to integrated phase windings as shown in Fig. 1.20. Then, the three-phase currents 

having dc offset can be injected into the integrated phase windings. 

Generally, the phase winding resistance is proportional to the winding length, whilst it is 

inversely proportional to the cross section area of the winding. Since the integrated current 

control allows using field and armature windings in a parallel connection, the cross section 

area becomes double compared with that of the external field excitation control, and it leads to 

the half of the winding resistance. As a result, the copper loss can be decreased by half. 

Meanwhile, the number of turns per phase is the same between the external field excitation 
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current and the integrated current control. Thus, the static and varying components of the 

phase inductance in both current control methods are maintained at the same because the 

inductance is proportional to the square of the number of turns. The output torque is only 

related to the winding inductance components rather than the winding resistance. As a result, 

the torque can be maintained in both control method if the current condition is the same. It 

should be noted that the derived voltage and torque equations are still applicable when the 

integrated current control is adopted. 

 

(a) 6/4 and 6/8 VFRMs 

 

(b) 6/5 and 6/7 VFRMs 

Fig. 1.19. Winding configurations of external field current and integrated current control. 

  



38 

 

 

(a) 6/4 VFRM 

 

(b) 6/5 VFRM 

 

(c) 6/7 VFRM 

 

(d) 6/8 VFRM 

Fig. 1.20. Cross sections and windings of the 6-stator pole VFRMs with different rotor poles. 

1.5.1 6/4 Variable Flux Reluctance Machine 

For the sinusoidal phase current control with dc offset, the zero sequence current control 

has been utilised by using an asymmetric H-bridge inverter in Fig. 1.21 [NAK14]. In this 

method, the dc component of the phase current produces a virtual rotor flux, whilst the 

sinusoidal phase current generates a rotating stator field. In order to generate the dc 

component of the zero sequence current, an open winding inverter topology can be used, in 
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which two three-phase inverters are connected to the terminals of the open winding machine in 

Fig. 1.22 [TAK89], [MUN00]. Although it requires an additional inverter set compared with 

the conventional three-phase inverter, the increased output voltage leads to an extended 

operating speed range [KIM04], [PAN14]. 

 

Fig. 1.21. Asymmetric H-bridge inverter [MIL01]. 

In the open winding inverter using two isolated dc link voltage sources, there is no zero 

sequence current path for the dc component in Fig. 1.22(a) [STE93], [LEV12], [SRI13]. 

Hence, it cannot generate the zero sequence current across the machine windings. On the other 

hand, the open winding inverter can be implemented with a single voltage source in Fig. 

1.22(b) [BAI04], in which this configuration allows the current flowing through a common 

mode loop. However, it also generates the alternating zero sequence current through the 

machine windings depending on the inverter switching patterns, which may cause the 

undesirable losses and decrease the efficiency [CHE06], [SOM13]. Therefore, the schemes 

reducing the alternating components in the zero sequence should be paid to the open winding 
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inverter with a common dc link voltage source. 

 

(a) Open winding inverter with two isolated voltage sources [SRI13] 

 

(b) Open winding inverter with a common voltage source [BAI04] 

Fig. 1.22. Open winding inverter topology. 

To suppress the alternating zero sequence current in the open winding configuration, a 

common mode voltage elimination has been proposed [BAI04]. The zero sequence voltage 

can be avoided by utilising the certain switching pattern in order to obtain the same common 

mode voltage between the two inverters. Also, 120° phase shift method based on the SVM has 

been introduced [SOM02]. Additionally, the optimal control scheme of switching angles in the 

two inverters has been proposed for the minimisation of the zero sequence component and 
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current harmonic distortion [EDP15]. The zero vector placement strategy has been 

investigated with a sub hexagonal centre and decoupled vector based on PWM switching 

scheme [SOM08a], [SOM08b]. The switching on-time for the zero vectors is modified in 

order to minimise the common mode voltage and zero sequence current. For the suppression 

of the zero sequence current caused by open winding PM machines, the zero vector 

redistribution concept has been proposed, in which the zero vector is utilised to counteract the 

third-order harmonic back emf in the machines [ZHO15]. 

1.5.2 6/7 Variable Flux Reluctance Machine 

In the integrated current control scheme, the dc offset component generates a virtual rotor 

flux as the field current, whilst the three-phase sinusoidal currents produce a rotating stator 

field. To generate the sinusoidal phase currents with a dc offset, the zero sequence current has 

been utilised by using the asymmetric H-bridge inverter [NAK14]. The zero vector 

redistribution technique has been proposed to implement the integrated current control based 

on the open winding configuration. [ZHU15a] However, these configurations can only be 

applied to the 6/4 and 6/8 VFRMs because they have the same polarity between the field and 

armature windings for all stator teeth. In contrast, in the 6/5 and 6/7 VFRMs, one of the 

three-phase winding sets has the same polarity between the field and armature windings, but 

the other set has a different polarity as shown in Fig. 1.19 [LIU13b]. Therefore, the integrated 

control method based on the H-bridge inverter or open winding inverter cannot be directly 

applied to the 6/5 and 6/7 VFRM drives. 

In order to drive the 6/5 and 6/7 VFRMs with the integrated current control, the integrated 
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windings should be divided into two winding sets in Fig. 1.23, and the resultant winding 

configuration is similar to a six phase or dual three-phase winding having a 180↔ phase 

difference. For VFRM drives with the dual three-phase configuration, the mathematical model 

should be derived to apply the vector control in the synchronous dq-axis frame. A six-phase 

induction machine has been analysed [NEL74], in which an equivalent circuit has been 

derived with an arbitrary angle displacement between the two winding sets. Additionally, the 

machine model for the six-phase induction machine was developed in the synchronous dq-axis 

frame [LIP80], [SIN05]. Similar concepts can be found in the dual three-phase and double-star 

three-phase configurations. The digital field-oriented control for dual three-phase induction 

motor drives has been proposed with the machine dynamic model, based on the vector space 

decomposition [BOJ03]. For the control simplicity, a space vector control technique has been 

proposed for dual three-phase machines, in which three two-dimensional orthogonal subspaces 

are introduced for analytical modeling and machine control [ZHA95].  

Based on the open winding configuration, the zero vector redistribution has been proposed 

for suppressing an alternating zero sequence current [ZHO15]. In the same manner, zero 

vector modification has been proposed for the 6/4 VFRM in order to generate the constant 

zero sequence current, whilst suppressing the alternating component [ZHU15a]. This method 

utilised the zero vector difference between two inverters for the generation of the common 

mode voltage introducing the zero sequence current. When a neutral point is linked between 

two winding sets in the dual three-phase configuration, the zero sequence current can flow 

through the machine. This quantity exhibits a standing wave in the air gap, and this component 
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is crucial because it generates the field current in the integrated current control. Hence, the 

zero vector redistribution technique is also applicable for the dual three-phase inverter through 

the neutral point [ZHU16b]. 

 

Fig. 1.23. Dual three-phase inverter configuration with a neutral point [LIP80]. 

1.5.3 FEA Calculation for  External and Integrated Current Control s 

When the electromagnetic torque of the VFRMs is calculated with the aid of FEA software, 

the dc and ac components of the currents can be excited to stator tooth together or separately. 

In this section, it will be shown that the electromagnetic torque of the VFRMs is identical 

when the dc and ac components of the currents are excited together or separately. Then, due to 

the identical torque production, the FEA results under the external current control scheme can 

be transferred to FEA results with the integrated current control scheme. 

Fig. 1.24 shows the circuit view of the Flux FEA software in the 6/4 VFRM drives. In the 

external current control scheme, the field windings from DC A1 to DC C2 are connected in 

series with the equivalent inductances and resistances in Fig. 1.24(a). The armature windings 

are connected in Y-connection, and these windings are excited by three-phase currents. The 
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excited current waveforms are presented in Fig. 1.25(a), which shows the constant dc field 

current and the three-phase armature currents. On the other hand, the circuit view of the 

integrated current control in the Flux FEA software is presented in Fig. 1.24(b). The dc and ac 

windings are in parallel connection, whilst the integrated current waveforms are excited as 

shown in Fig. 1.25 (b) 

 

(a) External field current control scheme 

 

(b) Integrated current control scheme 

Fig. 1.24. Circuit view of Flux FEA software in the 6/4 VFRM drives. 
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(a) External field current rontrol scheme 

 

(b) Integrated current control scheme 

Fig. 1.25. Current waveforms in the 6/4 VFRM drives. 

Meanwhile, Fig. 1.26 shows the circuit views of the FEA software in the 6/5 VFRM drives. 

The field windings are connected in series having the same polarity, whilst the armature 

windings have the different polarity in one phase as shown in Fig. 1.26(a). As with the 

external field current control of the 6/4 VFRM, the field and armature current waveforms are 

presented in Fig. 1.27(a). In order to realise the integrated current control scheme in the 6/5 

VFRM, the dc and ac windings are connected in parallel as shown in Fig. 1.26(b). The current 

waveforms are shown in Fig. 1.27(b) due to the different polarity. 
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(a) External field current control scheme 

 

(b) Integrated current control scheme 

Fig. 1.26. Circuit view of Flux FEA software in the 6/5 VFRM drives. 
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(a) External field current control scheme 

 

(b) Integrated current control scheme 

Fig. 1.27. Current waveforms in the 6/5 VFRM drives. 

With both configurations in the 6/4 and 6/5 VFRM drives, the calculated torque waveforms 

are presented in Fig. 1. 28. It shows that the torque waveforms are identical when dc and ac 

components of the currents are excited separately or together in both 6/4 and 6/5 VFRM drives. 

Hence, the FEA results will be converted between the external field current control scheme 

and the integrated current control method in this paper. 
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(a) 6/4 VFRM drives 

 

(b) 6/5 VFRM drives 

Fig. 1.28. Torque waveforms calculated by Flux FEA software. 

1.6  Outline and Contributions of the Thesis 

VFRMs and other machines have been reviewed in this chapter, whilst the torque 

production principle and the possibility of the integrated current control are addressed. This 

thesis mainly investigates the torque production and control methods for the VFRMs as shown 

in Fig. 1.29. The torque production of the 6/4 VFRM is investigated in Chapter 3. Based on 

the analytic torque equation, the torque ripple is minimized by using the harmonic field 
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current injection in Chapter 4. Moreover, the integrated current control strategy is applied to 

the 6/4 VFRM with the open winding inverter in Chapter 5, and 6/7 VFRM with the dual 

three-phase inverter in Chapter 6. Further investigation of the 6/7 VFRM torque production 

and torque ripple reductions are presented in Chapter 7. 

 

Fig. 1.29. Diagram of whole thesis structure and corresponding topic for each chapter. 

The contents of the following chapters are summarised as follows: 

Chapter 2: A detailed experimental setup is described including the hardware platform and 

software implementation is given. For the VFRM drives, a vector control strategy is provided, 

in which the MTPA control and flux-weakening control are presented. 
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Chapter 3: The torque equation of the 6/4 SRM is derived considering the harmonics in 

inductances and currents. Due to the fundamental component of the self-inductance variation, 

the harmonic current injection method is introduced for the average torque improvement. 

Chapter 4: Based on the derived torque equations, the torque ripple waveforms are 

predicted analytically. By injecting the harmonic field current, the torque ripple minimisation 

method is proposed for the 6/4 VFRM. 

Chapter 5: The integrated field and armature current control strategy is proposed for the 6/4 

VFRM using the open winding. The proposed method can increase the machine efficiency and 

extend the operating speed range due to smaller winding resistance. The zero sequence current 

is utilised as the field current, whilst theΟdq-axis currents generate the rotating field. 

Chapter 6: In order to drive the 6/5 and 6/7 VFRMs with the integrated current control, the 

dual three-phase configuration with the neutral point is adopted due to the its winding 

configuration. The conventional dq-axis current control scheme is applicable for the armature 

current control based on the vector control in the synchronous reference frame.  

Chapter 7: The instantaneous torque equation of the 6/7 VFRM is derived considering all 

the harmonics of the inductances and currents. Based on the derived torque equations, the 

torque ripple waveforms are predicted analytically. By injecting a harmonic field current, the 

torque ripple minimisation method is proposed for the 6/7 VFRM. Additionally, the harmonic 

components are injected to the zero sequence current in the integrated current control 

configurations for the torque ripple reduction. 

Chapter 8: The research works are summarised and future work discussions are given.  
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The major contributions of this thesis are: 

¶ The instantaneous torque equations of the VFRMs are derived considering all the 

harmonics of the inductances and currents, which provide a better understanding of the 

torque production in the VFRMs. Contribution of the current harmonics is studied from the 

respects of analytical investigations and experimental test. It is found that the average 

torque of the 6/4 VFRM is mainly produced by the interaction between the dc, fundamental 

and second harmonic components of the phase currents and the fundamental component of 

the self-inductance.  

¶ It is shown that the third harmonic torque ripple in the 6/4 VFRM is primarily resulted 

from the fundamental component of the self-inductance in the armature windings. On the 

other hand, the 6/5 and 6/7 VFRMs exhibit the torque ripple with a multiple of the sixth 

harmonic component due to the opposite polarity of the armature windings. Based on the 

harmonic field current injection, the torque ripples of the VFRMs are effectively 

minimised. 

¶ With the zero sequence current control, the integrated field and armature current control 

strategy is proposed and integrated into the conventional vector control over the entire 

operating range. It allows the efficiency improvement and extended operating range due to 

the reduced winding resistance through the integrated winding of the field and armature 

windings. Due to its different winding configurations, the open winding inverter is utilised 

for the 6/4 VFRM, whilst the dual three-phase inverter having a neutral point is adopted for 

the 6/7 VFRM drives.   
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CHAPTER 2  

EXPERIMENTAL SYSTEM AND VECTOR CONTROL  

 

2.1  Introduction  

The experimental system is implemented based on a dSPACE platform, which is a 

commercial engineering tool for developing and testing mechatronic control systems. 

dSPACE has different peripheral modules such as host interface, pulse width modulation 

(PWM) generator, encoder interface, analog-to-digital (A/D) and digital-to-analog (D/A) 

interfaces. The overall block diagram of the experimental system consists of three parts, i.e. 

control system, power stage and test rig as shown in Fig. 2.1. With respect to the userôs 

command, the programmed dSPACE generates PWM signals to the inverter so that a machine 

is controlled at a certain operating point. It should be noted that the power stage and test rig 

were developed by former Ph.D. students in the Electrical Machines and Drives Group in 

University of Sheffield. For the machine drives, the vector control will be briefly given 

including constant torque region and flux weakening region. In order to avoid the degraded 

performance in the flux weakening operation due to a parameter mismatch, a feedback method 

is implemented, which does not require the machine parameters. 
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2.2  Experimental system 

2.2.1 Control System 

The main processor board provides a basis of the dSPACE modular system, especially in 

laboratory environments for different purposes. Based on AMD Opteron
TM

 processor, the 

real-time calculation is performed and it gives the real-time interface to the I/O boards and the 

host PC. The host interface provides information exchanges and debugging functions between 

the host PC and the dSPACE. Hence, the command input, parameter acquisition and 

waveform capture can be easily accomplished with the aid of the real-time communication. 

 

Fig. 2.1. Overall block diagram of experimental systems. 

The PWM signals are generated by a DS5101 digital waveform output board. It has been 

developed to generate complex, high-speed digital signals with high resolution. The board 

supports the generation of TTL pulse patterns up to 16 channels, which includes PWM signal 

generation. Additionally, all output channels can be configured as input channels for trigger 

signals. For the mechanical rotor position measurement, an incremental encoder is mounted to 
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the shaft of the prototype machine. The encoder signals are linked to a DS3001 incremental 

encoder interface board. It has been developed to offer precise position measurement in many 

applications such as machine drive control and robotics. The interface board provides five 

independent channels and is able to process phase signals from digital incremental encoders 

having either differential RS422 or single-ended TTL. For the machine speed measurement 

from the encoder pulses, M method is widely utilised. The principle is shown in Fig. 2.2, 

where me is the number of pulses in a fixed sampling period Ts. A sampling period represents 

interval time to count the number of the pulse periodically. The counted pulse me is utilised for 

the rotor angular speed calculation by difference derivative. The following equations present 

the measured angular speed as [NAM10] 

 
2 e

r

s

m

NT

p
w=  (2.1) 

where N is the encoder pulse number per rotation. The switching frequency of the inverter is 

set to 10 kHz, which is 100 ɛs for the sampling period Ts. The incremental rotary encoder 

(Hengstler RI58-D hollow shaft type) is adopted, which has the number of the encoder pulse 

per rotation at 5,000. In practical operation, the machine shaft should be rotated manually in 

initial condition for index pulse detection due to its incremental encoder property. The 

maximum speed of the encoder is 5,000 rpm, and experiments are performed up to 1,500 rpm 

in this thesis. 
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Fig. 2.2. Principle of M method for rotor angular speed measurement. 

In order to measure the actual currents and dc link voltage, A/D converter is implemented 

by DS2004 high speed A/D board. It has been designed for digitising analog input signals at 

high sampling rates. The A/D conversion can be supported up to 16 independent channels 

equipped with a separate A/D converter. BNC connectors are utilised for the minimisation of 

noise influence, and selectable input mode is available at single-ended or differential mode. 

For the data acquisition through the oscilloscope, D/A converter is implemented with a 

DS2101 D/A board with five 12-bit D/A channels. The board has been designed to generate 

analog signals from dSPACE digital signals so that the oscilloscope can capture the 

waveforms. Additionally, when the push button is activated by a user, the main dc link power 

line is disconnected by a relay in the inverter. As a result, although dSPACE generates the 

PWM signals to the switching devices in the inverter, the inverter and machine can be 

protected from an emergency situation. 

2.2.2 Power Circuit  

In order to drive the VFRMs with the external current control configuration, the 

conventional three-phase inverter is required for the armature current control. An additional 
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current source or an inverter leg is necessary for the field current control. Also, two 

conventional three-phase inverters should be implemented for the open winding inverter and 

dual three-phase inverter so that the integrated current control can be implemented. Two 

three-phase inverters consist of four parts, i.e. two inverters, fans, sensor board, and terminals 

as shown in Fig. 2.3. The commercial inverter board is utilised, which is 

STEVAL-IHM027V1 manufactured by STMicroelectronics. The inverter board is designed 

for three-phase machine control demonstration featuring STGIPS10K60A 600 V, 10 A IGBT 

intelligent power module. This board can be utilised with single-phase ac supply up to 220 V, 

or dc supply up to 350 V. As a dc link voltage supplier, the microprocessor controlled 

laboratory power supply (EA-PSI8360-30) is utilised. It can produce the output voltage up to 

360 V, and output current up to 30 A with maximum power rating at 3,000 W. 

 

Fig. 2.3. Top view of two three-phase inverter. 

The sensor board provides the measurement of the actual phase currents and dc link voltage. 

The phase current of the machines is measured by the current transducers. The output voltage 

of the current transducer is transformed to a bipolar voltage signal by using analog 
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conditioning circuits. Then, the measured voltage is converted to a digital signal by the 

dSPACE A/D converter. The scale between the actual current I and the voltage of the sensor 

Vo is set as 

 0

4
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1000
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V I

³
= ³ =  (2.2) 

On the other hand, the scale for dc link voltage measurement is presented as 

 0 2.5 100
20000 80

in inV V
V = ³ ³ = (2.3) 

where Vin is the measured dc link voltage. In practice, in order to consider the manufacture 

error and component tolerance, the offset adjustment is performed experimentally. 

2.2.3 Test Rig 

The mechanical part consists of three components, i.e. prototype VFRMs, torque 

transducer, and dc load machine. The prototype machines are the VFRMs having 6-stator pole 

with different rotor pole combinations. These machines are developed and made by former 

Ph.D. students in the Electrical Machines and Drives Group in University of Sheffield. The 

major parameters of the prototype machines will be presented in the corresponding chapters. 

For the instantaneous torque measurement, the torque transducer (MAGTROL TM 308/011) 

is implemented between the test machine and dc machine. It provides extremely accurate 

torque up to 20 Nm with Sensitivity 250 mV/Nm and speed measurement over a very broad 

range. Additionally, a conditioning electronic module is integrated providing 0 V to ± 10 V 

torque output and an open collector speed output. A torque display (MAGTROL 3410) is 

designed for use with the torque transducer, which powers the transducer and utilises high 

speed digital signal processing (DSP) to display the torque, speed and mechanical power. 
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Real-time torque values can be obtained by connecting the torque output to the data 

acquisition system in the dSPACE. Although the average torque can be observed in the torque 

display equipment, the torque waveforms are captured by the capture function in order to 

obtain the data accurately. According to the user manual [MAG12], the gain of the A/D 

converter is set to 20, whilst the offset is adjusted experimentally. As a mechanacal load, A dc 

load machine is connected to the prototype machine. In order to dissipate the generated power 

from the dc load machine, a power resistor is utilised connecting to the armature winding of 

the dc machine. The field current of the dc machine is supplied by a dc power supply 

externally so that the load condition can be changed by adjusting the field current or the 

resistance of the power resistor. 

Based on the operation principle of dc machine, the generated torque can be presented as 
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where k is a constant, i f is the field excitation current, ɤm is the mechanical machine speed, Ra 

is the resistance of the armature winding in the dc machine, and RL is the resistance of the 

external resistor, respectively. Then, at a given load resistance and field current, the load 

torque generated by the dc machine is proportional to the shaft speed as 

 L L mT Bw=  (2.5) 

where BL = kif
2
/(Ra + RL), it is constant for a given i f and RL. Therefore, the load torque is speed 

dependent by the dc generator. The description of the prototype VFRMs will be presented in 

each chapter. 
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2.3  Vector Control 

The vector control has been extensively used for ac machine drives in industrial and 

commercial applications. In the ac machine drives, torque is expressed as the outer product of 

flux and current vectors. Therefore, the two vectors should be placed in orthogonal for the 

maximised torque generation. It can be achieved dynamically in a synchronous reference 

frame by transforming the phase currents to the equivalent dq-axis currents for a field oriented 

control. The transformed dq-axis currents are controlled to obtain the required magnitude of 

flux and torque over the constant torque and constant power regions. 

The dq-axis currents are defined from the phase current Is and current angle ɓ as 

 ()sinds si I b=-  (2.6) 

 ()cos .qs si I b=  (2.7) 

From the basic mathematical model of the PM machines [NAM10], the voltage and torque 

equations can be written using the defined dq-axis currents as 
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where Rs is the phase winding resistance, ɤe is the electrical angular speed of the machine, and 

ɣm is the open-circuit flux-linkage produced by the PMs, respectively. 

In the dq-axis current plane, the current constrain forms a circle whose centre is located at 

the origin with the radius Imax, which is maximum phase peak current as 

 
2 2 2

max.ds qsi i I+ ¢  (2.11) 
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The voltage limit locus in the dq-axis current plane can be obtained from the voltage 

constraint Vmax as 

 
2 2 2

max.ds qsv v V+ ¢  (2.12) 

If the winding phase resistance is neglected, the voltage constraint can be simplified to 
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This is the equation of the ellipse centered on the point (ɣm/Lds, 0) in the dq-axis current plane. 

An operating point can be positioned in the intersection between the current circle and the 

voltage ellipse unless it exceeds the inverter voltage or current limits. 

The machines can have three operating regions limited by the different constraints. 

¶ Region I : constant torque region  Is = Imax, Vs < Vmax 

¶ Region II : flux weakening region  Is = Imax, Vs = Vmax 

¶ Region III  : flux weakening region  Is < Imax, Vs < Vmax 

2.3.1 Constant Torque Operation 

The circle diagram is a graphical technique to determine optimal current vectors for vector 

controlled ac drive systems in Fig. 2.4 [JAH87], [MOR90], [KIM96]. It can show how these 

limits restrict the operation region in the dq-axis current plane. If the centre point of the 

voltage ellipse is located outside the current circle, the machine only has Region I and II. 

Region III only exists when ɣm/Lds is lower than the current limit, Imax. 

Region I corresponds to the constant torque region, which is mainly limited by the phase 

current. Geometrically, Region I operates at the point from O to A in Fig. 2.4. In the constant 
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torque region, the MTPA control is widely used due to its simplicity and significant 

performance. For the PM machines with saliency, such as those having inset and interior PMs, 

the d-axis inductance Ld is smaller than the q-axis inductance Lq. In that case, the MTPA 

control results in a negative d-axis current in order to utilise the reluctance torque component.  

 

(a) ɣm/Lds > I max 

 

(b) ɣm/Lds < Imax 

Fig. 2.4. Current and voltage trajectories in SPM machines. 
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If Ld is equal to Lq, which means no saliency such as the SPM machines, the zero d-axis 

current is maintained due to its no contribution to the torque. It should be noted that although 

the VFRMs have the doubly salient structure, the torque is mainly determined by the q-axis 

current in the synchronous reference frame rather than the d-axis current because the 

inductance saliency can be assumed as one in the VFRMs [LIU13b]. 

Under the vector control, the constant torque of the machine can be maintained from zero 

speed to the base speed of the machine ɤbase along with the MTPA contour. The machine 

operates under the current limitation of the inverter, whilst the inverter is able to supply a 

voltage higher than the required voltage from the machine in the constant torque region. At the 

base speed, the required voltage of the machine will reach at the maximum voltage which the 

inverter can produce. Over the base speed, the machine has to be operated under the flux 

weakening control. 

2.3.2 Flux Weakening Operation 

In the PM machines, the magnetic flux cannot be controlled directly, since the flux-linkage 

decreases irreversibly if a demagnetisation occurs significantly. Flux weakening control 

utilises the stator current component to counteract the fixed amplitude magnetic air-gap flux 

generated by the PMs, performing a similar role with the field weakening in a separately 

excited dc machine. In other words, the air-gap flux can be adjusted by injecting the d-axis 

stator current. With the separated excited dc machine, it can be accomplished by reducing the 

field current of the machine as the speed increases. 

Region II corresponds to the flux weakening region which is limited by both constraints 
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from voltage and current of the inverter. Typically, the machines are designed to reach the 

maximum inverter voltage at the rated speed and full load conditions. Above the rated speed, 

the current angle ɓ should be increased due to the supply voltage and current limitations. By 

using more negative d-axis current and less q-axis current, the air-gap flux is weakened and 

the speed increases. It is clear from a geometric viewpoint that the maximum operating point 

is found at an intersection point of the two curves between the current and voltage. The 

intersection point satisfies the necessary conditions of the current and voltage constraints. 

According to (2.13), the voltage ellipse shrinks along with the current limit circle as the 

machine speed increases. When the machine does not have Region III, the operating point B1 

is the maximum speed ɤmax, because the intersection point does not exist over the speed at 

point B1. 

Region III corresponds to the flux weakening region limited by the voltage constraint, in 

which the centre point of the voltage ellipse is positioned inside the current limit circle. 

Between the operating points from B to C, the machine operates in the flux weakening control 

along with the maximum torque per voltage (MTPV) contour. When operating point reaches 

the point B, the magnitude of the magnetic air-gap flux is fully counteracted by the d-axis 

current. Clearly, further increase in the d-axis current will reduce the machine efficiency 

because the d-axis current does not contribute to the torque generation or weakening the field 

of the air-gap in the SPM machines. Therefore, above the region II speed ɤ1, the optimal 

d-axis current will be fixed at ids
*
 = -ɣm/Lds, and it moves along with the line from point B to C 

in Fig. 2.4 with speed increase. Then, the q-axis current will be reduced gradually as the speed 
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increases due to the voltage limitation. If the centre point of the voltage limit ellipse intersects 

with the current circle, the operating point can be maintained to infinite speed theoretically. 

Many flux weakening control schemes have been proposed to realise the optimal current 

trajectories for different purposes since 1990s. These flux weakening control schemes can be 

generally classified as two categories, i.e. feed-forward method and feedback method. 

Feed-forward method utilises the machine parameters, machine speed and dc link voltage 

in order to calculate the reference currents based on the voltage equations of the machines 

[JAH86], [MOR90]. Fast transient response is a main advantage of the feed-forward method 

since the d-axis current is calculated directly from the voltage equations. Additionally, these 

calculations can be applied for low cost applications with look up table [TUR10]. However, 

although the feed-forward methods have the fast transient response, they are significantly 

sensitive to the operating points and machine parameters such as the inductances and 

flux-linkage.  

In contrast, feedback methods utilise the difference between the reference value and 

predicted value in terms of voltages, currents or machine speed in order to generate the 

negative d-axis current [KIM97]. These schemes do not require the machine parameters such 

as the dq-axis inductances and flux-linkage. Flux weakening control method maximising the 

voltage utilisation factor has been proposed for Region II, which is shown as d-axis reference 

current modification part in Fig. 2.5 [KWO06]. This scheme is also designed in the 

synchronous reference frame using the PI current controller and SVPWM with over 

modulation block. It utilises the dq-axis voltage differences between the output of the current 
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controller and the output of over modulation block to generate the demagnetising current 

preventing the saturation of current controllers. It can maximise the output torque in the flux 

weakening region with fast dynamics due to maximised voltage utilisation, which is close to a 

six-step operation. Additionally, steady-state torque per ampere ratio (T/A) has been 

introduced affecting influence on the transient performance and average torque. Larger flux 

weakening gain ɟ results in better transient performance, but lower T/A. 

In order to drive the machine in Region III, q-axis reference current modification scheme 

has been also proposed as shown in Fig. 2.5 [LIU12c]. Resistive voltage drop in the machine 

and inverter non-linearity are considered with q-axis voltage controller since the output of the 

current controller is not actual voltage. The q-axis current modification allows the machine to 

operate along with MTPV line. With these two current modification methods, the voltage 

utilisation can be maximised which is close to the six step operation, and the operating point 

of the machine can follow the real MPTV line in Region III. 

 

Fig. 2.5. Vector control block diagram for all the operating ranges [KWO06], [LIU12c]. 
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2.4  Conclusion 

This chapter provides a detail description of the developed drive system, especially 

hardware platform, software implementation, and brief vector control strategy. The 

experimental setup is based on dSPACE with MATLAB/Simulink. The commercial inverters 

are utilised for high accuracy phase current control, whilst the incremental encoder provides 

the information of the instantaneous rotor position. For both constant torque and flux 

weakening operations, the vector control scheme is utilised in the synchronous reference 

frame. In the constant torque region, MTPA control is used with zero d-axis current control, 

whilst the feedback method is implemented for the flux weakening operation. The control 

schemes are successfully implemented in the hardware platform. 
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CHAPTER 3 

CONTRIBUTION OF CURRENT HARMONICS TO 

AVERAGE TORQUE AND TORQUE RIPPLE IN 

SWITCHED RELUCTANCE MACHINES  

 

3.1  Introduction  

The average torque of the VFRMs is mainly produced by the mutual coupling between the 

field and armature windings [LIU13a]. For more in-depth investigation of the torque 

production, the instantaneous torque equation is derived in this chapter, which reveals the 

contributions of the harmonics in the phase currents and inductances. The 6/4 VFRM has the 

same structure as the 6/4 SRM except for the divided field and armature windings. 

Conventionally, the SRM is excited by the unipolar excitation using the asymmetric bridge 

inverter [WAN05]. The dc component of the unipolar phase current can be replaced by the 

field current, and the armature currents can be exchanged for the ac components in an 

excitation of the SRMs. Hence, the investigation of the torque production in the SRMs can be 

directly applied to the 6/4 VFRM. 

For specific purposes, many different current excitations have been proposed in the SRM 

drives, i.e. maximum average torque [NAK12], [LIU10], torque ripple reduction [NAG00], 

[MOR12], [MIK13], and noise and vibration [AHN99], [TAK15]. Additionally, optimised 
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solutions are derived based on the numerical calculations, which consider not only the 

minimisation of the acoustic noise and vibration but also copper loss, peak current or torque 

ripple [BAY15]. However, the principle of the torque production was not presented 

theoretically. Moreover, the influence of the excitation current harmonics on the torque 

production has not been investigated.  

This chapter focuses on the contribution of the current harmonics to the average torque and 

torque ripple in the SRMs as well as the optimal current waveform for the maximum torque 

under a given rms current. In order to make it more general, the analyses are analytically based. 

In the following section, an instantaneous torque equation, which is able to predict the torque 

contribution of each current harmonic, is derived by using the Fourier series analysis. Then, 

the contribution of the current harmonics on the average torque and torque ripple is 

quantitatively investigated based on the developed torque equation and five designated current 

waveforms. Additionally, the optimal current waveform for the maximum average torque 

under a given rms current is further discussed. The experimental validation is provided, whilst 

the validation by 2D non-linear finite element analysis (FEA) is given in all sections 

[ZHU16d]. 

3.2  Instantaneous Torque Equation of 6/4 SRM 

For SRMs, their torque production is very often calculated as a function of the phase 

inductances and phase currents as [MIL01] 

 
2 2 2
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dL dL dLP
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 (3.1) 
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where P is the number of rotor poles, ɗe is the electrical rotor position, ia, ib and ic are the 

abc-axis phase currents, and La, Lb and Lc are the abc-axis phase self-inductances, 

respectively.  

Actually, this equation is derived based on two assumptions. First, the mutual inductances 

between different phases are neglected, which is applicable to SRMs [MIL01]. Second, the 

store magnetic energy in the machine is predicted as: 

 ( )2 2 21
.

2
analytic a a b b c cW L i L i L i= + +  (3.2) 

When SRMs are on light load and not magnetically saturated, the stored magnetic energy 

in the machine can be predicted by (3.2). Hence, (3.1) can predict the instantaneous torque of 

SRMs under light load which will be validated later in this chapter by the numerical results.  

When SRMs are magnetically saturated, the stored magnetic energy can no longer be 

accurately predicted by (3.2). Although (3.1) is still able to predict the average torque 

accurately, it cannot predict the torque ripple accurately in this case. With the stored magnetic 

energy calculated by FEA, more general instantaneous torque equation for SRMs machines 

even under the magnetically saturated operations can be presented as: 

 ( )2 2 2 .
2

a b c
e a b c analytic FE

e e e e

dL dL dLP d
T i i i P W W

d d d dq q q q

å õ
= + + + -æ ö
ç ÷

 (3.3) 

where WFE is the stored magnetic energy by FEA. 

In this chapter, the contribution of current harmonics to the average torque and torque 

ripples is firstly quantitatively discussed under light load condition based on (3.1) and FEA 

results. The influence of magnetic saturation is also discussed later based on (3.3) and FEA 

results.  
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In order to identify the contribution of current harmonics to the average torque and torque 

ripples, the phase current and relevant self-inductance are expressed as Fourier series of the 

rotor position. Due to the symmetric winding distribution of three-phase SRMs, the abc-axis 

phase currents and self-inductances have the same waveform but 120↔ electrical phase shift. 

Hence, only the a-phase current and self-inductance expressions are given as example.  

 0
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where m and n are the current and inductance harmonic orders. L0 is the dc component of 

self-inductance. Im and ɓm are the magnitude and phase of the mth phase current harmonic,. Ln 

and Ŭn are the magnitude and phase of the nth self-inductance harmonic, respectively. 

Please note that any arbitrary periodic current can be expressed by (3.4). For the 

self-inductance, it depends on the current waveform. In other words, the SRM and its load 

current determine the self-inductance waveform. In order to predict the inductance accurately 

under different current amplitudes and waveforms, the self-inductances are calculated by using 

frozen permeability method [CHU13] and shown in Appendix. 

By substituting (3.4) and (3.5) into (3.1), the instantaneous torque equation can be derived 

under an arbitrary current excitation as 
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n = 3k 

(3.6) 

(m ± n) = 0 or 3k 

(m ī r ± n) = 0 or 3k 

(m + r ± n) = 0 or 3k 
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where r is the harmonic order of the phase currents and k is an integer starting from 1.  

It should be noted that for all of the torque components in (3.6), they are zero unless the 

relevant constraints listed on the right hand side are met. For example, the first term is zero 

when n Í 3k. This is due to the sub-components of this term produced by three-phase cancel 

each other when n Í 3k.  

The first term of (3.6) is due to the dc current only and a pure torque ripple, which is 

similar to the cogging torque in the PM machines. For the second term, it is due to the 

interaction between the dc and the other current harmonics. When m ± n = 0, it contributes to 

the average torque. When m ± n = 3k, it only contributes to the torque ripple. For the third 

term, it is due to the interaction between the current harmonics except the dc one. When (m ± r 

± n) =0, it contributes to the average torque. When (m ± r ± n)=3k, it only contributes to the 

torque ripple. It also should be noted that the lowest torque ripple order is three, which will 

confirmed later in Figs. 3.6-3.7. 

3.3  Torque Production Under Different Phase Current Waveform 

Excitations 

From the derived torque equation (3.6), it can be seen that different current waveforms 

result in the different average torques and torque ripples. Hence, in this section, the influence 

of current waveform and contribution of current harmonics are quantitatively investigated.  

The widely used rectangular unipolar current waveform is selected as the bench mark. Its 

phase current waveform and spectra are given in Fig. 3.1. It can be seen that the rectangular 
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unipolar current waveform contains all of the current harmonics except the third and its 

multiple harmonics. In order to quantitatively investigate the contribution of the current 

harmonics on the average torque and torque ripples, another four current waveforms are 

developed by only selecting relevant low order current harmonics from the spectra of the 

rectangular unipolar current waveform. The amplitude and phase of the current harmonics are 

kept the same. These current waveforms are also shown in Fig. 3.1(a) and their harmonic 

contents are listed in Table 3.1. From Case I to Case IV, each case contains one more current 

harmonic than previous case. For example, the Cases I only contains the dc and fundamental 

harmonics. The Case II contains the dc, fundamental and second current harmonics. Thus, the 

contribution of the current harmonics can be represented by the differences between two 

relevant cases.  

 

TABLE 3.1 

HARMONICS OF RECTANGULAR WAVEFORM AT 2 APEAK 

 I0 I1 I2 I4 I5 é 

Amplitude (A) 0.667 1.102 0.551 0.276 0.221 é 

Phase (rad) - 0 ˊ/2 ˊ/2  ́ é 

Rectangular ã ã ã ã ã ã 

Case I ã ã     

Case II ã ã ã    

Case III ã ã ã ã   

Case IV ã ã ã ã ã  
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(a) Different phase current waveforms 

 

(b) Corresponding current harmonics of rectangular unipolar current waveform 

Fig. 3.1. Phase current waveforms at 2 Apeak. 

On the other hand, it can be seen from the inductance spectra in the Appendix that the 

inductance is dominated by the dc and fundamental components for all investigated cases. 

Since the dc inductance component does not influence the torque and torque ripple, the output 

torque can be approximated by only considering the fundamental inductance harmonic. Thus, 

the torque equation (3.6) can be greatly simplified to help reveal the influence of current 

harmonics. 

When only the fundamental inductance component is considered, the average torque is 

derived from (3.6) as 
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Combined with the current harmonics listed in Table 3.1, the output torque expressions for the 

four cases only considering the fundamental inductance component can be obtained and listed 

in Table 3.2. Please note that by adding the second current harmonic, another torque term is 

produced due to the interaction between the fundamental and second current harmonics. 

However, no additional torque is produced when the fourth current harmonic is added if only 

the fundamental inductance component is considered. By further adding the fifth current 

harmonic, another torque term is produced due to the interaction between the fourth and fifth 

current harmonics. 

TABLE 3.2 

AVERAGE TORQUE COMPONENTS PRODUCED BY FUNDAMENTAL SELF-INDUCTANCE UNDER 

DIFFERENT CURRENT EXCITATIONS 

Case 

(current harmonics) 
Average torque 

Case I ( )_ I 1 0 1 1 1

3
cos

2
avg

P
T L I I b a= -  

Case II ( )_ II _ I 1 1 2 2 1 1

3
sin

4
avg avg

P
T T L I I b b a= + - - 

Case III _ I _avg avgT TII II=  

Case IV ( )_ IV _ III 1 4 5 5 4 1

3
sin

4
avg avg

P
T T L I I b b a= + - - 

 

In the similar way, the expressions for the torque ripples considering the fundamental 

inductance component can also be obtained. Since the third torque ripple harmonic is the 

lowest order harmonic and the dominating one [LIU10], the expression for the other order 
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torque ripples are not presented. The expressions of the third torque ripple harmonic only 

considering the fundamental inductance component are listed in Table 3.3. Being different 

from the average torque, adding current harmonics always results in additional terms of torque 

ripples. 

TABLE 3.3 

THIRD HARMONIC TORQUE RIPPLE PRODUCED BY FUNDAMENTAL SELF-INDUCTANCE UNDER 

DIFFERENT CURRENT EXCITATIONS 

Case 

(current harmonics) 
Third harmonic torque ripple 

Case I ( )2

_ I 1 1 1 1

3
sin 3 2

8
r e

P
T L I q b a= + +  

Case II ( ) ( )2

_ II _ I 1 0 2 2 1 1 2 2 1

3 3
cos 3 sin 3 2

2 8
r r e e

P P
T T L I I L Iq b a q b a= - + + - + - 

Case III ( ) ( )_ III _ II 1 0 4 4 1 1 2 4 2 4 1

3 3
cos 3 sin 3

2 4
r r e e

P P
T T L I I L I Iq b a q b b a= + + - - - + + 

Case IV ( )_ IV _ III 1 1 5 1 5 1

3
sin 3

4
r r e

P
T T L I I q b b a= + - + - 

 

In order to validate the foregoing analytical analyses, the non-linear FEA predicted average 

torques and torque ripples are also obtained under different current waveforms. The FEA is 

carried out on a 6/4 SRM as an example. The cross-section, winding layout and main 

parameters of the 6/4 SRM are shown in Fig. 3.2 and Table 3.4. The rotor position ɗe is zero 

when the Phase A winding is aligned with a rotor tooth. In this case, Ŭ1 = 0↔. The optimal ɓ1 for 

the maximum torque with rectangular unipolar phase current is 0, which is well-known 

[NAG00], [LIU10], and it is confirmed by FEA results. More importantly, it can also be 

explained by the average torque expression in Table 3.2. First, since I4I5 << I1I2 < I0I1, the 

average torque is mainly contributed by the terms containing I0I1 and I1I2, which will be 
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confirmed by the average torque difference between five current waveforms. Second, since Ŭ1 

= 0↔, cos(ɓ1-Ŭ1) = cos(ɓ1) and cos(ɓ2- ɓ1 - Ŭ1) = cos(́ /2). Both the two major torque terms are 

maximum when ɓ1 = 0↔. 

 

Fig. 3.2. Cross section and winding layout of 6/4 SRM. ɗe =0↔ when Phase A is aligned with a 

rotor tooth. 

 

TABLE 3.4 

MAIN MACHINE PARAMETERS 

Machine parameters Value 

Number of phases 3 

Number of stator poles 6 

Number of rotor poles (P) 4 

Winding resistance (Rs) 3 ɋ 

Air gap 0.5 mm 

Number of turns per phase 366 

 

In Fig. 3.3, the analytically and FEA predicted torque results are compared both on the 

A2

A1

C1

B2

B1

C2
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average torque and torque ripple. The Fig. 3.3(a) is based on that the current harmonics in 

Cases I-IV remain the amplitude with the rectangular unipolar waveform. Since Cases I-IV 

only utilise selected current harmonics, the current rms value and consequently the copper loss 

are relatively lower than the ones of the rectangular waveform. Thus, in Figs. 3.3(b) and (c), 

the comparisons are based on the same current rms value. In other words, the current 

amplitudes of Cases I-IV are increased accordingly, whilst their current waveforms remain the 

same as shown in Fig. 3.1. 

Based on the average torque comparison in Figs. 3.3(a) and (b), the average torque can be 

predicted accurately by the analytical equations developed in this chapter even when the SRM 

is under magnetic saturation. It also confirms that the average torque can be approximated by 

the torque equations listed in Table 3.2 only considering the fundamental inductance 

harmonics. Based on Fig. 3.3(a), which compares the average torque under the same current 

harmonic amplitude, it validates the prediction on average torque contributions based on Table 

3.2. The average torque due to the interaction between dc and fundamental current harmonics, 

which is represented by Case I, has the highest contribution. Adding the second current 

harmonic, the average torque can still be increased substantially. This can be seen from the 

average torque difference between Case I and Case II. The smallest torque difference between 

Case II and Case III implies the negligible average torque change by adding the fourth current 

harmonic. Further adding fifth current harmonic is still able to slightly increase the average 

torque, represented by the small torque difference between Case III and Case IV. The very 

little average torque difference between Case IV and the rectangular one also confirms the 
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contribution of higher order current harmonics are much smaller. The further comparison on 

the average torque between different current waveforms when the current rms value is the 

same is shown in Fig. 3.3(b). The average torque per copper loss become similar between all 

cases except Case I. This means the only utilising the low order current harmonics is able to 

achieve the same torque density with the one having rectangular unipolar current waveforms. 

The comparison on the torque ripple is shown in Fig. 3.3(c). The torque ripple is defined as 

the difference between the maximum and minimum torques. The torque ripple can be 

predicted accurately by (3.1) when the SRM is under light load. However, explained earlier, 

due to the error on stored magnetic energy calculation under magnetic saturation, (3.1) 

becomes less accurate on the torque ripple prediction when machine is under magnetic 

saturation. More specifically, the predicted values are less than FEA calculated values since 

the inductances and flux-linkages are reduced due to magnetic saturation. However, on the 

other hand, the variation of the torque ripples with the current harmonics can still be explained 

by the torque ripple equations listed in Table 3.3. When adding another current harmonic, 

additional torque ripple terms are produced as shown in Table 3.3 and consequently the torque 

ripple changes significantly as shown in Fig. 3.3(c).  

Comparing the current harmonic influence on the average torque and torque ripple, it can 

conclude that the second current harmonic have high contribution both on the average torque 

and torque ripple. The fourth and fifth current harmonics play an important role in term of 

torque ripple but have much lower influence on the average torque. 
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(a) Average torque against the peak current 

 

(b) Average torque against copper loss 

 

(c) Torque ripple against copper loss 

Fig. 3.3. Comparison of the calculated results by FEA under different current excitations. 
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3.4  Optimisation of Current Harmonics 

In the previous section, both the amplitude and phase of the current harmonics are kept the 

same to the ones when the current is rectangular. However, it is mathematically possible to 

optimise both amplitudes and phases of each current harmonic to maximise the average torque 

under a given rms current. 

Since Ŭ1 = 0↔, the average torque equation (3.7) can be rewritten as follows to ease the 

mathematic operation. 
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where Ikd = Ik sin(ɓk) and Ikq = Ik cos(ɓk).  

Please note Ik is the amplitude of the kth current harmonic. The rms value of the input 

current is calculated as  

 ( )2 2 2 2 2

0 0

1 1

1 1
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2 2
rms k kd kq

k k

I I I I I I
¤ ¤

= =

= + = + +ä ä  (3.9) 

For Case I only containing dc and fundamental current harmonics, the optimal distribution 

between current harmonics and the maximum average torque can be obtained as: 

 0 12 ,q rmsI I I= =  (3.10) 

 
2

max_ I 1 0 1 1

3 3
.

2 2 2
case q rmsT PL I I PL I= =  (3.11) 

The average torque in this case is maximum when the dc and fundamental current harmonics 

have the same rms value. 

For Case II, the optimal current harmonics and the maximum average torque under given 

rms phase current can also be obtained by using Lagrange multiplier method as: 

 0 1 23 3 ,q d rmsI I I I= = =

 
1 2 0,d qI I= =  (3.12) 
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 2

max_ II 1

3 3
.

4
case rmsT PL I=  (3.13) 

It can be seen that the optimal phase for the current harmonics are ɓ1 = 0↔ and ɓ2 = ˊ/2. Please 

note these values are the same to the current harmonic phases of the rectangular phase current. 

 

(a) Average torque against copper loss 

 

(b) Torque ripple against copper loss 

Fig. 3.4. Comparison of the average torque and torque ripple with/without the optimised current 

magnitude and phase angle. 

Based on the same principle, the optimal current harmonics and the maximum average 

torque for Cases III and IV can also be obtained. It is found the maximum average torque 

under a given rms current for Cases III and IV is the same as the maximum torque of Case II. 

This conclusion is identical to the phenomenon in Fig. 3.3(b). It also confirms that the average 
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torque is majorly contributed by the dc, fundamental and second current harmonics. 

In Fig. 3.4, the torque variations are compared for Cases I and II when the current 

harmonics are optimal or remain the same as listed in Table 3.1. In terms of the average torque, 

the difference between two cases is negligible. This is due to that the current harmonic phases 

are already at the optimal value. The current harmonic amplitudes are also not far away from 

the optima. In terms of the torque ripple, it is slightly reduced in Case I after optimisation. 

However, it is slightly increased in Case II after optimisation.  

3.5  Experimental Validations 

In order to experimentally validate the foregoing investigations, the average torque and 

torque ripple under different current waveforms are measured based on the 6/4 SRM shown in 

Fig. 3.2 and Table 3.4. The torque waveforms are measured by a torque transducer as shown 

in Fig. 3.5. Due to the limited bandwidth of the torque transducer, the machine speed is 15 

rpm. In order to generate the designate current waveforms having negative part, an H-bridge 

inverter is employed rather than the conventional asymmetric bridge inverter. The control part 

is implemented on dSPACE platform. 

The analytically predicted, FEA calculated and measured torque waveforms under different 

current waveforms at 3 A peak and 5 A peak are compared in Figs. 3.6 and 3.7, respectively. 3 

A peak and 5 A peak represent the light and heavy loads, respectively. It shows that the 

analytically predicted torque waveforms match well with the FEA calculated and measured 

torque waveforms for all investigated current waveforms and loads. Since the predicted results 
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by (3.1) are not matched well in Fig. 3.7 due to the inaccurately predicted stored energy, the 

stored energy must be calculated by FEA to compensate the predicted stored energy as shown 

in (3.3) for the 5 A peak case. The average torque can be predicted based on the derived torque 

equation in both light and heavy loads by using the frozen permeability. The overall feature of 

the torque waveforms under different current waveforms remains similar when the SRM is 

under light or heavy load. 

 

Fig. 3.5. Experimental test rig. 

Based on the measured torque waveforms under different current waveforms and 

amplitudes, the variation of measured average torque and torque ripple with the load can be 

obtained and shown in Fig. 3.8. Comparing Fig. 3.8 with Fig. 3.3, the results match well with 

each other. It also confirms that the average torque of Case I is the lowest. There is a big 

average torque increase by adding second current harmonic. However, the average torque 

increases very mildly when the fourth and fifth current harmonics are added. If under the same 

rms current, all cases have similar average torque except the Case I. In terms of the torque 

ripple, it confirms that the Case II has the largest torque ripple, whilst the Case I has the lowest. 
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The torque ripple is reduced by adding fourth and fifth current harmonics. Hence, the fourth 

and fifth current harmonics have higher influence on the torque ripple but much lower effect 

on the average torque. 

 

 

(a) Rectangular current 

 

(b) Case I 
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(c) Case II 

 

(d) Case III 

 

(e) Case IV 

Fig. 3.6. Comparison of the torque waveforms between FEA calculated, analytically predicted, 

and measured results under the different current excitations at 3 Apeak. 
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(a) Rectangular current 

 

(b) Case I 

 

(c) Case II 
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(d) Case III 

 

(e) Case IV 

Fig. 3.7. Comparison of the torque waveforms between FEA calculated, analytically predicted, 

and measured results under the different current excitations at 5 Apeak. 

The comparison of the average torque and torque ripple with/without optimising current 

harmonics are also shown Fig. 3.8. It shows that the difference of the average torque is 

negligible for both cases. This matches with the analytical prediction in section IV. It is due to 

the current harmonics obtained from the rectangular waveform are already very close to the 

optima. For the torque ripple, it is slightly reduced with optimal current for Case I but 

increased for Case II. This also matches the prediction in Fig. 3.4. 
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(a) Average torque against the peak current 

 

(b) Average torque against copper loss 

 

(c) Torque ripple against copper loss 

Fig. 3.8. Experimental results under different current excitations. 
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3.6  Conclusion 

This chapter investigates the contribution of current harmonics to the average torque and 

torque ripple in the SRMs based on the developed the instantaneous torque equation and 

designate five different current waveforms. The further current waveform optimisation is also 

discussed. The investigations are validated by FEA and measured results. The average torque 

is majorly contributed by the dc, fundamental, and second harmonic currents. The fourth and 

fifth current harmonics mainly affect the torque ripple but not the average torque. The current 

harmonics in the rectangular waveform are already very close to the optima. As mentioned in 

the introduction, the SRM can be transferred into a VFRM having both field and armature 

windings on the stator [LIU13b]. The investigation based on the different current waveform 

excitations can be also applied to the 6/4 VFRM. 
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CHAPTER 4 

TORQUE RIPPLE REDUCTION FOR 6/4 VARIABLE 

FLUX RELUCTANCE MACHINE BY USING 

HARMONIC FIELD CURRENT INJECTION  

 

4.1  Introduction  

In machine drives, torque ripple is a critical concern, especially for high performance 

applications, such as traction drives and servo applications, which require low acoustic noise 

and low speed variation. The torque pulsations have periodical characteristics with rotor 

position. The presence of the torque ripple deteriorates the control performance of the machine 

speed degrading the machine performance. Compared with the 6/5 or 6/7 VFRM, the 6/4 

VFRM has a significant torque ripple due to its self-inductance variation of the armature 

windings. In order to overcome this problem, many torque ripple reduction methods have been 

investigated. 

The harmonic components of the q-axis current is utilised to counteract the fundamental 

and specific torque ripple including both torque ripple and cogging torque for the PM 

machines [LEE08], for the SFPM machines [JIA10], for flux-controllable PM machines 

[ZHU09]. For the implementation of the additional harmonic components, it has been 

proposed based on an iterative learning control [QIA04] and a repetitive current control in the 
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PM machine drives [MAT05]. Additionally, duty cycles of each inverter leg has been used for 

a smooth torque control, which considers the non-ideal back emf waveforms and the finite dc 

bus supply voltages [LU08]. 

Current waveform shaping techniques for the individual phase current have been proposed 

based on injecting specific harmonic components for the desired torque ripple cancellation 

[LEH86], [JAH96]. The optimally shaped reference phase current waveforms are applied to 

the PM machines considering three-phase unbalanced conditions [PAR00]. With the 

combinations of harmonic components in the phase currents, a numerical solution has been 

proposed in order to reduce the acoustic noise and torque ripple [BAY15]. By using voltage 

vectors with variable amplitude and angle, a modified DTC has been also proposed for the PM 

machines [ZHA11], [ZHU12]. It was extended to the DSPM machines with a model based 

predictive torque control [YAN12]. 

As discussed in the previous chapter, the 6/4 VFRM has the torque ripple with specific 

harmonic components, which are multiples of the third harmonics. Therefore, in this chapter 

the torque ripple reduction method is proposed for the 6/4 VFRM by injecting the harmonic 

field current. It is shown that the third harmonic torque ripple is dominantly produced by the 

fundamental component of the self-inductance in the armature windings. The inductance 

harmonics also produce the additional torque ripples having the harmonic components at 

multiples of three. The reference field current harmonics are calculated by the analytical 

prediction of the instantaneous torque waveform, which considers all the harmonics in the 

self- and mutual inductances. The comparison results are analysed between analytical 
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prediction and FEA calculation. The experimental results on a prototype 6/4 VFRM are 

provided for the validity and the practical availability of the proposed method [LEE16a]. 

4.2  Instantaneous Torque Equation of 6/4 VFRM 

Fig. 4.1 shows the cross section and the field and armature windings of the 6/4 VFRM. The 

stator consists of 6-stator poles with the concentrated windings. Each armature winding is 

composed of two coils in series with the same polarity, e.g. coils A1 and A2 for phase A. 

Additionally, all of the field windings are connected in series with the same polarity. 

The instantaneous torque of the VFRMs can be analysed based on the transient 

performance which reveals the principle of torque generation and its relationship of the 

machine parameters. Since the saturation influences on electromagnetic performances are 

related to the machine geometry, the magnetic property and excitation currents, it is 

complicated to obtain the analytical expression including nonlinear characteristics between the 

inductances and currents. Hence, the analysis of torque production is utilised with some 

assumptions in this chapter. Firstly, it is assumed that the iron of the stator and rotor has 

infinite permeability and the magnetic saturation does not occur. Hence, the inductance is not 

affected by the phase current. Secondly, the three-phase windings are in a balanced condition. 

The abc-axis inductances and currents have the same amplitude, but 120↔ elec. phase shift. 

Lastly, the mutual inductance between the armature windings is neglected since the 

flux-linkage of the armature coil passes through the other armature coil of the same phase in 

the 6/4 VFRM [LIU13b]. 



93 

 

 

Fig. 4.1. Cross section and winding configurations of 6/4 VFRM (The rotor pole is aligned with 

phase A, i.e. ɗe = 0↔) [LIU13b]. 

Due to the periodic nature of the waveforms, the self-inductance of the armature winding 

La and the mutual inductance between the field and armature windings Ma can be expressed by 

Fourier series as a function of rotor position: 

 0

1

( ) cos( )a e n e n

n

L L L nq q a
¤

=

= + +ä  (4.1) 

 0

1

( ) cos( )a e n e n

n

M M M nq q g
¤

=

= + +ä  (4.2) 

where n is the harmonic order, L0 and M0 are the dc components of the self- and mutual 

inductances, Ln and Mn are the amplitudes at the nth harmonic, and Ŭn is the phase shifts of 

self-inductance and ɔn is the phase shifts of the mutual inductance at the nth harmonic, 

respectively. ɗe is the electrical rotor angle of the VFRM. In this chapter, leakage flux is 

neglected since the field and armature windings are identically wound on the stator tooth. 

Hence, the self- and mutual inductances are assumed to be the same, i.e. Ln = Mn and Ŭn = ɔn 

for all n. 
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(a) abc-axis self-inductance waveforms 

 

(b) Corresponding harmonics 

Fig. 4.2. Self-inductance waveforms of the armature windings and harmonics in 6/4 VFRM 

[LIU13b]. 

Fig. 4.2 shows the self-inductance waveforms of the armature windings and the 

corresponding harmonics. The self-inductance of the armature windings exhibits symmetrical 

waveforms biased by dc offset component. From the corresponding harmonic analysis, it can 

be seen that the dc and fundamental components are dominant, whilst the third, fifth and 

seventh harmonic components are slightly larger than the second and fourth harmonics. It 

should be noted that the phase shifts of the fifth and seventh harmonics are in anti-phase, 

whilst other harmonics are in phase compared with the fundamental component. 
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(a) abc- axis back-emf waveforms 

 

(b) Corresponding harmonics 

Fig. 4.3. Back emf calculated by FEA when 2 A field current is applied at 400 rpm [LIU13b]. 

Since the flux-linkage of Phase A is formed by the field current i f and the mutual 

inductance between the field and armature windings Ma, the back emf of Phase A ea is written 

as 

 { } { }( ) ( ) ( ) ( ) ( )a a e f e e a e f e

e

d d
e t M i M i

dt d
q q w q q

q
= =  (4.3) 

where ɤe is the electrical rotor speed of the VFRMs. The three-phase back emf waveforms 

calculated by FEA are shown in Fig. 4.3 when 1 A field current is applied at 400 rpm. It can 

be seen that although the back emfs are non-sinusoidal, they have identical and symmetrical 

waveforms. Each harmonic component is amplified by its harmonic order due to the derivative 
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of the mutual inductance. 

In the conventional VFRM drives, the armature current of the Phase A can be represented 

as 

 1 1( ) sin( )as e ei Iq q b=- +  (4.4) 

where I1 is the amplitude of the fundamental component of the armature current, and ɓ1 is the 

advanced current angle of the fundamental component, respectively. The field current is 

controlled at a constant value I f. 

Based on the torque production, the instantaneous torque of the 6/4 VFRM can be written 

by the field and armature currents and the self - and mutual inductances as 
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(4.5) 

where P is the number of poles in the VFRMs. The rotor pole number of the VFRMs is 

corresponding to the pole pair numbers of the conventional PM machine. ias, ibs and ics are the 

abc-axis phase currents and i f is the field current. La, Lb and Lc are the abc-axis 

self-inductances of the armature windings. Ma, Mb and Mc are the abc-axis mutual inductances 

between the field and armature windings. 

Under the constant field and sinusoidal current excitation, the instantaneous torque 

equation is rewritten as 
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(4.6) 

The first component is caused by the self-inductance of the field windings when n is a multiple 

of three. This torque ripple can be regarded as a cogging torque. The second component is 

resulted from the mutual inductance harmonics when (1 ° n) is zero or a multiple of three. 

These torque components are produced by the back emf components. The last components are 

caused by the self-inductance of the armature windings when ° n is a multiple of three or (2 ° 

n) is zero or a multiple of three. Depending on the harmonic inductances, each component can 

produce the average torque or torque ripple. In terms of torque ripple multiples of the third 

harmonic components exist only since the other harmonic components are cancelled by the 

three-phase windings. 

For verification, the torque waveforms predicted by the derived equation are compared 

with the results calculated by FEA at I1 = 2 A and I f = 1 A and 2 A. The inductance 

information is obtained from FEA calculation as listed in Table 4.1. It should be noted that the 

magnetic saturation is considered in FEA calculation. Hence, the inductance parameters are 

obtained under a small current excitation at 0.1 A. Fig. 4.4 shows the instantaneous torque 

waveforms and the corresponding harmonics. The calculated and predicted results are well 

matched at both operating conditions. From the harmonic analysis, the torque ripple 

dominantly contains the third harmonic component. 

From the instantaneous torque equation, the average torque can be rearranged as 
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When the machine is driven by the sinusoidal phase currents and constant field current, the 

average torque is mainly produced by the fundamental component of the mutual inductance 

between field and armature windings. The principle of the average torque generation with the 

mutual inductance is similar to that of the PM machines, whose torque is generated by the 

interaction between flux-linkage and armature current. In the VFRMs, the interaction between 

field current and mutual inductance generates flux-linkage, and the resultant flux-linkage 

contributes to the torque production with the armature currents. Additionally, the square of the 

fundamental current produces relatively small average torque generated from the second 

harmonic inductance. In order to maximise the average torque, the current angle ɓ1 can be 

advanced rather than zero so that the second harmonic component of the self-inductance 

contributes to the average torque production. However, since L2 value is relatively small and 

can be neglected, the current advanced angle ɓ1 is selected to zero, which utilises the q-axis 

current control with zero d-axis current in the synchronous dq-axis frame. 

In contrast, the winding inductance harmonics produce multiples of the third harmonic 

torque ripples. Based on (4.6), torque ripple components are rewritten as 
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(4.8) 

where k is the integer starting from 1. The fundamental component of the self-inductance is a 

main source of the third harmonic torque ripple interacting with the fundamental phase 
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currents due to the relatively large inductance compared with the other harmonics. 

Additionally, the derived torque ripple equation shows that the third harmonic torque ripple is 

caused by the inductance harmonics from the fundamental to the fifth harmonic components. 

In case of higher harmonic torque ripple, the inductance harmonics from the fourth to eighth 

orders contribute to the sixth harmonic torque ripple and ninth harmonic torque ripple from the 

seventh to eleventh orders. 

 

(a) Torque waveforms 

 

(b) Spectra 

Fig. 4.4. Comparison of torque waveforms in 6/4 VFRM at I1 = 2 A and I f = 1 A and 2 A.  
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4.3  Harmonic Field Current Injection  

4.3.1 Harmonic Current Calculation from FEA 

Due to the degree of freedom, the harmonic current can be injected into field or armature 

current, or both currents to suppress the torque ripple. However, if the armature current, 

mainly q-axis current, is modified to inject the harmonic component, it will also cause 

additional harmonic torque ripple significantly since the third harmonic torque ripple is mostly 

proportional to the square of the armature current magnitude. Hence, by injecting the 

harmonic current into the field windings, the mutual inductance torque is utili sed to counteract 

the torque ripple. 

The harmonic field current can be directly obtained from the torque waveform calculated 

by FEA and added to the reference field current as 

 
* * * ( ),fm f f ei I i q= +D  ( )*

_ _

1 1

2 1
( ) ( )

3
f e e FEA e avg FEAi T T

P M I
q qD =- -  

(4.9) 

where I
*
f is the reference value for a constant field current, and ȹi

*
f is the additional term for 

the torque ripple reduction, respectively. Te_FEA(ɗe) is the instantaneous torque with respect to 

the electrical rotor angle, and Tavg_FEA is the average torque obtained from FEA. Fig. 4.5(a) 

shows the harmonic field current waveforms calculated by FEA. When the instantaneous 

torque is larger than the average torque, the negative harmonic field current is added to reduce 

the torque ripple, whilst the positive harmonic field current is provided when the torque is 

smaller than the average torque. Fig. 4.5(b) shows the torque waveforms with/without the 

harmonic current injection. When the harmonic field current injection is applied, the torque 

ripples are significantly reduced under both current conditions. 
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(a) Harmonic field current calculated by FEA 

 

(b) Torque waveforms 

Fig. 4.5. Comparison with/without torque ripple reduction at I1 = 2 A and I f = 1 A and 2 A.  

However, since these harmonic field currents are entirely relied on the FEA calculation, it 

requires many prerequisite calculations against different current magnitude and angle 

conditions. Hence, the harmonic field current based on the derived torque equation is proposed, 

which is easily applicable to different current conditions. 

4.3.2 Harmonic Current Calculation from Torque Equation  

Due to the dominant magnitude, the fundamental component of the self-inductance can be 

only utilised for the harmonic current calculation, namely Method I. The reference field 
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current added with the third harmonic component can be simply expressed from (4.9) 

 ( )*

1 1 1

1
cos( )sin 3 2 .

4
f ei I b q bD =- +  (4.10) 

Since L1 is cancelled out by M1, Method I does not require any inductance information. 

In order to take the self-inductance harmonics into account, Method II is proposed. By 

using the torque ripple equation (4.8), the modified reference field current can be expressed as 

 
*

_(3 )

1 1

2 1
( ) ( ).

3
f e r k th ei T

P M I
q qD =-  (4.11) 

These harmonic field current amplitudes can be updated based on the operation conditions. 

With the aid of the FEA calculation, the harmonic inductance information is obtained. 

Additionally, the proposed method can be utilised in both the rated torque and the flux 

weakening operation since the advanced current angle ɓ1 is considered. In this chapter, the 

third, sixth, and ninth harmonic field currents are injected for the torque ripple reduction since 

higher harmonic components contribute less to the torque ripple, and the generation of the 

high order harmonic currents may be limited due to the control system. 

Fig. 4.6 shows the comparison of the calculated torque waveforms by FEA and the 

corresponding harmonics with/without employing Method II. Similar with the previous results 

of the harmonic field current calculated by FEA, the average torque is maintained at the same 

level, whilst the torque ripple is significantly reduced. 
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(a) Torque waveforms 

 

(b) Spectra 

Fig. 4.6. Comparison of torque waveforms calculated by FEA with/without proposed Method II 

in 6/4 VFRM at I1 = 2 A and I f = 1 A and 2 A. 

4.4  Influence of Harmonic Field Current Injection  

Although the injected harmonic current helps the torque ripple reduction, it also contributes 

to the additional torque generation. Since the third harmonic field current is dominant in the 

proposed methods compared with the sixth and ninth harmonic field currents, the additional 

torque equation is derived considering only the third harmonic field current as an example. 

When ɓ1 is zero, the field current with the third harmonic component can be expressed as 




































































































































































































































































