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X1

Abstract

The model theory of finite and pseudofinite fields as well as the model theory of finite and
pseudofinite groups have been and are thoroughly studied. A close relation has been found
between algebraic and model theoretic properties of pseudofinite fields and psedudofinite

groups.

In this thesis we present results contributing to the beginning of the study of model

theory of finite and pseudofinite rings.

In particular we classify the theory of ultraproducts of finite residue rings in the context
of generalised stability theory. We give sufficient and necessary conditions for the theory

of such ultraproducts to be NIP, simple, NTP, but not simple nor NIP, or TP .

Further, we show that for any fixed positive [ € N the class of finite residue rings
{Z2,/P'Z, : p € P} forms an [-dimensional asymptotic class. We discuss related classes

of finite residue rings in the context of R-multidimensional asymptotic classes.

Finally we present a classification of simple and semisimple (in the algebraic sense)
pseudofinite rings, we study NTP, classes of J-semisimple rings and we discuss NIP

classes of finite rings and ultraproducts of these NIP classes.
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Chapter 1

Introduction

1.1 Brief overview

In this work we deal with finite and pseudofinite rings, so it is natural to start with some
background comments on pseudofinite structures. We first discuss pseudofinite fields and

we use this to introduce pseudofinite structures.

We say M is a pseudofinite field (resp. ring, group) if it is an infinite field (resp. ring,

group) which satisfies every first order sentence which is true in every finite field (resp.

ring, group).

Pseudofinite fields were thoroughly studied in [2]] where Ax provided a classification for

these fields. Namely the following was shown.

Theorem 1.1.1 (Ax, [2] ). A field F' is pseudofinite if and only if the following holds.

i) F'is perfect. Le. is of characteristic O or if it has characteristic p then every element

has a p-th root.

ii) F'is quasifinite. This means, within a fixed algebraic closure, for every n there is a

unique field extension of degree n.
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iii) F is pseudo-algebraically closed. That is, each absolutely irreducible variety V'

defined over F' has an F'-rational point.

Ax also showed in [2] that the theory of finite fields is decidable, i.e., there is an

algorithm to decide whether or not a given sentence holds for all finite fields.
Examples of pseudofinite fields are mentioned in below.

Pseudofinite groups form another class of pseudofinite structures that has been widely
studied and for which a rich theory has been found. Notably we find the main result in
[49] in which Wilson nicely relates simple pseudofinite groups and pseudofinite fields,
see Theorem |1.3.4]in Subsection Also, as noted in [49] it follows from a result of

F. Point that Chevalley groups over a pseudofinite field are pseudofinite groups.

Another important result from Wilson is the fact that a certain important radical of a
group can be nicely described. Namely in [50] we find Theorem [I.3.6] where Wilson
finds that the soluble radical, see Subsection [I.3.2] can be defined uniformly in finite

groups using a first order formula.

Finally, it is the aim of this work to contribute towards the study of pseudofinite rings.

1.2 Model theory

1.2.1 Preliminaries on model theory
We now present some model theoretic notions that have an important role in the present
work.

Notation throughout the thesis is mostly standard.

Typically we use L to denote a first order language, M to denote an L-structure, and 7’

for a complete first order theory 7. Sometimes we use T'h(M) to denote the complete
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first order theory of M. We always work with a first order structure. Given a first order
language £, a model M and A C M we denote by L 4 the language obtained by adding
to £ a constant ¢, for each element a in A. Then, M is an £ 4 structure by interpreting
each constant ¢, by a € A. We call a set p(z) = {¢;(Z)} of L4-formulas consistent with
Th(M, a).ca a partial |Z|-type over A. If the set p(Z) is maximal we call it a complete
type, and we usually drop the adjective ‘complete’ and call p a fype. Further, given an
element b € M we denote by tp(b/A) the set of £ 4- formulas that are satisfied in M by

the element b.

Also we write z, y, ... for variables and a, b, ... for parameters (possibly tuples). If

we want to emphasise that a variable or parameter is a tuple we will write z, i or a, b

respectively.

We use T to denote a complete first order theory and M to denote a sufficiently saturated

model of 7T'.

For the sake of completeness we present here a couple of model theoretic notions. For
a more in-depth, thorough treatment the reader may check [46l], [33]] or the classic text

[22]].

Definition 1.2.1. Let I be a linear order and M an L structure. We say a sequence
(a; : 1 € I) of elements (possibly tuples) in M is indiscernible over A if and only if for
all La-formulas p(xq,...,x,) and all iy < ... < i, and j; < ... < j, from [ we have
M dlay,, ... a;,) < o(aj, ... a;,).

Let {(a;j : j € I;) : 1 € S} be a family of indiscernible sequences over A. We say the
sequences are mutually indiscernible over A if and only if for each k € S the sequence

(ar; : j € Iy) is indiscernible over AU ( J{(a;; : j € I,)}).
i#k

Definition 1.2.2. . We say a formula p(z,a) divides over a set B of parameters if

there is an indiscernible sequence (a; : i € w) of realisations of tp(a/B) such that
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{o(x,a;) : 1 € w} is k-inconsistent for some k € N, i.e. any collection of k many

formulas from {¢(x,q;) : i € w} is inconsistent.

2. We say a formula ¢(x,a) forks over B if and only if it implies a disjunction

V vi(x, a;) of formulas ,(x, a;) each of them dividing over B.
1

Definition 1.2.3. We will say that a first order structure M in the language L has quantifier
elimination if and only if any L-formula ¢ is equivalent in M to a formula 1) without

quantifiers, cf. [46].

For more on quantifier elimination see [22] or [46].

1.2.2 Ultraproducts, pseudofinite structures

As usual, given a set I of indices, a family { M, : i € I} of first order L-structures and U
an ultrafilter on /, we define an equivalence relation ~ between infinite sequences in the

cartesian product [ M; where (a;) ~ (b;) if and only if {7 € I : a; = b;} € U. Then we
denote by either l_l[eul./\/lz or H./\/lZ /U the set of equivalence classes from the equivalence
relation ~. We often writezTcILi]u for an element of [[M; U; we may write [a;] if the
ultrafilter I/ is clear from the context. Furthermoréei_[/\/li /U is itself an L-structure,
interpreting constants ¢ € £ as [¢™],;, making f ([ti]zjjz [f(t:)]u and defining for each

relation R in £ that R([t1;]u, - . -, [tn:]u) holds in [ [,, M, if and only if

{Z el : M, ): R(t17i,...,tn7i)} eU.

We call [[,, M; the ultraproduct of the structures M; with respect to the ultrafilter /.
We say an ultraproduct is non-principal if the ultrafilter considered contains no finite set.
We will write U, V, W, ... for ultrafilters, and U, V', W, ... for elements of ultrafilters.

Unless specified otherwise, “U/ is an ultrafilter” means I/ is a non-principal ultrafilter. For
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V' an element in a non-principal ultrafilter U« we call {V NU : U € U} the induced
ultrafilter on V by U.

The following result relates the first order behaviour of the ultraproduct to the behaviour

of the factors.

Theorem 1.2.4 (L0§’s theorem). If {M; : i € I} is a family of L-structures, ¢ is an
L-formula and [a;]y; € [[M;, /U then

el

[IMi t = o(lai) ifand only if {i € T - M; = o(ai)} € U.

iel
Further details about ultraproducts can be found in [3]].
We now connect the notion of pseudofiniteness and the construction of ultraproducts.

Namely a structure M is pseudofinite if and only if it is elementarily equivalent to a

non-principal ultraproduct of finite structures. See Theorem [1.3.2/in Subsection|1.3.1

A more in depth survey about pseudofinite structures can be found in [29].

1.2.3 Stable theories

We now present a very brief overview of the generalised stability theory concepts we will
use in the course of the thesis. For more about these topics the reader can check [46] or

[45].

It can be argued that stability theory started with the work of Morley in [36] when he
studied the number of possible models of a given cardinality for a given theory, proving

the following.

Theorem 1.2.5 (Morley [36l]). Let k be an uncountable cardinal. If a theory in a countable
language L is k-categorical i.e., there is only one, up to isomorphism, model of size k then

it is A\-categorical for all uncountable ).
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Morley’s result gives a strong result concerning theories with very few models, up to

isomorphism, of an uncountable cardinality.

Later work of Shelah and others gave an appropriate context for distinguishing when
theories have few or plenty of models of a given cardinality. It is in this context that the

next definition was first considered.

The notion of stable theory was introduced in [42]. These theories provide a nice context

for talking about the possible number of distinct models of a given cardinality of a theory.

Definition 1.2.6. We say an L-formula p(x,y) has the order property in M if there are
sequences (a; : 1 € w) and (bj : j € w) of elements (possibly tuples) in M such that
©(a;, bj) holds in M if and only if i < j.

We say a theory T is stable if no formula has the order property in any model of T'. We
say the structure M is stable if Th(M) is stable.

Theorem 1.2.7. An unstable theory over a countable language has 2* models of cardinality

A for any uncountable cardinal \.

For example algebraically closed fields (ACF ) are stable.

1.2.4 NIP theories.

We follow the notational conventions of [1.2.11

Definition 1.2.8. An L-formula ¢(x,y) has the independence property for T if there are
(a; :i € N)and (by : J C N) in M such that M = p(a;, by) if and only if i € J.

We say that a theory T is NIP if no formula satisfies the independence property in any
model of T. Moreover we say a structure M is NIP if Th(M) is NIP.

The useful notion of dp-rank is defined as follows in [45]].
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Consider p to be a partial type, and A to be a set of parameters.

Definition 1.2.9 ( Definition 4.12, [45] ). We say a (partial) type p has dp-rank less than
« in symbols dp-rk(p/A) < «, if for every family (I, : t < «) of mutually indiscernible

sequences over A and b |= p, there is t < « such that I; is Ab-indiscernible.

We say a partial type has dp-rank equal to o, in symbols dp-rk(p/A) = «, ifdp-rk(p/A) <

o™ but is not the case that dp-rk(p/A) < a.
Given a € M we write dp-rk(a/A) for dp-rk(tp(a)/A).
When there is no ambiguity we will write dp-rk(p) for dp-rk(p/A)

Example 1.2.10. In [3] it is shown that for any prime p the p-adic numbers Q, has NIP
theory. Furthermore in [16l] it is shown that it is dp-minimal, i.e. has dp-rank 1. In
Section 6 of [16] the authors prove that every sufficiently saturated elementary extension

of Q, is dp-minimal.

For further introduction and overview of NIP theories the reader can check [45]].

1.2.5 NSOP theories

The notion of NSOP theory was first introduced in [43]].

Definition 1.2.11. An L-formula o(Z,y) has the strict order property, SOP (with respect

to a complete theory T), if there are (a; : i < w) in M such that
M = 32(0(7, a;) A (T, @;))

if and only if 1 < j. We say that a theory T is NSOP if no formula has SOP in any model
of T.

Equivalently, a theory is NSOP if for each model M, there is no definable partial order

with arbitrarily long chains.
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As before we say a structure M is NSOP if Th(M) is NSOP.

Example 1.2.12. It can be found in [11] that triangle-free homogeneous universal graphs

are NSOP. More generally K, -free homogeneous universal graphs are NSOP.

We can now mention the following well-known characterisation of stability.

Theorem 1.2.13 (Theorem 4.1 [43] or Theorem 2.67 from [43]). A theory is stable if and
only if is both NIP and NSOP.

1.2.6 Simple theories

Simple theories are a generalisation of stable theories in the context of the NSOP theories.
Definition 1.2.14. We say that an L-formula 1(z,y) has the tree property for T if there
are (@, : n € w<*) in M and some k > 2 such that:

a) For every § € w< the set of formulas {{)(T,as~;) : | € w} is k-inconsistent;

b) If v € w* then the set {1(Z,a.;,) : n € w} is consistent.

A theory is said to be simple if no formula has the tree property.

Alternatively, a theory is simple if and only if for any type p € S,,(B) over B there is a

set A C B with |A| < |T| such that p does not divide over A.

Furthermore we say a simple theory is supersimple if and only if for every type p €
Sy (B) we can find a finite A C B such that p does not fork (divide) over A.

We say a structure M is simple (resp. supersimple) if Th(M) is simple (resp. supersimple).

Remark 1.2.15. It is straightforward to check that any simple theory is NSOP.

We now present the definition of SU-rank. For more details see Chapter 13 from [7].
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Definition 1.2.16 (Definition 13.5, [7]). Let p be a complete type over A in a model M
of a theory T. We define SU (p) the SU-rank of p recursively for ordinals.

1. SU(p) = 0.

2. SU(p) > a+ 1, for an ordinal «, if and only if there is a forking extension q of p
such that SU(q) > «.

3. SU(p) > A for a limit ordinal ), if and only if SU (p) > B forall § < A

We say SU(p) = aif SU(p) > abut SU(p) # o+ 1. If SU(p) > « for every ordinal «

we write SU (p) = oc.

An example which is quite relevant for this work is the following.
Example 1.2.17. Pseudofinite fields are simple, in fact, supersimple of SU-rank 1, cf.

[48]].

When we say that simple theories are a generalisation of stable theories we mean that

the non-forking relation behaves rather nicely. The reader can refer to [25] or [48].

1.2.7 NTP5 theories.

The notion of an NTP, theory was first introduced in [44] as a common generalisation
of both NIP and simple theories. Further discussion and advances in the study of these

theories appear in [12] and [11].

Definition 1.2.18. We say that an L-formula p(Z,y) has the tree property of the second
kind, in short TPy, if there are {Ei,j ti, ] <wlin M such that

(1) The set {p(Z,b; ;) : j € w} is 2-inconsistent for all i € w.
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(2) Forall § € w* the set {p(Z,b;¢(;)) 1 i € w} is consistent.

We say a theory T is NTPs, or does not have TP, , if no formula satisfies TP .

We say a structure M is NTPy if Th(M) is NTP, .

The definition of burden can be found in [11] Definition 2.1.
Definition 1.2.19 (Definition 2.1, [11l]). An inp-pattern in a partial type p(z) of depth k
consists of an array (G, : @ < Kk,1 < w), formulas p,(Z, Yo) and k, < w such that:

i) The collection {po (T, Gy;) : 1 < w} is ky-inconsistent, for each o < k,

ii) The set {¢a(T,0a,f(a)) : @ < K} Up(T) is consistent for any f € w".

The burden of p(T), denoted by bdn(p), is the supremum of the depths of all inp-patterns
in p(x).

Hence if a formula ¢ has TP , then bdn(y) > w.

The next example is quite relevant for the present work.
Example 1.2.20 (Example 7.7, [11]). Any (infinite) ultraproduct of fields of the form Q,
is an N'TP, structure.

As mentioned earlier we have the following remark.
Remark 1.2.21. N'TP; theories are a common generalisation of NIP and simple theories,

that is, any simple and any NIP theory is NTP, .

This follows from the fact that in a complete theory 7', the existence of a formula with the
tree property of the second kind implies the existence of a formula with the tree property

and the existence of a formula with the independence property.

More examples of NTP, theories are mentioned in [11], [35] and [14].



Chapter 1. Introduction 11

1.2.8 Asymptotic classes

We present here the following definition from [[17], which extends a definition from [30].

This will be the basis for Chapter [3] below.

Definition 1.2.22. Let L be a first order language, and N € w. We say a class C of finite
structures is an N-dimensional asymptotic class if for every L-formula ©(Z, 1), where

the length of T is n and the length of i is m, the following hold.

1. There is a finite set of pairs D C ({0,...,Nn} x R>%) U {(0,0)} and a partition
{®s5, = (6p) € D} of the set {(M,a) : M € C,a € M™} such that for each
(6,pu) € D

[lo(M",a)| =l MI¥| = o(|M¥)
forall (M, a) € O,y as |[M]| — oo.

2. Moreover, each element 9,y of the partition is definable. This means, for each

(0, 1) there is a formula s, (y) such that
M =Y, (a) if and only if (M, a) € $s ).

Here we consider formulas ¢(Z, i) on |Z| free variables. In fact this is equivalent to the
above conditions for formulas ¢(x, 7) with just one free variable. Namely the following

is true.

Lemma 1.2.23 ([17]], Lemma 2.2). Suppose C is a class of finite structures which satisfies
Definition |1.2.22| for formulas o(Z,y) where |Z| = 1. Then C is an N-dimensional

asymptotic class.

The seminal example is the main theorem from [9], where the authors proved the following.

Theorem 1.2.24 (Chatzidakis, van den Dries, Macintyre [9]). Let (%, y) be a formula in

the language L, ings, with [(Z) = n and l(y) = m. Then there is a positive constant C, a
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finite set D of pairs (9, 1) with § € {0, ..., n} and p a non-negative rational number, such
that for each finite field ¥, and a € F},

p(Fy,a) —uq5| < Cq° 2 for some (6, 1) € D.

Furthermore, for each (0,;1) € D, there is a formula ¢, (y) which defines in each

1

finite field F, the set of tuples a such that ||90(IFZ, a)| — uq5| < C¢° 2.

In the asymptotic classes terminology, this means that the class of finite fields is a 1-

dimensional asymptotic class.

It is worth mentioning that in the original presentation of 1-dimensional asymptotic
classes in [30], there is a more explicit error term much in the spirit of that one given
in More examples and proper development of the theory of asymptotic classes is
done in [30]] and [17]].

Example 1.2.25. e Finite cyclic groups form a 1-dimensional asymptotic class. See

[30].

e Fix a prime p, and integers m,n co-primes. Put
Cm,’mp = {(]Fper-m, FTObk) : k} - N}

Here (Finim, F rob®) is the difference field where Frob denotes the Frobenius
automorphism mapping x — zP. Then, the class C,, ,, , is a I-dimensional asymptotic

class. See [41] or Theorem 5.8 from [18]].

One relation between N-dimensional asymptotic classes and the generalised stability

notion of simplicity is given in [[17], Corollary 2.6.

Proposition 1.2.26 (Corollary 2.6, [17]). Any infinite ultraproduct of elements in an N -

dimensional asymptotic class has supersimple SU-rank < N theory.

The more general notion of multidimensional asymptotic class is studied by S. Anscombe,

D. Macpherson, C. Steinhorn and D. Wolf in [1]] (in preparation). Multidimensional
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asymptotic classes extend the notion of N-dimensional asymptotic class, and deal with
classes of finite structures where there is a strong uniformity in the asymptotic cardinalities
of definable sets, in terms of the cardinalities of certain sorts or other features, which may

vary freely.
We mention briefly an example, from [20]], of a class that exhibits this behaviour.

For this we consider the two sorted language £’, where we include the vector space sort
YV including a binary function symbol “ 4, a unary function symbol “—”, and a constant
symbol “0”; the field sort X in Ly ings; and a function symbol for scalar multiplication
K x V' — V. Form the language L, by adding to L', for each n > 0, an n-ary relation
symbol 6,,. In a k-vector space V interpret 0,,(vy, ..., v,) as saying the vectors vy, . .., v,

are linearly independent.

Theorem 1.2.27 (Theorem 4.1, [20]). Let C be the class of all L,s structures (V, F)
where F' is a finite field and V' is a finite-dimensional F-vector space. Let p(Z,y) be a
formula, where the length of T is v and the length of y is s, and let V | F be indeterminates.
Then there is a finite set E of polynomials p(V,F) € Q[V,F|, such that for every
M = (V. F) € C and every a € M?, there is some p(V,F) € E such that

oM, a)| = p(IV]IFD] = o(p(IVI, [F1)).

Furthermore, for every p € E there is a formula 1,(y) such that if M is sufficiently large
and@ € M then M = (@) if and only if || (M, 0)| - p(|V], [F])| = o(p(IV], |F)).

1.3 Algebra

1.3.1 Fields and pseudofinite fields

We denote by F, the finite field with ¢ elements. Also we denote by F%¥ the algebraic
closure of a field F.
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Example 1.3.1. Some examples of pseudofinite fields include the following.

e Ultraproduct of distinct finite fields, cf. [2].
e [Infinite subfield of Fglg generated by 2, F3, F 5, . .. for all prime powers of p. Cf.

the remark before Theorem I in [8)].

We will first repeat that pseudofinite fields have supersimple theory of rank 1. This

follows e.g. from the main theorem and Proposition 4.11 of [9] (or from Theorem
and Proposition above).

We can now connect the notion of pseudofinite and infinite ultraproducts.

Theorem 1.3.2. A field (resp. group, ring) is pseudofinite if and only if it is elementarily

equivalent to an infinite ultraproduct of finite fields (resp. groups, rings).

1.3.2 Groups and pseudofinite groups

We now briefly mention some classical group-theoretic notions.
Definition 1.3.3. We say a group is simple if it has no proper non-trivial normal subgroups.

Theorem 1.3.4 (Wilson [49])). A pseudofinite group G is simple (in the group theoretic
sense) if and only if G is elementarily equivalent to a Chevalley group over a pseudofinite

field.

Furthermore by work of Ryten [41] the following is true: a pseudofinite group G is
simple if and only if it is isomorphic to a simple group of (possibly twisted) Lie type over

a pseudofinite field.

Definition 1.3.5. We say a group G is soluble if there exists n € N such that the n-th

derived subgroup is trivial, i.e. G™ = {eg}.
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By the soluble radical of G, in symbols R(G), we mean the largest soluble normal

subgroup of G.

Theorem 1.3.6 (Wilson [50]). The soluble radical of a group is uniformly first order

definable in finite groups; that is, there is a formula p(x) such that for any finite group G,
the soluble radical R(G) equals {x € G : p(x) holds}.

Below we use the following terminology.

Definition 1.3.7. We say a group G is nilpotent-by-finite (resp. soluble-by-finite) if and
only if there exists a nilpotent (resp. soluble) normal subgroup N such that |G : N| is

finite.

Definition 1.3.8. We call a class C an NIP (resp. simple, stable, NTP, ) class of groups
(rings) if all non-principal ultraproducts of elements of C are NIP (resp. simple, stable,
NTP, ).

Further results about stable and NIP classes of groups can be found in [31] and [32]

respectively. Here we mention a couple of these results.

H. D. Macpherson and K. Tent showed in [31] that if GG is a pseudofinite group with

stable theory then it has a definable soluble normal subgroup of finite index.

Theorem 1.3.9 ([31]). Stable pseudofinite groups are soluble-by-finite.

Later, Macpherson and Tent proved a generalisation of the previous result in [32]. Namely

they showed

Theorem 1.3.10 (Theorem 1.1, [32]). Suppose that G is such that: (1) There is a natural
number n. = n(G) such that there do not exists Fy, ..., F,.1 C G with Cg(F)) < ... <
Ca(Fny1), and (2) G is pseudofinite with NIP theory. Then G has a soluble definable

normal subgroup of finite index. Hence G is soluble-by-finite.
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In particular, (Corollary 1.4, [32]) pseudofinite groups with NIP rosy theory are soluble-
by-finite.

Furthermore it is shown (in [32], Theorem 3.1) that condition (1) is necessary.

Also they show the following.

Proposition 1.3.11 (Proposition 1.2 of [32]]). If C is a NIP class of finite groups, then
there is d = d(C) € N such that |G : R(G)| < d for every G € C.

Combining results from J.S. Wilson, E. Hrushovski and M. Ryten, pseudofinite groups

which are simple in the sense of group theory have supersimple finite rank theory.

In [13]] the authors investigate groups and fields with NTP5 . In particular they prove the

following lemma.

Lemma 1.3.12. Let T'be NTP,, G a definable group in M = T, and (H;);c., a uniformly
definable family of normal subgroups of G, with H; = p(z,a;). Let H = ﬂ H;, and
Hy; = Q{ }Hi. Then there is some i* € w such that, [H ;», H| is finite. -
icw\{j

Finally, we mention Remark 4.2.10 from [29]. Using Theorem 4.2.9 in [29] H. D.
Macpherson shows that if GG is a pseudofinite group with NTP, theory then GG has a
definable proper normal subgroup H such that the quotient G H has a definable normal
subgroup K < G/ H such that K is a direct product of finitely many definable finite or

pseudofinite simple groups.

1.3.3 Simple, semisimple and definable rings

Throughout the thesis we will work in the language of rings L, == {+,-,—,0,1}. In

particular unless otherwise stated all our rings have 1.
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We denote by P the set of prime numbers. Whenever we talk about a finite residue ring

we mean a ring obtained by taking a quotient of Z of the form Z/nZ for some n € N>°.

Given any ring R we denote by M, (R) the set of n x n matrices with entries from R.
Then M,,(R) is a ring with the usual matrix addition and multiplication. We denote by
GL,(R) the general linear group, and if R is commutative by SL, (R) the special linear

group in M, (R).

In this subsection we recall the definitions of the main concepts we will use later in

Chapter [4]

Definition 1.3.13 (Jacobson radical. See Section 4 from [27]). Given a ring R with 1,
define aob := a+b— ab. Then (R, o) is a monoid with O as the identity element. We say
a € R is left (resp. right) quasi-regular if a has a left (resp. right) inverse in the monoid
(R, o). Furthermore we say a is quasi-regular if it is both left and right quasi-regular. A
set I C Ris called (left, right) quasi regular if every element is (left, right) quasi-regular.

Whenever I is a left quasi-regular left ideal then it is quasi-regular.

The Jacobson radical J(R) of R is defined as J(R) := {a € R : Ra is quasi-regular}.

Remark 1.3.14. We see from the definition above that the Jacobson radical is first order
definable. However, the classical definition is equivalent to the one we just presented.
Namely if R is a ring with 1, then the Jacobson radical is given by the intersection of the

maximal (right) ideals of R. For example, see Section 4 from [27]].

We now recall the following classical ring theoretic notions (and a module theoretic

consideration).
Definition 1.3.15.  [. We say a ring R is simple if R has no non-trivial two sided ideal.

2. Let S be a ring. A left S-module M is called a semisimple S-module if every

S-submodule of M is an S-module direct summand of M.
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3. We call a ring R semisimple if all left R-modules are semisimple R-modules.

4. We say a ring R is J-semisimple if the Jacobson radical is trivial, i.e. J(R) = 0.

We present below Theorem [1.3.19] which characterises semisimple rings in terms of
matrix rings over division rings. The reader could take the characterisation in[I1.3.19]as

the working definition for semisimple rings.

There are a lot of interesting .J-semisimple rings. For example freely generated rings
by a set of indeterminates {x;} over a division ring K are .J-semisimple, see Corollary
4.16 in [27]. Any polynomial ring over a division ring K in commuting variables {x;} is

J-semisimple, cf. 4.17 in [27].

We mention below some properties of the Jacobson radical of a ring that we will use

later.

Remark 1.3.16. i) From example (7) after Theorem 4.15 in [27], for any R ring with
identity, we have J(M,(R)) = M,(J(R)).

ii) For any direct product || R; of a family of rings { R;} we have J(I[ R;) =[] J(R;).
In particular, the product of any family of J-semisimple rings is J-semisimple. See

end of Section 4 from [27/)].

iii) Because J(R) = 0 is first order expressible, any ultraproduct of rings [[,, R; is

J-semisimple if and only if U-many of the rings are J-semisimple.

The next definition is standard.

Definition 1.3.17.  I. We say an element x of a ring R is nilpotent of nilpotent exponent

n if n € N is the minimum such that x™ = 0.

2. We say a (left/right/ two sided) ideal I of R is nil if every element in [ is nilpotent.
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3. We call a (left/right/ two sided) ideal I a nilpotent ideal of exponent n if n € N is
the minimum such that I" = 0. Le. for every n elements aq,...,a, in I we have

a ... a, = 0.

4. We say an element x of a ring R possibly without 1 is null if we have tR = Rx =

{0},

5. We call a ring R’ possibly without 1, a null ring if every element in R' is null.

Similarly for null ideal.

6. We say a ring R is nilpotent-by-finite (respectively null-by-finite) whenever R has

a two-sided nilpotent (respectively null) ideal I such that the quotient R /I is finite.

The following is also classical.

Definition 1.3.18. We call a ring (left/right) Artinian if it satisfies the descending chain
condition (DCC) on (left/right respectively) ideals, i.e. for any sequence Iy O Iy O ... of
(left/right) ideals there is N € N such that for all j,k > N we have I; = I}.

On the other hand, we call a ring (left/right) Noetherian if it satisfies the ascending
chain condition (ACC) on (left/right) ideals, i.e. for any sequence Iy C I, C ... of
(left/right) ideals there is N € N such that for all j, k > N we have I; = I.

Recall the Wedderburn-Artin theorem.

Theorem 1.3.19 (Wedderburn-Artin Theorem, see 3.5 from [27]). Let R be a semisimple
ring. Then R is isomorphic to a finite direct product of rings of the form M, (D) for some

division ring D and n € N.

Recall also the following characterisation of simple artinian rings.

Theorem 1.3.20 (Theorem 3.10, [27]). Let R be a simple ring, then the following are

equivalent.
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1. R is left artinian.
2. R is semisimple.
3. R has a minimal left ideal.

4. R is isomorphic to some n X n matrix ring over a division ring, i.e. R = M, (D)
for some n € N and some division ring D. Furthermore n and D are uniquely

determined.

The following is folklore.

Proposition 1.3.21 (Theorem 4.14, [27]). For any ring R, the following are equivalent:

1. R is semisimple.
2. Ris J-semisimple and left artinian.

3. Ris J-semisimple, and satisfies DCC on principal left ideals.

We finish this short overview with the following result from Krupinski, [26]], on the
relation between algebraic properties of definable rings and algebraic properties of definable

groups being defined in a given first order structure.

Theorem 1.3.22. [Theorem 2.1, [26l]] Let M be a first order structure.

i) If every group definable in M is soluble-by-finite then every ring with identity, or of

finite characteristic, definable in M is nilpotent-by-finite.

ii) If every nilpotent group definable in M is abelian-by-finite, then every ring definable
in M is null-by-finite.

iii) If every nilpotent group definable in M is (finite central)-by-abelian-by-finite, then
every ring definable in M is (finite null)-by-null-by-finite. Definitions for (finite
central)-by-abelian-by-finite groups and (finite null)-by-null-by-finite rings can be
found in [26].
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1.3.4 Valued fields

Throughout this thesis we regularly work in the context of valued fields. Namely we
heavily use definability of certain pseudofinite residue rings in well known valued fields.
When handling valued fields, we will usually work in the multisorted Denef-Pas language

of valued fields £,y defined with more detail in Definition [I.3.25]

For the sake of completeness we mention briefly some notions we will use further on in
the manuscript. A complete treatment and exposition can be found in the book [40] or the

survey [47]].

Definition 1.3.23. Consider a field K and an ordered abelian group 1" to which we add a
symbol co. We extend the operations and the order from 1" so oo is the maximum element
of I' U {oo}. We call a function v : K — I' U {co} a valuation on K if and only if the
following hold.

i) v(a) = oo ifand only if a = 0,

ii) v(a +b) > min{v(a),v(b)},
iii) v(a-b) =v(a)+v(b).

We call the pair (K,v) a valued field. We denote the valuation ring by O = {z €
K :v(x) > 0}. Let M := {z € K,(xz) > 0} denote the unique maximal ideal of O.

The quotient k = O /M is called the residue field of (K, v). We let res : O — k be the

canonical projection and call it the residue map.

Definition 1.3.24. An angular component map, dac, in a valued field (K, v) is a map

from K to the residue field k which satisfies the following.
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e The restriction of ac to K* has image in K* and it is a morphism of multiplicative

groups;

e Forany x € K of valuation 0, ac(x) = res(z).

It is worth noting that angular component maps need not exist for arbitrary valued fields
(and are not in general definable). However, (see Corollary 5.18 from [47]) any valued

field has an elementary extension that has an angular component map on it.

We now define the 3-sorted Denef-Pas valued fields language L,

Definition 1.3.25. The Denef-Pas language is a three sorted language, with a sort for
the valued field in the language of rings L,ings = {-,+,—, 0,1}, a sort for the ordered
abelian group, in the language of ordered abelian groups L ,g,s = {+,0, <} together with
an extra symbol oo, and a sort for the residue field in the language of rings, Ly ings. We

also include symbols for a valuation map v : K — 1" and an angular component map

ac: K = k.

Further we use the following.

Definition 1.3.26 (Valued fields in the Denef-Pas language). A valued field in the three
sorted Denef-Pas language consists of (K,T',k,v,ac) where K is the valued field, T" is
the value group and k is the residue field, v is a valuation map and ac is an angular

component map as above.

We often work in the context of p-adic numbers, which we define below.

Definition 1.3.27 (The p-adic numbers, Q,). For a given prime p we define the p-adic
valuation in Z, in symbols v,. For a € 7Z assign v,(a) € N U oo as follows. v,(0) = oo
and if a # 0, then v,(a) is the natural number such that a = p*»( @b where b € 7 and p

does not divide b. Then, for all a,b € 7 we get:
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1. vp(a+b) > min{v,(a),v,(b)},
2. vp(ab) = vp(a) + v,y(b),

3. (1) =0.

Also, putting |a|, = p~ (@ we get an absolute value on Z. This absolute value putting
vp($) = vp(a) — v,(b) extends uniquely to Q and it is called the p-adic absolute value.
The completion, as a metric space, with respect to the p-adic absolute value is denoted
by Q, and it is called the field of p-adic numbers. By extension we denote by ||, the
absolute value in Q,. The integral closure of Z in Q,, is denoted by Z,, and called the ring

of p-adic integers.

Remark 1.3.28. Alternatively we can view the field of p-adic numbers as the set of formal
power series {>_ a;p' : z € Z,a; € F,}. Here the addition and multiplication are done

“carrying over” depending on whether the coordinatewise operation done in the usual

way in 7. gives a result greater than p.

We use the following result for valued fields in the Denef-Pas language. See [37], or

[38]. See also [47]] for a thorough treatment.

Theorem 1.3.29. Given K = (K, T, k,v,dac) a Henselian valued field with residue field

of characteristic 0 in the three sorted Denef-Pas language, then Th(K) eliminates field

quantifiers.

A consequence of the elimination of quantifiers is the well known Ax-Kochen, Ershov

theorem.

Theorem 1.3.30 (Ax-Kochen, Ershov). Two henselian valued fields of residue characteristic
0, (K,I'k,v,ac), and (K', 1", k', v', ac’) are elementarily equivalent if and only if both
F=1l"andk =K.
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It is worth noting that similar results of quantifier elimination have been proved also for

the mixed characteristic case. For example, in [28]] it is shown that Q, admits quantifier

elimination in the one sorted language of rings together with a binary symbol ““|” interpreted
as alb <» v(a) < v(b) and a family of unary predicates {P,, : n € w} interpreted as the

sets of n-th powers in Q,,.

1.4 Main results

Here we present the results found in this work which contribute towards the study of

pseudofinite rings and classes of finite rings.

In chapter 2| we will present the classification of pseudofinite residue rings in terms of

generalised stability. Namely we present the following theorem.

Theorem 1.4.1 (See[2.1.1, 2.1.2L 2.1.3|and 2.1.4). An ultraproduct of finite residue rings
of the form [[ Z/nZ,U has NTP, theory if and only if there exists d € Nand U € U

neN
such that every n € U is a product of fewer than d prime powers. Moreover if it has

NTPs theory then it has finite burden.

Furthermore the following holds for NTPy pseudofinite residue rings.

i) The ultraproduct [ [Z/nZ,U has NIP theory if and only if there exists V' € U and
d € N such that every n € V' is a product of fewer than d prime powers each of the
primes being less than d. Furthermore if the ultraproduct has NIP theory then it has

finite dp-rank.

ii) The ultraproduct | [Z/nZ /U has supersimple theory if and only if there exists V €
U and d € N such that every n € V' is a product of fewer than d prime powers and
whenever a prime power p' divides n we have that | < d. Furthermore, when the

ultraproduct has supersimple theory then it has finite SU-rank.
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We will also show the following.

Proposition 1.4.2 (See [2.5.3). If the ultraproduct || Z/nZ /U is not supersimple then
neN

its theory is SOP.

From the theorem above we find that ultraproducts of elements of the class of finite
residue rings of the form {Z/nZ : n € U} where there is a bound on the number and the
exponent of prime divisors for all n € U are supersimple. This leads to ask whether the
class of such rings has an asymptotic behaviour in the sense of Section [[.2.8] above. To

answer this question we present the following result.

Theorem 1.4.3 (See 3.2.1). Let | € N. Then the class of finite residue rings of the form

{Z/p'Z - p € P} is an |-dimensional asymptotic class.

Furthermore we mention the connection of this result with work of Daniel Wolf to obtain
thatif d € N> and I, ...,l; € N, then classes of the form {Z/nZ : n = pl'- .. .'pff,pl <
... < pg € P} are interpretable in a finite disjoint union of elements of N;-dimensional
asymptotic classes and hence after expanding the language by unary predicates form a

multidimensional asymptotic class in the sense of Section [[.2.8|above.

Finally, in chapter 4 we will address some general observations about pseudofinite rings,
ultraproducts of elements of classes of finite rings under some generalised stability properties,
and some remarks about what algebraic behaviour can we obtain from the generalised

stability conditions in the spirit discussed in Subsections|[I.3.1]and[1.3.2]

Among other results we show the following for NIP and N'TP, classes of finite rings.

Proposition 1.4.4 (See4.3.12). If C is an NIP class of finite rings then there exists d such
that every R € C has a nilpotent two-sided ideal of index bounded by d.

Proposition 1.4.5 (See4.3.7). Let C be an N'TP; class of finite J-semisimple rings. Then
k
there is N € N such that the rings in the class are of the form [ [ M,,,(F,,) for some k and

ny,...,npinNandq,...,q primes where ny, ... ,n; and k are bounded by N.
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Also, we make general observations about pseudofinite rings like the following.

Proposition 1.4.6 (See4.2.2)). Pseudofinite simple rings are of the form M,,(F) where F
is a pseudofinite field.
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Chapter 2

Ultraproducts of finite residue rings

2.1 Introduction

As mentioned in|(l.3.1|above any pseudofinite field has supersimple rank 1 theory. In this
chapter we investigate generalised stability properties of arbitrary pseudofinite residue
rings. More specifically, we describe non-principal ultrafilters on N such that the ultraproduct
[1Z/nZ,U is supersimple, or NIP but non-simple, or NTP5 but not NIP or simple, or
TP5 , noting that all these possibilities occur. The information is depicted in the following

diagram.
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(

Bounded exponents, (e.g. [1Z/p"Z, U, for fixed
peP
b) Simple case

.
Bounded set of primes,

(e.g. [1Z/q"ZU, for fixed
neN
prime q) NIP case

Bounded number
of prime divisors

Unbounded exponents

Unbounded set of primes,

(e.g. I z/»Z/U)
pePneN

. \NTP, case

(e.g. [1Z/nZ,U) TP, case

neN

Unbounded number

L of prime divisors,

We see this work as the beginning of a structure theory for pseudofinite rings with
generalised stability properties. We take a moment here to mention that there is some
overlap between work done in this chapter and independent work of Paola D’ Aquino and
Angus Macintyre. However, D’ Aquino and Macintyre’s point of view is different from

ours.

We now state the main theorems that make up this chapter and indicate where they can

be found below.

Theorem 2.1.1 (Corollary [2.2.3). Let U be a non-principal ultrafilter on N \ {0} and let
R = [[Z/nZ,U. Then the following are equivalent.

neN

1. The theory Th(R) of R is NIP.

2. Thereis U € U and b € N such that every n € U is a product of primes each one

being less than b.
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Theorem 2.1.2 (Corollary 2.2.10). Let U be an ultrafilter on N such that there exists
b € Nand U € U such that for every n € U there are at most b prime divisors. Then
[1Z/nZ, U is NTP,.

neN

Theorem 2.1.3 (Corollary 2.3.7). Consider a non-principal ultrafilter U on N and let
R = 117Z/nZ,U. Then the following are equivalent.

neN

1. The theory Th(R) is supersimple.

2. There exists b € Nand U € U such that if n € U then n is a product of fewer than

b primes and if p' divides n then | < b.

Theorem 2.1.4 (Proposition|2.4.2)). Let U be an ultrafilter on N such that for every b € N
the set

{n € N : there are at least b distinct prime divisors of n }

isinU. Then || Z/nZ,U has TP, theory.

neN

Proposition 2.1.5 (Proposition|2.5.3). If the ultraproduct || Z/nZ, U is not simple, then
neN

it has SOP (the strict order property - see Definition[I.2.1])).

In the second section we present both Theorem[2.1.T]and Theorem [2.1.2] concerning the

NIP and N'T'P, cases respectively.

In the third section we present Theorem [2.1.3] about the simple theory case, and also

mention some results on coordinatisation, as found in [21]].
In the fourth section we present Theorem for the TP, case.

Finally in the fifth section we address questions raised by A. Chernikov and make some

comments about SOP, how it is related to the previous cases and prove Proposition[2.1.5]

We heavily use definability of certain pseudofinite residue rings in well known valued
fields. When handling valued fields, we will usually work in the multisorted Denef-Pas

language of valued fields £,q; defined with more detail in Definition|1.3.25]
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Below we deal with theories satisfying Definition [T.2.18] [1.2.14}[1.2.8] and [1.2.11]

As mentioned in Section [1.2.7, by Example 7.7 of [L1] any ultraproduct [[Q,/U of
peP
p-adic fields, where U/ is a non-principal ultrafilter on I, has NTP, theory. This follows

from the more general (Ax-Kochen,Ershov)-like result found in Theorem 7.6 in [11].

Paraphrased, this says the following.

Proposition 2.1.6 (Theorem 7.6, [11]]). Let K = (K, T, k,v: K — T',ac: K — k) bea
Henselian valued field of characteristic (0,0) in the Denef-Pas language. Then the depth
A\ of an array of parameters {l_)l-,j 1 J < w,i < A} in K which satisfies clauses (1) and
(2) from Definition for some formula with a single free variable is less than the
depth of arrays of parameters either in k or in I which satisfy clauses (1) and (2) from
Definition for some formulas with a single free variable.

In particular we have that if k has NTPq theory in L,;pgs, then so does K.

Observe that in Proposition if we consider K := ([[Q,/U,T,k,v,dac) then K is
strictly N'TPy , in the sense that since k is a pseudofinite field it has IP and so K has IP,
and T has SOP so K has SOP.

2.2 NIP, and NTP; cases

First, for a fixed prime p we consider the ring [[ Z/p"Z,U.
neN

Proposition 2.2.1. Fix a prime p. Ultraproducts of the form || Z/p"Z,U withU a non-
neN
principal ultrafilter on N are interpretable in the ultrapower [[ Q,,/U of Q, and hence

neN
are NIP.

Proof. We first recall that @, has NIP theory, c.f. [4], [15] or [34]. We will show that

uniformly in n, Z/p"Z is interpretable in Q,, the p-adic numbers. We know that the



Chapter 2. Ultraproducts of finite residue rings 31

valuation ring Z, is definable inside the valued field Q,. Also we can use a parameter

a € Q, with v(a) = n to define p"Z,, since p"Z, = {x € Z, : v(z) > v(a)}. Hence the

structure Z,,/p"Z, = 7 /p"Z is interpretable in Q,, uniformly in n (a parameter varying

through the value group Z). Furthermore the ultraproduct [[ Z/p™Z, U is interpretable

by the same formula in the ultrapower [[ Q,, U which i: i}?ill NIP. Since being NIP is

preserved under interpretability we COHC?IEJS.@ that ultraproducts of the form HNZ /"L, U
ne

are NIP. O]

We present now a lemma that will be useful further on. Here for j in an index set ./, and

a collection of structures (A;);c; we denote by 7; the usual projection map from [[ Ay
keJ

to A;. We extend this notation to ultrafilters, i.e. if we consider I/ an ultrafilter on I I,
keJ

where each [}, is an index set, we will denote by 7;({{) the ultrafilter

{(VCI:3U eU(n(U)=V)}

induced by 7; on I;.

Lemma 2.2.2. Let {1}, : 1 < k < n} be a family of index sets, for each Iy, let { R¥ : i € I;;}

be a family of rings indexed by Iy, and U an ultrafilter on [] Ij. Then
k=1

[T Bl x- xR U= HR SmU < ([1Rr/m@)).

(il ----- in) in

Proof. We can show that the assignment ¢ given by sending [(a),, . k.llu to

([(ar)]my@ys - - - » [(@ky)]mn@ey) is an isomorphism.
The assignment ¢ is a well defined function. We can see that if
[(@hys - ) oo et = [Brrs - - Blon) (ot s

then there exists U € U such that ay, = fy, for all n-tuples (k;);<, € U. Hence ax, = [,
forall k; € m;(U) and s0 ([(ar)lmiw)s - - - s (@) ]mae) = ([(Be)]ma@ys - - [(Br)lman))-

To show that ¢ is injective we consider [(ag,,- .., ax, )|u and [(bg,, .- ., bx, )| such that
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e([(an,, - ax,)]) = @([(beys - - - br,)]). Note that since ([(ax,)]x,e0) = ([(br)]r,w0)
there are U; € m;(U) (for i € {1,...,n}) that witness this equality. For each U; put

Ul =1 x...x 1y xU; x I;41 x ... x I,. Taking ﬂ U! we have an element in I/ that

witness the equality of [(ay,, - - ., ax, )| and [(b,, . . bkn)]

To show that ¢ is surjective note that for

o = ()]0 - [(a)ruen) € (HRu/m ) (HR /ol )

we have that p([(ak,, . . ., ax,)]) = .

Furthermore ¢ is an homomorphism. First note that o ([(1x,)]e) = ([1i,]x,@))k- Since

the operations on
IT (Bl x---xR:) U= HR /mU HR (U
are defined coordinatewise we have that

e([(ar)lu + [(06)]) = e([(ar, + b)) = (lar, + brilmen) ;e = -
S = ([aki]ﬂ'i(u) + [bkz‘]m(u))ign = @([(a/ﬂ)]u> + @([(bkl)]u)

and similarly o ([(ax, )l - [(br)l) = ([(ar;)ee) - o ([(bk)]ur)-

O

Corollary 2.2.3. Let U be a non-principal ultrafilter on N and let U € U and b € N be

such that every n € U is a product of powers of fewer than b primes each prime being

less than b. Then || Z/nZ,U is NIP.

neN

Proof. Put R’ := [[Z/nZ, U. Let U € U be as in the hypothesis, and consider the
neN

induced ultrafilter on U by U, namely V := {UNV : V e U}. Put R := [[Z/nZ/V.
nelU
Then R = R.
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Furthermore we can find V' € V such that every n € V has the same d prime factors,
P1,D2; - - -, pa. Considering WV the induced ultrafilter on V' by V and using Lemma [2.2.2]
and the first paragraph using V' in place of U we have that R = (T](Z/p{"Z) /W) X+ - - X
(I1(Z/p3Z) /Wa), for some ultrafilters Wi, ..., Wy on N. Sincng: eachof [[(Z/p*Z) /Wi
isnf\IIP by Proposition we can conclude that R’ is NIP. " [

We take a moment here to note that we are using and will use the following result

throughout the chapter.

Proposition 2.2.4. Each of the rings Ry, ..., R, is NIP (respectively, simple, NTP, ) if

and only if the algebraic direct product Ry X ... X R,, is NIP (respectively, simple, NTPy ).

This is proven using the following two lemmas.

Lemma 2.2.5. Let L := L, Ll Ly be the disjoint union of Ly and Ly. Let p(z,y) € L,
where & € L1 and §j € Ly. Then (T, ) is equivalent to a finite disjunction of formulas
of the form 0(z) N (), where 0(z) € L1 and ¥ (y) € La.

Proof. By induction on the length of the formula ¢. See for example section 9.6 of

[22]. [l

Lemma 2.2.6. Let L, and L be disjoint languages. Let A be an L1-structure, and B be
an Lo-structure. If A, B are NIP, simple or NTPq then so respectively is the disjoint

union A U B when considered in a multisorted context.

Proof. We present here the proof for the NTP,, case.

Note that if either A or B have TP, then A LI B the disjoint union has TP, witnessed by
the same formula and array. Now assume that A LI B has TP, . Then TP; is witnessed

by a formula ¢(z,y) with x a single variable and an array (b; ;) from A LI B. But by
Lemma  is a finite disjunction of formulas of the form 6; A v;. From [11] (Lemma
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7.1) we know that disjunction preserves NTP, . Hence, for a particular index k, there
is a subarray from (Em-) that witnesses the tree property of the second kind for 6y A 1.
Furthermore, since || = 1 we can find an array of parameters only in A such that 0y (x, i)
holds, or only in B such that 14 (z, y) holds. This means that either A or B have the tree

property of the second kind. [

Remark 2.2.7. The previous Lemma can be generalised for finitely many structures

Ay, ..., A, indisjoint languages L1, . . . , L, when considered in a multisorted context.

We now turn back to the proof of Proposition [2.2.4

(Proof of Proposition[2.2.4). We present here the NIP case. The other cases are done

similarly.

First, assume that at least one of Ry,..., R, has the independence property, without
loss of generality say R; has IP. Since R; is isomorphic to the ()-definable substructure

Ry x Og, X ... x Og, then the direct product has also the independence property.

Finally, assume that all R;,..., R, are NIP and assume that the direct product
Ry x ... x R, has IP. Since the direct product is definable over the disjoint union R L
... U R,, we get that the disjoint union also has the independence property. However, this

is impossible by Lemma [2.2.6 since each one of Ry, ..., R, is NIP. O

Now let both p € P, and n € Nvaryin [[ Z/p"Z,U with U a non-principal
(p,n)EPXwW
ultrafilter on P x w. Consider the following class of residue rings

C:={Z/p"Z :peP,new}.

Proposition 2.2.8. Any ultraproduct of rings in C = {Z/p"Z : p € P,n € w} has
NTP, theory.

Proof. We first note that Z /p"Z = Z,,/p"Z,, where Z, denotes the ring of p-adic integers.
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Let U be a non-principal ultrafilter on P x w. For each (p, ) € P x w choose an element
aye € Q, such that v(a,e) = e. This defines p°Z, in Q,,, as the set of elements in Z, with
value greater or equal to the value of a,.. Hence Z,/p°Z, is interpretable in (Q,, aye),

and R .= [ (Z,/p°Z,) U is interpretable in  [[ (Q,, @)U, where G, is
(p,e)EPxw (p,e)EPxw

an element in  [[ @, with (p, e)-projections equal to a,.. By Proposition 2.1.6| we

(p,e)EPXw

have that any ultraproduct [[Q,/W is NTPy,s0 [[ (Qp,ap) U is also NTP, .

peP (p,e)ePxw

By the above observations, R is NTP, . So every ultraproduct in C has NTP, theory. [l

Remark 2.2.9. Furthermore, in Proposition R need not be simple or NIP. If the
ultrafilter concentrates on a prime p then R is NIP but not simple (see Remark [2.5.1)),
and if it concentrates on prime powers with exponent I then R is supersimple since the
ultraproduct is then a pseudofinite field. Since pseudofinite fields have the independence

property, R is not NIP.

Corollary 2.2.10. Let U be an ultrafilter on N such that there exist b € Nand U € U

such that every n. € U has at most b prime divisors.

i) Then [[Z/nZ,U is NTP, .

ii) If for each e there is U, € U such that for every n in U, some prime divides n with

exponent at least e, then the theory is not NSOP, in particular not simple.

Proof. i) Let R be such an ultraproduct and U an element of the ultrafilter as in the

hypothesis. Consider V := {VNU : V € U}. Put R := [[ Z/nZ,V. Furthermore
nelU
there is a V' € V such that every n € V has exactly d prime divisors. Choose as

earlier an ultrafilter YW on V such that R = [] (Z/ pz(b(ll;Z X X7/ p:(fl‘;)Z) SW.
neV

Using Lemma [2.2.2] we have that

R ( H Z/pi’zf))Z/Wl)x--~><( H Z/p:ggg)Z/Wd)

(Pr(1)sn(1)) (Pr(ay-en(a))



Chapter 2. Ultraproducts of finite residue rings 36

for some W,;. Hence by Proposition we have that R (and therefore R’) has
NTP, theory.

ii) See Remark

2.2.1 Dp-rank and burden

At the end of this section we turn to investigate the dp-rank and burden of the ultraproducts

in the NIP and N'TP, case.

Recall Definition from Subsection [1.2.4]

As we mentioned in Subsection [1.2.4] since the ultrapower [ [Q, /U is an elementary

n

extension of the p-adics, it is dp-minimal.

The corresponding notion to dp-rank in the more general context of NTP, structures is

that of burden presented above in Definition |1.2.19|in Subsection|1.2.7

Furthermore, A. Chernikov and P. Simon showed in [14] that ultraproducts of p-adics
(in the language Ly ) are inp-minimal, i.e. have burden 1. The language Lpy is a three
sorted language for valued fields viewed as K = (K, RV,T',val,,) obtained from L, ;s
by adding the quotient group K* /(1 + 90t) as a sort with multiplicative group structure
“.,17, plus a constant 0, a predicate for the residue field k C RV together with an addition
T onkanda map val,, : RV — T between the RV and I sort. In Lgy the valuation
is definable, although not necessarily the angular component map. See Sections 2 and 3

from [14]] for more details.

Remark 2.2.11. Given two NTPy structures M, N and a € M, b € N with
bdn(a) = r in M and bdn(b) = s in N, then the burden of (a,b) in the disjoint union of
M and N is less than or equal to 1 - s. Le. bdn((a,b)) <r-sin M UN.
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Proof. First note that from the definition of burden we have that for two types p, gif p C ¢
then bdn(p) > bdn(g). By theorem 2.5 in [11] we have that bdn(ab) < rs.

We now mention the following result from [[11].

Proposition 2.2.12 (Corollary 2.6, [11]]). “Sub-multiplicativity” of burden. If bdn(a;) <
k; fori < nwith k; € N, then bdn(aq, . . .,a, 1) < [] k.

i<n
Remark 2.2.13. In the context of the ultraproducts of finite residue rings, when considering
the strict NTPy case we note that an ultraproduct of the form
I zmwlzwx...x [ z/waz W
(Pn(1)-€n(1)) (Pr(a):€n(a))

would have burden bounded by the product of the burdens of each structure, given that
each structure has finite burden. From [I4)] we have that an ultraproduct [ [ Q, /U of the
p-adic numbers has burden 1 (in Lgy ). Since we only use the valuation to interpret the
corresponding ultraproduct of finite residue rings in the ultraproduct of p-adic numbers
we have that each factor also has burden 1. This implies that the product would have
burden at most 2°. Furthermore it is conjectured, e.g. Conjecture 2.7 in [11)], that burden

is sub-additive in N'TPy theories. Hence, if the conjecture holds then the burden would
be bounded by d.

Remark 2.2.14. In the NIP case, it is known that Q, is dp-minimal and dp-rank is a
particular case of burden in NIP theories, and moreover it is shown in [24] that dp-rank

is sub-additive. Hence we get that an ultraproduct of finite residue rings of the form
11z/vrz Wi x ... x [[2/p32, Wa

has dp-rank bounded by d.
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2.3 Simple case

Now fix b € N and consider the following ultraproduct, []Z/p*Z,U.

peP
In [[10] we find the following definition.

Definition 2.3.1 (Definition 2.1.9, [[10] ). Let D C N be structures possibly in different

languages with D definable in N, and let a € N be a canonical parameter for D.

1. D is canonically embedded in N if the ()-definable relations of D are the relations

on D which are a-definable in the sense of N.

2. D is stably embedded in N if every N-definable relation on D is D, a-definable,
uniformly, in the structure N. The uniformity can be expressed by requiring that the

form of the definition over D be determined by the form of the definition over N.

3. D is fully embedded in N if it is both canonically and stably embedded in N.

In [11] it is mentioned in the proof of Theorem 7.6 that if K = (K, Tk, v,dc) is a
henselian valued field of characteristic (0, 0) in the three sorted Denef-Pas language then
I" and k are stably embedded with no new induced structure so are fully embedded. For
completeness we include a proof. We first recall the definition of the Denef-Pas language

for Henselian valued fields, see Definition

Proposition 2.3.2. Let K = (K,T',k, v, ac) be a Henselian valued field of characteristic

(0,0) in the Denef-Pas language. Then the value group T" and the residue field k are fully
embedded.

Proof. In the Denef-Pas language we have elimination of field quantifiers, cf. [37], or
[38].

Let us show first that I is stably embedded. Consider a K -definable relation R on T,

defined by ©(Z, &, 3). By Denef-Pas quantifier elimination we may assume ¢ has the form
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Q(a,b)y(z, @, a, 3,b) where 1 is a quantifier free formula, @ is a tuple of quantifiers on
the group and residue field sorts, Z is a tuple of free variables of the valued field sort, &
and a are tuples of free variables and bound variables respectively of the ordered group
sort, and 3 and b are tuples of free and bound variables respectively from the residue field

sort.

Furthermore we may assume ¢ is a disjunction of formulas of the form
U1 (Z)Atha (v(t2(Z)), @, @) Avps (ac(ts(z)), B, ), where 1y (Z) is a formula without quantifiers
on the valued field sort, 5 (U(tg(i’)), Q, Fz) is a formula without quantifiers on the value
group sort, and 3 (dac(t3(z)), 3, b) is a quantifier free formula from the residue field sort,
also t5(z) and t3(Z) are terms obtained from the variables = via the operations from the
valued field sort. We may assume the variables from @ only appear in formulas like )5,
and the variables from b only appear in formulas like 5. Hence ¢ is equivalent to a
disjunction of formulas of the form ¢, (Z) A 2 (v(t2(Z)), @) A 3 (ac(ts(z)), B). Here ¢
is a quantifier free formula on the sort of valued fields, o2 (v(t2(Z)), @) is a (quantified)
formula from the sort of ordered groups where the bound variables are among @, and
3 (ac(ts(z)), B) is a (quantified) formula from the residue field sort where the bound

variables are from b.

Since the formula ¢ defines a relation on [' we end up with a formula made up with
a disjunction of formulas of the form of 5 and the parameters involved are all from I,

possibly of the form v(p) for some p € K.

Next we show that I" is canonically embedded. Consider now S an ()-definable relation
in I, defined by ¢(Z, @, ). By the above argument we end up with S being definable
by a disjunction of formulas of the form ¢, (v(t5(Z)), @) with no parameters. Hence S is

(-definable and so I is canonically embedded in K.

In an analogous way we have that when a formula defines a subset of & the only part of
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the formulas in the disjunction of formulas of the form

Y1(2) A2 (v(t2(2)), @) A s (de(ts(2)), B)

we are interested in is that corresponding to y3(ac(t3()), 3) and every parameter used
can be taken to be from k, where some may be of the form ac(p) for p € K. Hence
k is stably embedded. Furthermore an ()-definable relation in k defined by a formula
©(Z, @, 3) ends up being (-definable by a formula only in the residue field sort. Hence k

is canonically embedded in K.

]

Definition 2.3.3 ([21]], Definition 4.1). In the next definition and proposition, taken from
[21]], we work in a saturated model M = MY of T' = T*4. (Here M* stands as usual

for imaginaries over M, cf. [[7] .)

e Suppose that P is a class of (partial) types (over a small subset of M) closed under
automorphisms. We say that T is coordinatised by P if for every a € M there is
n € w and a; for i < n such that a,, = a and tp(a;/a;—1) € P for all i < n, with

a_1 = (). The sequence (a; : i < n) is called a coordinatising sequence.

e A type q is said to be simple if for each extension p' € S(B) there is a subset A of
B with |A| < |T| such that p' does not divide over A.

e A type q is said to be supersimple if for each extension p’ € S(B) there is a subset
A of B with |A| < Xq such that p does not divide over A.

Proposition 2.3.4 ([21], Proposition 4.2). If a type p is coordinatised by simple types then

p is simple. Furthermore if p is coordinatised by supersimple types then p is supersimple.

We turn now to prove the following. We will work in [[Q, /U.

peEP
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Proposition 2.3.5. Fix b € Z* and let R be the ultraproduct [[Z/p*Z /U, where U is a
peP
non-principal ultrafilter on P. Then R has supersimple theory.

Proof. Since [[Z,/p°Z,,/ U = [1Z/p"Z,U, we will think about R inside the valued

field structure Q = ([[Q, /U, I, [[F, U, v, ac), where I is the corresponding ultrapower
peP

of Z. We will use below the definable function ¢ on [[Q, /U where é([x,)y) =
[pz,)u. This is definable using only the parameter [p]y,. zi“elfbus we want to show R/ :=
[17Z,/p°Z,, U has supersimple theory with the induced structure in which the (-definable
]rﬁpations on R/ are all those arising from ()-definable relations on Q.

The key idea is to use Proposition and Proposition [2.3.4] by showing that types
from R/ are coordinatised by types in the residue field, which is a fully embedded pseudofinite
field and hence is supersimple. Thus, it suffices to coordinatise R’ by types in definable

bijection with those in the residue field. We will consider the class of types P of the form

tp([p'ay + (p))/ [P ap + (p))). for [a, + (p°)] € R,
For any given [a, + (p”)] € R’ we have the following coordinatising sequence
"y + @) ey + ()] pap + (7)), lap + (7)),

Furthermore tp([p‘a, + (p°)]/[p"a, + (p*)]) contains the formula [p|z = [p'*1a, + (p°)].
Put S; = {z € R": [p]z = [p"'a, + (p°)]}. Then

Si = [Pla, + 1" "R + ()] = {[p'a, + p" '+ (p")] : w € R}
To show that tp([p‘a, + (p°)]/[p"™a, + (p)]) is simple it is enough to find a definable

bijection ¢; (using just one parameter w € S;) over [p'a, + (p)] between [[ Z,/pZ,, U

and S;. To see this, note that for ¢, € Z,/p’Z, written as

Cp = Cp(o) + PCp(1) + -+ D" -1y + ()
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we can define, uniformly in p, a bijection ¢, , from Z,/pZ,, to
Sip={z € Zp/prp tprz = pi+1cp + (pb)} = picp +pb_1Zp/prp + (pb)

as follows ¢; ,(z) := p*~'x + p'c, + (p°). Therefore we can find the wanted definable
bijection (; as the induced by ; , sending [z,] € [[Z,/pZ,, /U to [p'a, +p*~ 'z, + (p°)]
(otherwise [w + p*~1z, + (p%)]).

Moreover [[Z,/pZ,, U is a pseudofinite field stably embedded in Q, so all the types
realised in [ [ Z,/pZ,, U are supersimple. Hence all the types of the form

tp([piap + (pb>]/[pi+lap + (pb)])
are also supersimple.

Finally we note that P is closed under automorphisms of R’.

Now we can apply Proposition to conclude that since R’ is coordinatised by

supersimple types then it is supersimple.

]

Remark 2.3.6. It is noted in Remark 4.3 of [21] that if (a; : i < n) is a coordinatising
sequence then SU(a,,) < SU(a,/a,_1)®...®SU(ag). Hence the structure [ Z/p*Z,/ U
has finite SU-rank and this rank is at most d since the coordinatisatising speeqpuence used
in the proof of Proposition has length d and each of the types of the sequence has

SU-rank 1, cf. [23]. For a particular p, the sequence of ideals
2,02, < ... < pZ, /0L, < Z,)p"Z,

has successive indices equal to p. Hence in the ultraproduct the successive indices
are infinite, and the ideals in the chain are uniformly definable in p. This implies that

SUTIZ,/p'Z,, U > d.

We can now use Proposition [2.3.5] together with Lemma [2.2.2] to cover the following
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more general case.

Corollary 2.3.7. Consider an ultrafilter on N such that there exists b € Nand U € U

such that if n € U then n is a product of fewer than b primes and if p' divides n then | < b.
Then R' := [ Z/nZ,/U is supersimple, of finite SU-rank.

First note that for example the ultrafilter ¢/ will include the set

U={neN: Ifp°|nthene < b, and n has fewer than b prime divisors}.

Proof. Let U € U be as in the hypothesis, and consider V' the induced ultrafilter on U
byU. Weput R := [[Z/nZ,/V,so R = R'. Thereis V € V such that every n € V

nelU
has the same number d of prime factors, py,(1), Pn(2), * - * Pn(d) and every py;) has the same

exponent e;. Hence using Lemma on VWV the induced ultrafilter on V' by V we have
that R = ([[(Z/py,)Z)/ W) % -+ X (H(Z/pfg(d)Z)/Wd), for some W,. Since each

m m

one of [ [(Z/p},Z) /Wi is supersimple by Proposition[2.3.5| R’ is supersimple.

]

Remark 2.3.8. Suppose that for each k there is U, C U such that Uy, € U, for each
n € Uy we have that n has d prime divisors, and each prime divisor is greater than or

equal to k. Then, the ring
11z/v502 W x .. x T [2/pi 2./ Wa

has SU-rank exactly e; + ... + eg.

Remark 2.3.9. There is an alternative, maybe more direct, way of proving Proposition

2.3.5 We present here a brief sketch of the proof for R := [[Z,/p*Z,,/U, but the
)
argument also yields Corollary[2.3.7}

We note by the Ax-Kochen-Ersov theorem that [|Z/p*Z, U is elementarily equivalent
peP
to R := []F,[[t]]/(t*),/U in the language of rings, cf. Proposition 2.4.10 of [47].

peP



Chapter 2. Ultraproducts of finite residue rings 44

We have that R’ is interpretable in k := [[F,,/U. In order to see this we only need to
note that for any prime q the ring IF[[t]]/ (tg) is uniformly (in q) interpretable in F since
we can identify a+ bt + (t?) € F,[[t]]/(t?) with the pair (a,b) and interpret addition, (D),
and multiplication, (x), from F,[[t]]/(t*) inside F, x F, in the following way.

e For pairs (a,b), (c,d) we put (a,b) & (¢,d) :== (a + ¢, b+ d);

e For pairs (a,b), (¢, d) we put (a,b) * (¢,d) = (ac, ad + be).

Since k is supersimple of SU-rank 1, R' is supersimple of SU-rank 2 and hence R is also
supersimple of SU-rank 2.

Although k is interpretable in R' the isomorphism from (k*, @, x) to R’ is not definable in
R'. Otherwise, it would be also definable in R and thus we would get that for some U € U
if p € U then the ring Z,/p*Z, is isomorphic to the characteristic p ring ((Z/pZ)?, &, )

but this is a contradiction.

In Proposition[2.3.5lwe chose to give the proof using coordinatisation through supersimple
types because we believe it provides added information for the class of finite rings of the
form Z/p"Z. In particular, it motivates showing that for a fixed d the class of rings
{Z/pZ : p € P} is a d-dimensional asymptotic class in the sense of [[I7]; see also [I8]].
See Chapter 3 below.

2.4 TP, case

Not every ultraproduct of finite residue rings is NTP5 . First, we note the following. The

proof is routine.

Claim 2.4.1. If{R; : i € I} is a collection of commutative rings, then

SLz(HRi/U) N H(SLz(Rz‘))/U-

el el
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Proof. This follows from £o§ theorem. Alternatively, define 5 : SLy([[R;/U) —
iel
[T(SLs(R;))/U as follows

icl
(a)i (b)i _ ((aib

Here (a);, (b);, (c); and (d); stand for representative tuples of an equivalence class in the

ultraproduct [ [ R;/U. Also a; refers to the i-th coordinate of (a);, similarly for b;, ¢; and

d;. Let us first consider two elements in SLo([]R;/U) such that

<(a§? (b)”{> - (EZ:)) ((Zl,))) This means that (a); = (a');, (b); = ('), (¢); = (¢’); and

(d); = (d');. Hence there are U,, Uy, U., Uy such that Vk € U,(ar = aj},), similarly

for Uy, b,V'; U.,c,cd and Uy, d,d. Therefore, Vk € U' = U, N U, N U. N U, we have
a aj, by, a)i (b) a’)i ()i :
(C: ZIZ) = (Ck Z ) , and so 3 ((((C; ((Z))>> =B ((Ec,gl ((Z,)%)) Hence, [ is a well
defined function.
Also (3 is injective because whenever (3 (( E‘;))Z Egl )) =p (( ((Z:))z ((Zigz )) we have that
((Z 2)) = ((a: Zi)) . This means there is U € U such that V& € U we have (“‘“ Z") =
i Qg 1 c; a; i Ck ak

(3,;“ Z%) which in turn means {i € I : (a); = (d’);} € U, similarly for (b), (¢'); (¢), (¢)
k Tk

a)z ®i ) _ [ (a): (V)
and (d)> (d/) So ( i (d); ) - ((c’)i (d’)z‘)'

To see that 3 is surjective we note that given (( ) we consider (a;);, (b;):, (¢;); and

(d;); elements of [] R;/U. Then j3 <<(al ! )) (e

;)) = ((¢: 1)), and that
(@)i ()i \ [ (@)i () _ (@)i(a’)i+(®)i(c)i (a)i(®)i+(b)i(d)s TR

aia;—i-bic; aib;—i—bid;

cia;-+d¢c§ Cib;+d¢d;

(G- (50) = o () =s (o)) s ((er ).

To check that § is a homomorphism we note that [ ( E
b

)) “and this in turn is equal to
(2

For an analogous result (over fields, but with arbitrary groups of Lie type) see Proposition
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1 of [39]].

Recall now Lemma [1.3.12] presented in Section [[.3.2] Below we use this necessary

condition for a theory to be NTP, from [13].
Proposition 2.4.2. Let U be an ultrafilter on N such that for every b € N the set
{n € N : there are at least b prime divisors of n}

isinU. Then [[Z/nZ,U has TP, theory.

First we note these ultrafilters exist, since the collection
{{n € N: there are at least b prime divisors of n} : b € N}

has the finite intersection property.

Proof of Proposition Let R :=[[(Z/nZ)/U. We want to find a definable group G
in R and a uniformly definable family of normal subgroups { H; };~., that contradicts the

conclusion from Lemma(I.3.12] and to do this we consider for each j < w the group
SLy(Z/JZ) = G; := Fy x SLy (Z/pZ) % -+ x SL (Z/pjf,;jf Z)

such that F}; is isomorphic to SLs(Z/nZ) where n can only have prime factors smaller
than p; ;. The condition on the ultrafilter allow us to consider the case when both b; and
pi1 increase as ¢ — 0o, in such a way that p;, > p; ;» whenever j > j’ or both j = j

and k > k.

We can now for a given j and £ with 1 < & < b, find non-central elements
Ajp = <“{5’“ b;),k) € SLy (Z/p7;Z) with ajy # b;x. We may assume that i, bjj <

pj.k. Consider A; ;. inside G; occurring as the k£ + 1-th entry in

A],k‘ = <_[dF7, IdSLQ(Z/pjfilz>, . e ,Ang, ey ]dSL2 (Z/pjfl;fJZ)>
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Now let F;;, be the conjugacy class in G of m This is uniformly definable (across

the class of groups G;) using A;; as a parameter. Elements in F;; are of the form

(1,1d,...,gA;xg™", ..., Id) where g € SLy (Z/p}}‘Z).

Consider now N;; = Cg,(Fjx). Then this is a normal subgroup of G; since for every
« € Gjand every v € N, we have that oF; ya™t = F; . so aya™t € N ;. Furthermore
Njr = Cg,(Fjx) is uniformly definable using m through the formula defining the
centralizer, namely p(z, A, 1) = Vg € Gj(vgA; g o™t = gA, g7 "). We have

€j,1 SL Z/p;?sz
Njw =F; x SLy (Z/pji'Z) x ... x OSLQ(Z/pjf};kZ) (Aj,k2< v )) «

% SLy (2/p;' ).

We just note that if for a particular index ¢ we have b; < k' then we just put N; » := G;.
Define Hy, := [[N;y/U. Put H := (\Hj and Hy; := () Hy.
i k k#j

Fix d € N. Since b; are increasing there is ) = Q(d) € N such that whenever j > @
then b; > d, i.e. there are at least d many big prime factors, so N; 4 is not the full G;.

Also, since p; ; are also increasing, we may choose () so that p; ; > d whenever j > Q).

Claim 2.4.3. Suppose that j > @, and for k € {1,...,b;} take N, as above. Then

there are at least d elements cﬁl, cee cé‘?’ 4 € G, each of these with all coordinates not in
SLy(2/pF2) o
Cy Lo (205 2) (Aj’ & equal to the corresponding identity, such that
-1 . .
.- ek & Ny for any distinct v, s € {1,...,d}. In particular, |G; - Nj;| > d.

It is enough to show that if j > () we have
o SLa(2/p;3"7)
|Gj . Nj,k| = ’SLQ (Z/p],k Z) : CSLQ(Z/p;j,;kZ) Aj,k | Z ijg.

To see this, let |G; : Nj| = A. Then for all B € SLy (Z/pj} ) we have that

A\ SLy (2 /p'ff',;’“ z)
B* € OSLQ(Z/p;j];kZ) (Aj}k J
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which means that in particular B*A,,B~* = A;;. Considering the matrix D = (}1),
we have

AA. =X @k AMbje—ajk) \ _ 4
DA D™ = ( 0 bk = Ajk

only if A(b;x — ;) is a multiple of p_;". In particular, if X < p;; then p7;*|(bjx — a; ),

which contradicts the choice of a;; and b; ;.. This proves Claim [2.4.3]

Claim 2.4.4. Letd € N. Then |H.; : H| > d.

Let ) = QQ(d) be as above. For s € {1,...,d}, let

65 = [(1G17 ceey 1GQ—1’ CJQ7S7 C7Q+17S7 .. .)]u.

We have ¢, € Hyj for s € {1,...,d}. This follows because we chose clj’s € Ny, for all
k # j. Furthermore, for any distinct r, s € {1,...,d}, we have ¢, - ¢, ' ¢ H. This holds
because clj,s . c{m_l ¢ N, ;. Hence the index |H; : H]| is at least d, which proves Claim
2.4.4

From the above, since d was arbitrary, we get that the index |H; : H| is infinite for

every j.

Thus, by Lemma|1.3.12|applied to the family of groups {[ [V, ; }i<., thering [ [ Z/nZ/U
J

has the tree property of the second kind.

2.5 NSOP

We now turn to answer the questions raised by Artem Chernikov and prove Proposition
.13l For this we recall the definition of NSOP theories. See Definition [L.2.11] in
Subsection above.
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To prove Proposition [2.1.5] we must show that when R := [[ Z/nZ,U is NIP but not
neN

simple, or it is NTP, but neither NIP nor simple, or it is TP, then R has the strict order

property.

Let us focus first on the cases from Section 2.2]

Remark 2.5.1. Notice that in the NIP and N'TP cases there is no bound on the exponents
considered. In the NIP case from Proposition[2.2.1|fix a prime q and look at the ultraproduct
R := [1Z/q"Z U. The relation a|b, “a divides b”, is a definable partial order in the
langu;gejofrings, and 1,q,q>, . ..,q" ! forms a chain of length k in the finite ring Z./ ¢*Z.
Hence we are able to find arbitrarily long chains inside the ultraproduct R precisely
because there is no bound in the exponents. The same argument applies (with a non-
standard prime in place of q) in the non-simple NTPy case considered in Proposition
2.2.8] Easily, this argument applies in the cases with boundedly many prime divisors
and unbounded exponents presented in Corollary2.2.3|and[2.2.10, In particular if R is

non-simple N'TP then it is SOP.

Next we deal with rings discussed in Section [2.4

Remark 2.5.2. Consider now ultraproducts of the form R := [[Z/nZ,/U where the
ultraproduct U satisfies the conditions of Proposition For every k € N the set

Uk := {n € N : there are at least k prime divisors of n}

is in the ultrafilter. We can write elements n € Uy, as

=B i

where m(n) € N only has prime divisors greater than px,. If we consider the relation

given by divisibility we have, in each such Z/nZ, the following chain of length k,

Pr)|Pr() - Pn@)| - [Py = - - - D)
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Hence we can define arbitrarily long chains in R and this implies that R has SOP.

Finally, we note that Proposition follows from the two previous remarks.

Proposition 2.5.3. If the ultraproduct || Z/nZ U is not simple, then it has SOP.

neN

Proof. Indeed, a non-simple ultraproduct will either have unbounded exponents involved
in which case Remark m shows it is SOP, or it will have unbounded number of prime

divisors involved so Remark 2.5.2] shows that it is SOP. O
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Chapter 3

Asymptotic classes of finite residue rings

We turn now to address the asymptotic behaviour of the class of finite residue rings studied
in Section [2.3} that is, the class of rings Ry := {Z/nZ : n € U} where U is an element
in a non-principal ultrafilter on N for which there is a bound b on the number and on the

exponents of prime divisors of every n € U.

In Proposition [2.3.7)in Section [2.3 we showed that ultraproducts of rings of any class of

the form R;, where U is as above, have a supersimple finite rank theory.

As mentioned in Subsection|[I.2.8] ultraproducts of elements of N-dimensional asymptotic
classes are supersimple of rank < N. Furthermore the proof of Proposition hinted
towards a close relation between the ultraproducts of rings of the class /Ry and ultraproducts

of finite fields.

The aim of this chapter is to show that for any d € Nand [y, . ..,l; € N the class of rings
{Z/nZ :n=p-.. . pfj, p1 < ... < pg € P}isindeed a multidimensional asymptotic
class in an expansion of L,;,,s by unary predicates in the sense of [1] as mentioned in

[[2.8labove. See Definition[3.3.1]

As we noted in Section[2.3] ultraproducts of rings of the class R can be viewed as finite

direct sums of ultraproducts of rings of the class {Z/p'Z : p € P} for some fixed | € N0,
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It is natural then to start by studying the latter classes. For this we present the notion of

asymptotic fragment, the main tool of the chapter to deal with classes of rings of the form

{Z/p'Z : p € P}.

3.1 Asymptotic fragments

The overall strategy to deal with the class of rings {Z/p'Z : p € P} is the following.
Inside each ring of the form Z, /p'Z, we find a definable subset A in correspondence with
the finite field Z,, /pZ, and we note that we can “reflect” the asymptotic behaviour from the
finite field onto our definable set A. Next we define, using elements in A as parameters,
a partition of Z,/p'Z, \ A that has a nice asymptotic behaviour in Z,/p'Z,. Then, we
note that given a formula ¢(z, §) and some parameters a € Z,/p'Z, the solutions can be
found separately in the base A and in the elements of the partition. Finally the asymptotic
behaviour of both of these parts gives us the wanted asymptotic behaviour of Z,/p'Z,.

We present this in Theorem below.

We work in the context of the valued fields Q, for primes p in the three sorted Denef-Pas

language, as mentioned in Definition[1.3.25]in[I.3.4]

Hence, we think about Z/p'Z as Z,/p'Z,. Further Z,,/p'Z,, is interpretable in Q, over a
parameter p' of value [, this is needed in the ultraproduct although not at each p. For /s
is definable in Q, using only the valuation and for every k € Z”° we have p*Z, = {z €

Z, : v(x) > k}. Hence every definable set in Z,,/p'Z,, is interpretable in Q,,.

We first present the following lemma that, loosely put, allows us to reflect some of the
asymptotic behaviour of the class of finite fields to the collection of uniformly definable

subsets of Z,/p'Z, which are in bijective correspondence with finite fields.

Lemma 3.1.1. Put | € N and for every p € P consider Z.,,/p'Z,.
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For every p € P let B, be a set uniformly L,;,,s-definable across the class {Z,/p'Z, :
p € P}, possibly with parameters. If B, is in uniform L,;,,s-definable (possibly using
parameters s, from Z,/p'Z,) bijective correspondence with Z,/pZ,, then for any L inys-

formula p(z,7) the following hold.

i) There exists a constant C and a finite set D of pairs (6, 1) € ({0,1} x R>%)U{(0,0)}

such that for any p € P and any a, € Z,/p'Z,,
|o(Zy /0L, a) O By| — up®| < Cp°~2

holds for some (0, 1) € D as p — oo.

ii) Furthermore, for each pair (6, iu) in D there exists an L,ings-formula 75 ,)(y, ) such

that 7(5.,,)(ap, sp) holds in Z,/p'Z,, if and only if

1
HSO(BIMC_LPH - /ﬁpd‘ < Cp(; 2.

Proof. For any p € IPlet f, be the definable bijection (defined possibly with parameters
sp) from B, to Z,,/pZ,.

Put p(B,,a,) = p(Z,/p'Z,,a,) N B, the trace of the definable set ©(Z,/p'Z,, a,) in
B,. The set ¢(B,,a,) corresponds uniformly in p to a definable set in Z,/pZ, using
fs,» namely fs (¢©(B,,a,)). Recall that the residue field Z,/pZ,, the ring Z,/p'Z, and
©(Z,/p'Z,, a,) are interpretable in Q,,.

Moreover, the corresponding set in Z,/pZ, is definable uniformly in p with parameters
ap, Sp from Z,/p'Z,. Hence we obtain a definable set in any ultraproduct [[,, Z,/pZ,
using parameters [a,), [s,] in [],, Z,/p'Z,, namely fis,; (¢(I],, By, [ap))). We work inside
the valued field Q, in the three sorted Denef-Pas language setting. Then [[,, Z,/pZ, is
fully embedded in [[,, Q,, see Proposition m Hence, there exists an L,;,4s-formula
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¢x(x,w) and parameters [€,] € [[,, Z,/pZ, such that
Jsp) (@(Hquv [dp])> = Pr (HuZp/pra [ép]> .

Since ¢ (1, Zp/pZy, [€,)) is a definable set in an ultraproduct of finite fields, and the
ultrafilter was arbitrary, when going back to the factors we get finitely many L,;,s-
formulas ¢y, ..., %, such that for any particular p there is some j € {1,...,7r,} such

that
Jsp ((Bp, ap)) = ¥ (Zy /Ly, &) -

Let 7, be the setof all j € {1,...,r,} suchthat f, (o(B,,a,)) = 1;(Z,/pZy, €p). Let

J,, be the least element in J,; and consider the L, 4s-formula 1) (z,w)

By Theorem([I.2.24|from [9], mentioned in Subsection[I.2.8]above, there exists a constant
Cjy and a finite set D;» € ({0,1} x R*%) U {(0,0)} of pairs (d;s &, s ) for k €
{1,...,t;;} and a partition {® 5, : (6, 1) € D;:} of the set {(Z,/pZ,, &,) : p € P,¢, €
Zyp/PZy} such that for each (3 k., p1jx 1) € Dy

- 0% 0% -1
‘Wj; (Zy/pZyp, €,)| — Hjz ke Ly | PZy| Jp’k’ < Cjsp ot 2

for all (Z,/pZy,e,) € s,

s otz ) 48 P 00, This means, after translating by the

function f; there are finitely many possible approximate sizes for ¢(5,, a,) when we let

p and a, vary.

Furthermore, by Theorem 1.2.24| there are L,;,,gs-formulas x;x (v) fork € {1,... ,tj;}
such that xx x(€,) holds in Z, /pZ, if and only if the pair (Z,/pZ,,ep) € P50, s ,)-
That is, if “1/)];3 (Zp /P2y, Ep)| — tj3 1| Zp /DLy

Ok

5yx b
. Ipsk 2
< O];P P .

Put the L,.;,4s-formula pz ;- (0,9) tosay fz(¢(Bp, y)) = Vi (Zyp/PZy, V).

Also put the L, ,-formula Tj;,k(gj, Z) to say

Je € Z,/pZ,3z € Zp/plzp(pi,j; (&,9) A Xj;,k(é))-
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1
Hence 7s (@y, s,) holds if and only if |[o(B,, ay)| — ,uj;’kpéj;'k‘ < C’j;p‘sjz’?”f_? asp —

.

Moreover, since j € {1,...,7,}andk € {1,...,¢;} we get finitely many pairs (6, x, /¢ )
that represent possible approximate sizes for ¢(B,, a,) (with respect to |Z,/pZ,|). Hence
we get finitely many formulas 7(; (¥, s,) that pick out the parameters a, € Z,/p'Z, such

that |p(B,, a,)| is approximated by the pair (8¢; k), f(j.k))-

We present now the following proposition.

Proposition 3.1.2 (Asymptotic fragment). Take s,m,l € N such that m > 0 and s <
s+m <l PutC={Z,/p'Z,:p € P}

Then for any L, qs-formula ¢(z,y) the following hold.
1. There exists a constant C, a finite set D of pairs (6, 1) € ({0,...,m} x R>%) U

{(0,0)} and a partition {®,) : (6,1) € D} of the set {(Z,/p'Zy, ap,b,) :
Z,]P'Z, € Ci,a, € Z,/p' 7y, b, € p**™Z, /D' Z,} such that for each pair (6, 1)

(P, by), )| — | < Cp*~2

for all (Z,/p'Z,,ay,b,) € s,y as p — oo. Here F(p™,b,) = {z € Z,/p'Z,, :
p"x = by}

2. Furthermore, for each (0, j1) € D from above there is an L,ngs-formula x s .)(y, )
such that X (s, (ayp, by) holds if and only if (Z,/p'Z,, @y, b,) € Ps .-
Proof. We prove this by induction on m.

First take m = 1. Let s,/ € Nbe such that s < s +1 < [. Let ¢(x,y) be an L, gs-

formula.
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Put o(F(p',b,),a,) = ©(Z,/p'Z,,a,) N F(p',b,) to denote the trace of the definable
set O(Zy/p'Zp, ay,) in F(p', by).

We want to find a constant C' and a finite set of pairs (9, i) such that for any given p € P,
a, € Z,/p'Z, and b, € p**1Z,/p'Z, the size of p(F(p',b,),a,) is approximated by one

of these pairs.

Now, F(p',b,) = {z € Z,/p'Z, : p'z = b,} is in definable bijection uniformly in
p with Z,/pZ,. Indeed, for any p € P the map 0 : Z, — F(p',b,) that maps z to
p'~1z + p°B induces a definable bijection /s, ' from Z,/pZ, to F(p',b,) that sends z +
(pZ,) to 0(z). Furthermore, even when f3, depends on p*/3, any 3’ such that p**'5" = b,
induces a bijection from F'(p*,b,) to Z,/pZ, in the same way. Hence when we fix b, €
p*1Z,/p'Z,, i.e. when 38 € Z,/p'Z,(p**3 = b,) holds the choice of 3 doesn’t affect

the fact that f5 is a bijection.

The set o(F'(p*,b,),a,) corresponds uniformly in p to a definable set in Z,/pZ, using
fﬁp’ namely fﬁp (@(F<p17 bp)7 a’p)) .

By Lemma taking the parameters to be {/3,}, we obtain a constant C' and a finite
set E of pairs (8, ) € ({0,1} x R>%) U {(0,0)} such that for all b, € p***Z,/p'Z, and
ap € Zp/plzp

e (F(p,by), @)| — up’| < Cp’~2

holds for some pair (9, i) as p — oo.

Furthermore for each (9, jt), after quantifying out the parameters (3, there exists 7(5 .,y (¥, 2)
such that 7(5 (@, b,) holds in Z, /p'Z, if and only if |[o(F(p", b,), @) — up’| < Cp®=3

as p! — oo.

This shows that the statement in Proposition holds when m = 1. The finite set
of pairs is £ and the formula 75, defines each element of the partition. Note that each

5 €{0,1}.
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Now assume that the statement in Proposition [3.1.2 holds for some m. That is, for any
s,l € Nsuchthat s < s +m < [ for any L,;,4s-formula ¢(z, y) there exists a constant
C and a finite set D of pairs (0, ) € ({0,...,m} x R*%) U {(0,0)} and a partition
(@, : (8,1) € DY of the set {(Zy/p'Zy,aysby) : Z/p'Ty € Crutty € Zy/p'Ty b, €
p*t™Z,/p'Z,} such that for each pair (6, 1)

o (F(p™, b),dy)| — up’| < Cp°~2

for all (Z,/p'Z,, a,,b,) € @, as p — oo. Recall F(p™,b,) = {z € Z,/p'Z, : p™x =
by}

Furthermore, for each pair (0, /1) there is an L, ;,,4s-formula xs,,,) (7, 2) such that xs ) (@, bp)

holds if and only if (Z,/p'Z,, ,, b,) € ®s,.).
We then want to show that the statement of Proposition holds for m + 1.
For this we let s and [ be such that s < s + (m + 1) < .

Fix a formula ¢(z, 7). For each p € P consider parameters a, in Z,/p'Z,, and let b, be

an element in p** (™ V7, /p'7, (where b, = p** (™1 3 for some B € Z,/p'Z,).

Consider the set F'(p™*1,b,) = {x € Z,/p'Z, : p™ 1z = b,}. We want to approximate
the size of (F(p"™**,b,), a,). For this consider the set §b,, ={x €Z,/P'Z, : p'x =b,}.
Note that we have §bp C p*™™Z,/p'Z, and that §bp =p™ - F(p™tib,).

Take ¢, € §b,,- Put F'(p™,c,) = {x € Z,/p'Z, : p"x = c,}. Note that the collection
{F'(p™,c):ce€ §b,,} partitions the set F'(p™ "' b,).

Also s < s +m < [ (for s +m < s+ m + 1). Hence by inductive hypothesis if
we put R, = Z,/p'Z, and consider the same formula ¢(z,y) we find a constant C, a
finite set £ of pairs (d;, i1;) € ({0,...,m} x R*%) U {(0,0)}, withi € {1,...,r} and a
partition {®(;  : (0, i) € E} of the set {(Zy/p'Zy, @y, ') 1 p € P, Gy € Ly DLy, ¢ €
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p*t™Z,/p'Z,} such that for each (&;, 1;) € E

< C’p‘sf‘_%

[lo(F' (0™, ), )| = pip™

for all (Z,/p'Z,,a,,c) € ®/5, .y a8 p — oo. Note that this induces a partition of the set
{(Zy)P'Zy, @y, ) - p € P,y € L,y)p' Ly, c € Sy} since Sy, C p** "L, /p'Z,,.

Furthermore since we assume Proposition @ holds for m, there are L,y s-formulas
Xi(w, §) such that for @, € Z,/p'Z, and ¢ € S, we have that x;(c, a,) holds in Z,/p'Z,
if and only if
< C’p‘si_%.

o (F' (9™, €),@p)| — pip™

Recall o(F'(p™, ¢), a,) denotes p(Z,/p'Z,,a,) N F'(p™, c).
Note that each formula y;(z, a,) defines a set in §b,, = pmF(p™*! by).

Since S, = {z € Z,/P'Z, : p'x = by}, (s + m) < (s +m) + 1 < I and Proposition

3.1.2{holds when m = 1 we can now find an approximation for |Xi(§bp, ap)|-

Since each formula x;(z, a,) defines a set in §bp = F(p',b,) thenforeachi € {1,...,r}
the statement of Proposition gives a constant C;, and a finite set £; of pairs (¢; ;,v; ;) €
({0,1} x R*%) U {(0,0)} where j € {1,...,t;}, such that

.1
< Cipaw 2,

X (Sh,» @p)| — vi ™
Recall that x;(S),, @) = xi(Zy/P'Zy, @) N F(p", by).

Furthermore there are £,;,,4s-formulas 7; ;(y, x) for j € {1,...,t;} such that n, ;(a,, b,)

holds in Z,/p'Z, if and only if ||x;(F(p",b,), )| — vi;p™| < CipTii~.

We follow ideas from [30] (also [[17]). Note that for each b,, G, there is a unique function
h = h@,s, : {1,...,r} = wsuch thatforalli € {1,...,r} we have h(i) € {1,...,1;}
and 7; n(;)(ap, by) holds. Since h(i) € {1,...,t;} we get that the set of such possible

functions is finite.
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Consider a,, b, as above and a compatible h.

Define T;(a,, b,) := {2 € Z,/p'Z, : p(z,a,) Az € F(p™*1,b,) A xi(p™z,a,)}. Then,
the collection {7;(a,,b,) : 1 < i < r} forms a partition of p(F(p™*',b,),a,), i.e. we
have p(F(p™*,b,), ap) = |T(ay, b).

< CipEin®=2) if we put G :=

Furthermore, since ||x;(F(p",bp,), ap)| — vipgp o
{g € F(p',b,) : xi(q,a,)} we have that |G| is approximately v; ,;)p“ ®. Also, since
xi(q,@,) holds for all ¢ € G putting H = {z € Z,/p'Z, : ¢(z,a,) A p™z = q} we

< Cp’i~2. Hence the

get |H| is approximately z;p% since ||<p(F(pm,q),c‘Lp)\ — pip%
following holds for |T;(a,, b,)|-

First

ITi(ap, bp)| < <mp5i + Cp‘si*%) : (w,hu)pe“h@ + Cip(gi’hw*%)) .
Second

(Mip‘” - CP‘”_%> ' <Vi,h(i)p8i'h(i> - Cipw”_%) < |Ti(@p, by)|-
Hence

e, TIPS e
ditei ne) < (CVi,h(i)+/~LiCi)p61+€l’h(l) 2 +CCip5z+€z,h(z) 1_

|| T3 (@p, b)| — ptatinioyp
This means that for some large enough Cj ,

diteina)| « C’;Lp‘sﬁfi,h(i)—%

| T3(@p, b)| — pivi piiyp
as p — 00.

Put Dy, := max{d; + €;pu) 14 € {1,...,7r}}. Note D), € {0,...,m + 1}. Consider the
set A:={ie{l,...,r}: 8 +e;pu = Dp} and make M), := ,EAMWi,h(z‘)-
1€

Then,
F(p™ a _1
HSO< (p +17 bp), Clp)| MhpDh} < (iGEA)CZ{)pDh 2 + K

where K accounts for the terms where p has exponent less than D), — % Hence for a big
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enough C} we have
_ 1
|lo(F (™, by), )| = Myp™| < (CF)p™ 2

as p — oo.

Since the pair (Dj,, M},) depends only on h there is a formula o, (3, w) givenby A 1; n) (7, )
icA
such that 0y, (a,, b,) holds if and only if

l(F (™, by), )| — Mip™*| < (Cp)p” 2

as p — o0.

As we note before, the set of possible functions £ is finite. Hence the set of pairs
(Dy, Mp,) is finite. Therefore we find a constant C” = m}?X{C’;L’ } and finitely many

formulas o4, (y, w) such that o,(a,, b,) holds if and only if

_ _1
|lo(F (™, by), @) = Map™| < (C")p"r 2.

Hence, the statement from Proposition [3.1.2] holds for m + 1.

This completes the proof by induction. Therefore Proposition holds for all m €
N>,

]

Remark 3.1.3. Further to Proposition we call the collection {F(p™,b,) : p €
P,b, € p*™™Z,/p'Z,} an asymptotic fragment of C; over {p**™Z,/p'Z, : p € P}.

3.2 Theclass {Z,/p'Z,: p € P}

As we have done previously, we keep working in Z,,/p'Z,, in the context of the Henselian

valued fields Q,,.
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We will now use Proposition [3.1.2]to show the following result.

Theorem 3.2.1. For any fixed | € N>° the class {Z,/p'Z, : p € P} is an |-dimensional

asymptotic class.

Proof. We will use that for all m € N, and all s,/ € Nsuchthat s < s+ m < [
the collection {F(p™,v,) : p € P,v, € p**™Z,/p'7Z,} is an asymptotic fragment of
{2,/p'Z, : p € P} over {p**™Z,/p'Z, : p € P}.

By Lemma|l.2.23|it is enough to consider formulas ¢(z, §) in just one free variable x.

Given an L, s-formula ¢(z, ), p € P and @, some parameters in Z,/p'Z, we want to

study the asymptotic behaviour of |¢(Z,/p'Z,, a,)| across the class {Z,/p'Z, : p € P}.

Put R, = Z,/p'Z,, and C;, = {R;, : p € P}. Note thatif s = 0 and m = [ — 1, we
get that 0 < | — 1 < [ satisfies the hypothesis of Proposition Then the collection
{F(p'=* u,) : p € Pu, € p~'Z,/p'Z,} is an asymptotic fragment of C; over Dy =
{p'=1Z,/p'Z, : p € P}. Hence there exists a constant C' and finitely many pairs (;, 11;),
where 0; € {0,...,l — 1} for every ¢ € {1,...,7}, such that for the fixed p € P,
a, € Z,/p'Z, and any b, € p'~'7Z,/p'Z, we have that

“90<F(pl_l>bp)vdp)’ - ,Uipéi < Cpéi_i
for some ¢ € {1,...,r}. Furthermore, there are L,;,,,-formulas ¢;(y,w) such that
¢i(@p, b,) holds in Z, /p'Z,, if and only if
_ _ . 1
e (F(',bp), @) — pip™| < CpP~2.

Now, each ¢;(a,, w) defines a set in p'~'Z, /p'Z,. Note that p'~'Z,/p'Z, is in bijective
correspondence with Z,/pZ, via the map f~' : Z,/pZ, — p'~'7Z,/p'Z, which maps
2+ (pZy) — p'~t2 + (p'Z,). The map f~!is induced by the map 6 : Z, — p'~'Z,/p'Z,
mapping z to p' 1z + (p'Z,).
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Since the map f is defined uniformly on p by Lemma[3.1.1{ we get C; and finitely many
pairs
<€(i,1)7 V(i,l))7 ceey (6(@31-), V(i,si)),

where ¢(; ;) € {0,1} forall j € {1,...,s;} such that for all p € P and a, € Z,/p'Z,
HC@'(ap,pl_lZp/plZpN - V(i,j)pa<i’j)| < Cipg(i’j)_%
for some (e; 5y, V() as p — 00

Furthermore for each pair (£; ;), ;. j)) there exists a formula x; ;(¥) such that x(; ;) (a,)

holds in Z,/p'Z,, if and only if

o . 1
|Ci@p, 0" 2y 9 Zy)| — 113 0709 | < Cip™an ™2,

Note that for each a, there is a unique function g : {1,...,r} — w such that g(i) €
{1,..., s} and X(;4¢:))(@p) holds. Since g(i) € {1,...,s;} the set of such functions is

finite.
Fix a, and consider a compatible g.

Define the set T}(a,) := {z € Z,/p'Z, : ¢(x,a,) A Gi(ap, p' %) A X(ig0))(ap) }- Note
that {Tj(a,) : i € {1,...,r}} forms a partition of ©(Z,/p'Z, \ p~'Z,/p'Z,,a,), i.e.
©(Zy,/P'Zy \ pZy/p' 2y, ap) = ||, Ti(ap). Note also that for each i € {1,...,7} we
have

1
< Cgp‘si“(iqg(i))*i

I T(@p)| — i gayp™ 0o
for some big enough constant C! as p — o0.
Put gg = max{d; + € g : ¢ € {1,...,7}}. Observe that gg € {0,...,l}. Consider

theset A := {i € {1,...,7} : 0; + €(ig0)) = gg} and put ji, = .EA,uiu(l-’g(i)). Then for
1€

some big enough constant C we have

_1

“SO(Zp/plZp \plilzp/plzpa ap)| — ﬁgpég} < Cp’o2
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as p! — oo.

Furthermore there is a formula 7, (%) given by ( A X(,4())(¥)) such that 1,(a,) holds if
€A

and only if this last inequality is satisfied.

To obtain a complete approximation of p(Z,/p'Z,, a,) it is only left to approximate the

size of the set p(p'~'Z,/p'Z,, a,).

Again, since p'~'Z,/p'Z, is in bijective correspondence with Z,/pZ, via f defined
above and the correspondence is uniform in p by Lemma we get a constant C’
and a finite set £’ of pairs (v, A\x) with k£ € {1,...,t} and . € {0, 1} such that for all
p€Panda, € Z,/p'Z,

_ _ 1
“‘P(pl 1Zp/plZpa ap)| — )\k:pvkl < C'p™z
for some pair (¢, \x) € E'.

Furthermore for each pair (7, A\;) we get an L,;,,4s-formula 74 () such that 7, (a,) holds

in Z,/p'Z, if and only if

_ _ _1
|10 2, /D'y, @) | — Niep™| < C'p 2.

Finally, we write

“P(Zp/plzp» ap)| = ’@(Zp/plzp \pl_lzp/plzm ap)| + |90(pl_1Zp/plZpa @D)"

The formula =, ;(a,) given by n,(a,) A 7(a,) holds if and only if both

HW(Zp/plZp \plilzp/plzpa ap)| — ﬁgpég‘ < Cpagii, and

_ _ _1
100" 2,y [Py, @) | — Niep™| < C'p 2
hold.

There are finitely many functions g and elements k € {1,...,¢}. Hence there are finitely
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many possible pairs (g, k) and /i, 39 depends only on g. Also, there is a constant C that

works for all functions g simultaneously. Then for each (g, k) put:

i) 0y = max{gg,’yk}.

(

Hg, if 0g, = ES\g
11) Mgk = 4 )\k, if 597]C = Yk

Then for a big enough constant C we have that

_ 1
||90(Zp/plzp’ ap)| — Ng,kpég’k‘ < Cpég’k 2
for some (g, k) as p — oc.

In conclusion we have obtained that given p(z, ) and a, € Z,/p'Z, there exists C a

constant and finitely many pairs (d, 4, f4yx) With 6,5 € {0, ..., [} such that

a _1
||90(Zp/plzp’ ap)’ - /Lg7kp597k\ < Cp‘sg’k 2

as p' — oo. Furthermore we find formulas Z,, () such that =, x(a,) holds if and only if

1
H(‘O(Zp/plzp?ap” - /ig,kpég’k‘ < Cp‘sﬂykfi
as p — oQ.

We have shown that for a fixed [ € N the class of rings {Z,/p'Z, : p € P} satisfies
the definition of an asymptotic class for formulas with a single variable . By Lemma
we conclude that {Z,/p'Z, : p € P} is an asymptotic class. Furthermore in the
argument above we obtained pairs (0, o) € ({0,..., 1} x R*) U {(0,0)} since the
size of each structure in the class C; as p varies is p' we obtain that {Z,/p'Z, : p € P} is

an [-dimensional asymptotic class.
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We finish this section with the following remark presenting some ideas along the lines
of Remark

Remark 3.2.2. By the Ax-Kochen-Ersov theorem we know that, with [ fixed, [[7Z/ p' 7, U
peP

is elementarily equivalent to [[F,[[t]/(#"),/U in the language of rings. Also, one can
peP

argue that for any p € P the ring F,[[t]]/(t') and the finite field F, are bi-interpretable,
uniformly in p. This together with results on bi-interpretability between classes of finite
structures, see for example Lemma 3.7 from [lI7], gives us that the class of rings F' :=
{F,[[¢]]/(#") : p € P} is an N-dimensional asymptotic class, in fact with N = l. However,
we take a moment to note that the proof that the class C; = {Z/p'Z} is an l-dimensional

asymptotic class required quite a different approach to that of the class F'.

3.3 Multidimensional asymptotic classes of finite residue

rings

In Section we looked at ultraproducts [[,,Z/nZ of the class of finite residue rings
{Z/nZ : n € N} where there exists U’ € U such that there is a bound on the number
and the exponent of prime divisors of every n € U’. These ultraproducts are isomorphic
to a finite direct product of ultraproducts of members of classes of the form discussed in

Section[3.2] above.

We now use results from Daniel Wolf’s Ph.D. thesis [51] to study the class Cq;, . 1, :=

{Z/nZ - n:plf---piid,pl < ...<pg€P}, whered € N®and ly,...,l; € N, in the

context of multidimensional asymptotic classes.

For this we present the following definition from [[1].

Definition 3.3.1 ( [[1]]). Let C be a class of finite L-structures and let R be a class of

functions from C to R=°. We say C is an R-multidimensional asymptotic class in L, R-
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mac for short, if for every formula p(, 1), where the length of T is n and the length of y

is m, the following holds.

1. There exists a finite set F' of functions h; € R and a partition {®,,, : 1 <i < |F|}
of the set {(M,a) : M € C,a € M} such that for eachi < R

oM™, a)| = hi(M)| = o (hi(M))
forall (M, a) € @, as | M| — oc.

2. Forevery h; € R there exists L-formulas xp,(y) such that M |= xy,(a) if and only
lf(M, C_L) € Py,

Daniel Wolf has shown in his Ph.D. thesis, Lemma 2.3.5 [51] the following result.

Theorem 3.3.2 (Daniel Wolf, [51]). Let Cy,...,C, be R;-multidimensional asymptotic
classes in disjoint languages L1, . .. L,,. Then the disjoint union C; U ... U C, = {M; U
UM, M; € G} of the R;-MAC:s itself forms an R-MAC (for an appropriate R) in

the disjoint union of the languages L1 1 ... L,.

For fixedd € Nand ly,...,l; € NputCyy, 4, :={Z/nZ :n :plf-npgi,pl <...<
pa € P}. Then any ring in the class Cy4y, 5, can be seen as a finite direct product of fixed
length d. Moreover, the factors are taken from finitely many fixed classes C; = {Z/p"Z :
p€P}....C, = {Z/p"Z : p € P}. By Proposition above each of these C; is an

l;-dimensional asymptotic class.

Note that each N-dimensional asymptotic class is an R-multidimensional asymptotic

class for an appropriate R consisting of functions of the form M + p|M|°.

By Theorem [3.3.2] we get the following.

Corollary 3.3.3. Putly,...,lq € N”° and foreachi € {1,... d} putC; = {Z/p" : p €
P}. Then the disjoint union C, U ...l Cy is an R-multidimensional asymptotic class in

the disjoint union of d many copies of the language L, ;.
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Proof. This follows from Theorem [3.2.1]and the result of Daniel Wolf in Theorem
U

Proposition 3.3.4. Purd € N and I,,...,l; € N. Let Cyy, =A{Z/nZ : n =

7777 ld

-----

in Lyings + { Pi }1<i<p- Here each P; is a unary predicate that interprets the i-th factor of

each element in Cqy, .. 1,

Proof. By expanding the language by the unary predicates { P, } the class Cyy, .

the disjoint union from the corollary directly above are bi-interpretable. It follows from

Proposition 2.4.6 in [51]] that Cg,, . ;, is also an R-multidimensional asymptotic class, for

-----

some R. [
Question 3.3.5. What can be said about the class {Z/nZ : n € U'}, when there is a
bound b on the number and the value of the exponents of prime divisors of elements in U’ ?
Is this also an R-multidimensional asymptotic class? Can we get the definability clause to
hold? Note that we wouldn’t include the unary predicates and we would consider bounded
direct sums of rings of the form Z./p®7Z where e; < b instead of the rings discussed earlier
where the length of the sums and the exponents appearing for the prime power divisors of

n are fixed.

Question 3.3.6. How can we study more examples of definable sets with an asymptotic
fragment behaviour. The naive approach presented in below doesn’t quite seems to

work but it may be improved.

Definition 3.3.7. Let L be a first order language, C a class of finite L-structures and
A ={Ap : M € C} where Ayy C M is an ordered set of fixed size n* for all M € C.

Let A(x, z1) be an L-formula where |Z,| = n*. For each M € C put D(M, Ap) =
A(M, Apr). Write Dy = {D(M, Ap) : M € C}.

Let Y(x,Zz1, z3) be an L-formula. For each M € C and each ¢ € D(M, Ay, put
F(M,Ap,¢) = T (M, Ap, ). Write Fy = {F (M, Ap,¢) : M eC,c € DM, Apm) }-
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We say F 4 is an N-dimensional asymptotic fragment of C over D 4 if for any formula

o(x,y) the following hold.

1. There is a finite set of pairs D C ({0,...,N} x R*%) U {(0,0)} and a partition
{®(, 1 (0, ) € D} of the set {(M,a,c) : M € C,a € MW e e (DM, Apn)) !}
such that for each (6, 1) € D

)

[lp(M, @) 0 FM, Ay, )] = sl FOM, Ay, 0)¥] = 0 (IF(M, A, )7
forall (M,a,c) € O,y as |IM| — <.

2. Furthermore, for each (0,41) € D there is an L-formula X s . (Y, Z2) such that
X(s,) (@, €) holds in M if and only if (M, a,c) € ), i.e. if and only if

Remark 3.3.8. Note that if C is an N-dimensional asymptotic class, then making Y (x, zy, Z3) 1=

(x = x) we get that C is an asymptotic fragment of itself over any D 4.

Question 3.3.9. Could we show that if a collection of structures is uniformly coordinatised
(or analysed) by an asymptotic class as in this chapter, then the class is itself an asymptotic

class?
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Chapter 4

Further results on pseudofinite rings

In this short chapter we will address general results on the model theory of pseudofinite
rings and some results on how stability conditions imposed on a class of finite rings can

ensure some algebraic behaviour on ultraproducts of these classes.

4.1 Questions

We start by describing some of the questions we answer in this chapter.

As is done in many expositions of ring theory, we start by looking at simple and semisimple
rings. It is in this train of thought that we ask the following. Can we show that, up to

elementary equivalence, the following holds?

e Any simple pseudofinite ring is elementarily equivalent to one of the form [ [ M,,, (F,,) /U.
See 4.2.2l below.

e Any semisimple, perhaps plus some generalised stability condition, pseudofinite

ring has the form

7

HMnl (Fth) @ Tt EB Mnki (F%)/u
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up to elementary equivalence. See {.2.1| below.
Furthermore, can we show what follows?

e The theory of aring of the form [[ M, (Fy,) © ... & M,, (F,, ) U is supersimple
if and only if ny, ..., n; and k are bounded in some U € U; and that if ny, ... ng

or k, are unbounded, the theory has TP, . See |4.3.7

e An ultraproduct of increasing powers of M, (q) is TP5 . Is its model theory tame in

any sense? See[#.3.7]

To begin we note the following remarks.

Being a division ring is first order expressible. Further, Wedderburn showed that finite
division rings are fields, a result often referred to as “Wedderburn’s little Theorem”, see

Theorem 13.1 from [27]. Hence we have the following.

Remark 4.1.1. Pseudofinite division rings are pseudofinite fields.

Further, since being an integral domain is defined by a first order sentence and since a
straightforward argument shows that finite integral domains are fields, we get the next

remark.

Remark 4.1.2. Pseudofinite integral domains are pseudofinite fields.

4.2 Simple and semisimple pseudofinite rings

We have the next remark

Remark 4.2.1. A semisimple pseudofinite ring R is elementarily equivalent to an ultraproduct

of semisimple finite rings.
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Proof. Let R be a semisimple ring such that R = [[, R; /U, with the R; all finite rings.
Then by [[.3.21] R is J-semisimple and (left)-Artinian. Since R is J-semisimple then
J(R) = 0. By Remark J(R) is first order definable. By L.o$’s theorem and the
elementary equivalence between R and [ [, R; we get J(R) = J(][,, R:) = 0. Therefore,
J(R;) = 0 for U-many of the R;. Since eZaCh R; is finite it is automatically Artinian, and

so semisimple since it is ./J-semisimple. See Proposition[I.3.21] O

Further we note the following.

Proposition 4.2.2. If R is a simple pseudofinite ring then R = M, (F) for a pseudofinite
field F.

Proof. Let R be a simple pseudofinite ring. For a,b € R define a < b if and only if
Ra C Rb, where Ra is the principal left ideal generated by a. Then ‘<’ is a definable
partial order. Furthermore by pseudofiniteness there is a minimal non-zero element a
(every finite partial order has a minimal element). Then Ra, is a minimal left ideal
of R by definition of <. By the simple ring R is isomorphic to M, (D) for
some n € N and some division ring D. Further D is definable in M, (D). Consider
E; an element with entries 1 in the (1,1) position and zeros elsewhere. Then the set
M, (D)EyNEyM, (D) = DE, (the D multiples of E;) with the usual matrix addition and
multiplication is isomorphic to D). Since IR is pseudofinite we have that D is a pseudofinite

division ring. By Remark 4.1.1] D is a pseudofinite field. O

Corollary 4.2.3. Simple pseudofinite rings have supersimple theory.

Proof. This follows since M, (F) is interpretable in F, and pseudofinite fields have

supersimple theory. 0
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4.3 Classes of finite rings with generalised stability properties

We will now focus our attention on the following results which link pseudofinite rings and
pseudofinite groups. Recall that in [26] Theorem 2.1 Krupinski proved Theorem [[.3.22]

above.

Note that Theorem [1.3.22]yields at once the following.

Remark 4.3.1. If every definable group in any ultraproduct of a class C is soluble-by-
finite, then every ring with 1, or of finite characteristic, definable in any ultraproduct of

the class C is nilpotent-by-finite.

Proof. Let R be an ultraproduct of elements in C. Assume every definable group in R
is soluble-by-finite. Hence by [I.3.22] part (i) every definable ring in R is nilpotent-by-
finite. 0

The same proof of [1.3.22| from [26] goes through for this case. A detailed account of
part of the proof from [26] is presented in Proposition #.3.12] In particular we have the

following.

Corollary 4.3.2. Suppose C = {R; : i € 1} is a class of rings with 1 and the formula
defines a group y(R;). Then, if every group of the form [ | v(R;), /U is soluble-by-finite
for every such formula -y, we conclude that every ultraproduct of the form [[ R; /W is

nilpotent-by-finite.
Proof. This follows from the above Remark O

Recall now what we mentioned in Proposition |[1.3.11|in Subsection From [32]
Corollary 1.4 we have that whenever a pseudofinite group is NIP and rosy then the

pseudofinite group is soluble-by-finite. This yields the following result.
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Proposition 4.3.3. Let C be a NIP, rosy class of finite rings. Let R = [[,, R; be an

ultraproduct of elements in the class C. Then R is nilpotent-by-finite.

Proof. Let C be a NIP, rosy class of finite rings. Let R = [[,, R; be an ultraproduct of

elements in the class C. Any group definable in R is pseudofinite NIP rosy, so soluble-by-
finite by [1.3.10} From|1.3.22| we have that I? is nilpotent-by-finite.

O

Corollary 4.3.4. Any NIP rosy pseudofinite ring R with 1, or of finite characteristic, is

nilpotent-by-finite.

Proof. Again, any group definable in R will be NIP rosy, so soluble-by-finite by [1.3.11
Hence R is nilpotent-by-finite by (1.3.22 [

With respect to stable pseudofinite rings we mention the following.

Remark 4.3.5. Any w-stable pseudofinite ring of finite Morley rank is null-by-finite.

Proof. In [32] it is noted that Khelif showed that pseudofinite w-stable groups of finite
Morley rank are abelian-by-finite. The above remark follows from (1.3.22] part (ii). U

Moreover, from [31] we have the following, which also follows directly from Corollary

434

Remark 4.3.6. Any stable pseudofinite ring with 1, or of finite characteristic, is nilpotent-

by-finite.

Proof. By [31] we know that any stable pseudofinite group is soluble-by-finite. Hence by
[1.3.22] part(i), we get that stable pseudofinite rings are nilpotent-by-finite.
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As mentioned earlier, we denote by M,,(R) the ring of n x n-matrices with entries over

aring R, and we use M, (q) as a shorthand for M, (F,).

Recall the definable subgroup condition stated in Lemma 2.1 from [13]]. In this text this

is Lemma|I.3.12] in Section[1.3.2]

Proposition 4.3.7. Let C be an NTP, class of finite J-semisimple rings. Then there is
N € N such that the members of C are of the form M, (q1) % ... x My, (qx) for some k

andny, ... ,ng in N and primes qy, . . ., q. where ny, ... ,ny, k are bounded by N.

Proof. By the Artin-Wedderburn theorem, Theorem|[I.3.19] and Theorem|[I.3.20]we know
k
that finite (hence Artinian) .J-semisimple rings are of the form @& M,, (g;) for some k €
j=1

N, nq,...,ny € Nand ¢4, . . ., g; primes.

We deal with two cases. First assume there is no bound on k. Then for any d € N there
are infinitely many rings in C isomorphic to direct sums with more than d summands.
Furthermore we have a collection of rings such that the number of summands is strictly

increasing.

k;

Consider now an ultraproduct R := [[ R, /U = [] | @ My, ,(q:;) | /U. We now
i i \Jj=1

proceed to find for every N € Nan N x N array in R that satisfies the conditions in the

TP, property, contradicting the fact that C is an NTP;, class.

Fix N € N. Since there is no bound on £ there exists U € U such that for any ¢ € U the
ki

ring R; has more that N* summands. Le. we have rings of the form R; = @ M,, (¢ ;)
j=1

where k; > N2. We can then assume that each R; has more than N? summands. We

address two possibilities.

ki
e First, if there is V' € U such that every n;; € V equals 1 then R; = @QF,,
j=1

ki
for all © € V. Define (uniformly) in each R; the group G; = GLy (H IE‘qi’j).
j=1
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ks ks
A straightforward argument shows that G L, <H Fqi7j> = GLy(F,, ). Put
j=1

k;
Gi,j = GLQ(]Fq”) SO Ql = H GL]'.
j=1

e Otherwise we can assume that every n, ; appearing in R; is greater than 1. Define in
each R; (uniformly, as the set of invertible elements) the group

k‘l‘ ki
gi = H GLn” (Qz,]) Put Gi,j = GLn” (qi,j) SO Q'z = H Gi,j-
=1 j=1

J

In any case, for each ¢ take non-central elements {a; ; : 1 < j < N?} where a; ; € G, ;.
Put for every [ < N the sequence
g i=(1,..., L a1, L ag vy, L, .o L ag v—nyv+), L, -5 1),
Le. &y = (¢;j); where

aigpnyt ifj=kN +lforsome0 <k <(N—-1),1<[I<N;
CiJ:

1g. . otherwise.
i,J

Since a;; is not central, for any j < d there is b;; ¢ Cg, (a;;). Then we have

bi;Ca,,(ai;) N Ca, ,(ai;) = 0.
Put now Bi,(l,k:) = (1, e 1, bz‘,h 1, ceey 1, Qi (KN+1)5 1, e 1, bi,((N—l)N—i—l); 1, ey 1)

This is, Bi,(hk) = (d; j); where

/

aipnyt i =kN+1;

dij = bimnt ifj=mN +[forsome 0 <m < (N —1),m#k;

lg,, otherwise.
e
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_ ks
Note that 5; ;x)Ce, (@) = [[ H;; where
=1

.
CGi,kN+l(ai,k’N+l) ifj=kN +1;

Hijj = § biman+1Cc oyt (@imnt)  if j =mN + 1 forsome 0 <m < (N —1),m #k;

G otherwise.
\

Finally, for any [ < (N — 1) and k, k" < N with k # £k’ we have
Bi,(l,k)CGi(O_éi,l) N Bi,(l,k’)CGi(O_éi,l) = 0.

This follows since CGZ.’M\,H (ai7k-N+l)ﬂbi,k-N+lCGi?kN+l (ai,kN+l) = @ (likewise CGi,k’NH (ai,k/NH)ﬂ
bik N+1CG, s (a;prn41) = 0). However, forany f: {0,...,N —1} = {1,..., N} we

N
get (N Bia.ra)Ca;(@ig) # 0. This is because the tuple (c; ;) where
j=1

(

aijaoyn4 if 7= f(O)N +1forsome 1 <[ < N ;

bimnie ifj < N%*andj# f(I)N +[forany 1 <[ < N but

/
CZ,] —
j=mN +tforsome0<m< (N—-1),1<t<N;
lg,, otherwise.
G,
N _
is an element of (" 5« 1) Ca, (i) # 0.
j=1

Then {@i,l,ﬁi,(hk) :0< I < (N-1),1 <k < N}isan N x N TP array for the

formula p(z;y, 2) =z € 2Cq, (y).

Since we can get arbitrarily deep and wide TP, arrays in the ultraproduct we conclude

that the ultraproduct is TP, .

On the other hand assume that there is a bound £ on the number of summands that

appear in each R; € C but there is not abound on n; 1, ..., n; ;. This means that for some
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j < kthe set {n;; : i € I} is unbounded. Then in [] M,, (¢ ;) U we can define an
iel
ultraproduct elementarily equivalent to [[ GL,(F},), /W for some fields F,, and some

neN
ultrafilter W.

Fix N € N, then for every n > (2N)N we can pick in G L,,(F},) the following subgroups.

For j < N? consider the set of n x n matrices with entries from F),

Gan = {(tr,s) Itgj_lvgj_ltgjgj - t2j—1,2jt2j,2j—1 7£ Oa
trs=1ifr =sAr#2j—1Ar+#2j;

bs =0ifr £sA(r<2j—1V2i<rVvVs<2j—1V2j<s)}.

Hi 0 0 0 0
. . . Hj -0 0
Then G,, ; is the group of diagonal block matrices of the form .
0 o o 0 Hy2 0
0 - o 0 0 Idg,

where H; € GLy(F,) and H; = Idgr,r,) for all © # j, and Idp, is the identity in
GLn_QNQ(Fn)

Arguing as above we find an N x N TP, array for arbitrary /N. The TP, formula was
quantifier free, and GL, (F') contains a direct product of N? copies of GLy(F). Hence

the ultraproduct is TP .

]

Remark 4.3.8. Furthermore for any finite field F the theory of the class {GL,(F) :n €
N} of all general linear groups is undecidable by [[19], Appendix 1 (see also section 6.3

of [6]]).

We now turn to a natural example of a pseudofinite non-commutative ring, namely a ring

of matrices over a ring.
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Then gives us the next result.

Corollary 4.3.9. Let R be an ultraproduct of the form [] (Ma(q))" /U. Assume that
(g.n)

forany N there is U € U such that for all (q,n) € U, n > N. Then R is TP, .

Proof. From the proof of we get the array that witnesses TP .

]

Remark 4.3.10. FromH.2.1\and[4.3.7)if R is an NTP, semzszmple pseudofinite ring then

R is elementarily equivalent to a ring of the form || @ My, (gi,;)/U and there is a
i j=1
bound on k; and the size of the matrices n; j. This means R = H Mn1 (q,)® ... @

Mnk (Qk] )/V

We know NIP rosy pseudofinite rings are nilpotent-by-finite, see f.3.4] Similarly to

Theorem 3.1 from [32], NIP pseudofinite rings are not necessarily nilpotent-by-finite.

Proposition 4.3.11. There are NIP pseudofinite rings that are not nilpotent-by-finite.

Moreover, ultraproducts of NIP classes of finite rings need not be nilpotent-by-finite.

Proof. Let p be a prime. Put C, := {Z/p"Z : n € N}. By in Section any
ultraproduct R of elements in C,, is NIP. Furthermore each ring in C, has a nilpotent ideal,
e.g. pZ/p"Z C Z/p"Z. However R is not nilpotent-by-finite. Otherwise assume that [ is
a finite index ideal. Let (1),, be the multiplicative identity in R and let (0),, be the additive
identity in R. Then for k =

s () + ...+ (1), = (k), = k € I. If we assume that
I is nilpotent then there is m such that the product of any m elements of I equals (0),,. In
particular ™ = (0),,. This means that {n : p"|k™} € U but there is N € N such that for

all n > N we get p” > k™. Hence a finite index ideal cannot be nilpotent. O]

We can however get some information about NIP classes of finite rings. Namely, we get

the following.
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Proposition 4.3.12. Let C be a NIP class of finite rings with 1 or of finite characteristic.

Then there exists 0 such that every R € C has a nilpotent ideal of index bounded by 9.

Proof. Asin Theorem 2.1 from [26] it is enough to consider the case when the rings have
1. Consider a NIP class C of finite rings (with 1). Write C := {R; : [ € Z}. We will define
uniformly in each R, the group G, := GL3(R;). Write Cg := {G, : | € T}.

Since each ultraproduct G of elements in Cg is uniformly definable in an ultraproduct
R of elements R in the NIP class C (by using the same ultrafilter) we have that G is NIP.

Hence C¢ is an NIP class of finite groups.

By work of H.D. Macpherson and K. Tent from [32]], which is mentioned in |1.3.11
on Subsection [1.3.2] there exists d = d(Cg) such that for every G; € Cg we have
|G1 - S(G))| < d, where S(G)) is the largest soluble, normal subgroup of G;.

It is also mentioned in Subsection[I.3.2]that from [50] the largest soluble normal subgroup

of a finite group is first order definable, say by the formula ¢)*.

Hence, we have that S(G)) is a definable normal, soluble, finite (bounded across C¢)

index subgroup.

We follow the argument given by K. Krupinski in [26] to prove [I.3.22] Given distinct
i,j € {1,2,3} define the matrix ¢, j(c), for & € R, as the matrix having 1’s in the
diagonal, « in the (3, j)-th place and 0 elsewhere. It follows that ¢; ; («)t; ; () = t; j(a+0)

and [t; (), tr,;(B)] = tij(aB)
Put [, .= {a € R, : t; j(a) € S(G)) for all distinct 4, j € {1,2,3}}.

We have that [; is a definable ideal of R;.

e 0 € I fort; ;(0) = Id; € S(G)) since S(G)) is a subgroup.

e Given o, 3 € I then t; ;(a)t; ;(B) = tij(a+ ), so a + B € I;. Also we have

tij(—a) =t ;(a) ' so —a € I,
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elet7 € R, and a € I; so t;;(o) € S(G;) for all distinct 4,5 € {1,2,3}.
We have ¢, (ta) = [t;x(T), tr; ()] = tin(T)tr,(@)tix(7)  x j(a)t. Since we
know ¢, . (7)tx ()t x(7)~' € S(G,) by normality of S(G;) and ¢ ; (o)™ € S(G))
because S(G) is a subgroup we get t; ;(7a) € S(G;). Hence Tav € [;. A similar

argument shows that a7t € I;.

Furthermore /; has bounded index in R; across C. Moreover it is strictly bounded by
0(Cq) == R(d+1,d+1,...,d+ 1), the Ramsey number for a colouring with as many

colours as pairs of distinct ¢, j € {1, 2, 3}, call them {c(; j)} (6 possible entries).

Assume on the contrary that there are 6 = §(C) many distinct I; cosets in R;. We can
now pick {«, : 1 < n < §} distinct coset representatives. Then «,, — a,, ¢ I, for any

distinct n, m.

Now consider the complete graph on the set of vertices {c,, : 1 < n < §(C¢)} and colour
the edge between «, and «,, with colour ¢(; ;) if and only if ¢; (v, )t; j ()™t ¢ S(G))
and c(; j) is least lexicographically. Hence by applying finite Ramsey theorem there is a
colour c(; j) such that there is a monochromatic complete graph with edges coloured c(; j)
of size d(C¢) + 1. This means that there are d(Cs) + 1 elements of the form ¢; ;(cv,)
with 1 < u < d(Cg) + 1 such that ¢; (o, )t j(aw,) ™t ¢ S(G)). This implies that |G :
S(G)| > d(Cs) + 1 which contradicts the fact that S(G;) has index bounded by d(C¢).

Hence I, has index in R; strictly bounded by §(Cg) across C.

Moreover [ [ I,/U is an ideal of index less than §(C¢) in the ultraproduct [[ R, /U.
l !

Because of the solubility of S(G;) there is some n; such that S(G;)™) = {e}. Le. the

n;-th derived subgroup is trivial.

By induction on n it is straightforward to show that if S(G;) has derived length n then
forany o, ...,aon € I; we have that ¢; ;(ay - ... - qon) € (S(Gl))("), which means that,

aq - ... a9 = 0. Hence I; is nilpotent of nilpotent index less than or equal to 2.
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Therefore for any oy, ..., a9n € I; we get ay - .. .- agn, = 0. Hence [; is nilpotent ideal.

We can conclude that there exists d such that every ring in the class C = {R; : | € T}

has a definable nilpotent ideal of index bounded by 9.

]

Question 4.3.13. Can we remove the assumption “R has a 1 or has finite characteristic”

Jromid.3.4?

Question 4.3.14. Consider commutative nilpotent pseudofinite stable rings. Are these

null-by-finite?



Chapter 4. Further results on pseudofinite rings

82



83

Bibliography

[1] Sylvy Anscombe, H. Dugald Macpherson, Charles Steinhorn, and Daniel Wolf,
Multidimensional asymptotic classes and generalised measurable structures, In

preparation (2016).

[2] James Ax, The elementary theory of finite fields, Ann. of Math. (2) 88 (1968), 239—
271.

[3] Luc Bélair, Types dans les corps valués munis d’applications coefficients, Illinois J.

Math. 43 (1999), no. 2, 410-425.

[4] , Panorama of p-adic model theory, Ann. Sci. Math. Québec 36 (2012),

no. 1, 43-75 (2013).

[5] John L. Bell and Alan B. Slomson, Models and ultraproducts: An introduction,
North-Holland Publishing Co., Amsterdam-London, 1969.

[6] E. I. Bunina and A. V. Mikhalev, Elementary properties of linear groups and
related problems, Journal of Mathematical Sciences 123 (2004), no. 2, 3921-3985
(English).

[7] Enrique Casanovas, Simple theories and hyperimaginaries, Lecture Notes in Logic,
vol. 39, Association for Symbolic Logic, Chicago, IL; Cambridge University Press,
Cambridge, 2011.



BIBLIOGRAPHY 84

[8] Zoé Chatzidakis, Model theory of finite fields and pseudo-finite fields, Ann. Pure
Appl. Logic 88 (1997), no. 2-3, 95-108, Joint AILA-KGS Model Theory Meeting
(Florence, 1995).

[9] Zoé Chatzidakis, Lou van den Dries, and Angus Macintyre, Definable sets over finite
fields, Journal fur die reine und angewandte Mathematik 427 (1992), 107-136.

[10] Gregory Cherlin and Ehud Hrushovski, Finite structures with few types, Annals of

Mathematics Studies, vol. 152, Princeton University Press, Princeton, NJ, 2003.

[11] Artem Chernikov, Theories without the tree property of the second kind, Annals of
Pure and Applied Logic 165 (2014), 695-723.

[12] Artem Chernikov and Itay Kaplan, Forking and dividing in NTP2 theories, Journal
of Symbolic Logic 77 (2012), no. 1, 1-20.

[13] Artem Chernikov, Itay Kaplan, and Pierre Simon, Groups and fields with N'TPs,
Proc. Amer. Math. Soc. 143 (2015), no. 1, 395-406.

[14] Artem Chernikov and Pierre Simon, Henselian valued fields and inp-minimality,

(Preprint) arXiv:1601.07313 [math.LO] (2016).

[15] Frangoise Delon, Types sur C((x)), Study Group on Stable Theories (Bruno Poizat),
Second year: 1978/79 (French) (1978).

[16] Alfred Dolich, John Goodrick, and David Lippel, Dp-minimality: basic facts and
examples, Notre Dame J. Form. Log. 52 (2011), no. 3, 267-288.

[17] Richard Elwes, Asymptotic classes of finite structures, J. Symbolic Logic 72 (2007),
no. 2, 418-438.

[18] Richard Elwes and H. Dugald Macpherson, A survey of asymptotic classes and

measurable structures, Model theory with applications to algebra and analysis.



BIBLIOGRAPHY 85

Vol. 2, London Math. Soc. Lecture Note Ser., vol. 350, Cambridge Univ. Press,
Cambridge, 2008, pp. 125-159.

[19] YuL.Ershov, I. A. Lavrov, A. D. Taimanov, and M. A. Taitslin, Elementary theories,
Russian Mathematical Surveys 20 (1965), no. 4, 35-105 (English).

[20] Dario Garcia, Dugald Macpherson, and Charles Steinhorn, Pseudofinite structures

and simplicity, J. Math. Log. 15 (2015), no. 1, 1550002, 41.

[21] Bradd Hart, Byunghan Kim, and Anand Pillay, Coordinatisation and canonical
bases in simple theories, J. Symbolic Logic 65 (2000), no. 1, 293-309.

[22] Wilfrid Hodges, Model theory, Encyclopedia of Mathematics and its Applications,
vol. 42, Cambridge University Press, Cambridge, 1993.

[23] Ehud Hrushovski, Pseudo-finite fields and related structures, Model theory and
applications, Quad. Mat., vol. 11, Aracne, Rome, 2002, pp. 151-212.

[24] Ttay Kaplan, Alf Onshuus, and Alexander Usvyatsov, Additivity of the dp-rank,
Trans. Amer. Math. Soc. 365 (2013), no. 11, 5783-5804.

[25] Byunghan Kim and Anand Pillay, Simple theories, Annals of Pure and Applied
Logic 88 (1997), 149-164.

[26] Krzysztof Krupinski, On relationships between algebraic properties of groups and
rings in some model-theoretic contexts, Journal of Symbolic Logic 76 (2011), 1403—

1417.

[27] Tsi Yuen Lam, A first course in noncommutative rings, second ed., Graduate Texts

in Mathematics, vol. 131, Springer-Verlag, New York, 2001.

[28] Angus Macintyre, On definable subsets of p-adic fields, J. Symbolic Logic 41
(1976), no. 3, 605-610.



BIBLIOGRAPHY 86
[29] H. Dugald Macpherson, Model theory of finite and pseudofinite groups, (Preprint)
arxiv:1607.06714 [math.LO] (2016).

[30] H. Dugald Macpherson and Charles Steinhorn, One-dimensional asymptotic classes

of finite structures, Trans. Amer. Math. Soc. 360 (2008), no. 1, 411-448 (electronic).

[31] H. Dugald Macpherson and Katrin Tent, Stable pseudofinite groups, Journal of
Algebra 312 (2007), 550-561.

[32] , Pseudofinite groups with NIP theory and definability in finite simple
groups, Groups and model theory, Contemp. Math., vol. 576, Amer. Math. Soc.,

Providence, RI, 2012, pp. 255-267.

[33] Annalisa Marcja and Carlo Toffalori, A guide to classical and modern model theory,
Trends in Logic—Studia Logica Library, vol. 19, Kluwer Academic Publishers,
Dordrecht, 2003.

[34] L. Matthews, The independence property in unstable algebraic structures I: p-

adically closed fields, preprint.

[35] Samaria Montenegro, Pseudo real closed field, pseudo p-adic closed fields and
NTP2, (Preprint) arXiv:1411.7654 [math.LO] (2014).

[36] Michael Morley, Categoricity in power, Trans. Amer. Math. Soc. 114 (1965), 514—
538.

[37] Johan Pas, Uniform p-adic cell decomposition and local zeta functions, J. Reine

Angew. Math. 399 (1989), 137-172.

[38] _, On the angular component map modulo p, J. Symbolic Logic 55 (1990),
no. 3, 1125-1129.

[39] Francgoise Point, Ultraproducts and Chevalley groups, Arch. Math. Logic 38 (1999),
no. 6, 355-372.



BIBLIOGRAPHY 87

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

Alexander Prestel and Peter Roquette, Formally p-adic fields, Lecture Notes in
Mathematics, vol. 1050, Springer-Verlag, Berlin, 1984.

Mark J. Ryten, Model theory of finite difference fields and simple groups, 2007,
Ph.D. thesis, University of Leeds.

S. Shelah, Stable theories, Israel J. Math. 7 (1969), 187-202.

Saharon Shelah, Stability, the f.c.p., and superstability; model theoretic properties
of formulas in first order theory, Annals of Mathematical Logic 3 (1971), no. 3, 271
- 362.

Saharon Shelah, Simple unstable theories, Annals of Mathematical Logic 19 (1980),
177-203.

Pierre Simon, A guide to NIP theories, Cambridge University Press, Cambridge,
2015.

Katrin Tent and Martin Ziegler, A course in model theory, Lecture Notes in Logic,
vol. 40, Association for Symbolic Logic, La Jolla, CA; Cambridge University Press,
Cambridge, 2012.

Lou van den Dries, Lectures on the model theory of valued fields, Model Theory
in Algebra, Analysis and Arithmetic: Cetraro, Italy 2012, Lectures notes in
mathematics /C.I.M.E Foundation subseries, vol. 2111, Springer Berlin Heidelberg,
2014, pp. 54-158.

Frank Wagner, Simple theories, Kluwer Academic Publishers, Dordrecht, NL, 2000,
Mathemathics and Its Applications: 503.

John S. Wilson, On simple pseudofinite groups, J. London Math. Soc. (2) 51 (1995),
no. 3, 471-490.



BIBLIOGRAPHY 88

[50] , Finite axiomatization of finite soluble groups, J. London Math. Soc. (2) 74

(2006), no. 3, 566-582.

[51] Daniel Wolf, Model theory of multidimensional asymptotic classes, 2016, Ph.D.

thesis, University of Leeds.



	Acknowledgements
	Dedication
	Abstract
	Contents
	Introduction
	Brief overview
	Model theory
	Preliminaries on model theory
	Ultraproducts, pseudofinite structures
	Stable theories
	NIP theories.
	NSOP theories
	Simple theories
	NTP2 theories.
	Asymptotic classes

	Algebra
	Fields and pseudofinite fields
	Groups and pseudofinite groups
	Simple, semisimple and definable rings
	Valued fields

	Main results

	Ultraproducts of finite residue rings
	Introduction
	NIP, and NTP2 cases
	Dp-rank and burden

	Simple case
	TP2 case
	NSOP

	Asymptotic classes of finite residue rings
	Asymptotic fragments
	The class {Zp/pl Zp:pP} 
	Multidimensional asymptotic classes of finite residue rings

	Further results on pseudofinite rings
	Questions
	Simple and semisimple pseudofinite rings
	Classes of finite rings with generalised stability properties

	Bibliography

