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Abstract

A non-empty set A is a left S-act if there exists a morphism from monoid S to the
monoid of tranformations of A, denoted by 74. We note that 1 — I, where I, is the
identity element of T4. Thus a left S-act A is a non-empty set on which S acts unitar-
ily on the left. Therefore S-acts can be considered as a representation of monoids by
transformations of sets. They also can be taken as a generalisation of modules over rings,
therefore many questions of model theory existing for modules, such as the axiomatis-
ability of certain classes, can also be asked in the S-act case. We are mainly interested
in the theories of some categorically defined classses of S-acts, such as the classes of free,

projective, and flat S-acts.

It is known that associated to a class of algebras A there is a first order language L.
It is natural to ask, is there a set of sentences say > in L such that a member A € A
has a property P if and only if A =Y. If such a set of sentences exists, we say that the

subclass B of A whose members have the property P is aziomatisable.

We are interested in the literature of S-acts concentrating on the axiomatisability
questions of free, projective, flat and weakly flat S-acts. In a sequence of articles, by
Bulman Fleming, Gould and Stepanova [25, 29, 30, 50, 6], monoids are investigated such
that these classes of S-acts are axiomatisable.

There are several more classes of S-acts, i.e. injective, weakly injective and a-injective,
where « is a cardinal number, such that the questions of axiomatisability, and related
notions of model theory have been discussed. We refer the interested reader to [20, 24,
26, 27, 28, 42, 43, 51], for further details.

Introductory work on the axiomatisability problems for S-acts was started by Gould
in 1985, where the axiomatisability of strongly flat S-acts is described. She proved that

the class of strongly flat S-acts is axiomatisable if and only if
R(s,t) = {(u,v) : su =tv} and r(s,t) = {u € S : su = tu}

are finitely generated for all s,¢ € S. She also gave a partial answer to the question of
axiomatisability of projective S-acts by showing that, if a monoid S is such that every
ultrapower of S is projective, then the class of strongly flat S-acts is axiomatisable.

Moreover S satisfies (Mg) (the descending chain condition on principal right ideals of 5),



and if S satisfies (M?) (the ascending chain condition on principal left ideals of S), then
S has (A) (the ascending chain condition on cyclic S-subacts).

Gould was motivated by the corresponding questions of the axiomatisability of projec-
tive and flat R-module over a ring R, which had been solved by Eklof and Sabbagh [16].
We note that the definitions of strongly flat, flat and weakly flat coincide for R-modules

over a ring R.

Left perfect rings were introduced in 1960 by Bass [1], and shown to be precisely those
rings satisfying Condition (Mg). However, this is not enough for perfection in the monoid
case. In 1971, Isbell [35] was the first who took the initiative and studied left perfect

monoids. A monoid is left perfect if every left S-act has a projective cover.

The results of Isbell together with those of Fountain [19] proved that a monoid is left
perfect if and only if it is satisfies (Mg) and an additional condition called (A).

A submonoid T of a monoid S is right unitary if a,ba € T implies that b € T. By
a result of [38], a submonoid T of S is right unitary if and only if T is the p-class of
the identity, for some left congruence p on S. We note the following condition called
(D), which says that every right unitary submonoid of S contains a minimal left ideal
generated by an idempotent.

There is another condition called (K') due to Kilp [37], where he showed that, a monoid
is left perfect if and only if it satisfies (A) and (K).

They have succeeded in showing the following:

Theorem 0.0.0.1. /35, 19, 37] The following conditions are equivalent for a monoid S':
(i) S is left perfect;
(i1) S satisfies (A) and (D);
(i11) S satisfies (A) and (Mg);
(iv) every strongly flat left S-act is projective;
(v) S satisfies (A) and (K).

In 1991/1992 Stepanova [50] gave a full answer to the axiomatisability of projective
S-acts, which was partially answered by Gould in 1985, by using left perefct monoids.
She proved that the class of projective left S-acts is axiomatisable if and only if S is left
perfect and the class of strongly flat left S-acts is axiomatisable. Moreover she proved
that for a monoid S, completeness, model completeness, and categoricity of projective

S-acts are equivalent to S being a group. The same is true for the case of strongly flat
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S-acts, where S is a commutative monoid. She also argued that if the class of free S-acts

is axiomatisable, then it is complete, model complete and categorical.

Much later in 2002, Bulman-Fleming and Gould [6] gave an alternative proof of
Stepanova’s result of axiomatisability of projective S-acts. Using one trick of Stepanova’s,
they showed that, for a monoid 5, if every ultraproduct of projective S-acts is projective
then S satisfies (M*). This provided the missing link to the argument of Gould in [24].
They also gave necessary and sufficient conditions on S such that the classes of flat and

weakly flat left S-acts are axiomatisable.

In [29], Gould characterised those monoids such that the class of free S-acts is ax-
iomatisable. Moreover she described connection between the conditions which arise on S,
when considering the axiomatisability of different classes of S-acts, such as, free, projec-

tive, strongly flat, flat and weakly flat.

Recently, in 2007, there is a survey article [30] namely “Model theoretic properties of
free, projective and flat S-acts”, where the axiomatisability of free, projective and flat
S-acts is discussed in more detail, along with the previous literature on axiomatisability of
these classes. It also considers the further model theoretic notions of completness, model

completness and categoricity of free, projective, and strongly flat S-acts.

A pomonoid is a monoid equipped with a partial order such that the partial order is
compatible with the monoid operation on both sides. In a similar way to that in which S-
acts correspond to the representation of monoids by transformations of sets, S-posets can
be considered as a representation of pomonoids by transformations of posets. But there
are major differences, since S-acts are merely algebras, whereas S-posets are relational
structures as well as algebras. Therefore one needs to be very careful when dealing with

S-posets due to the partial order involved.

The first aim of my thesis is to expand on the existing work on axiomatisabilty for

classes of S-acts.

Chapter 1 consists of preliminary material on S-acts and S-posets. In particular, we

define the various classes of S-acts and S-posets we will be considering.

It is known that there are three methods to axiomatise a given class of S-acts. The
first method, which is mostly used for those classes given in terms of an ‘interpolation type

condition’, we call the “elements” method. The other two methods involve replacement



tossings and so we call these “replacement tossings” methods. In Chapter 2 we describe
two general results, to axiomatise a given class of S-acts, by putting the two “replacement
tossings” methods into an abstract general context. This method can then can be applied
to obtain both known and new results. We also axiomatise some classes of S-acts defined

by interpolation conditions which were not considered previously, e.g. classes of S-acts
satisfying Conditions (EP),(PWP) and (W).

The next aim of my thesis is to introduce the notion of axiomatisabilty for classes of
S-posets.

In Chapter 3 we focus on the axiomatisability of different classes of S-posets. We have
succeeded in determining when the classes of, free, projective, strongly flat, flat, weakly
flat, principally weakly flat, po-flat, weakly po-flat and principally weakly po-flat S-acts
are axiomatisable. We also axiomatised some classes of S-posets satisfying conditions
such as Condition (W), (EP)S, (P,), (PWP) and Condition (PW P,).

Again in this chapter, along similar lines as for S-act case, we generalise the two
methods of axiomatisability called “replacement tossing” methods for S-posets. We then
apply these methods to axiomatise some classes satisfying flatness conditions, such as flat,
weakly flat and principally weakly flat S-posets. Most of this work is along similar lines
to the S-act case, except those differences which are due to the partial order. In view of

this, some of the proofs are relegated to the Appendix.

As we mention above, the class of projective left S-acts is axiomatisable if and only
if the class of strongly flat left S-acts is axiomatisable and S is left perfect monoid.
Hence left perfect monoids play an important role in the questions of axiomatisability of
projective S-acts. We investigate axiomatisability problems for projective S-posets over
a pomonoid S, anticipating an analogous situation to the monoid setting. We therefore
needed to begin an investigation of perfect pomonoids, which is topic of Chapter 4.

In Chapter 4 we initiate the investigation of poperfect pomonoids, concurrent with an
article [52] by Pervukhin and Stepanova. We prove that a pomonoid is left poperfect if
and only if it is satisfies (Mg) and “ordered” version Condition (A°) of Condition (A).
Moreover, we argue via direct limits of free S-posets, that (A) and (A°) are equivalent,
so that a pomonoid S is left perfect if and only if it is left poperfect. Some of our results
coincide with those of [52]. We also investigate right po-unitary subpomonoids, where
a subpomonoid is right po-unitary if it is the p-class of the identity, for some left po-
congruence p. We show that a pomonoid S is left poperfect if and only if it satisfies

(A%) and (DY), the ordered version of (D), which is given for a pomonoid S as follows:



every right po-unitary subpomonoid of S contains a minimal left ideal generated by an
idempotent. We note that in the following theorem Condition (K©) is the ordered version
of (K), that is, every right collapsible subpomonoid of S contains a right zero.

We prove the ordered analogue of Theorem 0.0.0.1. Some of the techniques used are
taken from those used in the monoid case but one needs to deal with care due to the

ordering involved; for some steps we develop new strategies.

Theorem 0.0.0.2. For a pomonoid S, the following are equivalent:
(i) every strongly flat S-poset is projective;
(ii) S satisfies Conditions (A°) and (Mg);
(iii) S satisfies Conditions (A°) and (D°);
(iv) S is left poperfect;

(v) S satisfies Conditions (A°) and (K°).
(i) every strongly flat S-act is projective;

(i1) S satisfies Conditions (A) and (Mg);
(iii) S satisfies Conditions (A) and (D);

(iv) S is left perfect;

(v) S satisfies Conditions (A) and (K).

In Chapter 5 we change direction again. We investigate the finitary conditions arising
from questions of axiomatisability of classes of S-acts. For example, the class of S-acts
satisfying Condition (PWP) is axiomatisable if and only if R(s, s) is finitely generated.
We consider the question, what does this tell us about the structure of S?7 We concentrate
on Conditions (P),(E) and (PWP).

We focus on the case when S is a Clifford monoid, that is, an inverse monoid with
central idempotents. My results fall into two categories. In the first, we assume that the
Clifford monoid has a least idempotent; in the second, we drop this assumption. Results
in the first case are somewhat more pleasing. We further split our work into cases by
making restrictions on the connecting homomorphisms: that they are trivial or, at the

other extreme, one-one.
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Chapter 1

An Introduction to S-acts and
S-posets

Throughout this thesis, S will denote a monoid, or an ordered monoid, whichever the
context dictates. We assume the reader to have a basic knowledge of the theory of
semigroups and monoids, as may be found in [34]. Monoids have been widely studied
via their representations as mappings of sets; that is, via the concept of S-act, which we
explain below. Over the past three decades, an extensive theory of properties of S-acts
has been developed (involving free, projective, and flat acts of various kinds). A fresh
and comprehensive survey of this area was published in 2000 by M. Kilp, U. Knauer and
A. Mikhalev in the monograph Monoids, Acts and Categories [39)].

More recently, ordered monoids, known as pomonoids, have also been studied via their
representations, this time as order-preserving maps of partially ordered sets, that is, by
S-posets. To date there is no suitable text on S-posets, and only few articles attempting
to generalise material from S-acts to S-posets.

In this chapter we will give a brief survey of S-acts and S-posets over monoids and
pomonoids, respectively, concentrating on flatness properties, since the latter will be the
topic of much of this thesis. Many definitions for S-posets are analogous to those for
S-acts, but there are some crucial differences. We begin by reminding the reader of some
basic concepts concerning ordered sets, and end with a discussion of first order languages
and axiomatisability. The material in this Chapter can be found in [39], standard text-

books on ordered structures such as [4], and articles on S-posets, to which we will refer



explicitly.

1.1 Sets and relations

We begin with some details concerning sets, equivalence relations and ordered sets. We
assume the reader to be familiar with the basic definitions associated with sets and cate-
gories. We remark that all our functions and category morphisms are written on the right
of their arguments and are therefore composed left-to-right, unless otherwise stated.

Let X be a set and let p be a (binary) relation on X. We write p~! for the set of pairs
{(x,y) : (y,z) € p} and let p' denote the transitive closure of p. Thus z p'y if and only if

there exist ro = x, 2y, ...,x, = y such that

ToPTLP . PTn.

We remind the reader that a relation p on X is:

1) reflexive if a pa for all a € X;

(

(2) symmetric if a pb implies that bpa for all a, b € X;

(3) anti-symmetric if a pb and b pa implies that a = b for all a,b € X;
(

)
)
)
4) transitive if a pb and bpc implies apc for all a, b,c € X.

We recall that in a category, a morphism f is an epimorphism if from any equation of
morphisms fg = fh we deduce that g = h, that is, f is left cancellable. Dually, f : A — B

is a monomorphism if f is right cancellable.

1.1.1 Equivalence relations and kernels

A relation = on a set X is called an equivalence relation if it is reflexive, symmetric
and transitive. An equivalence relation = partitions X into equivalence classes. We will

denote the equivalence class of a € X by [a] (or [a]=), so that
la| ={be X :a = b}.

Note that a = b if and only if [a] = [b]. We denote by X/ = the set {[a] : a € X} of

equivalence classes; X/ = is called the quotient set of X by =.
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If f: X — Y is a function between sets X and Y, then
ker f = {(x,2') : X x X : af =2'f}

is the kernel of f. It is clear that ker f is an equivalence. Conversely, if = is an equivalence
relation on a set X, then v : X — X/ = given by xv = [z] is such that ker v ==. We say
that v is the natural map. The following result is standard.

Lemma 1.1.1.1. Let f : X = Y, g: X — Z be functions with f onto and ker f C ker g.
Then there exists a unique function h : Y — Z such that fh = g.

Proof. Put (af)h = ag for all af € Y. As ker f C kerg, h is well defined and clearly is
the unique function with fh = g. O

Corollary 1.1.1.2. Let f : X — Y be an onto function. Then f : X/ker f — Y given

by [x]f = xf is a bijection.
1.1.2 Order relations and ordered kernels

A relation < is a quasiorder (also known as a quasi order, quasi-order, preorder or pre-
order) on X if it is reflexive and transitive, and a partial order if in addition it is anti-
symmetric. If < is a quasiorder (respectively, partial order), then we say that (X, <), or,
more briefly, X, is a quasiordered set (respectively, partially ordered set or poset).

We begin with a standard construction, which shows how to construct a partial order
from any quasiorder.

Lemma 1.1.2.1. Let (X, <) be a quasiordered set. Define = on X by the rule that for
any a,b € X,
a=bif and only if a < b < a.

Then = is an equivalence relation on X. Further, we may define a relation < on X/ =

by
la] <X [b] if and only if a < b,

under which (X/ =, =) is a partially ordered set.

Proof. The relation = is reflexive as < is a reflexive relation. Let a = b so that a < b < a,
then we will have b < a < b which implies that b = a.
Ifa=b=cthena<b<agandb<c<b As < is transitive relation so we will have
a < ¢ < a which shows that a = ¢ . Thus = is an equivalence relation.
Moreover we can define a partial order relation < on X/ = by [a] < [b] if and only
if @ < b. Note that < is well defined since if ¢ = a < b = V' then we must have
a <a<b<¥ sothat a <V also. Now < is reflexive as < is reflexive relation; now let



la] < [b] and [b] < [a] then a < b < a which implies that a = b and hence [a] = [b] which
shows that < is a anti-symmetric relation.

Let [a] < [b] and [b] = [c] then by definition a < b < ¢ as < is transitive so we will
have a < ¢ which is possible only if [a] < [¢], and hence < is a partial order relation on
X/ =

[

We say that a function f : A — B between two posets A and B is a poset morphism
or pomorphism if it is order preserving, i.e. if a < o’ in A then af < @'f in B, for all

a,a’ € A. A bijective pomorphism v may have inverse that is not a pomorphism as the

standard example illustrates:

An injective pomorphism f : A — B such that for all a,d’ € A, a < d’ if and only if
af < d'f is an embedding. A bijection f such that both f and f~! are pomorphisms is a
po-isomorphism.

It is slightly awkward to define the abstract notion corresponding to a ‘congruence’
for a poset, a difficulty which comes to the fore when we consider S-posets. We will say
that an equivalence relation = on a poset A is an order congruence or pocongruence if
A/ = can be partially ordered in such a way that the natural map v : A — A/ =is a
pomorphism. Thus, if = is a pocongruence, then = is ker v for a pomorphism v.

Let f: A — B be a pomorphism where A and B are posets. The ordered kernel of f
is

{(a,d") :af <d'f,a,d € A}
— —
and is denoted by kerf. Note that kerf is reflexive, transitive (so, a quasiorder) and

contains <. We say that any relation p on a poset A is a pseudo-order if it is a quasiorder



H
containing <. Thus, kerf is a pseudo-order. Further, for any a,a’ € A, we have that

ker f = kerf N (kerf)™,

%
so that ker f is the equivalence relation associated with kerf. From Lemma 1.1.2.1,
we know that the quotient A/ker f can be partially ordered by [a] < [b] if and only if
— —
(a,b) € kerf. Since kerf contains <, it is clear that the natural map v: A — A/ker f is

a pomorphism, so that ker f is a pocongruence. Further:

Lemma 1.1.2.2. An equivalence relation = on a poset A is a pocongruence if and only
if = is the equivalence relation associated to 0 for a pseudo-order 6.

Proof. Let = be a pocongruence. Then = is ker v for a pomorphism v and ker v is the

equivalence relation associated with 1@1/, where we have observed that lgi"u is a pseudo-
order.

Conversely, let = be the equivalence relation associated to 6 for a pseudo-order 6.
From Lemma 1.1.2.1, A/ = is partially ordered by <, where [a] < [0] if and only if a 6 b.
Let v : A — A/ = be the natural map. If a < b, then a @b as 6 is a pseudo-order. Hence
av = [a] = [b] = bv, so that v is a pomorphism and consequently, = is a pocongruence. [

We remark that € in the above lemma may not be uniquely determined by = (see

[11]).
Lemma 1.1.2.3. Let A, B and C be posets and let f : A — B,g: A — C be pomorphisms

— —
with f onto such that kerf C kerg. Then there exists a unique pomorphism h : B — C
such that fh = g.

Proof. We have that ker f C kerg so by Lemma 1.1.1.1 there is a unique function h :
B — C such that fh =g. If b <V where b,0/ € B, then if b = af,t/ = d’f, we have that

— —
(a,a’) € kerf, so that (a,d’) € kerg and so bh = afh =ag < d'g=d fh =Vh, so that h
is a pomorphism as required. [l

Corollary 1.1.2.4. Let f : A — B be an onto pomorphism where A, B are posets.
Then f : A/ker f — B, (where A/ker f is partially ordered by [a] = [b] if and only if
—

(a,b) € kerf) given by [x]f = xf is a po-isomorphism.

As a prelude to considering congruences on S-posets later in this chapter, we will now
describe how to get a smallest pocongruence ., containing a given reflexive relation v on
a poset A.

We start by defining <, such that a <, b if there exists n € N = {1,2,...} and

a;,b; € A,1 <1i <n, such that
a<ayb <ayyby <-ranyb, < b

10



Note that <, is a pseudo-order containing v and hence also the transitive closure " of ~.

By Lemma 1.1.2.1 we can define a relation =, on A such that
a =, difand only if a <, d' <, a

for all a,d’ € A.

Then =, is an equivalence relation on A. Further, the relation <, on A/ =, given by
[a] <, [b] if and only if a <, b,

is a partial order on A/ =,, and as in Lemma 1.1.2.2 we may check that the natural map

v:A— A/ =, given by av = [a] is a pomorphism such that if ay b then av <., bv, indeed
H

kerv =<,,.

Suppose now that B is any poset and ¢ : A — B is a pomorphism such that if
— —

avyb, then a¢p < bp. It is easy to see from the definition of <, that kerv =<,C ker¢g

and consequently, =,C ker ¢. Moreover, from Lemma 1.1.2.3, there is a pomorphism

Y : A/ =,— B such that vy = ¢.
1.1.3 Direct limits in categories

We will occasionally need the notion of direct limit, which for the convenience of the

reader we now recall.

Definition 1.1.3.1. A non-empty set A with a quasi-order < with additional property
that any two elements have upper bound is called a directed set.

Definition 1.1.3.2. Let {A; : i € I} be a family of objects in a category C where I is a
directed set.

Suppose we have a collection of morphisms in ¢ ;) : A; — A; in C where ¢ < j, which
satisfy the following two properties:

(i) ¢, is the identity map on Aj;;

(ZZ) ¢(i,k) = ¢(i,j) (b(j,k) where ¢ < j < k.

We will say that D = (I,{A;}ier, {¢u.j) ti<j) is a direct system in C over the indexed
set I.

Definition 1.1.3.3. Let D = (I,{A;}icr, {d@,j)}i<j) be a direct system in a category
C. A direct limit of D is £ = (B, {0;}icr) where B is an object in C and for all i € I,
0; : A; — B in C, such that 6; = ¢; ;0; for all i < j, and having the property that if there
exists any D € C and collection of morphisms v; : A; — D, ¢ € I, such that ¥; = ¢; j)1;
for all 7+ < 7, then there exists a unique morphism ¢ : B — D such that ; = 6;¢ for all
1€ 1.

Proposition 1.1.3.4. [9] The direct limit of a directed system is unique.
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1.1.4 The category of sets

We will denote the category of sets by Set so that the objects of Set are sets and the
morphisms between two objects are simply functions between the corresponding sets.
In Set epimorphisms coincide with surjective (onto) functions and monomorphisms

with injective (one-one) functions [39].
1.1.5 The category of posets

The category of posets will be denoted by Pos; the objects are posets and morphisms
are order preserving maps. In Pos epimorphisms coincide with onto pomorphisms and

monomorphisms with one-one pomorphisms [9].

1.2 S-acts and S-posets

We give a brief introduction to S-acts over monoids and S-posets over pomonoids, more

details will follow in later sections.

1.2.1 S-acts

Let A be a non-empty set and let .S be a monoid, and suppose there is a function S x A —
A, where (s,a) — sa with the following properties:

(1) s(t(a)) = (st)a for all s,t € S and a € A;

(17) la = a for all a € A,
then A is said to be a left S-act. The notion of right S-act is defined dually. To emphasise
that A is a left (right) S-act we may write gA (Ag). The class of all left and right S-acts
are denoted by S-Act and Act-S, respectively. Notice that S may be regarded as both a
left and a right S-act, with actions given by the binary operation in S. Indeed any left
(right) ideal of S is a left (right) S-act.

A non-empty subset B of a left S-act A is an S-subact if B is closed under the action
of S. Any left ideal of S is a subact of 55 and dually, any right ideal is a subact of Sg.

Let A be a left S-act and p a relation on A. Then p is a (left) S-act congruence if p

is an equivalence relation such that for any a,b € A and s € S, if apb, then sa psb. An
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S-act congruence on gS is called a left congruence on S. (Right) S-act congruences on
right S-acts, and right congruences on S, are defined dually.

A function 6 : A — B from a left S-act A to a left S-act B is called an S-morphism if
(sa)d = s(af) for all s € S and a € A. A bijective S-morphism is called an S-isomorphism;
if there exists an S-isomorphism from A to B, then we say that A and B are isomorphic
and write A = B. The inverse of an S-isomorphism is, of course, itself an S-isomorphism.
We will denote by S-Act the category with objects all left S-acts and morphisms the
S-morphisms between them.

Dually, we can define S-morphisms between right S-acts. The category with objects
all right S-acts and morphisms the S-morphisms between them will be denoted by Act-S.
Indeed, any definition or result for left S-acts has its dual for right S-acts.

Let A be a left S-act and let H C Ax A. An H-sequence from a to a’, where a,a’ € A,

is a sequence of the form
/
a = s1c1, S1dy = S9Co, ..., Spd, = @,

where sq,...,s, € S and (¢;,d;) € H,1 <i <mn. The relation ay on A is defined by the
rule that a ayy b if and only if a = b or there exists an H-sequence from a to b. We denote
by p(H) the smallest congruence on A containing H, that is, the congruence generated by
H.

Lemma 1.2.1.1. Let A be an S-act and let H C A x A. Then

p(H) = agug-1.

Proof. 1t is very easy to prove that a -1 is reflexive, symmetric, and transitive. More-
over it preserves S-action, hence is an S-act congruence containing H, so that p(H) C
OHUH-1-

Let v be an S-act congruence such that H C v. As v is an S-act congruence so
H=!' Cv. Now let a a1 @' then we have a = a’ or there exists H U H ~!-sequence such
that

a = s1¢1,51d1 = $9Ca, . . ., Spdy, = d’
where si,...,s, € S and (¢;,d;) € HU H™'. Since v is an S-act congruence containing
HUH™, we will have [a], = [s1c1], = [s1d1], = [s2¢2]y = ... = [sad,], = [d],. Hence
OéHuH—l g V.
In particular ayyg-1 € p(H) and so p(H) = agug-1 as required. O

13



Let p be an S-act congruence on a left S-act A; Then A/p becomes an S-act under
sla] = [sa] and v, : A — A/p given by av, = [a] is an S-morphism with ker v, = p.
As in Corollary 1.1.1.2; it follows from standard arguments of universal algebra that

if #: A— B is a left S-act morphism, then
ker 0 = {(a,d’) € Ax A:ab =d'0}
is an S-act congruence on A such that
A/ker = im 6.

In S-Act epimorphisms coincide with onto S-morphisms and monomorphisms with
one-one S-morphisms [39].

In any category of algebras, so, in particular, in S-Act, the direct limit of any directed
system exists. The general recipe yields the following.

Proposition 1.2.1.2. A direct limit B of a direct system C = (I, {A;}ier, {w(i’j)}igj) of
left S-acts exists, and can be considered as B = (A/v,{pi}icr) where A =, A; (disjoint
union) and v and u; are given as below:

(i) fora; € A; and a; € A;,

a; v aj if and only if a;bxy = ajbjr) for some k > 1, 7;

(17) for each i € I and a; € A;, a;p; = |a;].

The theory of S-acts is well established, what we want to do is introduce the reader

to the notion of S-poset over an ordered monoid S.

1.2.2 S-posets

A partially ordered monoid or pomonoid is a monoid S with a partial order (usually written
<) which is compatible with the binary operation on both sides. The canonical example
of a pomonoid is an inverse monoid under the natural partial order, where a < b if and
only if a = aa™'b, for all a,b € S [41].

Let A be a partially ordered set and let S be a pomonoid. We call A a left S-poset if
A is a left S-act and if in addition:

i) if s <t then sa < ta for all s,¢ € S and a € A;
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ii) if a < a’ then sa < sa’ for all a,a’ € A and s € S.

Right S-posets are defined dually. The class of left (right) S-posets is denoted by
S-poset (poset-S). An S-subposet of a left (right) S-poset A is a subposet B of A that is
also an S-subact. Like S-acts, S can be regarded as a left or a right S-poset, and any left
(right) ideal can be regarded as a left (right) S-subposet of S.

Let S = {1} be a trivial monoid and let P be a poset. Then S-acts trivially on P,
making P into a (left) S-poset.

An S-morphism ¢ : A — B from a left S-poset A to a left S-poset B is called an
S-poset morphism or more briefly, S-pomorphism, if it is order-preserving, that is, if a < b
in A implies that a¢ < b¢ in B for all a,b € A. It is an embedding if, in addition, it
is an embedding of the underlying posets. An S-pomorphism from A to B is an S-po-
isomorphism if it is also a po-isomorphism of the underlying posets. We then say that
A and B are isomorphic and write A = B. Of course, we may define S-pomorphisms,
embeddings and S-po-isomorphims for right S-posets in a dual manner. Indeed, any
definition or result for left S-posets has its dual for right S-posets, which we may not
explicitly state.

We will denote the category of left S-posets and S-pomorphisms by S-Pos. Note
that in S-Pos epimorphisms are onto and monomorphisms are one-one [9]. Similarly, we

denote the category of right S-posets and S-pomorphisms by Pos-S.

There is a fundamental difference between S-acts and S-posets: namely, the first are
algebras and the second are relational structures. First concerns arise from the fact that
a bijective order preserving S-pomorphism may not be an isomorphism and secondly, one
has to be very careful about defining the notion of an ordered congruence (as we have
seen for posets).

It is slightly complicated to define the notion of congruence on a relational structure,
but is certainly possible. A general approach is given in [15], a specific description of

congruences for S-posets may be found in [56]; we now give an account of the latter.

Let A be an S-poset and let H C A x A. We carefully define a number of relations
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on A that can be obtained from H.

First, we consider the case for pseudo-orders. We extend the definition from posets to
S-posets as follows.
Definition 1.2.2.1. Let A be an S-poset. A relation u on A is a pseudo-order if p
contains < and is reflexive, transitive and compatible with the action of S.

Let 1 be a pseudo-order on an S-poset A. Then in particular p is a quasiorder, so as

in Lemma 1.1.2.1, we may define an equivalence relation, denoted here by by the rule

=,
that for any a,d’ € A,

a=,d if and only if a pa' pa.

Further, A/ =, is partially ordered by <, where
la] =, [a'] if and only if apa’.

Since p is compatible with the action of S, clearly so is =, whence A/ =, is an S-act.
Since < C p it is easy to see that A/ =, is an S-poset. The natural map v: A - A/ =,
is an S-pomorphism such that lzru = p and kerv ==,.

Now we will define what we mean by a ‘congruence’ relation on an S-poset A. An S-
act congruence p on A is called an S-poset congruence or S-pocongruence on A if A/p can
be partially ordered such that it becomes an S-poset and the natural map v : A — A/p
is a S-pomorphism [11].

Lemma 1.2.2.2. Let i be a pseudo-order on an S-poset A. Then =, defined as above is
an S-pocongruence such that if apa’, then [al=, =< [b]=,.

Moreover, if v is any S-pocongruence with the property that if apa’, then [a], < [d'],,
then =, C v.

Proof. The first part of the lemma follows from earlier remarks.
Suppose now that v is an S-pocongruence with the property that if a ya’, then [a], <
[d'],. If a =, d, then apa pa, so that in A/v we have

whence [a], = [d'],, so that ava’ and =, C v as required. O

Corollary 1.2.2.3. Let p be a pseudo-order on an S-poset A. If p C v for any S-
pocongruence v, then =, C v.
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If o and 8 are reflexive relations on A that are compatible with the S-action, then it
is clear that the transitive closure v = (o U )" of aU 3 is a quasi-order compatible with
the S-action. Using reflexivity we see that for any a,a’ € A, we have a~ya’ if and only if
there exists a sequence

aca; fbiaay by ... Bb,ad,

for some aq,bq,...,a,,b, € A.
In particular, defining <, to be (< Ua)’, as in Section 1.1, we have that <, is a

pseudo-order and for any a,a’ € A, a <, da’ if and only if there is a sequence
a<aiab; < ...<a,ab, <d

for some ay, b1, ..., a,,b, € A. We now let =, == be the equivalence relation associated

with <,, that is, for a,a’ € A,
a =, a if and only if a <, d’ <, a.
As above we have that A/ =, is partially ordered by =<, where
la] =, [@'] if and only if a <, d

and further, =, is an S-pocongruence.

Lemma 1.2.2.4. Let a be a reflexive relation on A that is compatible with the S-action.
Then =, constructed as above is an S-pocongruence and is such that if aacd’, then |a] <,
[d']. Further, if v is any S-pocongruence with the property that a cca’ implies that [a], <
[d'],, then =, C v.

Proof. We have argued that =, is an S-pocongruence.

Since a@ C <, we certainly have that if a wa’, then [a] <, [d/].

Suppose now that v is an S-pocongruence with the property that if a @/, then [a], <
[d'],. If a <, @ then we have a sequence

a<aab < ... <a,ab,<d
for some aq,by,...,a,,b, € A. Since v is a S-pocongruence, we have that
[a’]V S [al]l/ S [bl]lj S cee S [a/]u-

It follows that if a =, o/, then ava’ as required. m
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Corollary 1.2.2.5. Let a be a reflexive relation on an S-poset A that is compatible with
the S-action. If « C v for any S-pocongruence v, then =, C v.

We now consider the most general case of an arbitrary subset H of A x A, where A
is an S-poset. Recall that we denote by apy the relation given by the rule that a ay a’ if
and only if a = @’ or there is an H-sequence from a to a/. Certainly «ay is a compatible
quasiorder. We abbreviate <,,, by <p, =,, by =g and =<,,, by <g.

Lemma 1.2.2.6. Let A be an S-poset and let H C Ax A. Then =g is an S-pocongruence
such that for any (a,a’) € H, we have that [a] <y [a']. Further, if v is any S-pocongruence
on A such that [a), < [d'], for all (a,a’) € H, then =g C v.

Proof. From Lemma 1.2.2.4, we know that =g is an S-poset congruence. Further, since
H C ay, we certainly have that [a] <g [¢/] for all (a,d’) € H.

Suppose now that v is any S-poset congruence with the property that [a], < [a/], for
all (a,a') € H. If a,d’ € A and aagd’, then a = o’ (so that certainly [a], < [d/],), or
there exists an H-sequence

/
a = s1c1, S1dy = S9Co, ..., Spd, = @,
where s1,...,s, € S and (¢;,d;) € H. Since v is an S-poset congruence we have that

la], = [s1c1]y = s1[c1]y < sildh]y = [s1di]y

= [s2¢a], = ... = [sncnly = sulcnly < suldnl, = [sndn), = [d'],.

From Lemma 1.2.2.4 we now have that =5 C v. ]

Definition 1.2.2.7. [10] The relation =g that appears in Lemma 1.2.2.6 is the S-poset
congruence induced by H.

It is sometime more convenient to use an alternative description of <p.
Let (c1,dy), - ,(cn,d,) € H and sq,--+s, € S, n € N° = {0,1,2,...}, be such that
(%) holds:

a < sicr, s1dp < SaCp ..., Spdy <D

Then either n = 0 and a < b, so that a <y b, or
a < sycpapg sidy < secpap oy Spdy, < b

so that again, a <y b.

Conversely, if a <y b then
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a<aragb <...<a,agb, <b

for some n € N and aq,by,...,a,,b, € A. Where a; = b; we just remove a; and b; from
our sequence to obtain b;_; < a;y1, where by = a and a,.1 = b. Therefore, without loss

of generality, we may assume that for each ¢, 1 < i < n, there exists

(uil ) Uil)v T (uik(i) ) Uik(i)) €H
and t;,, - 4, € S with
@i = tiy Wiy s iy Uiy = LipUiy, - ooy Ly ) Vi = b
We now have
a < ay =t ur, ty vy S tun,, . Ty V) = 00 < ag =t usy,

b, <b.

t21U21 S t21u217 . ’tnk(n)vnk(n) - >~

We conclude that a < b if and only if there exists a sequence as in ().

We again consider an arbitrary subset H of A x A. We denote ayyg-1 by By, so
that Sy is p(H), the S-act congruence generated by H. Accordingly we denote <g, by
<HUH-1, =gy by =gun-1 and =g, by Jgug-1.

Lemma 1.2.2.8. Let A be an S-poset and let H C A x A. Then =g g-1 constructed
as above 1s an S-pocongruence such that H C=g,y-1. Further, if v is any S-poset
congruence with H C v, then =gyg-1 C v.

Proof. We know from Lemma 1.2.2.6 that =y -1 is an S-po-congruence. Further, if
(a,a’) € H, then since (a’,a) € H™', the same result gives that

[a] 2pum— (@] Jpum-1 [d]

whence a =g g1 .

Suppose now v is any S-pocongruence on A with H C v. Then H U H~! C v, so that
for any (a,a’) € H U H™' we certainly have that [a], = [@/],. Again from Lemma 1.2.2.6,
we have that =y g-1C v. ]

Definition 1.2.2.9. [10] Let A be an S-poset and let H C A x A. Then =py-1 defined
as above is the S-pocongruence generated by H.
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Definition 1.2.2.10. [10] An S-pocongruence p on an S-poset A is said to be finitely
generated if p ==y for some finite subset H of A x A.

An S-poset A is finitely presented if A = F/p for some finitely generated free S-poset
F (see Section 1.3) and some p ==p where H is a finite subset of F' x F.

Let f: A — B be an S-pomorphism where A and B are left S-posets. We know that

H
kerf is a poset pseudo-order, and, as it is compatible with the S-action, it is an S-poset

pseudo-order.

Theorem 1.2.2.11. (Fundamental Theorem of Morphisms for S-posets) [56] Let A and

B be two left S-posets and o : A — B an S-pomorphism. Then if i is a pseudo-order on
H

A such that i C kerc, then there exists a unique S-pomorphism 3 : A/ =,— B such that
the diagram

Al =,
commutes, where v: A — A/ =, is the natural map. Further, ima = im f.
Conversely if i is a pseudo-order on A, for which there exists a S-pomorphism [ :

4)
A/ =,— B such that the above diagram is commutative, then p C kera.

— —
Proof. The natural map v: A - A/ =, is an onto S-pomorphism with kerv = p C kera.

From Lemma 1.1.2.3, there exists a unique pomorphism 3 : A/ =,— B such that v = a.
It is easy to check that £ is an S-pomorphism.
For the converse, if (a,b) € p, then [a] <, [b] in A/ =, so that
aoe = avf = [a]f < [b]f = bvf = ba

—

in B, hence v C kera. O

Corollary 1.2.2.12. [56] Let A and B be left S-posets, and let ¢ : A — B be an S-
pomorphism. Then Ajker ¢ = im ¢, where for [a],[b] € A/ker ¢, [a] =X [b] if and only if
ap < bo.
H

Corollary 1.2.2.13. Suppose 6 : A — B is an S-pomorphism, and H C kerf. Then

H
<y C kerf. From Theorem 1.2.2.11, ¢ : A/=y — B given by [a]=,, ¢ = ab is a well-
defined S-pomorphism.

Proof. Suppose that a,b € A and a <y b. Then

a < sicr, s1dy < SpCo, ..., Spdy <D
for some n > 0, (¢1,dv),...,(cp,d,) € H and sq,...,8, € S. Then as 6 is an S-
pomorphism and ¢;0 < d;0 for all i € {1,...,n},
ab < (s101)0 = s1(10) < s1(d10) = (s1d1)0 < ... = (spdy,)0 < 0O
—
and so <yC kerf). Now use Theorem 1.2.2.11. O]
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Unlike the category S-Act of algebras, the category S-Pos is one of relational struc-
tures. Nevertheless, direct limits exist as expected.

Proposition 1.2.2.14. [10] A direct limit £ of a direct system D = (I, {A;}ier, {05 ti<j)
of left S-posets exists, and can be represented as L = (A/v,{0;}icr) where 7y is a congru-
ence on A =, A; (disjoint union) with following properties:

(1) ~v is the equivalence relation associated with the pseudo-order u, where for a; €
Ai a5 € Aj, a;paj if and only if a;¢gxy < a;ogk for some k > i, j;

(17) for each i € I and a; € A;, a;0; = [a;);
consequently

(a) a;vaj, a; € Ay, a; € Aj, if and only if a; ¢ ) = a;jd¢jx for some k >, 5;

(b) [a;] < aj], ai € Ai,a; € Aj, if and only if a;p ) < a;jdcjx for some k >4, 5;

(c) a;y a; i ) for any a; € Ai < j.

It is clear from Propositions 1.2.1.2 and Proposition 1.2.2.14 that the direct limit of
D in S-Pos is essentially the direct limit in S-Act equipped with an ordering. We revisit

this at the end of Chapter 4.

1.3 Free, projective and flat S-acts

We will be interested here in free, projective and flat S-acts.
Freeness and projectivity are given by the standard categorical definitions.
An S-act A is free on X C A if for any S-act B and map j : X — B there is a unique

S-morphism 6 : A — B such that i = j, where i : X — A is inclusion, i.e. the diagram

commutes.

The class of free S-acts is denoted by Fr.
An S-act P is projective if for any onto S-morphism g : A — B and for any S-
homomorphism f : P — B there exists a S-homomorphism h : P — A such that the

following diagram
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commutes. We will denote the class of projective S-acts by Pr.

Classical results determine completely the structure of free and projective S-acts.

First, for a symbol z we let Sx = {sz | s € S} be a set of formal expressions in one-
one correspondence with S; Sz becomes a left S-act (isomorphic to ¢S) if we define
s(tx) = (st)x for all s,t € S. In S-act, coproduct is the disjoint union, with S-action
componentwise.
Proposition 1.3.0.15. [39] A left S-act A is free on X if and only if A=| ],y Sx.
Theorem 1.3.0.16. [38] A left S-act A is called projective if and only if A = | |,c; P;
where P; = Se; for idempotents e; € S, 1 € I.

The approach to concepts of flatness is rather more complicated, and involves the

notion of tensor product, which we now describe.

Let A be a right S-act and B be a left S-act, take A x B be the Cartesian product of
A and B. The tensor product of A and B is obtained by taking the quotient of A x B by
the equivalence relation generated by the set {((as,b), (a,sb)) | a € A,b € B,s € S}. We
will use A ® B to denote the tensor product of S-acts A and B. The equivalence class of
(a,b) € A x B will be denoted by a ® b € A® B.

We will need to look carefully at equalities of the form a ® b=a' @ V.

Lemma 1.3.0.17. [/39] Let A be a right S-act and B a left S-act. Then for a,a’ € A and
b,/ € B, a®b = a' Qb if and only if there exist s1,t1,S2,t2, ..., Sm,tm €S, a2,..., 0, € A
and by, ...,b, € B such that

b = 81b1

asy = a2t1 tlbl = Sgbg

assy = asty tabo = s3b3

Um—1Sm—-1 = GQpl;m_1 tm—lbm—l = Smbm
AmSm = d'tp, tmbm = U
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The sequence presented in Lemma 1.3.0.17 will be called a tossing (or scheme) T of
length m over A and B connecting (a,b) to (a’,t’). The skeleton S = S(T) of T, is the
sequence

S = (Sl,tl, .. .,Sm,tm) < S2m.

The set of all skeletons is denoted by S. By considering trivial acts it is easy to see that
S consists of all even length sequences of elements of S.

We know therefore that if a,a’ € A and b,/ € B, where A is a right S-act and B a
left S-act, then a @ b=a’ @V in A® B if and only if there exists a tossing 7 from (a, b)
to (a/,b') over A and B, with skeleton S, say. If the equality a ® b = o’ ® b/ holds also
in C ® B, where C is an S-subset of A containing a and @’ (certainly in the case B is
flat: see below) and is determined by some tossing 7’ from (a, b) to (a’,b") over C' and B
with skeleton &' = S(7”) then we say that 77 is a replacement tossing for T and S’ is a

replacement skeleton for S.

Now we define for an S-act B the functor — ® B : Act-S — Set, by

-®B -®B

el

AgB——"L A4 gB

where fRIg: AR B—- A ®B,and fora®b € A® B,
(a®b)(f@lp)=af®Db

where we have f: A — A’ an S-morphism in Act-S.
Now we will see that various notions of flatness can be drawn from this functor and
involve it preserving monomorphisms, or related concepts such as pullbacks and equalisers.

Consider the following diagram in S-Act,
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X4

s

Xo——Y

f2
The pair (P, (p1,p2)) where p; : P — X;, i = 1,2 are S-morphisms is called a pullback of

the pair (fi, fo) if

(i) p1fi = p2fo and
(ii) if
Ps

b1 p D2 X,

lpl lf 2
X1 L Y
is a diagram in S-Act such that p| f; = p,f, then there exists a unique S-morphism say
v : P — P such that yp, = p/1 and ypy = p’2.
An equalizer diagram for f; and fy, where f1, fo : X — Y in S-Act is a pair (F,e¢)
where e : £ — X is an S-morphism, if
(i) efi = efy and
(i) for any S-morphism p : P — X with pf; = pfs there exists a unique S-morphism

p : P — E such that p = ple.

E—e X3 Y
A
P

A left S-act B is called strongly flat if the functor — ® B preserves pullbacks and
equalizers. There are well-known alternative descriptions, due to Stenstrom.

Theorem 1.3.0.18. [/9] Let S be a monoid. The following conditions are equivalent for
a left S-act B:
(i) B is strongly flat;
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(ii) B is the direct limit of finitely generated free left S-acts;

(i11) B satisfies Conditions (P) and (E) which are defined as follows:

(P): for all b,b' € B and s,s" € S if sb = s'V/ then there exists V' € B and u,u’ € S
such that b = ub”, b’ = 'V and su = s'u';

(E): for allb € B and s,s' € S if sb = s'b then there exists " € B and u € S such
that b = ub” and su = s'u.

Conditions (P) and (E) have come to be known as examples of ‘interpolation’ condi-
tions - flatness conditions not involving explicit mention of ®.

A left S-act B is flat if it preserves embeddings of right S-acts, which is easily seen to
be equivalent to the following: if we have a ® b = a’ ® b’ in A ® B then the equality also
holds in aSU 'S ® B for all a,a’ € A and b,/ € B. The S-act B is called (principally)
weakly flat if it preserves embeddings of (principal) right ideals of S into S; or, in other
words, for any m, m’ € K, where K is a (principal) right ideal of S, and for any b,V € B,
fmeb=m'®l in Ss®@ Bthen m®b=m'®¥ in K ® B. It is easy to see that B is
principally weakly flat if and only if whenever m ® b=m ® b’ in Sg ® B, for m € S and
b,/ € B,then m®b=m®b in mS® B.

We will denote the classes of strongly flat, flat, weakly flat and principally weakly flat
left S-acts by SF, F, WF, PWUF respectively.

Unlike the case for strongly flat there are no simple conditions such as (P) and (E)
in the flat or weakly flat or principally weakly flat cases. This makes the question of
axiomatisability rather harder; we are forced to consider tossings explicitly.

In [7] Bulman-Fleming and McDowell prove that a left S-act B is weakly flat if and
only if it is principally weakly flat and satisfies Condition (W):

(W) If sa = ta’ for a,a’ € A, s,t € S then there exists a” € A u € sS NS such that

sa = ta’ = ua”, where we can visualize u as u = ss’ = tt’ for some s',t' € S.

Remark 1.3.0.19. [39] In S-Act we have

JFr=Pr=8F=F=WF=PWF
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1.4 Free, projective and flat S-posets

Free and projective S-posets have the standard categorical definitions, as for S-acts. We
can see that study of projectives in S-Pos closely parallels that for S-Act.

In S-Pos coproducts of left S-posets are disjoint unions where the components of the
coproduct are incomparable and the S-action is componentwise.

We show how to construct a free S-poset over a pomonoid S. First, for a symbol =
we let Sz = {sz | s € S} be a set of formal expressions in one-one correspondence with S
as before. Then Sz becomes a left S-poset (isomorphic to ¢5) if we define s(tz) = (st)z

for all s,t € S and sx < tz if and only if s <tin S.
Theorem 1.4.0.20. [10/ An S-poset A is free on a set X if and only if A= ||, .y Sx.
Theorem 1.4.0.21. [10] Every S-poset is isomorphic to the quotient of a free S-poset.

As in the unordered case, every free S-poset is projective and the converse is not true.

Proposition 1.4.0.22. [48] Let S be a pomonoid. Then

(i) Se is a projective S-poset for any idempotent e € S;

(i) a disjoint union of S-posets P; is projective if and only if each P; is projective for
every i € I;

(7ii) an S-poset is projective if and only if it is isomorphic to a coproduct of S-posets
of the form Se, where e is idempotent.

We now consider tensor products for S-posets. Let A be a right S-poset and B a left
S-poset, then the tensor product, which is denoted by A ® B, is the quotient of the poset

A x B by the pocongruence relation ¢ on A x B generated by
{(as,b),(a,sb) : s € S,a € A,b € B}.

We will denote the equivalence class of (a,b) € A x B with respect to congruence 6 by

a ® b. The following lemma explains the ordering relation in A ® B.
Lemma 1.4.0.23. [/8] Let A be a right S-poset, B a left S-poset, a,a’ € A, b,/ € B.

Thena®b < da @b in AQB if and only if there exists as,az, -+ ,ay, € A, by, by, -+ b, €
B and sy,t1,-- -, Sm, tm € S such that

b S 81b1
asy < asty t1b1 < s9by
assy < agty taby < s3b3 *)
Am—1Sm—1 S a'mtm—l tm—lbm—l S Smbm
AmSm < d't,, tmbm < Y
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It follows that ’ @b < a ® b if and only if there exists co,--- ¢, € A and dy, -+ ,d, € B
and Uy, vy, Up, Uy € S such that

b S U1 d1
adu; < ey vidy < uady
Colly < (3 vady < ugds (%)
Cn—1Un—1 S CnUn—1 Un—ldn—l S undn
Colly, < avy, Updy, < b

Thus a®b=ad @b in A® B if and only if (x) and (xx) exist.

Definition 1.4.0.24. The sequences (*) and (xx) in the above theorem are called a double
ordered tossing DT of length m + n, from (a,b) to (a’,V’) over A and B. The skeleton of
DT is

S(DT) = (S1,t1, Sy tny U1, V1, + Uy, V).

The sequence (%) is called an ordered tossing T of length m from (a,b) to (a’,V’) over
A and B. The skeleton of T is

S(T) == (Slutlv' oo 7Smatm)~

If S; = (s1,t1, -+, Smy tm) and Sy = (ug,v1, ..., Uy, v,) are skeletons of ordered toss-
ings, then we may (abusing notation) write S = (S;1,Ss) as shorthand for the skeleton
S = (S1,t1,- -+, Smy b, U1, V1, - - ., Uy, Uy) Of the corresponding double ordered tossing.

As in the case of S-acts different notions of flatness are drawn from the tensor functor
— ® B, where — ® B : Pos-S— Pos is a functor from the category of right S-posets to

the category of posets, given by

A ! A

-®B -®B

1
A@B&.A/@)B

where f® Ig: A® B — A’ ® B is defined by
(a®b)(f®Ip)=af®Db

where we have f: A — A’ an S-pomorphism in Pos-S.

Consider the following diagram in S-Pos:
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X4

s

Xo——Y

f2
The pair (P, (pl,pg)) where p; : P — X, i = 1,2 are S-pomorphisms is called a subpull-

back of the pair (fi, f2) if

(i) pr.fr < pafs and

(i) if there exists (pj,p,) in S-Pos such that p, f; < p,fo then there exists a unique
S-pomorphism say v : P° — P such that yp; = p/1 and ypy = p/Q.

A subequalizer diagram for f; and fy, where fi, fo : X — Y in S-Pos is a pair (F,e¢)
where e : £ — X is an S-pomorphism, if

(i) efs < efy and

(ii) for any S-pomorphism p : P — X with pf; < pfs there exists a unique S-
pomorphism p' : P — E such that p = ple.

A left S-poset B is called flat if the functor — ® B takes embeddings in the category
of Pos-S to one-one maps in the category Pos of posets. It is called weakly flat if
the functor — ® B takes embeddings of right ideals of S into S to one-one maps in the
category Pos. Similarly for a principally weakly flat S-poset B, the functor — ® B takes
embeddings of principal right ideals in .S into S to one-one maps in the category Pos. As
for S-acts, a left S-poset B is principally weakly flat if and only if for any m € S and
b, e B,if m®b=m®0V in S® B,then m®@b=m® 0V in mS ® B.

A left S-poset B is called strongly flat if the functor — ® B preserves subpullbacks and
subequalizers. The notion of strong flatness has several alternative characterisations. We
now describe the two we will use. For the first, we need Conditions (P) and (E), defined
for left S-posets as follows:

(P): for all b,b’ € B and s,s" € S'if sb < &'V’ then there exists b € B and u, v’ € S such
that b=ubd", b’ =u' V" and su < s’ u’;
(E): for all b € B and s,s" € S if sb < s’ b then there exists b” € B and u € S such that

b=ub" and su < s’ u.
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Such flatness conditions, i.e. using elements of S and S-posets rather than tossings ex-
plictly, we call interpolation conditions. Weaker than either (P) or (E) we have
Condition (EP): for all b € B and s,s" € S, if sb < §'b then there exists v € B and
u,u’ € S such that b = ub” = v'b"” and su < s’u’. The unordered version of this condition
was introduced for M-acts in [22].

For the second alternative approach to strong flatness, we use the notion of direct
limit.
Theorem 1.4.0.25. [10] The following are equivalent for a left S-poset B:

(i) B satisfies Condition (P) and Condition (E);

(ii) B is isomorphic to a direct limit of a family of finitely generated free S-posets;
(1ii) B is subpullback flat and subequalizer flat.

Proposition 1.4.0.26. Let D = (I, {A;}ier, {¢(i7j)}i§j) be a directed system of strongly
flat left S-posets, and let &L = (A/v,{6;}ic1) be the direct limit constructed as above.
Then A/~ is strongly flat.

Proof. We show that A/~ satisfies conditions (P) and (FE), so that by the Theorem
1.4.0.25, it is strongly flat.

Suppose that a € A;,a’ € Aj,s,5 € S and s[a] < §'[a]. Then [sa] < [s'd’] so there
exists k > 4, j such that (sa)¢ur < (s'a’)Pr. Thus in A, we have that s(a¢qr) <
s'(a’ ¢¢jky) so that as Ay satisfies condition (P) we have a” € Ay, and u,u’ € S such that
agi ) = ua”,ad' ¢ ry = wa"” and su < s

From (c) of Proposition 1.2.2.14 we have that [a] = [ua”] = u[a”] and [d] = [v/a"] =
u'[a”] and A/~ satisfies (P) as required. Similarly, A/~ has Condition (E).

O]

The notion of strong flatness simplifies for cyclic left S-posets.

Definition 1.4.0.27. A left S-poset A is called cyclic if A = Sa for some a € A.

Lemma 1.4.0.28. A left S-poset A is cyclic if and only if there exists an S-pocongruence
p on gS such that A= S/p.

Proof. Let A = Sa for some a € A, then we define p, : S — A by sp, = sa and whenever
s < t, we will have sa < ta which shows that p, is a surjective S-pomorphism. Let p
—

be the equivalence relation associated with kerp,. Then p is an S-pocongruence and by
Corollary 1.2.2.12 S/p = imp, = A.
Conversely, S/p = S[1], is cyclic. O
The following is easy to check.

Lemma 1.4.0.29. [/6] A cyclic left S-poset A = Sa is strongly flat, if and only if for
x,y € S, if va < ya then there exists u € S such that a = ua, zu < yu.
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Corollary 1.4.0.30. [46] Let p be a left S-pocongruence on a pomonoid S. The following
conditions are equivalent:

(1) S/p is strongly flat;

(1) if [s] < [t] where s,t € S then there exists u € S such that su < tu and 1pu.

In Pos-S, one-one S-pomorphisms do not coincide with embeddings; to see this con-
sider the case for posets regarded as S-posets over a trivial pomonoid S. In [46] Shi
defined notions of po-flat, weakly po-flat, principally weakly po-flat S-posets, as follows:
An S-poset B is called po-flat if the functor — ® B takes embeddings in the category of
Pos-S to embeddings in Pos. It is weakly po-flat (principally weakly po-flat) if the functor
— ® B preserves the embeddings of (principal) right ideals of S into S.

In [46] Shi has shown that analogues of some properties in S-Act are not true in
S-Pos. For example all S-acts satisfy Condition (P) (for acts) if and only if S is a group,
but even if we take an ordered group we can find an S-poset which does not satisfy
Condition (P) (for S-posets). Shi then defined another notion similar to Condition (P),
called Condition (P,).

We say that a left S-poset B satisfies Condition (P, ) whenever for all b,b" € B and
s, € Sif sb < &b then there exists b € B, u,u’ € S such that su < s'u/, b <
wb’, Wb <V

Further, let G be an ordered group, then all G-posets satisfy Condition (P,,)[46] and
Condition (P,)= po-flat = flat, hence for an ordered group G every left G-poset is
po-flat, that is every left G-poset is flat.

Shi [46] has shown that a left S-poset B is weakly po-flat if and only if it is principally
weakly po-flat and satisfies:

Condition (W): for any b,0' € B and s,s" € S, if sb < &'’ then implies that there exists
b' € B, p € sS,p € 'S such that p < p', sb < pb”, p'b”" < s'b/. Shi’s proof is along the
same lines as that for S-acts by Syd Bulman-Fleming and McDowell in [39], who have
proved that a left S-act A is weakly flat if and only if it is principally weakly flat and
satisfies a condition analogous to Condition (W) for S-acts. A proof analogous to those

in [39, 46] gives the following.
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Lemma 1.4.0.31. Let S be a pomonoid. A left S-poset B is weakly flat if and only if it
1s principally weakly flat and satisfies:

Condition (U): for all bt/ € B and s,s' € S, if sb = sb' then there exists b" € B,
p € sS,p €8S, withp < p and sb = pb" = p'tV' = V.

We will denote the classes of free, projective, strongly flat, flat, weakly flat, principally

weakly flat, po-flat, weakly po-flat, principally weakly po-flat left S-posets by
Fr, Pr, SF, F, WF, PWF, PF, WPF, PWPF

respectively. The classes of left S-posets satisfying Condition (P), Condition (E) Condi-
tion (EP) or Condition (P,) will be denoted by P, &, EP and P, respectively. We note
that many classes and conditions for S-posets have the same notation as for S-acts, but
the meaning should always be clear from the context.

Finally in our list of flatness properties we turn out attention to those introduced in
23] by Golchin and Rezaei. They define Conditions (WP),(WP,,),(PWP) and (PWP,)
for S-posets, which are derived from the concepts of subpullback diagrams in S-Pos. For
our purposes here it is enough to define (PWP) and (PWP,,) for a left S-poset B:
Condition (PWP): for all b,/ € B and s € S, if sb < s then there exits u,u € S and
b” € B such that b = ub”, v/ = u'b" and su < su/;

Condition (PWP,,): for all b,/ € B and s € S, if sb < st/ then there exist u,u € S and
b" € B such that b < ub”, v'v" <V and su < su'.
We denote by
WP, WP, PWP and PWP,

the classes of left S-posets satisfying Conditions (WP),(WP,,),(PWP) and (PWP,,), re-

spectively.
Remark 1.4.0.32. [23][48] In S-Pos we have the following implications, all of which are
known to be strict except for Condition (P,,) implies po-flat:

Fr = Pr = SF = P = WP = PWP

\ \ U
Po = WP, = PWP,
U U U
PF = WPF = PWPF

4 4 4
F = WF = PWF
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We are interested in finding for which pomonoids these classes are axiomatisable.

1.5 Conditions

We now give a number of finitary conditions for monoids and pomonoids which will be
used in this thesis, particularly when characterising left perfect pomonoids in Chapter 4.
Let S be a monoid. Conditions (A), (Mg), (M), (M®) and (M%) are defined as
follows:
(Mg)/(Mp): S satisfies the descending chain condition for principal right/left ideals;
(M) /(MFE): S satisfies the ascending chain condition for principal right /left ideals;
(A): every left S-act satisfies the ascending chain condition on cyclic S-subacts;
Now let S be a pomonoid. In addition to the above conditions we define Condition
(A°):
(A9): every left S-poset satisfies the ascending chain condition for cyclic S-subposets.
It is clear that Condition (A) implies Condition (A°); we show later that, in fact,

these two conditions are equivalent.

1.6 First order languages and axiomatisability

Relating to any class C of universal algebras or relational structures of the same type
(where we are not properly defining type here) there exists a first order language. One
can then ask, which of the properties defined for A € C can be captured by first order
sentences of the language, that is, which of the properties are axiomatisable? For the
convenience of the reader we will describe here a short account of first order logic and
the notion of axiomatisability. Subsequently we will consider the first order languages
associated to M-acts over a monoid M and S-posets over a pomonoid S, and give some

illustrations of axiomatisable properties.
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1.6.1 First order languages

To define a first order language L we must first specify its alphabet; this consists of
variable, constant, function and predicate (relational) symbols, together with punctuation,
quantifiers and logical connectives.

(1) Variable Symbols

An infinite set of variables {z; : i € I'}, normally assumed to be countable.

(2) Constant Symbols

A (possibly empty) set {c¢; : j € J} of constant symbols.

(3) Function Symbols

A (possibly empty) set

{fi:ieN,jeJ}

where the superscript i represents that the function is i-place e.g. f3 indicates a function
symbol to be interpreted by a ternary function.

(4) Predicate Symbols

A set of predicate letters

{P{:ieNke M}

Here the superscript indicates the arity of the predicate, e.g. P2 denotes a predicate
symbol to be interpreted by a ternary relation. We make the convention that = (or, more
accurately, a symbol that will be interpreted as equality) is a binary predicate.

(5) Punctuation

We allow commas ‘,” and parentheses ‘(" and ‘)" as punctuation.

(6) Quantifier Symbol

A single symbol V.

(7) Logical connectives The symbols = and —.

We use additional symbols as shorthand, for example, 3z P!(z) is shorthand for

—Vz—P}(z) and P}(x) Vv P;(x) is shorthand for =P} (z) — P}(x).
Given an alphabet as above for L, we must now define terms and well formed formulae.
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The set of terms of L is defined inductively. Any constant or variable is a term, if
t1,...,t, are terms then so is any expression f}'(t1,...,t,).

The set of well formed formulae of L is again defined inductively:

(i) P"(xy, 22, -+ ,x,) where P is a predicate and xy,xs,--- ,x, are terms, is a well
formed formula, usually called an atomic formula;

(17) if 6 is a well formed formula then so is —0;

(7i) if 0 and ¢ are well formed formulae then (6 — ¢) is a well formed formula;

(1v) if 0 is a well formed formula then Vx 6 is a well formed formula, for any variable

For clarity we may insert extra parentheses, denoting for example Vz3yx = f{(y) by
(Vx)(Jy) (m = fl (y)) We note here that terms and formulae are series of symbols; as yet
they have no intrinsic meanings. Formally, we should say that L is a first order language
with equality. For brevity we may refer to well formed formulae simply as formulae.

We now give some examples of first order languages.

Groups There is more than one choice for a first order language associated with the class
G of all groups. One possibility is Lg, where Lg has a constant symbol 1, a unary function
/1 and a binary function fZ. We usually write f{(z) as 27! and f?(x,y) as xy, as we will

be ‘interpreting’ f! and fZ as inversion and product, respectively.

S-acts Let S be a monoid. For left S-acts the first order language has no constant
or relational symbols (other than =) and consists of a unary function symbol say A,
(dropping the superscript 1) for each s € S. We denote the first order language relating

to left S-acts by Lg. We may write \;(x) as sz.

S-posets Similarly if S is a pomonoid we can define a language LE having no constant
symbols, equipped with a binary relation symbol <, and having a unary function symbol

As for each s € S. Again, we may write A\¢(z) as sz.

Sentences A sentence of L is a (well formed) formula with no free variables, that is, if

an x appears in the formula, it is governed by a Vz. Of the two well formed formulae
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(Vz)(sz = y) and (Vz)(sz = 2 — (Jy)(z = ty)) in Lg, the first is not a sentence but
the second is. We now comment on the notion of interpretation, without going into full

detail.

1.6.2 Interpretations

Let L be a first order language, an interpretation (or L-structure) I for L consists of a
set D; called the domain of the interpretation, a subset {¢; : ¢ € I} of elements of Dy
called constants, a set {?; 1 € N,j € J;} of functions where T; : Dt — Dy and a set of
relations {F; :i € N,k € M;} on D; where each Fz is ¢-ary. The constants, functions
and relations ‘interpret’ those of L; we insist that the equality symbol in L is interpreted
by the relation of equality in Dj.

It is rather involved to say exactly what we mean by ‘interpret’, but the reader will
not go wrong by relying on intuition, as we only consider simple languages such as Lg
and Lg. It is also complicated, and does not add to clarity here, to explain exactly what
it means for an interpretation to satisfy a formula of L. Essentially, given a formula of
L, and translating it into a statement about D;, by interpreting the constants, functions
and relations it contains by the corresponding ones of I, it is satisfied by I if it is a true
statement about D;. We normally say simply that the formula of L is ‘true in I’ or even

just ‘true in D;’. If ¢ is a formula that is satisfied by I we denote this by I = ¢ or

D[’ZQO

Let S be a monoid and let A be a left S-act. Then A gives us an interpretation
of the language Lg, where A, is the function a + sa, for all s € S. The sentence
(V) (As(M\i(z)) = Age()) is satisfied by the interpretation, as it is a true statement about

A. The sentence
(Vz)(Vy)(As(z) = As(y) = 2 =y)

would be true in some S-acts (for example, if S is a group) but not others.

Now let S be a pomonoid and let A be a left S-poset. The formal symbol < in L§ is

35



interpreted by the partial order < in S. If s,t € S with s < ¢, then, for example,
(Vo) (As(z) < Me(2))
is true in A.

Models Let L be a first order language and let T" be a set of sentences of L. We say that
an interpretation I of L is a model of T if every sentence of T is true in I and we denote

itbhy I =T or Dy =T.
1.6.3 Axiomatisability

We now come to one of the central concepts of this thesis. Let T be a set of sentences
of a first order language L. Then the collection {I : I inteprets L, I |= T'} is said to be
axtomatised by T'. Let C be a class of interpretations of L. Then C is axziomatisable if there

is a set T of sentences axiomatising C; let us stress that this means for an interpretation

I, I lies in C if and only if I =T

As an illustration pertinent to this thesis, we consider S-acts and S-posets.

Let S be a monoid. Then the class S-Act is axiomatised by

> = () (i(@) = )} Hpse 15, € 5)

where
@st = (Vo) (As(Me(2)) = Ast()).

Let S be a pomonoid. Then the class S-poset is axiomatised by

o= Ut s < Jton s e sy Ut

where for s <t
Vs o= (V) (As(@) < Ae(w))
and for any s

0 = (Vo) (Vy)(z <y = As(2) < Ao(y))-
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We include the following set of sentences in Z§ for the partial order relation involve:
m={(Vz)(z <) AVz, y)((z <y Ay <a) = (x=y) Az, 5, 2)((z <y Ay <
We point out the obvious here that in Lg (S a monoid) and L5 (S a pomonoid), we

cannot quantify over elements of S.

Ultraproducts Ultraproducts play an important role in axiomatisability problems. We
define first ultrafilters on a non-empty set I followed by the definition of ultraproducts.
Let I be a non-empty set; we denote the set of subsets of I by P(I). We say that
® CP(I) is a filter over I if (i) I € @, (ii) for any X, Y € P(I) implies that X NY € &,
and (7i1) if X € ® and X CY C [ then Y € ®. A filter ® is called an witrafilter if for all

XeP),Xecdifandonlyif I\ X ¢ .
Theorem 1.6.3.1. [13] A filter D is maximal if and only if it is an ultrafilter.

Definition 1.6.3.2. Let F' be a subset of P(I), we say that F' has the finite intersection
property if and only if the intersection of finitely many elements of F' is non-empty.

The next result is Proposition 4.1.3 of [13].

Theorem 1.6.3.3. (Ultrafilter theorem)/13] For any proper subset © of P(I), such that
© has the finite intersection property, an ultrafilter ® can be constructed such that © C P.

Every proper filter over I satisfies the finite intersection property, hence can be ex-
tended to an ultrafilter over I.
Let L be a first order language and let {A; : i € I} be a set of interpretations of L.

Let ® be an ultrafilter on I and let A = []._; A; be the Cartesian product of the A;s.

iel
With a view to controlling the notation, we denote by (a;) the element f of A such that
1f = a;, for any ¢ € I. For a constant ¢, a function f and a relation P of L, we denote for

each j € I the interpretation of ¢, f and P in A; by ¢;, f; and P;, respectively.

We define a relation =¢ by the rule that
(a;) =¢ (b;) if and only if {i : a; = b;} € .

It is easy to see from the definition of filter that =4 is an equivalence. We denote by

(a;)e the equivalence class of an element (a;) of A under =¢ and put U = A/ =4, often

abbreviated by U = A/®.
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We now make U into an interpretation of L. A constant c is interpreted by
cy = (ci)o
an n-place function f by f;; where
ful(@i)e, ... (a})e) = (fila;, ... a}))e
and an n-ary relation P by
((a}),...,(a!)) € Pif and only if {i : (a},...,a}) € P} € ®.

Of course, some work is required to show that the interpretation of f and P is well defined.
The interested reader may find this in Proposition 4.1.7 of [13]. We call the interpretation
U constructed in this way an ultraproduct of the interpretations A;.

The next result is crucial.
Theorem 1.6.3.4. (Los’s Theorem)[13] Let L be a first order language, and let C be a

class of interpretations of L. If C is aziomatisable, then C is closed under ultraproducts.

We now consider ultraproducts of S-acts and S-posets. Let S be a monoid and let
{A; ;i € I} be a family of left S-acts and put A =1I{4; : i € I'}. Let ® be an ultrafilter

on I and put Y = A/®. Then, for any s € S and (a;)¢ € U we have that
S(CLZ')@ = (SCLZ')@.

Similarly we can define ultraproduct U of a family {A4; : i € I} of S-posets over a
pomonoid S, with respect to an ultrafilter ®. The action of S is as above, but now we

must specify the interpretation of <. From the general recipe we have that

(a;)e < (b;)e if and only if {i: a; < b;} € ®.
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Chapter 2

Axiomatisability problems of S-acts

In this chapter, we will be considering axiomatisability problems for classes of (left) S-
acts. To simplify notation in the first order language Lg, relating to left S-acts, we will
replace expressions of the form ‘A;(z)" by sz in formulae. Then the class of all S-acts

which we denote by S-Act is axiomatised by

> = {(va) (e = 2)}  J{poe: st € 5}
where
o= (V) (s(t(x)) = st(x)).
For more details we refer reader to Section 1.6 of Chapter 1.
It can be noted that there are certain classes of S-acts that are axiomatisable for all

monoids S, e.g. S-Acts. Less trivially, we denote by 7~ the class of torsion free left S-acts.

A left S-act A is torsion free if
sa = sb implies that a = b

for all s € £C, where £C denotes the set of left cancellable elements of S. Clearly 7 is
axiomatised by

SsU{(Vz,y)(sz =sy >z =y):s€LC}.

For brevity, here and elsewhere, we drop explicit mention of g and say more simply that

T is axiomatised within S-Act by

{(Vz,y)(sx =sy >z =y):s € LC}.
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However, there are some classes of S-acts which are axiomatisable for some monoids
and not for others e.g. the classes SF and Pr of strongly flat and projective S-acts are
axiomatisable if S is finite or a group, but for the monoid C' where C' = {1 = eg, ey, €3, -+ }
and e;e; = €maqz{ij}, that is, C is an inverse w-chain, the class SF is axiomatisable but
Pr is not [25].

Introductory work on axiomatisability problems for S-acts was done by Gould [25].
She considered the following questions: for which monoids S are the classes of SF and
Pr axiomatisable? She described necessary and sufficient conditions on S such that SF
is axiomatisable and obtained partial results for Pr. The full answer for Pr was provided
by Stepanova [50]. The kind of conditions that arise, here as for other questions, are
finitary in nature.

Later Bulman-Fleming and Gould [6] gave an alternative proof of Stepanova’s result
of axiomatisability of projective S-acts. They also characterised those monoids such that
the classes F(flat) and WJF (weakly flat) of S-acts are axiomatisable. Subsequently, Gould
[29] characterised those monoids S such that the class Fr(free) S-acts were axiomatisable.
In [29] there is a discussion of the relations between the conditions on a monoid S that
arise while axiomatising certain classes of S-acts such as Fr, Pr, SF, F or WF. Recently
Gould, Stepanova, Mikhalev and Palyutin [30] gave a comrehensive survey named “Model
Theoretic Properties of Free, Projective and Flat S-acts” which includes much additional
model theoretic material.

The aim of this chapter is to add to the theory of axiomatisability of classes of S-acts
over a monoid S. We put some of the techniques of earlier articles into a general setting.
In Chapter 3 we use these methods to develop the theory of axiomatisability of S-posets
over a pomonoid S.

It is known that there are three familiar methods to axiomatise classes of S-acts. The
first of them is the simplest making use of interpolation conditions on S-acts to produce
finitary conditions on S. This method has been used by Gould for SF [25]; we will refer

to this as the “elements” method. We have used this in the context of, for example,
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Condition (EP),(W), and (PWP), for S-acts.

The second two methods both involve “replacement tossings” and have been developed
by Bulman-Fleming and Gould in [6] for F and W.F; we will refer to these as “replacement
tossings” methods; we have used these in the perspective of, Condition (E),(P),(EP),(W)
and (PWP), for S-acts.

First, we consider the axiomatisability of some classes of S-acts related to flatness, such
as F, WF and PW.JF (principally weakly flat), where the first two are previously discussed
by Bulman-Fleming and Gould [6]. In Section 2.1 we demonstrate a more general way to
axiomatise these classes, putting the two of the “replacement tossings” methods into an
abstract context. These can then be specialised to prove both new and known results.

In Section 2.2, we investigate the axiomatisability of the classes £P, W. For the
definitions of these classes see Chapter 1. We determine when these classes of S-acts are
axiomatisable by using both the “elements” method and by using “replacement tossings”.

In Section 2.3 we attempt some examples of axiomatisability. We develop the con-
nection between axiomatisability conditions of different classes. We know that if P is
axiomatisable then so is WW. We give an example of a monoid such that WV is axiomatis-
able but P is not. It is known that £ implies £P, we would like to know whether EP is
axiomatisable if £ is axiomatisable but this is still unknown.

We note that if Condition A implies Condition B, where A and B are conditions on
left S-acts, then we usually expect that if the class A of left S-acts satisfying Condition
A is axiomatisable, then so is the class B of the left S-acts satisfying Condition B.

Lemma 2.0.3.5. Let S be a monoid, and let U,V be classes of left S-acts such that
Sel, andU C V. Suppose that V is axiomatisable if and only if every ultrapower of S
lies in' V. Now if U is axiomatisable then so is V.

Surprisingly, we have managed to show without using Lemma 2.0.3.5, which has been

extensively used throughout this Chapter, that if P is axiomatisable then so is EP.
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2.1 General results on axiomatisability

Let C be a class of embeddings of right S-acts, for example, all embeddings, or all inclusions
of right ideals into S. A left S-act B is called C-flat if the functor —® B maps embeddings
in C to one-one maps in Set, that is, if 7 : A — A’ is in C, then 7 ® Iy is one-one. In
terms of elements this says that if a,a’ € A and b, € Band ar @b =d7®00 in AR B,
then a ®b=d ®V in A® B. We denote the class of C-flat left S-acts by CF. Note: for
S-posets there will be two variations of the notion of C-flat, as we explain in Chapter 3.

We introduce Condition (Free) on C below. In Subsection 2.1.1 we find necessary and
sufficient conditions for the class CF of C-flat left S-acts to be axiomatisable if C satisfies
Condition (Free). The result of Bulman-Fleming and Gould axiomatising F becomes a
special case. In Subsection 2.1.2 we drop the assumption of Condition (Free). We have
a general result to determine for which monoids S is CF axiomatisable. The result of
Bulman-Fleming and Gould axiomatising WWJF then becomes a special case. We can also
deduce the axiomatisability result for PWF using this method.

The two general results in this Section involve “replacement tossings”. Some of the
arguments are rather intricate. The reader wanting an easier introduction to axiomatis-

ability problems could look at Section 2.2 of this chapter first.

2.1.1 Axiomatisability of CF with Condition (Free)

In this subsection we find necessary and sufficient conditions on S such that a class C.F is
axiomatisable, where C is a class of embeddings of left S-acts satisfying Condition (Free).
We first describe this condition.

It is convenient to introduce some notation. Let
S == (817t17' T 7Sn7tn) S S

be a skeleton. Let Rg be the first order language relating to right S-acts.

We define a formula es € Rg, as follows:
es(, o, -+ wp, &) = 18] = Toty A TSy = T3lo A -+ AN x,S, = 2't,
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and put

ds(x,a') := (Fwy -+ Fwp)es(w, w9, -+ 2y, ).

On the other hand we define the formula
Os(z, 21, ,Tn, @) :=x = s107 AN t1x1 = Sotg A -+ ANtp,b, = 2

of Lg and put

vs(x, ') = 3wy -+ - Fx,)0s(x, 21, -+ 0, T).

Remark 2.1.1.1. Let A, B be right and left S-acts, respectively, let a,a’ € A and b, € B.

(7) The pair (a,b) is connected to the pair (a/,’) via a tossing with skeleton S if and
only if ds(a,a’) is true in A and vs(b, ) is true in B.

(1) If ds(a,a’) is true in A and ¢ : A — A’ is a (right) S-morphism, then ds(av), a't))
is true in A’

(2ii) If ys(b,b') is true in B and 7 : B — B’ is (left) S-morphism, then ys(br,0'7) is
true in BT.

Definition 2.1.1.2. We say that C satisfies Condition (Free) if for each S € S there is an
embedding 75 : Ws — W¢ in C and us, us € Ws such that ds(us7s, usTs) is true in W§
and further, for any embedding pz: A — A’ in C and any a,a’ € A such that ds(ap,a’'p)
is true in A’, there is a morphism v : W5 — A’ such that ustsv = ap, ustsv = a’p and
Wstsv C Ap.

Lemma 2.1.1.3. Let C be a class of embeddings of right S-acts satisfying Condition
(Free). Then the following conditions are equivalent for a left S-act B:

(i) B is C-flat;

(ii)) — ® B preserves all embeddings 1s : Ws — W§&;

(71) if (usTs,b) and (us7s,b') are connected by a tossing over W& and B with skeleton
S, then (us,b) and (us, V') are connected by a tossing over Ws and B.

Proof. Clearly we need only show that (iii) implies (i). Suppose that (iii) holds, let
p: A— A lie in C and suppose that

(au,b), (a'p,b") € A" x B

are connected via a tossing over A’ and B with skeleton S. From considering the left hand
side of the tossing, we have that ds(apu,a’y) is true in A" and from considering the right
hand side, vs(b, V') is true in B. By assumption there is an embedding 75 : Ws — W¢ in
C and ug, u's € Wy such that ds(usTs, us7s) is true in W5, and a morphism v : W¢ — A’
such that us 7sv = ap, us7sv = a’p and Wgrsvy C Ap. Since ds(usts, usTs) is true in
W§, there is a tossing from (usTs, b) to (us7s,b’) over W& and B with skeleton S. From
(i14), it follows that (us,b) and (uj,b’) are connected via a tossing over Ws and B with
skeleton 7 say. It follows that 07 (us, us) is true in Ws and so 07 (usTsv, us7sv), that is,
d7(ap,a'p) is true in Ap. Since p is an embedding we deduce that d7(a,a’) is true in A
and consequently, (a,b) and (a’,b") are connected via a tossing with skeleton 7 over A
and B. Hence B is C-flat as required. n
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We use “The Finitely Presented Flatness Lemma” [6] for S-acts to construct an exam-
ple of the use of Condition (Free). Specifically, we show that the class of all right S-acts
has Condition (Free).

Let S = (s1,t1,"** , Sm,tm) be a skeleton and let F™"! be the free right S-act
xSUxSU---Ux,,SUZL'S.
Let ps be the S-act congruence on F™*! generated by the relation Rg
{(xs1,xat1), (2282, Z3t2), 5 (T 1Sm—15 Tmtm—1), (TmSm, T'tm) }

We denote the ps-class of w € F™ by [w].

If B is a left S-act and b, by, ,b,,, b € B are such that
b= s1b1, t1by = s3b, -+ by =V

that is, Os(b, by, -+ , by, ') is true, then the tossing

b = 51b1

[.Z']Sl = [ﬁg]tl tlbl = 52b2

[.’L’Q]SQ = [Ig]tz t2b2 = 83b3

[xm—l]sm—l - [mm]tm—l tm—lbm—l - Smbm
[Tm]$m = [2]tm tmbm = U

over F"™ 1 /ps and B is called the standard tossing with skeleton

S = (Slatla"' 7Smatm)

of length m connecting ([z], b) to ([z'],').

Lemma 2.1.1.4. [6] The following conditions are equivalent for a left S-act B:

(i) B is flat;

(ii) — ® B maps the embeddings of [x]S U [2']S into F™/ps in the category Act-S
to monomorphisms in the category of Set, for every skeleton S;

(iti) if ([z],b) and ([2'],V') are connected by a standard tossing over F™*'/ps and B
with skeleton S, then they are connected by a tossing over [x|S U [2']S and B.

We therefore are able to show that:
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Lemma 2.1.1.5. The class Act-S of all right S-acts has Condition (Free).

Proof. Let S be a skeleton of length m, and let W§ = F™ /ps, Ws = [2]S U [2/]S, and
let 75 : Ws — Wy denote inclusion. Then for [z], [2/] € Ws, put us = [z] and v = [2/].
Clearly, 0s(usTs, us7s) is true in Wg.

Suppose that p: A — A’ is any right S-act embedding and ds(aj, a’p) is true in A’

aps; = asty
assy = asty
AnSm = d t,,.

Define ¢ : F™t1 — A" by 2 = ap, v =a;, 2<i<m, 2Yp=dp
Then ps C ker v so there exists v = ¢ : F™+!/ps — A', given by [k])) = k). We have

usTsv = [T = 1p = ap, usTsv = [2']p = 2"y =d'p

so that

Wstsv = ([z]S U [2]S)Y = apuS Ud' uS C Ap.

Thus we can see that Condition (Free) holds.
O

Let C be a class of embeddings of right S-acts, and let C be the set of products of
morphisms in C (with the obvious definition).

Lemma 2.1.1.6. Let C be a class of embeddings of right S-acts, satisfying Condition
(Free). If a left S-act B is C-flat, then it is C-flat.

Proof. Let I be an indexing set and let 7; : A; — A, € C forall i € I. Let A =
[Lic; Aiv A" =1TI,c; Aj and let v : A — A’ be the canonical embedding.

Suppose B is a C-flat left S-act, then for any a;, a, € A;, b0 € Bifa;v;®b = a,y, @V
over A} ® B then the equality a; ® b = a} ® b" also holds in A; ® B.

Suppose that a, @’ € A are such that ay ® b = a/y ® b in A’ ® B, where ay = (a;y;)
and a’y = (a}y;). Then

b = Slbl
aysy = oty tiby = sbo
CnSn = avt, thb, = UV
where S = (s1,t1,- -+ , 55, t,) € Sis askeleton of length n with ¢y, - -+ ,c, € A', by, -+ b, €

B. By assumption we will have 7 = 75 : Ws — W5 € C and u = ugs,u’ = us € Ws
such that dg(ur,u'7) is true in W§. Notice that for each i € I, as v; : A; — A, € C
and ds(a;y;,a;y;) is true in Al there exists a morphism say v; : Wi — Al such that
uTY; = a;7y;, W'y, = aly; and Wsty; C Apy; for all i

We have dg(ut, u/'7) is true in W§ and ~s(b,b’) is true in B, so that ur ® b = u'T @ V'
in Ws® B. As B is a C-flat left S-act, and 75 : Ws — W € C, there exists a replacement
tossing say
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b = UiWq

uuy = doU; VW] = UgWy
Apllyy, = WU UVpw, = b
over Ws and B with replacement skeleton & = (uy,v1,+ -+ , U, Uy,) where each d; € W

and each w; € B. So we will have for each ¢ € I,

b = U1w
UtV U, = doTlU1 VW = UsglWs

Ay, TV Uy, = UTVU, Upw, = U

and so as Wsty; C A,

b = U1Wq
a;7 ;1 = go2.7iV1 U1W1 = UWa

., — gl N %

ImiVilm = @;YiUm  UnWpy, = .

where goi,...,gm,i € A; for 7 € I. As each +; is an embedding we will have

b = U1w
a;y = goU1 UV1W1 = UaW2
/ /
m,iUm = AUy  UnpWy, = b
so with co = (¢2.4), -+ , ¢m = (gm,i) we will finally have
b = UiW
au; = CU; VW1 = UW2
_ / _ /
Clm, = AUy UpW, = b
and hence a @ b=a' @V over A® B. O

We now come to our first main result. The technique used is that of [6], but we are
working in a more general context.

Theorem 2.1.1.7. Let C be a class of embeddings of right S-acts satisfying Condition
(Free). Then the following conditions are equivalent for a monoid S':

(i) the class CF is axiomatisable;

(i1) the class CF is closed under formation of ultraproducts;

(iii) for every skeleton S € S there exist finitely many replacement skeletons Si, -+, Sa(s)
such that, for any embedding~y : A — A" inC and any C-flat left S-act B, if (a7, b), (a'v,b') €
A" x B are connected by a tossing T over A" and B with S(T) = S, then (a,b) and
(a/,V) are connected by a tossing T over A and B such that S(T') = S, for some
ke{l,---,a(S)};
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(i) for every skeleton S € S there exist finitely many replacement skeletons Sy, - - -, Sp(s)
such that, for any C-flat left S-act B, if (usTs,b) and (us7s,b") are connected by a tossing
T over WS and B with S(T) = S, then (us,b), and (us,b') are connected by a tossing T
over Ws and B such that S(T') = Sy, for some k € {1,---, B(S)}.

Proof. The implication (z) implies (iz) is clear from Los’s Theorem. To prove (ii) implies
(7i1), we suppose that CF, the class of C-flat left S-acts, is closed under formation of
ultraproducts. We also assume that (iii) is false. Let J be the family of finite subsets
of S. We suppose that there exists a skeleton So = (s1,t1, -, Sm, tm) € S such that for
every subset f of J, there exists an embedding vy : Ay — A, € C, a C-flat left S-act By,
and pairs (asys, bf), (ayvy, V) € A} < By such that (agys, by) and (avs, by) are connected
over A'f and B by a tossing 7; with skeleton Sy, but no replacement tossing over A; and
By connecting (af,by) and (ay, b}) has a skeleton belonging to the set f.

Let Js ={f € J:S € f} foreach S € S. Now we are able to define an ultrafilter
on J containing each Js for all § € S, as each intersection of finitely many of the sets Js
is non-empty.

We now define A" = [[,.; A}, A=[];c; Afand B =[];.; By. Let y: A — A’ be the
product embedding which is given by (as)y = (as7ys). We note here that ay®b = d'y®V
in A" ® B, where a = (as), d’ = (da}), b = (bs) and V' = (V) and that this equality
is determined by a tossing over A" and B (the “ product” of the tossings 7;’s) having
skeleton Sy. It follows that the equality for ay ® by = a’y ® by holds also in A’ @U where
U= ([1;c; By)/®, and can be determined by a tossing over A" and U with skeleton Sp.

By assumption, U is C-flat, and by Lemma 2.1.1.6 above a ® by = @’ ® b in A® U.
So there exists a replacement tossing 7’ over A and U with replacement skeleton S(77) =

S" = (w1, 01, -+, Up, v,) connecting a®bg, and @’ @by, and hence there exists ¢, - , ¢, € A
and byg, -+ ,bug € U and ug, vy, -+, up, v, € 5 such that for
by = wibi,
auy = U1 vibiy = ugbay
= d b, = U

For f € J and 2 < i < n, suppose that ¢;(f) = ¢; 5 € Ay and for 1 < i < n suppose that
bi(f) = bis € By.
As @ is closed under finite intersections, there exists D € ® such that

bf = ulblyf
ary; = C2 5V Ulbl,f = u2b27f
Cofup = C35U2 Usbay = ugbsy
Cn fUn = a}’un Upbnp = b}

whenever f € D.

Now suppose that f € D N Js, then from the tossing just considered, we see that
S’ is the skeleton of a tossing over A; and By connecting the pairs (ay, bf) and (a'y, b);
that is, S’ a replacement skeleton for skeleton Sy of the tossing T;. But S’ belongs to f,
a contradiction. This completes the proof that (i7) implies that (ii7).

It is clear that (ii7) implies that (iv).
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Now we want to prove (iv) implies (7). We assume that (iv) holds. We aim to use this
condition to construct a set of axioms for C.F.

Let S; denote the set of all elements of S such that if S € S;, then there is no C-flat
left S-act B such that ys(b, ) is true for any b, € B. For § € S; we put

Vs = (Vo) (Va') sz, )

For § € Sy =S\ Sy, there must be a B € CF and b, b’ € B such that ys(b,0) is true
in B. As C satisfies Condition (Free), there exists an embedding 7s : Ws — W € C such
that §s(usTs,usTs) is true in Ws, whence there is a tossing from (us7s,b) to (usTs, ')
over W5 and B with skeleton S.

Let 81, -+, Sp(s) be a minimum set of replacement skeletons for tossings with skeleton

S connecting pairs of the form (usTs,c) to (us7s, ') where ¢, ¢ € C and C ranges over
CF. Hence for each k € {1,---,5(S)} if

Sk = (ub’Ul, ce 7uhkavhk>

there exists a C-flat left S-act Cy, elements ¢y, ¢, € Cy such that s, (¢, ¢}.) is true in Cy
and ds, (us,, us, ) is true in W.
We define ¢s to be the sentence

ds = (V)Y (s, 1) = 15 (W Y)YV oV Asys, (0,Y)).

Let
Zcf:{wS:SGSl}U{qu:SESQ}.

We claim that )., axiomatises CF.

Suppose first that D is any C-flat left S-act. By choice of Sy, it is clear that D = ¢
for any § € §;.

Now take any S € Sy, and suppose that d,d’ € D are such that D satisfies ys(d, d').
Then, as noted earlier (us7s,d) and (us7s, d’) are joined over W§ and D by a tossing with
skeleton S, and therefore, by assumption, there is a tossing over Ws and D joining (us, d)
and (uj,d’) with skeleton S for some k € {1,---,3(S)}. It is now clear that s, (d, d’)
holds in D, as required. We have now shown that D = Y.

Finally we show that a left S-act C' that satisfies Y¢» must be a C-flat. We need to
show that condition (i7i) of Lemma 2.1.1.3 holds for C'. Let

S = (sl,tl,...,sm,tm) €S

and suppose we have a tossing

C = S51C1
USTsS1 = Waly ticg = Saco
Wy Sm = UWsTsty tmCm =

over Wg and C.
If S belonged to S;, then C' will satisfy the sentence (Yy)(Vy')—vys(y,y’) and so
—ys(c, ) would hold, which is a contradiction as we have sequence of equalities in the
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right-hand side of the above tossing. Therefore we conclude that S belongs to S,. Be-
cause C' satisfies ¢s and because vs(c, ¢) holds, it follows that s, (¢, ') holds for some
ke {1,2,---,B8(S)}. Since Wy satisfies s, (us, us), we have a tossing over W and C
connecting (us, c) and (uf, ), showing that C' is C-flat.

[

We recall that the definition of a flat S-act is that it is C-flat where C is the class of
all embeddings of right S-acts. The class of all flat left S-acts is denoted by F.

By Lemma 2.1.1.5, the class of all right S-acts has Condition (Free), so from The-
orem 2.1.1.7, we immediately have the following corollary. Note the extra equivalent
condition, to bring it into line with [6, Theorem 12].

Corollary 2.1.1.8. [6] The following conditions are equivalent for a monoid S':

(i) the class F is axiomatisable;

(ii) the class F is closed under formation of ultraproducts;

(iii) for every skeleton S € S there exist finitely many replacement skeletons Sy, - - -, Sa(s)
such that, for any right S-act embedding v : A — A’, and any flat left S-act B, if
(a,b), (a’v,b) € A" x B are connected by a tossing T over A" and B with S(T) = S,
then (a,b) and (a',V') are connected by a tossing T over A and B such that S(T') = Sy,
for some k € {1,--- ,a(S)};

() for every skeleton S € S there exist finitely many replacement skeletons Sy, - -+, Sa(s)
such that, for any right S-act A and any flat left S-act B, if (a,b), (a/,0') € Ax B are con-
nected by a tossing T over A and B with S(T) = S, then (a,b) and (a’,V') are connected
by a tossing T over aSUd'S and B such that S(T') = S, for some k € {1,--- ,a(S)};

(v) for every skeleton S € S there exists finitely many replacement skeletons Sy, - - -, Sp(s)
such that, for any flat left S-act B, if ([x],b) and ([2'],b") are connected by a tossing T
over F™ /ps and B with S(T) = S, then ([z],b), and ([2'],V') are connected by a tossing
T over [x]S U [2']S and B such that S(T') = S, for some k € {1,--- ,3(S)}.

2.1.2 Axiomatisability of CF in general case

We continue to consider a class C of embeddings of right S-acts, but now drop our assump-
tions that Condition (Free) holds. The results and proofs of this section are analogous to
those for weakly flat S-acts in [6]. Note that the conditions in (iii) below appear weaker
than those in Theorem 2.1.1.7, as we are only asking that for specific elements a,a’ and
skeleton S, there are finitely many replacement skeletons, in the sense made specific below.

Theorem 2.1.2.1. Let C be a class of embeddings of right S-acts.
The following conditions are equivalent:
(i) the class CF is axiomatisable;
(ii) the class CF is closed under ultraproducts;
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(iii) for every skeleton S over S and a,a’ € A, where p : A — A’ is in C, there
exist finitely many skeletons Si, -+, Sa(a,8,a7,p), Such that for any C-flat left S-act B, if
(ap,b), (a’'p,b') are connected by a tossing T over A" and B with S(T) = S, then (a,b)
and (a',b0") are connected by a tossing T’ over A and B such that S(T") = Sk, for some
ke{l, - aa,S,d,pn}.

Proof. The implication (i) implies (i) is clear from Los’s Theorem.

To prove (i7) implies (ii7), we suppose that CF, the class of C-flat left S-acts, is closed
under formation of ultraproducts. We also assume that (ii) is false. Let J be the family
of finite subsets of S. We suppose that for some skeleton Sy = (s1,t1,* , Spm, tm) € S, for
some embedding v : A — A’ € C, and a,d’ € A, then for every f € J there is a C-flat left
S-act By, and by, b, € By with the pairs (aj, by), (a'p,b;) € A" x By such that (apu,by)
and (a'p, %) are connected over A" and By by a tossing Ty with skeleton Sp, but such
that no replacement tossing over A and By connecting (a,by) and (a’,b}) has a skeleton
belonging to the set f.

Let Js={f € J:S € f} foreach S € S. Now we are able to define an ultrafilter
on J containing each Jg for all § € S, as each intersection of finitely many of the sets Js
is non-empty.

We note here that au®b=d p®b in A'® B, where B = [I;c; By and b= (by) and
b= (b/f) and that this equality is determined by a tossing over A" and B (the “product”

of the tossings 7;’s) having skeleton Sy. It follows that the equality for ap®bg = ap® Q;I,
holds also in A’ @ U where U = ([[;.; By)/®, and can be determined by a tossing over
A’ and U with skeleton Sy.

By assumption I/ is C-flat, so that (a, bg) and (a’, by) are connected via a replacement
tossing 7~ over A and U, say

by = Ulﬁq,
= o nd, = o,
ColUg — C3U9 1)2@(1) = Ug%q)
/ ’

Chn, = a'vy, Un%q> = b

where d;(f) = d; ; for any f € Jandi € {1,--- ,n}. We put S’ = S(T").
As @ is closed under finite intersections, there exists D € ® such that

bf = U de

au; = CU1 Ulde = Ugdz,f

Colla = C3V U2 d2, f = us d3, f
Cnlly = a'vy Vpdpy = U

whenever f € D.

Now suppose that f € DN Js. Then from the tossing, just considered, we see that
S’ is the skeleton of a tossing over A and By connecting the pairs (a, by) and (d/, V%); that
is, S' is a replacement skeleton for skeleton S, of the tossing T;. But S’ belongs to f, a
contradiction. This completes the proof that (i) implies that (7).

Finally, suppose that (i7i) holds. Let

T ={(a,S,a',u) :S€S,u: A— A €C,a,a € A',ds(ap,a’ 1) holds}.
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We introduce a sentence corresponding to elements of T’ in such a way that the
resulting set of sentences axiomatises the class CF.

We let T; be the set of (a,S,a’, ) € T" such that vs(b, ") does not hold for any b, ¥’
in any C-flat left S-act B, and put Ty =T\ T;. For T' = (a,S,d’, u) € Ty we let

Yr = Ys = (Vo) (Va')~ys(z, 7).

If T"= (a,8,d',u) € Ty, then S is the skeleton of some scheme joining (au,b) to
(a'p,t') over A" and some C-flat left S-act B. By our assumption (iii), there is a fi-
nite list of replacement skeletons Si,---,Suer). Then, for each k € {1,---,o(T)}, if
Sk = (u1,v1,- -, up, ,vp, ), there exist a C-flat left S-act C), and elements ¢, ¢, € C such
that ds, (a,a’) is true in A and s, (cx, ¢) is true in Cy. We let ¢ be the sentence

or = (Vy)(VY) (s (W, y) = Y5, (B, Y )V V ys, o (4, Y)

Let
ZCIZWTiTETl}U{%:TeTQ}.

We claim that ). axiomatises CF.

Suppose first that D is any C-flat left S-act. Let T' = (a,S,a’, ) € Ty. Then vs(b,b')
is not true for any b,b' € B, for any C-flat left S-act B, so certainly D |= 9.

On the other hand, for T' = (a, S, d’, ) € Ty, if d,d’ € D are such that ys(d, d’) is true,
together with the fact ds(apu, a’p) holds, gives that (apu, d) is connected to (@', d’) over A’
and D via a tossing with skeleton S. Because D is C-flat, (a,d) and (a’,d’) are connected
over A and D, and by assumption (iii), we can take the tossing to have skeleton one of
Si,- ,Sar), say Sp. Thus D = s, (d, d) and it follows that D |= ¢r. Hence D is a
model of ) ..

Conversely, we show that every model of ) .- is C-flat. Let C' = ) .- and suppose
that p: A— A" €C, a,a’ € A, ¢, € C and we have a tossing

C = S1C1
apus, = w2t1 t101 = S9C9
WoS9 — wgtg tQCQ — S3C3

— ! _ /
WnSm = AUty tmCm = C

with skeleton S = (sy,t1, -+, Smty,) over A" and C'. Then the quadruple T = (a,S,d’, u) €
T’. Since ys(c,c’) holds, C' cannot be a model of 9. Since C' = > .- it follows that
T € Ty. But then ¢r holds in C so that for some k € {1,--- , a(T)} we have that s, (¢, ¢)
is true. As dg, (a,a’) is true in A, we have tossing over A and C' connecting (a, c) to (a/, ¢’).
Thus C' is C-flat.
0
We now explain why the axiomatisability of weakly flat S-acts as given in [6] then
becomes a special case. We recall that a left S-act B is called weakly flat if the functor

— ® B maps inclusions of right ideals in the category of S-Act to one-one maps in the

category of Set. So, B is weakly flat if it is C-flat where C is the class of all inclusions of
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right ideals of S into S. The class of weakly flat left S-acts is denoted by WF. In our
Corollary, we do not need to mention the embeddings p, since they are all inclusion maps
of right ideals into S.

Corollary 2.1.2.2. [6, Theorem 13] The following are equivalent for a monoid S:

(i) the class WF is axiomatisable;

(i1) the class WF s closed under ultraproducts;

(iii) for every skeleton S over S and a,a’ € S there exists finitely many skeletons
Si,- ,Sp(as,a) over S, such that for any weakly flat left S-act B, if (a,b), (a',V') €
S x B are connected by a tossing T over S and B with S(T) = S, then (a,b) and
(a',0') are connected by a tossing T' over aSUd'S and B such that S(T") = Sk for some
ke{l,---, 5(a,S,d)}.

We say that a left S-act B is principally weakly flat if it is C-flat where C is the set of
all inclusions of principal right ideals of .S into S. We end this section by considering the

axiomatisability of principally weakly flat S-acts. We first remark that if a5 is a principal

right ideal of S and B is a left S-act, then
au®@b=av®V in aS® B if and only if a ® ub = a @ vd’ in aS ® B

with a similar statement for S ® B. Thus B is principally weakly flat if and only if for all
a€ S, ifa®b=a®b in S®B,thena®b=a®b inaS® B.
Our next result follows from Theorem 2.1.2.1 and its proof.

Corollary 2.1.2.3. The following conditions are equivalent for a monoid S:

(i) the class PWF is axiomatisable;

(ii) the class PWF s closed under ultraproducts;

(iii) for every skeleton S over S and a € S there exists finitely many skeletons
Si1,- ,Sra,s) over S, such that for any principally weakly flat left S-act B, if (a,b), (a,b') €
S ® B are connected by a tossing T over S and B with S(T) =S, then (a,b) and
(a,b") are connected by a tossing T' over aS and B such that S(T') = Sk for some
ke{l,---,7(a,S)}.

2.2 Axiomatisability of specific classes of S-acts

We now examine specific classes of S-acts which can be axiomatisable by various tech-
niques. Axiomatisability of classes £ and P using the “elements” method are given in
[25], we will be discussing axiomatisability of these classes by using “replacement tossings”

methods here.
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To axiomatise classes such as EP, W, PWP we use both methods of proof, i.e. “ele-

ments” and “replacement tossings” methods.

2.2.1 Axiomatisability of Condition (P) for S-acts

We recall the definition of Condition (P), as follows:

Definition 2.2.1.1. A left S-act A satisfies Condition (P) if for any s,s’ € S and a,d’ €
A, if sa = s'a’ then there exists a” € A, u, v’ € S such that a = va”, a’ = v d” and
su=s"u.

Let S be a monoid. For any s,t € S we put
R(s,t) = {(u,v) € S x 5 : su=tv}

and notice that R = () or is an S-subact of S x S.
The following result is implicit in [25] and made explicit in [30].

Theorem 2.2.1.2. /25, 30] The following conditions are equivalent for a monoid S':
(i) the class P is axiomatisable;
(ii) the class P is closed under ultraproducts;
(i11) the class P is closed under ultrapowers;
(iv) every ultrapower of S lies in P;
(v) for any s,t € S, R(s,t) = 0 or is finitely generated.

We now rephrase the above in terms of replacement tossings.

Remark 2.2.1.3. Observe that if sa = tb for some s,t € S,a,b € B, then

a = la
sl = 1s sa = tb
1t = t1 1b = b

so (s,a), (t,b) are connected via a tossing of length 2 over S and B with skeleton
(1, s, t, 1).
Conversely if (s,a), (t,b) are connected with skeleton (1, s, ¢, 1) in the way

a = 161
sl = ags sby = tbhy
CLQt = t1 1b2 = b

then sa = tb.

Remark 2.2.1.4. Suppose su = tv, a = uc, b = vc then

a = uc
su = tv ve = b
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is a length 1 tossing connecting (s, a) to (¢,b) over S and B or over sS UtS and B with
skeleton (u,v).

Conversely if there exists a length 1 tossing connecting (s,a) to (¢,b) over S and B
with skeleton (u,v) it must look like

a = ub
su = tv wvby = b

so (u,v) € R(s, ).

Corollary 2.2.1.5. The following conditions are equivalent for a monoid S':

(i) the class P is axziomatisable;

(ii) for every skeleton S = (1, s, t, 1) over S, there exists finitely many replacement
skeletons Sy = (u1,v1), -+, Sps) = (Un(s): Vn(s)) of length one such that for any a,b €
B € P and sa = tb (equivalently, (s,a) is connected to (t,b) via a tossing with skeleton
S), then (s,a) is connected to (t,b) via a replacement tossing with skeleton S;, for some
1 <i<n(S).

Proof. Suppose that (i) holds. Let S = (1,s,t,1) be a skeleton. From Theorem 2.2.1.2,
R(s,t) = 0 or R(s,t) is finitely generated. In the first case, set n(S) = 0 and in the
second, suppose that

R(s,t) = [ J(ui,v1)S.
i=1
Put n(S) =n and let S; = (u;,v;) for 1 <i < n.

Let B € P and suppose that sa = tb for some s,t € S and a,b € B. Then ss’ = tt/
and a = s'c, b = t'c for some ¢',¢' € S and ¢ € B. But then (s',t') = (u;,v;)r for some
ie{l,...,n}and r € S, so that a = w;d,b = v;d for some d = rc € B and (u;, v;) is the
skeleton of a replacement tossing. Hence (47) holds.

Conversely, suppose that (i) holds. If R(s,t) # 0, let (u,v) € R(s,t). Then su = tv
and as S € P we have that there is a replacement tossing with skeleton (u;, v;) connecting
(s,u) to (t,v). Perforce we have that (u;,v;) € R(s,t), u = u;c,v = v;c so that (u,v) =
(u;, v;)c for some ¢ € S. It follows that R(s, ) is finitely generated. By Theorem 2.2.1.2,
P is axiomatisable. O

2.2.2 Axiomatisability of Condition (£) for S-acts

We recall the definition of Condition (E) as follows:

Definition 2.2.2.1. A left S-act A satisfies Condition (E) if sa = s’ a then there exists
a € A, ue€ S such that a = uad’ with su = s"u.

Let S be a monoid. For any s,t € S we put
r(s,t) ={ueS:su=tu}

and notice that r(s,t) = 0 or is a right ideal of S.

The following result is given in [25, 30].
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Theorem 2.2.2.2. [25 30] The following conditions are equivalent for a monoid S':
(i) the class € is axiomatisable;
(i) the class £ is closed under ultraproducts;
(i) the class € is closed under ultrapowers;
() every ultrapower of S lies in E;
(v) for any s,t € S, r(s,t) =0 or is finitely generated.

We now rephrase the above in terms of replacement tossings.

Remark 2.2.2.3. Suppose su = tu, a = uc then

a = uc
su = tu uc = a

is a length 1 tossing connecting (s, a) to (t,a) over S and B with skeleton (u,u). We will
say a skeleton of the form (u,u) a trivial skeleton.

Conversely if there exists length 1 tossing connecting (s, a) to (¢,a) over S and B by
a trivial skeleton (s1,$1) it must look like

a = 81b1
ss; = tsy s$1bp =  a

notice that s; € r(s,t).

Corollary 2.2.2.4. The following conditions are equivalent for a monoid S':

(i) the class € is axiomatisable;

(i) for every skeleton S = (1, s, t, 1) over S, there exists finitely many trivial replace-
ment skeletons Sy = (ur,u1), -+, Sp(s) = (Um(s): Um(s)) such that for any a € B € € and
sa = ta (equivalently, (s,a) is connected to (t,a) via a tossing with skeleton S), then (s, a)
is connected to (t,a) via a replacement tossing with trivial skeleton S;, 1 < i < m(S).

Proof. Suppose that (i) holds. Let S = (1,s,t,1) be a skeleton. From Theorem 2.2.2.2
r(s,t) = 0 or r(s,t) is finitely generated right ideal of S. In the first case, set m(S) =0
and in the second, suppose that

r(s,t) = IU u;S.
i=1

Put m(S) = m and let §; = (u;, u;)S for 1 < i < m.

Let A € £ and suppose that sa = ta for some s,t € S and a € A. Then ss’ = ts’ and
a = s'c for some s’ € S and ¢ € A. But then s’ = w;r for some i € {1,...,m} and r € S,
so that a = w;d for some d = rc € A, and (u;, ;) is the trivial skeleton of a replacement
tossing connecting (s, a) to (t,a). Hence (77) holds.

Conversely, suppose that (i) holds. If r(s,t) # 0, let u € r(s,¢). Then su = tu and as
S € £ we have that there is a replacement tossing with trivial skeleton (u;, u;) connecting
(s,u) to (t,u). We have that u; € r(s,t) and u = w;c which gives that r(s,t) is finitely
generated. By Theorem 2.2.2.2, £ is axiomatisable. [
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2.2.3 Axiomatisability of Condition (EP)

In [22] Golchin and Mohammadzadeh defined a new flatness property of acts over monoids
which is an extended version of Conditions (E) and (P).

Definition 2.2.3.1. A left S-act A satisfies Condition (EP) if whenever sa = ta for
some s,t € S and a € A, then there exists a” € A, u, v € S such that a = vad” = va”
with su = tv. We will denote the class of left S-acts satisfying Condition (EP), by EP .

Remark 2.2.3.2. [22] Condition (F) implies Condition (EP) and Condition (P) implies
Condition (EP) but neither converse is true.

Theorem 2.2.3.3. The following conditions are equivalent for a monoid S':

(i) the class EP is ariomatisable;

(i) EP is closed under ultraproducts;

(iii) for any s,t € S either sa # ta for alla € A € EP or there exists f C R(s,t), f
is finite, such that if

sa =ta, a € A € EP then (a,a) = (u,v)b
for some (u,v) € f and b € A.
Proof. (i) implies (i7): this follows from Los’s Theorem.

(1) implies (i77): suppose for each finite subset f of R(s,t), there exists Ay € EP,
ay € Ay with say =tay and (ay,ay) € f Ay. Let J be the set of finite subsets of R(s, t).
For each (u,v) € R(s,t) we define

J(u,v) = {f €J: (U,’U) S f}

As each intersection of finitely many of the sets J,,) is non-empty, we are able to
define an ultrafilter ® on J, such that each Ji, ) € ® for all (u,v) € R(s,1).

Now sa = ta in A where A = [[;.; Af and a = (ay); this equality is determined
by a product of the elements sa; = ta; with ay € Ay, for each f € J. It follows that
this equality sag = tag also holds in U where U = [] reJ Ay/®; by assumption U has
Condition (EP), so there exists u,v € S, and rg = (r7)s € U such that

Ay = Ur'y = VI'g, SU = tU.

As @ is closed under finite intersections, there must exist 7' € ® such that ay = ury =
vry for all feT.
Now suppose that f € T'N Jiy,), then (u,v) € f and

(ap,ap) = (u,v)ry € fA;
a contradiction to our assumption, hence (i7) implies (i77).

(73i) implies (7): we will show that the class of left S-acts satisfying Condition (EP)
is axiomatisable by giving explicitly a set of sentences axiomatising it.
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For any element p = (s,t) € S x S with sa = ta, for some a € A where A € EP, we
choose and fix a finite set of elements {(ty1,v51) = - (Upn(p)s Vpn(p))} Of R(p) as guaranteed
by (iii). We define sentences ¢, of L, as follows:

If sa #ta foralla € A€ EP, let

¢, = (Vo)(sz # tx);

otherwise,
n(p)

¢, = (Vz)(sz =tz — (32)(\/ (T = upiz =1,,2))).

i=1
Let

ngz{(ﬁp:pESxS}.
We claim that )., axiomatises the class EP.

Suppose that A is an S-act satisfying Condition (EP) and p € S x S, where p = (s,1).
If sb # tb, for all b € B € EP, then certainly this is true for A, so that A = ¢,.
On the other hand if sb = tb for some b € B € £P we have

n(p)

¢, = (Vz)(sz =tz — (32)(\/ (T = upiz =1,;2))).

i=1
Suppose sa = ta where a € A then we must have

n(p)

¢, = (Vz)(sz =tz — (32)(\/ (T = upiz =1,2))).

i=1
By (iii), (a,a) = (u,,v,,)c for some i € {1,2,...,n(p)} and ¢ € A. Hence A |= ¢,.

Conversely if A is a model of ) ., and if sa = t @ where s, € S and a € A, we cannot
have that ¢, is (Va)(sxz # tz). It follows that for some b € B € P we have sb = tb and

F={(up1,0p1),  , (Upn(p)s Vpm(p))} €xists as in (4ii) and ¢, is

n(p)
(Vz)(sz = to — (Elz)(\/(x = Uiz = Up;2))).

Hence there exists an element ¢ € A witha = w,;c=v,,cforsomei € {1,2,...,n(p)}.
By definition of w,;,v,; we have su,; = tv,;. Thus A satisfies Condition (EP) and so
> ep axiomatises EP. O

Remark 2.2.3.4. Note that for any a € A € EP, if sa = sa then certainly (a,a) = (1,1)a
and (1,1) € R(s,s). So that to check the condition (7i7) of Theorem 2.2.3.3 holds, it is
enough to consider the cases where s # t.

If S is a monoid such that R(s,t) is finitely generated for all s,t € S with s # ¢, then
EP is axiomatisable. To see this let S be a monoid such that R(s,t) is finitely generated,
let sa = ta for some a € A € EP, then a = ua’ = va’ for some u,v € S and a’ € A with
su = tv, so that (u,v) = (u;,v;)t for some t € S and i € {1,--- ,n}. Now a = u;a” = v;a”
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where a” = ta’. We can therefore choose f = {(u1,v1)," -, (un,v,)}, and Condition (i)
of Theorem 2.2.3.3 satisfied.
We can conclude that if P is axiomatisable, so is EP.

Remark 2.2.3.5. Suppose su = tv, a = ua” = va” then

a = uad’

su = tv vad" = a
is a length 1 tossing connecting (s,a) to (¢,a) over S and B with skeleton (u,v).

Conversely if there exists length 1 tossing connecting (s, a) to (¢,a) over S and B by
a skeleton & = (sy,¢;) it must look like

a = S1a1
ss; = tt1 tiaq = a

so that (s1,t1) € R(s,1).

Remark 2.2.3.6. From Remark 2.2.1.3 it is obvious that sa = ta if and only if (s,a)
connected to (t,a) over S and B via a tossing of length 2 with skeleton (1, s,,1).

Corollary 2.2.3.7. The following conditions are equivalent for a monoid S:

(i) the class EP is axiomatisable;

(ii) for every skeleton S = (1, s, t, 1) over S, there exists finitely many replacement
skeletons Sy = (u1,v1), -+ ,Sps) = (Up(s), Up(s)) such that for any a € B € EP and
sa = ta (equivalently, (s,a) is connected to (t,a) via a tossing with skeleton S), then
(s,a) is connected to (t,a) via a replacement tossing of skeleton S;, 1 < i < p(S).

Proof. We follow the similar arguments as given in the proof of Corollaries 2.2.1.5 and
2.2.2.4. O

2.2.4 Axiomatisability of Condition (W) for S-acts

In [39] Bulman-Fleming and McDowell introduced an interpolation type condition called
Condition (W). We will describe the condition on a monoid S such that W is axiomatis-
able.

We remind the reader of the following definition:

Definition 2.2.4.1. A left S-act A satisfies Condition (W), if whenever sa = ta’ for
a,a’ € A, s,t € S, then there exists a” € A, u € sSNtS, such that sa = ta’ = ua”. We
will denote the class of left S-acts satisfying Condition (W) as W.

Remark 2.2.4.2. The monoid S satisfies Condition (W) as an S-act.

Theorem 2.2.4.3. The following conditions are equivalent for a monoid S':
(i) the class W is axiomatisable;
(1) W is closed under ultraproducts;
(7ii) W is closed under ultrapowers;
(iv) every ultrapower of S lies in W;
(v) for any s,t € S, sSNtS =0 or sSNtS is finitely generated as a right ideal of S.
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Proof. (i) implies (i): this follows from Los’s Theorem; (iz) implies (7i7) is clear and (i)
implies (iv) is obvious as S satisfies Condition (W) as an S-act by Remark 2.2.4.2.

(1v) implies (v): let s,¢ € S and suppose that sS N ¢S # (). Clearly sS NtS is a right
ideal of S and so in particular is a right S-act. We suppose that sS NtS is not finitely
generated. Let {ug : B < v} be a generating subset of sS N ¢S of cardinality v, where
ug = sxg = tyg for some zg,y5 in S.

By assumption 7 is a limit ordinal. We may suppose that for any 8 < v, ug is not in
the right ideal generated by the preceding elements u, that is ug & |J, _ 5 UrS.

Let ® be a uniform ultrafilter on ~, that is, ® is an ultrafilter on v such that all sets
in ® have the same cardinality v. Let & = S7/®. By assumption, U satisfies Condition
(W) as an S-act.

Define elements a = (z5) and b = (yg) and consider agq, by € U. Since szz = ug = tyg
for all 8 < 7, clearly saq = thy. By assumption U satisfies Condition (W) so there exists
cp € U and u € sS NS such that sap, = thy = ucey. Let ¢y = (23)e so there exists
sets 11,75 € ® such that szg = uzg for all B € T} and tyg = uzp for all B € T;. Since
u € sSNtS there exists 0 < v and h € S with u = u, h. Using the fact that Ty N7, € ¢
and ® is a uniform ultrafilter, 77 N 715 contains an ordinal say «« > ¢ + 1. Then

Uy = STo = LYo = U 2q = Uy N 24,

and so u, € u,9, a contradiction. Thus $S N tS is finitely generated.

(v) implies (7): we show that the class of S-acts satisfying Condition (W) is axioma-
tisable by giving explicitly a set of sentences that axiomatises W.

For any element p = (s,t) of S x S with sSNtS # (), we choose and fix a finite set of
generators {up 1, - ,Upn(p} of sS NS, For s,t € S we define sentences Y, , as follows:

If sSNtS = then

T, = (Vo)(Vy)(sz # ty);
if sSNtS #( then

n(p)
T, := (Vz)(Vy) (sx =ty — (Elz)(\/ ST =1ty = Uy, z))

=1
Let
ZW:{T,,:pesXs}.

We claim that >y, axiomatises W.

Suppose that A is a S-act satisfying Condition (W) and p € S x S, where p = (s,1).
If sSNtS = () and there exists a,b € A such that sa = tb, then since A satisfies Condition
(W), there exists u € sS NtS (such that sa = tb = uc for some ¢ € A), a contradiction.
Thus A = 7T,.

If sSNtS # () and sa = tb where a,b € A then again using the fact that A satisfies
Condition (W) there are elements u € sSNtS and ¢’ € A such that sa = tb = ud'.
Now u € sSNtS and so u = w,;h for some i € {1,2,--- ,n(p)} and h € S. Thus
sa = tb = u,;ha’, where ha’ € A. Hence A =1,

Conversely if A is a model of Xy and if sa = tb where s,t € S and a,b € A, then since
A =T, where p = (s,t) it follows that sS N ¢S cannot be empty and T, is
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n(p)

(V) (Vy) (sz =ty — (Elz)(\/ ST =ty = u,;2)).
i=1
Hence there exists an element ¢ € A such that sa = tb = u,;c forsomei € {1,2,--- ,n(p)}.
By definition of u, ; we have u,; € sSNtS. Thus A satisfies Condition (W) and so Xy

axiomatises W.
O

We now explain the axiomatisability of Condition (W) in terms of replacement skele-

tons.
Remark 2.2.4.4. Observe that if sa = tb = ua’ for some s,t,u € S,a,b,a’ € B, then

a = la
sl = 1s sa = ud
lu = lu wd = tb
1t = t1 1b = b
so (s,a), (t,b) are connected via a tossing of length 3 over S and B with skeleton

(1,s,u,u,t,1).
Conversely if (s,a) and (¢,b) are connected via a tossing with skeleton (1, s, w,u,t, 1),
we have

a =1 b1

sl = ays sby = uby
asy = asu uby = tbs
agt = tl1 1 bg = b,

then sa = tb = uby for some by € B.

Corollary 2.2.4.5. The following conditions are equivalent for a monoid S':
(i) the class W is aziomatisable;
(ii) for every skeleton S = (1, s, t, 1) over S, there exists finitely many replacement
skeletons
81 = (1, S,Uq, ul,t, 1), ce ,Sn(g) = (1, S, un(g),un(g),t, 1)

where u; € sS NS, such that for any a,b € B € W and sa = tb (equivalently, (s,a)
connected with (t,b) via a tossing over S and B with skeleton S), then (s,a) is connected
to (t,b) via a tossing over S and B with skeleton S;(equivalently, sa = tb = u;d for some
d € B), for some 1 <i<n.

Proof. Suppose that W is axiomatisable. Let S = (1, s,¢,1) be a skeleton. If sSNtS = 0,
we put n = 0. Otherwise, we know from Theorem 2.2.4.3 that sSNtS is finitely generated,
say by uy,...,u,. Let 8§ = (1,s,u;,u;,t,1). If B € W and sa = tb, then sa = th = vc
for some v € sS NtS and ¢ € B. But then v = w;r for some i € {1,...,n}, giving
sa = tb = u;d where d = rc. Thus (44) holds by Remark 2.2.4.4.

Conversely, suppose that (i7) holds and let s,¢ € S. Suppose that sS NtS # @) and
let 7 = sa = tb where r,a,b € S. Certainly S has Condition (W), so that there is a
replacement tossing S; = (1, s, u;, u;, t, 1) for some u; € sSNtS and i € {1,...,n(S)}.
Hence r = sa = tb = u;d for some d € S so that r € u;S and we deduce sSNtS =
Ui<icn(s) WS- By Theorem 2.2.4.3, W is axiomatisable. O
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Remark 2.2.4.6. We have replaced a smaller tossing with longer one. This is concerned
with having a common tossing (s,a) — (u;, d) and (t,b) — (u;, d).

2.2.5 Axiomatisability of Condition (PWP)

We recall the definition of pullback diagram as given in Chapter 1 Section 1.3. Consider

the following diagram in Act-S.

sS

s

sS—— S

fi
The pair (P, (p1,p2)) where p; : P — sS, i = 1,2 are S-morphisms is called a pullback of
the pair (f1, f2) if

(i) p1f1 = p2f2 and,
(ii) if

/

P2

plP D2 $S

N

s§—— S

is a diagram in Act-S such that p, f; = p,fo then there exists a unique S-morphism say
v : P' — P such that yp; = p, and ypy = p,. We can assume that P = {(z,y) € sS x 55 :
xf1 = yfo}, and p; and py are projections onto the first and second co-ordinates.

After tensoring the pullback diagram (P, (p1, ps2)) of the pair (fi, f2) with a left S-act

A we get a commutative diagram
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P2®id 4

P®A sS®A
p1®ida fo®ida
sS®A S® A

f1®id A

in the category Set of sets and maps. Notice that
P A={(r,y)®a: (z,y) € sS x sSandzxf, =yfa}.

Also it is given in [21], if we have a pullback of the pair (fi, f2) then we have a pullback
of the pair (f; ® ida, f» ® id4). This is of the form (P, (py, py))

P A
P2®ida
P ; sS®A
p1®idg P2
P} fo®ida
sS®A S®A
f1®id 4

where
P ={(su ® a,sv ® a') € (sS ® Ag) x (sS ®@ Ag): (su)fi ® a = (sv)f, @ a'}.

Consider the diagram given above, by definition of pullback there exists a unique map

v: P ®A — P such that yp| = p, ® ids and yp, = py ®id4. It follows that v is defined
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by ((su,sv) ® a)y = (su® a,sv ® a), for all s,u,v € S and a € A, see [5]. We call the

map 7 the corresponding map.

A left S-act satisfies condition (PW P) if for every pullback diagram (P, (p1,ps)) of
the pair (f, f) where f:sS — S, the corresponding map = is surjective.

Equivalently [40], a left S-act satisfies condition (PW P) if

Va, d € A,Vte S ta=td = Fad”" € A, u,v € S such that

a=ud" Na =va" Ntu = to.

We note that R(¢,t) is as follows:

R(t,t) = {(u,v) € S x S : tu = tv}.
Remark 2.2.5.1. Note that S satisfies Condition (PW P).

We will denote the class of S-acts satisfying Condition (PW P) by PWP.

Theorem 2.2.5.2. The following conditions are equivalent for a monoid S':
(1) the class PWP is axiomatisable;
(i1) PWP is closed under ultraproducts;
(i11) PWP is closed under ultrapowers;
(iv) every ultrapower of S has PWP;
(v) for any t € S, R(t,t) is finitely generated as an S-subact of S x S.

Proof. (i) implies (ii): this follows from Los’s Theorem, (i7) implies (iii) is clear; (7ii)
implies (iv) is obvious as S satisfies Condition (PW P) as an S-act. .

(tv) implies (v): suppose R(t,t) is not finitely generated. Suppose for each finite
subset f of R(¢,t), there exists ay, a/f € S with ta; = ta'f and (ay, a/f) ZfS.

Let J be the set of finite subsets of R(¢,t). For each (u,v) € R(t,t) we define

J(u,v) = {f cJ: (u,v) S f}

As each intersection of finitely many of the sets J(, ) is non-empty, so we are able to
define an ultrafilter ® on J, such that each Ji, ) € ® for all (u,v) € R(t,1).

Let a = (af) and @ = (a}) then ta = ta in [Ies ST, where each S/ is a copy of
S, as tay = ta/f, for each f € J. It follows that this equality tas = tap also holds in
U where U = erJ ST /®; by assumption U has PWP, so there exists u,v € S, and
re = (rf)e € U such that

/
ap = Ury, Qg = Urg, tu = tv.
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As @ is closed under finite intersections, there must exists 7' € ® such that
ay = ury, (l/f:UTf

forall feT.
Now suppose that f € T'N Jiy,.), then (u,v) € f so

(af,a,f) = (u,v)ry € fS

a contradiction to our assumption that is (as,a;) € fS. Hence (iv) implies (v).

(v) implies (7) : we will show that the class of left S-acts satisfying Condition (PW P)
is axiomatisable by giving explicitly a set of sentences that axiomatises this class. For
any element ¢t € S, we choose and fix a finite set of elements

{(uea,v60) - (Ut n(t), Ut,n(t))}
of R(t,t). We define sentences ¢; of L, as follows:

n(t)
¢ == (V) (Va') (tz = ta’ — (Elz)(\/(x =up 2 AT =wy2))).

i—1

~

Let
D e = 10t €S}
We claim that Xpyyp axiomatises the class PWP.

Let A be an S-act satisfying Condition (PWP). Given that R(t,t) # 0, suppose
ta = ta’ where a,a’ € A. Then using the fact that A satisfies Condition (PW P) there are
elements §',¢ € S and ¢ € A such that ts' = tt', a = s'¢, o/ =t'c. Now (¢,t') € R(t,1)
so that ¢y is

n(t)
(Vo) (Va') (tz = ta’ — (32)(\/(m = w2 N2 =vy;2)))

i=1
then (s',t') = (uyq,v:4)s for some ¢ € {1,2,...,n(t)} and s € S. Thus a = w; ;s¢, ' =
vy, ;5c. Hence A = ¢y.

Conversely, let A be a model of Xpyyp. Let ta = ta’ wheret € S and a,a’ € A. It
follows that
f = {(ut,la Ut,l); Ty, (ut,n(t)a Ut,n(t))}

exists as in (v), and ¢, is

n

—~

0
(Vz)(Va') (tz =t = F2)(\/(z = w,iz A2’ = v, 2))).

-.
Il

Hence there exists an element ¢ € A with a = u; ; ¢ = v ; ¢ for some i € {1,2,...,n(t)}.
By definition of u; ;, v ; we have su; ; = tv; ;. Thus A satisfies Condition (PW P) and so
Ypwp axiomatises the class PWP. O
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Corollary 2.2.5.3. The following conditions are equivalent for a monoid S:

(i) the class PWP is axiomatisable;

(ii) for every skeleton S = (1, t, t, 1) over S, there ezists finitely many replacement
skeletons S1 = (u1,v1), -+, Sg(s) = (Ug(s): Vg(s)) of length one such that for any a,b € B €
PWP and ta = tb (equivalently, (t,a) is connected to (t,b) via a tossing with skeleton
S), then (t,a) is connected to (t,b) via a replacement tossing with skeleton S;, for some
1<i<q(S).

Proof. We follow the same argument given in Theorem 2.2.1.5, putting s = t in Remarks
2.2.1.3 and 2.2.1.4 and using R(t,t) rather than R(s,t). O

2.3 Examples

Example (1): Let G be a group with identity €, let S; = G. For the monoid S; we show
the classes £, P, EP, W and PWP of S-acts are axiomatisable.

First note that for any s,t € G,r(s,t) is a right ideal, so that r(s,f) = G and so is
finitely generated. Thus & is axiomatisable. Also R(s,t) = (s 't, €)G is finitely generated,
so P is axiomatisable by Theorem 2.2.1.2 (see also [25]), and by Remark 2.2.3.4, EP is
also axiomatisable. Since every right ideal of G is simply G, by Theorem 2.2.4.3, W is
axiomatisable.

Note that S; being an inverse semigroup is absolutely flat by [8] and [18], so that F,
WUF and indeed PWUF are axiomatisable.

Example (2): Let T be an infinite null semigroup. Consider Sy = T'Ue¢, where € is an
adjoined identity. For s # ¢, with s,t € T, r(s,t) = T but T is a non-finitely generated
(right) ideal of S,.

Moreover R(s,t) is not always finitely generated. For s,t € T with s # ¢,
R(s,t) = {(u,v) : u,v € T}.
Suppose on the contrary, R(s,t) is finitely generated and let

{<u17U1)7 R (umvn)}

be a finite set of generators.
For any m € T we have (m,m) € R(s,t), so (m,m) = (u;,v;)p for some w;,v; € T

and p € S. If p =€, then m = u; = v;, if p # €, then m = 0. It follows that T is finite,
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a contradiction. We therefore have P and £ are not axiomatisable by Theorems 2.2.1.2
and 2.2.2.2.

Note that R(e,€) = (¢, €)S,. However, for s € T,
R(s,s) ={(e,e)} U (T xT).

If {(e,€),(p1,q1), -+, (Pn,qn)} is a finite set of generators of R(s, s), then for any m € T
we have (s,m) € R(s,s), so (s,m) = (p;,q;)t for some t € S; it follows as above that
m = ¢; or m = 0. Hence T is finite, a contradiction. Thus R(s, s) is not finitely generated.
We therefore conclude from Theorem 2.2.5.2 that PWP is not axiomatisable.

We also note that €Sy = Sy, sSy = {s,0} and tSy = {¢,0} for any s,t € T and
55y NSy = {0}, sS3 NeSy = {s,0}. Therefore by Theorem 2.2.4.3, W is axiomatisable.

Moreover WF and hence F are not axiomatisable, see Example 2 of [6] for detail.

Example (3): Let S3 be a monoid which is a semilattice {0, 1} of groups G, Gy with
trivial connecting homomorphism. Let e, e be the identities of G; and Gy respectively. If
(7, is finite then for the monoid S3 the classes P, £, W and PWP are axiomatisable, as

we now show.

We are supposing that Sz is the union of groups Go and G;. Since each (right) ideal
is a union of Gy and G, it follows that S3 has only finitely many ideals. Then every ideal
of Ss is finitely generated, so r(s,t) is finitely generated. Therefore £ is axiomatisable. In
fact, S3 = eS3 and Gy = €S53 are the only right ideals, so that W is also axiomatisable.

We will now check that R(s,t) is finitely generated for all s,¢ € S, such that s # t.

Let s,t € Gy. We claim that R(s,¢) = R where
R = (e,t7'5)S3 U (s7't,€)Ss.

First note that se = s = es = tt~'s hence (e,t7's) € R(s,t) and so (e,t7's)S3 C
R(s,t). With the dual we have (e,t 's)S3 U (s7't,€e)S3 is contained in R(s,t), then
clearly, R C R(s, t).

Conversely, suppose that (u,v) € R(s,t), so that su = tv. If u,v € Gy, from su = tv

we have s = t a contradiction. If u € Gy then we have that ©u = eu = s 'su = s~ 'tv
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so that (u,v) = (s7't,e)v and so (u,v) € R. Together with the dual this tells us that

R(s,t) C R and so R(s,t) = R as required.
If s € Gy, t € Gy we claim that R(s,t) = R where
R = (e,t'5)Ss.

To see this, notice that se = s = es = tt~'s, so that (e,t7's) € R(s,t). Consequently,
R C R(s,1).

Conversely, suppose that (u,v) € R(s,t). If u,v € Gy, then su = tv € Gy N Gy, a
contradiction.

Let u € Gy. We cannot have v € Gy, else su = tv € Gy N G, a contradiction. If
v € Gy, then from su = tv we have v = t'su, so (u,v) = (e,t 's)u € R.

On the other hand, if v € Gy and v € Gy, then t7tsu = t v = ev = v so that

(u,v) = (e,t7's)u € R. This yields that R(s,t) C R and so R(s,t) = R as required.
Let s,t € Gy, we claim that R(s,t) = R where
R = (e,6)SU (s 't,e)S.

Since the connecting homomorphism is trivial, se = ¢ = te so R C R(s, t).

Suppose that (u,v) € R(s,t). If u,v € Gy then su = tv implies u = v, so that
(u,v) = (€ €)u. The cases where u € Go, v € Gy or u € G1,v € Gy are not possible. Let
u,v € Gy with su = tv then u = s~ v so that (u,v) = (s7't,e)v where (s7t,¢) € R.
Thus R(s, ) is finitely generated as required.

It follows from Theorem 2.2.1.2 that P is axiomatisable, also by Remark 2.2.3.4, EP
is axiomatisable.

We note from Theorems 2.2.4.3 and 2.2.5.2, the classes W and PWP are axiomatis-
able if and only if every ultrapower of S lies in W and PWP respectively. Also P C W,
and P C PWP, so by using Lemma 2.0.3.5 we conclude that WW and PWP are axioma-

tisable.
Example (4): Let Z x Z be the semigroup with binary operation given by
(a,b)(c,d) = (a — b+ maz{b,c},d — ¢+ max{b, c})
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and let Sy = (Z x Z) U {e} where € is an adjoined identity. For more details we refer the
reader to [29] and [54].

Not every right ideal of S, is finitely generated, but r(a, 3) is finitely generated for all
a, € Sy [29]. It follows from Theorem 2.2.2.2 that £ is axiomatisable. Again from [29],
R(a, ) is not necessarily finitely generated, so P is not axiomatisable.

Moreover as Sy is an inverse semigroup, and hence absolutely flat see [8] and [18], it

follows that F, WJF and PWJF are axiomatisable.

We know that P C W, and by using Lemma 2.0.3.5, if P is axiomatisable for a monoid
S, then so is W. The converse of this statement is not true in general. However S satisfies
Condition (iv) of Theorem 2.2.4.3 as the principal right ideals are linearly ordered, so the

intersection of two such ideals is again principal, see [29]. Thus W is axiomatisable.

Example (5): Consider S5 = (N, min) where € is the adjoined identity element.

Let s,t € S5 with s # t. Without loss of generality, take s < ¢t. Then R(s,t) =
{(1,1),---,(s,5),(s+1,5),--- } = (s,5)S5 U (€,5)S5 so that R(s,t) is finitely generated.
It follows from Remark 2.2.3.4 that &P is axiomatisable. However, we can check that
R(s, s) is not finitely generated for every s.

Suppose on contrary, R(1,1) = S5 x S5 is finitely generated. If (uy,v1), -+, (tn,vn)
is a finite set of generators of R(1,1), let (¢,m) = (u;, v;)t for some i € N and for some
t € Si; therefore u; = €,t = € and so m = v;, hence Sj is finite, a contradiction. It follows
from Theorems 2.2.1.2 and 2.2.5.2 that P and PWP are not axiomatisable.

Since the principal ideals of Sy are linearly ordered, WV is axiomatisable by 2.2.4.3.

For s < t we have that su = tu if and only if u < s, so that r(s,t) = uS5 and is finitely

generated. Hence £ is axiomatisable by Theorem 2.2.2.2.

Remark 2.3.0.4. We make the following connections between the axiomatisability condi-
tions of the following classes of S-acts, pointing out some of them which are still unknown.
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P = &P Remark 2.2.3.4
P 4 EP Exampleb
E = EP Unknown
E £ EP Unknown
P = W Lemma 2.0.3.5
P £ W Example 4
P = PWP Lemma 2.0.3.5
P +« PWP Unknown
E A P Example4
P A £ Unknown

2.4 Some Open Problems

In addition to deciding the unknown implications in the above diagram, there are also the
questions of deciding the connections between the axiomatisability of PWJF and W.F,
and (harder) WF and F. Indeed it is an open problem to determine for which monoids
Sis WF = F7?

There are also further classes of “ flat 7 S-acts such as those satisfying Condition
(WP) introduced in [40] that we have not yet considered from the point of view of
axiomatisability.

A left S-act satisfies Condition (W P) if for every pullback diagram (P, (p1,p2)) of the
pair (f, f) where I is a right ideal, and f : [ — S is a S-morphism, and the corresponding
map 1y is surjective.

Or equivalently [40], a left S-act A satisfies condition (W P) if and only if for every
S-morphism f : (sSUtS)s — Sg where s,t € S and all a,a’ € A if (s)fa = (t)fa’ then
there exists a” € A, u,v € 5, §,t' € {s,t} such that (s'u)f = (t'v)f, s®a = su® da”,
and t®a =t'v®a” in (sSULS)s ®g A.

We aim to axiomatise the class of left S-acts satisfying Condition (W P).
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Chapter 3

Axiomatisability problems for
S-posets

In Chapter 2 we added to the theory of axiomatisability problems of S-acts. In this chapter
we initiate the investigation of axiomatisability problems for S-posets over a pomonoid

S. We have succeeded in determining when the classes
SF, F WF,PWF, PF WPF,PWPF

of strongly flat, flat, weakly flat, principally weakly flat, po-flat, weakly po-flat and prin-
cipally weakly po-flat S-posets, respectively, are axiomatisable. Most of the proofs are
along the same lines as those for S-acts. In addition we have axiomatised some conditions
such as Condition (P), Condition (E) (which together give us SF), (EP), (W), (Py),
(PWP) and Condition (PWP),, for S-posets. These conditions and classes are all defined

in Chapter 1.

We recall that, associated with the class S-Pos for a pomonoid S, we have a first
order language L§, which has no constant symbols, a unary function symbol g for each
s € S, and (other than =), a single relational symbol <, with < being binary. An S-poset
provides an interpretation of L§ in the obvious way, indeed in L§ we write sz for A\;(z).
We note that S-Pos itself is axiomatisable amongst all interpretations of Lg. For any

s,t € S and u,v € S with u < v we define sentences

Dst = (‘v’x)(s(t(x)) = (st)x), s .= (Vx,y) (x <y—sr< sy)

70



Uy = (Vo) (uz < vz).

and
mi={(Vo)(z <) AV, ) (e <y Ay <a) = (x=y) A(Vz, y, 2)((z <y Ay <
z) = (x < z))}

Then for any s,t,u,v € S, llg axiomatises S-Pos; where

IIs = {(Vz)Qlz=2)}U{ps:5teS}U{b,:5€S}U{t,:u<v:uveStu{r}.

Some classes of left S-posets are axiomatisable for any monoid S. For example, the

class T of left S-posets with the trivial partial order is axiomatised by

s U{(Vz,y)(z <y =z =y)}.

To save repetition, we will assume from now on that when axiomatising a class of left
S-posets, Ig is understood, so that we would say {(Vz,y) (a: <y—xr= y)} axiomatises
T. Other natural classes of left S-posets are axiomatisable for some pomonoids and not

for others and it is our aim here to investigate the pomonoids that arise.

Corresponding questions for classes of M-acts over a monoid M have been answered
in [25, 50, 6, 29, 30] and revisited in Chapter 2. In Chapter 2 we developed two general
methods of axiomatisability which led to axiomatisability results for some of classes such
as flat, weakly flat and principally weakly flat M-acts as special cases. The classes of
projective (strongly flat, po-flat, weakly po-flat) left S-posets Pr(SF, PF, WPF) have
recently been considered in [52] (which uses slightly different terminology) as has the class
Fr of free left S-posets in the case where S has only finitely many right ideals. We note
that many of the techniques of [52] follow those in the M-act case and, for this reason, we
aim here to produce two general strategies, as in Chapter 2, that will deal with a number
of axiomatisability questions for classes of S-posets. In particular they may be applied

to PF and WPF. Just as many concepts of flatness that are equivalent for R-modules
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over a unital ring R are different for M-acts, so many concepts that coincide for M-acts
split for S-posets. Thus [52] left a number of classes open; we address many of them here,
with both our general techniques and ad hoc methods.

The structure of this chapter is as follows. We present in Section 3.1 and Section 3.2
our general axiomatisability results, which apply to various classes defined by flatness
properties, as in Section 2.1 of Chapter 2. In the case of S-posets we have two variations
i.e. when the functor —® B maps embeddings to one-one maps and when —® B preserves
embeddings. There are two kinds of results, for each variation, all phrased in terms of
‘replacement tossings’. In Section 3.1 we consider the case when —® B maps embeddings
to one-one maps; we then apply our results to determine when F, WF and PW.F are ax-
iomatisable. Next, in Section 3.2, we consider the case when —® B preserves embeddings.
We show how our results may be applied to reproduce the results of [52] determining for
which pomonoids PF or WPF are axiomatisable, together with a further application
to PWPF. For the sake of clarity, where proofs are similar to those for M-acts over a
monoid M, we relegate them to the Appendix.

In Section 3.3 we then consider classes defined by flatness conditions that translate
into so called ‘interpolation conditions’. In these cases we can give rather more direct
arguments, avoiding the concept of replacement tossing. Section 3.4 briefly visits the
question of axiomatisability of Fr and Pr; the results here are easily deducible from the
corresponding ones for M-acts. Finally in Section 3.5 we present some open problems.

We need to give some definitions in the context of S-posets which will be used later:

Let C be a class of ordered embeddings of right S-posets. We recall that an S-
pomorphism « : A — B between two left S-posets A and B is called an embedding if
it satisfies the condition

a<d & an<da.

Thus if « : A — B is an embedding, then A is isomorphic as an S-poset to Aa.

A left S-poset B is called C-flat if the functor — ® B takes embeddings in C to one-one

maps in the category of Pos, that is, if « : A — A’ is in C then a ® Iy is one-one, or in
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terms of elements, if for some a,a’ € A and b,/ € B we have aa ®b=da®V in A’ ® B,

then a ®@b=a' ® b in A ® B. We will denote the class of C-flat left S-posets by CF.

A left S-poset B is called a C-po-flat if the functor — ® B takes embeddings in C
to embeddings in the category of Pos that is, if 3 : A — A’ is in C, then f ® Ip is
an embedding, or in terms of elements, if for some a,a’ € A and b,b' € B we have
afRb<d RV in ARB,thena®b<d b in A® B. We will denote the class of
C-po-flat left S-posets by C-PF.

We follow the pattern of presentation of Chapter 2. As for S-acts we introduce con-
ditions on C called (Free) and (Free)<.

If C satisfies condition (Free) (respectively, (Free=)), then we can find necessary and
sufficient conditions for the classes CF (respectively, C-PF) to be axiomatisable. Then
our results for axiomatising F (the class of flat left S-posets) and PF (the class of po-flat
S-posets) become special cases.

As in the unordered case our next step is to drop the assumption of Condition (Free)
or (Free=). Along similar lines as for S-acts we then have general results giving conditions
that determine when CF, and C-PF are axiomatisable. The results for axiomatising WF
(class of weakly flat left S-posets) and WPF (class of weakly po-flat left S-posets) then

become special cases.

3.1 Axiomatisability of CF

In this section we describe our two general results involving ‘replacement tossings’ for
CF. We first consider the case when C satisfies Condition (Free). This will enable us to
specialise to the case where C is the class of all right S-poset embeddings. For the second
we consider an arbitary class C; we then specialise to the cases where C consists of all
inclusions of (principal) right ideals into S. We remark that similar methods have been

applied to axiomatisability problems for S-acts over a monoid S, as shown in Chapter 2.
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3.1.1 Axiomatisability of C-flat S-posets with Condition (Free)

It is convenient to introduce some notation.

Let

S = (Sl,tl,...,Sm,tm)

be an ordered skeleton of length m.
We define a formula eg of RE, where R§ is the first order language associated with

right S-posets, as follows:
es(z,z9, T, 2') = (stl < oty A x989 < Tglo A oo A TS < x’tm)
and a formula 6s of L§ by
Os(x, 21, ) T, @) := (SL’ <5121 A By < S9Ta A oo At < x').

Suppose now that

S = (81782) == (Sl7t17 .. '7Sm7tmaulavla s 7unavn)

is a double ordered skeleton of length m + n. We put
ds(x,a') == Ty ... FxpFya ... yn)es, (T, T2,y o, T, ') A €5, (2, Y2y oy Yy ).
On the other hand we define the formula

vs(z,2') == 3wy - A, Fyr -+ Fyn)0s, (T, 21, o Ty @) A Osy (291, o Yy ).

Remark 3.1.1.1. Let A, B be right and left S-posets, respectively, let a,a’ € A and b,V €
B.

(1) The pair (a,b) is connected to the pair (a’,b") via a double ordered tossing with
double ordered skeleton S if and only if ds(a,a’) is true in A and vs(b, ') is true in B.

(17) If ds(a,a’) is truein A and ¢ : A — A’is a (right) S-pomorphism, then ds (a1, a’y))
is true in A’

(i73) If ys(b,b') is true in B and 7 : B — B’ is an S-pomorphism, then ~s(br,0'7) is
true in BT.
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Definition 3.1.1.2. We say that C satisfies Condition (Free) if for each double ordered
skeleton S there is an embedding 75 : Ws — W:S in C and ug, u:g € Ws such that
53(u‘g7'5,u137'5) is true in W:S and further, for any embedding 4 : A — A" € C and any
a,a’ € A such that ds(ap,a’p) is true in A’ there is a morphism v : Wg — A’ such that
USTSV = af, u:gTSV =a'p and Wsrsv C Ap.

Lemma 3.1.1.3. Let C be a class of embeddings of right S-posets satisfying Condition
(Free). Then the following are equivalent for a left S-poset B:

(i) B is C-flat;

(ii)) — ® B maps the embeddings 7s : Ws — Wé i the category Pos-S to monomor-
phisms in the category of Pos, for every double ordered skeleton S;

(iii) if (usTs, b) and (usTs,b') are connected by a double ordered tossing over W and B
with double ordered skeleton S, then (us,b) and (us, ') are connected by a double ordered
tossing over Ws and B.

Proof. See Appendix. n

Our next aim is to show that the class of all embeddings of right S-posets has Condition
(Free). To this end we present a ‘Finitely Presented Flatness Lemma’ for S-posets.

For a double ordered skeleton & = (Si, S2) where
S1 = (s1,t1,++ , Sm, t) and Sy = (ug, vy, - -+, Up, Vp),
we let F™*™ be the free right S-poset
zSUzSU ... .Uz, SUypSUysSU. ..Uy, SUZ'S
and let Rs be the set
{(zs1, mot1), (w282, T3ta), . . ., (Tm—1Sm—1, Tmtm—1), (TS '),

(2'u1, yav1), (youz, Ysv2), - . ., (Yntin, T0,) }.

Let us abbreviate by =s the S-poset congruence =g, induced by Rs. We abbreviate
the order <p, on F""/ =g by <.

If B is a left S-poset and b, by, ,--- , by, di, da, , -+ ,d,, b € B are such that
Os,(b,b1,. .., by, b)) and 0s,(b',dy, ..., d,,b)
hold, then the double ordered tossing
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b S S1 b1

[z]s1 < [zoJti tiby < sabo

[To]se < [zalte toby < s3bs
[Tmlsm < [@tm twbn <V

v § (51 dl

2wy < (yelur vidi < uads

[olus < lyslve vady < wsds
[Ynlun < [2]vn vpd, <D

over F"t"/ =5 and B is called a double ordered standard tossing; clearly it has double
ordered skeleton S.

It is clear that (by considering a trivial left S-poset B), the set of all double ordered
skeletons DOS is the set of all finite even length sequences of elements of S, of length at
least 4.

Lemma 3.1.1.4. The following conditions are equivalent for a left S-poset B:

(i) B is flat;

(i1) — ® B maps embeddings of [x]S U [2']S into F™™/ =g in the category Pos-S to
monomorphisms in the category of Pos, for every double ordered skeleton S;

(iti) if ([z],b) and ([2],V) are connected by a double ordered standard tossing over
Fmin/ =g and B (with double ordered skeleton S), then they are connected by a double
ordered tossing over [x|S U [2']S and B.

Proof. We will prove here only (iii) = (i). Suppose that B satisfies condition (i), let
a, a’ belongs to any right S-poset A, let b, b’ € B, and suppose that a®b = a’' @b in AQ B
via a double ordered tossing with double ordered skeleton § = (81, Ss), where S, Sp have
lengths m and n, respectively. By Remark 3.1.1.1, ds(a,a’) is true in A and ~vs(b, V') is
true in B. Since ds([z], [2/]) holds in F™ ™"/ =g, we have that ([z],b) and ([2/],V) are
connected by a double ordered standard tossing over F™*"/ =5 and B. By the given
hypothesis we have that ([z],b) and ([2'],) connected via a double ordered tossing in
([z]S U [2']S) ® B, say with double ordered skeleton I.
Since ds(a, a’) is true in A, there are elements as, . .., am, Ca, - . ., ¢, € A such that

€s,(a,as, ... an,ad) and €s,(d’, ca,. .., cp,a)
hold in A. Let ¢ : F™*™ — A be the S-pomorphism which is defined by z¢ = a, ;¢ = a;

(2<i<m), p=ad and y;¢ = ¢; (2 < j < n). Since up < u'e for all (u,u’) € Rs,
we have that ¢ : F"""/ =g— A given by [z]¢ = 2¢ is a well defined S-pomorphism. We
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have that d0y([z], [#']) holds in [z]S U [2/]S, so that by Remark 3.1.1.1, dy(a, a’) holds in
aSUd'S. Since also y,(b, ') holds in B, we have that (a,a’) and (b,b") are connected by
a double ordered tossing over aS U a’S and B, so that a @ b=d' ® V' in (aSUd'S) ® B.
Thus B is flat, as required. O]

With a similar argument, we prove the following.
Lemma 3.1.1.5. The class Pos-S of all right S-posets has Condition (Free).

Proof. Let § be a double ordered skeleton of length m + n, let W5 = ™"/ =g,
Ws = [2]S U [2/]S and let 75 : Ws — W{ denote inclusion. Then [z], [z'] € Ws and
ds([x]7s, [']7s) is true in WE.

Let u: A — A’ be any right S-poset embedding such that ds(ap,a’n) holds in A’
for some a,a’ € A. As in Lemma 3.1.1.4, there is as a consequence an S-pomorphism
v: Wi — A’ such that [z|7sv = ap and [2|7sv = ’p. Clearly

Wstsv = ([z]S U [2']9) sy = [z]rsvS U [2|1svS = auS Ud'puS = (aSUd'S)u C Ap.

Thus, with us = [z] and uy = [2'], we see that Condition (Free) holds.
[

Lemma 3.1.1.6. Let C be a class of embeddings of right S-posets, satisfying Condition
(Free). Let C be the set of products of morphisms in C. If a left S-poset B is C-flat, then
it is C-flat.

Proof. See Appendix. n

We now come to our first main result. The technique used is inspired by that of Chap-
ter 2, but there are some differences due to the fact that we are dealing with orderings.

Theorem 3.1.1.7. Let C be a class of embeddings of right S-posets satisfying Condition
(Free). Then the following conditions are equivalent for a pomonoid S:

(i) the class CF is axiomatisable;

(i1) the class CF is closed under formation of ultraproducts;

(iii) for every double ordered skeleton S € DOS there exist finitely many double ordered
replacement skeletons Sy, ..., Sa(s) such that, for any embedding v : A — A" in C and any
C-flat left S-poset B, if (ay,b), (a'y,b") € A’ x B are connected by a double ordered tossing
T over A" and B with S(T) = S, then (a,b) and (a',V') are connected by a double ordered
tossing T over A and B such that S(T') = Sk, for some k € {1,--- ,a(S)};

(iv) for every double ordered skeleton S € DQOS there exists finitely many double
ordered replacement skeletons Si,...,Sgs) such that, for any C-flat left S-poset B, if
(usTs,b) and (us7s, V') are connected by the double ordered tossing T over W§ and B
(with S(T) = S), then (us,b), and (us, ) are connected by a double ordered tossing T
over Ws and B such that S(T') = S, for some k € {1,---,8(S)}.

Proof. See Appendix. m
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The axiomatisability of the class F of flat S-posets follows the first pattern which is
explained as follows.

Clearly, an S-poset is flat if and only if it is C-flat where C is the class of all embeddings
of right S-posets. By Lemma 3.1.1.5, the class of all right S-posets has Condition (Free),
so from Theorem 3.1.1.7, we immediately have the following corollary.

Corollary 3.1.1.8. The following conditions are equivalent for a pomonoid S':

(i) the class F is axiomatisable;

(i) the class F is closed under formation of ultraproducts;

(#1) for every double ordered skeleton S € DOS there exist finitely many double ordered
replacement skeletons S, - - -, Sa(s) such that, for any right S-poset embedding v : A — A’,
and any flat left S-poset B, if (a,b), (a'y,b') € A’ x B are connected by a double ordered
tossing T over A" and B with S(T) =S, then (a,b) and (a',V') are connected by a double
ordered tossing T over A and B such that S(T') = S, for some k € {1,--- ,a(S)};

(iv) for every double ordered skeleton S € DOS there exist finitely many double ordered
replacement skeletons Sy, - -+ ,Sa(s) such that, for any right S-poset A and any flat left
S-poset B, if (a,b), (a',b') € A x B are connected by a double ordered tossing T over A
and B with S(T) = S, then (a,b) and (a',V') are connected by a double ordered tossing
T over aSUd'S and B such that S(T') = Si, for some k € {1,---,a(S)};

(v) for every double ordered skeleton S € DOS there exists finitely many double ordered
replacement skeletons Sy, - -+, Sps) such that, for any flat left S-poset B, if ([x],b) and
([2],b") are connected by a double ordered tossing T over F"*"/ =g and B with S(T) =
S, then ([z],0) and ([2'],1') are conmected by a double ordered tossing T over
[2]S U [2']S and B such that S(T') = Sy, for some k € {1,---,3(S)}.

3.1.2 Axiomatisability of C-flat S-posets without Condition (Free)

We continue to consider a class C of embeddings of right S-posets, but now drop our
assumption that Condition (Free) holds. The results and proofs of this section are analo-
gous to those for weakly flat S-acts in [6] and in Chapter 2, Subsection 2.1.2. Note that
the conditions in (iii) below appear weaker than those in Theorem 3.1.1.7, as we are only
asking that for specific elements a,a’ and double ordered skeleton S, there are finitely
many double ordered replacement skeletons, in the sense made specific below.

Theorem 3.1.2.1. Let C be a class of embeddings of right S-posets.

The following conditions are equivalent:

(i) the class CF is axiomatisable;

(i1) the class CF is closed under ultraproducts;

(i) for every double ordered skeleton S € DOS and a,a’ € A, where p: A — A’ is in
C, there emist finitely many double ordered skeleton Sy, -+, Saa,s,a',p), Such that for any
C-flat left S-poset B, if (ap,b), (a'u,b') are connected by a double ordered tossing T over
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A" and B with S(T) = S, then (a,b) and (a’,V') are connected by a double ordered tossing
T' over A and B such that S(T") = S, for some k € {1,--- ,a(a,S,d, 1)}

Proof. See Appendix. n

We now give two applications of Theorem 3.1.2.1.

We recall definition of weakly flat S-poset. A left S-poset B is called weakly flat if the
functor — ® B maps inclusions of right ideals in the category of S-Pos to one-one order
preserving maps in the category of Pos. Note that if the left S-poset B is weakly flat
then the equality a ® b = o/ ® b’ also holds in (aS U d’'S) ® B. Recall that the class of
weakly flat left S-posets is denoted by W.F.

In the following two corollaries we do not need to mention the embeddings p, since
they are all inclusion maps of right ideals into S.

Corollary 3.1.2.2. The following are equivalent for a pomonoid S':

(i) the class WF is axiomatisable;

(ii) the class W s closed under ultraproducts;

(i) for every double ordered skeleton S and a,a’ € S there exists finitely many double
ordered skeletons Si,--- ,Sg(a,s,ar) Such that for any weakly flat left S-poset B, if (a,b),
(a',0') € S x B are connected by a double ordered tossing T over S and B with S(T) =S
then (a,b) and (a',V') are connected by a double ordered tossing T' over aSUda'S and B
such that S(T') = Sk for some k € {1,---,B(a,S,d’)}.

We end this section by considering the axiomatisability of principally weakly flat left
S-posets. A left S-poset B is called principally weakly flat if the functor — ® B maps
embeddings of principal right ideals in the category of S-Pos to one-one order preserving
maps in the category of Pos. The class of all principally weakly flat left S-posets is
denoted by PWFS.

We first remark that if aS is a principal right ideal of S and B is a left S-poset, then
au®@b=av®0b inaS® B if and only if a @ ub = a @ vl in aS ® B

with a similar statement for S ® B. Thus B is principally weakly flat if and only if for all
a€ S, ifa®b=a®b in S®B,thena®b=a®?V in aS® B. From Theorem 3.1.2.1

and its proof we have the following result for PW.F.
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Corollary 3.1.2.3. The following conditions are equivalent for a pomonoid S:

(i) the class PWF is aziomatisable;

(i) the class PWF is closed under ultraproducts;

(7ii) for every double ordered skeleton S over S and a € S there exists finitely many
double ordered skeletons Sy, ,Sya,s) over S, such that for any principally weakly flat
left S-poset B, if (a,b), (a,V') € S® B are connected by a double ordered tossing T over
S and B with S(T) =S then (a,b) and (a,b’) are connected by a double ordered tossing
T over aS and B such that S(T") = Sy, for some k € {1,--- ,v(a,S)}.

3.2 Axiomatisability of C-PF

In this section we explain how the methods and results of Section 3.1 may be adapted
to the case when — ® B preserves embeddings, rather than merely taking embeddings
to monomorphisms. We omit proofs, as they follow now established patterns. Further
details may be found in the appendix.

We introduce a condition on a class C of embeddings of right S-posets called Condition
(Free)=.

Let

8 = (sl,tl,...,sm,tm)

be an ordered skeleton of length m. We put

65 (z,2) i= (Fwg. .. Ivy)es(w, xa,y . .., Ty, 1)
and
V5 (2, @) i= 3oy .. Fw)0s (2,20, Ty @)

where € and 6 are defined as in Section 3.1. Notice that similar comments to those in
Remark 3.1.1.1 hold, in particular, if A is a right and B a left S-poset, then the pair
(a,b) € Ax B is connected to the pair (a’,b') € A x B via an ordered tossing with ordered

skeleton S if and only if 65 (a,d’) is true in A and ~v5 (b, V) is true in B.

3.2.1 Axiomatisability of C-PF S-posets with Condition (Free)

We define the condition corresponding to (Free) in this case as follows;
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Definition 3.2.1.1. We say that C satisfies Condition (Free)= if for each ordered skeleton
S there is an embedding kg : Vs — Vé in C and vg, vfg € Vs such that 5§ (USIQS,U:SI{‘S‘) is
true in Vg and further for any embedding p: A — A" € C and any a,a’ € A such that
05 (ap, a'p) is true in A’ there is a morphism v : Vg — A’ such that usksv = ap, ugksy =
a'p and Vsksy C Ap.

Now we show that if C is a class of embeddings of right S-posets satisfying Condition
(Free)=, then to show that a left S-poset B is in C-PJF, that is, B is C-po-flat, it is
enough to show that for any ordered skeleton S, if (vsks,b) and (vsks, ') are connected
by an ordered tossing over V& and B with ordered skeleton S, then (vs,b) and (v, V') are
connected by an ordered tossing over Vs and B.

Lemma 3.2.1.2. Let C be a class of embeddings of right S-posets satisfying Condition
(Free)=. Then the following are equivalent for a left S-poset B:

(i) B is C-po-flat;

(ii) — ® B maps the embeddings ks : Vs — Vé in the category Pos-S to embeddings
in the category of Pos, for every ordered skeleton S;

(i1i) if vsks ® b < vsks @ U as the inequality is given by an ordered tossing over Vg
and B with ordered skeleton S, then vs ® b < U:g b in Vs ® B.

Proof. See Appendix. m

We recall Lemma 3.1.1.6 in terms of po-flatness.

Lemma 3.2.1.3. Let C be a class of embeddings of right S-posets, satisfying Condition
(Free)=. Let C be the set of products of morphisms in C. If a left S-poset B is C-po-flat,
then it is C-po-flat.

Proof. See Appendix. n

Theorem 3.2.1.4. Let C be a class of embeddings of right S-posets satisfying Condition
(Free)<. Then the following conditions are equivalent for a pomonoid S;

(i) the class C-PF is axiomatisable;

(ii) the class C-PF is closed under formation of ultraproducts;

(iii) for every ordered skeleton S there exist finitely many replacement ordered skeletons
Si1,-++,Sa(s) such that, for any embedding v : A — A" in C and any C-po-flat left S-poset
B,ifay ® b < dvy @V € A ® B via an ordered tossing T with S(T) = S, then
a®b<da @0 via an ordered tossing T over A and B such that S(T') = Sk, for some
ke{l,---,a(S)};

(iv) for every ordered skeleton S there exists finitely many replacement ordered skele-
tons S, -+ -, Sp(s) such that, for any C-po-flat left S-poset B, if (vsks, b) and (vsks,b') are
such that vsks ® b < vsks ® b' by an ordered tossing T over V& and B with S(T) = S,
then vs ® b < vs ® U are connected by an ordered tossing T over Vs and B such that
S(T') = Sy, for some k € {1,---,B(S)}.

Proof. See Appendix. m
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To show that the class of all embeddings of right S-posets has Condition (Free)=, for
an ordered skeleton

S = (817t17"'a8mvtm)

we let F be the free right S-poset
xSUxSU .. Uz, SUZ'S

and put

Ts = {(zs1, xat1), (T252, T3t2), . . ., (TS, T't) }

Let =s be =r,, the S-poset congruence which is induced by Ts. Abbreviate the order
=1 by <s so that [a] <s [b] for all (a,b) € Ts. We defined an ordered standard tossing
from ([z],0) to ([2'],b") where b,/ € B for a left S-poset B in the analogous way to a
double ordered standard tossing.
If B is a left S-poset and
b, by, -+ by, V' €B

are such that the right hand side of the following inequalities exists, then the ordered

tossing

b S Slbl

[z]s1 < [zo]ta t1b1 < s9by

[T2]sy <[]ty taby < s3b3

[:Em—l]sm—l S [mm]tm—l tm—lbm—l S Smbm
[Tm]sm < [@tm timbm < v

over F™/ =g and B is called a ordered standard tossing with ordered skeleton S.
The proof of the next lemma follows that of Lemma 3.1.1.4.

Lemma 3.2.1.5. The following conditions are equivalent for a left S-poset B:

(i) B is po-flat;

(ii)) — ® B maps the embeddings of [x]S U [2']S into F™/ =g in the category Pos-S
to embeddings in the category of Pos, for every ordered skeleton S;

(111) if the inequality [x] @ b < [2'] @ V' holds by an ordered standard tossing over
F™/ =g and B with ordered skeleton S, then [z] @b < [2'] @b holds by an ordered tossing
over [z]S U [2]S and B.
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Proof. See Appendix. n

As in Lemma 3.1.1.5 we then have:
Lemma 3.2.1.6. The class Pos-S of all right S-posets has Condition (Free)<.

Proof. See Appendix. O

We can now deduce the following corollary, which appears without proof in [52]. The
reader should note that in [52], (weakly) po-flat S-posets are referred to as being (weakly)
flat. Recall that we denote the class of po-flat left S-poset by PF.

Corollary 3.2.1.7. [52] The following conditions are equivalent for a pomonoid S':

(i) the class PF is axiomatisable;

(ii) the class PF is closed under formation of ultraproducts;

(iii) for every ordered skeleton S € QS there exist finitely many ordered replacement
skeletons Sy, -+, Su(s) such that, for any right S-poset embedding v : A — A’, and any
po-flat left S-poset B, if ay®0b, < a'y@b € A" x B via an ordered tossing T over A" and
B with S(T) =S, then a®b < a’ @ V' via an ordered tossing T over A and B such that
S(T) = S, for some k € {1,---,a(S)};

(iv) for every ordered skeleton S there exist finitely many replacement ordered skeletons
Si1,...,Sas) such that, for any right S-poset A and any po-flat left S-poset B, if a @b <
a' @b exists in A® B via an ordered tossing T with ordered skeleton S, then a®b < o’ @b
also exists in (aS U d'S) ® B by a replacement ordered tossing T such that S(T") = Sk,
for some k € {1,--- ,a(S)}.

(v) for every ordered skeleton S € QS there exists finitely many ordered replacement
skeletons Sy, - -, Sg(s) such that, for any po-flat left S-poset B, if [x] @b < [2'| @b via an
ordered tossing T over F'/ =g and B with S(T) = S, then [z]®b < [2'|®b" via an ordered
tossing T over [x]S U [2']S and B such that S(T ') = Sy, for some k € {1,--- ,B(S)}.

3.2.2 Axiomatisability of C-PF without Condition (Free<)

We now drop our assumption that Condition (Free)< holds. The proof of the next result
follows that of Theorem 3.1.2.1.

Theorem 3.2.2.1. The following conditions are equivalent for a monoid S:

(i) the class C-PF is axiomatisable;

(ii) the class C-PF is closed under ultraproducts;

(iii) for every ordered skeleton S over S and a,a’ € A, where p: A — A" isin C,
there exist finitely many ordered skeletons Sy, -+, Sa(a,8,a7,1), such that for any C-po-flat
left S-act B, if ap @b < d'u®b by an ordered tossing T over A" and B with S(T) =S,
then a @ b < @’ @ V' by an ordered tossing T' over A and B such that S(T") = Sk, for
some k € {1,--+ ,a(a,S,d',u)}.

Proof. See Appendix. m
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As for WF and PW.JF, Theorem 3.2.2.1 can be specialised to the cases where C consists
of all inclusions of (principal) right ideals of S into S, thus giving necessary and sufficient
conditions on S such that WPF (a result also found in [52]) (PWPF) is axiomatisable.
The statements of these results are obtained from those of Corollaries 3.1.2.2 and 3.1.2.3,

with the word ‘double’ omitted and ‘flat’ replaced by ‘po-flat’.

As in Section 3.1, we need not make specific mention of the embeddings of right ideals
in .S, since they are always inclusion.

Corollary 3.2.2.2. The following are equivalent for an ordered monoid S':

(i) the class WPF is axiomatisable;

(ii) the class WPF s closed under ultraproducts;

(1ii) for every ordered skeleton S over S and a,a’ € S there exists finitely many
ordered skeletons Sy, -, Spa,s,a) over S, such that for any weakly po-flat left S-poset B,
ifa®b<d @V inS® B by an ordered tossing T over S and B with S(T) = S, then
a®b<d UV by an ordered tossing T' over aS U a'S and B such that S(T') = S for
some k € {1,---,B(a,S,d)}.

We follow same line as for axiomatisability of weakly flat S-acts considering a ® b <
a’ ® V' instead of the equality a® b =ad' Q@ V.
We recall that we will denote the class of all principally weakly po-flat S-posets by

PWPF.

Corollary 3.2.2.3. The following conditions are equivalent for a pomonoid S:

(i) the class PWPF is axiomatisable;

(i) the class PWPF is closed under ultraproducts;

(i) for every ordered skeleton S over S and a € S there exists finitely many ordered
skeletons Sy, -+ ,Sya,s) over S, such that for any principally weakly po-flat left S-poset
B,ifa®b<a®l in S® B by an ordered tossing T over S and B with S(T) =S, then
a®b<a®b by an ordered tossing T' over aS and B such that S(T') = Sk for some

ke {17 e ,’7(&,8)}.
3.3 Axiomatisability of specific classes of S-posets

We now concentrate on axiomatisability problems for certain classes of S-posets, in the
cases that we can avoid the ‘replacement tossings’ arguments of the Sections 3.1 and 3.2.

We consider the classes of S-posets satisfying Condition (P) and (E) (which together give
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us the class of strongly flat S-posets), and the classes of S-posets satisfying Condition
(EP), (W), (P), (PWP) and (PWP,,).
Let S be a pomonoid and let (s,t) € S x S. We define

R=(s,t) = {(u,v) € S x S : su < tv} and r=(s,t) = {u € S : su < tu}

so that R=(s, ) is either empty or is an S-subposet of the right S-poset S x S, and r=(s, t)
is either empty or is a right ideal of S. Note that in [52], R=(s,t) and r=(s,t) are written

as R<(s,t) and r<(s,1).
Remark 3.3.0.4. We would like to mention here, that, with the same techniques as in

Chapter 2, the “elements methods” can be related to ‘replacement tossings methods” for

the classes of P, &, EP, PWP, PWP, and W.

3.3.1 Axiomatisability of P, £ and SF

For completeness we give the following results from [52]. The proofs follow closely those

of the unordered case in [25],[29] and [30] and may be found in the Appendix.

Theorem 3.3.1.1. [52] The following conditions are equivalent for an ordered monoid S:

(i) the class of S-posets satisfying Condition (P) is aziomatisable;

(ii) every ultraproduct of S-posets satisfying Condition (P) also satisfies Condition
(P);

(i11) every ultrapower of S satisfies Condition (P);

(iv) for any s,t € S, R=(s,t) =0 or R=(s,t) is finitely generated as a right S-subact
of S xS.

Proof. See Appendix.
[

Theorem 3.3.1.2. [52] The following conditions are equivalent for an ordered monoid S:
(i) the class of S-posets satisfying Condition (E) is axiomatisable;

(i) every ultraproduct of S-posets satisfying Condition (E) also satisfies Condition
(B);

(7ii) every ultrapower of S satisfies Condition (E);

(w) for any s,t € S, vr=(s,t) = 0 or vr=(s,t) is finitely generated as a right ideal of S.
Proof. See Appendix. O

Theorem 3.3.1.3. The following conditions are equivalent for an ordered monoid S':
(i) the class SF is ariomatisable;
(ii) the class SF is closed under ultraproducts;
(i11) every ultrapower of S is in SF;
(iv) for every s,t € S, R=(s,t) is empty or is finitely generated and v=(s,t) is empty
or 1s finitely generated.

Proof. Proof follows from Theorem 3.3.1.1 and Theorem 3.3.1.2. [
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3.3.2 Axiomatisability of EP

We recall that, in the terminology introduced above, a left S-poset A satisfies Condition

(EP) if, given sa < ta for any s,t € S and a € A, we have that
a = ua’ = va' for some (u,v) € R=(s,t) and o’ € A.

We will denote the class of left S-posets satisfying Condition (EP) by EP.

Theorem 3.3.2.1. The following conditions are equivalent for a pomonoid S:

(i) the class EP is axiomatisable;

(ii) the class EP is closed under ultraproducts;

(7ii) for any s,t € S, either sa £ ta for alla € A € EP or there exists a finite subset
f of R=(s,t), such that for any a € A € EP

sa < ta = (a,a) = (u,v)b for some (u,v) € f and b € A.

Proof. (i) implies (i7): this follows from Los’s Theorem.

(77) implies (#4i): suppose sa < ta for some a € A € EP and for each finite subset f
of R=(s,t), there exists Ay € EP and ay € Ay with say < tay and (ay,ay) € fA;.

Let J be the set of finite subsets of R=(s,t). For each (u,v) € R=(s,t) we define

)y =1f € J : (u,v) € f}.

As each intersection of finitely many of the sets Ji, . is non-empty, we are able to
define an ultrafilter ® on J, such that each Ji, ) € @ for all (u,v) € R(s,t).

Now s(ay) < t(ay) in A where A = [[;.; Ay, and it follows that the inequality
s(ar)e < t(ap)s holds in U where U =[], ; Ay/®. By assumption ¢ lies in EP, so there
exists (u,v) € R=(s,t), and r; € A such that

(ag)e =u(rp)e = v(ry)s.

As @ is closed under finite intersections, there must exist 7' € ® such that ay = ury =
vry for all feT.
Now suppose that f € T'N Jiy.), then (u,v) € f and

(ap,ap) = (u,v)ry € fAf

a contradiction to our assumption, hence (i7) implies (i77).

(737) implies (7): given that (i7¢) holds, we give an explicit set of sentences that ax-
iomatises EP.

For any element p = (s,t) € S x S with sa < ta, for some a € A where A € EP, we
choose and fix a finite set of elements { (w1, vp1) = (Wpn(p): Upn(p)) } of R=(p) as guaranteed
by (iii). We define sentences ¢, of Lg as follows:

If sa £taforalla e A€ EP, let

¢p = (Vo)(sz £ tw);
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otherwise,
n(p)

¢p = (Vo) (sz < tw — (32)(\/ (z = upiz = vy2))).

i=1
Let
ngz{gbp:pESXS}.
We claim that )., axiomatises the class EP.
Suppose that A € EP and p = (s,t) € S x S. If sb £ tb, for all b € B € EP, then

certainly this is true for A, so that A = ¢,.
Suppose on the other hand that sb < tb, for some b € B € £P; then

n(p)
¢, = (Va)(sz < tw — (Eiz)(\/ (2 = upz = vy2))).
i=1

Suppose sa < ta where a € A. As A € EP, (iti) tells us that there is an element b € A
and (upi, vp;) for some i € {1,...,n(p)} with a = u,b = v,b. Hence A = ¢,,.

Conversely suppose that A is a model of ) ., and sa < ta where s,t € S and a € A.
We cannot have that ¢, is (Vz)(sz £ tx). It follows that for some b € B € EP we have
sb < tb, and

f={(up1,vp1) s (Wpn(o)s Vonp)) }
exists as in (i77) and ¢, is

n(p)

(Vz)(sz < tx — (Elz)(\/(x = UpZ = Vi 2))).

i=1

Hence there exists an element ¢ € A with a = u,;c = v,c for some i € {1,2,...,n(p)}.
By definition of w,;, v,; we have su,; < tv,. Thus A satisfies Condition (EP) and so ) .p
axiomatises EP. O

3.3.3 Axiomatisability of PWP

We recall Condition (PWP) for a left S-poset B: for all b, € B and s € 5, if sb < st/
then there exits u,u’ € S and b” € B such that b = ub”, b = vV and su < su’. The
class of left S-posets satisfying Condition (PWP) is denoted by PWP. We solve the
axiomatisability problem for PWP by following similar lines to those for £P. For any
s € S we have that R=(s, s) # () and this enables us to concentrate on ultrapowers of S,

resulting in a slight simplification as compared to the final condition in Theorem 3.3.2.1.

Theorem 3.3.3.1. The following conditions are equivalent for a pomonoid S:
(i) the class PWP is axiomatisable;
(ii) the class PWP is closed under ultraproducts;
(iii) every ultrapower of S lies in PWP;
() R=(s, s) is finitely generated for any s € S.

Proof. See Appendix. n
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3.3.4 Axiomatisability of P,

We recall that a left S-poset A satisfies Condition (P,,) if for any a,a’ € A and s,t € S,
if sa < ta/, then there exists ” € A and u,u’ € S with (u,u') € R=(s,t), a < ua” and
w'a” < a'. The class of left S-posets satisfying Condition (P,,) is denoted by P,.

Theorem 3.3.4.1. The following conditions are equivalent for a pomonoid S:
(i) the class P, is axiomatisable;
(ii) the class Py, is closed under ultraproducts;
(i11) every ultrapower of S satisfies Condition (P, );
(i) for any p = (s,t) € S x S, either R=(s,t) = () or there exist finitely many

(tp1,0p1): -5 (Uom(), Voni) € RE(s,8)
such that for any (z,y) € R=(s,1),
x < uyih and vy,ih <y
for some i € {1,...n(p)} and h € S.

Proof. (iit) implies (iv): suppose that every ultrapower of S satisfies Condition (P,,) but
(iv) does not hold. Then there exists p = (s,t) € R=(s,t) with R5(s,¢) # 0 but such
that no finite subset of R=(s,t) exists as in (iv).

Let {(ug,vg) : B < v} be a set of minimal (infinite) cardinality v contained in R=(s, t)
such that if (z,y) € R=(s,t), then

x < ugh and vgh <y

for some f < v and h € S. From the minimality of v we may assume that for any
a < B < 7, it is not true that both

ug < ugh and voh < g

for any h € S.

Let ® be a uniform ultrafilter on ~, that is ® is an ultrafilter on ~ such that all sets
in ® have cardinality v. Let & = S7/®, by assumption U satisfies Condition (P,,).

Since sug < tvg for all 5 < v, s(ug)e < t(vs)e. As U satisfies Condition (P,,), there
exists (u,v) € R5(s,t) and (wg)e € U such that

(up)e < u(wp)e and v(wg)s < (v5)s.

Let D € ® be such that
ug < wwg and vwg < vg

for all 8 € D. Now (u,v) € R=(s,t) so that
u < uyh and v,h < v
for some o < 7. Choose g € D with § > ¢. Then

ug < uwg < ushwg and v.hwg < vwg < vg,
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a contradiction. Thus (iv) holds. (iv) implies (i): suppose that (iv) holds.
Let p = (s,t) € S x S. If R(s,t) = () we put

Q, = (Vz)(Vy)(sz £ ty).

If RS(s,t) # 0, let
(W1, Vp1)s -+ -5 (Wom(p)s Vonip)) € RS(S’ t)

be the finite set given by our hypothesis, and put

n(p)

Q, = (Vz)(Vy) (sz < ty — (Elz)(\/(m < w2 Ay 2 < y))).

i=1

Let
ZP ={Q,:pe S xS}

We claim that ), ~axiomatises P,.

Let A € P, and let p = (s,t) € S x S. Suppose first that R=(s,t) =
for some a,b € S, then as A satisfies (P,,) we have, in particular, that R
contradiction. Hence A = Q,.

On the other hand, if RS(s,t) # 0, then

(. If sa < tb
S(s,1) £ 0, a

n(p)

Q, == (Vo) (Vy)(sz < ty — (EIZ)(\/(x <upizAvyiz <y))).

i=1
If sa < tb where a,b € A, then there exists (u,v) € R=(s,t) and ¢ € A with

a < wuc and ve < b.

By hypothesis we have that
u < uyh and v,;h < v

for some h € S and i € {1,...,n(p)}. Now
a < uc < uyihe and v,he <wve < b

so that (with z = hc), A= Q,. Hence A =3, .
Conversely, suppose that A = >, and sa < tb for some p = (s,t) € S x S and
a,b € S. We must therefore have that R=(s,t) # () and consequently, 2, is

n(p)

(V) (Vy) (sz < ty — (32)(\/(x <z AUy z < y))).

=1

Hence a < u,;c and v,;c < b for some ¢ € A. By definition, (u,i,v,;) € R=(s,t), so that
A lies in P,,. O
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3.3.5 Axiomatisability of PWP,

We recall Condition (PWP,,) for a left S-poset B: for all ;' € B and s € S, if sb < st/
then there exist u, v € S and 0"’ € B such that b < ub”,v'b” <V and su < su’. The class
of left S-posets satisfying Condition (PWP,,) is denoted by PWP,,.

We solve the axiomatisability problem for Condition (PWP,,) by following similar
lines to those for Condition (P,,). Of course in this case R=(s, s) # () for any s € S and
so our result is as follows.

Theorem 3.3.5.1. The following conditions are equivalent for a pomonoid S:
(1) the class PWP,, is aziomatisable;
(ii) the class PWP,, is closed under ultraproducts;
(i11) every ultrapower of S satisfies Condition (PWP,,);
(iv) for any s € S there ezists finitely many

(Up1,Vp1)5 - -5 (Upn(p)s Vpn(p)) € R=(s, s)
such that for any (x,y) € R=(s, s),
x < uyih and vy;h <y
for somei € {1,...n(p)} and h € S.
Proof. See Appendix. n

3.3.6 Axiomatisability of W

For our final class defined by an interpolation condition, we consider W. We recall
Condition (W) for a left S-poset A: for all a,a’ € A and s,t € S, if sa < td’, then there
exists a” € A, p € sS, ¢ € tS such that p < ¢, sa < pd” and ga” < tad’. The class of left
S-posets satisfying Condition (W) is denoted by W.

Theorem 3.3.6.1. The following conditions are equivalent for a pomonoid S':
(i) the class W is axiomatisable;
(i) the class W is closed under ultraproducts;
(iii) every ultrapower of S lies in W;
(iv) for any s,t € S there exists an integer n > 0,

P1, P €8S and qq,- - ,q, €S

such that for all i € {1,...,n} we have p; < q;, and if su < tv then there exists i €
{1,---,n} and z € S with
su < piz and ¢;z < tv.
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Proof. (iit1) implies (iv): suppose that every ultrapower of S satisfies Condition (W) but
that (iv) fails. Then there exist s,¢ € S such that there does not exist any finite list
Ply---sDn,q1, - - - Gn satisfying the conditions of (iv).

Let v be a cardinal minimal with respect to the existence of a set {(ug,vg) : B < v}
such that ug € sS, vz € t5,us < vg and if su < tv then there exists 8 < v and z € S
with su < wugz, vgz < tv.

Certainly v exists since we could consider {(sz,ty) : =,y € S,sz < ty}. We are
assuming that ~ is infinite. By the minimality of v we can assume that it is not true that
for any v > 8 > o, we have both ug < u, k and v, k < vg.

Let ® be a uniform ultrafilter on v and let Y = S7/®; by assumption U satisfies
Condition (W).

Since each ug € sS,ug = sxg for some zg € S; similarly, vg = tyg for some yz € S.
Now ug < vg for all § < v, so that s(zg)e < t(ys)e and as U satisfies Condition (W),
there exists (wg)e € U, p € sS and g € tS with

P <¢q,5(g)e < p(wg)e and q(wp)e < t(ys)s.

Let D € ® be such that
szg < pwg and quwg < tys

for all 8 € D. As p < ¢ there exists ¢ < v and z € S with
p < usz and v,z < q.
Hence, choosing § € D with g > o,
ug = sxg < pwg < uszwg and v,zwg < qug < tyg = vg,

a contradiction. Hence (iv) holds.
(iv) implies (i): suppose now that (iv) holds. For each p = (s,t) € S x S let

Po1s -5 Pon(p)r dpls -+ - 5 dpn(p)

be the list of elements of S guaranteed by (iv). If n(p) = 0, let

Q, = (Vz)(Vy)(sz £ ty).
If n(p) > 1, let

n(p)

Q, = (V:E)(Vy)(sx <ty — (32)(\/ (52 <ppiz AN gpiz < t?J)))

and let
ZW:{Qp:pESXS}.

We claim that ), axiomatises W.

Let A€ Wand p=(s,t) € SxS. If n(p) =0 and sa < tb, for some a,b € A, then,
in particular, su < tv for some u,v € S. By as (iv) holds this gives that n(p) > 1, a
contradiction. Hence A |= Q,.
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Suppose now that n(p) > 1, so that

n(p)

Q, == (Vz)(Vy) (sz < ty — (ﬂz)(\/(sx < ppiz A gpiz < ty))).

If sa < tb for some a,b € A, then there exists p € s5,¢ € tS and ¢ € A such that
p < q,sa < pcand gc < th.

By (iv),
b S DPpiz and qpiz S q

for some i € {1,...,n(p)} and z € S. Hence
sa < pyize and gpizc < th

so that A = ,. Hence A|=5",,.
Conversely, if A = ",,, and sa < tb for some p = (s,t) € S x S and a,b € A, then we
must have n(p) > 1 and

n(p)

Q, = (Vz)(Vy)(sz < ty — (Elz)(\/(sx < ppiz A gpiz < ty))).

=1

Then
sa < pyic and gpic < tb

for some i € {1,...,n(p)} and ¢ € A. By choice of p,;, q,:, we see that A € VW. Hence

>y axiomatises W as required.
O]

3.4 Axiomatisability of Pr and Fr

The question of the axiomatisability of Pr was addressed in [52]. Without giving much
detail, Pervukhin and Stepanova indicate that if every ultrapower of a pomonoid S is
projective as a left S-poset, then it can be argued, following the corresponding proofs for
S-acts, that S is poperfect, which here can be taken to mean SF = Pr in the class of left
S-posets. In [52] this is then utilised to show that Pr is axiomatisable if and only if SF
is axiomatisable and SF = Pr. Notice that in [52], the classes SF and Pr are denoted
by SF< and P<, to distinguish them from the classes of strongly flat and projective left
S-acts, a convention we have not followed here.

In Chapter 4 we show that a pomonoid S is left perfect as a monoid if and only if it
is left perfect as a pomonoid. With this in mind we can give a short and direct proof of

the following.
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Theorem 3.4.0.2. The following are equivalent for a pomonoid S':
(i) the class Pr is aziomatisable;
(ii) every ultrapower of S is projective as a left S-poset;

(iii) the class SF is axiomatisable and SF = Pr.

Proof. Clearly we need only prove that (ii) implies (ii7); suppose that (iz) holds.
Let U = S7/® be an ultrapower of S as a left S-act, then

u=1Js/=

YEA

where

(a;)) =)= {i:a,=b}ed

and
s(ai)e = (sa;)e is a well-defined S-action.

Consider the corresponding ultrapower of S as a left S-poset, that is, U = S? /®.
Here = and the S-action are defined as before and

(CLZ‘)@ < (bl)q;. <~ {’L ca; < bz} o (*)

In other words U’ is U equipped with the partial order defined as in (*).

We are supposing U is projective as a left S-poset, that is, there exists a disjoint
union |J,.;S¢; where e;s are idempotents, and an S-po-isomorphism 6 : U — Uies Sei-
Regarding | J,.; Se; as an S-act, 0 : U — |J,; Se; is certainly an S-act isomorphism. We
can conclude that every ultrapower of S as a left S-act is projective. From [30, Theorem
8.6], S is left perfect, so from Chapter 4 or [31, Theorem 6.3|, S is left poperfect. Hence
SF = Pr. From [52, Theorem 4.8|, we also have that SF is axiomatisable.

O

3.4.1 Axiomatisability of Fr.

To explain our result we need to recall the following definition from [29]. Let e € E(S),
where E(S) is the set of idempotents of a monoid S, and let a € S. We say that a = xy
is an e-good factorisation of a through x if y # wz for any w, z with e = xw and e Lw
(see [29]).

Theorem 3.4.1.1. The following conditions are equivalent for a pomonoid S:
(i) every ultrapower of the left S-poset S is free;
(ii) Pr is ariomatisable and S satisfies (x): for all e € E(S)\ 1, there exists a finite
set [ C .S such that any a € S has an e-good factorization through x, for some x € f;
(iii) the class Fr is axiomatisable.

Proof. (i) = (i1): since every ultrapower of S is free as a left S-poset, it is free as a left
S-act with the same argument as in Theorem 3.4.0.2. By [29, Theorem 5.3], S satisfies
(%). Also by Theorem 3.4.0.2, Pr is axiomatisable.
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(27) implies (i7i): if Pr is axiomatisable, then every ultrapower of copies of S is pro-
jective as a left S-poset, and hence as a left S-act. From [30, Lemma 8.4], it follows
that for any e € E(S) and u € S, there are only finitely many = € S such that e = uzx.
This permits us to define the sentences ¢, as in [30]. Let ), be the set of sentences
axiomatising the projective left S-posets. Then, as in [30, Theorem 9.1],

> U{peec B(S)\{1}}.

Pr

axiomatises Fr.

3.5 Some Open Problems

We aim to axiomatise the class of left S-posets satisfying Condition (WP), (WP),, and
Condition (U). The first two conditions appear in [23]. The final one we define here. It
may easily be seen that a principally weakly po-flat S-poset is weakly po-flat if and only
if it satisfies Condition (U).

A left S-poset A satisfies Condition (WP) if for any S-pomorphism f : (sSUtS) — S
where s,t € S, and a,d’ € A, if (s)fa < (t)pa’ then there exist a” € A, u,v € S and
st € {s,t} such that (s'u)5 < (t'v)F, s®a = s'u®a” and t®a’ = 'va” in (sSULS) R A.

A left S-poset A satisfies Condition (WP,,) if for any S-pomorphism 5 : (sSUtS) — S
where s,t € S, and a,d’ € A, if (s)fa < (t)Ba’ then there exist a” € A, u,v € S and
st € {s,t} such that (s'u)s < (t'v)f, s®a < su®a” and v®a” < t®d in (sSULS)® A.

Condition (U): for all b, € B and s,s" € S, if sb = sb’ then there exists 0’ € B,

p € sS,p €8S, with p <p' and sb=pb” = p'b' = s'l.
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Chapter 4

Perfect Pomonoids

Following standard terminology from the theories of R-modules over a unital ring R, and
S-acts over a monoid S, we say that a pomonoid S is left poperfect if every left S-poset
has a projective cover.

Left perfect rings were introduced in 1960 in a seminal paper of Bass [1] and shown to
be precisely those rings satisfying Mg, the descending chain condition on principal right
ideals. In 1971, inspired by the results of Bass and Chase [12], Isbell was the first to
study left perfect monoids [35]. The results of [35], together with those of Fountain [19],
show that a monoid is left perfect if and only if it satisfies Mg and, in addition, a finitary
condition dubbed Condition (A).

A further characterisation of left perfect rings was given in [12], where Chase proved
that a ring is left perfect if and only if every flat left module is projective; the corresponding
result for M-acts was demonstrated in [19].

In this Chapter we initiate the study of left poperfect pomonoids, concurrent with
the recently appeared article [52] of Pervukhin and Stepanova. We introduce the termi-
nology poperfect in order to distinguish the two possible definitions of left perfection of
a pomonoid S, that is, as a monoid and as a pomonoid. In fact, they transpire to be
equivalent. We show, as in [52] that a pomonoid S is left poperfect if and only if it sat-
isfies (Mg) and the ‘ordered’ version Condition (A°) of Condition (A) and that further,
these conditions are equivalent to every strongly flat left S-poset being projective. On

the other hand, we argue via an analysis of direct limits that Conditions (A) and (A°)
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are equivalent, so that a pomonoid S is left perfect if and only if it is left poperfect. Our
results and many of our techniques certainly correspond to those for monoids, but we
must take careful account of the partial ordering on S, and in places introduce alternative
strategies to those found in [35] and [19].

A left S-poset A over a pomonoid S is called a cover for a left S-poset B if there exists
an S-poset epimorphism (an S-po-epimorphism) 3 : A — B, such that any restriction of
[ to a proper S-subposet of A is not an S-po-epimorphism. Such a map [ is called a
coessential S-po-epimorphism. The pomonoid S is said to be left poperfect if every left
S-poset has a projective cover. In this chapter as we deal exclusively with left S-acts and

S-posets, ‘S-acts’ and ‘S-posets’ will always be left, without us explicitly saying so.

Perfection for Monoids

Left perfect monoids were introduced by Isbell in [35]. Characterisations of left perfect
monoids were given in [35] and subsequently by Fountain [19] and Kilp [37]. Since their
results inform ours, we now pause to explain them.

A projective cover of an S-act A is an S-act epimorphism f : P — A where P is a
projective S-act, such that the restriction of f to any proper S-subact of P is not an
S-act epimorphism.

We say that a monoid S is left perfect if every S-act has a projective cover.

A submonoid T of a monoid S is right unitary if a,ba € T implies that b € T.

Lemma 4.0.0.2. /39, Corollary 1.4.9] A submonoid T' of a monoid S is right unitary if
and only if T is the p-class of the identity, for some left congruence p on S.

Let S be a monoid. A submonoid T of S is right collapsible if for any a,b € T we can
find ¢ € T with ac = be. We recall from Chapter 1 the following conditions that we need
below:

Condition (A): every S-act satisfies the ascending chain condition for cyclic subacts;

Condition (D): every right unitary submonoid of S contains a minimal left ideal
generated by an idempotent;

Condition (K): every right collapsible submonoid of S contains a right zero;
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Condition (Mpg): S satisfies the descending chain condition on principal right ideals.

Theorem 4.0.0.3. /35, 19, 37] The following conditions are equivalent for a monoid S':
(i) S is left perfect;

i1) S satisfies (A) and (D);

i1i) S satisfies (A) and (Mg);

iv) every strongly flat S-act is projective;

(
E
(v) S satisfies (A) and (K).

Perfection for Pomonoids

In a series of steps we prove the ordered analogue of Theorem 4.0.0.3. Some of our
techniques are taken from those used in the monoid case, but these need careful adjustment
to deal with the orderings involved; for some steps we develop new strategies. After
giving the requisite background results in Section 4.1, we concentrate in Section 4.2 on
characterising those pomonoids S such that every strongly flat S-poset is projective, and
show that these are precisely those that satisfy Conditions (Mz) and (A°), the ordered
version of Condition (A), defined as follows:

Condition (A9): every S-poset satisfies the ascending chain condition on cyclic
S-subposets.

Conditions (A) and (A°) are intimately related to the behaviour of direct limits of
sequences of copies of S. Careful analysis of these direct limits enables us to show that
(A) and (A°) are equivalent for a pomonoid.

In Section 4.3 we turn our attention explicitly to poperfect pomonoids. We investigate
conditions under which a subpomonoid is the p-class of the identity, for some left po-
congruence p: we call such subpomonoids right po-unitary subpomonoids. We show that a
pomonoid S is left poperfect if and only if it satisfies (A®) and (D°), the ordered version
of (D), defined as for a pomonoid S follows:

Condition (DP°): every right po-unitary subpomonoid of S contains a minimal left
ideal generated by an idempotent.

We observe that if p is a left po-congruence on S such that S/p is strongly flat, then

S/p is strongly flat as an S-act: it follows from [36] that p-class of the identity is right
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collapsible. In Section 4.4 we show that all strongly flat cyclic S-posets are projective if
and only if S satisfies (K).

In Section 4.5 we show that in the presence of Condition (A°), Conditions (Mz) and
(D) are equivalent. One way is relatively straightforward, but to show that (D) follows
from (Mpg) we require a mixture of the techniques of [35] and a classic semigroup theoretic
argument. This completes the proof of the following theorem.

Theorem 4.0.0.4. The following conditions are equivalent for a pomonoid S':

(1) S is left poperfect;

(i1) S satisfies (A°) and (D°);

(i17) S satisfies (A°) and (Mg);

(1v) every strongly flat S-poset is projective;

(v) S satisfies (A°) and (K).

Since (A) and (A°) are interchangeable, the conditions of the above result are also
equivalent to those in Theorem 4.0.0.3.

Note that our results are more extensive than those that appeared in [52]. They have
not checked that (A) and (A°) are equivalent, or considered Condition (K) or (D), and
so they have not shown that perfection and po-perfection are equivalent for a pomonoid.

Some of the minor results in this Chapter have recently been announced, without
proof, in [53]. We note, however, that the author of [53] does not distinguish between
congruence classes of S-poset congruences, and congruence classes of S-act congruences,

a distinction we feel to be necessary. For completeness we provide proofs, whilst making

reference to [53].

4.1 Preliminaries

In this section we outline the concepts related to pomonoids and S-posets needed for the
rest of the chapter; for definitions relating to acts over monoids, we refer the reader to
Chapter 1 and the monograph [39]. Throughout this chapter, S will denote a pomonoid.

We need to recall the notion of congruence for S-posets. Let A be a S-poset. For
the purposes of this chapter we give one description of the S-poset congruence generated

by H C A x A. This follows from comments in Chapter 1 but we would like to make it
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explicit. We let H = H U H~!. Note that in [31], we denote <y by <p. First we note

that a <y b if and only if there exists n > 0 and
(c1,dv),...,(cn,dy) € HUH * and s1,...,5, €S

such that

a < sic, 51d1 < 59C9, ..., Spdy, < D.

We know that <y is reflexive, transitive, contains the relation < and is compatible with
the action of S. It follows that the relation =g given by a =g bifand only if a <y b <y a

is an S-act congruence. Moreover, A/ =g may be partially ordered by
[a] =g [b] if and only if a <g b,

and the natural map A — A/ =g is an S-pomorphism. That is, =g is an S-poset
congruence, the S-poset congruence generated by H. Notice that for any (a,b) € H,
la] = [b]. We refer the reader to Lemma 1.2.2.8 of Chapter 1.

Free, projective and strongly flat S-posets are defined in Chapter 1 Section 1.4. We
will denote the class of free, projective and strongly flat S-posets by Fr, Pr and SF
respectively.

It is clear that A is cyclic if and only if A is isomorphic to S/p for some left po-
congruence on S. We remark that, from Proposition 1.4.0.22, of Chapter 1, an indecom-
posable projective S-poset A is cyclic and therefore of the form Sa, where there is an
S-po-isomorphism ¢ : Sa — Se for some idempotent e € E(S), with ap = e. Conse-
quently, for any s,t € S we have that sa < ta if and only if se < te; we say that a is
ordered right e-cancellative. In fact the following is true.

Lemma 4.1.0.5. [47] Let X be a left po-congruence on S then S/ is projective if and
only if there exists an idempotent e € S such that 1 Xe and [s] < [t] implies se < te.

We recall that a S-poset A is strongly flat if the functor — ® A from Pos-S to the
category Pos of partially ordered sets, preserves subpullbacks and subequalisers or equiv-

alently if A satisfies Condition (P) and Condition (E) which are defined as follows:
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(P): for all a,a’ € A and 5,5’ € S if sa < s'a’ then there exists a” € A and u,u’ € S
such that a = ud”, o = v a” and su < " u';
(E): foralla € A and s,5" € S if sa < s’ a then there exists a” € A and u € S such that
a=ua"and su < s u.

Before stating our next result, we remark that in S-Pos, direct limits of directed
systems of S-posets exist, as observed in [10], where they are referred to as directed
colimits.

Theorem 4.1.0.6. [10] The following conditions are equivalent for a S-poset A:

(1) A is strongly flat;

(17) A is isomorphic to a direct limit of finitely generated free S-posets;

(1ii) A satisfies (P) and (E):
(1v) A is subpullback flat and subequalizer flat.

The next observation is straightforward, and also appears in [52]. We will employ it
from time to time to simplify our approach to strongly flat S-posets. It follows from an
analysis of direct limits of free S-acts and S-posets. We prefer to argue directly from
interpolation conditions.

Lemma 4.1.0.7. Let A be a strongly flat S-poset. Then A is strongly flat as an S-act.

Proof. Let sa = tb where s,t € S and a,b € A. Then certainly sa < tb so that by
Condition (P), su < tv, a = uc and b = vc for some u,v € S and ¢ € A. We then have
that tve < suc and so by Condition (E) tvw < suw for some w € S with ¢ = wd. Now

suw < tvw < suw

so that suw = tvw, a = uc = uwd and b = ve = vwd. If a = b then by (E), we can
take u = v, so that uw = vw. By Theorem 1.3.0.18 of Chapter 1, due to Stenstrom, A is
strongly flat as an S-act. O]

4.2 Pomonoids for which SF = Pr

Just as for R-modules over a unital ring R, and M-acts over a monoid M, any projective
S-poset is strongly flat [10], that is Pr C SF. A natural question, which we address in
this section, asks under what conditions on S do we have that SF = Pr?

We have two strategies to answer this question. Both involve a careful study of direct

limits of free S-acts versus free S-posets over a pomonoid S. One approach is to then
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consider under which conditions S-morphisms automatically become S-pomorphisms, and
call upon the result of [35, 19]. We prefer to take first a more direct strategy, on the way
making clear a number of arguments sketched in [35].

The construction in the next result is crucial, particularly in understanding the con-
nections between perfection and poperfection for a pomonoid S. It is implicit in [35] in
the unordered case, taken up and made rather more explicit in [19]. Here we aim for an
even more direct presentation for S-posets, noting that we have difficulties to overcome
due to the partial orders involved.

In [50] Stepanova proved, in the S-act case, that P is axiomatisable if and only if
SF is axiomatisable and S is left perfect monoid. In Theorem 3.4.0.2, Chapter 3 we
showed the ordered analogue of this result, by assuming that a pomonoid is left perfect as
a monoid if and only if it is left poperfect as a pomonoid. We showed that, for pomonoids
the class Pr is axiomatisable if and only if the class SF is axiomatisable and S is left
poperfect. We aim to prove our assumption here.

Lemma 4.2.0.8. Let S be a pomonoid and let a = (a1, as,...) be a sequence of elements

of S. Let
F:Sl’lUSZEQU

be the free S-poset on {x; : i € N} and let
H ={(z;,a;x;11): 1 € N} C F x F.
(1) For any $xy,,tx, € F,
STy <g tx, if and only if samamay ... Gy < tapapiy ... ay
for some w > max{m,n}. Further,
STy =g tr, if and only if sapmamyy ... 4y = tapapiy ... ay

for some v > maz{m,n}.
(17) The S-poset F(a) = F/ =n is the direct limit of the directed sequence

S$1—>S.CEQ—>...

where o : Sx; — Sy 1S given by ;0 = a4
(1ii) The S-poset F(a) is strongly flat.

Proof. (i) Suppose that
ST <H 1Tn;
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then there exist h € N® and s; € S and (y;,2;) € HU H™', 1 <4 < h such that
ST < S1Y1, 5121 < S9Y2, - ., Spen < Ty
We proceed by induction on h. If h = 0, then
STy < tx, in F
so that m =n and s <t in S. Certainly
Sy, < ta,, = ta,.
Suppose inductively that from
UT; = 5121 < SolYa, ..., Span <ty

we can deduce that
UA; ... Ay X Ty . . . Gy

for some 0 > max {i,n}.

Case (I): (y1,21) = (25, a;zj11).
From sz, < s1y1 = s12; we have that m = j and s < sq; from ux; = s121 = s1a;2;41 we
deduce that i = j + 1 and u = s;a;. Hence

Sm ... Ao = SQjGj41...0p
< $1a5Q441 - .. G,
= UAj41.--0o
= ua;...a,
< ta,...a,

and o > max{i,n} > max {m,n}.

Case (II): (y1,21) = (ajzjt1, ;). From sz, < s1y; = sja;z;41 we have that
m=7j+1,5<sa,
and from ux; = s;2; = s1x; we have that
1 =7 and u = s;.
Hence s < ua;, so that if i = o,
s <wua; <ta,...a,

giving that
Sy < tay, . .. Aoy,

where m > i = 0 > n. On the other hand, if 7 < o, so that 0 > m,

SQyy, . . . Qg UA; Ay, - - - Qg
UA;Ajq1 - .. Qg

tay . ..a,

IA I IA

102



where 0 > max {m,n}.
Conversely, suppose that sa,, ...a, < ta,...a, where w > max {m,n}. Then

STy <H SAmTmi1 <H --- SH SQp - - - QL1

<ty .. . 0pTwr1 <H LQp ... OQp_1Tyw <H ... 1T

so that sx,, <y tz, as required.

Clearly if sap,...a, = ta,...a, for some w > max {m,n}, then sx,, <g tz, <g
STy, so that sx,, =g tx,.

On the other hand, if sx,, =y tz,, then from sz, <g tz, <g sr,, we have that

Sy« o Aoy LBy« v o Qs iy« + o Ay < Sy« -+ Ay
for some v, w > max{m,n}. Without loss of generality assume that v > w. Then
Sy« Oyt « - - Gy X By oo Ay Qg1 - - - QG K Sy« - - Ay

so that sa,,...a, = ta, ...a, as required.
(17) Define f3; : Sz; — F(a) by z;8; = [x;]. Notice that if i < j then

i . .. Oéjflﬁj = (aiaiﬂ N aj,lxj)ﬂj = [aiaiﬂ PN aj,lxj] = [.’L’Z] = .Tzﬁz

Now let P be an S-poset, and ~; : Sz; — P, 1 € N, a set of S-pomorphisms such that for
any ¢ < j we have that v = a; ... a;_17;.

Define [uz;]d to be (ux;)v;. If [uz;] < [vx;], then from (i) we know that there exists
k > max{i,j} such that

ua; . .. ap < 0a; ... ag.
It follows that
[uz;]o = (uxi)yi
= ur;0;...0L-1k

(ua; . . . ap_1Tx) Yk

< (vaj...ap-1%K) Yk
= (UIjO(i . Oékfl)’}/k
= (vz;)v;

= [vz;]é

so that ¢ is well-defined, order preserving and clearly compatible with the action of S.
We also have that for each i € N, 5,06 = 7;, and 0 is unique with respect to the latter
property. Hence F'(a) is indeed the direct limit of the given system.

(i73) This follows from Theorem 4.1.0.6. O

We remark that the above is a special case of a more general result concerning direct
limits of free S-acts and S-posets; for the details, see Section 4.6, where we give an
alternative approach to direct limits of free S-posets.

The equivalence of (i) and (iv) in the next lemma is implicit in [35]. We note that in
(¢) and (é7) it is clear that

Sby C Sby, C ...
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Proposition 4.2.0.9. Let S be a pomonoid, let a = (a1, as, . ..) be a sequence of elements
of S and let n € N. The following conditions are equivalent:
(1) for every S-act A and for every sequence of elements by, by, ... of A such that
b;i = a;bjxq for alli € N,
Sb, = Sbp1 = ...;

(13) for every S-poset A and for every sequence of elements by, by, ... of A such that
bi = (Zin_l fO?" all i € N,
Sbn:Sbn+1:...;

(737) in F(a) we have that
S[xn] = S['xn—i—l] =5
(1) for all i > n there exists j; > i+ 1 such that

Saia,qu <oy = SCLH_l <oy

7

Proof. 1t is clear that (z) implies (i7) and that (iz) implies (ii).
We suppose now that (i7i) holds. Let ¢ > n, so that S[x;] = S[z;y1]. Then [z,41] =
ulz;] for some u € S, so that by Lemma 4.2.0.8 there exists j; > ¢ + 1 such that

Qi41Qi42 - . - Aj; = UQ;Qi41 Q542 - - - Aj; .

Then
S(Ii - Ay,

7

SCLZ‘_H <Ay
Suaiaiﬂ <Ay,
SCLi e Qg

NN

so that Sa;...aj = Sa;11 ...a;, as required.
Finally, assume that (iv) is true, let A be an S-act and let b; € A be such that
b; = a;b;1q for © € N. Then for any ¢ > n we have that

Sbi € Sbiyy
= SCLH_l C. ajibjiﬂ
= Saiaiﬂ ce ajibjiﬂ
= sza
so that Sb, = Sb,+1 = ... as claimed. O

Our next corollary is now immediate.

Corollary 4.2.0.10. A pomonoid S has Condition (A) if and only if it has Condition
(A°).

Proof. Let S be a pomonoid with Condition (A°). Let A be a S-act and let by, by, - - be
a sequence of elements of A such that

Sby € Sby C - -+
Then b; = a;b; 1 for some ay,as,--- € S. Let
a=(ar,ag, )
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In the S-poset F'(a) we have
Slx1] C Sfzo) C -+

so that as S has (A9),
Slan] = Slan +1] = -

By (éi7) implies (¢) of Proposition 4.2.0.9
Sby, = Sbypy1 = -+

We deduce that A has the ascending chain condition on cyclic S-subacts, and so as A was
an arbitrary S-act, Condition (A) holds for S. Conversely, if S has Condition (A), then
certainly every S-poset has the ascending chain condition on cyclic S-subposets, as every
S-(sub)poset is an S-(sub)act.

O

We say that an S-poset A over a pomonoid S is locally cyclic if every finitely generated
S-subposet of A is contained in a cyclic S-poset.

Lemma 4.2.0.11. (c.f [35, Result 1.2]) The following are equivalent for a pomonoid S;
(i) for any sequence a = (ay,as,...) of elements of S, F(a) is cyclic;
(19) any direct limit of a sequence of copies of the S-poset S is cyclic;
(i11) S satisfies Condition (A°) (or equivalently, Condition (A));
(1v) any locally cyclic S-poset is cyclic.

Proof. The equivalence of (i) and (27) is clear, since any direct limit of a sequence of copies
of S must be constructed in the manner of F(a).

Suppose now that (7) holds. Let a = (ay,as,...) be a sequence of elements of S it is
clear that in F'(a) we have that

Slxy] C Slxg) C ...

so that as F'(a) is cyclic,
Slx1] C S[zo) C ... C Sulz,]

for some v € S and n € N. It now follows that for any 7 > n,
Slz;] € Sulzn] € Slrn] S Sy

so that

and (7i7) holds from Proposition 4.2.0.9.

To show that (i27) implies (iv), let S have Condition (A®) and let B be a locally cyclic
S-poset. Let by € B; if B is not cyclic then Sby C B, so there exists 0] ¢ Sb;. Now
B is locally cyclic, so that Sby U St} C Sby for some by € B, and clearly, Sby C Sb,.
Continuing in this manner we obtain an infinite ascending chain of cyclic S-subposets of
B, contradicting the existence of Condition (A°). Hence B is cyclic.

Finally, assume that (iv) is true. Since F'(a) is the union of an ascending chain of
cyclic S-subposets, it is clear that F'(a) is locally cyclic, hence cyclic by assumption.

O
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We now focus on the question of when SF = Pr.

Lemma 4.2.0.12. Let S be a pomonoid such that every S-poset F(a) is projective. Then
S satisfies Condition (A°) (or equivalently, Condition (A)).

Proof. As F(a) is a union of an ascending chain of cyclic S-subposets, if projective it
must therefore be cyclic. The result now follows from Lemma 4.2.0.11. m
Every S-poset F'(a) is strongly flat from Lemma 4.2.0.8.
Corollary 4.2.0.13. Let S be a pomonoid such that every strongly flat S-poset is projec-
tive. Then S satisfies Condition (A°) (or equivalently, Condition (A)).
The following argument is essentially that of [19]; we include it here for completeness,
since all the preliminaries are set up.

Lemma 4.2.0.14. Let S be a pomonoid such that every S-poset F(a) is projective. Then
S satisfies (Mpg).

Proof. Let

be a decreasing sequence of principal right ideals of S. Then there are elements a;,7 > 2
such that bl = bi_laﬂ_l (Where bo = al). Then

bl = a10asy, bg = b1a3 = a1a9dasg, . ...

Let a = (a1, as,...) and let F'(a) be defined as in Lemma 4.2.0.8.

Let I be the identity map in F(a) and let a : FF — F(a) be the canonical S-
pomorphism. Since F'(a) is projective, there exists an S-pomorphism v : F(a) — F
such that

commutes.
Suppose that for each i € N we have that

(T3] = ciwj.
Then for any ¢ > 2,
C1Tj1) = [%1]"}/ = (CL1 e ai,l[:vi])*y = Q1 ... G;—1CTj4(;),
so that j(i) = j(1) = j say, and moreover

Ci =day...Qa;—1C;
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for all 7. It follows that ¢;.S C ay...a;11S, that is, ¢;.5 C b;S for all 7 € N. Now
[71] = [11]] = [11]ya = a0 = [e1y],
so by Lemma 4.2.0.8,
Ay ...0n = C1Gj5...0p
for some n > j. Hence
bn_ls =a... anS Q 013
so that b,_1.5 = 0,5 = ... and our descending chain terminates as required.

]

Corollary 4.2.0.15. Let S be a pomonoid such that every strongly flat S-poset is projec-
tive. Then S satisfies (Mg).

Our next technical lemma has two significant uses. The strategy for the proof is again
taken from the unordered case in [19], but note that that article omits the proof that ¢ is
idempotent.

Lemma 4.2.0.16. Let S be a pomonoid and let p be a strongly flat left po-congruence on
S such that the set {dS : d € B} has a minimal element, where B = [1]. Then S/p is
projective.

Proof. From Lemma 4.1.0.7, S/p is strongly flat as a S-act. Let ¢ € B be such that ¢S
is minimal in Z = {dS : d € B}. We will now show that ¢ is idempotent. Since cpc?,
by the Corollary to Result 4 of [19] we have cu = c?u for some u € S with up1. Then
c2uS C ¢S but ¢S is minimal in Z, hence ¢ R c*u. Hence ¢ = c?ux for some x € S and so

¢ = ctur = Fur = c.
Let d € B, so that d pc. Exactly as in [19] we have that dv = cv for some v € B and
then
cS = cvS = dvS C dS.

Thus ¢S is minimum in 7.

Now let 6 : S/p — Sc be defined by [u]@ = uc. Then [u] < [v] implies that there
exists w p1 such that uvw < vw. Since w € B we have that ¢S C wS, so that ¢ = wt
for some t € S. Therefore uwt < vwt implies that uc < ve hence 6 is well-defined and
order-preserving. To check that 6 preserves the S-action,

(s[u])0 = [su]d = (su)c = s(uc) = s[u)6.
To check the injectivity let sc < tc; then
[s] = s[1] = slc] = [sc] < [td] = t[d] = £[1] = [¢]

as p is a po-congruence. Thus 6 is injective and clearly € is a surjective S-pomorphism;
moreover, we have also shown that the inverse of 6 preserves order, so that 6 is an S-poset
isomorphism. As c¢ is an idempotent, by Proposition 1.4.0.22 of Chapter 1, Sc and hence
S/p are projective. ]
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Theorem 4.2.0.17. If S satisfies (Mg), then every strongly flat cyclic S-poset is projec-
tive.

Proof. Let C' be a strongly flat cyclic S-poset. By Corollary 1.4.0.30 of section 4.1,
C = S/p where p is a strongly flat left po-congruence. Let B = [1]. Since S has (Mg),
there is an element ¢ € B such that ¢S is minimal in {dS : d € B}. The result now follows
from Lemma 4.2.0.16. []

We will call a generating set X of an S-poset A independent if for any x, 2’ € X such
that x € Sz’ we have z = «’.

Lemma 4.2.0.18. Let A be an S-poset which satisfies the ascending chain condition for
cyclic S-subposets. If X is a set of generators for A, then X contains an independent set
of generators for A.

Proof. Regarded as an S-act, A satisfies the ascending chain condition for cyclic S-subacts
(since these coincide with the cyclic S-subposets). The result now follows from that in
the S-act case (Lemma 2 of [19]). O

Lemma 4.2.0.19. Let A be a strongly flat S-poset which satisfies the ascending chain
condition for cyclic S-subposets. If A is indecomposable, then A is cyclic.

Proof. This follows immediately from Lemma 4.1.0.7 and Lemma 3 of [19]. ]

Corollary 4.2.0.20. If S satisfies Condition (A°), then every strongly flat S-poset is a
disjoint union of cyclic strongly flat S-posets.

Proof. 1t is clear that if A is a strongly flat S-poset, then so are its indecomposable com-
ponents. It is then immediate from Lemma 4.2.0.19 that the indecomposable components
are cyclic. O

We now come to the main theorem of this section. We remark that the equivalence of
(7) and (7i7) is given in [52].

Theorem 4.2.0.21. Let S be a pomonoid. Then the following conditions are equivalent:
(1) every strongly flat S-poset is projective;
(17) every S-poset of the form F(a) is projective;
(i17) S satisfies Condition (A°) and (Mg);
(iv) S satisfies Condition (A) and (Mpg);
(

v) every strongly flat S-act is projective.

Proof. Since every F(a) is strongly flat, clearly (i) implies (i7). If every S-poset F(a) is
projective, then S has (Mg) from Lemma 4.2.0.14 and (A°) from Lemma 4.2.0.12, so that
(i) implies (iii).

Now suppose that (i77) holds. As S satisfies Condition (A?), from Corollary 4.2.0.20,
every strongly flat S-poset A is a disjoint union of strongly flat cyclic S-posets; as in
addition S has (Mg), then in view of Theorem 4.2.0.17, these are all projective, and it
follows that A is projective and (7i7) implies ().

The remainder of the result follows from Theorem 4.0.0.3 and Corollary 4.2.0.10. [
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4.3 Poperfect Pomonoids

We recall that a pomonoid is left poperfect if every S-poset has a projective cover, that is,
a cover that is projective.
Lemma 4.3.0.22. (¢f. [53]) A cover of a cyclic S-poset is cyclic.

Proof. Suppose that A = Sa is a cyclic S-poset and suppose that § : B — A is a
coessential S-po-epimorphism. Let b € B be such that b3 = a; then ' = |, : Sb— A
is an S-po-epimorphism. Since 3 is coessential we must have that B = Sb and B is cyclic
as required. 0

We now wish to identify those subpomonoids of S that are the po-congruence classes
of the identity, for any left po-congruence. This will enable us to find conditions under

which cyclic S-posets have projective covers.

Definition 4.3.0.23. A subpomonoid P of a pomonoid S is right po-unitary if for any

paalably'” aanabnaqepasb"'asnes?
if
p<siay, s1by < spag, -0, 8,0, < g,
then
81,82, 78n€P‘

Lemma 4.3.0.24. Let S be a pomonoid. If U is a right po-unitary subpomonoid, then U
15 Tight unitary.

Proof. Suppose that a,ba € U. Then as
ba <b-a, b-a<ba

the definition of po-unitary gives us that b € U. n

The following fact concerning right unitary submonoids is useful.

Lemma 4.3.0.25. Let U be a right unitary submonoid of a monoid S. Then for a,b € U,
Ua C Ub if and only if Sa C Sb.

Proof. If Ua C Ub, then certainly Sa C Sb.
Conversely, if Sa C Sb, then a = ub for some u € S, but as U is right unitary, u € U
so that Ua C Ub as required. O
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Notice that a right unitary submonoid need not be right po-unitary. For an example,
take that of N’ = {0,1,2,...} under +, with the usual ordering. Then E = {2n : n € N°}
is (right) unitary. Notice that

0<1+4+0,14+0<2

but 1 ¢ E.

Lemma 4.3.0.26. Let S be a pomonoid and let P C S. Then P = [1] for a left po-
congruence on S if and only if P is a right po-unitary subpomonoid of S.

Proof. Let p be a left po-congruence on S and let P = [1]. Then P is a subpomonoid of
S, as if p1,po € P, then

pipzpp1lppipl.
Suppose now that p,ay, by, -+ ,a,,b,,q € P and sq,... s, € S are such that

p < s1a1, s101 < S2az,- ¢, Suby < q.
As p is a left po-congruence, we have in S/p that
1] = [p] < [s1a1] = s1[a1] = [s1] = s1[b1] = [s161]

< [s200] ... = [snbn] < [q] = [1]
which implies that
[1] < [s1] < [so].. - [sn] < [1]
so that
[ =[s1) = ... = [sa] = [1]
as required.

Conversely, let P be a left po-unitary subpomonoid of S. Let p be =p«p, the S-po-
congruence generated by P x P (note that P x P = (P x P)U (P x P)™!). From the
construction of =pyp, we have that P x P C p so that as 1 € P we have P C [1].

Let w € [1]. Then there are elements

Sl,...,Sn,tl,...,tmGS
and

(u1,v1), oy (Uns0n), (X1, 91)5 -+ s (Tony Y) € P X P

such that
1 < squg, 8101 < So9,. .., S, S W = w1,

wl <tz tiyn < toye, - b <1
so that as P is left po-unitary we have that w € P and P = [1] as required.
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We note that the result below also appears without proof in [53], but the preceding
lemma in that article, characterising po-congruence classes of identities, is incorrect if
applied to S-poset po-congruences.

Proposition 4.3.0.27. (c¢f. [53] and [39, Proposition III 17.22]) Let p be a left po-
congruence on a pomonoid S. The cyclic S-poset S/p has a projective cover if and only
if the subpomonoid R = [1] contains a minimal left ideal generated by an idempotent.

Proof. Suppose that the cyclic S-poset S/p has a projective cover; from Lemma 4.3.0.22
this must be cyclic. Without loss of generality, let a : Se — S/p be a coessential S-po-
epimorphism. Then for some u € S,

(ue)a = [1] = u(eq).

Since « is coessential, Sue = Se so that e = que for some ¢ € S; we can assume that
q = eq. Calculating, we have that

(uq)? = (uq)(uq) = u(qu)eq = u(que)q = ueq = uq,

so that ug € E(S). Moreover,
[1] = (ue)ar = (uque)a = ug(ue)a = (ug)[1] = [uq]

so that ug € R = [1].
Suppose now that w € R and Rw C Ruq. Then w = wuqg and

(wue)a = w(ue)a = w(l] = [w],

so that
wue Lein S.

We then have that
w=wuq =wueqLeq=qin S

and so
Sq = Sw = Swuq C Sug C 9q.

By Lemma 4.3.0.24 and 4.3.0.25, Rw = Ruq so that Rugq is a minimal left ideal in R.
Conversely, suppose that R = [1] contains a minimal left ideal Re, where e € E(R).
Define 0 : Se — S/p by (se)f = [s]. If se < te then as p is a po-congruence, we have that

[s] = s[1] = sle] = [se] < [te] = t[e] = t[1] = [¢],

so that 6 is well defined and order preserving. It is now easy to see that € is an onto
S-pomorphism. Notice that ef = [1].

If Spe C Se and 0|g,e : Spe — S/p is onto, then we must have that (rpe)d = [1] for
some r € S. It follows that rp € R so that Rrpe = Re and consequently, Srpe = Se. We
then have that Spe = Se so that 6 is coessential as required.

O
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Our next corollary follows immediately from Proposition 4.3.0.27 and the comment
following Definition 1.4.0.27 in Chapter 1.

Corollary 4.3.0.28. A pomonoid S satisfies Condition (D°) if and only if every cyclic
S-poset has a projective cover.

Lemma 4.3.0.29. (c¢f. [53]) If an S-poset A is the union of an infinite strictly ascending
chain of cyclic S-subposets then A does not have a projective cover.

Proof. Suppose A = U,,enSa,, and
Sa; C Say C ---Sa, C---

where all inclusions are strict, is an ascending chain of cyclic S-subposets of A and assume
that A has a projective cover P with coessential S-po-epimorphism « : P — A.

Now P = U;c;P; and we can assume that each P, = Se; for some idempotent e; in S.
If |I| > 1, take i € I; then if e;a € Sa, for some n € N, we have that P,a C Sa,. Then
a|p\p, is still an S-po-epimorphism and thus P cannot be a cover for A. Finally if |I]| = 1,
say [ = {1}, then if e;a € Sa,,, the image of « is contained in Sa,,, a contradiction. [J

Theorem 4.3.0.30. Let S be a pomonoid. Then S is left poperfect if and only if S
satisfies Conditions (A°) and (D°).

Proof. Suppose S is left poperfect. Then Condition (A°) and Condition (D?) follow from
Lemma 4.3.0.29 and Corollary 4.3.0.28, respectively.

Conversely, suppose that S satisfies Conditions (A°) and (D®). By Corollary 4.3.0.28,
every cyclic S-poset has a projective cover.

Let A be an arbitrary S-poset. From Lemma 4.2.0.18, A has an independent set X
of generators. For each x € X, let a, : Se, — Sx be a coessential S-po-epimorphism,
where e, € E(S). Let G = (J,cx Se.T be the S-subposet of the free left S-poset on
X = {7 : 2 € X} and define a : G — A by (se,Z)a = (se;)a,. Clearly, a is an
S-po-epimorphism.

Suppose that « is not coessential. Then there exists y € X and a strict left ideal I of
Se, such that

o U Se,t Uly— A
reX\{y}

is onto. Consequently, y = (ue,Z)o, € Sz for some = # y, a contradiction, or y = (pe,y)a
for some pe, € I and so o, : I — Sy is onto, contradicting the coessentiality of ;. Hence
« is coessential. O]

4.4 Right collapsible subpomonoids

In this section we consider Condition (K) for a pomonoid S, introduced by Kilp for
monoids in [36]. In [37], it is proved that a monoid is left perfect if and only if it satisfies
Condition (A) and (K). Similar techniques are employed in the article of Renshaw [44].

Our aim here is to show the ordered analogue.
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Our first result follows immediately from Lemma 4.1.0.7 and Lemma 2.2 of [36].

Lemma 4.4.0.31. Let p be a left po-congruence on S such that S/p is strongly flat and
let P =[1]. Then P is a right collapsible subpomonoid.

Lemma 4.4.0.32. Let P C S be a right collapsible subpomonoid and let p be the relation
=pxp on S. Then

(1) p is a left po-congruence;

(i) P C [1]
and

(1i1) S/p is strongly flat.

Proof. (i) and (ii) are clear from the definition of =pyp.
(73i) Suppose now that [s] < [¢] in S/p. Then

s < uppr, u1qr < UgPa, .o UpGy ST

for some p1,qq,...,Pn,qn € P and uq,...,u, € S. Since P is right collapsible, we can find
z1 € P with p1zy = ¢121. Then

S$z1 S UIp121 = U1G121-

If n = 1, we then have that sz; < tz;. Otherwise, sz; < uspsz; and we pick zo € P with
P2z129 = (22122. Then
Sz122 < UgPaZ1Z2 = U2(22122.

If n = 2 we obtain that szizo < tz;129, if not we continue in this manner, until we obtain
that szy...2, <tz1...2,. As2,...2, € P,and P C [1], we have that S/p is strongly flat
by Corollary 1.4.0.30. O

We can now verify the ordered analogue of Theorem 2.3 of [36].

Lemma 4.4.0.33. Let S be a pomonoid. All strongly flat cyclic S-posets are projective
if and only if S satisfies Condition (K).

Proof. Suppose that all strongly flat cyclic S-posets are projective. Let P C S be a right
collapsible subpomonoid. By the above lemma we can construct a left po-congruence p
on S such that S/p is strongly flat and P C [1]. By assumption, S/p is projective, and so
there exists an idempotent e € S with e p1 and such that for all s,¢ € S, if [s] < [t] then
se < te.

As in Lemma 4.4.0.32, we know that if s pt, then there exists y € P with sy < ty. We
have that 1 pe and so z < ez for some z € P. Now ez p 2z, and so there exists w € P with
ezw < zw. We therefore have

ezw < zw < ezw

and so ezw = zw. Let x € P; since 1px for all x € P, we will have e = ze from
Lemma 4.1.0.5.
Now let x € P be an arbitrary element and let [ = zw. Then

rl=zel =el =1,
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so that [ is a right zero for P.

Conversely, suppose that (K) holds. Let p be a left po-congruence on S such that S/p
is strongly flat; we must show that S/p is isomorphic to some Se, where e € E(S), as an
S-poset. Let P = [1]; then P is a right collapsible subpomonoid of S by Lemma 4.4.0.31.
By assumption there exists a right zero say e € P. Then e is an idempotent and 1 pe.

Suppose [s] < [¢] for some s,t € S. As S/p is strongly flat, there exists u € S such
that up1 and su < tu. Note that

se = s(ue) < t(ue) = te,

hence S/p is projective by Lemma 4.1.0.5. O

4.5 Left poperfect pomonoids and SF = Pr

The aim of this section is to show that a pomonoid is left poperfect if and only if SF = Pr.
In view of Corollary 4.2.0.20 and Lemma 4.5.0.34 this amounts to showing that in the
presence of Condition (A°), Condition (D°) is equivalent to (Mpz). It will then follow
immediately that a pomonoid is left poperfect if and only if it is left perfect.

Lemma 4.5.0.34. If S satisfies Condition (D°), then every strongly flat cyclic S-poset
18 projective.

Proof. Asin Theorem 4.2.0.17 a strongly flat cyclic S-poset is isomorphic to S/p where p
is some strongly flat left po-congruence and B = [1] is a left po-unitary subpomonoid of S.
Condition (D°) gives that B has a minimal left ideal say Be generated by an idempotent
e. By Lemma (8.12) in [14], eB is a minimal right ideal of B.

Suppose now that d € B and dS C eS. Then d = ed, so that dB C eB and so the
minimality of eB gives that dB = eB. Consequently, eS = dS, so that ¢S is minimal in
Z ={dS : d € B}. The result now follows from Lemma 4.2.0.16. O

Let S be a pomonoid. Given that we proved in Section 4.2 that Conditions (A) and
(A9) are equivalent, the proof of the next result could essentially be taken from [35].
However, a significant part of the proof of Result 1.7 of that article relies on categorical
techniques that we have avoided below. Our argument is in some sense a clarification of
that in [35].

Theorem 4.5.0.35. Let S be a pomonoid such that S satisfies Condition (Mg) and
Condition (A°). Then S has Condition (D°).

Proof. 1f S has (M) and (A°), then as every strongly flat S-poset is projective, it follows
from Theorem 4.1.0.6, that every direct limit of copies of 5, regarded as a left S-poset, is
projective.
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Let S/p be a cyclic S-poset; to avoid ambiguity in this proof we denote the p-class of
a € S by la],. Let B = [1],.
Suppose v € E(S)N B and t € B with St C Sv. Ast € B and B is a submonoid it is
clear that t" € B.
Let
le — SIQ — ...

be a direct sequence of copies of S, where z;a; = tx;,1 for all « € N. Put
t=(tt,...)

so that by Lemma 4.2.0.8, the direct limit is F'(t). By assumption, F'(t) is projective, so as
it is indecomposable, F'(t) = S[px;] for some pz; where [pz;] is ordered right e-cancellable
for some e € E(95).

Let v; : Sz; — S/p be defined by z;v; = [1],.

S
( 6

ﬁ
SIg
@
Sl’i

Bi
|
:
[pz;]

Ty Vg1 = (trg)vi = 1], = [t], = [1], = v

We note that

which implies that a;v; 11 = v;. By definition of direct limit, there exists an S-pomorphism
v : S[px;] — S/p such that B;y = v; for all i € N.

Define 7 : S[px;] — Sx; by (u[px;])T = uepz;. As [pz;] is ordered right e-cancellative,
it follows that 7 is well defined. It is easy to see 7 is an S-pomorphism.

Now

[P%‘]Tﬁi = (epl’i)ﬂi = [epl"i] = €[p$i] = [p$i]>
so that
Tﬁi = [S[pzi]~
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Put ¢ = Bit17a; : Sz — Sxigq; then

?/12 = (Bi17ai)(BipiTai) = BiaT(@ifiy1)Tas = B TBiTa; = 5i+1IS[pzi]7'Oéi = BiTa; = .
It is then easy to see that
Tip1) = hiti

for some h € E(S5).
Calculating,

hxitn = i1 = i1 BiTo; = (W) oy = wtxi

for some w € S and therefore h = wt, giving that Sh C St.
We check that

Bit1 T i Vig1 = Bip1 T Bix1 Y = Biva Y = Vi

and
[h]p = (h xz’ﬂ)’/iﬂ = Tip1WVVig1 = Tig1Vig1 = [1]p

thus h € B.

Suppose now that
Sel 2862 2 S€3"'

is a desending chain of principal left ideals generated by idempotents e; € S. From
Lemma 1.2.10 of [33], there are idempotents gi, ga, ... such that for all i« € N, we have
that Sg; = Se; and
g1 2922 ...
under the natural partial order on E(S). Higgins remarks on [33, page 28] that if S is
regular and satisfies Mg, then it also satisfies M. Here we do not know that S is regular,
but certainly
915 2925 D ...

and as S has My we deduce that for some n € N,
InS = Gni1S = ...
and hence ¢, = g,+1 = . ... Consequently,
Se, =Se 1 =....

Certainly 1 € B and we have shown that every principal left ideal St where t € B
contains a principal left ideal Sh where h € E(S) N B. It follows from the above that
there is an idempotent €’ € B such that Se’ is minimal with respect to being generated by
an element of B. By Lemma 4.3.0.25, Be' is a minimal left ideal of B. Hence S satisfies
Condition (D). O

We can now give the final result of this section.

116



Theorem 4.5.0.36. For a pomonoid S, the following are equivalent:
(i) every strongly flat S-poset is projective;
(ii) S satisfies Conditions (A°) and (Mg);
(iii) S satisfies Conditions (A°) and (D°);
(iv) S is left poperfect;

(v) S satifies Conditions (A°) and (K°).
(i) every strongly flat S-act is projective;
(ii) S satisfies Conditions (A) and (Mg);
(iii) S satisfies Conditions (A) and (D);
(v) S is left perfect;

(v) S satifies Conditions (A) and (K).

Proof. In view of Theorems 4.0.0.3, 4.2.0.21, 4.3.0.30, 4.5.0.35 and Corollary 4.2.0.10, we
need only to show that (iz) and (éii) are equivalent.

If (4iz) holds, by Corollary 4.2.0.20, every strongly flat S-poset can be written as a
disjoint union of cyclic strongly flat S-posets which are projective by Lemma 4.5.0.34 as
S satisfies Condition (D°), hence every strongly flat S-poset is projective. By Theorem
4.2.0.21, S satisfies (4i).

Conversely, suppose that (ii) holds, then (ii7) follows from Theorem 4.5.0.35.

O

We remark that it is clear that Condition (D) implies (D?), and in view of Lemma 4.5.0.34,

(D) implies (K). It is known [37] that (K) does not imply (D), and the same example (of

the free monogenic monoid) with length as partial order, shows that (K) does not imply

(D°). Tt remains to show whether (D) and (D°) are equivalent.

4.6 Direct limits of free S-posets revisited

In this section we briefly analyse the connection between direct limits of (free) S-acts,
and direct limits of (free) S-posets, over a pomonoid S.

Lemma 4.6.0.37. Let S be a pomonoid. Let

D = (I,{A}ier, {bij) }i<))

be a direct system in S-Pos. Note that D may also be regarded as a direct system in
S-Act. LetV = (V,{6;}ic1) be the direct limit of D in S-Act, constructed as in Proposi-
tion 1.2.1.2. Then 'V is an S-poset under the ordering given by, for any a; € A;,a; € A;,

lai] < a;] if and only if a;diry < ajbir) for some k> 1,7,

the natural maps 0; are S-pomorphisms, and with this ordering, V = (V,{0;}icr) is the
direct limit of D in S-Pos.

Proof. This follows from Proposition 1.2.2.14. O]
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We can say even more if we focus on free S-posets and S-acts.

Lemma 4.6.0.38. Let S be a pomonoid and let F' = U;erSx; be a free S-poset (so that
F may also be regarded as a free S-act). Let A be an S-poset and let ¢ : F — A be an
S-morphism. Then ¢ is an S-pomorphism.

Proof. For each i € I, let ;¢ = a;. Let sz; <tx;in F, then i =j and s <t in S. We
have sa; < ta; and

(sz;)p = s(x;p) = sa; < ta; = ta; = t(x;¢) = (tx;).

]

We know from Theorem 2.6 of [52], which was argued using interpolation conditions,
that a strongly flat S-poset is strongly flat as an S-act. We can say rather more. First, a
straightforward observation, the proof of which we leave to the reader.

Lemma 4.6.0.39. Let B be an S-act and C' an S-poset over a pomonoid S, and suppose
that ¢ : B — C is an S-isomorphism. Then, defining < on B by a < b if and only if
ap < by in C, we have that B is an S-poset and ¢ is an S-po-isomorphism.

Corollary 4.6.0.40. Let S be a pomonoid and let A be a strongly flat S-poset. Then A is
a strongly flat S-act. Conversely, if B is a strongly flat S-act, then there exists a partial
order on B such that B s a strongly flat S-poset.

Proof. Let A be a strongly flat S-poset. Then by Theorem 1.4.0.25, A is isomorphic as
an S-poset to a direct limit V' of a directed system

D = (I,{Ai}icr, {06, ti<s)

in S-Pos, where each A; is a finitely generated free S-poset. Clearly then A is isomorphic
to V as an S-act, and, if we forget the partial ordering in the A; and in V', we have that
D is a directed system of finitely generated free S-acts in S-Act, and V' as an S-act is
the direct limit in S-Act of D. Thus by Theorem 1.3.0.18, A is strongly flat as an S-act.

Conversely, if B is strongly flat as an S-act, then by Theorem 1.3.0.18 of Chapter 1,
there is an S-act isomorphism 6 : B — C, where C'is a direct limit in S-Act of a directed
System

D = (I, {As}ier, {9a ) yi<j)

of finitely generated free S-acts. Clearly, each A; can be ordered so that it becomes a free
S-poset, and by Lemma 4.6.0.38, the ¢(; ;) become S-pomorphisms. In this way, D is a
directed system in S-Pos. Now by Lemma 4.6.0.37, C' can be ordered so that it is the
direct limit of D in S-Pos and so is strongly flat as an S-poset. By Lemma 4.6.0.39, B
can be ordered in such a way that it is isomorphic to C' in S-Pos.

O
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Chapter 5
Clifford Monoids

The second aim of my thesis is to investigate the finitary conditions arising from questions
of axiomatisability of classes of S-acts and S-posets. For example, from [25] we know that
for a monoid S, SF is axiomatisable if and only if r(s,¢) and R(s, t) are finitely generated
for all s,t € S. What does this tell us about the structure of S?

We focus on the case where S is a Clifford monoid. We recall from [34] that a Clifford
monoid is an inverse monoid with central idempotents, or equivalently, a monoid that is
a (strong) semilattice Y of groups G, « € Y. We denote the identity of G, by e,,a € Y.
Since S is a monoid, Y has a maximum element p where e, is the identity of S. We note
that for such a monoid, R = £ = H so that left, right and (two-sided) ideals coincide, and
the H-classes are the groups G,,« € Y. Throughout this chapter we denote the identity
element of Y by u and the zero element of Y, where it exists, by 0.

For our own convenience we introduce the following notations in this chapter. Where
there is possibility of ambiguity over the monoid in question, we use a superscript in the

notation R%(s,t) and r(s, t), that is, for elements s, ¢ in a monoid S

R(s,t) = {(u,v) € S x S : su = tv},

and

r9(s,t) = {u € S : su = tu}.

Our motivation for doing so is to relate some conditions for a semilattice Y of groups

Go,a € Y, in terms of the corresponding conditions on Y.
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In Section 5.1, we consider Clifford monoids with least idempotents. After some
general results we then concentrate on the case where the connecting homomorphisms are
trivial. We investigate conditions on such a monoid S, such that R(s,t) and r(s,t) are
finitely generated.

In Section 5.2, we investigate Clifford monoids (not necessarily with least idempo-
tents), while considering the cases when connecting homomorphisms are general, trivial
and one-one. We find necessary and sufficient conditions on S, such that R(s,t) and

r(s,t) are finitely generated.

5.1 Clifford monoids with least idempotents
In this section we consider a Clifford monoid S with a least idempotent.

5.1.1 Clifford monoids with least idempotent(general case)

In this subsection we deal with Clifford monoids with a least idempotent and no restric-
tion on the connecting homomorphisms. Our aim here to find necessary and sufficient
conditions on S, such that R(s,t) and r(s,t) are finitely generated.

Proposition 5.1.1.1. Let S be a monoid which is a semilattice Y of groups Gg, 5 €Y
and suppose in addition that Y has a zero element 0. If S\ Gy is finite, then the strongly
flat left S-acts are axiomatisable.

Proof. We are supposing that S\ Gy is finite. Clearly then Y is finite, so that S is the
union of finitely many groups. Since each (right) ideal is a union of G,s, and there are only
finitely many such, it follows that S has only finitely many ideals. Certainly then every
ideal of S is finitely generated, so that each ideal of the form r(s,t) is finitely generated.
It remains to prove that R(s,t) is finitely generated for all s,t € S.

Case (I) Let s,t € Gy. We claim that R(s,t) = R where

R = (e,,t's)SU (s 't e,)S U U (u,v)S.

u,veS\Gq
su=tv

To prove our claim first note that,
se, =8 = €ys = ttts
hence (e,,t7's) € R(s,t) and so (e,,t7's)S C R(s,t). With the dual we deduce that

(en, t7's)SU (st e,)S C R(s,t)
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and clearly then R C R(s, ).
Conversely, suppose that (u,v) € R(s,t), so that su = tv. If u,v € S\ Gy, then clearly
(u,v) € R. If u € Gy then we have that

U = et = s tsu = s o
so that (u,v) = (s7't,e,)v and so (u,v) € R. Together with the dual this yields that
R(s,t) C R and so R(s,t) = R as required.
Case (II) If s € Gy, t € G, 8 > 0 we claim that R(s,?) = R where
R = U (st e5)S U (e, t's)S U U (u,v)S.
s€Y u,v€S\Go

B6=0 su=tv

To see this, notice that if 6 = 0, then
s(s7) = (st = et = teg = teges = tes
so that (s7'¢,es) € R(s,t). Also,
se, =S =egs = tt_ls,

so that (e,,t7's) € R(s,t). Consequently, R C R(s, ).
Conversely, suppose that (u,v) € R(s,t). If u,v € S\ G, then clearly (u,v) € R. If
u € Gg and v € Gy, then from su = tv we have that 56 = 0 and

so that (u,v) = (s7'¢,es)v € R. On the other hand, if u € G, and v € Gy, then
tlsu=ttv=cpv =1

so that (u,v) = (e,, ¢ 's)u € R. Hence R = R(s,t) as required.

Case (III) Suppose now that if s € Gg and t € G, where 5,7 > 0. We claim that
R(s,t) = R where

R = U (s ey, e5)S U U (es,t tseq)S U U (u,v)S.

5y=0 58=0 u,weS\Go

su=tv
First, if 6y = 0, then
ss_lteo = teg = tejes = teg
so that (s~ e, e5) € R(s,t). Together with the dual we see that R C R(s, t).

Conversely, suppose that (u,v) € R(s,t) and at least one of u, v € Gy; without loss of
generality suppose that u € Gy and v € G5. Then from su = tv we have that v0 = 0 and

But u = ueg so that u = s~ tegv and (u,v) = (s 'teg, e5)v € R. It follows that R(s,t) C
R and so R = R(s,t) as required.
O
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Remark 5.1.1.2. Note that for any monoid S, if a £Lb where L is the left Green’s relation
defined by
alb<s a=2xband b=ya
for some z,y € S*, then R(a,a) = R(b, D).
In particular, if S is a semilattice Y of groups G,, @ € Y, and e, is the identity of
each G, for each o € Y, then for any s € G,, R(s,s) = R(eq, €4).

The following result is now straightforward.

Lemma 5.1.1.3. Let s € G, for some o € Y, then R(s,s) is finitely generated if and
only if R(eq, es) is finitely generated.

We aim towards a converse to Proposition 5.1.1.1.

Lemma 5.1.1.4. Let S be a monoid which is a semilattice Y of groups G, a € Y and
suppose in addition thatY has a zero element 0. If R(eq, eq) is finitely generated, then'Y

18 finite.

Proof. As R(eg, €p) is finitely generated, there exists a set of generators {(ug, v1), ..., (tun,v,)}
of R(ep,e0). Take 0 < B < p, as epe, = epes so (eu,e3) € R(ep,ep) implies that
(eu, e5) = (u;,v;)t for some ¢ € {1,...,n} and t € S. We must have ¢t € G, which shows
that v; € G and hence Y is finite, as there are only finitely many v;. ]

Definition 5.1.1.5. A chain, or linearly ordered set, is a partially ordered set (A, <) such
that any two elements of A are comparable.

Definition 5.1.1.6. A semilattice Y is finite above if for any a € Y, |[{f : f > a}| < oc.

In the proof of following theorem, even though we are calling upon later results, the

arguments are not circular.

Theorem 5.1.1.7. Let S be a monoid which is a semilattice Y of groups G,, a € Y.
Suppose Y has a zero element 0 and in addition that Y is a chain. Then the following
conditions are equivalent;

(1) Y is finite and for each 5 >, ker ¢p. is finite;

(i1)) PWP is axiomatisable;

(7ii) R(s, s) is finitely generated, for all s € S;

(iv) Req, €q) is finitely generated, for all « € Y.
Proof. (iv) = (i) follows from Lemmas 5.1.1.4 and 5.2.0.11, (#i) = (i) and (i1i) = (iv)
are clear.

(7) implies (i) holds from Corollary 5.2.0.12. O

Example: Let S be a monoid which is a semilattice Y of groups G, 8 € Y such that

Y has a zero element. Then axiomatisability of PYWP implies axiomatisability of £.

Proof. Let S be a monoid which is a semilattice Y of groups G,, o € Y. Let 0 be the
zero element of Y. Let R(eq, eg) be finitely generated, then by Lemma 5.1.1.4, Y is finite.
As in Proposition 5.1.1.1, r(s,t) is finitely generated for all s, € S. Therefore £ is
axiomatisable.

]
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5.1.2 Clifford monoids with least idempotents and trivial con-
necting homomorphisms

We now concentrate on Clifford monoids having a least idempotent and such that the
connecting homomorphisms are trivial. We manage to show that in presence of a least
idempotent, for a Clifford monoid S, strongly flat S-acts are axiomatisable if and only if

R (e, €9) is finitely generated, or equivalently R(eg, eg) is finitely generated, for all § € Y.

We note that the following result also follows from Lemma 5.2.0.11, but we wish to

show it directly.

Lemma 5.1.2.1. Let S be a monoid which is a semilattice Y of groups G, a € Y and
suppose in addition that'Y has a zero element 0 and the connecting homomorphisms of S
are trivial. If R(eo, ep) is finitely generated, then for each 8 >0, G is finite.

Proof. AsR(eq, €p) is finitely generated, there exists a set of generators {(ug, v1), ..., (un,v,)}
of R(eg,e9). Let u € Gz where § is lying above 0. Then (u,e3) € Rf(ep,eo) as
eou = ey = epeg and hence (u,ez) = (u;,v;)t for some ¢ € {1,2,...,n} and t € G¢
for some ¢ € Y. This implies that

1 1

R R T I
U =ueg = utl v, = Uy e

But Y is finite by Lemma 5.1.1.4 and it follows that G is finite.
O

From Proposition 5.1.1.1, Lemma 5.1.1.4, and Lemma 5.1.2.1 we immediately have

the next result.

Theorem 5.1.2.2. Let S be a monoid which is a semilattice Y of groups G, a € Y
and suppose in addition that'Y has a zero O and the connecting homomorphisms of S are
trivial. Then the following are equivalent.

(i) S\ Gy is finite;

(i) SF is axiomatisable;

(iii) R(s,t) is finitely generated;

(iv) R(egs, ep) is finitely generated V3 € Y;

(v) Rep, €9) is finitely generated.

The next step will be to investigate Clifford monoids without the restriction that Y

has a least element.

5.2 Clifford monoids

In this section we investigate Clifford monoids, without having any restrictions on con-

necting homomorphisms. We first note the following definition.
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Definition 5.2.0.3. (i) A semigroup S has ascending chain condition (a.c.c.) on (princi-
pal) ideals if there exists no infinite chain

LchLhclyC---

of (principal) ideals of S.
(ii) A poset Y has the ascending chain condition (a.c.c.) if there is no infinite chain

ap < ag < - --
of elements of Y.

Lemma 5.2.0.4. Let S be a monoid which is a semilattice Y of groups G, a € Y. Then
(1) if Z is an ideal of Y, I = U;c;G; is an ideal of S;
(11) if I is an ideal of S then I = UjczG; for some ideal Z in'Y .
If I = UjezGj is an ideal of S, where Z is an ideal of Y, then I is finitely generated
if and only if Z is finitely generated.

Proof. (i) If g; € I where j € Z and gy € Gj, where k € Y, then g;g;, € G, and jk € Z
as Z is an ideal. Therefore g;g; € 1.

(ii) As an ideal is a union of H- classes, therefore I = U;czG; for some Z C Y. If
j€Zand k€Y, e €1, and e, €S, therefore eje, = ej, € I, then jk € Z, therefore Z
is an ideal of Y.

For the final part, let I = U;czG; be an ideal of S, where Z is an ideal of Y. It is easy
to see that {s; : j € J} is a generating set for I, where s; € G;, if and only if {e; : j € J}
is a generating set for I. Moreover, {e; : j € J} is a generating set for I if and only if J

is a generating set for Z. The result follows.
[

We can now deduce the following.

Lemma 5.2.0.5. Let S be a monoid, which is a semilattice Y of groups G,, a € Y.

(i) S has ascending chain condition on ideals if and only if Y has the ascending chain
condition on ideals.

(i) S has ascending chain condition on principal ideals if and only if Y has the as-
cending chain condition on principal ideals or equivalently, Y has the ascending chain
condition as a poset.

Proof. (i) Let S have the a.c.c. on ideals and let Z be an ideal of Y. By Theorem 5.2.0.4,
I = UjczGj is an ideal of S. By assumption, [ is finitely generated, so that by Theo-
rem 5.2.0.4, Z is finitely generated.

Conversely, suppose that Y has the a.c.c. on ideals and [ is an ideal of S. Again
by Theorem 5.2.0.4, I = UjczG; for some ideal Z of Y. By assumption, Z is finitely
generated and it follows that [ is finitely generated.

(77) For the second part, it is clear that

aY CagY C ...

if and only if
o < g < ...
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so that Y has a.c.c. on principal ideals if and only if Y has the a.c.c. as a poset.
For the first claim, it is easy to see that

eaS C egS if and only if o <

from which the result follows.
O

Lemma 5.2.0.6. If Y is a semilattice with identity such that for all « € Y there exists
only finitely many B with > «, then' Y s a lattice.

Proof. Let a,B €Y. Let C={y:7>a,B},then C#DaspueC. Let C={v, - ,}
then v; A - -+ A7y, exist. We claim that y; A --- A7, is the join (least upper bound) of «
and f.

As a < vy, -+, Yp, therefore a < vy A= Ay, similarly § <y A= A If0 > o, B
then 6 € C, so 6 = ~; say. Then 6 > 4 A --- A~,. Therefore v; A --- A 7, is the join of
{a, B} O

The following lemma will be useful.

Lemma 5.2.0.7. Let Y be a semilattice. Then for any a € Y,
Dy={reY :m#a}
15 either empty or is an ideal of Y.

Proof. If 7 # «, then for any n € Y, nt 2 «, as 7 > n7. Therefore D,, is an ideal. O

The following Theorem gives necessary condition on a Clifford monoid S, with Y is a
chain, such that the class P is axiomatisable.

Theorem 5.2.0.8. Let S be a monoid, which is a semilattice Y of groups Go, o € Y.
Suppose that Y is a chain and for each 5 €Y

| Uy ker ¢y | < 00.
Then R(s,t) is finitely generated for all s,t € S.

Proof. Notice first that the hypothesis guarantees that the semilattice Y is finite above.
Case (I): Let s,t € G,. Let v > . If st & Im ¢y, let T, = 0. If s7't € Tm @, 4, let

(5_1t> ';,; = {w¥7 T 7wg}'

Then for all 8 > «,

sw] = s(w])py 0 = s(s7H) =t = teg

and
t(w?)il = t((wi’y)il(bw,a) = t(w;y(é’y,a)il = t(Sflt)fl =5 = seg
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so that (w],eg), (eg, (w])™') € R(s,t). Let

T, = (] es). (e5 (w]) ) : 1< i < ).

B>a
Put T = Uwza T,. Note that T is finite and T C R(s,t). Also, ss™'t =t = te,, so
(s7't,eq) € R(s,t). Let
R=TU (s 'te,)S
so that R C R(s, t).

Conversely, let (u,v) € R(s,t). Let u € G-,v € G,. Notice that 7 > « if and only if
n=a.
If u € G,,v € G, with 7,n < «, then 7 = 7 and su = tv implies u = s 'tv so

(u,v) = (57, eq)v.

Otherwise u € G,,v € G, where 7,7 > . Suppose that 7 > 7 then from su = tv we
have
el = s 1t

eauv’l =s

= w ' eq,, (w)p,=s"
It follows that T, # 0, let {w{,--- ,w]} = (s~'t)¢; .. Then

uv™! = w] for some i, 1 <i < n.
—1 _ (1)1 — (M Le, i
Now vu~! = (w])~" therefore v = (w])'u, giving

(u,v) = (er, (w])Hu.

Similarly, if n > 7 then (u,v) = (w], e,)v. Therefore R(s,t) C R and hence R(s,t) = R.
Case (II): Let s € Go,t € Gz, a > (3. Let

R = U lt 65

B<6
We note that ss™'t = e,t =t = teg and ¢ = tes for any § > 3. Therefore R C R(s, t).

Conversely, if su = tv and if v € G,,v € Gs then ay = 0 so ay < B, therefore
ay =7 < f < a. Since Y is a chain, 7 must be equal to § or §.

Case (i): If v = B then (u,v) = (s7't,e5)v and 8 < 4.
Case(ii): If v = § then (u,v) = (s7't,e5)v as § < S.

Therefore R = R(s, t).
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The proof of the next lemma follows that of Lemma 5.1.1.4.

Lemma 5.2.0.9. Let S be a monoid which is a semilattice Y of groups G, a0 € Y.
Suppose that R(eq, eq) is finitely generated for some o € Y. Then {B € Y : B > a} is
finite.

Remark 5.2.0.10. In view of Lemma 5.2.0.9 we observe, if S is a monoid which is a
semilattice Y of groups G, for each a € Y, such that R(e,, e,) is finitely generated, then
S is a lattice.

Lemma 5.2.0.11. Let S be a monoid which is a semilattice Y of groups G, o € Y.
Suppose R(e., ey) is finitely generated for v € Y. Then for all § > ~y, ker ¢g, is finite.

Proof. We have u € ker ¢p, < ugs, = e, & e u = eqep & (u,e5) € R(ey,e,). Let
(u1,v1),- -+, (up, v,) be a finite set of generators for R(e,, e,).

Let u € ker ¢3,. Then (u,eg) = (u;,v;)t for some ¢ and ¢t € G, where 7 > . Now,
u=uez' = wuitt v,
= uivi_leT

= u,-vi_l.

1

Therefore ker ¢g - is finite.

The next result follows from Theorem 5.2.0.8, Lemma 5.2.0.11 and Lemma 5.2.0.9.

Corollary 5.2.0.12. Let S be a monoid which is a chain'Y of groups Go,a € Y. Then
R5(s, s) is finitely generated for all s € S if and only if .., ker ¢, o is finite, if and only
if R%(s,t) is finitely generated for all s,t € S.

Y>a

Lemma 5.2.0.13. Let S be a monoid which is a semilattice Y of groups Go, o € Y. If
R (e, €a) is finitely generated for all a € Y, then RY (o, «) is finitely generated for all
acY.

Proof. Let v € Y and put

RY(eq,e0) = | J (ui,0:)S

iex
where X is finite. Suppose that for each 7« € X we have that u; € G, and v; € G,,. Then
(i, vi) € RY (o, ).
Conversely if (3,7) € RY (a, ) then a 8 = ay so we will have
(6/3’ e’y) = (Ui’ U,-)S

for some i € X and s € 5, say s € Gs. But then (3,7) = (u;, v;)d. It follows that

Ry(av a) = U (:ui, Vi)y

1€X
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We aim now to characterise those conditions on a Clifford monoid S such that R°(s, s)
is finitely generated. In the following, if o, 5 € Y where Y is a semilattice, then alf
means that a and § are incomparable.

Proposition 5.2.0.14. Let S be a monoid which is a semilattice Y of groups Go,a € Y.
Suppose that:

(i) RY (o, ) is finitely generated for alla € Y;

(11) | Up=aGp |< 00 for alla € Y

(iii) for any o € Y, there exist only finitely many § with a LS and | Gg |> 1.

Then R5(s, s) is finitely generated for all s € S.

Proof. Let s € G,. By Lemma 5.1.1.3 , it is enough to show that R°(e,, e4) is finitely
generated.
Let K = J s1a Gp. Notice that if K is not empty, there exists § L o with Gg not

\GB\>1
trivial, then as a8 <  we have that G is finite. It follows that |K| < oo.
Let v € K be such that v € G, where 7 L . Then if e, v = e, t we have that t € G,
for v > ar. We define

W, ={t:ev=ceut,t € Gy,v>ar}.

Note that W, is finite.
Suppose RY (o, o) = Ujex (5, v5)Y where X is finite. Then (e, e,;) € R%(eq, €q)-
We claim that R%(e,, ¢4) = R where

R:U(e#j,el,j)SU U quUU U (v,6)S U (t,v)S).

jex a<n,a<s,ucGy, veK teW,

vEG s, equ=eqv

Clearly R C R¥(e,, €4).
Notice that for any 5,y > «, we have that (eg, e ) = (e,,, €, )es for some 6 € Y.

Conversely, suppose (u,v) € R¥(eq,es) then equ = e,v. Certainly by the remark
above, (eq,€q) = (€, €y, )e, for some i € X and v € Y. Consequently, if u,v € G,, then
we have that u = v so that

(u,v) = (eq, ea)u = (e, €, )eu.

If we have u € G, v € G, where v > « then e, u = e,v which shows that v = e,u

which implies that
(u,v) = (ey, €q)u

and so is in R, with the same reasoning as above. Dually if v € G,,v € G, with v > a.

If ueG,,veGs with 1,6 > «, then clearly (u,v) € R. We have now exhausted the
cases where u € Gg,v € G and 3,7 > «a. Notice that if u € Gz where 8 > « then we
must have v € G, where v > « also.

If u € G, where v < a, then v € G5 where § # aand v = ad. Hence (v,d) € RY (a, a)
so there exists (p;,;), i € X such that (e, es5) = (e, €y,)e, for some w € Y. We have

U= €Ul = €4V = €450 = €,V

128



so that
(u,v) = (ey,e5)v € R.

Dually if v € G, where v < .

We are left with the case where v € G, v € G4, B La L~.

Suppose first that |Gz > 1. Then u € K and as e,u = e,v we have that af = a7y so
that v > af. If v = af then v < a, a contradiction. On the other hand if v > «/f then
v € W, so that (u,v) € R. Dually if |G,| > 1.

Finally, suppose that |Gg| = |G,| = 1. Then u = eg, v = e, and s0 e e3 = eye, and
it follows that (u,v) € R.

Thus we can conclude that R%(eq4,e,) = R and so is finitely generated. [l

5.2.1 Clifford monoids with trivial connecting homomorphisms

In this subsection we investigate conditions on a Clifford monoid S, with trivial connecting
homomorphisms, such that SF is axiomatisable. We first consider the axiomatisability
of the class £ and then move onto the case of P.

Lemma 5.2.1.1. Let S be a monoid which is a semilattice Y of groups G, € Y. Then
for any a, B €Y,

r(eq, €5) = U G,.

verY (a,B)
Proof. Let s € %(eq, €5), with s € G.,. Then e,s = egs so that ay = By and v € r¥ («, ).
Thus
r¥(eq,e5) C U G,.
verY (a,8)

On the other hand, if t € G., where v € r¥(«, 8), then e,e, = ege, gives us eyt = ept
and so t € r°(e,, eg). Hence

r°(eq, €3) 2 U G,.
verY (a,B)

]

Lemma 5.2.1.2. Let S be a monoid which is a semilattice Y of groups G,,a € Y,
with trivial connecting homomorphisms. Then if o« > 38, s € G,, and t € Gg, then
r(s,t) =r(eq,t).

Proof. Let u € S, then

su = tu



Lemma 5.2.1.3. Let S be a monoid which is a semilattice Y of groups G,, a € Y, such
that the connecting homomorphisms are trivial. Let I, = \J,cp G-, where Do = {1 €
Y : 7 % a} as given in Lemma 5.2.0.7. Then I, =r(s,t) for any s,t € G, with s # t.

Proof. Let s,t € G, s #t. Let I, = U,cp, G-, since D, is an ideal of Y, so I, is an ideal
of S, by Theorem 5.2.0.4.
Let e, € I, so that 7 € D,. Then 7 2 a so that at < . We have

Ser = S€ner = SCur = Cor = t€r.

Therefore e, € r(s,t), and so G, C r(s,t) and hence I, C r(s,t).

Conversely, let G, C r(s,t) so that se, = te,. If kK > «, then this would give s = ¢,
a contradiction, therefore x ? «, and so k € D,, then G, C I,. We therefore have
r(s,t) C I,. O

Lemma 5.2.1.4. Let S be a monoid which is a semilattice Y of groups G, € Y, such
that the connecting homomorphisms are trivial. If oo L 8 then for any s € Gy, t € Gg,
r(8,t) = Uyer(a,p Gy, where (s, t) =1°(s,t) and r(a, ) =¥ (o, B).

Proof. If ary = B, then ay < a (else a = By < ), so se, = e,y = €3, = te, implies
that G, C r(s,t) so that Uyep(a,5Gy C r(s,t).
If g, € r(s,t) then sg, = tg, so ay = By and g, € U,cr(a,3)G~. Therefore the claim is
proved.
]

Lemma 5.2.1.5. Let S be a monoid which is a semilattice Y of groups G, a € Y, such
that the connecting homomorphisms are trivial. Suppose Gg # {eg} and < «. Let
Usp = {7 : ay < B}. Then Uyp is an ideal of Y. Let t € Gg\ {eg} then r(e,,t) =

UTEUQﬂ GT :

Proof. Let u € G, such that u € r(e,,t), equ = tu implies e, e, = te, so that ay = vy <
B.

If ay = 3, B <~ then eg = te, = ¢, a contradiction.

Therefore ay < 3 so that v € U, g and u € UTeUM G, hence r(eq,t) C Urer, ;G-

Conversely, let u € UTeUa , G,. Then u € G, for some 7 with at < .
Also
ar=atf=afT =0T <f
and
€aCr = €367 = €4Cr = €3€ar = leqr

= eqe U = teqgeru

= e,u =tu

= u€r(et)
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Theorem 5.2.1.6. Let S be a monoid which is a semilattice Y of groups G,, a € Y,
such that the connecting homomorphisms are trivial. Then &€ is axiomatisable if and only
if

(1) Dy, is finitely generated for any o with |Gy| > 1.

(17) for any a, B, r(«, ) is finitely generated.

(i73) for any B with Gg # {es} and o > 3, U, g is finitely generated.

Proof. We know that £ is axiomatisable if and only if r(a, b) is finitely generated for all
a,besS.

Let a € G and b € Gg. If a L 3, then by Proposition 5.2.1.4, r(a,b) = U, ¢y, Go-
If & > f3, then r(a, b) = r(ey, b) by Proposition 5.2.1.2. If b = eg, thenr(a,b) = r(e,, €5) =
U-er(ap) G~ by Lemma 5.2.1.1. If b # eg, thenr(a, b) = UveUa,@ G, by Proposition 5.2.1.5.
Finally, if & = , then either a = b so that r(a,b) = S, or if a # b, then r(a,b) = UWGDQ G,
by Proposition 5.2.1.3.

The result now follows from the final part of Lemma 5.2.0.4. O

Remark 5.2.1.7. If Y has the ascending chain condition on ideals, clearly all these prop-
erties hold.

Consider the case where Y is a chain. Then for a < 8 we have that r¥'(a, ) = Y
and also D, = aY, so are finitely generated. Thus £ is axiomatisable if and only if every
U, p is finitely generated for every o > 8 with Gg non-trivial. But, that is equivalent to
every element f of Y with Gz non-trivial having a greatest predecessor.

We recall from Lemma 5.2.0.9 that if S is a monoid which is a semilattice Y of groups
Go,a €Y, then if R(e,, €,) is finitely generated, there are only finitely many elements of
Y above a. The next lemma follows from Lemma 5.1.2.1, but we give a direct argument.

Lemma 5.2.1.8. Let S be a monoid which is a semilattice Y of groups G,,a € Y, with
trivial connecting homomorphisms. Suppose that R(eq, €,) is finitely generated for some
a €Y. Then each Gy is finite for > a.

Proof. Since R(eq, €,) is finitely generated, it has a finite set of generators say

{(ur,v1), 5 (Un, 0n) }-

Let u € Gg where > . Then (u,es) € R(eq, €4) as the connecting homomorphisms are
trivial. Hence (u,eg) = (u;,v;)t for some ¢ € {1,2,--- ,n} and t € G, with v > . This
implies that

1 -1

U=uey = utl v, T = U ey,

Thus Gp is finite. O

The following is immediate from Lemma 5.2.1.8 and Lemma 5.2.0.9.

Corollary 5.2.1.9. Let S be a monoid which is a semilattice Y of groups G, € Y,
with trivial connecting homomorphisms. Suppose that R(ey, eq) is finitely generated for
some o € Y. Then

| Us>aG |< 00.
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Lemma 5.2.1.10. Let S be a monoid which is a semilattice Y of groups G,,a € Y
such that the connecting homomorphisms are trivial. Suppose that R (eq, eq) is finitely
generated for all « € Y. Then for any a € Y, there exist only finitely many 8 with o L 8
and | Gg |> 1.

Proof. Let
{(ug,v1), ..., (Un,v,)}

be a set of generators for R¥(eq, €,).
Suppose that {3; : i € Z} is the set of elements of Y such that a L §; for all i € Z.
Let
Z'={ieZ A{u,v:1<i<n}NGs # 0}

and observe that Z’ is finite.
For any u,v € G, where i ¢ Z', we have e u = e,v = €44, so that

(u,v) = (ug,vp)t = (t,t) ifte Gg
= (eﬂmeﬁi) ift & Gp,

which implies that u = v so there exists only finitely many Gp, such that G, are not
trivial.

O

We can now put together in order to show the following.

Theorem 5.2.1.11. Let S be a monoid which is a semilattice Y of groups G, € Y
such that all connecting morphisms are trivial. Then R (s, s) is finitely generated for all
s € S if and only if

(i) RY (o, ) is finitely generated for all o € Y;

(11) | UpsaGp |< 00 for alla € Y

(iii) for any o € Y, there exist only finitely many B with a LS and | G |> 1.

Proof. 1f Conditions (i), (i7), (i4i) hold, then R¥(s,s) is finitely generated for all s € S,
by Proposition 5.2.0.14.

Conversely let R¥(s, s) be finitely generated then as R5(s, s) = RY (eq, €q) if s € G,
we have R®(eq, €q) is finitely generated and hence Conditions (i), (44) and (iii) hold by
Lemma 5.2.0.13, Lemma 5.2.0.11 and Lemma 5.2.1.10 respectively. ]

Lemma 5.2.1.12. Let S be a monoid which is a semilattice Y of groups G, € Y such
that the connecting homomorphisms are trivial. Suppose that R(s,t) is finitely generated
for all s,t € S.

Let s € Go, t € Gg and let R(s,t) = ;e (wi, vi)S where u; € G, v; € Gy,. Suppose
that 6 L 5. Then there exists only finitely many ~v with ay = 89, and o L 7.

Proof. Let v € Gy, v # e5. Let v € Y with a Ly and oy = 6. Then
S€y = €qy = €8s =tV

so (e, v) € R(s,t) which implies that (e,,v) = (u;,v;)u say where u € G,.
Let
T={wr:iel >4}
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so that T' is finite.
Now v = v;u € G,,—s therefore p > d. Now v = ;€ T
[

Lemma 5.2.1.13. Let S be a monoid which is a semilattice Y of groups G,,a € Y.
Suppose that the class of S-acts satisfying Condition (P) is aziomatisable. Then RY («a, B)
is finitely generated.

Proof. Let o, € Y and let
(ur,v1)S U+ U (U, v,)S = R¥(eq, €5).

Then e u; = egv; for all i where u; € G, v; € G,, therefore ap; = Sv; so (u;,v;) €
R (a, ).
If ay = 36 then ey,e, = eges so

(ey,e5) = (u;,v;)t where t € G,

=7 = Wity 0= Vit

= (7,0) = (i, vi)p
so RY (a, ) = U1§z§n</% v)Y. [

We restate Corollary 5.2.0.12 in the current context.

Theorem 5.2.1.14. Let S be a monoid which is a chain'Y of groups G, € Y such that
the connecting homomorphisms are trivial. Then the following conditions are equivalent:

() |U, 0 G| < 00

(i) R(s, s) is finitely generated for all s € S;

(1ii) R(s,t) is finitely generated for all s,t € S;

(iv) PWP is axziomatisable;

(v) P is axiomatisable;

(vi) SF is aziomatisable.

In the case where Y has a zero and the connecting homomorphisms are trivial,
R(egp, ep) is finitely generated, for all e € S if and only if SF is axiomatisable. We
have to work much harder where Y does not have a zero, as we now see.

Theorem 5.2.1.15. Let S be a monoid which is a semilattice Y of groups G,, a € Y,
such that the connecting homomorphisms are trivial. Then R(s,t) is finitely generated for
all s,t € S with sHt if and only if

(i) RY (o, ) is finitely generated for all o € Y';

(1) |Upsq Gl < 00 for alla € Y

(i1i) for any o € Y there exists only finitely many B with a LS and |G| > 1;

() let « € Y and suppose that § La; then there exists only finitely many v with v Lo
and ay = ad;
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(v) let G, # {ea} then RY (o, ) has a finite set of generators {(pi,v;) : 1 < i < n}
such that if yLald and ay = «d, then

(7, 0) = (i, vi) e
for some i with u; ? o, v; % a.

Proof. Suppose that R(s,t) is finitely generated for all s,t € G, for some € Y. Then
(i), (ii) and (iii) hold by Theorem 5.2.1.11.

(7v) Holds by Proposition 5.2.1.12; adjusted to the case where a = f.

(v) Let s #t € G, and let

R(s,t) = U (s, v3)S

1<i<m

where u; € G, v; € G,,. Then su; = tv; for each i € I so that au; = ar; and

(i, vi) € RY (a, ).

Now p; > a & pao=a s ro=a< vy > .
If p;, v; > a then s =t which gives a contradiction.
Suppose v L a1 § and ary = «d then

S€y = Eay = €q = tes

so (ey,e5) = (w;, v;)r for some r € G, therefore v = p;p, § = vip. If p; > acand v; >
then we must have pu; = a and v < «, or v; = a and 6 < « a contradiction, therefore
Wi, Vi 2 .

Let H be a finite set of generators for RY (o, &) guaranteed by (i). If H does not have
the described property we can augment H with suitable generators (u;, ;) as above.

Conversely, suppose conditions (i) to (v) are true. From Theorem 5.2.1.11, R(s, s) is
finitely generated for all s € S. We show that R(s, ) is finitely generated for all s,t € G,
and for some a € Y.

If G, is trivial, then s = ¢ and we know R(s, s) is finitely generated. Therefore we
suppose that G, # {e,} and s # t.

Let
T ={(u,v) :u € GyveGgy>a f>asu=tv}
and let
R, =115,
so that clearly
R1 - R(S,t)

Let
{(Mla Vl)? SR (Nm Vn>}

be the finite set of generators of RY (o, ) guaranteed by (v). Let

Ty = {(e,;s 't e,), (€, t 'se,,) 1 1 <i<n}
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and let Ry = 755. Notice that
sems_lt = eq€y;t = eqeyt = e, t =tey,

so that we see Ry C R(s, ).
Suppose ¢ L a and Gy is not trivial. Let ~q,--- v, be such that v; L o and ay; = ad.
Notice that by (iii), Gs and each G., is finite. Let

Ts ={(u,v) :ueG,,1 <i<n,veGs}
and notice that Ts C R(s,t). Let
Ty = |J Ty and Ry = T3S

dla
|G5|>1

By (éii), T3 is finite and we have R C R(s, t).
Let J C{1,...,n} be such that j € J if and only if ; # @ and v; # a. Notice that

$€u; = €ap; = Cav; = L€y,
so that with
Ty = {(ey,,e0,) : j € J}
we have that
R, =TS C R(s,1).

Let
R:R1UR2UR3UR4a

so that R C R(s, t).
Conversely, let (u,v) € R(s,t) and u € G5, v € G; so that ay = ad and (v,6) €

RY (o, a). Then v > « if and only if § > a. If ¥ > a and § > « then (u,v) € Ry.
If v < « then su € G, = G4 and u = s 'tv, also

(ey,€5) = (euw ew)eu
for some i € {1,...,n}. We have
(u,v) = (e,,e,s v, e,,e,v) = (e,,5 ', €, )e,v € Ra.

Dually, if 6 < a.

Suppose v L a L §. If Gy is not trivial, then as 6 L a, v L «, and ay = ad, we have
v =7 and (u,v) € Rs.

Dually if G, is not trivial.

Finally suppose G, Gs are trivial, so u = e, and v = e;. By assumption (v,d) =
(i, vi)p for some p;, v; € Y with py, v; 2 oo We have (p;, 1) € Ty and

(u7v) = (6’7765) = (eumew)eu € Ry.
Thus R(s,t) C R and R(s,t) is finitely generated. O
We conjecture that with similar (but more complicated versions) of (v) in the above
result, we can find necessary and sufficient conditions such that R.(s, t) is finitely generated
for all s,t € S. Of course, these are in terms of the corresponding conditions on Y, so we

would like to further investigate such conditions on semilattices.
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5.2.2 Clifford monoids with one-one connecting homomorphism

In this subsection we specialise Corollary 5.2.0.12 to the case where the connecting ho-
momorphisms are one-one.

Proposition 5.2.2.1. Let S be a monoid which is a chain'Y of groups G,, a € Y with
connecting homomorphisms are one-one. Then the following conditions are equivalent:
(i) Y is finite above;
(i) the strongly flat S-acts are axiomatisable.

Proof. Suppose that Y is finite above. Then |{Js.. ker ¢g,| < oo, so that by Theorem

5.2.0.8, R(s,t) is finitely generated. Clearly any ideal of S is finitely generated, so that

any ideal of the form r(s,t) is finitely generated. Therefore SF is axiomatisable.
Conversely, if SF is axiomatisable, then by Corollary 5.2.0.12,

| U ker ¢g.,| < 00

B>

so that Y is finite above. O]

We are able to axiomatise certain classes of S-posets for a pomonoid S in Chapter 4,
the answers being in terms of finitary conditions on S. Therefore, many questions which
have been asked for Clifford monoids can be asked for Clifford pomonoids. If we take the

ordering to be the natural partial order, that is,
a < b if and only if a = aa™'b,

then we can obtain similar results to those of this chapter.
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Chapter 6

Appendix

In this appendix we provide the proofs that we have omitted in the main body of the
text, since they follow closely others already provided. For the convenience of the reader,
we restate results before giving the proofs.

Lemma 3.1.1.3. Let C be a class of embeddings of right S-posets satisfying Condition
(Free). Then the following are equivalent for a left S-poset B:

(i) B is C-flat;

(ii) — ® B maps the embeddings 7s : Ws — W:S in the category Pos-S to monomor-
phisms in the category of Pos, for every double ordered skeleton S;

(iii) if (usTs, b) and (psTs,b') are connected by a double ordered tossing over W and B
with double ordered skeleton S, then (us,b) and (us, ') are connected by a double ordered
tossing over Ws and B.

Proof. Clearly we need only show that (iii) implies (7). Suppose that (iii) holds, let
p: A— A lie in C and suppose that

(ap,b), ('p,b') € A" x B

are connected via a double ordered tossing with double ordered skeleton S, so that vs(b, b')
holds. From considering the left hand side of the double ordered tossing, we have that
ds(ap, a’'p) is true in A’. By assumption there is an embedding 7s : Ws — W in C and
us, us € Ws such that ds(usts, us7s) is true in W§, and a morphism v : Wi — A’ such
that us Tsv = au, us7sv = a’p and Wsrsy C Ap. Since 0s(usTs, usTs) is true in W,
there is an double ordered tossing from (us7s, b) to (us7s,b’) over W§ and B, with double
ordered skeleton §. From (ii7), it follows that (us,b) and (ul, ') are connected via a
double ordered tossing over Ws and B with double ordered skeleton 7T say. It follows
that 67 (us, u’) is true in Ws and so dr(us7sv, usTsv), that is, o7 (ap, a’w) is true in Apu.
Since p is an ordered embedding we deduce that d7(a,a’) is true in A and consequently,
(a,b) and (a’,b") are connected via a double ordered tossing with double ordered skeleton
T over A and B. Hence B is C-flat as required. ]

Lemma 3.1.1.6. Let C be a class of embeddings of right S-posets, satisfying Condition
(Free). Let C be the set of products of morphisms in C. If a left S-poset B is C-flat, then
it is C-flat.
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Proof. Let I be an indexing set and let 7; : A; — A, € C for all : € I. Let A =
[Lic; Aiv A" =1l,c; Aj and let v : A — A’ be the canonical embedding, so that (a;)y =
(aivi)-

Suppose B is a C-flat left S-poset. Let a = (a;),a’ = (a}) € A and b,/ € B be such
that ay ® b=d'y®bin A’ ® B. Then for some double ordered skeleton S,

A= 0s(ay, d'y) and B = ys(b, V).
It follows that for each i € I,
A; = bs(aiyi, ay).-

By assumption that C has Condition (Free), there exist 75 : Ws — W§ € C and
us,us € Ws such that ds(us7s,usts) is true in Wg. Further, for each ¢ € I, as
ds(aivi,aly;) is true in A, there exists an S-pomorphism v; : Wg — A} such that
us TsV; = aiYi, UsTsV; = a;y; and Wstsv; © Ay,

We have 0s(usTs, us7s) is true in W§ and vs(b, ) is true in B, giving that usts @b =
UsTs @V in Wi ® B. As B is a C-flat left S-poset and 75 : Ws — W§ € C, we have that

us®@b = us @b in Ws® B, say via a double ordered tossing with double ordered skeleton
U. Tt follows that

Ws | du(us,us) and B = y,(b, V).
By (ii) of Remark 3.1.1.1, we have that

Aiyi | du(ustsv, usTsy;),
that is,
Avi B dulaini, ajvi)-
Writing U = (U, Us) where U; has length h and Uy has length k, we have that there
are elements w; o, ..., W;p, Zi2,. .., 2k € A; such that

/ /
€u1(az‘%, Wi, 2%y + - - Wi hVis ai%-) and EUQ(C%%, Zi2%iy - -5 Zik iy ai%’)
are true. But ; is an embedding, so that
/ /
€y (@i, Wiay .o Wi p, ;) and ey, (a), 2i2, - - -y Zik, )

hold in A;. Hence d&y(a;,a}) is true in each A; and so §y(a, a’) holds in A. Together with
(b, V') being true in B, we deduce that a @ b =a’ ® V' in A ® B, as required. ]

Theorem 3.1.1.7. Let C be a class of embeddings of right S-posets satisfying Condition
(Free). Then the following conditions are equivalent for a pomonoid S:

(i) the class CF is axiomatisable;

(i1) the class CF is closed under formation of ultraproducts;

(i) for every double ordered skeleton S € DOS there exist finitely many double ordered
replacement skeletons Sy, ..., Sa(s) such that, for any embedding v : A — A" in C and any
C-flat left S-poset B, if (a7, b), (a'v,b") € A" x B are connected by a double ordered tossing
T over A" and B with S(T) = S, then (a,b) and (a',V') are connected by a double ordered
tossing T over A and B such that S(T') = Sy, for some k € {1,--- ,a(S)};

(iv) for every double ordered skeleton S € DQOS there exists finitely many double
ordered replacement skeletons Si,...,Sgs) such that, for any C-flat left S-poset B, if
(usTs,b) and (us7s,b') are connected by the double ordered tossing T over W§ and B
(with S(T) = S), then (us,b), and (us,b') are connected by a double ordered tossing T
over Ws and B such that S(T') = Sk, for some k € {1,---, B(S)}.
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Proof. The implication (i) implies (i) is clear from Los’s Theorem.

To prove (ii) implies (7ii), we suppose that CF, the class of C-flat left S-posets is
closed under formation of ultraproducts and that (iii) is false. Let J be the family of
finite subsets of DOS. We suppose that there exists a double ordered skeleton Sy € DOS
such that for every subset f of J, there exists an embedding vy : Ay — A} € C, a C-
flat left S-poset By, and pairs (asvy,bs), (a}yvyy,0;) € A} x By such that (agvy,by) and
(a’yvy, ;) are connected over A} and By by a double ordered tossing 7; with double
ordered skeleton Sy, but such that no double ordered replacement tossing over Ay and By
connecting (as,by) and (a}, ) has a double ordered skeleton belonging to the set f.

Let Js ={f € J:S¢€ f} for each S € DOS. Then there exists an ultrafilter ® on J
containing each Js, as each intersection of finitely many of the sets Js is non-empty.

We now define A" = [[,.; A}, A =[[;c; Ay and B = [];c; By. Let v: A — A’ be
the embedding given by (af)y = (asv;). We note here that ay ® b= dy® b in A’ ® B,
where a = (ay), o’ = (a}), b= (by) and b/ = (V) and that this equality is determined by a
double ordered tossing over A" and B (the “product” of the double ordered tossings 7;’s)
having double ordered skeleton Sy. It follows that the equality for ay ® by = @'y ® by
holds also in A’®@U where U = ([];.; By)/®, and can be determined by a double ordered
tossing over A" and U with double ordered skeleton S;.

By assumption, U is C-flat, and by Lemma 3.1.1.6, a® by = d/ ® b, in A®U, say via
a double ordered tossing with double ordered skeleton V = (V;,Vs) of length h + k, say

Vl = (dl,el, .. ,dh,eh) and VQ = (91751, R 7gk7€k)-
Hence

A Ebyp(a,d) and U =y (b, by).

Certainly Ay |= dy(ay,a)) for every f. Considering now the truth of v, (bg,bs), there
exist

(b1.f)®y -y (bnf)o, (c1.f)os - (crf)o €U

such that )
by < di(bif)e by < qilcif)e
e1lbif)e < dalbas)e  llcrf)e < golcaf)e
en(bnple < by b(ckf)e < by

As ® is closed under finite intersections, there exists D € ® such that

by < dibiy Vy < gqiciy
erbry < dabay biery < gacag
Ghthf S b/f gkaJ < bf

for all f € D.

Now suppose that f € D N Jy, then from the double ordered tossing just considered,
we see that V is the double ordered skeleton of a double ordered tossing over Ay and By
connecting the pairs (ay, by) and (a’, b’f); that is, V a double ordered replacement skeleton
for the double ordered skeleton Sy of the double ordered tossing 7;. But V belongs to f,
a contradiction. This completes the proof that (i) implies (7).

It is clear that (iii) implies (iv).
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Now we want to prove that (iv) implies (7). We assume that (iv) holds. We aim to
use this condition to construct a set of axioms for C.F.

Let S; denote the set of all elements of DOS such that if S € S;, then there is no
C-flat left S-poset B such that vs(b,t') € B for any b,/ € B. For § € S; we put

Vs = (Vo) (Va') sz, 2)

For § € S, = DOS \ Sy, there must be a B € CF and b,b' € B such that vs(b, ') is
true in B, whence there is a double ordered tossing from (us7s,b) to (us7s,b’) over W§
and B with double ordered skeleton S.

Let 8y, -+, 8p(s) be a minimum set of double ordered replacement skeletons for double
ordered tossings with double ordered skeleton S connecting pairs of the form (us7s, ) to
(usTs, ) where ¢, ¢ € C and C ranges over CF. Hence for each k in {1,--- |, 5(S)}, there
exists a C-flat left S-poset Cj, elements ¢y, ¢, € Cj such that

Ws | ds, (us, us) and C, = s, (ck, ).

We define ¢s to be the sentence

os = (V)Y ) (s, 1) = 150 Y )V oV Asys, 05Y)).

Let
ZCF:{¢518681}U{¢SISESQ}.

We claim that )., axiomatises CF.

Suppose first that D is any C-flat left S-poset. By choice of Sy, it is clear that D = ¢
for any S € §;.

Now take any S € So, and suppose that d,d’ € D are such that D satisfies ys(d, d’).
Then, as noted earlier (us7s,d) and (us7s,d’) are joined over W5 and D by a double
ordered tossing with double ordered skeleton S, and therefore, by assumption, there is a
double ordered tossing over Ws and D joining (us,d) and (u,d’) with double ordered
skeleton Sy for some k € {1,---,5(S)}. It is now clear that vs,(d,d’) holds in D, as
required. We have shown that D =) ..

Finally, we show that a left S-poset C' that satisfies ¢z must be a C-flat. We need to
show that Condition (##i) of Lemma 3.1.1.3 holds for C. Let & € DOS and suppose we
have a double ordered tossing with double ordered skeleton S connecting (us7s,c) and
(us7s, ') over W& and C. Then

W5 = 0s(uss, us7s) and C' = ys(c, ).
If S belonged to S;, then C' would satisfy the sentence
(Vy) (YY) s (y, y)

and so —ys(c, ) hold, which is a contradiction. Therefore we conclude that S belongs
to Sy. Because C' satisfies ¢s and because vs(c,¢’) holds, it follows that s, (¢, ') holds
for some k € {1,2,---,5(S)}. But Ws | ds,(us,us), whence (us,c) and (us,c’) are
connected via a double ordered tossing over Ws and C' with double ordered skeleton Sy,
showing that C' is C-flat. O]
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Theorem 3.1.2.1. Let C be a class of embeddings of right S-posets.

The following conditions are equivalent:

(i) the class CF is axiomatisable;

(i) the class CF is closed under ultraproducts;

(#1) for every double ordered skeleton S € DOS and a,a’ € A, where p: A — A’ is in
C, there emist finitely many double ordered skeleton Sy, -+, Saa,8,a ), Such that for any
C-flat left S-poset B, if (ap,b), (a'p,b') are connected by a double ordered tossing T over
A" and B with S(T) = S, then (a,b) and (a’,b") are connected by a double ordered tossing
T' over A and B such that S(T') = Sy, for some k € {1,--- ,a(a,S,d’,p)}.

Proof. The implication () implies (i) is clear from Los’s Theorem.

To prove (iz) implies (i47), we suppose that CF, the class of C-flat left S-posets, is closed
under formation of ultraproducts, and assume that (iii) is false. Let J be the family of
finite subsets of DOS. We suppose that for some double ordered skeleton Sy € DOS, for
some embedding 1 : A — A’ € C, and for some a,a’ € A, for every f € J there is a C-flat
left S-poset By, and by, b, € By such that (au,bs) and (a'p,b}) are connected over A’
and By by a double ordered tossing 7; with double ordered skeleton Sy, but such that
no double ordered replacement tossing over A and By connecting (a,bs) and (a’, V) has
a double ordered skeleton belonging to the set f.

Let Js={f € J:S € f} for each S € DOS. Now we are able to define an ultrafilter
® on J containing each Js for all S € DOS, as each intersection of finitely many of the
sets Jg is non-empty.

We note here that ay ® b = a'p ® b in A’ ® B, where B = [ljcs By b = (by)
and b = (), and that this equality is determined by a double ordered tossing over A’
and B (the “product” of the double ordered tossings 7;) having double ordered skeleton
So. Tt follows that the equality for au ® by = a'p ® l_):b holds also in A" ® U where
U = ([I;c; Br)/®, and can be determined by a double ordered tossing over A’ and U
with double ordered skeleton Sj.

By assumption U is C-flat, so that (a,bs) and (a’,by) are connected via a double
ordered replacement tossing over A and U, with double ordered skeleton V say. Hence

A Edyp(a,ad’) and U = v (be, bg)-

As in Theorem 3.1.1.7, there exists D € ® such that By = yy(bs, b)) for all f € D.

Now suppose that f € DN Jy. Then V is the double ordered skeleton of a double
ordered tossing over A and By connecting the pairs (a,bs) and (a’,b}); that is, V is a
double ordered replacement skeleton for the double ordered skeleton &; of the double
ordered tossing 7;. But S belongs to f, a contradiction. This completes the proof that
(71) implies (7i7).

Finally, suppose that (i7i) holds. Let

T ={(a,S,d', ) : S€DOS,u: A— A" € C,a,a" € A',ds(ap,a’p) holds}.

We introduce sentences corresponding to elements of T’ in such a way that the resulting
set of sentences axiomatises the class C.F.

We let Ty be the set of (a,S,a, ) € T" such that vs(b,b") does not hold for any b, v/
in any C-flat left S-poset B, and put Ty = T"\ Ty. For T' = (a,S,d’, u) € T we let

Yr = s = (V) (Va')~ys(z, 2').
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If T = (a,8,d',u) € Ty, then S is the double ordered skeleton of some double ordered
tossing joining (ap,b) to (a’'p,b’) over A" and some C-flat left S-poset B. By our as-
sumption (7i¢), there is a finite list of double ordered replacement skeletons Sy, - -, Sa(7)-
Choosing a(T') to be minimal, for each k € {1,--- ,a(T)}, there exist a C-flat left S-poset
Cy and elements ¢, ¢, € Cy, such that

A ): 55k <a7 al> and Ck ): VS (Cka C?{,‘)

We let ¢ be the sentence

or = (Vy)(VY) (s (W, Y) = Y5, (B, ¥ ) V-V s, (4, Y)-

Let
Zcf:{¢TiT€T1}U{¢T:Te’JI‘2}.

We claim that ) .- axiomatises CF.

Suppose first that D is any C-flat left S-poset. Let T = (a,S,d’,u) € T;. Then
vs(b,b') is not true for any b,0 € B, for any C-flat left S-poset B, so certainly D = ¢r.

On the other hand, let T' = (a,S,d’, pu) € Ty, and let d,d’ € D be such that ys(d, d’)
is true. Together with the fact ds(au,a’yn) holds, we have that (ap,d) is connected to
(a'p,d) over A" and D via a double ordered tossing with double ordered skeleton S.
Because D is C-flat, (a,d) and (a’,d’) are connected over A and D, and by assumption
(7i7), we can take the double ordered replacement tossing to have double ordered skeleton
one of S, ,Sar), say Si. Thus D = vs,(d, d') and it follows that D |= ¢p. Hence D
is a model of } ..

Conversely, we show that every model of ) .- is C-flat. Let C' |= ) .- and suppose
that u: A— A" €C,a,d € A, c,d eCandau®c=dpu®d in A’ ®C, say with double
ordered tossing having double ordered skeleton S. Then the quadruple T' = (a,S,d’, u) €
T’. Since vys(c,c’) holds, C' cannot be a model of 9. Since C' = > .- it follows that
T € Ty. But then ¢r holds in C so that for some k € {1,--- , a(T)} we have that vs, (¢, ¢)
is true. We also know that A |= ds, (a,a’), so that we have double ordered tossing over A
and C' connecting (a, c) to (a’, ). Thus C' is C-flat.

[

Lemma 3.2.1.2. Let C be a class of embeddings of right S-posets satisfying Condition
(Free)=. Then the following are equivalent for a left S-poset B:

(i) B is C-po-flat;

(ii) — ® B maps the embeddings ks : Vs — Vé in the category Pos-S to embeddings
in the category of Pos, for every ordered skeleton S;

(111) if vsks @ b < visks ® U as the inequality is given by an ordered tossing over Vé
and B with ordered skeleton S, then vs ® b < U:s ®b inVs® B.

Proof. Clearly we need only show that (i7i) implies (7). Suppose that (ii7) holds, let
v:A — A lie in C and suppose that

(av,b), (a'v,b') € A" x B

are connected via an ordered tossing with ordered skeleton S, so that 7z (b, ) holds.
From considering the left hand side of the ordered tossing, we have that g (av,a'v) is
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true in A’. By assumption there is an embedding ks : Vs — V3 in C and vs,vs € Vs
such that 5§ (vsks, Vsks) is true in V4, and a morphism « : Vi — A’ such that vs ksa =
av, vs ksa = a'v and Vsksa € Av. Since 6§ (vsks, Vsks) is true in V¢, there is an ordered
tossing from (vsks, b) to (vsks,b') over Vi and B, with ordered skeleton S. From (i), it
follows that (vs,b) and (vs,b') are connected via an ordered tossing over Vs and B with
ordered skeleton T say. Consequently, 5%(05, V) is true in Vs and so 5?(1)3&304, Vsksa),
that is, 05 (av, a'v) is true in Av. Since v is an ordered embedding we deduce that 63 (a, a’)
is true in A. Also, 75(b, ') is true in B and so (a,b) and (d/,b') are connected via an
ordered tossing with ordered skeleton T over A and B. Hence B is C-po-flat as required.

]

Lemma 3.2.1.3. Let C be a class of embeddings of right S-posets, satisfying Condition
(Free)=. Let C be the set of products of morphisms in C. If a left S-poset B is C-po-flat,
then it is C-po-flat.
Proof. Let I be an indexing set and let 7; : A; — A, € C for all : € I. Let A =
[Lic; Aiv A" =1l,c; Aj and let v : A — A’ be the canonical embedding, so that (a;)y =
(aivi)-

Suppose B is a C-po-flat left S-poset. Let a = (a;),a’ = (a}) € A and b,1’ € B be such
that ay ® b < a'y® b in A’ ® B. Then for some ordered skeleton S,

A' | 65 (ay,d’y) and B =45 (b,).
It follows that for each i € I,
A | 05 (i, ajya).-

By assumption that C has Condition (Free)=, there exist xs : Vs — V& € C and
vs, Vs € Vs such that 5§ (vsks, Vsks) is true in V§. Further, for each i € I, as 5§(afyi, aly;)
is true in A}, there exists an S-pomorphism «; : Vi — A such that vs ks, = a;y;, vsksoy =
a;y; and Vsksoy C Ay

We have 5§ (vsks, Usks) is true in V3§ and vg(b, b') is true in B, giving that vgks ®b <
vsks @b in VE® B. As B is a C-po-flat left S-poset and ks : Vs — V& € C, we have that

vs®b < vs®b in Vs ® B, say via an ordered tossing with ordered skeleton . It follows
that

Vs }: 55(1)37@19) and B }: 7§(b7 b/)
Corresponding to (ii) of Remark 3.1.1.1, we have that
Aivi ’: 55 (USFJSO% Uisfisai)
that is,
<
Aivi | O (aiyi, aivi).-
Let U has length h, we have that there are elements w; s, ..., w;, € A; such that
< /
€ (@i, Wi2Yi, - - -, Win Vi, A1)
is true. But ~; is an embedding, so that
65(6%'7 Wi2,y -+ Wih, a;)
holds in A;. Hence d;;(a;, a}) is true in each A; and so & (a,a’) holds in A. Together with

75 (b,b") being true in B, we deduce that a @ b < d' ® I’ in A ® B, as required. ]
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Theorem 3.2.1.4. Let C be a class of embeddings of right S-posets satisfying Condition
(Free)<. Then the following conditions are equivalent for a pomonoid S;

(i) the class C-PF is aziomatisable;

(i) the class C-PF s closed under formation of ultraproducts;

(iii) for every ordered skeleton S there exist finitely many replacement ordered skeletons
Si,- -, Sa(s) such that, for any embedding v : A — A" in C and any C-po-flat left S-poset
B, ifay ® b < dvy @V € A ® B via an ordered tossing T with S(T) = S, then
a®b<d ®U via an ordered tossing T over A and B such that S(T') = Sk, for some
kel{l,---,a(S)};

(iv) for every ordered skeleton S there exists finitely many replacement ordered skele-
tons Sy, - -+, Sp(s) such that, for any C-po-flat left S-poset B, if (vsks,b) and (Vsks, V') are
such that vsks ® b < vsks ® b' by an ordered tossing T over V& and B with S(T) = S,
then vs ® b < vs ® b are connected by an ordered tossing T over Vs and B such that
S(T') = Sy, for some k € {1,---,B(S)}.

Proof. The implication (i) implies (i) is clear from Los’s Theorem.

To prove (ii) implies (ii7), we suppose that C-PF, the class of C-po-flat left S-posets,
is closed under formation of ultraproducts and that (éi7) is false. Let J be the family
of finite subsets of OS, the set of ordered skeletons. We suppose that there exists an
ordered skeleton Sy € OS such that for every subset f of J, there exists an embedding
Vs Ay — A% € C, a C-po-flat left S-poset By, and pairs (asvy,br), (a}yvyy,0;) € A}y x By
such that ayyy ® by < afyyp @ b} over A} and By by an ordered tossing 7; with ordered
skeleton Sy, but such that there is no ordered replacement tossing over Ay and B giving
ay @by < ay @b} via an ordered skeleton belonging to the set f.

Let Js ={f € J:S € f} for each § € OS. Then there exists an ultrafilter ® on J
containing each Jg, as each intersection of finitely many of the sets Js is non-empty.

We now define A" = [[,.; A}, A =[[;c; Ay and B = [];c; By. Let v: A — A’ be
the embedding given by (af)y = (as7ys). We note here that ay @b < dvy®1 in A’ ® B,
where a = (ay), @’ = (a}), b = (by) and b’ = (V) and that this inequality is determined
by an ordered tossing over A" and B (the “product” of the ordered tossings 7;’s) having
ordered skeleton Sy. Tt follows that the inequality for ay ® by < @’y ® b holds also in
A'@U where U = ([[;c; By)/®, and can be determined by an ordered tossing over A’
and U with an ordered skeleton Sy.

By assumption, U is C-po-flat, and by Lemma 3.2.1.3, a ® by < d' ® by in A ® U, say
via an ordered tossing with ordered skeleton V of length h, say

V= (dl, €1,... ,dh,eh).

Hence

A =05 (a, ') and U =75 (by, by).
Certainly Ay = (55(@,@}) for every f. Considering now the truth of 5 (bg,b}), there
exist

(b1, f)es -, (bny)e €U

such that
be

< N
ei(bif)e < da(bay)oe

IA
1S
=

€h(bh,f)<1>
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As @ is closed under finite intersections, there exists D € ® such that

by < dibiy
erbry < dabyy
ehbh,f S b;c

for all f € D, that is,
By = 5 (by. b))

for all f € D.

Now suppose that f € D N Jy, then from the ordered tossing just considered, we see
that V is the ordered skeleton of an ordered tossing over Ay and By such that ay ® by <
a’y ® ;s that is, V an ordered replacement skeleton for the ordered skeleton Sy of the
ordered tossing 7;. But V belongs to f, a contradiction. This completes the proof that
(71) implies (7i7).

It is clear that (éi7) implies (iv). Now we want to prove that (iv) implies (i). We
assume that (iv) holds. We aim to use this condition to construct a set of axioms for
C-PF .

Let S; denote the set of all elements of OS such that if S € S;, then there is no
C-po-flat left S-poset B such that vg(b, b') € B for any b0/ € B. For § € S; we put

Vs = (Vo) (Va') 5 (2, 2)

For S € S, = OS\ Sy, there must be a B € C-PF and b, € B such that g (b, V) is
true in B, whence there is an ordered tossing from (vsks,b) to (vsks, ') over V& and B
with an ordered skeleton S.

Let &1, - -+, Sp(s) be a minimum set of ordered replacement skeletons for ordered toss-
ings with ordered skeleton S such that vsks ® ¢ < vgrs ® ¢ where ¢, € C and C ranges
over C-PF. Hence for each k in {1,---,3(S)}, there exists a C-po-flat left S-poset C,
elements ¢y, ¢, € Cy such that

We define ¢s to be the sentence

¢s = (W) (V) (5 (W, 9) = 25 W) V- VS, (0 9)-

Let
>, = s :SeS}U{ps: Ses}

We claim that ). - axiomatises C-PF.

Suppose first that D is any C-po-flat left S-poset. By choice of S;, it is clear that
D = s for any S € S;.

Now take any S € S,, and suppose that d,d € D are such that D satisfies fy§(d, d).
Then, as noted earlier, vsrs ® d < vsks ® d' in Vg ® D via an ordered tossing with
ordered skeleton S, and therefore, by assumption, there is an ordered tossing over Vs and
D joining (vs,d) and (v, d’) with ordered skeleton Sy for some k € {1,---,6(S)}. It is
now clear that 7§k(d, d’) holds in D, as required. We have now shown that D = >, .
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Finally we show that a left S-poset C' that satisfies ) . > must be a C-po-flat. We
need to show that Condition (#ii) of Lemma 3.2.1.2 of Chapter 3 holds for C'. Let S € OS
and suppose we have an ordered tossing with ordered skeleton S connecting (vsks, ¢) and
(vsks, ') over V& and C. Then

Vi b= 05 (vsks, vsks) and C =5 (¢, ¢).

If S belonged to S;, then C' would satisfy the sentence

(V) (V)5 (. y)

and so =75 (¢, ¢’) would hold, which would be a contradiction. Therefore we conclude
that & belongs to S,. Because C' satisfies ¢s and because 7§(c, ') holds, it follows that
7§k(c, ) holds for some k € {1,2,---,5(S)}. But Vs = 5§k(vg,vfg), whence (vs, ¢) and
(v, ) are connected via an ordered tossing over Vs and C' with an ordered skeleton Sy,
showing that C is C-po-flat. O]

Lemma 3.2.1.5. The following conditions are equivalent for a left S-poset B:

(i) B is po-flat;

(i) — ® B maps the embeddings of [x]S U [2']S into F™/ =g in the category Pos-S
to embeddings in the category of Pos, for every ordered skeleton S;

(i) if the inequality [x] @ b < [2'] ® V' holds by an ordered standard tossing over
F™/) =g and B with ordered skeleton S, then [z] @b < [2'] @b holds by an ordered tossing
over [z]S U [2]S and B.

Proof. We will prove here only (éi7) implies (¢). Suppose that B satisfies Condition (ii7),
let a,a’ belongs to any right S-poset A, let b,0' € B, and suppose that a @ b < o’ @ V/
in A® B via an ordered tossing with ordered skeleton S, of length m, so that 5§(a, a)
is true in A and 75 (b,¥) is true in B. From the construction of F™/ =s we have that
[z] ® b < [2/] ® V' via an ordered standard tossing over F/ =g and B. By the given
hypothesis we have that [z] ® b < [2/] ® V' via an ordered tossing in ([z]S U [2/]S) @ B,
say with an ordered skeleton .
Since 05 (a,a’) is true in A, there are elements as, . . ., a,, € A such that

es(a,a, ... ap,a)

hold in A. Let ¢ : F™ — A be the S-pomorphism which is defined by x¢ = a, z;¢ = a;
(2 <i < m), 27¢ = d. Since up < u'¢ for all (u,u') € Ts, by Theorem 1.2.2.11
of Chapter 1, we have that ¢ : F™/ =s— A given by [2]¢ = 2¢ is a well defined S-
pomorphism. We have that &y ([z],[2]) holds in [2]S U [#']S, so that dy(a,a’) holds in
aSUad'S. Since also (b, ') holds in B, we have that (a,b) and (a’, V) are connected by
an ordered tossing over a.S U d'S and B, so that a® b < d ® ¥V in aSUad'S® B. Thus B
is po-flat, as required. n

Lemma 3.2.1.6. The class Pos-S of all right S-posets has Condition (Free)=.

Proof. Let 8 be an ordered skeleton of length n, let Vi = F™/ =5, Vs = [¢]SU[2/]S and
let ks : Vs — Vi denote inclusion. Then [z], [2'] € Vs and 65 ([z]s, [v/]ks) is true in VE.
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Let v : A — A’ be any right S-poset embedding such that 83 (av,a’v) holds in A/,
for some a,a’ € A. As in Lemma 3.2.1.2, there is as a consequence an S-pomorphism
a: Vi — A’ such that [z]ksa = av and [2']ksa = a'v. Clearly

Vsksa = ([z]S U [2']S) ks = [x]ksaS U [2'|ksaS = avS U a'vS = (aS U d'S)v C Av.

Thus, with vs = [z] and v = [2'], we see that Condition (Free)= holds.

[

Axiomatisability of C-PF without Condition (Free)<

Theorem 3.2.2.1. The following conditions are equivalent for a monoid S:

(i) the class C-PF is axiomatisable;

(ii) the class C-PF is closed under ultraproducts;

(iii) for every ordered skeleton S over S and a,a’ € A, where p: A — A" isin C,
there exist finitely many ordered skeletons S, -+, Sa(a,8,a7,1), Such that for any C-po-flat
left S-act B, if ap @b < d'u®b by an ordered tossing T over A" and B with S(T) = S,
then a @ b < ' @ V' by an ordered tossing T' over A and B such that S(T') = Sk, for
some k € {1,--+ ,a(a,S,d',u)}.

Proof. The implication (i) implies (i) is clear from Los’s Theorem.

To prove (ii) implies (iii), we suppose that C-PF, the class of C-po-flat left S-posets,
is closed under formation of ultraproducts, and assume that (iii) is false. Let J be the
family of finite subsets of OS. We suppose that for some ordered skeleton Sy € OS, for
some ordered embedding p: A — A’ € C, and for some a,d’ € A, for every f € J there is
a C-po-flat left S-poset By, and by, b, € By such that ap®by < a'pu®b’; are connected over
A" and By by an ordered tossing 7y with ordered skeleton Sy, but such that no ordered
replacement tossing over A and By connecting (a, by) and (a’, b;) has an ordered skeleton
belonging to the set f.

Let Js ={f € J:S € f} foreach S € S. Now we are able to define an ultrafilter
on J containing each Jg for all § € S, as each intersection of finitely many of the sets Js
is non-empty.

We note here that au ®b < a'p®b in A ® B, where B = [Ijc; By, b= (by) and
= (0}), and that this inequality is determined by an ordered tossing over A" and B
(the “product” of the ordered tossings 7;) having ordered skeleton Sy. It follows that the
inequality for ap @ by < a'jt ® by holds also in A’ ® U where U = (Ilfes By)/®, and can
be determined by an ordered tossing over A" and U with ordered skeleton Sy.

By assumption U is C-po-flat, so that a ® by < ¢’ ® Z_)ch via an ordered replacement
tossing over A and U, with ordered skeleton V say. Hence

AE 55(%@,) and U = 75@@(_7@)‘

By a familiar argument there exists D € ® such that By = 75; (b, vy) for all f € D.
Now suppose that f € DN Jy. Then V is the ordered skeleton of an ordered tossing
over A and By such that a ® by < o’ ® b'y; that is, V is an ordered replacement skeleton
for ordered skeleton Sy of the ordered tossing 7;. But V belongs to f, a contradiction.
This completes the proof that (i7) implies (7iz).
Finally, suppose that (iii) holds. Let

T = {(a,S,d,u) : S €0S,u: A— A €C,a,d € A, 55 (ap, d'1t) holds}.
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We introduce sentences corresponding to elements of T’ in such a way that the resulting
set of sentences axiomatises the class C-P.F.

We let T; be the set of (a,S,d’, ) € T’ such that vg(b, b") does not hold for any b, b’
in any C-po-flat left S-poset B, and put Ty = T'\ T;. For T' = (a, S, d’, u) € Ty we let

Y = s = (Vo) (Va') 5 (2, 2).

If T'= (a,S,d', ) € Ty, then S is the ordered skeleton of some ordered tossing joining
ap®@b < dp®b over A and some C-po-flat left S-poset B. By our assumption (7i7),
there is a finite list of ordered replacement skeletons Sy, - -+, Sy(r). Choosing «(T) to be
minimal, for each k € {1, -+, «(T)}, there exist a C-po-flat left S-poset C} and elements
g, ¢, € Cy, such that

A 65, (a,d) and Cy =75, (e, &)
We let ¢ be the sentence

or = (W)(W)OE 0:9) = 95 0 Y) V-V IE g (03).

Let
ZC—P]—‘ = {wT T e Tl} U {¢T T e TQ}

We claim that ). , axiomatises C-PF.

Suppose first that D is any C-po-flat left S-poset.

Let T = (a,S,d’, ) € Ty. Then 7§(b, b') is not true for any b, 0’ € B, for any C-po-flat
left S-poset B, so certainly D | ¢r.

On the other hand, let T = (a, S, d’, ) € Ty, and let d,d’ € D be such that 75 (d, d') is
true. Together with the fact 5§(au, a’11) holds, we have that ap®d < a’p®d over A" and
D via an ordered tossing with ordered skeleton S. Because D is C-po-flat, a® d < ' @ d’
over A and D, and by assumption (iii), we can take the ordered replacement tossing to
have ordered skeleton one of Sy, -, Syr), say Si. Thus D |= 7§k(d: d') and it follows
that D = ¢p. Hence D is a model of >, p~.

Conversely, we show that every model of ) . - is C-po-flat. Let C' |= Y . - and
suppose that y : A - A" € C,a,d € A,¢c,d € Cand aqp®c < dp®cd in A ®C,
say with ordered tossing having ordered skeleton §. Then the ordered quadruple 7' =
(a,S,a’, ;1) € T'. Since 75 (c, ) holds, C' cannot be a model of ¥p. Since C' = 34 it
follows that 7" € Ty. But then ¢r holds in C so that for some k € {1,--- ,«(T)} we have
that 'ygk (¢, ) is true. We also know that A = (5§k(a, a’), so that we have ordered tossing
over A and C such that a ® ¢ < a’ ® ¢/. Thus C is C-po-flat.

]

Theorem 3.3.1.1. [52] The following conditions are equivalent for an ordered monoid S:

(i) the class of S-posets satisfying Condition (P) is axiomatisable;

(i) every ultraproduct of S-posets satisfying Condition (P) also satisfies Condition
(P);

(7ii) every ultrapower of S satisfies Condition (P);

(iv) for any s,t € S, R=S(s,t) =0 or R=(s,t) is finitely generated as a right S-subact
of S xS.
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Proof. (i) implies (i7): this follows from Los’s theorem.

(i7) implies (7i7): this is obvious since S satisfies Condition (P) as a S-poset.

(i17) implies (iv): let s,t € S and suppose that R=(s,t) # (). We suppose that R=(s, t)
is not finitely generated.

Let {(ug,v5) : B < v} be a generating subset of R=(s,t) of minimum cardinality ~.
By assumption, 7 is a limit ordinal. We may suppose that for any 8 < v, (ug,vg) is
not in the right S-subact generated by the preceding elements (u,, v, ), that is, (ug, vg) &

U, <p (ur,v7)S.

Let ® be a uniform ultrafilter on ~, that is ® is an ultrafilter on ~ such that all sets
in ® have cardinality .

Put U = S7/®. By assumption U satisfies Condition (P). Define elements a and b of
U by a = (ug)e, b = (vg)e. Since sug < tvg for all § < v, clearly sa < tb.

By assumption U satisfies Condition (P) so there exists s',#' € S and ¢ € U such that
a=s'c,b="1tcand ss’ <tt'. Let ¢ = (wg)e; from ss’ < tt' we have (s',t') € R=(s,t) and
so we have (s',t') = (uy, v,)h for some 0 < vy and h € S. Since a = s'c and b = t'c there
exists sets 77 and T, in @ such that ug = s'wg for all § € T} and vg = t'wg for all g € Ts.
Using the fact that 77 N1y € ® and ® is uniform, 7} N7 contains an ordinal o > o + 1.
Then

(U, Va) = (8" W, t'wey) = (8,1 we = (U, Vo) hw,,

and 80 (U, Vo) € (g, vs)S, a contradiction. Thus R=(s, ) is finitely generated.

(iv) implies (i): we show that the class of left S-posets satisfying Condition (P) is
axiomatisable by giving explicitly a set of sentences that axiomatises, the class of S-
posets which satisfies Condition (P). For any element p € S x S with R=(p) # 0, we
choose and fix a finite set of generators {(up1,vp1) -« (tpn, Vpn)} of R=(p). For pin S x S
where p = (s,t), define sentences ¢, of LS as follows:

If R5(p) = (0 then

$p = (V)(Vy)(sz £ ty)
if R=(p) # 0 then

n(p)

¢p = (V) (Vy) (sz < ty — (Elz)(\/ (T = upz N y=1y2))).

i=1

Let
ZP:{qﬁp:pESxS}.

We claim that ), axiomatises the class of S-posets satisfying Condition (P).

Suppose that A is an S-poset satisfying Condition (P) and p € S x S, where p = (s,1).
If R=(p) = 0 and there exists a,b € A such that sa < tb, then since A satisfies Condition
(P), ss’ < tt’ for some ¢, € S, a contradiction. Thus A = ¢,. If R5(p) # 0 and
sa < tb where a,b € A then again using the fact that A satisfies Condition (P) there are
elements s',#' € S and ¢ € A such that ss' < tt', a = s'c, b = t'c. Now (s/,t') € R>(s,t)
and so (s',t') = (upi, vp)h for some i € {1,2,...,n(p)} and h € S. Thus a = u,hc, and
b = v,hc where hec € A. Hence A |= ¢,.
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Conversely let A be a model of . If sa < tb where s,t € S and a,b € A, then since
A ¢,, where p = (s,t) it follows that R=(p) cannot be empty and ¢, is

n(p)
(Vz)(Vy)(sz < ty — (Elz)(\/(x = Uz AN Y = Uy 2)))
i=1
where {(u,1,v,1), ", (Upn,v,n)} is a finite set of generators of R=(p).
Hence there exists an element ¢ € A with a = wu,; ¢, b = v,; cforsomei € {1,2,...,n(p)}.
By definition of u,;, v, we have su,; < tv,. Thus A satisfies Condition (P) and so ),
axiomatises the class of S-posets satisfying Condition (P). O]

Theorem 3.3.1.2. [52] The following conditions are equivalent for an ordered monoid S:
(i) the class of S-posets satisfying Condition (E) is axiomatisable;
(i) every ultraproduct of S-posets satisfying Condition (E) also satisfies Condition
(B);
(ii1) every ultrapower of S satisfies Condition (E);

(iv) for any s,t € S, v=(s,t) =0 or vr=(s,t) is finitely generated as a right ideal of S.
Proof. (i) implies (7i): this follows from Los’s theorem.
(77) implies (4i7): this is obvious since S satisfies Condition (E) as a left S-poset.

(ii1) implies (iv): let s,¢ € S suppose that r=(s,t) # 0 and r=(s,t) is not finitely
generated.

Let {ug : B < v} be a generating subset of r=(s,t) of minimum cardinality 7. By
assumption v is a limit ordinal. We may suppose that ug is not in the right S-subposet
generated by preceding elements, that is ug & J,_ 5 UrS.

Let ® be a uniform ultrafilter on ~, that is ® is an ultrafilter on ~ such that all sets
in D have cardinality . Put 7 = S7/®. By assumption, T satisfies Condition (E) as a
S-poset.

Define an element a = (ug)e. Since sug < tug for all § < =, clearly sa < ta. Since
T satisfies Condition (E), there exists ' € S and ¢ € T with ss’ <ts’ and a = s'c. Put
c = (wp)e.

From ss’ < ts’ we have s’ € r=(s,t) and so s = (uy)h for some 0 < v and h € S.
Since @ = s'c this implies that there exists 7" in ® such that ug = s'wg for all g € T,
but 8" = (u,)h so ug = u,hwg implying that ug € u,S, a contradiction. Thus r=(s,t) is
finitely generated.

(iv) implies (7): we show that class of S-posets satisfying Condition (E) is axiomatis-
able by giving explicitly a set of sentences that axiomatises this class.

For any element p of S x S with r=(p) # 0, choose and fix a set of generators
{wWp1 Wym(p} of r5(p). For p € S x S where p = (s,t) define sentences ¢, of Lg
as follows:

If r=(p) = 0, then

¢ = (V)(s2 £ ty).
If r=(p) # () then

m(p)

¢, = (Va)(sz <tz — (I2)( \/ T = wyz)).

=1

150



Let

Zg:{¢p:p65><5}.

We claim that ) . axiomatises the class of S-posets satisfying Condition (E). Suppose
first that A satisfy Condition (E) and p € S x S, where p = (s,t). If r=(s,t) = () and
there exists a € A such that sa < ta, then since A satisfy Condition (E), we have that
ss' <ts' for some s’ € S, a contradiction. Thus A = ¢,.

If r=(p) # 0 and sa < ta where a € A, then again since A satisfies Condition (E),
there exists s’ € S and ¢ € A such that ss’ < ts and a = s'c. Now s’ € r=(s,t) and so
s" = wy;h for some i € {1,2,--- ;m(p)} and h € S. Thus a = w,; hc and hec € A, hence
A= ¢,. Clearly A is a model of ) ..

Conversely, let A be a model of > .. If sa < ta where s, € S and a € A, then since
A ¢,, where p = (s,t), it follows that r=(p) cannot be empty and ¢, is

m(p)
(Vz) (sz <tz — (32)( \/ (z = wpi2))).
i=1
Hence there exists an element ¢ of A with a = w,c for some i € {1,2,--- ,m(p)}. By

definition of w,;, sw, < tw,. Thus A satisfies Condition (E), and so ), axiomatises
class of S-posets satisfying Condition (E).
[l

Theorem 3.3.3.1. The following conditions are equivalent for a pomonoid S':
(i) the class PWP is aziomatisable;
(i1) the class PWP is closed under ultraproducts;
(iii) every ultrapower of S lies in PWP;
(iv) R=(s,s) is finitely generated for any s € S.

Proof. (i) implies (éi): this follows from Los’s theorem.
(77) implies (4i7): this is obvious since S satisfies Condition (PWP) as a S-poset.

(i17) implies (iv): let s € S and suppose that R=(s, s) is not finitely generated.

Let {(up,v3) : B < 7} be a generating subset of R=(s, s) of minimum cardinality ~.
By assumption, v is a limit ordinal. We may suppose that for any 8 < v, (ug,vg) is
not in the right S-subact generated by the preceding elements (u,, v, ), that is, (ug, vs) &

U s (ur,07)S.

Let ® be a uniform ultrafilter on ~, that is ® is an ultrafilter on ~ such that all sets
in ® have cardinality .

Put U = S7/®. By assumption U satisfies Condition (PWP). Define elements a and
bofU by a = (ug)s, b = (v5)e. Since sug < svg for all § < 7, clearly sa < sb.

By assumption U satisfies Condition (PWP) so there exists s',t' € S and ¢ € U such
that @ = s'c, b = t'c and ss’ < st’. Let ¢ = (wp)s; from ss’ < st’ we have (s',t') € R=(s, s)
and so we have (¢',t') = (uy,v,)h for some 0 < v and h € S. Since a = s'c and b = t'c
there exists sets 77 and 75 in @ such that ug = s'wg for all 5 € T} and vg = t'ws for all

151



B € Ty. Using the fact that 77 N1y, € ® and @ is a uniform ultrafilter, 77 N T contains
an ordinal o« > o + 1. Then

(U Vo) = (8'Wa, t'wy) = (8", we = (g, Vo) hwy
and 50 (Uq, V) € (Uy,v,)S, a contradiction. Thus R=(s, s) is finitely generated.

(7v) implies (7): we show that the class PWP is axiomatisable by giving explicitly a
set of sentences that axiomatises it. For any element s € .S, we choose and fix a finite set
of generators

{(usb Usl) te (usn(s)7 Usn(s))}

of R=(s, s). For s in S, define sentences ¢, of L§ as follows:

n

—~

5)

os = (V) (Vy) (sx <sy— (F2)(\/ (z=usiz Ny = vsiz))).

ZPWP ={¢s:s€ S5}

We claim that )., axiomatises the class of S-posets satisfying Condition (PWP).

Suppose that A is an S-poset satisfying Condition (PWP). If sa < sb where a,b € A
then using the fact that A satisfies Condition (PWP) there are elements ¢',#' € S and ¢ €
A such that ss’ < st', a = s'c, b=t'c. Now (s',t') € R=(s,5) and so (§/,1') = (usy, vsi)h
for some i € {1,2,...,n(s)} and h € S. Thus a = us;hc and b = vs;hc where he € A.
Hence A = ¢.

Conversely, let A be a model of Y 5,5 If sa < sb where s € S and a,b € A, then
since A = ¢, where ¢ is

.
Il

Let

n(s)
(Vz)(Vy) (sz < sy — (Elz)(\/(x = Uiz N Y = U, 2)))

=1

there exists an element ¢ € A with a = u,; ¢ and b = vy, ¢ for some i € {1,2,...,n(s)}.
By definition of wug;, vs; we have sugs; < svg;. Thus A satisfies Condition (PWP) and so
> pwp axiomatises the class of S-posets satisfying Condition (PWP). O

Theorem 3.3.5.1. The following conditions are equivalent for a pomonoid S':
(i) the class PWP,, is axiomatisable;
(i1) the class PWP,, is closed under ultraproducts;
(7ii) every ultrapower of S satisfies Condition (PWP,,);
(i) for any s € S there exists finitely many

(U1, V1) -+ -y (Wpn(p)s Vo)) € RS(‘S’ s)

such that for any (z,y) € R=(s, s),
x < uyih and v,ih <y

for some i € {1,...n(p)} and h € S.
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Proof. (i) implies (i7): follows from Los’s theorem.

(1) implies (7i7) is obvious since S satisfies Condition (PWP,,) as a left S-poset.

(77i) implies (iv): suppose that every ultrapower of S has (PWP,,) but that (iv) does
not hold.

Let {(ug,vg) : B < v} be a set of minimal (infinite) cardinality v contained in R=(s, s)
such that if (z,y) € R=(s, s), then

x < wugh and vgh <y

for some f < v and h € S. From the minimality of v we may assume that for any
a < f <7, it is not true that both

ug < ugh and vah < g

for any h € S.
Let ® be a uniform ultrafilter on ~, that is ® is an ultrafilter on ~ such that all sets
in ® have cardinality . Let & = S7/®, by assumption U satisfies Condition (PWP,,).
Since sug < svg for all 5 < 7, s(ug)e < s(vg)e. As U satisfies Condition (PWP,,),
there exists (u,v) € RS(s,s) and (ws)e € U such that

(ug)e < u(ws)e and v(wg)e < (vs)e-

Let D € ® be such that
ug < uwg and vwg < vg

for all 8 € D. Now (u,v) € R=(s, s) so that
u < ush and v,h < v
for some o < 7. Choose g € D with > 0. Then
ug < uwg < ushwg and vohwg < vwg < vg

a contradiction. Thus (iv) holds.

(7v) implies (i): we will show that the class of left S-posets satisfying Condition
(PWP,,) is axiomatisable by giving explicitly a set of sentences that axiomatises this
class. For any element s € .S, we choose and fix a finite set of elements

{(usb Usl) te (usn(s)7 Usn(s))}
of R=(s,s). We define sentences of L as follows:

n(s)
Q, = (Vz)(Vy)(sz < sy — (Elz)(\/(m < ugiz Avg; 2 < y))).

i—1

ZPWPw ={Q,:s€ S}

We claim that ) ., axiomatises PWP,,.
Let A be an S-poset satisfying Condition (PWP,,).

=

Let
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Suppose sa < sb where a,b € A, then using the fact that A satisfies Condition (PWP,,)
there are elements ', € S and ¢ € A such that ss’ < st’, a < s'c and t'¢ < a’. We have
s < ugit, vt <t for some i € {1,--- n(s)} and t € S. Hence a < u,tc and vg;te < a
so A = Q.

Conversely, suppose that A |= ), and sa < sb for some s € S and a,b € S. Since
A E Qg where € is

n(s)
(Vx)(Vy)(sm <sy— (Hz)(\/(x < Ugi 2 N Vg 2 < y)))

i—1

~

we have a < u,;c and v,c < b for some ¢ € A. By definition, (u,;,v,;) € R=(s, s), so that

A lies in PWP,,. O
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