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Abstract

The main aim of this thesis is to examine stability properties of the solutions to
stochastic differential equations (SDEs) driven by Lévy noise.

Using key tools such as It6’s formula for general semimartingales, Kunita’s moment
estimates for Lévy-type stochastic integrals, and the exponential martingale inequality,
we find conditions under which the solutions to the SDEs under consideration are stable
in probability, almost surely and moment exponentially stable. In addition, stability
properties of stochastic functional differential equations (SFDEs) driven by Lévy noise
are examined using Razumikhin type theorems.

In the existing literature the problem of stochastic stabilization and destabilization of
first order non-linear deterministic systems has been investigated when the system is
perturbed with Brownian motion. These results are extended in this thesis to the case
where the deterministic system is perturbed with Lévy noise. We mainly focus on
the stabilizing effects of the Lévy noise in the system, prove the existence of sample
Lyapunov exponents of the trivial solution of the stochastically perturbed system, and
provide sufficient criteria under which the system is almost surely exponentially stable.
From the results that are established the Lévy noise plays a similar role to the Brownian -
motion in stabilizing dynamical systems.

We also establish the variation of constants formula for linear SDEs driven by Lévy
noise. This is applied to study stochastic stabilization of ordinary functional differential
equation systems perturbed with Lévy noise.
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Notation and Terminology

N={1,2,...} and R* = [0, c0).

R? is d-dimensional Euclidean space, where d € N. Its elements z = (z1, 2, ..., Z4) are
vectors, with z; € R for each 1 < ¢ < d. The Euclidean inner-product in R? between
two vectors z,y € R is denoted by (z,y) and is defined as

d
(112, y) = Z Ty,
=1

or as 7y where 2T denotes the transpose of the vector z, and the associated norm is

“ d 3
le = (.’L’, IB)% = (inz) .
i=1

Ma,m(R) will denote the space of all real-valued d x m matrices. We let Mg(R) denote
Mg q(R).

The trace of A € Mgy(R) is shortened to trA.
1

We denote by |D|| = ( 4,m, ng)i where D € Mgm(R). Note that ||D]|
is the Hilbert-Schmidt norm of a d x m matrix D ie. |D| = /tr(DTD) and if
D is d X d symmetric matrix, it is well known that |D|| = maxi=1,,..,|X| where
{Xi,;i=1,2,...,d} are the eigenvalues of the matrix D.

Also denote by ||D||; the matrix norm defined by [|D|l1 = sup {|| Dyl| : lyll = 1} where
D is a d x d matrix.

The kernel of a matrix A € Mym(R) is denoted throughout the thesis as Ker(4) and
by I we denote the identity matrix.

For a matrix A € My(R) we say that is positive definite if yTAy > 0 for all non-zero
y € R4,

In this thesis the Einstein summation convention is used, wherein summation is
understood with respect to repeated upper and lower indices e.g. if z,y € R¢ and



A= (Al) € My(R) then

4 -
Az = > Az = (z, Ay).
i,j=1
#S means the number of elements in the set S.
S¢ denotes the complement of a set S and S denotes the closure in some topology.

‘Almost surely’ is shorthanded to a.s. and ‘almost everywhere’ to a.e.
Also we denote a A b = min{a, b} and a V b = max{a, b} for a,b € R.

We also need to define C™(R%), the space of n-times differentiable functions from R? to

R, all of whose derivatives are continuous. If V € C2(R% R) then we denote at z € RY,

(0V(z)) = (B1V (), ...,84V(x))T where &;V(z) is the i-th first order partial derivative
2

and (0;0;V)(z) denotes af—tavz—l(x)

Throughout this thesis for each z € R%, ¢ > 0 we denote Be(z) = {y € R?: |[y—z| < c},
Bc(z) = Be(z) \ {0} and B, = B.(0), B, = B.(0).

Let (S, F,u) be a measure space and let 1 < p < co. We denote by LP(S,F, i R%)
the Banach space of all equivalence classes of mappings f : § — R?% which agree almost

everywhere (with respect to the measure ) and for which || f||, < co where |- || is the
following norm:

171l = [ /S (@) Ip,u(da:)] &

LP(S;R?) is a shorthand for LP(S, F, u; R).
The Borel o-algebra of a Borel set A C RY is denoted by B(A).

Let f: R? — R. Then lim,y; f(s) = k means limg_y,s<t f(s) = k, while limgj f(s) = k
implies limst s5¢ f(5) = k.

We say that f: RT — R? is cadlag (continue d droite avec des limites a gauche) if it
is right continuous with left limits and we denote the left limit at each point ¢ > 0 by

f(t=) = limgy £(s).
Let 7 > 0. D([-7,0];R%) denotes the space of cadlag mappings from [—,0] to RY.
We denote by e; the unit column vector, i.e. e; = (0,0,...,0, 19,0,...,0)T.

We define by 6,(A) the Dirac mass concentrated at = € R?

5a(A) = 1 ifzeA
: 0 ifz ¢ A,

vi



where A € B(R?).

14 is the indicator function of the Borel set A so

1a(2) 1 ifzeA
A\Z) =
0 ifz¢ A

vii



Chapter 1

Introduction to Lévy Processes,

Stochastic Differential Equations
(SDEs) and Stability Theory

1.1 Introduction

This chapter falls into two parts. The first, is devoted to stochastic analysis of
Lévy processes, while the second concerns stability theory. The former provides the
appropriate mathematical tools that are needed to understand the concepts that will be
developed in this thesis for the study of the stability of stochastic differential equations
(SDEs) driven by Lévy processes. The latter gives some historical background and the
appropriate mathematical mechanisms needed to develop stability theory.

1.2 Lévy processes: basic definitions and properties

In this section we provide a brief introduction to the fundamentals of Lévy processes
theory.

Let F be a o-algebra of a given set Q. A family (F;,t > 0) of sub o-algebras of F is
called a filtration if

Fs CF whenever s<t.

Assume that we are given a filtered probability space (2, F, (F;,t > 0), P) that satisfies
the “usual hypotheses”:
(a) Completeness: Fp contains all sets of P-measure zero.



(b) The filtration is right continuous, F; = Fy where Fyy = (esq Fete-

All random variables that are used in this thesis are considered to be defined on the
same probability space.

Let X = (X (t),t > 0) on R be a stochastic process defined on (Q, F, P).
Then X is adapted to the filtration (F3,t > 0) (or Fi-adapted) if

X (t) is Fi-measurable for each t > 0.

If X is Fi-adapted and also satisfies for each ¢ > 0 the integrability requirement
E(|X(t)]) < oo then it is a martingale if, for all 0 < s < t < o0,

E(X(t)|F,) = X(s) a.s.

Lévy processes, named in honor of the French mathematician Paul Lévy who first
studied them in the 1930s, are stochastic processes with stationary and independent
increments. They are the simplest class of processes having continuous paths that are
interrupted with jump discontinuities of random size that appear at random times.
Very important examples of Lévy processes are Brownian motion which has continuous
sample paths, the Poisson process, the compound Poisson process, stable processes,
subordinators and interlacing processes. Also a mixture of a Brownian motion and
an independent compound Poisson process can give rise to a Lévy process and they
constitute an important class of jump-diffusion processes. In addition Lévy processes
form an important class of semimartingales (see Applebaum [1] pp. 115).

A formal definition follows.

Definition 1.2.1 The process X = (X(¢),t > 0) is a Lévy process if it is adapted to
the filtration (F;,t > 0) and the following conditions are satisfied.

(i) X(0) = 0 almost surely,

(i) each X (t) — X (s) is independent of F5,V 0 < s <t < o0,

(iii) X has stationary increments i.e. X (t) — X(s) has the same distribution as X (t—s),
foreach 0 < s <t < o0,

(iv) X is stochastically continuous: for all @ > 0 and for all s > 0

lim P(X(t) - X(s) > o] =0,

Under these conditions, every Lévy process X has a cadlag modification and is itself a
Lévy process (see e.g. Applebaum [1] Theorem 2.1.7 pp. 74). For the rest of the thesis
we will always consider this modification.

Historically the first investigations into the structure of Lévy processes can be tracked
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back to the late 1920s with the study of infinitely divisible distributions. The general
structure of these was gradually discovered by de Finetti, Kolmogorov, Lévy and 1td and
an important landmark is the celebrated Lévy-Khintchine formula. This formula gives a
characterization of the infinite divisible probability measures through their characteristic
functions. In the following we will present the Lévy-Khintchine formula but first we need
some definitions quoted by Applebaum [1] Chapter 1.

Here M;(R%) denotes the set of all Borel probability measures on R,

The convolution of two probability measures y; € Mi(R%), for i = 1,2 is defined as

(% 12) (4) = [ 1a(a+ (@),

where A € B(R?). Also define (u)*" = ux...+p (n times). Then u € M;(R?) is infinitely
divisible if pu has a convolution nth root i.e. if there exists a measure p/® € M;(R%)
for which (u!/")*" = p.

The characteristic function of p € M;(R?) is defined as

sut) = [ uay)

where u € R4,

Now, let v be a Borel measure defined on R?\ {0} = {z € R, z # 0}.
Then v is a Lévy measure if

/ (w]2 A 1)(dy) < oo. (1.1)
RA\(0}

The Lévy-Khintchine formula can now be introduced.

Theorem 1.2.2 (Lévy-Khintchine formula)
A Borel probability measure p on R is infinitely divisible if there exists a vector b € RY,
a non-negative definite symmetric d x d matriz A and a Lévy measure v on R%\ {0}
such that, for all u € R%, the characteristic function of W admits the representation

éu(u) = exp {z’<b, W = 5w )+ [

Rd\{o}‘[e““’w — 1w, 1)15()] u(dy)} (12)

where B = {y e R%: 0 < |y| < 1}.
Conversely any mapping of the form (1.2) is the characteristic function of an infinitely
divisible probability measure on RY.

For a proof see Sato [42] Theorem 8.1 pp. 37-45.

3



The triple (b, A, v) is called the characteristics of p.

Remark 1.2.3 The integral in the Lévy-Khintchine formula (1.2) converges. The
integrand is O(y?) as |y| — 0 and is O(1) as |y| — oco. Hence, condition (1.1) is a
sufficient condition for the integral to converge.

Now, the connection between the Lévy-Khintchine formula and Lévy processes is that
each of the random variables comprising a Lévy process is infinitely divisible due to
the stationarity and independence of the increments. Hence, the distribution of a Lévy
process is determined by the form that the Lévy-Khintchine formula can take. Each
X (t) has characteristics (tb,tA,tv) where the (b, A,v) are the characteristics of X (1).
Also the triple (b, A, v) is sufficient to determine some of the sample path properties of
a Lévy process e.g. if v = 0 then X has a continuous sample paths (a.s.). For further
details we refer to Sato [42], Section 21 and Kyprianou [27], Chapter 2 pp. 54-55.

1.2.1 Some examples of Lévy processes

(1) Brownian motion: A standard Brownian motion B = (B(t),t > 0) is a Lévy
process on R¢ such that '

(B1) B(t) ~ N(0,tI) for each t > 0,
(B2) B has continuous sample paths.

The characteristic function of a standard Brownian motion is given by
1, 12
®B(t)(u) = exp —’2't|u| ,

for each u € R4, ¢t > 0.

~ (2) Poisson process: Let N = (N(t),t > 0) be a Poisson process with intensity A > 0.
It is a Lévy process with non-negative integer values. For each t > 0, N(t) follows a
Poisson distribution with parameter At so that

_ _ (At)ne')‘t

P(N()=n) = T2

for each n = 0,1,2,...

A Poisson process has piecewise constant paths on each finite time interval and at the
random times

T = inf {t > 0; N(t) = n}



it has jumps of size 1. Its characteristic function is given by

éN () (u) = exp [)\t (ei“ - 1)] ,

for each u € R4, t > 0.

(3) Compound Poisson process: Let (N(t),t > 0) be a Poisson random process
with intensity A > 0 and let (U(m),m € N) be a sequence of independent, identically
distributed random variables on R¢, independent of N and defined on the probability
space (0, F, P) with common law py. The compound Poisson process Z = (Z(t),t > 0)
is a Lévy process, where for each t > 0 ‘

N(t)

Z(t) = > U(k).
k=1
The characteristic function of a compound Poisson process is

$z(1)(w) = exp {t [ /R d(6i<u’y> - 1)>\uu(dy)] }

for each u € R4, t > 0 and we can deduce that the Lévy measure for Z is Auy.

For further examples of processes that belong to the class of Lévy processes see e.g.
Applebaum [1].

1.2.2 Lévy-Itd decomposition

Before we introduce another important fool in the theory of Lévy processes, the Lévy-
It6 decomposition (see Ikeda-Watanabe [18] pp. 65 and Applebaum [1] pp. 108), we
need to give some definitions.

We say that A € B(R4\{0}) is bounded below if 0 ¢ A.
* Let S be a subset of R\ {0} and N be an integer-valued random measure on ¥ = R+ x S
(for the definition of random measures see Applebaum [1] pp. 89). Then N is a Poisson
random measure if

(1) For each t >0 and A € B(S) that is bounded below, N (t, A) is Poisson distributed,
(2) For each ti,...,t, € RT and each disjoint family Ay, Ag,..., A, € B(S) that are
bounded below, then the random variables N(¢1, A1),...,N(tn, An) are independent.

Its intensity measure is defined as A(A) = E(N(1, A)) for all A € B(S) that are bounded
below.

Now let S = R%\{0}.
The jump process associated to a Lévy process X is defined by AX = (AX(¢),t > 0)

5



where
AX(t) = X(8) - X(t-)

for each t > 0.
To count the jumps of the Lévy process X we define for each E € B(R4\{0})

NtE)=#{0<s<t;AX(s)€E}= ) 15(AX(s)).

0<s<t

For each w € Q, t > 0 the set function £ — N (t, E)(w) is a counting measure on
B(R%\{0}). Define an associated Borel measure v(-) = E(N(1,-)) (as in Applebaum [1]
pp. 87). N is a Poisson random measure, and its intensity measure is Leb ® v, where
Leb denotes Lebesgue measure on R*. We also define the compensated Poisson random
measure by

N(t,E) = N(t, E) — tv(E).

Note that (N (¢, E),t > 0) is a martingale whenever v(E) < oo.
For further details we refer to Applebaum [1] pp. 85-91.

For the rest of this subsection we denote by B4 = (Ba(t),t > 0) in R%, the Gaussian
process defined for each ¢t > 0 by

Ba(t) = (BA®),-, BA®)

where for eachi=1,2,...,d
I3 m . .
Biy(t) = > _oiBi(t)
j=1
and for each j = 1,2,...,m, B’ is a one-dimensional Brownian motion, A € My(R)

is a non-negative definite symmetric matrix, o € Mg, (R) is a real-valued matrix, the
square root of A such that co” = A. The process Ba = (Ba(t),t > 0) is a Lévy process
where for each t > 0, Ba(t) ~ N(0,tA). We call the process By = (Ba(t),t > 0)
Brownian motion with convariance A.

Now the Lévy-1td decomposition describes the sample paths of a Lévy process as a sum
of a continuous part and jump parts. It effectively tells us that it can be decomposed
into a Brownian motion with drift which is the continuous part, a compensated Poisson
integral which represents the “small jumps” and a Poisson integral that describes the
“large jumps” and is a compound Poisson process.



Theorem 1.2.4 (Lévy-Ité decomposition)
Every Lévy process (X(t),t > 0) has the sample path decomposition

X(t) = bt + Ba(t) + /|1<1
Yy

yN(t,dy) + /

yN(t,dy) (1.3)
ly|>1

for each t > 0, where b € R%, (Ba,t > 0) is a Brownian motion with covariance matriz
A and N is an independent Poisson random measure defined on RY x (R¢\ {0}) with
intensity measure Leb @ v.

Proof: See e.g. Applebaum [1] pp. 104-108.

Note that the three processes in (1.3) are all independent and the decomposition is
unique (see Kunita [25] Theorem 2.7 pp. 327).

In general a Lévy process may not be a martingale, or even integrable but there are
some important examples of Lévy processes that possess this property; for instance if a
Lévy process has a zero mean then it is a martingale e.g. consider standard Brownian
motion or the compensated Poisson process with intensity A > 0.

For a more detailed treatment of the properties of Lévy processes we refer to Applebaum
(1], Sato [42], Protter [40] and Kyprianou [27].

1.3 Stochastic Calculus - Ito’s formula

In the following some basic tools from stochastic analysis theory and stochastic calculus
~ will be introduced. These are needed for the purposes of this work. We will follow the
definitions and notation of Applebaum [1].

Throughout this thesis, unless otherwise specified we assume that we are given an
" m-dimensional standard F;-adapted Brownian motion B = (B(t),t > 0) with each
B(t) = (B!(¢),...,B™(t)) and an independent F;-adapted Poisson random measure N
defined on R+ x (R4\ {0}) with compensator N and intensity measure v, where we will
assume that v is a Lévy measure.

Let E € B(R?\ {0}) and 0 < T < oco. In order to assure the existence of stochastic
integrals for which the integrator is a Lévy process, we need to define two spaces P(T, E)
and Py(T'). The space P2(T, E) is defined as the linear space of all predictable mappings
H:[0,T] x E x Q — R? (for the definition of predictability see Applebaum [1] pp. 192)
which satisfy

Pv [/OT/E IH(‘s,y)lzv(dy)ds <oo| =1.

7



The space Py(T) is the linear space of all predictable mappings F : [0,T] x  — R? for
which P [ fOT |F(t)|%dt < oo] = 1. For further details about stochastic integration we
refer to Applebaum [1] Chapter 4.

For the rest of the thesis we take E = B, where 0 < ¢ < oo plays the role of maximum
allowable jump size. This parameter indicates what we mean by small and large jumps,
and in the case where we want to consider small and large jumps under the same footing
we take ¢ = oco.

A result that will play a vital role in this thesis is the celebrated It6’s formula. As will
be revealed in the following chapters, it is a key technique applied to SDEs in order to
establish stability.

Here we will give It6’s formula for a Lévy-type stochastic integral, with stochastic
differential

dY (t) = G(t)dt + F(t)dB(t) + H(t,y)N(dt,dy) + K(t,y)N(dt,dy) (1.4)
lyl<e lyl=c
where for all t > 0,1 <4 < d, 1< j <m, (G)V2 F} € Py(t), H' € Pa(t,E) and K is
predictable. The construction of these integrals can be found in Applebaum [1] Chapter
4, pp. 205-212.

It is easily verified that Lévy-type stochastic integrals are semimartingales. Hence, the
general Itd’s formula for semimartingales can be applied (see e.g. Protter [40], pp. 271).
Using algebra it is straightforward to prove the equivalence between It6’s formula for
general semimartingales and It6’s formula in the form that follows. In this form it
~ can be found in Ikeda-Watanabe [18] and Applebaum [1] pp. 226. Although it first
appeared many years ago it is only in the last ten years that the importance of writing
It6’s formula in this way has been appreciated.

- First we need to define the quadratic variation process [Y,Y] = ([Y,Y](t),t > 0) for
Y = (Y(t),t > 0) where Y as in (1.4). It is a d x d matrix-valued adapted process and
its (4,7)th entry, where 1 < 4,5 < d, is defined by

[V4LY9)(t) = [Y§,Y2)(t) + ) AYi(s)AY(s), (1.5)

0<s<t

where Y. is the continuous part of Y defined by Yi(t) = fg i(s)dB*(s) + f(;' Gi(s)ds
foreacht>0,1<i<d,1<k<m.
By Applebaum [1] corollary 4.4.9 pp. 228, for each t > 0 [Y? Y7|(t) is almost surely



finite, and we have
. . m t . L2 . t . .
YiYe = Y [ F@FEds+ [ [ ) s)NEsd)
k=1v0 0 Jlyl<e
¢
[ KK (s )N s, ),
0 Jly|zc

For the validity of It6’s formula we need to impose the following local boundedness
constraint on the jumps.

Assumption 1.3.1 For all ¢t > 0,

sup sup |H(s,y)]<o0  a.s.
0<s<t 0<|y|<e

Theorem 1.3.2 (1té’s formula)

Let Y be a Lévy-type stochastic integral of the form (1.4). Then, for each f € C*(R%),
t > 0, with probability 1 we have

FY () - £V (0)) t
= [ asv(s-)avis) + 5 [ 800 (s-)dlvd, ¥io)
0 0

" /o /Iylzc[f (Y(s=) + K(s,9)) = F(Y(s—))IN(ds, dy)
t

[0 + Bl - SO (s s, d)
0 Jlyl<e 4

+ t [ 1)+ o) = 7 (6-) = H(s, 900 ( (sl
0 Jlyl<e

For a proof see Applebaum [1] pp. 226.

“For future reference we also state the following result.

Theorem 1.3.3 (1té’s product formula)
IfY! and Y? _are real-valued Lévy-type stochastic integrals of the form (1.4) then, for
all t > 0, with probability 1 we have that
, t t
Y(t)Y2(t) = Y (0)Y(0) + / Y(s=)dY?(s)+ / Y2(s—)dY'(s) + [Y1,Y?] (£).(1.6)
0 0

For a proof see Applebaum [1], Theorem 4.4.13 pp. 231.



In differential form (1.6) is written as

d(Y()Y2(t) = Y (t-)dY?(t) + Y2(¢t-)dY(¢) + d [V, Y?] (¢). (1.7)

Note that we can derive the term d [Y!,Y?] (t), that is called an Ité correction, from

the result of the following formal product relations between differentials:
dBi(t)dBi(t) = 6¥dt;  N(dt,dz)N(dt,dy) = N(dt,dz)é(z — y)

for1 <i,5<m.

For the last part of this section, we present three useful results that will be heavily
exploited in the main part of the thesis.

(1) Doob’s martingale inequalities
Let (Z(t),t > 0) be an R? valued martingale. Let [a, ] be a closed interval in R.
(i) If p>1 and Z(t) € LP(Q;R?) for all t > 0 then

P ( 201> o) < ZUZOD)

holds for all ¢ > 0.
(ii) If p > 1 and Z(t) € LP(;R?) for all £ > 0 then

E(wpwuw)s(ggjzﬂwmwr

a<t<b

For further details see Mao [33] pp. 14.

The following well-known result is also a very useful tool in Chapter 3 and 4.

(2) Gronwall’s inequality

Let [a, b] be a closed interval in R and e, 3 : [a,b] — R be non-negative with a locally
bounded and £ integrable on [a, b]. If there exists C > 0 such that, for all t € [a, b],

t

a(t) < C’+/ a(s)B(s) ds,

a

then we have

amsmmu%@ﬂ

for all t € [a,b)].
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Proof: See Applebaum [1], proposition 6.1.4 pp. 295-296.

Another helpful tool that is widely used in Chapter 4 is the strong law of large numbers
for local martingales. But first we need to define the Meyer angle bracket process. By
the Doob-Meyer decomposition (see Applebaum [1] pp. 81) if Y is a submartingale
(see Applebaum [1] pp. 73) then there exists a unique predictable, increasing process
(A(t),t > 0) with A(0) = 0 (a.s.) such that Y(t) — Y (0) — A(t) for eacht > 0 is a
uniformly integrable martingale. In the case that Y (t) = M(t)? where M is a square-
integrable martingale then it is usual to write (M, M)(t) = A(t) for each t > 0 and
we call the process (M, M) the Meyer’s angle-bracket process. Sometimes (M, M)(t) is
shortened to (M)(t) for each ¢ > 0 in order to ease the notation. For example if M = B
where B is a one-dimensional standard Brownian motion then (M)(t) = t and if M = N
where N is the compensated Poisson process with intensity A then (M)(t) = Xt for each
t>0.

(3) Strong law of large numbers
Let M = (M(t),t > to) be a local martingale. Define

t
pm(t) = . %22- (1.8)

If the following condition holds
P (tl_iglopM(t) < oo) =1

then

—0Q

P <t1im ﬁt@ o o) ~1. (1.9)

Proof: See Liptser [29].

We also take the opportunity to mention some simple inequalities which we will use
extensively throughout this thesis.

The logarithmic.inequality:
log(l+z) <z for => -1, (1.10)
from which it follows trivially that

log(z) <z.—1 for z>0. _ (1.11)

11



The following inequality will also play a major role in the analysis of stability of SDEs
driven by Lévy processes.
For all aj,...,an € R it holds that

n 2 n
Zaj < nZIajlz. (1.12)
j=1 =1

J:

This is established by using induction and the Cauchy-Schwarz inequality. O

1.4 Stochastic Differential Equations - SDEs

We can consider SDEs driven by Lévy processes of the form
dzt(t) = I' (z(t=)) dX(t) (1.13)

foreach 1 < i< d, t >ty where X = (X(t),t > 0) is a Lévy process and l3,...,[lq are
suitable coefficients. Now if we replace X by its Lévy-Ité decomposition (see (1.3)) we
see that we can generalize (1.13) and consider SDEs where time, the Brownian motion
part, small and large jumps are all separately coupled to the system. This is the more
general point of view that can be found in Applebaum [1] and is the one that we will
use in this thesis.

Let 0 < to < T < oo. Assume that the mappings f : R? — R4, g : R? — Myn(R),
H:R?x R% — R? and K : R% x RY — R are Borel measurable.
We define a d-dimensional stochastic differential equation (SDE) by,

dz(t) = f(x(t-))dt+g(z(t-))dB(t)+ | |<cH (z(t-), y) N (dt, dy)+ | |>cK (z(t-),y)N(dt, dy)
B (1.14)

on tg < t < T with initial value z(to) = xo, such that zo € R?. The functions f,g are
called drift and diffusion coefficients respectively and H and K are the jump coefficients.

To give (1.14) a rigorous mathematical meaning we rewrite it in an integral form, for
each t > tg, as

. t t . t -
o) = oo+ [ fla(s=)ds+ [ gla(s-)dBls) + / [ HEE))N s d)

o Vyl<c

t
'+/ K(z(s—),y)N(ds,dy) onty<t<T.
to Jylze

As was mentioned in section 1.3, ¢ € (0,00]. In the case that ¢ = oo, the final integral
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in (1.14) is missing.

The uniqueness and existence of the solution of the SDE (1.14) is guaranteed from the
theorem that follows, which will play a vital role for the rest of the thesis. By applying
the Picard iteration technique, which is used by analogy to the ordinary differential
equations-ODE case (see e.g. Boyce and Diprima [7] pp. 72-78) the existence and
uniqueness of the solution for SDEs driven by a Lévy process can be proved if the
following conditions are satisfied:

(C1)Lipschitz conditions: There exists a positive constant L such that, for all
1,12 € RY,

|f(21) = f(z2)” < Llzr — za?, lg(e1) — g(z2)||* < Llz1 — 22f?, (1.15)

/II |H(z1,y) — H(xg,y)|2v(dy) < Liz; - :):2|2. (1.16)
Y <c

(C2)Growth conditions: There exists a positive constant K such that, for all z € RY,

If(@)]* < K(1+ |2f), @I < K1+ [, (1.17)

]M« (H (z,9)v(dy) < K(1+ |2]?). (L18)

(C8)Big jumps condition: We require that the mapping z — K(z,y) is continuous
for all |y| > c.

Note that Applebaum in [1] pp. 304 comments that (1.15) implies (1.17). However in
later chapters of the thesis we will want to consider SDEs for which (1.17) and (1.18)
hold, while (1.15) and (1.16) may not hold and so we list the conditions separately.

In the case of SDEs driven by a Lévy process with time-dependent coefficients, the
conditions on the existence of a unique solution are analogous to (C1)-(C3), with L > 0
and K > 0 being replaced by the mappings ¢ — L(t) and ¢t — K(t) that are bounded
and measurable (see Applebaum (1] pp. 312).

Theorem 1.4.1 (Ezistence and Uniqueness)

(i) Assume that (C1)-(C3) are satisfied. Then there ezist a unique solution z =
(z(t),t > to) to (1.14) with the initial condition z(to) = xo, where zo € R%. The
process s adapted and cadlag. A

(ii) For SDEs driven by a Lévy process with time-dependent coefficients, then a unique
adapted and cadlag solution ezists under conditions analogous to (C1)-(C3).

13



For a proof see Applebaum [1] Theorem 6.2.3 pp. 304 and Theorem 6.2.9 pp. 311.

Solutions of SDEs driven by Lévy processes have many nice properties and we will
mention some here for the sake of completeness. They form a class of Markov processes
and in the case that there no jumps, diffusion processes. Their solutions form stochastic
flows and under additional assumptions on the coefficients we can construct Feller
processes. Full details can be found in Applebaum [1] Chapter 6.

Remark 1.4.2 In the proof of existence and uniqueness in Applebaum [1] Theorem
6.2.3 pp. 304 and Theorem 6.2.9 pp. 311 the author considers the initial condition
to be an Fy,-measurable random variable i.e. Y(0) = Y (a.s.). As we will discuss in
due course for the purpose of this thesis it is sufficient for the initial condition to be
constant.

We will also require the linear operator £ : C?(R?) — C(R?) that has the following
form (see Applebaum [1] Theorem 6.7.4 pp. 340):

([:V)(il’) = f’(m)(@,V)(m) + %[g(x)g(x)T]ik(aiakV)(x)
¥ -/Il [V(e+ H(z,y) - V(2) - H'(z,4)(3:V)(@)] v(dy)
+ / [V(z+ K(z,y)) — V(z)] v(dy) (1.19)
lyl>c

where V € C%(R%), z € R4

Remark 1.4.3 Note that if the coefficients of the SDE (1.14) satisfy additional
assumptions besides the Lipschitz and growth conditions, then (z(t),t > to) is a Feller
process and L is the infinitesimal generator of the associated Feller semigroup. For
further details we refer to Applebaum (1} pp. 331-342.

1.5 Stability Theory of SDEs

In this section we will include some of the historical background of stability théory in
order to make our discussion more precise and clear. We will describe the celebrated

Lyapunov theorem and we will give an introduction to the stochastic stability theory of
SDEs.

In many applications where dynamical system models are used to represent the real
world behavior, random processes are used in the model. They can capture the
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uncertainty of the environment in which the model is operating. The analysis and
control of such systems involves evaluating stability properties, which is one of the
qualitative properties of the random dynamical system being studied. Before we can
consider the design of a system we need to make sure that the system is stable from
input to output. Hence the study of stability properties of stochastic dynamical systems

are considerable important.

The origin of stability theory for ordinary differential equations (ODEs) is due to A.M.
Lyapunov. In [43] La Selle and Lefschetz refer to Lyapunov’s paper (French translation)
“Probleme general de la stabilite du mouvement” which proposed two different methods
for determining the stability of deterministic systems. The first is known as the “Fiirst
method” which requires the existence of a known explicit solution. Unfortunately this
method is restrictive since for most differential equations (deterministic or stochastic)
an explicit solution can be determined for only a very few cases e.g. linear SDEs driven
by Brownian motion. For the vast majority of them, this is not possible. On the other
hand, the® Second method or direct Lyapunov method” for determining the stability
of a system, is more applicable since it does not require the knowledge of the explicit
solution and that’'s why in recent years it has exhibited great power in applications
specifically in engineering sciences and to mechanical and structural systems that have
non-linear behavior (see Ariaratnam and Xie [4]). With the direct Lyapunov method
we can get a lot of useful qualitative information about the behavior of the solution,
without solving the equation. This includes asymptotic behavior and sensitivity of the
solutions to small changes in the initial conditions. This information can be found from

the coefficients in the differential equation.
In the following we will explain the direct Lyapunov method but first we need some

definitions.

Assume that we are given a d-dimensional system of non-linear ordinary differential
equations (ODEs) i.e.

dz(t)

— = f(z(2) on t>tg (1.20)

with initial value z(to) = Zo € R? and where f : R* — R? is a Lipschitz continuous

function. Assume that f(0) = 0 for all £ > to. Hence, (1.20) has a solution z(t) = 0
onding to the initial value z(tg) = 0, which is called the trivial solution. The

corresp
trivial solution is said to be stable if, for every € > 0, there exists a § = d(e) > 0 such
that

Ix(t)’ <€ forallt > tg
whenever |zo| < J. The solution is called asymptotically stable if it is stable and there
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exists a dg(to) > 0 such that
tli’rglo z(t)=0

whenever |zg| < do.

In the literature, authors also discuss about the stability of an equilibrium point or
steady state = = ¢, which has the property that f(c) = 0 for all ¢ > tp. In the case
where ¢ = 0 we get z(t) = 0, the trivial solution.

Now define K to be the class of continuous non-decreasing functions p : R* — R* with
u(0) = 0.

Then a continuous function V' defined on By, is said to be positive-definite if V(0) =0
and, for some p € K, we have

V(z) 2 p(|z|) for all z € By.

It is negative-definite if —V is positive definite. It is said to be decrescent if for some
A€ K, V(z) < A(|z]) for all z € By,

The strength and the importance of the direct Lyapunov method lies in the fact that
we have a test for the stability of an equilibrium point in terms of a function V, which
is called the Lyapunov function. From a physical point of view the Lyapunov function
can describe the total energy of a mechanical system. The idea is that if V < 0, then
V will not increase so the “distance” of z(t) from the equilibrium point measured by V'
does not increase. In the case that V< 0, this means that V will decrease to zero and
as a result z(t) — 0. These are the basic intuitive ideas behind the direct Lyapunov
method that is contained in the celebrated Lyapunov theorem which is given below.

Theorem 1.5.1 (Lyapunov Theorem)
(i) If there exists a positive definite function V € C1(Bp;R™), such that

V(@) = 22D ey <0

for all © € By, then the trivial solution of (1.20) is stable. )
(i) If there is a positive definite decrescent function V € C*(By; RY) such that V(z(t))
is negative definite, then the trivial solution of (1.20) is asymptotically stable.

If there is a function that satisfies the conditions of Theorem 1.5.1, then it is called a
Lyapunov function.
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Just as in the deterministic case, the main purpose of stochastic stability analysis is to
determine the subsets in the space of the parameters of the SDE (such as the initial
conditions or the time parameter) for which the solution is stable. In 1968 the Lyapunov
theory was generalized for stochastic systems mainly through the contributions of
Khasminski [22] and later on of Kushner [26]. Most of the recent literature, concerning
the stability analysis of SDEs perturbed with noise, is dedicated to the case where
the noise is Gaussian. But this is a fairly large restriction since many stochastic
disturbances are not continuous. Specifically, SDEs driven by a Lévy process are
now being intensively studied, particularly in mathematical finance (see e.g. Cont and
Tankov [12), Applebaum [1] Chapter 5 and references within).

The main aim of this thesis is to examine stability of SDEs driven by Lévy noise. The
general form of the SDEs is as defined in (1.14).

For the rest of the thesis we assume that conditions (C1)-(C3) are satisfied unless
otherwise specified. Given the initial condition z(to) = zo € R% then the unique global
solution of (1.14) is denoted by z(t) for each t > ¢o.

Assume that f(0) = 0, g(0) = 0, H(0,y) = 0 for all |y| < ¢ and K(0,y) = 0 for all
ly| > c then (1.14) has a unique solution z(t) = O for all ¢ > ¢y corresponding to the
initial value z(tp) = 0, which is called the trivial solution.

Stability in the deterministic or stochastic case means insensitivity of the system to
changes i.e. whether small changes in the initial condition lead to small changes
(stability) or to large changes (instability) in the solution of the system. Starting from
a small vicinity of the trivial solution of the SDE we will investigate constraints on the
parameters which ensures that the solution of the SDE converges to the trivial solution.
In a stable system, trajectories which start very close to the origin remain close to the
origin after a long time has passed and for unstable systems they may have moved a
large distance away.

Stability theory for SDEs appears to be much richer than for ODEs. We will mainly
focus on the three most important types of stochastic stability, these being the following:

e stability in probability
e moment stability

e almost sure stability
There also exists other types of stochastic stability but these may be too weak from the
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point of view of practical significance (e.g. asymptotic convergence in probability see
Kozin [24] Example 2.1 pp. 96).

We quote the following definitions from Mao [33].

Definition 1.5.2 The trivial solution of (1.14) is said to be stochastically stable or
stable in probability if for every pair of € € (0,1) and r > 0, there exists a § = (e, r, o)
such that

P{lz(t)|<rforallt >t} >1—-¢ (1.21)
whenever |zg| < §. Otherwise it is said to be stochastically unstable.

Definition 1.5.3 The trivial solution of (1.14) is said to be almost surely ezponentially
stable if

limsup E log|z(t)l <0  a.s. (1.22)
tmoo 1

for all zo € R%. The quantity in the left hand side of (1.22) is called the sample Lyapunov
exponent.

Definition 1.5.4 Assume that p > 0. The trivial solution of (1.14) is said to be pth
moment exponentially stable if there is a pair of constants A > 0 and C > 0 such that

El|z(t)[P] £ C|zo[P exp(—A(t — to)) for all t > to (1.23)

for all zo € R%. When p = 2, it is usually said to be exponentially stable in mean square.

It follows from (1.23) that

1 1
T log (E[|z(?)|P]) < T (log C|zol?) + %log (exp(=A(t = t0))) for all t > to.
Hence,
. 1
limsup - log (E{|z(t)[P]) < —A.
t—oo
So the trivial solution of (1.14) is pth moment exponentially stable if
1 ' ‘
lim sup 7 log(E[|z(t){]P) < 0 a.s. (1.24)
t—o0
for all zo € R%. The quantity in the left hand side of (1.24) is called the pth moment

Lyapunov exponent of the solution.
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The difference between almost sure exponential stability and pth moment exponential
stability is that almost sure exponential stability implies that almost all sample paths
of the solution will tend to the the equilibrium position exponentially fast, while the
pth moment exponential stability implies that the pth moment of the solution will tend
to zero exponentially fast.

Note that for the purposes of this thesis, is not necessary to consider the initial condition
to be an F;,-measurable random variable in order to establish stability of SDEs. It is
enough to require it to be an R%vector. Mao in [33] pp. 111, 120, 128 discusses this for
SDEs driven by a Brownian motion. The same reasoning applies for the case of SDEs
driven by a Lévy process.

In the existing literature there is little work done concerning stability of SDEs driven
by discontinuous noise and that was a motivation for this thesis. A key paper is by
Mao and Rodkina [35] where they investigate exponential stability of SDEs driven by
discontinuous semimartingales. Although SDEs driven by Lévy processes belong to this
class, the results that Mao and Rodkina have obtained do not seem to include the case
that we consider. They examine the following SDE:
t . ¢

z(t) = z(0) +/0 h(z(s—))dA(s) +‘/0 w(z(s—))dM(s) on t>0 (1.25)
with initial condition z(0) = zo € R%, where the process A = (A(t),t > 0) is a process
of bounded variation and the process M = (M(t),t > 0) is a local martingale. They
require the following hypothesis:

(H1) There exists a predictable process K of bounded variation, a predictable process
o and an m X m matrix of predictable processes u such that

t

A(t)=/0 a(s)dK(s) and (M,M)(t):/0 u(s)dK(s).

Now for a generic Lévy process we can find from its Lévy-It6 decomposition that (see
Applebaum [1] pp. 115)

M5=m+/

lyl>c

yN(t,dy) and M(t) = Ba(t) + /| PRLCEDS

We see that (H1) does not work for such a Lévy process since A is expressed in terms of
the Poisson measure, while the process (M, M) involves only the Lévy measure. Hence,
in this case we cannot express both of the processes A and (M, M) in terms of a single
predictable process K as is required.
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Mao and Rodkina in [35] also impose an additional hypothesis: For all ¢ > 0

/oo 5'1(—I‘)17(t)¢.iK(t) < oo a.s.
0

where 7 is a predictable process, n(t) > 0 for each t > 0, £ is the Doléans-Dade
exponential (see e.g. Applebaum [1} pp. 247) and I'(t) = fot ~(s)dK(s) where v is a
predictable process satisfying a number of properties that can be found on pp. 215 of
Mao and Rodkina [35]. This condition may be extremely difficult to verify in practise.

In addition their equation (1.25) is less general than (1.14) since the driving coefficients
h and w in (1.25) have no dependence on the jumps of the process.

We will aim to establish stability for solutions of (1.14) making more simple assumptions
directly on the driving coefficients in a similar fashion to the results obtained in [33] by
Mao for SDEs driven by Brownian motion.

1.6 Overview

The work that follows is mainly a partial generalization of Mao’s theory [31, 32, 33|, who
has carried out extensive research in stochastic stability theory. Although Mao deals
with non-homogenous SDEs driven by Brownian motion, for simplicity we extend his
results in the homogenous case for SDEs and stochastic functional differential equations
(SFDEs) driven by a Lévy process. We point out that the extension from homogeneous
to inhomogeneous equations of the type considered by Mao [31, 32, 33] requires very
little additional work.

This thesis is organized as follow:

Chapter 2 gives the variation of constants formula for linear inhomogenous SDEs driven
by Lévy processes. This is based on Mao’s work (see [33] pp. 92-98) where he derives
the variation of constants formula for SDEs driven by Brownian motion. In the last
part of this chapter we give the variation of constants formula for a special case, for an
SDE driven by a Poisson process.

In Chapter 3 we focus on stability of the solution of SDEs driven by continuous noise
interlaced by jumps. We provide an L? estimate for the solution of the SDE under
consideration. One of the key results of this chapter is the exponential martingale
inequality which plays an important role in the work of this chapter. We continue our
study by examining stability in probability and provide a theorem analogous to the
Lyapunov theorem for the deterministic case. Mao in [33] extended the well-known
Lyapunov theorem for the case of SDEs driven by Brownian motion. We imitate his
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proof and in a similar fashion we prove a Lyapunov theorem for SDEs driven by Lévy
noise. Then we study almost sure asymptotic stability. We give an estimate for the
sample Lyapunov exponent of the solution and criteria for almost sure exponential
stability of the trivial solution for the SDE under consideration. In the last section of
Chapter 3 we introduce moment exponential stability and we establish a relationship
between moment exponential stability and almost sure exponential stability.

The aim of Chapter 4 is to provide conditions under which a non-linear deterministic
system is almost surely exponentially stable when it is perturbed by random noise. As
we will see the Lévy noise plays a similar role to the Brownian motion noise (as described
in Mao [31, 33]) in stabilizing dynamical systems. To make our discussion simpler we
examine separately the perturbation of the non-linear deterministic system first by small
jumps and then by large jumps. Conditions for almost sure exponential stability for
the trivial solution of the stochastically perturbed system driven by Lévy noise are
obtained and some examples are given. Furthermore, we examine the stabilization of
a one-dimensional linear deterministic system perturbed by a Brownian motion and a
single Poisson process and then we focus on the stabilization of a non-linear system
perturbed by Brownian motion and a compensated Poisson process, where additional
insight can be gained. We have also established that a stable SDE driven by Poisson
noise can be destabilized by Brownian motion provided that the dimension of the system
is at least 2 and some additional conditions are satisfied. V

In Chapter 5 we turn our attention to stochastic functional differential equations
(SFDEs) driven by Lévy noise. We give a brief introduction to SFDEs and we
establish existence and uniqueness for solutions of SFDEs by using the methodology
of Applebaum in the case of SDEs driven by Lévy noise (see Applebaum [1] pp. 305-
310). Then we extend Mao’s approach, who studied stability properties of SFDEs driven
by Brownian motion using Razumikhin type theorems (see Mao [32, 33}), for SFDEs and
stochastic delay equations (SDDEs) where the driving noise is a Lévy process. Finally
we apply the variation of constants formula that was developed in Chapter 2 to establish
stabilization of an ordinary functional differential equation system when is perturbed
by a compensated Poisson process.

21



Chapter 2

Properties of linear SDEs

2.1 Introduction

The variation of constants formula for linear ordinary differential equations (ODEs) has
been used extensively for the study of stability and asymptotic behavior of solutions
of ODEs (see Brauer [8, 9]). In this chapter we will derive the variation of constants
formula for an SDE driven by a generic Lévy process and, as a special case, a Poisson
process. These results will be applied in Chapter 5.

2.2 Variation of constants formula for an SDE driven by

a Lévy process

In this section we will establish the variation of constants formula for an SDE driven by -
a Lévy process. Let the SDE be defined for each t > 0 by

dz(t) = (F(t)z(t=) + () dt + ) (Cu(t)=(t=) + gr(t)) dBi(?)

k=1

+ /Wc (H(t,y)z(t—)+h(t,y)>1§l(dt,dy)+/|y

(Bt v)2(t=) +7(t,1)) N(dt,dy)

(2.1)

[Ze

with initial condition z(0) = zp € R? where F,Cy : [0,00) — M (R), H, K :
[0,00) xR% — M4(R), f,gx : [0,00) = R%, h, 7 : [0,00) xRE — R% and B = (B(t),t > 0)
and N are defined as in Chapter 1, section 1.3. Assume that F,Cy, H, K, f, gk, h,T are
Borel measurable and F, Cy, f, gx are bounded on [0, 0), for 1 < k < m.
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Assumption 2.2.1 For each t > 0, there exists Ki(t) > 0 and K3(t) > 0 such that

o [ (I V I vldy) = Kn(t) < oo

<c

(i2) I |h(t,y)[Pv(dy) = Ka(t) < o0

yl<e

where we require that the mappings ¢ — Kj(t) (i=1,2) are bounded and measurable.
For the remainder of this section, assumption 2.2.1 will always be satisfied.

Definition 2.2.2 If for all t > 0 f(t) =0, gk(t) =0 for all 1 < k < m, h(t,y) =0 for
all |y| < c and r(¢,y) = 0 for all |y| > ¢, then (2.1) is said to be homogenous.

For the existence and uniqueness of solutions to (2.1) we have to check if the Lipschitz
and growth conditions for time-dependent coefficients hold (see Applebaum [1] pp. 312).

It is trivial to prove that the Lipschitz conditions on the drift and diffusion coefficients
are satisfied. For the jump coefficient for all ¢ > 0, z), 20 € R? and |y| < ¢ we have that

/| NHG U= +h6) = (HE Dz + ) < /| Al -
yI<c yi<c

= Ks(t)|o1 — 2 (2.2)
where K3(t) = fly!<c |H(t,y)||?v(dy) and by assumption 2.2.1 (i) is finite and the

mapping t — K3(t) is bounded and measurable. Hence, the Lipschitz conditions are
satisfied.

As in the case of time independent coefficients, it can be easily proved that the Lipschitz
conditions on the drift and diffusion coefficients imply the growth conditions (see
Applebaum [1] pp. 304).

For the jump coefficient for all ¢ > 0, z € R% and |y| < ¢, we have that
/ |H(t,y)z + h(t,y)]Pv(dy) < / 2 (I1H ¢, 9)IP121? + At y)I?) v(dy)
lyl<e lyl<e '
< LA+
where L(t) = 2max {f|y|<c | H (¢, v) v (dy), f|y|<c |h(t, y)lzu(dy)}. By assumption 2.2.1
(i) and (ii) we deduce that L(t) for each t > 0 is finite and the mapping ¢ — L(t) is

bounded and measurable.
Since the mapping

z— K(t,y)z +r(t,y)
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is linear, then is continuous for all ¢ > 0, |y| > ¢, and all z € R4, This implies that the
required condition on the large jump time dependent coefficient (analogous to (C3), see
Chapter 1, section 1.4) for existence and uniqueness is satisfied.

Hence, by Theorem 1.4.1 (ii), the SDE (2.1) has a unique solution.

Now, define the following homogeneous SDE for each ¢t > 0

de(t) = F(t):z:(t—)dt+i0k(t)x(t—)dBk(t)
k=1

+ o H(t,y)x(t—)ﬁ(dt,d?)+ o K(t,y)z(t—)N(dt,dy) (2.3)
yl<e ylze

with F, Cy (1 £ k < m), H, K as specified previously.

Following Mao (33] pp. 92, for each 1 < j < d, let ®; = (P;(¢),t > 0)

be the solution to (2.3) with initial condition z(0) = e;, where for each t > 0
®i(t) = (P15(t), P2;(t),...,Pqi(t))T. Hence, we can define for each t > 0, the matrix
O(t) = (Pi5(t)) € Mg(R) where for 1 <4,5 < d,

p=1 k=1p=1

d m d
dPy(t) = D Fip(t)®pit—)dt + (chﬁ(t)@m(t-)dm(t))
d

1

Writing this equation in matrix form we have that

d8() = FOB(-)it+ Y Cu)a(t-)Bul(d) + | HE9R() )
k=1

+ ] K(t,y)®(t—)N(dt, dy) (2.5)
yl2e

with initial condition ®(0) = I.

Note that the solution of (2.5), when it exists, will be an My(R)-valued stochastic
process (®(t),t > 0). 7

The next theorem shows that a unique solution of (2.3) exists and can be expressed in
terms of the random matrix-valued process .
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+ Z(/y(cHzp(t,y )®p;(t—) N (dt, dy)>+2(/y>csz(ty i (t )N(dt,dy)>.

(2.4)



Theorem 2.2.3 The unique solution of (2.3) is
z(t) = O(t)zo
given that z(0) = zp € R? is the initial condition.

The proof is omitted as it is exactly the same as in Mao [33] Theorem 2.1 pp. 93, except
that there it is only done for an SDE driven by a Brownian motion while we use an
SDE driven by a Lévy process.

Now that we have established existence and uniqueness of the solution to (2.1) we will
derive the variation of constants formula for an SDE driven by a generic Lévy process
of the form (2.1). We need the following tools.

Let a : [0,00) = R, bt : [0,00) > Rfor1 < k < m be bounded Borel measurable
functions. Assume thatw : [0,00)xR% = R, § : [0,00)xR? — Rand q : [0,00)xR? — R
are Borel measurable, such that inf .5 (6(¢,y) +w(t,y)) > —1 and infyega\p, 9(2,y) >
—1. Define the following SDE

dz(t) = (a(t)+/|yl w(t,y)t/(dy)) z(t=)dt + (Z bk(t)z(t—-)dBk(t)>
<c et :

i / ot )=Vt dy) + [ (5(6)+ w(t,) 2-)F (et )
lyl>c lyl<e 26

with initial condition 2(0) = z9 € R%.

Assumption 2.2.4 For each t > 0, there exists Ky(t) > 0 such that
/I| (et IV [t ) V 16 y)1%) v(dy) = Ka(t) < oo,
yl<e

where the map t — K4(t) is bounded and measurable.

Taking into account assumption 2.2.4, since a,by for 1 < k < m are bounded, the
mapping z — g(t,y)z is linear hence continuous for all |y| > ¢ and z € R¢, and as (2.6)
is of linear form, it can be easily proved that the conditions on the drift, diffusion and
jump coefficients for existence and uniqueness of the solutions to (2.6) (see Chapter 1,
section 1.4) are satisfied. .
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Lemma 2.2.5 The SDE defined in (2.6) has a unique solution which is given by

t) = t lmb2 | 1 )+ 38(s,y) + 1) — (s, y)] v(dy) | ds
z(t) = zoexp /0 a(S)—Ekg k(s)+/l c[og(w(s,y 5,y s,9)] v(dy

lyl<

+ ;/0 bi(s)dBk(s) +/0 A/Kclog(w(s,y) +6(s,y) + 1)N(ds, dy)

+ /0 t /:y|zc log(q(s,y) +1)N(ds, dy)] :

Remark 2.2.6 Note that we can also express (2.6) as the stochastic exponential (see
Applebaum [1] pp. 247) of

da(t) = 2(t=)dY (¢)

where Y = (Y'(¢),t > 0) is the Lévy-type stochastic integral that has the form

av(y) = (a(t)+ /|y|<cw<t,y>) a+ S b0+ [ (i) +50,9) e d)

k=1 lyl<e

,y)N(dt, dy).
+/|yl2cq(t y)N(dt, dy)

The result in Lemma 2.2.5 is a special case of equation (5.2) in Applebaum (1] pp. 248
where the author deals with more general stochastic exponentials. We include a short
proof here for completeness, of the specific result that we need.

Proof: Define an adapted process (z(t),t > 0) whose stochastic differential is
1 m
da(t) = [ (a(t) 520+ [ loswty) +3(6) +1) = 8.0 u(dy)) d
i k=1 Yi<e
m -~
+ 3 b(0aB) + [  Jo8w(t,9) +8(6) + DN (s )
k=1 y|<e

+ / log(q(t,y)+1)N(dt,dy)]-
lyl>c
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Apply It6’s formula to z(t) = 20e*®). Then, for each t > 0,

t 1 m .
20+ / zpe®(s7) (a(s) -3 Zbk2(s)
0

k=1

2(t)

il

+ / [log (w(s,y) +d(s,y) + 1) — &(s,y)] V(dy))ds
lyl<e
t m
+ / ZZoez(” Yor?(s)ds + /0 ’;IZoex(")bk(S)dBk(S)

0 k=1

+ / / 2pe®(s~) eloglalsa)+1) _ 1] N(ds, dy)
lyl>e -

L / ‘ / e [goRtulon e 1] (s, y)
yl<e -

t i
+ / / 20e®(57) | elog(wlew)+e(su)+1) _ 1 _ log(w(s,y) + 8(s, ) + 1)] v(dy)ds
yl<e -

t t m
= zo+/0 (a(s)+‘/lyl<cw(s,y)u(dy)) z(s—)ds+/0 ;bk(s)z(s—)dBk(s)

+/0‘/|yl<c(w(s,y)+6(s,y)”)z(s—)l§f(ds,dy)+/0 /1y|ch(s’y)z(s_)N(ds’dy)°

Hence, z is a solution to (2.6) and by the existence and uniqueness theorem (see Theorem
1.4.1 (ii)) it is the unique one. o

Now consider the one-dimensional SDE

m d
dQ(t) = > CE()Q(t-)dB(t)

k=1 i=1
d
+ [ SR +Z > (check - c{;(t)c;;(t))) Q(t-)dt
i=1 k=11<i<j<d

+ /
lvl<e \ i=1 1<i<j<d

+ /Iy 1<c( > (Hii(tay)Hjj(tyy)—Hij(t,y)Hji(tyy))) Q(t—)v(dy)dt

1<i<j<d

with initial condition Q(0) = 1. -
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d
+ (ZKﬁ(t,y)'i' > (Kii(t’y)ij(t7y)—Kij(tay)Kji(tay))) Q(t—)N(dt, dy)
-1

d
STHu(ty)+ > (Halt,y)Hys(ty) — Hij(t,y) Hyi ,y))) Q(t—)N(dt, dy)

(2.7)



Before we establish existence and uniqueness to solutions of (2.7), we need the following
results.

Proposition 2.2.7 If A € M4(R) then

tr (4%) < [|4]°.

Proof: Applying the Cauchy-Schwarz inequality twice then

i=1

d [ d
r (4?) =Z (zAijAji) <
=1

(g
/_\
M‘“
D>
NJ
v
- (S
VRS
M-
=
~_~
[N

IN
/7N
.M&
Lk
\__/
[N
N
M=
M=
"
=
N———
N
|
=
[*)

Lemma 2.2.8 For each t > 0, there exists K5(t) > 0 such that

R v/ly|<c

v(dy) < BiK3(t)

( > (Hult,y)Hjj(ty) — Hi(t,y) Hyit, y)))

1<i<j<d
< oo, (28)
2

G ZHu(t y) > (Halt,y)Hy(t,v) — Hij(t,) H(t,)) }va) S Bks(t)

<e 1§i<j5d

< 00,(2.9)
J 2

() I DoHat)+ D (Hulty)Hij(t,y) = Hit, ) Hatv)| v(dy) < 26:Ks(t)

yi<eli=1 1<i<j<d

< 00,(2.10)

where 8, = (41), B, = (%"gﬁ'—l), and the mapping t — Ks(t) is bounded and
measurable. )

Proof: We first note the easily verified fact that for every ay,...,aq € R,

d
(Zm) Za +2 Z a;a;. . (2.11)
i=1

1<i<j<d
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Using the identity (2.11) then

> (Hult,y)Hjj(ty) — Hij(t, Q)Hji(t, Y))

1<i<j<d
d 2 g4
=% [(Z Ha(t, y)> "Z(Hii(t’y))z} - > Hi(t,v)Hilty)
=1 i=1 1<i<j<d
A 2 A
2 (Z Halt, y)) =522 Hi(t ) Hjilt,y)- (2.12)
i=1 i=1 j=1

(i) To prove (2.8), by (2.12), the Cauchy-Schwarz inequality, (1.12), proposition 2.2.7
and assumption 2.2.1 we deduce that

/Iyl<9

v(dy)

( Z (Hii(tay)Hjj(t’y)_H’ij(t’y)Hji(t7y)))

1<i<j<d

v(dy)

) v(dy)
d+1

IHG I + LI ) = (552 ) Kot) <0, (213)

d d
ZZHij(t, Y)Hji(t,y)

IH I+ i (H)) ) i)

IN
/N N
[\ R=TR V] <

where for each t > 0, K3(t) is defined as in (2.2).

(ii) Using the same arguments that were used to obtain (i), we have

|

[ <& d 1 2
< /Wc 43+ (§||H(t, DI+ e (7, y)2)) ] v(dy)

d 2
> Halt,y)| +

i=1

> (Hilt,y)Hjj(t,y) — Hij(t,y) Hia(t,v))
1<i<i<d

2
} v(dy)

° d? 1 2
< /w 5 d§ B, )P+ 5 IH G + 5 [or (B(9)%)] ] v(dy)

- 9 2
< [ [+ Gt g van < (B ) ) <o

where Ks(t) = [, <. (IH )2V 1H(tv)|1*) v(dy).
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(i) This follows easily from the result of (i) where we use the inequality |a + b|>
2(lal? + [b]?) for a,b € R. : O

Theorem 2.2.9 There ezists a unique adapted and cadlag solution Q = (Q(t),t > 0)
to (2.7) with initial condition Q(0) = 1.

Proof: For the existence of a unique solution to (2.7) we have to show that the Lipschitz,
growth and the large jump conditions for time-dependent coeflicients are satisfied (see
section 1.4).

Since for each 1 < k < m, C) and F are bounded then foreach 1 <k <m

2
Ci(t)]I2 (ck ) < d? max su ?°.t| < 0. 2.14
[eX0] ;; 3z, 5p |Ch (1) (219
The same argument applies to the matrix F.
For each t > 0 and 1 < k < m define
L(t) = d ma sup | Fu(t) < oo and () = k.(]t)l2 < oo
1<i<d 4 " 1<i,j<d 150 | 9 :

We also define, for each t > 0,

D(t) = /|;/[ ( Z (Hii(tay)Hjj(t’y)_Hij(t)y)Hji(tvy))> V(dy) and
<¢ \1<i<j<d
2
P(t) = -/Iyl< (ZHu(t,y)‘i‘ > (Hii(tay)Hjj(tay)_Hij(tyy)Hji(t’?/))) v(dy)
¢l \i=1 1<i<j<d

which by Lemma 2.2.8 (i) and (iii) respectively are finite and the mappings ¢t — D(t)
and t — P(t) are bounded and measurable.
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Now for each ¢t > 0 and for all Q1,Q2 € R by (1.12) and (2.14) it holds that

d
‘(ZF H+y T (Chwckt) - chtck®)

k=11<i<j<d
2
/ (Hi(t,y)Hyj(t,y) — Hij(t, y) Hji(t, v) )V(dy)> (Q2— Q1)
y|<c 1<z<g<d
- : (cherche - chmck®)
k=11<i<j<d _
2
/Iyl ( > (Hult,y)Hjj(ty) — ij(tay)Hji(tay))> v(dy)| 1Q2— Qi)
<¢ \1<i<j<d
d . 2
< ZFﬁ( Z > (c,’z(t -,~(t>—c!;(t>c,’%-(t)>
i=1 k=11<i<j<d
2
+ / ( Z (Hi(t,y)Hjj(ty) — Hij(t,y)Hji(t,y))> v(dy) ]|Q2_Q1|2
lyl<e \ 1<icj<d
2
<3 dZIFu(t ?+ Z > (i’?(t) () = G z(t)> +D(t)2} Q2 — Q1
11<i<j<d :
- \ ,
< 3-dzlrg?éisuplﬂz(t)P"‘d‘lmZ' max sup|Ch(0f'] +Dw?|10:- Qi

< Qmax{L(t),mZMk(t)2, D(t)’}1Q2 - Qul*,

k=1

where L(t), M*(t) and D(t) are defined as above. Hence, the drift coefficient in (2.7) is
Lipschitz continuous with respect to Q.

For the diffusion coefficient for each t > 0 and all @1, Q2 € R by (1.12) we find that

m d m d 2
> > ckw Qz-zzc:z(t = 2D k)| Q- @l
k=1i=1 =1i=1 k=11i=1
) m d
< am) Y |cko| 102 - QP
k=1 i=1
< m 3" max sup|oko)] 102 - Qul

=1

m

M*(t)|Q2 — Q1.

NgERe

IN
>
]

1
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The jump coeflicient satisfies the Lipschitz condition since for each ¢ > 0 and all
Q1, Q2 € R we have that

2
/ (}:Hu(t,y £ S (Hislty) i) — i,-(t,y)Hﬁ(t,y»> (Q2— Qu)| v(dy)
lyl<e | \ 521 1<i<j<d
/I l (ZHu tby)+ > (Halt,y)Hjj(t,y) — Hij(t,y)Hji(t,y)))
vi<e i= 1<i<j<d

= P(t)|Q2 — Q1]?,

2

v(dy) |Q2 — Q1

with P(t) defined as above.

As was mentioned previously the growth conditions for time-independent drift and
diffusion coefficients are a consequence of the Lipschitz conditions (see Applebaum [1]
pp. 304). The same will apply for time-dependent coefficients. For the “small” jump
coefficient foreacht>0and all Q € R

2

2
d
/|y|<c Y Halt,y)+ Y (Ha(t,y)Hjj(t,y)—Hij(t,y)Hj,.(t,y))>Q v(dy)
(ZH"“ D+ Y (Hult ) Hy60) - B Hice y))) v(dy) QP

i=1 1<i<j<d
/|<c 1<i<j<d

=P QI < P(t) (1 +1Q1%).

~ Now for all £ > 0, the mapping

d
Q- (EKu-(t, v+ Y, (Kalt,v)Kj;(t, y)—Kij(t,y)Kji(t,y))> Q (215
i=1

1<i<j<d

is continuous for all |y| > c and @ € R, as it is a linear mapping.

Hence, by Theorem 1.4.1 (ii), (2.7) has a unique solution. O

Now let W(t) be the determinant of the matrix ®(t) for each t > 0 and note that
W(0) =1.
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Assumption 2.2.10 For all £ > 0,

inf tr (H(6,9)) + 5 (i (H(69) ~ 5tr (H(t,9)7) >
yeBe

inf (K () + 5 (K - 3tr (K(6)%) > -

We require that assumption 2.2.10 holds for the rest of this section.

Remark 2.2.11 The conditions in assumption 2.2.10 may appear rather strange.
However, we can simplify the form of the left hand sides if we express them in terms of
eigenvalues. Suppose that T € M (R) has eigenvalues Ag,...,As. Then

d
i (T) + 5 (o (T))? = gt (T%) = Z/\+ (ZA) Slvae
i=1
= Z/\1+ 3 N

1<igj<d

Thanks to the previous results now we are able to prove the following important theorem.

Theorem 2.2.12 For each t > 0, the matriz ®(t) is invertible almost surely and its
determinant has the following form

C et m m
W(t) = exp|: /0 (tr(F(s))—%z (Ck(s )) ds+ S tr(C(s)) dBx(s)
k= k=1

+ /0‘ /,y|>clog (tr(K(S,y)) + %(tT(K(s,y)))2 _ %tr (K(s, y)z) + 1) N(ds, dy)
+ /‘ /yl<clog (tr(H(s,y)) + % (tr(H(s,y)))? - %tT(H(s,y)z) + 1) F(ds, dy)

+ //ykc(log (tr(H(s y) + (tr(H(s,y))) ——tr(H(s y)) )
— tr(H(s,y)) ) V(dy)dS}

almost surely.
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Proof: Following Mao [33] pp. 94, by It6’s product formula (see Theorem 1.3.3) we
obtain

d
W) =) dat)+ Y. dh(t) (2.16)
i=1 1<i<j<d

v eu() ... Pu(t)

Q1(t) ... Da(?) : :
: : din(t) ... ddiy(t)

where dc;(t) = | d®i(t) -+ d®ig(t) | and dhij(t) = : :
: : d®ji(t) - d®ja(t)

Par(t) 7 Paa(t) : :
Du(t) 7 Paa(?)

Hence, using (2.4) for 1 <i<d

doi(t) = Fu()W(t— dt+Zc{§ ()W (t=)dBu(2) + / Ha(t, y)W (t=)N(dt, dy)
k=1 lyl<e

+ Kii(t,y)W(t—)N(dt, dy)
ly|=c

and for1<i< j<d

m

dhij(t) = Z(cfi() 5(t) - CEOCH®) W(t-)at

\

(Ku(t, ) K5t v) — Kij(t, v) Kji(t,y)) W(t—)N(dt, dy)

lyl>c

+

—

| Hn(t’ y)HJJ (t, y) ij (t’ y)Hji(t’ y)) W(t_)N(dt’ dy)

+ /I - (His(t, ) Byt v) — Hij(t,9) Hyi(t,v)) W (t=)w(dy)dt.

yl<e
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Then (2.16) becomes

d
dw(t) = ZZCﬁ(t)W(t—)dBk(t)
k

—

1,=

d
+ [ZF“(t +Z > (C{i (t)C* (t)—cfj(t)cj’g(t))] W (t—)dt

i=1 k=11<i<j<d

el
Ll

Mn.

il
-

1<i<j<d

Kn ’y) + Z (Kii(tay)ij(t7y) - Ki]'(t7y)Kji(t, y))) W(t—)N(dtady)

M=~

Hy(t,y)+ Y (Ha(t,y)Hii(ty) — Hig(t,y) Hit, y))) W (t—)N(dt, dy)

i=1 1<i<j<d
-+ / ( Z (Hii(t’ y)Hjj(ta y) - Hij(ta y)Hji(ta y))) W(t—)l/(dy)dt. (217)
lyl<e \ 1<i<j<d

Hence, W(t) for each t > 0 satisfies (2.7) and by Theorem 2.2.9 it follows that it is the
unique solution to this SDE.

Using (2.1'2) then the “small” jump coefficient in (2.17) for ¢ > 0 and |y| < ¢ becomes

d

ZHn( 7?/) + Z (Hu(tay)HJJ(tvy) HZJ( ’y)HJz(t Y))

i=1 1<i<j<d

= zHu(t y)+ = (ZH“(t,y)) - —ZZHU(t y)Hji(t,y)
i=1 j=1

= tr (H(t,)) + 5 (b (H(5,9)))? = 5tr (H(9)%)

The same reasoning applies for the “large” jump coefficient.

Now under assumption 2.2.10 and (2.14) we can see that (2.17) is of the same form as
(2.6) and by (2.8) and (2.9) assumption 2.2.4 is satisfied. Hence, due to Lemma 2.2.5
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we have that

W) = exp[ / (ZFM(SHZ > (Cfi(s)cfj(s)-c{;<s>cﬁ<s>)) ds

11<i<j<d
Z / (ZQ’%(S)) ds+2 / ZC’,’“,(s)dBk s)
+/ /y|>c log (tr (K(s9)) + 5 (tr (K(s,y)))2 - %tr (K(s, y)z) N 1) N(ds, dy)
/ /yl<clog (tr (H(s,9) + 5 (tr (H(s,9)))* - -1-tr (H(s Y) ) + 1) (ds, dy)

N
/ -/y|<c (log (tr (H(s,y)) + 5 (tr(H(s )2 — _tr H(s y) )

— tr (H(s,y)) ) V(dy)dS} :
and after some algebra this yields that
t 1™ g m
W(t) = exp [/ (tr (F(s)) — 5 Ztr (Ck(s) )) ds + Ztr (Ck(s)) dBg(s)
0 , k=1 k=1

* /ot /|y|zc 8 (tr (Kol + % (b (K (s, )" - %“‘ (K(s,9)%) + 1) N(ds, dy)
+/0./Iy|<c log (tr (H(s,y)) + % (tr (H(s,y)))* - %tr (H(s,y)Q) + 1) R (ds, dy)

+ /Ot /kac (log <tr (H(s,y)) + % (tr (HFs,y)))2 - %tr (H(s,y)z) + 1)
—tr(H(s,y)) ) U(dy)ds] .

This implies that W(t) > 0 (a.s.) and therefore the matrix ®(t) is (a.s.) invertible for
each t > 0. O

Now we are ready to prove the variation of constants formula for SDEs driven by a Lévy
process.

Theorem 2.2.13 (Variation of constants formula)
Assume that for each t > 0 I + H(t,y), I + K(t,y) are invertible for all y € B, and
y € R%\ B, respectively and that flyl<c H(t,y) (I + H(t,v)) " h(t,y)v(dy) < co. Then
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the unique solution of (2.1) is the following

2(t) = () [20+/ (=)~ ( ZCk (5)9k(s)

= Iy H(s,y) (I + H(s,9))7" h(s,y)V(dy)> ds
yI<c

/Z‘I’(s )" gx(s) dBk(3)+/ ®(s=)"H (I + H(s,9)) ™" h(s,y)N(ds, dy)

lyl<e
[ ] et a K™ r(s,yw(ds,dy)}
0 Jlylze
where for each t > 0, ®(t) is defined as in (2.5).

Proof: We follow the arguments given by Mao [33] pp. 96 for the Brownian motion
case. Define for each t > 0

d(t) = o(t-)" (f(t) - > Ci(t)gr(t) - u H(t,y) (I + H(t,y))™ h(t,y)v(dy)> dt
k=1 lyl<e

m

+ 3 @(t=)"1gu(t)dBu(t) + /I | ®(t—)"1 (I + H(t, )"  h(t, y) N (dt, dy)
k=1 yi<e
) O(t=)"H (I + K(t,v)) "  r(t, y) N(dt, dy) (2.18)
y|2e

and further define v(t) = ®(¢)§(¢t) with initial condition v(0) = 2. Applying It6’s
product formula (see Theorem 1.3.3), then

do(t) = d®(t)é(t—)+ 2(t—)dE(t) + d[®,£](2).
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Hence by (2.5) and (2.18)

du(t) = F (t)q’(t—)ﬁ(t—)dt+iCk(t)‘I’(t—)€(t-)dBk(t)+ H(t,y)@(t-)E(t-)N(dt, dy)

k=1 lyl<e
+ ol K(t,y)®(t—)&(t—)N(dt, dy)
ylze .
+ o(t-)o(t-)" (f(t)—zck(t)gk(t)‘— y H(t,y) (I + H(t,y) ™ h(t,y)V(dy)> dt
k=1 yl<e
+ i‘b(t-)'lgk(t)dBk(t) + ol O(t=)"1 (I + H(t,y)) "  h(t,y) N(dt, dy)
k=1 yi<e

+ / q)(t—)-l (I + K(t, y))_l T(ta y)N(dt7 dy):|
lyl=e

n [icut)gk(t)m H(t,y) (I + H(t,y)) ™ h(t, )N (de, dy)

k=1 lyl<e

t o KU T+ K@) r( )N, dy)]

(F(tyu(t=) + F() dt+ > (Cu(t)v(t=) + ge(t)) dB(2)

k=1

v Hue iy + /I (@) (4 H) ™ AN )
yl<e yl<e

+f KGNy )+ /l K@) 0+ KE) ™ 6N @)
yl=2c y|=¢

(F(t)o(t=) + F(D)) dt + D (Ce(t)u(t=) + gr(t)) dBi(2)

k=1

+ f (H(t,y)v(t=) + h(t,y)) N(dt, dy) + f (K(t,y)v(t=) +r(t,y)) N(dt,dy).
lyl<e 2

lyl=

Then v is a solution to (2.1) with initial condition v(0) = zg and by the existence and
uniqueness theorem (see Theorem 1.4.1 (ii)) it is the unique one. The required result
follows. O

2.3 Special case: Variation of constants formula for an
SDE driven by a Poisson process

In this section we will establish the variation of constants formula, for a special case of

(2.1) which is an SDE driven by a Poisson process. This will be useful for us later on

in Chapter 5.
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Let (N(t),t > 0) be a Poisson process with intensity A > 0. We can trivially associate a
Poisson random measure to this Poisson process if we define for each ¢t > 0, A € B(Rd)
N(t,A) = N(t)é1(A) where 6;(A) is a Dirac mass concentrated at 1. Then the Lévy
measure is E(N(1, A)) = E(N(1)01(A)) = Ad1(A4).

Now set in (2.1) Cx = g, = 0 for each 1 < k < m, H = h = 0. Then (2.1) becomes
dz(t) = (F(t)z(t—) + f(t)) dt + (K(t)z(t=) + r(t)) dN(t) for t >0 (2.19)

with initial condition z(0) = zo € R,
Hence, we get the variation of constants formula for (2.19) from the results of section
2.2

Theorem 2.3.1 (Variation of constants formula)
Assume that I + K(t) is invertible for all t > 0. Then the unique solution of (2.19) is

t
0

z(t) = O(¢) (zo + /Ot ®(s)"1f(s)ds + / (s) LI+ K(s))™? r(s)dN(s))
where ® is defined as in (2.5).

Now for the purposes of-work to be done in Chapter 5, suppose that in (2.19)
z = (z(t),t > 0) is a one-dimensional process and F(-),K(:), f(-) and r(-) are real
Borel measurable functions. Combining the results of Theorem 2.2.3 and Lemma 2.2.5
for an SDE driven by a Poisson process then we have an explicit expression for & which
is given, for each ¢t > 0, by '

O(t) = exp

/ " P(s)ds + / log(K(s) + 1)aN(s) . (2.20)
0 0
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Chapter 3

Stability of SDEs

3.1 Introduction
In this chapter we will examine SDEs of the form

dz(t) = f(z(t=))dt + g(z(t-))dB(t) + o H(z(t-),y)N(dt,dy) ont2to (3.1)
y|<c .

with initial value z(to) = .a:o, such that zo € RY, where ¢ € (0,00] and f,g,H and
B = (B(t),t > 0) and N are defined as in Chapter 1, section 1.3 and section 1.4.
In stochastic integral form this equation can be written as

t t ' t -
z(t) = zo + f(w(s-))ds+/ g(x(s—))dB(S)+/ H(z(s—),y)N(ds, dy).
to to to Jyl<e
(3.2)

We will focus in finding LP estimates for the solution of (3.1) and examining sufficient
criteria for stability of the solution in various senses e.g. almost sure exponential
“stability, moment stability and stability in probability (in terms of Lyapunov functions).

3.2 LP? Estimates

In this section we are interested in finding L? estimates (for p > 2) for the solution of
a stochastic differential equation that is defined as in (3.1).

In the following we will present Kunita's estimates for p > 2 (see Kunita [25]) for the
solution of an SDE of the form (3.1), which will be very useful throughout this thesis.
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Kunita's estimates are an extension of the well-known Burkholder’s inequality, which
gives estimates for moments of stochastic integrals driven by Brownian motions (see
Applebaum [1] pp. 234 and second edition pp. 387).

Theorem 3.2.1 (Kunita) For all p > 2, there ezists C, > 0 such that for each
t>ty >0,

5| s loe)p] < Cp{lwol”+EUt:lf(x(r—))l”dt]+E[/t:llg(x(r—))ll”dr]

to<s<t
- t \T— 21/ g r
+E /t (/lchlH(( ) 9)l (dy>) d}

[ ot
+| / /MQIH(x(r—),wva(dy)dr] } (3.3)

where z(to) = xo € R? is the initial condition.

Proof: See Kunita [25] pp. 332-335.

Assumption 3.2.2 Forall2<g<pand K >0
/ |H (2, )| (dy) < K]a|".
lyl<e
We require that assumption 3.2.2 holds for the remainder of this chapter.
The following result is also due to Kunita [25] pp. 341. Kunita does not provide a proof

and so we give one below.

Corollary 3.2.3 For all p > 2 and 2y € RY, there exists C;,’ > 0 such that for each
t>1t >0,

& | E Lossttpst (1 + |x(s)|)p] <C, {(1 + Ixol)p + /tt E

0

Lossus%r (1 t |“’(S)|)p] dr} . (3.4)

Proof: Applying Jensen’s inequality in (3.2) and then taking expectations, we obtain

T+l

E[(l + Ix(t)l)”] < 4”‘1{(1 +|zo])P + E {

”]
1}

By the same arguments as were used to deduce (3.3), (see Kunita [25] pp. 332-335) we

[ stats-a(e

0

t
, f(z(s=))ds

+E
¢

[ [ et i@ @
lyl<e .
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then get

E[ sup (1+ |x(s)l)p]

to<s<t

IA

C’;{ 1+ |zo|)P+ E [./t: If(x(s—))|pds]
+ E /;: ||g(a:(s—))”pds]

+ E/(/u' el dy))B }

[ ot
+ B /t /lykc|H(z<s—),y>|pv<dy>ds] } (3.5)

where C’,’, = 4P~1C, > 0 and C), is a positive constant. Applying the growth condition
(C2) we deduce that

B[ [ Istats-pPas]

t

B|[ (1retenr)* ]

A
E[ K (1+1a(s)| )) ]
- KE/t E[(1+|a:(s)|) ]

< K3 / E[(1+ |2(s)])?) ds, (3.6)

IA

using Fubini’s theorem (see e.g. Applebaum [1] Theorem 1.1.7 pp. 12) and the
elementary inequality, that for a > 0, (1 + a?) < (1 + a).

The same arguments apply for the diffusion term and for the penultimate term in (3.5).
For the last term of (3.5) we will apply assumption 3.2.2. Hence, by Fubini’s theorem

E /to /Iy|<cIH(m(s—),y)lpu(dy)ds] < K/toE“x(s)lp]ds

< K t:E[(1+|x(s)|)p] ds, (3.7

since for a > 0, a? < (1 +a)P .
Substituting (3.6) and (3.7) into (3.5) then

E Lossuspst (1 + |x(s)|)p] QS c, {(1 +|zo|)P + 2, /t: E [(1 + |x(s)|)p] ds}

< c;,{(1+|x0~|)p+zp t:ELos<uspr(1+|x(s)|>p].dr}
(3.8)
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where Z, = K + 3K%. Set C, = max{Cy, C,Zp} and the result follows. ]

Proposition 3.2.4 Let p > 2. Then there exist constants C;, > 0 and K > 0 such
that for all zo € R% and each t > to

4) ELsup (1+|x(s)|)p] < € (1 + |zo|)P exp { Kb(t — to)} »

0<s<t

(i6) Ellz()P] < Cy(1 + lzol)? exp {Kp(t — to)}

Proof: (i) The result follows on applying Gronwall’s inequality (see Chapter 1, section
1.3) to (3.8) with

oft)y=E | sup (1+z(s))’|, C=Cp(l+]z0l)” and B=2,C, =K,

to<s<t

(ii) This follows easily from (i), since each

SOF < sup (14 [e(5))"

3.2.1 Exponential martingale inequality

The classical exponential martingale inequality for a continuous martingale M =
(M(t),t >0)is

P ( sup (M) - 5, 00)1)] > ﬁ) < exp(-af)
0<t<T

»where T, o, 3 are positive constants and (M, M) is the quadratic variation of M, as for
continuous semimartingales it holds that (M, M) = [M, M] (see Mao [33] pp. 12).

Mao in [33] applies this to the special case where M(t) = fot g(s)dB(s) foreach t > 0
and he has obtained the following result

P

0<t<T

sup { /0 tg(S) dB(s) — % /0 t Iq(S)IzdS} > ﬂ] < exp (—ap)

where ¢ = (91,...,9m) € P2(T), B = (B(t),t > 0) is an m-dimensional Brownian
motion and T, e, B are positive constants. This result plays an important role in Mao’s
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work on stability.

Since we are dealing with processes of the type
¢ t
M) = [ o6)aBe)+ [ [ B Fdsd)
0 0 Jlyl<e

for each t > 0, where H : Rt X E — R € Py(T,E) and N is the compensated
Poisson measure, we need to prove the exponential martingale inequality for this type
of processes. This will be an essential tool for the work later on.

The following is a generalization of Mao [33] Chapter 1, Theorem 7.4 pp. 44.

Theorem 3.2.5 (Ezponential Martingale Inequality)
Let T,a,B be any positive numbers. Assume that g € Po(T) and the mapping
H:R* x E—>R€PyT,E). Then

Pl o { [s0)a86)-% [lofas+ [ [ H) N d)

0<t<T

_é /Ot /|yl<c [exp (aH(s,y)) — 1= aH(s, y)] u(dy)ds} > ﬂ] <exp(- aﬂ). (3.9)

Proof: Define a sequence of stopping times (7,,n > 1) as follows. For each n > 1

t
/ 9(s) dB(s)
0

[exp (aH(s,y)) — 1 — aH(s, y)] v(dy)ds

« ¢ 2
+-2-/ lg(s)|* ds +
0 .

Tn = inf{tEO:

t -~
/ H(s,y) N(ds, dy)
0 Jlyl<e

o).

yl<e

and note that 7, T oo almost surely.

Define the Itd process
t
onlt) = o f 9 () 4B(s) — & - [ 1o o) ds
<3 t
| [ sy o (e) Hds,d)
0 Jyl<e

t
=[] [ew(aten) - 1= ati(s,)] fom(s) vds)ds,
0 Jlyl<e
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foreacht>0. Thenforall 0 <t < T

t 2 t
lxn(t)l < aA |9(3)|I[0.rn](3)dB(3)+?;_/o Ig(3)|2I[0,Tn](S)dS

+a

t -~
| [ H s om(s) F(ds,ay)
0 Jlyl<e

+ <an

/O: /|y|<c [exp (aH(s,y)) — 1 — aH(s, y)] Lo my(5)v(dy)ds

which means that the mapping t — z,(t) is bounded from [0,7] — R (a.s.).

Let Z(t) = exp zn(t). We apply Itd’s formula with jumps (see Chapter 1, section 1.3),
to obtain

exp Tn(t)

t a2 [t

=1+ a/o exp Zn(8)g(s)[0,7,) (s) dB(s) — -5-/0 exp xn(3)|g($)|21[o,fn] (s)ds

t
— /0 /|| [exp zn(s) (exp (aH(s,9)) — 1 — aH(s,y)) I[O,Tn](s)]u(dy)ds

yl<c .
o? [t

+ 5 | expa(@loe)loy(e)ds
+ /0 /ly|<c exp Zn(s) [ exp (aH(s,g})) — 10,7, (s) N(ds, dy)

t
MO (@8(51) =1) = (53) 03] o (S0

and it follows immediately that
t

expzn(t) = 1+ a/o exp Tn(5)9(8)![0,7,] 4B(s)

t
+/0 /II ’expxn(S)[exp (H(s,y)) _l]I[O,‘rn](s)N(dS, dy).
yi<c
‘Now each process (expznp(t),0 < t < T) is a local martingale (see e.g. Applebaum [1]

Chapter 5, Corollary 5.2.2 pp. 253).
Since we also have

sup expzn(t) < expan, a.s.
t€[0,T]

then there exists a sequence of stopping times (Tp,,m € N) with (T}, — o) (a.s.) as
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m — oo such that forall0<s<t<T
E [exp(zn(t A T))|Fs] = exp(zn(s ATh)) S expan  a.s.
An application of the dominated convergence theorem (conditional version) gives

Elexp za(t)| 73]

nli_r)noo Elexp (zn(t A Tw)) | Fs)
= Tr!,l—rtnoo exp (CL‘n(S A Tm))

= expza(s),

i.e. Z(t) = expzn(t) is a martingale for all 0 < ¢t < T. By using Applebaum [1] Chapter
5, Theorem 5.2.4 pp. 254, it follows that Elexpz,(t))=1forall 0 <t < T.

Now, applying Doob’s martingale inequality (see Chapter 1, section 1.3), we obtain

P [oi?gr exp (zn(t)) = exp (aﬁ)] < exp(—af)E [exp (z4(T))] = exp(—ap).
Hence,

t t
P| s { [ o@pmsan) -5 [ 106)om(e)ds

0<t<T

t -~
[0 H ) To(6) (s, )
0 Jlyl<e

[ L. o (et ) —1- aH(5,9) | To o) (d)ds) > ﬁ] < exp (~ap).

(3.10)
Define
t o [t )
tn={wea: s [ [ 96 on©a86) -2 [ lo)Plo)ds
, o<t<T LJo 0
t ~

+ / H(s,9)Tjo.r,)(s) N (ds, dy)

0 Jlyle .

1 t

- E/ / [exp (aH(s,y)) -1- aH(s,y)] Tj0,7,)(5) l/(dy)ds] > ﬂ}.
0 Jlyl<e
It is well known that (see e.g. Applebaum [1] pp. 112)
P [unrg inf An] < liminf P[4,] < limsup P [A,] < P [hglsogp An] . (3.11)
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By (3.10)

limsup P[A,] < exp(—ap). (3.12)
n—oo
Since,
o o0
liTerigréfAn = U (ﬂ Am) and lifrlrisotépAn = ﬂ (U A )
n=1 \m=n . n=1 \m=n
then
liminf A, = limsup 4, = A (3.13)
n—=00 n—00
where

A={w€ﬂ: sup [/ g(s)dB( s)—-—/ lg(s |2ds+/ |y|<cH s,9)N (ds, dy)

o<i<T

Combining (3.11), (3.12) and (3.13) then P[A] < exp(—af) as required. O

In the sequel we will apply the exponential martingale inequality (3.9) for a special case.
This is done in order to simplify the calculations of a theorem that will follow later.

Assume that H : RT x E — R and set F(t,y) = ef(t¥) — 1,
Then, H(t,y) = log(l1 + F(t,y)) where 0 <t < T, y € R%
Hence, for a > 0

exp (aH(t,y)) —1—aH(t,y) = exp(alog(l+ F(t,y))) —1— alog (1+ F(t,y))
(1+ F(t,y))* —1-1log (1 + F(t,y))"

<>

As a result the exponential martingale inequality (3.9) now takes the form,

P[ sup {/Otg(s) dB(s) — g—/; lg(s)|? ds + /Ot /Izjl;c log(1 + F(s,y)) N(ds, dy)

0<t<T

) "% /Ot /|y|<c [(1 + F(s,y))*—1-1log (1 + F(S,y))a]l/(dy)ds} > ﬂ] < exp(_ag).
| (3.14)
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In particular for a =1,

P[ sup {/ g(s)dB(s)——/ lg s)]zds-l-/ /y<clog(1+F(s v)) N(ds, dy)

0<t<T

+ /0‘ /|y’<c log (14 F(s,y)) — F(s, y)] I/(dy)ds} > ,6’] < exp(—f). (3.15)

3.3 Stability in probability

The aim of this section is to study stability in probability.

The theorem that follows is analogous to the Lyapunov theorem for the deterministic
case (see Chapter 1, Theorem 1.5.1). Mao in [33], Chapter 4, Theorem 2.2 pp. 111
extended the well-known Lyapunov theorem for the case of SDEs driven by a Brownian
motion. We imitate his proof and in a similar fashion we prove the Lyapunov theorem
for SDEs driven by a Lévy process.

In the following we will require £, the linear operator associated to the SDE for the
system under consideration (3.1) when ¢ € (0, 00). It is a special case of a more general
formula in Chapter 1, section 1.4, (1.19), as the Lévy process has bounded jumps. For
the convenience of the reader we give the precise expression for £ in this case.

(LV)(2) = fi(m)(aiV)(w)+%[g(x)g(w)T]ik(aiakV)(w)

+ /1y|<c [V(z+ H(z,y)) — V(z) — H(z,y)(8:V)(z)] v(dy) (3.16)

where V € C?(R%), = € R%.

For the next theorem fix A > 0 such that h > 2¢, where h is the radius of a ball By, in
R¢, and ¢, the maximum allowable jump size, as defined in Chapter 1, section 1.3, is
finite.

Remark 3.3.1 Although the next proof goes along similar lines to Mao’s proof in [33]
198 111 there is a variation due to the fact that solutions to SDEs driven by Brownian
motion have continuous paths, while the solution to (3.1) has cadlag paths.

Theorem 3.3.2 Assume that there ezists a positive definite function V € C?(By;RY)
such that

LV(z) <0

for all x € By. Then the trivial solution of (8.1) is stable in probability.
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Proof: Since V is positive definite it holds that V' (0) = 0 and there exist a function
p € K such that

V(z) > u(|z|) for all z € B,  (see section 1.5).

Let ¢ € (0,1) and » > 0. By the continuity of V, for every € > 0 there exists a
d = d(e,r) > 0 such that

sup V(z) < p(r)e. | (3.17)
T€B;

Now fix o € Bs. Without loss of generality let 0 < r < % and define the stopping time
T =inf{t > to : |z(t)| > r}.

Applying It6’s formula to V for any ¢ > to,

V(z(tAT) = V(zo)+ tw 8V (z(s—)) [f (z(s—))ds + g¥ (z(s~))dB;(s)]
i1 [ 88 (a(s-lp(a(s-Noala-)Tds

to

2
+/t T/|y|<c [V (2(s=) + H(z(s-),9)) = V(z(s-))] NV (ds, dy)

0

+ /t i /Ich [V (z(s—) + H.(:L‘_(s—),y)) —V(z(s-))
- Hz(x(s—),y)BiV(x(s_))],,(dy)ds_

Hence,
tAT tAT

V(z(taT)) = V(o) + LV (z(s-))ds + iV (z(s=))g" (z(s—))dB;(s)

to to

+/to. /Iyl<c [V(ﬂc(s—) + H(sc(s-—),y)) - V(x(s—))]N(ds,dy),

Using the fact that LV < 0 and taking expectations, it follows that
E[V(z(t AT))] < V(z0) a.s.
Now, |[z(t AT)| < r (as.) for t < 7. So it follows that for all w € {r < oo}

|z(7)(w)] < 7+ c. Hence, |z(r)(w)] < &+ & = h. Also since V(z) > p(|z|) for all
x € By we have that for all w € {7 < 00},

V((r) ) > plle)@)]) = ulr) | (3.18)
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as u is increasing (see section 1.5).

From the previous relations we deduce that
V(zo) 2 E[V(z(t AT))] 2 E [Lir<y V(2(7))] 2 P(7 < t)u(r).
Then, by (3.17),
P(r < t)u(r) £ V(zo) < sup V(z) < p(re.
z€B;

Hence,

P(r<t)<Le.
Letting t — oo, we get P(T < 00) < € which is the required result i.e.

P(|lz(t)| <r forallt>ty) > 1—e.
]

Remark 3.3.3 The function V that appears in Theorem 3.3.2, is the stochastic
Lyapunov function.

3.4 Almost surely asymptotic estimates

This section includes an almost surely asymptotic estimate for the sample Lyapunov
exponent and criteria for almost sure exponential stability of the solution of the
stochastic differential equation driven by continuous noise interspersed by jumps. We
will also provide conditions under which the solution of (3.1) (with probability 1) will
never reach zero provided that the solution of the stochastic system starts from a non-
zero point.

Pioneering work was carried out by Khasminski in [22] who gave a necessary and
sufficient condition for almost sure exponential stability of the linear Itd equation and
opened new chapters in stochastic stability theory. Most-of the researchers continuing
Khasminski’s work have devoted their research examining almost sure exponential
stability for SDEs driven by Brownian motion. However, Grigoriu in [13] studies almost
sure stability for non-Gaussian noise. He investigates stability of non-linear SDEs driven
by a compound Poisson process by a linearization technique applied to one-dimensional
" non-linear system. The author uses Lyapunov exponents to identify subsets in the space
of the parameters for which the solution of the SDE is stable.
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Also Grigoriu and Samorodnitsky in [14] propose two methods for determining
asymptotic stability of the trivial solution of linear stochastic differential equations
driven by Poisson noise. The first method extends a result obtained by Khasminski in
[22] for diffusion processes to the case of SDEs driven by a Poisson process which is
based on It6’s formula and the use of Lyapunov exponents. Applying this technique
Grigoriu and Samorodnitsky have managed to obtain results for one-dimension SDEs
but for d > 1 their method was unsuccessful. The second method is based on a geometric
ergodic theorem for Markov chains. They consider a certain Markov chain (zn,mn €N)
associated with the solution z of a linear SDE system driven by Poisson noise. In their
paper they have shown that if (z,,n € N) is ergodic so is  and they have established
conditions under which (z,,n € N) is ergodic or not. They acknowledge that the first
method has limitations compared with the second and the second provides a general
criterion for assessing the long term behavior of z,, and . Nevertheless by using Mao’s
points of view (see Mao [33]) for almost sure exponential stability we have managed to
use Lyapunov exponents and It6’s formula to obtain almost sure exponential stability
for Re-valued processes determined by non-linear SDEs driven by a general Poisson
random measure.

In the next theorem we will give an estimate of the sample Lyapunov exponent of the
solution to (3.1)>. In the event that we know a unique solution exists without requiring
(C1)-(C2) to hold, then we can still obtain an estimate for the sample Lyapunov
exponent of the solution. But first we need to impose a condition on the coeflicients of
(3.1), the monotone condition. This is as follows.

There is a positive constant a such that for all z € R¢

1 1
1@+ glo@ +5 [ @) a1+ 1af). (3.19)

In the case that we have to impose (C1)-(C2), for the existence and uniqueness
of a solution to (3.1), then by the growth condition (C2), (3.19) is satisfied with
a= (VK + K).

The following is a generalization of Mao’s work [33] Chapter 2, Theorem 5.1 pp. 63.

Theorem 3.4.1 Under the monotone condition (8.19), the sample Lyapunov exponent
of the solution of (8.1) ezists and satisfies the following
. 1
limsup ~log|z(t)] < a a.s.
t—00 t .

where a is as in (3.19).
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Proof: An application of Itd’s formula with jumps to Z(t) = log(1 + |z(t)|?) ‘yields that,
for each t > i,

log (1 + |z(2)[?)
t 2z(s—)T t oz(s—)T
= log (1 + |zo|?) + /0 %f(w(s—)) ds + /0 —1—_2#):7]39(:5(3—)) dB(s)

t t

Ellgle=DIP  2la(s=)Tg(@(s=)P
+/ <1+|x< I A G P ) )ds

// log(1+|x ) + H(z(s— ),y)|) log (1 + |z(s—)| )] N(ds, dy)
to Jyl<e

+/to /|y|<c log (1+lx(s—)+H(m 3—),y)| )—IOg (1 + |z(s-)])

_ 22(s—)TH(z(s-),y)
1+ |z(s—)?

]V(dy)ds.

We can rewrite
log (1 + |z(s=) + H(z(s=),9)|*) = log (1 + |z(s—)[?)

— log (1 + |z(s=)|2 + 2z(s=) T H(z(s-), y) + IH(x(S—),y)P)

I+ eGP

2z(s—)TH(z(s=),y) + |H(z(s— ),y)lz)
1+ |z(s—)P?

= log (1 +
Hence,

2 2 ! 1 T 2
log (L+ [z(®)[*) = log (1 +]zo|?) +/t TF RGP [2x(s—) flz(s=)) + ||g(z(s-)|| ] ds
+2/t x(s—)Tg($(5—))dB( )= 2 tle(s—)Tg(z(s— ))| ds
to

T+ T e (Lt 2B
. (s=)"H(z(s=),9) + |H(@(s=) P s,
/to /yl<cl g(” 1T+ [2(s-)] ) (ds, dy)
. 2e(s—)T H(z(s=),y) + |H(z(s=),)[?
//. 1g(” T+ fa(s—)? >
z(s—)T -
_ 2 13-|i{((:—(-;|2)’y)]y(dy)d& (3.20)
Define
to 1+| (S )|2
20(s—)"H(a(s=),v) + |H(z(s=), 9)1? 5
/to/y.«l"g (” 1 [z(s—)2 > N(ds, dy).
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Using the exponential martingale inequality (3.15), for a = 1,8=logn?and T =n
where n € N, one sees that

P[ sup (M(t)—z/ [2(s ) gz (s~ NI

to<t<n o (1+]z(s—)]%)?
: 22(s—)T H(z(s=),y) + |H(z(s=), )’
* /t /|y|<c [1og (l * 17 [a(so)2 )
 20(s—)TH(a(s-),9) + [H(z(s=), )P
T [a(s)?

]u(dy)ds) > 2logn| < %

Since Y o2y ;17 < o0, an application of the Borel-Cantelli lemma, yields that

*fa(s—)Tg(a(s-)I2
W (T ()2
: 20(s—)T H(z(s=),y) + |H(z(s=),9)I?
" / /|| o2 (1 * T+ 2(s-)2 >

2(z(s=)TH(z(s=),v)) + |H(z(s=), )|
1+ |z(s—)?

P[limsup{ sup (M(t) -2

n—00 to<t<n

]u(dy)ds) > 2logn}] = 0.

Using elementary probability calculations, we then have that

n Jols)alee ]
Ptmine{ sup (00 -2 o LEE

T _ 2
e e (o B )

_ 2z(s—)TH(2z(s—),y) + |H(z(s—), )|
1+ |z(s—)|?

]u(dy)ds) < 2logn}] =1

~ So, forn > no(w), to <t < n,y

M(t) + /t : _/]y|<c{log (1+ 2z(s=)TH(z(s=),u) + |H($(3—),y)l2>

1+ |z (s—)I?
z(s=)TH(z(s— ,
2 (1-)|-|33((8 ()‘2) y)}u(dy)ds
Ix s=)Tg(z(s— [H(z(s=),9)?
<2 to  (1+]z(s— |2)2 d +[0/y|<c T4 [2(o—)2 v(dy)ds + 2logn

almost surely. As a result substituting the previous relation into (3.20) we obtain,
almost surely

og(1 +12(0)") < 1o8(1+Jaol") + | TrrmymlRe(e)" S(e(e-)) + lola(e-DIF]ds

|H(z(s—),v)2
/to /|yl<c 1+ |z(s=)|? v(dy)ds + 2logn.
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and by the monotone condition (3.19), we deduce that
log(1 + |2(8)[?) < log(1 + |zo?) + 2a(t — to) + 2logn

for all n > ng(w), to < t < n, almost surely. Now, for almost all w € Q if n > np(w),
n—1<t<n,

1 1
Slog(L+]z(®)) < —log(1+[z(t)?).
Then,
. 1 . 1 9
limsup = log|z(t)] < limsup = log(l+ |z(t)]*)
< limsup ! [log (1 + |zo|?) + 2a(n — to) + 2log n]
= qQ a.s.
as required. O

In order to be able to develop the theory in this section we need the following technical
inequality. ’

Lemma 3.4.2 If 2,y € RY, z,y,z + y # 0 then

1 1
lz+yl |zl

Proof: Using the elementary inequality |a| — |b| < |a + b| < |a| + |b| for a,b € R? and
the Cauchy-Schwarz inequality |(y, 2)| < |y].|2] for y, z € R? we have that

1 _ 1 (&y _ [P-lzllzt+yl+lz+yl(z,y)
le+yl =l Jef .z + y|
< P =lzPlz+yl+ (2 +yD lzl.lyl
- |z}3.|z + 9
_ el = lzllz +yl+ (2 +y]) vl
- |z]?.|z + y]
< el =lal. (el = lyD) + [yl (=] + ly])
B 22|z + y]
lyl® +2l=l.lv] _ 2ly] (Iyl + le) .
el lz+yl = lelP "\ lz + 9]

0
The following lemma is a generalization of Mao’s work [31, 33] pp. 280-281 and pp.
120-121 respectively, that refers to an SDE driven by a Brownian motion, and the main
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results on the sections that follow depend critically on the result of the lemma below.
We will prove that under some conditions the solution of (3.1) can never reach the origin
provided that zg # 0.

Assumption 3.4.3 We suppose that H is always such that

v{y € (—c¢,c), there exists z # 0 such that z + H(z,y) =0} =0.

We require that assumption 3.4.3 holds for the rest of this section.

Lemma 3.4.4 Assume that for any 6 > 0 there exists Ky > 0, such that

@+ lo@+2 [ 1) (e e < kel it1el <0, 32
If ¢ # O then
P(z(t) #0 forallt>ty) =1. (3.22)

Proof: Assume that (3.22) is false. This implies that for some zg # 0 there will be a
stopping time 7 with P(7 < 00) > 0 when the solution will be zero for the first time:

7 =1inf{t > to : |z(t)] = 0}.

Since the paths of z are almost surely cadlag there exists T' > tp and 6 > 1 such that
P(B) > 0 where

B={weQ:7(w) LT and |z(t)(w)| £ 0 -1 foralltg <t < 7(w)}.

Let V(z) = |z|~!. If 0 < |z| < @ it follows that

) = 2@ 1 (_ lo@)I? 31zTg<x)|2)

|z 2 |zf? |z]°

11, @HEW)],
+-/Iy|<c [|$+H($,y)| |z| + EE ] (dy)

@I, lo@I Hz, )| (12,9l + o
e L (o) e o

where we have used the result of Lemma 3.4.2.
Applying (3.21) to (3.23) then

LV(z)<aV(z) if 0<l|z| <0
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where « is a positive constant that depends on Kjy.

Now define the following family of stopping times
Te = inf{t > to : |z(t)| L e or |z(t)] > 6}

for each 0 < € < |zg]. By It0’s formula with jumps (see Theorem 1.3.2, Chapter 1)
applied to Z(t) = e~@(t=t)V/(z(t)) we obtain

e~ e AT=0) Y (g (1, A T))
Te AT .
= V(zo) + / —ae~ =Y (g(s—))ds
t

0

TeAT ; ¥
# [ ey (a(s-)) [ (alo-)ds + 97 (a(5-))dBs ()]
T;/\T
4 %/t e—a(s"tO)aic')kV(:c(S—))[9(‘”(3—))9(“7(3“))T]i’“ds
T;/\T
e—a(s—to) xr(s— T(S— - T\ \s— V
e[ e tonr et - Vet
Tg/\T
/ / —a(s—to)[ ( (s=) + H(x(s—),y)) - V(z(s—))
lyl<e .
— H{a(s-), )0V (a(s-) W)

Hence,

Te AT
B 72\ T80V (a(r, AT))| = V(20) + E [/ e[ aV((s-)) + LV (w(s-))]ds

0
Since LV (z) < aV/(z) it follows that
E [ =0V (a(r AT))] < V(o).

If w € B, then 7.(w) < T and |z(m(w))| < €. Then,

BT 0e1p] < B[ a(r, )| 5] = B [N 0V (a(r, AT))1s]

< E [e—a(TeAT—to)V(m(Te /\T))] < V(zo).
Hence,
P(B) < ee®T0)|g|=1, for all £ > 0.

Now let € — 0. Then it follows that P(B) = 0 which contradicts the definition of the
set B and the required result follows. . o
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Remark 3.4.5 Condition (3.21) in Lemma 3.4.4 seems quite complicated. We will now
show that there is a natural class of mappings H for which this is satisfied, at least in
the case d = 1. To begin suppose that we can find a mapping H; for which

/ \Hy (2, v)|v(dy) < Kole|, for all « € R.
lyl<e

Now let A = {(x,y) € R? : z > 0, Hi(z,y) > 0} U {(z,v) € R? : z < 0, Hi(z,y) < 0}
and so A® = {(z,y) € R? : 2 > 0, Hy(z,y) < 0} U{(z,y) € R? : = < 0, H1(z,y) > 0}.

Define H(z,y) = (1a(z,y) = Lac(z,y)) Hi(z,y).

Hence,

|Hi(z,y)| = |[H(z,y)| and |z + H(z,y)| = |z] + |Hi(z,y)|.

Then we find that
|z| + IH(x,y)|>
Hx,y.( v(dy =/ Hy(z,y)|v(dy) < Kp|z|, for all z € R.
JueEe (i) 0= el < Kol

To construct specific examples of mappings of the form H; we can take e.g. Hi(z,y) =
Hy(z)y? where -I%l is bounded.

For the next two results, we require that the following local boundedness constraint on
the jumps holds: '

Assumption 3.4.6 For all bounded sets M in RY,

sup sup |H(z,y)| < oo.
zeM 0<|y|<c

Assumption 3.4.6 is related to assumption 1.3.1, that is a requirement for applying Itd’s
formula. Also note that assumption 3.4.6 is always satisfied if H is jointly continuous.

In the sequel conditions for almost sure exponential stability of the trivial solution of
(3.1) will be obtained. First we need a useful technical result.

Let V € C?(R%RY) be such that V(z) # 0 for every x € R%. Define the following
processes It = (I1(t),t > to), In = (I2(t),t > to) and I = (I(t),t > to) where for each
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t2>to

_ (z(s=) + H(z(s-),y) — V(a:(s—))) H'(z(s—),y) z v(dy)ds
() = /to /|y|<c< OV (z(s— ))) (dy)ds,

V(z(s-)) V(z(s—))
(3.24
D)+ Has=),w)y L _ V(=) +HEE) ) oo
() = /to /y|<c (10 V(x( 3 )+1 ) ) (dy)ds,
: (3.25)
B z(s=) + H(z(s=),v))\ _ Hi(z(s=),9) 5 2(s=N ) vldu)ds
0= [ .. (s () - T v et ) s
(3.26)

Note that for each t > to, I(t) = I1(t) + I2(t).

Lemma 3.4.7 Let I; = (Il(t),t > to),” I = (Iz(t),t > to) and I = (I(t),t > to) be
defined for each ¢ > ¢g as in (3.24), (3.25), (3.26) respectively. Then for each t > ¢, it
holds that ’

(@) 11(t)| < o0, (it) |I(t)| < o0, and (iit) |I2(t)] < o0 a.s.
~ Proof: (i) Following Kunita’s arguments in [25] pp. 317, by using a Taylor’s series
expansion with integral remainder term (see Burkill [10], Theorem 7.7) we obtain for

each y € B. and z € R¢

" V(z+ H(z,y)) - V(z) — H'(z,9)0,V (z / 8:0;V (z + 0H(z,y)) (1 — 0)d0H(z, y) H' (z,y).

Hence,
1L (@) | V
< [, f [Py R
/to / i< 02021 2o x(s;&so_h)r)(x(s =t |H (z(s—), y) HY (z(s-), y)| v(dy)ds,

(3.27)

i

since fol(l — 6)do
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For each z € R¢, y € Bc, 1<14,j <d, define

8:0;V (2 + 0H(z,y))
v = J X2
fii(2,9) e V)

By assumption 3.4.6 it follows that

sup sup |f¥(z(s=),y)| <oo as.
to<s<t0<|y|<e

Using the Cauchy-Schwarz inequality it follows from (3.27) that

1 ¢ ; ,
Ol < 5 s s el [ [ HEC)D e i

IN

i,j=1 tp<s<t 0<]y|<c

; 2
%(Z sup sup |f,~¥(x<s—>,y)|2) / /kac|H(w(s—),y)|2v<dy>ds<oo,
(3.28)

almost surely.

(ii) Using the same arguments as in (i), we obtain

@) < / /l .

log (V (z(s=) + H(xz(s-),y))) — log (V(z(s-)))

_ Hi(e(s=),y)
V()

(aiajv(x(s—) + 0H(z(s-),v))
V(z(s=) + 0H(z(s=),v))

_ 9V (a(s—) + 0H(z(s=),)) 0V (z(s=) + 0H(z(s=),v)) )
(V(x(s—) + 0H (z(s-), y)))2

0;V(z(s—))|v(dy)ds

./t/
to |yl<c

1
< [ (= 0)d0H a(s-),) (25, )| () ds.
0
Define for each z € R%, y € B,, 1 <4, < d,
v 00;V (2 + 0H(z,y)) 6;V(z+0H(z,y))0;V(z+0H(z,y))
hij(z,y) = sup - 5 .
0<o<1 \ V(2 +60H(z,y)) (V(z+60H(z,y)))

Then we have

sup sup |h};(ac(s—),y)|<oo a.s.
to<s<tO<|y|<c
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By using the Cauchy-Schwarz inequality as in (3.28) the required result follows.

(iii) Recall that for each t > to Io(t) = I(t) — I1(t). Then by (i) and (ii) it follows that
|I2(t)] < |I(t)] + |11(t)| < oo almost surely for each t > tp . ]

The following is a generalization of Mao’s work [33] Chapter 4, Theorem 3.3 pp. 121.

Theorem 3.4.8 Assume that (3.21) holds. Let V € C*(R%4R*) and let p > 0,¢1 >
0,co € R,c3 > 0 and ¢4 > 0 be such that for all x # 0

@) alzlP <V(z),

(it) LV (z) < 2V (z),

@) |V 9@ 2 es(V@)?,

. Viz+ Hay)\ _ Vie+H@w) - V) i
@ Jee [“g ( V@) ) V() vidy) < —ea
Then
liirlsogp%log lz(t)| < —-c—a——-%@ a.s. | (3.29)

and furthermore if cg > 2co — 2c4, then the trivial solution of (8.1) is almost surely
exponentially stable for all zg € RY.

Remark 3.4.9 Using the logarithmic inequality log(z) < z — 1 for z > 0 then

/H [log (V(w - H(sc,y») _VetH@) -VE@)] g
yl<c

V(z) V(z)
Hence condition (iv) in Theorem 3.4.8 is a reasonable constraint to require.

Proof: For zg = 0, then z = 0 hence (3.29) holds trivially. For the rest of the proof we
assume that zg # 0. Due to Lemma 3.4.4, then z(t) # 0 for all ¢ > ¢, almost surely.
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Apply 1t6’s formula to Z(t) = log(V(z(t))). Then for each t > to,
t 1
to V(2(s=))

1/t 1 i
3 /to [V_(SE'('S'__)')'&&;V(:E(S—))[g(:v(s—-))g(x(s_))T] k

log(V(z(t))) = log(V(zo)) + iV (z(s=)) [f(z(s=))ds + g" (z(s—))dB;(s)]

1 2
- W OV (a7 g(a(s-)| Jas
/ /ll [log =) + H(z(s- )a’y))) - log (V(m(s—)))] N(ds, dy)
to Jy|<e
/t /|y|<c log (iB(S—) + H(x(s—),y))) —log (V(z(s—)))
1 i
~ Vo oV @D (x(s-),y)]y(dy)ds,

(3.30)

Note that the last integral in (3.30), for each t > to can be written as I(t) = I1(t)+ I2(t)
where I1(t), I5(t), I(t) are as defined in (3.24), (3.25), (3.26). By Lemma 3.4.7 it follows

that I;(t) and Ix(t) are finite almost surely. Now using the linear operator £ defined in
(1.19) we obtain

'LV (2(s-)) 1 D ale e (a(s VB (s
o V) V( TV @e-)e (a(s-)dBy ()

/t:——(v(x( ))) |(aV(x(s W7 g(z(s— ))| ds

z(s—) + H(z(s—), y))
/to ~/y|<c V(z(s—)) )N(ds,dy) + Ix(1).

Define for each t > g

log(V(z(t))) = log(V(zo)) +

1

t 1

M) = ; ma‘v(x(s—)) 9" (z(s—))dB;(s)
a:(s )+ H(z(s-), y)) -
/to [, o (FT gy A

where the first integral is a continuous martingale and the second is a local martingale.
We may then write

tEV(:r(s-—))
V(z(s-))
1 t

T2, ml(a‘/(w T g(a(s-))| ds+ B(t). (3.31)

log(V(z(t))) < 1Og(V(960))+ ds + M(t)
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We now use the exponential martingale inequality (3.9) for T =n, a =€ and 8 = en
where € € (0,1) and n € N. Then for every integer n > to, we find that

to<t<n 0 (V( (s-)))*
v (a(s-)+H(a(s-)))
)

_1 / / ‘°g VEG=D)
jz|<e

—elog < (x(s—&?;iﬁx)()s—),y))) }u(dy)ds} > En:| <een,

P[ sup { 05 | iz [0V als- ) oalo )] as

Since 3 o0, e~€’" < 0o then an application of the Borel-Cantelli lemma and elementary
probability calculations, as in the proof of Theorem 3.4.1, yields that

P llim inf { sup (M(t) s @V ((s-)))" g(a(s-))| ds

n—o0 | go<t<n to (V(a:(s—-)))2

“/ /|x.<c( v&f‘?ﬁ” ))> -
(

j‘5103 ( (a(e-) -(’;gf_x))s ) y))) I/(dy)ds> < En}} =1.

Hence for almost all w € 2 there is a random integer ng = ng(w) such that for n > no,
to<t< n,

t
M) < E/to Wm(ls——)_;)i |(3V(x(s—)))Tg(:c(s—))|2ds+sn

| (R -

el V(z(s—) + H(z(s—),9)) v s :
clog (L) A >] s, (:32)

Substituting (3.32) into (3.31) and using conditions (i) and (i) it follows immediately
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that

log(V(z(t)))
< log(V(zo)) — -1-[ 1—¢€)ez — 2¢3)(t — to) +en

/ /l [mg( 2(s=) + H(a(s ),y»)+1_v(x(s—>+H(x<s~>,y)>)]V(dy)ds
to Jiyl<e

V(o) V(o)
(s(s=) + H(a(s=),9) \¢ _
/to /H[( Tty ) -1
o (VGG B Y], |
el g( Vz(s-)) )] (dy)d (3.33)

forn > ng, tg <t < n.

Fix z € R? and define for y € By, he(y) = %’ (ﬂ%’%ﬁ) —1-elog (V(m+H(z yp) '
We easily deduce that (W) —elog (Jﬁ—%w z+H(zy ) > 0 for all y € B, by

using the elementary inequality e — 1 —b > 0 for b € R. Since € € (0,1) then we can
use the inequality b* < 1+ ¢(b—1) for 0 < ¢ < 1 and b > 0 (see Hardy, Littlewood and
Pélya [17] pp. 40) to deduce that for all y € B,

1 (V(et Hz) V(e + H(z,y)
helv) < 2 [”E( V) ‘1) “““"g( @) )]
V(e + Hz,y)) Vot H(z,y))
< V) —1-1log ( V@) ) . (3.34)

Note that by Lemma 3.4.7 (iii) the right hand side of (3.34) is Lebesgue integrable and
is v-integrable on B.. 1t follows that the same applies for h.(y).

Now let € — 0.
The dominated convergence theorem yields that for all ¢t > tg

) Lo 1 (e et

—etop (V@) + H@(=)9) | |, g)ds
alg( VEE) )} (dy)d

- Lt (RS -

Vie(s-) + Hiz(s-)0)\ |
'l°g( V(a) > (dy)ds
=0, | (3.35)
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Hence by (3.35) for n > ng, to < t < n, (3.33) becomes

log(V(x(t))) < log(V/(ao)) 5 (es — 2ez) (6= to)

t V(z(s=) + H(z(s-),y))
*LLWP%( V(o) >+1

_ V(e(s=) + H(z(s-),9))
V(a(s-)

} v(dy)ds. (3.36)

Now substituting condition (iv) into (3.36), we see that for almost all w € £,
to+n—-1<t<tg+n,n2>2ng

t—1o

log(V(z(to))) _t—to,
2t

to+n-—1 t

(c3 —2c2) +

1
log(V(=(®) < -
Now applying condition (i) we obtain that

) 1 c3 — 2co + 2¢4
limsup - log |z(t)] < - —m—r
mSup - glz(t)| < o

3.5 Moment exponential stability

The main aim of this section is to introduce criteria for the solution of an SDE driven
by a Lévy process to be moment exponentially stable and to derive a relation between
moment and almost sure exponential stability.

The following result is an extension of Mao’s work [33] Chapter 4, Theorem 4.4 pp. 130.
Theorem 3.5.1 Let p, a1, g, a3 be positive constants. If V € CZ(R“;R*') satisfies

(1) ailz|P < V(z) < aglzlP,

(it) LV (z) < —a3V(z),

for all x € RY, tﬁen

Ellz(t)P] < %j—'l‘olp exp(—as(t — to)) forallt > to (3.37)

for all zo € R%. As a result the trivial solution of (8.1) is pth moment ezponentially
stable under conditions (i) and (ii) and the pth moment Lyapunov exponent should not
be greater than —ag.
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Proof: Fix any zo # 0 on R%. For each n > |zo| define the stopping time
Tn =1inf {t > o : |z(t)| > n}

so that, 7, T co almost surely.
Apply Itd’s formula to Z(t) = exp(as(t — to))V (z(t)). Then, for each t > to,

exp(az(t ATn —to))V(z(t ATp))

= V(zo) + /MT" azexp(as(s — to))V(z(s=))ds

to

tATh . .
+ / exp(as(s = t0))0iV (z(s-)) [f*(z(s—))ds + g” (z(s—))dB;(s)]

to

by [ explan(s = 1AV (ala-Dla(s-alals-) T
/Mmﬁkf@@”‘“”[@®ﬁ+ﬂu@aW»—wa&MNuwm
/Mmﬁkfm“““*w[(<*0+waa¢»—vuw4>

= BV (e(s=)) B ((s-), ) |v(dy)ds.

Hence

E[exp(as(t Ao = to))V(z(tATa))] = V(zo)+ E[ /t :M” exp(as(s — to)) [asV (z(s-))
+ EV(m(s—))]ds] . (3.38)
Now, apply condition (ii) within (3.38) to obtain
E[exp(as(t Ay — t.()))V(m(t AT))] < V(z0). (3.39)
From condition (i) (left hand inequality), we have

a1]z(t A7) [P exp(ag(t A 7 — to)) < V(z(t A 7r)) exp(as(t A 7 — to)).

Taking expectations and using (3.39) and then applying condition (i) again (right-hand
inequality), it follows that .

o1 E[|z(t A ma)|P exp(as(t ATy — to))] E[V(z(t Aa)) exp(os(t ATy — to))]

Vieo) < aslzol’. (3.40)
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Hence,
E[Ix(t A )P exp(as(t A T — to))] < ‘;—jmow
which implies that
B[Lpmexploa(t — to)le®P] < Zfaol.

Using the fact that for each ¢ > to, 1jo 5, €xP (a3(t = to))|z(t)|P forms a monotonic
increasing sequence of random variables then by the monotone convergence theorem it
can be deduced that

B explas(t ~ )le(@)P]| = lim B[1p0) explas(t ~ )l=()P] < leoP-

And the result follows. 0

Proposition 3.5.2 If the trivial solution of (3.1) is pth moment exponentially stable
then the trivial solution is gth moment exponentially stable for every ¢ < p.

Proof: Let ¢ < p. An application of Holder’s inequality yields that
g
E[lz(t)|"] < E{l=(®)l]? . (3.41)

Since the trivial solution of (3.1) is pth moment exponentially stable using (1.23) and
(3.41) then,

Ells®)l] < [Claol exp (-t - to))]% = C¥|zol7 exp (— (%) (t- to)) :
“Hence,
Ellz(#)l%] < Dlzo|? exp(=X'(t - t0))

where D = C7 > 0 and X = ‘\Z—,‘l > 0 which means that the solution is gth moment
exponentially stable. m]

It is very interesting to mention that in general there is no obvious relation between
exponential and almost sure stability. Kozin in [24] pp. 107 refers to an example of
an SDE driven by a Brownian motion where the system is almost surely stable but is
not moment exponentially stable. However it is possible when moment stability holds
to deduce almost sure stability under some additional conditions. Mao in [33] Theorem
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4.2, Chapter 4 pp. 128 establishes such a relation. In the following we will generalize
Mao’s result and give the relationship between the pth moment exponential stability
and almost sure exponential stability for the trivial solution of (3.1).

We will need to use among others, two inequalities: the Burkholder-Davis-Gundy (BDG)
inequality and Kunita’s estimate for a compensated Poisson integral. For the sake of
completeness we state the BDG inequality here.

Theorem 3.5.3 (Burkholder-Davis-Gundy inequality)
Let b € Py(T). Define fort > to

t t
2(t) = / b(s)dB(s) and  A(t) = / 1(s) 2.
to to
Then for every k > O there exist universal positive constants cy, Ck, such that
B [1401] < B| s )] < 6o (14w
to<s<t

for allt > tg. In particular we may take the following choices

k\* 32\ 2 |
ck=.(§> Ck=(?) if 0<k<2,
ce=1 Cp=4 ifk =2,
Cr = T2 =|— if k> 2.
¢ * T\ 2k - )FT v
Proof: See Mao [33] pp. 40. o

Now we need to discuss Kunita’s estimate in a little more detail for reasons that
will become obvious below. For the purposes of the following proof let Y(t) =
ftto flyl <«H (z(s—),y)N(ds,dy). Applying Ito’s formula to the process |Y'(¢)[P for each
t > to, we have '

t
ver = [ /lykc{W(s—)+H<x(s—),y>|f’-|Y(s—>|v};mds,dy>
e[ [ e+ e mp - e

= plY (s-)P2Y (s—)T H(z(s-),0) v(dy)ds, (342)

where the first term in (3.42) is a local martingale.
Forp>2and Y(t) = ftto f|y|<c H(z(s—),y)N(ds,dy) and letting f =0 and g = 0 then
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Kunita’s estimate (Theorem 3.2.1) becomes

to<s<t

E[ sup IY(3)|P] < c(p)E (/:/ly|<clH(x(s—),y)I%(dy)ds)‘%w

+a(p)E [( / t /| |<0|H(x(s—>,y>lpu(dy)ds) (3.43)

where c7(p) and cg(p) are positive constants that depend only on p.

For a proof see Kunita [25] pp. 334.

Remark 3.5.4 Recall that in the context of stability theory we are always assuming
that f(0) = 0 and g(0) = 0, hence from the Lipschitz conditions on the drift and
diffusion coefficients we deduce that for all z € R there exists L > 0 such that

If@)| < VLle| and  |g(=)|* < Llal*.
Hence,
2T f (@) V llg@)I* < 1z f (@) V lg@)I? < lel 1 f (@) V llg()])? < L'lez (3.44)
where L' = max{V/'L, L} and this will be used in the proof of the theorem below.

Theorem 3.5.5 Assume that assumption 3.2.2 holds. For p > 2, pth moment
exponential stability, of the trivial solution to (8.1), implies almost sure exponential
stability.

Proof: Fix any xo # 0 on R%. If the solution is pth moment exponentially stable then
E[|z(t)IP] < C'|zo|P exp(=A(t — to)) ont >ty (3.45)

with X and C’ positive constants.

Let n € N. Apply Ito’s formula to Z(t) = |z(t)|P. For to+n—~1 <t < to+n the
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following holds almost surely

t

eOP = lato+n-DP+ [ plo(s=)PPa(s=)"Fals-))ds

to+n—1
1

+ _2_‘/tt+n_1 (p]x(s—)|P—2||g(x(s_))”2 +p(p — 2)]fﬂ(s—)Ip_4|$(8—)Tg(x(s—))|2)ds

¥ / ple(s—)P~22(s-) g(a(s~))dB(s)

otn—1 |
e [ (o) + Bl 0P ~ e(e-)F) W
o [ (st + B 0P ~ et
— pla(s=)P2a(s=)"H(w(s=),v) ) v(dy)ds.

Applying (3.44) then,

¢
lz@®)P < |z(to+n-1)P+ cl/ |z(s—)|Pds
to+n—1

e [ plelamP e a(a(e-)aB (o)

o+n—1

’ /t+ /y|<c [2(s=) + H(x(s=), )I” = |e(s=) ) N (ds, dy)
i -/to+n—1/I<c |$(3—)+H(x(s—),y)|P_|x(s_)|p

ly
= pla(s=)P~%a(s—)" H(a(s-),v) ) v(dy)ds

where ¢; = pL' + ”TL'[I + (p — 2)]. Hence,

B[ e ROP]

to+n—1<t<to+n
to+n
< Bllato+n-DPl+er [ Elle(s-)P)ds

to+n—1

B[ s [ plm(s—)|P-2x(s—>Tg<m(s—)>dB(s)]

to+n—1<t<to+n Jtg+n—1

en[ mp {[(lm)+ ()0 - o) ¥

to+n—1<t<to+n

t
+/i‘o+n—1 ,/|y‘<c |IE(S— +.H($(s—),y)| - |m(s—)|1’ |
— plz(s=)[P~2z(s—)T H(z(s-), y))u(dy)ds}] C (3.46)

For the Brownian motion integral, by the Burkholder-Davis-Gundy inequality with
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b(t) = plz(t=)|P~2z(t—)Tg(z(t—)) and k = 1 then (see Mao [33] pp. 129)

B[ [ pla(s-)P~2a(s-)g(a(s-)dB()|

to+n—1<t<to+n Jtg+n—-1

to+n
< —;-E L sup |x(t—)|p] +16p2L'/t " El|lz(s=)[P]ds. (3.47)

o+n—1<t<to+n o+n—1
Define
t ’ -
L = E[ sup { L[ (1atsm) + Halsm), )P = la(e=)P) (s, dy)
to+n—-1<t<to4+n to+n-1 Jlyl<e

* /tot+n—-1 /|y|<c (Ix(s—) + H(z(s=), )P — |z(s=)|°
— pla(s=)P~?z(s—)TH (z(s-), y)> V(dy)ds}] '

Since the integrals have the same form as in (3.42), applying Kunita’s estimate (3.43)
it follows that

tot+n . g
I £ a@E [( f IH(w(S—),y)|2V(dy)d8> }
- to+n—-1J|yl<e

to+n '
+cs(p)E [( / lH(x(s—),ynpu(dy)ds)] . (3.48)
1J]yl<e

to+n—

An application of Holder’s inequality to the first term on the right-hand side of (3.48)

yields
to+n 12)‘
hosaene| [T ( | I<cIH(sc(s-),y)l%wzy)) ds

to+n
+es(p)E [( / |H(x(s—>,y>xpu(dy>ds)] . (349)
7 1 J|yl<e

o+n—

Using assumption 3.2.2 within (3.49), we obtain

L < clpt)E [ /t o (K|z(s_)|2)%ds] +os(n)E [ /t o Ku|:c(s—)|7’ds]

o+n—1 o+n—1

~ G, [ /t o |x(s—)|”ds] (3.50)

o+n—1
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where Cp(t) = c7(p,t)K % + cs(p)K. By (3.47) and (3.50) then (3.46) becomes

1
E[ sup |x(t)|"]SEux(to+n—1)1P1+—E[ sup |:c<t—>1p]
to+n—1<t<to+n 2 |to+n-1<t<to+n

to+n

+(c1 + 16p2L’ + Cy(t)) (/t

E[lx(s)lp]ds> . (3.51)
o+n—1
Rearranging, for p > 2

E [ sup |z(t) |”] <2E[jz(to+n—-1)P}+C o E[|lz(s)[Plds  (3.52)

to+n—1<Zt<to+n to+n—1

where C is a positive constant depending on p, t, K and L'.
Define Ly = E[|z(to + n — 1)|P]. Since the solution is pth moment exponentially stable,
then by (3.45)

Ly = E[jz(to +n — 1)|]? < C'|zo[Pe=*(—D),
Define

to+n ’
L, = / E[jz(r)P)dr.
to+n—-1

Again using (3.45) and integrating, we see that

to+n p
= [ B < oL (e o)
to+n-—1 A

Cl J_xo_lpe—)\(n-l) .

Hence,

E{ sup Ix(s)lp} < {2L1+0L2}=Cge”‘("‘l) (3.53)

to+n—-1<s<to+n

where C3 = |zo[P(2C" + ).
Now we argue as in Mao [33] pp. 129-130 and the required result follows. O

In applications Lyapunov functions are often taken to be quadratic functions of the form
V(z) = zTQzx (3.54)

where @) is a symmetric positive definite matrix.

In the following corollary we will give some explicit conditions on the coefficients of (3.1)
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using a Lyapunov function based on (3.54), in order to prove that the trivial solution of
(3.1) is pth moment exponentially stable for p > 0. This is a generalization of Corollary
4.6, Chapter 4 pp. 131-132 in Mao [33].

For completeness, we first provide a proof of the following well-known result, that will
be used in the corollary below and in other parts of this thesis.

Proposition 3.5.6 If D is a d X d real-valued symmetric matrix then for all  # 0

fL'T T
min{u} < _Ia%' < max{u) (3.55)

where u;, 1 < i < d are the eigenvalues of the matrix D.

Proof: If D is a d X d symmetric matrix then it has real eigenvalues y3, ..., ¢tq and there
exists an orthogonal matrix O such that OT DO = diag(uy, ..., uq). Hence,

zT Dz zTDz  z700TDOO0Tz zTOTDOx,; T
= = where z1=0"z

lz2 2Tz~ 2TO0Tz =~ zTx
_ S pi(ah)?

?;l(xii)z

Hence,
Sy pileh)?
min{p;} < ’jl—z.lz < max{u;}
>i=1(21)

and the required result follows. (]
Corollary 3.5.7 Assume that for all z € R4 flyl<c |zTQH (z,v)|v(dy) < oo and the

following assumptions hold:

() QS+ 354 ("@Qu@) - [ aTQH( () < bisTQx,

lyl<e
(i) bxTQz < |27 Qg(z)| < bs2T Qx,

(éi7) |yl<c[(($ + H(z,9)7Q(z + H(z,9)) ¥ ~ («7Qz) fv(dy)] < bup(aTQ2)},

where @ is a symmetric positive-definite d X d matrix and b; to b4 are constants.
(a) If by < 0 and by < 0 then the solution to (3.1) is pth moment exponentially stable
if it holds that p < 2 + 2|b1|/bs® + 2|by|/b2.

(b) If b > 0, by > 0 such that 0 < b; + b; < b3 then the trivial solution of {3.1) is pth
moment exponentially stable if it holds that p < 2 — 2b; /by? — 2b4/by2.
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Proof: Since Q is a symmetric positive-definite matrix it has real positive eigenvalues
Aly...yAg. Define Apin and Apgz to be the smallest and largest eigenvalues of )

respectively. Then by proposition 3.5.6 we see that for = # 0
Amin)z|? € 27Qx < Mnaz|z|?
and for p > 2, we have that
Amin? |2l < (7Q2)? < Amaz |27
Define V(z) = (zTQz)%. Hence,
bilzlP < V(z) < balzl’

where by, by are positive constants and we can see that condition (i) from Theorem 3.5.1
is satisfied.

Now the linear operator £ as given by (1.19) applied to the function V yields
V() = pe"Qa)ED(TQ() + 5tx(e" (2)Qu()) +p (£ ~ 1) (27 Qe)E 2" Qg(z)
+ [ [((m + @) Qa+ Hiz,p)) - (:7Qz)
lyl<e
~ p(e7Qz) 5 DeTQH (z, y)} v(dy).

Hence,

LV(z) = p(zTQz)E-Y (xTQf(m)+%tr(gT(x)Qg(w))— /I xTQH(w,y)V(dy))
A y

<c

+

p(2-1) (TQo) 5T Qg(a)
[ e+ A@nie@+ HEwn? - 6700 v

|<e

Case 1: by <0, by <0 and p < 2+ 2|by|/b3 + 2|bs|/b?
This implies that |b1| — (& — 1) b32 + |b| > 0. Applying conditions (i) to (iii) then,

IN

V@) < -p[al = (5 -1) 8+ foul] V(@)
ie. LV(z) < —c;;vV‘(x)

where c3 = p [|b1] — (§ — 1) b3® + |b4] is a positive constant.
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We see that under these assumptions condition (11) of Theorem 3.5.1 is satisfied, and it
follows that the trivial solution of (3.1) is pth moment exponentially stable.

Case 2: by >0, bg > 0 such that 0 < by + by < b3 and p < 2 — 2b1 /b3 — 2b4 /3.
Again applying conditions (¢) to (#i¢) then,

LV(z) < —p [—b1 _ (’-23 . 1) bo? — b4] V(z)
ie. LV(z) < —c4V(z)

where ¢4 = p [~b1 — (§ - 1) by? — b4] is a positive constant.
Since the conditions of Theorem 3.5.1 are satisfied then again the trivial solution of
(3.1) is pth moment exponentially stable. O
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Chapter 4

Stochastic Stabilization and

Destabilization

4.1 Introduction

Assume that we have the system of non-linear ordinary differential equations

d%i“ = f(z(t)) on t>to (4.1)

with z(to) = zo € RY, where f : R — RY,

Assumption 4.1.1 We assume that f : R — R? is a locally Lipschitz continuous
function and furthermore, for some K > 0

|f(z)| < K|z| for all x € RY, (4.2)

eg flz)=ze® forzeRlor f(z)=1—-e® forz > 0.

We require that this assumption holds for the rest of this chapter.

Now suppose that the non-linear system (4.1) is perturbed by random noise and
therefore a stochastic system is created. It is possible when a system is perturbed
by noise that it can be stabilized if it is unstable, in the sense that by adding noise we
can force the solution of the stochastic differential equation to converge to the trivial
solution as time increases indefinitely. This is the goal of stochastic stabilization. On
the other hand, a system can be destabilized when perturbed by noise, in the case that
the unperturbed system is stable. In this instance, by adding noise the sample paths of
the process escape to infinity (a.s.) instead of converging to the trivial solution as time
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increases indefinitely.

These ideas of stabilization have evolved through the work of Bellman [6] and Merkov
[36] who used deterministic periodic noise to stabilize a system. Pioneering work on
stochastic stabilization has been carried out by Khasminski and Arnold in [22] and [5]
respectively. Khasminski has used two independent white noises to stabilize a system
and Arnold has shown that a linear ODE system of the form dz(t) = Az(t)dt can be
stabilized by a zero mean stationary noise if and only if ¢{rA < 0. Mao in [31] and [33]
pp. 135-141 uses an m-dimensional Brownian motion process B = (B(t),t > 0), where
for each t > 0 B(t) = (B(t),...,B™(t)), as the source of noise to perturb the given
system (4.1) and he establishes a general theory of stochastic stabilization for the given
non-linear system. The perturbed system has the form:

dz(t) = f(z(t))dt + i Grz(t)dBi(t) on t>0 (4.3)
k=1

where Gy € My4(R), for 1 < k < m, and initial condition z(0) = zo € R%.

Motivated by Mao’s theory (see Mao [31] and [33] pp. 135-141) we would like to extend
his results and investigate conditions under which the given non-linear system (4.1) can
be stabilized or destabilized, if it is perturbed by a more general noise. The main purpose
of this chapter is to examine sufficient criteria for stability of non-linear deterministic
systems when they are perturbed by Lévy-type stochastic integral terms. In fact we
will examine almost sure exponential stability.

Although moment exponential stability is stronger than almost sure exponential stability
(see Chapter 3, Theorem 3.5.5); as shown by Kozin [24] pp. 107 and Mao [33] it is
possible for the stochastically perturbed system to have unbounded moments but to be
almost surely exponentially stable. Hence for examining stabilization is better to avoid
moment properties and aim to stabilize (4.1) in an almost sure exponential way.

In the following we will give the proper mathematical set up for this chapter.

Assume that we are given an m-dimensional standard F;-adapted Brownian motion
process B = (B(t),t > 0) with B(t) = (B(t),..., B™t)) for each t > 0 and an
independent F;-adapted Poisson random measure N defined on Rt x (R™ \ {0}) with
compensator N of the form N(dt,dy) = N(dt, dy) = v(dy)dt where v is a Lévy measure.

In this chapter the stochastically perturbed system corresponding to (4.1) will have the
following form

L) = fa(-)di+ > Cre(t-)aBy(t) + [ Dty
k=1 yi<e

+ [ E(y)z(t-)N(dt,dy) (4.4)

[y|>c
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for all t > tg, where Gy € My(R), for 1 < k < m, and D and E are suitable matrix-
valued functions.

Given the initial condition z(to) = zo € RY, the uniqueness and existence of the solution
of the SDE (44) when f : R4 — R? is a locally Lipschitz continuous function, is
guaranteed from Theorem 4.2.1 that will be proved in the sequel (see section 4.2). The
unique solution to (4.4) is denoted by z(t) for each t > to. For all z € R% define
g(z) = Y, Grz, H(z,y) = D(y)z for |y| < c and K(z,y) = E(y)z for |y| > c.
Assume that f(0) = 0, then (4.4) has a solution z(t) = 0 for all t > o corresponding to
the initial value z(¢p) = 0, which is the trivial solution.

This chapter will be organized as follows:

In section 4.2 we will give the proof for the existence and uniqueness of solutions for
Lévy driven SDEs with locally Lipschitz coefficients under some additional conditions.
In section 4.3 we will describe some of the mathematical tools needed to develop the
analysis in this chapter. In the other sections we turn our attention to the stabilizing
effects of the noise when it is added to the deterministic system (4.1). Our aim in the
later sections is to find conditions under which the Lyapunov exponent is negative so
that the solution of the stochastically perturbed system of the non-linear deterministic
system is almost sure exponentially stable. In order to make our discussion simple we
will examine separately the perturbation of (4.1) first by small jumps (by a compensated
Poisson integral) and then by large jumps (by a Poisson integral), in sections 4.4 and
4.5 respectively. In section 4.6 we will combine the results of sections 4.4 and 4.5 in
order to have conditions for almost sure exponential stability for the trivial solution of
the stochastically perturbed system driven by a Lévy process. In sections 4.7 and 4.8
we will consider some special cases of the theory that was developed in the previous
sections. In section 4.7 we will examine the stabilization of a one-dimensional linear
deterministic system perturbed by a Brownian motion and a single Poisson process.
Finally, in section 4.8 we focus on the stabilization of a non-linear system perturbed
with Brownian motion and a compensated Poisson process and on the destabilization
of a stable SDE driven by Poisson noise perturbed with Brownian motion.

4.2 [Existence and uniqueness theorem for Lévy driven
SDEs with locally Lipschitz coefficients

Since f : R? — R% is a locally Lipschitz continuous function and not necessarily Lipschitz
continuous it is not possible to apply Theorem 1.4.1 (i). In the following we will prove
the existence of a unique solution to SDEs driven by a Lévy process when the coefficients
satisfy local Lipschitz conditions and the growth conditions (C2).
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Consider the following general d-dimensional SDE

dz(t) = f(z(t-))dt + g(z(t—))dB(t) + H(z(t-),y) N (dt, dy) (4.5)

lyl<e
on tg < t < T with initial value z(to) = zo, such that zg € R¢,

For the rest of this section we impose the following conditions on the coefficients of
(4.5).
Assume that the growth conditions (C2) as defined in Chapter 1 hold and

Local Lipschitz conditions: For every n > 1 there exists a positive integer K, such
that for all z1,zs € R% with |z1| V |z2| < n

|f(z1) = f(z2)|? < Knlor — 22’y |lg(z1) — 9(22)|® € Kalz1 — 22> and  (4.6)

/| @) ~ e p)Pu(d) < Kol =l 47)
y [+]

In Applebaum [1] Theorem 6.2.11 pp. 313 it has been proved that under local Lipschitz
and local growth conditions on the coefficients of (4.5) there exists a unique local
solution. As we will show in the sequel under the local Lipschitz conditions and the
global growth conditions (C2) we can prove that their exists a global solution to (4.5).

The following is a generalization of Mao’s work [33] pp. 57, that deals with the case
H=0.

Theorem 4.2.1 Assume that the local Lipschitz conditions (4.6), (4.7) and linear
growth conditions (C2) hold. Under these conditions then (4.5) has a unique cadldg,
adapted solution for all t € [to, T).

Before we prove Theorem 4.2.1 we need to prepare a lemma.

For n > 1 define

flx) ifjz[<n )
fo(z) = 4.8
{f(]"—w[) if 2] > n (48)

o) iflzl<n

() = g(ﬁ) if |z] > n (49)

T

H(z,y) ifle[<nlyl<c
Hp(z,y) = { | (4.10)

H (ﬁ,y) if |z| > n,lyl <c

where f, g and H satisfy the local Lipschitz conditions (4.6) and (4.7), and the growth
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conditions (C2).

Lemma 4.2.2 Let fp, gn, Hp be defined as in (4.8), (4.9) and (4.10) respectively.
Then f,, g» and Hj, satisfy the global Lipschitz conditions (C1).

Proof: As |74 | =n for all z; € R4, i = 1,2, when |z1], |z2| > n we have
|ux%fww-hfm).%EQQ<KEE_Ef—wK(p¢““)
T 1] a2l /1 = " el e "7 Tmlfel
2Kn
= — (2|z1|.|x2| — 221.22), 4.11
lx1|.|m2|( |z1].|2] 1.Z2) (4.11)
~ with K > 0. Then by (4.11) we have that
n’K,
| fn(21) = fa(z2)|? W[I 1 — zo|?
n2K n2K 2 2
< T (el = 201:22) - W(‘ nft + ool =20 “)
= 2 (ol ol = el = o) = (o1l ~ leal? <
|21 |z2] va | lfc |

Hence,

n?K,
|z1]-|z2|

|fn(z1) = fa(z2)|* <

lz1 — 23] < Ky |21 — 2]

Now for |z1], |z2| £ n the local Lipschitz constant is Kp.

For |z1] > n and |z2] £ n we have

2
| fr(z1) — fn($2)l2 = |f LY - fz2)| <K, nry — I9
|1 M |z
2 .
= K, (n2 + |zaf? - %) : (4.12)
By (4.12) it follows that
V nk
|fn(z1) = fa(z2)® - |$_17|l |1 — 2o/

2nr1.T9 nk,

< K 2 2 _ _ n 2 2 _ .

= (n T 1o 1| ) |z1] (loxPl + Joal” - 221.22)

= 22 (1- = n(n — |z = Mw —n)+n(n-—|z
= 5o (lea? (1= 72 ) =) ) = K (P22 foaf = )+ = o))
< Kn(n(lz1] —n) —n(lz1] —n)) =0,
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and this implies that

nkK,
|331T |21 — zo|* < Ko |21 — 72

|fa(@1) = fal(z2)|* <

The same arguments applies for |z3| > n and |z1] < n.
The arguments for g, and H, are similar in all cases.

Hence with this truncation procedure we have shown that for all z1,zy € R%, fn, gn, Hn
satisfy the global Lipschitz conditions (C1) with Lipschitz constant L = K. O

Now we are ready to proceed with the proof of Theorem 4.2.1.
Proof of existence: Define forn >1

t t t -
Zn(t) = Zo + fn(fvn(s—))d5+/ gn(wn(s—))d3(3)+/ Hn(zn(s—), y)N(ds, dy)
to to to |y|<c

(4.13)

where fp, gn, Hy, satisfy (4.8), (4.9) and (4.10) respectively. Then by Lemma 4.2.2 f,,
gn and Hy, satisfy the global Lipschitz conditions (C1) with Lipschitz constants L = K,,
and the growth conditions (C2). Hence, by Theorem 1.4.1 (i) for all t € [to,T] there
exists a unique solution to (4.13).

Now define the stopping times
on = inf {t € [to,T] : |zn(t)] 2 n} and 7, =T Aoy, (4.14)
We claim that forn > 1
Tn(t) = Tny1(t) (a.s.) if to <t < 7. (4.15)

For to < t < T, we have |z,(t)| < n (a.5.). By (4.8) it follows that fo(za(t)) = f(zn(t))
(a.s.). Also since |zn(t)] < n < n+1, then foi1(zn(t)) = f(zn(t)) (a.s.). Hence,

fn(@n(t)) = fat1(za(t)) (a.s.) forto <t < . ) (4.16)

The same applies for the diffusion and jump coefficient.
Hence for tg < t < 7, by (4.16) we have that with probability 1
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Zn+1(t) — Zn(t)
= /t t [fa+1(En+1(s5-)) — falzn(s—))]ds + /t t [9n+1(2n+1(s—)) — gn(zn(s—))] dB(s)

+ [: [y|<c [Hn+1($n+1(s_)7 y) - Hn(l‘n(s—), y)] N(ds’ dy)

t
= /t [fat1(zn+1(s=)) = Frrr(za(s—))] ds + / [9n+1(Zn+1(s=)) = gn+1(zn(s-))] dB(s)

to

+ /t: /|y|<c (Hnt1(2n41(5=),¥) = Hog1(zn(s=), 1) N(ds,dy). (4.17)

Using (1.12), with n = 3, taking expectations, then using standard arguments (see e.g.
Applebaum [1] pp. 306-307) and applying the global Lipschitz conditions (C1) with
L = K,, we see that

t
E [ SUp |Zn4+1(S A Tn) — zp(s A 'rn)lz] < Cn/ E [ sup |Zn+1(r A ) — za(r A m)l2 ds,
to<s<t to to<r<s

where C, > 0.
Now applying Gronwall’s inequality we get

E { Sup |Znt+1(S A Tp) — Zn(s A Tn)|2] <0.
to<s<t

Hence the claim (4.15) is verified.

Now, since (4.15) holds for ty < t < 7, we have that

T = TAf{t€[to,T]: lensr(t)] 2 n}
< TAinf{tet,T]:|zns1(t)] = n+1}
= Totl. ’ (4.18)
Hence, (n,n € N) is an increasing sequence.
For ¢t € [to, T), then
t

- t
Tn(tATn) = zo+ fn(xn(s—))l[to,rn]ds +-/t gn(zn(s=))1to,r dB(S)
0

to

t
4 [ [ Haan(s=), )1 ¥ (ds, ). (419)
to /|y|<c A

Using (1.12), with n = 4, and following standard arguments (see e.g. Applebaum [1]
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pp. 306) we can see that

E[sup (1+lxn(s/\7'n)|2)] < 414 |zol?) +4(T — to) /t tE[|fn($n(8"))1[t0,1n]|2]ds

to<s<t

t 2
+16 / E[|gn(mn(s—))1[to’.,.n]| ]ds
to

16 [ [ Bl 0100 )i
(4.20)

Now applying the growth conditions (C2) and Gronwall’s inequality, there exists K > 0
such that

E [ sup |zn(s A Tn)lz] <E [ sup (1+ |za(sA Tn)|2)] < 4(1 + |zo|?)etK (T-t0)
to<s<t to<s<t

(4.21)

By Chebyshev’s inequality and (4.21), for n > 1 we obtain that

2 .
E[SuPtogsst|$n(3/\Tn)| ] - A(1 + |zo|) 264K (T—to).

P ( sup |zn(s A ™) 2 n) < — v

to<s<t

Since 352 ; &7 < 0o we can apply the Borel-Cantelli Lemma to deduce that for almost
all w € §) there is a random integer ng = np(w) € N such that for n > ng(w)

P (liminf sup |zn(s A )| < n) =1.

N0 ¢,<s<t

Hence for n > ng(w), |2t A T0)| < n as.

Assume that o, — Tp < T as n — oo (a.s.). Then it follows that there exists an integer
mo € N such that |z, (t A )] = m for all m > mp and this yields a contradiction.
Hence we can déduce that for o0, — oo (a.s.) and 7, — T (a.s.) as n — oo.

Now define 2/ (t) = zn,(t) for t € [to, T). ]
For n > no, applying (4.15) repeatedly yields that zn,(t A 7,) = zn(t A 7,,). Hence,
Z'(t A1) = zn(t A 7). Then (4.13) becomes '

tATh

TtAT) = xo +/ fn(Z' (s=))ds + /Mm gn(z’'(s—))dB(s)

to to

tATh . - .
+/ H,(2'(s=),y)N(ds, dy). (4.22)
to lyl<e .

Since for n > ng, |2'(t A 7,)| < n then by (4.8), (4.9) and (4.10), (4.22) can be written
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as

Senm) = w0t [ 1@ e-Nds+ [ " g (s-)dB(s)

to

tATH .
+ [ H(z'(s-), ) N (ds,dy).
to lyl<e

Let n — co. Since limp—o0 7n = T (a.s.) then

2'(t) =:co+/t:f(w'(8—))d8+/t:g(w'(s—))d3(8)+/t: Iyl<cH(x'(s—),y)N(ds,dy)~

Hence, we see that z/(t) is a solution to (4.5).

Proof of uniqueness: Let (z(t),t € [to,T]) and (y(t),t € [to,T]) be two distinct global
solutions of (4.5). Let (Tn,n € N) be as defined in (4.14). Since z and y are both local
solutions for all ¢y < t < 7, then by uniqueness of local solutions (see Applebaum [1]
Theorem 6.2.11 pp. 313) we have that z(t) = y(t) (a.s.) for all to <t < 7. Then by
the continuity of probability we obtain

P(x(t) = y(t) for all te'[to,T]) =P (ﬂ (z(t) = y(t) forall to<t< Tn)) =1,

neN

as required. ‘ O

Remark 4.2.3 If the assumptions (4.6) and (4.7) hold on every finite subinterval [to, T
of [to,00), along with the growth conditions (C2), then we will have a unique global
solution on [tp, 00) (see e.g. Mao [33] pp. 58).

We also remark that (4.2) implies the growth condition (C2) on the drift coefficient.

4.3 Some useful results

In order to provide a complete presentation of the arguments in this chapter we first
need some ideas from linear algebra.

Lemma 4.3.1 If z € R%, with 2 # 0 and F is a d X d real-valued matrix then

log(|(Z + F)z|?) - log(Ja[?) < log (1 + | Fll1)?) - - (423
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Proof: log(|z + Fz|?) — log(|z|?)

tog (1224287 Fa + 1Fe?Y _\(laf? + 20l Jai + (R e
[<P? 8 ER

=1%CW“+”mj=ma+wm2 )

|2

I

O

Now consider the following general d-dimensional SDE given by

dz(t) = f(z(t-=))dt + g(z(t=))dB(t) + H(z(t-),y)N(dt,dy)  ont >ty (4.25)

where f : R = R%, g : R - Myn(R), H : R x R™ — R? and we have the initial
value z(to) = zo where zg € R¢,

We require that assumption 3.4.3 holds for the rest of this chapter.

Assume that (3.21) holds. Then by Lemma 3.4.4 the solution of (4.25) can never reach
the origin provided that g # 0.

Now let z = (2(t),t > to) be the solution of the following SDE that includes all the
noise components of a generic Lévy process.

dz(t) = f(2(t-))dt+g(2(t-))dB(t)+ H(z(t-),y)N(dt, dy)+ E(y)z(t—)N(dt, dy)

lyl<e [y]>c
(4.26)

on t > to with initial value z(to) = 2o, such that zp € R,

The next result generalizes Lemma 3.4.4 to the case where large jumps are included as
in (4.26). We remark that Li, Dong and Situ [28] pp. 123 have obtained the same result
for more general jump-diffusion processes but using more complicated techniques.

Lemma 4.3.2 Assume that the hypothesis of Lemma 3.4.4 hold and I + E(y) is
invertible for all y € B.(0)¢. Then

P (z(t) #0 for all t > tg) = 1.

Proof: Let (P(t),t > 0) be the compound Poisson process where for each ¢ > 0,
P(t) = fIyIZ .YN(dt,dy) and let (7,,n € N) be the arrival times for the jumps of the
process (P(t) — P(to),t = to). Let z = (z(t),t > to) be the solution of (4.25) and
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z = (2(t),t > to) be the solution of (4.26) with initial condition x(to) = 2(to) = y # 0.
Using the interlacing technique (see Applebaum [1] Theorem 6.2.9 pp. 311) we will
construct a solution to the SDE (4.26) in the following way:

z(t) = z(t) fortg <t<m,
z2(nn) = z(n-)+ E(AP(m))z(n-=) fort=m,
= (I +E(AP(n1)))z(n—)
z(t) = 2(m)+z(t) —z(r1) for mp <t <,
z(r) = (I+E(AP(m)))2(r2-) for t = o,

and so on recursively. For tg < t < 7, 2(t) # 0 as in Lemma 3.4.4. Assume that
z(m1) = 0 (ass.). Since I + E(y) is invertible, Ker(I + E(y)) = {0} and this implies
that z(m1—) = 0. But by Lemma 3.4.4 this can never happen so we can conclude that
2(11) # 0. Now for 71 < t < 79, z(t) — z(m1) is a solution to (4.25). Using Lemma 3.4.4
then z(t) —z(71) # 0 and since z(71) # 0 then this implies that for 7} < t < 79, 2(t) # 0.
For t = 79, the same argument applies here as.for t = 71. Hence 2(72) # 0. Now define

Ap={weR:z(t)(w)#0 foralltp <t <7}

By iterating the above argument we have that P(A,) =1 for all n € N. Since 7, T o0
(a.s.) as n — oo then by elementary probability arguments (see e.g. 1t6 [19] pp. 42) we

have that
P (ﬂ An> =1
neN

and the required result follows. |

4.4 Stabilization of a system by a compensated Poisson

integral

In this section we will mainly be interested in the case where H(z,y) = D(y)z in (4.25).
So to satisfy assumption 3.4.3 we want 2 + D(y)z = 0 to have no non-trivial solutions
(except on a set of possible v-measure zero) which is true if D(y) is positive definite or
more generally D(y) does not have an eigénvalue of -1 (v almost everywhere).

Hence, we will examine stability conditions for the non-linear deterministic system (4.1)
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which is perturbed by noise as follows.

m
da(t) = f(a(t=))dt + ) Gra(t—)dBy(t) + o D(y)a(t—)N(dt,dy) ~ (4.27)
k=1 yi<e
on t > to, z(to) = zo € R? where Gy € My(R) for 1 < k < m, and y — D(y) is
a measurable map from R™ — M (R). We emphasize that the compensated Poisson
random measure in (4.27) is defined on Rt x R™.

Assumption 4.4.1 We require that
— 2
Ze= [ (IDG)I VIDG)®) v(dy) < o,
lyl<e

and that D(y) does not have any eigenvalue equal to —1.

By Theorem 4.2.1 we can assert the existence and uniqueness of the solution to (4.27).
The diffusion and jump coefficients are linear and taking into account assumption 4.4.1
it can easily be shown that they satisfy globaln Lipschitz and global growth conditions.
Now the drift coefficient satisfies assumption 4.1.1 and hence by Theorem 4.2.1 and
remark 4.2.3 we deduce that (4.27) has a unique solution. |

In the following theorem we will establish conditions on the coefficients of (4.27) for the
trivial solution of the perturbed system (4.27) to be almost surely exponentially stable.
In particular this indicates that the compensated Poisson noise can have a similar role
to the Brownian motion (as in Mao [31] and [33] pp. 135-141) in stabilizing dynamical
systems.

Theorem 4.4.2 Let assumption 3.4.8 and (8.21) hold. Suppose that the following
conditions are satisfied where € > 0,7>0,5 >0

m m
&)Y |Gral* < €laf? and (i) )_ |27 Gral* 2 1le|*
k=1 k=1

(i41) [ <. 2T D(y)z v(dy) 2 8|z|?

for all z € RE. Then the sample Lyapunov ezponent of the solution of (4.27) ezists and
satisfies

) 1 ' .
limsup 3 og o(®)] < = (1=K 5= [ log +1D@I) v +5)  as
tooo 1t ' 2 lyi<e , )

foranyxo #0. Ify> K+ % —5+f|y|<c log (1 + || D(y)ll1) v(dy) then the trivial solution
of the system (4.27) is almost surely exponentially stable.
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Proof: Fix zop # 0. Due to Lemma 3.4.4, then z(¢t) # 0 for all ¢ > t; almost surely.
Apply Ité’s formula with jumps (see Theorem 1.3.2) to log(|z()|?). Hence for each
t>to '

log(lz(®)?) = log(aol?) + / 260" fa(sm)) ds +Z / 20(5=)" 6 2(s-) dBy(s)

 T2(5-)P T
[ |Gea(s-)2 2|ac(s-—)TGk:z:(s--)|2 S
+Z/ ( 252 2o ) d

/to /|y l<c[log Iw( ~) + D(y)z(s-) ) (x(s—)|2)]N(ds,dy)

-/to /y[<c [log |m( =)+ D(y)z( s—)|) log (Ia:(s )|>

2z(s—)" D(y)z(s —)]
- v(dy)ds. 4.28
Applying Lemma 4.3.1 and condition (iii) we obtain an estimate for the last integral in
(4.28):

t s(o) 4 Dlg)(sm)P) — log (fa(s) ) — ZE D@6 o
/t;> /|y|<c [log (l ( )+D(y) ( )I) log (I ( )|) lx(S"‘)P (dy)d

t
< / /m« [log (1 + 1D()111)* »(dy) — 26] ds
= 2(t — to) [ /I s (14 1D () - 6} (4.29)

where we note that flyl <clog (L +|D(y)l1) v(dy) < oo, by the logarithmic inequality
(1.10) and assumption 4.4.1.

Define M; = (M;(t),t > to) where for each t > tg

Ml(t)—2z / z(s-)” Gk”]g(s )dBk(s).

This is a continuous local martingale. We also define the process My = (Ma(t),t > to)
where for each t > tg A '

o |z(s=) + D(y)a(s=)|*\ -
M2(t)‘/to/xyl<cl°g( TGP )N(ds’dy)

and this is a cadlag local martingale.
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Substituting (4.29) into (4.28) we obtain

og(=()F) < Toa(ool’) + | TN fta(s-a

(Gia(s)? _ 2le(s)TCun(s0)2Y
i ””z/ ( 2 (o) (o) )d

+Ma(t) + 2(t — to)

/I t log (1 + D)1 V(dy)—5] . (4.30)
yl<e

For the Brownian motion integral we have as in Mao [31] pp. 282 that

T T\S— T Ir(s— 2 T
oy =2y [T 4y <o i)Y 1
k=

o G 2

and
. m 9 .. t ds
lim pag, (8) < 4Z“G'c,,||1 tl.‘f?o/ 1+ s)°

o chkul <oo

where ppyr, is as defined in (1.8).
Hence, by the strong law of large numbers (see (1.9)) it holds that

M_lt(tl 50 as (4.31)

t—o0

Now due to Kunita [25] pp. 323 we have that

_ (=) + DW)z(s—)F\ |
(M2)(t) = /to /|y - [log( o) )] v(dy)ds.

Using Lemma 4.3.1 and the elementary inequality (1.10), we obtain

o < [ f os (+ 106)1Y) [ vy

=4 / /I . [1og((1+ 1|D<y>||1)>]2u<dy>ds

< 4(t-to) |ygc||17(1,i)||12'/(ﬂly)<°°
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Hence,

IN

. t 4 2
b [ P ads

t o ds
4 D) |l1%v(dy). lim / s
L pwlva. jim [,

_ 4 2,
T 14t /|y|<c ID(¥)|1"v(dy) < oo.

lim par, (t)

Consequently, by the strong law of large numbers

M)

lim t(t) -0 as (4.32)

t—o00

Then by (4.30), (4.31), (4.32) and applying conditions (¢) — (%) we deduce that

limsup L log|z(t)| < - {y—-K - £_ / log (1 + ||[D(y)|l1) v(dy) + 5) a.s.
t—oo L 2 lyl<e

4.5 Stabilization by Poisson noise

In this section we will perturb the non-linear system (4.1) by a Poisson random measure
which represents the “large jumps” of a Lévy process i.e.

dz(t) = f(z(t=))dt + E(y)z(t—)N(dt,dy) on t>tp (4.33)

[yl>e

with initial condition z(¢p) = zo € R% and where y — E(y) is a measurable map from
R™ — My(R).

For the rest of this section we impose the following constraint;:

Assumption 4.5.1 We require that
[ 1E@Iua) < oo
lylZe _
and that E(y) does not have any eigenvalue equal to —1.

Recall that f is locally Lipschitz and satisfies (4.2) which implies the growth condition
(C2). Hence the unperturbed system (4.1) has a global solution by Theorem 4.2.1, and
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so the usual construction of the solution (z(t),t > to) of (4.33) by interlacing gives a
global solution (see Applebaum [1] Theorem 6.2.9 pp. 311).

Under the assumption fl yize |l E(y)|112v(dy) < oo, by the Cauchy-Schwarz inequality, we
deduce that

o Y )
/IyIZc”E(y)“w(dy) < (/llecllE(y)lll u<dy>> ( /Iy|201u<dy)>

1
2

ACED)k ( /| I>an(y)ul2u<dy)> < oo, (434)

]

and hence we can write (4.33) as

dz(t) = (f(x(t—))+ | E(y)x(t—)'/(dy)> dt + E(y)z(t—)N(dt, dy).

y|>e lyl>c

We could now investigate stabilization by using Theorem 4.4.2, but we will instead
develop the theory again as the structure of (4.33) enables new insights to be obtained.

Lemma 4.5.2 If_f| IE@)|12v(dy) < oo, then

y|>e

sup / llog (|2 + E(y)z]) — log (|z])] v(dy) < oo. (4.35)
z€R4\{0} J|y|>c :

Proof: Using the result of Lemma 4.3.1, (1.10) and (4.34)

/ [log (|2 + E(w)z]) — log (12])] v(dy) < / log(1 + [|E@W)|l)v(dy)
ly|>c ly|>c

IA

| IEG () < o,
lyl=e

and the required result follows. a

Next we will prove that the system (4.1) can be stabilized almost surely if is perturbed
by the “large jumps” part of the Lévy noise.

* Theorem 4.5.3 If

o [ [os(e+ Bel) o) [ut < -k, wan
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then the sample Lyapunov exponent of the solution of (4.38) exists and satisfies

1
limsup = log|a:(t)| < K+ sup / [Iog (Iz + E(y)z|) — log (|z]) |v(dy).
=00 zeRH\{0} J Jy|2¢

Then the trivial solution of the system (4.38) is almost surely exponentially stable.

Proof: Fix zo # 0. On account of Lemma 4.3.2 then z(t) # 0 for all ¢ > ¢y almost
surely. Apply It&’s formula (see Theorem 1.3.2) to log(|z(t)|?). Then for each t > to

log(|z(t)[?) = log(|zo|?) + ff((s ))sz(( =) ds

+/t: /I;/IZc log Ix(s—-)+E(y)x(s—)| )—log (|x(s_)l2)] N(ds, dy).

Hence, by (4.35) we deduce that

2z(s—)T
|z(s-)

/to /y|>c 10g Ix(s—)+E x(s—)l) log (|z(s—)| )] N(ds, dy)

og(lz()) = ou(anl) + || TR fa(s-)) s

+ /t A/ - log Iw(s—)+E(y)¢(s—)| )—log (|x(s—)|.2)] v(dy)ds.
(4.37)

Define the process M3 = (M3(t),t > to) where for each t > tg

[ |z(s-) + E(y)a(s-) ~
Ms(t) = [0 /wlchOg ( [z(s—)|2 ‘ ) N(ds, dy)

and this is a cadlag local martingale.

Applying the law of large numbers for the process M3 = (Mj3(t),t > tp), as in Theorem
4.4.2 for My = (Ma(t),t > tp), we see that

lim Ms(t)
t—00

-0 as. (4.38)

By (4.2) then

%log(lw(t)P) < -1—10g(|10|2)+2K(t_tt9) +M1;(t)

N ek R /lylzc[log(lx(s_)JrE(y)x(s—)F)-log(lx(s—)lz)]v(dy)-

t to<s<t

Letting t — oo and applying the law of large numbers then the sample Lyapunov
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exponent exists and satisfies

limsup < logla()] < K+ sup /|| [logqx(s—)+E<y>w<s—)|>—logux(s—)l)]v(dy).

t—o0 to<s<oo

To obtain that the trivial solution of the system (4.33) is almost surely exponentially
stable limsup;_, o, § log [z(t)| < 0 must hold. By (4.36) the required result follows. O

Condition (4.36) is the most general that we can find but it is not immediately clear how

to find examples that satisfy this condition. In the following part we will investigate
some explicit conditions.

Before we study our problem further we need a useful lemma.

Lemma 4.5.4 If z € R? with 2z # 0 and F is a d x d real valued symmetric matrix then
—o00 < log (|2 + Fz2|) < log (|z]) O (4.39)

if and only if the eigenvali-les of F belong to the set (—2,-1) U (~1,0).

Proof: In order for the left hand-side of the inequality (4.39) to be satisfied F' cannot
have an eigenvalue A = —1. For if F' has such an eigenvalue and if z is the corresponding
eigenvector then log |z + Fz| = log0 = —o0.

Now by the monotonicity of the logarithmic function the right-hand side of the inequality
holds if and only if for every z # 0

|z| > |2+ Fz|, ie. |2|> > |z+ Fz|? = |2|? + 2(2, F2) + |Fz|%
This holds if and only if

2(2,F2) + |F2|> <0 <=> 2(z,F2)+(Fz,Fz) <0 <=> (2,(FTF+2F)2) <0
<=> (2,(F?+2F)z) <0 (4.40)

(since F' is symmetric) and this is true if and only if each of the eigenvalues satisfies the
following relation '

MN4+22<0 ie. =—2<A<0, and the result follows.



By Lemma 4.5.4 we can ensure that the left-hand side of the inequality (4.36) is negative
if E(y) is symmetric and all the eigenvalues of E(y) belong to the set (-2, —-1)U(-1,0).

In the following we will give some examples illustrating the theory developed above.

Example 4.5.5 Fix ¢ = d = m = 1 and let E(y) = b for all y € R, where
be (-2,-1)U(-1,0). Now for any Lévy measure v we have that

/| | Josl1L+ B)w(d) = log(11 + B)wy| > 1) = Rlog([1-+¥)) <
y|>

where R = v(|y| 2 1) < oo.

We require that (4.36) is satisfied. Hence, if 0 < K < —Rlog(|1 + b|) then the trivial
solution of

dz(t) = f(z(t=))dt + /

bz(t—)N(dt,dy)
ly[>1

is almost surely exponentially stable since (4.36) clearly holds.

Example 4.5.6 Again take ¢ = d = m = 1 and define E(y) = yla(y) where
A = (=2,-1). Note that any finite measure on R\{0} can be a Lévy measure. Define v
to be the Lebesgue measure on the set (—2,—1) and 0 everywhere else. Hence by (1.11)

/ log (11 -+ y1a(v)?) v(dy) < / (11 +y1a@)[2 — 1] v(dy)
[y]=>1 lyl>1

= / (2y +y*)dy = —=.
2 3

In order for the trivial solution of (4.33) to be almost surely exponentially stable we
require that 0 < K < % Then with these values of E(-) and K, the stochastically
perturbed system is stable as (4.36) again holds.

4.6 Stabilization of SDEs driven by Lévy noise

In this section we are interested in finding stability conditions for SDEs driven by generic
Lévy noise i.e.

do(t) = f(a(t-))dt+ Y Giz(t-)dBy(t) + ’ D(y)x(t—)N(dt, dy)
k=1 yl<e

+ l E(y)z(t—)N(dt,dy) (4.41)
yl=e
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on t > to and initial condition z(tp) = zp € R¢.

Combining the results of Theorem 4.4.2 and Theorem 4.5.3 we obtain the following.

Theorem 4.6.1 Let assumption 3.4.3 and (3.21) hold. Assume that the following
conditions are satisfied where £ >0,v>0,6 >0

(©) D |Gkl < Elzf? and  (ii) Y |27 Gyl > 7lz|*
k=1 k=1

(i61) [j,jcoa™D()av(dy) 2 8laf?

for allz € RY,

Ze= [ (ID@IYIDWIE) sds) <o and  Ke= [ B Wd) <o
Ivise lyl>e

where neither of D or E : R™ — My4(R) have an eigenvalue equal to -1.
Then the sample Lyapunov exponent of the solution of (4.41) exists and satisfies

lim sup % loglz(t)] < — (’y -K- -g— - -/I B log (1+ || D(y)|l1) v(dy) + 6 — M(c))
yl<e

t—oo

where M (c) = sup,ers\ {0} flylzc [log (|2 + E(y)z|) —log (|2|) ]v(dy) < o=.
Ify>K+5-6+ f|y|<c log(1+||D(y)|l1)v(dy) + M(c) then the trivial solution of (4.41)
is almost surely exponentially stable.

Proof: Immediate from the proofs of Theorem 4.4.2 and Theorem 4.5.3.

Depending on the noise that perturbs the non-linear deterministic system (4.1) the
trivial solution of (4.41) is almost surely exponentially stable if the following conditions
are satisfied in the stated cases below, where «, &, 6§, M(c) are as defined previously.

Case 1: Only the Brownian motion perturbs the non-linear system (4.1) (as in Mao
[31] pp. 282 and [33] pp. 137)

§
’7>K+2.

Case 2: The system (4.1) is perturbed only by small jumps. It must hold that

K- | log(1+||D()lh)v(dy) + 3 > 0.
lyl<e

Case 3: The system is perturbed by a mixture of Brownian motion, infinitely small
jumps with maximum allowable size ¢ and a finite number of large jumps of minimum
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allowable jump size c. The stochastic system is stable after adding the small and large
jumps if the following condition holds

§

1> K455+ / log (1 + [ D@)|l1) v(dy) + M(0).
lyl<e

4.6.1 A special case of an SDE driven by Lévy noise

Consider the following stochastically perturbed system

dz(t) = h(z(t-))dt + i Giz(t-)dY'i(t) (4.42)

i=1

where Y = (Y'(t),t > to) is a Lévy process taking values in R™. Let h : R — R be Borel
measurable and for 1 <i<m, G; € M4(R). The initial condition is z(to) = zo € R%.

We denote the Lévy-Ité decomposition of Y = (Y'(¢),t > o) as

Yi(t) = b't + BYy(t) + /

PR / ¥ N(t, dy)
Yy

ly|>1

for each 1 < i < m, t > to where b € R™, (Ba(t),t > to) is an m-dimensional Brownian
motion with covariance matrix A and for each 1 < i < m, t > to B (t) = YF_, 0¥ By(t)
where By, ..., B, are standard one-dimensional Brownian motion and ¢ is an m X p real-
valued matrix for which oo = A (see Applebaum [1] pp. 109).

Therefore the Brownian motion component of (4.42) will have the following form

m m p
D Giz(t-)dBy(t) = Y Giz(t—)o™*dBy(2). (4.43)
i=1 i=1 k=1

Now, let G} = -7, Giot*. It follows that (4.43) can be written as

m p
Y Giz(t-)dBy(t) = Y Gia(t—)dBx(2).
i=1 k=1

Assumption 4.6.2

. 2 ..
@) [y 7@ <20 mnd (i) [ lylvlan) < oo

We require that assumption 4.6.2 holds for the rest of this subsection.

Remark 4.6.3 Note that (i) in assumption 4.6.2 is a necessary and sufficient condition
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for a Lévy process to have a finite second moment (see Sato [42] pp. 159-163) and (ii)
is a necessary and sufficient condition to have finite variation if A = 0 holds (see e.g.
Kyprianou [27] pp. 54).

By assumption 4.6.2 we can write the Lévy-It6 decomposition of Y = (Y (t),t > o) for
each1<i<m,t>1gas

Yi(t) = bt + Bl (t) + / Y N(t, dy)
R™\{0}

where b = bt + Szt yiv(dy).

Hence (4.42) can be written as

m 14
do(t) = (h(a:(t—)) + ZGim(t—)Bi) dt+ > Gyo(t—)dBy(t)
i=1 k=1
Gz (t—)y  N(dt, dy). .
+ ; /}R o) (t=)y* N (dt, dy) (4.44)

Now, we have reduced our problem to an SDE driven by a Brownian motion and a
compensated Poisson integral. If we define f(-), g(-) and H(:,y) the drift, diffusion and
jump coeflicients of (4.27) in terms of the coefficients in (4.44), it follows that (4.44) is
of the same form as (4.27).

As it will be shown below the assumptions of section 4.4 are satisfied.

Since h is locally Lipschitz continuous, and for each 1 < i < m b € R and G; is a
constant matrix, then f is a locally Lipschitz continuous function. Also for all z € R¢
we have

Gi.'L‘Ei

|f ()] = < Jh@)l+)

i=1

m
h(z) + Z Gizbt
i=1

m
< Lie|+ ) lIGillilbi]lz] < (L + K')le]
i=1

where L and K’ dre positive constants. Hence assumption 4.1.1 is satisfied. By
assumption 4.6.2 it follows that the requirements on the coefficient of the compensated
Poisson integral (assumption 4.4.1) are fulfilled. Hence, fitting the coefficients of (4.44)
to the conditions of Theorem 4.4.2 we have the following.

Corollary 4.6.4 Let an SDE be of the form (4.42) with G;, for 1 < 7 < m fixed.
Let assumption 3.4.3 and (3.21) hold. If the following conditions are satisfied where
£§>0,v20,6=>0

p . D
@)D |1Gal* < €l and  (id) ) |eTGyal® > la|*
k=1 k=1
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(111) 3212, me\{o} y'zTGizv(dy) 2 8|z
for all z € R% then the sample Lyapunov exponent of the solution of (4.42) exists and
satisfies

: 1 i ,
limsup ~log |z(t)] < - (7 - K- % - E / log (1 + [|Gill1l¥*]) v(dy) + 5> a.s.
t—co 1t i=1 /Rm\(0}

for any zo #0. If y > K + g +3 7, R\ (0) log (1 + ||Gill1]¢|) v(dy) — & then the trivial

solution of the system (4.42) is almost surely exponentially stable.

In the following we will demonstrate the theory that we have developed for SDEs of the
form (4.42), by giving an example.

Example 4.6.5 (CGMY process)
We will use as a Lévy process the CGMY process. The CGMY process is a pure jump
process with Lévy measure )

C'%?ﬁalﬂl fory <0

v(dy) = (4.45)
Cﬂ%ﬁ-ﬁ'—yg fory>0

where C >0,C'>0,Q >0, M >0and 0 < a < 2. For 0 < a < 1 the process has
finite variation and for 1 < a < 2 has infinite variation (for further details see Carr,
Geman, Madan and Yor [11]).

For simplicity we assume that the CGMY process has only positive jumpsand 0 < a < 1.
Consider that d=m =1 and G > 0.

. Since the CGMY process is a pure jump process there is no Brownian motion component
and therefore we will only need to check if assumption 4.6.2, and condition (iii) of
Corollary 4.6.4 are satisfied.

Now we will check if assumption 4.6.2 (i) holds.

/ I |2 (d ) / 2 .e_Juyd
R\{0} NHRAI=Jy Vg

o0
= / y!=*Ce Mgy = CM*2(2 — @) < .
0 -

I

il

In order to find a value for § we compute

: o0
/ lv(dy) = / Yy CeMidy = CM*IT(1 —a) < 0o,  (4.46)
R\{0} 0

97 .




and we see that condition (iii) is satisfied with § = GCM*~I'(1 — @) > 0.

From (4.46) we can also deduce that flyl «11ylv(dy) < oo, and hence assumption 4.6.2
(ii) is satisfied.

Then the sample Lyapunov exponent of the solution of (4.42) exists and satisfies
1 o0
limsup Z loglz(t)] < K+ / log (1 + ||G|l1y) v(dy) — GCM*~T(1 — @) a.s.
t—oo 0

If K + f;°log (1 4+ Gy) v(dy) ~ GCM® IT(1 - a) < 0 then the trivial solution of (4.42)
is almost surely exponentially stable.

A special case of the CGMY process is the Variance Gamma, process (V.G) where a = 0,
cC=0C= -,15, Q=M= },\/% where k and ¢ are positive constants. Hence the Lévy

v(dy) = eXP( il )

(see Madan and Seneta [30] pp. 519).

measure is now

Then by the above calculations the sample Lyapunov exponent of the solution of (4. 42)
exists and satisfies

. 1 o0 1 (:u 2) oG
limsup — log |z(¢ < K+/ log(1+ ||G —.e\ o' VE/dy — —— a.s
imsup 5 g |z(t)] | g(1+]| ||1y)kye V= Ton

2
If K+ fo log (1 + ||G||1y) kg 6( \/:) dy - UTSC < 0, then the trivial solution of (4.42)
is almost surely exponentially stable.

4.7 Stochastic stabilization of linear systems

In this section we will consider a special case of (4.1), a linear unstable one-dimensional
deterministic system. We will investigate if it’s possible to stabilize this system by
adding a mixture of Brownian motion and Poisson noise. Of course this case is already
covered by Theorem 4.4.2 but we will find that using a single Poisson process allows us
to have greater flexibility.

For simplicity in this section we take t5 = 0.
Consider the following one-dimensional system

dy(t)

7 ay(t) ont>0

with initial condition y(0) = zo € R and a > 0. The solution of the system is
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y(t) = zoexp(at) for each ¢t > 0, which yields immediately that the system is unstable
since

lim y(t) = oco.

t—00

Suppose that we perturb the system with noise and the system now has the following
form:

dz(t) = az(t=)dt + bz(t—)dB(t) + cz(t—)dN (t) (4.47)

where b > 0, ¢ > —1, B(t) is a one-dimensional Brownian motion and (N (t), ¢ > 0) is the
compensated Poisson process with N(t) = N(t) — Xt where X > 0 is the intensity of the
Poisson process (N(t),t > 0). Assume that the processes (B(t),t > 0) and (N(t),t > 0)
are independent.

Hence,

do(t) = (a—Ao)a(t=)dt + ba(t—)dB(t) + ca(t—)dN(2)
= z(t-)dZ(t)  (aa)

where Z(t) = (a — Ac)t + bB(t) + cN(t), for each t > 0.

We see immediately that z(t) = zo€z(t), where £z is the stochastic exponential of the
semimartingale Z (see Applebaum [1] pp. 249), with z(0) = zo € R. For simplicity we
assume that zg = 1 from now on. ‘

Define the processes X = (X(t),t > 0) with X (¢) = bB(t) + (a — Ac)t for each t > 0
and Y = (Y(t),t > 0) with Y(t) = cN(t) for each t > 0, where X and Y are
semimartingales. The stochastic exponential of two semimartingales has the following
property (see Applebaum [1] pp. 249)

Ex(t)Ey (t) = Ex+y+x+y)(t)

where [X, Y] is the quadratic variation of the processes X and Y (for the definition see
section 1.3, (1.5)). In this case [X,Y] = 0 hence,

Ex(t)Ey (t) = Exyy (B). (4.49)
The process Y can be written as a compound Poisson process where for each t > 0

Yt)= c+c+...+c.
N e’
N(t) times
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By Applebaum (1] pp. 250 the stochastic exponential of this compound Poisson process
is

Eyv(t) = (1+)NO,
The stochastic exponential of the process kX is a geometric Brownian motion
Ex(t) = exp [(a “Ac— %zﬁ) t+ bé(t)] .
Hence by (4.49) the stochastic exponential of the process z for each t > 0 is
z(t) = Ez(t) = e(a—)\c——bz)t bB(t)(l + C)N(t)

So,

%log lz(t)| = ( —Ac— lbz) N(t) —=log(l+c¢) + bB( )

By the law of large numbers for a Brownian motion and Poisson process réspectively
(see Sato [42] pp. 246) we have

lim & =0 a.s. and lim w =) a.s.
t—o0 t t—o0 t
Hence,
1 1,
lim sup 2 log|z(t)| = (a—Ac— Eb + Alog(1 + ¢). a.s. (4.50)
t—0o0 .

If (a — Ac — 3b?) + Alog(1 + c) < 0, then the perturbed system (4.48) becomes almost
surely stable.

In the following we ‘will give conditions that should be examined in order to see if the
perturbed system is stable or not.

Case 1: Stabilization only from the Brownian motion - ¢ = 0.
The Brownian motion can stabilize the unstable system if

b>v2a or b<—V2a.

Otherwise the system remains unstable.

Case 2: Stabilization only from the Poisson noise -b=0, -1 <c<0orc>0.
There is only Poisson noise. If the following condition is satisfied then the system can
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be stabilized. Otherwise the system remains unstable.

c—log(l+c¢c) > ;-.

Case 3: Stabilization from the Brownian motion in presence of the Poisson noise.

If b > v2a or b < —/2a, then a — %bz < 0. The unstable system is stabilized by the
Brownian motion process, no matter what the value of ¢'is, since —Ac+Alog(l+¢) <0
always hold, and hence in this case (a — $b2 — Ac) + Alog(1 + ¢) < 0 will always be
satisfied. It follows that the Poisson noise cannot destabilize the system that it can be
stabilized by the Brownian motion.

Case J: Destabilization from the Brownian motion but stabilization from the Poisson
noise.

If —v/2a < b < v/2a, then a— -%b2 > 0, and the system remains unstable by the Brownian
motion noise. It can be stabilized by the Poisson noise, for ¢ > 0 or —1 < ¢ < 0, if the
following is satisfied

a—%w
A

c—log(l+c¢) >

In the case that the previous condition is not satisfied then the system remains unstable.

4.8 Perturbation of non-linear deterministic systems

Let the non-linear system (4.1) be perturbed by Brownian motion and Poisson noise as
is shown below.

dz(t) = f(z(t=))dt + i Gra(t=)dBy(t) + Dz(t=)dN(t) on t>to
k=1

i.e.

da(t) = [f(z(t=)) — ADz(t-)|dt + i Grz(t=)dBi(t) + Dz(t=)dN(t)  (4.51)
k=1 .

where D € M (R).

4.8.1 Stabilization
Let = = (x(t),t > tp) be the solution of

dz(t) = h(z(t—))dt + g(z(t—))dB(t) + Dz(t—)dN(t) on t>ty (4.52)

101



<3

where h(z) = f(z) — ADz. From now on we assume that D is symmetric and that -1 is
not an eigenvalue of D. It follows that I + D is invertible.

Since (4.52) is a special case of (4.26) and I 4+ D is invertible then by Lemma 4.3.2
the solution of the SDE (4.52) will never be zero provided that the initial condition
z(to) = zo # 0.

The result that follows is a special case of Theorem 4.4.2. However we present a separate

proof below. The fact that D does not depend on the jumps, allows us to get more direct
and simple results.

Then for the stochastically perturbed system (4.51) the following applies.

Theorem 4.8.1 Suppose that the following conditions are satisfied for all z € R®, where
§>0,720

m m
(@) D 1Gkz|® < ¢lzf? and  (id) ) _ |aTGra|* = 7lz|* (4.53)
= k=1

and D is a dxd symmetric positive definite matriz. Then the sample Lyapunov exponent
of the solution of (4.51) etists and satisfies

) 1
hinsup n log|z(t)| £ — (fy + AMmin — K — g —Alog (1 + umaz)) a.s.
— 00

for any xo # 0, where fmin and pmqez are the minimum and mazimum eigenvalues of
the matriz D respectively and X is the intensity of the Poisson process. In particular the

trivial solution of (4.51) is almost surely exponentially stable if the following relationship
is satisfied

* Proof: Fix any zo # 0. Apply I1t&’s formula (see Theorem 1.3.2) to log(|z(t)|?). Then,

for each t > tg,

t 2¢(s—)T Dz (s-)

W P

og(le®) = log(leoP) + | T fla(s-))ds -
+Z/ Tf((s 5 Grz(s—) dBy(s)

Gie(s=) _ 2le(s=)TGra(s—)P?
+,§1/ ( [2(s ) oo ) ¢

+ ./t: [log (|a:(s—) + Da:(s_.)|2) —log (lx(s_ﬂz)}dN(s)_ (4.54)

Due to Proposition 3.5.6 we have that
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J2: [og(Iz(s=) + Da(s=)[2) — log(|z(s-)|?)] dN(s)
Y 22(s—)TDz(s=) = |Dz(s—)|?
= / [bg (1 T REOE T RGP )] aNs)
< log ((1 + 2lmaz + #?naa:)) (N(t) - N(to))
tog ((1+ ttman)’) (N(2) = N(to)), (4:55)

where pmez is the maximum eigenvalue of matrix D.

Then by (3.55) and (4.55), we have the following estimate for (4.54)

log(|1‘(t)|2) < 10g(|a:012 IZ;B((: ))lz 5—)) ds — 2\ iumin(t — to)

k=110

Gra(s=)® _ 2lz(s—)T Gra(s—)?
+;/to ( |z(s=)I? |z(s—)I* ) &

+log (1 + #mazz)2 (N(t) = N(to)) -

Applying conditions (4.2) and (4.53), we obtain
1 1 t—1
log(lz()*) < 3 log(lzol”) + (T")(zK ~ 2\ imin + € — 27)

1 [t2x(s—)T B .
+?;/ e )lZka(s ) dBy(s)

N(t) = N(to)

+2 log (1 + /Jmaa:) n

Define

=3 [ B Guats-yamie).

Then by the law of large numbers for (M;(t),t > to) as in the proof of Theorem 4.4.2
and the well known law of large numbers for Poisson processes (see Sato [42] pp. 246)
we have respectively that

lim M -0 a.s. and lim

a.s.
t—o0 t t—00

N(t) _
=
where A is the intensity of the Poisson process. Hence,

hm sup log(|x(t)| ) £ (2K — 2\ tmin + € — 27) + 2X10g (1 + fmacz) a.s,
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and the required result follows. O

Depending on the noise that perturbs the non-linear deterministic system (4.1) such as,
a Brownian motion only, or a Poisson process only, or a mixture of Brownian motion
and Poisson process, then the trivial solution of (4.51) is almost surely exponentially
stable if the following conditions are satisfied in the stated cases below.

Case 1: The system is perturbed by the Brownian motion only, D = 0. The condition
that must be satisfied is (as in Mao [31] pp. 282 and [33] pp. 137)

3

Case 2: There is no Brownian motion part, so v = 0, £ = 0. Only the Poisson noise
perturbs the non-linear system (4.1). If it holds that

K
Hmin — log(l + #mam) > X)

then the Poisson noise can stabilize the deterministic system.

Case 3: The system is perturbed by a mixture of the Brownian motion and Poisson
noise. Assume that v > K + % In order for the trivial solution of (4.51) to remain
almost surely exponentially stable the following condition must be satisfied

v> K+ % — Amin + Alog(1 + Kmaz)-

Case 4: fy < K+ % it is not clear if the given non-linear deterministic system can
be stabilized by the Brownian motion or not. By adding the Poisson noise if

K+§—7

Mmin — Iog(l + Nmaz) > hY

holds, then the trivial solution of (4.51) is almost surely exponentially stable.

4.8.2 Stochastic destabilization of non-linear systems.

Assume that (4.1) is unstable. We have seen in section 4.8.1 that we can stabilize (4.1)
by adding Poisson noise. To be precise consider the following stochastically perturbed
system

dz(t) = f(z(t-))dt + Dz(t=)dN(t) = on t>to (4.56)
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which is a special case of (4.51). Consider that D is a d x d symmetric positive definite
matrix and

holds, where pimin and ppmqz are the minimum and maximum eigenvalues of the matrix
D respectively and ) is the intensity of the Poisson process. Then by Theorem 4.8.1,
the trivial solution of (4.56) is almost surely exponentially stable.

In the following we will investigate the conditions under which (4.56) is destabilized
when it is perturbed by Brownian motion. So we consider the following SDE

dx(t)=f(x(t—))dt+px(t-)d1\7(t)+fjckm(t-)d3k(t) on  t>ty. (4.58)
k=1

Theorem 4.8.2 Assume that D is a d x d symmetric positive definite matriz with fmin
and pmqz its minimum and mazimum eigenvalues respectively and (4.57) holds. If the
following conditions are satisfied for all x € R% where € > 0,7 > 0

3 (Gual* > elaf? 69> 7 Ghal? < ylaf (4.5)
k=1 k=1

t ! I ( ) >—- A 2 ‘ A 1 I min a.s

for any xo # 0. In particular if € > 2K + 2A\pimaz + 27 — 2Alog (1 + ,umm) then the
trivial solution of (4.58) tends to infinity almost surely exponentially fast.

Proof: Fix xo # 0. Due to Lemma 4.3.2 then z(t) # 0 for all ¢t > to. If we apply Itd’s
formula (see Theorem 1.3.2) to log(|z(t)|?) we get (4.54).

Now by Proposition 3.5.6
Ji, log(|z(s—) + Dz(s-)[?) = log(|z(s—)[*)dN(s)

z(s=)|? + 2z(s=)T Dz(s— xs—‘2
> 1og ((1+ 2tmin + 1)) (V(8) = N(t0)) = 105 ((1+ pimn)?) (N(8) — N (1)
' (4.60)

Applying conditions (4.2) and (4.59) and using the result of (4.60) we get an estimate
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of (4.54) where M;(t) is defined as in the proof of Theorem 4.8.1.

log(|z(t)[?) > log(|zol®) + Mi(t) + (2K — 2\ imaz + € — 27) (t — to)
+10g ((1+ pmin)?) (N(6) = N (t0)).

Using the same arguments as in Theorem 4.8.1, then
N(t)

lim M =0 a.s. and lim —= = a.s.
t—oo t t—moo

Hence, we deduce that

lmint }1og (O 2 (= 2K = 2oz + € = 27+ 2Alog (1 + umin))
i.e.

1
litrging 7 log |z(t)| > (—K — Mimaz + g ~v+Alog (1+ ,umin)> a.s.

Remark 4.8.3 We have examined the case where (4.57) is not assumed and
investigated if a stable ODE system can be destabilized by Poisson noise. Our results
were inconclusive. However, it is known that the Brownian motion can destabilize a
stable ODE system (see Mao [31] pp. 285-286 and [33] pp. 139).

The following examples are considered by Mao (see [31] pp. 287 and [33] pp. 140-141)
for the case that (4.1) is perturbed by Brownian motion. We will perturb (4.56) by
continuous noise where the continuous noise has the same form as in Mao’s work.

Example 4.8.4 Consider the following stochastic perturbation of the system (4.56).

p m
dz(t) = f(z(t—))dt + Y Diz(t—)dNi(t) + Y Gz (t—)dBx(t) (4.61)

i=1 k=1
with initial condition z(tg) = zo € R¢ and d = 2p (p > 1). Let (B(t),t > t;) be an
m-dimensional Brownian motion where for each t > to B(t) = (Bi(t), B2(t), ..., Bn(t))
with By, Ba, ..., Bp, independent one-dimensional Brownian motions and (N (t),t > to)
a p-dimensional Poisson process with Ni,..., N, being one-dimensional independent
Poisson processes which are all independent of the Brownian motion. Lét Gy for

1 <k <m be adxd constant matrix with G, =0 for 2 < k < m and
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0 0 o
0 ... —c 0

where o is a constant and D; be a d X d diagonal matrix such that D; = diag(a,--- ,a),
where a > 0 and D; =0 for 2 <4 < p. As a result the system has the form of

dz(t) = f(z(t-))dt + D1z(t—)dNi(t) + G1z(t—)dB1(t)

and it becomes
dx(t) = f(z(t-)) + az(t—)dN1(t) + oy(t—)dB(t) (4.62)

where y(t)T = (z2(t), —z1(¢), ..., T2p(t), —T2p—1(t)) for each ¢t > to. The hypotheses (i)
and (ii) of Theorem 4.8.2 are satisfied since -

m m
(2) Z |Grz|? = o?|z|? and (22) Z |zT Grz|® = 0.
k=1 k=1
as in Mao [31] pp. 287 and [33] pp. 140-141. Hence,
N 1,
htm gf 7 log |z(t)| > 597 = K — Xa+ Alog(l + a) a.s. (4.63)

If 02 > 2K + 2Xa — 2\ log(1 + a) then the trivial solution of (4.62) is almost surely
exponentially unstable.

In example 4.8.4 we were restricted to even cases. In the following example we drop
this constraint and examine the case where the dimension of the system is odd.

Example 4.8.5 Consider the stochastic perturbation of the system (4.56) as in (4.61)
and suppose that d > 3 and m = p = d. Assume that ¢ € R and define for each
k=12...,d=1, Gx = (GY) where G¥ = g ifi=kand j = k+1, and G¥ = 0
otherwise. For k = d let G4 = (Gfij) where Gfij =cifi=dand j =1 and Gfij =0
otherwise. Let D for all 1 < i < p be defined as in example 4.8.4.

Now the system has the form of

z2(t)dB(t)

dz(t) = f(z(t=))dt + D1z(t=)dNy(t) + o : 4.64)
(t) = f(z(t-)) 1z(t—)dNy (t) + 2a()dBar (1) (4.64)

z1(t)dBg(t)
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As was shown in Mao [31] pp. 286 and [33] pp. 140, the following holds

d
Z |Grz|? = o?|z|? and Z |27 Grz|? < —a2|x|4
i=1

By Theorem 4.8.2 then
lim inf E log |z(t)| > 102 - K—-JXa+ Alog,(l +a) a.s
minf - Z {5 8.

If 62 > 6 (K 4+ Aa— Alog (1 +a)) then the trivial solution of (4.64) tends to infinity
almost surely exponentially fast.

Remark 4.8.6 From the above calculations, we see that any stable system of the form
dy(t) = f(y(t—))dt + Dy(t—)dN(t) can be destabilized by Brownian motion provided
that the dimension of the system is d > 2 and (4.2) and (4.57) are satisfied.

Concerning one-dimensional systems, Mao in-[31, 33] pp. 287 and pp. 141 respectively,
has shown that the exponentially stable one-dimensional system

%)- = az(t) ont>tp (4.65)

with initial condition z(¢p) = zo € R and a < 0 cannot be destabilized by Brownian
motion if we restrict the stochastic perturbation to the linear form Y v, oxz(t)dB(t).
In this case the stochastically perturbed system is

dz(t) = az(t)dt + i oz (t)dBy(t) (4.66)
k=1

and he shows that

1 m
li | =
A utrnsup og |z(t)| ( 5 E )

ll—-ﬂ

In the following we will perturb (4.65) by the Poisson noise i.e.
dz(t) = az(t—)dt + cz(t—)dN(t), (4.67)
where ¢ > —1. Then, by (4.50)
. 1
lim sup 7 log |z(t)] = (a — Ac+ Alog(1 + ¢)) < 0.
t—o0

Hence the trivial solution of (4.67) is almost surely exponentially stable. Now we will
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examine if the stochastically stable system (4.67) can be destabilized by Brownian
motion. The new stochastic perturbed system is given by

dz(t) = az(t—)dt + cx(t—)dN(t) + i oxz(t—)dBg(t) (4.68)
k=1

where for each 1 < k < m, ox > 0 and ¢ > —1. Using (4.50), then

d
limsup % log|z(t)| = (a —Ac— % Za,%) + Alog(1 + ¢).
t—o0 k=1
Since (a— § Y jeq02) < 0 and for ¢ > —1, Alog(l + ¢) — Ac < O then the system
will remain stable i.e. (a - Ae— %ZLI o2 + Alog(1 + c)) < 0. Hence, from this
example we can see that the exponentially stable one-dimensional system (4.67) cannot
be destabilized by the Brownian motion with the form of perturbation as given.

Hence, we can deduce that one-dimensional exponentially stable ODE systems and one-
dimensional exponentially stable SDEs driven by Poisson noise cannot be destabilized
by Brownian motion noise.
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Chapter 5

Stochastic Functional Differential
Equations (SFDEs) driven by

Lévy noise

5.1 Introduction

In this chapter we will concentrate on stochastic functional differential equations
(SFDEs) driven by Lévy noise. In SFDEs the drift, diffusion and jump coefficients
depénd on the past of the solution, while in SDEs the coefficients just depend on the
present. Obviously an SDE belongs to the class of SFDEs with zero time delay but
stability theory of SFDEs and SDEs has significant differences. Also SFDEs contain
an important class of stochastic delay equations (SDDEs), which (in the Brownian
motion case) have found a number of applications to e.g. mathematical finance
(see e.g. Kazmerchuka, Swishchukb, and Wu [21]). Stochastic functional differential
equations appear in many different contexts including the study of materials with
memory (viscoelastic materials), mathematical demography and population dynamics
(see Mohammed [37]). -

This chapter is self-contained and its structure will be the following:

Firstly a brief introduction to SFDEs is given. Then we will turn our attention to
stability properties of SFDEs and stochastic differential delay equations (SDDEs) driven
by Lévy noise using Razumikhin type theorems. And finally, the central point of this
chapter, conditions for the stabilization 6f an unstable functional ODE system using
noise associated with a Lévy process will be established. .
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5.2 Existence and uniqueness of solutions

Assume that we are given an m-dimensional standard F;-adapted Brownian motion
B = (B(t),t > 0) with each B(t) = (B!(t),..., B™(t)) and an independent F;-adapted
Poisson random measure N defined on R* x (R%\ {0}) with compensator N and intensity
measure v, where we assume that v is a Lévy measure.

Let 7 > 0. Consider that 0 < ¢ < oo and f : D([~7,0];R%) — R¢, g : D([-7,0];R%) —
Mym(R) and H : D([-7,0};R?Y) x R? — R? are Borel measurable. A stochastic
functional differential equation driven by Lévy noise is defined as

dz(t) = f(ze-)dt + g(z:-)dB(t) + l H (z;_,y) N(dt,dy) ont>0 (5.1)
y|<c

and to give (5.1) a rigorous meaning we rewrite it in an integral form, for each ¢t > 0, as

t t t
o) = 200)+ [ f@)ds+ [ @B+ [ [ Hlem) s ) (62)

lyl<e

where zg is the initial condition and (zt,t > 0) is the process taking values in
D([~,0]; R?), which is defined as follows.
For each t > 0, z; :  — D([—7,0]; R?) where for each w € Q, 6 € [-T,0],

z(w)(0) = z(t + 0)(w).
It then follows that

2 (w)(6) = lim z, (w)(6) = lim z(s + 6)(w) = z(t-+ 0)(w).

By Dy ([—T,0];R%) we denote the family of all bounded Fo-measurable D ([—,0]; R?)-
valued random variables. For 0 < p < oo and ¢t > 0 we denote by L} ([—7', 0];1Rd)
the family of all F-measurable D ([—7,0]; R%)-valued random variables ¢ such that
sup_,<p<o E|¢(6)[P < co. Also |- || here denotes the supremum norm in D ([—7,0}; R%).

To avoid any confusions, we denote the norm of a matrix A € Mgn(R) as ||4]. =
1

d 2\2
( i=1 Z?:l Aij) .
For the purposes of this chapter we assume that the initial condition z¢ is a fixed

Do ([-7,0]; R?)-valued random variable.

Definition 5.2.1 (cf. Mao [33], definition 5.2.1 pp. 149) A stochastic process

r = (z(t),t > —7) is called a solution to (5.1) with initial condition z¢ if it has the
following properties
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(i) It has a cadlag modification and (zy,t > 0) is Fi-adapted,

(ii) For each F-adapted process (z:,t > 0), the processes (f(z:),t > 0), (g9(z:),t > 0)
and (H(zt,y),t > 0) for all y € B, are also Fi-adapted and for each t > 0,
JE1f(@s2)ds < o0 (as.), J§ ll9(zs_)||2ds < oo (a.s.) and i Ji<e |H(zs_,y)|>v(dy)ds <
oo (a.s.),

(iii) For each t > 0, z(t) satisfies (5.2) almost surely.

A solution z is said to be unique if any other solution z’ is indistinguishable from z i.e.

P(z(t)=4'(t) forall t>-7)=1.

Now for the existence of a unique solution to (5.1) we need to impose the following
conditions:

(F1)Lipschitz conditions: There exists a positive constant L such that, for all
0, ¢ € D([-7,0]; RY),

1£(0) = F®I < Llle ~ ¢II%, lg(e) — 9(@)lIZ < Ll - ¢I%,  (53)

/|y|<c |H(p,y) — H(¢,9)|*v(dy) < Llip - ¢]1*. e

(F2)Growth conditions: There exists a positive constant K such that, for all
¢ € D([-7,0];RY),

1F (@) < KL+ [loll?), lg(@) 12 < K1+ llell?), (5.5)

/kac H (0, 9)Pu(dy) < KL+ o). (5.6)

~ Mao in [33] pp. 150-152 proves existence and uniqueness of solutions of SFDEs which
are driven by Brownian motion under the Lipschitz and growth conditions, using the
Picard iteration technique. Now, the existence and uniqueness of the solutions of SFDEs
driven by Lévy processes can be proved quite easily, by a mixture of Mao’s approach
and Applebaum’s arguments that were used for establishing existence and uniqueness
of solutions of SDEs driven by Lévy processes (see Applebaum [1] pp. 305-309).

Theorem 5.2.2 Assume that the Lipschitz and growth conditions (F1) and (F2) hold.
Then there exists a unique solution x = (z(t),t > —1) to (5.1) with initial data zo. The
process x is adapted and cadlag. )

Proof: As the proof is a straightforward extension of arguments in the literature, we do
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not include it here. However it is presented in full as Appendix A.

For the rest of this chapter we require that (F1) and (F2) hold.

Assume that f(0) = 0, g(0) = 0 and H(0,y) = 0 for all |y| < ¢. Then (5.1) admits
a solution z(t) = 0 (a.s.) for all ¢ > 0 corresponding to initial value o = 0, which is
called the trivial solution.

The definitions of stability for the trivial solution of SFDEs are obvious modification of
those given for SDEs as in Chapter 1, section 1.5.

Again we are considering SFDEs of homogeneous form to avoid complications in the
notation. As was mentioned in the case of SDEs, the extension from homogeneous to
inhomogeneous form (see Mao [32] and Chapter 5 [33] for the Brownian motion case)
does not require very much additional work.

5.3 Razumikhin type theorems for stochastic functional
differential equations "

In the literature there are many different points of view for examining exponential
stability of SFDEs. One method is the use of Lyapunov functionals which is a
generalization of the direct Lyapunov method that we have used in the previous chapters
to examine stability of SDEs (see Kolmanovskii and Nosov [23]). Another method is
application of the Razumikhin type theorems based on the use of functions in R® similar
to the Razumikhin theory that was developed for the stability of deterministic functional
differential equations (see Hale and Lunel [16] pp. 151-161). Novel work in stability of
SFDEs driven by Brownian motion using the Razumikhin technique, has been carried
out by Mao in [32]. For further techniques that can be used for the study of exponential
stability of SFDEs (e.g. LaSalle-type theorems) we refer to Mao’s review [34].

The aim of this section is to generalize Mao’s paper [32] and use the Razumikhin type
approach to examine stability of SFDEs driven by Lévy noise.

In this section we denote by LV : D([~7,0];R?) — R the linear functional associated
to (5.1) which is defined as:

(EV) @) = FOEOVIGO) + 35 [6@)e@) " @2V ((0)

* /|| [V(#(0) + H(g,v)) ~ V($(0)) — B'($,5)(@:V)($(0)] ¥(dy)
(5.7)
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where V € C?(R%Rt), and ¢ € D([-T,0);R9).

Now to give some insight into the Razumikhin technique, let z = (z(t),t > —7) be the
solution of (5.1) and V € C?(R%; R*). By It&’s formula we have that

V(z(t) - V(2(0)) - /0 LV (2e)ds

is a local martingale. This implies that

t
E(V(z(t)) - E(V(=(0)) = /0 E (LV (zs)) ds,
hence

dE (V(z(8))) _
— - = E(LV(z).

Now to establish stability of the trivial solution, traditional stability techniques
technically require E (LV(¢)) < O for all ¢ € LP([—,0};R%). Razumikhin in 1956
proposed for the case of ordinary differential delay equations (ODDEs), that is not
necessary to impose conditions on V for all ¢ € C([—7,0];R%). This was extended in
the stochastic case as well, and results that are based on negativeness of E (LV(¢))
for certain ¢ € LY([~7,0];R%) are called Razumikhin type theorems. For further
explanations see Hale and Lunel [16] pp. 151-161 and Myshkis [39].

Assumption 5.3.1 For all 2 < g < p, there exists a constant K > 0 such that, for all
(b € D([_Ta Ol;Rd)a

[ |HG vl s K@+ 6l).
lyl<e ,
We require assumption 5.3.1 to hold for the remainder of this chapter.

The following is a generalization of Mao’s work [32] Theorem 2.1 where he obtains pth
moment exponential stability for SFDEs driven by a Brownian motion process. As will
- be shown below if we further add the jumps of a Lévy process then this will not change
the form of Mao’s results or the conditions that have been imposed on the SFDE driven

by a Brownian motion. Hence some detamiills are omitted where arguments are exactly
the same as in Mao [32]. )

For the proof below we need the following lemma.
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Lemma 5.3.2 Let ¢ : [~-7,00 — R% be a continuous function and define
max_r<p<0q(f) = L. Given 0 < € < L — ¢(0), there exists § > 0 such that |k| < 6,
implies that g(k) < L.

Proof: Assume that ¢ is a non-constant function. Let ¢’ be the largest 8 € [—7,0]
such that q(6;) = L. If @ # 0, then ¢(6) < L for all § € (¢,0] and in particular
q(0) < L. Now as ¢ is continuous, given € > 0, there exists § > 0 such that |k| < §
implies |g(k) — g(0)] < € and hence (k) < ¢(0) +¢. Provided that we take ¢ < L — ¢(0)
then ¢(k) < L. O

Theorem 5.3.3 Let V € C*(R4GRY), h > 1 and p,qi,q2,p be positive constants.
Suppose that

() qlzlP < V(z) < golz|P for all z € R4
(i) For all ¢ € LY([~T,0];RY) such that
E (V(4(8))) < RE (V(¢(0))) forall —7<8<0,
we require
E(LV()) £ —pE (V(¢(0)))-

Then for all initial conditions the solution of (5.1) is pth moment ezponentially stable
and satisfies

E(Jz(t)P) < gEE(nxoup) ePt forall >0, (5.8)
1

where 8 = min{p,log(h)/7} and the pth moment sample Lyapunov erponent is not
greater that —f3. '

Proof: Let o € (0,) be arbitrary and § = 3 — a. Define .
| — B(t+6) '
U(t) = max [PHOE (v (a(t + 9)))] for all ¢ > 0.

" Since V is a continuous function and z is cadlag then V oz is cadlag as the composition of
a continuous and a cadlag function is cadlag (see Applebaum [1] pp. 118). By applying
It6’s formula with jumps in (5.1), then taking expectations, a standard argument shows

that the map t — E (V(z(t))) is continuous. Hence, U is continuous with respect to
time.
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Define

D, U(t) = limsup U(t+k) -U()

msu - for all t > 0. (5.9)

Our aim is to prove that D U(t) <0 for all ¢ > 0.

Fix ¢ > 0 and define 6 € [~7,0] to be the largest § € [—7,0] such that U(t) =
PO E (V(z(t +6))). Hence U(t) = L) E (V ((t + 6'))).
Since ¢ € [-7,0] then either #/ < 0 or ' = 0.

Case I: 0 <0
Fix t > 0. If ¢ <0, then

SHOE (V(2(t+6))) < LHE (V(z(t +6'))) forall @ <0 <0.

Define ¢(6) = B+ E (V(z(t + 0))) where 6 € [-7,0] and choose L as in Lemma 5.3.2.
Then by Lemma 5.3.2, given sufficiently small € > 0, we can find § > 0 such that for
0<k<d

PR B (V(2(t + k) < LHOE (V(a(t+6))) .
Hence U(t + k) < U(t), and so D, U(t) <0.
Case II: ' =0
Fix t > 0. For ¢ = 0, we will only give an outline of the proof. Following the same

line of arguments as in Mao [32], Theorem 2.1 pp. 237 (to which we refer for further
details) we obtain

E(V(z(t+0) <P E(V(z(t) forall —7<6<0, (5.10)

and as V € C%(R% R™) then either E (V(z(t))) = 0 or E (V(z(t))) > 0.

If E(V(z(t))) = 0, then by (5.10) and condition (i), z(t+6) = 0 (a.s.) forall =7 < 6 < 0.
From the assumptions it holds that f(0) = 0, g(0) = 0 and H(0,y) = 0 for all |y| < ¢,
hence z(t) = 0 (a.s.) for all t > 0. It follows that z(t+ k) = 0 (a.s.) for all k > 0, hence
U(t+k) =0, and so D, U(t) = 0. Now assume that E (V(z(t))) > 0. By the definition
of B it follows that ™ < h with h > 1, and then by (5.10)

E(V(z(t+0))) < e’ E (V(z(t))) < hE(V(z(t))) forall —7<0<0,
and hence by condition (ii) we have

E(LV(z:-)) < —pE (V(z())) -
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By applying It6’s formula to Z(t) = eft+RV (z(t + k)) for k > 0 we have the following
LY (2t + k) = PV () + / i BePoV (z(s—))ds
t+k t . .
+ /t €720,V (z(s=)) [f(zs=)ds + g (z-)dB;(s)]
1 t+k 3 Trik
w5 [ 0BV la-Dlatesolea s
t+k - -
[ Vet + Hemsw) = ViatsD] W, d)
t+k -
e[ Ve + ) - V)
— Hi(zs-,y)BiV (a(s-)) | v(dy)ds.
Hence by (5.7)
- - t+k  _
PR E (V (z(t + k) — 2 E (V(2(t))) = / ePe [BE (V(z(s—))) + E(LV (zs-))] ds.
t
| (5.11)

Now apply condition (ii) to see that
BE(V(2(t))) + B(LV (2:-)) < =(p = B)E (V(2(1))) < 0 (5.12)

since p > B. From this point we argue as in Mao [32] pp. 237 and the required result
follows. a

The theorem below shows that under some additional assumptions, the pth moment
exponential stability, of the trivial solution of (5.1), implies the almost sure exponential
stability, generalizing Theorem 2.2 pp. 238 in Mao [32).

Theorem 5.3.4 Let p > 2. Assume that the hypotheses of Theorem 5.8.8 hold and
there erists constants K1 > 0 and Ky > 0 such that, for all ¢ € LE([~, 0;RY), the
following conditions are satisfied.

2

|H(¢,y)|2V(dy)>ZSK1 sup E(|6(0)) -

—7<6<0

©) EAf@P) +E (s g@)]) + B ( /

I<e

(5.13)

@ E([ IHePu@)) sk sw BOOP. (519
lyl<e —7<6<0
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Then
B

1
limsup = log |z(t)] £ —= a.s.
t—oo p

where 8 = min{p, log(h)/7}.

Proof: For t > 7, by Jensen’s inequality we can deduce that

P

t+r
E(||wt+rll”)=E(sup lm(t+h)l”> < 4”"(E(Iw(t)lp)+E[/ If(ws—)IdS]
0<h<T t

t+h P
+ E| sup / 9(zs=)dB(s)
o<hgr |t
t+h . p
+ E| sup / H (zs-,y) N(ds,dy)| | ).
0<h<T|Jt lyl<e

Using Holder’s inequality, condition (5.13) and the results of Theorem 5.3.3, then
t+71 p ) P
B[ Weols] < BEp (et s
t . 1

By the Burkholder-Davis-Gundy inequality (see Chapter 3, Theorem 3.5.3) and
following the same line of arguments that were used to deduce (5.15), we have

t+h
E| s | [ g(es)aBlo B (Jlol?) e (5.16)

sup
0<h<T

P <' CpKlqug
- qQ

where Cp is a positive constant depending only on p.
The estimates in (5.15) and (5.16) are exactly the same estimates obtained in the
Brownian motion case, as in Mao [32] pp. 238-239.

Now for the compensated Poisson integral we will use Kunita’s estimates (see Chapter
3, (3.43)). Applying Holder’s inequality to the first term of the right-hand side of the
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inequality below and then conditions (i) and (ii) we deduce that
p}
2
t+7 g 2
< c3(p)E [( / / |H (25—, )] V(dy)d8> ]
t lyl<e
t+T ’
[ [ e vidas
t lyl<e
)
21 t+7 9 2
Scp)r2T E / / |H (z5-,y)|"v(dy) | ds
t lyl<e

t+7
< cs(p)ri? (/ K sup E(lz(s+ 0)|p)ds>
t —7<6<0

E | sup

0<h<r

t+h 3
/ H (2a-,y) N (ds, dy)
t lyl<e

+ca(p)E

+ca(p)E

+ ca(p) ( ttw Kzn_ SE&OE('CC(S + 9)1p)d3> ) (5.17)

where c3(p) and c4(p) positive constants that depend on p.

Hence by (5.8) and (5.17) we obtain

E | sup

0<h<T

t+h .
/ H (z_,y) N(ds, dy)
t lyl<e

p] < (cs(P)'rgKl + C4(p)TK2) %E(”-’Eollp)e_ﬂ(t").
(5.18)
Combining (5.15), (5.16) and (5.18) we find that
E (x4 IP) S Le ™ forallt>r

where

4p=1g,
q1

L =

E(llzoll?) [1 + €T (K1 (T” +Cpri + cs(P)Tg) + C4(p)K;T)] .

From this point we follow Mao’s exact arguments in [32] pp. 239 and the required result
follows. a
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5.4 Stochastic differential delay equations

In this section we consider stochastic differential delay equations (SDDE) driven by
Lévy noise and examine their stability properties.

The first article on stochastic delay equations driven by Brownian motion was by It6 and
Nisio in [20]. In [15] Gushchin and Kiichler give necessary and sufficient conditions for
the existence of a stationary solution to an SDDE driven by a Lévy process. Stationary
and Feller properties of SDDEs driven by Lévy processes can be found in Reif, Riedle
and Gaans [41], while Mohammed and Scheutzow in [38] discuss flow and stability
properties. For a detailed treatment of SDDEs we refer to these.

Now a general SDDE driven by Lévy noise has the following form

dz(t) = F(o(t),a(t-— pm(t),...,o(t- - pe(t)))dt
+G(a(t-), 2(t-— (), - - 2 (- — ua () dB(D)

+ / K (z(t-), 2(t- = pa (1)), - - -, 2(t- — ux(2)), y) N (dt, dy)  (5.19)
lyl<e

for t > 0, where for 1. < n < k, pp : Rt — [0,7] are continuous functions,
F:R¥xMyi(R) — R, G : Rdde,k(]R) — Mgm(R) and H : R%x Mgk (R)xR% — R?
and the initial data zo is a fixed D([—, 0]; R%)-valued random variable.

We assume that F(0,0,...,0) =0, G(0,0,...,0) = 0 and K(0,0,...,0,0) = 0 so that
for £og = 0 we see that (5.19) admits a trivial solution.

Define for t > 0, ¢ € D([~T,0];R?)

f(¢) =F (¢t(0)’ ¢t("'ﬂl(t))> ceey ¢t(_“k(t))) ’ g(d’) = G((bt(o)’ ¢t(_u‘1(t))) (RN} ¢t(_lu'k(t)))’

and H(¢a y) = K(¢t(0)’ ¢t(—#l(t))7 se ey ¢t(—u’k(t))) y)

Assume that F,G, H satisfy (F1) and (F2). Then (5.19) is of the same form as (5.1),
with coefficients given by f, g, H as defined previously. Hence, we can apply the results

that have been obtained in section 5.3 for SFDEs to examine the stability properties of
SDDEs.
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In this case the functional LV : D([—T,0];R?%) — R will have the following form
(LV) (9) = F(#(0), $(=p (1)), -, $(-kx(8)) ) (B:V)($(0))
i [ (¢(o> S(=p(®)s- -, $(=he(®)) ) G(4(0), $(=pa(®), -, ¢<—uk<t)>)T] " @a)@0)
v [ V(60 + K@), om0, ... s-ml0).5) - VI60)
— K (#(0), (=11 (8), -, B(—118(8)),¥) (BV)((0)) | w(dy) (5.20)

where V € C*(R%;R™), and ¢ € D([-T,0]; R%).

The following is a generalization of Mao’s work [32], Theorem 3.1.

Theorem 5.4.1 Let V € C*R%LRY), h > 1 and p,q1,42,0,p1,---,0n be positive
constants. If

(i) qilz|P € V(z) < gao|z|P for all z € RY,

and the functional LV : D([-, 0;R%) — R as defined in (5.20) satisfies

k
(@) (LV)(8) S —pV(8(0)) + D £V (d(—pn(t))) (5.21)
n=1

where ¢ € D([—T,0];RY), then the trivial solution of (5.19) is pth moment exponentially
stable if p > mel Pn and moreover its pth moment Lyapunov exponent satisfies

hm 0 sup E log(E (lz(@®)])P) < (p h Z pn> a.s. (5.22)

where h € (1, p/ Zﬁzl pn) and is the unique solution of p — hZﬁ=1 pn = log(h)/T.

If p > 2 and the following conditions are satisfied for all (z,21,.--,2k) € R x My i(R)
with My >0, Mz > 0

k
IF(:L" Zlyeery Zk)|2 +tr [g(a:, Zlyee- 7zk)Tg(x’ 21y ,Zk)] S Ml (|117|2 + Z |2’n|2) (523)

n=1

and

. k ‘V
[ I< IH("E’ Zly vy Rk y)'py(dy) <M (lzlp + Z |Zn|p> . (524)
yl<e

n=1
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then the sample Lyapunov exponent

a.s.

1
limsup = log |z(¢)} < —
mSup 2 g |z(t)] < >

If p— h’Zfz:l prn. > 0 then the trivial solution of (5.19) is almost surely exponentially
stable.

Remark 5.4.2 The uniqueness of solution to p — h22=1 pn = log(h)/7 is proved in
Appendix B.

Proof: For t > 0, choose ¢; € LY([—7,0]); R?) which satisfies
E(V(#:(0))) < hE(V(¢4:(0))) forall —7<60<0 (5.25)

where h > 1. Then by (5.21) and (5.25), it holds that

. k
—pE(V(¢:(0))) + D _ paE(V (¢e(—pn(2))))

n=1

k
- (p ~h)y pn) E(V(¢:(0))). (5.26)
n=1

E(LV ()

IN

IN

Since p > 3°¥_, pnand h € (1, 0/ 3-¥_, ps) then by (i), (5.25) and (5.26) the conditions
of Theorem 5.3.3 are satisfied, with 3 defined as 8 = min{p — hz,ﬁ:l pn, log(h)/7}.

It follows immediately that the trivial solution is pth moment exponentially stable and
the pth moment Lyapunov exponent satisfies

1 k
limsup = log (E[|z(t)[]P) < — (p —h Z pn> a.s.
t—o0 t n=1

Now consider that p > 2. For all t > 0 and ¢ € L?([-,0]; R%) then by (5.23), (5.24)
and Jensen’s inequality applied twice we can show that

B(F@P) + F (o o) o))} + B ( [, e u(dm) 2

<c
4

k 2
<3E (M EOED |¢(—un(t))|2D

k .
<3ME(1+K)TE (l¢(0)l” +Y I¢(—un(t))l”> <3(M(1+k))? _f35)<oE (16(®)IP)

n=1
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where M = max{Mi, M2}. Also,

k
E (/Il< |H (e, y)I v(dy)) < E (M2 (|¢(0)|P + Z |¢(—un(t))lp>>

n=1

< (k+1)Mz fE&oE (le(O)IP) -

Hence, conditions (5.13) and (5.14) are satisfied and as the conditions of Theorem 5.3.3
hold, then by Theorem 5.3.4 the trivial solution of (5.19) is almost surely exponentially
stable, and so

k
Alimsup-l-log|:v(t)| < - P=hdn1pn w.s.
t—00 t

p
a
5.5 Stabilization of SFDEs by a Poisson process
Assume that we are given the following non-linear functional ODE system
dfi(tt) — f(z.) on t>0 (5.27)

with f : D([-7,0};R%) — R% and initial condition zg € D([~T,0];R%).
Consider that (5.27) is unstable, in the sense that as time increases indefinitely the
solutions of (5.27) escape to infinity.

Recent developments in the area of stochastic stabilization of SFDEs have been carried
out by Appleby [2]. Appleby considers an unstable functional ODE system and he
perturbs it with noise of the form ox(t)dB(t), where o # 0 is a real number and B is a

one-dimensional standard Brownian motion. The system in homogenous form, for each
t > 0, is the following:

. t
dz(t) = ( F(z(@), 2(t = T1(2)), - .., 2(t — Ta(t))) + /t " fg(:n(s))ds)dt + oz(t)dB(t)

where n € N. Appleby proves that if f; and f; satisfy global Lipschitz conditions
and global linear bounds and if the finite time delay 7/ = sup;>qmax;i=o1,...n 7i(t)
is sufficiently small, then we can choose o sufficiently large to stabilize the unstable
functional ODE system in an almost sure exponentié.l way.

An improvement of Appleby’s results has been made in [3] by Mao and Appleby. They
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consider a more general stochastic perturbation of the form £z (t)dB(t) with £ € My(R)
and for each t > 0, B(t) = (B!(t),..., B™(t)) is an m-dimensional Brownian motion.
Namely, the stochastically perturbed system is

dz(t) = f(x¢)dt + Zz(t)dB(t) (5.28)

with f(z:) = fi(z(t),z(t — 11(t)),...,z(t — T (t))) + f:_m(t) fa(z(s))ds, now satisfying
weaker conditions than the ones that Appleby imposed in [2]. To be precise, they
only require locally Lipschitz and one-sided linear bound conditions. In their work
[3] they have managed to stabilize (5.28) under certain conditions, and in particular,
they have shown that for ¥ = oM, where ¢ # 0 and M € My(R) satisfying
minjy=1 (2(z, Mz)? — [Mz|?) > 0, the solution of (5.28) tends to zero in an almost
sure exponential way when the noise intensity is large enough and the time delay is
sufficiently small.

Now, following Mao’s and Appleby’s ideas in [3] we will try and establish conditions

under which the unstable functional ODE system (5.27) can be stabilized by Lévy noise.

Remark 5.5.1 Note that from the Lipschitz condition on the drift coefficient and the
fact that f(0) = 0, it follows that f satisfies a one-sided linear bound i.e.

(¢(0), £(#)) < 18(O)IIf ($)} < VII$(O)]-lI¢l (5.29)

for every ¢ € D([—T,0]; R?), where L > 0 is as in (5.3), and (-, -) denotes the usual inner
product in R%.

Many of the results of this chapter extend to SFDEs satisfying only local Lipschitz

conditions and a one-sided linear bound as in Mao and Appleby [3], where the Brownian
motion case is treated.

Assume the system (5.27) is perturbed by a one-dimensional compensated Poisson
process (N(t),t > 0) of intensity A > 0. Now, the new system forms a stochastic
functional differential equation i.e.

dz(t) = f(z¢-)dt + Dz(t—)dN(t) for t>0 (5.30)
with initial condition a fixed random variable zg € D([-T,0];R?). We take D € My(R)
to be a symmetric positive definite matrix with pmin and pmay its smallest and largest
eigenvalues respectively. Hence,

dz(t) = [f(21~) — ADz(t-)] dt + Dz(t—)dN (). (531)

Existence and uniqueness of solutions to (5.30) follows from Theorem 5.2.2. Since
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the drift coefficient in (5.30) satisfies (F1)-(F2) and the coefficient of the compensated
Poisson process is linear, then (5.30) admits a unique cadlag solution.

Remark 5.5.2 It was shown in Chapter 3 and Chapter 4, (Lemma 3.4.4 and Lemma
4.3.2) if the initial condition is non-zero, then the solution of an SDE driven by a Lévy
process will be non-zero for all time. This property does not necessarily hold for SFDEs
(see Appleby [2]). Hence, we are not able to apply the same method of proof that was
used in Chapter 4 for the stabilization of SDEs to the case of SFDEs.

Now define for each ¢t > 0 and 29 # 0

Dx(t
5(t) = { Rt for a(t) #0, (5.32)
o for z(t) =0

2(x(t),Dz(t
e(t) = {_ﬁ_f_%_ﬂ’.!llx - for z(t) # 0, (5.33)

€0 for z(t) =0

where §p > 0 and g > 0 are such that 0 < §y < ||D||« and g9 = 2||D||«.
Note that for z(t) # 0

| Dz(t)|? =.<5(t)2|~'c(t)|2 and 2(z(t), Dz(t)) = e(t)|z(t)|*. (5.34)
For z(t) # 0, —&(t) £ —2pmin and

2z(t), D(t)) . |De(t)?

1°g( ROF T RGP “)
l2(&)2 + 20D]LJe(8)? + | D2 =(1)

1°g( 12(0)°

log (e(t) +8(t)2 + 1)

IN

) =g (1+1D]1)°
and for z(t) =0

log (e(t) +6(t)% + 1) = log (eo + 802 + 1) <log(1+ ||D||«)? and

-—&‘(t) ==& = _2”D”* < =2pmin.
Hence for all ¢ > 0 we have that

log (e(t) +6(t)2 + 1) <log(1+||D|«)> and —e(t) < —2pmin. -

To establish stabilization of (5.30) we will follow the same line of arguments that were
used by Appleby and Mao in [3], Theorem 2.6, where they have proved the stabilization
of an unstable functional ODE system that is stochastically perturbed by Brownian
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motion.
Theorem 5.5.3 The sample Lyapunov exponent of the solution of (5.30) satisfies
) 1
hrtn sup — log|z(t)| £ — [/\ (Pmin —10g(1 + pmaz)) — VL exp (A'rpma,;)] a.s. (5.35)
—00

In particular if X (pmin — 10g(1 + pmaz)) > VL exp (TApmaz) then the trivial solution of
(5.80) is almost surely exponentially stable.

Proof: For zo = 0 obviously (5.35) holds, since for each ¢t > 0, z(t) = 0. Consider now
that zo # 0. Applying Ité’s formula to Y (t) = |z(t)|?, we find, for each t > 0,

OF = leo + [ [2a(s-),f(ze) = 2A{a(s-), Da(s-))]ds
+ [ ls(s-) + Da(s-)P - als-)P) V(o)
= ol [ [2(a(s-), @-)) = 2A(a(s-), Dals-)]ds
+’£ [2z(s=)TDz(s=) + |Dz(s=)|*] dN(s). ' (5.36)

Using (5.34) then (5.36) becomes

t

Y(t) = Y(0) + /O t [2(2(s-), £(2s-)) - Ae(s—jy(s—)]ds+ /0 (e(s=) + 8(s=)%) ¥ (s=)aN (s).

By the variation of constants formula for an SDE driven by a Poisson process (see
Chapter 2, Theorem 2.3.1), then, for each ¢t > 0, we have

Yo = 2O+ [ 200 els-), fzs-)ds] (53)
0
where by (2.20)
o(t) = exp [— /(: Ae(s—)ds + /Ot log (e(s—) +6(s=)2 + 1) dN(sj] . (5.38)
We extend the definition of ¢ to the whole of [-7, 00) by
B(t) = {exp [— fot Ae(s=)ds + fot log (f—;(s—) +6(s=)2 + l)dN(s)] fort >0

1 for t € [-1,0]
(5.39)
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and define Z(t) = ®&(t)~!Y(¢) for t > —7. Now by (5.37) and (5.29), for ¢t > 0 we have
20) < YO +2VE [ 29 ol loa-lds
t 1 1
- YO +2VE /0 B(s)~3.2(s=)3 |ms_|| ds.

From this point we will follow exactly the same arguments that were used by Appleby
and Mao in [3] pp. 1077 to obtain an estimate of the form

Z(t)';‘ < |lzoll exp (\/f/otg(s)ds> fort >0 (5.40)

where for each ¢t > 0, g(t) = <I>(t)‘% SUP;_r<u<t @(u)%.
Since Z(t) = ®(t)~!|z(t)|? then (5.40) becomes

|z(£)] < llzo||®(t)2 exp (\/E /0 tg(s)ds) for t > 0. (5.41)

Hence combining (5.38) and (5.41), then

limsup ! log |z(t)] £ limsup 1 [ _2 /t e(s—)ds + 1 /t log (e(s—) +6(s=)2 + 1) dN(s)
t—o00 t - t—o0 t 2 0 2 0
t
+VL / g(s)ds]. (5.42)
0

Now to obtain an estimate for the sample Lyapunov exponent of the solution of (5.30)
we must obtain an almost sure estimate for each of the terms on the right-hand side of
(5.42). From the way that € is defined (see (5.33)) we see that

t
limsup%/ —&(s—)ds < =2ppmin. (5.43)
0

t—o00

For the second term of the right-hand side of (5.42), by the strong law of large numbers
for a Poisson process (see Sato [42] pp. 246), it holds that

limw=>\

t—oo t

and hence,

t
limsup% [/ log (e(s—) +6(s=)2 + 1) dN(s)] < limsup% [log(1 + ||DJls)2N(t)]
t—00 0 t—o0 .
= 2Xlog(1 + pmaz)- (5.44)
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Recall that for each t > 0, g(t) = <I>(t)_% SUP;_r<u<t @(u)% Now fort > 7

g(t) = exp (% /Ot Ae(s)ds — -;-/ot log (e(s—) +8(s—)% + 1) dN(s))
X sup exp (—% /Ou Ae(s)ds + % /Ou log (e(s—) +6(s=)2 + 1)dN(s))

t—T<u<t

¢ t
sup exp (l/ As(s)ds) X sup exp (—l/ log (e(s-—) +6(s—)% + 1) dN(s))
t—r<u<t 2 u t—r<u<t 2 u

< ep (Dl x sp_exp (- [ logta-+1D1)aN ()

t—r<u<t
< exp(A|D|l«7) = exp (rApmaz) -

il

Hence,

t t
limsup %./o g(s)ds < liltn sup-}; /0 exp (APmazT) ds = €xp (APmazT) - (5.45)
—00

t—oo

Applying (5.43), (5.44), and (5.45) into (5.42) then

. 1 .
limsup - log |z(t)| < )\(log(l + Pmaz) — pmm) + \/Eexp (ApmazT) a.s.

t—oo t

]

Remark 5.5.4 To obtain almost sure exponential stability for the trivial solution of
(5.30) we can see from (5.35) that the time delay 7 has to be sufficiently small.
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Appendix A

Existence and uniqueness of
SFDEs

In this section we will prove the existence and uniqueness of solutions of SEFDEs driven
by Lévy processes under the Lipschitz and growth conditions (F1)-(F2). The proof is
based on Picard iteration and a combination of arguments used by Applebaum {1] pp.
305-309 in the proof of existence and uniqueness of SDEs driven by a Lévy process, and
by Mao for SFDEs driven by Brownian motlon in [33] pp. 150-152. Note that in the
proof below we are using || - [l2 = (E(] - |2))?  in L*(Q,F,P).

Theorem A.0.5 Assume that the Lipschitz and growth conditions (F1) and (F2) hold.
Then there exists a unique solution x = (z(t),t > —7) to (5.1) with initial data zo. The
process x is adapted and cadlag.

Probf of existence: Define a sequence of processes (z",n € NU {0}) such that for each
t >0, 2°(t) = z0(0) and ¥ = zo and for each n € NU {0},t > 0,
t t t B
20 = 200) + [ feSds+ [Co@IaBO) + [ [ Ha,v)NEs )
0 0 0 Jlyl<e )
(A1)
Now each of the It6 integrals in (A.1) is a stochastic integral of a predictable process,
which by Applebaum [1] Theorem 4.2.3 and Theorem 4.2.12 is F;-adapted and has a

cadlag modification. Using this property and a simple inductive argument we can show
that each z", for n € NU {0}, is adapted and cadlag.
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Now for each n € NU {0},¢ > 0, we have

t t
n+1 —z" — " ) — :L.n—l s " ) — xn—l s
21(t) — 27(t) /0 [F(e0) - f@m=Y)] ds + /0 [9(a™_) — g(a™=V)] dB(s)

t -~
+ /0 fw <o [H(2?_,y) — H(z"Z1,y)] N(ds, dy). (A.2)

We claim that forallne N, ¢t >0,

Cat)"M™

2 (A.3)

E (Osugt |z"(s) — x”'l(s)|2) <

<s

where Cy(t) = tC1(t), Ci(t) = 3t + 24 and M = max {L, K (1 + E (||zo]|?))} with L
and K the Lipschitz and growth constants in (F1)-(F2) respectively.
We will show this by induction.

For n =0, by (1.12), we deduce that

|21 () — 2°(t)|”

ot t t | : 2
[ /0 F(&2_)ds + /0 9(a2_)dB(s) + /0 .yl<cH(’”3~’y)N(ds’dy)]

3{ [/Otf(aco)ds]2 + [/o'tg(xo)dB(s)]z

; 2
+ [ / H(zo,y) N (ds, dy)} } (A4)
0 Jyl<e

for each t > 0 and —7 < 6 < 0. Firstly we take expectations. Then, for the drift
term we use the Cauchy-Schwarz inequality and for the other two terms apply Doobs’s

IN

martingale inequality (see Chapter 1, section 1.3) and then Itd’s isometry property (see
Applebaum [1] Theorem 4.2.3). Finally an application of the linear growth condition
(F2) yields that ‘

t t .
E(Oiggtlwl(t)-x"(t)f) < 3t [ B(fGoP)ds+12 [ B (lo(ao) ) ds
t
+12 /0 /ly |<CE(|H(‘T°’y)|2) v(dy)ds
<

3Kt /0 (14 B (lwoll?)) ds + 12K /0 C(1+ B (Jlzoll?)) ds

+12K /Ot (1+ E (|zoll?)) ds
= (3t+24) Kt (1+E (|zo]?)) = CL())Kt (1 + E (|lzo]?))
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where C1(t) = 3t + 24. Therefore

E ( sup |x xo(t)|2) < Co(t)M (A.5)

0<s<t

with Ca(t) = tC1(t) and M = KE (1 + ||z0?).

Now we assume that (A.3) is true for arbitrary n € N and we will check that (A.3) holds
for n + 1. Hence,

[a7+1(t) - 2"(8)] [ / (5 )] ds + / lo(a?-) - 9(=3")] dB(s)

+/ /|y|<c [H(z?_,y) — H(z3Z1,y))] N(ds’dy)r
{[/ [£(e2) - @) dS] [/ lo(e5-) = 9(z3=0)] ‘”3(8)]2
L o]

By the same arguments as was used in deducing (A.5),

35 (oi‘i‘;t {[ i) - stz du}2>

a5 ({ [ o) - stz anto}

+128 ({ [ e -ae ,y]N(ds,dy)}z)]
&) [ [® (lf(:v’;.) ~ @Y ds

+ [ E(loer) - s )as -

+/0 /|y|<cE |H(z3-,9) —H(x;‘:‘,y)lz) v(dy)ds]

IA

E <Os<up o™+ (s) — 2™(s)| > <

INA
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where Ci(t) = 3t + 24.
Now by the Lipschitz condition (F1) we have that

t
E ( sup |z"t(s) — rz:”(s)|2> < C1(t)L/ E (“a:g_ - x?:1||2) ds
0<s<t 0

<s

= Cl(t)L/otE (621;23 |:c"(u) - :rn_l(u)|2> ds,
o (A.6)

and by the induction assumption we obtain

t n n n+1 n+1lin+1
nblg a2 Ca(s)"M Ci(t)" T Mt
E (Osétigtlx (s)—z (3)| ) < Cl(t)L/O nl ds < (n+1)!

Mn+102(t) (n+1)
(n+1)!

(A7)

Hence (A.3) is true for all n € N.

Next we shall proof that (z™(t),t > 0) is convergent in the L? sense for each ¢ > 0. First
note that from (A.3) for each m,n € N and for each 0 < s <t we have that

n n r/2pagr/2
lz"(s) = a™(s)lz< D lla"(s) =T ()l S D gz_(lel/Af—
r=m+1 r=m+1 .

Using a ratio test argument, we can see that the series on the right is a convergent
series. Consequently each (z"(s),n € N) is Cauchy and it follows immediately that it is
convergent to some z(s) € L%(Q2, F, P). Define z to be the process (z(t),t > 0). Hence
foreachn e NU{0},0<s<t,

o0 /2 ngr/2
O

r=n+1

(A.8)

In the next lines we will prove the almost sure convergence of (z*,n € N).
The Chebychev inequality and (A.3) yields that

P ( sup [a"(s) — 2" (s)| 2 2%) < (@WE (Ossllgt |z"(s) - xn_l(s)|2>

0<s<t
(4Cy () M)"
n! )

Hence, by the Borel-Cantelli lemma

P (lim sup sup |z"(s) — 2" 1(s)| > l) =0,

n—oo 0<3<t - 2n
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and it follows that

P (Iiminf sup |z"(s) — z""1(s)] < 2%) =1.

n—0 <5<t

Now given any & > 0 there exists ng € N such that for any m,n > ng we have that

n-1 ’ n-1
1
sup |z™(s) — z™(s)] < sup |z"t(s) — 2"(s)| < — <4
2 J2"0) =" S 3 sup ) =6 < 3 g

with probability 1. As a result (z",n € N) is almost surely uniformly Cauchy in finite
intervals [0,¢] and hence almost surely uniformly convergent on finite intervals to the
process z = (z(t),t > 0). Since the uniform limit of a sequence of cadlag functions in a
finite interval is cadlag, then z is cadlag (see Applebaum [1] pp. 119). Also we can find
a subsequence (z™,n; € N) for which the uniform convergence will still hold almost
surely, and hence = = (z(t),t > 0) is adapted (see Applebaum [1] pp. 71).

Now we need to show that z(t), for each ¢ > 0, is a solution to (A.1). Denote by
Z = (Z(t),t = 0) the stochastic process given by

t t t .
30 = 200+ [ s+ [ ge)iB@)+ [ [ H@en)NEsdy)
0 0 0 Jlyl<e
Then, for each n € NU {0}, we obtain
t t
(0 -2"0) = [ (o)~ f@) ds+ [ [olmen) - ol )] dB(o)
t
+ [ @) - B )] §(s, ).
0 Jlyl<e
Following the same arguments as used in deducing (A.6) i.e. the Cauchy-Schwarz

inequality, the It isometry property, the Lipschitz conditions and the result of (A.8),
then for all 0 < s <t < o0,

IA

E (|:E(s) - m"(s)lz) Cl(t)L/otE (”xs_ - x?_||2) ds

= Cl(t)L/OtE (0223 |z(u) — :c"(u)|2) dé‘

< Cyt)L sup E ( sup |z(u) —m”(u)|2>
1 0<s<t 0<u<s .
2
o Cz(t)r/2Mr/2
< aor( £ 2TE)
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The right hand side of the inequality converges to 0 as n — oo, hence Z(s) =
L? — limp—co z(s). But from (A.8) each z(s) = L? — limp—.00 z"(s). Hence, by the
uniqueness of limits &(s) = z(s) almost surely for all 0 < s < t < o0.

Proof of uniqueness: Denote by z and z’ two distinct solutions of (5.1). For each t > 0,
t t
2O -2) = [ 1)~ f@)ds+ [ [o(ee) - olas-)] dB()
t -~
[ [H@ ) = Hleen )] Nds,dy).
0 Jlyl<e

Using the same arguments that were used to deduce (A.6), the Cauchy-Schwarz
inequality, the It6 isometry property and the Lipschitz conditions then we have that

E ( sup |z'(s) — a:(s)|2> < C’l(t)L/OtE (“x’s_ - :1:3_”2) ds

0<s<t

Ci(t)L /OtE (02111}%8 | (u) — x(u)|2) ds.

Applying the Gronwall’s inequality then E (SuPossgt |z’ (t) — x(t)lz) = 0. This yields
that z/(s) = z(s) for all 0 < s <t almost surely and hence for all —7 < s < ¢, since
both satisfy (5.1) with initial condition zo. Now using the continuity of probability we
deduce that

P (2'(t) = z(t) for all ¢t > —7) =P( n ('(t) = z(t) for all —TStSN)> =1
Ne N

and the required result follows. O

In Chapter 5 we have considered “small” and “large” jumps under the same footing by
allowing c to take values in (0, 00]. However, this is unnecessarily restrictive. Hence for
the sake of completeness we will show by interlacing that SFDEs that deal separately
the “small” and “large” jumps of the Lévy process have a unique solution. In this case
we can consider the whole class of Lévy processes as driving noise.

Let z = (2(t),t > to) be the solution of

A0 = 20+ [ fG)ist [ oeine+ [ PRCEULUYS
y|<c

. .
+ / K (25-,y) N(ds,dy) ont >0, (A.9)
0 Jly[>e
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where zg is the fixed initial condition, K : D([—7, 0]; R%) x R¢ — R? is Borel measurable
and the mappings f, g, H and the process B and the random measure N as defined in
Chapter 5.

Assumption A.0.6 We require that

z — K(z,y)
is a continuous mapping for all |y| > c.

Theorem A.0.7 The solution of (A.9), z = (2(t),t > 0) is a unique adapted cadlig
process.

Proof: Let (tp,mn € N) be the arrival times for the jumps of the compound Poisson
process (P(t),t > 0) where P(t) = flylzc yN(t,dy). Let z = (z(t),t > 0) be the solution
of (5.1) and z = (2(t),t > 0) be the solution of (A.9) with 29(0) = zo(0). Using the
interlacing technique (see Applebaum [1] pp. 311) we will construct a solution to the
SFDE (A.9) in the following way:

) = z(t) for0<t<m,
z2(n) = z(n-)+K (2r,-,AP(r1)) for t =,
z(t) = 2(m)+z1(t) — z1(T1) form <t <y,

z2(m2) = z(re=)+ K (2,-,AP(12)) fort =T,

and so on recursively, where for each 7 € N, z; is the solution of (5.1) with z;(0) = 2(n;)
and zr, : @ — D([—,0);R?) is defined as

2 (W)(0) = 2(7i + 0)(w)

for each w €  and 6 € [—7,0]. Now z is a solution to (A.9) and is easily seen to be an
adapted and cadlag process. Note that assumption A.0.6 ensures the predictability of
the Poisson integrals. By the uniqueness of the solution of (5.1) (see Theorem A.0.5)
and the form of the interlacing structure, z is unique. O
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Appendix B

A useful lemma

The following lemma applies for Theorem 5.4.1, Chapter 5.

Lemma B.0.8 Let h > 1 and p, p1, ..., pk, T be positive constants. Then

k
p— thn =log(h)/T (B.1)
n=1
has a unique solution.

Proof: Let hy > 1 and hy > 1 be two distinct solutions to (B.1). Hence,

k k
p—hi Z pn =log(h1)/T and p—h, Z pn = log(ha)/T.

n=1 n=1

This implies that

k
7(h1 — hg) an + log (%) = 0. (B.2)

n=1

Now if h1 > hy then for all hy, hy > 1 we have that 7(hy — h) 33X _, pn + log (%1) > 0.

2

If hy < ha then for all hy,he > 1 we obtain that 7(h1 — ha) S°F_, ps + log (%) < 0.

Hence, (B.2) is satisfied only if hy = hs. o
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