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ABSTRACT

The frequency domain methods for linear systems are well accepted by engineers
and have been widely applied in engineering practice because the transfer function of
linear systems can always provide a coordinate-free and equivalent description for
system characteristics and are convenient to be used for the system analysis and
design. Although the analysis and design of linear systems in the frequency domain
have been well established and the frequency domain methods for nonlinear systems
have already been investigated for many years, the frequency domain analysis for
nonlinear systems is far from being fully developed. Nonlinear systems usually have
very complicated output frequency characteristics and dynamic behaviour such as
harmonics, inter-modulation, and even chaos and bifurcation etc. Therefore, the
frequency domain theory for linear systems can not be directly extended to nonlinear
systems, and the investigation and understanding of these nonlinear phenomena in the
frequency domain are not straightforward.

In this study, some new advances in the characterization and understanding of
nonlinearities in the frequency domain have been established, based on
Volterra/Wiener series approach. A systematic frequency domain approach for the
analysis and design of a class of nonlinear systems, referred to as nonlinear Volterra
systems, has been developed. The main results are summarized as follows:

(a) A parametric characteristic analysis method is proposed for the frequency domain
analysis of nonlinear Volterra systems by using a novel operator. The result
clearly reveals, for the first time, the analytical relationship between high order
frequency response functions of nonlinear Volterra systems and system time-
domain model parameters, and demonstrates explicitly what model parameters
affect system frequency response functions and how they do. This also provides
a novel method for understanding higher order generalized frequency response
functions (GFRFs) of Volterra systems. (Chapters 2-3 and Chapter 8)

(b) Based on the results and the parametric characteristic analysis in (), the output
spectrum of nonlinear Volterra systems can be explicitly expressed into a
straightforward polynomial function of any interested model parameters with
detailed parametric structure, which can directly relate system output frequency
response to any interested model parameters such that system output frequency
response can therefore be analyzed via these model parameters. It is further
demonstrated that the polynomial function can be accurately determined by a
Least Square method from experiment or simulation data without complicated
computations. This provides a significant basis for the analysis and design of
nonlinear Volterra systems in the frequency domain. (See Chapter 4 and
Chapters 8-9)

(c) Based on the parametric characteristics of the nth-order GFRF of nonlinear
systems, a novel mapping from the parametric characteristics of the nth-order
GFRF to itself is established. This result enables the nth-order GFRF and output
spectrum to be directly written as a polynomial forms in terms of the first order
GFRF and model nonlinear parameters with a straightforward parametric
relationship (Chapter 5). Based on this new mapping function, it is theoretically
shown for the first time that under certain conditions, the output spectrum of a
class of nonlinear systems can be expressed into an alternating series with
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respect to some model nonlinear parameters. The result is of considerable
practical significance for vibration suppressions (Chapter 6).

(d) Based on the parametric characteristic analysis in (a), the effects of different
orders’ system nonlinearity on the system output frequencies are also studied.
This provides a novel insight into this issue and reveals many significant
phenomena such as the counteraction between different nonlinearities at some
specific frequencies, periodicity property of output frequencies, etc. These
results can facilitate the structure selection and parameter determination for
system modelling, identification, filtering and controller design (Chapter 7).

(e) Based on the new advances in the frequency domain theory of nonlinear systems
achieved in the present study, a novel vibration control approach is proposed.
This is a systematic frequency domain analysis based approach, which exploits
the potential advantage of nonlinearities to achieve the purpose of vibration
suppression (Chapter 9).

A series of systematic frequency domain analysis and design theories and methods
for nonlinear Volterra systems have been established in the present study, The
significances of these results are: (1) it can directly relate the nonlinear model
parameters of interest to system frequency response functions, and therefore the
nonlinear controller parameters or structural parameters can be analysed and designed
in the frequency domain in a way which can relatively be easy to be implemented in
engineering practice; (2) the method can be used not only to design a nonlinear
feedback controller for a system by exploiting the potential advantages of
nonlinearities, but also to analyse and design structural nonlinear characteristics which
can be realized in a passive/active manner to achieve a desired passive structural
physical characteristics; (3) it provides a novel approach to understanding the nature
of a considerably large class of practical nonlinear systems.
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Chapter 1 Introduction

Chapter 1
INTRODUCTION

1.1 Frequency domain methods for nonlinear systems

Frequency domain methods can usually provide some intuitive insights into
system underlying mechanisms or characteristics of interest which are in most cases
easier for engineers to understand. For example, the transfer function of a linear
system is always coordinate-free and equivalent description whatever the model of the
studied system is transformed by any linear transformations; the instability of a linear
system is usually associated with at least one right-half-plane pole of the system; the
peak of system output vibration often happens at the natural resonance frequency of
the system, and so on. Therefore, frequency domain analysis and design of
engineering systems are always one of the most favourite methodologies in practices
and attract extensive research both in theory and application.

It is known that the analysis and synthesis of linear systems in the frequency
domain have been well established. There are many methods and techniques that have
been developed to cope with the analysis and design of linear systems in practice such
as Bode diagram, root locus, Nyquist plot and so on (Ogota 1996). However, the
frequency domain analysis for nonlinear systems is not straightforward. Nonlinear
systems usually have very complicated output frequency characteristics and dynamic
behaviour such as harmonics, inter-modulation, chaos and bifurcation, which can
transfer signal energy between different frequencies to produce outputs at the
frequency components of which may be quite different from the frequency
components of the input. These phenomena complicate the study of nonlinear systems
in the frequency domain, and the frequency domain theory for linear systems can not
directly be extended to the nonlinear case. Therefore, the investigation and
understanding of nonlinear phenomena in the frequency domain are far from being
fully developed.

Frequency domain analysis of nonlinear systems has been studied since the fifties
of last century. A traditional method was initiated by investigation of global stability
of the stationary point within the frames of absolute stability theory, and then
frequency domain methods for the analysis of stability of stationary sets and existence
of cycles and homo-clinical orbits, as well as for the estimation of dimension of
attractors etc were developed thereafter (Leonov et al 1996). Practically, the nonlinear
behaviour or characteristics of a specific nonlinear part or nonlinear unite in a system
can usually be analyzed by using describing functions or harmonic balance in the
frequency domain. The describing function method represents a very powerful
mathematical approach for the analysis and design of the behaviour of nonlinear
systems with a single nonlinear component (Atherton 1975). It can be effectively
applied to the analysis of limit cycle and oscillation for nonlinear systems in which
the nonlinearity does not depend on frequency and produces no sub-harmonics etc.
Applications for controller design based on describing function analysis have
extensively been reported (Gelb and Vander Velde 1968, Taylor and Strobel 1985).
However, limitations of the describing function methods are noticeable. For example,
Engelberg (2002) provides a set of nonlinear systems for which the prediction of limit
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cycle by using describing functions is erroneous. Simultaneously, some improved
methods were also developed (Sanders 1993, Elizalde and Imregun 2006, Nuij et al
2006). Another elegant method for the frequency domain analysis of nonlinear
systems in practice is referred to as the harmonic balance (Solomou et al 2002, Peyton
Jones 2003). This method provides an approximation of the amplitude of the steady
state periodic response of a nonlinear system under the assumption that a Fourier
series can represent the steady state solution. It can deal with more general problems
of nonlinear systems such as the sub-harmonics and jump behaviour etc for both the
time domain and the frequency domain responses. Except these well-established and
noticeable methods, there are also some other results for the nonlinear system analysis
in the frequency domain reported in literature. For example, based on the frequency
domain methods for linear systems such as Bode diagrams, singular value
decomposition, and the idea of varying eigenvalues or varying natural frequencies, the
frequency domain methods for the analysis and synthesis of uncertain systems or
time-varying systems were studied in Orlowski (2007), Glass and Franchek (1999),
Shah and Franchek (1999) and Logemann and Townley (1997); and a frequency
response function for convergent systems subject to a harmonic input was recently
proposed in Pavlov (2007), etc.

For a class of nonlinear systems, which have a convergent Volterra series
expansion, frequency domain analysis can be conducted based on the concept of
generalized frequency response function (George 1959, Schetzen 1980, Rugh 1981).
As studied in Boyd and Chua (1985), nonlinear systems, which are time invariant,
causal and have fading memory, can be approximated by a Volterra series of a
sufficiently high order. The results in Sandberg (1982, 1983) show that even nonlinear
time varying systems have such a locally convergent Volterra series expansion under
certain conditions. Therefore, this kind of frequency domain analysis methods can
deal with a considerably large class of nonlinear systems which can be driven by any
input signals and do not necessarily restrict to a specific nonlinear term, and thus is a
more general methodology. Although the study on Volterra systems and the
corresponding frequency domain methods has been carried out for several decades
since the middle of last century, many problems still remain unsolved, relating to the
application issues of this method both in theory and practices. The study in this
dissertation is focused on this methodology and dedicated to the corresponding
problems in applications.

1.2 Frequency domain analysis based on Volterra series expansion

As mentioned above, the input output relationship of nonlinear systems under
certain conditions can be approximated by a Volterra series of a sufficiently high
order (Boyd and Chua 1985, Sandberg 1982, 1983), which can be written as

y0=Y [ [Lh e )] Jute-r,)dr, (1.1)
n=l i=]

where N is the maximum order of the series, and 4,(z,,--,z,)is a scalar real valued
function of z,..-,z,, referred to as the nth order Volterra kernel. Generally, y() is a

scalar output and u(f) is a scalar bounded input in (1.1). The nth order generalized
frequency response function (GFRF) of nonlinear system (1.1) is defined as the
multivariate Fourier transformation of 4,(z,,---,z,) (George 1959)
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H,,(ja),,---,ja;")=£° ---[;h,,(r,,---,r,,)exp(—j(a)lrl+---+a)"t"))dr,---dr,, (1.2)

Clearly, (1.1) is a generalization of the traditional convolution description of line.:ar
systems to nonlinear systems. This fundamental property enables the Volterra series
to have an extensive usefulness in modelling and analysis of a very wide class of
nonlinear systems both in deterministic and stochastic (Volterra 1959, Van De Wouw
et al 2002, Rugh 1981). This has been vindicated by a large number of applications of
the Volterra series reported in modelling, identification, control and signal processing
for different systems and engineering practices, which include electrical systems,
biological systems, mechanical systems, communication systems, nonlinear filters,
image processing, materials engineering, chemical engineering and so on (Fard et al
2005, Doyle et al 2002, French 1976, Boutabba et al 2003, Friston 2000, Yang and
Tan 2006, Raz and Veen 1998, Bussgang et al 1974). Technically, most of these
results are related to direct estimation or identification of the kernel 4,(z,,--,7,) or the

GFRF H,(jw,,,jw,) from input output data (Brilliant 1958, Kim and Powers 1988,
Bendat 1990, Nam and Powers 1994, Schetzen 1980, Schoukens 2003, Ljung 1999,
Pintelon and Schoukens 2001).

Based on the existence of Volterra series expansion, the study of nonlinear
systems in the frequency domain was initiated by the introduction of the concept of
the generalized frequency response functions (GFRFs) as defined in (1.2). This
provides a powerful technique for the study of nonlinear systems, which is similar to
those based on the transfer function of linear systems. Thereafter, a fundamental
method, referred to as Probing method (Rugh 1981), greatly promoted the
development of this frequency domain method for nonlinear systems. By using the
probing method, the GFRFs for a nonlinear system described by nonlinear differential
equations (NDE) or nonlinear auto-regressive model with exogenous input (NARX)
can directly be obtained from its model parameters. These results were further
developed by Peyton-Jones and Billings (1989) and Billings and Peyton-Jones (1990),
respectively. Based on these techniques, many results have been achieved for the
frequency domain analysis of nonlinear systems which have a convergent Volterra
series expansion. Swain and Billings (2001) extended the computation of GFRFs for
SISO models to the case of MIMO nonlinear systems. The derivation of the GFRFs of
nonlinear systems with mean level or DC terms was discussed in Zhang et al. (1995).
The system output spectrum and output frequencies were studied in Lang and Billings
(1996, 1997). Some preliminary results for the bound characteristics of the frequency
response functions were given in Zhang and Billings (1996) and Billings and Lang
(1996). These bound results were greatly generalized in Jing et al (2007) where the
bound expressions are described into an elegant and concise form which is a
polynomial of the first order GFRF with model nonlinear parameters as coefficients.
The energy transfer characteristics of nonlinear systems were studied in Billings and
Lang (2002) and Lang and Billings (2005) recently, and some diagram based
techniques for the understanding of higher order GFRFs were discussed in Peyton-
Jones and Billings (1990) and Yue et al (2005). Furthermore, the concept of Output
Frequency Response Function of nonlinear systems was proposed in Lang et al (2006,
2007). These results form a fundamental basis for the development of frequency
domain method for nonlinear systems studied in this dissertation.
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1.3 Problems to be studied

As mentioned before, the frequency domain analysis of nonlinear systems is much
more complicated than that for linear systems, because nonlinear systems usually
have very complicated nonlinear behaviours such as super-harmonics, sub-harmonics,
inter-modulation, and even bifurcation and chaos. These phenomena complicate the
study of nonlinear systems in the frequency domain, and the frequency domain theory
for linear systems can not directly be extended to the nonlinear case. Although there
are some remarkable results having been developed as mentioned before, a systematic
and more practical approach to the analysis and design for a much wider class of
nonlinear systems in the frequency domain still remains to be developed.

In this dissertation, our study focuses on the frequency domain methods for the
class of nonlinear systems which have a convergent Volterra series expansion for its
input output relationship in the time domain as described in (1.1) (Sandberg 1982ab,
1983ab, Boyd and Chua 1985), and which are referred to as nonlinear Volterra
systems in what follows. As discussed, the computation of the GFRFs and output
spectrum is a key step in the frequency domain method based on Volterra series
theory. To obtain the GFRFs for Volterra systems described by NDE models or
NARX models, the probing method can be used (Rugh 1981). Once the GRFRs are
obtained for a practical system, system output spectrum can then be evaluated (Lang
1996). These form a general procedure for this methodology. The advantages of this
method, as mentioned, may lie in at least the following three points:

(al) it is a mathematically elegant method for a considerably large class of nonlinear
systems frequently encountered in practices of different fields, not restrict to a
specific nonlinear unite or single nonlinear component;

(a2) it holds for any bounded input signals whatever the input is deterministic or
stochastic, not restrict to some specific input signals such as harmonic or triangle
or step inputs;

(a3) it provides very similar techniques to these for linear systems. For example the
GFRFs for Volterra systems are similar to the FRF for linear systems, which are
familiar to most engineers.

However, from previous research results, it can be seen that, the high order GFRF
is actually a sequence of multivariable functions defined in a high dimensional
frequency space. The evaluation of the values of the GFRFs higher than fourth or fifth
order can become rather hard due to the large amount of algebra or symbolic
manipulations that are involved (Yue ef al. 2005). The situation may go worse in the
computation of the system output spectrum of higher orders, since this involves a
series of repetitive computations of the GFRFs from the first to the highest order that
are involved. Moreover, the existing recursive algorithms for the computation of the
GFRFs and output spectrum can not explicitly and simply reveal the analytical
relationship between system time domain model parameters and system frequency
response functions in a clear and straightforward manner. These inhibit the practical
application of the existing theoretical results to such an extent that many problems
remain unsolved regarding the nonlinear characteristics of the GFRFs and system
output spectrum. For example, how these frequency response functions are influenced
by the parameters of the underlying system model, what the connection to complex
nonlinear behaviours is from the frequency response functions, and so on. From the
viewpoint of practical applications, it can be seen that a straightforward analytical
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expression for the relationship between system time-domain model parameters and
system frequency response functions (including the GFRFs and output spectrurg) can
considerably facilitate the analysis and design of nonlinear Volterra systems in the
frequency domain.

1.4 Objective of this dissertation

In this dissertation, a novel systematic frequency domain method is developed for
the class of nonlinear systems which have a convergent Volterra series expansion
described by (1.1) for its input-output relationship in the time domain. Consider the
input of (1.1) is any continuous and bounded input function u(#) in t 2 0 which has
Fourier transform U(jw) with input domain denoted by V, i.e., e ¥ . u(f) may also be
a multi-tone function in the following study, which is obviously a special case and can
be described by

4
u(t) = ZIE|cos(a),.t+LF,.) (1.3)
i=l
where F,is a complex number, £F,is the argument, |F,| is the modulus, K eZ+, and Z+
denotes all the positive integers. The class of input can be written formally as
K, = {u(t) € CR)|sup,calu(®)| < U, Ju(t = 7) —u()| S Uy, for 7 2 0} (1.4)
where Q(R) stands for the space of bounded continuous function on R which
represents the set of all the real numbers, |u(+)| denotes the absolute value of u().

In the following studies, the Volterra systems of interest may be described by a
NDE model as follows

M m K 4 dl, y(t) P+q dl,u(t)
I o] =0 1.5
ZZ Z cp,q( 12 2peg )l'—I[ dt" dtl‘ ( )

m=l p=01.0,,,=0 i=p+l

X X K
d;xft) =x(t), prg=m, Y. ()= > (), MeZ+ is the maximum degree of
1peq=0

where

t 1=0 hidpey=0 4,=0

nonlinearity in terms of y(t) and u(t), K e Zo+ is the maximum order of the derivative,

and Zo+ denotes all the non-negative integers. In this model, the parameters such as
co,1(-) and ¢ o(.) are referred to as linear parameters, which correspond to the linear

1 i
terms in the model, ie., d ; ,(t) and dd':ft) for #=0,1,....,K, and ¢, () for p+g>1 are
t

referred to as nonlinear parameters corresponding to nonlinear terms in the model of

dt" dt"
nonlinear parameterc, (). A similar discrete nonlinear model known as NARX model

A + A
the form 1!1 4’y (t)ﬁ TuO oo, ()P u(r)!. p+q is called the nonlinear degree of the
i=1

i=p+]

is often used for practical nonlinear system identification from experimental data,
which is given by

prq

W= 3% ¢tk ] [ -k Ju—k) (16)
i=)

=l p=0k .k, =1 i=p+l
Note that (1.6) is normalized for the coefficient y(f). For clarity and consistence with
the discrete model (1.6), assume that ¢; o(0)=1 in (1.5).

Considering system (1.1) and all the systems which can be approximated by (1.1)
and described by (1.5) or (1.6), for the problems discussed in the last section, the
study in this dissertation is dedicated to develop some effective methods to understand,
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analyse, and characterize nonlinearities in the frequency domain, and therefore to
establish a systematic frequency domain approach to the analysis and design of
nonlinear Volterra systems in practices. Potential applications of the theoretical results
will be validated by some detailed techniques and practical methods developed for
some practical engineering problems.

1.5 Outline of the dissertation

The following chapters are organized as follows.

In Chapter 2, a novel and powerful operator is introduced and the concept of
parametric characteristic analysis (PCA) for the nonlinear frequency response
functions is defined and demonstrated, which is the fundamental basis of the whole
study of this dissertation. It is shown that the PCA method is not only effective for the
analysis of the frequency response functions of interest in this study, but may also be
applicable for a class of parameterized polynomial systems. This part is mainly based
on the published paper [2] and research reports [1] and [5] as listed in the Appendix.

Chapter 3 provides the fundamental results obtained by applying the PCA to the
GFRFs of nonliear Volterra systems, which show an explicit relationship between the
GFRFs and the system time-domain model parameters. Moreover, a correction for the
recursive computation of the GFRFs given in Peyton-Jones and Billings (1989) and
Billings and Peyton-Jones (1990) is discussed, and examples are provided to
demonstrate the results. This part is mainly based on the published paper [2] and
research reports [1] and [5] as listed in Appendix.

Based on the parametric characteristics of the GFRFs obtained in Chapter 3, the
parametric characteristic of system output spectrum for Volterra systems is studied in
Chapter 4. A novel frequency domain method for nonlinear Volterra systems based on
the PCA method, referred to as the parametric characteristics based output spectrum
analysis, is proposed with some fundamental techniques developed for practical
applications. Some advantages and disadvantages of this new frequency domain
method are demonstrated and compared with other methods. Simulation studies are
conducted to demonstrate these results. This part is mainly based on the published
papers [8] and [12] and research reports [1] and [5] as listed in Appendix.

Based on the parametric characteristics of the GFRFs for nonlinear Volterra
systems, a novel mapping function from the parametric characteristics of the nth-order
GFREF to itself is established in Chapter 5. The GFRFs and output spectrum can
therefore be directly written into a polynomial function in terms of model nonlinear
parameters and the first order GFRF. This result can facilitate the analytical
computation of the GFRFs and output spectrum and the analytical analysis of system
nonlinear characteristics in the frequency domain. This part is mainly based on the
published papers [7] and [9] and research reports [6] and [9] as listed in Appendix.

In Chapter 6, the effect of system nonlinearity on system output spectrum is
studied by using the results in Chapter 5. Based on the novel mapping function
established in Chapter 3, it is theoretically shown for the first time that under certain
conditions the system output spectrum can be expressed into an alternating series with
respect to some model nonlinear parameters. The results are verified by simulation
studies. These results provide a novel investigation for the effect of nonlinearities on
system output behaviours in the frequency domain. This part is mainly based on
research reports [7] and [10] as listed in Appendix.

Chapter 7 investigates the nonlinear effect on the system output spectrum from
another perspective. The output frequencies contributed by different system
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nonlinearities are studied and some significant properties, e.g. periodicity, of
nonlinear system output frequencies are unveiled. Examples are given to demonstrate
these results. This part is mainly based on research report [8] as listed in Appendix.

An extension of the results in Chapters 3 and 4 is provided in Chapter 8, which
generalizes the results established for the SISO input-output models described by (1.5)
and (1.6) to system models with a state space equation and a general nonlinear output
function. This part is mainly based on the published papers [3-6, 10] and research
report [4] as listed in Appendix.

Chapter 9 provides a practical application of the parametric characteristics-based
output spectrum analysis method established in Chapter 4 and Chapter 8 for the
analysis and design of a vibration suppression system. This part is mainly based on
the published papers [1], [8] and [11] and research reports [2] and [3] as listed in
Appendix.

A summary and overview for the research studies in the thesis is given in Chapter
10.

A publication list of the author during his studying for PhD degree is provided in
Appendix, and all references of the thesis are then listed.



PhD dissertation: Frequency Domain Theory of Nonlinear Volterra Systems

Chapter 2
PARAMETRIC CHARACTERISTIC ANALYSIS (PCA)

In this Chapter, the concept of parametric characteristic analysis (PCA) for a class
of polynomial functions with parameterized coefficients is introduced, and based on
this concept, a novel and powerful operator, which is referred to as Coefficient
Extractor (CE), is defined and demonstrated, which plays a fundamental role for the
purpose of parametric characteristic analysis for a class of parameterized polynomial
functions with separable property.

2.1 Separable functions

Definition 2.1. A function A(s; x) is said to be separable with respect to parameter
x if it can be written as h(s;x) = g(x)- f,(s) + £, (s), where fi(.) for i=0,1 are functions of
variable s but independent of the parameter x. O

A function h(s; x) satisfying Definition 1 is referred to as x-separable function or
simply separable function, where x is referred to as the parameter of interest which
may be a parameter to be designed for a system, and s represents other parameters or
variables, which may be a reference variable (or independent variable) of a system
such as time or frequency.

Remark 2.1. In the definition of an x-separable function A(s; x), x may be a
vector including all the separable parameters of interest, and s denotes not only the
independent variables of A(.), but also may include all the other un-separable and
uninterested parameters in A(.). The parameter x and s are real or complex valued, but
the detailed properties of the function A(.) and its parameters are not necessarily
considered here. Note also that in Definition 1, fy(s) and fi(s) are invariant with
respect to x and g(x). Thus A(s; x) can be regarded as a pure function of x for any
specific s. In this case, if g(x) is known, and additionally the values of h(s; x) and g(x)
under some different values of x, for example x; and x,, can be obtained by certain
methods (simulations or experimental tests), then the values of fy(s) and fi(s) can be
achieved by the Least Square method, i.e.,

h(s;x) = g(x)- £+ fo9)  [f] 1 gx)T ks x,)
= - @2.1)
h(S;xz)=g(x2)'f1(s)+fo(s) Si(s) 1 g(x,) h(s;x,)

Thus the function A(s; x) at a given s can be obtained which is an analytical function
of the parameter x. This provides a numerical method to determine the relationship
between the parameters of interest and the corresponding function. O

An x-separable function /(s; x) at a given point s is denoted as A(x)|,, or simply as
h(x)s.

Consider a parameterized function series
H(s;x) =g () f1(5)+ g, () f,(s) +---+ g, (x)f, () =G - FT (2.2)
where n>1, f(s) and g(x) for i=l,...,n are all scalar functions, let
F=[£16s), £,(8),+, £,(s)] and G= [ g,(x),8,(x),,g,(x)], x and s are both parameterized
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vectors including the interested parameters and the other parameters, respectively.
The series is obviously x-separable, thus H(x), is completely determined by the

parameters in x or the values of g,(x),g,(x),-,g,(x). Note that at a given point s, the
characteristics of the series H(s; x) is completely determined by G, and how the
parameters in x are included in H(s; x) is completely demonstrated in G, too.
Therefore, the parametric characteristics of the series H(s; x) can be totally revealed
by the function vector G. The vector G is referred to as the parametric characteristic
vector of the series. If the characteristic vector G is determined, then following the
method mentioned in Remark 2.1, the function H(x), which shows the analytical
relationship between the concerned parameter x and the series is achieved, and
consequently the effects on the series from each parameter in x can be studied. The
function H(x), is referred to as parametric characteristic function of the series H(s; x).

Based on the discussions above, the following result can be concluded.

Lemma 2.1. If H(s; x) is a separable function with respect to the parameter x, then
there must exist a parametric characteristic vector G and an appropriate function
vector F, such that H(s; x)=G-F’, where the elements of G are functions of x and
independent of s, and the elements of F are functions of s but independent of x. O

According to the definition and discussion above, it will be seen that the nth-order
GFREF of the NDE model in (1.5) and NARX model in (1.6) is separable with respect
to any nonlinear parameters of the corresponding models. As mentioned, in order to
study the relationship between an interested function H(s; x) and its separable
parameters x, the parametric characteristic vector G should be obtained. For a simple
parameterized function, it may be easy to obtain parameterized vector G. But for a
complicated function series with recursive computations, this is not straightforward.
To this aim, and more importantly for the purpose of the parametric characteristic
analysis for the nth-order GFRF and output spectrum of Volterra systems described
by (1.5) or (1.6), a novel operator is introduced in the following section for the
extraction of any parameters of interest involved in a separable parameterized
polynomial function series.

2.2 Coefficient Extractor

Let C, be a set of parameters which takes values in C, let P, be a monomial
function set defined in C,, ie., P. = {c,"c;z el C }, where|C,| is the

5

¢, eCyrielZyl=

number of the parameters in C,, Z+ denotes all the positive integers. Let , be another
parameter set similar to C, but W, n C,=¢, and let P, be a function set defined in w,,
ie, P, ={f (W, w, )]w,. ew,,I =|W|} Let = denote all the finite order function series
with coefficients in P, timing some functions in P, . A series in = can be written as
Hy=s.fi+8,fy++s,f, €2 (2.3)
where s, € P, f, e P, for i=1,..., o€ Z+, C=[s1,5,..., 5, ), and F=[ £i, fos..., 1. I~
Obviously, this series is separable with respect to the parameters inC, and w, . Define a
Coefficient Extraction operator CE:E —» P, 7, such that
CE(H ) =[s,,5,,-,5,]=Ce P.° (2.4)
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where P° = {[s,,sz,»--,sa Jsisess, € Pc}. This operator has the following properties:

(1) Reduced vectorized sum “® ”.
CE(HC,F, + HC,F, )= CE(H(:,F, )® CE(HC,F, )=C,®C, =[C,, Gl
andC, = VEC(T, -T, nC,), where T, = et <i<|c} T, = o s i<l
VEC(.) is a vector consisting of all the elements in set (.). C; is a vector
including all the elements in C; except the same elements as those in C;.

(2) Reduced Kronecker product “®”.
CE(HC,F, ' HC,F, )

= CE(H ) ® CE(Hy,)
C3 = [Cl (l)Cz PR C] (|Cl |)C2 ]}

A
=C,®C,=VEC]c
c=C,()1<is|Cy

which implies that there are no repetitive elements in C, ®C, .

(3) Invariant.
() CE(a- HCF) = CE(HCF), Va gC,; (ii) CE(Hcy, + Hey, )=CE(H i) = C.

(4) Unitary. (i) If a’;i _oforveeC,, thenCE(H,,)=1; (ii) if H,, =0 forvcec,,
C

then CE(Hcp)=0. When there is a unitary 1 in CE(Hcr), there is a nonzero
constant term in the corresponding series Her which has no relation with the

parameters in C, .

(5) Inverse. CE'(C)=Hcr. This implies any a vector C consisting of the elements
in P, should correspond to at least one series in=.

(6) CE(H,,)~CE(H.,) if the elements of C; are the same as those of C,, where

“~” means equivalence. That is, both series are in fact the same result
considering the order of sjf; in the series has no effect on the value of a series
Hcr. This further implies that the CE operator is also commutative and
associative, for instance, CE(H,, +H.,.)=C,®C, = CE(H., +H.;)=C,®C,.
Hence, the results by the CE operator may be different but all may correspond
to the same function series and are thus equivalent.

(7) Separable and parameters of interest only. A parameter in a series can only be
extracted if the parameter is of interest and the series is separable with respect
to this parameter. Thus the operation result is different for different purposes.
U

Note that from the definition of the CE operator above, all the operations are in
terms of the parameters in C,, and the CE operator sets up a mapping from Z to P, °.

For convenience, let %(-) and g))(-) denote the multiplication and addition by the

reduced Kronecker product “®” and vectorized sum “@® > of the terms in (.) satisfying

10
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k . .
(*), respectively; and ®C,, =C,,®-®C,, can be simply written as . For model

(1.5), define the (p+qg)th degree nonlinear parameter vector as
Cpg =1y q (0,00, 4 (0., (K, K)] (2.5)
p+g=m
which includes all the nonlinear parameters of the form c,4(.) in model (1.5). A
similar definition for model (1.6) as
Cp,q = [cp,q ((XIEN )8 Coq (4,---,2),--, Cpa (X,---,K)] (26)
p+q=m
Note that C,,, can also be regarded as a set of the (p+¢)th degree nonlinear parameters
of the form ¢, 4(.). Moreover, if all the elements of CE(Hcr) are zero, i.e., CE(Hcr)=0,
then CE(Hcy) is also regarded as empty.

The CE operator provides a useful tool for the analysis of the parametric
characteristics of separable functions. It can be shown that the nonlinear parametric
characteristics of the GFRFs for (1.5) or (1.6) can be obtained by directly substituting
the operations “+” and “.” by “® ” and “® in the corresponding recursive algorithms,
respectively, and neglecting the corresponding multiplied frequency functions. This is
demonstrated by the following example.

Example 2.1. Computation of the parametric characteristics of the 2" order GFRF
of model (1.5). The 2" order GFRF from Billings and Peyton-Jones (1990) is

L(n)-H"(ja)l,'--,ja),,) = Zco_"(k,,---,k")(ja),)" "'(jwn)k"

k&, =1
n-1 n-q K "
200 Dbk @, ) o) Gy jo,,) 2.7)
g=1 p=1 kk,, =0
n K
+ Cpolhry ok H, (o, o, jo,)

=2 ky k=0

=

I3
K

for n=2, where L2)= - c, ko +jo) , H,(e)=H(o)Ge)"
k=0
Hz,z = Hl (ja)l )H|_| (jwz )(ja), )k, .
Applying the CE operator to (2.7) for nonlinear parameters and using the notation
in (2.5), it can be obtained that
CE(H,())=CE(L(2)- H,()) = C,, @(

-1 2~

® &(C,, ®CE(H,.,, (.)))) ® ( @ C,, ®CB(H,, (.)))

2
-
= o, ®(C,, ®CE(H, ()@ (C,0 ®CE(H,,()))

Note that H;(.) has no relationship with nonlinear parameters, from the definition of
CE operator, it can be obtained that CE(H;(.))=1. Similarly, it can be obtained that
CE(Hz,2(.))=1. Therefore, the parametric characteristic vector of the second order
GFRF is

CE(H,() = Co,z ®C,® Cz,o (28)
(2.8) shows clearly that nonlinear parameters in Cpy, Cy; and Cy have independent
effects on the 2™ order GFRF without interference, and no any other nonlinear
parameters have any influence on the 2" order GFRF. This provides an explicit
insight into the relationship between the 2" order GFRF and nonlinear parameters.
For example, if Hy(.) is required to be a special spectrum or magnitude, only the
parameters in Cy,, C; 1 and C; may need to be designed purposely. O

11
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Example 2.1 shows that the CE operator is very effective for the derivation of the
parametric characteristic vector of a separable function series about the parameters of
interest. It provides a fundamental technique for the study of parametric effects on the
involved parameter-separable function series for any systems. In the present study, in
most cases, the CE operator will be applied for all the nonlinear parameters in model
(1.5) or model (1.6). When the CE operator is applied for a specific nonlinear
parameter c, the parametric characteristic of the nth-order GFRF will be denoted by

CE(Hn())e.

2.3 Summary

The purpose of the parametric characteristic analysis proposed in this chapter is to
reveal how the parameters of interest in a separable parameterized function series or
polynomial affect the function series or polynomial and what the possible effects are.
Obviously, the CE operator provides an important and fundamental technique for this
analysis. The following chapters will demonstrate the usefulness and significance of
these results.

12
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Chapter 3
PARAMETRIC CHARACTERISTIC ANALYSIS
FOR THE GFRFS OF NDE AND NARX MODELS

In this chapter, the GFRFs for nonlinear Volterra systems described by (1.5) and
(1.6) are discussed firstly. Then by using the novel operator defined in Chapter 2, the
parametric characteristic analysis is conducted for the GFRFs of nonlinear Volterra
systems described by model (1.5) and some fundamental and theoretical results are
obtained for the parametric characteristics of the GFRFs. The results explicitly show
what model nonlinear parameters affect the nth-order GFRF and how the effect is.
Consequently, the analytical polynomial relationship between the GFRFs and model
nonlinear parameters is clearly revealed. These provide a significant insight into the
effect of system nonlinear parameters on the GFRFs. Similar results also hold for the
NARX model described in (1.6).

3.1 The GFRFs

As discussed before, the concept of the GFRFs provides a basis for the study of
nonlinear Volterra systems in the frequency domain. By using the probing method
(Rugh 1981), an algorithm to compute the nth-order GFRF for nonlinear Volterra
systems described by the NDE model (1.5) was provided in Billings and Peyton-Jone
(1990):

L.
Ln(ja)] +"'+ja)")'H"(jwl,"',jw") = Zco'"(k],""k,,)(ja)])kl '“(ja)n)k"

K k=)
n-1 n—q X B
+ cp_q(kla'“’klnq)(jwn—q+l) et ”'(ja)pﬂl) - Hn-q,p(ja)]’“"jwn—q) (3'1)
g=t p=l kykpeq=0
n K
) epolhnk )H, (o, jo,)
P=2 ky k=0
n-p+l
Hn.p(')= Hi(jwl""’jwi)Hn—i.p—l(jwm""’jwn)(jwl+"'+ja)i)k" (32)
i=l
Hn,l(ja)l!”.’ja)n)= Hn(jwl’”"ja)n)(jwl ‘*""_"ja)n)kl (3'3)
where
K
Ln(jwl +otjo, )=—ZC,‘0(kl)(jw, +"'+ja)n)k' (34)
k=0
Moreover, #, ,(jw, -, jo,) in(3.2) can also be written as
n-p+l p
Hn.p(jwl"“’jwn)= i HHr, (ij+l""’ja)X¢r, )(ijH +"'+jw,\'+r,)k’ (3.5)
neer,=lot=l
2=
where
i-1
X=>r (3.6)
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3.1.1 A correction and revision for the computation of the nth-order GFRF

In the recursive algorithm for the computation of the GFRFs above, the second
term in the right side of Equation (3.1), i.e.,

n-1 n—q

8 S S b kY0, 0,0 Ho (01170

g=1 p=1 kyk,, =0

should be
K q

SN etk X[ (U@ ) oy, Gy, j0,,) 3.7
k i=l

The correction is in the superscripts for ( jw,,_q+,)"”" e (jw,,, )=+ . That is, Equation (3.1)

should be corrected as

K
Ln(ja)l +“'+ja)n)'Hn(jwl’".’jwn)= Zco,n(kl’“"kn)(ja)l)l‘l "'(jwn)k"

k, k=1
A X 4 . k . .
+ Z > c,,_q(kl,---,k,,ﬂ,)(H(mn_,,ﬂ-) PV gy O, 0,y (3.8)
q=1 p=l k k,, = i=l
n X
+z Zcp_o(k1:""kp)H,.,p(ja)n""jwn)
p=2k k=0

This result can be shown by directly applying the probing method for the cross input-
output nonlinear terms labelled by nonlinear parameter cpq(.) for p>1,4>1in model

(1.5) as demonstrated in Billings and Peyton Jones (1990).

dh y(@ty du(t) dbu()
v dth
The contribution to the asymmetric nth-order GFRF from this specific term is

C" ZHn(jwl”'jwr. )(ja’l +ja) )k J(@+ -+ N Zl(jwr)k,ejm,t _zl(jwr)k,ejm,r

7=l

For clarity, consider a simple cross nonlinear term c, , (k. k,, ;)

Hoy+ @, ) )

(o, ) e’ - (jw,)" e’ 3.9

@yt

H, (o jo,,)jo + +ja),,_2)*‘ e

H"-Z(jwl "'jwn—z)(jwl +"'+jwn-z)k' '(jwn-x)kz ’(ja)n)k] "€
where Cp[.] denote the operation of extracting the coefficient of e/ ** (Billings
and Peyton Jones 1990). By using (3.2) and (3.5), (3.9) is equal to

2
(H (o, )k'“ )Hn-z,l o, jw,,)

i=1
This result is consistent with (3.7). Following the same method and extending to the
general case, (3.7) and (3.8) can be achieved. Moreover, for convenience in further
derivation, let

H, =1, H ,()=0forn>0, H ()=0forn<p,and [[()=i  9=0P>!
e e P et P, an H(')_O g=0,p<1 (3.10)
i=] — Vs =

Then (3.8) can be written in a more concise form as

n n-q

q
Hn (.]wl PR jwn) Z Z Z cP.‘l (kl PR kPHl )(H (ja)n—‘h-i )k,m )Hn-q.[l (ja)l LI jw""l)
Ln (./ w; ) 920 P=0 ki kyy=0 =

(3.11)
Therefore, the corrected recursive algorithm for the computation of the GFRFs is (3.8
or 3.11, 3.10, 3.2-3.5). Note that the GFRFs here are asymmetric and the symmetric
GFRFs can be obtained as

14
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H:ym(jwl"“’ja)n)=l! ZHn(jwl’“"ja)n) (3‘12)

n
all the permutations
of {1,2,...,n}

From the recursive algorithm for the computation of the GFRFs in ((3.8 or 3.11,
3.10, 3.2-3.5)) for model (1.5), it can be seen that the nth-order GFRF is a parameter-
separable polynomial function with respect to the nonlinear parameters in model (1.5).
For convenience, let

p=0---mp+g=m,
CnK)=|c,, (k. k,.,) 2<m<n (3.13)
k,=0--K,i=l--p+q

which includes all the nonlinear parameters from degree 2 to n. Obviously, C(M,K)
include all the nonlinear parameters involved in model (1.5).

3.2 Parametric characteristics of the GFRFs

A fundamental result can be obtained firstly for the parametric characteristic of
the nth-order GFRF of model (1.5), which provides an important basis for the
parametric characteristic analysis of the frequency response functions in the following
studies.

Proposition 3.1. Consider the GFRFs for model (1.5). There exists a complex
valued function vector with appropriate dimension f,(jw,, -, jw,) which is a function

of jw,, -, jo, and the linear parameters in model (1.5), such that
Hn(jw]’.”’jwn) = CE(H"(jwl,"',jw"))'f;,(jw],"',jw") (3'14)
where CE(H, (jo,,-, jo,))is the parametric characteristic vector of the nth-order GFRF

for model (1.5) whose elements include and only include all the nonlinear parameters
in Cy, and all the parameter monomials in C,, ®C,, ®C,, ®---®C,, for 0<k<n-2,

whose subscripts satisfy

k
p+q+2(p,.+q,.)=n+k, 2<p,+q, <n-k,2<p+gq<n-kand 1<p<n-k (3.15)

i=1

Proof. Equation (3.14) is directly followed from Lemma 2.1 and the
corresponding discussions in Chapter 2. It can be derived by applying the CE operator
to Equations (3.2-3.5, 3.8) that

n-1n-q

CE(H, (j,,+++, j,)) = Cy, ® (@ ®C,, 8CEH, ., (-))) ® ( 8C,,® CE(H"‘,,(-») (3.162)

n-p+l n-p+l
CE(H,,())= ® CE(H,()®CE(H,_,.,()) OF CE(H, ()= _ézlécmﬂn o) (3.16b)

Zren
CE(H,,())=CE(H,()) (3.16¢)
Obviously, Cy, is the first term in equation (3.16a). For clarity, consider a simpler
case that there is only output nonlinearities in (3.16a), then (3.16a) is reduced to the

n-p+

1p
® ®CE(H, ().

ne

last term of equation (3.16a), i.e., G"BZC ®CE(H, () = @ C,o®
p= p=2

».0 np

n=n

15
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n-p+i . . N .
Note that & éCE(H,, (~))includes all the combinations of (r.,7;,...,rp) satisfying

reer,=li=l

Zr,=n
P .
Yr,=n, 1sr,<n-p+1, and 2<p<n. Moreover, CE(H,() )=1 since there are no
i=1

nonlinear parameters in it, and any repetitive combinations have no contribution.

n= +] . ., . . .
Hence, ® éCE(H, (~))must include all the possible non-repetitive combinations of

rerp=li=l

Zr,:n
k
(rnra...,r) satisfying Zr,.=n—p+k , 2<r,<n-p+1 and 1<k<p . So does

i=1
CE(H,(jw, - jo,)). Each of the subscript combinations corresponds to a monomial of
the involved nonlinear parameters. Thus, by including the term C, and considering
the range of each variable (i.e., r;, p, and k), CE(H, (jo,, -, jw,)) must include all the
possible non-repetitive monomial functions of the nonlinear parameters of the form

k
C,o®C,,®C,,®®C,, satisfying p+Y r,=n+k , 2<r,sn-k , 0Osks<n-2 and

i=]
2<p<n-k.
When the other types of nonlinearities are considered, by extending the results
above to a more general case such that the nonlinear parameters appear in the

k
®C,, ®®C,, and the subscripts satisfy p+q+) (p,+q)=n+k,

i=]

2<p,+q, <n-k,0<sk<n-2,2<p+q<n-k and 1< p<n-k, the same conclusion

form c,®cC

e

can be reached. Hence, the proposition is proved. O

Remark 3.1. The result in Proposition 3.1 also holds for the NARX model (Jing
et al 2006). In Proposition 3.1, f,(j,-,jw,)is not a function of CE(H,(jw,, -, j®,))
and is invariant at a specific point (w,,-,,) if the linear parameters of model (1.5)
are fixed. Proposition 3.1 provides for the first time an explicit analytical expression
for the nth-order GFRF which reveals a straightforward relationship between the
nonlinear parameters of model (1.5) and the system GFRFs, and is an explicit function
of the nonlinear parameters at any specific frequency point (w,, --,®, ). Equation (3.14)
is referred to as the parametric characteristic function of the nth-order GFRF, which is
denoted by H,(C(n, K ) PR

Remark 3.2. As mentioned above, the CE operator sets up a mapping from = to
P, °. When applying the CE operator to the GFRFs of model (1), ¢,=C(M,K), w,=

(@0} Ule,o k) e, kNO<k <K} , Po=loichclle, e CM,K)r, € Zy,1 =|C(M,K)}
and=={H, Ol<snsN } The condition described by (3.15) in Proposition 3.1 provides a

sufficient and necessary condition on what nonlinear parameters of model (1.5) can
appear in the nth-order GFRF, and also how parameters determine the GFRF.

For a better understanding of the parametric characteristic CE(H, (jw,, -, jw,)), the
following properties of CE(H,(jw,, -, jw,))for the NDE model (1.5) can be obtained,
based on Proposition 3.1.

16



Chapter 3 Parametric characteristic analysis for the GFRFs

: k . . .
Definition 3.1. If a nonlinear parameter monomial []cZ, ) (k>0, j, 20) is an

i=l
element of CE(H,(jo,jo,)) , then it has an independent contribution to
H,(jo,, jo,), and is referred to as a complete monomial of order n (simply as »-
order complete); otherwise, if it is part of an n-order complete monomial, then it is
referred to as n-order incomplete.

Obviously, all the elements in CE(H, (jo,,-+, jo,)) are n-order complete.

Property 3.1. The largest nonlinear degree of the nonlinear parameters appearing
in CE(H,(jw,,, jm,)) is n corresponding to nonlinear parameters cp,o(.) With p+g=n,
and the n-degree nonlinear parameters of form c,4() (p+q=n) are all n-order
complete.

k k
Proof. In (3.15) when p+q=n, then p+g+>.(p +q)=n+) (p,+q)=n+k,
i=l i=1

k
which further yields )" (p, +¢,)=k . Note that 2<p, +¢, <n-kand0<k<n-2, thus
i=l

k=p;=q;=0. Therefore, the property is proved. O

Property 3.2. c¢,,(.) is j-order incomplete for />p+q. That is, for a nonlinear
parameter ¢, 4(.), it will appear in all the GFRFs of order larger than p+g.

Proof. This property can be seen from the recursive equations (3.16a-c) and can
also be proved from Proposition 3.1. Suppose cp4(.) does not appear in

H,(jo,,, jo,), where n>p+q. Consider a monomial ¢, ,(.)e;,(.) with k=n-p-q. It can
be verified from Proposition 3.1 that ¢, ()c;s"(.) is n-order complete. This results in

a contradiction. {J

Properties 3.1-3.2 show that only the nonlinear parameters of degree from 2 to n
have contribution to CE(H,(jw,,,j®,)), and the n-degree nonlinear parameters

contribute to all the GFRFs of order> ».

Property 3.3. If 2< p, +¢,, 1 <k and there is at least one p; satisfying 1< p, except

for k=1, then c,, ()c,,, ()--c,, ()is Z-order complete, where Z= Z(p,+q,) k+1.

i=l

PA ax

Moreover, ILICI',‘I, (yare j-order incomplete for />Z, and have no effect on the GFRFs of
i=]

order less than Z. O

The proof of Property 3.3 is given in Section 3.4. Given any monomial
Cpa VCp. -, (), it can be easily determined from Property 3.3 that, to which order

GFRF the monomial contributes independently. For instance, consider a nonlinear

k,

d” Y(’)Hd ut)
i=4

parameter c3(.), which corresponds to the nonlinear term H
i=1

follows from Property 3.3 that Z=(3+2)-1+1=5. Thus this nonlinear term has an

17
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independent contribution to the 5" order GFRF Hs(.) and affects all the GFRFs of
order larger than 5. Moreover, it has no effect on the GFRFs less than the 5" order.

Property 3.4. If 1<r,and1<k, then the elements of CE(]L[H,' ¢)) are all Z-order

complete, where Z = zk:r,. —k+1, and are all j-order incomplete for />Z, and have no
i=1

effect on the GFRFs of order less than Z. Similarly, the elements of

kl

[Te. 0 © CEC ]k_z[H,,(-) ) are all Z-order complete, where

i=l i=l
k k
Z= Z( P, +q,)+ ) r,—k —k, +1, and are all j-order incomplete for j>Z, and have no
i=1 =
effect on the GFRFs of order less than Z. O

The proof of Property 3.4 is given in Section 3.4. Obviously, this property is an
extension of Property 3.3, which shows that some computation by “®” between some
parameters and the parametric characteristics of some different order GFRFs may
result in the same parametric characteristic.

Property 3.5. CE(H,,,,,(-))=CE(H,,-,,+|('))- O

The proof of Property 3.5 is given in Section 3.4. This property, together with
Property 3.4, provides a simplified approach to the recursive computation of the
parametric characteristic of the nth-order GFRF in Equations (3.16a-c), which is
summarized in Corollary 3.1 as follows.

Corollary 3.1. The parametric characteristic of the nth-order GFRF for model (1.5)
can be recursively determined as
CE(Hn(jwl)“'ij"))

" n-g-1 n-1
=Co, ® ®{C"-q.q @( 63 Cpq ® xc(n, P,Qa|_ .b]} {Cno GB(@ Cpo ® x-(n, p,0, "+lb)}

(3.17)
. . CE Hn— g+l \’ <N :
where -] is to take the integer part, z.(n, p,q,8) ={ Hipgu D P , and Xis a
COJI—[)—q+] p > N
positive integer.
Proof. Using Property 3.5, (3.16a) can be written as (n>1)

CEH,(jo,, -, jo,)=C,, @(é%c ®CE(H,_,. ,,+1())] ( ®CE(H,,-,,+1('))) (3.18)
Note from Property 3.4 that some computations in the second and third part of the last
equation are repetitive. For example, the monomials in
C"—z.l ® CE(Hn-n+2—l+l ()) = Cn-Z,I ® CE(HZ ()) (n>2) arc in‘:IUded in

G ®CE(H,, () v C,,®CE(H, (), except the monomials in C,,, -C,, . For this
reason, (3.18) can be further written as

18
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CE(H,(jar,, jo,))

n—y
n-1 n-q-1
= CO,n ® t[eil C @ [j.il Cp,q ® CE(HII-‘I'PH (.)) ® (p='."i.élAJ+| Cp,q ® CO,n-q—p+1 )]

l."+}éJ n-l1
@ {Cn,o ® [ ;.52 Cp_o ® CE(H::—pH ())} @ (P=!_"?%JH Cp,o ® CO,n—p+lJ
This produces Equation (3.17). The proof is completed. O

Remark 3.3. Corollary 3.1 provides an alternative recursive way to determine the
parametric characteristic of the nth-order GFRF. If there are only some nonlinear
parameters in (3.13) of interest, then Equation (3.17) and all the results above can still
be used by taking other parameters as 1 if they are nonzero, or as zero if they are zero.
Therefore, whatever nonlinear parameters (for instance x) are concemed, the
parametric characteristic function with respect to x denoted by H,(x), ...,.conxns @nd
the parametric characteristic CE(H,(jo,, -, jw,)) can all be derived by following the

same method established above. O

The parametric characteristic analysis of this section can not only provide
guidance to the computation and analysis of the GFRFs, but also demonstrate how the
parameters of interest affect the GFRFs and consequently provide useful information
for the system analysis. The following example provides an illustration for this.

Example 3.1. Consider the parametric characteristics of the following two cases:
Case 1: Suppose there is only one input nonlinear term C,, #0, and all the other

nonlinear parameters are zero in model (1.5). Then the parametric characteristics of
the nth-order GFRF can be computed as
If n<3, it follows from Property 3.1 that CE(H,(jw,, -, jo,)) =0.

If n=3, it also follows from Property 3.1 that the parameters in C,, are all 3-order
complete. Thus CE(H,(jo,, -, jo,)) =C,, -
If n>3, it follows from Property 3.2, C,, should be n-order incomplete in this case.

However, from the Definition 3.1, a complete monomial should have at least one
p21. Since there are no other nonzero nonlinear parameters, CE(H,(jw,,, jo,)) =0

for this case.
Therefore, CE(H,(jw,,, jo,)) =0 for n# 1 and n=3 in Case 1. That is, only

H\(jo) and H,(jw,, -, jo,) are nonzero in this case. Obviously, the computation of

the parametric characteristics can provide guidance to the computation and analysis of
the GFRFs from this case study.

Case 2: Suppose only C,, #0and C,, #0, and all the other nonlinear parameters

are zero. Then the parametric characteristics of the GFRFs can be simply determined
as

CE(Hl(ja)l))=1, CE(Hz(ja’pjwz))=C2.o’ CE(H3(ja),,-~-,ja)3))=C22‘0@CO.J
CE(H,(jo,,--, jw,)) = Cz]_o ®Cy;®Cyp, CE(Hs(jay, -, jos)) = C;.o ©C,, ®C22.o
CE(Hs(jwl,""jws)) = C’Zo DC,, ®C;,o @C:_, ®C,,

19



PhD dissertation: Frequency Domain Theory of Nonlinear Volterra Systems

Especially, if only C,, is of interest for analysis, then C,,can be regarded as constant
1. In this case, the parametric characteristics of the GFRFs can be obtained as
CE(H,(jay)) = CE(H,(jw,, ja,)) =1, CE(H,(jay, -, j@,)) = Cy
CE(H,(jo,, -, jo,)=Cyy, CE(Hs(jo,, -, jo5))=Coy, CE(H (o, j@e)) =Co; ® C(i3

Note that different parametric characteristics of the GFRFs correspond to different
polynomial functions with respect to the parameters of interest, which can
demonstrate how the parameters of interest affect the GFRFs and thus provide some
useful information for the system analysis. For example, from the parametric
characteristics in Case 2, it can be seen that the sensitivity of the GFRFs for n<6 with
respect to C,, is a constant when C,, and the linear parameters are constant. This may

imply that in order to make the system less sensitive to the input nonlinearity with
coefficient C,, , it needs only to adjust the parameters in C,, and the linear

parameters of model (1.5) to reduce the corresponding constants in Case 2 under
certain conditions. O

The parametric characteristic and its properties developed in this section for the
nth-order GFRF demonstrate what the parametric characteristics of the GFRFs are,
and how the nonlinear parameters in C(n,K) make contributions to the nth-order
GFRF. As demonstrated in Example 3.1, these fundamental results can be used to
reveal how the nonlinear parameters affect the GFRFs and how the frequency
response functions of model (1.5) are constructed and thus dominated by the model
parameters which define system nonlinearities. Based on these results, useful results
can be developed and will be discussed in more details in the following sections and
chapters.

Moreover, it should be noted that all the results above developed for the NDE
model (1.5) also hold for the NARX model (1.6) (Jing et al 2006).

3.3 Parametric characteristics based analysis

Based on the parametric characteristics of the GFRFs established in the last
section, many significant results can be obtained. The parametric characteristic
analysis can provide an important insight into at least the following aspects:

(a) The system nonlinear effects on the frequency response functions (including
the GFRFs and output spectrum) ------ mainly discussed in this section,
Chapter 4 and Chapter 7;

(b) The detailed polynomial structure of the frequency response functions ------
mainly discussed in this section and Chapter 4;

(c) Computations of the GFRFs and output spectrum ------ mainly discussed in
Chapter 4 and Chapter 5;

(d) Understanding of nonlinear behaviour in the frequency domain ------ mainly
discussed in Chapter 6;

(¢) Analysis and design of system output behaviour by using nonlinearities ~----
mainly discussed in Chapter 9.

In this section, some of these results are given, and more detailed results will be
discussed later in the following chapters.
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3.3.1 Nonlinear effect on the GFRFs from different nonlinear parameters

The nonlinearities in model (1.5) or model (1.6) can be classified into three
categories as follows:

(a) Pure input nonlinearities. This refers to the nonlinear parameters con(.), which
are the first term in the parametric characteristics in equation (3.17);

(b) Pure output nonlinearities. This refers to the nonlinear parameters cy,o(.), which
are the last term in equation (3.17);

(c) Input-output cross nonlinearities, This refers to the nonlinear parameters c; q(.),
which are the second term in (3.17).

It is known that different nonlinearity has a different effect on system dynamics.
Different nonlinear parameters correspond to different degree and category of
nonlinearities. Hence, the frequency characteristics of frequency response functions
and the effects of different nonlinear parameters on system output behaviour can be
revealed by the parametric characteristic analysis of the corresponding frequency
response functions. Since the GFRFs represent system frequency characteristics, the
study on the nonlinear effect on the GFRFs from different categories of nonlinearities
can provide an important insight into the relationship between the system frequency
characteristics and physical model parameters. In this section, the parametric
characteristics based analysis is investigated and discussed for the GFRFs in order to
reveal how different model parameters have their effect on the frequency response
functions for model (1.5), and therefore affect the system frequency characteristics. In
what follows, the k+1 in monomialC,, ®C,, ®C,, ®-®C,, is referred to as the

power of the monomial.
A. Pure input nonlinearities

As mentioned, this category of nonlinearities correspond to the nonlinear
parameters of the form cqgq(.) with g>1. If n=g, then from Property 3.1 the parametric
characteristic of the nth-order GFRF with respect to the parameters in C,, is

CE(HH(ij"”’ja)n))(,‘u.q =Co (3.19&)

4
and if n<q,

CE(H,(joy,, jo,)),, =1 (3.19b)
For n>q, since there is at least one parameter cpq(.) with p>0 for any complete
monomials (except con(.)) inCE(H, (jw,, -, j®,))., (, from Proposition 3.1, thus ¢, ,(.)?

for any p>0 can not be an independent entry inCE(H, (jw,, -, j®,),, - The largest

power p can only appear in the monomial ¢oq() ¢, (), Where ¢, () is nonzero,

satisfies p'>1and p'+q'>2 and has the smallest p'+4 . In this case, p can be
computed from Property 3.3 as

pn0,q9) = "_:_'._q'
For example, if p'+g4'=2, then

I_"—“J if 2 is not an integer

p(n0,q)=4" !
"'I—i‘,’— else

Therefore, for n>q,
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CE(H,(ja, jo)e, =1 Coy, Coi" =+ Co” "] (3.19¢)
In particular, when all the other nonlinear parameters are zero except for Cogq, then
(n>1)
Coq HFq=n (3.19d)

CE(Hn(jwl""’jwn))Co =
a 0 else

It can further be verified that the parametric characteristic CE(H,(j@,,-, j@,)),, i the

same as (3.19d) even when only all the other categories of nonlinear parameters are
zero except for the input nonlinearity.

From the parametric characteristic analysis of the nth-order GFRF for the input
nonlinearity, it can be concluded that,

(A1) The parametric characteristic function with respect to the input nonlinearity for
the nth-order GFRF is a polynomial of the largest degree p(n,0,9), i.c.,

H,(Co)amsmicmircey =l Cog Cog w0 Co "1 £, (j@y,m, j@, ;€ KNG, )
where f,(jo,, -, jo,;C(n,K)\C, ) is an appropriate function vector.

(A2) The largest power for the input nonlinearity of an independent contribution in
CE(H,(jw,, -, jo,)) is 1, which corresponds to the nonlinear parameters in Cop.

(A3) For comparison with the other categories of nonlinearities, considering the
individual effect of pure input nonlinearity when there are no other categories of
nonlinearities, i.e., output nonlinearity and input-output cross nonlinearity, it
can be seen from (3.19d) that the input nonlinearities have no auto-crossing
effects on system dynamics. That is, each degree of the input nonlinearities has
an independent contribution to the corresponding order GFRF and the largest
power of a complete monomial from input nonlinearities is 1, i.e., the nth-order
GFRF is simply H,(jo,,jo,)=C,,  f,(jo, -, jo,) from Proposition 3.1.
Obviously, if Cy,=0, there will be no contribution from the input nonlinearities
in the nth-order GFRF. It will be seen that these demonstrate a quite different
property for the input nonlinearity from other categories of nonlinearities.

It is known that a difficulty in the analysis of Volterra systems is that the Volterra
kernel functions in the time domain usually interact with each order due to the
crossing nonlinear effects from different nonlinearities, and so are the GFRFs in the
frequency domain. From the discussions above, this difficulty does not hold for the
case that there are only input nonlinearities, e.g., for the class of Volterra systems
studied in Kotsios (1997). The parametric characteristic analysis for the input
nonlinearities can also make light on the selection of different parameters for the
energy transfer filter design in Billings and Lang (2002).

B. Pure output nonlinearities

This category of nonlinearities correspond to the nonlinear parameters of the form
¢p,0(.) with p>1. If n=p, then from Property 3.1
CE(H,(jay, -, ja,))c,, =C
If n<p, also from Property 3.1

(3.20a)

p.o
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CEH,(jo,, - jo,)),, =1 (3.20b)
These are similar to the input nonlinearity. If #>p, then from Properties 3.1-3.3
C,, will contribute to all the GFRFs of order lager than p. From Property 3, c,,(.)* for
p >0 is a complete monomial for the Zth-order GFRFs where Z =(p-Dp +1. For the
nth-order GFRF with n>p, the largest power p can be computed from Property 33 as
pln, p.0) =| 22|
Thus, for n>p,
CE(H,(jo,j®,)c,, =[1 C,q C,o0 = C,"""1 (3.20c)
Consider the particular case where all nonlinear parameters are zero except the

parameters in Cj, then for n>1
0 if p > n or &3 is not an integer

CE(Hn (ja)l’.“’jwn ))(‘PJ) = { (3 -20d)

C, of ®p0  else

However, when all other nonlinear parameters are zero except output nonlinear
parameters, the parametric characteristic CE(H,(jo,,"+, j®,))c,, for n>p is the same as

(3.20c).

From the parametric characteristic analysis of the nth-order GFRF for the pure
output nonlinearity, it can be concluded that,

(B1) The parametric characteristic function with respect to the output nonlinearity for
the nth-order GFRF is a polynomial of the largest degree p(n, p,0), i.e.,

Hn(CP,O)(jw,.-~-,jaJ,,;(‘(n.K)\(‘,,_l,) =[1 C,, Cp,o2 Cp,Op("'p‘O)]‘fn(jw]’“.7jwn;c(n’K)\Cp,0)
where £, (jo,, -, jo,;C(n,K)\C,,) is an appropriate function vector. Note that

p(n, p,0) 2 p(n,0,q), which may imply that for the same nonlinear degree, output
nonlinearity has a larger effect on the system than input nonlinearity.

(B2) The largest power for the output nonlinear parameter C,, of an independent
contribution in CE(H,(jw,, -, j,)) is p(n, p,0), which corresponds to the n-order

complete monomial C,,*"*” . However, the largest power for the output

nonlinearity of a complete monomial inCE(H,(jo,, -, jw,)) is k, corresponding
to the monomialC, , ®C, ,®:-®C,, ,, Where k= p, +---+ p, +1-n. This is quite

different with the input nonlinearity.

(B3) Considering the individual effect of pure output nonlinearity when there are no
other categories of nonlinearities, i.e., input nonlinearity and input-output cross
nonlinearity, it can be seen from (3.20c) that the output nonlinearities have auto-
crossing nonlinear effects on system dynamics. That is, different degree of
output nonlinearities can form a complete monomial in the nth-order GFRF and
the largest power of this kind of complete monomials from output nonlinearities
is k as mentioned in (B2). Obviously, if the degree-n nonlinear parameter C, ¢=0,
there are still contributions from the output nonlinearities in the nth-order GFRF
if there are other nonzero output nonlinear parameters of degree less than n.
These may imply that output nonlinearity has more complicated and larger
effect on the system than input nonlinearity of the same order, which shows a
property different from that of the input nonlinearity as mentioned in (A3).
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(B4) It can be seen from (3.20c-d) that C,, will contribute independently to the
GFRFs whose orders are (p-1)i+1 for i=1,2,3,.... It is known that for a Volterra
system, the system nonlinear dynamics is usually dominated by the first several
order GFRF's (Taylor 1999, Boyd and Chua 1985). This implies that the nonlinear
terms with coefficient C, of smaller nonlinear degree, e.g., 2 and 3, take much
greater roles in the GFRFs than other pure output nonlinearities. This property is
significant for the design of nonlinear feedback controller design, where a
desired degree of nonlinearity should be determined for control objectives (Jing
et al 2006a, Van Moer et al 2001). This will be further discussed in Chapter 9.

C. Input-output cross nonlinearities

This category of nonlinearities corresponds to the nonlinear parameters of the
form ¢pq(.) with p>1 and ¢ 21. It can be verified that the parametric characteristics of

the GFRFs with respect to such nonlinearities are very similar to those for the pure
output nonlinearities as shown in B, and the conclusions held for the output
nonlinearity still hold for the input-output cross nonlinearity. Thus the detailed
discussions are omitted here. For a summary, the following parametric characteristics
hold for both of these two categories of nonlinearities

ifn<p+gq

1
hc, c. -~ ) ese

P4 Fa

CE(Hn(jwl"“’jwn))C,w ={ (3.21)

where, n>1, p(n, p,q) = I_p'l;'_]J, p2tand p+g=>2.

A difference between the input-output cross nonlinearity and the pure output
nonlinearity may be that the output nonlinearity can be relatively easily realized by a
nonlinear state or output feedback control in practice.

Remark 3.4. Based on the parametric characteristic of the nth-order GFRF with
respect to nonlinear parameters in C 4, the sensitivity of the GFRFs with respect to
these nonlinear parameters can also be studied. From Proposition 3.1, the sensitivity
of H,(jw, -, jw,) with respect to a specific nonlinear parameter ¢ can be computed as

oH ,(c P P ]
n( )<a>.,~5:,.C(M.K,n)\c) - aH"(ngc 2 J@,) _ aCE(H,.(J;)cn » J©,)) S, j,) (3.22)
Thus, the sensitivity of the nth-order GFRF with respect to any nonlinear parameter
c=cpq() with p>1 and p+q>2 can be obtained from (3.21) as:

TeOuwccwors o 1 3¢ pin pua)e 1} ], oy, jo, CR MV (323)
where f,(jw,,, jw,;C(K,n)\c)is an appropriate function vector defined in Proposition
3.1. Obviously, the sensitivity to a specific parameter is still an analytical polynomial
function of the nonlinear parameter. From the parametric characteristics in (3.19-3.21),
it can be concluded that the sensitivity of the nth-order GFRF with respect to an input
nonlinear parameter must be zero or constant when there are no other category of
nonlinearities. However, this can only happen to the output nonlinear parameters and
?nput-output cross nonlinear parameters if the nonlinear degree of the parameter of
interest is n. Otherwise, the sensitivity function with respect to an output or an input-
output cross nonlinear parameter is still an analytical polynomial function of the
parameter of interest and some other nonzero parameters.
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3.4 Proofs

¢ Proof of Property 3.3 ‘ -
From Proposition 3.1, CE(#H, () includes all non-repetitive monomial functions of

the nonlinear parameters in model (1.5) of the form C, ®C, ®C,, ®--®C,, ,

v
where the subscripts satisfy p+q+2(p,- +q)=Z+k',2<p,+q, SZ-k',0k'<Z-2,
i=l
2<p+qg<Z-k',and noting1 < p<Z-k', thus élcw is included ince#H, () . Moreover,
k+x

substitute k by k+x, where x>0 is an integer, then Z'=Z(p, +g,)—k-x+1, which

i=1

further yields Z'—Z=Z(p,.+q,.)—x. Note that 2<p, +g,, thus Z'—ZZZZ—x=x.
i=l i=1

Therefore, écpq must appear in CE(H,(jo,,", jo, ))for j/>Z and but must not appear in
=] ot
the GFRFs of order less than j. This completes the proof. [J

e Proof of Property 3.4
From Proposition 3.1, any element ¢, , ()¢, ., ()=+cp, g O in CE(H, ()) with r>1

satisfy
k':
=Y (p+q)—k, +1
i=1

Note that if r;=1, then CE(H, () )=1. In this case, suppose (p, +¢,) = 1for consistence.

Therefore,
k

k, k, k
> —k+l=(22(pj +q_,)—zk:k,’ +k)—k+l=i2(pj +q)-Y k +1=2.
i=l i=1

i=] i=l j=1 i=l  j=1
This proves the first part of this property. The second part follows from the first part
and Property 3.3. O

¢ Proof of Property 3.5

A different proof was given in Proposition 3 of Jing et al (2006), but here presents

a more concise proof based on the properties developed in Section 3.2. Applying the
CE operator to Equation (3.5), it can be obtained that

CE(H, (o, jo, ))=r"§;éc5(ﬁ,, 0)= CE(H,,_M(-))@[ ® ®CE(H, ()

feer,=li=l
S
n-p

2ren
From Property 3.4, it follows that all the elements in &

®CE(H, () should be Z-

f-r,=li=l

S

P
order complete, where Z = Zr,. - p+1=n-p+1. This completes the proof. (J

i=]
3.5 Summary
The parametric characteristic analysis proposed in Chapter 2 has been used in this

Chapter for the study of the GFRFs of nonlinear Volterra systems described by model
(1.5) or model (1.6). Fundamental and significant results have been established for the
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parametric characteristics of the GFRFs of the nonlinear systems. The method has
been shownd to be of great significance in understanding the system’s frequency
response functions. As mentioned in Section 3.3, the significance has at least five
aspects, some of which have been demonstrated in this chapter and more will be
discussed later.

From the results of this Chapter, it can be seen that, the parametric characteristics
of the GFRFs can explicitly reveal the relationship between the time domain model
parameters and the GFRFs and therefore provide a useful insight into the analysis and
design of nonlinear systems in the frequency domain. By using the parametric
characteristic analysis, system nonlinear frequency domain characteristics can be
studied in terms of the time domain model parameters which define system
nonlinearities, and the dependence of the frequency response functions of nonlinear
systems on model parameters can be revealed. As it has been shown, the analytical
relationship between system output spectrum and model parameters can be
determined explicitly, and the nonlinear effect on the system output frequency
response from different nonlinearities can be unveiled. This will facilitate the study of
nonlinear behaviours in the frequency domain and unveil the effects of different
categories of system nonlinearities on the output frequency response. These will be
further studied in the following chapters. It will be seen that, all these results provide a
novel approach to the frequency domain analysis of nonlinear systems, which may be
difficult to be addressed before.
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Chapter 4
PARAMETRIC CHARACTERISTIC ANALYSIS FOR
SYSTEM OUTPUT SPECTRUM

The parametric characteristics of system output spectrum of model (1.5) are
studied firstly, especially with respect to specific nonlinear parameters of interest.
Then, a systematic frequency domain method based on the parametric characteristic
analysis results, referred to as the parametric characteristics based output spectrum
analysis, is established and discussed in detail for nonlinear Volterra systems
described by model (1.5) or model (1.6).

4.1 Parametric characteristics of system output spectrum

The system output spectrum of model (1.1) can be described as (Lang and Billings
1996):

N
Y(jo) =Y ¥,(jo) 4.1)
n=1
when subject to a general input u(¢), in (4.1)
1 n
Y,(j@) = ————— H, (o, jo)] [U(we)de, 4.2
L (jo) Ten M.[)w oy, jo )H (jo,)do (4.2)

When the input is a specific multi-tone function described by (1.3), i.e.,
z
u(r) = ZIF,.|cos(a),.t +ZF)
i=l

in (4.1)
NGO = 55 D H, (w0, )@, F@,) (4.3)

where
F(w)= {mlew foclont- o) 4.4)

else

Deﬁn}tion 4.1. A function y(h;s) is homogeneous of degree d with respect to A if
Wch;s)=cy(h;s), where c is a constant, s denotes the independent variables of y(.), and
h may be a parameter or a function of certain variables and parameters.

The detailed properties of the functions and variables in Definition 4.1 are not
necessarily considered here. The definition of a homogeneous function can also be
referred to Rugh (1981). From Definition 4.1, it can be verified that Equation (4.2)
and Equation (4.3) are both 1-degree homogeneous with respect to the mth-order
GERF H, (). From this definition, the following lemma is obvious.

Lemma 4.1. If y(h;s)) is a homogeneous function of degree d, and A(.) is a
separ?lble function with respect to parameter x whose parametric characteristic
function can be written as h(x)=g(x)f(s,), then ¥(h;s1) is a separable function with
respect to x and its parametric characteristic function can be written as W(x)s
=g(x) )[d]j;(/(sz);sl), where s; denotes the un-separable or un-interested parameters or
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variables in A(.), s, denotes some variables in y(.), £{(f(s2);51) is an appropriate function
vector, and g(x)/?¥ is the d times reduced kronecker product of g(x).

From Proposition 3.1, Lemma 4.1 and Equations (4.1-4.2), the following {esult
can be obtained for a homogeneous function Y(H,(.); s) of degree d, where Hy(.) is the
nth-order GFRF of model (1.5).

Proposition 4.1. Y,(H,(j@,,., j®,); o, ) is a homogeneous function of degree
d with respect to the nth-order GFRF H,(jo,,..jo,) of (I .5). Then
Y H,(jo,,.,jo,); o, o,) is a separable function with respect to the nonlinear
parameters in (3.13), whose parametric characteristic function can be described by
YACMK))....0, =CE(H, oy jo )WL, (fol e, 0, Yy 05,0, ) (4.5)
The sensitivity of the homogeneous function with respect to a specific parameter ¢ is

07, i e j D!
"(C(Ma’ K0, _ OCE(H, (ja;; ,J@,)) Y, (f, (o, jo,);0,,0,) (4.6)
C
where 7, (f( jw,,-+-, jo, ); @, ®, ) is an appropriate function vector, and when d=1

)7:1 (f;l(jwl"“’jwn )’ w]’”"a)n )= Yn (f;'(jml""’jwn )’ a’l"”’wn ) (47)
Proof. The results are straightforward from Proposition 3.1, Lemma 4.1 and
Equations (4.1-4.2). O

The following result can be concluded directly from Proposition 4.1 for the output
spectrum of model (1.5).

Corollary 4.1. The output frequency response function¥(jw) in (4.1) for model

(1.5) is separable with respect to the nonlinear parameters in (3.13), whose parametric
characteristic function can be described by

N
Y(C(M,K)), = ZCE(H,. )Y, (£, () jw) (4.8a)

and whose parametric characteristic is
CE(Y(ja) = @ CE(H, () (4.8b)

The sensitivity of the output frequency response with respect to a specific parameter ¢
is

oY (joo) _ i OCE(H, ()
oc oc
where, if the input is a general function, then w=w, +- -+ ®,,

¥, (£, () jo) (4.9)

n=l

Y.(,(jo)=Y,(f,(jo, - jo,); jo) = 7—;‘(21”7 _[ f,,(ja’l,"',jw,,)Il[U(ja’f)dUm (4.10)

@+ @, =0

if the input is the multi-tone function given in (1.3), then w =, +--+ o, ,

V(O jo) =Y, (f,(jo,  jo, ) jo) = 2i D Sy jo, YF (@) Flo,) (4.11)

O

From these results, it is noted that the system output spectrum can also be
expressed by a polynomial function of the nonlinear parameters in C(M,K) based on
the parametric characteristics of the GFRFs, and the detailed structure of this
polynomial function with respect to any parameters of interest is completely
determined by its parametric characteristic. Therefore, how the nonlinear parameters
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affect the system output spectrum can be studied through the parametric characteristic
analysis as discussed in Chapter 3.

Remark 4.1. Note that CE(H,()) can be derived from the system model

parameters according to the results developed in Chapter 3. Given a specific system
described by model (1.5) or model (1.6), ¥(C(M,K), can be obtained by the FFT of the
time domain output data from simulations or experiments at frequency o .
Therefore, ¥, (£, (); jo) for n=1,...,N can be obtained by the Least Square method as

mentioned in Remark 2.1. And then Y,(C(1,K))pep+.sa, = CE(H,())-Y,(f,(); j®) for

n=1,...,N and the sensitivity Equations (4.6, 4.8) can all be obtained. This provides a
numerical method to compute the output spectrum and its each order component
which are now determined as analytical polynomial functions of any interested
nonlinear parameters. Thus the analysis and design of the output performance of
nonlinear systems can now be conducted in terms of these model parameters.
Compared with the direct computation by using (3.8 or 3.11, 3.10, 3.2-3.5) and (4.1-
4.3), the computational complexity is reduced. And compared with the results in Lang
et al 2007, the parametric characteristic analysis of this study provides an explicit
analytical expression for the relationship between system output spectrum and model
parameters with detailed polynomial structure up to any order and each order output
spectrum component can also be determined. Moreover, let

]CE(H" (N1, ({" (); jw) (4 1 2)
o .. I Fa)l;IU(Jw,»)daw
This is the parametric characteristic function of the nth-order nonlinear output
frequency response function defined in Lang and Billings (2005), which can be used
for the fault diagnosis of engineering systems and structures. [

Gn (C(M’ K’ n)w:n)l ok, =

4.1.1 Parametric characteristics with respect to some specific parameters in C, 4

As discussed before, the parametric characteristic vector CE(H,(-)) for all the

model nonlinear parameters can be obtained according to Proposition 3.1 or (3.17) in
Corollary 3.1, and if there are only some parameters of interest, the computation can
be conducted by only replacing other nonzero parameters with 1. In many cases, only
several specific model parameters, for example parameters in C,,, are of interest for
the analysis of a specific nonlinear system. Thus, the computation of the parametric
characteristic vector in (3.17) and (4.8) can be simplified greatly. This section
provides some useful results for the computation of parametric characteristics with
respect to one or more specific parameters in Cp, g, which can effectively facilitate the
determination of the OFRF and the analysis based on the OFRF that will be discussed
later.

Let
1 if p=0

0 else (4'13)

[ if
,and pos(x) = if x>0
0 else

é(p) ={

Proposition 4.2. Consider only the nonlinear parameter C,,~c. The parametric
characteristic vector of the nth-order GFRF with respect to the parameter c is
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[ ol J-J(p)an(n-q)
¢ p+q-1

CE(H,(jo, - jo,) =[1 ¢ ¢ 4.14)

where |-]is to get the integer part of (.). O

The Proof of Proposition 4.2 is given in Section 4.4. Note that here ¢ may be one
parameter or a vector of some parameters of the same nonlinear degree and type in
Cpq- Also note that ¢" =¢®---c®cand ® is the reduced Kronecker product defined in

n

Chapter 2, when c is a vector. Proposition 4.2 establishes a very useful result to study
the effects on the output frequency response from a specific nonlinear degree and type
of nonlinear parameters. Note also that if some other nonlinear parameters in model
(1.5) or (1.6) are zero, only part terms in (4.14) take an effective role. The detailed
form of CE(H,(jw,, -, jo,)) can be derived from Proposition 3.1 or (3.17) in Corollary

3.1. However, a direct use of equation (4.14) does not affect the final result.

Corollary 4.2. If all the other nonlinear parameters are zero except C,,=c. Then
the parametric characteristic vector of the nth-order GFRF with respect to the

parameter c is: if (n>p+q and p>0), or (n=p+q), and if additionally - is an integer,
then

P

n-1
CEH,(jw,, -, jo,)) = c"*"
else CE(H,(jo,,, jw,) =0
which can be summarized as
CE(H,(jw,, -, j®,)) = G -5[ n-l -[ n-l D-(l ~8(p)posin—q))  (4.15)
p+q-1 | p+g-1
Proof. The results are directly followed from Propositions 3.1 and 4.2. (J

Corollary 4.2 provides a more special case of nonlinear Volterra systems
described by (1.5) or (1.6). There are only several nonlinear parameters of the same
nonlinear type and degree in the considered system. This result will be demonstrated
in the simulation studies in Section 4.3. The following results can be obtained for the
output frequency response.

Proposition 4.3. Consider only the nonlinear parameter C,,=c. The parametric
characteristic vector of the output spectrum in (4.1) with respect to the parameter ¢
can be written as

CE(Y(jw))=5b'§ICE(H,,(-))=[1 c oo o cm-*“"’*"‘*“‘”“”“"ﬂ;"Lﬁb} (4.16)

Then there exists a complex valued function vector F(jw,,- -, jo,;C(M,K)\¢) with
appropriate dimension such that
Y(C)m;C(M,K)\c =CE(Y(jo)) F(jw,,+, jo,;C(M,K)\ ) (417)

If all the other nonlinear parameters are zero except that C, ,=c# 0 (p+q>1). Then the
parametric characteristic vector of the output spectrum in (4.1) with respect to the
parameter c is: if p=0

CE(Y(j@)) =1® CE(H,())-(1- pos(g-N) =[1 ¢-(1- pos(g~N))] (4.18)
else
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N_)/‘HI—IJ N-
CE(Y(jw))=[ é CE(H (g1 ())={1 c ¢t - c" %H‘HJ:' (419)

The proof of Proposition 4.3 is given in Section 4.4. From Corollary 4.2 and
Proposition 4.3, it can be seen that different nonlinearities will result in a quite
different polynomial structure for the output spectrum, and thus affect the system
output frequency response in a different way. By using the results established above,
the effect from different nonlinearities on system output frequency characteristics can
now be studied. This will be further studied in the following sections.

Moreover, the results above involve the computation of ¢". If ¢ is an I-dimension
vector, there will be many repetitive terms involved in c¢". To simplify the
computation, the following lemma can be used.

Lemma 4.2. Let be c=[c),c3,...,c1] which can also be denoted by c[1:I], and
c"=¢®c---®c, “®” is the reduced Kronecker product defined in Jing et al (2006),

n>land 7/>1. Then

¢ = [c""' ¢y [s(), = s@), +1:5(1), 1 ¢;p00 ™ [s(l),,]'c,]
7
where s(i), =Zs(j)"_l , s(h=1, and 1<i<7. Moreover, DIM(c")=s(l),,, , and the

location of ¢;" in ¢" is (D)1= )pr1+1. O
The Proof of Lemma 4.2 is given in Section 4.4.
4.1.2 An example

To illustrate the results above and introduce the basic idea of the parametric
characteristics based output spectrum analysis that will be discussed in the next
section, an example study is given in this section. Consider a nonlinear system,

a¥ =—a,x—a;x—c,x° —c,x’x — c;x’ + bu(t) (4.20)
which is a simple case of model (1.5) with M=3, K=2, ¢,(2)=a, , c,{)= a, ,
Co@ =a,, c;,(11) =¢, ¢, (110)=c,, ¢;,(000)=¢c,, ¢, (0) = -b, all other parameters are
zero. The GFRFs for system (4.20) can be computed according to Equations (3.8 or
3.11, 3.10, 3.2-3.5). In the following, the parametric characteristics of the GFRFs for
system (4.20) are discussed firstly. As will be seen, the parametric characteristics of
the GFRFs provide a useful guidance to the analysis and computation of system
frequency response functions.

When all the other nonlinear parameters are zero except Cp,q> it can be obtained
from Corollary 4.2 that the parametric characteristic of the nth-order GFRF with
respect to Cp 4 is

. . e n-1 n—-1
CE(H,(jo,, -+, jo,)=C, i .6[p+q—-l —Lﬂ_q_lD-(l -8(p)pos(n-¢q)) (4.21)
For system (4.20), note that a,, a5, a; and b are all linear parameters, and the nonzero
nonlinear parameters are Cy, = [¢;,(000) ¢,,(110) ¢,(111] =[¢, ¢, ¢]. Hence,
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CE(H, (o, jo,)=Csy =[e; ¢, ¢f forn=2i+1,i=1,2,3,...,
else CE(H,(jw,,,jw,))=0. (4.22)
It is easy to compute from (4.22) as follows:
For n=3, CE(H,(jo, jo)=le; e al;
For n=5, CE(Hs(jwn“',jws))=[cz ¢ 01]2__-[03 C2 cl]®[03 ¢ Cl]
=[es eseacaer,er’scacner’;
For n=7, CE(H,(jw,,---,ja)7))=[c3 ¢ 01]3 =[03 Gy cl]®[¢3 ¢y Cl]®[cx 4] Cl]
=[c5” cxcacs’er,e3e2’,cacaet,eaei’ser s ea e, 00 ]
From Proposition 3.1, there must exist a complex valued function vector
f,(jw,, -, jo,) with appropriate dimension, such that for n= 2i+1, i=1,2,3,...,
H, (CI’CZ’CJ)(u,_---'w,,) = [Cs ¢ G ]' 'i,,(jwl""ajwn) (423)
else H,(¢,€,,¢3) 0, m) =0

When there is only one parameter for example c; is of interest for analysis, the
parametric characteristic can be obtained by simply letting C; o= ¢; in (4.22), i.e., the
parametric characteristic vector is: for n=2i+1 and i=1,2,3,...

CE(H,(jo,jo,) =11 ¢ ¢> - ¢ (4.24)
else
CE(H,(ja,,, j»,))=0 (4.25)
Thus the parametric characteristic function with respect to the parameter c; is: for
n=2i+1 and i=1,2,3,...
Ho (€ womamerey =1 € &7 o /1 [ (@, jo,56506,) (4.26)
else

H,(, 0 (4.27)

where, f,(jw,, -, jo,;c;,¢c,) is a complex valued function vector with appropriate
dimension. The sensitivity of the nth-order GFRFs for n=2i+1 and i=1,2,3,... with
respect to the parameter ¢, can also be obtained as

aH n (cl

Vayooyiepes) =

)g"‘""'"’””"c")=[0 1 2¢ - ic"']~j_',,(jwl,---,ja)";cz,c3) (4.28)
c]

Consider the output spectrum of system (4.20). From Proposition 4.3,

-4 LA
CE(X(jo) = & CE(H,, ()= & Cy (4.29)
Suppose the output function of interest is
Yeax+ayx—cx’ —c,x%x - c,x’ (4.30)
It will be shown in Chapter 8 that
CE(Y(jw)) = CE(X(jw)) (4.31)

Then from Proposition 4.3, the parametric characteristic function for the output
frequency response Y(jw) of system (4.20) with respect to nonlinear parameters ¢y, C;
and cs is
vyl
Y(ee303), = D Cop' X (f,0); j)
N (4.32)

T

1
2

vyl
=[ '.630 Csol]'[Yo(fo(')Ua’) Yl(-fl()’jw)T YLN-%J(fLN-/J(');jw)T}
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For convenience, consider a much simpler case. Let ¢c=c3=0, then C,, =c,,(111) =¢,.
Therefore the parametric characteristic function in this simple case is

Y(c1)m — Yo(fo (),ja’) tc - Yl (f; (),ja)) 4ot clI.N'%J . Yl-N_yZJ(f[-N—yZJ()aJCU) (433)

0 g MRG0 KA Ky Uy 5O
As mentioned in Remark 2.1 and Remark 4 1,
[V (O jw) Y (f,();jo) - YLN-sz(fLN-%J(')Q jo)I" can be computed by a numerical

method for a specific input u(t) and at a specific frequency » . The idea is to obtain
|,N ‘%J +1 system output frequency responses from I_N —%J +1 simulations or

experimental tests on the system (4.20) under I_N —%JH different values of the

nonlinear parameter c; and the same input u(t), then yielding

i 1 @ o q@lH Yo(£02;j0)
Y(j.a)), _ 1 cn(l) Cl(l) ] Yl(fn(');Jw) (4.34)
: 1
Y(jG))[N_%J 1 ¢f I_ —/j) |_ /J) N / (f _}/J() 3 J0)
Hence,
L(f O jw) 1 ¢,(0) ¢ (O)LN%J T T rGe),
Y,(f,(:);ja)) _ cl(l) chI) ‘ Y(j:a))] (4.35)
: 1 : :
Yl_N—sz(f[.N—%J(');ja)) 1 ¢/ |_ /} . ](\_N —%}‘-N%J Y(ja))LN—}éJ

Then equation (4.33) is determined explicitly, which is an analytical function of
the nonlinear parameter c¢;. The system output frequency response can therefore be
analyzed and optimized in terms of the nonlinear parameters. And also from (4.33),
the sensitivity of the system output frequency response with respect to the nonlinear
parameter, and the nonlinear output frequency response function defined in (4.12) can
both be studied. For more complicated cases, a similar process can be followed to
conduct a required analysis and design in terms of multiple nonlinear parameters for
model (1.5). Compared with the previous results in Lang et al (2007), since the
detailed polynomial structure for the output spectrum up to any order can explicitly be
determined, this can greatly reduce the simulation amount needed in the numerical
method when multiple parameters are considered.

4.2 The parametric characteristics based output spectrum analysis

For more clarity, (4.8a) can be simply rewritten as
Y(jo) =y (jo)’ (4.36)
N
where y = SCEH,(), P(jo)= [6.(jo) (@) - ¢y(jw)]. Note that ¢,(jw)= H,(jo)
is the first order GFRF, which represents the linear part of model (1.5) or (1.6), and
¢n(ja)) = Yn(ﬁl()sjw) .
As discussed before, Equation (4.8) or (436) provide a more straightforward
analytical expression for the relationship between system time-domain model

parameters and system output frequency response. By using this explicit relationship,
the system output frequency response can therefore be analyzed in terms of any model
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parameters of interest. Hence, it can considerably facilitate the analysis and design of
the output frequency response characteristics of nonlinear Volterra systems in the
frequency domain. As demonstrated in Section 4.1.2, the main idea for the parametric
characteristics based output spectrum analysis proposed in this Chapter is that, given
the model of a nonlinear system in the form of model (1.5) or (1.6), CE(H,())can be

computed according to Proposition 3.1 or Corollary 3.1, and ¢,(jw) can be obtained

according to a numerical method which is mentioned before and will be discussed in
more detail later, thus the OFRF (Lang et al 2007) of the nonlinear system subject to
any specific input function can be obtained, which is an analytical function of
nonlinear parameters of system model, and finally frequency domain analysis for the
nonlinear system can be conducted in terms of the specific model parameters of
interest.

In this section, the parametric characteristics based output spectrum analysis for a
Volterra system described by (1.5) or (1.6) is discussed in general in Section 4.2.1. In
order to conduct the parametric characteristics based output spectrum analysis, a
general procedure is provided in Section 4.2.2, where several basic algorithms and
related results are discussed.

4.2.1 A new frequency domain method

The parametric characteristics based output spectrum analysis for Volterra
systems described by (1.5) or (1.6) is totally a new frequency domain method for
nonlinear analysis. The most noticeable advantage of this method is that any system
model parameters of interest can be directly related to the interested engineering
analysis and design objective which is dependent on system output frequency
response, and thus the system output frequency response can be analysed in terms of
some model parameters of interest in an easily-manipulated manner. This method
does not restrict to a specific input signal and can be used for a considerable larger
class of nonlinear systems. These are the main differences of this method from the
other existing methods such as Popov-theory based analysis, describing functions and
harmonic balance methods as discussed in Chapter 1.

One important step of this method is to determine the OFRF for the system under
study. This will be discussed in more detailed in the following section. Once the
system OFREF is obtained, based on the result in Proposition 4.3 and Equation (4.36),
the output frequency response function with respect to a specific parameter ¢ can be
written as

Y(jo) =y (j@) + P, (jo) + c* @, (jo) + -+ @, (j@) +--- (4.37a)
Since Y(jw)is also a function of ¢, therefore, (14a) is rewritten more clearly as
Y(jwse) = By (jw) + ¢ (jo) + ¢ @, (jw) +-+ &' @, (jo) + - (4.37b)

Y(jwc)is in fact a series of an infinite order, ¢ is a positive integer which can be
determined by Proposition 4.3, g,(jw) is the complex valued function corresponding
to the coefficient ¢' in Equation (4.36). If all the other degree and type of nonlinear
parameters are zero except that C,,=c#0 (p+q>1), then g, (jw)=¢,(jo) (¢,(jw) is

defined in Equations (4.8), (4.10)-(4.11), and (4.36)). Based on Equations (4.37ab),
the following analysis can be conducted.

* Sensitivity of the output frequency response to nonlinear parameters
Based on Equations (4.37ab), this can be obtained easily as
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oY (jw;c)
Oc .
Similarly, the sensitivity of the magnitude of the output frequency response with

respect to the nonlinear parameters can also be derived. Note that
[FGase)’ = Y(j@;e)Y (- jwic)
= @, (jo) +cB,(j©) + P, (@) + - NPy (= j@) + P, (- j@) + C* Ty (—j ) ++--)

0 £
=@, '(’70. +Z(Clzai '(5;_,] =potep t czp2 +---+c2'pz, +ee (439)
=1 i=0

It is obvious that the spectral density of the output frequency response is still a
polynomial function of the parameter ¢. Equation (4.39) can also be directly derived
by following Process C that will be discussed later. Thus, the sensitivity of the
magnitude of the output spectrum to the parameter ¢ can be obtained as

Y (jo;c)| _ 1 gy (jm;c) : t-1 4.40
= e 2|Y(/w,c)lz N Z P 40

= 0,(j©)+ 200, (jw)+-+ £ @, (jw) +--- (4.38)

oc 2|Y( ja);c)l
Given (4.38), (4.40a) can also be computed as
1 rgme) 1 (aY( jwie) ., . o oY(- j(o;c))
= = Y(-jwso)+Y(jo,0)———
e WGma a0 JUmal e | JeorUed—
- YUe) YCjoo)
Oc

(4.40b)
The sensitivity function for system output spectrum with respect to a nonlinear
parameter provides a useful insight into the effect on system output performance of
specific model parameters. This will be illustrated in Section 4.3. Another possible
application of the sensitivity function is vibration suppression. In many engineering
practice, the effect of vibrations should be considerably suppressed. From equations
(4.40ab), it can be seen that if Y(jw,c) represents the spectrum of a vibration, in order
6|Y (o, c)|
Oc

to suppress the vibration, it should be ensure that <0 for some c. Consider

Equation (4. 39) the following conclusion is obvious.

(@) ——

————<0 for some ¢ = 3some n>0, ) sign(c"")p, @, <0

i=0
Y (jw;c)|
C

(b) p1= Re(@,(jw) ,(-jw)) <0=> there exists ¢ >0 such that <0 for

x20
else

nonlinear parameter ¢ satisfies p,=Re(@,(jo)-@,(-jw)) <0, then it can be utilized for
the vibration suppression objective.

O<c<e or —-e<c<0. Where sign(x) = {l_l , Re(-) is to get the real part of (.). If a

* Evaluation of the radius of convergence for the output frequency response
with respect to nonlinear parameters

It is followed from (4.37ab) that the radius of convergence is given by
201 (j)
¢ (jo)
Obviously, if [c|<R, then the series is convergent. Define a Ratio Function

R =1lim

£

(4.41)
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6!—] (.] w)c
al (J w)c
which is a function of ¢ and also varies with different nonlinear parameters. It can be

seen that, if

R(¢c) = (4.42)

AR(4;¢,) S AR(¢;¢c,) (4.43)
AL AL

then the output spectrum has a larger radius of convergence with respect to c; than
that with respect to c,. Equation (4.42) and inequality (4.43) can be used as an
evaluation of the effect on the convergence of the Volterra series expansion for the
nonlinear system under study from a model parameter and the comparative advantage
between different parameters. Note that divergence of the Volterra series expansion
can sometimes imply the instability of the system under study or the nonexistence of a
Volterra series expansion. Thus this analysis can provide some useful information for
the design of system output frequency response in terms of different model
parameters.

e Optimization of the output frequency response in terms of nonlinear
parameters

Given a desired magnitude of the output frequency response ¥°, an optimal ¢ in
S, can be found such that

?elcjéqu(jw; o[-Y") (4.44)

A systematic method for this purpose is yet to be developed, which will be discussed
in the future study.

4.2.2 Determination of the OFRF based on its parametric characteristics

As mentioned before, an important step for output spectrum analysis based on the
parametric characteristics is to obtain the parametric characteristic function of system
output spectrum, which is referred to as the OFRF in Lang et al (2007). In this section,
a general procedure for the determination of the OFRF for a given model (1.5) or (1.6)
is proposed, and useful algorithms and techniques are provided.

4.2.2.1 Computation of the parametric characteristics of OFRF
This step is to derive y = & CE(H, ()) in (4.36).

e Determination of the largest order NV

To derive the parametric characteristics of OFRF, the first task is to compute the
largest order, i.e., N, of the Volterra series expansion for the nonlinear system, which
is basically determined by the significance of the truncation error in the Volterra
series expansion of finite order. This can alternatively be done by evaluating the
magnitude of the nth-order output frequency response Y,(jw) . For example, the
magnitude bound of v,(jw) for the NARX model (1.6) can be evaluated by (Jing et al
2007)

|Yn (ja))l < a, 'bn ' hi (445)
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where «,,n, are complex valued functions, and &,is a function vector of the system
model parameters. For the detailed definitions fora,,5,,, refer to Jing et al (2007). If
the magnitude bound of a certain order of ¥,(jw)is less than a predefined value (for

instance 10®), then the largest order N is obtained. It should be noted that the
magnitude bound is a function of the model nonlinear parameters, therefore, the
largest ranges of interest for each nonlinear parameter should be considered in the

evaluation of |Y, (jw)|.

¢ Determination of the parametric characteristics

Once the largest order N is determined, the next step is to derive the parametric
characteristics of GFRFs for the nonlinear system, i.e., CE(H, (")) from »=2 to N, which

will be used in the computation of y = éé CE(H,(-)) . Note that CE(H,()) is computed in

terms of the parameter vectors C,, =[c,,(0,---,0),c, (0,1}, -+, ¢, (K, K)] for some
p+q

p.gin (3.17).

Basically, for some specific parameters to be analysed for a system, CE(H,(-)) can

be recursively computed by Equation (3.17) with respect to these parameters of
interest with other nonzero nonlinear parameters being 1. Alternatively, CE(H,(-)) can

also be determined directly without recursive computations by using the results in
Proposition 3.1. Based on Proposition 3.1, the parametric characteristic CE(H,(-)) can

be obtained as follows, which is referred to as Process A: for 0<k <n-2,

k
(Al) Generate all the combinations (rg, 1), 12..., 1) satisfying r, +Zri =n+k and

i=1
2 <r, < n-k with respect to a specific value of ;
(A2) Generate all the possible combinations (pi,q;) with respect to each r
satisfying pi+q; = ri, and note that when it is forrg, 1< p, <n—k;
(A3) All the possible combinations can now be generated based on Step (A1) and
(A2), then remove all the repetitive terms;
(A4) CE(H,()) is obtained in terms of the parameter vectors C,, for some p.g,

which can be stored for any future usage. For a specific nonlinear system,
CE(H,()) can be obtained only by replacing the corresponding parameter

vector C, of interest with respect to the specific nonlinear system, and the

other parameters in CE(H,(-)) are set to be zero if it is zero or set to be 1 if it
is not of interest;
(AS5) Achieve the final result by manipulating CE(#, () according to the operation

rules of “® ” and “®” (See Chapter 2), and removing the repetitive terms.

By this process, the parametric characteristic CE(H, () can be obtained without
recursive computations. For a summary, the parametric characteristic vector

N
v =@ CE(H,()) can be computed by following the process below, which is referred to
as Process B:

(B1) Determine the set of the nonlinear parameters of interest, denoted by Sc;
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(B2) Determine the largest possible ranges for the nonlinear parameters of
interest , denoted by &S ;

(B3) Determine the largest order N of the Volterra series expansion according to
(4.45) and the discussions there.

(B4) Computation of CE(H,(?)) with respect to the parameters Sc of interest
following Process A or Equation (3.17) from n=2 to N.

o s N
(B5) Combine the final parametric characteristic vectory = & CE(H, () .

Therefore, based on Process A and Process B, the parametric characteristics of the
output frequency response with respect to any specific model parameters of interest ,
which are the coefficients of the polynomial function (4.36), can be determined. Thus
the structure of the polynomial (4.36) is explicitly determined at this stage. Note that,
the parametric characteristic vector CE(H, () for all the model nonlinear parameters in
(3.13) can be obtained according to (3.17) or Process A, and if there are only some
parameters of interest, the computation can be conducted by only replacing other
nonzero parameters with 1 as mentioned above.

4.2.2.2 A numerical method

This step is mainly to determine ®(jw)=[¢(jo) ¢,(jo) - ¢y(jw)] in (4.36), then
the OFRF in (4.36) is obtained consequently. Since the system model is supposed to

N N .
be known, the parametric characteristic vector y = €3CE(H,, () is achieved, and note

N
that ®(jw) is invariant with respect to y = ®CE(H, (), thus ®(jw)can be derived with

respect to any a specific input by following a numerical method as follows, which is
referred to as Process C:
(C1) Choose a series of different values of the nonlinear parameters of interest,

which are properly distributed in S, to form a series of vectors v, -y,

where p(N)=|y| denotes the dimension of vector y , such that
¥ =[y,"y,u I” is non-singular (4.46)
(C2) Given a frequency « where the output frequency response of the nonlinear

system is to be analysed or designed. Excite the system using the same input
under different values of the nonlinear parameters v, .-y, ; collect the time

domain output y(¢) for each case, and evaluate the output frequency response
Y(jo), - Y(jo),u, at the frequency w by FFT technique.

(C3) Step 2 yields
v, o (jo) Y(jw),
w000y =| Y2 || 2V < YU e 4.47)
Yoy | | Powy (o) Y(ja))p(N)
Hence,

o(jo) =lp (o) ¢,(o) - gy

. (4.48)
= [(pl(]a)) 0, (jo) - (Pp(N)(jw)]T =y YY(jw)

38



Chapter 4 Parametric characteristic analysis for system output spectrum

In Step C1, p(N)different values of the parameter vector y in the parameter space
aS,. , such that det(¥) =0 can be obtained by choosing a grid of parameter values of the
nonlinear parameters of interest properly spanned in S, or using a stochastic-based
searching method or other optimization search methods such as GA to generate a non-
singular matrix ¥ . In practices, it is not difficult to find such a matrix with a proper
inverse, which will be illustrated in Section 4.3. In Step C2, given the largest order N
of the system output spectrum, it can be seen that this algorithm needs
p(N) simulations to obtain p(N) output frequency responses under different parameter

values. Note from Step C1 that p(N) =|y| = év?l CE(H ()|, which is not only a function of

the largest order N but also dependent on the number of parameters of interest . This
implies the simulation burden will become heavier if the number of the parameters of
interest and the largest order N are becoming larger. In Step C3, sincedet(¥) =0, the

complex valued function vector ®(jw)in (4.48) is unique, which implies the result in

(4.48) can sufficiently approximate their real values if the truncation error incurred by
the largest order N of the Volterra series is sufficiently small.

Therefore, by following Process C, the complex valued function vector ®(jw) can

accurately be obtained for the specific input function used in Step C2 and at the given
frequency w . Consequently, the OFRF (4.36) subject to the specific input function is
now explicitly determined by following the method discussed above for the nonlinear
system of interest. Although the function vector ®(jw) is obtained by using the
numerical method above and consequently the obtained OFRF is not an analytical
function of the frequencies and the input, the achieved relationship between the output
spectrum and model nonlinear parameters is analytical and explicit for the specific
input function at the given frequency w . Moreover, note that since CE(H,(-)) is known,

and ®(jw) = |p,jw) ¢,(jo) - ¢,(jw)]|is determined, thenY,(jw)=CEH,())-@,(jo)"
is also determined, which represents the analytical function for the nth-order output
frequency response of nonlinear systems.

It shall also be noted that, the proposed method above as demonstrated in this
section enable the OFRF to be obtained directly in a concise polynomial form as (4.36)
without the complex integration in the high-dimensional super-plane o =@, +---+w,
especially when the nonlinearity order » is high. By using the proposed method above,
the OFRF can be determined up to a very high order with respect to any specific
model parameters of interest and any specific input signal at any given frequency. The
cost may lie in that the new method needs p(¥) simulations.

Once the OFRF is obtained, the analysis and design of nonlinear systems
described by model (1.5) or (1.6) can be carried out in terms of the model parameters
of interest which define system nonlinearities and may represent some structural and
controllable factors of a practical engineering system. For example, the sensitivity of
system output frequency response with respect to a nonlinear parameter can be
studied based on the analytical expression (4.36). By using the link between the
nonlinear terms of interest and the components of a practical engineering system and
structure, the OFRF may provide a useful insight into the design of nonlinear
components in the system to achieve a desired output performance. Therefore, the
OFRF based analysis method provides a novel approach to the analysis and synthesis
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of a considerably wide class of nonlinear systems subject to any specific input signal
in the frequency domain.

4.3 Simulations

To demonstrate the application of the new frequency domain analysis method
proposed in this Chapter, a nonlinear spring-damping system is studied as shown in
Figure 4.1. The system has two nonlinear passive components and one nonlinear
active unit. The active unit is described by F = ¢,x%x +c,xi* , the output property of the
spring satisfies F = Kx + ¢;x*, and the damper F = Bi+c,%’. u(f) is the external input
force. The system dynamics can be described by

M5 = —Kx — Bi — ¢,2%x — ¢, 557 —3x° — ¢, %° +u(t) (4.49a)
Let the output be

y=Kx (4.49Y)
This may represent a vibration isolator system with nonlinear spring and damping
characteristics. The task for this case study is to investigate how the nonlinear terms
included both in passive and active unites affect the output and what the effect might
be, and thus to provide a useful insight into the design of corresponding nonlinear
parameters to achieve a desired output frequency response.

For clarity in discussion, let A =240, K =16000, and B=296, then (4.49ab) can be
rewritten as
2405 = —16000x — 2965 — ¢,i*x — ¢, ix° — ¢,x° — ¢, % + u(t) (4.50a)
y=16000x (4.50b)
(4.50a) is a simple case of the NDE model (1.5) with M =3, K =2, ¢,,(2)=240,
o()=296 , C,,(0)=16000 , c, (11 =c, , c,,(110)=¢, , ;,(100)=¢c, , ¢€,,(000)=¢c; ,
cu(0)=-1, and all the other parameters are zero. Therefore, what is of interest for this
study is to analyse the effect of the nonlinear terms with coefficients c;, ¢z, c3 and c4
on the system output frequency response. To achieve this objective, the procedure
proposed in Section 4.2.2 are adopted to derive the OFRF of system (4.50), and the
results in Section 4.1 will be used for the computation of the parametric characteristic
of the OFRF with respect to the nonlinear parameters c;, ¢, ¢3 and c4. Moreover,
though the method proposed in this paper is suitable for a general input function u(t),
for convenience in discussion, the input of system (4.50) is considered to be a
sinusoidal function u(f) =100sin(8.17). To illustrate the new results more clearly, first
only the effect of parameter ¢, is considered and it is assumed that ¢,=c3=c4=0. Then

complicated cases where the effect of more than one nonlinear parameters is involved
will also be investigated.

4.3.1 Determination of the parametric characteristics of OFRF

Note that all the parameters of interest belong to Cj, and the other degrees of
nonlinear parameters are all zero. Thus Corollary 4.3 and Proposition 4.3 can be
utilised directly. Therefore,
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Ll - - = -1 -1
CE(H,(jo,, -, jo,)) =c * -5[”21—[n21D-(1—6(3)pos(n))=c 2 5["—2—-{”7D

Ny g , ¥
v=CEY(jo)= & CE(H . pu=|1 ¢ & - ¢

=[1 c ¢ .. CLN%J]

(4.51)

where c=c;. To derive the detailed form for w , the largest order N should be
determined first according to Process B in Section 4.2.2. In order to have a larger
range in which the parameters can vary, in this case let ¢, €(0,10°). The magnitude
bound ofY, (jw) can then be evaluated as mentioned in Process B. However, for paper
limitation, the detailed computation is omitted in this case. It can be verified that
N=23 is enough for use in this case. Therefore,

5

y,=[1 et cl”'%q=[1,c2, P R L (4.52)

4.3.2 Determination of ®(jw) for the OFRF

Following Process C, the matrix ¥ =[y,” ---y,”]" should be constructed first. In this

case, for any 12 different values of c,, the matrix ¥ is a Vandermonde matrix and
thus non-singular. Note that in many cases, the parameters may be set to be some
large values and cover a large range. This will make the element values in the matrix
¥ extraordinarily large. Then when the inverse of matrix ¥ is computed, there may
be some computation error involved in Matlab. To overcome this problem, y can be
written as

N%’*‘l“ - -1
w=L ® JkCE(H(M_l)M(-))/k=[1 kc/k) KA(cl/k)? - kLNAJ(c/k)[N/ZJ] (4.53)

i=0
Then equation (4.36) can be written as

Y(joro)=y - @(jw)" = [1 (clk)y (c/k)* - (c/k)'lcol(jw) ko,(jow) - k'(v,(jw)]T (4.54)
where ¢ = LN —%J Moreover, the range for each parameter can be divided into several
sub-range, and the final result is the combination of these results obtained for each
sub-range. In this study, let k=10°, then c, =C% €[0,1000] . Choose ¢, to be the

following values to construct ¥ =[y,"---y,'1", ie., 0.1,1,50,65,80,100,150,200,250,

300,350,400,450,500,550,600,650,700,750,800,850,900,950,980,1000. The output
frequency response

(o) = frGe), Y(w), - Y(w),] (4.55)
of system (4.50) at w =8.1rad/s corresponding to different values of ¢, can be obtained

through FFT of the time-domain output response. Then using (4.54), it can be derived
from (4.48) that

o(jo) =lp(jo) kp,(jo) - Ko o)] =) €T ¥Y(jo) (4.56)
Therefore, the output frequency response function of system (4.50) with respect to
nonlinear parameter ¢; in the case of ¢;=c3=c4=0 is obtained as

Y(jws;c,)=(2.060893505718041e+002 -2.402014548824790e+0021) U

+k! (-5.14248529981906 + 5.35676372314361i) c, Opé'}"l’s,?
S
R
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+ k2 (0.08589533966805 - 0.08827649204263i) ¢,
+ K2 (-8.068953639113292¢-004 +8.248154776018186e-004i) ¢’
+ k“ (4.598423724418538e-006 -4.686570228695798¢-006i) c,*
+k° * (-1.679591261850433¢-008 +1.708497491564935¢-0081) 02
+ Kk (4.056287337706451e-011 -4.120496550333245¢-011i) c,°
+k7 (-6.544911009113156¢-014 +6.641760366680977¢-014i) C2
+k® * (6.976300614229155¢-017 -7.073928662624432¢-017i) &t
+ Kk (-4.713366512185836e-020 +4.776287453573993-020i) c,’
+ k19(1.827866445826756e-023 -1.851299290299388e-023i) c2‘°
+ k1(-3.098310700824303e-027 +3.136656793561425¢-027i) c, '’
4.57)

Based on this function, (4.39) can be further computed as

: = po+ep +cip, ke’ Pze """
=(1. 001695593467675e+005)+ k' (4. 693027791051078e+003)cz

+k2 (1. 329525858242289e+002)02 +k7 (2. 55801250200731)02

+ k4 0.03645314106899¢,*+ k° (-3.968756773045435¢-004)c,’

+k%0.01517275811829¢,%+... (4.58)
Note that this is an alternating series and it holds that |p,|>|p...] and |p,| > 0. Hence
the series may keep decreasing when ¢ is going larger and within its radius of
convergence. By following the similar method demonstrated above, the output
frequency response functions of system (4.50) with respect to nonlinear parameters cj,
¢y, ¢3 and ¢4 of different cases can all be obtained, for instance Y(jw;c,), Y(jw;c,), and
Y(jw;c,) (The other nonlinear parameters are zero if not appearing in the function).

The results are shown in Figure 4.2-4.4.

Figure 4.2 shows that the variation of the magnitude of the output frequency
response functions with respect to each nonlinear parameter. It can be seen that there
is a good matching between the theoretical computation results and the simulation
results to which they have been fitted, and there is also a good match between the
theoretical computation results and the simulation tests (for parameter c3) which are
independent of the fitted simulation results. From both Figure 4.2 and Figure 4.3 it
can also be seen that the system output frequency response is much more sensitive to
the variation of the nonlinear parameters when they are small. Once the value of a
nonlinear parameter is sufficient large, then the sensitivity will tend to be zero. From
the comparison of these four nonlinear terms, it can be concluded that the system
output frequency response is more sensitive to the variation of the nonlinear
parameter c4 when the values are small; however when the values of each nonlinear
parameters are sufficient large, the system output spectrum is more sensitive to the
nonlinear parameter c,. From Figure 4.4 it can be seen that the convergence of the
output frequency response functions are all very fast.. It is noted that the ratio
functions of ¢, and c3 go up much faster than that of ¢, especially c,. This implies that
the radius of convergence of the output spectrum corresponding to c; should be larger.
Simulation tests verify that the system is still stable when c,=10'7 where the
magnitude of the output spectrum is 0.0216, while the system may tend to be unstable
when ¢ tends to be larger than 108,

From the analysis above for the four nonlinear parameters of nonlinear degree 3,
respectively, it can be seen that
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o The computed system output spectrum has a larger radius of convergence with
respect to ¢, ¢3 and c4.

o The system output spectrum is more sensitive to c4 and less sensitive to c3;

o If the output spectrum with respect to a nonlinear parameter is an alternating series
satisfying |p,|>|p,.| and |p,| > 0, then the system output spectrum may be reduced

to zero if additionally the radius of convergence for this parameter is sufficiently
large.

o The magnitude of output spectrum decreases with the increase of the values of the
nonlinear parameters. Thus an introduction of some simple nonlinear terms into a
linear system may greatly improve the performance of output frequency response,
and the stability of a nonlinear system is not necessarily deteriorated with
increasing the values of nonlinear parameters; This also shows that a larger value
of the parameter for a nonlinear term may not lead to a bad performance of a
system.

o For system (4.50), the nonlinear parameters c; and c4 can be designed to be large
enough to achieve a sufficiently small transmitted force since they correspond to
passive elements, and several nonlinear terms in the active part can work together
to achieve a better performance.

To demonstrate further the advantage of the OFRF based analysis and to show
more clearly the effect on the system output spectrum from several nonlinear
parameters, the OFRF with respect to ¢;, ¢; and c3, i.e., Y(jw;c,c,,c,)is derived. Let

¢, €[0,10°],¢, €[0,6-10°1,¢, €[0,5-10°], ¢4=-500, and the largest order N of the output
spectrum is determined to be 11, then the parametric characteristic can be obtained as
(c=le,6,641)

11-} _ 2 2 2.3 .2 2 2
V/=[1 ¢ o o d ZJ] =[1,€1,€2,€3,€17,€1€2,€1€3,€27,€2€3,€3°,C17,€17€2,€17€3,C1€27,€1€2C3,

3.2 2.3 4 .3 3 2.2 .2 2.2 3 2 2 3 .43
C2 ,2Cz 03,02033 »C3 ,051 ,041 02,041 03,031 022 ,031 0203,031 023 ,021023 ,01202 203,0102203 ,010:% ,032 sC2 403,
€2 €3 ,C2€37,C3 ,Cl3 sC1 Cz,gl gs,cl 023,01 C§C3,§1 33 sC1 3Cz 2,01 202 303,01 4020g »€1 C3,C1C2
C1C27C3,€1C27C37,C1€2€37,C1C3 ,C27,C2 €3,627C37,C2°C37,C2C3 ,C3” ) (4.59)

In order to construct the non-singular matrix ¥, the series of p(N)=55 different
points ¢ =[c,,c,,c,]in 8S. ={ c=[c,,c,,¢,1] ¢, €[0,],¢, €[0,6],¢, €[0,5] } can be obtained
by using a simple stochastic-based searching method. In simulations, it is noticed that
is easy to find such a series of points that det(¥)=0 . For example, a series of
pointsc =[c,,c,,c,] are illustrated in Figure 4.5, and it can be obtained in this case that
det(¥)=0.08608811188201. It can be seen from simulations that it is easy to find a
non-singular matrix ¥ with a proper inverse.

Then following the same procedure as demonstrated above, the OFRF
Y(jw;¢,,c,,¢,) 1n this case can be obtained. The results are shown in Figure 4.6-4.7. It
can be seen that
o By using the OFRF, the output spectrum can be plotted and analyzed under

different combinations of the nonlinear parameters c;, ¢; and c3. This provides a

straightforward understanding of the relationship between system output spectrum

and model parameters which define nonlinearities.
o The OFRF varies with different values of ¢, ¢, and c;. The effect on the output
spectrum from any two nonlinear terms is not necessarily the simple combination
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of the contributions from each term respectively. Thus the parameters can be
analyzed in order to get the best output frequency response performance. The
OFREF provides a useful basis for this kind of analysis and optimization.

From the discussions above, it can be concluded that the OFRF based analysis
provides a novel, effective and useful approach to the analysis and design of nonlinear
Volterra systems in the frequency domain.
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Fig. 4.1 A mechanical system
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Sensitivity of OFRF to nonlinear parameters
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Fig. 4.7 Output spectrums with respect to any two combinations of ¢y, ¢ and ¢3

4.4 Proofs

e Proof of Proposition 4.2

Regard all other nonlinear parameters as constants or 1. From Proposition 3.1 and
Propertyes 3.1-3.5, if p+g>n then the parameter has no contribution to CE(Hy(.)), in
this case CE(Hy(.))=1 with respect to this parameter. Similarly, if p+g=n then the
parameter is an independent contribution in CE(Hy(.)), thus CE(Hy(.))=[1 c] with
respect to this parameter in this case. If p+q<n and p>0, then the independent

n-1

contribution in CE(H,(.)) for this parameter should be c[”“’"'J , and the monomials ¢*

for 03x<['1;11J are all not independent contributions in CE(Hg(.)). Hence
Prg=
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n-1

CE(H,,(-))=[1 c ¢t - c["**’"qfor this case. The similar result is held for the case

p+tq<n and p=0. However, since there should be at least one p>0 in a complete
monomial, thus in this latter case ¢* for any x are not complete, which follows

n-1 n
CE(H,,(')){I c ¢t - c[”*""J . The parametric characteristic vector for the

nonlinear parameter c for all the cases above can be summarized into

[ n-1
CE(H,()=|1 ¢ ct ... clpw-lJ_a(p)'pa‘("—q)jl

This completes the proof. O

¢ Proof of Proposition 4.3

Equation (4.16) is summarized from Equations (3.19-3.21), and when all the other
parameters are zero except c=cpq(.), the following equation can also be summarized
from (3.19-3.21)

n-1
CE(Hn(jwl""’jwn))=CI)+q_l.5( o \‘ v JJ (1 &(p)pos(n—- q))
p+q-1 | p+q-

Therefore, it can be shown that
L/ l/m-J
CEY(jo)= @ CE(Hgupu= & ¢ -8i-|i])-(1-8(p)pos(p+q-Di+1-9)
l‘/m-nJ
= @

i=0

¢ (1-8(p)pos((p+q-Di+1-q))
If p=0, 1-8(p)pos((p+g-Di+1-g)=1- pos((q-1)i +1-q) , which yields,
CE(Y(jo))=]l c-(1- pos(g-N)))]
else, 1-5(p)pos((p+q-1)i+1-g) =1, which yields
[N_/P“I*'J [N-y J
CEY(jo)= @& CE(H,,pa()={1 ¢ ¢ - ¢ o }
This completes the proof. [

¢ Proof of Lemma 4.2
The lemma is summarized by the following observation. For clarity, let I=3.

!
c"=¢®c---®c¢ s@), =Zs(j)"_, for i=1,2,3
n Jj=i
n=1 [c; ¢y ¢3] 1 1
n=2 [c; ¢; ¢3]® [c) 3 ¢3] 3 21
=[c1? cic; cics ¢ cacs c3]
n=3 [C12 Ci1Cz2 Ci1C3 022 CaC3 C32] ® [c1 ¢ C3] 6 3 1
—[Cl 01202 Ci C3 01022 Ci1C2C3 C1C3 023 02203 02032 C3 ]
n=4 [Cl3 01202 CiI'Cs 01022 C1C2C3 C|C32 023 022C3 C2C3 C3 ] ® [C; Ca C3] 10 4 1

=[c1* ¢i’c; ¢1%c; ¢ 0120203 ci’es’ eiep’ crer’es ¢icacs” ciey’
C2 C3°C3C C32 02033 C3 ]
n=5 [01101 CrCi ' C3 012622 0120203 Ci 03 01023 0102203 0102032 01033
C2 €3 C3CH C32 Czc33 C3 ] ®[cicacs 15 5 1
=[015 CilCCiC3CiCy 0130203 013032 Ci 023 01202203 01202032 012033

ANLTWN,
ANuNw
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3.2.2.3 4.5
C]C24 0102303 01022032 0102033 C1C34 025 02403 CyC3 C2C3 CC3 C3 ]
To complete the proof, the complete mathematical induction can be adopted. An
outline for this proof is given here. Note that
" =t cy e e s, - s(), +1: 5,1 ¢, 5D, ¢, )
includes all the non-repetitive terms of form cficf---cj' with k, +k, +---+k, =n and

0 < k,,k,,-,k, <n. These terms can be separated into / parts, the ith part of which, i.e.,
c"'[s(l), —s@), +1:5(1),]-¢,, includes all the non-repetitive terms of degree » which are

obtained by the parameter c¢; timing the components of degree n-1 in ™! from
s(1), - s(@), +1 to s(1),. Assume that the lemma holds for step n. Then for the step n+1,

the ith part of the components in ¢™*' must be ¢"[s(1),.,, - (sG), +--+5(I),) +1:5(1),.]-¢,
which is ¢"[s(1),.,, - 5(}),., +1:5(1),,,]-c;. This completes the proof of Lemma 4.2. O

n+l

4.5 Summary

The parametric characteristic analysis is performed for the output spectrum of
Volterra systems described by NDE models or NARX models in this Chapter and
some fundamental results for the parametric characteristics of system output spectrum
are established. Based on these results, the parametric characteristic based output
spectrum analysis for nonlinear Volterra systems is proposed. This method provides a
novel and effective approach to the analysis and design of nonlinear Volterra systems
in the frequency domain by using the explicit relationship between the system output
frequency response and model parameters. The OFRF is characterized by its
parametric characteristic timing a complex valued frequency dependent function
vector. Thus in stead of the direct analytical computation of the OFRF, the proposed
method simplifies the computation of the OFRF by splitting the computation
procedure into two parts ------ one is the computation of the parametric characteristics
for the OFRF, which is analytical in the determination of the relationship between the
output spectrum and model parameters, and simpler to be implemented, and the other
is the determination of the complex valued frequency dependent function vectors,
which are obtained by using the Least square method. Some fundamental results,
techniques, and a general procedure for the determination of the OFRF for a given
NDE or NARX model subject to any specific input signal are provided. Although the
proposed method needs p(N)simulation data for the numerical method of Process C,

gmd the OFRF obtained by the proposed method is not analytical with respect to the

input signal and frequency variants at present, the case study for a simple mechanical

system shows that the OFRF analysis based on its parametric characteristic is a useful

prro.ach to the analysis and design of nonlinear Volterra systems in the frequency
omain.
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Chapter 5
MAPPING FROM PARAMETRIC CHARACTERISTICS
TO THE GFRFS

Based on the parametric characteristic of the nth-order GFRF (Generalised
Frequency Response Function) for nonlinear systems described by an NDE (nonlinear
differential equation) model, a mapping function from the parametric characteristics
to the GFRFs is established, by which the nth-order GFRF can directly be written into
a more straightforward and meaningful form in terms of the first order GFRF, i.e., an
n-degree polynomial function of the first order GFRF. The new expression has no
recursive relationship between different order GFRFs, and demonstrates some new
properties of the GFRFs which can explicitly unveil the linear and nonlinear factors
included in the GFRFs, and reveal clearly the relationship between the nth-order
GFRF and its parametric characteristic, and also the relationship between the nth-
order GFRF and the first order GFRF. The new results provide a useful insight into
the frequency domain analysis and design of nonlinear systems based on the GFRFs.

5.1 Introduction

As discussed in Chapter 1, frequency domain methods for nonlinear systems have
been studied for many years (Taylor 1999, Solomou 2002, Pavlov 2007). The
frequency domain theory for nonlinear Volterra systems was initiated by the concept
of the GFRF (George 1959). Thereafter, many significant results relating to the
estimation and computation of the GFRFs and analysis of output frequency response
for practical nonlinear systems have been developed (Bendat 1990, Billings and Lang
1996, Chua and Ng 1979, Jing et al 2007).

To compute the GFRFs of nonlinear systems, Bedrosian and Rice (1971)
introduced the “harmonic probing” method. By applying the probing method (Rugh
1981), algorithms to compute the GFRFs for nonlinear Volterra systems described by
the NDE model and NARX model were derived, which enable the nth-order GFRF to
be recursively obtained in terms of the coefficients of the governing NARX or NDE
model (Peyton-Jones and Billings 1989, Billings and Peyton-Jones 1990, Chen and
Billings 1989). Based on the GFRFs, frequency response characteristics of nonlinear
systems can then be investigated (Peyton Jones and Billings 1990, Yue et al 2005).
These results are important extensions of the well known frequency domain methods
for linear systems such as transfer function or Bode diagram, and provide a method to
the analysis of nonlinear systems in the frequency domain.

Although these progresses have been made and the GFRFs of nonlinear systems
described by NARX models and NDE models can be determined effectively, it can be
seen that the existing recursive algorithms for the computations of the GFRFs and
system output spectrum can not explicitly and simply reveal the analytical relationship
between system time domain model parameters and system frequency response
functions in a clear and straightforward manner. Therefore, many problems remain
unsolved, such as how the frequency response functions are influenced by the
parameters of the underlying system, and the connection to complex non-linear
behaviours, etc. In order to solve these problems, the parametric characteristics of the
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GFRFs were studied in Chapter 2 and Chapter 3, which effectively build up a
mapping from the GFRF to its parametric characteristic and provide an explicit
expression for the analytical relationship between the GFRFs and system time-domain
model parameters. The significance of the parametric characteristic analysis of the
nth-order GFREF is that it can clearly reveal what model parameters contribute to and
how these parameters affect system frequency response functions including the
GFRFs and output frequency response function. This provides an effective approach
to the analysis of the frequency domain characteristics of nonlinear systems in terms
of system time domain model parameters.

The study in this chapter is based on the results in Chapter 3. It is shown in
Chapter 3 and Chapter 4 that the nth-order GFRF and output spectrum of a nonlinear
Volterra system can both be written as an explicit and straightforward polynomial
function in terms of nonlinear model parameters, and this polynomial function is
characterized by its parametric characteristic with its coefficients being complex
valued functions of frequencies and dependent on the system linear characteristics and
input (for output spectrum). Note that, the parametric characteristics can be
analytically determined by the results in Chapter 3. The focus in this study is to
analytically determine the complex valued functions related to the parametric
characteristics. An inverse mapping function from the parametric characteristics of the
GFRFs to the GFRFs is studied. By using this new mapping function, the nth-order
GFRF can directly be recovered from its parametric characteristic as an n-degree
polynomial function of the first order GFRF, revealing an explicit analytical
relationship between the higher order GFRFs and the system linear frequency
response function. Compared with the existing recursive algorithm for the
computation of the GFRFs, the new mapping function enables the nth-order GFRF to
be explicitly expressed in a more straightforward and meaningful way. Note from
previous results that the higher order GFRFs are recursively dependent on the lower
order GFRFs. This recursive relationship often complicates the qualitative analysis
and understanding of system frequency characteristics. The new results can
effectively overcome this problem, and unveil the system’s linear and nonlinear
factors included in the nth-order GFRF more clearly. This provides a useful insight
into the frequency domain analysis and design of nonlinear systems based on the
GFRFs, and can be regarded as an important extension of the parametric characteristic
theory established in previous chapters. Several examples are given to illustrate these
results.

5.1.1 Some notations for this chapter

Some notations are listed here especially for readers’ convenience in
understanding of the discussions in this Chapter, although some of these notations
have already appeared in previous chapters and will also be used in the following
chapters.

Cpakiesk, ) A model parameter in the NDE model, %; is the order of the

derivative, p represents the order of the involved output
nonlinearity, g is the order of the involved input nonlinearity,
and p+q is the nonlinear degree of the parameter.

H,(jo, - jo,) The nth-order GFRF
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C,,=lc,,0,--,0),¢,,(0,-1), ¢, q(K_,-;-,_KJ )] A parameter vector consisting of all the

prgem
nonlinear parameters of the form ¢, (k,,-,k,,,)

CE() The coefficient extraction operator (Chapter 2)

CE(H,(jo,,, jo,)) The parametric characteristics of the nth-order GFRF

Lo, jw,) The correlative function of CE(H,(jw,, -, j®,))

® The reduced Kronecker product defined in the CE operator

® The reduced vectorized summation defined in the CE operator

oot VCp.0 O)-+c, . () A monomial consisting of nonlinear parameters
SuSs S, A p-partition of a monomial ¢, , pa Ocp 0 O
s A monomial of x; parameters of {c, , (),---,¢c,, , ()} of the

involved monomial, 0<x;, <k, and s¢=1

@, :Sc(n)—> S, (n) A new mapping function from the parametric characteristics to
the correlative functions, S.(n) is the set of all the monomials
in the parametric characteristics and S,(n)is the set of all the
involved correlative functions in the nth order GFRF.

n(s,(5)) The order of the GFRF where the monomial s, (5) is generated

A, (@, ,,) The maximum eigenvalue of the frequency characteristic matrix
@, of the nth-order GFRF

5.2 The nth-order GFRF and its parametric characteristic

In this chapter, consider nonlinear Volterra systems described by the NDE model
in (1.5), similar results can be extended to the NARX model (1.6). For convenience,
some basic results are restated in this section as follows.

Using the definitions in (3.10), i.e.,
9=0p>1 59y

Hoo)=1, H,,0=0f0r 1>0, H, ,()=0for n<p, and [ 0= {:) 0.ps1
i=] q = ’p -

The nth-order GFRF for (1.5) can be written as (3.11), i.e.,
. : 1 S < 4
H" (jwl 2T jw") = T Z Z z C[l,q (kl LI kl)+ll )(H (jwn—q+l )I‘Im )Hn—ll.l’ (jwl T jw""l)
L" (_] 0),-) 4=0 p=0 k k,,, =0 i=1
2
(5.2)
The parametric characteristic of the nth-order GFRF can be simply computed as (See
Corollary 3.1 for details)

CE(H, (jo,, jw,)) = C,, ® (qea: gcm ®CE(H"_q_p+l(-))J€B ( é C,o ®CE(H,_,., (.))) (5.3)
Moreover, CE(H,(jw,,,ja,)) can also be determined by following the results in

Proposition 3.1, which allows the direct determination of the parameter characteristic
vector of the nth-order GFRF without recursive computations and provides a
sufficient and necessary condition for which nonlinear parameters and how these
parameters are included inCE(H, (jw,, -, j,)).

Based on the parametric characteristic analysis in Chapter 2 and Chapter 3, the
nth-order GFRF can be expressed as

52



Chapter 5 Mapping from parametric characteristics to the GFRFs

H, (o, jo,) = CE(H,(jo,,, jo,)) f,(jay, - jo,) (54
where f,(jw,, -, jo,) is a complex valued function vector with an appropriate
dimension, which is referred to as the correlative function of the parametric
characteristic CE(H,(jw,, -, j®,)) in this study.

Equation (5.4) provides an explicit expression for the analytical relationship
between the GFRFs and the system time-domain model parameters. Based on these
results, system nonlinear characteristics can be studied in the frequency domain from
novel perspectives including frequency characteristics of system output frequency
response, nonlinear effect from specific nonlinear parameters, and parametric
sensitivity analysis etc as demonstrated in the previous chapters. In this chapter , an
algorithm is provided to explicitly determine the correlative function f,(jw,,---, j®,) in
(5.4) directly in terms of the first order GFRF H,(j»,) based on the parametric
characteristic vector CE(H,(jw,, -, jw,)). To achieve this objective, a mapping from
CE(H,(jw,, -, jw,)) to H, (jo,, -, jw,) is established such that the nth-order GFRF can
directly be written into the parametric characteristic function (5.4) in an analytical
form by using this mapping function, and some new properties of the GFRFs are
developed. These results are an extension of the previous established parametric
characteristic theory and allow higher order GFRFs and, consequently, the OFRF to
be analytically expressed as a functional of the system linear FRF (i.e., the first order
GFRF). These provide a new advance for the frequency domain analysis of nonlinear

Volterra systems.
5.3 Mapping from the parametric characteristic to the nth-order GFRF

The parametric characteristic vector CE(H, (jw,, -, jw,)) of the nth-order GFRF can

be recursively determined by equation (5.3), which has elements of the form
¢,,®C,,.®C,, ®--®C,, (n22kz20), and each element of which has a

corresponding complex valued correlative function in vector f,(jw,, -, jw,) . For
example, c,,(k,,+,k,) corresponds to the complex valued function (jw)" - (jw,)* in
the nth-order GFRF.

From Proposition 3.1, an element in CE(H,(jw,,,jw,)) is either a single

parameter coming from pure input nonlinearity such as co,(.), or a nonlinear parameter
monomial function of the form ¢,,®cC, , ®C, ®--®C, satisfying (3.15), and

»a ®Cp, ®C,  ®--®C, must come from pure output

nonlinearity or input-output cross nonlinearity, i.e., cp(.) with p>1and p+g>1. For
this reason, the following definition is given.

the first parameter of C _

Definition 5.1. A parameter monomial of the form C,, ®c,,®cC, ®-..0C,, with

k>0 and p+g>1 is said to be effective or an effective combination of the involved
nonlinear parameters for CE(H,(jw,, - jw,)) if p+q=n(>1) for k=0, or (3.15) is
satisfied for £>0. O

From Definition 5.1, it is obvious that all the monomials in CE(H, (jw,,--, jw,)) are
effective combinations. The following lemma shows further that what an effective
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monomial should be in certain order GFRF and how it is generated in this order
GFRF.

Lemma 5.1. For a monomial ¢, , (), , ()¢, , () with k>0, the following

statements hold:
(1) it is effective for the Z"-order GFRF if and only if there is at least one

k
parameter cp, q,(.) with p>0, where Z= Z(p,« +q,)-k.

i=0
(2) if there are / different parameters with p;>0, then there are / different cases in
which this monomial is produced by the recursive computation of the Z"-order

GFRF.
Proof. (1) This is directly from Definition 5.1. Z can be computed according to

k k
Lemma 1, ie., p,+q,+.(p, +q,)=Z +k, which yields Z= (p, +4,)-k. (2) From
i=1 i=0

the second and third terms in the recursive algorithm of Equation (3.8), i.e.,

n-1 n—q X 9
Zz Z cp,q(kl7"':kp+q)(H(ja)n—q+i)k”‘)Hn—q,p(jwl’”',jwn-q)
gq=! p=i k,,k,,q=0 i=1
. (5.5)
+z Zcp,o(kl’.”’kp)Hn,p(jwl"“’jwn)
p=2k k,=0

it can be seen that all the nonlinear parameters with p>0 and p+q <n are involved in
the nth-order GFRF, and each of these parameters must correspond to the initial
parameter in an effective monomial of CE(H,(jw,,,jw,)) . Hence, if there are /

different parameters with p;>0 in the monomial ¢, , ()¢, , ()--c, , (), then there will

be / different cases in which this monomial is produced in the Zth order GFRF. This
completes the proof. O

Definition 5.2. A (p,g)-partition of H,(jw, -, jw,) is a combination

l)
H, (w)H, (w.)H, (w,) satisfying Zr, =n-gq, where 1<r,<n-p-g+1, and w, is a

i=]

P
set consisting of r; different frequency variables such that Uw,, ={w,,0,,,0,}and

w, Nw, =gfori=j. O

For example, H (»,)H (0,)H, (@, ;) and H,(0)H,(0,,0,)H,(o,,0,)are two (3,0)-
partitions of H,(jw,, -, jw,).

Definition 5.3. A p-partition of an effective monomial ¢, ()¢, , () is a
combination s, 5., s, » wWhere s, is a monomial of x; parameters in {Cpa €0 0 O

0<x, <k, s©=1, and each non-unitary s, is an effective monomial satisfying

p
Zx" = kand Su8x S, T Cp g, (')"'cquk (.0
P

The sub-monomial s, in a p-partition of an effective monomial ¢, , ()--c,, ()is
denoted by s, (cp, . O)--c, o (). Suppose that a p-partition for 1 is still 1, i.e., 1-1---1=1.

p
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Obviously ¢, , ()¢, ) = 5.5, o8y (Cpg () Cpg ) = Si( €pq Oy 0 () ). For
example, s,(c,,(Ns,(c,,(Ve;0()) and  s,(c,, (Ve (s (c;5()) are two 2-partitions of
¢,,0)e,,()e; () . Moreover, note that when s appear in a p-partition of a monomial, it
means that there is a H;(.) which appears in the corresponding (p,q)-partition for Hy(.).

For an effective monomial ¢, ()¢, ,()--¢, , () in CE(H,(jw,, -, j,)) , without
speciality, suppose the first parameter c, () is directly generated in the recursive
computation of H,(jw,, -, jo,) , then the other parameters must be generated from the

lower order GFRFs that are involved in the recursive computation of H,(j,,--, j,) .
From Equations (3.1-3.5) it can be seen that each parameter in a monomial
corresponds to a certain order GFRF from which it is generated. The following lemma
shows how a monomial is generated in H,(jo,, -, jo,) by using the new concepts
defined above. This provides an important insight into the mapping from a monomial
to its correlative function.

Lemma 5.2. If a monomial ¢, ,()c, , ()¢, , () is effective, and ¢, () is the initial

parameter directly generated in the xth-order GFRF and p>0, then
(1) ¢, 4O---¢c,,, () comes from (p,q)-partitions of the xth-order GFRF, where x=

k
P+a+) (p,+a)-k;

i=]

(2) if additionally so is supposed to be generated from H;(.), then each p-partition
of ¢, ()¢, . ()corresponds to a (p,g)-partition of the xth-order GFRF, and

each (p,q)-partition of the xth-order GFRF produces at least one p-partition for
cl’n-‘ll (). ’ cl’k-‘h () ;
(3) the correlative function of ¢, , ()---¢,, , ()is the summation of the correlative

functions from all the (p,g)-partitions of the xth-order GFRF which produces
Cpa ()¢, o (), and therefore is the summation of the correlative functions

corresponding to all the p-partitionof ¢, , ()¢, ,, ).
Proof. See Section 5.5 for the proof. 0

Remark 5.1. From Lemma 5.2, it can be seen that all the (p,q)-partitions of the
xth-order GFRF which produce Cpa e, () are all the (p,g)-partitions

corresponding to all the p-partitions for ¢, , ()+-¢,,4 () - Therefore, to obtain all the
(p.g)-partitions of interest, all the p-partitions for Cpa () Cp . () 1s needed to be
determined. O

Based on the results above, in order to determine the mapping between a
parameter monomial ¢, (e, , ()---c, , () and its correlative function in f,(j,, -, j,),

the following operator is defined.

Definition 5.4. Let S.(n) be a set composed of all the elements
inCE(H,(jw,,, jo,)), and let S,(n) be a set of the complex-valued functions of the
frequency variables ja,,-, jo,. Then define a mapping
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@ :Sc(n) > S, (n) (5.6a)
such thatinw,, -, @,
HY" (jo,, - jo)=% Y CE(H,(jo, - jo,)) ¢,(CE(H,(jo, -, jo,)) (5.6b)
all the permutations
of {1,2,...,n}

That is, by using the mapping function above, an asymmetric GFRF can be
obtained as
H,(jo,, j@,) = CE(H,(jo, -, jo,)) ¢, CE(H, (jor, -, jo,))
The existence of this mapping function is obvious. For example,
@, (Conlhyy o k,)) = (o) --(jo,)* . The task is to determine the complex valued

correlative function ¢,(c, (e, , ()¢, , ()) for any nonlinear parameter monomial

Cpa(pa e, . () (0<k<n-2)in CE(H, (@, j,)).

Based on Lemma 5.1-5.2, the following result can be obtained.

Proposition 5.1. For an effective nonlinear parameter monomial

Corts OO0 O O let 5=c, o Ve, , (), 0 ()5 Als, BN =D (p, +q;)~x+1, where x

i=1

is the number of the parameters in s, , Z( p, +4q,) is the summation of the subscripts of

all the parameters in s, , Zx:(.) =0 if x<1 and n(1)=1. Then for 0<k< n)-2

i=]

Pu)(Cpyig V€ p 0, () Cpy 0, (D3 01y +** Dyuiy))

= Z {f, (Cpq (), 1(8); 011y Wyu5)) - Z Z [f 2 (S5, 55, (5/€,4 () D1y Dyugsy-g)

all the 2—partitions all the p—partitions  all the different
for ¥ satisfying for §/c,, () permutations
% (§)=¢,  (:)and p>0 of {s,, oSy }

P
) H Pus; (3/c,., (0 (S;' G / Cpa O Dy gy a)l(/\—’(i)-m(.r;, (Fcpy (M )]} (5 . 70)
i=t

or simplified as
ZOLCIN O LM O SELMIN O HE PIREC ey

= Z {fl (€1 O 1(5); 010 =+ Dyzy) ) - Z [be (585, (5/€, )i 01 Oriagyg) - (5-7D)
all the 2-partitions all the p~partitions

for § satisfying for -"/“p Ao
.i‘.(S):L‘,,'q() and p>0 .

p
: H Puts,, (5/ep () (Sx, (S/cp,q O Dyxiyery ™ Dixiyents,, (e, ., (M) )]}
i=1

the terminating condition is 4=0 and ¢, (l;®,) = H,(j®,) , Where,

(@)=Y nls: (e O OF X(@)= 3 (s, (/e O (5.82)
q n(s)
fl (Cp_q (), n(s); Dygy - wl(n(.?))) = (H (jw/(n(,?)-q+,) )k'm /L,,(.\‘-) (JZ @y ) (5 . 8b)

P
5 . cee = i e 7 k,
Jaa (sf. Sy, (s/cp_q ('))’wl(l) Ot zy-g)) = H(fwl(,\"(i)n) +eet TPy R iyencs;, (S/c,,,(-))))) (5‘80)
i=]
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n r
- . . K,
S (s, o Sx, (s/c” O @y " Oyiizy-qy) = : Z H(l@(xu)u) ot J Oy iyengs, (E/c,,,,(~)))))
k

all the different =1
permutations
of {k, -k}

(5.8d)
Moreover, {sz»-s; } is a permutation of {s,,:'5,} » @) @y, TEPrEsents the
frequency variables involved in the corresponding functions, /(i) for i=1...n(s) is a

P

positive integer representing the index of the frequency variables, n, =
Jnyteeen,!

ni+...+n=p, c is the number of distinct differentials k; appearing in the combination,
niis the number of repetitions of the ith distinct differential i, and a similar definition

holds for »;.0
Proof. See Section 5.5 for the proof. O

Remark 5.2. Equations (5.7ab) are recursive. The terminating condition is =0,
which is also included in (5.7ab). For k=0, it can be derived from (5.7b) that

Pus) (€. (D D11y Dy ) = P (€1 g (N Biry =~ Dipigy)
=/ (€rq(hp+g; WDyqy *** Dy pagy)

Zbe (sx,' S, (l) Dy Oy pag- q))H(Pn(r ay (s, (]) Dy xiyeny " Dicxgiyen(s,, (l))))

all the p—partitions

- .fl(cpq() p + q’wl(]) wl([»q)) be (1] ] wl(l) a)l(p)) H¢l (l w )

= g (H(]w/(,,+,)) H(Ja’l(,)) HH (]w/(l)) (59)
,m,(JZCO/(,Q -

Note that in this case, p+q=n(3) from (3.15), and 5 =c, () corresponding to a specific
recursive terminal. Hence, (5. 9) can be written as

P P
Pu (Cpg O 01y -+ Dpyizy)) = 6} (H U@y ) H (Jry)* - H H,(jay,) (5.10)
i= i=l i=
n(.s’) (.IZ wl(l) ) l :
i=1

In order to verify this result, let ~=n(5)= p+q, it can be obtained from (5.2) that for a

parameterc, (), its correlative function is

».q

_"(-‘)_-_._H(‘le’“) ” )pr(.lwl’ * ,j(l) )
Ln(s)(lz w,) =

i=]
» P
From (3.5), Hp_p(ja),,---,ja)p)zH(ja),.)k’ -HH,(jw,). This is consistent with (5.10). To

further understand the results in Proposmon 5.1, the following ﬁgure can be referred,
which demonstrates the recursive process in the new mapping function and the
structure of the theoretical results above (See Figure 5.1). O
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CE(H,(ja,, - j@,))=1¢p 4 (Vp 0 O Cpg s -]

PropOSitiOH 3‘1 [ e — l
Pordo (')cm.q, OF "C pen (Yfor0sks<n-2 « J;n O=9,0

all the (po,qo)-partitions of H,(j@,, -, jo,)
which generate monomial Cpa () Cp 0 ©)

y
par () Cpg () ——> | all the po-partitions of €p,.q,()*"€p, 4, ()
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Figure 5.1. An illustration of the relationships in Proposition 5.1
To further demonstrate the results, the following example is given.

Example 5.1. Consider the 4"-order GFRF. The parametric characteristic of the

4™ order GFRF can be obtained from Proposition 3.1 that

CE(H4(ja),, . ,ja)4)) C0,4@ Ciz® Ci1@ ng@ C4’0€9 C1,1 ®Co’3® C1’1 ®C1,2
©C18C19C18C300C120C028 C120C0 ® Cr08Co3
® C20®C21@C20®C30@ C2,1®8Co2® C30®Co)
® C, 1®C02 ® Cy, ®C02@ Ci 1®C02®C20® Cii’® Cp2®Cyp
®C1,19C0"® Co®Co2 @ Cy 0> ®Co2® Ca 0

By using Proposition 5.1, the correlative function of each term in CE(H,(jw,, -, jo,))

can all be obtained. For example, for the term ¢ 1(.)co2(-)c2,0(.), it can be derived that
Py (€11 ()0, ()Cs0(); Dy Opicrry) = Pa (€1, (D0, (V50 ()0, - @,)
= /i (cl,l Od 0, -w,)
Vo (55(C02 ()20 ()0, -+ 0) - Piisy (0 1()e100ON (52(C0,2 (V€20 (D) @y 1y -+ Dy (1y+n(s,(cq 2 (Ier 0 (M) )]
+ fi(C (0, ,)
) [fzb (505,(c, (co 2 O))s 0, @,) - P11 (Iena (D) (500110, (D @y - D x (1 ey (Yeo2(D) )
“Pusyter, 00200 82611 0)C0 2 () @x 2y O 2yantsy ey, O 00
+ S (515100, (s 0, 0,) - @, € 1€ O Dx iy Dy ymisie, )
“Puts e 20n $1(C02 (s @x 2y *** Ok 2yengsy )
= .fl (Cl.l (.)’4; oo, )
Vo (€02 (Va0 ()0, - @0;) - Prteos ez (€02 ()20 () g, - "Dosn(cy 3 ()eg o) )]
+ £ (cz,o (4o, -w,)
: [fzb (505, (cy, ()eo2 ()0, - ,)- Py (@, -+ @, )(on(c,.,(‘)co',(-)) (€1, (e () Dpityn *** wll(l)‘f'"(cu(‘)“o,z(')))
+ [ (8151 (¢, O, Oy @0, - @,) - @, (e (N @xqyer - O (yen(sy(e, ()

102(C02 O @y @ ayents o)
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= @ O, ) [fos (0200050, - @3) 0, (€, ez (0, )]
+ file 0O 0 - @,)- [fz,, (505, (c1, (o, O @, @) - @ (L0 )5 (e, (Vo (N0, - @)
+ J25 (8,8, (¢, (Vo2 (D); 0, -+~ @y )-@,(c,, () 0,2, ) @, (¢, () 05,0, )] (5.11)
To proceed with the recursive computation, it can be derived that

1 4 4
fl(cl,l (')’4;wl "-604) = H(ja’au')km /L4 (.]Z wi) = (jw4 )kl L4 (]Zw.) (512a)
]{1(62,0(')’4;601-..0)4)=/L4(jzw,-) (512b)
S (sx, (cz_o (')Co_z o, ay) = (o, +--+ jar )k' (5 120)
2
S25 (082 (Cl.l (')00.2 O, )= all th;‘pmnl 1;[ (ij(i)+‘ T ij(i)w(s“ ol (A))))k, (5. 12d)
oE Uk ky)

=(jw1)kl(ja’2 +"'+jw4)k’ +(jo, """"‘j“h)kI (ja’l)k2
2] (Co,z (')cz,o (Yo, ay)

2
= £1(C20().350, - @3) - [ (5,5, (co (N0, 0 )H Pusts., (5 (M) (s, (co (N @xgyn - Dy (yens,, (e () )
il

= A (cz,o ).3; @, w5) [y (sx, Sy (co_z ), w, Yo, (0, )o, (co,z () 0,,@,)

_‘"13—'((1"01)*' (o, +jw3)k2 +(jo, "‘j“’z)"l (jwl)kz)'Hl(ja)l)

LY @)
i=l
1

—_—  (jo) (o, 5.12
Lz(jw2+ja)3)(jw2) (je) ( e)

@3(c,1 (Vo ()@, -+ @0,)
= 101, (0350, @)« £ (55, (€02 () 02505 Poiy, 00000 (S, (€02 (D)3 @02, 03)
= £1(01().350, @) f1(€,(); 05, @3) 91 (Co (), @,, ;) 5. 120
__ Uay)® 1
Lyt o) L,(jo, + jo;)
Using equations (5.12a-f) in (5.11) yields
P4 (€1, ()C02 ()20 (); 0, - 0,)
= file, ()40, w,)- [fzb (€o2()Cy ()@, @3) - 3(cy ()eyo (), -y )]
+ fi(Cro (A0, @) [fzb (805, (€1, (o, (s @y - @,) - 0, (,0,)ps (€, (o, (); 0, - @)
+ fan (515, (CU (')Co‘z )@, -@,) 0, (cl,l (Yw,0,) 0, (co,z () o, 0, )]
_ o) o+ joy) (o) G, + joy)t + (o, + jo,) o)k Koy (e,)"
Lo+ +jo)L,(Jo, + jo, + jo,)L,(jo, + jo,)
Gent o, +- 4+ jogh + o, +-+ jo) Yoot Jje)t G, + jopt Gept Ge)® o)
Ly(jo, -+ jo, )Ly (jo, +++ jo, )L, (jw, + jo,) e
o+ joptGo, + jo)s + o, + jo) Gy +jo) Koy Yot Ge)t Gey*
Loy +-+ jo)L,(jo, + jo,)L,(jo, + jo,)

(Jo, +jw3)h : (ja’z)k' (].‘03),‘z

-H,(ja),)

H (o)
(5.13)
Therefore, the correlative function of the parameter monomial c,()c,,()c,,() 18

obtained. It can be verified that the same result can be obtained by using the recursive
algorithm in (5.2, 3.2-3.3, 5.1). For the sake of brevity, this is omitted. By following
the same method, the whole correlative function vector ¢,(CE(H,(j@,, -, jo,))) can be
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determined. Thus the 4%-order GFRF H,(jo,,,jo,) can directly be written into a
parametric characteristic form which can provide a straightforward and meaningful
insight into the relationship between H,(j@,, -, jo,) and nonlinear parameters, and

also between H,(jw,, -, jo,)and H,(jo,) . O

Remark 5.3. From Example 5.1, it can be seen that Proposition 5.1 provides an
effective method to determine the correlative function for an effective monomial
Cpoae Vopg oc, o (), and the computation process should be able to be carried out

automatically without manual intervention. Therefore, Proposition 5.1 provides a
simplified method to determine the nth-order GFRF directly into a more meaningful
form as (5.4) which can demonstrate the parametric characteristic clearly and describe
the nth-order GFRF in terms of the first order GFRF H,(jw) and nonlinear parameters.
This reveals a more straightforward insight into the relationships
between H,(jw,, -, jw,) and nonlinear parameters, and between H,(jw,, -, j®,)
and H,(jw) . Note that the high order GFRFs can represent system nonlinear frequency
response characteristics (Billings and Peyton Jones 1990, Yue et al 2005) and H, (jw)

represents the linear part of the system model. Hence, the results in Proposition 5.1
not only facilitate the analysis of the connection between system frequency response
characteristics and model linear and nonlinear parameters, but also provide a new
perspective on the understanding of the GFRFs and on the analysis of nonlinear

systems based on the GFRFs. [

5.4 Some new properties

Based on the mapping function ¢, established in the last section, some new
properties of the nth-order GFRF are discussed in this section.

5.4.1 Determination of FRFs based on parametric characteristics

There are several relationships involved in this paper. H,(jo,, -, jw,) is
determined from the NDE model in terms of the model parameters. The CE operator
is a mapping from H,(jw,, -, jw,) to its parametric characteristic, which can also be
regarded as a mapping from the nonlinear parameters of the NDE model to the
parametric characteristics of H,(jw,,-,jw,) . Thus there is a bijective mapping
between H,(jo,, -, jw,) and the NDE model. The function ¢, can be regarded as an
inverse mapping of the CE operator such that the nth-order GFRF can be
reconstructed from its parametric characteristic, which can also be regarded as a
mapping from the nonlinear parameters of the NDE model to H,(jw,, -, jo,). This
can refer to Figure 5.2, where “o” represents the point multiplication between the
parametric monomial and its correlative function.
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The NDE model
CE Hn(jw]s"',jwn)

= P i) Cpy4s (05,4, () Cp, 4, (s @1y Driaiz)
¢"

cPo-lln (')cl’x-‘h (). ’ .cpkvqk ()
Figure 5.2. Relationship between ¢, and CE

It can be seen from Figure 5.2 that

H,(jw, -, jo,)=CEH,() ¢,(CEH,())) (5.14)

From (5.14), the inverse of the operator CE can simply be written as (x=CE(H,,()))
CE"'(x)=x-9,(x)

which constructs a mapping directly from the parametric characteristic of the nth-
order GFRF to the nth-order GFRF itself. Note that CE(H, () includes all the nonlinear
parameters of degree from 2 to »n of the nonlinear system of interest, and
0, (CE(H,()) is a complex valued function vector including the effect of the

complicated nonlinear characteristics and also the effect of the linear part of the
nonlinear system. Hence, Equation (5.14) reveals a new perspective on the
computation and understanding of the GFRFs as discussed in Section 5.3, and also
provides a new insight into the frequency domain analysis of nonlinear systems based

on the GFRFs.

From the results in Chapters 3 and 4, the output spectrum for model (1.5) can now
be determined as
N A
Y(jo)=) CE(H,(jo, -, jo,)) F,(jo) (5.15a)

n=1

when the input is a general input U(jw),

~ . 1 n
Fn(ja))=m I ] (0,.(CE(Hn(ja’l,"'ajwn)))'UU(jwf)dam (5.15b)

K
when the input is a multi-tone function u() = '|F,|cos(w,t + ZF,),

i=]

FGo) == Y 0,(CEH, (o, j, ) F@,)F(@,) (5.15¢)

It is obvious that Equation (5.15a) is an explicit analytical polynomial functions with
coefficients in S.()u---US.(N) and the corresponding correlative functions in

S,(Mu---uS, (N). This demonstrates a direct analytical relationship between system

output spectrum and system time-domain model parameters. The effects on system
output spectrum from the linear parameters are included in S ,()U--US,(N), and the

effects from the nonlinear parameters are included in S.(Hhu---uUS.(N) and also
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embodied in S,()u---uS, (V). This will facilitate the analysis of output frequency
response characteristics of nonlinear systems. For example, for any parameters of
model (1.5) of interest, which may represent some specific physical characteristics,
the output spectrum can therefore directly be written as a polynomial in terms of these
parameters. Then how these parameters affect the system output spectrum need only
be investigated by studying the frequency characteristics of the new mapping
functions involved in the polynomial and simultaneously optimizing the values of
these nonlinear parameters. Further study in this topic will be introduced in a later

chapter

5.4.2 Magnitude of the nth-order GFRF

Based on Equation (5.14), the magnitude of the nth-order GFRF can be expressed
in terms of its parametric characteristic.

Corollary 5.1. Let CE,=CEH, () , ©,=9¢,(CEH,O) ¢, (CEH,O ,
¢, =9,(CE(H,()), and A, = CE(H,())" CE(H,()), then
H (jo,, - jo,)|’ =CE,®,CE’ (5.16a)

’ =¢;An¢n (5'16b)

H,(jo, -, jo,)
Proof. It can be derived from (5.14) that
H, oy, jo,) = H oy, j,) Hy (o, jo,)
= CE(H () ¢,(CE(H,())-(CE(H,()) 9,(CE(H,,())))’
= CE(H,())-(p, (CE(H,())- 0, (CE(H,, ()))')- CE(H,,())" = CE,®,CE]
The result in equation (5.16b) can also be achieved by following the same method.
This completes the proof. [

From Corollary 5.1, the square of the magnitude of the nth-order GFRF is
proportional to a quadratic function of the parametric characteristic and also
proportional to a quadratic function of the corresponding correlative function.
Corollary 5.1 provides a new property of the nth-order GFRF, which reveals the
relationship between the magnitude of H,(jw,, -, jw,) and its nonlinear parametric
characteristic, and also the relationship between the magnitude of H,(jw,,-, jo,) and
the correlative functions which involve both the system linear and nonlinear
characteristics. Given a requirement on | H,(jw,,---, jw,) |, the condition on model
parameters can be derived by using equations (5.16ab). This may provide a new
technique for the analysis and design of nonlinear systems based on the nth- order
GFREF in the frequency domain.

Moreover, it can be seen that the frequency characteristic matrix ©,is a Hermitian
matrix, whose eigenvalues are the positive real valued functions of the system linear
parameters but invariant to the values of the system nonlinear parameters in CE(H, ("))
Thus different nonlinearities may result in different frequency characteristic matrix
®,, but the same nonlinearities will have an invariant matrix ©,. This property of the
nth-order GFRF provides a new insight into the nonlinear effect on the high order
GFRFs from different nonlinearities. For this purpose, define a new function
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Zl(wl"”’wn)=ﬂ'mnx(®n) (517)
which is the maximum eigenvalue of the frequency characteristic matrix ©,. As

mentioned, the frequency spectrum of this function can act as a novel insight into the
nonlinear effect on the GFRFs from different nonlinearities, since this function is only
dependent on different nonlinearities but independent of their values. However, the
frequency response spectrum of the GFRFs will change greatly with the values of the
involved nonlinear parameters, which can not provide a clear insight into the
nonlinear effects between different nonlinearities.

Moreover, the following results can be obtained for the bound evaluation for the
nth-order GFRF based on the results above.

Proposition 5.2.
sup |H,(jy, -, j@,)| < f f |, (21,0, 7,)dy - d7, < [ sup (A, (©,))-|CE,|  (5.18a)
o, 0, © oo @0,

sLL drl---df"sm‘ sgp(

Proof. See Section 5.5 for the proof. (J

) (5.18b)

P

A, (2)50,7,)

sup |H,(jo,, -, jo,)
o0,

From Equations (5.18ab), it can be seen that the magnitude of the nth-order GFRF
is proportional to a quadratic function of the parametric characteristic and also
proportional to a quadratic function of the corresponding correlative function. These
results demonstrate a new property of the nth-order GFRF, which reveals the
relationship between the magnitude of H,(jw,,--, jw,) and its nonlinear parametric
characteristic, and also the relationship between the magnitude of H,(jw,, -, jw,) and
the correlative functions which include the linear (the first order GFRF) and nonlinear
characteristics. Given a requirement on | H,(jw,,---, jw,) |, the condition on model
parameters or the first order GFRF can be derived by using these results. Proposition
5.2 also shows that the absolute integration of the nth-order Volterra kernel function
in the time domain is bounded by a quadratic function of the parameter characteristic.
This reveals the relationship between the model parameters and the stability of
Volterra series. Obviously, these may provide a new insight into the analysis and
design of nonlinear systems based on the nth- order GFRF in the frequency domain.

5.4.3 Relationship between H,(jw,, -, jo,) and H, (jo,)

As illustrated in Example 5.1, H,(jw,,-, jw,) can directly be determined in terms
of the first order GFRF H,(jw) based on the novel mapping function ¢, according to
its parametric characteristic. The following results can be concluded.

Corollary 5.2. For an effective parametric monomial Cpoas Ve q (O)-oC, 0 (), itS
correlative function is a p -degree function of H,(ja,,) which can be written as a

symmetric form
@) (Cpya (')cp‘,q, () py 0, (@10 Dy )

(n(s) - p)! p! £ .
= Lp)p Z H; (a)l(l)  Dynzy) )H H, (Jw,'(,-))

n(s)!

all the combinations of p integers {5, -1, } i=]
taken from{1,2,---n(3 )} without repetition
j is for different combination
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k k _ .
where p=n(s)-> g, =Y p, ~k, I =[r,n,--,1,1, and u,(@;4) -+ @yss) €an be determined
i=0 i=0

by equations (5.7-5.8). Therefore, the nth-order GFRF can be regarded as an n-degree
polynomial function of H,(j@,,). O
Proof. See Section 5.5 for the proof. O

Corollary 5.2 demonstrates the relationship between H,(jo,, -, jw,)and H (jo),
and reveals how the first order GFRF, which represents the linear part of system
model, affects the higher order GFRFs, together with the nonlinear dynamics. Note
that for any specific parameters of interest, the polynomial structure of the FRFs is
explicitly determined in terms of these parameters, thus the property of this
polynomial function is greatly dependent on the “coefficients” of these parameter
monomials in the polynomial, which correspond to the correlative functions of the
parametric characteristics of the polynomial and are determined by the new mapping
function. Hence, Corollary 5.2 is important for the qualitative analysis of the
connection between H,(jw,,--,jw,) and H,(jw) , and also between nonlinear

parameters and high order GFRFs .

Example 5.2. To demonstrate the theoretical results above, consider a simple
mechanical system shown in Figure 5.2.

u(t)l

L

S L
L!‘/

Figure 5.2. A mechanical system

The output property of the spring satisfies F = Ky + ¢y, and the damper F = Bj + ¢, 5’ .
u(t) is the external input force. The system dynamics can be described by

my =~Ky—By—c,y* —c,p* +u(t) (5.19)
which can be written into the form of NDE model (1.5) with M=3, k=2, co(2)=m,
o) =B, ¢,(0)=K, ¢,,(000)=c,, ¢;,(111)=c,,c,,(0) = -1, and all the other parameters

arc zero.

There are two nonlinear terms c, ,(000) = ¢, and ¢;0(111) = ¢, in model (5.19), which
are all pure output nonlinearity and can be written as C;, =le,,c,]. The parametric

characteristics of the GFRFs of model (5.19) with respect to nonlinear parameter C3 o
can be obtained according to equation (5.3) or Proposition 3.1 as

CE(Hyir1(.))=C3 ' for i=0,1,2,...,, otherwise CE(H»(.))=0 for i=1,2.,3,...
Therefore,
CE(H\())=1;
CE(H;(.))=C30=[c) ¢;
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CE(Hs(.))=C30®C30= [ c1cy Cz]
CE(H+())= C3 0®C30®C30— [C] Ci Cz 0102 Cz] ......

By using (5.7-5.10), it can be obtained that
3 3 l 3
?3(c;,(000); 0, @,, 3) = "—13‘ 'H(jwf)o ‘HHl(jwi) = 'HHl(jwi)
i=l

LY o) ™ LY )
H(/w )
03(c, (1110, 0,,0;) = ———— H(;w) HH (o)==t T [H#.Go)
L(sz) - = L(/Zw) =
i=l
@5(c,,(000)c, ,(000); @,,--+, w5)
= £1(c;0(000),5;0,,+,@5) - ). > [fz,, (55, -85 (€5, (000));, -+ @)
all the 3~partitions  all the different
for c; ;(000) permutations of {0,0,1}

3
. H Putss, e 5 (€30(0000) @ 50y1y ** Dy iy ents, e, M) )]
i=1

fza (Sososl (ca,o (000)); @ - Wy )(Pl a; , )(P] ¢H w, )(03 (cs_o (OOO); @y Wy )
=/ (cz,o (000),5; @, 05) | + S, (505150 (ca,o (000)); @, -+ @5)¢, (1; o, ), (Cs,o (000); w, -+~ @, ), (1, w5)
+ f2a (5,505, (ca,o (000)); @, -+~ w5 )(03 (03,0 (000); @, - Wy Jo, Lo, ws)

5 5
H(@)H @) [ [#,Go) [ LG @)
i=3 i=3
] 4 4
=———— |+ H(@)] [H Go)H, (@) / LY, )
LY @) i=2
i=l +1_[1-1 (w)H,(w)H,(w;) /L (jZa),)
1
— ) HH (o)

L(/Zw) L(JZw) L(JZCU) L(wa) !

@s (Cs,o (11 1)03_0 111, @, Q)

= fi(e; o (11D).55 @), 005) - E E [fh,(s;l---s;P(cl_o(lll));a)l---a)s)
all the 3-partitions  all the different
for ¢; o(111) permutations of {0,0,1}

k)
. H Pt ey 55, (C30 NN 0y 55,1, "Dy X iyeniss, (fey.g M )]
=

Sra (50505, (5,0 1 1D); 0, - 5), (), (1 0,y (€5, (11 1); 05 - 05 )
= fi(C 0 MIDS;0p,+,05) | + fra(505)50(€50 (11D 0, -+ @05, (1,0 )3 (c5, (11 1) @, -+~ 0, )y (L 05 )
+ f2a (8,505, (c3o (11 D); 0, -+~ @5 ), (50 (11 1); 0, -+ @5)0, (1; 0, ), (1; @5)

| (sz)]—[(fw) (sz)H(/w) (JZw)H(jw) ;

S -l J14 Ge)
Ls(ij,) L (/Zw) L (ij) L (ij)
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@s (cs,o (000)03,0 (1)@, -, @)

= £1(c;(000),5;0,,+,05) D > [f2a (55, -5, (5,011 D); 00, -+ 05)
all the 3—partitions  all the different
for ¢y o (111) permutations of {0,0,1}

3
. H Puts;, e, oo (5% (0 AIDY @y gy = Dk iyents;, e, M) )]
i=1

+ [1(5(A1D55 0+, 005) - Z Z[fZa(s;, "‘sfp(cz,o(ooo));wl"'ws)

all the 3-partitions  all the different
for ¢y 4(000) permutations of {0,0,1}

3
) H Pin(ss, (/.o (N (s,—,’ (CJ,O (000)); Dyxayn wl()?(i)m(xi (5/¢p g OM )]
i=1

S2a (50505, (€3,0(11 D)@, -+~ @5)@, (L @)p, (1 @,); (¢, (111); 05 - 5 )
= £1(6;0(000),5;,,+,@5) - | + f2a(S05150(€50(11 D)@, 05 )p, (1;@,)@; (3, (1 11); @, -+~ 0, ), (1 @05 )
+ 24 (85,5050 (cs,o (11D); @, -+~ 5 )@, (Cs.o (1110, -+ ;) (L0, (L 5)

S2a (5685, (€5,0(000)); 0, -+ @5 )p, (1, @ ), (L@, )5 (50 (000); @; -+~ ws)
+ 160 (L1550, 4, @5 ) | + f24 (505156 (3,5(000)); @, -+ @5 ), (1; @, )3 (€3, (000); @, -+~ @, ), (1; @5)
+ f24(515:8, (cz,o (000)); @, -+~ @5 )p; (ca_o (000); @, - @3 ), (1,09, I w5)

4 5 3 S
Hui@ﬂﬁmw 1+GY o[ JUe) 1+GY e[ TG |
i=3 i=1 + i=2 i=1 + i=1 =1 . H Hl (ja),-)

= 5 ’ 5 4 3 !
LY, ) LY @) LY. @) LY ) !
i=1 i=3 i=2 i=1
Hence, it can be obtained that
1
0, (CE(H, ())) = ———— T1#Ge)

95 (CE(H(@,,+-, @))) =
I

1 1 1
5 + 4 + 3
LG @) LGYe) LG e)
i=3 i=2 i=l

1+GY o) JUw) 1+GX o[ JGe) 1+GY 0] [Ge)
i=3 i=) + i=2 i=1 + i=1 i=l1

5
— 5 : ; JTH.Ge)
Li(j Y. @) LGY o) LY @) LY o) -
i=l i=3 i=2 i=]
5 S 4 5 3 5
GY. e[ JUw) GXed[JUe) GYe)[]Ge)
i=3 5i=l + i=2 4i=l + i=1 3i=l
LY. o) LY @) LY o)
i=3 i=2 i=1 J

By using equation (5.14), the GFRFs for »=3 and 5 of system (5.19) can be
obtained. Proceeding with the computation process above, any higher order GFRFs of
system (5.19) can be derived and written in a much more meaningful form. It can be
seen that, the correlative function of a monomial in the parametric characteristic of the
nth-order GFRF is an n-degree polynomial of the first order GFRF as stated in
Corollary 5.2, and so the nth-order GFRF is. Based on equation (5.14), the first order
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parametric sensitivity of the GFRFs with respect to any nonlinear parameter can be
studied as

OH, (o, @)  OCEH,O) ) (e, ()
oc oc
For example,
. . 3 3
MU0 J) L CBHLO. o, crh, ) =101 04 (CECH, M = [ [ 10 [ 1, 0)
1 1 i=1 i=]
Similarly,
Mo osos) L SCBHO. o (hiat, (o) = 126,000 0, CEH, ).
1 1
Similar results can also be obtained for parameter c;. It can be seen that the sensitivity
of the third order GFRF with respect to the nonlinear spring c; and nonlinear damping
¢, is constant which is dependent on linear parameters, but the sensitivity of the higher
order GFRFs will be a function of these nonlinearities and the linear parameters. Note
that for a Volterra system, the system output is usually dominated by its several low
order GFRFs (Boyd and Chua 1985). Hence, in order to make the system less
sensitive to these nonlinearities, the linear parameters should properly be designed.

Moreover, the magnitude of H,(jw,, -,jw,) can also be evaluated readily
according to Corollary 5.1. For example, for n=3

[1#0a)

9

3
r 1 I I(/‘U,-)
: . 2 T i= G i= G
,Ha(le,"',st), =CE;0,CE; =——5—| -

L, (ji ) —l_i[(jw,) H(wﬁ)

As mentioned above, instead of studying the Bode diagram of H,(jw,, -, jw,), the
frequency response spectrum of the maximum eigenvalue of the third order frequency
characteristic matrix defined in Corollary 5.1 can be investigated. See Figures 5.3-5.4.
Different values of the linear parameters will result in a different view. An increase of
the linear damping enables the magnitude to increase for higher w, + , + @, along the
line w, +@, =0 . Note that the system output spectrum (5.15a-c) involves the
computation of the GFRFs along a super-plane w, +---+w, =o . The frequency
response spectra of the maximum eigenvalue on the plane o, +-- -+, =@ Wwith

different output frequency w are given in Figures 5.5-5.6. The peak and valley in the
figures can represent special properties of the system. Understanding of these
diagrams can follow the method in Yue et al (2005), and further results are under

study.

¢
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Maximum eigenv alue
Maximum eigeny alue

-~

0

w3 wi=w2

w3 wi=w2

Figure 5.3. Frequency response spectrum of the maximum eigenvalue
when m=24, B=2.96(left) or 29.6(right), K=160

Maximum eigenvalue
Maximum eigenvalue

Figure 5.4. Frequency response spectrum of the maximum eigenvalue
when m=2.4, B=2.96, K=1.6 and o, + w0, + ®, = 0.8 (left) or 1.5(right)

The system output spectrum can also be studied. For example, suppose the system
is subject to a harmonic input u(¢) = F, sin(w,t) (F, >0), then the magnitude of the

third order output spectrum can be evaluated as (Jing et al 2007a)

|y3(,-w)|35‘3. Y |Hs Gy jo | F@,)- Fla, )|s§—f S| Gy ees jeo,)

Wy ety =0 W+ 0+ Oy =0

From corollary 5.1, |H,(jw,,, jo,)| < ,/Al(jw,,---,jw,,)”CE,"'”. Therefore,

3
IYz(jw)Isg—i S VRGa,—jop|cEl| =t ya e Y G, e,)

3
d
23
Wy Wy =0 W+t Oy =0

For » =0.8 and m=2.4, B=29.6, K=1.6, it can be obtained that \/2,(jo,, -, jo,)
<0.006055896 . Hence, in this case

|V, (j)| < 0.00227096F; \/c? + 2
Obviously, given a requirement on the bound of |V, (jw)|, the design restriction on the

nonlinear parameters ¢; and ¢, can further be derived. O

5.5 Proofs

e Proof of Lemma 5.2
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(1) From Proposition 3.1, it can be computed that ¢, ()c,, ():-c,,, () cOmes from the

L1
xth-order GFRF, where x=p+qg+ Z (p, +9,)—k . It is obvious that c,, ()---c,,, () comes

i=l

from the correlative function of the parameter c, () in (3.8) or (5.2) for the xth-order
GFRF, ie., (ﬁ( ja),_qﬂ.)""“ YH, (o, jo,) that is, it comes from
i=1

H,.,,(a, jo,,). From equation (3.5), it follows that

) ) _ x-p-g+l p H (i . . + )k, (Bl)
Hiyqp Gy, j@, ) = [15. G, o, Yo, ++ e,

nery=l =l
X ri=x—y

Obviously, | [ #, ., o, )is a (p.q)-patition for the xth-order GFRF.
i=1

(2) Supposing that so comes from H)(.), each monomial s, in a p-partition for

Cpa ()roc,, (Y comes from the (Z (p,+9,)-% +1Jth—order GFREF if x, >0, therefore,

rya?

j=l
each p-partition for c¢,,()---c,, () corresponds to a combination of

H,(w,)H, (w,)-H, (w,)which must included in (B1) since (B1) includes all the

possible (p,q)-partitions, where r, =Z(p ,+q,)-x, +1. That is, each p-partition for
J=l

Cpa )7, () cOITEsponds to a (p,g)-partition for the xth-order GFRF. On the other
hand, each (p,q)-partition in (B1) which produces c,, ()---c,,, () must correspond to at
least one p-partition for ¢, ()---c,, ().

(3) Equation (B1) includes all the (p,g)-partitions for the xth-order GFRF which
produce ¢, ()--c,, () , thus the correlative function of c¢,, ()-c,, () are the

summation of all the correlative functions of each (p,q)-partition. Note that each (p,q)-
partition may produce more than one p-partition for ¢, ()---¢,,, (). This implies there

are more than one cases in the same (p,g)-partition to produce c,, ()--c,, () .
Therefore, the correlative function of ¢,, ()---c,,, ()should be the summation of the
correlative functions corresponding to all the cases wherec,, ()---¢,,, () are produced.

This completes the proof. O

e Proof of Proposition 5.1
Considering the recursive equation (5.2), the recursive structure in (5.7a) is

directly followed from Lemma 5.1 (2) and Lemma 5.2 (3). That is, the correlative
function of ¢,, ()---c,,, () are the summation of the correlative functions with respect

to all the cases by which this monomial is produced in the same n(5)th-order GFRF,
in each case it should include all the correlative functions corresponding to all the p-
partition for ¢, ()---c,, (), and for each p-partition of Cpy () Cpq (), the correlative

function should include all the permutations of xx,...x;, since the correlative function
J2a (S5, 55 (5/ ¢y (O0); 01y -+ @105,y 18 different with each different permutation which

can be seen from (3.5). fi(c,,().n(5);w,y @) 1S @ part of the correlative function
for ¢, (k,--,k,,,) except for H,;, ., (j,, -, jo,;.,), which directly follows from (5.2).
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Fra (55, S5 (5/€pg () 01y -+ Dynsy-gy) 1S @ pIL of the correlative function with respect to a
permutation of a p-partition s, -5, (5/c, () of the monomial 5/c,() which
corresponds to a (p,q)-partition for the »(s)th-order GFRF, and it is followed from

(3.5). Equation (5.7b) has a similar structure with equation (5.7a), and is an optimised
one which simplifies the computation of (5.7a) for the reason that

p - -
H%o fen o s, /€ g OV @i iyeny *** Dicxiyents, Gfengom )18 identical to each other under each

permutation of a p-partition for the monomial 5/c,, (), and therefore the contribution
from each permutation is included in f,, (s, -5, (5/¢,, (D) @1 *** Dsuisy-o)) which can be
obtained from (3.5) and is also given in Peyton-Jones (2007). This completes the
proof. O

e Proof of Proposition 5.2

From Equation (1.2), it can be obtained that

.. < f ...f ; ...’z'")exp(_j(wlrl + "'dT"
which further gives
e Sff 3 T, "‘dT”
Suppose at point (@, ,---,w, ), it holds that
= f (7,7,

From (5.16a), it can be obtained that
) (®,) CE,CE!

max

Thus it holds that
|, 0]+, J))| S Ay (0, (] ,+++,@7))-CE, CE]

Hence, f - f (o 7, )dTy - dr, < [ sup (A, (©,)) -|CE, |. Following a similar process,
w © W, 0,

Equation (5.18b) can be obtained. This completes the proof. O

e Proof of Corollary 5.2

From (5.10), for a parameter corresponding to a pure input nonlinear term cg4(.), it
can be derived that

Puisy (Coq (03 @ity ** Dyusy)) = o) (H ()"
n(s)(jzwl(l)) !
i=1
There is no H,(jw,,)appearing in the correlative function. That is, the degree of
H,(jo,,) in the correlative function of this kind of nonlinear parameters is zero. For a

parameter corresponding to a pure output nonlinear term cp o(.), it can be derived that
n(s) n(s)

P (€0 (');w/(l) Oy ) = Py Cogsyo (s Dpy - Qi) = ) H(/w/(,)) H H (jay)
1
n(.\)(jza)l(r)) =

The degree of H,(jw,) in the correlative function of this kind of nonlinear
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parameters isn(s). For a parameter corresponding to a pure input-output nonlinear
term cpq(.), it can be seen from equation (5.10) that the degree of H,(jw,,) in the

correlative function of this kind of nonlinear parameters is n(s) -q. Hence, after
recursive computation, for a monomialc,, ()c,, ()--c,, (), the degree of H,(jw,,) in

k k k k
the correlative function isn(5)-> g, =Y (p,+q,)-k-2.q,= Y. p —k. It is also noted
i=0 i=0 i=0

i=0
that the largest order is »(5) when all ¢;=0 corresponding to the parametric monomial

whose parameters are all from pure output nonlinearity, and the smallest order is zero

k
when n(s) = Zq,. corresponding to the parametric monomial whose parameters are all
i=0

from pure input nonlinearity. Therefore, H,(jw,, -, jw,) can be regarded as an n-
degree polynomial function of H,(j@,,). This completes the proof. [

5.6 Conclusions

A mapping function from the parametric characteristics to the GFRFs is
established. The nth-order GFRF can directly be written into a more straightforward
and meaningful form in terms of the first order GFRF and model parameters based on
the parametric characteristic, which explicitly unveils the linear and nonlinear factors
included in the GFRFs and can be regarded as an n-degree polynomial function of the
first order GFRF. The new results demonstrate some new properties of the GFRFs,
which can reveal clearly the relationship between the nth-order GFRF and its
parametric characteristic, and also the relationship between the higher order GFRF
and the first order GFRF. These provide a novel and useful insight into the frequency
domain analysis and design of nonlinear systems based on the GFRFs. Note that the
results of this study are established for nonlinear systems described by the NDE
model, similar results can be extended to discrete time nonlinear systems described by
NARX model. The frequency characteristics of system output frequency response of
nonlinear systems will be studied by using these new results in the next chapter.
Moreover, further study will also focus on some detailed issues relating to the
application of the theoretical results developed in the present study.
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Chapter 6
NONLINEAR EFFECT ON SYSTEM OUTPUT
SPECTRUM 1 ------ ALTERNATING SERIES

The nonlinear effect on system output spectrum is studied for nonlinear Volterra
systems. It is shown for the first time that under certain conditions the system output
spectrum can be described as an alternating series with respect to some nonlinear
parameters. This alternating series has some interesting properties by which system
output spectrum can be suppressed easily. The sufficient (and necessary) conditions of
this nonlinear effect are studied. These results reveal a novel frequency domain
characteristic of the nonlinear effect on a system, and provide a novel insight into the
analysis and design of nonlinearities in the frequency domain.

6.1 Introduction

It is known that, the transfer function of a linear system provides a coordinate-free
and equivalent description for system characteristics, by which it is convenient to
conduct the system analysis and design. Thus frequency domain methods are widely
applied in engineering practice. However, as mentioned, although the analysis and
design of linear systems in the frequency domain have been well established, the
frequency domain analysis for nonlinear systems is not straightforward. Nonlinear
systems usually have very complicated output frequency characteristics and dynamic
behaviour such as harmonics, inter-modulation, chaos and bifurcation. Investigation
and understanding of these nonlinear phenomena in the frequency domain are far

from full development.

In this study, understanding of nonlinearity in the frequency domain is
investigated from a novel viewpoint for nonlinear Volterra systems. The system
output spectrum is shown to be an alternating series with respect to some model
nonlinear parameters under certain conditions. This property has great significance in
that the system output spectrum can therefore be reduced by a proper design of these
model parameters. The sufficient (and necessary) conditions in which the output
spectrum can be transformed into an alternating series are studied. These results are
illustrated by two examples which involve a spring-damping system with a cubic
nonlinear damping. The results established in this study reveal a significant nonlinear
effect on the system behaviours in the frequency domain, and provide a novel insight
into the analysis and design of nonlinear systems.

The content of this chapter is organised as follows. Section 6.2 provides a simple
explanation for the background of this study. The novel nonlinear characteristic and
its influence are discussed in Section 6.3. Section 6.4 gives a sufficient and necessary
condition under which system output spectrum can be transformed into an alternating

series. A conclusion is given in Section 6.5.
6.2 An outline of frequency response functions of nonlinear systems

For convenience, an outline is given in this section for some results discussed in
the previous chapters relating to frequency response functions that form the basis of
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this study. As mentioned, a wide class of nonlinear systems can be approximated by
the Volterra series up to a maximum order N around the zero equilibrium (Boyd and
Chua 1985) described by (1.1). In this study, consider nonlinear Volterra systems
described by the NDE model (1.5). The computation of the nth-order generalized
frequency response function (GFRF) for the NDE model (1.5) can be conducted by
following Equations (3.8 or 3.11, 3.10, 3.2-3.5). The output spectrum of model (1.6)

can be evaluated by (4.1-4.4), i.e.,
- 1 R S
Y(jo)= Yy ———— H,(jo,, -, jo)]| |U(jw,)do, (6.1)
o= 2, Ty I joien] |

where,

H, (o, jo)= [ [ hG,n)ep-j@r ++o,0,)dr dr,  (62)

is known as the nth-order GFRF defined in George (1959). When the system input is a
multi-tone function described by (1.3), the system output frequency response can be
described as:

N

YUo =Y = S H,(o,. 0, )F@,)F@,) 6.3)

2" -
n=1 Oy ety =0
where F(w, ) can be explicitly written as
1088 for k, & {1, £K) (6.4)

F(wk,)='F|k1| e
az0

220’ and o, € {tw, tog .

instead of (4.4), where sgn(a) = {1_1

In order to reveal the relationship between the system frequency response
functions and the model parameters, the parametric characteristics of the GFRFs and
output spectrum are studied in Chapter 3 and Chapter 4. The results show that the nth-
order GFRF can be expressed as a more straightforward polynomial function of the

system nonlinear parameters, i.e.,

H,(jo,, -, j,) = CE(H,(jo,, -, jo,)) f,(jor,, jo,) (6.5)
where, CE(H,(jw,, -, jo,))is referred to as the parametric characteristic of the nth-
order GFRF H, (jw,, -, jo,) , which can recursively be determined by (3.17) or (5.3),
and f,(jw, -, jo,) is a complex valued vector with the same dimension as
CE(H,(jw,, jo,)) . In Chapter 5, a mapping ¢,(CE(H,());w,, - ,) from the
parametric characteristic CE(H,(jo,, -, jw,)) to its corresponding correlative function
[, jw,) is established as
A G ()e g O “Chae O Dry - Byiy)

- Z{fm Cpg O 010 B Zp;m Z[f (55, 55, (5/¢ g (D3 @1y @ria-))

for 5 satisfying for §/c,. () permutations
5(3)=¢ e () and p>0 /o of {s,, RN

r
'H(on(-v;, (5/¢p (O (s?r, (s/cw ('));w/()?(r)n) Oy F 1yt (ep () )]} (6.6a)
i=l

where the terminating condition is =0 and ¢,(l;w,) = H,(jw,) (which is the first order
GFRF, i.e., transfer function when all nonlinear parameters are zero), {s;,5; }is a
permutation of {s, 2ty b o @y Oy TEPresents the frequency variables involved in

the corresponding functions, /(i) for i=1...n(5) is a positive integer representing the
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index of the frequency variables, 5 =c,, ()¢, () +Cpq O, n(5.(5)) = Z(p,. +g)-x+1,Xx

is the number of the parameters in s, , Z( p, +g,) is the summation of the subscripts of
i=1

i-1
all the parameters in s, . Moreover, /?(i)=Zn(s;, G/e,O)) 5 Li( joy+--+jo, )=

J=1

K
=Y co(r)jw, +-++ jo,)" , and
n=0

n(s)

A (cp_q (), n(s); (T a’/(n(;))) = (H (ja)l(n(s)-qn') )™ /Ln(E) (]Z Dyiy ) (66b)

»
—_— . . r‘
faa (55, 5%, (s/c,,q (@i Oyuiy-)) = H(jwl(,?(im) ot Oy R ynis;, (.FIL'N(-))))) (6.6¢)
i1

The mapping function g, (CE(H, ());®,,-,®,)enables the complex valued function
f,(jo,,-, jw,)to be analytically and directly determined in terms of the first order
GFRF and model nonlinear parameters. Therefore, the nth-order GFRF can directly be
written into a more straightforward and meaningful polynomial function in terms of
the first order GFRF and model parameters by using the mapping function

0, (CE(H,());0,,-+,0,) as

Hn(ja)l’ . ’ja)n) CE(Hn(jwl’ . ’ja)n)) ¢"(CE(H"());0)|, o n) (6'7)
Using Equation (6.8), Equations (6.1) can be written as
Y(jo)= ZCE(H" (o, jo,) F,(jo) (6.8a)
where F, (jw)= ¢, (CE(H, ()0, 0,) | [U(Gw)do, . Similarly,
0= T | I1
Equation (6.3) can be written as
Y(jw) =Y CE(H, (o, .+ jo,) F, (@) (6.8b)

n=l

where f”(jw) = ZL” Z(o,, (CE(H,(0 0 ) F(@,) F(o, ).

Wy 4ty =0

As discussed in Chapter 5, it can be seen from Equations (6.7) and (6.8) that the
mapping function ¢,(CE(H,(");®,, ,w,)can facilitate the frequency domain analysis
of nonlinear systems so that the relationship between the frequency response functions
and model parameters, and the relationship between the frequency response functions
and H,(jw,,) can be explicitly revealed, and some new properties of the GFRFs and

output spectrum can be clearly demonstrated.

In this study, a novel property of the nonlinear effect on system output spectrum is
revealed by using the new mapping function ¢,(CE(H,());®,,-,»,) and frequency
response functions defined in Equations (6.7-6.8). It is shown that under certain
conditions, the nonlinear terms in a system can drive the system output spectrum to be
an alternative series of specific model parameters. This reveals a significant nonlinear

effect on the system output frequency responses.
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6.3 Alternating phenomenon in the output spectrum and its influence

The alternating phenomena and its influence are firstly discussed in this section to
point out the significance of this novel property, and then the conditions unc.ier Yvhlch
system output spectrum can be expressed into an alternating series are studied in the

following section.

For any specific nonlinear parameter ¢ in model (1.5), the output spectrum (6.8a,b)
can be expanded with respect to this parameter into a power series as
Y(jw) = Fy(jo) + cF,(jo)+ ¢’ F(jw) +++-+ ¢’ F,(jw) +- (6.9)
Note that when ¢ represents a pure input nonlinearity, (6.9) may be a finite series; in
other cases, it is definitely an infinite series, and if only the first p terms in the series
(6.9) are considered, there is a truncation error denoted by o(p). F,(jw) for i=0,1,2,...
can be obtained from F(jw) or F(jw) in (6.8a,b) by using the mapping
¢,(CE(H,());m,,-,®,) . Clearly, F,(jo) dominate the property of this power series.
Thus the property of this power series can be revealed by studying the property of
¢,(CE(H,());®,,-,,). This will be discussed in detail in the next section. In this

section, the alternating phenomenon of this power series and its influence are
discussed.

For any v € C, define an operator as

sgn, (V) = [sgn,(Re(v)) sgn,(lm(v))] (6.10)
+1 x>0
where sgn, (x)={0 x=0 for xeR.
-1 x<0

Definition 6.1 (Alternating series). Consider a power series of form (6.9) with ¢>0.
If sgn, (F,(jo)) = —sgn (F,,(jw)) for i=0,1,2,3,..., then the series is an alternating series.

The series (6.9) can be written into two series as
Y(jo) = Re(Y (jw)) + j(Im(Y (jw)))
=Re(F,(jw)) + cRe(F,(jw)) + c* Re(F,(jw)) +---+¢” Re(F,(jo)) +---
+j(Am(F, (jw)) + cIm(F (jw)) + ¢* Im(F, (jw)) + -+ + ¢* Im(F,, (jw)) +++-)
From Definition 6.1, if ¥(jw)is an alternating series, then Re(¥( jw))and Im(Y(jw)) are
both alternating. When (6.9) is an alternating series, there are some interesting

properties summarized in Proposition 1. Denote
Y(jo),, = F(jo) + cR(jo) + ¢’ F,(jo) + -+ ¢’ F, (jo) (6.12)

(6.11)

Proposition 6.1. Suppose (6.9) is an alternating series for ¢>0, then:

(1) if there exist 7>0 and R>0 such that for i>T
i {_ Re(F,(jo) _ Im(F,(jo)) }> R
Re(F, (jo))  Im(F, (jo))
then (6.9) has a radius of convergence R, the truncation error for a finite order
p>Tis |o(p)| < c*'|F,, (jo), and for all n20,
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(o) e, =Y (@) srizmub [f G@)sramlland T1,, cIT,;
(2) [Y(jw)|* = Y(jw)Y(~jo) is also an alternating series with respect to parameter c;
Furthermore, |¥( ja;)]2 = Y(jw)Y (- jw)is alternating only if Re(Y(jw)) is
alternating;

<0for 0<e<c?.

. a Y .
(3) there exists a ¢ > 0 such that _._-—I ;j o)
(4

Proof.
(1) Y(jw) is convergent if and only if Re(Y(jw))and Im(¥(jw)) are both convergent.

Since Y(jw)is an alternating series, Re(Y(jw))and Im(Y(jw)) are both alternating from
Definition 6.1. Then according to Bromwich (1991), Re(Y(jw)) is convergent if

[Re(c'F,( ja)))|>|Re(c’+'17,.+l( joy) and lim,Re(c’F,(jw))l=0. Therefore, if there exists 7>0
such that [Re(c'F, (jo))| > Re(c" ., (jo))| for i>T and ’linllRe(c"F,( jo))| =0, the alternating
series Re(Y(jw)) is also convergent. Now since there exist 7>0 and R>0 such that

- M > R for &>T and note c¢<R, it can be obtained that for i>T
Re(F,,,(j))
_Re(c"'E,(jo)) | _Re(cF, (o) _|Re(cFu (o) e _,
Re(c' F, (jo)) Re(F(jo)) | Re(F(jo)) | R

i.e., [Re(c'F,( jo)| > [Re(c"'F,,,( joy)| for &>T and c<R. Moreover, it can also be obtained

that for n>0
lRe(FTH: (j(l)))l < —kln_lRe(Fr (jw))l

It further yields that
[Re(c"™" Fr,, (je)| < ()" ¢ IRe(F j)
That is, ,l,il‘l'Re(cmFM ( jw))|=0. Therefore, Re(¥(jw)) is convergent. Similarly, it can
be proved that Im(¥(jw))is convergent. This proves that ¥(jw) is convergent. The
truncation errors for the real convergent alternating series Re(Y(jw)) and Im(Y(jw))are
loz(p)| < c#*'[Re(F,,(j@)) and o, (p)| < c*'Im(F,.,(jo))|
Therefore, the truncation error for the series Y(jw) is

lo(o)| = Vou(p)* +0,(p)* <c|F,, (jo)|

It can be shown that for Re(Y(jw)) and Im(Y(jw)), for n>0
Re(Y (j)y )| < < [RE(Y (@) y1,001)| <[ReY ()| < Re(Y (j@) 70| < -+ < [Re(Y (), )|
Im(Y (@) ra)| < - < I (@), py2000)] < I G@))| < IMEY G0),y7,00)| < - < [IMF G0}y 1)
Therefore, |Y(ja), | < <[V @) ramn| <Y GO <[V 0)\s100] < - < [FG@)1rr] -

2

Y Go) = Y)Y (- jw)
(Fy(jw)+ cF(jo) + ¢* F,(jo) + - )(Fy (- jw) + cF; (~ j@) + ¢* Fy (- jw) + -+)
Y. Y FE()F, (-jo)

n=01,2,... i=0
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It can be verified that the (2k)th terms in the series are positive and the (2k+1)th terms
are negative. Moreover, it needs only the real parts of the terms in Y(jw) to be
alternating for |¥( ja;)l2 = Y(jw)Y(-jw)to be alternating.
3)
Jre| _ 1 drge)’
oc 2]Y ( ja))| Oc

l . . n-1 - . .
—_ — F F (-
WG {Re(Fo(Jw)E( Jw))+c"=l‘zwnc ZO (o), i( Jw)}

dr¢je)
C

Since Re(F,(jw)F,(-jw)) <0, there must exist ¢ >0 such that <0for 0<c<c.

This completes the proof. [J

Proposition 6.1 shows that if the system output spectrum can be expressed as an
alternating series with respect to a specific parameter c, it is always easier to find a ¢
such that the output spectrum is convergent and its magnitude can always be
suppressed by a properly designed c. Moreover, it is also shown that the low limit of
the magnitude of the output spectrum that can be reached is larger than [Y(jw),,r.,|

and the truncation error can also be easily evaluated, if the output spectrum can be
expressed into an alternating series.

An example is given to illustrate these results.

Example 6.1. Consider a SDOF spring-damping system with a cubic nonlinear
damping which can be described by the following differential equation,

my = —kyy — By —cp’ +u(t) (6.13)

Note that &y represents the spring characteristic, B the damping characteristic and c is

the cubic nonlinear damping characteristic. This system is a simple case of NDE

model (1.5) and can be written into the form of NDE model with M=3, K=2, ¢,,(2)=m,

oD =B, ¢,(0)=k,, c;s(111) =c, ¢, (0)=-1and all the other parameters are zero.

Note that there is only one output nonlinear term in this case, the nth-order GFRF
for system (6.13) can be derived according to the algorithm in (3.8 or 3.11, 3.10, 3.2-
3.5), which can recursively be given as
H, (o, jo,) = 208D U )
L(jo,++jw,)

n-2
Ho ()= Y H (o, Jo)H, (0, j0,)Jo, ++ jo,)
i=l

H,,,](jwl""sjw,,) = Hn(ja)l"">ja)n)(jwl +t jo,)
Proceeding with the recursive computation above, it can be seen that H,(jo,, -, jo,)
is a polynomial of c,(111), and substituting these equations above into (6.8) gives

another polynomial for the output spectrum. By using the relationship (6.7) and the
mapping function ¢,(CE(H,());@,, ,®,) , these results can be obtained directly as

follows.
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For simplicity, let wu(s)=F,sin(Qn) (F,>0) Then F(w,)=-JjkF; for

k =%l 0, =kQ, and /=1,---,n in (6.8b). By using (5.3) or Property 3.3, it can be

obtained that for n=0,1,2,3,...
CE(H . (j@, 55 0, ) = (€50 (LLD)" and CE(H,, (ja,»++s jop, ) =0 (6.14)

Therefore, for n=0,1,2,3,...
2n+l (jwkl [ "ja)khﬂ ) = c" *Pann1 (CE(H2n+l ()); wlr, PR a)k,,,,,l ) a‘nd HZn (jwk, PR ja)ll,,, ) =0 (6' 1 5)
Then the output spectrum at frequency Q can be computed as

A
Y= ¢ P @ (6.16)

n=0

where F,, ., (jQ)can be computed as

ann ()= Z¢2n+1 (CE(H 0 ()04, Oy, )-(—JF)"™ kky ks,

22n+1
@+t Dy =Q

e S (CBH o Oy, ) D EY ) (617)

22n+l
O+t O, =R

j( d )2”+l Z Pans (CE(H2n+l ()); wk. 2T w"znﬂ )

Dy +e 0+ Bigp g =Q

and ¢,,,,(CE(H,,., (-));a)kl,--',a)kw)=(02,,”(030(1,1,1)";60,“,---,a)kw) can be obtained according

to Equations (6.6a-c). For example,
3

H(jwk ) 3
0y (1D, 0 , @, ) = ———— H(/wk) HH (o) =————T[H (o)
L (JZwk - L;(szk,) .

i=l

@s(cs, (a1 1)63_0 (11 1);‘01«. )Tty Wy )

= Hes oD S0, 0) D, > [fz,, (55,85 (€5 (11D} @y 50,
all the 3—partitions  all the different
for c; o (111) permutations of {0,0,1}

3
* I I wn(,\';' (f/c,,’q [0))] (sf, (63,0 (l 1 1))9 w]()?(i)_ﬂ) e w/(f(,‘).,_,,(s;’ ("T/CNI(')») )]

=l
S2a (86505, (€5,(111)); Wy 5 Wy, Yo, (l;wk, Yo, (1 wy, Yo (e; 0 (111); Wy, Oy, )
= f (cz,u(l 1 1),5;‘% 3 Wy )|+ foa (505150 (cz,o(] 1 ]));wk, 30ty Wy, Yo, (]§wk, )o; (Cs‘o 111); Wy, o O, Yo, Wy, )
+ [ra (515080 (€30 (111); 0, 5o+, @0, Y3 (c3 (11100, -0 Y, (L, o (Lo, )

1 (jiw/,, )liI(_]a),{ (lzwk )H(]w/: ) (/Zwk )H(ka 5

= 5 ’ 5 HHI (ja),, )
LGy o) | LGy e) L (JZ ) L (/Zwk

where o, €{Q,~Q}, and so on. Substituting these results into Equation (6.16), the

output spectrum is clearly a power series with respect to the parameter c. When there
are more nonlinear terms, it is obvious that the computation process above can
directly result in a straightforward multivariate power series with respect to these
nonlinear parameters. To check the alternating phenomenon of the output spectrum,
consider the following values for each linear parameter: m=240, ky=16000, B=296,
F4=100, and Q=8.165. Then it is obtained that
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Y(jQ) = F(Q) + cF, (Q) + > F, () +-
o’ IH G| H,(Q)

—-/(—)H () +3(—- d)

L, (j&)
v3ay @ IH,(jQ)l H,(jQ) j6Q_, R -p9,.
2 L, () L(jQ) L(3Q) L(-jQ)

=(-0.02068817126756 + 0.00000114704116i)
+(5.982851578532449¢-006 -6.634300276113922¢-010i)c
+(-5.192417616715994e-009 +3.323565122085705¢-01 li)c>+... (6.18a)

The series is alternating. In order to check the series further, computation of
Pont (€30(LLD) "0, .+, @, ) can be carried out for higher orders. It can also be verified

that the magnitude square of the output spectrum (6.18a) is still an alternating series,

Le.,

|¥( jQ)]2 =(4.280004317115985e-004)-(2.475485177721052e-007)c
+(2.506378395908398¢-010)c>-... (6.18b)

As pointed in Proposition 6.1, it is easy to find a ¢ such that (6.18a-b) are convergent
and their limits are decreased. From (6.18b) and according to Proposition 6.1, it can
be computed that 0.01671739<|r(,©)<0.0192276<0.0206882 for ¢c=600. This can be
verified by Figure 6.1. Figure 6.1 is a result from simulation tests, and shows that the
magnitude of the output spectrum decreases when c increases. This property is of
great significance in practical engineering systems for output suppression through
structural characteristic design or feedback control.

0.021
0.0205

0.02+ 1

0.0195 \ J
0.019+ \ J

0.0185f ~
0.018 \ 4
0.0175} \_

0.017
0

Magnitude of output spectrum

100 200 300 400 S00 600 700 800 900 1000
c

Figure 6.1. Magnitude of output spectrum
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6.4 Alternating conditions

In this section, the conditions under which the output spectrum described by
Equation (6.9) can be expressed as an alternating series with respect to a specific
nonlinear parameter are studied. Suppose the system subjects to a harmonic input
u(t) = F, sin(Qr) (F, >0) (The results for this case can be extended to the general input

one) and only the output nonlinearities (i.e., cpo(.) with p>2) are considered. For
convenience, assume that there is only one nonlinear parameter c;(.) in model (1.5)

and all the other nonlinear parameters are zero.

Under the assumptions above, it can be obtained from the parametric
characteristic analysis in Chapter 3 and Chapter 4 as demonstrated in Example 6.1 and

Equation (6.8b) that
Y(Q) =Y,(j)+Y,(JQ) + -+ ¥, 1y JQ) +--
= B Q)+ ¢, OF, (44,0 )" Fypu () -+
= B+, (OVF, Q)+ +¢,0 ()" Fpiyy () ++-- (6.19a)
wherew, e{+Q}, F,_,,..(jQ) can be computed from (6.8b), and » is a positive integer.

Noting that F(w, )=~jk,F,, k, =+l @, =k,Q,and /=1,---,n in (6.8b),

Z Pip-1ymn (Cl’-o (')" ; Dp > w"(n—l)nu ) ) (_jF‘! )("_l)"‘” ’ kl kz o k(l"‘)"+l

N _ 1
E,}—I)ll+l (JQ) = W

Dy ¥ 4Dy 1y =Q

(6.19b)
If p is an odd integer, then (p-1)n+1 is also an odd integer. Thus there should be (p-
1)n/2 frequency variables being -Q and (p-1)n/2+1 frequency variables being Q such
that @+t =Q. In this case,
(_de)(p—l)rH-l . klkz .. 'k(p-l)"+1 — (_1) X j . (jz)(ﬂ-l)nlz . (Fd)(p—l)n-ﬂ i (_1)(p-l)n/2 - _j(Fd)(p—l)nH
If p is an even integer, then (p-1)n+1 is an odd integer for n=2k (k=1,2,3,...) and an
even integer for n=2k-1 (k=1,2,3,...). When n is an odd integer, o, +--+a, = Qfor
o, €{tQ}. This gives that Fpui (G =0. When n is an even integer, (p-1)n+1 is an
odd integer. In this case, it is similar to that p is an odd integer. Therefore, for n>0
. F {(p-Da+l

F‘(P—l)nﬂ (./Q) = - -](_2‘[—} Z¢(l"l)"+1 (cP.O (')" ; a)kl 27t w"(p-l)m ) if p isodd or n is even

0 else

Wy A Dy =0

(6.19¢)
From Equations (6.19a-c) it is obvious that the property of the new mapping
Pp-inni (€p00) 5@, 0 ) plays a key role in the series. To develop the alternating

conditions for series (6.19a), the following results can be obtained.

Lemma 6.1. That ¢,_,,,., (c,0()";@ 5,0, ) is symmetric or asymmetric has no

(p-1)net

influence on F,_,,.,(j<).

This lemma is obvious since Z(-) includes all the possible permutations of

Wiy 0 Dy =Q

(@@, ) . Although there are many choices to obtain the asymmetric
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Pipit (€,00)" 30, @, ) which  may be different at  different

permutation (@, -, _, ), they have no different effect on the analysis of ., (/Q).

Lemma 6.2. Consider parameter cp q(r1,12,. . .,Ip+q)-
(al) If p>2and ¢g=0, then

Pnz) (cp,o (')";a’m) "'(0/("(3))) = O(p-1)n+1 (€p0 (')";a)l(l) “'wl((p—l)m—l))
{(p-1)n+1
-1 .
0" TTH Ge)
i=l

P
4 ;l . e —_
12 . : ) I I P(p-nE +1 (cp.O ¢) 3By F iy w/()((i)+(p-1)i,+1))
-0t J@py ++ J @y 1yni1y) st he different gombinations | i-1
of {X,.X;,....X,, ) satisfying
X+ X, =n-1,05%;5n-]

nx'(ila""ip) £ . . r
' ' Z H(fw/(f(i)n) ot O Fapngen)

-
n, (rn"'yrp) all the different i=)
permutations of
thy ook}

where,
Pip-1yna (c,;,o (')";‘0/(1) "'a’/((p-l)nn))

-1

P
' X,
- , ' I I P05 €00 3D E 0ty " PuZyep-nzen)
L(p—l)n+l (Jw/(l) +et jwl((p—l)nﬂ) ) all the different combinations | =1
of {X;,X,.....X, } satisfying
§,+-~~+i’,=n—l,osilsn-l

(X, %) 2
nx Xl,---,xp X . r,
' H(fwl()?(i)n) oot fwl(,\_'(.-)+(p-|);,+1))

- .
n, (rl »"7 7 rp ) all thedifferent =1
permutations of
{rniy)

C . ! .
the termination is ¢/(w,)=1. n,(,-,r,) = -T% , nit...+tne=p, e is the number of
nlny!le--n,t

distinct differentials r; appearing in the combination, #;is the number of repetitions of
ri» and a similar definition holds for n,(%,, -, %,

(@2) If p>2, q=0 and r;=r;=...=1,=T, then

n .
Pip-1)n+1 (cp,o 0] > Oy "'(‘)/((p—l)nu))
(p-1)n+]

(=1)"! H[(jwm,)'ﬂ,(jw,(,-,)]

L(p—l)n+1 (.]a)l(l) t+et jwl((p-l)nu))

P
* s = " X .
h, (xl L xp) l I (D(P—I)F.*l (cp.O( ) ’w/()Y(.)n) w/(f(i)+(p-1);,n))
all the different combinations i=l
of {X,,X;,....x,, ) satisfying
§,+~--+§P=n—l,os§55n-l

where,
if x,=0, Dpiyzn (€50 () 59, Fayen " P Fyeipng ) = Lo otherwise,
(D(”p—l)?ﬁl (¢)0 O 3Oy Ziyeny "'wl()?(i)+(p—|);,+l))
(jwl(,?(f)u) +eeet jwl(.?(i)+(p—1);,+1) )

- L(p—l)i,ﬂ (/wl(,\_'(i)n) Tt jwl(/\_’(i)+(/;-l)f,+l))

P
* ” * .
an (X)50, Xp) I I Pp-1yx,+1 (cp.o() SOy 7y "'w/(,\_"(j)a,(p-l)x,u))
all the different combinations J=1

of (xl,xz,,.,,xr)sn(isfying

Xpeek X, =X, -1, 08, <K, -1

The recursive terminal of ¢, ,; ,.(c, ()" ;0,5 O g ponz ) 1S % =1
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Proof.

Pus) (€0 ()3 D1y Dynay) = Pipnynn (cp00)ep0 ()Cpo()s @y “@Dpeynsny)

= Z {f1 (C,,,o(')’(P -Dn+ Lo, - 'w/((p-l)m)) : Z

all the 2—partitions all the p—-partitions all the different
for 5 satisfying for §/cy o (*) permutations
51(F)=cpa() . of {8,785,

)
-1y NN w - @ - ]}
[fZa (s;, e Ss, (C,,o(')" ),a),(,) "'a’l(n(i)))' I I%(;;, (c,ro(-)""))(si (CF-O() )’wI(X(i)H) wl(,\’(i)+n(:;‘ (c,.,,(~)""))))

i=l

1 £ "
= Z Z H U@z * 7 Dy X iyen(s, (c,,,n(-)"")»)

L(P-l)"+l (jw/(l) +eet jwl((p—l)nﬂ)) all the p—partitions  all the different i=1
for 5/c,.0() permutations
of {s¢) v Sxp }

P
n-1y, . _
l l“’n(x;,(c,,,.,(-)""))(sz (€00 DBy z ) " Puyontss e, 00 m)
i=1

p
l . . rl
= , , : I I U@z * T O E oz )
Lpiyuni (G@ygy 7+ JOyptynety)  ait the different combinations all the different_ | " i=1
of {%,,X;,....X, } satisfying permutations of
§l+...+;’.=,,_|_ 0<%;<n-1 each combination

p -
' H¢(p-l)i,+l (cp.o ON 3Oy F(iy+1) "'wl(,?(i)+(p-1);,+|))]

i<l
Note that different permutations in each combination have no difference to
p

X n,

H(D(l'-l)?,'«l(cp.o(')x';a’/(,?(r)u)"'w/(,\—'(fy(p-l);,u)) , thus (o(p—l)"«*l(cp,o(') ’wl"'w(p-l)nﬂ) can be
i=l

written as

Dpyni1 (€0 O, D p-1yns1 )

P
1 %.
= z : I I Pp-n5+1 (cp‘o Q) 3Oy Fiyen “'w/(,\"(ip(p-l)i,u))

Lipyun (Joygy +-++ J@ip-1yne1))  ail the diferent combinations "i=i
of {X,.,%,,...x, } satisfying
X+ ++Xy=n—1,08X;<n-1

P
, , p
| I (le(,\“f(f)n) et -]a)l(,\_’(i)+(p—l)§/+l))

all the different 7=
permutations of
each combination

1

P
X,
- , . I I P15 (Cp0 ) 3Dy 610y Oy areiponsan)
L(p—l)n+l (jwl(l) +ert+ .]wl((p—l)nH) ) all the different combinations i=]
of {X;,Xy,..., §,,)salisi')'ing
El+-~~+§p=n—l,osi,5n-l

n (%,%,) = . ;
T ’ H(jwl(A_’(i)+l) toot Jw/(,\"(.')»,(p-l)gn))
n, (rl a""rp) all the different =1
permutations of
('1"""r’)
n,(%,-,%,) and n/(,,--,r,) are the numbers of the corresponding combinations

involved, which can be obtained from the combination theory and can also be referred
to Peyton-Jones (2007). From an inspection of the recursive relationship in the
equation above, it can be seen that there are (p-1)n +1 H,(jw,) with different

frequency variable at the end of the recursive relationship. Thus they can be brought

out as a common factor. This gives
(p-1)n+l

¢(P—|)n+|(cp,0 (')”;wl(l) "'wl((p—l)n+|)) =(-1)" HHl(jwl(i)) '(0(',,_1),,,,, ((:,,‘0 (-)";a),(,) ---a),«p_l)m)) (6.20&)

i=1

where,
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! .
Plp-ni1 (€50 ()5 @) Dy potynary)

- > Il ;
= i : ’ Pip-nz v (cp.o ON YDy iy PHE @y (p-1)E +1) )
L(P"l)"‘” (Jw’(l) +oet -]w/((P-l)'H'l)) all the different combinations =1
of {X;,X;,....X, } satisfying
X +-4+X, =01, 08%; Sn-1

nx‘(_)zp"'axp) b . . 4
S PE— z H(/“’/(X'(fm) o O g epngan) (6.206)
nr (rl PR rp ) all thedifferent  i=l

permutations of
{0}

the termination is ¢/(,w,)=1. Note that when x, =0, there is a term (jo,z,,,)"

L - —
nx (xl’...’xp)
»

P
appearing from > TTU@gem + + i®@upsa)” - 1t can be

n, (rl PR rp) all the different  i=]
permutations of

in,h}
verified that in each recursion of ¢,_,,,..(c,o()"; @ *** Dyp-mey) » there may be some
frequency variables appearing individually in the form of (jo,gz,.,)", and these

variables will not appear individually in the same form in the subsequent recursion. At
the end of the recursion, all the frequency variables should have appeared in this form.
Thus these terms can also be brought out as common factors if ri=r=...=rp. In the
case of r1=r,=.. Srp=r

b

Ly —
n, (XI,"‘,XP) L . . I,
Z H(/wl()?(i)+1) +”.+-]a)l(,\_’(i)+(p—])7r‘+l))

- .
n, (r] PR rp ) all the different  i=1
permutations of
LTS

n

P
L — — . .
=n, (xl""’xp)’ l I (fwl(,?(i)u) o +-]a)/()7(i)+(p-l)i,+l))
i=]

Therefore (6.20ab) can be written, if rj=r,=...=r,, as

Pp-tyne1 (Cp,o M7 Dy Dy ptynery )
(p-)n+1 (6.21a)
=(-1) H[(jwl(i))rHl (@)1 Plpotynn (€0 )5 @1y Opegpiymny)
i=l

' n,
Pty (€0 () 3Dy Dy piynery)

- > I« _
_ X,
- _ . : Oy €O 3@, 2 w2 )
' > (X(i)+1) HX @) +(p-1)%,+1)
L(p-—l)n+l (jw/(l) + + ja)l((p—l)n+l) ) all the different combinations =}
of {X;,X;,....X, ) satisfying
;|+---¢ip=n—l,0$§,sn-l

p

% X)) i - et n(1-8(%,))
n (X, ’Xp) H(ja)l(X(i)+l)+ +ja)l(:\;(i)+(p—l)f,+l)) (621b)

i=]
(6.21b) can be further written as
(0('p—1)n+l (cp,O (O} Dy Oy p-tynsi) )
-1

L(p-l)n+l (jwl(l) et JOypynary)

4
e H " 5.
Z ne (Xpsoo, XP) Pp-nz 11 (cﬂ.O 0 3Dz CuFiye(p-nyi +|)) (6220)
all the different combinations i=l '
of(x,,x,,....i,,)salisfying

X+ +X, =n-1, 0<%, <n-1

where, if x,=0,

" X —
Pip-1yz,+1 (cp‘o ©) Oy F iy '"w/(,\"'(i)+(p-1)§,+1)) =1,
otherwise,
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” ;1 M e -
Dp-1yz,+1 (C,,_o(') ’w/(i(r)n) a)/(X(i)+(p—1)?,+l))

e . . Noerr
=B g0 O zmmmnen) Plo-05n €0 30500 PuFirapmng )

. . r
o, 5, +ot Jo, g ) .
- HEG)+1) X (@) +(p-DXx, +1) . an (Xl,"’,xp)

- L(I"')i+l (-/a)/(,\_’(f)ﬂ) oot ja)l(,\_'(i)+(p—l);?,+l)) all the different combinations
of {x,,%3,...,x, } satisfying
Xy +eebx, =X, -1, 0Sx; <X, -1

)’.(1—5(1',))

)
: ; ! X . _
’ I I (-/w/(,?'(i)n) e +jwl(i’(i)+(p-1)x,+1) Pp-1yx,+1 (CP,O 0 3Dy 3o iy a)l(X'(i)*r(p-l)x,ﬂ))
i

r

(/w/(,\"'(i)n) toeet le()?(i)+(p—l)?,+'))

- L(p—l)i,ﬂ (jwl()?(f)ﬂ) R ja)l()?(i)+(p~1)?,+1))

(6.22b)

p
* 4 x‘ M e
an (xl""’xp)'H(p(p—l)X,ﬂ (€500 YDy F(iye) w/(,\"'(i)+(,;-1)x,+|))
il

all the different combinations
of {x,,x,,..., xr,) satisfying
Xy ety =X, -1, 05x,; €%, -1

The recursive terminal of (6.22b) is % =1. Replacing (6.20b) into (6.20a) and
replacing (6.22ab) into (6.21a), the lemma can be obtained. This completes the proof.
O

For convenience, define an operator “*” for sgn.(.) satisfying
sgn. () *sgn (v,) = fsgn, Re(V,L,))  sgn, (MY, )]

for any v,,v, € C. It is obvious sgn, (v,)*sgn, (v,) =sgn,(V,v,).
The following lemma is straightforward.

Lemma 6.3. For v,,v,,v e C, suppose sgn,(v,) = —sgn,(v,) . If Re(v)Im(v)=0, then
sgn,(vv) = -sgn_ (v,v). If Re(v)Im(v)=0and v =0, then sgn,(v,/v) = -sgn_ (v,/v). [

Proposition 6.2. The output spectrum in (6.19a) is an alternating series with
respect to any specific parameter cpo(r1,12,...,Ip) satisfying cp0(.)>0 and p =27 +1 for
r=1,2,3,...

(al) if and only if

n-i n, .
sgn, Z("l) Pipiynt (€405 @y) Dy piynary) | = cOnSL 5 1.6,
Wy, {w-~+a),‘“p_‘)’"I =0
H,(jQ) £ :
— ' x. ..
L () Z Z H Pip-nz,+ (cp.o (OR wl(/?(i)ﬂ) wl(,\"(f)+(p-1);,+1))
(p-1)n+l J @y +oray o =Qall the different combinations | i=1

of(x,,xz....,x,,)sutisfying
Xy +e 4K, =n-1,0<X;Sn-1

sgn,
LA f—
. x,,05%,) Z ﬁ(. . .
“(r ... IBygayy ¥t Jw/()?(i)+(p-|);,+1))
n, (rl LA rp ) all the different  i=]
permutations of
[LBEN A
= const

(6.23)
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1 =pa= —_—p —=p 1 Hl(./Q) Hl(jQ)
(@2) if r1=ry=...=rp=r in cpo(.), Re(L(,,_.),,“(jQ)) (L(,,-;)M(J'Q)

> P RN

Wy +eet @y, =€ all the different combinations

of {X,.X;,..., X } satisfying
oy o) = const (6.24)

X, ++e+X =n-1, 0<%, <n-1
1 P i

)=0, and

sgn

c

p -
H P51 (€0 ()™ 3Oz ) """/()?(r)+(p—l):‘c,+l))]
i=1
where const is a two-dimensional constant vector whose elements are +1, 0 or -1.

Proof. (al). From Lemma 6.1, any asymmetric @, ,..(c,,()" ;@ @, ) IS

sufficient for the computation of 7., () . It can be obtained that

-~ . F, ~Nn+ n,
sgn, (F‘(P—l)n-o-l (.IQ)) =sgn, (_j(—f—)(p Dt ) * Sgn( Z ¢(F—l)n+l (CP.O () > wk. Ty a)k(p—l)nq ))

wy, +W+w"(ﬁ~l)n*l =0
From Lemma 6.3, sgn (- j(—gi)"’")"“) has no effect on the alternating nature of the

sequence F,_,,..(jQ) for n=1,2,3,.... Hence, (6.192) is an alternating series with

respect to cpo(.) if and only if the sequence 3 G Cpa ()30 v, for

W+t =0

n=1,2,3,... is alternating. This is equivalent to

-1 . _
Z(_l)" Pip-tyna1 €0 () 3@y *++ By iynary) | = CONSE

Wy + 4 Dy =Q

sgn

(4

In the equation above, replacing ¢,.,,,., (c,00)";@ 0, )by using the result in

Lemma 6.2 and noting (p-1)n+1 is an odd integer, it can be obtained that

{(p-n+t
[[H Gawy)

i=]

oy vty <0 Lptnet G @1y +2+ JOipotynany)

P
4 ;‘ . s
H Pip-nyz+1 (cp,O QN By 7oy " Py F iyr(p-1)%, +1))

all the different combinations [ i=]
of {X,.%,,..., X, } satisfying
§,+'--+§p=n—l,05§i5n-l

nx‘(i]’.“’ip) P ) . .
‘ i Z l l(fa’lu?(fm)+"'+J“’I(X(f)+<p—1)f.+n)

*
nr (r| ,"'arp) all thedifferent =}
permutations of
{hety)

sgn,

(p-Nn/2

H G [ [IH.0)*

L(p-l)n+l (JQ)

P
2 X .
Z Z {I l Pip-nz 1 (C:AO 0 SOy F i) "'a)l(,\"(i)+(p-l)i+l))

- Wy +or 4y =2 all the different combinations | =1 —
sgn.) ™ D of (%, Ry K, ) satisfying = const
'i,+-~-+i'| =n-1,0<x;<n-1

n, (XI,"',XP) £ . r
; I [Gogg -+ Dy F (-5 1))
n, (r] ER) rp ) all thedifferent  i=1
permutations of
{n v"'-"p)
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(p-1)n/2

Note that HlH, (/)| * has no effect on the equality above from using Lemma 6.3,
i=1

then the equation above is equivalent to (6.23).

(a2). If additionally, rj=r,=...=ry=r in ¢, 0(.), then using the result in Lemma 6.2,
(6.23) can be written as

U H,(Q) (XX
Z =Qall the diff Z‘["; af‘:m]s, %)

L(p—l)n+l (.]Q) By + Oy e d o
of {x,,X;,...,X, } satisfying
= const

sgn . X+ +X, =n=1,08%;Sn-1

p -
” X, . cou -
) I I ¢(p—l)i.+l(cp,0 () ’wl(,?(f)n) wl(X(i)+(p-1)i,+1))]
i=l

From Lemma 6.3, (jQ) has no effect on this equation. Then the equation above is

equivalent to

Ay S
L(p-l)n+l (.IQ) Wy et =Q all the different combinations

of {Xy.X;.,....X, } satisfying
X, +~--+§p=n—|, 0sx;<n-1

a’*(p—nnl

= const

sgn,
P 5
'H(p(”p-l)?r,ﬂ (cp,o )" 3Oy F i) ”‘a)l(z?(i)d»(p-l);ﬁl))]
j=1
If Re( H,GD) ) Im( L) )=0, then ——Mhas no effect, either. This gives

L(p—l)n+l (.]Q) L(p—l)n+l (./Q) L(p—l)n+] (jQ
Equation (6.24). The proof is completed. [

Proposition 6.2 provides a sufficient and necessary condition for the output
spectrum series (6.19a) to be an alternating series with respect to a specific nonlinear
parameter cpo(rp,r2,...,Ip) satisfying cpo(.)>0 and p=27+1 for 7 =1,2,3,.... Similar
results can also be established for any other nonlinear parameters. Regarding
nonlinear parameter cpo(ry,I2,...,Ip) satisfying ¢,0(.)>0 and p =27 for 7 =1,2,3,...,, it
can be obtained from (6.19a) that

Y(JQ) = F(Q)+ 0 () Fypiyu (Q) -+ €, 0" Fyy iy () -+
fz( (@) for n=1,2.3,... should be alternating so that ¥(Q)is alternating. This yields

that

2n
sgn c[ Z Paip-na1 (€0 )75 Dyqy ** Byiapotymany )J

Dy 2+ Oy tyney =Q

= - AT CAD R
= sgnc[ 2 Papamst €0 O 0 a)l(Z(p—l)(n+l)+l))]

Dy Dy ymenyed =Q

Clearly, this is completely different from the conditions in Proposition 6.2. It may be
more difficult for the output spectrum to be alternating with respect to cpo(.)>0
with p = 27 than ¢; o(.)>0 with p = 27 +1.

Note that Equation (6.19a) is based on the assumption that there is only nonlinear
parameter ¢y (.) and all the other nonlinear parameters are zero. If the effects from the
other nonlinear parameters are considered, Equation (6.19a) can be written as

Y(jQ) = F(Q) + ¢, o (Vg (Q) +++ ¢, () Fy iy Q)+ (6.25a)

where
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Fynst () = Fip iyt @+ 8,130 @ C g \ €0 () (6.25b)

C,., includes all the nonlinear parameters in the system. Based on the parametric
characteristic analysis in Chapter 3 and the new mapping function
0, (CE(H,());w,,-,w,) defined in Chapter 5, (6.25b) can be determined consequently.
For example, suppose p is an odd integer larger than 1, then F,,,.,(jQ)is given in

(6.19¢), and & (©C,, \c,0()) can be computed as

(p-1)n+

F n(c,o"s()
| Ly
Syt (@ C g \Cpo(N) = > . 0[—][—2-)

all the il isting of the p:
satisfying np+Z (p;+q}) is odd and less than N

" b se e
> Q(p"(cp‘on_r(,»(c,,,0 SCpg \CpoONi@y, vy )]

@y, ++ e+, =
" *aep. 0" 0D

where s(C, . \c,,()) denotes a monomial consisting of some parameters in C, . \c, ().

It is obvious that if (6.19a) is an alternating series, then (6.25a) can still be
alternating under a proper design of the other nonlinear parameters (For example,
these parameters are sufficiently small). Moreover, from the discussions above, it can
be seen that whether the system output spectrum is an alternating series or not with
respect to a specific nonlinear parameter is greatly dependent on the system linear

parameters.

Example 6.2. To demonstrate the theoretical results above, consider again the
model (6.13) in Example 6.1. Let u(r) = F, sin(Q¢) (F, >0). The output spectrum at
frequency Q is given in (6.16-6.17). From Lemma 6.2, it can be derived for this case
that

2n+1

D' [l @) HiGangy))

i=1

Loy (J@yg) -+ jO50)) (6.26a)

P21 (€30 () 505+ By2na1)) =

3
% %. X% " 5. ..
n (X,X5,%;) | | @250 (6500) Oy % iy wl(,\"(i)+2;,+|))
all the different combinations i=]

of {X,,X3,X,} satisfying
X, +Xp+ Xy =n-1,0<X;<n-1

o _ ., 5. _ .
where, if %, =0, @[, ):..(¢,00)™ ;@50 Qi) =1 » Otherwise,
" X .
a0 (60075 Oy gy ™ 'w/()?(i)+2;,+1))

. . r
G Oz T F jwl(f(i)ﬂfﬁl)) . (6 26b)
- LZJ?, +1 (jwl()?(i)u) oot ja)l()?(i)+2f, +1))

3
* " X,
Z 7 (Xi,Xp,X5) I l 26,1 (C5.00)" 30,2 y10y ™ Oy, o)
all the different combinations J=l

of {x;,x,,x, } satisfying

Xy +Xp +X; =X, ~1, 0x;<¥, -1

Note that the terminal condition for (6.26ab) is
(o +--+ ja)l(s))r (6.26¢)
—Ly(Jaygy +-- + jos)

" X . .
251 (5000307030 Dryaasan Yzt = 5 €30 (@1 @y3)) =

Therefore, from (6.26a-c) it can be shown that P20 (€50()"; @, - @,,,,) can be written as
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Dons (cs,o O, 0y,,)
2n+1

[ jeH G

Ly (Joy ++++ j@yni1) g the combination (x; xguxe)
satisfying x;€{2j+l|lsj<n-1}
X;2X92..2Xy.1, 80d
=" happens only if x;+x,,,<2n-2

where 7, (x,,X,,...x,,)1s a positive integer which can be explicitly determined by
(6.26ab) and represents the number of all the involved combinations which have the

(6.27)

( < )"-l J@yqy +oot jOy
Ty (X1 Xg5e0 Xy H : ;
i~ L, Joyg, +et joy,,)

"—l I ser ] ., .

same H iU w’f‘" . Therefore, according to Proposition 6.2, it can be
i=1 _Lx, (jwl(l) +"'+Jw/(x,))

seen from (6.27) that the output spectrum (6.16) is an alternating series only if the

following two conditions hold:

HGQ) - H ()

, —)=0
L2n+l (./Q) L2n+1 (.]Q)

(b1) Re(

Iy J@y ot oy,

(b2) sgn, Py (X5 X500 X ) ' : = const
Z z ) e l Ii:l[—Lx,(]wl(l) ot joy,y)

By 4o d Oy =Qall }he;ombina!iqn (%, Xgye X
satisfying x;€{2j+1[lsjsn-1}
X|2X52.2X,,., and
“=*happens only if x;+x,,, $2n-2

Suppose Q =\/E which is a natural resonance frequency of model (6.13). It can be
m

derived that
Ly (GO = = 6,0 (7)JQ)" = ~(m(jQ)* + B(jQ) + k;) = - jBQ
k=0
H (j) = -1 __ U
AR R

It is obvious that condition (b1) is satisfied if Q = ‘/7‘—; . Considering condition (b2), it
m

can be derived that
J gy +"'+jwl(X,) - JE(x,)Q (6283)
_Lx, (ja)l(l) +"'+ja)l(x,)) "Lx, (je(x,)€2)
where &(x,) e {+(2j+D|0< j<[n+1}, and [n+1]denotes the odd integer not larger than

n+1. Especially, when e(x,) = £1, it yields that

Jaygy +e oy Q£ 1 (6.28b)
-L, oy +-+ jw,,) —-L (£/Q) /BQ B
when |e(x,)[>1,
JOgy + -+ joy,, o je(x)Q Je(x,)Q
=L, (aygy +++ jay,,)  —L, Ge(x)Q)  m(je(x,)Q)? +B(je(x,)Q) +k,
(6.28¢)

- J&(x;)Q - 1
(- &(x,)" ko + je(x,)QB B+j(€(xf)';(—l,,“))\/kom
If B <<,fk,m , then it gives

ja’l(l) +"'+jwl(x,) N 1 (6 28d)
_Lx, (jwl(l) +"'+jw/(x,)) j(é‘(x,.)—#xl)),/kom )
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Note that in all the combinations involved in the summation operator in (6.27) or
condition (b2), i.e.,
>0

@, + 4oy, =0 all thecombination (x, X,,....X,.1)
! "1 satisfying x; €{2 j+N1S jsn-1}
X 2X32.2X ., AN
"=" happens only if x;+x,, S2n-2

There always exists a combination such that
I";II J@gy +ot O _ 1 (629)
i — Ly, (o, +eoet joy,) B™!
Note that (6.28b) holds both for &(x,) = £1, thus there is no combination such that
ﬁ jwl(l)+”'+jwl(xl) __ 1
=L, (jo + -+ joy,,) B!

Noting that B << ,fk,m , these show that

max (ﬁ J@ygy + o+ Joy I)__ 1
all the involved - Lx/ (jwl(l) Foeet ja)l(x,)), Bn—l

combinations i=l

which happens in the combination where (6.29) holds.

Because there are n+1 frequency variables to be +Q and n frequency variables to
be -Q such that o, +---+w,,,, =Q in (6.16-17), there are more combinations where

£(x;) >0 that is (e(x,)—g—(‘;,—)),/kom >0 in (6.28c-d). Thus there are more combinations

where Im( SOy 7+ T ) is negative. Using (6.28b) and (6.28d), it can be
_Lx, (ja)l(l) +"'+ja’l(x,)

shown under the condition that B << Jk,m ,

n-1 ; ;
J@iqy + o+ JO 1 1
max (Im(I I ' ) = )= ST, T—
i ] e ; -2 1 )= n-2
e o s — L, (o +-+ jo,) B (e(x,) - oW kom 2.7B" Jkom
n-1 ; ]
Wy ot jO .
J @iy ) g

his h i inati here the argument of
T appens in the combinations w g 1:][ L o 7t jo))
either -90° or +90°. Note that there are more cases in which the arguments are -90°. If
the argument is -180°, the absolute value of the corresponding imaginary part will be
not more than
I 1

» = e(x)=3 = . ——3
B (e(x,) - 75) kom | 2.7° B Jkom’

max
the combination
whose argument is
-180°

which is much less than ————— .
2.7B"2 Jk,m

Therefore, if B is sufficiently smaller than,/k,m , the following two inequalities
can hold for n>1
n-}

W,y + 0+ JO
Re( Z rX(x,,xz,...,xn_,)l I J '.(') J '_(x‘) >0
) v~ L Gaygy +-+ jaoy,,)

all the combination (x;,X;,...,X . i
satisfying x;€{2 j+1|1S5 j<n-1}

X 2X,2.2X, . and

"="happens only if x;+x,,,$2n-2

il @y + + j@
Im( > Fe (XX )] [0 T B g
) Ly (!wl(|)+"'+fwl(x,))

all the combination (x,X,....X.s
satisfying x;e{2 j+1[1< j<n-1}
X)2X52.2X, |, and

"="happens only if x;+x,,,<2n-2
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That is, condition (b2) holds for »>1 under B <<,/k,m and Q= \/é’—"' . Hence, (6.16) is

an alternating series if the following two conditions hold:

(c1) B is sufficiently smaller than \fk,m ,

(c2) The input frequency is Q= \/i‘—-—0 .
m

Note that in example 6.1, Q= LI 8.165, B=296<< [k,m =1959.592. These are

m
consistent with the theoretical results. Therefore the conclusions are verified.

6.5 Conclusions

A novel nonlinear effect on the system output spectrum is revealed in this chapter
based on the frequency domain methods established in the previous chapters. It is
shown for the first time that under certain conditions the system output spectrum can
be described as an alternating series with respect to a specific nonlinear coefficient
and this alternating series has some interesting properties which are of significance to

engineering practices.
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Chapter 7
NONLINEAR EFFECT ON SYSTEM OUTPUT
SPECTRUM II ------ OUTPUT FREQUENCIES

For nonlinear Volterra systems, the output frequencies are studied in this chapter.
The results show some interesting features of output frequencies of nonlinear systems
such as periodicity and opposite properties, and reveal the nonlinear effects on system
output spectrum from different nonlinearities. These results have significance in the
analysis of nonlinear systems and in the design of nonlinear filters by taking
advantage of nonlinearities, and consequently can provide a useful guidance for the
practical application of Volterra series theory of nonlinear systems.

7.1 Introduction

As mentioned before, an important phenomenon for nonlinear systems in the
frequency domain is that they always have very complicated output frequencies, for
example, super-harmonics, sub-harmonics, inter-modulation, and so on. This usually
makes it rather difficult to analyze and design the output frequency response
behaviour for nonlinear systems. The output frequencies for Volterra systems have
been studied by several authors (Raz and Van Veen 1998, Lang and Billings 1997,
2000, Bedrosian and Rice 1971, Wu et al 2007, Wei et al 2007, Bussgang 1974, Frank
1996) by using the frequency domain method based on the Volterra series. These
results provide algorithms from different viewpoints for the computation and
prediction of the output frequencies for nonlinear systems. It can be seen from the
previous results that Volterra systems can effectively be used to account for super-
harmonics and inter-modulation in the output spectrum of nonlinear systems.

In this study, some important properties for the output frequencies of the Volterra
systems are established. They provide an alternative insight into the super-harmonic
and inter-modulation phenomena in the output frequencies of nonlinear systems,
especially when the effects from different system nonlinearities are considered. The
new properties demonstrate several novel frequency characteristics of the output
spectrum for nonlinear systems. They have significance in the analysis and design of
nonlinear systems and nonlinear filters in order to achieve a specific output spectrum
in a desired frequency band by taking advantage of nonlinearities. These new results
can also provide an important guidance to modelling, identification, control and signal
processing by using the Volterra series theory in practices. Examples and discussions
are provided to illustrate the results.

7.2 Output frequencies for nonlinear Volterra systems

As discussed in Chapter 4, the output spectrum of nonlinear Volterra system (1.1)
subject to a general input can be described by (4.1-4.2). For convenience, it is
rewritten here as
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N
Y(jo) = ¥,(jo)
- ., (7.1)
[ H.Go. )] [UGe)ds,
o+ W, =0 i=l

o)
Yn (.]a)) - \/’;(2”)"_1

where I(-)daw represents the integration on the super plane o, +--+o, = . ¥,(jo) is
&+ -+ @, =0

referred to as the nth-order output spectrum. Similarly, when the system is subject to a
multi-tone input described by (1.3), the system output spectrum is given in (4.3-4.4),

ie.,

N
Y(jo) = Y,(jo)
n=1 (72)

. 1 . .
YV,(jo)=—- ZHn(ja)k,’“"ja)lz”)F(wk,)"'F(wk,,)

where F(w, ) can be written explicitly as F(a;,q)=,F|,qlle’”i*"'s""‘"" for k, € {£1,-+-,+K}, and

1 a>0
sgnl(a)=<0 a=0,
-1la<0

From Equations (7.1) and (7.2), it can be seen that the output frequencies
corresponding to the nth-order output spectrum, denoted by W, and simply referred to
as the nth-order output frequencies, are completely determined by

Q=0 +@, ++0, OT W= +@, ++a
which produce super-harmonics and inter-modulation in system output frequencies.
Consider any continuous and bounded input function u(f) in ¢>0 with Fourier
transform U(jw) whose input domain is denoted by V, i.e., @ e V. Note that V' can be
any closed set in real. Let ¥ =-V'u ¥V, whose meaning will be discussed later.

Therefore, for the general input U(jw) defined in V, the nth-order output
frequencies are

w, ={a)=a), +a)2+---+a)",a),. el7,i=1,2,...,n} (7-33)
or for the multi-tone input (4),
W,=w=w, +o, ++a, I“’k, eV,i= 1,2,...,n} (7-3b)

This is an analytical expression for the super-harmonics and inter-modulations in the
nth-order output frequencies of nonlinear Volterra systems. All the system output
frequencies up to order N, denoted by W, can be written as

W=W OW,u--UW, (7.3¢)
In Equations (7.3abc), ¥ represents the input frequency range corresponding to the
nth-order output spectrum, V is the original input frequency range corresponding to
the first order output spectrum and W, represents the output frequencies of linear part
in the system. For example, ¥ may be a real set [a,b]u][c,d], thus ¥ =[-d,-c]U][-b,-
alulab]u(c,d], where d > c2b2>a>0. Especially, when the system subjects to the
multi-tone  input (1.3), then the nth-order input frequency range is
V= {i o, ,ia)z,---,ia),?}, which is obviously a special case of the former one.
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7.3 Fundamental properties and the periodicity property

In this section, some fundamental properties of the output frequencies of system
(1.1) especially the periodicity of the output frequencies are studied under the
assumption that ¥ is a closed set of frequencies in real. Although the computation of
the system output frequencies for the case with ¥=[a,b] and V=[a;,bi], i=1,2,...m has
been studied in Raz and Van Veen (1998), Lang and Billings (1997), Wu et al (2007)
and for the multi-tone case was also studied in Lang and Billings (1997), Wei et al
(2007) and Bussgang et al (1974), the properties of the output frequencies of
nonlinear systems are established in this study in a uniform manner based on the
analytical expressions (7.3abc) for any input domain V. Let max(.) denote the
maximum value of the elements in (.), and min(.) the minimum value.

Property 7.1. Consider the nth-order output frequency W,
(a) Expansion, i.e., Wyo< Wy;
(b) Symmetry, i.e., vQeW,, then -QeW,;
(c) n-multiple, i.e., max(W,) =»-max(¥) and min(W,) =-n-max(V).
Proof. (a) Consider Equation (7.3a), if let w,_, = -, , then
w, = {m =@ +w, ++ w,,'w, eV,0,,=-0,,i= 1,2,...,n} (7.4)
=W, , = {w =0+, +---+a),,_2|a),. eV,i= l,2,...,n—2} .

Therefore, Wy.2 < W,. The same conclusion also holds for Equation (7.3b).

(b) From the realness of the output spectrum, this property is straightforward. It can
also be proved as follows. If QeW, , then there exists o, e¥ such that
Q=w +w,++w,. Note that ¥ is symmetric with respect to 0, thus it must hold that

-w,~@,,-aw, eV . Therefore, -Q=-0, -w, - -0, eW,.
(c) This is obvious from w=w, +w, + -+, andw =0, +o, ++0o, .

This completes the proof. o

Property 7.1 shows that the output frequency range will expand larger and larger
with the increase of the nonlinear order, the expansion is symmetric to zero and its
rate is n-multiple of the input frequency range. Property 7.1(a) shows that, the (n-2)th
order output frequencies W,, are completely included in the nth order output
frequencies W,. This property can be used to facilitate the computation of output
frequencies for nonlinear systems. That is, only the highest order in odd number and
the highest order in even number, to which the corresponding GFRFs are not zero, are
needed to be considered in Equation (7.3c). For example, supposing the system
maximum order N=10, only W}, and Wy are needed to be computed if Hjo(.) and Ho(.)
are not zero, and the system output frequencies are W =W, uW,, ( in case that Hy(.) is

zero, Wy should be replaced by the output frequencies corresponding to the highest
odd order of nonzero GFRFs). For the case that =[a,b], Property 7.1(a) has be shown
in Lang and Billings (1997). Here it is shown to hold for any V.

Property 7.1 shows the basic properties of the output frequencies of system (1.1)
subject to any input frequencies. The following proposition shows the periodicity of
the output frequencies of Volterra systems, providing a new insight into the system
output frequency characteristics.
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Proposition 7.1 (Periodicity property). The frequencies in W, can be generated
periodically as follows
r,+1

w, =Jmm (7.5a)

w, eV,w; <0forl<j<i-lo, >0forj2i} or (7.5b)

l'I,.(n)={a)=cul +w, ++o,

H,.(n)={m=w,{] +o, +~-+wk”|a),‘/ el7,a),‘l <0forl< j<i-lLa, >0forj2i} (7.5¢)

[,=n (7.5d)
The above process has the following propetties
max(I1,(n)) = —(i — 1)min(¥) + (n— i + Ymax(¥) and (7.6a)
min(TT, (n)) = —(i — Y max(¥V') + (n — i + 1) min(V) (7.6b)
max(T1,_, (n)) — max(I1, (n)) = min(I1,_, (7)) - min(I1, (n)) = min(¥) + max(¥) (7.6¢)
A(n) = max(I1, (n)) — min(I1, (n)) = n- (max(¥') — min(V)) (7.6d)

Especially, when the system subjects to a general input U(jw) defined in [a,b] or the
multi-tone input (1.3) with w,,, -, = const > 0 for i=1,..., K -1,

,(n) =11, ,(n)-T fori=2,...,n+l (7.6¢)
where II,(n)-T is a set whose elements are the elements in IT,(n) minus 7, T
=min(V)+max(¥) is referred to as the frequency generation period, and A(») is referred

to as the frequency span in each period.
Proof. See Section 7.6 for the proof. 0

For the simple case where V=[a,b], the periodicity above can be easily checked
from the result in Lang and Billings (1997).

Property 7.2. Consider the ith frequency generation period IT,(»n) in W,

(a) If the system input is the multi-tone function (1.3), then for any two
frequencies Q@ and Q' in I1,(n) and any two frequencies » and o' in V,
min(Q-Q') =min(e - ©').

(b) If A(n)>T, then max(I1(n),,,) > min([I(n),) for i=1,...,T,. That is, there is overlap
between the successive periods of frequencies in W,

Proof. (a) is obvious from the proof for Proposition 7.1. Note
that  max(Il(»),,,) = max(Il(n),)-T , thus it can be  derived that

max(I1(n),,,) — min(I1(r),) = max(II(n),) - min(TI(n),)-T =A(n)-T >0. (b) is proved. O

Proposition 7.1 and Property 7.2 explicitly demonstrate, for the first time, an
interesting and useful feature of the output frequencies of nonlinear systems ------ the
periodicity. This property can not only be used to simplify the computation of the
output frequencies for some special cases as stated in Proposition 7.1 (where only one
period of output frequencies need to be computed) but also provide an insight into the
computation and understanding of the output frequencies in general case. Some
important issues will be discussed further in the following sections. From Proposition
7.1, the following corollary is straightforward.

Corollary 7.1. All the conclusions in Proposition 7.1 and Properties 7.1-7.2 hold
for the case that the system subjects to a general input U(jw) defined in

z
|Jla+ @ -De,b+(~1)e] where b> a2 (b-a)and Z is a positive integer. O

i=}
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Note that when ¥ does not satisfy the condition in Corollary 7.1, the property in
Equation (7.6e) does not hold. Example 7.1 is given to illustrate the results above.

Example 7.1. Consider a simple nonlinear system as follows
y =-0.01y + au® + bu’

The input is a multi-tone function u(t)=sin(6t)+sin(7t)+sin(8t). The output spectra are
given in Figures 7.1-7.2 for different cases. Note that there are only input
nonlinearities with order 2 and 3 in the system, thus only the 1%, 2" and 3" order
GFRFs are not zero and all the other order GFRFs are zero (See Proposition 3.1 and
Properties 3.1-3.5 Chapter 3). Hence, the output frequencies of the system are the
same as the 2" and 3™ order output frequencies. That is, when a=1 and =0, then
W=W,, when a=0 and b=1, then W=Wj3; and when a=1 and b=1, thenw =w, UW,.
Figures 7.1-7.2 demonstrate clearly the results in Properties 7.1(c)-7.2(a) and
Proposition 7.1, and also show that the system output frequencies are simply the
accumulation of all the output frequencies corresponding to each order output
spectrum when the involved nonlinearities have no crossing effect and no overlap as
stated in Property 7.2(b). The overlap of the output frequencies contributed by
different orders’ system nonlinearity will be discussed in the next section.

Output Spectrum
6 r

Output Spectrum
15 T

2v|

I 1 1 ] ] DAA‘L

" A A
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Frequency (Rad/sec) Frequency (Rad/sec)

Figure 7.1. Output frequencies when a=1 and b=0 (left) and when a=0 and b=1 (right)

Output Spectrum

15

Wi, b il

o] 5 20 25 30
Frequency (Rad/sec)

Figure 7.2. Output frequencies when a=1 and b=1
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7.4 Nonlinear effect in each frequency generation period

The periodicity of output frequencies is revealed and demonstrated in the previous
section. In this section, the nonlinear effect on system output spectrum in each
frequency generation period, and especially the nonlinear interaction between
different nonlinearities of the same nonlinear degree and nonlinear type are studied.

From (7.1) and (7.2), it can be seen that the operators I(-)dcrm and Z(-) have

W+t 0, =0 @y 4ty =0

an important and fundamental role in the frequency characteristics of the nth order
output spectrum in each frequency generation period. The following property can be
obtained.

Property 7.3. For weIl,(n) (1<i<[(n+1)/2]), Zl reaches its maximum at

the central frequency (max(I1,(n))+ min(II,(n)))/2 or around the central frequency if the
central frequency 1is not available, and has its minimum value at
frequencies max(I1, (n)) and min(I1,(n)), i.€.,
i = 1 - 1 — -l
"'grl]l'l(l")(mw-;kl":w) wk,+~--+a),("z=max(ﬂ,(n)) m,,+--~+w§:in(n,(n)) C
Moreover,

Y1 o> Y1 forwell,(n) (2<i<[(n+1)/2])

Wy 4ok, =0 W+t @y =<w+T>
Especially, for the multi-tone input case with o,,, - @, = const > 0 for i=1,...,K -1,
1 = Zl for 0 <k'<T/const

g+t ey =max(TL, (m)-K'const @y, +++-+ay, =min(T1, (n))+k"const

where, [(n+1)/2] is the smallest integer which is not less than (n+1)/2, <@ +T >is the

frequency in IT, ,(n) which is the most approximate to o +7 . The similar results also

hold for the general input case defined in Corollary 7.1 by replacing
Zl as _[ldam.

P oorv i

Proof. Note that Zl is equal to the number of all the combinations satisfying

o, +-+o, =wand with the n frequency variables satisfying the conditions inTI,(n),

thus the conclusions in this property can be obtained by using the combination theory,
which are straightforward. When the values of o, and w; are fixed and X is approaching

infinity such that const approaches zero, the multi-tone frequencies will become a
continuous closed set [w,,w;]. The input frequencies defined in Corollary 7.1 are

further extended from these two cases. Hence, the conclusions holding for the multi-
tone case can be easily extended to the input case defined in Corollary 7.1. This
completes the proof. o

Property 7.3 shows that in each frequency generation period, the effect of the
operator ,[(')da“’ and Z(-) on system output spectrum tends naturally to be

o+ 0, =0 Gy 4ty =0

more complicated at the central frequency. That is, there is only one case for the
operator Z(-) at the two boundary frequency of each period, it reaches the

Wy, 4+ Oy S0

96



Chapter 7 Nonlinear effect on system output spectrum II

maximum at the central frequency of the same period and tends to decrease in
different period with the frequency increasing. These can be regarded as the natural
characteristics of the output frequencies that can not be changed (This can be verified
by Figure 7.3 in Example 7.2).

Note that different nonlinearities may have quite different effect on system output
spectrum. In order to study the nonlinear effect between different nonlinearities of the
same nonlinear degree and kind, consider the nonlinear Volterra systems which are
described by the NDE model in (1.5), i.e.,

M m K P AN () 2 dhu(e
S o] 1 dty,f) d;‘,f)=o (1.7)
i=]

m=1 p=01.1,, =0 i=p+l
See Chapter 1 after Equation (1.5) for the notations. Similar results discussed in this
study can also be easily established for the NARX model in (1.6).

When different categories and degrees of nonlinearities exist in the system, there
will be much crossing effects at the same frequency from different nonlinearities. This
will make the output spectrum at the frequency of interest to be enhanced or
suppressed. For example, different nonlinearities of the same order and the same
category can produce the same output frequencies according to Chapter 3. However,
the effect from different nonlinearities at the same frequency generation period may
counteract with each other such that the output spectrum may be suppressed in some
periods and others enhanced. Clearly, this property is of great significance in the
design of nonlinear systems for suppressing output vibration (Zhou and Misawa,
2005).

In this study, consider there are only input nonlinearities in the NDE model above
with ¢, 4(.)=0 for all p+g>1 and p>0. In this case, following the results in Chapter 3,
the GFRFs can be written as

1 K
H"(jwn"',jwn)=L (]CU +---+ja) ) CO,n(ll"“’In)(ja)l)ll'“(ja)n)l’I (78)
" 1 n/ =1
where
K
L jo +-+ jo,)== D c,o (kY jo, +- + jo, )" (7.9)

k=0
From (7.8-7.9) and (7.2), the nth-order output spectrum under the multi-tone input
(1.3) can be obtained

LU =g Y

W+t Oy S0

[ F(a ) Flay) Kco'n(ll’...,]n)(ja)kl)ll"'(jwk")I"J

L,(jo, +--+ jo, ) 53

) (7.10)
! Z [F(wk, ) Flay) Zco,n (USENS 124 ) e (Jax, )l]

2" Ln (.]a)) W+t =0 L=

To reveal the nonlinear effect from input nonlinearities in each frequency generation
period, the following results can be obtained.

Definition 7.1 (Opposite property). Considering two input nonlinear terms of the
same degree with coefficients c,,(/,,---,1,) and ¢, ,(}},---,1,), if there exist two nonzero real

number ¢, and c; satisfying c,,(/,,--,1,)= ¢, and ¢,,(l{,--,I,) = ¢, such that at a given
frequency Q >0,
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S (F@,)F@, e (o) (o, ) +e,(o, ) (o, ) ))=0

W+t @y, =Q
with respect to a multi-tone input (1.3), then the two terms are referred to as opposite
at frequency Q under c,,(,,,1,) = ¢ and ¢,,(,+,I;) = c2,, whose effects in the

frequency domain counteract each other at Q.

Note that the concept of the opposite property can be defined similarly for the
other categories of nonlinearities. The following result can be concluded for the
opposite property of two input nonlinear terms.

Proposition 7.2 (Opposite of input nonlinearity). Consider nonlinear systems
with only input nonlinearities subject to multi-tone input, and there are two nonlinear
terms with coefficients c,,(/, --,/,) and ¢,,(,--,0;) . If there exists a non-negative

integer m <[(n+1)/2]-1 such that sgn( F(e, ) F(w, )) is constant with respect to all the
combinations of w, ,---,», €{tw,, - twg}satisfyingw, +---+w, €I, (n), then for the

two nonlinear terms,
(1) they can be designed to be opposite at any frequency in the (m+1)th frequency
generation period IT,,,,(n) with proper parametric values of the two coefficients, if and

m+l

only if ZI,. and Zl,.' are both odd integers or even integers simultaneously.
i= i=]

(2) for a proper value of ¢, ,,(,,--,1,)/ ¢, ,,(I{,-++,1,)>0, they are opposite in I1,,,,(n) if for a

real >0,
[ |1,_/;+...+:"_/;|]
snl( D @) @) NED P sl Y (@) o (e)") (711)
@y +ert @y, =(n-2myQ @+t =(n-2m)Q
@y o, E{+Q, -} @ 0, €{+Q, -}

Proof. See Section 7.6 for the proof. o

From Equation (7.10), it can be seen that the magnitude of ¥,(jw) depends on

K
L jo ), F(@,)F@,) ¢ (1)) (o) , and Y () . Y()

0=l Wy vy, =0 Wyt =0
represents the system natural effect which can not be changed as mentioned. L,( jo)
represents the effect from the linear part of the system and

X
F(@,)+F(@,) Y 1)@, )" -+ (je, ) tepresents the nonlinear effect from input
=l
nonlinearities. These two later effects can be designed purposely in practice.
Therefore, the results in Proposition 7.2 provide guidance to the design of input
nonlinearities to achieve a specific output spectrum. Similar results can also be
established for the other categories of nonlinearities. The following example
illustrates the result in Proposition 7.2.

Example 7.2. Consider a simple nonlinear system as follows
y =001y + au’ + bu’i? (7.12)
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The input is a multi-tone function u(t)=0.8sin(7t)+0.8sin(8t)+sin(9t), which can be
written as u(t)=0.8cos(7t-90%)+0.8cos(8t-90%)+cos(9t-90°%). Therefore, F(w,, )=7 0.8j,
F(w,,)=%0.8) and F(w,,)=7F). It can be verified that, sgn( F(, )--- F(»,,)) is constant
in each period I1,(5) (i= 1,..,6). This satisfies the condition in Proposition 7.2. The
output spectrum under different parameter values are provided in Figures 7.3-7.4. It
can be verified that the two nonlinear terms are opposite at the second frequency

generation period. For the nonlinear term au’®,
|I,—I,'+'-«+I,,—I,',|.‘

sgn I( Z(wk,)’*---(wk,)’"))(—l)[ sl Y (@) (@, )° D)

W+t By =(n-2m)-Q @+t =(5-2)Q
[N e{+Q,-Q} [N e{+Q,-Q}

=sgnl( D1 D' =~

Wy ot @y =3Q
™ e{+Q,-Q}

For the nonlinear term bu’u?,

—sgnl( Y (@) (@) ) =-sml( D (@) (@)")

@y -y, =(n-2m) 2 Wy o+ =(5-2)Q
@y ey, €(+0,-0) 0y g €(+0,-Q)

=-sgnl( ) (@,0,)

@+t =3Q
Wy Wy e{+Q,-Q}

Note that there are five combinations for w, +et o =30,0, 0,0, €{+Q,-Q}, ie.,
-0,0,0,0,0;0,-0,0,0,0;0,0,-0,0,0:0,0,0,-Q0,0:0Q,0,0,0,-Q;

Therefore —sgn 1( Z(w,,l o, ) =-sgnl(Q?) = -1. Equation (7.11) is satisfied.

@y oty =3Q
Wy 7 Dy e{+0,-Q}

From Figure 7.4 it can be seen that, the counteraction between the effects from the
two input nonlinear terms results in suppression of the output spectrum in the second
period and enhancement for the first and third periods, compared with the output
spectrum under single nonlinear term au’.

Output Spectrum Output Spectrum

20 T T — 25 T T ——
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18 4 204
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0 5 10 15 20 25 30 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Frequency (Rad/sec) Frequency (Rad/sec)

Figure 7.3. Output spectrum when a=1.3 b=0 (left) and a=0,b=0.1(right)

99



PhD dissertation: Frequency Domain Theory of Nonlinear Volterra Systems

Output Spectrum

45

40}

35t

30

25

2Y|

20}
15+

10+

L .AAMMAL

0 5 10 15 20 25 30 35 40 45 50
Frequency (Rad/sec)

Figure 7.4. Output spectrum when a=1.3 b=0.1

Moreover, it is obvious that given system model and input function, the system
output spectrum can be analytically determined from (7.1-7.2). Contrarily, given
system model in the multi-tone input case, the input function can be obtained from the
output spectrum at a specific frequency generation period for exampleII, (n) . Because

each output frequency in II,(n) can be explicitly determined, thus a series of
equations can be obtained in terms of F(awy ) F(@, ), and then F(w,),--,F(w,) can be

solved. That is, the original input signal can be recovered from the received signal in a
specific frequency generation period. This is another interesting property based on the
periodicity and is worth further studying.

7.5 Parametric characteristic of the output frequencies

There are three categories of nonlinearities in model (7.7): input nonlinearity with
coefficient coq(.) (¢>1), output nonlinearity with coefficient cpo(.) (p>1), and input
output cross nonlinearity with coefficient ¢, g(.) (p+¢g>1 and p>0) (where p and q are
integers). Different category and degree of nonlinearity in a system can bring different
output frequencies to the system. How a nonlinear term affects system output
frequencies and what the effect is for Volterra systems are a very interesting and
important topic. However, few results have been reported for this. This section
provides some useful results for this topic based on the properties developed above.

Consider nonlinear Volterra systems described by the NDE model in (7.7). What
model parameters contribute to a specific order GFRF and how model parameters
affect the GFRFs can be revealed by using the parametric characteristic analysis in
Chapter 3. From Equations (7.1, 7.2), it can be seen that the nth-order output
frequencies W, are also determined by the nth order GFRF. If the nth order GFRF is
zero, then Wy=[]. It is known from Chapter 3 that the nth order GFRF is dependent on
its parametric characteristics, thus the nth-order output frequencies are also
determined by the parametric characteristics of the nth-order GFRF. That is,
Equations (7.3a-b) can be written as

W, =lo=(+0, ++0,)-(-5CEH, @, 0, o, 7,i=12.,n}  (7.13a)
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and
W, = {a) = (@, + @, ++w, )-(1-5(CEH (@, @, ))))|‘0k1 evV,i= ],2,...,n} (7.13b)

1 x=0orl

where 5(x)={ . In Equations (7.13ab), suppose W, is empty when

0 else
S(CE(H, () =1.

Equations (7.13a-b) demonstrate the parametric characteristics of the output
frequencies for Volterra systems described by (7.7) and (1.6), by which the effect on
the system output frequencies from different nonlinearities can be studied. Since
negative output frequencies are symmetrical with positive output frequencies with
respect to zero (Property 7.2(b)), thus for convenience only non-negative output
frequencies are considered in what follows.

Property 7.4. Regarding nonlinearities of odd and even degrees,

(a) when there are no nonlinearities of even degrees, the output frequencies
brought by the nonlinearities with odd degrees happen at central frequencies
(2I+1)T72 for I=0,1,2,... with certain frequency span;

(b) when there are only input nonlinearities of even degrees, the output
frequencies happen at central frequencies /-T for /=0,1,2,... with certain
frequency span;

(c) in other cases, the output frequencies happen at central frequencies /-7 /2 for
1=0,1,2,... with certain frequency span.

The frequency span is A(n) corresponding to the nth order output frequencies if

applicable.

Proof. See Section 7.6 for the proof. o

Property 7.4 shows that odd degrees of nonlinearities bring quite different output
frequencies to the system from those brought by even degrees of nonlinearities.

Property 7.5. Regarding different categories of nonlinearities,
(a) when there are only input nonlinearities of largest nonlinear degree n, the non-
negative output frequencies are in the closed set [0, »-max(V) ];

(b) in other cases, the output frequencies span to infinity.

Proof. (a) From Equation (3.17) or Proposition 3.1 in Chapter 3, only the GFRFs
of orders equal to the nonlinear degrees of the non-zero input nonlinearities are not
zero since there are no other kinds of nonlinearities in the system. Thus the largest
order of non-zero GFRFs is n. The conclusion is therefore straightforward from
Property 7.1(c). (b) If there are other kinds of nonlinearities, the largest order of
nonzero GFRFs will be infinite, because for any parameter c, o(.) with p>0 and ptg>1,
it can form a monomial with any high nonlinear degree (¢, (.)") and thus contribute to
any high order GFRF from Proposition 3.1 in Chapter 3. Thus the output frequencies
can span to infinity. This completes the proof. o

The input nonlinearities of a finite nonlinear degree can independently produce
output frequencies in a finite frequency band.

Property 7.6. Regarding different categories and degrees of nonlinearities,

(a) when there are only input nonlinearities, a nonlinear term of degree » can only
produce output frequencies W,, and there are no crossing effect on output
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frequencies between different degrees of input nonlinearities;

(b) in other cases, a nonlinear term of degree n contributes to not only output
frequencies W, but also some high order output frequencies Wy, for m > n due
to crossing effect with other nonlinearities.

Proof. (a) Considering a nonlinear term con(.), it can be obtained from Equation
(3.17) that only CE(Hy(.)) is not zero if the other degree and kind of nonlinear
parameters are zero. That is, con(.) only contributes to Hn(.) in this case. If there are
other input nonlinearities, it can be known from Proposition 3.1 in Chapter 3 that only
nonlinear parameters from input nonlinearities can not form an effective monomial
which is an element of any order GFRF. That is there are no crossing effects between
different degrees of input nonlinearities. (b) When there are output or input-output
cross nonlinearities, it can be seen from Proposition 3.1 in Chapter 3 that there are
crossing effects between different nonlinearities, and the nonlinear degree of any
effective monomial (e.g. c14(-)coq(-)" (¢g>1)) formed by the coefficients from the
crossing nonlinearities can be infinity. Thus a nonlinear parameter of degree n, for
example con(.), has contribution not only to Hy(.), but also to some higher order
GFRFs, for example ¢ 4(.)con(.)” is an element of CE(Hn(.)) where m=zn+n+1-z. This
completes the proof. O

From Property 7.6, the crossing effect usually happens easily between the output
nonlinearities and the input-output cross nonlinearities.

Properties 7.4-7.6 provide some novel and interesting results about the output
frequencies for nonlinear systems when the effects from different nonlinearities are
considered, based on the results from parametric characteristic analysis in Chapter 3.
Property 7.4 shows that odd degrees of nonlinearities have quite different effect on
system output frequencies from even degrees of nonlinearities. Especially, it is shown
from the properties above that input nonlinearities have special effect on system
output frequencies compared with the other categories of nonlinearities. That is, input
nonlinearities can move the input frequencies to higher frequency bands without
interference between different frequency generation periods. These properties may
have significance in design of nonlinear systems for some special purposes in
practices. For example, some proper input nonlinearities can be used to design a
nonlinear filter such that input frequencies are moved to a place of higher frequency
or lower frequency as discussed in Billings and Lang (2002). The results in this
section have also significance in modelling and identification of nonlinear systems.
For example, if a Volterra system has only output frequencies which are odd multiples
of the input frequency when subject to a sinusoidal input, the system may have only
nonlinearities of odd degree according to Property 7.4. Obviously, the results in this
section provide a useful guidance to the structure determination and parameter
selection for the design of novel nonlinear filters and also for system modelling or
identification.

Example 7.3. Consider a simple nonlinear system as follows
y=-0.01y+au’ —by* —cy*
The input is a multi-tone function u(t)=sin(6t)+sin(7t)+sin(8t). The output spectra
under different parameter values are given in Figures 7.5-7.7, which demonstrate the
results in Properties 7.4-7.6. For the input nonlinearity, the readers can also refer to
Figures 7.1-7.2.
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Figure 7.5. Output frequencies when a=0.1, =0, ¢=0 (left) and a=0, =5, c=0 (right)
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Figure 7.6. Output frequencies when a=0.1, b=5, ¢=0
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Figure 7.7. Output frequencies when a=0, 5=0, ¢=0.09

When there are only odd nonlinearities, the output frequencies happen at around
central frequencies 7*(2k+1). When there are even nonlinearities, the output
frequencies appear at around central frequencies 7*k. The input nonlinearities only
produce independently the output frequencies within a finite frequency band.. The
periodicity of the output frequencies can also be seen clearly from these figures.

Especially, it is worthy pointing out from Figures 7.1, 7.2 and 7.5 that there can be
no crossing effects between proper chosen input nonlinearities as mentioned before,
which can not be realized by the other categories of nonlinearities. Thus the input
frequencies can be moved to higher frequency periodically without interference
between different periods and then decoded by using some methods. This property
may have significance when a system is designed to achieve a special output spectrum
at a desired frequency band in practices by using nonlinearities.

7.6 Proofs

¢ Proof of Proposition 7.1

Consider multi-tone input case only. Then the same results can be extended to the
general input case readily. From Equation (7.3b), it can be seen that the frequencies in
W, are determined by w=o, +o, +-+o, . When all the frequency
variable w, eV (for i=1,..., n) are positive, ie., o, >0 for i=1,...,n, the computed
frequencies are obviously those in IT,(n). Then I1,(n) can be computed by setting that
there is only one frequency variable (for example w, ) is negative and all the other
frequency variables are positive, i.e.,

n,(n)= {m =@, O+t |a),{l € I_/-,a),q <0,m, >0,i= 2,3,...,n}
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Similarly, I1,(n) can be computed by setting that there is only two frequency variables
(for example w, and o, ) are negative and all the other frequency variables are
positive, i.e.,

1, (n) = {m =@, +o, ++0, |w," eV,o, <0,0, <0,0, >0,i= 2,3,...,n}
Proceed with this process until that all the frequency variables are negative. There are

totally » negative frequencies (or frequency variables) in ¥, thus it is obvious that the
periodical number of the computation process above isT, =n.

From Equation (7.5¢), it can be obtained that
max(I1,(n)) = —(i — )min(¥) + (n — i + )ymax(¥) and
min(I1, (n)) = =(i = ymax(V') + (n — i+ I)min(V)

Therefore,
max(T1,., ()) - max(I1, (n))
=~ -2)min(¥) + (n—i+2)max(¥) + (i - )min(V') — (n— i + ) max(¥)
=min(}V')+ max(V)=T

and

min(I1,_, (n)) - min(T1, (n))
=—(-2)max(V)+(n—-i+2)min(V)+ (i — )max(V) - (n—i + )min(V)
=max(V)+min(V)=T

Moreover, the specific width that the frequencies span in II,(n) is
A(n) = max(I1, (n)) - min(I1, (n))
=~ -D)min(V)+(n—i+DYmax(V)+ (i -)max(V) - (n—i+Dmin(}V)
= n-(max(V) - min(V))

which is a constant.

Now consider the case that the input is the multi-tone (1.3) with o,,,
for i=1,...,K -1. In this case, it can be shown that the difference between any two
successive frequencies in IT,(n) is const. For example, for any QeIl,(n), let Q=
o, +, +--+o, . Without speciality, suppose min(V) < w, <max(¥), then the smallest

—w, =const >0

frequency that is larger than Q must be Q' which can be computed as
o, +w, +--+o, wWhere o, =w, +const . Hence, there exists an integer number
0<a <A(n)/const such that Q=min(IT,(n))+a -const for VQell,(n) . Considering
vQ eII,(n) with Q =min(I1,(n)) + A(n) , it can be obtained that

Q+T =min(I1,(n)) + aA(n)+ T

= —(i—-Dmax(V) + (n—i+1)min(}) + aA(n) + max(¥) + min(V)

=—(i—2)-max(V) +(n-i+2)min(V)+ aA(n)

= min(TI,_, (n)) + aA(n) € I1,_,(n)
Therefore, for vQ e I1,(n) there exists a frequency Q' eII, ,(n) such that Q'=Q+T and
vice versa. This gives Equation (7.6e). When o, =a, w; =b and K - « such that
w,, -, =const » 0 for i=1,..., K -1, it will become the case of a general input
U(jw) defined in [a,b]. The proposition is proved. o

¢ Proof of Proposition 7.2

(1) When the multi-tone input satisfies that sgn( F(e, )---F(@, )) is constant with
respect to all the combinations of @,,-,w, €{tw,-tog} satisfying
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o, +-+o, €I, (n) (for example K =1 or F;j is a real number in (1.3)), then the

opposite condition according to Definition 7.1 is that, there exist two nonzero real
number ¢; and c¢; such that at a given frequency Q' eI1,,,,(»),

Z(cl (jwk, )" (ja)k )l" +c,(Jay, )", (Joy )I"' )= 0 (CO)

.
@+t =0

(CO0) can also be written as

Z (Z_](j)la(l‘-”)(wk, )i (@, ),"]= _ Z((wh ) e (@, )l;) (C1)

. .
W+ =Q 2 Wy ey, =Q

Note that given two specific nonlinear parameters c,,(/,,--,/,) andc,,(l/,--,1,), it can
be seen that (o))" (@, )" and (9,) (o, )" are both nonzero for
Wy, 0, € {toy, ko) satisfyingw, +---+w, €I1,,,(n), and the right side of (C1) is
real, therefore

()™ must be nonzero real (C2)
On the other hand, if (C2) holds, whatever the value of - Z((“’k, )i (@, )';) is, there

O+ =Q'

are always exist two real number ¢ and ¢; such that (C1) holds. Hence, the opposite
condition above now is equivalent to be that (C2) holds. That (C2) holds is equivalent

to be that $(/ -/)is an even integer. This is further equivalent to be that ZI,. and
i=1

i=l

Zl,.’ are both odd integers or even integers simultaneously.

i=1

(2) Let sgn(a + bj) =[sgn1(a),sgn 1(»)] . Noting that f;(l,. -1))is an even integer, then from
i=l
(7.11), it can be derived that

sgn[ Z (c, (jwk, PR (o, )" )J = —sgn[ Z (cz (jwkl )I" o (jwk" ),; ) (C3)

oy ety =Q wy oty =Q
where o, -0, €{+Q-Q} and Q'=(n-2m)Q for any Q >0. (C3) implies that there
exist two nonzero real number ¢, and ¢, satisfying cj/c; >0 such that at a given
frequency Q' eI, (n) = {(n-2m)Q}, (CO) holds. Note that I1, ,(n) = {(n-2m)Q} is the
case that the input is a single tone function i.e., K =1. Hence, (7.11) implies that (C0)

holds for X =1. To finish the proof, it needs to prove that, if Equation (7.11) holds,
then Equations (CO0) holds for all Q'e1l, (). (note that when K > 1there are more

than one elements in II,, (n)g, ). By using the mathematical induction and
combination theory, it can be proved that

K>l

sgn Z(c, (ja)kl )I' (]mk )l) = 5gn Z(Cz (jwk, )I' (jwk )I)

@y ety =Y Wy ki =
Qell,,, (M., Qell,, (1),

For paper limitation, this is omitted. Therefore, if Equation (7.11) holds, Equation (C0)
holds for all Q'e11,,,, (1), . O

® Proof Property 7.4
(a) According to Proposition 3.1 in Chapter 3, the elements of CE(Hy(.)) are

monomial functions of the coefficients of the nonlinear terms, i.e., ¢, , ()---¢, , () for
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some L=1. Note that there are only nonlinearities of odd degrees, i.e., 2k+1
(k=0,1,2,...), thus the nonlinear degree of any monomial in this case is (Proposition

L L L
3.1 in Chapter 3) n=> (p, +g,)-L+1 =) (2k +1)-L+1=2) k +1. Clearly, n is still
i=1 i=l i=1

an odd number. That is the nonlinearities in the system of this case can only
contribute to odd order GFRFs. Thus all the even order GFRFs are zero, i.e.,
CE(Hy())=0 for n is even. Therefore, ¥, may not be empty only when n is odd,
otherwise it is empty.

Suppose » is an odd integer and CE(Hy(.))#0 and 1. That is, there are nonzero
elements in CE(H,(.)) and all the elements in CE(Hy(.)) consist of the coefficients of
some nonlinear terms of the studied case. According to Proposition 7.1, the first
period in W, must be II,(n)c[rn -min(V),n-max(¥)] , whose central point is
obviously »-T/2 and of which the frequency span isA(n). Also from Proposition 7.1,
the kth period in W, must be I, (n) ¢ [n-min(V) - (k - )T, n-max(¥) - (k ~1)T] , whose
central point is obviously n-7/2 -(k-1)T=(n-2(k-1))T/2 and of which the frequency
span is still A(n). Note that n-2(k-1) is an odd integer for k=1,2,.... The first point of

the property is proved.

(b) Consider the case that there are only input nonlinearities of even degrees. In
this case, it can be verified from the parametric characteristics in Chapter 3 that only
the GFRFs of orders equal to the nonlinear degrees of the non-zero input
nonlinearities are not zero. That is, only some GFRFs of even orders are not zero.
Suppose 7 is an even integer and CE(Hy(.))#0 and 1. According to Proposition 7.1,
the kth period in W, must be IT, (n) c [# min(¥) - (k —1)T,n-max(¥) - (k -1)T}, whose
central point is obviously »-7/2-(k-1)T=(n-2(k-1))T/2 and of which the frequency
span is A(n). Note that n-2(k-1) is an even integer for k=1,2,.... This second point of

the property is proved.

(c) The conclusion is straightforward since there are non-zero GFRFs of even and
odd orders. This completes the proof. O

7.7 Conclusions

The super-harmonics and inter-modulations in the output frequencies of Volterra
systems, especially of the nonlinear Volterra systems described by the NDE model,
are studied, and some interesting properties of the system output frequencies are
revealed in a uniform and analytical way. These properties provide several novel
insights into the nonlinear behaviour of the Volterra systems such as the periodicity
and opposite properties, and reveal the effects of different categories and different
degrees of nonlinearities on the system output. These results can be used for the
design of nonlinear systems or nonlinear filters to achieve a special output spectrum in
a desired frequency band by taking advantage of nonlinearities, and provide an
important and significant guidance to the analysis and design of nonlinear systems in
the frequency domain by using the Volterra series theories of nonlinear systems.

107



PhD dissertation: Frequency Domain Theory of Nonlinear Volterra Systems

Chapter 8
AN EXTENSION

For the nonlinear Volterra systems which can be described by a nonlinear state
equation with a general nonlinear output function, the system frequency response
functions and some related frequency response characteristics are developed and
discussed in this Chapter. For this class of nonlinear systems, the new results provide
an analytical insight into the relationship between model parameters and the
frequency response functions, and the relationship between model parameters and the
magnitude bound of frequency response functions, based on the results studied in
previous chapters.

8.1 Introduction

As discussed in Chapter 1, great progress has been made in the frequency domain
analysis of nonlinear systems based on Volterra series theory (Volterra 1959, Rugh
1981) in the past decades. Based on these results, the parametric characteristic
analysis method and its related results are proposed and studied systematically in
previous chapters. These new results provide a novel approach to the frequency
domain analysis of the nonlinear Volterra systems. It is also noted that most of these
results are developed for nonlinear systems which can be described by a simple input
output model such as NARX or NDE model as those in (1.5) and (1.6). However, in
many cases especially in control literature, the system model is usually described by a
state equation with a nonlinear output function of system states. In these cases, many
of the frequency domain analysis theory mentioned above can not be directly applied
for the analysis. For this reason, some basic results are established for the frequency
domain analysis of the nonlinear Volterra systems which can be described by a
nonlinear state equation with a nonlinear output function in this chapter. These can be
regarded a useful extension of the parametric characteristic theory developed in the
previous chapters.

In the following sections, Section 8.2 gives an outline about some related research
results that have been studied in the previous sections, and state the problem clearly;
Section 8.3 develops the frequency response functions for the general form of
nonlinear Volterra systems described by an NARX-type model with a general
nonlinear output function; the parametric characteristics and bound characteristics of
these frequency response functions are studied in Section 8.4 and Section 8.5; Section
8.6 extends these results for the NARX-type model to an NDE-type model; Some
proofs are given in Section 8.8 and a conclusion is provided in Section 8.8.

8.2 Frequency response functions of nonlinear systems described by a
simple input-output model

Nonlinear systems can often be modelled as an input-output model referred to as
NARX model (Chen 1989), which are given in (1.6). For a wide class of nonlinear
systems, this model provides a concise parametric structure and can be identified
practically from experimental input-output data by using some well developed
methods such as OLS (Billings et al 1988). It is known that, the time-domain input-
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output relationship of a class of nonlinear systems can be approximated by a Volterra
functional series of a finite order in the neighbourhood of the zero equilibrium (Boyd
and Chua 1985, and Sandberg 1983), which can be described by (1.1). In this study,
consider the class of nonlinear Volterra systems described by the NARX model (1.6),
whose GFRFs were given in Peyton-Jones and Billings (1989). Referring to Chapter 3
for the GFRFs given in (3.8 or 3.11, 3.10, 3.2-3.5) for the NDE model (1.5), the
GFRFs for NARX model (1.6) can be given as
L,(j(o, ++w,) H,(jo,, -, jo,)

X

= D coulhy, ok, Yexp(=j(@k, +-- +o,k,)

ky k=t
n—l n- X 81
+Zi Z cp,q(kl"."kp+q)exp(_jiwn—q+ikp+i)Hn—q,p(jwl"”’ja)n—q) ( )
g=1 p=1 k k=1 i=1
n X
+Z Zcp,O(kl’""kp)Hn,p(ja)]"“’jwn)
p=2 ky .k, =1
n-p+1
Hn,p(')= ZH,‘(jwn'",jwi)H,,_i,p_| (jwi+|,"',jw,,)exp(“/(w1 +"'+a)i)kp) (82)
i=}
H"',(ja)l,---,ja),,)=H"(ja)l,---,ja),,)exp(—j(a), +"'+Cl)")k]) (83)

K
where L,,(j(a),+--'+a)"))=1—Zc],0(k,)exp(—j(a)]+-~-+a),,)k,). H, ,(jo, -, jo,) in (8.2) can

=l

also be rewritten as
n-p+l

?
Hn,p Vo, Jjo,)= Z H Hr, (iju)u st »jw,\'(i)w, )CXP(_J'(“’,\'(:)H +eee+ ja’,\'(r)n, k) (84)
j=1

R, =l

2 nen
i-1
where X(i)=Zrﬂ . Moreover, it shall be noted that in Equation (3.8) or (3.11),

#=]

¢p,q(-)=0 when p+¢g>M according to the definition of the NARX model in (1.6).

Note that the expression of nth-order GFRF can be divided into three parts, that is,
those arising from pure input nonlinear terms H, () corresponding to the first part in

the right side of equation (8.1), those from cross product nonlinear terms H, ()

corresponding to the second part in the right side of equation (8.1), and those from
pure output nonlinear terms H, (-) corresponding to the last part of equation (8.1). For

clarity, (8.1) can also be written as

H,(jo, - jo,)=\H, O+H, O+H, O)L,(@ ++,) (8.5)
Equation (8.5) shows clearly that different categories of nonlinearities produce
different contribution to the system GFRFs. Hence, when deriving the GFRFs of a
nonlinear system, what is needed is to combine the different contributions from
different nonlinearities without directly using the probing method. This property will
be used later.

Using the GFRFs above, the system output frequency response can be evaluated
as given in (4.1-4.4). It can be seen that these results mentioned provide an important
basis for the frequency domain analysis of nonlinear Volterra systems described by
model (1.6). However, in many cases especially in the field of control engineering the
model of nonlinear systems of interest usually takes a form as
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Yy = h(x,u)
which is the discrete time nonlinear state space equation, wherexe R". It is obvious
that frequency domain analysis of this nonlinear system can not be conducted by
directly using the results above and some of the results which are developed for
NARX model (1.6) in previous chapters. Thus some basic results of the system
frequency domain analysis theories for this form of nonlinear Volterra systems are
developed in this chapter.

8.3 Frequency response functions for nonlinear Volterra systems with a
general nonlinear output function

Consider nonlinear Volterra systems described by the following model in a form
similar to model (8.6)

M, m X p "

LOEDIDIDIANN (RN B} R3] | S (8.7a)
m=l p=0k k,=0 i=] i=p+l
M, m K P m

YO=23" > &y k) [ k)] Jute - %) (8.7p)
m=l p=0 k k, =0 i=l i=p+l

where M, M, and K are all positive integers, and x(t), y(t), u(t)eR. (8.7a) is the

system state equation which is still described by a NARX model, and (8.7b)
represents the system output which is a nonlinear function of state x(t) and input u(t)
in a general polynomial form. This model represents a more useful case than model
(1.6), since it is frequently adopted in control literature as mentioned above, although
(8.7) can still be written into the form of (1.6). Hence, determination of frequency
response functions for model (8.7) is significant. To derive the GFRFs for (8.7), the
probing method in Rugh (1981) can be adopted. However, this paper uses an
alternative simple method based on the discussions in Section 8.2 for that the structure
and nonlinear types of this model are clear.

To derive the GFRFs for model (8.7), system (8.7) can be regarded as a system of
one input u(t) and two outputs x(t) and y(t). Therefore, there are two sets of GFRFs
for model (8.7) corresponding to the two input-output relationships between input u(t)
and two outputs x(t) and y(t) respectively. Considering the GFRFs from input u(t) to
output x(t), there are three categories of nonlinearities as mentioned above. Therefore,
the nth-order GFRF from input u(t) to output x(t) denoted by H(jw,, -, jw,) can be
directly determined which is the same as (8.1-8.4), i.e.,

H’::. (ja),,---,ja),,)+H,’,‘u(jw,,---,jw,,)+ H:x (ja)l""’jwn)

HX . ,..., . ., - : .
U0 L,(j(@, ++a,) @8
X
where, L,(j(@, +-+®,) =1= Y (k) exp(—j(e, +--+®,)k,)
k=t
K
H;., (jwl’”"jwn)= ZEO.H(kl’“"kn)exp(_j(a)]kl +“'+wnkn)) (893)
&y .k, =0

HY (o, jo,)
P (8.9b)

n-1 n—

3

Ep,q (kl LR kp+q ) exp(_j(a)n—q+lkp+l +oet wnkp+q ))Hn-q,p (ja)l LR jCU,,_q)

=0

q=1 p=l kK,
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n X
H:x(jwp'”sja)n)zz ZEp,o(k]a"'5kp)Hn,p(jwl9"'aja)n) (8‘90)
p=2 ky,k,=0
n-p+l
Hn,p(ja)l’“"jwn) = Hix(jwl’“"ja)i)Hn—i,p—l(ja)i+l"“’jwn)exp(_j(w] +"'+wi)kp)(8'9d)

i=1

H, (jo, -, jo,)=H)(jo,, jo,)exp(-j@, ++,)k) (8.9¢)

Similarly, consider the GFRFs from input u(t) to output y(t). There are also three
categories of nonlinearities in terms of input u(t) and output x(t) similar to those from
input u(t) to output x(t), and there is one linear output y(t). Note that there are no
nonlinearities in terms of y(t), and all the nonlinearities come from input u(t) and
output x(t). For this reason, the GFRFs from u(t) to y(t) are dependent on the GFRFs
from u(t) to x(t). Therefore, in this case the nth-order GFRF from input u(t) to output
y(t) denoted by H} (jw,, -, jo,) is,

H,f'(ja),,---,]wn) = H:: (ja’p""jwn)"_H:u (ja)l,---,ja),,)-i-H"yx(ja),,---,ja),,) (810)
where the corresponding terms in (8.10) are
X
H (joy,,j@,) = Y G,k sk, Yexp(=j(@k, +:-+@,k,)) (8.11a)
k=0

H, (jo,, jo,)

n-1 n-q K . . . (81 lb)
z z 1977 kp+q ) exp(~j(a)lt—q+l kp+l +eeet a)nk[M-q ))Hn—q,p (ja)l PR} .]wn-q)
g=1 p=1k k
n K
H) (jaoy,,jo,) =Y. Y C, otk k,)H, , (joy, -, jo,) (8.11¢c)
p=1 k .k, =0

Note that p is counted from 1 in equation (8.11c), different from equation (8.9c)
where p is counted from 2, and H, ,(jw,,--, jw,) in (8.11bc) is the same as that in

(8.9b-d) because the nonlinearities in equation (8.7b) have no relationship with y(t)
but x(t). Note also that these results can also be derived by following the method in
Swain and Billings (2001). However, the results are developed in a more
straightforward manner here and provide a concise analytical expression of the
GFRFs for model (8.7).

From the GFRFs of model (8.7), the output frequency response of (8.7) can also
be derived readily by extending the results in (4.1-4.4). Regard x(t) and y(t) as two
outputs actuated by the same input u(t), then

X(jo) = Z J—(z = [ HiGo o, )HU(/w)da (8.122)

O+, =

Y(jw)= Z\/—(Z = I H!(jw,, -, jo, )HU(/&) Ydo,, (8.12b)

When the system input is a multl-tone signal (1.3), then the system output frequency
response can be similarly derived as:

X(jo)=Y 57 L HIUoy 0, )F(@,) F(@,) (8.13a)

E

W oty =0

1

n

> H (o, o, YF (@, ) F(w,) (8.13b)

O 4ty =0

M=

=
Jl_

Y(jw)=

111



PhD dissertation: Frequency Domain Theory of Nonlinear Volterra Systems

lF,|ej‘F' if o € {w,,k = £1,---, 2K}

where F(w) = {0

» Oy =tw,.
else

It can be seen from the results above that the frequency response functions for
nonlinear systems are quite different from those for linear systems. It is known that in
a linear system, frequency response functions of different parts can be combined
together by addition or multiplication. This is not the case for nonlinear systems. For
instance, if x(t) is only regarded as an input in equation (8.7b) independent of (8.7a),

then the GFRFs H; (jw,, -, jo,) and therefore the output spectrum Y(jw) will all be

changed completely for n>1, since in this case there are only input nonlinearities in
(8.7b) and no output nonlinearities. Even so, it can also be seen from (8.12-8.13) that
the output frequency ranges for both x(t) and y(t) are the same one, i.e.,

N

U{w]w=wl+---+a),,,a),eRw} (8.14)

n=|

where R, represents the input frequency range, for example R, = {o,,k = %1,---,£K} for
the multi-tone signal (1.3).

These frequency response functions obtained above for model (8.7) provide a
useful basis for the frequency domain analysis of nonlinear Volterra systems
described by model (8.6). In the following sections, some important frequency
response characteristics of these frequency response functions for nonlinear Volterra
system (8.7) are further established and discussed.

Example 8.1. Consider the following nonlinear system,

mx(t —2) +ax(t =) +a,x*(t = 1) + a,x> (t = 1) + kxe(t) = u(t)

y(©) = ax(t =) +a,x*(t 1)+ a,x* (¢t = 1) + kx(t)
which can be written into the form of model (8.7) with parameters K=2,
G2 = -m/k,T o () = —a, [k, (1) = —a, / k,, o (111) = —a, / k,C,,(0) = 1/ k
CoD=4a,,5,,(11) = a,,¢,,(111) = a;,C, ,(0) = k , and all the other parameters are zero.
The GFRFs can be computed according to (8.8-8.11). For example,

2
HY (jo) =) G,k Yexp(—jak) = &, (0) =1/k, HY (jay)=0,
k,=0
Because there are no input nonlinearities and cross nonlinearities, thus
H (jo, -, jo,)=0 and H; (jo, -, jo,)=0for n>1

(8.15)

H) (jo,, jo,)=0 and H) (jo,,jo,)=0forall n
Regarding the output nonlinear terms,
Hi (joy)=0,

2 2
H;,(jwlajwz) = z ZE,;,o(kl,""kp)Hz,p(jw]sjwz)

p=2 k,,lr,, =]

2
Crolhy, k) H,, (Jo, j@,) = D 8y Uk k) (j@ ) H, (o, ) exp(=jo k)
1

>
ky k= Ky k=1
2
= ) G0k, k) H (jo ) H{ (j,)exp(~jo,k,)exp(- jo k)
k,=1

= _‘;TZHIX (jo)H[ (jo,)exp(—jm,)exp(-jo,)
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2 2
HY (jay) =Y 8o (k)H,, (o) = DG o (kY H (jo, Yexp(— jo k)
k

k
=a H (jo)exp(—jo,)+kH (jo,)
2 2
HY (jo,jo,) =D D C, (k- k) H, (jo,, jo,)

p=1 k ,k,, =0

2 2
= Za,o(kl)HZ,l(jwl’jw2)+ ZEZ,O(kl’kZ)HZ,Z(jw]’jwz)

k=0 Ky k=0

2
=& (k) H; (jo,, joo,)exp(—j(e, +,)k,)

k=0
2
+ Y ok k) H Y (jo ) H [ (jo,)exp(-ja,k, ) exp(-jork,)
=0
=kH; (jo,, jo,)+ aH, (jo,, jo,)exp(-j(w, + @,)k,)
+a,H (jow )H{ (jw,)exp(-jw,)exp(-jo,)
Note that
2
L,(j(@, +-+®,)) =1= Y& o (k) exp(-j(@, +-+m,)k,)
=1
=1+ exp(—j(@, +-+,))+Fexp(-j2w, ++®,))
Hence, by following similar process as above, the GFRFs for x(t) and y(t) can all be
computed recursively up to any high orders. For example,
Hl:(jwl)+Hix(]wl)+Hli(jwl) 1/k

Hi (jo,) = : =—
P L(jw) 1+ 2 exp(—jo,) + 2 exp(~j2@,)

H;u (jwwja)z)"'H;u(jwnjwz)"'H;,(ja)l’jwz)
L,(j(ay + @,))
_ “%Hlx (ja)l)Hlx (ja’z)eXp("ja’z)exP(“jwl)

H;(joy, jo,) =

1+ 3 exp(=j(@, +@,)) + 1 exp(-j2Aw, + ®,))
Hly(jwl):Hf:’(jwl)-*'Hly"(jwl)—'—Hl{(ja)l)=k+alHlx(jw1)exp(_ja)l)
HY (o, jo,) = H; (jo, jo,)+ H; (jo,, jo,)+ H; (joy, jo,)

= alH; (jwl ,jwz)eXP(“j(wl + o, )) + azHl"(ja)l)H,"(ja)z)exp(-—ja)z)exp(—ja),)
It can be verified that the first order GFRFs are frequency response functions in z-
space of the linear parts of model (8.15). By using the GFRFs above, the output
spectrum can also be computed according to (8.12-8.13).

8.4 Parametric characteristics

The parametric characteristic analysis was proposed and studied in Chapters 2-4.
It is used to reveal which model parameters contribute to and how these parameters
affect the system frequency response functions. By using the parametric characteristic
analysis, some useful characteristics of system frequency response can be obtained,
and the explicit relationship between system frequency response and system time
domain model parameters can be unveiled. In this section, the parameter
characteristics of the output frequency response function relating to the output y(t) of
model (8.7) with respect to model nonlinear parameters are studied, and the model
nonlinear parameters in equation (8.7a) are focused since nonlinear parameters in
equation (8.7b) has no effect on system dynamics. In what follows, let
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Cn)= {EM -k < p+qsn0<k <Kl<isp+ q} denotes all the nonlinear

parameters in equation (8.7a) with degree from 2 to n, and similarly denote all the
parameters in equation (8.7b) with degree from 2 to n as:
Cn) = {Ep,‘,(k1 ok < p+gsn0<k <Kl<i< p+q}. All the (p+q)th degree nonlinear

parameters in (8.7) of form c; ¢(.) construct a vector denoted by
Cp,q = [Cl,,q(O,---,O),cp_q(O,---,1),---,cp,q(K,---, K)]
ptq
In what follows, CE(H .), means to only extract the parameters in the set $ fromH .,
and without specialty CE(H..)means to extract all the nonlinear parameters (i.e., its

nonlinearity degree >1) appearing in H ., .
8.4.1 Parametric characteristic analysis for 4} (jo,, -, jo,)

Application of the CE operator to a complicated series for its parametric
characteristics can be performed by directly replacing the addition and multiplication
in the series by “® ” and “®” respectively.

The parametric characteristic of the nth-order GFRF H} (jw,, -, jw,) with respect
to model nonlinear parameters C(n) is

H:u (ja)l,'"ajwn)-'-H:”(ja)la"',jwn)-"H:x (ja)l’.”’ja)n)
L,(j(@ ++@,))

CE(H(jo,,, jo,)) = CE{

=CE(H, (jo,,-, jo,))®CEH,; (jo, -, jo,)®CEH, (jo, -, jo,)) (8.16)
—_ n-l1n-¢ __, n __
=Cy, @(591 I@l C,, ®CE(H"-4,,,(')))@(;§2C,,,0 ®CE(Hn,,,('))J
where

n-p

CEH, ()= ,63“ CE(H ())® CE(H,_ ,.,()) or CE(H,,()= :é: é CE(H} () (8.17)
e

CE(H,,())=CE(H, () (8.18)
Note that in (8.16), E(1/ L, (j(@, +---+ w,)))=1since there are no nonlinear parameters (in

the setC(n)) in 1/L,(j(w, +- +®,)). It is shown in Chapter 3 that
CE(H, ,()=CE(H,.,0)) (8.19)

and thus (8.16) is simplified as
CEH,(jo,, jo,))
n+l,

-G, ® (@ ©C,, ®CE(H], . <-»]® [E o & T

g=1p=1 4 n- p.o

From (8.20), CE(H(jw,,-,jo,)) has no relationship with C(n). With the parametric
characteristics (8.20), it can be concluded (referring to Chapter 3) that there must exist
a complex valued function vector f,(jw,, -, jo,) with appropriate dimension, such that

H:(jwlv'"aja)n) = CE(H,’,‘(jw,,---,jw,,))-f"(ja),,---,ja),,) (821)
Equation (8.21) provides an explicit expression for the relationship between nonlinear
parameters C(n) and the nth-order GFRF from u(t) to x(t). For any parameter of

interest, how its effect is on the GFRFs can be revealed by checking
CE(H;‘( Ja,,-, ja),,)). From (8.21), H}(jo,, -, jw,)is in fact a polynomial function of
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parameters in C(n) which define system nonlinearities, thus some qualitative
properties of H}(jw,, -, jo,)can also be indicated by CE(H; (o, -, jco,,)). Moreover,
using (8.21), (8.12a) can be written as
N
X(jo) =Y CE(H (o, jo,) F,(jo) (8.22)

n=l

= 1 .. .

where F,(jo) =———— (o, jw,) | [U(Uw,)do, . This is the parametric
o, L-,,,f J@ s J H (jo,) p

characteristic function expression for the output X(jw). By using this expression,

X(jw) can be obtained by following a numerical method without complicated

computation that involved in (8.8-8.9, 8.12a,8.13a) (for more detailed, refer to
Chapter 3 and Chapter 4). More detailed discussion about the potential application of
the parametric characteristic analysis can also refer to Chapter 3 and Chapter 4.

8.4.2 Parametric characteristic analysis for H) (jo,, -, jo,)

To study the parametric characteristic of the nth-order GFRF H?(jw,, -, jo,) With
respect to only model nonlinear parameters in C(n), the parametric characteristic with
respect to model parameters in C(n)and C(n) are derived first and then the case with
respect only to nonlinear parameters in C(n) is discussed.

Applying the CE operator to (8.10) yields,
CEH, (ja, -, jo,)=CEH, (jo, -, jo,)®CEH, (jo, -, jo,)®CEH, (jo, -, jo,))
=C 0,n @(;&%E‘Elcpq ®CE(HII q,p(ja)l""ajwn—q))J®(S‘il6p,0 ®CE(Hn_p(jw1,"':jwn)))
using (8.19), which further gives
CE(H;:’(.ICUI”JCDN))

n-1n-¢q .

~ 8.23
=C0,n ®(® ®C ®CE(H" -¢- p+l(]a)l""’jwn—q))J (@ C ®CE(H:—pH(ja)l""’ja)n))) ( )

1 p=1 P
Thus the parametric characteristic of H)(jw,,-, jw,) with respect to both nonlinear
parameters in C(n) and C(n) is obtained.

Especially, if C(n) is independent of C(n) , the parametric characteristic of
H?(jw,,, jw,) with respect to nonlinear parameters in C(n) can be written as

CEH? (@, jo, )z = Con (:?qujépq)@(éjzép_o) (8.24)
Therefore, in this case H) (jo,, -, jw,)can be expressed as a polynomial function of
C(n) as

H (jo,0+, j0,,C00) = CB(H} (o, jo)egy - £,y jo,C00) - (8.25)
where f,(jo,,-, jo,;C(n)) is a complex valued function vector with an appropriate
dimension, which is also a function of the parameters in C (») in this case. From (8.24),

it can be seen that CE(H) (jo,, ", j®, gy, is a vector which is composed of all the

elements in C(n). That is, the nth-order GFRF is a polynomial function of all the
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parameters inC(n) if C(n)is independent of C(n). This conclusion is straightforward.
The case where C(n)is dependent on C(») will be discussed in the following section.

8.4.2.1 Parametric characteristics of H)(jo,, -, jo,) with respect to C(n)

What is of more interest is the parametric characteristic of H!(jw,, -, jo,) With
respect to nonlinear parameters in C(n) which define system nonlinear dynamics.
Consider two cases as follows.

(1) C(n)has no relationship with C(»)
In this case, it can be derived from (8.23) that

n-1n- —~
CEH, (jon, -+ j, gy = [ qeg 5:9:' (-8, )-CEH;,_,n(jo, -, jo,, ))J
(8.26)

® ( ©1-8(C, o)) CEH.pu (jor,+, o, )))

0 C, #0 _ .

where 5(Cp.q)={1 C“ 0 From (8.26) it can be seen that CE(H; (jw,, -, j,)z,, 1S
Py =

the summation by “@® > of parametric characteristics of some GFRFs for x(t) from the

1* order to the nth order. From the definition of operation “® ™, the repetitive terms

should not be counted. Therefore, (8.26) is simplified as

CE(H;IV (jwl [N jwn ))E(,,) = ;.i‘ Z(n, p) . CE(HI‘:—[)+1 (./a)l [ jwn ))E(,,_pﬂ) (8'27)
where
xnp)=1-8 > (1-8C,,) (8.28)
OSan'—],ISp'Sn—q
prq=p

(8.28) means that if there is at least one nonzero C,, then the corresponding
CE(H) . ,a(joy, -, jo, ) will be counted in (8.27). According to Proposition 3.1 in

Chapter 3, it follows from (8.27) that the nth-order GFRF for y(t) has relationship
with all the nonlinear parameters in C(n) of degree from 2 to »’' in this case, where

n<n.

(2) C(n)has linear relationship withC(n)by?,,() =@ + fc, () for some real
number a and g

Note that applying the CE operator to ¢,,
parameterz, () gives CE(,,())=CE@ + B¢, ,()=¢,,0), i.e, CEC,,)=C,,. Hence, in
this case (8.23) should be

CE(H; (joy,, j®,))

()=&+pc,, () for the nonlinear

_ n-1n-q __ no__
= CO,n @ [® @ C ® CE(H:—q—pH (jwl [ "ja)n—q))J @ (s.il Cp,O ® CE(H:—pH (.]a)l I ",jCl)"))

g=tp=t P

) (8.29)

(8.29) can be further written as
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CE(H:(jw],""jwn))

_ n-tn-q __ | —
= Co,n ® [;.il 531 Cp,q ® CE(H:—q-pH (]wl PR ja)n-q ))) o [Ez Cp,o ® CE(H;-pH (.]a)l 377y jco" ))

) (8.30)
®Co ® CE(H, (ja,, . j@,)

=CE(H; (jo,,+, jo,))® C,, ® CE(H, (jo,, -+, jo,))

In the derivation of (8.30), equations (8.16) and (8.19) are used. (8.30) can reveal that

how the model parameters in equation (8.7a) affect system output frequency response.

When only nonlinear parameters are considered under the assumption that linear

parameters are fixed in the model, then (8.30) is simplified as

CEH; (joys 5 jo, D, = CEH (o, 5 jo, )z, (8.31)
(8.31) indicates that the parametric characteristics of the GFRFs for y(t) and x(t) are
the same with respect to model nonlinear parameters inC () . Note that equation (8.31)
has a relationship with all the parameters in C(n) from degree 2 to n, which is
different from (8.27). In this case both X(jw) and Y(jw) can be expressed as a
polynomial function of model nonlinear parameters in C (») with the same polynomial
structure.

8.4.2.2 Some further results and discussions
The following results can be summarized based on Section 8.4.2.1.

Proposition 8.1. Considering system (8.7), there exists a complex valued function
vector f,(jw,, -, jw,) with appropriate dimension which is a function of linear
parameters, such that

H} oy, j,) = CE(H oy, jo,)eg - TGy, jo,) (832)
and the output spectrum of system (8.7) can be written as
Y(jasC(NY) = X CE(H (e, jo, ey - Fo (o) (8.33)

n=l1

where F,(jo) = _[ f.Ga,, ja),,)-ﬁU( jw,)do, . If the input of system
i=l

1
VnQRa)"™ . e
(8.7) is the multi-tone signal (1.3), then the OFRF of system (8.7) can be expressed as

_ N =
Y(jasCW) = Y CEH; (jeoy ,+, joo, D, Fu(G0) (8.34)
n=l
= 1 - . e . o
where £, (ja) == 7, (@) F(@, ) F@,) . CE(H? (j@,, -+, jo,)),, IS given
in (8.27) or (8.31).

Proof. The results are straightforward from the discussions above and the results
in Chapter 3 and Chapter 4. O

Proposition 8.2. Under the same assumption as Proposition 8.1 for system (8.7).
If C(n) has either no relationship or linear relationship with C(n) ,

then CE(H,,’(jwl,---, ja),,)%(") is given in (827) or (8.31), and the parametric
characteristic vector for Y(jw) can both be written as

CEY )z y, = © CE(H; (jo,,, j0, )z (8.35)

C(N)
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That is, there exists a complex valued function vector F(jw,, -, jw,) with appropriate
dimension, which is a function of nonlinear parameters in C(~), linear parameters and
the input, such that

Y(josC(N) = ( ® CE(H; (jwl,---,jwn))a,,)]- F(jo) (8.36)

Proof. See the proof in Section 8.7. O

From Proposition 8.2, both of the two mentioned cases have the same parametric
characteristics for the output spectrum ¥(jw). If C(n)has no relationship with C(n),

(8.35) may be conservative since some terms in (8.35) have no contribution. However,
this does not affect the result of (8.36) because the corresponding terms in the
complex valued vector will actually be zero after numerical identification. Once the

parametric characteristics CE(H Y@, jwn)%(")are derived, the polynomial structure
of the parametric characteristic expression for ¥(jw) is determined, and then as

mentioned above, (8.33) and (8.34) can be determined by using a numerical method.
Therefore, analysis, design and optimization of system output frequency response can
be conducted based on this explicit polynomial expression in terms of model

nonlinear parameters in C(N).

Example 8.2. Consider nonlinear system (8.15) again. Note that there are only
two nonlinear parameters in C(n) , ie., &,,(11)=-a,/kc,,(11)=~a,/k , and the
nonlinear parameters in C(n) are linear functions of the corresponding parameters
inC(n). Let C,, =-a,/k,C,, =-a,/k. The GFRFs up to the 5™ orders are computed
according to (8.31) as follows,

CE(HY (joy)) =1 (8.37)
N A
CE(H; (o, jo, ))(-,(2) = CE(H;(jwl»jwz ))5(2) = Cz,o ® pe?z Cp,O ®CE(H;—[)+1 Q)] (838)

=C,,®0=C,,=-a,/k

_ byl
CE(HJy(jwl""aja)3))E(3) = CE(H;(jwl""’ij))C—_(g) = C3‘0 ® @2 Cp,O ®CE(H3x—p+l ())
o (8.39)
=Cy0 @0 ®CE(H; ()= C;, 8Ty =[--5,53]
. . . . o bl .
CE(H{ (.]wla"'a.]a)d ))6(4) = CE(H4 (.Iml""aij ))6(4) = C4,0 @ Ez Cp,O ®CE(H4-p+1 ())
=0®C,,®CEH;()=C,,®(C,,®C,,") (8.40)
3
- - =4 a,a a.
=C,0®C;, €BCz,o3 =[ ;23 ,—7;-
. o _ bl
CE(Héy(jwla"',st))f(s) = CE(HS (.]wl’.“’ja)s))f(s) = CS,O @ Sz Cp,O ®CE(H;—[)+1 (.))
=08C,, ®CE(H;())®C,, ® CE(H; () (8.41)

aia, a a’

Kk k

The parametric characteristic of the output spectrum up to the 5™ order can be
obtained as

= 61_2,02 ® 53,0 ® 52,04 @ E3,02 =[
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. 5 . . a a, a a,a al ala, a} a?
CE(Y(]w))6(5) =gCE(H:(.]a)l3"'3.]6011))6(,,) =|:1,_—;2-’_—]f"k—§, ;23 ’_in-’ 23337;2_’7(—32- (8'42)

Then according to Proposition 8.2, there exists a complex valued function vector
F(jw,, jo,) such that

2 3 2 4 2
Y(jsa;,4,)) [17—,;7 oty ,{%%}-nm,m,ms) (8.43)
It should be noted that the system output spectrum in (8.43) is only approximated up
to the 5™ order. In order to have a higher accuracy, higher order approximation might
be needed in practice. To obtain the explicit relationship between system output
spectrum and the nonlinear parameters a; and a3 at a specific frequency of interest,
F(ja,,, jo,)in (8.43) can be determined by using a numerical method as mentioned
before. The idea is to obtain Z system output frequency responses from Z simulations
or experimental tests on the system (8.15) under Z different values of the nonlinear
parameters (a; a3) and the same input u(t), then yielding

YZ=[Y(ja);a2,a3), Y(jw;a,,a,), - Y(ja);az,a3)z]r=<I>-1:’(ja>l,---,ja)5) (8.44)
where
l_az(l) _a() a3 () a,(Da, () a3 (1) a, Da,() a;(1) a;(1)
Y S T T S <A S A 1
1_az(2) _a(2) 4;(0) 2,(2)a;(2) _a4(2) (94,2 a;(2) ai(2)
o= 7 kTR KT ¥ K kR (8.45)
l_az(Z) _a(2) a;}(Z) a,(2)a;,(2) _a,(2) a;(2)a,(Z) a,(Z) a:(2)
R T T T S S AR
Then
F(ja,, -, jo;)=(@"®)" 'Y, (8.46)

Therefore, equation (8.43) can be determined, which is an explicitly analytical
function of the nonlinear parameters a; and as. By using this method, the system
output frequency response can thus be analyzed and designed in terms of model
nonlinear parameters of interest. For the detailed discussion of the numerical method
can refer to Chapter 4. O

8.5 Magnitude bound characteristics

This section provides an evaluation of the magnitude bound of Y(jw), which is
significant in many cases where only the magnitude of Y(jw) is needed to obtain some

information of a system without computing the complicated analytical functions in
(8.12-8.13) in multi-dimensional complex space.

It can be derived from (8.12b) that
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Y (o) =

Z:«/"(2 ) I Hny(f'“’nv'ijn)]:[U(jw,)daw

4+, =0

n- l

(8.47a)

)+, =0 i=l

[ TTvves,

@y +ota, =w i=1

~* U (o)

n

Denote Y,(jw)= H)(jw, , _]60) U(ja) Ydo,, representing the nth-
p

1
n@m)"™ ot
order output frequency response. Then
v, o) <

|12 oy s jop U * - * U o) (8.47b)
vy

I
(2”)11—1
Note that [U|*---*|U(jw)| can be computed by an algorithm in Billings and Lang (1996).

\.—,—J

Thus from (8.47), it can be seen that'H,, ja,,++, jw,)| should be evaluated first in order

to obtain the magnitude bound for ¥(jw). For this purpose, the following notations are
introduced.

K
Z|Ep,q(kh""kp+q)’ I<gsn-Ll<p<n-g
ok ey =0
X
c c"(k’“ n) q=n,p=0
Clp.q) = k;(l) o b £.45)
X
lep-o(kl"”’kp)a q=0,1£p<n
ky k=0
Loa else
C(p.q) has the similar definition as (8.48), except C(1,0)=0. Let
L= inf {L (o)} (8.49)

Moreover, let o
H"p = sup anp()I) H,,()=1

~w,€R,

H,,,o()—Oforn>0

H, ()=0forn<p

Hy= sup 0 ,f-)
- w, €R,

where R, is the input frequency range. Furthermore, two operations “e” and “o” are

needed in the evaluation of magnitude bound, which was first defined in Jing et al
(2007) and is restated in Section 8.7.

(8.50)

Proposition 8.3. Considering system (8.7), for o, +---+w, #0 (i =1,2,...,n), the
magnitude of H)(jo,, -, jow,) for system (8.7) is bounded by

n-1n-q 14
SCOM+| o o C(pg): ooy S0 (8.51)
r=n-q =
1<h-r,sn-p-g+1

2oy,
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where

n=0 (@) - (@f1ands, =ib,, b, -~ b,,] (8.52)
b, for 0 <k <ncan be recursively computed as follows,

1 = 4
bnk _Z (k n-— k)+2[m32€+q°'m [ (PyQ) er—n—q (i:]b,‘ )J](k) (8-53)
<p.qsm 187 r, sn=-m+]
by = [buy, by, b )= [ C(0,2), ca D, —C(z O)} (8.54)
b1=[b10,b111-[0,1] (8.55)

Moreover, _gb,, =0if p<1, and EZ(-)=0 if n<2.

Proof. See the proof in Section 8.7. [J

The bound in (8.51) provides another explicit analytical expression for the
relationship between system GFRFs and model parameters as the parametric

characteristic function in (8.32). The magnitude bound of the nth-order GFRF can
directly be described by an n-degree polynomial function of #, . Different order of the

GFREFs has a different degree polynomial of H,, and has no crossing effect with each
other. Using (8.47) and (8.51), it can be derived that

[Y(jo)|< Z{(Z ),,,

{nl(z )"1

N
= (ﬂzl(a” ' B" )) ) hN

Isr-r,sn-p-g+l

|U(jw)| [C(o oo, o Cpa) o o (st )}hn}

=n-¢
1sror, Sn—-p-g+l

ul* - ]U(/w)l [C(O n)o o °C(p D0 (fb,,)}]-h,, (8.56)

<a,-B,-h, (8.57)
where
@, = ,,,I [*- IUUw)I (8.58)
n-ln 2
B, =COn)o s, o"c(,,,q) RPN (8.59)

1<t r,<n—p-q+1
Similarly, when the input of (8.7) is a multi-tone signal (1.3), then the output
spectrum of system (8.7) is bounded by

IY(jw)IS[ngl(ﬂ" ‘B, ))-hN (8.60)
<pB,-B,-h, (8.61)
B = 21" ZF(a’k F(wk (862)

Wy o, =0

The magnitude of a frequency response function for a system usually reveals some
important information about the system, and consequently takes a great role in the
convergence or stability analysis of the system and the truncation error of the
corresponding series. Therefore, the magnitude bound results developed in this
section can be used to measure the significant orders of nonlinearities or to find the
significant nonlinear terms, indicating the stability of a system and providing a basis
for the analysis and optimization of system output frequency response.
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Example 8.3. Consider system (8.15) with a,=0, i.e.,

mx(t = 2) + ax(t = 1)+ a,x* (¢ = 1) + koe(t) = u(f)

Y(©) = ax(t =)+ ax’ (¢ = 1) + kx(?)
and let u= 4sin(Q). Assume that m, a, a3, and k are all positive. There are only two
nonlinear parameters, ie., c,,(111)=-a,/k and ¢,,(111) =a, . Before the magnitude
bound of the output spectrum is evaluated, the parametric characteristics of the
GFRFs for y(f) are checked first. In this case, the parametric characteristics for the

GFRFs can be computed according to (8.31). It is noted from (8.37-8.41) that
CE(H2()) =0 for i>1 (8.64)

(8.63)

thus

HZ()=0 for i>1 (8.65)
according to Proposition 8.1. Hence, only |H2y,._l (-)| for i >1are needed to be evaluated
for the magnitude of Y(jw). Since the input is a sinusoidal signal, the magnitude of
Y(jw)can be evaluated by (8.60-8.62), which can be written in this case as

[N+}é
|Y(ja))|.<_[ 2 (Bt - By )]hl_Nq-}éJ (866)
and
|Y2.'—| (]w)i < By By hayy (867)
Note that u= 4sin(Qr) is a single tone signal, then
A w, =kQk =21,
Zyr 1 d
5=2" Y@, F@,)-{2 Z oF {“’ R Py } (8.68)
BT = 0 else
From (8.53-8.55) it can be obtained that
b,=0 for i=1,2,3,... (8.69)
and for n=2i-1, i=1,2,3,...
b, =0for 0<k<n (8.70)
_ 1 = 1= 2
bi=1, b, = ZC(3,0), b, = ZC(3,0) Z lem for n>3 (8.71)
< mgn-3+1
Therefore,
0 l-¢g ~ P —~ - -
B] = qZO pZO Z" =°1 (C(P, CI) * (i:l br, )) = C(I,O) ' b] = (' Clo (1) | + | Cio (O) | 'bl = [0> a, + k] (872)
Isheor,<2-p-q
and for n=2i-1, i=2,3...
n-1n-q ~ 4 ~ ~ 3
B, = o0 Zr/=:-q C(p.9)- (i:l b,))=(C(1,0)-5,)°(C(3,0)- Z:=" (,.:1 b,))
Isher,<n-p-q+1 : lsn-ry<n-2 (873)
=((a + k)-b,)°(a;- Z:":" (’_:1 br, )
1sr-nsn-2

According to (8.73) and (8.70-8.71), B, can be computed up to any high orders. For
example,

By =((a,+K)b)o(a - o (o6, )=((a +k)-b)o(a, b eb eb)
Zr’=3 i=1
1<y <3-2 (874)
= (@ +0) 100D o (6, (0,01 = (00,9438 41
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Let B,=[Bn0,Bn1,...,Bn]. Hence, using (8.71) and (8.73),

By=0foro<k<n (8.75)
3
B,, =((a, +k) iaa,m DI CANE 5 ( b,,)) for n=2i-1,i=1,2,3... (8.76)
1€n - nsn=-3+1 (s
Since only the last element in B, isLnonzero, (8.66-8.67) can be rewritten as
N+
YUDNE o B Boos -(FE™) 8.77)
and
|Y2: 1(Ja’)|<ﬂ2: By 120 (H )2' (878)
Note from (8.49-8.50) that
= inf1+%exp(—j2(cul +t@,) +%exp(—j(wl +ot@,) (8.79)
17 x | 1 |
H =su (8.80)

plk + mexp(—j2,) + a, exp(—jo, )|
Based on (8.77-8.80), the magnitude bound of the output spectrum of system (8.63)

can be evaluated readily. For instance,
— A k) —

|yl(jQ)|gﬁl ‘B, -H! =_MHX

34%a,(a, +k+kL)
8kL

This process can be conducted for up to any higher orders, which can be used to
evaluate some properties of the nonlinear system, such as the truncation error of
Volterra series and system stability etc (Jing et al 2007). O

V(G| < Bs - By - (HY)' = (H)

8.6 Extension to continuous time nonlinear systems

The results above can be extended to continuous time nonlinear Volterra systems
in a general form of

x=f(x)+g(x,u)
¥, = hx,u) :81)
For this purpose, consider the following system described by differential equations
ZZ Z ey ks k.n)Hd "(’)]'[d 40 _o (8.82)
m=1 p=0kk i i=p+l
M, m K K,
3N Y 5, ek )]‘[d "(’)]'[" 4O _ (8.83)
m=1 p=0k k=0 i=p+l

where x(t), y(t), u(t)e R. System (8.82-8.83) has similar notations and structure as
system (8.7). It can be regarded as an NDE model with two outputs x(t) and y(t), and
one input u(t). Hence, following the same idea, the GFRFs for the relationship from
u(t) to y(t) are given as

H (jo, -, jo,)= H,’,‘: (ja)l,---,jw,,)+H,,yu(ja),,--~,ja),,)+H,{(jw,,---,jw") (884)
where

K
H} (joy, - jo,)= D &, (ks ko) - (jo,)" (8.85)

K k,=0
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H? (o, jo,)
n-1 n—-q K (886)

1 p=1

g=1 p=1 k k=0
i K
H;:((.ja)]’“.hja)n)zz Z’E[),O(klan',kp)Hn,p(ja)l’.“’jwn) (8’87)
p=1 ki k,=0
n-p+1 '
Hn,p(')= zHix(jwl’“"jwi)Hn—i,p—-](jwi+l’”"ja)n)(jw] +“'+jwi) ’ (888)
i=l
Hn,l(ja)]’.“’ja)n)=H:(jwl’“.’ja)n)(ja)l +,.,+jw")kl (8’89)

where H) (jw,, -, jw,) is the nth-order GFRF from u(t) to x(t), which is the same as that
givenin (3.8 or 3.11, 3.10, 3.2-3.5).

Example 8.4. Consider a nonlinear mechanical system shown in Figure 8.1.

l u(t)

m

Active

AS wicE) Bl o

Fig. 8.1 A mechanical system

The output property of the spring satisfies 4 = kx, the damper F = g,x + a,%*, and the
active unit is described by F =a,%*. u(t) is the external input force. Therefore, the
system dynamics is

mi = —kx —a;x - a5’ - a, % + u(t) (8.90)
and the output be the transmitted force measured on the base
W) =ax+a,x* +a,x° + ko(t) (8.91)

It can be seen that the continuous time model (8.90-8.91) is similar in structure to the
discrete time model (8.15) in Example 8.1. Therefore, similar results regarding the
frequency response functions and consequently their related frequency characteristics
as demonstrated in Examples 8.1 and 8.2 for the discrete time model (8.15) can be
straightforward established for model (8.90-8.91).

Moreover, it can be verified that the results developed by the parametric
characteristic analysis above for system (8.7) also hold for system (8.82-8.83).

8.7 Definitions and Proofs

® Multiplication and addition operators between two vectors of different
dimensions
Consider two polynomials of degree » and m respectively,
fo=a,+ah++a,h" =a-h’ and f, =b, +bh+--+b,h" =b-h",
where the coefficients ay, ay, ..., a.; by, by,..., b, are all real numbers, 4 stands for a
real or complex valued function, a=[ ap, a1, ..., a,], b=[ bo, bi,..., byn], and #,=[1,

h, ..., h'.
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C‘ 2

Define a multiplication operator as aeb=c, where ¢ is an n+m+1-dimension
vector, such that c(k)= > a,b, for 0<k <m+n. Denote(aeb)k) = > ab, . From this

i+j=k i+ j=k
0si<n,0< jsm 0<isn, 0<j<m

operator it follows that, for example, f,-f, =aeb-#!,, . Similarly, define an addition
operator

“ ”

as aob=c, where ¢ is an x-dimension vector, x=max{m,n}, such that
c(k)y=a(k)t+b(k) for 0<k <x. If &>n or m, then a(k)=0 or b(k)=0, accordingly. From the

¢ 9

operator“. ” it follows that, for example, f, + f, =aob-h’

max(n,m) "

These two operators actually define a multiplication operation and an addition
operation between two vectors with different dimensions. The operator “e” can also
be regarded as the Cauchy product between two vectors of different dlmensions. A
little speciality is that “e” produces a new vector from two operated vectors.

® Proof of Proposition 8.2
From (8.33) and (8.34), the parametric characteristic vector for Y(jw)is

CE(Y(jw)z

N
) _ECE(H:(jwla”"jwn))E(n) (C1)
If C(n)has a linear relationship with C(n), then CE(H Y, jo, ))5(") is given by
(8.31). In this case, (8.35) is straightforward by substituting (8.31) into (C1). If
C(n) has no relationship with C(n), then substituting (8.27) into (C1) yields
N n

CE(Y(jw))(_‘(N) = ’g(lj.il l(n’ P) * CE(H:-pH (.]wl a""jwn)f(,,) )) (Cz)
By the definition of operation “@& ”, repetitive terms should be removed. Therefore,
(C2) further gives

N
CE(Y(ja)))E(N) = ®IX(N>p)'CE(H;/—p+](jwl5“.3ij)5(~)) (C3)

p=

N
Note that, all the elements in vector ® XN, p)-CE(H y_p (J@,++, joon )z y,) MOUSE be
[): -

N . o« s .
elements in vector 6_91CE(H: (Jo,, -, jo,)z,,) - Hence, the parametric characteristics in

(C3) are all included in (8.35). Equation (8.36) is straightforward from Proposition 8.1.
0

® Proof of Proposition 8.3
It is derived from (8.10) that

n(jwl’“' j n Z:O,n(kl’”"kn) HO,O(ij“' j n
K o=l
n-1 n-¢g XK n K
+ Z'cpq(kl, o p+q n——q,p(jw]7”'9ja)n—q)'+z Z|cp,0(kl>"'9kp)[Hn,p(jwla"' i n
q=1 p=1 bk, p=1 ky k=1
n-1 n-g n n-q
<C0.mH,,+ Y. > C(p.9H, ., +ZC(p,0)H" ,=2.2.CpH,,,
g=1 p=l q=0 p=0
From Lemma 1 and Theorem 1 in J ing et al (2007),
n—g—p+1!
Z HH" for p#0,g%n (D2)
r=l =l
Zr,=n-q

and
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H=b, o +b, B +-+b, (H;)f =b, -h (D3)
where b, =[b,, b,, b,,] which can be determined by (8.52-8.55), and
h =01 H - (H7)]1. Then it can be derived from (D2-D3) that

N n-p-q+1 P P
H, ., < Z (i:l b,) Py = Y ° ( b, j Ay (D4)
l<n-

- r=n~q i=1
G =l “r, SH=p=q+]
S g

Substituting (D4) into (D1) yields

— n-1 n—q —~ P
H)(jo,, -, jo,) <C0O,n+ C(p,q) ° *b ||h,,
Z q i=1

r=n—

g=0 p=0 ISA-r, Sn-p-g+1 (DS)
~ n=ln-q r
=C0,n)+| o o C(p,q): ° (b,)h,
4=0 p=0 r=n-q i=}

I1sp - r,sn-p-q+1

This completes the proof. O
8.8 Conclusions

Some fundamental theoretical results have been established for the frequency
domain analysis of nonlinear Volterra systems which can be described by a state
space equation with a nonlinear output function. Related frequency characteristics
such as the parametric characteristics and bound characteristics for the system
frequency response functions are developed and discussed. These results can be
regarded as a useful extension of some established results in this topic discussed in
previous chapters, and provide an important basis for the frequency domain analysis
and design of nonlinear Volterra systems in a more general case. The application of
these results to the analysis of practical mechanical systems will be studied in the next
chapter
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Chapter 9
AN APPLICATION OF THE NEW FREQUENCY
DOMAIN METHOD TO OUTPUT VIBRATION
SUPPRESSION

Based on the frequency domain theory that is developed in the previous chapters
for nonlinear Volterra systems, a frequency domain analysis based nonlinear feedback
control approach is proposed. The analytical relationship between system output
frequency response and controller parameters is obtained, and a series of associated
results and techniques are discussed for the nonlinear feedback controller analysis and
design. A general procedure is provided accordingly. The results provide, for the first
time, a systematic frequency domain approach to exploiting the potential advantage of
nonlinearities to achieve a desired frequency domain performance for active/passive
vibration control or energy dissipation systems. The new approach is demonstrated
through the design of a nonlinear damping for a vibration suppression problem.

9.1 Introduction

Suppression of periodic disturbances covers a wide range of applications, for
example, active control and isolation of vibrations in engineering and vehicle systems.
Traditionally, an increase in damping can reduce the response at the resonance.
However, this is often at the expense of degradation of isolation at high frequencies
(Graham and McRuer 1961). Many methods have been proposed to deal with this
problem, such as optimal control, H-infinity control, “skyhook” damper, repetitive
learning control, and optimization etc (Graham and McRuer 1961, Housner et al 1997,
Karnopp 1995, Lee and Smith 2000). A much more comprehensive and up-to-date
survey can refer to (Hrovat 1997). Nonlinear feedback is an approach that has been
noted recently by some researchers (Alleyne and Hedrick 1995, Chantranuwathanal
and Peng 1999, Zhu et al 2001). It is shown in Lee and Smith (2000) that, although it
is not possible to use linear time-invariant controllers to robustly stabilize a controlled
plant and to achieve asymptotic rejection of a periodic disturbance, the problem is
solvable by using a nonlinear controller for a linear plant subjected to a triangular
wave disturbance. Based on the Hamiltonian system theory, an optimal nonlinear
feedback control strategy is proposed in Zhu et al (2001) for randomly excited
structural systems. It has also been reported many times that existing nonlinearities or
deliberately introduced nonlinearities may bring benefits to control system design
(Graham and McRuer 1961). Hence, the design of a nonlinear feedback controller to
suppress periodic disturbances has great potential to achieve a considerably improved
control performance. However, it should be noted that most of these existing methods
mentioned above are based on state space and in the time domain, and some of those

usually involve a complicated design procedure.

Based on the results discussed in Chapter 3, Chapter 4 and Chapter 8, the OFRF
(output frequency response function) for nonlinear Volterra systems can be obtained
explicitly, which reveals an analytical relationship between system output spectrum
and system model parameters for a wide class of nonlinear systems and provides an
important basis for the analysis and design of output behaviour of nonlinear systems
in the frequency domain. For a linear controlled plant subject to periodic disturbances,
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if a nonlinear feedback is introduced to produce a nonlinear closed loop system, the
relationship between the disturbance and the system output is nonlinear and can,
under certain conditions, be described in the frequency domain by using the OFRF to
explicitly relate the controller parameters to the system output frequency response.
Therefore, by properly designing the controller parameters based on this explicit
relationship, the effect of the periodic disturbance on the system output frequency
response could be significantly suppressed. Motivated by this idea, a frequency
domain approach to the analysis and design of nonlinear feedback for the exploitation
of the potential advantage of nonlinearities is proposed in this study to suppress
sinusoidal exogenous disturbances for a linear controlled plant.

This chapter is organized as follows. The problem formulation is given in Section
9.2, which is divided into several basic problems that can be addressed separately.
Section 9.3 is concerned with some fundamental issues of the analysis and design of
nonlinear feedback corresponding to different basic problems. Some theoretical
results and techniques needed to solve these basic problems are established. Section
9.4 illustrates the implementation of the new approach by tackling a simple vibration
system. Some proofs for the theoretical results are provided in Section 9.5 and a

conclusion is given in Section 9.6.

9.2 Problem Formulation
Consider an SISO linear system described by the following differential equation:

ZL:C,(I)D'x+b-u+e-q=o 9.1
y= 3 C,(ND'x+d-u 9.2)

=0 g

where, x, 3, u, n e R' represent the system state, output, control input, and an
exogenous disturbance input respectively; 7 stands for a known, external, bounded
and periodical vibration, which can be described by a summation of multiple
sinusoidal functions; L is a positive integer; D' is an operator defined by D'x=d'x/dt’ .
The model of system (9.1-9.2) can also be written in a state-space form:

X=AX+Bu+Ep 9.3)

y=CX+du 9.4)
where, X=[x, D'x, ..., D 'x1Te Rt is the system state variable, A and C are matrixes
with appropriate dimensions, B=[o0,,_, . b}, E=[0,,.,, e]’. The problem to be

addressed in the present study is:

Given a frequency interval I(w) and a desired magnitude level of the output
frequency response Y* over this frequency interval, find a nonlinear feedback control

law
u=-¢(x, D'x, ..., D"'x) (9.5)

such that
max (Y(jo)Y (-jo) <Y’ (9.62)

where the feedback control law - (x, D'x, ..., D*'x)is generally a nonlinear function
of x, D'x, ..., D*!x, with the linear state/output feedback as a special case; Y(jw) is
the spectrum of the system output.
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For the purpose of implementation, the control objective (9.6a) is transformed to
be

mT{%‘) Yo )Y (—jo,Ns Y’ (9.6b)
That is, evaluate the output spectrum at a series frequency point such that the
maximum value is suppressed to a desired level. The control law (9.5) should
therefore achieve the control objective defined by (9.6b). In the following,
assume I(w) = @, , that is only the output response at a specific frequency is considered.

Lety =Y(jw)Y(-jo)| then ¥, =Y(jo)Y(-jw)|, , shows the magnitude of the system

(@) ° (@,0)

output frequency response at frequency w,under zero control input. Obviously,

Y(jo)(-jo), , <Y <Y =Y(jo)Y(-jo) 0.7

To obtain a nonlinear feedback controller, o(x, D'x, ..., D*'x) is written in a
polynomial form in terms of x, D'x, ..., D"'x as

(@,.0)

M L-1 P
(P(x, Dlx’ LR DL-lx)=z Z C/JO(II"“5IP)HD/’X (9'8)
p=l byl ,=0 i=1
where M is a positive integer representing the maximum degree of nonlinearity in
. L-1 L-1 L-1
terms of D'x(t) (#=0...L-1); > () =) > (). The nonlinear function in (9.8)
Lovd, =0 L=0  1,=0

includes a general class of possible linear and nonlinear functions of D'x (i=0...L-1).
Since D'x=e(i+1)"X, where e(i+1) is an L-dimensional column vector whose (i+1)th
element is 1 with all other terms zero, ¢(x, D'x, ..., D*'x) can also be written as a
function of X, i.e., p(X). As mentioned before, for the parameters C,o(.) (p=1,...,M),
when p =1 the parameters will be referred to as the linear parameters corresponding to
d*x(t)

- All other parameters in (9.8) will be

the linear terms in (9.8), e.g., C,,(2)

P
referred to as nonlinear parameters corresponding to the nonlinear termsHD" x(?). p

is the nonlinear degree of nonlinear parameter C,,(). Let

p:l...M
CM,L)={ C o (lyynrl M, =0+ L =1 (9.9)

which includes all the parameters in (9.8). Substituting (9.8) into (9.1) and (9.2) yields

the closed loop system as
L

_ P
> Coolly 1] [ D x+en=0 (9.10a)
0 i=]

hed

Mk

=
A

=

L-

Mk

Epallood N[ D=y (9.108)

=1 §-d, =0

=

where,
Cio(l)=C, () =bC,o (1)), Co(h)=C,(})=dCyo ()
C_',,o(ln'“,lp)=*bCpo(ll»“'J,,), Cpo(ll""91p) =_dcp0(1l,...,1p),
for p=2.-M,1 =0--L, and i=1...p. (9.10) is a nonlinear differential equation model,

whose generalized frequency response function can be obtained by using the results in
Chapter 3. According to the results in Chen and Billings (1989), the model can
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represent a wide class of nonlinear systems. This implies that the nonlinear control

law (9.8) can be used for many control purposes of interests. The task for the
nonlinear feedback controller design is to determine A/ and a range for the controller
parameters in (9.9) to make the closed loop system (9.10) bounded stable around its
zero equilibrium, and then to determine the specific values for the controller
parameters from the OFRF which defines the relationship between the closed loop
system output spectrum and controller parameters to achieve the required steady state

performance (9.7).
There are generally four fundamental issues to be addressed for the nonlinear

feedback design problem as follows:
(a) Determination of the analytical relationship between the system output

spectrum and the nonlinear controller parameters.
(b) Determination of an appropriate structure for the nonlinear feedback

controller. Only nonlinear terms which are useful for the control purpose are needed

in the controller to achieve the design objective..
(c) Derivation of a range for the values of the control parameters over which the

stability of the closed loop nonlinear system is guaranteed.
(d) Development of an effective numerical method for the practical

implementation of the feedback controller design.
The focus of Section 9.3 is to investigate these fundamental issues. A simulation

study will be presented thereafter to illustrate these results.

9.3 Fundamental results for the analysis and design of the nonlinear
feedback control

9.3.1 Output frequency response function
In this section, the output frequency response of the closed loop nonlinear system

(9.10) is derived. The relationship between the system output spectrum and the
controller parameters are investigated to produce some useful results for the nonlinear

feedback analysis and design.

9.3.1.1 Output spectrum of the closed loop system
As discussed before, any time invariant, causal, nonlinear system with fading

memory can be approximated by a finite Volterra series. With the BIBO stability
condition for the controller parameters which will be studied in Section 9.3.3, the
relationship between the output y(t) and the input 7(f) of system (9.10) can be
approximated by a Volterra functional series up to a finite order N as described by

(1.1), ie,
N "
Y0=3 9,0, y,= [ [ he ) [ne-2)dr, (9.11)
i=1

n=1

where 4, (z,,-,7,)is the nth order Volterra kernel of system (9.10) corresponding to
the input-output relationship from 7(s)to y(t). When the input in (9.11) is a multi-tone
function in (1.3), i.e.,

K

n(t) =Z|F,|cos(a),.t +ZF)) (9.12)

i=i
the system output spectrum can be obtained by extending the result described in (4.3-
4.4), as given in (8.12b) and (8.13b), i.e.,
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N
1

Y(]a’)=27 ZHn(ja)kl""9ja)k,,)F(wlz,)"'F(wk") (9.13)

n=l @+ O, =0

FZ A =+].---
where, F(w):{ Fle" if ol k=11, £k} (9.14)
0 else

H, (o, jo, )= f r B (2,07, e @m0 g L gy 9.15)

(9.15) is the nth-order generalised frequency response function (GFRF) of system
(9.10) for the relationship between n(¢) and y(t), which can be obtained by directly

following the results in Section 8.3 of Chapter 8.

Proposition 9.1. The GFRFs H,(jo, -, jo, ) from the disturbance 7(r) to the
output y(t) of nonlinear system (9.10) can be determined as

n L-1

H, (o, jo,)= Y Y Coally 1)y, (o, j,) (9.16a)
p=l hyood, =0
H s j@) = > Hr JOHL (s J0,Y @+ 4 j0)" (9.16b)
i=]
L
Hy(joy, o, jo,) = H,(jo, -, jo)jo ++ jo) s H(jo)=e Y Cyh)jo)" (9.16¢)

=0

n L-1
H;(,-w,,...,jw”)=_1H;(,~w,+...+jw")[ @o(l,---IP)H:prl,---,jw»—ea(n—l)] (9.16d)
e P21, =0
and 5(n)={1 n=0
0 otherwise
Note that the nth-order GFRF from 7(¢) and x(t) can directly be obtained from

(3.8 or 3.11, 3.10, 3.2-3.5) as discussed in Section 8.6, which is denoted by
H'(ja,, -, jo,) . However, from the study in Chapter 8 it can be seen that, the nth-order
GFRF from 7(z) and y(t) can only be obtained by using the results in Section 8.3
instead of directly applying the results in Billings and Peyton-Jones (1990), because
system (9.10) having a nonlinear output is not consistent with the model studied in
Billings and Peyton-Jones (1990). From Proposition 9.1, the GFRFs can be computed
recursively from the time domain model (9.10), and the output spectrum of system
(9.10) can be obtained analytically from (9.13) and (9.16), which are an explicit
function of the parameters in the control law (9.8). Therefore, the design of controller
(9.8) can be studied in the frequency domain. In order to obtain an analytical
relationship between the system output spectrum and model parameters from these
recursive computations the OFRF of system (9.10) is expressed as a polynomial
function of the nonlinear controller parameters in (9.9) according to Chapter 4, i.e.,

Y(ja))=Po(ja))+a,P,(jw)+a2P2(ja))+--- (9173)
where P,(jw) is the linear part of the system output frequency response, P(jw) (i>1)
represents the effects of higher order nonlinearities, and 4, (i=1,2,---) are functions of
the nonlinear controller parameters which can be determined by following Chapter 3
and Chapter 4. Moreover, for a nonlinear controller parameter ¢ in (9.9), there exists a
series of functions of frequency w { P, (jw),i=0,1,2,3,...} such that

Y(jw)=Py(jo) + cP(jo)+c* Py(jo) +-+- (9.17b)
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(9.17b) explicitly shows the relationship between the system output spectrum and
the nonlinear controller parameters, and therefore enables the OFRF to be determined
by using a simple numerical method which will be discussed in Section 9.3.4.
Obviously, this considerably facilitates the analysis and design of the nonlinear
feedback controller in the frequency domain. In order to reveal the contribution of the
nonlinear controller parameters of different degrees to the output spectrum more
clearly and thus shed light on the issue of the structure determination for control law
(9.8), some useful results regarding the parametric characteristic of the OFRF are

discussed in the following section.

9.3.1.2 Parametric characteristic analysis of the output spectrum

The parametric characteristic analysis of the system output spectrum is to
investigate the polynomial structure of OFRF (9.17a), and to reveal how the
frequency response functions in (9.13,9.16a-d) depend on the nonlinear controller

parameters (i.e., Cpo(.) for p>1) in (9.9).
Following the results in Section 8.4.2 of Chapter 8, the parametric characteristics

of the GFRF H!(jw,, -, jw,) from u(f) to y(f) can be obtained as for n>1

CE(H, (ja,,, jo,)) = ®(C, o ®CE(H) , oy, jo,)))
’ (9.18)

=2

" k)
= §(C,0 ®CE(H) (01 j0,)))= Co @ (0 @CE(H,. 1)

=2

For n=1, CE(#}(jw,))=1. Here, [n/2] means to take the integer part of [.]. From the
invariant property of the CE operator, it follows for the nonlinear controller
parameters in (9.9) that

CE(C oy 1, )= Coollysr sl gDy CE(Cpollyoosl, ) = C o (lyyoonsl,)
Applying CE operator to Equation (9.16a) for the nonlinear parameters in (9.9),

L LI
CE(H, (jo,, jo, ))=CE[ZC,,O(1, H, oy jo )+ D C ol ---IP)H:p(jw.,---,jwn)

1, =0 p=2 b, =0
L - . o & L . (9.19)
=CE[ Y (C,()-Cie U, NH Y Gy jo,)+ D D (~d)C o Uy 1, HL oy, e, jo,)

1,=0 p=2 b, =0

1 n=1
={,5552(Cﬂ° ®CE(H! (jo,. -, jo,) n>1
Therefore, with respect to the nonlinear parameters in (9.9), the parametric
characteristics of the GFRFs #,(jw,, -, jo,) from 5(t) to y(t) is the same as those of
the GFRFs #!(jw,,-, jw,) from u(t) to y(t), i.e.,

CE(H2())=CE(H!()) for n>0 (9.20)
That is, the effect of the nonlinear parameters in (9.9) on the GFRFs #, (jw,,--, jo,) is
the same as that on the GFRFs H!(jw,, -, jo,). Equations (9.18-9.20) reveal how the
GFRFs depend on the nonlinear controller parameters in (9.9). Based on these results,
the parametric characteristic of the OFRF can be obtained as

D HI@y, s joy JF(@,) Fla, )J

1
n
n=1 2 Wy ey, =0

N

CE(Y(jo)) = CE(

n=1

N N
=CE(Z ZHj(jwk,""’ja)k,,)J=CE[ZH3(].“’I:,"",jw/,,)J (9.21a)

n=l Wy @y =0

=CE(H}())® CE(H}())® - ® CE(H () = CE(H () ® CE(H)())® - ® CE(H (")
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Therefore, according to the results in Chapter 8, there exist a complex valued function

vector F,(jw)with appropriate dimension such that
N ~
Y(j)= (@ CE(H) o+, jo,))- F, (jo)

This is the detailed polynomial function of (9.17a). Equation (9.21b) provides an
analytical and straightforward expression for the relationship between system output
spectrum and the controller parameters. Now the coefficients of the polynomial

function (9.17a) can be determined as
[4, a, g ay |=CE(Y(jw))=CE(H,())® CE(H,;()® - ® CE(H\() (9.21c)
where X is the dimension of the vector CE(H/ ()@ CE(H,())®--® CE(H ().
In order to better understand these parametric characteristics, the following

results are given, which is a special case of Proposition 3.1.
Proposition 9.2. The elements in CE( #!(ja,---, jo,) ) include and only include all
the parameter monomials (consisting of the nonlinear parameters in (9.9)) in
k
C, ®C,,®C,,®-®C,, for 0<sk<n-2, satisfying p+Y ri=n+k, 2<r,<n-1, and

i=l

(9.21b)

2<p<n.0

Proposition 9.2 shows whether and how a nonlinear parameter in (9.9) is
included in CE(#!(jw, -, jw,) ). Different parameters may form one monomials acting
as an element in CE( #!(jw, -, jw,) ), and thus have a coupled effect on #)(jw, -, jo,)-

If a nonlinear parameter appears in CE( #!(ja,, jw,) ), this implies that it has an effect
on H!(jw, -, jw,) and thus on Y(jw). If this nonlinear parameter is an independent

element in CE( #!(ja,-, jw,) ), then it has an independent effect on Y (jw). Furthermore,

if a parameter frequently appears in CE( #!(jw,-,jw,)) with different monomial
degrees, this may implies that this parameter has more strong effect on
H)(jw, -, jw,)and thus ¥Y(jw). For this reason, the parametric characteristic analysis of
H!(jw, jw,) can shed light on the effect of different nonlinear parameters on

H!(jw, - jo,) and thus Y(jw). _

From Proposition 9.2 (also referring to Property 3.3 for the general case), the term
(C,)' should be included in the GFRF H,(.), where m is computed as m+k=m+i-1=ni.
Hence, m= ni — i+1=1+(n-1)i. It can be seen that, when » is smaller, C,, will

contribute independently to more GFRFs whose orders are (n-1)i+1 for i=1,2,3,...;
and if » is larger, C,, can only affect the GFRFs of orders higher than ». It is known

that for a Volterra system, the system nonlinear dynamics could be dominated by low
order GFRFs (Boyd and Chua 1985). This implies that the nonlinear terms with
coefficient C, of smaller nonlinear degree, e.g., 2 and 3, may play greater roles than
other pure output nonlinear terms. This property is significant for the selection of
possible nonlinear terms in the feedback design. Moreover, it can be verified from
Proposition 9.2 that, If the 2" and 3" degree nonlinear control parameters are all zero,
ie., C3=0 and C3y=0, then Hy(.)=0, and H3(.)=0. However, even if C,y=0 (for n>3),
the nth order GFRF H,(.) is not zero, providing there are nonzero terms in Cg or Csy.
This further demonstrates that the nonlinear controller parameters in C, and C3( have
a more important role in the determination of the GFRFs than other nonlinear
parameters, and thus has a more important effect on the output spectrum. These imply
that a lower degree nonlinear feedback may be sufficient for some control problems.
These provide a guidance for the selection of the candidate terms in (9.9).
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9.3.2 The structure of the nonlinear feedback controller
The determination of the structure for the nonlinear feedback controller (9.8) is
an important task to be tackled. Firstly, as discussed in Section 9.3.1.2, the structure
parameter M in (9.8) should be chosen as small as possible since lower degree of
nonlinear terms have greater contributions to the output spectrum. It can be increased
gradually until the control objective is achieved. Secondly, after M is determined,
whether a term in C, is effective or not should be checked. An effective controller
must satisfy the inequality (9.7). Thus for the effectiveness of a specific nonlinear
controller parameter c, this requirement can be written as
Y (jw, )
Oc
Consider the specific nonlinear controller parameter ¢ in C,p and let all the other
nonlinear controller parameters be zero or assumed to be a constant. Then only the

nonlinear coefficient ¢’ appears in CE(H,,,.;()) according to Proposition 9.2.

Therefore, only the GFRFs for the orders 1+(p-1)i (for i=1,2,3,...) need to be
computed to obtain the system output spectrum in (9.13). According to (9.21), the
output spectrum can be written as

Y(jw;) = Py (jw) + cP (jw) + * P, (jo) +--- (9.23)
It can easily be shown that if Re(P,(jw)- P,(-jw))<0then there must exist £ >0 such
thatal%zw)l <0for 0<c<eor —e<c<0, where Re()is to take the real part of (.). This
can be used to find the nonlinear terms which are effective. Only the effective
nonlinear terms in C(M) is considered. By this way, the structure of the nonlinear
function (9.8) can be determined. It shall be noted that, in this process the output
spectrum needs to be analytically computed up to at most the third order by using
Equations (9.12-9.16). The structure of the control law (9.8) can also be determined
by simply including all the possible nonlinear terms of degree up to M. Once the
output spectrum is determined by the numerical method in Section 9.3.4, the values of
the coefficients of these nonlinear terms can be optimized for the control objective
(9.7) in the stability region developed in the following section. If the objective (9.7)
can not be achieved after M is enough large, this may implies that the objective (9.7)
can not be achieved by the controller (9.8) and a best possible solution can be used for
this case.

9.3.3 Stability of the Closed-loop System
As mentioned above, the stability of a nonlinear system should be guaranteed such
that the nonlinear system can be approximated by a locally convergent Volterra series.
Therefore, a range for the nonlinear controller parameters which can ensure the
stability of the closed loop system (9.10) can be determined. For simplicity, (9.10) can
also be written in a state space form as
X=AX-Bop(X)+En:=f(X)+E7 (9.24a)
y=CX - Dp(X) = i(X) (9.24b)
A, B, C, D, E are appropriate matrices which are the same as the matrices in (9.3-9.4).
Note that the exogenous disturbance in (9.24) is a periodic bounded signal, and the
objective in a vibration control is often to suppress the output vibration below a
desired level, a concept of asymptotic stability to a ball is adopted in this section. This
concept implies that the magnitude of the output for a system is asymptotically
controlled to a satisfactory predefined level. Based on this concept, a general result is

<0 for somec (9.22)
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then derived to ensure the stability of the closed loop nonlinear system (9.24), which
can be regarded as an application of some existing theories in Isidori (1999).
A Ball B,(X) is defined as: B,(X)={X|X|<p, p>0f. A K -function y (s) is an

increasing function of s, and a KL -function g (s,t) is an increasing function of s, but a
decreasing function of ¢. For detailed definitions of K /KL-functions can refer to
Isidori (1999).

Asymptotic Stability to a Ball. Given an initial state X, e®” and disturbance
input » of a nonlinear system, if there exists a KL -function g such that the solution
X(t,X,,n) (for t>20) of the system satisfies |X(t,X,,7)|<B(X,|.6)+p, V>0, then the
system is said to be asymptotically stable to a ball B,(X), where p is an upper bound
function of 7, i.e., there exist a K -function y such that p=y(Jr|_) .

Assumption 9.1. There exists a K -function o such that the output function
h(X) of the nonlinear system (9.24) satisfies |#(X)| < o(|X]) .

Proposition 9.3. If assumption 9.1 holds, then the following statements are
equivalent:
(a) There exist a smooth function V:R* - R,,and X, -functions 3,, 3, and X -
functions « ,y such that

XD <0< p(xp and X s+ En)<axh+r@nl) (929
oX

(b) System (9.24) is asymptotically stable to the ball B, (X) with
p=p2 B -ay(n|. ), and the output of system (9.24) is asymptotically
stable to the ball B,,,,(»).0

Proof: See the proof in Section 9.5. [J

Note that Proposition 9.3 can guarantee the asymptotical stability to a ball of
system (9.24) when subject to bounded disturbance, and asymptotical stability to zero
when the disturbance tends to zero. This is just the property of fading memory which
is required for the existence of a convergent Volterra series approximation for the
system input-output relationship (Boyd and Chua 1985). Although it is not easy to
derive a general stability condition for the general controller (9.5), there are always
various methods (Ogota 1996) to choose a proper Lyapunov function based on
Proposition 9.3 to derive a stability condition for a specific controller.

9.3.4 A numerical method for the nonlinear feedback controller design

The nonlinear controller parameters can be determined by solving equation (9.17)
to satisfy the performance (9.6) or (9.7) under the stability condition. However, it can
be seen that the analytical derivation of the output spectrum of system (9.10) involves
complicated symbolic computation for orders higher than 5. To circumvent this
problem, as discussed in Section 9.3.1.1, the numerical method discussed in Section
4.2.2 of Chapter 4 can be used since the detailed polynomial structure of the OFRF
can be determined by using the method in Section 9.3.1, which is summarized as
follows:

(1) The system output frequency response function can be expressed as
Y(jo)Y(-jw) = Y(jo)|*=C-P(jw) according to (9.21) with a finite polynomial
degree, where P(jw)is a complex valued function vector,

C=[1 G & G o cm]

= (CE(H! () ® CE(H}()) @ -+ @ CE(H , ()))® (CE(H] (9) ® CE(H}()) @ -+ & CE(H 3 ()
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(2) Collect the system time domain steady output y;(t) under different values of the
controller parameters C/=[1 ¢;;¢z; ...cxyi] for i=1,2,3,...N;;
(3) Evaluate the FFT for yji(t) to obtain ¥,(jw), then obtain the magnitude

|Y,(jw,)|* at frequency @, , and finally form a vector
YY =[|¥,(jo,)|*,, Yy, (Goo) ]
(4) Obtain the following equation,

Locys €y cip f’o |Yl(ja)0)lz
1’ Ca1s €357, C P Y,(jo 2 . ~
21> € 2k | P, _ | ,(J,)] ie., ye P(jo,)=YY

Bregtre, ey meel ees

LeysCnas s Chn ﬁm ]YN’(ja)O)IZ

(5) Evaluate the function P(jw,) by using Least Squares,

ﬁ(jwo)=('//(7r 'V/CTI 'V/CT -YY
(6) Finally, the nonlinear controller parameters C* for given Y at a specific
frequency w,can be determined according to
Y =C" -P(jay,)

The numerical method above is very effective for the implementation of the
design of the proposed nonlinear controller parameters, which will be verified by a
simulation study in Section 9.5.

Although there are some time domain methods which can address the nonlinear
control problems based on Lyapunov stability theory such as the back-stepping
technique and feedback linearization (Isidori 1999) etc, few results are available for
the design and analysis of a nonlinear feedback controller in the frequency domain to
achieve a desired frequency domain performance. Based on the analytical relationship
between system output spectrum and controller parameters defined by the OFRF, the
analysis and design of a nonlinear feedback controller can be conducted in the
frequency domain. For a summary, a general procedure for this new method is given
as follows.

(A)Derivation of the output spectrum for the closed loop system given M and L.

Given M and L in (9.8), the general output spectrum with respect to the
control law (9.8) for the closed loop system (9.10) can be obtained according to
Equations (9.13, 9.16a-d). This will be used for the validation of the effectiveness
of nonlinear terms in the next step. L is the maximum derivative order which is
dependent of the system model, and M is the maximum nonlinearity order which
can be given as 2 or 3 at this stage.

(B) Determination of the structure of the nonlinear feedback function in (9.8).

This is to determine the value of M and choose the effective nonlinear
controller parameters Cyo(.) (p=2,3,...,M). Based on the analysis of the parametric
characteristics in Section 9.3.1.2, the nonlinear controller parameters included in
Cy and Cj take a dominant role in the determination of GFRFs and output
spectrum. Hence, M can be chosen as 2 or 3 at the beginning, and increased later if
needed. The effectiveness of each nonlinear parameter can be checked by
R(P,(jw)- P,(-jw)) <0, where P,(-jw) can be computed from Step(A) by letting the
other nonlinear parameters to be zero and P,(jw) is the linear part of the output

spectrum in this case. If the parameter is not effective, it can be discarded.
(C)Derivation of the region for the nonlinear feedback parameters in Cpo(.) for
p=2,3,....M.
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This is to ensure the stability of the nonlinear closed loop system (9.10), which
can be conducted by applying Proposition 9.3 to derive a stability condition for
the closed loop system in terms of the nonlinear controller parameters. Although
how to develop a systematic method for this purpose for a general nonlinear
system is still an open problem, this can be easily done for some special or simple
cases.

(D) Determination of the OFRF by using the numerical method and the optimal values
for the nonlinear parameters

This is to derive a detailed polynomial expression for the output spectrum
according to (9.21) for the maximum nonlinearity order M larger than 3, and use
the numerical method provided above to determine the desired value for each
nonlinear controller parameter within the stability region to achieve the control
objective (9.6) or (9.7).

9.4 Simulation study
Consider a simple case of the model in (9.1) and (9.2), which can be written as
Mi=-Kx—ax+(n+u)
{ y=Kx+ax-u
This is the model of a vibration isolation system studied in Daley (2006) (Figure 9.1),
where y(f) is the force transmitted from the disturbance 5(s) to the ground, K and g,

are the spring and a damping characteristic parameters respectively.

Following the procedure in Section 9.3, a nonlinear feedback active controller u(¢)
is designed and analysed for the suppression of the force transmitted to the ground. It
will be shown that a simple nonlinear feedback can bring much better improvement
for the system performance, compared with a linear feedback control. According to
the general procedure above, the output spectrum under control law (9.8) for the
closed loop system should first symbolically be determined. But for this simple
example, it can be left to the next step.

9.4.1 Determination of the structure of the nonlinear feedback controller

Considering the nonlinear feedback in (9.8), for this simple system, M is directly
chosen to be 3, and all the other nonlinear controller parameters are chosen to be zero
except Csp(111)=as which represents a nonlinear damping and will be shown to be
effective in the later analysis. If C3o(111)=as is not effective, more other nonlinear
terms can be chosen.

The nonlinear feedback control law now is
3

U=—a;x
and the closed loop system is therefore
Mi=~Kx—ax—ax’ +1 (9.26a)
{y=1<x+a,ic+a35c3 (9.26b)

Note that system (9.26) is a very simple case of system (9.10), that is, L=2, C,,(2)=M,
Co)=a,, Co(0)=K, Cpy(i1l)=a,, C,(0)=-1 and C,()=q,, C,x(0)=K , C,,(11D) =a, ;
All other parameters in model (9.10) are zero. Moreover, assume the disturbance
input is 7(z) = F, sin(8.1¢) (8.1 is the interested working frequency of the system), which
is a single tone function and a simple case of equation (9.12). Now the task for the
nonlinear feedback controller design is to determine a; such that system (9.26)
satisfies the control objective (9.7).

To verify the effectiveness of this nonlinear control, the output spectrum should be
computed up to the 3" order as discussed in Step(B). Note that only C3s(111)=a3 and
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other nonlinear parameters Cpy for p>2 are all zero. According to Equations (9.18-
9.20), the following parametric characteristics of the GFRFs can be obtained
(A
CE(H;()=C, ® chpo ®CE(H,_,,,())=Cy =0,
p=2
[3+}é]
CE(H;())=Cs, ® Y C, ®CE(H,_,,,()) =Cy, = a,

p=2

[4+%]
CE(H,())=C, ® ) C,, ®CE(H,_,,,())=0,

[5+}/]
CE(H|())=C, ® ZZC,,(, ®CE(H;_,,,()=C,, ®CE(H;())=aj5 -+----

p=2

p=2

It is easy to check from Propositions 9.2 that

CE(H),, () =a; for n>0 and all other CE(H]())=0 (9.27)
This shows that only H,,.,,() for n>0 are nonzero and all others are zero. Therefore,
the output spectrum can be computed from (9.13, 9.16) with only odd order GFRFs as

N
=Y s Lt Ja, JF@) Fa,,)

n=] By WD, | =0

=%Hﬁuw)F(w>+% > Gl o, jo)F@)F@)F@)+= Y Glo,ja,)F@,)Fla,)+

@y +e et @y =0 320)“4‘-»—4-%,:0)
=FR(jo)+aR(jo)+EB(jo)+
(9.28a)
where
- _l 2, _ —j(al(ja))+K)Fd P" . =——3'MF3 s Hl . 2 Hl .
PO(ja))_zHl (Jw)F(w)_2M(ja))2+2a,(jw)'+2K’ (Jo) g ha® l ,(ja))l [ 1(/“’)]2

- 3
PGy =-22 ur}joti| o) ot Go)f (o) - (30t (30) - 30H) (~j@) + j6ati] (j)

(9.28b)

Note that carrying out the computation above, the analytical relationship between the

output spectrum and nonlinear parameter a; can be obtained explicitly for up to any
high orders. It can be checked that Re(P,(jw,) P (-jw,)) = 0.5
( P,(jw, )P, (~jw,) + P,(~jw,)P,(jw,) )= -31.132<0 when a3>0, o, =8.1 rad/s and other
system parameters as given in the simulation studies. Hence, the nonlinear control
parameter aj is effective. If there are other nonlinear controller parameters, the same
method can be used to check the effectiveness as discussed in Step(B). Only the
effective nonlinear terms are used in the controller.

9.4.2 Derivation of the stability region for the parameter a;

According to Proposition 9.3, the following result can be obtained.

Proposition 9.4. Consider the closed loop system (9.26), and assume the
exogenous disturbance input satisfies |(2)]| < F, . The system is asymptotically stable to

a ball BFd M(X), if a3>0 and additionally there exist P=P™>(, B>0and & >0such

that
_|-ATP-PA-s"PEE"P -pA’'C" +PB-SPEE'C’

Q * +2BCB-¢"'B*CEE"C’
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Moreover, the closed loop system (9.26) without a disturbance input is global

asymptotically stable if the above inequality holds with E=0. Here, A =[ 2/ 1 /},
- /M T /M

B=[0,%1", C=[0,1], E=[0,%,]".

Proof. See the proof in Section 9.5. O

It is noted that the inequality in Proposition 9.4 has no relation with a3 and is
determined by the linear part of system (9.26) which can be checked by using the LMI
technique by Boyd et al (1994). This implies that the value of a3 has no effect on the
stability of the system if the inequality is satisfied. Hence, the nonlinear controller
parameter a3 is now only restricted to the region [0, ), provided that the linear

system satisfies the inequality condition.

9.4.3 Derivation of the OFRF and determination of the desired value of the
nonlinear parameter a;
By using (9.27), the parametric characteristics of the output spectrum of nonlinear
system (9.26) can be obtained as
CE(Y(jw))=CE(H|'('))€BCE(Hz'('))@--'€9CE(H;'V('))=[1 a, a; - a}z]
where Z= |_N “%_I Therefore, the system output spectrum can be written as a

polynomial expression as
Y(jo)= Py (jo) +a,P,(jo) + a; P, (jw) + -+ + a} P, (jw)
Hence,
Y(jo) (-jo)=|t(jo)
=BG +a, BB (-j0) + B-jo)P )+ a2 (P (o) + (o) (- jo) + By (-j@)B(jo) +
(9.28c¢)

Clearly, |[Y(jo)| 2 is also a polynomial function of a3. Given the magnitude of a desired

output frequency response Y" at any frequency w,, a3 can be solved from Equation
(9.28c¢) provided that |¥( jw)| can be approximated by a polynomial expression of a

finite order. In order to determine a desired value for a; to achieve the control
objective (9.7), the numerical method proposed in Section 9.3.4 is used. Since
Equation (9.28c) is a polynomial function of as, [Y(jw)|’ can be directly approximated
by a polynomial function of a3 as follows:

Y)Y (-jo) =Y o) = B, +--alB, +al' B, +-+a,F +[RGo)|  (9.292)

where |r(jw)|’ can be obtained via evaluating the FFT of the system output response

from the system simulations or experimental data. Given 2Z different values of a3, i.e.,
asi, s, ..., 32z, (9,29a) can be further written as (for each values of a3)

. N2 75 5 ap 5 05
IY(]a’)i| ~ alzi Py +-ay P, +ay” P +"'+aziP1+|Po(./a’)l

n-1
fori=1,2,...,27, i.e.,

ay, ay @ oay ] P —|Y(ja))l|2 'I}_)o(ja’)|2 ]
as, aazz ‘7332 03222 - , N
1B | _{rGoy,|" -|R (o)

2 3 z'z P, . . 2 oo

Las,zz Q327 @327 7 a7 | x _IY(]w)zz| —|P0(ja))| |

Then P,P,,---, P,, are obtained as
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e @ @ - ] [ruen -[RGe) ]

~ a a, a od -

T T el -G (9.290)
P, 2 3 22z . IR

220 | @y7 @Gaz G3p7 v G357 _|Y(]a’)zz| —IPo(_/a’)l ]

Consequently, equation (9.29a) is obtained. By using this method, a polynomial
expression of [Y(jw)| in any order can be achieved. Given a desired output frequency
response Y ata frequency w,, as can be solved from (9.29a) to implement the design.

Note that roots of equation (9.29a) are multiple. According to Proposition 9.4, the
solution a3 should be a nonnegative real number.

9.4.4 Simulation results

In the simulation study, the parameters of system (9.26) are: K=16000 N/m,
a1=296 N.S/m, M=240 Kg. The resonant frequency of the system is w,=8.1 rad/s. In
order to show the effectiveness and advantage of the nonlinear feedback controller
u=-a,x°, a linear controller u = -a,% will be used for a comparison.

Firstly, let F4=100 N. We need to obtain the polynomial function (9.29a). In order
to have a larger working region of as, let Z=6 in (9.29a), and a3;= 500, 1000, 2000,
4000, 6000, 8000, 10000, 12000, 14000, 16000, 18000, 20000. Under these different
values of a3, the output frequency response of the system was obtained and the
corresponding output spectrum was determined via FFT operations. Then P,(jw) for

n=1...12 were obtained according to (9.29b), which are summarized partly in Table
9.1. For comparisons, the corresponding theoretical results were also computed from
equation (9.28abc) and are given partly in Table 9.1. From Table 9.1, it can be seen
that there is a good match between the numerical analysis results and the theoretical
computations although there are some errors. This result shows that the theoretical
computation results are basically consistent with the results from the simulation
analyses. It can also be seen from the numerical analysis results in Table 9.1 that
equation (9.29a) is in fact an alternative series in this case.

Figure 9.2 shows the results of the system output spectrum under different values
of the nonlinear control parameter a; and provides a comparison between theoretical
computations using polynomial expression (9.28c) up to the 3 order and the
numerical results using the polynomial expression (9.29a) up to the 12" order. This
result demonstrates the analytical relationship between the nonlinear control
parameter and the system output spectrum, and shows that the theoretical results have
a good match with the numerical results when a3 is small since only up to the 3™ order
GFRF are used in the theoretical computations. Hence, with an increase of a3, the
numerical method has to be used in order to give correct results. Moreover, it should
be noted that the magnitude of the system output spectrum decreases with the increase
of a;. This verifies that the nonlinear control parameter a; is effective for the control
problem.

Without a control input, the system output frequency spectrum is as shown in
Figure 9.3(b), where ¥( j“’)|wu =335.71. Note that the output response spectrum shown in

the figures is 2|Y| not |Y|, which is also applied on the plot of the output spectrum
using the theoretical computation. This is because 2|Y| represents the physical
magnitude of the system output at the frequency w,. If the desired output frequency

spectrum is set to be Y'=180, then the calculation according to (9.29ab) and
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Proposition 9.4 yields a3=11869. The output frequency spectrum under the nonlinear
feedback control is shown in Figure 9.3 (a), where Y(jo) =180.08, and hence the

result matches the desired result quite well. The system outputs in the time domain
without and under the nonlinear feedback control are given in Figure 9.4. It can be
seen that the system steady state performance is considerably improved when the
nonlinear controller is used.

In order to further demonstrate the advantage of the nonlinear feedback control,
consider a linear controller # =-275x. Under this linear control, the system output
frequency response as shown in Figure 9.5 is similar to that achieved under the
nonlinear controller. However, when Fjy is increased to 200 N, the output frequency
response is quite different under the two controllers. The nonlinear feedback
controller results in a much smaller magnitude of output frequency response at
frequency w, , referring to Figure 9.6. Figure 9.7 shows the results of the system

outputs in the time domain under the two different control inputs, indicating the
nonlinear controller has a much better result than the linear controller. When the input
frequency w, is increased to be 15 rad/s, the same conclusions can be reached for the
two controllers, referring to Figure 9.8. When the input frequency is decreased to be 5
rad/s, the output spectrums under the two controllers are similar (see Figure 9.9). On
the other hand, although increase of the liner damping can also achieve better output
performance at the driving frequency, this will degrade the output performance at high
frequencies as known in literature (Figure 9.10). However, the nonlinear damping has
no obviously such a limitation (Figure 9.11).

TABLE 9.1
COMPARISON BETWEEN SIMULATION AND THEORETICAL RESULTS
Simulation results from (9.29ab) Theoretical results from (9.28abc)
I, (o) 1.1270e+05 P, Gjo)| 1.1257e+05
N P(ioVP (—i
P -58.9652 oUe)h(-je) -62.2641
+ P (-jo)P (jo)
— 2 — —
- P( P,(jw)P,(~j
5, 0.0423 PG + BGaR o) | e
+ P, (- jw)P,(jw)
P, -2.3762¢-005 . -
P, 9.1382¢-009 . -
R -2.3593¢-012 . .
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Figure 9.1. A vibration isolation system
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Figure 9.2 Analytical relationship between the system output spectrum and the control
parameter as
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Figure 9.3 Output spectrum (a) without a feedback control, (b) with the designed
nonlinear feedback
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Figure 9.9 Output spectrum (a) with the linear feedback control and (b) with the
designed nonlinear feedback control when w, =5 rad/s, F3=100, a=275, a;=11869
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Figure 9.10 Output spectrum with the linear feedback control when (a) ;=275 and (b)
a,=2750 (w, =15rad/s, F4=200)
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Figure 9.11 Output spectrum with the nonlinear feedback control when (a) a;=11869
and (b) a3=118690 ( w, =15 rad/s, F4=200) (Here, a; is just arbitrarily increased to see
the control effect)

The results demonstrate that a cubic nonlinear damping as introduced by a simple
nonlinear feedback control can achieve better performance than a linear damping
control for vibration suppression both in low and high frequencies. The frequency
domain method proposed in this study provides an effective approach to the analysis
and design of the nonlinear feedback control. Although only a simple case with only
one nonlinear term is studied in this simulation, much more complicated cases with
multiple nonlinear parameters can also be analysed and designed by following a
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similar method. It should be noted that there may be some other methods in the
literature which can be used to realize the same control purpose of this study, however,
the advantage of this method is that it can directly relate the nonlinear controller
parameters to system output frequency response and therefore the nonlinear controller
or structural parameters can be analysed and designed in the frequency domain, which
is a more understandable way in engineering practice. Furthermore, the designed
controller, for instance the nonlinear damping designed in the example study above,
may also be realized by a passive unite, and the analysis by using this method can be
performed directly for a physical characteristics of a structural unite in a system. This
will have great significance in practical applications.

9.5 Proofs

¢ Proof of Proposition 9.3:
To prove Proposition 9.3, the following Lemmas are needed.

Lemma 9.3. Consider two positive, scalar and continuous process in time #, x(f)
and y(r) satisfying y(f) <a(x(®)) (for 1>0), where « is a K-function. If x(¢) is
asymptotically stable to a ball B, (x), then y(f) is asymptotically stable to a ball

Ba(zp) (J’) .

Proof. There exists a KL -function g, such that function x(t) (for 1>0) satisfies
x(£) < B(x(0),0)+ p , vt>0 . Therefore,
w®)

< a(x(1) = a(B(x(0),1) + p) < a(max(2f(x(0),1),2p)) = max(a(2(x(0), 1)), a(2p)) < a2 f(x(0), 1)) + a(2p)

Note that a(28(x(0),¢)) is still a KL -function of x(0) and ¢, thus the lemma is concluded.

0
From Lemma 9.3, if there exists a K-function o such that the output function
h(X) of a nonlinear system satisfies |x(X)|<o(|X|) , then the system output is

asymptotically stable to a ball if the system is asymptotically stable to a ball.

Lemma 9.4. Consider a scalar differential inequality y(¢) < -a(y(:))+ 7 , wherea is
a K -function and yis a constant and y(¢) satisfies Lipschitz condition. Then there
exists KL -function g such that

YO < Byt - M n+a” ().

Proof. Consider the differential equation y(r) = —a(y(t)) . From Lemma 10.1.2 in
Isidori (1999) it is known that, there is a KL -function g such that y(r)= B8(y(t,).1) .
Similarly, considering the differential equation j(t)=-a(y(®)+y , then
¥(t) = sign(¥(t,)—a " (7)) ﬂ('y(to)—a" (y)|,t)+a“ (7). Thus from the comparison principle
and the differential inequality y(¢) <-a(y(r))+y , the lemma follows. O

Then to prove Proposition 9.3, it follows from (9.25) that
V(X@)<-a(X|p+»(m|.) (Al)
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Noting ¥(X) < B,(|X|), we have |X|= 8;'(¥(X)) . Substituting this inequality into (A1),
we have
VX(e)<—a(B;' XM+ r{ll,)
From lemma 9.4, it follows that, there exist a KL -function g, such that
VX)) < BV, 0+ B ™ - y(nl) (A2)
where, ¥, =[V(X(t,) - 85" -a” - y(],)] . From (A2), ¥(X(#) is asymptotically stable to
the ball B, (v) . Noting 8,(|X|) s ¥(X), we have |X| < 8,(¥(X)). From lemma 9.3,

a (i)
X(#) is asymptotically stable to the ball B,(X). Furthermore, since assumption 9.1
holds, from lemma 9.3, y(f) is asymptotically stable to the ball B,,,(»). This

completes the proof of sufficiency. The proof of the necessity of the proposition can
follow a similar method as demonstrated in the appendix of Hu et al (2005). The
proof completes. 0

e Proof of Proposition 9.4:

The state-space equation of system (9.26a) can be written as X = AX - B¢ + Enp, where,
X=[x,x]", ¢=a,0°,0=CX. Choose a Lyapunov candidate as:
V=X"PX+20* (A3)
where, a > 0. Equation (A3) further follows
V =X"PX + X"PX +200°CX =X"(A"P + PA)X - 2X"PB¢ + 2X" PE 7 + 22 gC(AX - B¢ + E7)
=X"(A"P+PA)X - 2X"PB¢ + 22 gCAX - 22 §CB¢ + 2X" PE7 + 22 4CE 7]

(Ad)
X PE .
Let Z=[ ¢], T{iCE}, and f = a/a, then equation (A4) follows
T T ) - a TeT ) X
j_g7[ATPPA ATCTPB, o [ATPAPA PATCT BBl sy o
* _25CB * ~2CB
T T T )
_z7||APTPA SAC =Pl 1T 24 en? =—27QZ + £
* —2/CB

Note that, in the inequality above, the following inequality is used

22" Tn<e'L'"TT'Z+en'n, forany £>0.
If Q=Q™>0, then Z'QZ >4 (Q)||x"2 is a K-function of ||X||. Hence, according to
Proposition 9.3, the system is asymptotically stable to a ball

B,(X) with p=\//1min (Q)"ssup("n"z)=F“Mmin (Q)'e . Additionally, when there is no
exogenous disturbance input, and if Q=Q">0 holds with E=0, then it is obvious that
the system without a disturbance input is globally asymptotically stable. This
completes the proof. O

‘min

9.6 Conclusions
A frequency domain approach to the analysis and design of nonlinear feedback

controller for suppressing periodic disturbances is studied and some preliminary
results in this subject are provided. Although there already are some time domain
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methods, which can address the nonlinear control problems based on Lyapunov
stability theory, few results are available for the design and analysis of a nonlinear
feedback controller in the frequency domain to achieve a desired frequency domain
performance. Based on the analytical relationship between system output spectrum
and controller parameters defined by the OFRF, this study provides a systematic
frequency domain approach to exploiting the potential advantage of nonlinearities to
achieve a desired output frequency domain performance for the analysis and design of
vibration systems. Compared with other existing methods for the same purposes, the
method in this chapter can directly relate the nonlinear parameters of interest to the
system output frequency response and the designed controller may also be realized by
a passive unite in practice. Although the results in this paper are developed for the
problem of periodic disturbance suppression for SISO linear plants, the idea can be
extended to a more general case (i.e., nonlinear controlled plants) and to address more
complicated control problems.
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Chapter 10
SUMMARY AND OVERVIEWS

Frequency domain methods can usually provides very intuitive insights into the
underlying mechanism of a studied system in a coordinate-free and equivalent manner,
compared with the corresponding time domain methods. Thus they are widely applied
in engineering practice and extensively studied in literature. Due to the complicated
output frequency characteristics and dynamic behaviour of nonlinear systems, a
systematic frequency domain theory for the analysis and design of nonlinear systems
has been a focused topic in the past several decades. As discussed in Chapter 1,
different subjects have been studied in this field and many remarkable results have
been achieved both in theory and practice.

In this study, new advances in the characterization and understanding of nonlinear
systems in the frequency domain have been achieved based on the Volterra series
theories of nonlinear systems. A systematic frequency domain approach for the
analysis and design of nonlinear Volterra systems is developed via a novel technique
known as parametric characteristic analysis, which is developed for the extraction of
parametric characteristics of any parameterized polynomial systems satisfying
separable property.

The contributions of this study are:

(@) A parametric characteristic analysis method is proposed for parameterized
polynomial systems with separable property, which is to reveal what model
parameters affect system frequency response functions and how they do. Based
on this technique, it is shown for the first time that, the analytical relationship
between high order frequency response functions of Volterra systems and
system time-domain model parameters, and also provides a novel method for the
understanding of the higher order GFRFs of Volterra systems. Refer to Chapters
2-3 and Chapter 8.

(b) By using the parametric characteristic analysis, the system output spectrum up to
any orders can be explicitly expressed as a polynomial function of model
parameters of interest which relates the system output frequency response to
any model nonlinear parameters such that system output frequency response can
be analyzed via these model parameters. This provides a significant basis for the
analysis and design of nonlinear Volterra systems in the frequency domain.
Refer to Chapter 4 and Chapters 8-9.

(¢) A novel mapping function from the parametric characteristics of the nth-order
GFREF to itself is established. This result enables the nth-order GFRF and output
spectrum to be directly written as a polynomial forms in terms of the first order
GFRF and model nonlinear parameters, which is shown to be a new approach to
the understanding of higher order GFRFs. Refer to Chapter S.

(d) It is theoretically shown for the first time that system output spectrum can be
expressed as an alternating series with respect to some model nonlinear
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parameters under certain conditions. The result reveals a significant nonlinear
effect on the system behaviours. Refer to Chapter 6.

(e) The nonlinear effects on system output spectrum from different nonlinearities are
also studied. This provides some novel insights into the nonlinear effect on
system output spectrum in the frequency domain, such as the counteraction
between different nonlinearities at some specific frequencies, periodicity
property of output frequencies and so on. These results can facilitate the
structure selection and parameter determination for system modelling,
identification, filtering and controller design. Refer to Chapter 7.

(f) A new method for the vibration control problem is proposed. It is a systematic
frequency domain approach to exploiting the potential advantage of
nonlinearities to achieve a desired output frequency domain performance for the
analysis and design of vibration systems. Refer to Chapter 9.

The significance of these results is that a systematic frequency domain theory for
the analysis and design of a class of nonlinear systems is established. In this novel
method, (1) it can directly relate the nonlinear model parameters of interest to system
frequency response functions, and therefore the nonlinear controller parameters or
structural parameters can be analysed and designed in the frequency domain, which is
a more understandable way in engineering practice; (2) it can be used not only to
design a nonlinear feedback controller for a system by exploiting the potential
advantages of nonlinearities for a practical system, but also to analyse and design
structural nonlinear characteristics which can be realized in a passive/active manner to
achieve a desired passive structural physical characteristics; (3) it provides a novel
approach to understanding the nature of a considerably large class of nonlinearities in
the frequency domain.

Although interesting and significant results have been achieved, there are still
many tasks yet to be done for the full development of a systematic frequency domain
method. For example, understanding and characterization of nonlinearities in the
frequency domain based on the results developed in this dissertation, optimization and
design of nonlinear systems based on the system OFRF, automatic and systematic
controller designs for a wider class of nonlinear systems by exploiting nonlinearities,
extensions of the results for SISO systems to MIMO systems, development of
practical techniques for the applications of these theoretical results, and so on. All
these issues are left to the future studies in the direction that is established by the
results in this dissertation.
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