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a) Confluence of four affection volumes
b) Confluence of three affection

volumes on the boundary
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a) Original b) Results with Linear
Bones

c) Results using the alter-
native formulation
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a) Originals b) Results with SoFFDs c) Results with Planar Bones
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a) r = 0.25 b) r = 0.50 c) r = 2.50
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a) Separation of upper and
lower eyelids

b) Separation of upper and
lower lips and jaw

��� ��� �	��
 �	� Q.= 798F7 Q S CD8<;��
�.LF798� F= E 8%$1C�
? FE��RK CD8�BRE 8�:FEGBREG;��%BRL<QRCD:%$DL
B�;�;�BR:<QR;D��7+��� E 8%$%,

� � � ���,
�
#%,
� � �5� � ��" , � � ,+� ��� �����
#%���*��� � �	� � ��" ,�)

9 8; <;-A�8FE 8%$ BRL<; Q.= 798F7 QXS CD8<;��#7+���FQRCD79K/LH@+"J; LF7C8D; 79KNK C��#� = E��RL<;� 17��R:FEGBR7+� =G;3"U7 Q
� E 8%$R�$;NBRL<C! 

 C9Q 798FE���7 BREGCD8K������B�;����3�$C! <;>= = E 8%$	
\79KNE 79=�;�;��FQR;��
�REGCD8�BRL<QRCD:%$DL�BRL<; ��C��REGBREGCD8�C�
/��7 Q
(D;NQ?��CDE 8�B
��,
� LFE�� E��#E 8D� 7 QRB? F:<; B�C BRL<;UK CD8!8D;>8FEG;>8FK ;.C�
�7<�R:<Q

\79K ;-�+B�C+�.�R:<Q

\79K ;  <;�
 C9Q*��7 BREGCD8;� 7 Q 7� FE5$��J@ BRLF7 B
�R:FEGB
� ;�����;>KNE 79= =5�I"J;>= =PBRL<;;�FQRC�� =G;�� C�
.798FE���7 BRE 8%$ ��(�E 8 BRE��
�R:<;�, ( C�"J;�8D;NQ�@ BRLFE�� QR;�
 C9Q*��:F= 7 BREGCD8
K C��$;���7 B�BRL<; ;�;���;>8���;�C�
 =GCZC��RE 8%$ BRL<;
K CD8�BRE 8�:FEGBE� �FQRC���;NQRBREG;��!C�
UBRL<; H�C��&�XW57+���FQRCD79K/LH@#7��
BRL<; QR;�$DEGCD8F79= EGMN;� �B�QR;>7 B
�$;>8�BUC�
 BRL<; 7�:-;>K BREGCD8J8DCD= :��$;ACD8F=5� $D:F7 Q 798�B�;N;��	� ��K CD8�BRE 8�:FEGBE�$79K QRC��
�
QR;�$DEGCD8 ��CD:F8� F7 Q EG;���,7�<C9QRBR:F8F7 B�;>=5��@ BRLFE��D <CZ;��$8<C9B�:F8� <;NQ*��E 8<;��RE5$D8FE�A�KN798�BR=5��BRL<;
7+��� = E KN7 BREGCD8
C�
 Q.= 798F7 QMS CD8<;���@��RE 8FK ; � =G;>8� FE 8%$ BRL<; K C��;� E 8<;� ;-:-;>K B
��C�
D��;�8D;NQ 79=AK CD8�B�QRCD=�
\79K ;NB
��LF7��
7
�$CZC9BRLFE 8%$$;-:-;>K BA7 B BRL<;���;<��CD:F8� F7 Q EG;���,
� ;�8D;NQRBRL<;>=G;��
��@�BRL<; = 79K*($C�
 7�LFE5$DL<;NQJK CD8�BRE 8�:FEGBE�K��7C��7 Q E���;A7��U7;�FQRC�� =G;�� E 8 8D;NQ
�  <;NBR79E =G;� 


\79K ;#�$C! <;>=��#L\LFE5$DL ��CD=5�!$9CD8F79=#K CD:F8�BON*@-BRL<;NQR;�
 C9QR;$EGB	"JCD:F=� ��;K <;��REGQ 7+� =G;!B�C�LF7C8D;�BRL<;�7+� E = EGBE�
C�
?�FQR;��RK Q E5� E 8%$�EGB
�	 <;�$9QR;N;�7 Q
� EGB�Q 7 Q E =5��, � LFE�� E�� �FQR;>KNE���;>=5� BRL<;;�$C9BRE58 7 BREGCD8J��;>LFE 8� ) <;�8D;>=GC�� E 8%$
S�I;NM>EG;NQ�� 9 8� F:FK ;� IWA;�
 C9Q*��7 BREGCD8�C�
.H�:<Q

\79K ;��DL S 9 W!H�N � ;>8F7+� = E 8%$$7��R:<Q

\79K ;-�+B�C+�.�R:<Q

\79K ;D��7+��� E 8%$
C�
P7� ��R:���BR7+� =G; K CD8�BRE 8�:FEGBE�1BRLF7 B��FQR;���;NQ
8D;��%BRL<;AK CD8��RE���B�;>8�B.K C9QRQR;�����CD8� <;>8FK ; BRLF7 B Q.= 798F7 Q S CD8<;��
;�;<LFE5� EGB�;� H,

H�:FK/L 7G��7+��� E 8%$�E��AK CD8���B�Q :FK B�;� 8<C9BAC�8D;NQ�7 K CD8�B�QRCD= �$;��RLH@P� :<B C�8D;NQ 7 � EG;>K ;�" E���; � 7 Q 7��
�$;NB�Q E K �R:<Q

\79K ; " EGBRL�B�Q E 798%$D:F= 7 Q? <C���79E 8��&��� 798F8FE 8%$ BRL<;R��;NB%C�
/��7 Q
(D;NQ?��CDE 8�B
��, � L<;U;�;<E���B�;>8FK ;
C�
.7G�
�$CZC9BRL 8<C9Q*��79=HA ;>=� 7 <;-A�8<;� C�8D;NQABRLFE��AK CD8�B�QRCD= �R:<Q

\79K ;�79= =GC�"	� K CD8���B�Q :FK BRE 8%$ 7 �FQRC���;NQ
�FQRC���;>K BRE58D; QR;>= 7 BREGCD8I��;NBE"J;N;>8 EGB 798� �BRL<;<$9;NC��$;NB�Q
��B�C���;D <;�
 C9Q*�$;� H@FE 8���B�;>7� 
C�
#BRL<;  FE��RK QR;NB�;
7+���FQRCD79K/L BR7+(D;>8I���
H�C��&�XW6�U798� Q.= 798F7 QDS CD8<;���, SB�G <CDE 8%$K��C%@�"J;�;>8F7+� =G;�7;��;NB�B�;NQ 7+���FQRC ;!�
E���7 BREGCD8 C�
dBRL<;6
\79K ; �$C! <;>=P����BRL<; K CD8�B�QRCD=H��B�Q :FK BR:<QR;ABRLF7 BJB�Q 798��R= 7 B�;��UE 8�B�C�7#�$C9QR; 7� <;�=�:F7 B�;
�FQRC�� 7+$D7 BREGCD8�C�
&�$C9BREGCD8H,
9 8 C9Q* <;NQ B�CJ�FQR;���;>8�B�S 9 W!HP@H"J;K" E = = ��BR7 QRB<���  <;-A�8FE 8%$ BRL<;# <;�
 C9Q*��7 BREGCD8 7 B!BRL<;$=G;�8D;>= C�


79�RE 8%$D=G; K CD8�B�QRCD=B� 7 BRK/L L+H�;>K BREGCD8 %!, < , ! N  UCD8FK ;I$DE58D;>8 �R:FK/L 
 C9Q*��:F= 7 BREGCD8H@ H�;>K BREGCD8 %!, < , $7" E = =
798F79= E���;�EGB
�  <;�$9QR;N; C�
#K CD8�BRE 8�:FEGBE��,?1 CD8���B�Q :FK BRE 8%$�7K� EG;>K ;�" E���;�K CD8�B�QRCD=H��B�Q :FK BR:<QR;�" E = = ��;  <;>79=GB
" EGBRL
E 8�H�;>K BREGCD8I%!, < , %!@�" LFE =G; ;>8%
 C9Q KNE 8%$�K CD8�BRE 8�:FEGBE�$79K QRC��
�JBRL<;6� EG;>K ;�" E���;���CD:F8� F7 Q EG;���" E = =���;
BRL<;6
 C�KN:��JC�
%H�;>K BREGCD8M%!, < , 8 , 9 8
7� � FEGBREGCD8H@<H�;>K BREGCD8M%!, < , < " E = =<QR;>KN7+� EGBR:F= 7 B�;�CD8
L<C�")K CD8�BRE 8�:FEGBE�
K CD8� FEGBREGCD8�� 7�:-;>K B1BRL<;�=GC�KN79= EGBE��C�
JBRL<;  <;�
 C9Q*��7 BREGCD8H@ 798� �H�;>K BREGCD8 %!, < , > " E = =#K CD8��RE� <;NQ!C9BRL<;NQ
�FQ 79K BRE KN79=P7�����;>K B
� E 8
BRL<;!7+��� = E KN7 BREGCD8 C�
VS 9 W!HP,



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

��� ��� �	��
 �	� TV;��FQR;��
�REGCD8��1K QR;>7 B�;� " EGBRL Q.= 798F7 Q S CD8<;���:��RE 8%$ BRL<;
6CQ T � � 8 ��7 Q
(D;NQK��;NB�, � 8
BRL<;�79KNK C��#� 798!��E 8%$ 1 W;@H��;N;������ �����
	 � ���
��� ���������

� � �����
����� ��� 798� ������ �����
	 � ���
����� ��� � � ��� ���



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � �;	

� � � ��� � �	� � ��" ,	�1��� � )8�	� � ��" , �����	��#(���

S 9 W!H�C���;NQ 7 B�;�� BRL<QRCD:%$DL17R�FQRC���;>K BRE58D;%QR;>= 7 BREGCD8!BRLF7 B E��PE 8FEGBRE 79= =5� ;�8 79= :F7 B�;� ��;NBE"J;N;>8!BRL<;3��CD=5�!$+�
CD8F79= �$;��RL

M
"J;G"U798�B1B�C> <;�
 C9Q*��798� 7 K CD8�B�QRCD=B�R:<Q

\79K ;

S
@ K CD8���B�Q :FK B�;� 7��$77� EG;>K ;�" E���;

7 QRQ 798%$9;��$;>8�B C�
 S�I;NM>EG;NQ � Q E 798%$D=G;���, � 8FK ;�BRL<;D��C��REGBREGCD8 C�
%BRL<;K��7 Q
(D;NQ*�AK/LF798%$9;�@/��� 798F8FE 8%$�7
8<;�" K CD8�B�QRCD=?�R:<Q

\79K ;

S
�M@@BRL<;� <;�
 C9Q*�$;� E���7+$9;

M
� C�
.BRL<;#��CD=5�!$9CD8F79=?�$;��RL E�� K C��#� :<B�;� 9���

QR;�8D;NQ*�RE 8%$�BRL<;1E 8FEGBRE 79=P��7+��� E 8%$�798� �;�8 79= :F7 BRE 8%$�EGBJC�8D;NQ
S
�M,

9 8)C9Q* <;NQ�B�C  <;��RK Q E5��; BRL<;>�FQRC�K ;��
� C�
 S 9 W!H E 8 �$C9QR;2 <;NBR79E = @�=G;NB
� �IA Q*��B K CD8��RE� <;NQ�BRL<;
7+��� = E KN7 BREGCD8 � @�QR;>= 7 BRE 8%$�BR:%� =G;�� C�
3��CDE 8�B
� C�
 S

798� ;>=G;��$;>8�B
� C�
%BRL<;�QR;>79=d= E 8<;!B�C
7G�R:%� ��;NB C�

���6"J;<" E = = QR;�
 ;NQ B�C�7�� BRL<; 
�4 	1D 23C : 430!��	92 ���1C�


S
�

h

r h( , )p

U( )p

p

� � S
� ��� ��L

S
N �����

� L � ��� N � � � ��� L � N L %!, % 8 N
BR7+(�E 8%$ � 7��1BRL<; �

 � � 2 	1> 
�4 	1D 23C 0!�B: � 4 	
� � C �
C�


S
,

WA;���;>8� FE 8%$ CD8�BRL<; �RLF7+��;�C�
ABRL<; K CD8�B�QRCD=R�R:<Q

\79K ;�@.BRL<;NQR; K CD:F=� ��;)��CDE 8�B
��C�
���� CD8�B�C
" LFE K/L 8<C#�RKN79=G;� �8<C9Q*��79=P8D;>K B�C9Q C�


S
E��UE 8FKNE� <;>8�B�@ZKN79:��RE 8%$$EGB
�J8<C9Q*��79=@K C�8D;NQ 7+$9;

C
L
S
N.8<C9BUB�C

;>8FK C��#� 7��
� BRL<;D" L<CD=G; T.:FKN= E� <;>798)��� 79K ;�, ?A=���C%@-EGB���:���BR��;�8<C9B�;� BRLF7 B � E�� 8<C9BA8<;>K ;��
�R7 Q E =5�E 8���;>K BRE58D;�@&�RE 8FK ;�@#7���BRL<;I FE 7+$9Q 7�� E 8 T�=�:F7 BREGCD8 %!, % 8 E = = :���B�Q 7 B�;�� L\= E5$DL�B $9QR;���N*@%BRL<;NQR;
KN798 ��;
 FE�:-;NQR;>8�BB��CDE 8�B
�JC�
#BRL<;!K CD8�B�QRCD='�R:<Q

\79K ; ��7+����;� 
CD8�B�C�BRL<; �R7��$;!;>=G;��$;>8�BJC�


C
L
S
N*,

S ;>7 Q E 8%$ BRLFE�� E 8 ��E 8� H@<"J;�KN798� <;-A�8<;(BRL<; E 8!8D;NQ*��;2��7+��� E 8%$ C�
 � @D <;>8<C9B�;� ��� � �
C
L
S
N	�

S
� �J@ 7���BRL<; QR;��R:F=GB�C�
<�FQRC���;>K BRE 8%$4BRL<; ��CDE 8�B
��C�


C
L
S
N�C�8D;NQ�BRL<;�K CD8�B�QRCD=��R:<Q��


\79K ;�79=GCD8%$ EGB
� 8<C9Q*��79=QA ;>=� H, � E58D;>8 BRL<;$8<CD8��_E 8���;>K BRE58D;�8F7 BR:<QR;�C�
 � @@BRL<;#�FQRC���;>K BREGCD89" E = ='��;E = =��. <;-A�8<;� 7 B BRL<C���;<��CDE 8�B
� " L<;NQR;!EGB
�UE 8!8D;NQ*��;6��7+��� E 8%$$E��U8<C9B CD8<;-�+B�C+�+CD8<;�,
1 CD8���B�Q 79E 8FE 8%$��&L�
QN�" EGBRL�
 � C

L
S
N�B�C ��;�BRL<;�BR:%� =G; " EGBRL ��E 8FE���:�� ��7+$D8FEGBR:� <; 
 C9Q

� � 7 QRBRE 79= =5� ��CD=58D;�� BRLFE��6�FQRC�� =G;��J@' FE��R7��;� E5$D:F7 BRE 8%$�BRL<;��FQRC���;>K BREGCD8>
 C9Q179= =&��CDE 8�B
�<� :<B�BRL<C���;;�=�:FE� FE���BR798�B B�CD FE�:-;NQR;>8�B%=GC�KNE E<CD8
S
, � ;NB�"J; 7 QR; QR;>79= =5�1CD8F=5��K CD8FK ;NQ 8<;� �7+��CD:<B BRL<; QR;���B�Q E K BREGCD8

C�
 �(B�C
M

�
C
L
S
N#L BRL<;#��C9QRBREGCD8 C�


M
��7+����;� CD8�B�C�BRL<;�K CD8�B�QRCD=3�R:<Q

\79K ;�N  dBRL<;NQR;�
 C9QR;�@dBRLFE��

= E���EGBR7 BREGCD82" E = =3��;
QR;>=G;�8 798�B�CD8F=5�(E5
UBRL<;
;�=�:FE� FE���BR798FK ; K CD8� FEGBREGCD8�E��K�$;NB�CD8�BRL<;I��CD=5�!$9CD8F79=
�$;��RL EGB
��;>=5
E, � ;���BRE 8%$�BRLFE�� ���G�FQ :<B�;<
 C9Q K ;D"JCD:F=� 
QR;��R:F=GBUE 8 7�Q 7 BRL<;NQAE 8�B�;>8��RE58D;�K C��#� :<BR7 BREGCD8H@
� :<B�
 C9QRBR:F8F7 B�;>=5� EGB�KN7989��;# <CD8<;K��:FK/L7�$C9QR;�;�� KNEG;>8�BR=5�J���K�R:���B�K/L<;>K*(�E 8%$ 
 C9Q!E 8�B�;NQ*��;>K BREGCD8��
��;NBE"J;N;>8

M
798� �7+���FQRC ;<E���7 BREGCD8�� C�
 BRL<;�D �=� �523C ���
	 ��2;:��!C�


S
L ��;N; � SJ=GC " $ � 798� � ��S H " % � @F7��

"J;>= =-7��	�#E5$D:<QR; %!, $ " N*,
Q QRC�8�E� <;� BRLF7 B�BRL<; ��CD=5�!$9CD8F79=B�$;��RL(E��1;�;�;��#�FB1C�
UBRL<;���;I�RE 8%$D:F= 7 Q EGBREG;���" EGBRL4QR;�����;>K B�B�C

BRL<;�K CD8�B�QRCD=3�R:<Q

\79K ;�@PBRL<;#�FQRC���;>K BREGCD8 �(BRL�:��< <;-A�8<;� 9 <;��RK Q E5��;�� 7 8<CD8��. <;�$9;>8<;NQ 7 B�;���7+��� E 8%$
C�


M
�

C
L
S
N CD8�B�C

S
,.?A=���C%@ EGB
� E 8!8D;NQ*��; � L\L<;>8FK ;�
 C9QRBRL�QR;�
 ;NQRQR;� �B�C�7�� � �/" L<;>8
;�8 79= :F7 B�;� CD8

S
��N#79= =GC�"	�#QR;>K CD8���B�Q :FK BREGCD8$C�
-BRL<;R <;�
 C9Q*�$;� �E���7+$9; C�


M
C�8D;NQ� FE�:-;NQR;>8�B%K CD8�A $D:<Q 7 BREGCD8��%C�
-BRL<;

K CD8�B�QRCD= �$;��RL�EGB	"U7�� C9Q E5$DE 8F79= =5�G�FQRC���;>K B�;� �CD8�B�C%, � L<;NQR;�����@ BRL<;K <;�
 C9Q*��7 BREGCD8 C�
.7 8D;NQRB�;�; � +



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

E 8�B�C$EGB
� E���7+$9; � �+ KN798J��;D�R:�����7 Q E���;� 
E 8
BRL<;<
 CD= =GC�" E 8%$;�FQRC�K ;� F:<QR;��

h
^v

i

v
i ^ ^v v

i i
' '

i
= ( , )r' h

M

S

M'

S'

^v
i
'

� � � � ��� +
	 � �KL � �MN
� � � � � � �" � � � �" L � � �MN �� � � � � ��� � � � � ����� � � � � � � � � � L � � � � N L %!, % < N

 L<;NQR; � " 798�  �
�" 7 QR; BRL<;B� 7 Q 7��$;NB�Q E K ;�;��FQR;��
�REGCD8��H
 C9Q#BRL<;J8<;>:<B�Q 79=Z798� ; <;�
 C9Q*�$;� �K CD8�A $D:��
Q 7 BREGCD8���@DQR;�����;>K BRE58D;>=5��@DC�
-BRL<;JS�I;NM>EG;NQ � Q E 798%$D=G;UE 8

S
" L<;NQR;UBRL<; E 8FEGBRE 79=!�FQRC���;>K BREGCD8$C�
 � �F= EG;��%CD8H,

� L<;���;1;�;��FQR;��
�REGCD8�� QR;��R:F=GBR
 QRC��5BRL<;1QR;>KN:<Q*�RE58D;D <;#1J7���B�;>= �R79: � �A79=5$9C9Q EGBRL�� L\E 8�B�QRC! F:FK ;� 79=GCD8%$
" EGBRL;�&�XW6�%E 8$H�;>K BREGCD8 %!, %!, %�N  !��C9QRQRC�" E 8%$ BRL<;  <;-A�8FEGBREGCD8!C�
FB�Q E58 7 Q E 7 B�; S ;NQ 8���B�;>E 8D��CD=5��8<C���E 79=��

 QRC�� T�=�:F7 BREGCD8I%!, $ " @ "J;  <;-A�8<;�BRL<; � E5� 7 Q 7��$;NB�Q E K	� 7 BRK/L�C�
& <;�$9QR;N; _47��
�

� "4L � � �%N � 
 � % �(% � � "� � � � 
� � � L � � � � ! � L � ���%N�N L %!, % > N

( ;NQR;�@ �$798� � ��BR798� 
 C9Q BRL<;.BE"JC A Q*��B'� 7 Q
��K ;>8�B�Q E K%K CZC9Q* FE 8F7 B�;��dCD81BRL<;.B�Q E 798%$D:F= 7 QQ <C���79E 8
C�
�BRL<; � ��� K CD8�B�QRCD= � 7 BRK/LH@ ��� 798F8FE 8%$9��7 Q
(D;NQ*� ��� � � � � � �



	�, � L<; K CD8�B�QRCD= ��CDE 8�B�= 7 B�BRE K ;


 CD= =GC�"	�$74K C��#� =G;NB�;>=5�  FE�:-;NQR;>8�B�7 QRQ 798%$9;��$;>8�B�
 QRC�� BRL<; �&�XW�KN7���;�, � 7+(�E 8%$ BRL<; 8<C9BR7 BREGCD8
:���;� G�����F7 Q E 8
E 8 � �F7 Q @#< � @0S�I;NM>EG;NQ ��CDE 8�B
� � "� � � 7 QR; = 7+��;>= =G;� �7��UE 8G�#E5$D:<QR;�%!, !=@ , � LFE��� FE 7+$9Q 7��79=���C#�RL<C�"	�.BRL<; = 7C�DCD:<B C�
dBRL<; K CD8�B�QRCD=-8<;NB
�B
 C9QR�R:%��� 7 BRK/L<;�� � 	" @�� �" 798� ���" @FK C9QRQR;�����CD8� FE 8%$1B�C
BRL<;6 <; 1J7���B�;>= �R79: � � QR;>KN:<Q*�RE58D;	��B�;��J�FQR;�8�EGCD:�� B�C�BRL<;�K C��#� :<BR7 BREGCD8 C�
 � "+, � E58D;>8�BRL<;�QR;>KN:<Q*�RE58D;
8F7 BR:<QR;AC�
 S�I;NM>EG;NQ � Q E 798%$D=G;���@4� 7 BRK/LG <;NQ E58 7 BRE58D;�� BRL<;�����;>=58D;�� 7 QR; 7�= E 8<;>7 Q.;�;��FQR;��
�REGCD8�CD8 BRL<;���;
_�� !  <;�$9QR;N;I�R:%��� 7 BRK/L<;���@ ��EG;>=� FE 8%$�BRL<; 
 CD= =GC�" E 8%$J� 7 Q 7��$;NB�Q E K�;�;��FQR;��
�REGCD82
 C9Q�BRL<; :F8FEGBR7 Q
�
8<C9Q*��79=H��7+� � "��

� "4L � � �%N �

�� 0

 	 L � � �%N � 
�� 0


 � L � � �%N
���

�� 0

 	 L � � �%N � 
�� 0


 � L � � �%N ���
" L<;NQR;

�� � 
�� 0
 	 � _ ��� 	" � ���" �
�� 0

 � � _ � � �" � ���" � L %!, %5Z�N

� L<;� <;�
 C9Q*�$;� K CD:F8�B�;NQ
� 7 QRB � �" C�
 T�=�:F7 BREGCD8 %!, %5Z1E��.B�Q E58�E 79= =5��K C��#� :<B�;� G�����R:%� ��BREGBR:<BRE 8%$BRL<;!K C9QRQR;�����CD8� FE 8%$#��7 Q
(D;NQ*�UE 8
BRL<;!;�;��FQR;��
�REGCD8�� C�
 � 7 BRK/L<;�� 798� )�R:%��� 7 BRK/L<;���,
?��
�R:���E 8%$1BRLF7 B � "�E��J7 B =G;>7���B�� � K CD8�BRE 8�:<CD:�� C�8D;NQJBRL<;6� 7 BRK/LI <C���79E 8H@!"J; KN798�K C��#� :<B�;BRL<;�� 7 Q 7��$;NB�Q E K$K CZC9Q* FE 8F7 B�;��1C�
JBRL<;�E 8FEGBRE 79= �FQRC���;>K BREGCD8 C�
JBRL<;�8D;NQRB�;�; � � CD8�B�C � "7L\8<C9B�;� (7��



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

s (n-1)10

j
s 1(n-1)0

j
s n00

j
= ml

s
j

0(n-1)1s (n-1)01

j

s
j

01(n-1)s
j

10(n-1)

sj

w

sj

v
sj

u

s = m
j

00n n

s = m
j

0n0 m

��� ��� �	��
 �	� Od7+��;>= = E 8%$�C�
XS�I;NM>EG;NQ	��CDE 8�B
�U798� J�R:%��� 7 BRK/L�KN= 7��
�RE�A�KN7 BREGCD8H,

� � �" L � � � N!E 8 T�=�:F7 BREGCD8 %!, % < N ���>�RE��#� =5� A�8� FE 8%$ �+� � � 	 � 7 Q
$B��E 8HL � � �$� � "4L � � �%N � N*,>�<C9Q8<CD8��. <;�$9;>8<;NQ 7 B�;7� 7 BRK/L<;���@UBRLFE���E���;�=�:FE58 79=G;>8�B$B�C A�8� FE 8%$474QRCZC9BG
 C9Q BRL<;7��;NB C�
!8<CD8��_= E 8<;>7 Q
;�=�:F7 BREGCD8�� $DE58D;>8I�����

� � �3� � "�L � � �%N � �GL � �6� � "4L � � �%N�N � " L %!, % ? N
" L<;NQR; ��L � N# <;>8<C9B�;���BRL<;)% � $ �D79K C�� E 798 ��7 B�Q E ;�C�
 � , � E58D;>8 BRL<; QR;�$D:F= 7 Q EGBE��C�
�S�I;NM>EG;NQ� Q E 798%$D=G;���
 C9Q =GC�" � 7 BRK/LI <;�$9QR;N;���@<QR;>= 7 BRE58D;>=5�#�RE��#� =G;A8�:��$;NQ E KR�RK/L<;��$;��JKN798
Q 7+� E� F=5�$K CD8!8D;NQ
$9;
B�C(798 79KNKN:<Q 7 B�;7��CD= :<BREGCD8 �FQRC�8�E� <;� 72��;>8��RE5� =G;
E 8FEGBRE 79= EGM>7 BREGCD8 L ;�, $%,  <;NQ E58D;� 
 QRC�� 74K CD7 Q*��;
�R7��#� = E 8%$ C�
!BRL<; � 7 BRK/LPN*, ?	����;>8� FE ;�? $DE58D;���7 �$C9QR;9 <;NBR79E =G;� 79KNK CD:F8�B C�
 BRL<;9�$;NBRL<C! ��
7� <C��FB�;� J
 C9Q BRLFE�� � 7 QRBRE KN:F= 7 Q �FQRC�� =G;��J,
 ;�LF7C8D;18<C�"  <;��RK Q E5��;� BRL<;�K C��#� :<BR7 BREGCD8F79=d7�����;>K B
�AC�
 T�=�:F7 BREGCD8C%!, % < , ( C�"J;�8D;NQ�@ EGBAE��

�D;NB B�C ��;;��;N;>8�L<C�" BRLFE��R
 C9Q*��:F= 7 BREGCD8�KN798 �FQRC! F:FK ;17  <;�
 C9Q*��7 BREGCD8 C�
 7 Q
� EGB�Q 7 Q
�
K CD8�BRE 8�:FEGBE��,
?A=���C%@ BRL<;�K CD8�B�QRCD=��R:<Q

\79K ;�8<;N;� ��!B�C7��;  <;-A�8<;� 4E 8 B�;NQ*���1C�
 ��C9BRL�EGB
� � 7 BRK/L4B�C���CD=GC�$��4798� 
E 8�B�;NQ 8F79= S�I;NM>EG;NQ���CDE 8�B
��, � L<;���;1BE"JC�7�����;>K B
��@/"U7 Q
��K CD8�BRE 8�:FEGBE� 798� BRL<;�K CD8���B�Q :FK BREGCD8 C�
 BRL<;
K CD8�B�QRCD=	�R:<Q

\79K ;�@J7 QR;�E 8�B�Q E 8��RE KN79= =5� QR;>= 7 B�;� H@U7���BRL<; 
 CD= =GC�" E 8%$9��;>K BREGCD8��  <;��RK Q E5��; E 8F
\:<QRBRL<;NQ
 <;NBR79E = ,

� � � ��� �/���!�
#(�	��# �1� ���7��
�, � ,+� ��� �����
#%���

SB� K CD8���B�Q :FK BREGCD8H@ BRL<;3� 7 Q 7��$;NB�Q E K#;�;��FQR;��
�REGCD8 � +�
 C9Q 798!��S�I;NM>EG;NQ � Q E 798%$D=G; E 8
S
E��' FE�:-;NQR;>8�BRE 7+� =G;

C�8D;NQ BRL<;�E 8�B�;NQ EGC9QAC�
UEGB
��LM� 7 Q
��K ;>8�B�Q E KCN	 <C���79E 8 C�
  <;-A�8FEGBREGCD8
D
+.@Q�FQRC�8�E� <;� BRLF7 B1EGB
� K CD8�B�QRCD=

8<;NB
E�� 8<CD8��. <;�$9;>8<;NQ 7 B�;�, � L<;NQR;�
 C9QR; � E�� 79=���C  FE�:-;NQR;>8�BRE 7+� =G;�C�8D;NQ D
�+ � �J, �A8� <;NQ BRL<;���;

K CD8� FEGBREGCD8���@ EGB�KN798 79=���C2��;)�FQRC�8D;� BRLF7 B � E��$QR;�$D:F= 7 Q#
 C9Q 79= =UBRL<C���;)��CDE 8�B
�$E 8 EGB
�� <C���79E 8
" L<C���;�E���7+$9;�= EG;�� CD:<B!C�
UBRL<; �$;� FE 79=?�R:<Q

\79K ;�C�
 � + L\L<;>8FK ;�
 C9QRBRL

E
L
S
+0N*@ " EGBRL

S
+ � � +�L D �+ N�N*,1 CD8���;�=�:<;>8�BR=5��@�����7+��� = E KN7 BREGCD8�C�
-BRL<; E 8!8D;NQ*��; ��7+��� E 8%$ABRL<;NC9QR;��J@ � E��%7 ���� FE�:-;NC��$C9Q
� LFE��
�

C�8D;NQ
C
L
S
+.N��

E
L
S
+0N*, ( ;>8FK ; "J;�KN798�K CD8FKN= :� <;$BRLF7 B1BRL<;�K C��#��C��REGBREGCD84E��#� = E KNEGB�E 8�T�=�:F7 BREGCD8

%!, % < E��U:F=GBRE���7 B�;>=5�  FE�:-;NQR;>8�BRE 7+� =G; C�8D;NQ BRLFE�� �R7��$;D <C���79E 8H,



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � �	�

��� ��� �	� � �	� ?	���FQRC ;<E���7 BREGCD8�C�
D�$;� FE 79= KN:<Q
8D;��9L\E 8 � = 79K*(�NK����K CD8FKN7 B�;>8F7 BREGCD8 C�
1K CD8�BRE5$D:<CD:��
�%C9QRCD8<CDE K ;>= =���, � E58D;>8�BRL<;R��CD= :<BREGCD8K
 C9Q BRL<;��%C9QRCD8<CDE%�FQRC�� =G;�� E 8 ���+@DBRL<; K CD8���B�Q :FKO�
BREGCD8�C�
&�$;� FE 79=H�R:<Q

\79K ;�� E��U798F79=GC�$9CD:���,

 L<;>8<;�8D;NQ ��;�8D;NQ 79=%B�Q E 798%$D:F= 7 Q6� 7 BRK/L<;���;�;�;NQRB17�K C��;� E 8<;� 9 <;�
 C9Q*��7 BREGCD8H@ �4QR;���B�Q E K B
� BRL<;
QR;�$DEGCD8(79K BR:F79= =5� 7�:-;>K B�;� ����;>79K/L(C�
JBRL<;�������Q :F= E 8%$
CD:<B�E 8�B�;NQ*��;>K BREGCD8�� 7��$CD8%$���B; FE�:-;NQR;>8�B
C
L
S
"�N*,  EGBRL�BRL<; ��CD=5�!$9CD8F79=%�$;��RLK$D:F7 Q 798�B�;N;� �8<C9B%B�C!E 8�B�;NQ*��;>K B

E
L
S
N*@4"J; ��BRE = =�LF7C8D;JB�C<8D;NQ E5
M�

" L<;NBRL<;NQ$BRL<;) <;�
 C9Q*��7 BREGCD8�E��$K CD8�BRE 8�:<CD:���79K QRC��
�$BRL<;)��CD:F8� F7 Q EG;��K�RLF7 QR;� ��;NBE"J;N;>8 QR;�$DEGCD8��
K C9QRQR;�����CD8� FE 8%$�B�C�7� ��R79K ;>8�B S�I;NM>EG;NQ � Q E 798%$D=G;���,%?��
�R:���E 8%$�7$:F8FE5
 C9Q*��=5�#8 7 Q
��E 8%$$8<C9Q*��79=�C�8D;NQ
S
@UBRLFE��#8D;NQ E�A�KN7 BREGCD8 ��;>K C��$;���;�=�:FE58 79=G;>8�B$B�C 7��
��;��
�RE 8%$(K CD8�BRE 8�:FEGBE� 
 C9Q�BRL<C���;7��CDE 8�B
�#��;>E 8%$
�FQRC���;>K B�;� �CD8�B�C���CD:F8� F7 Q EG;��B��;NBE"J;N;>8 7� ��R79K ;>8�B � 7 BRK/L<;���,

H�E 8FK ; BRL<;���;J��CD:F8� F7 Q EG;���7 QR;�BRL<;�����;>=58D;���E���7+$9;��$C�
 BRL<;J��CD:F8� F7 Q
�4C�
ABRL<;>EGQ�QR;�����;>K BRE58D;
� 7 Q 7��$;NB�Q E K) <C���79E 8���@�"J; 8<;N;� 74K C����$CD8 � 7 Q 7��$;NB�;NQ E��R7 BREGCD8�C�
�BRL<;�E 8FKNE� <;>8�B;� 7 BRK/L<;���B�C
��BR:� %� BRL<;  <;�$9QR;N;JC�
�K CD8�BRE 8�:FEGBE��
 C9Q%BRL<;JK C��#��CD8<;>8�B
�#C�
�T�=�:F7 BREGCD8 %!, % < , T.8%
 C9Q KNE 8%$	$9;NC��$;NB�Q E K
K CD8�BRE 8�:FEGBE�!C�
Q <;�$9QR;N; � L � � N3�$;>798�� BRLF7 BJ7� ��R79K ;>8�B3� 7 BRK/L<;�� KN798 ��; QR;�� 7 Q 7��$;NB�;NQ E���;� ��C1BRLF7 B
BRL<;
QR;��R:F=GBRE 8%$ ;�;��FQR;��
�REGCD8�E�� � � K CD8�BRE 8�:<CD:��GL ��;N; � S CZ; ?#?!� 798� � Q#;NB " $ � N*, � LFE�� "JCD:F=� �79=���C
=G;>7� �B�C�7 � � � �  <;-A�8FEGBREGCD8 C�
 BRL<;18<C9Q*��79=/8D;>K B�C9QRA ;>=� H@<E��#� =5��E 8%$!BRLF7 B ��E��R FE�:-;NC��$C9Q
� LFE K C�
KN= 7��
� � � � � C�8D;NQUBRL<;1K C��;� E 8<;� I <C���79E 8
K C9QRQR;�����CD8� FE 8%$�B�C�BRL<;!E 8FKNE� <;>8�B�� 7 BRK/L<;���,3�<CD= =GC�" E 8%$E� <;>8�BRE KN79= QR;>7���CD8FE 8%$ B�C(BRLF7 B�:���;� F
 C9Q 72�RE 8%$D=G;I� 7 BRK/LH@ "J; KN798FA�8F79= =5�(7��RK ;NQRBR79E 8 BRLF7 B�BRL<;
" L<CD=G;< <;�
 C9Q*��7 BREGCD8 7 B�BR79E 8��UBRLFE�� �R7��$;D <;�$9QR;N; C�
%K CD8�BRE 8�:FEGBE��,

H�:�����7 Q EGM>E 8%$%@Q
 C9Q�7�K CD8�B�QRCD=��R:<Q

\79K ; " L<;NQR; 7� ��R79K ;>8�B S�I;NM>EG;NQ � Q E 798%$D=G;��D�$;N;NBK" EGBRL � �
K CD8�BRE 8�:FEGBE��@dBRL<;I <;�
 C9Q*��7 BREGCD8(E 8� F:FK ;� 4C�8D;NQ

M
�

C
L
S
N<" E = =?��;
7 B�=G;>7���B � � � � K CD8�BRE 8�:<CD:���@�FQRC�8�E� <;� �BRLF7 B

M
�

E
L
S
N ��� , � LFE���" E = =  <;NB�;NQ*��E 8<; BRL<;7"U7C� S�I;NM>EG;NQ
K CD8�B�QRCD=A8<;NB
� " E = =

��;�K CD8���B�Q :FK B�;� C�8D;NQ!79847 QRQ 798%$9;��$;>8�B�C�
 B�Q E 798%$D:F= 7 Q�� 7 BRK/L<;��<" L<C���;�B�C���CD=GC�$�� E����D;NB B�CJ��;
 <;-A�8<;� H, � L<;<�FQRC�K ;� F:<QR;<
 CD= =GC�"J;� 
 C9Q BRLFE��  <;-A�8FEGBREGCD8
E��  <;��RK Q E5��;� �E 8
BRL<;!8<;�;�BR��;>K BREGCD8H,

� � � ��� �/����)�������" �
#(��� ��
�,���� �
� & � �
�����=���9#%� ��� � & �0� � ������#(��)

�<C9Q�77$DE58D;>8 ��;NB�C�
���7 Q
(D;NQ*�;��CDE 8�B
�1CD8
M
@ 7�B�Q E 798%$D:F= 7 BREGCD8�LF7���B�C9��;I
 CD:F8� ��C BRLF7 B�BRL<;

QR;��R:F=GBRE 8%$K��CD=5��L<;� <QRCD8J��;���B 7+���FQRC ;<E���7 B�;��UBRLFE�� ��CD=5�!$9CD8F79=Q�$;��RLH@�" LFE =G;6�FQR;���;NQ
8�E 8%$$BRL<;1K CD8��
8<;>K BRE58�EGBE�
E��#� = E KNEGBJE 8 EGB�,DT.79K/L C�
%BRL<;1B�Q E 798%$D=G;�� " E = =-BRL<;>8 ��;NQ
8D;17��	� 7 Q 7��$;NB�Q E K  <C���79E 8�� 
 C9Q
BRL<;1K C9QRQR;�����CD8� FE 8%$�� "<� 7 BRK/L<;�� BRLF7 B	��7+(D;1:%��BRL<;1K CD8�B�QRCD='�R:<Q

\79K ;

S
, 9 8�BRL<;1KN7���;1C�
VQ.= 798F7 Q



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

��� ��� �	� �	

� Q%7 BRK/L B�C���CD=GC�$���C�
PBRL<;AK CD8�B�QRCD=P�R:<Q

\79K ;6 <;NQ E58D;� �
 QRC�� �%C9QRCD8<CDE�B�;NB�Q 79L<;� <Q 79= EGM>7 BREGCD8
C�
%BRL<;;��7 Q
(D;NQ	��CDE 8�B
�;L\E 8J� = 79K*(�N*, WAC���79E 8��	��� 798F8FE 8%$#��C9BRL ��CDE 8�B
�UCD8 BRL<;1BRE5� C�

BRL<;�8<C���;�798� K/LFE 8�;�8�E� <;>8FKNE 7 B�; BRLF7 B BRL<; QR;��R:F=GB.C�
@BRLFE��B�$;NBRL<C! 
E��.8<C9BJ8<;>K ;��
�R7 Q E =5�
K C��#� 7 BRE5� =G;<" EGBRL BRL<;1K CD8F8<;>K BRE58�EGBE��C�
 BRL<;D��(�E 8I�R:<Q

\79K ;�,

S CD8<;���@ BRLFE��6�FQRC�� =G;�� "U7��<$DE58D;>847)��798�:F79=?��CD= :<BREGCD8H@'�$C���BR=5�7��;>KN79:���;�BRL<; ��7C��C9Q EGBE��C�
JBRL<;
"JC9Q
( KN7 QRQ EG;� CD:<BD" EGBRL4BRLFE�� ������B�;�� :���;��!BRL<;�QR;>= 7 BRE58D;>=5��K CD7 Q*��;
6CQ T � � 8 ��7 Q
(D;NQ;��;NBIL ��;N;
�#E5$D:<QR;I$!, $�N*, ( C�"J;�8D;NQ�@ E 8�CD:<Q�8<;�"  <;�
 C9Q*��7 BREGCD8 7+���FQRCD79K/LH@.EGB$E��K��;>8��RE5� =G;�B�C479E�� 
 C9Q�798
79:<B�C���7 BRE KK�$;NBRL<C! >�RE 8FK ;1BRL<;$7+���FQRC ;<E���7 BRE 8%$�8F7 BR:<QR;�C�
.BRL<;�K CD8�B�QRCD=&�R:<Q

\79K ;;� = 7C���A7I��:FK/L
�$C9QR;�E��#��C9QRBR798�B QRCD=G;�,%?A=���C%@�BRL<;6 <;>8��REGBE��C�
 ��7 Q
(D;NQ*� :���;� G��7C����;<��:FK/L�LFE5$DL<;NQJE 8�C9Q* <;NQJB�C
�FQRC�8�E� <;6�$C9QR;179KNKN:<Q 7 B�;1798FE���7 BREGCD8H,

? $9;>8<;NQ 79='��CD= :<BREGCD8
B�C�BRL<; B�Q E 798%$D:F= 7 BREGCD8 C�
#798!�
:F8���B�Q :FK BR:<QR;� ��CDE 8�BUKN=GCD:� �E 8 ��� K CD:F=� 
��;�
 CD:F8� ���$7+��� =5��E 8%$ �%C9QRCD8<CDE�B�;NB�Q 79L<;� <Q 79= EGM>7 BREGCD8 � S C�" ?�! @  7 B ?�! � 798� BRL<;>8G��;>=G;>K BRE 8%$�BRL<;

\79K ;NB
�	" LFE K/LI
 C9Q*� BRL<;!;�;�B�;NQ EGC9Q L�:F= =�C�
#BRL<;!QR;��R:F=GBRE 8%$K��CD=5��L<;� <QRCD8H, ( C�"J;�8D;NQ�@F7��	�#E5$D:<QR; %!, $
E = = :���B�Q 7 B�;���@DBRLFE���"JCD:F=� �CD8F=5�#�FQRC! F:FK ; BRL<;6��CD:F8� F7 Q
��C�
PBRL<; K CD8!8D;�;�L�:F= =<C�
PBRL<;�KN=GCD:� H@!" LFE K/L
E�� 8<C9B!8<;>K ;��
�R7 Q E =5� K CD8��RE���B�;>8�B6" EGBRL BRL<;�K CD8F8<;>K BRE58�EGBE� C�


M
, H!��;>KNE5
M��E 8%$ K CD8���B�Q 79E 8�B
� E 8 BRL<;

B�;NB�Q 79L<;� <Q 79= EGM>7 BREGCD82"JCD:F=� 48<C9BD��;
798!� =G;��
��= 7+��C9Q EGCD:�� BRLF798 $DE58�E 8%$ BRL<;�B�C���CD=GC�$�� ��� LF798� H@
BRL�:�� BRLFE�� " L<CD=G;J7+���FQRCD79K/LK <CZ;�� 8<C9B#QR;��R:F=GB#E 8�798!� �FQ 79K BRE KN79=<79:<B�C���7 BREGCD8H,?�<C9QRBR:F8F7 B�;>=5��@DBRL<;NQR;
7 QR;�� 7 QRBRE KN:F= 7 Q6�FQRC���;NQRBREG;���C�
 BRL<;�K CD8�B�;�;�B<"J;�7 QR;�;�;�� =GC9Q E 8%$ BRLF7 B179= =GC�" 7 =G;��
�6$9;>8<;NQ E K$798� 
�$C9QR; ;-:-;>K BRE58D;D��CD= :<BREGCD8H,
9 8�BRL<;G� 7 QRBRE KN:F= 7 Q�KN7���;
C�
A7 L�:���7982
\79K ;�@ K-��= E 8� <Q E KN79=%C9Q�;>= = E5� ��CDE� F79=?�FQRC���;>K BREGCD8��1C�


MCD8�B�C � cG$9;>8<;NQ 79= =5�(KN7 QRQ
��= EGB�BR=G; C9Q�8<C2�$;NB�Q E KG FE���B�C9QRBREGCD8 79=GCD8%$>�$C���B$C�
ABRL<;J��(�E 8 �R:<Q

\79K ;�,
� LFE�� �$;>798�� BRLF7 BUBRL<;!B�Q E 798%$D:F= 7 BREGCD8G�FQRC�� =G;�� KN798)��;D��CD=58D;� I���G�RE��#� =5��7+��� =5��E 8%$ WA;>= 79:F8F7C�
B�Q E 798%$D:F= 7 BREGCD8�CD8 BRL<; T.:FKN= E� <;>7987� = 798<;�,  L<;>8<;�8D;NQ �R:FEGBR7+� =G;;�FQRC���;>K BREGCD8�� KN798F8<C9B ��;#
 CD:F8� 
L ;�, $%,?" L<;>8K <;>79= E 8%$�" EGBRL�KN7 QRB�CZCD8�C9Q 798FE���79=!
\79K ;��ON*@�76��;>8��RE5� =G; 79=GB�;NQ 8F7 BRE58D;JE��#B�C!:���;UEGB�;NQ 7 BRE58D;
QR;>= 7�;<7 BREGCD8�7+���FQRCD79K/L<;���@?�R:FK/L�7���BRL<; CD8<;I <;��$CD8���B�Q 7 B�;� ��� ��E 79:� (798� �.79LFE 7�E 8 � � � @ $ � ,
?� � FEGBREGCD8F79= =5��@ B�C(;>8%
 C9Q K ;7�������$;NB�Q
� E 8�BRL<;7 <;�
 C9Q*��7 BREGCD8H@B"J; ��7C��K/L<CZC���; B�C ��EGQRQRC9Q�BRL<;
B�Q E 798%$D:F= 7 BREGCD8D�FQRC! F:FK ;� ;
 C9Q%BRL<;R��7 Q
(D;NQ*� CD8�CD8<;ULF79=5
 C�
 BRL<; 
\79K ; C�8D;NQ#BRL<;JC9BRL<;NQ�, 9 8K�FQ 79K BRE K ;
BRLFE��AE�� CD8F=5� 8<;>K ;��
�R7 Q
� E 87����;>KNE�A�K1QR;�$DEGCD8����R:FK/L�7���BRL<;�8<C���;�798� �;��D;��FQRC�" 7 Q K/LH@P" L<;NQR;�BRL<;
�$;NB�Q E K E�� �$C���BR=5�I FE���B�C9QRB�;� I����BRL<;<�FQRC���;>K BREGCD8H,
9 8 C9Q* <;NQJB�C#��E���E KUBRL<; K CD8F8<;>K BRE58�EGBE�$C�


M
@�"J;6�RL<CD:F=� ���; 7+� =G;AB�C#����;>KNE5
M����CD:F8� F7 Q EG;�����C

BRLF7 B C���;>8FE 8%$�� E 8
BRL<;D�$;��RL KN798)��;!QR;��FQR;���;>8�B�;� �CD8�BRL<;1K CD8�B�QRCD='�R:<Q

\79K ;GL\798� K CD8���;�=�:<;>8�BR=5�



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

a b

��� ��� �	� �
�	� 74N WA;>= 79:F8F7C�
B�Q E 798%$D:F= 7 BREGCD8
C�
%BRL<;D�FQRC���;>K B�;� 7��7 Q
(D;NQ*��@ LFE5$DLF= E5$DL�BRE 8%$1BRL<;D8D;NQRBRE K ;��
E 8���;NQRB�;� 7" LFE =G;!;>8%
 C9Q KNE 8%$
K CD:F8�B�CD:<Q*�#L �$CD:<BRL 798� �;��D;�C���;>8FE 8%$���@@79=GCD8%$I" EGBRL�BRL<;
K CD8�B�QRCD=���7���(;��CD:F8� F7 Q
��N*, �/N � ;��R:F=GBRE 8%$ K CD8�B�QRCD=��R:<Q

\79K ; " EGBRL�BRL<;R�R7��$; B�C���CD=GC�$���@
C�8D;NQ = 7C�D;� CD8�B�C�BRL<; �$C! <;>=H" L<C���;  <;�
 C9Q*��7 BREGCD8 EGB  <Q E58D;���,

QR;�$D7 Q* <;� �7��& FE��RK CD8�BRE 8�:FEGBREG;��P��� BRL<;  <;�
 C9Q*��7 BREGCD8PN*, � LFE��dE��  <CD8<;B���  <;-A�8FE 8%$ KN=GC���;� D��CD=5��= E 8<;��
K CD8F8<;>K BRE 8%$$BRL<;D��7 Q
(D;NQ*�JBRLF7 B = EG;�CD8�BRL<;!K C9QRQR;�����CD8� FE 8%$K��CD:F8� F7 Q
�� �BRL<;!QR;��R:F=GBRE 8%$K��;�$��$;>8�B
�
7 QR;>�FQR;���;NQ
8D;� E 8 BRL<; B�Q E 798%$D:F= 7 BREGCD8 ��� �$;>798���C�
D
 C9Q K ;� E 8���;NQRBREGCD8 C�
K��E� %��CDE 8�B
��E 8 BRL<;
WA;>= 79:F8F7C�#�$;��RLH@�7��B <;��RK Q E5��;� �E 8 � Od7C" Z#ZC� � , � L<;>8�BRL<; C9Q EG;>8�BR7 BREGCD8$C�
H��CD:F8� F7 Q EG;�� E��.:���;� �B�C
QR;��$C�8D; BRL<;!B�Q E 798%$D=G;��JBRLF7 B = EG; E 8��RE� <;ABRL<;!C���;>8FE 8%$���@<BRL<QRCD:%$DL�7 �RE��#� =G;��FQRC�� 7+$D7 BREGCD8)�RK/L<;��$;
CD8�BRL<; $9Q 7+� LJ <;-A�8<;� I��� 
\79K ;NBA7� ��R79K ;>8FK-��,
( C�"J;�8D;NQ�@-BRL<;�7� � FEGBREGCD8 C�
 8<;�"���CDE 8�B
� B�C
BRL<;#��;NB�C�
���7 Q
(D;NQ*��@-7��6� 7 QRBAC�
.BRL<;K��;�$��$;>8�B �

�FQR;���;NQ
8�E 8%$!B�Q E 798%$D:F= 7 BREGCD8��FQRC�K ;��
��@%�FQ E 8%$��.:%� BRL<;�E��
�R:<; C�
 L<C�" B�CK�FQRC�8�E� <; K CD8�B�QRCD=-E 8%� :<B3
 C9Q
BRL<;���BRL<QRCD:%$DL<CD:<B�BRL<;J <;�
 C9Q*��7 BREGCD8 �FQRC�K ;��
��@ K CD8��RE���B�;>8�BR=5�>" EGBRL�BRL<;
QR;���B�C�
	��CDE 8�B
�;" L<C���;
 FE���� = 79K ;��$;>8�B
�#" E = = ��; (�8<C�" 8H, � :<QG��CD= :<BREGCD8 E���B�C � 7 Q 7��$;NB�;NQ E���; BRL<;�� C�8D;NQ�BRL<;CS�I;NM>EG;NQ
KN:<Q
8D;�K C9QRQR;�����CD8� FE 8%$!B�C�BRL<;< <C���79E 8�;� %$9;�BRLF7 BUE��B��� = EGB3����BRL<;>EGQJE 8���;NQRBREGCD8H@Z798� I <;NQ E58D; BRL<;>EGQ
=GC�KN7 BREGCD8 ���47 B�C��%�. <C�" 8(;�8 79= :F7 BREGCD8�C�
 BRL<;
LFEG;NQ 7 Q K/L!��C�
 ;� %$9;I� 7 QRBREGBREGCD8���@#K C��#� :<BRE 8%$ BRL<;
��E� %��CDE 8�B%C�
PBRL<;AKN:<Q
8D;AK C9QRQR;�����CD8� FE 8%$!B�C�;>79K/LI��;�$��$;>8�B�, � LFE�� E�����C��
�RE5� =G;	�RE 8FK ; ;� %$9; KN:<Q
8D;��
7 QR;1K CD8���B�Q :FK B�;� J�FQ EGC9QJB�C�BRL<; � 7 BRK/L<;��UBRL<;�����;>=58D;���@<7��R FE��RKN:��
��;� 
E 8
BRL<;18<;�;�BR��;>K BREGCD8H,

� � � �	� �/��� �
# �
#%����#(��� ���7��
�, " ���!��� � & )8�	� � ��" ,

H�;>K BREGCD8 %!, < , $1QR;>= 7 B�;� �BRL<;6 <;�$9QR;N; C�
dK CD8�BRE 8�:FEGBE�!C�
 T�=�:F7 BREGCD8F%!, % < B�C�BRL<;	$9;NC��$;NB�Q E KAK CD8�BRE 8�:��
EGBE��CD8�BRL<;AK CD8�B�QRCD= �R:<Q

\79K ; EGB
��;>=5
E, 9 8�
\79K B�@!"J;AKN798 7��
��;NQRB �



K CD8�BRE 8�:FEGBE� ���$K CD8� FEGBREGCD8FE 8%$�BRL<;

K CD8�B�QRCD=<8<;NBE"JC9Q
(��#C�
P� 7 BRK/L<;�� 7��
��;��;� =G;� �79KNK C9Q* FE 8%$ B�C!BRL<;UB�C���CD=GC�$��K�FQR;��RK Q E5��;� �E 8�BRL<; �FQR;�8�E��
CD:��3��;>K BREGCD8H, � L<;���; K CD8� FEGBREGCD8FE 8%$	�FQRC�K ;� F:<QR;�� 7 QR; 7 QR;>KN:<QRQR;>8�B B�C�� E KUE 8�H�:<Q

\79K ;R�F79EGQ E 8%$%@D798� H@
E 87$9;>8<;NQ 79= @PE 821 C��#� :<B�;NQ��_?AE� <;� CWA;��RE5$D8H, Q#;NB�;NQ*� � Q#;NB @ " � �FQRC�8�E� <;���798 ;�;�B�;>8��RE58D;�KN= 7��
�RE�A�KN7��
BREGCD8�C�
Q�$;NBRL<C! �� ��CD=58�E 8%$!BRLFE����FQRC�� =G;�� 
 C9Q BRL<;�� 7 QRBRE KN:F= 7 Q KN7���; K CD8FK ;NQ 8FE 8%$ S 9 W!H��!� EG;>K ;�" E���;
�R:<Q

\79K ;�� K C��#��C���;� C�
 B�Q E 798%$D:F= 7 Q S�I;NM>EG;NQ	� 7 BRK/L<;���,  ;D" E = =�8<C�"  <;��RK Q E5��; BRL<C���;!QR;>=G;�8 798�BUB�C
BRL<;�KN:<QRQR;>8�B�E��#� =G;��$;>8�BR7 BREGCD84C�
ABRLFE��; <;�
 C9Q*��7 BREGCD8 B�;>K/LF8FE�=�:<;�@%;>8%
 C9Q KNE 8%$ E 8 � 7 QRBRE KN:F= 7 Q�� �
K CD8�BRE 8�:FEGBE��,



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

210 120 030

201 111 021

102 012

003

300 210

201 111

102

003

300

012

111

210

��� ��� �	� � �	� 9 8� <;�;<7 BREGCD8I
 C9Q BRL<;  #"�S�I;NM>EG;NQ	��CDE 8�B
�JC�
#7�KN:%� E K�� 7 BRK/L 8<;NBE"JC9Q
(P,

� L<;�A Q*��B�7�����;>K B�B�C>��CD=58D; E�� A�8� FE 8%$�BRL<;I��E 8FE���:�� � 7 BRK/L  <;�$9QR;N; BRLF7 BK��7C�(79= =GC�" 
 C9Q
�R:FK/L�71K CD8� FEGBREGCD8FE 8%$%, � 7+(�E 8%$!BRL<; � [ ��CD:F8� F7 Q
��7��.QR;�
 ;NQR;>8�B	LM" EGBRL S�I;NM>EG;NQB��CDE 8�B
� = 7+��;>= =G;� $7��
E 87�#E5$D:<QR; %!, $ 8 N*@'"J;�KN7989 <;��$CD8���B�Q 7 B�;K" EGBRL<CD:<BA=GC��
� C�
3$9;>8<;NQ 79= EGBE��BRLF7 B KN:%� E KD <;�$9QR;N;$79=GCD8<;
E���8<C9B#�R:
� KNEG;>8�B�, ?AKNK C9Q* FE 8%$�B�C � �F7 Q @#< � @?8D;NQRB�;�; K CD8� FEGBREGCD8FE 8%$ QR;�=�:FEGQR;��1K C�� = 798F7 Q EGBE� C�
A79= =
S�I;NM>EG;NQK��CDE 8�B
��E 8FKNE� <;>8�B!B�C BRL<;I�R7��$;J��7 Q
(D;NQ�@%798� �RE 8FK ; "J;
KN798F8<C9B�7��
�R:��$; QR;�$D:F= 7 Q EGBE� C�

BRL<;$B�C���CD=GC�$���@dBRL<;���;$BR798%$9;>8�B6� = 798<;�� LF7C8D;�B�C)��;K�FQR;� <;-A�8<;� H, � LFE��A:F=GBRE���7 B�;>=5� QR;� F:FK ;���BRL<;
 <;�$9QR;N;��dC�
�
 QR;N;� <C�� C�
0S�I;NM>EG;NQ ��CDE 8�B
� ��� c ��� � ��� c � � � � c � � � � c � � ����� c � ����� c 	 � ��� B�C BE"JC E 8���B�;>7� C�
 BRL<QR;N;�,.?A=���C%@<BRL<; ;�=�:F7 BREGCD8�� ��EG;>=� <;� G��� ��CD:F8� F7 Q
� K CD8� FEGBREGCD8��UE 8!8DCD=58D; BRL<;���; 8D;NQRBRE K ;��
�

L
R

l1

l0

l2

r0

r1

r2q0

q1

q2

q3

L 5 ��� � � L ! � 5 �CN � �CN � L 7 � 
 � � L ! � 7 �CN 
 �-N � "! a % L*L 5 � � � � L ! � 5 �-N � ��N � L 7 ��
 � � L ! � 7 �-N 
 �-N�N��$ a % L*L 5 � � � � L ! � 5 �CN � �ON � L 7 � 
 � � L ! � 7 �CN 
 c N�N � "$ a % L*L 5 � � � � L ! � 5 �-N � �ON � L 7 ��
 � � L ! � 7 �-N 
 c N�N� ! a % L*L 5 � � c � L ! � 5 �CN � c N � L 7 � 
 c � L ! � 7 �CN 
 � N�N � "L 5 � � c � L ! � 5 �-N � c N � L 7 � 
 c � L ! � 7 �-N 
 � N � " L %!, % @ N
H�E 8FK ;

S
KN798#��; 7 KN=GC���;� $C�.��798FE5
 CD=� H@98<C!7��
�R:��#�FBREGCD8��#KN798���;R��7� <;UQR;�$D7 Q* FE 8%$6��CD:F8� F7 Q
�

B�C���CD=GC�$�� L\7+� 7 QRBK
 QRC�� " C9Q ! 8<;>E5$DL!��CD:<Q*�ON*, S ;>7 Q E 8%$�BRLFE���E 8 ��E 8� H@#BRL<;�= E 8<;>7 QK������B�;�� E 8
T�=�:F7 BREGCD8�%!, % @ �FQR;���;>8�B
� ! $
;�=�:F7 BREGCD8��<" EGBRL $ ? :F8%(�8<C�" 8���@�QR;� F:FK ;� B�CC$#$I��� BRL<;$BR798%$9;>8�B
� = 798<; K CD8� FEGBREGCD8�� 7 B.BRL<;���7 Q
(D;NQ*��, � L<;NQR;�
 C9QR;�@ZCD8�7D��;NQ��+;� %$9;	� 7��RE���@�K CD8�BRE 8�:FEGBE�1K CD8� FEGBREGCD8FE 8%$
E�� :F8� <;NQ K CD8���B�Q 79E 8<;� 798� H@ 7+
 B�;NQ�7+��� =5��E 8%$47� � FEGBREGCD8F79=	��B�Q 7 B�;�$DEG;��>L ;�, $%, E 8�B�QRC! F:FKNE 8%$ �$C9QR;
K CD8���B�Q 79E 8�B
�ON*@'��CD=58 7+� =G;�, ( C�"J;�8D;NQ�@PBRL<;$;�=�:F7 BREGCD8��<
 C9Q!;>79K/L C�
 BRL<;�BRL<QR;N;$;� %$9;��!79=���C E 8!8DCD=58D;



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

S�I;NM>EG;NQ ��CDE 8�B
�PCD81BRL<;.C���C��REGB�; ;� %$9;�� L ��;N; �#E5$D:<QR; %!, $#%!@DC9Q 798%$9;B�RLF7� FE 8%$!N*, � 7+(�E 8%$ E 8�B�C 79KNK CD:F8�B
BRL<;���:F=GBRE5� = E KNEGBE��C�
 ;>79K/L C�
 BRL<;�:F8%(�8<C�" 8��AE 8�BRL<;$BRL<QR;N;�K CD8FKN:<QRQR;>8�B6������B�;�����@PBRL<;�8�:��;��;NQ
C�
�E 8� <;���;>8� <;>8�B 8 7 Q E 7+� =G;��G��;NQ�;� %$9;2 <QRC�� � B�C !�" , � LFE��I��7+(D;��
BRL<;>" L<CD=G; K CD8���B�Q :FK BREGCD8
C�8D;NQ K CD8���B�Q 79E 8<;� H@<798� �E 8
BRL<; $9;>8<;NQ 79=PKN7���;�@ E 8FK C��#� 7 BRE5� =G;�,

� L<;$;�;<E���BRE 8%$�= EGB�;NQ 7 BR:<QR;K�FQR;���;>8�B
��BE"JC 79=GB�;NQ 8F7 BRE58D;���B�C BRLFE��6�FQRC�� =G;�� ��;>EGBRL<;NQ!E 8FK QR;>7��RE 8%$
BRL<;7 <;�$9QR;N;7��� � =G;>8� FE 8%$ BRL<QR;N;7 FE�:-;NQR;>8�B#� 7 BRK/L<;�� K CD8� FEGBREGCD8<;� E 8� <;���;>8� <;>8�BR=5�(79=GCD8%$(;>79K/L
;� %$9;�@FC9Q 7� � FE 8%$�7� � FEGBREGCD8F79=P <;�$9QR;N;�� C�
 
 QR;N;� <C�� E 8
BRL<;6
 C9Q*� C�
#8<;�" 8D;NQRBRE K ;�� ��� = EGB�BRE 8%$1;>79K/L
C�
ABRL<;J� 7 BRK/L<;��
�? <C���79E 8���, 9 8 BRL<; E��#� =G;��$;>8�BR7 BREGCD8(C�
 S 9 W!HP@#BRL<;)��� = EGB�BRE 8%$�79=GB�;NQ 8F7 BRE58D;�E��
�$C9QR;!K CD8!8D;>8FEG;>8�B�@�
 C9Q BE"JC#��79E 8�QR;>7���CD8��
�

� BRL<;<��BR7+� E = EGBE�$C�
dBRL<; 8�:��$;NQ E KN79= �$;NBRL<C! ��  <;�8D;>=GC���;� 
79=GCD8%$��RE� <;ABRLFE��B <;�
 C9Q*��7 BREGCD8 B�;>K/L��8FE�=�:<;6��;>8<;-A B
� 
 QRC�� 7$=GC�"J;NQ ��CD=5��8<C���E 79=/ <;�$9QR;N;�@ 798� 
� " L<;>8�B�QR;>7 BRE 8%$ LF7 Q* %"U7 QR; 79KNK ;>=G;NQ 7 BREGCD8 L ��;N;	1JLF7+�FB�;NQ > N*@4�$;��$C9Q
�1QR;���CD:<Q K ;��RL QR;�$DE���B�;NQ*�ON7 QR;�C�8D;NQ 7+� :F8� F798�B�@#79= =GC�" E 8%$ 
 C9Q�BRL<;
QR;��R:F=GBRE 8%$7��E K QRC+�0� 7 BRK/L<;���B�C>��;
B�QR;>7 B�;� 7 B$BRL<;
�R7��$; BRE��$;<" EGBRL<CD:<B �RE5$D8FE�A�KN798�BJK C���B
��@�" LFE =G;AE��#�FQRC�8�E 8%$D��;NQ

 C9Q*��798FK ;<" EGBRL QR;�����;>K B B�C
LFE5$DL<;NQR <;�$9QR;N;1K C��#� :<BR7 BREGCD8���,

9 8#� 7 QRBRE KN:F= 7 Q�@ BRL<; � 7 QRBREGBREGCD8FE 8%$��$;NBRL<C! �7� <C��FB�;� #��� S 9 W!H�E��#BRL<; KN= 7��
�RE KR1J=GCD:%$DL�� � C�K/L<;NQ
�RK/L<;��$;�� 1 � >#<�� @4" LFE K/LK�FQRC! F:FK ;�� BRL<QR;N;���E K QRC+�0� 7 BRK/L<;��?���#��� = EGB�BRE 8%$�;>79K/L�B�Q E 798%$D:F= 7 Q� <C���79E 8
7 B BRL<;#� 7 Q
��K ;>8�B�QR;�, � LFE��AQR;��R:F=GB
��E 8 798<C9BRL<;NQ!E 8���BR798FK ;�C�
 BRL<;K�FQRC�� =G;�� 
 C9Q<" LFE K/L ��C9BRL BRL<;
��C��REGBREGCD8�798� 
BR798%$9;>8�B � = 798<;�C�
 BRL<;!8<;�" =5��7� � <;� I8D;NQRB�;�;�7 QR;1:F8� <;NB�;NQ*��E 8<;� H@�=G;�8D;NQ 7+$DE 8%$�BRL<;
� 79= 798FK ;I��;NBE"J;N;>8 K CD8���B�Q 79E 8�B
��798� :F8%(�8<C�" 8��1E 8�BRL<;
;�=�:F7 BREGCD8��;
 C9Q�BRL<;J��79K QRC+�0� 7 BRK/LH, 9 8
C9Q* <;NQUB�C�LF798� F=G;�BRLFE��B� 7 QRBREGBREGCD8FE 8%$%@�B�C�$9;NBRL<;NQ	" EGBRL�K CD8�BRE 8�:FEGBE�$K CD8� FEGBREGCD8FE 8%$�7��$CD8%$���B 8<;>E5$DL��
��CD:<Q E 8%$#��79K QRC+�0� 7 BRK/L<;���@�"J;<" E = = ��;17� <C��FBUBRL<;<
 CD= =GC�" E 8%$�8<C9BR7 BREGCD8 �

q0 q1

n
2

q2

n
1

n
0

q01

n
12

n
20

1

2q20 q12

0
n

01

b
0

B

b
0

C

b
0

A

b
2

A

b
1

A

b
1

B

b
2

C

b
1

C

b
2

B

b
1

E

b
2

E

b
0

E

b
1

F

b
1

D

b
0

F

b
0

D

b
2

F

b
2

D

b
O

��� ��� �	� � ��� Od7+��;>= = E 8%$�C�
 ;>=G;��$;>8�B
� E 8!8DCD=58D;� �E 8
BRL<;K1J=GCD:%$DL�� � C�K/L<;NQ � 7 QRBREGBREGCD8FE 8%$K�RK/L<;��$;�,
� L<;�E 8�B�QRC! F:FK BREGCD8 C�
U8<;�"  <;�$9QR;N;��!C�
 
 QR;N;� <C�� 79= =GC�"	�6
 C9Q!BRL<;���CD:F8� F7 Q
� KN:<Q
8D;�� C�
JBRL<;

��79K QRC+�0� 7 BRK/L
B�C#��;<����;>KNE�A ;� G�FQ EGC9Q B�C$BRL<; K CD8���B�Q :FK BREGCD8 C�
dBRL<;�QR;���BJC�
dBRL<; 8<;NBE"JC9Q
(P, � LFE�� E��
7�QR;�=�:FEGQR;��$;>8�BdC�
�BRL<; �FQRC�K ;� F:<QR;��#CD:<BR= E 8<;� �E 8�H�;>K BREGCD8 %!, < , %!@�E 8�C9Q* <;NQ%B�C!;>8F7+� =G;U76��CD:F8� F7 Q
�4�
�FQR;���;NQ
8�E 8%$1B�Q E 798%$D:F= 7 BREGCD8�BRLF7 BUQR;��FQRC! F:FK ;�� 
\79KNE 79=/ FE��RK CD8�BRE 8�:FEGBREG;���, � L<; E 8�B�;NQ*�$;� FE 7 B�; S�I;NM>EG;NQ
��CDE 8�B
�JC�
 ;>79K/L C�
 BRL<;���;1KN:%� E K�KN:<Q
8D;��U7 QR;1K C��#� :<B�;� 7��UBRL<;!QR;��R:F=GB C�
VT�=�:F7 BREGCD8I%!, 85" ,



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

ni

nij

nj

nki

nk

qj

qk

bki

B

bij

A

qi

� � ��� � � � ��� � !
% ) $ 
 � � 
 � � L�
 � � 
 � N � _ �_ � � � � _ � _ � ��� 2 L %!, 85" N

" L<;NQR; BRL<; $



 C9Q* <;NQ E 8�B�;NQ
��CD= 7 B�;� 
8<C9Q*��79=�� _ � � � 798� _ � � � 7 QR; $DE58D;>8I�����

_ � ��� � _ � ��� � � c� ) !% 2 _ � �
� c� ) !% 2 _ � � �
� cc ) !% 2 _ �

" EGBRL � "+ ��BR798� FE 8%$�
 C9Q BRL<; � ��� :F8FE58 7 Q E 7 B�; S ;NQ 8���B�;>E 8J��CD=5��8<C���E 79=@C�
3 <;�$9QR;N; �9L\K-
E,JT�=�:F7 BREGCD8
%!, $ " N*,��%;NQRB�;�; 798� ;� %$9;�8<C9Q*��79=��DLT_ � 798� _ � � @ QR;�����;>K BRE58D;>=5��N 7 QR;�K C��#� :<B�;� )���
7C8D;NQ 7+$DE 8%$

\79K ;NB 8<C9Q*��79=��JCD8 BRL<;<��CD=5��L<;� <QRCD8
K CD8���B�Q :FK B�;� E 8 H�;>K BREGCD8 %!, < , %!,

?��R
 C9Q BRL<;1QR;���79E 8FE 8%$�;>=G;��$;>8�B
�UC�
%BRL<;1= 7C�DCD:<B E 8)�#E5$D:<QR; %!, $ 8 @P"J; " E = =/��BR7 QRB	���
K/LF7 Q 79KO�
B�;NQ E��RE 8%$�BRL<; ���+ ��,1OP;NB
� �6A Q*��B6 <;-A�8<;�79:�;<E = E 7 Q
�J��CDE 8�B
� 
��+ " EGBRL9=�:F7� <Q 7 BRE KN79= =5��E 8�B�;NQ
��CD= 7 B�;� 
8<C9Q*��79=�� ���+ �


 �+ �  " ) !@ � >@ � + " 2 
 "
_ �+ �  � % � %



_ � �



� c� �


 )
!
@ � >@ � + � � !@ � >@ � + � � !@ � >@ � + c 2

" L<;NQR; � � � ��BR798� �� 
 C9Q W�EGQ 79K � �R <;>=GBR7�, S�I;NM>EG;NQR��CDE 8�B
� _ + " �!:���;� I
 C9Q BRL<; 8<C9Q*��79=@E 8�B�;NQ
��CD= 7 BREGCD8
7 QR;$K/L<C���;>8 7���BRL<;K��CD=5��L<;� <Q 79=Q8D;NQRB�;�;�798� �;� %$9;�8<C9Q*��79=��	
 QRC�� �#E5$D:<QR; %!, $ 8 L\=G;�
 BON*@@E 8� <;�;�;� 
79KNK C9Q* FE 8%$ B�C BRL<; K Q EGB�;NQ E 7
C�
R�#E5$D:<QR;F%!, $#%!, ���RE 8%$ BRL<;���;�QR;��R:F=GB
��@Q"J;�KN798  <;NQ E58D;$BRL<;�K C9QRQR;-�
����CD8� FE 8%$ S�I;NM>EG;NQ	��CDE 8�B
� ���+ K CD8��RE���B�;>8�BR=5� " EGBRLG8D;NQRB�;�;J��CD:F8� F7 Q
��K CD8� FEGBREGCD8��
�

� �+ � L�
 + � 
��+ N � _ +_ �+ � _ + _ �+ � 
 �+ L %!, 8	! N

 EGBRL�BRL<;���;$K CD8���B�Q 79E 8�B
��@�BRL<;$= E 8<;>7 Q6������B�;�� E 8)T�=�:F7 BREGCD8)%!, % @ KN7989��;$:���;� �B�C
Q :F=G;�BRL<;
K CD8� FEGBREGCD8FE 8%$ CD8�BRL<;
;� %$9;I��CD:F8� F7 Q EG;��1C�
 BRL<;J��79K QRC+�0� 7 BRK/LH@.7���BRL<;
K/L<CDE K ;
C�
 ���+ �#��7+(D;��



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � � �

EGB1K C��#� 7 BRE5� =G;�, � LFE��<� E 8� �� S�I;NM>EG;NQ;��CDE 8�B
� ���" E 84BRL<; � 7 BRK/L<;��1CD8 ��C9BRL �RE� <;�� C�
 BRL<;�;� %$9;! 
�RL<CD:F=� �798!�D��CD=5��L<;� <Q 79=4��CD:F8� F7 Q
� ��; �FQR;���;>8�B�@DK CD8� FEGBREGCD8FE 8%$	" E = =��FQRC�K ;N;� �E� <;>8�BRE KN79= =5�6��� �R:���B
7+��� =5��E 8%$K�������$;NB�Q
��,

� L<;JQR;���79E 8FE 8%$A;>=G;��$;>8�B
� C�
�BRL<; S�I;NM>EG;NQ.8<;NBE"JC9Q
(��#7��
��;��;� =G;� D���1BRL<; � 7 QRBREGBREGCD8FE 8%$A7 QR;UBRL<;
���+ �A798� BRL<;�K ;>8�B�Q 79='��CDE 8�B ���B@-LFE5$DLF= E5$DL�B�;� �E 8 BRL<;; FE 7+$9Q 7�� ��;>=GC�" ,  EGBRL BRL<;�K CD8���B�Q 79E 8�B
�
E��#��C���;� 7��� BRL<;#�FQR;�8�EGCD:��R=5�GA	;�;� 9��CDE 8�B
��@-BRL<;�BRL<QR;N;$E 8���BR798FK ;���C�
 T�=�:F7 BREGCD8�%!, % @ ��C���;� >���
BRL<;�;� %$9;��1E 8FKNE� <;>8�BAB�C ��� ��EG;>=� �$5Z
;�=�:F7 BREGCD8���@PQR;>= 7 BRE 8%$�BRL<;�BRL<QR;N;�QR;���79E 8FE 8%$G��CDE 8�B
��@PBRLF7 B
7��$CD:F8�BJB�C @ :F8%(�8<C�" 8���@ZB�C���;!7� � <;� 
B�C��RE ; C9BRL<;NQ*�UE 8�B�Q E 8��RE KUB�C�BRL<; ;�=�:F7 BREGCD8��JBRL<;�����;>=58D;���,
 LFE =G;�BRLFE�� ��7C�
=GCZC�(
E 8FK C��#� 7 BRE5� =G;�@���C��$; C�
#BRL<;!K CD8���B�Q 79E 8�B
�J7 QR;1E 8� <;N;� QR;� F:F8� F798�B 7�� BRL<;
� E 8� FE 8%$�;�=�:F7 BREGCD8��6
 C9Q*� 7�K-��KN= E KK������B�;��J,�?	
 B�;NQ  FE��RK Q E���E 8F7 BRE 8%$�E 8� <;���;>8� <;>8�BAK CD8���B�Q 79E 8�B
��@
BRL<;!7��
��;��;� =G;� J������B�;�� 7� ���EGB
�U7�:F8FE�=�:<;6��CD= :<BREGCD8 �

b
1

E

b
2

E

b
0

E

b
1

D

b
0

D

b
2

D

b
1

F

b
0

F

b
2

F

b
O

b
1

E

b
2

E

b
0

E

b
1

F

b
0

F

b
2

F

b
O

b
1

E

b
2

E

b
1

F

b
0

F

b
2

F

b
O

b
1

E

b
2

E

b
1

F

b
0

F

b
2

F

b
O

���+ � ���.
� � � �
	. � ���.�

�
�
� ���

�
� ��� � � �����

L %!, 8 $�N
" L<;NQR;�7� � FEGBREGCD8�� E 8 BRL<;#�R:%� E 8� FE K ;��U7 QR;�B�CI��;
BR7+(D;>8)�$C! F:F= :��D%!,

T�=�:F7 BREGCD8�%!, 8 $ E��!79=���C K CD8��RE���B�;>8�B6" EGBRL98D;NQRB�;�; K CD8�BRE 8�:FEGBE� K CD8� FEGBREGCD8���7 B ���B@ 7��!K C�� = 7��
8F7 Q EGBE��E�����C��$;NBRLFE 8%$�BRLF7 BAB�Q E58�E 79= =5� 
 CD= =GC�"	�R
 QRC��5BRL<;�7��
��;��;� =5�
C�
 ;� %$9;�K CD8� FEGBREGCD8FE 8%$$;�=�:F7��
BREGCD8���, � LFE���K C��#� =G;NB�;�� BRL<;�K CD8���B�Q :FK BREGCD8 C�
!;>79K/L C�
 BRL<;9��79K QRC+�0� 7 BRK/L<;��
K C��#��C��RE 8%$�BRL<;
K CD8�B�QRCD= �R:<Q

\79K ;

S
CD8F" LFE K/L4BRL<;�C���;NQ 7 BREGCD8 C�
 S 9 W!H�E��;� 7���;� H@.798� ���4QR;-�+;�8 79= :F7 BRE 8%$ BRL<;

�R7��$;�� � K CD8� FEGBREGCD8FE 8%$A;�=�:F7 BREGCD8��?
 C9Q BRL<; K CD8���B�Q :FK BREGCD8$C�

S
�M@ � � K CD8�BRE 8�:FEGBE�!KN798���; 7��
��;NQRB�;� 


 C9Q!BRL<;�" L<CD=G;# <;�
 C9Q*��7 BREGCD8479=5$9C9Q EGBRL��J,�?� � FEGBREGCD8F79= =5��@P8�E��R:F79=%K CD8�BRE 8�:FEGBE� KN7982��;�E��#�FQRC�8D;� 
7 B = EGB�BR=G; 7� � FEGBREGCD8F79=-K C���BR��� 7+��� =5��E 8%$�BRL<;<�FQRC�K ;� F:<QR;��UCD:<BR= E 8<;� 
E 8 H�;>K BREGCD8I%!, < , > ,

H�L<CD:F=� �7;$9QR;>7 B�;NQR <;�$9QR;N;�C�
dK CD8�BRE 8�:FEGBE�;��;�8<;>K ;��
�R7 Q
��@F7�Q 798%$9;AC�
'� =G;>8� FE 8%$1798� G��� = EGB�BRE 8%$
��B�Q 7 B�;�$DEG;�� KN7989��;$:���;� �B�C K CD8���B�Q :FK B �



� EG;>K ;�" E���;;�R:<Q

\79K ;���" EGBRL8_ � ! ,�?	� 7 QRB�
 QRC�� BRL<;

;�;�B�;>8��RE58D; �R:<Q
8D;���$DE58D;>8 E 8
BRL<;!7+
 C9QR;��$;>8�BREGCD8<;� � Q#;NB @ "!� @%��C9BRL �F7 Q E 8 � �F7 Q ?#>�� 798� �%;>=5(�BR7��#�
� �%;>= @ $ � �FQRC�8�E� <; 798
E 8�B�;NQR;���BRE 8%$ C�8D;NQ
8�EG;�" C�
PK CD8� FEGBREGCD8FE 8%$ B�;>K/LF8FE�=�:<;���@�" EGBRL � �%;>= @ $ � 
 C�KN:��RE 8%$
����;>KNE 79= =5��CD8)��� = EGB�BRE 8%$�7+���FQRCD79K/L<;���,

� � � � � �5��� &%# " ���
#%����) ��� & � " ��&%# �1�

 LFE =G; BRL<;D��79E 8J
 C�KN:�� C�
VS 9 W!H E�� 79K/LFEG;�8�E 8%$$7���;NB�B�;NQ	A B�BRE 8%$$C�
#BRL<;D <;�
 C9Q*�$;� )�R:<Q

\79K ;1798� 
7 B�BR79E 8FE 8%$ 7<$9Q 7� F7+� =G;  <;�$9QR;N;UC�
@K CD8�BRE 8�:FEGBE��@ BRL<; =GC�KN79= EGBE�1C�
�BRL<; "U7 Q
��KN798F8<C9B?��;R FE���QR;�$D7 Q* <;� H,
?��K FE��RKN:��
��;� 4E 8(BRL<; �FQR;�8�EGCD:��D��;>K BREGCD8H@ E 82� 7 QRBRE KN:F= 7 Q�E 8 T�=�:F7 BREGCD8 %!, 85" @ BRL<;
K CD8� FEGBREGCD8FE 8%$
�RK/L<;��$;.:���;� QR;>= EG;��@CD8 (�8<C�" E 8%$JBRL<; BR798%$9;>8�B'� = 798<;%C�
<BRL<;��R:<Q

\79K ;.7 Bd;�8D;NQ
�6��7 Q
(D;NQ�, ?��d:��R:F79= @
BRL<;!= 7 B�B�;NQ E��UK C��#� :<B�;� I��� 7C8D;NQ 7+$DE 8%$�BRL<;!8<C9Q*��79=�� C�
#E 8FKNE� <;>8�B�
\79K ;NB
�R
 QRC�� BRL<;6��CD=5��L<;� <QRCD8
K CD8���B�Q :FK B�;� $E 8�H�;>K BREGCD8 %!, < , %!, 9 �#� = E KNEGBR=5��@ BRLFE��d;�;�� 798� �� BRL<;U;-:-;>K B
�%C�
P FE���� = 79KNE 8%$ CD8<;R��7 Q
(D;NQ

 QRC��5BRL<;K��;NB�C�
.E 8FKNE� <;>8�BR��79K QRC+�0� 7 BRK/L<;��AB�C�79= =dBRL<C���;�7� ��R79K ;>8�BAB�C�798!��C�
 BRL<;��J@@L<;>8FK ;�BRL<;



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � �3	

 <;�$9QR;N;!C�
#=GC�KN79= EGBE�
7 B�BR79E 8<;� J" EGBRL
BRL<;<�FQR;���;>8�B8� � �RK/L<;��$;�,
H�L<CD:F=� #"J;��FQRC�8�E� <; 7�LFE5$DL<;NQ  <;�$9QR;N;AC�
dK CD8�BRE 8�:FEGBE�D
 C9Q BRL<;�79=5$9C9Q EGBRL��J@4���$Q 79E��RE 8%$!BRLF7 BJE 8

BRL<;�K CD8�B�QRCD=/�R:<Q

\79K ;AB�C��Mc�@<KN:<Q
8 7 BR:<QR;�E 8%
 C9Q*��7 BREGCD8�"JCD:F=� ���;�8<;N;� <;� 
7 B ;�8D;NQ
� ��7 Q
(D;NQ�, � L<;
7+���FQRC ;<E���7 B�;� 8<C9Q*��79=D7 B K CD8F8<;>K B�;� ;��7 Q
(D;NQ*�PK CD:F=� BRL<;>8 ��;.:���;� B�CAK C��#� :<B�;.BRLFE��H F7 BR7�@9798� 
7��.7 QR;��R:F=GB%=GC�KN79= EGBE�D"JCD:F=� �;�;�� 798� $CD8<;	�$C9QR; =G;�8D;>=<79K QRC��
� BRL<; B�C���CD=GC�$���C�
@7� ��R79K ;>8�B3� 7 BRK/L<;���,
� LFE��.E = = :���B�Q 7 B�;�� BRL<;�� 79= 798FK ;A;�;<E���BRE 8%$D��;NBE"J;N;>8 BRL<;���;ABE"JC�7�����;>K B
�JC�
PBRL<;< <;�
 C9Q*��7 BREGCD8H@Z;>79K/L
79K BRE 8%$�E 8J <;NB�Q E��$;>8�BJC�
 BRL<;!C9BRL<;NQ�,

� � � ��� �,�	� &%# " ���
#%��� ��� �!��"$#%��&'����#(�����
#%���

H�E���E = 7 Q =5�JB�C	" LF7 B@C�KNKN:<QRQR;� " EGBRL�Q.= 798F7 Q S CD8<;���@ BRL<;NQR; 7 QR;.7� � FEGBREGCD8F79= K CD8��RE� <;NQ 7 BREGCD8��@8<;N;� <;� 
B�CD� :<B S 9 W!H$E 8�B�C �FQ 79K BRE K ; E 8$BRL<; K CD8�B�;�;�B.C�
H�F79KNE 79=�?A8FE���7 BREGCD8H, � LFE��%E�����C18<C9B CD8F=5�K
 C9Q.BRL<;
�R7+(D; C�
U;>8F7+� = E 8%$)�FQRC���;NQK <;�
 C9Q*��7 BREGCD8H@#7��;
 C9Q�E 8���BR798FK ;G��;�� 7 Q 7 BRE 8%$ BRL<;I�$;��RL�79=GCD8%$ 
\79KNE 79=
��CD:F8� F7 Q EG;���@3� :<B�79=���C B�C4;>8FLF798FK ;�BRL<;�C�8D;NQ 79= = =�:F79= EGBE�4C�
ABRL<; QR;��R:F=GB
�K" L<;>8<;�8D;NQ�LF798� F= E 8%$
��:FK/L �$C9QR;  <;>8���;�QR;��FQR;���;>8�BR7 BREGCD8���C�
�
\79KNE 79=R��(�E 8 L\E 8�K C��#� 7 Q E���CD8 B�C4BRL<C���; BR79K*(�=G;� F" EGBRL
Q.= 798F7 Q S CD8<;��ON*,

� � ,���/0+�-�/��P�G�P���
� L<;�� � K CD8� FEGBREGCD8FE 8%$17+���FQRCD79K/L�BR7+(D;>8
E 8�BRL<;�KN:<QRQR;>8�B.E��#� =G;��$;>8�BR7 BREGCD8$C�
 S 9 W!H�$D:F7 Q 798�B�;N;��
 FE�:-;NQR;>8�BRE 7+� =G;) <;�
 C9Q*��7 BREGCD8 79=GCD8%$ �$C���B
C�
!BRL<; ;�;�B�;>8�B
� C�
!BRL<;�BR7 Q
$9;NB)�$;��RLH@ 7+� 7 QRBG
 QRC��
BRL<C���;R8D;NQRBRE K ;��?" L<C���; �FQRC���;>K BREGCD8 L � � �FE 8 T�=�:F7 BREGCD8 %!, % < N&
\79= =��%E 8$7�� �_8<;>E5$DL!��CD:<Q L<CZC! �C�
-BRL<;
��CD:F8� F7 Q
�7��;NBE"J;N;>8 BE"JC C9Q;�$C9QR;�� 7 BRK/L<;���, 9 8 BRL<;���; KN7���;��1K CD8�BRE 8�:FEGBE� ��7C�> <;�$9Q 7� <;  <C�" 8
B�C � � , 9 8 C9Q* <;NQ�B�C ��EGBRE5$D7 B�; BRL<; 8�E��R:F79=R��;>7�����BRLF7 B�BRLFE�� ��E5$DL�B�K QR;>7 B�;�@ S 9 W!H  <;�
 C9Q*���
BRL<; 8<C9Q*��79=BA ;>=� �C�
ABRL<;)�R:<Q

\79K ;I" EGBRL BRL<;)�R7��$;J� 7 Q 7��$;NB�;NQ E��R7 BREGCD8 $D:F7 Q 798�B�;N;>E 8%$ BRLF7 B�EGB
�
QR;��R:F=GBRE 8%$�E���7+$9; E��JE� <;>8�BRE KN79= =5�$K CD8�BRE 8�:<CD:���, 6 C9QR; ;�;�� = E KNEGBR=5��@�:��RE 8%$1BRL<;<�R7��$;!8<C9BR7 BREGCD8�7��UE 8
T�=�:F7 BREGCD8I%!, % < �

_ �+ � _ + ��
�
��
�

�� 0	

�� 0
�
� "


��

 � � ��

�

�� �0	

�� �0
�
� �"


��


�
	
� � � �������� # 	 . % � . ' " EGBRL �+� + � � +
	 � � �

�" L � " � �MN L %!, 8 %�N

� L<;AQ :F=G;�� C�
dB�Q 798���
 C9Q*��7 BREGCD8 E 8 T�=�:F7 BREGCD8 %!, 8 %)L\E 8!8D;NQ*��;-�+B�Q 798�����C���;�N#QR;�����CD8� 
8<C9BJB�C$BRL<;
BR798%$9;>8�B?��� 79K ;UC�
 � "�@�� :<B B�C!EGB
�? F:F79=!�R:%� ��� 79K ; " L<;NQR; BRL<;U8<C9Q*��79=4A ;>=� ;��;>=GCD8%$��RL\K-
E, � W Q @ " � N*,

� LFE�� 7� � FEGBREGCD8F79=ZK CD8��RE� <;NQ 7 BREGCD8D
 C9Q#BRL<;  <;�
 C9Q*��7 BREGCD8�C�
 BRL<;J8<C9Q*��79=�A ;>=� �K C��$;�� 7 B%79=��$C���B
8<C�7� � FEGBREGCD8F79= K C���B " EGBRL�QR;�����;>K BJB�C�BRL<;AC9Q E5$DE 8F79=�
 C9Q*��:F= 7 BREGCD8 L �RE 8FK ;ABRL<;�E 8!8DCD=58D;� �B�;NQ*���J7 QR;
79=GQR;>7� %�!K C��#� :<B�;� PN*@9798� D�FQRC�8�E� <;��Q�
�$CZC9BRL;8�E��R:F79=DQR;��R:F=GB
�d= E5(D; BRL<C���;  <;��$CD8���B�Q 7 B�;� �E 8D�#E5$D:<QR;
%!, $ ? ,

� ���	���	/L� �F,6*�4�/L��/L��� ���
� 8<; C�
 BRL<; �$C���B%= 7+��C9Q EGCD:�� 7�����;>K B
�%C�
�:��RE 8%$ Q.= 798F7 Q ��CD8<;��&
 C9Q3�F79KNE 79=<?A8FE���7 BREGCD8�E���@+" EGBRL<CD:<B
 <CD:%�FB�@ LF7C8�E 8%$UB�C��FQRC! F:FK ;.B�;�;�BR:<QR;B��7+� �dB�C���;�� 7 Q 7 B�;B
\79KNE 79=4 FE��RK CD8�BRE 8�:FEGBREG;���, � C�"�BRLF7 BXS 9 W!H
LF7��#QR;��$C�8D;� �BRL<; � :<Q* <;>8!C�
/��798�:F79= =5�<����;>KNE5
M��E 8%$ BRL<;JB�C���CD=GC�$���C�
 BRL<; K CD8�B�QRCD=���B�Q :FK BR:<QR;<L ��;N;



� ��� � ��� � � 
 � ��� � � � 
 � ��� � ��� ��� ��� � � �����
	 � � ���

a) plain distance-based separation b) aided with normal-based selection
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a) Horizontal strain: dominance
of the furrow pattern

b) Vertical strain: unstructured bulging
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A) Concurrent 2 MP cameras, fired remotely

B) Interfit 3200K kit, fitted with 275W tungsten bulbs

D) 50cm. silver reflectorsÆ
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1. Evaluation of the normal field

2. Mapping onto the fitted mask

3. Viewpoint-dependent composition

4. Parameterisation over the tangent
space of the fitted mask
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a) Fitted mask vs. actual physiognomy b) Extracted normal map
c) Resynthesized normal map
applied onto a different model
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a) 7K polygons
106 control faces

b) 2186 groups c) 179 groups

d) 28 regions per group
13 groups

e) 80 regions per group
4 groups

��� ��� �	� �	� WA;NBR79E =�� C�
#BRL<;1KN= :���B�;NQ E 8%$K�FQRC�K ;��
�R
 C9Q���7�;<E���EGM>E 8%$K� 7 BRK/L �REGMN;��
�.74NJC9Q E5$DE 8F79=H�$C! <;>=
" EGBRL(EGB
�1K C9QRQR;�����CD8� FE 8%$ K CD8�B�QRCD=B�$;��RL  ?�/N6��CD=5�!$9CD8�� $9QRCD:%��;� �79KNK C9Q* FE 8%$ B�C�BRL<;>EGQ
 FE�:-;NQR;>8�B K C��;� E 8F7 BREGCD8��JC�
 7�:-;>K BRE 8%$ K CD8�B�QRCD=H
\79K ;NBAQR;�$DEGCD8��;L\:��RE 8%$��R:���B BRL<; ? �$C���B
K/LF7 Q 79K B�;NQ E���BRE KCN  KCND��79K QRC+�0$9QRCD:%� ��7+
 B�;NQ$BRL<;
E 8FEGBRE 79= 7+$�$9QR;�$D7 BREGCD8 ��B�;��  B H@%;�N<A�8F79=
� 7 QRBREGBREGCD8��I��7 BRK/LFE 8%$ BRL<; QR;���CD:<Q K ;���C�
 �%;NQRB�;�; �RLF7� <;NQ)�$C! <;>=�� $!, " 798� %!, " L\K-
E,
� 7+� =G; > , ! N



� ��� � 
 � � � 
 ��� � � � ��� � 
 �����1� ��� � � ��� � � � � ��� � ��� 	�� �

4 regions per vertex 8 regions per vertex
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Segmented face (left) and detail of the polygonal topology before and after
partitioning (above).
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