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Abstract

This thesis consists of three parts. In the first part we review the quantization
of Yang-Mills theories and perturbative quantum gravity in curved spacetime.
In the second part we calculate the Feynman propagators of the Faddeev-
Popov ghosts for Yang-Mills theories and perturbative quantum gravity in the
covariant gauge. In the third part we investigate the physical equivalence of
covariant Wightman graviton two-point function with the physical graviton
two-point function.

The Feynman propagators of the Faddeev-Popov ghosts for Yang-Mills
theories and perturbative quantum gravity in the covariant gauge are infrared
(IR) divergent in de Sitter spacetime. We point out, that if we regularize
these divergences by introducing a finite mass and take the zero mass limit
at the end, then the modes responsible for these divergences will not con-
tribute to loop diagrams in computations of time-ordered products in either
Yang-Mills theories or perturbative quantum gravity. We thus find effec-
tive Feynman propagators for ghosts in Yang-Mills theories and perturbative
quantum gravity by subtracting out these divergent modes.

It is known that the covariant graviton two-point function in de Sitter
spacetime is infrared divergent for some choices of gauge parameters. On
the other hand it is also known that there are no infrared problems for the
physical graviton two-point function obtained by fixing all gauge degrees
of freedom, in global coordinates. We show that the covariant Wightman
graviton two-point function is equivalent to the physical one in the sense
that they result in the same two-point function of any local gauge-invariant
quantity. Thus any infrared divergence in the Wightman graviton two-point
function in de Sitter spacetime can only be an gauge artefact.
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Chapter 1

Introduction

Quantum field theory in de Sitter spacetime has been actively studied re-
cently due to its relevance to inflationary cosmologies [1]. Furthermore, the
current observations indicate that our Universe is expanding in an acceler-
ated rate and may approach de Sitter spacetime asymptotically [2]. The
original part of this thesis consists of two parts. In the first part we find
effective Feynman ghost propagators for Yang-Mills theories and perturba-
tive quantum gravity in de Sitter spacetime. In the second part we find
the equivalence of the covariant Wightman graviton two-point function with
arbitrary value of gauge parameters to a infrared finite physical Wightman
graviton two-point function.

In order to study higher-order quantum effects for Yang-Mills theories
or perturbative gravity, one needs to introduce Faddeev-Popov ghosts ex-
cept in unwieldy gauges such as the axial gauge in Yang-Mills theories [3].
In this thesis we shall study the Feynman propagators for the ghosts in
Yang-Mills theories and perturbative quantum gravity in de Sitter space-
time. We shall find that ghosts and anti-ghosts for Yang-Mills theories sat-
isfy the minimally-coupled massless scalar field equation. It is known that
there is no Feynman propagator for minimally-coupled massless scalar fields
that respects de Sitter invariance [4], due to infrared (IR) divergence of the
Feynman propagator for these fields in de Sitter spacetime. We also show
that the Feynman propagator for ghosts in perturbative quantum gravity is
also infrared divergent in de Sitter spacetime. Thus if the ghost fields in these
theories were physical fields, we would need to break de Sitter invariance of
the vacuum for these fields [5]. However we shall see that this problem can
be circumvented because they are unphysical fields. The interaction between
the Yang-Mills/gravitational field and the ghosts is such that, if we regu-



larize the infrared divergences by introducing a small mass term, the modes
responsible for the infrared divergences will not contribute in the computa-
tion of time-ordered products of physical fields. For this reason, we propose
that one should regularize the infrared divergences of the Feynman propaga-
tors for the ghosts and anti-ghosts in these theories and then take the limit
where the regularization is removed. This proposal is equivalent to using
the effective Feynman propagators obtained by subtracting the regularized
modes responsible for the infrared divergence in perturbative calculations.

In fact this effective Feynman propagator for Yang-Mills theories has
been derived and used in a different context. It was used in calculating
the covariant graviton propagator two-function in de Sitter spacetime [6]. It
may be noted that even though the physics there is very different from the
physics we are considering, the mathematics involved is the same for both
these cases.

Infrared divergences in graviton two-point functions have been a matter
of contention for over two decades [7]. Since linearized gravity has gauge in-
variance, it is important to determine whether or not these IR divergences are
gauge artefacts. The graviton two-point function obtained by fixing all the
gauge degrees of freedom is called the physical graviton two-point function.
The physical graviton two-point function in spatially flat coordinate system
was analyzed in Ref. [8]. It was found that this two-point function is IR
divergent. Infrared divergence of the physical graviton two-point function in
spatially flat coordinate system was further studied in Ref. [9]. The physical
graviton two-point function in global coordinate system was obtained in Ref.
[10]. It was found that this physical graviton two-point function is IR finite.
The physical graviton two-point function in hyperbolic coordinate system
was also found to be IR finite [11]. Thus the IR divergence of the physical
graviton two-point function in spatially flat coordinate system occurred due
to the coordinate system used and thus was not a physical effect. However we
will not study the IR divergences of the physical graviton two-point functions
in this thesis.

In this thesis we will present a work relevant to the IR divergences in the
graviton two-point functions that occur for some choices of gauge parameters.
Allen found that in the covariant gauge the graviton two-point function has
IR divergences for certain values of the gauge parameters [12]. Thus if a
gauge is chosen with one of these values of gauge parameters, we shall get
IR divergences. The graviton two-point function used by Antoniadis and
Mottola [13] was IR divergent as they used one of these values of gauge
parameters. Covariant graviton two-point function with different values of
gauge parameters was obtained in Ref. [6]. Covariant graviton two-point
function with arbitrary values of gauge parameters was obtained in Ref. [14].
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In this thesis we shall show that the covariant Wightman graviton two-point
function with any choice of gauge parameters is physically equivalent to the
physical one obtained in Ref. [10].

For this purpose, we will split the covariant Wightman graviton two-
point function into vector, tensor and scalar parts [14]. It will be shown
that apart from a part of tensor part, that also contributes to the physi-
cal graviton two-point function, all the contributions are pure gauge in the
following sense. A contribution to a Wightman graviton two-point function
will be said to be pure gauge if at least in one of its two slots it is a sum
of tensors obtained by symmetrized derivatives acting on vectors. So a pure
gauge contribution will be of the form: V, K}, (v, 2") + V K}, (2, 2') +
VoK%, (x,2') + Vy K2, (z,2") for some K}, (z,2") and K2, (z,2'). The
two-point function of a local gauge-invariant tensor field will be the same for
two Wightman two-point functions if they differ from each other by a pure
gauge contribution. The scalar part has in fact already been shown to be
pure gauge in a restricted gauge in Ref. [17]. In this thesis we show that
this is true for any value of the gauge parameters. We also show that the
contributions coming from the vector part and a part of the tensor part are
also pure gauge. Thus the only non-gauge contribution will come from the
other part of the tensor part. This contribution will be shown to be exactly
equal to the physical graviton two-point function obtained in Ref. [10].

This physical graviton two-point function obtained in Ref. [10] suffers
from no IR divergences. Now if any graviton Wightman two-point function
in linearized gravity in de Sitter is physically equivalent to that obtained in
Ref. [10], as we show in this thesis, then any IR divergences in the covari-
ant graviton Wightman two-point function in linearized gravity in de Sitter
spacetime for example as noticed in Ref. [13], has to be a gauge artefact.
Thus the IR divergences will not show up in the graviton Wightman two-
point function of any local gauge-invariant tensor field, e.g., the linearized
Weyl tensor [15] .

The rest of the thesis is organised as follows: We shall review Yang-Mills
theories and perturbative quantum gravity in Chapters 2 and 3, respectively.
Then after reviewing some basic properties of de Sitter spacetime in Chapter
4 we shall go on to study ghost fields in de Sitter spacetime. We shall derive
the explicit expression for the effective ghost propagator for Yang-Mills theo-
ries in Chapter 5 as a warm up for the derivation of the explicit expression for
the effective ghost propagator for perturbative quantum gravity in Chapter
6. Then we shall describe a general method for calculating the Wightman
two-point function for free field theories in Chapter 7. We shall apply this
formalism to linearized quantum gravity in Chapter 8. Finally we shall show
explicitly that the covariant graviton Wightman two-point function with any
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choice of gauge parameters is physically equivalent to the physical one ob-
tained in Ref. [10] in Chapter 9. We shall conclude the thesis in Chapter
10.

We shall do our calculations for Feynman ghost propagators on S* and
then analytically continue the result to de Sitter spacetime in Chapters 5 and
6. However we shall do our calculations directly in de Sitter spacetime while
calculating the Wightman two-function in Chapters 7 and 9. So in Chapter
5 and 6 propagator means a Feynman propagator obtained by analytical
continuation from S* and in Chapters 7 and 9 a two-point function means a
Wightman function calculated directly in de Sitter spacetime.

The signature we adopt is (—, +, +,+) and we denote a spacetime point
as x, the spatial component of x as x and its temporal component as t. We
define the Riemann tensor, Ricci tensor and scalar curvature by

RlAs = [VVa— VaVi]A,, (1.1)
Rbd = Rabad;
R = gabRaba
where
VA, = OpA. — T Ay, (1.4)
1
Fgc - §gda[abgac+acgab_aagbc]~ (15)



Chapter 2

Yang-Mills Theories

In this chapter we shall discuss the quantization of Yang-Mills theories in
general curved spacetime. After reviewing the quantization of Yang-Mills
theories we shall also discuss the BRST symmetry for Yang-Mills theories.

2.1 Basic Formalism

Yang-Mills theories were originally proposed to explain occurrence of isospin
[18]. They have been used to unify the electromagnetism and the weak force
into a single electro-weak force [19]. Quantum Chromodynamics, which is an
asymptotically free non-abelian gauge theory, is now thought be the theory
of strong interaction [20]. Thus except gravity all the forces of nature can
be described by Yang-Mills theories. Apart from electromagnetism which is
invariant under U (1) symmetry all the other gauge theories describing forces
in nature are invariant under SU(N) symmetry. So we shall first review
SU(N) Lie groups and some of their properties (see Chapter 15 of Ref. [21]).
From now on we shall use the convention that the repeated group indices are
summed over. An element u of SU(N) can be written as

u = explighTy]. (2.1)
Here Ty are N x N traceless Hermitian matrices, which satisfy
1
Tr(Talp) = 5048, (2.2)
The matrices T4 are the generators of SU(N) Lie algebra, which is given by

[T, Ts] = if§pTc, (2.3)
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where f{z are called the structure constants. Strictly speaking T form a
basis of the defining representation of the SU(N) Lie algebra.
These structure constants are antisymmetric in their lower indices: as

[TA7 TB] - _[TBa TA]? (24)
we have
ng = —ng- (2-5)
They also satisfy the Jacobi identity: as
[Ta, [Tw, To]] + [T, [To, Tal]l + [Tc, [Ta, Tp]] = 0, (2.6)
we have
Fiplbe + fEpfEs+ fEpfis = 0. (2.7)

We can now define matrices 74 which form a basis for the adjoint represen-
tation of this Lie algebra: as

(Ta)e = ifsc- (2.8)

Now from the Jacobi identity given in Eq. (2.7), 74 satisfy the Lie algebra
given in Eq. (2.3),
(74, 78] = if${z7C- (2.9)

Having reviewed some properties of SU(N) Lie algebra, we shall briefly
review SU(N) Yang-Mills theories (see Chapter 9 of Ref. [22]). We start
from a matter field ¢(x) which forms a N-dimensional vector in the defining
representation space of the Lie algebra. So it transforms under a spacetime
dependent SU(N) transformation u(x) as follows:

¢"(x) = u(z)o(x). (2.10)

We now also want a derivative of ¢(z) that transforms like ¢(x). However
V.¢(z) does not do so. So we define a derivative D,¢(x) called the covariant
derivative which transforms like ¢(z). It is defined to be

D.p = [V, —igA.lo, (2.11)
where A, is defined to be a matrix-valued gauge field. It can be given by
A, = AT, (2.12)

Now we expect the covariant derivative to transform like ¢(x). So if AY is
the transformed gauge field, we have

Vo —igAtug = uD,o. (2.13)
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So we have

Vo —igAllug —uD,op = [(Vau) —igAiu+igud,)e = 0.

Now we have
igAyu = (Vau) + iguA,.

Ly~ from the right-hand side, we get

Multiplying by —ig~
A = uAu ™t —ig  (Vau)u ™.

Now we expand u and u~! as

u = 1+igh*Ty + O(A?),
ut = 1 —igA Ty + O(A?).
The gauge field A% can now be written, to first order in A“: as
A = [L+igATa]A[1 — igAPTp] —ig ' (Vaigh*Ty)
= A, +igA [Ty, Tp|AZ + VAT,

= A, — gfSpTeN AP + V AT,
= [A2 + VA + gffcAPNCT .

So if the infinitesimal transformation of A, is given by
SaAg = Tadp A2,

then we have

5/\14;1 = V. A+ gfgcAfAC-

This is the gauge transformation of the gauge fields.
Now we define F} as follows:

[Da, Di)¢ = ig™ Fjy0,

where
Fo = F4Ta.
Thus we get
Fu¢ = g '[9Vads — gV A, — ig?[As, Al]]0
= TalVaAi' = VAL + 9f5c AV AT,
So we get

FA =V, Al — VA2 4 gfao AP AS.
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Now by construction [D,, Dy|¢ transform like ¢:
[Da, Dpl¢ — u[Dy, Dy . (2.26)
This implies that F transforms as follows:
Fop = uFut. (2.27)
This is because it follows from Eq. (2.26)
Fud — uFputup = uF,0. (2.28)

The classical action for the gauge field is given by

S = /d4a:\/—_gﬁc, (2.29)

where L, is the classical Lagrangian, which is given by
1
L, = —§Tr(FabF“b). (2.30)

In this thesis we define the Lagrangian to be a scalar rather than a scalar
density that would include the measure \/—g. It can be seen to be invariant
under u transformations,

Tr(FpF®) — Tr(uFuu uF®™u™")
= Tr(FuF®). (2.31)

This classical Lagrangian can also be written as

L, = —%F;})ng, (2.32)
because
L. = —%TT(F;,‘)F“E’BTATB)
= —%F;})F“bBcSAB
= _lpﬁ)pgb, (2.33)

here we have used Eq. (2.2).
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2.2 Gauge Fixing

In this section we discuss gauge-fixing for Yang-Mills theories. Fixing a gauge
is essential in Yang-Mills theories before they can be quantized. To see this
we first shall briefly review the quantization of the scalar field theory. If we
consider a massive free scalar field on a (3 + 1) dimensional spacetime, then
the Lagrangian of this scalar field is given by

L= %[—VGW% —m?¢?. (2.34)

We can canonically quantize this theory by first defining conjugate momen-
tum m(x) as

oL

_ — — _ . /—;,0a 2.
m I9ved V—99""V .0, (2.35)

then by imposing the following canonical commutation relations:

(o(x, 1), 7(x',t)] = id(x,%x),
[¢(X> t)? ¢(X/7 t)] = 0,
[W<X7 t),’/T(X/,t)] = 07 (236)

where §(x,x’) is defined as

/d3x5(x,xl)f(x) = f(x)), (2.37)

for any compactly supported smooth function f(x). Note here that d*>x =
dxtdx?dxd.
To apply the above procedure to Yang-Mills theories, we would have to
define or
TS =V—9=———. 2.38
However, the conjugate momentum 79 corresponding to A is constrained
to vanish: or
0
Ty=vV—9g=———= =0. 2.39
So we can not quantize Yang-Mills theories simply by imposing the canonical
commutation relations, that are the straightforward generalization of those
used in the scalar field theory. In fact the constraint 7% = 0 is closely related
to the fact that the initial Lagrangian given in Eq. (2.32) is invariant under
gauge transformations [23],

SAAL = VA + g fAcABAC. (2.40)
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However as is well known, we can overcome this problem by fixing the gauge
and this can be achieved by adding a gauge-fixing term and a ghost term to
the original classical Lagrangian [24].

Let us explain the general procedure for obtaining a Lagrangian which
can be quantized following the canonical quantization procedure [25]. We
start by choosing a gauge-fixing function, G[A]4. In the classical theory one
imposes the condition G[A]* = 0. In the quantum theory one adds a gauge-
fixing term and a ghost term to the classical Lagrangian. The gauge-fixing
term is obtained by first squaring this gauge-fixing function G[A]* in such a
way that it forms a scalar in the representation space of the Lie algebra and
then multiplying it by —1/(2a). To find the ghost Lagrangian we first take
the gauge transformation of the gauge-fixing function G[A]* and then change
the A4 to ghost fields ¢?. After that we contract any free index left with
anti-ghosts ¢4 to form a scalar quantity in the representation space of the
Lie algebra and then multiply it by 7. The scalar thus obtained is called the
Faddeev-Popov ghost Lagrangian [24]. Both the ghost fields and anti-ghost
fields obey Fermi-Dirac statistics. The Faddeev-Popov ghost Lagrangian is
also needed for ensuring the unitarity of the theory (see Chapter 16 of Ref.
[21]). In fact Faddeev-Popov ghosts were first conjectured by Feynman using
unitarity [26] and later derived by Faddeev and Popov by using path integral
[24].

In the classical theory, in Lorentz gauge the gauge-fixing condition is
given by

G[A]* = VA% = 0. (2.41)

In the quantum theory the gauge-fixing term £, corresponding to this gauge-
fixing condition is obtained by first squaring this gauge-fixing condition in
such a way that it forms a scalar quantity and then multiplying it by —1/(2a).

1
L,= —ﬁ[VaAijAA”]. (2.42)

To obtain the ghost Lagrangian we first take the gauge transformation of the
gauge-fixing function:

OrGIAY = VIVl + gf50ATAC), (2.43)
and then change A4 to ¢,
5(C)G[A]A = Va[VaCA + gfg‘CAch]. (2.44)

Finally we contract with anti-ghosts ¢*, in such a way that it forms a scalar
quantity,
2480 GIAL = TV [V + g e AP ). (2.45)
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After dropping total derivative terms, and multiplying by ¢ we obtain the
ghost Lagrangian,
Lgn = —iVCaDyc?, (2.46)

where D,c? is the covariant derivative for the fields in adjoint representation

with generators 74,
Doct = Ve + gfpaABCC. (2.47)

The total Lagrangian is given by the sum of the classical Lagrangian, the
gauge-fixing term and the ghost term,

L=L.+Ly+ Ly, (2.48)

2.3 BRST Symmetry for Yang-Mills Theo-
ries

The original classical Lagrangian is invariant under gauge transformations.
After fixing the gauge this invariance is broken. However the total La-
grangian, which is obtained as a sum of the original classical Lagrangian,
the gauge-fixing term and the ghost term is now invariant under a transfor-
mation called the BRST transformation [27]. To see this we first rewrite the
gauge-fixing term in terms of an auxiliary field B4, as:

L, = [BAVGAA“ + %BABA . (2.49)

It is possible to recover the original gauge-fixing term from this using the
field equation for B4. Now the BRST transformation for Yang-Mills theory
is given by

s = €s, (2.50)

where € is an anti-commuting complex number and

sAy = i[Vae" + gfpc A7),

sBY = 0,
set = BA,
st = —% AncBcl. (2.51)

As the BRST transformation is fermionic in the sense that it depends on
a fermionic parameter €, it is important to fix a convention as to how the
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transformation s acts on the fields. We let them act from the left on the
fields, for example
s(¢tca) = s(e)ca — Esey. (2.52)

Now these transformations can be seen to satisfy
(5)> =0. (2.53)

The action of (s)? on B4 and ¢ trivially vanishes.

s(sB*) =0, (2.54)
and
s(s¢t) = sBA = 0. (2.55)
Its action on ¢ is given by
ig
(S)QCA = __S[fBC’cBCC]

2

= gz[—fécf CECFCC+chngCBCECF]

I
e

(2.56)

We have used the Jacobi identity given by Eq. (2.7) and the fact that ¢ are
anti-commutating in the last equality. Similarly we have

()°A; = is[Vac" + gfpc AT
= 2 13eVale”) = gffo(Vae")
2
g
P B AR+ L (G A
= 0 (2.57)
where we have used the Jacobi identity given by Eq. (2.7) and the fact that

fﬁcva(cBCC> = fBC(v ) + f4 OCBV @

= ch( B)C CBCBVaC
= ch(v ¢ )C fBCCCVaC
= 2f5a(Vac?)c. (2.58)

The original classical Lagrangian is invariant under the BRST transforma-
tion, as the BRST transformation for the original classical Lagrangian is just
the gauge transformations with A“ replaced by ¢4:

sL.=0. (2.59)
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We also note that

s [ea [VaAt + S84

= Ba VoA + B4 + i,V Doc?

= [BaVLA™ + S BuBY| — iVeaD,c!

=L+ Ly, (2.60)
up to a total divergence term. The invariance of the sum of the gauge-fixing
term and the ghost term can now be deduced from the fact that their sum

is written as a total BRST variation. Thus the BRST variation of the sum
of the gauge-fixing term and the ghost term vanishes due to Eq. (2.53), as:

S[Cy + Lon] = ()2 [EA [VQAA“ + %BA” —0. (2.61)

However, as the original classical Lagrangian is also invariant under the
BRST transformation, so the total Lagrangian will also be invariant under
the BRST transformation:

S[Lo+ Ly + L] = 0. (2.62)

The invariance of Yang-Mills theory under BRST symmetry is crucial in
selecting the physical states.

2.4 Physical States

In Abelian gauge theory in flat spacetime, we get negative norm states in
the Fock space. For example, for free Abelian gauge theory in the Feynman
gauge the creation and annihilation operators, a,(k) and aZ(k" ) satisfy,

[aa(k), af (k)] = igad (k. K'), (2.63)

so we have
[a0<k)7 ag(k/)] = _ié(k> k/)v (264)

It is possible to restrict our Fock space to positive norm states in Abelian
gauge theory by using Gupta-Bleuler formalism [28]. In this formalism phys-
ical states |¢,) are defined by requiring that

0, A () [¢p) =0, (2.65)

17



where 9,A)?(z) is the positive frequency part of 9,4%(x). It can be shown
that
00, A%(z) =0, (2.66)

even if the field A® interacts with charged matter. Thus, this method works
for Abelian gauge theory in Minkowski spacetime, even if interactions are in-
cluded. However it does not work for non-abelian gauge theories in Minkowski
spacetime as 0,A%(z) does not satisfy the free field equation for non-abelian
gauge theories and hence one cannot define its positive frequency part. It
also fails in case of Abelian gauge theory in general curved spacetime as it is
not always possible to define the positive frequency part of V,A%(x) uniquely
in general curved spacetime.

However it is possible to remove these negative norm states in case of
non-abelian gauge theory in Minkowski spacetime by the Kugo-Ojima crite-
rion [25]. Kugo-Ojima criterion states that the physical states |¢,) must be
annihilated by @ [25],

Qlop) =0, (2.67)

where () is the BRST charge, which is the Noether charge corresponding
to invariance of the total Lagrangian under the BRST transformation. The
Kugo-Ojima criterion divides the Fock space into two parts, the physical part
which is annihilated by ) and the unphysical part which is not annihilated
by ). The physical part in turn has a trivial part which is composed of
those states which are obtained by the action of () on states that are not
annihilated by @, |¢:) = Q|¢up), Where Q|¢y,) # 0. These trivial physical

states are orthogonal to all physical states,

<¢p|¢t> = <¢p|Q|¢up> =0. (2-68)

Thus in Minkowski spacetime the only relevant physical states for non-
abelian gauge theory are those that are annihilated by () and are not obtained
by the action of (Q on any other state.

In curved spacetime it is expected that BRST symmetry will play an
important role in defining the physical states [29]. However, in this thesis
we shall show that the Feynman propagator for ghost fields in de Sitter
spacetime suffers from IR divergences. Due to this problem the definition of
BRST symmetry for Yang-Mills theories in de Sitter spacetime might become
non-trivial. However if BRST symmetry is defined for Yang-Mills theories in
de Sitter spacetime then the Kugo-Ojima criterion can be used to obtain the
physical subspace, in analogy to what is done in case of Minkowski spacetime.
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Chapter 3

Perturbative Quantum Gravity

In this chapter we shall discuss the quantization of perturbative quantum
gravity in general curved spacetime. We shall also discuss the BRST sym-
metry for perturbative quantum gravity in this chapter.

3.1 Basic Formalism

According to General theory of Relativity, gravity is caused by the curvature
of spacetime [30]. The Lagrangian for gravity with a cosmological constant
A, is given by
—g(f)
L.= RY) —2)]. 3.1

el ] (3.1)
We have denoted the full metric as gé{:) to distinguish it from the fixed back-
ground metric g,. The scalar curvature corresponding to this full metric is
denoted by RY). We adopt units such that

167G = 1. (3.2)

The Lagrangian given by Eq. (3.1) is invariant under the following infinites-
imal transformations originating from its general coordinate invariance:

Ongsy) = £a043) (3.3)
where the Lie derivative £,t,, for any tensor t,, is given by

£Atab - Acvctab + tacvbAc + tbcvaAc' (34)
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In perturbative gravity one writes the full metric in terms of a fixed
background metric and small perturbations around it. We also denote the
small perturbation around the fixed background metric as hy,. So we can
now write,

9 = gap + hap. (3.5)

This small perturbation is regarded as a field that is to be quantized. The
covariant derivative along with the raising and lowering of indices will be
with respect to the background metric.

For perturbative quantum gravity, we first write the Lagrangian in terms
of the full metric gc(j:) and then expand g(%) in terms of hy, and g,. So we
get the gravitational Lagrangian for perturbative quantum gravity in terms
of hgp. It will in general contain infinitely many terms. Each term containing
two derivatives of hg, comes from the Ricci scalar RY), and there are only
finitely many terms of this kind. However, because the inverse of the metric
contains infinitely many terms with integer powers of h,;, we have infinitely
many terms in the Lagrangian for perturbative quantum gravity.

Now as g is fixed, the transformation of gg{) will be attributed to hgp.
Thus, the transformation of hg;, is now given by

Sahay = £agd)
- £Agab + £Ahab
Vol + ViAg + £xhas. (3.6)

In the last line we have used V.g,, = 0. To first order in A,, the Lagrangian
for perturbative quantum gravity will be invariant to all orders in hg,, under
the following transformation,

Oahay = VolAp + VipAy + £Lahap, (3.7)
where the Lie derivative £ jhgy is given by
£Ahab = Acvchab + hacvbAc + hbcvaAc‘ (38)

Thus gravity is somewhat analogous to Yang-Mills theories. Just as in the
Yang-Mills theory the Lagrangian was invariant under gauge transformations,
here the Lagrangian is invariant under general coordinate transformations
given by Eq. (3.7). Due to this analogy one can deal with gravity in a
similar way to what was done for Yang-Mills theories.
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3.2 Quantization

In the previous section we found that the Lagrangian for perturbative quan-
tum gravity is invariant under the following transformations:

Onhay = Val\y + VA, + Lahg. (39)

In the previous chapter we found that the Lagrangian of the Yang-Mills
theory was invariant under a gauge transformation which led to constraints
and we were not able to quantize this theory without fixing a gauge. Now
as the Lagrangian for perturbative quantum gravity is invariant under the
above mentioned transformations, we expect that constraints will exist for
perturbative quantum gravity also. In fact it is known that just like in the
Yang-Mills case the invariance of the Lagrangian for perturbative quantum
gravity leads to the existence of constraints [31]. We are thus not able to
quantize it using canonical commutation relations without fixing the gauge.
Thus we add a gauge-fixing term and a ghost term to the classical Lagrangian
of perturbative quantum gravity, just like what we did in case of Yang-Mills
theories (see Chapter 2 of Ref. [32]). We shall explain this procedure below.
In classical theory we impose the gauge-fixing condition,

G[hla = (VPhay — kVh) = 0. (3.10)

where,

k1. (3.11)

For k = 1, the conjugate momentum for hgy, still vanishes, so we take k # 1.
For this reason sometimes k is written as 1+, where 3 is an arbitrary finite
constant [14]. In quantum theory we add a gauge-fixing term and a ghost
term to the classical Lagrangian. The gauge-fixing term corresponding to this
gauge-fixing condition is obtained by first squaring this gauge-fixing function
G[h]4, in such a way that it form a scalar quantity and then multiplying it
by —1/(2a):

1
L, = —%[V”hub — kV,h] [V — kVh] . (3.12)
Now to get the ghost action, we follow the same procedure we followed for

getting the ghost action in the case of Yang-Mills theory. First we take the
gauge transformation of the gauge-fixing function:

(5AG[h]b = V“[VaAb —+ VbAa — ZkgachAc
+£Ahab - kgabng£Ahcd]' (313)
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Next we introduce the Faddeev-Popov ghost field ¢*, which is a fermionic
vector field, and define £.h,, to be

£chab = Ccvchab + hacvbcC + hbcvaCC- (314)
Then we change A, to ¢, in Eq. (3.13)

5(C)G[h]b = V“[Vacb + Ve, — ngabvccc
+£chab - kgabgalvgchcd]- (315)

Now we contract the free index with anti-ghost field ¢, which is also a
fermionic vector field:

Ebé(c)G[h]b = EbV“[Vacb + Vycy — 2kgapVoc©
+£chab — kgabng£Chcd]. (316)

Finally we multiply it by ¢+ and drop total derivatives to get the ghost La-
grangian,

Lo = —z’V“Eb[Vacb + Vico — 2kgap Vec© +
cCVChab + hachcC + hbcvacc —
k:gabgc‘i[cevehcd + hee Vac® + hge Vec?]]. (3.17)

The total Lagrangian is given by the sum of the classical Lagrangian, the
gauge-fixing term and the ghost term:

L=Le+Ly+ Ly (3.18)

3.3 BRST Symmetry for Perturbative Quan-

tum Gravity

The original classical Lagrangian is invariant under gauge transformations.
However after fixing the gauge this invariance is broken. However the total
Lagrangian for the perturbative quantum gravity, which is obtained as a sum
of the original classical Lagrangian, the gauge-fixing term and the ghost term
is also invariant under BRST symmetry [33]. To see this we first rewrite the
gauge-fixing term in terms of an auxiliary field B¢, as:

L, = B" |V'hay — kVoh + %Ba . (3.19)
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The original form of the gauge-fixing term can be obtained from this one using
the field equation for B*. Now the BRST transformation for perturbative
quantum gravity is given by

s = €s, (3.20)

where again € is an anti-commuting complex number and

Shab = i[Vacb + Vbca =+ cchhab

Fhae Ve 4 hpe Vo,
sB, = 0,
5Ca = DBa,
s = —idVyc" (3.21)

This transformation also satisfies (see Chapter 5 of Ref. [34]),
(s)? =0. (3.22)

The original classical Lagrangian is again invariant under the BRST trans-
formation, as the BRST transformation for the original classical Lagrangian
is just the gauge transformation with A® replaced by ¢*:

sL.=0. (3.23)
We also note that up to a total divergence,
s [0 [Vha = kVah + 5B
= B" |V'hay = kVah + 5 Ba] +
iV [Vacy + Viyca — 2kgay Vet
4+ Vhap + hae Vet + hpe V& —

kgabng[Cevehcd + hcevdce + hdevcce]]
= Eg + ,Cgh. (324)

The invariance of the gauge-fixing term and the ghost term can be now
deduced from the fact that their sum is written as a total BRST variation
and that the BRST variation of a total BRST variation vanishes:

2
S[Ly+ Lgn] = (s)? {E“ [Vbhab — kV,h + %BGH = 0. (3.25)

However as the original classical Lagrangian was also invariant under the
BRST transformation, so the total Lagrangian will also be invariant under
the BRST transformation:

S[Ce+ Ly + Lop] = 0. (3.26)
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The invariance of perturbative quantum gravity under BRST symmetry is
also crucial in selecting the physical states of the theory. It is possible to
define physical states in perturbative quantum gravity, at least formally using
Kugo-Ojima criterion (see Chapter 5 of Ref. [34]). Thus, the state |¢,) is
said to be a physical states if

Ql¢p) = 0. (3.27)

The only relevant physical states in perturbative quantum gravity again are
those states which are annihilated by ) and are not obtained by the action
of @ on any other state.

In this thesis we will show that the Feynman propagator for ghost fields
in perturbative quantum gravity in de Sitter spacetime also suffers from IR
divergences. Thus just like the Yang-Mills case, due to IR divergences the
definition of BRST symmetry for perturbative quantum gravity in de Sitter
spacetime might become non-trivial.

24



Chapter 4

de Sitter Spacetime

In this chapter, we shall review some basic properties of de Sitter spacetime
(see Chapter 5 of Ref. [30]). We shall start by reviewing properties of dif-
ferent tensors in de Sitter spacetime and then present some basic coordinate
systems used in de Sitter spacetime.

4.1 Properties of de Sitter Spacetime

The vacuum Einstein equations with a cosmological constant A are given by
(see chapter 3 of Ref. [30]).

Gab = _Agab7 (41)

where G, is the Einstein tensor which is given by
1
Gab - Rab - §Rgab- (42)

Constant curvature spacetimes are solutions to Eq. (4.2), and are character-
ized by the condition (see Chapter 5 of Ref. [30])

1
R%eq = ERWQM — 05 Gbe), (4.3)

where R is a constant. The spacetimes with R = 0, R < 0 and R > 0 are
called the Minkowski spacetime, the anti-de Sitter spacetime and de Sitter
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spacetime, respectively. Now for the constant curvature spacetimes, we have
Rya = R%aq
1
= —R[00Gba — 05 Gba
75 2100 9bd — i gbal
1

So the Einstein tensor G, for the constant curvature spacetimes is given by

1
Gab = Rab - §Rgab

1 1
= —guwR — =Rqg,
4gb 5 Jab
1
= ——guR. 4.5
49b ( )

Now if we compare Eq. (4.2) with Eq. (4.5), we see that we can view Eq.
(4.5) as a solution of the vacuum Einstein field equations with a cosmological
constant A given by

1
A=ZR. (4.6)

As de Sitter spacetime is defined to be a spacetime of constant positive
curvature, so for de Sitter spacetime the cosmological constant is positive.
This cosmological constant is related to a constant called the Hubble constant

H, as follows:
A =3H% (4.7)

It is called the Hubble constant as it was used by Hubble for the measure
of the expansion of the universe [36]. So for de Sitter spacetime, in terms of
the Hubble constant H, we have

R = 12H?, (4.8)
Ry = 3H Guw, (4.9)
Ryea = H?[62Gba — 65 9be), (4.10)
Gw = —3H?gu. (4.11)

4.2 de Sitter Spacetime Metric

de Sitter spacetime, which is defined to be a spacetime of constant positive
curvature, has the topology R x S% and can be viewed as a hyperboloid
in five dimensional Minkowski spacetime (see Chapter 5 of Ref. [30]). If
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the Cartesian coordinates in the five dimensional Minkowski spacetime are
X, Y, Z W, T and the metric is given by

ds* = —dT? + dW? +dX* +dY? + dZ, (4.12)

with —oco < W, X, Y, Z, T' < oo then de Sitter spacetime is the hypersurface
given by the following equation,

X2+ Y2+ 22+ W2 -T% =’ (4.13)

Here « is called the radius of de Sitter spacetime and is related to the Hubble

constant by o = H™!, as we shall see. De Sitter spacetime inherits the

five dimensional Lorentz invariance of five dimensional Minkowski spacetime,

which is SO(4, 1) [37]. This is called de Sitter group and is defined to be the

group of linear transformations in five dimensions which preserve Eq. (4.13).
A convenient parametrisation of this hypersurface is given by

asinh(a't),

a cosh(a™'t) cos 1,

a~'t) sin 1) sin 0 sin ¢,
= acosh(a™'t)sin cos . (4.14)

= «acosh

N =N

(@™t

= acosh(a't)sin sin 6 cos ¢,
(™)
(@™t

with 0 < ¢, 0 < 71,0 < ¢ <27 and —o0o < t < co. Then substituting Eq.
(4.14) in the Minkowski metric given by Eq. (4.12), we get

ds® = —dt* + o cosh® a 't[dip? + sin? o (d6? + sin? 0d¢?)]. (4.15)

The singularities at ¢ = 0,7 and # = 0, 1 are those singularities that occur
in polar coordinates. Apart from them this coordinate system is regular in
the whole of de Sitter spacetime and covers all of de Sitter spacetime. If we
rescale by letting t — at, then the metric given in Eq. (4.15) becomes

ds* = o*[—dt® + cosh® t[dy® + sin® ¢ (df? + sin® Odp?)]]. (4.16)
If we further perform the transformation,

X == —it, (4.17)
2
then this rescaled de Sitter metric given in Eq. (4.16) becomes

ds® = o®[dx® + sin x*[dy* + sin® ¢ (d6? + sin? 0d¢?)]]. (4.18)
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This is in fact the metric on a four dimensional sphere denoted by S*, of
radius a. It may be noted that for x to be real in Eq. (4.17), time ¢ has to
be imaginary. So we are using imaginary time in Eq. (4.18).

We can also write the de Sitter metric as follows:

ds* = —dt* + exp(2a't) (da? + dy* + dz?), (4.19)
where
W +T
X
T = «
W+T’
Y
= «
y W+
A
_ . 4.20
s = ot (420)

Here —oco0 < z,y, 2 < 0o and 0 < t < co. However these coordinates only
cover half of de Sitter spacetime as t is not defined for W + T < 0.
Now if the FRW metric is given by

ds® = —dt* + a*(t)dQ?, (4.21)

where d€)? is the spatial part of the metric. It can be shown that the Hubble
constant given in Eq. (4.7), is related to a by (see Chapter 5 of Ref.[35])

a
H=-. 4.22
: (4.22)
So for Eq. (4.19), the Hubble constant is given by

H= (4.23)

1
o
Unless specified otherwise, from now on we shall choose units such that
H? =1, to simplify calculations.
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Chapter 5

Ghosts for Yang-Mills Theories

in de Sitter Spacetime

In this chapter we shall examine the ghost propagators for Yang-Mills theories
in de Sitter spacetime. We shall use the fact the Feynman propagators in
the Euclidean vacuum [4] in de Sitter spacetime can be obtained from the
corresponding Green’s function on the S* by analytical continuation [38].

5.1 Ghosts for Yang-Mills Theories

We have already presented the ghost Lagrangian for Yang-Mills theories in
general spacetime in Eq. (2.46). So we can start from the following ghost
Lagrangian,

,Cgh = —z‘V“EADacA. (51)
Now as the covariant derivative D,c? is given by
DacA = VaCA + gfgCAfCCv (52)
we have
Lon = —i[VCaVac + gfpcVCa AL L. (5.3)

This can now be written as a free Lagrangian E;Zee and an interaction part
;’}f, where the free Lagrangian is given by

LI = —iv,eavech, (5.4)
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The equation of motion obtained from this free Lagrangian for ghosts and
anti-ghosts are

oet = 0,

o = 0.

5)
6)

These are the equations of motion for the minimally-coupled massless scalar
fields.

As is well known, there is ambiguity in the selection of positive frequency
solutions and thus an ambiguity in selecting the vacuum state in curved
spacetime [39]. However, for de Sitter spacetime there is a de Sitter invari-
ant vacuum state called the Euclidean vacuum [4] in which the Feynman
propagator can be obtained from the Green’s function on the four sphere by
analytical continuation [38]. We shall use the Euclidean vacuum state for
calculating the Feynman ghost propagator for Yang-Mills theories.

Let |0) be the Euclidean vacuum state. Then the Feynman propagator
for the free ghost fields would be given by

(5.
(5.

(0|T[c*(z)EB (2)]|0) = i64P Dy(z, 2'), (5.7)
where Dy(z,z") would satisfy
ODy(z,2") = —8*(z, 7). (5.8)

However, it is well known that there is no Feynman propagator for minimally-
coupled massless scalar fields that respects de Sitter invariance [4]. We can
see that there is no Euclidean vacuum for these fields as follows. To find
the Feynman propagator in the Euclidean vacuum, we first find the Green’s
function on S*. Now a complete set of basis for any scalar function on S* is
the scalar spherical harmonics Y27 which satisfy [40],

—aY*™ = L(L +3)Y", (5.9)

where L = 0,1,2,3,4--- and o represents all the other labels. The scalar
spherical harmonics are normalized as:

/ d*z /gy oy L' = gLl goo, (5.10)
We define §(z, 2') as:
/\/g(x’)d4x’f(x’)54(x,x’) = f(z), (5.11)
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for any function f(z’). We can mode expand é(x,z’) as:

ZZYLU Yo (2, (5.12)

L=0 o

because if we mode expand any function f(z’) on S* as:

Z > AV (5.13)

=0 o’

where A/, are constants, then use Eq. (5.10), we find

SN [ vy ey

L=0 o

_ ZZZZ / VA A YEO (@)Y ()Y (o)

L=0 o L'=

= S ALY ) = fe). (5.14)

L=0 o

If Eq. (5.8) were to be satisfied, the Green’s function Dy(z,2") would have
to be decomposed into spherical harmonic modes as follows:

ZZk Yo ()Y (o). (5.15)

L=0 o

where kg, is a constant. Now substituting Eqgs. (5.12) and (5.15) into Eq.
(5.8) we get,

DZZk Y7 (2)y e (a)) = ZZYL" )Y (). (5.16)

L=0 o
From Egs. (5.9) and (5.16), we get

1

kp = ——.
T L(L+3)

(5.17)

So formally we can write

ZZYU LY;;( )| (5.18)
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However, Dy(x,z’) is actually not well defined because L(L + 3) = 0 for
L = 0. If we regulate this propagator by adding a small mass m? to Eq.
(5.8), then we get

[0 — m?*| Dy (z,2") = —6(x, 7). (5.19)

Then following what we did for the minimally-coupled massless scalar field,

we get
YLO' Y*La( )
2 . 5.20
D (@, ) ZZLL+3+m2 (5:20)

This propagator given by Eq. (5.20) diverges in the zero mass limit. Such
divergences are called infrared divergences. As the volume of the unit S™ is
given by

2ﬂ.n+1
V= P(aTy (5.21)
2
so the volume of the unit S* is
2
V= 8%. (5.22)

Now from from Egs. (5.10) and (5.22), the L = 0 mode will be given by

3
YO =/ —. 5.23
872 ( )

The L = 0 mode, which is a constant mode, is the cause of infrared divergence
as its contribution diverges in the zero mass limit. Thus by substituting Eq
(5.23) into Eq. (5.20), we find

/ YLO' Y*La( )
D (2, 27) 87T2m2 ZZ L(L+1)+m?" (5:24)

This propagator obviously diverges in the zero mass limit.

5.2 Effective Propagator

We saw in the previous section that the propagator for the ghost fields suffers
infrared divergence in de Sitter spacetime as the free part of the ghost La-
grangian satisfies the minimally-coupled massless scalar field equation, which
is known to be IR divergent in de Sitter spacetime. If the ghost fields were
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physical fields, we would need to break the de Sitter invariance of the vac-
uum for these fields [5]. However we shall see that this problem can be
circumvented because they are unphysical fields and thus do not exist in
the final/initial states of any scattering calculations and they only appear in
internal loops in the Feynman diagrams. This can be seen as follows.

First we note that if we consider the propagator which is regulated by
addition of a small mass, then we observe that the infrared divergence are
caused by the L = 0 mode, which is a constant mode, in the zero mass limit.
However this constant mode does not contribute to the loops in the Feynman
diagrams. This is because the interaction part of the ghost Lagrangian is
given by

gﬁt = —igféCV“EA.Ach, (5.25)
so the anti-ghosts couple to the gauge field through a derivative coupling
and this derivative eliminates the constant modes. Now as the ghosts and
anti-ghosts only occur in the internal loops in the Feynman diagrams, they
are unphysical fields. So the constant modes will always be eliminated in any
perturbative calculation.

We propose therefore to use an effective propagator obtained by first
subtracting out this constant mode and then taking the zero mass limit of
the regulated propagator. Note that, we are free to add any finite constant to
this effective propagator, as the contribution coming from any constant will
not contribute in the perturbative calculations, due to the reasons mentioned
above. It appears likely that the use of this effective propagator will lead to
a consistent perturbative theory. However the consistency of the theory is
not obvious because it is not clear how the removal of the zero modes from
the Faddeev-Popov ghosts will affect the BRST symmetry of the theory.

Thus, we define D% (z, 2”) by
3

8m2m?2’

D (x,2") = Dy, 2) — (5.26)

Then from Egs. (5.24) and (5.26), we have

YLO' Y*La
ZZ L(L+1) +§n2>' (5:27)

Clearly this is convergent in the zero mass limit, and its zero mass limit plus
any arbitrary finite constant C'/167? gives us the effective propagator for the
ghost fields DET:

C
ngriloD (2, 2) + 76

This propagator appears for very different physical reasons in the works of
Allen and Turyn on covariant graviton propagator [6].

= D¢ (z,2"). (5.28)
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5.3 Explicit Expression for the Effective Prop-

agator

In this section we derive an explicit expression for DET using the work of Allen
and Jacobson [38]. This propagator has been derived and used in a different
context, as was mentioned above [6]. Following Allen and Jacobson, we define
p(x, x) to be the geodesic distance between spacelike separated points x and
2’ in de Sitter spacetime. Also the variable z is defined as,

z = cos? (g) . (5.29)
In terms of the variable z, the solution to Eq. (5.19) is given by (see Sec. 2
of Ref. [38))

D,p2(2) I'(ap)T(a)Flay,a—;2;z]. (5.30)

= 1672

where a, and a_ are given by

(5.31)

ay =

+
|
|
Sl\?

—m2. (5.32)

a. =

Ol N W

|
=~ ©

This propagator clearly diverges in the zero mass limit, because I'(a_) —
oo as m? — 0. However we have seen in the previous section that the
effective propagator obtained by subtracting the constant L = 0 mode from
the solution to Eq. (5.19), has no IR divergences in the zero mass limit. So to
find the effective propagator explicitly using the work of Allen and Jacobson
we shall first verify that the contribution of L. = 0 mode subtracted from the
constant part of the Eq. (5.30) is a finite constant in the zero mass limit.

Let D, be the constant z-independent part of D,,2(z) given by Eq. (5.30),

1

D.=
1672

I'(ay )T (a). (5.33)

We subtract the zero mode contributions given in Eq. (5.23) from Eq. (5.33),

Dom — = L P ) - —

©8m2m2 1672

(5.34)

8m2m?2’

We shall verify that this is finite in the zero mass limit. We define

p= MZ —m2. (5.35)
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We have

p— g = —m; + O(m?), (5.36)
We can now write
e = (30) ()i 3
- () )
S SOIGOET =
- (e o
Here we have used
T()I(1—2) = Sm?m). (5.38)
Hence T'(a,)T'(a_) can be approximated as,
()T (a_) = G_T?;mQ +O(m?), (5.39)

The zero mass limit of the constant modes contribution subtracted from D,
can be written as follows

lim {DC i}

m2—0  8m2m?2
_ 1 [6—3m? ) 6
B ngrgo 1672 [ m? +0m’) - ﬁ]
3
= — . 5.40
1672 ( )

Thus this is finite in the zero mass limit and there are no infrared divergences.
The exact value of this constant is not important as we are free to add any
constant we like to this effective propagator, because the constant part of the
propagator does not contribute in perturbative calculations. The important
point to note here is that it is finite and does not diverge.

Now we can calculate the effective propagator as follows. We first define
D{(z) as,

m2-0 | dz

Di(2) = lim {isz(z)} , (5.41)
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and then define the effective propagator by

N C
Di'(z) = Dy —— 42
() = [ aDie) + 1 (5.42)

where C' is an arbitrary finite constant. Now as

d b
—Flabie;2] = CFla+1,b+ e+ 1;2], (5.43)
zZ C

so Eq. (5.41), becomes
1

= 1672

Dy () D(4)T(1)F[4,1;3; 2]. (5.44)

With C' =0, Eq. (5.42) in terms of elementary functions is given by

. 1 1 14
D (z) = Tl b 2log(1 — 2) — 3| (5.45)

This is the effective propagator that can be used to do perturbative calcula-
tions.
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Chapter 6

Ghosts for Perturbative
Quantum Gravity in de Sitter

Spacetime

In this chapter we shall calculate the ghost propagators for perturbative
quantum gravity in de Sitter spacetime. We shall again use the fact the
Feynman propagators in the Euclidean vacuum [4] in de Sitter spacetime can
be obtained from the corresponding Green’s function on the S* by analytical
continuation [38].

6.1 Ghosts for Perturbative Quantum Grav-

ity
Since the ghosts for perturbative quantum gravity are vector fields, we need
to review the formalism of Allen and Jacobson for the vector propagators
(see Sec. 1 of Ref. [38]). Let x and 2’ be two spacelike separated points and
let p(z,2") be the geodesic distance between them as before. One defines
the unit tangent vectors n,(x,z') at x and ny(x,2’) at 2" along the geodesic
between these two points as follows,

na(z, ') = Vou(z, 2, (6.1)
ng'(z,2") = Vg u(z,z'). (6.2)



In addition one defines a parallel propagator g,~ such that if A® is a vector
at x, and if A% the vector at 2’ obtained by parallelly transporting A® along

the geodesic, then
AY = g¢ A®. (6.3)

Now as the unit tangents at x and z’ point away from each other, so we have
oM = —Ner. (6.4)

One also writes the metric at x and 2’ as g,. and g, respectively. Now any
maximally symmetric bi-tensor can be expressed as a linear combination of
Jacs Gare's Na, Ne and gq with the coefficient of each term depending only on
z = cos?(p/2). For example a maximally symmetric bi-vector V. (z) may be
expressed as

Vac’(z) = a(z)gac’ + 5(2)”’&”0’- (65)

We have already presented the ghost Lagrangian for perturbative quan-
tum gravity in general spacetime in Eq. (3.17). So we can start from the
following ghost Lagrangian,

,Cgh = —iV“Eb[Vacb + Vbca - 2krgabvccc +
ceVhay + hae Vet + hp V¢ —
kGarg°[ceVCheq + heeVac + hgeVect]]. (6.6)

This Lagrangian can now be written in terms of a free ghost Lagrangian

Eg;ee and the Lagrangian for interactions L';’}f. The free part of the ghost

Lagrangian is given by
L = iV [Vac, + Vica — 2kgap Vo). (6.7)

So the free field equations for the ghosts and anti-ghosts are given by

VUV aca 4+ Vacq — 2kgaaVec] = 0, (6.8)
VUV o + Vata — 2kgaaVee] = 0. (6.9)
Now we define L2 (m?) as follows
Lb(m?) = V'V, — 60 — 2871V, VP — m?5?, (6.10)
where .
g = 1 (6.11)
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Free field equations, Eqs. (6.8) and (6.9), in de Sitter spacetime can be
written as:

L(=6)c, = O, (6.12)
L) (—6)e, = 0, (6.13)

where
L(—6) = V'V, — 880 — 287V, V° +66°. (6.14)

Here we have used Eq. (4.10). Here again we choose the Euclidean vacuum
[4] for calculating the time-ordered product of fields. Let |0) be the Euclidean
vacuum state, then Feynman propagator for the ghost fields would be given
by

(0|T'[cp(z)Cw (2")]|0) = iGpe (z, ), (6.15)

where Gy would satisfy
L2 (—6)Ghe(z,2") = —gawd(z,2"). (6.16)

Now as in the FEuclidean vacuum state the Feynman propagator can be ob-
tained from Green’s function on the four sphere by analytical continuation
[38], so to find the Feynman propagator we shall first find Green’s function
on S*.

On S* any smooth vector field can be expressed as a linear combination
of vector spherical harmonics AL and the gradient of the scalar spherical
harmonics V,Y 7 (see Sec. 5 of Ref. [6]). The vector spherical harmonics
satisfy [40],

—0AL = [L(L+3)—1]AL,
veAle = 0, (6.17)

where L = 1,2,3,4,5--- and they are normalized as
/ d*z\fgALT AV = gLl 500" (6.18)
Here all the quantum numbers on a three-sphere S® are denoted by o. The

degeneracies for these scalar spherical harmonics d; and the vector spherical
harmonics d, are given by [6]

ds = %(L + 1)(L +2)(2L + 3),

d, — %L(L +3)(2L + 3). (6.19)
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The scalar spherical harmonics satisfy Eq. (5.9) and their gradient covectors
are normalized as W = V,Y%7/,/L(L + 3) by using Eq. (5.9) and Eq.
(5.10) because

! ! 1 ! !

d4 ab Lo *L'o — / d4 ab aYLU Y*L o

1 ! !

- - d4 ab DyLa Y*LO’

L(L +3) / w99 (OY)
= s 5o (6.20)
Now on S, we have (see Sec. 5 of Ref. [6])

Gar0H (@, 0') = ) (') + 800 (w, ), (6.21)

where

sV, 2') = ZZAL" )AL (1), (6.22)

L=1 o

O (5, 2') = ZZWL” YWEL (2. (6.23)

L=1 o

We can show that this is a valid expression for delta-function by first ex-
panding any vector function f(z')s on S* in terms of AL (2") and W17 ('),
then using Eq. (6.18) and Eq. (6.20). That is, following a similar line of
argument as was used in the scalar delta-function case, we can show that

d* '\ g(2) € (1)) a0t (z, ') = fu(z). (6.24)
We also have (see Sec. 5 of Ref. [6])

Goo(z,2") = GV (2, 2)) + G, (z,2), (6.25)
where

GV (x,2)) = ZZzﬁALJ (2)AF (), (6.26)

Gac’( ) = ZZkQWLU *L, /( ) (627)

Here k; and ko are L-dependent constants which can be determined from the
following equations:

L(—6)GY (z,2) = —0*(x,2"), (6.28)
LH(=6)GS, (z,2) = =08 (x, ). (6.29)
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Thus we get,

1
o= (L+1)(L+2)—6 (6.30)

1 L(L+3) ]

k’QZ——

6 { ~ L(L+3)+3p (6:31)

So we have,

v ) 0 ALO’ A*LU
Gac/(xVT) = ZZ L—|—1( )L+2(>—)6 (632)

e Y ()Y (o)
Gao2,27) = 8;; ~VaVe { L(L+3)
YLO'(x)Y*LO'<I/)
- L(L+3)+38 } (6:33)

The right-hand side of Eq. (6.32) is infrared divergent and this infrared
divergence is caused by the contribution coming from the L = 1 modes
because (L + 1)(L+2) —6 =0 for L = 1. But if we regulate Eq. (6.28) by
changing m? = —6 to m? = —6 + p? thus adding a small mass p? to m?, then
we get

Le(—6 + p)G ) (2, 2) = =6 (2, o). (6.34)

By repeating the above procedure we find that the regulated propagator
2
G(‘l/c(,p ) is given by

ALo )A*Lo’( /)
V(p
Zzg: L+1)(L+2)—6+p* (6.35)

In the zero p? limit, G;/c(,pz)(x, 2') = GY,(z,2') and GZC(/OQ)(I', ') thus diverges
in the zero p? limit. Furthermore, we have seen that this divergence is caused
by the L = 1 modes. So we can write Eq. (6.35) as

G;/C(/p2)(x7x,) _ Z Aéﬂ( A*IU Z Z ALO' A*Lo’( )

(L+1)(L+2)—6+p*
(6.36)

o

Let QZZ, be the solution to (see Sec. 3 of Ref. [38]),

Ly (-6 + 0% ac,(x 7)) = —gpe6* (2, 2'). (6.37)
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Then by comparing Eq. (6.34) with Eq. (6.37), we can write the solution to
Eq. (6.34) as (see Sec. 5 of Ref. [6]),

GV(,p2)(9U7 x') = QZi, (z,2") +

ac

61 2 VoV DS (z,2"). (6.38)
Here we have used Eq. (6.23) and the fact that L¢(—6 + p?) is invertible.
Here DS (z,2") is the effective propagator given by Eq. (5.28), as there is no
contribution coming from the zero modes for Dy(x,z’") due to the action of
derivatives on it.

In Eq. (6.33) there are no zero modes because of the action of derivative
on the scalar spherical harmonics. So the only IR divergence in Eq. (6.33)
are caused if we choose f = —n(n + 3)/3, where (n = 1,2,3,---). The
covariant graviton propagator is IR divergent for the same values of 5 [12].
The graviton propagator used by Antoniadis and Mottola [13] corresponds
to the n = 1 case and is IR divergent as a result. If we avoid these value of
S there will be no IR divergences left in Eq. (6.33).

Now because of Eq. (6.33) we can write the scalar part of the ghost
propagator as

1
G5 (r,2) = —EVCLVC/ (DSt (2, 2") — Dag(w, 2")]. (6.39)

There is no contribution from the L = 0 mode in Eq. (6.33) because of the
action of the derivative. So we have used in Eq. (6.39), the same effective
propagator that was obtained in Eq. (5.28) for the Yang-Mills case.

6.2 Effective Propagator

We have seen in the previous section that the vector part of the ghost propa-
gator is infrared divergent due to the L = 1 modes. We shall now argue that
the L = 1 modes do not contribute to the calculations of the time-ordered
product of the ghost fields. To see that we note that the L = 1 modes are
the Killing vectors on S* [41]. This can be seen as follows. Let a vector f,
satisfy the Killing equation on S*,

Vafs + Vofa =0. (640)
Taking the trace of Eq. (6.40), we get

Vef, =0. (6.41)
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So f, is a divergencesless vector. Now taking the divergence of Eq. (6.40),
we find
(—0—3)f,=0. (6.42)

Which is the equation for L = 1 mode. Conversely, suppose f, satisfies
Eq. (6.42), then

/d4l’\/§(vafb + Vifa) (VO + VO )
R / 2 /G (VO + V)

- 2/d4x\/§f“(—|3 - 3)f.
_— (6.43)

We can conclude from this equation that V,f, + Vyf, = 0. Thus, (-0 —
3)fo = 0 implies V,f, + Vi f, = 0. In other words, each L = 1 mode is a
Killing vector and vice versa.

The interaction part of the ghost Lagrangian can be written as:

L= —iVe[L P — kgapg™ £ ched)- (6.44)

Since the coupling term of the anti-ghosts to the metric perturbation hg, in
Eq. (6.44) is proportional to Ve’ + V¢, and since the L = 1 modes are
the Killing vectors, the L = 1 modes do not contribute to the loop diagrams.
Now as ghosts and anti-ghosts are unphysical fields they only occur in loop
diagrams and thus there is no contribution from the L = 1 modes in any
perturbative calculation.

For this reason, as in the Yang-Mills case, we propose to define the vector
part of the effective ghost propagator by first subtracting out the contribu-
tions coming from L = 1 modes from the vector part of the ghost propagator
and then taking the p?> — 0 limit.

We denote the contribution coming from the L = 1 modes by QI;QQ (x,2'):

Qkp2 (% :E/) _ Z Aag(x)AZ’ U(x/)‘ (6.45)

ac’ 2
p

e}

Now from Egs. (6.36) and (6.45), we have

i [G107 o) = QU ()] = X i (a0

p2—0



Clearly this is convergent and has no infrared divergence. As the contribution
V.VuDsE(x,2') /(6 + p*) had no infrared divergence in the p? — 0 limit, the
infrared divergences in G;/C(,p 2)(x, x') come from ng, (x,2"). So we define the
effective propagator Q°(x, ') as follows:

2

o (z,2') = lim Q7 (z,2') — Q" (x,2)|. (6.47)

/ /
ac ac
p2—0

Now the total effective ghost propagator will be given by

Gb(e.a!) = lm (G177 (@,0) + Gl 2') — QU (2, 2')]
p2—
= lim [QZZ (x,2") — Qigf (z, a:’)]
p2—0
: 1 eff /
+ ,;1213) s V.VeDgy' (z,2")

1 / /
—EVQVC/ [DSH(JU, 2') — Dsg(z, @ )}

1
= Q% (x,2)) + EVQVC/D%(L ). (6.48)
This propagator can be used to do calculations in perturbative quantum
gravity. However just like in the Yang-Mills case the consistency of the
perturbation theory is not obvious as it is not clear how the subtraction of
the Killing modes will affect the BRST symmetry of the theory.

6.3 Explicit Expression for the Vector Part
of the Effective Propagator

To find the effective ghost propagator in terms of the variable z we can
proceed as follows: The solution to Eq. (6.37), in terms of z, is given by (see
Sec. 3 of Ref. [38])

ng’(z) - aV(pQ)(Z)gac’ + 6V(p2)(z>nanc’7 (649)
where
—2z(1—2) d
oV = %E +22 - 1|7 (2), (6.50)
YO = oV 47 (). (6.51)



Here 77°(z) is given by

N 0y (R
V7 (2) = —WFVMJ)—, 3; 2], (6.52)
where
5} 1
by = = -~ +6— p? 6.53
+ 5T TP (6.53)
5! 1
b = — —4/=+6—p2 6.54
5\ 7767 (6.54)
It may be noted that we have changed the mass from m? = —6 to m? =

—6 + p*. The propagator given by Eq. (6.49) clearly diverges as p*> — 0
because then b_ — 0 and so I'(b_) — 0.

The contribution from the Killing vectors in the Allen-Jacobson formalism
is given by (see Sec. 5 of Ref. [6])

IRt
- 16m2p2

Zc’(z) [(22 - 1)gaa’ + 2(2 - 1)nana’]' (655)

This can be obtained by substituting

r 15
T 16m2p2’
into Eqgs. (6.50) and (6.51). Just like the Yang-Mills case, we first verify that
v* subtracted from the constant part of v7°(z) given in Eq. (6.52) is a finite

constant in the zero p? limit. Let ~, be the constant part of 7P2(z) given in
Eq. (6.52), then we have

(6.56)

¢ 6472(6 — p?) 7 '
where ¢ is given by
\/25 — 4p?
g= T”. (6.58)
We subtract the «* from -,:
¢ 6472(6 — p?) 16m2p% ‘
We shall verify that 7. — v* has a finite zero p? limit. Now we have
5 0
-2 =L o). (6.60
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) - (G
P

We can use the following approximation

1 1 m T
F<§+q>F<§—q) Csinm(i-¢q)  sinm(2—q)

Here we have used

I'(2)I'(1 —2) = 6.63
(N0 =) = s (6.63)
Thus we find
S T PP +O(ph) (6.64)
Te T Gan2p? 57 P ‘
Hence we obtain
1 1 87 60
lim [y, — "] = i — |60 — —p* + O(p")| — =
p21r—r>10h 7 pggo 6472 Lﬂ [ 5 o+ 00 p?
7
= —— 6.65
32072 ( )

The exact value of this constant is not important because we are free to
add any finite arbitrary constant to 7'”2 (z), as the addition of any finite
constant will only generate Killing contributions which will not contribute
to the perturbative calculations. The important point to note here is that
fypz(z) — ~¥ is finite and so there are no infrared divergences.

Now we can calculate the vector part of the effective ghost propagator by
first defining 7/(z2) as,

d
V() = lim = 7 (2)] (6.66)
p
and then defining the effective v°% by

Z C
2 (z) = / d7() + =g (6.67)
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where C' is a arbitrary finite constant. Now as

d b
d—F[a,b;c;z]:a—F[a—i-l,b—i-l;c—i— 1; 2], (6.68)
2 c

so Eq. (6.66) now becomes

_ 1 T(e)rQ)
6472 6

7' (2) F6,1;4; z]. (6.69)

With C' = 11, v°%(2) in terms of elementary functions is given by

yfi(2) = 6417T2 a _12)2 + (152) —12log(1 — 2) + 4] . (6.70)

The advantage of this choice of C' is that it eliminates terms proportional to
zin oV (2) and BV (2), thus simplifying the calculations. After substi-
tuting this value of 4*% into Eqs. (6.50) and (6.51), we get

Zlf:f’ (Z) = aV(eﬁ)(Z)gaC’ + 5‘/(6&)(2)”@”0” (6-71)
where
V() = L 12025 — 1) log(1 — )
6472 | 3(1 —2)?
4
—12 6.72
* 3(1—2)]’ (6.72)
BN () = S —24(z —1)log(1 — 2)
6472 | 3(1 — 2)?
14
16— | ‘
T z)} (6.73)

6.4 Explicit Expression for the Total Effec-

tive Propagator

To calculate the total effective propagator we have to add the contribution
coming from the scalar part to the effective vector part of the ghost propa-
gator. The scalar part of the ghost propagator cannot be written in terms
of elementary functions for a general value of 5. However the correspond-
ing scalar field equation for § = 2/3 is the conformally-coupled massless
scalar field equation. (An equation of the form [0 — R/6]¢ = 0 is called
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the conformally-coupled massless scalar field equation as it is invariant un-
der conformal transformations). For this value of 5 the mass takes the value
m? = 2 and the scalar propagator takes a simple form [42]:

1 1
Dy(2) = 62T (6.74)
Now (see Sec. 1 of Ref. [38]), we have
d
Vo f(2) = —/20 =2, (6.75)
dz
and 1
Vane = ———(gae’ + NaNer)- 6.76
o e+ ane) (0.1
So we obtain the following result,
1df(z) d (_df(z)
/ = = / 1—2)— —_— /. .
V.V f(z) 5= g, Jae + ( Z)dz (z 7, ) Nae (6.77)
Now from Egs. (6.74) and (6.77) we get
1
“VoVeDy(2) = 0% (2)gae + B°(2)Naner, (6.78)

6

where

a®(z) = ! { ! } (6.79)

6472 | 3(1 — 2)?
1 2 4
F@) = g {_3(1 e T z)Q} ' (6.80)

So the full effective ghost propagator will be given by the sum of the
effective vector contributions given by Eq. (6.78) and the scalar contributions
given by Eq. (6.71)

GU(2) = ("M a%)gu + (B + B nng
= a(2)gue + BT (2)nane, (6.81)
where
1 1
a(z) = e {3(1 — 3—3(2z — 1) log(1 — z)} . (6.82)
1 4
B (2) = 62 [—3(1 " 446(1—z)log(1l — z)] . (6.83)

This is the effective ghost propagator for perturbative quantum gravity with
f = 2/3 in de Sitter spacetime, which can be used to do perturbative calcu-
lations .
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Chapter 7

Symplectic Product and
Wightman Two-Point Function

In this chapter we shall first discuss canonical quantization of free scalar field
theory and then generalize these results to higher spin fields. We shall first
construct the Wightman two-function for free scalar field theory in de Sit-
ter spacetime by canonical quantization. Then we shall formally see how
we can use this method to construct the Wightman two-function for higher
spin fields. From now on two-point function will mean the Wightman two-
function.

7.1 Symplectic Product for Scalar Field The-

ory

We shall review the scalar field theory in de Sitter spacetime in this section
[39]. However we shall proceed in a way slightly different from [39], so that
our procedure is easily generalized to higher spin fields. The Lagrangian for
a minimally-coupled real massive scalar field theory is given by

L ===V, V%% —m’¢?], (7.1)

N | —

and the classical equation of motion is given by

(O —m?)p(x) = 0. (7.2)
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Now we can define a quantity we call the momentum current 7¢ as follows:

N 8@6 S = Vv (7.3)
Using Egs. (7.2), we get
Ve = —/=gm*¢(x), (7.4)
where
Ver® = /=gVl(—g) . (7.5)

If ¢, ¢’ are two solutions of the field equations, and 7¢, 7’ the momentum
currents conjugate to them, then we define a current J¢ as follows:

7
Jc _ _ Qb*ﬂ'/c _ leﬂ*c]. (76)
7
If d¥, is a surface element of the spacelike hypersurface ¥, then the sym-
plectic product on this hypersurface can be defined as follows:

(6,0) = /E 05, (77)

Using Eq. (7.4), we can show that the current J¢ is conserved,

1
v—9

= i[(V.0*. V¢ — V.". V) +m*(¢*¢ —¢*¢')] =0. (7.8)
Now if we consider a spacetime region with volume V', bounded by a future

spacelike hypersurface X1 and a past spacelike hypersurface ¥, then by
Gauss theorem we have

V.S = —

VC[Qb*’]T,C _ ¢/ﬂ_*c] — Zvc[¢*vc¢/ _ ¢/VC¢*]

/ d*z/— gV, J°
1%

= / dECJC—/ dX.J*
£+ -

= 0, (7.9)

/ 45,.J° = / d5,.J°. (7.10)
s+ -

Let us now consider de Sitter metric which was given by Eq. (4.16):

and so we have

ds® = —dt?® + cosh® t[dy? + sin® ¢(dH?* + sin? Odp?)]. (7.11)
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If we define n. = (1,0) to be the past pointing unit normal to the constant-
time spacelike hypersurface X and «;; to be the metric on it, then we have

nent = ¢®ngny = —1, (7.12)
and

d¥,J* = dx\/yn.J*
= d*x/yat’
= d*x/—gJ". (7.13)

So the symplectic product given in Eq. (7.7) can now be written as:

(¢, ¢) = —i/d3x[¢*(x, 0 (x,t) — ¢'(x, t)7*0(x, 1)]. (7.14)

7.2 Fock Space

Let {¢,} and {¢:} form a complete set of solutions to the field equation
(7.2), and suppose

(¢m ¢m) = Mnm7 (715)
(Gn ) = O, (7.16)

The condition given in Eq. (7.16) does not hold in general and so this is a
requirement on the complete set of solutions to the field equation, Eq. (7.2).
We also chose M, to have positive eigenvalues only. This again is not always
true and so this is again a requirement on the complete set of solutions to
the field equation, Eq. (7.2). Also in general n, m can be continuous labels.
However in de Sitter spacetime these are actually discrete labels.

Now using Eq. (7.14) the infinite dimensional matrix M,,, can be shown
to be Hermitian:

My = —i / 0[5, (%, )10, (%, ) — (o6, )0 (3, )]

- [_z / d*x[@5, (x, t)mo (X, 1) — dn(x, )T (%, 1))
M (7.18)

As ¢ is a real field, we can now expand it as follows:

¢ = [andn + andy]. (7.19)
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In quantum field theory when ¢ and 7 are promoted to Hermitian op-
erators ¢ and 7°, respectively, and the following equal-time commutation
relations are imposed,

(60,8, 7°6¢, )] = id(x, %),
Gx,1),0(x, )] =
[, ), 7, 1)] =

then a; and a, become operators af, and a, respectively. Here §(x,x’) is
defined by

(7.20)

/d3X(5(X,X')f(X) = f(x), (7.21)

for any compactly supported smooth function f(x). So we can now express
¢ as follows:

6= andn +aler]. (7.22)

For this choice of complete set of solutions to the field equation, Eq. (7.2),
we define a state called the vacuum state |0), as the state that is annihilated
by a,:

a,|0) = 0. (7.23)

It may be noted that here af and a, will not satisfy the standard com-
mutation relations, however we still call them the creation and annihilation
operators respectively, in analogy with those for the simple quantum har-
monic oscillator. Many particle states can be built by repeated action of af,
on the vacuum state.

It may be noted that the division between {¢,} and {¢}} is not unique
even after imposing conditions given by Eqgs. (7.15)-(7.17) [39]. Due to this
non-uniqueness in division between {¢,} and {¢}, there is non-uniqueness
in the definition of the vacuum state also. This can be seen by considering
{¢.,} and {¢,} as another complete set of solutions to the field equation,
Eq. (7.2), satisfying conditions given by Eqgs. (7.15)-(7.17). Now we have

0= land, +ale)] (7:24)
Here the vacuum state |0’) is the state annihilated by a/,

a0y = 0. (7.25)
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Now many particle states can be built by repeated action of a/f on [0/). As
¢, and ¢} form a complete set of solutions to the field equation, Eq. (7.2),
we can express ¢/, as a linear combination of ¢,, and ¢,

G = [Cnmm + Bum &) (7.26)

m

By substituting Eq. (7.26) in Eq. (7.24) and comparing the resulting expres-
sion with Eq. (7.22), we find

an = Z[anma;m+6;mag]7 (727)
ajz = Z[ W m+ﬁnma J. (7.28)

The two Fock spaces based on these choices of complete set of solutions to
the field equation, Eq. (7.2), are different as long as S,,, # 0. In particular
a,|0") does not vanish because

an|0') = Z[anma/ + Brnart]07)

= Zﬁnm H107) # 0, (7.29)
but,
Thus a,|0') is a one—particle state. In fact we have

We shall use a de Sitter invariant vacuum state called the Fuclidean
vacuum state and its higher-spin analogues in our analysis [4]. The Euclidean
vacuum is often referred to as the Bunch-Davies vacuum [43]. An advantage
of using this vacuum state is that the two-point functions reduce to the
standard Minkowski two-point functions when de Sitter radius is taken to
infinity, after fixing the geodesic distance between two points [44].

7.3 Wightman Two-Point Function for Scalar
Field Theory

The Wightman two-point function for scalar field theory is given by
G, a') = (0]g(x)$(")[0). (7.32)

53



This can be written as:

o) = 3001 (anbn(@) + a6 (0))(@nbn(@’) + alym(a)|0)
= Y 6u()65 (") Crm, (7.33)

where C,,, is the commutator,
Crum = (0[an, al,]0). (7.34)

Now as ngﬁ and 7¥ are Hermitian, by using the canonical commutation relations
given in Eq. (7.20), we get,

(CORCES)
= [ Exdx(6x 07 (1) — Gl 0 ),
DK, 70 (X, 1) — b, DRV, 1)
= i [ xR (xR 1) = G D] x)

- _i/ X6, (%, 1), (%, £) = b (X, )7 (%, )]

— My (7.35)
Now we have
(6n: &) =D axMps. (7.36)
Using Eqs. (7.18) and (7.36), we also ;et
(&, bm) = [(6m, D)]" = ; af My, = ; af My, (7.37)

Now from Egs. (7.35)-(7.37), we get

> Molag, af] My = My, (7.38)
kl

Using Eqs. (7.34) and (7.38), we get

kl

This equation in matrix notation is written as,

MCM = M. (7.40)
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Assuming that M, has only positive eigenvalues, i.e., that it is invertible,
we get
C=M" (7.41)

Therefore the two-point function is given by

Gla,a') = dul@)d}, (@) My, (7.42)

7.4 Wightman Two-Point Function for Ten-

sor Fields

In this section we shall formally generalize what we did for scalar fields to
general non-interacting higher-spin fields, described by tensor fields. Let
us denote a tensor field by a shorthand notation, Au aya5a4..0, = Ar. The
Lagrangian £ for this field A; will be assumed to be a scalar function of
only A; and V_.A;, as the inclusion of higher derivative terms will lead to
problems like non-unitarity of the theory [45]. As we are considering only
free field theories, we can write the most general Lagrangian for higher-spin
free field theories as follows:

1 1
L= —§T10JdchIvdAJ — §S”AIAJ, (7.43)

where T7¢/ and S’/ do not depend on A; and satisfy

TIch — TJdIC, (744)
S (7.45)

The equation of motion is now given by
V. [T A, — S A; = 0. (7.46)

We define a momentum current 7 conjugate to A; as follows:

oL

c _ /T - _ /= TIch A 4
™ \V gaVCAI vV —g Vd J (7 7)
From Eq. (7.46), we have
Vel = —/=¢gST A (7.48)
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Now if A; and A} are two solutions to the field equations, Eq. (7.46), then
we define the current J¢ as follows:

i
J¢ = ——[Axn'l — Al el 7.49
\/_—g[ 7 I ] ( )

Now we define a symplectic product on a spacelike hypersurface . with
surface element d¥., as follows:

(4, 4) = / s, J. (7.50)

By using Eq. (7.46), we can show that J¢ is conserved,

VCJC - Z_gvc[ ?ﬂ_lcl o /I7T*d]
= iV [ATIIN A, — AT A%
= [V ATV AL — VAL T v A
+S1 (A7 AL — AL A7)
= 0. (7.51)

Now if we again consider a spacetime region bounded by a future spacelike
hypersurface X1 and a past spacelike hypersurface ¥, then using Gauss
theorem we can show that

/ dx.J¢ = / s, J¢. (7.52)
£+ -

Let {Ar,} and {A3,,} be a complete set of solutions to the field equation
(7.46), and suppose

(Ana Am) = Mnm7 (7.53)
(An, An) = 0, (7.54)

Here again Eq. (7.54) is a requirement on the complete set of solutions
to the field equation (7.46). If the theory has gauge symmetry, M,,, will
contain zero eigenvalues and thus will not be invertible [23]. However after a
suitable gauge-fixing term is added to the classical Lagrangian given in Eq.
(7.43), My, will contain no zero eigenvalues [24] and thus be invertible. In
this thesis, we will explicitly invert M,,, for linearized quantum gravity in
de Sitter spacetime, in the covariant gauge.
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It can also be shown that M,,, is a Hermitian matrix by repeating the
argument used in the scalar field theory case. Now after adding a suitable
gauge-fixing term and imposing canonical commutation relations, we can also
expand A; in terms of creation and annihilation operators as follows:

Ar = lanAp + al A7), (7.56)

Here the vacuum state is defined by requiring it to satisfy
a,|0) = 0. (7.57)

It may be noted that, just like in the scalar field theory case, there is still
an ambiguity in the division between {A;,} and {A4},}, and thus there is
also an ambiguity in the definition of the vacuum state [39]. The Wightman
two-point function is now given by

Gz, 2') = (0|A;(x)Ap(2")|0)
= 2 Anle) Apn ()0l ] 10) (7.58)

As after choosing a suitable gauge-fixing term M,,,,, becomes invertible, thus
following a similar line of argument as was used in the scalar field theory
case, we can show that

My, = (0][an, al,]]0). (7.59)
Therefore we can now write the two-point function as follows:

Gz, 2" )y = ZAM VA g (ML, (7.60)
It will also be useful to define a Klein-Gordon type product as follows:
(A1, Ag) = —i / dXa[A5 V AL — AR VAT (7.61)

In the above mentioned scalar field theory case this Klein-Gordon type prod-
uct is equal to the symplectic product given in Eq. (7.7), but this is not
always the case. For example, for a scalar field theory given by the following
Lagrangian,
1
L= ﬂ[—vaw“q& —m®¢?, (7.62)
we have

(P1, d2) = 11, o). (7.63)
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Chapter 8

Spin-2 Field in de Sitter

Spacetime

In the previous chapter we derived a formal expression for the Wightman
two-point function of tensor fields. In this chapter we shall review certain
properties of linearized quantum gravity in de Sitter spacetime, which will
be used to explicitly calculate the graviton Wightman two-point in covariant
gauge in the next chapter.

8.1 Linearized Quantum Gravity in de Sitter

Spacetime

In this section we review the linearized quantum gravity in de Sitter space-
time. After dropping total divergences, the Lagrangian for linearized quan-
tum gravity in de Sitter spacetime can be written as [14],

1 1 1
Lo = =7 Vah"Vhie+ SVah ™V hye + VDV h
1V“hvbh L het + Ly (8.1)
9 ab 9 ab 9 . :

This Lagrangian is invariant under the following gauge transformation,

5Ahbc = chb + VbAc, (82)
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where A, is any vector field on de Sitter spacetime. Now we need to add
a gauge-fixing term to this Lagrangian for linearized quantum gravity in
de Sitter spacetime and we choose to add the gauge-fixing term given in Eq.

(3.12),

L, = [VPhay — KV h] [Vch® — kVh] . (8.3)

1
2a
So after neglecting total derivatives, the sum of this gauge-fixing term and
classical Lagrangian for linearized quantum gravity in de Sitter spacetime
can be written as

1 11
Lo+ L, = —Zvahbcvahbc + (5 — 5) Vo h* VP hy.
(B+1)2 1\, 1 g+1
( 2032 4 ViVeh =5 Ba
1 1
xVhVhy, — 3 {habh“b + 5}%} . (8.4)

This is the Lagrangian of massless spin-2 field in de Sitter spacetime. It will
be seen that it is of calculational advantage to first add a mass term and then
take the zero mass limit of this massive theory at the end of our calculations.
So during most calculations, we shall start from massive spin-2 field and
then set the mass to zero at the end of the calculation. The Lagrangian £
of massive spin-2 field in de Sitter spacetime is obtained by adding a mass
term called the Fierz-Pauli term, to the massless spin-2 field Lagrangian:

L = Ly+Ly+ %MZ [haph® — B?]

1 1 1
= __;ahbccahc - - Cahaccbhc
4 b +(2 2a> b

(B+1)? 1\ . 1 B+1
(G 1) v G-50)

1 1
XVhV P hyy — 3 {habh“b + 5}#’}

_i_iMQ [habhab . hQ} ' (85)

39



The equation of motion obtained from this Lagrangian is

9 2 2

B+1)? 1 1 B+1
+< af? —§>gbth+(§— 604)

1
X [chbh + gbCVanh“d] — |:th + §gbch}

1 1 1
—0Ohpe — (— ) ViV ohi + V.V, hi]

1
—§M2[hbc— geh] = 0. (8.6)

8.2 Symplectic Product

Now to calculate the symplectic product, we first calculate the momentum
abc

current 7*¢; which is given by
oL
e = /=g : 8.7
m 955 (8.7)
It can be explicitly written as
abc 1 a1 bc 1 1 ac db ab dc
s = V=g |-=V"h+ | = — — | [¢°°Vah™ + g*°V 4h*]
2 2 2«
)% 1 1 1
o <5+) = gbcvah_ __B—i_
af3? 2 4 2B«
X [2gchdh“d + ¢*°Vh + g“bVChH . (8.8)

Now if hy. and hj, are two solutions to the field equation, Eq. (8.6), and if

abe ‘abe are the momentum current conjugate to them, then we find

¢ and 7
using Eq. (7.49) that the conserved current J* is given by

NS

The symplectic product defined on a spacelike hypersurface ¥ is given by

Je = — [hzbﬂ_/abc o ::bﬂ-abc*]- (89)

(h,h') = / 45, J°. (8.10)

Now because of Eq. (7.51), we have

V. J¢ = 0. (8.11)
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So for a spacetime region bounded by a future spacelike hypersurface X% and
a past spacelike hypersurface ¥, because of Eq. (7.52), we have

/ Ay, J¢ = / s, J¢. (8.12)
s+ -

8.3 Mode Decomposition

In this section we shall decompose h;. into modes. In the next chapter
we shall calculate the graviton Wightman two-point in covariant gauge by
calculating the contribution to it coming from each of these modes.

We can decompose the field hy,. into scalar, vector and tensor parts [14],

hpe = Che + Ape + Epe. (8.13)
Here the scalar part Cj, is given by,

Che = (Vi Ve — igbcD)B + ighch. (8.14)
The vector part, Ay is given by
Ape = V Ay + Vi A, (8.15)
and satisfies,
Al =2V°4, = 0. (8.16)
The tensor part Ej,. satisfies
E} =0, (8.17)
V¢Ep. = 0. (8.18)

Now we want to find the equations of motion for each of these parts. We
start from the scalar part C,,. First by substituting h,, = Cy, where Cyy, is
defined in Eq. (8.14), into the equation of motion (8.6) and then using the
formula for R{ = given in Eq. (4.10), we find the following equation,

ga|X1h + XoB] + V,V,[V1B + Ysh)] = 0, (8.19)

where

(8.20)

af? 4daff 4

B+1)? B+1 1} _3+3M2
487

]
o

1 31+8)] , 1 148 M?
Z—W}D%[rw]“?m’ (8.21)
-« 3 M?
Y, = o D+a__2’ (8.22)
_aB-38-4
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Now if we define

Xih+ XoB = p, (8.24)
YiB+Ysh = v, (8.25)
then we can write Eq. (8.19) as
Gavpt + VoV = 0. (8.26)
Taking the trace of Eq. (8.26), we obtain
= —ilju. (8.27)
Now its divergence, we obtain
V.0 + 4]y = 0. (8.28)
So we have
[0+ 4]y = 4k, (8.29)
where k is a constant. Thus we get
v=p+k. (8.30)
Now a particular solution to Eqgs. (8.24) and (8.25) can be written as
h = h® =0y, (8.31)
B - Bw__ 2 4, (8.32)

6 — M2« 2 — M?
Any solution Egs. (8.24) and (8.25) can be written as a sum of this particular
solution and the general solution. The general solution is the solution to the
homogeneous equations obtained from Eqgs. (8.24) and (8.25) by setting
i = v = 0. However, Cyp = 0 for the particular solution h = h®) and
B = B® . Since we take the M? — 0 limit in the end, the special cases

M? = 2 and M? = 6/a are not relevant here. Hence we only need to
consider the solution to the homogeneous equations given by
Xih+ XoB = 0, (8.33)
YiB+Ysh = 0. (8.34)

Thus we have

1 3145 1 1+p8 M?
(G- ) (it o 5o

B+1)?* p+1 1 3, 3M*),

3—a_ 3 M2 af—38-4],

B
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After eliminating the fourth-order derivative of B, we can rearrange these

equations as:

OB = CL1B+CL2]'L,
Ooh = &3h—|—a4B,

where
12 — 2aM?
@=L T3
af —38 —4
gy = —
’ Bla—3)
I 6(af — 38 —2) 1_%2
3 a—3 2 )7

o = 9Plap—36-4) (1 B E) (1 B 9M2> _ (8.39)

a—3 2

6

The equations of motion for the vector part are obtained by substituting
hap = Aap, where A,y is defined by Egs. (8.15) and (8.16), into the equations

of motion (8.6). Thus we get,
ViVo + VoW =0,

where,

Ve =V [VPAT + VA" — aM?A”,

The general solution to this equation is
Vu[VPA + VA" — aM?A® = f°
where f, is a Killing vector and thus satisfies
Vaolfo + Vifo =0.

So a particular solution is given by

Alp) — _ fa )
“ M2«

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

However A,, = 0 for this solution, A, = AP So following a similar line of
argument as was used for the scalar part, we can set f* = 0. Thus we get

V,[VPA® + VA" — aM2A® =0,
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Now by using Eq. (4.10), we can write this equation as
[O+ 3 —aM?A4, =0. (8.46)

The equation for the tensor part is obtained by substituting h., = FEu, where
Eqp is defined by Egs. (8.17) and (8.18), into the equation of motion (8.6).
Thus we get

[O—2— M*E, =0. (8.47)

8.4 Harmonic Modes on de Sitter Spacetime

To find the contribution of the vector and tensor parts to the two-point
function we expand the vector and tensor parts into harmonic modes on
de Sitter spacetime. The spatial part of these modes is given by the spherical
harmonics on S? and its temporal part is given in terms of the associated
Legendre function. We denote the coordinates on S? by x and define y using
Eq. (4.17) as x = w/2 —it.

Now we review some properties of scalar, vector and tensor spherical
harmonics on S® [40]. Let the indices on de Sitter spacetime be denoted
by (a,b,c---) and on S* be denoted by (i,7,k---). We denote the scalar,
vector and tensor spherical harmonics on S* by Y*(x), Y/ (x) and ;{7 (x),
respectively. Here o denotes all the indices other than ¢. Thus o denotes
all the quantum numbers on a two-sphere S? from now on. It may be noted
that o previously denoted all the quantum numbers on a three-sphere (in
the chapters on ghost propagators). We also denote the covariant derivative
on S3 by V;, the metric on S® by 7;; and V;V* by V2. For scalar spherical
harmonics on S%, we have £ =0,1,2,3--- and

—VY = (0 +2)Y". (8.48)
For vector spherical harmonics on S®, we have £ = 1,2,3,4--- and

VA = [0(0+2) - 1Y),
vyl = o. (8.49)

For tensor spherical harmonics on S?, we have ¢ = 2,3,4,5--- and

-V = [l +2) - Yy,
@iy;?a — O,
n7Y = 0. (8.50)
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Next we review some properties of the associated Legendre functions P, #(x)
[46]. The degree v can be lowered or raised as

(-4 +) P = - wPAG)

x
d _
<(1 — x2)@ —(v+ 1):6) P/Mz) = —(v+p+1)PL(x). (8.51)
Now we define D,, as follows:
d
D, = dx + ncot x. (8.52)

Then we have

d

d cos x

—sin xD,, P! (cos x) = {(1 — cos? x) —ncosx| P, #(cosx). (8.53)

So now because of Egs. (8.51) and (8.53), we have

—sinxD_, P, = (v—p)Pk(2),
—sinxD, P = —(v+p+ 1P (). (8.54)

We also have
D, sin™ x P #(cos x) = sin” x Dy P, #(cOs ), (8.55)

because

d
[— + mcot X] sin” x P, #(cos x)
dx

= sin" x [% + (m + n) cot X] P #(cos ). (8.56)

There are two types of solutions to Eq. (8.46) denoted by Ap% with n =
0,1. These modes have ¢ = 1,2,3---. There are three types of solutions to
Eq. (8.47) denoted by E with n = 0,1,2. These modes have { = 2,3,4- -
(see Sec. 2,4,5,6 of Ref [47]). Here o denotes all the quantum numbers on
a two-sphere. We let the solutions to the minimally-coupled massive scalar
field equation in de Sitter spacetime be denoted by S* with ¢ = 0,1,2,3,-- -,
where

[0 —m?)S* = 0. (8.57)

We shall write the solutions on de Sitter spacetime in analogy with the
solutions on S%, exploiting the similarity of de Sitter metric given in Eq.
(4.16) to the metric on S*, after defining x by Eq. (4.17) as y = 7/2 — it.
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So first we review the defining properties of scalar, vector and tensor
spherical harmonics on S* [40]. For scalar spherical harmonics on S*, we
have

oSt — [L(L + 3)]S*, (8.58)
with L = 0,1,2,--- and ¢ < L. For vector spherical harmonics on S*, we
have

—0AM = [L(L+3) - 1]AF,
vPlAlRe = 0, (8.59)
with L = 1,2,3,--- and ¢ < L. For tensor spherical harmonics on S*, we
have
—0E" = [L(I+3)-2E",
viLKU = 0
beplte — o, (8.60)

with L =1,2,3--- and ¢ < L.

What we use is the fact that the positive-frequency mode function for the
Euclidean vacuum in de Sitter spacetime are obtained by solving the same
equations as these spherical harmonics under the transformation y = 7/2—it,
if we allow L, L and L to be non-integers and unconstrained by the condition
L,L,L > ( (sce Ref. [47]). Comparing Eq. (8.46) with Eq. (8.59), Eq.
(8.47) with Eq. (8.60), Eq. (8.57) with Eq. (8.58) and using the similarity

of de Sitter spacetime with S*, we can write L, L and L as,

L(L+3) = —M?
L(L+3) = —aM?+4,
LIL+3) = —m? (8.61)

Now L, L, L to the first order in M? or m?2, are given by

- M?
L~ = (8.62)
M2
L ~ 1—0‘5 , (8.63)
2
T ~ _%%. (8.64)

In the limit M? — 0, we have L = 0 and L = 1, for de Sitter spacetime.
Now the scalar, vector and tensor harmonic modes in de Sitter spacetime are
given by (see Sec. 2,4,5,6 of Ref. [47]),
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L =1,2,3,4,5-

(sinx)~ 1P£f1+1) (cos x) Y (x), (8.65)
0,

P;glﬂ)(cos X)YKU(X), (8.66)

(sinx)~ ZPLJ%H) (cos X)YZU(X),

1 0+1 ~
—DP, ( + ) yto .
T DE VY, (se)

0,
0,

(siny)~ lPLﬁJF (cos X)Yéa( ) (8.68)

0,
(siny)™ 1PLJ£21+1) (cos x)Y;¥ (x),

1
(0 —1)(¢+3)
< (VY7 (x) + V,;Y (x)), (8.69)

(sin x) * P (cos )Y (),

)(cos X)§ZY€”(X),

sin XD2PLJ£1+ )(cos X)

: 1
(sinx)~ DlPL+1

0 +2)
(beT@ + bQUlJ)YZU(X>7

3 1
200+ 3)(f—1) (_§<sz)

+ sin XDng) p-rh (cos x),

1
0((+2) T+1
1
—(£+1)
—mpzﬂ (cosx),

00 +2)

@iﬁj + Tigs (870)

We emphasize again that we have merely used the analogy between
de Sitter spacetime and S* and not really analytically continued from S4
to de Sitter spacetlme If for the modes given by Eqs. (8.65)-(8.70), we let
L=0,1,23/4-
where £ is a p0s1t1ve integer, then they would be regular at y = 7 and thus
Eqgs. (8.65)-(8.70) would define valid spherical harmonics. However, in case
of de Sitter spacetime these modes do not satisfy all of these conditions,

L =23456--- and L,L,L >/,
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and as a result they are singular at y = w. But, this point corresponds to
imaginary time ¢ = im/2, and hence it is not physically relevant in de Sitter
spacetime and so we can safely use Eqs. (8.65)-(8.70) for calculating graviton
Wightman two-point function in de Sitter spacetime.

These modes given by Eqs. (8.65)-(8.70), regarded as functions on de Sit-
ter spacetime, can be used to decompose the scalar Cy;,, vector A, and tensor
E, parts of the field hy, in terms of mode functions. The scalar, vector and
tensor mode functions that constitute the fields Cy,, A, and Ey, respec-
tively, are orthogonal to one another with respect to the symplectic product
as long as M # 0 [48]. This implies that Cyp, Ag and E,, commute with
one another upon quantization. Thus the quantization of each of these fields
can be considered separately. However in the limit M — 0, the vector modes
constituting A,p, and tensor modes constituting F,,, with n = 0,1 coincide
[10]. For this reason, we shall consider the quantization of the vector and
tensor parts, Ay, and E,;, together, but consider the quantization of the scalar
part Cg, separately from the vector and tensor parts.
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Chapter 9

Wightman Graviton Two-Point

Function

In this chapter we shall explicitly calculate the contributions to the covariant
Wightman graviton two-point function coming from the scalar and vector-
tensor sectors.

9.1 Physical Equivalence

In linearized quantum gravity the Wightman two-point function of the gravi-
ton field A, has no physical meaning by itself because this theory has gauge
invariance under the gauge transformation,

Snhve = VoAy + VoA, (9.1)

where A, is any vector field on de Sitter spacetime. One can find tensor fields
at x that are linear in hy, and are invariant under this gauge transformations
[16]. An example of such a tensor field is the linearized Weyl tensor Wpeq()
given by

Wabcd<$) = W[ab][cd](x>> (92)

Wabcd(‘r) = VCVbhad<Jf)+th(fL‘)gad(lL‘).

Now, if a Wightman graviton two-point function Gy (z, ") can be writ-
ten as

Gbcb’c’ (IE, [L'/) = Pbcb’c’ (ZIZ’, [E/) + chb’c/ (ZL’7 33,), (94)
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where

Qaba’b’ == VaKga/b, (LE, CL'/> + VbK;a/b’ (l’, .ZU/)
+va/ sbb/ (l‘, x/) + Vb/KQba/ (I, x/>, (95)

a

for some K}, (x,2") and K2, (z,z'), then the two-point function of a local
gauge-invariant tensor field linear in hy. will be the same whether one uses
Greper (,2") or Py (x,2") as the graviton two-point function.

This motivates the following definition: We say that the two graviton
two-point functions, Gy (x,2") and Py (x,2") are physically equivalent
in linearized gravity if they differ from each other by a two-point function of
pure gauge form Qpep e (z,2').

9.2 Symplectic Product for Vector and Ten-

sor Modes

The Klein-Gordon type product given in Eq. (7.61), for vector and tensor
harmonic modes on de Sitter spacetime is given by (see Sec. 8,9 of Ref. [47]),
ST(T + 35 5
(-1l +3)(—LYT({+L+3)
3[L(L+3)+2] L(L +3)§"'é7"
0+2)(0— 1)+ 3 — LT+ L+3)
5”'600/
I —LT(¢+1L+3)
2(L(L + 3) +2)8"' 57
(+2)T(¢—L)T(¢+3+ L)
251[’500’
rft—L)r¢+3+1L)
The Klein-Gordon type product (E™? E™¢?") and (A™? A"*") vanish for
n # n'. The vector mode functions corresponding to A" are given by
AN = VAP 4V, A (9.7)

As shown in Appendix A, the symplectic product for the vector and tensor
modes is related to their Klein-Gordon type product as follows:

(AnZJ’An’E’U’) _ _M2<Anéa7An’£’a’>’ (98)
/ /0_/ 1 nlo n/ lo_l
(E™e EvP) = 5(E o ey, (9.9)

<E|1€cr7 EIZ’G'> - _

<EIOZO" EO€’0’> _

<E2€0, E%’a’>

<AO€U7AOE’U’> -

<AMU, Alé’a’> (9.6)
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Now recall

(9.10)

Q

4 (9.11)

It will turn out that we need L and L only to the first order in M?2. Using
Egs. (8.61) and (9.6), we get

2026 577
-1+ 3T+ M2/3)T(L+3— M?/3)
3M2(M? — 2)6" 6o
20+ 2)( — 1) (0 + 3)T(€ + M?/3)D(€ + 3 — M2/3)’
5ll’§oa’
L0+ M2/3)(€+3— M?/3)
2M?*(aM? — 6)6% 577
0+2)T(0—1+aM?/5)T(0 +4 — aM?/5)’
2M25ll’§oa’

o 140" ~ . 12
(A7, A7) T(¢ — 1+ aM2/5)0(C + 4 — aM?/5) (6.12)

(EMU’ Elé’a’)

Q

(EOZU7 EOZ/U/) ~

(EQEJ7 EQE’U’) ~

(AOZU,AOZ/U/> ~ —

To simplify these expression further, we note

(0 — M?/3)T(€ + 3+ M?/3)
= ((+2—-M?*/3)({+1—M?/3)({ — M?/3)
xD(0 — M?/3)D (€ + M?/3), (9.13)

and since ['(¢ — M?/3)T'(¢ + M?/3) is analytic and even in M?, we have
[0 — M?/3)D(0 4+ M?/3) ~ [D(0)]* + O(M?). (9.14)
Hence, to the first order in M?, we find

L0+ M?/3)T(L+ 3 — M?/3)
~ (042)(f—1)! [1 — <Z H%) M?Ql : (9.15)

Similarly, we have

Ll —1+aM?/5)(¢+4—aM?/5)
i 1 aM?
~ (04 3)(0—2)! [1 - (g_:l H—k) - ] . (9.16)
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We have found the symplectic product for vector-tensor harmonic modes
in de Sitter spacetime, in this section. We have also seen that the Wightman
two-point function for any free tensor field can be obtained from this sym-
plectic product by using Eq. (7.60). So in the next section we shall use the
symplectic product calculated here to find the vector-tensor contribution to
the graviton Wightman two-point function.

9.3 Vector-Tensor Contributions

Now we can write the vector-tensor contribution to the Wightman two-point
function by using Eq. (7.60) as follows:

An&f A*?Lljo
Gfii{b/ Z Z Z abAn@a Agéo() )

n=0 ¢ o
Eabfa E*nﬂa( ) o'l
+ Z Z Z Enecr En@a) ) (917)
n=0 ¢ o
where for (n =0, 1), we have defined A% as,
AMT = VAN 4 VAT (9.18)

In Ref. [10] a physical Wightman graviton two-point function Py (z, )
was obtained. To do so first de Donder gauge V,h®® — V°h/2 = 0 was
imposed. Then it was shown that the trace could be gauged away and thus
the conditions hf = 0 and V®h,, = 0 were also imposed. Finally it was
shown that all the modes apart from E°(x) could be gauged away. Thus
it was shown that only E2%°(x) modes contribute to the physical part of the
Wightman graviton two-point function. So Py (2, 2’) thus obtained was

given by
2B (0BG o)
aba’b’ Z Z EQEO' E2€U> : (919)

We will show here that this physmal nghtman graviton two-point function
given in Ref. [10] is physically equivalent to the Wightman graviton two-
point function in covariant gauge. To do so, we write down the tensor-vector
part of the Wightman graviton two-point function in covariant gauge,

Glha = Vlhay — (1+ 87V, (9.20)

as

GOV (@, 2") = Paparr (2, 2") + Maparty (2, ") + Lapary (2, 2'), (9.21)
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where,

1

, AZIJ A*’/n%a’
Maba’b’ (I7 €T ) = Z Z bAnlo‘ AZZO'() ), (922)

n=0 o
1 00
Anéa A*néa
Laba’b/(x>x/) - ZZZ abA"Z‘T A/Z/go() )
n=0 (=2 o
1

Enﬂa E*nﬁa "y
+ZZZ = En&f Entgg)) : : (923)

n=0 (=2 o

Now substituting Eq. (9.12) into Eq. (9.23), we get

(¢ —1)(£ +3) M2 M?
Laparyr (2 ZZ[ e F(f—?>r(e+3+T

(=2 o
X By’ () By (')

1 aM? aM?
_ 1 4 —
2M2r(e + )P(€+ : )
x A (2) Al ()]

20 e+2 ) —1)(+3)
+3o 3 [

(=2 o

M? M?
r (ﬁ + ?) r (ﬁ +3— 7) E% (2)EX (2)

((“2) o <£—1+O‘]¥2)P(£+4—O‘fz)

><A2§”( YAy ()], (9.24)

The contribution from each mode to L.y is divergent in the zero mass
limit. However we shall see that the terms of order 1/M? cancel out. Now
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for small M?, substituting Eq. (9.16) and Eq. (9.15) into Eq. (9.24), we get

Lapary (z,2") =~ %ZZ(@+3>!(£_2)! (0 —1) (W_% 3 )

X Bl () B2 ()
(———z ) At )|
+EZZW+2>(£+3>!(£—2>!

(=2 o

—4(5—1)2<— %—%Z )

k=0

X Egy” () By’ (')
+( -ty )A%U >Az%f<x'>]. 029

It may be noted that if E%° = A% /2(¢ — 1) and E}° = AY¥e/(¢ — 1), in
the zero mass limit then the 1/M? singularity will be absent in this limit. In
fact we show in Appendix B that to the first order in M?, we have

EOZO’ —_ AOEJ MQk,OZU
ab 2(6—1)[ ab+ ab]’
1
EY = =T [ALY + Mky7] . (9.26)

The exact form of k" which is M?-independent, for n = 0,1 is also given
in Appendix B. Now if we substitute Eq. (9.26) into Eq. (9.25), and define
Nrto,, for n = 0,1 as

Ny () = Ay () AT (2) + Ag? (2)kiiy” (2') + ki () Agiy” ('),
(9.27)
then in the M? — 0 limit, we have
aba’b’ Z Z wOéN ba’b’ ) + wieN, ba’b’($’ ZE’)] ) (9'28)

=2 o

74



where

1
wo = U+ (E+3)(E—2)!x

14
3 2
1 « 1 1 1
43— |2 Iy 2
we = FEFINE=2) [5Z£+k 3205k (9:29)
k=—1 k=0
We can now write Lgpqy as,
Lopay (z,2") = V Uba,b/(l‘ ') 4+ Vvl (z, ')
+V o2y (2, 2") + Vv, (z, 1), (9.30)

where for n =1, 2,

1 o
/ neoc 1 neo neo
o) = 3N S wndi (o) | GAK ) + REW).

n=0 (=2 o

) = 23 S weaete) (L s g - oo

n=0 {=2 o

There is a finite contribution to the Wightman graviton two-point func-
tion coming from the ¢ = 1 vector modes. In the small mass approximation
this finite contribution can be written as

M? M?
Maba/b/(fﬂ,ﬂf,) ~ Z I (a5 ) r (5 — a5 )

Al Ay ()
2M?

() (-24)

A () A ()

2M 2(6 —aM?)
~ - M4 ZZb Ao (2) AnAe (o), (9.32)
n=0 o
where by = 30 and b; = —60. This has a finite zero mass limit because

Ao = vV, A + VA" = () in the zero mass limit for ¢ = 1, since for
L =1 these are Killing vectors. Expanding A™'7, we get

ab
0A' (x)

AZ“(@’) = AZ“’(?U) |L:1 + (L —1) oL |L:1 .

(9.33)
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Now from Egs. (9.10) and (9.33), we get

ARV (x) = ARV (@) | oy + oM (), (9.34)
where L DA (2)
nlo Z 7(z

Xal (iL’) = —ga—L |L:1 . (935)

Thus A7} is of order «M?. So in the zero mass limit, we obtain

1
Mawy(,2') = 3037 abu(VaX(' + T X17) (VuXpio" 4 Vi Xi7)
n=0 o
= Val%a’b’ (l‘, i ) -+ beﬂaa/b/(x, .T/)
+Va/$2bb/ ($, e ) + Vb/ﬂjaba/ <l’, .I,)7 (936)

where

1 / § § : nlcr nlo* nlox
:L‘ba/b/(l’,l’) — _Xb /Xb/ +Vb/Xa/ ),

n=0 o

a2y (x,2)) = Z > —X;la* Vo X + YV, X117, (9.37)
n=0 o

Thus, we have calculated the vector-tensor contribution to the Wightman
graviton two-point function in this section. In particular, we have shown that
it is physically equivalent in linearized gravity to the physical Wightman two-
point function of Ref. [10]. In the next section we shall calculate the scalar
contribution to the Wightman graviton two-point function and find that it

is pure gauge.

9.4 Equations of Motion for Scalar Modes

The scalar contribution to the Wightman two-point function has been cal-
culated for aff — 35 —4 = 0 in Ref. [14]. The scalar contribution to the
Wightman graviton two-point function was found to be a pure gauge contri-
bution for these value of o and 5. We shall calculate the scalar contribution
to the graviton Wightman two-point function for arbitrary values of a and
B.

Let us recall that the field equations for scalar modes, given by Eqgs. (8.37)
and (8.38), are

OB = aiB+ ash, (9.38)
Oh = ash+ a4B, (9.39)
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where

a, = 12;—30;7\42, (940)
_aB-38-4

ag = 5(&—_3), (941)
_ 6af—-38-2) M?

a3 = — (1 - T) , (9.42)
~ —98(aB —38—4) M? a

a; = o~ (1 - T) (1 . gM2> . (9.43)

In deriving these equations we have assumed that o # 3,0 and § # 0.
However, the final result for the scalar contribution to the Wightman graviton
two-point function is well defined even for these values of o and f.

Egs. (9.38) and (9.39) suggest that B and h are non-trivial linear com-
binations of two scalar fields with different masses unless af — 35 — 4 = 0,
which leads to a; = a4 = 0. Let a linear combination of B and h, h + AB,
satisfy the free scalar field equation with a definite mass. Now we have

O(h+ AB) = ash+ ayB + A(a1 B + ash)
= (ag+ Aax)h + (as + A1) B. (9.44)
As we want Eq. (9.44) to satisfy a free scalar field equation, with a definite

mass, the right hand side of Eq. (9.44) must be proportional to h+AB. That
is,

A
(a1 +Aa1) _ (9.45)
(a3 + Aas)
Thus we get the following quadratic equation in A,
U S p S —) (9.46)
(05} (05}

Let A1 and Ay be the two roots of this equation. Then the product of the

roots is given by
Q4

AMAg = ——, (9.47)
a2
and the sum of the roots is given by
A Ay = L0 (9.48)
a2
Now the scalar fields ¢, and ¢, defined by
¢ = h+ M\B, (9.49)
2 = h+ B, (9.50)
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satisfy

O¢1 = (a3 + A\iag)dy, (9.51)
O¢a = (a3 + Agaz)pa. (9.52)
Solving Eqs. (9.49) and (9.50) for B and h, we get
P2 — P
B - |
o (9.53)
A2p1 — 192
- 5 .54
h N (9.54)

9.5 Scalar Contributions

Since the scalar part Cy,(z) depends on two scalar fields B(x) and h(zx), we
need to find (O|h(z)h(x")|0), (0| B(x)B(x")|0) and (0|B(z)h(z")|0) and take
the limit M — 0 in order to find (0|Cy,(z)Cuy (2)]0).

Let two solutions to the equations of motion Eq. (8.6) be C{¢ and C}7,
given by

1 1
C{fg - (vbvc - ZgbcD)BZJ + Zgbch&ra

Ce/lg// = (Vb/VC/ - }lgb/dD/)Bglg/ + igb/c/hélol. (955)
Here the covariant derivatives V, and V, only act on quantities at x and
#', respectively. We also define 0’ = V,V% and O = V,V% Also let
722y and 787" (2/) be momentum current conjugate to C£7 and
C%’g,', respectively. We can now calculate the scalar contribution to the sym-
plectic product by substituting these in Eq. (8.9). This symplectic product

for the scalar part is calculated in Appendix A, and is given by

(C*, 0%y = =K (B*, B""Y — Ky (h' h"), (9.56)
where 3
K= ——(2— M*)(6—aM? .
1 4<a_3)( )(6 — aM”), (9.57)
1
Ky=———" 58
SOl (959

and where (B, B?") and (h' h"?") are defined by Eq. (7.61). We note
that B and h' are linear combinations of modes with different masses, so
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the Klein-Gordon-type product (B, B“") and (h‘?, h*°") are not conserved
separately.
Now let ¢ and ¢& be positive frequency modes satisfying Eqs. (9.51)
and (9.52), respectively. Let us also require that
(67, 017) = (057,057 ) = 5%, (9.59)
then by using Eq. (7.42), we have
Amf@:’x,) = ZZQS?(CC) Tch(x/)v
¢ o
Apgla,a’) = D> 7 (2)d5 (2'). (9.60)
¢ o

Here A,z2(x,2’) is the standard two-point function of the scalar field with
squared mass m?; (see Sec. 2 of Ref. [38]) and

2
my = CL3—|—>\16L2,

m; = az+ \aas. (9.61)
Now we can expand ¢ (z) and ¢(z) as
or(z) = ; > "6 (2)ase + 677 (x)al,,,
Golw) = %: > 6 (x)ase + 65 (x)al,,. (9.62)

We now write the field Cyp(x) as follows:
Cap(w) = Capw) + (), (9.63)
where

Cib(x) = -'i'abel(fE),
Can(z) = dgea(2), (9.64)

with the differential operators !, and 22, defined by

—1 1 1
Pl = a — 7 Ya - a/\
Ty, . [(V Vs 19 bD> 7 Jab 2] ;
1

. 1 1
Ty = N — M [(Vavb - Zgwﬂ) - —gab/\l} . (9.65)
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We now expand the fields C, (z) and C? (z), as

Capl) = ZZO;If”(x)aua + O (2l
Colx) = ZZ oY (2)azes + Cop (x)al (9.66)
where
Ca(2) = Ty (@),
Co’ () = @50y (v). (9.67)
Now from Eq. (9.56), we get
’ ! K + )\ K2 )
C«MU7 le o — 1 o 9.68
( ) = o ) (9.65)
’_t K + )\ K2 /1
CQ[U, C% o _ 1 éa, ('o , 9.69
( ) ()\2 . )\1)2 < 2 ¢2 > ( )
(Y ¥y = . (9.70)
Now we note from Eqgs. (9.41), (9.43) and (9.47),
MKy = LK
2
3
= ———(2— M?*)(6 — aM?
= K. (9.71)
Substituting Eq. (9.71) into Eqgs. (9.68)-(9.68),and using Eq. (9.59), we get
o lo,/ A K o lo./
(CH7, O = (ol o)
)\QKQ o0
= 2 5
AL — A
o lo,/ A K o lo./
(€0, €)= (ol o)
)\]_KQ o0
= 2 5o 9.72
NN (9.72)
Thus the only non-zero commutators are given by
AL — Ao
|:a1607 a;g/g/] )\ZKQ 6%’ 500’7
Ao — A\p
[agg(,, agé,g,] )\1K2 (5@@/(500/. (973)
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Now using Eqs. (7.60) and (9.73), we get

<0|Cab($) ’b’ ZZ |: AQKQ ;5‘7 )C*,lbljcr( )
)\2 — )\1 200 200
+E AL @) )| (9.74)

Now from Egs. (9.60), (9.64) and (9.74), we get
(0]Cap(x)Cary (2)]0)
= DX R e el i) + St )

A A . Ay — A ,
= [ ;\QKQZ alxly A (x7$)—|—_)\1K21 beQ,b,Amg(x,x)]. (9.75)

Thus we have

A=A
Oler (@)1 (@0) = S~ A (w,2),
)\2_)\1 /
Oloa(r)oa(e)I0) = S Mg, a'). (9.76)

Next we use these to find the Wightman functions for B(z) and h(z). We
define A®(x,2') and A4 (z,2") as:

Az (z, ') + Az (x,2)

A™(z,2') = ! 5 2 : (9.77)
. A z(z, o) — Az (x, 7))
Adlff / — m2 ) ml 7
Az(x,x) — A2 (x, 2
_ Am(®) (@) (9.78)
az(Aa — A1)
Then using Eqgs. (9.53), (9.54) and (9.76), we obtain
/ 1 av
Ol@hE)]0) = — - (A (.2
2
—a, )\1 ‘;' )\2 Achff( /):| ’ (979)
OIB@)h(@)[0) = —ZA%(z,a), (9.80)
2
/ . 1 1 av /
OIB@BEN) = 1 |5 A @)
+5 ()\1+/\2)A (x, :E)] (9.81)
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We have, from Egs. (9.41), (9.57) and (9.58)

1

Ky = —F*(a—-3),

a2

B = —Blas-35-4)

In the zero mass limit, we obtain from Eqs (9.40)-(9.43)
lim A Ay = 95°
M?2—0

lim ATA2 —38,

M2-0 2

This implies
lim A\ = lim Ay = =30,

MZ2—0 M2—0
and hence by Eq. (9.61), we get
: 2 _ 1 2 _
dim, = Jim, = 3

Now we define Af;l(:c, x') as

0

(1) _
Amg(x, I‘l) = _WAWLQ (Q?, SU/).
Note that
lim A®(z,2') = A '
Jim A (z,2) 36(,2),
lim A (z,2) = AY)(2,2').
Jim ATz, 2) 36 (2, 2)

So in the zero mass limit, we have

(Olh(z)h(z)]0) = B*(a —3)Ags(z,2')

~35%(af — 36 — 4)AY) (z,27),

OB)h()]0) = —Blaf — 3 — )AL (x,2),

OIB@BE) =~ Agsle,)
af—3—4
_af-3p—4 3ﬁ Agﬁ)(x,x

(9.82)

(9.83)

(9.84)

(9.85)

(9.86)

(9.87)

(9.88)

(9.89)

(9.92)

By differentiating the formula (O — m?)A,,2(z,2') = 0 with respect to m?,

we obtain

DASL%(:E, ') = mzAfrll%(x, ') — A (z, ).
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So the scalar part of the graviton Wightman two-point function, which is

Gl (2, 3) = (0| Cap() Core (2')]0), (9.94)
can be written as
G((l‘ls)‘i/b/(x, x/) = Ggig/)b/ (:C, x/) + Gg}s;al/)b/ (.T, ZU/) + Ggls;j/)b/ (:C, .’17/>, (995)

where G((Z“gs,)b, (x,2'), Ggii,)b, (x,2") and G((l“gj,)b, (x,2") are given by

1
Géig)b’(x7x/) = (Va’vb’ _Zga’b/<x/)D/)

8 (vavb - igabmu) OB@)BE0)  (9.96)
= [VaVyVa Vi (0| B(z) B(x')|0)

+i(gabvwvb/ + ga/b/VaVb)] [%Agﬁ(l’, l‘/)

+6(aB - 38 — )AL (z,2/)]

_%gabga’b’[_ﬁ<aﬁ - 36 - S)Agg(l’, I/)

+33%(a — 3 — )AL (x,2")], (9.97)
(S1) P | 1 .
Glpary (@) = 29w | VaV = 200 | (0] B(x)h(2")[0)
1
= — 2008 =38 — Dguy Vel (x,2')

2B — 36 — Dgugur [~ as(a, )

+38A%)(x, x’)] , (9.98)
G2 (r,a") = 2 aw()guw () OIA()A()0)
= ool (@) [0 — 3) A (e, 1)
—38%(af — 38 — 4)AYY) (x, x')] . (9.99)

The contributions proportional to g.,g. cancel out and the scalar part of
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the Wightman graviton two-point function can now be written as

(5)
Gaba’b’

where

(z,2") = V.Vi,VuVy(0|B(z)B(z')|0)

1
+§[9abvafvbf + gay Vo V| Agg(z, 2')
= Vst (1,2") + Vst (z, 1)

+V 82 (1, 2) + Vs (z,2), (9.100)

aba’

/ 1 /
Spa (2, 2)) = ZVbVa/Vb/(O|B(x)B(3:)|O>

1
+69afb'VbA3ﬁ($7 z'),

/ 1 !/
Saw(2,7) = 7VaViVu (0] B(z) B(2')[0)

1
+69abvb’A3ﬁ($7fE,)- (9.101)

Thus, we have calculated the scalar contribution to the Wightman gravi-
ton two-point function and found it to be of pure gauge form.

9.6 Full Graviton Two-Point Function

Now the full Wightman graviton two-point function can be written as:

Gaba/b’ (1', .T/)

G((zi)z’b' (‘T? ZL’/) + szf;{g’ (ZB, x/)

Pasa (2,2°) + Veashy (,) + Vil (2, )

FV oo (2,2) + Vi iy (1, 27) + Vet (2, 27)
FV Uy (7, 2") + Vv (2,2") + Vi, (v, 2')
AV Ty (2, 27) + Vg (2, 27) + Vaaly, (z,2')
+Vya2,. (v, 2)

Paba’b’ ([L’, ZL'/) + Qaba’b’ (937 ZL’/), (9102)

where Qupay (7, 2') is a pure gauge contribution given by Eq. (9.5) with
Kty = Shary + Vyarty + Ty and Ky = s34 + vz + 25y, The physical two-
point function obtained by fixing all the gauge degrees of freedom in Ref. [10]
is denoted by Py (x,2"). Therefore the covariant Wightman graviton two-
point function is physically equivalent in linearized gravity to the physical
Wightman two-point function.
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We established the equivalence of the vector-tensor part of the Wightman
graviton two-point function to the physical two-point function Py (,2”)
of Ref. [10] in detail using the mode expansion. In Ref. [17] it was shown
that the scalar sector is of pure gauge form for a specific value of o and f.
Here we have generalized this to arbitrary value of o and f.

Now suppose that a covariant Wightman graviton two-point function has
an infrared cut-off € and that it is divergent in the limit ¢ — 0. As it is
physically equivalent in linearized gravity to Py (x, 2'), and as Pypey (7, 2)
is not infrared divergent, the two-point function of a local gauge-invariant
tensor field will not depend on ¢, i.e. will not be infrared divergent. This
also means that the infrared divergences in the Wightman graviton two-point
function for a certain gauge choice, for example as noted in Ref. [13], will
not appear in the Wightman two-point function of any local gauge-invariant
tensor field. So in this sense these infrared divergences in the Wightman
graviton two-point function are gauge artefacts in the context of linearized
gravity.
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Chapter 10

Conclusion

This thesis consisted of two parts. In the first part we studied the Feynman
ghost propagators for Faddeev-Popov ghosts for Yang-Mills theories and per-
turbative quantum gravity in de Sitter spacetime and in the second part we
analyzed the equivalence of the covariant Wightman graviton two-point func-
tion to the physical one obtained in Ref. [10].

We found that the ghosts and anti-ghosts in Yang-Mills theories satisfy
the minimally-coupled massless scalar field equation and as a result the Feyn-
man propagator for Yang-Mills theories in de Sitter spacetime is IR diver-
gent. We also found that the Feynman propagator for perturbative quantum
gravity is also IR divergent.

However it was shown that if we regularize these propagators by adding
a small mass then the modes responsible for these IR divergences do not
contribute to the time-ordered product of the fields. We thus found the
effective propagators by first subtracting these regularized modes which cause
the IR divergences and then taking the zero mass limit. This way we obtained
the effective IR finite propagators for Yang-Mills theories and perturbative
quantum gravity.

It seems likely that the use of these effective propagators will lead to
consistent perturbative theories. However the consistency of these theories is
not obvious because it is not clear how the removal of some of the modes from
the Faddeev-Popov ghosts will affect the BRST symmetry of these theories.
We can not naively remove the constant or Killing modes from these theories
because if we do so, they will be brought back as BRST transformation of
some other modes. This point needs further investigation and we would
have to modify the original BRST transformations for consistency. It will
be interesting to find the modified BRST transformations for these theories
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after constant or the Killing modes are removed.

We have dealt only with integer-spins and it will also be interesting to
derive the propagators for the half-integer spin ghost fields in supergravity.
At present it is not clear if these propagators will be IR finite or IR divergent.
It is also not clear that if they are IR divergent, then we can still use the
method we used for integer spin fields to remove the IR divergences.

We analyzed the Wightman graviton two-point function with arbitrary
gauge parameters in the second part of this thesis. We found that the co-
variant Wightman graviton two-point function is physically equivalent to the
physical one obtained in Ref. [10], in the sense that they result in the same
two-point function of any local gauge-invariant quantity. We then argued
that as the physical Wightman graviton two-point function obtained in Ref.
[10] is known to be IR finite and the covariant Wightman graviton two-point
function is physically equivalent to it, so any IR divergences in the Wightman
graviton two-point function, for example as noted in Ref. [13], has to be a
gauge artefacts at least in the context of linearized gravity.

We should emphasize that we have only studied the free theory and at
present have nothing to say about Wightman two-point functions in the
interacting theories. It will be interesting to analyze what happens when
interactions are introduced.

It will also be interesting to analyze the equivalence of the covariant
Wightman graviton two-point function to the physical one in anti-de Sitter
spacetime in arbitrary dimensions. In fact we can also analyze this equiv-
alence for Wightman graviton two-point functions in four dimensional flat
spacetime. This is widely believed to hold but has not been done yet and
it will be interesting to see if a result similar to the one obtained in case of
de Sitter spacetime holds for flat spacetime also.
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Appendix A

Symplectic Product

A.l General Procedure

We want to relate the symplectic product for scalar and vector modes to the
Klein-Gordon type product for them. For this purpose the following formula
is useful

ViV’ — (6 ¢ &) = —Vg0d + (6 & &), (A1)

where (¢ <+ ¢') is defined to mean that the preceding expression is repeated
but with ¢ replaced by ¢’ and ¢’ replaced by ¢, and = indicates equality up
to terms that vanish when they are integrated over the space. To show this
we first note that

VeV Ve — (¢ < ¢') = Q° = [VoD0¢' — (¢ < &), (A.2)
where Q% is a total divergence of an antisymmetric tensor:
Q" = V,[VoV'¢ — VoV g (A.3)

This total divergence of an antisymmetric tensor can be converted into a
surface term by Gauss’s divergence theorem on the spatial section S3 because

/ 5,V P — / P/ =GV
_ / (=g ). (A1)

As there is no boundary on S3, we just drop such terms. We have used Eq.
(7.13) here.
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A.2 Symplectic Product for the Scalar Modes

We shall calculate the contribution to the symplectic product coming from
scalar sector here. Let B, BY" K@ h¥e be solutions to Egs. (8.37) and
(8.38) and let

1 1
Cfa' - chécr _BZU
be 4gb + 4 be
! ! 1 !/ ! 1 ! !
Cﬁ o _ Chﬁ o _Bé o A5
be 4gb + 4 be > ( )
where
ng = <4vbvc - gbcD) BZU,
BlY = (4VyV.— gn0) B (A.6)
We denote C{7, B, B h'® by Cu, By, B, hand C;f'7') Bif'e', B*‘'o' pt'e’

by C!,, By, B', I/ here for simplicity of notation. However it may be noted
that they are modes and not fields which will be promoted to operators.

Momentum current conjugate to Cy. can be found by substituting h, =
Che in Eq. (8.8). Now if the momentum current conjugate to Cp. is W?gc),
then we have

WE’@C) = W?g) + ﬂ?,i’f, (A.7)

where we define 77?}33 to be the contribution coming from the pure trace part
of the scalar modes which is obtained by substituting hy,. = gs-h/4 in Eq.
(8.8) and 71'&%6) as the contribution coming from the traceless part of the scalar
modes which is obtained by substituting hy. = By./4 in Eq. (8.8). Thus we
get

o abyrc acyrb
V=g = T 8ad (9""V°h + ¢g*“V°h)
1 148 (1+8)? 4
- — ‘V%h A.
+(4+ 4af a3? oV )
vogrts = —Lyelvewrp - Lgepp| 4 (Lo 1),
(B) 2 4 2 2a

1
{gfwvd {VdVbB - 49"0B

1
+9"Vq [VdVCB - 49"0B

1 pg+1 b d 1y
— 4+ — ¢ ‘B—-g™0OB]||. A.
+( 2+ 6@){gvd[vv 1970 (A.9)
We can simplify m( by using
1 3
Vd (Vdva - ZQdaD) B = ZVG(D + 4)B, (A]_O)
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as follows,

\/_ﬂ.abc

(-

1 145
4 2 af
1 b1
2V (V \Y 1

gbCD> B.

) (g°V° + ¢*V*) (O + 4)B
+

>gbcva(|:| +4)B

(A.11)

If J& is the contribution to J* defined in Eq. (8.9), from the scalar modes,

then we have

where

? labc

BNET [Camey —

1 \/— [hgcb7T (h) —

[hgcb'/r

+Bbc7réalsc -

[ Bbc 7_‘_/abc

4\/—
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abc

cb )

—iJ)

]

abc

h gcb7T (h)

h gcbﬂ(

Bl

abc

B)

)

B
By m(g)-

(A.12)

(A.13)

(A.14)
(A.15)



Thus we have

Ja _ (4#38-af 1 148 (1+0)
O 16a3 4 4apf af3?
x(hVeR — h'Vh), (A.16)
a 4 + 3ﬁ - 056 / /
Iy = W(vavbzavbh — V.V, B'Vh)
4 + 35 - 055 ! /
—— L T (OBV* — 0BV
1607 (OBV OB'Veh)
34+ 36 —ap
16 af

('V*(O+4)B

—hV(O+4)B"), (A.17)
a 3 ]‘ a /
~V*V,B' - V(O +4)B)
3 1
——(1-=)(oBVv"® 4)B’
G ( a) (OBV*(O +4)

—0OB'V4(O+4)B)
1
—§(vaCB -VV'VB' - V,V.B' - V*V'V°B)

1
+§(DB -VoB' —oB’' - V‘OB).
(A.18)

To simplify the term V,V . BVeV*V¢B’'— (B <> B') in J(s), we first note that

ViV .B - VVven
= V,V.B- [(¢“V'B — ¢*V*B) + V'V*V°D]
= V,V,B-V’B —0OBV*B
+V,V.B - V'VVeB. (A.19)

Then by considering this term together with the term obtained by inter-
changing B and B’, we have

V,V.BV’V*V‘B' — V,V*V .BV’V°B’
= V,(V’V.BV°V‘B — V*V°BV'V_ B)
—aV,BV*V'B' +V*V'BOV,B’
—V,O0BV*V’B' + V*V’BV°’OB
—3V,BV*V'B’ + 3V'V'BV, B (A.20)

I
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From Egs. (A.19) and (A.20), we have

VyV.BV*V'V°B’ — (B + B')

V*V,BV'B' — 0BV*B’' — V,0BV*V’B’

+3V*V’'BV,B' — (B + B')

= —OBV'B' +V°V,BV’(0+4)B — (B + B). (A.21)

I

So we can now write J(ag) as

a ~ 1 3 a /
Ty = (1 — a) V*V'BV,(0+4)B

3 1
——(1-=)oBv® 4)B’
16( a)m Vi(o+4)

1
gDBV“(D +4)B"— (B« B)

el 4

3
(1 — E) VeV'BV,(0O + 4)B’

1 3
——(1-=)oBVv® 4)B’
16( a)m Vi(o+4)

—(B+ B'). (A.22)
Now we note that using Eq. (8.37), we have

2a
a—3

af — 30 —4
Bla—3)

So the terms of the form V,V,BV’B’ or V,V,BV°’h' or these with the
primed and unprimed functions swapped in J(“Q) and J(%) are

(O+4)B = (2— M?*)B +

h. (A.23)

4438 —
M(vavl’Bvbh’ — VV’B'V,h)
4af3
1 3 2a af —36—4
- 1-=2)VVveBY 2— M»B + — "}
(-2) g |
1 3 2a af —38 —4
—(1-=) VbVeB'V 2—-M)B+—"_"h
3 (1-3) P[5 SR
2— M2 axvrb / axvrb !
= 5 (VV’BV,B' — V°V’B'V,B). (A.24)
Now from Eq. (A.1), we have
VeV’BV,B — V*V'’B'V,B =~ —-V*BOB' + V*B'0OB, (A.25)
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SO we can write

Jé) + J&) = J(“BB) + J(th) + J(“hh), (A.26)
where
3 (O‘B - 35 - 4>2 / !
J5 = —— hVeh' — h'V°eh A.27
(kh) 16 af?(a—3) (hV Vih), (A.27)
a 3<2_M2)(6_QM2) a a
4+38—aBf 12— 2aM? , ,
@ = — BV*h' — B'V*h
Tion) 16ap a—3 (BV Veh)

344368 —af 22«
16 af a—3
2—M?*aB—38—4
2 Bla-3)
1 (1_§> {12—2041\42@5—35—4
« a—3 Bla—3)

(2 — M?*)(W'V*B — hV*B')

(—=V“BHN + V°B'h)

(BV*H — B'V°h)

(hV*B' — h’vaB)] . (A.29)

Now we have

) 414+38—aB6—aM? la—3a—38—4
Jion = [_ SaBa oziy?) _gaa Oéb’(oz—S)2 (6—04]\/[2)]
X (BVH — B'V°h)
2—M?*aB—-38—-4 34+33—af 9
[ > a3 8 Ba-z M)
la-3a(2-M?*)(aB —38-4)
8 a (a—3)p
x(hV°B' — h'VB)
= 0. (A.30)

So the B-h terms cancel out. The total B-B contribution is given by J(“B B)
and the total h-h contribution is given by J(“hh) + J&), which is given by

1 364+4)  3(af—38—4)?
et = g i O A e
]- aiy/ Iv7a
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So if

1 1
Cap = Zh + (Vavb — Zgabm) B,

1 1
/ — _h/ — — G, B/
ab 4 + (vavb 49 bD) ’

then we can write,

(C,C") = —K\(B, B'Y — Ko (h, ), (A.32)
where 3
K, = m@ — M?)(6 — aM?), (A.33)
1
K, = a3 (A.34)

This is the symplectic product between two scalar modes.

A.3 Symplectic Product for the Vector and

Tensor Modes
The equation of motion for the vector modes, Eq. (8.46), can be written as
[O+3—aM? A" =0. (A.35)

Let AP and AY“?" be two solutions to this equation. We will denote AP
by A, and AZ"/“' by Aj; for simplicity of notation. However it may be noted
that they are modes and not fields which will be promoted to operators.
The momentum current conjugate to A, = V.4, + Vi, A., can be obtained
by substituting hy. = Ag in Eq. (8.8). Now if the momentum current

conjugate to Ay is W?zc), then we have

il = miy + iy, (A.36)
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where,

1
\/_ﬂ-aiﬁ) — _§Va(vbAc+ VcAb)
1
+§[gacvd(vdAb + VbAd)
_'_gabvd<vdAc + VCAd)]
1
—§[gbcvd(vaAd + V4AY)), (A.37)
1
Vgl = = lg V(A + T
+gabvd(vdAc + chd)]
B + 1 be a Ad d pa
—l—W[g Va(V*AT + VA (A.38)

(A.39)

If J4 is the contribution to J* defined in Eq. (8.9), from the vector modes,
then we have

1

Ty = ——=ldantly - Ayl
= =iy — i), (A.40)
where
a _1 abc abc
J(4) = \/__g[AbCﬂ-EAbél) - ;707[_(,[314)]7 <A41)
1
o= 7= [Ape () — Apem())- (A.42)

It is well known that the symplectic product vanishes for h,, = Ay in the
theory without the gauge-fixing term (see Ref. [49]). This implies that

i / d%,Jg = 0. (A.43)

So the only contribution to the symplectic product comes from J(“5). Now we
can simplify /— W“bc by using Eqgs. (A.35) and (4.10) as

1
V=grlsy = —%[gac(tl—l—?))Ab—Fgab(D+3)AC]
B+1,
C Aa
+—5a [g7(O0 + 3)A°]

p+1

1
— M2 _ = acAb abAc
S (g7 AT+gmA) +

g Al . (A.44)
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Substituting Eq. (A.44) into Eq. (A.42), we get
T = —M2[A, VA" — AyveAY), (A.45)

Thus we have from Eqs. (A.43) and (A.45),

/ dS,J4 = —i / S, I — i / S, JE)

= iM? / d¥,[A VA" — AV AY). (A.46)

So we have
(A, A = —M?{A, A", (A.47)

We can write the equation of motion for tensor modes, Eq. (8.47), as
[O—2— M*E, =0. (A.48)

Let Ee and EY? be two solutions to this equation. We will denote EJ”
by Ey. and E;C”ZIO/ by Ej. for simplicity of notation. However it may be noted
again that they are modes and not fields which will be promoted to operators.
The momentum current conjugate to Ej., can be obtained by substituting
hye = Eq in Eq. (8.8). Now if the momentum current conjugate to FEy,. is

ﬂfgc), then we have

1
V=griy = —§vaEbC. (A.49)

If J§ is the contribution to J* defined in Eq. (8.9), from the tensor modes,
then we have

Je = —%[EbCV“E’bC — B VE™. (A.50)

So we have .
(E,E') = §<E,E’). (A.51)

A.4 Summary
In summary,

(ATLZU’Anlelo‘l) _ _]\4'2<14n&771417,’£’c7’>7 (A52)
1ol ! 1 1ol <1
(EnZJ,Enéa') _ §<ETL£U,ETL€U>, (A53)
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and if

1 1
Cﬁg = —gabheg + (Vavb — —gabD> Beo,

4 4
! ! 1 ! ! 1 ! !
Ogbg = _gabhfa + vavb — — g0 Bea 5
4 4
then we can write,
(OZU, Oé’a’) _ _K1<BZO—, Bé'a’> _ K2<héa7 hZ'o’>7 (A54)
where
Ki = —> (2— M?)(6 - aM?) (A.55)
! 4(a — 3) ’ .
1
Ky = ————.
’ B2(a —3)
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Appendix B

Explicit Form for the Tensor

k%", for n =0,1

B.1 General Procedure

We shall calculate explicitly k%7, for n = 0, 1 here, for completeness. It may

however, be noted that the explicitly form of k(% is not necessary for the

main results of this thesis.
Recalling that
A = VA VAL (B.1)

we have
AT = 2Dy AR, (B.2)
AT = DAY + VAV, (B.3)
AP = VAT 4+ VAR (B.4)
(B.5)
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So we have
o __
Axx = 0,
AY = D_yP M (cos )Y (x),
Alfr = P eos ) [VaY[7(0) + V,¥7 ()]

A%? = 2(sinX)_QD,QPEﬁH)(COSX)YZU(X),

1 1 N
A% — |~ D .Dy 4+ —— | P \VA L B.10
X% |:€(€+2) 21 + Sin2 X:| L+1 (COS X) (X)7 (
2 - L
A = =D P (cos )V, VY (x)

00+ 2)
+2 cot XP;%H) (cos X)ijg"(X).

(B.11)

From Egs. (8.66)-(8.70) and (B.6)-(B.11) we see that the S® tensor structure

for E™ is similar to A™° for n =0, 1.
Now k™7 is defined as:

kT = M- DR - A
R A (G

We first recall that from Eq. (8.52), we have
d
D, = — +ncoty,
dx

and from Eq. (8.54), we have

—sinyD_,P;* = (v—p)P, " (x),
—sinxD, 1P = —(v+p+1)Pf(x).

B.2 Explicit Form for the Tensor kiga

We can now calculate k}(i" as follows:

1
Yo __ o ol __
kxx Ve [(E - 1)Exx - Axx] =0,
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To calculate k)}”, we note that

D_ QPE( )(cos X)
sin
= smi((D (LH)PH(Z;F '(cos x) + (L — 1) cot XPL Y (cos y)

_ =) - (-1)] Py (cos x) + (L — 1) cot x P (cos x)

sin y
= G o0+ o [P om0 = AL o)
e Lo P eos ) = P eos)
< o - {020 S|
—% [Pl_(ul)(cos x) — cos Py “V (cos X)} } : (B.17)
From this we find
B = 5 [0 DEY = A7) = a0y, (B

where

3a—5 0 __
) = - 0P 22 Loy

—% [Pf(zﬂ)(cos X) — cos XP;(ZH)(COS X)} } . (B.19)

Similarly to find &}/, we note that

v=1

DQP:(E—H)(COS X)

I+1
_siny (e+1) T (e+1)
= Sy Do Pr (cosx) — Lcot xPr (cos )

L+0+3) _ —
= wp— (Z—H)(COS x) — L cot XPLJ£1+1)(COS X)

sin x L+2

(43 —(er) 43 15—+ —(e+1)
= " Py (cosx) + — [Pf+2 (cosx) — P 7 (cos X)]

— 1 (+ (¢+1)

—LSin ", [cos XPr Y(cos y) — P, (cos X)}

{43 —(6+1) 1 3o — 0
~ ——P (+3 22 O pen

P o)+ e e o s

M? [ (e41) —(¢+1)
e [P2 (cosy) — cos x P, (cos X)} } : (B.20)
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Hence we find

1 v - o
ki = —5 [(L=1EJ" = Af"] = 2(x) [Vin”" + v, Y0 (B2l

M2
where
3¢ —5 0
— Y~ p—(+1)
qQ(X) - 15 al/ 14 (COSX> 2
1

(g +3) [P (£+1)(cos X) — cos xPl—(e+1)(cos X)} .(B.22)

B.3 Explicit Form for the Tensor k"¢

lo
Next to find k?cx , we use Eq. (B.17), and get

k,OZJ — 2(€ )EOZJ AOEJ]

3a -5 0
— P—(Z-ﬁ-l)
sin® y { 15 ov (cosx)
=
5

v=1

P (cos ) — cos x Py Y (cos X)} } y 0t

o e (.23

sin®
Then we have

ag 1 g g
kY e 20 = DEY" — A%’ ]

1 = 0lo
= ey ST, (B.24)

where

1
— —(¢+1)
X(x) = lim {2(5 — 1)SinXD1PZH (cos x)

(e+2)1 -
— [D_QDl + ( 5 )] PLJ%H)(COS X)} : (B.25)
sin® y

Noting that

. 1 siny [£—1__1 (041
a1(x) = A}ggome — LinXPLJ:r )(cos X) — D_QPL_~(_1+ )(cos X)|, (B.26)
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we find

2(0 — 1
M?X(x) - MMQDI%(X)
sin
i d U+ e
[d 5 —i—cotxd— +6 — 7y P, " (cos x)
d* d (0+1)? (641
[d 5 +cotxd— +(L+1)(L+2)— W P )(COSX)
16— (L + 1)(L+2)] P, (cos x)
= aM?P, (Z—H)(COS X), (B.27)
in the M — 0 limit. Hence
200 — 1 _
X(x) = (SIHX )D1Q1( ) + b, MH)(COS X)- (B.28)

Finally to find k‘?f", we write it as

1 Z(x)
k) = + W(x)mi; | YO B.29
(13 £(£+2)VV (X)"J] ’ (B.29)
where
I N 00+ 2)
Z(x) = ]\}12%0 T2 |sImX 3D2D1 iy }
L cos —(¢
XPL+(1+1)( X) (6 + 3)D1PL_’(_1+1) (COS X):| ’ (B?)O)
N T ((0+2)—2
= lim — DyDy — ————
W) aim M2 DX R sin” y }
xPLielH)(COS X) — 2(£ +3) cot x P} « H)(cos X)] .(B.31)
We note
. 1 [siny ¢ (0
@(x) = J\}IQIEO e {g n 3D2PLi1+1)(cos X) — PLLH)(COS X)} . (B.32)

Then, we have

M?Z(x) = 2(£ + 3) Dy M?q5(x)

. d2 d (6 + ].)2 ,(f+1)
= sin y [d_XQ + cot X@ +2-— Sy Pr 7 (cosx)
. d2 d —_ — (6 + 1)2 ,(g+1)
= sin x [d_XQ + cot Xa +(L+1)(L+2)— g Pr " (cos x)
+siny [2— (L+1)(L+2)] Pﬂ?l)(cos X)
~ M?sin x P, (cos ). (B.33)
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Hence, we get
Z(x) = 2(L + 3)Dags(x) + sin x P, (cos x). (B.34)
In a similar manner, in the M — 0 limit, we find
MW (y) — 2(€ + 3)M?3ga(x) cot x &~ M2 sin y P, ™ (cos x). (B.35)
Hence, we get

W(x) =2(¢ + 3)g2(x) cot x + sin XPf(Hl)(cos X)- (B.36)

B.4 Summary

In summary, we find

Wo
kxx = 0,
(-1
]{;MU — YZU
Xt SIHXQI(X> i
W = o [+ 93],
20— 1)
0lo lo
boo = sin® ()Y,
1 [2(¢—1) [ d
kOl{a — a t
Xt 0(+2) | siny <dX teo X) 0 (x)
+ap2_(f+l) (COS X)] @iyﬁzr’
1 [ /d
/gQ.fU = 2 —— t
K +2) | (dx oo X) a(X)
siny s
+g n 3]31 (”1)(008 X)] V@'VjYZ
200 con P cosg| e, (Ba)
where
1 3a—5 0
= — —1 —_ p-(+)
a1(x) 71 {(f ) AL (cos x) .
_% [Pl—(£+1)<cos X) — cos XPQ_(EH)(COS X)} } ’ (B.38)
3a—5 0
= —_p-+D)
2(X) TR (cosx) .
1 - —
_—3(€ +3) [PQ (€+1)(COS x) — cos X P (”1)(008 X)} .(B.39)
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