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Abstract

There are two main parts to this thesis. The first part will deal with some
independence results. In 1979, Lifschitz in [13] introduced a realizability in-
terpretation for Heyting’s arithmetic, HA, that could differentiate between
Church’s thesis with uniqueness condition, CTy!, and the general form of
Church’s thesis, CTy. The objective here is to extend Lifschitz’ realizabil-
ity to intuitionistic Zermelo-Fraenkel set theory with two sorts, IZF . In
addition to separating Church’s thesis with uniqueness condition from its
general form in intuitionistic set theory, I also obtain several interesting
corollaries. The interpretation repudiates a weak form of countable choice,
AC™? | asserting that every countable family of inhabited subsets of {0, 1}
has a choice function.

The second part will be concerned with Constructive Zermelo-Fraenkel
Set Theory and other intuitionistic set theories augmented by various prin-
ciples, notably choice principles. It will be shown that the addition of these
(choice) principles does not change the stock of provable arithmetical theo-
rems.

This type of conservativity result has its roots in a theorem of Goodman
[9] who showed that Heyting arithmetic in all finite types augmented by
the axiom of choice for all levels is conservative over HA. The technique
I employ here to obtain such results for intuitionistic set theories, however,
owes a lot to a paper by Beeson published in 1979. In [2] he showed how
to construe Goodman’s Theorem as the composition of two interpretations,
namely relativized realizability and forcing. In this thesis, I adopt the same
approach and employ it to a plethora of intuitionistic set theories.
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Chapter 1

Introduction

In this chapter we introduce some background knowledge which is related
to this thesis. In Section 1.1, I will explain how the structures and notations
used in the thesis are treated. Moreover, in Section 1.2, I will informally
introduce various intuitionistic set theories and semi-constructive axioms.

Then in Section 1.3, several versions of realizability interpretations for
Heyting arithmetic are given; while in Section 1.4, we look at realizability
interpretations for intuitionistic set theories.

Furthermore, in Section 1.5, some forcing interpretations for arithmetic
and set theory are presented and the approaches to deriving conservativity
results for arithmetic and set theory are sketched.

Lastly, in Section 1.6, I summarize our independence and conservativity
results and give a sketch how to obtain these results.

There are eight chapters in this thesis.

e Chapter 1: Introduction
Notations will be fixed and basic facts assumed for this thesis will be
introduced. In particular, I will summarize other authors’ work on
realizability semantics and forcing semantics and compare their work
with what is done in this thesis.

e Chapter 2: Formal systems
I will introduce the languages for our foreground and background the-
ories and some (semi-) constructive formal systems.

e Chapter 3: Applicative structure and universes
I will start to introduce the framework of our semantics for the for-
mal systems. This mainly consists of building a realizability universe
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from an applicative structure. Variants and consequences of the prin-
ciple of transfinite induction that will be applied in this thesis are also
discussed.

After the introduction, I start to build up the two main parts of this thesis:
independence results and conservativity results. Chapter 4 and Chapter 5
consist mainly of independence results.

e Chapter 4: Lifschitz’ style interpretation
I will extend Lipschitz’ interpretation of Heyting Arithmetic to the
context of intuitionistic set theory. All the fundamental results will
also be included in this chapter.

e Chapter 5: Lifschitz’ style soundness
I will show the soundness of the axioms of intuitionistic set theory
as well as some semi-constructive axioms. Subsequently I will deduce
some important independence results from this.

Chapter 6, Chapter 7 and Chapter 8 consist mainly of conservativity results.

e Chapter 6: Relativized realizability
I will introduce the relativized realizability interpretation for our for-
mal systems and show its soundness.

e Chapter 7: Forcing
I will introduce the forcing interpretation for our formal systems and
show its soundness.

e Chapter 8: Conservativity results
I will derive all the main conservativity results of this thesis.

1.1 Notations

There are two kinds of notations (Global notations and Local notations)
used in this thesis.

Global notations: throughout this thesis, the meaning of these nota-
tions remains fixed:

e “=" denotes “abbreviates”.

e “:=” denotes “defines as”.

o “iff 7 denotes “if and only if ”.
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Vz € yo(z) =Va(z € y — ().

Jz € yo(z) = Jx(x € y A p(x)).

o(z1, 2, ..., Tp) signifies the free variables of ¢ are among x1, xa, ..., Tp.

() denotes the empty set.

¢lx/y] denotes the new formula after substituting the free variable x
in ¢ by the new variable y.

e f(x) | means that f(z) is defined and f(x) 1 means that f(z) is
undefined.

e = # () denotes the formula that x is inhabited, i.e., Jy(y € x).
e Other notations are provided in the index.

Moreover, when stating a result we use (AX) to indicate that the extra
axiom (AX) is to be added to the background theory. If a proof or a
statement is rather lengthy, we will use < to separate some inferences or
statements.

Local notations: The meaning of these notations will be changed.
This kind of notation will be used heavily in proofs. The meaning of these
notations will be understood from the context or the proof itself. We will
not list these notations in the index.

In order to make this thesis as self-contained as possible, we might para-
phrase some content or change some notations from other authors’ papers
or books. This will make it easier for us and our readers to pinpoint the
differences between different semantics.

1.2 Background knowledge

In order to facilitate the presentation of set theory, it is convenient to use
the usual class notations. First of all, let us use S to denote the class of all
sets and N to denote the set of all natural numbers. For classes P and @ we
use P x (@ to denote the class of pairs {(z,y) :x € PAy € Q}. Aclass Risa
(binary) relation if R C SxS. If R satisfies (x,y) € RA (z,2) E R >y ==z
we call R a class function. A set function (or just function) is a class
function which happens to be a set. We say a binary relation R has domain
a and range b if and only if R C a x b and for all x € a, there exists y € b
such that (z,y) € R. Moreover, if a,b are both subsets of N, we call R a
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numerical relation. We say that R is a surjective relation with domain
a and range b if and only if R C a x b and for all x € a there exists y € b
such that (z,y) € R and for all y € b there exists x € a such that (x,y) € R.
For any binary relations H, K we say H is a sub-relation of K if and only
if H, K have the same domain and H C K.

The most important intuitionistic set theories are Intuitionistic Zermelo-
Fraenkel Set Theory, IZF, and Constructive Zermelo-Fraenkel Set Theory,
CZF. For both, the underlying logic is Intuitionistic Predicate Logic, IPL.
The axioms of IZF are almost the same as those of ZF except that the Foun-
dation Axiom gets replaced by Set Induction and Replacement is swapped
with Collection. CZF differs from IZF in the following ways: the Full Sep-
aration Schema is restricted to Bounded Separation, i.e. one has separation
only for Ay formulae (where only quantifiers of the form Vz € and Jy €
are allowed). Collection is strengthened to Strong Collection whereas the
Powerset Axiom is replaced by Subset Collection.

We will also study systems obtained from IZF and CZF by adding var-
ious other axioms and principles, notably variants of the Axiom of choice,
AC. Since AC conjoined to CZF will make the whole system return to
ZFC, one has to choose strictly weaker versions of AC, one being the Pre-
sentation Axiom PAyx. PAx asserts that for every set a, there exists a
surjective set function with a domain b such that f : b — a and b is a
base, where a base is a set for which the axiom of choice holds. Another
familiar choice axiom is Dependent Choice, DC (i.e., for any set relation
R with domain set a, range set a and any set b € a there is a set function
f N — a such that Vn € N(f(0) = bA R(f(n), f(n+1))). If a is N, then
we call this instance DCN. A further generalization of DC is Relativized
Dependent Choice RDC (i.e., for any class relation R with domain class
K, range class K and any set b € K there is a class function f : N — K
such that Vn € N(f(0) =bA R(f(n), f(n+1))). A very useful form of AC
is the Axiom of Countable Choice ACY which postulates that every count-
able family of inhabited sets has a choice function. An even weaker form
of ACY is ACMYN (or AC,,,) where the family consists of subsets of the
natural numbers. A still weaker form is AC™?2, where the family consists of
subsets of {0,1}. (Note that AC™V¥ is provable in ZF.)

On the basis of CZF', the logical implications between the various choice
principles can be summarized as follows:

AC - PAy —»DC — ACYN 5 ACYN 5 DCVYV A ACN2.

Intuitionistic logic allows one to adopt several “exotic” axioms that
would immediately lead to inconsistency on the basis of classical logic. One
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such axiom is the so-called Church’s thesis, CT(, which asserts that every
total numerical relation has a computable sub-function. Further “exotic”
axioms we are going to study include the Uniformity Principle UP and a
principle called Unzerlegbarkeit (or Indecomposability) UZ (c.f. Definition
2.2.7).

A semi-classical axiom we shall consider is Markov’s Principle MP.

1.3 Realizability for Heyting Arithmetic

Heyting Arithmetic HA differs from Peano Arithmetic in the logical axiom.
Instead of using classical predicate logic, HA uses intuitionistic predicate
logic. Realizability for HA was introduced by Stephen C. Kleene and nowa-
days has become a well-known tool for analyzing syntactical systems. There
are many variants of realizability. In this introduction, we will simply list
those relevant to our research topics. One can view realizability as a partic-
ular implementation of the Brouwer-Heyting-Kolmogorov interpretation of
intuitionistic logic.

Kleene’s 1945 realizability uses codes of partial recursive functions as
realizers. His approach lends itself to generalization where one employs
realizers from an arbitrary domain of computation known as Applicative
Structure.

1.3.1 Kleene’s recursive realizability

To describe Kleene’s realizability for HA we need to introduce some no-
tations. Let j be a pairing function with left-unpairing function jy and
right-unpairing function 7;. In the following, we use ey to denote jo(e) and
e1 to denote 71(e) and e-n denotes the partial recursive function {e} applied
to n, i.e., e - n denotes {e}(n). In addition, e - n | signifies that {e}(n) is
defined and e IFX ¢ abbreviates that e realizes the formula ¢. e IFX ¢ is
defined inductively as follows:

o ¢lF¥ piff e = 0 and ¢ is an atomic true formula.
o clFEX O A iff eg IFK O Aey IFE 1.

el 0 = niff vn e NnIFE 0 — e-n | Ae-n IFE 7).

e IFK va0(z) iff Vn € N(e-n | Ae-n IFK [z /n)).

elFK 9 vniff [eg=0Aer IFE 0]V [eg # 0 Aey IFK 7).
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o clFX 3z0(x) iff e IFX O]z /eq).

With this interpretation (c.f. Section 82 of Chapter 15 in [11]), he proved
that HA is sound.

1.3.2 Kleene’s relativized realizability

Relativized realizability (c.f. p.356 in [3]) is a generalization of Kleene’s
recursive realizability. The only difference is that instead of codes of partial
recursive functions one uses codes of partial functions that are recursive in
a fixed partial function g. All the clauses are then exactly the same as for
Kleene’s recursive realizability.

1.3.3 Lifschitz’ realizability

Dragalin pointed out (c.f. Section 4 of Part 2 in [5]) that there are two formal
versions of Church’s thesis one could consider adding to Heyting arithmetic
HA.:

CTy VedyA(z,y) — IValz -z ] ANA(z,z-z)]

CTy! VadlyA(z,y) — Ve [z-z | NA(x, z - x)]

(we write z - x for {z}(z)), and he posed the question whether the latter
version is actually weaker than the former. The question was answered af-
firmatively in 1979 by Vladimir Lifschitz [13]. He introduced a modification
of Kleene’s realizability that validates CTy! but falsifies instances of CTy.
The main idea behind separating CTy from CTy! is to find a property P of
pairs of numbers so that if there is a unique n such that P(e,n) holds then
there is an effective procedure to find n from e, while in general there is no
such procedure if {m | P(e,m)} contains more than one element. Lifschitz
singled out the property n < e; A Ym—T(eg,n,m), where T is Kleene’s
T-predicate. His interpretation differs from Kleene’s in the clause Jzp(z):
(we use IFX to denote his interpretation for Heyting Arithmetic)

e m IFL Jap(x) iff Dy, # T AR € Dyy(ny IFF (ng)), where D,, =
{m eN:m <njy AVz=T(ng,m,2)}.

This type of realizability has been applied in other contexts as well. For
other applications and extensions, the author suggests readers to consult
Jaap van Oosten’s papers and book, in particular, [19].
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1.4 Realizability for set theories

Realizability for set theory is very different from realizability for arithmetic.
The main difference lies in the hierarchical buildup of the universe and the
fact that the equality and elementhood relation are intimately connected
on account of the extensionality axiom. As a result, one has to construct
an iterative internal universe (or realizability universe) which forms the ba-
sis for the realizability interpretation. Interpretations for IZF and CZF
were given in McCarty’s Ph.D. thesis [15] and Michael Rathjen’s paper [20],
respectively. In this section, I will introduce these interpretations.

1.4.1 KTFBM realizability

This abbreviates Kreisel-Troelstra-Friedman-Beeson-McCarty realizability.
McCarty’s realizability interpretation for IZF has its roots in a realizability
interpretation for second order arithmetic by Kreisel and Troelstra [12]. In
his Ph.D. thesis [15] (p. 82) he writes (For the definition of APP, please refer
to p.82 in [15] or Section 3.1): “Our interpretation is the immediate descen-
dant of the interpretations of Friedman (1973a) and Beeson (1979). The idea
of using models of APP came to us from a remark of Solomon Feferman in
his paper A language and axioms for explicit mathematics (1975)...The form
in which our realizability appears was the product of a joint effort expended
in Oxford during Michaelmas term 1980. The effort had at least contin-
gent connection with Dana Scott’s seminar Sheaves and logic. Among the
many individuals who made notable contributions, foremost were Guiseppe
Rosolini, Simon Thompson and Dana Scott.” We will give a rough sketch of
this type of realizability. Suppose A is a model of APP. Suppose |A4| is its
carrier. By using the Powerset operation P and transfinite recursion, one
defines the realizability universe V(A) as follows:

V(A)a = U P(14] x V(4)5). V(4) = U V(Ao

Let Atomyzr(V(A)) and Formzpr (V(A)) be the collection of all the atomic
formulae and the collection of all formulae, respectively, formed in the lan-
guage of a set theory with parameters from V' (A). The realizability relation
IFpmC |A| X Formgzp (V(A)) is defined inductively as follows: (for m € |A|
and ¢ € Formzp (V(A)))

If ¢ € Atomzp(V(A)), the two clauses are as follows:

o mly a€biff 3ce € V(A)[(mo,c) € bAmMy IFpra = ¢,
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e mlky a=0biff V(f,d) € almo-f | Amo- f by d € b)AVY(f,d) €
b(my - f L Amy- flkydea).

For ¢ a compound formula, the clauses are as follows:
o mlkpr ¥ Aniff mo Ik ¥ Amy b .

e mlby Yy »niff Vn e |A|nlk,, v = m-n | Am-nlky nl.

m by Yoy (z) iff Va € V(A)(m Ik, Y[x/a]).

m by Jxp(z) iff 3a € V(A)(m Ik, Ylx/a]).

mlkar Vo iff (mog =0Amy lkp ) V (mo # 0 A my Ik ).
o m by = iff Vi € |A|=(n Ik ).
o V(A) = o iff e € |Al(e ks ).

The main results (adapted from his paper) McCarty obtained (in the
following, K1 is defined in Subsection 3.1.3 and V(K1) is defined pp.30-31
in [15]) are :

If 1ZF + 0, then IZF I [V (A) = ).

IZF + [V(KI) =y AC*“ A CT AECT A UP A UZ).

IZF + MP + [V(K1) =y MP] and IZF + IP + [V (K1) =) IP].

IZF + DC + [V (K1) =y DC] and IZF + RDC F [V (K1) =) RDC]
and I1ZF + AC I [V(K1) =y PAy].

1.4.2 Rathjen’s realizability for CZF

In 2003 Michael Rathjen in [20] showed that McCarty’s realizability can be
developed within CZF and provides a self-validating semantics for CZF.
In particular, he introduced bounded formulae into the syntactical system
and came up with an interpretation for the bounded quantifier as follows
(adapted from his paper [20]): for any a € V(A) and any e € |A| (A is a
model of APP and |A] is the carrier and V' (A) is the realizability universe
defined above), he added the following clauses (the other clauses are the
same as McCarty’s):

o clbyr Ve € ap(x) it V(f,c) € ale- fIFpyr olx/d]).

o clFyp 3z € ap(zx) iff 3ec € V(A)((eo,c) € aNerlFpr plz/d]).
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There are another two key features worth mentioning here. First of all, he
used a class form of inductive definition to formalize the realizability uni-
verse V' (A), to overcome the lack of the Powerset axiom in CZF. Secondly,
he invented an intuitionistic approach to interpreting PA x instead of Mc-
Carty’s approach by using full AC. He also showed that this realizability
works for the regular extension axiom. His main results can be summarized
as follows (adapted from his paper):

e If CZF F 0, then CZF  [V(KI) =g 9).
o CZF - [V(KI) =mr AC* A\CT ANECT AUP A UZJ.

e CZF + MP + [V(KI) Eyg MP| and CZF +1P + [V(KI) E=ppg IP).
For the definition of IP, please refer to Definition 2.2.16.

e CZF + DC F [V(KI) =yr DC| and CZF + RDC + [V(KI) Enr
RDC] and CZF + PAx + [V(Kl) ):MR PAx}.

1.4.3 Our realizability for CZF y

In this thesis, we will modify the above semantics for CZF to deal with a
version of CZF, dubbed CZF y, that takes the natural numbers as urele-
ments. An important issue here is how to properly set up an interpretation
that can accommodate both numbers and sets. This interpretation (denoted
by IFg) is tailor-made in a bid to show our conservativity result. The details
will be given in Section 6.1

1.4.4 Our realizability for 1ZF

In this thesis, we will extend Lifschitz’ interpretation for Heyting Arithmetic
to the context of intuitionistic set theory. However, there are still some
variations in our approaches. The language we use differs from all other
authors. We incorporate the language of arithmetic in our systems explicitly.
Then we come up with an interpretation and a universe to accommodate
both arithmetic and set theory. For comparison, we call our interpretation
Lifschitz’ style realizability (notated by IF1). The details will be shown in
Section 4.2.

1.5 Conservativity via realizability and forcing

Though both realizability and forcing semantics interpret intuitionistic set
theories, they represent quite different perspectives. If one views the process
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of interpreting a syntactical system as a process of gaining knowledge, then
there is a distinction between realizability and forcing semantics. Realiz-
ability semantics focuses more on how knowledge is gained while forcing
semantics focuses more on when knowledge is gained. This distinction is
nicely summarized in Goodman’s paper [9] (pp. 25-26): “Kleene’s original
notion of recursive realizability...has the great strength that it emphasizes
the active aspect of constructive mathematics...However, Kleene’s notion
has the weakness that it disregards that aspect of constructive mathematics
which concerns epistemological change...Precisely that aspect of construc-
tive mathematics which Kleene’s notion neglects is emphasized by Kripke’s
semantics for intuitionistic logic.”.

There is a famous result called Goodman’s theorem which states that
Heyting arithmetic with higher types, HA%, augmented by the axiom of
choice for all type levels is conservative over HA. In 1979 Michael Bee-
son published a paper “GOODMAN’S THEOREM AND BEYOND” which
simplified Goodman’s original proof from [8]. Beeson’s proof is in two steps:
one step uses realizability, the other step uses forcing. The combination of
two well-known tools renders the proof particularly transparent. It should
be said, though, that about the same time when Beeson published his paper,
Goodman himself gave another fairly simple proof of his theorem in [9] ; his
proof also combines ideas related to realizability and forcing.

In this thesis we will adopt Beeson’s two-tiered approach-realizability
followed by forcing—to the set-theoretic context in order to obtain conserva-
tivity results for intuitionistic set theories. To give the reader a flavour of
things to come we briefly relate Beeson’s analysis of Goodman’s theorem.

1.5.1 Forcing for arithmetic

In [2] one finds the following forcing interpretation for Heyting Arithmetic.
Let B be the set of all finite function from N to N, where a finite function is
a function whose domain and range are finite subsets of N. Define a partial
order relation > on B: p > ¢ iff p D ¢q. Let x,y be arbitrary numbers and
let ¢ and @ be arbitrary arithmetical formulae. Beeson then introduced the
following clauses (adapted from his paper [2], pp. 3-4):

eplkpr=yiff z =y.
e plkppAOQiff plkFp o AplFp 6.
e plkppVvliffplkp o VplFp 6.

o plrp o — 0iff Vg > plglFp o — 3r > q(r - 0)].
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e plrp dxp(x) iff In(p kg plx/n)).
e plkp Vap(z) iff YnVq > pIr > q(r kg @[z /n]).

1.5.2 Forcing for set theories

James Lipton in his paper [14] gave a version of the semantics which inter-
prets IZF. Since his interpretation inspires our version of interpretation,
we introduce his semantics in this section. Let (K, >) be a partially ordered
structure. Let p € K and a,b € V(K) be arbitrary, where

ValK) := U P(K X V5(K)), V(K) = U Va(K).

Then he inductively defined the following clauses (adapted from his paper):

e plkya=>iff Y(q,c) € a¥r > p,q(r IF; ¢ € b) ANVY(q,c) € bVr >
p,q(rlkyc € a).

plryaebiff 3c € V(K)3q < p((g,c) ebAplFja=c).

plFkyeANGiff plkyoAplE; 0.

plkyoVveiff plkyoVvplks 0.

plkyo—0iff Vg > plglk; o — ql-5 0.

plky Jze(x) iff Ja € V(K)(p ks pla/z]).

p kg VYap(z) iff Va € V(K)Vq > p(q Ik ¢la/x]).

p ks o(x) iff p -y VYaee(x).
] V(K) }:Jcp ifprEK(pH—J QO).

1.5.3 Beeson’s two-tiered approach

To show
HAY 4+ ACF ¢ then HA F ¢

for arithmetical ¢, [2] combines Kleene’s relativized realizability (e IFX ()
with forcing as follows:

1. (Theorem 3.1) If HA® + AC F ¢ then HAY - Je(e IF¥ ), where
HA?Y has an additional axiom postulating that a is a partial function
from N to N.



1.6. OVERVIEW OF RESULTS OF THIS THESIS 12

2. (Theorem 2.1)
If HAY I Je(e IFX ) then HAY |- “Te(e IFX ¢) is forced”.

3. (Lemma 4.1) HA® F¢(3e(e IFK @) — ¢) is forced”.

4. (Lemma 2.1) HA® = ¢ and thus HA F ¢.

1.5.4 Our two-tiered approach

We extend Beeson’s two steps to the context of intuitionistic set theories,
by combining the relativized realizability semantics IFr with the forcing
semantics |Fx. The relativized realizability semantics basically is based on
Kleene’s realizability for arithmetic and KTFBM realizability for set theory,
while the forcing semantics is based on Beeson’s forcing for arithmetic and
Jame’s forcing for set theory. The conservativity results obtained in this
way are sketched in Subsection 1.6.2 and fully explained from Chapter 6 to
Chapter 8.

1.6 Overview of results of this thesis

In the following, I will summarize the main results obtained in the two parts
in this thesis: independence results and conservativity results. Before that,
I should like to point out several differences between the two parts:

1. Formal systems: the first part is concerned with the syntactical system
IZF y, while the second part is concerned with the two syntactical
systems CZF y and 1ZF y.

2. Realizers: the first part uses recursive realizers while the second uses
relativized realizers.

3. Background theories: The first part can be developed in the back-
ground theory I1ZF'y, i.e., IZF y + MP,, + B3 — MP, where BXJ —
MP is the schema

——3In < mVkA(n,k,e) — In < mVkA(n,k,e)

with A being primitive recursive.

The second part uses the background theory CZF y for results con-
cerning the syntactical system CZF y and IZF y for results concerning
the syntactical system IZF y.
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1.6.1 The first part: independence results

Here we extend Lifschitz’ realizability from HA to IZF and arrive at the
following theorem:
IZFy + CTy! ¥ CTYy.

As a corollary we obtain additional independence results (cf. Theorem
5.6.5):

IZFy 4+ CTy! ¥ ACY vDCVRDCVPAy. (1.1)

The latter is essentially derived via the following steps.

Stepl One shows that IZFx + CTy! F 6 implies IZFy, = (V* =1 6). (cf.
Theorem 5.4.12)

Step2 As Lifschitz’ interpretation IF* for HA can be embedded into our
interpretation Iy, for IZF y (cf. Theorem 4.4.3), one obtains IZF +
(V* =L =CTy).

Thus, in view of the above we have shown that IZF y + CTy! ¥ CTy.
Step3 The previous step entails IZF y + CTo! ¥ ACN? (cf. Claim 5.6.2).

Step4 Since PAy — DC — ACY — ACNYY — ACM?, (1.1) follows by
the previous steps (cf. Theorem 5.6.5).

Moreover, since Lifschitz’ realizability for IZF also validates the unifor-
mity principle UP and hence Unzerlegbarkeit UZ, (1.1) can be strengthened
to

IZFy + CTo! + UP+UZ ¥ ACMVvDCVRDCVPAy. (1.2)

1.6.2 The second part: conservativity results

In this part, we will extend Beeson’s two-tiered approach (i.e., relativized
realizability and forcing semantics) for HA to the context of intuitionistic
set theories with two sorts. The first challenge is to find a relativized realiz-
ability semantics for intuitionistic set theories with two sorts (numbers and
sets). The second challenge is to find a forcing semantics for intuitionistic
set theories with two sorts.

In order to describe our results, we use the following abbreviations: (Let
T be any of the theories CZF  or IZF y extended by any combination of
the following axioms: {DC,RDC,PA x, MP})
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1. CZF% = CZFy + ACYYN + UP + UZ;
2. 1ZF%, = 1ZFy + ACYY + UP + UZ;
3. T* =T+ ACNN 4 UP + UZ;

4. TA=T+ PF(A,N,N), where PF(A,N,N) denotes the axiom: A is a
partial function from N to N.

If one wants to obtain conservativity results, recursive realizability is
rather defective in that recursive realizability of a formula (unless it is an
almost negative arithmetical one) usually does not entail its truth. Observe
that for a disjunctive formula 7V § (or existential formulae Jzn) there is
no effective way to find a recursive realizer to realize VvV § (or existential
formulae Jxn). However, if one employs relativized realizability with an
oracle A being a generic partial function from N to N, then this obstacle can
be overcome.

Then next step is to interpret A in the forcing semantics to show that
arithmetical formulae are indeed generic self-realizing (i.e., sound and com-
plete in forcing interpretation). By choosing the proper forcing conditions
that preserve the self-realizing, one has the following conservativity result:
(for any arithmetical sentence 0)

1. (cf. Theorem 8.4.2) If CZFy F 0, then CZFy 0 ;
2. (cf. Theorem 8.4.2) If IZF + 0, then IZF y I 6;

3. (cf. Corollary 8.4.4) If T* + 0, then T I 6,
Indeed (cf. Corollary 8.4.7) these results can be strengthened by replacing
N

N
ACMY with Ac™" , where AC™" consists of the formulae
vnaf € NY o(n, f) — 3F : N — NV Vnp(n, F(n)),

with ¢ arbitrary.
Essentially, to show if T* F 6 then T F 6, one needs the following four
steps:

Stepl Show T4 F (V* =g ). In this step, one shows all the arithmeti-
cal theorems of T™ are interpretable by the relativized realizability
semantics with the background theory T4.

Step2 Show T+ [V* =x (V* =g 6)]. In this step, one shows relativized
realizability semantics with respect to arithmetical formulae is inter-
pretable by the forcing interpretation.
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Step3 Show T+ (V* =£ ). In this step, one shows relativized realizability
semantics with respect to arithmetical formulae is generic self-realizing
(cf. Lemma 8.3.1).

Step4 Show T' I 6. In this step, one shows forcing is absolute (cf. Lemma
8.1.1) with respect to arithmetical formulae.

Moreover, combing the conservativity results with Lifschitz’ style seman-
tics yields the following independence result (cf. Corollary 8.4.5):

IZFy + ACMY 4+ UP + UZ+ ¥ CTy!.

In conclusion, in this chapter, I have informally introduced various in-
tuitionistic set theories and semi-constructive axioms. Furthermore, I have
added some background knowledge for both realizability and forcing for
arithmetic and set theories. I have also summarized the results of the the-
sis.



Chapter 2

Formal systems

In Chapter One, we informally introduced intuitionistic set theories. In
this chapter, we will use first order language to formalize these systems.
There are many ways to set up a formal system. For example, to formalize
the natural numbers and all n-ary primitive recursive functions, one can
add a constant w and function symbols f™ to the language and then give
their defining axioms; or one can add predicate symbols N and R"*! to
the language to do the job. For us, adding predicate symbols rather than
constant and function symbols seems to be a more effective approach to
introduce our results. We will introduce this language in Section 2.1 to
accommodate both arithmetic and set theory.

In Section 2.2, we will introduce the intuitionistic formal systems which
include axioms for Heyting arithmetic, intuitionistic set theories and various
semi-constructive axioms. Instead of the usual approach which interprets
arithmetic in set theory, to reduce the burden of interpretations, we adopt
the systems which accommodate both arithmetic and set theory.

2.1 Languages

In addition to our object language L for formalizing a system with both
set theory and arithmetic, we will for the purpose of relativized realizability
also introduce a language £’ which has a relation symbol A for the graph of
a partial function from N to N.

16
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2.1.1 The language L

Languages where numbers and sets are regarded as two different kind of
objects are familiar from the literature (cf. Michael Beeson’s book [3] (p.
164) or Harvey Friedman’s paper [7]). £ is defined as follows:

The symbols of the language are:

e Variables (objects): xg,x1, T2, ..., Tp, ...
e Constants (number): 7 for all n € N.

e Predicates: (unary) S,N; (binary) €,=; all other primitive recur-
sive relation symbols: Ri, Ra, ..., Ry, ..., in particular, we explicitly
use SUC, ADD, MULT for the graph of successor function, addition
function and multiplication function.

The collection of all terms, Term, consists of the Variables and Constants.
The collection of all the atomic formulae, AtForm, consists of all strings of
symbols of the form P™(t1,ts,...,t,), where tq,to, ..., t, € Term and P" is a
n-ary predicate symbol.

The collection of all formulae, Form, is the smallest class which contains
AtForm and is closed under the logical connectives: A, V,—, — 3, V.

2.1.2 Relativized realizability interpretation in a language £’

Relativized realizability differs from recursive realizability by using partial
functions recursive in a partial function A from N to N. To capture this
axiomatically, we add an extra constant symbol A to the language £ and
denote the resulting language by £’. Then one adds the axiom: A is a partial
function from N to N to the axiomatic system.

2.2 Axioms

In this section, we will introduce the formal axiomatic systems CZF and
IZF.

We also introduce some (semi-) constructive axioms which one might
want to add to these intuitionistic systems.

To facilitate all the descriptions, we use the following abbreviations in
the meta-language:

e Vnp(n) = Vz(N(x) — ¢(x)) and Inp(n) = Jz(N(z) A ¢(x)). When
there are more than one quantifiers present, we use n,m,k, 1,1, ... for
the corresponding abbreviations.
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VYnmep(n, m) = VYnV¥mep(n, m).

Vn3lmiy(n,m) = Vn[3myp(n, m) AVaVy(P(n,x) Ap(n,y) — = =y)].

erxdy=-(rey)andz#y=-(z=y).

rCy=Vz(zex —zecy).

Vr € yO(x) =Va[r € y — 0(z)] and Iz € yo(x) = Jx[z € y A O(x)].

2.2.1 Al: Axioms on numbers and sets

Numbers and sets will be treated as two different objects. Each object has
only one identity and only sets contain elements. These are formalized in
this group via the predicates N(x) (x is a number) and S(z) (x is a set) as
follows:

1. Y= (N(z) A S(z)).
2. VaVylx € y — S(y)].

3. N(n) for all natural numbers n.

2.2.2 A2: Number-theoretic axioms

These axioms specify the basic operations of arithmetic; in particular, the
successor function SUC, addition function ADD (axioms 7,8), multiplication
function MULT (axioms 10,11) and mathematical induction.

1. SUC(n,n + 1) for all natural numbers n.

2. YnI'mSUC(n, m).

3. Vnm(SUC(n,m) — m # 0).

4. Vm(m = 0V InSUC(n, m)).

5. Ynmk(SUC(m,n) A SUC(k,n) — m = k).

6. Ynm3I'kADD(n, m, k).

7. VnADD(n,0,n).

8. Vnkmli]ADD(n, k,m) A SUC(k,l) A SUC(m,i) — ADD(n,l,1)].
9. Ynm3\kMULT (n, m, k).
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10. ¥nMULT(n, 0,0).
11. Vnkmli]MULT (n, k,m) A SUC(k,l) A ADD(m,n,i) - MULT(n,l,17)].
12. A(0) A Vnm[A(n) A SUC(n,m) — A(m)] — VnA(n).

13. Axioms for all other primitive recursive predicates.

2.2.3 A3: Logical axioms for IPL

Intuitionistic Predicate Logic (IPL) consists of twelve logical axioms (LA),
three inference rules and various Identity Axioms (IA).
For logical axioms (LA):

— (B — A).
[A—- (B—-C)]—[(A—B)—(A—C)].
— (B— AAB).

(AVB) - [(A—=C)—= ((B—=C)—=(C)].
(A— B) = ((A— —-B) = —A).
— (mA — B).
Ve A(z) — Alz/y], where y is free for z in A(z).

Alz/y] — JrA(x), where y is free for z in A(z).

For Inference Rules: (In the following, we use F'V(C) to denote the
set of all free variables in C).

A, AB
(IR1) (Modus Ponens) £-5==.
(IR2) (rule V) <52y, where o ¢ FV/(C).

(IR3) (rule 3) %, where x ¢ FV(C).
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For the Identity Axioms (IA):

For any (m + 1)-place atomic predicate P!, we use PU)(k) to denote
PY(k),if m = 0 and P™*!(ny,na, ., ., k, .., nm) (ie., k is placed at j-th arity),
if m >0 forall j €{1,2,....m+ 1}.

IAl) Vz(z = ).
TA2) VaVylzx =y — y = x].
TA3) VaVyVzlx =y ANy =2z — x = z].

TA4) VaVyVzlr =y ANy €z = x € z].

TA6) VnVkYi[k = I A SUC(k,n) — SUC(, n)].
IAT) VnVkVi[k = I A SUC(n, k) — SUC(n, 1))].

(
(
(
(
(IA5) VaVyVzl[x =yAz €x — z € yl.
(
(
(IA8) VnVnoVkVI[k = I A ADDY (k) — ADD®(1)], for i € {1,2,3}.
(

)
)
)
)
)
)
)
)
)
)

IA9) Vn,VnoVkVi[k = I AMULT® (k) — MULT®(1)], for i € {1,2,3}.

(IA10) For any (m + 1)-place primitive recursive relation R™*1, if m = 0,
then ' ‘
k=1ARD (k) = RO();

if m > 0, then

VniVny.. Vn, VEVI[k = INRD (k) — RO(1)], for i € {1,2,3,...,m~+1}.

2.2.4 A4.1: Non-logical axioms (CZF with two sorts)

CZF has €-induction rather than the Foundation Axiom, it uses Bounded
Separation rather than Full Separation and uses Subset Collection rather
than the Powerset Axiom.

1. (Axiom of Extensionality) VzVy(S(z) A S(y) = [Vz(z € x <> z € y) —
z =yl).

2. (Pairing Axiom)VazVy(Ju[S(u) Ax € u Ay € ul).

3. (Union Axiom) Vz3u[S(u) AVz(z € u > Jy(y € z A z € y))].
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4. (Bounded Separation Schema)*
VrzIu[S(u) AVz(z € u <> z € x A A(2))],

where u is not free in A(z) and where A(z) is a bounded formula.

A bounded formula is a formula in which all the occurrences of quan-
tifiers are either in the form Vz € or dz €. This axiom restricts the
full Separation Schema to avoid impredicativity.

5. (Axiom of Infinity) Ju(S(u) A Vz[z € u <> N(2)]).
6. (Induction Schema)”
Va[(Vy € zA(y)) — A(x)] = VzA(z).

Classically, the Induction Schema is equivalent to FA. Since FA im-
plies the Principle of Excluded Middle, this axiom becomes an alter-
native.

7. (Strong Collection)” Vz[Vy € 23zA(y, z)
— Ju(S(u) AVy € 23z € uA(y, z) ANVz € udy € zA(y, 2))).
This axiom strengthens Collection and Replacement Schema.

8. (Subset Collection)” YaVbIu(S(u) AVz[Va € aJy € bA(z,y,z) — 3d €
u(Ve € ady € dA(z,y,2) AVy € dIz € aA(z,y, 2))]).

Since the Powerset Axiom involves impredicativity, this weaker axiom
becomes an alternative.

We will use CZF y to denote the formal system: Al + A2 + A3 + A4.1.
Remark 2.2.1 *indicates the differences between CZF and Zermelo-Fraenkel
Set Theory ZF'.

2.2.5 A4.11: Non-logical axioms (CZF and A with two sorts)

On top of CZFy, we add an extra axiom “A is a partial function from N
to N7, PF(A,N,N):

Ve € Adman(z = (n,m)) AVaVyVz[(z,y) € AN (z,2) € A— y=z].

This extra axiom is not a part of the usual setting for intuitionistic set
theory. The reason to add this axiom is to formalize relative computation
which will be used in our relativized realizability interpretation. We use
CZF y 4 to denote the formal system: CZFy + PF(A, N, N).
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2.2.6 A4.2: Non-logical axioms (IZF with two sorts)

IZF has the following axioms:

1.

(Axiom of Extensionality) VaVy(S(z) A S(y) = [Vz(z €z <> z € y) —
x = y]).

(Pairing Axiom) VaVy3u[S(u) Ax € u Ay € u.
(Union Axiom) Vz3u[S(u) AVz(z € u <+ Jy(y € x Az € y))].
(Separation Schema)*

VeIu[S(u) AVz(z € u > z € x A A(2))],
where u is not free in A(z).

Powerset Axiom)* VaJu[S(u) AVz(z € u <> (S(2) Az C x))].

(

(Axiom of Infinity) Ju(S(u) AVz[z € u <> N(z)]).

(Induction Schema) Vz[Vy(y € z A A(y)) — A(x)] — Yz A(z).
(

Collection Schema)*
Va[Vy € x32A(y, z) — Ju(S(u) AVy € 23z € uA(y, 2))].

This axiom strengthens the Replacement Schema.

We use I1ZF y to denote the formal system: Al + A2 + A3 + A4.2.

Remark 2.2.2 * indicates the differences between CZF and 1ZF .

2.2.7 A5: (Semi-) Constructive axioms

From the constructive point of view, there are some classical axioms, for ex-
ample, the axiom of choice, which are not intuitionistically justified. Hence
we have to consider adding more intuitionistic axioms into our systems and
check their consistency. Some of these axioms even contradict the classi-
cal axioms and some are simply the weaker versions of the classical ax-

ioms.

We use n,m,l,p,q to denote meta-variables ranging over naturals

and z,y, z,a,b,c,u,v to denote meta-variables ranging over Variables. We
also use the following abbreviations:

e VnA(n) =Vz[N(z) — A(x)];
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InA(n) = Jz[N(z) A A(z));
NmA(m) = ImA(m) AVavy[A(z) A Ay) — = = y);

Vo € adlyA(z,y) =Vzlx € a — (FyA(z,y) AVWVc(A(z,b) N A(z, ) —
b= c))l;

fENXN=Vze fIydzz = (y,2) AN (N(y) AN(2))];
fCNxa=Vee fIydzlz = (y,2) AN(N(y) Az € a)];
fCyxz=Vae fIbdcla= (b,e) N(beyAceEx);

Fun(f,N)=Vz € f[3y32(N(y) ANz = (y,2))] AVnIlz(n, z) € f (ie.,
f is a function with domain N);

Fun(f,a) =V € f[ydz(y € a Nz = (y,2))] AVz € aTly(z,y) € f (
i.e., f is a function with domain a);

Fun(f,N,N)=f C N x NAVYnIm(n,m) € f (ie., fisa function
with domain N and range N);

Fun(f,N,a)=f C N xaAVn3lz € a(n,x) € f (ie., fis a function
with domain N and range a);

SFun(f,y,a) = Fun(f,y,a) A¥o € 23u € y(u,v) € f (e, fis a
surjective function from y to x);

Rel(r,a) =Vz € r3u € avjx = (u,v)] AVu € aFv(u,v) € r. (ie., ris
a binary relation with domain a);

Base(y) = Vr[Rel(r,y) — 3g(Fun(g,y) A g € 7)];
A(f(n)) =3yl(n,y) € fANAY));
A(f(n), f(n+1)) =3xTFy[(n,x) € fA(n+1,y) € f A A(z,y))].

Non-classical axioms:

Definition 2.2.3 (Church’s thesis, CTy)

VYn3mep(n, m) — VnIpq(T(I,n,p) AU (p,q) A ¢(n,q)),

where T represents Kleene’s T-predicate and U represents result-extraction
predicate. If one takes p(n,m) = (m =0 — A(n))A(m # 0 — B(n)), where
A(n) = VI-T(a,n,l) and B(n) = VI=-T(b,n,l), then we call this instance
CT2.
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Definition 2.2.4 (Church’s thesis, CTy!)
VnIlmep(n, m) — 3¥n3p3g(T (L, n,p) ANU(p,q) A o(n,q)).
Definition 2.2.5 (Extended Church’s thesis, ECTy)
Vz[N(z) An(x) = Fy(N(y) A e(x, y)) =
AN (O AVR(N (n) An(n) = 3p,q(N (p) AN (@) AT(l, n, p) AU (p, ) Ap(n, 0)))],
where 1 is any almost negative formula (c.f. [20]).
Definition 2.2.6 (Uniformity Principle, UP)
Vz[S(x) — InA(z,n)] — InVz[S(x) — A(x,n)].

This axiom basically says that the only possible way to label a class of sets
by numbers is to give each set the same number.

Definition 2.2.7 (Unzerlegbarkeit, UZ)
Vz(S(xz) — B(z) vV C(x))] — Vx(S(x) = B(z)) VVz(S(z) — C(x)).

This axiom indeed is a theorem of UP by setting A(x,n) to be (n =0 —
B(z)) A (n#0— C(x)).

classical axioms:

Definition 2.2.8 (Aziom of Choice, ACY)
Vf[(Fun(f,N) AVn3y € f(n)) — Jg(Fun(g,N) AVn(g(n) € f(n)))].

This azxiom restricts AC and says every countable family of nonempty sets
has a choice function.

Definition 2.2.9 (Aziom of Choice, AC?)
VnIy € {0,1}A(n,y) — Jg[Fun(g, N,{0,1}) AVnIm((n,m) € gAA(n,m))].

This aziom says every total numerical relation with range {0,1} has a
sub-function.

Definition 2.2.10 (Aziom of Choice, ACNY)
VnamA(n,m) — 3f[Fun(f, N,N) A¥Ynam((n,m) € f A A(n,m))].

This axiom says every total numerical relation has a sub-function.
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Definition 2.2.11 (Aziom of Choice, ACNN!)
VnalmA(n,m) — If[Fun(f, N, N) AVnIm((n,m) € f A A(n,m))].
Definition 2.2.12 (Dependent Choice, DC)
Vavblb € a AVz € ady € aA(x,y) —
If(Fun(f,N,a) A (0,b) € f AVRA(f(n), f(n+1)))].
Definition 2.2.13 (Dependent Choice, DCNY)
VIVnamA(n,m) — 3f(Fun(f, N,N) A (0,1) € f AYnA(f(n), f(n+1)))].
Definition 2.2.14 (Relativized Dependent Choice, RDC)

Vz[B(2) AV (B(x) = Fy(B(y) A Az, y)))
— Af(Fun(f, N) A (0,2) € f AVR(B(f(n)) A A(f(n), f(n+1))))].

Definition 2.2.15 (Presentation Aziom, PAx)
Vz(S(x) — Jy3f[Base(y) A SFun(f,y,z)]).
Definition 2.2.16 (Independence of Premises, IP)
(=0 — FxA(z)) — Jz (=0 — A(x)),
where 0 is any closed formula.
Definition 2.2.17 (Markov’s Principle, MP)
Vn(A(n) vV =A(n)) A ==3n(A(n))] — In(A(n)).
Definition 2.2.18 (Weak Markov’s Principle, MP, )
——3n(A(n)) — In(A(n)),
where A is a primitive recursive formula.
Definition 2.2.19 (Bounded Markov’s Principle, BY 9 — MP)
——3In < mVkA(n, k,e) — In < mVkA(n, k,e),

where A is a primitive recursive formula.

In conclusion, we have introduced formal systems to accommodate both
Heyting arithmetic, intuitionistic set theories and various semi-constructive
axioms. In the later chapters, we will study the properties of these systems
by some semantical approaches.



Chapter 3

Applicative structure and
universes

This chapter is the preparation for our later chapters. First of all, we men-
tion a theory of computation APP. Any model of APP is called an applica-
tive structure. In Section 3.1, we introduce the language for this theory and
some of its fundamental properties. We then give a model for this theory.
Secondly, in Section 3.2, we study various transfinite inductions and
inductive definitions which overcome the lack of the Powerset Axiom CZF .
These inductions play important roles in the formalization of our semantics.
Thirdly, in Section 3.3, we define our external universe and construct
the internal universes for both the realizability and forcing interpretations.

3.1 Language for APP

The language describing APP (or L4,,) has been used in the literature, in
particular, McCarty’s Ph.D. thesis [15] and Michael Rathjen’s paper [20].
We paraphrase this language as follows: First of all, the symbols (for vari-
ables, constants and predicates) of the language are defined as follows:

e Variables (Var): x' 22 23, ... 2" ..
e Constants (Con): 0,k,s,d, 3,70, 71
e Predicates: (unary) N, (binary) =, (ternary) App

Now we define the collection of all the terms T'erm 4p, to be the collection
of Var and Con and then define the collection of all the atomic formulae
AutoF 4pp to be {App(t, u,v)|t, u,v € Termap,} U{u = v|u,v € Termap,} U

26
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{N(u)|u € Termapy}. Finally, we define the collection of all the formulae
Formay, to be the smallest class which contains AutoFy,, and is closed
under the logical connectives: A,V,—, —, 3, V.

In order to define applicative axioms in a more economical way, we have
to extend the language at the meta-level and use some abbreviations. First
of all, we inductively define the class of all application terms Appierm as
follows:

o If t € Termapp, then t € Appierm;

o If u,v € Appierm, then (uv) € Appierm.

To simplify notations, we use the following abbreviations:

o t1t23 1" = (L ((t12)3)...t7), where t!, 12, 3., t" € Appierm.
o (2',a7) = ((h("))a7).

e 29 = (yoz) and x1 = (n12).

e 2,0 = (Jora), where « is any string of numbers of 0 and 1.

e 2,1 = ()174), where « is any string of numbers of 0 and 1.

Secondly, we have to define a meta-predicate (application equality) ~
over Appierm X Appierm and a meta-predicate (defined application) | over
Appierm as follows:

e (application equality) s ~ a: If a € Var, then define s ~ a = s = q,
if s € Termapy and if s is a compound term, i.e., in the form of (uv),
then we inductively define s ~ a as JxJy[u ~ z Av ~ y A App(x,y,a)].
If a € Appierm \Var, then define s ~ a = Vz[s ~ x +> a ~ z].

e (defined application) ¢ |= Jy(t ~ y).

Remark 3.1.1 Observe that each meta-formula corresponds to some formal
formula in Ly, as every meta-formula containing ~ and | can be defined
by = and App.

Remark 3.1.2 We will use a*,z?, 2%, 2" 2!, 22, ..., 2™, 2"t y, z to denote
the meta-variables ranging over Var.
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3.1.1 Applicative axioms (APP)

A standard setting of the Applicative axioms includes IPL with the Identity
Axioms, the arithmetical axioms and the following non-logical Axioms:

Appl) App(at,a?, k) A App(at,ad,ah) = 2* = at.

App2) kztzd | Akzizxd ~ 2t

App4 <wi¢$j> 4 xo 21 <xiaxj>0 ~ z' and <$i7xj>1 ~ .

Appb () AN () A2t = 27 — dyza'al | Adyzaiz) ~y.

(Appl)

(App2)

(App3) saia’ | Aszialak ~ (2iak)(adzh).
(App4)

(App5) N

(App6) N(z') A N(27) A # 2d — dyza'al | Adyzalal ~ 2.

3.1.2 Fundamental consequences

Claim 3.1.3 (APP) ~ is an equivalence relation.

Proof. (Reflexive) ¢ ~ ¢ : This follows immediately from the definition.
(Symmetric) t! ~ 2 « t2 ~ t! . If 2 € Var, then t! ~ 2 & 2 ~ ¢!
follows immediately from the definition. If t? € Apprerm \Termqpy, then th ~
t? < t? ~ t! follows immediately from the definition as well. (Transitive)
th~ 12 ~ 3 - t! ~ 13 : It also follows immediately from the definitions. m

Corollary 3.1.4 (APP) t! ~ 2 — (£3t!) ~ (£3t?),
where t1, 12,1 € Apprerm.

Proof. Let x be arbitrary such that (#3t!) ~ x. Then by the definition,
JuIv(t3 ~ uAtt ~ v A App(u,v,)). By Claim 3.1.3 and the definition, the
result t3t? ~ z follows immediately. m

Claim 3.1.5 (APP) t ~ s ANt ~ y — = = y, where t € Appierm and
z,y € Var.

Proof. One shows this by induction on the complexity of t. If ¢t € Var,
then it follows immediately by the definition and the Identity Axiom. Now
assume t = (t'#2) and

Hounttcvsu=v,2 c~urt’ ~v—u=u, (3.1)
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and assume t ~ x At ~ y. By the definition we have

'3[t ~ 2t A2~ 2® A App(at, 2?, 7)),
332 ~ 2 A2~ 22 A App(2L, 22 ).

By the assumption (3.1), it follows that 2! = 2! A2? = 22, i.e., by IPL with
the Identity Axiom, and (Appl) z=y. =

Definition 3.1.6 For each x € Var, we define an abstraction operator \z. :
Appierm — AppPterm inductively as follows:

o \r.x = (sk)k.
o \r.y =ky, if y # x.
o \z.(0n) = s(\x.0)(A\x.n).
Definition 3.1.7 Az"t \z™.. . Az? \zl.t = A" (a2 )\t 1)
Definition 3.1.8
tlt/th, L at e = (g2t e L e 2 [ e,
where ! /t' means that the variable x' is substituted by the term t'.

Remark 3.1.9 By mathematical induction, Ax" 1 a™... Az \xt.t € Appierm
and t[z'/tt, 22 /12, ..., 2" [t"] € Apprerm for ¥n € N, where t € Appierm.

Theorem 3.1.10 Let x € Var and t',t> € Apperm be arbitrary. Then
Azt € Appierm and APP = ((Az.t))t?) ~ t'[x/1?].

Proof. This follows immediately from the definitions and the inductive
hypothesis. m

Corollary 3.1.11 Let z',2%,....2" € Var and t,t', >, ....t" € Appterm-
Then
Azt A2 \a™.t € Apprerm

and
APP F Azt z?. ™)t ~ e[t e 2?8 L 2 ).

Proof. It follows from Theorem 3.1.10, the definitions and the inductive
hypothesis. W
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Notation 3.1.12 Q = Ax.[(Ay.(z(yy)))(Ay-(x(yy)))]. It will be called a
fixed-point generator because of the following theorem.

Theorem 3.1.13 (APP) Q € Appierm AVt € Apprerm[L(2) ~ Qt].
Proof. It follows immediately from Theorem 3.1.10. ®

When we do the transfinite recursion, we will encounter the question:
given t € Appierm, what'’s the solution for ¢ € Appierm such that (tq) ~ ¢7
Moreover, sometimes we do have to apply mutual transfinite inductions and
which will involve the following question: given t,t € Appierm, what’s the
solution for u,v € Appierm such that (tu)v ~ u and (fu)v =~ v? In the
following we will demonstrate how to find the solutions for these questions.

Corollary 3.1.14 (APP) Let t € Appierm be arbitrary. Then tq ~ q,
where q denotes the term (Ay.t(yy))(Ay.t(yy)).

Proof. This follows immediately from Theorem 3.1.13. =

Corollary 3.1.15 Let t,t € Appierm be arbitrary. Then APP + tuv ~
uAtuv ~ v, where u = (Q(Az.(tror1, troz1)))oAv = (QA2. (trow1, tr0T1)))1.

Proof. Let | = A\v.(twoxy,tror1) € Appterm. Then by Theorem 3.1.13
Q1) = QU ie.,
(#(Q)o(Q20)1, t(QU)o(2)1) ~ €U,

i.e., by Corollary 3.1.4 and the axiom App4,
tH(Q)o(U)1 == (Q)o A E(Q)o(Q)1 = ()1

3.1.3 Kl is a model for APP

Let N be the natural numbers. Each partial recursive function can be ef-
fectively associated with one natural number via Kleene’s Normal Form
Theorem: there exists a primitive recursive predicates T and a primitive
recursive function U’ such that for any partial recursive function f, there is a
code (or a Godel number) k such that VZ[f(Z) ~ U'(py(T(k, Z,y)))], where
w is the minimization operator. For convenience, we will simply write f# to
denote a code of f. Another important theorem is the S-M-N Theorem:
for every m-+n there is a total recursive function s, : N™*! — N such that

—

for any (m+n)-ary partial recursive function {e}, {e}(Z, 7) ~ {smn(e, ©) }(¥).
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Because of this theorem, it is sufficient to consider only unary partial recur-
sive functions. Another feature of this theory is that recursively enumerable
sets (or r.e. sets) can be identified with X9-formulae definable sets. The
proofs of these statements can be found in standard textbooks, for exam-
ple, [11] or [4].

Notation 3.1.16 PRF =the set of all the partial recursive functions.

Notation 3.1.17 PRF# =the set of all the Gédel numbers of members of
PRF.

Notation 3.1.18 {n} = the partial recursive function whose Géodel number
isn and n-m = {n}(m).

Notation 3.1.19 n-m |=32T(n,m,z) and n-m 1=Vz—T(n,m,z).

Notation 3.1.20 n-m |l = 32T (n,m,z) AU (uzT(n,m,z),l).

In order to interpret constants in APP, we single out the following
partial recursive functions:

1. A total recursive function k : N — N with k(n) := n”, where n : N —
N with n(m) := n for all m € N.

2. A partial recursive function s = 821(82#1, 82#1, f7), where f(n,m,l) :=
(n-1)-(m-1). Since f is a partial recursive function, by repeatedly
applying the S-M-N theorem, we have

(n-1)-(m-1) =~ {so1(f*,m,n)} -1 ~ {szl(sfl,f#,m)} n-l o~
{821(5#175?2@&1’]0#)}'7”'”'['

3. (disjunction function) d : N x N x N x N — N where d(z,y, u,v) := z,
if u=wv and d(z,y,u,v) :=y, if u # v.

4. (pairing function) (,) : N x N — N, where (,) is a bijective primitive
recursive function from N x N to N.

5. (left unpairing) ()¢ : N — N is the left inverse function of (,).

6. (right unpairing) (); : N — N is the right inverse function of (,).

Notation 3.1.21 We will use ey to denote ()o(e) and ey to denote ()1(e).
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Remark 3.1.22 From now on, we will use dryuv to denote the disjunction
function d(z,y,u,v). However, if the forms of x,y are rather lengthy, then
we will use d[z][yluv to denote dxyuv.

Definition 3.1.23 Kl = (N, k%, s# d#, (,)#, (>#, (ﬁ, -), where n-m is de-
fined to be {n}(m), if {n}(m) | and n-m 1, if {n}(m) 1.

Theorem 3.1.24 (CZFy) Kl is a model of APP.

Proof. If one interprets k, s, d, 3, jo0, 71 to be k¥, s#, d¥, (,)#, <>#, (ﬁ
respectively and interprets N(n), () and App(n,m,l) to be n € N, - and
n - m | [ respectively, then the result follows immediately. m

In order to define A-terms for K, first of all, one extends the set Con-
stants to be {0,1,2,..,n, ...} and makes the same definitions as in 3.1.6. We
call these extended A-terms. Then one replaces all the constants in the closed
extended A-terms (i.e., the terms consisting only of constants) by their in-
terpretations in K. For example, the extended A-term Az.(mz) (i.e., by the
definition, ((s(km))(skk))) is replaced by ((s# - (K - m)) - ((s# - k) - k7).
Now one defines the set of all the A-terms for K to be the set of all such
replacements of all the closed extended A-terms. Furthermore, for each A-
term for K, we replace every occurrence of the symbol A in the A-term with
A to indicate its code.

Then one can apply the results derived in Subsection 3.1.2. For example,
the fixed point generator  in PRF# will be denoted by Axz.[(Ay.(z - (y -
Y)) - (Ay.(x- (y-y)))]. From now on, we will use Q to denote Ax.[(Ay.(z- (y-

y)) - (Ay.(z - (y-y)))]-

Remark 3.1.25 In this thesis we also apply relative computation. All the
results are exactly the same if one replaces T by T, where T is a relativized
T-predicate and A is a partial function from N to N.

3.2 Transfinite induction & inductive definition

This section is based on Section 5 in Peter Aczel and Michael Rathjen’s
report [1] and Section 3 in Michael Rathjen’s paper [20]. Since object in-
ductions and some of its instances and variants are heavily applied, we
isolate them in this section to study some of their properties that will be
used throughout this thesis. In order to facilitate the whole argument, let
us define some predicates in advance. Define T'ran(z) (z is transitive) as

VyVz(y € zANz €x — y € ).
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Define On(x) (x is an ordinal) as
Tran(z) AVy € z(Tran(y)).

Define TransClos(z,y) (y is a transitive closure of x, i.e., y is the least
transitive set that contains z) by

[S(y) ANTran(y) Nz Cy| AVz([S(z) ATran(z) Nx C z] = y C 2).

Later on we will show for any set z, there is a unique set y such that y is
the transitive closure of z and we will use TC(x) to denote this unique y.

Moreover, we use On to denote the class of all the ordinals. Furthermore,
we define a rank function rk as follows: for any set a, rk(a) := U{rk(b)+1:
b € a}, where rk(b) + 1 = rk(b) U {rk(b)}.

3.2.1 Transfinite inductions

In this thesis, we will apply the following transfinite inductions to construct
functions by transfinite recursion, or to build up internal universes or to do
the reasoning over the whole universe (external or internal). Different names
are assigned to indicate the nature of the inductions. All the quantifiers used
in this section range over the class V = {b: N(b) VvV S(b)}.

e Object Induction: Vz[(Vy € xzp(y)) = ¢(x)] = Vzp(x). This provides
a proof when one wants to do reasoning about the whole universe of
objects. Some of its variants and instances turn out to be very useful.

e Transitive Closure (TC) induction: Vz[(Vy € TC(z)¢(y)) — ¢(x)] —
Vap(z). This is a variant (cf. Lemma 3.2.5) of Object Induction.

e <Zinduction: VaVy[(Vuvo((u,v) <? (z,y) — A(u,v))) = A(z,y)] —
VaVyA(z,y), where (u,v) <? (z,y) = [(u = 2 Vu € TC(x)) A (v =
yVov e TC(y))]A—(u = xAv =y). This is a theorem of TC-induction
(cf. Corollary 3.2.7). This induction will be applied when we want to
construct a transfinite recursion function (cf. Claim 3.2.9).

e <3-induction: VaVyVz[(VuVuVk((u,v, k) <? (z,y,2) — A(u,v,k))) —
A(x,y,2)] — VaVyVzA(z,y,2), where (u,v,k) <3 (z,9,2) = [(u =
eVueTC@)ANwv=yVoveTCy)N(k=zVkeTC(z))]N(u=
xAv =y Ak = z). This is a theorem of TC-induction (cf. Claim
3.2.6). This induction will be applied when we want to interpret IA3
and TA4.
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e Set Induction: Vz[(Vy € z(S(y) — »(y))) — (S(z) — ¢(x))] —
Vo (S(z) — ¢(z)). This is an instance of Object Induction. If one
replaces Vy € x with Yy € TC(x), then it becomes an instance of TC
induction.

e Ordinal Induction: Vz[(Vy € z(On(y) — ©(y))) = (On(z) — ¢(x))] —
Vz(On(z) — ¢(x)). This is an instance of Object Induction. If one
replaces Vy € x with Yy € TC(x), then it becomes an instance of TC
induction. Since we construct our internal set universe along the ordi-
nals, this induction becomes the main tool used in this thesis whenever
we do some reasoning regarding the whole internal set universe.

e Mathematical Induction: ¢(0)AVzVy[N (x)AN (y)Ap(z)ASUC(x,y) —
p(y)] = V[N () = ¢(z)].

Claim 3.2.1 (CZFy) Va3ly(TransClos(z,y)).

Proof. If x € N, then TC(z) = 0. If z is a set, then by Object Induction
and Replacement the result follows. m

Remark 3.2.2 For each object k, we use TC (k) (or simply kL) to denote
the unique transitive closure of k.

Corollary 3.2.3 (CZFy) (1) b€ aVvbCaVbe TC(a) - TC(b) CTC(a);
(2) Ya[S(a) - TC(a) =aU (xLEJaTC(x))]

Proof. (1) Since b € a C TC(a), it follows b € TC(a), i.e., b C TC(a)
and that by Claim 3.2.1 and the definition, the results follow. (2) a U
( Y TC(z)) € TC(a) follows immediately from (1). To show TC(a) C

U ( Y TC(x)) it suffices to prove a U ( Y TC(x)) is a transitive set which
xrea reca
contains a. Let ¢, b be arbitrary such that ¢ € b € a U ( Y TC(z)). Then it
rca
follows ce U TC(z). m
rea

Claim 3.2.4 (CZFy) [Vz(¢[zt] — ()] — Vo ((Vz € xp[zl]) — ¢[zl]),
where plal] = Vy € TC(z)e(y).

Proof. Assume
Va(plzl] = o(x))]. (3:2)
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We have to show Vz[(Vz € zp[zl] — p[xl])]. If z is a number, then it
follows that TC(z) = 0 and p[zl] and thus Vz € zp[zl] — p[zl]. If z is a
set, then we have the following inferences: Assume

Vz € zpll]. (3.3)

Now we have to show p[xl]. Assume y € TC(x). By Corollary 3.2.3, it
follows that y € z Vy € TC(k) for some k € x. If y € z, then from (3.2)
and (3.3), it follows that ¢(y). If y € TC(k) for some k € x, then by (3.3)
and the definition, the result ¢(y) follows immediately. m

Lemma 3.2.5 [T'C-induction] (CZFy)

Va(p[zi] = ¢(2))] = Vap(z),
where p[zt] =Vy € TC(z)p(y).
Proof. Assume Vx(p[rl] — p(x)). By Claim 3.2.4, it follows that Va((Vz €

zp[zl]) — ¢[z!]). Then by Object Induction, one has Vzyp[zl]. Again by
the assumption, the result Vzo(x) follows. m

Claim 3.2.6 TC-induction implies <*-induction.

Proof. Assuming the antecedent of <, we have to show VzVyVzA(x,y, ).
Let a € V be arbitrary. By TC-induction, it suffices to prove

Vo € TC(a)B(z) — B(a),
where B(x) = VyVzA(z,y, z). Assume
Vz € TC(a)B(z). (3.4)
I have to show B(a), i.e., VyVzA(a,y, z). Now let b € V be arbitrary. By
TC-induction, it suffices to prove Vk € TC(b)VzA(a,k,z) — VzA(a,b, z).
Assume
Vk € TC(b)VzA(a, k, z). (3.5)
I have to show VzA(a,b,z). Let ¢ € V be arbitrary. By TC-induction, it
suffices to prove Yh € TC(c)A(a,b,h) — A(a,b,c). Assume
Vh € TC(c)A(a,b, h). (3.6)
Now I have to show A(a,b,c). By the antecedent of <, it suffices to prove
Vo, o, x3[(21, T2, 23) <3 (a,b,¢) — A(w1,22,23)]. Now let x1, 2o and w3
be arbitrary such that (z1, 79, z3) <® (a,b,¢). If 71 € TC(a), then by (3.4)
A(z1,x2,23). If x1 = a and x5 € TC(b), then by (3.5), also A(z1,x2,x3). If

x1 = a, xo = b and x3 € T'C(c), then by (3.6), it follows that A(z1,z2,x3)
as well. m
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Corollary 3.2.7 TC-induction implies <>-induction:
Proof. This is the same as above by modifying arity 3 to arity 2. =
Claim 3.2.8 <2 is transitive.

Proof. Let a,b,c,d,e, f € V be such that (a,b) <? (c,d) and (¢, d) <? (e, f).
By the definitions, it follows that (a =eVa € TC(e))A(b= fVbe TC(f)).
The only condition that has to be checked is =(a = e Ab = f). By object
induction Vo € V—(z € z), and thus Vo € V—(z € TC(x)). So if we assumes
a=eAb= f, we have the conclusion e € TC(e) V f € TC(f) which yields
a contradiction. m

The following claim will be applied to formalize the informal interpre-
tations (cf. Section 4.3). To this end, it suffices to consider the following
special non-parameterized version:

Claim 3.2.9 (transfinite recursion) (CZF y)
For any CZF n-definable class function H : V2 x V. — V, there exists
uniquely a class function F : V2 —V such that

V(yvz) € VQ[F(:U’Z) = ,H((y7 Z)7F r(y,z))]a
where F' [(, .y denotes
{((y,5), F(y,s)) : s € TC(2)},{((s,9), F(s,y)) : s € TC(2)},

{((t,2), F(t,2)) : t € TC(y)}),
or (formally) Vo C V23\f : 2 — V such that

V(y, 2) € z[f(y,2) = H((y,2), f y.2))]-
Proof. We will show this by <i?>-induction and Replacement. Define
(a,0)* :={(c,d) : (¢,d) <* (a,b) V (d,c) <* (a,b)}.
Observe that (¢,d) € (a,b)* < (d,c) € (a,b)%, (a,b)* = (b,a)* and
(¢,d) <? (a,b) — (c,d)* C (a,b) .

Let Fun(f,a,b) denote the predicate ‘f is a function with domain a and
range b’. Assume for all (c,d) <? (a,b)3t

Fun(t, (¢, d), V) AV(u,v) € (¢, d)¥[(t(u, v) = H((u, 0),t [ww))],  (3.7)
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where t [(,,,) denotes

{((u,s),t(u,s)) : s € TC(v)},{((s,u),t(s,u)) : s € TC(v)},
{((k,v),t(k,v)) : k € TC(u)}).
From this, V(c,d) € (a,b)*3lt
Fun(t, (¢, d)*, V) AV (u,v) € (¢, d)¥[(t(u,v) = H((u,),t [(ww))] (3.8

Then by Replacement, there is a set function 7" : (a,b)* — V such that for
all (¢,d) € (a,b)%, Fun(T(c,d), (¢,d)*,V) and

V(u,v) € (¢, d)¥[(T(c,d))(u,v) = H((u,v), T(c,d) [(un))]- (3.9)
With this and the assumption that H is a class function, one has
V(C, d) € (av b)<zllv[/H((C’ d)? T(Ca d) [(c,d)) = U]:
where T'(¢,d) [(c,q) denotes
({((c,5), (T(c,d))(c,s)) : s € TC(d)},{((5,¢), (T(c,d))(s,0)) : s € TC(d)},
{((k,d), (T(c,d))(k,d)) : k € TC(c)}).
Then by Replacement, there is a function F : (a,b)* — V such that
V(c,d) € (a,b)¥[F(c,d) = H((c,d), T(c,d) [(ed))]- (3.10)
Now we claim
V(c,d) € (a,b)¥[F(e,d) = H((c,d), F [(c.a))],
where F [ (. 4) denotes
{((¢,s),F(c,s)) : s € TC(d)}, {((s,¢), F(s,c)) : s € TC(d)},

{((k,d), F(k,d)): ke TC(c)}).

It suffices to prove that F [ qy= T(c,d) [(c,a) - Let s € V be arbitrary such
that s € TC(d). By Claim 3.2.8, it follows that (¢, s) € (a,b)® and thus by
(3.10)

F(Cv S) = H((Ca 3)7 T(C7 8) r(c,s))'

By (3.8) one knows T'(¢,s) C T'(¢,d) and thus by (3.9)

‘F(Cv 5) = H((Cv S)7T(Ca d) [(c,s)) = (T(C’ d))(cv 5)'
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Following the same arguments, one reaches the result F [ (. q)= T(c,d) le,d) -
Hence we have shown that F is a function with domain (a,b)* such that

V(e,d) € (a,b)*F(c,d) = H((¢,d), F l(ea))-

Now we want to show the uniqueness of F. Let F’ : (a,b)* — V be another
candidate such that

Y(c,d) € (a,b)¥[F'(c,d) = H((c,d), F" (c,a))]- (3.11)

Then by (3.8), it follows that V(u,v) € (¢,d)*[F'(u,v) = F(u,v)] and thus
by the definition, F' [.q= F [(c,a), i-¢., F'(c,d) = F(c,d). Hence by <%
induction, we have shown that Vz,y € V3! f

[Fun(f, (z,y)%, V) AV(u,v) € (2,9)(f (u,0) = H((u,v), f Tuw))]- (3.12)

Now let K be arbitrary such that K C V2. Then by the definition it follows
that K C (mo(K), 71 (K))%, where mo(K) = {a € UUK : 3b € UUK]|(a,b) €
K]} and m(K) = {b € UUK : Ja € UU K[(a,b) € K]}. Hence the result
follows immediately from (3.12). m

3.2.2 Inductive definitions

Definition 3.2.10 K is an inductive definition iff K is a class of ordered
pairs of sets.

Definition 3.2.11 Define K1(a) := {b: (a,b) € K} and Ki1[a] := bU K1i(b).
ca

This definition indeed is inspired by proof theory. Each (a,b) € K can
be viewed as given the premise a, the theorem b follows; while K1 (a) can be
viewed as the collection of all the derivable theorems given the premise a.

Now let’s fix an inductive definition K. For any binary class C' we use
Ci(a) to denote the class {b : (a,b) € C} and Ci[a] to denote the class
bLEJa01 (b)

Definition 3.2.12 T (Y) = {a : Jz(z C Y A (z,a) € K)}. In some
sense this collects all the theorems that are derivable by using only some
premises in'Y or all the premises in'Y from K (a combination of premises
and theorems).
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Now define the predicate BR(g) (g is a binary relation) by
Vr € gyIz(z = (y, 2)).
Define the predicate Good(g) (g is a good set) by
S(9) A BR(g) AValgi(a) € Ti(g1[a])]-

This says that, in some sense g is already a saturated combination of premises
and theorems, i.e., there are no news theorems given the premises in g. Then
one glues all these saturated combinations together as follows:

Definition 3.2.13 G = U{g: Good(g)}.

Definition 3.2.14 A class Y is K-closed iff T'x(Y) C Y, i.e., the premise
Y cannot produce any new theorem (orY is saturated).

Claim 3.2.15 T'x is a monotone operator, i.e., X CY implies T'ic(X) C
Te(Y).

Proof. This follows immediately from the definition. m

Lemma 3.2.16 [Class Inductive Definition] (CZF ) For every inductive
definition KC, one has Va[S(a) — Gi(a) = T'x(Gi[a])].

Proof. This is Lemma 5.2 in Peter Aczel and Michael Rathjen’s report [1].
[

Claim 3.2.17 Va, 8 € On(a € BV a C 8 — Gi[a] € G1[8]).

Proof. Let x € Gi[o] be arbitrary. Then by the definition, it follows that
Hy €a(z €Gi(7)), e, Iy eB(r€Gi(r)) le, z€Gi[S]. =

3.3 Definitions of universes

3.3.1 External universe: V

Since we adopt two sorts of objects (sets and numbers) in our external
universe, we have to define some notations to differentiate them. We call a
set in the background set theory “an external set” (or simply a set) and
use S to denote the class of all the external sets. Similarly, any number
constructed by the Infinity Axiom in the background theory will be called
“an external number” (or simply a number). We use N to denote the set
of all the external numbers and V' to denote the class of all the external
objects (i.e., V=NUS).
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3.3.2 Internal universe: V*

The internal universe will serve as the domain of discourse for quantifiers and
is constructed from the external universe V' via ordinals. In this section, we
will mention two internal universes. The first one is the realizability universe
and the second one is the forcing universe. For the realizability part, we
identify either PRF, the set of all the partial recursive functions, or the set
of all the partial A-recursive functions (or Turing machines equipped with
an oracle which provides A(n) if it exists) with N. Then we construct the
realizability universe V* as follows:

VY= JPIENx (Vi UN)

BEa
st = Y w
aeOn
V* = NUS*

where P denotes the Powerset operation.

Since our forcing interpretation is a specific one intended to provide
conservativity results, we have to consider any arbitrary subset E of P, where
P is the set of all the finite partial functions from N to N. We define the
forcing universe VV* as follows

Ve = |[UPEx(VFuUN)

BEa
st = U wr
aeOn
V¥ = NUS*

where P denotes the Powerset operation. We will call each element in the
universe S* an internal set and each element in V* an internal object.
By CZF y in the background theory, one can formalize the informal notions
of universes as follows:

Claim 3.3.1 (CZFy) S* and V* can be formalized in CZFy by the class
U Gila] and NU( % Gi[a]) respectively, where Gy is defined in Subsection
acOUn

aeOn
3.2.2.

Proof. We show this by using an inductive definition. Consider the follow-
ing inductive definition.

K:={(z,a): S(z)ANS(a) Na CN x (x UN)}.
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Then one has
Tx(Y):={a:3x(z CY A(z,a) € K)} = P(N x (Y UN)).
Morcover, by Lemma 3.2.16 it follows that
Va[S(a) = Gi(a) = Tx(Gi[a]) = P(N x (Gi[a] UN))],
in particular,
YalOn(a) — Gi(a) = Tx(G1[a]) = P(N x (Gi[a] UN))]. (3.13)

Now one formalizes V¥ as Gi[a]. Since

by (3.13), it follows that
Vala € On — VY = s P(N x (V3 UN))].
ca

]
Though we show the version for the realizability universe, the proof for
the forcing universe is exactly the same by replacing N with E.

Corollary 3.3.2 (CZFy) (1) a € S* — a € S;(2) a € V¥ — (N(a) V

S(a)) AN—=(N(a) A S(a)).

Proof. Both follow immediately from the formalization a € §* = a €
% (BU G1(5)) and its background axiom: VYz—(N(z) A S(z)). =

acOn pea

Corollary 3.3.3 (CZFy) NNS*=0 anda € V* Na €S —a € S*.

Proof. Since S* is represented by the class U (U Gi(8)), each element
aceOn Bea

of which is a set, by the axiom Vz—(N(z) A S(x)), the result follows imme-
diately. m
Claim 3.3.4 Vo, 3 € Onja € fVa C -V C VY.

Proof. This follows immediately from Claim 3.3.1 and 3.2.17. =

The following corollary is useful when one needs a bound to be able to
apply the Separation Scheme.
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Corollary 3.3.5 Va € S*[a € VTIE(Q)H].

Proof. Let a € On be arbitrary. Assume V[ € aVb € VﬁN(b € VJE(b)H).
Now let a € VY be arbitrary. We have to show a € VTIE(Q) 4p- Let feN

and d € V* be arbitrary such that (f,d) € a. Since d € T'C(a), one has
rk(d) + 1 C rk(a). By Claim 3.3.4 and the assumption, it follows that

d € Vg ie a SN (Vi UN) and thus a € V}} m

+1° rk(a)+1"

The following claim will be used frequently when we want to demonstrate
some classes are indeed internal sets or when we want to construct some
internal sets for the interpretation.

Claim 3.3.6 (CZFy) Ifa €S and a CN x V*, then a € S*.

Proof. The main point is to find an ordinal « that will serve as a rank
for a. This ordinal « is derived via Strong Collection. By the fact that
N x N € V' C S*, one rewrites a C N x V* explicitly as follows:

Vo € adB[f € OnAJye VﬁN(EInGN(x: (n,y))V(y=NxNAzey))).
By Strong Collection, there exists a set F such that Va € ¢35 € E
[B€0OnATye Vg(ﬂn eN(xz=(ny)Vy=NxNAzey))], (3.14)

and that VG € Edx € a
[B€O0OnATye Vg(ﬂn eEN(z=(ny)Vy=NxNAzey))]. (3.15)

From (3.15) we have E is a set consisting of ordinals. Thus we can define
the ordinal « to be « = U{f+1: f € E}, where 4 1 abbreviates S U {3}.
Since € F implies f € «a, one rewrites (3.14) as follows: Vz € a38 € «

[B€OnATy eV (FneN@=(ny)V(y=NxNAzey)),
i.e., by Claim 3.3.4,
a CNx (VNUN),
ie.,
a€ Vi, CS~

]

Though we have just given the version for the realizability universe, the
statement and its proof for the forcing universe are exactly the same by
replacing N with E.
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In conclusion, we have introduced the concept and a model of an applica-
tive structure, transfinite inductions, inductive definitions and universes for
the formalization and discourse of our realizability and forcing interpreta-
tions. This chapter lays the foundations of our later chapters.



Chapter 4

Lifschitz’ style interpretation

Lifschitz modified Kleene’s recursive realizability and gave an interpretation
to separate CTy from CTy!. Though he used an informal argument to show
this result, the amount of classical logic needed in his argument was explicitly
pointed out by Jaap van Oosten. Based on Lifschitz’ interpretation for HA,
we extend it to the context of IZF . In Section 4.1, we introduce Lifschitz’
notion of a realizer which uses a criterion to differentiate CTy from CTy!
and then we study the basic operations of these realizers.

In Section 4.2, we come up with and introduce an informal definition of a
new interpretation which, in some sense, combines Lifschitz’ interpretation
with McCarty’s interpretation. We call this new interpretation a Lifschitz’
style interpretation. Then, in Section 4.3, we give a formal version of this
interpretation.

In Section 4.4, we then derive some basic properties, in particular, a
faithful extension of Lifschitz’ original interpretation for Heyting arithmetic.
Most of the notations used in this chapter were defined in Section 3.1.3.

4.1 Lifschitz indices

This section is based on Jaap van Oosten’s paper [19] and Lifschitz’ paper
[13]. In order to fit our purposes, we derive the realizers in explicit forms.
Define

D, = |n|:={m e N:m <ny AVE-T(ng,m,k)},

or in abbreviation

D,={meN:m<nj; Anyg-m1}.

44
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We call D,, a Lifschitz set and its subscript n a Lifschitz index. These
Lifschitz’ indices will serve a role of realizers. Though D, is undecidable,
the complement of D,, turns out to be a r.e. (recursively enumerable) set;
moreover, the complement of U{D,,|n € D.} is also a r.e. set. Other indices
are essentially based on these two properties. The ingenious definition of
D,, relies on that the knowledge of the size of the set D, eventually decides
the content of D,,. If we know the size of the set D,, (suppose k) in advance,
then we know there are ny — k elements of the combination which will halt
its operation. Up to this point the remaining ones recover the content of
D,,. For any partial recursive function f, we use f# to indicate its code.
We also use the following abbreviations in this section:

Notation 4.1.1 ||D.|| =1 = 3InVm|m € D, +> m = n).
Notation 4.1.2 Dgy,) = {n} = Vm[m € Dyy(ny <> m = n].

Notation 4.1.3 Dy ) = {f -9 : g € De} = Vh[h € Dg(epy) <> Jg €
De(h =f- g)]

Notation 4.1.4 Dun(e) = EUD Dg = Vh[h S Dun(e) < dg e De(h € Dg)]
g e

Notation 4.1.5 HA’ = HA + MP,, + B} - MP.
Lemma 4.1.6 There is a total recursive function sg such that
HA FVn[Dgy) = {n}].

Proof. Define a partial recursive function by g(n,m) := 0, if n # m and
g(n,m) 1, if n = m. Then by the S-M-N theorem and the definition one
has |[(Am.{s11(¢7,n)}(m),n)| = {n}. Now one defines the total recursive
function sg(n) := (Am.{s11(¢",n)}(m),n). =

Lemma 4.1.7 There is a partial recursive function & such that HA +
MP,, = Ve[||De|]| =1 —= @(e) | AD(e) € De].

Proof. Let e € N be arbitrary. Let £ € N be arbitrary such that £ <
ep and k ¢ D, ie., ~=3ImT(eg,k,m). By MP,,., one has Vk < ej(k ¢
D, — ImT(eg,k,m)). Now define &(e) := pyly < eg AVl < e1(l #y —
ImT (ep,l,m))] and the result follows. m
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Lemma 4.1.8 There is a partial recursive function ® such that
HA'FVeVf[Vg e De(f-gl) = ®(e, f) L ADg(e.py = {f-9:9 € Dc}].

Proof. The proof is exactly the same as Lemma 2.4 in Jaap van Oosten’s
paper [19]. m

Lemma 4.1.9 There is a total recursive function un such that

HA'F Ve [Dun(e) = gEUDeDg]'

Proof. The proof is exactly the same as Lemma 2.5 in Jaap van Oosten’s
paper [19]. m
4.2 Informal definitions

Let R be for any arbitrary primitive recursive relation. Let e € N (the codes
of PRF) and a,b,c € V* be arbitrary. To facilitate the description we use
the following abbreviations:

o n-mlv=3k[Nk)ANT(n,m, k)] AU(uzT(n,m,z),v).

n-mlp =3 -mlvAviFg ).

o V(f,c) €ap(f,c)=VfeNVee V*((f,c) € a— p(f, ).
e Jr cap(xr)=dr e V*(x €aA p(x)).

e necD.=n<e ANVm—T(ey,n,m).

e D.# 0 =3n(neD,).

e Vg€ D.[qlrr o] = De # 0 AVq € Delq kL, o).

e ¢y = jo(e), where jo : N — N is a left unpairing function; e; = 71(e),
where 71 : N — N is a right unpairing function; (c, d) = j(c, d), where
7 is a pairing function.

o Va € V*p(@) =Vay,ag,...,an € V¥p(ar,az,...,ap).

Recall £(V*) is the language for set theory with constants from the internal
universe V*. Let a,a1,aq, ..., an,b,c € V* be arbitrary. Then we inductively
define the following clauses on the complexity of L(V*):
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1. elFp R(ay,aq,...,a,) iff a1, a9, ...,a, € NA R(ay,az, ..., ap).

2. elFr N(a)iffae NAe=a.

3. elFy S(a) iff a € S,

4. elrpaebiff D, #0AVd € D.3c € V*[(dy,c) € bAdy IFp a = ¢].

5.elfpa=biff (a,b ENAa=bV[D.#0Nae€S*NbeS*AVd €
D.(Y(f,c) €a(dy- flFp ceb) AY(f,c) €b(dy - fIFL c € a))l.

6. elFp, ANBiffeglFr, ANey I B.

7. el AVBIff D, # AV € Dofdo = OAd: 11 A]V[do # OAd: Ik Bl.
8. ¢lkr =AffVf € N=(f IFp A).

9. el A— Biff VfeN[f kL A= e f I B

10. elFy VoA iff D, # 0 AVd € DoVe € V*(d Ik, Alz/c]).

11. elFy, 3zA(x) iff D, # 0 AVd € D3c € V*(d Ik, Alz/d]).

Furthermore, one defines e IF;, A(x) iff e Iy Vo A(z) and V* = B iff
Jdele e NAelrp, Bl

4.3 Formal definitions

In correspondence to the informal definitions in Section 4.2, in this section
we will show how to provably define these informal definitions in the con-
text of CZF . Though in this part it suffices to use the background theory
IZF y, to formalize relativized realizability and the forcing interpretation in
Chapter 6 and Chapter 7, we work in CZF . If one is interested at for-
malizing informal interpretations in Section 6.1 and 7.1, then he can consult
this section.

To begin with, we use notations of class functions here. Nonetheless, the
unique existence of these class functions is provably definable in the context
of CZF . In the following we show how to formalize the informal definitions
for atomic formulae via these class functions.

For each primitive recursive n-ary relation R, by Corollary 3.3.2, one
defines a class function F; : (V*)" — {N, 0} such that Fj(a1,ag, ...,an) =N,
if a1,a2,...,an € NA R(a1,a2,...,an) and Fg(a1,az,...,an) = 0, otherwise.
Then the first clause can be formalized as follows:
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1. e e Fi(ar,az,...,an) <> a1,a2,...,an € NAR(a1,az, ..., an).
For the predicate N, one defines a class function Fy : V* — {{n} :n €
N} U {0} such that Fy(a) = {a}, if a € N and Fx(a) = ), otherwise. Then
the second clause can be formalized as follows:

2. e€e Fy(a) < aeNAe=a.
For the predicate S, by Corollary 3.3.2, one defines a class function
Fg:V* = {N,0} such that Fs(a) =N, if a € S* and Fgs(a) = 0, otherwise.
Then the third clause can be formalized as follows:

3. e€ Fg(a) <> a €S
Now we want to formalize the clauses e IF;, a = band e IF;, a € b
simultaneously. The idea is to formalize this pair by a class function F' with
domain V2 such that

F(a,b) =({eeN:elFpaeb},{eeN:elra=b}).

This definition aims to formalize the interpretations of € and =. In the
following we want to show how to provably define this class function F
via transfinite recursion in the context of CZFy. If a = (b°,b'), then we
use pi(a) to denote b* and y € p;(a) to denote the formula F°3b[a =
(b°,bY) Ay = bi], where i € {0,1}. Now let us define a class function (based
on the interpretations of the predicates € and =) G : V3 — V2 as follows:
(the first component aims to formalize €; while the second one, =)

G(z,y,2) == ({e e N: p(z,y,2,e)},{e € N: 0(z,y, 2, €)}),
where ¢(z,y,2,¢) = D, 20 AVd € DIc € V*
(do, ) € y A 3u € py(2)[po(u) = (z,¢) Adi € pi(pr(w))],
and 0(z,y, z,¢) = (N(z) AN(y) Az = y)V
[S(x) AS(y) A De # 0 AVd € D,

V(f.c) € 23u € p3(2)(po(u) = (c,y) Ado - f € polpr(w)))A
V(f,0) € yFu € pi(2)(po(u) = (c,x) Ady - f € polpr(u)))],

where u € p3(z) denotes Jzq, z1, 2[z = (w0, 71, 72) Au € z;] for i € {0,1,2}.
Then by Claim 3.2.9, there is a unique class function F : V2 — V such that

F(a7 b) = G(a7 ba F r(a,b))7
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where F' [, ;) denotes

({((a,c), F(a,c)) :c € TC(b)},{((c,a),F(c,a)) :c € TC(b)},
{((d,b), F(d,b)) : d € TC(a)}).

Now one formalizes e Ik, a € b as e € po(F(a,b)) and e IFr, a = b as
e € p1(F(a,b)). Then clause 4 and 5 are provably defined as follows:

4. e € po(F(a,b)) <» D # 0 AVd € D.3c € V*[(dp,c) € bAdy €
p1(F(a;c))]-

5. e € pi(F(a,b)) < (N(a) AN(b) ANa=b)V
[S(a) A S(b) A D, # D AVd € D,

(V(f.c) € aldo - | € po(F(c,b))) ANV(f,c) € bdy - f € po(F(c,a))))]-
Based on these, the other clauses from 6 to 11 can be defined inductively
via the following classes which are defined on the complexity of £(V*):

e Furp :Z{@ENieoeFA/\eleFB}.

o Fayp = {SENIDG#O/\VdGDe(d():O/\dl GFA)\/(do#O/\dl S
Fp)}.

Foy:= {6 eN:Vfe Nﬁ(f S FA)}

Fa,p:={eeN:VfeN[feFy—e-flne feFpl}
° FVmA(m) ={eeN:D., #0AVce V*D, C FA(C)}}.
° FH:pA(:Jc) ={eeN:D., A#0AVd € D, Ic € V*[d € FA(c)]}

Now for each formula ¢ in these clauses, one formalizes e I-7, ¢ as e € F,.
Furthermore, each open formula is formalized as its closure. Finally the
clause V* =1, B is formalized as Je € N(e € F'g).

4.4 Basic properties

Claim 4.4.1 (Ag.a(g),Ak.B(k)) kL AVB < Jy[N(y)A((y =0 — A)A(y #
0 — B))] for some partial recursive functions o and 3.

Proof. Let g € N be arbitrary such that g Iy, AV B. Then by the
definitions, one has Vq € Dy, if go = 0, then

(An.q1,0) IF (9o =0 — A) A (g0 # 0 — B);
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if go # 0, then
(0,An.q1) IFr (g0 =0 — A) A (g0 # 0 — B).
Hence by Lemma 4.1.8,
a(g) kL YN A ((y=0—=A)A(y #0— B))],

where
a(g) := (g, Aq-(go, A[(An.q1, 0)][{0, An.1)]900))-
On the other hand, let £ € N be arbitrary such that

kb Fy[N(y) Ay =0 — A)A(y # 0 — B))].
By the definition, it follows that
Vg € Dglgi IF (g0 =0 — A) A (qo # 0 — B)].

Again by the definition, for all ¢ € Dy, if go = 0, then

q10 - qo kL A;
if go # 0, then
q11 - qo I B.
Hence by Lemma 4.1.8,
B(k) Ik, AV B,

where B(k) := ®(k, Aq.{q0, d[q10 - 90][q11 - ¢0]q00)). m

Recall that IZF'y is an abbreviation for IZF 5 + MP,, + BEg — MP.

Lemma 4.4.2 For any formula A(Z) in the language of set theory, one can
effectively assign a partial recursive function xa such that 1ZF'y + Ve €
NV@ € V*[(De 0 AVd € D (d kg, A(@))) — xale) IFr A(@)].

Proof. We show this by induction on the complexity of the formulae.

For atomic formulae:

$ A(d) = N(a): By the definition, ||D.|| = 1 and thus by Lemma 4.1.7 one
assigns y 4 to be @.

& A(d) = S(a): By the definition, one can simply assign x4 to be An.0.

{ A(@) = a € b: By the definition and Lemma 4.1.9 one can simply assign
X4 to be Ae.un(e).

$ A(@) = a = b: By the definition and Lemma 4.1.9 one can simply assign
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XA to be Ae.un(e).

& A(d) = R(a): By the definition, one can simply assign x4 to be An.0.
For compound formulae:

¢ A(@) = B(a) ANC(d): By the definition, one has Vd € D.(dy I, B(d)) and
Vd € D.(dy Ik, C(a@)). Now by Lemma 4.1.8 and the inductive hypotheses,
one can assign x4 to be

Ae.(xB(®(e, Ak.g0(k))), x(®(e, Ak.g1(K)))).

O A(@) = B(d) — C(a@): Let f be arbitrary such that f |-y, B(@). Then by
the assumption,

Vd € De(d- f L Ad - f Ik C(@)).

By Lemma 4.1.8 and the inductive hypothesis, one can assign x4 to be

Afxc(®(e,Ad.(d- [))).

O A(d) = VyB(d,y): By the definition and Lemma 4.1.9 one can simply
assign x4 to be Ae.un(e).

¢ A(d) = JyB(d,y): By the definition and Lemma 4.1.9 one can simply
assign x4 to be Ae.un(e).

{ A(a@) = —B(d): By the definition, one can simply set x4 to be An.0.

¢ A(@) = B(a) v C(d): By Claim 4.4.1,

Vd € Dea(d) Ik y[N(y) A (y =0 = B(@)) A (y # 0 — C(a))],
i.e., by the above result and Lemma 4.1.8, it follows that
un(®(e, Ad.o(d))) IF Fy[N(y) A (y =0 — B(a@)) A (y # 0 — C(a@))]
By Claim 4.4.1 again,
Bun(®(e, Ad.a(d)))) I, B(@) v C(a),

and thus one sets x4 to be Ae.f(un(®(e, Ad.a(d)))). m

We identity each formula 1 in the language of arithmetic (£,) with a
formula n* in the extended language of set theory L£(V*) inductively as
follows: For any primitive recursive relation R(n1,na, ...,ng) € L, one asso-
ciates R(ni,na,...,ni) € L. For the conjunction ¢ A 6 € L,, one associates
@* N " € L. For the disjunction ¢ V 8 € L,, one associates ¢* V 8* € L.
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For the implication ¢ — 6 € L,, one associates p* — 0* € L. For the
universal formula Yaxp(x) € L,, one associates V[N (z) — ¢*(z)] € L. For
the existential formula Jzp(z) € L,, one associates Jz[N(x) A ¢*(z)] € L.
For the negation —p € L, one associates —p* € L. Now we want to show
our interpretation faithfully extends Lifschitz’ realizability IF* (cf. Section
1.3.3) for arithmetic in the following sense:

Theorem 4.4.3 For any formula n in the language of HA | there are partial
recursive functions U7 and =" such that k IF¥ n — U(k) | AUT(K) I n*
and hlFp n* — Z7(h) | AE"(R) IFE 7.

Proof. We will show this by the induction on the complexity of 7.

¢ 1 is a primitive recursive relation: Assume k IF- R(n,m). Then by
the definitions it follows R(n,m) and thus k Iy, R(n,m). On the other
hand, assume k k7, R(n,m). By the definition, R(n, m) follows and thus k
=X R(n,m).

O n=pA0: Assume k IFX o A @ and h Ik, ¢* A 6%, By the definitions
and the inductive hypotheses, it follows that

(W% (ko), ¥ (k1)) Ik @ A0 A (E2(ho), E%(h1)) X o A 6.

On=¢—0: Assume k IFY ¢ — 0 and u -1, ¢*. Then by the inductive
hypothesis, Z¢(u) IF* ¢, i.e., by the assumption, k - Z#(u) IF* § and thus

WO (k-2 (u)) Ik 6%

Hence we have shown that Au.W?(k - Z9(u)) I ¢* — 0*. On the other
hand, assume h Ik, ¢* — 8* and v IFX . Then by the inductive hypothesis,
U¥(v) Ik ¢*, i.e., by the assumption, h - U?(v) Iz, 6* and thus

=0 (h - 0¥ (v)) IFE 6.

Hence we have shown that Av.Z%(h - U¥(v)) IFE ¢ — 6.
O m = Vaop(r): Assume k IFE Vop(z). By the definition, Vn € N[k -n IFX
©(n)]. By the inductive hypothesis and the definitions, it follows that

Vn € N[W?(k - n) Ik, ¢*(n)],

and thus by the definition sg(An.U?(k - n)) IFr Vz[N(z) — ¢*(z)]. On the
other hand, assume h IFp Vz[N(z) — ¢*(z)]. By the definition,

Va € V*Vq € Dplq kL, N(a) — ¢*(a)].
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Hence it follows that Vn € NVq € Dplq - n Ik ¢*(n)], i.e, by Lemma
4.1.8 and 4.4.2 |, ¥n € N[x «(®(h,Aq.q - n)) IF, ¢*(n)]. By the inductive
hypothesis and the definition,

AnE? (X (B(h, Ag.q - n))) IFX Vap(z).

& n = Jwp(x): Assume k IFY zp(x). Then, by the definition, Vg €
Dilg1 IF* ¢(qo)]. By the inductive hypothesis and the definition, it follows
that

Vq € Di[(q0, ¥¥(q1)) IFL N(q0) A ¢*(q0)]-
By Lemma 4.1.8, it follows that

D(k, Ag-{q0, V¥ (q1))) IFL Fz[N () A " (x)].

On the other hand, assume h k7, 3z[N(x) A ¢p*(x)]. Then by the definitions,
Vq € Dplg1 Ik ©*(qo)]. By the inductive hypothesis, it follows that Vg €
Dy[E#(q1) IF* ¢(qo)]- By Lemma 4.1.8, ®(h, Ag.(q0, =% (q1))) IF* Fzp(x).

& n = —p: Assume k IF- = and assume In € N(n Iz ¢*). Then by the
inductive hypothesis and the definition, one has a contradiction and thus
k1, —¢* follows. Similarly, if k IF7, —¢*, then k IFX —p. =

In conclusion, we have introduced a formal and an informal definitions
of Lifschitz’ style interpretation in the context of both arithmetic and set
theory. In the next chapter, we will prove that this definition not only
interprets Heyting arithmetic, intuitionistic Zermelo-Fraenkel set theory and
various semi-constructive axioms, but also differentiates CTq from CT!.



Chapter 5

Lifschitz’ style soundness

From Section 5.1 to Section 5.5, we use the interpretation defined in the
last chapter to interpret IZFy and some semi-constructive axioms. Then
we present our main independence results in Section 5.6.

Recall (N, -, V*/lF) is the truth structure of our Lifschitz’ style inter-
pretation. (N,-) is the truth domain in which N is the set of all the codes of
PRF (the set of all the partial recursive functions from N to N) and - is the
application operation. V* is the realizability universe defined in Subsection
3.3.2 as follows:

Vo = PO x (V3 UN))

BEa
st = Jw
aeOn
V¥ = NUS*

where P denotes the Powerset operation. |-y is an interpretation informally
defined in Section 4.2 and formally defined in Section 4.3.

In this chapter, we will show that the Lifschitz’ style interpretation in-
terprets IZF y and some semi-constructive axioms. These will directly give
us some independence results. To begin with, let us define the following
notations:

Notation 5.0.4 7: N? — N is a pairing function and (e, f) denotes j(e, f).

Notation 5.0.5 3 : N — N is a left unpairing function and ey denotes

Jo(e).
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Notation 5.0.6 71 : N — N is a right unpairing function and e; denotes

n(e).

Notation 5.0.7 If h = (e, (f,g)), we use the notation hy to denote e and
hio to denote f and hiy to denote g.

Notation 5.0.8 dabcicy (or dla]blcice, if the form of a and b are rather
lengthy) denotes d is the Gaodel number for the partial recursive function
such that whenever the condition c¢i = co holds, then the code a is executed;
otherwise, the code b is executed.

Notation 5.0.9 IZF), =IZFy + MP,, + BY) — MP.
Notation 5.0.10 ¢ = aq,a9,...,a, and a € V* = aq, a9, ...,a, € V*.
Notation 5.0.11 VnA(n,Z) = Vy[N(y) = A(y, T)].

Notation 5.0.12 InA(n,Z) = Jy[N(y) A Ay, Z)].

Notation 5.0.13 We will use Ae.£(e) to denote the code of the partial re-
cursive function Ae.(e) and Ae.Ad.£(e,d) to abbreviate Ae.(Ad.&(e,d)).

Notation 5.0.14 sAn.&(n) = Pa(An.&(n)).
Notation 5.0.15 sAn.ipaAm.&(n, m) = Pa(An.ipaAm.E(n, m)).
Notation 5.0.16 sg(n,m) = sg((n,m)) and n - (n,m) =n- ({n,m)).

Notation 5.0.17 In some cases, if the form of a realizer £ is rather lengthy,
we use the notation €| to denote D¢ (cf. Section j.1) and use ¥Vt € D, as
an abbreviation for D. # 0 AVt(t € D).

Lemma 5.0.18 For each formula A(u,X), there are partial recursive func-
tions 11 and 1o such that 1ZF'y proves Ve € NVa € V*

(i) e lFr, VnA(n,d) — Vn € N[i1(e) - n lFr, A(n, d@)],
(ii) Vn € Nje - n kg, A(n,a@)] — a(e) kg, YnA(n, d)
(ZZZ) elky, EInA(n,Ei) < D, # D AVd e De[dl I, A(

o ),
where 1(e) = An.xa(®(e, Ag.q-n)), a(e) = sg(e).
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Proof. (i) Assume e lFf, VnA(n,d), ie., e Ik Va[N(z) — A(z,d)]. By the
definition it follows that Vn € NVq € D.[g-n k1, A(n,d)]. By Lemmas 4.1.8
and 4.4.2,

Vn € Nixa(®(e,Ag.q-n)) IFr, A(n,ad)).

Now set ¥1(e) = An.xa(P(e, Ag.q - n)) and the result follows. (i7) Assume
Vn € N[e-n Ik A(n,a)]. Then by the definition it follows that sg(e) Iz
VnA(n,d). (iii) Assume e lF;, InA(n,d), i.e., Vd € D.3c € V*[d Ik N(c) A
A(c,@)]. The result follows immediately from the definition. On the other

hand, assume D, # 0 AVd € D.[d; Ik, A(dy,a@)]. Then the result follows
immediately from the definition. m

In the following we will show that this interpretation is sound with re-
spect to our formal system IZF 5 and some semi-constructive axioms. We
will not reiterate these formal systems here. The details are all specified in
Chapter Two.

5.1 Al: Axioms on numbers and sets
Claim 5.1.1 [A1 :1] sg(0) I Vz—=(N(z) A S(x)).

Proof. Let ¢ € V* be arbitrary. Assume In € N such that n IFp (N(c) A
S(c)). Then by the definition, it follows that ¢ € NNS*, but this contradicts
Corollary 3.3.3. m

Claim 5.1.2 [A1 :2] sg(sg(Ae.0)) I VaVylz € y — S(y)].

Proof. Let a,b € V* and e € N be arbitrary such that e lF; a € b. Then by
the definition D, # ) AVd € D.3c € V*(dy,c) € b, i.e., b € S. Hence, b € S*.
]

Claim 5.1.3 [A1 :3] nlky N(n) for every natural number n.

Proof. This follows immediately from the fact that N(x) is an axiom of
the background theory. m

5.2 A2: Number-theoretic axioms

Claim 5.2.1 [A2:1] 0lFz SUC(7,n + 1) for every natural number n.
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Proof. This follows immediately from the fact that SUC(n,n + 1) is an
axiom of the background theory. m

Claim 5.2.2 [A2:2] 722 |, ¥n3!mSUC(n, m),
where 1?2 = o (An.{sg((n + 1,0)), sg(sg(Ae.0)))).

Proof. Let n € N be arbitrary. By A2 :2 in the background theory, there
exists a unique number n + 1 € N such that SUC(n,n + 1). By Lemma
5.0.18 and the definition, it follows that

sg((n+1,0)) Ik, ImSUC(n, m). (5.1)

Now let a,b € V* and e € N be arbitrary such that e |-, SUC(n,a) A
SUC(n,b). By A2 :2 again, it follows that a = b and thus

sg(sg(Ae.0)) IFp VaVy[SUC(n,z) ASUC(n,y) — = = y|. (5.2)
By (5.1), (5.2) and Lemma 5.0.18, the result follows. m

Claim 5.2.3 [A2:3] 2 Ik VnYm(SUC(n,m) — m # 0),
where 123 = Yo An.ipaAm.(Ae.0).

Proof. Let n,m,e € N be arbitrary such that e Ik SUC(n,m), i.e.,
SUC(n,m). Then by A2 :3 in the background theory, it follows that m # 0
and thus the result follows from Lemma 5.0.18. =

Claim 5.2.4 [A2 :4] 7?* |- Vm(m = 0V InSUC(n,m)),
where 724 = Yo Am.(sg(m, d[0][sg({m — 1,0))]m0)).

Proof. Let m € N be arbitrary. Then by A2 :4 in the background theory
m = 0V InSUC(n, m). For the second case, from A2 :5 in the background
theory, there is a unique number m—1 € N such that SUC(m—1,m). Hence
by Lemma 5.0.18, it follows that sg(m — 1,0) IFz, InSUC(n, m). Applying
the disjunctive realizer d yields the result. m

Claim 5.2.5 [A2:5] 7?° I, VnVmVk(SUC(m,n) A SUC(k,n) — m = k),
where 12 = g An.apo Am.apo Ak.(Ae.0).

Proof. Let n,m, k,e € N be arbitrary such that e -, SUC(m,n)ASUC(k,n),
i.e, SUC(m,n) ASUC(k,n). By A2 :5 in the background theory, m = k. m

Claim 5.2.6 [A2 :6] 72¢ |-, Vn¥m3'kADD(n, m, k),
where 7% = Yo An.apoAm.(sg((n + m,0)), sg(sg(Ae.0))).
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Proof. Let n,m € N be arbitrary. Then by A2 :6 in the background theory,
there is a unique number n + m € N such that ADD(n, m,n + m). Hence
by the definitions, (sg((n+m,0)),sg(sg(Ae.0))) IFz, I'kADD(n, m, k). Then
the result follows immediately from Lemma 5.0.18. m

Claim 5.2.7 [A2:7] ¢»(An.0) Ik, VRADD(n,0,n).

Proof. Let n € N be arbitrary. Then by A2 :7 in the background theory,
ADD(n,0,n). By the definition the result follows. =

Claim 5.2.8 [A2 :§]

728 I, VnVkVmYIVi[ADD(n, k, m) ASUC(k,1) ASUC(m,i) — ADD(n,[,1)],
where 128 = Yo An.po Ak.abo Am.apa Al.apaAi.(Ae.0).

Proof. Let n,k,m,l,i,e € N be arbitrary such that

eIk, ADD(n, k,m) A SUC(k, 1) A SUC(m, 4).

Applying A2 :8 in the background theory, ADD(n,l,7) and then the result
follows from the definition. m

Claim 5.2.9 [A2:9] 7% IF;, YnVm3'kMULT (n, m, k),
where 1% = Yo An.abaAm.(sg((n x m,0)),sg(sg(Ae.0))).

Proof. Let n,m € N be arbitrary. Then by A2 :9 in the background theory,
there is a unique number n x m € N such that MULT(n, m,n x m). By the
definition and Lemma 5.0.18,

(sg((n x m,0)),sg(sg(Ae.0))) IFr, AEMULT (n, m, k).
Then the result follows. m
Claim 5.2.10 [A2 :10] ¢5(An.0) I, VARMULT(n,0,0).

Proof. Let n € N be arbitrary. Then by A2 :10 in the background theory,
MULT(n,0,0). By the definition the result follows. m

Claim 5.2.11 [A2:11] 72! Ik,
VYnVEYmVIVi]MULT (n, k, m) A SUC(k,l) A ADD(m,n,i) — MULT(n,l,1i)],

where 12 = o An. o Ak.apg Am.1pa Al.ipa Ai.(Ae.0).
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Proof. Let n,k,m,l,i,e € N be arbitrary such that
e Ik, MULT(n, k,m) A SUC(k,l) A ADD(m,n,1).

By A2 :11 in the background theory, MULT(n,[, ). Then the result follows
from the definition. m

Claim 5.2.12 [A2 :12]
212 | A(0) AVnYm[A(n) A SUC(n,m) — A(m)] — VnA(n),
where r?'? = Ae.wg(fc#).
Proof. Let e € N be arbitrary such that
e lkr, A(0) AVnVm[A(n) A SUC(n,m) — A(m)],
i.e., eg IFp A(0) and
e1 Ik, YnVm[A(n) A SUC(n,m) — A(m)].
By Lemma 5.0.18, one then has
Vn,m € N[§(e,n) - m Ik, A(n) ASUC(n,m) — A(m)], (5.3)

where d(e,n) = Y1 (¢Y1(e1) - n).

Now define a recursive function f. : N — N such that f.(0) = ey and

fe(n+1) = (8(e,n) - (n+ 1)) - (fe(n),0) and let fZ be its Gédel number.
Then by Lemma 5.0.18, the result follows immediately. m

5.3 A3: Logical axioms for IPL

We will show only nontrivial ones and write down the realizers for the trivial
ones.
For logical axioms (LA):

IPL1) Ae.Ad.elk A — (B — A).

IPL2) Ae.Ad.Ak.((e-k)-(d-k)) Ik [A — (B — C)] = [(A— B) — (A — C)].

IPL3) Ae.Ad.(e,d) I, A— (B — AAB).
)

IPL4) Ae.eglF;, ANB — A.
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IPL5) Ae.e; Ik, ANB — B.

(IPL5)
(IPL6) Ae.sg(0,e) lF, A — AV B.
(IPL7) Ae.sg(l,e) -y, B — AV B.
(IPL8)

IPL8) 78Ik, (AV B) = [(A— C) — (B — C) — C)],
where 78 = Ae.As.At.xc(®(e, Ag.d[s - q1][t - 1]q00)).

Proof. Let e, s,t € N be arbitrary such that
elFp AVB,slkp A= Citlkp B— C.
Then by the definition
Vg € De[(qo=0As-q b C)V (o # 0Nt g1l O]
By applying the disjunctive realizer d, Lemma 4.1.8 and 4.4.2,
xc(®(e, Ag.dls - ¢1][t - ¢1]q00)) Ik C.
]

(IPL9) Ae.Ad.0 IFy (A — B) = ((A — =B) — —A).

)
(IPL10) Ae.0 kA — (=A — B).
(IPL11) Ae.xa(e) Ik VxA(x) — Alx/a], where a is a constant in V*.
)

(IPL12) Ae.sg(e) k1, Alz/a] — JxA(x), where a is a constant in V*.

For Inference Rules: (In the following, we use F'V(C) to denote the
set of all free variables in C).

(IR1) Modus Ponens is preserved, i.e., if e lF;, A and d I-;, A — B, then one
can effectively associate a realizer for B via realizers e and d.

Proof. This follows immediately from the definition. m

(IR2) Rule V is preserved, i.e., if m |-, C — A(x), then one can find a
partial recursive function £ such that £(m) IFp C — VzA(x), where
x ¢ FV(C).
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Proof. Assume m Iy Vo(C — A(z)). Let n € N be arbitrary such that
n lFr, C. Then by the definitions

Va € V*Vq € Dp(q-n ik A(a)).

By Lemma 4.1.8 and the definition, it follows ®(m,Aq.q - n) -y Ve A(z).
Now one sets £(m) := An.®(m,Aq.q-n). =

(IR3) Rule 3 is preserved, i.e., if m IF; A(x) — C, then one can find a
partial recursive function £ such that £(m) Ik JzA(z) — C, where
z ¢ FV(O).

Proof. Assume m |-, Vx(A(z) — C). Let n € N be arbitrary such that
nlFp 3z A(x), ie.,
Vg € Dp3a € V¥q Ik A(a)].

By the assumption it follows that
Vu € Dy, ¥q € Dyfu-q kg C.
By Lemmas 4.1.8 and 4.1.9 and 4.4.2
xco(un(®(m, Au.d(u,n)))) Ik, C,
where d(u,n) = ®(n, Aq.u-q). Set

&(m) = An.xo(un(®(m, Au.d(u,n)))).

For the Identity Axioms (IA): The soundness of IA follows imme-
diately from the following claims. These claims will provide some universal
realizers, that is, these realizers will depend only on the form of a formula
in £(V*) (the language £ with parameters from V*) and are independent
of the parameters. Now let a,b,c € V* be arbitrary. We have the following
claims:

Claim 5.3.1 [IA1] i, IF;, a = a, where i, = Q(Ay.£(y)) and where {(y) =
sg(Af.sg(f,y), Af-sa(f,v)).

Proof. It suffices to find a realizer i, such that Va € S*[i, IF; a = a]. We
show this via ordinal induction and the fixed point theorem. Let o € On
be arbitrary. Assume V3 € aVb € VﬁN[k: IFr, b = b]. Now let a € VN be
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arbitrary. Let f € N and d € V* be arbitrary such that (f,d) € a. Then
by the inductive hypothesis and the definition, sg(f, k) IF1, d € a and thus

&(k) Ik a = a, where £(k) = sg(Af.sg(f, k), Af.sg(f,k)). Applying the
fixed point generator €2, one has the explicit form k& = Q(Ay.£(y)). m

Claim 5.3.2 [IA2] islF; a=0— b= a, where iy = Ae.®(e, Ak.(k1, ko)).

Proof. Let e € N be arbitrary such that e - ¢ = b. From Lemma
4.1.8, {(k1,ko) : k € D.} = |®(e, Ak.(k1,ko))| and thus by the definition
‘I)(Q,Ak.<k1,k0>) Frb=a. m

Claim 5.3.3 [IA3] i;IFpa=bAb=c—a=c,
where iy = (Q(Ax.(0xoz1, 0x071)))0-

Claim 5.3.4 [IA4]jglFpa=bAbec—a€Ec,
where ig = (Q(Ax.(0zpz1, 0x021)))1-

n

Proof. For any formulae 61,02, ...,0,, let A 6; denote the conjunction 6; A
=1

0... A 0,. We will prove IA3 and IA4 simultaneously via <>-induction (cf.

Subsection 3.2.1):

Va1, zo, 23V (y1, y2, y3) < (21, T2, 23)0(y1, Y2, y3) — @(21, 2, 73)]
— Vr,y, zp(z, 9, 2).

and the fixed point theorem (which will produce universal realizers u and v
for both) by taking ¢ (y1,y2,y3) to be

3
Y1,Y2,Y3 € vV — /\ n(yi’yjayk')a
ij k=1
i jkNE]
where 7(ys, y;, yx) denotes
wlbp [yi =y ANy =Yk = vi = Ykl AvIFL [yi = yj Ay € Yk — ¥i € yil-

Let a*,a®,a% € V* and d',d?,d® € V* be arbitrary such that
(dt,d?,d®) <3 (a*,a®,a) and
wrpd=d ANd =dF — d' = dF, (5.4)
vk d =d AN e d — d e d,
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for all 4,7,k € {1,2,3}, where i,j # k and i # j. Now we have to find the
forms of the realizers v and v and show that
ulbp dl =ad' ANa? =d* = o = dF,
vll—Lai:aj/\ajeak—)aiéak,
for all 4,7,k € {4,5,6}, where i,j # k and ¢ # j. Now let i,j,k € {4,5,6}
be arbitrary such that 4,5 # k and ¢ # j. Let g € N be arbitrary such that
glFpat =al Nl € d¥, e,
Vn € Dy, 3q € V*[(no,q) € a* A (go,n1) I ' = a? Na? = q].
We want to find a realizer for a’ € a*. Since (a’,a’,q) <® (a’,d’,a"),
(without loss of generality, suppose i = 6,j = 4,k = 5, then (a?,q,a’) <3
(a*,a®,a®)) and by the inductive hypothesis (5.4),

Vn € Dy, 3q € V*[u- (go,n1) IFL a’ = q].
By Lemma 4.1.8, it follows that
{(no,u- (g0, n1)) : n € Dy, } = |o(g,u)],

where (g, u) = ®(g1, An.(ng, u-(go,n1))). Hence by the definition, it follows
that o(g,u) I a’ € a* and thus

Ag.o(g,u)lFp al =a? Nd? € a® = a € ar. (5.5)

Now let h € N be arbitrary such that h IF;, a* = a? Aa? = a*. We want to
find a realizer for a’ = a*. Let p,r € N and ¢,w € V* be arbitrary such that
(p,q) € a® and (r,w) € a*. From the assumption Vn € Dp,[ng - p IFL, ¢ € d/]
and Vn € Dy, [ny -7 IFp w € d/], i.e.,

¥n € Dy ¥m € Dpyp3s € V*[(mo,s) € a? Amy Ik q = 3],
Vn € Dp,VYm € Dy, .»3s € V¥[(my, s) € a’ Amy lkp w = 3.

By the assumption again, it follows that

Vn € Dp,Vm € Dy, p3s € VYL € Dy, [lo -mo IFg, s € a¥],
Vn € Dy, Vm € Dy,..3s € V*VI € D[l -mg Ik s € d],

i.e., by Lemmas 4.1.8 and 4.4.2

Vn € Dp,Vm € Dy, p3s € VF[(my,e(h,m)) Fp ¢ = s A s € a],
Vn € Dy,,Ym € Dy, .35 € V¥[(my,&(h,m)) Ik w = s A s € d],
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where e(h,m) = xa(®(h1, Al.ly - mg)), E(h,m) = xa(P(ho, Al.ly - myg)),
and A = x € y. Since

(q,5,a") <* (a',d/, "), (a',5,w) <* (a, a7, a"),
by the inductive hypothesis (5.4),

Vn € Dyp,Ym € Dpypp(h, m,v) IFp g € a”,
Vn € Dy, ¥Ym € Dy, pp(h,m,v) Ik w € a,

where p(h,m,v) = v-(my,e(h,m)), and where p(h, m,v) = v-(my,&(h,m)).
By Lemmas 4.1.8 and 4.1.9,

{no-p:n € Dy} = [®(ho, An.(no - p))l,
{ni-r:né€ Dy} =|®(h1,An.(n1-1))|,
U{Dpgp : 1 € Dpy} = [un(®(ho, An.(no - p)))l,
U{Dn,.r : n € Dp, } = lun(®(hy1, An.(ny - 1)))|.
Thus by Lemmas 4.1.8 and 4.4.2,
B(p, h,v) kL q € CLk,T<7", h,v) lFr w € a’,
where
B(p, h,v) = xa(®un(®(ho, An.(ng - p))), Am.p(h,m,v))),
r(r, 1) = xa(@(un(@(ha, An(my - 7)), Am.3(h,m, v).
By the definition it follows that
Ah.w(h,v) k@b = Aa? =aF — ot = d”, (5.6)

where 7(h,v) = sg(Ap.B(p, h,v), Ar.7(r,h,v)). From (5.4), (5.5) and (5.6)
one finds u and v as follows:

u =~ Ah.w(h,v) ANv >~ Ag.o(g,u).

Now define 8 = Au.Av.Ah.w(h,v) and d = Au.Av.Ag.o(g, u). By Corol-
lary 3.1.15, one has the explicit form as follows: u = (Q(Az.(0xox1, 0r071)))0
and v = (Q(A\z.(0xoz1,0z071)))1. W
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Claim 5.3.5 [IA5]
iilFpa=bAc€ea—ceb,
where i = Ag.un(®(g1, Ae.®(go, Ad.ip - {e1,dp - €9))))

Proof. Let g € N be arbitrary such that g -, @ = b A ¢ € a. Then by the
definition, gg IF;, a = b and

Ve € Dy, 3k € V*[(eo, k) € aNey lFp ¢ = k.
By the definition and Soundness of IA4, it then follows that
Ve € D91Vd € Dgo [10 . <€1,d0 . €0> k7, c € b] (57)

By Lemmas 4.1.8, 4.1.9 and 4.4.2, it follows that B(g) Ik ¢ € b, where
B(Q) = un(CIJ(gl,Ae!I)(go, Adlo . <61, do . €0>))) |

Theorem 5.3.6 There is a partial recursive function r'® such that r® -,

IA.

Proof. Since IA6 to IA10 are all realizable from its background theory
and the definition, the result follows immediately from the above claims. =

Lemma 5.3.7 [Lif Substitution] For any formula A(x,y) in L(V*), one
can inductively define a realizer ig € N such that Ya,b,c € V*[ig IFp a =

- —.

¢\ Aa,b) = A(c,b)].

Proof. For the atomic formulae, this has been shown in the above claims.
For the compound formulae, they all follow immediately via induction over
the their complexity. Here we consider the formulae with quantifiers:
& A(a,b) = 32B(a, b, 2):
Let e € N be arbitrary such that e I, a = ¢cAJ2zB(a, g, z). By the definition,
it follows
eolFL a=cAVq € D.,3d € V*[q Ik, B(a,b,d)].

By the inductive hypothesis, it follows that
Vq € D,,3d € V*[ig - (e, q) I B(c,b,d)].
By Lemma 4.1.8,

®(e1, Aq.ip - {eo, q)) IF1, 3zB(c, b, 2).
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Now one defines iy = Ae.®(e1, Ag.ip - (€0, q)) and the result follows.
& A(a,b) =VzB(a,b, z): Let e € Nand a,b € V* be arbitrary such that

elbr a=cAVzB(a,b,z).
Then by the definition, it follows that
eolFp a=cAVqe D, Vde VgL Bla,b,d).
By the inductive hypothesis, it follows that
Vq € De,Vd € V*[ig - {eo, q) IF1, B(c,b,d)].
By Lemma 4.1.8,
®(e1, Aq.ip - (eo,q)) Ik VzB(c, 5, z),

Now one defines i4 = Ae.®(e1, Aq.ip - (€0, q)) and the result follows. m

5.4 A4.2: Non-logical axioms (IZF with two sorts)

Lemma 5.4.1 [Extensionality] r¢®* -y, VaVy(S(z) A S(y) — [Vz(z € z
z €y) — x =y]), where re® = sg(sg(Ae. At.®(t, Am.(£(m), 5(m))))).

Proof. Let a,b € V* and e,t € N be arbitrary such that
elkr S(a) A S(b) (5.8)
and t Ik Vz(z € a <> z € )), i.e.,
Vm € Di¥Nc e Vi mlkL c € a <« c €. (5.9)

Observe that from (5.8) and the definitions, a,b € S*. Now we want to find
a realizer to realize a = b. Let f,g € N and d, k € V* be arbitrary such that
(f,d) € a and (g, k) € b. Then by the soundness of IA1, it follows that

sg(f.iy) IFp d € a Asg(g,ir) I k €D,
i.e., by (5.9)
Vm € Di[mg - sg(f,i,) kL d € b Amy -sg(g,i,) IFz k € al. (5.10)

Define £(m) := Af.mg-sg(f,i,) and 6(m) := Ag.m1 -s59(g,i,). From Lemma
4.1.8, it then follows that

{(&(m),d(m)) : m € Dy} = [@(t, Am.(§(m), 6(m)))],
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and thus by the definition
O(t, Am.({(m),d(m))) IFr, a = b.
Then the result follows immediately from the definition. =

Lemma 5.4.2 [Pairing] rP*" by VaVy3u[S(u) A (z € u Ay € u)], where
rP®" = 59(s9(59(0, (59(0, ir), 59(1,1r)))))-

Proof. Let a,b € V* be arbitrary. Now define
c={a,b}r :={(0,a),(1,0)}.

By the Pairing Axiom in the background theory, ¢ is an external set. By
Claim 3.3.6, ¢ is also an internal set, i.e., ¢ € S*. Then, by the soundness of
IA1, it follows that

(s9(0,i,),59(1,i,)) Fra€cAbEc.

Hence the result follows from the definition. m

Furthermore, one can also define the internal Cartesian product.

Definition 5.4.3 For all a and b in V*,
(a,b)r :={(0,{a,a}r), (1,{a,b}r)}.
Since {a,a}r,{a,b}r € S*, by Claim 3.3.6, one has (a,b)r € S*.
Corollary 5.4.4 [Internal Cartesian Product]
PR (a,b) = (e, d), > a=cAb=d,
where P4 = Ae.(a(e), p(e)).

Proof. Let h € N and a,c,d € V* be arbitrary such that h IFp, {a,a}; =
{¢,d}r. Since (0,¢) € {e,d}r, by the definitions, Lemma 4.1.8 and the
soundness of IA2, Vq € Dy[q1 -0k ¢ € {a,a}r] and thus

Vg € Dp¥m € |®(q1 - 0, Ar.ry)|[is - m IFr a = ¢].
By Lemma 4.1.8, 4.1.9 and 4.4.2, one has the following result:

ARr&(h) Ik {a,a}r ={c,d} > a=c, (5.11)
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where £(h) = Xo—y(P(un(P(h, Aq.D(q1 - 0,Ar.71))), Am.is - m)). Now let us
find a realizer for {a,b}; = {a,c}r, — b = c. Let n € N be arbitrary such
that n kg {a,b}r = {a,c}r. Since (1,b) € {a, b},

Vg € DpVp € Dyy13v € VF¥|(po,v) € {a,ctr ApilFp b =] (5.12)
If v=a (i.e., po = 0) then by Substitution
n(pan) IFr {CL, CL}L = {CL?C}L’

where 1(p, n) = ig-(p1,n) and B = {z,y}1, = {z, 2} Since (1,¢) € {a,c}1,
by the definitions, it follows that

Vr € Dn(p’n)Vt S Drl-l[tl k7, c= a].
By Lemmas 4.1.8 and 4.1.9 and 4.4.2, it follows that
d(p,n)lFr c=a, (5.13)

where 6(p,n) = Xa=y(Pun(®(n(p,n), Ar.ry - 1)),At.t1)). From (5.12) and
(5.13) and the soundness of IA2,TA3,

Vg € D,¥p € Dyyalpo =0 = iz - {p1,is - 8(p)) Ik b= c].

Furthermore, if v = ¢ (i.e., pg = 1), then by (5.12) p; Ik b = ¢. By
applying disjunction to both cases, one has the following result:

V(] € DnVP S qu.ld[it . <p1, ig - (5(p,n)>][p1]p00 Ik b=c,
and thus by Lemmas 4.1.8 and 4.1.9 and 4.4.2 again, it follows that
An.B(n) kg {a,b}r = {a,c}r = b=c, (5.14)

where 3(n) = xp=y(un(®(n, An.®(qo - 1, Ap.dli; - (p1,is - 6(p, n))][P1]p00))))-

Let e € N be arbitrary such that e -, (a,b)r, = (¢,d)r. By the definition,
(0,{a,a}r) € (a,b)r and thus it follows that Vg € D.[go - 0 IF1 {a,a}r €
(c,d)r]. Hence by (5.11), Lemmas 4.1.8, 4.1.9 and 4.4.2,

ale) lFrp a=c, (5.15)
where a(e) = xp—y(P(un(P(e, Ag.go - 0)), Ar.&(r))).
Furthermore, since (1,{c,d}r) € (¢,d)r, by the definition it follows that
Vg € De[gr - 11kp {c,d}r € (a,b)L], ie.,

Vg € DNr € Dgyq3u € VF[(ro,u) € (a,b)r, Ar1 Ik {c,d} = u].
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By the definitions it follows that Vg € D.Vr € Dgy,.1. If 19 = 0, then
r1 Ik, {¢,d}r = {a,a}, and thus by the assumption and (5.14) one can find a
realizer € to realize b = d; if ro = 1, then r Ik, {c¢,d}r = {a, b} and thus by
(5.15) and (5.14), one can find a realizer 7 to realize b = d. By applying the
disjunctive realizer d it follows that Vg € D.Vr € Dy, .1d[0][n]ro0 Ik, b = d,
i.e., by Lemmas 4.1.8, 4.1.9 and 4.4.2,

ple)lFp b=d, (5.16)

where p(e) = Xg=y(P(un(®(e,Ag.go - 1)), Ar.d[0][7]r¢0)). Then the result
follows from (5.15) and (5.16). m

Lemma 5.4.5 [Union] 7" Ibp, Vo3u[S(u) AVz(z € u <> Jy(y € zAz € y))],
where ™ = 5g(sg(0, 5g(Ag.®(g, Ae.£(e)), Al.a(l))))).

Proof. Let a € V* be arbitrary. Define
a={((n,m),b): Ic € V*[(n,c) € a A (m,b) € c|}.

Then by Separation, the Union and Pairing Axioms in the background
theory, one has g is an external set. By Claim 3.3.6, a is also an internal
set, i.e., a € S*. Now we want to find a realizer which realizes Vz(z € a +
Jy(y € aNz €y)). Let c € V* and g € N be arbitrary such that g IF-7, ¢ € a,
ie.,

Ve € Dy3d € V*[(eo,d) € aNey lFp ¢ =d].

By the definition, it follows that 3k € V*[(epo, k) € a A (eo1,d) € k]. Then
by the soundness of IA1 and TA4,

Ve € D3k e V*é(e) kb k€ anc ek,

where &(e) = (sg(eoo, ir), o - (€1,58(€01,1r))). Thus by Lemma 4.1.8 and the
definition,
®(g,Aek(e)) IFr Fy(y € aNc e y). (5.17)

On the other hand, let [ € N be arbitrary such that
Ik Iy(y € aneey),
ie,Vte DiFue Vtirpu€eaAceu] Fromtylkp u € a,

Vm € Dy,3h € V*(mo,h) € a Amq Ik uw = h. (5.18)
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From ¢; IF1, ¢ € w and (5.18) and the soundness of IA5, it then follows that
Vt € DiVm € Dyy3h € V*[(mo,h) € a ANy - (my,t1) Ik ¢ € hl, ie., by the
definition,

Vit € DiVm € Dy,Vq € |i1 - (m1,11)]
Ip € V*[((mo, qo),p) €aNq Ik c=pl.

By Lemma 4.1.8 and 4.1.9,

{{{mo, q0), q1) : q € [i1 - (m1,t1)]} = [p(m, 1)],
U{lp(m, t)| : m € Dy} = [un(@(to, Am.p(m, t)))],
U{lun(®(to, Am.p(m,t)))|: t € Di} = |o(1)],

where p(m,t) = (I)(il : <m17t1>7AQ'<<m07 q0>7 ql))a and
where o (1) = un(®(l, Atun(®(ty, Am.p(m,t))))), and thus by Lemma 4.1.9

{{{u,q0),q1) : 3t € Dy;3Im € DyyJu=mg A q € i1 - (m1,t1)|]} = |o(l)].
By the definition it follows that
o(l)IFp c € a. (5.19)
Then the result follows from (5.17) and (5.19). =

Lemma 5.4.6 [Separation] r°% |-, Vz3u[S(u) AVz(z € u > 2z € zAA(2))],

where rf e =

59(59(0,59(Ag.xB(®(g, Ae.&(e))), Ah.@(ho, Al.((ia - (l1, h1),10),11)))))-

Proof. Let a € V* be arbitrary. Define

{((f,9),k) - f,g e NA[(g,k) € an flFr A(K)]}.

a

Then by Separation, the Union and Pairing Axioms in the background the-
ory, @ is an external set. By Claim 3.3.6 g is also an internal set, i.e., a € S*.
Now we want to find a realizer which realizes Vz(z € a <+ z € a A A(2)).
Let ¢ € V* and g € N be arbitrary such that g - ¢ € a, ie., Ve €
Dy3d € V*[(eg,d) € aNey IF ¢ = d]. By the definition, it follows that
(eo1,d) € a A ey IFr A(d) and thus sg(ep1,i,) IFr d € a. Then by the
substitution realizer i4, the soundness of IA1 and TA2, it follows that

Ve € Dyl&(e) Ik c € a A A(c)], (5.20)
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where £(e) = (ip - (e1,80(€01,1r)),14((is - €1,€00))). By Lemmas 4.1.8 and
442,
xB(®(g,Ae(e))) IFL c € an Alc), (5.21)

where B =z € x A A(z).
On the other hand, let h € N be arbitrary such that h lFz ¢ € a A A(c).
Then by the definition and the substitution realizer i4, it follows that

Vie Dy 3d € V¥{(lo,d) € anly kg c=dAia- (I, hy) Ik A(d)],

i.e., by the definition VI € Dy 3d € V*((ia - (l1,h1),lo),d) € a and thus by
Lemma 4.1.8
(I)(ho,Al.<<iA . <ll, h1>,l0>,l1>) ”_L cEa. (5.22)

Then the result follows from (5.21) and (5.22). =

Claim 5.4.7 Ifa,b € S*, thenelbp b Ca — 3b* € Vji(a)ﬂ[d(e) Ik, b=b*],

6(e) = sg(Af.xalo(e f)), Agio - (is - g11,58(90, ir)))-

Proof. Assume e Ik b C a. By the definition it follows that Vg €
DY(f,d) € blg-s9(fir) I, d € ], i-e., V(f, d) € b¥q € D,

where

Vm € |q-sg(f,ir)|Tc € V*[(mo,c) €aAmy lbp d=¢]. (5.23)
Define
b* = {((f,m),c): Id € V*[(f,d) € bA (mg,c) € aAmy lFp d = cl}.

By Pairing and Separation in the background theory, b* is a set. By

Claim 3.3.6 and Corollary 3.3.5 , b* € Vﬁc(a)ﬂ. Now we want to find a

realizer which realizes b = b*. Let f € N and d € V* be arbitrary such that
(f,d) € b. Then by (5.23) and soundness of IA1, it follows that
Vq € DVm € |q - sg(f,ir)|3c € V7sg((f,m),iy) IFp c € b",my Ik d=c,
i.e., by the soundness of A4,
Vg € DVm € |q - sg(f.ir)|[€(m, f) kL d € b7], (5.24)
where &(m, f) = ig - (m1,s9((f,m),i,)). By Lemma 4.1.8 and 4.1.9,

{&(m, f) : 3q € De(m € |q - sg(f,1r)[)} = |o(e, f)],
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where o(e, f) = ®(un(P®(e, Ag.(q-sg(f,ir)))), Am.E(m, f)). Thus by Lemma
4.4.2 and (5.24), it follows that

xa(o(e, f)) b d € b7, (5.25)

where A = x € y. On the other hand, let ¢ € N and k € V* be arbitrary
such that (g, k) € b*. Then by the definition and the soundness of IA1 and
IA2 | it follows that

3d € V*[sg{go,ir) IFL d € b Nis - g11 Ik k =d],
i.e., by the soundness of IA4
o (is - g11,50(g0,1,)) 1 k € b. (5.26)
From (5.25) and (5.26), é(e) IFz b = b*, where
d(e) = sg(Af.xalo(e, ), Agdo - (is - g11,58(g0, ir)))-
]

Lemma 5.4.8 [Power Set] rP" IFp, Va3u[S(u)AVz(z € u <+ (S(2)A\z C x))],
where rP* = sg(sg(0,s9(Ag.c(g), Ah.ig - (3(h1),&(R)))))-

Proof. Let a € V* be arbitrary. Define
QE{(Q,C) :geN/\CGKEi(a)_H /\gH—LcQa}.

By the Powerset axiom, Pairing and Separation in the background theory, a
is an external set. By Claim 3.3.6 it also follows that ¢ € S*. Now we want
to find a realizer which realizes Vz(z € a +» (S(2) Az C a)). Let k € V* be
arbitrary. Let g € N be arbitrary such that g Ik, k € a, i.e.,

Ve € Dy3c € ViiayleolbrcCaner by k=d.

Then by Corollary 3.3.2 and the soundness of IA2, it follows that £ € S*
and thus
Ve € Dy[(0,ia - (is - €1,€0)) Ik S(k) Ak C al,

where A =z C y. By Lemma 4.1.8 and 4.4.2 one then has
e(g) IFr S(k) ANk C a, (5.27)

where €(g) = xp(P(g,Ae.(0,i4 - (is - e1,€0)))) and where B = S(y) Ay C z.
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Now let h € N be arbitrary such that h I-7, S(k) Ak C a. Then by Claim
5.4.7, it follows that Jk* € Vﬁc(a)ﬂ such that §(hy) IFr & = k*, where 6 is
defined in Claim 5.4.7, and thus by Substitution i4 - (6(h1), 1) Ik £* C a.
By the definition of @, Substitution and the soundness of IA4, it then follows
that

io - (6(h1), () kL k € a, (5.28)

where £(h) = sg(ia - (6(h1), h1),i). From (5.27) and (5.28), the result
follows. m

Lemma 5.4.9 [Infinity] r™ -1, Ju(S(u) AVz[z € u ¢ N(2)]),
where r™ = 5g(0,5g(Ag.2(®(g, Ae.eg)), Ah.sg(h,i,))).

Proof. Define
u={(n,n):neN}

Then by the Infinity Axiom and Separation in the background theory, u is
an external set. Moreover, by the definition, u is also an internal set, i.e.,
u € S*. Now we want to find a realizer which realizes Vz[z € u <> N(z)].
Let ¢ € V* and g € N be arbitrary such that g IF;, ¢ € u. Then by the
definition we have

Ve € Dy3k € V*(eg, k) cuierlFp c=k.

By the definition, it follows that Ve € Dgy[(eg = ¢) Aeg Ik N(c)]. By
Lemmas 4.1.7 and 4.1.8 it then follows that @(®(g, Ae.ep)) IFr, N(c). On
the other hand, assume h I-;, N(c). By the definition it follows that h

i.e., (h,c) € u. Hence by the soundness of IA1, it follows that

:C’

sg(h,i,) IFp c € u.
Hence the result follows from the definitions. =

Lemma 5.4.10 [Induction] r'™? -1 Ya[(Vy € zA(y)) — A(z)] — VzA(z),
where r'"® = Ag.Q(Ak.x a(®(g, Ae.e - sg(AR.E(h, k))))).

Proof. Let g € N be arbitrary such that
glbL ValVy(y € z — A(y)) — A(z)],

ie.,

Ve € DyVu € Vel Vy(y € u — A(y)) = A(u)]. (5.29)
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Now we want to find a realizer which realizes Vx A(z). We show this by
ordinal induction. Let o € On be arbitrary. Assume

VB € avb e NUVE (kIFL A(b)). (5.30)

Now one has to find the explicit form of k via the fixed point theorem
such that Va € NU VY (k IFy A(a)). Let a € VY be arbitrary. We want
to find a realizer which realizes Yy(y € a — A(y)). Let c€ V* and h € N
be arbitrary such that h IF;, ¢ € a. Then by the definition it follows that
Vt € Dp3d € V*(tg,d) € a ANty Ik ¢ = d. Since d € NU VBN for some
B € a, by the inductive hypothesis (5.30) k Iz, A(d). Thus by Substitution,
Lemma 4.1.8, Lemma 4.4.2 and the Soundness of TA2,

£(h ) IFr A(c),
where &(h, k) = xa(P(h, At.ia(is - t1,k))). By the definition, it follows that
sg(AR.L(h, k) IFL Yyly € a — A(y)]. (5.31)
By (5.29) and (5.31)
Ve € Dyle - sg(Ah.£(h, k)) Ik, A(a)].
By Lemmas 4.1.8 and Lemma 4.4.2 | it follows that
xa(®(g, Ae.e - sg(Ah.£(h, k)))) -1 Ala).

Let Q be a fixed point generator. Then one has the explicit form of k:
k= Q(Ak.xa(®(g,Ae.e-sg(Ah.&(h,k))))) and this completes the proof. m

Lemma 5.4.11 [Collection] r° Ikp, Va[Vy € 232A(y, z) — Ju(S(u) AN Vy €
x3z € uA(y, z))], where r*° = sg(Ae.d(e)).

Proof. We show this via Collection in the background theory. Let a € V*
be arbitrary. Let e € N be arbitrary such that

elkr Yy € a3zA(y, 2). (5.32)
By the definitions and soundness of IA1,
Vv € DNV(f,d) € a¥q € |v-sg(f,i,)|Ten(q, ¢, d), (5.33)

where n(q,c,d) = c € V* A gl A(d,c). By Collection in the background
theory, it then follows that

Yo € DY(f,d) € a3K[S(K) AVq € |v-sa(f,ir)|Tk € Kn(q, k,d)].
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By Collection again, it follows that

Vv € DIK[S(K) AV(f,d) € a3K € K
(S(K) AVq € |v-sg(f,i,)|Fk € Kn(g, k,d))],

ie.,

Vv € DIK[S(K) AV(f,d) € aIK € K(S(K)A (5.34)
Vg € |v-sg(f,1,)|Tk € K(k € V* A gk A(d, k))].

Now define
K := {0} x ((UK) N V™).

By Union, Powerset and Separation in the background theory, K is a set.
By Claim 3.3.6, K is also an internal set, i.e., K € S*. From (5.34), it then
follows that

Yo € D3K eV*[Y(f,d) € a¥q € |v - sg(f,i,)] (5.35)
Tk e V*((0,k) e KA (qlFp A(d, k)))).

Now we want to find a realizer which realizes Ju(S(u) A Vy € a3z €
uA(y,z)). Let | € N and b € V* be arbitrary such that [ I, b € a, ie.,

Vt € Di3c € V¥{(to,c) € anty Ik b=(].
By (5.35), it follows that for all v in D,, there is K in V* such that
Vt € Di3c € V*Vq € |v - sglto, ir)| 3k € V¥((0,k) e KA (q I A(ce, k))).
By the definition and Lemma 4.1.8, it follows that
Vo € DK eV*Vt € Di3c € V¥ {o(v,t) IFp 3z(z € KA A(e, 2))),

where o(v,t) = ®(|v.sg(to, i,)|, Aq.(sg(0,1,),q)).
By Substitution and the soundness of IA2, it follows that

Vv € DIK eV*Vt € Dilip - (is - t1,0(v,1)) IFg 3z(z € K A A(b, 2))],

where B = 3z(z € x A A(y, z)). Thus by Lemmas 4.1.8 and 4.4.2, it follows
that )
E(l,v) IFp Fz(z e KA A(D, 2)),

where £(1,v) = xp(®(l, At.ip - (is - t1,0(v,t)))). Hence by the definition

Yo € DK eV*sg(ALE(Lv)) IFL Vy € a3z € KA(y, 2).
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By Lemma 4.1.8 again, it follows that
d(e) IFr Fu(S(u) AVy € adz € uA(y, 2)),
where d(e) = (e, Av.(0,5g(Al.E(1,v)))). =
Theorem 5.4.12 [Soundness| If IZF  + 0, then 1ZFy - V* =1 6.

Proof. Since the logical axioms and non-logical axioms and derivation rules
are all realizable, the result follows immediately. m

5.5 Ab5: (Semi-) Constructive axioms

Some derivations might be simplified if one applies the following claim. Re-
call that Aly(N(y) AN A(y)) = Jy(N(y) N A(y)) AVaVz[A(x) NA(z) = = = 2].
Other notations used here are defined in Subsection 2.2.7.

Claim 5.5.1 [elF;, Ily(N(y) A A(y))]
— XA((I)(eo,Ak.kl)) ”_L A(@((I)(GQ, Akko)))

Proof. By the definition
v‘] € Deo [QI IFr A(QO)]a (5'36)

and
e1 lFp VaVz[A(x) N A(z) = = = z]. (5.37)

Now let ¢,¢" € D, be arbitrary. From (5.36), ¢1 IF, A(qo) and ¢} IF1, A(q()-
Then by (5.37), it follows that gy = ¢, i.e., the set {qo : ¢ € D, } has exactly
one element and thus by Lemmas 4.1.8 and 4.1.7

Vq € Deylq1 Ik A(2(®(eo, Ak.ko)))].
Then by Lemmas 4.1.8 and 4.4.2, we have
xaA(P(eg, Ak.k1)) kL A(2(P(ep, Ak.ko))).
|
Lemma 5.5.2 [CTy!]
rfto! IFr VnIlmA(n,m) — 3IVnIp3q(T(1,n,p) ANU(p,q) N\ A(n,q)),

where the explicit form of rfto! will depend on the explicit forms of the pred-

icates T and U.
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Proof. Let e € N be arbitrary such that e I-y Vn3!mA(n,m). By Lemma
5.0.18
Vn € N[¢o1(e) - n Ik ImA(n, m)).

Then by Claim 5.5.1 it follows that for all n in N
d(e,n) lFp A(n, @(P((¢1(e) - n)o, Ak.ko))),

where d(e,n) = xa(®((¥1(e)-n)o, Ak.k1)). Now one defines a total recursive
function f.(n) := @(P((¢1(e) - n)o, Ak.ko)), which can be formalized via the
predicates T and U. Then from Lemma 5.0.18, the definitions and explicit
forms of predicates T' and U, one can find an explicit realizer rfto! to realize
CT()!. |

Lemma 5.5.3 ACYN! is realizable.
Proof. ACVV!is a theorem of IZFy. m
Lemma 5.5.4 [UP]
r'P I Va[S(x) — InA(z,n)] — Invz[S(z) — A(z,n)],
where r'P = Ae.®(un(®(e, Ag.q - 0)), Ar.(ro, sg(An.r1))).
Proof. Let e € N be arbitrary such that
e lkp Vz[S(x) — InA(z,n)].

By Lemma 5.0.18, it follows that Vg € D.Vr € DgoVa € S*[r Ik
A(a, )], i.e.,

Vg € D NVr € Dyolsg(An.ry) Ibr Ya(S(z) — A(z, ro))]. (5.38)
By Lemma 4.1.8 and 4.1.9,

{(ro,sg(An.r1)) : 3¢ € Dc(r € Dgo)}

= {{ro,s(An.r1)) : v € [un(®(e, Ag.q - 0))}

= [d(e)l,
where §(e) = P(un(P(e,Ag.q - 0)), Ar.(ro,s9(An.r1))). Hence by Lemma
5.0.18 and (5.38), it follows that

o(e) kg, Invz[S(x) — A(z,n)].



5.6. INDEPENDENCE RESULTS 78

5.6 Independence results

Claim 5.6.1 IZFy ¥ CTE, where a and b are the codes for any partial
recursive functions whose domains are disjoint, recursively inseparable.

Proof. By the fact that CTgb is not realizable in the language of arithmetic
and by Thorem 4.4.3 and the Soundness Theorem 5.4.12, the result follows
immediately. m

Corollary 5.6.2 1ZFy ¥ ACNV2.

Proof. Since CTy! is realized, by Claim 5.6.1, it suffices to prove that
ACN? with CTy! proves CT2’. Assume

VnIm[(m =0 — {a}(n) 1) A (m # 0 — {b}(n) 1)].
Now define B(n) := {0: {a}(n) 1} U {1 : {b}(n) 1}. Then
¥ndm € {0,1}(m € B(n)),
where m € B(n) = 3:3uTy[r = {0: {a}(n) 1} Ay = {1 : {b}(n) 1} Az =

Uy A(meax— {a}(n) M)A (m €y — {b}(n)1)]. By ACY? it follows
that there exists a function f: N — {0,1} such that

Wi € N[(f(n) = 0 — {ab(n) 1) A (F(n) 0 — {6}(n) )]
By CTy!, the result follows immediately. =
Claim 5.6.3 AC"Y — ACM2.
Proof. AC"? is an instance of ACYY, m
Corollary 5.6.4 (I1ZF'y) 1ZFy ¥ ACNY.
Proof. This follows immediately from the above claim. m

Theorem 5.6.5 [Independence Result] 1ZF y ¥ ECTy Vv CT v ACN? v
DCVRDCVPAx.

Proof.

& For CTSb, this follows immediately from Claim 5.6.1.

{ Now we want to show that ECTy is independent of IZF . Since ECTy
proves CTy and CTSb is an instance of CTy, the result follows immediately.



5.6. INDEPENDENCE RESULTS 79

& Now we want to show that DC is independent of IZFy. By Claim
5.6.3, it suffices to prove that DC — ACYY. To begin with, let us show
that ACY — ACNY. Assume VnImA(n,m). Define f(n) := {m € N :
A(n,m)}. By ACY,
dg[Fun(g, N, N) AVn € N(g(n) € f(n))].
Next, let us show that DC — ACY. Let f be an arbitrary function
with domain N such that Vn € N3y € f(n). Since Vn € N3laja = f(n)],

by Replacement, it follows that there is a set b such that Vn € N[f(n) € b].
Now define a set

A:={(n,m):neN,meuUbme f(n)}.
Let FO, F! denote the left and right projection functions, respectively. Then
Vo € A3y € A[F(y) = FO(z) + 1A Fl(z) € f(F%(x)) A Fl(y) € f(F(y))]
and then by DC it follows that
3h[Fun(h, N, A) Ah(0) = (0,a) AVn € N(F°(h(n)) = n)],

where a € £(0). By defining g(n) := F!(h(n)), by mathematical induction,
vn € Nlg(n) € f(n)]

¢ Lastly, we want to show that RDC and PA x are all independent of IZF y.

Since RDC proves DC and so does PA x, the result follows immediately.
|

Theorem 5.6.6 [Independence Result] IZF y +UP +UZ+ CTy! ¥ PEM,
where PEM denotes the Principle of Fxcluded Middle.

Proof. Since HA + CTy! - =Vn[{n}(n) T V—{n}(n) 1], it follows that
V* =L =Vn[{n}(n) T v={n}(n) 1]. By the fact that V* =1 IZFy + UP +
UZ + CTy!, the result follows immediately. m

Corollary 5.6.7 [Independence Result] IZF y + UP + UZ + CT,! ¥ AC.

Proof. Since AC — PEM, by Theorem 5.6.6, the result follows immedi-
ately. m

Corollary 5.6.8 [Independence Result] 1ZFy + UP + UZ + CT! ¥ FA.
Proof. Since FA — PEM, the result follows immediately. m

In conclusion, by our Lifschitz’ style interpretation, we have interpreted
Heyting arithmetic, IZF y and various semi-constructive axioms. We have
also differentiated CT( from CT! and proved the independence of a plethora
of AC-related axioms.



Chapter 6

Relativized realizability

In order to derive our conservativity results, we provide a version of rela-
tivized realizability in Section 6.1. We assume that we are given a partial
recursive function A from N to N. The main difference between recursive
realizability and relativized realizability is that the realizers are codes for
partial A-recursive functions (or Turing machines equipped with an ora-
cle which provides A(n) if it exists) rather than codes for partial recursive
functions (or ordinary Turing machines).

In Section 6.2 we use this interpretation to interpret Heyting arithmetic,
intuitionistic set theories CZF y and IZF )y and various semi-constructive
axioms.

In this chapter, n - m is defined to be the value {n}*(m), where we use
{n}* to denote the nth partial A-recursive function.

For relativized realizability, the interpretation structure is (N, -, V*/IFg).
Here - is the foregoing partial operation and V* is defined as follows:

v = PO x (V3 UN)
BEa

st = Jw
aeOn

V¥ = NUS*

where P denotes the Powerset operation. g is the realizability relation we
are going to define next.

80
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6.1

Definition of relativized realizability

To be specific and to facilitate the description we will use the following
abbreviations:

T4 = relativized T-predicate; U4 = relativized extracting predicate.
n-m~uv=3Ik[N(k)ATAn,m, k)] AU (uzT4(n,m, z),v)].
n-mlrre=3vn-m~vAvlFg ).

n-m = (T4 (n,m,v)).

V(f,c) € ap(f,c) =Vf € NVe € V*((f,c) € a — ¢(f,c)) and Jz €
ap(z) =3Jz e Vi(x € a N p(x)).

(c,d) = j(c,d), where 7: N?> — N is a pairing function (i.e., a bijective
relativized total recursive function).

eo = Jo(e), where 79 : N — N is a left unpairing function (i.e., a left
inverse function of j); e; = j1(e), where 53 : N — N is a right unpairing
function (i.e., a right inverse function of ).

We can now proceed to define the realizability relation n IFp A for n € N
and formulae A with parameters from V* by induction on the complexity

of A.

Below we assume that a, a1, a, ..., a,,b,c € V*. We use e - f to stand

for {e} (/).

1.

elFr R(ay,as,...,a,) iff a1, a9, ...,a, € NA R(ay,az, ..., ay),

whenever R is a symbol for an n-ary R primitive recursive relation of
the language.

elFr N(a) iff a e NAe=a.

elkr S(a) iff a € S*.

.elFraebiff 3c € V*[(eg,c) ebANer lFra =]

elFra="biff (a,b e NAa=0b)V]a € S*Abe S*AVY(f,d) € aley- f IFR
deb)AY(g,k)€bler-glrr k € a).

elFr ANBiff eglbr AAep bR B.

GH—RA\/Biﬁ‘[e()ZO/\el ”—RA]\/[G()#O/\el H—RB].
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8. elFg ~Aiff Vf € N=(f IFg A).
9. elbr A— Biff Vf eN(flkg A—e-flAe- flrg B).
10. e kg Vo A(z) iff Ve € V*(e IFg Afz/d]).
11. elFg JzA(z) iff 3c € V*(e kg Alz/d]).
Furthermore, one defines e IFp A(x) iff Va € V*[e IFr A(a)] and V* = A
iff Jefe € NAelkg Al
6.2 Soundness of relativized realizability

We use the following abbreviations and notations:

o If h = (e, (f,g)), we use the notation hg to denote e and hig to denote
f and h1; to denote g.

e dabcicy (or d[a][b]ercs, if the form of a and b are too lengthy) denotes
d is the Godel number for the relativized partial recursive function
such that whenever the condition ¢; = co holds, then the code a is
executed; otherwise, the code b is executed.

Notation 6.2.1 VnA(n,Z) = Vy[N(y) — Ay, T)].
Notation 6.2.2 3InA(n,Z) = Jy[N(y) A Ay, Z)].
Notation 6.2.3 We will also use n € N for N(n).

Notation 6.2.4 We will use Ae.(e) to denote the code of the partial re-
cursive function Ae.£(e).

Notation 6.2.5 Vad € V*p(d) = Vay,ag,...,an, € Vie(ay,az,...,an).

Lemma 6.2.6 For each formula A(u, ¥) in the language of set theory, CZF y
proves Ve € NV @ € V*

(1) elFr VnA(n,ad) <» Vn € Nle - n lFr A(n, d@)],

(17) elFg InA(n,d) <> ey kg A(eo, ).

Proof. Both follow immediately from the definitions. m
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6.2.1 Al: Axioms on numbers and sets
Claim 6.2.7 [A1:1] 0lFg Vz—(N(z) A S(x)).
Proof. Let ¢ € V* be arbitrary. Assume dn € N such that n Ikr (N(c) A

S(c)). Then by the definition, it follows that ¢ € NNS*, but this contradicts
Corollary 3.3.3. =

Claim 6.2.8 [A1 :12] Ae.0 kg VaVy[x € y — S(y)].

Proof. Let a,b € V* and e € N be arbitrary such that e IlFr @ € b. Then by
the definition 3¢ € V*(eg,c) € b, i.e., b € S. Hence b € S*, thus 0 I-r S(b).
]

Claim 6.2.9 [A1l :3] nlFr N(n) for all natural numbers n.

Proof. This follows immediately from the fact that N(n) is an axiom of
the background theory. m

6.2.2 A2: Number-theoretic axioms
Claim 6.2.10 [A2:1] 0lFr SUC(n,n + 1) for all natural numbers n.

Proof. This follows immediately from the fact that SUC(n,n + 1) is an
axiom of the background theory. m

Claim 6.2.11 [A2 :2] An.((n +1,0), Ae.0) IFg YnI'mSUC(n,m).

Proof. Let n € N be arbitrary. By A2 :2 in the background theory, there
exists a unique number n+1 € N such that SUC(n,n+1). Then by Lemma
6.2.6 it follows that (n 4+ 1,0) IFg 3IMSUC(n,m). Thus the result follows
from Lemma 6.2.6. m

Claim 6.2.12 [A2 :3] An.Am.Ae.0 Ik YnVm(SUC(n,m) — m # 0).

Proof. Let n,m,e € N be arbitrary such that e IFp SUC(n,m), i.e.,
SUC(n,m). Then by A2 :3 in the background theory, it follows that m # 0
and thus the result follows from Lemma 6.2.6. =

Claim 6.2.13 [A2 :4] r?* |- Ym(m = 0V InSUC(n,m)),
where 24 = Am. (m,d[0][(m — 1,0)]m0).
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Proof. Let m € N be arbitrary. Then by A2 :4 in the background theory
m = 0V InSUC(n,m). For the second case, by A2 :5 in the background
theory, there exists a unique number m — 1 € N such that SUC(m — 1, m).
Hence by Lemma 6.2.6, it follows that (m—1,0) IFg InSUC(n, m). Applying
the disjunctive realizer d yields the result. m

Claim 6.2.14 [A2 :5] 7% [ VnVmVk(SUC(m,n) A SUC(k,n) — m = k),
where ?° = An.Am.Ak.Ae.0

Proof. Let n,m,k,e € N be arbitrary such that e IFr SUC(m,n)ASUC(k, n),
i.e., SUC(m,n) ASUC(k,n). By A2 :5 in the background theory, m = k. m

Claim 6.2.15 [A2 :6] 720 |- YnVYm3'kADD(n, m, k),
where 1?5 = An.Am.((n + m,0), Ae.0).

Proof. Let n,m € N be arbitrary. Then by A2 :6 in the background theory,
there is a unique number n+m € N such that ADD(n, m,n+m). Hence by
the definition and Lemma 6.2.6 , ((n +m,0), Ae.0) IFr 3'kADD(n,m,k). =

Claim 6.2.16 [A2:7] An.0 Iz YRADD(n,0,n).

Proof. Let n € N be arbitrary. Then by A2 :7 in the background theory,
ADD(n,0,n). By the definition the result follows. =

Claim 6.2.17 [A2 :§]
2 |- g VnVEYmYIVi[ADD(n, k,m) A SUC(k,1) ASUC(m, i) — ADD(n, 1, 1)],
where 1% = An.Ak.Am.Al.Ai.(Ae.0).

Proof. Let n,k,m,l,i,e € N be arbitrary such that e kg ADD(n, k,m) A
SUC(k,1) ASUC(m, 1), i.e.,

ADD(n, k,m) A SUC(k,1) A SUC(m,1).

Applying A2 :8 in the background theory, ADD(n,l,7) and then the result
follows from the definition. m

Claim 6.2.18 [A2 :9] 7?° Ik YnYm3IEMULT (n, m, k),
where 129 = An.Am.((n x m,0), Ae.0).

Proof. Let n,m € N be arbitrary. By A2:9 in the background theory,
there is a unique number n x m € N such that MULT (n, m,n X m). By the
definition and Lemma 6.2.6, ((n x m,0), Ae.0) IFr I'EMULT (n,m, k). m
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Claim 6.2.19 [A2 :10] An.0 IFg VnMULT(n,0,0).

Proof. Let n € N be arbitrary. Then by A2 :10 in the background theory,
MULT(n,0,0). By the definition the result follows. =

Claim 6.2.20 [A2:11] 72! g
VnVkYmYIVi[MULT (n, k,m) A SUC(k,1) A ADD(m,n,i) — MULT(n, ,1)],
where r*'1 = An.Ak.Am.Al.Ai.(Ae.0).

Proof. Let n,k,m,l,i,e € N be arbitrary such that e - MULT(n, k,m) A
SUC(k,l) N ADD(m,n,i), i.e.,

MULT(n, k,m) A SUC(k,l) A ADD(m,n,1).

By A2 :11 in the background theory, MULT(n, [, 7). Then the result follows
from the definition. m

Claim 6.2.21 [A2:12]
212 | p A(D) AVRVm[A(n) A SUC(n,m) — A(m)] — YnA(n),
where r?'? = Ae.fc#.
Proof. Let e € N be arbitrary such that
e lkg A(0) AVnYm[A(n) A SUC(n,m) — A(m)],
i.e., eg IFr A(0) and
e1 lFr VnVm[A(n) A SUC(n,m) — A(m)].
By Lemma 6.2.6, one then has
Vn,m € N[(e1 -n) - m kg A(n) ASUC(n,m) — A(m)]. (6.1)

Now define a recursive function f. : N — N such that f.(0) = ey and
fen+1) = ((e1-n) - (n+1)) - (f(n),0) and let f¥ be its Godel number.
Then the result follows. m
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6.2.3 A3: Logical axioms for IPL

We will show only nontrivial ones and write down the realizers for the trivial
ones.
For logical axioms (LA):

IPL1) Ae.Ad.elFgr A— (B — A).

IPL2) Ae.Ad.Ak.((e-k)-(d-k))IFrR[A — (B—C)] = [(A— B) = (A—C)].
IPL3) Ae.Ad.(e,d) IFr A — (B — A A B).

IPL4) Ae.eglFp AN B — A.
IPL5) Ae.eyIFr AN B — B.
IPL6) Ae.(0,e) Fr A— AV B.
IPL7) Ae.(1,e) IFg B — AV B.

)
)
)
)
)
)
)
IPL8) r

(
(
(
(
(
(
(
(

8IFr (AVB) = (A= C)— (B—C)—C)],
where r® = Ae.As.At.d[s - e1][t - e1]eq0.

Proof. Let e, s,t € N be arbitrary such that
eltr AVB,slkRr A— C,tlkp B — C.
Then by the definition
(e0=0As-e1lFrRC)V (eg #ONt-e1lFR C).
Applying the disjunctive realizer, one has d[s - e;|[t - e1]eg0 IFr C. m
(IPL9) Ae.Ad.OIFr (A — B) = ((A — -B) — -A).
(IPL10) Ac.e kg A — (=A — B).
(IPL11) Ae.elFg VxA(z) — Alx/al, where a is a constant in V*.
)

(IPL12) Ae.elFr A[z/a] — 3xA(x), where a is a constant in V*.

For Inference Rules: (In the following, we use FV(C) to denote the
set of all free variables in C).

(IR1) Modus Ponens is preserved, i.e., if elFr A and d IFr A — B, then one
can effectively find a realizer for B via realizers e and d.
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Proof. This follows immediately from the definition. m

(IR2) Rule V is preserved, i.e., if m IFrp C — A(x), then one can find a
partial recursive function ¢ such that {(m) IFr C — VzA(x), where
z ¢ FV(O).

Proof. Assume m Ik Vz(C' — A(z)). Let n € N be arbitrary such that
n lFg C. Then by the definitions m - n I-g Vo A(x). Now one sets £(m) :=
An.(m-n). =

(IR3) Rule 3 is preserved, i.e., if m IFg A(x) — C, then one can effectively
find a partial recursive function £ such that £(m) kg JxA(x) — C,
where x ¢ FV(C).

Proof. Assume m Ik Vz(A(x) — C). Let n € N be arbitrary such that
nlFr rA(z), ie., Ja € V¥ [n kg A(a)] and thus m - n IFr C. Now one sets
&(m) to be An.(m-n). =

For the Identity Axioms (IA): The soundness of IA follows imme-
diately from the following claims. There claims will provide some universal
realizers, that is, these realizers will depend only on the form of a formula
in £L(V*) and are independent of the parameters. Now let a,b,c € V* be
arbitrary. We have the following claims:

Claim 6.2.22 [TA1]i" IFr a = a, wherei” = Q(Ay.((Af.(f,v), Af(f.u))))-

Proof. It suffices to find a realizer i" such that Ya € S*[i" IFr a = a]. We
show this via ordinal induction and the fixed point theorem. Let o € On
be arbitrary. Assume V3 € aVb € VBN[k: lFr b = b]. Now let a € VY
be arbitrary. Let f € N and d € V* be arbitrary such that (f,d) € a.
Then by the inductive hypothesis and the definition, (f, k) IFr d € a, i.e.,
(NS k), Af(f,k)) IFRr a = a. Applying the fixed point generator (2, one
has the explicit form of &k = Q(Ay.((Af.(f,y),Af(f,y)))). =

Claim 6.2.23 [IA2] i® lFr a =b— b= al], where i® = Ae.{ey, ep).

Proof. Let a,b € V* and e € N be arbitrary such that e IFp @ = b. Then
the result follows from the symmetry of the definition. m

Claim 6.2.24 [IA3]
i'Fra=bAb=c—a=c,

where i' = (Q(Az.{tzor1, troz1)))o-
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Claim 6.2.25 [IA4]
i®lFra=bAbec—ace,

where i = (Q(A\x. (txow1, trox1)))1.

n
Proof. For any formulae 61, 60s,...,0,, let A 6; denote the conjunction 6; A
i=1
0s... A 6,,. We will show IA3 and IA4 simultaneously via <*>-induction (cf.
Subsection 3.2.1):

Va1, z, 23V (y1, Y2, y3) < (21, T2, 23)0(y1, Y2, y3) — @(21, 2, 73)]
= Vr,y, zp(z, 9, 2).

and the fixed point theorem (which will produce universal realizers v and v
for both) by taking ¢(y1,y2,ys3) to be

3
Y1,Y2,Y3 S V* — /\ 77(%73/3;%):

i k=1
i j#kNi£]

where 7(ys, y;, yx) denotes

ulbp [yi =yi ANy =Yk — ¥i = ye] AV IFR [yi = ¥j ANYj € Yk — ¥i € Ykl

Let a*,a®,a% € V* and d',d?,d® € V* be arbitrary such that (d',d?, d3) <3
4 5

(a*,a®, a%) and
urpd=d N = d* — d' = d, (6.2)
vikpd =d ANd e d¥ — d' e d¥,

for all 4,7,k € {1,2,3}, where 4,j # k and i # j. Now we have to find the
forms of the realizers © and v and show that

k k

ulbra' =a’ Na! =a” — a' = d",

vII—Ra":aj/\ajeak%aieak,

for all 4,7,k € {4,5,6}, where i,j # k and ¢ # j. Now let i,j,k € {4,5,6}
be arbitrary such that i,7 # k and ¢ # j. Let n € N be arbitrary such
that n kg a' = @/ Adl € d¥, ie., 3g € V*[(n10,q) € a* A (ng,n11) IFg a' =
a’ A a? = q]. We want to find a realizer with a’ € a*. Since (af,d’,q) <®
(a?,a?,a¥), (without loss of generality, suppose i = 6,5 = 4,k = 5, then
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(a/,q,a') <® (a*,a®, a%)) by the inductive hypothesis (6.2), u - (ng,n11) IFg

a’ = ¢q. Hence by the definition, it follows that o(n,u) IFg a’ € a*, where
o(n,u) = (nio,u - (ng,n11)) and thus
An.o(n,u) Fra' =d Aa? € a* — o' € d”. (6.3)
Now let m € N be arbitrary such that m IFr ' = a? A a/ = aF. Let
p,7 € N and ¢,w € V* be arbitrary such that (p,q) € @' and (r,w) € a*.
From the assumption mgo - plFr ¢ € @/ and mi1 -rlFgr w € @/, i.e.,

s € V*[((moo - p)o, s) € @’ A (moo - p)1 IFr g = 8],
3s € V*[((m11 - 7)0,8) € @ A (my1 - 7)1 kR w = 3],

By the assumption again,

mig - (moo ~p)0 ”_R S € ak,

mo1 - (mn . 7‘)0 Fr s e (li.

Since ‘ o
(q,s,ak), (a',s,w) <® (al,aj,ak),

by the inductive hypothesis (6.2),

§(m,p,v) ”_R q &€ aka
§(m,r,v) kg w € da’,

where

£(m,p,v) = v - ((Mmoo - p)1,M10 - (Moo - P)o)s
d(m,r,v) =v - {(my1-r)1,mo1 - (M1 - 7)o)-

Hence by the definition, it follows that

Am.(Ap.£(m,p,v), Ar.d(m,r,v)) (6.4)

Fra =d Add =d¥ — d = d.

From (6.3) and (6.4) one finds u and v as follows:

u >~ Am.(Ap.§(m,p,v), Ar.0(m,r,v)),

v~ An.(nig,u - (ng,n11)).



6.2. SOUNDNESS OF RELATIVIZED REALIZABILITY 90

Now define
t = Au.ANv. Am.(Ap.&E(m, p,v), Ar.d(m,r,v)),

t = Au.Av.An.(n1g,u - (ng,n11)).

By Corollary 3.1.15, one has the explicit forms: u = (Q(\z.{txoz1,tr0z1)))0
and v = (Q(\z.(txozry, trory)))1. ™

Claim 6.2.26 [IA5]
P lFra=bAcEa—cED,
where i = Ae. i - {e11, eqp - €10).
Proof. Let ¢ € N be arbitrary such that elFra=bAc € a, i.e.,
Jk € V*[(e10,k) €aNennlFrc=k|Neglkra=0.

By the definition and TA4, it then follows that i - (e11, eqo - €10) IFr ¢ € b.
]

Remark 6.2.27 TA6 to IA10 are all realizable from its background theory
and the definition.

Lemma 6.2.28 [Substitution| For any formula A(x,y) in L(V*), one can
inductively find a realizer 5" € N such that Ya,b,c € V*[r§* IFp a =

-, -,

c N\ A(a,b) — A(c,b)].

Proof. For the atomic formulae, they have been given in the above claims.
For the compound formulae, they all follow immediately via induction over
the complexity of the formulae. Here we show the formulae with quantifiers:
& A(a,b) = 32B(a,b,z): Let e € N be arbitrary such that e Ik a =
¢ A\ 3zB(a, b, z). By the definition, it follows that

eolbra=cA3de Ve kg B(a,b,d),

ie., 3d € V*[e IFr (a = ¢ A B(a,b,d))]. By the inductive hypothesis, it
follows that -
rit . elkg 32B(c, b, 2).

Now one defines r5* = Ae.(r§i" - €) and the result follows.
& Ala, 5) = VzB(a, b, z): Let e € N and a,b € V* be arbitrary such that

elbr a=cAV2B(a,b,z).
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Then by the definition, it follows that
eolFr a=cAVde Ve kg B(a,b,d),

ie,Vd e V*elrr a=cAB(a, b, d)]. By the inductive hypothesis, it follows
that
riv.elkp VzB(a, b, 2).

Now one defines 75 = Ae.(r§t" - €) and the result follows. m

6.2.4 A4.1: Non-logical axioms (CZF with two sorts)

Lemma 6.2.29 [Extensionality] r** I+ VaVy(S(z) A S(y) — [Vz(z € © <
2z €y) — x =y|), where r’*t = Ae. At.(Af.to - (f,i"), Ag.t1 - (g,i")).

Proof. Let a,b € V* and e,t € N be arbitrary such that
elFr S(a) A S(b), (6.5)
and tlFpr Vz(z € a <> z € b), L.e.,
Vee VitIFrc € a < cebl. (6.6)

From (6.5) and the definitions, a,b € S*. Now we want to find a realizer
which realizes a = b. Let f,g € N and d,k € V* be arbitrary such that
(f,d) € a and (g,k) € b. Then by the soundness of TA1, it follows that
(f,i")IFrd € a and (g,i") IFr k € b, i.e., by (6.6)

to- (fi") IFRd €bAt1-(g,i") IFr k € a.
From the definition, (Af.(to - (f,i")), Ag.(t1 - {(g,i"))) IFra="b. =

Lemma 6.2.30 [Pairing] r?%" I-p VaVy3u[S(u) A (x € u Ay € u)], where
rPUT =0, ((0,47), (1,i"))).
Proof. Let a,b € V* be arbitrary. Now define

c={a,b}r ={(0,a),(1,b)}.

By the Pairing Axiom in the background theory, c¢ is an external set. By
Claim 3.3.6, c is also an internal set, i.e., ¢ € S*. Then, by the soundness of
IA1,

0,i") Fra€ecN(1,i") IFr b€ c.

Hence the result follows from the definition. m

Furthermore, one can also define the internal Cartesian product.
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Definition 6.2.31 For all a,b in V*,

(a,0)r :={(0,{a,a}r), (1,{a,b}r)}-
Since {a,b}r € S*, by Claim 3.3.6, (a,b)g € S*.
Corollary 6.2.32 [Internal Cartesian Product|

P kg (a,b)r = (¢,d)r = a=cAb=d,
where 7% = Ag.(i* - (((go - 0)11) - 0)1, d[8][7](g1 - 1)00).
Proof. By the soundness of IA1 and TA2,
Vh € N[hlFg {a,a}r ={c,d}rp — i® - (h1-0)1 lFgra =¢|, (6.7)

Now let us find a realizer for {a,b}r = {a,c}rg — b = c. Let n € N
be arbitrary such that n Ik {a,b}r = {a,c}r. Since (1,b) € {a,b}rg,
ng-1lkrbe {a, C}R, i.e.,

Jv e V*[((ng-1)o,v) € {a,c}r A (ng-1)1 IFr b =v)]. (6.8)
If v=a (ie., (no-1)p =0), then by Substitution
77(”) ”_R {aa G}R = {(L, C}R>

where A = {z,y}r = {z, 2z} g and n(n) = r5* - ((no - 1)1, n).
Since (1,¢) € {a,c}R, by the definitions, it follows that ((n(n)); - 1)1 IFg
¢ = a. With this and (6.8) and the soundness of TA2,TA3,

it {(ng - 1)1,i% - (n(n))1 - 1)1) IFp b= c.

If v=rc (ie., (ng-1)g = 1), then (ng-1); IFgr b = c. Hence by applying
the disjunctive realizer d, we have found a realizer £ such that

An.B(n) IFr {a,b}r ={a,c}r = b=c, (6.9)
where 3(n) = An.d[i* - ((no - 1)1,7% - (n(n))1 - 1)1)][(no - 1)1](no - 1)00.
Let g € N be arbitrary such that g IFr (a,b)g = (¢,d)r. By the defini-

tion, (0,{a,a}r) € (a,b)r and thus it follows that go -0 IF {a,a}r € (¢,d)R.
Hence by (6.7)

’is . (((90-0)11) 0)1 ”—RCL:C. (610)
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Furthermore, since (1,{c,d}r) € (¢,d)g, by the assumption it follows that
g1-1lFg {C, d}R S (a, b)R, ie.,

Ju € V*[((g1 - 1)o,u) € (a,b)r] A (g1 - 1)1 IFr {c,d}r = u].

If (91-1)0 = 0, then (¢1-1)1 IFr {¢,d}r = {a, a}r and thus by the assumption
and (6.9) one can find a realizer 6 to realize b = d; if (g1 - 1)o = 1, then
(91 - 1)1 IFr {c,d}r = {a,b}r and thus by (6.10) and (6.9), one can find a
realizer 7 to realize b = d. By applying the disjunctive realizer d, it follows
that

d[f][7](g1 - 1)o0 IFRr b= d. (6.11)

From (6.10) and (6.11), the result follows immediately. m

Lemma 6.2.33 [Union] r" Ik V23u[S(u) AVz(z €u > Jy(y € x Nz €
)], where r*™ = (0, (Ae.£(e), At.7(t))).

Proof. Let a € V* be arbitrary. Define
a={((n,m),b) : Ic € V*|(n,c) € a A (m,b) € c|}.

Then by Bounded Separation, the Union and Pairing Axioms in the back-
ground theory, a is an external set. By Claim 3.3.6 , @ is also an in-
ternal set, i.e., a € S*. Now we want to find a realizer which realizes
Vz(z € a + Jyly € aNz € y)). Let ¢ € V* and e € N be arbitrary
such that e IFr ¢ € a, i.e., 3d € V*[(eg,d) € aNej IFr ¢ = d]. By the
definition, it follows that 3k € V*[(epo, k) € a A (ep1,d) € k]. Hence by the
soundness of TA1 and TA4,

Ele)IFry(y € ancey), (6.12)

where £(e) = {{eqo, "), - (e1, {e01,4"))). On the other hand, let ¢ € N be
arbitrary such that
tlFr Jy(y € aNc e y), (6.13)

ie,dgeV*tikr g€ aNnceq]. FromtylFgq € a,
dh € V*(too,h) c€altgrlFrq=h. (6.14)

From t; IFg ¢ € ¢ and (6.14) and the soundness of IA5, it follows that
e(t) =it (tor1,t1) kR c € b, Le.,

Ip € V¥[((e()o,p) € h A (e(t)1 kR ¢ = pl. (6.15)
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Since (tpo, h) € a and ((¢(t))o,p) € h, it follows that ((too, (¢(t))o),p) € a
and thus

((too, (¢(£))0),i") kR p € @ (6.16)
From (6.15) and (6.16) and the soundness of IA1,TA4, it follows that

7(t) IFr c € a, (6.17)

where 7(t) = icb . ((e(t))1, ((too, (e(t))o),i")). From (6.12) and (6.17), it
follows that

(Ae(e), At.T(t)) IFrVz(z €a <> Fy(y € a Nz € y)).

]
In order to show the soundness of Bounded Separation, we have the following
definitions and claims.

Definition 6.2.34 We define the collection of the bounded formulae (or
Ag-formulae), Form™°, with constants from V* as follows: It consists of
the Atomic formulae: t' € t* and t' = t2, and is closed under A,V,—, —
VYo € t (an abbreviation for Yx[x € t —]) and 3x € t (an abbreviation
for 3xzfx € tA]), where t,t',t2 € Var UV*. Let Form%° be the collection
of the closed Ag-formulae and let A(b) denote a closed Ag-formulae with a
constant b from V*.

Definition 6.2.35 We define a relation F% over N x Form2° as follows:

eH—ORaEbiﬁeII—RCLGb.

e lF% B(a) A C(a) iff eo IF% B(a) A ey IFY Cla).

e lF% B(a) v C(a) iff (e = 0Aer IF% B(a)) V (eg # 0 Aer IFY Cla)).

elF% B(a) = C(a) iff nIt% B(a) = e-nl Ae-nlt% C(a).

elF% =B(a) iff Vn € N-n IF% B(a).

e lF% Vo € aB(z) iff V(f,d) € ale- f | Ae- fIF% B(d)].

elF% 3z € aB(z) iff 3d € V*[(eo,d) € a A ey IFY B(d)).

Claim 6.2.36 For all A(a) € Form2°, {e e N:el-% A(a)} is a set.
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Proof. We show by the induction on the complexity of A(a). Let Zp() be
the class {e € N: eI B(b)} for all B(b) € Form2°. For the closed atomic
formula, it can be easily seen to be true. For the compound formulae, by
the induction, Z4(,) is a set is validated by the following settings:
O{eeN:elt) Bla)AC(a)} ={eeN:eg€ Zpy Ner € Zowy )

& {6 eEN:e H—% B(CL) VC(a)} = {(60 Ney € ZB(a)) V (60 #=0Ne € ZC(a))};
O{eeN:el) Bla) = Cla)} ={eeN:VneNne Zgy s e-nl
Ne-n € Zco)}s

O {eeN:elt) -B(a)} ={e e N:Vn e N-n € Zg};
O{eeN:elt)y Vo eaB(x)} ={ee N:V(f,d) €ale- f | Ne- f € Zpw)l};
O{eeN:elth 3z € aB(z)} ={e € N:3d € V*[(eg,d) Ea e € Zp(ayl}-
[

Claim 6.2.37 For each closed Ag-formula A(a) in Form2°, there exist
partial recursive functions fA and g? such that [e IFg A(a) — fA(e) IFY%
A(a)] and [eIF% A(a) — g?(e) IFr A(a)].

Proof. By the (mutual) induction on the complexity of A(a), we have the
following settings (we show only the nontrivial ones in details):

O elrr Bla)AC(a) — (fB(eo), £€(e1)) IF% B(a)AC(a), e IFY B(a)AC(a) —
(97 (e0), 9% (e1)) IFr B(a) A C(a);

& ¢ g Bla) v Cla) — (e, (dLFB(en] [ (er)]eo0)) IF, Bla) v Cla), € I,
B(a) v C(a) — (eo, (d[g” (e1)]lg" (e1)]ea0)) Ik B(a) V C(a);

$ Assume e kg B(a) — C(a). Assume n IF% B(a). By the inductive
hypothesis, it follows that ¢®(n) IFr B(a) and thus by the assumption
e-gP(n) IFr C(a). Again by the inductive hypothesis, it follows that £ (e -
g%(n)) IF% C(a). Hence we have shown that [e IFg B(a) — C(a)] —
An.f%(e- gB(n)) F% B(a) — C(a). By the same argument, one also shows
le IF% B(a) — C(a)] — An.g% (e fB(n)) IFg B(a) — C(a).

O elbg =B(a) = elF% =B(a), e IF% =B(a) — e g —B(a);

& Assume e IFp Vo € aB(z). Let (h,d) € a be arbitrary. Then by the
soundness of IA1 and the assumption, it follows that e- (h,i") IFr B(d) and
thus by the inductive hypothesis, fZ(e - (h,i")) IF% B(d). Hence we have
shown that Ah.fP(e - (h,i")) IF% Vo € aB(z). On the other hand, assume
e IF% Vo € aB(z). Let n Ikg b € a be arbitrary, i.e., 3¢ € V*[(ng,c) €
aAny kg b =c]. By the assumption, e - ng IF% B(c), which by inductive
hypothesis yields g®(e-ng) IFg B(c). By the soundness of TA2, Substitution
and the definition, we have shown that An.r$%- (i -ny, g% (e - ng)) IFg Vo €
aB(x).

$ Assume e lFp Jx € aB(x), ie., 3d,c € V*[((epo,c) € aNep IFr d =
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¢) Aer lFg B(d)]. By Substitution, it follows that r§i* - (eg1,e1) IFr B(c),
which by the inductive hypothesis yields fZ(r§#* - (eg1, e1)) IF% B(c). Hence
we have shown that (ego, fZ(rif* - (eo1,e1))) IF% 3z € aB(z). On the other
hand, assume e IF% 3z € aB(x), i.e., by the definition and the soundness of
IA1, 3d € V*[{eo,i") IFr d € aney IF% B(d)]. Then by inductive hypothesis
and the definition, it follows that ((eq,4"),g"(e1)) IFg Iz € aB(z). =

Lemma 6.2.38 [Bounded Separation)
PSP b VaTu[S(u) AVz(z € u < 2 € z A A(2))],
where A(z) is a bounded formula and where r5* = (0, (Ae.(£(e),n(e)), Al.e(1))).

Proof. Let a € V* be arbitrary. Define

a={({f.9),k): f.g eNA[(g.k) € an fIFy A(k)]}.

Then by Claim 6.2.36, Bounded Separation, the Union and Pairing Axioms
in the background theory, one has g is an external set. By Claim 3.3.6 , a
is also an internal set, i.e., a € S*. Now we want to find a realizer which
realizes Vz(z € a <> z € a AN A(z)). Let ¢ € V* and e € N be arbitrary
such that e IFr ¢ € a, i.e., 3d € V*[(eg,d) € aNej IFr ¢ = d]. By the
definition, it follows that (eg1,d) € a A ego IF% A(d), i.e., by Claim 6.2.37,
g%(eqo) IFr A(d). Hence by the soundness of IA and TA4, £(e) IFgr ¢ € a
and, by the soundness of IA2 and Substitution, n(e) IFr A(c), where

&(e) =i - (ex, (eor,i")),

stu

n(e) = i - (i* - e1, 9% (enn))-
On the other hand, let [ € N be arbitrary such that [ IFr ¢ € a A A(c).
Then by the definition and Substitution, it follows that
dd € V*[(loo, d) cEallplFre=dA 5(l) IFr A(d)],

where 6(1) = 75 - (lp1,11). By the inductive hypothesis, f4(5(1)) IF% A(d).
Thus by the definition ((f4(8(1)),lp0),d) € a, which by the soundness of
IA1 and TA4 yields £(1) IFg ¢ € a, where £(1) = i (lo1, ({f2(5(1)), loo),")).
Hence we have shown that

(Ae.(&(e),n(e)), Al.e(l)) IFr Vz[z € a <> z € a N A(2)].
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Lemma 6.2.39 [Infinity]
I kR Ju(S(u) AVz[z € u < N(2)]),
where r™f = (0, (Ae.eg, Ag.{g,i"))).

Proof. Define
u={(n,n):n €N} (6.18)

Then by the Infinity Axiom and Bounded Separation in the background
theory, u is an external set. Moreover, by the definition, u is also an internal
set, i.e., u € S*. Now we want to find a realizer which realizes Vz[z € u +
N(z)]. Let ¢ € V* be arbitrary. Let e € N be arbitrary such that e IFr ¢ € u.
Then by the definition we have

dk € V*(eo, k) € u, (6.19)

and
e1lFrc=k. (6.20)

From (6.18), (6.19) and (6.20), it follows that k = ¢ = ¢y € N and thus
eo lFr N(c). (6.21)

On the other hand, let g € N be arbitrary such that ¢g IFr N(c). Then by
the definition it follows that g = ¢, i.e., (g,¢) € u. Hence by the soundness
of TA1, it follows that

(9,i") IFR c € w. (6.22)
From (6.21) and (6.22), it follows that

(Ae.eg,Ag.(g,i")) IFRr Vz[z € u <> N(z)].
|

Lemma 6.2.40 [Induction] r'™® |Fp Va[(Vy € 2A(y)) — A(x)] — VzA(z),
where v = Q(Ak.(e - At.rsfu(i® - t1, k))).

Proof. Let e € N be arbitrary such that
elFr Va[Vy(y € x — A(y)) — A(z)],

ie.,

Vu e V¥ elkr (Vy(y € u — A(y)) — A(u))]. (6.23)
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Now we want to find a realizer which realizes Yz A(x). We construct this by
ordinal induction. Let o € On be arbitrary. Assume

VB € avb € NU VS (k IFg A(D)). (6.24)

Now one has to find the explicit form of k£ via the fixed point theorem such
that Va € NU VY(k Ik, A(a)). Let a € NU V. be arbitrary. We want
to find a realizer which realizes Vy(y € a — A(y)). Let t € N and ¢ € V*
be arbitrary such that ¢ IFp ¢ € a. Then by the definition it follows that
Id € V*(tg,d) € aNty IFr ¢ = d. Since d € NU VBN for some 8 € «a,
i.e., by the inductive hypothesis (6.24) k IFr A(d), and thus by IA2 and
Substitution r5* - (i - t1, k) kg A(c). By the definition it follows that

Atrsi™ - (i5 11, k) Ik r Yyly € a — A(y)]. (6.25)
By (6.23) and (6.25)
e (Atrsf™ - (i t1,k)) IFr A(a). (6.26)

Let © be a fixed point generator. Then one has the explicit form of k:
k= Q(Ak.(e- At.rsf™ - (i° - t1,k))) and this completes the proof. m

Lemma 6.2.41 [Strong Collection] r*¢ IFg
VeVy € x3zA(y, z) — Ju(S(u)AVy € 23z € uA(y, 2)A\Vz € udy € zA(y, 2))],
where ¢ = Ae.(0, (An.&(n, e), Am.5(m,e))).

Proof. We show this via Strong Collection in the background theory. Let
a € S* and e € N be arbitrary such that a is inhabited and e IFg Vy[y € a —
JzA(y, 2)], i.e.,

Vb e V*neN[(nlkgrbea) — 3Ice V(e -nlkr A(b,c))].
Then one has Vz € a3zn(x, z), where
n(x,z) =3f € NId,ce V' z = (f,d) Nz=(f,c) Ne-(f,i") IFr A(d,c)].

By Strong Collection in the background theory, there exists a set D such
that
Vo € a3z € Dn(z, 2), (6.27)

and
Vz € D3x € an(z, z). (6.28)
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From (6.28) D C N x V*, i.e., by Claim 3.3.6, D € S*. Now we want to find
realizer which realizes

Vyly € a — 3z € DA(y, 2)] AVz[z € D =3y € aA(y, 2)].

Let b € V* be arbitrary. Let n € N be arbitrary such that n - b € a. Then
by the definition it follows that 3k € V*[(no, k) € a Any IFr b = k]. Hence
by (6.27), the soundness of IA1, IA2 and Substitution,

Jc € V*[E(n,e) IFr c € DA A(b,c)],

where £(n,e) = ((ng,i"), 75" - ((i* - n1, e (ng,i")))). Hence by the definition
it follows that

An.&(n,e) lFr Yyly € a — Fz(z € DAA(y, 2))]. (6.29)

Now let ¢ € V* be arbitrary. Let m € N be arbitrary such that m I-r ¢ € D.
Then by the definition it follows that Jv € V*[(mg,v) € D Amy IFg ¢ = v].
By (6.28)

ad € V*[(mg,d) € aANe- (mg,i") IFr A(d,v)],

and thus by the soundness of IA1, IA2 and Substitution,
Id € V*é(m,e) lFr d € a N A(d, c)],

where §(m, €) = ({(mqg,i"), 75" ((i*-mq, e-(mg, i")))). Hence by the definition
it follows that

Am.§(m,e) kg Vz[z € D =3y € aA(y, 2)]. (6.30)
From (6.29) and (6.30), it follows that
(An.&(n,e), Am.6(m,e)) IFr Yy € a3z € DA(y, z) AVz € D3y € aA(y, z).

For the case a € N or a is an empty set, the same realizer also works as
follows:

(An.&(n,e), Am.6(m,e)) IFr Vy € a3z € DA(y,2z) AVz € 0Ty € aA(y, 2).
[

Lemma 6.2.42 [Subset Collection] r** |- Ya¥b3u(S(u) A Vz[Vr € aJy €
bA(z,y,2) = 3d € u(Vx € ady € dA(x,y,2) ANVy € dIz € aA(z,y, 2))]),
where 7% = (0, Ae.((0,i"), (Am.d(m, €), An.c(n,e)))).
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Proof. We show this via Subset Collection in the background theory. Let
a € V* be arbitrary such that a is inhabited (i.e., there is at least one
element in a). Let b € V* be arbitrary. Let ¢ € V* and e € N be arbitrary
such that

elFgr Vo € ady € bA(x,y,c). (6.31)

Now we want to find u,d € V* and a realizer which realizes d € uA[Vx €
ady € dA(x,y,c) ANVy € d3x € aA(x,y,c)]. Unravelling (6.31) and applying
Substitution yields

V(f,d) € adv € V*[((e- (f,i"))oo,v) EbAE(S,e) IFr A(d,v,c)], (6.32)
where £(f,e) = 5% ((e- (f,i"))o1, (e - (f,i"))1). Now define a set

b={((e, f),v):e,f € NA((e-(f,i"))oo, v) € b}.

By Bounded Separation, the Pairing and Union Axioms in the background
theory, b is an external sets. Moreover, by Claim 3.3.6, also b € S*. Now
one can rewrite (6.32) as follows:

Yu € a3l € bn(u,l, c),

where n(u,l,c) = 3f € N3d,v € V*[u = (f,d) ANl = ((e, f),v) A ((e-
(f,i"))oo,v) € bAE(f,e) IFr A(d,v,c)]. Invoking Subset Collection in the
background theory yields that there is an external set D such that 3C € D

Vu € a3l € Cn(u,l,c), (6.33)

and
VI € CIu € an(u,l,c). (6.34)

Define D* = {¢Nb: ¢ € D}. By Bounded Separation and Replacement
in the background theory, D* is an external set. Let ¢ b € D* be arbitrary.
Then we have gNb C b C N x V* and thus by Claim 3.3.6 , gNb € S*, i.e.,
D* C S*. Furthermore, by the fact that C € D, it follows C Nb € D* and
thus CNb € S*. Now define

u:={(0,d) : d € D*}.

Since D* C §*, by Claim 3.3.6 , also u € S*. Moreover, by the soundness of
IA1, also
(0,i") IFR CNb € w. (6.35)
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Now we want to find a realizer which realizes
Vo € ady € CNbA(x,y,c).

Let m € N and € V* be arbitrary such that m IFgr x € a, ie., Ik €
V*[(mo, k) € a Amy IFgp x = k]. By (6.33), the soundness of TA2 and
Substitution, it follows that

Jv e V*¥[({e,mp),v) € CND AT ((i° - my, E(mg, €))) IFr Az, v, c)].
By the soundness of IA1, it then follows that
o(m,e)lFrve CNbA Az, v,c),

where d(m,e) = (({e,mp),i"), 7% - ((i* - m1,&(mo,e)))). Hence we have
shown that
Am.o(m,e) kg Vo € ady € CNDA(z,y,c). (6.36)

Now we want to find a realizer which realizes
Yy € CNbdx € aA(x,y,c).
Let n € N and y € V* be arbitrary such that nlFgry € CNY, ie.,
3h € V*[(no,h) €e CNb ANy IFry = hl.
By (6.34), Substitution and the soundness of IA2, it follows that
3d € V*[(no1,d) € a A" - (i° - na, E(nor, e)) Ik A(d, y, 0)].
By the soundness of IA1, it then follows that
e(n,e)lFrd e anA(d,y,c),
where e(n, e) = ((no1,4"), r5- (i* -n1,&(no1, €))). Hence we have shown that
An.e(n,e) kg Vy € CNbIx € aA(z,y,c). (6.37)
From (6.35) and (6.36) and (6.37),
((0,7"), (Am.6(m, e), An.e(n,e))) IFr
3d € u[Vz € a3y € dA(z,y,c) ANVy € d3x € aA(z,y,c)].

As for the case in which « is the empty set or a is a number, the same
realizer also works as follows:

((0,i"), (Am.6(m,e), An.e(n,e))) IFr
0 e {(0,0)}A[Ve € aly € DA(x,y,c) AVy € 0Tz € aA(z,y,c)].
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Theorem 6.2.43 [Soundness Theorem]
CZFNyF ¢ = CZFpya b Jz(N(x) Az kg @),
for all formulae ¢ € L(V*).

Proof. Since the logical axioms, inference rules and non-logical axioms have
shown to be sound, the result follows immediately. m

6.2.5 A4.2: Non-logical axioms (IZF with two sorts)

Since IZF y and CZF n share most of the axioms, there are only a couple
left to be checked.

Lemma 6.2.44 [Separation] r°P IFr VaIu[S(u) AVz(z € u < 2z € T A
A(2))], where 5P = (0, (Ae.£(e), Al.e(1))).

Proof. Let a € V* be arbitrary. Define

a={((f,9),k): f,9 € NA[(g,k) € anflFr A(K)]}.

Then by Separation, the Union and Pairing Axioms in the background the-
ory, a is an external set. By Claim 3.3.6 , @ is also an internal set, i.e.,
a € S*. Now we want to find a realizer which realizes Vz(z € a +» 2z €
a N A(z)). Let ¢ € V* and e € N be arbitrary such that e IFr ¢ € a,
ie., 3d € V*[(eg,d) € aANey IFr ¢ = d|. By the definition, it follows that
(eo1,d) € a Aeg IFr A(d) and thus (eg1,:") IFg d € a. By the soundness of
IA2, TA4 and Substitution, it follows that

€le)IFrcean Ale), (6.38)

where &£(e) = (i - (eq, (eo1, ")), 58 - (i - 1, e00)). On the other hand, let
[ € N be arbitrary such that [ IFg ¢ € a A A(c). Then by the definition and
Substitution, it follows that

3d € V¥*[(lgo,d) € a Aoy IFg ¢ = d A S(1) IFg A(d)],

where 6(1) = r5* - (lo1,11). By the definition ((6(1),l00),d) € a and thus, by
the soundness of IA1 and TA4,

e(l) IFr c € a, (6.39)
where £(1) = i - (lo1, ((6(1),loo),i")). From (6.38) and (6.39),
(Ael(e),Al.c(l)) IFrVz[z € a <> z € a N A(2)].
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Claim 6.2.45 Ifa,b € S*, thenelFgr b C a — A" € V;IE
b, where d(e) = (ALE(f,€), Ag.o(g, ).

Proof. Assume e lkp b C a, i.e., by the definition V(f,d) € ble - (f,i") IFgr
d € al, ie.,

@ 1l6(e) bR b=

V(f,d) e bIce V*((e-(f,i"))o,c) € a (6.40)
N(e - <f, Z'T>)1 Frd= C].

Define

b* ={(f,c): 3d € V*[(f,d) € bA
((e-(f,i"))o,c) €an(e-(f,i"))1lFr d= (]}

By Pairing and Separation in the background theory, b* is a set. By Claim
3.3.6 and Corollary 3.3.5, b* € V},i(a) +1- Now we want to find a realizer which
realizes b = b*. Let f € N and d € V* be arbitrary such that (f,d) € b.
Then by (6.40) it follows that

Jee V{(f,i")IFrce b | Al(e-(f,i")1IFrd =],
i.e., by the soundness of IA4, £(f,e) IFr d € b*, where
E(fre) =i (e (f, i (fd7).

On the other hand, let ¢ € N and k € V* be arbitrary such that (g, k) € b*,
i.e., by the definition and the soundness of IA1 and IA2, there is d € V*
such that (g,i") IFr d € b and i* - (e - (g,7"))1 IFr k = d. By the soundness
of TA4, it follows that o(g,e) IFr k € b, where

o(g,e) =i - (i* - (e (g, 7M1, {9, 77))-
Hence, by the definition, (Af.£(f,e),Ag.o(g,e)) Frb=10*. m
Lemma 6.2.46 [Power Set
P kg VaJu[S(u) AVz(z € u <> (S(2) Az C x))],
where 1P = (0, (Ae.(0, 75" - (i° - e1, €q)), Ah.E(h))).
Proof. Let a € V* be arbitrary. Define

a={(g,0): g ENNcE V.1 AglrreCal.
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By the Powerset axiom, Pairing and Separation in the background theory,
a is an external set. By Claim 3.3.6 it also follows that a € S*. Let k € V*
be arbitrary. It suffices to find a realizer to realize k € a <> (S(k) ANk C a).
Let e € N be arbitrary such that elFgr k € a, i.e.,

Je € %"I?c(a)Jrl[eO FrcCane lFrk=|.

Then by Corollary 3.3.2 and the soundness of 1A2, it follows that k£ € S*
and thus
(0, 75" - (i* - e1,€0)) I S(k) Ak C a, (6.41)

where A =z C y.

Now let h € N be arbitrary such that h kg S(k) Ak C a. Then by
Claim 6.2.45 and Substitution, it follows that Jk* € Vfli(a)ﬂ such that
§(h1) kg k = k*, where 6(h1) = (Af.E(f, h1),Ag.0(g, 1)), and thus r* -
(0(h1),h1) IFr k* C a. By the definition of a and Substitution, it then
follows that (r§f* - (6(h1),h1),i") IFg k* € a and thus by the soundness of
TA4

E(h)IFR k € a, (6.42)

where £(h) = i% - (§(h1), (rsf* - (6(h1), ha),i")). From (6.41) and (6.42), the
result follows. m

Lemma 6.2.47 [Collection]
kg Vo [Vy € 232A(y, 2) — Ju(S(u) AVy € 3z € uA(y, 2))],
where 7° = Ae.(0, An.£(n, e)).

Proof. We show this via Collection in the background theory. Let a € S*
and e € N be arbitrary such that a is inhabited (i.e., there is an element in
a) and e lFr Vyly € a — F2A(y, 2)], i.e.,

Vb e V*neN[(nlkrbea) —3Ice V(e -nlkr Ab,c))].
Then one has Vo € a3zn(z, z), where
n(z,z)=3f € NId,c e V¥ [z = (f,d) Nz= (f,c) Ne-(f,i") IFr A(d, c)].
By Collection in the background theory, there exists a set C such that

Vx € adz € Cn(x, 2). (6.43)
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Now define
D=Cn(NxV*).

Since D C N x V* by Separation and Claim 3.3.6, D € S*. Now we want
to find realizer which realizes Yyly € a — 3z € DA(y, 2)]. Let b € V* and
n € N be arbitrary such that n IFr b € a. Then by the definition it follows
that 3k € V*[(ng, k) € aAny IFr b= k]. Hence by (6.43) and the soundness
of IA1, TA2 and Substitution,

de e V*[é(n,e) lFr c € DA A(b, ¢)],

where £(n, e) = ((ng, "), 75" - ((i° - nq, e (ng,i")))). Hence by the definition
it follows that

An.g(n,e) lFr Vyly € a — 3z(z € DAA(y, 2))].

As for the case in which a is the empty set or a is a number, by default, the
same realizer also works and this completes our proof. m

Theorem 6.2.48 [Soundness Theorem)
IZFy ¢ = IZF N 3x(N(z) Az lkR @),
for all formulae ¢ € L(V*).

Proof. This follows immediately from the above lemmata. m

6.2.6 AS5: (Semi-) Constructive axioms of choice

Recall that we use the notation ¥nA(n) to denote V[N (x) — A(z)] and
dnA(n) to denote Ix[N(x) A A(z)]. Other notations used here were defined
in Subsection 2.2.7.

In addition, each realizer used here denotes a relativized realizer and the
background theory in this section is CZF y 4.

Lemma 6.2.49 [ACNN] pACYY |1,
VnamA(n,m) — 3f[Fun(f, N,N) AVnIm((n,m) € f A A(n,m))],

where rACY" = Ae.((o(e), p(e)), An.{(n,e)).
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Proof. Let e € N be arbitrary such that e IFgr VnimA(n,m). Then by
Lemma, 6.2.6, it follows that

Vn € N[(e-n)y kg A(n, (e -n)o)]. (6.44)

Now define
f=A{(n,(n,(e-n)o)r) : n € N}.

By the Infinity Axiom, Bounded Separation, Pairing and Replacement, f is
a set. By Claim 3.3.6, also f € S*. With Lemma 6.2.6, Corollary 6.2.32,

o(e) kg f € N x N,
p(e) IFr VnIlm(n,m) € f,

where
a(e) = Ag.(g1, (g0, (€ 90)o)), p(e) = An.{((e - n)o, (n,i")), Ak.0).
By the definition, it follows that
(o(e),ple)) IFg Fun(i, N,N).
Let n € N be arbitrary. By the soundness of IA1 and (6.44), it follows that
((n,i"),(e-n)1) IFr (n,(e-n)o)r € f AN A(n, (e-n)o),

and thus
£(n7 6) |FR Em((n7m) € f A A(n7m))a

where £(n,e) = ((e-n)g, ((n,i"), (e-n)1)) and this completes the proof. m
Lemma 6.2.50 [UP]
r P IFg Vo[S(x) = InA(x,n)] — Invz[S(z) — A(z,n)],
where P = Ae.((e - 0)o, Ad.(e-0)1).
Proof. Let e € N be arbitrary such that
e lFg Vo [S(z) — InA(x,n)|.
By Lemma 6.2.6, it follows that
Va € S*[(e-0)1 IFr A(a, (e-0)o)],

ie.,

((e-0)o,Ad.(e-0)1) IFr InVz[S(x) — A(z,n)].
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Lemma 6.2.51 [UZ]
r* kg Vo (S(z) = A(x) vV B(x))] = Vo (S(z) — A(z)) vV Ve(S(z) — B(x)),
where r** = Ae.((e - 0)o, Ad.(e-0)1).

Proof. Since UZ follows from UP by taking an instance of A(z,n) to be
(n=0AA(x)) V (n # 0A B(x)), it is also realizable. Its explicit realizer is
found as follows: Let e € N be arbitrary such that

elFr Va(S(x) — A(z) V B(x)),
i.e., by the definition
Va € S*[(e-0)g = 0A(e-0)1 IFr A(a)]VVa € S*[(e-0)g # 0A(e-0); IFr B(a)].
By the definition, this gives the realizer. m
Lemma 6.2.52 (DC)
rde|-p Yavbb € a AV € aTy € aA(z,y)

— 3f(Fun(f,N,a) A f(0) =bAVnA(f(n), f(n+1))],
where 7% = Ae.((y(e), B(e)), An.6(n, €)).

Proof. We show this via Dependent Choice in the background theory. Let
a,b € V* and e € N be arbitrary such that

elFrb e aAVr € aldy € aA(x,y),
i.e., dc € V*(epo,c) €EaNepy lFr b= cand
e1lbr Vo € ady € aA(x,y). (6.45)

Define a = {(l, k) : (loo, k) € a}. Unravelling (6.45) and applying Substitu-
tion, it follows that Vx € a3y € aB(x,y), where

B(z,y) =3l,m e N3k, d € V*[z = (I,k) A (lpo, k) € an
y=(m,d) Am = ey - (loo,i") A" (mor,m1) IFr Ak, d)].

Now by DC, it follows that there is a function F' : N — @ such that

F(0) = (e,c) AVn € N[B(F(n), F(n + 1))],
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Vn € N[FO(n+1) = e1 - (F°(n))oo, i")A (6.46)
S ((FO(n + 1))o1, (FO(n +1))1) kg A(F(n), FY(n + 1))],

where FO and F' denote the left and right projection function of F, respec-
tively. Since F°(0) = e and FO(n+1) = e1 - {(F°(n))oo,4"), one has that F°
is a total recursive function. Let Fe# be its code. Now define

f={(n,(n, Fl(n))R) :n € N}
By Claim 3.3.6, f € S*. Now we want to find a realizer which realizes

Fun(f,N,a) A f(0) =bAVnA(f(n), f(n+1)).

¢ First of all, let us find a realizer for Fun(f, N,a). Let t € Nand k € V*
be arbitrary such that ¢ IFg k € f. Then by the definition,

t1 kr k = (to, F1(to))r- (6.47)

Since ((F°(t0))oo, F'(to)) € a, by the definitions and the soundness of IA1,
it follows that
£(t,e) IFr N(to) A Fl(to) € a, (6.48)

where £(t, €) = (to, (FZ (t0))o0,i")). From (6.47) and (6.48)
At{t1,E(t,e)) IFr f € N x a. (6.49)

In the meantime, we want to find a realizer for Vn3!lz(n,z) € f. Let n,l € N
and a,b € V* be arbitrary such that

lIFR (n,a)R S f/\(n,b)R ef.

By the definitions, it follows that

loi Fr (n,a)r = (loo, F* (o)) r, l11 IFR (n,b)r = (l10, F* (110)) &-

From Corollary 6.2.32 and the definition, lgg = l19 and thus by the soundness
of IA2, TA3
o(l)IFra =", (6.50)

where o (1) = it {((rP"® - lo1)1,4° - (rP"? - 111)1). Moreover, by the definition,

(n,i") kg Jx(n,x) € f. (6.51)
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By (6.50) and (6.51) and Lemma 6.2.6, we have shown that
An.((n,i"), Al.o(l)) Fg Vn3lz(n,z) € f. (6.52)
Thus by (6.49) and (6.51), it follows that
v(e) IFr Fun(f,N,a), (6.53)

where y(e) = (At.(t1,£(t,e)), An.((n,i"), Al.o(l))).
¢ Secondly, since eg1 IFg b = F*(0) and (0,4") - (0, F'(0))g € f, by the
soundness of IA2 and Substitution

B(e) IFr (0,0)r € f, (6.54)

where S(e) = rg" - (i - ep1, (0,i")), and C = (0,z)r € f.
¢ Lastly, by Lemma 6.2.6 and (6.46), also

An.d(n,e) IFgp YnIzIy[z = FL(n) Ay = Fl(n+ 1) A Az, y)], (6.55)

where §(n,e) = ((i", "), rsfv - (F¥(n + 1))o1, (F¥(n + 1))1)). Hence the
result follows immediately from (6.53), (6.54) and (6.55). =

Lemma 6.2.53 (RDC)
r:dc IFr V2[A(2) AVx(A(z) = Jy(A(y) A B(z,y))) —
f (Fun(f, N) A f(0) = 2 AVn(A(f(n)) A B(f(n), f(n+1))))],
where r™% = Ae.((n, (0,i")), £(e)) and wheren = (Ag.g, An.{(n,i"), Al.o(]))).

R

Proof. We show this via Relativized Dependent Choice in the background
theory. Let ¢ € V* and e € N be arbitrary such that

elkr A(e) ANVz(A(x) — Jy(A(y) A B(x,y))). (6.56)
Let us use the following class notation
A={(s,d):se NAd e V" AslFr A(d)}.
Define ¢(z) =z € A, i.e.,
p(z) =3s € NId € V*[z = (s,d) A s IFr A(d)].
By (6.56), it then follows that

¢((e0, ¢)) AV (p(x) = Jy(e(y) AbO(x,y))),
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where 0(z,y) = 3s € N3d,b € V*[z = (s,d) ANy = ((e1 - 5)o,b) A(e1 - $)1 IFRr
B(d,b)]. By RDC, it follows that there is a function F’ with domain N such
that F'(0) = (ep,c) and Vn € N[p(F(n)) AO(F(n), F(n+ 1))], i.e., for all n
in N

FO(n) kg A(FY(n)) AF%(n+1) = (e1 - FO(n))o (6.57)

Aer - FO(m)1 Ik B(F (n), F' (n + 1)),

where FO and F! denote the left and right projection functions of F, re-
spectively. Since F°(0) = eg and F°(n +1) = (e1 - F°(n))o, one has that F°
is a total recursive function. Let Fe# be its code. Now define

f= {(n, (n, Fl(n))R) :n € N}

By Claim 3.3.6, f € S*. Now we want to find a realizer which realizes

Fun(f, N) A (0) = ¢ AV(A(f(n)) A B(f(n), f(n+ 1))).

¢ First of all, let us find a realizer for Fun(f, N). Let g € N and a € V* be
arbitrary such that g I-g a € f. By the definition, it follows that g; IFg a =
(goa Fl(gO))R and g IFg El’l’LElZ[CL = (TL, Z)]’ thus,

Ag.glFg Vo € f[Andz(z = (n,2))]. (6.58)
Moreover, from (6.52) in the proof of DC, one knows that
An.((n,i"), Al.o(l)) Fg Vn3lz(n, 2) € f. (6.59)

where (1) is defined in that proof. Hence from (6.58) and (6.59), we have
shown that
nlkr Fun(f,N), (6.60)

where n = (Ag.g, An.((n,i"), Al.o(l))).
¢ Secondly, since (0, (0,c)r) € f, by the soundness of IA1 it follows that

<0, ’ir> IFr (0, C)R S i (6.61)

¢ Lastly, by (6.57) and the soundness of IA1, also

6(n,e) IFr Fy(n,y) € f A A(y),
e(n,e) kg Jz3y[(n,z) € f A (n+1,y) € f A B(z,y)],
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where d(n, e) = ((n, i’"},Ff(n)), e(n,e) = ({{(n,i"), (n+1,i")), (el-Fe#(n))ﬁ.
By Lemma 6.2.6, it then follows that

§(e) IFr VnlA(f(n)) A B(f(n), f(n+1)))]; (6.62)

where £(e) = An.(0(n, e),e(n, e)). Hence the result follows immediately from
(6.60), (6.61) and (6.62). m

Now we want to show that the Presentation Axiom is realizable. The
following intuitionistic proof is based on Theorem 10.1 in Michael Rathjen’s
paper [20]. For any function F with range D C V2, we will use F° to denote
the left projection function and F! to denote the right projection function
of F. We also use 2° to denote FY(z) and 2! to denote F'(x). Recall that
SFun(f,y,x) is the predicate denoting Fun(f,y,z)A\Vv € 23u € y(u,v) € f
(i.e., f is a surjective function from y to =) and Base(y) is the predicate
denoting Vr[Rel(r,y) — Jg(Fun(g,y) A g C r)] (i.e., every relation with
domain y has a sub-function).

Lemma 6.2.54 (PAx)
P kg Vo (S(x) — Jy3f[Base(y) AN SFun(f,y,x)]),
where r?* = An.(Ae.€(e), ).

Proof. We show this via the Presentation Axiom in the background theory.
Let a € S* be arbitrary. If a is empty, then by default, any code will realize
Base(0) A SFun(0,0,0). Now let a be any arbitrary inhabited internal set.
We want to show that there is a realizer that will realize

Jy3f[Base(y) N SFun(f,y,a)].

By PA x in the background theory, externally, there exist a base B and a sur-
jective function Fz : B — a. Now we have to give the internal counterpart
for such a base, say, B* and such a surjective function, say, F*. The whole
idea is to internalize (V,=, €) and yield an (internal) isomorphic structure
(V1, =€), where VI = {uf : w € V} and u' = {(0,k") : £ € u}. By Claim
3.3.6 and set induction, VT C V*. Furthermore, from this definition, also

w=1v+ul =0l (6.63)
and (by mutual <*-induction)

u=v &V Epul =0, (6.64)
uev e ViEgul el
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Define u* = (F%(u), (F(u),u")g) and B* = {u* : u € B}. By Claim 3.3.6,
B* € S*. From (6.63), u = v +> u* = v* and this creates a bijective function
between B and B*.

& Now we want to show that, externally, B* is also a base. Let R* €
V' be any arbitrary binary relation such Rel(R*, B*). Then one finds a
new relation R := {(u,v) : u € B A (u*,v) € R*}. Since Rel(R,B) and
B is a base, one finds a function Fr with domain B such that Fr C R.
Correspondingly, one finds a new function Fr+« with domain B* such that

Fp« :={(u*,v) : (u,v) € Fr} C R".

Hence we have shown that, externally, B* is also a base.

& Now we want to show that, internally, B* is also a base, i.e., V* Epg
Base(B*). Let r € V* and e € N be arbitrary such that e IFr Rel(r, B*).
By the definition, it follows that

e1 lFr Yu € B*3v(u,v) € r.

Hence one has
Vz € B*3yb(z,y), (6.65)

where 0((1}‘,2/) = vag € N367d € V*[:E = (fad)/\y = (gac)/\g =e€1- <fvlr> A
g FRr (d,c)r € r]. Now define a new relation

K={(xz,y) :x € B"Nb(z,y)}. (6.66)

Since K is total in B* and externally B* is a base, one finds a function Fi
(it is total in B*) such that Fx C K. Moreover, one defines

Fi = {(a, (2", Fje(x))r) : @ € B},

By Claim 3.3.6, Fg € S*.
¢ Now we want to find a realizer for Fun(Fg,B*). Let k € Nand a € V*
be arbitrary such that k IFr a € Fg. Then by the definitions, it follows that

dIFr Vo € Fx3u € B*Jv[z = (u,v)], (6.67)

where 6 = Ak.((ko,i"),k1). Now let a € V* and t € N be arbitrary such
that t IFrp @ € B*. Then by the definitions, the soundness of IA2 and
Substitution,

n(t) kg 3y(a,y) € Fk, (6.68)
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where n(t) = r$" - (i° - t1, (t9,4")) and where A = Jy(z,y) € z. Now let
h € N and b,c € V* be arbitrary such that

hlkg (a,b)r € Fx A (a,c)r € Fk.
By the definitions, there exist =,y € B* such that 2° = hgg,y° = hip and

hot IFg (a,0)r = (¢!, Fie(2))r, hur kg (a,¢)r = (4, Fi(y)) r-
By Corollary 6.2.32, it follows that

("™ hor)o Ik a = 2, (1P - hi1)o IFR a = ¢, (6.69)
(7™ ho)1 FR b= Fie(x), (/P - han)i Ibg ¢ = Fie(y). (6.70)
Since
T,y € B*axo = hOanO = tha

by the definition, ' = (hoo,u') g, y* = (h1o,v")r for some u,v € V. Hence
by (6.69), Corollary 6.2.32 and (6.64), x = y and thus by (6.70) and the
soundness of TA2,TA3

5(h) IFR b=,

where 6(h) = it - ((rP"? - ho1)1,4° - (rP"® - hi1)1). With this and (6.68), we
have shown that

(Atap(t), Ah.5(h)) Ik Fun(F, B*) (6.71)

¢ Now we want to find a realizer for Fix C r. Let s € N and ¢ € V* be
arbitrary such that s IFg c € Fg, i.e.,

Jy € B*[y° = s0 A (s0, (y', Fic(y))r) € FieA
s1lFr c= (¥, Fi-(y))r].

By the definition of F, (6.65), (6.66) and the fact that (y, Fx(y)) € Fx C
K, it then follows that 6(y, Fk(y)), i.e.,

e1- (s0,4") IFr (y', Fic (y))R € 7

Hence by the soundness of IA4 one can find a partial recursive function o
such that o(s,e) IFgr ¢ € 7, where o(s,e) = i - (s1,e1 - (50,4")). Therefore,
we have shown that

As.o(s,e)lFp Fg Cr (6.72)



6.2. SOUNDNESS OF RELATIVIZED REALIZABILITY 114

From (6.71) and (6.72), it follows that
Ae.e(e) IFr Base(B™), (6.73)

where e(e) = ((At.n(t), Ah.0(h)), As.o(s,e)).
Now define

F* = {(Fp(u), (Fp(u),u")r, Fp(w)R) : u € B},
We want to show that V* =g SFun(F*, B*, a), where

SFun(F*,B*,a) = F* C B* x a AVz € B*3ly € a(z,y) € F*A
Vy € a3z € B*(z,y) € F™.

Let d € V* and k € N be arbitrary such that k IFp d € F*. We have to
find a partial recursive function p such that p(k) IFr J23y[d = (z,y) Nz €
B* Ay € a]. From k lFr d € F*,

Ju € B[FS(u) = ko Ay Ikr d = (F3(u),ul) g, F(u))Rg)).
By the definition of B* and F'g, it then follows that
((Kko,i"), (ko, ")) IFr (FS(u),ul) g € B* A Fi(u) € a.
Hence we have shown that
Ak.p(k) lFr F* C B* x a, (6.74)

where p(k) = (k1, ((ko, "), (ko,"))).

Now let ¢ € V* and m € N be arbitrary such that m I-r ¢ € B*, i.e., by
the definitions, there exists u € B such that mg = F3(u) and my IFg ¢ =
(F3(u),u")r, and thus by the soundness of IA2 and Substitution,

((mo, "), ri¥ - (3% - my, (mg, ")) IFg
Fh(u) €an(q, Fh(u)g € F*,

where F = (z,y)r € z. Moreover, let a,b,c € V* and ¢t € N be arbitrary
such that ¢t IFr (a,b)r € F* A (a,c)r € F*. By the definitions, it follows
that there exists u,v € B such that F(u) = too, F3(v) = 1o and that

(FB(u), u') g, Fj(u))r, (6.75)
(F§(v),v") g, F5(v))R. (6.76)

t()l ”_R (a b)

y V)R
JOR

t11 H—R (CL



6.2. SOUNDNESS OF RELATIVIZED REALIZABILITY 115

With this and Corollary 6.2.32, (6.64) and the soundness of IA2, TA3, u = v
and thus 6(t) IFr b = ¢, where 8(t) = it - ((rP"® - to1)1,4° - (rP"? - t11)1). Hence
we have shown that

Am.({(mg,i"), 58 - (i* - my, (mg,i"))), At.O(t)) (6.77)
IFr Vo € B*3ly € a(z,y) € F*.

This shows that, internally, F™* is a function with domain B* and range a.

& Now we want to show that, internally, F* is also surjective. Let b € V*
and h € N be arbitrary such that h IFr b € a, i.e., by the fact that F'is a
surjective function from B to a, there is a set u such that u € B and

FO(u) = ho A (FS(u), F5(u)) € a AhylFg b= Fi(u).
By the definition of B* and F™, it follows that

(ho, (ho, u)r) € B A (ho, ((ho, u") g, Fp(u))R) € F”,
and thus by Substitution and the soundness of TA2,

<<h0,ir>,rﬁf“ < (i® - hy, (ho,i"))) IFR
(ho,uT)R € B*A ((ho,uT)R,b)R e F*.

Thus we have shown that

Ah<<h0> ir>7 r%u ’ <ZS : h17 <h07 ZT>>> ”_R (678)
Yy € adx € B*(z,y) € F*

From (6.74) and (6.77) and (6.78), one finds a realizer m such that 7 IFp
SFun(F*, B*,a). With this and (6.73), the result follows immediately. m

Lemma 6.2.55 (MP)
r " IFg [Vn(A(n) V —A(n)) A -=3n(A(n))] — In(A(n)),
where r™P = Ae.(f#(e), (eo - f7(e))1).
Proof. Let e € N be arbitrary such that
elkFg [Vn(A(n) v -A(n)) A ==3n(A(n)].
Since e; IFr =—=3nA(n), by the definition, it follows that

—=3Im(m kg InA(n)). (6.79)
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Since eg IFr Vn(A(n) V =A(n)), by Lemma 6.2.6, also
Vn € Nleg-n | Neg-nlkr A(n) V =A(n)],
ie., for all n in N

[(60 . ’I”L)() =0A (eo . n)1 IFr A(n)]\/ (6.80)

and thus by the definition
Vn € N[B(n) V =B(n)], (6.81)

where B(n) = dm(m IFr A(n)). Now we want to show that —=—3InB(n).
Assume =3InB(n), i.e., Vn-3Im(m kg A(n)), i.e., by Lemma 6.2.6

Vn—=3m({n,m) kg ILA(I)). (6.82)

But 3k(k IFg InA(n)) clearly contradicts (6.82), so we deduce that -3k (k IFg
dnA(n)), contrary to (6.79) and thus ~—3nB(n). With this and (6.81),

Vn[B(n) V =B(n)] A =—3nB(n)

and thus, by MP in the background theory, Indm(m Ikr A(n)), i.e., by
(6.80) In(ep - m)o = 0. With this and ¥n € N[(eg - n)o = 0V (eg - n)o # 0],
one defines a partial recursive function f(e) := un[(ep - n)o = 0]. Let f be
the Godel number of f. Then by (6.80),

(f7(e), (eo - f*(e)r) IFR In(A(n)).

In conclusion, we have invented a version of relativized realizability
which interprets Heyting arithmetic, CZF y, IZF  and a plethora of semi-
constructive axioms. These results play an important role in the inferences
of our conservativity results in Chapter 8.



Chapter 7

Forcing

In order to derive our conservativity results, in Section 7.1 we provide a
version of a forcing interpretation. Then in Section 7.2 we use this interpre-
tation to interpret Heyting arithmetic, CZF  and IZF 5. Let P be the set
of all the finite partial functions from N to N, i.e.,

P = {p: p is a finite function A dom(p), ran(p) C N}.

The usual order for IP is defined as p = ¢ iff p O ¢q. We also use f =< g to
denote g > f and use 0 to denote the empty function (i.e., its domain is the
empty set).

To obtain our conservativity results, we shall consider various subsets E
of P as sets of forcing conditions. We will always assume that 0 € E. In
other words, the actual form of E can be anything from {0} to P.

The interpretation structure for forcing with E is (E, =, V* IFx), where
V* is defined as follows (cf. Section 3.3.2):

a

Ve = |[JPEx(VFuUN)

BEa
st = U wr
aeOn
V¥ = NUS*

where P denotes the Powerset operation. |Fx is an interpretation that will
be defined next.

We will use variables f, g, h,p, q, k,n,m to range over E. Though there
is a danger that k,n, m might be mistaken for members of N, we think that
it will always be sufficiently clear from the context whether we are talking

117
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about partial functions or whether we are talking about natural numbers.
Besides, we can also view E as a subset of N as the members of E can be
coded as naturals.

7.1 Definition of forcing

In what follows we use the abbreviations Vf = g(f) and 3f > g¢(f) for
VIEE[f = g = »(f)] and 3f€E[f = g A ¢(f)], respectively. In connection
with elements a from S*, V(f,d)€ a ¥(f,d) and 3(f,d)€ a ¥(f,d) are short
for Vfe E VdeV*[(f,d) € a — ¥(f,d)] and If€E IdeV*[(f,d) € a A
U(f,d)], respectively.

The relation h I-x ¢ with h € E and ¢ being a sentence with parameters
from V* is defined inductively as follows:

o hiFr R(ay,aqg,...,a,) iff a1, az,...,an, € NA R(ay,as,...,ap).

o hiFx N(a) iff a € N.

hiFF S(a) iff a € S*.

hirraebiff IneEIce Vi in<hA(n,c)ebAhlFra=c.

hiFra=biffa,be NAa="bor

a,beS" AN Y(f,d)ea¥n>=h,fIm>=n(mlFrdeb)
N Y(g,k) €bV¥s = h,g3t = s(tlFr k € a).

hikr ANBiff hlFr AARIF£ B.

hirr AvBiff hiFx AVhliFr B.
o hiFr —Aiff Vn = h—(nlFx A).

hitr A— Bifft Vn = hlnlkx A — 3Im = n(m -z B)].

hlFr Ve A(x) iff Vi = hVe € V*3Im = n(m -7 Alz/d]).

hlFr 3zA(x) iff 3c € V*(hIFx Alz/c]).
Furthermore, one defines h IFx A(z) iff h IFx VzA(z) and V* =7 A
iff Vh € B30 = h[h' I+ A].

The following Monotonicity Lemma is a key feature of forcing interpre-
tations.
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Lemma 7.1.1 [Monotonicity] for any formulae ¢ € L(V*)
Vi k € E[(hlkr o Ak = h) — kIFz @],

Proof. Let h € E be arbitrary such that h IFr ¢. Let k € E be arbitrary
such that k& > h.

O e=a=0b If a=>b€N, then by definition, ¥Yn € E(n IFx a = b). If
a,b € S*, then hlFr a =biff for all (f,d) € a and (g,v) € b,

Vr = h, f3r' =r[r' Ikrd e bl A Vs> h,g3s = s[s IFxv € al.

Now let f € E and d € V* be arbitrary such that (f,d) € a. Let p € E be
arbitrary such that p = k, f. Since p = h, f, by the assumption we have

P = plp' IFr d € b];
similarly, we have
Y(g,v) € b¥q = k,g3¢' = ql¢' IFF v € a].
Hence we have shown that
(hlFra=bANk=h—klFra=b. (7.1)
& ¢ = a € b: By the definition we have h I-x a € b if and only if
dneEIce Vi iin<hA(nc)ebANhlFra=c.

By (7.1), the result follows from the definition immediately.

As for the compound formulae, we deal with the following clauses. Oth-
ers follow immediately from the inductive hypotheses and the definitions.
O ¢ = Van(z): By the definition, h IFx Van(z) iff Vg = hVa € V*3¢ =
ql¢’ k7 n(a)]. Now we want to show that k IFx Van(z). Let ¢ € E be
arbitrary such that ¢ = k. Let a € V* be arbitrary. Since ¢ = k = h, by the
assumption, one has 3¢’ = ¢[¢’ IFx n(a)].

& ¢ = ¢ — n: By the definition h lkx ¢ — n iff Vg = hlg IFx ¢ — Ir(r =
gArlErn)]. Let s € E be arbitrary such that s = k = hA slFx (. By the
assumption Ir(r = sArlkrn). m

7.2 Soundness of forcing

In this section we will show that the structure (E, >, V* IF£) interprets all
axioms of CZF y, if one assumes CZF y in the background theory. More-
over, it also interprets all axioms of IZFy, if one assumes IZF in the
background theory. In what follows we always argue in one of these back-
ground theories.
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Notation 7.2.1 a € V* = aq,a9,...,a, € V*.
Notation 7.2.2 VnA(n,Z) = Vy[N(y) — Ay, Z)].
Notation 7.2.3 InA(n,Z) = Jy[N(y) A Ay, T)].
Notation 7.2.4 We will also use n € N for N(n).

Lemma 7.2.5 Vn[Vk = h3K' = k(K IFx A(n,d))] < h lkx VnA(n,d), for
all h € E.

Proof. To show h IFx VnA(n,d), it suffices to prove that
Ve € V*VEk = hlk IFx N(c) — A(c,@)].

Let k € E be arbitrary such that k£ = h. Let ¢ € V* and t € E be arbitrary
such that ¢t = k and ¢ IFx N(c), i.e.,, ¢ € N. Then by the assumption
and the definition, 3" = t = k[t' IFx A(c,d@)]. On the other hand, assume
hlFr ¥nA(n,d), ie.,

Ve € VIVE = h3v = kv IFx (N(c) — A(c, a@))].

Let n € N be arbitrary. Let k € E be arbitrary such that k > h. Then
Jv = k[v Iz (N(n) = A(n,a))]. Since v IFx N(n), it follows that Jv" = v =
k[v'IFx A(n,a@)]. =

Corollary 7.2.6 Vn € N[h IFr A(n,d))] — hIkx VnA(n,d), for all h € E.

Proof. This follows immediately from the above result and the Monotonic-
ity Lemma. m

This corollary will be used in the following A2:2 to A2:11 without ex-
plicitly mentioning it.

7.2.1 Al: Axioms on numbers and sets
Claim 7.2.7 [Al:1] V* =x Vo= (N(x) A S(z)).

Proof. Let ¢ € V* be arbitrary. It suffices to prove that 0 IFx —(N(c) A
S(c)). Assume In € E such that n I-x (N(c)AS(c)). Then by the definition,
it follows that ¢ € NN S*, but this contradicts Corollary 3.3.3. =

Claim 7.2.8 [Al 2] V* =7 VaVy[x € y — S(y)].
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Proof. Let a,b € V* be arbitrary. It suffices to prove that 0 lFx a € b —
S(b). Let n € E be arbitrary such that n IFx a € b, i.e., Im < ndc €
V*(m,c) € b, i.e.,, b € S. Hence b € S*, thus 0 lFx S(b). =

Claim 7.2.9 [A1:3] V* =x N(n) for all natural number n.

Proof. This is obvious as N(7n) is an axiom of the background theory. m

7.2.2 A2: Number-theoretic axioms

Claim 7.2.10 [A2:1] V* =7 SUC(n,n + 1) for all natural number n.

Proof. Again this follows immediately from the fact that SUC(n,n + 1) is
an axiom of the background theory. m

In the following proofs from A2:2 to A2:11, we will use Corollary 7.2.6
implicitly.

Claim 7.2.11 [A2 :2] V* =7 Vn3lmSUC(n, m).

Proof. Let n € N be arbitrary. Then (in our background theory) there
exists a unique number n + 1 € N such that SUC(n,n + 1). Then by
unravelling the definition of I-£ it follows that 0 IFz 3mSUC(n,m). =

Claim 7.2.12 [A2:3] V* =7 Yn¥m(SUC(n,m) — m # 0).

Proof. Let n,m € N be arbitrary. It suffices to prove that 0 IFx SUC(n, m) —
m # 0. Again this is obvious. m

Claim 7.2.13 [A2:4] V* =7 Vm(m = 0V InSUC(n,m)).

Proof. Let m € N be arbitrary. Then 0 I-z m = 0V InSUC(n,m), so that
01z Vm (m =0V 3InSUC(n,m)). =

Claim 7.2.14 [A2 :5] V* =7 Vn¥mVE(SUC(m,n) ASUC(k,n) — m = k).
Proof. Let n,m,k € N and e € E be arbitrary such that e IFx SUC(m,n) A
SUC(k,n). Then SUC(m,n) A SUC(k,n), and hence m = k, thus 0 Fr
VYnVmVE(SUC(m,n) ASUC(k,n) > m=k). m

Claim 7.2.15 [A2:6] V* E=r YnVYm3lkADD(n,m, k).
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Proof. Let n,m € N be arbitrary. Then there is a unique number n+m € N
such that ADD(n, m,n +m). Hence 0 IFx 3'kADD(n,m,k). =

Claim 7.2.16 [A2:7] V* =7 YnADD(n,0,n).

Proof. Let n € N be arbitrary. In the background theory ADD(n,0,n).
Hence 0 Iz ADD(n,0,n) from which the claim follows. m

Claim 7.2.17 [A2 8] V* |=F¢
VnVkVmYIVi][ADD(n, k,m) A SUC(k,1) ASUC(m,i) — ADD(n,l,1)].

Proof. Let n,k,m,l,i € N and e € [E be arbitrary such that e IFr
ADD(n, k,m)ASUC(k,l) ANSUC(m, ). The latter entails that ADD(n, k, m),
SUC(k,1), and SUC(m,i). Whence ADD(n,[,7) from which the claim can
be easily inferred. m

Claim 7.2.18 [A2:9] V* =7 VnVm3lkMULT (n, m, k).

Proof. Let n,m € N be arbitrary. Then there is a unique number n x
m € N such that MULT(n,m,n x m). Hence by the definition of IFr,
0 - IKMULT(n, m, k). m

Claim 7.2.19 [A2 :10] V* =7 YnMULT(n, 0,0).

Proof. Let n € N be arbitrary. Since MULT(n,0,0) one immediately gets
0 I MULT(n, 0, 0) from which the desired result follows. =

Claim 7.2.20 [A2 :11] V* |=r VaVEYmVIVi]MULT (n, k, m) A SUC(k, 1)
NADD(m,n,i) — MULT(n,,1)].

Proof. Let n,k,m,l,i € N and e € E be arbitrary such that
e lFx MULT (n, k,m) A SUC(k,1) A ADD(m,n,i).

Then [MULT(n, k,m) A SUC(k,l) A ADD(m,n,i)], whence MULT(n,,1),
from which the desired conclusion follows. =

Claim 7.2.21 [A2:12] V* =7 A(0) AYRYm[A(n)ASUC(n,m) — A(m)] —
VnA(n).
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Proof. Let e € E be arbitrary such that
e lbx A(0) AVnVm[A(n) A SUC(n,m) — A(m)]. (7.2)

It suffices to prove that e IFr VnA(n). Now let t € E be arbitrary such
that ¢t = e. Then by Lemma 7.2.5, it suffices to prove that Vn € N3t' =
t[t' k£ A(n)]. We do this by induction on n € N. If n = 0, then by (7.2)

t IFx A(0). Let n € N be arbitrary such that 3k > t[k IFx A(n)]. By the
definition it follows that

klFr A(n) ASUC(n,n + 1),

and thus by (7.2)
k" = k =tk Fx A(n +1)].

7.2.3 A3: Logical axioms for IPL

For logical axioms (LA): 0 IFx LA. Most of them follow immediately from
the definition and the Monotonicity Lemma. We just prove the nontrivial
ones.

(IPL1) OlFr A — (B — A).
(IPL2) OFr [A— (B—=C)] = [(A— B) —» (A— C)].
Proof. Let m € E be arbitrary such that
mlkr A— (B—C). (7.3)

It suffices to prove that m |- (A — B) — (A — C). Let n € E be arbitrary
such that n = m and
nlFr (A — B). (7.4)

We want to show that n IFx (A — C). Let [ € E be arbitrary such that
Il >nand llFx A. Then by (7.3) 3’ = I[l' k£ (B — C)]. Furthermore, by
(7.4), v = U'[vIkx B] and thus 3" = v =" = [V IFx C]. =

(IPL3) 0k A — (B — AAB).
(IPL4) Ok AAB — A.
)

(IPL5) Ok AN B — B.
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(IPL6) OlF A — AV B.
(IPL7) OlFx B— AV B.
(IPL8) Ok (AVB) - [(A—=C)— ((B—C)— ().
Proof. Let h,i,j € E be arbitrary such that
h=i2jANhlFr AVBAilrr A= CAjlFr B—C.

If hIF£ A, then by the Monotonicity Lemma, j IFx AA (A — C) and thus
35" = j(4' k£ C), i.e., by the definitions

ilFr[(B—=-C)—=ClAhIFr(A—=C)— ((B—C)—C).

If h Ik B, again by the Monotonicity Lemma j |- B and thus 35 = j(
j'IFx C), i.e., by the definitions,

ilFr[(B—=C)—=C|AhlFr(A—=C)— ((B—C)— ().
Hence we have shown that
OlFr (AVB)—=[(A—=C)— ((B—C)— ().
]

(IPL9) 0k (A — B) — ((A— —B) — —A).

(IPL11) OlFz VzA(z) — Alz/y], where y is free for = in A(x).

)
(IPL10) O lF7 A — (~A — B).
)
(IPL12) 0lF£ Alzx/y] — JzA(x), where y is free for = in A(x).

For Inference Rules: (In the following, we use FV(C) to denote the
set of all free variables in C).

(IR1) Modus Ponens is preserved, i.e., [V* Er AANV* Er (A — B)] —
V* =r B.

Proof. Let h € E be arbitrary. Then by the definitions we have
n' = h[h -7 AJ AR = W[R" IF£ (A — B)].

By the Monotonicity Lemma, the result follows. m
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(IR2) Rule V is preserved, i.e., V* Er (C — A(x)) — V* Er (C —
VzA(z)), where z ¢ FV(C).

Proof. It suffices to prove that 0 IFr C' — VxA(z). Let h € E be arbitrary
such that h IFx C. We want to show that h IFx VxA(z). Let a € V* be
arbitrary. Let n € E be arbitrary such that n > h. By the assumption,
In' = n[n' Fx Vo(C — A(z))] and thus In” = n'[n” Ik C — A(a)]. Hence
it follows that Im = n” = n[m -z A(a)]. =

(IR3) Rule 3 is preserved, ie., V* =7 (A(zx) = C) = V* E=r (IrA(z) —
C), where x ¢ FV(C).

Proof. It suffices to prove that 0 IFx JzA(z) — C. Let h € E be arbitrary
such that h IFr 3rA(x), i.e., 3a € V*[h Ik A(a)]. By the assumption

I = bl Ik x Vo(A(z) = O)),

and thus by the Monotonicity Lemma, 3h"” = h' = h(h" IFx C). m

For the Identity Axioms (IA):

The soundness of IA follows immediately from the following claims. Let
a,b,c € V* be arbitrary.

Claim 7.2.22 [IA1] V¥ Era=a.

Proof. Let a € V* be arbitrary. It suffices to prove that 0 IFr a = a for
all a € S*. We show this via Ordinal Induction. Let o € On be arbitrary.
Assume

VB € avb e VE0Ibrb=1b]. (7.5)

Let a € VOEE be arbitrary. Now we have to show that 0 IFr a = a, i.e., it
is sufficient to show that V(f,d) € a¥r = f[rlkx d € a]. Let f,r € E and
d € V* be arbitrary such that

(f,d) €anr=f. (7.6)

By the definition and (7.5), 0 IFx d = d. Then by (7.6) and the Monotonicity
Lemma, rlFrd=d and thus rlFrd €a. =

Claim 7.2.23 TA2] V' =ra=b—b=a.

Proof. It suffices to prove that 0 IFx (a = b — b = a) and this follows
immediately from the symmetry of the definition. m
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Claim 7.2.24 [IA3| V*Era=bAb=c—a=c.

Claim 7.2.25 TA4] V* =ra=bAbcc—acec.

n
Proof. For any formulae 61, 6s,...,0,, let A 6; denote the conjunction 6; A
i=1
03... A 0,,. We will prove (IA3) and (IA4) simultaneously via <3-induction
(cf. Subsection 3.2.1):

Va1, 22, 23[¥(y1, Y2, y3) < (21,22, 73)0(Y1, Y2, y3) — (1, 72, 73)]
— Vz,y,20(7, 9, 2).
by tak]ng @(yla Y2, 3/3) to be

3
Y1,Y2,Y3 € vV — /\ n(yi7yjayk)7
1,5, k=1
4,JFRNIFE]
where 7(ys, y;, yx) denotes

Olbrlyi =y Ny =y = yi =yl ANOTEF [ys = Y5 Ayj € Y — i € il-
Let a*,a®,a% € V* and d',d?,d® € V* be arbitrary such that (d*,d?, d3) <3
(a*,a®, ab) and
Olbrd=d Nd =d¥ - d' = d¥, (7.7)
Obrd=d ANd € d¥ — d' e d¥,

for all i, j,k € {1,2,3}, where i,j # k and i # j. Now we have to show that
Olbra' =d’ ANa? =d¥ — d = dF,
Oll—fai:aj/\aj Eak—>ai6ak,

for all 4,5,k € {4,5,6}, where i,j # k and @ # j. Now let i,7,k € {4,5,6}

be arbitrary such that i,j # k and i # j. Let n € E be arbitrary such that
nlFr a® =a’ Aa? € aF. Then by the definition it follows that

Im < ndqg € V*[(m,q) € d"Anlkra =d Add =q.

Since (a’,a’, q) <® (@, a7, a¥), (without loss of generality, suppose i = 6, j =
4,k = 5, then (a’,q,a’) <3 (a*,a®, a%)) by the inductive hypothesis (7.7),
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In' = n[n’ IF£ o' = ¢] and thus n/ -7 a* € a*. Now let p € E be arbitrary
such that ‘ ‘ ‘
plFra =d’ N = d. (7.8)

We want to show that p IF7 a* = a*. Let u,h € E and v € V* be arbitrary
such that (u,v) € a' and h > u,p. By assumption (7.8), it follows that
3n' = W IFx v € d/], ie.,

s <RI e V¥ [(s,t) €l AN IFx v =1].

Furthermore, let ¢ € E be arbitrary such that ¢ = h’. Then by the assump-
tion (7.8) again, 3¢ > ¢[¢’ IFx t € a¥]. Since (v,t,a*) < (a',d’,d"), by
the inductive hypothesis (7.7), it follows that 3¢" > ¢’ = hl¢" IFx v € a*].
Following the same procedure for the other part of the definition, one has
the result plFr o’ =a*. m

Claim 7.2.26 [IA5] V*=ra=bAcca—ce€b.

Proof. It suffices to prove that O lFxr [a =bAc€a — c€b]. Let h € E be
arbitrary such that h Iz a = b A ¢ € a. By the definition it follows that

Ju <X h3dq € V*[(u,q) €aNhlFrc=q].

Hence by the definition it follows that 34’ = h[h' IFx ¢ € b] and thus by
(IA4), 3" = W' = h[W" Frccb]. m

Remark 7.2.27 TA6 to IA10 are all realizable from its background theory
and the definition.

Lemma 7.2.28 [Forcing Substitution] For any formula A(z,y) in L(V*),
Va,b,c € V[V* =r (a = c A A(a, b)) — A(e,b)].

Proof. For the atomic formulae, this has been shown in the above claims.
For the compound formulae, this is shown by induction over the complexity
of the formulae. Here we consider the formulae with quantifiers:

& Ala, I;) = 32B(a, b, z): Let e € E be arbitrary such that e IFx a =
¢\ 3zB(a, b, z). By the definition, it follows that

3d € V*[elFr a=cA Bla,b,d)].

By the inductive hypothesis, it follows that Je’ = ele’ IFx 32B(c, b, 2)].
¢ A(a,b) = VzB(a,b,z): Let e € E be arbitrary such that e IFr [a =
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¢ AVzB(a,b,z)]. Then by the definition and the Monotonicity Lemma, it
follows that

Vd € V*Vh = e3¢ = hlg V5 a = ¢ A B(a, b, d)].
By the inductive hypothesis,
Vd € V*Vh = e3¢ = q = hl¢' |- B(c, b, d)),
ie., elFr VzB(c, b, z). =

7.2.4 A4.1: Non-logical axioms (CZF with two sorts)

Lemma 7.2.29 [Extensionality] V* =r VaVy(S(z) A S(y) — [Vz(z € <>
zey)—rz=y|).

Proof. Let a,b € V* be arbitrary. It suffices to prove that
0lFx S(a) ANS(b) - (Vz(z € a <>z €b) — a=Dh).
Let k € E be arbitrary such that
klFx S(a) A S(b). (7.9)
Then it suffices to prove that
klbr[Vz(z €a > 2 €b) — a=Dbl.

Let t € E be arbitrary such that ¢t = k and t I Vz(z € a +» z € b), i.e.,

Vee VVI =tIm =l(mlkrc€a<+ c€D). (7.10)

It suffices to prove that t IFx a = b. From (7.9) and the definition, one has
a,b € S*. Now let f,g € E and d,v € V* be arbitrary such that (f,d) € a
and (g,v) € b. Let n,p € E be arbitrary such that n = ¢, f and p = ¢,g.
Then by the definitions, n lFx d € a and p IFx v € b, i.e., by (7.10) and the
Monotonicity Lemma

In' =nn' Frdeb) AT = p@ IFrv € a). (7.11)
Hence by the definition, t IFra=0. =

Lemma 7.2.30 [Pairing] V* Er VaVyTu[S(u) A (x € u Ay € u)].
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Proof. Let a,b € V* be arbitrary. It suffices to prove that there exists
u € S* such that 0l a € u Ab € u. Define

u= {a,b} = {(0,a), (0,)}.
By Pairing in the background theory, u is an external set. By Claim 3.3.6,
u is also an internal set, i.e., u € S*. By the proof of the soundness of TA1,
OlFr a=aANAb=>band thus by the definition, OlFra € uAbEu. m
Furthermore, one can also define the internal Cartesian product.
Definition 7.2.31 For Va,be V*,
(a,0)F ={(0,{a,a}7),(0,{a,b}5)}.

Since {a,b}r € S*, by Claim 3.3.6, (a,b)r € S*.
Corollary 7.2.32 [Internal Cartesian Product]

OlFr (a,b)r = (c,d)r >a=cANb=d.
Proof. By the definitions and the soundness of IA2,

Olkr{a,a}r={c,d}r 2a=cAb=d. (7.12)

Let g € E be arbitrary such that g IF£ (a,b)r = (¢,d) . Since (0,{a,a}r) €
(a,b) 7, by the definition, it follows that 3¢’ = g[¢’ IFr {a,a}r = {c,d}#],
i.e., by (7.12) 3¢" = ¢’ = gl¢” IFr a = ¢]. The other cases also follow via the
similar arguments. =

Lemma 7.2.33 [Union] V* =7 VYaJu[S(u) AVz(z € u <> Jyly e x Az €
y))l-

Proof. Let a € V* be arbitrary. It suffices to prove that there exists a € S*
such that
Vee V0IFr (cea<+ Jyly eancey))l.

a={(j,k):j€EAI(f,d) €alg€El(g,k) €edA (= f,9)}

By Bounded Separation, the Union and Pairing Axioms in the background
theory, a is an external set. By Claim 3.3.6, a is also an internal set, i.e.,
a € S*. Let ¢ € V* be arbitrary. We want to show that

OlFrcea<+ Jylycancey).
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Let e € E be arbitrary such that e l-r ¢ € g, i.e.,
Jk e V*3j <el(j,k) €canelbrc=k|.

By the definition, it follows that 3(f,d) € a3g € E[(g,k) € d A (j = f,9)]
and thus j IFx d € a A k € d, i.e., by the soundness of IA4 Je’ = e(e’ IFx
d € aNc € d). On the other hand, let h € E be arbitrary such that
hitryly eancey), ie, e V*(hlFrbeaAcebd). By the definition
it follows that

ds <h3dp € V¥[(s,p) €aNhlFxr (b=pAceb),
i.e., by the soundness of IA5 3h' = h(h' IF£ ¢ € p), i.e.,
Ir < h'3ue V¥(r,u) e pAR IFx c=ul.

Since (s,p) € a and (r,u) € p and b/ = s,r, by the definition it follows that
(W, u) € a, i.e., W IFx u € a. By the soundness of IA4, 30" = h' = h(h" k£
c€a). W

In order to the soundness of Bounded Separation, we find a new relation
over E x Form2 (cf. 6.2.34) as follows:

Definition 7.2.34 We define a relation IF% over E x Form2® as follows:

e hithaecbiff hiFrac€h.

hIF% B(a) A Cla) iff h IF% B(a) A RIS C(a).

hIF% B(a) v Cla) iff hF% B(a) v h IF% C(a).

hIFS B(a) — C(a) iff Vk = hik W% B(a) — 3K = k(K IF% C(a))).

hIF% —B(a) iff Yk = h=[k % B(a)).

hIF% Ve € aB(x) iff V(f,d) € aVk = f,h3k' = k[k' % B(d)].
e hIt% 3z € aB(z) iff 3s < h3d € V*[(s,d) € a A h IF% B(d)].
Claim 7.2.35 For all A(a) € Form2°, {h € E: hIF% A(a)} is a set.

Proof. We show by the induction on the complexity of A(a). Let Zp) be
the class {h € E: hIF% B(b)} for all B(b) € Form5®. For the closed atomic
formula, it can be easily seen to be true. For the compound formulae, by
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the induction, Z4(,) is a set is validated by the following settings:
O{heE:hF: Bla)AC(a)} ={heE:he Zp@y NN € Zoa) )
O{h€E:hIty Bla)vC(a)} ={h€E:h€ ZpuVhe Zowh
O{heE:hll—OfBa)%C(a)}:{heE:thh[keZB(a)—>3k’§
k(K € Zow))):

O{heE:hIFy —B(a)} ={h € E:Vk = h=k € Zp(y };

O{he€E:hIt% Vo € aB(z)} = {h € E: V(f,d) € aVk = h, fIK' = K[k €
Zpa)lt;

O{heE:hIF: 3z € aB(z)} ={h € E:3s X hdd € V*[(s,d) € aNh €
Zp)} ™

Claim 7.2.36 For each closed Ag-formula A(a) in Form50, hlFx A(a) —
30 = h[W IF% A(a)] and h1F% A(a) — 30 = bW -7 A(a)].

Proof. This is shown via the (mutual) induction on the complexity of A(a).
We demonstrate the formulae with quantifiers.

¢ Assume h lkx Vo € aB(z). Let (u,d) € a and k > h,u be arbitrary.
Then by the soundness of IA1 and the assumption, it follows that 3k’ =
k[k' Fx B(d)], which by the inductive hypothesis yields 3&” > k'[k” IF%
B(d)]. On the other hand, assume h IF% Vo € aB(z). We show h IFx
Vz € aB(z). Let k > h and b € V* be arbitrary such that k£ Fr b € a,
ie, ds = k3d € V*[(s,d) € a ANk IFx b = d]. Then by the assumption
it follows that 3k = k[k’ IF% B(d)], which by the inductive hypothesis
yields 3" = K'[k” Fx B(d)]. Hence by Monotonicity and Substitution,
I = K"K - £ B(b)].

¢ Assume h lFx 3z € aB(z), ie., 3b € V¥[h IFx (b € a A B(b))], ie.,
dd € V*3s < h[(s,d) € aAh IFx b = dA B(b)]. Then by Substitution it
follows that 3h’ = h[h' Ik B(d)], which by the inductive hypothesis yields
30" = WK IF% B(d)] and thus h” IF% 3z € aB(z). On the other hand,
assume h IF% 3z € aB(x), i.e., 3s < hdd € V*[(s,d) € aAh IF% B(d)]. Then
by the inductive hypothesis, b’ = h[h' IFx B(d)]. Hence by Monotonicity
and the soundness of IA1, we have shown that b’ IFxd € a A B(d). =

Lemma 7.2.37 [Bounded Separation] V* =r VaIu[S(u) AVz(z € u - z €
x N A(z))], where A(2) is a bounded formula.

Proof. Let a € V* be arbitrary. It suffices to prove that there exists a € S*
such that
Vee V0IFr (c€a+ ceanAle))].
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a={(j,k):jEEAIf,g€E[j = f,gA(g,k) €an fIF% A(k)]}.

By Claim 7.2.35, Bounded Separation, the Union and Pairing Axioms in
the background theory, a is an external set. By Claim 3.3.6 , a is also an
internal set, i.e., a € S*. Now let ¢ € V* be arbitrary. We want to show
that

OlFrcea<+rceanAc).

Let e € E be arbitrary such that elFr ¢ € a, i.e.,
Id e V*3j <e[(j,d) €anelFrc=d].
By the definition, it follows that
3f,9€E[ = f,gA(g,d) €Ean fIFE A(d) AelFx c=d].

Hence by Monotonicity and the Claim 7.2.36, it follows that Je’ = ele’ IFx
d € a A A(d)] and thus by the soundness of IA2 and Substitution, Je” >
ele” Ikx (c € an Alc))].

On the other hand, let k € E be arbitrary such that k IFx ¢ € a A A(c),
ie.,

3t < kI e V(b)) €anklrrec=bAkIFr A(c).

Hence by Substitution and Claim 7.2.36, it follows that 3&" = k[k’ IF% A(b)]
and thus (k',b) € a, ie., K’ I[Fx b € a. By the soundness of TA4, 3" >
k" lFrce€al. m

Lemma 7.2.38 [Infinity] V* E=x Ju(S(u) AVz[z € u <> N(2)]).

Proof. It suffices to prove that there exists u € S* such that Ve € V*[0 Ik £
¢ € u <> N(c)]. Define
u={(0,n) :n € N} (7.13)

By the Infinity Axiom and Bounded Separation in the background theory,
u is an external set. By Claim 3.3.6 , u is also an internal set, i.e., u € S*.
Now let ¢ € V*. We want to show that 0 I-x ¢ € u <+ N(c). Let e € E be
arbitrary such that e IlFx ¢ € u. Then by the definition,

Ik € V'3t < e[(t, k) € 1), (7.14)

and e lFr ¢ = k. From (7.13) and (7.14) it follows that £k = ¢ € N. Hence
by the definition,
elFx N(c).
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On the other hand, let g € E be arbitrary such that g IFx N(¢). Then by
the definition it follows that ¢ € N| i.e., (0,¢) € u. Hence by the soundness
of TA1, it follows that

glFrceu.

|
Lemma 7.2.39 [Induction] V* = Vz[(Vy € zA(y)) — A(x)] — VzA(x).
Proof. Let e € E be arbitrary such that
elFrVe[Vy(ly € x — A(y)) — A(x)],
ie.,
Vb e V'V = edl' = 1[I Ik Vy(y € b — A(y)) — A(b))]. (7.15)

It suffices to prove that e -z V2 A(z), i.e., Va € V*VI = el = I[I' k£ A(a)].
We show this by ordinal induction. Let o« € On be arbitrary. Assume

VB € a¥be NUVEVL = edl' = I[l' IFr A(b)]. (7.16)
Now we have to show that
Va € NUVEVL = €3I = 1[I IF7 A(a)).

Let a € NU VE be arbitrary and [ € E be arbitrary such that [ > e. We
want to show that [ IFx Vy(y € a — A(y)). Let ¢ € V* be arbitrary. It
suffices to prove that [ IFx ¢ € a — A(c). Let ¢t = [ be arbitrary such that
tIFx ¢ € a. Then by the definition it follows that 3d € V*3v < t such that
tlFrc=dand (v,d) € a,ie,deNU VE for some 8 € a. Hence, by the
inductive hypothesis (7.16), it follows that 3’ = t[t’ - A(d)] and thus by
Substitution, 3t = ' = t[t" IFx A(c)]. By the definition,

LIk Yyly € a — A(y)]. (7.17)
By (7.15) and (7.17), 3" = I [I' Ik x A(a)] and this completes the proof. m
Lemma 7.2.40 [Strong Collection)
V* =r Vo [Vy € 232A(y, 2) —

Fu(S(u) ANVy € 23z € uA(y,z) ANVz € udy € TA(y, 2))].
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Proof. We show this via Strong Collection in the background theory. Let
a € V* and e € E be arbitrary such that e lFr Vy[y € a — 3z A(y, 2)], i.e.,

Vb e V*Vn = edn’ = nln' Ikx (b€ a— J2A(b, 2))]. (7.18)
It suffices to prove that there exists D € S* such that
elFrVy € a3z € DA(y,z) AVz € D3y € aA(y, 2).

Define
a={(r,(b):rleEAr =1leA(lb) € a}.

By the Pairing Axiom and Bounded Separation, a is a set. Unravelling
(7.18), Y € adzn(x, z), where n(x, z) =
Al,r,p e EIb,ce Vi x = (r,(I,b)) ANz= (p,c) Ap = r Aplkxr A(b,c)].

By Strong Collection in the background theory, there exists a set D such
that
Vo € a3z € Dn(x, 2), (7.19)

and
Vz € D3x € an(z, 2). (7.20)

From (7.20), D C E x V*, i.e., by Claim 3.3.6 , D € S*. Now we want to
show that
elFrVyly € a — 3z € DA(y, 2)].

Let b € V* be arbitrary. It suffices to prove that e Fx b € a — Jz €
DA(b, z). Let n € E be arbitrary such that n = e and n l-x b € a. Then by
the definition it follows that (n, (t,d)) € a and n lFx b = d for some t < n
and for some d € V*. Hence by (7.19)

de € V*3p = n[(p,c) € DAp IFx A(d, ¢)].

Thus by the soundness of IA1, TA2, Substitution, and the Monotonicity
Lemma, 3p’ = p[p’ Ikx ¢ € DAA(b, ¢)], i.e.,

elFr Yyly € a — 3z(z € DAA(y, 2))].
Now we want to show that
elFrVz[z € D =3y € adA(y, 2)].

Let ¢ € V* be arbitrary. It suffices to prove that e IFx ¢ € D =3y € aA(y, ¢).
Let m € E be arbitrary such that m = e Am IFx ¢ € D. Then by the



7.2. SOUNDNESS OF FORCING 135

definition it follows that Jv € V*3¢ < m|[(q,v) € D Am IFx ¢ = v]. By
(7.20),
Ir,l € E3b € V¥[(r, (,b)) € aNg =1 A qlFr A(b,v)].

Since [ < r < ¢ = m, by the soundness of IA1 and the Monotonicity Lemma,
it follows that
m -z [bean Alb,v)l.

Since m IFx ¢ = v, applying the soundness of IA2 and Substitution,
Im' = m[m' IFx Jy(y € a A Ay, c))],

and thus
elFrVz[z € D =3y € aA(y, 2)].

Lemma 7.2.41 [Subset Collection] V* |=r YaV¥b3u(S(u) AVz[Vx € ady €
bA(z,y,z) — 3d € u(Vx € ady € dA(z,y,2) AVy € dIz € aA(x,y, 2))]).

Proof. Let a,b € V* be arbitrary. It suffices to prove that there exists
U € S* such that for all ¢ in V*

0lFx Vo € a3y € bA(x,y,c) - 3Id €U
(Vz € ady € dA(z,y,c) ANVy € dIx € aA(x,y,c)).

Let ¢ € V* be arbitrary. Let e € E be arbitrary such that
elFr Vo € ady € bA(z,y,c). (7.21)
It suffices to prove that there exists D € V* such that el-x D € U and
elkr Ve € ady € DA(x,y,c) AVy € DIz € aA(x,y,c).

Define
a:={((f,d),j): f,j€E (f,d)eanjzef},
b:={(i,v) :i € EA 3Tk 2 i[(k,v) € b]}.

By Bounded Separation, the Pairing and Union Axioms in the background
theory, both a and b are external sets. By Claim 3.3.6, also b € S*. Unrav-
elling (7.21) and applying Substitution yields

Vu € a3l € bn(u,l,c),
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where n(u,l,¢) =3f,7 € E3d,v € V*[u = ((f,d),j) ANl = (i,v)\i = jATk <
i(k,v) € bAilFx A(d,v,c)]. Invoking Subset Collection in the background
theory yields that there is an external set D such that 3C € D

Vu € a3l € Cn(u,l,c), (7.22)
and

VI € C3u € an(u,l,c). (7.23)
Now define

D*={gNb:qec D} (7.24)

By Bounded Separation and Replacement in the background theory, D* is
an external set. Let ¢gNb € D* be arbitrary. Then we have gnb C b CEx V™
and thus by Claim 3.3.6, gNb € S*, i.e., D* C S*. Furthermore, by the fact
that C € D, it follows that CNb € D* and thus CNb € S*. Now define U
:={(0,d) : d € D*}. Since D* C S*, by Claim 3.3.6, also U € S*. Moreover,
by the soundness of IA1, also

elFrCnbel. (7.25)
Now we want to show that
elkr Ve € ady € CNbA(x,y,c) ANVy € CNbIx € aA(x,y,c).
It suffices to prove that for all z,y in V*
elFrzea— Jylye CNbA Az, y,c)), (7.26)

and
elFryeCnb— 3z(x € aN Az, y,c)). (7.27)

Let m € E and = € V* be arbitrary such that m = e and m - z € a, i.e.,
Ip < m3z’ € V¥(p,2') €eanmirrz=1].
By the definition it follows that ((p,z'),m) € a. From (7.22), it follows that
Ji = mIv € V¥[(i,v) e CNbAilFxr Az, v,c)].

By the Monotonicity Lemma, the soundness of IA1, IA2 and Substitution,
3" =i = m[li'’ IFxr v € CNbA A(z,v,c)]. Hence by the definition we
have shown that (7.26). Now let n = e and y € V* be arbitrary such that
nlFryeCny,ie, ;

Jg=nIy €V (q,y) eCNbAnlFry =1y
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From (7.23), it follows that
f,j €E3d e VI(((f,d),§) €ahg= jAglrr A(d,y,c)].

By the definition it then follows that ¢ IFx d € a A A(d,y',c). By the
Monotonicity Lemma and Substitution, 3In’ = n = ¢[n’ -7 d € aAA(d, y, c)].
Hence by the definition we have shown that (7.27) and this completes the
proof. m

Theorem 7.2.42 [Soundness Theorem)
CZFy p = CZFy + (V* ’:]: QD).

Proof. Since the logical axioms, inference rules and non-logical axioms have
shown to be sound, the result follows immediately. m

7.2.5 A4.2: Non-logical axioms (IZF with two sorts)

The background theory in this section is IZF . Since CZFy and IZFy
share most of the axioms, we only have to check the following:

Lemma 7.2.43 [Separation] V* |=x VeIu[S(u)AVz(z € u <> z € zNA(2))].

Proof. Let a € V* be arbitrary. It suffices to prove that there exists a € S*
such that for all ¢ in V*

OlFrfc€ea<rceanAlc).

a={(,k):j€ENTf,geE[j = f,gN(g9,k) €an flFr A(k)]}.

By Separation, the Union and Pairing Axioms in the background theory, a
is an external set. By Claim 3.3.6, a is also an internal set, i.e., a € S*. Now
let ¢ € V* be arbitrary. We want to show that

OlFrcea<+rceanAlce).
Let e € E be arbitrary such that elFr ¢ € a, i.e.,
Id e V*3j <e[(j,d) €anelFrc=d].
By the definition, it follows that

3f,9€Elj= f,gN(g.d) €Ean flkr Ad) Nelbr c=d].
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Hence by the definition it follows that j IFx d € a A A(d) and thus by
Substitution 3¢’ = e[e/ IFx ¢ € a A A(c)].

On the other hand, let k € E be arbitrary such that k IFx ¢ € a A A(c),
ie, 3t = k3Ib € V*[(t,b) € a ANk |Fx ¢ = b]. Hence by Substitution, it
follows that 3k = k[k’' IFx A(b)] and thus (K',b) € a, i.e., k' IFx b € a. By
Substitution, 3" = k[k" Frc € al. ®

Claim 7.2.44 Ifa,b€S*, then elbpbCa— " € VE (e hrb=0b").

Proof. Assume e |Fx b C a. By the definition it follows that V(f,d) €
Wr = fyedr’ = r[r' Ikxd € al, ie., V(f,d) € bVr = f,e

I’ = rds 2 r'Ice V¥ (s,c) €anr' Ikrd=(]. (7.28)
Define

b* ={(h,c):h€E,3f,s <hId e V*(f,d)€b
A(s,c) € aNhlFrd=cl}.

By Pairing and Separation in the background theory, b* is a set. By Claim

3.3.6 and Corollary 3.3.5, b* € VT,]%(G)H. Now we want to show that e lFx b =

b*. Let f,r € E and d € V* be arbitrary such that (f,d) € b and r > f,e.
Then by (7.28) it follows that there is 7’ = r and there is ¢ € V* such that
r'IFx c e b* and r' IFx d = ¢, i.e., by the soundness of IA4,

I =" =" Ik d € b

On the other hand, let g, € E and u € V* be arbitrary such that
(g,u) € b* and r = g,e. By the definition and the soundness of TA1, TA2
and the Monotonicity Lemma, 3d € V*3r' = r such that v’ |-z d € bAu = d.
By the soundness of IA4, it follows that

" =0 =" kxu € b
||

Lemma 7.2.45 [Power set] V* Ex Vz3u[S(u) AVz(z € u > (S(z) Az C

z))]-
Proof. Let a € V* be arbitrary. Define

QE{(gvc):QEE/\CE‘/;E(&)+1/\Q||_]:CQCL}.
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By the Powerset Axiom, Pairing and Separation in the background theory,
a is an external set. By Claim 3.3.6 it also follows that ¢ € S*. Let k € V*
be arbitrary. It suffices to prove that OlFr k € a <+ S(k) ANk Ca. Lete € E
be arbitrary such that e lFr k € a, i.e.,

3c € VipmplelFreCanelbrk=d.
Then by the definition and Substitution, it follows that k£ € S* and thus
3¢’ =ele' k7 S(k) Ak C a). (7.29)

Now let h € E be arbitrary such that h |-z S(k) A k C a. Then by Claim

7.2.44, it follows that Jk* € KE(G)H such that h IFx k£ = k*. By the

definition of a and Substitution, it then follows that 3h" = h[W' IFx k* € a]
and thus by the soundness of TA4

0" = = h[h" k5 k € a]. (7.30)
From (7.29) and (7.30), the result follows. m

Lemma 7.2.46 [Collection] V* |=r Ya[Vy € 232A(y, z) — Fu(S(u) AVy €
x3z € uA(y, 2))].

Proof. We show this via Collection in the background theory. Let a € V*
and e € E be arbitrary such that e IFx Vy[y € a — 3zA(y, 2)], i.e.,

Vb e V*Vn = edn' = nln' IFx (b€ a— 32A(b,2))]. (7.31)
It suffices to prove that there exists D € S* such that
elbrVy € a3z € DA(y, 2).

Define
a={(r,(1,b):r,l€eEAr=1eA(l,b) €a}.

By the Pairing axiom and Separation, a is a set. Unravelling (7.31), one has
Vo € adzn(z, z), where n(z, z) =

Al,r,p e EIb,ce Vi x = (r,([,b)) ANz= (p,c) Ap = r Aplkxr A(b,c)].
By Collection in the background theory, there exists a set C such that

Vo € a3z € Cn(x, 2). (7.32)
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Now define
D=Cn(ExV").

Since D C E x V*, by Separation and Claim 3.3.6, D € S*. Now we want
to show that
elFrVyly € a — 3z € DA(y, 2)].

Let b € V* be arbitrary. It suffices to prove that e IFx b € a — dz €
DA(b, z). Let n € E be arbitrary such that n > e and n IFx b € a. Then by
the definition it follows that (n, (t,d)) € a and n lFx b = d for some t < n
and some d € V*. Hence by (7.32) and Substitution,

Je € V*3p = nTp’ = pl(p,c) € DAY IFx A(b, ¢)]
and thus p’ IF£ [c € DAA(b, ¢)], i.e.,
elbr Vyly € a — J2(z2 € DAA(y, 2))].
u
Theorem 7.2.47 [Soundness Theorem)
IZFy ¢ = IZFy - (V* =7 ),
for all formulae ¢ € L(V*).

Proof. This follows immediately from the above lemmas. m

In conclusion, we have invented a version of a forcing interpretation
to interpret Heyting arithmetic, CZF y and IZF . These results play an
important role in the inferences of our conservativity results in Chapter 8.



Chapter 8

Conservativity results

In this chapter, we present the main derivations of our conservativity results.
In Section 8.1, we prove that arithmetical formulae are absolute with respect
to our forcing interpretation and then in Section 8.2 we construct an internal
oracle which is a partial function from N and N. In Section 8.3 we prove that,
by our forcing interpretation, arithmetical formulae are absolute with respect
to our relativized realizability. With these and the results from Chapter 6
and Chapter 7, we present several conservativity results in Section 8.4.

Let C be a collection of closed formulae. For any theory 7" and any axiom
AX,if T+ AX F ¢ implies T F ¢ for all ¢ € C, then we say T + AX is
conservative over T with respect to C. In this chapter we will show for several
axioms AX that when T is IZFy or CZFy, then T + AX is conservative
over T with respect to all arithmetical formulae.

To begin with, we show that forcing is absolute with respect to arith-
metical formulae. In a second step we show that relativized realizability is
generically self-realizing.

8.1 Absoluteness of forcing for arithmetical for-
mulae

Let us single out the arithmetical formulae in the language of set theory.
This collection will be denoted by Form#. It is the smallest collection of
formulae containing the atoms of the form R(t,ts,...,t;) with R being a
symbol of a k-ary primitive recursive relation, closed under A, V,—, — and
quantifiers Vn and 3n (i.e., if p(x) € Form®, then Jz(N(x) A p(x)) €
Form# and Vz(N(x) — ¢(z)) € Form#).

141
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Lemma 8.1.1 [Forcing Absoluteness] (CZFy) Let 0 be any arithmetical
formula whose free variables are among x1,...,x,. Then for all h € E,

N(xz1) ANN(z2)... N N(xy) —
[(hIFx O(x1, 2, ..., 2p)) > O(x1, T2, ..., Ty)].

Proof. We will show this by induction on the complexity of 6. If 8 is an
atomic formula, the result follows immediately from the definition. If 0 is
a compound formula involving logical connectives A and V, then the result
also follows immediately from the inductive hypotheses and the definitions.
The remaining logical connectives, we inspect one by one:

& O(xy,x9, . xn) = n(1, T2,y Tn) — O(21,22,...,2y) = Let h € E
be arbitrary such that h IFrx n(z1,z9,...,x,) — 0(x1,z2,...,2,). Assume
n(z1, z2, ..., Ty). By the inductive hypothesis h Iz n(z1, z2, ..., z,,) and thus
I = h[h' k£ §(x1, 29, ..., ,)]. Again, by the inductive hypothesis, the re-
sult (x1,x9,...,x,) follows. On the other hand, assume n(z1, z2, ..., z,) —
d(z1, 22, ..., xy). Let ¢ € E be arbitrary such that ¢ = h and q IFx n(z1, 22, ..., ).
As aresult of the inductive hypothesis, n(z1, z2, ..., z,) and thus §(z1, z2, ..., p)
and ¢ IFr 0(z1, z2, ..., ).

& O(xy,x9, ... k) = (21, T2, ..., Tp) : Let h € E be arbitrary such that
hlFx —m(x1,xa, ..., Ty), i.e., by the definition Yq > h=(q Ik £ n(x1, z2, ..., x4,)],
in particular, =[h IFx n(x1,z2,...,2,)], i.e., by the inductive hypothesis,
-n(x1,x2,...,x,). On the other hand, assume —n(x1,x2,...,2,). Assume
that there exists ¢ € E such that g IFx n(z1, 22, ..., ). From the assump-
tion and the inductive hypothesis, n(x1, x2, ..., x,) and this contradicts our
assumption.

& 0(zr, 22, 0y ) = FT[N(x) An(x, 21,22, ..., )] : Let h € E be arbi-
trary such that h IFx 32[N(x) A n(z, 21,29, ..., zy)]. By the definition, Ja €
V*[hIFx (N(a)An(a, z1, 22, ..., Tyn))], i.€., by the inductive hypothesis N (a)A
n(a,x1,x2,...,2,). On the other hand, assume Jz[N () An(x, x1, x2, ..., Tp)].
Then by the inductive hypothesis, it follows immediately that i |-z Jz[N (z)A
n(x, 1,2, ..., Tp)].

& O(z1, 22, .y xy) = Va[N(xz) — n(x, 21,29, ...,2,)] : Let h € E be ar-
bitrary such that h IFr Vz[N(x) — n(z,z1, 22, ..., 2,)], i.e., Va € V*[h k£
(N(a) = n(a,x1, 22, ..., Tn))], i.e., Vo € NIW' = h[h Ik n(n,z1, 22, ..., T4)],
i.e., by the inductive hypothesis Vz[N(x) — n(x,z1,z2,...,2,)]. On the
other hand, assume Vz(N(z) — n(x,z1,22,...,2,)). Let a € V* be ar-
bitrary. Let e € E be arbitrary such that e > h and e IFx N(a), ie.,
N(a). By the assumption, it then follows that n(a,z1,z2,...,x,) and thus
by the inductive hypothesis e IFx n(a,x1,x2, ..., x,), i.e., by the definition
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hlFr Ve [N(z) = n(x, 1,22, ..., Tp)]. W

8.2 Forcing models for CZF y4

Recall that CZF 4 is the formal system CZF  with an extra set constant
A and corresponding axiom (cf. Subsection 2.2.5) PF(A, N,N) (i.e., “A is
a partial function from N to N”):

Vr € A3m3n(z = (n,m)) ANVaVyVz|(z,y) € AN (z,2) € A=y =z].

In the Soundness Theorem 7.2.42, we have already shown that CZF y is
sound with respect to forcing, i.e. using the definitions in Section 7.1. To
extend this to CZF y4 we need to assign a meaning to the constant A in
every forcing universe V*.

Recall that {CL, b}]‘— = {(07 a)7 (07 b)} and (a) b)]: = {(07 {CL, CL}].‘), (07 {CL, b}]‘—)}
We will interpret A via the following set:

Definition 8.2.1 A% = {(f,(m,n)r): f e EAm,n € NA f(m) =n}.

Observe that A% is a set and, by Claim 3.3.6, A% € S*. Let p(A) be any
any formula that contains A as a constant. Forcing for formulae containing
A is defined as follows:

plbr @A) & plhr plA/A%]. (8.1)
Claim 8.2.2 Vf € EVm,n € N[f(m) = n < f Iz (m,n)r € A%].

Proof. Let f € E and m,n € N such that f(m) = n. From the definition
and the soundness of IA1, it follows that f IF7 (m,n)r € A%. On the other
hand, assume f IFx (m,n)r € A%. By the definition,

dg = fI(u,v)r € V*[(g, (u,v)r) € AF A flbr (m,n)r = (u,v)x].

By Corollary 7.2.32, the soundness of CZFy and the definition, it then
follows that
glu)=vAm=uAn=nv.

Since g < f, i.e., g C f,
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Lemma 8.2.3 (CZFy) 0l-r PF(A%,N,N).
Proof. It suffices to prove that
0lFxVa € AF3b3c[N(b) A N(c) Na = (b,c)r], (8.2)

and
0lFr VaVyVz[(z,y)r € AR N (z,2)r € AF =y =2z (8.3)

Firstly, let us prove (8.2). Let e € E and d € V* be arbitrary such that
el-r d € A%. Then by the definition it follows that

Jk < ed(u,v)r € V¥[(k, (u,v)r) € Ax Nelbrd= (u,v)r].

Secondly, let us show (8.3). Let a,b,c € V* and h € E be arbitrary such
that
hlkz [(a, b)r € Aj;_— A (a,c)F € A;_—] (8.4)

Then, by Lemma 8.2.2, h(a) =b=c. &

Theorem 8.2.4 [Soundness Theorem| For any closed formula p(A) of the
language of CZF n 4,

CZFNA ~ (p(A) —— CZFN [ [V* ):]: (,O(A;:)]

Proof. This follows from Lemma &8.2.3 and Soundness Theorem 7.2.42. =

8.3 Generic self-realizability

We say that a sentence 6 is generically self-realizing (or internally self-
realizing) with respect to a notion of forcing, if

V* =r [0 ¢ Jeelbg 0)],

where realizability means that the oracle A is to be interpreted as A%

In this section we will show that for every arithmetical sentence 6, there
is a notion of forcing such that 6 is generically self-realizing. This can be
shown by induction over the complexity of the arithmetical formulae.

In the following we will assume that we have a primitive recursive in-

jective pairing function j and define tuple coding (nq,...,n,) of tuples of
natural numbers ni,...,n, for r > 2 recursively by (n1,n2) = j(n1,n2) and
n1,...,npq1) = 3((n1,...,np), nypyq) for r > 2.

We will assume that we have a way of assigning Gédel numbers to for-
mulae of set theory. For a formula ¢ we let "9 denote its Godel number.
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Lemma 8.3.1 Fiz an arithmetical sentence 0. Then there is a set of forcing
conditions P* C P (definable in CZF y) such that

CZFyFYee NVpeP*JqeP[g=p A qlFxr[(elFr 0) — 6],

where we force with the set P* and the realizability inside the forcing uni-
verse, henceforth called generic realizability, means again that the oracle
constant A is to be interpreted as A’.

Proof. Let Var = {vg,...,v,} be the variables occurring in 6. For an
assignment s : Var — N we denote by (s) the number (s(vp),...,s(v,)). If
u € Var and n € N we denote by s(u|n) the assignment 7 : Var — N with
7(v) = §(v) whenever v € Var is a variable different from v and 7(v) = n if
v is u.

If ¢ is a subformula of # and s : Var — N we use ¢[s] to denote the
statement resulting from ¢ by interpreting every free occurrence of v; in ¢
by the number s(v;).

We use the abbreviations Vv € N(...) and Jv € N{(...) for Vo(N(v) —
...)and Ju(N(v)A...), respectively. The set P* consists of all finite functions
f € P such that for all subformulae 1,9 and Jv € N x of 6 (including 0 as
a subformula of itself) and all assignments s : Var — N we have with
mg = ("Jv € Nx,(s)) and m; := ("¢p VI, (s)) that

(Bve Nxls] A f(mo) L — x[s(vlf(mo))] (8.5)

(ls] v Is]) A flm) L — (f(my) =0 A 9pls]) v (8.6)
(f(my) =1 A ds]).

Note that the collection of functions s : Var — N forms a set in our back-
ground theory and that there are only finitely many subformulae of §. The
conditions on f spelled out in (8.5) and (8.6) are expressed via bounded
formulae. Thus by bounded separation P* is a set in our background theory.

Next we define for each subformula ¢ of # a number R, such that the
following statements are provable in CZF y: for all s : Var — N,

VpeP*IgeP (g =p A qlbr (o] = {Re}'((8) bR @ls])  (8.7)
VpeP*IgePlg=p A qlFr ((Beelkgr ¢[s]) — ¢[s])]. (8.8)

The numbers R, are defined by induction on the buildup of the subfor-
mula ¢ of §:

(DO) For atomic ¢ let R, be an index of the identically zero function.
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(D1) Choose R,rs such that {R, 514 (n) == {R,}(n), {Rs}A(n)).
(D2) Choose R, s such that {R,_s}(n) == At.({Rs}4(n)).
(D3) Choose Ryyen, such that

{Rowenn} ((s) = AeR, 1 ((s(vle))).
(D4) Choose R,y such that
A _ L O0,{R31(s)) it ATV 9T, (s)))
Ol 6D = { (Ao it A o o)
(D5) Choose Rayeny such that

{Raven J((8) = (Mo, R (5(0mey0))

where m; , , := A(("Fv € N x7,(s))).
After this definition, we can prove (8.7) and (8.8) by a simultaneous
induction on the buildup of ¢. If ¢ is an atom, both are obvious.

Case 1: Let ¢ be n A d. To show (8.7), let h € P* be arbitrary such that
h IFx n[s] A d[s]. By the definition and inductive hypotheses, it follows that

0
1

' = (W IFx {R, 14 ((s)) IFR 1ls),
30" = B (K 7 {Rs 1A ((s)) IFR 6]s)).

Hence by the definition of Iz, (D1) and the Monotonicity Lemma, it
follows that there exists A" > h” such that

" Ik ({Ryrs} () kR (n A 6)[s)) -

To show (8.8), let p € P* be arbitrary. By the inductive hypotheses, we can
successively pick k,q € P* such that ¢ = k > p and

klkr (Bee g nls) = nls]), (8.9)
qlFFr ((366“—3 (5[5]) —>(5[5]) (810)

Now let k' = ¢ be such that
K -7 (Jee lkr nls] A d[s]).

Then k' IFx (Jee IFr nls]) and &' IFx (3ee IFg d[s]). By (8.9), we find
k" = k' such k" IF £ n[s]. Since by monotonicity we also have k" |-z (Jee IFp
d[s]) and k" IFx ((3ee kg d[s]) — 0[s]), there exists k& = k" such that
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K" I-x [s]. Hence k" I-x (n A §)[s]. The above chain of arguments shows
that ¢ Ik ((3ee lFr ¢[s]) — ¢[s]), confirming (8.8).

Case 2: Let ¢ be of the form n — §. Let p € P* be arbitrary. To show (8.7),
let ¢ = p and suppose that ¢ IFx ¢[s]. Let h = g such that h k£ (¢ IFg n[s])
for some ¢ € N. Then, by the induction hypothesis for (8.8) applied to 7,
there exists h” = h such that h” |-z n[s]. Hence there exists b > h” such
that A" IFx 0[s]. By the induction hypothesis for (8.7) applied to §, we find
h* = h" such that h* IF7 ({Rs}A((s)) IFr 6[s]). As a result, for all ¢ € N,

q Iz (t g nls] = {Rs}((s)) Ik ols])
Therefore we have g Iz ({R,-5}((s)) IFr ¢[s]), and consequently

plkF (pls] = {Ry551"((5) IR ols]).

To show (8.8), let h = p satisfy h Ik (V* =g ¢[s]). Suppose b/ = h
and h' IFx n[s]. Then, by the induction hypothesis for (8.7) applied to 7, we
have b |-z (V* =g n[s]) for some h” = I/, and thus A" -z (V* =R d[s])
for some b = h" as h lkx (V* =R ¢[s]). Consequently, by the induction
hypothesis for (8.8) applied to §, there exists h* = b such that h* IF£ d[s].
As a result, we have shown that h IFx ¢[s]. So the upshot is that p IFr
((FeelFr ¢[s]) — ¢ls]), as required.

Case 3: ¢ is of the form —). This follows immediately from the fact that
—) is logically equivalent to 1) — 0 = 1 and the result of previous case.

Case 4: ¢ is of the form Yv € N 1. Let p € P* be arbitrary. To show (8.7),
let h € P* be arbitrary such that h = p and

hlFx Yo(N(v) — n)s]. (8.11)

Then, for all A’ = h and n € N there exists h” > h’ such that h” Ik n[s(v|n)].
Hence, by the inductive assumption for (8.7) applied to 7, for all n € N there
exists A" > h" such that

" IEx {98} ((s(v[n))) Ik g nls(vln)]
The latter yields
hiFz ¥ € NA{R,} ((s(v]n)) Ik ns(v|n)]

and hence h k7 {vaENn}A IFr (Vv € N n)[s], by definition of {vaeNn}A-
As a result,

plkx (Vo(N(v) = n)[s] = {Rvwen} IFr (Vo € Nn)[s]).
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To verify (8.8) let h = p and h -z Jee lFr (Vv € N n)[s]. This implies that
for all n € N there exists h’ = h such that

W kr (3ee kg nls(vln)])

so that by the inductive hypothesis for (8.7) applied to 7, there exists h” = b’
satisfying h” |-z n[s(v|n)]. Therefore we obtain

hlFx (Vv € Nn)ls],

and thus p lFx ((Jee lFr (Vv € Nn)[s]) — (Vv € N n)ls]).

Case 5: Let ¢ be of the form nV §. Let p € P*. To prove (8.7) let f € P*,
f = p, and f IFx ¢[s]. By the Forcing Absoluteness Lemma 8.1.1, we also
know that ¢[s]. We have to distinguish cases as to whether f is defined at
m; := ("¢, ({s))) or not.

Let us first assume that f(m;) |. Then, since f € P*, f satisfies (8.6),
and thus f(m;) =0 A nfs] or f(m;) =1 A J[s]. In the first case, f Iz n[s]
(by Lemma 8.1.1) and also f IFx A(m;) = 0 using Claim 8.2.2 and Lemma
8.2.3. By the induction hypothesis for (8.7) applied to 7, there exists f' = f
such that f' IFx ({%,}4((s)) IFr 7n[s]). Hence, by definition of {R,}4,
1 IFE ({R34((s) IFR @[s]). In the second case we proceed similarly and
also find f’ = f such that f’ Iz {R,}2((s)) IFr ¢[s]. Now let us look at
the case when f(my) is not defined. If 7[s] holds we can easily extend f to a
function f* € P* such that f*(m;) = 0. Likewise, if d[s] holds we can easily
extend f to a function f** € P* such that f*(m;) = 1. Subsequently we can
proceed as before, so that we find f/ = f such that f/ IFx ({R,} IFg ¢[s]).

The upshot of the foregoing is that

plkF (pls] = {Re}((8) IFr ¢ls]) -

To prove (8.8), let f = p and f IFx Jeelkg ¢[s]. Then fIFx Jee lFg ns] or
f IFx Jee lkg d]s], and thus the induction hypothesis for (8.8) supplies us
with an f” = f such that f” IF£ ¢[s]. Hence

plFr (Beelkg p[s]) = ¢ls]).

Case 6: Let ¢ be of the form Jv € Nn. Let p € P*. To prove (8.7) let
feP f=p, and f Ik ¢[s]. By the Forcing Absoluteness Lemma 8.1.1,
we know that [s] is true, and thus there exists n € N such that n[s(v|n)]
holds.

If f is defined at mg := ("¢, (s)) we also know, since f satisfies condition
(8.5), that n[s(v|f(my))] holds and thus f IFx n[s(v|f(myp))] by absoluteness.
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If f is not defined at mg we can extend f to a function f’ by letting f/(mg) =
n for some n € N satisfying n[s(v|n)]. At any rate, we find an extension f’
of f in P* such that

f'(mo) L A f'IEx mls(v] f(mo))] -

By the induction hypothesis for (8.7) applied to 7, there exists f” = f’ in
P* such that

" Er (R} (0] £ (mo))) IR nls(v]f (mo))]) -

As f" IFx A(mg) = f”(my), the latter implies that f” IFx ({R,}A((s)) IFr
©[s]), and hence
plFF (pls] = (Feelbr ¢ls])) -

To show (8.8), assume f > p and f IFx (Jee lFg ¢[s]). Then f IFx (e lFg
n[s(vin)]) for some e,n € N and hence by the inductive assumption for
(8.8) applied to n, there exists f’ = f such that f’ IFz n[s(v|n)], so that
I IFx @[s]. As a result,

plr ((Beelrr pls]) — ¢ls]) .

8.4 Conservativity results
Lemma 8.4.1 Let 0 be an arithmetical sentence. Then

CZFy + ACNN 4 UP+UZH 46

implies
CZFna b Jeelkr b,
and
IZFy + ACYY + UP + UZ+ 4
implies

IZF gt Feelkr 6.

Proof. This follows by combining Lemmas 6.2.49, 6.2.50, 6.2.51, and the
Soundness Theorem 6.2.43. =
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Theorem 8.4.2 Let 0 be an arithmetical sentence. If

CZFy + ACNN 1 UP + UZ 6,

then
CZFy 0.
If
IZFy + ACNY 4 UP +UZ 0,
then

IZFy 6.

Proof. By the previous Lemma 8.4.1, from CZF y+ACNY + UP+UZ | 6
we infer that CZF y 4 F Jee kg 6. Letting P* be the set of forcing conditions
associated with 0 as defined in Lemma 8.3.1, we obtain from the Soundness
Theorem 8.2.4 that

CZFNyF3peP'plt-r (Jeelkr0).
It follows thus from Lemma 8.3.1 that
CZFytE3IpePplbro,
and hence, by the Forcing Absoluteness Lemma 8.1.1,
CZFy 0.
The proof for IZF  is similar. m

Corollary 8.4.3 LetT be CZF  or 1ZF . Let MP be Markov’s principle.
For any arithmetical sentence 0, if

T+ ACNYN 4 UP+UZ+MP 9,

then
T+MPFG.

Proof. From Lemma 6.2.55 we know that MP is realizable if assumed in
the background universe. Hence the results follow by the same inference
steps as in the proofs of Lemma 8.4.1 and Theorem 8.4.2. m
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Corollary 8.4.4 For any arithmetical sentence 0, if
T+UP+UZE6,

then
THGO,

where T is any of the theories CZF n or IZF N extended by any combination
of the following azioms: {DC,RDC,PAx, MP}.

Proof. From Theorem 6.2.48 we know that IZF 5 is sound with respect to
relativized realizability semantics. We also know that UP,UZ are realiz-
able, and, moreover, that any of the axioms DC, RDC,PA x and MP is
realizable if assumed in the background universe. Hence the results follow
by the inference steps employed in the proof of Lemma 8.4.2.

|

If one combines Lifschitz’ style semantics (i.e., IFz) with these conserva-
tivity results, we get the following independence result:

Corollary 8.4.5

IZFy + ACYY 4+ UP 4+ UZ ¥ CTy\.
Proof. Assume

IZFy + ACYY + UP 4+ UZ + CTy\.
Since ACYN 4+ CTy! F CTy and thus

IZFy + ACMY £ UP + UZ + CTy! - CT,,

i.e., by the assumption, it follows that

IZFy + ACYY 4 UP + UZ - CTY.

By Theorem 8.4.2 IZFy F CT§’, but this contradicts the fact that all
axioms of IZF y are Lifschitz realizable while CT& is not. m

As pointed out by Michael Rathjen, we could have actually strengthened
the foregoing conservativity results by including a choice principle stronger
than AC™¥ in the statements of Lemma 8.4.1, Theorem 8.4.2, and Corollary

N N
8.4.4, namely AC"" . Here AC™" consists of the formulae

vnaf € NY o(n, f) — 3F : N = NNV Vnp(n, F(n)),
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with ¢ arbitrary. The reason for this is that the proof of Lemma 6.2.49
shows more than is stated in the lemma. The proof actually proves that a
relativized version of Church’s thesis is realized, i.e., the schema

(CT4)  Vn3mep(n,m) — Je € NVno(n,{e}*(n))

holds in the realizability structure. The combination of ACMY and CT 4

N
implies AC™" Asa result, we have the following corollaries:

Corollary 8.4.6 Let 0 be an arithmetical sentence. Let T be any of the
theories CZF N, CZF y + MP, 1ZF y, or I1ZF xy + MP. Then

N
T+AC"" 1 UP+UZKF0

implies
ThH3eelkr b.

Corollary 8.4.7 Let 0 be an arithmetical sentence. Let T be any of the
theories CZF 5y, CZFy + MP, 1ZF 5, or I1ZF y + MP. If

N
T+AC"" +UP+UZHR,

then
THO.

In conclusion, we have proved that internally (by the forcing interpre-
tation) arithmetical formulae are absolute with respect to our relativized
realizability. Moreover, we have shown that arithmetical formulae are abso-
lute with respect to the forcing interpretation. These results and the results
from Chapter 6 and Chapter 7 have led to several interesting conservativity
results.

8.5 Conclusion and future work

In this thesis, we have successfully extended independence results and con-
servativity results from Heyting arithmetic to various intuitionistic set the-
ories. In the future works, we might try to come up with a version that uses
only IZF y as a background theory for the independence results. Moreover,
we will try to include other axioms, for example, the Regular Extension
Axiom, into our system. Another question is whether it is possible to ex-
tend our conservativity results regarding arithmetical formula to other sets
of formulae.
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Abstract

A variant of realizability for Heyting arithmetic which validates Church’s thesis
with uniqueness condition, but not the general form of Church’s thesis, was intro-
duced by V. Lifschitz in [11]. A Lifschitz counterpart to Kleene’s realizability for
functions (in Baire space) was developed by van Oosten [15]. In that paper he also
extended Lifschitz’ realizability to second order arithmetic. The objective here is to
extend Lifschitz’ realizability to intuitionistic Zermelo-Fraenkel set theory, IZF. The
machinery would also work for extensions of IZF with large set axioms. In addition
to separating Church’s thesis with uniqueness condition from its general form in intu-
itionistic set theory, we also obtain several interesting corollaries. The interpretation
repudiates a weak form of countable choice, AC,, ,,, asserting that a countable family
of inhabited sets of natural numbers has a choice function. AC,,,, is validated by
ordinary Kleene realizability and is of course provable in ZF. On the other hand, a
pivotal consequence of AC,, ,,, namely that the sets of Cauchy reals and Dedekind
reals are isomorphic, remains valid in this interpretation.

MSC:03F50, 03F35

Keywords: Intuitionistic set theory, Lifschitz’ realizability, Church’s thesis, count-
able axiom of choice

1 Introduction

In the constructive context, Church’s thesis refers to the viewpoint that quantifier com-
binations Vzdy can be replaced by recursive functions getting y from z. Dragalin pointed
out that there are two formal versions of Church’s thesis one could consider adding to
Heyting arithmetic HA:

CTy VzdyA(z,y) — IVr[zex | NA(x,zex)]

CTy! VadlyA(z,y) = Ve [zex | NA(x,zex)]
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(we write zex for {z}(x)), and he posed the question whether the latter version is actually
weaker than the former. The question was answered affirmatively in 1979 by Vladimir Lif-
schitz [11]. He introduced a modification of Kleene’s realizability that validates CTy! but
falsifies instances of CT(. A Lifschitz counterpart to Kleene’s realizability for functions (in
Baire space) was developed by van OQosten [15]. In that paper he also extended Lifschitz’
realizability to second order arithmetic. The objective here is to extend Lifschitz’ realiz-
ability to full intuitionistic Zermelo-Fraenkel set theory, IZF. In addition to separating
Church’s thesis with uniqueness condition from its general form in intuitionistic set theory,
we also obtain several interesting corollaries. The interpretation repudiates a weak form
of countable choice, AC,, ,, asserting that a countable family of inhabited sets of natural
numbers has a choice function. AC,, , is validated by ordinary Kleene realizability and is
of course provable in ZF.

Definition: 1.1 Before we can describe the pivotal features of Lifschitz’ notion of realiz-
ability we need to introduce some terminology. Variables n,m,l,1,j,k,l,e,d, f, g, p, q range
over numbers. We assume a bijective primitive recursive pairing function 3 : N x N — N
and inverses j; and jo. The symbol e denotes partial recursive application, T is Kleene’s
predicate (so n ek | iff Im T(n,k, m), read n e k is defined), and U the result-extracting
function. e e k ~ [ stands for Im T(e,k,m) and I = U(um.T(n,k,m)), where p is the
minimalization operator. If X is a set we write eek € X instead of 3l (eek ~[1 A [ € X).
If f is an n + l-ary partial recursive function, we use Az.f(z, k1,...,k,) to denote an
index (usually provided by the S-m-n theorem) of the function m — f(m, kq,..., ky).

The main idea behind separating CTq from CTy! is to find a property P of pairs of num-
bers so that if there is a unique n such that P(e,n) holds then there is an effective procedure
to find n from e, while in general there is no such procedure if {m | P(e,m)} contains
more than one element. Lifschitz singled out the property n < joe A Ym—T(j1€,n,m).

Lemma: 1.2 Letting
D. = {n<jpe|Ym-T(je,n,m)} (1)
there is no code g such that, for all e,
D.£0 = geeccD,. (2)

Proof: This can be seen as follows. Let Wy and W), be two disjoint, recursively inseparable
r.e. sets. (2) would yield the existence of a recursive function F' such that

Vn[F(n)e0~ fen A F(n)el~hen].

Then always D (p(z)1) 7# 0, so g ® )(F(x),1) € Dyp(z),1) and g would provide a recursive
separation of Wy and W},. If, on the other hand, we know that D, is a singleton, then we

can try to compute (1) 0, (j1€)  1,..., (y1€) ® (y2¢) simultaneously and as soon as the
(72¢) — 1 many (guaranteed) successes have been recorded we know that the remaining
one failure is the unique element of D.. O
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1.1 Realizability for set theories

Realizability semantics for intuitionistic theories were first proposed by Kleene in 1945
[9]. Inspired by Kreisel’s and Troelstra’s [10] definition of realizability for higher order
Heyting arithmetic, realizability was first applied to systems of set theory by Myhill [14]
and Friedman [6]. More recently, realizability models of set theory were investigated by
Beeson [2, 3] (for non-extensional set theories) and McCarty [12] (directly for extensional
set theories). Rathjen [18] adapted realizability to the context of constructive Zermelo-
Fraenkel set theory, CZF, and developed hybrids [19, 20] which combine realizability
for extensional set theory with truth in order to prove metamathematical properties of
intuitionistic set theories such as the disjunction and the numerical existence property.

The authors of the present paper had problems making up their mind as to whether
to present IZF as a pure system of set theory or to opt for a language with urelements as
it is done in Friedman’s and Beeson’s work (cf. [7, 3]). Both approaches have advantages
and disadvantages. The disadvantage of pure set theory is that the natural numbers
have to be encoded as finite ordinals, rendering the presentation of the basic parts of
Lifschitz’ realizability for atomic formulas, which are trivial in the arithmetic context,
very cumbersome. The disadvantage of having a sorted language with numbers and sets is
that realizability for those theories has never been worked out properly in the extensional
cases. In the end we went for the latter choice.

1.2 IZF with urelements

We will formalize IZF in a similar manner as in [3, chap.viii] by having two unary predi-
cates for natural numbers and for sets. We shall however eschew terms other than variables
and constants by avoiding symbols for primitive recursive functions. Instead we will have
symbols for primitive recursive relations. This makes the axiomatization of the arithmetic
part a bit awkward (albeit still a straightforward affair) but relieves us from the burden
of having to deal with complex terms in the realizability interpretation.

1.3 Logic Language

IZF is based on first-order intuitionistic predicate calculus with equality =. The language
consists of the following. A binary predicate €; unary predicates N and S (for numbers
and sets); for each natural number n a constant 7 (but we omit the bar when n = 0);
a 2-place relation symbol SUC (for the successor relation), two 3-place relation symbols
ADD, MULT (for the graphs of addition and multiplication), and further relation symbols
for all primitive recursive relations.
To alleviate the burden of syntax we shall use variables n,m, k, [, 4, j to range over nat-
ural numbers, so In ... and Vn ... will be abbreviations for 3z(N(z) A ...) and Vz(N(x) —
..), respectively. 3!nA(n) stands for Fz[N(z) A A(x)] A VaVy[A(z) A Aly) — = = y].
x ¢ y stands for —(z € y). = C y abbreviates Vz(z € x — z € y). We use Vx € y... and
Jrey... forVe(zr €y —...)and Jz(x € y A ...), respectively.

Definition: 1.3 We list the axioms of IZF in groups:
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A. Axioms on Numbers and Sets

1.
2.

3.

Vo —=(N(z) A S(z))
VaVy(z € y — S(y))

N(n) for all natural numbers n.

B. Number-Theoretic Axioms

1.

2.

10.
11.

12.

13.

SUC(7,n + 1) for all naturals n.
Vn 3!m SUC(n, m)

. YnVm[SUC(n,m) — m # 0]

Ym[m =0 VvV InSUC(n,m)]

VYnVmVk (SUC(m,n) A SUC(k,n) = m = k)

Vn¥m 3k ADD(n, m, k)

Vn ADD(n,0,n)

VnvkYmvivi [ADD(n, k,m) A SUC(k,1) A SUC(m,i) — ADD(n,1,i)]
VYnVm 31k MULT (n, m, k)

VYn MULT(n, 0,0)

VnvkYmvivi [MULT (n, k,m) A SUC(k,1) A ADD(m,n,i) — MULT(n,,i)]

Defining axioms for all symbols of primitive recursive relations R. These are similar
to the above. We spare the reader the details.

A(0) A Vn¥m[A(n) A SUC(n,m) — A(m)] — VYnA(n)

C. Set-Theoretic Axioms

1.

2.

Extensionality. VzVy(S(xz) A S(y) = [Vz(z €z < z € y) =z =y])
Pairing. VaVy(Jul[S(u) A x € u A y € u])
Union. Vz3u[S(u) A Vz(z € u < Jy(y €z A z € y))]

Separation. VzIu[S(u) A Vz(z € u <> z € x N A(2))]
(u not free in A(z))

Power set. Vz3u[S(u) A Vz(z € u <+ (S(2) A z C x))]
Infinity. Ju(S(u) A Vz[z € u <> N(u)]).

€-induction. Vz[Vy(y € = — A(y)) — A(z)] — VzA(z).
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8. Collection. Vy € 3z A(x, z) — Ju[S(u) A Yy € x3z € u A(y, 2)]

Remark 1.4 The theory IZF in [3] comes with the additional axiom Vz[N(z) V S(z)].
We could have adopted this axiom as well. The reason for not including it is that on the
one hand this axioms does not make the theory stronger but on the other hand it would
force us to define a more complicated realizability structure in which all objects carry a
label which tells one whether it denotes a set or a number. This would have to be done in
a hereditary way and would thus burden us with an extra layer of coding. A proof that
IZF +Vx[N(z)VS(z)] can be interpreted in IZF using hereditarily labelled sets is sketched
in [3, VIII.1]. Moreover, the same techniques can also be used to interpret IZF in pure
IZF without urelements, IZF, (cf. [3, VIIL.1]). IZF( has only the binary predicate €
(no N, no S and no symbols for primitive recursive relations). In IZF we define the pure
sets as those whose transitive closure contains only sets. Let Pure be the class of pure
sets. To every formula A of IZF, we assign a formula AP"® of IZF which is obtained by
relativizing all quantifiers to Pure. Then the exact relationship between the two theories
is that
I1ZFo - A < IZF - APwe,

2 The realizability structure

In what follows we shall be arguing informally in a classical set theory with urelements
where the urlements are the natural numbers (e.g. IZF plus classical logic). The unique
set of natural numbers provided by the Infinity axiom will be denoted by N.

Definition: 2.1 Ordinals are transitive sets whose elements are transitive also. We use
lower case Greek letters to range over ordinals. By recursion on « define

Vit = PN x (VFUN)). (3)
BEa

Vset — UV(Sft' (4)

V(L) = §uv56t (5)

where P(x) denotes the power set of z.

Lemma: 2.2 (i) The hierarchy V** is cumulative: if o < B then V5* C V.
(ii) If x C V(L) and S(x) then x € V5.

(iii) Every x € V¢ is a set, i.e. S(z) holds.

(iv) Yz € V(L) [N(x) V S(x)].

Proof: (i) is immediate by (3). For (iii) note that if x € V*¢ then x € P(N x (Vgﬁt UN))
for some . So the claim follows from our rendering of the power set axiom which ensures
that P(y) consists only of sets. (iv) follows from (iii).
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(ii): If # € N x V(L) then, using strong collection and (i), there is an « such that
© CNx VETUN, so x € Vi, thus z € V. For a more detailed proof see [18, Lemma
3.5]. O

3 Defining Lifschitz’ realizability for set theory
We adopt the conventions and notations from Definition 1.1.

Definition: 3.1 Let a,a;,b € V(L) and e € N. Below R is a symbol for an n-ary primitive
recursive relation. Recall that D, = {n < joe | Vm—T(51e,n,m)}.

We define a relation e I, B between naturals e and sentences of IZF with parameters
from V(L). ef I, B will be an abbreviation for Jkjee f ~ k A k|- B].

elkr R(al,...,a,) iff aq,...,a, € N A R(aq,...,an)
elFp N(a) iff aeNAe=a
elrr S(a) iff S(a) (iff a € VoY)
elFraeb iff De#0 A (Vd € De)3e [(nd,c) €b N jodlFp a = (]
elFra=0b iff (a,beNAa=0b)or (De#0 A S(a) A S(b) A
(Vd € D)V, cl(f,e) €a — (nd)e flrpceb] A
(Vd € D)V, c[(f,c) €b — (2d) @ f I ¢ € al)
elkp ANB iff pelbp A A el B
ek, AVB iff Do#0 A (YdeD.)([nd=0 A jod I A] V
[11d #0 A j2d -1, B])
elF—-A ifft (VfeN)-flp A
elrp A= B iff (VfeN)[fIkp A — ee fl- B]
el ¥zA  iff D, #0 A (vd € D.)(Ve € V(L)) d I-p, Afz/d
el 3zA  iff D, #0 A (VdeD.)(3c € V(L)) d Iy, Afz/d]

V(L)EB iff (JeeN)elr; B.

Notice that the definitions of e IF a € b and e I a = b fall under the scope of definition
by transfinite recursion.

4 Recursion-theoretic preliminaries

Before we can prove the soundness of Lifschitz’ realizability for IZF we need to recall
some recursion-theoretic facts, mainly Lemmata 1-5 from Lifschitz’ paper [11]. Jaap van
Oosten has carried out a detailed analysis of these results by singling out the extra amount
of classical logic one has to add to intuitionistic first-order arithmetic HA to prove them.
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MP,, is Markov’s principle for primitive recursive formulas A:
——3dn A(n) — In A(n).
BX9-MP is Markov’s principle for bounded X9-formulae:
—-—In < mVk A(n, k,e) — In <mVk A(n, k,e)
for A primitive recursive.
Lemma: 4.1 There is a total recursive function sg such that
HA = YnVm(m € Dgy(p) <> m = n).

Proof: [11, Lemma 2] and [15, Lemma 2.2]. O

Lemma: 4.2 There is a partial recursive function ¢ such that
HA + MP,, - Ve[3nVm(m € D, <+ m =n) — ¢(e) | Np(e) € De].

Proof: [11, Lemma 1] and [15, Lemma 2.3]. O

Lemma: 4.3 There is a partial recursive function ® such that HA 4+ MPy, + BE%—MP
proves that for all e and f whenever (Vg € D,) f @ g | then ®(e, f) | and

Vh[h c Dq)(e,f) — (E'g € De) h = f .g]

Proof: [11, Lemma 4] and [15, Lemma 2.4]. O

Lemma: 4.4 There is a total recursive function un such that HA + MP,, + BX9-MP
proves that
VeVhl[h € Dyy(ey ¢ (3g € De)(h € Dy)].

In other words, Dyy(ey = U,yep, Dy-

Proof: [11, Lemma 3] and [15, Lemma 2.5]. O

Lemma: 4.5 Let ¥ = x1,...,2, and @ = a1,...,a,. To each formula A(Z) of IZF (with
all free variables among T) we can effectively assign (a code of ) a partial recursive function
xa such that, letting 1ZF' := 1ZF + MP,, + BX3-MP,

IZF' - (Ve € N)(V@ € V(L))[De #0 A ((Vd € Do) d I, A(@)) — yale) I, A(@)].
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Proof: This is similar to [11, Lemma 5] and [15, Lemma 2.6]. However, due to the
vastly more complicated setting we are dealing with here we provide a detailed proof. We
use induction on the build-up of A.

If A(Z) is of the form N(z;), define x4(e) := ¢(e), where ¢ is from Lemma 4.2. To see
that this works note that D, # () and for all (Vd € D.)d IF;, N(a;) entails that N(a;) and
D = {a;}, thus ¢(e) = a; and ¢(e) I, N(a;) follow by Lemma 4.2.

If A(Z) is of either form S(z;) or R(f) let xa(e) := 0.

If A(Z) is of the form z; = z; let xa(e) := un(e), where un stems from Lemma 4.4.
Note that un is a total recursive function. To see that this works assume that D, # 0
and for all (Vd € D.)d IFr a; = aj. Now, either a;,a; € N or a; and a; are both sets. In
the former case we then have a; = a; and for any n € N, n -, a; = a;, so in particular
un(e) IFy, a; = a;. If both a; and a; are sets, then un(e) Ik, a; = a; holds owing to Lemma
4.4 and the definition of realizability in this case.

Let A(Z) be B(Z) A C(Z) and xp and x¢ be already defined. Let jj and j5 be indices
for j1 and jo, respectively. Consider the set Dg(x ey = {51n | n € De} with @ as in
Lemma 4.3. If D is non-empty then so is Dg; o). If every element of D, realizes A(a)
then every element of Dg()x ) realizes B(@). Hence under these assumptions xp(®(s7, €))
realizes B(d@). Similarly, xo(® (75, €)) realizes C(&). Hence the claim follows with x 4(e) :=
I(xB(®(51, €)), xc (P (13, €)))-

Let A(Z) be B(¥) — C(Z) and xp and x¢ be already defined. Let 6 be a partial
recursive function such that {#(m)}(k) ~ k e m. Assume that D, # (). Suppose m I,
B(d@). Then dem | and d e m I, C(a) for all d € D.. Thus, by Lemma 4.5, we have
Do (6(m),e) = {dem | d € D.}. Moreover, Dg(g(im),¢) is non-empty and every of its elements
realizes C'(@), hence, by the inductive assumption, xo(®(6(m), e)) realizes C(d). Thus we
may define x 4(e) := Am.xc(®(0(m),e)).

In all the remaining cases x4(e) := un(e) will work owing to Lemma 4.4 and the defi-
nition of realizability in these cases. O

The next result shows that our definition of realizability for arithmetic formulae coin-
cides with the one given by Lifschitz [11].

Lemma: 4.6 For every formula A(u,X) there are partial recursive functions 1 and o
such that provably in 1ZF" we have for alle € N and @ € V(L):

(i) elrp Va[N(z) = A(z,d)] — Ynir(e) enlkp A(n,d),
(i) Yneenlry A(n,d) — a(e) b Va[N(z) — Az, d)].
(iii) el 3z[N(z) A A(z,d@)] > De# 0 A (Vd € De)jod IFf, A(j1d, @).

Proof: (i). Suppose e I, Vz[N(z) — A(z,d)]. Then D, # 0 and for all d € D, and
n € N, den Iy A(n,@). Thus, if we define f, such that f, ed ~ d e n, we conclude
with the aid of Lemma 4.3 that for all n € N and h € Dg(y,), b I A(n,d). Hence, by
Lemma 4.5, (Vn € N) xa(®(e, fn)) kL A(n,d). So we can define 11 by letting 4 (e) :=
An.xa(®(e, fr))-
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(ii). Suppose Vneen Iy, A(n,d). Then e lk;, N(z) — A(z,d) for all x € V(L), hence
sg(e) Ik, Vz[N(z) — A(z,d)], so ¥2(n) := sg(n) will work.

(iii). Suppose e IFp, Fz[N(z) A A(z,d)]. Then D, # 0 and for all d € D, there exists
¢ € V(L) such that j1d Ik, N(c) and j2d IFf, A(e,@). But 51d IFf, N(c) entails that ¢ = j1d,
thus jod Ik, A(51d,@). The converse is obvious. O

4.1 The soundness theorem for intuitionistic predicate logic with equal-
ity
Lemma: 4.7 There are iy, is, it, 10,11 € N such that for all z,y,z € V(L),

1. iT ||—Lx:1‘.

2. islkpe=y—>y==x.

3l (z=yAy=2) - z==z.

4. gk (x=yAy€z) = x € 2.

5. iilkp (zx=yAzex) - z€y.

6. Moreover, for each formula A(v,u1,...,u,) of 1ZF all of whose free variables are

among v,uq, . .., u, there exists iy € N such that for all z,y,21,...,2. € V(L),
ialkpz=y N Alz,2) — Ay, 2),
where Z =21, ..., 2.

Proof: (1) Note that n I, # = z holds for all n,x € N. Let z € N and a € V.
Suppose ee 0 | and ee 0 I, b = b holds for all b € N U Uﬂea fot. Then we have
(V{f,b) € a)sg(y(f,e®0)) IFr b € a. There is a recursive function ¢ such that (¢/(ee0))e f ~
s5g(5(f,e#0)), and hence, by the foregoing,

(V(f,b) €a)(nd)e flFpbea

with d = j(¢(e®0),¢(c®0)). As a result, sg(3({(ce0),¢(ce0))) IFL a = a. By the recursion
theorem there exists an e* such that

e* o0 ~sg(y(l(e*e0),L(c" 00))).
By induction on « it therefore follows that e* @ 0 I-7, a = a holds for all a € V*¢. So we

may put i, := e* 0. As i, -y n =n (trivially) holds for all n € N, too, we get i, Ik, z = 2
for all z € V(L).

(2): It is routine to check that

is ;== Xe.®(e, Ad.5(g2d, nd)) Ik z =y - y =z,
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with ® from Lemma 4.3.

(3) and (4): We prove these simultaneously. Let TC(a) denote the transitive closure of
a. We employ (transfinite) induction on the ordering <1 which is the transitive closure of
the ordering <1, on ordered triples:

(x,y,2) <, (a,b,c) iff (xr=aANy=bAzeTC(c) V (z=aNyeTCb) ANz=c)
V(zeTC(a) Ny=b A z=c).

<-induction follows from the usual €-induction.

Now suppose a, b, c € V(L) and inductively assume that for all (z,y, z) < {(a,b, c),

e el Ik, (z=yAy=z2)—sz==z (6)
el IFp (x=yAyez) —zxez (7)

Suppose e lF;, a =b A b=c. Then jielF; a =b and j2e Iy, b = c¢. Then either a,b,c € N

and for any n € N we have n l-p b = ¢, or a,b,c € V€. So let’s assume a, b, c € V5. Let

d € Dyyc and d' € Dy,e. If (f,u) € a, then (g1d)e f IF u € b, and hence, for all g € D(;, q)ef

there exists v such that (j19,v) € b and 729 IF, u = v. Moreover, (71d") ® (719) Ik v € c.
As (u,v,¢) < {a,b,c) we can employ (7) to conclude that

t(e”,g,d) == (" 0 1) @ )(32g, (nd') ® (119)) IF1 u € c.
Using Lemmata 4.3 and 4.5 repeatedly we get
52(6#, f7 d? dl) = Xl(‘b((]ld) hd f7 /\g~£1(e#7 g, d/))) H_L uec
l3(e? | f,d) := xo(®(g2e, \d La(e7, f,d,d'))) IFr uec
g*(e#vevf) = X3(®(]2€a )\d.£3(€#,f, d))) ”_L u€c (8)

for appropriate partial recursive functions y;.
Similarly one distills a partial recursive function £** such that for (f, u) € c,

(¥, e, f) == x3(®(joe, AdL3(e7, f,d))) IFL u€a. (9)
As a result of (8) and (9) we have with

pr(e®) = (AesgUOLL (R e, )AL (% e, f)),

p1(e”) Ik, a=bAb=c—a=c (10)

Next suppose e Ik, a = b A b € ¢. Then jie Ik, a = b and e Ik, b € ¢. Hence
D,,e # 0 and for all d € D,,, there exists v such that (j1d,v) € ¢ and jod -1, b = v, thus
J(ge,p2d) IFpa=b A b=wv. As (a,b,v) < (a,b, c) we can employ (6) to conclude

ly(e” e, d) == (¢* 0 0) @ 3(s1€, 72d) I, a =v.

Letting £4(e?, e,d) := 3(51d, (¥ 0) @ 3(s1¢€, 2d)), we thus have (71 (¢4(e*, e,d)),v) € c and
92(La(e” e,d)) kL a = v. Hence, by Lemma 4.3, ®(j1e, \d.Ly(e?,e,d)) IFf, a € c. So the
upshot is that

oo(e?) == ®(j1e, MdLy(e? e,d)) Ik, a=bAbec—ace (11)
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Finally we use the recursion theorem to find an index e# such that

e o0 ~ p(e?)
e ol ~ pofe?).
With i; := e 80 and ip := ¢ o 1 the above shows that (3) and (4) are satisfied.

(5). Suppose e lF, a = b A ¢ € a. Then jie Ik, a = b and e IFp ¢ € a. From the
latter we get that D). # 0 and for all d € D, there exists v such that (j1d,v) € a and
72d Ik, ¢ = v. Thus, D, # 0 and since jie - a = b, it follows that for all h € D,
(y1h) ® (71d) Ik, v € b, so that by (4),

g5(d, h) = io(](]gd, (jlh) ° (jld)) Ik, ceb.

Using Lemmata 4.3 and 4.5 repeatedly we get

lo(e,d) := x3(P(g1e, \hl5(d, h)) Ik c€b
l7(e) == xa(P(g2e, Ad-Lle(e,d))) Ik c€b

for appropriate partial recursive functions y;. So we may put iy := Ae.l7(e).

(6). This is shown by a routine induction on the complexity of A, the non-trivial atomic
cases being provided (2)-(5). O

Corollary: 4.8 There is a total recursive function  such that for all a € V(L),
(V{f,u) € a)0(f) IFL u € a.

Proof: Let

Theorem: 4.9 Let D be a proof in intuitionistic predicate logic with equality of a formula
A(uq, ..., u.) of IZF all of whose free variables are among uy, ..., u,. Then thereisep € N
such that IZF' proves

ep IFp Yuy ... Vu, A(uq, ..., up).

Proof: We use a standard Hilbert-type systems for intuitionistic predicate logic. The
proof proceeds by induction on the derivation. The correctness of axioms and rules per-
taining to the connectives A, =, — is exactly the same as for Kleene’s realizability. We have
also shown realizability of the equality axioms in Lemma 4.7. So it remains to address the
axioms and rules for Vv,V, 3.

Axioms for V:
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A— AV Bor A— BV A. Suppose el A. As Dggy0,)) = {7(0,€)} by Lemma 4.1,
it follows that sg(y(0,e)) IFr, AV B and hence Ae.sg(y(0,¢)) IF, A — AV B. Similarly,
Ae.sg(y9(1,e)) Ik A— BV A.

AVB = (A= C)— ((B— C)— C)). Suppose ¢ l-, AV B. Then D, # (). Let
d € De. Then 515d =0 A g2d IFp A or 51d # 0 A j2d Ik B. Suppose f IFp A — C and
g Ik B — C. Define a partial recursive function f by

"o (30d) if nd=0
o) ={ 10 Ea g
Then f(d, f,g) Ik C and hence Af.\g.f(d, f,9) Fr (A — C) —» (B — C) — C). With
the aid of Lemma 4.3 we can thus conclude that D nanfag.j(d,f.g) 7 () and for all
P € Da(exdrfrg.j(d,f.9)) We have
plkr (A—=C)— (B—C)—C).
Let E:=(A—C)— ((B— C) — C). By Lemma 4.5 we can therefore conclude that

xE(®(e, \dAf\g.f(d, f,9))) IFL E.
As a result, Ae.xg(®(e, \dd.Af.A\g.f(d, f,9))) F, AV B — E.
Axioms and Rules for V:

If e lFf Vo A(z,d), then D, # () and (Vb € V(L))(Vd € D) d IF, A(b,@), and hence, by
Lemma 4.5, x4(e) Ik A(b, @) for all b € V(L). Consequently,

de.xale) kb Ve A(z,d) — A(b,d)

for all b,d@ € V(L).
We also have the rule from B(@) — A(z, @) infer B(#) — VzA(z, @) if = is not free in
B(#@). Inductively we have a realizer h such that for all b,a € V(L),

b IFL B(@) — A(b,a).

Suppose d IF;, B(@). then h e d IF;, A(b,&) holds for all b € V(L), whence sg(h e d) I
Ve A(x,d). As a result,

Md.sg(hed) lFp B(@) — VeA(x,d)
for all @ € V(L).

Axioms and Rules for 3:
If e Ik A(a) then sg(e) IFr, 3z A(z), thus Ae.sg(e) IFr, A(a) — FzA(x) for all @ € V(L).
Finally we have the rule, from A(z, @) — B(@) infer 3z A(z, @) — B(4) if = is not free
in B(%). Inductively we have a realizer g such that for all b,ad € V(L),

gl A(b,@) — B(@).

Suppose e I, 3z A(x,d@). Then D, # () and for all d € D, exists ¢ € V(L) such that d I,
A(c,d). Consequently, (Vd € D.)ged |- B(@). By Lemma 4.3 we then have Dgc,g) 7
and (Vg € Dg(c,q)) g9 -1 B(a@). Using Lemma 4.5 we arrive at xg(®(e, g)) Ik B(@); whence
Xe.xp(®(e,9)) IFr 3xA(z,d) — B(a). ]
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5 The soundness theorem for 1ZF

Lemma: 5.1 There is a partial recursive function sub such that for all a, a € V¢ and
be Vset}
elFr b Ca— 3" € Vi sub(e) IFz b= b*.

Proof: Suppose a € V3¢ b e V¢ and elrp b C a. Then D, # (). Let

b = {O(f, 9),u) | B{f,z) € b)[(ng,u) €a A jod IFp x =ul}.
Clearly, b* € V3¢, We have

(f,eyeb — O(f)IFpxzeb
— (VdeD.)del(f)IFrx €a
— (Vd € De) (Dgeg(py #0 A
(vd' e Dye(s)) Fu [(d',u) € a A god IFp x = ul)
(Vd € D.) (Vd' € Dgag(py) 3ul(g(f,d'),u) € b A god - @ = ]
(Vd € De)(Vh € Do aed(f) Ad (3£, 32d'))
Fu [{(g1h,u) €0* A gohlFp =]
— (Vd € D) ®(de0(f),\d 3(3(f,d), 52d")) Ik x € b*
= (V9 € Da(erd.d(de0(f) N 5((f.d")32d)))) 9 1L T € DT
— XA((D(G’ )\d(I)(d ° 0(f)7 )\dlj(](fa d/)7.72dl)))) H_L HARS b*

U

where the fifth and seventh arrow are justified by Lemma 4.3 and the last arrow follows
by Lemma 4.5 with A = x1 € xo.
Conversely, we have

(hyu) €b* — Jz[{(nh,z) €b A (1(92h),u) € a A is((32(52h))) IFL u = x]
= 5903(11h,15((72(521))))) Ik w € .

with is from Lemma 4.7. The upshot of the foregoing is that with

V(evf) = XA(q)(ev/\d'(I)(d.0(f)7)‘d/'](](fad/)7]2d/))))7
p(h) = sg(9(nh,is((52(221))))) »
sub(e) = sa(jAfv(e, ), Mhpa(h))

we have sub(e) I, b = b*. O

Theorem: 5.2 For every axiom A of 1ZF, one can effectively construct an index e such
that
IZF' + (elkp A).
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Proof: We treat the axioms one after the other.

(Arithmetic axioms): There are several and they are very boring to validate. In view of
Lemma 4.6 it’s also obvious how to realize them. We do one case study. 0 I, SUC(n, n+1)
holds for all n € N. Hence j(n+ 1,0) Ik, N(n+ 1) A SUC(n,n + 1), thus

sg(s(n+1,0)) Iz 3k SUC(n, k),

so Vn e* en Ik Ik SUC(n, k) with e* is chosen such that e* e n = sg(y(n + 1,0)). By
Lemma 4.6 we then have

Wole®) Ik Yn3kSUC(n, k). (13)

Now suppose e IF, SUC(¢,a) A SUC(c,b). Then ¢,a,b € N and ¢+ 1 = a = b, thus
0 lF7, @ = b and hence

sg(sg(sg(Au.0))) IFp VaVyVz [SUC(z,y) A SUC(z,2) — y = z]. (14)
From (13) and (14) we obtain a realizer for the first number-theoretic axiom.
(Induction on N): Suppose
elrFr A(0) A VaVy[N(z) A N(y) A A(z) A SUC(z,y) — A(y)]-

Then D,,. # 0 and (Vd € D,,.)Dgq # 0. Moreover, if d € D,,. then for all h € Dy,
hiFr N(z) AN(y) A A(z) ASUC(z,y) — A(y) for all x,y € V(L). Thus for all h € D
(with un from Lemma 4.4) and all 2,y € V(L) we have

un(jgze)

hlFp N(z) A N(y) A A(z) A SUC(z,y) — A(y). (15)

Clearly, j1e Ik, A(0). Now suppose n € N and SUC(n, m) and we have an index e* such
that
(Vh € Dun(]2e) e* e j(h,n) Ik A(n).
(

Then j(n,m) IFr N(n) A N(m), so 3(3(n,m),e* ® 3(h,n) IFr, (N(n) A N(m)) A A(n), and
finally 7(y(3(n,m),e* @ 3(h,n),0) I, ((N(n) A N(m)) A A(n)) A SUC(n,m). From the
latter we get

(#(e*,n, h) := h e 3(3(3(n,m),e* @ 3(h,n)),0) Ik, A(m).
We suppressed m in [# since m is computable from n (m =n+1). Now choose e* by the
recursion theorem in such a way that e* e 3(h,0) = j1e and

e* o g(h, k4 1) ~ [#(e* k, h).

If we inductively assume that e* @ 3(h,n) | for all h € Dy, then the foregoing showed
that e* o 5(h,m) | for all h € Dyn(). Hence (Vg € Da(un(e) rh.cvoy(h,m))) 9 IFL A(m) by
Lemma 4.3 and thus with

. [ e ifm=0
Fle,m) = { (@ (un(e), Noc*™ o y(hom)))  if m # 0
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(using Lemma 4.5) we have I°(e,m) -1, A(m) for all m € N. As a result,
Am.[°(e,m) Ik, N(a) — A(a)
holds for all @ € V(L) since d I, N(a) implies d = a. Thus
sg(Am.l°(e,m)) Ik, Va(N(z) — A(z)),
and hence

Ae.sg(Am.[°(e,m)) Ik A(0) A VnVm[A(n) A SUC(n,m) — A(m)] — VnA(n).

(Extensionality): Let a,b € V(L). Also suppose that S(a) A S(b) and
elkrVe(z € a <» z €D).

Then (Vd € D.)(Vu € V(L)) d IFr (v € a < u € b). Thus for all d € D, we have

(V(f,y) €a) (nd) e O(f) kL y b
(Y(f,y) €b) (52d) @ 0(f) IFLy € a

with € defined as in Corollary 4.8. Letting ¢(d) := 3(Af.(51d) @ (f), Af.(32d)  8(f)) we
therefore have

(V{f,y) €a) (n(¥(d)) e flFLy b
(V{f,y) €b) (52(4(d))) o f IFL y € a.

Thus, by Lemma 4.3, ®(e, Az.¢(2)) |, Da(e,ra.05(2)) 7 0 and every h € Dg(e rz.4(2)) 18 of the
form (Az.¢)(x)) e d = 9(d) for some d € D,. Thus ®(e, Az.1p(x)) Ik, a = b. Furthermore,

Afxe.®(e, Ax.ap(x)) kL S(a) AS(b) = (Vx(z €a <> x €b) = a=0b)
and hence

sg(sg(\f. X e.@(e, A\x.yp(2)))) kL YuVy[S(u) AS(y) = (Ve(z € u « z €y) = u=1y)l.

(Pair): Let u,v € V(L). Put a = {(0,u),(0,v)}. Then a € V*¢ and 6(0) IF; u € a and
6(0) IF, v € a, whence 7(0, 3(6(0),60(0))) Ik, S(a) Au € aAv € a, so sg(3(0, 2((0),6(0)))) Ik,
Jy[S(y) Nuey Awveyl.

(Union): For each v € V(L), put

Un(u) = {Q(f;h),y) [ 3e((f,2) € u A (h,y) € 2)}.
Then Un(u) € V*¢*. Suppose

elFr Jz(zr € u A z € x).
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Then
(Vd € De)(Fz € V(L)) [ndlrp z € u A god Ik 2 € ).

Fix d € D, and x € V(L) such that 51d Ik, € u A god Ik 2 € 2. Then (Vf €
D,q¢)3w [(nf.w) € u A gof Ik o = w]. Letting q(f,d) := iy ® 3(2f, j2d) with i; from
Lemma 4.7 we get

(Vf €Dja)Iw[(nf,w) €u A q(f,d) IFp 2z € w]
and hence

(Vf € Dyya)Fw [(1f, w) € w A Fo((nn(a(f,d)),v) € wA Irp go(a(f, d))z = v].
Since (3(s1f,72(q(f,d))),v) € Un(u), we arrive at
(Vf e V,a)(f.d) Ik z € Un(u),

where [(f,d) :=sg(30(n S, n(a(f,d))),22(q(f,d)))). As a result,
(\V/h S be(jld,)\f.[(f,d)) k7, z € Un(u),
hence
xa(@(1d, MfI(f,d))) Ik z € Un(u)
where A is the formula zg € x1. Since the latter holds for all d € D, we get

(V9 € Da(erdxa(@dri(f,a))) FL 2 € Un(u)

XA(®(e, Ad.xa(®(nd, \f.U(f,d))))) Ik z € Un(u).

The upshot is that sg(7(0,sg(Xe.xa(P(e, Add.xa(®(51d, A\ f.[(f.d)))))))) realizes Fw[S(w) A
Vz(3z(x € u A z € ) = z € w)] from which one gets a realizer for the union axiom via
realizers for the separation axioms.

(Infinity): Let M := {(n,n) | n € N}. Then M € V*¢ and S(M). Suppose ¢ |-, z € M.
Then D, # 0 and
(Vd € D¢)3n[(nid,n) € M A jodlFp z = n).

Note that (51d,n) € M and jod Ik, z = n with n € N entail that 37d = z = n. We then
also (trivially) have j1d I-, N(z). Invoking Lemma 4.3 we have Dg (e rd,;,q) = {7} Thus,
by Lemma 4.2, ¢(®(e, Ad.j1d)) | and ¢(®(e, Ad.j1d)) -, N(2).

Conversely, if e Ik, N(z), then e = 2z A (z,2) € M, so 0(e) Ik z € M.

The upshot is that sg(3(Az.¢(®(z, Ad.j1d)), Ax.0(z))) Ik Yu(u € M < N(u)). Hence

59(7(0,5g(9(A\z.(P(x, Ad.71d)), Az.0(x))))) IFL 3z[S(2) A Yu(u € z < N(u))].
(Powerset): Let a € V. Tt suffices to find a realizer for the formula

Fy[S(y) A Vz(S(z) Az Ca— x € y)
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since realizability of the power set axiom follows then with the help of Separation. Define
Y, = {{g,b) |be VI N geNAqlFVa(zr €b— x €a)}.

Then U, € V. Suppose b € V*¢' and e IF, b C a. Then sub(e) I b = b* for some
b* € Vi by Lemma 5.1. Thus, as (sub(e),b*) € Uy, we have

s59(y(sub(e),sub(e))) IFr b € Y.
Thus sg(Af.sg(y(sub(y2f),s5ub(s2f)))) IFr Vz(S(z) A # Ca — x € y) and consequently

59(7(0, sg(Af.5g(s(sub(s2f), sub(12/)))))) IFL Fy[S(y) A Va(S(z) Az C a— z € y)].

(Set Induction): Suppose € IFp Vz[Vy(y € x — A(y)) — A(z)]. Then Dz # () and
(Vd € Dg)(Vz € V(L)) d Ik Vy(y € 2 — A(y)) — A(x). (16)

Let a € V(L). Suppose we have an index e* such that for all d € Dg, e* e d| and for all
(f',b) € a, e* odIFy A(b). Assume f |- y € b. Then there exists b such that (51 f,b) € a
and jof Ik y = b. Hence, by Lemma 4.5, ix/ (3(e* @ d, 52f)) IFr A(y) for an appropriate
formula A’. As a consequence we have

/\f'iA’(j(E* d du ]Qf)) -z yea— A(y)7

*(e*,d) := sg(Af.ia(9(e” od,321))) Ik Yyly € a — A(y)],

SO
(Vd € Vz)d e I*(e*,d) IF1, A(a). (17)
By the recursion theorem there exists an index e* such that
e en ~["(e" n)

for all n € N. In view of the foregoing, it follows by set induction on a € V(L) that for
all d € D, e* od| and e* @ d I, A(a). Hence, by Lemma 4.3, V(e rd.eveq) 7 § and for all
h € V(e adereq) and all a € V(L) we have h Iy, A(a). Thus ®(e, Ad.e* o d) I, VzA(x).
Hence

Ae.®(e, Ad.e” o d) IFp, Ve [Vy(y € + — A(y)) — A(z)] — VxA(x).

(Separation): Given a € V(L) we seek a realizer ¢ such that
elFr 32[S(2) AVu(ue z s ue€a A Ala)) A Vu(u € a A A(u) = u € 2)]. (18)
¢ will not depend on a nor on other parameters occurring in A. Let

b= {G(f,9),2) [ (f,z) €a Nglrp Alz)}. (19)
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Then b is a set by separation in the background universe, and also b € V¢,

Assume e Ik u € b. Then D, # () and for every d € D, there exists = such that
(nd,x) € b A god Ik w = x. By definition of b, 51d = j(f,g) for some f,g € N such
that (f,xz) € a and g Iy, A(x). From god Ik, w = 2 and 0(f) Fp « € a we deduce
q(d, f) == 10(9(y2d, 0(f))) IFz u € a with the help of Corollary 12 and Lemma 4.7(4). As
gk A(x) we get p(d, g) :=ia(3()2d, 9)) Ik A(u) from Lemma 4.7, where A’ is obtained
from A by replacing parameters from V(L) with free variables. Thus, from the above we
conclude that

Ja(d, f),p(d, 9)) IFp v € a A A(u). (20)

We can write [(d) := 3(q(d, f),p(d, g)) solely as a partial recursive function of d since
f=mn(nd) and g = y2(nd)). Thus (20) yields (Vd € D) I(d) kL w € a A A(u), whence
(Vh € Do(erdiay) IFo v € a A A(u) by Lemma 4.3, so

xB(®(e, Ad.I(d))) FL u e a N A(u) (21)
by Lemma 4.5 for an appropriate formula B. (21) yields
e :=sg(Ae.xp(P(e,Ad.I(d)))) IFr Yu(u € b — u € a A A(u)). (22)

Conversely, assume e IF;, v € a A A(u). Then jre by u € a and j9e b, A(u). Thus, for
all d € D, . there exists « such that (j1d,z) € and jod IFf, u = z. Then, by Lemma 4.7,
l1(d,e) :=i4,(9(s2d, 52¢)) IFL A(x) for a suitable formula Ag. So (y(nd,lf1(d,e)),z) € b,
which together with j2(d) IFz, u = x yields

la(d,e) := 3(3(nd, lfi(d,e)), 32d) Ik, u € b.
Consequently, by Lemma 4.3,
(Vh € Do (jrendia(de))) P IFL u €,
thus xc(®(y1e, Ad.I2(d, €))) IF u € b by Lemma 4.5, where C' = 1 € x3. Hence
e :=sg(Ae.xc(P(g1e,Md.Ia(d, €)))) kL Yulu € a A A(u) — u € b). (23)

Finally, by (22) and (23), we arrive at (18) with e := sg(y(0, 5(e*, e*))).
(Collection): Suppose

elkr Vu(u € a — 3y B(u, y)). (24)
Then D, # 0 and
(Vd € De)(Vu € V(L)) d IFp (v € a — Jy B(u, y)). (25)

Fix d € D. If (f,z) € a then 0(f) IFr « € a, so de 6(f) I, JyB(z,y). Consequently,
(Vh € Dgeg(s))(Fy€ V(L)) h IF, B(z,y). Therefore, using Collection in the background
universe, there exists a set C' C V(L) such that

(Vd € D) (Y(f,z) € a)(Vh € Dgeg(s))(Fy € C) h Ik B(z,y). (26)
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Let
= {00 f),h),y) |d€De Ny e C A 3x({f,z) €a A hiFp B(z,y))} (27)

C* is a set by Separation. Also C* € V*¢. Now assume that d € D, and €' IF; u €
a. Then, for all d € D, there exists z such that (51d’,xz) € a and 72d' Ik, u = x.
Moreover, by (25), for all h € Dgeg(;,a) there exists y € C such that h Iy B(z,y).
Whence (I3(d,d’, h),y) € C*, where [3(d,d’, h) := 3(3(d, 51d'), h). From jod’ IFp u = x and
h I B(z,y) we also obtain ig/ (3(j2d’, h)) Ik B(u,y) by Lemma 4.7 for an appropriate
formula B’. Since 0(I3(d,d’, h)) Ik y € C*, we have

[4(d7 d/’ h) = ](9([3(d7 dlv h))v iB’ (](JQd,) h))) -z, ye c* A B(uy y)v (28)

so 5g(ly(d,d’, h)) IFg, Fy(y € C* A B(u,y)), hence, using Lemmata 4.3, 4.4 and 4.5 repeat-
edly with appropriate formulas D and F,

I5(d,d") := xp(®(d e O(nd'), \h.sg(ly(d,d’, h)))) Ik, Fy(y € C* A B(u,y)),
le(d,e) = xp(®(,\d 15(d,d))) kL Fy(y € C* A B(u,y)). (29)

As we established (29) under the assumption €’ IF7, u € a, we get
e lg(d,€') Ik u € a— Fy(y € C* A B(u,y)).
Thus, by Lemmata 4.3 and 4.5, we have
l7(e) := xr(®(e, A\d.Ae'.Ig(d,€")) Ik u € a — Ty(y € C* A B(u,y)) (30)
for an appropriate formula F'. Finally, by repeatedly applying Lemma 4.1, we see that

sg(lz7(e)) IFrp Yulu € a— Jy(y € C* A B(u,y))]
59(7(0,s8g(17(e)))) Iz Fz(S(2) A Vulu € a — Jy(y € z A B(u,y))])
Ae.sg(7(0,s9(l7(e)))) Ik Vulu € a — Jy B(u,y)] —
32(S(z) A Yu[u € a — Jy(y € C* A B(u,y))]).

6 Church’s thesis in V(L)
Lemma: 6.1 (IZF’') V(L) = CTy!.

Proof: Note that according to Lemma 4.6 our realizability for arithmetic formulae is the
same as in [11]. As a result, the same proof as in [11, Lemma 3] will do. O
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Lemma: 6.2 V(L) [~ CTy. More precisely, let €,é € N be indices of two disjoint recur-
sively inseparable r.e. sets, i.e. X ={m | ImT(e,n,m)} andY = {m | ImT(é,n,m)} are
disjoint and recursively inseparable. Let A(n) :=Vm —T(e,n,m), B(n) :=Vm —T(é,n,m)
and C(n, k) := (A(n) AN k=0)V (B(n) AN k=1). Then

V(L) W Yn3k C(n, k) — 3dvnC(n,d e n).

Proof: The proof is the same as in [11, section 4]. First one shows that V(L) =
Vn3k C(n,k). Next one shows that from e* Iy 3d¥n C(n,d e n) one would be able to

engineer a recursive separation of X and Y above, which is impossible. O

The foregoing Lemmata also show that a “binary” version of number choice is not
provable in IZF. Let AC,, 2 be the statement that whenever (A;);ey is family of inhabited
sets A; with A; C {0,1}, then there exists a function F' : N — |,y A; such that Vi F(i) €
A;.

€N

Corollary: 6.3 V(L) = AC, 2. In particular, IZF does not prove AC,, 5.

Proof: We argue in V(L). We have Yn3k C(n, k) with C as in the proof of Lemma 6.2.
Then with A, :={k € {0,1} | C(n,k)}, A, € {0,1} and A, is inhabited. Thus if AC,,
were to hold in V(L) we would get a function F': N — |J, oy An such that Vn F(n) € A,.
Since Vn3lkF(n) = k, CTy! implies the existence of an index d such that ¥n F(n) = den,
and hence 3dvn C(n,d e n). This contradicts Lemma 6.2. O

7 Some classical and non-classical principles that hold in

V(L)
The next definitions lists several interesting principles that are validated in V(L).
Definition: 7.1 1. UP, the Uniformity Principle, is expressed by the schema:
Va [S(z) = In A(z,n)] — InVz[S(x) — A(n,z))].
2. Unzerlegbarkeit, UZ, is the schema
Vz[S(x) — (A(z) V B(z))] — Vz(S(z) — A(z)) V Vz(S(z) — B(z))
for all formulas A, B.

Lemma: 7.2 UP and UZ are Lifschitz realizable.
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Proof: Suppose e lFp, Va [S(z) — In A(z,n)]. Then D, # 0. Since 0 -7, S(a) holds for all
a € V5 we have

(Vd € D.)(Va € V¥)91d e 0 Ik, Fy[N(y) A A(a,y)].

Let d € D, and a € V¢, If f € D, 4 then there exists y€ V(L) such that f Iy N(y) A
A(a,y), thus 11f =y and so 72 f Ik, A(a,71f). Hence

(Vf € D,,0)(Va € V) 5o f b1, A(a, 11 f),

and so

(Vf €Dya) z.gof Ik Va[S(x) = Az, g1 f)]
(Vf € Dya)a(nf, Arvg2f) kL N(if) A Va(S(z) — Az, 1)),
(d) := ®(nnd, \f-g(1f, Aeg2f)) TP FyIN(y) A Va(S(z) — Az, y))],

where we used Lemma 4.3 in the last step. Finally, by applying Lemmata 4.3 and 4.5 we
arrive at

XA (®(e, Ad.[(d))) IFz Fy[N(y) A Vz(S(z) — A(z,y))]
for an appropriate formula A’. Hence, with e* := Ae.x 4/ (®(e, Ad.l(d))),
e* lkp Ve [S(z) — In A(x,n)] — Jy[N(y) A Va(S(z) = A(z,y))].

As to Lifschitz realizability of UZ, note that Vz[S(z) — (A(z) VvV B(z))] implies
Va[S(x) — In[(n=0 A A(x))V (n #0 A B(z))]. The latter yields

InVz[S(z) > [(n=0A A(z))V (n#0 A B(z))]

via UP, and hence Vz(S(z) — A(z)) V Vz(S(z) — B(z)). Thus UZ is a consequence of
UP. Therefore V(L) = UZ. O

The principle MP,, holds in V(L). Another classically valid principle considered in
connection with intuitionistic theories is the Principle of Independence of Premisses, 1P,
which is expressed by the schema

(mA — Jz B(z)) — Jz(—A — B(x)),
where A is assumed to be closed.
Theorem: 7.3 1. (IZF') V(L) E MP,,.
2. Assuming classical logic in V, V(L) = IP.

Proof: (1). Assume e - ==3n A(n) where A(n) is of the form R(n, k) with R primitive
recursive and k € N. Then ——3f f Iz, 3n A(n), and thus by Lemma 4.6, =—3f Iz A(y1f),
thus —~—=3f A(y1f). Using MP,, in the background universe we have 3n A(n). Then, with
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r = un.A(n), we have sg(3(r,0)) Ik In A(n). Whence Ae.sg(y(r,0)) realizes this instance
of MPy,.

(2). Assume that el =A — Jx B(x). Then, if g IF;, =A, 0k =A and e e 0 IF7 3z B(x).
Therefore, Deeg # () and for all d € D.qg there is an a € V(L) such that d I, B(a), and
therefore Au.d IF;, ~A — B(a). Hence, if A is not realized,

D(e 00, \d.\u.d) IFp (A — B(x)).

On the other hand, should A be realized, then —A is never realized, so Au.u would realize
this instance of IP. O

8 The reals in V(L)

By Lemma 6.1 the Cauchy reals in V(L) are the recursive reals. A well-known consequence
of AC, 2 is that the sets of Cauchy reals and Dedekind reals are isomorphic. As it turns
out, in V(L) the notions of Cauchy real and Dedekind real coincide in V(L) despite the
failure of AC,, ».

Lemma: 8.1 In V(L) the set of Cauchy reals is order-isomorphic to the set of Dedekind
reals.

Proof: This was proved by van Qosten to hold in the Lifschitz topos [16, IV. Proposition
2.5]. The proof utilizes [21, Ch.5 Proposition 5.10] saying that the collection of strong
Dedekind reals is order-isomorphic to the collection of Cauchy reals. It is shown in [16,
IV. Proposition 2.5] that in the Lifschitz topos every Dedekind real is a strong Dedekind
real. As the proof carries over to V(L), we do not repeat it here. O
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