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Abstract 

TD(? ) is a sophisticated estimator of value functions encountered as part of 

reinforcement learning. This research examines the behaviour of TD(k) as a 

statistical estimator of the value function. The relationship between the eligibility 

forms of TD(A) and the various ways that recurrent states can be used is explored. 

The reason why some forms of TD(X) diverge for some choice of a is investigated. 

A simple condition is presented that ensures that TD-like estimators converge in the 

mean for all a and this is used to propose a non-divergent form of Accumulating 

traces TD(k). 

The reason why TD(, %) shows a small sample advantage over simpler estimators is 

examined. The form of the estimator in the first few steps of estimation is shown to 

be close to a weighted reward estimator or WR(? ) estimator which does not use any 

"temporal difference" principles. By comparing the behaviour of the various forms 

of TD(k) to the behaviour of the corresponding WR(?. ) estimator in a range of 

models, it is proposed that the action of weighted rewards accounts for TD(A)'s small 

sample advantage. 

Estimates of the value function are often used to derive the optimum policy. An 

additional measure of success, the concordance coefficients is used to compare 

WR(%), TD(X) and simpler estimators for their suitability in this role. It is shown that 

the WR(? ) and TD(? ) estimators behave in a very different way to simpler estimators 

and this behaviour is largely parameter insensitive. An experiment that compares the 

estimates of optimal state values reveals that WR(%) and TD(A, ) retain their distinct 

behaviour. This proves to be an advantage when the initial estimates are optimistic 
but a disadvantage when they are pessimistic. 
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Chapter One 

Reinforcement Learning 

This chapter introduces the basic ideas of reinforcement learning in the most general 

terms. TD()) is then described as the best known technique specific to reinforcement 

learning and its spectacular success when applied to the problem ofplaying 

backgammon is outlined. The question of whether the success of the backgammon 

playing program is due to TD(A) or something else is considered. As TD(B) is such 

an important method within reinforcement learning its relationship to a broader 

philosophy of temporal difference learning is considered. 

Reinforcement learning 

An autonomous system that has to learn to improve its behaviour without the help of 

a supervisor or teacher has little choice but to attempt to characterise the quality or 

value of its behaviour in terms of the reward or benefit that accrues to it. Such 

situations are generally referred to as "reinforcement learning", (Sutton & Barto 

1998). 

The exact details of the assumed situation vary but the constants are that the 

autonomous system, or agent, has to evaluate and modify its behaviour using nothing 
but knowledge of a reward gained at some time in the future -a delayed reward. This 

can be contrasted with the easier problem of supervised learning, where more 
detailed information concerning the direction in which to modify the behaviour is 

supplied. That is, in supervised learning an "error vector" is supplied to the agent 

which indicates both the distance that the behaviour is from the optimum, or target, 
behaviour and the direction to "move in" to get closer to that target. 

Examples of reinforcement learning are very common in the natural world. In 

psychology reinforcement learning is supposed to work at a more primitive and basic 
level than logic or "reasoning" and the behaviourists have argued that all behaviour, 

even the most sophisticated, is due to conditioning. With regard to a more synthetic 

environment, AI researchers have invented many artificial tests of reinforcement 
learning, including pole balancing and playing games such as Backgammon, Chess 
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and Go. In these artificial situations expert knowledge has often been incorporated 

into the design of the unsupervised learning mechanisms. For example, Tesauro's 

Backgammon program (Tesauro, 1992) was given a predefined set of "features" to 

use to judge the quality of a position. There is nothing inherently different about 

such hybrid approaches as the final stage of learning involves improving play or 

behaviour using nothing but the reward eventually obtained. 

Value estimation 

A key idea in reinforcement learning is that the worth of any given state or action is 

judged by the reward it eventually produces, (Sutton & Barto, 1998). In many cases 

it is not enough to select the state or action which maximises the immediate reward 

because states subsequent to this might well be sub-optimal. In other words, it may 

be worth accepting a lower immediate reward than possible at a given state in order 

to reap the benefit of higher rewards later. Thus the task of maximising the eventual 

reward is likely to be a global, i. e. involving all the possible future states, rather than 

a local search or the optimisation of the states immediately reachable from the 

current state. 

The estimation problem may well be global but the agent can only use local 

information such as the nature of the current and immediately accessible subsequent 

states. This leads to the idea of an "optimal value function" which gives the expected 
best reward each state produces in the long run. Knowledge of the optimal value 

function reduces the global search for a maximum reward to a local search. The 

reason is that, with knowledge of the optimal value function, at each stage the agent 

simply has to select the action or next state with highest value. That is, the optimal 
behaviour is simply "greedy" with respect to the optimal value function, i. e. the 

agent simply selects the state or action that produces the maximum value function at 
the next stage. 

Clearly complete knowledge of the optimal value function makes the reinforcement- 
learning task trivial but obtaining knowledge of this is far from trivial. As a result 
part of the theory of reinforcement learning is concerned with finding ways of 
efficiently estimating value functions. Alternative approaches such as estimating 
model parameters and direct policy methods can also be applied and these sidestep 
the problem of direct value function estimation. However any policy, no matter how 
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derived, can be used to infer a value function and this can be used as a value function 

estimate. 

Backgammon and temporal difference learning 

The most successful direct application of reinforcement learning theory to date is 

Tesauro's backgammon program, which used Temporal Difference (TD) learning to 

estimate the state value function for the game using a neural network (Tesauro, 

1992). TD is a value estimation method introduced by Sutton (Sutton, 1988) and its 

role in reinforcement learning is the main topic of this study. In the case of 
backgammon the sequence of board states x1, x2, x3... xf results in a final reward z, 

which is 1 for a win and 0 for a defeat, and the output of a suitably trained neural 

network is simply P(xt), the probability of winning from position xt. 

The training method employed, for the neural network, was to start from an initial 

configuration and to use the network to select moves for both sides. The move 

selection consisted of presenting the network with all possible legal moves and 

selecting the one that maximised its output. That is, the next move, x; is given by: 

i= arg max(P(xk, w)) 
kelegalmoves 

where P(Xk, W) is the output of the neural network with weight vector w when 

presented with the board state xk derivable from the current board state by a legal 

move. The same procedure is used for the opponent's move but in this case the 

output of the network is minimised. That is, the neural network was being used to 

predict the evaluation function for the game. 

The weights were adjusted using the TD(, %) method (see Chapter Two for a detailed 

explanation) employing the outputs from the network on the moves it selected, i. e. 
taking P as the error signal. As the network was being used to play itself, there was 
no input of information from a trainer, other than the win or lose signalled at the final 

move. Tesauro also states that only raw features were used as input and not features 

constructed to have a relevance to the game. 

In several tests based on particular phases of the game of backgammon, it was found 
that the TD algorithm lagged behind a traditional supervised learning method at 
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selecting the best moves using the same configuration of network. However, unlike 
the expert-trained network, its performance continued to increase as the number of 
hidden units was increased. It was suggested that the TD algorithm is not highly 

subject to overfitting the data because of the way that new training data is generated 

during self-play. 

A more surprising result is that, when pitted against an algorithm-based backgammon- 

playing program, the TD algorithm won more games than the expert-trained network. 

This seems to suggest that differences in performance at predicting the best move may 

have more to do with a similarity between the test data and the expert-trained 

network's training data. Tesauro goes on to state that the TD network is as good, or 

slightly better, than Neurogammon 1, the best backgammon program in the 1989 

Computer Olympiad. This is all the more surprising because Neurogammon 1 uses 
hand-crafted features and the TD network does not. 

A later paper (Tesauro, 1994), describes how adding the feature set used by 

Neurogammon 1 gave the newly named TD-Gammon the ability to greatly surpass 
Neurogammon 1. Indeed, with the new program installed as a move evaluator within 

a program that used a heuristic for "doubling" strategy, the resulting TD-Gammon 1 

played well enough to rival a strong human opponent. By adding a two-ply look 

ahead to the supervising program, TD-Gammon 2 improved still further and, by 

increasing the number of hidden units to 80, TD-Gammon 2.1 is reckoned to play at 

strong master level and is extremely close to equalling the world's best human 

players. The performance of the various versions of TD-Gammon is listed in Table 1. 

Table 1: Performance of TD-Gammon 

Training Games Hidden Units Results 

TD 1.0 300,000 80 Lost 13 points in 51 games 

TD 2.0 800,000 40 Lost 7 points in 38 games 

TD 2.1 1,500,000 80 Lost 1 point in 40 games 
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Although the performance of reinforcement learning has been good when applied to 

other games, nothing has matched the outstanding success of TD-Gammon. Games 

that have been tried include Go (Schraudolph, Dayan & Sejnowski, 1994) and Chess 

(Thrun, 1995 and Baxter, Tridgell & Weaver, 1998). See Chapter Three for more 
details. 

The problem that TD-Gammon presents is that it is a complex learning system and it 

is difficult to see which of its features, or which features of the game, were important 

to its success - neural network design, TD(? ), the particular game feature set, the 

random play training regime, the stochastic nature of the game and so on. 

Learning by co-evolution 

The ability to learn by playing a reinforcement learning system against itself, termed 

"co-evolution", is an opportunity that is unique to reinforcement learning. The lack 

of need for a supervisor or teacher means that a reinforcement learning system can be 

pitted against itself at various stages of its history. This sounds like a very good idea 

but in practice it has proved disappointing. To quote Pollack & Blair, 1997, 

"... self-playing learners usually develop eccentric and brittle strategies which allow 
them to draw each other, yet play poorly against humans and other programs. " 

It is as if the two systems agree not to test each other by playing more creative 

strategies. 

The best counter-example of this folklore is TD-Gammon but why the method works 
in this case is difficult to determine. There is evidence that the co-evolution learning 

of TD-Gammon is more likely to be due to the structure of the game rather than any 
of the details of the learning algorithm (Pollack & Blair, 1997). Clearly more work 
is needed to understand what makes co-evolution a successful learning method. 

The role of TD(2) in reinforcement learning 

Tesauro's (1994) results with TD(X) applied to backgammon and, to a lesser extent 
TD(k) applied to chess (Baxter et al, 1998) and Go (Schraudolph, Dayan & 
Sejnowski, 1994), indicate that it is an appropriate learning method to use when 
taking a reinforcement learning approach to games. However the question of why 
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Tesauro's backgammon program performs so well is still open. The question 

remains, "is TD(X) so good an estimation procedure that it makes a decisive 

difference to reinforcement learning as suggested by Tesauro's backgammon 

program", (Tesauro, 1994). To quote again from Sutton and Barto (1998): 

"If both TD and Monte Carlo methods converge asymptotically to the correct 

predictions, then a natural next question is "Which gets there first? " In other 

words which method learns faster? Which makes the more efficient use of 
limited data? At the current time this is an open question. ". 

The TD philosophy 

The philosophy associated with the TD(k) estimator essentially says that learning 

does not have to be based just on the rewards obtained but on any current estimates 

of the value of the states so far encountered (Sutton, 1988 and Sutton and 

Barto, 1998). The basis for this idea is simply that the current estimate of a state's 

value represents the expected reward given that the agent finds itself in this state. In 

this sense the current estimate of the value can act as a surrogate for the eventual 
"real" reward. Actions that result in the agent moving to states with a high estimated 

value are as good as actions that eventually result in a final "real" reward - as long as 
the estimates are good. The advantage of using the current value estimates as 

surrogates for the reward is that it allows learning to occur as actions are selected by 

the agent, rather than having to wait until the final reward is received. 

To quote from Sutton and Barto (1998): 

"The next most obvious advantage of TD methods over Monte Carlo method 
is that they are naturally implemented in an on-line, fully incremental 

fashion. With Monte Carlo methods one must wait until the end of an episode, 
because only then is the return known, whereas with TD methods one need 
wait only one time step. " 

Thus although TD(A) is a specific estimator of the value function it can also be 

regarded as just one possible application of the more general principle of temporal 
difference learning. It is derived from a consideration of the idea that existing 
estimates of the value of subsequent states should be used to update the estimate of 
the value of the current state. 
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The philosophy of temporal difference learning is more subtle than this simple 

explanation might suggest. The principle of temporal difference learning is based on 

the observation that the dynamics of a wide class of reinforcement models possess a 

special property. In any realisation of the model the expected value of the value 

function at the next step is constant as the agent moves from state to state and it is 

equal to the expected final reward. In other words, a large class of reinforcement 

learning models have the Martingale property, where the expected value of the 

quantity of interest at this step is the same as the expected value at the next step 

(Chung, 1974). A Martingale is the probabilistic process which best characterises a 

range of gambling situations that are judged "fair". For example, consider a situation 

where a gambler starts with £M and the game being played is fair with a 0.5 

probability of winning or losing £x. In this case the gambler's expected wealth at the 

next turn is [=0.5(M + x) + 0.5(M - x) ], that is, it remains at £M. This argument, by 

extension, also shows that the expected wealth after any number of games is also 

£M. 

The same reasoning applies to the value function during reinforcement learning. In 

this case the expected value at the next step is equal to the current value by its 

definition rather than by any imposition of fairness. The value function at a given 

state can be expressed as the expected value at the next state by the Bellman 

equations (see Chapter Four). 

In general terms the Bellman equations say: 

Value of state si= Expected value of the state that occurs immediately after. 

That is, the value function has the Martingale property because by definition it 

satisfies the Bellman equation. 

The principle of temporal difference learning takes this simple observation and finds 

ways of constructing estimates using it. For example, Sutton and Barto (1998) in 

their "Driving Home" example suggest, 

"Each day as you drive home from work, you try to predict how long it will 
take to get home... " 

There then follows a description of estimating the total time of the journey given the 
times to various points on the journey. In this case the intermediate points along the 
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journey are the states and the times are the intermediate rewards. The expected total 
time to home from any point on the way is its value function. The example 

continues: 

"Is it necessary to wait until the final outcome is known before learning can 
begin? Suppose on another day you again estimate when leaving your office 

that it will take 30 minutes to drive home, but then you become stuck in a 

massive traffic jam. Twenty-five minutes after leaving the office you are still 
bumper-to-bumper on the highway. You now estimate that it will take another 
25 minutes to get home, for a total of 50 minutes. As you wait in traffic, you 

already know that you initial estimate of 30 minutes was too optimistic. Must 

you wait until you get home before increasing your estimate for the initial 

state? According to the Monte Carlo approach you must because you don't 

yet know the true return. 

According to a TD approach, on the other hand, you would learn 

immediately, shifting your initial estimate from 30 minutes toward 50. In fact, 

each estimate would be shifted toward the estimate that immediately follows 

it... Each error is proportional to the change over time of the prediction, that 
is to the temporal difference in prediction. " 

It is important, in this example, not to confuse the gain in the prediction accuracy for 

this realisation against any long-term gain in accuracy that the adjustment may 

produce. It is quite obvious that after sitting in a traffic jam for 25 minutes you 

should increase your estimate for this realisation to 50 minutes and this is a 

correction that is not only in the direction of the temporal difference but is most 
sensibly taken to be the whole of the temporal difference. This makes it seem 

obvious that temporal differences are a sensible method of correcting estimates but it 

says nothing about the accuracy of prediction on the next journey! Clearly if your 
new estimate to get home from the office is 50 minutes and there is no traffic jam 

next time you make the journey your estimate is worse, not better. It all hinges on the 
probability of the traffic jam. If this was a common event your improved estimate 
will be better in the long run, but if a traffic jam is a low probability your estimate is 

made worse by the correction. 

The real key to temporal difference estimation is not an appeal to the improvement in 
the estimate in the current realisation, but that the corrections are made often enough 
and with a frequency proportional to the probability that the event occurs to reflect 

Chapter 1: Reinforcement Learning 18 



the long term behaviour of the system. That is, in the case of the time to get home 

estimator, the estimate is raised every time a traffic jam occurs and lowered every 
time a traffic jam does not occur in just the right proportion to allow the estimate to 

converge (in some sense) to the average time to drive home. So the example is 

correct and appropriate but only when the role of the probability of a traffic jam, or 

some other similar event, is clearly understood in making the estimate more accurate 
in the long run and not just in the single realisation. 

Early learning? 

There is another issue that reflects on the philosophy of TD learning. Namely that 

TD(? ) is repeatedly shown to be a better estimator early in the stages of data 

acquisition, (Sutton and Barto, 1998). In the case of the driving home estimator it is 

stated that the TD approach should be preferred because it allows learning to start 

sooner than a simple "wait until finished" approach. 

The Bellman equation can again be used to relate the state's value function to the 

next state's expected value function. This implies that estimates already obtained can 
be used to improve the current estimate, so speeding up the learning process by 

"bootstrapping". To quote Sutton and Barto (1998), 

"TD methods learn their estimates in part on the basis of other estimates. 
They learn a guess from a guess - they bootstrap " 

and 

"TD methods have usually been found to converge faster than constant a MC 

methods on stochastic tasks... " 

Indeed it is possible to show that TD(%) estimators do work better than alternative 

estimators for small sample sizes. The key result here being the Markov chain 
random walk experiment used by Sutton (1988), Sutton and Barto (1998), Singh and 
Dayan (1998) and many others to show that TD(), ) does indeed outperform 

alternative estimators. It is indisputable that TD(2. ) is a better estimator than simple 
Monte Carlo estimators for some models for small sample sizes, but this doesn't 

mean that the TD philosophy is the reason for this superiority. 
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It is clear from the Bellman equations that TD estimators could make use of existing 
information more efficiently than simple estimators. For example, if a state with an 

unknown value is "connected" to a set of states with value function estimates that are 

accurate then TD learning can be applied to estimate the unknown value without any 

need to use the final reward statistics and without needed to obtain complete 

realisations or the process. All that is needed is to start the system off from the state 

and observe the average reward at the first transition to another state and use this as 

the estimate of the state's value. However if the "connected" states values are 

different from the real values then this procedure fails. Of course a complete TD 

estimator would allow the value estimates at the "connected" states to be updated in 

the same way and hence everything converges to the true value function. 

It seems more reasonable that the TD philosophy is likely to create estimators that 

are at their worst for small samples, when the early estimates are likely to be further 

from their true values, than later in the procedure. What is more, on examination of 

various models and TD estimators, see later chapters, much of the small sample 

advantage occurs on the very first step of estimation when the initial estimates have 

no information about the expected rewards. Whatever it is that gives these estimators 

their first step advantage it is difficult to see how it can be Temporal Difference 

learning. 

Clearly the superiority of TD(k) in small samples deserves further investigation. 

Outline of thesis 

The purpose of this study is to evaluate the TD(2. ) estimator against an appropriate 

range of alternatives and find out what aspects of it are important to its functioning. 

The following brief outline is given to help the reader see how the argument 

develops. 

The detailed model used in studying reinforcement learning is presented in Chapter 

Two - the Markov Decision Process (MDP) along with the Bellman equations that 

govern its value function. The three standard approaches to value function estimation 

are then presented - Monte Carlo, Dynamic Programming and Temporal Difference 

method. The detailed form of the TD(k) estimator is introduced along with a 
discussion of some of the motivation for its construction. This is then specialised to 
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the case of no discounting and only terminal rewards. The eligibility trace 
formulation of the TD(A, ) estimator is also introduced. 

Following on from the brief histories of TD(k) and its connection to the wider 

reinforcement learning context, Chapter Three focuses specifically on the work done 

to explore and evaluate the TD(X) estimator and on how it has been used. 

By selecting a policy the problem of estimating the value function reduces to that of 

estimating functions of state of a Markov chain. In Chapter Four the classical 

analysis of absorbing Markov chains is presented along with, an analysis of functions 

of state which obey generalised Bellman conditions. The analysis provides tools that 

make computing some expected values much easier. 

Chapter Five presents an initial examination of the behaviour of the TD estimator as 

compared to the simple Monte Carlo Alpha (MCA) update rule. The reason for the 

divergence of the Accumulate or Every Visit Off-line form of TD(? ) for some values 

of a is explored and a modification that removes the divergence is suggested and 

explored. The various forms of the eligibility trace TD(? ) estimator are related to 

first, every and last visit estimators and the reasons for the divergence of Replacing 

Traces and Accumulate traces is investigated. 

Following the preliminary investigation of the way in which recurrent states are used 
in estimation, Chapter Six looks in detail at the first and every visit forms of the 

MCA estimator and their performance. 

In Chapter Seven the focus shifts from the effects of different ways of using 

recurrent states to the central question of why TD(%) delivers a better small sample 

performance than the MCA estimator. An approximation to the TD(%) estimator, 

WR(? ) is derived and explored in the context of the standard 19-state Simple 

Random Walk (SRW) Model and a First Visit estimator. As WR(X) contains no 

temporal difference components its behaviour illuminates why TD(A, ) is better in 

small samples. 

Chapter Eight extends the exploration of the TD(? ) and WR(%) first visit estimators 
to additional models designed to reveal any differences between the two that might 
be due to temporal difference principles. 
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Chapter Nine then extends the exploration of the TD(k) and WR(X) estimators to 

Accumulating and Replacing traces forms using the models described in the two 

preceding chapters. and the potential for using WR(X) as an estimator in its own 

right, rather than just as an approximation to TD(k) is considered in Chapter Ten 

Chapter Eleven considers whether or not the moderate parameter-sensitive gains in 

RMS error TD(X) offers really make any difference to reinforcement learning tasks. 

The "concordance" coefficient is introduced and used to determine if TD(? ) or 

WR(%) offer any substantial advantages over alternative estimators when the 

estimated value functions are used to derive new policies. The performance of value 

functions estimated using TD(X) and MCA are then compared under conditions of 

different exploration/exploitation. 

The final chapter gathers together the results and conclusions of the entire thesis and 

puts them in context. It discusses the relevance of temporal difference learning as a 

philosophy and the importance of estimators like TD(? ) or WR(%). 
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Chapter Two 

Markov Decision Processes and Estimation 

After the general and non-mathematical consideration of reinforcement learning and 

temporal difference methods in Chapter One, this chapter sets out to make precise 

the ideas by introducing the most common mathematical model of reinforcement 

learning, a Markov Decision Process (MDP). This leads on to the Bellman equation 

of dynamic programming which the value function satisfies. The chapter then moves 

on to consider the three methods in common use for estimating the value function - 
Monte Carlo, Dynamic Programming and Temporal Difference. The detailed form of 

the TD(A) estimator is introduced, along with a discussion of some of the motivation 

for its construction. The most general form of TD(B) is very complicated and to see 

how it works a simpler form, which results when there is no discounting and only 

terminal rewards, is introduced. Finally an alternative formulation based on 

eligibility traces, which is much more suitable for implementation, is described. 

MDPs - Markov Decision Processes 

The most common probability model applied to reinforcement learning is the 

Markov Decision Process - MDP (Sutton & Barto, 1998; Sutton, 1997). 

An MDP consists of: 

"a set of states, S 

"a set of actions, A 

"a reward function R: S xAx S' -- R where S' represents the set of states 

subsequent to s. 

"a state transition function T: SxA -- II(S) where II(S) is a probability 
distribution over S 

For the most general model the reward function is assumed to depend on the current 
state s, the action a selected by the policy and the subsequent state, s'. That is, the 
reward is a function R(s, a, s'). By including a in the reward function, we can also 
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model the fact that actions might have different costs and so the reward might 
depend on how the state s' was reached. 

The state transition function, T(s, a) gives a probability distribution which in turn give 

the probability of each state s' being the result of s, a, i. e. II(s') is the probability of 

s' being the next state after action a in state s. For simplicity it is usual to write the 

function T as T(s, a, s') which gives the probability of state s' following action a in 

state s. The model is Markovian, and hence an MDP, if T(s, a, s') is independent of 

any previous states or actions other than the current state and action, (Bellman, 1957; 

Bertsekas, 1987; Howard, 1960; Puterman, 1994). 

We can associate a policy 7t with the model which deterministically selects actions at 

each stage of the development. If it is a function only of s, i. e. if it is a deterministic 

Markovian policy, then it induces a Markov process on the MDP. That is, if the 

policy is followed the MDP makes state transitions given by T(s, ic(s), s') which is 

clearly just a function of s and s' and can be written T"(s, s') and 

T" (SAS') = T(s, 7L(s), s') 

Similarly if it(s, a) is a Markovian stochastic policy, i. e. the probability of choosing 

action a depends only on state s, then the state transition probabilities are given by 

(s, s') _ n(s, a)T(s, a, s') 
a 

For a discussion of the generality of Markovian models, see Sutton & Barto, 1998. 

The value of a state and an action 

A key idea in reinforcement learning is the optimal value of a state. If a policy 7t is 

followed subsequent to state s being reached then the value of the state W(s) can be 

defined as the expected reward under the policy. In most cases the expected 
discounted reward is used to define the value of a state: 

co 
Va(s) = E[ZY`rc] 

c=o 

The expected value operator clearly depends on the policy being followed. 
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The justification for using a discounted reward is that it values a reward received 
now more than one of equal magnitude received some time in the future. But it also 
neatly solves the problem of computing the total reward in models that terminate and 
in models that do not terminate in the same way. That is, we don't care if the task 

terminates or continues indefinitely - the discounted reward can be computed in the 

same way. In the case of a terminal state st encountered at time t it is clear that V(s) 

is zero as no further rewards are received and rt+k, k>O, is zero. Setting y to 1 

produces an undiscounted total reward so there is no restriction entailed in working 

with the discounted reward as a theoretical device to define the value function. 

If the policy is known to be an optimal policy n* then the optimal value, V*(s) is the 

value of the state following the optimal policy. That is: 

V. (s) = max E[E y`r, ] 
19 t=o 

and V` can be used to define 7t* as that policy which maximises V"(s). 

If the optimal value function is known then the optimal policy can be derived from it 

by simply selecting the action which gives the largest expected value of V*at the next 

state. That is, the optimal policy is "greedy" with respect to the optimal value 
function. 

In the same way as a state can be assigned a value, so can an action in a given state. 
The value of an action Q(s, a) is the expected discounted reward obtained by taking 

action a in state s and then following policy it thereafter. Notice that the action a may 
not be the one specified by the policy when in state s. This can be thought of as 
forcing the action onto the policy and then discovering the expected reward. 

Q"(S, a)=E[ 7trr Iso =s, ao =a] 79 
t-o 

In the same way Q*(s, a) can be defined to be the optimal value of the action under 
the optimal policy 7r .. 
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As before, action a may not be the action selected by the optimal policy and thus the 

overall policy followed may not be optimal. It is only optimal after the selection of a 

in s. By definition: 

(s, a) = maxQR(s, a) 
n 

That is, the optimal value of an action is its largest value under any policy selected 

after taking action a. 

If the optimum action value function is known then it is clear that the optimum state 

value function can be obtained from it using: 

V(s)= max Q' (s, a) 
a 

A range of methods is available that enable an initial policy to be improved using an 

estimate of its value function to compute the optimal policy and optimal value 

function. These include Q learning (Watkins, 1989; Watkins & Dayan, 1992), Policy 

Iteration (Bellman, 1957), and Value Iteration (Puterman & Shin, 1978). 

Value functions for MDPs - the Bellman equations 

The state and action value functions can be expressed in terms of the parameters of 

an MDP and in these forms alternative methods of estimation and iterative solution 
become possible. Essentially the probability structure of the MDP allows us to 

evaluate the expectation operators in terms of the transition and reward functions. 

That is, for an MDP the value of a state using the recursive form is: 

V" (s) = E[Rt Ist = s] 
19 

=1 = E[ Ykrt+k+tjst sJ 
k=0 

co 

= 
_"7k 

E[rt+k+lIst = Sl 

k=0 

00 
= E[r, 

+lIst = s]+Zyk E[rº+k+lIsI = s] 
79 k=1 
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The first term is just the expected reward at the next step and this can be computed 

using the one-step transition probabilities: 

E[r, 
+, 

Is, = s] = 1: r<(s, a)j]T(s, a, s')R(s, a, s') 
a S. 

where nc(s, a) is the probability of selecting action a while in state s, T(s, a, s' ) is the 

state transition probability function and R(s, a, s' ) is the reward function. 

The second term is a little more difficult to evaluate but by simple change of the 

lower summation limit we obtain: 

Go Go 

., 
7k rt+k+llst = S] = YýYkEnlrt+k+2lst = Sl 

k=1 k=0 

= YER [Rt+Ilst = s] 

The expectation of the reward at time t+l given the state at time t can also be 

evaluated using the one-step transition probabilities: 

E[r1+1 Is, = s] =Z 7c(s, a)Z T(s, a, s' )E[R, +i I sº+1=s') 
79 6. 

but by definition: 

E{R, 
+, 

Ist+, = s'} = V' (s') Putting both terms back together gives: 

V" (s) =f n(s, a)ET(s, a, s' )R(s, a, s') + yI]7t(s, a)I: T(s, a, s')V"(s' )] 
8 5.8 

_ Zn(s, a)j] T(s, a, s')[R(s, a, s')+yV' (s')] 
a S. 

The sums are taken over all actions permissible in state s at time t and over all 

possible successor states s' at time t+1. This equation is also 'intuitively reasonable 
for a "value" function. It says that the value of a state is the expected reward received 
in moving to the next state plus the expected value of the successor state discounted 

by y. 

This system of equations relating Vu(s) to the values of V"(s') on the successor states 
is called the Bellman equation and it is the fundamental equation of Dynamic 
Programming, (Bellman, 1957). 
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Estimating the value function 

Many methods of finding the optimum policy involve the use of an estimate of the 

value function corresponding to a current policy. Clearly the Bellman equations can 

be solved either recursively or exactly to give V. In a sense this is a complete 

solution to the problem of finding the value function but only if the parameters of the 

MDP are known exactly. In practice we have to use statistical techniques to estimate 

V". 

Sutton and Barto (Sutton & Barto, 1998) propose three distinct methods of obtaining 

approximations to V": 

" Monte Carlo methods 

" Dynamic Programming 

" Temporal Difference methods 

There is a sense in which TD methods are also Dynamic Programming methods but 

it is customary to distinguish them. 

Monte Carlo methods 

Monte Carlo methods correspond to classical statistical estimation of V"(s) or Q(s, a) 

as data is accumulated by observing examples of the behaviour. In this case V"(s) is 

estimated as the average return obtained over many samples or realisations of the 

behaviour. Similarly Q"(s, a) is estimated as the average return obtained as the result 

of taking action a in state s. 

The estimation procedure is to allow the system to run or to simulate the system and 

record the states visited and the rewards received. After each trial or realisation we 

can form a new estimate of the value of each state visited in the realisation. The 

estimate of V(s) is updated using the discounted reward actually obtained when the 

sequence terminates at time r(t) , after t realisations i. e.: 

Rt = r, +yr2 +y2r3 +... +y`(`)-'r (() 

and then forming the new sample average: 
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R. 
Vt (s, ) =K fit) J=1 

.1 

where K1(t) is the number of times the state s; has been visited in the t realisations. 

The calculation of the sample mean can be re-written as in iterative update involving 

the old estimate of the mean and the new data: 

Vt (S) = 
V, (s1)(Ki (t) -1) + R, 

Ki(t) 

or 

)+Rt 
K! t` 

Vt(s) =Vt-l(si)(l 
Ki(t) 

Writing at =1 gives the update rule in the form 
Ki(t) 

Vt (s) = V, 
-l(s)(1-a, 

)+R, at 

This is also the form of the Robbins Munro or Stochastic Iterative algorithm for 

estimating the mean (Bertsekas & Tsitsiklis, 1996). In this case the iteration is: 

Vº(s, ) = VV-1(s1)(1-(x t)+R, at 

where at is not now no longer taken to be 1 but is a general function oft. 
Ki (t) 

The iteration can be shown (Bertsekas & Tsitsiklis, 1996) to converge to the 

expected value of R if: 

m 00 1imat =0 a, =oo and 1a< <oo 
t-, c=t c=i 

These are all reasonable conditions. The first states that a gets smaller as the amount 
of data increases, so reducing the variance of the estimator; the second makes sure 
that a has enough variation for the estimate to allow whatever initial bias there may 
be in VO to be removed in a finite number of samples; and the final condition states 
that this variation isn't too great to allow the estimate to settle down. Clearly all three 
conditions are satisfied by the harmonic series 1/N and hence the sample mean 
converges to the population mean. 
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In many applications the update rule is written: 

V, (s) = VV_1(s; )(1-a)+Ra 

where the dependence of a on the estimation step is taken for granted. This is 

sometimes referred to as the "alpha update rule" or the Monte Carlo Alpha (MCA) 

estimator and a is referred to as the "step size". In many cases the step size is set 
heuristically to allow the estimator to track a changing population parameter. 

The alpha update rule can also be written: 

VV (s; ) = V, 
_1(s; 

)(1-a)+R, a 

= Vt-1(s) -a(VV-1(s) -R1) 
=Vt-i(s) -aAt 

where A, is the "error" between the current estimate and the observed value. 

This form of the estimator makes it less clear that the estimator is derived from a 

generalisation of the standard sample average. It makes it look more like a gradient 

descent error minimisation process where the current estimate is adjusted in the 

direction that minimises the error on the current sample. 

So now all we have to do is observe the process, record the rewards, compute the 

discounted reward and use the alpha update rule to obtain the new estimate of the 

value function. There is also a small complication caused by the possibility of more 

than one visit to state s before the process terminates. One approach is to ignore 

additional visits and compute an estimate based only on a first visit. Another 

approach is to treat each occurrence of the state as if it was the start of a new 

realisation and compute an every visit update. The issue of how to deal with First and 
Every Visit estimation is considered in detail in Chapters Six and Seven. 

The alpha update rule has been extensively analysed (Wetherill, 1975), (Bertsekas & 
Tsitsiklis, 1996). As well as general convergence theorems it is possible to derive 

analytic expressions for the variance and bias of the alpha update rule, see Chapter 
Seven and Singh and Dayan (1998). 
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Dynamic Programming - Certainty Equivalence methods 

An alternative Monte Carlo/Dynamic Programming approach in the case of an MDP 

is to estimate the parameters of the MDP model and then solve the Bellman 

equations for V(s) or Q(s, a). If a fixed policy 7t is being followed on an MDP then 

the transitions between states become a Markov process with fixed transition 

probabilities - the induced Markov process. The basic approach of the certainty 

equivalent estimator (Sutton & Barto, 1998) can be summarised as, "estimate the 

parameters of the model from the data and then solve the model for the quantities of 

interest as if the estimates where the population values". In the case of an MDP this 

reduces to "estimate the transition probabilities in the induced Markov chain that 

results from following policy ;r and then use the Bellman equations to find the value 

function". Of course if the transition probabilities are accurate the value function 

derived from them will also be exact. As the sample size increases the estimated 

parameters converge to the population parameters and the solution to the estimated 

model becomes the solution to the true model. 

If we are simply interested in estimating the value function then we have to solve the 

Bellman equations using estimated quantities: 

V"(s) = Zn(s, a)lT(s, a, s')[R(s, a, s')+yV(s')] 
a s. 

These can be simplified by combining the effect of n(s, a) and T(s, a, s') into a single 
function P(s, s') which gives the probability of transition from state s to state s', 
i. e. P(s, s') is the Markov transition matrix induced on the MDP by following the 

policy 7t. By definition P(s, s') = Zit(s, a)2: T(s, a, s') . 
a s. 

Changing the order of summation in the Bellman equations gives: 

W(s) = 2]7t(s, a)ZT(s, a, s')[R(s, a, s') + yV (s')] 
S 

= 
jZn(s, 

a)T(s, a, s')[R(s, a, s')+yV' (s')] 
S, a 

_ 2: 2: n(s, a)T(s, a, s')R(s, a, s')+Zjn(s, a)T(s, a, s')yV"(s') 
it, a 8' e 

_ ZZn(s, a)T(s, a, s')R(s, a, s')+yEP(s, s')V7c (s') 
8.8 3, 
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The first term: 

EZir(s, a)T(s, a, s')R(s, a, s') = R(s) 
S, a 

is clearly the expected value of the reward obtained in state s while following policy 

n. Putting all this together gives a much simpler form for the Bellman equations: 

V"(s) = R(s)+7 P(s, s')V"(s') 
S, 

It is clear that R(s) can be estimated simply by recording the average immediate 

reward received by each state s and P(s, s') can be estimated by recording the number 

of times the transition s to s' occurs. 

When these estimates are available the simplified Bellman equation can be solved by 

any of a number of methods but most generally by the iteration: 

Vk+l(s) = R(S)+Y N Efss'Vk(S') 

where R(s) is the sample estimate of the immediate reward for state s; fss' is the 

number of times the transition s to s' occurred; and N is the total number of 

transitions in the realisation. The iteration is performed until the estimates converge 

to the required degree of accuracy. 

It is easy to see that CE estimator is the Maximum Likelihood (ML) estimator. It is 

the ML estimator because if L(O), the likelihood function is maximised at ©, n and ý is 

a function of 0, i. e. 4=f(8), then L(4) is maximised by 4m f(©m ). Thus the Maximum 

Likelihood estimator of a function of a model parameter is the same function of the 

maximum likelihood estimator of the model parameter, i. e. the CE estimator. 

Of course being the ML estimator doesn't guarantee optimal properties in any small 
sample, only the asymptotic unbiasedness and efficiency are guaranteed (Cox & 
Hinkley, 1974). In addition there is the problem of computing the CE estimator. If 

there are n(S) states the CE estimator needs at least 2n(s) estimates and this rules it 

out as a practical proposition. 
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Temporal Difference methods 

Temporal Difference (TD) methods can be understood as a modification to Monte 

Carlo methods or to Dynamic Programming methods. They make use of predictions 

at time t+l, t+2 and so on to update the prediction at time t. Monte Carlo methods 

wait until time T, the termination of the sequence, before updating the estimate made 

at time t and Dynamic Programming makes use of data from all terminal states and 

complete knowledge of the transition probabilities before updating. 

TD(A, ) in its most general form is a complicated estimator and there are many 

different ways of looking at it, explaining it, and justifying it. It can even be written 
in different ways so as to emphasise these different aspects. The following account 

starts from the most general form of the TD estimator and works towards a simpler, 

more specialised form, that in fact proves to be sufficient for the situations 

considered in later chapters. 

The standard form of TD(, %) 

As described earlier in the Monte Carlo method the estimate of V(s) is updated using 

the rewards actually obtained when the sequence terminates at time T= , t(t) , i. e., 

supposing that state s; occurs at position m in realisation t: 

Rm = rm+l +Yrm+2 +72rm+3 +"""+ yt(t)_lrT 

(suppressing for the moment the obvious dependencies on t) and the updated 

estimate is: 

Vt+1(si) = Vt(Si)(1-a)+aRm 

where 0<a<1. 

Rewriting the Monte Carlo estimate as: 

Vt+l (Si) = Vt (S) + a[R m- 
V1(si )] 

= Vt(si)+aA, 
(t) 

reveals the fact that the update to V(s) can be viewed as proportional to the 
difference between the predicted value of the state Vk(st) and the discounted reward 
actually obtained, i. e. the value of Rm. 
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That is, it is the difference between prediction at time m when the state s; occurs in 

the realisation and the reality at time T= T(t) when all the rewards are known, i. e. a 

temporal difference. This suggests extending the use of differences between 

prediction and "reality" to times other than ti(t) . Of course the only "reality" 

available to us at time m, with m<T(t) , is the set of rewards obtained so far and the 

estimate of the value of the state that we have reached, i. e. V, (sm) where sm is the 

state that occurs at position m in the realisation. 

The general TD method (Sutton & Barto, 1998) uses, in place of the final reward at 

time T(t) : 

ao n-I 
Rm =(1-X)E%, 

n-I[ýYJ-Ipm+j+Yn 
Vt(Sm+n)] 

n=1 j=I 

where sm+n is the state that occurs at m+n in the realisation and rm+, is the reward 

obtained at m+j. 

The inner bracket is called the "corrected n-step truncated return" or just the "n-step 

return": 

n -1 
Rmn) _ 

Eyj-1rm+j +YnVt(Sm+n) 
j=I 

This is just the discounted return calculated using Vt(s) as an estimate of the returns 

when real rewards have not yet occurred, i. e. at more than or equal to n time periods 
in the future. 

That is, the rewards for state s at time m+l, m+2, .. to m+n-1 are assumed known but 

Vt(Sm+n) is used as an estimate of the total reward thereafter. This is very reasonable 

as Vt(sm+n) is supposed to be an estimate of exactly this - the expected total reward 
starting from state sm+n. Clearly how useful it is to substitute an existing estimate in 

place of the actual returns depends on how accurate and stable the estimate of 
Vt(Sm+n) is. 

For example, for n=1 we have: 

R(m, = rm+l +YVt (sm+) 

i. e. the actual reward at time m+1 and the estimate of the expected reward thereafter. 
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For n=2 

Rm) = rm+l +Yrm+2 +Y2Vt(Sm+2) and so on. 

Any of the R(") can in principle be used in place of Rt in the Monte Carlo estimator. As 

the expected value of y Vt(s, n+�) is simply the rest of the discounted reward series it is 

clear that the expected value of R,, ') is also the expected reward in states s, i. e. V(s; ), 

which in turn is just the expected value of the discounted reward. 

To be precise we have: 

V(Sm+n) = E[R] 

The question is which of the R,,, (°) should be used in an update rule for the current 

estimate of V(s; )? The quality of any such modified estimator would depend on the 

value of n chosen and the quality of the Vt(sm+n) as estimators of the expected 

reward. 

Rather than select a particular value of n, the value R"m used in the TD(X) method, is 

a weighted average of all of the n-step returns (Sutton & Barto, 1998): 

co 

n=1 

Clearly this quantity, being a weighted average of the R", (), has the same expectation 

value as they do, i. e. the discounted reward, and so is suitable as a choice for the 

update rule for V(s; ). 

The TD(? ) estimator is thus: 

VV+1(s; ) = VV(s1)(1-(x)+aR; ' 

As ?. varies from 0 to 1 the weight put on R(") in the computation of R% varies. 
When X is small values of n close to 1 are weighted more strongly and as, % increases 

the weight is more evenly distributed across values of n. 
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Temporal difference form of TD(A, ) 

The TD(A, ) estimate can be written as a difference between the prediction and the 

"true" value: 

V, 
+, 

(s; ) = V, (s1)(1-a)+aRX 

= Vt(s) +a[Rm -Vt(s1)] 

= VV(s) +at'` 

In this form there is no clue as to why the method is called "temporal difference" 

because it appears to be just an average of estimates of reward at times m+l, m+2 

and so on. The name arises from an alternative view of the same estimate. The 

general TD(A) method can be re-written, using simple algebra, to display that it is a 

temporal difference method; see Appendix 1, The Difference Form of TD(%). 

When expressed in this form the learning increment can be divided into two distinct 

parts: 

eg =oý+oý 
The first part of this expression: 

Co n-1 

n=1 j=I 

is simply a weighted average of the discounted actual rewards at each step and is not 

of any great interest in terms of temporal difference learning. 

The second term is: 

o_ ßn-1[Wt(Sm+n)-Vt(Sm+n-1)J 
n-I 

w 

=E pnvyvt(sm+n) 

n-0 

where: 

V' Vt (S 
m+n) = 7Vt (Sm+n+l) - Vt (S 

m+n 

is the discounted first difference operator and ß=? y 
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It is now clear that the new estimate of the value of a state can be formed using just 

the difference in estimates at each step and is indeed a "temporal difference" 

estimate. 

A simple form of TD(?, ) 

A simpler and very common situation - no discounting and only terminal rewards - 

provides a clearer expression of the interaction between existing estimates of V(s) 

and actual data, i. e. the terminal reward in the TD(X) estimate. 

If no discounting is used the discounted difference operator reverts to the standard 

difference operator and if the only reward is the terminal reward RT received at time 

T-1 (i. e. on transition to the terminal state) then the first part of the TD increment, i. e. 

that depending on the received rewards becomes: 

co n-1 

n=1 j=1 

%T-m-1 -RT 

Because y=1, and V(srr, +,, )=0 for m+n_T, the second term becomes: 

0, 
OV [VtVt(S. 

+n-, 
)] 

n=1 
T-t 

= 
EÄ'n-I1Vt(Sm+n)-Vt(Sm+n-1)] 

n=I 

If the two terms are now put together again: 

Ax =A'+0ý 
T-m 

= 
1: V-1 [V (Sm+n)-V1(sm+n-I)]+XT m-IRT 

n=I 
T-m-1 

= A. " -I [Vl (Sm+n)- Vt (s 
m+n-1)] 

+ xT m-I RT 
- 

%1T-m-I Vt (sm+n-i 

n=1 
T-m-I 

I: V-I [Vt 
(S m+n)- 

V1 (S 
m+n-l)]+ 

xT-m-IL[RT 
- 

Vt 
(S m+n-1)] 

n=1 
L 

the last term in this sum looks just like rest of the series, i. e. it is a weighted 
difference but in this case a difference between RT, the actual reward received, and its 
estimate. All of the other terms in the series are differences between estimates of the 
future reward. 
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By writing RT=Vt(sT) we can make the series look even more uniform: 
T-m-1 

Vt (Sm+n-1)] + %'T-m-1 [RT 
- 

Vt (St+m-I 

n=I 
T-m 
1 V-1 

L[Vt 
(Sm+n) 

- 
Vt (Sm+n-1)] 

n=I 

This clearly demonstrates that the TD philosophy is to always correct the current 

estimate by an increment proportional to the weighted sum of the difference between 

the current estimates separated by one time interval. This is the original form of 

TD(, %) introduced by Sutton (Sutton, 1988). 

It also serves to demonstrate more clearly what happens in the limit when X =O or 

?, =1. In the case that %=0 we have for TD(O): 

T-m 
0ý 

- 
an-I [Vt Vt 

n=I 

= Vt(sm+l) 
- 

Vt(Sm) 

and the increment is just the difference between the value estimates of the states at m 

and m+l in the realisation. 

If %=I then we have for TD(1): 

T-m 
Qx _ 

IIXn-l[Vt(Sm+n)-Vt(Sm+n-l)] 

n=I 
L 

T-m 

=E [Vt (Sm+n) 
- 

Vt (Sm+n-1)] 

n=1 

= Vt(ST) 
-Vt(Sm) 

and the increment is just the difference between the actual reward and the current 

estimate of the state's value, i. e. the standard alpha update Monte Carlo estimate, or 
Monte Carlo Alpha (MCA). 

Eligibility traces form of TD(X) 

An alternative way of computing the TD estimator also leads on to alternative forms 
of the estimator. Eligibility traces (Sutton & ßarto, 1998) allow TD to be computed 
using local storage associated with each of the states. 
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The eligibility trace for a (non-discounted process) for state s step m in a realisation 
is given by: 

1ke; (m-1)+l if i=s. 
e; (m) _ ke; (m-1)ifiism 

Initially eligibility traces are set to zero and at each step the trace decays by a factor 

X. In addition each time a state is visited the eligibility trace is increased by 1. This 

type of eligibility trace is called an Accumulating trace because it accumulates on 

each visit to the state, see Figure 1. 

accumulating eligibility trace 

IIIII 

times of visit to a state 

Figure 1: Accumulating eligibility traces 

The terminology derives from the idea that the eligibility trace measures the state's 

eligibility for undergoing a learning change should a reinforcing event occur. In the 

case of the simplified TD(2, ) the eligibility traces are used to form i used to update 

state i: 

T-1 
[Vt (s, 

+I) - 
VV (s, )]ei (n) + [RT 

- 
Vt (ST)]ei (T) 

n=1 

This is exactly equivalent to TD(? ) with every visit to state i in a realisation being 

treated as if it came from an independent realisation, i. e. it is an every visit form of 
TD(? ). That is, Accumulating traces TD(X) is a way of implementing Every Visit 
TD(k). 
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The eligibility trace formulation naturally leads on to alternative forms of TD(A) 

simply by modifying the way traces are computed. For example, replacing trace 

TD(, %), Singh & Sutton (1996) use the following update rule: 

ej (m) = 
llfl=Sm 

lXe(m-1) if i#s. 

This resets the trace to 1 when the state has been visited. 

Replacing trace TD(? ) is a form of Last visit TD(? ) and is discussed further in 

Chapter Six. 

Finally there is the First TD(? ), introduced by Singh and Dayan (1998), where the 

eligibility trace is updated using: 

1 if i= sm and this is a first visit 
e; (m) _ kei (m -1) otherwise 

First TD(? ) is a form of First visit TD(k) and is discussed further in Chapter Six. 

accumulating eligibility trace 

Replace eligibility trace 

First eligibility trace 

liii II I 
times of visit to a state 

Figure 2: The three types of eligibility trace 

The key point about the eligibility trace approach to TD(X) is that it provides a 

simple algorithm for computing the estimate. The three methods differ only in the 

way that they treat states that recur within a realisation. Indeed, in the case of a non- 
recurrent MDP the three methods produce the same result. 
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Function approximation 

Any of the estimation methods can be used with function approximation (Sutton & 
Barto, 1998) to simplify the value function. In this case a particular form for the 

value function is assumed and standard statistical methods are used to fit the function 

to the current estimate. In practice the estimation of the value function is combined 

with the functional approximation. For example, the data obtained from sampling the 

model can be used to train a neural network or be used in direct gradient 

minimisation of the mean-square error of the approximating function. A particularly 
important case is the linear approximation. In this case each state is "coded" by a 

vector of features 4, and the value function is computed using: V(s) = 0T4 
. where 0 

is a vector of parameters adjusted to make V(s) close to the estimated value function. 

(Sutton & Barto, 1998) 

Clearly functional approximation restricts the form that an estimate can take and for 

this study a table-based estimator, i. e. a separate estimate of value for each state, is 

used so that the effect of using a particular estimator isn't confounded by the 

structure of the assumed function. This is equivalent to using a neural network with 

sufficient nodes to store the values in the table or any functional approximation with 

sufficient "degrees of freedom" to reproduce the estimated value function exactly. 
For example, if a linear approximation is used with the components of 4s all zero 

apart from the s`h component, which is set to one, then the vector 0 is simply a table 

of V(s) estimates. 
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Conclusion 

The Markov Decision Process - MDP is a useful model for many reinforcement- 
learning situations. In this case the value function satisfies the Bellman equations. 
When a policy is adopted the MDP can be treated as a Markov chain and realisations 

can be generated. 

There are three broad approaches to constructing suitable estimators of the value 

function: 

" The Monte Carlo estimator is essentially the sample mean cast into an 

iterative form - the alpha update rule. This can be viewed either as a 

generalisation of the sample mean, a stochastic iterative estimate related to 

the Robbins Munro estimator or a gradient descent error minimisation 

procedure. 

" The Certainty Equivalence (CE) estimator is based on solving the model 

equations using sample estimates of the model parameters - the transition 

probabilities and rewards. This is also the maximum likelihood estimator of 

the value function assuming that the underlying model is an MDP. The CE 

estimator is generally considered to be so computationally expensive as not 

be a practical proposition. 

9 The Temporal Difference (TD) estimator is in its most general form a 

complex looking estimator based on the idea of using the current estimates of 

the value function as "surrogates" for the eventual reward. The form of the 

estimator is simpler in the absence of discounting and intermediate rewards 

and this is the form that is most commonly used and analysed. The eligibility 
trace form of TD is particularly easy to calculate and its three variations 

correspond to different approaches to the use of recurrent states. 
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Chapter Three 

A Brief History of TD Estimation 

A brief overview of the history of Temporal Difference estimators and their 

evaluation, exploration and use is presented. Some key results relating to the 

hypothesis of this thesis are described. 

Surveys 

There are a number of useful surveys of the area of reinforcement learning and 

although none deals exclusively with TD they include much about it. The surveys by 

Keerthi and Ravindran (1995), Kaelbling, Littman and Moore (1996 ), Dayan (2001), 

Dayan and Watkins (2001) and Wyatt(2002) provide a good starting point for the 

exploration of the wider reinforcement learning literature. 

The book Reinforcement Learning: An Introduction by Sutton and Barto (1998) not 

only covers general reinforcement learning but does so with an emphasis on TD 

methods and a number of new results and demonstrations are presented. It provides 

an introductory account of reinforcement learning topics that had previously been 

scattered in the literature. The review by Rao (2000) gives some idea of how 

important an event its publication was: 

"Given its broad and in-depth coverage of all the important issues in 

reinforcement learning, this book appears destined to become the standard 

text in the field in the years to come. " 

Neuro-Dynamic Programming by Bertsekas and Tsitsiklis (1996) also contains a full 

discussion of TD methods but from the perspective of engineering and operations 

research. 

The development of temporal difference and TD(B) 

This history of temporal difference learning is a long one and it took some time for a 
fully formed theory to emerge. Ideas relating to the need for consistency among 
value predictions can be traced back to the work of Holland (1975,1976), studies of 
animal learning Klopf (1972) and game playing (Samuel, 1959). The TD(X) 

estimator in the form described in Chapter Two was introduced by Sutton (1988) 
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along with a proof of convergence for the TD(O) case. Sutton's 1988 paper, 
"Learning to predict by the methods of temporal differences", also introduced the 

term "Temporal Difference learning" and a much used Simple Random Walk (SRW) 

example which demonstrated that TD(? ) could outperform a simple Monte Carlo 

alpha (MCA) rule. The idea of n-step returns and the X return was introduced by 

Watkins (1989), who also discussed their error reduction properties. 

Eligibility traces have their origin in the work of Klopf (1972) who hypothesised that 

under certain conditions a neuron's synapses would become "eligible" for 

subsequent modification should reinforcement arrive at the neuron. This biological 

principle was extended by Sutton (1978a, 1978b, 1978c) and by Barto and Sutton 

(1981a, 1981b), Sutton and Barto (1981), Barto, Sutton and Anderson (1983). 

Eligibility traces as a way of computing TD(2) were introduced by Sutton (1984) in 

his PhD thesis, "Learning to predict by the methods of temporal differences", in the 

form of Accumulating traces TD, which is exactly equivalent to an Every visit 

TD(X). Replacing traces TD was introduced by Singh and Sutton (1996) 

"Reinforcement learning with eligibility traces", along with a discussion of the 

relationship of Accumulate and Replace TD to each other and to Every and First visit 

Monte Carlo estimators. First TD was introduced in the paper "Analytical Mean 

Squared Error Curves for Temporal Difference Learning" by Singh and Dayan 

(1998) as a generalisation of Replace TD. 

There have also been many efforts to improve the use or simplify the form of the 

TD(X) estimator. For example, Boyan (1999) extends the work of Bradtke and Barto 

(1996) to product a least squares form of TD which has no adjustable parameters. 
Dayan (1993) showed how the successor representation could be learned using 

TD(A) to improve its generalisation. Cichosz and Mulawka (1995) introduced a 
truncation procedure, based on an idea by Watkins (1989) to speed up the 

computation of TD(, %). 

Precup, Sutton and Dasgupta (2001) have proposed a new algorithm based on TD(%) 

which makes it possible to implement off-policy TD learning, so overcoming one of 
the biggest problems in utilising the TD estimator in procedures such as Q learning 
Watkins (1989). 
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Convergence and bounds 

Sutton (1988) proved that TD(O) converged in the mean to the true value function. 

Barnard (1993) illuminated the way that TD(O) worked by deriving it as a 

combination of one step of an incremental method for learning a model of the 

Markov chain and one step of a method for computing predictions from the model. A 

general proof that TD(? ) converged in the mean was provided by Dayan (1992). 

Peng (1993), Dayan and Sejnowski (1994) and Tsitsiklis (1994) proved that it 

converged with probability 1. Jaakkola, Jordan and Singh (1994) extended the proof 

to on-line updating where estimates are changed before the realisation ends. Gurvits 

et al. (1994) proved convergence for a more general class of eligibility trace 

methods. Schapire and Warmuth (1994) provided a worse case analysis for TD(?, ) 

with linear functional approximation. 

Bertsekas and Tsitsiklis (1996) provided perhaps the most general proof of 

convergence with probability I for a range of TD like estimator. The proof concerns 

an estimator of the form: 

00 
V11(i) = Vt+l (l) +a (i) Zm (l)d 

m 
M-0 

where the d, n are the temporal differences defined by: 

dm =rm +(V(sm+l) -V(Sm) 

i. e. the immediate reward received plus the difference between the current value 

estimates at the state that occurred at m and at m+l in the realisation. The zm are 

eligibility coefficients which can depend on the realisation in a range of different 

ways. For example, if zm (i) = r- with mi being the position in the realisation of 

the first visit to state i then we have the first visit TD(? ) estimator. Similar 

definitions give estimators that are equivalent to the other well known forms of 
TD(%) and many others. The only conditions that the zm and a(i) have to satisfy are: 

1.0, i. e. no negative eligibilities 

2. z_, (i) = 0, which is needed to guarantee that eligibility traces are initially zero. 
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3. zm (i) <_ z,,, _, 
(i) if the state at m isn't state i. This together with conditions (1) 

and (2) forces the eligibility coefficient to be zero until the first visit to the 
state. 

4. zm(i) S zm_, (i)+1 if the state at m is state i. This allows the eligibility 

coefficients to increase by at most 1 with each visit to state i. 

S. zm(i) is completely determined by the realisation, together with information 

collected before the realisation starts. 

6. zm (i) =1 the first time that it becomes positive. 

7. a(i) >_ 0 when state i occurs and a(i) =0 if it doesn't. 

8. a(i) = oo for all i where the sum is over all occasions when the state occurs. 

9. a2 (i) < 00 for all i where the sum is over all occasions when the state occurs. 

Conditions 1 to 6 are very undemanding on the form of the eligibility traces and are 

met by all version of TD(X) encountered in practice including every visit, 

online/offline and replacing traces forms. Conditions 7 to 8 are the usual conditions 

placed on a in an alpha update estimator to ensure convergence, but with the 

possibility that the state might not occur in every realisation. Notice that a fixed 

value of a does not satisfy condition 9. 

If conditions 1 to 9 are met then Bertsekas and Tsitsiklis (1996) proved that the 

estimator converges for all i to the true value function with probability 1. 

The most recent analysis of general TD(?, ), "Bias-Variance Error Bounds for 
Temporal Difference Updates" by Kearns and Singh (2000) provides upper bounds 

on its error in a form that doesn't involve the parameters of the MDP. The results 

apply to an estimator where a=I and not a fixed a where t is the number of 

realisations. Under these conditions convergence is proved to be exponentially fast, 
i. e. proportional to c` where c is a constant for fixed ?,. Of course, this also applies to 
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the case of TD(1), i. e. the MCA estimator, and indeed c is proved to be a decreasing 

function of %, i. e. convergence gets faster as ?. -* 1 

The upper bound also shows the bias variance trade off observed in other 

experiment-based studies, e. g. Sutton and Barto (1998) and Singh and Dayan (1998). 

That is, the asymptotic error upper bound increases as X --* 1. In addition the upper 

bound is smaller for intermediate values of X. The advantage of these results is that 

they are independent of the MDP's parameters, i. e. they are universal. 

Lagoudakis and Parr (2001) extend the error bounds of Bertsekas and Tsitsiklis 

(1996) to a zero-sum two-person game for both TD(X) and the least squares variant 

of the estimator. 

RMS error studies 

The earliest study of the behaviour of TD(, %) was Sutton's (1988) use of the SRW to 

illustrate its advantage over the MCA estimator for small samples. Many simulation 

studies of the behaviour of TD(%) are included in papers mainly dealing with other 

topics. One of particular note is by Sutton and Singh (1994),. "On bias and step size 

in temporal-difference learning", where the problem of choosing values of a and ? is 

considered in detail. Various schemes for varying a and X with sample size are 

compared using an a-cyclic model. The CE (maximum likelihood) estimator was 

also computed as part of the simulation and this proved to provide the best RMS 

error. 

Another simulation study White (1995), looked the comparative performance of 
Accumulate and Replace TD using the SRW model and a maze task. Optimum 

values of a and ?, were found for the average RMS error over ten steps. 

The largest and most complete study of the behaviour of TD(X) is that by Singh and 
Dayan (1998) where analytic expressions for the RMS error are given for 

Accumulate and Replace TD and for First TD, which is introduced for the first time. 
Analytic expressions are also presented for First and Every Visit MCA. 

Singh and Dayan (1998) also demonstrated for the first time that simulations can be 

very slow to converge to true values using a case in which the empirical method 
badly failed to match the analytical learning curve after more than 12 million 
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simulation runs on a small 5-state SRW problem for parameters a= 0.432 and 
X=0.5. The analytic formulae and the corresponding C programs presented in the 

paper provide a way of exploring the RMS error behaviour of the three common 

forms of TD without the danger of encountering estimation problems using 

simulation. 

As a result of investigating the behaviour of the RMS curves for the 19-state SRW 

MDP, Singh and Dayan present four hypotheses: 

HI: For a fixed Markov reward process and a constant A increasing a has 

two general effects on the learning curve: there is a largest value of a below 

which the bias converges to zero and above which the bias diverges (Sutton, 

1988; Dayan, 1992), and there is a largest value of a below which the 

variance converges to a non-zero value and above which it diverges. These 

largest feasible values of a need not be the same for bias and variance. Based 

on our limited investigation of learning curves, we conjecture that the largest 

feasible value of a for bias is greater than or equal to the corresponding 

value for variance. 

H2: For each algorithm, increasing a while holding A fixed increases the 

asymptotic value of MSE. Similarly, increasing A in the feasible range while 

holding affixed increases the asymptotic value of MSE. Therefore, the smaller 

the constant a and A the smaller the asymptotic MSE. 

H3: For each algorithm, larger values of a or A lead to faster convergence 

to the asymptotic value of MSE if there exists one. This may break down for A 

very near to 1. 

H4: In general, for each algorithm as one decreases 2, the feasible range of a 

shrinks, i. e., larger a can be used with larger A without causing excessive 
MSE. 

Although it isn't possible to prove these hypotheses at the present time, they are 
amply borne out by the RMS curves presented in the paper and elsewhere. 

The availability of analytic formulae for the RMS error of each type of TD(X) 

estimator applied to a specific MDP allows the calculation of a one-step optimal 
value of a and X. In the case of the 19-state SRW the optimal values X were initially 

close to one for each form of TD. Although not formally stated as a hypothesis, 
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Singh and Dayan's comment: 

"... in fact the drop in MSE may be very insensitive to the value of A except in 

the very first few trials, given the ability to schedule a appropriately. " 

seems a very reasonable conjecture. This is demonstrated by plotting the RMS ratio 
for the optimum 2 against other values of ? for a range of sample sizes. The charts 

presented demonstrate that the sensitivity of RMS reduction to X is clearly confined 

the first few (5-10) steps of estimation. 

After investigation of RMS curves for a cyclic MDP with recurrence controlled by a 

parameter, an additional hypothesis is added to the first four: 

H5: If the initial value function has a high bias, one should begin with a 
large X, while if the initial value function has a low bias, one should begin 

with a small X. Over time the effect of the initial bias weakens and the 

asymptotic X should depend mainly on other problem parameters. 

A comparison of the various TD, Monte Carlo alpha (MCA) and the CE (Maximum 

Likelihood) estimates is presented using the 5-state SRW model. The optimum 

values for a and 2 were used for the three TD estimators and the optimum values for 

a in the case of the First and Every visit form of the MCA estimators. The results 
demonstrate that the CE estimator forms a lower bound for the RMS error in this 

model and that the other estimators are close to each other with the exception of the 
Every visit MCA estimator, which has a worse RMS error for all sample sizes. On 

closer inspection it is clear that Replace TD has a lower RMS than First TD, which in 

turn is lower than Accumulate TD and First visit MCA. 

Finally, Singh and Dayan provide an eigenvalue analysis of the matrices used in the 
analytical expressions for the 19-state SRW to obtain information on convergence 

rates and regions. This confirms, for this model, the behaviour of the TD estimators 
observed in the RMS curves. 
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One of the important findings is stated clearly in their conclusion: 

"We had expected that there would be large differences between the three 

different TD algorithms: accumulate TD, replace TD and first TD. Singh & 

Sutton (1996) analyzed slightly different versions of accumulate TD and 

replace TD for .%=1, showing that the MSE of accumulate TD is lower at the 

start of learning, but becomes higher than that of replace TD after some 

number of trials. However, our results show that given suitable choices of a 

and . Z, the algorithms are essentially indistinguishable - we have cases in 

which accumulate TD does better, worse, or the same as replace TD. " 

This suggests that the differences between the three forms of TD are essentially to do 

with rescaling of a and, %. 

First and Every visit estimators 

The issue of First and Every visit estimators and the variations that are possible on 

this idea are not specific to the TD(, ) estimator but are generally applicable to any 

estimator where a state can recur within a realisation. One of the earliest discussions 

of the problem is to be found in Billingsley (1961) although it is clear that it was well 
known before this. Singh and Sutton (1996) provide an analysis of the MCA 

estimator in the First and Every visit case with a=1/N, i. e. the sample mean. A 

number of useful theorems are proved but from the point of view of estimation the 
key result is that after one trial the Every visit estimator is at least as good as the First 

visit estimator but this possible relative advantage always reverses itself as more 

samples are obtained. This result applies not only to situations with terminal rewards 
but with immediate rewards and an example is given where the Every visit estimator 
is better, in terms of RMS error, than the First visit estimator for the first five steps in 

a simple model using immediate rewards. Bertsekas and Tsitsiklis (1996) expand on 
the results of Singh and Sutton (1996) and come to similar conclusions. 

Singh and Dayan (1998) give exact analytic expressions for the RMS error of the 
First and Every visit MCA estimator for arbitrary a. 
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Uses of TD methods 

After the success of Tesauro's Backgammon playing program (Tesauro, 1994) many 

researchers turned to TD(? ) as ways of learning to play games. Indeed there are at 

least seven Backgammon programs which now use TD-learning and neural networks, 

including the open source GNU Backgammon, and the commercially available 

Snowie and Jellyfish. 

There have been several attempts to learn chess using TD methods. One of the 

earliest, Thrun (1995), specialised Tesauro's design to chess. The KnightCap 

program (Baxter, Trigdell & Weaver, 1997,1998,2000) developed methods of 

integrating TD(? ) estimation with search procedures. Beal and Smith applied TD(A) 

to the existence of pieces as inputs for Chess in their 1997 paper, Learning piece 

values using temporal differences, and to Shogi in 2001. They used heuristic search 

and game playing in general (2000). Trinh, Bashi and Deshpande (1998) used 

Chinese chess as a test bed for TD methods. Mannen and Wiering (2004) also 

applied TD methods to chess. 

The game of Go has also been approached by a variety of TD methods as explored in 

Schraudolph, Dayan and Sejnowski (1994), Chan, King and Lui (1996) and 

Enzenberger (2003), and Ekker, van der Werf and Schomaker (2004). For a recent 

survey of Al including TD approaches applied to Go see Bouzy & Cazenave (2001). 

A project is currently underway to add TD learning to an already highly successful 

checkers playing program, Chinook (Schaeffer, Hlynka & Jussila, 2001). With 

TD(X) the designer hopes to produce a checkers program that can finally beat the 

best human players. Patist and Wiering (2004) have also applied TD learning to 

Draughts. For a recent overview of TD(k) and board games see Ghory (2004). 

TD(? ) has also been used in applications other than game playing. For example 
Zhang and Dietterich (1995) apply TD(A. ) to train a neural network to schedule space 

shuttle payloads with good results. Guo and Kuh (1997) use TD learning in 

sequential decision making task as an alternative to the classical SPRT test and 
Hansen and Cohen (1992) show how a TD estimator of task duration used in 

scheduling gives as good a result as dynamic programming methods. Gosavi, Bandla, 

and Das (2002) describe an application of TD to airline seat pricing. 
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Reinforcement learning and TD methods in particular are often used in robotics. Gu 

and Hu (2002), for example, describe how TD(? ), using eligibility traces, can be 

used in combination with a fuzzy controller to allow a robot to learn to walk. Nie et 

al (2001) use TD(X) to learn low level skills in a robot football team which competed 

in the 2000 world championships. TD learning is also supported in the latest version 

of IBM's Agent Building and Learning Environment (ABLE) (IBM, 2004). 

Grigoriadis and Paliouras (2004) apply the TD(? ) estimator to the problem of 

directing a web crawler searching for information on a specified topic. 

To be added to these examples of TD learning in action are the case studies in 

Bertsekas and Tsitsiklis (1996) - Parking, Football, Tetris, Combinatorial 

Optimisation, Dynamic Channel Allocation and Backgammon - and in Sutton and 

Barto (1998) - TD-Gammon, Samuel's Checkers Player, The Acrobat, Elevator 

Dispatching, Dynamic Channel Allocation and Job-Shop Scheduling. 
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Chapter Four 

MDPs as Markov Chains 

By selecting a policy, the problem of estimating the value function reduces to that of 

estimating functions of the state of a Markov chain. A further restriction to an MDP 

that involves no discounting and only terminal rewards allows us to consider only 

the much simpler problem of estimating linear functions of the terminal probabilities 

of a finite absorbing Markov chain. In this chapter the classical analysis of 

absorbing Markov chains is presented along with an analysis of functions of state 

which obey generalised Bellman conditions. This leads to a simple way of computing 

the expected value of any function of the terminal rewards and path length of an 

absorbing Markov chain. This allows us to analyse the value function and its 

variance as a junction of state of an absorbing process. These results are used in 

following chapters to derive theoretical results concerning the performance of 

estimators related to TD(2). 

MDP + Policy=Markov chain 

Given an MDP and a policy 7t the result of following the policy is to induce a 
Markov chain on the MDP. In this case the value function is defined via the 

simplified form of the Bellman equations as shown in Chapter Two: 

V"(s) = R(s) + P(s, s')V (s' ) 
S. 

where R(s) is the expected immediate reward in state s and P(s. s') is the Markov 

transition matrix. If we restrict our attention to models with no immediate rewards 

and no discounting then the only possibility is that rewards are received on reaching 
a state in a terminal set T. 

In this case the value function for any given state s is simply: 

V"(s) = R(s)+P(s, s')V"(s') 

P'(s, s')R(s') 
s'eT 

where P* is simply the probability of making a transition from s to s' in any number 
of steps i. e. it is the probability of the process starting in s and terminating in s'. 
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In other words, for a large class of MDP models the problem of estimating the value 
function reduces to the problem of estimating the terminal probabilities of the 

induced Markov finite chain. This reduces our problem to comparing different 

estimators of linear functions on the terminal probabilities on a Markov chain. 

Absorbing processes 

Given that an MDP with only terminal rewards can be reduced to a Markov chain by 

following a fixed policy, it is worth examining the standard theory of absorbing 

processes. This provides us with expressions for many of the quantities needed in the 

examination of TD(k) and related estimators operating on a such absorbing 

processes. Although much of this theory is standard (Kemeny & Snell, 1983) the 

needs of statistical analysis of the TD estimator place a different emphasis on the 

quantities of interest. 

A Markov chain that has a set of states that have zero probability of exiting, i. e. a 

closed set, is called an absorbing process. The transition matrix for an absorbing 

process can always be put into the form: 

P=ST 
01 

where S is the matrix of transition probabilities between the set of non-absorbing 

states, T is a transition matrix from the non-absorbing states to the absorbing states 

and I is an identity matrix which represents the probability of transition within the 

absorbing states. It is possible consider more general processes where the transition 

matrix between terminal states is something more complex than I but, as once 

absorbed the process ceases to be interest, there is nothing to be gained. We can also 

complicate matters unnecessarily by considering chains composed of non- 

communicating subsets but again nothing is gained in generality. (Essentially we are 
only considering irreducible chains. ) 

The probability of terminating in state j starting from state i after k steps where the 
agent was not absorbed is simply: 

[Sk-'Tli; 

where []' is the ijth element of the matrix within the brackets. This can be thought of 
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as the probability of making k-1 transitions within the non-absorbing set and then a 

single transition to the absorbing set. 

That is: 

Pk = S1c-1T 

is the matrix of absorption probabilities corresponding to not being absorbed until the 

kt" step. 

If the reward on reaching the terminal state j is rj=[r]j and if the expected reward 

starting in state i after k-1 non absorbing steps is [Vk]; we have: 

Vk = Sk-'Tr 

The expected reward vector irrespective of the number of steps to absorption is 

simply: 

00 
v= S'-Tr 

k=I 

Using the standard result from matrix analysis (Varga, 2000): 

Ak-1 =(I_ A)-1 
k=1 

which is true if A is a stochastic or sub-stochastic matrix (i. e. row sums are 1 or less 

than one). As S is the probability matrix for an absorbing Markov chain the infinite 

sum converges and we can write: 

v= (I - S)-'Tr 

This gives us the expected reward for each of the states of the Markov chain induced 

by the policy it and hence an explicit solution for the value function in terms of the 

parameters. 

The fundamental matrix of the process: 

Q= Is, =(I -S)'' 
k=1 

has a simple interpretation. The element q; j =[Q]; j is the sum of the probability of 
starting at i and making the transition to j at the kph step. This is the expected number 
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of times the process enters j starting from i before absorption. The expected number 

of steps to absorption when starting from state i, i. e. E[n1], is simply: 

E[n; ]_q; j 

or in matrix terms 

n= Q1= (I - S)-ý 1 

where n is the vector of the expected number of steps to absorption and 1 is a vector 

of ones of the correct dimension to form the row sums. 

Finally P* = QT gives the probability or ending in each of the absorbing states. That 

is [P`]; j is the probability of starting in state i and terminating in the absorbing state j. 

Once again we have the connection between estimating the terminal probabilities of 

a Markov chain and the value function in that: 

v=(I-S)''Tr=P'r 

A summary of these results is given in Table 2. 

Functions on a Markov chain 

There is another equally valid approach to analysing the behaviour of a Markov 

chain in terms of the recursive relationships between functions of state and this 

particularly illuminating when it comes to the behaviour of TD estimators. It 

provides an analysis in terms of recursively defined state function similar to the 
Bellman equations. These results make computing means and variances of estimators 

similar to TD(k) easier and more transparent. 

A function of state of a Markov chain is defined to be a function f(s) where sES the 

set of states of the Markov chain. For any state function simple probability theory 

and the definition of the conditional expectation gives: 

E[f (S, 
+I 

)l s]=Z ps, s. 
f (s') 

S, E$ 

where pss- is the probability of making a transition from st to the state s', i. e. it is 

the one-step transition probability. Notice that the expression E[f(s, 
+, 

)I s, ] means the 

expected value of fat time t+1 given the current state is st. 
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Table 2: Summary of finite absorbing Markov chains 

S is the sub-transition matrix between 

ST the non-absorbing states and T is the 

0I sub-transition matrix between the 

absorbing states. 

Probability of absorption in each of the 
Pk = Sk-ýT terminal states at step k and not before. 

" 
Total probability of absorption in each 

p _ Sk-'T =(I-S)-'T =QT of the terminal states. k=1 

Vector of expected value of each state 

v Sk-'Tr = Pr k- Pk if absorption occurs at step k and not 
before. 

v= Sk-'Tr = (I - S)-Tr = QTr = P*r Expected value function of each state. 
k=1 

Number of times process enters state j 
Q= (I - S)-' 

starting from I 

n= Q1= (I - S)-'I Expected number of steps to absorption 

If a state function is such that it satisfies the following recursive relationship: 

f (s) =ZP.., f (S') 
S'E$ 

then: 

Eff(s+, )I s]=f(s ) 

That is, the expected value of fat time t+l is its current value at time t. 

Thus if a function of state satisfies: 

f(s) _ p8S, f(s') 
SCEs 

it is a Martingale' because its expectation at time t+1 is the same as its current value. 

1 For a fuller definition of a Martingale than is given in Chapter One see Chung 1974, Appendix 3. 
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This something of a circular argument because: 

f(s) = Ipss, f(s') 
S'E$ 

defines the function f(s) as the expected value of fat the next step but this clear 

connection quickly gets lost in any real situation. In fact it is easy to see that any 

such state function can be interpreted as an expected value of some function of the 

terminal rewards in a finite absorbing chain. 

Equally by definition and using the previous result: 

E{f (s1+i)I st ]_ Eps, 
s, 

jps's"f(s") 

S'ES S"E$ 

= P$$T(S ) 
$'ES 

=f(st) 

a result that can be extended by induction to: 

E[f(s, )Isjj=f(s) 

for all n. 

The condition: 

(S) 21, PsJ (S') 
S'es 

is just a simplified form of the Bellman equation and so any quantity which satisfies 
the Bellman equation gives rise to a Martingale induced on the Markov chain. As the 

value function satisfies the Bellman equation it is a particular example of a 
Martingale and so its expectation is constant with time as the process moves from 

state to state. 

For another useful example, the probability of reaching a particular nominated state 
s* from state s satisfies: 

Pg (S) = 1, PSS-P; (S' 
WES 

and so it satisfies a Bellman-like equation and has constant conditional probability. 
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That is: 

ps* (St)=Ps+(St+nI St) 

and this means that the expectation value of the termination probability is constant 

with time. 

Extended Bellman state functions 

The full Bellman equation includes intermediate rewards and if we are to use the 

methods described above to deal with this more general condition we have to extend 

the definition of a state function. The state function equivalent of the more general 
Bellman equation is: 

, PSS. [R(s, s')+f(s')] f(s) =F 
9'E$ 

where R(s, s') is some function of the transition from s to s'. 

In the more general Markov context this corresponds to a state function which is 

obtained by adding an amount that depends on the path taken to get to state s' and 

value of the function at s'. If a state function satisfies this more general Bellman 

condition then: 

f(s) _ IPss'[R(s, s)+f(s')l 
S, ES 

_ Pss'R(s, s') +E[f (s1+1)l sj 
s'ES 

or 

E[f(st+1)Is ]=f(sc)-1, p . R(s, s') 
S'es 

=f(sc)-E[RIsc] 

While this process is not a Martingale is still satisfies an interesting recursive 

relationship between its current value and the expected value of the subsequent state. 

Extending this to t+n gives: 

E[f(sº+. )Is, ]=f(s, )-E[Rls, ]-E[Rlst+lI 
... -E[Rls+ý-1] 

n-1 

= f(st)-I: E[RIs1+j] 

This seems an even less useful relationship but in the case where R is independent of 
s and s' things look more promising. 
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In particular if R(s, s') =r then: 

E[f (s 
+i 

)I sj=f (s, )-j] ps$, r 
S'ES 

= 

which generalises by induction to: 

ELf(st+n)I s, ] =f(s, )-nr 

A practical example of this sort of state function is quite easy to find. Consider 

LS. (s), the expected path length to particular nominated state s' from state s, i. e. the 

count of transitions starting at s until the process satisfies: 

Lý (s) =I + PSS. L. (s)l 
S'ES 

and so: 

E[L$ (st+n)I St I =LS (St) -n 

The expected path length at time t+n clearly going to be n steps less than that at t. 

Functions which satisfy this condition can be thought of as the expected values of 

any function of the terminal rewards combined with a function of path length. 

Matrix form of recursion 

There is a very direct connection between the state function recursions described in 

the previous sections and the fundamental matrix equations discussed in the section 

on absorbing Markov processes. The value function satisfies the basic recursion: 

V(s) =E pss V(s' ) 
S. 

This can be written in matrix form by using the decomposition into non-terminal and 
terminal states discussed earlier. 

The recursion can be split into a sum over terminal T and non-terminal NT states: 

V(s)psgV(s')= pSgV(s')+ýpssr(s') 
seNT seT 

Chapter 4: MDPs as Markov Chains 60 



Translating this to matrix form gives: 

v= Sv +Tr 

where v is the vector of state values i. e. E[r], r is the vector of rewards and S and T 

are the transition matrices for transitions to the non-terminal and terminal states 

respectively. In other words, the value vector is the solution to this equation and so: 

v=Sv+Tr 

= (I - S)-l Tr 

E[r] = QTr 

which agrees with the earlier derivation. 

Using the fact that the same equations apply to any function of the terminal rewards 

we have: 

E[f (r)] = QTf [r] 

Hence: 

E[r2 (I - S)-' Tr2 

= QTr2 

where r2 means the element-wise square often written as r0r. 

Putting these two together gives: 

Var(r) = QTr2 - (QTr)2 

To summarise, for any absorbing finite Markov chain with fundamental matrix Q: 

E[r] = QTr 

E[r2] = QTr2 

Var(r) = QTr2 - (QTr)Z 

These formulae can be used to give the mean and variance of the reward for any 
absorbing finite Markov chain. 
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As another example of the use of the matrix recursion we have for path length to 
absorption: 

L$ (s)=1+Zps$, LS (s')] 
S'ES 

=1+Zp5S, Lfl (s')+Z psS, 
S'ES STET 

which on conversion to matrix form gives the standard result for path length: 

n =1+Sn 

n=(I-S)"'1=Q1 

An important final example that proves useful later is the recursion for? T-°'-'r 

i. e. the reward weighted by X raised to the path length from the occurrence of the 

state. It is clear that the expectation of ? j-'-'r at state s is related to its expectation 

and the subsequent state by: 

E, 
d 

[s] =Z XPSS. E 
d 

[S' 
S'ES 

=%, ZPss. B 
d[sý]+, PsS. r(s') 

S'ES S'ET 

which on conversion to matrix form gives : 

w=? Sw + Tr 

w= (I - XS)-'Tr 

where w is the vector of expected values of XT-`-'r = X, r for each state. 

By analogy with the corresponding equation for the expected reward, i. e. the value 
function, we have: 

w= (I - %S)-'Tr = Q(X)Tr 

where Q(? ) = (I -), S)-' and obviously Q(I)=Q and Q(O)=I. 

Following the previous argument the variance of w is: 

Var(w) = QQ, 2)Tr2 -(Q(X)Tr)z 
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To summarise: 

Conclusion 

(I - XS)-' Tr = Q(X)Tr 

Var(? r) = Q(X)Tr' - (Q(X)Tr)2 

An MDP becomes a simple Markov process, the induced Markov process, under a 

given policy it. In the case of only terminal rewards and no discounting the induced 

Markov chain is a finite absorbing process. In this case the value function is a simple 
function of the probabilities of terminating in each of the absorbing states. As a result 

the standard results of finite Markov chain theory is important and the results needed 

to develop expressions relevant to the linear chain used as a testing ground for TD(X) 

are presented. 

The value function is just one of many possible functions of state of a Markov chain 

and the more general theory provides a number of simplified approaches to 

calculating quantities of interest. When expressed in matrix form the connection 

between the recursive formulae and the standard theory of finite Markov chains 

becomes clear. 
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Chapter Five 

The Alpha Update Rule and Divergence 

A preliminary examination of the 19-state SRW Markov chain example confirms the 

small sample superiority of the TD(2) estimator but raises the question of why some 

forms diverge. To help answer this question the RMS error for the simple alpha 

update estimator is derived which reveals that it should converge for all a The 

TD(2) estimator is shown to be a modified alpha update estimator and conditions for 

this to converge in the mean are derived. Finally after considering the behaviour of 

the three most commonly used forms of TD(2) a convergent alternative to the 

Accumulate trace estimator is suggested. 

TD as alpha update 

Although the "temporal difference" form and the replacing traces form of the TD 

estimator given in previous chapters are useful, there is a third way to write TD 

estimators which makes clear their relationship with the alpha update estimator and 

is easier to use in theoretical calculations. 

For example the first visit TD estimator for a Markov chain with terminal rewards 

can be written: 

VN(S)+, (se) = VN(S)(s, )(1-a)+aRt 
T-t-1 

= VN(s)(St)(1-(')+a(1-?, ) E2, n-IVN(s)(St+n)+(X 
1'-t-IrT 

n-I 

where N(s) is the number of times the state has occurred in the realisations or 

samples. 

This can be compared to the standard incremental MC estimator: 

VNýsý+ýýsc) = VN(s)(sc)(1-a)+arT 

From this it is clear that the TD(k) estimator replaces rT with: 

T-t-1 
Rý, = (1 

-? 
) 2: 2, -IVN(s) (Sl+n + ýT-t-1rT 

n-I 
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As: 

T-t 

n=0 

R' can be viewed as a weighted average of the VN(s) and rT. 

The expected value of the reward at each step is constant and equal to the expected 

value of the reward at the current state. Thus TD(, %) forms a weighted average of a 

set of quantities which all have the same expected value, which is equal to the 

expected reward at the current state. If these quantities have a smaller variance than 

the terminal reward then the estimate formed using them should be better than the 

estimate using just the terminal reward. 

Divergence of Accumulating traces TD 

As an empirical demonstration of the efficiency of the Accumulate traces TD 

method, Sutton and Barto (1998) presented the RMS error of estimation for a 19- 

state linear SRW example with equal probability of a left or right transition. The 

reward was set to be -1 when the process terminated on the left and +1 when it 

terminated on the right. This choice of reward causes the estimates to converge to 

p; - 0.5, i. e. the probability of terminating on the right minus O. S. The initial value 

of the estimate was set to zero. The estimate was computed using 10 trials and 

repeated 10 times to give an average RMS per state error of estimation. The measure 

of error used is designed to demonstrate how good the estimation method is in the 

early stages of collecting data. 

Sutton and Barto (1998) make the point that best performance is achieved for 

intermediate values of ? and hence TD(?. ) is demonstrated to be a better estimator 
than TD(1), i. e. the Monte Carlo Alpha (MCA) estimator. The subject of the 

performance of TD(X) is taken up in detail in a later chapter. The feature examined in 

this chapter is the divergence of TD(k). From the chart in Figure 3 this covers only 
the range a=0 to 0.3. This behaviour is related to the way recurrent states are treated 
in the Accumulate form of the TD estimator. As will be explained in Chapter Six 
there are a number of possible ways of handling recurrent states. 
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Figure 3: RMS error of estimation (from Sutton and Barto, 1998) 

The RMS error of the MCA estimator 

In order to understand the behaviour of the general TD(B) estimator it is worth 

deriving expressions for the RMS error of the simple alpha update estimator - the 

Monte Carlo Alpha (MCA) estimator. 

To make things simpler we will consider a single state and assume that it occurs in 

each realisation, which allows the update to be written. 

Vk+l 
- 

Vk (1- a) + arr 

Notice that this applies to a general estimation procedure where Vk is the current 

estimate and rT is the latest sample. 

As a first step to deriving the RMS error of the MC estimator we first need its 

expectation. Assuming that a is a constant we can solve the first order recurrence 

relation with constant coefficients, by the standard method (Goldberg, 1958), for Vk: 

k 
Vk= a(1- (X)(k-t) rt + (1- (X)k Vo 

t=1 

where VO is the initial value assigned to the estimator and rt is the reward at 
realisation t. 
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The expectation of Vk can now be easily evaluated: 

k 

E[VkI= Z a(1-a)(k-t)E[rt ]+(1-(X)kVo 
t=1 

And if rt is a independent sample from a distribution we have E[rt]=E[r] and 

summing the series gives: 

E[Vk]=E[r][1-(1-a)k]+(1-a)'`V0 

= E[r] + (1- a)k (Vo - E[r]) 

The bias is: 

Bias = (1- (X)k (V0 (s) - E[r]) 

Of course if 0<a<1 then when k -a oo the bias goes to zero and 

E[V. ]= E[r] 

That is, the estimate is asymptotically unbiased irrespective of the starting value Vo 

and a. 

The variance can be found in the same way: 

k 

Var[Vk ]= VAR[E a(1- (X)(k-t) rr + (1- a)k Vo ] 
t-I 
k 

=VAR[ a(1-a)°k-'°rr ] 
t-I 

k 

=1 a2 (1- (1)Z(k-`) VAR[rr ] 
t_I 

= VAR[r]a 
1- (1- oc)zk 

(2 - a) 

using the standard properties of VAR[x] and the fact that VAR[V0]=0 and the rt are 
independent. 

Putting the bias and variance together gives the RMS error of the estimate: 

RMS[Vk 12 = VAR[r]a 1-(l _ä )zk 
+ (1- a)2k (Vo - E[r])2 (2 ) 
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From this it is clear that for a=0 the RMS2 error is [V0 - E[r]]2 , i. e. the initial bias, 

and for a=1 it is VAR[r], i. e. the variance in the data - which agrees with common 

sense. It is also clear that the RMS error never diverges and it is always bounded by 

Max[(Vo - E[r]), VAR[r]]Z for all a. 

The RMS behaviour of the MCA estimator 

Another useful way of expressing the relationship between the RMS error, the initial 

bias and the variance is to divide through by VAR[R] and write VR as the ratio of the 

initial bias to data variance (variance ratio). 

RMS[Vk]2 

-a1-(1-a)2k +(1-(X)2kVR 

VAR[r] (2-a) 

This allows us to draw a graph of how the variance in the estimator compares to the 

variance in the raw data. 

twe error 
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0.2 

Figure 4: RMS error against a for k=10 and VR=1. 

Changing VR and Var[r] simply alters the value of the curve at a=1, i. e. RMS2= 

Var[r], and a=0, i. e. RMS2=Var[r]VR, and doesn't change the location of the 

minimum. As k increases the minimum moves towards lower and lower a. 

There are two other interesting measures of the behaviour of the alpha update 
estimator. The first is the asymptotic RMS error with increasing sample size: 

z 
Lim 

RMS[VJ 
=a VR 

k-ºoo VAR[r] (2 -a) 
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This indicates the error reducing properties of any given selection of a. It is the 

fraction by which the variance in the sample data is reduced the estimate in the long 

run. The following chart shows the obvious fact that the smaller a the smaller the 

residual variance in the estimator. 

Zrror reduction 
1 

0.6 

0.6 

0.4 

0.2 

Figure 5: Asymptotic error reduction against a 

An interesting measure of how a good a particular choice of a is at both is the 

number of steps needed to produce equal weighting for bias and variance in the RMS 

error. That is, given that at step k the RMS error is: 

RMS[Vk]2 = VAR[r]cc 
1_ 

((1- 
_ä2k +(1-a)2k(Vo -E[r])2 

For equal weighting we have: 

a[I-(1-(X)2k50] _ (1-(X)2k50 
(2 -a) 

with solution 

-log 
? 

a k50 _ 21og[1-a] 

Figure 6 shows the way k50 varies with a and it is clear that the tracking ability of the 

alpha update rule decreases very rapidly for a>0.2. 
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Figure 6: Tracking ability of the alpha update rule 

Multiple increment updates 

What is clear is that the behaviour of the Accumulate TD(? ) estimator for larger 

values of a does not conform to the pattern described in the earlier sections and 

something else must be responsible for the divergence. 

The Accumulate TD(A, ) is an every visit estimator. What this means is that each 

occurrence of a state within a realisation is treated as if it was the start of an 
independent realisation. That is, if a realisation produces the state sequence: 

Sl -+ S3 --i S5 ---i Sl -3 S4 -i 

then a first visit estimator for state s, would treat this as the single realisation: 

Sl -) S3 -+ S5 --+ Sl -* S4 --) 

but an every visit estimator would treat the realisation as two realisations starting 
from Si i. e. 

Second realisation 

SI --ýS3-3S5-iSl -4S4--i """ 

First realisation 

In an every visit estimator the alpha update rule would be applied each time the state 
occurred. There are in fact two ways of doing this - on-line and off-line (Sutton and 
Barto, 1998). The distinctions between these two methods are discussed in Chapter 
Six, but essentially the on-line method performs the first update as soon as possible 

Chapter 5: The Alpha Update Rule and Divergence 70 

Q 0.2 0.4 0.6 0.1 l 



so changing the estimate before the second update is performed. The off-line form 

attempts to make a single update when the realisation is complete. 

That is, the on-line every visit form makes the update: 

X; 
+1 = X; (1-a)+ax; 

=X ;+ a0; 

where 

Ai _(x1-X1) 

each time the state occurs in the realisation. The off-line form accumulates the 

increments, i. e. the "errors" for each observation, and then batch updates the current 

estimate in one step. That is, if the state occurs n; times there are n; increments Ok (or 

errors) to apply to convert the old estimate into the new estimate. This generalises the 

previous rule to give the i`" update as: 

n" 
Xi+l = Xi +a :L ýk 

k=1 

where 
Oak =(x -Xk 

When this is converted back into a non-incremental form it is clear that this is not 

equivalent to the weighted average: 

ni 
Xi+l = Xi +aE(Xk -Xk) 

k=I 

n; 

= Xi(1-nia)+aI: Xk 
k=I 

This is not a weighted average because (1-n; a)+a#1. Assuming that the Xk have the 

same expected value then it is equivalent to using na as the step size and even if 

a<1, na might not be and then the iteration may not converge. Taking expectations 

gives: 

E(X; +, 
) = E(X; (1-n; a)+a xk) 

k=I 

= E(X; )(1-E(n; )a)+aE(n; )E(x) 

assuming that n; is independent of x;. 
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Solving this recursion gives: 

E(Xi) = E(x)(1- (1- E(n)a)' ]+ (1-E(n)a)' X0 

In this case if E(n)a>1 or E(n)>1/a then the E(Xi) diverges. 

In the case of the Markov chain TD(k) example the expected path length is 81 states, 

giving a value just less than 5 for E(n), i. e. each state is visited roughly 5 times. 

Using this value the estimate could be expected to diverge for values of oc> 1/5, i. e. 

0.2 which corresponds reasonably well to the observed behaviour. 

Convergence of TD(2) 

For any TD(, %) estimator the update that results at time t+1 can be written (see 

Appendix 2) in the form: 

vt+, = (I-aDiag[x])v, +a(Mv, +nrr) 

where M is the matrix of weights for the non-reward based terms, n is the vector of 

weights for the reward based term, x is a vector of indicator functions for the event 

that state i occurred in the realisation, Diag[x] is the diagonal matrix with the 

elements of x along the diagonal and rt is the (scalar) reward actually obtained. 

For example for a First Visit estimator M and n are: 

[M],; =(i-aýý d"l 

tct)-"ý(t; l) 

if the state occurred and zero otherwise. 

Similar expressions exist for other variations on TD(? ) and the general idea is clear: 

the i, j`" element of M consists of the ? weights applied to state j and the i`h element 

of n is just the X weight applied to the reward in the calculation of state i's update. 

If M and n are non-negative and satisfy a relationship of the form: 

n+M1=x 

where IIxII <_ 1 
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The norm (Householder, 1964); Bellman, 1960) is any suitable matrix norm with a 

compatible vector norm, e. g. the absolute row max norm is defined 

as: IIXII = max(j: ! x, I) , then it can be shown (Appendix 2) that: 

IIvº+, II :5 IIv, II(1-a)+air, I 

or 
IIv, II :! ý Max(IIvIhlrI) 

Thus as long as vo and rt are bounded so is the iteration and hence it does not diverge 

for any 0<_a<_1. 

Similarly if n+ MI = y, , where x is a vector of indicator functions for the event 

"state i occurred" in the realisation, then it can be also shown (Appendix 2) that the 

iteration converges to E[r], the vector of expected rewards, for 0<a<1. In other 

words, as long as the lambda weights for any state that occurs in the realisation sum 

to one the iteration converges in the mean to the value function. 

Eligibility trace TD 

The eligibility traces form of TD(A) make use of recurrent states in different ways. In 

the light of the results given in the previous section it is now worth examining them 

in more detail to make clear how they use recurrent states and to investigate if and 

why they diverge. 

Accumulating traces TD 

The Accumulating traces form of TD(X) can be written as given in Singh and Dayan 

(1998): 

t(t) ¶(t) 

vl(t)=vi(t-1)+a(E KI(t; n) Z (1 - , )V-n-IV. 
m(t-1)+? J(t)-n, t�r(t) -icl(t)v1(t-1)) n=1 

(m-n+l 

where K; (t; n) is an indicator function for state i occurring at position n in realisation 

t, xi(t) is the number of times state i occurs in the realisation, and r(t) is the length 

of the realisation. 
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This computes a TD(B) update for every position in the realisation but the K; (t; n) 
indicator function is a zero unless state i occurs at position n in the realisation. It is 

easy to show that the X weights in: 

ý1-ýýým n_IV$mýt-1)'ý j(t)-n«i)rlt) 

m=n+I 

sum to one and hence can be regarded as forming a weighted average of the non- 

reward and reward terms. There are K; (t) non-zero such terms so the total weighting 

adds up to ic; (t). Thus the row sum of the matrices corresponding to M, and n in this 

case, does not sum to one but to xi(t) and hence the iteration does not converge for 

all a. 

If we write: 

Ki(t; n) i(t) R-1T` 

Ki(t) n=1 m=n+1 

R is a true weighted average of the non-reward and reward terms. 

The update can now be written as: 

v; (t) = v; (t -1)(1- ax1(t))+ax; (t)R 

Thus Accumulating traces TD diverges when aKi(t) is larger than 1. When %=1 R 

reduces to r(t) we recover the well known result that Replacing traces TD(1)= Every 

Visit MCA. 

From the update rule given above it appears that a, has no effect on the convergence 

of the Accumulating Traces form of TD(k) but this ignores the fact that R contains 
terms that involve v; (t-1) and these do effect the convergence for fixed a. 
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First TD(, %) 

The First TD(k) estimator can be written as (Singh and Dayan (1998)): 

t(t) 

Vi (t) = v; (t-1)+a( (1-X)X, m-n, (t; l)-Iv, 
m(t-1)+; 

ý(tý-°jt,, )r(t) -Ki(t)v1(t-1)) m=n, (t; l)+1 

where the function n; (t; d) gives the position in the realisation at which the dth 

occurrence of state i occurs and K; (t) is one if the state occurred and zero otherwise 

Again it is clear that the X weights sum to one and hence can be regarded as forming 

a weighted average of the non-reward and reward terms. That is the row sums of the 

matrices corresponding to M and n in this case do sum to one and the iteration does 

not diverge for any a in the usual range. 

This can also be seen by defining: 

t(t) 
R= (1-A)Xm (t; 1)-1ýs (t-1)+ 

m 
m=n; (t; 1)+1 

The update can now be written as: 

v; (t) = v; (t -1)(1- aK; (t)) + aK; (t)R 

using the fact that R is zero if K; is. This can be seen to be a true First Visit form of 
TD(X) i. e. the TD weighted average is computed just once starting from the first 

occurrence of the state n; (t; 1). It is also clear that when, %=1 R reduces to r(t) and we 

recover the well known result that First TD(1)= First Visit MCA. 

Replacing traces TD 

The Replacing traces form of TD(? ) can be written as (Singh and Dayan, 1998): 

Kc; (t)-1 n, (t; d+1) 

Ve(t)=V1(t-1)+a(7 2] (l-%)m-n, (t; d)-IV, (t-1) 
d=t m=ni(td)+1 m 

t(t) 
ý1 

- 
%1>%bm n (t: x (t))-1 

Vim ýt 
-1) %. «t)-n (t: x (t))rýtý 

_K, (t)ai (t -1)) m=n, (t; x, (t))+1 
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