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Abstract

This thesis considers two particular systems of gravity coupled to matter: Einstein-non-
Abelian-Proca (ENAP) theory with gauge group SU(2) in asymptotically anti-de Sitter

(AdS) spacetime and Einstein-charged-scalar theory in a cavity.

The first part of this thesis is devoted to the ENAP-AdS model. For a purely magnetic
gauge field we obtain spherically symmetric solitons and black holes with non-Abelian
Proca hair. This is achieved by solving the corresponding field equations numerically. We
prove that the equilibrium gauge field must have at least one node. Then we turn to dyons
and dyonic black holes which carry both electric and magnetic charge. We show that no
non-trivial dyons or dyonic black holes exist in this model. We perturb the equilibrium
solutions under linear, spherically symmetric perturbations of the metric and gauge field.
We find numerical evidence which reveals that the solitons and hairy black holes are
linearly unstable. These hairy black holes violate the generalized no-hair conjecture in
the sense that they look identical to the Schwarzschild-AdS metric when observed from

infinity.

In the second part of this thesis, we investigate a plausible end-point of the charged
superradiant instability. We study the Einstein-Maxwell-Klein-Gordon (EMKG) equations
with a mirror-like boundary condition. We construct numerical solitons and black holes
with charged scalar hair. Then we study the stability of the equilibrium solutions under
linear, spherically symmetric perturbations of the metric, electromagnetic and scalar fields.
When the mirror is located at the first zero of the static scalar field, we find stable solitons
if the mirror radius is sufficiently large. However when the mirror radius is sufficiently
small, some solitons are found to be unstable. In the black hole case, we find no evidence
of instability when the mirror is located at the first zero of the static scalar field. In
contrast, numerical evidence shows that the hairy black holes are unstable if the mirror is
located at the second zero of the static scalar field. We conclude that these stable hairy

black holes could represent an end-point of the charged superradiant instability.
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Preface

The majority of the work contained in this thesis was done by the author under the

supervision of Prof. Elizabeth Winstanley.

e Chapter 1 is an introductory chapter where we state the two core questions that

have been investigated in this thesis.

e Chapter 2 reviews the general concepts of black hole solutions, the no-hair conjecture,

hairy black holes and superradiance.

e Chapter 3 is based on work done in collaboration with E. Winstanley [139]. Some of
the known results for Einstein-non-Abelian-Proca (ENAP) theory in asymptotically
flat spacetime [79] are reproduced and extended. All the analytic and numerical
calculations related to ENAP in asymptotically anti-de Sitter (AdS) are original

contributions by the author.

e Chapter 4 is based on work done in collaboration with S. R. Dolan and E. Winstanley,
and published in [61, 140]. The analytic work, numerical results and production of

figures for solitons and black holes were done by the author.

e Chapter 5 is a summary of the three projects considered in this thesis. This is
followed by a review of future work that can be extended from the research done in

this thesis.

The metric signature (—,+,+,+) and units such that (87G = ¢ = h = kg = 1) are
assumed throughout this thesis, unless otherwise stated. All numerical results presented

in this thesis were obtained using Mathematica 9 and 10.
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Chapter 1

Introduction

The uniqueness theorem states that stationary black hole solutions of Einstein-Maxwell
equations belong to the three-parameter Kerr-Newman family (see section 2.1). Inspired
by the uniqueness theorem, the no-hair theorem postulates that all four dimensional,
stationary black hole solutions of the Einstein-Maxwell equations in asymptotically flat
spacetime can be uniquely described by three classical parameters; mass, electric charge

and angular momentum.

In other words, Wheeler suggested that “black holes have no hair” [I54] where hair is
a metaphor for any form of non-gravitational and non-electromagnetic field that can be
accessed by an external observer. Nevertheless, Wheeler’s no-hair conjecture was violated
very quickly. It turns out that there exist black hole solutions that can carry non-trivial
matter fields outside an event horizon. These solutions are called hairy black holes. In this
thesis, two particular models containing hairy solutions are studied. These are Einstein-
non-Abelian-Proca (ENAP) theory in asymptotically anti-de Sitter (AdS) spacetime and
Finstein-charged-scalar theory in a cavity. We consider the presence of solitons and hairy

black holes in both models. The stability of these solutions is also investigated.

We start chapter 2 by giving a brief review of exact asymptotically flat, black hole solutions



of the Einstein and Einstein-Maxwell equations. We discuss the physical interpretation of
these known solutions. The global structure of these solutions is explored by studying their
Penrose diagrams. We state the no-hair conjecture and discuss its consequences. Then
some important works on hairy black holes are reviewed. We focus our investigation on the
SU(2) non-Abelian sector since it is relevant to the ENAP model. To better understand
the behaviour of black holes with non-Abelian hair, we reproduce and discuss particle-like
solutions [7] and coloured black holes [24], RT), [188]. After that, black hole superradiance
is investigated and the essential conditions for a superradiance process are derived. Some
connections between superradiance and black hole mechanics are also discussed. We review
and investigate in detail how black hole superradiance can lead to an instability. Finally, we
provide analytical and numerical calculations that demonstrate that a massless charged
scalar field on a Reissner-Nordstrom black hole in a cavity experiences a superradiant

instability.

In chapter 3, we investigate ENAP theory in asymptotically AdS. We derive a set of field
equations describing a self-gravitating non-Abelian Proca field with gauge group SU(2).
We provide boundary conditions corresponding to solitons and hairy black holes in this
theory. Then we numerically integrate the associated field equations with these boundary
conditions and obtain static solitons and black holes with non-Abelian Proca hair. As a
good consistency check, we reproduce some numerical solitons and hairy black holes of
ENAP in asymptotically flat spacetime, discovered in [79]. We also provide an analytic cal-
culation that shows there are no nodeless solutions in this model. By following the work of
Ershov and Galt’sov [71], our analysis reveals that no non-trivial dyon solutions or dyonic
black holes are allowed in both the ENAP-flat and ENAP-AdS theories. Then we consider
spherically symmetric perturbations around these equilibrium solutions. The perturbation
equations can be decoupled into two categories: the gravitational and sphaleronic sectors.
We present numerical analysis confirming the stability status of solitons and hairy black

holes both in the ENAP-flat and ENAP-AdS theories.
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In chapter 4, a possible end-point of the charged superradiant instability is studied.
Finstein-charged-scalar theory in a cavity is considered. We provide an analytic proof
showing that no non-trivial asymptotically flat soliton and hairy black hole solutions of
the Einstein-Maxwell-Klein-Gordon equations exist. However, with a mirror-like bound-
ary, it is possible to obtain static solitons and black holes with charged scalar hair. We
investigate the stability of these equilibrium solutions under linear, spherically symmetric
perturbations of the metric, electromagnetic and scalar fields. We provide numerical evi-
dence suggesting the stability of solitons and hairy black holes in a cavity. We remark that
the location of the mirror is at the first node of the scalar field for most of the solutions
considered in this chapter. The total electric charge of the solitons is also discussed to

better understand the stability properties of equilibrium soliton solutions.

Lastly, chapter 5 concludes the thesis and comments on further extensions of this work.






Chapter 2

Black holes, hair and

superradiance

In this chapter, general ideas about black holes, the no-hair conjecture, black hole solutions
with hair and superradiance will be discussed. We start by outlining some of the pioneering
works on black hole uniqueness theorems which play a central role behind the original no-
hair conjecture. We then outline the discovery of hairy black holes with various models
of hair, especially focusing on non-Abelian gauge theory. Later we briefly describe two
important pieces of work on the self-gravitating non-Abelian gauge system, i.e., particle-
like solutions [7] and coloured black holes [24]. After that, we review some significant
works on the stability of hairy black holes. Then we discuss the basic concepts of wave
amplification via superradiant scattering. We derive an essential condition for superradiant
scattering by considering reflection and transmission amplitudes. Next we explain how
the laws of black hole mechanics and Hawking’s area theorem [83] imply superradiance
for bosonic fields. Finally we consider a particular scenario where superradiance gives rise
to an instability. We shall describe how a superradiant instability can be triggered on
rotating and charged black holes. At the end of this chapter, we provide an analytical and

numerical analysis of a massless complex scalar field on a Reissner-Nordstrom (RN) black
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hole enclosed by a mirror. We show numerical results which confirm that the RN black

hole in a cavity is unstable via a charged superradiant instability.
§2.1 Black hole zoo

In this section, we discuss some of the well-known bald, asymptotically flat, exact black
hole solutions of the Einstein and KEinstein-Maxwell equations. We show explicitly the

analytic form of these solutions and highlight some of the main features for each spacetime.

The first non-trivial exact black hole solution was found by Karl Schwarzschild in 1916

[158]. The Schwarzschild black hole in spherical coordinates takes the form
2M 2M\ !
ds? = — <1 - —) dt* + <1 — —) dr® + 12 (d6?2 + sin” f d<p2) , (2.1)
r r

where M represents the total mass. The Schwarzschild solution is obtained by solving the
vacuum Einstein equations (so that the energy-momentum tensor vanishes identically). It
describes the spacetime exterior to a static spherically symmetric object. The metric (2.1)
possesses two singularities within finite radius r. The first one is at » = 0 which is an
essential singularity or curvature singularity. This singularity cannot be removed by any
coordinate transformations. It is where non-zero curvature scalar invariant quantities e.g.,
Kretschmann scalar RgpeqR%°?, where Rgpeq is the Riemann tensor, diverge. The second

singularity occurs when r = 7, and
rp, = 2M. (2.2)

This is the event horizon of a Schwarzschild black hole. As will be seen below, no physical
signal in the region < 2M can reach infinity. One remarkable feature of the Schwarzschild
metric is that it can be uniquely described by just one parameter M. By knowing the

mass, we can determine the entire spacetime geometry.

In Fig 2.1, we show the Penrose diagram of a Schwarzschild black hole. In the diagram
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another universe

sy

white hole 4
0,

Figure 2.1: Penrose diagram of a Schwarzschild black hole. The event horizon is located
at r = 2M and the black hole singularity is denoted by the horizontal zigzag lines. The
dashed curve linking the universe and black hole represents the timelike path of a particle.
Diagram adapted from [4§].

any light trajectories move at 45° from the upward vertical. Moreover, timelike paths
followed by massive particles or observers have tangents at less than 45 to the vertical.
Let us follow the particle trajectory depicted by the dashed line in Fig 2.1. Once the
particle enters the black hole by crossing the null surface r = 2M or event horizon, it
is clear from the diagram that particle cannot reach r = oo. To escape from the black
hole, the particle would have to travel faster than the speed of light which is not allowed
in general relativity (GR). Inside the Schwarzschild black hole, all particle paths are led
to the same destination and that is the black hole singularity. Surprisingly, by extending
the Schwarzschild solution as much as it can be, there exist other possible regions called
“white hole” and “another” universe. One can think of a white hole as a time-reversed
black hole. However there is no causally connected curve that leads you from our universe
to a white hole. On the other hand, everything that lives inside a white hole will inevitably
come out to either our universe or another universe. Another patch of the Schwarzschild
spacetime is a new asymptotically flat universe labeled as “another universe” in Fig 2.1

which can not be reached from our universe.
Another exact solution describing an electrically charged black hole was discovered by

7
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Reissner [146] and Nordstrom [135]. In this case, there is an electrostatic field which acts

as the source of the energy-momentum tensor. The RN metric is given by

ds® = — frndt® + fpydr® +r? (d6? + sin? 6 dy?) (2.3)
where
oM 2 r—r)(r—r_
fRNZl_—+%:( +2g )’ (24)

where M and @ are the black hole mass and electric charge respectively. Similarly to
the Schwarzschild black hole, the curvature singularity of the RN black hole is located at
r = 0. In contrast, fry has two roots namely, 4y and r_. These correspond to the outer

and inner event horizons which are determined by

re =M+ /M2 - Q2. (2.5)

In the absence of an electric charge @, the RN solution (2.3) reduces to the Schwarzschild
solution (2.1). It is clear from (2.3) that the RN solution is characterized by two parame-
ters, M and Q. From (2.5), there are three possible scenarios depending on the values of
M and Q. Firstly, for M? < Q?, the roots of fry become complex or in other words fry
is always positive and can never be zero. Therefore in this case the spacetime metric (2.3)
is regular everywhere for » > 0. However the curvature singularity still exists at » = 0 and
we can observe it directly as there is no event horizon to cover the black hole singularity.

This situation is known as a “naked singularity”.

Secondly, the case M? > Q? is expected to happen in a realistic situation. When the
energy in the electromagnetic field is less than the total energy, the metric function fry
has two real roots, r; and r_, as shown above (2.5). The Penrose diagram of the RN black
hole corresponding to this case is shown in Fig 2.2. The timelike trajectory of a particle,

once again, is depicted by a dashed curve in this figure. Suppose that we start our journey
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in the asymptotically flat region .«7. The particle enters the RN black hole by crossing the
outer horizon r = r; which is a null surface. Once inside region 4, the particle cannot
physically communicate with the outer region. In the region %, the particle is forced to
move in the r—decreasing direction. Eventually the particle will go across another null
horizon at » = r_. The curvature singularity of the RN black hole is illustrated in Fig
2.2 by the vertical zigzag line. This is crucially different from the Schwarzschild case. By
considering geodesic motion of particle, it turns out that inside the inner horizon of RN
black hole, gravitational force becomes repulsive. An observer falling into the RN black
hole will be repelled by the singularity. Therefore, the particle will never reach r = 0.
Even more surprisingly, the particle can manage to penetrate into another “white hole”
region denoted by %’. Then the particle is restricted to move into a new asymptotically
flat region, either .27’ or 2’. Now the particle can choose to go back into a new black hole

%' and repeat the whole journey again.

The final case is when M? = Q2. In this case the metric function fry has only one real
root, and the RN black hole has just one horizon located at r = M (2.5). This particular
case is known as the extremal Reissner-Nordstrom solution. The singularity of extremal
RN is, once again, cannot be reached. The particle would be able to travel through the
black hole and come out at another asymptotically flat region. However this configuration
is somewhat fragile since a small change in the values of M or ) would bring this case

back to one of the previous two cases.

In reality, the RN black hole might not be relevant to an astrophysical process since a
black hole can be neutralised by interacting with surrounding matter. For a more realistic
situation, one must include rotation into the picture. However finding an exact solution
for a rotating black hole is somewhat difficult. This is because one must consider axial
symmetry around the axis of rotation rather than spherical symmetry. In 1963, Kerr was
able to find an exact solution that describes a rotating black hole [I07]. The solution is

given by (in Boyer-Lindquist coordinates)
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Figure 2.2: Penrose diagram of a non-extremal Reissner-Nordstrom black hole. The outer
and inner event horizons are denoted by 71 and r_. The black hole singularity is denoted
by the vertical zigzag line. The dashed curve represents the timelike trajectory of a particle.
Diagram adapted from [48].

2M 4Mar sin® 0 b i
ds? = — <1 = p2T> di* %dt 46+~ sin” 0 do? + Todr® + p?d6*, (2.6)

Y= (7“2 + a2)2 —a?Asin? 6, A =712 —2Mr + a2, p?* =12 +a’cos?h, (2.7

where M and a are total mass and spin parameters. This metric describes the exterior
spacetime of a stationary, axially symmetric object. The Kerr metric (2.6) has a curvature

singularity located at p? = 0 and the event horizon is determined by A = 0. This gives

ry =M+ M?—a (2.8)

10
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Similarly to the RN case, there are three possibilities: M? < a?, M? > a? and M? = a>.
The first and third case correspond to a naked singularity and an extreme case which are

out of our scope of interest here. Therefore we will limit ourselves to the second case only.

I cannot exist everywhere in the Kerr spacetime. This comes from the

A static observer
fact that the time-translation Killing vector £ = 0; is not everywhere timelike. To see this,

let us consider the norm of the Killing vector &

2Mr
&, = (1 -2 ) | (2.9)
At the horizon, this becomes
a®sin? 6
& = 20 (2.10)

The Killing vector is already spacelike at the horizon. Except at § = 0,7 (north and south
pole), it becomes null outside the horizon. The surface where the Killing vector £ changes
from timelike to spacelike is called the stationary limit surface. This occurs when £°&,

vanishes or

M? — a? cos? 0. (2.11)

The stationary limit surface meets the outer horizon at # = 0, w. The region lying between
the stationary limit surface and the outer event horizon is called the ergoregion. No static
observers are allowed inside the ergoregion. In fact, in this region every particle will be
dragged to co-rotate (but not necessarily with the same angular speed) with the Kerr
black hole. It is possible to enter the ergoregion and escape to the outside. However once
one reaches the null surface where r = r, escape is not possible. For clarification, we

display the overall structure of a Kerr black hole in Fig 2.3.

We define a static observer as an observer whose tangent vector is proportional to the timelike Killing
vector &.

11
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T+

stationary limit surface

ergoregion

Figure 2.3: Diagram of the Kerr spacetime structure (side-view). The outer and inner
event horizons are denoted by r; and r_. The shaded region represents the ergoregion
where an observer cannot remain at rest relative to infinity. The ring singularity is also
displayed at the centre of the figure. Diagram adapted from [48§].

The curvature singularity of the Kerr metric (2.6) is also worthmentioning. This singularity

is located at
p? =r?+a’cos?d = 0. (2.12)
Thus the singularity occurs only when

r=0, 0= (2.13)

T
5"
The curvature singularity of a Kerr black hole is located at the edge of a ring. One can even

penetrate through the ring and exit to another asymptotically flat spacetime described by

the Kerr metric with » < 0.

The Penrose diagram of a Kerr black hole shares many features with the RN black hole.
There are many copies of the asymptotic region outside the black hole. This is illustrated
in Fig 2.4. A particle cannot reach the curvature singularity as in the RN case since Kerr’s
singularity is also repulsive, except that in the Kerr case, a particle can choose to pass
through the singularity and exit into a new asymptotically flat region. The new region

has no analogue in the RN case.

12
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Figure 2.4: The Penrose diagram of a non-extremal Kerr black hole. Similarly to the
charged case, the outer and inner event horizons are denoted by r and r_, respectively.
An example of a timelike path in this spacetime is shown by the dashed curve. The
curvature singularity is depicted by the vertical solid line. Diagram adapted from [4§].

13
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A generalization of the Kerr solution is to include an electric charge. An exact solution
of the Einstein-Maxwell equations describing a charged rotating black hole was discovered
by Newman et.al., [131, 132]. The metric representing such a spacetime is given by (in

Boyer-Lindquist coordinates)

2
dt do + %er + p?db?

2Mr — Q? 2 (2Mr — Q*) asin® 0
2 2
ds* = — (1 - > > dt* — -

P P
IMr — 02) a2sin2 6
+<r2+a2—|—( - Qz)a ) sin? 6 de?, (2.14)
p
with
A =1 —2Mr+a® + Q2 p? =1r*+ a*cos? . (2.15)

The outer and inner horizon of the Kerr-Newman solution (2.14) are determined by

re =M+ /M?—-Q?—a’ (2.16)

The stationary limit surface is defined as

re =M+ /M2 — Q2 — a2 cos? 0. (2.17)

Like the uncharged case, the stationary limit surface intersects with the outer horizon at
each pole (0 = 0, 7). The interval r < r < rs defines the ergoregion where it is impossible
for a static observer to exist. The curvature singularity of a Kerr-Newman black hole is
also located at p?> = 0 which implies that 7 = 0 and § = 7/2. Hence, the curvature
singularity of the Kerr-Newman metric (2.14) also forms a ring-structure as happens in
the Kerr case. Since the internal geometry of the Kerr-Newman solution is very much like
that of the Kerr solution, the Penrose diagram of a Kerr-Newman black hole will be the
same as that for a Kerr black hole (Fig 2.4). One final remark is that the Kerr-Newman

solution (2.14) is uniquely determined by only three parameters; mass M, charge @ and

14
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spin a.

As will be discussed in the next section, the Kerr-Newman metric (2.14) is the most general
solution of the four-dimensional Einstein-Maxwell equations representing an asymptoti-

cally flat black hole.

§2.2 No-hair theorem

In brief, the black hole no-hair theorem simply states that “four dimensional, asymptoti-
cally flat, stationary single black hole solutions of the Einstein-Maxwell equations can be
uniquely determined by three observable parameters i.e., mass, angular momentum and
charge” [154]. The implication of this theorem is profoundly surprising because this means
that a black hole is an extremely simple object, only a handful of parameters are needed
to fully describe a black hole. To aid a better understanding of the no-hair theorem, it
is useful to see how the key ideas behind the theorem developed. We remark that all the
discussions below are valid only for four dimensional black holes. For a comprehensive

review on higher dimensional black holes see [66].

The black hole no-hair theorem is inspired by a series of works attempting to classify black
hole solutions. For obvious reasons, most of the work done in the early days focused on
isolated black holes, i.e., black hole solutions of the vacuum or electrovac Einstein field
equations. The story can be traced back to 1923 when Birkhoff was able to prove that
any spherically symmetric solution of the vacuum (no surrounding matter) Einstein field
equations in asymptotically flat spacetime must be static [23]. In 1967, Israel proved that
the Schwarzschild metric is the unique solution of the vacuum field equations describing
a non-rotating black hole [I00]. In other words, this means that if a black hole is static,
it must be spherically symmetric and the exterior spacetime must be the Schwarzschild
solution. This work was followed by Miiller zum Hagen et.al., in 1973 [129] and Robinson in
1977 [149], who improved and simplified the techniques used in Israel’s proof. In addition,

Bunting and Masood-ul-Alam in 1987 [45] used the positive energy theorem to prove the
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uniqueness of the Schwarzschild metric.

As a generalization of Birkhoff and Israel’s theorems, one can consider an electrically
charged static black hole solution of the electrovac system, i.e., the Einstein-Maxwell
equations. The uniqueness of this type of black hole solution was completed by a series
of studies. The first attempt was made by Israel in 1968 [I01], where he generalized his
previous result for the vacuum system to the electrovac system. Later, Israel’s argument
was improved and simplified by Miiller zum Hagen et.al., [I130] and Simon [162]. After
that, Ruback [152] and Masood-ul-Alam [122] also applied the positive energy theorem to
prove the uniqueness theorem for the electrically charged Reissner-Nordstrom metric. By
extending these results, Heusler was able to take magnetic charge into consideration and
proved the uniqueness theorem for the Reissner-Nordstrom solution with both electric and

magnetic charge [89].

All the studies discussed in the previous paragraph were done for the static case, now we
shall provide a selection of important works on axially symmetric black holes. In vacuum,
if the metric of an asymptotically flat, stationary and axisymmetric spacetime is regular
on and outside the event horizon, then this metric is member of the two-parameter Kerr
family [49, [148]. This is known as the Carter-Robinson theorem. Afterward, Bunting [44]
and Mazur [125] provided the uniqueness proof for the Einstein-Maxwell system. Thus if
the electromagnetic field is taken into account, the stationary, asymptotically flat black
hole solution must be described by the Kerr-Newman metric [131), [132] where the solution
is characterized by mass, angular momentum and charge. For historical and technical

reviews of the uniqueness of black hole solutions see for example [52, [90L 91, 126, [147].

Inspired by these black hole uniqueness theorems, Wheeler suggested that all asymptot-
ically flat, four-dimensional, stationary black holes can be completely described by three
observable parameters: mass, angular momentum and charge. These quantities can be

measured from infinity and are subjected to a Gauss law. He encapsulated his idea into
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a famous phrase “black holes have no hair” [I54]. In this context, hair is a metaphor for
other information about the matter associated with black holes. Once these hairs pass
through the black hole’s event horizon, they are prevented from being accessed by an
external observer. In other words, if a black hole absorbs a highly complex object, once
the black hole returns to its final equilibrium state, there will be only changes in the total
mass, total angular momentum and total charges. Thus according to the no-hair theorem,
a black hole in the final equilibrium state will be completely characterized by a very small

number of parameters: mass, angular momentum and charges.

Research into the no-hair theorem has a long story. Once again, we will focus our discussion
on four-dimensional, asymptotically flat spacetimes. In 1971, Hartle showed that a Kerr
black hole cannot possess lepton charge [82]. The same results were obtained for lepton,
baryon and other quantum numbers on a Schwarzschild black hole in a series of works
by Teitelboim [I70, 171, 172]. Moreover, he also showed that a charged black hole can
only exist if the mass of the photon is zero [I72]. Another important work comes from
Bekenstein in 1972 [14], where he found that a static (non-rotating) black hole cannot be
equipped with massless/massive scalar or massive vector meson fields. A similar result for
the scalar field was also proven by Chase in 1970 [51]. Later Bekenstein generalized his
previous study, showing that it is impossible to endow a static black hole with a massive
spin-2 meson field and also proving that the same held for a stationary (rotating) black hole
[15, [16]. These conclusions remain valid for the charged case and in Brans-Dicke theory
too [15]. Moreover, in 1995 Bekenstein proved a new no-scalar-hair theorem which rules
out many scalar hair configurations [20]. This proof is formulated such that asymptotically
flat, static, spherically symmetric black holes cannot be dressed by multicomponent scalar
fields [20]. The primary assumptions are made on the scalar field, namely: the scalar field
is minimally coupled to gravity and there is no negative energy-density in any frame of
reference. The beauty of Bekenstein’s argument is based on the very general principle

of conservation of the energy-momentum tensor and the Einstein field equations. If a
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complex scalar field is taken into account, Bekenstein’s result is still intact and the black
hole must be described by the Reissner-Nordstrom metric [20]. See [211, 25} 52}, [90], O] for

more technical reviews on this subject.

A number of studies have been proposed to test the no-hair theorem. We can learn about
the mass and spin of a black hole from its quasinormal modes — damping modes that are
encoded in the gravitational radiation emitted from a perturbed black hole (see [112] for
a review). One practical framework has been proposed by Kamaretsos et.al., [106] using
black hole quasinormal modes to test GR in the strong gravitational regime and the no-
hair theorem. One of the most well-known supermassive black hole candidates is Sgr A*
which is located at the centre of our Milky Way galaxy. In principle, if we could measure
the mass, spin and quadrupole moment of Sgr A*, then we would know how much Sgr A*
may deviate from the standard Kerr black hole and therefore test the no-hair theorem.
Many works have suggested ways to measure Sgr A* properties to test the no-hair theorem
by using various techniques and instruments e.g., pulsar timing [143], the event horizon
telescope [42] which uses the global network of radio telescope and combines the data
from very-long baseline interferometry (VLBI) [104]. For a recent review on testing GR
and the no-hair theorem with Sgr A* see [I05]. The recent discovery of gravitational
waves from merging binary black holes by the Laser Interferometer Gravitational-Wave
Observatory (LIGO) finds no evidence for disagreement from GR [I]. The final mass
and spin, determined by the gravitational wave signal, also agree consistently with the
black hole solution predicted by GR [2]. However, more evidences are needed to confirm
that there is no deviation from GR. Since the gravitational waveform used by LIGO is
constructed subjected to GR template. Thus this might introduce some bias towards GR

in the gravitational wave detection.
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§2.3 Hairy black holes

The no-hair theorems mentioned in section 2.2 rely on a number of assumptions, such as
asymptotic flatness, stationarity, four dimensional spacetime and the electrovac Einstein
equations. Therefore one should not be surprised if the no-hair theorem does not hold
when some of these conditions are relaxed. Let us suppose that we dismiss the electrovac
condition. We then have a generalized version of the no-hair conjecture which states that

[52]

“All stationary black hole solutions of general relativity coupled to any type of self-gravitating matter

are determined by mass, angular momentum and a set of global charges”.

Global charges are given by a surface integral of flux density over a sphere at infinity.
In other words, global charges are quantities which can be measured at infinity. These
global charges are the hairs (information) that are not falling into a black hole, hence we
can observe them from a very distant place. This new version of the no-hair conjecture
has led to a series of studies which considered the interaction between black holes and
many types of self-gravitating matter or hairy black holes. In this context, we could define
“hair” as any non-gravitational and non-electromagnetic field associated with black holes.
In addition, we remark that hair could be referred as quantities that are not subjected to

Gauss law.

Notwithstanding the no-hair theorems discussed in the previous section, many black hole
solutions with hair have been found even in the simplest matter model: a scalar field,
if the scalar field is non-minimally coupled to the scalar curvature. The first example
of this type of solution was found by Bocharova, Bronnikov and Melnikov (BBM) in
1970 [30]. The BBM solution has a form resembling the extremal (electrically) charged
Reissner-Nordstrom black hole, conformally coupled to a massless scalar field. Afterwards

Bekenstein rediscovered independently the BBM-type of solution [I8, 19]. However, the
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scalar field in the Bekenstein and BBM solution diverges at the event horizon [I8] [169] and
later it was shown to be unstable [43]. These undesirable results have put Bekenstein’s
solution as a hairy black hole in doubt [169]. The BBM solution was generalized later to
carry magnetic charge by Virbhadra et.al. [I85], where the conformal scalar field again
diverges at the event horizon. It should be remarked that, the contradict result about
the stability of BBM solution was later found in [127], where the authors found that the

solutions are stable.

The first truly hairy black hole solution with scalar hair is Gibbons solution [76]. He
discovered a black hole solution with a non-trivial dilaton field in the low energy limit of
N = 4 supergravity. The Gibbons solution possesses electric and magnetic charges but
no independent dilatonic charge. Bekenstein’s no-hair theorem is evaded by the Gibbons
solution as there is non-trivial coupling between the dilaton and Maxwell field. Later,
more dilaton black holes were found by Gibbons et.al., [77] and Garfinkle et.al., [74].
Furthermore, number of black hole solutions in string effective field theories have been

found. See for example [203] for a review on black holes in string theory.

Since the no-scalar-hair theorem discussed above [20] rules out various possibilities of hav-
ing black holes with scalar hair in asymptotically flat spacetime, therefore it is natural to
ask whether these results extend when a cosmological constant is included. For instance,
asymptotically de Sitter (dS) and anti-de Sitter (AdS) black holes with minimally coupled
scalar field hair for some specific types of scalar potential were found in [I73], [174]. For a
minimally coupled scalar field with nonconvex scalar potential, stable solitons and black
holes in asymptotically AdS have been found [174, [I76]. On the other hand, when the
cosmological constant is positive, black hole solutions with scalar hair are found for some
specific types of scalar potential, however these solutions are unstable [I73]. For investi-
gations of non-minimally coupled scalar field hair in non-asymptotically flat spacetimes

see, for example [144], [195, 196].
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Recently, Herdeiro and Radu remarkably discovered asymptotically flat rotating black
holes with scalar hair [87]. They carry conserved Noether charges associated with mass
M, angular momentum J and scalar field hair ), however only M and J are global charges
since @ is not subject to a Gauss’s law, therefore it cannot be measured by an observer at
infinity [84]. Similarly to the Kerr metric, the solutions in [87] are stationary and axially
symmetric, however with the matter field included the full solutions are only invariant
under a single Killing vector field [87]. Therefore Bekenstein’s no hair theorem [20] is
not applicable here. We shall come back to Herdeiro’s hairy black holes again in section
2.6 when we discuss the end-point of a superradiant instability. We refer the reader to

[88, 163] for recent reviews on black holes with scalar fields.

In contrast, few black holes with Abelian vector hair have been discovered so far. This
is because of the three following reasons. Firstly, uniqueness theorems for Reissner-
Nordstrom and Kerr-Newman black holes discussed in section 2.2 limit the the possibility
of having static and stationary black holes with massless vector hair. Secondly, asymptot-
ically flat non-rotating and rotating black holes with massive vector hair are forbidden by
Bekenstein’s results [14, [15]. Lastly, even when the cosmological constant is positive, static
spherically symmetric black holes with Proca hair (massive vector field) are excluded by
Bhattacharya et.al., [22]. These results narrow down the window of existence of black
holes with Abelian vector hair. However, one could cleverly evade these difficulties and
obtain a black hole solution with Abelian vector hair. For instance, massive vector hair
on superconducting AdS black holes has been constructed numerically [8] and the solu-
tions are interpreted in the context of the AdS/CFT correspondence, where CFT stands
for conformal field theory. In addition, static spherically symmetric soliton and black
hole solutions of the Einstein-Proca equations have been studied in asymptotically AdS
spacetime [I19]. Moreover, it has been found recently that a harmonic time dependence
complex Proca field can be endowed on a Kerr black hole [84]. Once again, these newly

discovered hairy black holes do not violate Bekenstein’s no-hair theorem [14] [15], since the
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matter field does not share all the spacetime symmetries [84].
82.4 Non-Abelian black holes

Another interesting type of self-gravitating matter is the non-Abelian gauge field (Yang-
Mills field). Yang-Mills (YM) theory is a gauge theory with a non-Abelian gauge group. It
can describe electroweak theory with gauge group U(1) x SU(2) (unification of the electro-
magnetic force and weak interaction) and the strong interaction with gauge group SU(3).
Hence, inspired by the standard model of elementary particle physics, the gravity-particle
physics community have extensively studied one particular model: Einstein-Yang-Mills
(EYM) theory. The pioneering work on the self-gravitating Yang-Mills system began with
the discovery of particle-like solutions of the SU(2) EYM equations in asymptotically flat
spacetime by Bartnik and McKinnon (BM) [7] (see the following subsection for more de-
tails). Later black hole counterparts in the same system, namely coloured black holes,
were discovered in [24, 8T], 188]. In addition, slowly rotating coloured black holes in SU(2)
EYM theory were found by Volkov and Straumann [I91] whereas no slowly rotating ana-
logue for a globally regular solution exists [I91]. The authors in [I84] also reported the
absence of rotating regular solutions of pure EYM theory. Later, static axially symmet-
ric and asymptotically flat regular and black hole solutions in SU(2) EYM theory were
constructed numerically [98], 99, 108 I09]. One can also consider the EYM system with
gauge group larger than SU(2). For example, black hole solutions of the EYM equations
with gauge group SU(3) were discovered in [73, (150, 151]. Furthermore, static spherically
symmetric solutions of the EYM equations for arbitrary gauge group SU(N) have been
explored and black hole solutions were obtained within this model [I10]. Despite the nu-
merous solitons and black holes in EYM theory that have been discovered and studied, all

the solutions found in the asymptotically flat EYM system are unstable [40), [41].

For non-asymptotically flat systems, soliton [192] and black hole solutions [175] of SU(2)

EYM were constructed in asymptotically de Sitter (dS) spacetime [34]. These solutions
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with positive cosmological constant were (not surprisingly) found to be unstable [39] [68],
175]. On the other hand, by investigating the SU(2) EYM equations in asymptotically
AdS, magnetically charged black hole solutions were constructed [194]. In addition, some
solutions where the gauge field function has no zeroes were shown to be linearly stable
[194]. Likewise, monopole, dyon? and black hole solutions were found in SU(2) EYM-AdS
and for a class of monopole solutions which have no zeroes were shown to be linearly
stable [28, 29]. Recent studies reveal that dyons and dyonic black holes in the SU(2) [134]
EYM-AdS system are linearly stable. Moreover, new purely magnetic, hairy black hole
solutions of SU(N) EYM-AdS theory were presented and some of them were shown to
be linearly stable [10], 1], T2, 13]. These black holes can be equipped with an arbitrary
number of stable YM hairs. These solutions are described by N +1 parameters and possess
N —1 independent gauge fields [10]. In addition, the global charges for these SU (V) black
holes in asymptotically AdS were discussed in [I59]. Finally numerical dyons and black
holes of SU(N) EYM-AAS are constructed in [I60] and later their existence is confirmed

analytically in [9].

Besides pure EYM theory discussed above, there are many variant models containing Ein-
stein gravity coupled to a non-Abelian gauge field plus an additional matter field. For
instance, asymptotically flat, static, spherically symmetric solitons and hairy black holes
in EYM-dilaton theory have been constructed and possess a dilaton charge [62]. Further-
more, regular and black hole solutions of the Einstein-Skyrme® model have been found
numerically [63] and their stability was discussed in [92, [93] for Skyrme stars and Skyrme
black holes respectively. In this model, a topological winding number renders the solutions
stable. Additionally, for asymptotically dS [36] and AdS [I61], regular and black hole so-
lutions of the Einstein-Skyrme equations have been obtained. Moreover, asymptotically

flat, static, spherically symmetric regular and black hole solutions of EYM with a Higgs

2A dyon is a hypothetical particle with both electric and magnetic charges.
3The skyrmion is a classical field solution of a non-linear sigma model.
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(EYMH) field were considered in [4], 69, [79]. It was shown by van der Bij and Radu that
regular and black hole solutions of EYMH-AdS with a doublet Higgs field are linearly
unstable [I83]. Lastly, Einstein-non-Abelian-Proca (ENAP) theory in asymptotically flat
spacetime was studied in [79]. Solitons and black holes with (non-Abelian) Proca hair
were obtained numerically. The ENAP-AdS system remains unexplored territory and one
of the main chapters in this thesis will be devoted to this particular model (see chapter
3). Since a vast number of studies have paid attention to self-gravitating non-Abelian
gauge fields, it is impossible for us to cover all of them, therefore we refer the reader to

[25], (186, 189), 1T97] and references therein for more details of this subject.

In the next subsection, we will outline two pioneering works in the area of self-gravitating
non-Abelian gauge fields namely, BM’s particle-like solutions [7] and Bizon’s coloured

black holes [24]. We will explain briefly the numerical solutions founded in both scenarios.

2.4.1 PARTICLE-LIKE SOLUTIONS AND COLOURED BLACK HOLES

Before 1988, it was widely believed amongst physicists that the EYM system in four
dimensional spacetime admits no non-trivial black hole solutions. This folklore arose from
the fact that there are no solitons in the following scenarios (see [52), [197] and references

therein):

e Firstly, in the pure gravity system, there is no globally regular solution. The only
static, asymptotically flat, globally regular solution of Einstein’s vacuum equations

is the Minkowski metric.

e Secondly, the Einstein-Maxwell equations admit the Reissner-Nordstrom metric as
the only static single black hole solution. No non-trivial solitons are found in the

same system apart from Minkowski spacetime.

e Thirdly, in the absence of gravity, there is no non-trivial globally regular solution of

the Yang-Mills equations [56] except Minkowski spacetime.
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e Lastly, there is no non-trivial soliton solution in three dimensional EYM theory [57]

apart from Minkowski spacetime.

For all these reasons, one might expect that there should be no regular or black hole
solutions of the 3 4+ 1 dimensional EYM system other than the Minkowski and Reissner-
Nordstrom spacetimes. However, the situation was turned upside down, when Bartnik
and McKinnon [7] discovered non-trivial particle-like solutions of SU(2) EYM theory in
asymptotically flat spacetime. They found self-gravitating soliton solutions of the EYM
equations numerically. These solutions exist due to the balancing of the gravitational

attraction and the repulsion of the non-Abelian gauge field.

The Einstein-Yang-Mills action is given by

1
§=3 / Az =g <R - TrFabF“b) : (2.18)
with

Fop = 0,4y — OpA, + € [Aa, Ab] R (2.19)

where R and e are the Ricci scalar and coupling constant respectively. We use “Ir” to

denote a Lie algebra trace. Varying this action (2.18), we obtain two equations of motion

1
Gup = TrF, F,¢ — 1 Gapy T FLg F4, (2.20)

0=V.FR"+ [Aa,Fba]. (221)
A static, spherically symmetric, asymptotically flat spacetime is defined by
2 2 !
ds? = — <1 - M) S2dt? + <1 - M) dr? + r2d62 + rsin0 dp?,  (2.22)
r r
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where m(r) is the Misner-Sharp mass function [I12§]. This mass function, in spherically
symmetric spacetime, can be interpreted as a measurement of total mass within a sphere

radius r. The purely magnetic gauge field ansatz is given by
1 R .
A=—(1+w(r))[—7,d0 + T9sinOdy] , (2.23)
e

where 79, 7, are the elements of the SU(2) basis in spherical coordinates. The Yang-Mills
field is denoted by one function w(r). From these ansatze (2.22, 2.23), we obtain the

following field equations [7]

2
0=r? <1 - 2Tm> w’ + <2m - m) W'+ (1 - w?) w. (2.24)

We denote derivative with respect to r by /. The first equation is one component of the
Einstein field equations (2.20) and the second equation is the Yang-Mills equation (2.21).
Asymptotic flatness requires that w — +1 as r — oco. As will be seen later, this is one of
the features of the solutions of the EYM equations and the ENAP equations. The field
equations (2.24) are numerically integrated with appropriate boundary conditions, to give
w and m as functions of radius r. The solutions are classified by the number of zeros
or nodes of the gauge function w. The number of zeros of w will be denoted by n. We
note that for each fixed n, there is a single regular solution. Also there is no nodeless BM

solution [33].

In Fig 2.5(a)—2.5(c), the first three regular solutions are illustrated. The gauge connection
w and the mass function m approach constants as r — oo. Additionally in Fig 2.5(d),
the local energy density (00-component of the energy-momentum tensor) of the node=3

solution is shown. It displays the high density interior region of the self-gravitating solitons.
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Figure 2.5: Regular solutions of the SU(2) EYM equations in asymptotically flat space-
time. (a)—(c) First three regular solutions, (d) the local energy density of node=3 solutions

[].

In 1990, Bizon discovered “coloured black holes” in SU(2) EYM theory [24]. He investi-
gated static, spherically symmetric, asymptotically flat metrics with an SU(2) YM field.
By using different boundary conditions to the soliton case, he numerically constructed the
black hole solutions of EYM theory. Bizon’s solutions are, as in the Bartnik and McKinnon

case, characterized by the number of zeros or nodes of the YM field w. Fig 2.6(a)—2.6(d)
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show the first four black hole solutions. For each fixed event horizon radius 7y, it is found
that there is a single black hole solution for each n, and also it is found that n > 0 [33].
We remark that all the solutions plotted in Fig 2.5 and 2.6 are re-constructed by our

numerical codes. Our plots are in excellent agreement with the results in [7] and [24].
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Figure 2.6: The black hole solutions of SU(2) EYM equations in asymptotically flat
spacetime. The first four Bizon solutions [24].
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The regular and black hole solutions of EYM theory have a common character, namely the
total mass function m(r) of both type of solutions approaches some positive constant M
as r — o0o. Near the horizon, Bizon’s solutions are very similar to the Reissner-Nordstrém
solution [24]. This is because, there is non-zero gauge field near the horizon of Bizon’s
solutions. However as we move away from the horizon the local magnetic charge decreases
and becomes zero as the gauge connection reaches +1 at infinity. The coloured black holes
are then indistinguishable at infinity from the Schwarzschild black hole with mass M. For
this reason, the coloured black holes are the first black hole solutions in the non-Abelian
sector with SU(2) YM hair that violate the generalized no-hair conjecture as stated in

section 2.3.

However one might argue that despite Bizon’s solutions violating the generalized no-hair
conjecture, the true meaning of this conjecture still holds. That is, the coloured black
holes are very simple objects since they need only a few parameters to completely describe
them. Nevertheless, it has been found that both the Bartnik and McKinnon solutions
and the Bizon solutions are unstable [27, 167, [168]. In addition, studies of the non-linear
evolution [206, 207] of these hairy solutions reveal that, once perturbed, these solutions
will lose their gauge hair by either radiating it away or it disappearing behind the event
horizon. Finally, what remains is the hairless Schwarzschild solution or pure Minkowski
spacetime. Therefore, to make the generalized no-hair conjecture more physically robust,

Bizon proposed a new version of the no-hair conjecture [25] which states that

“Within a given model a stable stationary black hole is uniquely determined by global charges.”

This version of no-hair conjecture is of course much more restrictive than the generalized
no-hair conjecture stated at the beginning of section 2.3. However there are some cases
where even this weak no-hair conjecture does not hold. For example, asymptotically flat,
static, spherically symmetric, black holes with Skyrme hair were proven to be stable [26].

Nevertheless, since they do not carry a global Skyrme charge, therefore they cannot be
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distinguished from the Schwarzschild metric at infinity.

The stability of self-gravitating solitons and hairy black holes is one of the central interests
of this thesis. Therefore, the following subsection will be devoted to this topic. We will
outline some of the important works on the stability of black holes in self-gravitating

non-Abelian models.

2.4.2 STABILITY OF NON-ABELIAN BLACK HOLES

Questions relevant to the stability of perturbed black holes were first investigated by Regge
and Wheeler in 1957 [145]. They carried out a stability analysis of the Schwarzschild black
hole by considering perturbations of the metric tensor itself. The key idea behind their
analysis is that a small perturbation evolving in the background metric, if found to be
exponentially growing in time, would mean that such a system is unstable and could
not represent a physical object. Therefore the question of the (in)stability of equilibrium
solutions is very important in terms of the physical interpretation of the solutions. In
addition, when the stability of a stationary black hole is taken into account, Bizon has
formulated a weak no-hair conjecture [25] (discussed in the previous subsection) as a
modification of the generalized no-hair conjecture. Therefore according to Bizon’s no-hair
conjecture, the stability of hairy black holes becomes a crucial part of investigating new

black hole solutions.

In general, when we consider purely magnetic charged, spherically symmetric solutions of
the EYM system, the background solutions are often parity-invariant, that is, invariant
under a spatial coordinate reflection. Although the static field equations are invariant
under a parity transformation, however at the linearised level, the perturbation equa-
tions transform differently under a parity transformation. Some preserve sign under a
parity transformation (known as even-parity) while others change sign under a parity
transformation (called odd-parity). This decoupling is caused by the spherical symme-

try and parity-invariance of the equilibrium field equations for the purely magnetic gauge
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field [190]. These two types of perturbation equations are sometimes referred to as gravita-
tional (polar) and sphaleronic (axial) sectors [50, [70), [115], respectively. In particle physics,
“sphaleron” refers to the static solution of the Weinberg-Salam electroweak theory [111]

which can be considered to be a flat space analogue of the EYMH theory.

As one might expect, there are many studies devoted to the problem of stability of soli-
tons and black holes in non-Abelian EYM theory, considering both the gravitational and
sphaleronic sectors. Here are few examples which are useful for our discussion. Unstable
modes of the BM solitons and coloured black holes were first found in the gravitational
sector by using numerical methods [167, [168]. For the sphaleronic sector, soliton solutions
of SU(2) EYM in asymptotically flat space were shown analytically to admit unstable
modes [72] and later this result was extended to hold for solitons and black holes with
arbitrary gauge group [40], [41]. Also by using an analytical approach called the variational
method, it can be proven that all known black hole solutions in SU(2) EYM theory must
at least contain one unstable mode in the sphaleronic sector [190]. It was also proven that

" non-Abelian black holes in

there are n unstable modes for the n** solitons and the nt
SU(2) EYM theory [115], 187] in the sphaleronic sector and the same result is expected to

hold for the gravitational sector as well [123].

For gravitating regular sphaleron and sphaleron black hole solutions of EYM with a dou-
blet (fundamental representation) Higgs field in asymptotically Minkowski spacetime, in-
stabilities were discovered by the variational technique in [32, [199] respectively. Finally
the relationship between the number of unstable modes and the number of nodes of the
equilibrium function w(r) was also found for the EYMH black hole in both perturbation
sectors [123]. It has been conjectured that the regular and black hole solutions of asymp-
totically flat ENAP theory are also unstable [79], however this has been demonstrated

only for those solutions where n = 1.

When the cosmological constant is non-zero, a number of studies have been devoted to the
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stability of soliton and hairy black hole solutions of the EYM equations both in asymptot-
ically de Sitter (dS) and anti-de Sitter (AdS) (see [197] and references therein for a review
on this subject). Here a selection of results are described. Solitons and black holes in the
SU(2) EYM-dS theory are all unstable [39], 68, 175]. For A < 0, some purely magnetic
nodeless soliton and black hole solutions were found to be stable [28, 29, [194]. The sta-
bility of dyonic solutions in the SU(2) EYM-AdS theory has recently been proven [134].
A detailed study of the stability of nodeless purely magnetic solitonic solutions of the
same model showed that all such solitons are stable in sphaleronic sector, however there
exist unstable modes in the gravitational sector for some solutions while others are stable
[35]. In addition, the stability of solitons and black holes in SU(N) EYM-AdS theory was
discussed in [I12]. They found no unstable modes for some soliton and black hole solutions

in both the gravitational and sphaleronic sectors.

Lastly, soliton solutions of SU(2) EYMH with a doublet Higgs field theory in asymptot-
ically AdS are found to be unstable in the sphaleronic sector by the variational method
[183]. The black hole solutions of the same model have recently been proven to be unstable
[198]. We refer the reader to [I89, 197] and references therein for comprehensive reviews

of this subject.

In the next section, we turn our attention to another interesting aspect of black hole
physics. We briefly outline some aspects of the physics of fundamental fields on a black
hole background. In particular, superradiant scattering will be mainly discussed since this

plays a central role in the work in chapter 4.
§2.5 Superradiant scattering in black hole physics

Imagine that an incoming wave propagates toward a black hole. The incident wave will
partially be scattered to infinity by the black hole gravitational potential while the rest
will pass through the event horizon and be captured by the black hole. We would normally

expect that the amplitude of the scattered wave must be smaller than that of the incident
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wave (or equal in the total reflection scenario). On the contrary, analysis of the scalar
wave equation on Kerr spacetime reveals that the amplitude of the scattered wave can
be amplified as the wave scatters off the black hole. The excess of energy comes directly
from the rotational energy of the Kerr black hole. This was first investigated by Zeldovich
[204] and later by Press and Teukolsky [141], and has become known as superradiance.
Amplification of scalar, electromagnetic and gravitational waves by a rotating black hole
was investigated by Starobinskii [164), [165]. It is possible to deduce superradiant phenom-
ena from Hawking’s area theorem without analysing the wave equation, this was shown
by Bekenstein [I7]. Moreover he found that charged superradiance can occur if a charged
scalar field is reflected by a charged black hole. As a result, the black hole loses its charge

and Coulomb energy.

amplified wave

stationary limit surface

event horizon

Figure 2.7: Diagram showing a superradiant scattering process.

Fig 2.7 displays the superradiance mechanism on a Kerr black hole. In this figure, the
incoming wave travels toward the black hole from the right hand side of the diagram. If
some condition is satisfied (this condition will be given in the following subsection), the

amplitude of the outgoing wave can increase.
2.5.1 WAVE AMPLIFICATION
In this section, we will outline a proof of superradiant scattering on particular black hole

spacetimes. The conditions necessary for superradiant phenomena for the rotating and

the charged cases will be derived and discussed. The treatment that we consider here is
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mainly adapted from the arguments and calculations discussed in [38, [70].

For simplicity, we will consider only the dynamics of a massless charged scalar field on the
Kerr-Newman black hole described by the metric (2.14). The equation of motion for the

scalar field on a curved background is given by

D,D*® =0, (2.25)

where D, =V, —iqA,. Here q denotes the scalar field charge. By taking the ansatz [113]

_ gb(?“) —iot+imep
@(t,r,@,gp) = mS(Q)B s (226)
102
Aq(r) = —;—2,0,0,@ , (2.27)

where o and m are the frequency and azimuthal quantum number respectively, the Klein-
Gordon equation (2.25) can be separated into two parts, a radial and an angular part
defined by ¢(r) and S(0) respectively. The radial part of this equation can be written in
the Regge-Wheeler form [113]

d2
__dr‘f + Ve = 0, (2.28)
with
A (rA) 3Ar? ma + qQr >
Vet = ————=5 | A - - - | 2.29
ff (7”2 +a2)2 < + 7«2_|_a2 (742 +a2)2 o r2 +(Z2 ( )

where A is the separation constant and A is given explicitly in (2.15). The tortoise coor-

dinate r, is defined by [113]

drs r2 + a?
A (2.30)

This new radial coordinate maps the interval of r exterior to the horizon to the real line
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i.e., r, € (—00,00). The black hole event horizon is located at r. — —oo. The effective

potential (2.29) takes the following form at the horizon and at infinity

~2_< ma+qu+>2
0O— —%5 5 )

‘/eff(r* — —OO) =0 = 7«_2’_ + a2

Veip(re — 00) = 0, (2.31)

where r is the outer horizon of the Kerr-Newman black hole (2.16). The solutions to

(2.28) near the horizon and at infinity are given by

e T, as ry — —00

Pin ~ ‘ ‘ (2.32)

Chre 77 + (e, as . — 00.
In (2.32), at the horizon no outgoing flux emerges from the black hole (at a classical level),
whereas near infinity, there are both ingoing and outgoing modes. One can construct
another linearly independent solution to (2.28) by taking the complex conjugate of (2.32).
We thus define ¢o; = ¢;,. We shall now compute the Wronskian of these two linearly

independent solutions. The Wronskian is defined by

d¢out
drs

dry

W(Qbma ¢out) = ¢ln - ¢out (233)

Next, we obtain the following by evaluating the Wronskian at the horizon and infinity,

W = 2i5, (2.34)

Tx=—00

W = 2i0 (|C1> = |Ca|?) . (2.35)

T =00

Since the solutions ¢;, and ¢, are linearly independent, their Wronskian must be a
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constant. This implies that

= |C1]? — [ Caf*. (2.36)

Q|

We now define the coefficients |Cy| and |Cs|

1 Cy
B Z< = 2.

where |T|? is the transmission coefficient and |R|? is the reflection coefficient. Therefore

(2.36) has now become

Q|

IT)? =1—|R|>. (2.38)

It is clear that if g < 0 then |R| > 1. Thus we have superradiance. In general, we often
write 6 = 0 — g.. Thus superradiance occurs if 0 < o < o.. The critical frequency o for
a Kerr-Newman black hole is given by (2.31)

_ ma+qQry (2.39)

c 2 2
r++a

This critical frequency o, is quite general. We can obtain the corresponding critical fre-
quencies for RN or Kerr black holes by simply setting a = 0 or @ = 0 in (2.39) respectively.

We obtain the following [17]

0—0c _ <1 - %) , for RN case (2.40)
g <1 -3 ]\Tgrh> , for Kerr case

where ¢, Q, m, M and a are the charge of the scalar field, the total charge of the RN black
hole, the azimuthal quantum number, the mass and spin parameters of Kerr black hole,
respectively. In both expressions r; refers to the location of the outer event horizon of

either the RN (2.5) or Kerr black hole (2.8). Finally the superradiant condition £ < 0
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implies that

Q

O<U<q<I>HEq— for RN case
Th
0<o<mQyg= 2An2fih’ for Kerr case (2.41)

where ®; and Qp are electric potential and angular velocity of the event horizon respec-
tively. If the frequency of the scalar field obeys either of the inequalities (2.41), then the
reflection amplitude |R| will be greater than unity, and we will have superradiance. If
the black hole is non-rotating (a = 0) and either the BH or the scalar field has vanishing
charge (¢ = 0 or Q = 0), the inequalities (2.41) are trivial, o, = 0 and 6 = o in (2.38).

Therefore the relationship between T' and R turns out to be, in this case

IT|? +|R)? = 1. (2.42)

This is the standard scattering relation. The part of incident wave that is not absorbed
by the black hole will be reflected back to infinity [70]. We remark that other forms of
bosonic field such as an electromagnetic field also experience superradiance. For example
the massive photon (Proca field) around a slowly rotating Kerr black hole has been shown

to exhibit a superradiant instability (see section 2.6 for more details) [137, [13§].

Before leaving this section, we emphasize that fermionic fields cannot induce superradiant
phenomena. This fact has been observed in many studies. For example, superradiance of
massless and massive spin-1/2 fields cannot exist on the Kerr background [102}, 12T, [182].
Also, by analysing the transmission and reflection coefficients of a massive Dirac field on
the Kerr background, it was shown explicitly that superradiance does not exist, since its
reflection amplitude |R| is always less than unity [38]. The non-existence of superradiant
scattering for fermions can also be understood from a physical point of view. Unlike the
bosonic fields, fermions are governed by Pauli exclusion principle which does not allow

fermions to condensate and hence no superradiance can occur.
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2.5.2 SUPERRADIANCE AND BLACK HOLE MECHANICS

In 1973, Bekenstein [17] realized that superradiance can be deduced directly from Hawk-
ing’s area theorem [83]. The area theorem states that a black hole’s surface area never
decreases. In this section, we will discuss Bekenstein’s argument and derive the superradi-
ance condition. As will be seen, this approach requires no knowledge of the wave equation
on a curved background. Thoughout this section, we will mainly follow the calculations

in [17, 38, 70].

We consider the first law of black hole mechanics. When a stationary black hole is per-
turbed, the change in mass M is related to the change of horizon area A, angular momen-

tum J and charge @ by [0]
SM = 8£5A +QpoT + poQ, (2.43)
T

where x denotes the black hole surface gravity. The behaviour of a scalar field mode with
frequency o and azimuthal number m may be described by (2.26) [I7]. We assume that
this wave carries charge ¢ and has energy o and angular momentum m (since we have
set h = 1). Hence, the ratios between the angular momentum and charge to the energy
carried by the wave are equal to m/o and ¢/o, respectively [70]. The change in black hole
mass, angular momentum and charge caused by the interaction of the scalar field ® are

therefore related by [70]
57 = ZsM, §Q = Lo (2.44)
o o

Substituting these results into the first law above (2.43), we obtain

KO 0A

oM = — .
8 (0 — mQy — qPr)

(2.45)
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Since Hawking’s theorem implies that §A > 0, thus an interesting phenomena occurs if

o< mQy+qdy. (2.46)

This yields M < 0, hence the energy of the black hole is reduced. This is the super-
radiance effect. Note that condition (2.46) is equivalent to those superradiant conditions
obtained in the previous subsection (2.41). Thus, we have shown how superradiance can
be directly deduced from Hawking’s area theorem. It is worth mentioning that this treat-
ment does not cover the fermionic case since the energy momentum tensor of a fermion
violates the weak energy condition, which is a necessary energy condition in Hawking’s

proof of the area theorem.
82.6 Superradiant instability

Superradiant scattering allows bosonic fields to gain energy from a black hole. Conse-
quently, the wave amplitude of a test field is enhanced if its mode frequency satisfies a
certain condition (2.46). Furthermore, if the system is confined, the matter field is forced
to repeatedly interact with the black hole. Subsequently, the wave amplitude increases
exponentially and causes an instability. Additionally, this amplified wave will ultimately
create a non-negligible back-reaction on the spacetime background and the weak-field ap-
proximation breaks down. This type of instability was investigated by Press and Teukolsky
[141], they named this phenomenon the black hole bomb. Fig 2.8 illustrates this behaviour.
In this diagram, a superradiant wave is bounced back and forth between the region near
the horizon and a reflective mirror. At each scattering, the amplitude of the wave becomes
bigger. Note that, without the reflective boundary or mirror, the scattered wave would

escape to infinity as shown in Fig 2.7.
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reflective boundary

Figure 2.8: Diagram showing a superradiant instability induced by a reflective boundary.

For a rotating black hole, there are many ways to create such a trapping mechanism.
One possibility is by enclosing the black hole and test field inside an artificial reflecting
mirror. This was first suggested by Zel’dovich [205]. He considered a cylindrical rotating
object with a mirror and found that this could lead to an instability [205]. Moreover, a
scalar field around a spinning black hole surrounded by a mirror was found to experience a
superradiant instability [47),[141]. On the other hand, a number of studies have shown that
the mass term of a massive scalar field can play the same role as a mirror. A massive scalar
field on a Kerr background was proven to be unstable via the superradiant mechanism
[53, 58, 208]. Most of the works that we have mentioned so far, considered the frequency-
domain. However, a time-domain analysis of superradiant instabilities of a spinning black
hole for both the mirror case and a massive scalar field was investigated in [60] and the
maximum instability growth rates were calculated. The time scale for the superradiant
instability is inversely proportional to the imaginary part of the frequency, i.e., Im(o) =
1/7. For massive fields the instability time scale is shown to be 7 ~ 0.57 x 10" M [60]
and for the mirror-like boundary condition 7 ~ 1.66 x 10°M [47], where M is black hole
mass. Note that these timescales are extremely long. Besides a fundamental scalar field,
other types of bosonic field can also induce a superradiant instability. For instance, a

massive vector field (Proca field) can be used to generate a rotating black hole bomb
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[137]. Lastly, a natural confining box is provided automatically when the asymptotic
structure of spacetime is AdS rather than asymptotically flat. Analytical and numerical
studies reveal that a small (horizon radius small compared to the AdS radius of curvature)

Kerr-AdS black hole is unstable under scalar perturbations via superradiance [46, [181].

While a number of studies have indicated that the Kerr black hole is superradiantly un-
stable at the linearised level, however, the end-point of this instability remains mysterious.
It has been proposed that the end-point could be reached after an explosive event called
a bosenova [202]. The non-linear study of a self-interacting axion field around a Kerr
black hole reveals that the axion field would eventually collapse and followed by explosive
phenomena (bosenova) [202]. A full non-linear analysis of the time-evolution is required
to completely understand the end-point of Kerr’s instability induced by superradiant pro-
cesses. This could be a very challenging task, since the development of the rotating
superradiant instability has very long timescales. Recently, Kerr black holes with scalar
hair and Proca hair have been found numerically [84, [87]. These hairy solutions describe
asymptotically flat, stationary, axisymmetric black holes with scalar/Proca hair and reg-
ular event horizons. In the absence of a horizon, these hairy solutions reduce to rotating
boson/Proca stars. These new types of hairy black hole solutions are constructed by con-
sidering the evolution of complex massive scalar and complex Proca fields at the threshold
of the superradiant regime (0 = o.) [84, [87]. At this critical value the imaginary part
of the frequency vanishes, i.e., Im(o) = 0. Thus, there is no decaying or growing mode,
therefore there exits a bound state mode. This bound state mode is sometimes referred

to as a scalar/Proca stationary cloud.

In contrast, it turns out that a massive complex scalar field on a Reissner-Nordstrom black
hole does not lead to a superradiant instability [54, [95], 96 [I55]. This is because, even
though the field is massive, modes in the superradiant regime (that is satisfying (2.46))
are not trapped near the horizon and escape to infinity. The same results were found for

a charged Proca field on the Reissner-Nordstrom geometry [155]. These studies provide
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strong evidence that a charged massive bosonic field does not experience a superradiant
instability on a Reissner-Nordstréom black hole. On the other hand, a charged superradiant
instability has been observed when a massive charged scalar field on a Reissner-Nordstrom
black hole is enclosed by an artificial mirror [85]. Frequency [85] and time-domain [55]
analyses of such a system reveal that the unstable modes grow a lot faster than in the
rotating case. The spherically symmetric mode [ = 0 has faster growth rate than the [ = 1
mode [55, [85], where [ is the total angular momentum quantum number. The time scale
of the charged superradiant instability is 7 ~ 0.14 x 102M [85]. We should remark that
this timescale is obtained via numerical study. In addition, the instability timescale is
derived analytically in [94]. It turns out that one can make this timescale as short as one
desires since the imaginary part of the frequencies is proportional to ¢Q). By investigating
the quasinormal modes of a massless charged scalar field on a small RN-AdS black hole, it
was shown that small RN-AdS black holes are also unstable if their quasinormal frequency

lives in the superradiant regime [I80].

Finding the end-point of the charged superradiant instability is less complicated than
the rotating case because of the spherical symmetry of the problem. As a result, several
authors have investigated this problem. For instance, by considering a fully coupled system
of gravity, an electromagnetic field and a massless complex scalar field, stable hairy black
hole solutions were found [61] (more details of this work can be found in chapter 4).
Recently, an unstable mode of a massive charged scalar field on a RN black hole enclosed
by a mirror was tracked into the non-linear regime using numerical relativity [156, [157].
The end-point of the superradiant instability was shown to be a new black hole with scalar
hair. The evolution towards the end-point can be divided into two scenarios depending
on the value of the scalar field charge ¢q. For small scalar field charge, the unstable
mode develops smoothly into a new black hole with scalar hair. On the other hand, an
explosive “bosenova” event releases some energy back into the black hole when scalar field

charge is large [I57]. Moreover, the charge extraction process stops before all the charge is

42



CHAPTER 2. BLACK HOLES, HAIR AND SUPERRADIANCE

extracted from the black hole [I57]. In addition, the end-point of the charged superradiant
instability of a massive charged scalar field with self-interaction term on a RN black hole in
a cavity has been recently reported [156]. The end-point of the superradiant instability of
a massless scalar field on RN-AdS background was also studied recently using a fully non-
linear development of unstable modes [31]. In the early stages, superradiant modes extract
mass and charge from the black hole and grow exponentially as expected from linearised
studies. As the system evolves, the field enters into the non-superradiant regime. This
non-superradiant mode falls back into the black hole and returns energy and charge to the

black hole via a “bosenova”’. The final state is a black hole with stable scalar hair [31].

Since chapter 4 of this thesis will be devoted to the study of potential end-points of
the charged superradiant instability, as a preliminary work, in following subsection, the
analysis of a charged test scalar field on a Reissner-Nordstréom black hole in a cavity will
be discussed. We shall obtain exponentially growing modes which can be associated with

the superradiant instability in the charged case.

2.6.1 CHARGED SUPERRADIANT INSTABILITY

To demonstrate that a massless charged scalar field experiences a superradiant instability,
in this subsection, we shall consider a linear perturbation of Reissner-Nordstréom (RN)

spacetime in a cavity.

We start by considering a linear scalar perturbation on the RN background for which the
back-reaction on the gravitational and electromagnetic fields can be neglected. We use
the RN metric (2.3) as the background spacetime. In the test field limit, the evolution of

a complex scalar field is described by the Klein-Gordon equation

D,D*® =0, (2.47)

where D, is gauge covariant derivative defined by D, = V, — igA, and A, is the elec-
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tromagnetic potential for the RN black hole given by A, = [-Q/r,0,0,0]. We assume a

small spherically symmetric perturbation taking the following form
P = Me*m, (2.48)

where o is the frequency of the scalar field. Substituting (2.48) into (2.47), the Klein-

Gordon equation becomes

¢ ., do
fRNW +fRN$ +

2 /
1 <U - @> - LLN] =0, (2.49)

RN r r

where fn = dfgn/dr and fry is shown explicitly in (2.4). This equation can be put into

Regge-Wheeler form by introducing the tortoise coordinate r,. Thus (2.49) takes the form

& 2
d,ff t (U - @) - ‘}C%Nfz%zv] ¢ =0, (2.50)
where
dr. 1
= T (2.51)

Note that in this coordinate, the outer event horizon ry is located at r, — —oo. This
equation takes the same form as that found by Herdeiro et.al. [85] when assuming that the
total angular momentum quantum number [ = 0 and considering a massless scalar field.

By imposing the following boundary conditions, equation (2.50) can be solved numerically,

¢ ~ e Homoe) as Ty —> —00,

$p=0 at T = T, (2.52)

where 7, is the location of mirror and o, = ¢Q/r+. If 0 < o, then the ingoing wave as

seen by a local observer, will behave as the wave coming out of the black hole as seen by
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observer at infinity. This implies that the energy can be extracted from the black hole
when o < g.. The scalar perturbation behaves as an ingoing wave near the horizon, and it
is required to vanish at the location of mirror. These boundary conditions lead to a set of
discrete complex eigenfrequencies o. It can be clearly seen from (2.48) that an exponential
growth (decay) of the scalar perturbation corresponds to a positive (negative) imaginary

component of the frequency o.

Ultimately, our aim is to fully solve the Klein-Gordon equation (2.49). This means, we will
numerically obtain the frequency o which makes the scalar field mode satisfy the boundary
conditions (2.52). It is possible to construct an analytic approximation for o which can
be used as an approximation for the real numerical value. For a massless scalar field
on a Kerr background, an analytic frequency for the scalar field was derived by Cardoso
et.al. [47]. Later, an analogous formula was found by Li, et.al. [117], who considered
a massless charged scalar field on a d-dimensional Reissner-Nordstrom spacetime. The
works [47, [117] both use a solution matching technique where the radial scalar equation is
divided into two regions: the near and the far region (see below for more details). Then
the wave equation is solved separately in both regions and the solutions are matched in
the overlap area. Finally, an approximation is obtained for the real and imaginary parts

of the frequency of the scalar field.

Here, we will outline how to obtain this formula for ¢ analytically. This formula will
become useful later when we set-up a shooting method scheme for solving the Klein-
Gordon equation (2.49) numerically. By adopting the matching method used in [47, [117],
we will construct an analytic formula for the frequency of the massless charged scalar field

on the four dimensional Reissner-Nordstrom background.

We consider the following ansatz for the scalar field

d = e_i"tYlm(H, ©)R(r), (2.53)
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where Y} is a spherical harmonic, [ is the total angular momentum quantum number and
m is the azimuthal harmonic index. Inserting (2.53) in the Klein-Gordon equation (2.47),

we find that the radial function R(r) obeys
A8, (AD,R) + [(ar2 —qQr)? — Al + 1)] R=0, (2.54)

where A= (r —ry)(r—r_).

We keep [ for completeness at this stage; later we will consider only the spherically sym-
metric mode (I = 0). The master equation (2.54) governs the stationary evolution of the
massless charged scalar field on the Reissner-Nordstrom spacetime. Now we will imple-
ment the matching method to obtain an approximation formula for o. Following [47, 117],
we assume that the Compton wavelength of the scalar field is much larger than the size
of the black hole, i.e., 0 < 1/M. With this assumption, it is possible to divide the space-
time outside the black hole horizon into two distinct regions, the “near” region for which
(r—r4) < 1/0 and the “far” region where (r —ry) > M. Then the wave equation (2.54)
will be solved in each region. After that, the solutions from both ends will be matched in

the intermediate region, i.e., M < (r —ry) < 1/0.

For the near region, (r — r;.) < 1/0, the master equation (2.54) can be approximated as
AD, (ADR) + |4 (0 — q®p)* — Al(l+1)| R=0, (2.55)
where &7 = Q/r is the electric potential at the black hole horizon. To solve this equation

analytically, we introduce a new radial coordinate x

w=_—1* (2.56)

r—r_

where the black hole horizon is now located at x = 0 and infinity is « = 1. Thus we have
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AO, = (ry —r_)x0,. Hence the near region wave equation (2.55) transforms to

(1 —2)02R+ (1 —x)0,R + |&> oo WED] e 0, (2.57)

T 1—z

where the frequency parameter &2 is defined by

7,,4
o2 = (0 —q®p)* m (2.58)

We define a new radial function
R=2"(1—2)"" F(z). (2.59)

Substituting this into the near region radial equation (2.57), we obtain the canonical

hypergeometric differential equation
(1 —2)?F 4 [c— (a+b+1)x]0,F — abF = 0, (2.60)

with
a=1+10+ 2io, b=1+1, c=1+2io. (2.61)

Near the horizon z = 0, the most general solution of the radial equation (2.57) can be

therefore written down in terms of hypergeometric functions [3]

R=Az7%1 -2)"'Fla—c+1,b—c+1,2—¢x)

+ Bz (1 — )" F(a,b, ¢, x), (2.62)

where A and B are arbitrary constants. The first term represents the ingoing wave at the
horizon while the second term is an outgoing wave at the horizon. Since at the classical
level, there is no outgoing flux at the horizon, we set B = 0. Furthermore, the near

region solution (2.62) will be matched later with the far region solution, hence we will
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consider the behaviour of the near region solution in the large r limit, i.e., x — 1. This
can be achieved by using the following property of hypergeometric functions under the

transformation z — 1 — z [3]

Fla-—c+1,b—c+1,2—cz)=XF(a—c+1,b—c+1l,a+b—c+1,1—1x)
+YF(l—-a,1-bc—a—b+1,1—1z). (2.63)
with

r'2—-cl(c—a—>b)
r'ai—al’(1-5 °

r2—-ol(a+b—c)
TFla—c+1DI'(b—c+1)

X = Yy = (1 _ x)cfafb

(2.64)

We remark that the gamma function in X has a pole when [ = 0. However, the alternative
formulas which cover this case have been provided in [3] (page 559). For large r (z — 1),

now (2.63) becomes
Fla—c+1,b—c+1,2—cz)=X+), (2.65)
where we apply F(a,b,c,0) = 1 above. Now the large r behaviour of the near region

solution (2.62) is described as follows

(e —r ) 'T@4D) ;| (e —r )02

R~ AV =2i0) | s r T 1= 2i0) [(—1 - 2i)T(~1)

(2.66)

At large distances (r —ry) > M or r — oo, the spacetime is assumed to be flat and all
the effects of the black hole are negligible [117]. With these approximations, the master
equation (2.54) simplifies to the massless scalar wave equation on a flat background. It
reads

I(1+1)
7"2

OX(rR) + [02 - } (rR) = 0. (2.67)
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This can be solved by a combination of Bessel functions. The solution is given by

Cy Co
R= leﬂ/z(m”) + WJflq/z(U?“)? (2.68)
where C} and Cy are arbitrary constants. To compare (2.68) with the near region solution
(2.62), we need to consider (2.68) in small r limit. For small r, the Bessel function of the
first kind can be approximated as

T (1) ~ ﬁ ()" (2.69)

Therefore (2.68) can be re-written in the small r limit as

Ci(a/2)2 | Cy(a/2)™ 72 )

R~ s " T T 1)

(2.70)

We are now ready to match the large r near horizon region solution (2.66) with the small

r far region solution (2.70) in the overlapping region defined by M <« (r —r;) < 1/o.

1

This can be done by comparing the coefficients of 7! and r~/~! in each equation. From

the coefficient of !, we obtain

(ry — T_)lr(l + DI+ 1 —2i5) fo\+1/2
B P+(l +3/2)T(20 + )I(1 — 2ia) (5) Ch. (2.71)

From the coefficient of r~!~!, the matching yields a relationship between A and C,. How-

ever, we can use (2.71) and obtain the following ratio

(2.72)

Cy T+ DI(=141/2)0(=2 = DI+ 1 = 2i5)(ry — r_)? T o\ 20+1
[ T(20 + 1)T(I + 3/2)0(=1)T(—I — 2i5) (5) '

To simplify this further, we use the properties of the gamma function I'(1 4+ z) = aI'(x),
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in particular [3] 47]

rg+1) Ul

rer+1) @)y
D(—1+1/2)  (—1)h22+!
Ll+3/2) (20—
r(—20-1 (=1t

-y @+
. l
I(l+1 - 2ic) e )
_ = 2 4 2.
T(—— 2i7) o 1;[ (K + (2.73)

where !! denotes the double factorial n!l = ngo (n — 2a). The ratio (2.72) becomes

Cy  2io(-1) il 2 (o(ry pt Lo
G~ 2+l @y @) 2l+1 ];[ (K* + 45” (2.74)

To proceed further, we place the mirror near infinity at the radius r = r,,, > M. We also
demand that at the mirror surface the scalar wave must vanish. Thus (2.68) implies the

following (when R = 0)

Cy  Jipplorm)

— = 2.75
Cy J_1-1/2(07m) (279)
Thus we can substitute this into the LHS of (2.74). This yields
J . NI | 2 — )2t !
l+1/2(0'7a ) _ 210‘( 1) l ( (T’Jr T H k2—|—40' (276)
Jfl71/2(0-70m) 2l + 1 (21 — 1)” ( 2l + 1 Pt}

This equation is very useful, since it gives a condition relating the location of the mirror 7,
and the frequency of the scalar field o. For a very small frequency |o| < 1 and Re(o) >
Im(o), the condition (2.76) gives the analytic formula for the frequency o of the scalar

field wave in a cavity. For very small frequency, the RHS of (2.76) can be approximated
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to be zero. We now have
Jl+1/2(0-70m) =0. (277)

We define the n'* root of the Bessel function to be o7, = j11 /2,n, Where n is a non-
negative integer. We assume that the complete solution of (2.76) can be written in the

form

i
oy, o 220 20 (2.78)

'm 'm

for |§| < 1. The extra imaginary part § can be thought of as a small correction term

added to o. By using a Taylor expansion for small 9, (2.76) now becomes

J! j . 4 | 2 21+1 l
l+1/2( l'+1/2, ) §— 20(-1) [ ! ] (o(ry H E* +46%), (2.79)
Ja-1y2(iv1/2,0) 2041 [(21 -1 (21) 2l + 1 k=1
therefore

5— (= D T2 2041 /2.0) <j1+1/2,n B q‘1>H> 5,

’I“T2rlL+ Jl/+1/2(jl+1/2,n)

G- 2+ 28 (ry —r_)” [ £ ]2ﬁ (k* + 46%) (2.80)
— Vel el + 0! (20— )l ’ '

'm

where we have used

. 2041
20+1 Ji+1/2,n
g = _— ,
Tm

: 2
G = (M - q<I>H> d (2.81)

Tm ry —Tr—

We can use the formula (2.78) to obtain an approximate numerical value for the frequency
oy, of the scalar field. One can read out the real part of o, via Re(o,) = ]Hrl% and the

imaginary part comes from Im(c,) = ¢/ry,. This result has a similar structure to that
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found in [47] where they obtain the “boxed quasinormal” frequencies of a massless scalar
field on Kerr spacetime. Moreover, the result (2.78) agrees well with those of [85] and

[117) (when the number of spacetime dimensions is equal to four).

Now we are ready to numerically solve the radial equation (2.49). This equation can be
solved by using the shooting method (see details in Appendix A). We seek the frequency o
for which the radial mode ¢ satisfies the boundary conditions (2.52). Thus, the frequency
will play the role of the shooting parameter. We use the formula above (2.78) as an initial
input for o. Note that we only consider the fundamental and spherically symmetric mode,
hence n = 0 and | = 0. We remark that the derivation of (2.78) is valid only if I > 0 due
to the pole of the gamma function. Nonetheless, as will be seen later, (2.78) provides a
useful approximation to ¢ for our numerical analysis even in the [ = 0 case. The black

hole mass M is fixed to be unity throughout this subsection.
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Figure 2.9: The real (left) and imaginary (right) part of the fundamental frequency og
plotted as a function of mirror radius r,, with (a),(b) fixed black hole charge @ = 0.9 and
(c),(d) fixed scalar field charge ¢ = 0.5. The right-hand plots display the region where
Im(og) changes sign from negative to positive [61].

In Fig 2.9, the fundamental frequency og of the massless charged scalar perturbation on
RN spacetime in a cavity is plotted against the location of mirror r,,. On the right-
hand plots, the region where Im(op) > 0 implies the exponential growth of the scalar
perturbation, on the other hand, the region Im(og) < 0 refers to exponential decay of
the perturbation field. One can learn from these plots that, with sufficiently small r,,
(mirror located near the black hole), the perturbation modes decay exponentially; with

sufficiently large 7, (mirror located far from the black hole) the scalar fields experience
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a charged superradiant instability. Moreover at the exact point where Im(og) = 0, the

scalar field is in equilibrium with black hole, i.e., Re(og) = 0, = ¢®p. From these plots,

the largest imaginary part of frequency is Im(o) ~ 0.0021 when ¢ = 0.6,Q = 0.9 and

m = 12. Therefore the maximum growth rate for the values of ¢ and @) shown in Fig 2.9

is 7 ~ 4.76 x 10°M. Our instability time scale is slower than the massive charged case

[85] but still significantly faster than the superradiant instabilities for a Kerr black hole

[47, [60].
fm
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Figure 2.10: The plot of real and imaginary part of analytic frequency oy (2.78) as a
function of mirror radius r,, for various values of ¢ and @ (a) Re(o) is independent of ¢
and Q. (b) Fixed black hole charge @@ = 0.9. (c) Fixed scalar field charge ¢ = 0.5.
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As a comparison to Fig 2.9, we display the analytic frequency (both real and imaginary
parts) obtained from (2.78) as a function of mirror radius r,, in Fig 2.10. From (2.78),
Re(o) depends only on r,, therefore we display only one curve for fixed ¢ = 0.2 and
@ = 0.9 in Fig 2.10(a). The values of Re(o) and Im(o) obtained from (2.78) are slightly
larger than the numerics shown in Fig 2.9, however both analytic and numeric o share
the same trends for each corresponding case. Therefore, (2.78) can be used as a good

approximation even when [ = 0.

The charged superradiant instability for a massive scalar field has been explored in both
the frequency-domain [85] and time-domain [55]. The charged superradiant instability of
a massive charged scalar field with a mirror-like boundary has been observed in [85] where
they consider only massive scalar modes with [ = m = 1, when [ is the total angular
momentum mode number and m the azimuthal mode number. In the frequency-domain,
they find the transition from stable to unstable when the mirror 7, becomes sufficiently
large. In addition, the time evolution of this system is carried out in [55], where the
previous results for the [ = 1 mode are confirmed. Additionally, they discover that for
the spherically symmetric mode (I = 0), the unstable mode grows much quicker than the

[ =m =1 mode.
82.7 Summary

In this chapter, we gave a brief overview of some well-known exact black hole solutions.
Then we discussed the definition of the no-hair theorem and its consequences. Next, studies
of hairy black holes in general were explored. After that, we focused our investigation on
black holes in EYM theory and their stability. On the superradiance side, we described
a basic picture of superradiant scattering in black hole physics. Finally, we explored in
detail how superradiant scattering can lead to an instability. In particular, we showed
that a massless charged scalar field on the RN background with a reflecting boundary is

superradiantly unstable.
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Chapter 3

Einstein-non-Abelian-Proca

theory in AdS spacetime

83.1 Introduction

As discussed in the previous chapter, the Bartnik and McKinnon (BM) [7] and Bizon
[24] solutions opened up a new era of studying self-gravitating matter in the form of
non-Abelian gauge fields. A number of non-Abelian black hole solutions were found vi-
olating the no-hair conjecture. In this chapter we discuss one particular system, called
the Einstein-non-Abelian-Proca (ENAP) model, in the presence of a negative cosmologi-
cal constant. We consider static, spherically symmetric, four dimensional, asymptotically
anti-de Sitter (AdS) spacetimes with an SU(2) non-Abelian Proca field. As will be seen
later, this system admits regular and black hole solutions. In addition the black holes in
this sector violate the generalized no-hair conjecture in the sense that they are indistin-
guishable from the Schwarzschild-AdS black hole at infinity. We also prove that no dyon
solutions are allowed in this model. Linear perturbations are also considered. The soliton

and black hole solutions are shown to be unstable.

We start with a short review of Proca and ENAP theory in the next section, together with
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a few examples of regular and black hole solutions of the ENAP-flat theory [79]. Then
the ENAP-AdS action, equations of motion, metric and gauge field ansatz are defined in
section 3.3. We derive the spherically symmetric Einstein field equations and non-Abelian
Proca field equations in section 3.4. Since all the field equations are ordinary differential
equations, to solve them, we need to determine appropriate boundary conditions. We
present these boundary conditions in section 3.4. Next we use the shooting technique
(discussed in Appendix A.2) to solve the field equations and in section 3.5 we present
regular and black hole solutions of the ENAP theory in asymptotically flat and AdS
spacetimes. As will be seen below, all of the solutions discussed so far are purely magnetic.
Then the next step will be to include the electric component of the gauge field i.e., dyon
solutions. However by following the argument made by Ershov and Galt’sov [71], in section
3.6, we provide an analytic proof that there are no dyon solutions in the ENAP-flat and the
ENAP-AdS sector. We then proceed to the stability analysis in section 3.7. By assuming
first order perturbations, we derive all the perturbation equations. These equations can
be categorized into two sectors i.e., gravitational sector and sphaleronic sector. After that
we present numerical evidence which confirms that the equilibrium soliton and black hole

solutions in asymptotically flat and AdS are all unstable against small perturbations.

83.2 Proca and ENAP theory

In field theory, the Proca field describes a massive spin—1 particle. This type of vector
boson field is used to represent spin—1 vector mesons (quark-antiquark pairs) or the force
carriers of the weak interaction i.e. W Z. The Proca Lagrangian is basically a U(1)
electromagnetic Lagrangian with an extra mass term. The Proca Lagrangian [80] is a
special case of the Stueckelberg theory which describes a U(1) massive photon coupled
to a scalar field [153]. In the limit where there is no scalar field, the Stueckelberg action

yields the Proca action.

Including a coupling between the U (1) Proca field and gravity yields Einstein-Proca theory.
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It was proposed by Tucker and Wang that Einstein-Proca theory can be used as a dark
matter model [I79]. An exact static spherically symmetric solution was derived in [193].
Since Einstein-Proca theory reduces to Einstein-Maxwell theory when the Proca mass
vanishes, this solution resembles the Reissner-Nordstrom metric when the Proca mass is
set to zero and also possesses a naked singularity. In addition the existence of naked
singularities in the Einstein-Proca model was shown numerically by independent studies
of Obukhov and Vlachynsky [136] and Toussaint [I77]. In a self-gravitating system of a
massive vector, solutions are either black holes without vector hair or naked singularities
with non-zero vector hair [I14]. Note that this should not be a surprise since Bekenstein’s
results showed that a static black hole cannot support massive vector hair [14] and later
this was generalized to the stationary case [15]. These results, which rule out the existence
of Proca hair in many scenarios, rely on many restrict assumptions. Therefore one should
not be surprised to find a black hole solution with Proca hair in a model for which these
assumptions are not met. For example, it was found that the U(1) Einstein-Proca system
admits soliton and black hole solutions in the presence of a negative cosmological constant.
We refer the reader to [119] where numerical solutions and their thermodynamic properties
i.e., the first law, were constructed. Moreover the Hawking radiation of a U (1) Proca black
hole was discussed in [201] for both asymptotically dS and AdS cases. By considering a
complex Proca field minimally coupled to gravity, Proca stars [37] and black hole solutions
with Proca hair [84] were recently discovered. These solutions are made possible because
the Proca field does not inherit spacetime symmetries and therefore evades Bekenstein’s

results [14], [15].

However the standard model of particle physics is governed mathematically by a non-
Abelian theory. In fact the weak and strong interaction in the standard model theory can
be written in terms of the SU(2) and SU(3) non-Abelian gauge groups which are special
cases of Yang-Mills theory. As an extension of Yang-Mills theory, one could study the non-

Abelian version of the Proca field. While Yang-Mills theory (without symmetry breaking)
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describes massless bosons, non-Abelian Proca (NAP) theory, on the other hand, attempts
to characterize massive gauge fields. The NAP theory is not gauge invariant, however it
should be able to provide an approximate picture of a massive gauge field. Even though
black hole solutions of Einstein-(Abelian) Proca theory cannot have non-trivial structure
outside the event horizon, Einstein-non-Abelian-Proca (ENAP) theory with gauge group
SU(2) in asymptotically flat spacetime admits numerical regular and black hole solutions.
These solutions were studied by Greene et.al’s. [79] as a prelude to the study of black holes
in Einstein-Yang-Mills-Higgs (EYMH) theory. A few examples of Greene et.al., results are
shown in section 3.5, which are reproduced by our numerical codes. As can be seen later,
the black holes are very similar to Schwarzschild when observed from infinity, hence they

violate the generalized no hair conjecture [25], 52, 197].

A natural question that one might ask is: do regular and black hole solutions exist in the
ENAP system when a negative cosmological constant is included? If they do, are they
stable? The motivation behind these questions is the following: (1) although black hole
solutions found in EYM-flat theory possesses zero non-Abelian global charge [24] and are
also unstable [27, [I68], the asymptotically AdS counterpart theory admits stable hairy
black hole solutions [194]; (2) AdS spacetime has become more interesting especially in
high-energy physics because of the duality between conformal field theory and gravity
known as the AdS/CFT correspondence [120]. From these two viewpoints, we believe
that asymptotically AdS spacetimes can be worth studying. Therefore this chapter will

be devoted to answering the above questions.
§3.3 Equations of motion, metric ansatz and gauge connection

We consider four dimensional ENAP theory in asymptotically AdS spacetime with gauge

group SU(2). This theory is described by the following action
4 R
Spnap = [ dav—g| 5 =20+ Lyar ), (3.1)
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with

1
Lyar=—3 <TrFabF“b " 2,u2TrAcAC) , (3.2)

Fop = 0,4, — A, + € [Aa, Ab] . (33)

Here R = ¢* Ry is the Ricci scalar, A is the cosmological constant, e is the gauge coupling

constant, y is the Proca field mass and the Lie algebra trace is denoted by Tr.

By varying the action (3.1) with respect to the inverse metric g, we find the Einstein

equations
Rap — %gabR + Agab = Tow, (3.4)
where the energy-momentum tensor of the non-Abelian Proca field is given by
T = 2Tr Fo F)C — % Gy TrFgFe + 12 (2TrAq Ay — gap TrAA°) . (3.5)
The Proca equations are obtained by varying (3.1) with respect to A,
Vo, +e[Ag, B, + p2 A4, = 0. (3.6)

By taking V, of the Proca equation, we can show that the gauge potential must satisfy

the following constraint
VaAY = 0. (3.7)

Thus there is limited gauge freedom in the Proca theory.
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83.4 Field equations and boundary conditions

3.4.1 FIELD EQUATIONS

We consider static, spherically symmetric spacetimes which can be written in Schwarzschild-

like coordinates as follows,
ds® = —RS?dt? + R~ Ydr?® 4+ r2d6? + r?sin? 0 dy>. (3.8)

The metric functions R and S are functions of the radial coordinate . We can express

the metric function R(r), including the cosmological constant, as

- —, (3.9)

where m(r) is the Misner-Sharp mass function [I128]. The mass function is constant on

each sphere with radius r.

The most general SU(2) gauge potential with spherical symmetry is [200]
1
A = = {atpdt + bidr + [dig — (1+ ©)7,)d0 + [(1 + )7 + d7,] sin® dp} . (3.10)
e

Since we consider only the static case for the moment (for the time dependent case, see
section 3.7), a,b,c and d are then functions of the radial coordinate r alone. The SU(2)

matrices satisfy
[720” 7A—b] = €abcTes (3.11)

the indices ranging over (r, 0, ¢). These matrices in spherical polar coordinates are explic-
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itly given by

T = —% [01sin 6 cos ¢ + o9 sinfsin ¢ + o3 cos 0], (3.12)
T = —% [01 cos B cos o + o9 cos O sing — ogsin )], (3.13)
To = —% [—o1sing + o cos ], (3.14)

where the o;’s (with j € (1,2, 3)) are the Pauli matrices
o1 = , o9 = , o3 = . (3.15)

The gauge connection (3.10) has a residual U(1) gauge freedom
1,1 -1
A — hAR™" + —h dh™", (3.16)
e

under the transformation matrix h = exp[3(t,7)7,]. The gauge connection transforms as

[79]
a a a—pf
b b b— G
— = P . (3.17)
c ¢ ccos B —dsin 3

S8
QU

dcos B+ csin

In the static limit 8 = 0. Since the metric (3.8) and gauge ansatz (3.10) depend solely on
the radial coordinate r, the gauge condition (3.7) gives

2
~ Sd=0. (3.18)

r

/
RH+[§E+Q§&}b
T S

By an appropriate choice of 8/, we can impose radial gauge such that b = 0. Therefore the
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constraint (3.18) implies that d = 0. The electric part of the gauge potential is excluded
by setting a = 0 (no dyons, see section 3.6). Hence the gauge connection takes the form

A= (14 w(r)] =50 + 34sin 6 dy), (3.19)

e

where we have set ¢ = w(r). This form of the gauge connection satisfies the gauge condition

(3.7).

By substituting the metric ansatz (3.8) and the reduced gauge connection (3.19), into (3.6)

the non-Abelian Proca (NAP) equations reduce to one equation (6 component)

d 2Rs/
7“2% [w'R] + i 5 W (1 —wHw —r2p?(1 +w) =0, (3.20)

where a prime ’ denotes d/dr. By defining
S(r) =, (3.21)

we obtain the following first order differential equations from the Einstein equations (3.4)

W'\ 2 (1— w2)2 MQ
m =R (;) + T0u22 + 6_2(1 + w)2, (3.22)
S’ 2w/2
— = —(S, = . 2
S ==Y (3.23

Equations (3.22) and (3.23) are derived from the (00), (11) components of the Einstein
equations respectively. It is noteworthy to mention that the (22) component is redundant
because of the Bianchi identity and the (33) component is proportional to the (22) compo-

nent due to the spherical symmetry. We can use the two Einstein equations to eliminate
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the metric function S from the NAP equation (3.20) to give

2r3A (1 —w?)? 242

2 "
r“Rw 2m - —
+ 3 e2r e?

(I4+w)?r| o+ (1-w?)w—(1+w)p*r?=0.

(3.24)

Note that the field equations (3.22-3.24) reduce to the field equations of SU(2) EYM-AdS
theory [197] when p — 0. However, unlike the ENAP system, the field equations of the
EYM system have the discrete symmetry w — —w. This property does not hold in the
ENAP theory since the p? term of the ENAP equations breaks the symmetry. If A = 0,
the field equations (3.22-3.24) reduce to the set of field equations in the ENAP-flat system

[79].

Although the field equations (3.22-3.24) are complicated, there are some trivial solutions
that are worth mentioning. For instance, if we set w(r) = —1,m(r) = M and §(r) = 0
for all r, where M is a constant, we have the Schwarzschild-AdS black hole as a solution
of (3.22-3.24). In contrast, setting w(r) = 0,m(r) = M and 6(r) = 0 for all r, does not
yield the Reissner-Nordstrom-AdS black hole because equation (3.24) is not satisfied by

this ansatz.

3.4.2 BOUNDARY CONDITIONS

The field equations (3.22-3.24) have three interesting asymptotic regions of relevance for
regular and black hole solutions. These are: the origin r = 0, black hole event horizon
r = r, where R(rp) = 0 and infinity » — co. Moreover these points are also the places
where the field equations (3.22-3.24) become singular. We then need to analyze the

behaviour of w, m and § near these singular points.
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Origin: We use a regular Taylor series expansion about r = 0,

m(r) = mo +mir +mor® + mar® + myr* + msr® + 0(r°),
5(70) =g+ 01r+ 527“2 + 537“3 + 547n4 + 0(7,,5)7

w(r) = wy + wir + wor’ + war® + wart + O(r%). (3.25)

Since R needs to be regular everywhere including at the origin (for regular solutions), we
have mg = 0. The regularity of the Ricci scalar at r = 0 also implies that my = mo =
w1 = 0. Thus, equation (3.22) implies that we must choose wyg = —1 (from the fact that
mq = 0). This is a significant difference from the EYM theory. In the EYM system, we
can choose wp to be +1 from the m’ equation at the origin. This difference in boundary
conditions has an effect on the numerical results which will be discussed later in section

3.5.

The field equation (3.23) implies that g is arbitrary and ; = 0. The fact that the field
equations depend only on ¢ means that ¢ is determined only up to an arbitrary constant.
This constant is fixed by the requirement that at infinity 6 — 0. Moreover in practice, dg

is chosen to be zero for convenience.

By analyzing the field equations, the remaining constants mg, ms, d2,04 and w4 can be

expressed in terms of wy. Therefore the series above (3.25) take the following forms

23 1 8Aw3
m(r) = %r?’ + = —8wi + 312w + OR9% | 45 + 0(r9),
e 5e 3
4w? 4 8wj
d(r) = —6—22r2 ~ 2 [QAwS + pPwi — 3ws + 6—22} rt+ o(r®),
w(r) = —1+wyr? + 1022 [2¢? Aws + € pPwy — 3e*w] + 8wi| rt + O(r®). (3.26)

From these series, we have a three parameter family of solutions near the origin, given
by we, © and A. Note that our results reduce to those of Greene et.al., [79] in the limit
A —0.
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Event horizon: For a black hole solution, there is a regular event horizon located at r = rp,.

Taylor series expansions of the field variables near the horizon assume the form

m(r) = m(ry) +mj,(r —rp) + O(r —rp)?,
8(r) = 8(rn) + & (r —ra) + O(r —14)?,

w(r) = w(ry) +wh(r —rp) + O(r — )2 (3.27)

The existence of a regular event horizon at r = 7 implies the two following conditions on

the metric functions

d(rp) < o0,
A 3
m(ry) = 2 — =2, (3.28)

where the last expression comes from the fact that R(r,) = 0 at the horizon. As with the
expansions near the origin, the value of d(rp) is fixed by the requirement that § — 0 as

r — oo. The constants m}, ¢, and wj, are determined by the field equations to be

(1 —wp)? | (1 +wp)?

!
m =
h 2e2r? e? ’
5o
h rpe?’
2 2 2
14+ wp)rs — (1 —wiw
o = — : h()l_;L 2)2( 2“2?1)+ h (3.29)
(rn — Ary) — eQTZ — o2

Infinity with A < 0: Our metric (3.8) must reduce to the AdS metric as r — co. This means
that as r — oo, we have m(r) — M = constant and §(r) — 0, where M can be interpreted
as the total mass of the soliton or black hole. For the ENAP and the EYMH equations
in asymptotically flat spacetime [79], the field variables decay exponentially at infinity.
However in the EYMH-AdS system [I83], the field variables decay as a power-law. By

comparison with the EYMH-AdS theory, we expect our field variables m(r), d(r) and w(r)
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to decay by power-laws at infinity. By analysing the behaviour of the field equations at
infinity up to the leading order, we find that w decays more slowly than m and 6. Thus
we make an educated guess as follows,

A B C
m(r) :M+m+..., 5(7“) :5OO+7°2A—+2+“.’ w(r) :_1+7“_A+m’ (3.30)

where A, B,C, A are undetermined parameters. Substituting these into the field equations

(3.22-3.24), we obtain

(A2A —3u2) (2

m(r) =M+ N T + .
O(r) = b0 + i—?% + ..,
w(r)=-1+ r% + .. (3.31)
where C' is a constant and
AEAi:%i% 1—12:2. (3.32)

We choose the upper root Ay, since A_ < 0. Note that, if 4 = 0 then A, = 1, therefore
power law decay of the field variables is recovered as the ENAP-AdS system reduces to
EYM-AdS, except that w(oo) is not fixed in EYM-AdS [197]. Strictly speaking d should
be zero, but as can be seen later, this is not true in the numerical solutions. However one
can add a constant to  to make it vanish as » — oco. The leading order of w is fixed to
be —1 due to the fact that the mass function m(r) needs to be constant at infinity. In
contrast, the zeroth order of w is £1 in asymptotically flat EYM theory [7, 24] and an
arbitrary constant in the EYM-AdS theory [197]. This difference will play an important
role when discussing regular solutions and the space of solutions. The behaviour of the
field variables at infinity (3.31) is very similar to that in EYMH-AdS [I83]. Moreover, the
boundary condition (3.31) for the Proca field w implies that at infinity the NAP field is

vacuum, therefore the solutions look like Schwarzschild-AdS.
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Infinity without A: If A = 0, the ENAP-AdS system becomes ENAP-flat. Hence the
spacetime metric (3.8) must reduce to the Minkowski metric at infinity. By following the
work done in [79], we expect that the field variables will decay exponentially. We therefore

assume

m(r) =M + fle*zAr, 5(r) = oo + ) w(r)=-1+ C_'e*Ar, (3.33)

where A, B,C and A are undetermined constants. Substituting (3.33) into (3.22-3.24),

we obtain

2uC? 9
=M — ——e
mir) e,
2,[1,6_'2 672;”’
0 = 000 )
(r) ——
w(r)=—-1+Ce ", (3.34)

where C' is an arbitrary constant. Therefore the field variables of the ENAP-flat theory
decay much more quickly as r — oo than those in ENAP-AdS (3.31) and EYMH-AdS

[183]. Note that the boundary conditions (3.34) agree with those [79].

3.4.3 NO NODELESS SOLUTIONS

As will be seen later, the regular and black hole solutions of ENAP equations both in
asympototically flat and AdS are also classified by the number of zeros of the gauge field
w. We shall denote the number of zeros or node of w by n. Before exploring the space
of regular and black hole solutions, in this subsection we will provide a simple argument
showing that there are no nodeless (n = 0) solutions for both solitons and black holes.
In other words, these solutions must at least have one node (n > 0). This fact will be

demonstrated numerically later in section 3.5.

We shall start by considering the NAP field equation (3.24) at a turning point ry where
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w'(rg) = 0. Then, at r = r¢ we have
rgRw” = (w? = 1) w+ (1 +w) p?rg. (3.35)

Near the origin r = 0, the leading order of the gauge field is —1 and from the boundary

condition (3.26), we find, for r < 1
W'~ 2uwor. (3.36)

Therefore the sign of w’ near r = 0 depends on the sign of wo.

Suppose that wy < 0, therefore w < —1 near the origin. This means w must have a
minimum at some value of the radius since w — —1 as r — oo (3.31). We thus define 7
as the location of the minimum and w(rg) = wy < —1. Since w has minimum at r = 7

hence w”(rg) > 0, then (3.35) implies that (at r = rg)
wo (wg — 1) + p*r§ (1 4+ wp) > 0. (3.37)

Both terms in the above condition are negative when wy < —1. Hence we have a contra-
diction with our assumption and so ws must be positive. Therefore, we must have w’ > 0
near the origin. So w must have maximum at some radius ry where w(rg) = wy > —1.

This time (3.35) implies (at r = )
wo (w§ — 1) + 4 (1 4 wo) < 0. (3.38)

Now consider the situation where wq lies in the interval —1 < wy < 0. In this case, both
term on the LHS of the above equation are positive. So we must have wg > 0. This means,
the maximum value of the gauge field is positive. Hence to satisfy the boundary conditions
near the origin (3.26) and infinity (3.31), w must have at least two nodes. Additionally,

regular solutions of ENAP-AdS must be such that w has an even number of nodes.
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At the black hole horizon r = rj, the NAP equation (3.24) can be written as

;o wh (W= 1) + g% (T4 wp)
W) = . (3.39)
h r2R!
h™"h

We begin by assuming that wp, < —1, therefore (3.39) tells us that wj, < 0 since R} > 0.
According to this, w must have a minimum at some point r = ry where w(rg) = wg < —1
and w” > 0. However, equation (3.35) is not satisfied if wg < —1 and w”(r¢) > 0. Therefore
wo must be larger than —1. In this case, we can deduce that wj > 0 from (3.39). So the

gauge field must have a maximum at some r = rg, where (3.35) once again implies
wo (w§ — 1) + p?r§ (1 4+ wo) <0, (3.40)

with w(rg) = wp > —1 the maximum value of the gauge field. Now if wy lies in the
interval —1 < wg < 0, this condition does not hold since both terms in (3.40) are positive.
Therefore it must be the case that wy > 0. Thus for the black hole case, as for the solitons,
the maximum value wy is positive. This means, for —1 < wy < 0, the gauge function w
must have at least two nodes to satisfy the boundary condition at infinity (3.31). Further

more when wy, > 0, the gauge field must have at least one node, so that w — —1 as r — co.

Hence in this subsection, we have shown that all the static solitons and black holes of
ENAP-AdS must have at least one node. Similar behaviour is observed in the ENAP-flat
model as well for both regular and black hole solutions [79]. This should not be a surprise
since, the proof in this section does not rely on the asymptotic structure of the spacetime.

So this proof is also valid for the solutions in ENAP-flat theory.
83.5 Numerical solutions

In this section, numerical regular and black hole solutions are discussed. We consider
static, spherically symmetric solutions of the ENAP equations both in asymptotically flat

and AdS spacetimes. These solutions are constructed by a numerical shooting scheme
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(see Appendix A). Firstly, we state the numerical method used in this problem. As a
preliminary setup for our numerical codes, we re-construct the soliton and black hole
solutions of the ENAP-flat equations discovered by Greene et.al., [T9]. After that, we

provide new numerical regular and black hole solutions of the ENAP-AdS system.
3.5.1 NUMERICAL METHODS
To construct regular solutions of the ENAP-AdS equations (3.22—3.24), we use a one

parameter shooting method. The boundary conditions at the origin r = 0 (3.26) are

defined as follows

4, 4 2 232 3 4 5
1
w(r) = —14br? + 02 [2e?Ab + ? b — 3¢V + 8b%] rt + O(r?), (3.41)
e

where b = wo. In this case, the free parameter in the numerical integration is . Note
that, we cannot start our integration from the origin » = 0, because the field equations
become singular at this point. Therefore we use these equations as initial conditions,
integrating outward from (near) the origin, 7 = 1073, to infinity. We set the gauge
coupling constant e = 1. With fixed p and A, we scan for a possible value of b that allows
us to satisfy the boundary conditions at infinity (3.31) or (3.34) if A = 0. When A =0,
our numerical method should yield the solutions of the ENAP-flat theory [79]. We then
use these solutions as starting points and slowly turn on the value of the cosmological

constant A.

A similar shooting procedure can be used to obtain numerical black hole solutions of
ENAP-flat/AdS. We cannot numerically integrate the field equations (3.22—3.24) from the
horizon because of singularities in the equations. Thus, we start our numerical integration

from near the horizon, (r — ) = 10713, using the field expansions (3.29) as initial data.
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The initial value of Proca field i.e., w(ry), will now become our shooting parameter. We
follow [24] by setting the horizon radius, r;, = 1. We can obtain black hole solutions of
ENAP-flat by setting A = 0 in the field equations (3.22—3.24) and the expansion (3.29).
Then, we integrate the field equations in the same manner. It should be remarked that the
starting point of integration for solitons and black holes i.e., 1072 and 10™'3 respectively,

were chosen such that they were the smallest values that we could find a converge solution.

As will be seen later, both soliton and black hole solutions are classified by the node
number. The node number is the number of zeros of the function w(r) and will be denoted
as n. For instance, n = 2 black hole solutions refers to the black hole solution for which
w(r) has two zeroes. Here we shall consider only the two possible lowest node solutions. As
shown in subsection 3.4.2, there are no odd-node soliton solutions in both asymptotically
flat and AdS, due to the boundary conditions at the origin (3.26) and infinity (3.31, 3.34).
In contrast, for the black hole case, there is no restriction on the possible number of nodes

of the solutions, except that n > 0 as proven in subsection 3.4.3.

3.5.2 ASYMPTOTICALLY FLAT SOLUTIONS

As a good consistency check, in this subsection we reproduce the solutions of ENAP
equations in asymptotically flat spacetime [79]. In the limit where A — 0, our system
becomes ENAP-flat theory. It can be seen later in this subsection that our results are
in good agreement with the results in [79]. We plot 1 + w in our figures, so that we can

clearly see in the plots that the asymptotic value of the NAP field as » — oo is —1.

Fig 3.1 shows examples of regular solutions of the ENAP theory for which w has two
zeros. There are two classes of solutions called the n = 2 and quasi—n = 1 branches.
More precisely, the quasi—n = 1 solutions are solutions that resemble the node=1 regular
solutions of Bartnik and McKinnon [7] as ¢ — 0, while the n = 2 solutions tend to
the node=2 BM solution as p — 0. Fig 3.1(a) displays the n = 2 solutions. These

solutions can be found in the interval 0.5790 < b < 0.6441, and have masses in the interval
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0.9755 < M < 0.9949. The quasi—n = 1 solutions are shown in Fig 3.1(b). These solutions
are described by 0.4580 < b < 0.5800 and have 0.8780 < M < 0.9950. We note that at
each value of u, there are two solutions where w has n nodes, for fixed n. These give two

branches of solutions as p varies.

node=2 and quasi—m = 1 solitons

Figure 3.1: Regular solutions of ENAP theory in asymptotically flat spacetime with vary-
ing boson mass . (a) node=2 solutions (b) quasi—n = 1 solutions. The gauge connection
1+ w(r) and total mass function m(r) are plotted as functions of the radius r.

Black hole solutions are illustrated in Fig 3.2. As in the soliton case, at each value of
1, there are two solutions where w has n nodes, for fixed n. These give two branches
of solutions as p varies. The n = 2 solutions are shown in Fig 3.2(a). The shooting
parameter varies in the interval —0.5020 < w(rp) < —0.3450 and the total masses are
given by 0.9935 < M < 1.0052. Fig 3.2(b) displays the quasi—n = 1 black hole solutions.
These solutions can be found in the intervals —0.6320 < w(ry) < —0.5035, 0.9420 <
M < 1.0052. In addition, n» = 1 and quasi—n = 0 black hole solutions are displayed
in Fig 3.2(c) and 3.2(d), respectively. Fig 3.2(c) shows n = 1 solutions described by
0.6300 < w(ry) < 0.8480, with masses 0.9370 < M < 1.0053. The quasi—n = 0 solutions
plotted in Fig 3.2(d) are given by 0.8520 < w(ry,) < 1.0000 and have masses in the interval
0.5070 < M < 1.0051.
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node=2, quasi—m = 1, node=1 and quasi—n = 0 black holes
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Figure 3.2: Black hole solutions of ENAP theory in asymptotically flat spacetime with
varying boson mass p. (a) node=2 solutions, (b) quasi—n = 1 solutions, (¢) node=1
solutions, (d) quasi—n = 0 solutions. We set 7, = 1 in these plots.

An important characteristic of the quasi-solutions is that when u — 0, the maximum
value of the NAP field increases. Moreover as p decreases, the outermost node of w moves
further away to infinity. Note that, for each branch of solutions, there is a maximum value
of u for which we find non-trivial solutions. At the maximum value of the Proca mass,
given by fimar = 0.04454 for n = 2 and quasi—n = 1 regular solutions, e, = 0.0175 for

n = 2 and quasi—n = 1 black hole solutions and ;e = 0.1233 for n = 1 and quasi—n =0
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black hole solutions, the ordinary branch and quasi branch bifurcate from each other.

More importantly, the black hole solutions are indistinguishable from a Schwarzschild
black hole when observed at infinity. This is because the NAP field is in a vacuum near
infinity. Therefore, the black hole solutions in the ENAP theory violate the generalized
no-hair conjecture as stated in section 2.3. Greene et.al., expected that these solitons
and black holes are unstable [79], however no detailed analysis on the stability has been
performed so far. We will come back to this point later in section 3.7. In the following
subsections, we present new regular and black hole solutions of the ENAP equations in

asymptotically AdS spacetime.

3.5.3 REGULAR SOLUTIONS

The asymptotic behaviour of the ENAP-AdS equations is different from that of the EYM-
AdS equations as r — oo. The leading behaviour of the gauge connection near infinity
is w = —1. Unlike the EYM-AdS system, ENAP-AdS possesses no odd-node regular
solutions due to these boundary conditions (see subsection 3.4.3). Another remarkable
difference from the EYM theory is that there exist two branches of soliton solutions:
ordinary even-node solutions and quasi-solutions which will now be discussed case by

case.

We consider the first branch of solutions, n = 2 regular solutions. Fig 3.3 shows n = 2
nontrivial solutions of the ENAP equations in AdS spacetime with fixed vector boson
mass and cosmological constant. These plots illustrate the values of 1+ w(r), m(r) and
d(r) at given radius r. The shooting parameters associated to these solutions are given by
b = 0.6416 and b = 0.6048 in Fig 3.3(a) and Fig 3.3(b), respectively. Fig 3.3(a) displays
an n = 2 solution with y = 0.02 and A = —0.001. The total mass M and o (the value
of 6 as r — o00) are 0.9777, —3.6825 respectively. Fig 3.3(b) shows an n = 2 solution for
which p and A are fixed to be 0.035, —0.003 respectively. The total mass M and §, are

0.9923, —3.1797 in this case. Note that, in these plots J is zero at r = 0 and the boundary
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node=2 solitons for fixred p = 0.02, A = —0.001 (left panel) and p = 0.035, A = —0.003 (right panel)

20 ‘ : ‘ : 2 : :
f L+a(r) L
1k 1 1f
of 0
-1 1-1
_2 1 -2
B i 8(r)
3 50 3
a2l L | L | —_4 | L | L
0.001 0.1 10 1000 10° 0.001 0.1 10 1000 10°
Radius Radius

(a) (b)

Figure 3.3: Two node regular solutions of ENAP theory in AdS spacetime for fixed vector
field mass and cosmological constant. (a) n = 2 regular solution, y = 0.02 and A = —0.001.
(b) n = 2 regular solution, ¢ = 0.035 and A = —0.003. The gauge connection 1 + w(r),
total mass function m(r) and metric function §(r) are plotted as functions of the radius r.

condition at infinity on 0 (namely § — 0) is not satisfied. Thus we need to add a constant
to 0 so that § — 0 as r — oo. As discussed in subsection 3.4.2, we can do this since the

ENAP-AdS equations depend only on ¢’ and not on 4.

Examples of two-node regular solutions for fixed vector field mass and varying cosmological
constant (and vice versa) are presented in Fig 3.4. We suppress §(r) since it is not relevant
to our discussion. The shooting parameter lies in the interval 0.6000 < b < 0.6500.
Fig 3.4(a) shows non-trivial solutions when g is fixed. Increasing |A| corresponds to
increasing the maximum value of w. Also, with increasing |A| the peak of w slightly moves
to the right (greater radius). The total mass M and d, vary in the range 0.9760 < M <
0.9940, —3.7100 < 600 < —3.1700. The n = 2 solution for fixed A is shown in Fig 3.4(b). It
shares the same trend as the previous case. An increasing maximum value of w is caused
by the growth of u. Its peak also slightly shifts to the right. The total mass M and 6., vary
in the range 0.9770 < M < 0.9930, —3.6800 < 000 < —3.1900. We remark that varying A

and p does not affect much the mass function m(r) and w(r) only changes slightly.
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node=2 solitons for fized u = 0.02 (left panel) and A = —0.001 (right panel)

Figure 3.4: Two node regular solutions of ENAP theory in AdS spacetime. (a) n = 2
regular solution, u = 0.02 and A = —0.008, —0.005, —0.0003. (b) n = 2 regular solutions,
A = —0.001 and p = 0.04, 0.03, 0.02.

quasi—n = 1 solitons for fixred p = 0.02 (left panel) and A = —0.0005 (right panel)
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Figure 3.5: Quasi—n = 1 regular solutions of the ENAP theory in AdS spacetime. (a)
1= 0.02, A = —0.007, —0.003, —0.0005, (b) A = —0.0005, x = 0.035, 0.020, 0.00001.

We now discuss another branch of solutions, called quasi-solutions. These solutions, even
though they have the same value of p and A as one even-node class, can be numerically

found in a different interval of the shooting parameter . For ENAP in asymptotically
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Minkowski space [79], the quasi-branch is a class of solutions that behave in the same
way as odd-node solutions of [7] when p — 0. With w(0) = —1, the asymptotic value of
odd-node BM solutions as r — oo is +1, which is not allowed by the boundary condition
in the ENAP system (3.31). Hence another node in w will occur in order to match up with
the boundary condition as r — oo namely, w — —1. Therefore, it is not obvious how to
define the quasi-solutions of the ENAP equations in asymptotically AdS spacetime. The
difficulty comes from the two parameters p and A in the theory. We could expect that our
quasi-solutions should behave in the same manner as the quasi-solutions defined in [79]
(second node located at a large distance from the origin). However this turns out not to be
the case. As will be seen below, our quasi-solutions behave more like the quasi-solutions of
EYMH equations in AdS spacetime [183]. For this reason, in our case, the quasi-solutions

are defined to be the solutions that resemble the EYMH-AdS quasi-solutions [I83].

Fig 3.5 shows the quasi—n = 1 solutions with fixed p and A. These plots show the character
of this branch of solutions. The turning points of w increase as a result of decreasing |A|
and pu. In Fig 3.5(a), we plot the quasi—n = 1 solutions for fixed u = 0.02 and varying
cosmological constant. The shooting parameters vary as 0.4760 < b < 0.5500. The
total mass and d, are in the intervals 0.9300 < M < 0.9885, —2.6140 < 05 < —2.1920,
respectively. Fig 3.5(b), the quasi—n = 1 solutions are plotted for A = —0.0005 and
varying vector field mass p. The solutions are found in the intervals 0.4568 < b < 0.5180
with 0.8730 < M < 0.9770 and —2.4506 < doc < —2.0100. Increasing p in Fig 3.5(b)
leads to the decreasing of the radius at which the gauge connection 1+ w(r) reaches zero.
This character is also shared by the quasi-solutions of Greene et.al., [T9]. When compared
with the n = 2 solutions shown in Fig 3.4, the quasi solutions vary more significantly with

varying cosmological constant A and Proca mass pu.

We now compare the n = 2 and quasi—n = 1 solutions in more detail (see Fig 3.6). In
Fig 3.6(a), the total mass M and 0 are 0.9817 and —3.5784 (for n = 2), 0.9603 and
—2.3168 (for quasi—n = 1). Fig 3.6(b), the total mass M and d, are 0.9879 and —3.3729
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Fized A = —0.003, 1 = 0.02 (left panel) and p = 0.03 (right panel)
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Figure 3.6: Comparison of the n = 2 branch and quasi—n = 1 branches of regular solutions
with fixed g and A, (a) p = 0.02, A = —0.003, (b) u =0.03, A =—0.003, (c) n =2 and
quasi—n = 1 solutions bifurcate at piq, = 0.0420 for fixed A = —0.001, the other curves
represent n = 2 and quasi—n = 1 solutions with fixed g = 0.030 and p = 0.00005.
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(for n = 2), 0.9820 and —2.5166 (for quasi—n = 1). The difference between these two
branches has become less significant as the vector field mass increases. This trend is
expected to continue as p increases. In general, a quasi—n = 1 solution has lower mass
M than the corresponding n = 2 solution. The shape of 1 4+ w is also different, the peak
width of an n = 2 solution is smaller than for an quasi—n = 1 solution. In addition, in
Fig 3.6(c) we find that for fixed A = —0.001, the maximum value of Proca mass for which
non-trivial solutions exist is fiymqer = 0.0420. We note that this value of piq, is less than
the value when A = 0 (see Fig 3.1). We anticipate that pi,,q, decreases as |A| increases,
leading to a maximum |A| for which solutions exist. In general for fixed A, as p — fmaz,
the second node of both the n = 2 and quasi—n = 1 solutions moves closer to the origin.
Moreover, the peak of the gauge field increases in the case of n = 2 and decreases for
quasi—n = 1 as p increases. When = fmae, the two branches of solutions merge into

each other as illustrated in Fig 3.6(c).

In general, the space of soliton solutions of ENAP-AdS theory (both ordinary and quasi
solutions) is discrete rather than continuous. This can be seen from the fact that all
the solitons given in this subsection are found at two particular values of the shooting
parameter b when A and p are fixed. This happens because the leading order behaviour of
the gauge field w at infinity is fixed to be —1 (3.31) rather than being arbitrary as in the
EYM-AdS sector [I97]. The solutions of ENAP-flat theory [79] discussed in subsection

3.5.2 also share this property.

Another general property that we can observe from our new ENAP-AdS solutions is that
for fixed pu, there exists a maximum value of |A| for which solutions have been found.
There also exists a maximum value of p for fixed |A| for which we find solutions as in
[183]. At the maximum value of the vector boson mass, the two branches of solutions
(ordinary and quasi) merge into the same solution. This behaviour could be easily seen by
plotting the domain of existence in the p and A space. However, since the solution space

of ENAP-AJS system is discrete, therefore finding regular and black hole solutions is a not
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straightforward task. This makes plotting the y — A phase space in our case impractical.

We also consider the local energy density, defined as the time-time component of the stress

energy momentum tensor (3.5), given by

Re? (w2 — 1)2

L+ 2RwW? + 2p% (1 +w)?| . (3.42)

Too =

e2r? r

We have included the gauge coupling constant e for the sake of completeness. Equation
(3.42) is plotted in Fig 3.7 for fixed Proca mass p and cosmological constant A for an n = 2
Fig 3.7(a) and a quasi—n = 1 solution Fig 3.7(b). These plots show that these solutions
have a compact, high density region. They have a large energy density close to the origin.
However in the outer region, the energy density decreases very quickly. Furthermore the
energy density at the core of the n = 2 regular solution is much higher and its decay rate
is faster compared with the corresponding quasi—n = 1 solution. Therefore the n = 2
horizonless solution represents a compact object that is denser and more compact than

the quasi—n = 1 solution.

Fized p = 0.02, A = —0.003

n=2 4 4+ quasi-n=1

10 12 14 12 14

Radius

(a)

Figure 3.7: Energy density of two regular solutions (a) n = 2 (b) quasi—n = 1.
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3.5.4 BLACK HOLE SOLUTIONS

Similarly to the soliton case just discussed, numerical black hole solutions are found with
two branches of solution i.e., ordinary and quasi branches. However the initial conditions
(3.27, 3.29) in this case are different from the solitons. As a consequence, now there can

be both odd and even numbers of nodes of w(r).

node=1 and node=2 black holes
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Figure 3.8: Two examples of black hole solutions of ENAP theory in AdS spacetime for
fixed vector field mass and cosmological constant. (a) n = 1 black hole solution with
@ =0.1and A = —0.025. (b) n = 2 black hole solution with = 0.014 and A = —0.0005.

In Fig 3.8, example n = 1 and n = 2 non-trivial black hole solutions are shown. As in the
previous case, these solutions are given in term of the gauge connection 1 + w(r), mass
function m(r) and metric function §(r). For the n = 1 example, the shooting parameter
w(rp), total mass M and do, are given by 0.8097,1.0155 and —0.3220, respectively. For
the n = 2 example, the shooting parameter w(ry), total mass M and 0 are given by

—0.4741,1.0041 and —0.5852.

In addition, black hole solutions are plotted in Fig 3.9 for n = 1,2 branch solutions with
fixed values of the vector field mass and cosmological constant. We fix p and then vary

A in Fig 3.9(a)—3.9(b). The shooting parameters w(ry,) are adjusted within the intervals
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0.6430 < w(rp) < 0.7500 and —0.4740 < w(ry) < —0.4075 for n = 1 and n = 2 solutions
respectively. The solutions are described by 0.9415 < M < 1.0335,—0.5380 < ds <
—0.3365 (n = 1) and 0.9995 < M < 1.0050,—0.5920 < 0, < —0.5830 (n = 2). In
Fig 3.9(c)—3.9(d) n = 1 and n = 2 solutions are shown with fixed A and varying p. These
solutions are given by 0.6395 < w(rp) < 0.7610, 0.9480 < M < 0.9925, —0.5220 < o <
—0.4120 (n = 1) and —0.4600 < w(ry) < —0.3740, 0.9960 < M < 1.0035,—0.5915 <
dso < —0.5870 (n = 2). The plots in Fig 3.9(c)—3.9(d) have a common behaviour. That
is, as the vector field mass increases, the radius where 1 + w vanishes becomes smaller.
Additionally, as p and A vary, the mass function m(r) varies more in the n = 1 case than

n = 2.

As happened for the regular solutions, there is another class of black hole solutions, namely
quasi-solutions. In Fig 3.10, we show some plots of the quasi-solution branches with
fixed values of the gauge boson mass and cosmological constant. Fig 3.10(a)—3.10(b)
show quasi—n = 0 and quasi—m = 1 black hole solutions. The shooting parameter is
given by 0.8870 < w(rp) < 0.9885 (quasi—n = 0) and —0.6000 < w(rp) < —0.5360
(quasi—n = 1). The solutions are described by 0.7470 < M < 1.030, —0.0210 < 60 <
—0.1680 and 0.9880 < M < 1.0030, —0.6200 < d5 < —0.5400 for quasi—n = 0 and
quasi—n = 1 solutions respectively. In Fig 3.10(c)—3.10(d), these solutions are found in
the intervals 0.9180 < w(ry) < 0.9935 and —0.6200 < w(ry) < —0.5400 for quasi—n = 0
and quasi—n = 1 solutions respectively. The total mass M and d,, vary over 0.7020 < M <
0.9770,—0.0130 < 00 < —0.1400 (quasi—n = 0) and 0.9740 < M < 1.0030,—0.5530 <
Joo < —0.5730 (quasi—n = 1). In the quasi-branches of black hole solutions, when p or |A]
decrease the maximum value of the Proca field, w, increases. Moreover, the solutions in
Fig 3.10(c)—3.10(d) behave in the same manner as those solutions in Fig 3.5(b). That is,
increasing u leads to the decreasing of the radius at which the gauge connection 1+ w(r)
reduces to its vacuum value. These quasi-solutions follow the same trends as those of the

EYMH-AAS theory [I83]. That is, the outermost node of our quasi-solutions does not
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node=1 and node=2 black holes
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Figure 3.9: n = 1 and n = 2 black hole solutions of ENAP theory in AdS spacetime.
(a) n = 1 solutions with fixed y = 0.03, A = —0.075,—0.04, —0.001, (b) n = 2 solutions
with fixed g = 0.012, A = —0.0008, —0.0004, —0.0001, (c) n = 1 solutions with fixed
A = —0.01, p = 0.1, 0.07, 0.01 (d) n = 2 solutions with fixed A = —0.0004, p =
0.014, 0.01, 0.003.
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move to a much larger radius as p — 0.
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Figure 3.10: Quasi—n = 0 and quasi—n = 1 black hole solutions of ENAP theory in AdS
spacetime. (a) quasi—n = 0 solutions with fixed p = 0.03, A = —0.075, —0.04, —0.009, (b)
quasi—n = 1 solutions with fixed = 0.01, A = —0.001, —0.0006, —0.0002, (c) quasi—n =
0 solutions with fixed A = —0.01, p = 0.1, 0.07, 0.00001, (d) quasi—n = 1 solutions with

fixed A = —0.0004, 1 = 0.014, 0.01, 0.00001.

A comparison between two n = 1 and n = 2 solutions and their corresponding quasi-

solutions is illustrated in Fig 3.11. In Fig 3.11(a), the total mass M and d, are 1.0037

and —0.3614 (for n = 1), 1.0033 and —0.1933 (for quasi—n = 0). In Fig 3.11(b), the total

mass and do are 1.0041 and —0.5852 (for n = 2), 1.0040 and —0.5770 (for quasi—n = 1).

Note that the total mass M of the quasi solution is slightly less than that of the ordinary
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node solution.

There exists merging behaviour in the black hole case as well as the soliton case. This is
demonstrated in Fig 3.11(c) and Fig 3.11(d). For fixed A = —0.025, when p = fimaz =
0.1018, the n = 1 and quasi—m = 0 branches black hole solutions bifurcate from each
other. In addition, the n = 2 and quasi—n = 1 branches separate at p = fmqr = 0.01442

when the cosmological constant is fixed to be —0.0005.

In the same fashion as the regular solutions, the solution space of ENAP-AdS black holes
is discrete. This means that the black hole solutions discussed in this subsection are found
at discrete values of w(ry). This should not be a surprise since the gauge field w at infinity
is still fixed to be —1. We find that for fixed p, there exists a certain value of |A| beyond
which black hole solutions cannot be found. This is also true the other way round, there
exists a maximum value of p for fixed A for which non-trivial solutions can be found.
Also, similarly to the regular solution case, at some certain value of the Proca mass u,
the two categories of solution, i.e., ordinary and quasi node, are merged together. This
property can be observed in the ENAP-flat sector as well [79] (see Fig 3.2 and subsequent

discussion).

3.5.5 SUMMARY
In this section, we presented new numerical regular and black hole solutions of the ENAP
equations in AdS spacetime. Some of the regular and black hole solutions of ENAP-flat

theory [79] are also reproduced to test our numerical codes. For asymptotically AdS

solutions, both regular and black hole solutions share some significant properties:

e They possess two branches of solutions: ordinary node solution, quasi-node solution.

e Unlike the solution space of EYM with negative cosmological constant [28, [194], for
ENAP-AAS the solution space for fixed A and p is found at discrete values of the free

parameter b (for regular solutions) and w(ry,) (for black hole solutions) rather than
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Fized A = —0.02, = 0.1 (left panel) and A = —0.0005, p = 0.0140 (right panel)
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Fized A = —0.025, ftmao = 0.10180 (left panel) and A = —0.0005, timaz = 0.01442 (right panel)
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Figure 3.11: Comparison of n = 1,2 branches and quasi—n = 0,1 branches of black hole
solutions with fixed p and A, (a) p = 0.1, A = —0.02, (b) p = 0.014, A = —0.0005. (c)
n = 1 and quasi—n = 0 solutions bifurcate at pyq; = 0.10180 for fixed A = —0.025, the
other curves show n = 1 and quasi—n = 0 black hole solutions with fixed ¢ = 0.075 and
@ = 0.00001. (d) » =2 and quasi—n = 1 solutions bifurcate at fi,q, = 0.01442 for fixed
A = —0.0005, the other curves show n = 2 and quasi—n = 1 black hole solutions with
fixed p = 0.009 and p = 0.00001.
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continuous values. This is because the boundary condition on the gauge function
w as r — oo in EYM-AAS is less restrictive than that for ENAP-AdS theory. As
a result, our solution spaces for ENAP-AdS are significantly smaller than those of

[28, [194] for EYM-AdS.

e For fixed p, there exists a maximum value of |A| for which solutions have been found.
There also exists a maximum value of p for fixed |A| for which we find solutions. In
addition at these maximum values of the Proca mass, we observed the bifurcation
of ordinary node branches and their corresponding quasi node branches. However
these maximum values of p are smaller for n = 2/quasi—n = 1 branches than for
n = 1/quasi—n = 0 branches in the black hole case. Note that the solutions in

ENAP-flat and EYMH-AdS also possess these behaviours [79} 183].

e Ordinary node solutions for both regular and black hole cases do not vary much with
changing  and A. However, this is not the case for the quasi-solutions, varying u

significantly affects the gauge connection w much more than varying A.

e One cannot tell the difference between the ENAP-AdS black hole solutions and the
Schwarzschild-AdS metric when observed at infinity. For this reason, the generalized
no-hair conjecture [25, [52] is violated by the black hole solutions in the ENAP-AdS

theory.

We have presented solutions where the number of nodes of w(r) is either one or two.
We expect that solutions with more nodes could exist, but they will be harder to find

numerically. We expect these n > 2 solutions to have smaller maximum |A| and pu.
83.6 Non-existence of dyonic solutions

In the last section, we considered purely magnetic solutions, since the electric part of the
gauge field was set to be zero. Therefore we will now consider the existence of dyons

and dyonic black holes in ENAP theory in asymptotically AdS spacetime. A dyon is a
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hypothetical particle with both electric and magnetic charges. Dyonic solutions in various
theories have been investigated by many authors. The no-go theorem proved by Ershov
and Gal’tsov [67, [71] eliminated the possibility of having a non-trivial electric part of the
gauge field for static solutions of the SU(2) EYM equations in asymptotically Minkowski
space, apart from an embedded Abelian Reissner-Nordstrom black hole with an electric
field. Dyonic solutions of EYM theory in asymptotically de Sitter spacetime are forbidden
as well [29]. This is because a non-zero electric component of the gauge field, at the
cosmological horizon, creates a divergence in the determinant of the metric tensor. On the
other hand, when the cosmological constant is negative, the no-go theorem does not hold
anymore, thus allowing the existence of dyonic solutions. For instance, for EYM theory
in AdS spacetime with gauge group SU(2), dyonic solutions have been found numerically
[28, 29]. Later the existence of dyon and dyonic black hole solutions of EYM-AdS theory
was proven analytically [I33]. Thus one might expect that the asymptotic structure of
AdS space allows the existence of dyonic solutions. However this is not always the case
since it was shown that dyon solutions are not allowed in SU(2) EYM with a Higgs doublet
and a negative cosmological constant [I83]. In addition their asymptotically flat analogues

were also proven to possess no dyonic solution [79).

These facts raise the next question: do dyons or dyonic black holes exist in ENAP theory?
Greene et.al., [T9] only discuss purely magnetic regular and black hole solutions in the
ENAP-flat theory. So the existence of dyons and dyonic black holes in this sector is still
left open. Therefore the main focus of this section is proving the non-existence of dyons
and dyonic black hole solutions of the ENAP equations in asymptotically flat and AdS

spacetimes.

3.6.1 FIELD EQUATIONS AND BOUNDARY CONDITIONS

To study the existence of dyons in the ENAP-AdS system, it is necessary to derive all the

field equations and analyse the behaviour of the field variables in the three asymptotic
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regions. We start by introducing the gauge connection with non-zero electric part and set

b = 0 as before by choice of gauge, giving
1
A=—{arpdt + (1 +w) [—T,df + Tgsin 6 dy]} . (3.43)
e

With this ansatz, the NAP equations (3.6) and Einstein field equations (3.4) are derived

to be
2a/  d'S  2aw?  ap?
n_ 44 halndl 3.44
“ - T s Ter TR (344)
2 Q! ! DI 2 2
" v WS WR  w(w-1) (1+w)u
- _ _ _ 3.45
YeETmse T s TR TR TR O (345)
i r2q" . a2w? . a2pi%r? . RW? . (w? - 1)2 . (1+w)? 2 (3.46)
2252 Re2S? ' 2Re2S2 e? 2e2y2 e? ’ '
i’ B 2a2w? N rau? N 20" (3.47)
S re2R2S82  ¢2R2S82  re?2’ '

The first two equations are obtained from the NAP equations, the ¢ component and 6
component respectively. The rest come from the Einstein field equations, (¢t) component
and (rr) component. In the limit a = 0, we recover the previous field equations (3.22-
3.24). Moreover equations (3.44-3.47) are in agreement with EYM-AdS system [133] when
u = 0. We then follow the same procedure as in subsection 3.4.2 by analyzing the field

variables in three asymptotic regions.

Origin: We assume a regular Taylor series expansion about r = 0 as in (3.25) but with an

additional field variable

a(r) = ag + a7 + agr? + azr® + O(r?),
m(r) = mo 4+ mir 4+ mor® + mar® + O(rt),
S(r) = S0+ Sir+ Sr? + O(T’g),

w(r) = wo + wir + wor? + O(r3). (3.48)
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As in the previous case, mg is eliminated since R needs to be regular everywhere. From

the Ricci scalar, regularity tells us that m; = mo = 51 = 0. We set w = —1 to satisfy

the condition that m’ = 0 at the origin. Equation (3.44) implies that ag = ag = 0. In

addition, w; = 0 is derived from (3.45). Then the field variables near the origin become

w(r) = =14 wer? + O(r®).

Thus we have a four-parameter family depending on parameters aq,wa, p, A

(3.49)

. In practice

the value of Sy is fixed by the requirement that S — 1 as r — oo. As pu — 0, these

expansions of the field variables reduce to those in [I33] as expected. In addition if A — 0,

we obtain the expansion for dyons in the ENAP-flat theory.

Event horizon: We perform Taylor series expansions of the field variables near the horizon.

They nearly have the same expressions as in (3.27) except for the additional

the electric part of the gauge potential. The Taylor series expansions are

o) = dh(r = 1) + O =),

r T3
m(r) = (= %2 ) + i = )+ 0(r = e,
S(r) = S(rn) + Sp(r —rn) + O(r — 1),

w(r) = w(ry) +wh(r — ) + O(r — )2

expansion of

(3.50)

Equation (3.44) forces us to choose a(ry,) = 0, otherwise a singularity will occur. The first
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derivatives are given in terms of a/(ry,) = aj, and w(ry) = wy,

2
rpap  (Wp =17 (1 wp)?
25}2162 27“%62 e? ’
o 2wial, 2w2S,  pPrpal?
h T She2 R} rpe? Spe R’
wp, (w}% — 1) (14 wp) p?
r2 R R}, '

/
mh:

wy, =

(3.51)

Therefore we obtain a five-parameter family of solutions, with parameters rp, 1, A, wy,, aj,.
As in the previous case, the value of Sy, is again fixed by the requirement that S — 1 as

r — 00.

Infinity with A < 0: The spacetime metric (3.8) approaches the pure AdS metric as
r — oo. The field variables have similar forms as for the purely magnetic solutions with

the addition of the extra variable a. They are given by

- Qoo
a(r) = ap + iy + ..,

m
m(r) :M—|—T2A—°‘il+...,

Soo
S(?“) =1+ m + ..

Woo
=—14+—++.. 3.52
w(r) toat (3.52)

We remark that a and w decay at the same rate as r — oo. This is implied by the field
equations (3.44, 3.45). The quantities ag, Qso, Moo, Seo and ws are all undetermined

parameters. The leading order of (3.44) forces us to set g = 0. Thus the analysis of the
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field equations at infinity gives

Qoo

a(r) = A + .., (3.53)
m(r) =M + (A% - 3”26)652%3" — 30%) TQi_l T (3.54)
R R (3.59)
wir) = -1+ %" . (3.56)
where
AEAi:%i% 1_121(‘2. (3.57)

Since A_ < 0, the only possible root is Ay. The above expansions of the field variables
near the origin and near the horizon reduce to those in [I33] when x4 = 0. However this is
not the case as » — oo. If u # 0 the leading orders of a (3.53) and w (3.56) are different
from those in the EYM-AdS theory. In particular, the leading order of a in the EYM-
AdS system goes to ap = constant as r — oo. Moreover, when setting a = 0, equations

(3.53-3.56) yield the same results as shown in (3.31).

In addition, to prove that there are no dyons in asymptotically flat case, we need to
investigate the asymptotic behaviour of the field variables when A = 0. At the origin
and the event horizon, the expressions shown in (3.49) and (3.50) are all valid when the
cosmological constant is set to zero. In contrast, in the asymptotic region, i.e., r — o0,
the behaviour of the field variables when A = 0 cannot be deduced directly from the
asymptotically AdS case. This is because the asymptotic structure of the AdS spacetime

is different from asymptotically flat spacetime.

Infinity without A: We assume that the asymptotic expansions of the field variables take
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the following form [79]

a(r) =&+ o?ooe*Ar,
m(r) = M+ mooe—QAr,
Sv —2Ar
S(r) =1+ 22—,
r
w(r) = —1 + g 27, (3.58)

where A, Qoo , Moo, S and @ are all undetermined parameters. By inserting the expan-
sions (3.58) into the field equations (3.44-3.47), these parameters can be determined. We

thus obtain the behaviour of the field variables at infinity as follows

a(r) = Qoo™ M, (3.59)
~2 2,2 272
m(r) :M— <C¥oo(1+7' /UJ2)+2,U' Woo>62;l,7" (360)
e
A2 (24 r242) 4+ 24202 —2ur
sw>:1—(“w<+rﬂ3+'ﬂw@>e , (3.61)
pe T
w(r) = —14 wse M. (3.62)

These results agree with those of [79] when a(r) is set to zero (see (3.34)).

We now have all the essential ingredients for constructing the proof of the non-existence

of dyonic solutions. This will be investigated in the following subsection.

3.6.2 PROOF OF THE NON-EXISTENCE OF DYONIC SOLUTIONS

We now provide the proof of the non-existence of dyonic solutions in ENAP theory with
zero or negative cosmological constant. We follow a beautiful argument for EYM which

is given by Ershov and Galt’sov [71]. The proof starts by re-writing the field equation
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(3.44),

TZCL/CL / 2(12002 (12111,27'2 7‘20/2
{ 3 ]:: RS RS T 5 (3.63)

Then we integrate this equation throughout space,

s 2a'al’ ® 222  a2u?  12q?
dr = d
/[S%/(RS*RS*S)“

rp/0 /0
r2a’a|™ 7 r? (2a°w?  a*u? 9
= — d 3.64
= /s(mz*ze*“)“ (3.64)
/0

where the lower limit of these integrals, denoted by (r,/0), refers to the black hole and
regular solutions respectively. At the lower limit, since both S and a’ are regular at the
origin and the horizon, therefore the LHS of (3.64) is always zero, since r = 0 for dyons
and a(rp) = 0 for dyonic black holes. For the upper limit, in the asymptotically AdS case,

we consider (since S — 1 as r — 00)

rlda ~ —A o T 4 (3.65)

where (3.53) is applied and A is given in (3.57). Since

12p2
A

1—2A, = —/1— <0, (3.66)

therefore the LHS of (3.64) tends to zero as r — oco. The RHS of (3.64) is the sum of
positive terms, thus each term must vanish identically (to satisfy the equation), i.e., a’ = 0.
This implies that a is a constant. As a consequence of this, a must be zero everywhere
if w# 0 and p # 0. Therefore we have shown that the electric part of the gauge field
(3.43) cannot be non-zero. Hence ENAP-AdS theory does not allow the existence of dyon

solutions.
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In the asymptotically flat scenario, equation (3.64) is still valid. The lower limit of the
LHS of this equation can be seen to be zero by following the same argument discussed
above. For the upper limit, since the asymptotic structure of the spacetime changes
dramatically from the AdS case, the metric functions R and S — 1 as r — oco. Hence
equation (3.44) implies that the leading order of the electric part of the gauge field a(r)
decays exponentially rather than polynomially as shown in (3.62). It is straightforward to

show that in this case

r2da = —pdtorie T 4 L. (3.67)

Thus the upper limit of the LHS of (3.64) is also zero as r — oo. To satisfy the whole
equation (3.64), we now reach the same conclusion as in the AdS scenario, which is that

the electric part a must be zero everywhere.

Therefore, we have shown that the ENAP theory in both asymptotically flat and asymp-
totically AdS spacetimes possesses no dyons or dyonic black hole solutions. The proof
provided here breaks down for the EYM-AdS system, since the boundary conditions are
different. Indeed, regular and black hole solutions with non-vanishing electric part are

found in EYM-AdS sector [28], 29] 07].

§3.7 Stability analysis

In section 3.5, we presented numerical regular and black hole solutions of ENAP-AdS
theory. These solutions violate the generalized no-hair conjecture (see section 2.3) in the
sense that they look very similar to the Schwarzschild-AdS metric at infinity. However,
one needs to take the stability of these equilibrium solutions into account, if one were to
consider Bizon’s version of no-hair conjecture [25] (see details in subsection 2.3). Therefore,
in this section, a detailed analysis of the perturbed static regular and black hole solutions

of the ENAP equations in asymptotically flat and AdS spacetimes is discussed. We expect
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that the ENAP-AdS solutions, like the ENAP-flat and EYMH-AdS solutions, will be

unstable.

3.7.1 PERTURBATION EQUATIONS

We consider spherically symmetric perturbations of the static equilibrium solutions of the

ENAP-AdS equations by using the following notation
w = wo(r) + ewy (t, 1), (3.68)

and similarly for all the quantities in the theory, m, w, R, S, a, b, d. Here € is a small
parameter. We are now considering the full gauge potential ansatz (3.10). Recall that a,b
and d vanish for purely magnetic equilibrium solutions. The zeroth order in (3.68) e.g.,
wo(r), denotes the equilibrium solution. In this section, any variables with subscript “1”
denote the perturbed part of the variables. By substituting (3.68) and similar expressions
for the other field variables into the field equations (3.4, 3.6), the zeroth order gives the

static field equations (3.22-3.24). The linearised NAP field equations up to order € are

0= —TQROSOG/,{ + rRy <7°Sé — 250) a'1 + Sy (V“QMQ + 2&)8) al

+ TQROSOI.)& — 1Ry (7“56 — 250) i)l + QSowodl, (3.69)
L, 1 . 5  2wd vy , 2w
= - by — )by - =d) + =2d .

0 RoSgal RoS2 1 (,u + 2 |3 1+ 2 (3.70)
1 7 (ROSO)/ w2 -1 wo .

0= —d - R d” — ' 2 0 d _ R b/

ROSg 1 0ty SO 1+ {u+ ) 1+ Rosg al owoby
RpSy)’
_ (wo( ?9 0) + 2R0w6> by, (3.71)
0

0= —7“3(:«')1 + 7“3R353w£’ + 7“3R050(R050)/w£ — TR()Sg (3&)3 + 7“2u2 — 1) w1
— 2r2RoSawhm — 2rRoSy [wp (1Sy — So) + wiSor] ma

+ rPR2Sow) S| — rP R2ShwhSt, (3.72)
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where * denotes 0/9t and / denotes 0/0r. Another constraint equation comes from the

gauge condition i.e., V,A* = 0 (3.7), which reads

2R RoSp) 2
i1 — Robl, — (TO + M) b+ 5ds. (3.73)

0=——
RoSZ" So

Moreover m) and S| can be found explicitly from the (¢t) and (rr) components of the

Einstein field equations (3.4)

2 Row( 2 (1 + wo) (r*u? + (wo — 1) wo) 2wf?

m/l = o2 Owi + 02,2 w1 — 620 my, (3.74)
4Sowy, 2w

8] = 3 0wh + L5 (3.75)

One additional equation comes from the ¢r component of the Einstein field equations and

is given by

2R0w6
e2

Ty = 1. (3.76)

Integrating with respect to time, we obtain

2 Row!
my = egw0w1+f(r), (3.77)

where the arbitrary function F(r) can be determined by inserting (3.77) into (3.74). Hence

we obtain a first order ordinary differential equation for F(r)

F B _2w62

F o oer

(3.78)

The solution to this equation is

F = Kexp

r 12(~
- / 2“’02@ dr| . (3.79)
5, /0 e°r

Here K is a constant of integration. However the boundary conditions at the horizon or

origin require that every perturbation vanishes. Hence F(rp) or F(0) is zero from (3.77),
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therefore we have no choice but to set = 0. This means that F = 0 everywhere. Hence

mq (3.77) can be expressed as

2R0w6
e2

my = wi. (3.80)
The equations (3.69-3.75) can be separated into two sectors. The first sector (3.72, 3.74,
3.75) is called the gravitational sector and involves the perturbations wy,mi,S1. The
second part (3.69-3.71) and (3.73) is the sphaleronic sector, involving the perturbations
a1,b1,dy. In EYM theory with u = 0, the remaining gauge freedom allows us to set a; = 0
in the perturbation equations (3.69-3.72). However in ENAP theory, gauge invariance is
broken because of the mass term. Therefore in the ENAP theory, we simply cannot set
a1 = 0 because there is no gauge freedom left. In addition, the gauge condition V,A% =0

gives us an extra constraint equation (3.73).

In the next two subsections, we will discuss the gravitational and sphaleronic sector per-

turbations of solitons and black hole solutions in more detail.

3.7.2  GRAVITATIONAL SECTOR
As its name might suggest, the gravitational sector contains contributions from the per-
turbations of the metric functions mi, S and the gauge field w;. The equations belonging
to this category are equations (3.72, 3.74, 3.75). Moreover we use (3.74, 3.75, 3.80) to

eliminate the metric perturbations from (3.72) and use the static field equations (3.23,

3.24) to eliminate Sj), and w{) respectively. Finally, we can rewrite (3.72) as follows

0=~ + R3S2w! + RoSo(RoSo)'w) + V(r)w, (3.81)
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where

2 2,/ / 2 /
V(r) = RS2 15 3wy 8ptwy | Bwowp  8ptwowg
01y2 r2 e2r e2r3 e2r
Swiwh  ARpw?  ARLwWE  8Rowp!
22,3 2,.2 2 4,.2 (3.82)
e?r e?r e?r etr

This equation, in the limit ¢ — 0, agrees with the perturbation equation in the gravi-
tational sector of the EYM-AdS theory [194], [197]. We assume periodic time-dependent

perturbations with frequency o

wy(t, ) = e "l (r). (3.83)

From now on, w; will denote a function of one variable w;(r). We also define a tortoise

coordinate 7,

dr 1
= . 3.84
dr ROSO ( )

The tortoise coordinate r, ranges from 0 < r, < 7., where r. > 0 is a positive constant, for
solitons and —oo < 1y < 0 for black holes, in each case choosing an appropriate constant
of integration. Then the gravitational perturbation equation (3.81) takes the form

d2w1

2
oW = ———
dr?

—V(r)w. (3.85)
The condition for instability is having an imaginary frequency mode, i.e.

o <0. (3.86)

This is equivalent to exponential growth in time of (3.83). The problem reduces from a
linear partial differential equation (3.81) to a linear ordinary differential equation (3.85). In

fact (3.85) is in the Sturm—Liouville form with eigenvalue o2 when w; is required to satisfy
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some boundary conditions. Thus to find an instability in this sector, we need to solve (3.85)
for negative eigenvalue o2 while demanding that the corresponding eigenfunction w; must
vanish at each end-point, i.e. the perturbation does not change the asymptotic structure

of the spacetime.

Suitable boundary conditions for (3.85) are

wy ~ ¢ for r—0,

wy ~ (r—rp)? for r — rp,

wyp ~ 1P for r— o00,A <0,

wy ~el for r— 00, A =0. (3.87)

We require a, 8 > 0 and p,n < 0 so that w; vanishes at the origin (for solitons), event
horizon (for black holes) and at infinity. By substituting these into the perturbation

equation (3.85), a, 3, p and n are then determined to be

a =2,
iezrfla

(1 — w%h)Q — 627",21 + eQTﬁA +2(1+ woh)Qr%/ﬂ’

! [ 122
,0——2<1+ 1-— A)’

n=—Vu*—o? (3.88)

B=+

where wp, = wo(rp). Clearly these parameters (3.88) satisfy our requirements, i.e. o > 0,
p < 0 and n < 0. For f3, the sign is chosen such that Re(5) > 0 i.e., the perturbations
vanish on the horizon. Since a = 2 and the expression for g is regular when A = 0,
therefore, these boundary conditions at the origin and event horizon are applicable when
A = 0. In ENAP-flat theory, the static field variables decay exponentially rather than

polynomially [79] (see also equation (3.34) in subsection 3.4.2) at infinity. Thus we expect
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that wy should have different behaviour as r — oo in the ENAP-flat and ENAP-AdS cases.

With these boundary conditions, we are ready to solve the perturbation equation (3.85).
To do that we numerically integrate (3.85) from 0 (r) to oo for the regular (black hole)
cases. As one may observe, the complete profile of the unperturbed solution is necessary

to determine the solution of (3.85).

To solve equation (3.85), we initially construct the equilibrium solution wy and substitute
it back into equation (3.85). We integrate the perturbation equation outward from (near)
the origin, » = 10~ or non-zero r, to infinity. Then the shooting method is implemented
in order to find an eigenvalue o that satisfies the instability condition (3.86). We scan
for purely imaginary o for which w; vanishes at the end-points. Hence o will act as the
shooting parameter. Our intention is to show that each branch of solutions, i.e. ordinary-
node and quasi-node of solitons and black hole solutions, possesses at least one unstable
mode. That will be sufficient to show an instability of the solutions of the ENAP-AdS
theory. Note that the gauge coupling constant e and the black hole radius r, will be set

to 1 throughout the numerical calculation.

As mentioned earlier, the perturbation equation (3.85) is in Sturm-Liouville or self-adjoint
form. Thus we expect the following trend: for each eigenvalue O'Z-Q where ¢ = 1,2, 3... and
0? < 03 < 03 < ..., there is a corresponding eigenfunction (solution) with i — 1 zeroes. For
instance the lowest eigenvalue 0% will correspond to the “nodeless” eigenfunction wy(r).
To prevent the confusion that might occur, we will denote the number of zeroes of the

perturbation mode wy as “N”.

3.7.2.1 Asymptotically flat solutions
In [79], it is stated that spherically symmetric smooth and black hole solutions of ENAP in
asymptotically flat are unstable. However they did not present a detailed stability analysis

of those solutions. Thus in this section, integration of the perturbation equation (3.85)

of the gravitational sector for the ENAP-flat theory will be performed. The perturbation

103



3.7. STABILITY ANALYSIS

equations discussed above reduce to those for the ENAP-flat case when the cosmological
constant is set to zero.

Gravitational sector: Regular solution n = 2, = 0.02
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Figure 3.12: Two unstable modes of the asymptotically flat n = 2 regular solution for
fixed 4 = 0.02, (a) N = 1 eigenfunction w; with corresponding frequency o? = —11.682,
(a) nodeless mode N = 0 with frequency o? = —75.202.

Here we present examples of numerical results which confirm the statement made in [79]
that spherically symmetric solutions are linearly unstable. First, N = 1 and N = 0
unstable modes of the n = 2 regular solution with Proca mass g = 0.02 are shown in
Fig 3.12. Additionally, according to the Sturm-Liouville theorem stated above, these two
unstable modes are expected to correspond to the first two lowest possible eigenvalues.
Moreover, the corresponding eigenvalues o2 satisfy the instability condition (3.86), thus
the results in Fig 3.12 show that this particular equilibrium regular solution is unstable.
In addition, the instability of a quasi—n = 1 regular solution is demonstrated in Fig 3.13.

In this case, the mass of the gauge boson is fixed to be 0.04454.

For the black hole case, we consider an n = 2 solution when g is set to be 0.017. The two
lowest eigenfunctions N = 1 and N = 0 are plotted as functions of radius in Fig 3.14(a)

and Fig 3.14(b) respectively. The N = 0 unstable mode of the n = 1 black hole with Proca
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mass = 0.1233 is illustrated in Fig 3.15. We clearly see that in the example plots |o?| for
the black holes is significantly smaller than |02| of the solitons. While in EYM-flat, |o2|

for both solitons [167] and black holes [I68] seems to be of the same order of magnitude.

Gravitational sector: Regular solution quasi—m = 1, = 0.04454
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Figure 3.13: Lowest unstable mode of a quasi—n = 1 regular solution of the asymptotically
flat ENAP equations for fixed p = 0.04454 with eigenvalue o2 = —20.011.

Black hole solution n = 2, u = 0.017
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Figure 3.14: Two unstable modes of an asymptotically flat n = 2 black hole solution for
fixed = 0.017, (a) N = 1 eigenfunction w; with corresponding frequency o2 = —0.0009,
(b) nodeless mode N = 0 with frequency o? = —0.113.
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Gravitational sector: Black hole solution n =1, u = 0.1233

0?=-0.0005

1 2 5 10 20 50 100 200
Radius

Figure 3.15: Lowest unstable mode of an n = 1 black hole solution of the asymptotically
flat ENAP equations for fixed p = 0.1233 with eigenvalue o2 = —0.0005.

3.7.2.2  Regular solutions

We now investigate the stability of solitons in ENAP-AdS theory in the gravitational
sector. In particular, Fig 3.16(a) and Fig 3.16(b) illustrate unstable modes of an n = 2
soliton solution with Proca mass p = 0.02 and cosmological constant A = —0.005. It is
clear to see that wy vanishes at the origin and as r — oco. Additionally these eigenfunctions
wy correspond to the two lowest possible eigenvalues o? and o3 in accordance with the

Sturm-Liouville theorem.

More examples of unstable modes for various equilibrium solutions are shown in Fig 3.17.
In these plots, we investigate the first two unstable modes of n = 2 regular solutions for
fixed Proca mass p = 0.02 and cosmological constant A = —0.001. For ordinary branch
regular solutions of EYM-flat and EYMH-flat theories, the number of unstable modes in
the gravitational sectors is equal to the number of nodes of the equilibrium solutions wy
[115, 123]. Therefore, n = 2 regular solutions are expected to have two unstable modes

2 are less

(N =1and N =0). For N =1 eigenfunctions, the corresponding eigenvalues o
negative than those of the N = 0 eigenfunctions. For the N =1 case, the zero of w; is at

roughly the same location as we vary p or A. In addition, in Fig 3.17 we see that, the less
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Gravitational sector: Regular solution n = 2, = 0.02, A = —0.005
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Figure 3.16: The first two unstable modes of wy, (a) N = 1 eigenfunction with o2 =
—4.647, (b) nodeless eigenfunction with o2 = —49.303 for an n = 2 regular solution with
u=0.02 and A = —0.005.

negative the value of ¢ is, the smaller the peak of w; is. However, since we have a linear

equation for wq, the overall scale is not important.

In EYMH-flat theory, for the quasi—n branch, a quasi—n = n — 1 solution has n — 1
unstable modes in the gravitational sector [123]. Thus, the quasi—n = 1 regular solution
might be expected to have only one unstable mode (N = 0). This result is illustrated in
Fig 3.18, where a nodeless eigenfunction w; is shown. The corresponding eigenvalue o2 is
—7.892. In addition, in Fig 3.19 various equilibrium solutions are explored for fixed Proca
field mass p = 0.02 and varying A Fig 3.19(a), and for fixed A = —0.001 and varying p

Fig 3.19(b). One can see from these plots for quasi—n = 1 solution that, the less negative

the value of o2, the smaller the peak of w;.

Our results in Fig 3.16-3.19 provide strong evidence that the solitonic solutions of the
ENAP-AdS equations are linearly unstable in the gravitational sector, since, we have
shown that all regular solutions studied here have perturbation modes with o2 < 0. We

also remark that all n = 2 solutions seem to have exactly two unstable modes. However,
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we can only find one unstable mode for the quasi—n = 1 branch.

Gravitational sector: Regular solution n = 2
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Figure 3.17: The first two lowest unstable modes wy for n = 2 equilibrium regular solutions,
(a),(¢) N =1and N = 0 eigenfunctions for fixed p = 0.02 and varying A, (b),(d) N =1
and N = 0 eigenfunctions for fixed A = —0.001 and varying pu.
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Gravitational sector: Regular solution quasi—n = 1, = 0.02, A = —0.005
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Figure 3.18: Nodeless eigenfunction with 02 = —7.892 for a quasi—n = 1 regular solution

with fixed p = 0.02 and A = —0.005.

Gravitational sector: Regular solution quasi—n = 1
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Figure 3.19: Nodeless eigenfunctions w; for quasi—n = 1 regular solutions, (a) fixed

1 = 0.02 and varying A, (b) fixed A = —0.001 and varying .

3.7.2.8 Black hole solutions

The stability of the black hole solutions in ENAP-AdS theory is now investigated. In a
similar way to the regular solutions, in this case an exponentially growing in time mode

with eigenvalue that satisfies (3.86) is expected for each branch of solutions. The relevant
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branches are n = 2, quasi—n = 1, n = 1 and quasi—n = 0 black hole solutions. For the
black hole case, the number of unstable modes and the number of nodes of the equilibrium
solutions are expected to be connected in the same way as in the regular case. For example
we expect that an n = 2 black hole solution has two unstable modes and a quasi—n =n—1

solution has n — 1 unstable modes.

Gravitational sector: Black hole solution n = 2, = 0.01, A = —0.001
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Figure 3.20: The unstable modes of an n = 2 black hole solution, (a) N = 1 with
0? = —0.001, (b) N =0 with 02 = —0.114.

For an n = 2 black hole solution, the first two unstable eigenfunctions are plotted in
Fig 3.20, namely, an N = 1 and a nodeless perturbation (Fig 3.20(a),(b) respectively)

with corresponding eigenvalues o2 = —0.001,—0.114. To illustrate more examples of

equilibrium n = 2 black hole solutions, Fig 3.21 shows the first two lowest eigenvalues o2
for n = 2 black hole solutions with fixed Proca mass p = 0.01 and varying A (left panel),
and fixed cosmological constant A = —0.0004 and varying mass of the vector boson p

2

(right panel). From these plots, we see that as 0 increases, the peak of w; increases. This

trend however, does not follow in Fig 3.21(d). We also notice that the eigenvalues in the

black hole case have much smaller magnitudes than in the soliton case.
For n = 1 and quasi—n = 1 solutions, only one unstable mode is expected to be found

110

10°



CHAPTER 3. EINSTEIN-NON-ABELIAN-PROCA THEORY IN ADS SPACETIME

in each case. In Fig 3.22, nodeless (N = 0) eigenfunctions are plotted with eigenvalue
0% = —0.070 and —0.090 respectively for an n = 1 and a quasi—n = 1 black hole. Fig 3.23
and Fig 3.24 display examples of N = 0 eigenfunctions for various n = 1 and quasi—n = 1
black hole solutions for different values of A and j. In these plots, we observe that as o2
becomes larger, the peak of the eigenfunction w; increases. We observe that |o2| for the

N = 0 modes in the n = 1 and quasi—m = 1 cases are smaller than the N = 0 modes in

the n = 2 cases.

We have shown that all the black hole solutions considered so far in this section, namely
n = 2,n = 1 and quasi—n = 1 branches, are unstable. We find exactly two unstable
modes (N =1 and N = 0) for n = 2 black hole solutions while only one unstable mode
is found for the n = 1 and quasi—n = 1 solutions. For the quasi—n = 0 solution, our
numerical code can not find an example of an exponentially growing mode which satisfies
the boundary conditions. Hence the stability of the black hole solutions in the quasi—n = 0
branch remains unclear at this point. This should not be too much of a surprise, since
the quasi—n = 0 solutions should have zero unstable modes in the gravitational sector
according to the work done by Mavromatos and Winstanley [123] for EYMH-flat theory.
Hence, in order to determine whether the quasi—n = 0 branch of solutions is stable, we

need to consider the sphaleronic sector of perturbations.
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Figure 3.21: The first two lowest unstable modes of w; for n = 2 equilibrium black hole
solutions, (a),(c) N =1 and N = 0 eigenfunctions for fixed x = 0.01 and varying A,
(b),(d) N =1 and N = 0 eigenfunctions for fixed A = —0.0004 and varying .
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Gravitational sector: Black hole solution
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Figure 3.22: Two unstable modes of an n = 1 (left) and a quasi—n = 1 (right) black hole
solution, (a) nodeless perturbation mode with ¢ = —0.070, u = 0.03, A = —0.02, (b)
0% =—-0.090, 1 =0.01, A= —0.0002.

Gravitational sector: Black hole solution n =1
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Figure 3.23: Nodeless eigenfunctions w; for n = 1 black hole solutions, (a) fixed p = 0.03
and varying A, (b) fixed A = —0.01 and varying u.
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Gravitational sector: Black hole solution quasi—n = 1
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Figure 3.24: Nodeless eigenfunctions wy for quasi—n = 1 black hole solutions, (a) fixed
1= 0.01 and varying A, (b) fixed A = —0.0004 and varying pu.

3.7.3 SPHALERONIC SECTOR

Instead of dealing with a single equation as in the gravitational sector, we now have
four equations (3.69-3.71) and (3.73) considered to be in the sphaleronic sector. In fact
equation (3.73) is a consequence of the other three. Therefore only the first three equations

(3.69-3.71) need to be considered for the stability analysis.

First we need to put these equations into a more manageable form. We introduce the

following quantities (¢, v,£,n)

di—bi=1, a+5=E b+ =n  di=wo. (3.89)

Under the gauge transformation (3.17), d; transforms as

dy = woy — woy + wof3,

oy =y + B (3.90)
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The other field variables ¢,{ and 7 are unchanged by the gauge transformation (3.17).
The perturbed field equations (3.69-3.71) can be rewritten in term of these new variables

as

0= —r*RoSot)’ +1Ro (rSh — 250) & — Sor? 5 + So (r?u® + 2u5) &, (3.91)
1 . 2w?
0 (220 2./, 3.92
ROSST’Z) (,u - 7'2>77+'u7 ( )
RySy) wo
0= 2y — Rowor! — [ 2Row, + £00050) —o5&- 3.93
wry o0wWoT) ( 0Wp + SO n+ R0502§ ( )

By redefining 1) = x and £ = O, then integrating with respect to time, we can rewrite

(3.91) as

202 Sk 2
Py = <u2+—20>®+Ro (—0——>x—Rox’- (3.94)
r So T

Note that an arbitrary function of r has been set to zero in the above equation. We have
freedom to add any arbitrary functions of r to x and to © without changing the physical
perturbations ¥ and £. We then use the first freedom to eliminate an arbitrary function
of r in (3.94). We remark that n = —x + ©’. This implies that = —y 4+ ©’ where we use
the second freedom to fix an arbitrary function of r in this expression. Equation (3.94)

can be used to eliminate v from the other two (3.92, 3.93), they now read

_ X " / @ _ ROS(I) /
0 R Sg + ROX + <R0 + , SO X
2w 2R, 2R! RoSH\' 2w\’
2 0 0 0 0°0 0
_ @ " (ROSO)/ 2R0w/0 / 2 20-)8 © Ro(l +WO) ’
! Rosg_R0@_< So " wo o e wo+ w N
RoSo)  2Row) = 2Ry RyS!
4 (Hodo) | 2Rowp 2Ry oSy X (3.96)
SO wo rwo W(]So
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Next, periodic time dependent perturbations with frequency ¢ are introduced

x(t,r) = ety (r), O(t,r) = e O (r). (3.97)

Therefore equations (3.95) and (3.96) become

2R, RoS{ 208 2R
o*x1 = —R3Six| — RoS) <—0 + Rjy— 2220 0> X} + RoS? </uc2 + % + =0
r So T r
2R/0 R056 ' 2 2&)3 !
- T <—50 X1+ RoSo | —57 ) O, (3.98)

2Ry Sow} 202\ ©
0?01 = —R2S520" — RyS, (000700“10 n (ROSO)’> ©) — RyS? (/ﬂ n %> S1

n R%Sg(l + WQ) , (R()So), 2R0w6 2R, ROSé) (3.99)

X1 + RoS§ ( + +— -
So

wo wo TwWo wo SO

The system of perturbation equations has now been reduced to two equations (3.98, 3.99)
for two unknown variables y1,0;. We have a coupled system of linear second order
differential equations. It turns out that we have not been able to put these two equations
(3.98, 3.99) into self-adjoint form via a change of variables. Thus here in the sphaleronic
sector, Sturm-Liouville theory cannot be applied to this case. This non-self-adjointness
means that the analytical techniques used to obtain the connection between the number
of unstable modes and the number of nodes of the static solutions (n) in EYM-flat theory

[187] are no longer valid.

To proceed further, note that equation (3.99) will diverge when wy has a zero. To avoid

this difficulty, we redefine the field variable such that ©; = €. Equations (3.98) and

wo
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(3.99) are then given by

2R Ry} 2w§ | 2R
o2x1 = —R2S2x) — RoS? (TO A o) RS2 (MQ L 298, 2R
0 r r
2R! RnS’ ! Qw2 I
- TO T (%) >X1 +woRoS§ (T—QO> O1, (3.100)

- - - 1 2 2\
0?01 = —R§ S50/ — RoSo(RoSo) O} + RoS§ <M2 i =0 ﬂ) O,

2 T2
2.a2 /
+ RgSo (1 + wo) X

/
(RO*‘SS"(;) wo +2R0w6+

(3.101)

2 /
+ Ry S? ( Fo ROSO)

S
These equations are now regular when wg has a zero. By demanding that the field variables

x1,©1 must vanish at each end-point, we have the following boundary conditions for

ENAP-AdS
X1~ Oy ~ r?, for r — 0, (3.102)
xi~ (=), O~ (r—m)P, for r — rp, (3.103)
x1~r?, 01 ~ 1, for r — oo. (3.104)

The constants 5 and p are defined in the same way as (3.88). Note that the behaviour
at 7 — 7, and 7 — oo of the sphaleronic sector perturbations is the same as those in the
gravitational sector. However, at the origin, they behave differently. We need to numer-
ically integrate equations (3.100, 3.101), aiming for an eigenvalue o2 and eigenfunctions

which satisfy these boundary conditions.

Here in the sphaleronic sector, we consider only the quasi—n = 0 branch of black hole
solutions since we have already presented numerical evidence that the other branches of
solutions are unstable. Fig 3.25 shows two unstable modes, i.e., N = 2 and N =1
eigenfunctions, for the quasi—n = 0 black hole solution with Proca mass p = 0.03 and

cosmological constant A = —0.075. It can be clearly seen that both y; and ©; vanish at
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the horizon and infinity, as expected. In addition a small window is given in Fig 3.25(b)
to show that both matter perturbations in this case have one zero (N = 1). These results

clearly demonstrate that this particular black hole solution is unstable since o < 0.

More results on the instability of quasi—n = 0 black holes for various fixed values of i and
A are displayed in Fig 3.26 and Fig 3.27. In the former figure, two unstable eigenfunctions
N =2 Fig 3.26(a) and N = 1 Fig 3.26(b) are plotted for black hole solutions with fixed
Proca mass . = 0.03 and varying A. Note that in Fig 3.26(b), the perturbation fields y1
and ©; have been re-scaled by factors of 10~ and 10~% when A = —0.04 and A = —0.02
respectively. This can be done, since the perturbation equations (3.100, 3.101) are linear in
x1 and ©;. In Fig 3.27, on the other hand, we show the instability of black hole solutions
for fixed cosmological constant A = —0.01 and varying mass p. In this case, only N = 2

perturbation modes are found by our numerical codes.

Some general behaviour can be observed from the perturbation plots in the sphaleronic
sector. First, ©; is generally larger in magnitude than y;. Second, perturbations vary
more with changing A or p than in the gravitational sector. Furthermore, changing A or
u affects ©1 more than y;. Finally, we remark that all quasi—n = 0 solutions investigated

here are linearly unstable since all the o2 discovered have negative values.
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Sphaleronic sector:

Black hole solution quasi—m = 0, p = 0.03, A = —0.075
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Figure 3.25: N = 2 and N = 1 perturbation modes with o2 = —0.006, —0.746, respectively
for a quasi—n = 0 black hole solution with u = 0.03, A = —0.075. A subplot in the right-
hand figure shows the behaviour of the perturbation variables near the black hole horizon.
Note that x; and © are denoted by red and blue colours respectively.

Sphaleronic sector: Black hole solution quasi—n = 0
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Figure 3.26: Two unstable modes (a) N = 2 and (b) N = 1 of quasi—n = 0 black hole
solutions for fixed p = 0.03 and varying A. A subplot in the right-hand figure shows the
behaviour of the perturbation variables near the black hole horizon. Note that x; and ©;
are denoted by red and blue colours respectively.
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Sphaleronic sector: Black hole solution quasi—mn = 0
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Figure 3.27: N = 2 eigenfunctions of quasi—n = 0 black hole solutions for fixed A =-0.01
and varying p. Note that y; and ©1 are denoted by red and blue colours respectively.

Combining these instability results for quasi—n = 0 black hole solutions in the sphaleronic
sector and the results for regular and black hole solutions in the gravitational sector in
subsection 3.7.2, we conclude that spherically symmetric regular and black hole solutions
of SU(2) ENAP in asymptotically AdS are unstable against linear, spherically symmetric

perturbations.
§3.8 Summary

In this chapter, SU(2) Einstein-non-Abelian-Proca theory in asymptotically AdS space-
time was considered. This configuration reduces to EYM theory in AdS spacetime if the
Proca mass 4 = 0 and goes to ENAP in asymptotically flat spacetime if A = 0. We
presented new spherically symmetric regular and black hole solutions of the ENAP-AdS
equations. We also presented examples of regular and black hole solutions of the ENAP-
flat equations [79] as well. These solutions are found numerically by using the standard
one-parameter shooting method. The solutions are classified by the number of zeroes of w.
The restriction due to the boundary conditions for regular solutions rules out the gauge
field function odd-node solutions. This property has also been observed in asymptotically

flat regular solutions [79]. In addition, we find that the hairy black holes with non-zero A
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violate the generalized no-hair conjecture [197]. This is because these new hairy black hole
solutions are not distinguishable from the Schwarzschild-AdS black hole when observed at

infinity.

In section 3.6, we also provided an analytic proof that confirmed the non-existence of
dyonic solutions of the ENAP theory. Our result holds for asymptotically flat and asymp-
totically AdS spacetimes. In section 3.7 we discussed the methodology for finding an
instability of solitons and black hole solutions in the ENAP-AdS theory. We found that
the solutions investigated numerically are linearly unstable against small perturbations in
either the gravitational or sphaleronic sector. Moreover, for the asymptotically flat ana-
logues, both regular and black hole solutions were shown to be unstable. This confirms
the statement made in [79] where they expected the solutions of the ENAP-flat equations

to be unstable.

Despite the fact that our solutions violate the generalized no-hair conjecture, however, one
might suggest that the no-hair conjecture still holds since these solutions are unstable, so
they are physically irrelevant. If one consider Bizon’s no-hair conjecture [25] where the
stability of solutions is taken into account, these solutions found in ENAP-AdS theory are

irrelevant since they are not stable.

To conclude, a number of self-gravitating solutions involving non-Abelian gauge fields have
been found in the literature. However, most of them are unstable, including solutions in
EYM-flat, ENAP-flat/AdS (as illustrated in this chapter) and EYMH-flat/AdS theories.
On the other hand, only EYM in asymptotically AdS seems to have stable solutions [194].
Moreover, EYM-AdS black holes also possess non-trivial global charges at infinity. In
addition, these charges characterize stable solutions [I59]. Thus, these stable solutions

support the generalized no-hair conjecture.
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Chapter 4

Einstein-charged-scalar theory in a

cavity

§4.1 Introduction

It was shown in section 2.6.1 that a massless complex scalar field on a Reissner-Nordstréom
background with a reflecting boundary experiences a superradiant instability. However,
the final fate of the charged superradiant instability remains unknown. This chapter will be
devoted to answering this open question. Our main goal is to explore possible end-points

of the charged superradiant instability with a mirror-like boundary.

We start by considering a self-gravitating system consisting of a massless charged scalar
field and an electromagnetic field in a cavity. Four coupled field equations of the Einstein-
Maxwell-Klein-Gordon (EMKG) action are derived in section 4.3. We find the correspond-
ing boundary conditions near the origin (for solitons), the event horizon (for black holes)
and at the mirror. By performing a fully numerical integration of these field equations,
static spherically symmetric solitons and hairy black holes are obtained. These numerical
solutions are not asymptotically flat because we impose a mirror-like boundary condi-

tion at some radius. In fact, we provide an analytic proof in subsection 4.3.3 that an
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asymptotically flat solution of the EMKG system is either Minkowski spacetime or a bald
Reissner-Nordstrom black hole. In section 4.4, we present numerical results for solitons
and hairy black holes. By demanding that the scalar field must vanish at the location
of the mirror, we obtain soliton/black hole-in-a-cavity solutions. For the majority of this

work, the mirror will be located at the first zero of the equilibrium scalar field.

To confirm that these solutions can be possible end-points of the charged superradiant
instability, we investigate the stability of the equilibrium solutions in section 4.5. All the
field variables including the metric functions now become time-dependent, and all the field
equations are re-derived. By assuming spherically symmetric metric, scalar and electric
potential perturbations, in subsection 4.5.2 we derive dynamical equations to first order in
the perturbations. We find that the metric perturbations can be expressed in terms of the
matter perturbations (scalar field and electric potential). We make use of this to obtain two
dynamical equations and one constraint equation which govern the evolution of the linear
perturbations. Time-periodic and ingoing boundary conditions are assumed for solitons
and hairy black holes respectively where in both cases the scalar perturbations are required
to vanish at the mirror. Three master equations together with these boundary conditions
form an eigenvalue problem. This eigenvalue problem is then solved by the numerical
shooting method (see details in Appendix A). The numerical analysis of the stability of
the solitons and hairy black holes is discussed in subsections 4.5.4 and 4.5.7 respectively.
By working in the frequency domain, our numerical results reveal the following. Firstly,
when the mirror is fixed at the first node of the equilibrium scalar field, we find both
stable and unstable soliton solutions. The stability depends on the free parameters in the
theory. Secondly, for the black hole solutions we have considered in this work, we find no
evidence which suggests that these black holes are unstable when the mirror is located at
the first node of the scalar field. In contrast, when the mirror is fixed at the second node,

unstable modes are found.
Most of this chapter is based on the following works [140] for solitons and [61] for black
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holes.
84.2 Basic equations

We consider a fully coupled system consisting of gravity, an electromagnetic field and a

massless complex scalar field. The action is described by
R 1 a 1 a * gk
S = /\/—g [5 -3 L F — 59 bD(a<1> Dy ® d*z, (4.1)

where R is the Ricci scalar. The Faraday tensor and gauge covariant derivative are given

by

Fopy =V, Ay — ViyA,, (4.2)

Dy = V4 —iqA,, (4.3)

with V, is standard covariant derivative, A, is the electromagnetic vector potential and
q is the charge of the scalar field ®. Round brackets denote symmetrization, X, =

% (Xab + Xba)'

Varying the action (4.1), the Einstein equations, Maxwell equations and Klein-Gordon

equations are obtained

Gap = Ty + Ty, (4.4)
V. F® = J°, (4.5)
DoD*® =0, (4.6)

where the energy momentum tensor of electromagnetic field, scalar field, and the field
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current J® are defined by, respectively

1

Top = FacFy© = 90 FeaF™", (4.7)
* * 1 * *

T3 = D}, Dy® — Sgu [gcdD(ccb Dd)q>] , (4.8)

Jo = % [@*D® — &(D®)"] . (4.9)

The asterisk * denotes complex conjugate. We note that the energy momentum tensor
defined above is covariantly conserved, i.e. V,T%, since the Einstein tensor is divergence-

free. Moreover one can see that the current J* is also conserved, by considering

2V Vo™ = ViV F® = VoV F™ = g™ (ViVoFug = VaViFua) ,
= g*g™ (F taRY cap + Fop R dab) ;
= g"F" Rycap + 9" F Rpgap,
= —g"FIRoper + 6" F Ryuqy,
= —FI"Ry; + FY Ry,

=0, (4.10)

where the contraction between a symmetric and an anti-symmetric tensor yields zero.
The Ricci tensor is defined by Rg, = R¢aep. This simple proof shows that V,V,F%® = 0.

Therefore the Maxwell equation (4.5) implies that V;J? = 0.

The action (4.1) is invariant under a U(1) gauge transformation. Both the scalar field ®

and gauge potential A, are defined up to the gauge freedom
b — eiXCD, A, — Ay, + q_lxﬂ, (4.11)

where x is any (real) scalar field. This freedom will be used later when we consider static

equilibrium solutions and time-dependent, spherically symmetric perturbations.
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84.3 Field equations and boundary conditions

4.3.1 FIELD EQUATIONS

We now consider static spherically symmetric spacetimes defined by
ds® = —fhdt® + f~Ldr? + r%(d6? + sin® 0 dp?), (4.12)
where f = f(r) and h = h(r). The metric function f can be written as

fry=1- ) (4.13)

where m(r) can be interpreted as a total mass within the given radius r (see also the
discussion in subsection 4.5.5). The scalar field is assumed to be real, thus we may write
® = ¢(r) for a static equilibrium solution. Since the spacetime is spherically symmetric,
Ag and A, can be set to zero. We also fix A, = 0 by using the gauge freedom defined in

(4.11). Therefore, the gauge potential is given by
Aq = [Ao(r),0,0,0]. (4.14)

Instead of using the standard Einstein field equations (4.4), we could instead consider in

the trace-reversed version which is given by

Rayy=Th + T2 (4.15)
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where Ty = Thp — % gapT and T = g T = T°,. Here we give the relevant components of

the Ricci tensor:

3 B2 2nf" 2fH
RO(]:i(hf//‘{‘fh//‘{‘_f/h/—f( ) _|_ f+ f >’
2 2h r r
1 f(n)?  2nf’
R — h " h// h/
= Tom ( frr g f oh ’
h
Rop = — <fh+ S+ —(f—1)> ) (4.16)
and the trace-reversed energy-momentum tensor 7y:
1
T = 2fE2, Too = ¢* A3,
1
TF — _E2 Tq> — /\2
11 2fh 1= ()7,
- r2E2 -

where a prime’ denotes d/dr and E? = (A})?. The spherical symmetry of the metric (4.12)
implies that Rz3 = sin? # Ry and the same holds for the corresponding components of the
stress tensor. We can obtain a first order equation in h by considering f~2Rgg + hRy;.

Also, Ras gives a first order equation in f. Therefore, we obtain four static field equations

W= (qéf‘b)Q + h(¢’)2] , (4.18)
E2:—§ [f’h+1fh’+ﬁ(f—1)}, (4.19)
0= fA] + (27;’0 J;Z) A — ¢*$* Ay, (4.20)
0:f¢”+< g +fh>¢+(q}42)2¢, (4.21)

We remark that the first two equations (4.18, 4.19) are the results of trace-reversed Einstein
field equations (4.15). In addition, we find that the rr—component of (4.15), which gives

a second order equation in f, is merely a consequence of the other components of the

128



CHAPTER 4. EINSTEIN-CHARGED-SCALAR THEORY IN A CAVITY

Einstein field equations (4.15), hence it is redundant. The only non-vanishing component
of the Maxwell equations (4.5) is shown in (4.20) and the Klein-Gordon equation (4.6) is
given by (4.21). If the scalar field vanishes identically ¢ = 0, the only static spherically
symmetric solution representing a black hole solution of these equations is the Reissner-

Nordstrom metric. This can be seen by setting

2M  Q?

f=1-"24 5 h=1, A= -9
T T T

, (4.22)

where M and @ are total mass and electric charge respectively. See subsection 4.3.3 for

more a detailed analysis of this.

The equilibrium field equations (4.18-4.21) possess two scaling symmetries. First we shall

consider the length scaling symmetry. We define two new variables R and Q by
r=LR, ¢=L"'Q, (4.23)

where L is an arbitrary length scale. This transformation leaves f, h, Ag and ¢ unchanged.

Under this re-scaling, the static equations (4.18-4.21) become

- 2
dh QAo o \?
2 n () (2.

dAo\?> 2 [df 1 . dh h
(G8) =% |3+ 3 g5+ U1,

R |dR 2°dR R

L d? 4 2f  f dh\ dAy =5 5
O_de2+<§_%E>ﬁ_Q¢A°’

e (2f df | f dh) do  (QAp)?
O—fd—RQ—F(E—FE—F%ﬁ)E—F h o. (4.24)

We see that the field equations (4.18-4.21) are invariant under the transformation (4.23).

In addition, a time scaling symmetry can be seen by introducing new variables H and Ag
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by
h=T7"2H, Ag =T ' Ay, (4.25)

where T is an arbitrary time scaling for which f, ¢ and ¢ remain the same. Inserting (4.25)

into the equilibrium field equations (4.18-4.21) gives the following

H =r [(qA0¢>2 +H(¢’)2] ,

f
(o) =2 | e g 2 - ).
0= fA!+ (? SpL ) Ay — P8 Ao,
o 1" 2f / fH/ / (Q-AO)2
0=fo +<7+f+ﬁ>¢+ FH b, (4.26)

which are identical to the static equations (4.18-4.21). These scaling symmetries will
become useful when the boundary conditions corresponding to solitons and black holes

are discussed.

4.3.2 DBOUNDARY CONDITIONS

With a non-zero scalar field, equations (4.18-4.21) cannot be solved analytically. As will
be seen later, however, these equations are solvable by a numerical method. To construct
solutions representing solitons and black holes, boundary conditions on the field variables

m, h, Ag, ¢ at the origin, event horizon and mirror are required.

Origin: We assume that all field variables and all physical quantities (electric field strength,

curvature etc.) are regular. With these assumptions, regular Taylor series expansions of
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the field variables for small r are given by

m(r) = mg + myr + mar? + mar® + O(r?),
h(r) = ho + hir + hor? + O(r?),
Ao(r) =ap + arr + asr® + O(’I“g),

d(r) = ¢o + 17 + ¢or® + O(1°). (4.27)

The constant my must be zero otherwise the metric function f (4.13) will diverge at the
origin. The regularity of the Ricci scalar R at r = 0 requires that m; = mo = 0. In
addition, equations (4.18, 4.20, 4.21) imply that hi, a; and ¢, are all zero respectively.
All remaining undetermined parameters are specified by inserting the series expansions

(4.27) into the field equations (4.18-4.21). We thus obtain

2,2 9
_ (€95 3 4
m_< 12hg >T o),

242 2

h=ho + (—q Q;OCLO) 2+ 0(r),
2 412

Ao=ao+ (249 124 00)

¢ = ¢o— (%ﬁ) 2+ 0(r?), (4.28)

where hg,ag and ¢ are arbitrary constants. The only restriction is hg > 0, to preserve
the signature of the metric (4.12). Normally h(r) — 1 as r — oo in an asymptotically flat
spacetime, however our solutions are not asymptotically flat. Therefore, we make use of
the time scaling symmetry (4.25) to set hg = 1 without loss of generality. This leaves ag

and ¢g as two free parameters.

Event horizon: We assume that there is a regular event horizon defined by f(r;) = 0 and
f'(rp) > 0. This means m(r,) = my = 4. To avoid a singularity in the field equations at

r = rp,, we must set Ag(r,) = 0. Moreover we can set h(rj,) = 1, without loss of generality,
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since this is equivalent to re-scaling the time coordinate ¢ (4.25). Equation (4.21) implies
that ¢'(rp) = 0. Therefore Taylor series expansions of the field variables around r = ry,

are given by

m = my, +m)(r —rp) + O — )2,

h=1+ h%(r —rp) +O(r — ’I“h)2,
"
Ao = Ep(r —mp) + Th(r —rp)? 4+ O(r — )3,
/!

¢ =on+ %(T — )2+ O(r —rp)?, (4.29)

where Ej, = Aj(rp) is the electric field on the horizon. By substituting these expansions

back into the field equations (4.18-4.21) we obtain

2 12

m/ _ 70hEh

h — 4 )
B = 4q2r2¢iE,%

(25— 2)"

" _ 2Ep 2q27°}2l¢i -1

h Th (T%Eﬁ —2)2 ’
2¢hq27";2LE;2L
(’I“}QLE]% —2)2°

Oh = (4.30)

The boundary conditions at the horizon are determined by the four parameters ry, q, Ey,

and ¢p,.

Mirror: At the mirror’s location r = r,,, we only require that the scalar field vanishes

¢(rm) = 0. (4.31)

There is no constraint on the rest of the field variables f, h and Ay at the location of the
mirror, except that they must be finite. With the condition (4.31), one ensures that the

electromagnetic current J (4.9) is zero at the mirror, so this is the appropriate reflection
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condition.

4.3.3 NON-EXISTENCE OF ASYMPTOTICALLY FLAT SOLUTIONS

In this subsection, we provide an analytic proof that asymptotically flat, static spherically
symmetric solitons and hairy black holes do not exist in Einstein-Maxwell-Klein-Gordon
theory. The results of [14] do rule out non-trivial asymptotically flat black holes in EMKG
theory. We note that the generalization of Bekenstein’s result [14] was done later in [124].
By focusing on a spherically symmetric configuration, here we mainly follow the method

of [14] and show that it can be extended to rule out both solitons and black holes.

We begin by assuming that both the electric potential Ay and the scalar field ¢ are not
identically zero. Later in this subsection, we will consider the case where one of Ay, ¢ (but
not both) vanish identically. We mention that if A9 = 0 and ¢ = 0, then the only static

spherically symmetric solution is either Minkowski or Schwarzschild.

By multiplying the static scalar field equation (4.21) by the factor —r2¢\/h, we can inte-
grate from r = 0,7, to 7 = oo, where the lower limits » = 0,7}, are relevant for the soliton

and black hole cases respectively. We find

0:/0°° [_(bd% (Tzf\/w) (grAog)® dr

sTh f\/_

) o) 2

—[-revhos]” 4 | [ﬂ fVhg? - ardod)
Th Ovrh

ING dr, (4.32)

where we have used integration by parts. By multiplying the electromagnetic field equation

(4.20) by the facto 40 and integrating from r = 0,7, to r = oo, we find

Vh'
[ [ ()25

00 2 A2 2
] s [ [ e
0,rp 0,rn

Vh fVh
Once again, we have applied integration by parts. The field variables f,h, ¢ and ¢’ must

dr

dr. (4.33)
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be finite at the origin and also h is non-zero at the origin. The metric function f and
the electric gauge potential Ay vanish at the horizon r = r,. Therefore, there is no

contribution to the boundary terms in (4.32, 4.33) when r = 0 and r = 7p,.

Our spacetime must approach the Minkowski metric as r — oo (if an asymptotically flat

solution exists). Therefore, we require the metric functions f and h to behave like
f=14+0(@""7), h=1+0(r""), (4.34)

as r — 0o, where p > 0. The notation O(r~") used above refers to the largest subleading
term in one of f or h. We do not assume that this is the largest non-unity term in both f
and h. Thus, it is possible that in (4.34), one (but not both) of the O(r~") terms should
be o(r~*). To prevent the confusion that might occur, we will use the notation O(r~*) for

some p where this means “no larger than r=* as r — 00”.

We now consider the behaviour of the components of the Ricci tensor as r — co. By using

(4.34), we find that the components of the Ricci tensor (4.16) behave like
Ry ~O(r"72), Rpy~O@r %), Rgg~O(r "), (4.35)

as r — oo. By the Einstein field equations (4.15), we require that each component of
the trace-reversed stress tensor (4.17) must behave in the same way as the corresponding
Ricci tensor component (4.35) as r — 0o. Therefore the #9—component (4.17) immediately
implies that A) ~ O(r~'=#/2). The tt and the rr components then give Agp ~ O(r~'=7/2)
and ¢ ~ O(T_l_p/Q), respectively. Using these results, the field equations (4.20, 4.21)
give Ag ~ O(r~1) and ¢ ~ O(r~!). From the behaviour of Ag, ¢ and their derivatives, we
conclude that Ag, ¢ ~ O(r=") as r — oo, where p = max{1,p/2}. The behaviour of these
quantities at infinity is the same for solitons and black holes. Thus we conclude that there
is no contribution to the boundary term from the r — oo limit in (4.32, 4.33) for both

solitons and black holes. This leaves only the integral terms in equations (4.32, 4.33).
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Now we consider the RHS of (4.33). Since this is the sum of two positive terms, the only
possibility that this sum can yield zero is if both terms vanish identically. Therefore we
have A, =0 and Ap¢ = 0 for all values of r. These identities imply that Ag is a constant
everywhere and either Ay or ¢ is zero. Furthermore, if we apply Ag¢p = 0, there is only
one positive term left on the RHS of (4.32). This means ¢’ = 0 for all » € [0,00) in
the soliton case and for all r € [ry,, 00) for the black hole case. Hence from this analysis,
the electric gauge potential Ay and scalar field ¢ are constant everywhere. From the
statement discussed above Ag and ¢ approach zero as r — oo. Thus they must both

vanish identically.

Ultimately, we conclude that the only possible asymptotically flat, spherically symmetric
soliton solution of the field equations (4.18-4.21) is the Minkowski metric with f =h =1
and Ag = ¢ = 0. This should not be a surprise because the Einstein-Maxwell equations
do not admit soliton solutions [90]. For the black hole case, one would expect to have the

Schwarzschild metric when Ag = ¢ = 0.

We began our work in this part by assuming that the electric potential Ag and scalar
field ¢ were both not identically zero. Now we shall consider the special case where either
Ap =0 or ¢ =0 (but not both). If we assume that Ay = 0, then (4.33) becomes trivial
and (4.32) becomes

0= [—r2 f\/ﬁw’]w + /0 7 fVhedr. (4.36)

O’T‘h sTh

Moreover the tt— and §—components of Ty, (4.17) vanish identically. As r — oo, the
rr—component however implies that ¢’ ~ O(T_l_p/Q). Then we deduce that ¢ ~ ¢ +
O(r="/?), where ¢ is a constant. Furthermore when Ay = 0, the field equations (4.18-
4.21) depend on ¢' not on ¢. Therefore, we can set ¢o, = 0 without loss of generality.
Hence the boundary term in (4.36) vanishes both at infinity and origin/horizon. This

leaves us with only a positive integral term which that implies ¢’ = 0 and then ¢ = 0.
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Here we can see that by setting Ag = 0, no non-trivial scalar field is allowed in this

scenario. This is in agreement with the Bekenstein no-scalar-hair theorem [20)].

On the other hand, suppose the scalar field vanishes identically ¢ = 0. In this case, (4.32)

is trivial and (4.33) now becomes

742 60 o] 74214/2
O:——ﬂMq +/ 9 dr. 4.37
|: \/E 0 0,rp 0,rp \/E ( )

The §0—component of the trace-reversed stress tensor implies that Af, ~ O(r='/%) as
r — 00, then Ay ~ Ag oo + O(r*p/2), where Ag o is a constant. Once again we can set
Ao, = 0 without loss of generality since the field equations (4.18-4.21) depend on A
and not Ag. The boundary term in (4.37) vanishes at the origin and infinity. Therefore
for the solitons, we must have A = 0 and then Ay = 0. For the soliton case, the only
asymptotically flat solution of the field equations (4.18-4.21) is the Minkowski metric. At
the horizon, however, Ag(ry) does not necessarily equal zero anymore when ¢ = 0. Hence

for the black holes, we must have

0= _Th A()A()+/mﬂ&% (4.38)
= olTh Th T. .
h(rn) ‘ Th Vh

This can be satisfied if Ag(r,)A{(ry) < 0. In the absence of a scalar field, our field
equations (4.18-4.21) reduce to the Einstein-Maxwell equations and the only possible
known black hole solution is the Reissner-Nordstrém metric. Setting h = 1 and Ay =

—Q/r, we can see that (4.38) is satisfied.
84.4 Numerical solutions

To obtain non-trivial solitons and black holes, we numerically integrate the Einstein-
Maxwell-Klein-Gordon (EMKG) equations (4.18-4.21). Since these equations are singular
at the origin (r = 0) and event horizon r = rj,, we use the series expansions (4.28) and

(4.29) as initial conditions, evaluated at r = ¢ and r = rj, + € for solitons and black
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holes respectively, where € ~ 1072, We implement a numerical shooting method which
is suitable for this particular problem (see Appendix A for more details). The numerics
become more difficult when r,, is large. This corresponds to small values of ¢g,ag for
solitons and ¢y, E}, for black holes. Therefore, we will restrict our attention to the case

where r,, < 100.

4.4.1 SOLITONS IN A CAVITY

To explore soliton solutions of the EMKG equations, we first set hg = 1 (4.28) by using the
time coordinate re-scaling (4.25). In addition, the scalar field charge ¢ will be always set to
0.1 throughout the soliton case. This can be accomplished via the length scale symmetry
(4.23). Note that, unlike black holes, solitons have no intrinsic length scale. Therefore
soliton solutions are determined by only two free parameters, ag and ¢q, according to the

series expansions (4.28).

In Fig 4.1, we display a typical soliton solution with fixed ¢ = 0.1, a9 = 1.6 and ¢g = 0.7
where the metric functions f(r) and h(r), time-component of the gauge potential Ay(r)
and scalar field ¢(r) are plotted. As r — oo, the field variables f(r), h(r) and Ag(r) will
not necessarily approach finite values. This is because, in this model, there is no soliton
solution with a non-trivial scalar field in asymptotically flat spacetime (see subsection

4.3.3 for more details).
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Figure 4.1: An example plot of the field variables f, h, Ag and ¢ as functions of radius for
a particular static soliton, with scalar field charge ¢ = 0.1,a¢9 = 1.6 and ¢¢ = 0.7.
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Figure 4.2: Plots of solitons with a non-trivial charged scalar field. (a) Fixed ¢ = 0.9
and three different values of ag. (b) Fixed ag = 1.9 and three different values of ¢yg.

Fig 4.2 shows the scalar field profile for various soliton solutions. In Fig 4.2(a), three

distinct scalar fields are plotted as a function of radius for fixed ¢9 = 0.9. With fixed

ap = 1.9, we show three distinct solitons with different values of ¢g in Fig 4.2(b).

We

observe that for fixed ¢y as ag increases the radius of the first node of scalar field also

increases. The behaviour for fixed ag, on the other hand, is not so obvious. It can be

clearly seen from these plots that the scalar field ¢(r) oscillates around zero. Therefore

the mirror can be located at any of these zeros. In [6I], it was found that hairy black
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CHAPTER 4. EINSTEIN-CHARGED-SCALAR THEORY IN A CAVITY

hole solutions of the EMKG equations are stable when the mirror is located at the first

node of the static scalar field (this can be seen later in subsection 4.5.7). Therefore, for

the solitons, we will focus our attention on the case that the mirror is at the first node of

¢. From now on, r,, will refer to the radius of the first node of the scalar field where the

reflecting boundary condition (4.31) is imposed.

Generally speaking, different soliton solutions will have distinct values of r,,,. Nevertheless

as shown in Fig 4.3, it is possible to find three (or more) separate solitons which share a

common node. The left plot Fig 4.3(a) illustrates scalar field profiles for different values

of ag and ¢g representing different soliton solutions but still having a common location of

their first zero, at r,, =~ 18. Similarly, three different scalar field profiles are displayed in

Fig 4.3(b), where in this case, the first, second and third zeros are located at r,, ~ 30.

a;=1.8 i a,=1.0
———— a=2.3 157~ ———- a=1.5
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Figure 4.3: Distinct scalar field profiles for static soliton solutions. (a) Three different
solitons with the same location of their first node at r,, ~ 18. (b) Three different solitons
with a common node, their first (red, solid), second (blue, dashed) and third (green,

dot-dashed) nodes coincide at 7, ~ 30.

We display a numerical exploration of the soliton phase space with fixed ¢ = 0.1 in Fig

4.4. The scaling symmetry (4.23) implies that the phase space is independent of the scalar

field charge q. On the ap = 0 or ¢9g = 0 axis, there are no non-trivial soliton solutions,

see subsection 4.3.3. Solutions exist in the shaded region. All the solutions labeled in the
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coloured area are well-defined. This means, that the first zero of the scalar field ¢ exists
before f has a zero, i.e., rm < Tsingular, Where f(rsinguiar) = 0, otherwise the system of
ODEs (4.18-4.21) will become stiff. Hence, we exclude all configurations for which this
condition is not met. The mirror radius of each soliton solution is displayed by the colour
gradient. The darker the colour, the smaller the value of r,,. As we move toward the

centre of the parameter space, the mirror radius increases.

For a fixed value of ag, solitons are found within some interval of values of ¢g. Beyond
this interval, we discover that there is no well-defined soliton. On the other hand, we find
that for each fixed value of ¢q, there seems to be no upper bound on the value of ag. In
fact, the phase space plot can be extended further into the region where |ag| > 3. To
confirm this, for fixed ¢g = 1, we found numerically a non-trivial solution with ag = 10°
and the first node of the scalar field at r,, ~ 4 x 10~%. Therefore, the phase space plot
shown in Fig 4.4 is merely a small portion of the complete soliton solution space. As will
be seen later in this chapter, in contrast, the phase space of the black hole solutions does
not share with this feature due to the existence of event horizon. In particular, for fixed
q, there will be upper limits on the values of the other free parameters ¢; and E}. Hence,
the size of black hole solution space cannot be arbitrarily large. This will become clear

later when we discuss the hairy black holes in a cavity in the next subsection.
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Figure 4.4: Phase space of soliton solutions with charged scalar field in a cavity for fixed
scalar field charge ¢ = 0.1. The solutions are parameterized by two free parameters ag
(horizontal axis) and ¢ (vertical axis). The shaded area is where solutions exist with
the scalar field having at least one node. The contour lines show the lines of constant
m where the mirror is located at the first zero of the scalar field; lighter colours refer
to larger values of the mirror radius 7, and darker colours smaller values of r,,. In the
central region where ag and ¢y approach zero, solutions also exist with r,, > 100. There
are no solutions on the ag = 0 or ¢y = 0 axes.
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Figure 4.5: For soliton solutions, mirror radius r,, plotted as a function of ¢ for various
fixed values of ag.
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In Fig 4.5 and 4.6, we examine how the free parameters ag and ¢ affect the location of
the mirror (where the mirror is located at the first node of the scalar field). For fixed
values of ag, the mirror radius is plotted as a function of ¢y in Fig 4.5. It can be seen
from this figure that for each fixed value of ag, there is an upper bound on the values of
¢o where solutions can be found. For instance, with fixed ag = 0.6 (red, solid), the soliton
solutions lie within ¢ € [0.1,1.1]. For smaller values of ag, it is clear that as ¢y increases,
the mirror radius decreases. However, this trend becomes less obvious when aq is larger.
For example, with fixed ag = 1.4 (purple, dashed), the radius slightly increases and then

decreases as ¢ increases.

We also explore the dependence of the mirror location on the value of ag (for fixed ¢)
in Fig 4.6. For smaller values of ¢g, the mirror radius r,, decreases as ag increases (see
for example in Fig 4.6(b)). In Fig 4.6(c), we see that r, firstly increases as ag increases,
and after reaching its maximum value, the radius starts to decrease again as ag increases
for intermediate values of ¢g. Finally, for larger values of ¢g, the location of mirror 7,

increases as ag increases up to ag = 3 as illustrated by Fig 4.6(d).
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Figure 4.6: For soliton solutions, mirror radius 7, plotted as a function of ag for various
fixed values of ¢g. For clarity, (b)-(d) are constructed by using the data in the top-left
plot.

In Fig 4.7, the portion of the contour r,, = 18 for charged scalar solitons with ¢ = 0.1
is shown. To plot these, we vary ag from 1 — 4 then scan for the values of ¢y such that
the scalar field vanishes at the mirror radius r,, = 18. As ag increases, there exist two
branches of solitons. For fixed ag there are two values of ¢g with the same mirror radius,
one is larger than the other. We anticipate that these two branches might merge together

for a larger value of ag.
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Figure 4.7: Part of the r,, = 18 contour in the solution space of solitons with ¢ = 0.1 and
the mirror at the first zero of the scalar field.

4.4.2 BLACK HOLES IN A CAVITY

For black hole solutions, due to the scaling symmetry (4.23), we choose the length scale
by setting r, = 1 (hence my = %) From (4.30), this leaves only three unconstrained
parameters, scalar field charge ¢, the value of the scalar field at the horizon ¢; and the
electric field at the horizon Fj,. Therefore unlike soliton case, we need to consider different

values of ¢. We also use time-rescaling (4.25) to set h = 1 on the horizon.

In Fig 4.8, the four field variables f,h, Ag and ¢ are plotted as functions of radius for a
spherically symmetric black hole with fixed ¢ = 0.9, ¢, = 0.4 and E, = 0.8. In a similar
way to the soliton case, the scalar field profile for the static black hole also oscillates around
zero. Likewise, we will mainly consider the case when the mirror is located at the first
node of the scalar field, as we anticipate that such configurations are likely to be stable.
Apart from the scalar field, the other field variables f,h and Ap increase monotonically
with r. These variables are not expected to be bounded as r — oo. This is because
there is no asymptotically flat black hole solution that can support scalar hair [14}, [15] (see

subsection 4.3.3).

Three more different static black hole solutions are shown in Fig 4.9 for fixed ¢;, = 0.3

and Ej = 0.6 with three distinct values of scalar field charge q. We see that the mirror

144



CHAPTER 4. EINSTEIN-CHARGED-SCALAR THEORY IN A CAVITY

radius 7, (the location of the first zero of the scalar field) decreases as ¢ increases for

these values of ¢, and Fp,.
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Figure 4.8: Metric functions f(r), h(r), gauge field function Ay(r) and scalar field function
¢(r) for a static black hole with fixed ¢ = 0.9, ¢, = 0.4 and Ej = 0.8.
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Figure 4.9: Scalar field profiles for three different black hole solutions with fixed ¢, = 0.3
and Ej = 0.6 and three values of the scalar field charge gq.

Fig 4.10 shows that different black hole solutions could share the same mirror location.
With fixed scalar charge ¢ = 0.1, three scalar field profiles for static black holes found
to have a common mirror radius at r,, ~ 27 are shown in Fig 4.10(a). A further three
distinct scalar field profiles are illustrated in Fig 4.10(b). With given ¢ = 0.1 and Ej, = 1,
we have three different black hole solutions for which their, first, second and third zeros

are located at r,, ~ 27.
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Figure 4.10: Scalar field profiles for static black holes with fixed scalar charge ¢ = 0.1.
(a) Three distinct black hole solutions with the same mirror location r,, ~ 27. (b) Three
distinct black hole solutions with a common node at the same location ., ~ 27, first node
(red, solid), second node (blue, dashed) and third node (green, dot-dashed).

With fixed 7, the boundary conditions (4.30) imply that black hole solutions are char-
acterized by three parameters: the scalar field charge ¢, the value of the scalar field at
the horizon ¢y and the electric field at the horizon Ej. Therefore if the numerical value
of ¢ is specified, all possible black hole-in-a-cavity solutions can be displayed in a two

dimensional phase space of ¢, and Ej, as shown in Fig 4.11.

We explore four different phase spaces of black hole solutions with fixed ¢ = 0.1,0.2,0.4
and 0.8 in Fig 4.11. The coloured regions represent the areas where black hole solutions
exist, with the scalar field having at least one node. We seek solutions where the first node
of the scalar field r,, forms before the metric function f reaches the “second horizon”, i.e.,
[ (Psingular) = 0 for v, < rp, < Fsingular- The shaded areas in Fig 4.11 only include black
hole solutions where the mirror radius is less than 100, with the mirror placed at the first
node of the scalar field. Solutions with 7, > 100 also exist in the central areas where ¢y
and Fj, approach zero. On the ¢, = 0 axis, the only non-trivial black hole solution is the
Reissner-Nordstrom metric, see also subsection 4.3.3. For the non-charged case (either

En = 0or ¢ = 0), the scalar field profile does not develop a node and hence it is irrelevant,
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see subsection 4.3.3 for more details.

It is clear from the plots that the black hole solution space is much more restricted than the
soliton phase space shown in Fig 4.4. This difference comes from the requirement to have
a regular event horizon defined by f(r,) = 0 and f’(r,) > 0. To satisfy these conditions,
we can deduce from (4.19) that |Ej| < v/2, when 7, = 1 and h(r;) = 1. In contrast with
the soliton solutions, in this case the phase space of hairy black holes has a restriction on
the range of values of Ej,. There are no well-defined black hole solutions when Ej, > /2
for r, = 1 and h(rj,) = 1. This can be clearly seen in Fig 4.11. Moreover we see that as the
scalar charge g increases, the solution space is smaller. This is because, as ¢ gets larger,
the coupling between the charged scalar field and the gauge field becomes stronger. As a
consequence of this, the metric function f develops a “second node” (where r = Fginguiar)
at smaller values of r for the higher ¢ case. For r > 7ginguiar, the ODE system (4.18-4.21)

becomes stiff and numerical integration is impractical.
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Figure 4.11: Phase space of black hole solutions with charged scalar hair in a cavity for
four distinct values of scalar charge ¢ = 0.1,0.2,0.4 and 0.8 (a)-(d), respectively. For fixed
q, the black hole solutions are described by ¢, (vertical axis) and Ej, (horizontal axis).
The solutions possessing at least one node are indicated by the shaded area. The solutions
defined on each contour line have the same mirror radius. The lighter the colour is, the
larger the value of the mirror radius r;,,. In the central region where E; and ¢; approach
zero, solutions also exist with r,,, > 100. There is no solution on the Fj = 0 axis.
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Finally we investigate how the free parameters, the value of the scalar field at the horizon
o, electric field at the horizon Ej, and the scalar field charge g affect the mirror radius. In
Fig 4.12(a), the mirror radius r,, is plotted as a function of ¢;, for various values of fixed
Ej,. It is clear that as ¢y, increases the radius of the mirror decreases. Nevertheless, the
trend becomes less obvious as E}, gets larger. In fact, for Fj = 1.4, the mirror radius 7,
slightly increases up to a certain value of ¢} before declining as ¢, approaches its upper
limit. Mirror location as a function of electric field at the horizon Ej, for five distinct values
of ¢y, is displayed in Fig 4.12(b). For lower values of ¢, the mirror radius r,, decreases as
E), increases. As ¢y, increases, this trend becomes less obvious. With ¢, = 1.4, the mirror
radius 7, monotonically increases as Fj increases. We also expect the same behaviour
when ¢, > 1.4. The plots for black hole solutions with ¢ = 0.1 shown in Fig 4.12 are

qualitatively very similar to those for solitons, shown in Fig 4.5.

In contrast to the soliton case, for the black hole scenario, the scalar field charge ¢ is a
free parameter. In Fig 4.13, we plot the mirror radius as a function of ¢ for various equal
fixed values of ¢;, and Ej. As can be clearly seen, the location of the mirror decreases
monotonically as the scalar field charge increases. Moreover, the overall value of r,

decreases as the fixed values of ¢ and E}, increase.

80

'm

Figure 4.12: The mirror radius r,, plotted as a function of (a) ¢, and (b) Ej for black
hole solutions with fixed ¢ = 0.1.
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Figure 4.13: The mirror radius r,, plotted as a function of the scalar field charge ¢ for
fixed values of ¢y, and Ej,.

From these studies of r,, as a function of the other parameters, we observe that black
holes only exist for 7, bigger than some minimum value, while in the soliton case, there
is no minimum limit on the value of r,,. Moreover for the black holes, the behaviour of
T 18 monotonic in ¢y, Ey, or ¢ (when other parameters are fixed). However for solitons,

the behaviour of 7, as a function of ¢y and ag is more complicated when ag is large.
84.5 Stability analysis

In the previous section, we saw that a fully coupled system of gravity, an electromagnetic
field and a charged massless scalar field admits numerical solitons and black holes with
charged scalar hair. We found that the scalar field profiles oscillate around zero. By
imposing a reflecting boundary condition (4.31) at the first node of the scalar field, we
obtained soliton (black hole)-in-a-cavity solutions. If these black holes are shown to be
stable, then they could be the final state of the superradiant instability of massless charged
scalar perturbations on a Reissner-Nordstrom background, discussed in subsection 2.6.1.
Thus in this section, we will consider spherically symmetric perturbations of both charged

scalar solitons and black holes in a cavity.
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4.5.1 DYNAMICAL EQUATIONS

To study the time evolution of the system, we now promote every field variable to a
time-dependent quantity. Thus we consider the metric functions f(¢,7),h(t,r), the scalar
field ® = ¢(t,r) (which now becomes a complex field) and the gauge potential A, =
[Ao(t,7),0,0,0], where A,, Ag and A, are set to zero by the gauge transformation (4.11)
and the spherical symmetry. It should be emphasized that, here we consider only spheri-
cally symmetric perturbations as the metric retains the form (4.12) and the field variables

depend only on ¢ and 7.

The components of the time-dependent Einstein G, tensor are given by

fh(rf ™+ f-1)

GOO - — 7"2 ’
/
Gy = —
01 ’I"f’
N T
1 rf rh’
742 3f/h/ fh/2 2f/h fh/
N h 1" h/l _ g
G2 2h<f+f+2 on F T
22§
- e = S+ s 4.
and the energy-momentum tensor T, reads
1 2
T00=§(T+fE),
Tio = Re (6°9') + gAolm (¢/*9) .
1 2
Tnzﬁ(T—fE)a
r’E? 2 1 . .
T = = 1167 - (1P + 230 + 20a0mm@e)) | a0
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where we introduce a new metric function v and new variable 7 by

v = fR2, (4.41)

7= |9 + 7' |* + ¢* Ad|6|* + 2qAoIm(pé"). (4.42)

Here { ", ’, * } denote partial derivative with respect to ¢,7 and complex conjugate,
respectively. We remark that the 86 —component of the Einstein equations is a consequence
of the other components, therefore we do not need to take it into consideration. Unlike

the static case, we have an extra tr—component in the Einstein field equations (4.4).

We derive the four following dynamical equations. The first three come from specific
components of the Einstein field equations (4.4); namely Gpp and the linear combinations

Goo +7v?G11 and Ggo — v2G11. The relevant equations are

f7: _2%2 (1 + fE?) +%(1—f), (4.43)
RorT

Fe (4.44)
% = —QLVQfE2 + % -5. (4.45)

We note that, since v does not depend on 7, therefore it does not explicitly depend on the

scalar field ¢. The tr—component of the Einstein field equations (4.4) is given by

—§ =rRe <<ﬁ*¢') + rqAplm (¢l*¢) . (4.46)

Unlike the static case, in the time-dependent scenario, the Maxwell equations (4.5) have

two non-vanishing components. We obtain the following dynamical equations from the ¢t—
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and r—components. These are given by

r2AL\' -
le ( h1/29> = Ji = ¢*|¢|*Ag — gIm (<b<b ) : (4.47)
1 rAf .
O (hl—/‘;) =7y = —qIm(y¢'¢"). (4.48)

Finally the Klein-Gordon equation (4.6) is given by

. S . 2~2 . 3
0=—¢+ <% + 2¢qu> b+~2¢" + (W + %) ¢ + <iqA0 b 2AR - iqA0%> &,
(4.49)

We now define a new variable ¢ by

(4.50)

e

Thus (4.49) becomes

. / .
0=—1v+ (% + 22'qu> b+ () + (—% +igAy — iq%Ao + q2A3> Y. (4.51)

The equations (4.43-4.48) and (4.51) describe how the metric, the electromagnetic field

and the charged scalar field evolve dynamically with time.

4.5.2 PERTURBATION EQUATIONS

To investigate the stability of the static solitons and black holes discussed in section 4.4,

we now consider linear perturbations around these equilibrium solutions. As a set-up, we
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introduce the following notation

flt,r) = f(r)+of(t,r),

h(t,r) = h(r) 4+ 6h(t,r),

Yt r) =7(r) + (¢, r),
Ao(t,r) = Ag(r) + 6Ao(t, ),

W(t,r) = (r) + oYt r). (4.52)

In this formalism, f (and similarly for other quantities) denotes equilibrium solutions
which depends on the coordinate r only while the perturbation part will be referred to
as 0 f which is a function of ¢t and r. We assume that all the perturbation fields are real,
expect the scalar field ¢ (¢, ) which now is a complex quantity. From now on, we work

up to first order in the perturbations.

Next we rewrite the dynamical equations (4.43-4.48) and (4.51) to first order in the per-

turbations. Firstly, (4.43) gives

5fl + + T(A/O)2 f/:| f — _T-];AO 614/ A?ﬂfsz 614 ,_YB |: ¢2 TJE(AIO)Z:| 5

FrlEr e
AT (55— i) + [i—ﬂ] (30/ + 50"

2772
Y pPAY W ;
; [ﬁ L ﬁ} (60 + 5u") (453)

From (4.44), we can construct an equation for ¢k in the same manner

Sh' B 2 A q*e)? 2° A5V qumb VP e
T~ = oo 2 = R (50— a07) [ - B o 6u)
/s A 2A2 1)
+ [% wgv ¢ - %} (69 + 69"

(4.54)
Similarly, we can derive an equation for §y with the same structure, as this will be useful
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for our later analysis. Hence from (4.45), we obtain

1 AIQ
SA( + [ 7 + !

o1 on
e

o 1 [Tf_(%{)) }5 N }5]”—0 (4.55)

Note that (4.55) is not an independent equation because it can be derived directly from
the definition of 6y = 6(fh'/?) and (4.53, 4.54). The final component of the Einstein field

equations (4.46) takes the form

5i_ [0 iaAo o iade
__f:[;ﬁr % ¢(¢ Syt — ZQQW(@& S0).  (4.56)

=" }(&pmw)

The ¢t and r components of the Maxwell equations (4.47) and (4.48) yield respectively,

gl " 7 |2 h / 27,1)2 q2[10¢_2 'YAO / 1 AOQZT/;2
—=0Ay+ —= |- J AL 0Ap = — o oh' + —=
NG 0+\/ﬁ[r Qh] 0~ r25 7+2\/— + 72
'yA’h ﬂ .
h v ] Sh + ( b — 69 )
LA (50 (4.57)
SA! Al N .
4 i 5 ) ),
(4.58)
Lastly, the scalar field equation (4.51) reads
. . _ ~A! A ~
0= —80 +7260" + 2iq Aot +737'5¢ + [qQA% - %} oy — 1 fyo% + [ P - 'Y;p] 5
+ | 299" + 7Y - ﬂ] 5y + iqid Ag + 2¢%1h Agd Ag. (4.59)

It is clear either from (4.56) or (4.58) that Im(dv) is not in-phase with df,0h, Ay and
Re(d7)). By this, we mean that these equations involve one more or one less time derivative

of Im(d7)) than other quantities. Thus we decompose the scalar perturbation into real and
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imaginary parts as follows
p(t,r) = ou(t,r) + idw(t,r), (4.60)

where u(t,r) and w(t,r) are real quantities. With this decomposition, dw(¢,r) is only
determined up to an arbitrary function of r. Apart from (4.55), which does not depend
explicitly on the scalar field, equations (4.53-4.59) now can be re-written in terms of du

and dw. The §f" (4.53) and 0k’ (4.54) equations now become

5_J_H+ L_i_?”(‘%) f/ V”on

= SAY = —
Frpt Ty P

5A +

of +

A 2,12 1 214272 o
7Yy "Y T

+

3
qflm%.. <1E
92 w — -
Ty T

19\ ¢?A3y
r\r ry2

/ 7/ A 2.7 2 42,72
O W gy A%y, 2 L QqAOwa L2 <9> 5!
T

2q2A3¢ 2 (%) ] S (4.62)

T2 r\r

+ du, (4.61)

The §f equation (4.56) is given by

_of (@) 51 — —qfﬂo%w’ + quﬁéw (4.63)

r

The time and radial components of the Maxwell equations read (4.57, 4.58)

gl " 2l 2 Bl / 21/}2 q2/_101/;2 7’40 / 1 1210(12152
—0A — |- = 0Ay — ——0Ap = — o oh' +
o 7 |7 - ] - I ?
AN qwé + Awdu (4.64)
WwWh r2 r2 ’
SAL AL qw Q¢7
2 U _§h = —LLow + 20w 4.65
vh o 2nvh (465)

In addition, the scalar field equation (4.59) can now be split into two independent equa-
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tions, corresponding to the real and imaginary parts. These are given by

, -
0 = —6ii + ¥2ou" + 3y'ou’ + [qu_lg — ﬂ] du — 2qAgb + 5 [W - %] &y
r r

Py

+ 299" + 'y — 7} 7 + 2q° Agipd A, (4.66)

A _ Ay -
0 = —3iii + 5250” + 555’ + [qZA% . %} Suir + 2 Agdis — %&y +qoAg.  (4.67)

We are now able to directly integrate (4.63) and (4.65) with respect to time t. We obtain

_ — o
f r|r r r
Sh 2q7¢/ 200 ., 2
ERALSN DA Ry 0A, + & 4.
— AT w+ T w + N O+ OH(r), (4.69)

where dF(r) and 6H(r) are arbitrary functions of the radial coordinate r. Therefore we

can construct an equation for 8y via 6y = 6(fhl/?),

[ - Y rm g Y 175 g
by =1 [? ~ w/} u— [Fh -+ rAgAb) w + <5 [+ rAgAY] ou’
+ Tsal a6+ sn 470
A/ 0 7 2 N ( N )
0

The results (4.68-4.70) are very helpful, since they allow us to replace any of the metric
perturbations §f,dh and 6 in terms of the matter perturbations 6Ap,du and dw. The
functions dF(r) and 0H(r) are arbitrary but they are subject to a linear first order con-
straint equation. To see this, we first eliminate the metric perturbations df,df’ and &y
from (4.61) by using (4.68) and (4.70). This allows us to rewrite (4.61) with d in terms of
scalar perturbations du, dw, electromagnetic potential perturbation Ay and their deriva-

tives. This can be used to eliminate Jw in (4.64), together with substituting for the metric
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perturbations 6h,dh’ and §v by using (4.69) and (4.70). Finally we arrive at

/! 1 rAoAy oy Ao [P ANV AR | fAN
oF — OF = oM + oM. (4.71
+[f+2h+ 2 el e e R
By using an integrating factor, this equation is solvable. Its solution is
A Al &
o7 =My £ (4.72)
2y ry

where £ is an arbitrary constant. Thus we can use this relation to eliminate 6+ from the

perturbation equations.

We proceed further by considering (4.61), once the metric perturbations and dH have been

substituted in terms of the matter perturbations and 6.F, using (4.68), (4.70) and (4.72)

202 A 7 =2 FAR 2 /
0:51D—725w/'+[qw Uy ’]5w+[fh ngg_l_on ¢* Aoy }

2A/ 7“2 2 T’QA’

i ¢2 dﬂb/ L4 Aot T vt

A - OV 5AL — qipsAg — 5F
+ado |: + A/ 0 (I?/) 0 A(]T,Z)

fh fr2A62 rfAj fflg

Aot 2qA00 0 o 4.

+[ qAot  2qAoyp - q¢A2A+ A’ F-vh 2A’ 1224 2 (4.73)
where
A= fh+rAAjp. (4.74)

In addition, we can integrate the imaginary part of the Klein-Gordon equation (4.67) with

respect to time t to give

2,72 7 4 ~4!
s =25 M1 =t q“Y= Ao / _ 2*2_qA071Z)7:Z) s
0 = 0w — 7~ ow —|—[77+ y A}éw—l—[q/lo 2 a7 A+r ow
/2 7,/
+ qAg [ 2+w——¢:f] QAW(SA’ — qdAg + 8G(r), (4.75)
0

where dG(r) is an arbitrary function of the radial coordinate r. By comparing (4.73) and
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this equation, we obtain another linear first order equation, this time relating 6 F and 6G

0=0F +|r

0 — | = —
Q+ A0+7°2f14/0

(@)’2 Ay A f75f+qu¢ 1 [A' Aoq%ﬂg

(4.76)

We will come back to this equation again when we consider the boundary conditions for
the soliton and black hole cases. Next, we use (4.62) and (4.55) to eliminate 0w and 0 Aj{

from the real part of the dynamical scalar field equation (4.66).

Eventually, we obtain three perturbation equations for du, dw and §Ag. The first equation

is derived from the real part of the Klein-Gordon equation (4.66) and takes the form

~~! 7N 12 F A2 7N 2
5242+ 20 _ (E) L ((z) . w)
T r 2 r

0 = dit — 520u" — 77 6u’ +

1A /2 ’ - 19 -/
f?/ﬂb ]5u—|—2qA0726w +qfAy 2\/>7 +< AOA h T§0> <%> 1;] ow'
+qAo |2°43 ~ (7’[’) <7A 7/—1) 5w+2” OF
T Ag r
(R 2\ [ i) A (2 oA A
+7<<T> +1/’> [(M) Ay }6}—+A0 [ ¥ R A (4.77)

The second equation comes from (4.75) once 6§ is eliminated by using (4.76)

27 .72 oy /
L9 AW 252 TAWY gl
0:5w—75w"+[—’y’y/+ 24, A}éw'—i—[—qAO— 2[16 A—i—T o
- 7 @ ' qz‘io@ / 7 ry /
qAo |2+ <7’ ou + py 0Ay — qyd Ay 1‘7101; oF
~2 [q ] A/ A// N 2 /7 Al
v |L_f B N AN PY= ‘W*_/,ﬁ+7 £ (4.78)
qAcp | f Ao A) r r2 A P
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Lastly, the third equation is obtained from the Einstein field equation (4.55)

= ,q’l]Z) — — S _7)// + @
Afr? Ao ALy r2A62 rAo ALY o
, _

P s (5 s Y o (LY (O s [046) L [ A 5]
g o= (2 00 |2+ G 3) G o (5] <[]

1 Ay rAp 1 A ¢ Aghy
|- 4 20 V1 §F - _ = E. 4.79
[ + + ] + rAogY |:7“A0 * 7°3A62 ( )

g QT,Z_);‘L)
r

0 Asw” +

QZZ_)AO [
r2

<

These three perturbation equations (4.77-4.79) govern the evolution of the perturbations
du, dw and §Ag. We obtain two dynamical equations (4.77) and (4.78) which involve time
derivatives. The third equation (4.79) is a constraint equation since it contains only radial

derivatives.

We also observe that these perturbation equations do not involve any time derivatives
of the perturbation of the electromagnetic potential § Ag. This is because of the residual
gauge freedom in the theory, which means that one can arbitrarily add a function of time
multiplied by Ag to 6Ag. To see this, consider an infinitesimal coordinate transformation

generated by a vector field V¢ [134]:

=zt =2 -V (4.80)

The gauge potential is then transformed to

_ ot d(@+Vvh) OV [+
Aa(@) = 52 Ap(2) = — = [Ap +04)] = (53 + @) [Ay +0A]
- _ oV
— A+ 640+ Ay + OV - 64). (4.81)

On the hand, we can consider a Taylor expansion of fla(i“) up to the first order in V*:-

~ =~ ~ = aAa
Au(7) = Ag(a® — V) + 64, = Ay(2) — < 9l

> Vb 54, +0O(V?). (4.82)
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By comparing (4.81) and (4.82), we obtain the following (up to leading order)

A, +0A,

A, + 64, + 4, (aavb> + (0pA,) VY,

A, + 04, + Ly Aq, (4.83)

where Ly is the Lie derivative along the V direction. Finally we conclude that under the
infinitesimal coordinate transformation (4.80), the electric potential perturbation dA4, is

transformed by

0A, — 6A, + Ly A,. (4.84)
We now consider coordinate transformations generated by the vector field V¢ such that

Ve =(v(t),0,0,0), (4.85)
where v(t) is arbitrary function of time. Therefore (4.84) becomes

§Ag — 6Ag + AgOov, (4.86)

with the other components of § 4, being unchanged. Note that the perturbation equations

(4.78, 4.79) are invariant under coordinate transformations generated by (4.84).

4.5.3 BOUNDARY CONDITIONS FOR SOLITONS

In the previous section, we derived three perturbation equations which hold either for
solitons or black holes. In this section, we derive the boundary conditions for the scalar
perturbations and electromagnetic potential perturbation corresponding to soliton solu-
tions. Later, we give numerical results which indicate either the stability or instability of

these equilibrium solitons.

We assume that the metric perturbations df,dh, the electromagnetic potential pertur-
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bation dAy and the scalar perturbations ou/r, dw/r are all regular at the origin. These
assumptions lead to the elimination of 6.F,dH and 6G in (4.68, 4.69) and (4.75), as follows.
Firstly, we make use of the freedom to add an arbitrary function of r to dw in (4.69) to

set 0H(r) = 0. Then the first order equation (4.71) can be solved, to give

sF=L (4.87)

ry

where £ is an arbitrary constant of integration. From (4.68), by applying the series
expansions (4.28) and the assumption that Jf is regular at the origin, then §F must be
finite at the origin. For this to happen, (4.87) implies that £ = 0 and therefore 6.F = 0.
Thus (4.76) leads to dG = 0. Then the perturbation equations (4.77-4.79) can be simplified

further by setting 6F' = 6F =& = 0.

To numerically integrate these perturbation equations, all the perturbation variables are

assumed to take the time-periodic form

du(t,r) = Re [e™a(r)]
Sw(t,r) = Re [e" " (r)]

0Ap(t,T) = Re [e*wtflo(r)} , (4.88)

where @, W and A are complex functions. Near the origin r = 0, we require that the scalar
and electromagnetic perturbations are regular. Thus we assume that the functions of r in

(4.88) can be expressed as power series defined by

7=0
oo
w=r Z w;r?,
=0
Ay = ayrd, (4.89)
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where uj, w; and o are constants. By substituting the series (4.89) into the perturbation

equations (4.77-4.79) and comparing powers of r, we obtain
Ui :w1:a1:U3:w3:a3:0, (490)

where we have also demanded that the Ricci scalar curvature must be finite at the origin.
In addition, we find that up and as can be written in terms of ug, wo, g, wo and o2. The

explicit forms of us and ag are:

2¢3adwo + (3¢%ak — o?) u
uy = 2 2040 (65 0= 7) %+ 2qagws, (4.91)
0

@2 = (1%0 (gdo0 + 2qagug + ?w) - (4.92)

In these expressions, we retain hg merely for completeness. In our numerical analysis hg
will always set to be unity using the time-scaling symmetry (4.25). The next order terms

in (4.89) are also given in terms of the five constants, ug, wo, ag, wo and o2.

At the mirror, the scalar perturbation d¢ must vanish so that
U(rm) = W(rm) = 0. (4.93)

However, the electromagnetic perturbation 6 Ag is unconstrained at » = r,,,. The boundary
condition (4.93) provides two constraints on the perturbation fields. Thus we require only
two shooting parameters in the series expansions (4.89). In contrast, we now have five free
parameters ug, wo, ag, wz and o2, Since the perturbation equations (4.77-4.79) are linear,
we thus have freedom to choose the overall scale of the perturbations. Therefore we set
ug = 0.5 for all of the cases that we have considered (unless otherwise stated), this leaves
only four unconstrained parameters.

—iat]

Now we consider an infinitesimal U(1) gauge transformation (4.11) with x = Re[xoe ,
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where x( is a complex constant. The scalar field transforms as

¢ — eXp = (1+ix) ¢,

W) ou 0w (v du dw
=2 4 | = i | tix |2+ = i,
r r r roor r
’lZJ ﬁefiot ' o _ e*iot
= + Re " + iRe (—ww + XO¢) " + (4.94)

where higher order terms in y,du and dw are ignored. Since Ay is real, therefore it

transforms as

Ay — Ag + q_l)@O = Ay + Re {Aoe_wt — iaq_lx()e_wt] ,

— Ay + Re { [!10 - %] e—m} . (4.95)

Therefore, this gauge transformation gives

oW = oW + iPxo,  Ap — Ag — X0 (4.96)
q

In principle, we can use the freedom in y( to eliminate any one of wgy, w2 or ag. In this

case, we choose

1owWo

¢o

X0 = (4.97)

where we have used the series expansions near the origin (4.28) and (4.89). This gauge

choice is equivalent to setting wg = 0.

Beyond this residual U(1) gauge freedom, we also have a residual diffeomorphism freedom.
In this case, we will consider an infinitesimal coordinate transformation of the form (4.80)

generated by the vector field V' such that

V= (Re[zge '],0,0,0), (4.98)
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where zq is an arbitrary complex constant. We note that the metric perturbations J f and

0h transform under (4.98) as [134]
5f = 0f, 6h — 8h 4+ hVO. (4.99)
Furthermore, under the transformation (4.84), we can show the following

0Ay — 0Ay + AOHOVO,

~ Re { [[10 - z‘aXOAO} e_i"t} . (4.100)
So, the transformation of the electromagnetic field § Ay implies that
/io — fi() — ’L'O'A(]xo. (4101)

In a similar way to (4.97), we can use this freedom to eliminate ag by setting

wo = — 0 (4.102)
agag

where again we use the series expansion near the origin (4.28). Thus without loss of
generality, we can set ag = 0. Therefore, we now have only two arbitrary free parameters
o2 and wy. As will be seen later, for the black hole case, the boundary condition at the
horizon will not allow us to use the residual U(1) gauge freedom and the diffeomorphism

freedom.

We are now ready to numerically integrate the perturbation equations (4.77-4.79). The
series expansions near the origin (4.89) will be used as initial conditions, we thus scan
for values of the shooting parameters o and wy such that the boundary conditions at
the mirror (4.93) are satisfied. Since the only time derivative terms in the perturbation
equations are 61 and 0w, the perturbation equations (4.77-4.79) and boundary conditions

(4.89, 4.93) depend only on 2. These then form an eigenvalue problem with o2 as the
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eigenvalue. Since our perturbation equations (4.77-4.79) are not self-adjoint, therefore
we cannot be sure that the eigenvalue o will always be a real number. If o2 is real, we
consider the sign of ¢2. In fact, as can be seen later, for all the solitons we investigate, we
find that o2 is real. If 02 > 0, i.e. ¢ is real number, the time-periodic perturbations do
not grow with time and the corresponding static solitons are linearly stable. Otherwise if
02 < 0 and hence o is purely imaginary, there exist exponentially growing perturbation

modes which indicate that the corresponding equilibrium solutions are unstable.

4.5.4 RESULTS FOR SOLITONS

Our numerical scheme is set-up as follow. Firstly, by fixing ¢ = 0.1 (using the scaling
symmetry (4.23)) and assigning some numerical values to ag and ¢g, the equilibrium field
equations (4.18-4.21) are numerically solved. We thus obtain a static soliton solution for
which the mirror location can be found. Secondly, we integrate the perturbation equations
(4.77-4.79) by using (4.89) as initial values. Since both the real and imaginary parts of the
scalar field perturbations need to vanish at the mirror, we require two shooting parameters
(Appendix A). With other parameters fixed, o? and ws will be used as the shooting
parameters. We seek values of o2 and ws such that the perturbation fields @ and @ vanish
at the mirror r» = rp,,. We cannot start the integration at the origin where r = 0 since our
equations become singular there. Therefore we initiate our numerical integration of the
perturbation equations (4.77-4.79) at some radius close to the origin i.e., Torigin = 1073.

See also Appendix A for more details of the Mathematica implementation.
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Figure 4.14: An example plot of the perturbation fields @, w and Ag. We perturb a static
soliton solution with scalar field charge ¢ = 0.1,a9 = 1.5 and ¢y = 1.1. The vertical
line displays the location of the mirror which is 7, =~ 22. The corresponding eigenvalue is
02 = 0.0083 and wy = —0.0250. All three perturbations have been multiplied by an overall
factor of 10%, this is possible since the perturbation equations are linear.
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Figure 4.15: An example plot of the perturbation fields @, @ and Ay. We perturb a static
soliton solution with scalar field charge ¢ = 0.1,a9 = 0.4 and ¢y = 0.9. The vertical
line displays the location of the mirror which is r,,, ~ 39. The corresponding eigenvalue is
02 = 0.0210 and wy = —0.0013. All three perturbations have been multiplied by an overall
factor of 104, this is possible since the perturbation equations are linear. Moreover in this
case ug is fixed to be 0.1 rather than 0.5.

In Fig 4.14 and 4.15, the typical behaviour of the perturbations @, w and Ay is shown. As
an example in Fig 4.14, an equilibrium soliton solution with scalar field charge ¢ = 0.1,
ao = 1.5 and ¢g = 1.1 is perturbed. The numerical values of the two free parameters are
0% = 0.0083 and wy = —0.0250. The mirror is located at 7, ~ 22. It is clear from the
plots that @ and @ vanish at the mirror as demanded by the boundary conditions (4.93).

Since the corresponding eigenvalue o is real number, therefore this static soliton solution is
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linearly stable. In Fig 4.15, the background parameters are given by ¢ = 0.1,a9 = 0.4 and
¢ = 0.9, with the first zero of the scalar field at r,, ~ 39. The corresponding eigenvalue
o2 and free parameter wy are 0.0210 and —0.0013, respectively. Note that, we have set
ug = 0.1 in this plot. This is just to illustrate that the value of ug does not affect the
overall structure of the plot except the initial value of @. In these two figures, we have set
Torigin = 10~*. It appears in these plots that @ does not vanish at the origin. The reason
behind this is that in our set-up both @ and Ay vanish as r — 0 much more quickly than
@. In practice, we plot @/Torigin, W/Torigin and Ao /Torigin SO that the scalar perturbations

@/r and w/r are finite as r — 0.
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N e a,=1
\% mmon A 0015
~  0015F \ o 0015F
3 Vi b
0.010F \ '\‘ 0.010F
0.005F 7 0.005F

Figure 4.16: The lowest eigenvalues o2 for equilibrium solitons with scalar field charge
q = 0.1, various fixed values of ag and ¢g € [0.1,1.6]. (a) Plot of 02 as a function of mirror
radius 7,,,, (b) Plot of 02 as a function of aq.

With fixed scalar field charge ¢ = 0.1, plots of o2 for various fixed values of ag and values
of ¢ lying in the interval (0.1,1.6) are shown in Fig 4.16. For the equilibrium solutions
with ¢9 > 1.6, our numerical method breaks down, the perturbation equations become
stiff. In Fig 4.16, the same data for the eigenvalue o2 is plotted, firstly as a function of the
mirror radius r,, in Fig 4.16(a) and secondly as a function of ¢g in Fig 4.16(b). In general,
for fixed ag, the eigenvalue o2 decreases as r,, increases and ¢y decreases. In Fig 4.16(a),
there is a double-valued curve for ag = 1.4. This is because for this fixed value ay = 1.4,

it is possible to have two static soliton solutions with different values of ¢g but the same
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value of mirror radius r,, as shown in Fig 4.4. Since we find that all the eigenvalues ¢ in

Fig 4.16 are positive, therefore the equilibrium solitons with these values of ag and ¢g are

all stable.

In Fig 4.17, we plot o2 for various fixed values of ¢g and values of ag lying in the interval
(0.2,3.0). The left-hand plots show the lowest eigenvalue o2 as a function of mirror radius
Tm, while the right-hand plots show the same data for ¢ but as a function of ag. In Fig
4.18, the same data for o2 is repeated but with a few fixed values of ¢g in each plot, in
order to observe the behaviour of o2 more easily. In the left-hand plots of Fig 4.18, we find
that when ¢g = 0.8, the eigenvalue o is always positive and also monotonically decreases
as 1y, increases. However for larger ¢g, namely ¢g > 1.1, the behaviour of the eigenvalue
o2 becomes quite complicated. Firstly, as r,, decreases the eigenvalue o2 becomes smaller
and is negative at some point, this is shown in Fig 4.18(a). Secondly in Fig 4.18(c), the
plot of 02 as a function of r,, is double-valued because for certain values of ¢g, there
are two values of ag that have the same r,, as illustrated in the phase space Fig 4.4. In
contrast, in Fig 4.18(e), as r,, increases o2 decreases and becomes negative at a certain

2

point. For the curves ¢g = 1.9 and 2.0, although we find no change of sign in o, we would

expect to see a transition from positive to negative o2 if we extended ay beyond 3.0. In

2

addition, we observe that for all the cases explored here, the negative 0“ occurs only when

rm < 20. With o2 < 0, these solutions are shown to be unstable.
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Figure 4.17: The lowest eigenvalues o2 for equilibrium solitons with scalar field charge
q = 0.1, various values of fixed ¢ and ag € [0.2,3.0]. (a) Plot of 02 as a function of mirror
radius 7,,,, (b) Plot of 02 as a function of ¢.
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Figure 4.18: The same data for o2 is plotted here to make the behaviour in Fig 4.17 more

visible.
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We consider the behaviour of o2 as a function of ag in the plots in the right-hand column
of Fig 4.18. At the lowest value of ¢ considered here, namely ¢¢ = 0.8, the eigenvalue o2
is always positive and increasing as ag becomes larger. We expect similar behaviour for

smaller values of ¢y. However as ¢g gets larger, we start to see the transition from stability
to instability. More specifically, as ag increases the eigenvalue o2 gradually decreases and
becomes negative for sufficiently large ag. The behaviour of the critical value of ag for
which o2 changes the sign is not straightforward. For a lower value of ¢, it decreases
as ¢ increases, this is illustrated by Fig 4.18(b). However for ¢g > 1.4, the “transition
points” increase as ¢q increases as can be seen from Fig 4.18(d) and 4.18(f). We see that
the solitons with smaller values of ag are stable but become unstable with larger values
of ag. We deduce that the stability of the equilibrium soliton solutions depends on the
value of the scalar field and electromagnetic potential at the origin, ¢¢ and ag respectively.
For sufficiently small ¢y and ag (hence, large r,,,), our numerical results suggest that the

solitons are stable. In contrast, for sufficiently large ¢y and ag (hence, small r,,), at least
some of the solitons appear to be unstable.

"._- ~
A
L \
A Y
0.00 0.00 LS
L L \
A
L 1
I — \
~N N
5 -005 L -0.05F \‘ B
[ [ \
-0.10 -0.10+
L L L L LY
1.0 15 20 25 30 35 4.0
2

\
\
1
\
1
\
1
L \
1
E '
L L L Il L L L L Il Il
05
(a)

10

15
$o
(b)
Figure 4.19: Lowest eigenvalue o2 for static solitons with fixed scalar charge ¢ = 0.1 and

mirror radius r,, = 18. The solutions considered here belong to those lying on the portion
of the contour displayed in Fig 4.7. (a) o2 as a function of ag. (b) 02 as a function of ¢.
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For fixed mirror radius r,, = 18, we illustrate how the eigenvalue ¢ depends on the
parameters ag and ¢q in Fig 4.19. The equilibrium solutions considered in this figure are
lying on the part of r,,, = 18 contour shown in Fig 4.7. That is, the red and blue curves in
this figure correspond to the red and blue curves displayed in Fig 4.7. From Fig 4.19, the
solitons are stable (o2 > 0) for small ag and ¢g. However for large ag and ¢g, the soliton

solutions are found to be unstable (o2 < 0).

4.5.5 INTERPRETATION OF THE STABILITY OF THE SOLITONS

As discussed in the previous subsection, the stability properties of charged scalar solitons
are not straightforward. In fact, as will be seen later, the stability of the solitons is rather
more complicated than the black hole case. More analysis is therefore needed to better
understand the stability behaviour of the solitonic solutions. In this subsection, we will

discuss how we may make sense of the stability of the solitons presented above.

Since AdS spacetime naturally provides a time-like boundary which is similar to the reflect-
ing boundary, a close analogy to our charged scalar solitons in a cavity could be solitonic
solutions in asymptotically AdS spacetime. Our length-scale r,, plays the same role as
AdS radius of curvature [. Charged scalar solitons have been studied in four dimensional
AdS spacetime [75] and in AdSs5 [59]. In addition, these works consider the (M, Q))—phase
space of solitons, where M and () are the mass and charge of the asymptotically AdS
solitons. Therefore, to qualitatively compare our results with these solitons in AdS, it
would be considered helpful to firstly construct the mass and charge of our charged scalar

solitons.

We could define the mass M of the charged scalar solitons by using Komar mass formula

1
M=— 42 2 n,q Ve 4.103
477/32 21/ pPng Ve, (4.103)

where 9% denotes the boundary of the space-like hypersurface ¥, p(@ is the determinant
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of the two dimensional induced metric, n, and ¢, are the unit normal vector to the hy-
persurface Y. and the outward-pointing normal vector associated to the boundary 0% and
¢ = 0/0t is the time-like Killing vector. For a static spherically symmetric asymptoti-
cally flat spacetime, the time-like Killing vector £ can be normalized by demanding that
£%, — —1 as 7 — oo. The solitons considered here are static, hence each one possesses
a time-like Killing vector £&. However, we do not have an asymptotically flat spacetime.
Thus, we cannot consistently normalize the time-like Killing vector across the solution
space. Therefore, for the Komar integral above (4.103), it is not clear to us how to com-
pare the masses of different solitonic solutions. For this reason, we decided not to define
a total mass for our solitons. The absence of a robust definition of soliton mass makes it
difficult to draw comparisons between our solitons in a cavity and those solutions in AdS

space.

In contrast, for each static equilibrium solution, we can define its electric charge by

1 3
- v/ pB®n,J?
Q 47T/Ed xr/ pBIngJ?,
_ 1 3 3 ba
= _477/2d 21/ pBIn, Vy F, (4.104)

where we make use of the Maxwell equation (4.5) in the last step. This integral is taken
over a t = constant hypersurface ¥ where p(® is the determinant of the induced three

dimensional metric. Applying Stokes’ theorem, we can rewrite this integral as

1
Q=1 /a RENTIR (4.105)

The unit normal vectors n, and ¢, to 3% are given by

na = (—(fh)"/2,0,0,0), < =(0,f12,0,0). (4.106)
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Integrating the charge integral (4.105) over the two sphere on the mirror yields
1 Al(rm)
Q=—— [ d*x\/p® | "L ),
47 A/ h(rm)

/d@d(p <r%nA6(Br(,:) S)in9> 7

(rm) (4.107)
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This formula reduces to the usual definition of the electric charge for the Reissner-Nordstérm
solution when r,, — co. According to (4.107), we shall now explore how the charge @ of

the equilibrium solitons depends on 7,,, ag and ¢g.

In Fig 4.20, we plot the charge () as a function of mirror radius r,, for solitons with ¢ = 0.1
for fixed values of ag and ¢g. The same data is repeated in the right-hand plots of this
figure but as a function of ap and ¢y as applicable. With fixed ¢g, the behaviour of the
charge (@ is displayed in the top row of Fig 4.20. We observe that at lower values of fixed
@0, the charge Q increases as r,, increases. Also from Fig 4.6, we see that r,, decreases as
ag increases for small ¢y. Therefore, the charge (Q decreases monotonically as ag increases
for all ¢y shown. At larger fixed values of ¢g, such as, ¢g = 1.5, it is possible to have
two different values of electric charge ) at the same mirror radius r,,. This is because
there are two equilibrium solutions with the same r,, and ¢g but different ag. We expect
the same behaviour for ¢y = 2.0 if we extend the curve by including larger values of ag.
For fixed ag, the behaviour of the charge @) as a function of 7, and ¢g is shown in the
bottom row of Fig 4.20. For the values of ag shown, there are two values of charge @, one
larger than the other, for the same mirror radius r,,,. In addition, the charge @ increases

monotonically as ¢ increases.
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Figure 4.20: The electric charge @ of equilibrium solitons as a function of the parameters
Tm,ao and ¢g for fixed scalar charge ¢ = 0.1. (a)-(b) various fixed values of ¢y and
ag € [0.1,3.0]. (c)-(d) various fixed values of ay and ¢ € [0.1,2.0]. We remark that the
data from the left-hand plots is repeated in the right-hand plots, but with the electric
charge @) as a function of ag or ¢ rather than mirror radius 7.

With fixed r,,, = 18, Fig 4.21 illustrates the charge @) as a function of the parameters ¢q
and ag for a static scalar field with ¢ = 0.1. The electric charge in this figure corresponds
to those soliton solutions shown in Fig 4.7. In Fig 4.21, there are two distinct branches
of solutions corresponding to the two parts of the contour curves shown in Fig 4.7. The
two plots show the same data but with different parameters ¢g and ag. At fixed ag, the

solutions with larger ¢g have also larger ). From now on, we will refer to the branch of
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solutions with larger charge () as the

Q as the “low-charge branch”.

“high-charge” branch and the branch with smaller
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Figure 4.21: The electric charge @ of equilibrium solitons with scalar field charge ¢ = 0.1
as a function of the parameters ¢g and ag. The mirror is at the first node of the equilibrium
scalar field and is fixed at r,, = 18. The red and blue curves correspond to the portions
of the contour displayed in Fig 4.7. The two plots display the same data, but plotted as

a function of different parameters ¢g and ag.
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Figure 4.22: Lowest eigenvalue o2 for static solitons with fixed scalar charge ¢ = 0.1 and
mirror radius r,, = 18 as a function of the electric charge ). The solutions considered

here belong to those lying on the portion of the contour displayed in Fig 4.7. (a)

O’2 as

a function of @ for the low-charge branch. (b) o2 as a function of @ for the high-charge

branch.
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The lowest eigenvalue o2 is plotted against the electric charge @ for static solitons with
fixed scalar field charge ¢ = 0.1 and mirror radius r,, = 18 in Fig 4.22. Note that the
red and blue curves in this figure correspond to the red and blue curves in Fig 4.7, Fig
4.19 and also Fig 4.21. The stability of the low-charge branch (the branch of solutions
with smaller ¢ for fixed ag) is illustrated in Fig 4.19(a) and the high-charge branch (the
branch of solutions with larger ¢g for fixed ap) is displayed in Fig 4.19(b). We find both
stable and unstable solitons on both of these branches. On the low-charge branch, the
solitons with smaller charge () are stable and those with larger charge () are unstable. In
contrast, on the high-charge branch, solitons with larger values of () are stable while those

with lower values of () are unstable.

Now let us briefly summarize the stability of solitons. We have seen that if the mirror radius
rm is sufficiently large, the lowest eigenvalue ¢ is positive for all the soliton solutions we
have examined. Therefore the frequency o is real and the solitons are linearly stable. On
the other hand, for sufficiently small values of the mirror radius r,,, some of the solitons

we have considered possess negative o2

, so that the frequency o is imaginary. Hence some
equilibrium solitons are found to be unstable when they live in a small cavity. The phase
space (ag, ¢o) for a constant small r,, has a complicated structure. For fixed ag, there
are two soliton solutions with two distinct ¢9. The branch of solutions with larger ¢q
typically has higher soliton charge ) than the branch of solutions with lower ¢y. There
are both stable and unstable solutions on both the high-charge and low-charge branches.

In addition, the solitons on both branches are unstable when ag and ¢¢ become sufficiently

large.

Instead of the solitons in AdS spacetime, we consider a system that more closely analogous
to our solitons in a cavity which is boson stars. A boson star is a soliton solution in models
containing a time-dependent complex scalar field with a self-interacting term. For a recent
review on boson stars see [I18]. In asymptotically flat spacetime, stable boson stars are

found if the central density is smaller than a certain critical value and boson stars become
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unstable if the central density is larger than the critical value [78], [116]. In our case, the
value of the scalar field at the origin ¢y plays the same role as the central density in boson
stars. For charged boson stars in asymptotically flat spacetime [103] and boson stars in
asymptotically AdS spacetime [64], the same behaviour is observed. A non-linear study
[65] has shown that an unstable boson star in asymptotically flat spacetime will either
collapse to form a black hole or the scalar field radiates away to infinity leaving a stable
boson star. Another possibility is that the unstable boson stars radiate the excess energy

and migrate to the stable branch.

So what could be the end-point of the instability of the solitons we have found? In our
case, there is no mechanism that allows the scalar field to escape to infinity. Therefore we
conjecture that unstable charged solitons could collapse and form black holes. These black
holes could either be Reissner-Nordstrom or a black hole with charged scalar hair [61] (see
subsection 4.4.2). To determine the actual end-point of this instability, a full non-linear

evolution of this system would be needed.

4.5.6 BOUNDARY CONDITIONS FOR BLACK HOLES
In this subsection, we derive the boundary conditions on the perturbations of the scalar
field ¢ and electromagnetic potential § Ag at the horizon r = 7. In subsection 4.5.7 we
will show that by putting the mirror at the first node of the scalar field, all the black hole

solutions we have considered are stable. On the other hand, if the mirror is located at the

second node of the scalar field, our results show that these configurations are unstable.

At the horizon, we impose ingoing boundary conditions defined by

du(t,r) = Re _e_i"(t”*)&(r)] )

dw(t,r) = Re _e_i"(t”*)u?(r)] ,

0Ap(t,r) = Re _e_i"(t”*)flo(r)] ) (4.108)
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where @,w and Ay are complex functions of the radial coordinate r only. The tortoise

coordinate 7, is given by

1

il 4.109
dr 5 ( )
We assume that near the horizon the complex functions @, @ and Ay have regular Taylor

series expansions of the form

i = g + a1 (r —rp) + O(r —ry)?,

W = Wy + W (r —rp) + O(r — 1),

Ag = Ay (r — ) + Ao(r —1,)% + O(r —rp,)3. (4.110)
Unlike the soliton case, with the ingoing boundary conditions (4.108), we loose the residual
U(1) gauge freedom and diffeomorphism freedom. By choosing the boundary conditions
(4.108), we have effectively fixed our choice of time-coordinate. There is also no gauge
transformation (4.11) which preserves the form of the electromagnetic potential near the
horizon. By substituting these series expansions (4.108, 4.110) into the perturbation equa-

tions (4.77-4.79), we find that a4, w1, Ay, Ay and all higher-order coefficients can be written
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in terms of g, wy and o. They are given by

_ —8g&yria’iy + Big

4.111

! BB (dirpo + B) ( )
_ —8q&prE (B + 2irpo) G + [B (B + 2irpo) + dirpo (B +4) Q7 ] o
Wy = : : , (4.112)

rpB (B + 2irpo) (B + 4irpo)

~ 7 (B + 4) Q(bhO'?I}Q
A =— 4.11

! rp (B + 2irpo) (4.113)
i (4QO(€hB3 — 2iqry, QnEr (B — 6) B%o — 1GQT}QLQh(€hBO'2) B

2= Uo

r2B% (B + irpo) (B + 2iryo) (B + 4irpo)
. Qnowy
B2 (B + irpo) (B + 2iryo) (B + 4iry,o)

[iB*{(B+4)B*—2(5B+12) O} }

+ Bry, { (88 + 34B — 3B8%) Q7 —2B*(3B+11)} o

— diry {B* (3B +10) + (B —12) £, 9} } 0°] (4.114)

where we introduce B = (5,3 — 2) € = By and Qp = qrp¢dp. When the background
parameters q, ¢, and Ejp are given, the boundary conditions only depend on the three

complex parameters g, wg and o.

As in the soliton case, at the mirror r = r,, we demand that only the scalar perturbations
97 (hence du and dw) vanish (4.93). In particular, we require that both the real and
imaginary part of & and w vanish at the mirror. This is to make sure that the real and
imaginary part of the scalar field perturbations §¢ vanish for all time ¢ when the real
part is taken (4.108). Moreover, there are no constraints on other perturbation fields, i.e.,

0Ag,0f,0h and v at the mirror.

Similarly to the soliton case, we can make use the freedom to add any function of r to dw
in (4.69), to set 6H(r) = 0. We then can write .F purely in terms of £ as shown in (4.87).
At the horizon, it must be the case that § f = 0 so that the black hole event horizon does
not change. This implies that §f/f is finite at the horizon. Then, from (4.68), §F must
be finite at the horizon as well. This can only happen if £ = 0 from (4.87), so that 6F = 0.

Thus (4.76) yields G = 0. Hence once again, we can eliminate the 6F',dF and £ terms
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from the perturbation equations (4.77-4.79).

Since all the perturbation equations and boundary conditions are linear, we can fix the
overall scale of the perturbations such that wg = 1. This leaves only o and g as free
parameters when the background quantities q, ¢, and Ej are given. Therefore, with
a fixed value of wy, the perturbation equations (4.77-4.79) together with the boundary
conditions (4.93, 4.108) define an eigenvalue problem with o as the eigenvalue. In this case,
we seek the eigenvalue o such that Im(o) < 0 for stable equilibrium solutions, whereas
Im(o) > 0 will imply that the black hole solutions are unstable. This is because Im(c) = 0,
Im(o) < 0 and Im(o) > 0 correspond to stationary, exponential decay and growth of the

perturbation fields, respectively.

4.5.7 RESULTS FOR BLACK HOLES

The numerical method for the black hole case is very similar to that used in the soliton
case. In this case we make use of the length scaling symmetry (4.23) to set the black
hole radius 7, to be unity. Therefore, the black hole solution space is described by the
three background parameters ¢, ¢, and E} as shown in Fig 4.11. Once these quantities
are given, we can numerically solve the static field equations (4.18-4.21) and obtain a
hairy black hole solution. After that, we can find the mirror location r,. We then
integrate the perturbation equations (4.77-4.79) by using the boundary conditions (4.110)
as initial data. We seek the eigenvalue o and parameter 4y such that the scalar field
perturbations satisfy the boundary conditions at the mirror (4.93). Hence in this case, o
and 4 will become our shooting variables for the numerical shooting scheme (see Appendix
A). Unlike the soliton case, here o is in general complex, therefore @, and Ay in (4.108)
will also be complex functions. For most of the cases we will examine below, the mirror

will be placed at the first zero of the equilibrium scalar field unless otherwise stated.

Fig 4.23 displays an example plot of @, @ and Ay for a static black hole solution with fixed

values of scalar field charge ¢ = 0.1, £}, = 0.8 and ¢y, = 1.2. The corresponding eigenvalue

183



4.5. STABILITY ANALYSIS

15 15—
] 10: -
_ /// \\
= E 5¢ \ 1
=1 1 2 ,/ \
/ \
- f—
/” 0 - \\\ ,/ \!
[ A ’
N ’
[ N d
r ~ s
_5F S 4
20 25 5 10 15 20
Radius
(b)
0.4 Re | ]
[ ———= Im ]
02f ]
L T -~ ]
F == SN
0.0f <
C [ ~
3 r N ]
-0.2f ]
b ; \\)/ ]
-04f AN 1
L \‘
-06F .
70.87 L L L L ]
5 10 15 20 25
Radius

Figure 4.23: An example plot of the perturbation fields @, @ and Ay. We perturb a static
black hole solution with scalar field charge ¢ = 0.1, E;, = 0.8 and ¢, = 1.2. The vertical
line displays the location of the mirror which is r,, =~ 24. The corresponding eigenvalue is
o =0.1731 — 0.0038; and ug = 0.4397 + 0.02313.

0 is 0.1731 — 0.0038¢ and the shooting parameter ug = 0.4397 4+ 0.0231%. In these plots, we
can clearly see that both the real and the imaginary parts of @ and @ vanish at the mirror
location r,, ~ 24. On the other hand, the perturbation of the electric potential Ay is not
required to be zero at the mirror. This example demonstrates that this particular black

hole is stable since the perturbation mode decays exponentially with time, i.e., Im(o) < 0.

As shown in the black hole solution space Fig 4.11, the static black hole solutions are
defined by three parameters, charge of the scalar field g, electric field at the horizon Fj,

and the equilibrium scalar field at the horizon ¢y. Therefore we will now present a selection
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Figure 4.24: The real (left) and imaginary (right) part of the eigenvalue o plotted as
a function of mirror radius r,, (top) and the equilibrium scalar field at the horizon ¢y
(bottom), for black holes with ¢ = 0.1, ¢, € [0.1,1.4] and various values of Ej. The
mirror is located at the first node of the equilibrium scalar field. We note that the black
holes considered here are all stable since Im(o) < 0.

of numerical results for which two of the parameters ¢, E, and ¢y, are fixed and we vary
the third. Fig 4.24 illustrates the real (left) and imaginary (right) part of the eigenvalue
o against the mirror location r,, (top) and the value of the static scalar field at the
horizon ¢, (bottom). The background parameters are given to be ¢ = 0.1, ¢, € [0.1,1.4]
for three distinct values of electric field at the horizon Ej. There is no non-trivial black
hole solution with scalar hair when ¢y > 1.4, since in this case the metric function f(r)
develops a second horizon before ¢(r) has a node (see Fig 4.11). When E;, = 0.8, we

find no hairy black hole solutions for ¢, > 1.2. We see that the imaginary part of o
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decreases (so that the perturbation modes decay more quickly) as r,,, decreases and as ¢y,
increases. In addition, for fixed ¢y, Im(o) decreases as Ej, increases. The real part of the
frequency mode o increases as the mirror moves towards the black hole horizon and as ¢y,
increases. More importantly, we find that all the equilibrium hairy black holes we have
considered are linearly stable under spherically symmetric perturbations. This is because

the perturbation modes decay exponentially with time as Im(o) < 0.
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Figure 4.25: The real (left) and imaginary (right) part of the eigenfrequency o plotted as
a function of electric field at the horizon E}, for ¢ = 0.1, Ej, € [0.1,1.3] and various values
of ¢p. In the right-hand plot, we have plotted the logarithm of the modulus of Im(¢). The
mirror is located at the first zero of the equilibrium scalar field. We note that the black
holes considered here are all stable since Im(o) < 0.

The real (left) and imaginary (right) part of the mode frequency o are plotted against
electric field at the horizon Ej in Fig 4.25 for ¢ = 0.1 and Ej; € [0.1,1.3] where each
curve corresponds to a different value of ¢5,. We find that for fixed ¢y, the real part of o
increases as Fj, increases. We emphasize that as the imaginary part of frequency can take
a very small value, therefore we display the logarithm of the modulus of Im(o). Moreover,
the imaginary part of o decreases (so that the perturbation modes decay more quickly)
as the electric field at the horizon becomes stronger. In addition, as ¢y increases, we see
that Re(o) increases and Im(co) decreases. Since Im(o) < 0, therefore the static black hole

solutions considered here are all linearly stable.
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Figure 4.26: The real (left) and imaginary (right) part of the frequency o plotted as a
function of scalar field charge ¢ for black holes with various fixed values of ¢, and Ej. The
mirror is located at the first zero of the equilibrium scalar field. We note that all black
holes considered here are stable since Im(o) < 0.

We now investigate the effect of scalar field charge ¢ on the eigenvalue o. Fig 4.26 illustrates
the real (left) and imaginary (right) part of eigenvalue o as a function of scalar field charge
q for fixed values of ¢, and Ej. As the scalar charge ¢ increases, Re(o) increases and
Im(o) decreases. We find once again that Im(o) < 0, therefore these equilibrium hairy
black holes are also stable. Re(o) and Im(o) plotted against electric field at the horizon
E}, for fixed equilibrium scalar field at the horizon ¢ = 0.2 and various values of scalar
field charge ¢ are displayed in Fig 4.27. As the numerical value of ¢ is small, we present
the results on a logarithmic scale for the real part and the magnitude of the imaginary
part. For fixed ¢, as Ej, increases, Re(o) increases and Im(o) decreases (the mode decays
more rapidly). Additionally, as ¢ increases, the numerical value of Re(o) increases and
Im(o) decreases. We see that as ¢ becomes bigger, the maximum value of Ej, decreases.
Beyond these values, the system of equations (4.18-4.21) become stiff and no non-trivial
solutions are found. This is accordance with the behaviour of the solution space shown in
Fig 4.11 where we find that as ¢ increases, the area of the solution space of hairy black
holes decreases. Since we find negative imaginary part of o for all black holes considered

here, therefore these hairy black holes are stable.
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Figure 4.27: The real (left) and imaginary (right) part of the mode frequency o plotted
as a function of electric field at the horizon Ej, for black holes with fixed ¢y, = 0.2, Ej, €
[0.1,1.3] and various values of ¢. In the right-hand plot, we have plotted the logarithm
of the modulus of Im(o). The mirror is located at the first zero of the equilibrium scalar
field. We note that all black holes considered here are stable since Im(o) < 0.

Fig 4.28 shows the real (left) and imaginary (right) part of the eigenvalue o against the
mirror location 7, (top) and the value of the static scalar field at the horizon ¢, (bottom).
The background parameters are given to be ¢ = 0.2, ¢y, € [0.1, 1.3] for various values of the
electric field at the horizon Ej. The results are displayed on a logarithmic scale for the
real part and the modulus of the imaginary part. For fixed values of E}, Re(o) decreases
as 1y, increases and Im(o) increases as r,, increases. Moreover, increasing ¢p, we find
that Re(o) increases and Im(o) decreases. We can compare the results in Fig 4.28 with
the results shown in Fig 4.24. Generally speaking, we see that for ¢ = 0.2, the numerical
results behave in a similar way to those results for ¢ = 0.1 in Fig 4.24. We also see from
Fig 4.28 that the results cover a smaller range of values of ¢;. In addition, as Ej, increases
the range of values of ¢, also increases. These patterns can be seen from the black hole
solution space Fig 4.11 (¢ = 0.2 case). Since Im(o) < 0 for all the perturbation modes
examined here, these modes are exponentially decaying with time. All the black holes

considered here are all stable.
So far in Fig 4.23-4.28, we have considered the stability of hairy black hole solutions with
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Figure 4.28: The real (left) and imaginary (right) part of the eigenfrequency o plotted
as a function of mirror radius r,,, (top) and the equilibrium scalar field at the horizon ¢y
(bottom), for black holes with fixed ¢ = 0.2, ¢, € [0.1,1.3] and various values of Ej. In
the right-hand plot, we show the logarithm of the modulus of Im(o). The mirror is located
at the first node of the equilibrium scalar field. We note that the black holes considered
here are all stable since Im(o) < 0.

the mirror located at the first node of the equilibrium solutions. We find only perturbation
modes which decay exponentially with time. Therefore, we conclude that the static hairy
black holes with the mirror located at the first zero of the equilibrium scalar field are
stable. To complete this section, we shall now consider the results when the mirror is
located at the second zero of the equilibrium scalar field. As an example, in Fig 4.29,
we plot the real (left) and imaginary (right) part of the mode frequency o as a function

of the mirror location 7, (top) and the value of the static scalar field at the horizon ¢y,
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(bottom). The background parameters are ¢ = 0.1, ¢p, € [0.1, 1.4] for three distinct values
of the electric field at the horizon Ej. Unlike the plots for the first-zero case, on the
right-hand plot, we present our numerical results by using a logarithmic scale for Im(o)
rather than the modulus of Im(c). We see that, with fixed Ej,, as ry,, increases, both
the real and imaginary part of o decrease (so that the perturbation modes grow more
slowly). On the other hand, increasing ¢, Re(c) and Im(o) also increase. In contrast
with the first-node case, when the mirror is placed at the second zero of the static scalar
field, we find perturbations with Im(o) > 0. Hence the perturbation modes are growing
exponentially with time. Therefore we conclude that static hairy black holes with the
mirror at the second node of the scalar field are unstable. We expect that the static black
holes would remain unstable, if the mirror is located at any zero after the second zero of

the equilibrium solutions.
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Figure 4.29: The real (left) and imaginary (right) part of the eigenvalue o plotted as
a function of mirror radius r,, (top) and the equilibrium scalar field at the horizon ¢y
(bottom), for black holes with ¢ = 0.1, ¢y, € [0.1, 1.4] and various values of Ej,. The mirror
is now located at the second node of the equilibrium scalar field. Note that in this plot, the
imaginary part of the frequency is positive, implying that the perturbation modes grow
exponentially in time.

84.6 Summary

Finding one possible end-point of the charged superradiant instability for a charged black
hole surrounded by a reflecting mirror was our main goal in this chapter. Thus we inves-
tigated the Einstein-charged-scalar field system in a cavity. We showed numerically that
solitons and black holes in a cavity with charged scalar hair are admitted in this theory.

An analytic argument was made to confirm that there are no asymptotically flat solutions
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except the trivial ones, i.e., Minkowski, Schwarzschild or Reissner-Nordstrom solutions.
We imposed reflecting boundary conditions at the mirror, such that the scalar field must
vanish at r = r,,. We used this requirement to fix the mirror at the first zero of the scalar
field for most of the cases we have considered. By fixing the scalar field charge to be
q = 0.1, two parameters are needed to define the soliton solutions, namely, the scalar field
and electric potential at the origin ¢y and ag. For hairy black holes, we fix the black hole
radius 7, to be unity and this leaves only three quantities to describe the black hole solu-
tions, which are the scalar field charge ¢, the scalar field and electric field at the horizon

¢p and Ej,.

The phase spaces of soliton and black hole solutions share many common characters. For
instance, in the central area of the phase space for both solitons and black holes where
ap, o or Ep, ¢, approach zero, there exist solitons/black holes with r,, > 100. Also as one
moves away from the centre, the mirror radius decreases. Furthermore, at a fixed value
of ag/E}, we found that there is an upper limit on the value of ¢g/¢y such that beyond

these points we find no well-defined solutions.

However there are also some significant differences between the solution spaces of solitons
and black holes. Since we fix the scalar field charge ¢ in the soliton case, the soliton
solution space is therefore much simpler than the black hole solution space. In addition
we find no upper bound on ag since there is no horizon. In fact, we can find a well-defined
solution when ag is extremely large. In contrast, in the black hole case, the maximum
value of Fj, is limited by the condition |Ep| < V2 when rj, = 1. Moreover, as ¢ increases,

the size of the black hole phase space decreases.

The stability of solitons and black holes was also discussed. Spherically symmetric linear
perturbations of the metric functions, scalar field and electric potential were considered.
Three perturbation equations which govern the evolution of linear perturbations were

derived. By applying suitable boundary conditions for these perturbation fields, the system
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of perturbation equations was solved numerically by a two-parameter shooing method. Our

numerical analysis revealed the following;:

e If the mirror radius is sufficiently large, we find stable soliton solutions; unstable
modes for some solitons are found when the mirror radius is small. For all the
solitons we have considered here, the mirror location is always at the first zero of

the equilibrium scalar field.

e For black holes, stable solutions are found when the mirror is located at the first zero
of the equilibrium scalar field; when the mirror is fixed at the second node, unstable

black hole solutions are found.

e We also anticipate that if the mirror is located at further zeroes of the scalar field,

the black hole solutions would be unstable.

From these results, we can make the following arguments. In the first scenario where we
have stable solitons with complex scalar field, the stable hairy black hole can be interpreted
as a bound state of a Reissner-Nordstréom black hole and a charged scalar soliton. In the
second scenario, since there is no known mechanism that allows the scalar field to escape to
infinity, therefore we conjecture that unstable solitons would collapse to either a Reissner-
Nordstrom black hole or a black hole with charged scalar hair. We therefore conclude that
a stable black hole-in-a-cavity could be interpreted as a possible end-point of the charged
superradiant instability in a cavity. This result is in accordance with the conjecture made
n [86], that with the exclusion of a single real scalar field, a (hairless) black hole which
is afflicted by the superradiant instability of a given field must allow hairy generalizations

with that field.

In a recent study by Sanchis-Gual et.al., [I57] a time-domain analysis was applied to
investigate the development of the superradiant instability of a charged massive scalar

field into the non-linear regime. By using the techniques of numerical relativity, they
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discovered that there are two possible end-points for the charged black hole bomb. For
small electric scalar field charge (up to ¢M ~ 10), where M is the ADM mass of the original
Reissner-Nordstrom black hole, the unstable charged configuration evolves smoothly into
the end-state of a hairy black hole. On the other hand, they demonstrate numerically that
for larger ¢M, the energy extraction overcomes the final equilibrium configuration and an
explosive event, namely a bosenova, occurs and the system settles down to a hairy black
hole after that. They also found that these hairy black holes exist at the threshold of the
superradiant instability. This work clearly supports our finding that hairy black holes are
possible end-points of the charged superradiant instability [61]. The connection between
our hairy black hole-in-a-cavity solutions and those found in [I57] can be understood by the
following argument. By making a gauge transformation such that the electric potential at
the horizon Ay(rp,) becomes @Q/ry, rather than zero, the scalar field obtains a harmonic time
dependence and the scalar field oscillates at the precise superradiance threshold frequency.
Furthermore, the final state of the superradiant instability of a charged massless scalar
field in asymptotically AdS spacetime was recently investigated in [31]. Their non-linear
study also revealed that the ultimate fate of the charged superradiant instability in AdS

spacetime is a stable hairy black hole.
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Chapter 5

Conclusions

Two self-gravitating systems have been studied in this thesis; SU(2) Einstein-non-Abelian-
Proca (ENAP) theory in asymptotically AdS spacetime and Einstein-charged-scalar theory
in a cavity. Combining analytic and numerical work, we found spherically symmetric
solitons and hairy black holes in each model. The linear stability of these solutions was

also investigated.

In chapter 2, we reviewed basic ideas of black hole solutions, the no-hair theorem and
black hole superradiance. Schwarzschild, Reissner-Nordstrom, Kerr and Kerr-Newman
black holes were discussed. The casual structures of these black hole solutions were also
studied by investigating their Penrose diagrams. Inspired by the uniqueness theorems of
asymptotically flat black hole solutions, we discussed the no-hair theorem and its conse-
quences. We saw that if the electrovac condition is relaxed, then the no-hair theorem no
longer holds. In fact, we discussed a generalized no-hair conjecture [25, [52]. This conjec-
ture leads to a new type of black hole solution called hairy black hole. We then discussed
some important works on black holes with various types of hair. Since one of the main in-
terests in this thesis is ENAP theory, therefore, we focussed mainly on black hole solutions

with non-Abelian gauge hair. Later, we considered superradiance in black hole physics.
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We demonstrated how the amplitude of a matter wave on a black hole spacetime can be
amplified. We derived a necessary condition for superradiant scattering in the charged
and rotating cases. By providing a confining mechanism, we saw that a superradiance
process can lead to an instability of spacetime. At the end of chapter 2, we presented how
a massless charged scalar field on a Reissner-Nordstréom black hole enclosed by a mirror

becomes superradiantly unstable.

The particle-like solutions [7] and coloured black holes [24] were the first solitons and
hairy black holes found in SU(2) Einstein-Yang-Mills (EYM) theory in asymptotically
flat spacetime. Since then, many studies have been devoted to finding the existence of
solitons/black holes with non-Abelian hair and their stability. In chapter 3, we studied
spherically symmetric solutions of SU(2) ENAP theory in asymptotically AdS spacetime.
By using the numerical shooting method, we discovered purely magnetic soliton and black
hole solutions with non-Abelian Proca hair. Our solutions share common features with
those solutions found earlier in ENAP-flat [79] and EYM-Higgs-AdS [I83] theories. Firstly,
our solitons and hairy black holes have two branches: ordinary and quasi branches. Sec-
ondly, for fixed Proca mass u, there exists a maximum value of the magnitude of the
cosmological constant |A| for which we still obtain solutions. Likewise, for fixed |A|, there
is maximum value of p for which we still obtain solutions. We proved that these solutions
cannot be nodeless. Then we showed that dyon solutions and dyonic black holes are not
allowed in ENAP theory in both asymptotically flat and asymptotically AdS spacetimes.
The equilibrium hairy black holes found in this chapter violate the generalized no-hair con-
jecture [25], [52], since at infinity, they are indistinguishable from the Schwarzschild-AdS

solution.

Spherically symmetric linear perturbations about these solutions were also studied. It
turned out that the perturbation equations can be divided into two classes; the gravita-
tional and sphaleronic sectors. Our numerical studies revealed that equilibrium solitons

and hairy black holes are linearly unstable in both sectors. We also investigated the stabil-
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ity of the equilibrium solutions of ENAP-flat and found unstable modes for both solitons
and hairy black holes. Our work concludes that solitons and black holes with non-Abelian

Proca hair are unstable against a small perturbation.

A charged scalar field on a Reissner-Nordstrom background in a cavity experiences super-
radiant phenomena [55, 85]. A mirror-like boundary also provides a trapping mechanism
that keeps a superradiant mode of the scalar field in the vicinity of the charged black hole.
This process eventually leads to an instability. In this thesis, we attempted to provide
a plausible end-point of this charged superradiant instability. To address this problem,
we considered Einstein-charged-scalar field theory with a reflecting boundary condition in
chapter 4. By solving the field equations, we obtained numerical spherically symmetric
solitons and black holes with charged scalar hair. A mirror-like boundary condition is im-
posed by requiring that the scalar field must vanish at the location of a mirror. Therefore
we can put the mirror at any zero of the equilibrium scalar field. We focused mostly on
those solutions for which the mirror is located at the first zero of the scalar field. It is not
possible to have either solitons or hairy black holes in asymptotically flat spacetime. We
gave an analytic proof that supported this statement. We found that the only non-trivial
asymptotically flat black hole (soliton) solutions of the Einstein-Maxwell-Klein-Gordon

equations are either Reissner-Nordstrém or Schwarzschild (Minkowski) spacetimes.

The stability of these solitons and hairy black holes against perturbations of the metric,
electromagnetic field and scalar field was investigated. By fixing the mirror’s location at
the first zero of the equilibrium scalar field, we found no numerical evidence of unstable
perturbations for equilibrium black hole solutions, which are all linearly stable. On the
other hand, we found unstable modes for black hole solutions when the mirror is at the
second zero of the scalar field. We conjecture that the same result would hold if the
mirror was located at the third or subsequent zeros of the equilibrium scalar field. Thus
these stable black hole solutions could represent the end-point of the charged superradiant

instability. The non-linear evolution of the charged superradiant instability was recently
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studied in [I56, [157] by applying numerical relativity techniques. Their study revealed

that the system settles down to a hairy black hole which clearly agrees with our findings.

It turned out that the stability of solitons is not as straightforward as in the black hole
case. It required a careful analysis to understand the stability behaviour of solitons. We
note that for all the soliton solutions considered in this thesis, the mirror’s location is
at the first zero of the equilibrium scalar field. We found that if the mirror radius 7y,
is sufficiently large, all the equilibrium solitons examined were shown to be stable. On
the other hand, some soliton solutions were found to be unstable when r,, is sufficiently
small (corresponding to sufficiently large values of ¢y and ag). We made sense of this
result by comparing our solitons with asymptotically flat boson stars. Non-linear studies
of the dynamics of boson stars revealed that unstable boson stars can either collapse to
form a black hole or the scalar field radiates to infinity and the system settles down to a
stable boson star [65]. However, in our scenario, the charged scalar field cannot simply
escape to infinity due to the reflective mirror. Therefore we expect that the unstable
solitons discovered here would collapse to form either stable black holes with charged
scalar hair or a Reissner-Nordstrom black hole. We remark that to test this conjecture, a

fully non-linear evolution is required.

How can the hairy black holes discussed in chapter 3 and 4 be described under the no-
hair conjecture framework? We saw that black holes with non-Abelian Proca hair in
asymptotically AdS spacetime are indistinguishable from Schwarzschild-AdS at infinity,
but they are also unstable. Therefore they do not violate Bizon’s no-hair conjecture [25].
For the models with a non-Abelian gauge field in asymptotically AdS spacetime, pure
EYM theory seems to be a very special case. This is because EYM-AdS theory appears to
be the only system that contains stable hairy black holes. In addition, these black holes
can also be characterized by global charges which can be measured at infinity. On the
other hand, it is difficult to see how stable black holes with charged scalar hair could fit

into the picture of the no-hair conjecture. This is because there is no infinity due to the
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presence of the mirror.

In both scenarios, the asymptotic structure of the spacetimes is a timelike boundary (AdS
and mirror respectively). Therefore one might argue that both models are not physically
interesting. However we hope that studying these toy models may shed some light on
the stability of rotating hairy black holes which is considered to be more astrophysically

relevant (but of course relatively more complicated and challenging).

We complete this chapter by commenting on what could be extended from the works
presented in this thesis. It was found in [I56], 157] that a hairy black hole is the final state
of the superradiant instability induced by a massive charged scalar field on a Reissner-
Nordstrom black hole in a cavity. Therefore one natural extension is to consider a coupled
system of gravity, electromagnetic field and a massive charged scalar field with a reflective
mirror. This coupled system can be obtained by simply adding a scalar field mass term to
our work presented in chapter 4. It would be straightforward to obtain soliton and hairy
black hole solutions as well as providing a stability analysis for these solutions. However
we expect that the results in the massive case would not be much different from our results
for a massless scalar field. We note that the authors in [156] recently discuss the difference

between the massless and massive case under charged superradiant instability framework.

As mentioned above, the end-point of the unstable charged scalar solitons is still unclear.
The final state of this instability could be either a Reissner-Nordstrém black hole or a
hairy black hole. To answer this question properly, a time evolution study of the soliton
solutions is required. This means we have to follow the development of the metric, elec-
tromagnetic and scalar perturbations into the non-linear regime. To tackle this problem
systematically, one would be required to implement numerical relativity techniques. It
could be a technically challenging problem but also interesting to have a complete picture

of the instability of the charged scalar solitons.

Ultimately, one would like to explore possible end-points of the superradiant instability
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in the rotating case. To fully track down the evolution of the superradiant instability,
a non-linear evolution of the perturbations must be investigated. The rotating case is,
however, considerably more difficult than the spherically symmetric charged case. This is
because the former has less symmetry and also its instability time scale is longer than the
latter. Despite this being very hard problem, it is also very interesting since it could have

direct astrophysical applications. We leave this as an open question for future work.
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Appendix A

Numerical method

Throughout our work, one of the main problems that we have encountered is we end up
having many ordinary differential equations (ODEs) which cannot be solved analytically.
Therefore some numerical scheme is required to solve these ODEs. There are various
numerical methods on the market and each one has an advantage over the others in
some type of particular problem. In our work, however, we solely deal with the situation
where we know the initial values of the variables and then try to find the solution that
matches certain conditions at the boundary. The numerical technique that suits our needs
the best is the shooting method. By adopting the spirit of the shooting technique, we
construct numerical code in Mathematica to attack our problems both in the ENAP and
the Einstein-charged-scalar projects. In this appendix, we will outline the basic principles
behind this numerical method and also describe briefly how we can implement this in

Mathematica.
8A.1 Initial and boundary value problems

Before discussing the shooting method, it is useful to mention initial value problems (IVPs)
and boundary value problems (BVPs). IVPs and BVPs are ordinary differential equations

with “initial conditions” and “boundary conditions” respectively. From a mathemati-
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cal point of view, initial conditions consist of specified values of the functions and their
derivatives at some initial point of the independent variable. Boundary conditions are
given by values of the functions at the endpoints of the interval of the independent vari-
able under consideration. From a physical point of view, IVPs and BVPs are found in
many physical systems. In addition, IVPs are mostly found in problems involving how
the system will evolve if initial conditions are specified. However BVPs most often occur

in time-independent physical situations.

These two problems are different in terms of the uniqueness of their respective solutions.
One can almost guarantee to obtain a unique solution when solving IVPs. However under
some circumstances, BVPs could have either no solution or many solutions. To illustrate

this, consider the following equation,

y'(@) = —y(), (A.1.1)
with general solution

y(xz) = ¢y cosx + cpsinz, (A.1.2)

where ¢ and cg are arbitrary constants and / denotes the derivative with respect to . Then

consider the initial value problem by adding the following initial conditions to (A.1.1),

y(0)=A, 4 (0)=B, (A.1.3)
which implies that
caa=A4, < =B. (A.1.4)
The solution becomes
y(x) = Acosx + Bsinzx. (A.1.5)

Thus this initial value problem has the unique solution (A.1.5) for each possible pair of

values of A and B.
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Now consider the following examples of BVPs. We use the same equation (A.1.1), however,

with the new boundary conditions,

y(0) =0, y(m)=0. (A.1.6)
These boundary values yield

y(0)=0=c¢c, y(r)=0=c, (A.1.7)

which tells us nothing about the value of ¢5. Hence ¢y can take any arbitrary value. Thus

the solution of this system is given as

y(x) = czsinz, (A.1.8)

which is not a unique solution. Finally, another example of a BVP takes the form

y(0) =0, y(r)=1. (A.1.9)
Hence

y(0)=0=¢c¢, ylr)=1=—¢, (A.1.10)

which gives a contradiction. Thus there is no solution in this case. So one can see that with
ill-defined boundary conditions, BVPs could yield a non-unique solution and sometimes

no solution at all. For more details on IVPs and BVPs see, for example, [5] [178].
8A.2 Shooting method

The shooting method is a numerical technique for solving one particular type of ordinary
differential equation, i.e. boundary value problems. The basic principle of the shooting
method is to reduce BVPs to IVPs by replacing one boundary condition with an arbitrary
initial condition. Thus boundary value problems become initial value problems which can

be solved by numerical integration methods, e.g. Runge-Kutta [178]. For example, we
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consider the following boundary value problem

yl/(x) =f (y/(x),y(x),m) > (A.Q.l)

with boundary conditions

where o and 8 are some particular values that needed to be specified. The starting and
the boundary point are denoted by x; and x ¢, respectively. We apply the shooting method

by changing one of the boundary conditions to an initial condition. That is, we set

y(@i) = o, y' (i) =, (A.2.3)

where v is an arbitrary constant. Then we solve the above IVP by applying a conventional
method, e.g. Runge-Kutta. The name “shooting” comes from the fact that we have to
make an educated guess of the initial value v. With this initial condition, we see how
close the solution is to satisfying the other boundary condition (y(xf) = ). Then we
appropriately adjust the initial value of v and shoot again until we can match the boundary

condition at xy.

Fig A.1 displays a graphical scheme of the shooting method. In this case, we first make a
guess by choosing v = 7. This choice yields the initial slope too low to satisfy the other
boundary condition. Thus we shoot again with v = ~9 which is too high. Then we follow
an aim-shoot-adjust process so that the other boundary condition is satisfied. Then the

BVP is solved.

If the boundary value problem has a solution, it is possible to find the root of the following

function

Y(v) =ylzsy) — 8. (A.2.4)
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yv'=fW,y, )

y(x)

Figure A.1: Diagram of the shooting method scheme.

With a given value of +, the solution at x is defined by y(x ;7). For more details on the

subject, we refer the reader to [142] [166].

8§A.3 Coding

In our work, all the numerical calculations are performed in Mathematica, including the
part where we solve ODEs with the shooting method. Therefore in this section, we will
describe how the numerical shooting scheme can be constructed via Mathematica code.
Since both the ENAP and Einstein-charged-scalar project heavily involve this technique,

we will outline the computational steps for each case separately.

A.3.1 ENAP

For the ENAP case, the shooting method is used to find both the equilibrium solitons/black
holes (section 3.5) and also to demonstrate the instability of these solutions (section 3.7).

Firstly the static field equations (3.22-3.24) together with the boundary conditions (3.26,
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3.29, 3.31) define the BVP. By the virtue of shooting scheme, we will replace (3.31) with
some initial conditions. As a result, the BVP now becomes an IVP. If e, u, A and rp, are
given, the initial data (3.26) and (3.29) depend only on wy (which later will be renamed as
b) and wy. The quantities b and wy, are the shooting parameters for the soliton and black

hole cases respectively. The computational steps are given as follows:

1. We specify numerical values to e, u, A and rp, (for black hole solutions).

2. The initial conditions (3.26, 3.29) and their derivatives are used as initial data to
integrate the ODEs (3.22-3.24) numerically. Note that at this stage, these initial

values now only depend on b and wy, for the soliton and black hole cases respectively.

3. We solve the ODEs with the help of the NDSolve function in Mathematica. The
function is constructed in the following way: NDSolve[field equations, initial con-
ditions ,{r, Torigin/horizon 10’}], where ¢ is an integer. In practice, we cannot start
the integration from the origin r = 0 (for solitons) or from the horizon r = ry, (for
black holes), since these points are singular point of the ODEs. Instead, we define
Torigin = € and Thorizon = T, + €1, Where € and €; measure how close to the ori-
gin/horizon we can start our integration. The typical values of € and ¢; are 1073

and 107! respectively.

4. We try to find the values of shooting parameter b/wy, such that the following equation
is satisfied w(10?) + 1 = 0, where the output of NDSolve].....] is substituted into
w(10%). This equation needs to be satisfied since the boundary condition (3.31) says
that w = —1 (at the leading order) as r — oo. This is the equivalent of the “target”

that we need to aim for.

5. We then need to construct an algorithm to “aim-shoot-compare (the result with
the target)-adjust-shoot again”. To do that, we begin by defining a new function

T [10%,b] := w(10%) 4 1. Hence we aim for T [10°,b] = 0 with particular values of i.

206



APPENDIX A. NUMERICAL METHOD

The function T is equivalent to (A.2.4).

. We then construct such an algorithm by using the Findroot Mathematica function
i.e., Findroot [T[10%,b], {b, binitials btinai }], where binitiqi and byinq need to be given
numerical values. This restricts the interval that Findroot needs to search for an
appropriate value of b. Then we define the “new” bjpitiai, bfinat in a suitable way

such that the “new” interval is narrower than the previous interval.

. Next we construct a “For” loop for the Findroot function to run the value of ¢ which
corresponds to the value of the upper limit of integration. At each particular value
of i, Findroot will return a value of b. Then the loop will continue such that at
i+ 1, the Findroot will search for an appropriate b within a narrower interval than
the previous step. In our case, the typical starting value of ¢ is 3 and the loop is
normally terminated when ¢ > 8. This step is equal to the “shoot-compare-adjust-

shoot again” procedure in the standard shooting method.

. We check the correctness of the result by testing that the function 7' defined above
has to be zero. We tend to choose the value of b with the largest possible ¢, since

this ensures that our solution would behave smoothly to a very large distance.

. Then we substitute final value of b into NDSolve function to solve for the solutions

and then plot the solutions.

In these steps, we can replace b with wy, for the black hole solutions. Although there are

many numerical techniques for solving ODEs and for root finding, we allow Mathematica

to select the most suitable method for us via NDSolve and FindRoot functions.

For the stability analysis, the computational scheme is almost the same as the one discussed

above, therefore here we will only point out the differences between the two scenarios. In

the case of stability, the computational steps are given by:
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. Firstly, we solve the static equations and obtain the relevant equilibrium soliton /black

hole solutions by using the numerical scheme discussed above. These solutions are
then substituted into the perturbation equations (3.85) for the gravitational sector

and (3.100, 3.101) for the sphaleronic sector.

. To integrate the perturbation equations, once again we use the following command:

NDSolve[perturbation equations, initial conditions, {7’, rmgm/hm,im,loi}]. How-

ever, the initial data for both solitons and black holes depend solely on o2, see

equations (3.87, 3.88) and (3.102-3.104). Thus the shooting parameter is o2.

. We demand that the perturbation fields, i.e., w; for the gravitational sector and

x1 and O, for the sphaleronic sector, vanish at infinity. Therefore in this case the
“testing” function is now defined as: T [10i,02] := wy(10%) for the gravitational

sector and T [10°, 62] := x1(10%) or T [10%,0?] := ©1(10°) for the sphaleronic sector.

. We remark that in the sphaleronic sector both variables y; and ©; need to vanish

as r — oo. However, there is only one shooting parameter o2, therefore we can only
18 3 ) 3 3 [43 : 99 3 3
use one “testing” function. In practice, we choose yi as “testing” function and it

turned out that the other one also vanished when the correct o2 was found.

. Then the root of the “testing function” is obtained by the FindRoot command.

Together with the algorithm mentioned above, we can find the final value of o2.

Then the perturbation equations can be solved via NDSolve.

A.3.2 EINSTEIN-CHARGED-SCALAR

In general, the numerical techniques used in this project are similar to those employed in

the ENAP project. We still use the shooting method to solve the main ODEs defined in

this system. However since the nature of the problem is different, thus we have to modify

the shooting algorithm such that it suits our particular problem. Unlike the ENAP project,

it is not necessary to implement the shooting method when solving the equilibrium field
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equations (4.18-4.21). This is because we can always fix the mirror location at any node
of the equilibrium scalar field. By giving appropriate numerical values to q, ag, ¢o,7h, Ep,
and ¢y, NDSolve itself is sufficient to solve the field equations for soliton and black hole

solutions (see section 4.4).

Nevertheless, numerical analysis of the stability of these static solutions requires the shoot-
ing technique. More precisely, with the perturbation equations (4.77-4.79) and the initial
data (4.89) and (4.110) for solitons and black holes, we now have a two-parameter shooting
problem, i.e., 02 and ws or ¢ and @y become shooting parameters in the soliton and black
hole cases, respectively. Another difference comes from the very nature of the problem
itself. In the ENAP case, the field variable w and the perturbation field need to be —1 and
0, respectively as r — oo. However in the Einstein-charged-scalar case, the scalar pertur-
bations are required to vanish at the exact location of the mirror » = r,,, and beyond the
mirror we assume that the spacetime ceases to exist. Therefore the perturbation equations
(4.77-4.79) need to be integrated from (near) the origin/horizon up to the location of the

mirror. Hence the “For” loop of 7 is irrelevant in this case.

The basic computational steps are given as follows:

1. For fixed ¢, ap and ¢p, we can integrate the static field equations numerically (using
basic NDSolve) and obtain soliton solutions as a result. For black holes, the back-
ground parameters that need to be defined are gq,ry, En, and ¢p. Once we obtain
solitons and black holes, the location of the mirror can be determined by finding the

first root of the equilibrium scalar field solution.

2. Based on the profile of the equilibrium soliton or black hole, we can now solve the
perturbation equations which correspond to each particular case. We construct the
following command: NDSolve[perturbation equations, initial conditions,

{7’, Torigin /horizon,rm}]. The “target” for the shooting is the requirement that the

perturbation of the scalar field must be zero at the mirror. Therefore both the real
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and imaginary parts of the scalar perturbation need to vanish at 7,,.

3. We thus need to construct two “testing” functions, one for the real part and another
for the imaginary part of the scalar perturbation. We can define U [rm, 02,w2] =
U(rm) and W [ry,, 0%, wa] := w(ry,) for solitons, and similarly for black holes. The
FindRoot command in Mathematica can find the simultaneous root of the functions
U and W. As a result, we obtain ¢ and wsy or ¢ and i for solitons or black holes,

respectively.
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