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Abstract

This thesis describ es a new approac h for the solution of t w o-dimensional, time-

dep enden t, surface-tension-driv en free-surface 
o ws in v olving domains of arbitrary

shap e that ma y undergo large c hanges in shap e during the course of a problem. Both

Stok es and Na vier-Stok es problems are considered, a mixed Lagrangian-Eulerian

�nite elemen t form ulation b eing emplo y ed for the latter. All meshes are generated

automatically using a Delauna y mesh generator, the only user input required b eing

the sp eci�cation of the initial free-surface shap e. V ery few constrain ts are placed

on the shap e of the initial domain and arbitrarily large deformations of the domain

are p ermitted. A k ey feature of the new metho d is its abilit y to dynamically re�ne

and de-re�ne the free-surface discretisation as and when necessary to main tain an

accurate represen tation of the free surface, as is essen tial for surface-tension-driv en

problems. F ull implem e n tation details are included.

Semi-im pli ci t time in tegration sc hemes are emplo y ed for b oth Stok es and Na vier-

Stok es problems, the resulting systems of linear equations b eing solv ed b y the con-

jugate residual metho d preconditioned using high-qualit y , thresholded, incomplete

LU factorisations. A no v el sc heme for the automatic selection of the maxim um time

step size that ensures free-surface stabilit y is describ ed.

A n um b er of c hallenging problems are considered. First a Stok es-
o w problem

with a kno wn analytic solution is emplo y ed to con�rm that the exp ected rates of

con v ergence in the solution are obtained. Next the Stok es-
o w ev olution of a �lm

of viscous 
uid on a rotating cylinder is in v estigated, the time-dep enden t case b e-

ing mo delled for the �rst time. Illustrations of the large free-surface deformations

leading up to load shedding are presen ted. In addition, the unexp ected existence of

apparen tly stable oscillatory solutions is rep orted for certain con�gurations. Finally

the axisymmetr ic oscillations of droplets at lo w Reynolds n um b ers ( Re � 100) are

considered.
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Chapter 1Introduction
In this c hapter the sub ject of free-surface mo delling is in tro duced, and a n um b er

of industrially imp ortan t free-surface problems are describ ed. Tw o t ypical non-

dimensional forms of the Na vier-Stok es equations are next in tro duced, the �rst cor-

resp onding to the standard form ulation for adv ection-dominated problems, the sec-

ond to a form ulation appropriate for Stok esian surface-tension-driv en problems, il-

lustrating the radically di�eren t nature of free-surface problems in these t w o regimes.

Finally a n um b er of strategies commonly emplo y ed for the solution of free-surface

problems are describ ed and their limitations discussed.

1.1 F ree-surface 
o w mo delling

The study of incompressible Newtonian 
uids is of fundamen tal imp ortance in mo d-

ern engineering. While the underlying ph ysics, at the macroscopic scale at least, is

w ell understo o d, the mathematical problems that arise from all but the simplest of

problem geometries cannot b e solv ed analytically , and th us some form of n umerical

metho d m ust b e emplo y ed. F ree-surface problems b y de�nition in v olv e the further

complication that the b oundary of the problem domain is not kno wn in adv ance.

Th us the solution of suc h a problem requires us to �nd b oth the lo cation of the

free surface and the 
o w �eld b ounded b y it. A t the curren t time no en tirely satis-

factory general-purp ose metho ds exist for dealing with time-dep enden t free-surface

problems.

1
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While a considerable n um b er of pap ers ha v e b een published describing metho ds

for obtaining solutions to steady-state free-surface problems, relativ ely few ha v e

addressed the sub ject of time-dep enden t problems. F ree-surface problems can b e

divided in to t w o imp ortan t classes: to the �rst b elong problems in whic h the solution

dep ends only w eakly on the shap e of the free surface e.g. most problems in v olving


uids with negligible surface tension; to the second class b elong those problems in

whic h surface tension is a dominan t in
uence. It is this latter class of problems to

whic h this w ork is addressed.

T o place the curren t w ork in con text, it is useful at this p oin t to describ e brie
y

a n um b er of practical applications that arise in the study of free surfaces. One area

in whic h free surfaces are frequen tly encoun tered is the application of a thin coating

of 
uid to a surface. A n um b er of t ypical coating 
ow geometries are describ ed in

the article b y Kistler and Scriv en [59].

Contact line

Figure 1.1: Extrusion coater.

Fig. 1.1 sho ws an idealised coating apparatus | the extrusion coater. In suc h

an apparatus a 
uid is applied under pressure via a nozzle to a mo ving substrate.

The �nal thic kness of the resulting la y er dep ends only on the 
o w rate in the nozzle.

The uniformit y of the coating dep ends critically on the 
o w rate and the v elo cit y of

the substrate. If the v elo cit y of the substrate is to o large then t ypically some form

of dynamic instabilit y will arise | resulting in an unev en application of the coating


uid or ultimately to a complete breakdo wn of the transfer mec hanism. As Fig. 1.1

sho ws, the problem geometry in v olv es a n um b er of contact lines (mark ed � ) eac h of

whic h requires careful treatmen t with regard to b oundary conditions if a w ell p osed

problem is to b e sp eci�ed.

The curtain coater geometry illustrated in Fig. 1.2 has man y features in common

with the extrusion coater. The arti�cial truncation of the domain implici t in b oth
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Figure 1.2: Curtain coater.

(a) (b)

Figure 1.3: Dip coating.

mo dels requires decisions to b e made at the mo delling stage ab out the b oundary

conditions to b e applied at the in
o w and out
o w b oundaries. T ypically some form

of steady fully-dev elop ed in
o w b oundary condition is selected, suc h as an op en-

c hannel (Couette) 
o w for the curtain coater or a P oiseuille 
o w for the extrusion

coater. In the case of the curtain coater the presence of a free surface at the in
o w

b oundary requires the sp eci�cation of a b oundary condition on the free-surface lo ca-

tion. The sp eci�cation of out
o w b oundary conditions is also frequen tly attempted

in a similar fashion, though care m ust b e tak en that the out
o w b oundary condi-

tion imp osed do es not in terfere with the dev elopmen t of phenomena of in terest e.g.

oscillations in the free-surface elev ation near the out
o w.

Fig. 1.3 sho ws a somewhat simpler con�guration resulting from mo dels of coating

in whic h a sheet of material is dra wn up w ards against gra vit y , through the free

surface of a reserv oir of 
uid, at a �xed v elo cit y . Note the presence of initial start-

up con tact lines in Fig. 1.3(a). The problem can b e further simpli�ed b y ignoring
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the complications in tro duced b y the initial con tact lines, that is b y assuming the

free surface has reac hed a stable steady-state con�guration and is th us parallel to

the sheet su�cien tly far from the reserv oir, as sho wn in Fig. 1.3(b). If in place of

a sheet of material, a wire with a circular cross section is considered, then one can

tak e adv an tage of the rotational symmetry of the problem to allo w the mo delling of

a fully three-dimensional problem (see for example [87 ]).

Figure 1.4: Rev erse roll coating.

One family of coating problems that is of particular commerci al in terest results

from the study of the v arious t yp es of roll coating pro cess. Fig. 1.4 illustrates the

industrial pro cess kno wn as reverse roll coating [29]. In this, t w o coun ter-rotating

rollers are emplo y ed to transfer 
uid on to a mo ving substrate (kno wn as the web)

that passes around the upp er roller.

Figure 1.5: Sin tering a bundle of cylindrical �bres.

Finally , as an example of a free-surface problem of commerci al imp ortance that is

not related to coating 
o ws, Fig. 1.5 illustrates the pro cess of the viscous sintering of

a bundle of cylindrical �bres [113 , 69 ]. In this pro cess, the bundle is heated uniformly ,

o v er a long p erio d of time, un til it melts, at whic h p oin t the �bres coalesce under

the in
uence of surface tension. In the industrial pro cesses that motiv ate this t yp e

of study , accurate kno wledge of the rate of c hange of the densit y of the resulting
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material is of imp ortance if the prop erties of the resulting comp osite material are

to b e accurately predicted.

1.2 The Na vier-Stok es equations

The 
o ws considered here are all assumed to ob ey the Na vier-Stok es equations sub-

ject to the follo wing further assumptions:

1. The 
uids in v olv ed are incompressible i.e. ha v e constan t densit y � ;

2. The surface energy densit y (surface tension) asso ciated with an y free surface

is a constan t 
 ;

3. The 
uids are Newtonian and isothermal and th us ha v e constan t, isotropic,

(dynamic) viscosit y � .

A n um b er of imp ortan t simpli�cations follo w from these assumptions. Since all the

material prop erties of the 
uids are tak en to b e constan t, there is no need to consider

the e�ects of temp erature when solving for the v elo cit y �eld. Consequen tly there is

no need to solv e a separate energy equation. The assumption of constan t densit y

has the e�ect of remo ving an y time-dep endency from the con tin uit y equation, and

so the con tin uit y equation b ecomes an algebraic constrain t on the v elo cit y �eld.

The Eulerian form of the Na vier-Stok es equations for a 
uid satisfying the ab o v e

assumptions is

�

"

@ u

@ t

+ ( u : r ) u

#

= � r

2
u � r p � �g j ; (1.1)

r : u = 0 ; (1.2)

where g is the acceleration due to gra vit y , and j a unit v ector in the up w ard v ertical

direction. The momentum equation (1.1) relates the v elo cit y u at eac h p oin t of the


uid to the pressure p , while (1.2), the continuity equation, imp oses the constrain t

that the v elo cit y �eld m ust b e incompressible.

In addition to the e�ects of gra vit y , viscosit y and momen tum , surface tension

m ust also b e incorp orated in to the form ulation. The e�ects of surface tension en ter

in to (1.1) as b oundary conditions. A t p oin ts on a free surface the most con v enien t

b oundary condition is con tin uit y of stress. F or a gas/liquid in terface in v olving a gas
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of negligible viscosit y and densit y , the stress on the free surface tak es the form

� = � ( p

ext

+ 2 
 H ) n ; (1.3)

where p

ext

is the pressure of the surrounding gas, n is the (out w ard) free-surface

normal, H is the mean curv ature of the surface and 
 is the surface tension. In

the presen t w ork, for simplici t y , the assumption is made that the pressure of the

surrounding gas is zero. It should b e noted that, for problems in v olving free-surface

stress b oundary conditions there is no need to sp ecify a h ydrostatic pressure datum

[24 ] as is necessary when the b oundary conditions in v olv e only the v elo cit y .

F or a time-dep enden t free-surface problem, the b oundary-v alue problem (1.1-1.2)

m ust b e augmen ted b y the kinematic boundary condition i.e.

 

@ s

@ t

� u

!

� n = 0 ; (1.4)

where s corresp onds to the p osition of a material particle on the free surface. Th us, amaterial particle on a free surface must remain on the free surface. Note that (1.4)

places a constrain t only on the normal comp onen t of the v elo cit y , the tangen tial

comp onen t b eing unconstrained.

In the limit as � ! 0 equations (1.1) and (1.2) reduce to the incompressible Eulerequations whic h are commonly used to mo del 
uids, suc h as w ater and air, when

viscous e�ects are negligible. It should b e noted that the b oundary conditions for the

Euler equations are somewhat di�eren t to those in the viscous case. In particular, at

a free surface only a normal stress b oundary condition need b e sp eci�ed; a tangen tial

stress b oundary condition b eing inappropriate since an Eulerian 
uid is incapable

of supp orting shear stresses.

The �rst step in the non-dimensionalisation of a Na vier-Stok es problem with

a giv en geometry is the c hoice of c haracteristic scales for length L 0 and v elo cit y

U 0 . These will of course b e mo del sp eci�c. Once U 0 and L 0 ha v e b een c hosen, for

adv ection-dominated problems (i.e. Re � 1) one t ypically de�nes a c haracteristic

time in terv al T 0 =

L

0

U

0

and a c haracteristic pressure P 0 = �U 02 [50]. The ab o v e scales

ma y no w b e used to rewrite the problem in terms of non-dimensional v ariables, here

indicated b y the sup erscripts (

�

). Th us length x is related to dimensionless length

x

�

b y L 0 x

�

= x etc. In a Cartesian co ordinate system the Na vier-Stok es equations

th us b ecome
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@ u

�

@ t

�

+ ( u

�

: r ) u

�

=

1

Re

h

r

2
u

�

i

� r p

�

�

1

F r

j ; (1.5)

r � u

�

= 0 ; (1.6)

where

Re =

�L 0 U 0
�

(1.7)

is the Reynolds number appropriate for an adv ection dominated 
o w [34], and

F r =

U 02
g L 0 (1.8)

is the Froude number.

The free-surface b oundary condition (1.3) m ust also b e non-dimensionalised.

Setting p

ext

= 0, and restricting atten tion the t w o-dimensional case, w e ha v e

� = � 2 
 H n = �




R

c

n ; (1.9)

where R

c

is the radius of curv ature of the free surface. Th us, the dimensionless

stress is giv en b y

�

�

= �

1

W e

1

R

c

�

n ; (1.10)

where

W e =

�U 02 L 0



(1.11)

is the Weber number, and R

c

�

is the dimensionless radius of curv ature. F or problems

suc h as those in v olving the oscillation of viscous droplets released initially from rest

[7], for whic h no ob vious a priori c hoice of c haracteristic v elo cit y is apparen t, U 0 is

commonly c hosen so that W e = 1. F rom no w on the sup erscripts will b e dropp ed and

dimensionless v ariables together with the appropriate non-dimensional parameters

emplo y ed unless otherwise stated.

1.3 The Stok es equations

An imp ortan t simpli�cation of the Na vier-Stok es equations results when the e�ects

of momen tum are negligible in comparison to those of viscosit y . In suc h situations

they reduce to the Stok es (or slo w 
o w) equations of viscous 
o w:

r

2
u � r p � g j = 0 ; (1.12)



Chapter 1 8 Introduction
r : u = 0 : (1.13)

The absence of a material deriv ativ e in the Stok es equations allo ws the solution

of a transien t Stok es 
o w to b e obtained b y solving a sequence of quasi-steady-state

b oundary-v alue problems. Th us there are no initial conditions in the con v en tional

sense. The kinematic b oundary condition (1.4) m ust still b e satis�ed and no w

con tains the only time-dep enden t terms in the system. Note, ho w ev er, that in the

absence of b oundary conditions constraining the total v elo cit y and angular v elo cit y

of the domain (1.12) and (1.13) form a singular system. Th us additional constrain ts

ma y b e necessary to render a problem non-singular [114].

Using an appropriate non-dimensionalisation pro cedure, (1.12) and (1.13) ma y b e

deriv ed as a sp ecial case of the Na vier-Stok es equations. One approac h[67 ] in v olv es

c ho osing a length scale L 0 and de�ning c haracteristic scales for v elo cit y U 0 , time T 0
and stress � 0 , using:

U 0 =




�

; (1.14)

T 0 =

�L 0



; (1.15)

� 0 =




L 0 : (1.16)

The dimensionless equations are th us

S u

"

@ u

@ t

+ ( u : r ) u

#

= r

2
u � r p � B o j ; (1.17)

r : u = 0 ; (1.18)

where S u is the dimensionless Suratman number de�ned b y

S u =

�
 L 0
�

2 ; (1.19)

and B o is the dimensionless Bond number de�ned b y

B o =

�g L 02



: (1.20)

When the Suratman n um b er is v anishingly small the Stok es appro ximation is appli-
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cable and the momen tum equation reduces to the form

r

2
u � r p � B o j = 0 : (1.21)

In this case the non-dimensional form of the stress b oundary condition is simply

�

�

= �

1

R

c

�

n : (1.22)

Th us, there is no additional non-dimensional group asso ciated with the free-surface

b oundary conditions.

1.4 Ov erview of the di�culties in v olv ed in

free-surface mo delling

When ev aluating n umerical sc hemes for the solution of free-surface problems the

t win, in terrelated, issues of e�ciency and accuracy m ust alw a ys b e b orne in mind.

The primary requiremen t for an y practical n umerical metho d is that it b e capable of

pro ducing accurate results, emplo ying a�ordable computational resources, within an

acceptable p erio d of time. The sim ulation of a t w o- or three-dimensional transien t

free-surface problem t ypically requires the p erio d of in tegration to b e split in to man y

h undreds if not thousands of time steps. A t eac h time step a linear or nonlinear

algebraic system, in v olving t ypically man y thousands of v ariables, m ust b e solv ed

to a high accuracy if the results are to b e useful. F urthermore, in practice, a mo del

ma y ha v e to b e run man y times with di�eren t parameter v alues e.g. as part of an

optimisation study .

One w a y the computational resources required to solv e a particular problem

ma y b e minim ised is b y reducing the n um b er of unkno wn v ariables to a minim um .

O�set against this m ust b e the need to emplo y a su�cien tly �ne discretisation of the

domain to ensure adequate accuracy . By emplo ying adaptiv e metho ds it is p ossible,

in principle at least, to lo cate no des in regions of the 
o w where they are most

needed | allo wing the solution of problems whic h w ould b e prohibitiv ely exp ensiv e

if the no des where uniformly distributed.

Another imp ortan t consideration is the need to �nd a suitable balance b et w een

the accuracy of the time-in tegration sc heme and the accuracy of the computed 
o w

solutions. In practice one w ould lik e to emplo y as large a time step as p ossible,
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since for man y free-surface problems ev en simple time-in tegration sc hemes giv e rise

to errors that are small in comparison to those arising from the spatial discretisation.

Unfortunately , ho w ev er, it is often necessary to restrict the size of time step in order

to ensure stabilit y of the solution.

Figure 1.6: F ree-surface instabilit y: arro ws sho w v elo cit y at no des.

Fig. 1.6 illustrates a form of instabilit y that is frequen tly observ ed when to o large

a time step is emplo y ed for a sc heme in v olving an explicit time discretisation of the

kinematic b oundary condition. Fig. 1.6 sho ws part of the free surface of a cylinder

of viscous 
uid, with elliptical cross-section, ev olving under the in
uence of surface

tension, the go v erning equations b eing those of Stok es 
o w. Note that here, the


o w equations are b eing solv ed implicitl y . The large v elo cities visible at a n um b er

of free-surface no des t ypically rev erse sign at eac h time step. Since the amplitude

of these oscillations normally gro ws rapidly , the onset of this `sa w-to oth' instabilit y

almost in v ariably signals the immi nen t failure of a sim ulation.

Similar instabilities ha v e also b een observ ed when solving viscous free-surface



Chapter 1 11 Introduction
problems using the b oundary-elemen t metho d (BEM) [60], and also with in viscid

free-surface problems [75 ]. F ully implicit metho ds (in v olving sim ultaneous solution

for the v elo cit y , pressure and free-surface p osition) are generally b eliev ed to b e free

from suc h stabilit y restrictions on time-step size. Although the nonlinear nature of

free-surface problems mak es theoretical results di�cult to obtain, practical exp eri-

ence app ears to supp ort the view that fully implicit sc hemes allo w m uc h larger time

steps to b e emplo y ed [61 ]. F ully implici t metho ds are ho w ev er considerably more

complicated to implem en t, particularly when the no des of the computational mesh

are in motion, as is generally necessary for free-surface problems. F ully implici t

sc hemes are further discussed in Chapter 3.

When surface tension is large enough to in
uence a 
o w appreciably , the accurate

represen tation of the free-surface b oundary b ecomes particularly imp ortan t. Unlik e

the ma jorit y of computational 
uids problems, in a free-surface problem one do es not

kno w the b oundary lo cation a priori. F or surface-tension-driv en 
o ws the b oundary

conditions dep end primarily on the curv ature of the b oundary . Since the accuracy

of the computed b oundary conditions dep ends on the accuracy of the free-surface

represen tation, for a given free-surface shape, if the computational mesh is re�ned,the imposed boundary conditions will change, even at points that are common to bothmeshes. The o v erall rate of con v ergence of the error in the solution is p oten tially

compromised b y this e�ect.

A related issue is the need to ensure that the accuracy of the free-surface repre-

sen tation and the accuracy of the v elo cit y �eld used to up date the free surface are

compatible. Th us, ideally , the v elo cit y solution will ha v e the same order of spatial

accuracy as the free-surface represen tation it is used to up date.

1.5 Metho ds for free-surface 
o ws

With the exception of approac hes emplo ying a global basis, suc h as F ourier metho ds,

n umerical sc hemes t ypically require, as a �rst step, the division of the computational

domain in to a �nite n um b er of discrete regions or elements. By de�ning a lo cal

basis on eac h individual elemen t, an appro ximation to the desired global solution

can then con v enien tly b e represen ted. The pro cess of spatial discretisation results

in a set of sim ultaneous, initial-v alue ordinary di�eren tial equations, in v olving a set

of unkno wns corresp onding to the v alues of the dep enden t v ariables at eac h of the

no dal p oin ts. F ree-surface metho ds ma y b e classi�ed according to the sc hemes they

emplo y in forming a discretisation of the spatial domain and its b oundary . The
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main families of metho ds will no w brie
y b e describ ed.

1.5.1 Boundary-elemen t metho ds

Boundary-elemen t metho ds ha v e the imp ortan t adv an tage that they require the

spatial discretisation only of the b oundary of the domain, thereb y resulting in m uc h

smaller systems of equations than those arising from metho ds that discretise the

en tire domain. A further practical adv an tage of b oundary-elemen t metho ds o v er

�nite elemen t metho ds is that the implem e n tation is considerably simpli�ed, since

an in terior mesh is unnecessary . An imp ortan t limitation of this t yp e of approac h is

that the solution is computed only on the b oundary . Computation of the in terior 
o w

is only p ossible at signi�can t extra cost. F urthermore, b oundary-elemen t metho ds

are applicable only to a limited range of CFD problems; in particular they cannot

b e emplo y ed for Na vier-Stok es problems.

Where only the free-surface ev olution is required, the BEM w ould app ear to

ha v e a great adv an tage in that it considerably reduces the n um b er of unkno wns that

m ust b e found at eac h time step. Ho w ev er, since the resulting system of equations is

normally dense, whereas a �nite-elemen t or �nite-di�erence metho d w ould t ypically

result in a sparse system, the adv an tages of the BEM are p erhaps not as clear cut

as they migh t at �rst seem.

Boundary-elemen t metho ds ha v e b een used successfully for the solution of t w o-

dimensional Stok es-
o w problems [65, 56 , 51 , 37 , 60 , 115 , 114 , 113 , 38 , 62 ], and also

for t w o- and three-dimensional p oten tial 
o w problems [122 , 110 , 116 , 117 ].

1.5.2 Finite-di�er ence metho ds

One of the most imp ortan t adv an tages of emplo ying a �nite-di�erence metho d is the

simplicit y of the approac h. A regular Cartesian grid is de�ned whic h is large enough

to encompass the en tire region the 
uid is lik ely to o ccup y . A t an y giv en time the


uid actually o ccupies only a p ortion of this grid, the lo cation of the free surfaces

b eing represen ted b y auxiliary data structures. The regularit y of the grid allo ws

the economical assem bly of the systems of equations in v olv ed. Regular grids also

ha v e the imp ortan t prop ert y that the solutions obtained on them frequen tly exhibit

the prop ert y of superconvergence [103] i.e. that the solutions obtained at the no des

are of a higher degree of accuracy than w ould b e obtained on unstructured meshes.

The regularit y of the grid can also ha v e imp ortan t adv an tages when it comes to

constructing preconditioning metho ds to sp eed the solution of the asso ciated systems
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of equations b y iterativ e metho ds.

One disadv an tage lies in the p oten tially large storage requiremen ts of the ap-

proac h, if impleme n ted naiv ely , since storage m ust b e reserv ed for the degrees of

freedom at eac h grid p oin t. The greatest di�culties, ho w ev er, result from the need

to reconstruct a smo oth free-surface b oundary at eac h time step in order that the

b oundary conditions can b e computed. F or surface-tension-dominated 
o ws this

problem b ecomes particularly troublesome. F urthermore, once the b oundary condi-

tions ha v e b een computed, there remains the di�cult y of ha ving to imp ose them at

a set of discrete no des whic h will not in general lie on the reconstructed free surface.

While b oundary �tted grids ha v e b een suggested [109, 122 ] as a remedy for this

di�cult y , it is not clear that they ha v e an y adv an tages o v er �nite elemen t meth-

o ds. A further di�cult y arises from the requiremen t that an y free-surface sc heme

m ust conserv e mass (or 
uid v olume) to considerable accuracy , if it is to b e of an y

practical use for time-dep enden t problems. This can b e di�cult to ac hiev e using

�nite-di�erence metho ds.

While the ab o v e problems mak e �nite-di�erence metho ds di�cult to apply to

surface-tension-driv en 
o ws, the great 
exibilit y of �nite-di�erence sc hemes for deal-

ing with complex 
uid geometries has led to their con tin ued use for problems in

whic h the 
o ws are dominated primarily b y momen tum and gra vit y , e.g. sloshing in

fuel tanks [106, 116 , 100 ].

1.5.2.1 Mark er-and-cell metho ds

One of the earliest �nite-di�erence sc hemes for free-surface 
o ws, the mark er-and-cell

or MA C metho d [39 , 88 , 71 ] in v olv es the use of a large n um b er of massless mark er

particles to trac k the motion of the free surface. Mark er particles are distributed

throughout the 
uid, with greatest densit y near free surfaces, and mo v e passiv ely

with the 
uid. A t the end of a time step, their new lo cations are used to reconstruct

the p osition of the free surface, as illustrated b y Fig. 1.7. This necessarily in v olv es

some form of n umerical smo othing if the curv ature of the resulting free surface is to

b e computed accurately .

One practical consideration is that a sc heme m ust b e decided up on to con trol the

insertion and remo v al of mark er particles so as to allo w an accurate represen tation

of the free surface to b e main tained. The large n um b er of mark er cells that ma y

b e required can lead to considerable o v erheads. While v arian ts of the MA C metho d

are still in use for in viscid 
o ws with negligible surface tension, for the reasons

discussed ab o v e they are rarely emplo y ed for surface-tension-driv en 
o ws, though
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Figure 1.7: The mark er-and-cell (MA C) metho d: � mark er particle; - - - - recon-

structed free surface.

a related approac h | the immersed in terface metho d [112 , 61] | app ears to hold

promise for surface-tension-driv en 
o ws.

1.5.2.2 V olume-of-
uid metho ds

As an alternativ e to metho ds that attempt to mo del the motion of the free surface

b y direct application of the kinematic b oundary condition, a n um b er of so-called

v olume-of-
uid (V OF) metho ds ha v e b een dev elop ed [42, 68 , 58 ] that use consider-

ations of mass conserv ation in up dating the free surface's lo cation. These metho ds

op erate b y in tegrating the 
ux in to regions adjacen t to the free surface. The most

imp ortan t adv an tage of suc h sc hemes is that in principle they conserv e mass exactly ,

since eac h 
ux in tegral is rep eated t wice: once for material 
o wing in to a region and

once for material 
o wing out of it.

The need to kno w the regions o v er whic h the in tegrals are to b e ev aluated in ad-

v ance has hitherto restricted the application of suc h metho ds to problems that can

b e tac kled with regular meshes. There is, ho w ev er, no reason wh y suc h an approac h

could not b e generalised to unstructured meshes. One p oten tial theoretical con-

cern stems from the fact that, since these metho ds discard the b oundary v elo cities

computed b y the 
o w solv er in fa v our of their o wn estimates of what the v elo cities
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Figure 1.8: First-order accurate V OF metho d: - - - - exact free surface; | recon-

structed free surface.

should b e, there is a p oten tial for loss of accuracy since the kinematic b oundary

condition is not satis�ed exactly . Whether this is ev er a serious problem in practice

remains to b e demonstrated.

Fig. 1.8 illustrates a simple �rst-order-accurate V OF free-surface reconstruction

sc heme applied to a domain 
. The free surface is up dated after eac h time step b y

in tegrating the 
ux in to eac h column of the mesh. The new column v olume then

directly giv es the fraction of 
uid in the cell adjacen t to the free surface. F or the

purp oses of computing free-surface b oundary conditions a smo oth curv e m ust no w

b e �tted in some fashion to the resulting free-surface data. A p ossible reconstruction

of the free surface using cubic-splines is sho wn in Fig. 1.8.

Fig. 1.9 depicts the reconstruction of the same free surface using a second-order-

accurate b oundary represen tation. This time, once the new column v olumes ha v e

b een computed, a set of sim ultaneous equations is solv ed [68] to giv e the angles

and p ositions of the segmen ts of the piecewise-linear free-surface represen tation. As

ma y b e seen from Fig. 1.9 pro vided the free-surface curv ature is not to o great an

apparen tly accurate represen tation of the free-surface ma y b e obtained using suc h

a piecewise linear in terp olan t. V OF metho ds can also b e applied in a �nite elemen t

setting [68 ], with the adv an tage that man y of the di�culties of applying natural

b oundary conditions to a �nite-di�erence discretisation do not arise.
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Figure 1.9: Second-order accurate V OF metho d: - - - - exact free surface; | recon-

structed free surface.

1.5.2.3 Phase �eld metho ds

Phase �eld metho ds a v oid the need to main tain a discrete b oundary represen ta-

tion b y in tro ducing a new con tin uous v ariable � , a lev el set of whic h, t ypically

� ( x ) = 0, is tak en to represen t the free surface. P oten tially suc h metho ds com-

bine great geometric 
exibilit y with the adv an tages of emplo ying regular grids and

main taining a con tin uous represen tation of the free surface. The main di�culties

come from the need to solv e an additional system of equations for � at eac h time

step and the need to incorp orate surface-tension e�ects through a discon tin uous

forcing function. While the suitabilit y of phase-�eld metho ds for surface-tension-

driv en incompressible-
o w problems has only recen tly b een demonstrated [104 ], they

app ear to ha v e great p oten tial.

1.5.3 Finite elemen t metho ds

Finite elemen t metho ds ha v e a considerable adv an tage o v er �nite-di�erence metho ds

in the w a y in whic h b oundaries and in terfaces can b e directly represen ted b y the

edges of elemen ts. F urthermore, where suc h an edge forms part of the b oundary

of the computational domain, the correct free-surface b oundary conditions ma y b e

applied in an elegan t and direct manner b y using an appropriate w eak form ulation
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[34 ] of the Na vier-Stok es equations.

1.5.3.1 Fixed-connectivit y meshes

The simplest �nite elemen t discretisation sc hemes for free-surface problems mak e

use of a mesh with �xed connectivit y . The mesh illustrated in Fig. 1.10 is t ypical

of those that migh t b e emplo y ed in the sim ulation of a 
o w o v er a plane surface.

T o accommo date the ev olution of the free surface without the mesh b ecoming to o

distorted the in terior no des are mo v ed v ertically , according to a predetermined rule,

in resp onse to the motion of the free surface. F or problems in v olving only small

c hanges in the shap e of the free surface the �xed-connectivit y-me sh approac h is often

satisfactory . Ho w ev er where more sev ere free-surface motions arise the metho d is

liable to fail, e.g. if the free surface b ecomes v ertical, suc h as when an o v erturning

w a v e dev elops. In suc h circumstances the set of discrete equations asso ciated with

the problem b ecomes singular.

Figure 1.10: A �xed-connectivit y mesh for the �nite elemen t metho d.

The adv an tages of the �xed mesh-connectivit y approac h, where it is applicable,

are man y . Main taining a �xed mesh connectivit y throughout a sim ulation means

that the matrices asso ciated with the discrete equations and with the 
o w solv er

will ha v e �xed sparsit y patterns. In particular it allo ws the reuse o v er man y time

steps of the Jacobian and an y preconditioning matrices emplo y ed b y iterativ e 
o w

solv ers.

The method of spines is essen tially a v ariation on the approac h describ ed ab o v e.

It in v olv es the selection of an origin and a set of �xed spines through the origin

that in tersect the free surface. The domain is then discretised as sho wn in Fig. 1.11.

As the free surface ev olv es, free-surface and in terior no des mo v e radially along the
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spines allo wing the mesh to deform con tin uously . The mesh in Fig. 1.10 can b e seen

to corresp ond to a spine represen tation with an origin at y = �1 .

Figure 1.11: The metho d of spines: t ypical domain geometry .

T o deal with more complex geometries, m ultiple origins ma y b e emplo y ed for dif-

feren t regions of the domain, so long as the distribution of no des along the b oundary

of eac h region is carefully c hosen. This is illustrated b y Fig. 1.12, whic h sho ws a

detail of a mesh that migh t b e used for the extrusion coater geometry depicted in

Fig. 1.1. F or liquid droplet problems in v olving large free-surface deformations, the

use of a mo ving origin for the spine represen tation has b een describ ed [68].

The need to select the mesh connectivit y and no de mo v em en t sc heme in adv ance

for eac h new problem geometry mak es �xed-mesh-connectivit y metho ds di�cult to

generalise to arbitrary domains. In particular it is unclear ho w they migh t b e em-

plo y ed in a fully automatic general-purp ose co de. Also, while sup er�cially elegan t,

they su�er from the dra wbac k that they cannot easily b e mo di�ed to allo w lo cal

mesh re�nemen t to tak e place where the solution requires it. Th us, in practice, a

�xed-connectivit y mesh is unlik ely to b e optimal.
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Figure 1.12: Extrusion coater mesh: detail.

1.5.3.2 Unstructured meshes

One approac h that has considerable app eal as a route to dev eloping general-purp ose

�nite elemen t co des for free-surface problems, in v olv es the use of unstructured

meshes, that is, meshes ab out whic h no a priori assumptions ab out connectivit y

or regularit y are to b e made. Con v enien t metho ds ha v e in recen t y ears b een dev el-

op ed for generating unstructured meshes automatically for domains with arbitrary

shap e [96]. One of the more p opular approac hes in v olv es the re�nemen t of a crude

initial mesh b y inserting p oin ts un til the mesh has the required no dal densit y in

eac h region of the domain. By selecting insertion p oin ts using the Delauna y metho d

[31 ] a mesh that is suitable for the �nite elemen t metho d is readily obtained.

Rather than remeshing the domain after eac h time step, it is often p ossible to

reuse an existing mesh b y simply displacing some or all of the in terior no des in some

con tin uous fashion. This dual approac h of emplo ying a con tin uous motion of the

in terior no des whenev er p ossible, but falling bac k on a fully automatic remeshing

algorithm when necessary , app ears to b e a promising metho d for applying the �nite

elemen t metho d to complex free-surface geometries and is therefore the approac h

considered in the remainder of this thesis.
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1.6 Conclusions

Man y commerci ally imp ortan t free-surface problems require in
o w and out
o w b ound-

aries to b e included in their mo dels. The presence of dynamic and static con tact

lines is also a common feature of suc h problems. Nev ertheless, m uc h useful w ork

can b e done without these added complications.

There are considerable di�erences b et w een the form ulations required for time-

dep enden t free-surface Stok es and Na vier-Stok es problems. These ha v e a profound

e�ect on the solution strategies that m ust b e emplo y ed.

The �nite elemen t metho d is adopted for reasons of generalit y , but also b ecause

of its suitabilit y for mo delling free surfaces. Con v en tional �nite elemen t metho ds

are incapable of solving man y in teresting problems without the p erio dic in terv en tion

of the user, who m ust supply a new mesh whenev er the old one b ecomes unsuitable.
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In this c hapter metho ds for the automatic generation of meshes for time-dep enden t

free-surface problems are describ ed. Once the �nite elemen t basis has b een in tro-

duced the con v ergence prop erties of unstructured meshes are in v estigated. Di�cul-

ties asso ciated with the computation of free-surface stress b oundary are highligh ted

and tec hniques for reducing the cost of computations in the ligh t of the di�culties

iden ti�ed are describ ed.

2.1 Elemen ts for incompressible 
o w

The �rst step in the application of the �nite elemen t metho d to an y problem is the

division of the domain in to a large n um b er of non-o v erlapping p olygonal regions orelements. In t w o dimensions the ob vious c hoices for elemen ts are quadrilaterals or

triangles. In the curren t w ork triangular elemen t s are emplo y ed since they allo w the

greatest 
exibilit y when dealing with arbitrary geometries. Since the in ten tion is to

use a primitiv e-v ariable form ulation [34 ] of the Na vier-Stok es equations, an elemen t

is required that can b e used to in terp olate b oth v elo cit y and pressure �elds. The

elemen t selected is the T a ylor-Ho o d triangular elemen t [36], sho wn in Fig. 2.1(c),

with three corner or v ertex no des and three midp oin t or edge no des. All six no des

ha v e a pair of v elo cit y v ariables asso ciated with them, corresp onding to the u and

v v elo cit y comp onen ts. In addition, the three corner no des ha v e pressure v ariables

asso ciated with them, hence the designation V6-P3 for the elemen t. Th us, with the

21
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Figure 2.1: Common elemen ts for incompressible 
o ws: � v elo cit y degree of freedom;

� pressure degree of freedom.

basis emplo y ed, the elemen t is capable of exactly in terp olating a quadratic v elo cit y

�eld but only a linear pressure �eld. The fact that the no des making up a t ypical

edge are common to the t w o elemen ts sharing that edge means that a solution

represen ted on a mesh of these elemen ts will b e C

0
con tin uous in b oth v elo cit y and

pressure.

2.1.1 LBB stabilit y

The elemen ts sho wn in Fig. 2.1 are all p oten tially useful for the mo delling of in-

compressible 
o ws. Their use is, ho w ev er, complicated b y the existence of a form of

instabilit y p eculiar to incompressible-
o w problems, but not restricted to �nite ele-

men t metho ds. Without the use of appropriate stabilisation tec hniques [119, 97 , 34 ]

the elemen ts (a), (b) and (d) all fail to satisfy the Ladyzhensk a y a-Babushk a-Brezzi

(LBB) stabilit y condition [36 ]. The failure of a discretisation to satisfy the LBB

condition often results in the o ccurrence of spurious mesh-scale oscillations in the

pressure �elds computed. Essen tially , the problem is that unstable elemen ts result

in systems con taining `to o man y' con tin uit y constrain ts [34 ]. One solution is to em-

plo y a lo w er-order appro ximation for the pressure than that used for the v elo cit y ,
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as in (a) and (c), though ev en this is insu�cien t in the case of elemen t (a).

While, for smo oth solutions, higher-order in terp olan ts are generally more ef-

�cien t, in that few er elemen ts are required to obtain the same accuracy , they are

considerably more complicated to implem en t. The T a ylor-Ho o d elemen t, Fig. 2.1(c),

app ears to b e a go o d compromise b et w een accuracy and simplicit y and, since it is

in trinsically LBB stable, it is a natural c hoice.

2.1.2 The isoparametric mapping

Cen tral to the �nite elemen t metho d is the idea of a con tin uous in v ertible mapping

F b et w een a master element in local-coordinate space and a general elemen t lo cated

in the problem-coordinate space. The existence of suc h a mapping considerably sim-

pli�es the setting-up of the �nite elemen t matrices in that it allo ws all the necessary

in tegrations to b e p erformed o v er a �xed region | the master elemen t. Figure 2.2
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Figure 2.2: The isoparametric mapping F b et w een master elemen t and general

elemen t.

sho ws the isoparametric mapping F b et w een the master elemen t and a general ele-

men t. Where straigh t-sided triangular elemen ts are emplo y ed, the mapping F tak es

the form of an a�ne, subparametric transformation b et w een the t w o spaces. This

allo ws the master elemen t to b e mapp ed on to an y non-degenerate triangular ele-

men t, irresp ectiv e of its p osition, orien tation, shap e and size. The use of quadratic

and higher-order elemen t s op ens up the p ossibilit y of emplo ying an isoparametrictransformation [34 ], in whic h the basis functions used to de�ne the solution are also

used to de�ne the mapping on to problem space, allo wing quadratic and higher-order
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elemen ts to ha v e curv ed edges. This is p oten tially v ery useful when dealing with a

domain with a curv ed b oundary and allo ws the accurate represen tation of curv ed

b oundaries with far few er elemen ts than w ould b e required with straigh t-sided ele-

men ts, as illustrated b y Fig. 2.3.
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(a)

Figure 2.3: F ree-surface b oundary represen tation: (a) piecewise linear, (b) piecewise

quadratic.

The shap e of a curv ed side of a general elemen t ma y b e selected b y p erturbing

the edge no de from its initial mid-edge lo cation, the resulting curv ed side b eing

giv en b y the Lagrange in terp olation p olynomial through the three no des sp ecifying

that edge.

The imp ortan t question arises as to whether the use of the isoparametric map-

ping a�ects the accuracy of the in terp olated solution. Strang and Fix [103] analyse

the accuracy of quadratic in terp olan ts on simple quadratic triangular elemen ts in

the con text of the solution of linear elasticit y problems. They state that, pro vided

edge no des are displaced b y no more than a distance of O ( h

2
) from the midp oin t

of an edge of length h , the solution will ha v e the same formal order of accuracy ,

O ( h

3
), as it w ould ha v e if an a�ne transformation w ere emplo y ed, though presum-

ably with a larger constan t in the leading term of the error estimate. Th us the

use of quadratic isoparametric elemen ts p oten tially giv es an extra order of accuracy

for the b oundary represen tation without compromising the order of accuracy of the

v elo cit y in terp olan t. While there do es not app ear to b e an y published theoretical

w ork generalising Strang and Fix's results to mixed v elo cit y/pressure form ulations
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for incompressible-
o w problems, the preliminary results recoun ted in Section 2.1.4

sho w that there is go o d reason to b eliev e that the use of curv ed-sided isoparametric

elemen ts to represen t a free surface need not a�ect the orders of con v ergence in

v elo cit y and pressure solutions observ ed in suc h circumstances. The use of isopara-

metric elemen ts do es ho w ev er ha v e a price: the in tegrals required in forming the

�nite elemen t matrices are considerably more exp ensiv e for curv ed-sided elemen ts

than for straigh t-sides ones, and th us it mak es sense to emplo y curv ed sides only for

those elemen ts adjacen t to the free surface and other curv ed b oundaries.

2.1.3 Finite elemen t basis functions

An elemen t' s no des are n um b ered lo cally in the an ti-clo c kwise sense as sho wn in

Fig. 2.2. Th us on eac h elemen t the v elo cit y and pressure in terp olan ts, u and p , are

giv en b y

u =

6
X

j =1 q

j

u

j

; (2.1)

and

p =

3
X

j =1 l

j

p

j

; (2.2)

where the functions q

j

and l

j

are, resp ectiv ely , the quadratic and linear Lagrange

basis functions [85] asso ciated with no de j of the elemen t, and where u

j

and p

j

are

the unkno wns asso ciated with the no de. The Lagrange basis functions are de�ned

in terms of the lo cal or elemen t co ordinates ( � ; � ) as follo ws:

l 1 = 1 � � � � (2.3)

l 2 = � (2.4)

l 3 = � (2.5)

q 1 = l 1 (2 l 1 � 1) = 2 �

2
+ 4 � � + 2 �

2
� 3 � � 3 � + 1 (2.6)

q 2 = l 2 (2 l 2 � 1) = 2 �

2
� � (2.7)

q 3 = l 3 (2 l 3 � 1) = 2 �

2
� � (2.8)

q 4 = 4 l 1 l 2 = � 4 �

2
� 4 � � + 4 � (2.9)

q 5 = 4 l 2 l 3 = 4 � � (2.10)

q 6 = 4 l 3 l 1 = � 4 �

2
� 4 � � + 4 � (2.11)
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It is imp ortan t to note that the v elo cit y in terp olan ts de�ned using the T a ylor-Ho o d

elemen t are not guaran teed to b e div ergence free in either the p oin t wise sense nor

as an in tegral o v er the elemen t. In terp olan ts that are div ergence free, in the latter

sense, can b e obtained if an alternativ e elemen t suc h as the augmen ted T a ylor-

Ho o d elemen t [108] is emplo y ed. These add a further, piecewise-constan t, pressure

degree of freedom to eac h elemen t, resulting in solutions for whic h the in tegral of the

div ergence o v er eac h elemen t is zero, i.e. the net mass 
ux in to the elemen t is zero.

Suc h elemen ts ho w ev er ha v e the disadv an tage that the pressure solution is no w, in

general, discon tin uous at elemen t b oundaries. F urthermore, the addition of the new

pressure degrees of freedom complicates the imp osition of b oundary conditions, due

to the p ossible presence of additional spurious pressure mo des [34].

2.1.4 A Stok es-
o w test problem

Before discussing the additional di�culties faced when solving surface-tension-driv en

free-surface problems on �nite elemen t meshes it is appropriate to �rst consider the

con v ergence prop erties of the spatial discretisation emplo y ed here. In particular it is

imp ortan t to v erify that the theoretical con v ergence rates are attained where natural

b oundary conditions are emplo y ed, where unstructured meshes are used and where

the b oundary is represen ted b y curv ed-sided isoparametric elemen ts. In theory ,

when a �nite elemen t discretisation is in trinsically LBB-stable the full asymptotic

rate of con v ergence will b e obtained in b oth the v elo cit y and the pressure v ariables

[36 ]. Th us for the elemen t emplo y ed here, one w ould exp ect to �nd that the error

in the v elo cit y comp onen ts v aries as O ( h

3
) and that the error in the pressure v aries

as O ( h

2
), where h is a measure of mesh resolution suc h as elemen t diameter or edge

length | the mesh parameter. Chec king that these con v ergence rates are observ ed

is a useful w a y of testing the correctness of the impleme n tation and, in the ligh t

of the discussion in the remainder of this c hapter, will b e seen to b e particularly

imp ortan t. F or this purp ose a standard Stok es-
o w test problem [18 ] is considered.

It is easily con�rmed that the steady-state Stok es equations

r

2
u � r p + g = 0 ; (2.12)

r : u = 0 ; (2.13)
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with b o dy force g = ( g

x

; g

y

), giv en b y

g

x

= 2 x � 4

�

y (1 � 3 y + 2 y

2
)(1 � 6 x + 6 x

2
) + 3 x

2
(1 � 2 x + x

2
)(2 y � 1)

�

;

g

y

= � 2 y + 4

�

x (1 � 3 x + 2 x

2
)(1 � 6 y + 6 y

2
) + 3 y

2
(1 � 2 y + y

2
)(2 x � 1)

�

;

ha v e the follo wing exact solution

u ( x; y ) = x

2
(1 � x )

2
(2 y � 6 y

2
+ 4 y

3
) ;

v ( x; y ) = y

2
(1 � y )

2
( � 2 x + 6 x

2
� 4 x

3
) ;

p ( x; y ) = x

2
� y

2
:

Suc h a solution cannot b e represen ted exactly using the elemen ts emplo y ed here and

th us pro vides a con v enien t w a y of estimating the accuracy of solutions obtained.

A family of circular meshes with radius 0 : 5 and cen tre (0 : 5 ; 0 : 5) are emplo y ed, as

detailed in T able 2.1. The second column of T able 2.1 giv es the mesh parameter h for

eac h of four meshes, while the third column giv es N

v

the n um b er of v ertices in eac h

mesh. Figure 2.4 sho ws a t ypical mesh, corresp onding to mesh 2 in T able 2.1. As can

b e seen, the meshes are unstructured ones and ha v e curv ed b oundary edges

1
. The

mesh generation pro cedures used to generate the meshes are describ ed in Section

2.3. In order to solv e this problem the �nite elemen t form ulation describ ed in

Section 3.7 is emplo y ed, the b oundary b eing held �xed, and the resulting systems of

linear equations solv ed b y the metho ds describ ed in Section 3.10. Natural b oundary

conditions corresp onding to the stress � = ( �

x

; �

y

), computed using the form ulae

�

x

= � ( x

2
� y

2
) n

x

+2 n

x

h

2 x (1 � x )

2
(2 y � 6 y

2
+ 4 y

3
) � 2 x

2
(1 � x )(2 y � 6 y

2
+ 4 y

3
)

i

+ n

y

h

x

2
(1 � x )

2
(2 � 12 y + 12 y

2
) + y

2
(1 � y )

2
( � 2 + 12 x � 12 x

2
)

i

;

�

y

= � ( x

2
� y

2
) n

y

+2 n

y

h

2 y (1 � y )

2
( � 2 x + 6 x

2
� 4 x

3
) � 2 y

2
(1 � y )( � 2 x + 6 x

2
� 4 x

3
)

i

+ n

x

h

x

2
(1 � x )

2
(2 � 12 y + 12 y

2
) + y

2
(1 � y )

2
( � 2 + 12 x � 12 x

2
)

i

;

1

Note that the sligh t oscillations apparen t on close insp ection of the free surface are an artefact

due to the limited resolution of the metho d of repro duction emplo y ed. In realit y all the in terior

edges are p erfectly straigh t. When view ed at a higher resolution the free surface app ears quite

smo oth.
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Figure 2.4: Stok es-
o w test problem, unstructured circular mesh of radius 0 : 5 cen-

tred at (0 : 5 ; 0 : 5): mesh 2 of T able 2.1.

w ere imp osed at all but t w o b oundary no des. Diric hlet b oundary conditions w ere

imp osed at the t w o b oundary no des lying on the line y = 0 : 5 so as to mak e the prob-

lem non-singular. Figures 2.5 and 2.6 sho w resp ectiv ely the v elo cit y and pressure

�elds computed on mesh 2. Note that no p ost-pro cessing of the v elo cit y or pressure

�elds is p erformed for this or an y of the other �gures in this thesis.

Mesh h N

v

Max. error u Max. error p Mean error u Mean error p

1 0.5000 41 3.11E-4 1.45E-2 8.19E-5 4.51E-3

2 0.2500 161 5.16E-5 2.30E-3 1.08E-5 5.34E-4

3 0.1250 663 5.30E-6 5.48E-4 1.36E-6 1.02E-4

4 0.0625 2594 6.81E-7 1.34E-4 1.43E-7 2.46E-5

T able 2.1: Isoparametric V6-P3 elemen t con v ergence-rate data.

In order to assess the accuracy of the computed solutions as the mesh w as re�ned,

the maxim um absolute no dal errors in the u comp onen t of the v elo cit y and in

the pressure w ere recorded together with the corresp onding a v erage absolute no dal

errors. These are sho wn as columns four through sev en of T able 2.1. Note that with

an unstructured mesh sup ercon v ergence [123 ] is not exp ected to o ccur, and th us

the accuracy of the solution at no des will b e of the same order as that at arbitrary
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p oin ts

2
. Least-squares analysis of the errors listed in T able 2.1 ga v e the follo wing

appro ximate relationships:

Maxim um no dal error in u � 2 : 7 � 10

� 3
h

3: 0
;

Av erage no dal error in u � 7 : 1 � 10

� 4
h

3: 1
;

Maxim um no dal error in p � 6 : 0 � 10

� 2
h

2: 2
;

Av erage no dal error in p � 2 : 1 � 10

� 2
h

2: 5
;

con�rming that the error in the v elo cit y comp onen ts is O ( h

3
), and that the error

in the pressure is O ( h

2
) | the theoretical maxim um obtainable rates. These re-

sults giv e reason to b e con�den t in the correctness of the implem en tation of the

�nite elemen t co des, as w ell as con�rming that the imp osition of natural b oundary

conditions, on a b oundary comprised of curv ed-sided isoparametric edges, need not

compromise the asymptotic order of accuracy of the solutions obtained.

Figure 2.5: Stok es-
o w test problem on an unstructured mesh, domain of radius 0 : 5

cen tred at (0 : 5 ; 0 : 5): v elo cit y �eld on mesh 2. v � 0 : 012 at (0 : 75 ; 0 : 5).

2

When regular meshes based on a uniform grid w ere in v estigated, con v ergence rates approac hing

O ( h

4

) w ere observ ed in b oth u and p.
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Figure 2.6: Stok es-
o w test problem on an unstructured mesh, domain of radius 0 : 5

cen tred at (0 : 5 ; 0 : 5): pressure �eld on mesh 2, equispaced isobars, p = 0 on y = x ,

p � 0 : 75 at (1 : 0 ; 0 : 5).

2.2 Boundary discretisation

As men tioned in Section 1.5.3, one of the main adv an tages of the �nite elemen t

metho d for free-surface problems is that the free surface can b e represen ted directly

using the edges of elemen ts. If the edges are linear then the b oundary lo cation will

b e asymptotically O ( h

2
) accurate. Allo wing the use of piecewise-quadratic edges, as

describ ed ab o v e, p oten tially allo ws O ( h

3
) accuracy to b e ac hiev ed for the lo cation

of the b oundary .

If one restricts the quadratic Lagrange basis (2.6{2.11) to the lo w er edge of the

master elemen t sho wn in Fig. 2.2, b y setting � = 0, one obtains the follo wing basis

for the edge:

q 1 = 2 �

2
� 3 � + 1 ;

q 2 = 2 �

2
� � ; (2.14)

q 4 = � 4 �

2
+ 4 � :
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The edge is th us giv en b y

s ( � ) =

X

j =1; 4; 2 s

j

( � ) q

j

; (2.15)

where 0 � � � 1, and s 1 , s 4 and s 2 are the p ositions of no des 1,4 and 2. Clearly ,

the curv e s ( � ) passes through the no des s 1 , s 4 , and s 2 . Less ob vious is the fact that

the tangen t to s at s 4 is giv en b y s 2 � s 1 , i.e. the tangen t at an edge no de is parallel

to the c hord dra wn b et w een the edge's endp oin ts. In principle, b y de�ning a global

arc-length parameter s , one can represen t a complete free surface using a single

piecewise-quadratic parameterised curv e s = s ( s ) and th us a v oid the problems that

arise when non-parametric sc hemes are emplo y ed. F ortunately , the construction of

the global arc-length parameter is not normally required, since all the b oundary

in tegrals required b y the �nite elemen t metho d can b e ev aluated using an elemen t's

lo cal-co ordinate system.

As men tioned in Section 2.1.2, the displacemen t, � r , of eac h free-surface edge

no de from its corresp onding linear-edge midp oin t, m ust b e b ounded so that

� r � C h

2
; (2.16)

where C is a constan t and where h is the length of the c hord joining the edge's

endp oin ts. Clearly this imp oses restrictions on the set of piecewise-quadratic free

surfaces that are represen table for a giv en v alue of C , and it suggests that di�culties

migh t arise as a mesh is re�ned. In particular the question arises as to whether,

for a giv en b oundary , one can �nd a constan t C that will b ound � r uniformly as

h ! 0. Consider a curv e S . If S is smo oth, then on a su�cien tly small scale it

will ha v e appro ximately constan t curv ature and ma y th us b e accurately mo delled

b y a circular arc of radius R . Let S initially b e discretised in to a n um b er of edges

suc h that (2.16) is satis�ed b y eac h edge for some �xed v alue of C . Fig. 2.7 sho ws

a single edge together with the c hord joining its ends. The distance � r is giv en b y

� r = R �

v

u

u

t

R

2
�

 

h

2

! 2
= R � R

v

u

u

t

1 �

 

h

2 R

! 2
: (2.17)

Expanding as a T a ylor series ab out

h2R

= 0 one ma y obtain the follo wing asymptotic

form ula

� r = R

0

@

1

2

 

h

2 R

! 2
+

1

8

 

h

2 R

! 4
+

1

16

 

h

2 R

! 6
+ O ( h

8
)

1

A

; (2.18)

in whic h the leading term in h is O ( h

2
). Th us, so long as (2.16) is satis�ed b y an
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Figure 2.7: Using an isoparametric elemen t to represen t a circular b oundary: com-

puting the edge displacemen t � r .

initial discretisation of S , a regular sub division of the discretisation will also satisfy

(2.16). Consequen tly , as h ! 0, the full asymptotic rate of con v ergence in the

solution is p oten tially attainable.

2.2.1 T angen t con tin uit y

The next issue to consider is that of the degree of con tin uit y of the piecewise b ound-

ary represen tation at b oundary v ertices. Along b oundary edges the in terp olating

curv e is smo oth since it is a p olynomial. A t free-surface v ertices, ho w ev er, there

is no w a y to guaran tee that the t w o tangen ts, t 1 and t 2 , corresp onding to the t w o

adjacen t elemen ts will remain parallel, ev en if they are so initially . Fig. 2.8 illus-

trates a situation that migh t arise. In this case the angle b et w een the t w o tangen ts

is � 1 + � 2 . In practice one w ould hop e that large jumps in the tangen t w ould not

arise, and exp erience suggests that, when a free surface is adv ected using a stable

sc heme, they do not. If a unit circle is discretised as 32 equally-sized edges (a fairly

coarse mesh) b y placing all no des on the b oundary , then the initial angles b et w een

tangen ts at v ertices are of the order of 0 : 05

�

. The angles that arise in the course of

a t ypical sim ulation are generally comparable. While suc h discon tin uities are barely

visible to the nak ed ey e, they p oten tially cause problems when free-surface stress

b oundary conditions are imp osed, since at suc h v ertices the free-surface normal is

not uniquely de�ned. As a result tangen tial stress errors ma y arise, an issue that is

discussed in Section 4.4.2.
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Figure 2.8: T angen ts and normals at a v ertex of a piecewise-quadratic b oundary

represen tation.

2.2.2 Computation of b oundary conditions

The sp eci�cation of stress b oundary conditions, in general, requires the computation

of b oth normal and tangen tial comp onen ts of the stress. Ho w ev er, at an in terface

b et w een a liquid and a gas (the latter of negligible viscosit y and densit y) the appro-

priate stress b oundary condition has only a normal comp onen t i.e. the tangen tial

stress is zero. The normal comp onen t of the stress is generally made up of t w o

con tributions. The �rst is due to the pressure of the gas acting on the free surface.

The second is due to a phenomenon that is not describ ed b y the Na vier-Stok es equa-

tions, and whic h is asso ciated only with in terfaces b et w een immisc ible 
uids. This

is kno wn as the pressure defect [105 ], the magnitude of whic h, ^p , is giv en at a p oin t

on a free surface b y

^p = 2 
 H = 
 ( k 1 + k 2 ) = 


�

1

R 1 +

1

R 2 �

; (2.19)

where H is the mean curv ature of the surface, k 1 and k 2 are the principal curv atures

and R 1 and R 2 are the corresp onding radii of curv ature. F or a t w o-dimensional

problem one simply sets k 2 = 0. The parameter 
 , the surface tension or surface

energy , is t ypically assumed to b e a constan t for an y giv en pair of immisci ble 
uids.

The computation of the curv ature of the free surface is p erhaps the most di�cult

problem faced when dealing with surface-tension-driv en 
o ws. Curv ature is de�ned

in t w o dimensions [74] for a free surface giv en in the parametric form ( x ( s ) ; y ( s )) b y

k ( s ) =

x

s

y

ss

� y

s

x

ss

( x

s

2
+ y

s

2
)

3

2

; (2.20)
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while the out w ard free-surface normal is giv en b y

n ( s ) =

1

p

x

s

2
+ y

s

2 ( y

s

; � x

s

)

T

: (2.21)

The approac h to the computation of b oundary conditions adopted b y Mattheij

and v an de V orst [113 , 114 ] (whic h w as in v estigated as an alternativ e to the tec h-

niques emplo y ed here) in v olv es the estimation of x

s

, x

ss

etc. at free-surface no des

using �nite-di�erence form ulae in v olving the lo cations of neigh b ouring no des. F or a

free surface de�ned b y the ordered set of no des f s

i

= ( x

i

; y

i

) : i = 1 ; : : : ; N

B

g they

emplo y the follo wing estimates for the deriv ativ es

3
at no de s

i

:

x

s

=

1

12 h

( x

i � 2 � 8 x

i � 1 + 8 x

i +1 � x

i +2 ) + O ( h

4
) ; (2.22)

y

s

=

1

12 h

( y

i � 2 � 8 y

i � 1 + 8 y

i +1 � y

i +2 ) + O ( h

4
) ; (2.23)

x

ss

=

1

12 h

2 ( � x

i � 2 + 16 x

i � 1 � 30 x

i

+ 16 x

i +1 � x

i +2 ) + O ( h

4
) ; (2.24)

y

ss

=

1

12 h

2 ( � y

i � 2 + 16 y

i � 1 � 30 y

i

+ 16 y

i +1 � y

i +2 ) + O ( h

4
) : (2.25)

The form ulae (2.22{2.25) are all formally fourth-order accurate, and ma y b e deriv ed

b y �tting a fourth-degree Lagrange in terp olation p olynomial through a no de and its

four equally spaced neigh b ours.

It is w ell kno wn that n umerical di�eren tiation in �nite-precision arithmetic b e-

comes increasingly ill-conditioned as the distance b et w een sampling p oin ts tends

to w ards zero [21, 40]. This results from the loss of accuracy when quan tities of sim-

ilar size are subtracted. Indeed it is easy to sho w that for a giv en problem there is

an optim um no dal spacing h

�

that minimi ses the total error due to the com bination

of truncation and rounding error. In practice exp erience sho ws that the di�erence

form ulae (2.22{2.25) b ecome increasingly inaccurate as the distances b et w een no des

are reduced in an attempt to mak e the computations more accurate. Th us, while a

free surface ma y app ear smo oth to the ey e, its n umerically computed �rst deriv a-

tiv es ma y displa y considerable errors, and its second and higher deriv ativ es consist

en tirely of n umerical noise. In �nite-precision arithmetic there th us app ears to b e a

limit to the accuracy to whic h deriv ativ es can b e computed n umerically , ev en when

the shap e of the free surface is kno wn exactly .

While the ab o v e approac h ma y b e adequate when the free surface is smo oth, lo-

cally non-oscillatory , and the no des are not to o close together; when the free surface

3

The form ulas giv en here are actually tak en from [16 ].
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is non-smo oth, and p oten tially con taminated with n umerical noise, as will often b e

the case in a discrete sim ulation, high-order in terp olation p olynomials can exhibit

mark ed oscillations and ma y th us result in highly inaccurate estimates of the free

surface's curv ature. Mattheij and v an de V orst app ear to a v oid this problem b y

p erio dically redistributing free-surface no des | a pro cess that implici tly in v olv es

some lo cal smo othing of the free-surface shap e, remo ving the higher-frequency com-

p onen ts of noise that can mak e higher-order di�erence form ulae less accurate than

lo w er-order ones.

While v an de V orst [113] suggests that the sc heme (2.20|2.25) for computing k

is third-order accurate, he do es not attempt to demonstrate this n umerically . This

author's exp erience when in v estigating suc h metho ds suggests that v an de V orst's

sc heme ma y in practice b e no b etter than �rst-order accurate, particularly in the

limit as h ! 0. The use of free-surface smo othing to enhance the accuracy of com-

puted b oundary conditions, whether explicitly p erformed, or `hidden' as part of a

b oundary no de redistribution op eration, ma y b e criticised on the grounds that it

e�ectiv ely in tro duces non-ph ysical forces in to the problem. Th us, while smo oth-

ing allo ws the use of higher-order di�erence form ulae with higher formal orders of

accuracy , it is not clear that one actually gains an y accuracy in practice. A fur-

ther criticism arises from the fact that the �v e-p oin t di�erence stencils mak e use of

non-lo cal information when applied to quadratic elemen ts. That is, the b oundary

conditions for an elemen t dep end on information from adjoining elemen ts, as w ell

as the elemen t itself, and ma y th us p oten tially in tro duce non-ph ysical e�ects.

In the curren t w ork n umerical smo othing is not emplo y ed. F or surface-tension-

driv en 
o ws this app ears to b e satisfactory since surface tension acts lo cally so

as to rapidly smo oth out an y small-scale oscillations that arise in the free-surface

shap e. Th us, pro vided the time-in tegration sc hemes emplo y ed are stable, stabilit y

of the free surface should follo w as a consequence of the underlying ph ysics. F or

non-surface-tension-dominated 
o ws no suc h mec hanism is presen t and the use of

some form of smo othing app ears to b e an essen tial consequence of the use of discrete

sc hemes.

Boundary conditions are computed directly from the curren t free-surface repre-

sen tation using the approac h to b e describ ed shortly . Since the free surface is at

b est O ( h

3
) accurate, the b est estimates of x

s

and x

ss

etc. that can b e computed are

only O ( h

2
) and O ( h ) accurate resp ectiv ely . The approac h adopted here mak es use

of the iden tit y

k n =

@ t

@ s

; (2.26)
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deriv ed from the F renet form ulae for a unit-sp eed curv e [74]. As will b e sho wn in

Chapter 3, in t w o dimensions the �nite elemen t form ulation of the free-surface stress

b oundary condition in v olv es in tegrals of the form

Z

B

A


 q

i

k n ds =

Z

B

A


 q

i

@ t

@ s

ds; (2.27)

where q

i

is the restriction of a quadratic basis function to the free surface, and A

and B are the limits of in tegration for a giv en edge. In tegrating b y parts in the

manner suggested b y Rusc hak [91 ] one obtains

Z

B

A


 q

i

@ t

@ s

ds = 
 q

i

[ t ]

B

A

� 


Z

B

A

t

@ q

i

@ s

ds; (2.28)

where

t =

X

k =1; 4; 2 s

k

@ q

k

@ s

; (2.29)

and the s

k

are the p ositions of the three no des comprising a free-surface edge. Note

that the in tegral on the righ t-hand side of (2.28) in v olv es only the �rst deriv ativ es of

the basis functions, q

i

, whic h for quadratic elemen ts are piecewise-linear functions

of s . Th us, while one gains no formal accuracy b y using this approac h, the need

to form second deriv ativ es n umerically is a v oided and, at the same time, one can

con v enien tly allo w for an y discon tin uities in the tangen t at free-surface v ertices,

through the jump term on the righ t-hand side of (2.28). Note that if piecewise

linear free-surface edges w ere to b e emplo y ed then the only con tributions to the

curv ature w ould result from the discon tin uities at v ertices and one w ould exp ect the

error in the b oundary conditions to b e O (1), i.e. con v ergence w ould not b e exp ected

as the mesh is re�ned.

2.2.3 Equidistrib uti on of curv ature

In practice a t ypical free surface will not ha v e constan t curv ature; indeed the curv a-

ture ma y v ary b y sev eral orders of magnitude or ev en b e of di�eren t sign on di�eren t

parts of the free surface. Consequen tly , the free-surface normal stress and its gra-

dien t ma y v ary considerably o v er the free surface. In suc h circumstances the use

of a uniform mesh, selected so as to giv e a certain lev el of accuracy in the b ound-

ary conditions and th us the solution, will not b e an e�cien t use of resources. The

alternativ e, discretisation of the free surface with resp ect to an appropriate error in-dicator, th us app ears attractiv e in suc h situations. F or surface-tension-driv en 
o ws,
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the driving forces are greatest in regions of high curv ature and it is appropriate to

ha v e more free-surface no des in these regions, so as to more accurately represen t the

free surface's shap e and th us minimi se the errors in the b oundary conditions.

Consider the T a ylor expansion for a smo oth free surface S ( s ), ab out a p oin t on

the free surface, designated s = 0 for con v enience, i.e.

S ( s ) = S (0) +

@ S

@ s

s +

@

2
S

@ s

2 s

2
2

+

@

3
S

@ s

3 s

3
6

+ O ( s

4
) : (2.30)

If one attempts to represen t suc h a free surface using quadratic p olynomials in s

then it is clear that the magnitude of the co e�cien t in the leading term of the

lo cal-truncation error will b e prop ortional to

@

3
S

@ s

3 ; (2.31)

whic h in turn is prop ortional to

@ k

@ s

(2.32)

the rate of c hange of curv ature with resp ect to arc length.

If a kno wn free surface is discretised using piecewise-quadratic elemen ts, at a

t ypical p oin t on the free surface the discrete represen tation will b e in error b y an

O ( h

3
) quan tit y , where h is free-surface edge length, pro vided that the magnitude of

(2.31) is b ounded on the free surface. One w a y of pro ceeding w ould b e to p osition

b oundary v ertices f s

i

: 1 = 1 ; : : : ; N

B

g , so that for eac h elemen t
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for a giv en c hoice of � . If one assumes that the rate of c hange of curv ature with

resp ect to arc length is lo cally appro ximately constan t then
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giving

�

�

�

�

�

@

3
S

@ s

3 s

3
6

�

�

�

�

�

�

�

�

�

�

�

@

3
S

@ s

3 h

3
6

�

�

�

�

�

� �; (2.35)

and th us b ounding the lo cal truncation error uniformly . This is ho w ev er hard to

ac hiev e in practice, due to the di�cult y of computing (2.31) n umerically with su�-

cien t accuracy . Th us, while it ma y b e p ossible to �nd suc h an equidistribution for
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an analytically de�ned curv e, attempting to main tain suc h an equidistribution for

a piecewise-quadratic represen tation w ould b e di�cult.

The alternativ e (less accurate) approac h adopted here in v olv es the discretisation

of the free-surface b oundary so as to appro ximately equidistribute curv ature b et w een

elemen ts. T o understand wh y this is e�ectiv e consider a T a ylor expansion for the

curv ature k ( s ) ab out a p oin t s = 0 on a free surface, i.e.

k ( s ) = k (0) +

@ k

@ s

(0) s + O ( s

2
) : (2.36)

If a curv e is appro ximated using a piecewise-quadratic in terp olan t then the leading

term in the error estimate for the curv ature will b e of O ( h ). Th us the in terp olated

curv ature will ha v e the same order of accuracy as w ould b e the case if a piecewise-

constan t represen tation w ere emplo y ed for k ( s ). In suc h circumstances only the

constan t term in the expression (2.36) can b e represen ted and consequen tly the

second term will b e the leading term in the lo cal truncation error for the curv ature.

It th us app ears reasonable to emplo y the second term on the righ t-hand side of

(2.36) as an error indicator when creating or up dating a b oundary mesh.

In order to estimate the accuracy of the b oundary conditions that will result

from a giv en distribution of free-surface no des k ( s ) m ust b e in tegrated along a free-

surface edge. If the �nite elemen t w eigh ting function q

i

and the normal n are ignored

(whic h is reasonable since j q

i

n j is alw a ys less than one) and 
 = 1 is assumed, then

the follo wing expression for the magnitude of the discrete b oundary condition that

will b e applied at a free-surface no de ma y b e obtained from (2.36) and (2.27)
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where

h

i

=

Z

@ 

i

d s (2.39)

is the length of edge @ 


i

and again w e assume

@ k

@ s

is appro ximately constan t. In

the follo wing it will b e assumed, for simplicit y , that k ( s ) � 0 on @ 
. Giv en that a

discretisation satis�es the equidistribution condition
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k ( s ) ds = k
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� � (2.40)
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for eac h edge @ 


i

, where k

i

is the mean curv ature of the edge, an estimate of (2.32)

at v ertex i ma y b e obtained using the follo wing �nite-di�erence appro ximation
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Th us the follo wing b ound for the second term in (2.38) is obtained
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Finally , if it is assumed that

h

i

� �h

i � 1 (2.43)

for some constan t � , the follo wing b ound for the magnitude of the error in the

discrete b oundary condition at a free-surface no de is obtained
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the additional factor of t w o app earing since a discrete b oundary condition in v olv es

p oten tially t w o free-surface edges. One th us arriv es at the follo wing somewhat dis-

app oin ting conclusion: re�ning a piecewise-quadratic boundary mesh by halving � ,and thus doubling the number of free-surface nodes, will approximately halve the er-ror in the discrete boundary condition imposed at any node common to both meshes,and consequently halve the error in the solution. The scheme is thus O ( h ) accurate.
It is in teresting to note that Mattheij and v an de V orst [113 , 114 ] emplo y equidis-

tribution with resp ect to free-surface curv ature rather than the more sophisticated

sc hemes that w ould b e required to truly re
ect the formal accuracy of their higher-

order di�erence sc hemes.
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2.2.4 Initial b oundary discretisation

Ha ving discussed the theoretical issues relating to the piecewise-quadratic represen-

tations of free surfaces it is no w appropriate to turn to the algorithmic details of

the free-surface discretisation sc heme emplo y ed. One imp ortan t question that arises

is whether one can reasonably exp ect to b e able to mo del the ev olution of a free

surface that initially con tains a sharp corner i.e. a large discon tin uit y in its tangen t.

Consider the corner of a square; a w a y from the corner the edges are straigh t, i.e.

ha v e zero curv ature, but at the actual corner itself the curv ature is unde�ned. While

the �nite elemen t metho d is ideally suited to dealing with domains with corners un-

der normal circumstances, if one attempts to mo del a free-surface corner using a

pair of elemen ts, as depicted in Fig. 2.9(a) (b eing careful to `triangulate in to the

corner'), one observ es that after only a small n um b er of time steps a con�guration

lik e that sho wn in Fig. 2.9(b) arises. The �nite elemen t metho d succeeds in �nding

a plausible ev olution of the free surface, but the unfortunate bulging of the t w o

elemen ts adjacen t to the corner, due to the lo calisation of the driving force near to

the corner, rapidly leads to the isoparametric discretisation b ecoming singular.

If the mesh is automatically re�ned as so on as the bulging starts to o ccur, it ma y

b e p ossible to con tin ue the sim ulation, but t ypically suc h re�nemen t rapidly leads to

elemen ts that are extremely small | necessitating the use of v ery small time steps if

an explicit time-in tegration sc heme is emplo y ed. Th us explicit metho ds are unlik ely

to b e cost e�ectiv e in suc h circumstances and implici t metho ds are necessary in order

to deal with the sti� systems of equations that arise. F urthermore, the considerable

e�ort put in to mo delling the regions of high curv ature that dev elop adjacen t to

the corners is unjusti�ed since the shap e of the free surface arises from an initially

coarse mesh and is th us inaccurate. The simplest remedy , and the one emplo y ed

in the curren t w ork, is to round-o� the corners in suc h situations. This do es not

app ear to b e to o unreasonable a p erturbation of the original problem, giv en the

natural tendency for corners to ev olv e in to regions of lo cally high curv ature. While

this allo ws for b etter error con trol in the vicinit y of corners, it do es not remo v e the

problem of the sti�ness of the systems of equations in v olv ed.

2.2.5 Boundary discretisation constrain ts

The �rst step in meshing a domain 
 is the discretisation of its b oundary @ 
. F or

simplicit y the discussion here is restricted to cases in whic h the free-surface b oundary

can b e represen ted b y a single closed curv e parameterised b y arc-length s . In the
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Figure 2.9: Mesh failure at a free-surface corner.

presen t w ork an initial b oundary discretisation is c hosen so that the curv ature k ( s )

is equidistributed, i.e.

Z

@ 

i

k ds � k

tol

(2.45)

for eac h free-surface edge @ 


i

, where k

tol

is a prescrib ed parameter. It is further

required that edge length b e constrained so that

Z
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i

ds � h

max

; (2.46)

for all i , where h

max

is a prescrib ed parameter. This constrain t imp oses an upp er

limit on the size of elemen t generated. Finally , the follo wing constrain ts on b oundary

edge length are imp osed:
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ds � �
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ds; (2.47)
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ds � �

Z
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i � 1

ds; (2.48)

where � is a mesh smoothness parameter, c hosen to prev en t the ratio of lengths

of adjacen t b oundary edges b eing to o large. Exp erience suggests that a v alue of

� = 1 : 5 is satisfactory . Edge no des are lo cated so that they lie equidistan t from

their neigh b ouring v ertices. Note the corresp ondence of k

tol

and � here, with � and �

in (2.44). The ab o v e mesh-qualit y constrain ts are further re
ected in the algorithms
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describ ed in Section 2.4 that are emplo y ed to main tain mesh qualit y as the free

surface ev olv es.

2.3 In terior mesh generation

Once a domain's b oundary has b een initially discretised, and thereafter whenev er

it is mo di�ed, a new in terior mesh m ust b e generated. This can b e ac hiev ed con v e-

nien tly b y the use of one of a n um b er of widely a v ailable automatic mesh generators

suc h as T riangle [96], GR UMMP [72] and GEOMP A CK [55]

4
. The pac k age emplo y ed

here is Jonathan Shew c h uk's 2-D Delauna y mesh generator T riangle [96].

Based up on Rupp ert's Delauna y re�nemen t algorithm [90], T riangle will selec-

tiv ely re�ne an initial mesh, deciding whether to split eac h triangle according to a

set of area constrain ts asso ciated with the triangles of the original mesh. Rupp ert's

sc heme has the imp ortan t prop ert y that it is guaran teed to pro duce a mesh with

no small in ternal angles, and th us no elemen ts with large asp ect ratio

5
. Sp eci�-

cally , T riangle is guaran teed to pro duce a mesh with no in ternal angle less than

appro ximately 20 : 7

�

. This prop ert y is ho w ev er compromised if, as here, T riangle

is emplo y ed to generate a b oundary constrained mesh, i.e. T riangle is not allo w ed

to split the original b oundary edges. T o prev en t this b ecoming a serious problem,

particularly where b oundary discretisations with large v ariations in edge length are

in v olv ed, here the in terior mesh is graded so that edge length do es not di�er to o

greatly b et w een neigh b ouring elemen ts. This is ac hiev ed b y asso ciating with eac h

elemen t i of an initial coarse mesh a length l

i

giv en b y

l

i

= min
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; min

j
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j
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; (2.49)

where m

j

is the lo cation of the midp oin t of b oundary edge j and h

j

is its length,

where c

i

is the cen troid of elemen t i , and where one minimi ses o v er the set of

b oundary edges j = 1 ; : : : ; N

B

. This translates in to a corresp onding maxim um -area

constrain t a

i

, giv en b y

a

i

=

p

3

2

l

i

2
: (2.50)

In other w ords, a

i

is c hosen to b e the area of the equilateral triangle with side

l

i

. While the c hoice of the ab o v e grading is purely motiv ated b y the need to ensure

4

See h ttp://www.andrew.cm u.edu/user/so w en/surv ey/index.h tml for an excellen t short in tro-

duction to the v arious metho ds of mesh generation commonly emplo y ed in 2- and 3-D.

5

Longest edge divided b y shortest altitude.
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adequate mesh qualit y , i.e. for essen tially geometric reasons, in practice, for surface-

tension-driv en 
o ws at least, the patterns of lo cal re�nemen t that arise are similar to

those that migh t b e c hosen when adaptiv ely re�ning with resp ect to stress gradien ts

in the solution.

Fig. 2.10 illustrates the e�ect the parameter k

tol

has on the mesh pro duced b y

(1)

(2)

(3)

Figure 2.10: Meshes for an ellipse.
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Figure 2.11: Distribution of in ternal angles for graded-ellipse mesh 2.

Mesh k

tol

h

max

Elemen ts Unkno wns

1 0.4 0.5 144 721

2 0.2 0.5 228 1139

3 0.1 0.5 428 2129

T able 2.2: Elliptical cylinder problem: mesh statistics.

T riangle when grading is p erformed. The �gure sho ws three meshes for an ellipse,

generated b y holding h

max

�xed while v arying k

tol

. T able 2.2 summarises the mesh

statistics for the three meshes, while Fig. 2.11 sho ws the distribution of in ternal ele-

men t angles for mesh 2. The minim um and the maxim um in ternal angles in mesh 2

are 20 : 54

�

and 130 : 84

�

resp ectiv ely , while the maxim um elemen t asp ect ratio is 4 : 37.

As Fig. 2.11 sho ws, in ternal angles are clustered around 60

�

, with the distribution

b eing sk ew ed to w ards larger angles. Th us while the theoretical Delauna y minim um

angle is not quite b eing attained, presumably b ecause a b oundary-constrained tri-

angulation is requested, the resulting mesh is p erfectly satisfactory .

One criticism of T riangle is that it o ccasionally pro duces meshes that ha v e un-

necessary elemen ts, as illustrated in Fig. 2.12(a). In the absence of an y a priori
kno wledge of the solution exp ected, mesh (b) w ould generally b e preferred, since

it is lik ely to b e just as accurate, but in v olv es few er no des and th us lo w er compu-

tational exp ense. Suc h anomalous con�gurations can easily b e remo v ed, requiring

a searc h follo w ed b y lo cal mesh repair. In the curren t w ork this is not attempted,

primarily for reasons of simplicit y but also b ecause the p oten tial gains in e�ciency

are small. A second criticism of T riangle is that the meshes are `noisy' and that
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(a) (b)

Figure 2.12: Unnecessary elemen ts: (a) a non-optimal mesh (b) a more e�cien t

mesh.

a greater regularit y of no de spacing migh t b e exp ected to impro v e the o v erall ac-

curacy of the in terp olated solution. Laplacian smo othing, as describ ed in Section

2.5.2, migh t usefully b e emplo y ed to ac hiev e this.

The ab o v e discussion of mesh qualit y do es not tak e in to accoun t the imp ortan t

e�ects that the in teraction b et w een mesh geometry and lo cal solution gradien ts ha v e

on solution accuracy . More sophisticated mesh qualit y indicators w ould tak e in to

accoun t whatev er information w as a v ailable ab out the nature of the solution in the

vicinit y of an elemen t, t ypically b y emplo ying the solution from previous time steps.

2.4 Remeshing

In general, as a free-surface mesh ev olv es with time, there will b e regions of the

free surface in whic h the curv ature is increasing or decreasing. In other regions

free-surface edges ma y b e increasing or decreasing in length. Clearly , if the qualit y

of the free-surface discretisation is to b e main tained, re�nemen t and dere�nemen t

m ust b e p erformed in suc h regions, and will in v olv e the insertion and remo v al of

no des.

Whenev er no des are inserted in to or remo v ed from a free-surface represen tation

the regeneration of the in terior mesh is necessary . F or the relativ ely small meshes

considered here, the cost of p erforming suc h a regeneration is su�cien tly lo w that

there is no need to consider more in v olv ed sc hemes that p erform lo cal mesh regen-

eration. Since remeshing, lo cally or globally , t ypically requires a full restart of an y

time-in tegration sc heme in v olv ed, at considerable exp ense, and for the Na vier-Stok es

equations (but not the Stok es equations) requires in terp olation of the v elo cit y so-
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lution, again at considerable exp ense and with p oten tial loss of accuracy , it mak es

sense to aim to p erform remeshing as infrequen tly as p ossible. In the in terests of

e�ciency it is th us normally appropriate to p ostp one coarsening of the free-surface

mesh un til the next o ccasion a full mesh regeneration is necessary . Mesh re�ne-

men t is, ho w ev er, necessarily more urgen t. This suggests the follo wing strategy:re�ne aggressively, coarsen cautiously. In the sc heme describ ed here in terior mesh

regeneration is carried out when dictated b y one or more of the follo wing criteria:

1. a free-surface edge is to o long, i.e.

h

i

> h

max

; (2.51)

where h

i

is the length of edge i ;

2. the in tegral of the mo dulus of the curv ature along a free-surface edge is to o

great, i.e.

Z
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i

j k j ds > k

tol

; (2.52)

3. the minim um in ternal angle has fallen b elo w a prescrib ed tolerance, i.e.

�

min

< '; (2.53)

where �

min

is the minim um in ternal angle in the curren t mesh, and ' is a

prescrib ed minim um angle;

4. a free-surface edge no de is lo cated to o far from the midp oin t of the c hord

joining the ends of the edge, i.e.

j e

i

� s

i

j > � h

i

(2.54)

or

j e

i

� s

i +1 j > � h

i

; (2.55)

where e

i

is the p osition of edge no de i , s

i

and s

i +1 are the v ertices asso ciated

with the edge and � is a parameter c hosen to b ound the displacemen t of a

free-surface edge no de from its edge midp oin t.

Criteria (2.53), (2.54) and (2.55) re
ect constrain ts that m ust b e applied if the

optim um asymptotic rate of con v ergence of the solution is to b e ac hiev ed [103 ].

In particular (2.53) re
ects the need to b ound the maxim um in terior angle in eac h
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elemen t a w a y from 180

�

. In practice one instead b ounds the minim um in terior angle

a w a y from zero. F or triangular elemen ts (2.53) is equiv alen t to the b ound

�

max

< 180

�

� 2 ': (2.56)

In practice a v alue of ' = 10

�

is found to b e satisfactory . The a v oidance of small

angles in the initial mesh is particularly imp ortan t when the in terior no des of a

mesh are in motion due to the application of the mesh-up date metho ds describ ed in

Section 2.5. Since it is in practice imp ossible to predict whic h angles will increase

and whic h will decrease in suc h circumstances, the only w a y of a v oiding ha ving to

remesh to o often is to emplo y meshes in whic h the minim um angle is maximise d.

F or free-surface problems, b ounding the minim um angle a w a y from zero also helps

to a v oid di�culties that can arise when an elemen t with large asp ect ratio o ccurs

with one of its long sides forming part of a curv ed free surface.

Criteria (2.54) and (2.55) trigger a mesh regeneration whenev er a free-surface

edge no de is found to b e displaced to o far from the midp oin t of the c hord joining its

ends. In suc h (rare) situations the edge no de m ust b e adjusted i.e. mo v ed closer to

the edge midp oin t. A v alue of � = 1 : 1 has b een found to b e satisfactory in practice.

Finally , since in the curren t sc heme only the need for re�nemen t can trigger a mesh

regeneration, it is necessary to place an upp er limit on the n um b er of time steps that

are attempted b efore a full mesh regeneration o ccurs, so as to allo w dere�nemen t to

o ccur. In practice a limit of 50 time steps is often appropriate.

Once the decision has b een tak en to remesh the domain, the opp ortunit y to

up date the free-surface represen tation arises. This in v olv es three distinct stages:

re�nemen t, dere�nemen t and adjustmen t. The �rst stage, re�nemen t, in v olv es the

insertion of new no des in to the free-surface represen tation. The second stage, dere-

�nemen t, in v olv es the remo v al of surplus no des. Finally , an y necessary adjustmen ts

of edges are p erformed. These pro cesses are describ ed b elo w, and in v olv e constrain ts

related to but not iden tical with those emplo y ed in Section 2.2.5.

2.4.1 Boundary re�nemen t

There are three circumstances in whic h a b oundary edge m ust b e split:

1. an edge is to o long, i.e.

h

i

> � h

max

; (2.57)
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where the constan t � = 0 : 9 is included so that edges are split aggressiv ely ,

minimi sing the risk that a forced remesh will b e necessary to o so on in the

future.

2. the in tegral of the mo dulus of the curv ature along the side is to o great, i.e.

Z

@ 

i

j k j ds > � k

tol

; (2.58)

where again the constan t � = 0 : 9 is included so that edges are split aggressiv ely ,

so as to minimise the risk that a forced remesh will o ccur to o so on as a result

of (2.52) b eing violated.

3. the ratio of adjacen t edge lengths is to o large, i.e.

h

i

> � min ( h

i +1 ; h

i � 1 ) : (2.59)

Note that the v alue emplo y ed for � in (2.59) is considerably larger than that em-

plo y ed for � in (2.47) and (2.48), when the initial b oundary mesh is generated. The

v alue of the constan t � is c hosen as a compromise b et w een main taining acceptable

grading of the mesh's b oundary and allo wing dere�nemen t to o ccur unhindered. See

T able 2.3 for suggested v alues of � and � .

Once the decision has b een tak en to split an edge, the problem arises of ho w

to p erform the re�nemen t in suc h a w a y as to in tro duce the minim um error in to

the free-surface represen tation. Tw o t yp es of error are of particular concern. First,

one w ould lik e eac h splitting op eration to preserv e domain area. Second, exp erience

sho ws that it imp ortan t to ensure that when an edge is split the tangen ts at the ends

of the edge do not c hange greatly . If the tangen ts at the edge endp oin ts are c hanged

to a signi�can t exten t then discon tin uities in the tangen t ma y b e in tro duced at

v ertices, resulting in spurious transien t motions of the free surface as surface tension

acts to smo oth the discon tin uities.

Figure 2.13 sho ws an edge AB that is to b e split near its midp oin t C . Ideally

one w ould lik e to preserv e the tangen ts at the original end p oin ts, and to ha v e the

t w o tangen ts at the newly inserted v ertex parallel i.e.

t

A

(n +1)
= t

A

(n )
(2.60)

t

C

+
= t

C

�

(2.61)

t

B

(n +1)
= t

B

(n )
(2.62)
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Figure 2.13: Splitting an edge.

where t

A

(n )
is the tangen t at A b efore re�nemen t, t

A

(n +1)
the tangen t at A after

re�nemen t and t

C

�

and t

C

+
are the tangen ts, to the edges AC and C B resp ectiv ely ,

at C after re�nemen t. Th us, if area m ust also b e conserv ed, there are four constrain ts

to b e satis�ed. In principle there are six degrees of freedom with whic h to satisfy

these constrain ts (the lo cations of three no des), and ev en if it is insisted that the t w o

new edge no des lie on the bisectors of the c hords AC and C B , there are still four

degrees of freedom to w ork with. While suc h approac hes w ere in v estigated as part

of the curren t w ork, in practice the systems of sim ultaneous equations that arise

are often ill-conditioned, and consequen tly di�cult to solv e accurately and reliably ,

resulting in the in tro duction of error in the free-surface shap e. Suc h ill-conditioning

generally b ecomes w orse as the mesh is re�ned in resp onse to these errors, and th us

in v ariably rapidly leads to the complete breakdo wn of a sim ulation.

In the in terests of robustness and simplicit y it has b een found to b e necessary

to relax the constrain ts on the tangen ts and with regard to area conserv ation, and

to adopt the follo wing pro cedure for splitting an edge:

tak e the lo cation of the original edge no de to b e that of new v ertex, and

tak e the t w o p oin ts on the original edge that lie on the p erp endicular

bisectors of the c hords AC and C B to b e the lo cations of the t w o new

edge no des.

This pro cedure is the one that has b een found to b e most satisfactory in practice,

ev en though it is recognised that it not only fails to preserv e tangen t con tin uit y , but

also do es not conserv e mass exactly .



Chapter 2 50 The �nite element method
2.4.2 Boundary dere�nemen t

Tw o adjacen t edges, @ 


i

and @ 


i +1 , are merged in either of the follo wing circum-

stances:

1. the curv ature of the t w o edges is of the same sign and

Z

@ 

i

j k j ds +

Z

@ 

i +1

j k j ds < � k

tol

; (2.63)

where the constan t, � = 0 : 7, is c hosen so that edges are merged cautiously ,

2. The com bined length of the pair of adjacen t edges lies b elo w a giv en tolerance

i.e.

Z

@ 

i

ds +

Z

@ 

i +1

ds < 2 h

min

; (2.64)

where h

min

is a prescrib ed parameter c hosen to limit the minim um b oundary

edge length.

The second criterion is included as a pragmatic measure for dealing with di�cult

free-surface geometries suc h as those with sharp corners. In normal practice one

w ould set h

min

= 0. Dere�nemen t w ould app ear to b e more di�cult than re�ne-

������

�
�
�
�

����

�� i

i+1

i+2

ii+1

AB

B

C

A

Figure 2.14: Merging t w o edges.

men t since the aim is to preserv e the free surface's curren t shap e but, at the same

time, to emplo y few er no des in represen ting it | whic h is clearly in general imp os-

sible. F ortunately , ho w ev er, the fact that dere�nemen t is b eing attempted normally

indicates that the curren t discretisation is more than adequate to represen t the free

surface lo cally , and th us that one can a�ord to sacri�ce some accuracy; the exception
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b eing when a minim um edge length is imp osed, i.e. h

min

> 0. A ttempts to matc h

the existing tangen ts at A and B and to sim ultaneously preserv e area will clearly not

w ork since there are only t w o degrees of freedom a v ailable. The pro cedure adopted

for merging t w o edges AC and C B is as follo ws:

A p oin t is found that lies on either of the t w o existing edges, and whic h

is equidistan t b et w een A and C . This is tak en to b e the lo cation of the

new edge no de.

Figure 2.14 illustrates this pro cess. As with re�nemen t, this approac h do es not

conserv e mass exactly , nor do es it preserv e the tangen ts at the ends of the edge. It

do es ho w ev er app ear to w ork w ell in practice.

2.4.3 Boundary edge adjustmen t

F undamen tal to the success of the isoparametric free-surface sc heme is the require-

men t that the b ound (2.16) b e satis�ed at all times. Figure 2.15 sho ws the result

of applying an a�ne transformation to a general elemen t with a single curv ed side,

so as to map the no de opp osite the curv ed side to the origin and the t w o straigh t

edges on to the x

0

and y

0

axes, t w o di�eren t lo cations for the edge no de b eing sho wn.

The midp oin t and straigh t side of the master elemen t are also sho wn. The need to

k eep the isoparametric mapping in v ertible [103 ] means that an edge no de m ust lie

in the shaded region (i.e. x

0

>

14 and y

0

>

14 ) sho wn in Fig. 2.15. If an edge no de

is placed outside this region then the Jacobian of the isoparametric transformation

will b e zero at some p oin ts in the elemen t and th us the transformation will b e sin-

gular. Allo wing an edge no de to approac h the b oundary of this region will result

in a rapid loss of accuracy , p oten tially leading to the complete failure of the �nite

elemen t metho d.

The motion of an edge no de along the p erp endicular bisector of the c hord de�ned

b y the end p oin ts of the edge has already b een allo w ed for in that if, for example, it

results in the curv ature of the edge b ecoming to o large, the edge will automatically

b e split. Singularit y of the isoparametric transformation ma y th us b e a v oided b y

selecting a su�cien tly small v alues of k

tol

. The p ossibilit y of the tangen tial motion of

edge no des along the free surface m ust also b e allo w ed for. While the displacemen t

of an edge no de in a direction parallel to the c hord joining the edge's end p oin ts

c hanges the edge's curv ature lo cally , as ma y b e seen in Fig. 2.15, it need not c hange

the total curv ature of the edge b y v ery m uc h. Th us suc h displacemen ts will not,

in general, b e detected b y the re�nemen t criterion (2.58). Since the kinetic b ound-
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Figure 2.15: P ermissible lo cations for an edge no de of an isoparametric elemen t:

shaded area. See text for explanation of co ordinate system.

ary condition sp eci�es that free-surface no des need only b e mo v ed in the normal

direction, one w ould exp ect that an y tangen tial motion of the no des w ould b e min-

imal and exp erience b ears this out. While there is no reason wh y small tangen tial

displacemen ts of free-surface edge no des should not b e tolerated, there remains the

p ossibilit y that the accum ulation of suc h displacemen ts ma y result in (2.16) b eing

violated. Th us some form of in terv en tion, termed here the adjustment of an edge,

ma y o ccasionally b e necessary . Adjustmen t is carried out if

j e

i

� s

i

j > � � h

i

(2.65)

or

j e

i

� s

i +1 j > � � h

i

; (2.66)

the constan t � = 0 : 9 b eing included here so that the need to adjust edges do es not

trigger mesh generation to o often. The pro cedure for adjusting an edge is as follo ws:

the in tersection of the curren t edge with the p erp endicular bisector of

the c hord dra wn b et w een the edge's end p oin ts is selected to b e the new

lo cation of the edge no de.

An alternativ e approac h w ould b e to split an edge in t w o whenev er the edge no de's

displacemen t b ecomes to o large. As with free-surface re�nemen t and dere�nemen t

no explicit attempt is made to preserv e the tangen ts at end p oin ts or to conserv e
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Figure 2.16: Adjusting an edge.

area. In practice, the adjustmen t of edges is rarely necessary and th us is not a ma jor

source of error.

2.4.4 Selection of parameters

In an in v estigation emplo ying the metho ds describ ed ab o v e, it is in tended that the

parameters k

tol

and h

max

will b e v aried b y the user, so as to con trol the o v erall

accuracy of the solution. F or a surface-tension-driv en 
o w k

tol

will normally b e the

k ey parameter since it dictates the accuracy of the free-surface represen tation and

th us that of the free-surface b oundary conditions. Since, as sho wn in Section 2.2.3,

the error in the discrete free-surface b oundary conditions is prop ortional to k

tol

,

halving the o v erall error will require a doubling of the n um b er of free-surface no des.

If the global mesh parameter h

max

is also halv ed then the n um b er of no des in the

resulting mesh will appro ximately quadruple. Clearly this is an undesirable state

of a�airs, since, ev en if an optimal 
o w-solv er is emplo y ed

6
, the computational cost

of an y calculation will increase quadratically , while the accuracy will increase only

linearly .

The O ( h

3
) accuracy of the v elo cit y �elds computed using the �nite elemen t

metho d describ ed in Section 2.1.4 pro vides a means for o v ercoming this di�cult y .

When k

tol

is reduced b y a factor of t w o h

max

, whic h con trols the mesh resolution

a w a y from the b oundary , need only b e reduced b y a factor of 2

1

3

to ac hiev e a linear

6

One for whic h computational cost is prop ortional to the n um b er of unkno wns in v olv ed.
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rate of con v ergence in the v elo cit y throughout the domain. Th us one ma y select

h

max

/ k

tol

1

3

(2.67)

and as a consequence the o v erall cost of suc h a computation, assuming an optimal

solv er, will b e

O ( k

tol

� 1
; h

max

� 2
) = O ( k

tol

� 1
; k

tol

�

2

3

) = O ( k

tol

� 1
) : (2.68)

Th us, asymptotically the computational cost will b e prop ortional to the accuracy

of the v elo cit y �eld obtained.

Constan t F unction Minim um V alue Maxim um

� Initial b oundary smo othness parameter 1.20 1.50 2.00

� Isoparametric displacemen t tolerance 1.05 1.10 1.20

� Aggression factor when splitting edges 0.70 0.90 0.95

� Caution factor when merging edges 0.50 0.70 � - 0.1

� Boundary mesh smo othness tolerance 2.20 2.50 3.00

' Minim um in terior angle 5.00 10.00 15.00

T able 2.3: Constan ts emplo y ed in the adaptiv e mesh generator: Actual v alues em-

plo y ed together with suggested ranges.

T able 2.3 summarises the v alues of the v arious constan ts emplo y ed b y the au-

tomatic mesh generator describ ed ab o v e, together with suggested minim um and

maxim um v alues. The v alues are not particularly critical and ma y b e v aried within

the ranges sho wn without compromising the robustness of the metho d.

2.5 Con tin uous mesh up date

Consider the section of a piecewise-linear free surface depicted in Fig. 2.17(a), with

the out w ard free-surface normal sho wn. If the free-surface no des mo v e out w ard but

the in terior no des are held �xed then, as illustrated in Fig. 2.17(b), the elemen ts

adjacen t to the free surface will rapidly b ecome distorted, leading to a p oten tial loss

of accuracy . If on the other hand the free surface is retreating then the situation

is ev en w orse, and there is no w the danger that free-surface no des migh t cross-o v er

in to the second la y er of elemen ts, causing the mesh to tangle. Clearly in an y general

purp ose sc heme the lo cations of the in terior no des m ust b e up dated at eac h time

step in some fashion, if only to allo w them to escap e a retreating free surface.
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Figure 2.17: Stretc hing of elemen ts during motion of a free surface, n = out w ard

free-surface normal: (a) b efore motion of free surface; (b) after motion of free surface

with in terior no des held �xed n = out w ard free-surface normal.

Cen tral to the strategy describ ed in Section 2.4 is the idea that full mesh regen-

eration is p erformed at the end of a time step only if it is absolutely necessary . A t

the end of all other time steps the mesh is up dated using some form of con tin uous

mapping. T o this end t w o tec hniques w ere in v estigated: a metho d based up on a

global linear-elasticit y mo del and a lo cal Laplacian smo othing metho d.

2.5.1 Linear-elasticit y mo del

In the �rst approac h considered, the in terior mesh is up dated at the end of a time

step, using an elastic-mesh mo del based on that prop osed b y Lync h [66 ]. This

in v olv es solving a linear-elasticit y problem for a set of in terior-v ertex displacemen ts,

using the most recen t b oundary-v ertex displacemen ts as b oundary conditions. The

linear elasticit y mo del tak es the form of a P oisson problem

r � ( C r x ) = f ; (2.69)
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where x is a v ector of in terior-v ertex displacemen ts to b e found, f a v ector repre-

sen ting an optional b o dy force and C a fourth-order elasticit y tensor. F or simplicit y

f w as tak en to b e the zero v ector and C to b e the iden tit y tensor. The appar-

en t adv an tage of Lync h's metho d results from the understanding that con tin uous

b oundary conditions will result in a con tin uous deformation of the elastic sheet, and

th us an y mesh em b edded in the sheet will itself distort in a con tin uous manner.

Th us tangling of the mesh should not o ccur.

If an appropriate w eak form of (2.69) is discretised using linear elemen ts and the

Galerkin metho d applied, a symmetri c p ositiv e-de�nite system of linear-algebraic

equations is obtained. This auxiliary system is t ypically m uc h smaller than the

system arising from the main problem, in v olving appro ximately 1 = 9 the n um b er of

unkno wns. F urthermore it need only b e solv ed appro ximately . This can b e ac hiev ed

cost-e�ectiv ely using an iterativ e metho d, suc h as those describ ed in Chapter 3. In

practice the cost of suc h a solution is small in comparison to that of the main system

of equations.

(a) (b) (c)

(d) (e) (f)

Figure 2.18: Uniform gro wth of a circular domain: a, b, c | elastic-mesh metho d;

d, e, f | elastic-mesh metho d with Laplacian smo othing.

Practical exp erience has ho w ev er sho wn that Lync h's elastic-mesh metho d is not,

on its o wn, su�cien t to ensure acceptable mesh qualit y . One failing of the metho d

can b e illustrated b y considering a particularly simple free-surface problem. Figure
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2.18 sho ws the ev olution of a circular mesh in whic h the free-surface no des are

constrained to mo v e radially out w ards at a constan t v elo cit y . The top ro w (a){(c)

illustrates the distortions that arise when the in terior mesh is up dated using only the

elastic-mesh metho d. As Fig. 2.18(c) sho ws, elemen ts near to the free surface ha v e

undergone the largest deformations, while elemen ts near to the cen tre ha v e deformed

only sligh tly . Similar e�ects are also observ ed for more complex geometries suc h as

those describ ed in Chapter 4. While this problem migh t b e addressed b y v arying C

in resp onse to the sizes of nearb y elemen ts, suc h an approac h w ould clearly require

considerable additional researc h.

2.5.2 Laplacian smo othing

In view of the ab o v e di�cult y Laplacian smo othing of the mesh [19 , 64, 25 , 73 , 27 ]

w as also in v estigated. This in v olv es the application of a w eigh ted-Jacobi smo othing

op erator a n um b er of times after eac h elastic-mesh solv e. The op erator emplo y ed

amoun ts to up dating the p osition r

i

of eac h in terior no de according to the follo wing

iterativ e sc heme

r

(n +1)
i

= (1 � ! ) r

(n )
i

+

!

N

i

N

i

X

j =1 r

(n )
j

; (2.70)

where j sums o v er the N

i

neigh b ouring v ertices of v ertex i , and ! is a relaxation

parameter, here tak en to b e 0 : 1. The op erator (2.70) is applied a small n um b er

of times (e.g. 40), rather than iterating to con v ergence; the Jacobi-t yp e relaxation

sc heme b eing preferred to its Gauss-Seidel equiv alen t since it do es not in tro duce

an y e�ects dep enden t up on no de ordering. The cost of applying suc h a smo othing

op eration is negligible in comparison to that of solving the main system of equations.

The b ottom ro w of Fig. 2.18 sho ws the ev olution of the same mesh when Laplacian

smo othing is carried out in addition. Clearly the results obtained with Laplacian-

smo othing are sup erior to those obtained using only the elastic-mesh approac h, at

least for this sort of problem. Indeed there do es not app ear to b e an y ob vious

reason wh y Laplacian smo othing ma y not b e used as the sole means of p erforming

the con tin uous mesh up dates.

In practice Laplacian smo othing app ears to b e remark ably robust. There are

ho w ev er certain situations in whic h it will fail, though in the curren t con text these

cause no real di�culties since the mesh ma y b e regenerated automatically if suc h

con�gurations arise. Figure 2.19 illustrates one suc h pathological con�guration. In

this situation, the p ossibilit y exists that the no de indicated ma y jump o v er the

in terv ening no de | turning t w o of the elemen ts `inside-out' in the pro cess. Suc h
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Figure 2.19: Laplacian smo othing: a mo de of failure.

con�gurations are p ossible only when a mesh con tains small angles. The risk of this

t yp e of failure o ccurring ma y b e minimi sed b y emplo ying a suitably small relaxation

parameter ! in (2.70), limiting the distance a no de ma y mo v e in an y giv en sw eep

of the Laplacian-smo othing op erator. It is also clear that b ounding the minim um

mesh angle in (2.53) helps to prev en t this t yp e of con�guration arising. In practice

failures of this t yp e ha v e not b een observ ed to o ccur under normal circumstances.

2.6 Conclusions

The con v ergence prop erties of T a ylor-Ho o d elemen ts ha v e b een in v estigated for prob-

lems with natural b oundary conditions on unstructured meshes and the theoretical

asymptotic rates of con v ergence con�rmed. T ec hniques for the automatic regen-

eration of unstructured meshes ha v e b een describ ed for time-dep enden t surface-

tension-driv en free-surface problems, and constrain ts on initial free-surface shap es

discussed. The di�cult y of accurately computing the free-surface curv ature and th us

the stress on the b oundary is p oin ted out. An analysis of the rate of con v ergence of

stress b oundary conditions computed using Rusc hak's metho d has b een presen ted

for quadratic isoparametric elemen t s. The conclusion is reac hed that the o v erall rate

of con v ergence of the sc heme will b e limited b y the rate of con v ergence of the stress

b oundary conditions.

The use of meshes with di�eren t resolutions for the free surface and in terior

meshes has b een describ ed. This tec hnique allo ws the n um b er of degrees of freedom

in a problem to b e substan tially reduced, while at the same time allo wing the full

rate of con v ergence dictated b y the free-surface b oundary conditions to b e obtained.
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Finally , Lync h's global elastic-mesh sc heme is sho wn to ha v e serious de�ciencies

whic h are not shared b y lo cal Jacobi-t yp e mesh-smo othing sc hemes.



Chapter 3Solvers for incompressible 
ows
In this c hapter the w eak form of the Na vier-Stok es equations is in tro duced and the �-

nite elemen t form ulation presen ted. Next, semi and fully implicit time discretisation

sc hemes are describ ed for b oth Stok es and Na vier-Stok es problems. The conjugate

residual algorithm and a n um b er of preconditioning sc hemes are next describ ed.

This is follo w ed b y a discussion of a n um b er of simple in terp olation sc hemes for the

transfer of solutions b et w een meshes when mesh regeneration is necessary . Finally

the issue of the c hoice of time-step size is addressed, a no v el approac h to this issue

b eing describ ed.

3.1 The Galerkin metho d

In Eulerian form the dimensionless Na vier-Stok es equations for an incompressible

Newtonian 
uid, as deriv ed in Chapter 1 as (1.5) and (1.6), are

"

@ u

@ t

+ ( u : r ) u

#

=

1

Re
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2
u + r ( r : u )
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� r p �
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F r

j ; (3.1)

r : u = 0 : (3.2)

Note that here the viscous term is written in the alternativ e stress-div ergence form

[34 ]. While r ( r : u ) is, b y de�nition, zero at an y p oin t in an incompressible 
uid, in

general for the piecewise-con tin uous in terp olan ts emplo y ed here this will not b e the

60
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case. The use of the stress-div ergence form is crucial to the success of the curren t

form ulation in that, when the Galerkin �nite elemen t metho d is applied, it leads to

a w eak form with ph ysically meaningful natural b oundary conditions, i.e. the stress.

W riting (3.1) and (3.2) in Cartesian-comp onen t form one obtains
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@ y

= 0 : (3.5)

The global v elo cit y and pressure trial solutions are giv en b y

u =

N

X

j =1 u

j

q

j

; (3.6)

v =

N

X

j =1 v

j

q

j

; (3.7)

p =

M

X

j =1 p

j

l

j

; (3.8)

where M is the n um b er of pressure unkno wns, and 2 N is the n um b er of v elo cit y

unkno wns. The functions q

j

and l

j

are the quadratic and linear Lagrange basis

functions describ ed in Chapter 2, the v ariables u

j

, v

j

and p

j

the unkno wn v alues of

the v elo cities and pressures at the no des.

In the Galerkin metho d [85 ] the basis functions used in de�ning the trial solution

are also used as test functions when constructing a w eigh ted-residual form ulation.

T o obtain the Galerkin w eigh ted-residual form ulation, the momen tum equations

(3.3) and (3.4) are �rst m ultiplied b y eac h of the N quadratic test functions, q

i

,

giving 2 N discrete momen tum equations. Similarly , the con tin uit y equation (3.5)

is m ultiplied b y eac h of the linear test functions, l

i

, to giv e M discrete con tin uit y

equations. The resulting discrete equations are then in tegrated o v er the domain, to
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giv e the follo wing system of equations
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i.e. 2 N + M equations in 2 N + M v ariables. Since eac h basis function is non-zero only

on elemen ts imme diately adjacen t to a no de, the matrix of co e�cien ts corresp onding

to the ab o v e system of equations is sparse. The viscous and pressure terms in (3.9)

and (3.10) are next in tegrated b y parts, using Green's �rst iden tit y (A.1{A.5) to

obtain the follo wing w eak form [85 ] of the equations
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where n = ( n

x

; n

y

) is the out w ard free-surface normal. This lea v es only �rst spatial

deriv ativ es of the v elo cit y in the momen tum equations, and eliminates the spatial

deriv ativ es of the pressure. Note that the con tin uit y equation has b een m ultipli ed b y

� 1 so that the matrix corresp onding to the Stok es op erator em b edded in (3.12{3.14)

is symmetri c. Finally , the righ t-hand sides of (3.12) and (3.13) ma y b e rearranged

to giv e
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ds: (3.16)

As will b e sho wn in the follo wing section, the brac k eted expressions in (3.15) and

(3.16) tak e the same form as the stress at a p oin t in an incompressible Newtonian


uid. Th us the homogeneous natural b oundary condition for this particular w eak

form of the Na vier-Stok es equations, i.e. that obtained b y setting the b oundary

in tegrals (3.15) and (3.16) to zero in the discrete form ulation, corresp onds to the

imp osition of zero stress on the b oundary .

3.1.1 The stress b oundary condition

In t w o dimensions the comp onen ts of the stress, � , on a surface elemen t with unit

normal n are giv en, at an y p oin t in or on the surface of a 
uid, b y

�

i

=

2
X

j =1 T

ij

n

j

; (3.17)

where T is the stress tensor [2]. F or an incompressible Newtonian 
uid of constan t

viscosit y , � , the stress tensor tak es the form
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By com bining (3.17) and (3.18) it can b e sho wn that, at a p oin t on the surface of

an incompressible Newtonian 
uid with normal n , the x and y comp onen ts of the

stress are giv en b y
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Since the non-dimensional forms of (3.19) and (3.20) ma y b e obtained b y simply

replacing � with

1
Re

it ma y b e seen that (3.19) and (3.20) corresp ond exactly with

the brac k eted expressions in Eqs. (3.15) and (3.16). Clearly , this particular w eak

form ulation of the Na vier-Stok es equations is ideal for the imp osition of ph ysically

meaningful stress b oundary-conditions at free surfaces. The ease of implem en tation

of the stress b oundary-condition in this �nite elemen t form ulation con trasts sharply

with the di�culties in v olv ed in attempting to imp ose stress b oundary-conditions

when �nite-di�erence metho ds are emplo y ed [26].

3.1.2 The kinematic b oundary condition

Engelman et al. [24] dra w atten tion to the need to compute �nite elemen t b oundary

normals with care. In particular they p oin t out that an analytically or geometrically

computed free-surface normal will not in general giv e rise to a w ell-p osed problem

when an essen tial normal b oundary condition and a natural tangen tial b oundary

condition are imp osed at a no de. Instead, they suggest that the �nite elementmass-consistent normal b e emplo y ed. They deriv e the mass-consisten t normal b y

considering the discrete global form of the con tin uit y equation

Z 
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X

i =1 ( l

i

r : u ) d 
 = 0 ; (3.21)

whic h is obtained b y summing the M discrete con tin uit y equations. Since at ev ery

p oin t in the domain

M

X

i =1 l

i

= 1 ; (3.22)

it follo ws from (3.21) that

Z 
 r : u d 
 = 0 : (3.23)
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Th us conserv ation of mass is imp osed globally b y the �nite elemen t form ulation.

Note, ho w ev er, that on individual elemen ts con tin uit y is imp osed only in a discrete

w eigh ted sense, and th us mass is not conserv ed lo cally .

Substituting the �nite elemen t trial v elo cit y solution (3.6{3.7) in to (3.23) giv es
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= 0 ; (3.24)

the summation b eing o v er all no des. Here, for simplicit y , it will b e assumed that

the free-surface no des are n um b ered b efore the in terior no des. Using the div ergence

theorem, (3.24) ma y b e rewritten in the form

F

X

i =1 �

u

i

Z
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 q

i

n
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ds + v

i

Z
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�
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the sum reducing to one o v er the F free-surface no des since q

i

is zero on @ 
 for eac h

basis function corresp onding to an in ternal no de. It follo ws that the con tributions

to (3.24) from the in terior no des m ust cancel one another out, and th us (3.24) ma y

also b e rewritten as a sum o v er the F free-surface no des.

The Cartesian v elo cit y comp onen ts u

i

and v

i

at free-surface no de i ma y b e ex-

pressed in the form
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where ( n

x;i

; n

y ;i

) is the out w ard free-surface normal at no de i , and u

n;i

and u

t;i

are

the normal and tangen tial comp onen ts of the v elo cit y at no de i . Substituting these

expressions for u

i

and v

i

in to (3.24) giv es
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whic h can b e rearranged to giv e
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(3.29)

Since (3.29) m ust hold for an y set of tangen tial v elo cities, u

t;i

, regardless of the
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v alues of the normal v elo cit y comp onen ts, u

n;i

, it follo ws that
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for all i . Th us, the mass-consisten t normal at no de i is de�ned using
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where, since a unit normal is required, n
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is giv en b y
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the p ositiv e ro ot b eing selected so as to giv e the out w ard normal. Engelman etal. [24] p oin t out that the mass-consisten t normal, computed in this fashion, giv es

acceptable results when applied to triangular elemen ts with no more than t w o v er-

tices on the b oundary . Here this is ensured b y triangulating in to corners, so that no

elemen t has t w o edges that form part of the b oundary .

In the curren t w ork the mass-consisten t normal is emplo y ed when up dating the

lo cations of free-surface no des, so that the kinematic b oundary condition

u : n =
_

s : n (3.34)

ma y b e implem en ted in a consisten t manner. Note that the notation s is emplo y ed

when referring to a particular free surface, and that s

i

corresp onds to the p osition

of free-surface no de i . In a �rst-order explicit free-surface adv ection sc heme, once

the normals at the free-surface no des ha v e b een computed, the lo cations of the

free-surface no des s

i

are up dated using the rule

s

(n +1)
i

= s

(n )
i

+ k ( u

(n )
i

� n

i

(n )
) n

i

(n )
; (3.35)

where k is the size of the curren t time step, s

(n )
i

the p osition of no de i , n

i

(n )
the

normal at no de i and u

(n )
i

the v elo cit y at no de i . Note, ho w ev er, that while the

c hoice of normal direction is correct at the start of a time step, in general, it will

not b e correct at the end of the time step. Th us conserv ation of mass will not b e

enforced exactly , although if the b oundary is w ell resolv ed and mo ving su�cien tly
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slo wly , and if the time-step size is su�cien tly small, then the resulting errors can b e

v ery small.

3.2 Mo ving-mesh corrections

Both metho ds describ ed in Chapter 2 for up dating the mesh b et w een regenerations

giv e rise to motions of the in terior no des. If the Laplacian smo other describ ed in

Section 2.5.2 is applied to a newly regenerated mesh, the b oundary of whic h is mo v-

ing only slo wly then for the �rst few time steps after the regeneration has o ccurred

man y of the in terior no des will mo v e relativ ely quic kly . Ev en tually an equilibrium

will b e reac hed and an y mo v em en t of in terior no des due to the Laplacian smo other

will b ecome negligible. Once suc h an equilibrium has b een reac hed, application of

the smo other at the end of eac h time step will result in motions of in terior no des

that re
ect the motion of the free surface. Similar b eha viour is also observ ed where

the elastic-mesh metho d is emplo y ed, though in this case there is no initial transien t

phase after mesh regeneration.

After the initial transien t phase in terior no des con tin ue to mo v e, no w in resp onse

to the ev olution of the free surface. Th us the p oten tial for errors to arise remains.

One w a y of dealing with these errors is simply to ignore them. This is not en tirely

unreasonable, since when the time-step size is small and the free surface is mo ving

slo wly the motions of the in terior no des will also b e small. Th us, if the lo cal v elo cit y

and pressure gradien ts are su�cien tly small, then the errors that result from the

mo v emen t of no des ma y b e negligible. F ree-surface no des, ho w ev er, m ust alw a ys

mo v e with the same normal v elo cit y as the 
uid. Consequen tly it is necessary to

consider w a ys in whic h suc h motions ma y b e incorp orated in to the �nite elemen t

form ulation so as to remo v e this source of error.

Tw o w ell-kno wn approac hes already exist for dealing with deforming meshes.

The Lagrangian metho d [13 , 4], mak es use of the fact that the Na vier-Stok es equa-

tions ma y b e written directly in terms of a mo ving co ordinate system. If the in terior

no des are required to mo v e at the 
uid's lo cal v elo cit y , then no con v ectiv e deriv ativ e

terms need b e included in the Na vier-Stok es equations. This has the ma jor adv an-

tage that the �nite elemen t sti�ness matrix that results is no w symmetri c, allo wing

more e�cien t solution tec hniques to b e emplo y ed. The main disadv an tage of this

approac h is that the no des m ust alw a ys mo v e at the same v elo cit y as the 
uid, whic h

can lead to the degeneration of mesh qualit y and ev en tangling of the mesh. Th us,

in general, p erio dic regeneration of the mesh will b e necessary more frequen tly than
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if an Eulerian form ulation w ere emplo y ed.

The Arbitrary-Lagrangian-Eulerian (ALE) approac h [41 , 23, 49 , 100 ] com bines

the Eulerian and Lagrangian metho ds, allo wing in terior no des to ha v e arbitrary

v elo cities, c hosen indep enden tly of the 
uid's v elo cit y . Th us the v elo cities of in terior

no des ma y b e c hosen so as to main tain mesh qualit y . The ALE form ulation requires

the inclusion in the Na vier-Stok es equations of a new term of the form � ( _s � r ) u ,

where _s corresp onds to the lo cal v elo cit y of the mesh. Where _s = u , as in the

Lagrangian metho d, this new term exactly cancels the con v ectiv e deriv ativ e.

The approac h adopted in the curren t w ork is essen tially an ALE one. Here,

ho w ev er, the new mo ving-mesh terms, rather than b eing assem bled as part of a

nonlinear �nite elemen t problem, are ev aluated explicitly at the start of a time step

and included in the data for the linear-algebraic systems solv ed for that time step.

The correct form of the mo ving-mesh corrections for a �nite elemen t form ulation

is deriv ed in [54] and emplo ys the follo wing argumen t. Let m

i

denote the p osition

of no de i in a mesh m = f m

i

: i = 1 ; : : : ; N g , comp osed en tirely of straigh t-sided

triangular elemen ts. F or simplicit y it is assumed that v ertices are n um b ered b efore

edges. The v elo cit y u at a p oin t x in the domain is giv en b y

u =

N

X

j =1 u

j

( t ) q

j

( x ; m ( t )) ; (3.36)

where u

j

is the v elo cit y of the 
uid asso ciated with no de j , and q

j

the corresp onding

basis function, no w considered as a function of m as w ell as x . Th us for straigh t-

sided elemen ts the rate of c hange of u will b e giv en b y

@ u

@ t
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X
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N
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V
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k

�
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k

!

; (3.37)

where V is the n um b er of v ertices and _m

k

is the v elo cit y of v ertex k . The second

term on the righ t-hand side of (3.37) ma y b e written as

V

X

k =1  

@ u

@ m

k

�
_

m

k

!

(3.38)

and m ust b e included whenev er the v ertices forming a mesh are in motion relativ e

to one another.

Since the Laplacian smo othing and elastic-mesh sc hemes b oth result in con tin u-

ous deformations of the mesh, and since a Lagrange �nite elemen t basis is in v olv ed,
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Jimac k and W athen's Theorem 2.4 [54 ] ma y b e emplo y ed to rewrite (3.38) in the

form

�

V

X

k =1 l

k

r u �
_

m

k

; (3.39)

or equiv alen tly
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u : (3.40)

This has a similar form to the standard con v ectiv e term ( u � r ) u , the expression

P

V

k =1 � l

k

_
m

k

b eing a piecewise linear mesh-v elo cit y �eld. Th us for a mo ving-mesh

problem the material deriv ativ e has the form
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� r ) u : (3.41)

Note that if

u =

V

X

k =1( l

k

_m

k

) (3.42)

then the mo ving-mesh con v ectiv e deriv ativ e will exactly cancel the standard con-

v ectiv e deriv ativ e.

The inclusion of the term (3.40) in the form ulation of a problem necessarily

results in the problem b eing nonlinear, ev en if the original Eulerian form ulation is

linear. Where functional iteration is emplo y ed as a means of handling the standard

nonlinear con v ectiv e deriv ativ e, i.e. b y rep eatedly linearising the problem ab out the

most recen t estimate for the v elo cit y �eld at the end of the time step, (3.40) ma y

either b e incorp orated directly in to the �nite elemen t matrix, giving rise to an non-

symmetric linear-algebraic problem, or it ma y b e ev aluated explicitly and treated

as part of the data for the problem. The latter approac h is adopted here.

In the curren t w ork the expression

�

V

X

k =1 ( l

k

_m

k

) (3.43)

is simply replaced with � _m

j

when assem bling en tries in the �nite elemen t matrix

corresp onding to the v elo cit y degrees of freedom at no de j , i.e. a p oin t wise w eigh ted
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form of the term. This simpli�cation is emplo y ed since it allo ws the assem bly of

the mo ving-mesh terms to b e com bined with that of the standard con v ectiv e deriv a-

tiv es, reducing the o v erall computational cost considerably . A t the end of eac h time

step the no dal v elo cities,
_

m

(n +1)
j

, are estimated explicitly using m

j

(n )
and m

j

(n +1)
.

Consequen tly , suc h estimates are not a v ailable immediatel y after a mesh regenera-

tion, though in principle there is no reason wh y the mesh-v elo cit y �eld could not

also b e in terp olated when the mesh is regenerated. In practice, in the exp erimen ts

describ ed in Chapter 6, the inclusion of the mo ving-mesh terms w as not found to

a�ect greatly either the qualit y or the accuracy of the solutions obtained, suggesting

that, with the relativ ely coarse meshes emplo y ed here, spatial discretisation errors

dominate the computations.

3.3 Matrix form ulation

In order to solv e (3.12{3.14) n umerically the problem m ust also b e discretised in time

as w ell as in space. T emp oral discretisation of �nite elemen t form ulations frequen tly

in v olv es the use of �nite-di�erence appro ximations for the temp oral deriv ativ es, the

so-called metho d of lines. Here the additional complication arises that the mesh is

required to deform as the free surface ev olv es, and th us the no des will b e in motion

relativ e to one another. Consequen tly , when solving o v er a time step it is often

necessary to consider t w o di�eren t meshes, the initial mesh at the start of the time

step, and the �nal mesh that represen ts the domain at the end of the time step.

The follo wing matrices are no w de�ned

[ M 1 ] = [ M 2 ] =

Z 
 q

i

q

j

d 
 i, j = 1, . . . , N ; (3.44)

[ A 11 ] =

Z 
 2

Re

@ q

i

@ x

@ q

j

@ x

+

1

Re

@ q

i

@ y

@ q

j

@ y

d 
 i, j = 1, . . . , N ; (3.45)

[ A 12 ] =

Z 
 1

Re

@ q

i

@ y

@ q

j

@ x

d 
 i, j = 1, . . . , N ; (3.46)

[ A 21 ] =

Z 
 1

Re

@ q

i

@ x

@ q

j

@ y

d 
 i, j = 1, . . . , N ; (3.47)
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[ A 22 ] =

Z 
 2

Re

@ q

i

@ y

@ q

j

@ y

+

1

Re

@ q

i

@ x

@ q

j

@ x

d 
 i, j = 1, . . . , N ; (3.48)

[ B 1 ] = �

Z 
 @ q

i

@ x

l

j

d 
 i = 1, . . . ,N, j = 1, . . . , M ; (3.49)

[ B 2 ] = �

Z 
 @ q

i

@ y

l

j

d 
 i = 1, . . . ,N, j = 1, . . . , M ; (3.50)

[ C 11 ] = [ C 22 ] =

Z 
 q

i

 

u

�

@ q

j

@ x

+ v

�

@ q

j

@ y

!

d 
 i, j = 1, . . . , N : (3.51)

Note that C 11 and C 22 represen t a linearisation of the con v ectiv e deriv ativ e around

an estimate of the v elo cit y �eld u

�

= ( u

�

; v

�

), and is only one of the sc hemes p ossible

[33 , 34 ]. T ypically u

�

will b e either the v elo cit y �eld from the previous iteration of

the nonlinear solv er or the v elo cit y �eld from the end of the previous time step.

The follo wing v ectors are also de�ned, represen ting resp ectiv ely , the gra vitational

b o dy force,

g 1 = �

Z 
 q

i

1

F r

j

x

d 
 i = 1, . . . , N ; (3.52)

g 2 = �

Z 
 q

i

1

F r

j

y

d 
 i = 1, . . . , N ; (3.53)

the free-surface stress b oundary conditions,

d 1 =

Z

@ 
 � q

i

1

W e

1

R

c

n

x

ds i = 1, . . . , N ; (3.54)

d 2 =

Z

@ 
 � q

i

1

W e

1

R

c

n

y

ds i = 1, . . . , N ; (3.55)

and the mo ving mesh corrections

h 1 =

N

X

j =1  

Z 
 q

i

_m

j;x

@ q

j

@ x

u

j

d 
 +

Z 
 q

i

_m

j;y

@ q

j

@ y

u

j

d 


!

i = 1, . . . , N ; (3.56)
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h 2 =

N

X

j =1  

Z 
 q

i

_m

j;x

@ q

j

@ x

v

j

d 
 +

Z 
 q

i

_m

j;y

@ q

j

@ y

v

j

d 


!

i = 1, . . . , N ; (3.57)

where _m j = ( _ m

j;x

; _m

j;y

) is an estimate of the v elo cit y of no de j . The free-surface

stress b oundary conditions included in (3.54) and (3.55) are those appropriate for

a Na vier-Stok es problem, as discussed in Section 1.2. If the factors

1
W e

are deleted

then the stress b oundary conditions for a Stok es-
o w problem result (see Section

1.3). Where general stress b oundary conditions are kno wn explicitly in the form

� = ( �

x

; �

y

), as in the Stok es-
o w test problem describ ed in Chapter 2, (3.54) and

(3.55) ma y b e replaced b y

d 1 =

Z

@ 
 q

i

�

x

ds; (3.58)

d 2 =

Z

@ 
 q

i

�

y

ds: (3.59)

All the ab o v e in tegrands, with the p ossible exceptions of the b oundary conditions d 1
and d 2 , are p olynomials and ma y th us b e ev aluated exactly using Gauss-Legendre

quadrature rules [22] of appropriate degree. The b oundary in tegrals in (3.54) and

(3.55) are ev aluated using the approac h describ ed in Section 2.2.2. Emplo ying the

ab o v e de�nitions the system (3.12{3.14) ma y b e rewritten as

0

B

B

B

@

M 1 0 0

0 M 2 0

0 0 0

1

C

C

C

A

0

B

B

B

@

_u

_v

_p

1

C

C

C

A

+

0

B

B

B

@

A 11 A 12 B 1
A 21 A 22 B 2

B 1 T

B 2 T

0

1

C

C

C

A

0

B

B

B

@

u

v

p

1

C

C

C

A

+

0

B

B

B

@

C 11 ( u

�

; v

�

) 0 0

0 C 22 ( u

�

; v

�

) 0

0 0 0

1

C

C

C

A

0

B

B

B

@

u

v

p

1

C

C

C

A

=

0

B

B

B

@

d 1
d 2

0

1

C

C

C

A

+

0

B

B

B

@

g 1
g 2

0

1

C

C

C

A

+

0

B

B

B

@

h 1
h 2

0

1

C

C

C

A

; (3.60)

w ere u , v and p are v ectors represen ting the v elo cit y and pressure unkno wns.
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When w orking with a problem with essen tial b oundary conditions at some b ound-

ary no des, the equations corresp onding to the degrees of freedom that are kno wna priori need not b e assem bled as part of the linear-algebraic problem. Th us, the

ro ws and columns corresp onding to these degrees of freedom ma y b e elimi nated from

the problem, reducing its size considerably . When this is done, the con tributions to

the remaining momen tum equations that result when the un w an ted equations are

condensed out of the system are incorp orated as a v ector e = ( e 1 ; e 2 ; e 3 )

T

, whic h is

added to the righ t-hand side of (3.60).

3.4 Time-discretisation sc hemes

T emp oral discretisation is p erformed using the � -method, a standard generalisation

of the Crank-Nic holson or trap ezoidal rule [16]. Th us (3.60) b ecomes

0

B

B

B

@

M 1 0 0

0 M 2 0

0 0 0

1

C

C

C

A

(n +1) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n +1)
�

0

B

B

B

@

M 1 0 0

0 M 2 0

0 0 0

1

C

C

C

A

(n ) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n )
+ k �

0

B

B

B

@

A 11 A 12 B 1
A 21 A 22 B 2

B 1 T

B 2 T

0

1

C

C

C

A

(n +1) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n +1)
+ k (1 � � )

0

B

B

B

@

A 11 A 12 B 1
A 21 A 22 B 2

B 1 T

B 2 T

0

1

C

C

C

A

(n ) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n )
+ k �

0

B

B

B

@

C 11 ( u

�

; v

�

) 0 0

0 C 22 ( u

�

; v

�

) 0

0 0 0

1

C

C

C

A

(n +1) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n +1)
+ k (1 � � )

0

B

B

B

@

C 11 ( u

(n )
; v

(n )
) 0

0 C 22 ( u

(n )
; v

(n )
) 0

0 0

1

C

C

C

A

(n ) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n )
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= k �

�

d

(n +1)
+ e

(n +1)
+ g

(n +1)
+ h

(n +1) �

+ k (1 � � )

�

d

(n )
+ e

(n )
+ g

(n )
+ h

(n ) �

; (3.61)

where 0 < � � 1, k is the time-step size and the notation

(n )
denotes v ariables and

op erators corresp onding to the start of the time step,

(n +1)
those at the end.

If one tak es � = 1 : 0 then (3.61) reduces to a standard bac kw ard-Euler sc heme

[34 ], of temp oral accuracy O ( k ). A v alue of � = 0 : 5, on the other hand, results in a

Crank-Nic holson or cen tral-di�erence sc heme of accuracy O ( k

2
). In practice, v alues

of � other than 0 : 5 ma y b e emplo y ed [12], despite the fact that then the sc heme is

only formally O ( k ) accurate. V alues of � other than 0 : 5 are often preferred since the

Crank-Nic holson sc heme has a tendency to propagate discon tin uities in the initial

conditions rather than damping them out. Including a small comp onen t of the more

di�usiv e bac kw ard-Euler sc heme helps to damp out these transien ts though without

signi�can tly altering the sc heme's accuracy . Indeed, for an appropriate c hoice of �

the accuracy obtained ma y actually b e b etter than that ac hiev able with the Crank-

Nic holson sc heme [12]. Finally note that if � = 0 the system (3.61) is singular.

The con v ectiv e term in (3.61) that corresp onds to the end of the time step is

ev aluated using the most recen tly obtained estimate u

�

for the v elo cit y �eld u

(n +1)
at the end of the time step and incorp orated as part of the data for the problem as

the v ector f

n +1
whic h is de�ned as follo ws

f

(n +1)
= �

0

B

B

B

@

C 11 ( u

�

; v

�

) 0 0

0 C 22 ( u

�

; v

�

) 0

0 0 0

1

C

C

C

A

(n +1) 0

B

B

B

@

u

�

v

�

0

1

C

C

C

A

(n +1)
: (3.62)

T o obtain the computational form ulation emplo y ed when solving a Na vier-Stok es

problem (3.61) is rearranged in the follo wing form

0

B

B

B

@

M 1 + k � A 11 k � A 12 k � B 1
k � A 21 M 2 + k � A 22 k � B 2

k � B 1 T

k � B 2 T

0

1

C

C

C

A

(n +1) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n +1)



Chapter 3 75 Solvers for incompressible 
ows
=

0

B

B

B

@

M 1 � k (1 � � ) A 11 � k (1 � � ) A 12 � k (1 � � ) B 1
� k (1 � � ) A 21 M 2 � k (1 � � ) A 22 � k (1 � � ) B 2

� k (1 � � ) B 1 T

� k (1 � � ) B 2 T

0

1

C

C

C

A

(n ) 0

B

B

B

@

u

v

p

1

C

C

C

A

(n )
+ k �

�

d

(n +1)
+ e

(n +1)
+ f

(n +1)
+ g

(n +1)
+ h

(n +1) �

+ k (1 � � )

�

d

(n )
+ e

(n )
+ f

(n )
+ g

(n )
+ h

(n ) �

: (3.63)

The sti�ness and mass matrix terms that corresp ond to the start of the time step are

normally a v ailable from the previous time step and th us do not need recomputing

unless the mesh is regenerated. Note that the matrix in the linear-algebraic problem

(3.63) is symmetri c and consequen tly the conjugate residual metho d ma y b e applied

directly . Since (3.63) is referred to frequen tly in the follo wing sections, it will b e

con v enien t to write it in the concise form

Kx = b ; (3.64)

where x = ( u; v ; p )

T

.

By solving a sequence of linearised problems of the form (3.63) to obtain increas-

ingly accurate appro ximations to u

�

= u

(n +1)
the solution of the nonlinear system

ma y b e obtained, a pro cess kno wn as form ula or Picard iteration. While this is not

guaran teed to con v erge, in practice con v ergence normally do es o ccur pro vided the

time step is su�cien tly small. If the mesh at the end of a time step is held �xed

during the nonlinear solution pro cess, then at eac h outer iteration of the nonlinear

solv er only the v ectors f

(n +1)
and h

(n +1)
need b e recomputed, it b eing p ossible to

compute the others as so on as the mesh at the end of the time step is kno wn. Where

the mesh at the end of the time step is allo w ed to c hange during the nonlinear so-

lution pro cess, the matrix on the left-hand side of (3.63) and the v ectors on the

righ t-hand side that corresp ond to the end of the time step m ust b e reassem bled for

eac h new mesh.
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3.5 A semi-implicit sc heme for free-surface Na vier-

Stok es problems

The solution of time-dep enden t free-surface problems is complicated b y the need

to up date the p osition of the free surface at eac h time step in accordance with

the kinematic b oundary condition (1.4). In time-dep enden t problems the kinematic

b oundary condition giv es rise to an additional set of nonlinear ordinary di�eren tial

equations that m ust, ideally , b e solv ed sim ultaneously with the momen tum and

con tin uit y equations. This is, ho w ev er, p oten tially rather exp ensiv e, since whenev er

the free surface is mo di�ed, the mesh m ust also b e mo di�ed, giving rise to a new

system of discrete equations. One w a y of a v oiding this complication is to assume

that the kinematic b oundary condition ma y safely b e decoupled from the momen tum

and con tin uit y equations. Th us, the kinematic b oundary condition ma y b e applied

explicitly at the start of a time step, using the v elo cit y �eld computed at the end

of the previous time step, so as to giv e the lo cation of the free surface and th us the

new mesh at the end of the time step. The Na vier-Stok es equations ma y then b e

solv ed on a pair of �xed meshes of iden tical connectivit y to giv e the v elo cit y and

pressure at the end of the time step.

This approac h, when applied to the system (3.64), results in the semi-impl ici t

algorithm sho wn in Fig. 3.1. The algorithm assumes the existence of an initial mesh

m

(n )
, with free surface s

(n )
, on whic h the initial v elo cit y �eld is u

(n )
. Note that no

initial conditions are required for the pressure, though it w ould app ear appropriate

to mak e the �rst time step a bac kw ard-Euler one if the initial pressure �eld is not

kno wn.

As a �rst stage of eac h time step u

(n )
is used in conjunction with (3.35) to

explicitly compute s

(n +1)
, the free surface at the end of the time step. T ec hniques

suc h as those describ ed in Section 2.5 are then used to mo dify m

(n )
in order to

giv e m

(n +1)
, the mesh at the end of the time step. Both m

(n +1)
and s

(n +1)
are no w

held �xed for the remainder of the step. The matrix on the left-hand side of (3.63)

is no w assem bled on m

(n +1)
and the nonlinear Na vier-Stok es problem solv ed using

functional iteration to giv e the v elo cit y �eld u

(n +1)
at the end of the time step. The

pro cedure ma y no w b e rep eated, u

(n +1)
giving the initial conditions for the next

time step.

Note that once m

(n +1)
, and s

(n +1)
ha v e b een found, d

(n +1)
, e

(n +1)
and g

(n +1)
ma y all b e computed immedi ately , and remain �xed throughout the remainder of

the nonlinear solv e. Th us only the v ectors f

(n +1)
and h

(n +1)
m ust b e recomputed
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whenev er a new appro ximation for u

(n +1)
b ecomes a v ailable. A t eac h nonlinear

iteration the solution from the previous iteration, or from the previous time step, is

emplo y ed as an initial guess for the linear solv er. The algorithm terminates when the

L

1

norm of the residual v ector (pressure and v elo cit y comp onen ts) falls b elo w an

absolute tolerance tol . This t ypically tak es b et w een �v e and ten outer iterations, the

precise n um b er dep ending on the length of the time step and the degree of accuracy

required. It is this algorithm that is emplo y ed in the in v estigations describ ed in

Chapter 6.

1. Generate a new free surface s

(n +1)
, using u

(n )
, s

(n )
and (3.35).

2. Generate a new mesh m

(n +1)
b y up dating m

(n )
using the

tec hniques describ ed in Section 2.5.

3. Assem ble the matrix K on m

(n +1)
.

4. Set u

�

= u

(n )
.

5. Compute preconditioner for K .

6. Assem ble b , using u

�

to recompute f

(n +1)
.

7. Solv e the linear system (3.64) to giv e x

(n +1)
.

8. If j x

(n +1)
� x

(n )
j

1

< tol then pro ceed to next time step.

9. Set u

�

= u

(n +1)
10. Go to step 6.

Figure 3.1: A semi-impl ic it algorithm for free-surface Na vier-Stok es problems.

A p oten tially v ery adv an tageous simpli�cation arises if the con v ectiv e and mo ving-

mesh terms are implem en te d using a purely explicit sc heme. Th us, for example,

f

(n +1)
and h

(n +1)
ma y b e appro ximated using f

(n )
and h

(n )
. Exp erience has sho wn

that this mo di�cation is, in practice, often satisfactory for the t yp es of problems

considered here, and ma y b e emplo y ed without seriously a�ecting the accuracy or

compromising the stabilit y of the metho d. Where this is done eac h time step re-

quires the solution of only a single system of linear equations, reducing the cost

p er time step b y up to an order of magnitude. Since, in suc h sc hemes, the viscous

op erator is treated implicitly one w ould exp ect that an y stabilit y constrain ts on the

time-step size that will arise will b e due en tirely to the use of explicit sc hemes for

the up date of the free surface and for the con v ectiv e and mo ving-mesh terms. Th us

the maxim um stable time step will b e O ( h ) rather than the more restrictiv e O ( h

2
)

that w ould apply if the viscous term w ere treated explicitly [34].
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3.6 An implicit sc heme for free-surface Na vier-

Stok es problems

The fully implicit sc heme that is describ ed here is similar in man y w a ys to the

semi-impli ci t sc heme describ ed ab o v e. This time whenev er a new estimate u

(n +1)
is computed it is used in conjunction with u

(n )
to re-apply the kinematic b oundary

condition to the original free surface s

(n )
, th us giving a b etter appro ximation to

s

(n +1)
. Since, generally , only the normal comp onen t of the motion of free-surface

no des is of in terest, the kinematic b oundary condition (3.35) ma y b e written in the

form

_
s

i

= n

i

( u

i

� n

i

) ; (3.65)

where s

i

is the p osition of free-surface no de i and n

i

is the mass-consisten t normal

at no de i . If (3.65) is discretised using the � -metho d, one obtains the follo wing

expression for s

(n +1)
i

s

(n +1)
i

= s

(n )
i

+ k

n

� n

(n +1)
i

( u

(n +1)
i

� n

(n +1)
i

) + (1 � � ) n

(n )
i

( u

(n )
i

� n

(n )
i

)

o

: (3.66)

The question m ust b e ask ed as to whether (3.66) in tro duces an y new stabilit y con-

strain ts on the time-step size. While one migh t in tuitiv ely exp ect that suc h a sc heme

w ould b e unconditionally stable for � � 0 : 5, the sc heme is clearly highly nonlinear

since n

(n +1)
i

dep ends in a time-dep enden t manner on the lo cations of a n um b er of

free-surface no des. The author's exp erience with fully implicit sc hemes ho w ev er

suggests that, in practice, the time-step size constrain t asso ciated with (3.66) is of

O ( h ).

Figure 3.2 sho ws the fully implicit algorithm in v estigated as part of the curren t

w ork for the solution of problems of the form (3.63). Note that no w a new matrix K

m ust b e assem bled, and p ossibly a new preconditioner computed, at eac h iteration

of the nonlinear solv er. The algorithm terminates when the maxim um c hange in an y

comp onen t of the pressure or v elo cit y falls b elo w a prescrib ed absolute tolerance tol 1
and the maxim um free-surface no dal displacemen t falls b elo w an absolute tolerance

tol 2 .

In practice, pro vided the time-step size k is small enough, the functional iteration

sc heme sho wn in Fig. 3.2 con v erges. If, ho w ev er, an attempt is made to emplo y

a time step m uc h larger than that indicated b y the time-step constrain t (3.79)

then the sc heme b ecomes unreliable. In suc h circumstances con v ergence ma y b e

extremely slo w, if it o ccurs at all. Consequen tly , the maxim um time-step size that
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1. Set u

�

= u

(n )
.

2. Generate a new free-surface s

(n +1)
, using u

(n )
, u

�

, s

(n )
and (3.66).

3. Generate a new mesh m

(n +1)
b y up dating m

(n )
using the

tec hniques describ ed in Section 2.5.

4. Assem ble the matrix K on m

(n +1)
.

5. Compute preconditioner for K .

6. Assem ble b , using u

�

to compute f

(n +1)
.

7. Solv e the linear system (3.64) to giv e x

(n +1)
.

8. If j x

(n +1)
� x

(n )
j

1

< tol 1 and j s

(n +1)
� s

(n )
j

1

< tol 2 then pro ceed to next step.

9. Set u

�

= u

(n +1)
.

10. Go to step 2.

Figure 3.2: A fully implicit algorithm for free-surface Na vier-Stok es problems.

ma y b e emplo y ed is no w constrained b y the need to ensure that the nonlinear solv er

con v erges, and th us little is gained b y the use of the fully implicit metho d. Since the

additional costs asso ciated with ha ving to re-assem ble essen tially the en tire problem

at eac h iteration of the nonlinear solv er are large, the sc heme is clearly ine�cien t.

Th us it app ears pruden t to p ostp one further in v estigation in this area un til more

sophisticated nonlinear solv ers are a v ailable.

3.7 A semi-implicit sc heme for free-surface Stok es

problems

A semi-impl ic it algorithm for Stok es-
o w problems ma y b e deriv ed from that de-

scrib ed ab o v e for the Na vier-Stok es equations b y making a n um b er of simpli�cations.

As men tioned in Section 1.3, the absence of temp oral deriv ativ es in the Stok es equa-

tions means that at eac h time step only a quasi-steady-state problem need b e solv ed

for the v elo cit y , with the only time-dep endency resulting from the kinematic b ound-

ary condition (1.4). In this semi-im plic it sc heme the kinematic b oundary condition

is implem en te d explicitly using only the v elo cit y �eld at the start of the time step.

The in terior of the mesh is then up dated and the 
o w problem is solv ed at the end of

the time step on the new mesh. Th us, at eac h time step only a single linear-algebraic
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(3.67)

m ust b e solv ed. Note the absence of the mo ving-mesh correction terms in this case,

since no w the problem is solv ed on a �xed mesh. Figure 3.3 sho ws the semi-impl ici t

algorithm for free-surface Stok es-
o w problems. This is the algorithm that w as used

to obtain the results describ ed in Chapters 4 and 5.

1. Generate a new free surface s

(n +1)
, using u

(n )
, s

(n )
and (3.35).

2. Generate a new mesh m

(n +1)
b y up dating m

(n )
using the

tec hniques describ ed in Section 2.5.

3. Assem ble the matrix K on m

(n +1)
.

5. Compute preconditioner for K .

6. Assem ble b on m

(n +1)
.

7. Solv e the linear system (3.64) to giv e x

(n +1)
.

8. Pro ceed to next time step.

Figure 3.3: A semi-im plic it sc heme for free-surface Stok es-
o w problems.

3.8 A fully implicit sc heme for free-surface Stok es

problems

F or a Stok es-
o w problem nonlinearit y is presen t through b oth the free-surface

stress b oundary condition and the kinematic b oundary condition. The semi-impl ici t

metho d describ ed in the previous section a v oids the need to solv e a nonlinear prob-

lem at eac h time step b y emplo ying an explicit free-surface up date step. Th us the

linear part of the problem, the 
o w calculation, is solv ed implicitly while the more

di�cult nonlinear part of the problem is solv ed explicitly .

An implici t sc heme arises if the kinematic b oundary condition is implem en ted

using the v elo cit y �elds at b oth the start and the end of the time step, i.e. using

(3.66). Consequen tly the free surface, and th us the mesh at the end of the time step,

m ust b e found b y an iterativ e pro cess. The problem that m ust b e solv ed at eac h time

step is no w nonlinear, the nonlinearit y en tering through the e�ects of the motions
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of the free-surface no des on the b oundary conditions. Figure 3.4 giv es the fully

implicit algorithm in v estigated as part of this w ork for the solution of free-surface

Stok es-
o w problems. A t eac h iteration of the nonlinear solv er, the solution from

1. Set u

�

= u

(n )
.

2. Generate a new the free surface s

(n +1)
, using u

(n )
, u

�

, s

(n )
and (3.66).

3. Generate a new mesh m

(n +1)
b y up dating m

(n )
using the

tec hniques describ ed in Section 2.5.

4. Assem ble the matrix K on m

(n +1)
.

5. Compute preconditioner for K .

6. Assem ble b .

7. Solv e the linear system (3.64) to giv e x

(n +1)
.

8. If j x

(n +1)
� x

(n )
j

1

< tol 1 and j s

(n +1)
� s

(n )
j

1

< tol 2 then pro ceed to

next time step.

9. Set u

�

= u

(n +1)
.

10. Go to step 2.

Figure 3.4: A fully implicit algorithm for free-surface Stok es-
o w problems.

the previous iteration, or from the end of the previous time step, is used as an initial

estimate. The algorithm terminates when the maxim um c hange in an y comp onen t

of the pressure or v elo cit y falls b elo w a prescrib ed absolute tolerance tol 1 , and the

maxim um free-surface no dal displacemen t falls b elo w an absolute tolerance tol 2 .

Note that, in principle, if one sets � = 0 : 5 in (3.66) then the fully implici t sc heme

will ha v e O ( k

2
) temp oral accuracy for v elo cit y , as compared to the O ( k ) accuracy of

the semi-im pli cit sc heme describ ed in Section 3.7. It do es ho w ev er app ear to su�er

from con v ergence problems similar to those observ ed with the fully implicit sc heme

for the Na vier-Stok es equations describ ed ab o v e. Consequen tly , little use has b een

made of it in the presen t w ork.

3.9 Notes on alternativ e nonlinear solution meth-

o ds

While the semi-impl ic it sc hemes describ ed ab o v e ma y b e used for man y problems,

the time-step constrain ts found to b e necessary result in the need to tak e man y small

time steps when a mesh is �ne or the solution v elo cities are large. F ully implici t

metho ds w ould app ear to b e the answ er to this problem, since in principle they are
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not b ound b y time-step constrain ts. Ho w ev er, as already men tioned, when functional

iteration is emplo y ed in order to solv e the nonlinear problems that result from these

sc hemes, con v ergence is only reliable when relativ ely short time steps are emplo y ed.

If large time steps are attempted then con v ergence ma y b e arbitrarily slo w, or indeed

it ma y not o ccur at all. In suc h circumstances the solution computed at alternate

iterations of the nonlinear solv er t ypically cycles b et w een t w o or more distinct basins

of attraction. It th us app ears that the fully implici t sc hemes describ ed ab o v e are

not globally con v ergen t. Since, ev en when functional iteration is successful eac h

implicit time step requires t ypically ten nonlinear iterations to reac h con v ergence,

it is unclear whether an y adv an tage is gained in practice b y the use of fully implici t

sc hemes when they are solv ed using this approac h.

An alternativ e approac h to solving nonlinear systems of equations, suc h as those

arising from free-surface Na vier-Stok es or Stok es problems, in v olv es the use of New-

ton's metho d, or some mo di�cation of it [36 ]. T o allo w Newton's metho d to b e

applied, the problem m ust b e reform ulated to include the lo cations of the free-

surface no des as v ariables. This results in a somewhat larger system of equations,

for whic h the Jacobian is non-symmetric.

Since Newton's metho d is quadratically con v ergen t when the initial estimate of

the solution lies within its region of con v ergence, the metho d is p oten tially v ery

e�cien t, particularly where the system m ust b e solv ed accurately . Other iterativ e

sc hemes [36 ] that are globally con v ergen t, if only linearly so, are in general needed to

obtain an initial estimate of the solution that lies within the region of con v ergence

[17 ]. In the case of time-dep enden t problems it ma y b e p ossible to obtain a suit-

able initial guess for Newton's metho d using explicit predictors based on solutions

computed at earlier time steps, though since the motiv ation for emplo ying implici t

sc hemes is generally to allo w large time steps to b e emplo y ed, the accuracy of suc h

predictors cannot necessarily b e relied up on.

The main di�cult y with implem en ti ng Newton's metho d is that the Jacobian

matrix for the system m ust b e assem bled at least once, and p ossibly a n um b er of

times. Assem bly of the Jacobian is p oten tially a v ery exp ensiv e op eration, ev en if

done n umerically , since for a nonlinear mo ving-mesh problem ev ery 
o w v ariable is

coupled to the p osition of ev ery free-surface no de. Th us the Jacobian con tains a

dense blo c k that is exp ensiv e to assem ble. It is ho w ev er noted that tec hniques for

appro ximating the Jacobian at reduced cost migh t pro v e useful. F or example, one

approac h to assem bling the dense blo c k w ould in v olv e p erturbing eac h free-surface

no de in turn, up dating the in terior mesh using a Laplacian-smo othing sc heme in



Chapter 3 83 Solvers for incompressible 
ows
eac h case, but only assem bling en tries in the Jacobian that corresp ond to no des

that lie close enough to the p erturb ed free-surface no de to b e signi�can tly a�ected.

The in v ersion of the Jacobian, required b y Newton's metho d, ma y b e ac hiev ed

b y emplo ying iterativ e metho ds suc h as GMRES [94], though note that no w the

Jacobian will b e non-symmetric, and th us con v ergence ma y b e problematic. In the

discrete case the uniqueness of a solution of a system of nonlinear equations dep ends

on the Jacobian b eing non-singular [36 ]. This m ust b e v eri�ed for the particular

discrete form ulation emplo y ed and for the problem under consideration.

3.10 The conjugate residual metho d

The solutions of the discrete linear sub-problems required b y the Stok es and Na vier-

Stok es solv ers describ ed ab o v e ma y b e obtained using either direct or iterativ e meth-

o ds. F or large systems of equations naiv e implem en tations of direct metho ds suc h

as those based on Gaussian-elimination require large amoun ts of memory for the

storage of the �ll-in generated and are th us prohibitiv ely exp ensiv e. While the large

storage requiremen ts of direct metho ds can b e considerably reduced b y the use of

bandwidth-reducing no de reorderings [30] and sophisticated memory managemen t

sc hemes [43], iterativ e metho ds t ypically require considerably less storage, and for

su�cien tly large systems, are no w ada ys generally recognised to b e more e�cien t

than direct metho ds when applied to problems arising from �nite elemen t discreti-

sations of partial di�eren tial equations. A further adv an tage that iterativ e metho ds

ha v e o v er direct metho ds is that, in a sense, direct metho ds alw a ys attempt to

solv e a problem to mac hine precision regardless of whether this is actually required.

Iterativ e metho ds on the other hand ma y b e terminated once the desired lev el of

accuracy has b een obtained.

Where a time-dep enden t 
o w is b eing mo delled and short time steps are in use

iterativ e metho ds are p oten tially highly cost-e�ectiv e for t w o reasons. The �rst

is that since accurate predictors for the desired solution ma y b e computed, the

iterativ e solv er ma y require v ery few iterations in order to impro v e the solution

su�cien tly to satisfy the con v ergence criteria. Direct solv ers cannot tak e adv an tage

of predictors. The second reason is that in suc h circumstances the p ossibilit y of

reusing preconditioners arises, and th us the cost of computing a go o d preconditioner

ma y b e o�set against sa vings made o v er a n um b er of time steps.

The iterativ e metho d emplo y ed here is the conjugate residual (CR) or MINRES

metho d [3], a v arian t of the p opular conjugate gradien t (CG) metho d that is di-
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rectly applicable to symmetric inde�nite systems of linear equations. The algorithm

impleme n ted here is the more e�cien t OR THOMIN form of the conjugate residual

metho d, whic h uses a t w o-term recurrence relationship to generate a sequence of

orthogonal searc h directions. The related algorithm GMRES [94], whic h is com-

monly emplo y ed for the solution of inde�nite and non-symmetric problems, requires

the storage of a m uc h larger n um b er (t ypically 20|50) of previous searc h directions

and th us has considerably larger storage requiremen t s and execution costs.

1. x = x 0
2. r = b � Kx

3. p = M

� 1
r

4. w = Kp

5. y = M

� 1
w

6. s = p

7. If j r j 2 < � then �nished.

8. � = y � w

9. � = ( s � w ) =�

10. x = x + � p

11. r = r � � w

12. s = s � � y

13. z = Ks

14. � = � ( z � y ) =�

15. p = s + � p

16. w = z + � w

17. y = M

� 1
w

18. Go to step 7.

Figure 3.5: The preconditioned conjugate residual metho d: implem en tation of the

OR THOMIN algorithm for the problem Kx = b .

The impleme n tation of the preconditioned conjugate residual (PCR) algorithm

emplo y ed in the curren t w ork is sho wn in Fig. 3.5. It is based on that describ ed

b y Ramage and W athen [82]. The inputs to the solv er are a matrix K , an initial

estimate of the solution x 0 , an absolute con v ergence tolerance � , and a precondi-

tioning op erator M

� 1
. The implem en tation requires a single sparse matrix-v ector

pro duct (step 13), a single application of the preconditioner M

� 1
(step 17), and the

equiv alen t of eigh t v ector scalar-pro ducts p er iteration. The algorithm terminates

when the L 2 norm of the residual v ector falls b elo w the prescrib ed tolerance, and

returns the solution in the v ector x .
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In the simplest cases, the preconditioning op erator in v olv es m ultipli cation of a

v ector b y a diagonal matrix M

� 1
. More sophisticated preconditioners ma y also b e

emplo y ed, in v olving, for example, incomplete Cholesky [32] or incomplete LU [94 , 20 ]

factorisations. In these cases eac h preconditioning step will require the solution of a

linear-algebraic problem, though since the matrix is already factorised, this ma y b e

ac hiev ed e�cien tly . A third t yp e of preconditioner [10, 94 ] in v olv es the computation

of an appro ximate in v erse of the matrix, i.e. M

� 1
� K

� 1
. The latter t yp es of

preconditioner ha v e a computational cost asso ciated with them that is prop ortional

to the n um b er of non-zero en tries in the appro ximate factorisation or in v erse.

Note that, theoretically , the OR THOMIN metho d is applicable only when the

matrices K and M are b oth Hermitian p ositiv e-de�nite, and that the more ro-

bust OR THODIR [3] metho d m ust b e emplo y ed where K is inde�nite. In practice

the OR THOMIN algorithm has b een found to con v erge for the inde�nite matrices

considered here, and th us it has not b een necessary to emplo y the less e�cien t OR-

THODIR form of the algorithm as a bac kup, as recomme nded in [82 ]. That is to sa y ,

in the w ork describ ed here, no situation has b een observ ed in whic h OR THODIR

con v erges but OR THOMIN do es not.

The n um b ers of conjugate residual iterations required to solv e the problems

considered here are t ypically considerably larger than the n um b ers quoted in the

literature for similarly sized problems. In part this is due to the fact that here the

problems m ust b e solv ed to a high degree of accuracy in order to conserv e mass. As

a con v enien t rule of th um b, the n um b er of iterations required is roughly prop ortional

to the n um b er of bits required in the solution. Consequen tly , reducing the size of the

con v ergence tolerance � will increase the n um b er of iterations required appro ximately

logarithmically .

A considerable di�cult y faced when relying on iterativ e solution metho ds is that

no e�cien t reliable metho d is a v ailable for estimating the condition n um b er of the

linear problem at eac h time step. Th us, it is hard to arrange for the con v ergence

tolerance � to b e automatically v aried as a problem progresses so as to a v oid un-

necessary w ork b eing p erformed. Estimates of the condition n um b er for some of

the smaller problems ha v e ho w ev er b een obtained using the NA G routine F02WEF

[35 ]. These suggest that ev en for the smallest meshes considered here the condition

n um b er is of the order of 10

6
. It th us app ears lik ely that for all the meshes em-

plo y ed in this w ork the condition n um b er lies in the range 10

6
|10

8
. Th us a v alue of

� = 10

� 10
app ears to b e the largest that guaran tees at least t w o digits of accuracy in

eac h comp onen t of the solution. Consequen tly , in the curren t w ork, a �xed absolute
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tolerance of � = 10

� 10
is emplo y ed as the con v ergence criterion for the solution of

all linear systems unless otherwise stated. Practical exp erience, ho w ev er, suggests

that error estimates suc h as these ma y w ell b e excessiv ely p essimistic.

3.11 No de re-ordering

The use of bandwidth-reducing no de reorderings as a means of impro ving b oth the

e�ciency and accuracy of incomplete LU factorisations is a w ell-kno wn tec hnique

[30 ]. A go o d no de ordering for a sparse linear-algebraic problem will result in a

matrix in whic h all the non-zero en tries lie within a narro w diagonal band. Since, in

Gaussian-elimination-based metho ds, �ll-in can only o ccur within the band, band-

width minimi sation reduces the n um b er of �ll-in en tries that m ust b e either stored

or discarded. Th us, where an incomplete LU factorisation of a matrix is required,

a bandwidth-reduced no de ordering will sim ultaneously reduce storage costs and

impro v e the accuracy of the resulting factorisation. F or �nite elemen t problems

the minim um bandwidth ac hiev able is primarily dictated b y domain geometry . One

p opular no de-ordering sc heme is the Rev erse Cuthill-McKee (R CM) ordering [30].

While n umerous, alternativ e sc hemes for computing no de reorderings exist, none

w ould app ear to ha v e an y clear adv an tage o v er the Cuthill-McKee metho d where

arbitrary unstructured meshes are in v olv ed [30].

The algorithm sho wn in Fig. 3.6 is based on that giv en in [30 ], with mo di�cations

for the quadratic elemen ts emplo y ed here. It n um b ers the N no des forming a t w o-

dimensional mesh starting at the v ertex f ir stnode . The resulting Cuthill-McKee

ordering is then rev ersed b efore b eing used to n um b er the degrees of freedom asso-

ciated with eac h individual no de in turn. The set of neigh b ours of a no de is de�ned

to b e all the no des in the elemen ts adjacen t to the no de in question, with the ex-

ception of the no de itself. The degree of a no de is simply the n um b er of neigh b ours

it p ossesses. Note that when computing the degree and the neigh b ours of a no de

b oth edge and v ertex no des m ust b e included, i.e. ev ery no de has �v e neigh b ours in

eac h elemen t in whic h it o ccurs.

Figure 3.7 sho ws the sparsit y patterns asso ciated with b oth the original and the

R CM orderings for the Stok es-
o w test problem describ ed in Section 2.1.4, when

assem bled on the mesh illustrated in Fig 2.4. Note that in the original ordering the

u degrees of freedom are assem bled �rst, follo w ed b y the v degrees of freedom and

�nally the pressure degrees of freedom. Th us a zero blo c k ma y b e seen in the lo w er

righ t corner of Fig. 3.7(a). In Fig. 3.7(b) the e�ects of the reordering can clearly b e
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1. do i := 1 to N

�nd neigh b ours of no de i and store as

neigh b ours(i,j).

enddo

2. do i := 1 to N

�nd degree of no de i and store as degree(i)

enddo

3. Find maxim um and minim um no de degrees maxdeg and mindeg .

4. do i := 1 to N do

visited(i) := false

enddo

5. next := 1

6. ptr := 1

7. ordering(next) := �rstno de

8. visited(�rstno de) := true

9. cno de := ordering(ptr)

10. ptr := ptr + 1

11. do d := mindegree to maxdegree

do j := 1 to degree(cno de)

no de := neigh b our(cno de,j)

if (degree(no de) = d) and (not visited(no de)) then

visited(no de) := true

next := next + 1

ordering(next) = no de

endif

enddo

enddo

12. if next < N then go to step 9.

13. Rev erse the ordering.

14. Num b er degrees of freedom at eac h no de (v elo cit y �rst,

then pressure) using the rev erse no de ordering.

15. Finished.

Figure 3.6: Rev erse Cuthill-McKee no de re-ordering algorithm for V6-P3 elemen ts.

seen. The non-zero en tries in the matrix no w all lie within a relativ ely narro w band.

Since elimination pro ceeds from the top ro w do wn, the re-ordered matrix is clearly

far sup erior, as m uc h of the \�ll-in" will no w b e added to en tries in the matrix whic h

are already non-zero.

While the rev erse Cuthill-McKee ordering is capable of pro ducing no de order-

ings for whic h the bandwidth is close to optimal, the results are to a large exten t
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(a)

(b)

Figure 3.7: Finite elemen t sti�ness-matrix sparsit y patterns for mesh 2: (a) original

ordering of degrees of freedom; (b) Rev erse Cuthill-McKee ordering.

dep enden t up on the c hoice of initial no de and the geometry of the problem. A useful

rule of th um b is that: if the rev erse Cuthill-McKee ordering is used with an appro-
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priate c hoice of initial no de, then long thin domains tend to giv e rise to narro w er

bands, and th us require less storage for their preconditioners than ones that are

roughly circular. While automatic metho ds for selecting optimal initial no des for a

giv en ordering sc heme ha v e b een describ ed [30], in practice a near optimal c hoice

is often fairly easy to mak e b y visual insp ection of the mesh and b y emplo ying an

understanding of the Cuthill-McKee algorithm. T ypically , a reasonable c hoice of

initial no de will b e one lying on the b oundary , in a corner, or at one end of a long

thin domain. Since the costs asso ciated with the Cuthill-McKee algorithm are fairly

small, it app ears that automatic metho ds for the optimal c hoice of the initial no de

migh t w ell b e practical for time-dep enden t free-surface problems.

3.12 Preconditioning

The use of a go o d preconditioner can mark edly impro v e the e�ciency of an iterativ e

solv er, suc h as the conjugate residual metho d, in that it considerably reduces the

n um b er of iterations required to ac hiev e a giv en lev el of accuracy . F urthermore,

where the matrix in v olv ed is ill-conditioned, or non-symmetric, the use of a go o d

preconditioner ma y b e essen tial to ensure the solv er con v erges at all [94].

One family of solution tec hniques that has b een extensiv ely studied in recen t

y ears are the m ultigrid metho ds [14, 15 , 120 , 86, 97 ]. Although p oten tially v ery ef-

�cien t, suc h metho ds are relativ ely complicated to implem en t, requiring a hierarc h y

of meshes of di�eren t resolutions, and op erators for transferring residuals and cor-

rections b et w een the meshes. The main di�cult y in impleme n ting a m ultigrid solv er

for free-surface problems results from the requiremen t that a hierarc h y of meshes, of

di�ering resolutions, m ust b e emplo y ed. While tec hniques ha v e b een describ ed for

automatically coarsening unstructured meshes in order to generate a hierarc h y of

meshes from the �nest mesh [6], applying m ultigrid tec hniques in suc h circumstances

requires b oundary conditions on the coarser meshes to b e estimated in some fash-

ion, since edge no des will not necessarily corresp ond to no des in �ner meshes in the

hierarc h y . While m ultigrid tec hniques ha v e b een describ ed for problems where the

domain is con v ex [95], conca v e domains in tro duce additional complications, since

where a conca v e b oundary is presen t some of the edge no des forming the coarser

meshes will actually lie outside the true domain (as de�ned b y the �nest mesh).

Th us it is unclear as to whether the con v ergence prop erties of the m ultigrid meth-

o ds apply when non-homogeneous natural b oundary conditions are imp osed, as is

necessary in surface-tension driv en problems. While algebraic or blac k-b o x m ultigrid
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tec hniques ha v e b een dev elop ed [14] whic h a v oid the need to main tain a hierarc h y

of meshes, again the published sc hemes ha v e t ypically b een for regular meshes with

homogeneous b oundary conditions, making them di�cult to adapt to free-surface

problems. Recen tly , ho w ev er, it has b een demonstrated [94] that the use of iterativ e

metho ds with high-qualit y preconditioners, based on incomplete LU factorisations,

ma y result in solv ers that are comparable in e�ciency to m ultigrid sc hemes. Since

suc h preconditioners are relativ ely simple to compute it w as this approac h that w as

c hosen for further in v estigation as part of the curren t w ork.

In the curren t con text a preconditioner for the solution of a system of N linear-

algebraic equations, of the form

Kx = b ; (3.68)

is a matrix or pro duct of matrices M , c hosen to ha v e similar sp ectral prop erties to

the matrix K [119 ]. A preconditioner is normally applied at eac h iteration of an

iterativ e solv er and, for the implem en tation of the conjugate residual metho d sho wn

in Fig. 3.5, requires the solution of a linear-algebraic system of the form

M y = w : (3.69)

Clearly , it is adv an tageous that the system (3.69) should b e easy to solv e.

The time-discretisations of the Na vier-Stok es equations, based on (3.63), require

the solution of linear-algebraic systems in whic h the matrix is formed b y taking

a linear com bination of the �nite elemen t sti�ness and mass matrices. F or short

time steps suc h problems are dominated b y the con tribution from the mass matrix.

Since the mass matrix is symmetric p ositiv e-de�nite when the Galerkin metho d is

emplo y ed, it is somewhat easier to `in v ert' than the corresp onding inde�nite sti�ness

matrix. Th us it app ears reasonable to supp ose that an y preconditioning sc heme that

p erforms w ell for the sti�ness matrix will p erform at least as w ell when the problem

is dominated b y a con tribution from the mass matrix.

3.12.1 Diagonal preconditioning

The simplest preconditioning tec hnique, kno wn as diagonal preconditioning, requires

a diagonal matrix M to b e selected, where M is of full rank. Since a diagonal matrix

ma y b e trivially in v erted, the application of the preconditioner at eac h iteration

of the solv er requires only the pro duct of a diagonal matrix and a v ector to b e

computed, an op eration of cost O ( N ) where there are N degrees of freedom. While
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diagonal preconditioning is c heap to implem en t, a large n um b er of iterations of

the conjugate residual solv er are often found to b e necessary to obtain an accurate

solution. Th us the correct c hoice of preconditioner is imp ortan t.

In order to allo w comparison of preconditioners the steady-state Stok es-
o w

problem in tro duced in Section 2.1.4 is here revisited. T able 3.1 lists V , the n um b er

of v ertices, and N , the n um b er of unkno wns, together with the v alues of K

tol

and

h

max

emplo y ed for eac h of the ungraded meshes considered. The v alues of h

max

w ere

c hosen so that the maxim um edge length in the mesh decreased prop ortionately eac h

time k

tol

w as reduced. Note that meshes 1, 3, 5 and 7 corresp ond to meshes 1, 2, 3

and 4 in Section 2.1.4. T able 3.2 giv es the n um b ers of iterations required to solv e

the test problem on eac h of the meshes, together with the run time in seconds, for

three di�eren t diagonal preconditioners, M 1 , M 2 and M 3 . If no reordering of the

unkno wns is p erformed then these ma y b e de�ned as follo ws

M 1 =

0

B

B

B

@

I

1

C

C

C

A

; (3.70)

M 2 =

0

B

B

B

@

diag ( A 11 )

diag ( A 22 )

I

1

C

C

C

A

; (3.71)

M 3 =

0

B

B

B

@

diag ( A 11 )

diag ( A 22 )

diag ( M

p

)

1

C

C

C

A

: (3.72)

The diagonal matrices diag ( A 11 ) and diag ( A 22 ) are formed from the leading diagonal

of the viscous blo c k of the Stok es op erator, while diag ( M

p

) is formed from the

leading diagonal of the pressure-mass matrix de�ned b y

[ M

p

] =

Z 
 l

i

l

j

d 
 i, j = 1, . . . , M ; (3.73)

where i and j range o v er the M pressure basis functions. The iden tit y matrix I is

c hosen in eac h case to giv e a matrix of full rank. The conjugate residual solv er w as

halted when the L 2 norm of the residual v ector had b een reduced to b elo w 10

� 10
.

Initial residual norms w ere in the range 1 � 10

� 1
to 3 � 10

� 1
. The times giv en in T able

3.2 w ere obtained on a 180MHz Silicon Graphics R5000 w orkstation with 96Mb of

main memory and 32Kb of primary cac he, emplo ying statistical pro cessor-coun ter
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Mesh V N K

tol

h

max

1 41 327 0.5000 0.2500

2 71 581 0.3540 0.1770

3 161 1367 0.2500 0.1100

4 310 2676 0.1770 0.0780

5 663 5805 0.1250 0.0525

6 1293 11411 0.0880 0.0371

7 2594 23032 0.0625 0.0260

T able 3.1: Meshes for preconditioning studies (ungraded): statistics.

Mesh M 1 Itns M 1 Time M 2 Itns M 2 Time M 3 Itns M 3 Time

1 613 0.60 408 0.39 270 0.29

2 884 1.86 640 1.33 410 0.93

3 1427 9.46 1027 6.78 695 4.68

4 2214 34.60 1562 25.02 1151 19.53

5 3452 137.25 2335 95.97 2048 85.10

6 5296 462.54 3619 311.85 3289 281.00

7 7834 1445.71 5401 1013.18 5726 1054.00

T able 3.2: Diagonal scaling, PCR iterations to con v ergence and run time (in sec-

onds): M 1 | no preconditioning; M 2 | preconditioning using viscous terms only;

M 3 | preconditioning using viscous terms and pressure-mass matrix.

sampling. F or the smaller meshes timings w ere obtained b y solving the linear-algebra

problem a n um b er of times, so as to allo w more accurate measuremen ts to b e tak en.

The timings m ust in an y case b e in terpreted with caution, and only the �rst digit

should b e tak en as signi�can t for the smaller meshes. As T able 3.2 sho ws, M 2 and

M 3 considerably reduce the n um b er of iterations required to attain con v ergence.

While for the smaller problems M 3 signi�can tly out p erforms M 2 , for the �nest

mesh the situation is rev ersed; M 3 requiring more iterations than M 2 1
. F or M 3

1

In terestingly , if the pressure-mass matrix MP in (3.72) is replaced b y its mass-lump ed form

[ MLP ] =

Z




l i d 
 i, j = 1, . . . , M ; (3.74)

then the situation is rev ersed. F or large problems M
3

no w requires few er iterations than M
2

(5070

for mesh 7) but for small problems requires more. F or a regular mesh, using the diagonal of the

lump ed pressure-mass matrix results in a preconditioner in whic h the en tries for the con tin uit y

equations are equal to the area of an elemen t. While W athen and Silv ester [119 ] describ e b oth

t yp es of preconditioner they mak e no reference to the p o or p erformance of preconditioners based

on the diagonal of the pressure-mass matrix for �ne meshes. F urther w ork th us app ears necessary

to clarify this issue. The form of M
3

based on the diagonal of the pressure-mass matrix is preferred

in the curren t w ork since it is more e�cien t for small meshes.
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it can b e seen that as the n um b er of unkno wns gro ws, the n um b er of iterations

required p er unkno wn falls considerably , from around 0 : 8 for mesh 1 to around 0 : 25

for mesh 7. Analysis of the results sho wn suggests that the total n um b er of iterations

required scales appro ximately as N

0: 75
for all three preconditioners, but that run

time scales as appro ximately N

2
. While the appro ximately O ( N

0: 75
) iteration coun t

w as exp ected for M 3 [119], the failure of the fa v ourable exp onen t to translate in to a

hop ed-for O ( N

1: 75
) run time w as not. Since the n um b er of 
oating-p oin t op erations

p er solv e is certainly prop ortional to N

1: 75
the failure to ac hiev e an O ( N

1: 75
) run

time m ust, presumably , b e due to an increase in the frequency of cac he misses as

the program's data structures gro w in size.
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Figure 3.8: Conjugate residual solv er con v ergence history emplo ying diagonal pre-

conditioning: base-10 logarithm of the L 2 norm of the residual v ector at eac h itera-

tion: || M 1 , - - - - M 2 , � � � � � M 3 .

F or comparison, a standard sparse direct solv er from the NA G library [35 ]

(F04BRF/F01AXF) required appro ximately 15 seconds to solv e the problem on

mesh 3, the run time nominally scaling as O ( N

2
). Th us, ev en for a small problem

suc h as this, the conjugate residual metho d app ears to b e considerably more e�cien t

than the direct solv er, b eing appro ximately four times as fast.

Figure 3.8 giv es the con v ergence histories for the three diagonal preconditioners,

when applied to the problem on mesh 4; the curv es sho wing the base-10 logarithm

of the L 2 norm of the residual v ector at the end of eac h iteration. As can b e seen,

the rate of reduction of the residual p er iteration is not constan t, and o ccasionally

the solv er app ears nearly to stall. Indeed for M 2 the residual actually increases at
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times. There is, ho w ev er, no real tendency for the rate of reduction in the residual to

slo w as the residuals b ecome small; indeed, exp erience has sho wn that con v ergence

to tolerances near to mac hine precision is attainable with no loss of p erformance.

3.12.2 ILUT preconditioning

Recen t w ork b y Saad and others [94] has highligh ted the p ossibilit y that, b y em-

plo ying su�cien tly accurate preconditioners, solutions to linear-algebraic systems

deriv ed from �nite elemen t problems ma y b e computed at a cost comparable to that

of m ultigrid metho ds, i.e. at cost approac hing O ( N ). Clearly suc h e�ciency is highly

desirable in a solv er for large systems of equations. While here only one of the man y

approac hes is explored, the reader's atten tion is dra wn to the existence of n umerous

alternativ e sc hemes for computing preconditioners e.g. `elemen t-b y -ele m en t' meth-

o ds [107, 63 ], indep enden t set orderings [93] and graph-based factorisation metho ds

[5].

The ILUT approac h dev elop ed b y Saad is based on an incomplete-LU factorisa-

tion of the matrix K [94]. This in v olv es �nding a pair of sparse lo w er- and upp er-

triangular matrices L and U suc h that

M = LU � K : (3.75)

Giv en the sp ecial structure of L and U (3.69) ma y b e solv ed directly b y bac kw ard

and forw ard substitution, a pro cess ha ving roughly the same computational cost as

a sparse matrix-v ector pro duct.

The computation of an ILU preconditioner requires a considerable in v estmen t

of w ork but p oten tially results in a v ery large decrease in the n um b er of iterations

required. F urthermore, exp erience suggests that it is often p ossible to reuse a pre-

conditioner o v er man y (p erhaps 20 to 50) time steps, and indeed within a time step

where the iterativ e solution of a nonlinear problem is sough t. Th us, where an ILU

preconditioner need only b e recomputed infrequen tly the preconditioned conjugate

residual metho d is p oten tially highly e�cien t.

An imp ortan t adv an tage of Saad's approac h [94 ] is that it ma y b e directly applied

to inde�nite and non-symmetric problems, though there is in general no guaran tee

of the accuracy of the LU factorisation, or of the stabilit y of the resulting lo w er- and

upp er-triangular systems in these cases [20]. Saad's metho d is also con v enien t in

that it ma y b e applied directly to problems for whic h additional algebraic constrain ts

m ust b e applied, suc h as those required for the free-surface lo cation at in
o w and
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out
o w b oundaries. It should b e emphasised, ho w ev er, that little theory presen tly is

a v ailable to guide in v estigations in this activ e area of researc h. In this w ork emphasis

has b een placed on obtaining practical exp erience of the use of suc h metho ds, and

the gathering of empirical evidence as regards their e�ciency for problems of the

form (3.63).
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Figure 3.9: Conjugate residual solv er con v ergence history for mesh 4: base-10 loga-

rith of the L 2 norm of the residual v ector at eac h iteration using an ILUT precon-

ditioner.

The simplest form of incomplete LU factorisation is the ILU(0) factorisation

[94 ], so-named b ecause all �ll-in generated during the pro cess is discarded. More

sophisticated approac hes allo w for the reten tion of selected comp onen ts of the �ll-

in, e.g. all �ll-in en tries ab o v e a giv en threshold migh t b e retained. Saad [94] terms

this an ILUT preconditioner, and it is this approac h whic h is considered here. The

routine emplo y ed here, ILUT, is tak en from Saad's SP ARSKIT pac k age [92]. It

allo ws con trol of the amoun t of �ll-in to b e exercised through t w o parameters, l f il

and dr optol . Tw o rules are used to decide whether to k eep a particular comp onen t

of �ll-in; l f il sp eci�es the maxim um n um b er of �ll-in en tries to b e retained in eac h

ro w of L and U , while dr optol sp eci�es a threshold. If a giv en �ll-in en try has a

smaller absolute magnitude than this threshold then it will b e dropp ed.

In the follo wing exp erimen ts an incomplete factorisation w as computed using

Saad's routine ILUT after the unkno wns had b een reordered using the rev erse

Cuthill-McKee algorithm describ ed in Section 3.11. Note that ILUT is not guar-

an teed to b e stable for inde�nite matrices; instead normally an implem en tation
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with piv oting w ould b e considered necessary [20]. Despite this, in the curren t w ork

Saad's non-piv oting ILUT routine has b een found to b e most satisfactory , and when

com bined with the conjugate residual solv er emplo y ed here, out p erforms Saad's

preconditioned GMRES solv er (PGMRES) with a preconditioner computed using

piv oting.

Mesh l f il dr optol nz a nz l u

1 60 1 � 10

� 4
8520 20241

2 100 1 � 10

� 5
15488 55372

3 200 5 � 10

� 6
37612 163398

4 200 5 � 10

� 6
74716 474501

5 200 5 � 10

� 6
164000 1336960

6 300 2 � 10

� 6
324472 3728512

T able 3.3: ILUT preconditioning: problem and preconditioner statistics.

Figure 3.9 sho ws the con v ergence history for the solution of the test problem

on mesh 4. As ma y b e seen, the use of the ILUT preconditioner greatly reduces

the n um b er of iterations required compared to the b est diagonal preconditioner M 3 .

T able 3.3 giv es details of the ILUT preconditioners selected for eac h of the six meshes

considered. The columns are as follo ws: l f il , the maxim um n um b er of en tries p er

ro w in the L and U factors; dr optol , the absolute threshold for dropping �ll-in; nz a ,

the n um b er of non-zero en tries in the original matrix; nz l u , the n um b er of non-zero

en tries in L and U . The v alues of l f il and dr optol w ere c hosen b y trial and error.

Selecting a smaller v alue for l f il , or a larger one for dr optol , will in general result

in a smaller preconditioner, but will require a larger n um b er of iterations. If an

attempt is made to emplo y to o small a v alue of l f il , or to o large a v alue of dr optol

then con v ergence will not o ccur.

No real attempt w as made to optimise the v alues of l f il and dr optol giv en in

T able 3.3. F or time-dep enden t problems, in whic h the size and di�cult y of the

problem c hanges with time, the c hoices of l f il and dr optol m ust b e made with care.

More sophisticated approac hes than that emplo y ed here migh t in v olv e automatic

adaptiv e selection of l f il and dr optol . Th us the n um b er of iterations required migh t

b e monitored, and the v alue of dr optol decreased when the n um b er of iterations

gro ws to o large, but increased whenev er the n um b er of iterations falls. Similarly

l f il migh t also b e v aried automatically . Note, ho w ev er, that for time-dep enden t

problems, in whic h the in ten tion is to reuse the preconditioner o v er a n um b er of

time steps, the c hoice of an optimal preconditioner is more di�cult, since as a
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preconditioner ages the n um b er of iterations required gro ws appro ximately linearly .

Indeed, if to o crude a preconditioner is emplo y ed then it will require recomputing

at almost ev ery time step. F urther w ork on this issue is th us necessary if ILUT

preconditioners are to b e emplo y ed e�cien tly and reliably for general free-surface

problems.

Mesh Iterations il ut l usol pr odmv T otal time

1 10 0.059 0.040 0.015 0.114

2 4 0.300 0.071 0.015 0.386

3 4 1.300 0.240 0.038 1.578

4 7 5.100 0.980 0.140 6.220

5 14 24.000 4.800 0.400 29.200

6 9 110.000 9.900 0.700 120.600

T able 3.4: ILUT preconditioning: iterations and timings (times in seconds).

F or mesh 7, no v alues of l f il and dr optol w ere found to result in a preconditioner

that lead to con v ergence within the memory a v ailable. F or this mesh it is estimated

that the minim um storage required for a satisfactory preconditioner w ould b e around

80Mb, i.e. nz l u � 5 � 10

6
.

T able 3.4 giv es the follo wing �gures for eac h of the problems: the n um b er of

iterations required; il ut , the time sp en t computing the ILUT factorisation; l usol ,

the time sp en t in upp er- and lo w er-triangular solv es; pr odmv , the time sp en t in

p erforming the matrix-v ector pro ducts required b y the conjugate residual algorithm,

and �nally , the total solv er run time. As can b e seen, the n um b er of iterations is

no w essen tially indep enden t of the n um b er of unkno wns in eac h problem. A simple

analysis of column 5 of T able 3.3 sho ws that the n um b er of non-zero en tries in the

preconditioner is roughly prop ortional to N

1: 5
. Th us, on an ideal mac hine, ignoring

factorisation time, one w ould exp ect run time to b e prop ortional to N

1: 5
, since

then l usol will dominate the run time for su�cien tly large problems. As column

6 of T able 3.4 sho ws, in practice o v erall run time is roughly O ( N

2
), i.e. the same

order as w as observ ed for diagonal preconditioners. Figure 3.10 sho ws the run time

for eac h of the three preconditioners M 1 , M 3 and I LU T when applied to the test

problem on meshes 1 through 6. As ma y b e seen, ev en if factorisation is p erformed

at ev ery time step, the ILUT preconditioner is still around 50% faster than the b est

diagonal preconditioner M 3 for all the problems considered.

In practice it is often p ossible to reuse a preconditioner o v er man y time steps,

particularly when the mesh c hanges little from step to step as is normally the case
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Figure 3.10: PCR run times for three di�eren t preconditioners: - - - - M 1 ; { { { M 3 ;

|| ILUT.

when a semi-impl ici t sc heme is emplo y ed. In suc h circumstances the preconditioner

need b e recomputed only when the n um b er of conjugate residual iterations exceeds

a prescrib ed limit. Indeed, ultimately , as a steady-state solution is approac hed, the

same preconditioner ma y b e emplo y ed ad in�nitum and th us the approac h b ecomes

particularly e�cien t.

While hardw are issues app ear to prev en t the hop ed-for theoretical run times

from b eing ac hiev ed, it is p erhaps w orth b earing in mind that suc h considerations

no doubt apply equally when direct solv ers are emplo y ed.

3.12.3 Graded meshes

The ab o v e exp erimen ts all in v olv e meshes that are quasi-regular, i.e. edge length

is appro ximately constan t throughout the mesh. In con trast the mesh generation

tec hniques describ ed in Chapter 2 pro duce graded meshes in whic h edge length ma y

v ary b y up to t w o orders of magnitude, and th us elemen t area b y up to four orders

of magnitude. Consequen tly , one w ould exp ect the size of comparable en tries in the

�nite elemen t sti�ness matrix to similarly v ary b y up to four orders of magnitude.

It is clearly necessary to con�rm that the iteration coun ts and run time estimates

discussed ab o v e also apply for suc h graded meshes.

T able 3.5 giv es statistics for �v e graded meshes, n um b ered 8 to 12, emplo y ed for

this purp ose, together with the iteration coun ts and run times observ ed when the
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diagonal preconditioner M 3 w as emplo y ed. Figure 3.11 sho ws a selection of these

meshes. Note that here h

max

is held �xed while k

tol

alone is v aried. Mesh 12 has the

greatest disparit y in elemen t size with a ratio of roughly 1:25 b et w een the smallest

and largest elemen ts' areas.

(a)

(b)

(c)

Figure 3.11: Selected graded meshes for preconditioning study: (a) mesh 8; (b) mesh

10; (c) mesh 12.
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Mesh k

tol

h

max

V ertices Unkno wns Iterations Time

8 0.400 0.5 41 319 274 0.284

9 0.238 0.5 60 474 369 0.679

10 0.200 0.5 99 801 558 1.979

11 0.141 0.5 165 1363 784 5.540

12 0.100 0.5 237 1963 983 11.070

T able 3.5: Graded mesh statistics, iterations and timings: diagonal preconditioning

using M 3 .

F rom T able 3.5 it can b e seen that mesh 11 with 1363 unkno wns requires 784

iterations. In con trast the ungraded mesh 3 with 1367 unkno wns requires only 695

iterations, around 10% few er. Figure 3.12 sho ws the n um b er of iterations required

for b oth graded and ungraded meshes as a function of the n um b er of v ertices. As

can b e seen a graded mesh generally tak es around 10|20% more iterations than

an ungraded one with the same n um b er of v ertices. Th us it ma y b e concluded that

pro vided an appropriate diagonal preconditioner is emplo y ed mesh grading causes

no great increase in the n um b er of iterations required.
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Figure 3.12: Preconditioning of graded vs. ungraded meshes, with diagonal precon-

ditioner M 3 . Iterations as a function of v ertices: || graded; { { { ungraded.

The analogous results obtained when ILUT preconditioning is emplo y ed are giv en

in T able 3.6. Figure 3.13 sho ws the run times measured as a function of the n um b er

of unkno wns for b oth graded and the ungraded meshes. As can b e seen, while
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Mesh l f il dr optol il ut l usol pr odmv Iterations Time

8 60 10

� 4
0.067 0.044 0.009 6 0.120

9 100 10

� 5
0.300 0.100 0.021 5 0.421

10 100 10

� 5
0.390 0.130 0.030 6 0.550

11 100 10

� 5
1.300 0.290 0.057 6 1.647

12 100 10

� 5
2.300 0.630 0.110 9 3.040

T able 3.6: Graded mesh statistics, iterations and timings: ILUT preconditioning.
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Figure 3.13: Preconditioning of graded vs. ungraded meshes using ILUT precondi-

tioners. Time in seconds as a function of the n um b er of unkno wns: { { { graded;

|| ungraded.

the n um b er of iterations required is essen tially indep enden t of problem size for b oth

graded and ungraded meshes, in b oth cases run time scales appro ximately as O ( N

2
),

graded-mesh problems with the same n um b er of unkno wns taking roughly four times

as long to solv e. F urther w ork is necessary to fully understand the cause of this

discrepancy but it is clear that it is due to the m uc h fuller incomplete factorisations

computed for graded-mesh problems.

The ab o v e exp erimen ts demonstrate that the preconditioned conjugate residual

metho d is a viable metho d for solving mo derately-sized free-surface �nite elemen t

problems in t w o dimensions. Ev en a relativ ely unsophisticated implem e n tation, em-

plo ying only diagonal preconditioning, w ould b e exp ected to out-p erform the fastest

impleme n tations of direct metho ds for all but the smallest of problems. The ab o v e
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exp erimen ts should ho w ev er only b e tak en as a guide, since in practice additional

factors suc h as mesh geometry can ha v e a profound in
uence on the accuracy and

e�ciency of preconditioners.

3.13 Predictors

F or time-dep enden t problems the computation of simple explicit predictors for use

as initial estimates of the solution for the linear solv er has b een found to b e adv an-

tageous. F or b oth Stok es and Na vier-Stok es problems an ob vious c hoice of initial

estimate is the solution from the previous time step. A more sophisticated approac h

in v olv es using the solutions at a n um b er of previous time steps to form a more accu-

rate explicit predictor. In the curren t w ork explicit predictors computed using the

previous t w o solutions are emplo y ed whenev er p ossible. These are found using the

�nite-di�erence form ula

u

(n +1)
= u

(n )
+

�

u

(n )
� u

(n � 1) �

k

(n +1)
k

(n ) ; (3.76)

whic h giv es a predictor that is second-order accurate in time. F or the time step

immediatel y after a mesh regeneration (3.76) cannot b e used. Instead for Stok es-


o w problems a �xed v ector (of all ones) is emplo y ed as the initial guess, while for

Na vier-Stok es problems the in terp olated v elo cit y �eld is used. Predictors for the

pressure comp onen ts of the solution are not necessary and in an y case app ear to

ha v e little e�ect on the n um b er of iterations required. F or the second time step

after a mesh regeneration the solution at the end of the previous step is a v ailable

and is used to giv e �rst-order accurate predictors for b oth Stok es and Na vier-Stok es

problems.

Both �rst- and second-order predictors are observ ed to result in considerable re-

ductions in the n um b er of conjugate residual iterations required to obtain a solution

to a giv en accuracy . A go o d second-order accurate predictor can reduce the norm

of the initial residual v ector b y a factor of 10

3
, cutting the n um b er of iterations

required b y 20|60% (see for example Fig. 4.21). Ev en where an ILUT precondi-

tioner is used, the resulting sa ving of p erhaps one or t w o iterations p er time step

can b e considerable. Finally , note that attempts to compute second-order predictors

for Na vier-Stok es problems using in terp olation of solutions from time steps imme di-

ately prior to mesh regeneration w ere unsuccessful, the resulting predictors pro ving

no b etter than the �rst-order ones already men tioned.
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3.14 In terp olation

When solving the Na vier-Stok es equations it is necessary to b e able to transfer a

v elo cit y �eld from one mesh to another in order to con tin ue in tegration after a mesh

regeneration. This re
ects the fact that initial conditions are required for a time-

dep enden t Na vier-Stok es problem. Suc h transfers are p oten tially b oth exp ensiv e

and a source of error. F ortunately they need only b e p erformed for the v elo cit y

�eld, since no initial conditions are required for the pressure. While the v elo cit y

at a free-surface no de that is presen t in b oth the new and the old meshes needs

no mo di�cation, at no des in tro duced when free-surface edges are split some means

of estimating the solution at the new no de is required. Here this is done using

in terp olation. As for the v elo cit y �eld on the in terior of the mesh, three metho ds

for p erforming its transfer are immedi ately apparen t. The �rst in v olv es the simple

in terp olation of the old solution on to the new mesh, i.e. the v alue of the solution at a

no de in the new mesh is set to the v alue of the old solution at the corresp onding p oin t

in the old mesh. Suc h an approac h has a n um b er of dra wbac ks. Firstly , it do es not,

in general, conserv e momen tum or kinetic energy . Secondly , it results in v elo cit y

�elds that are not div ergence free, i.e. that do not satisfy the discrete con tin uit y

equations (3.14). While conserv ativ e in terp olation sc hemes ha v e b een describ ed for

lo w-order elemen ts [83], the generalisation of suc h sc hemes to quadratic elemen ts

in t w o dimensions has not, to the author's kno wledge, b een describ ed and w ould

app ear to b e a non-trivial exercise.

The second t yp e of transfer sc heme that migh t b e considered in v olv es a pro jection

metho d [34] requiring the solution of a system of linear equations for a correction to

a v elo cit y �eld obtained using in terp olation. When the correction is subtracted from

the original v elo cit y �eld a div ergence-free v elo cit y �eld results. Suc h an approac h,

while considerably more exp ensiv e than simple in terp olation sc hemes, also fails to

conserv e momen tum and kinetic energy exactly . Since b y their implici t nature the

time-in tegration sc hemes emplo y ed here enforce incompressibilit y at the end of eac h

time step, ev en if the initial conditions are not div ergence free the v elo cit y �eld at

the end of the �rst time step will b e. Th us little app ears to b e gained from the use

of this approac h.

The third t yp e of sc heme that migh t b e emplo y ed mak es use of the �nite elemen t

form ulation directly . In essence it in v olv es the solution of a Na vier-Stok es problem

on the new mesh with a v ery small or ev en zero time step, the old solution's con-

tributions to the righ t-hand side of the linear-algebraic problem b eing computed b y
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exact in tegration. Suc h a sc heme w ould conserv e momen tum globally , and w ould

automatically result in a div ergence-free v elo cit y �eld. The main di�cult y w ould

app ear to b e that of exactly in tegrating a piecewise-con tin uous v elo cit y �eld, the

discon tin uous nature of the in tegrand making n umerical quadrature a non-trivial

op eration in suc h circumstances. One solution is to �rst smo oth the old solution

b y , for example, �tting a lo cal cubic-spline basis using a least-squares pro cedure

[11 ]. Th us, while some accuracy will b e sacri�ced (momen tum will not b e exactly

conserv ed), n umerical in tegration will b e greatly facilitated.

In the presen t w ork the transfer of solutions b et w een meshes w as p erformed

using the �rst of these sc hemes, i.e. simple in terp olation. Tw o approac hes w ere

in v estigated, details of whic h are giv en in the follo wing section.

3.14.1 Linear and quadratic in terp olation

A ma jor complication when p erforming in terp olation b et w een unstructured meshes

is the need to b e able to e�cien tly �nd the elemen t in whic h a particular p oin t is

lo cated. Where the in ternal mesh edges are linear, deciding whether a p oin t lies

within a giv en triangular elemen t is straigh tforw ard and fairly inexp ensiv e. Finding

the elemen t, ho w ev er, requires some form of searc h. Since this pro cess m ust b e

rep eated for eac h elemen t, it is clear that, if naiv ely implem en te d, in terp olation will

ha v e complexit y O ( N

2
) where N is the n um b er of elemen ts. By emplo ying more

sophisticated searc h pro cedures, in v olving additional data structures, the searc h

cost ma y b e reduced to O ( N l og N ), using lists of no des sorted b y their x and y

co ordinates, or ev en O ( N ), b y emplo ying an heuristic searc h that mak es use of

the elemen t adjacency graph. In the curren t w ork elemen ts w ere lo cated using a

simple linear searc h, an approac h that has pro v ed satisfactory for the relativ ely

small meshes emplo y ed.

The simplest in terp olation sc heme considered here is a linear one. In this an

elemen t's edge no des are ignored. Th us the lo cal co ordinates, ( � ; � ), of a p oin t in

an elemen t ma y b e computed directly b y solving a pair of linear equations. Once

this has b een done, computing the v elo cit y comp onen ts at the p oin t is trivial.

A quadratic in terp olation sc heme using the full isoparametric basis is also p ossi-

ble though somewhat more complicated, since �nding ( � ; � ) no w, in general, in v olv es

the solution of the follo wing pair of sim ultaneous nonlinear equations6
X

i =1 x

i

q

i

( � ; � ) � x = 0 ; (3.77)
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(a)

(b)

(c)

Figure 3.14: Pressure �eld resulting after in terp olation of v elo cit y �eld, Re = 10,

axisymmetric oscillation of a droplet: (a) pressure �eld b efore in terp olation; (b)

pressure �eld after linear in terp olation; (c) pressure �eld after quadratic in terp ola-

tion. 6
X

i =1 y

i

q

i

( � ; � ) � y = 0 ; (3.78)

where x

i

and y

i

are the co ordinates of the no des forming the elemen t. Here, equa-

tions (3.77) and (3.78) are solv ed for � and � using Newton's metho d, whic h t ypically

tak es three or four iterations to reac h mac hine precision.

The impro v em en t in accuracy resulting from the use of quadratic rather than

linear in terp olation ma y b e seen from Fig. 3.14, whic h illustrates the e�ects of in-

terp olation on the pressure �eld computed for an oscillating axisymme tric droplet.

The sim ulation w as conducted at Re = 10, on an unstructured mesh, using the

metho ds describ ed in Chapter 6. Fig. 3.14(a) sho ws the pressure �eld imm ediatel y

b efore a mesh regeneration tak es place, while (b) and (c) sho w the pressure �elds

observ ed at the end of the �rst time step after regeneration, for linear and quadratic



Chapter 3 106 Solvers for incompressible 
ows
in terp olation resp ectiv ely . Note that only the v elo cit y �eld is transferred on to the

new mesh; the oscillations visible in the pressure in (b) are due to the v elo cit y �eld

resulting from linear in terp olation not b eing div ergence free. After only a single

further time step these oscillations disapp ear. T o the nak ed ey e, the v elo cit y �elds

corresp onding to (b) and (c) app ear iden tical and for this reason are not sho wn. It

is this quadratic in terp olation sc heme that is emplo y ed for the problems describ ed

in Chapter 6.

3.15 Time-step selection

Since all the semi-im plic it sc hemes emplo y ed in this w ork ha v e explicit comp onen ts,

one w ould naturally exp ect constrain ts on the maxim um time step to b e necessary

if the sc hemes are to b e stable. F or the semi-impl ici t Stok es-
o w solv er describ ed in

Section 3.7, the constrain t is due to the explicit treatmen t of the kinematic b oundary

condition. F or the semi-impl ic it Na vier-Stok es solv er describ ed in Section 3.5 the

explicit treatmen t of the con v ectiv e term and the mo ving-mesh correction term

also p oten tially in tro duce constrain ts on the maxim um p ermissible step size. The

author's exp erience is that in practice it is alw a ys the explicit free-surface adv ection

sc heme that causes the greatest problems. Figure 1.6 illustrates the form of the free-

surface instabilities that are in v ariably observ ed if to o large a time step is emplo y ed.

The rapid motions of the free-surface no des visible rev erse in direction at alternate

time steps. If automatic free-surface remeshing is p erformed in suc h circumstances,

at some p oin t the highly curv ed edges will b e split, resulting, if time steps of �xed

size are emplo y ed, in an ev en more unstable situation. Th us the solv er t ypically fails

shortly after the onset of suc h instabilit y , due to excessiv e re�nemen t of the mesh.

Although it is p ossible to solv e a free-surface problem using a �xed time-step

size, the need to ensure stabilit y throughout a problem will inevitably mean that an

unnecessarily large n um b er of time steps will b e required. Clearly it w ould b e useful

to ha v e some means of c ho osing the time-step size adaptiv ely so that it remains as

large as p ossible, while at the same time ensuring free-surface stabilit y .

Exp erience has sho wn that the semi-im pli cit sc hemes describ ed in Sections 3.5

and 3.7 are satisfactory for man y problems pro vided that the time-step size, k , is

selected so that

k � C 1 h

min

v

max

; (3.79)

where h

min

is the minim um edge length in the mesh, v

max

is the maxim um v elo cit y
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at a no de and C 1 is a constan t. In practice taking C 1 =

14 is often su�cien t to

prev en t instabilit y of the free-surface adv ection sc heme arising. F or a regular mesh of

equilateral elemen ts, using this v alue of C 1 in (3.79) e�ectiv ely restricts the distance

a notional particle of 
uid can tra v el during a time step to half the minim um distance

b et w een no des. Th us (3.79) ma y b e seen to b e a form of Couran t-F riedric hs-Lewy

(CFL) condition [98]. While (3.79) limits the maxim um size of time step that ma y

b e emplo y ed, it is far less restrictiv e than the

k � C 2 h

min

2
v

max

(3.80)

constrain t on time-step size that w ould b e necessary if the viscous term in the

Na vier-Stok es equations w ere to b e treated explicitly [34 ].

Emplo ying (3.79) as a sole guide to c ho osing the time step is ho w ev er problem-

atic, a smaller v alue of C 1 often b eing necessary to ensure stabilit y . It is easy to

see wh y this migh t b e the case. In an arbitrary unstructured mesh of quadratic ele-

men ts the minim um edge length h

min

do es not giv e a reliable guide to the minim um

distance b et w een no des. A t other times the time step constrain t (3.79) is lik ely to

b e excessiv ely p essimistic since it emplo ys global measures of the solution's v elo cit y

and the mesh's resolution.

Note that the c hoice of time-step size a�ects not only the stabilit y of a time-

in tegration sc heme but also its accuracy . Th us, while a giv en size of time step ma y

b e adequate to ensure stabilit y , it ma y not giv e su�cien t temp oral accuracy . This

is most lik ely to b e a problem when a stable steady-state con�guration is b eing

approac hed, and for this reason a maxim um time-step size (t ypically 0 : 005 � k �

0 : 01) is generally imp osed.

In the course of the curren t in v estigations a no v el sc heme for the selection of

time-step size has b een found to b e particularly useful. Since the stabilit y problem

app ears essen tially to b e one of ensuring free-surface stabilit y , and, since exp erience

has sho wn that suc h instabilities in v ariably manifest themselv es in the form of time-

step-scale temp oral oscillations in the sign of the normal v elo cit y at free-surface

no des, the instabilit y has a clear and w ell-de�ned signature that ma y easily b e

detected. Whenev er suc h instabilit y is presen t, the expression

�

�

�

�

�

u

i

(n +1)
� 2 u

i

(n )
+ u

i

(n � 1)
k

2 �

�

�

�

�

; (3.81)
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i.e. a cen tral-di�erence appro ximation for

�

�

�

�

�

@

2
u

@ t

2 �

�

�

�

�

; (3.82)

will b e large at the free-surface no des e�ected. Since under normal circumstances

(3.81) is relativ ely small, its rapid gro wth is a clear and con v enien t indicator that

the time step is to o large.

The stabilit y metho d of time-step size selection op erates as follo ws. A t eac h time

step an estimate of the maxim um allo w able time step, t

c

, is computed using

t

c

=

 

l te

�

!

1

3

; (3.83)

where � is the maxim um v alue of (3.81) at a no de, and l te is a prescrib ed tolerance,

the form of (3.83) b eing justi�ed only b y the observ ation that it w orks w ell in

practice. T o prev en t the p ossibilit y of oscillation in the time-step size itself, at

eac h time step the v alue of t

c

computed using (3.83) is com bined with the curren t

time-step size, k , using the follo wing exp onen tially-w eigh ting sc heme

k

(n +1)
= 0 : 9 k

(n )
+ 0 : 1 t

(n )
c

: (3.84)

This tends to smo oth out rapid 
uctuations in time-step size and while it mak es

the sc heme slo w er to resp ond when, for example, the mesh is re�ned and a smaller

time step is required, this do es not app ear to b e a great problem in practice since

oscillations due to free-surface instabilit y t ypically gro w in amplitude only slo wly at

�rst.

In practice a small initial v alue is c hosen for the time-step size. This then gro ws

steadily un til the maxim um stable time-step size for the con�guration is approac hed.

Again, for reasons of accuracy , an upp er limit on the time step is also generally

imp osed. In the curren t w ork a v alue of l te = 10

� 6
is emplo y ed, resulting in time

steps of comparable size to those found necessary b y trial and error. Adaptiv e time-

step size selection using this approac h has pro v ed to b e v ery reliable in practice.

3.16 Conclusions

In this c hapter the w eak form of the Na vier-Stok es equations has b een in tro duced

and the �nite elemen t form ulation describ ed. The issue of c ho osing the appropriate
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free-surface normal for use in the implem e n tation of the kinematic b oundary condi-

tion has b een addressed. The question of the need to allo w for the motion of no des

has also b e raised, and metho ds for incorp orating suc h motions in to the form ulation

ha v e b een outlined.

A n um b er of simple semi- and fully-implici t time-discreti sation sc hemes ha v e

b een describ ed. The relativ e costs of these sc hemes are discussed as are tec hniques

for their solution. F ully implicit sc hemes, at least when solv ed using functional iter-

ation, ha v e b een found not to b e cost-e�ectiv e due to the small time steps necessary

to ensure con v ergence of the functional iteration sc heme.

The form of the preconditioned conjugate residual metho d emplo y ed here has

b een describ ed and in v estigations in to the relativ e e�ciencies of a n um b er of pre-

conditioners are rep orted. In particular, Saad's ILUT preconditioner has b een found

to considerably reduce the o v erall run time compared to the b est diagonal precondi-

tioner considered, ev en when the cost of computing an LU factorisation is incurred

at eac h linear solv e. The run times measured for the v arious preconditioners w ere

found to increase more rapidly with problem size than theoretical estimates w ould

lead one to exp ect. In practice, all the preconditioning sc hemes considered w ere ob-

serv ed to result in appro ximately O ( N

2
) solution times. Despite this, comparison of

the conjugate residual metho d, as implem en ted here, with a standard direct solv er

indicates that, ev en for relativ ely small problems, the conjugate residual metho d

considerably out-p erforms the direct solv er. A n um b er of suggestions ha v e b een

made whic h should allo w ILUT preconditioners to b e used reliably and e�cien tly

for a wider range of free-surface problems.

A v arian t of the Cuthill-McKee algorithm has b een describ ed for the ordering

of the unkno wns asso ciated with quadratic mixed-v ariable �nite elemen ts. Meth-

o ds for transferring solutions b et w een piecewise triangular meshes ha v e b een brie
y

discussed, and the implem en tati on of a simple quadratic approac h is describ ed.

Finally , the problem of automatically selecting the largest time step that is small

enough to ensure stabilit y of the free-surface adv ection has b een considered. A no v el

approac h to this problem is describ ed.



Chapter 4The coalescence of two cylinders
The material contained in this chapter is the subject of an IJNMF paper [78],a shorter form of which was presented at the 1998 ICFD conference in Oxford[76].

In this c hapter a solv er implem e n ted using the metho ds describ ed in Chapters

2 and 3 is v alidated using a standard b enc hmark problem: the surface-tension-

driv en Stok es-
o w coalescence of t w o in�nitely long, parallel cylinders of unit radius.

The rate of con v ergence of the spatial discretisation sc heme is sho wn to b e linear,

and the mass-conserv ation prop erties of the sc heme are in v estigated. Finally , the

computational costs asso ciated with the sc heme are discussed.

4.1 Bac kground

The need to v alidate the n umerical tec hniques in tro duced in the previous c hapters

pro vides a strong motiv ation for the in v estigation of free-surface problems for whic h

an analytical solution is kno wn. The w ork of R.W. Hopp er is th us of particular

in terest, since his pap ers [44 , 45 , 46 ] describ e exact analytical solutions for a n um b er

of surface-tension-driv en Stok es-
o w problems. These allo w the ev olution of the free

surface to b e computed for the simply-connected t w o-dimensional shap es in v olv ed.

Th us, while the normal comp onen t of the free-surface v elo cit y ma y b e deduced, the

solutions do not giv e the tangen tial comp onen t of the free-surface v elo cit y or the

110
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v elo cit y and pressure �elds in the in terior of the domain. Hopp er's solution for the

y

1 1

x

Figure 4.1: The coalescence of t w o in�nite cylinders: initial geometry .

coalescence of t w o in�nite cylinders of unit radius is of particular imp ortance since

it pro vides a useful mo del for industrial pro cesses in v olving the viscous sin tering of

bundles of ceramic �bres [113]. Accurate kno wledge of the free-surface dynamics in

suc h problems is useful, in that it allo ws the �nal densit y of materials pro duced b y

suc h pro cesses to b e predicted. See [69] for further bac kground material relating to

the practical applications of viscous sin tering.

In his later pap ers Hopp er extends the approac h to include other t w o-dimensional

shap es, and in [47] and [48] he describ es solutions for the coalescence of t w o cylinders

of di�ering radii. Since the p oin t(s) of con tact of an y t w o smo oth t w o-dimensional

shap es ma y , lo cally at least, b e appro ximated b y t w o circular arcs of di�ering radii,

Hopp er's solutions in principle allo w the initial, extremely sti�, part of suc h a prob-

lem to b e dealt with analytically pro vided, of course, that eac h suc h p oin t of con tact

ma y b e assumed to ev olv e indep enden tly of the others in the earliest stages of suc h

in teractions.

The problem considered in this c hapter is that of the Stok es-
o w coalescence of

t w o parallel in�nite cylinders of unit radius under the in
uence of surface tension,

here referred to as the two-cylinders problem. Due to its translational symmetry it is

reasonable to treat the problem as a t w o-dimensional one. While it ma y b e argued

that this is ph ysically unrealistic, in that instabilities in the third dimension are th us

implicitly suppressed, in the viscous sin tering of bundles of ceramic �bres [113] suc h

instabilities do not app ear to arise in practice and th us the mo del is a useful one.
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The mo del ma y also usefully b e applied to �bres of �nite length, pro vided that the

�bres are su�cien tly long that end-e�ects ma y b e neglected.

The mo delling of suc h 
o ws apparen tly dates bac k to F renk el's 1945 pap er [28],

in whic h a simple mo del of viscous sin tering w as prop osed. F renk el's mo del has

ho w ev er b een sho wn b y later n umerical studies to b e incorrect. Ross, Miller and

W eatherly's 1981 pap er [89] describ es the application of the �nite elemen t metho d

to the study of an in�nite arra y of cylinders of equal radius. In this they emplo y a

mesh of �xed connectivit y that deforms con tin uously . Martinez-Herrera and Derb y

[67 ] apply the �nite elemen t metho d in the mo delling of t w o cylinders of equal

radius, as w ell to other t w o-dimensional problems in v olving cylinders of unequal

radii, and linear arra ys of iden tical cylinders. They also emplo y structured meshes

of �xed connectivit y that deform con tin uously . Jagota and Da wson [52, 53 ] emplo y

the �nite elemen t metho d in the mo delling of a n um b er of related three-dimensional

axisymmetric problems including the coalescence of t w o spheres of equal radii, the

coalescence of t w o spheres of di�ering radii, and the coalescence of linear arra ys

of iden tical spheres. In their w ork they emplo y unstructured meshes that deform

con tin uously , with p erio dic \repair" of the mesh in the vicinit y of the cusp, and

p erio dic remeshing of the en tire domain.

In recen t y ears considerable in terest has b een fo cused up on the use of b oundary

in tegral equation (BIE) metho ds for the solution of time-dep enden t free-surface

Stok es-
o w problems. Also kno wn as b oundary-elemen t metho ds (BEM), these

allo w the free-surface v elo cit y to b e obtained from the stress b oundary conditions,

without the use of the in terior mesh required b y the �nite elemen t metho d. Th us

at eac h time step a m uc h smaller, though no w dense, system of linear equations

m ust b e solv ed. Kuik en's 1990 pap er [60] w as one of the �rst to apply the BEM [51 ]

to the solution of the t w o-cylinders problem. In this he emplo ys a simple explicit

time-in tegration sc heme as a means of up dating the free-surface lo cation. With

Mattheij and v an de V orst [115 ] this w ork w as further extended to include shap es

suc h as cylinders of unequal radii, and squares with rounded corners. Mattheij

and v an de V orst's 1992 pap er [114 ] further generalises the metho d b y allo wing

p erio dic redistribution of collo cation p oin ts to o ccur, while v an de V orst's 1994

thesis [113 ] describ es the use of an implicit time-in tegration sc heme (LSODE), as

w ell as the mo delling of a large n um b er of related problems, suc h as the axisymmetri c

coalescence of t w o spheres.

Where the BEM is applicable, and where only the ev olution of the free surface is

required, b oundary-elemen t metho ds app ear to ha v e considerable adv an tages o v er
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�nite elemen t metho ds, since the resulting systems of linear equations are consid-

erably smaller, and the problems of main taining an adequate in terior mesh do not

arise. They do not, ho w ev er, allo w the in terior v elo cit y �eld to b e computed without

considerable additional exp ense, and th us secondary v ariables suc h as the stresses,

v orticit y , stream function and lo cal rate of viscous dissipation of kinetic energy are

similarly di�cult to obtain.

4.2 Analytical solution

The problem form ulation emplo y ed here is based up on that emplo y ed b y v an de

V orst and Mattheij [114 , 113 ]. If t w o iden tical in�nitely long, parallel cylinders

of 
uid, are brough t in to con tact, at the line along whic h they �rst mak e con tact

a pair of cusps arise. Initially the curv ature of the free surface at the cusps is

un b ounded. Figure 4.1 sho ws the geometry of a cross-section of the domain at

the time t w o cylinders of unit radius initially mak e con tact, while Fig. 4.2 sho ws

part of the ev olution of the free surface thereafter. F or con v enience initial con tact

is assumed to o ccur at the dimensionless time t = 0 : 0. The connecting region of
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0.5

1
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Figure 4.2: The coalescence of t w o in�nite cylinders: free-surface ev olution.


uid that forms b et w een the t w o cylinders is kno wn as the neck. As time passes

b oth the nec k width and the nec k curv ature increase monotonically , the initial nec k

curv ature b eing negativ e. Ev en tually , around the dimensionless time t = 2 : 0, the



Chapter 4 114 The coalescence of two cylinders
nec k disapp ears. Thereafter the ev olution of the free surface con tin ues, at an ev er

decreasing rate, un til ultimately a new cylinder arises.

Since the mo delling of a highly-curv ed nec k region is di�cult it w as decided

that mo delling w ould b egin a short time after the t w o cylinders initially come in to

con tact. The existence of a kno wn analytical solution for the problem allo ws this to

b e done correctly . If Hopp er's solution w ere not kno wn some form of appro ximation

w ould b e required, suc h as the use of a circular arc to represen t the free surface in

the nec k region.

Mattheij and v an de V orst [114 ] emplo y a non-dimensionalisation of the problem

similar to that discussed in Section 1.3, whic h is based up on that of Martinez-Herrera

and Derb y [67]. Martinez-Herrera and Derb y discuss a represen tativ e viscous-

sin tering problem for whic h the v alues of the relev an t dimensional parameters are

R = 10

� 7
� 10

� 4
m , � = 10

3
K g m

� 3
, � = 10

� 1
N m

� 1
, � = 10

6
� 10

9
K g m

� 1
s

� 1
and g = 9 : 81 ms

� 2
; i.e. length scale, densit y , surface tension, viscosit y and accel-

eration due to gra vit y . Com bined appropriately , these giv e a Suratman n um b er of

10

� 23
|10

� 14
and a Bond n um b er of 10

� 9
|10

� 3
. Th us, for this class of problems,

the Stok es-
o w appro ximation ma y b e seen to b e a particularly go o d one.

Hopp er's analytical metho d in v olv es the disco v ery of a time-dep enden t conformal

mapping from the domain on to the unit circle. F urther details ma y b e found in [44].

Note that, in this thesis, Mattheij and v an de V orst's form ulation for cylinders of unit

radius [114, 113 ] is follo w ed, rather than Hopp er's original form ulation for cylinders

of radius

p 22 . In [113 ] v an de V orst giv es the follo wing expressions for the lo cation

of the free surface,

x ( � ; � ) =

(1 � �

2
)(1 � � )

p

2 cos �

(1 � 2 � cos 2 � + �

2
)

p

1 + �

2 (4.1)

y ( � ; � ) =

(1 � �

2
)(1 + � )

p

2 sin �

(1 � 2 � cos 2 � + �

2
)

p

1 + �

2 (4.2)

where � is the angle made b y a p oin t on the free surface at the origin with resp ect

to the p ositiv e x axis, and � is an increasing function of time, with 0 � � ( t ) � 1 for

t > 0. Using (4.2) the nec k radius r ma y b e expressed in the form

r ( � ) = y (

�

2

; � ) =

(1 � � )

p

2

q

(1 + �

2
)

; (4.3)
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whic h ma y b e in v erted to giv e

� ( r ) =

2 � r

p

4 � r

2
2 � r

2 : (4.4)

V an de V orst giv es the follo wing expression for the time t as a function of �

t ( � ) =

�

p

2

Z 1
�

dk

k

p

1 + k

2
K ( k )

; (4.5)

where K ( k ) is the complete elliptic in tegral of the �rst kind [1, 101 ], i.e.

K ( k ) =

Z
�

20 d#

p

1 � k

2
sin

2
#

: (4.6)

In the exp erimen ts describ ed in this c hapter (4.5) is in tegrated n umerically using the

NA G routine D01BBF [35], emplo ying 64 quadrature p oin ts, K ( k ) b eing ev aluated

using the NA G routine S21BBF. Where necessary � is computed from t b y applying

the bisection metho d to (4.5). In practice this need only b e done o ccasionally , for

the purp oses of data logging etc.

Here an initial con�guration at a dimensionless time of t = 0 : 2825 is emplo y ed

corresp onding to a v alue of � = 0 : 7. The resulting sim ulation, while a v oiding ex-

tremes of curv ature in the nec k region, still represen ts a c hallenging problem. The

follo wing expression for the nec k curv ature ma y b e obtained using (2.20), (4.1) and

(4.2)

k

neck

( � ) =

(1 � 6 � + �

2
)

p

1 + �

2
(1 � � )

3 p

2

: (4.7)

Th us it ma y b e sho wn that a v alue of � = 0 : 7 corresp onds to a nec k curv ature

of appro ximately � 86 : 633, necessitating a v ariation in free-surface edge length of

nearly t w o orders of magnitude if curv ature is to b e equidistributed b et w een edges.

4.3 Metho d

Fiv e initial meshes w ere emplo y ed in these in v estigations, three of whic h are sho wn

in Fig. 4.3. Statistics for the initial meshes are giv en in T able 4.1. Figure 4.4 sho ws

the mesh in the upp er nec k region at t = 0 : 304, shortly after the commencem en t of

the sim ulation, but after the mesh has b een regenerated sev eral times. As ma y b e

seen, particularly small elemen ts are necessary to resolv e the high curv ature in the

nec k region, resulting in a sti� system of equations.
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(a)

(b)

(c)

Figure 4.3: The coalescence of t w o in�nite cylinders, selected initial meshes: (a)

k

tol

= 0 : 2000, h

max

= 0 : 3218, (b) k

tol

= 0 : 1000, h

max

= 0 : 2554, (c) k

tol

= 0 : 0500,

h

max

= 0 : 2027.
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Mesh k

tol

h

max

Boundary v ertices Elemen ts Unkno wns

1 0.2000 0.3218 112 876 4228

2 0.1414 0.2867 148 1132 5470

3 0.1000 0.2554 200 1464 7094

4 0.0707 0.2276 272 1972 9560

5 0.0500 0.2027 380 2714 13169

T able 4.1: The coalescence of t w o in�nite cylinders: initial mesh statistics.

The v alues of h

max

w ere c hosen so that eac h time k

tol

is halv ed h

max

is reduced b y

a factor of 2

1= 3
. Th us, as discussed in Section 2.4.4, the error in b oth the b oundary

conditions and the v elo cit y on the in terior of the mesh should con v erge linearly .

Note, ho w ev er, that with the unstructured meshes pro duced b y T riangle [96], the

actual maxim um edge-length need not decrease prop ortionately to h

max

. Th us,

when halving h

max

, o ccasionally a b etter than a v erage rate of con v ergence will b e

observ ed, while on other o ccasions the rate will b e w orse than exp ected.

Man y of the authors who ha v e tac kled this problem ha v e elected to mak e use

of the symmetri es of the problem, allo wing them to mo del only a quarter of the

domain emplo y ed here. In the in terests of generalit y here the en tire domain is

mo delled. Th us the curren t solv er ma y , in principle, b e emplo y ed to mo del an y

simply connected t w o-dimensional shap e. As the exp eriences recoun ted in Chapter

6 sho w, symmetry of the domain ma y b e lost o v er time where unstructured meshes

are used, and th us solving the problem in the presen t form is a considerably more

sev ere test of the �nite elemen t metho d than w ould b e ac hiev ed if only a quarter of

the domain w ere mo delled and the symmetries imp osed.

Mo delling the en tire domain, with free-surface stress b oundary conditions ev ery-

where, results in the problem b eing singular; the discrete Stok es op erator in this

case ha ving a n ull space of dimension three. The three n ull v ectors corresp ond to

the rigid-b o dy motions of the domain, i.e. translations in the x and y directions

and rotation ab out the domain's cen tre of mass. In terestingly , if the problem is

p osed with purely essen tial b oundary conditions, then it is also singular, the n ull

space corresp onding to a single, arbitrary , ev erywhere-constan t pressure mo de. In

this case the problem is sometime s made non-singular b y sp ecifying the pressure at

a single no de. If this approac h w ere to b e adopted here, then it w ould b e neces-

sary to imp ose three constrain ts on the v elo cit y . While sp ecifying b oth comp onen ts

of the v elo cit y at a no de w ould pro vide t w o of the constrain ts, imp osing the third

constrain t, on the angular v elo cit y , is more di�cult. The ob vious approac h of using
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Figure 4.4: The coalescence of t w o in�nite cylinders: mesh detail in the nec k region

at t = 0 : 304.

the symmetri es of the domain in form ulating suc h constrain ts is problematic, since

there is no guaran tee that the mesh will remain symmetric as the problem unfolds.

An alternativ e approac h, and the one emplo y ed here, is to imp ose global constrain ts

on the v elo cit y and angular v elo cit y , i.e.

Z 
 ud 
 = 0 ; (4.8)

Z 
 v d 
 = 0 ; (4.9)

Z 
 u � r d 
 = 0 : (4.10)

Th us (4.8) and (4.9) sp ecify that the v elo cit y of the cen tre of mass of the con�g-

uration m ust b e zero, while (4.10) sp eci�es that the con�guration m ust ha v e zero

angular v elo cit y ab out the origin, whic h is here c hosen to b e the cen tre of mass of

the 
uid for reasons of stabilit y . This approac h has the ma jor adv an tage that it is

equally applicable when the domain lac ks symmetry .
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The three constrain ts (4.8), (4.9) and (4.10) are assem bled as additional ro ws of

the �nite elemen t problem, the transp oses of the ro ws also b eing added so that the

resulting matrix is symmetric . Th us one obtains the follo wing mo di�ed system of

equations

0

B

B

B

B

B

B

@

K Q 1 T

Q 2 T

Q 3 T
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1

C

C

C

C

C

C

A

: (4.11)

Th us three new v ariables (Lagrange m ultipliers)

^

� 1 ,

^

� 2 and

^

� 3 are in tro duced. The

zero v alues sp eci�ed as the righ t-hand sides of the three new ro ws are arbitrary , and

ma y b e mo di�ed to imp ose an y other c hoices of the linear and angular v elo cities.

Since the additional constrain ts m ust b e linearly indep enden t of the ro ws of the

original matrix, and of one another, it is easy to sho w that if x satis�es the original

(singular) system Kx = b and also satis�es the additional constrain ts Q 1 x = 0 etc.

then ( x ; 0 ; 0 ; 0)

T

will b e the unique solution of (4.11).

Both diagonal and ILUT preconditioning w ere in v estigated as a means of reduc-

ing the n um b er of conjugate residual iterations required to solv e the linear-algebraic

systems that arise in this problem. Diagonal preconditioning, as describ ed in Sec-

tion 3.12.1, has b een found to b e useful in this resp ect, and is the metho d emplo y ed

here. En tries in the diagonal preconditioning matrix corresp onding to the three

additional constrain ts m ust ho w ev er b e selected, since the en try corresp onding to

the diagonal in eac h constrain t ro w is zero. Setting the corresp onding en tries in the

diagonal preconditioner to equal the area of the domain has b een found b e e�ectiv e.

Preconditioners based up on incomplete LU factorisations of the �nite elemen t

sti�ness matrix, while e�ectiv e in considerably reducing the n um b er of iterations

required, ha v e ho w ev er pro v ed unreliable. Th us, for example, while suc h precondi-

tioners ma y pro v e successful for p erhaps sev eral h undred time steps, o ccasionally

the iterativ e solv er will fail completely , stalling once the residual of the precondi-

tioned system has b een reduced b y only a few orders of magnitude. These failures

app ear to b e due to the dropping of small en tries ( a

ij

< 10

� 6
) during the incomplete

factorisation pro cess, whic h ma y , on o ccasion, prev en t con v ergence to the solution

of the correct linear system from o ccurring, particularly where a small con v ergence

tolerance is required (e.g. 10

� 10
). An in-depth analysis of this problem is not at-

tempted here, since it is noted that man y related issues should also b e considered,

suc h as that of c ho osing the v alues of l f il and dr optol adaptiv ely , so as to minimi se

o v erall run time. In the presen t w ork the emphasis has b een on ac hieving reliable
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(a) t = 0.2825 (b) t = 0.7675

(c) t = 1.5027 (d) t = 5.0000

Figure 4.5: The coalescence of t w o in�nite cylinders: ev olution of mesh 3.

results b y the simplest approac h p ossible, the v alues of l f il and dr optol b eing c hosen

for reliabilit y rather than e�ciency . Unfortunately , this mean t that for the larger

meshes considered for the t w o-cylinders problem reliable preconditioners could not

b e computed within the a v ailable storage (appro ximately 50Mb). Consequen tly

ILUT preconditioners are not emplo y ed in this c hapter, though it is noted that a

h ybrid preconditioning strategy , emplo ying an ILUT preconditioner c hosen for e�-

ciency whenev er p ossible, and rev erting to a diagonal preconditioner when this fails

w ould app ear to b e an attractiv e p ossibilit y . Note that where ILUT preconditioning

is emplo y ed, the global constrain ts (4.8), (4.9) and (4.10) presen t additional di�-

culties since, when discretized, they result in ro ws of the �nite elemen t matrix that
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Figure 4.6: Nec k radius as a function of time for mesh 3: |{ exact; 3 computed.

ha v e non-zero en tries for the u and v unkno wns at all the no des in the mesh. This

problem ma y b e circum v e n ted b y ordering the ro ws of the �nite elemen t matrix so

that the three global constrain ts are the last ro ws to b e eliminated during the ILU

factorisation. Ev en so, it app ears necessary to emplo y a v alue of l f il su�cien t to

store the en tire ro w when eliminating them, though a smaller v alue of l f il could b e

emplo y ed in factorising the main part of the matrix.

F or the problems considered in this c hapter the bac kw ard-Euler form of the semi-

implicit sc heme describ ed in Section 3.7 w as emplo y ed and, unless otherwise stated,

the time-step size w as c hosen adaptiv ely using the stabilit y metho d describ ed in

Section 3.15, taking l te = 10

� 6
.

4.4 Results

Figure 4.5 sho ws the mesh at selected times, (a) corresp onding to the initial mesh,

while (d) corresp onds to the mesh at a time when the free surface is close to circular,

the maxim um and minim um radii di�ering b y less than 1%. Figure 4.6 sho ws b oth

the analytical and the computed dimensionless nec k radii as functions of time, for

mesh 3. As ma y b e seen, the agreemen t b et w een the computed and analytical

solutions is go o d, the maxim um error of appro ximately 0 : 01 dimensionless units
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Figure 4.7: Global free-surface error, mesh 3, at t = 1 : 000: - - - - computed free

surface; || analytical free surface; { { { initial free surface.

o ccurring b et w een t = 0 : 5 and t = 1 : 5. Figure 4.7 sho ws b oth the computed

and the analytical free surfaces at t = 1 : 000, together with the initial free surface.

As ma y b e seen, the maxim um discrepancy o ccurs close to the axis of symmetry .

Figure 4.8 sho ws the dimensionless nec k v elo cit y as a function of time. Again the

agreemen t b et w een analytical and computed v alues is go o d. Figure 4.9 sho ws b oth

the v elo cit y �eld at t = 0 : 304 and the detail in the upp er nec k region at that time.

Note the di�eren t scalings of the v elo cit y �eld emplo y ed in the t w o �gures, the

greatest v elo cities o ccurring in the nec k region. As ma y b e seen from 4.9(b), despite

the considerable mo di�cation of the mesh that has o ccurred in the nec k region b y

t = 0 : 304, there is no sign of an y sa w-to oth instabilit y on the free surface, whic h

app ears p erfectly smo oth at this scale.

Figure 4.10 sho ws t w o details of the pressure �eld at t = 0 : 304. The pressure

con tours sho wn in all the pressure plots in this thesis w ere selected automatically , a

�xed n um b er of con tours b eing dra wn equispaced b et w een the maxim um and mini-

m um pressures o ccurring at that time. Th us neither the con tours lev els themselv es

nor their spacing ha v e an y absolute signi�cance and cannot b e compared b et w een

plots.

F rom Fig. 4.10(b) it ma y b e seen that while the mesh app ears adequate, in that
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Figure 4.8: Nec k v elo cit y as a function of time for mesh 3: |{ exact; 3 computed.

it resolv es the main features of the pressure �eld, kinks are visible in the pressure

�eld appro ximately one nec k radius to the righ t of the y axis. Reference to Fig.

4.3 sho ws that these o ccur in a region of the mesh where the size of elemen ts is

c hanging rapidly in resp onse to reduction in the absolute curv ature o ccurring as

one mo v es a w a y from the nec k. Clearly , further re�nemen t of the mesh w ould b e in

order here. Note that, as discussed in Section 2.2.3, in this w ork no attempt is made

to re�ne the free-surface discretisation with resp ect to the curv ature gradien t, only

equidistribution of curv ature b eing attempted. Th us, if the curv ature is small but

c hanging rapidly , a situation in whic h one w ould exp ect large pressure gradien ts to

o ccur, the curren t meshing sc heme will not tak e this in to accoun t and consequen tly

b oth the free surface and the in terior mesh will b e coarser than appropriate.

Figures 4.11 and 4.12 sho w the v elo cit y and pressure �elds, resp ectiv ely , at t =

1 : 000 and t = 2 : 000. By t = 2 : 000, the conca v e regions of the free surface ha v e

disapp eared, and since the pressure gradien ts driving the 
o w are no w m uc h reduced,

the rate of deformation of the domain is no w m uc h smaller; the nec k v elo cit y in (b)

b eing appro ximately half that in (a). Note that at t = 2 : 000, the domain still

displa ys a high degree of symmet ry .

T able 4.2 sho ws assorted run statistics for the �v e meshes considered here. Col-

umn t w o giv es the n um b er of PCR iterations required for the �rst step of the prob-
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(a)

(b)

Figure 4.9: The coalescence of t w o in�nite cylinders: (a) v elo cit y �eld at t = 0 : 304;

(b) v elo cit y �eld in the nec k region at t = 0 : 304.
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(a)

(b)

Figure 4.10: The coalescence of t w o in�nite cylinders: (a) pressure �eld at t = 0 : 304;

(b) pressure �eld in nec k region at t = 0 : 304.
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(a)

(b)

Figure 4.11: V elo cit y �elds at: (a) t = 1 : 00; (b) t = 2 : 00.
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(a)

(b)

Figure 4.12: Pressure �elds at: (a) t = 1 : 00; (b) t = 2 : 00.
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Mesh Iterations Steps Remeshes Av erage time p er step

1 1619 1548 54 23s

2 1879 1766 149 44s

3 2253 2085 71 69s

4 2686 2648 77 104s

5 3681 3383 130 221s

T able 4.2: The coalescence of t w o in�nite cylinders: run statistics.

lem, column three the n um b er of time steps required to in tegrate up to t = 4 : 0,

column four the n um b er of mesh regenerations required, and the last column the

a v erage CPU time p er time step as measured on a 180 MHz SGI R5000 w orksta-

tion. The a v erage CPU time p er step, and th us the o v erall run time, increases b y a

factor of appro ximately 2

1: 7
eac h time k

tol

is halv ed. The o v erall run time for mesh

3 w as appro ximately 40 hours, while that for mesh 5 w as appro ximately 208 hours

i.e. more than eigh t da ys. If uniform re�nemen t w ere emplo y ed, then mesh 5 w ould

ha v e appro ximately 16 times the n um b er of unkno wns as mesh 1, the a v erage time

step w ould tak e three quarters of an hour and the en tire run around four mon ths!

While the n um b er of mesh regenerations required generally increases with the

n um b er of time steps as one w ould exp ect, the excessiv ely large n um b er required

for mesh 2 is hard to explain. It ma y simply b e that for the giv en domain and

c hoices of h

max

and k

tol

the meshes pro duced b y T riangle w ere p o orly suited to the

curren t application, con taining triangles that rapidly degenerated as the mesh w as

deformed. One strategy for dealing with this problem w ould simply b e to p erturb

h

max

(or k

tol

) sligh tly , in the exp ectation that this w ould lead to more satisfactory

b eha viour. F urther in v estigation of this issue w ould app ear appropriate, particularly

with regard to v arian ts of the Jacobi-smo othing op erator, whic h migh t b e designed

so as to giv e greater w eigh t to the need to b ound mesh angles a w a y from b oth 0

�

and 180

�

. Since the mesh is regenerated at least ev ery 40 time steps, it ma y b e

deduced that in all cases, except for mesh 2, only a minorit y ( � 30%) of the mesh

regenerations are forced ones, the remainder b eing p erio dic regenerations.

4.4.1 Accuracy

Figure 4.13 sho ws the nec k v elo cit y in the early stages of the problem for three

of the meshes, as w ell as the exact v elo cit y . As ma y b e seen, the computed nec k
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Figure 4.13: Initial stage v elo cities: |{ mesh 1; . . . mesh 3; - - - mesh 5; { { { exact.

v elo cit y con tains a large comp onen t of `noise' and is far from monotonic at this

scale. This is particularly apparen t for the coarsest mesh. As the mesh is re�ned

the amplitude of this noise decreases rapidly , and is in all cases a fraction of the

mean error in the v elo cit y . Note the initial up w ard transien t in all three cases, the

initial v elo cities b eing considerably closer to the exact solution, than those observ ed

once the sim ulations are underw a y .

T able 4.3 giv es the error in the nec k v elo cit y at an arbitrary time, t = 0 : 31, in the

early stages of the problem. This time w as c hosen in order to a v oid large errors due

to the global error in the free surface's lo cation. The v alues giv en w ere obtained b y

�tting a straigh t line to the data sho wn in Fig. 4.13 for the in terv al t 2 [0 : 30 ; 0 : 32],

using a least-squares metho d [121 ]. The v elo cit y at t = 0 : 31 w as then found b y

in terp olation and the error in the v elo cit y computed using (4.3) and (4.5). The

data giv en in T able 4.3 is also sho wn in Fig. 4.14, from whic h it ma y b e seen that

the error in the nec k v elo cit y decreases linearly , i.e. prop ortionately to k

tol

.

4.4.2 T angen tial stress

A con v enien t test of an y �nite elemen t solution obtained with natural b oundary

conditions is to c hec k that the b oundary conditions reco v ered from the computed
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Mesh k

tol

Nec k v elo cit y error

1 0.2000 0.0272

2 0.1414 0.0189

3 0.1000 0.0127

4 0.0707 0.0089

5 0.0500 0.0061

T able 4.3: The coalescence of t w o in�nite cylinders: a v eraged nec k v elo cities at

t = 0 : 31.
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Figure 4.14: Con v ergence rate: error in the dimensionless a v eraged nec k v elo cit y at

t = 0 : 31, as a function of k

tol

.

solution agree with those imp osed. Since the imp osed tangen tial stress is here zero

this approac h pro vides a con v enien t and simple test of the accuracy of the solv er,

that ma y b e applied to an y free-surface problem for whic h the imp osed tangen tial

stress is zero.

A t free-surface edge no des the computed v elo cit y and pressure �elds ma y b e

emplo y ed directly to reco v er the tangen tial stress. A t free-surface v ertices, ho w ev er,

the situation is complicated b y the fact that the v elo cit y �eld is only C

0
con tin uous

at elemen t b oundaries. Here this di�cult y is dealt with b y the simple exp edien t

of taking the a v erage of the tangen tial stresses computed on the t w o adjacen t free-

surface edges. The reader's atten tion is, ho w ev er, dra wn to the discussion of more
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Figure 4.15: Normal and tangen tial stress in the nec k region at t = 0 : 29: { { {

normal stress; |{ tangen tial stress.

sophisticated tec hniques for ev aluating gradien ts at no des con tained in [34]. Figure

4.15 sho ws b oth the normal and tangen tial stresses in the nec k region for mesh 5, at

t = 0 : 29, when the maxim um absolute nec k curv ature is still large. Note that at this

early p oin t in the computation the mesh has already b een regenerated three times.

As exp ected, the normal stress has a mark ed p eak in the nec k region, the maxim um

absolute dimensionless stress b eing appro ximately 86. The oscillations visible in the

normal stress in the nec k region, while un w elcome, are not en tirely unexp ected. The

maxim um amplitude of the oscillations is around 25% of the imp osed normal stress.

Oscillations lik e these are often observ ed in �nite elemen t solutions where the mesh is

to o coarse to accurately represen t the solution [34]. Note that, while the free-surface

meshing algorithms emplo y ed here do a go o d job of resolving the regions of maxim um

free-surface curv ature, the adjacen t sections of the free surface, b eing of relativ ely

lo w curv ature, are far less w ell resolv ed. Th us it app ear that mesh re�nemen t with

resp ect to free-surface curv ature alone is insu�cien t to guaran tee a go o d mesh.

Similar oscillations are also visible in the tangen tial stress with appro ximately the

same amplitude as those observ ed in the normal stress at a giv en p oin t on the free

surface.

Where the mesh is su�cien t to adequately resolv e the solution, the tangen tial-
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stress errors observ ed app ear to result from the presence of �nite discon tin uities in

the tangen t at free-surface v ertices. As discussed in Section 2.2.1, in the curren t

form ulation con tin uit y of the tangen t at free-surface v ertices is b y no means guar-

an teed, and th us, in general, at a free-surface v ertex the normal and tangen t are

not uniquely de�ned. Regardless of ho w the imp osed normal stress is computed, in

practice the sp eci�cation of a normal stress at a free-surface v ertex will inevitably

result in the imp osition of non-zero tangen tial stresses on the t w o edges adjacen t to

the v ertex in question. Th us it is clear that, whenev er discon tin uities are presen t at

v ertices, a certain amoun t of `cross-talk' b et w een the imp osed normal and tangen tial

b oundary conditions will o ccur.
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Figure 4.16: The e�ect of mesh re�nemen t on tangen tial-stress error in the nec k

region cen tred around x = 0. T angen tial stress at t = 0 : 29: - - - mesh 1; { { { mesh

3; || mesh 5.

Figure 4.16 sho ws the tangen tial stress on a section of the free surface cen tred

on the upp er nec k for meshes 1, 3 and 5. As ma y b e seen, the tangen tial-stress

error decreases rapidly as the mesh is re�ned. F or mesh 5, the maxim um absolute

tangen tial-stress in the region sho wn is appro ximately 0 : 5, i.e. only 0 : 6% of the

magnitude of the imp osed normal stress.
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4.4.3 Conserv ation of mass

In a time-dep enden t free-surface computation the p ossibilit y arises that the size of

the domain ma y actually increase or decrease during a computation. Three causes

of mass conserv ation error are imme diately apparen t in a n umerical study of this

nature. Firstly , since the set of linear equations is only ev er solv ed appro ximately ,

mass ma y b e lost or gained due to failure to imp ose the incompressibilit y constrain t

exactly . In the curren t �nite elemen t form ulation, emplo ying T a ylor-Ho o d elemen ts,

mass conserv ation is not guaran teed for eac h elemen t; incompressibilit y b eing im-

p osed only globally through the discretisation of the con tin uit y equation. Th us,
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Figure 4.17: Conserv ation of mass: p ercen tage c hange in domain area as a function

of time for mesh 3.

while lo cally relativ ely large mass-conserv ation errors ma y o ccur, o v er the en tire

domain one w ould exp ect, in the w orst case, the rate of mass loss or gain due to

this source to b e of the same order of magnitude as the tolerance to whic h the com-

p onen ts of the v elo cit y are computed m ultiplied b y the length of the free-surface

p erimeter. Th us, here, the w orst-case rate of mass loss w ould b e exp ected to b e of

the order of 4 � � 10

� 10
in the initial stages of the problem.

In the curren t sc heme, mass ma y also b e gained or lost as a result of the o ccasional

splitting, merging and adjustmen t of edges necessary to main tain an accurate free-

surface discretisation. In practice, these mo di�cations app ear not to b e a signi�can t
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source of global mass conserv ation error, since the individual errors tend to cancel

with one another o v er a su�cien tly long p erio d of time.

Figure 4.17 sho ws the p ercen tage v ariation of the domain area as a function of

time. Note the initial relativ ely rapid drop in the area that o ccurs as the curv ature

in the nec k region decreases rapidly . In the later stages of the problem the area

increases un til, as the �nal con�guration is approac hed, the rate of c hange nears

zero. Th us it app ears that the rate of c hange in area is greatest when the free

surface is mo ving most rapidly . Note, ho w ev er, that the maxim um deviation of the

area from its initial v alue is only 0 : 005% for this problem. F rom Figure 4.18 it ma y
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Figure 4.18: The e�ect of spatial re�nemen t on mass conserv ation; dimensionless

domain area as a function of time, for a �xed time-step size k = 0 : 000125: - � - � - � - � -

mesh 1; � � � � � mesh 2; - - - - - mesh 3; { { { { mesh 4; ||| mesh 5.

b e seen that as the b oundary of the mesh is re�ned the rate of area c hange doesnot decrease signi�can tly . Note the di�eren t initial areas for eac h of the meshes,

the correct area of 2 � , or 6 : 2831853 to 8 signi�can t �gures, b eing approac hed b y

the �nest meshes. In all �v e cases, a �xed time-step size of k = 0 : 000125 w as

emplo y ed. F or mesh 3 an a v erage rate of area c hange of appro ximately 2 : 3 � 10

� 3
%

p er dimensionless unit of time w as observ ed o v er the in terv al sho wn.

Figure 4.19 sho ws the e�ect that altering the size of the time step has on the

initial rate of area c hange for a mesh of �xed resolution. F rom Fig. 4.19 it ma y b e
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seen that the area lost b y time t = 0 : 35 v aries appro ximately linearly with time-step

size. This is precisely what one w ould exp ect to observ e for a �rst-order explicit

adv ection sc heme suc h as that emplo y ed here. In suc h a sc heme the v elo cit y of eac h
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Figure 4.19: The e�ect of time-step size on mass conserv ation; dimensionless domain

area as a function of time using mesh 3: ||| k = 0 : 0002500; { { { { k = 0 : 0001780;

- - - - - k = 0 : 0001250; � � � � � k = 0 : 0000884; - � - � - � - � - k = 0 : 0000625.

free-surface no de is held �xed throughout a time step and the p osition of eac h no de

v aries linearly with time within the time step. Consequen tly , the lo cal truncation

error for eac h free-surface no de's lo cation at the end of a time step, and th us the

area, will b e O ( k

2
). As a result, in the w orst case, the global truncation error will b e

O ( k ), since the n um b er of steps required is O ( k

� 1
). Th us it app ears that the largest

part of the mass-conserv ation error observ ed results from the temp oral truncation

error of the explicit free-surface adv ection sc heme emplo y ed here.

A n um b er of discon tin uities in the curv es are apparen t in Figs. 4.18 and 4.19.

These are due to errors in tro duced when the mesh is regenerated and free-surface

edges are merged and split. Note that the discon tin uities visible in Fig. 4.19 app ear

w orse than those in Fig. 4.18 due to the di�eren t scales emplo y ed for the y axis in the

t w o �gures. The largest discon tin uit y visible in Fig. 4.18 o ccurs for mesh 3 around

t = 0 : 31 and corresp onds to a jump in the area of appro ximately 10

� 6
dimensionless

units. Since mesh 3 requires 77 mesh regenerations for this problem i.e. on a v erage
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one ev ery 0 : 05 time units, if one assumes that the size of the discon tin uit y at t = 0 : 31

is represen tativ e of the others, then, in the w orst case, the a v erage rate of c hange in

area via this mec hanism will b e of the order of 3 � 10

� 4
%, and the o v erall c hange

in area around 2 � 10

� 3
%. In practice, it app ears that these discon tin uities tend

to cancel one another out o v er relativ ely short p erio ds of time. F urthermore, they

app ear to b e largest in the initial stages of this problem, and, as the maxim um

absolute nec k curv ature decreases, similarly decrease in magnitude.

4.4.4 E�ciency

Figure 4.20 illustrates ho w the n um b er of unkno wns v aries with time when initial

mesh 3 is emplo y ed. By the later stages of the problem the n um b er of unkno wns, N,

has more than halv ed. Since the linear solv er emplo y ed here has an O ( N

2
) run time,

this results in a four-fold reduction in the CPU time required p er time step. As Fig.

4.21 sho ws, the reduction in the n um b er of unkno wns is matc hed b y a reduction

in the n um b er of conjugate residual iterations required p er time step. Note the

p eaks that o ccur whenev er the mesh is regenerated. These are due in part to the

fact that imme diately after a mesh regeneration no useful predictor is a v ailable.

On the second step after a mesh regeneration only a �rst-order accurate predicator

is a v ailable and thereafter second-order accurate predictors b ecome a v ailable. As

ma y b e seen, in the later stages of the problem the a v ailabilit y of second-order

predictors roughly halv es the n um b er of conjugate residual iterations required p er

time step. A ttempts to compute predictors for the time step immedi ately after a

mesh regeneration, b y p erforming in terp olation of solutions from previous steps,

w ere ho w ev er unsuccessful, those computed pro ving no b etter than a �xed v ector of

all ones.

Although the largest part of the reduction in the iteration coun t o ccurs o v er

the �rst three steps after a mesh regeneration, as ma y b e seen from Fig. 4.21, the

n um b er of iterations required con tin ues to fall. This is due to the fact that a new

mesh generated b y T riangle will, in general, undergo a n um b er of Jacobi-smo othing

op erations b efore it approac hes a stable con�guration. Th us, initially , the linear-

algebraic problem will b e c hanging rapidly , and, as a consequence, the predictors

will b e relativ ely p o or. As the mesh nears its optimal con�guration ho w ev er, the

algebraic system c hanges m uc h more slo wly , no w mainly in resp onse to the ev olution

of the free surface, and as a result the predictors b ecome increasingly accurate. Note
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Figure 4.20: Num b er of unkno wns as a function of time for mesh 3.
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Figure 4.21: Num b er of PCR iterations p er time step as a function of time for mesh

3.

that one w ould also exp ect the Laplacian smo other to reduce the condition n um b er

of the linear-algebraic problem as it acts to reduce the di�erence in size of adjacen t

elemen ts [27].
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Figure 4.22: Adaptiv ely c hosen time-step size as a function of time, l te = 1 � 10

6
:

Figure 4.22 sho ws the dimensionless time-step size, selected using the stabilit y

metho d describ ed in Section 3.15, as a function of dimensionless time. As ma y b e

seen, the initial time-step size is of the order of k = 0 : 00025. This gradually increases

un til, around t = 1 : 2, the upp er limit on the time-step size of k = 0 : 005 is attained

for the �rst time. Th us, it ma y b e seen that the time-step size emplo y ed increases

t w en t y-fold as the problem progresses, allo wing a considerably smaller n um b er of

time steps to b e tak en than w ould b e the case if a time step of �xed size w ere

emplo y ed. While the selection of time-step size using the CFL metho d describ ed in

Section 3.15 w as also in v estigated, it w as t ypically found to b e less e�cien t than the

stabilit y metho d, the main di�cult y with the CFL approac h b eing that the constan t

emplo y ed ( C 1 =

14 ) often had to b e further reduced to guaran tee the stable ev olution

of the free surface throughout the problem.

4.4.5 Shap es with corners

In order to illustrate that the tec hniques emplo y ed ab o v e ma y b e applied to problems

with more general free-surface geometries, the Stok es-
o w ev olution of a cross w as

also brie
y in v estigated. Figure 4.23 sho ws the ev olution of suc h a shap e, the initial

width of the domain b eing 1 : 2 units. The time-step size w as c hosen automatically
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(a) t = 0.0000 (b) t = 0.1069

(c) t = 0.5041 (d) t = 1.1021

Figure 4.23: Stok es-
o w ev olution of a cross with rounded corners, mesh at selected

times.

using the stabilit y metho d. F or the reasons discussed in Section 2.2.4, the corners

of the initial mesh, at whic h the curv ature w ould otherwise b e un b ounded, ha v e

b een replaced with short circular arcs of radius 0 : 025. In principle these ma y b e

made arbitrarily small in radius. In the mo delling of suc h a problem, the rounding of

corners app ears to b e a reasonable mo di�cation since it is observ ed that, in practice,

suc h corners rapidly ev olv e in to smo oth arcs, due to the large pressures o ccurring at

the discon tin uities. The initial shap e w as c hosen b ecause it con tains b oth conca v e

and con v ex corners. Initially , the greatest activit y o ccurs near to the corners, where

the pressure gradien ts are largest. After only a short time, i.e. b y t = 0 : 1069, the

ends of the arms of the cross ha v e b een replaced b y near-circular arcs. Note that
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the in terior of the initial mesh, sho wn in Fig. 4.23(a) is considerably �ner than that

at, sa y , t = 0 : 1069. This is due to the use of a smaller v alue of h

max

when generating

the initial mesh than that emplo y ed during the remainder of the computation.

The conserv ativ e nature of the mesh dere�nemen t algorithm emplo y ed here is

apparen t in the mesh sho wn for t = 0 : 5041, in whic h the sections of the free surface

corresp onding to the original conca v e corners still exhibit an apparen tly higher than

necessary degree of re�nemen t. By t = 1 : 1021 this has disapp eared, and the mesh

is close to b eing rotationally symme tric with regard to elemen t size.

The success of the mesh regeneration algorithms emplo y ed in dealing with this

completely di�eren t geometry is all the more impressiv e giv en that no alterations

w ere necessary to the co des implem en te d and demonstrates the robustness of the

metho ds emplo y ed. While re�nemen t studies w ere not conducted for this problem,

the accuracy of the computations ma y b e gauged b y considering the total c hange in

the domain's area during the sim ulation. This w as found to b e a gain in area of ap-

pro ximately 0 : 012%, more than half of whic h o ccurred in the �rst 0 : 1 dimensionless

time units of the sim ulation. Th us the o v erall c hange in the domain area for this

problem is appro ximately equal to that observ ed for the t w o-cylinders problem on

mesh 3.

4.5 Conclusions

In this c hapter a b enc hmark problem has b een solv ed and the solutions computed

sho wn to b e in go o d agreemen t with the analytical solution. F urthermore, the ini-

tial nec k v elo cit y has b een demonstrated to con v erge at the predicted rate to w ards

the exact solution. As far as the author is a w are, this is the �rst time suc h con-

v ergence has b een demonstrated conclusiv ely for a time-dep enden t surface-tension-

driv en free-surface problem suc h as this.

The automatic mesh-re�neme n t algorithm describ ed in Chapter 2 has b een

demonstrated for non-trivial problems, and sho wn to b e robust in practice. That the

diagonally-preconditioned conjugate residual metho d ma y b e used to reliably solv e

time-dep enden t problems o v er man y time steps has also b een sho wn, as has the

v alue of simple explicit predictors in considerably reducing the n um b er of iterations

required.

The mass conserv ation prop erties of the sc heme ha v e b een in v estigated. While

the rate of mass loss/gain is su�cien tly small to allo w man y useful computations to

b e carried out, the dep endency of the rate of mass loss on the time-step size suggests
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that higher-order free-surface adv ection sc hemes migh t w ell pro v e useful in reducing

the rate of mass loss, without the need to emplo y excessiv ely small time steps. The

nature of the observ ed tangen tial-stress errors has also b een in v estigated, and they

ha v e b een sho wn to decrease rapidly as the free surface is re�ned.

Finally , the successful application of the stabilit y metho d for selecting the time

step has b een demonstrated, and the approac h has b een sho wn to b e reliable for a

range of mesh resolutions.



Chapter 5The supported-load problem
The material contained in this chapter is the subject of a paper [77], submittedto Proceedings of the Royal Society of London Series A, in September 1999.

In this c hapter the b eha viour of a �lm of viscous 
uid adhering to a rotating

cylinder in a gra vitational �eld is in v estigated. The time-dep enden t form of this

problem has, to the author's kno wledge, nev er b efore b een mo delled. The maxi-

m um supp ortable cross-sectional area of 
uid is sho wn to b e in excellen t agreemen t

with that predicted b y Hansen and Kelmanson [38], and the existence of steady

free-surface pro�les is con�rmed for certain parameter v alues. A t other parameter-

v alues stable but oscillatory patterns of 
o w w ere observ ed, con trary to exp ectation.

Finally the instabilities that arise when the rate of rotation of the cylinder is to o

small to supp ort the �lm are in v estigated.

5.1 Bac kground

Ac heson [2 ] discusses the problem of �nding the maxim um cross-sectional area of

a viscous 
uid that ma y b e supp orted against gra vit y b y the steady rotation of

an in�nite cylinder, hereafter referred to as the supported-load problem. The prob-

lem's geometry is illustrated in Fig. 5.1. Mo�att [70] obtained an expression for

the maxim um supp ortable load of 
uid at a giv en rate of rotation b y making t w o

assumptions; that 
o w parallel to the axis of the cylinder is negligible, and that

142
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Figure 5.1: Domain for supp orted-load problems.

the standard appro ximations of lubrication theory [2] ma y b e emplo y ed. T o sup-

p ort the �rst assumption Mo�att presen ts exp erimen tal evidence suggesting that

for su�cien tly thin �lms no signi�can t v ariation in the �lm thic kness o ccurs in the

axial direction; see for example his Fig. 5 [70]. The second assumption app ears

less satisfactory , since in tuitiv ely one w ould exp ect an y thin-�lm 
o w to appro xi-

mate a rigid-b o dy motion, and for a rigid-b o dy motion the e�ects of viscosit y are

non-existen t. The solutions computed as part of the in v estigations describ ed here

supp ort the h yp othesis that for thin �lms the pattern of 
o w is close to that of a

rigid-b o dy , signi�can t di�erences b eing apparen t only for large supp orted loads.

A rigid-b o dy 
o w is one in whic h the v elo cit y �eld tak es the form

u = � ! r � ^ z = ( � ! y ; ! x ) ; (5.1)

where r is the p osition v ector of a 
uid particle, ! is the angular v elo cit y of the

cylinder and ^ z is a unit normal orthogonal to the x and y axes and pro jecting

out of the page. Note that in the absence of gra vit y , and pro vided the pressure is

ev erywhere constan t, an y rigid-b o dy motion of a 
uid, i.e. translations and rotations,

satis�es the Stok es equations. Where surface tension is presen t the free surface will
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ha v e minimal surface energy only when it is circular in pro�le. In the absence of

gra vit y an y con�guration with a circular cross-section, con taining the cylinder, and

rotating at the same sp eed ab out the same axis, will b e an exact solution of the

Stok es equations. In these circumstances the ev erywhere constan t pressure will b e

that required to satisfy the condition of con tin uit y of stress at the free surface.

Where gra vit y is presen t, for a steady rigid-b o dy motion of the 
uid the go v erning

equations reduce to

r p = � g ; (5.2)

the solution of whic h is simply p = p 0 + �g y , where � is the densit y and g is the

acceleration due to gra vit y . If � g is non-zero, then p cannot b e constan t within

the 
uid, and consequen tly the conclusion m ust b e dra wn that the pattern of 
o w

m ust deviate, if only sligh tly , from a rigid-b o dy one whenev er a gra vitational �eld

is presen t.

In terestingly , in the Na vier-Stok es case, where gra vit y is absen t a steady rigid-

b o dy solution also exists, though no w the circular free surface m ust b e coaxial with

the cylinder; and since the 
uid is assumed to ha v e momen tum , the pressure �eld

m ust b e suc h as to pro vide the necessary cen trip etal force. It is easy to v erify that

p = p 0 + �!

2  

x

2
+ y

2
2

!

(5.3)

together with (5.1) giv es suc h a solution, where the constan t p 0 is again selected to

giv e con tin uit y of stress at the free surface. Indeed, where the e�ects of surface ten-

sion ma y b e neglected, Pukhnac hev [81] p oin ts out that, b y an extension of a result

due to Solonnik o v [99], suc h a solution m ust b e unique. Mo�att [70 ] suggests that

the complex three-dimensional free-surface instabilities observ ed in the lab oratory

are primarily due to the in teraction of the cen trifugal and surface tension forces,

and Preziosi and Joseph [79 ] further address this matter.

Figure 5.2 sho ws the maxim um supp ortable non-dimensional cross-sectional area

predicted b y three di�eren t mo dels as a function of 
 , the dimensionless accelera-

tion due to gra vit y de�ned b y (5.6). Hansen and Kelmanson's results obtained

with a Stok es-
o w mo del [38] are sho wn using diamonds. In addition to the curv es

giv en b y the thin-�lm analyses of Mo�att [70 ] and Kelmanson [57], a third curv e,

obtained b y �tting a Lauren t series expansion of degree three to Hansen and Kel-

manson's Stok es-
o w data, is also sho wn. As ma y b e seen, for 
 � 6, the `thin-�lm'

region, Hansen and Kelmanson's Stok es-
o w results are in go o d agreemen t with Kel-

manson's thin-�lm analysis, the agreemen t with Mo�att b eing go o d only at large
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Figure 5.2: Maxim um supp ortable cross-sectional area (�) as a function of 
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Stok es-
o w, Hansen and Kelmanson 1994 (data); { { { { Stok es-
o w, Hansen and

Kelmanson 1994 (LS �tted curv e); � � � � � � Thin-�lm, Kelmanson 1994; - - - - - -

Thin-�lm, Mo�att 1977.

( 
 � 15) v alues of 
 . F or 
 < 5 Kelmanson's thin-�lm analysis o v erestimates the

maxim um supp ortable load, while Mo�att's underestimates it.

Where the cross-sectional area of the 
uid is large in comparison with that of

the cylinder, as in Hansen and Kelmanson's Figure 6(a) [38 ], it is clear that ev en a

near-rigid-b o dy 
o w requires the radial comp onen t of the v elo cit y to b e of consid-

erable magnitude. F or the con�guration they sho w, the maxim um �lm thic kness is

appro ximately t wice the minim um �lm thic kness and, since the kinematic b oundary

condition states that a material p oin t on the free surface m ust alw a ys remain on the

free surface, the only w a y that the radial v elo cit y on the free surface can b e negli-

gible is if the tangen tial comp onen t of the free-surface v elo cit y is also ev erywhere

small. Observ ations conducted as part of in v estigations presen ted here app ear to

rule out suc h 
o w patterns, and indeed ha v e sho wn that the radial v elo cit y need

not b e negligible, particularly when the supp orted load is large and gra vit y forces

the free-surface pro�le to deviate considerably from a coaxial one. This ma y in part

explain the div ergence b et w een the predictions of Mo�att's thin-�lm analysis and

Hansen and Kelmanson's Stok es-
o w results for large supp orted loads, since when
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the radial comp onen t of the v elo cit y is large lubrication theory do es not pro vide an

adequate mo del.

Hansen and Kelmanson [38] attempted to �nd the maxim um steady supp ortable-

load at a giv en v alue of 
 b y emplo ying a searc h pro cedure, increasing the load of


uid un til their solv er failed to con v erge to a steady-state solution within a prescrib ed

time limit. The results they obtained suggest that the maxim um supp ortable load

is a monotonic decreasing function of 
 . Caution should ho w ev er b e exercised when

in terpreting Hansen and Kelmanson results since one cannot rule out the p ossibil-

it y that larger supp ortable loads migh t b e p ossible when unsteady con�gurations

are p ermitted. One in tuitiv ely plausible in terpretation of Hansen and Kelmanson's

results is that for loads lying ab o v e the maxim um -supp ortable-load curv e no sta-

ble steady-state con�guration exists, and con v ersely , that b elo w the curv e a stable

steady-state con�guration alw a ys exists. It should b e noted, ho w ev er, that their

steady-state iterativ e b oundary in tegral metho d giv es no means of distinguishing

b et w een asymptotically stable and asymptotically unstable steady-state solutions.

Applying the non-dimensionalisation pro cedure emplo y ed b y Hansen and Kel-

manson (see Section 5.2) to the go v erning equations one obtains

�a

2
!

�

"

@ u

�

@ t

�

+ ( u

�

� r ) u

�

#

= r

2
u

�

� r p

�

� 
 j ; (5.4)

where the sup erscripts (

�

) denote dimensionless v ariables, j is a unit v ector in the

p ositiv e y direction,

Re =

�a

2
!

�

(5.5)

is the Reynolds n um b er and


 =

�g a

! �

(5.6)

is the Stokes number | the dimensionless acceleration due to gra vit y . Hansen and

Kelmanson [38] calculate a Reynolds n um b er of order 10

� 1
for an apparatus similar

to that describ ed b y Mo�att [70] and, one infers, a v alue for 
 of order 1. Since

for most practical purp oses g is �xed, the only w a y




Re

ma y b e made large, and

th us the appro ximation a go o d one, is if a and ! are made small. Nev ertheless the

Stok es-
o w mo del is still of considerable fundamen tal in terest and an imp ortan t �rst

step in the mo delling of the full three-dimensional Na vier-Stok es problem.
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5.2 The Stok es 
o w mo del

F or a Stok es-
o w problem the only initial condition required is the sp eci�cation of

the initial free-surface pro�le. In tuitiv ely it w as exp ected that an y initial free-surface

pro�le that w as su�cien tly close to a steady-state pro�le w ould rapidly con v erge

to w ards it, resulting, asymptotically , in a steady solution. As will b e describ ed

shortly , this do es not alw a ys happ en.

The �rst di�cult y that has to b e o v ercome in the study of the time-dep enden t

form of the supp orted-load problem is that of selecting suitable initial conditions.

The simplest initial condition, and the one adopted here, tak es the form of a circular

free-surface coaxial with the rotating cylinder. Th us the initial condition is sp eci�ed

b y a single parameter, the mean �lm thic kness

�

h . Alternativ ely , the cross-sectional

area or load �, giv en b y

� = � (( a +

�

h )

2
� a

2
) (5.7)

ma y b e sp eci�ed, where a is the radius of the cylinder. One reason for preferring an

initially circular free-surface pro�le lies in the fact that suc h an exp erimen t could in

principle b e carried out in the lab oratory b y establishing a steady 
o w on a cylinder

at a large angular v elo cit y , giving an appro ximately circular free-surface pro�le, and

then suddenly reducing the angular v elo cit y of the cylinder.

In their analysis Hansen and Kelmanson [38 ] start b y assuming the existence of

a steady solution. They also assume that the Reynolds n um b er is su�cien tly small

that momen tum ma y b e neglected. Th us, non-dimensionalising using the v elo cit y ,

time and stress scales U 0 = ! a , T 0 = !

� 1
and S 0 = �! they obtain

r

2
u

�

� r p

�

� 
 j = 0 : (5.8)

where 
 is the dimensionless acceleration due to gra vit y , de�ned b y (5.6).

Note that in the dimensionless mo del, the cylinder has unit radius and unit

angular v elo cit y , taking 2 � time units to complete a rotation. The 
o w is assumed

to satisfy a no-slip b oundary condition on the cylinder, i.e.

u

�

= ( � sin � ; cos � ) : (5.9)

The free-surface stress b oundary condition, � , is giv en b y surface tension and has

the form

� = � � k n (5.10)
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where k is the curv ature of the cylinder, n is the out w ard free-surface normal, and

� is the co e�cien t of surface tension. On non-dimensionalisation (5.10) b ecomes

�

�

=

�

a�!

1

R

c

�

= �

1

R

c

�

; (5.11)

where R

c

is the radius of curv ature and � is the dimensionless surface tension,

de�ned b y

� =

�

! �

: (5.12)

Hansen and Kelmanson [38] rep ort that the free-surface pro�les they obtain are,

to a large exten t, indep enden t of the surface tension, i.e. that the di�erence b et w een

the free-surface pro�les obtained with � = 0 and � = 100 is small. F urthermore,

they rep ort that near symmetry of the free surface ab out the x axis is apparen t, ev en

when the surface tension is unrealistically large, e.g. with � = 100. The inclusion

of some surface tension has ho w ev er pro v ed helpful in the curren t time-dep enden t

sc heme, since it app ears necessary to prev en t instabilities of the free surface from

arising. Bearing these observ ations in mind it w as decided to emplo y a �xed v alue

of � = 1 throughout the curren t in v estigations.

Once � has b een �xed the problem as form ulated here is completely sp eci�ed

b y the t w o-dimensional parameter space f � � 
 g . Hansen and Kelmanson emplo y

an alternativ e parametrisation, sp ecifying the dimensionless tangen tial 
ux  0 �

that

their steady-state solution m ust satisfy . The dimensionless 
ux, at an angle � , is

de�ned as

 

�

( � ) = �

Z

r =1+h

� (� )
r =1 u

�

� ( � sin � ; cos � ) dr ; (5.13)

where the in tegral is ev aluated along a radius of the cylinder. Note that for an y

steady 
o w the 
ux will b e indep enden t of � . In the time-dep enden t case ho w ev er,

the 
ux will v ary with b oth time and � . F urthermore, ev en if a steady-state solu-

tion is lo cated, the 
ux will in general b e di�eren t from that found for the initial

free-surface con�guration. This mak es it di�cult to obtain solutions that closely

matc h those of Hansen and Kelmanson without a costly iterativ e searc h. In practice

ho w ev er, where a steady-state solution is found, the asymptotic 
ux app ears not

to di�er to o greatly from the initial 
ux, allo wing at least qualitativ e comparisons

to b e made. Giv en an initially coaxial free-surface pro�le, and in the absence of

gra vit y , the dimensionless initial 
ux ma y b e computed using

 0 �

= (

�

h

� 2
+ 2

�

h

�

) ; (5.14)
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and, con v ersely , the dimensionless initial mean �lm-thic kness

�

h

�

ma y b e computed

using

�

h

�

=

q

1 +  

� 0 � 1 : (5.15)

Note that, in the remainder of this c hapter, the sup erscripts will b e dropp ed, and the

sym b ols �, h ,

�

h ,  0 and t will refer to the corresp onding dimensionless quan tities.

Figure 5.3: Initial mesh (I) for preliminary in v estigations, 32 � 5 v ertices, � = 1 : 3.

5.3 Metho d

F or the preliminary in v estigations a mesh of �xed connectivit y w as emplo y ed, as

sho wn in Fig. 5.3. The initial cross-sectional area of the �lm, � = 1 : 3, corresp onds

to an initial �lm thic kness of appro ximately

�

h = 0 : 189. Statistics for the meshes

emplo y ed here are giv en in T able 5.1. Elemen ts that are considerably longer in

the circumferen ti al than in the radial direction are emplo y ed so as to reduce the

n um b er of unkno wns. Note that Hansen and Kelmanson emplo y 32 collo cation

p oin ts on the free surface in their b oundary-elemen t sc heme, and th us one migh t

reasonably exp ect that the presen t sc heme will b e of similar accuracy . F or this,

and the other preliminary exp erimen ts, a �xed time step of length k = 0 : 005 w as
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emplo y ed. That suc h a relativ ely large time step could b e emplo y ed app ears to re
ect

the fact that here the normal comp onen t of the free-surface v elo cit y is t ypically small.

The in terior of the mesh w as up dated at eac h time step using Lync h's elastic-mesh

metho d. Jacobi-smo othing w as not emplo y ed for this problem, since it w as found

that its use resulted in motion of the in terior v ertices to w ards the cylinder, causing

the elemen ts nearest to the cylinder to b ecome compressed. Th us, ev en tually , the

isoparametric discretisation breaks do wn near the cylinder. The bac kw ard-Euler

form of the semi-impli ci t sc heme describ ed in Section 3.7 w as emplo y ed. An ILUT

preconditioner (Section 3.12.2) w as recomputed ev ery ten time steps, taking l f il =

200 and dr optol = 10

� 6
. All linear systems w ere solv ed to an absolute tolerance of

10

� 10
.

Mesh N

�

N

r

Elemen ts Unkno wns

I 32 5 256 1184

I I 64 5 512 2368

I I I 128 5 1024 4736

IV 64 3 256 1216

V 64 9 1024 4672

VI 64 7 768 3520

T able 5.1: Initial mesh statistics.

5.4 Results

Figure 5.4 sho ws the ev olution of the �lm thic knesses at � = 0

�

, 90

�

, 180

�

and

270

�

for a computation carried out using mesh I, with a cross-sectional area of 
uid

� = 1 : 3, a non-dimensional acceleration due to gra vit y 
 = 12 : 5 and a time step

of k = 0 : 005. While at this v alue of 
 Kelmanson's analytic predication for the

maxim um supp ortable load is in go o d agreemen t with Hansen and Kelmanson's

Stok es-
o w computations, Mo�att's prediction is considerably lo w er. As ma y b e

seen, the oscillations in the four �lm thic knesses deca y rapidly and suggest that the


o w is con v erging to w ards an asymptotically steady con�guration. Figure 5.5, whic h

sho ws the L

1

norm of the residual at the start of eac h time step, app ears to con�rm

that suc h a con�guration will indeed b e a steady one. The spik es visible in Fig.

5.5 o ccur o ccasionally when the preconditioner is recomputed, and are apparen tly

due to inaccuracies in the incomplete LU factorisation. As the steady solution is
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.

approac hed the �lm thic knesses at � = 90

�

and � = 270

�

con v erge to w ards nearb y

limits, the di�erence in the limits at t = 300 b eing appro ximately 0 : 75%. This

suggests that the free-surface pro�le is appro ximately symmetri c in y = 0. That the

free-surface pro�le is indeed nearly symmetr ic ma y b e seen from Fig. 5.6, in whic h

b oth the free surface and its re
ection in the x axis are sho wn. Exact symmetry is

not ho w ev er exp ected, in part due to asymmetry of the mesh, but also since here

surface tension is not negligible [38 ].

Plotting the v elo cit y �eld for the steady-state solution describ ed ab o v e is unre-

v ealing, in that, for a �lm of this thic kness, no detectable deviation from a rigid-b o dy

motion is apparen t. The pressure �eld is ho w ev er more in teresting. Figure 5.7 sho ws

the pressure �eld arising at t = 333. This con�rms at least qualitativ ely that, as

predicted b y Hansen and Kelmanson [38], the pressure �eld is appro ximately an ti-

symmetric in y = 0. Note that in Fig. 5.7 the maxim um pressure of 2 : 348 o ccurs

on the upp er part of cylinder, while the minim um pressure of � 0 : 671 o ccurs on

the lo w er part of the cylinder. T able 5.2 giv es the asymptotic �lm thic knesses, as

estimated from the data sho wn in Fig. 5.4 (FE), together with the �lm thic knesses

predicted b y thin-�lm theory (TT) [38] and the p ercen tage di�erence b et w een the
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Figure 5.5: L

1

norm of the residual for an asymptotically steady problem, � = 1 : 3,


 = 12 : 5.

� h (FE) h (TT) % di�erence

0 0.236 0.227 4.0

90 0.180 0.190 -5.3

180 0.161 0.153 5.2

270 0.180 0.190 -5.3

T able 5.2: Asymptotic �lm thic knesses � = 1 : 3, 
 = 7 : 5: �nite elemen t metho d

(FE); thin-�lm theory (TT).

t w o. As these sho w, the agreemen t with thin-�lm theory is reasonably go o d, the

discrepancies b eing of the order of 5% in all four cases.

When the ab o v e exp erimen t w as rep eated using di�eren t v alues of � and 
 , a

range of b eha viours w ere observ ed. Figures 5.8 and 5.9 sho w the results of t w o sim-

ulations in whic h � w as reduced, 
 b eing held �xed. As ma y b e seen, with � = 1 : 2,

essen tially the same b eha viour w as observ ed as in the previous exp erimen t, though

no w the rate of damping is m uc h reduced. A t � = 0 : 75, ho w ev er, con v ergence did

not o ccur and oscillations of increasing amplitude w ere observ ed. This behaviourwas totally unexpected. Numerous further in v estigations, b oth at di�eren t v alues

of � and 
 , and emplo ying meshes of di�eren t resolutions and di�eren t time-step
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sizes all ho w ev er app ear to con�rm that suc h oscillatory b eha viour is a gen uine phe-

nomenon. F urthermore, suc h oscillatory b eha viour w as found regardless of the exact

shap e of the initial free-surface pro�le. Th us, for example, if the free-surface pro�le

giv en b y Kelmanson's steady-state thin-�lm appro ximation [57] w as emplo y ed, simi-

lar oscillations w ere observ ed, though of smaller amplitude. Mo difying the problem,

so that 
 w as increased gradually from zero to its prescrib ed v alue o v er one or more

p erio ds of rotation of the cylinder, w as similarly found to ha v e no e�ect on the

qualitativ e nature of the observ ed b eha viour. Note, ho w ev er, that in man y cases

where oscillatory b eha viour w as observ ed, the rate of increase in the amplitude of

oscillation w as not so mark ed as that apparen t in Fig. 5.9. In some cases the ampli-

tude w ould initially gro w but then stabilise, in other cases more complex b eha viours

w ere observ ed. The conclusion w as ev en tually reac hed that there app ears to b e a

large region of the parameter space f � ; 
 g in whic h stable oscillatory solutions can

arise, and that while the existence of steady-state solutions in this region cannot b e

ruled-out, con v ergence to w ards them, ev en from nearb y p oin ts in the solution space,

ma y b e arbitrarily slo w.
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Figure 5.7: Pressure �eld near steady-state on Mesh I at t = 333 : 0, � = 1 : 3,


 = 12 : 5.

Figure 5.10 sho ws the results of exp erimen ts carried out at a n um b er of p oin ts

in the parameter space. P oin ts at whic h con v ergence to a stable steady-state free-

surface con�guration w as observ ed are sho wn using crosses. Squares corresp ond to

p oin ts for whic h no stable con�guration w as found, the sim ulations b eing halted

only when it w as clear that 
uid w ould b e lost from the cylinder. Finally , diamonds

corresp ond to p oin ts at whic h no clear, unequiv o cal evidence of either instabilit y

or con v ergence w as seen. A t these p oin ts oscillatory b eha viours w ere observ ed with

damping b eing either absen t or negativ e. Where negativ e damping w as observ ed

the rate of gro wth of the amplitude of the oscillations w as t ypically small, b eing

of the order of a few p ercen t p er rotation of the cylinder. F urthermore, in suc h

cases the gro wth w as often observ ed to b e transien t, the amplitude stabilising at a

sligh tly higher v alue than the original. Suc h solutions are referred to here as stable

oscillatory solutions.

F rom Fig. 5.10 three regions of the parameter space are apparen t. These are

lab elled A, B and C as sho wn in Fig. 5.11, the upp er curv e represen ting Hansen and

Kelmanson's maxim um -supp ortable-load data. F or problems in region B, i.e. close

to Hansen and Kelmanson's maxim um -supp ortable-load curv e, con v ergence to w ards
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an asymptotically steady free-surface pro�le w as alw a ys observ ed. In region C only

oscillatory solutions w ere obtained, and in region A 
uid w as in v ariably shed b y

the cylinder. Mapping the b oundary b et w een regions A and B is relativ ely easy ,
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son's maxim um -supp ortable-load data.

particularly if Hansen and Kelmanson's results are emplo y ed as a guide. F or p oin ts

near to this b oundary sim ulations t ypically sho w clear signs of either con v ergence

or instabilit y within one or t w o rotations of the cylinder. Exact repro duction of

Hansen and Kelmanson's maxim um -supp ortable-load curv e is ho w ev er imp ossible

using the approac h emplo y ed here, since the precise curv e obtained presumably

dep ends on the initial conditions emplo y ed. Mapping the b oundary b et w een regions

B and C is considerably more di�cult, since a sim ulation ma y ha v e to b e con tin ued

for man y rotations of the cylinder b efore it b ecomes apparen t that con v ergence is

not going to o ccur. Note that the decision to include a p oin t in region C is based

up on a negativ e result | the non-o ccurrence of an y sign of con v ergence within ten

rotations of the cylinder | and th us one cannot rule out en tirely the p ossibilit y

that con v ergence migh t o ccur after some m uc h longer p erio d of time. Sim ulations

of suc h con�gurations o v er more than 100 rotations of the cylinder ha v e led to the

conclusion that where oscillatory solutions o ccur they are stable. The b oundary

b et w een regions B and C app ears to b e a simple con tin uous one, similar in form to

Hansen and Kelmanson's maxim um -supp ortable-load curv e, but displaced to w ards
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Figure 5.11: Regions of the parameter space: A | unstable; B | stable, asymp-

totically steady; C | stable, oscillatory .

the origin. A more sophisticated approac h to lo cating the b oundary b et w een regions

B and C migh t in v olv e plotting the observ ed, asymptotic, damping constan t as

a function of � and 
 , the con tour corresp onding to a damping constan t of zero

presumably giving the b oundary . One h yp othesis that migh t b e considered is that

the b oundary is illusory; the rate of damping in region C b eing merely v ery small,

n umerical error masking con v ergence. The n umerical exp erimen ts describ ed in the

follo wing section w ould ho w ev er app ear to refute this in terpretation. F urthermore,

note that while attempts w ere made to obtain steady-state solutions b y emplo ying

n umerical con tin uation in 
 and � from previous steady-state solutions, this w as

only successful for problems lying in region B.

F rom Figs. 5.4 and 5.8 it app ears that where con v ergence o ccurs the amplitude

of the oscillation migh t b e exp onen tially damp ed, i.e. that the rate of deca y is pro-

p ortional to the amplitude of the oscillation. Figure 5.12 w as obtained b y plotting

the logarithm of the maxim um �lm-thic kness at 0

�

against time for the t w o asymp-

totically steady problems describ ed ab o v e. As ma y b e seen, asymptotically at least,

the rate of damping do es app ear to b e exp onen tial, though initially it app ears to

b e somewhat faster. The straigh t lines sho wn in Fig. 5.12 w ere �tted b y ey e, for

illustrativ e purp oses only . Disco v ering the precise form of the damping curv e w ould

require more sophisticated metho ds than those emplo y ed here, since plotting Fig.
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Figure 5.12: Rate of deca y of oscillations in �lm thic kness, 
 = 12 : 5. Maxim um �lm

thic kness at � = 0: � � = 1 : 3; + � = 0 : 75.

5.12 with, for example, l og ( h

2
) rather than l og ( h ) as the dep enden t v ariable results

in a curv e that is v ery similar in app earance.

F urther in v estigation sho ws that, in general, the p erio d of the oscillation in �lm

thic kness at � = 0

�

is somewhat greater than that of the rotation of the cylinder

| a somewhat surprising observ ation. F or the problem sho wn in Fig. 5.4 the di-

mensionless duration of the �rst p erio d is appro ximately 8 : 8, and for the second

p erio d 8 : 45. Thereafter the p erio d decreases gradually un til, at t � 320, the p erio d

has fallen to steady v alue of appro ximately 8 : 3, i.e. 32% greater than that of the

cylinder. F or the problem sho wn in Fig. 5.8 the initial p erio d is appro ximately 7 : 85,

falling to appro ximately 7 : 5 b y time t = 300, i.e. appro ximately 19% greater than

that of the cylinder. Finally , the oscillatory solution sho wn in Fig. 5.9 w as found

to ha v e an appro ximately constan t p erio d of 6 : 45 o v er the �rst 45 rotations of the

cylinder, a v alue only 2 : 7% greater than that of the cylinder. In the later stages of

this latter problem measuremen t of the p erio d w as complicated b y the presence of

a higher-frequency comp onen t to the oscillations with a p erio d appro ximately half

that of the main comp onen t. This ma y b e observ ed in Fig. 5.9.
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Figure 5.13: The e�ect of re�ning the mesh in the circumferen ti al direction on the

�lm thic kness at 0

�

, � = 0 : 75, 
 = 12 : 5: || mesh I; { { { mesh I I; - - - - mesh I I I.

5.4.1 Accuracy

A n um b er of exp erimen ts w ere carried out to ascertain the e�ects of mesh resolution

and time-step size on accuracy . These w ere carried out using the parameter v alues

� = 0 : 75 and 
 = 12 : 5, corresp onding to the oscillatory solution sho wn in Fig. 5.9.

First the e�ect of re�ning the mesh in the circumferen ti al direction w as in v estigated.

The exp erimen t w as rep eated using meshes I I and I I I with resp ectiv ely 64 and 128

v ertices in the circumferen tial direction. A time step of k = 0 : 005 w as emplo y ed.

Figure 5.13 sho ws the ev olution of the �lm thic kness at � = 0

�

for meshes I, I I and

I I I, after more than 25 rotations of the cylinder. As ma y b e seen, doubling or ev en

quadrupling the n um b er of elemen ts in the circumferen ti al direction resulted in only

a small increase in the maxim um �lm thic kness computed in the time in terv al sho wn.

Doubling the n um b er of elemen ts increased the computed maxim um �lm thic kness

b y only 0 : 23%. F urther doubling the n um b er of elemen ts in the circumferen ti al

direction increased the maxim um �lm thic kness b y less than half this amoun t.

The e�ect of re�ning the mesh in the radial direction w as next in v estigated.

This time the ab o v e exp erimen t w as rep eated using meshes IV, I I and V with,

resp ectiv ely , 3, 5 and 9 v ertices in the radial direction. Again a time step of k = 0 : 005

w as emplo y ed. Figure 5.14 sho ws the ev olution of the �lm thic kness at � = 0

�

for

meshes I I, IV and V, after six rotations of the cylinder. Note that the piecewise-linear
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Figure 5.14: The e�ect of re�ning the mesh in the radial direction: on the �lm

thic kness at 0

�

, � = 0 : 75, 
 = 12 : 5: || mesh IV; { { { mesh I I; - - - - mesh V.

app earance of the curv es sho wn here is a result of the fact that the �lm thic knesses

w ere recorded only ev ery ten time steps. The increase in the �lm thic kness seen

when doubling the n um b er of elemen ts in the radial direction, i.e. mo ving from

mesh I I to mesh V, is of the order of 0 : 016%.

Finally the e�ect of emplo ying shorter time steps w as in v estigated. The exp er-

imen t w as rep eated, using mesh I, with time steps k = 0 : 0025, k = 0 : 00125 and

k = 0 : 000625. Figure 5.15 sho ws the ev olution of the �lm thic kness at � = 0

�

o v er

the �rst elev en rotations of the cylinder, Fig. 5.16 a detail. Clearly , reducing the

time step has a considerable impact on the solution obtained. Indeed from Fig.

5.15 it app ears that ev en at k = 0 : 00125 gro wth in the amplitude of the oscillation

is almost negligible. F or the solution obtained with a time step of k = 0 : 000625

the maxim um �lm thic kness o ccurring during the �rst rotation of the cylinder is

0 : 128181, while that o ccurring after ten rotations of the cylinder is sligh tly greater

at 0 : 128215; an increase of appro ximately 0 : 027%. It th us app ears that for problems

in region C of the parameter space, the solutions obtained are particularly sensitiv e

to the accuracy of the time in tegration sc heme emplo y ed. A higher-order sc heme,

suc h as the explicit Adams-Bashforth t w o-step metho d [16 ], w ould th us app ear at-

tractiv e in that it migh t w ell allo w considerable impro v em e n ts in accuracy to b e

obtained without the use of excessiv ely small time steps.
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Figure 5.15: The e�ect of reducing time-step size, mesh I: || k = 0 : 005;
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Figure 5.16: The e�ect of reducing the time-step size, mesh I (detail): || k =

0 : 005; { { { k = 0 : 0025; - - - - - k = 0 : 00125; � � � � � � k = 0 : 000625.

5.4.2 F urther in v estigation of oscillatory solutions

In order to further in v estigate the oscillatory solutions observ ed in region C of the

parameter space, the kinetic energy ( K E ), gra vitational p oten tial energy ( P E ) and
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surface energy ( S E ) w ere next considered. The dimensionless kinetic, p oten tial and

surface energies p er unit length of the cylinder w ere computed using

K E =

Z 
 1

2

v

2
d 
 ; (5.16)

P E = �

Z 
 
 y d 
 ; (5.17)

S E = �

Z

@ 
 � ds; (5.18)

where the initial gra vitational p oten tial energy is de�ned, arbitrarily , to b e zero.

Note that in this system the total energy , T E = K E + P E + S E , is not in general

constan t. While kinetic energy ma y b e dissipated due to viscosit y it ma y also b e

transferred to the 
uid from the cylinder through the mec hanism of viscosit y . Only

when a steady-state solution arises will the total energy remain constan t. Linear

and angular momen tum are also, in general, not conserv ed.

Figures 5.17 and 5.19 sho w the ev olution of the comp onen ts of the energy for t w o

of the ab o v e problems. In b oth cases the greatest v ariations o ccur in the p oten tial

energy . In Fig. 5.17, whic h corresp onds to a p oin t in region B of the parameter

space, p erio dic damp ed oscillations in b oth the kinetic and p oten tial energy ma y b e

seen. In Fig. 5.19, whic h corresp onds to a p oin t in region C of the parameter space,

no oscillation is apparen t in the kinetic energy , while that in the p oten tial energy

app ears to b e close to sin usoidal, and of �xed amplitude. In b oth cases the surface

energy remains v ery nearly constan t.

Figures 5.18 and 5.20 sho w the v ariation of mass with time for the t w o problems.

F or the asymptotically steady problem, the c hange in the mass o v er the p erio d

sho wn is appro ximately 1 : 8 � 10

� 3
%, the rate of mass gain b eing greatest when the

amplitude of the oscillations is largest. F or the oscillatory problem the rate of mass

gain is appro ximately constan t, the o v erall c hange o v er the �rst elev en rotations of

the cylinder b eing appro ximately 8 � 10

� 4
%.

5.4.3 Large supp orted loads

Large supp orted loads w ere next considered, the in ten tion b eing to observ e the v e-

lo cit y �eld directly and th us gain insigh t in to the mec hanisms in v olv ed in supp orting

the 
uid. A new mesh (VI) with 32 v ertices in the circumferen ti al direction and 7

v ertices in the radial direction w as emplo y ed for this problem. P arameter v alues of

� = 5 : 7 and 
 = 1 : 3 w ere c hosen, corresp onding to a p oin t in region B. Figure 5.21
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Figure 5.18: Conserv ation of mass region B, � = 1 : 3, 
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Figure 5.19: P oten tial, surface and kinetic energy region C, � = 0 : 75, 
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Figure 5.20: Conserv ation of mass region C, � = 0 : 75, 
 = 12 : 5.
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sho ws the ev olution of the �lm thic knesses, while Figs. 5.22 and 5.23 sho w resp ec-

tiv ely the v elo cit y and pressure �elds at t = 300. As ma y b e seen from Fig. 5.21 the

�lm thic knesses at � = 90

�

and � = 270

�

again con v erge, suggesting a near symmet-

ric free-surface pro�le, the di�erence in the thic knesses b eing appro ximately 0 : 056%

at t = 300. In Fig. 5.22 the tangen tial v elo cit y at � = 180

�

is appro ximately 1 : 85, i.e.

nearly t wice that of the cylinder's surface; while at � = 0

�

it is appro ximately 1 : 12,

only sligh tly greater than that of cylinder's surface. Th us, qualitativ ely at least,

the v elo cit y distribution is in agreemen t with Hansen and Kelmanson's n umerical

results [38 ]; see for example their Fig. 7(a).

5.4.4 Load shedding

Finally , the ev olution of loads that could not b e supp orted w as considered. F or

problems corresp onding to p oin ts lying in region A of the parameter space, meshes

of �xed connectivit y lik e those emplo y ed ab o v e are unsuitable. T ypically , in suc h

problems, a bulge dev elops on the free surface during the �rst rotation of the cylinder.

This then gro ws and, as it do es so, the free-surface curv ature increases considerably

un til, at some p oin t, the isoparametric discretisation fails. Note that if the metho d
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Figure 5.22: Large load problem, � = 5 : 7, 
 = 1 : 3: v elo cit y at t = 300.

Figure 5.23: Large load problem, � = 5 : 7, 
 = 1 : 3: pressure at t = 300 | range

-0.065 to 1.192 dimensionless units.

of spines w ere to b e emplo y ed, then it will fail if the free surface ev er b ecomes

tangen t to one of the spines. As Figure 5.24 sho ws, this will inevitably happ en in

this problem unless m ultiple origins are emplo y ed for the system of spines.

An initial unstructured mesh with 64 equally-spaced v ertices on b oth the free

surface and the cylinder w as emplo y ed, in v olving 256 elemen ts and 1216 unkno wns.
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Figure 5.24: Load-shedding problem 1, free-surface ev olution: � = 1 : 6, 
 = 12 : 5.

P arameter v alues � = 1 : 6 and 
 = 12 : 5 w ere selected, corresp onding to a load only

sligh tly greater than the maxim um supp ortable-load predicted b y thin-�lm theory

[57 ]. Automatic re�nemen t of b oth the free surface and the in terior of the mesh w as

p erformed, as describ ed in Section 2.4, v alues of k

tol

= 0 : 4 and h

max

= 0 : 3 b eing em-
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Figure 5.25: Load-shedding problem 1, � = 1 : 6, 
 = 12 : 5: pressure at t = 7 : 00.

plo y ed. The in terior of the mesh w as up dated at eac h step using Jacobi-smo othing.

The free-surface no de lying initially on the p ositiv e x axis w as used as the initial

no de for the Cuthill-McKee ordering algorithm throughout the computation. Time

in tegration w as p erformed using time steps c hosen b y the stabilit y metho d describ ed

in Section 3.15, taking l te = 10

� 6
. An ILUT preconditioner w as computed ev ery ten

time steps and whenev er remeshing required it, emplo ying v alues of l f il = 300 and

dr optol = 10

� 6
. Bet w een �v e and t w en t y conjugate residual iterations w ere t ypically

required at eac h time step, though v ery o ccasionally a m uc h larger n um b er w ere nec-

essary . The n um b er of iterations required w as observ ed to increase gradually as the

mesh b ecame larger, from an a v erage of �v e p er time step initially to appro ximately

ten p er time step in the later stages of the problem. On a shorter time-scale the

n um b er of iterations p er time step w as observ ed to gro w appro ximately linearly as

the preconditioner aged, the n um b er required appro ximately doubling b efore the

preconditioner w as recomputed.

Figure 5.24 sho ws the ev olution of the free surface. A bulge is clearly apparen t

at t = 2 : 94, and b y t = 5 : 84 has assumed a c haracteristic lob e shap e. Suc h lob es are

reminiscen t of those observ ed b y Mo�att in his exp erimen tal w ork; see for example

his Figure 7 [70 ]. Note, ho w ev er, that the lob es observ ed b y Mo�att are three-
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Figure 5.26: Load-shedding problem 1, � = 1 : 6, 
 = 12 : 5: pressure at t = 7 : 00.

Figure 5.27: Load-shedding problem 1, � = 1 : 6, 
 = 12 : 5: v elo cit y at t = 7 : 00.
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dimensional in nature and rotate ab out the cylinder with an angular v elo cit y sligh tly

lo w er than that of the cylinder. By t = 7 : 30 a droplet (or more correctly a curtain

of 
uid) has started to form. As the sim ulation con tin ues, the droplet no w starts

to accelerate rapidly do wn w ards. Shortly after t = 8 : 01 the solv er failed. This

app ears to ha v e b een due to the no w-large bandwidth of the �nite elemen t sti�ness

matrix, whic h could not b e accurately factorised with the v alues of l f il and dr optol

emplo y ed. The �nal free-surface pro�le, at t = 8 : 01, corresp onds to a mesh with

671 elemen ts, nearly three times the n um b er in the initial mesh. The cross-sectional

area of the 
uid w as found to ha v e increased b y appro ximately +0 : 14% b y the end

of the computation.

Figure 5.25 sho ws the pressure �eld at t = 7 : 00, while Fig. 5.26 sho ws the detail

in the lob e and Fig. 5.27 sho ws the corresp onding v elo cit y �eld. As ma y b e seen,

large v ariations in free-surface curv ature o ccur near to where the upstream side of

the droplet is attac hed to the remaining rotating �lm. The large v elo cit y gradien ts

and discon tin uities in the pressure gradien t apparen t in this region suggest that

additional re�nemen t of the mesh w ould here b e appropriate. Ov er m uc h of the

droplet the pressure con tours are appro ximately horizon tal, suggesting that there

the 
o w is dominated b y gra vit y .

5.4.5 A second load-shedding problem

F urther in v estigations ha v e sho wn that pro vided the initial load do es not greatly

exceed the maxim um supp ortable load, then the mec hanism b y whic h 
uid is shed

is essen tially indep enden t of the initial con�guration. As a �nal test the ab o v e

exp erimen t w as rep eated with � = 5 : 7 and 
 = 1 : 7 i.e. with a considerably greater

load, though again one that only sligh tly exceeds the maxim um supp ortable load.

The initial mesh is sho wn in Fig. 5.28 and again has 64 equispaced v ertices on b oth

the free surface and the cylinder. This time v alues of k

tol

= 0 : 3 and h

max

= 0 : 2

w ere emplo y ed, resulting in a somewhat larger initial mesh, with 520 elemen ts and

2404 unkno wns. V alues of l f il = 400 and dr optol = 10

� 6
w ere emplo y ed for the

preconditioner.

The ev olution of the free-surface ev olution is sho wn in Fig. 5.29. In this problem

the mass of 
uid shed is m uc h larger, and it is clear that it considerably exceeds the

minim um required to result in a supp ortable load. Indeed, it w ould app ear that as

m uc h as half of the initial load will b e shed. The c hange in the cross-sectional area

is appro ximately +0 : 59% b y time t = 14 : 85, most of whic h o ccurs in the �nal stages
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Figure 5.28: Load-shedding problem 2: initial mesh.

of the problem as the droplet b eings to fall rapidly , the gain in mass b y t = 14 : 46

b eing only 0 : 11%. Tw o phases of the dev elopmen t of the 
o w app ear of particular

in terest. The �rst is the initial dev elopmen t of the lob e. Figure 5.30 sho ws the

v elo cit y and pressure �elds at t = 3 : 00. As Fig. 5.31 sho ws, b y t = 6 : 95 the 
o w

regime has completely c hanged; the droplet is rapidly gro wing and a stagnation

p oin t is no w presen t. The pressure �eld is also mark edly di�eren t, a new saddle

p oin t b eing presen t where the lob e is attac hed to the up stream side of the rotating

�lm.

The next p oten tially in teresting phase of the problem o ccurs around the time

that the do wn-stream side of the lob e c hanges from b eing con v ex to b eing conca v e

| the p oin t at whic h the lob e b ecomes a gen uine `droplet'. As ma y b e seen from

Figs. 5.32 and 5.33, no great c hange in the 
o w regime o ccurs around this time;

that apparen t b eing due to the di�eren t scalings emplo y ed in the t w o �gures.

F rom t = 12 : 80 on w ards the droplet ev olv es primarily under the in
uence of

gra vit y and, as it b egins to fall do wn w ards, an elongated nec k dev elops. As this

happ ens, 
uid con tin ues to b e dra wn o� from the rotating cylinder. Figure 5.34

sho ws the v elo cit y �eld at time t = 14 : 85, shortly b efore the solv er failed, while Fig.

5.35 sho ws the mesh at this time, whic h con tains 839 elemen ts, nearly t wice the
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Figure 5.29: Load-shedding problem 2, � = 5 : 7, 
 = 1 : 7: free-surface ev olution.
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Figure 5.30: Load-shedding problem 2, break do wn of rigid-b o dy 
o w (a) � = 5 : 7,


 = 1 : 7: v elo cit y and pressure at t = 3 : 00.
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Figure 5.31: Load-shedding problem 2, break do wn of rigid-b o dy 
o w (b) � = 5 : 7,


 = 1 : 7: v elo cit y and pressure at t = 6 : 95.
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Figure 5.32: Load-shedding problem 2, droplet formation (a) � = 5 : 7, 
 = 1 : 7:

v elo cit y and pressure at t = 11 : 00.



Chapter 5 176 The supported-load problem

Figure 5.33: Load-shedding problem 2, droplet formation (b) � = 5 : 7, 
 = 1 : 7:

v elo cit y and pressure at t = 12 : 80.
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Figure 5.34: Load-shedding problem 2, � = 5 : 7, 
 = 1 : 7: v elo cit y at t = 14 : 85.

n um b er in the initial mesh.

5.5 Conclusions

The time-dep enden t b eha viour of �lms of viscous 
uid supp orted on a rotating

cylinder has b een in v estigated using a Stok es-
o w mo del. While broadly con�rming

the predictions of the maxim um supp ortable load made b y Mo�at [70 ], and b y

Hansen and Kelmanson [38 ], the computations rep orted here suggest that for m uc h

of the parameter space, con v ergence from an arbitrary initial con�guration to w ards

a stable steady-state solution do es not o ccur.

Where asymptotically steady solutions w ere found, the free-surface pro�les w ere

close to symmetric ab out the horizon tal plane dra wn through the axis of the cylinder,

con�rming the observ ations of Hansen and Kelmanson [38 ]. The �lm thic knesses

computed ha v e b een sho wn to b e in reasonable agreemen t with those predicted b y

thin-�lm theory .

Stable oscillatory solutions ha v e also b een demonstrated, and ha v e b een sho wn

to b e indep enden t of mesh resolution. The apparen t tendency of suc h oscillatory

solutions to gro w in amplitude has b een sho wn to b e link ed to the accuracy of the
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Figure 5.35: Load-shedding problem 2, � = 5 : 7, 
 = 1 : 7: mesh at t = 14 : 85.

time-in tegration sc heme emplo y ed.

The phenomenon of load shedding has b een in v estigated, and illustrations of this

pro cess are presen ted here for the �rst time. Suc h sim ulations ha v e b een con tin ued

far b ey ond the p oin t at whic h con v en tional spine-based metho ds w ould ha v e failed.

Finally it has b een sho wn that the adaptiv e mesh regeneration tec hniques orig-
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inally dev elop ed for the problem describ ed in Chapter 4 ma y b e applied without

mo di�cation to a v ery di�eren t problem, in v olving large c hanges in domain geome-

try , and in whic h b oth considerable increases and decreases in free-surface curv ature

o ccur.
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In this c hapter the application of the automatic mesh generation algorithm to free-

surface Na vier-Stok es problems is considered. First, the axisymme tric form of the

Na vier-Stok es equations is describ ed. Next, small-amplitude axisymmetr ic oscilla-

tions of droplets are mo delled, as a means of v alidating the implem e n tation of the

Na vier-Stok es solv er. Finally , the unstructured mo ving-mesh metho d is brie
y ex-

plored as a means of solving free-surface Na vier-Stok es problems of mo derate to

large amplitude, b y considering �rst oscillations of ellipsoidal droplets and then os-

cillations of droplets p erturb ed b y a second-spherical-harmonic comp onen t of large

amplitude.

6.1 Axisymmetric oscillations of droplets

It app ears that, apart from in arti�cial or trivial cases, analytic solutions of free-

surface Na vier-Stok es 
o w problems are unkno wn. One route to the v alidation of

a free-surface sc heme lies through the sim ulation of small-amplitude oscillations of

three-dimensional droplets driv en b y surface tension [7, 68 ]. When the amplitude

of suc h an oscillation is small and the Reynolds n um b er is large the p erio d ma y b e

estimated using Prosp eretti's analytical mo del for in viscid droplets [80 ].

F o ote pioneered the computational mo delling of viscous droplets as early as

1973 [26], emplo ying a �nite-di�erence metho d whic h incorp orated a mark er-and-

cell (MA C) sc heme for trac king the free surface. More recen tly problems in v olving

180
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droplets ha v e b een studied b y Basaran [7], using the �nite elemen t metho d, and b y

Masha y ek and Ashgriz [68], using a v olume-of-
uid (V OF) �nite elemen t metho d.

The w ork of Basaran [7] is of particular in terest here, in that it con tains n umerous

computational results that ma y b e used for comparison when mo delling oscillations

of mo derate to large amplitude. In addition, man y pap ers ha v e b een published [84 ,

111 , 9, 8, 102 , 75 , 118 ] con taining exp erimen tal and analytical results for mo derate-

to large-amplitude nonlinear oscillations of droplets in b oth the viscid and in viscid

cases, allo wing insigh t to b e gained in to the ph ysics of suc h problems. Th us, in

addition to b eing of fundamen tal scien ti�c imp ortance, the study of the oscillation of

axisymmetric droplets is a con v enien t source of test problems for n umerical metho ds.

G1

G
2

AB

n

W

y = 0

x = 0

x

y

Figure 6.1: Domain for axisymmetri c problems.

In the study of the oscillation of viscous droplets t w o t yp es of initial free-surface

con�guration are commonly encoun tered. The �rst is a v olume of rev olution ob-

tained b y rotating an ellipse around one of its axes of symmetr y . The second is a

v olume of rev olution formed b y rotating a circular domain p erturb ed b y a spherical-

harmonic, ab out an axis of symmetry . It w as Ra yleigh, in an app endix to his 1879

study of the capillary phenomena of jets of in viscid 
uids [84] who �rst iden ti�ed

the mo des of in viscid droplets with the spherical-harmonics. Basaran [7] giv es the

follo wing expression for the cross-section of a sphere p erturb ed b y a single spherical-

harmonic comp onen t

f ( � ) = 


n

[ 1 + f

n

P

n

(cos � )] ; (6.1)

where f ( � ) is the radial distance from the origin to the free surface at an angle

0 � � � � to the p ositiv e x -axis, f

n

is the amplitude of the initial p erturbation,
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n

is a constan t c hosen to normalise the v olume of the droplet, and P

n

is the n th

Legendre p olynomial written in terms of � [101 ]. Th us, for example

P 0 = 1 ; (6.2)

P 1 = cos � ; (6.3)

P 2 =

1

4

(1 + 3 cos 2 � ) ; (6.4)

P 3 =

1

8

(3 cos � + 5 cos 3 � ) ; (6.5)

P 4 =

1

64

(9 + 20 cos 2 � + 35 cos 4 � ) ; (6.6)

etc. The curv e de�ned b y (6.1) is rotated ab out the x axis to giv e a three-dimensional

shap e. The �rst spherical-harmonic, P 0 , is not considered here since it corresp onds

to a c hange in droplet v olume. The o dd-n um b ered spherical-harmonics result in

free-surface pro�les that are not symmetric in the plane x = 0.

The constan t 


n

is c hosen so that the initial v olume of the droplet is

43 � R

3
, where

R is the radius of the unp erturb ed droplet whic h is normally c hosen to equal one in

the dimensionless mo del. Th us, in the n = 2 case, Masha y ek and Ashgriz [68 ] giv e

the expression


 2 =

 

35

35 + 21 f 22 + 2 f 23 !

1

3

: (6.7)

Figure 6.1 illustrates in sc hematic form the geometry of the domain for axisymmetri c

problems. The axis of rotational symmetry lies along the x axis. The b oundary ma y

b e divided in to t w o parts. The �rst, � 1 , corresp onds to the surface of the v olume of

rev olution, on whic h surface tension pro vides the b oundary condition. The second,

� 2 , corresp onds to the domain's axis of rotational symmetry , on whic h an arti�cial

symmetry b oundary condition m ust b e imp osed. The p oin ts A and B lie at the

junctions of � 1 and � 2 . Note that in man y problems of fundamen tal in terest a

further bilateral symmetry is presen t in the plane x = 0.

6.2 Axisymmetric problem form ulation

The axisymmetric form ulation of the Na vier-Stok es equations ma y b e deriv ed b y

writing the three-dimensional Na vier-Stok es equations in cylindrical co ordinate form

and then simplifying, using rotational symmet ry , and b y assuming that the droplet

do es not rotate ab out the x axis, to giv e a t w o-dimensional system of equations [34].

F urther details of this deriv ation are giv en in App endix B. Th us, if the e�ects of
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gra vit y are ignored, (3.1) and (3.2) b ecome
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+

1

y

@

@ y

( y v ) = 0 : (6.10)

Equations (6.8), (6.9) and (6.10) ma y no w b e written in Galerkin w eigh ted-residual

form, b y m ultiplyi ng b y the appropriate test functions and in tegrating o v er the

domain using the axisymmetri c v olume elemen t 2 � y dx dy . The factor 2 � , b eing

presen t in eac h term, ma y safely b e ignored when forming the �nite elemen t sti�-

ness matrix. If (6.8) and (6.9) are rewritten (see App endix A) so as to giv e the

appropriate natural b oundary conditions then the ma jorit y of the in tegrals that re-

sult are iden tical to their Cartesian coun terparts, except for the addition of a factor

y in the in tegrand. There are ho w ev er a n um b er of terms that are not presen t in

the original Cartesian form ulation. The term

�

1

Re

v

y

2 (6.11)

in (6.9), whic h arises when the Laplacian of the v elo cit y �eld is written in cylindrical

co ordinates, app ears to b e a particular source of di�cult y since at y = 0 it is

unde�ned. In Galerkin w eigh ted-residual form this term giv es rise to in tegrals of the

form

1
�

Z 
 q

i

v

y

d 
 : (6.12)

The corresp onding en tries in the �nite elemen t sti�ness matrix are th us of the form

�

Z 
 q

i

q

j

y

d 
 ; (6.13)

1

Note that in this c hapter the notation d 
 is emplo y ed to denote dx dy rather than, as is more

con v en tional in axisymmetric form ulations, y dx dy . Similarly the notation d � is used to denote a

Cartesian rather than an axisymmetric line elemen t i.e. ds rather than y ds .
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and clearly mak e a symmetr ic con tribution. Analytically , if one assumes that v ( x; y )

is C

2
con tin uous on 
 [ � 1 [ � 2 then, since b y symmetry v m ust b e zero on the x

axis and v m ust b e an o dd function of y , one ma y write an y admissible v elo cit y �eld

v ( x; y ) in the form

v ( x; y ) = v 1 ( x ) y + O ( y

3
) : (6.14)

Th us, b y L'H^ opital's rule

lim

y ! 0 v ( x; y )

y

= v 1 ( x ) (6.15)

for an y admissible v ( x; y ), and consequen tly in tegrals of the form (6.12) are w ell

de�ned.

F rom a practical p oin t of view, if op en sets of Gauss-Legendre quadrature p oin ts

are emplo y ed, i.e. sets con taining no p oin ts on the master elemen t's b oundary , then

there is no need to ev aluate the in tegrand in (6.13) on y = 0, th us a v oiding the

singularit y , or indeed particularly near to it, a v oiding n umerical rounding problems.

The second new term in the axisymme tric form ulation results from the in tegra-

tion b y parts of the pressure-gradien t op erator in the momen tum equation for v .

This tak es the form
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When discretized the last term of (6.17), whic h has no coun terpart in its Cartesian

form (2.27), b ecomes

�

Z 
 l

j

q

i

d 
 : (6.18)

This term, on its o wn, w ould lead to the �nite elemen t sti�ness matrix b eing non-

symmetric if it w ere not for a matc hing con tribution deriving from the axisymmetri c

form of the con tin uit y equation (6.10), i.e.
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where again the con tin uit y equation has b een m ultiplied b y � 1 in order to giv e

a symmetri c sti�ness matrix. The �rst t w o terms in (6.19) are iden tical to their

Cartesian coun terparts, except for the additional factor y . The last term is presen t
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only in the axisymmetri c form ulation, and tak es the discrete form

�

Z 
 l

i

q

j

d 
 ; (6.20)

i.e. the transp ose of (6.18). Th us these t w o new terms together mak e a symmetri c

con tribution to the �nite elemen t sti�ness matrix.

The �nal new term arises only when the stress-div ergence form of the viscous

term is emplo y ed, and is absen t in the more con v en tional form ulation. It arises when

the r ( r � u ) term in the v momen tum equation is in tegrated b y parts to obtain the

natural stress b oundary condition, i.e.
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The �rst t w o terms on the righ t-hand side of (6.22) are again iden tical to their

Cartesian coun terparts, except for the additional factor y . The last term is new

and is iden tical to (6.12). Th us it ma y b e seen that the switc h to the axisymmetri c

form ulation in tro duces no new asymmetry in to the �nite elemen t sti�ness matrix.

In full, the w eak form of the axisymmetri c Na vier-Stok es equations emplo y ed here

is th us
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where n = ( n

x

; n

y

) is the out w ard free-surface normal on @ 
 = � 1 [ � 2 .

6.3 Boundary conditions

The brac k eted expressions in the b oundary in tegrals in (6.23) and (6.24), i.e.
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are simply the x and y comp onen ts of the stress at a p oin t in a Newtonian 
uid,

the additional factor y in the b oundary in tegrals in (6.23) and (6.24) b eing due

to the form of the axisymme tric v olume elemen t. Th us, arbitrary stress b oundary

conditions � = ( �

x

; �

y

) ma y b e imp osed b y assem bling

Z

@ 
 q

i

y �

x

d � ; (6.28)
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and
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in place of the righ t-hand sides of (6.23) and (6.24). Here, on � 1 , the relev an t

b oundary in tegral tak es the form
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y ( k 1 ( s ) + k 2 ( s )) n d � ; (6.30)

where W e is the W eb er n um b er in tro duced in Section 1.2, and k 1 and k 2 are the

principle curv atures of the v olume of rev olution, whic h ma y b e computed [113 ] using
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where s is the arc length. Considering �rst the in tegral in v olving k 1 i.e. the com-

p onen t of the curv ature in the x { y plane, and ignoring the constan t
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in tegration

b y parts giv es

Z

B

A

q

i

y k 1 n d � =

Z
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A

q

i

y

@ t

@ s

d � (6.32)

= [ q
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y t ]
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�
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y t

@ q

i

@ s

d � �

Z

B

A

q

i

t

@ y

@ s

d � ; (6.33)

where A and B are the appropriate limits of in tegration for a giv en edge. Note the

presence of an additional b oundary in tegral on the righ t-hand side of (6.33) that

has no corresp onding equiv alen t in the Cartesian form ulation. Ev aluation of b oth

in tegrals is considerably simpli�ed if carried out using lo cal elemen t co ordinates

( � ; � ).

The expression for k 2 ma y b e rewritten, using lo cal elemen t co ordinates, in the

equiv alen t form

x

�

y ( x

�

2
+ y

�

2
)

1

2

(6.34)

and th us, b y a c hange in the v ariable of in tegration, the corresp onding con tributions

to the b oundary conditions ma y b e ev aluated using

Z

@ 
 q

i

y k 2 n d � =

Z

@ 
 q

i

@ x

@ �

n d� : (6.35)

On � 2 , t w o new b oundary conditions are required, one for eac h of the momen tum

equations. By symmetry v = 0 on � 2 , whic h pro vides a con v enien t essen tial b ound-
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ary condition. F urthermore, b y symme try , u and p m ust b e ev en functions of y ,

while v m ust b e an o dd function of y . Th us on � 2
@ u

@ y

= 0 ; (6.36)

and

@ p

@ y

= 0 ; (6.37)

but in general,

@ v

@ y

6= 0 : (6.38)

F urthermore, since v = 0 on x = 0,

@ v

@ x

= 0 (6.39)

on � 2 . The tangen tial stress � : t on � 2 ma y b e sho wn, using (6.26) and (6.27), to b e

�

1

Re

 

@ u

@ y

+

@ v

@ x

!

; (6.40)

whic h b y (6.36) and (6.39) is equal to zero. Th us the second new b oundary condi-

tion required on � 2 is simply the imp osition of zero tangen tial stress, a con v enien t

homogeneous natural b oundary condition.

6.4 Mesh up date pro cedures

The lo cations of free-surface no des are up dated using the kinematic b oundary con-

dition (1.4), the discrete axisymm etric form of whic h,

Z

@ 
 y q

i

(
_

s � u ) � n d � = 0 ; (6.41)

is satis�ed if one tak es
_

s

i

� n

i

= u

i

� n

i

for eac h free-surface no de i . Th us no

mo di�cation is required to the existing explicit implem en tation of the kinematic

b oundary condition.

An ticipating that the up date of the t w o free-surface no des on the axis of sym-

metry migh t pro v e problematic, the direct imp osition of the free-surface symmetry
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Figure 6.2: Up dating of the axial free-no des: lo cal n um b ering of no des for axial

no de up date.

b oundary condition w as in v estigated. In this approac h, instead of up dating the t w o

axial free-surface no des using the kinematic b oundary condition, their new lo cations

are selected at the end of eac h time step so that

dx

ds

= 0 (6.42)

at A and B , i.e. that the free surface at A and B is v ertical. In discrete form these

constrain ts b ecome

dx

ds

( A ) = � 3 x 1 � x 2 + 4 x 4 = 0 ; (6.43)

dx

ds

( B ) = x 1 + 3 x 2 � 4 x 4 = 0 ; (6.44)

where the x

i

are the x co ordinates of the no des comprising the free-surface edges

adjacen t to A and B, n um b ered lo cally as sho wn in Fig. 6.2. Th us at A one up dates

the no de's p osition using

x

(n +1)
A

= x

(n +1)1 =

4 x

(n +1)4 � x

(n +1)2
3

; (6.45)

while at B one uses

x

(n +1)
B

= x

(n +1)2 =

4 x

(n +1)4 � x

(n +1)1
3

: (6.46)

Once this has b een done the lo cations of the in terior no des lying on � 2 are up dated
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using
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i
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(n +1)
A

x

i
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i

� 0, and
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i
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i

(n )
x

B

(n ) k ; (6.48)

for x

(n )
i

� 0, where k is the length of the curren t time step, and where

u

(n +1)
A

=

u

(n +1)
A

� u

(n )
A

k

; (6.49)

u

(n +1)
B

=

u

(n +1)
B

� u

(n )
B

k

: (6.50)

Th us no des on the axis mo v e prop ortionately to their distance from the origin and

so main tain their original p ositions relativ e to one another. Once this has b een

done, the in terior mesh is up dated using the tec hniques describ ed in Section 2.5.

Note that when generating meshes a pair of in terior no des are sp eci�ed, one near

A and one near B, their p ositions b eing selected according to the spacing of the

adjacen t free-surface no des, so as to prev en t the automatic mesh generator creating

elemen ts with t w o b oundary edges. Th us for example if the free-surface v ertex at

A has co ordinates ( x 1 ; 0) and the next free-surface v ertex has co ordinates ( x 2 ; y 2 ),

then the corresp onding in terior no de is placed at ( x 1 �

y

22 ;

y

22 ).

In the semi-impli ci t framew ork emplo y ed here, the symmetry b oundary condition

w as generally found to giv e sup erior results for large-amplitude problems, while

the kinematic b oundary condition w as found to b e sup erior for small-amplitude

problems.

6.5 Results

F or all the problems describ ed in this c hapter time in tegration w as p erformed using

the bac kw ard-Euler form of the semi-impl ici t sc heme discussed in Section 3.5. The

con v ectiv e term w as treated explicitly , i.e. it w as ev aluated at the start of eac h

time step, using the solution computed at the end of the previous time step. Th us

only a single linear algebraic problem needed to b e solv ed at eac h time step. This

mo di�cation w as found to place no additional stabilit y constrain t on time step size,

while giving results that w ere v ery similar to those obtained when the con v ectiv e

term w as treated implici tly . The mo ving-mesh corrections describ ed in Section 3.2
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Mesh k

tol

h

max

No des Bndry . no des Elemen ts Unkno wns Time step

1 0.20 0.4 59 28 88 469 0.00100

2 0.10 0.3 133 52 212 1087 0.00050

3 0.05 0.2 301 96 504 2511 0.00025

T able 6.1: Small-amplitude axisymmetri c droplet oscillations: initial mesh data.

w ere not included for the runs sho wn, since they w ere found to ha v e no great e�ect

on accuracy of the solutions computed

2
.

ILUT preconditioning as describ ed in Section 3.12.2, w as emplo y ed for all prob-

lems. Unless otherwise stated the preconditioner w as recomputed ev ery ten time

steps, emplo ying v alues of dr optol = 5 � 10

� 7
and l f il = 200. This t ypically re-

sulted in a preconditioner with around t wice the n um b er of en tries as the original

�nite elemen t sti�ness matrix. Pro�ling of the co de sho w ed that the run time w as

dominated b y the costs of re-assem bling the sti�ness matrix at eac h time step. Eac h

time step t ypically required few er than �v e conjugate residual iterations to ac hiev e

con v ergence to an absolute tolerance of 10

� 10
in all comp onen ts of the solution.

6.5.1 Small-amplitu de oscillations

In order to v erify the accuracy of the Na vier-Stok es solv er, spherical droplets of unit

radius, p erturb ed b y a second-spherical-harmonic of amplitude f 2 = 0 : 01, w ere �rst

considered. The initial meshes emplo y ed, sho wn in Fig. 6.3, w ere generated using

the parameter v alues giv en in T able 6.1. The v alues of h

max

w ere c hosen so that the

maxim um edge length in the mesh decreased b y a factor of at least 2

�

1

3

eac h time

k

tol

w as halv ed. The initial lo cations of the no des lying on the axis of symmetry w ere

selected automatically using a grading algorithm similar to that emplo y ed for the

mesh itself. In con trast to the meshes emplo y ed b y Basaran [7], and Masha y ek and

Ashgriz [68], here the initial meshes are unstructured and while the initial b oundary

2

It should b e noted, ho w ev er, that for free-surface no des the tangen tial mesh v elo cit y _s t is zero

and the normal mesh v elo cit y _s n is equal to u n . Th us the mo ving-m esh term � ( _s � r ) u simpli�es

to

�

� u n @ u t
@ n

; � u n @ u n
@ n

� T
(6.51)

and consequen tly , pro vided j

@ u@n j is small near to the free surface, the errors in tro duced b y neglecting

these terms will also b e small. As the distance from the free surface increases the mesh v elo cit y
_s

t ypically reduces rapidly and th us the errors in tro duced at no des in the in terior of the mesh are

also small.



Chapter 6 192 Navier-Stokes problems
(1)

(2)

(3)

Figure 6.3: Initial meshes for a second-spherical-harmonic problem with amplitude

f 2 = 0 : 01, as giv en in T able 6.1: (1) k

tol

= 0 : 2, h

max

= 0 : 4; (2) k

tol

= 0 : 1, h

max

= 0 : 3;

(3) k

tol

= 0 : 05, h

max

= 0 : 2.

discretisations are symmetri c in the plane x = 0, the initial meshes are not. Note

that an amplitude of f 2 = 0 : 01 corresp onds to a p erturbation of the order of 1 : 5%

of the unp erturb ed sphere's radius.

Time in tegration w as p erformed using time steps of �xed length, the v alues

emplo y ed b eing sho wn in T able 6.1. These w ere selected so as to prev en t free-surface

instabilities of the form describ ed in Section 3.15 from o ccurring.
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Figure 6.4: V elo cit y �eld for mesh 1 at t = 0 : 1, Re = 10.

Figure 6.5: Pressure �eld for mesh 1 at t = 0 : 1, Re = 10.

Note that for all the problems in this c hapter, unless otherwise stated, b oundary

mesh re�nemen t and in terior mesh regeneration w ere not p erformed; the only mesh

up date op erations p erformed b eing Laplacian mesh-smo othing, as discussed in Sec-

tion 2.5, and edge adjustmen t, as discussed in Section 2.4.3. A t the t w o free-surface

no des lying on the axis of symmetry it w as found preferable here to emplo y the

kinematic b oundary condition rather than free-surface symmetry b oundary condi-

tion, since the latter w as observ ed to giv e rise to small disturbances of the pressure

�eld in elemen ts close to the axial free-surface no des. While these disturbances w ere

small in magnitude, here the range of pressures in v olv ed is also small, and th us

the disturbances when plotted are conspicuous. F or larger-amplitude problems, in

whic h t ypically the range of pressures is m uc h larger, the distortions are m uc h less
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Figure 6.6: P ercen tage c hange in droplet mass as a function of dimensionless time

using mesh 1: || Re = 10; - - - - Re = 100.

apparen t, and consequen tly the symmetry b oundary condition is preferred for sta-

bilit y reasons. Regardless of the b oundary condition emplo y ed, the solv er pro duced

almost iden tical results for the p erio ds of oscillation computed.

Tw o problems w ere considered at Reynolds n um b ers of 10 and 100, a W eb er

n um b er of 1 b eing emplo y ed in b oth cases. The droplet w as released from a state of

rest at the initial dimensionless time t = 0. Figures 6.4 and 6.5 sho w the v elo cit y and

pressure �elds computed on mesh 1 at a dimensionless time t = 0 : 1, at a Reynolds

n um b er of 10. The pressure con tours sho wn in Fig. 6.5, as with all the pressure

plots in this w ork, w ere selected b y requiring that a �xed n um b er of con tours b e

equispaced throughout the pressure range. Note that the pressures displa y ed in Fig

6.5 all lie in the narro w range 1 : 98 to 2 : 04. The v elo cit y �eld sho wn in Fig. 6.4

app ears smo oth o v er the en tire domain, while the pressure �eld app ears smo oth

except in the region w ere the mesh is coarsest. This failure to accurately mo del

the pressure app ears ho w ev er to ha v e little impact on the accuracy of the solution,

o ccurring as it do es where the pressure gradien ts are smallest. On �ner meshes

the computed pressure �elds are in v ariably far smo other. Th us it app ears that

for this problem, ev en a mesh as coarse as mesh 1 is adequate, in that it resolv es

the main features of the v elo cit y and pressure �elds. Consequen tly , con v ergence of

the solution should b e observ ed if the mesh is further re�ned. The corresp onding

v elo cit y and pressure �elds at a Reynolds n um b er of 100 are v ery similar at this
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Figure 6.7: V ariation of e with dimensionless time for small-amplitude oscillations

of a droplet p erturb ed b y a second-spherical-harmonic of amplitude f 2 = 0 : 01, on

mesh 1: || Re = 10; - - - - Re = 100.

early stage of the 
o w, and so are not sho wn. Figure 6.6 sho ws the v ariation in the

mass of the droplet with time, at b oth Re = 10 and Re = 100. In b oth cases the

droplet's mass increases b y less than 0 : 001% o v er the �rst four p erio ds of oscillation,

the greater rate of mass gain b eing observ ed at the higher Reynolds n um b er as one

w ould exp ect. The quan tit y e =

a

b

, where a and b are the distances from the cen tre

of the droplet to the free surface along the x and y axes resp ectiv ely , w as emplo y ed

in determining the p erio d of oscillation of a droplet. Figure 6.7 sho ws ho w e v aries

with time for mesh 1 at the t w o Reynolds n um b ers. The p erio d of oscillation of the

droplet w as estimated b y observing the time in terv al b et w een maxima in e . The

length of the �rst p erio d, t 1 , together with the amplitude e 1 at the end of the �rst

p erio d, are listed in T able 6.2, for eac h of the three meshes. Column �v e giv es the

a v erage pro cessor time p er time step, as measured o v er a considerable n um b er of

time steps ( > 1000), on a Silicon Graphics R5000 w orkstation running at 180 MHz.

The run time, sho wn in the last column, is a notional one found b y m ultiplying

the a v erage pro cessor time p er time step b y the n um b er of time steps required to

in tegrate up to a time t = 2 : 3, i.e. the appro ximate length of a p erio d of oscillation.

F rom T able 6.2 it ma y b e seen that con v ergence is eviden t in b oth t 1 and e 1 as the

mesh is re�ned, at b oth Reynolds n um b ers. F urther decreasing the length of the

time step w as not found to result in an appreciable increase in accuracy . A t the

higher Reynolds n um b er, t 1 app ears to con v erge to a v alue close to 2 : 2245, whic h
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Re Mesh t 1 e 1 time/step Run time

10 1 2.2750 1.00588 1.79s 1.1h

10 2 2.2785 1.00597 4.47s 5.7h

10 3 2.2788 1.00602 9.50s 24.3h

100 1 2.2200 1.01330 1.85s 1.2h

100 2 2.2240 1.01345 3.90s 5.0h

100 3 2.2245 1.01353 9.63s 24.6h

T able 6.2: Small-amplitude axisymmetri c droplet oscillations: results.

is in go o d agreemen t with the v alue of 2 : 2287 computed b y Basaran [7], and di�ers

from the analytical v alue of 2 : 2218 he quotes b y only 0 : 12%. The amplitude of the

oscillation at the end of the �rst p erio d, e 1 , v aries little b et w een the meshes, though

it again sho ws signs of con v ergence. The v alue computed on mesh 3 of 1 : 01353 is

in excellen t agreemen t with that found b y Basaran of 1 : 0136 and is, up to rounding

error, iden tical with the analytical v alue of 1 : 0135 giv en b y Basaran.

A t the lo w er Reynolds n um b er agreemen t is again go o d, with the p erio d com-

puted on mesh 3 of 2 : 2788 b eing within 0 : 5% of that found b y Basaran. The v alue

of e 1 computed is also in go o d agreemen t with Basaran's v alue of 1 : 0061.

It w as observ ed that the sc heme did not conserv e momen tum . Using mesh 1 an

a v erage acceleration of 5 � 10

� 4
non-dimensional units w as observ ed o v er the �rst

p erio d, while for mesh 2 the a v erage acceleration w as appro ximately half that. This

b eha viour w as observ ed irresp ectiv e of Reynolds n um b er. Suc h accelerations app ear

to b e due to asymmetries in the imp osed free-surface b oundary conditions.

6.5.2 Large-amplitude oscillations of ellipsoidal droplets

Tw o large-amplitude problems w ere next considered in order to in v estigate the wider

applicabilit y of the metho d. The �rst problem relates to the b eha viour of droplets,

the initial shap e of whic h is obtained b y rotating an ellipse cen tred at the origin

around its ma jor axis, whic h is assumed collinear with the x axis. The in tersection

of the initial droplet's surface with the x - y plane tak es the form

x = â cos � ; (6.52)

y =

^

b sin � ; (6.53)

where â and

^

b are the minim um and the maxim um radii of the ellipse. If only

droplets with unit v olume are considered then eac h problem is c haracterised b y the
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 t = 0.05 

 t = 0.35 

 t = 0.70 

 t = 1.05 

Figure 6.8: Large-amplitude ellipsoidal oscillations, Re = 10: mesh at selected

dimensionless times.
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 t = 0.05 

 t = 0.35 

 t = 0.70 

 t = 1.05 

Figure 6.9: Large-amplitude ellipsoidal oscillations, Re = 10: v elo cit y �eld at se-

lected dimensionless times (a).
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 t = 1.40 

 t = 1.75 

 t = 2.10 

 t = 2.40 

Figure 6.10: Large-amplitude ellipsoidal oscillations Re = 10: v elo cit y �eld at se-

lected dimensionless times (b).
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 t = 0.05 

 t = 0.35 

 t = 0.70 

 t = 1.05 

Figure 6.11: Large-amplitude ellipsoidal oscillations, Re = 10: pressure �eld at

selected dimensionless times (a).
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 t = 1.40 

 t = 1.75 

 t = 2.10 

 t = 2.40 

Figure 6.12: Large-amplitude ellipsoidal oscillations, Re = 10: pressure �eld at

selected dimensionless times (b).
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Figure 6.13: Large-amplitude ellipsoidal oscillations, Re = 10, ^ s = 2: s as a function

of dimensionless time.

three parameters Re , W e and ^s , where

^s =

â

^

b

: (6.54)

Con v ersely , giv en ^s , ^a and

^

b ma y b e computed using

^a = ^s

2

3

; (6.55)

^

b = ^s

�

1

3

: (6.56)

Here the v alues ^s = 2, Re = 10 and W e = 1 w ere emplo y ed. T o facilitate measure-

men ts the quan tit y

s =

a

b

; (6.57)

w as de�ned, where a and b are the distances, along the x and y axes resp ectiv ely ,

from the cen tre of the droplet to the free surface. An initial mesh w as generated b y

taking k

tol

= 0 : 2 and h

max

= 0 : 25, resulting in a mesh with 170 elemen ts and 841

unkno wns. A �xed time step of length 0 : 0005 w as emplo y ed for this problem. Fig.

6.8 sho ws the mesh at selected times during the �rst half-p erio d of the oscillation.

Ov er the second half-p erio d the motion of the no des is essen tially rev ersed and

b y the end of the �rst p erio d the mesh has returned appro ximately to its initial

con�guration. Figures 6.9, 6.10, 6.11, and 6.12 sho w the v elo cit y and pressure �elds
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Figure 6.14: Large-amplitude ellipsoidal droplet oscillations, ^s = 2: p ercen tage

c hange in mass as a function of dimensionless time.

at selected times after the droplet has b een released from an initial state of rest.

Figure 6.13 sho ws the v ariation of s with time. The computed length of the �rst

p erio d, 2 : 39, is in reasonable agreemen t with that giv en b y Masha y ek and Ashgriz

[68 ] of 2 : 41, a di�erence of appro ximately 0 : 8%. Agreemen t b et w een the v alue of s

computed at the end of the �rst p erio d and that giv en b y Masha y ek and Ashgriz is

also reasonable, i.e. 1 : 32 against their v alue of 1 : 28, a di�erence of appro ximately

3%. This p erhaps re
ects the neglect here of the mo ving-mesh correction terms

whic h e�ectiv ely adds momen tum .

Figure 6.14 sho ws the v ariation of the droplet's mass with time as a p ercen tage

of its initial mass, the maxim um c hange in the mass b eing appro ximately 0 : 03%.

The rate of c hange of mass is clearly greatest when the free surface is mo ving most

rapidly and, as the asymptotic con�guration is approac hed, the rate of mass loss

b ecomes negligible.

Figure 6.15 sho ws the v elo cit y �eld at a time t = 2 : 40, shortly after the end of

the �rst p erio d of oscillation, and is obtained b y scaling-up the v elo cit y �eld sho wn

in Fig. 6.10 b y a factor of sixteen, a line through the cen tre of mass of the domain

ha ving also b een added. A pair of coun ter-rotating v ortices can clearly b e seen and

a certain degree of asymmetry of the 
o w is also apparen t. This is presumably due

to the accum ulation of e�ects due to the asymmetries of the meshes emplo y ed up

to this p oin t.
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Figure 6.15: Large-amplitude ellipsoidal oscillations, Re = 10: v elo cit y �eld at

t = 2 : 4.

6.5.3 A large-amplitude second-spherical-harmonic problem

The next problem considered in v olv es the ev olution, at Re = 100, of a spherical

droplet that has b een p erturb ed b y a second-spherical-harmonic of amplitude f 2 =

0 : 9. Tw o initial meshes, sho wn in Fig. 6.16, w ere considered. Mesh A w as generated

b y taking k

tol

= 0 : 2 and h

max

= 0 : 4, and has 132 v ertices and 692 unkno wns. Mesh

B w as generated b y taking k

tol

= 0 : 1 and h

max

= 0 : 3, and has 185 v ertices and 1511

unkno wns. A �xed time step of k = 0 : 00025 w as emplo y ed for mesh A, while one

of k = 0 : 000125 w as emplo y ed for mesh B. Note the p o or qualit y of mesh B in the

nec k region, due to the failure of the free-surface meshing algorithm to detect the

c hanges in the sign of the curv ature, as discussed in Section 4.4.2.

Figure 6.17 sho ws the ev olution of e with time for the t w o meshes. As ma y b e

seen, the t w o curv es are surprisingly similar giv en the coarseness of the t w o meshes.

F or mesh A a p erio d of 2 : 750 w as measured, whic h di�ers from Basaran's [7] v alue of

2 : 906 b y appro ximately 5 : 4%. A b etter agreemen t w as observ ed for the amplitude,

e 1 ; at the end of the �rst p erio d the v alue computed w as 2 : 329 as against Basaran's

v alue of 2 : 331, a di�erence of only 0 : 09%. F or mesh B v alues of t 1 = 2 : 772 and

e 1 = 2 : 327 w ere computed. Th us, while the p erio d computed w as marginally closer

to Basaran's v alue, the discrepancy in the amplitudes w as appro ximately t wice as

large. Figure 6.18 sho ws the computed free surface at selected times. A visual

comparison with Masha y ek and Ashgriz's Figure 9 [68], ho w ev er, sho ws that con-

siderable di�erences in free-surface shap e o ccur after t = 0 : 4. Since Masha y ek and

Ashgriz's free-surface pro�les app ear to b e in go o d agreemen t with those computed
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(A)

(B)

Figure 6.16: Initial meshes A and B for a second-spherical-harmonic problem with

f 2 = 0 : 9.

b y Basaran, one is forced to conclude that it is the curren t computation that is

in error. A closer study of the free surface's ev olution sho ws that oscillations of

considerable amplitude o ccur in the lo cations of the axial free-surface no des around

time t = 1 : 2. The b eha viour observ ed suggests that mo des of oscillation are b eing

excited in the curren t mo del that are not observ ed in those emplo y ed b y the other

authors. Th us it is apparen t that agreemen t b et w een t w o di�eren t mo dels as to the

o v erall p erio d of oscillation, do es not allo w one to conclude that the details of the

t w o solutions are in similar agreemen t. A lac k of mesh resolution in the initial nec k

region app ears lik ely to b e the main cause of the discrepancies observ ed, though

another ma y lie in the large deformations of elemen ts that o ccur. Figure 6.19 sho ws

mesh B at time t = 1 : 3, and illustrates the sev ere deformations of elemen ts that

arise.

The use of in terior remeshing w as next in v estigated, with the aim of a v oiding the
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Figure 6.17: Oscillations of a spherical droplet p erturb ed b y a second-spherical-

harmonic of amplitude f 2 = 0 : 9 at Re = 100, e as a function of dimensionless time:

|| mesh A; - - - - mesh B.

ab o v e problems. These attempts ho w ev er pro v ed unsuccessful. F ailure w as in v ari-

ably due to large lo cal curv atures arising on the free surface, resulting in singularit y

of the �nite elemen t discretisation. Figure 6.20 sho ws the ev olution of the free sur-

face when in terior remeshing w as p erformed, emplo ying mesh B as the initial mesh.

Asymmetry in the plane x = 0 is clearly visible at time t = 1 : 0. The cause of these

asymmetries app ears to b e the asymmetry of the in terior mesh. If the solution of

problems that are symmetri c in x = 0 is all that is required, then the symmetry

ma y b e imp osed directly b y mo delling only half of the ab o v e domain, emplo ying

the appropriate symmetry b oundary condition on x = 0. This has the additional

b ene�t of appro ximately halving the n um b er of unkno wns that m ust b e solv ed for.

F ree-surface remeshing w as also brie
y in v estigated, emplo ying adaptiv e time-

step size selection to reduce the run time. Mesh B w as again used as the initial

mesh. F ree-surface remeshing in v ariably failed due to stalling of the adaptiv e time

in tegration sc heme when excessiv ely small time steps b ecame necessary . This in turn

w as due to the attempts of the automatic re�nemen t algorithm to trac k free-surface

features of high curv ature that arose during the sim ulations.

The source of these high-curv ature free-surface features app ears to lie in the fact

that errors in tro duced at an early stage of the computation are only w eakly damp ed

in a Na vier-Stok es 
o w. While for surface-tension-driv en Stok es-
o w problems the

v elo cit y �eld is sp eci�ed en tirely b y the instan taneous shap e of the free surface, for
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Figure 6.18: Oscillations of a spherical droplet p erturb ed b y a second-spherical-

harmonic of amplitude f 2 = 0 : 9, at Re = 100: free-surface ev olution for initial mesh

B, with no mesh regeneration, at selected dimensionless times.
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Figure 6.19: Oscillations of a spherical droplet p erturb ed b y a second-spherical-

harmonic of amplitude f 2 = 0 : 9, at Re = 100: (a) free surface at t = 1 : 3; (b)

detail.

Na vier-Stok es problems considerable in ternal structure ma y dev elop in the v elo cit y

�eld, as illustrated b y Fig. 6.15. It app ears reasonable to assume that features suc h

as the v ortices sho wn in Fig. 6.15 can ha v e a considerable in
uence on the ev olution

of the free surface, and th us that errors in the 
o w computed for the in terior of

the droplet can a�ect the free surface far from the source of the initial error. In

these situations re�nemen t of the free surface, merely allo ws the solv er to more

accurately mo del features that ha v e arisen due to errors earlier in the computation;the re�nement is both too late and in the wrong place. One solution to this problem

lies in the implem en tation of adaptiv e in terior mesh generation, emplo ying error

indicators based on lo cal solution gradien ts. A simpler, though p erhaps less e�cien t

solution, w ould b e to emplo y a �ner mesh for the en tire domain.

6.5.4 In terior-mesh regeneration

As a �nal exp erimen t the ab o v e problem w as rep eated at Re = 10, emplo ying

in terior-mesh regeneration but no automatic re�nemen t of the b oundary . A new

initial mesh C, sho wn as Fig. 6.21(a), w as generated b y taking k

tol

= 0 : 2 and

h

max

= 0 : 2. In addition the algorithm used to generate the initial free-surface no de

distribution w as mo di�ed so that no edge of length greater than 0 : 05 w as gener-
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Figure 6.20: F ree-surface pro�les arising in a large-amplitude, f 2 = 0 : 9, second-

spherical-harmonic problem at Re = 100, emplo ying in terior mesh regeneration with

same parameters as mesh B: || t = 0 : 0; { { { t = 0 : 6; - - - - t = 0 : 8; � � � � t = 1 : 0.

ated, th us ensuring that initially the free-surface no des w ere appro ximately equidis-

tributed. As ma y b e seen, the densit y of free-surface no des is no w far greater in the

nec k region than it w as with mesh B. This has the side-e�ect of forcing T riangle to

generate a �ner in terior mesh in the nec k region. Boundary no de spacing along the

axis of symmetry has also b een reduced. Mesh C con tains 536 elemen ts and in v olv es

2662 unkno wns. It is th us roughly comparable in resolution to Basaran's mesh IVB,

whic h con tains 192 quadrilateral elemen ts and in v olv es 1904 unkno wns. While mesh

C in v olv es more unkno wns, quadrilateral elemen ts are generally ac kno wledged to b e

more accurate that triangular ones, and th us solutions of a similar accuracy migh t

b e exp ected.

The in terior of the mesh w as regenerated ev ery fort y time steps and whenev er the

minim um angle fell b elo w 10

�

or the maxim um angle rose ab o v e 150

�

, the v elo cit y

�eld b eing in terp olated on to the new mesh using the quadratic sc heme describ ed in

Section 3.14.1 so as to giv e initial conditions for the next time step. A preconditioner

w as recomputed ev ery ten time steps and whenev er the mesh w as regenerated. An
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(a)

(b)

Figure 6.21: Large-amplitude, f 2 = 0 : 9, second-spherical-harmonic problem at Re =

10, mesh C with initially equispaced free-surface no des: (a) initial mesh; (b) mesh

at t = 1 : 43.

increased amoun t of �ll-in w as allo w ed in the incomplete factorisation of the precon-

ditioner b y taking l f il = 300. Adaptiv e time-stepping as describ ed in Section 3.15

w as emplo y ed, with a prescrib ed tolerance of 5 � 10

� 5
. This reduced the estimated

65 hour run time, that a �xed time step size w ould ha v e en tailed, do wn to a more

reasonable 10 hours for a single p erio d.

Figure 6.21(b) sho ws the mesh at time t = 1 : 43, from whic h it ma y b e seen

that the maxim um elemen t asp ect-ratio is appro ximately equal to t w o. The unev en

distribution of free-surface no des, that do es not truly re
ect the curv ature of the

b oundary , is ho w ev er un w elcome. F ree-surface remeshing w ould th us b e appropriate

here, pro vided that the di�culties men tioned ab o v e, with regard to the accuracy of

the v elo cit y in the in terior of the mesh, can b e resolv ed. Figure 6.22 sho ws the
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Figure 6.22: Oscillations of a spherical droplet p erturb ed b y a second-spherical-

harmonic of amplitude f 2 = 0 : 9 at Re = 10: free-surface ev olution, for initial mesh

C with in terior mesh regeneration, at selected dimensionless times.

ev olution of the free surface o v er most of the �rst p erio d. While a certain degree of

asymmetry is still apparen t in these free-surface pro�les, it is less pronounced than

that visible in Fig 6.20 at the higher Reynolds n um b er and on a coarser mesh.

A p erio d of 2 : 57 w as computed, whic h is in reasonable agreemen t with Basaran's

v alue of 2 : 66 [7], a di�erence of 3 : 4%. F or the amplitude at the end of the �rst
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p erio d a v alue of 1 : 54 w as computed, as against Basaran's v alue of 1 : 43, a di�erence

of 7 : 7%. These results suggest that additional re�nemen t of the in terior of the mesh

w ould further reduce the tendency for asymmetry to arise, and th us allo w results

comparable in accuracy to Basaran's to b e obtained.

6.6 Conclusions

This c hapter has demonstrated that unstructured meshes of triangular elemen ts ma y

b e used successfully to solv e axisymmetri c Na vier-Stok es problems in v olving small-

amplitude p erturbations of spherical droplets. Go o d agreemen t has b een demon-

strated with b oth Prosp eretti's theoretical mo del and Basaran's n umerical results

for small-amplitude oscillations.

The accurate mo delling of larger-amplitude problems app ears ho w ev er to b e

considerably more di�cult; this b eing particularly apparen t when the droplet is ex-

p ected to remain symmetri c. F or Na vier-Stok es problems, in con trast to Stok es-
o w

problems, it app ears necessary to giv e additional consideration to the need to ensure

the accuracy of the solution on the in terior of the mesh; emplo ying a go o d b oundary

represen tation is no longer su�cien t to guaran tee a stable and accurate solution.

While the mo ving-mesh approac h has b een emplo y ed with some success, b oth with

and without automatic regeneration of the in terior mesh, automatic regeneration of

the free-surface discretisation has pro v ed more problematic. F urther in v estigation

of the additional di�culties faced when regeneration of the free surface is attempted

is th us appropriate. The preliminary results obtained ho w ev er suggest that when

the problems men tioned ab o v e are resolv ed the approac h will b e a useful one.

The use of ILU preconditioning has b een demonstrated for this class of problem,

and the tec hnique has pro v ed to b e robust and easy to use in practice. Finally ,

the considerable reductions in run time made p ossible b y adaptiv e time-step size

selection ha v e b een demonstrated.



Chapter 7Conclusions
As conclusions ha v e already b een presen ted at the ends of the preceding c hapters,

here only the main p oin ts will b e reiterated. First, the prosp ects for the meth-

o ds describ ed in this thesis are review ed. Comparison is then made with the main

alternativ e approac hes curren tly a v ailable for free-surface incompressible-
o w prob-

lems. Finally , a n um b er of suggestions are made for the further dev elopmen t of the

unstructured mesh approac h.

7.1 The unstructured mesh approac h

With regard to its main ob jectiv e the curren t w ork app ears to ha v e b een broadly suc-

cessful in that a metho dology has b een dev elop ed that allo ws a wide range of time-

dep enden t surface-tension-driv en free-surface problems, in v olving domains with ar-

bitrary initial free-surface pro�les, to b e sim ulated accurately o v er extended p erio ds

of time. The use of automatically generated unstructured �nite elemen t meshes in

a time-dep enden t free-surface incompressible-
o w solv er has b een demonstrated for

the �rst time. The approac h has b een sho wn to b e practical, to b e applicable to a

range of problems, and to allo w solutions of demonstrable accuracy to b e obtained.

The primary adv an tage of an unstructured �nite elemen t metho d is that no apriori decisions need b e made ab out the structure of the in terior mesh and th us,

once the initial free-surface pro�le and the b oundary and initial conditions ha v e b een

sp eci�ed, the co des dev elop ed ma y b e emplo y ed to automatically compute time-

213



Chapter 7 214 Conclusions
dep enden t 
o ws in domains that c hange considerably in shap e. While here only

surface-tension-driv en incompressible-
o w problems are considered, the use of the

�nite elemen t metho dology allo ws the metho ds outlined to b e directly generalised to

other t yp es of problem suc h as non-Newtonian 
o ws, elasticit y problems with free

surfaces, and phase c hange problems.

Exp erience has sho wn that surface-tension-driv en free-surface 
o w problems are

considerably more di�cult to solv e than incompressible-
o w problems for whic h

essen tial b oundary conditions are kno wn a priori. The additional di�culties are

primarily a result of the fact that the shap e of the free surface, and th us the b ound-

ary conditions, dep ends on the solution at previous time steps. In addition mass-

conserv ation considerations mean that the systems of equations m ust b e solv ed to

high accuracy .

The in v estigations undertak en ha v e led to the conclusion that for man y transien t

problems, relativ ely simple semi-impl ici t sc hemes ma y w ell b e comp etitiv e with fully

implicit ones; in part due to the p ossibilit y of the reuse of preconditioners when the

time step is small in size, as is t ypically the case with semi-im pli cit sc hemes, but also

due to the considerably greater costs asso ciated with solving a fully implici t system

of equations on a mo ving mesh. Exp erience has sho wn that, for the semi-impl ici t

sc hemes describ ed here, the additional costs asso ciated with managing a mo ving

mesh are t ypically small in comparison with the solution costs asso ciated with the


o w problem itself.

The w ork has highligh ted the issue of the accuracy of b oundary conditions com-

puted using piecewise-con tin uous b oundary represen tations. In particular the p o-

ten tial for the rate of con v ergence of the b oundary conditions to compromise the

o v erall rate of con v ergence of the solution has b een highligh ted, a problem that has

apparen tly hitherto b een o v erlo ok ed.

An imp ortan t feature of the approac h describ ed here is that no arti�cial smo oth-

ing of the free surface is p erformed. F urthermore, the stabilit y-based adaptiv e time-

step size selection pro cedures describ ed in Section 3.15 allo w maximal time steps to

b e tak en while ensuring stabilit y of the free surface.

The use of iterativ e metho ds for the solution of the systems of linear equations has

b een explored and the results obtained suggest that they are highly adv an tageous,

particularly when the problem allo ws preconditioners to b e reused man y times.

The need to restrict time-step size when semi-im pli cit sc hemes are emplo y ed ma y

b e turned to an adv an tage in that it allo ws p o w erful ILUT preconditioners to b e

reused o v er man y time steps, o�setting the considerable cost of computing them.
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Indeed, where a steady-state solution is b eing approac hed the preconditioner ma y

not need to b e recomputed at all.

7.2 Comparison with alternativ e approac hes

In the approac h prop osed b y Masha y ek and Ashgriz [68 ] p enalt y metho ds are em-

plo y ed for the solution of the incompressible-
o w problem, and a v olume-of-
uid

(V OF) sc heme is emplo y ed to up date the free surface. Although the V OF approac h

app ears attractiv e in that it conserv es mass exactly , the fact that it do es not imp ose

the kinematic b oundary condition directly mak es it less attractiv e from a theoretical

p oin t of view. While the use of unstructured meshes w ould complicate the imple-

men tation of a V OF sc heme, there app ears to b e no reason wh y , in principle, suc h

an approac h could not b e in tegrated with the unstructured mesh approac h describ ed

here. Similarly there is no reason wh y p enalt y metho ds could not also emplo y ed as

the basis of the incompressible-
o w solv er.

F or problems in whic h the mesh need not c hange in connectivit y during a sim ula-

tion the implicit metho ds prop osed b y Basaran [7] w ould app ear to ha v e considerable

adv an tages, particularly where accuracy considerations allo w large time steps to b e

tak en. Basaran's sc heme for up dating the p ositions of in terior no des is represen ta-

tiv e of those adopted b y man y other authors. In it an in terior v ertex mo v es along

the �xed spine on whic h it lies, at a v elo cit y that is a con tin uous function of the

v elo cit y of the free surface where it in tercepts the spine. In terior edge no des are

constrained to mo v e so as to k eep in terior edges straigh t. One imp ortan t adv an-

tage arising from this approac h is that the motion of an in terior no de, and th us

eac h basis function asso ciated with the no de, dep ends on the motion of only three

free-surface no des. Consequen tly the Jacobian of the system of nonlinear algebraic

equations that results when Newton's metho d is applied is sparse. F urthermore the

Jacobian ma y b e computed analytically and th us accurately and e�cien tly . Where

an unstructured mesh is emplo y ed, and Laplacian or elastic-mesh smo othing used to

up date the p ositions of in terior no des, the computation of the Jacobian will b e con-

siderably more complicated since no w eac h basis function dep ends on the lo cations

of all free-surface no des. As a result the Jacobian will con tain a dense blo c k and

will b e m uc h more exp ensiv e to compute. Since the main justi�cation for emplo ying

implicit metho ds is that large time steps ma y b e tak en, and since in suc h circum-

stances one w ould exp ect that the mesh w ould c hange considerably o v er a time step

and th us that the Jacobian and an y preconditioner w ould need to b e recomputed
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frequen tly , the question m ust b e addressed as to whether this is preferable to taking

a relativ ely large n um b er of m uc h c heap er semi-impl ic it steps.

The large additional costs asso ciated with the solution of a time-dep enden t

nonlinear mo ving-mesh problem lead the author to susp ect that more e�cien t ap-

proac hes migh t exist in whic h the mesh remains �xed throughout a computation.

Th us it ma y b e the case that, when com bined with e�cien t solv ers, the phase-�eld

metho ds men tioned in Chapter 1 will pro v e to b e more e�cien t than mo ving-mesh

metho ds. Suc h metho ds are, ho w ev er, at an early stage of dev elopmen t and it

remains to b e seen if they liv e up to their promise.

7.3 Suggestions for further w ork

The p oten tial further gains in e�ciency made p ossible b y the use of optimal ILUT

preconditioners ha v e already b een remark ed up on in Section 4.3. If the approac h

outlined w ere adopted, then a t w o- to four-fold decrease in run times migh t w ell

b e obtainable. The use of an explicit second-order accurate free-surface adv ection

sc heme should also b e considered as a priorit y .

F urther theoretical w ork is also appropriate. The stabilit y metho d for c ho osing

the time-step length w ould app ear to in vite further in v estigation. In particular it

w ould b e v aluable to con�rm exp erimen tall y that the e�ectiv e time-step-size con-

strain t is indeed �rst order. Analysis linking the global error to the lo cal spatial

and temp oral truncation errors w ould also no w app ear to b e appropriate. An im-

pro v ed understanding of the error analysis is necessary if the v arious tolerances for

the solution of the systems of linear equations are to b e selected optimally; i.e. so

as to minim ise run time while, at the same time, deliv ering a solution of guaran teed

accuracy .

There is considerable scop e for the further dev elopmen t of the Laplacian mesh-

smo othing algorithm curren tly emplo y ed. In particular, the algorithm migh t b e

mo di�ed so as to prev en t large and small angles from dev eloping. Alternativ ely , the

fully Lagrangian approac h migh t b e adopted for Na vier-Stok es problems. Since ex-

p erience has sho wn that mesh generation costs are small when compared to the costs

of solving the 
o w equations the only additional di�cult y that w ould arise is that

in terp olation of the v elo cit y �eld w ould b e required more often due to more rapid

degeneration of mesh qualit y . Since the Lagrangian approac h ma y con v enien tly b e

impleme n ted within the framew ork emplo y ed here, with minimal additional w ork,

there app ears little reason wh y it should not b e further in v estigated. The dev el-



Chapter 7 217 Conclusions
opmen t of accurate metho ds for transferring solutions b et w een meshes should no w

also b e considered a priorit y .

While the curren t implem en tation allo ws a large family of in teresting problems to

b e tac kled, the range w ould b e further extended b y the inclusion of mo dels for in
o w

and out
o w b oundaries at whic h free surfaces are presen t. The inclusion of simple

mo dels for static and dynamic con tact lines w ould also considerably extend the range

of problems that migh t b e in v estigated, and w ould allo w solutions to b e obtained

for man y industrially imp ortan t problems, suc h as those describ ed in Chapter 1,

for whic h to date only steady-state solutions ha v e b een obtained. F or coating-


o w problems suc h as those men tioned in Chapter 1, the domain geometries allo w

narro w bandwidths to b e obtained b y appropriate no de orderings, and th us allo w

go o d preconditioners to b e computed e�cien tly . F urthermore, for man y coating-


o w problems one w ould not exp ect to observ e rapid motions of the free surface,

and th us an y deformation of the in terior mesh w ould also b e exp ected to o ccur slo wly ,

allo wing preconditioners to b e reused o v er man y time steps. F or suc h problems the

rate of mass loss due to inaccuracy in the explicit up date of the free surface w ould

b e v ery small, dep ending as it do es primarily on the normal free-surface v elo cit y .

Th us, while suc h problems are simple enough that fully implici t metho ds migh t b e

exp ected to b e successful, the v ery features that mak e implicit sc hemes simple to

co de mak e the semi-impl ici t sc hemes describ ed here particularly e�cien t, and th us

p oten tially still comp etitiv e.

In the presen t w ork adaptiv e re�nemen t has b een emplo y ed only when neces-

sary for the resolution of the free surface's shap e, an y grading of the mesh b eing

p erformed for purely geometrical reasons. As the problems men tioned in Chapter 4

with regard to tangen tial stress errors highligh t, the use of more sophisticated error

indicators to con trol free-surface resolution ma y often b e appropriate. Moreo v er,

there is considerable scop e for the inclusion of error indicators based on solution

gradien ts, whic h migh t b e used to con trol the resolution of b oth the free surface and

the in terior of the mesh. Within the framew ork describ ed here suc h mo di�cations

w ould b e straigh tforw ard giv en T riangle's capabilities.

Finally , the extension of the curren t metho ds to three-dimensional problems

should b e considered, op ening up the p ossibilit y of the study of gen uine ph ysical

problems without the need for mathematical idealisation. The exp erience gained in

the course of the researc h describ ed here suggests that only the simplest of truly

three-dimensional problems are at presen t feasible using ev en the computational re-

sources of, sa y , ten w orkstations, and that suc h computations w ould require da ys
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or ev en w eeks of run time. While the dev elopmen t of e�cien t solv ers and pre-

conditioning strategies are necessary prerequisites for suc h w ork, the �nite elemen t

metho dology emplo y ed in this w ork should allo w the tec hniques describ ed to b e

generalised in a straigh tforw ard manner to the three-dimensional case.



Appendix ASome useful identities
The iden tities (A.4) and (A.5) are con v enien t when manipulating the in tegrals in

the �nite elemen t form ulation in order to obtain w eak forms. They ma y b e deriv ed

using the div ergence theorem

Z 
 r � A d 
 =

Z

@ 
 A � n d � ; (A.1)

b y substituting resp ectiv ely

A = ( �� 1 ; 0) (A.2)

and

A = (0 ; �� 2 ) (A.3)

in to A.1, where � , � 1 and � 2 are C

1
scalar functions de�ned on a simply-connected

region 
 b ounded b y the curv e @ 
 and with out w ard normal n . Th us one obtains

Z 
 �

@ � 1
@ x

d 
 = �

Z 
 � 1 @ �

@ x

d 
 +

Z

@ 
 �n

x

� 1 d � ; (A.4)

Z 
 �

@ � 2
@ y

d 
 = �

Z 
 � 2 @ �

@ y

d 
 +

Z

@ 
 �n

y

� 2 d � : (A.5)
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Appendix BOperators in axisymmetric form
In this app endix the axisymmetri c forms of the terms in the Na vier-Stok es equations

are deriv ed using standard metho ds that ma y b e found in man y textb o oks [101 ].

In cylindrical co ordinates the p osition of a p oin t r ma y b e sp eci�ed in the form

i

j
k

l

z

r

x

y

r (l,r,q)

q

Figure B.1: Geometry of the cylindrical co ordinate system

( l ; r ; � ), as illustrated in Fig. B.1. Alternativ ely , r ma y b e written in the form

r = x i + y j + z k , where i , j and k are unit v ectors parallel to, and with the same

sense as, the Cartesian co ordinate axes. Th us

x = l ; (B.1)

y = r sin � ; (B.2)

z = r cos � : (B.3)

Since

r = l i + r sin� j + r cos� k ; (B.4)
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the scale factors h 1 , h 2 and h 3 are giv en b y

h 1 =

�

�

�

�

�

@ r

@ l

�

�

�

�

�

= 1 ; h 2 =

�

�

�

�

�

@ r

@ r

�

�

�

�

�

= 1 ; h 3 =

�

�

�

�

�

@ r

@ �

�

�

�

�

�

= r : (B.5)

F urthermore, one ma y de�ne three m utually p erp endicular unit v ectors e 1 , e 2 and

e 3 in the follo wing manner

@ r

@ l

= h 1 e 1 = i ; (B.6)

@ r

@ r

= h 2 e 2 = sin� j + cos� k ; (B.7)

@ r

@ �

= h 3 e 3 = r cos� j � r sin� k : (B.8)

Th us, the v elo cit y at an y p oin t in space ma y b e written in the form

u = u

l

e 1 + u

r

e 2 + u

�

e 3 ; (B.9)

where u

l

, u

r

and u

�

are the comp onen ts parallel to e 1 , e 2 and e 3 resp ectiv ely .

Since for an axisymme tric mo del one need consider only a half-plane with edge

lying along the x -axis, here w e c ho ose the upp er half of the x { y plane. Th us, setting

� = 90

�

giv es

e 1 = i ; e 2 = j ; e 3 = � k ; (B.10)

and

u

l

= u; u

r

= v ; u

�

= � w ; (B.11)

u , v and w b eing the Cartesian v elo cit y comp onen ts. By de�nition, in an y axisym-

metric problem, the deriv ativ es of all ph ysical quan tities with resp ect to � m ust

b e zero i.e.

@

@ �

= 0. While u

�

need not b e zero in an axisymme tric 
o w, here for

simplicit y it will b e assumed that u

�

= 0. If u

�

is not zero then only the form of the

con v ectiv e terms giv en here will require mo di�cation.

Using standard results giv en in [101 ], in cylindrical co ordinates the gradien t of

a scalar function � ma y b e written as

r � =

@ �

@ l

e 1 +

@ �

@ r

e 2 +

1

r

@ �

@ �

e 3 ; (B.12)
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the div ergence of a v ector function A = A

l

e 1 + A

r

e 2 + A

�

e 3 as

r � A =
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r

 

@ ( r A
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(B.13)

and the curl of A as

r � A =

1
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(B.14)

B.1 The con tin uit y equation

Applying (B.13) to the v elo cit y �eld u = u

l

e 1 + u

r

e 2 + u

�

e 3 one obtains the follo wing

expression for div ergence of the v elo cit y �eld

r � u =

1

r

 

@ ( r u
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)

@ l

+

@ ( r u

r

)

@ r

+

@ u

�

@ �
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: (B.15)

Since

@

@ �

= 0, this simpli�es to

r � u =

@ u

l

@ l

+

1

r

@ ( r u

r

)

@ r

=

@ u

l

@ l

+

@ u

r

@ r

+

u

r

r

; (B.16)

or, in the notation emplo y ed in Chapter 6,

r � u =

@ u

@ x

+

@ v

@ y

+

v

y

: (B.17)

B.2 The pressure gradien t

Expression (B.12) ma y b e used to write the pressure gradien t in the cylindrical

co ordinate form

r p =

@ p

@ l

e 1 +

@ p

@ r

e 2 +

1

r

@ p

@ �

e 3 : (B.18)

Since

@

@ �

= 0, this simpli�es to

r p =

@ p

@ l

e 1 +

@ p

@ r

e 2 ; (B.19)

or alternativ ely

r p =

@ p

@ x

i +

@ p

@ y

j ; (B.20)
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where the v ectors i and j are emplo y ed to indicate the con tributions to the x and y

momen tum equations resp ectiv ely .

B.3 The con v ectiv e terms

The con v ectiv e term in the Na vier-Stok es equations is normally written using the

notation ( u : r ) u . When written out in full, using (B.12), it tak es the form

 

u

l

@

@ l

+ u

r

@

@ r

+

u

�

r

@

@ �

!

( u

l

e 1 + u

r

e 2 + u

�

e 3 ) : (B.21)

Expanding this, and simplifying using the assumption that u

�

= 0, one obtains
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u
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@ u
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+ u
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e 2 + 0 e 3 ; (B.22)

and th us

 

u

@ u

@ x

+ v

@ u

@ y

!

i +

 

u

@ v

@ x

+ v

@ v

@ y

!

j : (B.23)

B.4 The viscous terms

In a Cartesian co ordinate system the viscous term is frequen tly written using the

notation

r

2
u ; (B.24)

the understanding b eing that this expression ma y b e ev aluated b y applying the

Laplacian op erator indep enden tly to eac h rectangular comp onen t of the v elo cit y

�eld. In the presen t w ork the alternativ e stress-div ergence form of the viscous term

is emplo y ed, i.e.

r ( r � u ) + r

2
u ; (B.25)

so as to giv e ph ysically meaningful free-surface stress b oundary conditions. F or a

con tin uous div ergence-free v elo cit y �eld (B.24) and (B.25) ha v e iden tical v alues. The

indep enden t application of the Laplacian to eac h spatial comp onen t of the v elo cit y

is, ho w ev er, legitimate only in a Cartesian co ordinate system. When a co ordinate

system other than a Cartesian one is emplo y ed the viscous term (B.24) m ust b e

written in the alternativ e div-curl form [34]

r ( r � u ) � r � ( r � u ) ; (B.26)
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whic h is v alid in a general co ordinate system. Note that, despite its app earance,

(B.26) does not include the r ( r � u ) term required to giv e stress natural b oundary

conditions sho wn in (B.25). Using (B.14), the fact that

@

@ �

= 0, and the assumption

that u

�

= 0, one ma y obtain the follo wing expression
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Applying (B.14) a second time, and simplifying, giv es
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Considering next the r ( r � u ) term in (B.26) and emplo ying (B.12) and (B.16) one

obtains
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Finally , subtracting (B.28) from (B.29) one obtains
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or, in the notation emplo y ed in Chapter 6,
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The additional r ( r � u ) term required to giv e stress natural b oundary conditions

ma y b e found using (B.29), whic h in the notation emplo y ed in Chapter 6 tak es the

form
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