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Abstract 

Solving polynomial equations is a fundamental problem in several engineering and 

science fields. This problem has been handled by several researchers and excellent 

algorithms have been proposed for solving this problem. The computation of the 

roots of ill-conditioned polynomials is, however, still drawing the attention of several 

researchers. In particular, a small round off error due to floating point arithmetic is 

sufficient to break up a multiple root of a polynomial into a cluster of simple closely 

spaced roots. The problem becomes more complicated if the neighbouring roots are 

closely spaced. This thesis develops a root finder to compute multiple roots of an 

inexact polynomial whose coefficients are corrupted by noise. The theoretical devel- 

opment of the developed root solver involves the use of structured matrix methods, 

optimising parameters using linear programming, and solving least squares equality 

and nonlinear least squares problems. 

The developed root solver differs from the classical methods, because it first computes 

the multiplicities of the roots, after which the roots are computed. The experimen- 

tal results show that the developed root solver gives very good results without the 

need for prior knowledge about the noise level imposed on the coefficients of the 

polynomial. 
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Chapter 1 

Introduction 

Polynomials enjoy widespread use in several engineering and science fields, includ- 

ing control, coding theory, game theory, signal processing, computer graphics and 

many other applications. In triangle geometry, for example, polynomials are used 

to represent the relation between lengths and angles. Polynomials are also used in 

computer aided geometric design and geometric modeling for curve and surface repre- 

sentations. In more complicated applications such as robotics, polynomials are used 

to relate forces, trajectories and moments in order to control the robotic movements. 

In these applications, it is usually of interest to find the values at which a polynomial 

or a system of polynomials vanishes to indicate the occurrence of certain events such 

as the intersection of curves and surfaces. Such values are referred to as the zeros 

of the polynomials and the task of computing these zeros is called the root finding 

task. Many problems are reduced to the problem of root finding, such as the problem 

of shape interrogation in computer aided geometric design [55], spectral factorisation 

for the design of finite impulse response filters [3,67], and phase unwrapping [70] in 

signal processing. 

1 



CHAPTER 1. INTRODUCTION 2 

Computing the roots of a polynomial is a classical problem, and although a lot of 

excellent root finding algorithms are available, the computation of the roots of ill- 

conditioned polynomials is still drawing the attention of several researchers. Among 

these ill-conditioned polynomials is the polynomial whose zero set contains one or 

more multiple roots (those roots of multiplicity k> 1). Several methods have been 

introduced to solve this class of polynomials. However, most of the root finding 

algorithms experience difficulties in computing the roots of degree more than four 

[44]. This is mainly due to the numerical instability of the roots with high multiplic- 

ities [19,76]. Moreover, the polynomial, in practice, is known in a perturbed form, 

f (y) =j (y) + e, where e is the noise attached to the exact polynomial 
f (y). This 

noise may occur due to roundoff or measurement errors, which in turn, deteriorates 

the robustness of not only the algorithms for computing multiple roots, but also of 

those algorithms designed for computing simple roots. 

Well known numerical root finding methods include Newton's method [25,58,66], 

Müller's method [25,58,66], Bairstow's method [25], Graeffe's root squaring method 

[25,66], Laguerre's method [25,58], and the companion matrix eigenvalue method 

[9,58]. These methods are adequate for normal well-conditioned polynomials that are 

of moderate degree with simple well-separated roots. As the degree of the polynomial 

increases, or the multiplicity of one or more of its roots increases, or the separation 

between its roots decreases, the quality of the results obtained from classical meth- 

ods deteriorates. The reason lies in the fact that the multiple roots are extremely 
ill-conditioned i. e. they are very sensitive to small perturbations. As a result, in 

a floating point environment, roundoff errors will be sufficient to change the roots' 
distribution such that clusters of simple roots are formed around the multiple root. 
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It is therefore natural to expect that the case would be worse if the roots were closely 

spaced (nearly multiple roots). These roots pose the most difficult problems for the 

numerical algorithms [58]. 

This discussion leads to the aim of this thesis: 

The aim of this thesis is to develop a polynomial root finder that computes multiple 
roots of a univariate polynomial whose coefficients are corrupted by noise. 

The theoretical development of this root finder involves the computation of a struc- 

tured low rank approximation of the Sylvester resultant matrix, optimising parame- 

ters using linear programming, and solving least squares equality and non-linear least 

squares problems. 

The rest of this chapter provides summaries of some commonly used root finding 

methods in Section 1.1, and presents some of the computational challenges that are 

associated with the computation of multiple roots in Section 1.2, using illustrative ex- 

amples. These examples show that the computation of multiple roots is a non-trivial 

task and hence provide the motivation for the work presented in this thesis. 

1.1 Standard root finding methods 

This section gives a brief review of some of the classical methods for computing the 

roots of a polynomial. These methods include Newton's method [25,58,66], Müller's 

method [25,58,66], Bairstow's method [25], Graeffe's root squaring method [25,66], 

Laguerre's method [25,58], and the companion matrix eigenvalue method [9,58]. 
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Newton's method 

Newton's method, also referred to as the Newton-Raphson method, is a well known 

iterative method. This method computes the roots by approximating the function, 

f (y), linearly, using the tangent of the function at an arbitrary point. Thus, it requires 

the evaluation of both the function and its derivative at that point. Given a good 

initial root estimate, yo, that is not very far from the desired root, Newton's method 

can give iteratively better estimates yl, Y 27**-, such that 

, 
f(yn) 

n=ý1 ýe e"' TJn+1 = Yn - f'(1)(yn) 

These iterations should stop either when the successive estimates are very close to 

each other or the function value is very small. To prevent this method from converg- 

ing to the same root in successive iterations, each computed root is deflated from the 

polynomial, and the deflated polynomial is then used in the next run of the iterative 

scheme. The convergence of this method is very fast if the initial estimates are suffi- 

ciently close to the exact root. 

Müller's method 

Müller's method computes the zeros of the function f (y) using quadratic approxima- 

tion. It requires three initial roots estimates, Yk-2, yk-1 and yk, to compute the next 

approximation, 

yk+i = yk - (yk - yk-i) 
2C [max 

(B f B2 - 4AC) 
2C 

(1.1) 
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where 

A= gf(yk) - q(1 + q)f(yk-1) + g2f(yk-2) 

B= (2q + 1)f(yk) - (1 + q)2f(yk-1) + g2f(yk-2) 

C= (1 + q)f(yk) 

q= 
yk - yk-1 

yk-1 - Yk-2 

5 

To prevent the next estimated root from going too far from the current estimate, 

the sign in the denominator of (1.1) is chosen such that its absolute value is as large 

as possible. Starting with initial real estimates, Müller's method may converge to a 

complex estimate. It convergence rate is almost the same as Newton's method [66]. 

Bairstow's method 

Bairstow's method only works with polynomials whose coefficients are real. It is well 

known that the complex roots of such polynomials occur in complex conjugate pairs. 

To avoid complex arithmetic, this method extracts the quadratic factors that may 

generate these complex conjugate roots. Consider the polynomial 

f (y) = any' + an_lyn-1 +... + aiy + ao, (1.2) 

where ai, i=0, """, n, are the real coefficients of f (y), and let a quadratic factor be 

y2 + py + q. The polynomial f (y) can then be written as 

i(y) = (y2 + Py + g)(bn-2zn-2 + bn-3zn-3-}-... + bp) + ry + s, ý1.3) 



CHAPTER 1. INTRODUCTION 6 

where b� = b�_1 =0 and ry +s is the remainder of dividing f (y) over the quadratic 

function. If the quadratic function is an exact divisor, then the remainder is equal to 

zero i. e. r=s=0, and the roots of the quadratic function are also roots of f (y). This 

however, requires good initial guesses for the values of p and q, after which Newton's 

method is used to change the values of p and q, such that the roots of the quadratic 

function are roots of f (y), which certainly makes the values of r and s equal to zero. 

Equating the coefficients of (1.2) and (1.3) gives 

bk = ak+2 - pbk+1 - gbk+2, k=n-2,..., p, 

r= al - pbo - qbl, and s= ao - qbo. 

The solution of al - pbo - qbl =0 and ao - qbo =0 yields the values of p and q for 

which the roots of the quadratic function are roots of f (y) as well. The polynomial 

f (y) is then deflated and the process is repeated for the deflated polynomials to re- 

duce the effort of computing the roots in each step. 

Given good initial estimates, this method converges quadratically, but it converges 

linearly if the multiplicity of the quadratic factor is greater than one. 

Graeffe's root squaring method 

This method transforms the original polynomial to another polynomial of the same 

degree with new coefficients from which the roots of the original polynomial can be 

computed directly. This transformation requires successive squaring of the original 

roots by which the new roots spread widely apart if the original ones are real and 

distinct with absolute values greater than one. To illustrate this process, consider 

Example 1.1. 
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Example 1.1. Let 

f(y) _ (y + ai)(y + a2)(y - a3), 

where a,, i=1,2,3, are the absolute values of the distinct real roots. Then 

f (-y) = (-y + ai)(-y + a2) (-y - a3), 

= (-1)3(y - ai)(y - a2)(y + a3)" 

Using the binomial identity (y2 - a2) = (y - a)(y + a), 

f(y)f(-y) = (_1)3(y2 - ai)(y2 - a2)(y2 + a3), 

and if z= y2, then 

Q(x) _ (-1)3(z - ai)(z - az)(z + a3). 

The process is then repeated until the new roots are well-separated. Suppose that for 

a polynomial of degree n, the process described above is repeated k times, then the 

roots can be estimated from the following formula 

a; = 
a, 

ai_1 

1 
ý 

) i=1,2, """, n, 

where the as's are the coefficients of the kth polynomial. Q 

Example 1.1 considers the polynomial in factored form, but the results are the 

same for non-factored form. Clearly, this method has a problem if two or more of 
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its roots are of the same magnitude. Several amendments have been proposed to 

overcome this problem, but they make the method numerically expensive [29]. 

Laguerre's method 

Laguerre's method is motivated by the relations between the roots of the polynomial, 

and its first and second derivatives. Consider the polynomial 

f(n) _ (y - al)(y - az)... (y - an), 

whose natural logrithm is 

lnjf(y)I = inl(y-ai)l+int(y-a2)f+... +Inj(y-an)l. 

The first and second derivatives of (1.4) respectively, yield 

111f ýlý 
A=+++ 

ýy -an)= f, ýy - ai) (y - a2) 

and 

111 f(2) f(1) 2 
-B=- ---)=f-(f/ ýy - C41)2 (y - 02)2 ýy - an 2 

(1.4) 

Laguerre's method then assumes that the required root ai is located at a distance a 

from the current estimate, that is a= yo - a=, and all other roots are distinct and 

clustered at distance b. In terms of a and b, the derivatives A and B can be expressed 
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respectively as 

1 
A=a+nb and B=ä2+-b2 

Hence, 

a= 
n 

Af (n - 1) (nB - A2) 

9 

The sign in the denominator should be taken such that the magnitude of the denomi- 

nator is as large as possible. Starting with an estimate, yo, the value of a is computed 

and used in computing the next estimate yo - a. In each iteration it is required 

to calculate the values of the polynomial and its first and second derivatives at the 

current estimate, which is a disadvantage. An important property of this method is 

that, for any initial choice (i. e. not necessarily close enough from the true root), it 

always converges to a root if the roots of the polynomial are real. Laguerre's method 

converges cubically for the simple roots but linearly for the multiple roots. Moreover, 

starting with real initial estimates, Laguerrs's method may converge to a complex 

root. 

Companion matrix eigenvalue method 

Using the companion matrix, the root finding problem reduces to the eigenvalue 

problem. Consider the monic polynomial 

f(y)=y"+a�_lyi-1+.... }. aiy+ao, 
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and let C be an nxn square matrix, whose subdiagonal is filled with ones and whose 

last column contains the negative of the coefficients of the monic form of f (y), 

c= 

00 """ 0 -ao 

10"""0 -al 

01"""0 -a3 

`001 -an_i % 

This matrix is referred to as the companion matrix. Its characteristic polynomial is 

given by [5], page 11, 

det (yl - C) = y' + an_ly"-i +... + aly + ao =f (y). (1.5) 

It follows from the identity (1.5) that the roots of f (y) are exactly equal to the eigen- 

values of C. In other words, instead of finding the roots of f (y), it is sufficient to 

compute the eigenvalues of the corresponding companion matrix. Recently, fast effi- 

cient algorithms have been introduced for the eigenvalue computation using the QR 

algorithm [4,7,9]. This is how the MATLAB function roots() computes the roots 

of f (y) [30]. The stability and the accuracy of this method have been reported by 

Edelman and Murakami [22]. However, Cleve Moler [45] has pointed out that this 

method is computationally more expensive than the methods that are specifically 

designed for root finding algorithms. 

The methods discussed above may yield satisfactory results if the polynomial is of 

moderate degree and its roots are well-separated, but an exception of this is the 
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Wilkinson polynomial [76] 

20 

f (y) = 11(y - z), 

i=i 

whose roots are equally spaced. 

On the other hand, the performance of these methods deteriorates as the degree of 

the polynomial or the multiplicities of its roots increase. Moreover, these methods fail 

if the coefficients of the polynomials are known imperfectly or the computations of 

the roots are performed in a floating point environment. Therefore, better methods 

should be developed to over come the ill-conditioned nature of polynomials that have 

multiple roots. This task has been handled by the work presented in this thesis, and 

a root solver has been developed. Some of the results of computing multiple roots 

using the developed root solver are presented in Examples 1.2 and 1.3. 

Example 1.2. The first and second columns of Table 1.1 define the roots and as- 

sociated multiplicities of the exact polynomial pl(y). The coefficients of pi (y) were 

perturbed by noise with componentwise noise-to-signal ratio of ec = 10-8. The roots 

and associated multiplicities of the perturbed polynomial were calculated using the 

developed root solver, and the results of this computation are shown in the third, 

fourth and fifth columns of the table. Q 

Example 1.3. The same procedure used for Example 1.2 was applied to the polyno- 

mial p2(y) whose roots and associated multiplicities are given in the first and second 

columns of Table 1.2. The results of computing the roots and multiplicities Of P2(Y) 

after perturbing its coefficients are shown in the third, forth and fifth columns in the 

table. Q 
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Table 1.1: The roots and multiplicities of Pl(y). 

exact root exact 
mult. 

computed root computed 
mult. 

relative error 

2.62220000e+000 10 2.62220000e+000 10 2.12462358e-011 

-3.80360000e+000 10 -3.80360002e+000 10 4.50940637e-009 

-1.26210000e+000 9 -1.26210000e+000 9 3.11056307e-009 

-6.74950000e+000 6 -6.74949998e+000 6 2.54458742e-009 

Table 1.2: The roots and multiplicities of pa(y). 

12 

exact root exact 
mult. 

computed root computed 
mult. 

relative error 

-2.65620000e+000 5 -2.65619930e+000 5 2.64976497e-007 

-5.21420000e+000 3 -5.21421303e+000 3 2.49930364e-006 
6.52500000e-001 3 6.52500010e-001 3 1.48046396e-008 

1.07770000e+000 3 1.07769985e+000 3 1.40982369e-007 
1.57850000e+000 3 1.57850048e+000 3 3.06745235e-007 
3.60130000e+000 3 3.60129667e+000 3 9.25308150e-007 
7.33770000e+000 3 7.33770947e+000 3 1.29126972e-006 

-7.74770000e+000 2 -7.74766883e+000 2 4.02330826e-006 

-1.86450000e+000 2 -1.86450022e+000 2 1.19410112e-007 

Examples 1.2 and 1.3 show that the developed method preserves the multiplici- 

ties of the roots in the presence of noise. It is noted that the relative error of each 

computed root in Example 1.2 is less than e,, even though two of the roots have 

multiplicity 10. The relative errors of the computed roots in Example 1.3 are greater 

than e,, but there are some closely separated roots. These results should be com- 

pared with Zeng [85] who has developed a root solver that is explicitly designed for 

the computation of multiple roots of a polynomial. It achieves excellent results if the 

data is exact. However, in contrast to the method developed in this thesis, it is shown 

in Chapter 9, where more examples are given, that it gives incorrect result if inexact 
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data is considered and the noise level is not specified, or the incorrect noise level is 

specified. 

The subsequent chapters illustrate the theoretical and computational implementation 

of the developed methods, and show how the results in Examples 1.2 and 1.3 were 

achieved. In order to motivate the difficulty of the problem of computing multiple 

roots in the presence of noise, the next section provides some examples that illus- 

trate some of the challenges that arise with the computation of multiple roots of a 

polynomial. 

1.2 Computational challenges of root finding algo- 

rithms 

There are several classes of ill-conditioned polynomials, such as the polynomials whose 

roots are multiple, closely spaced or a combination of these classes. Furthermore, the 

computation of the roots of such polynomial classes becomes more challenging if their 

coefficients are imperfectly known. This section gives two examples to show some of 

the difficulties that are associated with the computation of roots of ill-conditioned 

polynomials. Example 1.4 illustrates the effect of roundoff errors associated with the 

computation of the multiple roots. Example 1.5 shows the effect of both roundoff and 

measurement errors on the computation of multiple roots of a polynomial. 
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f(y) = (y - 3)5a 

Figure 1.1: The plot of the computed roots of f (y) = (y - 3)50 

Example 1.4. Consider the polynomial 

ys - 15y4 + 90y3 -270 Y2 + 405y - 243 = (y - 3)5, 

14 

which clearly has only one root of multiplicity 5 at y=3. However, using the MATLAB 

function roots�, the following roots are returned, 

3.0033.3.0010 ± 0.0031i. 2.9974 f 0.0019i. 

This shows that the rounding errors which are about 10-16, are sufficient to cause a 

relative error of about 10-3 in the computed roots. 

Figure 1.1 shows the roots of the above polynomial after increasing the multiplicity 

'roots() uses the QR algorithm to compute the eigenvalues of the companion matrix. 
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of its root to 50. The multiple roots are now split into 50 distinct roots. These 

results suggest that as the multiplicities of the roots increase, the effect of roundoff 

errors becomes more significant, which causes a deterioration of the root finding 

algorithms. Q 

The occurrence of high root multiplicities is not the only source of problems for the 

root finding algorithms, because the problem is compounded if the roots are closely 

spaced. Unfortunately, measurement errors are much larger than roundoff errors, 

which makes the task of computing the roots of inexact polynomials more challenging. 

The following example illustrates the problem of computing the roots of an inexact 

polynomial, where roundoff errors and measurement errors are unavoidable. 

Example 1.5. The MATLAB function roots 0 was used to compute the roots of the 

polynomial f (y), 

f (y) _ (y - 0.5)3(y - 1.5)5, 

which were evaluated 1000 times, after perturbing their coefficients by noise with 

signal-to-noise level of e--1 = 108 in a componentwise sense. 

Figure 1.2(a) shows the plot of the computed roots. Clearly, it can be seen that the 

polynomial f (y) contains two distinct roots, and approximations of these two roots 

can be calculated by evaluating the arithmetic means of the corresponding clusters. 

The clusters of roots have been studied by several researchers [33,46,64,65] us- 

ing computational methods such as symbolic-numeric methods [65], and algebraic 

methods [64], for computing the roots as well as their corresponding multiplicities. 

Although, clustering seems to be simple, it is restricted to well-separated clusters, 
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f(ai)=(v -{) s),, 6i-1.5)5 E, =io" 1(y)=(y-0.5)°(y-1.0)ý(y -1 -ý =10 " 

(a) 

0.3 

(b) 

Figure 1.2: The plot of the computed roots of (a) f (y) = (y - 0.5)'(y - 1.5)5, and (b) 

f(y) = (y - 0.5)3(y - 1)3(y - 1.5)5, whose coefficients have been perturbed by noise 
with signal-to-noise level of ec-1 = 108 in a componentwise sense. 

where each cluster originates from one multiple root. If for example, a zero at y=1 

of degree 3 occurs between the two roots y=0.5 and y=1.5, in the polynomial given 

above, the clustering approach will fail to compute the correct values of the roots, as 

shown in Figure 1.2(b). 0 

Example 1.4 and 1.5 show that roundoff errors due to floating point arithmetic, 

and inexact data, can cause significant deterioration in the computed roots. Unfor- 

tunately, the presence of these two sources of errors are not avoidable. In particular, 

roundoff errors are always present in numerical computations and the uncertainties in 

the data due to measurement errors, for example, can not be avoided. It is therefore 

important to study the behavior of the roots of a polynomial in the presence of noise 

to obtain a better understanding of the problem, and to develop a numerical method 

that deals carefully with a corrupted polynomial, and this forms the main task of this 

thesis. 
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This thesis develops a method which is designed for the computation of multiple roots 

of a polynomial, whose coefficients are corrupted by noise. This method differs from 

the commonly used root solvers. It first computes the multiplicities of the roots of 

the given polynomial whose exact form is assumed to have multiple roots, then uses 

these multiplicities as constraints for the computation of the roots. By contrast, the 

classical methods described in Section 1.1 compute the roots directly without any 

restrictions that relate the roots to their multiplicities, and therefore, multiple roots 

are broken up into several simple roots. 

The developed method follows the method by Uspensky [74], which involves: 

1. The computation of the greatest common divisor (GCD) of several pairs of 

polynomials. 

2. The computation of the division of several pairs of polynomials. 

3. The solution of several polynomial equations, all of whose roots are simple and 

distinct. 

The subsequent chapters illustrate the theoretical and numerical computations of the 

developed method. A brief description of the rest of this thesis is now given, whereas 

a detailed thesis layout is given after describing the developed method in Chapter 2 

(see Section 2.4). 

Chapter 2 studies the ill-conditioned nature of a multiple root and describes the 

method in [74], whose computational implementation is considered in this thesis, for 

the computation of multiple roots of a polynomial. It is shown that the implementa- 

tion of this method in a floating point environment is a very challenging task because 

it involves ill-posed operations. Chapter 2 also describes the required modifications 
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to the method, in order for it to be implemented in a floating point environment with 

inexact data. A geometrical interpretation of the developed method is also included 

in Chapter 2. 

The crucial part of the method is the determination of the multiplicities of the roots 

of a polynomial. They are computed by successive GCD computations. It is shown 

in Chapter 3 that the Sylvester subresultant matrix can be used for the computation 

of the GCD of two exact polynomials. This work is, however, designed for inexact 

data, and therefore it is necessary to modify the theory in Chapter 3. In particular, 

the coefficients of the given inexact polynomial must be preprocessed before being 

involved in the GCD computations, and it is shown in Chapter 4 that three prepro- 

cessing operations are required. 

An overview of the previous work in GCD computations is given in Chapter 5, after 

which the modifications to the theory in Chapter 3, using non-linear structure pre- 

serving matrix methods, are considered in Chapters 6 and 7. 

As noted above, the algorithm used for computing multiple roots of a polynomial 

requires the computation of the division of several pairs of polynomials. A robust 

method for this computation is described in Chapter 8. 

The last stage in the method requires solving several polynomial equations, all of 

whose roots are simple. The computation of these roots and their refinement are 

considered in Chapter 9. This section also contains examples to demonstrate the ap- 

plication of the developed method to the computation of the roots of the theoretically 

exact form of an inexact polynomial. The conclusion and future work are then given 

in Chapter 10. 
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1.3 Summary 

This chapter has illustrated the importance of developing a root solver that computes 

multiple roots of the exact form of an inexact polynomial. Some commonly used nu- 

merical methods for the computation of the roots of a polynomial have been reviewed, 

and their advantages and disadvantages have been stated. In order to motivate the 

difficulty of the problem, some of the challenges that are associated with the compu- 

tation of multiple roots have been presented. It is concluded that a careful study for 

the behavior of a multiple root in the presence of noise is needed, in order to develop 

a better understanding and solution of the problem. This task is considered in the 

next chapter. 



Chapter 2 

Ill-conditioned polynomials 

It was shown in Chapter 1 that the computation of a multiple root of a polyno- 

mial is an ill-conditioned problem because small errors, including roundoff errors, are 

sufficient to cause incorrect results with large errors. This chapter consists of two 

parts. The first part studies the sensitivity of a multiple root to perturbations in 

the coefficients of the polynomial. The forward error, backward error and condition 

number of a root are defined to quantify the result of computing a multiple root. It 

is shown that, with respect to random perturbations, the sensitivity of a multiple 

root increases as its multiplicity increases. On the other hand, a multiple root is 

insensitive to the structured perturbations that keep its multiplicity. It is concluded 

that a robust root finder requires that the multiplicities of the roots of the given 

polynomial be first determined, after which the values of these roots are computed. 

These computed roots are then refined, under the condition that their computed mul- 

tiplicities are retained. The second part of this chapter describes the developed root 

finder that satisfies these requirements, and provides a geometrical interpretation of 

its implementation in a floating point environment. A detailed outline of the contents 

20 
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of this thesis is given at the end of this chapter. 

2.1 Forward and back word errors, and condition 

number 

A polynomial is considered to be ill-conditioned if a small perturbation in its coeffi- 

cients results in a big change in the solution. In order to quantify this solution, the 

numerical analysis concepts of forward error, backward error and condition number 

should be considered. 

Let x be the approximate value of x=f (y). The question that then arises is: How 

good is this approximation? The simplest error measures are the absolute and relative 

errors, 

Absolute error = Ix - 11 

xt Relative error =1 
xlxI 

Though the computation of these error measures is straight forward, it is not always 

possible, since the exact value may not be known. The backward error on the other 

hand, does not suffer from this problem, as it examines the input data y+ by, for 

which the problem was actually evaluated. Thus, the obvious difference between the 

forward and the backward errors, which is illustrated in Figure 1.1, is that the forward 

error measures the distance, in the output space, between the exact and computed 

solutions, whereas the backward error measures the distance, in the input space, 

between the data y for which the solution is sought and the data y+ öy for which the 
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solution has been actually computed. 

Input space Output space 

Figure 2.1: The backward and forward errors computed for x=f (y), such that x is 
the approximate value of x. The solid lines represent the exact computation and the 
dashed line represents the approximated computation. This figure was reproduced 
from [30]. 

However, both the forward and the backward errors are interrelated to express the 

sensitivity of the problem, which is referred to as the condition number. In particular, 

if for a certain numerical problem, a small backward error results in a large forward 

error, the problem is considered to be ill-conditioned. 

In terms of a system of linear equations, Ay = b, where A is a non-singular square 

matrix and b is a non-zero vector, the solution of this system is y= A-' b. For a small 

perturbation in b, the system Ay =b+ 5b, has the solution y= A-' (b + bb), where 
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y=y+ Sy. This implies that Sy = A-16b, thus 

23 

11byll s IIA-1 1) 11bb11. (2.1) 

Similarly, 

IIbII < IIAIIIIyII. (2.2) 

Multiplying (2.1) and (2.2), then yields 

IIayIIIIblI < IIA-IIIIIAIIIIyiIIIcblI, 

or equivalently 

Ilayll 
_< , ý(A) 

llabll 
Ilyll llbll 

where ic(A) = IIA-1I1 IJAII, which is referred to as the condition number of the matrix 

A. This result can be interpreted as follows: A relatively small backward error may 

yield a large forward error, where the ratio between the forward error and backward 

error is bounded by the condition number. Thus the relationship between the for- 

ward and the backward errors and the condition number is governed by the following 

formula to lowest order 

forward error < condition number x backward error, (2.3) 

which has been proved in [47,73,75]. 
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The condition number of a multiple root has been studied by several researchers 

[20,34,77], and it is shown that the condition number of a multiple root approaches 

infinity, with respect to random perturbations, as the signal-to-noise ratio increases. 

For example, consider the polynomial f (y) = y', which has r>1 roots at y=0. 

Perturbing f (y) by e>0, yields the perturbed polynomial I (y) = y' - e, which has r 

complex roots of magnitude elf'. The backward and forward errors in this case are: 

Backward error = e, 

Forward error = elf'' 

Clearly it can be seen that for a small value of e, the forward error is very high, and 

for these values of the forward error and backward error, the condition number that 

satisfies the formula in (2.3) is 

r 
Condition number >E -, 

which approaches infinity as a reduces to zero. 

Based on the error model assigned to the coefficients of a polynomial, there exist two 

types of backward error and condition number. Both of them can be measured in the 

componentwise and normwise senses. In particular, let 

m 
f(y) =E aiOi(y)ý 

i=0 

(2.4) 

where Oi (y), i=0, ""-, m, is a set of linearly independent basis functions, and ai 

is the coefficient of (pi(y). Using the componentwise error model, it is assumed that 
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each coefficient a, is perturbed to ai + Jai such that 

ai + Jai < ai(1 + ret), i=0, """, m, 

where r is a uniformly distributed random variable, whose value fall in the range 

[-1, +1], and eý 1 is the componentwise signal-to-noise ratio. It therefore follows that 

the componentwise error model is defined by 

16a: l< e, Iasl, 2=O, ..., m. 

The normwise error model is defined by 

IIbafI : EnIlall, 

where En 'is the normwise signal-to-noise ratio. The definition of the componentwise 

and normwise error models are given in Definitions 2.1 and 2.2, respectively, and the 

corresponding condition numbers are also stated. These expressions are taken from 

[77]. 

Definition 2.1. The componentwise backward error of the root approximation yo, of 

the root yo of f (y) is defined as 

%. (yo)=min{E,: EmodA(y0)=0 and (Sail <EcIail; ä=a+8a}. 

An expression for the componentwise condition number of a multiple root yo of 

multiplicity r, has been derived in [771, for random perturbations. This derivation 

considers a multiple root yo of the polynomial f (y) defined in (2.4). 
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Let the multiplicity of yo be r. It is proved in [771 that the componentwise condi- 

tion number of yo is 

K(yo) il1r! 
ý ia=O1(yo)ý 

EI-! lyol If(T) (yo)1 i_o 

where eý 1 is the componentwise signal-to-noise ratio. 

Definition 2.2. The normwise backward error of the root approximation yo, of the 

root yo of f (y) is defined as 

77n(yo) = min {en : Em oäiOa(yo) =0 and Ilball < enllall; ä=a+ Ja}. 

An expression for the condition number associated with the normwise backward 

error model of a multiple root yo of multiplicity r, has also been derived in [77], for 

random perturbations. This derivation considers a multiple root yo of the polynomial 

f (y) defined in (2.4). Let the multiplicity of yo be r. It is proved in [77] that the 

normwise condition number of yo is 

(i 
Nri(yo) _r 11all llo(yo)llýl 

r Fyoý I f(T) (yo) I 
) 

I- 

where -n -I is the normwise signal-to-noise ratio. For high multiplicities r»1, 'cc(yo) 

and ! c�(yo) can be approximated by the following formulae, 

K, (yo) ;. ' e, Iyol ' and K,, (yo) ;: zý 
En. 1yol, 

(2.5) 

respectively, and it can be seen that for random perturbation the componentwise 
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and normwise condition numbers are proportional to the signal-to-noise ratio. More 

specifically, the higher the signal-to-noise ratio, the more unstable the problem. These 

results should be compared with the result obtained when a structured perturbation 

that preserves the multiplicity of the root is considered. This comparison is made 

in Section 2.2, where it is shown that a multiple root is stable with respect to a 

perturbation that preserves the multiplicities of the multiple roots. 

2.2 Geometric interpretation of an ill-conditioned 

polynomial 

It has been shown in Section 1.2 that the computation of multiple roots of a poly- 

nomial is an ill-conditioned problem and small perturbations due to roundoff errors 

may break up the multiple roots into clusters of simple roots. However, Kahan [35] 

has pointed out that a polynomial is well-conditioned if the perturbations preserve 

the multiplicities of its roots. In particular, consider the polynomial 

f(y) = (y - 5)5(y - 2)7(y + 9)10 

The polynomial f (y) lies on a pejorative manifold which is defined by its multiplicity 

structure m= 15,7,10}- Kahan has defined the pejorative manifold for a polynomial 

with a given multiplicity structure and stated that the roots of a polynomial are 

sensitive to random perturbations that move the polynomial off this manifold (i. e. 

the perturbed polynomial does not lie on the manifold on which its unperturbed form 

lies), but they are insensitive to the structured perturbations that keep the polynomial 
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on the manifold of its unperturbed form. 

The work in this thesis uses Kahan's observations on pejorative manifolds to test the 

feasibility of the structure preserved matrix methods for robust computations of the 

multiple roots of high degree, inexact univariate polynomials expressed in the power 

basis. 

The fundamental task in the root solver that is developed in this thesis is the identifi- 
cation of the pejorative manifold on which the theoretically exact polynomial lies. This 
corresponds to the determination of the multiplicities of the roots of the polynomial. An 
iterative procedure can then be used to locate the roots on the manifold, such that each 
iteration stays on the manifold and thus the multiplicities of the roots are preserved in 
this iterative scheme. 

In order to understand Kahan's observations on the pejorative manifold and how 

they can be applied to the developed root solver, this section explains the theory 

of pejorative manifolds, and studies the sensitivity of a multiple root to structured 

perturbations compared to its sensitivity under random perturbations. 

2.2.1 The pejorative manifold 

A polynomial with one or more multiple roots forms a pejorative manifold that is 

a subset of the space of all polynomials [34]. The multiplicities of the roots of the 

polynomial are preserved if a perturbation keeps the polynomial on the manifold, but 

they are destroyed if the polynomial leaves the manifold. This pejorative manifold 

can be defined via Vieta's system [81]. 

Consider the monic polynomial f (y) whose 1 distinct roots are yj, j=1, """ , 1, with 

the multiplicity structure m= {mj}, j=1, """ , 1, such that if the degree of f (y) is 
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equal to n, then ml + m2 +"""+ MI = n. The polynomial f (y) can be written as 

f(y) _ (y-yl)m3(y-y2)m'... (y-y1)"`i7 

= yn+Th(1J1iy2i""" , 
y1)yn-1+P2(y17y2i""" 

, yt)yn-2"""+Pn(y17y2)""" 7yl) 

= yn + alyn-1 + a2yn-2 +... .+ an, 

where the functions pi, i=1, """, n, define the relation between the roots and the 

coefficients of f (y). Let the n roots of f (y) be denoted by (yi, yz, """, yn), which are 

not necessarily distinct. Using Vieta's formulae, pi can be generalised as follows, 

(2.6) 

pl 

P2 = F'1<jl<j2-<n y. iiy, ia - a2 

Pm(Y) = 
pk = L. 1<jl<j2<... <7k<n y91yj2 . .. y. 9k = l-1)kak 

(2.7) 

pn = 111,,,,, 5n y7i = (-1)nan" 

The system in (2.7) is called the coefficient operator and it defines the pejorative 

manifold of f (y) whose multiplicity structure is m= {ml, """, ml}. Clearly, it can 

be seen that the equations in this system constrain the coefficients of f (y), a;, i= 

1, """, n, in order for f (y) to have the multiplicity structure m. The pejorative 

manifold is defined in [85] as follows: 

Definition 2.3. Fora given multiplicity m={M1, '** , MI 1, the collection of vec- 

tors Hrn - {P(z)Iz E C} C C' is called the pejorative manifold of multiplicity 

structure m. 
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Example 2.1. Consider the polynomial f (y), which has one simple root and one 

triple root, 

f(y) _ (y - yi)(y - y2)3 

= y4 - (yi + 3y2)y3 + 3(yiy2 + yä)y2 - (3yiy2 + yä )y + yiy2" 

This polynomial lies on the pejorative manifold M which is defined by the multiplicity 

structure m= {1,3}. In particular, M lies in 1R4 on which all real monic polynomials 

of degree four with one simple root and one triple root lie. The exact location of f (y) 

on M is defined by the values of its roots. It follows that M is a surface defined by 

(-(yi + 3yz) 3(yiy2+ y2) - (3y1y2 + y2) yly2 ), 

where y= [yl y21 TE R2. 

If yl = y2, f (y) has a quadruple root and f (y) can be written as follows 

f (y) = y4 - 4yiy3 + 6yi y2 - 4y, 3y + y4 l* 

The polynomial f (y) in this case lies on the pejorative manifold M, which lies in 

1R4, and is defined by the multiplicity structure m= {4}. In particular, M is the 

manifold on which all real monic polynomials of degree four with one quadruple root 

lie. The exact location of f (y) on M is defined by the values of its roots. It follows 

that M is a curve defined by 

(-4yi 6yi - 4yi yi ), 
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where y= yl E R. 0 

2.2.2 The sensitivity of a multiple root to a structured per- 

turbation 

Once the multiplicities of the roots of a polynomial have been determined, the pejo- 

rative manifold on which this polynomial lies is defined uniquely. The task now is to 

study the behavior of this polynomial on its manifold with respect to both random 

and structured perturbations. It has been noted in Section 2.1 that several researchers 

have shown that a multiple root is very sensitive to a random perturbation in the 

coefficients of the polynomial. The sensitivity of a multiple root to a structured per- 

turbation that preserves its multiplicity is now considered. 

Considering a structured perturbation, an expression for a componentwise condition 

number of a root has been derived in [77], and it is shown that a multiple root is 

insensitive to the perturbation that keeps its multiplicity. 

Theorem 2.1. [77] The condition number of the real root yo of multiplicity r of the 

polynomial f (y) = (y - yo)'', such that the perturbed polynomial also has a root of 

multiplicity r is 

i 
Dyo 1 II(y - yo)rII 

-1 
ýs=o (r)2(yo)2i 2 

P(yo) - 0f rlyol II (y - yo)r-iiI rlyol Et o (i)2(y0)2i 
(2.8) 

where 

Iy6yo 
Af __ 

ýýýý11 ) 
and Ayo =1 

oll 
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Proof : Let f (y, yo) :=f (y). It follows that 

f (y, yo) _ (y - yo)r 
r 

_E2 
r) 

yr-t(_y0)i 
: -n 

= yr + 

.ýlZ) 

(-i)b(yO)ayT-i. 

i=0 

A neighboring polynomial that also has a root of multiplicity r is 

(y, yo + Syo) = (y - (yo + Syo))r, 

and hence 

f (y, yo + byo) -f (y, yo) = 

Since 

(y - yo)r-1 = 

it follows that, 

i=1 

ý (') 

i-1)b ((yo + byo)' - yö) yr-i i=1 

/r 
Öyo ýjZ (-1ý'ay'o lyr 

: -, 
\ i=1 

+0(15Y2). 

r-1 1"ý 1 

(\(r 
-1 

yr-1-i (-yo)i 

i=0 
r(l 

-r 
(-1)`Z(yo)'-lyr-'' 

i=1 

32 

Jf :=f (y, yo + Jyo) -f (y, yo) = -rbyo(y - yo)r-1+ 
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to first order. Therefore, the condition number of yo, under a structured perturbation 

that preserves its multiplicity is 

Dyo 1 II(y - yo)TII 
Of rlyo111 (y - yo)''-l 11 ' 

and since 

r (r) 
(y - yo)r =EZ yr-t(-y 

i=O 

the result (2.8) follows. 

(2.9) 

Example 2.2. Using (2.8), the condition number p(5) of the root yo =5 of the 

polynomial f (y) = (y - 5)' was calculated for the multiplicities r=2,10,20, and the 

results are shown in Table 2.1. 

Table 2.1: The condition numbers of the root yo = 5. 

r The condition number p(5) 
2 0.5284 
10 0.1168 
20 0.0592 

Table 2.1 shows that p(5) decreases as the multiplicity increases. This result is 

related to the fact that the curve f (y) = (y - a)' becomes flatter at y=a as r goes 

to infinity, and therefore it is less sensitive to the changes in the root. This result 

should be compared with the situation when a random perturbation is considered. 

For r= 20, for example, the componentwise condition number of the root yo =5 is 

K(yo) SE, which is proportional to the signal-to-noise ratio, where K(yo) is defined 

in (2.5). Q 
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Theorem 2.1 shows that the condition number of a multiple root is independent 

of the noise level if it preserves its multiplicity, and it decreases as the multiplicity 

increases. Another expression for the condition number of a multiple root, when a 

structured perturbation is considered, has been derived in [35]. This derivation con- 

siders the effect of the distance between neighboring roots on the condition number 

of a multiple root. It shows that the main factors that affect the sensitivity of a root 

are its relative distance from the other roots of the polynomial and its multiplicity. 

The proofs in [35] and [77] agree that the condition number of a multiple root is 

independent of the noise level, as long as it does not change the multiplicity of this 

root. 

The discussion above supports Kahan's observations and suggests that the crucial 

stage in the computation of multiple roots of a polynomial is the determination of 

the multiplicities of its roots (i. e. defining the pejorative manifold on which the poly- 

nomial lies). The values of the computed roots can then be improved by a refinement 

process that preserves the multiplicities of the roots. 

The method developed in this thesis for computing multiple roots of a polynomial 

handles this task efficiently, in addition to the computation of the initial root esti- 

mates. These root estimates are then refined under the constraints of the computed 

multiplicity structure, that is, the pejorative manifold has been identified and all com- 

putations are performed on this manifold, thereby guaranteeing numerical stability. 

An overview of the method developed for the computation of multiple roots of a 

polynomial is considered next. 

I 
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2.3 Polynomial root solver overview 

This section is devoted to describe the method whose computational implementation 

is considered in this thesis. The theoretical development of this method for exact data 

is given in Section 2.3.1 along with an algorithm that describes its implementation. 

Section 2.3.2 then discusses its computational implementation when inexact data is 

considered. A geometric interpretation of the developed method is given in Section 

2.3.3. 

2.3.1 Theoretical development 

It is well known that simple roots are better conditioned than multiple roots with 

respect to unstructured perturbations. It is therefore instructive to use the divide and 

conquer strategy to compute multiple roots of a polynomial, by which the polynomial 

that has multiple roots is broken up into several polynomials, each of which only has 

simple roots. Moreover, it has been stated in Section 2.2, that the computation 

of multiple roots of a polynomial f (y) is more reliable if it is performed under the 

constraint that the multiplicity structure of f (y) is known. It is therefore instructive 

to first compute the multiplicity structure of f (y), after which the values of its roots 

can be computed. 

A method that satisfies the above requirements has been developed in this work. 

This method follows the method described by Uspensky [74], pages 65 - 68, whose 

computational implementation is considered in this work. It differs from the classical 

methods described in Section 1.1 because it first computes the multiplicities of the 

roots, then it computes the values of these roots. A description of this method is now 

given. 
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Let the polynomial f (y) have the following factorised form 

f(y) = wi(y)wä(y)wä(y)... wi(y)ý 

36 

where wi is the product of all the factors of degree i, i=1,2, " .., l and 1 is the highest 

root multiplicity. If no factor of degree k occurs, then the value of wk(y) is set equal 

to one. It follows that 

9i(y) = GCD (f(y), f(1)(y)) = w2(y)W3(y) .. . wl-1(y) 

42(y) = GCD (ql(y), 9i1)(y)) = ws(y)+vä(y) ... wý-2(y) 

43(y) = GCD (q2(y)+4i1)(y)) = wa(y)ws(y) ... wý-3(y) 

qt(y) = GCD (qi-1(y), qj )j(y)) 
= constant, 

and 

hi(y) _ 

h2 (y) _ 

h3(y) _ 

fv 
al wl (y) wz (y) w3 (y) ... w` (y) 

wa(y)ws(y)... wi(y) 

w3(y)w4(y) ... WI(Y) 

91 y 
92(y) 

42 y 
93 (y) 

hi (y) = 
9t-1 (y) 

91(y) w, (y)" 

The factors wti(y), i=1,2, """11, can then be determined from the following equations 

wl(y) = 
hl(y), 

W2 (Y) = 
h2(y)' 

... ý wl-l(y) = 
hl-l(y), 

wl = hlly)+ 
h2(y) hs(y) hl(y) 
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whose roots are simple. Recall that wi(y) includes all the roots of multiplicity i, and 

therefore the root multiplicities are maintained. Algorithm 2.3.1 illustrates the use 

of this method in computing the roots of a polynomial that has at least one multiple 

root. 

Algorithm 2.3.1: Root solver 

Input A polynomials f (y). 

Output The roots of f (y). 

Begin 

1. Set j=0 and qj =f (y). 

2. while deg (qj) >0 do 

(a) Increment j. 

(b) Compute qj = GCD (qj, qj 

(c) Compute h; = q, 

(d) if j>l then 
h, -i 1. Compute wj_1 = h, 

ii. Compute the roots of w, _1. 

end 

else Compute the roots of w.,. 

end 
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3. Set w3 = h; and find the roots of wj. 

Clearly it can be seen that Algorithm 2.3.1 ends with the factors wj(y), j=1, """ , 1. 

These factors might be constants or polynomials whose roots y3 are simple, and if a is 

a root of wj (y) then a3 is a root of f (y). Thus Algorithm 2.3.1 reveals the multiplicity 

structure of the given polynomial in addition to computing its roots. 

Geometrically, the theoretically exact polynomial lies on a pejorative manifold, since 

it is assumed that it has at least one multiple root. If deg GCD >0 in Step 2 of 

Algorithm 2.3.1, the pejorative manifold on which the exact polynomial lies is not 

defined uniquely, and more GCD computations are required to be performed. When 

deg GCD = 0, the pejorative manifold on which the theoretically exact polynomial 

lies, is defined uniquely. The roots of wj, j=1, """ ,1 computed in Step 3 of Algorithm 

2.3.1, define the unique point on this pejorative manifold, that represents the exact 

polynomial. 

Example 2.3. Consider the polynomial 

f(y) = (y - 1)3(y + 3)2(y - 2) = qo(y), 

and its derivative 

f(1)(y) = (y - 1)2(y + 3)(6y2 -y- 17) = 4(1)(y)" 
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Algorithm 2.3.1 yields 

Qi(y) =GCD (go(y), 9ö1)(y)) = (y - 1)2(y + 3), Qil) _ (y - 1)(3y + 5) 

q2(y) =G CD (91(y), 4i1)(y)) = (y - 1), 4(i1) =1 

43(y) =GC D(42(y), 421) (y)) = 1, g31ý = 0, 

hi(y) - el(8) - 
(y - 1)(y + 3)(y - 2) 

h2(y) - gz('v) - (y - 1)(y + 3) 

h3(y) - 92 y- (y - 1), 
0 (U) 

wi (y) 

wz(y) 

W3 (Y) 

= hz(v) 
- (y - 2) 

- ha (v) _ (y + 3) 

= h3(y) = (y - 1). 

It follows that f (y) has one root at y=2, a double root at y= -3 and a triple root 

at y=1. Moreover, the polynomial f (y) lies on the pejorative manifold ME R5 

which is defined by the multiplicity structure m= {1,2,3}. Q 

Although the flow of the operations in Algorithm 2.3.1 seems to be easy, its im- 

plementation in a floating point environment and/or with inexact data raises some 

numerical challenges. In particular, the implementation of Algorithm 2.3.1 involves: 

1. The computation of the GCD of several pairs of polynomials. 

2. The computation of the division of two polynomials. 

3. The solution of several polynomial equations, each of which only has simple 

roots. 
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The first two operations are ill-posed if the computations are performed in a floating 

point environment. Therefore, it is required to perform these operations with high 

care. More details on the computational implementation of Algorithm 2.3.1 are given 

next. 

2.3.2 Computational implementation 

The first two stages of Algorithm 2.3.1, the computation of the GCD of two polyno- 

mials, and the division of two polynomials, are well-defined problems if the data is 

exact and the computations are performed symbolically. By contrast, the ill-posed 

nature of these computations makes them non-trivial when inexact data is consid- 

ered. More precisely, the GCD of two polynomials is not a continuous function of the 

changes in the coefficients of these polynomials and a small error, including round- 

off error, is able to turn the two given non co-prime polynomials into two co-prime 

polynomials. A numerical solution for such problem requires that the two given inex- 

act polynomials f (y) and g(y) be perturbed slightly such that their perturbed forms 

I (y) =f (y) +Sf(y) and g(y) = g(y) +Sg(y) have a non-constant GCD. The resulting 

GCD is referred to as an approximate greatest common divisor (AGCD), because it 

is an approximate GCD with respect to f (y) and g(y). However, this AGCD is an 

exact GCD of the corrected polynomials 1(y) and §(y). 

Similarly, the computation of the division of two polynomials p(y) and q(y) is an 

ill-posed problem because even if the polynomial division p(y)/q(y) is a polynomial, 

the polynomial division 
q(Y)+äa(b) 

is, with high probability, a rational function, for 

arbitrary small errors Jf (y) and 6g(y). Since it is required that nv +6n is a poly- 
q(y)+6q(y) 

nomial and not a rational function, a procedure similar to that described above is 
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adapted. In particular, perturbations are added to p(y) + 6p(y) and q(y) + bq(y) such 

that the polynomial division of the perturbed forms of p(y) + 6p(y) and q(y) + bq(y) 

yields a polynomial. The work presented in this thesis uses structure preserving 

matrix methods [60,61] to produce the proper perturbations that satisfy the above 

requirements. 

2.3.3 The geometric interpretation of Algorithm 2.3.1 (inex- 

act case) 

It is assumed that the theoretically exact form of the given inexact polynomial has 

at least one multiple root, and therefore it lies on a pejorative manifold, which is 

defined by its multiplicity structure. Furthermore, it has been noted in Section 2.3.1 

that this multiplicity structure is determined from the successive GCD computations 

in Algorithm 2.3.1. The case is different when the inexact polynomial is considered. 

In particular, it is assumed that its roots are simple due to its ill-conditioned na- 

ture. Therefore, the inexact polynomial is an isolated point in space and it does not 

lie on a pejorative manifold. Therefore, the GCD computations in Algorithm 2.3.1 

must be replaced by AGCD computations. Considering the modification procedure 

discussed in Section 2.3.2 for these computations leads to the following geometric 

interpretation: Each AGCD computation represents an orthogonal projection on to 

a pejorative manifold, since the nearest AGCD is required as stated in Definition 5.2. 

If deg AGCD > 0, the pejorative manifold on which the exact polynomial lies is 

not defined uniquely, and more AGCD computations are required to be performed. 

When deg AGCD = 0, the pejorative manifold on which the exact polynomial lies, 

is defined uniquely. This pejorative manifold is defined by the multiplicity structure 

UNIVERSITY 
OF SHEFFIELD 

LIBRARY 
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whose contents have been computed by the successive AGCD computations. 

The roots of wj, j=1, ""-, l in Algorithm 2.3.1 are regarded as initial estimates 

whose values are refined using the method of non-linear least squares, such that the 

polynomial of the refined roots in each iteration remains on the pejorative manifold, 

that is, the multiplicity structure of the polynomial is retained. 

Figure 2.2: Graphical illustration of the refinement of the roots on the pejorative 
manifold M. 

Consider the inexact polynomial f (y) whose theoretically exact form j (y) has l 

distinct roots of multiplicities mi, i=1,2, """ , 
1, and whose l distinct root initial 

estimates are yo = [yo, i, 110,2, ""-, yo, i]. Figure 2.2 illustrates the refinement process 

of the computed roots yo graphically. In particular, the multiplicity structure m= 

{mi, m2, """, m, } defines the pejorative manifold M on which f (y) lies. The points 

Q, Q and P lie on this pejorative manifold, where: 

(1) Q denotes the point which is defined by the coefficients ä of j (y). 
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(2) Q denotes the point that arises from the orthogonal projection of a point a, 

defined by the coefficients of f (y), onto M, and 

(3) P denotes a point that arises from the series of the orthogonal projections per- 

formed by the successive AGCD computations, and its exact location on M is 

defined by the initial root estimates yo. 

The point P may be distant from the point Q, whose location is assumed to be very 

close to the exact point Q, and the desire is to move the point P to a point very close 

to Q. However, this movement should be done such that the new location of P is still 

on M, and this can only be achieved if the multiplicity structure m is maintained. 

The movement of P to Q is achieved by the method of non-linear least squares. 

2.4 Thesis outline 

This thesis considers the computational implementation of the method described by 

Uspensky [74], pages 65-68, for the computation of multiple roots of the theoreti- 

cally exact form of an inexact polynomial. The description of this method for the 

computation of the roots of an exact polynomial has been discussed in Section 2.3.1 

and it has been shown that it consists of successive GCD computations, successive 

polynomial divisions and solving several polynomial equations. 

The computation of the GCD of two exact polynomials requires that the degree of 

this GCD be first determined after which its coefficients are computed. It is shown in 

Chapter 3 that the Sylvester resultant matrix can be used for the computation of the 

GCD of two exact polynomials. However, it is assumed in this work that the given 

polynomial has multiple roots and their coefficients are not known perfectly, and thus 
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some modifications to the theory in Chapter 3 are required. 

These modifications are considered in this work, where robust methods are used for 

the computation of the degree of an AGCD of two in exact polynomials, and struc- 

ture preserving matrix methods are used for the computations of an AGCD of two 

inexact polynomials and the polynomial division of two inexact polynomials. Finally, 

the method of non-linear least squares is used for the refinement of the roots. 

It is shown in Chapter 4 that the coefficients of the given inexact polynomial must 

be processed before being involved in the computation of the AGCD, and three pre- 

processing operations are discussed in this chapter. These preprocessing operations 

allow efficient computations of the AGCD. 

An overview of AGCD computations is given in Chapter 5. The problem of comput- 

ing the degree of an AGCD of two inexact polynomials is addressed in Chapter 6 by 

considering three methods for this computation. Chapter 7 presents two methods for 

the computation of the coefficients of the AGCD using non-linear structured matrix 

methods. 

A robust method for the computation of the successive polynomial divisions is dis- 

cussed in Chapter 8. The two sets of polynomial divisions in Algorithm 2.3.1 yield 

several polynomials, all of whose roots are simple. The computation of these roots 

and their refinement are considered in Chapter 9. This chapter also contains some 

examples that demonstrate the application of Algorithm 2.3.1 for the computation 

of multiple roots of inexact polynomials, using the developed methods given in this 

thesis. 

The feasibility of using structure preserving matrix methods in computing the mul- 

tiple roots is then discussed in Chapter 10. Future work that may extend the work 
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presented in this thesis is also discussed in this chapter. 

2.5 Summary 

45 

This chapter has introduced the concept of ill-conditioned polynomials and provided 

a study of the sensitivity of a multiple root of a polynomial. The theory of pejo- 

rative manifolds enables the behavior of a multiple root in the presence of noise to 

be understood. It has been shown that a multiple root is ill-conditioned with re- 

spect to random perturbations that change its multiplicity. On the other hand, it is 

well-conditioned with respect to the structured perturbations that preserve its mul- 

tiplicity. A root solver that utilises these observations has been presented along with 

its geometrical interpretation. The stages required by the developed root solver have 

been described. 



Chapter 3 

Sylvester resultant matrix 

The polynomial root finder described in Algorithm 2.3.1 forms the high level descrip- 

tion of the root finder proposed in this thesis. The implementation of this algorithm 

requires successive GCDs to be computed. This chapter describes the application of 

the Sylvester resultant matrix and its subresultant matrices for the computation of 

the GCD of two univariate polynomials expressed in the power basis. 

The existence of a non-constant GCD of two polynomials can be verified by testing 

the singularity of their Sylvester resultant matrix. In particular, two polynomials 

have a non-constant GCD if and only if their Sylvester resultant matrix is singular. 

Moreover, if this resultant matrix is singular, then it is rank deficient and the defi- 

ciency in its rank equals the degree of the GCD, and the coefficients of the GCD lie in 

last non-zero row of this resultant matrix, after reducing it into an upper triangular 

form [5]. Thus, the Sylvester resultant matrix is closely related to the GCD compu- 

tation. 

Several resultant matrices can be used in the GCD computations, including the 

Sylvester, Bezout and companion matrices, as they have the same GCD information, 

46 
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that is, the rank deficiency is equal to the degree of the GCD and the coefficients of 

the GCD can be found from the resultant matrix. The Sylvester resultant matrix has 

been chosen in this work due to its linear structure which simplifies the implemen- 

tation of the structured computation methods that are required for the polynomial 

root solver developed proposed in this thesis. 

This chapter first defines the Sylvester matrix and reviews some of its properties for 

the GCD computation in Section 3.1. Then, Section 3.2 introduces the Sylvester 

subresultant matrices and their importance for the computation of the degree of the 

GCD. 

3.1 Sylvester resultant matrix 

To define the Sylvester resultant matrix, let us first decide when a pair of polynomials, 

f=j (y) and g= g(y), has a non-constant common divisor. Let 

mn 

f(y) _ý aiy2 and 9(y) biyt, äm, bn : ý4 0" (3.1) 

i=o i=o 

If j (y) and g(y) have a non-constant common divisor, then there must exist a value of 

y for which f (y) =0 and g(y) = 0, simultaneously. Using these equations, construct a 

system of N=m+n homogeneous equations in N unknowns. The coefficient matrix 

of this system is called the Sylvester resultant matrix. In particular, multiplying 
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f (y) =0 by yn-I, n-2,... , y, 1, respectively, yields the n equations 

ämym+n-1 + äm-lym+n-2 

ämym+n-2 

+ """ + äoyn-1 

+... } ä1y"-1 + äoy"'2 

=0 

=0 

ämym .+ äm-iy'r`-i +... + äo =0 

(3.2) 

Similarly, multiplying g(y) =0 by ym_l, ym-2, """, y, 1, respectively, yields the m 

equations 

bnym+n-1 + bn-lym+n-2 ++ boym-1 

bnym+n-2 ++ blym-1 + boym-2 

bnyn + bn-lyn-1 + 

-o 
-o 

+ bo =0 
(3.3) 
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The transpose of the (m + n) equations in (3.2) and (3.3) can be written as a system 

of linear homogeneous equations 

am 

äm_1 am 

am_1 

äl äm 

äo äi " ä�ti-i 

äo 

a1 

äo 

bn_1 

bn_1 

bl 
." 

bn 

bo bi bn-1 

bo 

bi 

bo 

ym+n-1 

ym-Fn-2 

= 0. (3.4) 

y 

1 

Thus the Sylvester resultant matrix (which will henceforth be called the Sylvester 

matrix, for simplicity) of j (y) and g(y) defined above is the (m + n) x (m + n) 



CHAPTER 3. SYLVESTER RESULTANT MATRIX 50 

coefficient matrix, 

S(f, s) = 

äm 

äm_1 äm 

äm_1 

äl 

äo äl 

do 

äm 

äm_1 

äl 

äo 

bn 

bn-1 bn 

bi 

bo 

bn_1 

bi 

bo 

bn 

bn-1 

bi 

bo 

n columns m columns 

where the first n columns contain the coefficients ä; of f (y) and the last m columns 

contain the coefficients b; of g(y). This is how the Sylvester matrix is defined in [5]. 

The Sylvester matrix can also be viewed as two Cauchy matrices. These Cauchy 

matrices are formed by the first n columns and the last m columns, respectively, of 

S(f, y). Thus the Sylvester matrix can be represented as follows 

S(f, 9) 
[c(f) 

D(9) 
], 

where C(f) E R (m+n)x"D(9) E 

(3.5) 

, n+n)x'" The representation of the Sylvester 

matrix in terms of two Cauchy matrices will be used in the following chapters where 

it is shown that the vector of coefficients of the product of two polynomials can be 
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written as a matrix-vector product. 

If j (y) and g(y) have a non-constant GCD then the homogeneous system in (3.4) must 

have a non-trivial solution. In general, a system Sy =0 has a non-trivial solution if 

and only if S is singular. Therefore, a necessary condition for f (y) and g(y) to have 

a non-constant GCD is that their Sylvester matrix be singular. 

Theorem 3.1 establishes the relation between the Sylvester matrix and the GCD 

computation. 

Theorem 3.1. Let the polynomials f (y) and g(y) in (3.1) have a non-constant GCD. 

If the degree of the GCD is d>0, then the following properties of their Sylvester 

matrix, S(f, g), hold true: 

1. S(f , g) is rank deficient and therefore, 

det(S(f , g)) = 0. 

2. The degree of the GCD of i (y) and g(y) equals the rank loss of S(f, g), 

deg(GCD (j, §)) =m+n- rank (S(f, g)). 

3. The coefficients of the GCD of f (y) and g(y) lie in the last non-vanishing row 

of S(f, g)', after reducing it into an upper triangular form. 

These results are established in [5], pages 35-39, and [18]. The relation between the 

GCD of two polynomials and their Sylvester matrix can be clarified by the following 

example. 
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Example 3.1. Let the polynomials j (y) and g(y), respectively be 

f(y) =y3+8y2+5y-50= (y+5)2(y-2) 

and 

9(y) = y5 + 7y4 -2 y3 -46 Y2 + 65y - 25 = (y - 1)3(y + 5)2, 

whose GCD is 

d(y) = y3 + 10y2 + 25y = (y + 5)2. 

Since deg (f) =3 and deg (g) = 5, their Sylvester matrix which is 8x8 is 

Fl0000100 

S(. f, g) _ 

81000710 

58100 -2 71 

-50 5810 -46 -2 7 

0 -50 581 65 -46 -2 

00 -50 58 -25 65 -46 

000 -50 50 -25 65 

0000 -50 00 -25 

52 

It can be verified that det(S(f, g)) =0 and, using the Sylvester matrix properties 

discussed above, this correctly suggests that the polynomials 1(y) and g(y) have a 
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non-constant GCD. Furthermore, reducing S(f 
, 
g)T into an upper triangular form, 

yields the matrix 

-0.5 -4 -2.5 25 0000 

0 -0.5 -4 -2.5 25 000 

00 -0.5 -4 -2.5 25 00 

000 -0.5 -4 -2.5 25 0 

0000 -1 -10 -25 0 

000001 10 25 

00000000 

00000000 

whose rank is 6. Applying the second property yields, 

deg (d(y)) = (m + n) - rank (S(f, g)) = 2, 

which is equal to the deg (d(y)). Finally, the last non-vanishing row provides the 

coefficients 1,10, and 25, which define the coefficients of rl(y), as required. Q 

In this section it is shown how the Sylvester matrix allows the computation of 

the degree and the coefficients of the GCD of two polynomials. In addition to the 

Sylvester matrix properties mentioned here, its subresultant matrices provide a means 

to compute the degree of the GCD of two polynomials. The next section considers 

these subresultant matrices and explains their relation to the degree of the GCD. 
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3.2 Sylvester subresultant matrices 
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The kth Sylvester subresultant matrix of the polynomials j (y) and g(y), Sk(f , 
g) E 

R(m+n-k+1)x(m+n-2k+2) for 1ýkG min(m, n), is formed by deleting some rows and 

columns of S(f, g). It is recalled that S(f , j) can be represented in terms of two 

Cauchy matrices as shown in (3.5), and the kth subresultant matrix is formed by 

deleting the last k-1 columns of C(f ), the last k-1 columns of D(g), and the last 

k-1 rows of S(f, g). For k=1, the Sylvester subresultant matrix reduces to the 

Sylvester matrix. 

Example 3.2. Let 

f (y) = 5y5 + 3y4 - 4y3 + y2 -y+6, 

9(y) = 7y3 - 3y2 - 2y - 9. 

Then 

Si = SU, §) = 

50070000 

350 -3 7000 

-4 35 -2 -3 700 

1 -4 39 -2 -3 70 

-1 1 -4 09 -2 -3 7 

6 -1 1009 -2 -3 

06 -1 0009 -2 

00600009 
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s2 (j i 9) _ 

507000 

35 -3 700 

-4 3 -2 -3 70 

1 -4 9 -2 -3 7 

-1 109 -2 -3 

6 -1 009 -2 

060009 

ý 
S3 (L 

e 9) _ 

5700 

3 -3 70 

-4 -2 -3 7 

19 -2 -3 

-1 09 -2 

6009 

0 
Consider the two polynomials, f (y) and g(y) defined in (3.1), and let these two 

polynomials be non-coprime polynomials with a GCD of degree d. Factorising these 

two polynomials fork=1, ... , d, yields 

f(y) = ük(y)dk(y)7 

and 

9(y) = vk(y)dk(y), 

where 

(3.6) 

(3.7) 

m-k n-k 

uk(y) _E uk, iym-k-i and vk(y) 
- 

Evk, 
iyn-k-i, 

i=0 i=0 
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are two quotient polynomials of degree m-k and n-k respectively, and 

k 
dk (y) _ý dk, iyk-i, 

i=o 

is a common divisor polynomial of degree k. Note that for k=1, """, d-1, the 

polynomials Ük(y) and vk(y) are not co-prime, but for k they are co-prime 

polynomials. It follows that 

vk(y)f(y) _fik(y)9(v) b dk(y) = 
f(y) 9(y) 
uk(y) vk(y) 

(3.8) 

The polynomial products in (3.8) can be written in a matrix-vector product as follows 

Ck Dk 
] vk 

= Sk vk 
= 0, k= (3.9) 

-ük "uk 

where Ck = Ck(f ), Dk = Dk(g), are Cauchy matrices of the polynomials j(y) and 

y(y) respectively, Sk = Sk(f, g) E R(m+n-k+i)x(m+n-2k+2) is the kth subresultant 

matrix, and 

llk 

Yk 

T 
ük U 14 17... wk 

m-k IE Rm-k+l, 
T 1 

n-k-Fl vk U vk 1i ... vk 
n-k 1 

ER 

Since the degree of the GCD of f (y) and g(y) is d, it follows that dk, o # 0, and thus 

Uk, o, Vk, O 0. Also, it is clear that f (y) and y(y) possess common divisors of degrees 
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1, """, d, but they do not possess a common divisor of degrees d+ 1 or more, and thus 

rank Sk(f, g) <m+n- 2k + 2, k=1,..., d 

rank Sk (f , g) =m+n- 2k + 2, k=d+1, ... , min (m, n). (3.10) 

This implies that the degree d of the GCD of j (y) and g(y) equals the largest value 

of k for which Sk (f, g) is rank deficient. This clearly shows how the computation of 

the GCD degree reduces to a rank determination problem. Furthermore, the result 

above implies that, for the homogeneous equation in (3.9), if 

Sk(fem = [Ck Ak)r 
where Ck is the first column of Sk(f, g) and Ak is the matrix formed from the remaining 

columns of Sk the following linear algebraic equation possesses solutions only 

fork=1, """, d, 

Akxk = Cki 

where 

2k- I vki 'Uk, n-k -ük, p ... -ük, m-k I` E ým+n-2k+1 

(3.11) 

(3.12) 

These results are also established in [17,28]. Chapter 6 shows how these results can 

be used to introduce new methods for the computation of the degree of the GCD, 

which is one of the main building blocks of the proposed root solver. 
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Example 3.3. Let the polynomials j (y) and g(y), respectively be 

f (y) = (y + 1)4(y - 2)2 = yo -6 y4 - 4y3 + 9y2 + 12y + 4, 

and 

9(y) = (y - 2)4 = y4 -8 Y3 +24 Y2 - 32y + 16, 
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whose GCD is of degree 2, and their orders, respectively, are m=6 and n=4. Then 

the row echelon form of the subresultant matrices, for k=1, "", min(m, n) are 

Sre o 1 

100000001 -4 

01000000 -4 17 

001000004 -20 

0001000004 

00001000 -1 4 

00000100 -4 15 

00000010 -6 20 

00000001 -4 10 

0000000000 

0000000000 
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Sre = 2 

and 

10000001 

0100000 -4 

00100004 

0001000 -1 

0000100 -4 

0000010 -6 

0000001 -4 

00000000 

00000000 

Sle = 4 

Sre 
3 

1000 

0100 

0010 

0001 

0000 

0000 

0000 

100000 

010000 

001000 

000100 

000010 

000001 

000000 

000000 

The results of computing the rank of the subresultant matrices for k=1, """, 4 are 

shown in Table 3.1. These results imply that Sk (f 
, 
g) is rank deficient only for k<2, 

and thus it follows from (3.10) that deg GCD (f, = 2. Q 

An important issue that should be addressed is the nature of the solution xk in 

(3.12), for k=1, """, min(m, n), from which the estimates dk(y) are calculated. In 
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Table 3.1: The ranks and dimensions of Sk, k=1, """, 4 for Example 3.3. 

Sk Rank m+n-2k+2 
Sl 8 10 
S2 7 8 
S3 6 6 
S4 4 4 
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particular, estimates for the vectors ük and Yk can be calculated from (3.11), and 

estimates for dk can be obtained from ük and '4- In particular, (3.6) and (3.7) can 

be combined into one matrix-vector equation, 

Qk, l äý _f LQk, 
2j 

k=1, """, min(m, n), 

where Qk, l and Qk, 2 are Cauchy matrices whose entries are the coefficients of ük and 

Yk respectively, that are calculated from (3.12), and f and g are the vectors of the 

coefficients of j (y) and g(y), respectively. Thus, dk can be obtained from, 

t 

dk 
Qk, i =k=1, """, min(m, n). 
Qk, 2 

Equation (3.11) possesses solutions for k_1, """, cl, but it does not possess a solution 

for k>d. More specifically, it follows from (3.10) that the solutions of (3.11) satisfy 

the following conditions: 

1. For k=1, ". ", 
1-1, rankAk <m+n- 2k + 1, and thus for each of these 

values of k there is an infinite number of solutions. Only a finite number yields 

the coefficients of a polynomial dk(y). All the other solutions yield rational 
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functions, which are not of interest. 

2. For k=d, rankAk = m+n-2k+1, and thus there is one unique solution dk(y). 

This solution must be the coefficients of a polynomial not a rational function, 

and thus dd(y) is also a polynomial. 

3. For k=d+1, 
... , min(m, n), rank Ak =m+n- 2k + 1, and thus there is no 

solution. 

Example 3.4. Consider the exact polynomials 

f(y) _ (y - 2)2(y - 4)(y - 6), 

9(y) = (y - 2)(y - 4)2, 

whose GCD is of degree 2. The first Sylvester subresultant matrix Sl (f, g) of these 

polynomials is 

Sl(f, 9) = 

1001000 

-14 10 -10 100 

68 -14 1 32 -10 10 

-136 68 -14 -32 32 -10 1 

96 -136 68 0 -32 32 -10 

0 96 -136 00 -32 32 

00 96 000 -32 
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whose null space has the following family of vectors 

v1, o 

V 

-u 

It follows from (3.8) that 

vl, 
l 

v1,2 

-fil, o 

-ül, l 

-'f 2 

-ü3 

vi, o 

vl, l 

-4(4vi, o + v1, o) 

-vl, o 

(5vl, o + 2v1,1) 

4(5vl, o + 2v1,1) 

12(4vl, o + vl, l) 

di(y) = 
f(y) 

_ 
(y) 

_ 
(y - 2)(y - 4) 

wl (y) vl (y) vi, oy + vl, l - 4(4vl, o + vl, l)' 
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(3.13) 

where vi, o and v1,1 are arbitrary constants that are not simultaneously zero. Clearly, 

it can be seen that dl (y) is in general a rational function that has an infinite number 

of forms. However, only those forms for which di(y) is a polynomial are of interest, 

and for this example, there are three forms of this type. In particular, (3.13) is 

proportional to the common divisors (y - 2) and (y - 4), for vi, l = -4I1, () and vi, i = 

-svi, o, respectively, and it is equal to the GCD of j (y) and g(y) for 01, o = 0, vi, l 0 0. 

All other values of ö are not of interest as they yield rational forms of dl(y). 

Equation (3.11) restricts the solutions to be from a subspace of the null space of the 

Sylvester matrix S1(f, g) of j (y) and g(y), by forcing il, o to be equal to -1. It can 

be verified that this restriction allows the common divisors (y - 2) and (y - 4) to be 

recovered from vl, l = (-1) x (-4) =4 and vl l= (-1) x (-L4-) =3, respectively, 

but it can not recover the GCD of j (y) and g(y), because the condition vl, o = -1 
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contradicts the condition v1,0 =0 required for the GCD to be recovered. However, 

the GCD can be easily obtained from A2x2 = c2i whose solution is unique in this 

example, as is now shown. 

Considering k=2, (3.11) becomes 

0100 
1 -10 10 

-14 32 -10 1 

68 -32 32 -10 

-136 0 -32 32 

96 00 -32 

v1 

-ü0 

-Ui 

-ü2 

1 

-14 

68 

-136 

96 

0 

which has the unique solution 

vl = 4, üo = -1, ül = 8, ü2 = -12, 

and since vo = -1, it follows that ü(y) and D(y) are 

ü(y) = -(y - 2)(y - 6) = -y2 + 8y - 12 and 

which are co-prime. Therefore, 

d2(y) = -(y - 2)(y - 4), 

v(y) = -(y - 4), 

is the common divisor and it is the unique solution. Finally, when k=3, (3.11) 
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becomes 

10 

-10 1 

32 -10 

-32 32 

0 -32 

vl 

-üo 

1 

-14 

68 

-136 

96 

which does not possess a solution. Thus the polynomials j (y) and g(y) do not have 

a common divisor of degree k=3, and thus the degree of the GCD of f (y) and g(y) 

is equal to two. Cl 

It is shown in Example 3.4, that for k=1, """, 
d-1, (3.8) is satisfied by an infinite 

number of solutions ük and Vk of (3.11). However, since the common divisors are 

polynomials, interest is restricted to a finite number of solutions for which dk(y) are 

polynomials, not rational functions. For k=d, (3.8) is satisfied by the unique solu- 

tion of (3.11), and finally, (3.11) does not possess solutions for k>d because there 

does not exist a common divisor of degree greater than d. 

It has been shown in this chapter that the Sylvester resultant matrix and its sub- 

resultant matrices allow the computations of both the degree of the GCD and its 

coefficients. Although this result is valid theoretically, it is more involved computa- 

tionally if inexact polynomials are considered. More precisely, these computations 

fail in practice as data is usually corrupted by noise, through which the exact non 

co-prime polynomials are contaminated and become, with high probability, co-prime. 

This also implies that the corresponding Sylvester matrix is non-singular and all the 

properties in Theorem 3.1 will not be applicable. 


