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Abstract

Remote sensing is becoming an increasingly important tool for ocean wave
measurement, and over the past decade much progress has been made in

the development of the wave measuring capabilities of HF (High Frequency)
radar. This system is able to make detailed and near continuous observations
of the sea surface over a wide area. However, because the mathematics of

the data extraction process is rather difficult, the statistical properties of the

observed data have to date been poorly understood.

In this study, the approximate sampling distributions of a variety of mea-
surements from HF radar (including significant waveheight, mean wave pe-

riod, wind direction, and various spectral parameters) are derived in terms
of quantities that are either known or estimable. The resulting confidence

intervals are, in the case of significant waveheight and mean wave period,
of comparable width to those obtained from the corresponding NURWEC?2
(Netherlands UK Radar Wave buoy Experimental Comparison) wave buoy
measurements, and in the case of spectral power, they are narrower.

Furthermore, methods are derived by which such radar measurements may be

compared with their corresponding wave buoy measurements in a statistically
valid manner, and their relative biases estimated. These methods are then
applied to data taken during the NURWEC? field trial, which suggest that

the radars and the wave buoy show good correspondence for measurements

of significant waveheight and of spectral power (over 85 — 125mHz — the
frequencies with most wave power, and hence those of most importance).

There is also a fair correspondence for mean period measurements in the
range 6.8 — 11.0secs. Spectral mean direction shows good correspondence
over 85 — 155mHz over the somewhat limited directional range (i.e. as

observed during the NURWEC2 storm) of the data.
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Chapter 1

Introduction

1.1 Summary

Remote sensing is becoming an increasingly important tool for ocean wave
measurement with the advent of such systems as HF (High Frequency)

radar, SAR (Synthetic Aperture Radar), satellite altimeters and others. The
ocean wave measuring potential of radar was discovered virtually by accident.

Radar was first used at sea to monitor ship movements during the second
world war, each vessel being represented by a “blip” on the radar screen.
However, under certain conditions wave motion would generate a cluster of

blips (known as sea clutter) which during periods of rougher weather could
obscure the trace of a ship. Much effort went into the removal of this sea

clutter, but it was later realised that much oceanographic information is
contained therein (see Shearman (1983) for further historical details).

Over the past decade, much progress has been made in the development
of the wave measuring capabilities of HF radar. HF radar has the advan-
tage of being able to make near continuous and detailed observations of

the sea surface (including the full directional power spectrum) over a wide
area. The disadvantage is that the mathematics of the data extraction pro-

cess is rather difficult, and hence the statistical properties of the observed

data were poorly understood. Because such use of radars is a recent inno-
vation, in early 1987 the NURWEC2 (Netherlands UK Radar Wave buoy
Experimental Comparison, see section 1.4) field trial was conducted in order

to compare the performance of an HF radar wave measuring system with that



of a wave buoy, and hence to validate the radar measurements. The bulk of
the analyses performed to date on the NURWEC2 data have involved such
techniques as simple least squares regression, (see section 6.3), which do not
allow for the fact that there is sampling variability in the measurements from

both systems.

The purpose of this study has been to derive the statistical properties of
HF radar ocean wave measurements, to use this information to compare the
performances of the wave buoy and HF radar systems used in NURWEC21n a
statistically valid manner, and hence to gain some insight into the behaviour
of the radar system. New intercomparison techniques have been developed

for this purpose.

1.2 Overview

In order to understand the theory behind the use of HF radars and wave
buoys to measure ocean waves, it is first necessary to be familiar with the
theory of spectral analysis. This is introduced in chapter 2, and expanded
upon in chapter 3 to include spectral integrals which are used in both wave
buoy and HF radar analysis. The theory behind wave buoy measurements
is covered in chapter 4. This information is necessary for any intercompar-
ison with HF radar to be meaningful. In chapter 5 the theory of HF radar
wave measurement is described together with the analysis technique which
has been used on the NURWEC?2 data. The statistical properties of data
so analysed are derived. In particular, section 5.5 deals with the non-linear

integral inversion problem which is the main difficulty in the radar analysis.

Intercomparison methods suitable for use with the NURWEC2 data are de-
rived in chapter 6, and in chapter 7 these are applied to data from the trial

and the results are discussed.

Throughout this study, graphical examples are presented of real data whose
variabilities have been displayed in terms of their confidence intervals. Be-

cause the derivation of these intervals involves the same type of approxima-
tions for both radar and wave buoy observations, the basic theory is presented

in this chapter (in section 1.5).

Firstly, however, we shall briefly introduce the subjects of ocean waves (sec-

tion 1.3), and the NURWEC2 field trial (section 1.4).



1.3 Background Ocean Wave Theory

1.3.1 Formation and Classification

When wind starts to blow across the sea surface, short capillary waves are
formed travelling in the same direction as the wind. If the wind ceases,
these waves quickly die away. However, if it continues to blow, the waves

grow in both length and height. Once these waves exceed a wavelength of
about 1.73cm they become gravity waves which will continue to propagate

even if the wind ceases (fully developed waves typically have wavelengths
in the order of tens of metres). For further details the reader is referred to

Kinsman (1965). Waves may also be generated by other means (such as the

motion of the moon, earthquakes, the wake produced by a ship, etc) but the
waves of interest to this study are wind-generated and fall broadly into three

categories :

1. Wind waves are the waves generated by the action of the local wind

(i.e. at the place at which the waves are observed).

2. Old waves (or old sea) are those waves generated by previous wind
action at the site of observation, the wind field having since changed

to produce wind waves with different properties (e.g. travelling in a

different direction).

3. Swell waves are waves generated by some distant wind field which
have propagated to the observation site. Swell waves tend to be of

longer wavelength than old and wind waves.

1.3.2 Measurement and Stationarity

Wind action and wave interaction generate waves travelling in a range of
directions and frequencies. Because of this, ocean waves may be represented
by a directional wave spectrum (see section 2.2.3). The directional spectrum
however is not very straightforward to estimate — the problems associated
with this estimation are described in the chapters on the respective wave
measurement systems (chapters 4 and 5 for wave buoys and HF radars, re-

spectively).



Since HF radars measure the ocean wave spectrum as a function of directional

wavenumber, as opposed to directional frequency, it is necessary to relate
these two domains. The deep water dispersion relationship gives the angular

frequency (w) of ocean waves in the following form :
w* = g|k|

where k is ocean wavenumber and ¢ is acceleration due to gravity. Strictly,
this formula is only valid for infinitesimal waves on an infinitely deep sea,
but 1s usually considered a good approximation for all but the longest waves

(see Wyatt and Holden (1991)) if the sea depth is at least 50m.

One commonly used parameter for summarising ocean wave activity 1s sig-
nificant waveheight (H,) which is defined as follows :

H, - 4\/77'&0

where mg is the zeroth spectral moment (see section 3.2) of sea surface el-
evation. This quantity is supposed to approximate the wave height that a

seafarer on a ship would estimate by eye.

It is typically assumed that the sea surface displacement caused by wave mo-
tion is approximately Normally distributed. This is justified by considering
such displacement as a sum of many contributions caused by relatively unre-
lated forces acting at different times. Treating these contributions as random
then allows the application of the central limit theorem. This is discussed by
Kinsman (1965), who goes on to use observed data to demonstrate that the

departure from Normality is “very small”.

In the context of ocean waves, stationarity (spatial or temporal) can be

thought of in terms of a wave field having the same (or approximately the
same) underlying directional wave spectrum over the area and time duration

of interest (see section 2.2.2 for a more formal mathematical definition). Sta-
tionarity is an important concept in ocean wave measurement, since most
systems need to measure over a period of time (typically about 30 minutes)
and many measure over an area (in the case of HF radar, typically about
50km?). If the wave field is non-stationary then any such measurements
would be difficult to interpret. Scales of temporal and spatial stationarity
have been examined by Sova and Wyatt (1994), and their results are sum-

marised in section 6.2.



1.4 The NURWEC2 Field Trial

The NURWEC2 (Netherlands UK Radar Wave buoy Experimental Compar-
ison) was conducted during the first four months of 1987 by the Department
of Electronic and Electrical Engineering at the University of Birmingham
(UK) and Neptune Radar Ltd with assistance from the Netherlands Rijkswa-
terstaat, SERC, the Wolfson Foundation, Wimpol Ltd, Institute of Oceano-
graphic Sciences, Rutherford & Appleton Laboratory, the Department of

Energy, BP plc, the Meteorological Office and ARE. It was set up in order to
gather ocean wave measurements from a pair of HF radars and a directional

wave buoy for the purpose of comparing the performance of the radars with
that of the wave buoy. The radar system used was of the PISCES type, under

development by Neptune Radar Ltd from a prototype of the University of
Birmingham (UK). The wave buoy was a Wavec directional buoy manufac-
tured by Datawell bv (of the Netherlands). The radar installations were at
East Blockhouse (south Dyfed) and Nabor Point (north Devon), the beams
crossing over the Celtic Sea (see figure 1.1 for details). Unfortunately, most

of the data were available only in frequency domain form (as opposed to

the original time series), thus restricting the types of analysis possible. This
“pre-processing”, along with the statistical properties of data thus derived,
is discussed in chapters 4 and 5 (for the wave buoy data and radar data,

respectively). The data of particular interest to this study were collected
during a storm (March 25'* to March 29**) — it was during this period that
the greatest variation of sea conditions was experienced and that the radar
data was of the best quality (see Wyatt (1988a), Wyatt (1988b) and Wyatt
(1991) for further details of NURWEC2). Except where otherwise specified,

the radar data used in this study has been taken from an area of sea which

includes the position of the Wavec buoy.

1.5 Normal Approximations and Confidence
Intervals

The distributions of a number of wave parameters as measured by wave

buoys and HF radars are given in terms of a Normal approximation (see

chapters 4 and 5 respectively). Each such measurement is a function of other
measurements with known distribution properties, and its variance may be

10
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Figure 1.1: A map showing the NURWEC2 measurement site of the Celtic
Sea. The horizontal lines measure degrees latitude north of the Equator, and
the vertical lines measure degrees longitude relative to the Greenwich Merid-
ian. The other straight lines (which converge at the radar sites) represent

the paths of the radar beams (showing 200km range) and the asterisk to the
west of the Welsh radar site marks the position of the wave buoy.
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estimated using a Taylor series expansion. Suppose we have a measurement
Y (e.g. mean wave period as measured by HF radar, see section 5.4.3) which

is some function of a measurement vector x (e.g. a Doppler spectrum).

Then :
Var(Y) = dVyd”

where Vy is the variance-covariance matrix of x, and

d = {di}adi = % lE(x)

(see Krogstad et al. (1988) for details). This is easily extended to the case
where Y is a multivariate random variable (such as is used in section 5.4.4).

If we have an approximately Normally distributed random variable with es-

timated mean /i (e.g. observed mean wave period) and estimated variance
62 (as approximated above), then the following limits define an approximate

100(1 — )% confidence interval for the true (i.e. underlying) mean :

)

7 2
pizl_% o

where zg is the 3-th quantile of the N(0,1) distribution. Such a confidence

interval should be interpreted as follows :
Under repeated sampling, 100(1 — @)% of such intervals will contain the true

mean.
This emphasises that it is the true mean that is fixed, and the interval which

is a random variable. 90% confidence intervals are commonly used in oceano-
graphic texts, whereas statistical texts tend to favour 95% confidence inter-
vals. A larger percentage produces a wider interval, but reduces the chance
of error (i.e. of the interval not containing the true mean), and so some
balance between these conflicting factors needs to be struck. We will keep to

convention by using 90% confidence intervals for wave parameters and 95%
confidence intervals for relative bias estimates. The z-values for 90% and

95% confidence intervals are 1.65 and 1.96 respectively. Other z-values have
been tabulated (such as by Neave (1978)).

12



Chapter 2

Background Spectral Theory

2.1 Introduction

Wave measurements from both HF radar and wave buoys are derived from in-

formation in the frequency domain. This chapter introduces spectral (i.e. fre-
quency domain) analysis. The distribution of the observed spectrum of a Nor-
mal white noise process is derived and linear filters used to extend this result

to the distribution of the observed spectrum of a stationary process with an
arbitrary underlying spectrum (as may be used to model ocean waves). The
effect of applying a taper is also examined, and finally multivariate spectral

analysis is introduced.

2.2 Functions of Continuous Time

2.2.1 The Fourier Transform

A (complex or purely real) function of continuous time f(t) may be expressed
as the limit of a linear combination of sinusoids of different frequencies. Math-
ematically, this transition from the time domain to the frequency domain 1s

performed by the Fourier transform :

F(w) = /_ : f(t)e~tdt

13



F(w) is a complex function of angular frequency (w) which contains the
amplitude and phase information of the sinusoids. The Fourier transform 1s

sometimes denoted thus :

F(w) = F(f(¢))

The inverse Fourier transform performs the reverse procedure :

f(t) = -2%_- /m F(w)e™tduw

-0

Together, f(t) and F(w) are known as a Fourier transform pair, and denoted

thus :
f(t) e— F(w)

2.2.2 Random Functions and Stationarity

As the functions of time of interest to this study are random (as opposed to

deterministic), it is necessary to introduce the concept of stationarity.

Strong Stationarity

A process X (t) is said to be strongly stationary if all finite joint distributions
of X(t) are the same as the corresponding joint distributions of X(¢ + r) for

all values of 7. This is also known as strict stationarily.

Intuitively, this is roughly the same as saying that the underlying process 1s

in some stable equilibrium.

Weak Stationarity

A process X (t) is said to be weakly stationary if the first and second order
moments (i.e. mean vector and covariance matrix) of all finite joint distribu-
tions of X(t) are the same as those of the joint distributions of X (¢ + r) for

all values of 7. This is also known as second order stationarity.

An important special type of random function is one in which all finite joint
distributions are multivariate Normal; such a function is called Normal, or
Gaussian. Because a multivariate Normal distribution is completely defined

14



by its first and second order moments, a weakly stationary Normal process

must also be strongly stationary.

2.2.3 The Power Spectrum and Auto-Covariance Fun-

ction

The power spectrum (or more correctly the power spectral density) S(w) of
a function of time is the square of the modulus of its Fourier transform, and

(roughly speaking) gives the power density as a function of frequency :

S(w) = [F(w)[?

There exist various proofs of the relationship between the power spectrum
and auto-covariance function, but the one the author has found most useful

and straightforward is that of Cox and Miller (1965), which is summarised

below.

Consider the following process :

X(t) = / " e R(w)

=00

where each dR(w) is some complex random variable, independent for each w

(hence R is non-differentiable).

If X(t) has first order stationarity :
E(dR(w)) =0 Vw £ 0
and if X(¢) has second order stationarity :
B(dR(w)dR" (o)) = 0 Vo #

(where * denotes the complex conjugate).

Consider now the auto-covariance function of this process v(%) :

v(h) = E(X(t+h)X"(2))
= E ( /_ : e'""’(""h)dR(w) /_ Z e"“"th*(w'))

15



= / N / " e'wheit(w=-w’) E(dR(w)dR*(w"))
-00 J =00 N, e

=0 ifw #
This integration is over the diagonal w = w’ and hence may be written as :

y(h) = [ ehdG(w)

-~ 00

where dG(w) = E(dR(w)dR*(w)), and provided that E(X(t)) = 0.

Consider now the variance of this process :
Var(X(8)) = 7(0) = | dG(w)

Hence, dG(w) gives the contribution to the variance (or power) of the process
at frequency w — i.e. G(w) is the cumulative power spectrum of X (?).

Usually it will be true that G is differentiable (though occasionally there is
a jump at some fixed frequencies, such as 0), in which case :

dG(w)
dw

= E(S(w))

giving

v(h) = /m E(S(w))e“*dw

- 00

and hence

Var(X(t)) =1(0) = [ E(5(w))du

- 00

Thus the underlying (i.e. expected) power spectrum of a random process 1s
proportional to the Fourier transform of its auto-covariance function.

This proof can be easily extended to higher dimensions by allowing X to be
a function of time and space. Consider the waveform in figure 2.1 travelling

to the right, and then consider the elevation at point A as a function of time
(figure 2.2). In the time dimension, the shape of the waveform has been
reversed. Thus, going forwards in time is like going backwards in space. So

the process may be expressed :

X(t,x) = / e (“i=KX)d R(w, k)
w,k

16



Displacement

Distance

Figure 2.1: An arbitrary waveform moving past some point A.

Displacement

Time

Figure 2.2: Elevation at point A as a function of time.
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This gives the autocovariance :

v(h, 1) = / e wh=kT) g3, k)
w,k

and hence,

Var(X(t,x)) = 7(0,0) = [ dG(w,k)
w,k

So, as in the one dimensional case, the underlying power spectrum of a
random process in space and time is proportional to the Fourier transform

of its auto-covariance function.

2.3 Discrete Time Series

2.3.1 The Discrete Fourier Transform and the Power

and Energy Spectra

Section 2.2 introduced the theory of stationary processes in continuous time.
The observed time series in this study each consist of a finite set of equally

spaced observations of the process in question. As this is an incomplete
picture of the full process, Fourier analysis produces only an estimate of
the underlying power spectrum (the distribution theory associated with this
estimate is given in sections 2.3.2 and 2.3.4). The discrete equivalent of

the Fourier transform is the DFT (Discrete Fourier Transform). The DFT
fits sinusoids of a finite set of equally spaced frequencies to the time series

X(tj),j=—%...g-—1:

A 1 2 -
Flw)== 37 X(t)e™" I=-%}...3-1 (2.1)

n 1s the number of observations in the time series
W) = lAw

Ay, = ?T"-f- 1s the frequency step

T 1s the duration of the time series

where

The interval (w; — -‘%ﬂ,w; + -A—i“’-) is known as a frequency bin.

18



Equation 2.1 may also be written :

X (t;) <2 F(w)

A

F(w;) is a complex function containing amplitude and phase information.
Also, because F' is defined only for frequencies which are integer multiples of

Ay, F describes a process which is periodic in T'.

The basic discrete equivalent of the power spectrum is the periodogram (this
name is somewhat misleading, because it is a function of frequency and not

of period) :
S(wr) = |F(w)l?

Alternatively, we may think in terms of the energy spectrum cx x (wi) (energy =
power X time, with the subscripts identifying the original process) :

exx(w) = TS(w) = nAS(w) (2.2)
where A, is the sampling interval. In the continuous case, this becomes :
cxx(w) =TS(w)

In this context, the usual units for the “energy” spectrum are m?/Hz.

2.3.2 The Distribution of an Energy Spectrum of Nor-
mal White Noise

Consider a real process W(t;) of normally distributed white noise :
W(t;) ~ N(0,0%) iid Vt;j=-2...2-1

(i.i.d. means independent and identically distributed). From equations 2.1

and 2.2 we get :

19



p-1 (=-3...5-1
B(w) = > W (t;)sin(wt;)
J=-?

We have ;

E(W(t;)) =0Vt
Therefore,

E(A(w;)) = E(B(w)) = 0 Vw

and hence,

i 5% J=l...£(2-1)
Var(A(w;)) = E(A*(w))) = o? z: cos®(wit;) = { ?, Y

j=-2 no [ = ,—I.;"
Similarly;,

2
- l=%1...£(3-1)
Var(B = 2 2
ar(B(w)) { 0 I=0,-2
For l #m :
o1
Cov(A(wy), A(wn)) = o? Z cos(wit;) cos(wmt;) = 0
J=-7

and similarly,

Cov(B(w;), B(wm)) =

Also, VIi,m :
Cov(A(w;), B(wp)) =0

As A and B are linear combinations of independent normal variables, A and
B are also normally distributed. Hence :

_Aw) [ EI =12 (3-1) | L
Var(A(w;)) —fa_-,—l |=0,- %

and similarly :

B*(w;) _ 2B%(w;)
Var(B(w)) no?

""X?s l=i1...i(%—1)
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Because the distinct As and Bs are uncorrelated and jointly normally dis-
tributed, they are also independent. So, using equation 2.3 we get :

= (Awn) + BYw)) = Zwla)  2oww() ey e g - )

no? Aio? cww (wr)
1 cwwlw)) cwwl(wr)
A% () = W SYWARL 2 1=, =D
no? () Ao? cww (wi) X =073
l.€. ! ) ,
bww(w) | xo (2.4)

cww(w) v
where v =1 or 2, according to the value of /. Equation 2.4 also holds when

W is a complex process. In such cases however, B will be non-zero when

[ =0,—-% and hence v =2 VI.

Hence, a 100(1 — «)% confidence interval for each cww(wi) may be con-

(2.5)

’

structed :
VEWW (w;) VEWW (w;)
X ;‘:..1---;"'l Xf»,g-

where x2 ; is the 3-th quantile of the x; distribution.

Since equation 2.4 deals with ratios of energy, power may be substituted for
energy using equation 2.2 leading to a 100(1 — a)% confidence interval for

power S(w;)

2 ) 2
Xv,l--‘g'- Xy

(u.g'(w:) Vs'(wl)) (2.6)

&
V2

2.3.3 Linear Filters

A linear filter is a transformation which when applied to a time series will
affect the component at each frequency independently. This effect on fre-
quency is called the frequency response function. Consider a function of time
Y (t) produced by passing a time series X(t) with Fourier transform F(w)

through a linear filter with frequency response function n(w) :

Y(t) — F(w)n(w)
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Consider now H(t), the inverse Fourier transform of n(w) :
H(t) e n(w)
Hence :
Y(t) = X(t) X H(t)

where * denotes convolution. H(?) is called the impulse response function of

the linear filter.
Also,
cyy (w) = |n(w)[*exx(w)

We may thus model a stationary process with arbitrary energy spectrum as

a white noise process passed through a linear filter.

2.3.4 The Distribution of the Energy Spectrum of a
Stationary Process

Consider a process W(¢;) of normally distributed white noise, passed through
a linear filter with impulse response function H(¢;), producing a stationary

linear process X(t;) :

Wi(t;) ~N(0,1) z.:.d.Vi;
X(t;) = W(t;) * H(t;)
H(t;) «% n(w)

This gives us the following estimated energy spectrum of X :

n_1 2 a_1 *
éxx(w) = 2t ((zzn X(t_,-)cos(w;t,-)) + ('En X(tj)Sin(Wth)) ) ,

=_n =22
— Aclngw;”’
n , .
71 21
(( ) W(t_,-)cos(wzt_,-)) + (_Zn W(t_,-)sin(w;tj)) ) :
J==% ==x
|=—2,.8-1

and substituting from equation 2.3 we get :

Cxx(wi) = IO(WI)VEWW(WI)
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Hence using equations 2.4 we get :

n(w)Peww (@) _ exx(w) 2
n(w)lPeww(w) — exx(w) ™
for | = 0,n if the process is purely real, and
2| (wi)|*eww(wi) _ 28xx(w) v
e e —————itg e —————— 2

n(w)Peww (W)  exx(wi)

otherwise.

This yields the following 100(1 — a)% confidence interval for cxx(w;) :

Véxx(wg) Véxx(w;) (2 7)
thx,l-%"- | Xﬁ,g.

and the confidence interval for the power Sx(w;) takes the same form as in

equation 2.6.

The theory in this section is derived under the assumption that the process

X exhibits energy only at a finite set of frequencies {w;}. Since the time
domain processes of interest to this study have energy over a continuum of
frequencies, an effect known as spectral leakage occurs (see section 2.3.5) and

as a result, the theory presented above is only approximate.

2.3.5 Spectral Leakage and Tapers

In section 2.3.1 it was mentioned that F' describes a periodic process. If

the underlying process X (%) includes a component at some frequency which
does not exactly match any observed frequency bin wj, an effect known as
spectral leakage occurs. The Fourier transform assigns the power at this non-
matching component to a range of frequency bins, with most of the power
being assigned to those bins whose frequencies are closest to that of the
component (such as in figure 2.3). Thus, it appears as though power from
the non-matching component has “leaked” into neighbouring frequencies.

If the underlying power spectrum is smooth, the effects of spectral leakage
are not too serious, if however it contains spikes, spectral leakage can swamp

lower powered frequencies.
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Frequency

Power

Figure 2.3: A spectrum showing leakage, obtained from a sinusoid whose

frequency does not ezactly correspond to any frequency bin. The power peaks
at the frequency bin closest to the frequency of the signal, but some power

has “leaked” into neighbouring frequencies.

24



Consider the function 2(¢;), j = —00...00

() = 1 ifj=—-’§‘-...-'%—-1
’ 0 otherwise

and let Y'(¢;), j = —o00...00 be the process X(¢;) measured over infinite

time.
e, X(t;) =Y(¢;)z(¢5)

Thus,
X(t;) = F(Y (t;)) * F(2(t;))

Since F(z(t;)) is a sinc function (i.e. of the form %@-), the effect of convo-
lution is to cause some of the power to spread into neighbouring frequencies

(this is a more mathematical explanation of leakage). Because of this, tapers
(also known as date windows) are sometimes applied to the data. A taper is
a function 2(¢;) whose properties in the frequency domain are more desirable
than those of the sinc function (because of the shape of z(%;) defined above,

an untapered time series is sometimes referred to as having a square taper or

rectangular taper).

Harris (1978) has examined various properties of a wide range of tapers.
Perhaps the best known of these is the Hanning taper (the process of applying
this taper is ofter referred to as Hanning) which has the following form :

£.) = 0.5 (1+cos (2—:11)) ifj=—2..8-1
)= 0 otherwise

Whilst such a taper will go some way towards counteracting spectral leakage
(as shown below), it does have the disadvantage of broadening any spikes.
Consider 2/(¢;), the finite subset of 2(¢;) corresponding to the observed data
X(t;) :

te. 2'(t;) = 2(t), j=-2...2-1

Now consider its DFT :

0 fm=-2...-2

0.25 ifm=-1
F(Z(t;))=¢ 05 ifm=0

025 1ifm=1

0 fm=2...2-1
Since it is this DFT with which the observed periodogram is convolved, it
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can be seen how a peak (corresponding to m = 0) is broadened — compare
this with the DFT of a square taper :

0 ifm=--’§‘-...—-1
F(2'(t;) =<1 ifm=0
0 ifm=1...-’21‘-—1

The Hanning taper is an example of the Blackman-Harris family of tapers,
defined by :

219 ] ' .
z'(t;) = ao + a4 cos (—E—‘-’-)+agcos (ir?) + a3 cos (-@-El),] = —7—7'-...-7-1-—1

where ag...a3 are constants satisfying :

3

Zam=1

m=0

The minimum 4-sample Blackman Harris taper (hereafter referred to as the
4-point Blackman-Harris taper) is particularly effective at reducing spectral

leakage (see figure 2.4 which shown the effect of this taper applied to the
same signal as in figure 2.3) and has the following coefficients :

ap = 0.35875
a; = 0.48829
a; = 0.14128
az = 0.01168

The DFT of the Blackman-Harris family of tapers is :

0 fm=-2...-4

dnl ifm=-3,-2,-1,1,2,3
F@#t)=9 * .

ao ifm=0

0 fm=4...2 -1

hence their use can considerably broaden any spikes in the spectrum.

We define the order of a taper as its highest order non-zero harmonic. Thus
the Hanning taper has order 1, and the 4-point Blackman-Harris taper has

order 3.
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Frequency

Power

Figure 2.4: The spectrum of a “leaky” signal, calculated after the applica-
tion of a 4-Point Blackman-Harris taper.

2.3.6 Averaging of Sequential and Time-Overlapped
Spectra

T'he main problem with the confidence intervals for energy and power given
by equations 2.6 and 2.7 is that they are independent of n, the number of
observations in the time series (i.e. they are not consistent estimators). One
way to overcome this is to partition the observations into NV shorter sequen-

tial time series, each of length n’ (i.e. n = Nn'), calculate the energy spectra
and take the average. Because these sequential spectra are asymptotically
independent, Nv is substituted for v in equation 2.7, thus reducing the width

of the confidence interval (i.e. decreasing the variance of the estimated en-
ergy). However, if a taper is being used, variance may be further reduced by

overlapping the individual time series.

Consider a linear process Y(¢;), 7 =0...n — 1 partitioned into a sequence
of N time series of length T”, each with n’ (possibly tapered) observations
such that each series overlaps with the preceeding and succeeding series by
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50% (i.e. by Z- observations).

Hence we estimate cyy(w;) with :

Ay =l

bry = ot 3 (A%(w) + B (w)

m=0

This involves a sum of correlated x? variables which may be approximated

by a single x? variable whose degrees of freedom are given below. We get :

N-1 N-1
> An(wr) 2 E(An(w) 2
E m=0 __ m=0 _n |7](W})I I 0 _n'

N-=1
B2
gl =) @) L
N 2 7

Also,
N-1 N-1 N-1
ar (E Afn(w;)) S Var(42)+ 3 3 Cov(A2, A%)
m=0 m=0 m!'#m m=0

But since the spectra of non-overlapping series are (approximately) indepen-
dent,

N-1 N-1 N-2
(E A? (w;)) Y. Var(A%)+ X Cov(A%,AZ.,)

m=0 m=0 m=
N- .
+'3 Cov(A2, A2 ) (2:9)

m=

Rl (N 4 4(N - 1)p*(50%))
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where p(507%) is the correlation between each pair of successive As. Similarly,

N=-1 12 4
(;J 2 (wi) ) = -"—'-’7;4(-“-’—’)-'-(N +4(N = 1)5*(50%)) (2.10)

Consider now a pair of successive As. Each is a sum of the product of three
components — the observations, the taper (if any) and the sinusoid (see

equation 2.8).

The sets of observations for the two series are identical over the overlap region

(and approximately independent elsewhere).

The sinusoid is periodic in 7. If the sinusoid is periodic in -Tf'- (i.e. if | is

even) then the sinusoidal components are identical over the overlap region.

If the sinusoid is not periodic in Z- (i.e. if [ is odd) then the sinusoidal
components have a phase difference of 7, and hence are identical in magnitude

but with opposite signs (which can effectively be ignored since p appears in
equations 2.9 and 2.10 as a square). Also, the sinusoidal components of the

As and Bs of the same frequency all have a phase difference of 7.

Thus, the important factor in calculating p is the effect of the taper. We
get :

Cov(Ao(wi), A1(wi)) a

T

J=-5'
'-

= Cov ( ’Z_j Y(t;)z ( ! )cos(w;t nr),nE,

-

— Cov ( : Y(tJ)Z’(t _.&i) cos(w;t n'), Y(tj)z’(tj—n') COS(wltj—n’))

Y (t;)2'(tj-n') COS(wzt.f—n'))

- n’ j=2-

1
..,E
N

o
~~
4
3
e
p—
N
e
~~
4
“
—

Thus p%(50%) is a function of the taper used (i.e. a known quantity), and
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hence : o
_ 2E%(eyy)
V. = 3»1'(5:’1')2
%Qﬂ"ln(w:)l‘N’
_r_’_ﬂ——
g 2l (N 44N -1)p3(50%))

2N?

N+4(N=1)p?(50%)

Consider now the same process but with each series overlapping with the
preceeding and succeeding series by 75% (i.e. by %‘-:- observations). Keeping

for the moment A,, and B,, as defined in equations 2.8, the following table
gives the phase differences of the sinusoidal components of the first 4 As and

Bs with respect to Ag :

Thus if we swap the definitions of A,, and B,, where both m and ! are odd,

1.e. let

n"!r;-l-?!_l
Am(wl) = J=E;ﬂ Y(t,)z’(t}_,,:(,;m)sm(wgtj_ n’gm+1)) o odd
n(mi2) _y | odd
Bm(wl) — j=§;m_ Y(t,-)z’(tj_ n/(m<+1) ) COS(W(tJ._ n/(m+1) )

then for each w; the sinusoidal components of all the As are identical in mag-

nitude (though sometimes opposite in sign), and similarly for the sinusoidal
components of all the Bs, and again the sinusoidal components of the As and
Bs of the same frequency all have a phase difference of 7. Hence we may
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