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Abstract

In this thesis we are concerned with the study of covariant transform which generalizes
the idea of wavelets transform on Hilbert and Banach spaces. The properties of covariant
transform on Locally convex spaces like continuity and boundedness are studied. We
illustrate the general theory by consideration the ax + b group in details. This example
has a close relation to various techniques in harmonic analysis. Moreover, some properties
of the image space Wy V is discussed. The properties of the contravariant transform on
locally convex spaces are investigated as well. Also, various examples of covariant and

contravariant transforms are introduced.
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Introduction

Wavelets transform is an active field of research. The concept of wavelets transform
related to group representation has been extensively studied by A. Grossmann, I.
Daubechies, H. Feichtinger, K. Grochenig, V. Kisil and others [7, 12, 11, 10, 29, 16, 17].
This concept has important applications in fields of signal processing and quantum

mechanics.

A. Grossmann, J. Morlet and T. Paul published two papers [16, 17] which can be
considered as the basic of the theory of wavelets transformations related to group

representations. They considered the following wavelet transform:

Wuo f1(9) = (f, p(9)wo)m, (1),

which is a unitary transform from a Hilbert space H onto LQ(G), for a suitable wy € H,
where p is a unitary, irreducible, square integrable representation of a locally compact

group G in H.

H. Fitchinger and K. Grochenig in [10, 11, 12] defined wavelet transform in Banach
spaces of functions using irreducible representations of groups in Hilbert spaces. These

structures of Banach spaces are called coorbit spaces and defined as the following:

For a left invariant Banach space Y of functions on G, we have
coY)={ve (H)* - WweY},

where (H])* is the conjugate dual of the Banach space H_ defined by
H ={ve H:Wwe LY (G)}.

The vector « is a non-zero vector in H such that W,u € L (G). The Banach space co(Y')
is p-invariant which is isometrically isomorphic to the Banach space Y. However, Hilbert

space techniques is considered for constructing and studying these Banach spaces.
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In 1999, Vladimir V. Kisil described wavelets in Banach spaces without an explicit
use of the techniques of Hilbert spaces [29]. This work freed the theory from
unnecessary limitations, for example, the role of the Haar measure become not so crucial.
The direction of research opened by Fitchinger and Grochenig was extended by Jens
Christensen and Gestur Olafsson [5]. They gave a generalization of the theory of coorbit

spaces by replacing the space H by a Frechet space S.

In 2009, Vladimir V. Kisil gave a generalization of the construction of wavelet transform
related to group representations. This generalized transform is called covariant transform

and defined as the following:

Definition 0.0.1 Let p be a representation of a group G in a space V and F be an

operator from V' to a space U. We define a covariant transform Wy from V' to the space

L(G,U) of U-valued function on G by the formula:

We v = 0(g) = F(p(g~')v), veV,ged.

consider a unitary representation p of a locally compact group G on H and fix wy € H.

Let F' defined by a functional

The the covariant transform will be:

Wr 1 v — [Wrv](g) = Flp(g™)v) = (p(g~")v, wo),
which is the wavelet transform (1).

Now, we consider example of the covariant transform which is not linear. Let G be the
ax + b group with its representation p, on LP(R). Consider the functional F), : L?(R) —

R* defined by:
1 1
RN=5 | 1@,
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then the covariant transform will be:

W fl(a,b) = %/b_ ' |f ()| dx.

It is clear that the supremum of the previous transform over b € R is the Hardy-Littlewood

maximal function.
In this thesis we are mainly concerned about covariant transform. This thesis is divided
into four chapters. The first chapter gives basic definitions and results of the following
topics:

1. Topological vector spaces.

2. Locally convex spaces.

3. Group representations on locally convex spaces.

In the second chapter, we are particularly interested in the non-linear covariant
transform (2.4) which is related to the Hardy-Littlewood maximal function. This example
has a close relation to various techniques in harmonic analysis. Our contributions in this

chapter can be summarized in the following points:

1. The general properties of the covariant transform (2.4) such as continuity are

studied.
2. Some estimations of this transform are given.

3. The relations between covariant transforms with different fiducial operators are

studied.

Chapter 3 deals with covariant transform on locally convex spaces. In particular, the

following points have been discussed:



1. The definitions of the covariant transforms on locally convex space V' and its dual

V* are given.

2. We list some general properties about covariant transform such as continuity,

boundedness and intertwining.

3. General definition of convolution through pairings is given and its properties are

studied.
4. The reproducing kernel related to this generalized convolution are investigated.

5. Some examples of covariant transform from real and complex harmonic analysis

are introduced.

Finally, in the forth chapter, we consider contravariant transform on locally convex
spaces which is considered as a generalization of the inverse wavelet transform. The

contributions in this chapter can be summarized in the following:

1. The general properties of the contravariant transform are studied and some

examples are given.
2. The composition of covariant and contravariant transforms is considered.

3. Some well known transforms such as Hardy-Littlewood maximal function and

singular integral operator are introduced as examples of this composition.
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Chapter 1

Basic Notations

In this chapter, we present some basic definitions and results on the topological vector
spaces, locally convex spaces and group representation. The results and definitions below

come mostly from the following references [3, 38, 39, 43, 45].

1.1 Topological Vector Spaces

Topological vector space is a set endowed with two structures: an algebraic structure and

topological structure.

Definition 1.1.1 Let V' be a vector space over the field K of real or complex numbers and

T be a topology on V. The (V, 1) is called a topological vector space (TVS) if:

1. The addition map (z,y) — x +y of V- X V onto V is continuous,

2. The scalar multiplication map (\,x) — Ax of K x V onto V is continuous.

Here V' x V and K x V' equipped with the product topology. The continuity of the addition
map means that for any (z,y) € V x V and any neighborhood W of x + y in V, there
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exists neighborhoods U, and U, of = and y respectively, such that
U, +U, CW.

Similarly, The continuity of the scalar multiplication means that for any (A\,z) € K x V'
and any neighborhood W of Az in V/, there exists neighborhoods K and U, of A and z
respectively, such that

KU, CW.

Let us define the following operators:

Definition 1.1.2 Let V' be a topological vector space. Let a € V, then the translation
map T, : V — 'V, defined by:
Tu(z) =2+ a. (1.1)

For a non-zero o € K, we define the multiplication map S, : V' — V by

Sa(x) = ax. (1.2)

The continuity of the addition map and scalar multiplication map imply the following.

Proposition 1.1.3 Let the operators T, and S, be as defined above, then both T, and S,,

are homeomorphisms of V onto V.

The following corollary is an immediate consequence of the previous proposition.

Corollary 1.1.4 LetV be a TVS, then any U C V is open if and only if a + U is open for

everya € V.

In particular, if U is a neighborhood of 0, then a + U is a neighborhood of a and hence

the topology of V' is completely determined by a base of neighborhoods of the origin.

Now we define some geometric properties concerning subsets of space V.
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Definition 1.1.5 Let V be a vector space over K and A C V. Then

1. As called balanced if

forall A € Kwith |\ < 1.

2. As called convex if
tA+(1—-t)AC A,

forall0 <t < 1.

3. As called absorbing if given any x € V, there exists r > 0 such that x € X\ A, for
all |\| > r.

Now, we apply these properties to the neighborhoods of the origin.

Theorem 1.1.6 Let (V,7) be a TVS, then T has a base U of neighborhoods of the origin
such that each U € U has the following:

1. Each U € U is absorbing.
2. Given any U € U, there exists a balanced W € U such that W C U.

3. Given any U € U, there exist some EE € U such that E+ E C U.

Next, we will introduce the definition of seminorms which are closely related to local

convexity.

Definition 1.1.7 Let V' be a vector space over K. A functional p : 'V — R is called a

seminorm on V' if:

1. p(z) >0, forallxz € V.
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2. p(Az) = |A|p(x), forall A € Kand x € V.

3. plz+y) < p(x)+py) forallz,y € V.

From condition (2) in the previous definition we have

p(0) = p(0-x) = 0-p(x) =0
A seminorm p is said to be norm if for any = # 0 we have p(z) # 0.

It follows from the definition of seminorms that

p(z) =plr —y+y) <plx—y)+py)

and

thus
Ip(z) — p(y)| < p(z —y) (1.3)

this inequality is useful in studying the continuity of seminorms.

Definition 1.1.8 A family {p,} of seminorms on V is said to be separating if to each

x # 0 corresponds at least one p,,, such that p,,(z) # 0.

Normed vector spaces possess a natural topology induced by norm.

Example 1.1.9 Every normed vector space V is a TVS. The continuity of the addition
map follows directly from the triangle inequality. Let (xo,y0) € V x V, and let (x,) CV

and (y,) C V such that x,, — x¢ and y,, — Yo, then

1(@n +yn) = (20 + o) | = [[(zn = 20) + (Yn — o)
< [lzn = @oll + [lyn = boll

— 0.
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Also, the homogeneity of the norm leads to the continuity of the scalar multiplication map.

Let (N, o) € K x V, and let (z,,) CV and (N\,) C K such that x,, — xo and A, — A,

then
IAnzn — ool = [|AnTn — AoZn + AoZrn — AoTo|
= [|(An = Ao)n + Ao(n — o)
< [An = Aol [lzall + [Aof ll2n — ol
— 0.
So, both addition and scalar multiplication maps are continuous and hence (V|| - ||) is a
TVS.

There are some important and useful topological vector spaces such that their topologies

are not induced by norms.

Example 1.1.10 Consider the Schwartz space S(R) of rapidly decreasing functions. The

space S(R) consists of all infinitely differentiable functions such that
nd"

" ——u
wm

<00, n,m€eZL. (1.4)

Pn.m (U) = sup
zeR

Note that n and m might be zeros.

It is clear that p,, ,,(v) > 0 for all v € S(R). Also,

dm m
nm(AV) = T"—— ()| = |\ "——o| = | pam (V).
Pm(AV) ilelﬂgxdxm( v) “i‘éﬁxdxm“ Al P (V)
For any v1,v9 € S(R), we have:
Prm (V1 + V2) = sup |z dx—m(vl + v2)
=sup|z" | —v; + —0
xeﬁ dem b dgm 2
< n n
< ilélg ( X _dxmvl + |z —dmeQ)
< sup 1"y | 4 sup o - (©) + Prn(®)
sup |2" ——v sup | 2" ——va| = pp.m(v o (V)
N :peg dam xeﬂg e Pn.
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then p,, ,,, are seminorms on S(R).

The dual space of S(R) is the space of all continuous linear functionals on S(R) and is
called the space of all tempered distributions S'(R). Let f € LP(R), 1 < p < oo and
define functional Fy on S(R) by:

Fi) = [ 1) vio) .

Since S(R) C L(R), for any 1 < q < oo, then by the linearity of the functional F; and

by using Holder inequality, we have:

IFy(0)] = ] [ ) vta)as

< HfHLP ”UHLQ < Q0.

The continuity follows directly from this inequality. Thus every f € LP(R) defines a

tempered distribution.

1.2 Locally Convex Spaces

It follows from Theorem 1.1.6 that every TVS V has a base of neighborhood of 0
consisting of balanced absorbing sets. Some important topological spaces have bases

of neighborhood of 0 consisting of convex sets.

Definition 1.2.1 A TVS (V, 1) is called a locally convex space (LCS), if it has a base of

neighborhoods of 0 consisting of convex sets.
Next theorem shows that seminorms produce balanced convex absorbing sets.

Theorem 1.2.2 Let p be a seminorm on a vector space V', then the set
B,(0,r)={z eV :px)<r}, r>0

is convex balanced absorbing.
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Proof. let p be a seminorm on V. For any r > 0, define the following set
B,(0,r) ={z €V :p(z) <r}.

For any A € K such that |\| < 1, and for any = € B,(0,7), we have p(Az) = |A| p(x) <
p(x) < r.So, Az € B,(0,r) and hence B, (0, r) is balanced.

Also, we can prove that B, (0, r) is convex: For any z,y € B,(0,7) and ¢ € [0, 1], we
have

plte+ (1 —t)y) <tplx)+ (1 —1t)ply) <tr+(1—t)r=r.

Now, we show that B,(0,r) is absorbing: Let x € V, choose ¢, > p@ f

r

Al > t, > 22 then p(5) = I@ < p(z) - == = r, when p(z) # 0. If p(x) = 0, then

o p(z)

p(3) = @ =0 < 7. Thus, £ € B,(0,7) orz € AB,(0,r). O

Example 1.2.3 Let S(R) be the Schwartz space with seminorms (1.4). Since py, ,,,, where

n,m € 7T, are seminorms, then by Theorem 1.2.2 and for each r > 0 the following set:
Bum(0,7) ={v € S(R) : ppm(v) < r}.

is convex balanced absorbing set.

Also, continuous seminorms produce open sets B,,(0, 7).

Lemma 1.2.4 Let V be a TVS and p a seminorms on V. Then, the following are

equivalent:

1. pis continuous at 0 € V.
2. pis continuous on'V.

3. The set B,(0,1) ={x € V :p(z) < 1} isopenin V.
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Seminorms and local convexity are related to each other. Next theorem shows one

direction of this relation.

Theorem 1.2.5 Suppose that P is a separating family of seminorms on a vector space V.

For each p € P and for each v > 0, we have the set
B,(0,r) ={z €V :p(z) <r}.

Let B be the collection of all finite intersections of the sets B,(0,r). Then B is convex
balanced absorbing base of neighborhoods of 0 generates the topology of V. Therefore,

V' is a locally convex space.

The previous theorem follows from Theorem 1.2.2.

In the converse direction, we can obtain a family of seminorms generating the LCS

topology 7 of V. Next definition is the first step to this goal.

Definition 1.2.6 Let V' be a vector space and A be an absorbing subset of V. Define a
functional py : V — R by

pa(x) =inf{t >0:x €t A}, where x €V.

The function p 4 is called the Minkowski functional of A.

Next lemma demonstrates the relation between the set A and the Minkowski functional.

Lemma 1.2.7 Let A be an absorbing subset of a vector space V. If p4 is the Minkowski

functional of A, then:

1. 0 <pa(x) < oo, forallz € V.

2. pA(O) =0.
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3. If Ais balanced, then pa(Ax) = | N pa(z), forall N e Kand z € V.

4. If Ais convex, then pa(x +y) < pa(z) + paly), forall z,y € V.

Hence, if A is absorbing, balanced and convex, then p 4 is a seminorm on V.

Theorem 1.2.8 Let A be an absorbing and balanced subset of a vector space V. Then

{reVipa(z) <1} CAC{r €V :pa(z) <1}

The continuity of the functional p, is connected to A. Next theorem demonstrates this

connection.

Theorem 1.2.9 Let (V,7) be a TVS and A C 'V, absorbing and balanced. Consider
pa V. — R. Then p4 is continuous on V' if and only if A is a T-neighborhood of 0 in V.

The following theorem gives the converse relation between seminorms and local

convexity.

Theorem 1.2.10 Let (V,7) be a locally convex space. Then there exists a family P =

{pa : @ € I} of seminorms which generates the topology T of V.

A special case of locally convex spaces is a Fréchet space.

Definition 1.2.11 A Fréchet space is a metrizable, complete locally convex space.

Example 1.2.12 Let (B, | - ||5) be a Banach space. B is a Fréchet space because the

norm || - | g produces a translation invariant metric

d(z,y) = |z = yllz,

and the space B is complete with respect to this metric.
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Since we will have to deal with a finite combination of seminorms, it is useful to consider

collection of seminorms with special property.

Definition 1.2.13 A collection of seminorms P on a vector space V' is called directed if

and only if for all p,, , Doy, - - - Do, € P there is pg and C' > 0 such that

Pon (T) + Pay (T) + -+ . + P, () < Cpg(%),

forallz € V.

In normed spaces, the continuity of a linear map is equivalent to boundedness. Next

theorem gives a similar result for maps on locally convex spaces.

Theorem 1.2.14 Let V| and V5 be two locally convex spaces with families of seminorms
{pa} and {qs}. A linear map f : Vi — V4 is continuous if and only if for every seminorm

qp on Vs there are po,, Pays - - - » Pa,, o0 Vi and C > 0 such that, for all x € V4,

5(f(2)) < C (P () + Pay (¥) + - - - + Par, (2))-

If the {p, } are directed family of seminorms, then f is continuous if and only if for every

qg. there is p, and D > 0 such that

qs(f(2)) < D pa().

The following theorem illustrates the continuity for a family of continuous maps.

Theorem 1.2.15 (Banach-Steinhause Theorem) Let Vi and V5 be Fréchet spaces. Let F
be a family of continuous linear maps from V; to Vs, so that for each seminorm q on V5
and every x € V4, {q(f(x)) : f € F} is bounded. Then for each q there is a seminorm p

on Vi and C > 0, so that
q(f(x)) < Cp(x)

forallx € Vyand f € F.
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Note that the Banach-Steinhause theorem does not require the family of seminorms to be

directed.

1.3 Representations of Topological Groups on Locally

Convex Spaces

This section is devoted to study group representations which are important tools to
understand wavelets on groups. Group representations represent elements of groups as

linear continuous transformations of locally convex spaces.

If V is a locally convex space, write G L(V) for the set of all invertible linear continuous

transformations from V to itself.

Definition 1.3.1 Let G be a topological group and V' be a locally convex space, then a
representation of G on V' is a homomorphism p : G — GL(V') such that the action map

G xV — V given by
(g,v) = plg)v (1.5)

is continuous in both variables.

Thus each p(g) is a continuous operator on V' and by Theorem 1.2.15, for each seminorm

q on V there exists a seminorm p and C' > 0 on V' such that
q9(p(g)x) < Cplx), VgeGzeV
If V' is a Banach space then:
lp(g)zll < Clizll, VgeG xeV,

and thus p is bounded.
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Note that, if V' is finite dimensional, we say that p is finite dimensional. Otherwise, we
say that p is infinite dimensional. For any group GG we can define a trivial representation

of Gby p(g) =1, forall g € G.

The following representation is a basic in most of this thesis and will be used frequently.
Example 1.3.2 Consider the ax + b group which is the group of all elements (a, b), where
a € Ry and b € R, with the group law:

(a,b) - (a', V') = (ad,al +0).
The elements of the ax + b group can be represented by matrix as the following:

a b
0 1

(a,b) ~

ince
(a,0) - (1,0) = (a,b) = (1,0) - (a,b)
then (1,0) is the identity of the ax + b group. Also,

@r)-(E =@y ==Y @),

a a a a

so, (a,b)~! = (L, =b).

a’ a

The representation of the ax + b group on LP(R) is given by the following [33]:

pp(a,b)f](x) = a™» f (”“" — b) . (1.6)

a

These maps are isometries of L*' (R) for any (a,b) € G:

Rt Y —b\ "
Hmmmmwzﬁ(mfﬁa) dr
Y
oo @ a

_ / F @) dz = |15 5 .

—00
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Let p be a representation of a group G on V and e be the identity of G, then as an

immediate consequence of Definition 1.3.1 we have:

ple)p(g) = pleg) = p(g),
then p(e) = I. Also, for any g € G we have:
p(9)p(g™") = plag™") = ple) =1,
and similarly we have
plg")plg) = plg~"g) = ple) =1,
thus, p(g)p(g~") =1 = p(g~*)p(g) and hence p(g™") = p(g) .

The continuity of the action map (1.5) implies the following.

Proposition 1.3.3 Let p be defined as in the definition 1.3.1. The continuity condition of

the action map (1.5) is equivalent to the following:

1. Foreveryv € V, the map g — p(g)v of G into V' is continuous.

2. For every compact subset K of G, the set {p(g) : g € K} is equicontinuous (that
is for any neighborhood W of 0 in V, there exists a neighborhood U of 0 in V' such
that p(K)U C W).

If the topology of V' generated by seminorms, then by Theorem 1.2.15, for each seminorm
q on V there exists a seminorm p on V' and C' > 0 such that
q9(p(g)x) < Cplx), Vge K,xeV.
For Banach spaces, it means that
lo(g)zll < Cllzll, Vge K,zeV.

The next definition plays an important role in many results regarding covariant and

contravariant transforms.
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Definition 1.3.4 The left regular representation A(g) of a group G is the representation

by the left shift in the space LP(G) of integrable functions on G with the left Haar measure
d:
Ag) = f(h) = f(g'h). (1.7)

da db

Example 1.3.5 Let G be the ax+b group with the left Haar measure and consider the

space LP(G) of integrable functions, then the map A\ (1.7) acts on LP(G) as the following:

el = 7 (0 @)
b—d

(25

The representation A is isometric on LP(G), for any (c,d) € G:

N Dy = [ [N D@
//‘f(“b—) da
:/00/0 fanp );l?(zg—d)
:/Z/ooolf(a, dadb .

The intertwining operators are very important to classify all representations of a given

where, (a,b), (c,d) € G.

group G.

Definition 1.3.6 Let pi and py be representations of a group G on V' and Vs respectively.
Let T be a linear continuous transformation from V1 into Vs, then T’ is called intertwining

operators if

Tpy = poT.

If T is linear bijective from V; to V, and 7! : V, — V] is continuous, then we say the

representations p; and p, are equivalent.
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Definition 1.3.7 Let V' be a Banach space and V* be its dual space. Let p be a
representation of a group G on V. For a fixed vy € V¥, the wavelet transform
Wy, : V. — C(QG), where C(G) is the space of continuous functions on G, is defined
as the following[29):

W 20 = 0(g) = (p(g~)v, v0).

The wavelet transform W, v intertwines the representation p and the left regular

representation A:

A(g) Wi vl(h) = Wov](g~"h) = (p(h™ g)v,v0) = (p(h™")p(g)v, vo) = Wy (p(g)v)](R).

Definition 1.3.8 Let p be a representation of a group G in a linear space V. A closed
subspace W of V' is called an invariant subspace, if p(g)w € W for all g € G and
weW.

There are always two trivial invariant subspaces which are the null space and V. For a
nontrivial invariant subspace W, the restriction of p(g) to W is a representation of G, and

we call it a subrepresentation of p.

Definition 1.3.9 A representation p of a group G in V is irreducible if the null space
and V' are the only invariant subspaces of V. Otherwise, the representation p is called

reducible.

Example 1.3.10 Consider the representation p (1.6) of the ax + b group on L*(R). The

space L*(R) can be written as a direct sum of two closed subspaces:

HT = {f € LA(R) : supp(Ff) C [0,00)} and H™ = {f € L*(R) : supp(Ff) C (—o0,0]},

where F is the Fourier transform.
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Then for any f € H* and any (a,b) € G, we have p(a,b)f € L*(R) and

Flola.b)f)(t) = / e (oa,0) f](z) di

R

Comiwt 1 r—b
= [ () o

:\/5/627ri(ax+b)t f<$> dr (1.8)
R
:\/56—27ribt /e—Qm'aactf(:L,) dx

R

= Vae ™" F f(at).

So, forany t € (—0,0), we have at € (—o0,0) and

F(pla,b)f)(t) = Vae ™ Ff(at) = 0,

thus, supp(F(p(a,b)f)) C [0,00) and p(a.b)f € H*t. Therefore, H' is invariant

subspace of L*(R) under the representation p.

Similarly, we have H~ is closed invariant subspace of L*(R) under the representation p.

Then p is reducible representation on L*(R) to the closed subspaces H' and H~.
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Chapter 2

Covariant Transform on the Real Line

This chapter is devoted to study covariant transform [33, 31, 32]. The covariant transform
generalizes the idea of wavelet transform on Hilbert and Banach spaces. In particular, we
are concerned about the properties of the covariant transform which maps functions on
the real line into functions over the ax + b group. Also, its relations to harmonic analysis

are considered.

2.1 Covariant Transform

The covariant transform extends the construction of wavelets from group representations.
In this section, the construction of covariant transform is defined and some basic theorems

and examples concerning it are also given.

Definition 2.1.1 [32] Let p be a representation of a group G in a space V and F be an
operator from V' to a space U. We define a covariant transform Wrg from V' to the space

L(G,U) of U-valued function on G by the formula:

Wr v = 0(g) = Flp(g™")v), veV,gea. 2.1)
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In this context, the operator F' will be called fiducial operator. The operator F' may not be

linear.
The next theorem proves that the covariant transform Wp intertwines p and the left regular

representation A on L(G, U).

Theorem 2.1.2 [32] Let Wk be the covariant transform (2.1), then we have

Wep(g) = Ag)Wr.

Proof. By using the properties of group representations and the definition of covariant

transform , we have:

Wep(g)vl(h) = F(p(h™")p(g)v)
= F(p(g~'h)"'v)
= [Wrol(g~'h)
= A(g)[Wrvl(h).

One immediate consequence of this result is the following corollary.

Corollary 2.1.3 [32] The image space Wy (V') is invariant under the representation A.

Proof. Let u € Wp(V'), then there exists v € V' such that u = Wpg(v). Now for any

h,g € G and by using the previous theorem, we have

[A(g)ul(h) = A(g)Wr(v)](h) = Wr(p(g)v)](h),

where p(g)v € V. Therefore, A(g)u € Wpg(V) and hence the image space Wg(V) is

A-invariant. O
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In the following we introduce several examples of the covariant transform. We start with

example of wavelet transform on Hilbert spaces [10, 42].

Example 2.1.4 Let H be a Hilbert space with inner product (-,-). Let p be a unitary
representation of a locally compact group G on H and fix hg € H. Let ' : H — C be a

functional defined by F (v) = (v, ho). Therefore, the covariant transform is

Who 10— 0(g) = F(p(g~")v) = (p(g~")v, ho).

which is the wavelet transform on Hilbert spaces.
Next is the wavelet transform on Banach spaces [29].

Example 2.1.5 For a Banach space B and F : B — C be a functional defined by
F(b) = (b, 1), forlye B
Then the covariant transform is

Wi, v = 0(g) = F(p(g™")v) = (p(g~")v, o).

Definition 2.1.6 [36] The Hardy space H”(R?) is the space of holomorphic functions f

on ]Ri, with norm given by:

| fllee = sup </OO f(a,b)|pdb) :

Some well known transforms like Cauchy and Poisson Integrals can be produced by

covariant transform.

Example 2.1.7 Let G be the ax + b group. The representation of the ax + b group on
LP(R) is given by the following:

[opla, b))(z) = a™F f ( - b) |
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We consider the functionals Fy. : LP(R) — C defined by:

FL(f) = L[

M Jgw Fi

dz. (2.2)

Since (x F1i)~' € LY(R), forany ¢ > 1 and% + % =1, then:

Fo(f)] = = de\

Comi | g
SL/M@
270 Jg |z F i

1 N i : )
< ﬁ“f”LP(R) |(z F19) 1||Lq(R), by Holder inequality,

1

thus, the functional Fy(f) is bounded.

Then the covariant transform (2.1) is the following:

21 TF1

_a [ @)

- omi /R(ffTb):Fz'dx
_ar f(@)

- zm/R(x—b):pmdx’

which is the Cauchy integral that maps L*(R) to the space of functions f(a,b) such that

f(a’b) = Fi(pp(a,b)_lf) = L/Rmdx

cf%f(a, b) is in the Hardy space in the upper/lower half-plane H,(RZ).

Example 2.1.8 Take again the ax + b group and its representation (1.6). Let the fiducial
operator F : L*(R) — C defined by

F:fe Ff —F.f.

S0,

F(f)ZFJr(f)—F_(f):% R%daj_%ﬂ Rx(_j:)idgj
o [ @l -
! 2 1 [ @

" omi Rf(m)':ﬁ—l—l - rT2+1

| dx

dx
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then the covariant transform (2.1) reduces to the Poisson integral:

fla.b) :F(pp(a,b)_lf):%/]l%%mdx

= a%_l / /(@) dx
()

att [ )
= d
/ v

T (x —b)2+a?

In the following example we will introduce a covariant transform such that /' is non-linear.

Example 2.1.9 Consider the ax+b group and its representation (1.6). Define a functional
F,: LP(R) — R by:
1 1
=3 [ lapds 23
-1

It is clear that the functional F,, is bounded.:

I 1 1
R = [ @rde < [ 1= 1,

Then the covariant transform (2.1) will be:

1 . b+a
WEA@D) = Fylonl(h) D7) =5 [ 1 flarsvPde=3 [ lp@pdn @

b—a

In the forth chapter we will see the relation between the covariant transform (2.4) and the

Hardy maximal function [40, 34].

2.2 Boundedness and Continuity of Covariant

Transform

In this section we are concerned about the non-linear covariant transform (2.4). In what

follows, the boundedness and continuity of the covariant transform (2.4) is discussed.
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Definition 2.2.1 Ler G be the ax + b group. A point (a,b) € G with angle o € (0, ),

construct a a-tent with the base (b — m, b+ m), where m = atan(5). See Figure 2.1.
The length of the base is 2a tan(§).

Definition 2.2.2 A point (a,b) € G is visible from a point (a1, by) with respect to an angle
o if and only if the a-tent of (aq,by) is included inside the a-tent of (a,b), i.e. the point
(ay,by) lies inside the triangle Ab — m, (a,b), b+ m. Also, (a,b) is visible from a real c,

if and only if c lies in the base of the a-tent of (a, b).

Any point (a, b) with angle « is visible from all reals ¢ € (b — m,b + m), where m =

atan($§).

Definition 2.2.3 Let X be a subset of the ax + b group. Fix o € (0, ) and Let C§ be the

set of all reals from which points of X are visible with respect to the angle c.

If X = {(a,b)},then Cx = (b —m,b+ m). Let X be a subset of the ax + b group then
Ck = U{Cf 4 : (a,b) € X}. Also, if point (a,b) € G is visible from a point (a1, by) with

respect to an angle « then C(szl,bl) - C(O;,b)'

Definition 2.2.4 Let X and Y be two subsets of the ax + b group. Fix o € (0,7) and

Let C§ and Cy: be defined as above. Then X and Y are said to be c-non-simultaneously

visible (a-NSV) if and only if C$ N Cg = ().

Two points (a, b) and (ay, by ) are a-NSV if and only if (b—m, b+m)N(by—mq, by+my) =

0, where m = atan(%) and m; = a; tan(§).

Definition 2.2.5 A subset X of the ax + b group is called a-sparse if every two points on
X are a-NSV, i.e. Cy NCy = ¢ forany p,q € X.
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(b, a)

b—m b b+m

Figure 2.1: Tent (b, a) with angle «.

The above definitions depending on parameter o have the similar nature forall 0 < o < 7.
We do not need to consider separate subregions or exceptional values of this parameter in

our proofs.

Although the following lemma seems to be obvious, we are going to need it several

occasions.

Lemma 2.2.6 Consider the covariant transform (2.4) and f € L1(R). If X is an «-

sparse, then

> Wefllaibi) < 1 fllz - (2.5)

(ai,bi)EX

Proof. Since no two points in X are visible from the same reals, then the bases of all
tents (a;, b;), do not intersect with each other. Now, since |f| > 0, then the summation of
all integrals of the function |f| over all the bases of tents is less than the integral of | f|

over R. O

The relation between the distance of two points on the ax + b group and the length of the

bases of their tents is determined by the following lemma.
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Lemma 2.2.7 Let (a,b) and (¢, d) be two points on the ax+b group. Let A = [b—a, b+a]
and B = [d — c¢,d + c]. Then for L = \/(b— d)? + (a — ¢)2, we have |A\ B| < 2L and
|B\ A| < 2L.

Proof. We have three cases:

1. If A and B are disjoints, then |A \ B| = |A| = 2a. Also, since AN B = (), then
a<|b—d|land |A\ B] =2a < 2|b—d| < 2L.

Similarly,

IB\ A| = |B| = 2¢ < 2|b— d| < 2L.

Another way to prove this case: if b < d then b + a < d — c and this implies that
a<d—b—c<d—bandthus |[A\ B| =2a < 2(d —b) < 2L.

2. IfAC B,then |[A\ B|=1|0| =0 < 2Land |B\ A| =2|a — ¢| < 2L.

3. If AN B # () but not contained in each other, then |[A\ B| < [b—d| + |a —¢| < 2L
and |[B\ A| < |b—d| +|a—c| <2L.

The proof is completed. O

The next theorem is a well known result called absolute continuity of Lebesgue integral

theorem which is useful for us to investigate the continuity of the covariant transform.

Theorem 2.2.8 [28] Let f € L'(R). Then for any € > 0, there is 6 > 0 such that

/fd,u‘ <e if |A]<o.
A
At this point we are ready to study the continuity of the covariant transform.

Proposition 2.2.9 Let f € L' (R), then the covariant transform (2.4) is a uniform

continuous on the ax + b group.
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Proof. For a given f € L'(R), we have |f| € L'(R). By theorem 2.2.8, for any ¢ > 0

there is d. > 0 such that for any C' C R, |C'| < . we have

l}ﬂwa<a 2.6)

Now, let (a,b) € G, then for any (a;,b;) € G such that \/(b—b)?2 + (a — a;)? < %, we

2 b

1 b+a 1 bi+a1
‘§lﬂ|ﬂme—QLﬂlumﬂm
1 1

_ ‘g/A\Bu@)mx— E/B\Alf(:cﬂdx
1

1
<3 [ if@ldees [ i@l
A\B B\A
where A = [b—a, b+a] and B = [b; — a1, by + a1]. Then by Lemma 2.2.7 we have both

of |A\ B|and |B\ A| are less than 2/(b — b1)2 + (a — a1)? < d.. So,

[Flota b7 1) = Flptan 1) < [ p@lazs 5 [ ir@la

have

|F(p(a,b)" f) = F(p(a1,b1) "' f)]

1 1
< 58 -+ 58 by (26)

== 8’
thus the covariant transform is uniform continuous at (a,b). Since (a,b) is chosen

arbitrary, then it is uniform continuous on G. O

Now we will discuss a stronger condition of the continuity which is the Lipschitz

condition.

Proposition 2.2.10 For any f € LP(R) N L*(R), 1 < p < oo the covariant

transform (2.4) is Lipschitz continuous.

Proof. Let f € LP(R) N L>°(R), then as in the Proposition 2.2.9

B )0 = Bl ) D] < 5 [ ppdesg [ s

2 B\A

1 1
< SIFI AN Bl + Sl flI% 1B\ A
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where A = [b—a, b+a] and B = [by —ay, by + a;]. Again by lemma 2.2.7 we have both
of |A\ B|and | B\ A| are less than 2L, where L = /(b — b1)? + (a — a)?. Thus,

1 1
|[Fo(pp(a )7 f) = Fplpp(ar, b) " N < S TAN Bl + 51 fI% 1B\ Al
< A8 L+ [ f1I% L
= 2L || 1%,

where L = |(a,b) — (a1,b1)| and 2 || f||%, is the Lipschitz constant. Hence W[ is

Lipschitz continuous. O

Next example shows that an unbounded LP function may not produce a Lipschitz

covariant transform Wr. f .

Example 2.2.11 Let

0 : otherwise
It is clear that f € LP(R), for 1 < p < oo. Note that f is not bounded. The covariant

transform Wi f is
b+a

Wifl(eh) =5 [ I de

—a

For the point (+,0) € G, forn > 1:

[ / —da:— :c]é”:%.

For any two points (%,0) and (%, 0) where n,m > 1 and n # m:

IVESI(L,0) — VEAI(L, 00 los — o=
%|

11 ’l_
n m n

\/Lﬁ‘i‘ﬁ_\/ﬁ—i‘\/ﬁ?

VR o not be bounded by any constant K. Then WY, f is not Lipschitz.

Since Tt

3
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2.3 Some Estimations of Covariant Transform

Consider again the non-linear covariant transform (2.4). In this section the relation
between this transform and harmonic analysis is studied and structure of the ax + b group

is used explicitly in proofs.

Definition 2.3.1 Let G be the ax + b group and let X be a subset of G. Let C$ be a set
of all real numbers from which the points of X are visible with respect to the angle .
Then the measure of C% is called the horizontal capacity of X and denoted by h(X), i.e.
h(X) = pu(C%). Also for a countable set X, vertical capacity v(X) is defined as the sum
of all the coordinates a of the points of X, i.e. v(x) =Y {a: (a,b) € X}.

The vertical capacity v(X') admits +oco and in case that X is uncountable, then v(X) =

—+00.

The horizontal and vertical capacities have the following basic properties:

Proposition 2.3.2 Let G be the ax + b group. Let X and 'Y be two subsets of G. Then

1. h(X) < 2tan (%) v(X), the identity is obtained when X is a a-sparse.
2. (X UY) < h(X)+ h(Y), the identity is obtained when X and Y are a-NSV.

3. v(XUY) <o(X)+v(Y), the identity is obtained when X and 'Y are disjoint.

Proof. Let X and Y be as above, then:

1. Any point (a,b) € X is visible from a set of real numbers with measure 2a tan (%),
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thus A ({(a, b)}) = 2atan (). Therefore,

px) < S h{lan b))

(ai,bi)EX
= Z 2a; tan <g>
2
(ai,b;)eX
= 2tan (%) Z a; = 2tan <%> v(X).

(ai,bi)eX
If X is a a-sparse then it is obvious that
hX)= Y h({(a:,0:)})
(ai,bi)GX

and thus, h(X) = 2tan (2) v(X).

2. Let C§ and Cy be the sets of all real numbers from which the points of X and Y are

visible respectively. It is clear that C§ , = C§ U Cy and thus,
WX UY) = p(Ciuy) = p(Cx UCY)
< p(Cx) + p(Cy) = h(X) + h(Y).

If X and Y are a-NSV then C§ N Cy = ¢ and thus
WX UY) = u(Cruy) = p(Cx) + u(Cy) = h(X) + h(Y).

3. Since v(X UY) =3, 1 exuy @ thenitis clear that v(X UY) < o(X) 4+ v(Y).
Also, it is obvious that if X and Y are disjoints then v(X UY") = v(X) + v(Y).

The following lemma is a modified version of Vitali Lemma [10, 11]. A new proof is
given by using structure of the ax + b group. Let X be a collection of points of the ax + b
group. Let p € X, then we use the notation X ip to denote the maximal subset of X \ p
such that p and Xip are a-NSV, ie. C;' N C;l(ip = ¢.
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Lemma 2.3.3 Let X be a finite collection of points of the ax + b group. Then there is a

a-sparse subset Y of X such that

h(X) < 6 tan (%) v(Y).

Proof. Choose a point p; = (a1, b1) in X such that p; has the biggest vertical capacity,
i.e. a; is the biggest. The set (X \ p1) \ (X ipl) has points which are not a-NSV with
p1 and have smaller vertical capacities than p;. Again choose p, € X §p1 such that ps
has the biggest vertical capacity on X ﬂpl. Assume that pq, po, . .., p, have been chosen,
then choose p,+1 € X i{pl, P2, ..., Pn} such that p,,1 has the biggest vertical capacity

on X i{pl, P2, - -, Pn}. By continue this, we get an a-sparse sub-collection Y of X.

Now, for any point p = (a,b) € X \ Y, there exists a point p, € Y with a bigger
vertical capacity such that they are not @-NSV. Since a,, is bigger than a, then the point
pl, = (3an,by,) is visible from all real numbers from which p or (p,,) are visible as in
the Figure 2.2. Therefore, the horizontal capacity of p/, is bigger than the horizontal
capacities of p, p,. Thus, the vertical capacity of ¥ multiplied by 6 tan(§) exceed the

horizontal capacity of X. O

In the case that « is right angle, the vertical capacity of Y multiplied by 6 exceed the the
horizontal capacity of X, i.e.

Gu(Y) > h(X).
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(bl, 30,1)

Figure 2.2: Tent (b, 3a;) contains tents (b, a) and (b, ay).

The following is an infinite version of the Lemma 2.3.3.

Lemma 2.3.4 Let X be any collection of points of the ax + b group such that

sup a < oo.
(a,b)eX

Then there is a countable sparse subset Y of X such that

h(X) < 10 tan (%) u(Y).

Proof. Let M; = sup(,;cx a, then choose a point p; = (a1,b1) € X such that a; >
%]\/[1. Now consider Y7 = X §p1 and let My = sup(, ey, a- Choose a point py =
(ag,by) € Y7 such that ay > %MQ. Assuming that py, ..., p, have been chosen, let
Y, = Xi{pl, ..., pn} and choose p, 1 = (api1,bn11) € Y, such that a, 1 < %Mnﬂ,
where M1 = sup(, ey, a- Now let Y = {p, : n € N}, then Y is a countable sparse

subset of X.

Let (a,b) € X be arbitrary. If (a,b) € Y, then we are done. Otherwise, let n € N be the
first index such that (a,b) ¢ Y,,, then the points (a,b) and p, = (a,,b,) € Y,_; are not
NSV. So, we have

N | —
N | —
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Also

|b, — b| < a, + a < 3ay,,

and

a<a+ b, —bl <a+a, <bay,.

Thus, the tent (5a,, b, ) contains tents of (a,, b,) and (a, b) and hence the vertical capacity

of Y multiplied by 10 tan (%) exceed the horizontal capacity of X. O

Next proposition shows that the visibility between points of the ax + b group does not

affect by shift and scaling.
Proposition 2.3.5 The visibility relation between two points of the ax + b group is
invariant under the left action of the ax + b group:
Ay i h — gh.
Proof. Assume that (a,b) is a point on the upper half plane visible from another point
(a1, b1), then by definition 2.2.2 we have
b—a<b—a;<b+a <b+a. 2.7

Let g1 = (1,d), then Ay, (a,b) = (a,b+ d) and Ay (as,b1) = (ay,by + d). Then by

using (2.7) we have
(b+d)—a=d+(b—a)<d+(by—a1) =(d+b)—a < (d+b1)+a; < (d+b)+a.

Therefore, Ay, (a,b) is visible from Ay, (a1, ;) and the visibility is invariant under A,,.
Now, let go = (¢, 0), then Ay, (a,b) = (ac, be) and Ay, (a1, b1) = (aic, bic). Since ¢ > 0,
then we have

bc — ac < bic — ajc < bic+ ajc < be + ac.



Chapter 2. Covariant Transform on the Real Line 32

So, Ay, (a,b) is visible from A, (ay, by), thus visibility is invariant under A4, . Since
Ag(a7 b) = (Agl © Agz)(a7 b)v 9= (07 d)?

then, the visibility is invariant under A . O

The following is an immediate consequence of the previous proposition.

Corollary 2.3.6 Let X be a subset of the ax + b group and Y be a sparse subset of X.
Then Ny(Y') is a sparse subset of A,(X).

Proof. Let (a,b) and (ay, by) be two points in Y, then they are NSV and hence |b — by | >
a+ay. Let g1 = (1,d), then Ay (a,b) = (a,b+ d) and Ay, (a1,b1) = (a1, b1 + d). So,

(b +d) — (b+d)| = |b1 — b > a+a

and hence Ay (a,b) and Ay (aq1,b;) are NSV. Now, let go = (c,0), then Ay, (a,b) =
(ac,be) and Ay, (a1, b1) = (aic, bic). So,

|bic — be| = c|by — b > c(a+ a1) = ca + cay,
thus Ay, (a,b) and Ay, (aq,b1) are NSV. Therefore, A,(Y") is a sparse subset of A, (X),
where g = (¢, d).

There is an easier proof as the following: Let b < by, and this implies that b+ a < by — aq
, then

b+d<b +d

and

(b+d)+a< (by+d)+a.

Therefore, Ay, (a,b) and A, (a1,b;) are NSV. Also, since ¢ > 0 then bc < byc and
c¢(b+a) < c(by — ay). Thus, Ay, (a,b) and Ay, (ai,b;) are NSV and hence A, (Y) is a
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sparse subset of A,(X), where g = (¢,d). O

Next proposition shows that the horizontal and vertical capacities of a subset X of the
ax + b group are preserved under shift but not under scaling. Therefore, horizontal and

vertical capacities are not invariant under the left action A, where g = (c, d).

Proposition 2.3.7 Let X be a collection of points of the ax + b group. Then

1. h(Aq,gX) = h(X) and v(Aq1,9X) = v(X), where (1,d) € G.

2. h(AeoyX) = ch(X) and v(AcyX) = cv(x), where (c,0) € G.
Proof. Let X be a set of points of the ax + b group, then:

1. Letg; = (1,d) € G, then Ay, (X) = {(a,b+d) : (a,b) € X}. Itis clear that
V(A (X)) = ) a=u(X).
(ai,bi)EX

Also, since the visibility relation is left invariant and A,, acts on X by shift, then

h(Ag (X)) = h(X).
2. Let go = (¢,0) € G, then Ay, (X) = {(ac, be) : (a,b) € X}. Therefore,

v(Ag, (X)) = Z ca; =c Z a; = cv(X).
(ai,bi)GX (ai,bi)GX

Since A4, acts on points of X by scaling, then all the tents are scaled and thus

h(Agu(X)) = ch(X).

Although horizontal and vertical capacities are not preserved under scaling, the ratio %

are preserved.
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Corollary 2.3.8 Let X be a collection of points of the ax+b group. Then ];E//t;’ &(;; = ]588

Proof. Let g = (c,d) € G, then A, = Ay, o Ay, where g; = (1,d) and g, = (c,0) and
h(Ag(X)) = h((Ag, 0 Ag, ) (X)) = h(Ag, (Mg, (X))
From the previous proposition, we have:
h(Agy (Mg, (X)) = h(Ag, (X)) = ch(X)
Also, v(Ay(X)) = v(Ay, (Ay,(X))). Again, by using the previous proposition we have:

v(Ag (Mg, (X)) = v(Ag, (X)) = cv(X),

Lemma 2.3.9 Let G be the ax+b group, and let W be the covariant transform (2.4) and
f € Li(G). For X\ > 0, define the following set X, = {(a,b) € G : [Wrgf](a,b) > \a}.

Then, we have a sparse subset Y of X, such that

v(Y) < % (2.8)

Proof. By using lemma 2.3.4, we can extract a subset Y from X, such that no two points

in Y are visible from the same real numbers. Furthermore, for any (a,b) € Y, we have
1
Aa < [Wgfl(a,b) or a< X Wefl(a,b),
SO,
S a<n 3 ety
)\ )
(ai,b;)eY i0:)

Hf”Ll
Y

by (2.5).

Since v(Y') = z(ai,bi)eY a;, then v(Y) < ||fﬂ\L1 0

By combining Lemma 2.3.4 with Lemma 2.3.9, we obtain the following corollary.
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Corollary 2.3.10 Let G be the ax + b group and let the covariant transform Wy and
f be as in the Lemma 2.3.9. For A\ > 0, define the following set X, = {(a,b) € G :
[Wr f](a,b) > Xa}. Then,

(X)) < 10 tan (%) % 2.9)

Proof. By using Lemma 2.3.4 we can extract a sparse subset Y of X, such that

h(Xy) < 10 tan (%) u(Y),

and by using Lemma 2.3.9 we have h(X,) < 10 tan (%) Hf!Ll .0

Lemma 2.3.9 gives an upper bound for coordinates a of points of the set X,. The next

example proves that we can not find lower bound for the coordinates a bigger than 0.

Example 2.3.11 Let
1, 0<z<1;

fx) =

0, otherwise.

It is clear that f € L'(R) :

[e'e] 1
||f”L1:/ |f(m)|dx:/0 dr =1 < oo.

[e.9]

Let \ = %andb =3, then

1. ForO<a< %, the covariant transform is

L4a
Wefl(a, 3) = %/ f@)dr=a> 5= xa

2. For% < a <1, then

since a < 1, then \a < 3 = [Wrfl(a, 3).
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3. Fora > 1, we have

o
Wefl(a,2) = L / ()| de

—a

again, since a > 1, we have \a > % = Wrfl(a, %)
1 1
Therefore, (a, 5) € Xy, for 0 < a <1, but (a,3) ¢ Xy fora > 1.

Since we estimate the bounds of the coordinates a of points of the set X, and the upper

bound of the horizontal capacity h(X)), then we can estimate the size of the set X.

Proposition 2.3.12 Let G be the ax + b group and let the covariant transform Wy and f
be as in the Lemma 2.3.9. Let X, be a subset of G defined as above. Then

c

(X)) < 33l (2.10)

where, c = 10tan(%)

Proof. For any (a,b) € X,, we have 0 < a < §[Wrf](a,b), and thus 0 < a < %

Moreover, the set M = {b: (a,b) € X,} is a subset of Cx,. So, the set X is contained

inside the set M x [0, 17 lLl ] Therefore

(X)) < pu(M) - %

[Nl 1/,
= (X)

< :LL(CX/\> ’

By using the relation (2.9) we have

ay IfIIE, e
u(Xy) < 10 tan (5) o=l

where ¢ = 10tan(%). O
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2.4 Covariant Transform with Different Fiducial

Operators

In this section we are concerned about the connections between covariant transforms with
different fiducial operators. Consider again the az + b group. Then any w € L. [—1, 1]

such that ||w||« < 1 defines a linear functional £, on L;(R):

Fuh =5 [ fa)ute)de

It is clear that the covariant transform Wy, f is bounded:

Wi l(a,b) = %/_1 af(az + b) w(z) dz

<5 [ laf b o
= [WFfKav b)

Moreover, the non-linear covariant transform (2.4) can be expressed in terms of the linear

covariant transform generated by £7,:

Wrfl(a, b) = sup{[Wk, f1(a,b) : w € Loo[—1,1] and ||w||s < 1}.
The next lemma is a generalized version of Lemma 2.2.6.

Lemma 2.4.1 Let f € L1(R) and let X be a collection of points of the ax + b group. If

X is a sparse, then

> e bi) < Nl oo

(ai,bi)eX
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Proof. Let f € L(R), then

Z[Wfaz,,- Z/al fla;x + b;) w(z) de
(aibi)eX
< ¥ /nkhfmx+b)Hw(ﬂdx

(aibi)eX

<wlle Y /|al (az + b;)| dx

(aibi)eX
1+az
Sl 3 [ s
SWNW/ @) de = Jwlle |1 £]2,

—00

Proposition 2.4.2 Let w be as above and X be a collection of points (a, b) of the ax + b
group such that [Wr, f](a,b) > Xa, for X > 0. Let C%, be a collection of all reals from

which the points of X are visible. Then

&
| w@ s < Sl ol

X

where ¢ = 10 tan($)

Proof. By using Lemma 2.3.4, we have a sparse subset Y of X such that

h(Xy) = u(Cx,) < 10tan <%> Z a;.

(as,bi)€Y
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Since, a < +[Wr, f](a,b) and ||[w|| < 1, then

J

w(r)dr < p(C%,) < 10 tan (%) Z a;

«
X (ai,bi)eY

10 ton() > e (i b)

(ai,bi)EY
10 tan($)

< 20 ) o)l de

oo

10 tan(5 o
< 2D e [ s

C
= 5 [wllso [1/1]2s,

where, ¢ = 10tan(§). O

Let K € L>°(R), then we define the functional Fx on L, (R) as the following:

Fee(f) = /_Oo (@) K (2) da,

and the covariant transform will be

Weedla.) = Ficola.ty ' 5) = [~ apr+n K)o = [~ ) K ( - b) dz. @11)

The covariant transform g, can be approximated to Wy (2.4) by splitting integral over
R into sum of integrals over small intervals. For a better control to the size of the split

intervals, we need to put some conditions on the function K like uniform continuity.

Proposition 2.4.3 Let G be the ax + b group and let Wy, be defined as in (2.11). Let
Wr be defined as in (2.4) and let f € L,(G). Assume that K (x) is uniform continuous,

bounded and summable. Then for any € > 0, there exists 0. such that

[e.e]

cn\(sn) Wr fl(a,b) < Wr|fll(a,b) < Z Cnl\(sn) Wrf](a,b), (2.12)

n=—oo n=—oo

where s, = (%,2né.) € G and |C,, — ¢,| < e.
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Proof. Let f € Li(R). Let € > 0, since K(x) is a uniform continuous, then there is

de > 0, such that |K (z) — K(y)| < §, when |z — y| < /..

Consider the covariant transform (2.4), then by Theorem 2.1.2 and for any n € Z, we

flan = [ma,b)-lp (%2m) f] (@)

= [ otz 2] @

! bcb
:/ Ocf(bex + 2nd. + —)| dx
—1 a

— [ @) d
Ay

where the interval of integral is A%* = [% + (2n — 1)4,, 2 + (2n + 1)d,] with centre

have:

-1
dzr

. - J
A (a’ 2n56) Wefl(a,b) = [Wrp (a’ 2n66)

2né. + %t and |A%®| = 20.. it is clear that A%® U A% = ¢ for any integers n # m and
UnGZA?L’b = R

Now consider the covariant transform Wg, :

o0

We | f]](a.5) = /

—0o0

f(z)| K (m_b) d. (2.13)

a

To compare between the covariant transforms (2.4) and (2.13), we need to shift the

covariant transform (2.4) over R as the following:

[e.o]

> a (%) ovesen = 3 [ @l = [ ) e

n=-—00 n=—00 —00

Now, we define

C, = max K <I_b> and ¢, = min K <I_b>.

aeAl” a reAL® a

Therefor, for any x € A‘;L’b we have
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and thus the relation 2.12 is satisfied.

Also, for any n € Z, we have
0.b 0.b
|Cy, —cn|l = |C — K (— + 2n(55> + K <— + 27156) — ¢y
a a

< Cn—K<@+2n5e)‘+‘K<@+2née)—cn <E+E:e.
a a 2 2

The last inequality follows from the uniform continuity of the function K. O

41
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Chapter 3

Covariant Transforms on Locally

Convex Spaces

This chapter is focused on the covariant transform on locally convex spaces. The
definitions of covariant transforms on the locally convex space V' and its dual V* are
given. We list some properties of the covariant transform such as intertwining and
reproducing formula. Moreover, some properties of the image space VWV are studied.

Also, some examples of covariant transform are introduced in details.

3.1 Covariant Transform on Locally Convex Spaces

In this section we give the definition of covariant transform on locally convex spaces and

study its properties.

Definition 3.1.1 Let V' be a locally convex space and V* be its dual space. Let p be a
continuous representation of a topological group G on V. Let Iy € V*, then we define

the covariant transform Wy, from V' to a space of functions on G by

Wr, 1 v = 0(g) = Fo(p(g~")v), g€ G. (3.1)
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It is clear that this definition is more general than Definition 1.3.7 because the Banach

space V is replaced by a locally convex space and we consider a general functional Fj.

The covariant transform (3.1) satisfies the same intertwining property of the

Theorem 2.1.2.

Proposition 3.1.2 The covariant transform Wg, (3.1) intertwines the representation p

and the left regular representation \:

Wr,p(9) = AMg)Wh,.

Proof. Let v € V and g € G, then by using the properties of the representation p, we

have:
Wep(9)v](h) = Fo(p(h™")p(g)v)
= Fo(p((g~"h) ")
= Wrl(g~'h)
= A(g)[Wr,v](h).
O

Again, the covariant transform (3.1) satisfies the following property as in the

Corollary 2.1.3.

Corollary 3.1.3 The image space Wg,V is invariant under the left regular representation

A.

Proof. Let u € Wy, (V), then there exists v € V' such that u = Wg,(v). Now for any

h, g € G and by using the previous theorem, we have

[Alg)ul(h) = Mg) Wk, (0)](h) = Wi, (p(g)v)] (1),
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where p(g)v € V. Therefore, A(g)u € Wg, (V') and hence the image space Wy, (V) is

A-invariant. O

The next corollary is an immediate consequence of the intertwining of the covariant

transform W, .

Corollary 3.1.4 The subspace ker(Wr,) of V is invariant under the representation p.

Proof. Let v € ker(Wkg,), then [Wg,v](h) = 0, for all b € G. Now for any g, h € G, we

have:
W, (p(9)v)](h) = A(g)[Wr,v](h) = 0.

So, p(g)v € ker(Wg,) for any g € G and hence ker(Wpg,) is invariant under the

representation p. O

Lemma 3.1.5 Consider the covariant transform Wg, (3.1). Let Fy # 0 and p be

irreducible, then W, is injective.

Proof. Since p is irreducible, then the only invariant subspaces under p is V' and
{0}. From Corollary 3.1.4, we have ker(Wg,) is invariant and since Fy # 0, then
ker(Wp,) # V. Therefore, ker(Wg,) = {0} and hence Wk, is injective. O

In the following, we transport seminorm p on V' to a seminorm ¢ on the image space

Wr, V.

Proposition 3.1.6 Consider the covariant transform We, (3.1). Let Fyy # 0 and let p be

irreducible, then for any seminorm p on 'V, we can define a map q : Wg,V — R by

qWr) = pv), veV, (3.2)
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and q is a seminorm.

Proof. We need first to prove that Wy, is injective in order to ensure that the map ¢ is
well defined. Because if v € ker(Wg,) is a non zero vector, then Wg,v = 0 and thus for
any u ¢ ker(Wg,), we have Wp, (u + v) = Wg,u but p(u + v) not necessary to be equal
to p(u). Now, since p is irreducible and Fjy # 0, then by Lemma 3.1.5, we have Wk, is

injective and hence for any seminorm p on V', we can define a map g on Wg, V:

qWrv) =p(v), veV.
Now, let A be a scalar and v € V, then:

1. q(A\WEgv) = ¢(Wg,(\v)) = p(Av) = [A|p(v) = |A| ¢q(WE,v),
2. Let Wg,v1 and Wg, v, be two elements in Wy, V/, then:

qWg,v1 + Wg ) = qWg, (01 + v2)) = (v1 + v2)
< p(v1) + p(vz)

= q<WF0U1) + q(WFOUZ)‘

Therefore, ¢ 1s a seminorm on the image space Wg, V. O

So, let {p.} be a collection of seminorms generating the topology on V/, then {¢,} is a

collection of seminorms generate a topology on Wg, V.

Lemma 3.1.7 Let V be a locally convex space and let v,, — v in V. Then for each g € G,

we have Wr,v,(g9) = Wegv(9).

Proof. Let v, — v in V. Then for each g € GG, we have:

(Wryvn(9) = Weyv(9)l = [Fo(p(g™ vn) = Folplg™)v)| = [Folp(g™") (vn = v))],
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by the continuity of the functional Fj, and the representation p(g~"') there exists C' > 0

and a collection p,, , . . . , Pa,, Of seminorms on V' such that
[Fo(p(g7 ") (0n — )| < Clpay (v = v) + ... + Pa, (va =)
— 0.

So, Wryvn(g9) = Wgv(g), foreach g € G. O

Proposition 3.1.8 The covariant transform Wy, is continuous in the topology on V

defined by transported norm (3.2).

Proof. Let v, — v on V. Then by the definition of the transported seminorm (3.2), we
have

Qa<WFoUn - WFOU) = ch(WFo (Un - U)) = pa(vn - U) — 0.

So, W, is continuous on V. O

The next proposition shows that W, is a map from V' to a space of bounded continuous

functions on G.

Proposition 3.1.9 Consider the covariant transform Wg, (3.1). Then, the function

Wrg,v = v is bounded continuous function on G.

Proof. First we show that v is bounded. Let {p,} be a collection of seminorms generate
the topology of V. Since Fj is continuous functional on V', then by Theorem 1.2.14 there

exists a collection of seminorms pg,, Pays - - - s Pa,, 00 V and C' > 0 such that

[09(g)] = [Fo(plg™ ")) < C (Pas (p(g7)0) + Pan(p(g™ ")) + ... + Pa, (plg~ V), Vg € G.

We have {p(g7') : g € G} is a collection of continuous maps on V. Then by
Theorem 1.2.15 we have for each p,,,1 < i < n, the set {pa,(p(¢~")v) : ¢ € G}
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is bounded and there is a continuous seminorm p;, on V and D; > 0 such that

Pai(plg™")v) < D;pl, (v) forallg € Gand 1 < i < n. Thus,

[5(9)| < C (Drpl,, (v) + Dopl,, (v) + ... + Dupl, (v)) . Vg €G,

and hence v is bounded.

Now we prove the continuity of v. Let ¢ — h on G and by the continuity of Fj, there

exist a collection of seminorms py, , Pay; - - - ; Pa,, and C' > 0 such that

[5(g) = 3(h)| = [F(p(g~ v — p(h~H)v)]

< C (pay (p(g v = p(h™ ")) + ... + Pay (plg~ v — p(h1)0)), Vg,h € G.

Since p is continuous on G then, p,,(p(g~ v — p(h™')v) — 0,1 < i < n, and thus v is

continuous on GG. O

3.2 Examples of covariant transform

In what follows, we give brief examples of covariant transform. More details of

generalized versions of these examples are given later on in this chapter.

We start with examples of Cauchy and Poisson integrals. We are continuing the previous

examples from the previous chapter.

Example 3.2.1 Let G be the ax + b group and V = LP(R). Let vo(x) = 5= and let
Fy € V* defined as the following:

Fo(v) :/Rvo(x)v(x) do = i,/R o)
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Then the covariant transform (3.1) is the Cauchy integral:

1
aaﬁ):(” /E&E:Lde
2 Jgp T+

ar ! v(z)
= . / — - dx
2mi Jp (£52) 4

1
_ o / v
27 Jp (x — ) + ai
Example 3.2.2 Let G be the ax + b group and V = LP(R). Let vy(z) = %ljxg and let
Fy € V* defined as the following:

Fo(v) :/Rvo(sz:)v(x) dx = l/ v(@) dx

T g l+a?

Then the covariant transform (3.1) is the Poisson kernel:

v(a,b) = ar [ vlaz+b) dx
m Jg 1+

av! v(x)
= / o dr
T R 1 + (%)2
241
_a / v(x) i
T Jra®+ (v —b)?

Here, we give example of covariant transform on the Schwartz space S(R).

Example 3.2.3 Let V = S(R) be the Schwartz space. Let V* be the dual space of V
which is the space of tempered distributions. Let vy(z) = e=* € S(R) and let Fy € V*
defined as the following:

Fo(o) :/RUO(:U)U(;U) dx:/e—r o(z)dz, ve S(R).

R

Let G be the ax + b group, then the covariant transform (3.1) is
WMM@—%%W@UW—AM@M@@UW@®

= ar / e~ v(az +b) dx = ar! / e () v(x)de.
R

R
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As an application of the Proposition 3.1.2 the transform Wgv intertwines the

representation p of the ax + b group and the left regular representation \:

—~—

plab)el(ed) = / e [o((e,d))pla, byl (z) de
- / e [p((,5) " (¢ d)) Vo] () di

— 5((a, 5) " (e d)) = [Aa, )3 c. d).
Cauchy and Poisson integrals in Examples 3.2.1 and 3.2.2 satisfy this intertwining

property as well.

Let V = S(R) be the Schwartz space and v be the covariant transform (3.3). Consider

the following seminorms 7}, on the image space V = W, (V):

ria(B) = sup |t DLia, b)
beR

, (3.4)
where D} = 2.

In what follows, we will see that the seminorms 7y ; (3.4) are related to the seminorms
Pnm (1.4) on the Schwartz space S(R). In order to investigate this relation, we need the

following lemmas.

—(z—b)2

Lemma 3.2.4 Let vg(z) = e < , where a,b € Rand a # 0. Then,

—(z—b)2

he a2 = di VA Dy e (3.5)

. .
L= DLt /
where d;; = e Jor some real constants c;; and cy .

Proof. First we need to prove the following formula:
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where c;; are real constants. The prove can be obtained by mathematical induction: For

(et 2 (o2
Dye (aQb) = (—) (x—>b)e (a2b>

n=1

—(2—b)? 2 —@n? | &
Dytle™ar = (> (x—b)e o2 Cji

I
Q

So, it is true for any n € N. Now,

n o [3] .

p —taot)? ZZ R
Dbe a2 = ijibj X e a2

j=0 i=0

n (3]

n —(z—b)? 9 i —(z—b)?
=coore o "‘E E cj; V" e T

j=1 i=0

SO,
n (3]
n —(z—b)2 n —(z—b)? %% n—j —(z—b)?
coox"e @ = Dyje o7 —g E ci V" e e

=1 i=0
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By continuing this method, we obtain the following:

j
n (3]
—(z—b)? Y . —(z=b)?
copae o :E E c;-’ilﬂ 2Dy e (3.6)
j=0 i=0
and thus,
) n 3] )
n —(’Egb) o i 9 ’n,*j —(-Tgb)
zhe aF = dj; V""" Dy le
7=0 =0
c’.,
where d;; = —-. O
’ €0,0
—(z—b)?

Since we need to differentiate e~ <  with respect to x and b, the relation between the

two derivatives must be determined.

—(z—b)2

Lemma 3.2.5 Let vg(z) = e~ < , where a,b € Rand a # 0. Then,

—(z—b)2 —(z—b)2

Dle~a = (=1)"DJe o 3.7)

Proof. The proof is straight forward by using mathematical induction. For n = 1, we

have
—(z—b)? 2 —(z—b)?
Dbe a = — (l' — b) [ a
a2
and
—(z—b)2 —2 —(z—b)2 —(z—b)?
Dye” @ = — (v —b)e” & =D
a

Now, assume that it is true for n € N, then:

—(z—b)2 —(z—b)2 —(z—b)2

Dtle™a =D, D' & = D,(—1)"Dje” o

= (~1)" Dy Dy~ @ = (—1) Dyt

—(z—b)2
a2

So, the relation (3.7) is true for any n € N. O

Definition 3.2.6 [27, p. 79| Dirac delta function ¢ is a distribution corresponding to the
linear functional on the Schwartz space S(R) defined as (6, f) = f(0), forany f € S(R).
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We can approximate the distribution § by sequence of test functions. Consider the

following sequence:

then, for any a > 0 we have:

1
a\/_ dx— or

Then for any f € S(R), we have the following:

cav/m = 1.

/_Z a\lﬁe;f flz)de = /: a\lﬁef; f(o)da:+/_oo - e (f(a) ~ f(0)) da

1O+ [ = (@) - FO)

the integral [~ af T (f(z) — f(0))dz — 0 as a — 0 [25, p. 11]. Thus,

<1 a2 0o
/ooa\/7_r6a f(x)dx—ﬁf(o):/005($)f($)dm, as a— 0,

and hence, 6, — J as a — 0 in .S’ in the weak-* topology [27, p. 80].

Proposition 3.2.7 Let V' = S(R) be the Schwartz space and consider the covariant
transform (3.3). Then for any v € S(R), the seminorm p,, ,(v) (1.4) is bounded by a

collection of seminorms 1y, (V) (3.4):

pn,m( <1111E>I(1)6L ﬂ_zzcjzrkl

7=0 =0

wherek = j —2iandl =n — j+ m.

Proof. Let Dirac delta function o be as above, then we have:

b 0™ (b) = / 2" o™ () §(z — b) dz

— lim /OO " U(m)(,]}) 1 —(T b)2 dr.
a=0 J_ aﬁ
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By using lemma (3.2.4), we have:

7=0 =0

1 o ~(e-p)? 1 > - i
o /_Oox v™(z)e” dx:aﬁ _OOU ZZCJZ Y= Dy e | dx

MZZ% /m ") (2) Dy e ™52

7=0 =0
Now, by integrating by parts we have:

0o ) . ] <L b)z . oo I —(o—b)2
(x) D) dr = (—1) v(x) Dy D) e do

o0 [e.o]

> n—j+m —(e—b)2
= v(z) D, e <& dx by (3.7).

—00

Thus,

AMW

||
-
Il
=)

b 0™ (b) = lim

" () D g
a—0 a\/_ U P c ‘

—00

NS,

—_
3

= lim Cji b]721 DZLi]er f’[J/((Z, b),

a—0 aﬁ

§=0 i=0

and by taking the supremum over R, we have:

sup [b" 0™ (b)| < lim
beR a=0 a+/T

ZZCM supW 2Dy 5(a, b)),

7=0 =0

thus,

3

- -
Pnm (V) lim - \/— ¢ji i (V),

where k =7 —2iand [ =n—j+m. O

On the other hand, the seminorms r; ; can be bound by sum of p,, ,,,. For each v € S(R),
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we have:

|b" Dy*o(a, b)| =

b" / e~ D"v(ax + b) da

o0

<l [~ IDpvlas + bl da
< |b|" sup | D" v(ax + b)| / e du
zeR
= /7 |b|" sup | Dj*v(ax + b)|.
zeR

Since we are taking the supremum over the entire R, then

sup | D;*v(ax + b)| = sup | D;*v(ax + b)|.

z€R bER
and hence,
b Dyi(a, )| < V7 |b]" sup | Dyo(az + )
beR
< /7 sup |b" Dj*v(ax + b)|,
beR
thus,

Tnm (V) = sup [b" Dy*v(a, b)|
beR

< /7 sup [b" Dj"v(ax + b)|.

beR
3.3 Covariant transform on dual spaces

Let V be a locally convex space and V* be its dual. Let p be the representation of a
topological group GG on V, then the contragradient representation p* of G on V* is defined

by the following:

[0*(9)F|(v) = F(p(g~")v), FeV'andveV. (3.8)
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Proposition 3.3.1 Let p be a representation of a group G on a locally convex space V.
For g € G, if p(g) is bounded on V, then the contragradient representation p*(g) (3.8) is
bounded on V*, i.e. there exists C' > 0 and a collection of seminorms pg,, - .., Da,,, SUCh

that:
" (9)F1(v)| < C(pa, (v) + ... + Pa, (V).

Proof. For any g € G, let p(g) is bounded on V, then for any F' € V*and v € V we

have:

0" (9)F)(v)] = [F(p(g~ ).
by using Proposition 3.1.9, there is C' > 0 and a collection of seminorms py,, .- ., Pa,,
such that:

1F(p(g~")v)] < Cpa, (v) + - 4 Pa, (v)),

thus p*(g) is bounded. O

Now, we give the definition of covariant transform on dual space V™.

Definition 3.3.2 Let V' be a locally convex space and p be a continuous representation of
a topological group G on'V. Fix vy € V. Define the covariant transform W, from V* to

a space of functions on G by

Wi, F — F(g) = [p"(g7")F](vo) = Flp(g)w), g € G- (3.9)

To see the relation between the covariant transform Wpg, (3.1) and the covariant transform

W;, (3.9), we need the following operator:

[SfI(h) = f(R7H). (3.10)

So, we have

[SWr,vol(9) = Wrvol(97") = Folp(g)vo) = WV, Fol(9)-
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Proposition 3.3.3 The covariant transform W,  intertwines the contragradient

representation p* and the left regular representation A:

W, (9) = AMg)W,, -

Proof. Let I' € V* and g € G, then by using the properties of the representation p*, we

have:
W™ (9)El(h) = [p"(h=")p* (9) F(vo)
= [p"((g~"h) ") F](wo)
= W, Fl(g~"h)
= A(g) WV, Fl(h).
O

The following is an immediate consequence of the previous proposition.

Corollary 3.3.4 The image space W, V* is invariant under the left regular

representation \.

Proof. Let u € W, V", then there exists /' € V* such that u = W, F. Now for any

h, g € G and by using the previous theorem, we have

[Alg)ul(h) = Mg) WV, FI(h) = IV, (0" (9) F)I(R),

where p*(g)F" € V*. Therefore, A(g)u € W, V* and hence the image space W; V* is

A-invariant. O

Example 3.3.5 Let G be the ax + b group and V = S(R). Fix vy = e " € S(R), then

the covariant transform (3.9) is:

Fo(a,b) = [0 ((a,b) ") Fu](v0) = Fualpg(a,b)ve) = Fy (e_(@a;ﬁ)) : (3.11)
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If F,, is represented by the following functional:

F,(v) = /Rv(x) vo(z)dz, ve S(R)

where v,, is a tempered distribution. Then

/Fva(a, b) = Fo(pg(a,b)vg) = a s / e Ve () du. (3.12)
R

So, the covariant transform F,, (3.12) coincide with the covariant transform v (3.3).

The image of the Dirac delta function § is:

/F\;((h b) = a_% / 6_(?)2 5(1’) dr = a 1 6—(5)2_
R

and the image of ¢’ is:

R
-0\ 1 o
= —a‘i/ {—2 <x ) L2t aﬂ 5(z) dx
R a a
= —a_% —2(_9) . l . e—(Z)Q — _2a———2€_(2)2
a a

3.4 Convolutions and Pairings

This section presents the definition of convolution through an invariant pairing and its

properties. Also, the reproducing formula on V' is investigated.

Definition 3.4.1 [I] Let V and U be two vector spaces. a pairing between V and U is a
bilinear map:

(,):VxU—=C,

satisfying the following regularity conditions:

1. (v,u) =0, forallv € V implies that u = 0.
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2. (v,u) =0, for all u € U implies that v = 0.
We assume that the pairing is linear in both variables.

Definition 3.4.2 Let L, and Ly be two left invariant spaces of functions on G. We say

that a pairing (-,-)1 : L1 X Ly — C is left invariant if

(Mg) f1, M) fa)r = (f1, fa)1,  forall fr €Ly, fo€ Ly, geQG. (3.13)

Also we assume that the pairing (-, -); is continuous in both arguments separately, i.e. for

any f, — fin Ly and any h € Lo, we have:

<fn7 h>1 — <f7 h>17

similarly, for any h,, — hin L and any f € L;, we have:

<f7 hn)l — <f7 h>1

Example 3.4.3 Let G be a group with left Haar measure dj. Consider the Haar pairing
defined on LP(G) x L1(G) by:

(= [ fa)ha) dnto). | € L7(G).h € 17(G).
Then if f, — [ in LP(G) and for any h € LY(G), we have:

(B — (B = (o — £ 1)
/G (fa — )(9) hlg) du(g)

<\ fu—fll, - |kl by Hélder inequality

—0 as n— oo.

A similar calculation shows continuity in the second function.
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Definition 3.4.4 Let H” (R2), 1 < p < o0, be the space of all holomorphic functions f

which satisfy the following norm:

1/ [ v
11l = lim = (/_Oo \f(a,b)\pdb)

In the following, we give some examples of different types of invariant pairings.

Example 3.4.5 1. Consider the following invariant pairing on L?(G) x L*(G) which

is the integration over the Haar measure dju:
(i = [ 1) Llo)duta). 1. £ € (G (3.14)
The pairing (3.14) is left invariant: For h € G,
A = [ A0 )0) A o) dno)
= [ 507'9) 207 0) duto)
= /G f1(9) f2(g) du(hg)
= [ 10) hla) duto) = (51,12

2. Let G be the ax + b group. The following invariant pairing is called Hardy pairing:
db
(f1, fah —hm f1 a,b) fa(a, b) (3.15)

where, f1 € ﬁp(Ri) and fo € H‘I(Ri) such that }l) - % = 1, see Definition 3.4.4.

The pairing (3.15) is left invariant. For (c,d) € G,

<@@ﬁ,@dﬁ-Jm/‘ Med) i, b) [Ale d )0 )

~ i [ f1 (2 u) h (E,b—d> db
a— C C C a
=lim [ fi(a.b) fola.b) d(cb+d)

ac

—hm/ fi(a,d) f2(a, b) o = (f1, f2).
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3. Let G be the ax + b group. Then the following invariant pairing (-,-) : Loo(G) X
Lo (G) — Cis the Lo,—version of the Haar pairing:

(fi, fa)1 = sup |fi(a,0) - fa(a, D), fi, f2 € Loo(G). (3.16)

(a,b)eG
4. Let L be the space of all functions on G, for which the limit (3.17) exists. Consider
again the ax+b group equipped with the following pairing which is the L.,—version
of the Hardy pairing:

<f17f2>1 = Esup(fl(aa b) fg(&,b)), .flaf? € L. (317)

beR

Proposition 3.4.6 Let V' be a non-trivial locally convex space and V* be its dual space.
Fix a non-zero vy € V and a non-zero Fyy € V*. Let (-,-)1 be a non-zero pairing defined

on Wg,V X Wy V*. Then there existv € V and F' € V* such that (v, F) and (v, F), are

non-zero.

Proof. Assume that (7, F)); = 0, for any v and F such that (v, F') # 0. So, there are v,
and F| with (vy, F) = 0 such that (3,, F}); # 0. Let u € V be such that (u, F}) # 0,
then by Definition 3.4.2:

0= <U1,F1> = <U1 +u— u, F1> = <U1 +u, F1> — <U,F1>,

——~——

$0, 0 # (u, F}) = (v1+u, F,) and by our assumption we have (@, F})1 = (0 + u, F}); =
0. Now,

0% (U1, i)y = (01 +u—u), Fi)

T w B (@ B =0

This is a contradiction. So, (7, F)); # 0 for some v and F such that (v, F) # 0. O

Now, fix 0 # vy € V and 0 # Fy € V*. Let (-,-); be a left invariant pairing on

Wg V. X W, V* as in the previous proposition. Then by Proposition 3.4.6, there exist
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F and v such that, the values (Wg,v, W, F')1 and (v, F') are non-zero. Then there exists
¢ # 0 such that
<WFOU> W$0F>l =C <U7 F> (3.18)

We can eliminate the constant ¢ from the relation 3.18 by letting v’ = %v, then

Wit)(9) = Folplg™ ') = < Folplg™)e) = - Wrol().

By substituting v’ in (3.18), we get

1
Wr, o', Wy F)y = <E Wrv, Wy Fh

= (o, F) (3.19)
= (v, F).

Now, we give a general definition of convolution on functions on G through invariant

pairings.

Definition 3.4.7 Let L, and Ly be two spaces of functions on a group G. Let (-, )1 be a
left invariant pairing defined on Ly X Lo. Then the convolution of functions f; € L1 and

fa € Ly is defined by the formula:

(fix f2)(9) = (f1,A(9)[Sfo])1, g €G, (3.20)

where S is the operator (3.10).

It is clear that:

A(g)[SfI(h) = [Sfl(g~'h) = f(h'g).

Now, we list some examples of convolution (3.20) with different pairings.
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Example 3.4.8  [. Let f1 and f5 be two functions on G = (R, +). Consider the Haar
Pairing (3.14), so

(= () = U AG)IS fol)y = / A0 AW S (@) de
= /_OO filz) [Sfo)(z —t)dx
_ / " Ai@) folt - @) de.

which is the usual convolution of functions on R.

2. Let G be a group with invariant measure du. Let f, and fy be two functions on G,

then the convolution through Haar pairing is:

(Fr* 2)(9) = U, A@)IS fol)r = /G £1(0) A@)[S (k) dulh)
- /G £1(h) (S )97 R) duh)
- /G £1(0) ol g) dp(h).

This is the standard convolution on G.

3. Let G be the ax +b group. Let fy and fy be two functions on G. So, the convolution

through Hardy pairing (3.15) is:

o @) = i [ A D) A D(SEI0D)
—tim [ e folla b))

oo a a

, o a b=V db
= lim fl(aab) f2 (_7 ) e
a—0 a

4. Let G be the ax + b group. Let f and f5 be two functions on G. So, the convolution
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related to the pairing (3.16) is:

(f1* f2)(a' V) = (f1, A’ V)[S o)1
= sup |fi(a,b) - A(d’,V)[Sf2](a,b)]

(a,b)eG
= sup |fi(a,0) - [Sf)((d, V)7 (a,0))]
(a,b)eG
a b-U
= Sup |f1(a7b>'fQ((a7b)71(a’/7b/))| = Sup f1<a7b) 'f2<_7 )
(a,b)eG (a,b)EG a a

5. Let G be the ax + b group. Let f and f5 be two functions on G. So, the convolution

related to the pairing (3.17) is:

(fi* fa)(a' V) = (f1, A’ V)[S fa )1
= mSup fl(av b) ’ A(a/7 bl) [SfQ] (CL, b)

a—0 beER
= msup fl(a, b) : f2((a7 b>71(a/7 b/))
a—0 beER
- a b-1U
=S e 0 B )

In the following we are going to show that the convolution (3.20) commutes with left

regular and right regular representations.

Proposition 3.4.9 Consider the convolution (3.20). Let f, and f, be two functions on G.
Then:

1. (A(9)f1) * fo = Mg)(f1 * f2), geqG.

2. fix (R(g)f2) = R(9)(f1 * f2), geaG.

Proof. Let f; and f5 be two functions on GG and g, h € G, then
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1. By using the definition of convolution (3.20) and the definition of the left invariant

pairing, we have:

[A(g).fr* fal(h) = (A(g) f1, A(R)[S fo])
= (f1, Mg~ " h)[Sfa])
= [fix fol(g7'h) = Mg)[f1 * fo] ().

2. Let h, g € G, then from the definition of convolution we have

R(9)(f1 * f2)(h) = (f1 * f2)(hg) = (f1, A(hg)[S fo])1 = (f1, A(R)A(9)[S f2])1,
but we have
M@Sf2(h) = [Sfal(g~ h) = fo(h " g) = [R(g) f2](h™") = S[R(g) f2](h).
So,

(f1, AR)A(9)[Sfa])r = (fr, AR)S[R(9) f2])r = (fr * R(g) f2)(h)-

Thus, we have R(g)(f1 * f2)(h) = (fi * R(g) f2)(h). O

Next proposition is a generalization of the relation (3.19).

Proposition 3.4.10 Let V' be a locally convex space and V* be its dual. Fix non zeros
vg € V and Fy € V* and let (-, -), be a left invariant pairing on Wg V. x Wy V*. Then

there exist F € V* and v € V such that:

Wrv * Wpw)(g) = Wrol(g), Y g€eG. (3.21)

Proof. Let vy and F{, be as described above, then by the relation (3.19), there existv € V'
and F' € V* such that
<WF0U07WZOF>1 = <U>F>' (3.22)
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It is clear that:

(Wryvo, Wy F)1 = (Wryvo, SWrtg)1
== <WFOU0, A(e)Svao)1
= [Wr,vo * Wrvo|(e).

Also, we have

[Wrvl(e) = Fp(e™')v) = F(v) = (v, F).

So, the relation (3.22) can be represented by convolution as the following:
(Wryv * Wrgug)(e) = [Wgv|(e). (3.23)

So, for any g € GG, we have:

(Wryv * Wro)(g) = Ag™") (Wryv * Weg)(e)
= A(g H)Wrol(e) = Wrvl(g),

the proof is completed. O

Moreover, the reproducing formula (3.21) can be expanded to the set:

E, = Span({p(g)v : g € G}). (3.24)

Proposition 3.4.11 Let v,vg € V and F,Fy € V* be as above. Consider the set
E, (3.24), then
WFOU x Wrpvg = Wrpu, YV u€ E,. (3.25)

Proof. Let u € E,, then u has the form ), _; A\, p(gi)v, for I € N. So, by the linearity

of the covariant transform

Wryt =Y X Wi, (p(gi)v).

kel
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Now,
(Wryu  Wevg)(h) = Wryu, A(h)SWrveh
= X Wr, (p(gr)v) , A(R)SWivo):.

kel

Now for any k£ € I, and by using the intertwining property of W, (Proposition 3.1.2),

we have:
Wk, (p(gr)v) s A(R)SWrpuo) = (A(gr) Wrv, A(h)SWrvo)1,

and by the left invariance of the pairing, we have:

(Mge)Wryv, A(h)SWrvo)1 = Wryv, Mgy, ' h)SWruo)
= [Wrol(g; 'h),

thus,

Wiy s Wrrg)(h) = A [Wrvl(g; 'h)

= X\ Alge) Wrv(h)
= X Wr (p(gi)v)] (h)
_ [WF (Z Ak p(g@v)] (h) = [Wru](h).

Therefore, the reproducing formula (3.25) holds for any u € E,,. O

Remark 3.4.12 Since (p*(g)F)(v) = F(p(g~')v), for any g € G, then the set

Ep = span({p*(9)F' : g € G}),

gives the same result of Proposition 3.4.11.

The following lemma is needed to expand the relation (3.25) to include any v € E,,.
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Lemma 3.4.13 Let ¢ be a map on E, defined by
P(u) = Wryu x Wr,

then ¢ is continuous on E,, i.e. if u, — win E, then ¢(u,)(g) — ¢(u)(g), for each

g€ G.

Proof. Let u, — u € E,, then

lim [¢p(u)](9) = lim (Wr,un + Wrvo)(9)

n—oo

= lim Wru,)(g) by (3.25)

n—o0

= Wru|(g) by Lemma 3.1.7
= (Wryu x Weo)(9) = [¢(u)](g)

So, ¢ is continuous on F£,. O

Proposition 3.4.14 The reproducing formula (3.25) holds for any v € E,,.

Proof. Let u € FE,, then there is a sequence (u,) C FE, converges to u. So,
by the continuity of the covariant transform [Wgul(g) = lim, o [Wru,](g), for
each ¢ € G. Since Wpu,|(h) = (Wpgun, A(R)[SWrg])1, then Wrul(h) =
limy, 0o Whryttn, A(R)[SWEgwo])1. By the the previous lemma and the continuity
of the pairing (-,-);, we have Wru|(h) = Wg, (lim, o u,), A(R)[SWEwo))1 =
(Wr,u * Wegug)(h). O

If v is a cyclic vector on p, then £, = V and hence the reproducing formula (3.25) holds

forany u € V.
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3.5 Examples from Harmonic Analysis

In this section we list various examples of covariant transform from classical harmonic

analysis.

The following proposition gives a characterization of the image space Wg (V') by left

invariant vector fields on G.

Proposition 3.5.1 [33] Let G be a Lie group with a Lie algebra g and p be a smooth
representation of G with derived representation dp. Let a fiducial operator F be a null
solution for the operator A = ) ;aj dp™i, with X; € g and a; are constants. Then the
covariant transform [\Wr f](g) = F(p(g~') f) for any f satisfies

DWrf)=0,  with D= a@LY,

J

where LXi are the left invariant fields on G corresponding to X ;.

Example 3.5.2 Consider the representation p, of the ax + b group. Let A = (1,0) and
N = (0, 1), be the basis of the Lie algebra g generating one-parameters subgroups of the

ax + b group:
A={(a,0) e G:aeR} and N ={(1,b) € G:beR}.

Then the derived representations are:

o 1) = 5 )] @l = 1 [0(e' 0] @lemo = = (@) — (),
and
N d tN d /
A) 11() = & (™)) (@m0 = 5 (1,01 ()0 = ().

The function ( 1) —, Where 1 is real number, is the null solution of the following
x+r)P

differential equation:
d d

1 1 d
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In general, the function L — where r and s are real numbers, is the null solution of
(at+r)p—°

the most general first order differential equation
d d

1
A N
dp, +rdp, +s]:—]—?l—x%—7’@+sl

:(—%—l—s)[—(x—l—r)%.

Since % — s is real number then it can be replaced by t. Also, since r is a real number then
it can be mapped to 0 by the action of the ax + b group and then (x +1r)~" can be mapped

to x~t. It is clear that x™" is not integrable over R, but for any real number a > 0, we

a q . At q—t+1 et
— dz = lim = lim — ,
0 T —0 | —t+1 0| —t+1 —t+1

€

have

the last limit exists for any 0 < t < 1. So, vt € L}

loc

(R), for any t such that qt < 1 or

t< i
q

Now we consider the space By(R) of all bounded functions with compact support. Fixed

t € (0,1), consider the following collection of seminorms:

dz -sup |v(x)|, K isacompact subset of R.
T

rzeK

We define the functional F; on Bo(R) C L} (R) by:

loc

at at

F(v) = / m dr = / M dr, K is the compact support of v.
R K
The functional F; is bounded:
/ @ dx
x T

So, the covariant transform (3.1) is:

(a,b) = Fu(py(a, b)) = /R de:a;_m /K (;(_xé)t oo

1
t

|[Ei(v)] =

dz = pg(v).

< sup o(a)] |
rzeK K

which is the weak singular integral operator with kernel (x — )™, 0 < t < 1, [35, p.213].
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The left invariant vector fields on the ax + b group are:

d d
[£7f)(a,b) = af((a, b) - €)|i=o = Ef(aet, b)|i=0 = -

and

d d 0
1LY f](a,b) = af((% b) - ™) |imo = %f(a, at +b)|i=o = aa—i.

Therefore by Proposition 3.5.1, the image of the covariant transform with mother wavelet
1
(x + 7)»"° consists of all the null solutions to the most general first order differential

operator

LA+TFLYN +sT=ad, +rady,+ sl

=ar(0y,+ %8(1) + sl.

Example 3.5.3 Let alp;1 and dp}],V be the derived representations of the representation p,

of the ax + b group. Take the function

1
v () = P
(x+7)">
for a complex number r and a real number s such that s — ]l? € N. Since any r € C can be
mapped to i by the action of the ax + b group, then (x +1)~" can be mapped to (x +1i)~".

Also, since (x +1)~" has no singularity on R, we just need to discuss its behavior at cc.

So, for a positive a € R, we have:

> 1 > x L™
dr < —dx =
/a o+’ ‘”—/a o [—t+1L’

so, [ ﬁ dzx is finite for any t > 1. Thus, (x +1i)~" € L%(R), for any real t such that

qt > 1.

Now, choose vy(z) = (x +1)~! and define Fy on L’(R), 1 < p < oo, by:

Fo(v) = /R v(x) vo(2) d = /R v@) 4o

Tr—1
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The functional Fy is bounded:

|[Fo(v)] =

_ k@I,

~ Jr |z =1

ﬂdm‘

r—1

1
—1

< lvllzr @) :
L4(R)

So, the covariant transform (3.1) is:

W(a,b) = Fo(py(a,b) o) = / ol +d) / _v@)

xr—1 x—b—ia’

and thus, for vy(z) = (x +1)7}

a’r Uo(“” b)

T —1

/ 1 1
— - -dx
RT—b+ia x—1

:al_;/[ A — + B} dz
rRlx—b+ia x—1
—— and B = —A. So,

(x—b) —ia /x—l—i
dx /R(w—b)Q—i—anm—’— fpen dx

S0, b) = o, b)" = Fo(py(a, byvo) = /R dz

I
S
3=

where A = T +1

/{ ; -
— + -
RlT—b+ia x—1

2 +1 e
— 00— iA[2n] = 2
N BT ila+1)—>b
Therefore,
1
a2 1
Svg(a,b —, -=1--.
o(a,b) = ila+1)—b" ¢ D

So, for w = (¢,d) and z = (a,b), we have:

Mupsin(s) = s (4,22 d)—((
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where,

1 —1 —1 —1

(a+c)i—(b—d)  (a+e)+ilb—d) (a+ib)+(c—id) z+w

ZJ%E is the Hardy reproducing kernel on the upper half plane [9].
Now consider the Hardy pairing (3.15):

(v vo)(w) = (v, AMw)Svp)
- nm/_oo ¥(a,b) S5 (9, b_d) db

a=0 J_ ¢ c a
1 1 0 1
— _—j.crlima» v(a,b db
Leram e /_Oo”(“’ >((a+c)+i(b—d))
— —j.chlim a7 / U(Z)_ dz.
a—0 oo z+w

Now, by proposition 3.5.1, the image of the covariant transform with mother wavelet

1 . .
(x + 7)»° consists of all the null solutions to the operator

LA+TLYN + 5T =ad, +Tady+ sl

1
:aﬂ&+%aﬂﬂf

and by the action of the ax + b, the relation 0, + % 0, can be mapped to the O, +1i O, which

is the C-R equation.

Example 3.5.4 Let dp;f‘ and dpi,v be the derived representations of the representation p,
of ax + b group. Consider the following function
1
’U,,,(l’) - (Z_z + ’T‘)t7
for a real numbers r > 0 and t > 0, is a null solution of the most general second order

differential equation:

AN2 N\2 A 2
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Since the function v,(x) has no singularity on R, then we need to check its behavior at

0. So, for a > 0, we have

o0 1 0 q . L2t 7€ 2t q—2t+1
——dzx < — dx = lim = lim — ,
o (@24r) P e—voo | =2t 41 ewoo =2t +1  —2t+1

a

so, the last limit tends to zero for any real number t > %. Thus, (z* + 1)~ € LY(R), for

any t such that tq > % ort > i.

Now, define the functional F, on LP(R),

It is clear that —— € L4(R), where zlo + % = 1. Then the functional F, is bounded:

z2+r
l/ v(z)
T Jg 4T
L[ @]

T Jg x24T

< L [vllz
v
< P(R)

[Fr(0)] = da

IN

dx

1
24+ r

, by Holder inequality.
La(R)

So, the covariant transform (3.1) is

v(a,b) = l/Rwdas = w! /R( v(z) dx

T 2 +r T

and for r = 1, we have:

1 : . .
so, a_ »v(a,b) is the Poisson integral.

Now, the image of the covariant transform with mother wavelet (x> + r)~t consists of the

null solutions of the operator
(LY +r(LY)V?2 —m L —nl = a®d? + 1 a0} — mad, — nl
=ra® (0} + %33) — mad, —nl,
where,m:2t+1—%andn:2(§—1)t+%—}%. So, forr =1, m=0andn = 0 we

have a Laplace equation.
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Example 3.5.5 Let G be the ax + b group and p, be its representation on LP(R). We
consider Banach spaces which were introduced in [22] as the following: Let LP(R),

1 < p < o0, be the space of all measurable functions f : R — C, for which

@) =S If @ —n)l

ne”

belongs to the space L?|0, 1]. The space LP(R) with the following norm

[flp == 1f | oo,
becomes a Banach space [22].

It is clear that L'(R) = L'(R):

e = [ 1f@lde =3 [ 1= m]ds

—o0 nez

= [ St - mias

neL

1 ~
:/0 F@)ldz = | fllpa.

Also, we have || f||Lrr) < | f|p for 1 < p < oo, and hence LP(R) C LP(R) [22]. On the

other hand LP(R), 1 < p < oo, contains functions which are not in L”(R). Let

x>
fle)=49°

0, otherwise.

then, for 1 < p < oo, we have:

o o0 1
p _ — .
1y = [ Ma@lrde= [ s

o0
A 1
= lim [ } = —— < 00,

t—o00 —p—|—1 l_p_]'

thus f € LP(R), for p > 1. But f ¢ L'(R) = LY(R) and hence f ¢ L'[0,1]. Since
LP[0,1] C LY0, 1], for any p > 1, then fgé LP[0,1] and hence f ¢ LP(R) for any p > 1.
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Let f € LP(R), we are going to prove that p,(2,0)f € LP(R):

120 i = [ lon 0@

-3 (ZfC”;”)\)pdx

nez
The last summation can be divided into two summations:
r—(2n—1
(=5

()| -2k (=) 2
().

neL nez neL
T —2n
(5712
and by using the relation (x + y)? < 2P~ (a? + yP) we have:
p
f(x—gl —n) ) ] dx

So the relation (3.26) will be
neZ
21’ L 8
1252 0) 1010,y < [(2]f —n)]) +(2
P " P
= 2P~ 1 ; (Z]faz—n ) dm—f—?p_l[ <Z|f(x—n)|> dx

(3.26)

nez

105(2,0) 7100 = 5/0 <Z
nez

ne” 2 neL
1 1
= Z|f r—n) dr = 2P~ ||f||Lp[01 0.
O neL

Also,

1
10 = / )P da

Now,
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T —2n
(7))

G)=ShG-2p(G-3)-2

neZ
and
e+l | 12 —(@2n—1)
(5)-gh (52 (- 9)l-gh (=5
So,
HfHLP[Ol] /;( ) D dﬂc+;/01<% f<33—(22"—1)>> dx
1 x_ n P x— (2n— '

A

L 2n -1\ [\

S (b g (=52

= (Z ) D to= [ @0 do = Iy @0
Thus,

VP10 < 102 01 £ 0 < 27 11200

Now, let F be defined on LP(R) by:

= / fla)e™ da
The functional F' is bounded:

< [ s@le d

7:E2
<[ flle@) lle™ [ Law)

2
<|flplle™ [|Law)

So, the covariant transform (3.1) is:

—(w b)2

fla,b) = /_OO ar flaz +b) e do = ar! /_00 f(z)e dx.

o0
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Let fo(x) = e*°, then

Sfola,b) =

_ _1
:a_5 1 e 1*“2 =q » !
a—2+1

Flpy(a,b)fo) = / a

o0

1 —(1 b)2

'@

L
[

oo

Now, consider the Hardy pairing (3.15), then:

<f8f01—hm/ fa

(apl / () e’(

= lim
a—0

_/ f()flzl—%a 1+a?

SRC

1) Sfafa.h)

1 1)a? _ b2
(+ +2$ 2 dr

1

hm \ / / -
aHO a

hm \ / /
a—)O a

1 T

m(a®+1)
2a% +1

e dr = 7 F(f).

717
a2

Ly (x—b)
P Jo

e dx

—b) _1
dx) ca

e 1+a%,

T
1+ a?

6 1+a

e 1+a2 dbdx

21b

Thus 8 fo is a reproducing kernel on the space Wr(LP(R)).

Also,

(f* fo)(9)

= Mg )(f * fo)(e)

A

A
A

(g

(9~

(g~

N Sfo

D [ (f)]
Y [r fe)]

oz dbdm

e 2a2+1] dz

=7 flg).

db
a

71
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Chapter 4

The Contravariant Transform

The purpose of this chapter is to investigate the general properties of the contravariant
transform. Some examples of the contravariant transform related to the az + b group are
considered. Also, the general properties of composition of covariant and contravariant

transforms are studied.

4.1 Introduction

Let (-, -) be a left invariant pairing on L x L’ and assume that the pairing can be extended
in its second component to V-valued functions, i.e. (-,-) : L x L' — V. Let p be a

representation of a group G on a locally convex space V.

Definition 4.1.1 [33] Let p be a representation of G in a locally convex space V', we define
the function w(g) = p(g)wo for wy € V such that w(g) € L' in a suitable sense. The

contravariant transform MY, is a map L — V defined by the pairing:

Mo f = (fiw), where f € L. 4.1)

We assume that the pairing (-, -) is linear, then we have the following:
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Lemma 4.1.2 Let MY, be the contravariant transform (4.1), where the pairing -, -) is

linear. Then MY, is linear.

Proof. Let f,, fo € L and A € C, then by the linearity of the pairing we have:
M (Af1) = (M w) = A fr,w) = AME (f),

and

M (fr+ f2) = (fr + f2,w) = (f1,0) + (fa,w) = M f1 + M-, fa.

Therefore MY, is linear. O

In the following, we transport seminorm p on V' to a seminorm ¢ on L.

Proposition 4.1.3 Let p be a seminorm on V. Define a map q on L by

Q(f) :p(Mﬁjo )7 JeL.

Then q is a seminorm on L.

Proof.

Let p be a seminorm on V' and ¢ be defined as above. Then for any f;, fo € L and A € C,

we have:

1. Itis clear that ¢(f1) = p(M£, f1) > 0 and for f; = 0 the contravariant transform
Me fi = 0. Therefore, ¢(0) = p(0) = 0.

2. Since the contravariant transform ./\/lfu0 is linear, then we obtain the following:

q(A f1) = pMe, (A 1)) = N[ pME, f) = AL a(f),

s0, q is homogeneous.
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3. Again by the linearity of the contravariant transform M¢ = we have:

q(f1 + f2) = p(M5, (f1 + f2))
p(ME 1+ ML fo)

p(ME f1) +p(ME f2) = q(f1) + a(f2),

IN

thus ¢ satisfies the triangle inequality and hence ¢ is a seminorm on L. O

So, for any collection p,, of seminorms on V', the collection ¢, is a collection of seminorms

on L generating a topology.

The following proposition follows directly from the above definition of seminorm.

Proposition 4.1.4 The contravariant transform M., . L — V is a continuous map in

the topology on L defined by transported seminorms.

Proof. Let f, — f on L. Then by the above definition of seminorm we have:

pa(Mfuo.fn - MZ;O ) = pa(Mgo(fn - f)) = Q(x(fn - f) — 0.

So, ./\/lfu0 is continuous on L. O

By Theorem 1.2.14, for any seminorm p on V/, there exist a collection ¢, go, . . ., g, of

seminorms on L and C' > 0 such that for all f € L,

pPME ) < Clar(f) + @(f) + -+ an(f)),

thus M is bounded.

Proposition 4.1.5 The contravariant transform intertwines the representation p and the

left regular representation \:
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Proof. Let g € G and f € L, then by the left invariance of the pairing we have

M A(g) f = (Mg) f,w) = (f, Alg ) w),

Alg~Hw(h) = w(gh) = p(g)p(h)we = p(g)w(h),

then, by the linearity of the pairing we have:

ML A9 f = (f, p(g)w) = p(g){f,w) = p(g) M., f.

The following is an immediate consequence of the previous proposition.
Corollary 4.1.6 The image space M, (L) is invariant under the representation p.

Proof. Let u € MY, (L), then there exist f € L such thatu = MY, f. Letg,h € G, then

[p(g)ul(h) = [p(g) M5, f1(h) = M5, (A(g) f)](R).

Since L is left invariant space, then A(g)f € L and hence M? (A(g)f) € M7, (L).
Therefore, p(g) maps v € M?- (L) into p(g)u € M?Z (L) and hence M/, (L) is

invariant under the representation p. O

The following is an another consequence of the Proposition 4.1.5.

Corollary 4.1.7 The subspace ker(M?, ) of L is invariant under the left regular

representation \.

Proof. Let f € ker(M, ), then M/, f = (f,w) = 0. Now, for any g € G, we have:

M A(g)f = p(g)ME f=0
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So, A(g)f € ker(M?, ), forall g € G and hence ker(M, ) is A-invariant. O

Now, we list some examples of contravariant transform.

Example 4.1.8 Let G be a group with a Haar measure dj and p be the representation
of G on Hilbert space V. Then the usual invariant pairing defined on L*(G) x L*(QG) is

Haar pairing (3.14)

i f) = /G £1(9) o) dulg).  fur f2 € TX(C).

To extend the pairing in its second component to the function w(g) = p(g)wo, we need to

consider a square integrable representation p and a fixed vector wy € V' such that

/ (w0, plg)wo) [ du(g) < oo,
G

which is the condition of admissibility. Then the contravariant transform is:
M, f = / flg)w(g) dulg) = / f(g) p(g)wo dp(g). (4.2)
a G

The integral (4.2) is understood in the weak sense and its value belongs to the algebraic
dual of V*. If this element is continuous on V* then it is an element of the second dual

V**
In the general case we can estimate:

(M f, F)| = \< [ f@ruto) du<g>,F>]

[ fouto). 7 du(g)‘
< / (9] [{w(g), F)| dp(g)
G

< fll2Well2,  where  Wi(g) = (w(g), F).
We do not put general conditions which guarantees |Wr||2 is bounded and will verify it
on the case-by-case basis. Furthermore, for a reflexive space V, in particular if V is a

Hilbert space, we have V- = V** and thus M, f belongsto'V'.
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The following example express the boundary value of Cauchy integral.

Example 4.1.9 Let G be the ax + b group with measure dy(a,b) = 2 and p, be its
representation (1.6) on LP(R), 1 < p < oo. Then Hardy pairing is defined in (3.15) by

a

(ot =l [~ A pah) S e B, S € HIE),

where HP (]R%r) is given in Definition 3.4.4. In this case we can choose function which is

not admissible like wy = %%ﬂ € LP(R). So, the contravariant transform is:

Mo fl(2) = = lima~s / T Jah) 4.3)

The contravariant transform (4.3) is the boundary value of the Cauchy integral as a — 0.

Now, we give an example of non-linear contravariant transform.

Example 4.1.10 Let G be the ax + b group with representation p.,. Consider the

ollowing non-linear invariant pairing which is the L -version of the Haar pairing:
g p g p g

(f1, f2)o0 = sUp ‘fl(g) : f2(9)’-

geG

Consider the following two functions on R:

1, =0 L, |z <1
wi (z) = and wi(x) = 4.4)
0, z+#0, 0, |z]>1.

The contravariant transforms related to the previous mother wavelets are:

(Mo fl(z) = {fiw)ee = sup |f(a,b) po(a, b)wy (z)| = sup [f(a,z)],  (4.5)

(a,b)eCG a€R4
[Mug fl(z) = (fiw)oo = sup [f(a,b) poo(a,b)u(x)] = sup [f(a,z)[.  (4.6)
(a,b)eCG a>|b—zx|

The last two transforms are the vertical and non-tangential maximal functions

respectively [15].
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4.2 Composing the covariant and the contravariant

transforms

In this section we gather the common properties of the covariant transform Wy (3.1)
and the contravariant transform M,, (4.1) to deduce some properties for the composition

Mw 9] WF

Proposition 4.2.1 The composition M., o Wr : V. — V of a contravariant M, and

covariant Wy transforms intertwines the representation p with itself.

Proof. The proof follows immediately from Proposition 3.1.2 and Proposition 4.1.5. Let
v €V and g € G, then
[Mu 0 Wr](p(g)v) = Mu(Wrp(g)v)
= My (A(g)Wrv)
= p(g)Muw(Wrv) = p(g)[[Muw o Wr]v,

the proof is completed. O

The p-invariance of the space [M,,0Wr| (V') is an immediate consequence of the previous

proposition.

Corollary 4.2.2 The image space [M,, o Wg|(V') is invariant under the representation

p.

Proof. Let u € [M,, o Wg|(V), then there is v € V such that u = [M,, o Wg|(v). Then
forany g € G,
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Since p(g)v € V, then p(g)u € [M,, o Wg](V) and hence [M,, o Wg|(V) is invariant

under p. O

Similarly, let M,, be the contravariant transform (4.1) and Wp be the covariant
transform (3.1) where F' is an operator from V' to L. Then the composition Wp o M,, :

L — L commutes with the left regular representation A.

Proposition 4.2.3 The composition Wr o M,, : L — L intertwines the left regular

representation \ with itself.

Proof. Again the proof follows immediately from the intertwining property of covariant

and contravariant transforms. Let f € L and g € G, then

Ag)Wr o Mu)(f) = Mg)We( Mo f)
= Wr(p(9) M. f)
= Wr(Muy(A(9)f)) = Wr o Mu]A(9) ],

s0, Wg o M, commutes with the representation A. O

Again, we obtain the following as an immediate consequence of the previous proposition.

Corollary 4.2.4 The image space Wp o M,|(L) is invariant under the left regular

representation \.

Proof. Let u € [Wp o M,,|(L), then there is f € L such that u = [Wp o M,,|(f). Then

for any g € GG, we have

Ag)u = AMg)Wr o Mu](f) = Wr o Mu](Alg)f)-
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Since the space L is left invariant, then A(g)f € L and hence A(g)u € Wr o M,|(L),
for any g € G. Therefore, \Wr o M,,](L) is A-invariant. O

In what follows, some well known transforms are introduced as examples of composition

of covariant and contravariant transforms.

Example 4.2.5 The composition of the contravariant M,; (4.6) with the covariant

transform (2.4):
1 b+a
[M%VKmb)=§E/£a|f@ﬂdL
is
1 b+a
(Mg o W fl(2) = sup —— [ |f(2)|da,

a>|b—z| 2a b—a

b
— ap / ()] d.

b1 <z <bz bQ - bl b1

The supremum is over all the points (a,b) € G such that (a,b) is visible from x with angle
a = 90°. In this case M.,; o WE* [ is the Hardy-Littlewood maximal function My [19].

By Proposition 4.2.1, we deduce that the maximal function commutes with p...

Now, let X = {x : [My; o W fl(z) > A}, so for any v € X we have
1 b+a
sup — |f(x)|dx > A.

a>|b—zx| 2a b—a

Therefore, there is (a,,b,) € G such that

be+ax
/ |f(z)| dz > 2a, \. (4.7)
b

r—Qx
Now, consider the set X} = {(az,b,) : x € X,\}, then it is clear that

X\ CCxy

and hence

H(Xn) < u(Cxy) = h(XY).
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By the Lemma 2.3.4 there exists a sparse subset Y of X} such that h(X}) < 10v(Y"). So,
w(Xs) < h(X}) < 100(Y)
)
<3 [ If@lds by @)
Y

3
< Sl

which is the weak type inequality [26].

Example 4.2.6 Consider the representation p of the ax + b group on L*(R). Let vy €
L?(R) be an admissible mother wavelet. Define the functional F on L*(R) by:

F(v) = (v, vo),
then the covariant transform (3.1) is:
[WFU] (CL, b) = <p(a> b)_lva 'UO> = <U> p(a, b)UO>' (4.8)

Consider the function wy (4.4) and the left invariant pairing (3.17), then the contravariant
transform (4.1) is:

(M F1(t) = (f,w) = lim sup f(a,b) - [poo(a, H)wg ] (£)
beR 4.9)

= lim f(a, t).
a—0
Then the composition of the covariant transform (4.8) and the contravariant
transform (4.9) is:
(M 0 Wil (t) = limWrv(a, t)

:m\/a/m v(az +t) vo(x) d

a—0

Since [*°_v(ax + t) vo(x) dx < 00, then the limit tends to 0 and hence

[Mw("; o) WFU](t) =0.



Chapter 4. The Contravariant Transform 88

Example 4.2.7 Consider the representation ps, (1.6) of the ax + b group on C(R).

Consider the Dirac delta function 6(x) and define the following fiducial operator Fs on

C(R):
- / £(z)6(z) = £(0).

The covariant transform (3.1) will be:

Wafl(a,b) = / " o, ) () 6(a) da

= /OO flax +b)o(x) dz

Now, consider the following function:

So,

[w(a, b)](z) = [peo(a, b)wo)(x) = wy (33 ; b) _ % 1— X[;a,_a]z()x — b)'

Now, consider the contravariant transform M., defined by the Hardy pairing (3.15):

db
a’

Moo f)(z) = lim / £(a,5) [poe (@, B (2) 22

So, the composition of covariant and contravariant transforms is:

My 0 Wafle) = limy |~ DAsS1(a0) Il Bunl(e) 5

1= Xaa (v =
:—hm/ f(b) - 2 =0) g

a—0 —b

= — hm/ 1(5) ,
T a—0 lz—b|>a ¥ — b

which is the Hilbert transform [34].
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4.3 Further Plans

The main group considered in this thesis is the az + b group. A possible extension can be
achieved by considering more general group. For example, the relation between covariant
transform and the semidirect product of Heisenberg group and its representation can be

studied.

The properties of covariant transform on locally convex spaces was discussed in this
thesis. However, there are some interesting examples of Topological vector spaces which
are not locally convex spaces. So, the properties of covariant transform on non-locally

convex spaces like boundedness and continuity can be discussed as well.
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