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Abstract

The objective of this thesis is threefold:

Firstly, to deal with the deterministic problem consisting of non-linear heat
equation of gradient type. It comes out as projecting the Laplace operator with
Dirichlet boundary conditions and polynomial nonlinearly of degree 2n — 1, onto
the tangent space of a sphere M in a Hilbert space H. We are going to deal with
questions of the existence and the uniqueness of a global solution, and the invariance
of manifold M i.e. if the suitable initial data lives on M then all trajectories of
solutions also belong to M.

Secondly, to generalize the deterministic model to its stochastic version i.e.
stochastic non-linear heat equation driven by the noise of Stratonovich type. We
are going to show that if the suitable initial data belongs to manifold M then
M-valued unique global solution to the generalized stochastic model exists.

Thirdly, to investigate the small noise asymptotics of the stochastic model. A
Freidlin-Wentzell large deviation principle is established for the laws of solutions of

stochastic heat equation on Hilbert manifold.

Keywords: evolution equations, projections, Hilbert manifold, Stochastic

evolution equations, large deviation principle, weak convergence approach.
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Introduction

Suppose that H is a Hilbert space and M is its unit sphere. Let f be a vector field

on H (possibly only densely defined) such that the initial value problem

du
- = f(u(t), t>0, (0.0.1)
u(0) = =z,

has a unique global solution for every x € H. The semi-flow generated by above
initial value problem, denoted by (¢(t,)),5,, in general does not stay on M even
though © € M. The reason for this is that, in general, the vector field f is not

tangent to M i.e. does not satisfy the following,
f(x) e T, M, x € D(f)n M. (0.0.2)

However, it is easy to modify f to a new f such that property (0.0.2)) is satisfied.

This can be achieved by using a map = : H — L(H, H)
m(x)={H3y—y—(rv,y)x € H} € L(H, H), for every x € H.

The remarkable property of 7 is that when z € M, the linear map n(z) : H — T, M

is the orthogonal projection so that vector field fdeﬁned by

f:D(f) >z~ n(x)[f(z)] € H. (0.0.3)
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It is indeed easy to see that whenever x € M N D(f) we have,

(f@)x) = (@@ [f@)].2)
= (f@) = (@, f@) )
= (f(a).x) = (&, f(@)) a.2)
(f(a)

Hence J?satisﬁes property ({0.0.2)).
If f is globally defined (i.e. D(f) = H) and locally Lipschitz map then fis also

globally defined and locally Lipschitz map. Moreover, the modified equation

du ~
- = f(u(t)), t>0, (0.0.4)
u(0) = =,

has a local solution for every x € M. This solution stays on M whenever x € M.

The situation is not so clear when f is only densely defined. There are two
examples of such an f in concrete case:

Let © C R? be a bounded domain with sufficiently smooth boundary,
H = L*(0), A = —A ( i.e. negative Laplace operator with Dirichlet boundary
condition so that D(A) = Hy*(O) N H**(0) and f(u) = —Au. The first case we
will see that

flu) = —Au+ |Vu@2(o) u.

2n

The second case is when f(u) = —u?"~!, in this case one can find that

flu) = =" 4 Jul 5w

Roughly speaking, the two major aims of the thesis are to give complete treatment
to both examples simultaneously and its generalization to the stochastic case. To

be more precise, we prove that our corresponding initial value problems in the

10
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deterministic and stochastic cases have the unique global solutions for every
u(0) =z € HY*(0O).

Evolution equations are alternatively called the time-dependent partial
differential equations. Several physical process from natural sciences gives rise to
the nonlinear evolution equations as their mathematical models to represent them.
Some of the well-known evolution equations are, Navier-Stokes Equation from
fluid mechanics, the Schrodinger Equation from quantum mechanics,
Reaction-diffusion equation to model the biological processes and heat transfer
phenomenon, the Black-Scholes equation from finance etc. For a given evolution
equation with some suitable initial data, two fundamental questions can be asked.
The existence of a global solution to the problem and the study of long-term
behaviour of solutions. We will try to address both of the questions for our
proposed model. Some part of this work is motivated by P. Rybka [43], in which
the author dealt with heat flow projected on a manifold M defined by some
integral constraints. In [43], it is proven that solutions to this heat flow converge
to a steady state solution as time ¢t — oo.

The second aim is to study the generalization of deterministic model to stochastic

case 1.e.
du ~ ,
prili f (u(t)) + Noise, t > 0, (0.0.5)
u(0) = ze€ H?*(O)N M.
where f(u) = —Au — u*~!. For such stochastic evolution equation on the

manifold, fundamentally, we are going to deal with the questions of the existence
of the global solution and develop the large deviation principle.

Historically, the development of the Ito calculus and Ito6 stochastic ordinary
differential equations can be traced back to 1940 ( see e.g. [24], [25]). In the

decades 1960s and 1970s, we can see the emergence of the theory of the Ito stochastic

11
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partial differential equations (SPDEs) and its connection with several physical and
biological sciences. In particular, the function spaces-valued evolution equations
were used to model the bosonic quantum fields, some of cosmological processes and
dynamics of the population (for e.g see [41], [31]).

For a long time, the stochastic evolution equation of the form
du(t) = A(t,u(t))dt + B(t,u(t))dW (t)

, has remained an object of interest for mathematicians. When the drift term
satisfies the conditions of monotonicity such equations were first studied by
R.Temam and Bensousssan ([36], [35]). Next, Pardoux in [36] developed the
theory of stochastic evolution equation of above form, when the drift and diffusion
are unbounded nonlinear operators, and showed that such equation is strongly
solvable. Rozovskii and Krylov proved that, if the coefficients in drift and diffusion
terms of the evolution equation are deterministic then its solution satisfies the
Markov property. For the random Lipschitz coefficients, the It6 theorem for the
strong solvability of finite dimensional SDEs was generalized. In the same paper a
very useful version of Ito Lemma was proved in Hilbert spaces, for the square
norm of semi-martingales. To study the stochastic version of our problem we will
rely on the It6 Lemma developed by Pardoux in [37] wherein the author studied
the class of SPDEs of the form

du(t) + A(t, u(t))dt = [B(t, u(t)), dW (#)], u(0) = .

Here A and B are some unbounded partial differential operators in Hilbert spaces,
satisfying some coercivity hypothesis. Moreover (W (t)),s, is R%valued standard
Brownian motion and [, | denotes the scalar product in R?. Existence and uniqueness

of the solution for above class of SPDEs was established in [37].

12
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Finally, some of classical and modern references on stochastic partial differential
equations on manifolds, are [6], [7], [9], [10], [11], [15], [18], [22].

Let me briefly provide the lay out of the thesis.

In Chapter 1 we provide all necessary preliminaries to the reader which are
important to read rest of the thesis. The preliminaries include definitions and results
(without proof) from functional analysis, semigroup theory, dynamical systems, the
theory of Hilbert manifolds, measure theory and stochastic analysis. The chapter
ends at providing a brief introduction to some important results from Pardoux [37].

Chapter 2 deals with the problem of the existence and uniqueness of a global
solution of the constrained problem (0.0.4)), for the case when
f(u) = —Au — u*1. To do this, we will introduce an abstract approximate
evolution equation and prove the existence and uniqueness of a solution by Banach
fixed point theorem in appropriately chosen Banach spaces. Next, using the
Kartowski-Zorn Lemma we will prove the existence of a local maximal solution of
approximate evolution equation. Then we show that if the energy norm of initial
data wug is bounded by some constant R, then the solution (local or maximal) of
approximate evolution equation is equivalent to the main evolution equation. In
Proposition [2.2.11| we prove a sufficient condition for the local mild solution to be
the global solution. The Lemma [2.3.3|is devoted to the proof of the invariance of
manifold i.e. if the initial data lives in manifold then the solution of projected
evolution equation itself lives in the manifold. Finally, we will prove the main
result (see Theorem of chapter i.e. the existence of the unique global
solution. The chapter ends at studying some dynamical properties of the global
solution.

Chapter 3 is devoted to a study the stochastic generalization of projected heat
flow studied in Chapter 2 i.e. constrained problem . More precisely, we are

13
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going to study a non-linear parabolic first order in the time (heat) equation on
Hilbert Manifold driven by Wiener process of Stratonovich type. Because of the
constraint condition given by manifold M, it is natural to consider equations in the
Stratonovich form (see also [6]). We prove the existence and the uniqueness of the
global mild solution to the described stochastic evolution equation.

We will begin by introducing the main stochastic problem in both the
Stratonovich and the Ito forms. As in the deterministic case, a truncated version
of the main problem will be introduced. After introducing the main and truncated
problem we will prove the estimates for deterministic (drift) terms and stochastic
(diffusion) terms of the main equation in the It6 form. By employing the fixed
point argument, we will construct a local mild solution of the approximate
equation. After this from this local mild solution we recover the local mild solution
to the original problem. We show next that approximate evolution equation
admits a global solution, which will be useful later to prove the existence and the
uniqueness of the local maximal solution of the main problem.

In last part of the chapter the key results about the main problem will be proved.
By using the set of previously proven results about approximate evolution equation,
we will show that the unique local maximal solution of the main problem exists.
Furthermore, an important result about the life span of the maximal solution i.e.
no explosion result will be proven. We will show an interesting result about the
invariance of the manifold i.e. if initial data belongs to the manifold then almost all
trajectories of solution belong to the manifold. Chapter 3 will end by proving the
existence of global solution to our main stochastic evolution equation. The main
tool for this will be Khashminskii test for non-explosion (Theorem II1.4.1 of [30]
for the finite dimensional case) and indeed an appropriate Itd’s formula from [37]

(Theorem 1.2).

14
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In the 4th and final chapter, we study the small noise asymptotics by proving
the Large deviation principle (LDP). To meet this aim, we will adopt the following
weak convergence approach to prove the Large deviations principle.

Let {u®} be a family of X-valued random variables defined on a probability space

(Q, F,P), where X is a Polish space.

Definition 0.0.1. A function T : X — [0,00] is called a rate function if T is
lower semi-continuous i.e. for each k € R the set {x € X : I(z) < k} is closed (or
equivalently, the set {x € X : Z(x) > k} is open). A rate function I is called good

rate function if the level set {x € X : Z(x) < k} is compact for each k € [0, 00) .

Definition 0.0.2. (The Large deviation principle) A family {u®:e >0} of
X-valued random wariables, is said to satisfy the Large deviation principle

(LDP) with the rate function T if for each Borel subset B of X ,

—inf Z(x) < limiglf e?logP (u® € B) < limsup e’logP (v € B) < —inf Z(7),
° e—

z€B e—0 z€B

where B and B denote the interior and closure of B in X, respectively.

Definition 0.0.3. (Laplace principle) The family {u®} of X-valued random
variables is said to satisfy the Laplace principle (LP) with the rate function T,

if for each real-valued bounded continuous function f defined on X we have:

lim e log E {e_f(su? )} = —inf {f(z)+Z(x)}.
e—0 zeX

The weak convergence method mainly is based on the equivalence of Laplace
principle and Large deviation principle, provided that [ is good rate function. This
equivalence was formulated in [40] and can also be obtained as the consequence of
Varadhan’s Lemma [50] and Bryc’s converse theorem [4]. Another elementary proof

of equivalence can be found in [2I] and [20].

15



Chapter 1

Preliminaries

The prime objective of this chapter is to make the dissertation self-contained and
to make it easily accessible for readers. In this dissertation, I will be studying an
infinite dimensional Non-linear Heat equation on Hilbert Manifold, deterministic
and stochastic both. For deterministic equation, I will be arguing for the existence
and uniqueness of Global solution and then the long-term dynamical behavior of the
solution, so this legitimizes to provide some preliminaries (definition, results, and
remarks) from functional analysis, differential geometry, and infinite dimensional
dynamical systems. After dealing with the deterministic equation, I will then move
towards the existence and uniqueness of stochastic version of the model and the

Large Deviation Principle. Therefore, for the convenience of the reader it will be

16



1.1. Functional Analytic Preliminaries

a good idea to include some of key preliminaries and results from the stochastic

analysis. Let us begin with the functional analytic preliminaries.

1.1 Functional Analytic Preliminaries

In this section we aim to provide all those definitions and classic results which will
be used later throughout the dissertation. Our main source for the this section is

27.

1.1.1 Normed and Banach spaces

Definition 1.1.1. A normed space X is a vector space over field K (real or
complex) with a norm defined on it. Here a norm on a vector space X is a real-
valued function on X whose value at an x € X, is denoted by ||x| and which has

the following properties:

1. |z >0

2. ||z|| =0 if and only if x =0
3. ozl = |l [z}, € K

Al +yll < flll + vl

for all vectors =,y € X.

Definition 1.1.2. A sequence (x,) in a normed space X is called Cauchy

sequence if for each € > 0 there is a natural number N = N(e) such that

|xn — xm|| < € for all ny,m > N.

Definition 1.1.3. A sequence (x,,) in a normed space X 1is called convergent if

17



1.1. Functional Analytic Preliminaries

there 1s an x € X such that
lim ||z, —z| =0.
n—oo

Definition 1.1.4. A normed space X is called complete normed space or

Banach Space if every Cauchy sequence in X is convergent.

Definition 1.1.5. Let (X, ||||y) and (Y,|||ly-) be normed spaces and f : X — Y.

We say f is continuous at x € X, if for each sequence (z,) in X,
|20 — x| x — 0 implies [|f (zn) — f ()]l = 0.
Moreover, if f is continuous at each point x in X then f is continuous.

Another use full observation is the following.

Proposition 1.1.6. If (X, ||-||) be normed space then the function ||-|| : X — R s

continuous m X.

Now we provide some important examples of the Banach spaces.

Spaces of continuous function:

Assume that D be a compact subset of R™. Consider the set,
C(D):={f: [ is continuous function on D},
this set can be given the structure of the Banach space endowed with norm

[flloepy = sup |f ()]
€D

Indeed, a sequence (f,) converges to f in C (D) if sup|f, (z) — f(x)] — 0, i.e.
e
(fn) converges uniformly to f in D. It is well known that the uniform limit of a

continuous function is continuous, hence C' (D) is Banach space.

18



1.1. Functional Analytic Preliminaries

Furthermore, if D is open then the set

c*D)y={f:f.f,..f'¥eC (D)}

with norm
Hf”ck(D) = ||f||c(D) + Z ||Daf||c(D) 3
1<|a|<k

— () n N a _ 9M 92 9o
where o 1= (o), € Z7}, || =) ., a; = n, and D* = 92T Doy 0T Then one

can show that C* (D) is Banach space.

1.1.2 Compactness in function spaces: Arzela-Ascoli

Theorem

Another important classical result that we need in proving the Large deviation
principle, is the apply Arzela-Ascoli Theorem. Before presenting the result let us

recall some of important definitions.

Definition 1.1.7. ([27], Theorem 5.18) Let (X, p) be a compact metric space i.e.
every open cover of X has a finite subcover. A family of functions A C C (X) is

called equicontinuous if for every € > 0 there is § > 0 such that for all f € A,
|f(u) — f(v)] <e, for all u,v € X satisfying p (u,v) <0 .

The family A is called uniformly bounded or equivocated if there is a constant

C such that
|[f(u)| < C, forall f € A and for all u € X.

Example 1.1.8. Let(X,p) be a metric space and let C' be a positive constant.

Consider the following family of continuous functions on X

AN:={feC(X): f satisfies |f(u)— f(v)] < Cp(u,v), foraluve X}.

19



1.1. Functional Analytic Preliminaries

Then this family A is equicontinuous. To verify this assertion, consider ¢ > 0 and
d =¢/C. One can see that for anyv € B (§ : x) i.e. p(u,v) <9 and for any f € A,

we have the following,
|f(u) = f) < Cp(u,v) <C-6=C-¢/C=e.
Thus A is equicontinuous.

Definition 1.1.9. Let (X, p) be a metric space, a subset K C X is called precompact

(or relatively compact) if the closure K of K is compact in X.
Now we present the Arzela-Ascoli Theorem.

Theorem 1.1.10. ([27], Theorem 5.20) Let (X, p) be a compact metric space. For
a family of functions A C C (X), then the following statements are equivalent,
i) A is relatively compact,

ii) A is equicontinuous and uniformly bounded.

The following is an immediate corollary of the last theorem, we can also treat

this as another version of Arzela-Ascoli theorem.

Corollary 1.1.11. ([27], Corollary 5.21) Let (X, p) be a compact metric space. If
a sequence of functions (f,) C C (X) is equicontinuous and uniformly bounded then

this sequence (f,) contains a uniformly convergent subsequence.

1.1.3 Hilbert spaces

In this dissertation, we are mainly concerned with Hilbert spaces so this would a
good idea to review some of basic stuff about Hilbert spaces. Let us begin with

defining and recalling some of the basic results about Hilbert spaces.

20



1.1. Functional Analytic Preliminaries

Definition 1.1.12. Let X be a linear space over R. An inner product in X is
a function (-,-) : X x X — R that satisfies the following three properties. For all
x,y,z € X and all scalars a, B € R,

i) (x,x) >0 and (x,x) =0 if and only if x = 0, (Positivity)

i) (z,y) =(y,2), (Symmetry)

iii) (ax+ Py, z) = a(x,z) + By, z) . (Collinearity)

A linear space X endowed with inner product is called an inner product space.

An inner product also induces a norm, in the following manner,

|lz|| := \/(z,x), for all x € X. (1.1.1)

As an immediate consequence of the definition of inner product space and the norm

described in last equation, we can easily prove the following theorem.

Theorem 1.1.13. If X is an inner product space then:
i) For any z,y € X, we have the following inequality, called Cauchy-Schwartz
inequality,

[z, o) < [l lyll -

Equality holds if and only if x and y linearly dependent.

ii) For any x,y € X, we have the following Parallelogram Law:
lz + yl* + lle = yll* = 2 |=]1* + 2 ylI*.
ii1) For x,y € X, we have the following triangle inequality,
2+ yll < =]l + [yl

Definition 1.1.14. If H be an inner product space then H is called a Hilbert
space if it is complete with respect to induced norm (1.1.1)).

21



1.1. Functional Analytic Preliminaries

Examples of the Hilbert space The following are some of the important
examples of Hilbert spaces, few of which we are going to encounter in the rest of

chapters.

Example 1.1.15. R" is inner product space with the following inner product,

(T, Y)pn = inyi, where x = (z;);_, and y = (y;);_, belong to R™.
i=1

Moreover, R™ is Hilbert space with the following induced Euclidean norm,

n
Izl =t
i=1

Example 1.1.16. The space L? () is inner product space with respect to inner

product,

(s 0) 120 :/uv.
Q

and Hilbert space under the following induced norm,

Jull ey = [ o
L2(Q) 0

Some important theorems about Hilbert spaces The orthogonal
projection is going to play an important role in our formulation of main
deterministic and stochastic problem. Therefore, it is worth recalling the classical
projection theorem in Hilbert spaces. The material in this subsection is based

on Chapter 21 of [27].

Definition 1.1.17. If H be a Hilbert space and x,y € H, we say x is orthogonal
toy if (x,y) =0. In general, if V- C H then

Vi={zxeH:(z,y)=0 foralycV}.

The set V* is called orthogonal complement of V.

22



1.1. Functional Analytic Preliminaries

Lemma 1.1.18. If V s closed subspace of a Hilbert space H then orthogonal

complement V*+ of V is also closed subspace of H. Moreover
H=VeaV"
where @& denotes the direct sum.

Theorem 1.1.19. (Projection Theorem) Let V' be a closed subspace of Hilbert space

H. Then for each x € H, there exists unique element ¥ € V' such that
|z — z|| = inf ||Jv — z]| .
veV

Moreover, the following properties hold:
i)x=xiffceV,
W) x—T €Vt and
2 112 ~112
[J]|” = 1Z]" + ([« — z[|”.
Corollary 1.1.20. If V is the closed subspace H and T is the unique element as

described in last Projection theorem then there exists a unique map 7™ : x — T,

from H into V, which is linear, bounded and satisfies the following properties:

el = suplmel =y
270 |||
7 = wand kerm =Vt

Remark 1.1.21. The map © described in last corollary is called the orthogonal

projection of H onto V.

The Hilbert spaces that we are going to deal in this dissertation will be separable

Hilbert spaces over the field of real numbers. Let us recall definitions and some basic

properties of separable Hilbert spaces.

23



1.1. Functional Analytic Preliminaries

Definition 1.1.22. A Hilbert space H is called separable Hilbert space if it

contains a countable dense subset.

Definition 1.1.23. An orthonormal basis in a separable Hilbert space H is a

sequence (e;);~, C H such that

(ej,ex) = Oji, where j,keN

le;ll = 1, forall j €N
Here §;;, denotes the Kronecker delta.

Proposition 1.1.24. Fvery separable Hilbert space H admits an orthonormal basis.

1.1.4 Linear operators, Duality and Weak Convergence

At several instances in the dissertation, we will deal with several kinds of linear
operators and dual spaces. Moreover, weak convergence will be an important tool to
prove large deviation principle. Therefore, we present these notions and important

related results.

Definition 1.1.25. Let X and Y be normed spaces. A linear operator from X
intoY is a map L : X =Y such that for a, 8 € R and for x,y € X,

L(ax+ By) =aL (z)+ BL(y).

Definition 1.1.26. If L : X — Y s a linear operator, the kernel of L, can be

defined as pre-image of null vector in'Y 1i.e.
ker L :={x € X : Lzv =0}.
The range of L s the set of all images i.e.

L(X):={Lzx:x€ X}.

24



1.1. Functional Analytic Preliminaries

Definition 1.1.27. Let X and Y be normed spaces. A linear operator L : X —'Y

is called bounded if there exists a number C' such that
[Lxlly < Cllellx

Example 1.1.28. ([52] Example 7.2, 69) i) (Multiplication operator) For any

f € Cla,b], consider the operator My on L* (a,b) defined in the following manner:
(Myz) (t) := f(t)x(t), for all x € L* (a,b).

One can see that My is linear, the boundedness of My can be seen in the following

manner,
2 b 2
IMyz]? = / FOz(0) dt

b
< swp SO / PO

te(a,b)
2 2 2 2
= gy 2™ = Cllzll”, where C := || fl| ¢y < o0

ii) For a,b,c,d € R and continuous k : [a,b] X [c,d] — R, define an integral

operator K : L? (a,b) — L?(c,d) in the following manner,

b
(Kz) (t) ::/ k(t,s)z(s)ds, t € (¢,d).

Indeed, K 1is linear. Moreover, using Cauchy-Schwartz inequality we can obtain

boundedness of K in the following manner, for fived t € (¢, d),
2

Y

|(Kx) (t)|2 = /k(t,s)x(s)ds

< </ab|k(t,s)|2ds) (/ab|x(s)|2ds)

Integrating both sides on t € (¢,d)

/Cd’(K:c)(t)\zdt < (/ab]:ﬁ(s)|2ds> /Cd/ab\k’(t,S)]stdt i

IKl® < el 151 ooy = C ll2l’
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where C' := Hkl‘é([a,b]x[c,d]) < 00.

iii) Let X be a mnormed space of all polynomials on [0,1] with norm
|lz|| = max|z(t)],t € [0,1]. A differentiation operator T is defined on X by
Tx(x) = 2/(t), where prime denotes the differentiation with respect to t. This
operator is linear but not bounded. Indeed, let x,(t) = t", where n € N. Then

|zoll =1 and Tz, (t) = 2/,(t) = nt"! so that ||Tx,| = n. Since n € N is arbitrary,

1Tzn ||

this shows that there is no fired number ¢ such that < ¢. Hence T is not

bounded.

Proposition 1.1.29. ([27], Theorem 7.18) Let X and Y be normed spaces. A
linear operator L : X — Y is bounded if and only if it is continuous i.e. for any

X . . Y
T, — x implies Lx,, — Lzx.

Definition 1.1.30. ([27], Definition 7.20) By the set L(X,Y) we denote the set
of all bounded linear operators from X into Y. If X =Y we will write L(X). On
L(X,Y), we can define norm in the following manner, for L € L(X,Y),

L
2] = sup 12l
lel=1 [zl x

Theorem 1.1.31. ([27], Theorem 7.20) Let X and Y be Banach spaces. Then

L(X,Y), with the norm defined in last equation, is also Banach space.

Definition 1.1.32. Let X andY be normed spaces. Let L € L(X,Y). An L(X,Y)-
valued sequence (L) of operators is said to:

a) converge in operator norm to L if,
|Ln — Ll z(xyy = 0 as n — oo
b) strongly converge to L iff (L,x) converges strongly in'Y for each x in X, i.e.,

|Lnx — Lz||y, = 0 as n — oo.
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Definition 1.1.33. Let X be a real Banach space. Then a linear functional
on X is bounded linear mapping from X to R. The dual space denoted by X* is

L(X,R) i.e. set of all linear bounded linear functionals on X.

Theorem 1.1.34. ([27], Theorem 21.6) (Riesz Representation Theorem) Let H be
a Hilbert space. Then H* is isometrically isomorphic to H. In particular, for every

x € H the linear functional defined by

Lo (y) = (z,y), forally € H,

is bounded with norm ||L.|| = ||z||. Moreover, for every L € H* there exists a

unique uy, € H such that:
Lz = (up,y), forally € H.

Moreover, ||L|| = ||ur|| -

Definition 1.1.35. ([27], Theorem 21.7) Let H be a Hilbert space. A sequence

(#0) ey € H is called weakly convergent to x € H if
(Tn,y) = (z,y), for ally € H.

One can see easily that a sequence converges in usual sense also converges weakly

because,
[(2n, y) = (@ 9) | <l — [ [yl
Let us state the following simple case of the Banach-Alaoglu Theorem.

Theorem 1.1.36. ([27/, Theorem 21.8) Every bounded sequence (xy),.y in a

Hilbert space H has a weakly convergent subsequence.

Theorem 1.1.37. ([27], Theorem 21.11) Every weakly convergent sequence (xy,)
C H is bounded.

neN
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Definition 1.1.38. [27] Let X be a normed space over a field K . The double
dual of X , denoted by X** and defined by X** = (X*)* i.e. dual of the dual of X.

Definition 1.1.39. ([52], Definition 6.1) Let X be a be a normed space over field
K, X* beits dual and X** be its double dual. Then we have a canonical map x — T
defined by:

z(f) = f(x) where f € X*
gives an isometric linear isomorphism(embedding) from X into X**.

The space X is called reflexive if this map is also surjective.

Closed operators

Definition 1.1.40. ([52], Definition 2.4.1) Let X and Y be normed space and
L : D(T) — Y is a linear operator, D(L) C X, then L is called closed linear

operator if its graph
G(L) ={(z,y) 1w € D(L),y = La}
15 closed in the normed space X X Y.

Theorem 1.1.41. [27] Let X and Y be Banach spaces and L : D(L) — Y 1is a
closed linear operator, D(L) C X. If D(L) is closed in X then the operator L is

bounded i.e. there exists ¢ > 0 such that
[Lz|ly <cllzfx-

Theorem 1.1.42. [27] Let X and Y be normed spaces and L : D(L) — Y is a
linear operator, D(L) C X.Then L is closed iff it has the following property:
If x, — x, where x, € D(L), and T'x,, — y, then x € D(L) and Lz = y.

Another useful characterization of closed operators is following:
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Theorem 1.1.43. [27] Let A be a linear operator in Banach space (X, ||-]|). Define
norm on D(A) by
[zl 4 = llzll + [[Az]l, for z € D(A).

then (D(A), |||l 4) is Banach space iff A is closed.

Adjoint Operators

If X and Y be Hilbert spaces and L € £ (X,Y) then for fixed y € Y, let us define

a map 7T, : X — R in the following manner,

Ty () := (Lx,y)y -

Indeed, T, is linear and in fact bounded i.e. T}, € X* because,

Ty (@) < (L, y)y| <[[Lzlly [lyllx < 1Lz l2lx 1yl

Il < WEl vy lolly -

Hence by the Riesz Representation Theorem there exists w € X depending on v,

we denote this by w = L*y such that
T, (x) :=(x,L"y)y forallz € X and y € Y.

Definition 1.1.44. ([52], Definition 7.3) For a linear operator L € L (X,Y) , its

adjoint is an operator L* :'Y — X that satisfies the identity,
(Lz,y)y = (x,L'y) -, forallz € X andy €Y.

Example 1.1.45. i) Recall that from the Riesz representation theorem for each
L € H* there exist a unique element uy, € H. Hence this naturally gives a way to
define a map R : H* — H (L v uy), called the Riesz map. One can see that R is

canonical isometry. We claim that R* = R~ : H — H*.

<RLay>H - <L7y>H><H* = <L’ R_1y>H>k = <L7R*y>H*
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ii) Consider a linear operator L : L? (0,1) — L?(0,1) be the linear map

(Lz) (t) = /0 x(s)ds, wheret e (0,1).

From part i) of Example we infer that L is bounded. In order to find L*

(Lz,y) = /0 1 {y (t) /0 tw(s)ds] dt

Changing order of integration,

(La,y) = /01 [a: (s) /tly(t)dt} ds

= <ZL’, L*y>

consider the following,

Thus
1
LYy = / y(t)dt, wheret € (0,1).
t

Definition 1.1.46. ([52], Definition 7.17) Let H be a Hilbert space. A densely
defined operator L : D(L) — H, with D(L) C H, is called self-adjoint iff L = L*.

Later in this section we will discuss in detail the Laplace operator, which is an
important example of the self-adjoint operator. We will do this because our both
deterministic and stochastic equations involve Laplace operator with the Dirichlet

boundary condition.

Compact Operators

Compact operators play a significant role in the theory of differential equations. We
will also encounter the some compact operators while proving the large deviation
principle, therefore in this subsection our aim is to review some of basic and useful

results about Compact operators. Let us begin by defining the compact operators.
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Definition 1.1.47. ([52], Definition 8.1) Let X and Y be normed spaces. A linear
operator L : X =Y is called compact if for each bounded sequence (), oy in X,

the sequence (Lxy), oy has a convergent subsequence in Y.

Example 1.1.48. ([52], Example 8.2) i) Recall that the dimension of range of
linear operator is called its rank. Any bounded linear operator L : X — Y with
finite rank, must be compact. Let me give an informal proof. Since the rank finite
i.e. range L(X) must be finite dimensional subspace of Y and it is normed space
with the restriction of norm of Y. Since closed bounded sets are compact so for

any bounded sequence (r,),.y 1 X the image set of sequence {Lx, :n € N} is

bounded in L(X) and hence {Lx, : n € N} is compact. Therefore, by Weierstrass
theorem {Lx, :n € N} contains a limit point, say x, in L(X). Hence there must
be subsequence of (Lxy,), .y converging towards x. Thus L is compact.

i) If H is an infinite dimensional Hilbert space then identity operator I on H is

not compact. Consider an infinite orthonormal sequence (x,,) in H, then for m # n,

||C(]n - mez = <l’n — T, Tp — xm>
= <In,$n> - <$m,$n> - <$n7'rm> + <xm7$m>

= @l =0+ 04 [l = 2.

Last identity shows that distinct terms of sequence are at distance /2. Hence
(I2n) ey = (Tn),en contains no Cauchy and hence convergent subsequence. Thus I

18 not compact.
Proposition 1.1.49. ([52] Every compact operator is bounded.

Proposition 1.1.50. [52] If X and Y be Banach spaces then LC(X,Y) set of
all compact operators from X into Y is a closed (and hence complete) subspace of

L (X,Y) with operator norm.
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It is obvious that to check that whether a given operator is compact or not
by definition is difficult. Sometimes Hilbert-Schmidt operators can rescue in such
situation. Definition and some of the useful results about Hilbert-Schmidt operators

are given below.

Definition 1.1.51. ([52], Definition 8.5) Let X and Y be the Hilbert spaces. A
linear operator L : X — Y s called Hilbert-Schmaidt if we can find a complete

orthonormal sequence (€,),ey 0 X such that || All g =377, || Ae;||* < oo.
Example 1.1.52. ([52], Example 8.6) The following Voltera operator L defined on
L?(0,1) is Hilbert-Schmidt.
¢
(Lx) (t) == / x(s)ds, wheret € (0,1).
0

In a minute, we are going to present a result that if the kernel of an integral operator
is square integrable then the integral operator is compact. Since kernel in the Volterra

operator is 1, which is indeed square integrable hence L is Hilbert-Schmidt.
Theorem 1.1.53. ([52], Theorem 8.7) Every Hilbert-Schmidt operator is compact.

Theorem 1.1.54. ([52], Theorem 8.8) If k : (¢,d) x (a,b) — R be a measurable

d b
//]k(s,t)|2dsdt<oo.

Then the following integral operator K : L? (a,b) — L? (c,d) with kernel k

function such that

(Kx)(t) ::/ k(t,s)x(s)ds, t € (c,d).

is Hilbert Schmidt and hence compact.

1.1.5 Semigroups of Linear operators

Throughout the section X denotes a Banach space. More over ||| would denote

norm on L (X).

32



1.1. Functional Analytic Preliminaries

Definition 1.1.55. ([21], Definition 2.1.1) A one-parameter family {T(t),t > 0} of
bounded linear operators from X into X is a semagroup of bounded linear operators
on X if

(i) T(0) = I, (I is the identity operator on X ).

(1) T(s +t) = T(s)L(t) for every t,s > 0 (the semigroup property). Here

T(s)T(t) is composition of functions.

Definition 1.1.56. ([21), Remark 2.3.2) A semigroup of bounded linear operators,

T(t), is uniformly continuous if
11_{% |Tt)—1I||=0 (1.1.2)
where ||-|| is norm on L(X, X) as mentioned earlier.

Definition 1.1.57. ([51], Definition 2.3.1) A semigroup of linear operators
{T(t) : t > 0} is called a semigroup of class Cy, or Co— semigroup, if for each
x € X, we have

IT(t)x —z|| = 0 ast — 0. (1.1.3)

Example 1.1.58. ([51], Ezxample 2.3.1) Let Cy,(R) be the space of uniformly
continuous bounded real-valued functions on R. For t > 0, define an operator

T(t) : Cb7u<R) — Cb,u(R) as:
(T(t)z) (s) :=x(t+s), forall x € Cp(R), s> 0.
Then {T'(t) : t > 0} is a Cy-semigroup.

Theorem 1.1.59. For f € L>(R), and t > 0 define

TON @ == [ ey

and set T(0)f = f. Then {T'(t) : t > 0} is a Cy-semigroup of contractions.
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Lemma 1.1.60. ([51l/, Theorem 2.3.1) Let {T'(t),t > 0} be a semigroup on Banach
space X. There exist constants w € R and M > 1 such that the following holds:

|T ()] < Me¥*, for 0 <t < oco.

Corollary 1.1.61. ([51], Corollary 2.3.1) If {T(t),t > 0} is a semigroup on Banach
space X, then for each f € X, the map t — T(t)f is a continuous function from

(0,00) to X.

Definition 1.1.62. [51] Let {T(t),t > 0} be Cy — semigroup. In Lemma if
w =0 then {T'(t),t > 0} is called uniformly bounded.

Definition 1.1.63. ([51/, Corollary 2.3.2) Let {T'(t),t > 0} be Cy — semigroup. In
Lemma ifw=0, M =1, ie ||T| <1. Such a semigroup {T'(t),t > 0} is

called Cy— semigroup of contractions.

1.1.6 Function spaces

In this subsection, my intentions are to introduce all of those function spaces which
we are going to encounter throughout the dissertation. In particular, we are going
to discuss distributions, some of important Sobolev spaces and Bochner spaces. Let

us begin with setting up some notations.

Definition 1.1.64. An open and connected subset 2 of R", n € N, is called domain.

We denote closure and boundary of Q by Q and 0 respectively.

34



1.1. Functional Analytic Preliminaries

Consider the following set of notations:

2 = () o €24},
r o o= (x;);, €R",
a = (), €LY,
Ju
ai = )
la| @ = Z a;,
i=1
olely
DM ;=
" Dro 932 . Do
Vu : = (Dju);_,

. 1/2
|Vu| : = (Z |Diu\2> :
i=1

We now introduce the space of smooth functions with compact support and

convergence in it.

Space of smooth functions with compact support & Distributions

Definition 1.1.65. [51] (Page 15-16) Let Q) be an open subset of R™ and f : Q@ — R.

The following set

suppf = {x € Q: f(z) # 0},

is called the support of function f. By C3° (2) we mean the set of all functions f
on § which are smooth i.e. infinitely differentiable, suppf is compact included in
Q. Consider a sequence (f,) in C° () and f € C§° (), we say that f, — f in
e () if

i) there exists a compact subset K of Q such that suppf, C K for alln € N,

i) D* f, = D f uniformly on 2, as n — oo, for all o € Z}.
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By ® (2) we mean the space C§° (S2) endowed with above mentioned structure of

. D(2)
convergence, moreover we denote this convergence by f, —  f.

Definition 1.1.66. [51] (Page 16) By a Cauchy sequence in ® () we a sequence
(fn) in D () if there ezists a compact set K C € such that suppf, C K and such

that, for alln € N, |[D*f, — D*fullciq) — 0 as n,m — oo for all o € Z1}.

Definition 1.1.67. [51] (Page 16) A linear real-valued continuous functional on
D (Q) is called distribution on © (). We denote space of all distributions on
D(Q) by D' ().

Example 1.1.68. i) The Dirac delta function d. : f +— f(c) is a distribution for
any c € R".

i1) Assume that f is locally integrable i.e. for each compact K C R™ the integral
S |f] < 0. Define Ly : © (Q) — R as:

Lo = . f@)p(x)dz, for o € D(Q).

. D(Q
Now consider a sequence ¢, L>) v,

|Lyon — Lpp| =

. f(@) (pn(x) — @(x)) dx

< () — d
< / F(@)] [n(x) — 9()] da
< suplen(@) - 9@)] [ |f(2)|dz
T suppp
= |len — ¢l |f(z)|dx — 0 as n — oo.

suppy

Hence Ly defines a distribution on ® (12) .

Definition 1.1.69. [51] (Page 16) Let o € 77} be a multi-index and u : @ — R is

a locally integrable function . The a-th order derivative of u, in the sense of
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distribution over on ® (), is the distribution D*u defined by:

(D) (f) := (=1)l /Qu -Df dw, forall f € D(Q).

Sobolev spaces and their properties

In this subsection, we aim to recall some of Sobolev spaces of prime importance in
this dissertation.  Before introducing these spaces let me introduce a more

sophisticated notion of derivative known as ”weak derivative”.

Definition 1.1.70. [27] (Page 266) A function f € L} (Q) if and only if
f € LY (), for every bounded Q' with ¥ C Q.

Definition 1.1.71. [27] (Page 266) For w € L}, () a function v € L}, (Q) is

loc loc

called the weak derivative of w in the direction of x;, where x = (x;);_, € R™ if

/ u(z)0ip(x)de = — / v(x)e(x)dz, for all test functions p € Cy (Q).
Q Q
In this case we write v = D;u.

Example 1.1.72. [27] (Page 266) For 2 = (—1,1) C R,
i) Consider the function u(x) = |z|. We claim the following is equal to the weak
derwative of u,
v(z) = 1, 0<z<l1

= -1, —1<z<0.
Indeed, if p € C} (Q) then

/_1v(x)gp(x)dx = —/Ocp(a:)dx—l—/olgo(x)da:

1 -1

- [ @kl

1
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1

e () has a weak derivative.

ii) We now show that not every function in L

Consider

uz) = 1, 0<z<1

= 0, —1<x<0,

Apparently, from above definition we expect Ou = 0. But this not the case, consider
0 € C3(Q) for which ¢(0) # 0. For such ¢,
1 1 1
0= [ v 0de=- [ (@) uw do=- [ &(x) = 00),
—1 -1 0
which leads to an absurdity, hence the required does not holds for such ¢, i.e. weak

derivative exists.

Definition 1.1.73. [27] (Page 267) Let o € Z and w € L, (). A function

loc

ve L. (Q) is called the a-th weak derivative of u if

loc

/u(w)D"‘gp(:c)da: = (=)l / v(x)p(x)dz, for all test functions ¢ € C’(ljal (Q).
Q Q

In this case we are going to use symbol v = D™u.

Definition 1.1.74. [27] (Page 267) Let k € N, p € [1,00). We say u € W*? (Q)
if and only if for any o € Z7, satisfying |a| < k, the weak derivative D*u (all
derivatives up to order k) exists and belongs to LP (Q). Introduce norm on WP (Q)

in the following manner,

1/p

lallweniy = | S ID%ulq

la|<k

Remark 1.1.75. Indeed W7 (Q) = LP () .

Theorem 1.1.76. [27] (Page 270) The Sobolev space <Wk’p (Q),||-||Wk,p(9)> is

separable Banach space.
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Corollary 1.1.77. [27] (Page 271) For p = 2, the Sobolev space H* (Q) := W2 (Q)
18 a Hilbert space with the inner product,
(U, v) gy = / Z D% - D%vdx.
* ol <k
Definition 1.1.78. [27] (Page 271) By W' (Q) we mean the closure of space
D (Q) in WEP(Q).

Finally, we will end this section by presenting a well-known inequality, known
as Gagliardo-Nirenberg inequality. We are going use consequences of this inequality
very frequently throughout the dissertation. Before that let us recall the definition

of embedding operator.

Definition 1.1.79. [/]|] (Page 328) Let X and Y be normed linear spaces.
i) X is called continuously embedded into Y if and only if the operator

1: X =Y s injective and continuous i.e. there exists constant ¢ > 0 such that
lully < cllully , forallue X.

In this case we denote this embedding symbolically by X <— Y and operator
1: X =Y is called embedding operator.

ii) The embedding X — Y is compact if and only the operator i : X — Y is
compact i.e. each bounded sequence (u,) in X has a subsequence that converges in

Y.

Following inequality is one important inequality that we are going to employ

frequently, throughout the dissertation.

Lemma 1.1.80. (Gagliardo-Nirenberg inequality) [/7] (Page 10) Assume that
r,q € [1,00), and j,m € Z satisfy 0 < 7 < m. Then for any u € C3° (R")

i m.|a 1—a
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where % = %+a (% — %) —i—(l—a)é forall a € [Tj—n, 1] - Ifm—j—"2 is a non-negative

integer, then the equality holds only for a € [%, 1) :

1.1.7 Bochner Spaces

Assume that X denotes a Banach space and 2 C R. Lets us set some important
terminology. The stuff in the following subsection is based on Subsection 1.2 of

1.

Definition 1.1.81. i) A function f : Q — X is called Simple function, if there
erist Ti,T9,..,x, € X and measurable and mutually disjoint subsets

[y, Ty, ..., Ty C Q such that:
f(t) =x;, forallt €Ty and for alli=1,2,... k.

it) A function f : Q — X is called strongly measurable if there ezists a
sequence of simple function (f,) such that f, X f ae on 1, i.e.

| fu(t) — F(®)lx — 0 as n — oo, a.e. on Q.

Lemma 1.1.82. Let f : Q — X be a strongly measurable function then the function
A Q=R (E—=||f()|ly) is Lebesgue measurable i.e. for any open set O the inverse

image A~ (O) 1is open.

Definition 1.1.83. A function f : Q — X is called Bochner integrable, if there
exists a sequence of simple functions (f,), such that:
i) f is strongly measurable i.e. || f,(t) — f(t)]|x = 0 asn — o0, a.a. t € Q.

i) Also [o, || fa(t) = f(t)] x dt = 0 as n — co.

Theorem 1.1.84. If f : Q — X 1is strongly measurable then f is Bochner integrable
iff the Lebesgue integral of || f(-)||x over L, is finite.
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Corollary 1.1.85. If f € C (ﬁ; X) then f is Bochner integrable iff the Lebesgue
integral of || f(-)||x over Q, is finite.

Lemma 1.1.86. If f is Bochner integrable over ), then

i) || fo FO)dt]| ¢ < Jo IFO) dt,
i) |F1|in%+ Jp ft)dt =0 € X.

rco
LP (Q; X) Spaces
We have employed subsection 1.3 of [51] for the following subsection.
Definition 1.1.87. Let X be a Banach space, 1 < p < 0o, Q C R. By L? (2; X)
we mean the set of all strongly measurable functions f : 2 — X that satisfies the
following two properties:
i) For 1 <p < o0,
s de < o
Q
ii) For p = oo,

esssup | (1) < oc.

Theorem 1.1.88. The space LP (2; X) described in last definition is the linear
space. By f1 = fo we mean fi1(t) = fo(t), for a.a. t € Q. Then LP (Q; X) are

Banach spaces with the following described norms,

1/p
T ( / Hf<t)Hé}dt) Cwhere 1< p < oo,

1 lloeoix) = esssup|[f()]lx < oo, when p = oo.
€

Moreover, if X 1is reflexive (or separable) Banach space then for 1 < p < oo

LP (Q; X) is also reflexive (or separable) Banach space.
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Lemma 1.1.89. i) Let Q  be the bounded interval  then

o, FOat]| < Jo 1F@)x dt < N1l oy 12177
ii) Let Q0 be the bounded interval then C5° ((0,7T);X) is dense in L? (2; X), for

all 1 <p < oo.
Now we present some well known key inequalities in LP-spaces.

Theorem 1.1.90. i) (Holder inequality) Let p,q > 1, such that % + % =1 (and if
p = 1 then set q := oo and vice versa). If u € LP (; X) and v € L (2; X) then
w € L' (Q; X) and
HUUHLI(Q;X) < HUHLP(Q;X) HUHLq(Q;X) :
ii) (Minkowski’s inequality) Let 1 < p < oo. If u,o € LP(Q;X) then

u+wveLP(Q;X) and

1w+l o) < llllooxy + 10l ogyx) -

1.1.8 Some important notions and results from PDE theory

Laplace operator with Dirichlet boundary condition

In this dissertation, both deterministic problem and its stochastic generalization,
involve Laplace operator with Dirichlet boundary conditions. The aim of this

subsection is to recall some basic stuff about the Dirichlet boundary condition in

L*(Q) setting.

Definition 1.1.91. ([51], Example 4.1.2) Let 2 be a non-empty and open subset of
R". Let us consider the operator A on L*(Q), defined by,

D(A) = {ueH)(Q):AueL’(Q)}

Au = Au, for each u € D(A).
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The operator A is called Laplace operator with Dirichlet boundary condition.

Theorem 1.1.92. ([51), Theorem 4.1.2) The linear operator defined above
generates a Cy-semigroup of contractions.  Moreover, A 1is self-adjoint, and
(D(A), ||-||D(A)> is continuously embedded into Hy (). Further, if Q is bounded
with C' boundary, then (D(A), H-HD(A)) is compactly embedded into L* () .

Indeed H} () N H?(Q) C D(A). One can see that if Q is bounded with C?

boundary then reverse inclusion also holds i.e.

D(A) = Hy () N H*(Q).

Some important results

For existence and uniqueness of the solution, we will employ the following classical

Banach fixed point theorem.

Theorem 1.1.93. ([27], Theorem 4.7) Let (X,d) be a Complete metric space,
K C H be a closed subset, f: K — K be a function that satisfy the inequality, for

some 0 < a <1,
d(f(u), f(v)) < ad(u,v), for allu,v € H,

Then f has uniquely determined fixed point in K i.e. there exists a unique a € K

such that f(a) = a.

Lemma 1.1.94. ([/9/, Lemma III 1.2) Let V, H be two Hilbert spaces, V* and H*
be corresponding dual spaces. Assume that V — H = H* < V* | where embedding
are dense also. If a function u belongs to L*(0,T;V) and its weak derivative u'
belongs to L*(0,T; V"), then u is a.e. equal to an absolutely continuous function
from [0,T) into H, and the following equality, which holds in sense of distributions
on (0,7T):

d :
7 ()7 =2 (v, w).
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Lemma 1.1.95. [J7] Let T' be given with 0 < T < oo. Suppose that y(t) and h(t)

are non-negative continuous functions defined on [0.T] and satisfy the conditions:

% < Ay® + As + (D), (1.1.4)

/T y(t) < Az and /Th(t) < Ay, (1.1.5)
0 0
where A;;1 = 1,2,3,4. Then for any r > 0 with 0 < r < T, the following estimate
hold

y(t+r) < (% + Aor + A4) etz 4 c[0,T — 7).
Further, if T' = +o00, then

lim y(t) = 0.

t——+o0

Lemma 1.1.96. [/7] (Bellman—Gronwall Inequality) Suppose ¢ € L' [a,b] satisfies
¢
o) < 50+ [ ols)ds,
where f € L' [a,b] and 3 is a positive constant, then
¢
o(t) < f(t)+ B / f(s)ePt==)ds.
In particular if f(t) = « (constant) then

o(t) < e’V for allt € [a,b].

1.2 Geometric Preliminaries

In this section, we aim to give the detailed account of all those geometric
preliminaries needed for the dissertation. In particular, our main topic of concern
will be the Hilbert manifold.

We first recall some of basic topological definitions, for this purpose assume that

X and Y are topological spaces.
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Definition 1.2.1. A function f : X — Y is called Homeomorphism iff f is

bijection and bi-continuous i.e. f and f~' are continuous.

Definition 1.2.2. A cover {U;} (not mnecessarily open) of X is called

i€l

Refinement of another cover {V;} of X, if for all i € I there exists j € J

jeJ
such that U; C Vj.

Definition 1.2.3. A family {U;},_, of subsets of X is called Locally finite if for

iel
each © € X there exists a neighborhood N whose intersection with U; is non-empty

for only finitely many 1.

Definition 1.2.4. A Hausdroff space X s called Paracompact if every open cover

{Ui},e; of X has an open, locally finite refinement.

1.2.1 Hilbert Manifold

We intend to introduce the formal apparatus required to define Hilbert manifold and
hence the definition of Hilbert manifold itself. Throughout subsection, we assume
that M is paracompact topological space and H is separable Hilbert space. All

results and definitions of this subsection are from Chapter 2, Section 2.1 of [33].

Definition 1.2.5. A chart of M with values in H is a pair (O, ), where O is
an open subset of M and ¢ : O — ¢ (M) is homeomorphism between U and open

subset ¢ (M) of H. The set O is called the domain of chart.

Definition 1.2.6. Let (U, ) and (V,4) be charts of M, taking values in H, are

said to be compatible, if either U and V' are disjoint, or the map

1/;og0_1:<p(UﬂV)—>¢(UﬂV)

L s bijection also 1 o o™t and @ op~!

is C° diffeomorphism i.e. the map 1) o ¢~
are smooth, between open subsets of o (UNV) and ) (UNV). The map o' is

said to be a transition map.
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Definition 1.2.7. A family of charts A := {(U;, ;) },c; is called Atlas of M with
values in H, if,

i) M = UierUs;

ii) for all distinct i,j € I, the charts (U;, ;) and (U;, ;) are compatible.
Definition 1.2.8. If 2 and B be the two atlases on M , taking values in H, and
AUB is also an atlas then A and B are equivalent atlases. Assume that A be

the set of all atlases on M. Define a relation ~ on A as:
For 4,8 € A, A ~ B if and only if AU B is also an atlas.

One can see that the relation ~ is equivalence relation on A. Hence this
equivalence relation is going to partition the A into equivalence classes. FEach such
equivalence class C is called differentiable structure on M and pair (M,C) is called
differentiable manifold modelled on the Hilbert space H i.e. Hilbert
manifold. Moreover, if C is differentiable structure on M, then the set

A=,

AeC
s also an atlas of C, called the maximal atlas of for C.

Example 1.2.9. i) Every Hilbert space H has a canonical structure of Hilbert
manifold modelled on itself. An atlas for this structure is given by only chart
(H,iy), where iy is identity map.

it) If O be an open subset of Hilbert Manifold M then A inherits the structure
of Hilbert Manifold in the following manner. If A = {(U;, ¢;)}
on M then Ao = {(U;N O, p;

el denotes an atlas

U,n0) }icy 8 induced atlas on A.

1.2.2 Tangent space on Hilbert Manifold M

Assume that M be Hilbert manifold modelled on Hilbert space H and let 2 be the

maximal atlas of the structure. Consider an arbitrary point m € M and
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A, = {(Us, ¢i) };c; be the set of charts in 2 containing m. Set A, := 2, x H and
define a relation ~ on A,,, in the following manner.
For (U, p,u) and (V,9,v), we say

(U, p,u) ~ (V,1,v) if and only if [(w o) (p (m))} (u) = v.

The map (oo~ (p(m)) : H — H denotes the differential of () o ¢~') at point

@ (m). One can see that ~ equivalence relation on A,,.

Definition 1.2.10. Let ~ be the above described equivalence relation on A,, then

tangent space T,,M at point m, is the quotient set:

T,.M := A,/ ~={[m|].:me M}.

1.3 Dynamical systems preliminaries

In chapter 3 of this dissertation, we will be dealing with the long-term behavior of
the solution of the deterministic problem and we will show that solution converges
to steady state solution as time ¢t — oo. To do this one should need to know the
following dynamical system preliminaries. The dynamical system that we are
going to consider will be the semigroups defined on Hilbert spaces. The reference

for this section is Section 1 & Chapter 1 of [49].

Definition 1.3.1. Let H be a Hilbert space. A family {S(t) : t > 0} of operators

from H into H, that evolve in time is called Semagroup if it satisfy:

S(0) = I, where I is identity operator on H,
S(t+s) = S(t)S(s), for all s,t >0,

Moreover, u(t) :== S(t)ug is continuous in t and uy.
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Definition 1.3.2. For uy € H, by an orbit/trajectory starting from ug the set
U S(t)uo, equivalently {u(t) = S(t)ug : t > 0}.

t>0

Definition 1.3.3. A set A C H, is called invariant under S(-) if S (t) A = A, for
any t > 0.
Definition 1.3.4. A continuous u(-) : R — H is global solution for S (-), if it

satisfies S (t)u(s) = S (t + s) ug, for allt >0 and s € R.

Lemma 1.3.5. A set A is invariant under S (-) if and only if it consists of collection

of orbits of global solution.

Definition 1.3.6. Foruy € H (or A C H), the w-limit set of uyp € H (or AC H)

can be defined as,

w(ug) == ﬂ US(t)uo, (07“ w(A) = ﬂ US(t)A) :

s>0t>s s>0t>s

Lemma 1.3.7. If ug € H then ¢ € w(A) if and only if there exists a sequence of

elements (p,) in A and sequence t,, — 400 such that
S(tn)pn — ¢ as n — o0.

Definition 1.3.8. A point ug € H is called fized/equilibrium or stationary
point of {S(t) : t > 0} if and only if

S(t)yug = ug, for allt > 0.

Lemma 1.3.9. Assume that ) # A C H and for some to > 0, the set |J S(t)A is
t>to
relatively compact in H. Then w(A) is non-empty, compact and invariant.

1.4 Miscellaneous Preliminaries

In this section we aim to provide some of fundamentals from classical set theory,

real analysis and measure theory.
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1.4.1 Equivalence relations, Partially ordered set and

Kurtowski-Zorn’s Lemma

Main objective of this subsection is to introduce the Kurtowski-Zorn’s Lemma,
which will play a significant role in the existence of a local maximal solution of
our deterministic Heat equation on Hilbert-Manifold. Let us begin by recalling
fundamentals of relation theory. The primary source for this subsection is Chapter

1 of [32).

Definition 1.4.1. Let A and B be two sets. By a relation (or binary relation)
~, from a set A into B, is a subset of A x B. Suppose R is a relation from A into
B, if (a,b) € A x B we denote this by aRb or R(a) = b. Moreover, the domain,
denoted by D(R), and the range or image, denoted by Z(R), of relation ~ can be

defined in the following manner,

D(R) : ={xz:xz € A and there ezists y € B such that (z,y) € R},

Z(R) : ={y:y € B and there exists x € A such that (z,y) € R} .

Example 1.4.2. Let X be a non-empty set. Let R be set of all ordered pairs
(U, V) e X x X such that U CV i.e.

R={UV):(U,V)e X x X and U CV},
defines a binary relation.

Definition 1.4.3. Let R be a binary relation on set =. Then R is called:
i) Reflexive, if for all x € = we have xRx.
ii) Symmetric, if for all x,y € Z, xRy implies yRx,

ii1) Transitive, if for all z,y,z € =, xRy and yRz implies xRz.
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Definition 1.4.4. Let E be a relation on =. Then E is called Equivalence relation

on = if R is reflexive, symmetric, transitive relations.

Example 1.4.5. Let X be a non-empty set. Consider ~ be relation on X defined
as, U ~V if and only if U CV then ~ is:

i ) Reflexive, because for any U C X, trivially U C U d.e. U ~ U.

it) Transitive, because for any U VW C X if U ~ V and V. ~ W i.e.
UCV CW wmpliesU CW i.e. U~W.

But ~ is not symmetric because U C V' does not necessarily imply V- C U

1.e.U ~ 'V does not necessarily imply V ~ U. Thus ~ 1is not equivalence relation.

Definition 1.4.6. Let E be an equivalence on set =. For all x € E, by [x] we mean
the set
[z] ={y € A: yEx}

called the equivalence class determined by x.

Following is an important theorem about the fundamental properties of

equivalence classes.

Theorem 1.4.7. Let E be the equivalence relation on =. Then for all x,y € = :
1) [2] # 0,
i) if y € [z] then [x] = [y],
iii) either [x] N [y] =0 or [2] = [y],

w) == [zl

TEE
Definition 1.4.8. Let = be P be non-empty collection of subsets of =. We say that
P s called partition of = if the following properties hold:
i) for all B,C € P either B=C or BNC =),

ii)== U B.

BeP
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Theorem 1.4.9. Let E be the equivalence relation on =. Then
P ={[z] :x€ A},
defines a partition of =.

Definition 1.4.10. A relation < on = is called partial order if < is:
i) = is reflexive i.e. x <z for allz € Z,
i1) =< is antisymmetric i.e. for all x,y € Z if x <y and y < x then v =y,
ii1) < is transitive i.e. for all x,y,z € Z if v Xy and y < z implies x < z.

In this case (2, <) is called Partially ordered set (or POSET).

Example 1.4.11. Let X be a non-empty set. Consider =< a relation on X defined
as, U XV if and only if U CV then < 1is:

i ) Reflezive, because for any U C X, trivially U C U i.e. U <X U,

i1) Antisymmetric, because U 2V and V 2 U d.e. U CV C U implies U =V,

iii) Transitive, because for any U V,W C X if U 2V and V. <X W i.e.
UCV CW wmpliesU CW i.e. U=<W.

Hence =< is partial order on X and (X, =X) is a POSET.

Definition 1.4.12. A partially ordered set (Z,=) is called chain or linearly

ordered set if for all x,y € = either x <y ory < x.

Definition 1.4.13. Let (2, <X) be a Poset and B C E then:

i) an element u € = is called upper bound of B if v < u for all x € B.

ii) an element | € = is called least upper bound of B if the following two are
true:

a) 1 is upper bound of B,

b) if c € Z is upper bound of B then | =< c.
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Definition 1.4.14. Let (=, =) be a Poset. An element m € = is called maximal

element of A if there is no element x € = such that m < x and m # x.
Following the main result of this subsection i.e. Kurtowski-Zorn’s Lemma.

Lemma 1.4.15. (Kurtowski-Zorn’s Lemma) If every chain in a Poset (Z,=X) has

an upper bound in = then = contains a maximal element.

1.4.2 Limit theorem in R

In this subsection, we recall one of the basic limit theorem from real analysis, which

we are going to use at several instances throughout the dissertation.

Definition 1.4.16. [27/ A sequence of real numbers (ap)nen 15 called
monotonically increasing iff a, < a,.1, for all n € N. Similarly it is called

monotonically decreasing sequence iff a, < a,.1, for alln € N.

Lemma 1.4.17. [27] A bounded monotonically increasing (resp.  decreasing)

sequence (an)nen converges to sup {a,} (resp. inf {a,}).
neN nenN

1.4.3 Measure Theoretic preliminaries

In this subsection, we review some of the basic notions from Measure theory. Our

main reference for this is the Chapter 1 of [42].

Definition 1.4.18. A collection F of subsets of X is said to be oc-algebra in X
if F has the following properties:

a) X € F,

b) If A€ F, then A°= X\A € F,

c)IfA, € F,n=1,2,..., then |J Ay € F.
k=1
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If F is a o-algebra in X then (X, F) is called a measurable space and members

of F are called the measurable sets in X.

Definition 1.4.19. If X is measurable space, Y is a topological space, and f is a
mapping from X into Y, then f is said to be measurable function if for every

open set A in'Y, f71(A) is a measurable set in X.

Theorem 1.4.20. Let Y be a collection of subsets of X, then there exists a smallest
o-algebra F in X such that >, C F. This o-algebra is denoted by o () and called

o-algebra generated by .

Definition 1.4.21. Assume that (X, 7) is a topological space,by above theorem there
exists a smallest o-algebra B such that 7 C B. The space (X, 7) is called Borel

o-algebra and elements of B are called Borel sets of X.

Remark 1.4.22. Closed sets are Borel because B contains all open sets and being
o-algebra contains the complements of open sets. Moreover since B is o-algebra so
it contains countable union of closed sets and countable intersection of open sets and
so these are Borel, denote Fys by countable union of closed sets Gs by the countable
intersection of open sets. Since B is o-algebra in X so (X, B) can be treated as the
measurable space. A function f : X — Y, where Y is topological space, is called a
Borel measurable function if inverse image of each open set in Y, is a Borel

set in X .

Theorem 1.4.23. Suppose F be a o-algebra in X and Y be a topological space. Let
f be a map from X into Y, then the following holds:

a) IfS. ={E CY: f'(F)€F} then Y is o-algebra in Y.

b) The inverse image of Borel set in'Y, under a Borel measurable map f, is a
measurable set in X.

c) IfY =R and f~' (a,00) € F, for every a € R, then f is measurable.
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d) If f is measurable, if Z is a topological space and if g : Y — Z is Borel

measurable then g o f is also measurable.

Theorem 1.4.24. Let f,, : X — R be a measurable function, for eachn =1,2,3...,

then supf, and lim sup f, are also measurable.
n>1 n—oo

Definition 1.4.25. Let (X, F) be the measurable space. A map p: F — [0,00] is

called measure on X if:

i) () =0,
ii) Any countable family (A;)ien C F of pair-wise disjoint sets, satisfies the

following o-additivity property,

% (U Ak) = ZM(Ak)~

In this case (X, F,u) is called measure space. The measure p is called finite if

p(X) < oo and is called probability measure if pn(X) = 1.

Theorem 1.4.26. Let p be a positive measure on the o-algebra F then:

a) p(0) =0,
b) If Ay, Agy oy Ay € F and AiNA; =0, fori# 34, 4,5 =1,2,....n, then

H (Uz‘h) = ZM(Ai)a

c) If Ay, As, ... € F and A; C Ajyq, for alli € N, then

and p (Ap) < oo.

54



1.4. Miscellaneous Preliminaries

Definition 1.4.27. Let (X, F,u) be the measure space. A measurable function
¢ : X — [0,00) is called simple function if there exist real valued sequence (¢;);_,

such that ¢ can be written in form:

¢=> ¢ila,
i=1
where A; :== ¢~ (¢;). also 14,(x) =1 if v € A; and 14,(x) =0 if z € X\A.
For E € F we define,

[ ¢dui= > oA,
=1

Note that if for some i, ¢; =0 and p(A; N E) = oo then we set ¢;pu (A; N E) := 0.
Finally, if f : X — [0,00]| be a measurable function and E € F, we define

Lebesgue integral of f over E, is number in [0, 0] as,

/fdu ‘= sup /¢du.
E 0<s<fJE

Theorem 1.4.28. (Monotone Convergence Theorem) Let (f,,) be a sequence
of Lebesque measurable functions on €2, satisfying

a) 0< fi<fo<. <00

b) fn — [ point-wise as n — oo.

Then f is measurable and [, fodp — [o, fdp as n — oco.
Theorem 1.4.29. If f, : Q — [0,00] is measurable for all n € N, and
flz)=> fulx), for all x € Q, then

| sau=3 [ pa

Theorem 1.4.30. (Fatou’s Lemma) If f, : Q — [0,00] is measurable for all
n € N, then

/ (lim inf fn) dp < lim inf [ f,du
Q n—oo QO

n—o0

lim sup/ frdp < / (hm sup fn> du
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Theorem 1.4.31. If f € L' (u) i.e. [, fdu < oo, then

/Qfdu s/ﬂ|f|du.

Theorem 1.4.32. (Lebesgue Dominated Convergence Theorem) Suppose

(fn) be the sequence of complex measurable functions on Q such that f, — f point-
wise as n — oo. If there exists a function g € L' (u) such that |f,| < g on Q then
feL'(u) and

lim [ |f,— fldp =0 also lim /fndp = / fdp.
Definition 1.4.33. [f6] Let (X,.A) and (Y, B) be two measurable spaces. Then
AB:=0c(AxB)=c({AxB:Ac A, BebB}).

is called a product o-algebra, and (X x Y, A® B) is the product of measurable

space.

1.5 Stochastic Preliminaries

This section is very important as we aim to provide preliminaries from stochastic
analysis.

For the section we fix the probability space (2, F,P). Let us begin by reviewing
the basic definitions related to stochastic processes that we are going to encounter
frequently, throughout the dissertation. All results and definitions of this section

we refer to Chapter 1 of [39)].

Definition 1.5.1. A continuous-time stochastic process (X;), .y is a family of
H -valued random variables indexed by time t, where H denotes a measurable space,
moreover we treat either T := [0,T] or T := [0,00). For each w € Q, the map
X (w):t €T — X (w) is called path (or trajectory) of the process for event w,

moreover for each t € T the map w — X, (w) is a random variable.
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Definition 1.5.2. A filtration on (Q, F,P) is an increasing family F := (F;),cr
of o-fields of F such that, for all s < t in T, we have F3 C F; C F. A process
(Xt)er is called Adapted w.r.t F , if for allt € T, X, is F;-measurable. Further,
the process (X),er s called is called Predictable, w.r.t filtration F, if the map
(t,w) — X (w) is measurable on T x Q equipped with o-field generated by the
F-adapted and continuous processes. Moreover, (X;),.r is called progressively
measurable, w.r.t F, if for allt € T, the mapping (s,w) — X, (w) is measurable

on [0,t] x Q equipped with the product o-field B @ F;.

Remark 1.5.3. i) Any progressively measurable process adapted and measurable on
T x Q equipped with the product o-field B (T) ® F.

i1) Any continuous and adapted process X is predictable.

Lemma 1.5.4. Limits of progressively measurable processes are progressively
measurable. Moreover, if the processes (Xi),cp is adapted with right continuous

paths, then it is progressively measurable.

Definition 1.5.5. A random variable T : Q — [0,00] i.e. a random time, is a

stopping time (w.r.t filtration F := (F}),cq) if for all t € T,
{r<t} ={weQ:7(w) <t} € F.

A stopping time T is called accessible (or predictable) if there ezists a
sequence of stopping times (7,),cy Such that: almost surely we have the following:
i) im 7, =T,
n—o0

ii) on {T > 0} we have 7, < 7, for all n € N.

We say that sequence (1), . approzimates (announces) T.

neN

Remark 1.5.6. i ) One can easily see that if T and o are two stopping times then

TNo, TV o and T+ o are also stopping times.
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ii) Every stopping time T is F.-measurable, where F, is the following o-field
F.={B:Bn{r <t} eF, foralteT}.
i) A r.v € is Fr-measurable if and only if for allt € T, {1(;<yy is Fy-measurable.

Proposition 1.5.7. Let (X;) be a progressively measurable process, and T a

teT
stopping time. Then X 1i;<p 1s Fr-measurable and stopped process Xinr 1s also

progressively measurable.

Proposition 1.5.8. Let (X;) be a progressively measurable process and I' be an

teT

open subset of RY. The hitting time of I', given by:
or:=inf{t >0: X, € '}, with inf () = oo,

is a stopping time. Further, if T' € B(T) (Borel o-algebra) then oy is still a stopping

time.

Theorem 1.5.9. (Section theorem) Let (X;),or and (Yi),er be two progressively

teT

measurable processes. Assume that for any stopping time T, we have
X, =Y, as on {1 <oo}.
Then, the two processes (Xi),cp and (Y3),ep are indistinguishable i.e.
P{X, =Y forallteT})=1.

Definition 1.5.10. (Standard Brownian Motion) A Standard d—dimensional
Brownian motion on T is a continuous process walued in RY,
(Wi)yer = (WL, W2, ., W), such that:

i) Wo =0,

ii) For all 0 < s < t in T, the increment in W, — Wy is independent of
o ({Wu,u<s}) and follows a centred Gaussian  distribution  with

variance-covariance matriz (t — s)1,.
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Remark 1.5.11. One obvious deduction is that, 1 = 1,2,...,d, coordinates
(Wi),er, of d—dimensional Brownian motion, is a real-valued independent
standard Brownian motion. Converse is also true i.e. if (W}),cp, for each
) = 1,2,....d, be the standard real-valued Brownian motion then

(We)yer = (WEWE, .., Wtd)te'l[‘ is standard d—dimensional Brownian motion on T.
Now we present definition standard vectorial Brownian motion w.r.t a certain

filtration F = (F),cq -

Definition 1.5.12. A d—dimensional Brownian motion on T w.rt

F = (Fi)iers 5 a continuous F-adapted process wvalued in R4,
(Wo)ier = (WL WE, .., Vth)teT such that:
7’) WU = 07

ii) For all0 < s <t in T, the increment in W, — Wy is independent of Fs and

follows a centred Gaussian distribution with variance-covariance matriz (t — s)lg.

Definition 1.5.13. An adapted process (X;) taking values in measurable

teT

space  (H,u), is called H-valued martingale if it is integrable i.e.

E(|X:]) = [ |X:] dp < o0, and
E (X¢|Fs) = X a.s., forall0<s <t ands,teT.

Theorem 1.5.14. (Optional sampling Theorem) Let o and T be T-valued bounded
stopping times such that o < 1. If (X),op is the martingale with right continuous
paths then,

E (X;|Fs) = X, a.s..

Corollary 1.5.15. Let X = (X;),.p be an adapted process with right-continuous
paths. We have the following,
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i) X is martingale iff for any T-valued bounded stopping times o and T we have
X, e L' and
E(X,) =X a.s. .

it) If X is martingale and T is a stopping time, then the stopped process

X7 = (Xinr)ser 18 also a martingale.

Theorem 1.5.16. (Doob inequalities) Let X = (Xi),cx be a non-negative
martingale with right-continuous paths. Then for each stopping time T-valued

stopping time T, we have,

IN

E(|X
P(sup | X 2)\> M, for all A > 0,

0<t<r

P » \’
E (sup |Xt|> < (—) E (|X.|"), forallp>1.
p

0<t<r -1
Theorem 1.5.17. (Burkholder-Davis-Gundy) For any 1 < p < oo there exist
positive constants ¢, and C, such that, for all continuous martingales X with
Xo = 0 and stopping times T, the following inequality holds.

= [0077] <= (g o) < iz 7]

Where (X) denotes the Quadratic variation of X.

1.5.1 Some Stochastic PDE results from Pardoux [37]

In this last section of preliminaries chapter, we intend to present the existence and
uniqueness results for the most general form of the stochastic partial differential
equation, studied in [37]. Moreover, we also present the corresponding version of
[to Lemma that we are going to use at several places in the dissertation. Let me

begin by setting up some notion. Assume that (£2, F,P) be a probability space and
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1.5. Stochastic Preliminaries

(Wi) >0 the d—dimensional standard Brownian motion. Let (V,||-||) and (H, [-[;)

be two separable Hilbert spaces, such that
VcHCcCV,

where (V',]|-]|") be dual of V' and also the above inclusions are dense.By (,) we
mean the duality product between V' and V', further by (,) scalar product in H,

and [,] denotes the scalar product in R?. Finally, the norm on H? will be denoted

by:
J 1/2
2
i=1

Hilbert space-valued Stochastic Integrals and It6 Lemma

In this subsection we are up to present the stochastic integral taking values in
Hilbert space and hence the Ito Lemma. For this purpose, we are going to employ
the notation introduced above.

For a Hilbert space X, by M?(0,T; X) we mean the space of all of X-valued
measurable processes, (u (t))te[O,T} , which satisfy the following two conditions:

i) u(t) is F; measurable a.e. in t € [0, 7],

i) E [ u(t)x dt < oo

In particular, X can be taken as R?, H, H? V, V¢ and V'.

Proposition 1.5.18. [37] The space M?(0,T;X) is a closed subspace of
L*(Q x (0,T),dP ® dt; X) and hence complete.

For ¢ € M? (O,T; Hd) and any h € H, let us define a map
h— fot [(h,s(s)),dWs], from H into L? (€2), where [,] denotes the scalar product

in R?. Indeed, this map is linear. Using this map we can define the H-valued
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random variable f(f [¢(s),dWs], in the following manner:

(h, /O t [g(s),dWS]> — /O (b <(s)) AW for all h e .

Proposition 1.5.19. [37] The process My = fot [s(s),dWy] is Continuous

H-martingale and it satisfies the following:

M / S(s)2ds = 2 / (M, o(s)) W]

E|[M/|)* = E(/Ot\g(s)Ist), forte[0,T] .

1.5.2 A generalized version of the It6 Lemma

Following is the version of Ito0 Lemma that we are going to incorporate at several

places in dissertation.

Theorem 1.5.20. [37] Let u € M?(0,T;V), ug € H, v € M*(0,T;V’') and
¢ € M?(0,T; H?), all these satisfy

u(t) = ug + /Ot v(s)ds + /Ot [s(s), dW].

Moreover, assume that v : H — R be twice differentiable functional, which satisfies
the following:

i) The maps ¥,v¢" and V" are locally bounded.,

i) the maps v and )" are continuous on H,

iii) for all Q € LY (H), Tr (Q o)) is a continuous functional H.

i) if u e V,y'(u) € V then the map u — '(u) is continuous from V (with the
strong topology), into V' endowed with the weak topology.

v) there ezists k s.t.

[ (W)l < k(A +[lull), for allue V.
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Then fort € [0,T]:

1.5.3 Existence and Uniqueness result

For f € M?*(0,T;V"), g € M?*(0,T; H*) and u € M? (0,T;V), the most generalized

form of the problem considered in Pardoux [37] is the following:

du(t) + (A()u(t) + f(1))dt = [B)u(t) + g(t), dW.]

u(0) = wup € H.

Theorem 1.5.21. [37] There exists a unique solution of above described problem,

which also satisfies:
i)ue L*(Q;C(0,T;H)),
i)
) = ool +2 [ (Aus) + (). ) s
= /0 [(Bu(s) + g(s),u(s)), dW (s)] +/0 |Bu(s) + g(s)|* ds.
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Chapter 2

Global solution of non-linear Heat

equation on Hilbert Manifold

In this chapter, we are concerned with the problem of existence and uniqueness of
a local, local maximal and global solution for the nonlinear heat flow equation
projected on a manifold (Hilbert) M. In the first section, we are going to begin
with some motivational comments and then we will be setting up some notation
related to spaces, manifold, and operators, which we are going to deal with later in
this chapter. Later, in the first section we will introduce the deterministic
constrained problem (abstract and particular projected evolution equation) of our

interest, we will end the first section by setting up necessary assumptions and
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providing the definition of the solution. In the second section, we aim to construct
the local mild and local maximal solution of main evolution equation. To do this,
we first work on an approximate evolution equation and obtain its solution, with
the aid of Banach fixed point theorem. Next, using the Kartowski-Zorn Lemma we
aim to obtain the local maximal solution of approximate evolution equation. Then
we are going to show that if we can find a constant R such that the energy norm
of initial data wug is bounded by R, then the solution (local or maximal) of
approximate evolution equation is equivalent to the solution (local and maximal)
of main evolution equation. The third and last section of this chapter begins with
finding a sufficient condition for the local mild solution to be the global solution.
Then we are going to prove invariance of manifold i.e. if the initial data lives in
manifold then the solution, of projected evolution equation, itself lives in the
manifold. Finally, the section and chapter end at the proof of global solution. One
interesting fact about the projected flow is that it possesses a gradient flow

structure.

2.1 Introduction, Main Problem and Motivation

Rybka in [43] has considered the heat equation in L?(Q) projected on a manifold
M, where

M = {u c L*(0)NC(O) : /Quk(:v)d:v =Cy, k= 1,2,‘..,]\7} :

and O be a bounded, connected region in R%. Rybka has shown that solution to this
problem converges to a steady state as a time of motion. Our approach to tackle

the problem is absolutely different from the approach of Rybka [43].
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2.1.1 Notation

Let us set some notation that we are going to follow not only in this chapter but

throughout the dissertation.

Assumption 2.1.1. We assume that (E,|-|z), (V,[||), (H,|-|;;) are Banach spaces
such that
E—V—H,

and the embeddings are dense and continuous.

Remark 2.1.2. In our motivating application, we will consider the following choice

of space

where O C R for d > 1, is a bounded domain with sufficiently smooth boundary.

A be the Laplace operator with Dirichlet boundary conditions, defined by
D(A) = Hy?(0)n H*?(0), (2.1.1)
Au = —Au, ue D(A).

It is well known that, see [51)] (Theorem 4.1.2, page 79), that A is a self-adjoint
positive operator in H and that V = D(AY?), and

Wm2:|A”%42:i/|Vu@ﬁFdx
@

Moreover,

EcVcHcCV =H'(0),

and inclusion are continuous and dense. Hence E, V and H satisfy Assumption

211
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2.1.2 Manifold and Projection

The version of Hilbert manifold we are going to deal with, is the following

submanifold M of a Hilbert space H (with inner product denoted by (-, )),
M={ueH:u}=1}.

Moreover the tangent space, at a point v in H, is of form,
T.M = {v: (u,v) =0}.

Let m, : H — T,M be orthogonal projection of H onto tangent space M then

immediately we have the following lemma.

Lemma 2.1.3. Let n, : H — T,M be orthogonal projection then

Tu(v) = v — (u,v) u, where v € H.

We aim to study the projection of Laplace operator and polynomial non-linearity
of degree 2n — 1.
Let us pick a v € E. Using the last lemma we calculate an explicit expression

2n

for projection of Au—u?"~! under 7,. The below given calculation using integration

by parts, cf. [3] (corollary 8.10, page-82),

2n—1> = Au-— u2n—1 o <AU o u2n—1’ U> U

Tu (Au —u
= Au—u"""+ (—Au,u)u+ (W u)u
= Au—u""+ (Vu, Vu)u+ (u* L u)u

= Au+ (HuH2—|— |u|i"2n)u—u%*1 (2.1.2)

We now proceed towards introducing the evolution equation that arise from above

mentioned projection.
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2.1.3 Statement of main problem

Let the spaces F/,V and H be the Hilbert spaces as in Remark|2.1.2] The following is

the main deterministic evolution equation that we are going to deal in this chapter.

T = mbu— ) = Aut (ol ) -, (213)

u(0) = wup,

where n is a natural number (or, more generally, a real number bigger than 3), and
up € VM.

Assume that E,V, H be the abstract spaces satisfying Assumption Then
we can also treat above mentioned evolution equation as a special case of the

following evolution equation (of parabolic type) with abstract F'

W)+ Aut) = Fu), 120 (2.1.4)

uw(0) = up.

Here A is self-adjoint operator, F' is map from V into H is locally Lipschitz
and satisfies a certain symmetric estimate, which we are going to describe in next

section.

Remark 2.1.4. We will prove existence of the local and local maximal solution in
abstract spaces E, V, H satisfying Assumption [2.1.1. For the existence of global
solutions we will employ spaces E,V and H described in Remark[2.1.2.

2.1.4 Solution space, assumptions, definition of the solution

We now introduce the most important Banach space that we are going to deal

throughout the dissertation. Assume that E,V and H are the abstract Banach
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space as described in Assumption [2.1.1} For any 7' > 0, let us denote
Xr:=L*(0,T;E)nC([0,T];V).

It can be easily shown that (XT7 || XT) is Banach space with norm

T
%, = sup [lu(t)]? + / ()2 dt, u e X
te[0,7 0

Now we state some of important assumptions which we are going to use in the

upcoming sections.

Assumption 2.1.5. Let F C V C H satisfy Assumption [2.1.1. Assume that
S(t),t € [0,00), is an analytic semigroup of bounded linear operators on H, such
that there exist positive constants Cy and Cy:

i) For every T > 0 and f € L*(0,T; H) a function u= S x f defined by

u(t) = /0 S(t— r)f(r)dt, t € [0,T]

belongs to X and
|U|XT < Cl |f|L2(07T;H) (2.1.5)

Note that Sx : L*(0,T; H) — Xt (f — S * f) is a linear map and in the view of
(2.1.5)) it is also bounded.
ii) For every T > 0 and every ug € V, a function u =S (-) ug defined by

u(t) = S(t)ug, t €[0,T]

belongs to X1 and satisfies

ul . < Co lluol| - (2.1.6)

Now we introduce an auxiliary function which will be used later for truncation

of norm of the solution. Let § : RT — [0,1] be a non increasing smooth function
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with compact support such that

inf '(x) > —1, (z) =1iff z € [0,1] and O(z) = 0 iff x € [2, 00). (2.1.7)

reR

For n > 1 set 6,(-) = 6(=). We have the following easy Lemma about § as

consequence of previous description.

Lemma 2.1.6. ([13], page 57) If h : R, — R, is a non decreasing function, then

for every x,y € R,

0 (e)h(x) < (2n), 16a(x) — 6u(0)| < |~ o], (2.18)

Next we are going to define that what we mean by local, local maximal and

global solution of problem ([2.1.3)).

Definition 2.1.7. For ug € V, a function u : [0,T)) — V is called local mild
solution to problem with initial data ug if the following conditions are
satisfied,

i) for all t € [0,T}), uljps € X,

ii) for all t € [0,T7),

u(t) = S(t)ug —i—/o S(t—r)F (u(r))dr.

A local mild solution (u(t),t € [0,11)) is called a mazimal solution if for any other
local mild solution (ﬂ(t),t € [0, ﬁ)) such that:

i) Ty > T,

ii) the restriction of U to [0,Ty) agrees with u implies Ty = Tj.

A local mazimal solution (u(t),t € [0,T1)) is called a global solution in T} = co.
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2.2. Emistence and Uniqueness of local and local maximal solutions

2.2 Existence and Uniqueness of local and local

maximal solutions

In order to prove the existence and the uniqueness of local mild and local maximal
solutions to our abstract problem (in particular projected constrained
Problem , we are first going to study the existence and uniqueness of
solutions to approximate abstract evolution equation given below. Let us assume
T as some positive real number. We are interested in proving the existence and
the uniqueness a local mild and local maximal solution u™ to the following

evolution equation:

u(t) = S(t)uo —l—/o S(t—r)0, ([u"]y.) F (u(r))dr, t €[0,T], (2.2.1)

u"(0) = wup, where ug € V.

All the results proven in this section will be in abstract FE,V and H spaces
satisfying Assumption [2.1.1] For the existence of a local solution of (2.2.1)), we will
construct a globally Lipschitz. map from X7 into L? (0, T; H) and then by using this
globally Lipschitz map, we will construct a contraction and hence the existence and
uniqueness of local mild solution are guaranteed by Banach fixed point theorem.

Then using Zorn’s lemma on the set of Local mild solutions, we will imply the

existence of a local maximal solution of (2.2.1)).

2.2.1 Important Estimates

In this subsection we are going to treat £,V and H in Remark [2.1.2, The aim of

this subsection is to show that the nonlinear part of our projected heat flow problem
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(2.1.3)) i.e. the function F': V — H defined by:
F(u) == |Jul?u — v+ ulul2, (2.2.2)

is locally Lipschitz and satisfies a certain symmetric estimate. Recall the following

well known Gagliardo-Nirenberg-Sobolev inequality.

Lemma 2.2.1. [f7] Assume that r,q € [1,00), and j,m € Z satisfy 0 < j < m.
Then for any u € Cg° (R?)

1 m. |a 1—a
|DJU‘LP(R(1) S O ’D u‘LT(Rd) |u|Lq(]Rd) s (223)

where % = §+a (% — %) +(1—a)%, foralla € [%, 1}. ]fm—j—g is a non-negative

integer, then the equality (2.2.3) holds only for a € [%, 1).

Observe that our projected heat flow problem (2.1.3) involves L?" norm,
therefore at several instances throughout this section and dissertation we will use
the following particular case of Gagliardo-Nirenberg-Sobolev inequality.

For our case we choose r=q¢=2,7=0, m=1,d=2, and p = 2n, so

1 0+ 1 1 L )1
— — — a —_ = —Qa)—
P 2 2 2 2’
1 1
— = (1—=a)=

1 1

— = l—aora=1— —.

n n

Plugging values of 7, ¢, j, m,d and p in inequality (2.2.3)) we get, with a =1 — %,
a 1—a 1,2
(Ul pon(re) < C|Vulpage) [ulp2ge) v € Hy™ (0).

As H=L?(0) and V = Hy* (0) (i.e.||ul| = | V| 2 (2y) SO above inequality can be
re written as,

a 1—-a
|l p2n ey < Cfluf|™ Jul " (2.2.4)
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Remark 2.2.2. i) From Remark we know that embedding V' — H 1s compact

i.e. there exists ¢ > 0 such that
uly <cllull, weV.
Hence inequality , simplifies to
|U|L2"(R2) <Clull, ueV, (2.2.5)

where C := cC. The last inequality reflects the fact that V — L** (R?) continuously,

where n € N.

Before proving the main result of this subsection, consider two useful Lemmas.

Lemma 2.2.3. Ifa,b > 0 then
(@™ —b") <na" ' (a—0). (2.2.6)

Proof. Indeed, for a = b required result holds trivially. Now assume the case a # b.

Let us begin with the following observation,
a"—=b"=(a—b)(a" " +a" b+ ...+ 0.
Consider the case when a > b, then from equation above

a"—=b" = (a—0b) (" +a" b+ ...+ 0",
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Now consider the case a < b i.e. g > 1 then,

a"—=b" = (a—0b) (" +a" b+ ...+ 0",

n_bn
a4 = " +a" 4.+
a—>b
n—1 b b " n—1 n—1
= a I+—+4+ ..+ (- >a" " (1+1+..+1)=na""",
a a
a™ —b" - 1
na' .
a—2b

As a < bsoa—>b<0soon multiplying a — b on both sides of above inequality
(a™ —b") <na" ' (a—0).
Thus the inequality holds in all cases. This completes the proof. |
Lemma 2.2.4. For real number a,b and n € N,
" — | < g la —b] (Ja]" ™" + [B]" ") . (2.2.7)
Proof. Since
la™ — 0" = ‘(a —b) (a" " +a"b+ .+ b"_l)‘ ,

< la—b| <Z la|"™" |byi—1> : (2.2.8)
=1

Using young’s inequality
2P q

my§—+y—, Whereq:i,
P g p—1
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for x = |a]n_i, Yy = ’b\i_l, p= Zj and ¢ = % we
n—1 ”*11
n—i\ n—t i—11) i
n—i 1—1 <|a| ) <’b| >
la" " o], < | R
n—i 1—1
“ n—i i— 1 n— . n— - )
Sl < <|a| 'Y )+ 1o 12“‘”)’
i=1 =1 i=1
1 n—1 = n—1 -
= o (ra\ > n=i) <o Z@‘”)’
i=1 i=1
_ 1 n(n — 1) |a|n_1 n(n - 1) |b|n—1
n—1 2 2 ’
n e n—
= () 229)

Using inequality (2.2.9) in (2.2.8]) we get

n e e
@ =5 < Sla =0l (ja" ™ + ")

[ |
Following is the main result of this subsection.
Lemma 2.2.5. Consider a map F : 1% — H defined by
F(u) = |ul®u —u*" +u|ul>3.. Then there exists a constant C' > 0 such that the
map F satisfies:
|F(u) = F(v)l g < G(llull s [[o]]) [lu = vl] (2.2.10)

Where G : [0,00) x [0,00) — [0,00) is a bounded and symmetric polynomial

map. In fact one can take

(#57) (= 5207 (r o+ 5)

G(r,s) =C[(r* +5°) + (r+ 5)2} +C,
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Proof. Set F(u) = |[ul®u —u> " 4 uul7s, =: Fi(u) — Fy(u) + F3(u). We will now
find the estimate for each of Fi, F, and F3.
Let us begin with considering estimate for Fj. Let us fix u,v € V. Then using

triangle inequality,
2 2
[Fi(uw) = F()ly = llull®w = [0l o]
= [l w =l o+ [ful*o = [lo]* o],
2 2 2
ll® (w = v) + ([[ull® = [[0[F°) ],

2
[l fu = ol g + (lull ol (el = Jol]) ol

2 2
< (lull®+ 11olF) [u = vl

IN

+ ([[ull + vl [lw = vl (ful g + |vlg)-

Since embedding V' — H is continuous so there exists C' such that |u|,; < C||u]|

for all u € V. We infer that ,
[Fy(u) = Fi(0)] g < C [l + o)) + (lall + llol)?] lu = o] (2.2.11)

Now consider F3. Again fix u,v € V. Then

|F3(u)_F3<U)|H = ‘U|U|L2n - |U|L2"’H
= JululPs, —wlv[fa. +ulvfE. —vlolf|,
< ‘U(ML% |U‘L2”)’H+ ‘ ’U’L2"|H

= Julg [Julgsn = ol |+ lu = vl [ofZ5.
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Using Lemma and inequality (2.2.5) we get

2n—1 2n—1 2n—1
Rt~ Ay < (25 ) (4 of3) aly ol

+O Ju — vl [Jv
(Qn; 1> L (a0 (ol ) flul lu = o]
+CPH [lu = ol
(B (™" ol ) (el + ol

+ (™ + [lo]*")
lu =] (2.2.12)

H2n

= CTL

where C,, := C?"+1,
Now consider F,. Let us again fix u,v € V. In the following chain of

inequalities we are going to use inequality (2.2.5)), Cauchy-Schwartz inequality and

the continuity of embedding of V < L* (D), with C,, = (252),

R = Ry = e = < [ o) - o @) o
< [ (75 2|u<x>—v<x>|<|u<x>|2"2+|v<a:>|2"2))2dx
= (B2 [ @ ) ) - o)

< (2712_2)2 </D (|u(x)\2"—2+‘v(x)‘Qn_2)4dx)1/z
</D [u(@) = v(@)l* d:ic) v

[F2(u) = Fa(v)|y < 0(/D(IU(OC)IZ”_erIv(w)l2n_2)4d$)iIu—v|L4

< CG (/D (|U(x)\2”_2+Iv(x)\2”_2)4d$)i||u—v|!-

Next we going to use the Miknkowski inequality

(/D<f(x) : g(x))“dx) ) = (/D<f(x)4d$) : + (/p 9(1:)4d:6) :
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for f(z) = |u(@)]” *g(x) = |v(z)]* > Moreover, use of the continuity of

embedding V < L%"~8 it follows that

[Fo(u) = Fa(v)|y < C(Jn[(/D (Ju(a)™) dx)1/4+(/D(|v(fC)\8”_8) dw>1/4] lu = ]|

C (lulzans + [vlzas) lu — o]

IN

n— 2n—2 2n—2
< CC ([l + [l 77) lu — o] (2.2.13)

where C,, :== CC,,c*" 1.
Combining inequalities (2.2.11), (2.2.12) and (2.2.13) we get the desired

inequality. [

2.2.2 Existence and Uniqueness of Local mild solutions of

Approximate abstract evolution equation

In this subsection, we intend to prove the existence and uniqueness of a local mild
solution to evolution equation (2.2.1)). Let us begin by proving the following abstract

result.

Proposition 2.2.6. Let E,V and H satisfy Assumption [2.1.1.  Assume that
F V. — H be an abstract map that satisfies the following inequality, for all
U, Ug €V

[F(u1) = F (ug) |y < [Jun = w2ll G ([Jua] [Juzl]) (2.2.14)
where G : Ry x Ry — R be symmetric function and for all K > 0 there exists

C = Ck such that
|G (r,8)] < Ck forallr,s € [0, K]. (2.2.15)

Let 6 is as described by [2.1.7) and (2.1.8). Define a map %} p : Xy — L*(0,T; H)
by,
(27 (w)] () = On(Julx, ) F(u(t), t €[0,T].
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2.2. Emistence and Uniqueness of local and local maximal solutions

Then @7, is globally Lipschitz and for any uy,us € Xr, it satisfies,
n n 1
where C,, = (2n)* |G (2n,0)| + G? (2n,2n).
Proof. We start by showing that ®7 . is well-defined. Let u € X7 then
n 2 2
‘(I)T,F<u> ‘L2(O,T;H) = |9n<|U’Xt)F(U(t)) |L2(O,T;H)
T
2
= [ ol Pl a
Since |A]* < 1 so \0n|2 < 1, using this and the inequality (2.2.15)) we infer that,
2 g 2
0@y < [ ) d
0
T
< [ i e o

Since Xp C C([0,7];V) so |lu(®)|| < |uly, < oo, for all t € [0,T]. Also from
(2.2.15) we know that |G (||lu(t)||,0)] < Ck. Using this inference in to the last

inequality above it follows that,

T
n 2 2 2
85 (0) 2 o) < /0 uf%, C2dt = [uf’., CLT < oo,

Hence @7 - is well-defined.

Let us fix uy, us € Xp. Set

i =inf {t € [0,T]: |ui|y, > 2n},i=1,2.

WLOG we can assume that 73 < 75 . Consider
. R
9 (0) = 00y = | [ 19 — @) ]
0

) UOT|9’1<'“1|Xt>F<ul<t>> Ol )P (a0
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2.2. Emistence and Uniqueness of local and local maximal solutions

For i = 1,2, 0,(ugly,) = 0 and for t >

‘@%F(m) - (I)%F(Uz)‘Lz(O,T;H) - /0T2 ‘9”(‘u1|Xt)F(u1(t)) B en(|u2|Xt)F(UQ(t))’i{} E ’

2

/fz B[t | ) F (1 (6)) — (s ) F (s (1)
0 | +Oa(furl ) F () — () F(u(2))

1
277 2

H

= |7 e (i) = FmOD *
0 (en(’uﬂxt) - Gn(]uQ\Xt)) F(us)(t)

H

Using Minkowski’s inequality we infer that

B () — B (02)] 1 oy < [ 1l (Pl (e = Fluate) ;dtr

N

+ (/072 | (On(Jurlx,) — n(luzly,)) 'F(U2(t))|2dt>

(2.2.17)
Set
A= [/072 |(On (] y,) = On(luzly,)) F(U2(t))\l2q] : dt
B = | [T 1ot (Pl - Fluao)1) “a
Hence the inequality can be rewritten as
| D7 (ur) — Pr(ua)| 2oy < A+ B (2.2.18)
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2.2. Emistence and Uniqueness of local and local maximal solutions

Since the function 6, is Lipschitz we infer that
T2
2
a2 = [T | Oulul)  a(lusl ) Fua(e) d
0
T2 2
on? / [urlx, — fuelx, 2 [P (o (0)) 3 di
T2
2
i [l — Jual, [ [Pl d
0
2 2 2 2
< [l [P di
0

T2
< 4n?|uy — u2|§(T/ | F(uy(t))|7 dt. (2.2.19)
0

IN

IN

Next we want to estimate the integral the last inequality. By use of inequality

@.2.14)
/ Flus(t) dt < / lus ()2 1G (lus(8)] ) dit

< swp Jus(®)IP / G (lu(®)], 0)[2 dt.

tel0,72)
Since |u2|§(T = sup |lua(t)| + Jo? lua(t) )%, therefore sup [uq(t)||” < |u2|§(T
2 tE[O TQ} tE[O 7'2} 2
< (2n)%. Thus the last inequality takes the following form

/0 P () dt < (20)? / 16 (lua®)] L 0) 2 dt = (20)? |G (20,0) .

Using the last inequality in ([2.2.19)) we get

A2 S (2%)4 ‘G (QTL, O)|2 T2 |'LL1 - Ug‘?XT
< (2n)"|G (2n,0)]* |u, — usl%, T
A < Anlug —ugly, T3, (2.2.20)

where A, = (2n)4 |G (2n, 0)|2. Since 0, (|u1|y,) = 0 for t > 7 and 7 < 7, we have
- , 1
B o= | [ ulule) (Fa@) - P d
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2.2. Emistence and Uniqueness of local and local maximal solutions

Also since 0,,(|u1]y,) <1 for t € [0,7;) we infer that

B< [ [ P - F<u2<t>>>|zdt]
Using inequality

B < / " () — s (8)] G (s (8)] )]

< sup jug(t) — ua(t H/ (lur@)|], Jua (D] dt. (2.2.21)
tE[OTl)
Using the fact that, sup |jui(t) —us(t)|]> < |u1—u2|X , and using
te0,71)

sup |lui(8)||* < luilx. < 2n,i=1,2, the last inequality takes form
tE[O,‘Ij) g

B2

IN

T1
lug — Ug’iﬁ G* (2n, 2n)/ dt
0

nG? (2n,2n) |u; — ug\iT

A

< B,|u; — U2|§(T T
where B? = G*(2n,2n) . Thus

B < BnT% |U1 — Uz’XT

Using the last inequality together with inequality (2.2.20)) in (2.2.18)), we get

|8 (1) — L < (Ay + By) lur — usly, Tz = C, |u — Uy, T,

7.5 (U2 ‘L2 (0,T:H) =

where C,, := (A, + B,). This completes the proof of the theorem. [ ]

Now we will prove the main result of this subsection i.e. the existence and the

uniqueness of local mild solution to the approximate evolution equation ([2.2.1]).
Proposition 2.2.7. Let E,V and H satisfy Assumption [2.1.1.  Assume that
Assumptions “ are satisfied. Let us consider a map \Ifn " Xy — Xp defined

by
Ui (u) = Sug + S+ O o (u) (2.2.22)
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2.2. Emistence and Uniqueness of local and local maximal solutions

where ®F . is as described in Proposition and uy € V. Then there ewists
To > 0 such that for all T € [0,Tp) , \P;qj}) is strict contraction. In particular, for

all T € [0, Ty) there exists u € Xr, such that V7 (u) = u.
Proof. The map Wy} defined by formula (2.2.22)). Indeed, for u € Xr,

|\IJ"“° = !Su0+5*®%F(u)|

W)y, X

< [Sugly, + |5 % ¥ ()]

Using the inequalities (2.1.6) and (2.1.5) from Assumption we infer that

‘\D;’f}?('u,)lXT S CO ”U’OH + ‘(b%,F (u)|L2(O,T;H) :

Next using the inequality (2.2.16]) we infer that,

|\If" 2 < Cy ||uo|| + C,,T"? |ulx, < oo.

W) x,

Let us fix uy, us € Xp. Then consider the following,

‘\Il;lﬁ(ul) — \I/;?(u2)|XT = ‘Suo + 8% O p(ur) — Sug — S * CI>TTL7F(u2){XT

< [ % O p(w) = S % OF p(us)|
= ‘S * (O p(ur) — (I)%F(UZ)HXT

Next wusing inequality (2.1.6) with v = S =x ((D%F(ul) — (b?%,F(ug)) and
f=®% p(u1) — O p(uz), we infer that

|an uo ) - \11;11;7‘0 (UQ) ’XT S Cl ‘Q%,F<u1) - q)g;,F(UQ) ‘LQ(O,T;H) .
By using inequality ([2.2.16]) from Proposition we infer that

W (1) = U (w2)] < C1Co fun — s, T7.

This shows that W33 is globally Lipschitz. Observing that C; and C, are

independent of 7. We can reduce 7' in such a way that C,C,T > < 1. Hence there
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2.2. Emistence and Uniqueness of local and local maximal solutions

exists Ty = m < oo such that W7 is strict contraction for all ' € [0, Tp).
Consequently by Banach fixed point theorem, for all T € [0,7p) there exists

u € Xr, such that W32 (u) = u. This completes the proof. |

2.2.3 Local Maximal solution of approximate evolution

equation

In this subsection, we intend to prove the existence of local maximal solution of
approximate evolution equation , through the Kurtowski-Zorn’s Lemma.
Further, we are going to show that if energy norm of initial data i.e. |Juo|l finite
then the local mild solution (resp. maximal) solution to approximate evolution
equations is equivalent to the local mild solution (resp. maximal) of the main
evolution equation ([2.1.4)).

Let = be set of all local mild solutions constructed in last subsection. Let
uy, ug € = be defined on [0, 7;) and [0, 72) respectively.

Define an order ” < "on = by
U1 j () if T1 S T2 and UQ|[077—1) = Up.

The following result is about the existence of local maximal solution evolution

equation (2.2.1)) has been proven.

Lemma 2.2.8. If = and < are described above then Z contains a maximal element.

Proof. In order to show that = contains a maximal element, we are going to use
Kuratowski-Zorn Lemma i.e. we are going to show that = is a partially ordered set
and for every increasing chain in = there exists an upper bound.

Consider three arbitrary elements uy, us,u3 € =, where u; is local solution on

[0,7;), i = 1,2, 3, of approximate equation [2.2.1| In order to see that = is partially
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2.2. Emistence and Uniqueness of local and local maximal solutions

ordered set we are going to verify that relation = is reflexive, antisymmetric and
transitive.

Reflexivity: Clearly u; =< u; because 71 = 7 and u1|[07n) = u;. Hence < is
reflexive.

Antisymmetry: Let u; < us and us = uy then 1 < 7 and 7 < 71 so 71 = 7.

Moreover us|o,-) = u1 and o ) = up. Hence

Uy = Usljo.7) = Uzjo,r) = Uz

This shows that < is antisymmetric.
Transitivity: Let u; < us and us < uz so 71 < 7 and m < 73 therefore 7 < 73.

Also moreover us|jor) = u1 and us|j,r,) = u2. Therefore

U3|[0,n) = u2|[o,71) = Uz.

and hence < is transitive.

Hence (Z, <) is partially ordered set.

Now let u; < us < ug... be an increasing chain in =, where u; : [0,7;) — X7 for
all 7 € N. We show that this sequence has an upper bound.

Set 7 = sup 7;. Define u: [0,7) — Xr by
ieN

u|[0,n) = Uy;.
Indeed u € = and each [0,7;) C [0,7), for all i € N. Moreover the last equation
implies u; < u, for all i € N. Therefore the chain has an upper bound u in =.

Thus by Kuratowski-Zorn lemma = has a maximal element. This completes the

proof. [

Remark 2.2.9. The maximal solution that we obtained as a consequence of last

lemma is a local mazimal solution of (2.2.1)).
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2.2. Emistence and Uniqueness of local and local maximal solutions

Proposition 2.2.10. For a given R > 0, there exists Ty, depending on R, such
that for every ug € V satisfying ||uo|| < R, there exists a unique local solution

w: [0,7) = V of the abstract problem ([2.1.4]).

Proof. Take and fix R > 0 and uy € V satisfying |lug]| < R. Recall the map

V7% X — X given by:
V7% (u) = Sug + S * % (u) .
By Proposition [2.2.6; we know that this map W7} satisfies
n,u n,u 1
(R (ur) = O (up)| < CLCWT2 Juy — ugl .
Now since W7 (0) = Sug, by assumption (2.1.6) we have
[WEF(0)] ., = |Suolx, < Colluoll < CoR.

Observe that the right hand side in the last inequality does not depends on the n.

Choose r in such a way that is satisfies

1
T Z 1/—200R = QCoR

Let us choose a natural number n = [2C1R] + 1, where C} is as in assumption

(2.1.5)), such that n > r. If T is reduced sufficiently such that 7' < =:Tj to

1
(2C1C)?

satisfy
1 1
|\I,;,’o;9(u1) - ‘I’g’?(mﬂﬁ < GO T2 fuy —ugly, < B lur — uglx,

then W7 is strict contraction for all 7" < Ty. Then by the Banach fixed point
theorem we can find a unique u € X7 which is fixed point of W7 i.e. W75 (u) = u.

Therefore u satisfies,

u(t) = S(t)ug +/0 St —7) [0n (luly ) F(u(r))] dr, where t € [0,Tp].  (2.2.23)
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2.2. Emistence and Uniqueness of local and local maximal solutions

Moreover, using the inequalities (2.1.6) and (2.1.5) in Assumption we infer

that the fixed point u satisfies,

|U|XT = ’\P%}O (u)}XT < |SU0’XT + |5 * O (“)|XT

< Cg HUQH + Cl ’(I)% (U)|XT = C()R + C’lC’n ‘U|XT T%

Therefore

IN

1
|ulx, CoR + 5 |ulx,

\u|XT < 200R <.

But since
2 2 ’ 2
ufl, = sup fult)|?+ [ fute)zds.
te[0,7) 0
we infer that,

sup [lu(t)[” <.
t€[0,T]

Hence |[u(t)|| < r, for all t € [0, Tp).

In particular, ||u(t)]] < r <mn, for all t € [0, 7). Therefore by definition of 6,,,
On (|uly,) =1, for t € [0, Tp).
Thus using last equation in equation , we obtain
u(t) = S(t)uy + /t S(t —r)F(u(r))dr, where t € [0, Tp).
0

Hence u is a local solution of ({2.1.4]) on [0, Tp]. This completes the proof. [

We are going to end this subsection and section by proving a sufficient condition

for a local mild solution to be the global solution.
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2.2. Emistence and Uniqueness of local and local maximal solutions

Proposition 2.2.11. If u is mazimal local solution of main abstract evolution

equation (2.1.4]) on [0,7) and there exists R such that

sup [Ju(t)]] < R.
te[0,7)

then T = oo.

Proof. Suppose contrary that 7 < oo. Let R be the positive constant such that every
ug € V satisfy ||ug|]| < R. By proposition there exists a Ty > 0, depends on
R. Take to < 7 such that 7 — ¢ < 2 . Now since ||u (fo)|| < R, then by Proposition
there exists unique solution v on [tg, to + Tp] such that v (ty) = u (o) . So on
the interval [ty, 7) by the uniqueness of solution we must have v = u. Set to+Tp = 7.

Define z : [0,7] — V in the following manner,

At) = u(t), t €0,

= u(t),t € [to, 7).

We claim that v is no more a maximal solution i.e. u < z and u # z.
Recall that domain of w is [0, 7) and that of z is [0, 7], also [0,7) C [0, 7] hence

u # z. Next we are going to show that z is local mild solution. Let us begin by
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2.2. Emistence and Uniqueness of local and local maximal solutions

proving that z € X5. By using the definition of z consider

B = s 0+ [ O
t€[0,7]
< sup [0+ sup[=(0)

te[0,to] tE(to,T]

to T
+/ yz(t)ﬁfdwr/ |2(t)[3, dt.
0 to

2 2
= sup [fu(?)]|" + sup [[v(?)]]
te[0,to] te(to,7]

to T
+/ yu(t)y?EdtJr/ lv(t)[5 dt
0 to

to
— swp u@)? + / (), dt

te[0,to]

s 001"+ [ to

t€lto,7]

= uf}, +lolk, , <o

Finally to prove that z is local mild solution it remains to show that z satisfies the

following integral equation,
t
z(t) = S(t)z(0) + / S(t—r)F (z(r))dr, forall t € [0,7].
0

Since z(t) = u(t), for all t € [0, o] and u being solution on [0, 7) (containing [0, o))
satisfies the above integral equation so does z.
Next consider z on [tg, 7] . By definition of z we know that z(t) = v(¢t) for all t €
[to, 7] , where v is the solution of (2.1.4) on [ty, 7] . Therefore
t
2(t) = v(t) = S(to)v (to) +/ S(to = r)E (v(r)) dr, t € [to, 7].

to
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2.8. Invariance and Global solution

Since u (f) — v (fo) , and using semigroup property,
) = S(t—t) [S(t(])u (t) + /0 " S(ty — 1VF (u(r)) dr
4 /t:S(t—r)F(v(r))dr
= S(t —1t0)S(to)u (to) +/0t05(t—t0)5(t0 — 1) F (2(r)) dr
+/t:5(t—'r)F(z(r))dr
_S(0)#(0) + / “ S(t — t0)S(t — r)F (2(r)) dr + / "S(t — r)F (2(r)) dr

0 to

= S(t)z(0) + /Ot St —r)F (z(r))dr, forallt € [0,7].

Thus z satisfies the required integral equation and hence z is solution to evolution

equation (2.1.4) on [0,7].

So far we have shown that u < 2z and u # 2z and z is solution of evolution
equation (2.1.4) on [0,7]. This clearly is the contradiction to the maximality of w.

Hence our assumption that 7 < oo is absurd. Thus 7 = oc. [ |

2.3 Invariance and Global solution

Throughout this section we assume that £,V and H are the spaces as described in
Remark ie. E=D(A),V =D (AY?) and H = L*(0), where A = —A with
D(A) = Hy? (O) N H*?(0). Following is an important remark that gives us a way
to get global solution out of local maximal solution.

Now we mention an important [49] (Lemma 1.2, Chapter 3).

Lemma 2.3.1. Let V, H and V' be three Hilbert spaces with V' being the dual space

of V and each included and dense in the following one

Ve HXH < V.
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2.8. Invariance and Global solution

If an abstract function u belongs to L*(0,T;V) and its weak derivative ‘2—;‘ belongs
to L*(0,T; V') then u is a.e. equal to a function continuous from [0,T] into H and

we have the following equality:

lu(t)]* = [u(0)]* + 2/0 (u' (s),u(s))ds, t€0,T].

Lemma 2.3.2. Ifu € X7 = L*(0,T; E)N C([0,T]; V) is a solution to (2.1.3)) then
9u ¢ L*(0,T; H).

Proof. In order to show that 2% € L2(0,7T; H), let us recall that key evolution

ot
equation ([2.1.3) of our concern
8“’ _ A v 2 2n—1 2n 2
i u+ |Vu|lgu—u + wful e - (2.3.1)

Also recall that norm on X can be given as,

T

2 2 2

% = sup Ju())? + / () dt.
te[0,7 0

In order to show that % € L*(0,T; H), it is sufficient to show that each term on
the right hand side of equation ([2.3.1)), belongs to L*(0,T; H).
Consider the first term of equation (2.2.4)). Since u € Xp

T T
| 1wt at= [ a < ol <o

therefore Au € L*(0,T; H), where E = D(A) and H = L? (D).

Consider the second term i.e.
I = |Vul3 u = |Ju|’ u.
To see that I, € L*(0,T; H) we consider,

T T 9 T
| b= [ @ el de < sp ool [ uo @32
0 0 te[0,7) 0
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2.8. Invariance and Global solution

Since embedding is continuous E — V < H so there exists C' such that

lu(t)|y < C'lu(t)|g. we infer that

T T
/O ()2, dt < 02/0 (D dt < C? ufl < oo,

Moreover, since

2
4 2 4
sup |lu(t)[|” < (sup [u(®)]| ) < uly, <oo.
te[0,7) te[0,7]

By last two inferences it follows that right hand side of inequality (2.3.2)) is finite
and consequently the left hand side, hence I, € L*(0,T; H).

Now consider the fourth term of evolution equation ([2.3.1)),
I, =u |u|i§n
To see that I, € L?(0,T; H). By using the Holder inequality,

T T . 9 T .
/0 L) = / Ju(t) fu(t) 2. |, dt = / () Jut) 25, dt

< (/OT ()] dt)% (/OT u(t)]m, dt)é | (2.3.3)

By GN inequality [2:24), Jul,, < C'llul? [ul}
T 4 r 2 2
/ (bt < / () ()% de
0 0

T
< sup [u()l? / () dt < oo
te[0,7) 0

2 | 2
< ul, |ulx, < oo (2.3.4)

Moreover, since V' < L?" so there exists C' > 0 such that |u|;2. < C|lul. Now
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2.3. Invariance and Global solution

consider the integral in inequality (2.3.3)),

T
| i a
0

<

IN

IN

IN

T
o / lu(t) | dt

T
/ dt
te[0,T) 0

2n
C4”<sup ||U<t>\|2) T
t€[0,T]

C* July T < oo

G sup [lu(t)|™"

(2.3.5)

Hence using inequalities (2.3.4) and (2.3.5) in (2.3.3)), it follows that I, €

L*(0,T; H).

Consider the third term of evolution equation (2.3.1]) i.e. I3 := u*"~!. Using fact

that V — L2 we can see that for t € [0,7],

|I5(t) [

r 2
/ L)L dt
0

Hence I3 € L*(0,T; H).

IN

IN

IN

IN

/D (u(t, )" 2 da
Ju(t)| i

LAn—2
2 ()|

T
o [ uto)
T
/ i
0

<t>||2) T

T < 0.

¢4 sup [lu(t)]""
te€[0,7

(j4n <

(j4n|14

sup ||lu
te[0,7)
4n—2
Xr

Thus all terms of evolution equation (2.3.1)) belong to L?(0,7T; H) and hence

9u ¢ [2(0,T; H). By this we are done with the proof.
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2.8. Invariance and Global solution

The following proposition is a crucial proposition about the invariance of our

manifold M, which is key to obtaining global solution.

Proposition 2.3.3. If u(t),t € [0,7) with |u|?, = 1, is the local mild solution
satisfies main problem (2.1.4]) then

u(t) € M e |u(t); =1, forallt € |0,7).

Proof. In order to prove the invariance of manifold we begin with applying Lemmas

2.3.1}and [2.3.2| For ¢t € [0, 7), consider the following chain of equations,

()l =1) = 5 (ol = 1)+ [ () o)y s
((5), ()  ds

t

<Au(s) + ]Vu(s)]%u(s) —u(s)* ! 4 u(s) |u(s) i@n ,u(s)>Hd3

N —

|
S— —

= [ au s+ [ (VU w0005, s
_/Ot<u2" 1(s), ds—l—/ (us) [u(s)|72n s uls))

_ /Ot|vu<s>|§,ds+ / t|w<s>|?{<u<s>,u<s>>Hds
[ o yiss [ O oo

t
= [ 1)y )l s / Vuls)f s
//|u2” Y(s, 2)u(s :L“ da:ds—l—/ |u(s)| 75, (u(s), u(s)) ds
= [ 1 (o)t - ds—/|u Lgnds+/ru

(lu(t) / Vuls) (Jul(s) — 1) ds + / () 2, (Ju(s)[ — 1) ds

\Hds

or

N —
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Set
() = lu( )} — 1.
Then
o) =2 [ (Vals)fy + (o)) ols)ds,

Or in stronger form

do(t) n
S = 2 (Vuln) + ul)25) o(0)
Since (|Vu )3, + u (t) ig">te[0,7) polynomial so it must be continuous in time
therefore
o(t) = (0)e2(Vu®iHu®IF3n)
o(t) =01e. |u(t)|}, =1, forallt€[0,7).
This completes the proof. [ |

In the next lemma we are going to show that energy is of Cs-class.
Lemma 2.3.4. The map ¢ : V — R defined by
1 2 1 2n
Y(u) = ) |Vu|L2(0) + m |u’L2"(O) , neN. (2.3.6)
is of C?%-class.

Proof. In order to compute the first order derivative we are going to use the following

definition of Fréchet derivative of ¥ at u € V

L) ot 2L ) = ()

t—0 t ’
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2.8. Invariance and Global solution

where d,v : V' — R is linear with respect to h. Consider
(u+th) = \Vu + th|L2 +o yu + th|L2n
1
_ —/(Vu()+ch dx+—/ 2) + th(z
2Jp
= / (Vu(x))® dz + —/ (Vh(z)) dz + ?/ Vu(z)Vh(z)dx
D
Qnt —
[ (way+ 5 [ )™ hia)
— 1
2n / )22 (h(2))® + ...

— )+ /( ()dx+t/Vu \Vh(z)da

+_/ dx+t/Du(a;)2"‘1h(ﬂf)dﬂf

(@n—1) t/D<u(a;))2"—2 (h())2da + ...

2n

P(u+ tf;) — (v % /D (Vh(z))? dz + /D Vu(z)Vh(x)dz

+ /D w(x)h(z)? 1t + (2”2; 1)t /D (w(@))* 2 (h(z))? + ...

lim L0 ) Z () / Vau(z)Vh(z)dz + / (@)™ h(z)

t—0 t

Integration by parts yields

hmzb(u+th)—¢(u) = —/ Au(m)h(x)dx—i—/ (w(z))*" " h(x)

t—0 t D

= (—Au+u*"" h) foral h €V.

We can see that the operator d,v is linear. Next we are going to show that d,¥
is bounded. We are going to use integration by parts, Cauchy-Schwartz inequality,

and continuity of embedding V' < L?" in the following chain of inequalities. For all
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2.8. Invariance and Global solution

h € V consider,
dutp ()] = [(=Bu+u®" 1))
/ Vu(z)Vh(z)dx +/ u* Y (z)h(z)dw
D D

/ Vu(z)Vh(z)dx / w1 (z)h(x)d
D D
[Vh| g [Vuly + |U|in2;1 |7l o

VAN

+

IN

— 2n—1
< ull 1A+ [lul ™ || A

(lall + =l 7Y (12l = C IR (2.3.7)

where C' = |Ju + ¢! ||ul|*™" < oo. Hence d,¢ is bounded.
Let us compute the second order Frechet derivative at a point. For hy, hy € V|

we want to compute the following limit,
hmwm+¢un+hgy—¢m+¢my—wm+¢M)+¢@o

t—0 t2

To compute this limit let us begin with computing ¥ (v + t (hy + h)) . By definition
of 9,

1 1 N
U (u+t(hy + hy)) = 5 lu—+t(hy + ho)|” + o lu+t (hy 4 ho)| 75, (2.3.8)

To make our life easy let us compute the above to norms separately, begin with

3 llw -+t (ha + Do)

1

- 2 /D (Vu(z) +t (Vhi(z) + Vho(2)))? da

= %/D(Vu(x))de+%/D(Vhl(x)—l—VhQ(:c))Qd:c

+t /D Vu(z) (Vhi(z) + Vhe(x)) dx
/2

_ %||u||2+%/D(Vh1(J:))2dac+§ [ (V) as

tg/ Vhy(x)Vhy(x)dx + t/ Vu(z) (Vhy(z) + Vha(x)) dz

1 t? t?
= 5 lul® + S Wall® + 5 lhall” + by, ha)y +# (u, by + ha)y o (2:3.9)
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2.3. Invariance and Global solution

Next

w4t (hy + ho)|75,

= 5 ] (W) + (@) + hafa))* da
1 o 2nt on—1
= 5 ; u(z)"dx + o ; u(x) (hi(x) + ho(z)) dx

yE o DE [ wl) = ) + (o)) da + .

2n

1, o - (2n — 1)1 .

- % |u|L2n +t <U2 1, hl + h2> + T /D U<I)2 2h2($)2d$
2n — 1)t
/ ()22 () + PRV / (@) 2hy () ho()dz + ...
D n D

1 o - 2n—1)8 , ,

= ol + (@ bt o)+ o (W )

2n — 1) ¢ 2n — 1) ¢
+% (u®2 hy?) + % (22 hyhy) + .. (2.3.10)

on — 1) 2
L@n—1)e
2n

Substituting (2.3.10)) and ({2.3.9)) into (2.3.8) we get,

t? t?
Y(u+t(hi+he)) = ¢ (u)+ £) | ha]? + £) [holl? + % (ha, ho)y +t (u, hy + o)y,

2n —

2
+t <U2n_1, h1 + h2> + —( 2n1) t <U2n_2, h12>

2 — 1 t2 2 _ 1 t2
+% <u2n—2’ h22> + % <u2n—2’ h1h2§>2—.13-1.1)

Next we intend to compute in the similar way v (u + thy) . Consider
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2.3. Invariance and Global solution

1 1
= 5l + thy|® + o [utth .
2

= gl + 5 [ (@) de+t [ Vu@)Thi(e)ds

1 2nt
to- ; u(z)?" dx + % ; u(z)* hy (v)dx

2n — 1)t
+u/ u(z)?"2hy (z)*dx + ...
2n D
I 5
=l S Pt )y

2n —

1 n n— ( 1) tQ n—
+% ‘U’ign —i—t<u2 1,h1>+T<U2 2,h12>—|—...
(2n —

t? 1)t
= w(u)+5\|h1|!2+t<u, hi)y 4+t (U™ hy) + 2n> (W% %) +

(2.3.12)

In the precise same manner we can also compute

2n — 1) ¢
Cn = DE e 2y (93.13)

t2
zw(u)JrEHh2|\2+t<u,h2>v+t<u2"*1,h2>+ o

Using equations ([2.3.11)),(2.3.12)) and ({2.3.13)) it follows that,
Y (u+t(hi+he)) = (u+th)) — ¢ (u+the) + 1 (u)

(2n — 1) ¢

= ¢? (h1, ha)y, + -

<U,2n_2, h1h2> + ...

Dividing both sides by ¢? and taking limit ¢ — 0 we infer that

hm?/f(uﬂLt(hl + ha)) — P (u+thy) — ¥ (u+thy) + 9 (u)

t—0 t2

2n —1
= (h1, ha)y + % (u*2, hihy).

Thus the second order derivative d?w : V x V' — R can be give in the following
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2.3. Invariance and Global solution

duality,

dat) (ha, o)

(V" (u) ha, ha) (2.3.14)

(2n —1)

= (h1, ha)y + (u?2, hihy).

We can see the above defined operator is linear and also it is bounded because

for (h1,hs) €V x V,

2n—1
‘di¢ (P, h2)| = |(h1, ha)y + (n—n) <U2n72, h1h2>

IN

[(ha, ha)y | + (2nn——l) }<u2n72, h1h2>|

2n—1 ..
< Pl + E 2 2,
(2n—1) | 90 1/2
= Wl ol + S gz, (R
n D
2n —1 e
< Wl lnal + BN e,
1/4 1/4
: (/ h%(m)dm) (/ hg(x)dx)
D D
(27’l - ]-) n—
=l + P 2 ol

(2n —1)

n— 277,—2
< bl [lhaf| + 72 [l ™ Al Tl Ao

. (2n—1) e
< <1 + = ul ™ ) [P lhall = C [[Ra 1 Po]]-

where €' = 1 4 22221 |y

n

=2 < 0. Hence d21) is bounded bilinear form. [

Following is the main result of this section, comprising of proof of a global

solution to the projected constrained problem (2.1.3)).

Theorem 2.3.5. If u is the local mazimal solution, of main problem (2.1.3)), defined
on [0, 7), with initial data ug € VN M | then

|lu(®)|| < 2¢(ug), for allt €10,7),
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2.3. Invariance and Global solution

and T = o0, where ¢ is the energy defined by (2.3.6). In particular u is global

soluts

on.

Proof. We begin with application of Lemmas[2.3.T]and[2.3.2] Consider the following,

2|

2 2
u@®)|” - 3

du

/Ot<w(s),va
[ {265
_/0 <du du
- [5e]
_/Ot al

- Ju(s)

S

2n
L2n

), 5 )

ds+/ V(s |H< 9, ()>ds—/0t<u2" (), 2
(.

(s)> ds

(s)> , (here we have used integration by parts.)

>d +/t<%(s)—A(s),%(s)>ds
s [P + o)) ) — (0, 2 s

du
ds

(s)> ds

U

dt( )>d3 for all t € [0, 7).

Since uy € M so by Lemma u(t) € M, for all t € [0,7). Moreover, since

du
dt

= 7, (Au —

u?) € T, M, hence {u (t)

“(t)) =0, for all t € [0,7). Therefore

’dt

the last equation reduces to

where

1 1
5 el = 5 lluol®

t d t d
=~ [ |5e) as= [ (@, e ) as
t du 2 t d
_ oo ds — el 2n—1 d
/0 dt(S>H s /0 s <u S)> s
t du 2 1 mn 1 n
- _/0 =) Hds—%|u(t) P 5 [ 3:(2.3.15)
Hldu, |?
= —/0 g(s) ds, for all t € [0, 7). (2.3.16)
H
1 1
Y(u) = 3 ] to |U|L2n(0)
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2.4. Some auziliary results

From equation (2.3.16)) it clearly follows % is non increasing function i.e.
P(u(t)) < (up), for all ¢ € [0, 7). Thus in particular we infer that

lu@)]| < 2¢(u(t)) < 2¢(uo), for all ¢ € [0, 7).

Hence by Remark [2.2.11] we get 7 = oo i.e. u is global solution. [

2.4 Some auxiliary results

Proposition 2.4.1. Assume we are in framework of Theorem [2.5.8. If u be global

solution then the orbit {u(t),t > 1} is pre-compact in V.

Proof. In order to prove that {u(t),t > 1} precompact, it is sufficient to prove that
{u(t),t > 1} is bounded in D(A®), for v > 1, where A = —A. By application of

A to u(t) gives the following variation of constant formula,
¢
A%u(t) = A% My + / A% A=) P(u(s))ds
0
where F(u) = |[u]|* v — u** " +u|ul3%, := F\ (u) — Fy (u) + F3 (u). Taking H norm
on both sides

t
|A%u(t)],; = ’AaeAtuo—l—/ A%e= A=) P(u(s))ds
0

H

IA

t
‘Aae’Atuo|H + ‘/ A%e= A=) F(u(s))ds
0

H

¢
< ‘AaeAtuo|H—0—/O ‘AaefA(t*S)F(u(s))‘Hds

By Proposition 1.4.3 of [23] (or Theorem 6.13, inequality 6.25) of [38] , we conclude
that

t
|A%u(t)], < Mt~ ™% luo| g + / M, (t — s)_ae_‘;(t_s) |F(u(s))], ds
0
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2.4. Some auziliary results

But since ug € M i.e. |ug|; =1 so

t —4(t—s)
Au(t)], < Mut~e + M, / ft T3 1F () ds (2.4.1)
o (t—s
We compute the bound for the term |F'(u)|, i.e.
2 n— 2n
(Pl = [l = +ululis ],
2 n— 2
<l fuly 4+ [+ el ulg (2.4.2)

Recall that
U 5 ull” + o Ul 2n -

In Theorem [2.3.5 we proved that ¢ is increasing function with respect to time.

Hence it follows that

lall® < 20 (u) < 24 (uo)

and |ul/s. < 2n (u) < 2n1 (u) (2.4.3)

Also ug € M then by Lemma if follows that u (t) € M ie. |u(t)|,; =1, for all
t > 0. Hence invariance of manifold and inequalities (2.4.3)) into inequality ([2.4.3)),

we get

[Fu)ly < 20 (uo) + [w™ "] + 2000 (uo)

= 2(1+n)y (ug) + [u™ ], . (2.4.4)
Now consider

1
2 2n—1
oy = [ utaynar) = il

Using the continuity of embedding V < L*"~2,

127y = e < 7 < 2R o)
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2.4. Some auziliary results

Using above inequality in inequality (2.4.3)), it follows that
|F(u)|,; < 201+ n)y (uo) + 227712 (ug)*" ' =: L < oo.

Using last inequality in ([2.4.1)),

676(7&75)

i— s ds

t
4Oy = 40Ol < Mot 1,1

efé(tfs)

—d
(t—sp"
= Myt e + M, LT (1 —a) := K, < 00

< Mot % + M,L /
0

Hence {u(t),t > 1} is bounded in D(A?), for & > 5. Thus orbit {u(t),t > 1} is

pre-compact in V', this completes the proof of lemma. [ |

Corollary 2.4.2. The w-limit set w(ug) = gl{u(t) :t > r} exists and is compact
n V.

Proof. From last corollary, {u(t) : ¢t > r} is precompact in V for all » > 1. Since
closure of precompact is also precompact so W is also precompact for
all 7 > 1. Further {u(t) : t > 7} is closed and hence complete in V' norm therefore
{u(t) :t>r} being precompact and complete {u(t):t>r} it follows that
{u(t):t >r} is compact for all + > 1, in V. Thus w(ug) being decreasing

intersection of non-empty compact sets in V, is non-empty and compact in V. W

We now going to make an interesting observation that our global solution u is
a gradient flow and (V, S, ) is gradient system. Recall, the following definitions of

Lyapunov functional, gradient system and gradient flow.

Definition 2.4.3. [{7] Suppose V is a complete metric space and S(t) is a non-
linear Cy-semigroup defined on H. A continuous function ¢ : V. — R is called

Lyapunov function w.r.t S(t) if the following two conditions are satisfied:
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2.4. Some auziliary results

i) For any x € V, ¢ (S(t)x) is a monotone non-increasing in t,
ii) ¥ is bounded below i.e. there exists a constant C' such that ¥(x) > C, for all

zeV.

Definition 2.4.4. [[7] Suppose V is a complete metric space and S(t) is a
non-linear Cy-semigroup defined on V. Moreover, assume that continuous function
Y H — R be a Lyapunov function w.r.t S(t). Then non-linear Semigroup, or
more precisely system (V,S(t),1) is called gradient system if the following are
satisfied:

i) For any v € V, there is ty > 0 such that Uiy, S(t)x is relatively compact in
V.

ii) If for t > 0, ¥ (S(t)x) = (x) then x is fized point of semigroup S(t).

Accordingly, the orbit u(t) is called a gradient flow.

Theorem 2.4.5. (V,S,v) is gradient system, where V. = D(AY?), S(t) is Cp-
semigroup and ¢ : V. — R is the energy defined by .

Proof. We begin by showing that v : V' — R is Lyapunov function. We know
Theorem  [2.3.5 that ¢ in  non-increasing. Moreover  since
Y (u) =1 ]Vu]ig(o) + 3= |u]i7§n(o) > 0, hence 1) is Lyapunov function. It remains to
verify the condition (i) and (i) Definition 2.4.4 The Condition (i) have been
already established in Corollary 2.4.1] Let us prove condition (ii) now. From the

end of proof of Theorem [2.3.5) we know that,
2

du d
it . = —EWU)
or /0 % Hds = P(ug) — Y (u(t)) (2.4.5)

If there is ty > 0 such that,

Y(u(to)) = P(S(t)ug) = ¥(uo)
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2.4. Some auziliary results

then for 0 <t < tq, from equation ([2.4.5)),

u(t)

t
d
/_u ds =10
o |ds|y
dul?
awr g
dt |,
du
—(t) = 0.
- ()

u(0) = constant.

Therefore uyg is fixed point of semigroup S and thus (V, S(t), ) is gradient system.
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Chapter 3

Stochastic Heat Flow equation on
Hilbert Manifold: Existence and

Uniqueness of Global Solution

The aim of this chapter is to study the stochastic generalization of projected heat
flow studied in chapter 2. More precisely, we are going to study a nonlinear parabolic
first order in time (heat) equation on Hilbert Manifold driven by Wiener noise of
Stratonovich type. We devote this chapter to existence and uniqueness of the global

solution to described stochastic evolution equation.
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The first section has been devoted to setting up notations related to spaces,
manifold and operators, and certain essential assumptions. Next we will introduce
the main stochastic problem of our concern in this chapter, along with its
approximated version, which are going to solve first. In the end of section 1 we
will provide the definitions of Local mild, maximal and the global solution to our
main problem.

In the section 2 we are primarily concerned with studying the truncated
stochastic evolution equation. In the first part of the section, we prove the
estimates for deterministic (drift) terms and stochastic (diffusion) terms of our
main stochastic evolution equation. Next, by employing fixed point argument we
will construct the local mild solution of approximate evolution equation, after that
from this constructed local mild solution we recover the local mild solution to the
original problem. The second section is going to end at constructing the global
solution of approximate evolution equation.

The section 3, mainly consists of proof of existence and uniqueness of Mazimal
local solution to original stochastic evolution equation.

The chapter ends at section 4. The chapter begins with proof of the very
important no explosion result. Further, we will show the invariance of manifold i.e.
if initial data belongs to manifold then almost all trajectories of solution belong to
the manifold. Afterward, we proceed towards proving some of the important
estimates, which will be used for proof for a global solution. The section and
chapter end by providing proof of global solution to our main stochastic evolution
equation. The main tool for proving the global solution will be Khashminskii test

for non-explosion and indeed appropriate It6’s formula.

3.1 Notation, Assumptions, Estimates and
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

Introduction to main problem

The aim of the section is, firstly, to setup all important notations, function spaces,
manifold and state all necessary assumptions. Secondly to state the main

constrained stochastic evolution equation of our concern in this chapter.

3.1.1 Preliminary Notation

Let us begin by introducing some important notation and function spaces which we

are going to use in this and then subsequent chapters of the dissertation.

Assumption 3.1.1. We assume that (E.|-|z), (V.|l]), (H,|-|y) are abstract
Banach spaces such that

E—V—H, (3.1.1)

and the embeddings are dense continuous.

Remark 3.1.2. In our motivating application, we will consider the following choice
of space

= D(A)v

= H*(0),

= L*(0)
where D C R for d > 1, is a bounded domain with sufficiently smooth boundary
and A be the Laplace operator with Dirichlet boundary conditions, defined by

D(A) = Hé’2 (0) N H*?*(0) (3.1.2)

Au = —Au, u e D(A).
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

It is well known that, ( cf. [21], Theorem 4.1.2, page 79), that A is a self-adjoint
positive operator in H and that V = D(AY?), and

u|® = ’AI/Qu’Z :/ \Vu(z)| de
D

Moreover V! = H= (O) and the condition holds true. Hence the spaces E,V
and H satisfies Assumption|3.1.1].

3.1.2 Manifold and Projection

The version of Hilbert manifold we are going to deal with, is the following

submanifold M of a Hilbert space H (with inner product denoted by (-, -)),
M:{UEHZ|U|?{:1}.

Moreover the tangent space, at a point u in H, is of form,
T.M = {v: (u,v) =0}.

Let m, : H — T,,M be orthogonal projection of H onto tangent space M then we

have the following lemma.

Lemma 3.1.3. Let n, : H — T,M be orthogonal projection then

Tu(v) = v — (u,v) u, where v € H.

We aim to study a stochastic evolution equation with drift term consisting of the
projection of difference of the Laplace operator with Dirichlet boundary condition
and the polynomial nonlinearity of degree 2n — 1.

Let us pick a u € E. Using the last lemma, we calculate an explicit expression
for projection of Au—u?"~! under m,. The below-given calculation using integration

by parts, cf. [3] (Corollary 8.10, page-82), to get
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

T (Au—u") = Au—u' = (Au—u""" u)u
= Au—u"""' + (—Au,u)u+ <u2”_1, u> u
= Au— v+ (Vu, Vu) u + <u2”_1, u> U

= Au+ (||uH2 - |u|i§) u— w1t (3.1.3)

3.1.3 Statement of main and approximate stochastic

evolution equation

Let the spaces F,V and H be the Hilbert spaces as in Remark [3.1.2, The following
is the main stochastic evolution equation that we are going to study in running and

the subsequent chapters.

N
du = m, (Au—u*"")dt + Z B;(u) o dWj, (3.1.4)
j=1

= (Au+ F(u))dt+> Bj(u) o dWj,

u(0) = wp,

where the map F : V — H is defined by F(u) := [Jul|*u — u*"~! + u|ul3%, , with n
being a natural number (or, more generally, a real number bigger than %) Further,

for fixed elements f1, fo,...fxy from V', the map B; : V — V is defined by

B; (u) :==m, (fj) = f; — (fj,u)u, j=1,2,3.N. (3.1.5)

Note that noise term in above stochastic partial differential equation involves
the noise of stratonovich type. This is because of the constraint condition given by

manifold M; it is natural to consider equations in the Stratonovich form (see also
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[6]). To write the equation (3.1.4]) in It6 form we can write the Stratonovich term

in the following manner,
1
hence the equation (|3 can be rewritten in the following the It6 form,

N
1
du = |Au+ F(u —I—éjz:;ffj dt+ZB (3.1.6)

u(0) = wup,

where

k;i(u) = d,Bj (Bj (u)),for all w € H and j =1,2,...,N. (3.1.7)

We introduce now an auxiliary function which will be used later for truncation
of the norm of the solution. Let 6 : Rt — [0, 1] be a non-increasing smooth function

with compact support such that

inf '(z) > -1, 6(x) =1iff z € [0,1] and O(z) =0 iff z € [2,00). (3.1.8)

]JER+

For n > 1 set 6,(-) = 6(=). We have the following easy Lemma about 6 as

consequence of previous description.

Lemma 3.1.4. ([13], page 57) If h : R, — R, is a non decreasing function, then

for every x,y € R,
0 ()h(x) < B(20), 16a(x) — 6u(0)| < |~ o], (3.1.9)

In order to prove the existence and uniqueness of local mild and local maximal
solutions to our original problem (|3 , we first we obtain existence and uniqueness

of the solution of below given approximate evolution equation. Let us assume that
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T is a positive constant. We are interested in proving the existence and uniqueness

of global solution 4™ to the following integral equation:
t
u(t) = S(t)ug +/ S(t—r)0, (Ju"ly ) F (u"(r)) dr (3.1.10)
0
1o [
52/ S(t =)0, (Ju"|x,) #;(u™)dr
j=17

+;/0 St —r) (Ju"]y.) By (u™(r)) dW;(r), t € [0,T].

(3.1.11)

3.1.4 Solution spaces, assumptions and definition of

Solution

By L£(X,Y) we mean the space of all bounded linear operators from Banach X to
the Banach space Y.
For any b > a > 0, let us denote L? (a,b; X) spaces of all equivalence classes of

measurable functions u defined on [a, b], taking values in a separable Banach spaces

b 1/2
2
g = ([ WOFdr) <o

Xop:=L*(a,b; E)NC ([a,b]; V),

X such that:

For b > a > 0 we set

then it can be shown easily that (Xal,, %, b) is Banach space with norm,

b

2 2 2

h@MprMMHf/W@u#
’ te[a,b] a

For a = 0 and b = T' > 0 we are going to write X7 := X, . Note that the map

t — |uly. is increasing function.
Xt
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

Let (Q,IF, (‘Ft>t20 ,]P’) be a filtered probability space consisting of probability
space (2, F,P) and filtration (F;),, contained in F. The filtered space satisfies the
usual conditions i.e. the following conditions are satisfied:

i) (Q,F,P) is complete,

ii) The o-algebras F; contains the all sets in F' with probability 0,

iii) The filtration is right continuous.

Assume that N € N. Let (W; (t))j\[:1 ,t > 0 be the RY-valued F-Wiener process.
Throughout this dissertation, and in particular this chapter, we denote M? (Xr),
the space of all E-valued progressively measurable processes u such that all

trajectories of u almost surely belong to X7. The norm on M? (X7) is as under:

te[0,T

T
[ularaxny = E (luly,) =E ( sup lu(t)||” +/ IU(t)I?;dt> <oo.  (3.112)
0
Further we have the following main assumptions,

Assumption 3.1.5. Let E C V C H satisfy assumption |3.1.1. Assume that
S(t),t € [0,00), is an analytic semigroup of bounded liner operators on space H,
such that there exist positive constants Cy, Cy and Cs:

i) For every T >0 and f € L*(0,T; H) a function uw= S * f defined by:
T
u(t) = / S(t— 1) f(r)dt, t e [0,T]
0
belongs to Xr and satisfies
ul%, < C |f|iQ(O,T;H) (3.1.13)

Note that S* : f — S x f is a linear and bounded map from L*(0,T; H) into Xr.
i) For each T > 0, and every process & € M?(0,T;H) a process u = SOE
defined by:
u(t) = /0 U St — er)AW (), te [0.T]
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belongs to M? (Xr) and satisfies

2 2
ulazixgy < C2l€lhzory) - (3.1.14)

Note that S @ &€ — SOE is a linear and bounded map from M?(0,T; H) into
M?(X7).

ii1) For every T > 0 and every ug € V, a function u = Suq defined by:
u(t) = S(t)ug, t € [0,T]

belongs to Xr and satisfies

lulx, < Colluoll - (3.1.15)
Recall the definition of accessible stopping time.

Definition 3.1.6. An stopping time T is called accessible if there exists an
increasing sequence (Tm),.cy Of stopping times such that, on set {T >0}, 7, < T
and lim 7, = 7 . Such a sequence (Tp),,cy @5 called an approzimating sequence

m— 00

for T.

Let us now define that what we mean by a local mild, local maximal solution

and global solution of our main problem (3.1.6]).

Definition 3.1.7. (Local Mild Solution) Assume that we have been given, V -valued
Fy-measurable random variable, uy with B |ju||*> < oo.

A local mild solution to problem is a pair (u,T) such that:

i) T is an accessible stopping time,

ii) u:[0,7) x Q= V is an admissible process,

iii) There ezists an approzimating sequence (Tm)meN of finite stopping times such

that 7, < 7 with lim 7, = 7. For m € N and t > 0, we have
m—00

tATm
ru|§<mm=E< o u(s)l”+ [ \u<s>|;> <o
0

SE[0,tATm
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and

Ut A1) = SEATR)u + /Ot/\Tm SN Ty —1r)F (u(r))dr

(3.1.16)

where B; and k; are as defined in (3.1.5)) and (3.1.7)) respectively.

Definition 3.1.8. (Local Mazimal & Global Solution) Let (u, T ) be a local solution
to the problem (3.1.6)) such that

lim |u|y, =00 P-a.s. on{w € Q: 7 (w) < 00} a.s. .
t—Too t

Then (u,Ts) is called local mazximal solution. If 7., < oo with the positive
probability, then T 1s called the explosion time. Moreover, we are going to say that,
a local mazimal solution (u,Ts) is unique if for any other local mazimal solution
(v, 000) We have To, = 0o and u = v on [0,7) P-a.s. . Finally, a local solution

(u, Too) s called global solution iff 7., = co.

3.1.5 Existence and Uniqueness of Local Mild Solution

In order to prove the existence and uniqueness of local mild to our main problem
, first we are going to study the existence and uniqueness of the solution to
approximate evolution equation . Let us fix T" as the some positive real
number. We are interested in proving the existence and uniqueness solution u" to
equation . All the results proven in this section will be in abstract £,V and
H spaces satisfying Assumption [3.1.1 We will see in this section that existence
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and uniqueness of the Local solution to approximate equation enable us
to construct the local mild solution to original problem . Moreover, in next
section we are going to construct a global solution to approximate evolution equation
(3.1.11). This global solution enables us to prove the existence of a unique local
maximal solution to main problem .

For the existence of the local solution to approximate equation , we
will construct three globally Lipschitz maps by truncating the functions F, x and
B, involved in drift and diffusion of problem . Then by using these three
globally Lipschitz maps, we will construct a contraction and hence the existence
and uniqueness of local solution are guaranteed by Banach fixed point theorem.
Next we will see that for measurable and V-valued square integrable data wug, the
solution Local solution of approximate equation agrees with the Local mild solution
of our main problem . In the next subsection, we will show that approximate
equation admits a global solution u". The section ends at the show that global

solution u™ allows us to construct a unique local maximal solution of main problem

(3.1.6).

3.1.6 Important Estimates

The aim of the subsection is to show that non-linear functions F), x and B, involved
in drift and diffusion terms of main stochastic evolution equation (3.1.6|) are locally

Lipschitz and satisfy the symmetric estimates.

Recall the following well known Gagliardo-Nirenberg-Sobolev inequality from

Chapter 1.

Lemma 3.1.9. [[7] Assume that r,q € [1,00), and j,m € 7Z satisfy 0 < j < m.
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Then for any u € Cg° (R?)

j m. |G 1-a
|D]u‘Lp(Rd) < C ’D u‘LT(Rd) ’u|Lq(Rd) > (3117)

where % = %—i—a (1-2) —l—(l—a)é for all a € [%,1}. If m—j— % is a nonnegative

integer, then the equality (3.1.17) holds only for a € [%, 1).

Observe that our projected heat flow problem (3.1.6) involves L?" norm,
therefore at several instances throughout this chapter we will need the following
particular case of Gagliardo-Nirenberg-Sobolev inequality.

For our case we choose r =q¢=2,7=0,m=1,d =2, and p = 2n, so

1 0 1 1 1
- - = - _ - 1—a)=
2+a(2 2)+( a)2

1 1
= (1—a)=
m (1-a)3

1

— = l—aqora=1-——.

n n

Plugging values of 7, q, j, m,d and p in inequality (3.1.17)) we get

17
Ul zngey < C[VUl72ge) (Ul 12

Y 1
ul ey < C | [uly®, where a = 1 — ~ (3.1.18)

Remark 3.1.10. i) From Remark|3.1.9 we know that embedding V — H i.e. there
exists ¢ > 0 such that

ulp < clfull
hence inequality (3.1.18]), simplifies to
] pon g2y < Ci [Jul] - (3.1.19)

where C, := cC. The last inequality reflects the fact that V. — L*"(R?), where

n € N.
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Recall the following Lemma 2.1 from chapter 1, which provides provide an
estimate for the non-linear term F', that appears in drift term of stochastic

equation (3.1.6)).

Lemma 3.1.11. Consider map F : V — H is the map defined by

F(u) = |ul® v —u®" 4+ u|u|?s.. Then there exists a constant C > 0 such that
|F(u) = F(u)ly < G(llull, [[ol]) [lu = vll, w0 eV, (3.1.20)

where G : [0,00) x [0,00) — [0,00) is a bounded and symmetric map, defined as

(%) (r2n—1 + Szn—l) (T, + s)

G(r,s) : =C*(r* +8%) + (r+s)” + >t
+ (r?" + s)

Lol <2n2— 2) (T2n—2 + 82n—2) ‘

Next lemma gives the estimate for the diffusion (stochastic) term of stochastic

equation (13.1.6)).
Proposition 3.1.12. i) For f € H, consider the map B : H — H, defined by
B(u) = f = (f,u) u. (3.1.21)
Then for all uy,us € H, the map B is locally Lipschitz i.e.
[B(u1) = Blug)ly < [fly (lualy + lualy) lua — ualy (3.1.22)
ii) If an addition f € V, then such that,

1B(ur) = Buz) || < |[FI (el + ffual]) fur = usl - (3.1.23)
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Proof. Let us fix uy,us € H, we have the following chain of equation/inequalities

|B(u1) = Blug)|y = |f = (fiur)ur — [+ (f, u2) ua|p
= [{(fiu)wr = {f, ur) ug + (f, wr) uy — (f, uz) ualy
= [(fru) fur = walpy + [(fua) = (f u2)| [uz|
= [{frun)] ur = wal g + [(f, un — u)| Jual 4
< Sl lualy o = ol gy + fim lun — wsl gy [usly

= | fly (urly + luelg) lur — uafy - (3.1.24)

This completes the proof.

ii) Proof goes exactly on same lines of part i). |

In the following lemma, we are going to compute the Frec¢het derivative d,B,

which we will use subsequent lemma.

Lemma 3.1.13. If B: H — H be the map defined in Lemma with f € H.

Foru € H, the Frechet derivative d,B, exists and satisfies,
d,B(h) == (f,u)yh— (f,h)u, for allh € H. (3.1.25)
Proof. Consider the following expression

—(fiu+h)y(u+h)—f+{fiu)u

yu)u— ((f,u) + (f,h) u— ((f,w) + (f, h)) h
supu = (fyuyu—(f,h)u—(f,u)yh—{f, h)h
= —(fiu—{fiuyh+o(hly)

o B0 = B@) = (fohyut (G ) ollhly)
|h| 3 —0 |h Il —0 by

and hence the Frechet derivative d, B satisfies (3.1.25)). This completes the proof.
|

B(h+u)—B(u) = f
{
{

—0
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In the next Lemma we are going to prove that Frechet derivative

k(-) =d,B(B()), is locally Lipschitz and hence satisfies some useful estimate.

Proposition 3.1.14. Assume the framework of Lemma [5.1.13. If k is as defined
n equation Then
i) For all uy,us € H, the following inequality holds,
| () = 5 (ua) |y < [l (24 Tl + Jualyy + (Jl g+ [ual )] = ws gy
i) For all uy,us € V, the following inequality holds,
5 (ur) = & (u) | < CUAIP (24 Nuall® + [zl + () + lfual)*] ur = us]| -
Proof. Let us choose and fix u;,us € H. Then we have the following chain of
equations/inequalities
|k (u1) = K (u2)ly = |du, B(B(u1)) — du, B(B(u2))
= = (fiu) B (w) = (f, B (u1)) wr + (f,uz) B (uz) + (f, B (u2)) uz|y
= |[(fsu2) B (uz) — (f,ur) B (u1) + (f, B (u2)) uz — (f, B (w1)) ur|
(fru2) B (u2) — (fyuz) B (w1) + (f,u2) B (ur) — (f,u1) B (u1)
+ (f, B (u2)) ua — (f, B (u2)) ur + (f, B (u2)) ux — (f, B (u1)) wy o

(fyu) (B (u2) — B (u1)) + ((f, u2) — (f,u1)) B (u1)
+(/, B (ug)) (ug —wr) + ({f, B (u2)) = (f, B(w))) w1 |,
< [(fru2)||B (u2) — B (u1)| g + [{f; u2 — ui)| |B (u1)]

+[(f, B (u2))] lur = uol g + [{f, B (uz) = B (u2))| [t |

By the Cauchy Schwartz inequality,
[k () =k (u2)l g < [B(u2) = B (ua)ly |fly lualy + [f g lun = ualy |B ()l g
1Sy lua = ualy | B (u2)l g + B (uz) = B (ua)|y [f] g [l
= [flg (1B (w)lg + B (u2)| ) [ur — ualy

+|f|H (|u1|H+ |u2|H) | B (ug) — B<u1>|H
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Using the definition of B, inequality (3.1.24]) and the Cauchy Schwartz inequality

in last inequality,

5 (ur) — K (u2)ly < | flg (I = (fsw) waly + | f = (f u) ual ) lur — ualy
+‘f‘§{<|u1‘H+ IUZ‘H)Z |y _UQ‘H

|f|H (|f|H+ |f|H|U1|§1+ |f|H+ |f|H |U2|§{) |U1 — U2|y

VAN

2 2
+|f|H(|u1|H + |u2|H) ’ul _u2|H

2 2 2 2
= |f|H [2+ |U1‘H + |U2|H + (’u1|H+ |“2|H) } |u1 — U2y

This completes the proof of part i).

ii) On the same lines of part i). [

Remark 3.1.15. From last proposition we know that map k, given by equation

satisfies
2 2 2 2
|k (ur) =k (u2) | < Sl [2 + ]y + [ualyy + (lual g + |ualy) ] ur — sz -

Now since the embedding V' — H s continuous so there exists a constant ¢ such that

\ul; < c||ull, hence there exists a constant C' such that the last inequality becomes
2 2 2 2
|1 (u1) = 5 (u2) |y < CIFI [2+ lluall” + uall” + (lunll + uzl])”] lur — wal -

(3.1.26)

3.1.7 Existence and Uniqueness of Local mild solution of

stochastic evolution equations

In this subsection, we aim to prove existence and uniqueness of local mild solutions of
truncated (3.1.11]) and original evolution equations (3.1.6]). In the last subsection we

saw that maps F' and x are locally Lipschitz and satisfy some symmetric estimates,
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next abstract result is going to help us to assert that truncated F' and k are globally

Lipschitz.

Proposition 3.1.16. Assume that Banach spaces E,V and H satisfy Assumption
3.1.1. Assume that Z : V — H be a function such that Z(0) = 0 and satisfies the

following inequality, for all ui,uy €V,

12 (ur) = Z (ug)l g < G (lual] s [Juzl]) lur = ual - (3.1.27)

where G : Ry x Ry — R is a symmetric function bounded on compacts i.e. for all

K > 0 there exists C = Ck such that
|G (s,t)] < Ck for all s,t € [0, R]. (3.1.28)

Assume that 0 : Ry — [0,1] is a non-increasing smooth function satisfying (3.1.8)
and (3.1.9). Define a map 4 , : Xy — L*(0,T; H) by
(®F 4u) (t) = On(|uly,) Z(u(t)), wheret €[0,T] and X = L*(0,T; EYnC (0, T; V).

Then @7, 1s globally Lipschitz. Moreover there exists D, > 0 such that, for all

Ui, Us € XT
|9 4 (u1) = P 5 (u2)| oo gry < Do lun — wal, T2, (3.1.29)
where D, :==2|G (2n,0)| + G (2n,2n).
Proof. We start by showing that ®7 . is well-defined. Let u € X then
n 2 2
‘q)T,ZO“L) }L2(O,T;H) = len(‘u’X,)Z(u(t)) }L2(O,T;H)
T
2
= [ Itttz ar
Since |0|* < 1 so |6,]* < 1, we infer that
T
n 2 2
‘q)T,Z<u) }LQ(O,T;H) S /(] |Z(U(t>) |H dt

< /0 lu(@)I* G ([[u()], 0)[* dt.
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Since Xy C C'([0,T];V) so [lu(®)| < |u[y, =1 K < oo, for all t € [0,T]. Also from
(3.1.28) |G (|[u(t)]],0)| < Ck. It follows from above last inequality

T
n 2
R PACD] S /0 lu ()17 1G ([l ()]],0)[* dt
T
< / K*Chdt = K*C3 T < oo.
0

and hence Q7 4 18 well-defined. Let us fix uq,us € Xp. Set

i =inf {t € [0,T]: |ui|y, > 2n},i=1,2.

WLOG we can assume that 7 < 7. Consider
T ) i
5. (01) — B (0)] ) = [ | 198 2(0) = o), dt} ,
g 2
= | [ 10l 2000 = 8l ) Z e ]
For i = 1,2, 0,(|ug|y,) = 0 and for t >
n n [ 2
97 20) = 9 200) oy = | [ Iullinl)Zn(0) - en<ru2|xt>2<u2<t>>\},}

_ /T2 On(|urlx,) Z(ur(t)) — On(lurlx,) Z (ua(t))

B 2

_ /72 9”(|u1|Xt) (Z(ur(t)) — Z(ua(?)))
0 |+ (On(lurlx,) = On(lusly,)) Z(u2)(t)

ol

H

Using Minkowski’s inequality we infer that

B 2(0) = V) iy < | [ onlhil) (ZCan(0) = 2 o]

N

+ {/0 ‘(Qn(|u1|Xt) - 9n(|u2|Xt>) Z(ug(t))‘Hdt}
(3.1.30)
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Set

dt,

_
N|=

A = {/0 2 }(enﬂulfxt) - en(’uﬂxt)) Z(u2(’f))ﬁ{

[NIES

T2 9
B = | [0l Z0) - ZGa)f | o
and hence the inequality (3.1.30) can be rewritten as
|7, (u1) — ®§7Z(u2)}L2(O’T;H) < A+ B. (3.1.31)

Since the function 6,, is Lipschitz we infer that

= [T )(0ul) = ulualy) ZCa(o),
[ flly, = lualy [ 120
[ flly, = leal [ 12 a0y
W [ = sl |2 (a0

0

42 uy — wsf?, /0 2 (us(t)) %, dt. (3.1.32)

IN

IN

IN

IN

Next we want to estimate the integral the last inequality. By use of inequality

B.1.27)

/0 S 2w dt < / C s () I21€ (lualt)], 0)2 d

< sup IIU2(t)||2/OTQ G (a1, )] dt.

tE[O,TQ)

Since \ugliw = ts[lgp | lua ()P + I g (1) |5 therefore
€10,7m2
2

tS[lolp] g ()]]* < |usl Y, < (2n)*. Thus the last inequality takes the following form
€10,7m2

T2

/0 2wt dt < (20)? / G (Jua(8)], 0) 2 dt = (202 |G (20, 0)*
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Using the last inequality in (3.1.32]) we get

A2 S (27?,)4 |G (277,, O)l2 T2 |U1 - UQ|§(T
< 2n)'|G (2n,0)] |us — ws[%, T
A < Anlug —usly, T3, (3.1.33)

where A, = (2n)*|G (2n,0)[*. Since On(Jurlx,) = 0 for t > 7 and 71 < 75, we have

5= | [ Il 20 - Z<uQ<t>>>|§,dt}é

1

: VO 6l (Z (s (8)) = Z ()] dt} |

Also since 0, (|ui]y,) < 1 for t € [0,71) we infer that

B | [ 1) - 2t i
Using inequality
5 < [ o) - @l G (o )
< s ) =0 [ (G a0l P e (3120

te[0,71)

Using the fact that, sup |jui(t) —us(t)|® < |u1—u2|§(n, and using
tE[O,Tl)

sup |Jus(t)||* < luilx < 2n,i=1,2, the last inequality takes form
t€[0,7'1) *

.82

IN

T1
luy — u2|§(7_1 G? (2n, 2n)/ dt
0

< 7G*(2n,2n) |u; — u2|§<T

IA

2
Bn |U1 — u2|XT T
where B? = G*(2n,2n) . Thus

B < BJT% |uy — us|y,
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Using the last inequality together with inequality (3.1.33)) in (3.1.31)), we get

|2, (uy) — L < (Ay + By) Jus — usly, Tz = D, |u, — Un|y, Tz,

1.2 (uz ‘LQ 0,T;H)

where D,, := (A, + B,). This completes the proof of the theorem. [ |

Corollary 3.1.17. Assume all assumptions of the Proposition and the map F
be map as defined in the Lemmal|3.1.11. Recall that X7 = L*(0,T; E)YNC (0,T;V).
Let % p: X7 — L?(0,T; H) be a map defined by,

7 p (u(t)) = On(luly, ) F(u(t)).
Then there exists C,, > 0 such that,
D% (1) — OF p(uz ‘LQ T < Cn [uy — ug|x, T3, where ui,up € V. (3.1.35)

Proof. The result follows directly from Proposition[3.1.16, Indeed, by Lemma/|3.1.11
F satisfies the inequality (3.1.27)) i.e.

|E(u) = F(u)| g < G(lJull, [vl]) [lu =l

where G : [0,00) X [0,00) — [0,00) is a bounded and symmetric map, defined as

(%) (r2n—1 + S2n—1) (7" + s)

G(r,s) : =C*(r*+8%) + (r+s)” + 2!
+ (r#" + s)

Lol <2n2— 2) (T2n—2 i 8271—2) '

Take Z = F . Clearly the map G is symmetric and being polynomial G is bounded.

Hence the required inequality follows from the Proposition |3.1.16| [ |

Before mentioning next two results probably it will be better to recall some

definition.
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For a given f € V, recall that B is a vector field on H defined by
B(u) = f — (f,u)u, for allu € H.

Recall from Proposition |3.1.12| the Frechet derivative of map B at u i.e. k = d, B,
can be given as

k(h) == (f,u)h — (f,h)u, for all h € H.
And obviously X7 = L?(0,T; E)nC (0, T;V).

Corollary 3.1.18. Let B and k be maps described above and k satisfies the
inequality (3.1.14)). Define that A1 : X+ — L*(0,T; H) by,

(A ()] (8) = 0 (|ulx,) 5 (u(t) ,t € [0,T].
Then A, 1 is globally Lipschitz and moreover there exists K, > 0 such that,
|AH,T(U/1> - A“7T<u2)|L2(O,T;H) S Kn |u1 - u2|XT ,_1—11/27 U1, U9 € XT. (3136)

Proof. The result follows directly from Proposition (4.2.10, From inequality ((3.1.26)

we know that

[K(w) = &)y < G(lJull; [[0]]) lu =]l
Where G : [0,00) x [0,00) — [0,00) is a bounded and symmetric map, defined as
G(r,s) = C|IfI” 247"+ 5+ (r+ )]

Take Z = k . Clearly the map G is symmetric and being polynomial G is bounded.
Hence the required inequality follows from the Proposition 4.2.10} [

In the next result, we will show that truncated diffusion term i.e. B in main

problem (13.1.6]) is globally Lipschitz.
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Proposition 3.1.19. Assume that all assumptions of Proposition |3.1.160. Let us
assume that B is defined by (3.1.21). Define a map ®pr: Xr — L*(0,T;V) by

[@p.rul (t) = 0n (lulx,) Blu (1), t €[0,T].
Then ®p 1 is globally Lipschitz and there exists M, > 0 such that
[Ppr(u1) = Ppr(u2)l 2y < Mnlur — s, Tz, up, us € Xr. (3.1.37)
Proof. We start by showing that ® g is well-defined. Pick and fix u € X then
2
(@50 (W) O 20z = [llulx,)B@®)] 2010
T

2

= [ 6l Bate) | e
0

By definition of 6 we infer that |§|* < 1 and so it follows that |6,|* < 1. Therefore
using inequality (3.1.23)) in last equation,

T
Do)y < / |Bla(e)|P dt.

T
< Uy [ T

Since u € C ([0,T];V) there exists K > 0 s.t. ||u(f)|| < K for all t € [0,77, so last

inequality becomes
T
P57 (u) 72077y < C° |f|§{/ Kidt = C*|f[3, K*T < co.
0

Hence ®p 1 is well-defined. Next we will show that ®p ; is globally Lipschitz, for

this choose and fix uy,us € Xp. Set
m=inf {t € [0,T] : |ugly, >2n},i=1,2.
WLOG we can assume that 73 < 75. Consider

1
2

[®p.r(ur) = Ppr(ua)l 2oy, = { /0 I[® 5.1 (ua)] () = [®5.1(us)] (t)Hth} :

- Uo ”""(‘“ﬂxﬁB(ul@))—0n<|u2\Xt>B<u2<t>>H2dt}
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Since 0, (|uily,) = 0 for t > 75, i = 1,2 we infer that

|Ppr(ur) — (I)B,T(u2>’L2(O,T;V) =

UO 16 (s, ) Bar (1)) - ‘)n(|U2|Xt)B(u2(t))||2}

/

0

/72
0

On(lur]x,) B(ur(t)) = On(fua] x, ) B(ua(t))

+0n(Jutlx,) Blua(t)) —

On(lurlx,) (B(ua(t)) = B(ua(t)))
+ (Onllunlx,) = On(luzl,)) Bluz)(t)

Therefore, by using the Minkowski inequality we get,

[Ppr(u1) = Por(u2)lparyy < [/: [0 (lua] x,) (Blua(t)) — B(U2(t)))H2dt] ,

Set

A = { / | @nlusly,) = Onllusl,)) Blus(t))]

+ [/072 H(Qn(|m|xt) — O (Juz]x,)) B(Uz(t))H2 dt}

[ S|

B : = [ / | ullul ) (Blus(®)) - B<u2<t>>>H2}

With the notation previous inequality reads,

@ r(u1) = Ppr(uz)| 2050y < A+ B.

130

On(luzlx,) B(ua(t)

M ~

2

1
2

N

(3.1.38)

(3.1.39)

1
2

Y

2

=



3.1. Notation, Assumptions, Estimates and Introduction to main problem

Since 6,, is Lipschitz constant so

= [T 0ull) = Oullual)) Bluate))]at,

1 [™ 2 2
< 5 | |lhaly, = el Bla@)|| a
1 [ ) ,
< o [ [l — fusl I BGa(0)] d.
1 [™ 9 9
< = |l —uely, [[B(ue(t))|” di,
n= Jo
1 2
< ohu—wly, [ 1B (31.40)

By use of inequalities (3.1.23)),
T2 T2
| IB@@d < iy [ o),
0 0

2
T2
< czrfﬁ,(sup ||u2<t>||2) |
te[0,72) 0

2
= CQIfIE(SHP ||U2(t)||2) T2

te[ozTQ)

Since |usl% = sup |Jua(t)|® + Jo? Jus(t )%, we infer that sup [ug(t)|* < |uol
T2 tE[O,TQ} tE[D TQ} =
and using fact that |us| x,, < 2n, the last inequality takes form

/: 1Bus(t)[” dt - < CQIfﬁ;(S»up ||uQ(t)||2> T

tel0,m2)

IN

2
2\l (luel, ) 7
< (@) |1l

Using last inequality in (3.1.40)),

1

A? — lur —ual, (2n)'C? [ f[} 72 < A0°C? | fI |y — X, T

A < Anfur —ugly, Tz, where A, = 2nC |fly (3.1.41)
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

Similarly because, for 8,(|ui]y,) = 0 for ¢ > 7 and 71 < 75, we have

B o= | [ Iutul) (B - By d g

= VOH [0l x,) (Bua(t)) — B(U2(t)))H2dt]

Since 0, (|u1|y,) < 1 for t € [0,7)
B | [ 1B00) - Buo)]* @]
Therefore, using inequality (3.1.23) we infer that,
B < C? |f|12q/0 ([l B+ lua () flua () = ua ()]]1* dt,

< P, sup funlt) — us(t)]? / s ()] + Jus(6)])? dt,

tE[O,T1)
T1
< C*|ffy sup fua(t) = ua(t)|* sup (Hul(t)HJrHUz(f)H)Q/ dt
te[0,71) te[0,11) 0

again use of Cauchy Schwartz inequality and sup ||uy(t) — us(2)]|* < |uy — u2|§(rl,
tE[Oﬂ'l)

and using sup ||u;(t)|° < |u1]§(T < (2n)%, i = 1,2, the last inequality takes form

t€[0,71)
B? < (2 |f|§1 uy — “2|§(T1 (2n + 271)2 /071 dt,
< (@n)C? ff lm —waly, i,
< () C | fly o — o, T
< B?|uy — ug\iT T, where B, = 4nC'|f| .
B < Bului—usy, T3 (3.1.42)

Using last inequality together with (3.1.41]) in (3.1.42)),we get

Pp.r(u1) = Ppr(us)l 20 gy < (An + Bn) ur — ualy, T3 = M, |u; —us|y, T2

where M, := (A, + B,,) = 2nC'|f|; + (4nC'|f|;). This completes the proof of the

theorem. [ |
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

Next we prove one of the key results of this subsection i.e. existence and

uniqueness of the local solution to approximate evolution equation (3.1.11}).

Proposition 3.1.20. Assume that assumptions of Proposition as well as
Assumption [3.1.5.  For given fi, fo,....fn € V and ug € V. Define a map
W - M? (X7) = M? (X7) defined by:

N
U7, (0) = Sug + S * O 1 ZS*AHJT )+ (SO®s,, (). (3.1.43)
J=1

where B; and k;, are as defined as (3.1.21) and (3.1.25) respectively, j = 1,2, ..., N.
Then there ezists C'(n) > 0 such that
|‘IjTuo ) \Ij?“,uo (u2)|M2(XT) < C(n) ’ul - u2|M2(XT) T1/2'

Moreover, there exists Ty > 0 such that for all T € [0,Ty) , V3™ is strict
contraction. In particular, for all T € [0,Ty) there exists u € Xp, such that

Ui (u) = u.

Proof. Let begin with proving that W7, ~is well-defined. For u € M 2(Xr), using

triangle inequality consider,

N
Uiy @)y = [ Stto+ S # P po(u Z S Ay, (u) + ) (S0P, (u))
j=1
1 N
S |SUO‘M2(XT) + ‘S * (I)%,F(u)}Mz(XT) + 5 Z |S * A’ij,T(u)}MQ(XT)
j=1

N
+ Z ‘S<>®Bj,T (u)|M2(XT)

j=1

M?2(Xr)

1 N
= VEISuwl, + E[S+ 0 ey, +5 D0 VEIS A, ()]},
j=1

N
O[S0, (0], -
=1
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

From Assumptions and inequalities (3.1.35]), (3.1.37)) and (3.1.36|) it follows
that,

C N
‘\Ij%uo (u)|M2(XT) < CO \/ E ||U0||2 + G \/]E |CI)%F(U)|12(O,T;H) + 71 Z \/E ‘Af-ij,T (U)E?(O,T;H)
j=1

N
+CYy Z \/|(I)Bj,T (u) }LQ(O,T;V)
j=1

c N
— OW/E HU0H2 L0 \/]E |¢%’F(u)|i2(07T;H) + 71 Z \/E ’AI{j,T(u)|i,2(O,T;H)
j=1
N 5 J
02 Z \/E ‘¢Bj,T (u) ‘LQ(O,T;V)

7=1
C N
Co/E ||uo||® + C1C.TV*\/E [uf%,, + 71T1/4 > Kuj\/Eluly,
j=1

<
N
+CyTVS " M\ JE July,
j=1
O N
= Co\JE [luol® + CLlC T [ty ., + 71K"T1/4 [ulyr2 gy D Ko
j=1
N
O T Julypa gy D Mg
j=1
< 0.

Hence ¥ is well-defined.
Let us choose and fix uy,us € M? (X7). Using triangle inequality consider the

following,

‘\II%,UO (ul) - \Il%,uo (u2>‘M2(XT)

S (O (ur) = D o (u2)) + 5 D501 S (A (1) = Ay (u2))
+ Z;V:I S<> ((I)Bj,T (u) - (I)Bj,T (U))

M2%(XT)
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

1 N
< |S * ((I)?‘,F (ul) - (I)%F (u2>) ’MQ(XT) + 5 Zl ‘S * (Aﬁj,T (ul) - AK;‘,T(UQ)) ‘MQ(XT)
j=

N
+ D150 (@n,r (1) = Py () |2,

i=1

From Assumptions [3.1.5] it follows that

O N
< Ol \/E |®%,F(u1) - CI)%F(UQ) |i2(O,T;H) + ?1 Z \/E ’Aﬁj,T (ul) - AHj,T (u2) E%O,T;V)
j=1

N
+C2 Z \/E ‘(I)Bj,T (Ul) — (I)Bj,T (’U,Q) |i2(O,T;H)'

j=1

Using inequalities (3.1.35)), (3.1.37)) and |3.1.36| we get,

N
Clc’nTi\/E |U1 - U2|§(T + T’i Z Mn,j\ /K |U1 — U2|§(T
7j=1
N
+CQTZ Z Kn’j\/E ]ul — ’U/2|§(T

Jj=1

IN

N
1 1
= ClchZ |U1 — u2|M2(XT) + T4 |U1 - U'2|M2(XT) Z Mn,j
j=1

N
1

j=1

= C)T Jur = uslyp
where

C N N
C(n) = C'lCn -+ 7 fo Kn,j + CQ < M”:]

Now we can see that C(n) is independent of time, also we can reduce T in such
a way that C(n)T < 1. Hence W7 is strict contraction for all T' € [0,7;) and
consequently by Banach fixed point theorem, for all 7' € [0, Tj) there exists u € Xr,

such that W7 (u) = u.
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

Before proceeding further, let us recall an important observation from [§] (Page

145-147). We are going to use it at several instances.

Remark 3.1.21. Assume that 1 be a Hilbert space H-valued process such that
t
/ 1S (t — 1) b(r)||3g ds < oo, for allt >0 P-a.s.,
0

where (Sy),5¢ is analytic semigroup of bounded on H and |||gg is the

Hilbert-Schmidt norm. The stochastic convolution

1(t) :/O S (t —r)b(r)dW (r), t >0,

1s well defined. If T is some stopping time of our interest then consider the following

stopped process
tAT
I(t/\T):/ SEANT—=r)(r)dW(r), t > 0.
0

Observe that integrand in above stopped process is not adapted and progressively
measurable, hence the integral above does not make sense. To tackle this issue let

us consider the following integral

I(t) :/0 St—r)(Lone(rAT))dW(r), t > 0.

It was shown in the Lemma A.1 of [8] (Page 146) that if we assume further that I

and I, have continuous paths almost surely, then
S{t—tAT)(t ANT)=I.(t), for allt >0 P-a.s.
In particular the integral I(t A T) make sense in the following manner,

ItAT)=L(tANT), forallt >0 P-a.s.
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

In the following result, we intend to prove the existence of the unique local mild
solution to main problem . One can observe that from the following result we
can estimate from below the length of existence time interval with a lower bound,
which depends on the second moment of V-norm initial data, on a large subset of
2 whose probability does not depend upon the moment. In next section, we will
prove that Xp-norm of intimal data converges to oo and t converges to lifespan,

provided that life span is finite.

Proposition 3.1.22. If R > 0 and € > 0, then there exists a number
T* (e, R) > 0, such that for every Fo-measurable V-valued random variable ug
satisfying B ||luo||> < R2, there exists a unique local solution (u(t),t <) of
such that P(1 > T*) > 1—e.

4C2R?
I3 Y

where () is as in assumption (3.1.14]). Let ug be Fp-measurable V-valued random

Proof. Take and fix R > 0 and € > 0. Choose n € N such that n? >

variable satisfying E|juo||*> < R?. For all n € N and T > 0 we consider a map
W - M? (X7) — M? (X7) given by:

N
n o (u) = Sug + S * Bf. ZS*AW )+ > (S0P, , (u).
7=1
Now since W1, (ug) = Sug so using assumption (3.1.14). we have
}\IJTuo Uo |M2 =E |SU0|§(T S OQE ||UO||2 S C()R

Moreover the map W7, ~also satisfies

‘\DTUO )|M2(XT) -

N
1
SUO + S * (I)%’F(U) + § Z_; S * Anij(u) + Z (S<>(I)Bj,T (U))
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

Using triangle inequality,

1 N
‘\IITuo )|M2(XT) = |SUO|M2(XT) + }S * ¢%7F<u)}M2(XT) + 92 Z |S * A”j,T<u)}M2(XT)
j=1

- Z ‘SOQ)BJT )|M2(XT)

1 N
= VEISuwl, + B[S+ 0@}, +5 D0 VEIS Ay, (]},
1

j:
N
+3VE (S0P, (w3, -
j=1

Using Assumptions [3.1.5]

¥y @y < CoVE Nl +Coy 2108 021
O & 2
1
+7 ; \/E ‘Aﬁj,T (u) ‘LQ(O,T;H)

N 2
+CQ Z \/E ’CI)B],,T (U)
j=1

L2(0,13v)

Next Using inequalities (3.1.35)), [3.1.37| and [3.1.36| we get,

CiT
< CoR+ Co\/E|uf3, T2 + = ZKW/EMX +C’2T2ZMHM/E|u|X

7j=1

= CoR+ K, T% |ul o, - (3.1.44)

where K,, .= C,, + % Zjvzl K, ;j+Cy Zjvzl M,, ;. The above inequality holds for all
u € M?(X7), and for all T > 0, n € N.

For any uy,us € M? (Xr) from Proposition 1.19, we know that

}\PTUO ) \Ij%,uo }M2 Xp) = C Tl/ |’LL1 - u?‘MQ (X7) -

1
Choose T1 > 0 such that C\, T} < 5. This will make W%, . for all T < Ty, is 3-strict

contraction and hence there exists a unique fixed point u™ € M? (Xp,) such that
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

W%, (u") = u™. Choose T > 0 such that K,T? < 1. Now take u in particular as a

fixed point u™ of W7, - then from last inequality (3.1.44), we infer that

|Un|M2(XT)

W a2y < CoR A 5

Hence

Clearly from last inequality it follows that for every T" < T7 A T, the range of
W7, is a subset of the ball of radius 2CoR, centered at 0, in M? (Xr). If we set

T* =T, AN'T,. then from last inequality we infer that, infer that
0"y (xpy < 2CoR. (3.1.45)
Consider the stopping time 7,, defined by,
T =inf {t € [0,T%],[u"], > n}.
As u" (0) = ug so observe that

if |lup (w)|]] > n then 7, =0 and

if ||ug (w)|| < n then 7, € (0,77].
Now we claim that (u", 7,,) is local mild solution. Then u™ as a fixed point it satisfies
t

A3 [ e (1) A e

le /0 S(t—r)0, (|u"]y,) B (u"(r)) dW;(r), P-as.
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

Observe that processes involved in the both sides of above equality are continuous,
so this equality still holds when the deterministic time ¢ is replaced by ¢t A 7,,. The

stopped equation can be given as, for t € [0, 7], P-a.s.,

ut(tAT,) = S(t)uo—i—/o " StAT, —1)0, (Ju"] ) F (u"(r))dr

N

1 tATh .
+5 ;/0 St ATy —1)0n (Ju"] ) A, o (u (1)) dr
N tATh
+ Z/ StAT, —1)0n (|u"] ) B (u"(r)) dW;(r), P-as.
j=1"0
(3.1.46)
We claim that
On (Ju"]y) =1, for all r € [0, A 7,). (3.1.47)

In order to do so, let r € [0,t A 7], where t € [0, T], therefore r < 7,,. Now since

lu = n,ifr, <T

"]
T’VL

< n,ifr, =T,

and the map r — |u"|, increasing, we infer that |u"|, < |u”| < mn, for all r < 7,.

"
T’ﬂ

Hence by definition of 6, it follows that
On (Ju"]y ) =1, for all r € [0, A 7,).

Keeping in view the Remark [3.1.21] and using (3.1.47)) into (3.1.46|), we infer that,

WEAT) = S(t)ug+ /0 " S AT — PV F () dr

N

"y /0 " S(E AT — YAy (1 (1)) dr

J=1

£30 [ S AT =B 0) W), Pas

J=1
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

for all t € [0,7*). Therefore, (u",7,) is local mild solution to our main problem

(3.1.6). By the definition of stopping time 7,
(weQ:m (W) <T (W)} {w €Q:uly,. > n} .

Indeed 7, < T iff there exists ¢ < T* such that |u"|y > n . Since s = ||
increasing so [u"|y = > [u"[x, > n, for all ¢ <T™, hence the above inclusion holds.
By using the Chebyshev inequality and inequality (|3.1.45]), moreover using choice

of n in the beginning of the proof i.e. n? > @, we get

P{r, <T} < P{u'l,. >n}
E [u"[,.
< 2 =
2
_ |un’M2(XT*)
= — 5
< 4CERY <.
— 2 — Y
n

Equivalently
P{r,>T"} <l —e.

If we set 7 = 7, and u = u™ then we have the required result. This completes the

proof. [

3.1.8 Global solution to Approximate Evolution equation

Let us begin by defining a sequence of stopping times (7,),.y in the following
manner,

T i=1inf {t € [0,T] : July, > n} AT.

Theorem 3.1.23. Suppose Assumptions and assumptions of Proposition
3.1.20) hold and (7,),cy be the above sequence of stopping time. Then for each

141



3.1. Notation, Assumptions, Estimates and Introduction to main problem

n € N, the truncated evolution equation (3.1.11) admits a unique global solution
u® € M?(X7). Moreover (u™ 1,) is local mild solution to the main problem

(3.1.6).

Proof. Let us fix n € N, T € (0,00) and ug € L* (2, P; V). Let ¥} be a map on
M? (X7) defined by,

N
Un o (w) = Sug + S * . ZS*AM )+ > (S0Ps, 7 (u).
7=1

From Proposition [3.1.20] we know W% -~ maps M?(X7) into M?(Xy) and it is
globally Lipschitz. Moreover, for sufficiently small 7" W7, - is strict contraction.

Hence we can find 7 := n(n) > 0 such that W%, is a j-contraction. Let

(M) kemugoy Pe a sequence of times defined by 7, = kn, where k € NU {0} . Since

o, o M*(X,) — M?(X,) is a j -contraction, there exists a unique

u™t € M? (Xp,y) :== M?(X,) such that

= v, ()

N

= Sug+S*0, ZS*AM @)+ (S0®s,, (u")).

7=1
As u™ € M?*(X,) and u™! is Fi-measurable so by definition of M?(X,) we infer
that u™ (n) € L*(Q,P; V).
Now by replacing ug by u™! (n) by repeating the same argument as above we

can find u™? € M? (X,, F,, ) such that

un,Z — ‘I’me(m) (un,2)
N

= Su™ (n,)+S* P, ZS*AM "4+ (S0P, (um?)).

J=1

In the same fashion, arguing inductively one can find sequence (u” ’“) 4 Such that
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

u™F ¢ M? (Xm]:nk,1> which satisfies

nk __ n n,k
u - \Ij,mun,kfl(nk_l) (u )
LN N
n,k n n,k n,k n,k
= Su™(n,_,) + S x @) p(u™*) + 5215*Amj,n(u )+ Zl (SO@p,, (u™r)).
J= J=
Let us define a process u™ in the following manner:
u(t) = u™ (1), for t € [0,m)
= Un’2(t), for t € [771,772)
n,k T
=u™"(t), for t € [Nk, Mey1) and k = v +1.
k
We claim that for u” € M? (Xr) such that W7, (u") = u”.
2 ’ 2
Wl = B swp @+ [l
t€[0,7] 0
Mk+1
< E Z ( sup Hu"k(t)H2 +/ ‘u"k(t)@dt)]
k tE [Nk Mk+1) Nk
n,k 2 et n,k 2
= ZE sup  [[u™*(®)]|” + |u™ (t)|Edt
& LMk Mi+1) Mk
n,k
= u™t < 00.
Xk: s Kaomsn))

Hence u™ € M? (Xr). Next we aim to show that W%, (u") = u" i.e. the following

evolution equation is satisfied for all ¢ € [0,77],
t
u(t) = S(t)ug +/ St —r)0, (Ju"|y, ) F (u"(r)) dr
0

A S 1) A 0 0

+ Zl/o S(t—r)b, (|U"|XT) p, . (u" (r)) dWy(r),P-as, t € [0,T].

(3.1.48)
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

By definition u™(t) = u™!(t), for all ¢ € [0,7;) and since u™" satisfies above equation
on [0,7;) so does u™.
Since u™'(ny) = u™*(n), using semigroup property the following chain of

equations hold for all ¢ € [n1,n2),

S(m)uo + fom S(m —1r)0n (|Un’1‘xr) F (“n1<7’)) dr
u(t) = St—m)| +1 Z] L 0 S(m —1)0, (|u”1 Xr) A, (u™ (r))dr
S LSO = )0 (Juntx,) P, (u (1)) AWV (r)

-I—/?: S(t—r)o, <‘u”2 Xr) F (u"Q(T)) dr

1 N

t
+§ ]z: /m S(t — r)Qn (|u”72’XT> A“j,T (u”’2 (T)) dr
N

—l—Z S t—r) (‘u”2|XT> ®p, . (u™?(r)) dW;(r), P-as,
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

u(t) = S(t)ug +/0 St —r)0, (Ju"ly, ) F (u"(r)) dr
+% Z/O S =)0 (|u"

+ Zl/o S(m —1)0, (|un|Xr) O, (u" (1)) dWy(r), P-as,

X7.) Aﬂj,T (un (T‘)) d?“

for all t € [n1,7m2). In the similar manner we can show that u" satisfies for
all t € [Nk, Nky1), for all k € N.

Thus, u™ is global solution of truncated evolution equation . We now
move towards proving the uniqueness of global solution. Let (v, 7) be another global
solution of truncated evolution equation (3.1.11)). We claim that P (u" =v) =1 on
(0,7]. Set B = T7A n,, where (n,) is as in first paragraph of proof. Clearly 8, — 7,

almost surely, as k — [%] By contraction argument and uniqueness

P(u™(t) =wv(t)) = L forallte (0,7 An],

and P(u™ (t) =v(t)) = 1,forallte (0,08].
Proceeding limit k — oo, it follows that
P (u"(t) =v(t)) =1, for all t € (0, 7].

Next we aim to show that (u",7,) is local mild solution to the main problem [3.1.6]

Let us begin by observing that processes involved in the both sides of equality

(3.1.48]) are continuous, so the equality (3.1.48)) still holds when the deterministic
time ¢ is replaced by t A 7,. The stopped equation can be given as, for ¢t € [0,T],
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3.1. Notation, Assumptions, Estimates and Introduction to main problem

P-a.s.,

ut(tAT,) = S(t/\Tn)u0+/O " St AT, —1)0, (|u"|XT) F (u"(r))dr

We claim that

On (Ju"|y. ) = 1,for all s € [0,¢ A 7). (3.1.50)
In order to do so, let s € [0, A 7], where t € [0, T], therefore s < 7,,. Now since
= n,ifr, <T

lu

"]
TTL

< n,ifr, =T,

and the map s — |u"|, increasing, we infer that |u"|, < [u*| < n, for all s < 7,,.

Hence by definition of 6, it follows that
On (Ju"| ) =1, for all s € [0, A7)

Hence using previous observation the integrand of Riemann integrals of equation

(3.1.49),
O (July,) F (u(r)) = F (u(r)), for r € [0,t A7) (3.1.51)

and

O (July,) A (u(r)=A_ (u(r)), forrel0,tAm], t€[0,T]. (3.1.52)

In the view of Remark [3.1.21 and (3.1.50)), we conclude that for any ¢ € [0, 7],

/o " S(tAT,—1) [Gn (|u]XT) Dp, (u (r))} dw(r) = /0 " S(t/\Tn—r)qDBij (w(r))dW;(r),
(3.1.53)

146



3.2.  Construction of Local Maximal Solution

Using the (3.1.51)) (3.1.52)) and (3.1.53)) into (3.1.49) it follows that, P-a.s., t € [0, 7]

uwlt A1) = S{EAT)u + /Omm St AT, —1r)F (u(r))dr

+% ;/0 St AT — YA (u (1)) dr
+Z/ TS A~ )i, () AW (1),

This proves that (u, 7,,) is local solution of main problem ((3.1.6). This completes
the proof. (]

3.2 Construction of Local Maximal Solution

In this subsection, we are going to show that the existence global solution of the
truncated evolution equation (3.1.11) enables us to construct the local maximal

solution of main problem (3.1.6)).

Theorem 3.2.1. Suppose Assumptions|3.1.2 and assumptions of Proposition|3.1.20)
and hold. Then there exists a unique local mazimal solution (u,T) to main

problem (3.1.6]).

Proof. Let us fix T > 0. We aim to show that there exists a solution (u, 7») to main

problem (3.1.6) that satisfies Definition |3.1.8 Let us recall from Theorem [3.1.23

that there exists a unique global solution u™ of approximate equation (3.1.11]).
We begin by constructing a sequence of stopping times (7,), oy in the following
manner.

7, := inf {t €[0,T]: [u"x, > n} AT, where n € N. (3.2.1)

Let us fix natural numbers k& and n such that & > n and

rog = inf {t € 0,7] 5 [u], = np AT, (3.2.2)
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3.2.  Construction of Local Maximal Solution

We claim that

Tk < Tk

To prove above inequality we are going to show that

{t €[0,7]: ’uk|Xt > n} D {t €[0,7]: |u > k}, (3.2.3)

‘]
Xt

holds.
Take r € {t € [0,7]: [u"], >k} then

but £ > n implies that

Therefore

re {te 0,77 : ‘ulﬂXt zn}.

Hence the inclusion (3.2.3)) is true. Taking infimums on both sides of ([3.2.3)) we

infer that,
inf{t €[0,7]: ‘uk|Xt > n} < inf{t €[0,7]: }uk‘Xt > },
and so
inf{t €[0,7]: ‘uk’Xt > n} ANT < inf{t €[0,7]: }uk’Xt > k} AT
Hence
T < Th- (3.2.4)

Next we claim that (uk,Tnd) is local solution equation (3.1.11)) and going to

satisfy the Definition . Recall the fact that (uk, Tk) is local solution to equation
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3.2.  Construction of Local Maximal Solution

(3.1.11)) (See Theorem [3.1.23). Consider the following, for all t € [0,77],

9 9 tATh K 5
Wy, = B s )+ [ o)

. SE[O,t/\Tn,k]

tATE
§E<SW M@W+/‘|mw@
SE[0,tATE] 0

2
= |u|XWk < 00.

Further, we can repeat the argument from the last part of proof of Theorem
3.1.23| to see that (uk, ka) satisfies ii) of Definition m
But since (u", 7,,) is the unique solution ({3.1.11)) proved in Theorem [3.1.23[so we

ub(t) = u"(t) as. for all t € [0, 7, A Tp] . (3.2.5)
Next we claim that
uF(t) = u"(t) as. for all t € [0,7,]. (3.2.6)

To see this we need to see two cases:
Case a) When 7, (w) > 7, (w) , for w € Q. Then 7,4 (w) A 7, (W) = 7, (w) , for

w € Q. Hence (3.2.6)) holds trivially.

Case b) When 7, (w) < 7, (), for w € Q. Then since the map t — [u"|y, is

increasing therefore,
n n
U < |u for w € Q
| |X7n,k(“’) ‘ ‘X-rn(w) )
Now as 7,,(w) < T therefore

[u"| , <n,forw e Q. (3.2.7)

n (w
But since 7, ,(w) < 7, (w) < T i.e. we infer that

| k

=n, for w e Q.

XTn,k: (w)
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3.2.  Construction of Local Maximal Solution

Using (3.2.5) and ([3.2.7)) it follows that

[u" | =n > |u"|XTn(w) , for w € Q.

Tn,k (w)

But this is a contradiction to |u"| ;< |u™| " Hence Case b) is not possible

k(@
so the Case a) is true. Thus claim is true.

From the inequality 7, > 7, above and it also follows that for all £ > n ,
Tn < Tk < The

Thus the sequence (7,), .y being bounded and increasing sequence of real
numbers and hence has a limit 7, := lim 7,, = sup 7, a.s.

n—o0 neN

Now let us define a stochastic processes (u (t))(y.., in the following manner:
u(t) :==u" (t), forallt € [1,-1,7,] and n € N, (3.2.8)

where 75 = 0.

It follows from ([3.2.6)) and (3.2.8) that,

u(t AN1,) =u"(t A1) as. forallt € [0,7]. (3.2.9)
Next we are going to prove that
O (|uly,) =1, for all s € [0,¢ A 7] for all ¢ € [0,T] (3.2.10)
In order to do so, let s € [0,t A 7], where t € [0,T], therefore s < 7,,. Now since
= n,ifr, <T

lu

"]
T’VL

< n,ifr, =T,

and the map s — |u"|, increasing, we infer that |u"|, < |u™| < n, for all s < 7,.

"l
Tn

Hence by definition of 6, it follows that

On (Julx ) =1, forall s € [0,t A7), forall t € [0,77].
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3.2.  Construction of Local Maximal Solution

Now (u",7,) is solution to (3.1.11)) so it must satisfies the following evolution

equation for t € [0, 77,
tATh
u"(t A T,) = S(ENAT)uo + / SEAT, —1)0, (|u"] ) F (u"(r))dr
0
1 tATh
330 [ =00, (401 Ay (" ()
N tATn

+ Z/ St ATy —7)0, (Ju"] ) ®p, . (u" (1)) dW (r),P-a.s.

7 Jo

Using (13.2.10)), (3.2.9) and Remark4.2.55/into last equation we get, for all ¢ € [0, 7] :

Wt A7) = S(EA )y + /0 S A — ) F (u(r) dr

1 N

‘1 2 /0 St AT — YAy (1 (1)) dr

+ Z /Ot/\T” StATy—1)Pp, , (ulr))dW(r), P-as. . (3.2.11)

j=1
This proves that (u,7,) is local solution of main problem (3.1.6). Observe that
all processes F, A, and ®p, . are have almost surely continuous trajectories so

it follows from [37] (cf. Theorem 1.4) that above evolution equation (3.2.11)) also

holds in strong form i.e.

u(t A1) = ug + /o " F (u(r))dr
LN

5> /0 " Ny (u () dr

+ Z/O : Cp, , (u(r)) AW (r), P-as. (3.2.12)

Next we are going to show that local solution (u,7.,) satisfies the Definition

of local maximal solution. We can formulate this part of proof in two cases
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3.2.  Construction of Local Maximal Solution

i.e. the case when 7., = T and 7, < 7. In the case of 7., = T the conclusion is
trivial. Let us concentrate on the case when 7., < T
Let us begin with fact that 7., = lim 7,, = sup 7, and so 7, < 7. Also since

n—oo neN
s — |u"|,, it follows that

luly <luly, , forallneN,
or

n—oo t—Too

Moreover using ((3.2.9)), we infer that

lim |uly < lim July, . (3.2.13)

lim |u"[y < lim |uly . (3.2.14)

n—oo n—o0

Since 7, < Too < T so it follows that

W'y, =n. (3.2.15)

Combining inferences (3.2.13)), (3.2.14)) and (3.2.15)) we have the following chain on
{70 (w) < T,

e e -1 |
A Pl = i ek, 2 i W, = i o0

Hence the Definition of local maximal solution for (u, 7).

Thus (u, 7o) is a local maximal solution to main problem [3.1.6]

Now we prove the uniqueness of local maximal solution. Assume that there
is another (v,04) be another maximal local solution and (0,),, a sequence of

stopping times converges to o, defined by,
o =inf {t €[0,T]: |v|y, > n} Ao AT.
By the following same set of arguments as above, we can see that,

u(t) = v(t), for all t € [0,7, A o,] as. .
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3.3. No explosion and Global Solution

Taking limits n — oo in last equation,
u(t) = v(t), for all t € [0, 7 A 0] a.s. .

We claim that 7., = 0 a.s. If this claim is not true then either 7., < o0, or

Too > On 1.€. either the following is true

tl—l)gloo 1{Too<Uoo}U X = ,,}l_)né.lo 1{7—oo<0'oo}v Xon, = 7,}1_{20 ]'{Too<0'oo}u X, = o0, (3216>

or

lim ‘1{7w>gw}u|xt = lim ‘1{7-00>000}u

t—Too n—o00 = LIEO ‘1{Too>0'oo}/v Xom = OoQ. (3.2.17)

™ n

X

The equation (3.2.16) is a contradiction to fact that w is maximal so does not
explode before time 7,. Similarly equation is contradiction to the fact that
v is maximal so does not explode before time 7,,. Thus both cases 0, < 04 and
Too > 0o leads to contradiction so hence 7., = 0 is true and we achieved the

uniqueness of maximal solution. This completes the proof of theorem. [ |

3.3 No explosion and Global Solution

Finally, in this section we are going to prove the no explosion result and then using
this result we will prove the existence of a unique global solution to the main problem

(B-1.6).

3.3.1 No Explosion result

Theorem 3.3.1. For every V-valued and Fo— measurable initial data uy satisfying

E |Juo||> < oo. There exists the unique local mazimal solution (u,T) to the main

153



3.3. No explosion and Global Solution

problem [3.1.6,. Moreover,

P ({TOO <oo}n {tes[(l)lp ) lu(®)| < oo}) =0

and on {7, < 00},

lim sup ||u(t)|| = oo, a.s.
t—Too

Proof. The existence of unique maximal (u, 7,) solution is guaranteed by Theorem
B.211
To prove the second statement we argue by the contradiction. Suppose there

exists € > 0 such that

P <{7‘OO < oo} N {tes[(l)lp | |lu(t)|] < oo}) = 4e.

For R > 0, let us define an stopping time og := inf {t € [0,7) : ||u(t)| > R}

andﬁz{UR:Too:OO}~Set
Qp = {Too < 0} N{JJu(t)|| < Rforallt € [0,7)} .

We claim that

G = ) o
R=1
The inclusion O U Qp is obvious. For the reverse inclusion, if w € Q then 7. (w)
R=1
and sup ||u(t)|| are both finite i.e. there exists natural number n such that

t€[0,700)

lu(@)] < n, fort € [0, 7],

this implies that w € ﬁn c U QR. Hence () = U QR. Clearly QR - §R+17 for
R=1 R=1
every R. Hence by the o-additivity,

A%P(QR):P<G§R> ~P(0).

R=1
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3.3. No explosion and Global Solution

Hence we find R > 0 such that,
P (ﬁR) > 3e. (3.3.1)

For this R and € let us choose T* (¢, R) as in Proposition[3.1.22, Put o := & (;’R)

Recall that 7, = lim 7,, = sup 7, a.s. where
n—oo neN

T =1inf {t € [0,7) : |uly, > n}.

Set Q,, 1= {w €N T (W) — 7 (W) < a} . We claim that
Q= Q.
n=1

~ oo ~
The inclusion Qr D |J €, is obvious. For the reverse inclusion, if w € Qg then

n=1
Too (W) < 00 and
lu(®)|| < R, fort e [0,7.].
Since lim 7, (w) = 7w (w) < o0, there exists a natural number m such that
n—oo
Too (W) — T (w) < . This implies that w € Q, C |J Qn, hence Qr € |J Q. Since

n=1 n=1
(Tn) ey 1s increasing i.e. for all n € N, 7, < 7,44, and therefore 2, C €, 41. Hence,

Tim P ($,) =P <L_J1 Qn> _Pp (QR) .
Thus we can find § > 0 and a natural number m such that
P(Q,) > (1 — )P (Q’R) , (3.3.2)
If we choose § = 1 we infer from (3.3.1]) that

P(Q,,) > %1@ (QR) > 2. (3.3.3)

155



3.83. No explosion and Global Solution

Set Ty = 7, and

vo = u(Ty) on €y,

= ( other wise.

As Ty = Ty < Too and JJu(t)]] < R, for all ¢t € [0, 7) , so in particular for ¢ = T, we
have

E floo® = EJu (To)|* < R*.

By Theorem [3.1.22| there exists a unique solution v to the problem [3.1.6| with
initial condition vy on the interval [Ty,To+ 711), where T is the lifespan of
solution. Further,

P(T, >T"(c,R)) > 1 —c. (3.3.4)

By Theorem [3.2.1] v is the local maximal solution of the problem with the
initial condition vyg.
Set Q 1= Q,, N {T} > T* (¢, R)}. It follows from and that
P(Q) = P@un{Ti>T" (= R)})
= PQn) +P{TL 2T (¢, B)}) =P (2 U{Th = T" (¢, R)})
> 2e4+1—e—-1

= >0.

Now define a process z in the following manner,

¢

u(t,w), if w e <§\2)cand te0,7),

2(tw) = S u(t,w), ifwe Q and t > 1o,

u(t,w), ifwe Qandte0,Ty.

\

Indeed, the process z defined above is local solution to the problem [3.1.6] with the
initial condition ug. Keeping in view the inequality (3.3.4) and the fact that the map
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3.3. No explosion and Global Solution

t — |uly, is increasing. It follows that the process z satisfies the following chain of

inequalities,

" (|Z|Xroc+§T*<s,R) . 16) =E <|Z|XT0+T*<8»R) ' 1§> ’

IN

E (!u\XTO Ao+ lmaer-enly, ., 1o ) )
E <|U|XTO ’ 1@ ) +E <‘1[TO’TO+T*(E’R)],U|XT0+T*(5,R) ’ 1@ ) )

E (|u|XTO : 1Qm> +E (|U|X[TO’TO+T*(E’RH g ) . (3.3.5)

IN

IN

Recall that Ty := 7,, = inf {t € [0,7%) : |u|y, > m}. Clearly Tj < 7o < 00 on
Q, = {w €07 (W) —Tp (w) < a} hence it follows that |u|XT0 = m on {),.
Thus

E <|u|XTO - 1Qm) = mE (lg,) = mP (Q) < m < 0. (3.3.6)

Also recall that v (-) is solution such that v (t) € M? (Xgyir+(cm). for all

t € [To, To + T1) and its life span T; satisfies
P(TO +Ty >Ty+ T (E,R)) > €
we infer that

2
E (‘]-[T(),To—I—T*(a,R)]U{XTOJrT*(E’R)> <E (‘1[T0,T0+T*(6,R)]U’XT(#T*(E’R)) < 0.

Thus
E <|U|X[TO7TO+T*(E7R)] g ) < 0. (3.3.7)

Using (3.3.6)) and (3.3.7)) into inequality (3.3.5) we infer that,
E <|z’XT®+%T*<E,R) : 15) < ooon QC {7x < 00} .

The last conclusion above is a clear contradiction to the maximality of u. This

completes the proof of theorem. [ |
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3.3.2 Invariance of Manifold

The objective of this subsection is to prove invariance of manifold i.e. if the initial
data belongs to submanifold M then almost all trajectories of solution to main
problem also belong to M. Moreover, we prove a lemma about the energy
which is going to be used in proving the existence of the global solution is next

subsection. Recall, the following result (It6 Lemma) from [37].

Lemma 3.3.2. Suppose u € M?(0,T;E), ugp € V, v € M?*(0,T;H),
o= (p), € M?(0,T;V?) with

u(t) = o + /Otv(s)ds—i—ii/ot oi()dWi (5)

Let ¢ be a functional on V, which s twice differentiable at each point, and
satisfies:

i) 0, and " are locally bounded,

ii) ¥ and " are continuous on 'V,

i) for all Q € LY (V) , Tr[Q o] is continuous functional on 'V,

w) If uw € V, ' (u) € V; the map u — ' (u) is continuous from V' (with strong
topology), into V' endowed with weak topology.

v) there exists k s.t. ||¢ (v)|| < k(1 + ||u]|), for allu e V.

Then:

P (u(t)) = ¢(uo)+/0 ¥ (u(s)) (U(S))derZ/o W (u(s)) (pi(s)) dW; (s)

d t
93] RUUIDICICRIEIES

Following is an important lemma needed for proving the invariance of manifold.

158
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Lemma 3.3.3. Consider a map v: H — R by,
Lo
v (u) = 5 \ulyy , for allu € H.
Then the map v is of C*-class and for all u,h,hy, hy € H,

duyy(h) = ={u,h)

dqzﬂ(hl,hQ) : :<h17h2>-

Moreover, for f € V if

and
r(u) = = (f, B (uw))u—(f,u) B (u)
then
(7'(w), B(w) = (u.f) (1= lulz), (3.3.8)
(o (), Aut F(u)) = (Jlul® + )22 (jul}y — 1) (33.9)
(), w(w) = — [l + (0, ) (2l 1), (33.10)
V() (B (), Bw) = |fI%+ (. f)? (july - 2). (3.3.11)

Proof. Let us begin with calculating the first and second order Fréchet derivatives
of v. For any u and h € H, let us calculate the following limit

2 2
Y(utth) —y@) _ o slud thly = 5luly

lim = i
t—0 t t—0 t
2 2 2 1 2
_ hml‘ub{‘i‘t Al 1t (us h) — 3 July
t—092 t
L2 |h% +t(u, h
TRl by
t—092 t

= (u,h), forall h € H.
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Thus we have the first order Fréchet derivative d,v : H — R, which can be

described as the following duality,

/

dyy (h) = <7 (), h> = (u,h), for all h € H. (3.3.12)

Clearly, d,y is linear. Moreover to prove continuity it is sufficient to prove

boundedness. So for h € H, observe that,
|duy (h)] = [{u, B)| < [ulpy [kl = M |h[g,

where M = |u|, < .
Now lets turn towards computing second order derivative, for any u,h; and

hy € H,
! _ ! _
hmfy (u + th) v (u) o ut+th—u

t—0 t t—0

Hence for every u € H, we have the map 7" (u) : H — H,
v (u,h) :=~"(u) h = h, for all h € H.
Thus the second order derivative d2y : H x H — R can be given as,
d2~ (hy, he) = (¥ () hy, ha) = (h1, hs), for all hy, hy € H. (3.3.13)
Clearly d?~ is bilinear, moreover it is bounded since,
|d2ry (hay ho)| = [y ha)| < [hal g [Bal -
Now to obtain equality , for u € H,

(Y(u),B(u) = (u,f—(fu)u),
= <u7f>_<fau><u7u>7
= (u, f) (1~ ulf) -
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To get equality (3.3.9)) using integration by parts consider the following,

(7' (u), Au+ F(u))

(u, Au + F(u))

(s Au (Jfull + Jul ) w—u® ")
(u, M) + ([l + ful73.) u,u) = (u,u® )
= [lall® = JuulZ2n + (ull® + JulZ3.) Jul

(HuH + ]u\Lgn) (]u\il — 1), where u € E = D(A).

To prove the equality (3.3.10) for an arbitrary u € H, consider,

(7' (), i (u))

- u>f> (<u7f>_

(u,—(f,B(u)>u—<f,u>B

= |1 lul
- <u7 f>2

— [ [ ulz

B(w)) (u,
—(/;

u) = (f,u) (u,
u)u) (u, ),

— (f,u)u),
u, >>!u\H,
(u, f) lulz)
+ (u, £)* |l
+ (u, )l

+ (u, £ (2 [ulfy —

u) (u,

—(f,
—(f,
—(f,
— (I3 -
<

1) , where u € H.

In order to prove the last required equality (3.3.11]), consider

7" (u) (B (u), B (u))

We are done with the proof.

- <f_<f7u>u7f_<f7u>u>7
= (f.)) = {fow)” = () + (fw) {u,u)
= |f|5 + (u £)* (Julf — 2), where u € H.
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We will now prove now main invariance result of this subsection. For this we

will use the following stopping time,
T :=inf {t € [0,T] : [Ju(t)|| > k}, where k € N. (3.3.14)

Proposition 3.3.4. Assume that we are in the framework of Lemma |3.3.3. If

up € M then u(t A7) € M, for allt € [0,T].

Proof. Let us choose and fix u(0) = ug € V N M, and ¢ € [0,7]. Our intentions are
to apply the Ito6 Lemma, (Lemma , to the map v: H 3 u — % |u|§1 € R. For

the convenience let us recall the main evolution equation under consideration,

du(t) =

Au(t) + F(u(t)) + % > riu(®)

dt + " B; (u(t))dW; (t), P-as..

where F, B; and k; are as defined in equations (3.1.11)) and (3.1.12)), respectively.
For stopping time 73, described by equation ((3.3.14]) let us apply [t6’s Lemma to the

process 7y (u (t A 1x)),. It follows that,

N

v (A7) =7 (uw) = Z/OM (7' (u(s)), Bj (u(s))) dWj (s)

7" (u(5)) (B (u(s)), Bj (u(s))) ds, P-as.

Substituting equations (3.3.8)), (3.3.9), (3.3.10) and (3.3.11)) with v = u(s) into last
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equation and using fact that |u0\12q =1 we get

1 5 N tATY 5

Feenn)l=1) = 3 [ w5 ()l - 1) v
j=1

o[ I + o)) (o 1) s

% ‘_1/0 U () + () £ @) —1)] ds
+ > [ R+ )52 (o~ 2)] s, P

Combining all three Riemann integrals of last equation,

(ATl Z / P2 (s), 1) (Ju(s) — 1) dW; (s)

N / {2(u< P + [u(s)25.)

] (‘U(S)ﬁ{ - 1) ds, P-a.s.
- |fj|H + 3 (u(s) ,fj>

(3.3.15)

To simplify argument we treat N = 1, and for ¢ > 0 define the following functions,

pt) + =lutAn)ly -1

a(t) =2(u(t A1), f1)

B) =2 (lut Am)|” + fult AT [T50) — [ fil5 + 3wt AT) L fr)?
F(t,o(t) = =alt)e(t)
Gt.o(t) + =Bt)e(t)

The last equation (3.3.15)) can be rewritten as, for ¢ > 0

tATE

p(t) = /OMTk F(s,(s))dWi(s) + G(s,p(s))ds  (3.3.16)

0

163



3.3. No explosion and Global Solution

To get the desired result it is sufficient to show existence and uniqueness of lastly
presented problem, and for this it is enough to that F' and G are Lipschitz in the

second argument (See Theorem 7.7, [5]). For z,y € R, t > 0 and w € €,
|F(t,z) = F(t,y)| = ot w)z —alt,w)y| = |at,w)| |z -yl
Hence, to show that F' and G are Lipschitz it is only needed to show that maps

a and [ are bounded. Let us begin with «, using Cauchy-Schwartz inequality it

follows that,
a(t,w)| <2 u (AT w), fi)l < 2[u (A Te,w)lg [ fily

fi € H so |fi1|y < oo, also using continuity of embedding V' < H and definition
of 7 it follows that |u (t A 7, w)|y < C|lu(t A1, w)|| < Ck, where k € N. Hence
from last inequality we achieve the bounded ness of «.

Next, for ¢ > 0 and w € €2, again using continuity of embeddings V — H and
V < L?>" | and the definition of 7, we infer the boundedness of map 3 in the

following manner,

1B0)] = |2 (|[u(t AT w) |+ [u(t A T w)750) = 1 fil5 + 3@t AT, A1)

2 (llu (£ )l + o (£ @) [75) + il + 3 Ju (@)l LAl

IN

IN

2 (flu (t ) I” + ¢ flu (£, ) [P") + (L4 3 [l (8, ) I°) |l

IN

2 (K% + K + (1 + 3k%) | ful3 < 0.

Hence the unique solution v of linear equation (3.3.16|) exists and since ¢(t) = 0
for all t € [0,7T] also satisfies (3.3.16]), so by uniqueness v(t) = (t) = 0 for all
t€[0,T],ie. |u(tAm)|3 =1forallt€[0,T]. This completes the proof. |

Remark 3.3.5. In this remark we will show that the map satisfies

v:H>uw %|u|§{ € R the Ito Lemma . For this we show that it satisfies
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i)-v). Recall from Lemma that for v € H, we calculated +' (u) = u and
v (u) h = h, for all h € H.

i) We proved in the Lemma that v and ~" are bounded hence both are
locally bounded.

ii) We saw in the Lemma that ~', ~"exists and hence v and ~' are

continuous on H.

i1) For every Q € L' (H),

o0

Tr(Qov’ (W] = Y (Qov (weye)

= > (Qeje;)

j=1
which is a constant in R, so the map H > u— Tr[Q o ¢" (u)] € R is a continuous

functional on H.
iv) Next we want to show that for any v € H and v'(u) € H, the map
u +— 7(u) is continuous from H (with strong topology) into H (with weak

topology).
For any h* € H* = (L? (D))" = H, and u € H, the duality product,

H <ry/(u + h) - Vl(u)’h*>H - H <U +h—u, h*>H - H <h7 h*>H :
This shows that ~' is weakly continuous. Let T and T, be the strong and weak
topologies on H respectively. Now the weak continuity of v implies that for every

B € 7, we must have (y/)"" (B) € 1, C 7 i.e. (7)) (B) € 7. Thus we have iv).

v) The required inequality is trivial as v (u) = u for allu € H i.e.

Y (@)= fuly < (14 fuly)
Recall, the spaces E = D(A), V = Hy? (0), H = L*(O) from Remark [3.1.5]

Now let us define the energy functional ¢/ : V' — R, in the following manner

1 1 o
Y (u) = 5 HuH2 + o |u|i2 ,foralluecV.
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Lemma 3.3.6. The energy function ¢ : V — R defined above is of C*-class and
for all u,h,hi,ho €V

(' (u), h)

dytp () = (u, h)y, + (u*" ' h) = (—Au+ > h),
(3.3.17)

(2

(" (u) by, he) = o (ha, ha) = (ha, ha)y + ”T—U (u*%, hihy) . (3.3.18)

Moreover, for f € V if
Bu)=f-{(fuu

and
k(u) = —(f, B(u)u—(f,u) B(u)
then
W' (), Au+ F(u)) = —|m, (Au—u Y[, (3.3.19)
@' (u),Bw) = (u, [y + @ f)
= (fyu) ([lull® + [ul72.) (3.3.20)

W (), ww) = (llull®+ ful72) [2(f,u)* = |f15] (3.3.21)
- <f7 u> [<u7 f>V + <u2n71’ f>} .

W) B, Bw) = 1B+ E D 2 (3 w)?) . (3322)

Proof. The proof that the energy functional 1 is of C? has been already done in

Chapter 2 Lemma [2.3.4L Here we only focus on computing the required duality

products i.e. required equalities (3.3.19)-(3.3.22).
Let us begin with recalling the equation (3.1.3)) i.e.

Tu (Au — u*" ) = Au+ F(u),
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where 7, : H — T, M is orthogonal projection. Now using (3.3.17) and integration

by parts,
W (u),Au+F(u)) = (u,Aut F(u))y, + WY Au+ F(u))
= (=Aum (Au— 7)) 4 (7 m, (Au—u)
= —(Au—u*"" 7, (Au—u?))
= —(Au - m (Au— )
= —(m (Bu— ) 7, (Au— 02 )
= —|m (Au— )

above is required equality (3.3.19)). Next,

B (u) +<u2” ' B (u )>
— (fyu)yu)y, + W f = (fu)u),
v — (f,uw) (u,u)y, + <u2"_1, >— (f,u) <u2”_1,u>,

by @) = (o) (el + ul 3.

(@' (u), B(u)) =

(u,
(u,
(u,
(u,

which is required equality . For the equality ,
W (), ki) = (uk(u))y, + (W k()
= (u, = (5, Bj (W) u = (fj,u) Bj (u))y
+ (W = (f5, By (W) u — (fy,u) By (u)

= —(fj, Bj (w)) (u,u), — (fj,u) (u, Bj (u)),,
— {(f3, By (w)) (u** Y u) — (f5,u) (u ™, By (u))

= — (5, B; () (lull® + [ul35.) = (f5,w) ((u, By (w))y, + (u” ", B; ()))
= — (i fi = (fwyw) (lull + Julfs.) — (fu)
’ (<u7fj_<fj’u>u>v+<u2n_17fj f]’ >)
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= — ({5 £5) = (Fw)®) (Nl + fulZen) = (Frou) [(w, £i)y = (Frou) (u,u)y ]
= {fiu) [0 i) = (fiw) (0]
(W (), 5 () = ([lull® + Jul7sn) [2(F5 ) = 1Fl5] = u) [ )y + @ )]
Next lets go for the last equality . Using ,
W ) By (). By () = (B (), By )y + ) s (B, )

= 1B, )+ 2 2 (8, ).

This completes the proof. [ |

3.3.3 Proof of Global solution

Recall the stopping time,
7r ;= inf {€ [0,T] : ||u(t)|| > k},where k € N.

Next we are going to prove the existence of unique global solution to our original

problem ([3.1.6]).

Theorem 3.3.7. Suppose we are in Assumptions |3.1.5 and framework of Lemma
3.3.0. Then for every Fy -measurable V -valued square integrable random variable

uyg € M there exists a unique global solution to the main problem (3.1.6)).

Proof. Let us by recalling from Lemma and Proposition there exists a
unique local maximal solution u = (u(t),t € [0,7)) to problem (3.1.6]), which also
satisfies %1_{1; |lu(t)|| = oo, P—a.s. on {1 < o0} .

We going to develop argument similar to the proof of Theorem 1.1 of [§] (page
7), based on Khashminskii test for non-explosion (See Theorem II1.4.1 of for the
finite-dimensional case). To prove that 7 = oo, P-a.s., it is sufficient to prove the

following;:
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i)y >0onV,
ii) gr == inf ¢Y(u) = oo as R — oo,
ul>R

iif) ¥ (u(0)) < 0o

iv) For t > 0, there exists a constant C} > 0 such that
E (¢ (u(t A1x))) < Cp, where k € N.

We are going to use the following inequalities at several instances in proof.

lul* < 20 (u)
lul2s, < 2ny (u) (3.3.23)

Lets begin proving conditions i)-iv).
i) By definition ¢ (u) = 1 ||ul|* + & |u|73. > 0 is obvious.
ii) If u € V such that ||u]] > R then by ({3.3.23))
1 R?
Y (u) > §||u||2 > 7—>ooasR—>oo.
iii) This is also easy as wug is V-valued square integrable and continuity of

embedding V < L?", it follows that

1 2 cn
WWZ?%H+ ol < WM+—WW|<w

=2
iv) Finally, to get desired inequality in required condition iv) we will use Ito

Lemma 3.3.2]
Application of the Ito Lemma to the process (¢ (u (t A 7k)))cio 7, » 8ives us the
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following

Y (u(t A1) = (uo)

N N
S Lyt L+ I3+ Y Ly Pas,tel0,T]. (3.3.24)

j=1 j=1

Next we are going to deal with each integral in above sum.

Let us begin with I;.We intend to show that I; is a martingale. In order to show

that I, ; is martingale, it is sufficient to show that

e ([ W e By o as) < o

Let us verify the above condition. Using (3.3.17) and elementary inequality

(a +b)* < 2(a®+ b?), we infer that

E (o™ (0 (uls)) , By (u(s)))* ds)

([ (W n,

(w(5)y + (" B, (u (5))))” ds)

= e([ e B aenia) v ([ s wn) s)

w2 ([ ). By oy B () s
< (| @I 18, (o i) +ee s 1B, (u )y s )

(3.3.25)
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Now consider
!uQ"’l‘iI = / () ds = |ul s (3.3.26)
D

Using fact that embedding V' < L*"~2 is continuous so there exists constant ¢ such

that |u|;4.—> < c||u||. Using this fact in above equation we get
|27 < et 2 (3.3.27)

Using inequality (3.3.27]) and ([3.1.23]) into (3.3.25)) we infer that,
E (fy"™ (' (u(s)) , B (u(5)))” ds)

T ATy T ATy
<20 |5, PE ( / Ju <s>n4ds) L 2ctn2CR | | R ( / fu(s) czs)

By definition of 75,we know that [|u (s)|| < k, for all s < 7. Using this fact along

with f; € V into last inequality we infer that

B ([ 0 ) B ) £ I () 2 I 7 A

< 00.

Hence the Ito integral I ; is martingale and hence
E(f,;) =0. (3.3.28)
Next consider the integral I. Using equation (3.3.19)) it follows that, for t € [0, 77,

tATE
ho= [0 ) duls) + Flul)ds
’ tATY 9
_ / I (Au(s) — u(s) 1) 2 ds (3.3.29)
0

Let us turn towards the third integral I3 and simplify its integrand. Using (3.3.21]),
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continuity of embedding V' — H and ((3.3.26)),

W' () w5 (w)) = (lull® +lulgs) [2(Fu)* = 1fl5] = () [(w i)y + @ 5]
(Il + Jual ) [21F50 lulsr = 1l + 15l Vel [lall + 16l o]
< AN (el + ful2,) 2 ulz — 1]

+ I [ull® + [, lulg] - (3.3.30)

IA

Let us settle the term |[u**~!|,; in the above inequality. Consider,

|u2”_1‘2:/[)u(x)4"_2dx

= -, it follows that,

Apply the Holder inequality for p =

4n—2 1—n

|u2”_1‘2 </D (u(a:)4"_2)4’%n2dx> " (/D 1d35) ! :52\u|i2;2

i Clulm ' < 5’max{|u|i’§n 1} < C (|u|iﬁn +1).

IA

where C? = (f, 1dx) "< 0. Using the last inequality into (3.3.30)),
W () rs)) < EUHIP (P + i) 1l = 10+ L0 [l + & (ul2 +1) ul,]

Using the above estimate into I3 we get,

ATWWW@L@mwmdss AT%Wﬁwmme+w>pnpwm@—u
FE LI )P + C (o) 25 + 1) [u(s)] ] ds

Using the fact of invariance i.e. u(t) € M for all t € [0,7] into above inequality we

infer that

Jo™™ @ (u(s)) 5w (5))) ds
< [P O + ) + @ 1A [ + € (o) +1)]] ds

= IR [ [ 0+ 8 o) + ] ds
0
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Now using the inequality (3.3.23) in the inequality above we get

UA W )yl () ds < C2Wﬁu2[:7%[mﬁ@ws»4—mu14-6yp@43»4-5]ds

< UG (2+200+0)) [ v (uls)ds

0
+CE |17 (A m)

t/\T].C

== Ol (u(s))ds + Cg (t A Tk) (3331)

0

where Oy := | £;1? (2 +2n(1 + 6’)) < o0 and C = C'c? 1117 < oo.
Now turn towards the final integral i.e. I, ;. Let us start by considering the

integrand of I,. Using equation (|3.3.22))

(" (u) By (u), B; (u)) = ||Bj<u>u2+@@%*,(Bj(uw
< W= ol + B0 2, (5, ()
< (I 1Filg Ll el

_{_(an— 1) <u2n—2’ (B (u))2> (3.3.32)

Now let us deal with term (u?*~2, (B; (u))?) involved in inequality above. Below

we have used elementary inequality (a — b)? < 2 (a® + b?) . Consider

(2 (B @)) = (7 (1 = (f )
< (W2 (2 4 (f;,u)u?))
= 2(uP2 12+ 25, u) (w22 )
2(u*2, £2) + 21l Ll Juln

= 2 [ (@) fi(x) dw + 2| [} ulf Julfh,

S—
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Using the Holders inequality for p = -5 and g = n, on the first term we infer that,

2(/D u<x>2“dx) (/ £y d) L2015l uf? a2,

2l o | filrn + 2115 Julfy Jul73,

2¢ || £511% Ll o™ + 21513 ulzy ulZ3,

2| £11” max {Jul 5., 1} + 2| £;15 luly Jul 75,
2¢ || FilI7 (Jul o + 1) + 2| £l Tuly lulz,

ellf17 +21f 15 fuly) Tl e, +2¢ 1 £

(u®%, (B (w)*)

IANIN IN I IA

Using the last two inequalities into (3.3.32]) we get

(W" (u) By (w), B () < (Ifill + e lLfill Julg Nl

(2n —1) .
t— (el 117+ 21417 July) [ul7s. + 2¢]1£]] -

Finally we are position to use above estimate in Iy ;,

L = / W () By (u(3)) ) B, (u(s)) ds

<

/Wk I (L + e fu ()] [l (s)])? p
S
0 +4

2n—1 2 2 2n 2
226 | 117 (1 + July) fulZe, +2¢11517]
Since almost all trajectories u(t) € M, hence the above inequality can be further

simplified to

tATE |12 2 2
< / 2_1||fg|| <12+c> !u<s>u P
0 | 4L Do |1 [2 ul?E + 2151
Finally use of inequality gives
e [ 20509 ) N
T Jo | a5 [26 (u(s) + 2¢ 1551
AT T 2n 2n —1
-/ [2 1517 @t o + 1By e uge) + B2 (20
= 6’3/ Tk1/;(u(s))ds+04(t/\7'k) (3.3.33)
0
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where Cs := 2 || f;[|> (1 + ¢)* + 42U || £[* < 00 and Cy := € (2¢) || £;1% < oo
Now combining the inequalities (3.3.33)), (3.3.31)), (3.3.29)) into (3.3.24)) we infer
that

slnn) - v < Yhy- [ | (@) - ) ds

tATE

+C (u(s))ds + Co (t A )

+£1 (03 /OM lu (s)|2 ds + C (¢ A Tk))

Since the integrand in the second is non-negative so hence we can drop this term

from sum. It follows that,
tATY

YutAT)) = (u) < Z L+ C 0 (u(s))ds + Cy (t A 13)

tATE

+NCs (u(s))ds + NCy (t A\ 1)
0
tATY

N
= Y I;+Cs (u(s))ds + Cs (E A T3.)
j=1 0

where C5 = NC3+ (' < oo, and Cg := NCy+ Cy < oo. Taking expectation on both

sides and using equation (|3.3.28)), we infer that

tATE

E@(u(tAT))) <E@(uw))+ CsT + C5E ( (0 (u(s))d5>

0

Thus using the Gronwall lemma we infer that

E((u(tAm))) < E(¢(Uo))+CGT+/O . (E (¢ (u0)) + Cs (t A 7))

tATY
-Cs exp ( C'5ds) o =0 < oo.

S

Hence, the all four condition of Khashminskii test for non-explosion is true.
Thus 7 = o0, P-a.s. .

This completes the proof. [ |
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Chapter 4

Large Deviation Principle

4.1 General introduction to LDP and weak
convergence Method

In the modern probability theory, the notion of the theory of large deviation is an
attempt to understand the asymptotic behavior of remote tails of families of
probability distributions. In the beginning, the theory of large deviations was
developed and employed for computing asymptotics of rare i.e. small probability
events on an exponential scale. This precise computation of the probabilities of

such small events plays a pivotal role in studying several important problems. For
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instance, in the insurance business, from the perspective of the insurance
company, the revenue per month is constant but claims can pop up randomly at
any instant in a month. Indeed, for an insurance company to be in the profit over
a specific period of time, its total revenue should be greater than the total claims.
Therefore, insurance companies must be interested in knowing the premium P
over the n months so that total claims should stay less then nP, hence this
problem demands to study the asymptotic behavior of small probability events of
claims. The answer of this question was developed by Cramér (see [19]), and this
answer becomes the first rigorous attempt to develop large deviation theory. Some
of the beautiful applications of large deviation theory can also be found in
statistical mechanics, thermodynamics, risk management and information theory

and quantum mechanics.

4.1.1 An overview of weak convergence method for LDP

The aim of this subsection is to introduce the general framework of weak
convergence, which we will use in latter subsections to prove the large deviation
principle for our stochastic evolution equation of concern. Let us begin our
introduction to weak convergence approach.

Throughout the subsection we are going to treat {u°} as family of X-valued
random variables defined on probability space (2, F,P) , where X is a Polish space

i.e. separable Banach space.

Definition 4.1.1. A function T : X — [0,00] is called a rate function if T is
lower semi-continuous i.e. for each k € R the set {x € X : Z(z) < k} is closed
(equivalently, the set {x € X : Z(x) > k} is open). A rate function I is called good

rate function if the level set {z € X : Z(x) < k} is compact for each finite number
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k.

Definition 4.1.2. (Large deviation principle) The family {u®} of X -valued random
variables, is said to satisfy the large deviation principle (LDP) with the rate
function L if for each Borel subset B of X, we have:

—inf Z(z) < limiglf e?logP (uf € B) < limsup logP (u® € B) < —inf Z(x),
E—

eB e—0 r€B
where B and B denotes the interior and closure of B in X.

Definition 4.1.3. (Laplace principle) The family {u°} of X-valued random
variables, is said to satisfy Laplace principle (LP) with the rate function Z, if

for each real-valued bounded continuous function f defined on X we have:

£(u®)

li_r)r(l) e?logE {es"’} = —;S)f( {f(z)+Z(x)}.
Remark 4.1.4. The weak convergence method mainly is based on equivalence of the
Laplace principle and the large deviation principle, provided that X is Polish space
and I is good rate function. This equivalence was formulated in [{0] and can also be
deduced as a consequence of Varadhan’s Lemma [50] and Bryc’s converse theorem

[4]. Another elementary proof of equivalence can be found in [21)] and [20)].

In the light of last remark we now intend to present sufficient conditions to prove
the Laplace principle. Suppose that W = (Wt)tZO be Wiener process on a separable
Hilbert space Y with respect to complete filtered probability space (Q,F,P), i.e.
trajectories of W take values in C ([0, T]; Z) where Z is another Hilbert space such
that embedding of Y into Z is Hilbert-Schmidt. Suppose ¢° : C' ([0,7];Z) — X is
measurable map and X¢ = ¢° ().

Let

T
A= {fu tv is Y-valued F = (F}),co 4 predictable process s.t. / vy (w)]3 dt < oo a.s.} )
0
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and
Sy = {¢€L2([O,T],Y) : /OT]gb(t)\f,dtg N}.

The set Sy, endowed with the weak topology, is a Polish space. Define
Ay ={veA:v(w) € Sy, P-as.}.

One of the crucial step in proving Laplace principle is based on the following

variational representation formula obtained in [16]:

—logE {0} = infE (%/OTw(t)Fdef(W.+/O'v<s)ds)), (4.1.1)

vEA
where f is any bounded Borel measurable function C'([0,77;Z) into R. In case
of the finite dimensional Brownian motion the formula (4.1.1)) was proven in [2].
In [I6] the following sufficient conditions, for Laplace principle (equivalently, large

deviation principle) of {u®} as ¢ — 0, were proved.

Condition 4.1.5. One can find a measurable map ¢° : C ([0,T]; Z) — X such that
the following two conditions hold:

A1) For each finite constant N, the set

Ky = {90 (/0 d)(S)dS) p€ SM}

is a compact subset of X.
A2) Let {v° :e >0} C Ay for some M < oo. If v° converges to v in the sense of
distributions as Syr-valued random elements, then g° (W + % Jo v (s) ds) converges

to g% (f, v° (s)ds) in the sense of distributions as e — 0.

Lemma 4.1.6. ([16], Theorem 4.4) If {¢°} satisfies A1) and A2) of condition
([A.1.5)), then family {u®} satisfies the Laplace principle (and hence LDP) on X with
good rate function T given by:

Z(f) = inf {1 /OT ]gf)(s)ﬁ,ds} , where f € X.

SeL2((0.T):): =g ( [; d(s)ds) | 2
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Thus, the last lemma provides us a beautiful way to achieve the LDP by just
verifying the assumptions A1) and A2) of Condition (4.1.5). Indeed, one of the key
advantage to employ this weak convergence method to prove LDP is that one can
avoid the exponential probability estimates, which can be possibly complicated in

the case of infinite-dimensional models.

4.2 LDP for the Stochastic Heat equation on
Hilbert Manifold

Recall that £ = D(A), V. = D(AY?) | H = L?>(O) and the embeddings
E — V — H are dense and continuous. The primary aim of this section is to
prove the large deviation principle for a family of distribution of solutions the

following small noise problem.

dut = (Au + F(uf))dt + V2 ) B;(uf) o dW; (4.2.1)
_ A+ F(uf) + g S ki (By(w)) | dt + VE Y By(w)dW;

u(0) = wo,
where € € (0,1], the map F : V — H is defined by
F(u) = P = ) o 2

where n is a natural number (or, more generally, a real number bigger than %)

Moreover, for each j = 1,2,3..N, the map B; : V' — V defined by,

Bj (u®) = fj — (fj,u®) v,
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4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

where fi, fo,...fn are fixed elements from V. Finally ug is Fyp-measurable V-valued
square integrable random variable which belongs to manifold M.

Let us begin by collecting all necessary notions needed to state our main
result. The first such object is to prove the existence of a Borel measurable map
3¢ C([0,T] : R) — Xp such that action of 3¢ on the Wiener process i.e. 3¢ (W)
is a strong solution to (4.2.1]).

Since problem is particular case of the main problem studied in
chapter 3, so from Chapter 3 Theorem [3.3.7] we may infer that, in particular, there
exists a unique strong solution {u®} of the taking values in
C([0,T]; VA M)NL*([0,T], E) of problem (4.2.1]).

Let us begin with an important proposition about proving the path-wise
uniqueness of solutions of problem 7 this will lead us to the existence of our

required Borel measurable map.

Proposition 4.2.1. Let (Q,F,P) be a filtered probability space and with filtration
F = (F)icjor) - Let wr,up : [0,T] — H be F-progressively measurable processes such
that, for i = 1,2, the paths of u; lie in C ([0,T]; VN M)NL?([0,T],E) and each

u; satisfies

N
€ o € € €
u; (t) = |Au; + F(u3) +§ZK](B (ug dt+\/_ZB u;)dW;, for allt € [0,T7,

0 (- w) = 5 (W), Poagee.

Proof. To show path-wise uniqueness, let u{ and u5 be the two solutions to the

problem ie.

us (t) —uo+/0t(Au ($)+F(ui(s)))ds+= Z/ K (u d3+\/_2/
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4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

where i = 1,2. Set Z° = uf — uS. The integral equation for Z can be written as,
Z) - /0 " AZ(s)ds + /0 P () — F(us(s))] ds

+23° [ i) - s

ES [ 1B ui6) — B o)

Next we want to apply the It6 Lemma to the process % |Z5(t)|§{ , we get

1700 = [ (2087 @) ds+ [ (200, () - Flus(o) ds

+ Z [ 76 00 = o)
Ve [0, B 0505~ B a9
5 / B,(ui(5)) — By(us(s) [ ds

= L (t)+ Lt 2133 ) +VED ()

+% 2 Is ;(1). (4.2.2)

Let estimate each of the integral involved in above equation. Let us begin with I,

using integration by parts,
t
o = [ (Z).87() ds
0
t
= —/ (VZ(s),VZ:(s))ds
0

- - [izeras

S
< - / 125(s) 2 ds (4.2.3)
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Next consider I,

B() = [ (Z5(s). F(ui(s) ~ Flus(s))ds

i |Z5(s)] g [ F'(ui(s)) = F(u5(s))| g ds

/0 125(8) 1 GIlui ()]s [luz(s)]) luils) = u5(s)l ds

IN

IN

t
= /OG(I!Ui(S)H7HUZ(8)H)\ZE(S)\HHZE(S)HdS
Application of the Young inequality gives,
1 ' € 2 1 ' € € 2 | r7e 2
Iy(t) < 5/0 125 (s)| d5+§/0 G(l[ui(s)ll Nluz(s)I)™ 125 ()] ds (4.2.4)
Consider I3 ;,
t
Bat) = [ (90 w5 (0) = (o)) ds
t
|1Z5(8) |y 1 (ui(s)) — £ (u(s)) ]y ds

0

< / 1Z5($)]2 G (U (9)] 1 [ (9)] ) ds (4.2.5)

IN

where
Gy (5 i) = 51 (2 )y + s + C (i (5) g + 5 (5) )7
Consider I,
Bot) = [ 1B E6) ~ By aalo))E ds
= CIAly [ i+ 16 20y

= C|fj|§{/0 (Ju5 () + u3(s)] 1) * 127 (5)| 3 ds. (4.2.6)
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Using (4.2.3))-(4.2.6)) in equation [4.2.2) MWe get,

\ZE _-/ 125(5)| ds + — /HZE )17 ds

+§/0 Gllui ()1 Nus())? 127 ()5 ds

N o et
9 e . .
530 [ 125 Gy (i)l (o)1) s
Jj=1
N
HVEY Iyt
=1

N t
€ . . .
530 [ CIBE (ol + 51 12 () .
j=1
Hence above simplifies to

%\Zf(t)ﬁ, g/O w(s) 12°(s) 5 + VEE(D),

where

pls) = G(lui(s)]l lus(s) ZGu [ui ()1 lus(5)]7)

N
5 DOl (i) + () 1)°
j=1

and ¢ is the following process R-valued process,

N t N
= L) =/ > [Bi(ui(t)) = By(us ()] dW; ().
j=1 0 j=1
By applying the 1t6 Lemma to the following R-valued process
Y(t) = |Z5(t) % e foe&)ds ¢ e [0, T,
we may infer that,

Y(t) < /t e o #(s)ds e (1)

0

= \/EZ e J0 e (B, (uf) — By(u5), Z°(s)) dWj(s),t € [0,T].
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Since uj,u3 and Z are uniformly bounded and B; is locally Lipschitz so it follows
that the right-hand side of the above inequality is an F-martingale. Hence taking

expectation into last inequality gives us,

EY () < 0.

But from definition we see that Y'(¢) > 0 and hence it follows that Y'(¢) = 0, for all

t €10, 7], P-a.s. If we substitute Y = 0 in definition of Y we infer that

1Z5(t)]3, = 0, forallt € [0,T],P—a.s.

ie. Z°(t) = 0, forallte[0,T],P— a.s.
This completes the proof of the Theorem [ |

Lemma 4.2.2. Let (Q,F,P) be a filtered probability space and with filtration
F = (F;). There exists a Borel measurable map 3¢ : C ([0,T] : R) — Xr such that

3= (W) (i.e. action of I°on Wiener process) is a strong solution to (4.2.1)).

Proof. Our argument is essentially on same lines of Theorem 4.2 and 4.4 of [14].
Note that small Noise problem (4.2.1)) is a particular case of the main Problem
3.1.6 Hence by Theorem there exists a
C([0,T]; VM) n L*(0,T; E)-valued unique strong solution u° to the problem
. Moreover we explicitly shown the pathwise uniqueness in Lemma for
small noise problem. Once we have pathwise uniqueness then the existence of

¢ is guaranteed Yamada-Watanabe Theorem for mild

required Borel measurable
solutions from [34] such that 3 (W) = u® is

C ([0, T);V N M)N L?(0,T; E)-valued strong solution to the problem (4.2.1). N

Next important notion of studying is the skeleton equation. In order to state our
main result, we introduce first the following skeleton/controlled problem associated

with equation (4.2.1)).
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For h = (hj);.vzl € L? (0, T;R") consider the following problem,

d
EUh(t) = Auy(t) + F (un(t)) + ZB up(t (t), telo,T], (4.2.7)

up (0) = wg, where uy € VﬂM.

In the next subsection, we are going to show that for any h € L* (0,T;R") there
exists a unique global solution to above problem. Moreover, we will see that if initial
data uy belongs to manifold M then all trajectories of solution u;, also belong to M.

Next define a map S : L2 ([0,7] : RY) — X7 in the following manner,
39 (h) = uy, for all h e L*([0,T): RY), (4.2.8)

where uy, is the solution to the skeleton problem (4 i.e. for ¢t € [0, T it satisfies

the following mild form,

Up, (t) = Ugp + /Ot (AU}L( ) + F Uh dS + Z/ Uh )dS (429)

In the subsequent subsections we are going to show that S (k) lies in X for each

h € L*(0,7]:RY) and then we will show that family of laws
{L (S5 (W)) =wus,e € (0,1]} on X7 satisfies the large deviation principle with the

rate function Z : X7 — [0, o] defined by:

1
T (u) := inf {5 Bl 720 rmny - b€ L7 (0, T;RY) and u = S (h)} , Vue Xr.
(4.2.10)
To prove the large deviation principle we are going to adopt the weak convergence

method introduced in previous section. For K € (0, 00), set

T
By = {h e L? (O,T;RN) : / ]h(S)ﬁ{N ds < K}
0
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with the weak topology of L2 (O, T; RN ) . We are going to also prove that the map
39 is Borel-measurable. Hence, analogous to Condition (4.1.5)), we can state the
following two sufficient conditions to obtain the Laplace principle (and hence large
deviation principle).

(Cy) For each K € (0,00), the set
T
{%2 (h) : h e L* (0, T;RY) and / |h(s)|2n ds < K}
0

is compact subset of Xr.
(C2) Let (g,) is sequence of real numbers from (0, 1] that converges 0 and let

(") pen = ((hw);\;)nEN is a sequence of predictable process such that

T
/ B (5,0)|2x ds < K.
0

for all w € Q and for all n € N. If (h,,),,o converges in distribution on Bg to h then
Sy ((EHVVJ (-) + [y Py () ds);.v:l) converges in distribution on X7 to Y (h) .

Remark 4.2.3. Recall from the beginning of running subsection (page 78) that
3= (W) is a strong solution to (4.2.1). By Girsanov theorem (cf. Theorem of
5.1 [29]) the process ((EnVVj + [y Py () ds);.\;) is F-Wiener process on probability
space (Q, Iﬁ), where P is a certain probability measure. Hence using this conclusion
of Girasanov theorem and the uniqueness of solution we are going to interpret each
process yy (t) = S ((6nVVj + o Ty (5) ds)j.\;) as the solution of the following
problem, fort € [0, T,

yn (1) = UO+/O (Ayn () + F (yn (8)))d8+2/0 Bj (yn (8)) hn,j (s) ds
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Before ending the subsection let us recall some of the important propositions

proved in chapter 1 and chapter 3, which we are going to need at several instances

later.
Lemma 4.2.4. Consider a map F : % — H defined by
F(u) = |ul® v —u®" 4 u|ul?s.. Then the map F satisfies:

|F'(u) = F(o)| g < G(l[ull, [Jo[]) fu = vl] (4.2.11)

Where G : [0,00) x [0,00) — [0,00) is a bounded and symmetric map, given by,

(%) (7,,27171 + 82n71) (7,, + S)

G(r,s) + =C*(r* +8%) + (r+s)” + C*H!
+ (r?" + s)

+02n—1 ( 2_ 2) (T2n—2 + 82n—2) ]

Proposition 4.2.5. i) For f € H, consider the map B : H — H, defined by
B(u) = f — {f,u)u.
The map B satisfies
|B(ur) = Buz) g < |flg (lualy + fualg) [ = ualy, Vu,up € Hoo (4.2.12)
ii) For f € V, consider the map B :' V — V', defined above, satisfies
[1B(u1) = Buz)l| < [[fI] (luall + luall) [l = wall, Vr, up € V. (4.2.13)

Lemma 4.2.6. If B: H — H be the map as defined in Lemma[{.2.5 For u € H,

then Fréchet derivative d,B of map B exists and can be given as,

k(h)=d,B(h):=—{(f,u)h— (f,hyu, forallh € H. (4.2.14)
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Proposition 4.2.7. Assume the framework of Lemmal3.1.15. If k is as defined in
equation (3.1.7) Then

i) For all uy,us € H, the following inequality holds,
[ (wr) = e (ua) gy < [FI7 [24 [l + ualfy + (g + Juz )?] fur = wsly -
i) For all uy,us € V, the following inequality holds,

% (ux) = & (ua) || < LFIP [2 4+ [l + flual® + (]l + fJual)?] lJur = wal -
(4.2.15)

Moreover, we are going to use the following version of the Gronwall Lemma and

Young’s inequality.

Lemma 4.2.8. (Gronwall’s Lemma) Let F,a,3 : [0,T] — R be Lebesgue

measurable and [ be locally integrable such that

/Tﬁ(t)F(t)dt < .

If
F(t) < alt) +/ B(s)F(s)dt, t €[0,T]

then we have
F(t) < a(t) + / toz(s)ﬁ(s) (efi WW‘) ds, t €[0,T].
0

In addition if o s non-decreasing then

F(t) < a(t) exp ( /0 t B(r)dr) CteloT].

Lemma 4.2.9. (Young’s inequality) If p,q > 1 satisfy }lo + % = 1, then for any

positive number o,a and b we have

aP ,gbq
ab<o— +o0 »—.
p q
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4.2.1 Solution of Skeleton Problem

In this subsection, we aim to study invariance of manifold M, the existence, and
uniqueness of the global solution to skeleton problem (4.2.7)). We are going to adopt
the precisely same strategy that we used in chapter 2 to study are the deterministic

model. We now introduce the following approximate skeleton problem, for ¢ € [0, T1,

up(t) = S(t)ug +/0 St —7)0n (luply ) F (up(r)) dr (4.2.16)

N t
3 [ 8= 10 (i) B i) by 1) .
j=1"0
up(0) = wup, where ug € V.
Let us begin by proceeding towards proof of existence of local mild solution.

Throughout the subsection we assume that h = (hj);.v:l € L? (O, T;RN ) and there

exists positive constant K such that,

T
/ h(s)2n < K
0

On the same lines of chapter 2, we intend to run a fixed point argument for the
existence of local mild solution to approximate skeleton problem [£.2.176] To do so,
we need map F and B, () h; (involved in to be locally Lipschitz. For F
we already know from Lemma that it is locally Lipschitz. In the following
lemma we show that B; (-) h; is locally Lipschitz and truncated B; () h; is globally

Lipschitz. Whenever we use j we are going to assume it as 7 =1,2,3...N.

Proposition 4.2.10. Define that T, v : Xp — L*(0,T; H) by

[Ch,r(w)] () = [0n (July,)] Bj (u(t)) hj(t), wheret € [0,T].
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Then there exists K,, > 0 such that,

|th7T(u1) — th7T(u2)|L2(0,T;H) < Kn |’LL1 — UQ‘XT T1/2, where U, U € XT-
(4.2.17)

In particular, Ty,  1s globally Lipschitz.

Proof. Keeping in view the inequality we can observe that the map Bj is
locally Lipschitz. Since h;(t) is real number for every ¢ € [0,7], hence the map
B, () h; is indeed locally Lipschitz and satisfies the following inequality, for all
te0,7],

| B(ur(0)h;(t) = Bua(t)h; (8)| g = [h(0)] [B(ua(t)) = Blua ()]

< Sl O] ()] g + fua ()] ) [a () = wa (@)l g, Ve, uz € H.

Thus proof of required inequality directly follows from abstract Proposition [3.1.16]
by particularly taking Z = B(-)h; and G(r,s) = |f| |h;| (r + s), for all 7, s > 0.
[

Proposition 4.2.11. Assume that we are in framework of Proposition as
well as assumptions |2.1.5 of chapter 2 are true. For given fi, fo,...,fn € V and
ug € V. Define a map Vi« X7 — Xt defined by:

N
WS (un) = Sug + 8 % @ p(up) + > (S* Ty p (up)) - (4.2.18)

J=1

where U, v (-) = B;(-)h;, for j = 1,2,...,N, and h = (h;)Y, € RN. Then there

j=1
exists C'(n) > 0 such that

|m%,uo (uh) - \Il%,uo (Uh)‘XT < C(n) IUh — vh’XT Tl/z,

In particular for sufficiently small T' > 0, the map V7, is contraction.
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Proof. The proof can be done exactly on the same lines of proof of Proposition

2.2. 71 |

To construct local and local maximal solution of constrained problem [£.2.7]
we can follow the precisely same methodology employed in chapter 2 i.e. we can
easily prove the analogs of Lemma [2.2.8] and Proposition We skip their
proofs because they should contain precisely same argument. We focus ourselves
on providing a complete proof of the invariance, the existence and the uniqueness
of the global solution to problem [£.2.7 because the skeleton problem here is not

gradient-flow like the deterministic model studied in chapter 2.

Proposition 4.2.12. If uy € VN M and (un,7) be the local mazimal solution
satisfies skeleton problem (4.2.7)) then

up(t) € M e |un(t))3, =1, t €[0,7).

Proof. We are going to begin with Temmam Lemma III1.1.2 of [49]. For ¢t € [0, 1),
using equation (4.2.7)), consider the following,

(lun(®)[f; — 1) = /Ot<%<3)7uh(s)>}[d8
= /Ot (Aup, (s) + F (up (s)) ,un(s)) ds

N | —

N oot
+30 [ (B o) by () (o) s, (1219
j=1""
Consider the computations for uy, = uy(t),

(un, Bj (up) hy) = (un, fj — (fi, un) un)
= [(un, f3) — (f5, un) (un, un)] hj

= — (lunlfy — 1) (f5, un) by (4.2.20)
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Moreover for uj, = up(t),

(un, Aup + F(up)) = {up, Aug, + (Jun])® + Jun| 7o) wp — uf" ™
= (un, Aup) + ([unll® + [unl75.) Cunyun) + (up, —uim ™!
2 2 2n
= —Jlunl® + (Jlunl® + unl7s.) lunlz — Junl7s,

= (lunll® + lunl33.) (Junlz; = 1) (4.2.21)

Using equations (4.2.20]) and (4.2.21]) into equation (4.2.19)) we get

3 (e =1) = [ (o G+ o () (f (9 — 1) s
—i/ﬂ hy (s 1) (un ()2, = 1) ds, t € [0,7).
Set
o)+ =l 1 te 0.7
() =[||uh<t>|12+|uh Zh £)|. e
then
o) =2 [ Beol)is, 1€ 0.7
or in stronger form ) 0
W0 2800011), 1 < 0.7

The solution of above differential is form,

ot =o0)exp ([ tﬁ(s)ds) o)

But since |u;(0)|5 = 1 i.e. ¢(0) = 0, hence

o(t) = Oforallte]|0,7),

or |up(t);;, = 1, forallt € [0,7).
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The above argument is true provided that fo

following for ¢ € [0, 7),

/OtB(S)ds = /Huh \ds+/ fun (5)[22 ds — Z/

< sup |luy (s H /ds+/|uh ILGds—l—Z/

s€[0,¢]

= sup [lun (s)| t—i—/]uh L2nds+2/

s€[0,¢]

s)ds < 0o. To see this consider the

)+ f) ds

), fi)ds

): Jj) ds

Since u, € Xy = C([0,T];V) N L?(0,T; E) therefore sup |luy (s)||> < co. Using

s€[0,T

the continuity of embedding V' — L?>* and V < H, the Young inequality on the

third integral, the inequality (4.2.1), and the fact that f; € V C H, we get

t
[ a6s < s ) e+ / o ()11 ds
0

IN

s€[0,¢]

+2%/0 hj(s)zds—l—Zl/O (up, (s), f;)° ds

2n

IN

sup lug (s)[” ¢ + ¢ sup [lus ()" ¢

s€[0,t] s€[0,t]

N K. N ) t )
DL DI NYCTAE
j=1 j=1 0

sup [Jup (s)[|* ¢ + ¢ sup [ (s)[|" ¢ +
s€l0,t] s€[0,t]

vo| X

1

J

+Z|fg!H sup up, ()7 ¢

s€[0,t]

sup |Jun (s)||> ¢ + 2 sup |up ()|t +

s€[0,t] s€[0,t]

K
2

-

1

J

+Z |fJ o Sup [[un (s )H

s€[0,t]

Q.
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This completes the proof. [

Proposition 4.2.13. If up € VN M and (up,7) be the local mazimal solution
satisfies main problem (4.2.7)) then there exists a constant C (ug, T, K) such that

[un, (D)]| < C (w0, T, K), for all't € [0,7),
and T = 00 i.e. uy s global solution.

Proof. Let us begin by employing Temmam Lemma II1.1.2 of [49]. For all ¢ € [0, 7)

consider the following chain of equations,

1 duh

Flon@F = Sl + [ (~su), 220 o
= ol = [ (B, D))+ [ (B ) )Y

1 ) t 2
= Dol —/
2 0

ds
+/Ot <(”uh(5)H2 + |un(s) ign) up(s) —ur"1(s), E<S)> ds

duh
E(s)

H

N

o 1 (5) (B (). 2 ) ) s
= gl = [ | :ds

2n 2n
153 RUICIERIRIEI RSN
3l OF = Sl = 5 @ + o it~ [ S0 a
+Z1/0 <hj (5) (f5 — (f5,un(s)) un(s)) %(s)> ds
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duh

b)) = / | s [ Qo)1+ s122) (o). )y s

+Z [0 500 )0 ) ) (), G0

where ®(uy) = 5 L) + 50 |uh|L2n. Since ug € M so by Lemma [4.2.12| uy,(t) € M

and indeed dzl‘—th € T, M therefore <uh, duny — (). Hence last equation reduces to,

O (u(t) — @ (up) /0%5 ds+2/< fj,duh()>ds
B (ul) - < - [ |Ghe) d +Z/|h Nl | Go)| s
_ _/t %(s ds+ed /|h d“h ()] s

where ¢ = max {|f;] H}jil < 00. Let us apply the Young inequality on second term

right hand side of last inequality, for p = ¢ =2, 0 = %, a = |hj| and b = duh‘

d+ZN0/|h

H-

It follows that
t
d
B(un(t)) — Dlug) < —/ dun

dt

2
/|h )| ds
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But since 2 (uy) = |Jup||® + 1 |un| 25, > |Jun|? . Tt follows from last inequality
that
2 NCQ
lun(t)]]” < 2P (up) + TK =: C (up, T, K), for all t € [0,7). (4.2.22)

Hence the sufficient condition [2.2.11] is satisfied. Thus 7 = oo i.e. wy, is global

solution. [ |

4.2.2 Proof of (C,)

Recall that the map S : L?(0,T;RY) — X7 defined by (4.2.8) i.e. for each
h e L?(0,T;RY) , satisfying fOT |h(s)|in ds < K,

%2 (h) = Up

where uy, satisfies the equation,
¢ N oot
up, (t) = up + / (Auy (s) + F (up (s))) ds + Z/ B; (up (s)) hj(s)ds. (4.2.23)

Our main task in this subsection is to prove condition C;) (see page 184) in the

form of the following theorem.
Theorem 4.2.14. For each K € (0,00), the set
T
{%2 (h) : h e L*(0,T; RN) and / ‘h(s)ﬁw ds < K}
0
is a compact subset of Xr.

We prove the above result in the form of the following series of Lemmas.
Before proving the lemmas let us set some more use full notation. Throughout

this subsection we will assume that (h,),en be a weakly convergent sequence in
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L2 (0,T;RY) with limit ~ € L*(0,T;R"). Let us set writing us, := S9 (h,),

up, = QY (h) and
T
K, = / |hn(8) o ds < oo, for all n € N. (4.2.24)
0

Lemma 4.2.15. There exists constant C (ug, T, K) such that for alln € N and for
all h € L* (0, T;RY) satisfying fOT |h(s)|2n ds < K,

sup |Jup (0)|]° < C(up, T, K), (4.2.25)
te[0,T
T
/ |Auy, ()5 ds < Clug, T, K). (4.2.26)
0

Proof. From Proposition [4.2.13| (see inequality (4.2.22))) we know that there exist a
constant C (ug, T, K') such that

lun (D)]1> < C (uo, T, K), for all t € [0,T]. (4.2.27)
Recall that,
up, (t) = ug + /0 (Aup, (s) + F (up (s))) ds + Z/o B; (up (s)) h; (s)ds, t €[0,T].

Using Lemma I11.2.1 from [49],

M _ /O (Aun (5),—Aup (s)) ds + /0 (F (un (5)) , —Aup (s)) ds
3 [ B (9) =B () 1y (5) s
= L)+ L)+ Y Isy(t), te[0,T]. (4.2.28)

Let us compute and estimate each of integral in last sum. Consider the first integral

ie. Il,

L(t) = /O(Auh(s),—Auh(s))ds

= — /t | Ay, (s)|5 ds,t € [0,T]. (4.2.29)
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Now consider the second integral i.e. I in , for t € [0, 77,
B0 = [ F (), ~du () ds
< [ 1 Dy A (9 st € 0.7,
Using inequality (4.2.11]), for ¢t € (0,77,
L) < [ 60m 610w ()] ds
= [ G 0) 3 5] s (42:30)

Where G : [0,00) x [0,00) — [0,00) is a bounded and symmetric map, defined as

(222) (Pt 4 2 (r - s)

G(r,s) : =C*(r"+5°) +(r+ s)* + 02l
+ (1" + $27)

2n — 2

_i_Canl < 5 ) (7,27172 4 82n72) )

From inequality (4.2.27), we infer that there exists a constant C; (ug, T, K, ) such
that
G (|lun ()]],0) < Cy (up, T, K), t € [0,T].

By using this inference into inequality (4.2.30)), we get for t € [0, 7],
t
L) < 01/ Ay ()], ds
0

We are going to apply now the Young inequality (4.2.9)) to the integrand in above
inequality. Choose a = C1, b = |Aup|y, p=q¢=2and o0 = % Using this into last

inequality,

I (t)

IN

t 1 t
2012/ d8+£—1/ | Ay, (8|5 ds
0 0

1 t
< OT+Z/ Ay (), ds, (4.2.31)
0

199



4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

where C' := 2C%.
Now consider the 3rd integral i.e. I3 ; of equation (4.2.28]). Using Cauchy-Schwartz
inequality together with embedding V' <— H and (4.2.12)), we infer that,

I, - /0 (B, (un (5)) . —Aun (5)) By () ds
< 1B 6Dl 1B )1y ) s
< /0t0|fj|H [[un ()| lun ()] [Aun ()| by (s) ds
= [ el ()P 1 () ) s (12.32)

Set k := max {\fj\H};vzl < 0o. Using estimate (4.2.27)) we infer that there exists a

positive constant C5 such that
el fily llun ()" < ckC =: Cs.
Therefore the inequality simplifies to
I3; < Cy /t |Aup, (s)| by (s)ds
0

Applying the Young inequality (4.2.9) to the integrand in the last integral, with

a=Cshj, b=|Au,|,;,p=¢=2and o0 = the last inequality becomes

g
t
I&j < QNCQ/ d$+_/ ’A'LL}L ’ ds
0
t
= C/ hQ()ds+—/ |Auy, (s)|* ds, 20, =: C.
0

Taking sum over j on both sides and using (4.2.24)),

N N t N 1 t
2 2
;:1 I;; < C ;:1:/0 h; (s)ds + ]221 m/o | Ay, (s)|" ds

1 t
_ 0K+Z/ A, (5[ ds. (4.2.33)
0
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Using inequalities (4.2.29)), (4.2.31)) and (4.2.33) into we get

s (2)]1" : 2 1 2
- < — [ |Auy (s)|Hds+C'T~I—Z—1 |Auy, (5)|7 ds
0 0

1 t
+CK + Z/ | Ay, (s)|° ds.
0

t
GIE +/0 | Ay, (5)]3,ds < 2CT +2CK =: C (uo, T, K), for all t € [0, 7).

In particular,

T
/ym%@@mgcmmnm.
0

Lemma 4.2.16. Every subsequence of (up,) has a convergent subsequence that

converges in C ([0,T]; H) .

Proof. We aim to apply Arzela—Ascoli Theorem (see [27], Corollary 5.21) to get
the desired result. From Proposition we know that there exits a constant
C' (ug, T, K) such that,

. (8)]] < C (o, T, K) , for all ¢ € [0, 7. (4.2.34)

From the boundedness of u, in V-norm and compactness of embedding V' — H,
it follows that for each fixed ¢ € [0, T, the set {uy, (t),n € N} is relatively compact
in H. Hence by employing the diagonal argument we can find a subsequence (ny)
such that (up,, (t)) is converges to some point in H , for each rational ¢ € [0,77.
It remains to show that {u,(t),n € N} is a uniformly equi-continuous subset of

C ([0,T];H), once we are done with proving this, the required will follow from
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Arzela—Ascoli Theorem. For s,t € [0,7], satisfying s <t

wn, (1) — un(5) = o+ /0 (Aun, () + F (un, () dr

g — / (A, (r) + F (g, (r))) dr
=3 [ Byt ) oy ()
_ / (Aun, () + F (un, () dr

N t
3 [ By, 1)) by )
i=1"s
Taking H norm on both sides and using triangle inequality,
t t
0,0 = w3y < [ 1B, (g drt [ IF i, ()]
S N . S
30 1By, 0Dy s 1)
j=17%
Using the Young inequality on first integral and inequality (4.2.11]), we infer that,
1 t t
(0 = w3y < 5 [ et [ |dun, 0

+ / G(lJun, ()], 0) [Jun, ()] dr

#3218, s (0 0

Using inequalities (4.2.25)), (4.2.26)) , (4.2.34) and holder inequality afterwards, for

p = q = 2, into above inequality, we get

[un, (t) —up, (s)|g < %(t— s)+ C(ug, T, K) + C (up, T, K) (t — s)

([ msera) ([ o)
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Finally using inequalities (4.2.13)), (4.2.24)) and (4.2.25)), we conclude that,

[up, (1) —un, (5)| g < %(t—s) +C (u, T, K) + C (up, T, K) (t — s)

+§Z ([ €1l o)

%(t—s)+C(uo,T,K)+C(U0,T,K) (t—s)

IN

ZK2 C2 | fi],, (t —9)'2,

where s,t € [O,T].

Thus {up, (t),n € N} is a uniformly equi-continuous subset of C' ([0,7]; H). This

completes the proof. [

Lemma 4.2.17. If v : [0,T] — H be measurable function which satisfies

foT |7(3)|12qd8 < 00, then

— 0 as n — oo.

A<%$WM@%~MQDMM$—h@WB

sup
t€[0,T]

Proof. We prove this by contradiction. Assume contrary that there is an € > 0 and

a subsequence (ny) such that

sup
te[0,T]

>¢, forall ke N. (4.2.35)

/<7 tn, (3) = un(3)) (hoy () — h(s))ds

By last Lemma the subsequence (uhnk) converges to a point u € C'([0,7]; H) . Now
consider

sup
te[0,T]

/0 <7(S)7uh"k (s) = uh(3)> (A, (5) = h(s))ds

A<WQWMA®—u@»wm@»—Mﬁms

< sup
te[0,7

+ sup

te[0,7) /0 (v(8),u(s) = un(s)) (hn, (s) — h(s))ds
~ A (4.2.36)
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We claim that A,, — 0 and B,, — 0, as £ — oo and hence we are going to reach
at a contradiction to inequality (4.2.35)). Consider A,,, using Cauchy Schwartz

inequality, we infer that,

A = s /Ot<v<s>,uhnk () = u(s)) (o (5) — h(s))ds
< / (3) s [ty () = ()] (o () — h(5))ds
< [ 16, (5) = )] o () = (o) s
< s fun, () = ult)], s / () o () — h(s)) ds

By Holder inequality with p = q = 2,

1/2
A, < sup |uhn t) — u(t) 4 Sup (/ |v(s) ) sup (/ [Py, (5) — )| ds>
t€[0,1] H o te[0,1]

From equation (4.2.24) and assumption [ := fOT 17(s)|3; ds < oo, we infer that

Ay, < sup Jun,, (1) — u(t)]
te[0,T]

g VERL

Now since (up, ) converges to a point u € C ([0,T]; H) so,

A,, <VKI sup ’uhn (t)‘H —0as k — 0.

t€[0,7]
To proceed with B, , let us define an operator T}, : L? (0, T, RN) — C([0,T); H)

by,
(Thf)(t) : = /0 K(s,t)f(s)ds, feL*(0,T;RY), (4.2.37)
where IC(s,t) = (y(s),u(s) —up(s)), for 0 < s <t

0, for s > t.

We claim that this operator is compact and to show it we show that it is Hilbert-

Schmidt i.e. its kernel satisfies fOT fOTlC(s,t)stdt < 0. (see Theorem |1.1.54] in
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Chapter 1 or ([52], Theorem 8.8). Consider,
| [ o —uweraa = [Ca [ o). - uo?s
= 7 [ Gl - ws) ds

0

< TAI%ﬁ@W@%ﬂMQ@%

< sm>wﬂﬂ—UWMEA ()2 ds

rel0,t]

Since v € C([0,T];H) and I := fg 17(s)|3, ds < oo from assumption , and
u, = S (h)’ € Xr , it follows that,
T T ¢
[ Ge)huts) — ) dsde < sup fun(s) ~uf [ 1)y ds < oc,
o Jo s€(0,t] 0
Hence operator T' defined in equation (4.2.37)) is compact. Recall from the beginning
of the section that (h,) is weakly convergent sequence to h in L? (0,T;RY). As T

is compact so (Th,)nen converges to Th i.e.

/0 (7(8),u(s) — up(s)) (hn, (s) — h(s))ds — 0 as k — oo.

Subsequently B,, — 0 as k — oo.

Summing the proof by noticing that as B,, — 0 as k — oo and A4,, =+ 0as k — oo

so from inequality (4.2.306)),

sup
t€[0,T]

/0 (7(s), up,, () — up(s)) (hn, (s) — h(s))ds| — 0 as k — oo,

which is contradiction to (4.2.35)). This completes the proof. [

Remark 4.2.18. In the following result we are going to use Lemmal[4.2.17 for the

particular vy(up) = AB(up) where

B(up) = f — {f,un) up, where f € E = D(A).
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We are going to verify in this remark that fOT |’y(s)]12qu < 00. Consider
r 2 T 2
| plias = [ 1aB e s
T 2
= [ IAF = (o () B () ds
0
Using elementary inequality (a — b)* < 2 (a® + b*), we infer that,
g 2 g 2 2 2
| relds < 2 [ Qar+ (w6 18w ()15 ds
0 0
2 T 2 2
< 2T 2 [ U o (9 |Aun (9 ds
0
2 o [T 2 2
< 2T 205 [l 9l Au (o) ds
0
Using the continuity of embedding V' — H so it follows that,
g 2 2 s [T 2 2
| s < 20T v 2elly [l )P 12w () ds
0
< 27T+ 207l s o o) [ 13w ) i
Using the inequalities (4.2.25) and (4.2.26)) it follows that,
T
|l ds <2037+ 20171 Clun. T K%
0
Since f € E C H so hence
T
| Ol ds 2T+ 2011 Cluo TR < o
0

Lemma 4.2.19. If (h,) be a weakly convergent sequence in L? (0, T; RN) with limit
h e L?(0,T;R"), where (h,) and h satisfies ([£.2.24). Then (u,), oy converges to

up, 1 Xp-norm as n — 00.

Proof. Let us begin by recalling the expression for u; and wuy,, . Recall from (4.2.23)),

uh(t):u0+/0t(Auh()+F (un ( ds—i—Z/ (up (5)) hj(s)ds, t €[0,T7].
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and

t

up, (t) = uo—i—/ (Aup, (s) + F (up, ( ds—i—Z/ (up, ( nj(8)ds, t€[0,T].
0
Set u,, := uyp, — uy, then using last two equations, for ¢ € [0, 7],
u, (t) = / Au, (s)ds +/ F (up, (s)) — F (up (s))] ds

+§;/MMMA@Mm@%JMM@D%®MS

0

= /O Auy, (s)ds + /0 [F (up, (s)) — F (up (s))] ds
+Zl/0 (B (un,, (5)) = Bj (un (5))] hn,j (5) ds
#3086 (i 6) = by (o) s

Using Temmam Lemma I11.1.2 of [49],

||un§t)|| _ /O(Aun(s),—Aun(s))ds—i—/o (F (up, (s)) — F (up (1)), —Auy, (s)) ds

= L)+ L)+ Lyt)+ Y I,t), t€0,T]. (4.2.38)

Let us compute and estimate each of integral in last sum. Consider the first integral

i.e. [1,

L(t) = A(Aun(s),—Aun(s»ds

- —/t|Aun (s)[3ds, t €0,T7]. (4.2.39)

0
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Now consider the second integral i.e. I in , for t € [0, 77,
L(t) = /0 (F (un, (s)) = F (un (), —Auy (s)) ds
< / |F (un, (5)) = F (un ()| [Aun (s)] 5 ds, t € [0,77.
0
Using inequality (4.2.11]), for ¢t € (0,77,
L(t) < /0 G ([[un, ()5 lun ()I1) lun, (s) —wn (s)[| [Aun (s)| 5 ds,
= /0 G (lun, () lun ()] [[wn ()] [Aug (s)] 5 ds (4.2.40)

Where G : [0,00) X [0,00) — [0,00) is a bounded and symmetric map, defined as

(222) (Pt 4 2 (r 4 s)

G(r,s) : =C*(r"+5°) +(r+ 5)% + 02l
+ (1" + $27)

2n — 2

_i_Canl < 5 ) (7,27172 4 82n72) )

From inequality (4.2.25)), we infer that there exists a constant C (ug, T, K) such
that
G (llun, O lun @)N]) < Cr (uo, T, K, € [0,T7.

By using this inference into inequality (4.2.40), we get for t € [0, 7],
t
LO<C [ a1 ()], ds
0

We are going to apply now the Young inequality (4.2.9)) to the integrand in above
inequality. Choose a = C} [[u,|), b = |Au,|y, p= ¢ =2 and o = 1. Using this into

last inequality,

t 1 t
L) < 2012/ ||un(s)||2ds—l—z/ |Aun(s)|12qu
0 0

t t
— C’/ ||un(s)||2 ds —l—%/ |Aw, (s)@ds, (4.2.41)
0 0

208



4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

where C' := 2C%.
Now consider the 3rd integral i.e. I3 ; of equation (4.2.38]). Using Cauchy-Schwartz
inequality together with (4.2.12])

Iy; = /0 t (Bj (un, () = Bj (un (s)) , =Aun (8)) hnj (5) ds
< /Ot |Bj (un, (s)) = Bj (un (5))] g [Aun ()] g g (5) ds
< /OtC [l (lun, ()1 llun (3)I]) 1, (s) = un ($)]| on s (5) ds
= /Ot C1fil g (lun, () + llun ($)1]) lun(s)]| [Aun ()] hn j () do(4.2.42)

Set ¢ := max{]fj]H}j.V:l < 00. Using estimate (4.2.25) we infer that there exists a

positive constant C5 such that
Cfil g (lun, ()] + [lun (s)]) < Ce(C + C) =: Ca.
Therefore the inequality (4.2.42) simplifies to

t
I; < Cy / lan ()] [ At (5)] o (5) ds.
0

Applying the Young inequality (4.2.9) to the integrand in the last integral, with

a = Cy||uy|| hnj, b= |Auy|y, p=g=2and o = the last inequality becomes

4N7
t
I;; < 2NC'2/ ||un(s)||2h2 ds+—/ |Au, (s)|* ds
_ e 2
- /||un a5 ds+ o | | A (5) P ds,

where 2C5 =: C. Taking sum over j on both sides

N N t N 1 t
212 2
Sty < O [l @ s+ 30 1 [ 1w )P
j=1 j=1 j=1
SN . L .
= C’Z/O [un(s)||* b2 (S>d8+4_1/0 |Aw, (s)|” ds. (4.2.43)
j=1
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We are going to keep Iy j, of equation (4.2.38) as it is, because we intend to

apply Lemma |4.2.17| to it.
Using inequalities ({4.2.39), (4.2.41) and ( into (4.2.38) we get

n 1
”“ /|A |Hds+C/ lun(s)[[2 ds + /\Aun()ﬁ,ds

N
+CZJN%@W%A@%+;AMM@W%+§PM®
j=1 Jj=1

|| wn, (t)\|2+/0 |Au, (s)|12qu < 2/0 (C’—l—Chfm (s)) (Hun (8)H2—i—/08]Aun (r)|§{d7") ds
+2) L)

Set
FO) = O + [ 180 () s
alt) :2i14’j(t)
B(t) =2J(201+0hi7j(s>)

hence the last inequality becomes

Ft) < /O "28(s)F(s)ds + a(t)

Finally Grownwall Lemma and equation (4.2.24)) we get

tz[%%nun (t)||2+/0t|Aun (s))%ds < a(t)—l—Z/Otoz(s)B(s) exp (2/:5(7~)dr> ds
= oz(t)—i-Z/Otoz(s)ﬂ(s) exp (2/: (C+ChZ,(s)) dr) ds

= aft)+2 /Ot a(s)B(s)exp (2C (t — s+ K,,)) ds

Taking limit n — oo, and using Lemma [4.2.17, Remark [4.2.18) «(t) — 0. Moreover,
using the Lebesgue dominated convergence theorem (see Theorem [1.4.32)), the right

hand side of above inequality goes to zero. This completes the proof of Lemma. M
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4.2.3 Proof of (C3) and Large Deviation Principle

In this subsection we intend to show that the family of laws {£ (35 (W)) ,e € (0,1]}

on X, satisfies the large deviation principle with rate function Z : Xr — [0, 00|

defined as in (4.2.10). For K € (0,00), set
T
By = {hn € L? (O,T;RN) : / | I, (s)ﬁw ds < K} .
0

From Theorem [4.2.14] it follows that the map 39, defined by equation (4.2.23), is
Borel measurable. To prove family of laws {L£ (3§ (W)), e € (0,1]} on X, satisfies

the large deviation principle with rate function I, if the following theorem (condition

C2) is true.

Theorem 4.2.20. Let (&,) and let sequence of real number from (0, 1] that converges

0 and if (hy),cy be sequence of predictable process such that
T
/ B (5,w)|2n ds < K (4.2.44)
0

, Jor all w € Q and for all n € N. If (hy), oy converges in distribution on Bk to h
then 3" ((\/QVVJ + o Py (5) ds)j.\f:1> converges in distribution on X1 to 9 (h).

We prove the above theorem in the form of the following set of Lemmas. Set

Up := ) (hy) and y, == S5 <(\/€_nWj + [, Bnj () ds);.\;) and &, 1= Y, — Up.
Let us fix m € (||ugl| , 00) . For each n € N, define an (F;) -stopping time,
T (w) :=1nf {t € [0,T] : ||y, (t,w)|| > m} AT, (4.2.45)
for all w € €.

Proposition 4.2.21. Fort € [0,T], if up € M then y, (t AN1,) € M, where 7, is

stopping time described above.
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Proof. We begin by recalling evolution equation satisfied by ,,
t
yn (1) = S (@W] + / P j () ds>
0

S A ACER O R S P TACIE

2 L
+z;/0 Bj (yn (8)) hnj (5) ds+\/az; 0 B; (yn (s)) dW; (s), t € [0,T]

where u(0) = ug € VN M.
Our intentions are to apply the It6 Lemma to the map v : H 3 u — 3 \uﬁ{ € R.
For stopping time 7, described by equation (4.2.45) and € [0, 7], let us apply Itd’s

Lemma [37] to the process(y (u (¢t A 7y))),ci0.77 -

(A ) = (w0) = / " (n(5), Ayn(s) + Fly(s))) ds

N tATh

(Yn(s), 1 (Bj(yn(5))) ds

+
no |
Il
o\_.

Let us compute the inner products involved in above explicitly. For the sake of

convenience we set ¥, = y,(s).
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<ynv Ay, + F<yn)>

Next

(Yns AYn) + (Yns F(Yn))

— Nl + (s (9l + ynl 120) v — 02"
— Nlynll® + (lynll® + lynl720) Wn yn) = (Ynrv2" "
~Nll® + (lyall® + lynl750) [ynl7r — [yl 730

(19nl7 = 1) (yall* + lynl720) - (4.2.47)

Yn> B (Wn)) = W [5 = (5, Yn) Yn) »

= Yn> £5) = (irYn) Yns Yn) 5

= (Yo £5) (1= lynlzr) - (4.2.48)

Now using equation (4.2.48)),

(Un> 55(m)) = {yn> —
— {f3s4n) Wns Bi(yn)) = {f3> Bi(yn)) {Yn, Yn)

— (5o n) Wns £3) (L= lynlzy) = (Fis 3 = (F3Yn) Yn) 9l

= (ym, f3)"

= [(fi: 15

= (Yn: fj)

= ynafj

Finally,

(Bj (yn) » Bj (yn))

<fja yn> Bj(fUn) - <fjv Bj(yn)> yn>

(Il — 1)
fi) = <f]a Yn) (F32yn)] lynly
Y ([ynltr = 1) = 1Fil5 lwnls + (i vn) [unl
) (2 Ynlzr = 1) = 1£15 1ynl 5 (4.2.49)

<fj - <fj7 yn) Yn,s fj - <fj7 yn) yn) )
oo f3) = (v ym)” = (i)™ + (FiYnd” (s Yn)

= 1fil%+ (o) (Il — 2).- (4.2.50)
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Substituting equations (4.2.47)), (4.2.48)), (4.2.49) and (4.2.50)) into equation
(4.2.46) with y, = y,(s) and using fact that |u0|§{ = 1, it follows that,

N | —

tATH
(g (AT —1) = / (a2 = 1) (> + lgal?2) ds

N tATh
En
= /0 [ £3)° 21yaliy = 1) = 1fslir Nyl ] ds
7j=1
N

—Z/O W £5) (19l = 1) o (5) ds

N

N tATh
*\/52/0 (U, [} (lynlzy — 1) dW; (s)
j=1

Combining first, third and second, fourth Riemann integrals into a single Riemann

integral of last equation, we get

3 (e CAmG=1) = [ (60 = 1) (i )17 b ()32 = ) 5 oy (5) s

En i/tm (n (5), 13" (2lym ()5 — 1) = 1Fil3 lym ()3
j=1+0 +|fj‘?{+<fjayn>2 (]ynﬁ{—Q)

ds

N

tATh
2
WE S [ ) (i - 1) aw; ().
j=1"0
Simplifying the integrand of the second integral we get,

3 0 CAmE =1 = [ (60 = 1) (i )17 b (522 = ), 5 oy () s

93 RN AT ATCAS TR

0

N

VaEX [ ) (ol = 1) a9,

214



4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

Combining the first two Riemann integrals,

! , (g G+ i (5) 3 = ((5)e S5 s 9
3 (o e AT) —1) =

2 I % (3l (). 5)" = I£13)

(o ()15 = 1) ds

VE S [ ) (il = 1) W ().

(4.2.51)

To simplify argument we treat N = 1, and for ¢ € [0, 7] let us define the following

functions,

o(t) = =y (Ol
a(t) = =y (1), f1)
pt) Hy O + [y (D173 — (Yn (£) f3) s (1)

(
(3 (W (8), £5)° = 1 £il%)

The last equation (4.2.51]) can be rewritten as, for ¢ € [0,7],

e(t) _ /0 TnF(s,gp(s))dwl(s)—i—/o TnG(s,gp(s))dS, (4.2.52)

o
P0) : =lu(O)}-1=0

To get the desired result it is sufficient to show existence and uniqueness of above
presented the linear problem, and for this it is enough to that F' and G are Lipschitz
in the second argument (See Theorem 7.7, [5]). For z,y € R, t € [0,7] and w € Q,

[F(t,x) = Ft,y)l = |alt,w)r —at,w)y| = la(t,w)] |z —y|

and [G(t,2) = G(ty)| = |B(tw)z =Bt w)yl =6 w)| |z -yl
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Hence to show that ' and G are Lipschitz it is only needed to show that maps «
and (3 are bounded. Let us start with . Using the Cauchy-Schwartz inequality, we

infer that

()] < [{yn (EAT) s PO < [yn EAT) g [ il ¢ €10, TT

As fy € V . C H so |fi1|y < oo, also using continuity of embedding V' — H and

definition of 7,, it follows that
lat,w)| < cllyn EA )| <m|fily, t €[0,T].

Hence a is bounded.
Next, for t € [0,7] and w € Q, again using continuity of embeddings V — H
and L** — V, f; € V C H, for the fixed ¢ € [0,T] the |h,; (t)] < oo, and the

definition of 7,,, we infer the boundedness of map S in the following manner,

4 (E AT+ [gn (EA T 7o + 0 (Yo (EATS) 5 f1)
_% |f1|12LI - <yn (t A Tn) 7f1> hn,j (t)
< My EAT)E + ™ Ny EA T + 0y EAT) 5 Ll H
En
+o |f1l2 + [(yn (B AT )] |y (2))]

< ”yn (tA Tn)HQ + Hyn (tA Tn)||2n + 02571 Hyn (t A Tn)||2 |f1|§{

B =

En 2 2
g il Jyn @ ATl Ul g (2)]

En
< m?+Em? 4 Ce,m? | fily + ) 1Fl3 +m [ filg [y (B)]

Hence 3 is bounded.
This completes the proof. [ |
Lemma 4.2.22. There exists a constant C (ug, T, K) such that, for alln € N and

for all hy, € L* (0, T; RN) satisfying fOT o (8)|2n ds < K, we have

TNATn,
limsup E | sup (Hyn(t/\Tn)H2) +/ |Ayn(s)]§{ds] < C(up, T,K). (4.2.53)
0

n—00 t€[0,T7
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Proof. Before going towards proof of the required inequality let us see that by

Definition [4.2.45| of 7,, we have the following inequality,
[y O] <m, 0<t <7, (4.2.54)

Let us fix t € [0,7T]. Recall that, P-a.s.,

yn () = (gnwj(tH /0 thn,j (s)ds)

= U0+/Ot(Ayn()+Fyn 22/ fij (Yn(s

0
N

+3 [Bn o) s () s 4 VY [ B spam; )

0

Our intentions are to apply Ito Lemma, to process (||yn(t/\7'n)||2)te[0 7 For
t € [0,7], by It6 Lemma we have the following

tATh

loneAml? = =2 [ (e A ds 2 [ (Al F (o (1) ds

0

ten Z / = AYa(S), A5 (0 () ds

+2@Z / (= AYa(5), B, (9 (5))) AW (s)

N

tATh
b2 [ B 0 (9) By () s, Pras
j=1"0
N N N N
= _2[1+212+€HZ[37]+ZZ[4>J+2@ZI5,]+€TLZ[6,]
=1 j=1 j=1 j=1

(4.2.55)
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Let us estimate the each of integral in last equation,

ho= [ @ s
_ /O " Aga(s)|? ds (4.2.56)

Now consider the second integral I, using Cauchy-Schwartz, continuity of

embedding V < H and inequalities (4.2.11]), (4.2.54) we infer that,

L - / " AY(S), F (3 () ds

IN

/0 " 1F (5 ()] 1A (3)] s

IN

¢ / " NE (i ()] |Aga(s) ] ds

IA

c/o "Gl 91 0) (s |Ayn(s)|y ds

IN

tATh
cG (m,O)m/ |Ayn(s)]y ds
tATn ’
- o/ Aya(s)],; ds, (4.2.57)
0

where C' := ¢G (m,0)m < oo and G : [0,00) x [0,00) — [0,00) is a bounded and

symmetric map, defined as

() (Pt ) (r+s)

G(T, S) L= C2 (7”2 + 52) + (T + S>2 + C2n+1
+ (,r.27’b + SQn)

Lol <2n2— 2) (7,277,—2 i 8271—2) '

By taking a = C, b = |Ay,(s)|y, p = ¢ = 2 and o = 5 for the Young inequality

(4.2.9) and using it into (4.2.57) we get,

tATh 1 tAT 5
I, < 02/ ds + é_l/ | Ay, (s)]7 ds.
0 0
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tATn

1
= C*(tAT,)+ Z_l/ |Ayn(s)]§{ ds
0

1 tATh
= C*(tAT,)+ Z/ |Ayn(s)|?{ ds
0

1 tATh
< G@an g [ B
0

where Cy 1= C? < oc.
Now consider the third integral I5;, using Cauchy Schwartz inequality and

(4.2.15]), we infer

Iy - / = Aya(5). 55 (5))) ds
< / " s (D) 1A (3)] s
< / TR (24 g 9+ [ (5)[3] 19 (5)] | Ag(s) g ds.

Using continuity of embedding V < H and (4.2.54)) we get

tATh
L, < clff / 12426 [lyn ()12 +] 19 ()] | Agin(5)], ds,
0
tATh
< c / | Agn(s) ] ds,
0

where C = ¢|f|% [2 + 2¢*m?m < oco. By taking a = C, b = |Ay,(s)|,;, p = q = 2
and 0 = ﬁ for the Young inequality (4.2.9), the last inequality becomes,

tATh

1 tATh 5
I;; < Ng, i 02d5+45nN/0 |Ayn(s)]7 ds

1 tATh
= Ne,C*(tAT,)+ / |Ay,(5)|5 ds
4e, N Jo H

1 t/\’Tn 2
= GCTAR) oy | )l
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where C' := NC?. Taking sum on j on both sides and multiplying e,, we get
N

N N tAT,
1 n
> by £ B an) > [ Al ds
j=1 j=170

J=1

1 tATH
= Ne2O(tAT)+ 4_1/0 |Ayn(s)|§{ds

1 tATh
= 5203 (T ANTn)+ 1 / |Ayn(s)]§{ ds,
0

where C3 := NC < oc.
Now consider the 4th integral i.e. I ;. Use of Cauchy-Schwartz and inequality
(4.2.12)), we get

L, - / " (CAyn(). By (g (3)) B" () dis
< / 18y ()] 1 1By (g ()] Py (5) ds
< / 1A (5) g C 1L 5 ()2 P () dis

Using fact that f € V € H and ([2.54) , we infer C'|f|,, |lyn (s)|I> < CKm? =: C,

therefore the last inequality simplifies to the following,

tATh
Ly <C [ 180 ()] o (5) s,
0

By taking a = Chy, j,b = |Ay,|y ,p = ¢ = 2 and 0 = {5 into the Young inequality
and applying to last inequality,

tATh

tATh 1
Ly < oNC [ (o) ds gy [ 1)y ds
0 0

tATh

1
= 2NC?K (T AT,) + N | Ay (s)|5 ds.
0

In the last first term of inequality we have used (4.2.44]). Taking sum on j on both
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sides and multiplying 2 we get

N tAT,

1 n
2 g I; < 2N*C*’K (T AT,)+ Z_L/O | Ay, (5)|3; ds, (4.2.58)
j=1

1 tATh
e (T/\Tn)—i—é—l/ Aga(s)], ds.
0

where C, := 2N?C?K < 0.

Consider the 5th integral i.e. I ;.

Iy = / (= Apa(S), B; (o (5))) AW (3)

Taking expectation supremum and taking expectation on both sides I5 ;

. ( . 15,]) n ( o | T Aa(s). B, (4 () W, <s>)

te[0,7) telo, T
Using  the  Burkholder-Davis-Gundy  inequality p = 1 e
1/2
E | sup ‘fgw(u(s))de (s)’) < 3E (’fOTw(u(s))%sD , (see Theorem 1.1.6,
te[0,7)

[39]) we infer that

E ( sup 15,3») < 3E ( /0 T A(3). B (1 (s))>2ds) -

t€[0,T

< () T A9 1B, (o () "

Now using inequalities [4.2.13| and (4.2.54)) we infer that for s < 7,,, we have

|B; (4 ()5 < C LS5l lgm ()7 < C L5l pm =: Cs

TNy,
E{ sup I5; ] < 3CG5E (/ |Ayn(3)|§{ds>
te[0,7) 0

TNy,
3C5 max {]E/ | Ay (3) |5 dsgl}
0
TNATn
0

TNATh
— 30+ 3C4E / Aga(s)[2, ds. (4.2.59)
0

Hence
1/2

IN

IN
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Consider the last 6th integral i.e. Is ;. Use of inequality (4.2.12)), we get

s = [ B 60 B G ), s

tATh

=/O 1B; (4 () ds
tATh

< c / 1l ()12 ds

Use of inequality gives (4.2.54)),

Ij < Clflgm* (T ATy).

Taking sum on j on both sides and multiplying ¢,, we get

N N
gnzjﬁ,j S €nZC’|f|Hm2 (T/\Tn>
j=1 j=1
= e, NC|f|lyzm* (T A1)

= e, (T A7) Cs, (4.2.60)

where Cg := NC'|f|,; m? < .

Adding inequalities (4.2.56))-(4.2.60) and using it into (4.2.55) we get

2
[yn(E AT <

tATh 1 tATh
—2/ \Ayn(s)ﬁ{ds—l—Cg <T/\T")+1/ \Ayn(s)ﬁgds
‘ 1 tATh 0
enCs (T N1p) + 1 / |Ayn(s)|§{ ds
0

1 tATh
04 (T/\Tn> +Z/ |Ayn(s)|§1 ds
0

N
+2€n Z [57]‘ +én (T N Tn) 06

j=1

5 tATh
= / Aga(s)[ ds + (Co + nCs + ChenCe) (T A7)
0

N
+ 25n Z I57j
j=1
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Taking supremum on both sides,

5 tATh
sup [t Am)l* < =7 [ Al ds
t€[0,7] 0

+(Ca + €,C3 + C4,Cs) (T N 1)
N

+ 2571 Z sup I5’j
=1 te[0,7

Taking expectations on both sides we get

5 tATh
Esu (IntAn)lF) < 58 ([ Ianok )
0

te[0,T]
+ (Cg + 8n03 + C48n06) (T A\ Tn)

+ 2€nE sup 1573‘ .
te[0,7

Using inequality (4.2.59)),
5 5 TNATn, 9
E | sup (||yn(t A1)l ) + i N6e,,Cs |Ayn(s)| ds
0

t€[0,T]

< (CQ +,C3 + Cy + 6¢,,C5 + é?nCG) (T N Tn)

Now we can find a natural number ngy such that (% — N6€nC’5) > %, for all n > ny.

It follows that,

1 TNATn
| s (e Aml)+ 3 ([ 1806 ds)
0

_te[o,T]

IN

E | sup (||yn(t A Tn)H?) + (1 — N6¢,Cs) (/0 " |Ayn(s)|§{ds)]

_te[o,T]
< (Cg + 5n03 + C4€n + 6€n05 + 06) (T A Tn) (T A Tn)

for all n > ny. Hence using the inequality above we infer that, for all n > ny,

TNy
E | sup (|lya(t A7)[%) + / |Ayn<s>ri1d5]sc,
0

t€[0,T]
where C' := (Cy + €,,C3 + Cye,, + 6,C5 + Cg) (T' A 7,,). This completes the proof of
the theorem. [ |

223



4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

In the framework of Theorem [4.2.20] we prove the following key Lemma.

Lemma 4.2.23. Assume that m € (||ug||,00). If 7,, be the stopping times defined

N
by equation (4.2.45)), and &, ==y, — u,, = 5" ((enVVJ + fg hyj (8) ds) > -39 .
Then

TNATh
h_}m E ( sup [|E(t A )17 + / 1£.(5)|% ds) =0
n—oo 0

te[0,7T

Proof. Let us begin by giving expressions for u,, and ¥, respectively. For t € [0, 7],

un(t) = ggn (hn) (2)

and
yn (£) = Q- ((8nWj + /Ot hj (s) ds)jﬂ)
= w0t [ B9+ F () +3i ot
%.zié‘/gtz3j<yn<s>>;%1]<S>ds<+.V4;;;§; B, (), 5. as

As we denote &, 1= y, — u,, so by taking difference of last equations, for ¢ € [0,77],

32 [ e
+Z/O [B; (yn (8)) — By (un (8))] hnyj (s) ds

+\/§Z /0 B (yn (5)) dW; (s) , P-a.s. (4.2.61)

Our intentions are to apply It6 Lemma, to process (||&,(t A Tn)||2)te[0 T
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For ¢t € [0, 7], by Ito Lemma we have the following,

leatAT2 = —2 / " (AGu(s), Aby(s)) ds

#2 [ A6 F (0 (9) = F(w, (9) ds

e / =B (5), 55 (un (5))) ds

23 [ (), By (0 (5)) — By (o () P (5) s
+oz, f; [ 860050 B () 5
te2 ZN‘, / B (0 (9) B (o () ds, Pas

= L+ 2D+ e, i Ly +2 i Iy, (4.2.62)

=1 j=1
N N
§ : 2 E :
+2€n 15’]' + En .[6’]'.
J=1 J=1

Before proceeding further let us recall the following inequalities, which we are

going to use frequently in rest of proof. From definition of 7, i.e. (4.2.45)), it follows

that,
[y ()] < m, t € [0, 7], (4.2.63)
and from Lemma [4.2.15]
Jun ()] < C (uo, T, K) , t €[0,T]. (4.2.64)
Also set
— N
K := max {|f]|fq : ||fj||2}j:1 < 00. (4.2.65)
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Consider the first integral I; in last equation,
tATH
ho= [ 06686 6) ds
Ot/\Tn
= / |AE (5[5 ds (4.2.66)
0

Now consider the second integral Iy, using Cauchy-Schwartz and inequalities

(@2.11), (#.2.63) and (1.2.64),

L - / (), F (4 () — F (un () ds

IN

[ 6 U @l @) 166126 ds
< [ emo el an ), b
= [ o A6l s (4.2.67)

where C' := G (m,C). Here G : [0,00) X [0,00) — [0,00) is a bounded and

symmetric map, defined as

(2"2_1) (r?=t 4 21 (r + 5)

G(r,s) + =C*(r* +8%) + (r+s)” + 2t
+ (r?" + s)

2n — 2

+02n—1 ( 5 ) (T2n—2 + 82n—2) ]

We are now going to apply the Young inequality (4.2.9) to integrand in inequality
([4.2.67). By taking a = C'||&,||, b = |A&.(s)|y . p = ¢ =2 and o = £ for the Young
inequality (4.2.9) and using it into (4.2.67]) we get,
tATn 9 1 tATh 5
Loz o[ ey [ 1860
0 0
tATn ) 1 tATn 9
= lelas g [ 186 ds
0 0

where Cy := C?.
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Now consider the third integral I5;, using Cauchy Schwartz inequality and

@2.15), we infer
by = [ 866w ()
< [ 1266y 1o Dl
< [P L2 o O+ Clan ()] b () 13600 .

Using continuity of the embedding V' < H | inequalities (4.2.63)) and (4.2.65) we
get

tATn
Is; < / K [24+m® + Cm?] m|A&(s)| ds,
0

tATh
= [ el ds
0
Where C := K [2 4+ m? + Cm?* 'm. By taking a = C, b = |A&,(s)|;, p = ¢ =2 and
o= ﬁ for the Young inequality (4.2.9), the last inequality becomes,

tATh , 1 tATh 9
I;; < Ngn/0 C d8+45nN/0 |AE,(s)]7 ds

1 tATh
= N6n02t/\7'n+—/ A& (s)|% ds
( ) =N ), |A&(5) [

Taking sum on j on both sides and multiplying by &, we get

N

N N tAT,
1 n
En g I;; < Ne, C? E (tAT) + N E / |A§n(s)|§{ds
j=1 =170

j=1

1 tATh
= NG AT+ /0 AG ()2, ds

1 tATh
= C3(tAT,) + 1 / |A§n(s)]z ds,
0
(4.2.68)

where C5 := NC?.

Now consider the 4th integral i.e. I;. Use of Cauchy-Schwartz and inequality
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([4.2.12)), we get
= [ 860 B (0 (59) = By Cun () s (5
< [T I 1, i (9) = B () s ()
< IG5 0 ()] s ) s
= [T 1 o O+ T )16 605 s 5) s,

Using (14.2.63)), (14.2.64]) and (14.2.65)) we infer
Clfly Uyn (SN + llun (5)]]) < CK (m+C) =: C, therefore the last inequality

simplifies to the following,

I < / 1A (3) 1 1€(5)]] By (5) s

By taking a = C ||&,|| by, b= |A& ()|, p =g =2and 0 = ﬁ into the Young
inequality and applying to last inequality,
tATh

t/\Tn 1
Ly < oNC [ o) oy () ds b g [ IAG 0 ds
0 8N 0

tATh

tATh 1
= NG [ GO (st g [ 1860 ds
0 0

Taking sum on j on both sides and multiplying 2 we get

N N tATh ) ) 1 tATh 5
231y < Y [ IGEIF t @ s+ [ 1860 ds
j=1 j=1

where Cy :=4ANC? < .

Since I5 ; is the Ito integral so we deal it later and keep it as it is.
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Consider the last 6th integral i.e. Ig;,. Using inequality (4.2.12) it follows that,

s = [ B ) B G ), s
< / " 11B; (g ()12 ds
<cf " Ly o ()] ds

Using inequality (4.2.63)) and (4.2.65) into last inequality,
IG,j S C’Km (t VAN Tn)
Taking sum on j on both sides and multiplying ¢,, we get

N N
anIﬁ,j < EnZCKTTL(t/\Tn) = Csen(T A ), (4.2.69)

j=1 j=1
where Cg := CKm.
Adding inequalities (4.2.66))-(4.2.69)) and using it into (4.2.63) we get

) tATn 5 tATh 5 1 tATh 9
[€n(t AT)]I” < =2 | AL ()]} ds + C 1€ (s)]I" ds + 7 | A& ()5 ds
0 0 0

1 tATh
+5i03 (tAT) + 1 /0 |A£n(s)\§{ ds

N tAT, tAT,
" 2 2 1 " 2
#2013 | e Gy P as 5 [ 186 )l ds

N
+2\/az [57]' + Cﬁe’fn(T AN Tn)

J=1

- [ ds2vE S [ A6, B () W 9

IN

+ /0 i (Co +2C4 (hnyj (5))%) 16a ()| + (Coen + £2C3) (T A Ty,)

229



4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

et nml+ [ 8GO s < 2VE Y [ A B n () W (9
+ (Csep +€2C5) (T A7)

+ /0 Gy 4 20 (e (5))?)
(tenml+ [ e ar) as

Taking supremum on both sides,

sup (16t AP+ J;"™ |AG(5)]3 ds)
t€[0,T]

< (Cornt EO) TAm) +2/E Y s [ AG(5), By () W ()

=1 te[o,T

o [ (€ 20y (9 <||€n(8 Al [ |A§n<r>|zdr) ds

t€[0,T]
sup [|€,(¢ A ) [1” + 5" A ()]} ds
t€[0,T]

< (Coen +22C5) (T AT)) +2/2, Y sup /O i (=A&(8), B (yn (5))) dW; (s)

=1 te[0,7
TATn ) ) SA\Tn, 5
[ s (€020 () s (Tt nmlF [ 186 0 ar ) s
0 s€[0,T] s€[0,7T 0

Taking expectations on both sides we get

B sup (16n(A )+ 7 186(5)fy ds) <

te(0,T

(Coen +£2C) <Tmn>+2¢acZ(E sup / " (- 865, By (a () AV, <s>)

=1 t€[0,T]

N

4 /0 " (Z% +2C (B (5>)2)

j=1

E sup (an(s A1) —|—/0 ' ]Aﬁn(r)\fqdr> ds

t€[0,T]

Using the Burkholder inequality for p = 1,
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B sup (I6a(t Al + 37 1865y d5)

te(0, T

< (Coen +2C5) (T A1) +12¢,C? Z E ( /0 " (—26(5). B (5 (5))° ds)

" / sup (Z—+2O <>>2>

s€[0,T]

B sup (ngn(smn)w L[ |Asn<r>!2dr) ds

s€[0,T

N tATh
< (Coen +2C3) (T ATy) + 126,C7 Z E (/ |~ A& (8) 5185 (yn (8)) ds)
0

j=1

n /O " up (Z%Jr%*(hw (s))2>

s€[0,T] =1

-E sup (Hﬁn(s A Tn)H2 + /08 " \Afn(r)ﬁ{dr) ds

s€[0,T7]

Now using inequalities (4.2.13)), (4.2.63) and (4.2.65)) we infer that for s < 7,,, we

have

1B; (v () < C 1S gt g ()I° < CEm =2 Cx

Hence the last inequality simplifies to

E sup <||§n(t/\7'n || +f(fATn |AE, (s )ﬁqu)

te[0,T

N tATh
< Ceen(T NT1p) + 126,05 ZE ( sup / IAE(5)]5 ds)

=1 te[0,T]

+/O " <Z%+2(J(h ())2>

s€[0,T] =1

E sup (Hén(sATn)H2+ [ |A£n<r>|zdr) ds

s€[0,T

or
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E ( sup (|6t A7) 2+ (1~ 126,Cr) f7" \A§n<s>|zds))

t€[0,T]

tATh N 20
< (Cﬁ€n + 5203) (T A Tn) + E/O sup Z W + 2C (hn,j (S))2

s€[0,T] =1

E sup (Hw rwf+ [ 1A5n<r>\édr) ds

s€[0,7T

Next, we can find a natural number ng such that (1 — 12¢,C7) > %, for all n > ny.

It follows that for all n > ny,

E ( sup ([t AT)I*+ 3 fy" |A£n<s>\izds>)
t€[0,T]

tATn N 20 9
< (Coen +2C3) (T ATy) + E/O sup — +2C (hyj (s))
j

s€[0,T —1 N
SN\Tp,
E sup (||§n(s A 7‘,1)||2 + / |A§n(r)|l2qdr> ds
s€[0,7T 0

Multiplying both sides of inequality by 2, we get
Esup (6t Am)l+ Jo (A& ()7 ds)

te[0,7

) tATh N 40 9
< 2(Ceen +e2C3) (T A1) + /0 sup o 40 (hn (5))

s€[0,7T =1

‘E sup (||§n(3 A 7'n)||2 —I—/O ' |A§n(r)|?{ dr) ds,

s€[0,7

for all n > ng. Set

Flt) : —Esup (Hmmmuh / "mwzds)

t€[0,T]
Oé(t) : :2(C6€n+€i03) (T/\Tn)
N
4C 2
B(t) : = sup — +4C (hyj (s
0 = (S 007)

Using this notation the last inequality becomes,

F(t) < alt) + /0 T (s F(s).
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Observe that « is non-decreasing and [ is non-negative, hence using Gronwall

Lemma |4.2.8| and using assumption fOT hnj () ds < K,

F(t) < a(s)efown Alrydr

1.e.

Esup (|6t Am)l* + Jo7 (A& ()7 ds)

te[0,7]
i tATh N 40
< 2(Ceen +e2C3) (T AT,) exp /0 (; ~ 4Ch,, (s)2>]
' 40
< 2 (Oﬁ€n + 5,%03) (T A 1,) exp ; W(T ANT,) +4CK | .

Passing the limit n — oo i.e. g, — 0 , we infer that the right hand side of above

inequality tends to zero. Thus

tATh
nmE<wpmwAmW+/ﬁ M&®@%>=U
0

n—oo t€[0,T]

This completes the proof. [

The last Lemma 4.2.20] was one of the key results towards the proving main
result of the section Theorem [4.2.20] Before going towards the proof of the main

result, let us prove the following important corollary.

Corollary 4.2.24. Assume that m € (|jugll,00), 7, be the stopping time defined
by equality (4.2.45) and &, ‘= y, — u, 1s as described in equation (4.2.61)). The

sequence of Xp-valued process (&,),cn converges in probability to 0.

Proof. We want show that for all 6 > 0,

P ({ sup [|€. (1)) + /OT |AE,(s)]7, ds > 6}) — 0 as n — oo.

te€[0,T)]
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i.e. for all 6 > 0 and for all € > 0 there exists ng such that

P ({ sup ||€.(0)]|* + /OT |AE,(s)|3, ds > (5}) < g, for all n > ny.

te[0,7
Recall that, in Lemma [4.2.23| we concluded that,
lim E ( sup [|6,(t A7) + / |£n<s>\éds> = 0.
n—00 t€[0,T] 0

Also recall from [4.2.22| that there exists constant C' (ug, T, K) such that, for all

n € N and we have

limsup E

n—oo

< C<u07T7K>'

sup (It 7))+ [ 18 (o)l ds

te[0,7T] 0

Let § > 0 and € > 0. Choose an auxiliary m > ||ug|| and ng = ng (g, 0) such that,

1
—supE | sup |y, (t)| | < E, for all n > ny, (4.2.70)
ManeN  \ te[0,T] 2
and
2 ™ 2 de
E ( sup ||t A7)l +/ 1€.(9)] % ds) < —, for all n > ny. (4.2.71)
te[0,7) 0 2

Employing the Lemma [4.2.23] and for sufficiently large n consider the following set

T
P ({ sup [6.(EATI+ [ |AG ) ds = 6})
te[0,T] 0

< P ({ sup [|&.(t /\Tn)H2 + /Tn \Agn(s)ﬁ{ds > 0,7, = T})
] 0

tel0,T

+P ({tifé% [y ()] > m}) :

Using Chebyshev inequality on both two terms, on right hand side of, last inequality,

of inequalities
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we get

T
P ({ sup €. (8)]* + / A& ()5 ds > 6})
te[0,7 0
E

1 "
< 3 (Sup ||§n(tATn)ll2+/ |A€n(3)|§{d8>
t€[0,T 0
1
+—E [ sup ||y (2]
m t€l0,7
1 Tn
< SE(SHP ||§n(t/\7n)\|2+/ |A§n(5)|§{d‘9>
te[0,7T] 0
1
+—supE ( sup ||y, (t)]|
m neN te[0,T]

Using inequalities (4.2.70))) and (4.2.71)) into last inequality,

T
P(d sup eat)? + / Ao ds > 68| <S5
te[0,T] 0 2 2

This completes the proof. [

Recall that, we shown in the Lemma [4.2.19| that, if (hy), .y s a sequence in
L2 (0,T;RY) that converges weakly to h in L? (0,7;RY) on By then

39 converges in distribution to u, := QY (4.2.72)

(uhn)nGN = ( n)neN

in Xp-norm. This implies that S : L? (0, 7;RY) — X7 is Borel measurable.
Next let (g5),,cy be a sequence from (0, 1] that converges to zero as n — oc. Let

(hn),en be a sequence of predictable processes that converges in distribution on
T
Bk = {h e L*(0,T;RY) : / |h(s)|[an ds < K < oo} :
0
to h. We shown in Lemma and Corollary

(Yn — Un), ey converges to 0 in probability, (4.2.73)
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as a sequence of random variables in X7, where y, (-) = S (. W; + [, h3 (s) ds)

and u, = QY .

Also recall the following Skorohod Theorem from [2§]

Theorem 4.2.25. ([28] , Theorem 3.50, page 56). Let &,&1,&s,&3,... be random
elements in superable metric space (S, p) such that &, N &. Then on a suitable
probability space, there exists some random elements n 2 & and n, < &y mo € NJ

with 0, — N a.s.
Finally, we give a proof of main Theorem [4.2.20| of subsection.

Proof. (of Theorem [4.2.20) Let us begin by noticing the fact that By is a

separable metric space so we can employ the Skorohod Theorem. If (hy), oy

converges in distribution to h i.e.
L (h,) = L (h) on Bg.

By the Skorohod theorem (4.2.25)) there exist new probability space (fNZ, F , I?P/’) and

random elements ?Ln,ﬁ :Q— B k such that

s (iin) — £ (hy) for all n € N, (4.2.74)
and
L (E) — £ (h), (4.2.75)
with
T (@) — h (@) on By, for all & € Q. (4.2.76)
Next we claim that
L (up,) =L (”}Tn) foralln e N . (4.2.77)

236



4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

To see the last equality, observe that wu,, = %gn = 3% o h, and
u~=3L =3%0 E,:, where Q0 : B — Xp. Let us pick a Borel set B in Xp, and

hn hn

consider the following,

L (un,) (B) =

Since B is Borel set and S0 : B — X7 is continuous therefore (3°) " (B) is Borel

in By. Hence the last equation turns into
£ () (B) = £(h) ()" (B))
Using it follows that
£w,)(B) = £(h) ()7 (8))

= p((m) " [0 w)])
= P((%n>_lo (%) (B))
— p(

Hence we are done with proving the equality (4.2.77]). By the similar argument we
can show that

L(up) = L (u) . (4.2.78)
Next we are going to show that two convergence results i.e. (4.2.72) and (4.2.73])

together imply that g, converges in distribution to u;, on Xr i.e.

L (yn) = L (up) as n — oo.

237



4.2. LDP for the Stochastic Heat equation on Hilbert Manifold

For a bounded and uniformly continuous function ¢ : X7 — R , we have the

following

[ VAL (y) = [ L (un)] =

- /Q V)P = [ vdL(w)

_ /Q Vlm)dP = | wdl(w,)+ | wdL(w,) = [ L (w)

XT XT

< |[vomar- [ L ()
AR CZIUSEY T
< |[wmar= [ vim,ar)
n XT¢d£(uhn)— XdeE(uh) —. A, +B,. (4.2.79)

We claim that A,, and B,, both goes to 0 as n — oc.
Let us begin with A,. By (4.2.73) we know that (y, — up,),cy converges to 0

in probability as n — oco. But since convergence in probability implies the weak

convergence and since v is bounded continuous so hence

A, =

/ Y (Yn) dP — / z/J(uhn)dP‘ — 0 as n — o0. (4.2.80)
Q Q

Next, consider that B,, from (4.2.79)). Using (4.2.77)) and (4.2.78))

Bn = ZZJd,C (uhn) — 'Q/Jd,c (uh)

Xr Xr

= || wdL(uz) = | wdL (uz)

Xr Xr

_ /@ 0 (7 o)) B - /?2 0 (r5)) dP (@)
= | [ [ (v50) = ()| B @)

Note that u, = Y = S%0h. From (4.2.74)) and the fact that the map S° : Bx — Xr

(4.2.81)
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is continuous it follows that for all w € ﬁ,

UH‘;(E) — U’fl(@) as n — oQ.

Since 1 is continuous and bounded function it follows that for all W € ?2,

‘w (uﬁ;(@)> — <uﬁ(a)>‘ — 0 and as n — oo.

Next from above convergence and application of Lebesgue dominated convergence

theorem (see |1.4.32)), we infer that,

o= |[ (o) - ()] 9

Thus using convergence (4.2.80) and (4.2.82)) into (4.2.79) we get the desired

convergernce.

This completes the proof of Theorem [4.2.20} [ |

— 0 as n — oo. (4.2.82)

Thus as a result of Theorem and Theorem |4.2.20| we establish the following

Large deviation principle.

Theorem 4.2.26. The family of laws {L (3§ (W)) : e € (0,1]} on Xr satisfies the

Large deviation principle with rate function I, where I is as defined in equation

(#-2.10).
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