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Abstract

For an isometrically immersed submanifold f : M — N, the spherical Gauss map
is the induced immersion of the unit normal bundle U M* into the unit tangent
bundle UN. Compact rank one symmetric spaces have the distinguishing feature
that their geodesics are closed with the same period, and so we can define the
manifold of geodesics Q as the quotient of the unit tangent bundle by geodesic
flow. Through this quotient we define the geodesic Gauss map v : UM+ — Q
to be the Lagrangian immersion given by the projection of the spherical Gauss
map. In this thesis we establish relationships between the minimality of isomet-
rically immersed submanifolds of the sphere and complex projective space and
the minimality of the geodesic Gauss map with respect to the Kéhler-Einstein
metric on Q. In particular, we establish that for an isometrically immersed holo-
morphic submanifold of CP", its geodesic Gauss map is minimal Lagrangian if

it has conformal shape form.
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Introduction

In this thesis we shall study minimal submanifolds of the spheres and complex
projective spaces and how we can use a form of Gauss map to relate them to
minimal Lagrangian submanifolds. For an isometric immersion, the mean curva-
ture is equal to the tension field in the sense of harmonic map theory. To this

end we shall be investigating harmonic isometrically immersed submanifolds.

The Ruh-Vilms theorem [25] is a result which links the parallel mean curvature
vector field condition of an isometrically immersed submanifold f : M — R™ with
the harmonicity of its Gauss map. In the specific case of Euclidean space, we can
define the Gauss map to take values in the Grassmannian Gr(m,n) of all m-
dimensional linear subspaces of R™. The Gauss map associates to each x € M
the m-dimensional subspace df (T,,M) € Gr(m,n). The theorem then takes the

following form:

Theorem 0.0.1 (Ruh-Vilms). For an isometrically immersed submanifold f :

M — R™ with Gauss map 7¢:

where Hy is the mean curvature normal vector field.

The immediate implication of this theorem is that 4¢ : M — Gr(m,n) is a
harmonic map if and only if the immersion f has parallel mean curvature. While
this definition of the Gauss map only exists for Euclidean space, Obata [21]
gave one way of generalising it to spaces of constant curvature. Wood [28] then
further extended this to any ambient space as the Gauss section. By considering
only vertical variations he found a Ruh-Vilms like result, that under certain
conditions of the codomain an isometrically immersed submanifold has parallel
mean curvature if and only if the Gauss section is a critical point of the vertical

energy (a harmonic section).



Another generalisation of the Gauss map to any ambient space was defined
by Jensen and Rigoli [14], the spherical Gauss map. The previous Gauss maps
assign to each point on the submanifold an analogue of its tangent space. The
spherical Gauss map instead considers the immersion of each point of the unit
normal bundle into the ambient unit tangent space. Jensen and Rigoli studied
harmonicity conditions for the spherical Gauss map with respect to the Sasaki
metrics constructed on each of the unit normal bundle and the ambient tangent
bundle (in which case the spherical Gauss map is not an isometric immersion).
Later, Cintract and Morvan [7] instead considered the entire normal bundle as a
submanifold of the ambient tangent bundle. They equipped the ambient tangent
bundle with the Sasaki metric and the normal bundle with the pullback of this

metric, rather than its own Sasaki metric.

In this thesis we shall consider an alternative approach, the geodesic Gauss
map. A compact rank one symmetric space, IV, (a CROSS) such as the sphere and
complex projective space, has the distinguishing feature that all of its geodesics
are closed and of equal length. We can thus construct a quotient space of the
unit tangent bundle by the geodesic flow which is itself a manifold, called the
manifold of geodesics, Q. We then define the projection of the spherical Gauss
map under this quotient to be the geodesic Gauss map, v. We shall be studying
the harmonicity of this map with respect to the pullback to the unit normal
bundle of various metrics on UN, which project to Q such that v is an isometric

immersion.

The main motivation for this map becomes apparent when we use symplectic
redution to equip Q with a symplectic form Ao induced from the canonical sym-
plectic form on T'N. In this case, given an isometrically immersed submanifold
f: M — N, the image v;(UM?') is a Lagrangian submanifold with respect to
the Kahler-Einstein structure on Q. Harmonicity of the geodesic Gauss map with
respect to the Kéahler-Einstein metric Ag(-, J(-)) would thus allow for construc-

tion of minimal Lagrangian submanifolds of Q from the more adundant examples



of minimal submanifolds of compact rank one symmetric spaces.

In Chapter 1 we shall establish a homogeneous geometry approach to working
with symmetric spaces. This shall be advantageous, as for a compact rank one
symmetric space both its unit tangent bundle and manifold of geodesics are
themselves homogeneous spaces. We shall assume that the reader is familiar with
both Riemannian geometry (as discussed for example in [16]) and Lie groups (as
discussed in [27]). From this foundation we shall establish isomorphisms 3 and 3
between the tangent bundle of a homogeneous space and subbundles of the bundle
of Lie algebras arising from the transitive group action over the homogeneous
space. This will then allow for easy comparisons between the tangent spaces of
the various manifolds. We shall then use these isomorphisms to study the Levi-
Civita connection of the naturally reductive metric induced on a homogeneous
space by its group action, called the normal metric. For a CROSS, this is the

standard symmetric space metric.

In Chapter 2 we shall introduce some concepts from symplectic geometry. In
particular we shall define symplectic and contact forms, Kéahler structures and
symplectic reduction, as these shall be necessary for the construction of the
manifold of geodesics. We identify the unit tangent bundle UN of a CROSS with
a homogeneous space and describe its isotropy subgroup. We use the canonical
symplectic structure on the tangent bundle to define a contact structure for
UN for which the Reeb vector field is the geodesic flow vector field. By using
symplectic reduction we then construct the manifold of geodesics and introduce

its canonical symplectic and complex structures.

We then discuss the Kéahler-Einstein structure on the manifold of geodesics.
When our ambient manifold is a sphere, the normal metric on Q = Gr(2,n + 1)
is compatible with the Kahler-Einstein structure. For the other CROSSes this
isn’t the case, and so we describe the Kéhler-Einstein metric on Q@ and define a

mo-related metric on the unit normal bundle, which we denote by hg. We also



introduce the Sasaki metric on T'N and show that it agrees with the normal

metric if and only if N is a sphere.

In Chapter 3, we introduce the concepts of harmonic maps and minimal sub-
manifolds. We then introduce the Ruh-Vilms theorem and discuss previous ex-
tensions of the Gauss map and Ruh-Vilms theorem to non-Euclidean ambient
spaces. We define the spherical Gauss map pu, and with the manifold of geodesics
constructed we are able to use it to define the geodesic Gauss map . We then
establish that the spherical Gauss map makes j : UM+ — UN a Legendrian
submanifold with respect to the contact distribution of UN. Since the geodesic
Gauss map is the projection of the spherical Gauss map to Q, we are then able

to prove that ~ is harmonic if and only if x4 is harmonic.

In Chapter 4, we specialise to the case of a submanifold of a sphere f : M —
S™. This chapter is based on joint work with my supervisor lan McIntosh [8].
For S™, the normal metric, Sasaki metric and hg are isometric. We calculate
the mean curvature of the geodesic Gauss map using a choice of adapted local
frames, in order to relate it to the mean curvature of f. However, to obtain a
direct relationship requires 7+ : UM+ — M to be horizontally conformal. The
condition of horizontal conformality is equivalent to a condition on the shape
operator of f, which in [8] we named conformal shape form (referred to in [10] as
conformal second fundamental form). This condition amounts to the requirement
that the squares of all the eigenvalues of the shape operator are equal. We thus

prove the following Ruh-Vilms type result for submanifolds of spheres.

Theorem 0.0.2. Let f : M — (S™,g) be an isometric immersion with respect
to the round metric g, and let hy be the restriction of the Sasaki metric to the
unit tangent bundle US™. Let p: UM+ — US™ be the spherical Gauss map, and
let (1) be the tension field of u with respect to p*hs. For any & € UM™*, let
Z,W € Te(UM?'Y) such that Z is horizontal with respect to 7+ : UM+ — M and

10



W is vertical. If f has conformal shape form, then

1
hs (T(n), JZ) = —TT(OQQ (Varw Hy €)

hs (7(), JW) = 29 (Hy, dnn(JW)),

_ 1
1+ 7r(¢)

where 7(€)* = g mrtrA(€)*.

Since g is an isometric Legendrian immersion and 7(u) is orthogonal to the
Reeb vector field this characterises 7(u), and thus we establish that for any
minimal surface in a sphere, its geodesic Gauss map is a minimal Lagrangian

submanifold of Gr(2,n + 1).

In Chapter 5 we proceed to adapt this result to the case of a complex projective
space, CIP". We consider the three metrics we have used for UN, the normal
metric, Sasaki metric and hgo and see that they now disagree. Since the Sasaki
metric doesn’t descend to a metric on Q, we now only use it to aid in calculations
in UN through comparison with the other two metrics. The normal metric no
longer projects to a Kahler-Einstein metric but is easier to work with than hg,

so we still consider both it and hg.

A vital component of the proof of the sphere case is that the fibres of the spher-
ical Gauss map are totally geodesic, which is a property of the Sasaki metric. We
thus consider which submanifolds of CIP" have a similar property. We establish in
the case that the submanifold is either holomorphic or coisotropic, its spherical
Gauss map has minimal fibres with respect to both the normal metric and hg.
We then proceed to construct local frames for the immersion f : M — CP" as
in the sphere case, taking extra care to make sure the frame of vector fields also

respects the standard complex structure Z on CP".

In the case of a holomorphic submanifold, the restrictions of the three metrics
to m+-horizontal vectors are isometric. We are thus able to adapt the proof of the
sphere case with relative ease. Since every holomorphic submanifold is minimal,

our next Ruh-Vilms type result takes the following form:

11



Theorem 0.0.3. Let [ : M — CP" be a holomorphic isometrically immersed
submanifold with conformal shape form. Then its spherical and geodesic Gauss
maps are minimal for hg and minimal Lagrangian for the Kdhler-Einstein metric

respectively.

In the case of coisotropic submanifolds, the behaviour of the tension field is
further removed from that of the sphere as the differences in curvature begin to
manifest. In particular, the conditions of conformal shape form and horizontal
conformality for hg are mutually exclusive and an additional curvature term

appears in the Ruh-Vilms type theorem.

Theorem 0.0.4. Let f : M — (CP", g) be an isometrically immersed coisotropic
submanifold with respect to the metric hg on UCP". Let Z,W € Te(UM™) such
that Z is horizontal with respect to 7+ : UM+ — M and W is vertical. If 7+ is

horizontally conformal with conformal factor a?, then

ho(ro(p), J2)|e = =a* (9 (Viry 2 Hy, €) — tr=gm((L7'Z)) ,

ho(ro(p), JW)le = —a® (g(Hy, dny (JW)) + trp-gm(W))

where

L:TM —TM; X — (1 - %g(Z,I{)) X,

and

m(Z): TM x TM = R; X,Y + g (RV(§, Ap(§)LX)Y,dnn(]2)) .

12



1 The homogeneous geometry of symmetric spaces

1.1 Reductive homogeneous spaces

In this thesis we shall assume an awareness of the basic properties of differentiable
manifolds and Lie groups, as can be found in [27]. In particular, we shall be
working with two special types of manifold, homogeneous spaces and symmetric
spaces, which are defined with respect to the action of a Lie group. Throughout
this thesis, unless otherwise stated, all manifolds are assumed to be smooth and

oriented and all maps are smooth.

Definition 1.1.1. Let G be a compact connected Lie group, and let K be a closed

(Lie) subgroup. The coset space
G/K ={[gK]={gk:ke K}:g€G}
15 a differentiable manifold. We equip it with a projection
Tk G—G/K; g [gK].

Any manifold of this form is called a homogeneous space.

A particularly common example of a homogeneous manifold that we will make

frequent use of is given by the following result from [27].

Theorem 1.1.2. Let G be a Lie group which acts transitively on the left of a
manifold M. Let K be the isotropy group of a basepoint o € M (i.e. K C G is the
set of elements that preserve o under the group action). Then M is diffeomorphic

to the homogeneous space G/ K.

A simple example of such a homogeneous space is the n-sphere, S™. Using the
standard embedding in R"*"!, we can choose the basepoint to be 0 = e, =

(0, ...,0, 1)T. The group SO(n + 1) acts transitively on S™ by rotations and the

13



[a¥)

isotropy subgroup K for e,y is isomorphic to SO(n). Thus, S" = SO(n +
1)/SO(n).

Since K is a Lie subgroup, it has a corresponding Lie subalgebra ¢ C g. We
will equip G with a bi-invariant metric, (-,-). This is a metric which is invariant
under both the left and right actions of G (and hence also invariant under the
adjoint representation, Ad, := dLnggl). The tangent space Tix)G//K can then

be identified with m := ¢+.

Definition 1.1.3. Let G/K be a homogeneous space. We say that G/K is re-
ductive if the decomposition

g=tdm

is Adg-invariant. Equivalently, [¢,m] C m.

If the decomposition has the additional property [m, m] C &, then G/K is glob-

ally symmetric.

Note that since K is a Lie subgroup, we have the additional relationship

e, €] C &

To illustrate why we use the term symmetric, let us assume that N is a Rie-
mannian manifold (with connection). Such a manifold is Riemannian symmet-
ric if every point p € N is an isolated fixed point of an involutive isometry
o, : N — N. Locally this isometry is given by the map o,(v(t)) = v(—t), where
v is any geodesic through p and t is sufficiently small. If N is Riemannian sym-
metric, then it is a homogeneous space of the type given in Theorem 1.1.2, where
G is the identity component of the isometry group (V) and K is the isotropy
group of any point. This homogeneous space N = GG/K is globally symmetric.
Conversely, given a globally symmetric space G/K (K compact), there exists a
metric such that G/K is Riemannian symmetric. In general, we will simply use

symmetric to refer to a Riemmanian (and thus globally) symmetric space.

Returning to reductive homogeneous spaces, while we’ve identified the tangent

14



space at a basepoint to a Lie subalgebra, when it comes to differentiation this
is only useful if we take the Lie group approach of restricting ourselves to left-
invariant vector fields. In order to work with more general vector fields, we’d like
to take a Lie algebra approach which works anywhere on the manifold. In order
to do this we shall construct an isomorphism between T'N (where N = G/K)
and a subbundle of the trivial bundle N x g. Given a K-invariant subspace v € g,

we define the subbundle
o]k = {([gK],Ady(§)) g € G,§ € v} C N x g.
We then define the map

S TN = Il | eSTgK] o ([9K].€)

t=0

To see that this is an isomorphism, we use the following result [6, Proposition

3.6].

Lemma 1.1.4. For a Lie group homomorphism ¢ : G1 — Ga, ¢(ef) = e,

If we consider the map

d
b: N xg—TN; ([9K],€) — — e"[gK],
t=0

we observe that the kernel consists of precisely those vectors for which e'[gK] is

constant. Since €¢|,—o = e (the identity element) this means we require

a
dt

(g7 "eg) = Ad'(¢) e &

t=0

Given a vector Ad,(€) € [, € is a curve in K, and so

d § d
£ Kl =2
dt IRl =5

t=

e ) = L

o [gK] = 0.

t=0

t=0

Hence, [|x is the kernel of b and the restriction to [m]x is an isomorphism. Since

B (bm)) = id, Bk is also an isomorphism.

An alternative approach is to identify T'N with the associated bundle G x g m

defined by taking the quotient of G x m by the right adjoint action of K on m,
G xxgm={[g,¢] = [gk,Ad; ()] (9,§) € G xm, ke K}.

15



We define a map

BK:TN—>G><Km;

Again, by considering the map

ge'*[K],
t=0

. d
b: : —
G xk g [9.& — o

the kernel is given by G Xk £ and so Bk = (b|gx,m) " is an isomorphism. By
noting that ge'*[K] = e'A4s¢[gK] we can then identify the two approaches such
that S (X) = [g,€] when B (X) = ([gK], Adg€).

1.2 The Levi-Civita connection of the normal metric

With these isomorphisms in hand we are now in a position to consider the Rie-

mannian geometry of a reductive homogeneous space.

Definition 1.2.1. Let N = G/K (K compact) be a reductive homogeneous space.
Let G be equipped with a bi-invariant metric {-,-). At a point [gK] € N, the

normal metric on N is given by

g('? ) = <6K()7BK()> .

By considering vectors in m corresponding to vectors in 7, N, we can observe

a particularly useful property of the normal metric.

Lemma 1.2.2. For &,n,( € m,

([&; mlm: €) + (& [C mlm) = 0, (1)

where Vy, denotes the orthogonal projection of V' onto m C g.

Proof. The adjoint endomorphism ad is defined by dAd. As shown in
[6, Proposition 3.7], adx(Y) = [X,Y]. By differentiating the Ad-invariance of
the metric, we obtain

(ad,(£), ¢) + (&, ady(C)) = 0.

16



A homogeneous space equipped with a metric that obeys (1) is said to be
naturally reductive. An important property of naturally reductive homogeneous
spaces is that they have homogeneous geodesics, meaning the geodesic generated

by a vector X € Ty(5) N takes the form

1x(t) = e VgK]. (2)

In order to derive the Levi-Civita connection for the normal metric, we will
want to consider the horizontal lift of vector fields on TN to T'G. The projection
7k : G - N = G/K gives rise to a decomposition TG = Hg & Vg, where
the vertical bundle Vg = ker(dry) and the horizontal bundle is the orthogonal

complement with respect to our bi-invariant metric on G.

Definition 1.2.3. Given a submersion © : (M,g) — (N,h), we say that w is

Riemannian if for all horizontal vectors X Y*,
g(X™ YH) = h(dr(X™),dr(Y™)).
Definition 1.2.4. A vector field V' € T'(T'G) is basic with respect to the Rie-
mannian submersion Ty if
1. Vel'(H) CcT(TG),
2. V is my-related to a vector field X € I'(T'N).
There is a bijective relationship between basic vector fields in I'(H) and vector

fields in T'(T'N). Given a vector field X € I'(T'N), the corresponding basic vector
field, X, is the horizontal lift of X.

By using the Maurer-Cartan form w = dLg_1 to identify each H¢|, with m, we

see that by definition the normal metric is Riemannian.

17



Lemma 1.2.5. A horizontal vector field H € I'(H¢) is basic if and only if w(H)

18 Ad g -equivariant, i.e.

ng(Hgk) = Adlzlwg(Hg)

Proof. To prove this result, we will want to consider the following commutative

diagram:

’Ha Gxm
w|HG

d’ﬂ'N ‘7}

TN G Xrgm

B¢

where 7 is the quotient map (g, &) = [g, €]. Let us assume that X is the horizontal

lift of a vector field X € T'N, and thus basic. Since dry(X) = X, we see that
7 (w(X)) = fx(X). Hence, for all gk, wer(X) € [g, X,).

Conversely, assume for a horizontal vector field H, w(H) is Adg-equivariant.

Then,

wak (Hgk) = Adlzlwg(Hg)

=dL,'dL, dRy(H,)
= wgk(deHg).
Considering Br o dry:
d d d —1
el k tH gy, Kl = — k tdRH, Kl = — tAd; "Hg K
gi|, IR Il =G| gheTIR] =g ge K

and so [gk, Hy] = [g, Ad;, ' H,). Thus dny(Hy,y,) = dny(H,), and H is basic. [

In order to describe the Levi-Civita connection for T'N in terms of S and B K,

we shall need two more results:

18



Lemma 1.2.6. [23, Lemma 1] Given a Riemannian submersion w: M — N, if

X,Y € I(TM) are basic vector fields over X,Y € T(TN) then
dr(VYY) = VY.

Lemma 1.2.7. [6, Corollary 3.19] Let X,Y be left-invariant vector fields in
[L(TG). Then if (-,-) is a left invariant metric and V¢ is the associated Levi-

Chwita connection,

VLY = Z ([X,Y] — adyY —ad} X)),

N —

where ady}Y is defined such that for all Z € T(TG):

(ad%Y, Z) = (Y, adx(Z)) .

In order to make use of this last lemma, we will need to adjust it to work for
any vector field in T'(T'G). To do this, we can choose Ej, ..., E,, to be a basis of
left-invariant vector fields for G. Then, for X,Y € I'(T'G):

VRY =) X'V (YE))
ij=1

noo . 1. ..
= > XU(BYI)E; + 5 XY ([E E)| - ad}y B, — adngi) .

ij=1
Since E;, E; are left-invariant vector fields, w(F£;) is constant and
w([E;, Ej]) = [w(Ei),w(E;)], where the bracket on the left is the Lie-bracket
of vector fields and the bracket on the right is the Lie algebra bracket associated
with the Lie group G. Since this is defined on g, not I'(T'G), the functions X*, Y7

can now pass through the bracket and thus
]' * *
wW(VRY) = Xw(Y) + 5 ([w(X),w(Y)] —adixw(Y) —adyw(X)) . (3)

By untwisting fx(X) and thinking of it as an Adg-equivariant map from
G — m such that Bx(X) = Ad;'Br(X),, then we can view mnwy(X,) as

Bi(X)|, (where 7y is the natural projection from G' x g — G x m). Let g denote

19



a left-invariant metric on G/K for which 7y : G - N = G/K is a Riemannian
submersion, and let V¥ denote its Levi-Civita connection. Then, using Lemma
1.2.6, for basic vector fields X,Y € I'(T'G), since [¢, €] C &, (3) implies

L
2
—ads 1 Br(X)). (4)

Bre(VxY) = Xpie(Y) + 5 P (Bi(X), B (V)] = a1 Bic(Y)

where P, is the projection onto [mjx C N X g.

In this untwisted form, fx(X), = Ad, ' Br(X)gk. Since dry(X,) = Xgk, the
curve getPx (X)g = ¢t8x(X)ax g © (G has tangent vector X, at t = 0. Hence the first

term in (4) becomes

d

Xg (AdglﬁK(X)gK)m _ % (Ad—l(etﬁK(X)gKg) (ﬁK(Y)et,ﬁK(Y)gKg)>
t=0 m

d
=Ad ' | =
(@

AdetﬁK(X)gK> Br(Y)gx + XgﬁK(Y)gK)

t=0 m
= Ad;1 (_adﬁK(X)gK/BK(Y)QK + XﬁK(Y)QK)m
Since Ad[-, -] = [Ad(:), Ad(+)], we have proved the following result.

Lemma 1.2.8. Given a left-invariant metric (-,-) on G, let g denote a G-
invariant metric on N = G/K which makes my : G — G/K a Riemannian

submersion. The Levi-Civita connection for g takes the form

(VXY = Pa (X0(Y) = 5 (B(X), B0 )] + iy BOY) + iy 50X)) )
5)

where Py : N x g — [m|g C N x g is the orthogonal projection.

Corollary 1.2.9. When g is the normal metric induced by a bi-invariant metric
<.’ .>’
1
(T3 = B (X5¥) = 100000, )]

20



For the most part our interest in N is going to be focused on isometrically
immersed submanifolds f : M — N. It is therefore important we understand the
corresponding pullback connection along f. In order to do this, we shall want
to work with a local frame F': U — G on an open contractible neighbourhood
U C M such that f = 7w o F. We shall make much use of the Lie algebra-valued

1-form a = F*w : TU — g. By considering the untwisted form of B K, we observe

F*Bx = Br(d(my o F)) = Adp((Bx o dry)(dF))

= Adp(mpw(dF)) = Adpaun. (6)

For clarity of notation, we shall henceforth define ag(X) = a(X)n.

Lemma 1.2.10. Let f : M — N = G/K be an isometrically immersed submani-
fold, where G is a matrix Lie group and N is equipped with a left-invariant metric
such that = : G — G/K is a Riemannian submersion. Then for

X eT(TM), VeT(M x g),
XAdp(V) = Adp((XV) + ([a(X), V])), (7)

where F': U — G is a local frame compatible with f and o = F*w.

Proof. The first term comes directly from the chain rule. To acquire the second
term, we want to consider [a(X), V]. Since we have assumed G to be a matrix Lie
group, the pullback of the Maurer-Cartan form is given by o = F~'dF, where
we are considering “F” as the action of g(F') on elements of g by matrix mul-
tiplication. For a matrix Lie group, dL,(X) = gX, and so Adp(X) = FXF'.
Thus,

Adp[a(X),V] = Adp(dAdyx) (V) = Adp (% B

d 2 (tra(X)F (=) (X))
_AdF<%t:0MZ:0( AT >)

= Adp(a(X)V — Va(X))

6ta(X) Ve—ta(X))

= dF(X)VF ' = FVFdF(X)F!
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Since (dF)F~' + Fd(F~') =d(FF~) =0,
Adp([a(X),V]) =dF(X)VF' — FVd(F~)(X)

d _
(FQXP(tX)VFexllj(tX)>
t=0

T dt
= (XAdF)(V)

]

Corollary 1.2.11. The f-pullback of the Levi-Civita connection takes the form

(T5 V) = Adr (Xan(¥) + [0(X), an(Y )] + 5lan(X). 00}

1 * *
_5 (adam(X)Oém<Y) + adam(y)(]{m(X))m> .

For the normal metric this simplifies to

1

(V541 (Y)) = Adr (Xan(¥) + [ae(X),am(¥)] + 5lan(X).n(V)]n)

Proof. Using (5) and (7), we acquire
(V50 () = Adr (Xan(¥) + 0(3),an (V)] = an(X). ()] )

Since [¢,m] C m for reductive spaces, we can split the second term into

[0 (X), am (V)] + [am(X), o (V). O

1.3 Symmetric spaces
Given a compact symmetric space G/K, as shown in [6, Proposition 3.39], the
Killing form B provides a bi-invariant metric

—B(X,Y) = —tr(adxady)

on GG. For a compact matrix Lie group, the Killing form is proportional to tr(XY),

and so we can choose our bi-invariant metric on G to be
1
(X,Y) = —§tr(XY)
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(while this is proportional to B, the factor of a half isn’t necessarily the coefficient
of proportionality but is our choice for later ease) We shall henceforth call this

metric the Killing form metric.

As with a more general reductive homogeneous space, we can use the Killing
form metric to define a normal metric on GG/K. Because a symmetric space has
the additional condition that [m,m| C ¢, the Levi-Civita connection for this

metric reduces to g (VYY) = P (X Bk (Y)).

We are able to calculate the curvature by using a second metric connection, de-
fined on any reductive homogeneous space, called the canonical connection. This
given by Sx(VE"Y) = Po X Pk (Y). While the canonical connection is normally
only metric and not torsion free, as we can see in the case of a symmetric space
it coincides with the Levi-Civita connection. Hence we can find the curvature of

a symmetric space from the following result.

Lemma 1.3.1. [5, Corollary 1.4] The canonical connection on a reductive ho-

mogeneous space has the following torsion and curvature:

Br(T(X,Y)) = = Pu[fx(X), B (Y)]

Br(R(X,Y)Z) = —[R[Bx(X), Br(Y)], Bx (Z)]

For a symmetric space we can thus observe that the torsion vanishes, and
Br(R(X,Y)Z) = —[[Br(X), Bk (Y)], B (Z)].

Remark 1.3.2. Here and throughout we have used the curvature convention
R(X,Y)Z =VxVyZ —VyVxZ —Vixy1Z.

Example 1.3.3. Let us consider the sphere S™. The special orthogonal group
SO(n + 1) acts transitively on S, and K = SO(n) is the isotropy group of the
basepoint e,1 (where S™ C R" = Span{es, ..., en41}), so S™ = SO(n + 1)/K.

Since s0(n) is the space of all skew-symmetric real n x n matrices, we can observe
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that m consists of matrices of the form

OTLXTL X
= , X € R".
—-X* 0

We can easily verify that [m, m] C £ and thus S™ is symmetric. The normal metric

is of the form (X,Y) = —1tr(XY) = —1(¢r(—XY") — X'Y) = X - Y. Thus by
identifying m with 7. ,,S" € T, ,R"" we can observe that it is simply the

round metric.
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2 The Kahler-Einstein structure on the mani-

fold of geodesics

2.1 Symplectic and complex structures

In order to work with the manifold of geodesics, we are going to want to consider

some additional structures on the tangent bundle. First, symplectic structures.

Definition 2.1.1. Let w € Q*(N) be a smooth 2-form over a manifold M. The

pair (N,w) is a symplectic manifold if w obeys the following conditions:

1. dw =0 (w is closed),

2. ifw(v,-) =0, thenv =0 (w is non-degenerate).

We call w a symplectic structure on N, and say that each (T,N,w,) is a sym-

plectic vector space.

A consequence of the combination of skew-symmetry and non-degeneracy is

that N must be even dimensional.

Definition 2.1.2. Given symplectic manifolds (M,w), (N,w’), a diffeomorphism

Y : M — N is a symplectomorphism if w = ¢*w’

Given a subspace U C (V,w) of a symplectic vector space, we define its sym-
plectic complement

U ={veV:wlUuwv) =0}.

Two useful properties of the symplectic complement are that

dim(U) + dim(U¥) = dim(V'), and (U¥)* = U [18, Lemma 2.2].

Definition 2.1.3. Let M C (N,w) be a submanifold of a symplectic manifold.
Then M is:
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1. isotropic iof T,M C (T,M)*,
2. coisotropic if (T,M)* C T,M,
3. Lagrangian if T,M = (T,,M)~,

4. symplectic if T,M N (T,M)* = {0}

for allp e M.

The restriction of w to a symplectic submanifold is non-degenerate and thus
makes it a symplectic manifold in its own right. We can also observe that La-
grangian submanifolds are the maximal submanifolds on which w is degenerate,

and that they have dimension 1dim(N).

A related concept, but for odd dimensional manifolds, is that of a contact

structure.

Definition 2.1.4. Let N be a manifold and C C T'N be a smooth distribution
of hyperplanes, locally described as ker 6 for a 1-form 6 € Q*(M). If df is non-

degenerate on C, then C is a contact structure on N (and 6 is a contact form

for C).

The non-degeneracy condition on df means that each (C,, df,) is a symplectic
vector space, and thus N must be odd dimensional. The choice of a contact form
6 for C defines a vector field £ € I'(T'N) as the unique vector field such that
do(&,-) =0, 6(¢) = 1. This vector field is called the Reeb vector field.

Definition 2.1.5. Let N be a 2n+1 dimensional manifold with contact structure

C. An n-dimensional submanifold M C N is Legendrian of TM C C.

Lemma 2.1.6. [18, Proposition 3.42] Let N be a 2n-+1-dimensional with contact
structure C. Let M C N be a submanifold such that TM C C. At each point
T,M C C, is an isotropic subspace with respect to the symplectic structure df. In

particular, when dim(M) = n, then T,M is Lagrangian.
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Finally, we define a complex structure.

Definition 2.1.7. Let N be a 2n-dimensional manifold. An almost complex
structure on N is an endomorpism J € T'(End(TN)) for which J? = —id. If

there exists an atlas (a,U,) for N such that da,(J) is the standard complex
0, —id,

multiplication given by on R*™ = C for all a,p, then J is an
id, 0O,

(integrable) complex structure on N.

In order to avoid having to construct such an atlas, the following equivalent

condition for integrability is often used

Theorem 2.1.8. [18, Theorem 4.12] The Nijenhuis tensor Ny : TN XTN — TN

associated to an almost complex structure J is given by
N;(X,Y)=[JX,JY] - JJX,Y]| - JX,JY] - [X,Y].
The almost complex structure is integrable if and only if Ny = 0.

We shall be particularly interested in manifolds for which the metric, symplec-

tic and complex structures interact nicely

Definition 2.1.9. Let (N,w) by a symplectic manifold with almost complex
structure J. The almost complex structure J is compatible with the symplectic
structure if:

1. w(JX,JY) =w(X,Y),

2. w(X,JX)>0

for all X # 0 € TN. If J is integrable, then the triple (N,w,J) is a Kéhler

structure on M.

A Kahler structure induces a compatible metric on M, given by
9;(X,Y) =w(X,JY),
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for which J is an isometry. With this in mind we can reformulate Definition 2.1.3

in terms of the complex structure.

Lemma 2.1.10. Let M C (N,w, J) be a submanifold of a Kdihler manifold. Then
M 1is:

1. isotropic iff JTM C T+M,

2. coisotropic iff JTM* C TM,

3. Lagrangian iff JTM = TM~*

4. complex iff JTM =TM (in which case we say M is holomorphic) .

Proof. For X € TM*, g;(TM,X) =0 = w(TM,JX). Similarly, for Y € TM*,
W(TM,Y)=0=—g;(JTM,Y). Hence, TM* = JTM~. ]

The compatible metric g; provides us with another interpretation of the inte-

grability of J.

Theorem 2.1.11. [18, Lemma 4.15] Let w € Q*(N) be a non-degenerate 2-
form with a compatible almost complex structure J. Let V denote the Levi-Civita
connection for the compatible metric g;. Then VJ = 0 if and only if w is closed

and J 1s integrable.

Given a symplectic manifold (N, w), we can use a process called symplectic
reduction to construct lower dimensional symplectic manifolds by way of circle
actions on T'N. In order to do this, we first introduce the concept of Hamiltonian

vector fields.

Definition 2.1.12. Let (N,w) be a symplectic manifold and H : N — R a
smooth function. We can define a vector field Xy € T(T'N) from the identity

w(Xp,-) = dH(-).
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A wector field which can be constructed in this manner is called the Hamiltonian
vector field Xy associated to the Hamiltonian function H. If N is complete, the
flow generated by the vector field Xy (the one-parameter group of symplecto-
morphism ¢ : N x R — N such that ©° = id and %30; = Xy ) 15 called the

Hamiltonian flow associated with H.

Hamiltonian vector fields are thus those vector fields for which ¢ yw is exact.
Since XgH = w(Xy,Xy) = 0, the Hamiltonian flow preserves the level sets

H=(c).

In the case that the Hamiltonian flow consists of a periodic family of symplec-
tomorphisms 1 : M x R — M; ¢! = ¢°, we say that it is a Hamiltonian action

of S on M.

Lemma 2.1.13. [18, Lemma 5.2] Suppose that there exists a Hamiltonian action
¥ of St on (N,w) with associated Hamiltionian function H. If S' acts freely on

the level set H=Y(\) then the quotient
7 H ' (A) — H*(\)/S?

is a symplectic manifold with symplectic form wg such that Tiwy = Wi |xg(p)-

To see that wy is well defined, note that since 1 is a family of symplectomor-

phisms, w, = (¢")"wyy and thus wly) = wiljy)-

2.2 The unit sphere bundle for a CROSS

We shall now restrict our attention to a special class of symmetric spaces, the

compact rank one symmetric spaces (or CROSSes).

Definition 2.2.1. The rank of a symmetric space G/K 1is the dimension of its

maximal flat, totally geodesic submanifold.
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This means that the curvature tensor (with respect to the Killing form metric)
vanishes over the submanifold and geodesics within the submanifold are also
geodesics of the ambient space. Equivalently, the rank of G/K is the dimension
of the maximal subspace of T,(G/K) = m on which the Lie bracket vanishes.
In the case that the rank is 1, the only such submanfiolds are the geodesics

themselves. The simple compact rank one symmetric spaces are classified as
S" = S50(n+1)/S0(n),
RP" = SO(n+1)/0O(n),
CP" = SU(n+1)/S(U, x Uy),
HP" = Sp(n+1)/Sp(n) x Sp(1)),
CalP? = F,/Spin(9).
Compact rank one symmetric spaces are particularly useful for us to work with

as their unit tangent bundles are themselves reductive homogeneous spaces, as

we shall prove using the following result.

Lemma 2.2.2. [13, Ch.X-G] Let N be a Riemannian manifold with isotropy
group K for a basepoint o. The isotropy group K acts transitively on the unit
sphere U,N if and only if N s either a Euclidean space or a rank one symmetric

space.

Lemma 2.2.3. Given a compact rank one symmetric space N = G /K, the unit

tangent bundle UN 1s a reductive homogeneous space.

Proof. The Lie group G acts on TN = [m] C G/K X g by

g - ([nK],§) = ([ghK], Ady(€))-

To show that this action is transitive on UN C TN, we first fix a basepoint
([K],v) € Br(UsNN) such that vy € m. The fibre [m]x|jyx) = Adgm, and so given
any § € UjygN, we observe Adg1§ € U,N C m. By Lemma 2.2.2 we know K

acts transitively on U,N, therefore there exists k € K such that
Adyvy = Adg-1&.
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Hence, for any ([¢K],£) € Bk (UN) there exists gk € G such that

gk - ([K],v0) = ([gk K], Adgrro) = ([9K], ). (8)

Thus, G acts transitively on UN and so UN is a homogeneous space G/ H, where
H is the isotropy group of ([K],v,). Since for each CROSS G is semisimple, it
can be equipped with a the bi-invariant Killing form metric. The decomposition

h @ bt is Ady-invariant, and thus UN is reductive. O

Because H C K, we can decompose g as

g=tdm
=hobh =hep

=hd(tehom=hHondm.

The following commutative diagram demonstrates the relationship between

G/H and G/K.

G/H =UN run—2 [p]u
7TH/r
G ax  |TnloN dry|run
\
G/K =N TN ——— [m]g

Since the vertical bundle Sy (ker(dnx|run)) = [n]g, we can define a horizontal
bundle for TUN such that Sy (V@ H) = [n]g & [m]g. Since UN is reductive and

N is symmetric, we obtain the following identities:

—_

. [h,hl S h

2. [h,n]Cpne=n

3. b, Cm

4. [nyn] C ¢
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6. [m,m] C ¢t

We shall now examine the canonical contact structure on UN. We begin with

the canonical one-form 6 € T'(T*(T'N)). If g is a metric for N, then
H(X) = g(ﬂ'TN(X),d’iTN(X)). (9)
The canonical symplectic structure on T'N is then given by Ay := —db.

If we consider the restriction of 6 to UN, its kernel gives rise to a contact
structure C € UN. As shown in [3, 1-G] the Reeb vector field Z, € I'(T(UM))
such that df(Z,,-) = 0, 6(Z,) = 1 is given by the geodesic flow vector field
associated with g. This is the Hamiltonian vector field associated with the energy

functional e(§) = g(&, ), such that df(Z,, ) = —de(-).

To visualise Z, we can consider the geodesic flow itself. Given a vector
X, € T,N, it generates a geodesic vx in N. The geodesic flow is then the
one-parameter group of diffeomorphisms ¢ : R x TN — TN such that (% =
4 |,—07x (t). The geodesic flow vector field is then given by Z,|x = 4|,_o(% (and

hence 0(Z,) = 9(+'(0),7(0)) = 1).

2.3 The manifold of geodesics

Using the geodesic flow, we shall use symplectic reduction to construct a new
manifold associated to each compact rank one symmetric space, the manifold of
geodesics. A geodesic v € R x N is closed if there exists a constant [ > 0 such
that for all ¢ € R, y(t + 1) = ~(¢). If in addition the restriction of v to (0,!] is

not self intersecting, v is simply closed with length [.

Lemma 2.3.1. [12, Proposition 5.3] Let N be a compact rank one symmetric
space. Then all the unit speed geodesics in N are simply closed and have the same

length.
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The geodesics generated by unit vectors are unit speed, and so the geodesic
flow will preserve UN. The preceeding lemma thus allows us to define a free

Hamiltonian action (one such that g.z = x implies g = id) of the circle group S*

ot
v, { 5= ] -
=0 21

The unit sphere bundle is precisely the level set e!(1) of the energy functional

on UN by
, d
S'x UN — UN; (e",U,) — 7

and so by Lemma 2.1.13, we can use symplectic reduction.

Definition 2.3.2. Let N be a compact rank one symmetric space. The manifold

of geodesics of N s the symplectic manifold
(QAo) = (e7'(1)/S", mAun),

where \yn 1s the restriction of the canonical symplectic form on the tangent

bundle to the unit tangent bundle, and e(-) = 3g(-,-) is the energy functional on

TN.

Since the isotropy group K acts transitively on the fibres of the unit sphere
bundle for a CROSS, we can combine (2) and (8) to observe that every geodesic on
N takes the form y(t) = ge™°[K] for some g € G, where ([K], 1p) is the basepoint
for UN = G/H. The circle action on UN thus coincides with the action of a
circle subgroup on G defined by right multiplication by S = {e : t € R}.
In this way we can view the manifold of geodesics as a homogeneous space,

Q=G/(H x S)=:G/L.

This homogeneous space has its own reductive decompostition g = [ & q. If we
introduce the additional notation s = {tv : ¢t € R} for the Lie algebra of S C G,

we can further decompose g as

g=ldg=(hds)®(pns’).

We can achieve a further useful decomposition by considering the operator
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ad,, on g. The map
K—oum={Xem: (X, X)=1}; k— Adi(w)

is onto, since Adg acts transitively on the unit sphere, and so its differen-
tial, ad,,|e is also onto. The tangent space T,,um identified with m N s+ con-
sists of all vectors orthogonal to 1. If we define my := m N s, we thus have
ad,, (8) = my. Since H is the isotropy group of ([K], ), Adn(vy) = vp and this
reduces to [y, n] = mg. If we also consider the fact that N is rank one, then on
m, ker(ad,,|m) = s. Hence, ker(ad,,) = h @ s = [. The restriction ad,,|, is thus

injective and so we can deduce

q=n®m, = [vy, M| + [0, n].

This operator ad,, is of considerable significance for our understanding of the
unit sphere bundle and manifold of geodesics. Not only does it provide the above
isometry between the horizontal and vertical (with respect to dmy) components of
q, but as we shall see it also describes the symplectic structure on both manifolds

and their compatible complex structures.

Lemma 2.3.3. When restricted to the unit tangent bundle UN, the canonical

one-form 6 is of the form

0(Xigm) = (Ady(10), Bu(Xigm)) -

The canonical symplectic form Ay is given by

X, Y) g = ([Adg(v0), B (X)), Bu(Y)) -

Proof. Tf we let B denote the restriction Sk : UN — [um]gy, then by the defini-
tion (9), for X e UN, Y € TxUN,

Ox(Y) = (Br(X), B (drn(Y)) = (Br(X), Bu(Y)) ,

(where we've noted that in g, Sx(dry(Y)) is simply the [m]x component of

Bur(Y)). By (8), we can locally choose a frame F' : UN — G such that
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Br(X) = Adp(v). As with (6), this then allows us to describe Sy in terms

of the pullback of the Maurer-Cartan form, o = F*w. Hence,

0(-) = (Adp(o), Adp(ap(-))) = (o, () -

By the Maurer-Cartan equation dw + |[w,w] = 0, since 1, is constant:

do(Y, Z) = (v, [a(Z), a(Y)])

Since (-, -) is bi-invariant,

(vo, [0, pl) = — ([0, b, p) -

We can also recall that [, h] C b. Since h C kerad,,, we are left with

MY, Z) = (o, [0p(2), ap(Y)]) -

The symplectic form Ao is then derived from the restriction of this form.
In order to simplify the notation of these forms, we can use the metric’s left-
invariance to equate them pointwise with forms at the basepoint. We can thus

view Ag as the left-invariant 2-form corresponding to

Ao qxq—R; )\0(5777) = <[V07£]777>'

2.4 The canonical complex structure on the manifold of

geodesics

We shall now construct a complex structure on Q. As we've seen, ad,, is a
bijective map on q = [vy, g]. However, since ad,, : mg «— n, it can have no real
eigenvalues. If we instead consider the complexification q© = q @ iq, then

ad,, (my + in) = n + imy,

35



and so ad,, has a set of non-zero eigenvalues ig; such that ¢; € R. The normal
metric extends to the complexification by complex conjugation as (£, 7). Hence
by skew-symmetry of the adjoint action, given an eigenvector ¢; € g of ad,,

with eigenvalue ig;:
in = <[V07§j]agj> = - <[V0>gj]>gj> )

and so fj is also an eigenvector with eigenvalue —ig;. If we then consider

0o := ad,,|q, we can observe that for an eigenvector X; of ad,,:
2 L, L 5z 2
03(Re(§;) = 500(&) + 500(&) = — 45
We can thus decompose q into ad,,-invariant eigenspaces

q= qu; US(X]-) = — ]Q.Xj for all X; € q;,.
J

Given a vector § € q, if we let §; denote the projection onto the eigenspace q;,

we can thus define

Jorq—=q i@o(fy‘)-

J

Since [ is the centraliser of s, Jy is Ady, equivariant and so we can extend this
to an almost complex structure J on Q such that J5,(X) = ([gL], Ad,(Jo€)). To

see that this almost complex structure is integrable, we use the following result.

Lemma 2.4.1. [2, Proposition 8.39] Let G be a compact Lie group acting on
its Lie algebra g by the adjoint representation. Then the canonical G-invariant

almost complex structure on G/Stab(o) for a basepoint o € g is integrable.

Since L = Stab(vy), this holds for @ = G/L.

Lemma 2.4.2. The canonical complex structure J on Q is an isometry with

respect to the normal metric.
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Proof. Let £,m € q. Since ad,, is skew-symmetric:

() = 3 (Ll )

j.k J

==Y L (o) m)

ik q;9k

- g 02

ix Lk

Hence, either q]2- = g7 or (§;,nr) = 0. The eigenspaces q; are thus orthongonal

and Jy is an isometry. O]

2.5 Metrics on the unit tangent bundle

While we have seen that the complex structure J is an isometry with respect to
the normal metric on Q, the normal metric on UN (hereby referred to as h,,) is
not necessarily compatible with A\g and J in the manner required for a Kahler

structure. To this end, we shall construct a new Kéahler metric on Q,
Go(X.Y) = A(X, JY).
The restriction of this metric to q thus takes the form

gela(&,m) = (o, €, Jonl) - (10)

A particularly significant property of this metric is that it is Kéhler-Einstein,

as we shall see from the new few results.

Definition 2.5.1. A Riemannian manifold (N, g) is an Einstein manifold if the
Ricci curvature

Ric(X,Y) = tr (R(-, X)Y,-)

is proportional to g. If N is also a Kdhler manifold (N, w, J) such that the Kdhler

structure is compatible with g, then (N,w, J) is a Kahler-Einstein manifold.
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Lemma 2.5.2. [2, Proposition 8.85] If the centre ¢ of | is one-dimensional, then
G/L admits, up to scale, only one G-invariant Kdhler structure. This struc-
ture coincides with the canonical symplectic structure \eon, and (G/L, Aean, J) is

Kahler-Einstein.

To see how this applies to O, consider [ = h @ s. Since [ is the centraliser of s,
we already know that ¢ is at least one-dimensional. We must therefore consider
h. To find an explicit form for b, we use the fact that for a CROSS, our isotropy
groups K act transitively on U,N. By the classification of transitive actions on

spheres in [2]
US™ = SO(n+1)/SO(n — 1)
UCP" = SU(n+1)/S(U(n—1) x S")
UHP" = Sp(n +1)/Sp(n — 1) x Sp(1)

UCalP? = F,/Spin(7).

For all of these except CP", the corresponding Lie algebras (so(n — 1),
sp(n—1)+sp(1), so(7)) are semisimple and thus have trivial centre, so Lemma

2.5.2 applies.

In the case of CP", we will need to consider the Ricci form,
p(X,Y) = Ric(JX,Y).

Lemma 2.5.3. [2, Corollary 8.59] Let G be a compact Lie group acting on its
Lie algebra g by the adjoint representation. The quotient G /Stab(o) = G/L for a
basepoint o admits a Kdahler-FEinstein metric compatible with the complex struc-
ture. If {E;, JoE;} is an orthonormal basis for q which consists of eigenvectors
of the adjoint action of the centre ¢, then the Kdhler form (up to scale) is given

by the G-invariant form corresponding to

po(&,m) = <Z[Ejv JoEj], [€,n]> -

J

The sum Ej [E;, JoE;] is indepenent of the choice of basis.
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In the case that ) _;[E;, JoEj] = cvg, we can observe that po(§, Jon) = cho(&,n),

and so hg is the unique (up to scale) Kéhler-Einstein metric on Q.

Lemma 2.5.4. For G = SU(n + 1), po = (2nwy, [-,-]). Hence, (Q, g, J) is a

Kdhler-FEinstein manifold.

Proof. We can choose the basepoint o € CP" to be the point
0,...,0,1 = {(0,...,0,2) : z € C}. The Lie algebra u(n) consists of all skew-
hermitian n X n-matrices and su(n) consists of all traceless skew-hermitian ma-

trices. The reductive decomposition g = € @ m corresonding to CP" = SU(n +

1)/S(U(n) x U(1)) therefore takes the form

A0
t= tAesu(n), a=—tr(A) €iR
0 a
0 wu
m= ueC”
—uh 0

where u" is the Hermitian transpose. We can then choose our basepoint for G/H

to be
0 0 0
: .o 0 e,
Vo = = )
0 0 1 —et 0
0O ... =1 0

where {ey, ey, ..., e,,ie,} is the standard basis for C". It follows that

)
0 v 0
n = ad,,(mg) = b b 0 |iveCvt beR
(\ 0 0 —ib
0 voow
g=ndmg= " b de | iv,weC" bceR
h . .
[ \—w" ic —1b

By matrix multiplication with 1y as above, the eigenspace decomposition with

39



respect to adi0 takes the form

0 v w
qg1 = —ad?,o(ql) = " 0 0 TU,W € (Cn_l
h
( \—w" 0 0
.
0 0 O
1
q2 = —Zad,%o(ch) = 0 ib ic |:bceRS,
L \0 ic —ib
with eigenvalues ¢ = —1 and ¢ = —4 respectively. We can thus choose a basis

of eigenvectors {E;, JoE;} as

0 0w 0 v 0
0o o0 o0l. _U;.l 0 0] :vj€{er,....en1,l€1,...;0€51}
—v]h 00 0 00
for q; and
000 00 O
Ewma1=10 0 i|,JoE2m-1|0 i 0
0 i 0 00 —i

for go. By matrix multiplication again we can calculate

v, J=1,...2n—2
[Ej, JoE;] =
2v9, J=2n—1

Hence, > ,[Ej, JoEj] = 2nuy. O

Now that we’ve constructed the Kahler-Einstein metric hg on Q, the question
arises of whether or not it agrees with the normal metric h,|g. From [2, 8.86]
we know that the normal metric is Kéhler if and only if (G/L,h,,) is itself a

symmetric space. In the case of CP" described above, we can observe that

0 0 O 0 0 w 0 taX 0
0 0 |, 0 00 = | —iaX" 0 0] €q,
0 ic O —w" 0 0 0 0 0
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and therefore [q, q] is not contained in [. While h,, may not be Kéhler for CP",

in the case of S™, we can choose our decomposition so

0 X Y
g=<|-Xxt 0 o|: X, YeR"} (11)
-Y* 0 0

and we can observe [q,q] C [. Hence, for S™, Q is a symmetric space (indeed,

Q= Gr(?,R"+1)) and hn’Q = hQ.

Definition 2.5.5. Let UN = G/H be the unit tangent bundle of a CROSS with
contact distribution C = ker(dfl) for the canonical one-form. Let Z, denote the
geodesic flow vector field with respect to the normal metric g on N. The lift of
the Kdhler-Einstein metric to UN s defined as

/\Q(dﬂQ(X)7 Jdﬂ-Q(Y))v X,V € C
hQ(X7 Y) = hn<X7Y)7 X7Y||Zg
0, Xec,y|z,

We shall also lift the complex structure J on Q to C C UN such that for
X, Y €C, JX =Y when JdngX = dngY.

While the Kahler-Einstein metric is useful because of how it interacts with
the symplectic and complex structures, another useful metric for the purpose
of calculation, especially when N = S", is the Sasaki metric. Unlike hg, this
belongs to a family of metrics on UN which interacts nicely with the projection

d7TN.

Lemma 2.5.6. Let (N,(-,-)) = G/K be a CROSS with unit sphere bundle
UN = G/H. Every G-invariant metric on G/H for which 7 : UN — N is a Rie-

mannian submersion comes from an Adg-invariant inner product on [p] = [b]*

of the form
h(g, 77) = <€m> 77m> + hn(gm 7711)7

where h, is any Adg-invariant metric on n. With respect to such a metric, ™ has

totally geodesic fibres.
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Proof. As shown in [6], the G-invariant metrics are in one-to-one correspondence
with Adg-invariant inner products on p. Given such an inner product, h, the

corresponding metric on G/H is such that
(Xa(9), Ya(g)) = PdLg-1(X), dLy1 (Y)).
We will also denote this metric by h.

Since [m]y is the horizontal bundle for UN and N is equipped with the re-
striction of (-, -), it is clear that if 7 is a Riemannian submersion the metric must
take the appropriate form. It remains only to show that 7 has totally geodesic

fibres. In order to do this, we must first construct the Levi-Civita connection for

h.

To construct the Levi-Civita connection V", we shall first construct a metric h
on G such that 7y : (G, h) — (G/H,h) is a Riemannian submersion. We define

a left invariant metric on G from the inner product on g:

ﬁ(f,n) = <§b+m>77h+m> + "o (ns a)-

Using the left-invariance of the metric, we observe that the horizontal subbundle
of TG with respect to 7y is the set H := w™(G x p), and so h agrees with h for

horizontal vectors. Using Lemma 1.2.6 we have
VAY = dry(VEY),

where X,Y are the horizontal lifts of X,Y € T'(TUN) (i.e. the unique vector

fields in I'(H) such that dry(X,) = Xz, (g for all g € G).

To find an explicit form, we use Lemma 1.2.7, which states that for left-

invariant vector fields X,Y on G:

VY = 5 ([X, Y] = (adx)*(Y) — (ady) (X)),

1
2
where (ad)* is the adjoint of ad. If we define left-invariant vector fields Ej, ..., E,

which form a basis for g, then there exist functions £, : G — R such that
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w(X) =& E;,w(Y) = 1/ E; (using the summation convention). We then calculate:

o (VA7) = (Ve (2)
=w <€i(w_1(Ez‘))(77j)Ej + ginjvz‘l(Ei)w_l(Ej)>

Xw(Y)+ finjV%iEj

_ _ 1 .. .

Xuf¥) + 56 ({E Ej) - ady B, — ad*EjEi>

L 1 _ _ . _ . _

= Xw(¥) + 5 ([w(X), (V)] = ad} g(¥) = ad’ 5w (X))
Now that we have this form for the Levi-Civita connection, we can show that

7 has totally geodesic fibres. At the basepoint, the fibre is S"' =~ K/H. If

we let X,Y € T'(TS™ '), then since they are vertical with respect to m, the

corresponding w(X),w(Y') take values in n. Since [n,n] C b, thus
VAY = dry ( Xw(V) = £ (ads g w(¥) +ads g w(X
LY = dry ( Xe(Y) = 5 (adl @ (V) + adygw(X)) ).

Considering the adjoint terms, for £ € g:

h (dms (g o(7)) .€) = b (g o(9).6)

h (w(Y), [w(X), &) =0,

since [n,p] € h +m = nt. Hence, since w(Y) is a map into n:
VLY = drp(Xw(Y)) € T(TS).

By left-invariance, we can observe that this is true for the other fibres. Thus, 7

has totally geodesic fibres with respect to b. O

Remark 2.5.7. A more general method to generate such metrics is given by [29].
They show that given a G-bundle 7 : X — (B, g), any associated bundle F' with
an Ehresmann connection and G-invariant metric generates a Riemannian metric

on X for which 7 is a Riemannian submersion with totally geodesic fibres.

Given a horizontal and vertical splitting T(T'N) = H & V such that

V = ker(dmy), there exist isomorphisms between the vector spaces Hx,Vx and
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Try(x)(IN). The horizontal identification is given by dry(Hx) = Tryx)N. The
vertical identification is the standard identification between the vector space

Ty (x) and its own tangent space T'(Tr(x) V).

Let Kk : TT'N — TN be the connector associated with the Levi-Civita connec-
tion on (IV, g) such that VxY = k(dY (X)) (the differential dY : TN — TTN
is defined by viewing Y as a smooth map between manifolds Y : N — T'N). If
we let XV denote the projection of X onto the vertical subbundle V, the Sasaki

metric takes the form

hs(X,Y) = g(dry(X),drn(Y)) + g(k(XY), k(YY)).

The inclusion of UN C T'N = [m]x takes the form
v GJH = [mlic; o = ([9K], Ady(0)). (12)

At the basepoint, horizontal vectors &, can be identified with vectors parallel to
e[ K], and vertical vectors are &, are tangent to the curve e [H]. Hence, the

differential of this map is given by
(dv)o : Tim(G/H) =Zp = Tm=Zm+m; {— &n + [ o)

The Sasaki metric thus corresponds to taking the normal metric on each copy of

m.

Definition 2.5.8. The (restriction of the) Sasaki metric hs on UN is the G-

wmvariant metric corresponding to the metric on p given by

pxXp— R; (5777) = <§m777m> + <[V07£n]7 [V0>7]n]> :

While the Sasaki metric has useful properties, in general it doesn’t descend
to a metric on Q. In the case of a sphere N = S™, matrix multiplication in the
.. 2 . ..
decomposition (11) tells us ad, = —id, and so by the self-adjointness of ad,,,
hs = h, = hg. In general it is not possible to define a restriction of hs to Q, as

the following result proves.
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Proposition 2.5.9. Let (N, g) be a complete Riemannian manifold. Let (UN, h)
be the unit tangent bundle equipped with the restriction of the Sasaki metric. The
geodesic flow acts on UN by isometries if and only if N has constant sectional

curvature equal to 1.

Proof. Let v € TN. We will denote by 7, : R — N the geodesic with initial
condition 4,(0) = v. The geodesic flow ® : R x TN — T'N is the family of

diffeomorphisms
O(t,-) =¢" : TN = TN; ¢'(v) =4(t)
(I)('7U> =c¢ :R—=TN ; Cv(t) :;yv(t)'

Given a unit vector u € UN, g(Yu(t),Fu(t)) = g(u,u) = 1, so we can restrict the
flow to UN.

Given a vector £ € T,,UN, we can generate a Jacobi field J; along the geodesic

~u(t) with initial conditions

J£<O) = dWN(§)

Dt|t:0=]£ = Fu(§)

From this Jacobi field we can define a section J; € ¢;;*(TUN) by

Te(t) = (drnla) o (Je() + (Reuw ) ™ (DeJe(t)),

where

m = (dﬂN’H>c_l(t)(Jf(t))7

U

Vle, ) (Je()) = (Keuylv) " (DiJe(t))

are the horizontal lift and vertical lift through c,(t) of J¢(f) (note that dmy
restricted to the horizontal bundle and s restricted to the vertical bundle are

isometries, so this is well defined).

Since J¢ is a Jacobi field, there exists a geodesic variation a(t,s) of v, such

that Je(t) = Q’SZOa(t, s). For a fixed s, a(-, s) : R — N is a geodesic, so for some

S
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curve X : R — T'N:
a(t,s) = (my 0 ¢")(X(s)).
We would like to choose this curve to be such that %|S:0X (s) = &, but must

first check that such a curve fits with the initial conditions for J.. We first note

that
0

s

0

(0.5) = | mv(X(s)) = dmn(€) = Je(0),

a m
s=0 s=0

For the second condition, we consider
Dt‘tzojé(t) = Ve, 0)Je(t).
Noting that [c,, J¢g| = [da(g), da(g)] = 0, this becomes
Dyi,_oJe(t) = Vs 0)cu(s)
- D‘SZO%L_OG(t7 s)
4 t:OCX<s>(t)> : (13)

- D‘s:OdﬂN <a

Differentiating the geodesic flow, we obtain the geodesic vector field Z. Since this

is the Reeb vector field for the canonical 1-form A on T'N:
dﬂ-N(ZX(s)) = WTN(ZX(S)) = X(S)
We thus have

Dt’t:ojf(o) - D5‘5=0X<3)

=Vo }SZOX(S)

ds

o (2)) -

Hence, our geodesic variation a(t, s) is compatible with J¢. By using the form

0

Je(t) = 75 a(t,s) = d(my o ¢")u(§),

s=0

we can find a convenient form for the differential of ¢'. Consider (13) without
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evaluating at ¢t = 0:

D, Je(t) = Dy| _ dnn (%cm (t))
= Dy| _odmn(Zp(x(s)
= Dy|,_,¢"(X(s))
=k ((dcpt(X))O (%)) = £ (dg,(6)) -

We can thus easily observe

Te(t) = (drnlw) ™" (dry (e (€))) + (k)™ (5 (dgh()))
= (d' (€)™ + (dt(€))” = digh,(€).

To check if the geodesic flow acts by isometries, we can thus consider
d d
—hs (d2,(X), de, (X)) = — (9(Je(t), Je(1)) + 9(DeJe(£), DuJe(t)))
= 2 (g (Je(t). DuJe(t)) + g (DuTe(t), DRJ(1)))
Since J¢ is a Jacobi field,

D} Je = —R(Jg, cu)Cu.

Thus, the geodesic flow acts by isometries on UN if and only if for all w € TUN,
¢EeT,UN,teR:

9 (Je(t) = R(Je(t), cu(t))eu(t), DiJe(t)) = 0. (14)
Let us assume that the geodesic flow acts by isometries on UN. Let X, Y be

orthogonal unit vectors at a point p € N. Given ¢t € R, define u = ¢~ *(X). Then,
X = ¢,(t). We can define a vector £ € T,UN by

§=dpy (Y +v1x(Y)).
This vector £ has the property Je(t) = D;Je(t) =Y. Hence by (14)
g(Y —R(Y,X)X,Y)=0=1- K(Y, X).
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Since X,Y were arbitrary, we have K = 1.

If we instead assume K = 1, then for any vector fields &, n along 7,,

g (R(&, Dyyu) Dy, m) = g(&,m)

and so %hs vanishes.
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3 The geodesic (Gauss map

3.1 Harmonic maps and the tension field

We shall be concerning ourselves with two related objects: harmonic maps and
minimal submanifolds. Both objects involve the local minimisation of energy,
namely Dirichlet energy for harmonic maps and volume for minimal submani-
folds. The more immediately concrete of the two, growing out of surface theory,

is the concept of minimality.

Given an isometrically immersed submanifold f : M — (N, g, V), the second

fundamental form of f is given by
I; c(T"M @T*M @ TM™); T4(X,Y) = (Vi(df(Y))*

It serves to relate the curvature of M to the curvature of N, and when II; = 0 we
say M is totally geodesic since the image of a geodesic of M is itself a geodesic
of N (for example, the totally geodesic submanifolds of Euclidean space are

precisely the subplanes). Minimality comes from a somewhat weaker condition.

Definition 3.1.1. Let f : M — (N, g, V) be an isometrically immersed subman-

ifold. The mean curvature of f is given by
Hy € D(TM*); Hy(p) = trgl;.

We say that f is minimal of Hy =0

In some conventions the mean curvature is instead defined as mugﬂ #, but

they still have the same condition for minimality and since for our submanifolds

dim(M) is a constant it is easier for us to ignore this term.
To see how H relates to curvature, we can consider the shape operator
Ay € D(Hom(TM*, End(TM, TA))): f*g(A;(m)X,Y) = g(I;(X,Y),m). (15)

49



In the case of an oriented hypersurface, the eigenvalues k; of the shape operator

are the principal curvatures of M and thus ||Hy|| = | > 0, Kil-

When considering harmonic maps, we start from the more general position of
a smooth map ¢ : (M, g) — (N, h) between Riemannian manifolds. We define

the energy density of ¢ to be

1
e(f) = 5 (dp,dy),
where (-, ) is the induced metric on T*M ® ¢~ }(T'N).

Definition 3.1.2. Given a smooth map ¢ : (M,g, VM) — (N, h,VY), v is a

harmonic map if it is a critical point of the energy

B(e) = | elg)avol,

As shown in [15], ¢ is a harmonic map if and only if, for the induced connection

on T*M ® ¢~ *(TN), tr,Vdf = 0. We thus define the tension field

(f) e T(f'TN); 7(f) = tr,Vdf.

We shall be interested in the case where ¢ is an immersion. In this case,
Vdp(X,Y) = V5 (dp(Y)) — dp(VYY).

We can see that this object functions as a generalisation of the second funda-
mental form, measuring the difference between the connection on M and the
ambient connection on N. In fact when ¢ is an isometric immersion this dif-
ference is simply the normal component of the ambient connection, and thus
Vdp(X,Y) =1,(X,Y). Hence, an isometric immersion is minimal if and only if

it is a harmonic map.

3.2 The Ruh-Vilms theorem

With these concepts in mind, we can now turn to the theorem we shall be ex-

panding on, the Ruh-Vilms theorem [25]. The classical Gauss map, 4, for a

20



hypersurface f : M — R"™! is given by identifying the unit tangent space U,N
with the unit sphere S™ C R"*! and assigning to the point p the (oriented) unit
normal vector in U,M*+ C U f(p)R"“. There are multiple methods of expand-
ing this definition to other spaces. The first, as used by Ruh and Vilms, is to
view the classical Gauss map as instead assigning to the point p the subspace
df (T,M) C Ty R = R™"!'. This now extends to submanifolds of Euclidean
space of higher codimension, in which case the Gauss map is now a map into the
Grassmannian manifold Gr(m,n + 1) of m = dim(M )-dimensional subspaces of

Rn+1

In [25], Ruh and Vilms consider an m-dimensional isometrically immersed
submanifold f : M — R". They construct an isomorphism %flT Gr(m,n) =
Hom(TM,TM*'). Since the mean curvature vector field for f takes values in
TM*, we see VEH; € Hom(TM,TM*). Using this identification, they then

prove the following result.

Theorem 3.2.1 (Ruh-Vilms). For an isometrically immersed submanifold

f M — R™ with Gauss map 4y:

7(Y) = V= Hy.

The immediate implication is that the mean curvature vector field for f is
parallel if and only if 4; is a harmonic map. Since minimality implies parallel
mean curvature vector field, we can observe that the classical Gauss map for any

minimal submanifold of R" is a harmonic map.

An obvious limitation of this result is that it only applies to submanifolds
of Euclidean space. Several variants of the Gauss map have been used since to
establish similar results under less restrictive conditions. In [21], Obata defines a
generalised Gauss map for use on spaces of constant curvature. This assigns to a
point the totally geodesic subspace generated by its tangent space. For example

for a submanifold f: M — S™ C R™*! this would be the intersection of S™ with
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the plane 4¢(p). This version of the Gauss map was then used to show that a

pseudo-umbilical immersion has a conformal Gauss map.

Wood’s [28] approach was to instead consider an isometric immersion into a
more general manifold N. By considering the bundle of orthonormal frames over
N, the Gauss section, 7y can be defined as the equivalence class of frames adapted
to the immersion (which in the relevant cases is equivalent to the previous defi-
nitions). By considering only the vertical component of the tension field, Wood
found that when the Ricci curvature obeys the condition f*Rict = 0 (for exam-
ple on space forms and for hypersurfaces in Einstein manifolds), then 7V(;) = 0

(3¢ is a harmonic section) if and only if VHy = 0.

More recently, Jensen and Rigoli [14] defined the spherical Gauss map py,
which instead of being a map on M is a map on UM+, which assigns to each
unit normal vector its inclusion in UN. They were able to find conditions for py
to be harmonic with respect to the Sasaki metric induced by 7+ : UM~ — M for
a minimal isometric immersion, namely that 7' = 0, f*Rict = 0 and the second
fundamental form is conformal, where the tensor T' € TM+@TM*® f~}(TN) is
given by TE‘A = hf‘-R%j 4 Where hf; are the components of the second fundamental

J

form and R is the Riemannian curvature.

In [7], Cintract and Morvan find another condition for the spherical Gauss map
with respect to the Sasaki metric, namely that f is minimal if and only if s is aus-
tere, meaning that for the eigenvalues of the shape form,

Yo, arctank; = 0 mod .

We shall be trying something a bit different, by using different metrics to

obtain symplectic properties of the manifold of geodesics.
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3.3 The spherical and geodesic Gauss maps

Let (N,g9) = (G/K,(--)) be a compact rank one symmetric space. Let
f M — N be an isometrically immersed submanifold. The normal bundle

of M is the manifold
TM*' = {(p.X) € f{TN): g(X,df(T,M))=0}.

The unit normal bundle UM+ C TM+* is the unit length subbundle of TM*.

We define 7+ : UM+ — M to be the bundle projection.

Definition 3.3.1. The spherical Gauss map p: UM+ — UN s the immersion

induced by f such that Ty opu= fomt.

If we consider the canonical one-form 6., on UM, it clearly vanishes, and so

T(UM*Y) cC CTUN. Since
dim(UM*) = dim(M) + (dim(N) — dim(M)) -1 =n —1,
UM+ is thus a Legendrian submanifold of UN.

Definition 3.3.2. The geodesic Gauss map of an isometrically immersed sub-

manifold f : M — N of a compact rank one symmetric space is given by

W:UML—>Q; Vp = TQ O L.

The relationship between our various manifolds can be summed up by the
following commutative diagram.

G

TH T

uvt LS UN=G/H

L s
s N 7&

M—f>NgG/K Q=G/L
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We are going to study the tension field of the spherical Gauss map in order to
obtain results regarding the harmonicity of the geodesic Gauss map. We will do

this using the following result.

Lemma 3.3.3. /8, Lemma 3.1] Let M, N, S be Riemannian manifolds. Suppose
@ : M — N is a smooth immersion and ¥ : N — S is a Riemannian submersion.
If ¢ is horizontal, then T(p) is also horizontal and T(1) o p) = 1, 7(p). Hence, ¢
1s harmonic if and only if 1 o ¢ is harmonic. Further, if ¢ is isometric then so

15 1 o @, therefore ¢ is minimal if and only if 1 o p is minimal.

Proof. Let v =1 o p. We can thus think of ¢ as the horizontal lift of . Since ¢
is a horizontal immersion, 7 is also an immersion. Let F; be a local orthonormal

frame for M. Then using Lemma 1.2.6,
brlp) = 3l VE, (de(E))) — dp(VE E))
J
= Vi, (dV(E;)) — dy(Vi E;) = 7(7).
The vertical component of 7(¢) is the vertical component of
V5 (de(E))) = Vi dol(Ey),

but V¥ X is horizontal for a horizontal lift. Hence, 7(¢) is horizontal. Finally,

since ¢ is Riemannian it will preserve the isometry. ]

In this way, whenever 7g is a Riemannian submersion, 7(7) is determined by

T(1)-

In cases where we are working with the Kéhler-Einstein metric on Q, mini-

mality of p further implies that v : UM+ — Q is Lagrangian stationary.

Definition 3.3.4. Let (N,w, g) be a Kdhler manifold. Given a Lagrangian iso-
metric immersion ¢ : M — (N,w, g), ¢ is Lagrangian stationary if it is a critical
point of the volume

V() = /M dVol
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with respect to variations by Lagrangian immersions.

To see that this applies to v when g is minimal, we use the following result.

Lemma 3.3.5. [26, Lemma 8.2] Let ¢ : M — (N,w, g) be a Lagrangian immer-
sion into a Kdhler-Einstein manifold. Then ¢ is Lagrangian stationary if and

only if it is minimal.

In the case of a Kahler-Einstein manifold we thus also refer to Lagrangian

stationary manifolds as minimal Lagrangian.
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4 Harmonicity of the geodesic GGauss map over

Sn

Much of the work in this chapter is also present in [8], a joint paper with my

supervisor lan McIntosh.

4.1 Frames for the unit normal bundle

We shall now restrict our attention to the special case of a sphere, S™ =2 G /K. As
we have already seen, in this case our three metrics on UN agree, i.e.
hs = h, = hg. We shall thus equip UN with this metric and will commonly
refer to it as the normal metric h,. The submanifold p : UM+ — UN will then
be equipped with the pullback metric p*h,, (which agrees with the pullback by ~
of the metric on Q, since mg is a Riemannian submersion). Since we’ve assumed
M is isometrically immersed it is equipped with the pullback metric f*g, where
as usual g is the normal metric on G/K. Since h,, is of the form described in
Lemma 2.5.6, my : UN — N is clearly a Riemannian submersion with totally

geodesic fibres with respect to these metrics.

In order to work on these manifolds we shall want to use local frames into
G = SO(n + 1). We first choose open contractible neighbourhoods U C M,
V C UM* such that 7+(V) = U and equip V with a local frame ® : V — G

over . Since my o = f oL, we can define a frame F : U — G such that
(Fort)K = ®K. (16)
As with (6), we can use the Maurer-Cartan form to define g-valued 1-forms
associated with the frames. We denote these by ¢ = ®*w : TV — g and

a = F*w:TU — g. To see how they relate, we consider themap ¥ : V — K C G
defined by ® = (F o 71)¥, and define the related form ¢ : V — € C g by
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1) = U1dU. If we consider the forms as matrices:

0 =01dd = (F,.V)  d(F,. V)

= Adgtag. + .
Since 1) takes values in £, we can thus observe

Ym = Ady' (0o drt)y

Adq>§0m = AdFOém(d’/Tn). (17)

From Corollary 1.2.11 (and noting that N is symmetric) we obtain expressions

for the induced connections:

Bu(V5Y) = Ads ( Xy ) + [N )]+ 5K V) (19

Br(VEY) = Adp (Xan(Y) + [ae(X), an(Y)]).

We shall also want to equip p*UN locally with an orthonormal moving frame
of vectors adapted to the submanifold UM™. In particular, we shall want this
adapted frame to respect the horizontal bundle for 7+ induced by the connection

on N. First we shall consider the horizontal bundle for drmy : TUN — T'N.

Lemma 4.1.1. Given a CROSS (N = G/K,g,V) equipped with the normal
metric and its Levi-Civita connection, let Z € TeUN have vertical component
ZV €V = ker(dry) = [n]g. Let v : G/H — [um]y be the tautological normal

section v(gH) = (gH, Adgvy). Then

drn([8u(Z2Y), V) = B (Viry2)Y),

where Y (t) C UN is any curve satisfying Y (0) = &, L|,_oY (t) = Z. The vector Z
is horizontal whenever Y (t) is parallel along wn (Y (t)), and hence the horizontal

bundle induced by V is given by H = [m]y.

Proof. 1f we consider the curve Y (t) € G/H, we can lift it to a curve g(t) € G

such that Y (t) = g(t)H. As we saw earlier, when considering such a lift into G,
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Br(X) = Ad,(mg(w(X)). Hence, if we consider the vector n = g~1g(0) € g,

Bu(Z) = Bu (Y (0)) = Adgyn,,
And thus By (ZY) = Adgyna.

When we restrict Sk to UN, it takes the form Sk (Y) = Adg o € [um]g. Since
M is a symmetric space, Sx(VxY) = Pu(XBk(Y)). For day(Z) = L|,—o(my0Y),
this gives

e Van) = P oV 0) )

d
— Adgo (%’t:OVO + ad,,l/o)

= Adgo [777 VO]m

m

Since ad,, : my <— n, we can observe this reduces to

ﬁK(vdﬂ'N(Z)Y) = Adgo([nm VO]) = dﬁN([ﬁH(ZV)v V])

The right hand side of this vanishes when 85(ZY) € [n]g vanishes, and thus the

horizontal bundle coincides with [m]y. O

If we now turn our attention to UM, we shall denote the horizontal and
vertical bundles for 7+ by Hj; and V) respectively. Clearly Vi, = T(UML)NV,
but it’s not usually the case that H,; is contained in H, as we shall soon see. To
distinguish between the two we shall henceforth refer to horizontal vectors with

respect to m+ as wt-horizontal.

The previous lemma does show us the form of H,;, however. If we consider the
canonical complex structure J on C, as we have already seen, UM™ is a Legen-
drian submanifold and thus J is well-defined over UM . In the case of a sphere,
we also know adzo = —1, and thus J is the G-invariant tensor corresponding to

ad,,. Since J maps [mg|y «— [n]y, we can observe the following identities for
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any vector field Z in C:

en(JZ) = Jopm(Z),

om(JZ) = Jopn(Z).
Lemma 4.1.2. Let f: M — S™ be an isometrically immersed submanifold. Let
Z € Te(UM?Y) be a m*-horizontal vector. We denote Z = Z* + ZV with respect

to the the horizontal and vertical splitting p='H @ p='V for dmy. The splitting

takes the form

ZH = d?TN(Z)

2V = —JA;(§)dnn(2),
where Ay is the shape operator and X is the horizontal lift of X .

Corollary 4.1.3. The horizontal bundles Hyr and H agree (i.e. dp(Har) C H)
if and only iof f: M — N s totally geodesic.

Proof. Using Lemma 4.1.1, we have
(S 2Y) = Jopn(2Y)
= [v0, pu(Z2”)]
= _am(vdwN(Z)€>a

where £(0) = ¢, £(0) = Z. Since Z is m'-horizontal and .J is an isomorphism, for

all W € Viyle,
0=h,(ZY,W)
= (Jogn(Z), Joga(W))
= — (n(Vary(2)€), m(drn (JW)))

= 9(Vary ()& dnn(JW)).

Since ¢(Viry(2)€,€) = 0 and dmy (JVar)+Span(&) account for all normal vectors,

we observe that

Ap(€)dnn(Z) = (vdm\,(Z)f)T = Virn(2)§ = d?TN(JZV).
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(here we've used the definition of the shape operator (15) to observe that

9(AHOX,Y) = g(Y,VxE) for X, Y € TM, £ € TM*4). O

Since UM* is Legendrian in UN, it is Lagrangian in C. Hence from Lemma
2.1.10, h,(JT(UM™*), T(UM%)) = 0, and so the splitting we shall want to con-

struct our adapted frame for is given by
M_IC:HM@VM@JHM@JVM. (19)

Since Vyy C V = [n]g, we can note that JVy C H.

We shall now construct a local adapted orthonormal moving frame for C
about £&. We choose a local orthonormal frame for a sufficiently small choice of

V CcUM* as

Hy =Span{E;:j=1,...m}; Vyy =Span{Ez: f=m+1,...n—1}. (20)
We then expand this to Vo C C as Ej, B, JE;, JEg. We shall use the index
conventions i,j € {1,...m}, a,f € {m+1,...,n—1} and A,B € {1,....,n — 1}.
If we define W; = dry(E;) and Wi = dnn(JEg), then TM = Span{W;} and
TM*+ = Span{Ws,&}. Since JVy C H, this gives an orthonormal frame for

Te M, but not one for TM unless f is totally geodesic.

4.2 The tension field of the (Gauss map

Now that we have an adapted frame for the splitting of C, we turn our attention
towards the tension field 7(u) of the spherical Gauss map. In particular, we shall

be looking to prove the following result.

Theorem 4.2.1. At a point & € UM™ with the adapted frame described in (20)
for a neighbourhood V.C UM* about & we have:

hn<7-(lu’)v JE’L) = - Z g ((Vdﬂ'N(Ei)]If) (dﬂ-N(Ej% dﬂ-N(Ej»? 5) )

m

ha(T(1), JEg) =Y g (s (drn(E)), drn(E))), dry(JEg)) .

j=1
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In order to prove this theorem, we shall start by splitting 7(u) according to
(19). By Lemma 3.3.3, 7(u) is horizontal with respect to mg and thus lies in
p~tC. By noting that (T(UM))t = (Hy @ Vi) ?t,

From (18), using the antisymmetry of the Lie bracket to eliminate the last

term:

Bu(Vig,di(Ea)) = Ads (Eapp(Ea) + [y(Ea), op(Ea)]) -

We shall define a set of functions 7(x)? : V' — R such that

Since Vir C V, pu(Es) =0, and so

m

T(u)' =Y (Ejp(E;) + o (E;), 0 (E))], 0 (JE;))

Jj=1

N (Bron(Es) + [on(Ea). eu(Es)]s el TE,))

B=m+1
Z Ejon(E;) + [05(E)), pu(Ej)] ou(J Ep))

where we have also made use of the fact that [h, m] C €. We can use the identities

[h,n] C & [h,m] Cm to further decompose 7(u)" as

T(:“)i = ' <Ej90m(Ej) + [@h(Ej)v Spm(Ejﬂv (pm(JEz»
+ Z Ejon(Ej) + [00(E), on(Ej)], on(J E7))
= S (Espa(Es) + ly(Es). oalEp). gul JED)
B=m+1

We can eliminate the second term by considering the following results.
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Lemma 4.2.2. Let f: M — N =2 G/K be an isometrically immersed submani-
fold of a CROSS. Let 7(U,M*) denote the tension field for the induced immersion
UM+ — UppyN = K/H, with the normal metric on the sphere K/H. Then for

any Z € V normal to U,M*,

n—1

ha(T(UM*Y), Z) = > (Espa(Ep) + [25(Ep), ou(Ep)], pa(2)) - (21)
B=m+1

Corollary 4.2.3. When N = S", 7(u)y = 0.

Proof. Using the left action of G, we may assume that f(p) is the basepoint [K]
of G/K, and so consider U,M+ C K/H. Since F([K])K = K, the restriction
of @ to the fibre must also be K-valued. Since TK/H = [n]|y, we can therefore

(using ® : V, = K as a local frame) calculate the tension field as

n—1

> (Ady (Egpn(Ep) + [o(Ep), n(Es)]))"
B=m+1

where the perpendicular is taken within [n]g.

In the case where N = S", G = SO(n + 1) and so K/H is the round sphere,
as in Example 1.3.3. The fibres U,M* are themselves equatorial subspheres of
the totally geodesic fibres of 7y, and thus totally geodesic. Comparing (21) with
7()%, we see that when this is the case they both vanish. O

In order to understand 7(u)¢, we shall want to use the canonical connection
Dx defined in §1.3. By comparing it with the Levi-Civita connection for a re-
ductive homogeneous space and using Corollary 1.2.11, we define an operator
D:T(UM*Y) x C*(T(UM*),p) — C®(T(UM™),p) such that that its pullback

to V takes the form
Bu(VS'Y) = Dxpp(Y) = Xpp(Y) + [i05(X), op (V)] (22)

In terms of D,

=D (Dren(Ey), onlJE)) + Y (Diou(E)), ou(JE)) -
Jj=1

J=1
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If we consider the decomposition of q for S™ given by 11, we can observe that
[n,mg] = s. Since T(UM%) lies in the contact distribution, for any

XY, Z € T(UM*) we can thus note that

<[§0n(X)790m(Y)]?90m(JZ)> =0. (23)

By using Lemma 4.1.2,
en(JE) = Jopn(B) = Jogn (AEW; ) = om (AW )
Combining these last two observations with (17),

(D, on(E;), on(JE;)) = (Wiom(W;) + [oe (W), am(W;)], am (A (E)W;))

= g (Vi W, A W)

Considering (22), since Jy is Adg-invariant Dxp,(JY) = JoDxp,(Y). As Jy

is an isometry, the second term of 7(u)} becomes

(Dg,en(Ej), on(JE:)) = (JoDp,oa(E;)), Jopa(JE;))
= — (Dg,om(JE;), ou(E:))

=—g <VIJ:I/jAf<€)M/j7VVi) :

Since A (§) is self-adjoint,

()i == g (Vi AfOWs = A€)(Th, Wi, W)

j=1
:—Zg((Vf Ag(€ )Wj;Wi>a (24)
where £ moves along the integral curve of Wj.

We would like to relate 7(u)} with the second fundamental form of f. To do

so, we differentiate (15). On the left hand side:
Wig (A (OW;. Wi) = g (Vi A ()W, + Ar(&) (Vhy, W)™ W)

+9 (4w, VW)
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On the right hand side:
W;g(Iy(W;, Wi), &) = g (thjﬂf(Wj, Wo) + 1y (Vi W) T W)
L (W5, (T, W) ),€) + g (05, W), T €)

As in proof of Lemma 4.1.2, Vfwjf is tangent to M, and so the final term vanishes.
Since the shape operator is self-adjoint, by (15) the second and third terms of

each side cancel and so

Zg((vf Ag(€ >WjaVVi) Zg((vf Hf) Wj;Wi),§>

:—Zg((Vf ) (W), W5),€). (25)

For the last step, we have used the following result:

Lemma 4.2.4. [17, Corollary 4.4] Given an isometric immersion

f:M — (N,g), if N is of constant sectional curvature,

(VAIN(Y. Z) = (ViI))(X, 2).

Using (23),we can rewrite 7(u)” as

m

)’ =) (Ejon(E;) + [e(E)), om(E))], on(JEg)) .

7(p

<.
Il

From (17) this becomes

(1) =) (Wiam(W)) + [ae(W;), am(W5)], am(Ws))

.
Il
—

|
]z
<
/N

Vi (dF (W), W) (26)

<
Il
-

We can now combine these observations on the various components of 7(u) to

prove Theorem 4.2.1.

Proof of Theorem 4.2.1. By Corollary 4.2.3 and (25), since by definition

W; = dnn(E;), we can observe

()" = ho(7(p), JE;) = — Zg ((Vary(e)ly) (drn(E;), dry(Ej)) ,€) -
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Since 7(u) is horizontal with respect to mg and TM* = Span{W;, ¢}, (26)

gives us

m

(1) = h(u), JEg) = > gy (drn(Ey), dry(E;)) , drn(JEg)) .

Jj=1

While we have succesfully related the tension field of p (and thus 7) with the
second fundamental form of f, we have yet to link it to the tension field of f. This
is because, as we see from Lemma 4.1.2, 7+ is only a Riemannian submersion
when f is totally geodesic. Because of this, the local orthonormal frame {F;} for
UM+ does not necessarily project onto a local orthonormal frame for M with
which to take the trace through f*g. In order to relate them, we shall require an

additional condition.

Definition 4.2.5. Let m : (M,h) — (N,g) be a submersion with horizontal
bundle H. We say that = is horizontally conformal if there exists s € C*°(M;R)

such that for all horizontal vectors X", Y" € H,
R(X™, YH) = s2g(dn(X™), dn(Y™)).
In the case that 7 is horizontally conformal with conformal factor s, the frame
{E;} on V. C UM* defines a frame {sW; : W; = dny(E;)} for U = 7-(V) C M

such that

qg (SVVZ‘, SWj) = hn(Eza E]> = 513
Taking the trace of Iy with respect to this frame then gives

7(f) = s an<dwN(Ej),dﬁN(Ej)).

In order to better understand the significance of this conformal factor, we shall

consider the following definition.
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Definition 4.2.6. Let f : M — (N, g) be an isometric immersion. The shape

form associated with f is the operator
ap : TM* x TM x TM — R; as(§)(X,Y) = g(A;(€)X, Af(§)Y).

We say f has conformal shape form when there exists r € C°(UM*,R) such
that ay () = r(€)2g for all ¢ € UM™. Since the shape operator is self-adjoint this
is equivalent to the condition that Ap(£)* = r(€)*I (and so r(§)* = -tr(As(£)?)).

The equivalent condition of A;(£)? being proportional to the identity is also

referred to as conformal second fundamental form in [10].

Lemma 4.2.7. [10, Proposition 4.2] Let f : M — (N, g) be an isometric im-
mersion. The projection 7+ : (UM=, u*hs) — (M, f*g) is horizontally conformal

if and only f has conformal shape form.

To see how the conformal factors relate, we return to Lemma 4.1.2. If
X1,Xo € Hule have projections Y; = dry(X;), then since J is an isometry
for h,,:

ha(X1, X2) = ha(V1,Ya) + ha(JAF(€)Y1, JA;(§)Y2)

= g(Y1,Y2) + g(A; (Y1, Af(§)Ya).

If 7t is horizontally conformal with conformal factor s and thus a; is conformal

with conformal factor r:

1
29 Y2) = (1+7%)g(¥1, Vo).

By using these conformality conditions, Theorem 4.2.1 gives the following re-

sult.

Theorem 4.2.8. Let f: M — (S™, g) be an isometrically immersed submanifold

such that S™ = SO(n + 1)/K and US™ = SO(n + 1)/H are equipped with the
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normal metric. Let Z,W € Te(UM™) such that Z is w*-horizontal and W is

vertical. If f has conformal shape form, then

b (7(0).92) =~ 7528 (Vi 7(1)-6).

L (), dr (W),

ho (T(12), JW) = TF (e

where r(£)* = mtrAf(f)z.
When M is a hypersurface, Tr M+ = Span{¢}, and so V), = {0}. Using

Lemma 3.3.3 and Lemma 3.3.5, we immediately acquire the following corollary.

Corollary 4.2.9. Let f : M — S™ have conformal shape form. Then p is

minimal (and 7y is minimal Lagrangian) if and only if

1. f is minimal, for codim(M) > 1,

2. [ has constant mean curvature, for codim(M) = 1.

In order to understand when examples are possible, let us consider the eigen-
values k; of the shape operator Af(¢). In order for f to have conformal shape
form, we must have x7 = &7 for all i, m. If we were also to require minimality,
then > " k; = 0. Combining these two, f can only be minimal and have con-
formal shape form if each A¢({) has the same number of positive and negative
eigenvalues. Thus for an odd-dimensional submanifold of codim(M) > 1, the

only examples occur when f is totally geodesic, and thus each x; = 0.

FExample 4.2.10. Every minimal surface f : M — S™ necessarily has conformal
shape form since Af(¢) only has two eigenvalues, £r. Their images v¢(M) thus
provide a supply of minimal Lagrangian submanifolds of the oriented Grassman-
nian

Q2 Gr(2,n+1)=28S0(n+1)/SO(n —1) x S.

FEzample 4.2.11. In the case of a hypersurface f : M — S™ (n > 3), we can

relate our result with Palmer’s condition [24] that the classical Gauss map of
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any isoparametric hypersurface of S® C R™! (i.e. one with constant principal
curvatures) is minimal. To do this, we first observe that if we consider S™ as a
submanifold of R™™! by the standard embedding, then the geodesic generated by
a vector v at p is the great circle given by S™NSpan{p, v}, where we have identified
T,R™*1 with R"". For a hypersurface, 7t identifies the connected component of
UM+ with M, and so the geodesic Gauss map can thus be identified with the

classical Gauss map
y: M — Gr(2,n+1) =2 Q; p+— Span{p,§,},

where &, is the oriented unit normal vector at p. Since v = 4 o mt, by the

composition formula for tension fields [9, Proposition 2.20],

7(y) = dy(r (7)) + tr,, Vdi(drt, drt).

When f has conformal shape form with conformal factor r(£)?, this becomes

1 .
+ wT(’y).

When f has constant mean curvature, by Theorems 3.2.1 and 4.2.8,

and so 7+ is harmonic. By [1, Theorem 5.2], a horizontally conformal submersion
into a manifold of dimension > 3 is harmonic with minimal fibres if and only if it
is horizontally homethetic. Hence, r(&) is constant and so when f has conformal

shape form and constant mean curvature, it is isoparametric.

We can in fact reacquire Palmer’s formula [24, Proposition 3.4] for the mean

curvature of the classical Gauss map of a hypersurface in S™:

n—1

go(JHy, ) = Y d(arctan(x)),

Jj=1

where k; are the principal curvatures of f.

In the case of a hypersurface V), & JV), is trivial. We can then choose our frame

{E;,JE; :i=1,..,n— 1} for u~'C such that W; = dnn(E;) are eigenvectors of
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the shape operator with eigenvalues ;. In this case E; = W; — k;JW;, and so

[|[W;l)? = 1:’{%. From (24), we thus see:

n—1

ha(r(), TE) = =3 g (W, 40W5, 1))

Jj=1

n—1
= = g (dr;(B)W;, W)
=1

n—1 1
j=1 J

and so
n—1

go(JHs, ) = d(arctan(r;)).

j=1

69



5 Harmonicity of the geodesic Gauss map over

CP"

5.1 Decompositions of the contact structure

We shall now turn our attention to the case of submanifolds of the complex
projective space CP". In the sphere case the situation was simplified somewhat

by the identification of the metrics hy = h,, = hg, but that is no longer the case.

To see why, consider the proof of Lemma 2.5.4. The operator ad?,o g —q
has two eigenspaces for g = su(n + 1). These are the eigenspaces q; and qo with
eigenvalues —1 and —4 respectively. As we can see from their decomposition in

Lemma 2.5.4 they take the form
q2 = Span{Zow, ad,, (Zoro) }, a1 = 4N 4z,

where Z is the standard complex structure on CP". We define a corresponding

decomposition for the contact structure by

C=C®C =By ([mlu) ® By ([a2n),

where

Cale = Span{Z¢, JIE}.

If we let Z; denote the projection of Z € C onto C;, we define an operator

1
EC—)C, Z Z1—|—§Zg,

with a corresponding operator £y on ¢, then the complex structure J on C takes

the form

J() = Egadyo .

Remark 5.1.1. In order to understand the geometric significance of the eigen-

values of adio, we can consider the sectional curvature of CP". Since CP" has
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constant holomorphic sectional curvature, as show in [17, Proposition 7.3], for

S, T, U,V € TN:

g<RN<S= T>U7 V) = _g<S7 U)g(Tv V) + g(Sv V)g(T, U) - g(S,IU)g(T,IV)

+g(S,ZV)g(T,ZU) — 29(S,ZT)g(U,ZV). (27)

For orthonormal U,V € T,N, the sectional curvature of Sp{U,V'} is thus given

by

(RN (U, VIV, 1) 2
HUV) = mievie =gy~ L39O IY)

The extremal values of k are thus given by

e k=1, when Sp{U,V} C T,N is an isotropic subplane,

e k =4. when Sp{U,V} C T,N is a holomorphic subplane.

By Lemma 1.3.1, for X € U,M, & € U,M~* such that ay(£) = vp:

(ad? an(X), an(X)) = —g(RV (X, £)¢, X)

=—-1- g(X,If)

The eigenvalues of ad?,O thus correspond to the extreme values of the sectional

curvature.

From Definition 2.5.8 we can see that when restricted to C,
h(X,Y) = ha(X*,YH) — b (L72XY, YY),

(where we have used the fact that £ is clearly self-adjoint, since h,(C1,C3) = 0

and it is simply a scaling within each C;). We thus define an operator
B:TUN — TUN; X — X" — £72XV
such that

he(X,Y) = ho(BX,Y).
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From (10), for vectors X,Y € C:

ho(X,Y) = (v, [0p(X), p (JY)])
= (0, [¢p(X), [vo, pp (LY)]])
= — (ady, 0y (X), pp(LY))
= (pp(L72X), pp(LY))
= ha(L72X, LY)

= h(L7'X,Y).

Hence,

ha(X,Y) = ho(LX,Y) = hy(B"'X,Y). (28)

By definition J is an isometry for hg. If we consider h,,:
1
ho(JX,JY) = ho(J Xy, JY3) + §hQ(JX27 JY3).
Since C; are J-invariant, we observe that J is also an isometry for A,

All three metrics present some issues. As we can see, h, # hg, and by the
uniqueness of the Kéhler-Einstein structure on Q, h,|o is not Kéahler-Einstein.
With regards to hg, since Co N'H # {0} the above equation implies 7y is not a
Riemannian submersion with respect to hg. By Lemma 2.5.9, hg doesn’t descend

to a metric on Q.

We shall thus consider separately the cases where UN is equipped with the
metrics h, and hg. In particular, we shall be studying two types of submani-
folds of CP", holomorphic and coisotropic submanifolds. As shown in Lemma
2.1.10, these are the submanifolds such that ZI'M = TM and ZT M+ C TM,
respectively. These submanifolds have the useful property that even though my
is not Riemannian, its horizontal bundles align with the horizontal bundles for
h.,,. We can thus still lift vectors from T'N to H, although the lift won’t be length

preserving.
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Lemma 5.1.2. Let H and Hys be the horizontal distributions with respect to hy,
for mn and wt respectively. Then ho(H,V) = 0 and when f : M — CP" is a

holomorphic or coisotropic submanifold, ho(du(Hur), du(Vyr)) = 0.

Proof. For H, simply note that the action of £ on V is just rescaling the one-
dimensional subspace V5, and thus £V = V. For H,;, we note that the holomor-
phic and coisotropic cases imply that (CoNT(UM™)) is contained within Vy; and
H s respectively. Hence, LH ; = H s for the holomorphic case and LV, = Vi

in the coisotropic case. O

Because of this, we can adapt Lemma 4.1.2 to provide a description of the

horizontal decomposition of UM~ with respect to both metrics.

Lemma 5.1.3. Let f : M — CP" be an isometrically immersed submanifold.
Let Z € Te(UM™Y) be a w*-horizontal vector with respect to h,. Then Z splits

with respect to mn as

7% = d(mn - W)(2);

2% = ~JA; ) d(rn - W)(L2Z).

Corollary 5.1.4. When M is a holomorphic submanifold, Z € Hy is -

horizontal with respect to both hs and hg and the decomposition is given by

Z" =d(ry - 11)(Z)

2° = —JA;©dlrn - #)(2)

and the restrictions of h,, and hg to Hys agree with the restriction of the Sasaki

metric.

Corollary 5.1.5. When M is a coisotropic submanifold, Z € H s is m-horizontal

for both h,, and hg, and the decomposition is given by

Z" =d(ry - 11)(Z)

2¥ = —JB(&)d(rx - )(2).

73



where By s the operator
By :UM* x TM — TM;

(€0~ (40X - Jo(X.TOALOTE).

which we shall refer to as the adapted shape operator.

Proof. The proof of the Lemma is identical to the proof of Lemma 4.1.2 using
JopnZ = ad,,(LZ), where we have equipped neighbourhoods V.C UM+, U C M

with local frames ®, F' as in (16).
For the first corollary we consider the splitting
/Lflc =Hy BV D JHy B IV

To see that this is an orthogonal splitting for h, as well as hg, we note that J
preserves Cy and is thus an isometry for both metrics. For the holomorphic case

T¢ € TM* and so ZE € JVyy. Hence, Co C Vi @ JVy and Ly, = Bly,, = id.

For the second corollary, when M is coisotropic ZI'M+ C TM, and so
Co € Hy & JHuy. Since Z¢ € TM, Ar(§)ZE is well defined and
Co NHyr = Span{Z¢}. O

Another reason for using holomorphic and coisotropic submanifolds is when
we consider the fibres of UM*. When working with spheres we were able to
eliminate the 7y-vertical components of the tension field, indexed as 7(u), by
observing that the spherical Gauss map had minimal fibres, a property of the
Sasaki metric. While the differences between the metrics when working with
complex projective spaces mean this isn’t usually the case, for holomorphic and

coisotropic submanifolds we can prove the following result.

Proposition 5.1.6. Suppose f : M — CP" is an immersion which is either
holomorphic or coisotropic. Then the restriction of p to the fibres of UM™ is

manimal with respect to h, and hg.

74



To prove this, we need a few preliminary results. In the sphere case, the fibres

being minimal was a consequence of the use of the Sasaki metric hg. If we define

um={{em: (§) =1},

then um = K/H. The round metric on um is thus the metric induced by the
inclusion um — m, and so by Definition 2.5.8 it corresponds to the restriction of

the Sasaki metric.

To relate the tension fields of p with respect to the various metrics, we’ll want
to consider their Levi-Civita connections. If we define for metrics h,, hy the tensor

A¢ =V — Vb then by (5) and (28):

hs(AS(X,Y), Z2) = =5 {[Bu(X), Bu(BY )] + [Bu(Y), Bu(BX)], Bu(Z)), (29)

([Bu(X), Bu (L™ + [Bu(Y), Bu (L™ X)), Bu(Z)) ,
(30)

| — DN =

hQ(Ag(Xa Y),Z)=—

where L71:C = C; Z— Z, +27,.

Lemma 5.1.7. Let v C m be a proper subspace and > = vNum the corresponding

unit subsphere. Suppose that the tangent bundle T'Y: is

1. a B-invariant subbundle of Tum. Then ¥ is a minimal submanifold for the

normal metric on um,

2. a (L - B)-invariant subbundle of Tum. Then ¥ is a minimal submanifold

for hg on um.

Proof. Since B (corresponding to the Adgy-invariant operator given by id|,, and
—adio\n) is self-adjoint for both A, and h,, then T'> has the same normal bundle
for both metrics and B(T%1) = TX4. We now construct an adapted orthonormal
frame W1, ...,W,,_1 about v € ¥ with respect to h,, such that Wy,..., W, € TY

and each W, is an eigenvector of B with eigenvalue \;.
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Since 7,(X) € TX! with respect to both metrics, we only need consider

W, € TS

= hy(7:(X), Wa) — Z he (A5 (Wi, W), W) - (31)

Since h; is the round metric for um, the proper subsphere ¥ is totally geodesic

with respect to hs. Hence, from (30):

o (), Wa) = 5 3 (8 W), B (BWo)] + (5 (W), Bua(BWo), 5 (W)

- — Z )\z <[ﬂ(Wz)7 6(%)]7 5H(Wa)> = 0.

i=1

Hence, > C um is minimal with respect to h,,.

The proof of the second case is almost identical, except substituting (£ - B) for
B, hg for h, and A% for A7. It diverges however when we reach (31). We now
note that Bly = £72|y, and thus Sy (L7W;) = (£ - B)Bg(W;) = NSz (W;), and

SO

hs(To(X), Wa) = — Z hs((A7, + AQ) (Wi, Wi), W)

i=1

== > (1Bu(W), B (L7 W] = (B (W), Bt (BW)], B (Wo))

= — Z >\z <[5H(VI/Z)7 BH(VVZH - [ﬁH(W1)7 6H<W’)]7 ﬁH(Wa» =0.

Hence, ¥ C um is minimal with respect to hg. O

Proof of Proposition 5.1.6. In order to prove Proposition 5.1.6, we need to con-
sider the eigenspaces of B and £ - B. While they differ on H, By, = £L72|,, and so
they both have eigenspaces Vi = C; NV and V, = Cy N V. Since

B (Vo) = Adg (Span{ad,,Zovp}) is one-dimensional, given a proper subspace
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b C m as before, then for TS to be B or (L - B)-invariant, either
Bu(Va) NTE = {0} or By (V) C T

If we again consider the inclusion (12) v : UN — T'N, then Bg(dvy(V2)) =
Adg (Span{Zyry}). Since Adx (Span{1}) is the normal bundle of um C m, V- =
V, corresponds to the standard contact structure on S$**~! C C" = m, such
that Vo, = S?" 1 N ZS5?"~1 given in [18, Example 3.47]. Hence, by Lemma 2.1.6,
when TS C By(V1), b is isotropic with respect to the symplectic structure w” =

—g(Z-,-). In the case that v = T,M*, M is therefore coisotropic.

Given a one-dimensional subspace | C v, then [ N um = £Ad, (1), for some
k € K. In the case that fy(Va) C T, Adx(Zovy) € TS C To, and so v is
Z-invariant. Hence, when v = T, M+, ZT,M = T,M. We have thus proved Propo-

sition 5.1.6. N

5.2 Holomorphic submanifolds

5.2.1 The normal metric

The first case we shall consider is that of a holomorphic submanifold

f: M — CP" when UN is equipped with the normal metric h,,.

Theorem 5.2.1. Let f : M — CP" be a holomorphic submanifold with confor-
mal shape form. Then its spherical and geodesic Gauss maps are minimal with

respect to the normal metric.

As was the case with S™, in order to prove this theorem we shall want to
construct orthonormal adapted local frames with respect to each metric for the
decomposition pu'C = Hyr @ Vi © JHy ® JVys. In order to ease calculations,
we shall make some additional considerations in the construction of this frame,
the first being that the frame projects onto eigenvectors of the shape operator.

We would also like the frame to respect Z, the standard complex structure on
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CP".

To ensure that our frame can obey both of these conditions simultaneously, we
need to verify that the shape operator commutes with the complex structure. If
we first note that CP" is a Kahler manifold, then Z is a parallel isometry. If we

also note that II; is symmetric, then for any X,Y € T M:
9 (A5 (§)(IX),Y) = g (I(ZX,Y),¢)
— g (Y dr(@x) - dF (VYY) €).

The second term vanishes, and since Z is parallel it passes through the derivative.

Since Z is an isometry, we then calculate

9(AOTX),Y) = g (TVdf(X),¢)
= —g (I(X,Y), Z¢)

= —g (I(Y, X), Z¢)
Retracing the calculations with X and Y now reversed, we thus obtain
9 (Af(O(IZX),Y) = g (A (X, IY).
Hence, when V' is an eigenvector of A;(§) with eigenvalue x,
9(Af(E)(ZV),Y) = —kg(IV,Y), (32)

and so ZV is itself an eigenvector with eigenvalue —x.

Remark 5.2.2. An immediate consequence of this is the well known result that
all holomorphic submanifolds of CP" are minimal, as the paired eigenvalues elim-

inate each other in the trace of Af(¢).

By (32), we can choose a Hermitian frame of eigenvectors Vi, ..., V,,, € TyreyMof

the shape operator A(£) with corresponding eigenvalues ;(€) such that

IV = Vai, koim1 = —kg fori=1,..,

SE

We define

Vj:vj—ﬁjjvj’?
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where V; is the horizontal lift with respect to dry. By Corollary 5.1.4, f/J € Hu.

Since J is an isometry and 7y is a Riemannian submersion with respect to h,:

Vil = |IV; — K JV|| = 4 /1 + K2

j
Let U C M, V C UM be a pair of open subsets such that 7+(V) = U. We can

thus define a local orthonormal frame for H |y as

T /1) B
{Ej.Ejk_ 1+Kj(§)2]_1,..., } (33)

for a smooth choice of I~/j 'V Cc UM* — TU C TM. We again define
W; = drn(Ej). By (32), |IZW;]| = (14 (—k:)?)~2 = ||Wi|.

For Vy; we simply choose an h,-orthonormal frame {E,, 1, ..., F,_1} for V C

UM+ with corresponding Ws = dry(JEs) such that at 7y (£):
o IWs € {£Wpi1, ..., EWyo, }, for € {m+1,...,n — 2},

b IWn—l = _6

and Span{W3,£: 8=m+1,...,n—1} = TM=*. To see that we can do this,
we note that Z and J are isometries for ¢ and h, respectively and dmy is a

Riemannian submersion for h,,.

By the same argument as in §4.2, we again have an orthonormal frame such

that

ZTn )i JE; + an 8 TE;, (34)

where 7, ()" = 7, (@)} + 7, ()% with:

<ZEa¢m o0(Ej), om(E)], sam<JE>>
+<ZEJ'%(EJ-)+ 0(£5), en(E5)] son(JE)> (35)
Ta(n)z = <Z Egpn(Ep) + [0y(Ep), on(Ep)] ,son<JEi>> (36)
B
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and

: u>ﬁ:<ZEj@m<Ej>+ o(E). pmlE) som<JEﬁ>> (37)

Now we can examine each component.

Proposition 5.2.3. When f: M — N = CP" is holomorphic, 7,(11)} = 0.

Proof. By Lemma 4.2.2, we see

Tu(10)y = ho (T (U, M), JE;).

Unlike with spheres, the restriction of u to the fibres of UM is not necessarily
minimal with respect to the normal metric. However, as we saw in Proposition

5.1.6, they are minimal for holomorphic submanifolds. n

Turning to 7(u)%, as in the sphere case, with respect to the canonical connec-

tion:

()i =Y _(Dr,on(E)), eu(JE)) + Y (Dion(Es), ou(JE:)) .
. <

7j=1
For complex projective space, [n,mg]Nq # {0}, and so in order to relate the first

term to V7, we must utilise the following result.

Lemma 5.2.4. Let f : M — CP" be a holomorphic submanifold. For a local

frame E; for Hyr as described above,

([on(Ey)s om(Es)]s om(-)) = —==g(&, dmn (-)):

Proof. By Corollary 5.1.4 and Lemma 1.3.1,

([on(Bs), (B, on()) = = { [0, em(TALEWHL om(Ey)] , n())

(RN@ kiWi)Wj, drn (- ))
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As in Remark 5.1.1, since CP" has constant holomorphic sectional curvature, for

S, T, U,V € TN:

g(RN(Sv T)Uv V) = _9(57 U)g(T7 V) + g(S’ V)g(Tv U) - g(S,IU)g(T,IV)

+g(S,ZV)g(T,ZU) — 29(S,ZT)g(U,ZV).
Since M is holomorphic,
9(&; W) = g(&, IW;) = g(W;, IW;) = 0, (38)
and so (for Z € T,N) this reduces to
kg (R (E W)W, Z) = kg (€, Z)g (W, W), (39)

By (33),
1

\/1+/€§

gW, W) =

With this in mind, following the same argument used to acquire (25), we find

S (Thate) ) =S (Th) 5,00).

Unlike with S™, VII; is not totally symmetric for CPY, but we can still rear-
range the arguments on the right hand side. The Codazzi equation [17, Proposi-

tion 4.3] tells us
Vi T W5, W2) = (RY (W, W W)™ o Vi T (05, W05).
If we consider (38) we can see that when M is holomorphic, for any Z € T,M=:
g(RY (W;, W)W, Z) = 0,
since every term of (27) vanishes. Hence,
1-29((Vf ]If) ijWj)af)- (40)
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Now we turn to 7,,(u)”. By Lemma 5.2.4,

{[Pa(E5); om(Ej)]; om(J Ep)) = 0,

and so, as in the sphere case,

m

ma(n)” = > g (Vi dF (W), W) (41)

Jj=1

We now have the necessary preparations to prove Theorem 5.2.1

Proof of Theorem 5.2.1. By Corollary 5.1.4, hy|3,, = hs|s,, and so Lemma 4.2.7
still applies, i.e. 7+ is h,-horizontally conformal if and only if f has conformal
shape form. As stated in Remark 5.2.2, if f then it is holomorphic it is necessarily
minimal. When f is both minimal and has conformal shape form A(¢) has only
two eigenvalues, £x. From (40), (41) and Proposition 5.2.3, we thus observe that

when f has conformal shape form:

1
_1 T Kgg(szT(f)ag) =0

(i) = =g (7(1), W) = 0.

The statement for the geodesic Gauss map then follows from Lemma 3.3.3.

5.2.2 The lift of the Kahler-Einstein metric

We shall now consider what happens if we instead equip the unit tangent bundle
with hg. We can use the local frame from the preceding section to easily construct

an hg-orthonormal frame:

Ey, A#n—1
o 7
\/LiEn—h A=n-—1.

Using this frame we can adapt Theorem 5.2.1 for hg.
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Theorem 5.2.5. Let f : M — CP" be a holomorphic submanifold with confor-
mal shape form. Then its spherical and geodesic Gauss maps are minimal for hg

and minimal Lagrangian for go respectively.

Proof. To prove this result, we will want to compare 7o(p) and 7,,(1). To do this

we use the tensor A% = V" — V<. Using (30), for X, Z € TUN:

ho(Ap(X, X), Z) = ([Bu(L7'X), Bu(X)], Bu(Z)) -

Since E (and thus F,) are eigenvectors of L7, AL (F4, F4) = 0. Hence,

1

ho(ro(p), JF5) =Y ho (Vg Fa, JFs)

3
|

3
(|

1
1

ho (Vi Fa — AB(Fa, Fa), JF3)

1

1
Q <Tn(ﬂ) - év%n_lEnfb JFB)

T

I
=

1
= hn (Tn(,u) — §V%n_1En,1, EJFB) .
When f is holomorphic with conformal shape form, by Theorem 5.2.1,
Tu(p) = 0.

In order to eliminate the remaining term, we now use A” = V" — V*. By (29),

for Z € TUN:
hs (AY(En-1, En1), Z) = ([Bu(BEn-1), Bu(En-1)], Bu(Z)) -
Since F,_; lies in V); C V and it is an eigenvector of L,
BE, =FE* —L7?E, |V =—-4E, ;.

Hence, A} (En—1, En—1) = 0. Since E,_; € V, V; _ E,_1 = 0 (as shown in [4,

1

9.3]). When f is holomorphic with conformal shape form, we thus see

() = 0.
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Example 5.2.6. When f : M — CP" is a holomorphic surface, it is necessarily
minimal. Since M is 2-dimensional, A¢(§) only has two eigenvalues +x, and so
it necessarily has conformal shape form as well. Therefore v : UM+ — Q is a

minimal Lagrangian submanifold.

Ezample 5.2.7. If P(X,Y, Z) is an irreducible homogeneous complex polynomial

of degree 3, then the level set
M ={[X,Y,Z] e CP*: P(X,Y,Z) =0}

is an elliptic curve. If M is non-singular (meaning VP # (0,0,0) when P = 0),
then M is diffeomorphic to a 2-torus and is thus a Riemann surface. Since every
compact Riemann surface admits a holomorphic embedding into complex projec-
tive space [20, 5.19], we therefore get a family of embedded minimal Lagrangian

submanifolds of O.

5.3 Coisotropic submanifolds
5.3.1 The normal metric

We shall now consider the case where f : M — CP" is coisotropic, so ZT' M+ C
T'M. This case will have some complications due to Co N H,; being non-trivial.
As usual, we begin by constructing a local adapated frame for the decomposition
of C which is orthonormal with respect to h,. To simplify calculations we would

like this frame to also respect the decomposition C; @ C,.

Given a point (p,€) € UM™, when M is coisotropic, TN splits into three
components: TM*+, ZT M+ and TM NITM (with the latter component, the
holomorphic tangent space, being trivial when M is Lagrangian). We start by
choosing an orthonormal frame V,, 11, ..., V,_1, & for T,M~*. From this we define
vectors V; = ZV,,4; for i € {1,...,n —m — 1}. We then choose an orthonormal
frame {V,,_m, ..., Vin—1} for T,M N ZT,M (when M is not Lagrangian). Finally
we define V,,, = Z¢€.
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We define corresponding vectors in T,UM* as

Vi =—JV;.

Let U C M,V C UM* be a pair of open subsets such that 7+(V) = U.
V C UM*. Then for a smooth choice of V4 : V. — TU C TN, by Corollary 5.1.5

we can define a local adapted orthonormal frame for H,; & Vi as

EZ_{ ‘fz 2—1,,m},
Vil

Eﬁz{VB:5:m+1,...,n—1},, (42)

where Bf(€) is the adapted shape operator. We also define corresponding W; =
dry(Ey) = |Wil|Vi, W = dry(JE5) = V.

We shall turn again to the decomposition (34) for 7,,(x). By Proposition 5.1.6,

7(p)% still vanishes for coisotropic submanifolds.

For the remaining terms, where before we were able to eliminate the terms of
the form ([n,m],m) by the use of results such as Lemma 5.2.4, for coisotropic
submanifolds this is not generally the case. To this end, for j = 1, ..., m we define
one-forms

m; TV =Ry X — <[90n(Ej)a SOm(Ej>], Pm(JX)) .
Following the arguments for the sphere and holomorphic case, we acquire:
m(n) ==Y (9 ((Vh,Bs©) Wi i) = my(E))
J
()’ =Y (g (Vfwjdf(Wj), Wﬂ) + mj(%)) :
In order to relate 7,(u)" to 7(f), we consider

9 (T, BA©O) Wi, W) = g (Vi (A (€L1W5) — ALV, W), W)
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Since we’ve chosen our frame to respect C; @ Co, this becomes

9 ((VJVCV].Bf(ED W, Wi) =g <L‘ (VévjAf(g)) W, Wi)
-9 <<v&/jﬂf) (Wpﬁﬂ@),f) .

To make use of the Codazzi equation, for a vector Z € Tle we consider
g (RN(W;, LW)W;, Z) = =3g(IW;, LW,)g(IW;, Z).

Since M is coisotropic and by our choice of frame, either ZW; € T'M or ZW; €
T+ M. In either case,

(RN(W,, LW)W,)*- = 0.

We thus have the following result

Lemma 5.3.1. At a point £ € UM with the local adapted frame described in
(42) for a neighbourhood V.C UM* about &:

ho(To(p), JE;) = — Z ( ((Vdmv LE; )]If) (dmn(Ej), dmn(Ej)) af) - mj(Ei))

7j=1
ha(Ta(i), JEg) =Y (g (Iy (dmn(E;), dry(E))) , drn(JEg)) + my(Eg)) |
j=1
where

m;(X)|e = g (RN(&, Bi(W;), W, drn(J X)) .

To relate 7,,(11) to 7(f), we shall again require horizontal conformality of 7.

Lemma 5.3.2. Given a coisotropic submanifold f : M — CP", ©* is hori-
zontally conformal if and only if M has conformal adapted shape operator, i.e.
there exists v : UM* — R such that g(B;(§)X, Bf(€)Y) = r(£)?9(X,Y). The

conformal factor for mt is where £F are the only eigenvalues of By(§).

1
1+&2
Proof. Let Xj, ..., X, be orthonormal eigenvectors for Bf(&) with eigenvalues &;.
We define corresponding orthonormal vectors Y1, ..., Y,, € Hj such that

v _ X; - f@jJXj.

J
./1+%§
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Because 7y is Riemannian and J is an isometry,

g (drn(Yi), dmn (Y)) = 65 — (@n(Y2), 0n(Y5))

Hence, if 7+ is horizontally conformal with conformal factor a?:

. 1—a?
liilﬁjdij = 751']‘,
and so for each i = 1,....m, k? = 1;32 =: k%, Thus B;(§) is conformal with

conformal factor r(£)? = &2,

Conversely, if B(€) is conformal,
0 = (14 77)g(dnn (Yy), dnn(Y5)),

and so 7+ is horizontally conformal with conformal factor ﬁ O]

We have thus proven the following result.

Theorem 5.3.3. Let f : M — (CP", g) be an isometrically immersed coisotropic
submanifold where CP" = SU(n+ 1)/K and US™ = SU(n + 1)/H are equipped
with the normal metric. Let Z,W € T;(UM™") such that Z is m*-horizontal and
W is vertical. If 7t is horizontally conformal (and thus f has conformal adapted

shape form), then

b5 1): T 2)le = ~ 1705 (0 (Vhncen():€) = tryegm(2).
b5 1) W) = gy (00 () e (W) + 1y (W)
where r(£)? = me(f)Q and

m(Z): TM x TM = R; X,Y = g (RN (&, Bf(§)X)Y,dryn(J2)) .

Corollary 5.3.4. When f: M — (CP",g)

e is minimal for codim(M) > 1;
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e has constant mean curvature for codim(M) =1

with conformal adapted shape form, then p : UM+ — (UCP", h,) is minimal
(and thus v : UM+ — Q is minimal) if and only if trp-ym(X) = 0 for all
X eTUM*.

To find examples for which p is minimal, we now want to consider when m;

vanishes.
When X = Ej, using (27):
m;(Ep)le = —g(§&, IW;)g(By()W;, IWs) — 29(§, TB4 ()W) g(W;, IW;)
= 9(Vin, W;)g (B ()W, ITW;) + 29(Vin, B (E)W;)g(W;, TW;)
= Om|[Winllg(Br ()W, W) + 20;(5-m)[[Willg (B () Vin, W)
(where we have noted that By (§)Wa = qaA;(§)Wy, is self-adjoint with respect
to our choice of frame).

For X = E;:

m;(E)le = —g(§,IZW;)g( By ()W, Br(E)Ws) + (&, IBy(§)W;)g(Bs(§)Wy, IW)
+29(&, ZB(§)W;)g(W;, IBs(§)Wr)
= —6m|[Wanllg(Z By ()* Wi, W;) — g(By (&) Vi, Wi) g (B (§)W;, W)

= 29(B(&)Vin, W;)g(ZW;, Bf(E)W).

If we were to impose the condition that Z¢ is an eigenvector of B;(§) (and thus

A(€)) with eigenvalue &,,, then m;|e reduces significantly. Since £ is orthogonal

to Wj,ZWﬁ
m;(Eg)le = 0,
2Km0im
m;(E;)|e = _ﬁg(Bf(f)Wj,IWj)-

Example 5.3.5. When f : M — CP" is totally geodesic, 7+ is Riemannian, Z¢ is

an eigenvector of A¢(§) = 0 and so m;(X) = 0.
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FExample 5.3.6. In the case of a hypersurface, TTM NZT M is the contact structure
orthogonal to Z¢, hence when Z¢ is an eigenvector of By(§) the eigenvectors
orthogonal to Z¢ lie in TM NZT M. We can thus choose our Vi, ..., V,, so that
they are eigenvectors of By (), in which case m;(X) = 0.

Ezvample 5.3.7. When f : M — CP" is Lagrangian, g(B;(¢)W;,ZW;) = 0, and

so when Z¢ is an eigenvector of A(€), m;(X) = 0.

5.3.2 The lift of the Kahler-Einstein metric

As with the holomorphic case, we can use (30) to acquire a similar result for

To(1).

Theorem 5.3.8. Let f : M — (CP", g) be an isometrically immersed coisotropic
submanifold such that CP" = SU(n + 1)/K s equipped with the normal metric
and UCP™ = SU(n+1)/H is equipped with the lift of the Kdhler-Einstein metric
hg. Let Z,W € Te(UM™) such that Z is w*-horizontal and W is vertical. If f

has conformal adapted shape form, then

1
ho(to(p), JZ)|€ = _Tr(f)z (9 (Vin(Z)T(f),f) - trf*gm(ﬁ_lZ))
_ %hg (I, (En, Ev), JZ),
1
ho(ro(p), JW)|e = T (g(r(f), dan(JW)) + trp-gm(W))
_ %hg (I, (Ev, E), JWV) |
where r(£)? = dim_l(M) Bf(€)?, B = —é:ﬁ;ggiu and

m(Z): TM x TM = R; X,Y = g (RN (&, Bf(§)X)Y,dnn(JZ)) .

Proof. Given an orthonormal frame Ey, ..., E4 for (V, h,,) as in (42), we can define

an orthonormal frame for (V, hg) by Ei, ..., E,_; such that

EA EA, EA€C1
FA:—:
VA E—\/‘%, EAECQ
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With respect to this frame

ho(AG(Fa, FB), Z) = _% <[5H(FA)7 Bu(L ™ Fp)| + [5H(FB),BH(E_lFA)]a5H(2)>

_ 4 3 95 (1B (Fa), Bu(Fs)], Bu(Z))

Hence, A%(Fa,Fa) = 0. Since h, and hg share the same decomposition,

I(F4, Fa) = I2(Fa, F4), and so:
ho(ro(p), JX) = hu(1o(p), LX)

n—1
= h, ( ]Iu(FA,FA),Ele)

1

11

=h, ( —HM(EA,EA),£‘1JX>
A—1 qa

= hy, (T(u) — %]IM(Em, Em),ﬁle) .

Unlike in the proof of Theorem 5.2.5, Z¢ is not vertical and so we cannot use the
Sasaki metric connection to eliminate the additional term. If we assume f has

conformal shape form, the result then follows from Theorem 5.3.3. O

It is important to note that we have not assumed that 7+

is horizontally
conformal for hg. If we consider vectors Z; € C; N\ Hyy, then if f has conformal
adapted shape form (and thus 7t is horizontally conformal for h,,),
hn(Zza Zl) = (ZQQ(dTFN(Zl), d?TN(Zl))
2

ho(Zi, Zi) = ig(dﬂN(Zi)’ drn(Z;))-

]

L

Hence when M is coisotropic, 7 cannot be simultaneously horizontally confor-

mal for both metrics.

Example 5.3.9. If we were to again assume that Z¢ is an eigenvalue of the adapted

shape operator, then by the decomposition in Lemma 2.5.4 we can calculate

[0 (Em), 0p(Em)] € [0, 92] = {0}

In this case,

MQA (B, Eu), TEA) = "2 By (), 0yl T )
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Hence, the term vanishes if (VY du(Eny), JEy,) = 0.

If we were to instead assume that 7+ is horizontally conformal with respect to

hg, we obtain a result which doesn’t depend on II,,.

Theorem 5.3.10. Let f : M — (CP", g) be an isometrically immersed coisotropic
submanifold such that CP" = SU(n + 1)/K is equipped with the normal metric
and UCP" = SU(n+1)/H is equipped with the lift of the Kdhler-Einstein metric
hg. Let Z,W € Te(UM™) such that Z is n*-horizontal and W is vertical. If m*

is horizontally conformal with conformal factor a®, then

ho(to(p), JZ)|e = —=a* (9 (Vary(2yT(f): §) — trp=gm(L7' Z))

ho(ro(n), JW)le = —a (g((f), drn (JW)) + trpgm(W)),

where

m(Z): TM x TM = R; X,Y = g (RN (&, Bf(§)X)Y,dnyn(J2)) .

Proof. As we established in the previous proof, with respect to the frame Fy =

_1
g4 Ea:

n—1

ho(ro(i), JX) =Y hn(Iu(Fa, Fa), L7 TX).
A=1

By Lemma 5.3.1, we thus have

(g ((VdTFN(Fi)]If)(dWN(F‘j)? dﬂ-N(Fj))» g) - mj(‘c_lFi»

1

ho(ro(p), JFi) = —

m

J

NE

ho(ro(p), JFz) = Y (g (Wf(dnn(F}), dnn(Fy) L™ drn (T Fp)) +my (L7 Fz)) .

1

<.
Il

Hence, if 7+ is hg horizontally conformal (and thus a~'dry(F}) is an orthonormal

basis for T,,M), by noting that Fjz € C; the result follows. n

Corollary 5.3.11. When f: M — (CP",g)

e is minimal for codim(M) > 1;

e has constant mean curvature for codim(M) =1
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such that ©t is horizontally conformal with respect to hg, then p : UM+ —
(UCP", hg) is minimal (and thus v : UM+ — Q is minimal Lagrangian) if and
only if try«;m(X) =0 for all X € TUM*.
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