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Abstract

In this thesis we introduce a new theory of stochastic analysis with respect to Lévy
processes in the strong dual of a nuclear space.

First we prove some extensions of the regularization theorem of It6 and Nawata to
show conditions for the existence of continuous and cadlag versions to cylindrical and
stochastic processes in the dual of a nuclear space. Sufficient conditions for the existence
of continuous and cadlag versions taking values in a Hilbert space continuously included
on the dual space are also provided. Then, we apply these results to prove the Lévy-Ito
decomposition and the Lévy-Khintchine formula for Lévy processes taking values in
the dual of a complete, barrelled, nuclear space.

Later, we introduce a theory of stochastic integration for operator-valued processes
taking values in the strong dual of a quasi-complete, bornological, nuclear space with
respect to some classes of cylindrical martingale-valued measures. The stochastic in-
tegrals are constructed by means of an application of the regularization theorems. In
particular, this theory allows us to introduce stochastic integrals with respect to Lévy
processes via Lévy-Itdo decomposition. Finally, we use our theory of stochastic inte-
gration to study stochastic evolution equations driven by cylindrical martingale-valued
measure noise in the dual of a nuclear space. We provide conditions for the existence
and uniqueness of weak and mild solutions. Also, we provide applications of our theory
to the study of stochastic evolution equations driven by Lévy processes.
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Introduction

The aim of this work is to introduce a new theory of stochastic analysis with respect
to Lévy processes in the strong dual of a nuclear space.

Apart from Banach spaces, nuclear spaces are the most important class of locally convex
spaces used in functional analysis. They have many useful properties and they consti-
tute a class of infinite dimensional spaces which also shares many properties of finite
dimensional spaces. For example, they satisfy the Heine-Borel property, i.e. bounded
subsets are precompact.

Nuclear spaces were introduced in 1951 by A. Grothendieck in [35] and were further
developed by him in [36]. Grothendieck defined these class of spaces by means of his
theory of tensor products of locally convex spaces. However, it is hardly an exaggeration
to say that much of the true power behind the theory of nuclear spaces was better
understood thanks to the characterization of nuclear spaces in terms of summable and
absolute summable families of operators due to A. Pietsch [86]. In this thesis we will
utilize a characterization of nuclear spaces in terms of a family of Hilbertian semi-norms
generating its locally convex topology and an associated family of Hilbert spaces related
to each other by means of some Hilbert-Schmidt operators (see Treves [99]).

The importance of the nuclear spaces in the theory of probability is manifest in the
problem of the existence of Radon measure extensions for cylindrical measures defined
on the dual of a nuclear space. Indeed, this relation was clarified with the celebrated
work of R. A. Minlos who in 1958-9 (see [66]) proved that an analogue of Bochner’s
theorem that characterizes the Fourier transform of a finite Borel measure holds in the
dual of a (barrelled) nuclear space. Several monographs devote large sections to the
study of cylindrical measures on duals of nuclear spaces. For example Gel’fand and
Vilenkin [31] and Schwartz [95].

Stochastic analysis in duals of a nuclear space experienced a period of intensive activity
during the 1980s and 1990s. Some of the pioneering work was carried our by K. Ito
[41], [44], [42], [43], A. S. Ustiinel [101], [102], [103], [105], [106], [108], I. Mitoma [67],
[68], [69], [71], [72], [73], [75], and by G. Kallianpur and his collaborators [49], [51],
53], [56], [55]. However, as in many other branches of mathematics there are a large
number of authors that contributed to its development, we cite for example J. Xiong
[118], S. Ramaswamy [89], V. Pérez-Abreu and C. Tudor [79], [80], [81], [82], [84], T.
Bojdecki, L. G. Gorostiza and J. Jakubowski [11], [12], [13], [46], [47], J. K. Brooks and
his collaborators [17], [18], [19] and H. Kérezlioglu and C. Martias [59], [60], [61].

Much of the motivation behind the development of stochastic analysis on duals of
nuclear spaces is its high range of applications. Among some of the most important
applications is the modelling of the dynamics of nerve signals. See for example the works
of Kallianpur and Wolper [53], Kallianpur, Mitoma and Wolper [51] and Kallianpur
et al. [56]. In Kallianpur and Xiong [54] one can find also applications to model

xi



Chapter 0. Introduction xii

environmental pollution.

Some other applications are for example to statistical filtering (see Ustiinel [104], [106]
and D. Ding [27]), chemical kinetics and interacting particles systems (see Bojdecki and
Gorostiza [9], Gorostiza and Nualart [34], Hitsuda and Mitoma [3§], Kallianpur and
Pérez-Abreu [52], Kallianpur and Mitoma [50], Kallianpur and Xiong [55], and Mitoma
[70)).

With some few exceptions, much of the works cited above were developed under the
hypothesis of the nuclear space being Fréchet or either that its strong dual is also nu-
clear. Moreover, the stochastic integrals and the noise driving the stochastic differential
equations has been considered either with respect to Wiener processes or Poisson ran-
dom measures, but to the extent of our knowledge, no theory has been developed with
respect to the general Lévy process case. This is the main motivation for the devel-
opment of our theory in this thesis. We are also interested in developing this theory
under the weakest possible assumptions on the nuclear space and its strong dual.

In general terms, our contribution to theory of stochastic analysis on nuclear spaces can
be divided into four main aspects. First, we will show some extensions of the regular-
ization theorem of It6 and Nawata [44] to the case of cylindrical processes on the dual
of a nuclear space. These theorems will be a corner stone for our theory of stochastic
analysis. Our second main contribution is the proof of a Lévy-It6 decomposition for
Lévy process taking values in the dual of a complete, barrelled, nuclear space. The
third is the introduction of a new theory of stochastic integration with respect to some
classes of cylindrical martingale-valued measures on the dual of a nuclear space. This
theory allow us to introduce stochastic integrals with respect to Lévy process by means
of the Lévy-1td6 decomposition. Finally, our last main contribution is the application of
our theory of stochastic integration to model stochastic evolution equations on the dual
of a nuclear space. Contrary to what can be found in the literature, we will consider
semi-linear equations driven by multiplicative noise.

This thesis is organized as follows:

Chapter 1 is devoted to the introduction to the main tools that we will need on the
subsequent chapters. First we review the basic properties of classes of locally convex
spaces encountered on this thesis. We focus our attention on those concepts related to
nuclear spaces and their strong duals. Later, we review basic concepts of cylindrical
and stochastic processes on the dual of a nuclear space. Then, we proceed to prove
our extensions of the regularization theorem. We finalize this chapter by studying
martingales.

In Chapter 2 we study basic properties of Lévy processes in the dual of a nuclear space.
The proof of the Lévy-Itdo decomposition is going to take most of our effort in this
chapter. As a corollary we will proof the Lévy-Khintchine formula for the characteristic
function of any Lévy processes.

The aim of Chapter 3 is to develop the theory of stochastic integration. First, we
introduce the class of cylindrical martingale-valued measures that will be the integrators
of our integrals. Then, we develop the stochastic integration theory in two steps. The
first is a theory of weak stochastic integration with respect to cylindrical martingale-
valued measures. For the second stage, we use the regularization theorems of Chapter 1
and the weak stochastic integral to introduce a theory of strong stochastic integration,
i.e. we define stochastic integrals for some families of operator-valued processes with
respect to the cylindrical martingale-valued measures. Applications to define stochastic
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integrals with respect to Lévy process will be given.

Finally, in Chapter 4 we apply our theory of stochastic integration to study stochastic
evolution equations driven by cylindrical martingale-valued measures. We start by
introducing some notions of deterministic integration for random integrands. Then,
we introduce the class of stochastic evolution equations that we are going to consider
in this thesis. In particular we will focus on the study of equivalence between weak
and mild solutions, and we consider conditions on the coefficients for the existence and
uniqueness of these types of solutions. We finalize this chapter with an example of an
application to stochastic evolution equations driven by Lévy noise.






Notation and Useful Facts

In this thesis N, Z @, R and C denote the sets of natural, integers, rational, real

and complex numbers respectively. Denote Ry = [0,00). For any n € N, R™ is the

n-dimensional Euclidean space.

For a,b € R, we will use a Vb := max {a,b} and a Ab:=min{a,b}. If I is a countable

set, we denote by ¢d;; the Kronecker delta for i,j € I, ie. §;;j = 0 if 7 # j and

0y =1ifi=7.

For any two sets A and B, we denote by AUB, AN B and A\ B the union, the

intersection and the complement of B in A respectively. When we are considering a

subset U of a given set E, we write U¢ = E\U. If A is a finite set, we denote by #A

the number of elements of A.

If A is a collection of subsets of a set S, we denote by o(A) the o-algebra generated

by A. If (2, F) and (5, S) are measurable spaces and Y : Q — S is a F/S measurable

map, the o-algebra generated by Y is o(Y) = {Y‘l(B) :B¢€ S}.

We denote by 14 (-) the indicator function of the set A, defined by 14 (z) = 1 for

x€Aand 1y(z)=0 for z ¢ A.

Let 71, T2 be any two topologies on a set X . If 7; is contained in 73 (i.e. if any

element of 7; is also an element of 73), we denote this fact by: 73 C 75. In this case

we say that 77 is coarser than 75, and that 75 is finer than 7;.

If U is a subset of a topological space (X,7) we denote by U its closure and by U its

interior.

For a topological space (X,7), we denote by B(X) the Borel o-algebra of X. It is

the smallest o-algebra of subsets of X which contains all the open sets. R and R?

will be always assumed to be equipped with their Borel o-algebra. A measure p on

(X,B(X)) is called a Borel measure.

The Dirac measure on X for a given x € X will be denoted by 4, and is defined by

0z(A) =14 (x), for any A C X.

For two Borel measures i and v on a topological vector space X, denote by p*v their

convolution. Recall that pxv(A) = [y, 14 (z +y)p(dz)v(dy), for any A € B(X).

Denote v*® = v --- % v (n-times) and we use the convention 1% = §;.

Let (S,%, ) be a measure space. For 1 < p < oo, LP(S,3, ) is the usual space

of (equivalence classes of) real-valued measurable functions that agree almost every-
1

where with respect to p and for which |[|f|[, := ([sf(@)P p(dz))» < oo for all

f e LP(S, %, u). Tt is a Banach space with respect to the norm HHp and for p =2 it is

1
a Hilbert space with respect to the inner product (f, g), := ([g f(z)g(x)u(dz))? < oo
for all f,g € L?(S,%,p).

Let (Q,.#,P) be a probability space and (S,X) be a measurable space. A % /%-

XV



Chapter 0. Notation and Useful Facts xvi

measurable map X : Q@ — S will be called a S-valued random variable. In this
thesis we will only consider Borel random variables, i.e. S will be a topological
space and ¥ = B(S5).

Let J be Ry or [0,7] for T'> 0. A S-valued process is a collection X = {X;}:cs of
S-valued random variables. We say that X is continuous (respectively cadlag) if for
P-a.e. w € ), the sample paths ¢t — X;(w) € S of X are continuous (respectively
right-continuous with left limits).

Let X be a real-valued random variable. If X is integrable, i.e. X € L' (Q,.%,P), we
define its expectation to be

EX:/QX(w)P(dw).

We say that the random variable is p-integrable (1 < p < oc0) if X € LP(Q,.7,P). In
this case, the p-moment of X is EXP.

Unless otherwise stated, throughout this document we will only consider vector spaces
over a field K, which will always be R or C. Usually we denote a vector space by E.
If S is a subset of E, span{S} denotes the linear span of S.

If A and B aresubsetsof E,let A+ B:={x+y:xz€ A,y € B}, NMA:={\x:z € A}
where A€R (or A€ C),and A+y:=A+{y} forye E.

Let A and B be subsets of E. We say that A absorbs B if there exist some 79 € K
such that B C nA whenever |n| > |no|. A subset U of E is called absorbing if U
absorbs every finite subset of E. A subset C' of E is balanced if «C C C' whenever
a € K, |a] < 1. A subset D of E is said to be convex if z,y € D implies that
A+ (1—=NyeDforall 0 < A< 1.



Chapter 1

Probabilities on the Dual of a
Nuclear Spaces

The main purpose of this chapter is to introduce the main concepts of probability on
nuclear spaces that we will need on this thesis. This chapter is divided into two main
sections. In the first, we review some concepts of locally convex spaces, linear operators
and of nuclear spaces that will be used throughout this thesis. In the second section we
start by reviewing basic properties of cylindrical and stochastic processes in the dual
of a nuclear space. Then, we show some new results on the existence of continuous
and cadlag versions for cylindrical and stochastic process taking values in the dual of a
nuclear space. Finally, we apply these results to the study of martingales taking values
in the dual of a nuclear space.

§1.1 Review of Locally Convex Spaces

In this section we give a brief presentation of those concepts on locally convex spaces
which are used on this thesis. For a more detailed treatment the reader is referred to
Schaefer [93], Treves [99], Jarchow [48] or Narici and Beckenstein [77].

1.1.1 SEMI-NORMS

Let E be a vector space over a field K, which will always be R or C. A non-negative
real-valued function p on E having the properties:

p(x+y) <p(x)+p(y), plaz)=|alp(z), Vz,y€E, ack,

is called a semi-norm on E and a norm if it additionally satisfies: x # 0, implies
p(x) > 0.

Let p be a semi-norm on E. The set By(r) = {z € E: p(x) <r} for r > 0, is called
the closed ball of radius r of p. In the case r = 1 we call it the closed unit ball of

p. The closed ball By(r) is a convex, balanced and absorbing subset of E (see Notation
and Useful Facts).

A semi-norm (respectively a norm) p is called Hilbertian if p(z)? = Q(z,z), for all
x € E, where () is a symmetric, non-negative bilinear form (respectively inner product)
on £ x FE.
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Let p be a semi-norm on F and let N(p) = {z € E : p(z) = 0} be its null space.
Let E, be the Banach space that corresponds to the completion of the normed space
(E/N(p),p) (where p(z + N(p)) = p(x) for each x € E). The quotient map E —
E/N(p) has an unique linear extension i, : E — E, called the inclusion or canonical
map. If p is Hilbertian then E, is a Hilbert space with inner product induced by p
in the obvious way. If the Banach space E, is separable, then we will say that the
semi-norm p is separable.

Let ¢ be another semi-norm on E for which p < Cgq, for some C' > 0. In this case,
N(q) € N(p). Moreover, the canonical map from F/N(q) into E/N(p) is linear and
continuous, and therefore it has a unique continuous extension i, 4 : £, — E,, which is
called again canonical. Furthermore, we have the following relation between canonical
maps: iy = ipgq O iq-

1.1.2 LocALLy CONVEX SPACES

A vector space E equipped with a topology T such that the addition and scalar
multiplication are continuous is called a topological vector space and the topology
T is called a vector topology for E.

For a topological vector space (E,T), the topology 7T is completely determined by
a local base of neighborhoods of zero. This is because the continuity of the addition
operation implies that a neighborhood base of any element of E can be obtained by
translation of a neighborhood base of zero in E (see Chapter 3 of Treves [99]).

If K is a convex, balanced and absorbing subset of E, the Minkowski functional
pr of K, given by

pr(z) =inf{\ > 0; 2 € A\K}, Vze€E, (1.1)

is a semi-norm on E. Moreover, pg is continuous if and only if K is a neighborhood
of zero in E. Furthermore, if K is closed then K = B, (1) (see Chapter 5 of of Narici
and Beckenstein [77]).

A subset B of a topological vector space (E,T) is said to be bounded if for any
neighborhood of zero U C E, there exist some « > 0 such that B C aU . Finite unions,
multiples by scalars and closures of bounded subsets are all bounded (see Chapter 1 of
Schaefer [93]). Moreover, every finite subset is bounded and also any compact subset is
bounded (see Proposition 14.1 of Treves [99] p.137). If a semi-norm p on E is bounded
on every bounded subset of F, we say that p is locally bounded.

A topological vector space (E,T) is called a locally convex space if there exists a
family {po}aca of semi-norms on E such that the collection of all the sets of the form:

ﬂ By, (rj) ={z € E:pa;(x) <rj,j=1,...,n},
7j=1,..,n

where n € N, r; > 0, aj € A (j = 1,...,n), is a local base of convex, closed,
balanced, neighborhoods of zero in E. In that case, we say that the family of semi-
norms {p,taca generates the topology 7. Furthermore, if this family of semi-norms
satisfies the separation condition, i.e for any xg # 0, there exists a € A such that
pa(T0) # 0, then the topology T is Hausdorff.

Now we introduce some important classes of locally convex spaces.



1.1. Review of Locally Convex Spaces 3

A barreled space E is a locally convex space for which every lower semicontinuous
semi-norm on FE is continuous. The locally convex spaces that are also Baire spaces
are barrelled spaces (see Result 7.1, Chapter 2 of Schaefer [93], p.60).

A locally convex space is called pseudo-metrizable if its topology is generated by a
countable family of semi-norms. A pre-Fréchet space is a Hausdorff locally convex
space E that is pseudo-metrizable. Hence, every pre-Fréchet space is metrizable (see
Theorem 1, Section 2.8 of Jarchow [48], p.40). A complete pre-Fréchet space is called a
Fréchet space. Any Banach space is a Fréchet space. Moreover, from Baire’s category
theorem (see Theorem 4.4.10 of Narici and Beckenstein [77], p.82-3) any complete
pseudo-metrizable space is a Baire space, therefore any Fréchet space is barrelled.

A bornological space is a locally convex space E for which every locally bounded
semi-norm on F is continuous. Pre-Fréchet spaces are examples of bornological spaces
(see Result Result 8.1, Chapter 2 of Schaefer [93], p.61).

There are examples of bornological spaces that are not barrelled and of barrelled spaces
that are not bornological (see Schaefer [93], p.63 for references), however every quasi-
complete bornological space is barrelled (see the Corollary of Result 8.4, Chapter 2 of
Schaefer [93], p.63 for a proof). Recall that a locally convex space is quasi-complete
if every bounded and closed subset is complete. Clearly, any complete locally convex
space is quasi-complete.

1.1.3 PROJECTIVE AND INDUCTIVE TOPOLOGIES

We start by defining projective limits. Let E be a vector space and let {(Eq,7a)}aca
be a family of locally convex spaces. For each o € A, let Ty, be a family of semi-norms
generating the topology 7T, on E, and let f, be a linear map from F into FE,. The
family {(Eq, Ta, fo) : @ € A} is called a projective system on E. The projective
topology 7, on E with respect to the projective system {(E,,7q, fa) : @ € A} is
the coarsest (weakest) locally convex topology on E with respect to which each of the
mappings f, is continuous. A family of semi-norms generating the projective topology
is {pa © fa : Pa € o, € A}. The space (E,T,) is called the projective limit of the
family {Eq,}aca determined by the mappings f, and we denoted it by proj,c4Faq -

Now we define inductive limits. Let E be a vector space and let {(Ey,7Ta)}aca be a
family of locally convex spaces. Suppose for each o € A that f, is a linear map from
E4 into E and that the linear span of (J 4 fa(Ea) is £. The family {(Eq, Ta, fa) :
a € A} is called an inductive system on E. The inductive topology 7; on E with
respect to the inductive system {(Ey, Ta, fo) : @ € A} is the finest (strongest) locally
convex topology on E with respect to which each of the mappings f, is continuous. A
local base of neighborhoods of zero for 7; is the family 4l of all the convex, balanced,
absorbing subsets of E such that for each o € A, U € 4, f,}(U) is a neighborhood
of zero in (E4,7,). The space (E,7;) is called the inductive limit of the family
{Ea}aca determined by the mappings f, and we denoted it by indpeaEq .

A locally convex space that is (isomorphic to) the inductive limit of a family of Banach
spaces is called ultrabornological. An ultrabornological space is both bornological
and barrelled (see Chapter 13 of Jarchow [48]). Conversely, any sequentially complete,
Hausdorff, bornological space is ultrabornological (see Theorem 13.2.12 of Narici and
Beckenstein [77]). As we shall see in Chapters 1, 3 and 4, ultrabornological spaces play
a fundamental role in this thesis and the main reason for that is because a very general
version of the closed graph theorem holds in these spaces (see Theorem .
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1.1.4 LINEAR OPERATORS BETWEEN TOPOLOGICAL VECTOR SPACES

Let E and F be two topological vector spaces. We denote by L(FE, F) the collection
of all the continuous linear maps 7" on E into F' with Dom(7) = E.

Let X, Y be topological spaces and let T' : Dom(T) € X — Y. If the graph
{(z,Tx) : x € Dom(T)} of T is a closed (respectively sequentially closed) subspace
of X x Y, then we say that T is a closed map (respectively a sequentially closed
map). Clearly, any closed map is sequentially closed. The converse is also true when
both X and Y are first countable. A closed linear map between two topological vector
spaces will be called a closed linear operator.

A very useful criteria for a map to be closed (or sequentially closed) is given in the
following result. For a proof see Theorem 14.1.1 of Narici and Beckenstein [77], p.460.

Theorem 1.1.1. Let X and Y be topological spaces and T : Dom(T) C X - Y. T
is a closed (respectively sequentially closed) map if an only if for any net (respectively
for any sequence) {xn}, € Dom(T),

limz, =2 and limTxo =y  imply that x € Dom(T') and Tz = y. (1.2)

Let E, F be topological vector spaces. If F' is Hausdorff, any continuous map 7T :
E — F is closed. The converse is not true in general even if T' is linear. However, the
following two results give conditions on E and F' for this to be true. For a proof of
the first see Theorem 14.3.4 of Narici and Beckenstein [77], p.465-6 and for the second
see Theorem 2, Section 5.4 of Jarchow [48], p.94.

Theorem 1.1.2 (Closed graph theorem). Let E be a Baire topological vector space
and let F be a complete, metrizable topological vector space. Then, every closed linear
operator T : E — F is continuous.

Theorem 1.1.3 (Closed graph theorem). Let E be the inductive limit of a family of
metrizable, Baire, topological vector spaces spaces (e.g if E is a ultrabornological space)
and let F be a complete, metrizable, topological vector space. Then, every sequentially
closed linear operator T : E — F is continuous.

1.1.5 DuAL TOPOLOGIES, OPERATORS AND REFLEXIVILITY

Let (E,T) be a topological vector space. The (topological) dual space of E is the
set E' of all T -continuous linear maps from E into K (i.e. R or C). For any z € E
and any f € E’, we shall denote by f[z] the value of f at the point x.

For A C E, we define its polar as A’ = {f € E' : supyc |f[z]| <1} C E’. The set
AY is a convex, balanced subset of £’ and if A is bounded, A° is also absorbing (see
Proposition 19.1. of Treves [09] p.196). Also, if A C B then B? C A%; furthermore
(cA)? = (1/c)A° for ¢ > 0. Moreover, for any A,BC E, (AUB)? = AN BY.

Now we introduce vector topologies on E’. Let 8 be a family of all the bounded
subsets of E. For each B € B let g : B/ — R, given by

ns(f) :==ppo(f) =sup |f[Y]l, VfekFE.
VeB

where pgo is the Minkowski functional of the polar BY of B. For each B € B, np
is a semi-norm on FE’ and the family {np : B € B} satisfies the separation condition



1.1. Review of Locally Convex Spaces 5

(see Section [1.1.2]). Therefore, the family {np : B € B} generates a unique Hausdorff
locally convex topology S on E’ that we will call the strong topology. We denote

by Eg the space (E’,3) and we call it the strong dual of F.

If instead B is the family of all the finite subsets of E, then the Hausdorff locally
convex topology o generated by the family of semi-norms {np : B € B} is called the
weak topology. We denote the space (E’,o) by E!. In general, o C j3.

Of great importance in this thesis is the concept of reflexive spaces. Let (E,7) be a
Hausdorff locally convex space. The space E can be identified with a proper subspace
of its bidual E” = (E})" by means of the canonical embedding from E into E”,
i.e. the map F 3 z — T € E” given by Z(f) = flz] for each f € E’. We say that
E is semi-reflexive when the canonical embedding is surjective, i.e. if B = E”. If
furthermore the canonical embedding is a topological isomorphism (for the topological
vector space structures) of (E,T) into the strong bidual (E})j, then E is said to be
reflexive. In particular, every Hilbert space is reflexive.

Now, let E and F' be topological vector spaces and let 7' : Dom(7T') C E — F be a
linear operator. If Dom(7) is dense in E (we say that T' is densely defined), we
define the dual or adjoint operator of T as the map 7" : I/ — E’ defined by

Dom(T')={g € F' : 3f € E' s.t. g[Tz] = flz], Vo € Dom(T)}

and
T'g = f, Vg € Dom(T"),

i.e. the dual operator satisfies
T'glx] = g[Tz], Vax & Dom(T), g € Dom(T"). (1.3)

Is clear from the definition that 7" is a linear operator. If T € L(E, F) and both FE
and I are locally convex, then T" € L(Fj, E) (see Proposition 19.5 of Tréves [99],
p.199).

Let E be a locally convex space and let p be a continuous semi-norm on E. Let E, be
as defined in Section The canonical inclusion i, : £ — E, is continuous. Also,
the set K = Bp(l)0 is a closed, bounded, convex, balanced subset of E’ equipped with
any topology between o and (. Moreover, one can prove (see Chapter 47 of Treves
[99]) that the dual space Ej, of E}, corresponds to the linear subspace |J, ey nK of E
generated by K and equipped with the norm defined by the Minkowski functional pg,
i.e. the dual norm p' on Ej, is given by

P'(f) =pp,ap(f) =suwp{|flz]l -z € E, p(x) <1}, V[eE L, (1.4)

!/

p corresponds to the canonical

The space E;) is a Banach space and the dual operator
inclusion from F, into Eg

Of frequent use will be the following inequality that follows from (1.4)

2]l <p'(fp(x), Vae By, fek, (1.5)

1.1.6 NUCLEAR SPACES

We now introduce the most important class of locally convex spaces for this thesis.
For a review of relevant facts about Hilbert-Schmidt operators the reader if referred to

Appendix



Chapter 1. Probabilities on the Dual of a Nuclear Spaces 6

Definition 1.1.4. A (Hausdorff) locally convex space (®,7) is nuclear if there exist
a family of Hilbertian semi-norms {p,}aca generating 7 such that for each a € A,
there exists some 8 € A, such that p, < pg and ip, p, : Pp, — Pp, is Hilbert-Schmidt.

An equivalent and very useful characterization of nuclear spaces is the following:

Proposition 1.1.5. A locally convexr space ® is nuclear if and only if its topology
is generated by a family of Hilbertian semi-norms and for each continuous Hilbertian
semi-norm p on ®, there exists another continuous Hilbertian semi-norm q on @,
such that p < g and the canonical inclusion iy : ®q — ®, s Hilbert-Schmidt.

Remark 1.1.6. An important consequence of the nuclearity of the space ® is that for
every continuous Hilbertian semi-norm p on ®, the Banach space ®,, is separable (see
Proposition 4.4.9 of Pietsch [86]], p. 82) . If moreover p is Hilbertian, then both ®,
and @fn are separable and therefore it is always possible to find a complete orthonormal
system {¢§}jeN of ®, that is contained in .

The class of barrelled nuclear spaces and its strong dual will play an special role in this
thesis. The next result contains some of their more important properties. For proofs
see the results on nuclear spaces and reflexive spaces in Chapters III and IV of Schaefer
[93], and Chapter 50 of Treves [99].

Theorem 1.1.7. Let ® be a barrelled nuclear space. Then,

(1) Let K = {B,(1)° : p is a continuous Hilbertian semi-norm on ®}. FEach member
of the family K is a closed, bounded, convez, balanced subset of (I),,B' Moreover, K
is a fundamental system of balanced subsets of ®',, i.e. every bounded subset
of (I),B 1s contained in a suitable member of K.

(2) If ® is additionally quasi-complete (e.qg. if it is complete), then ® and (I):B are both
reflexive and every closed, bounded subset of them is also compact.

Remark 1.1.8. If ® is a Banach space that is also nuclear then it is necessarily of
(algebraic) finite dimension. See Corollary 2, Chapter 2 of Tréves [99)].

Let ® be a nuclear space. We now introduce the concept of countably Hilbertian
topologies on ®. It will play a key role in our study of 11)’5 -valued random variables in

Section 1.2

Let {pn}nen be an increasing sequence of continuous Hilbertian semi-norms on ®.
Then, for every n € N, ®, is a separable Hilbert space (see Remark and the
canonical inclusion i,, : ® — @, is linear and continuous. Moreover, for m > n the
canonical inclusion iy, 5. @ ®p,, — ®p, is linear and continuous. Let 6 denotes the
completion of the locally convex topology on ® generated by the semi-norms {py, }nen.
We call 8 the countably Hilbertian topology on ® determined by the semi-
norms {p,}neny and we denote by ®y the space (P,0).

In general, ®y is a separable, complete, pseudo-metrizable space and hence Baire.
Moreover, the dual @}, of ®y satisfies

D)) = U P (1.6)
neN

It is very important the fact that the topology 6 is weaker than the nuclear topology
on ®. This is satisfied because every neighborhood of zero with respect to the topology
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f is a neighboorhood of zero with respect to the nuclear topology on ®. Therefore,
the canonical inclusion iy : ® — Py is linear and continuous and for each n € N, the
map i, is linear and continuous from ®y into ®,, . By duality, the above implies that
the dual map iy : (9, Bp) — P/ is linear and continuous and that for each n € N, the
map i;, from @, into (®p,5p) is linear and continuous, where fy denotes the strong
topology on ®j.

1.1.6.1 Examples of Nuclear Spaces

Example 1.1.9. Let K be R or C. Then, KN equipped with the product topology is
a separable, complete, bornological, barrelled nuclear space. See Kalton [57].

Example 1.1.10. Let X be a non-empty open subset of R?. Let C*°(X) be the space
of all functions f : X — C such that f is infinitely differentiable. Let {Kj}, y be
an increasing sequence of compact subsets of X with non-empty interior such that
X = Ujen K (see Lemma 10.1 of Treves [99], p.87). For every n € N, define a
semi-norm p, on C*°(X) by

pn(f) = sup sup |D%f(z)|, VfeClC®X),

la|<n zeKn

where = = (z1,...,24) € R, a = (a1,...,0aq) is a d-tuple of non-negative integers,
la| = a1+ +aq and D f(z) = 01 f(z)/0x{" ... 925, The space C>(X) equipped
with the topology generated by the family of semi-norms {p,(-) : n € N} is a Fréchet
nuclear space (see Example 28.9 of Meise and Vogt [65] p.349).

Example 1.1.11. Let U be a non-empty open subset of R¢. A real-valued function
f € C%(U) is said to be harmonic on U if for each ball B(x,¢) = {y € R?: ||z — y|| <
e} CU, f satisfies the mean value property

1
f(z) = rdVd/B(m) f(y)dy

Here V,; is the volume of the d-dimensional unit ball.
The set H(U) of all harmonic functions on U is a linear space under the usual opera-

tions of pointwise sum and multiplication by scalar of functions. Consider the family
of semi-norms ||-||; on H(U) given by

[ fll g = sup [f(2)], V[feHU),
zeK

where K is a compact subset of R? contained in U. Equipped with the topology
generated by this family of semi-norms, H(U) is a Fréchet nuclear space (see Theorem
6.3.3 of Pietsch [86], p.103-4).

Example 1.1.12. Let S(R?) be the space of all f € C>(R?) such that for any d-tuple
of non-negative integers a = (a1, ..., aq) and n € NU{0}, limj;)_00 ||2]|" |D* f(2)] =
0. The space S(R?) equipped with the topology generated by the family M-
m,n € N} of semi-norms 7

[l = sup sup (14 |z[)" [D*f(z)] < oo, Vm,né€N,
' z€R? |a|<m
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is a Fréchet nuclear space (see Example IV, Section 9, Chapter 10 and the Corollary
of Theorem 51.5 of Treves [99], p.92,530) and is called the (Schwartz) space of rapidly
decreasing functions. Note that the topology in S(R?) is strictly finer than the subspace
topology induced by C>®(R%). The dual space S'(R%) is called the space of tempered
distributions.

§1.2 Cylindrical and Stochastic Processes in the Dual of a Nuclear Space

Assumption 1.2.1. Throughout this section and unless otherwise specified ® will
denote a nuclear space over R.

Assumption 1.2.2. (Q, % P) will denote a complete probability space equipped with
a filtration {Fi},~q that satisfies the usual conditions, i.e. it is right continuous and
Fo contains all sets of F of P-measure zero. All our random variables are defined
on (Q,.%,P), unless otherwise stated. The space L° (2, #,P) of real-valued random
variables defined on (Q,.Z,P) will be always assumed to be equipped with the topology
of convergence in probability.

In this section we review some concepts of cylindrical and stochastic processes in @
that we will use throughout this thesis. We start by studying Borel and cylindrical
measures.

A Borel measure p on (I),IB is called a Radon measure if for every I' € B(‘I)/’B) and
e > 0, there exist a compact set K. C I' such that pu(I'\K.) < e. Equivalently, a
Borel measure is a Radon measure if and only if (i) p is inner regular, i.e. if for
every I' € B(®}) and e > 0, there exist a closed set Ac C I' such that u(I"\Ae) <,
and if (ii) p is tight, i.e. if for every e > 0, there exist a compact subset K, C <I>’B
such that u(@’B\KE) < €. In general not every Borel measure is Radon, however, when
® is a Fréchet nuclear space or a countable inductive limit of Fréchet nuclear spaces,
then every Borel measure on <I>’5 is a Radon measure (see Corollary 1.3 of Dalecky and
Fomin [21], p.11).

We denote by E)ﬁ%(@’ﬁ) and by sm}%(@’ﬁ) the spaces of all bounded Radon measures
and of all Radon probability measures on @%.

We will need the following terminology in Section A subset M C iml;%(@}}) is
called uniformly tight if

(1) sup{u(®p) : p € M} < oo,
(2) For all € > 0 there exist a compact K C & such that p(K°) < e for all u € M.

A subset M C Sﬁ%(q)’ﬁ) is called shift tight if for every pu € M there exists f, € ®j
such that {u*dy, : p € M} is uniformly tight (see section Notations and Useful Facts
for the definition of convolution of measures).

Now we proceed to introduce the concept of cylindrical measures on ®'. We start
defining cylindrical sets. For any n € N and any ¢1,...,¢, € ®, we define a linear
map mg, 4, ' — R™ by

Tonrin(f) = (f161], o, flda)), Vf e (1.7)

The map 7y, 4, is clearly linear, moreover it is weakly continuous (and hence strongly
continuous). Let M be a subset of ®. A subset of ® of the form

Z(¢1, b A) ={f € : (flon],-.., flon)) € A} =7t (A) (1.8)
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where n € N, ¢1,...,¢, € M and A € B(R") is called a cylindrical set based on M.
The set of all the cylindrical sets based on M is denoted by Z(®', M). It is an algebra
but if M is a finite set then it is a o-algebra. The o-algebra generated by Z(®', M)
is denoted by C(®’, M) and it is called the cylindrical o-algebra with respect to
(O, M). If M =&, we write Z(®') = Z(®',®) and C(P') =C(P', D).

If we consider @' equipped with the strong topology 3, one can easily see from
that Z(®}) C B(®j). Therefore, C(®}) C B(®}). In general this inclusion is strict
but if ¢ is separable (for example if it is a Fréchet nuclear space) then C(®};) = B(®})
(see Lemma 4.1 in Mitoma, Okada and Okazaki [76]).

A function p: Z(®') — [0, 00] is called a cylindrical measure on @', if for each finite
subset M C ®' the restriction of p to C(®’, M) is a measure. A cylindrical measure p
is called finite if u(®’') < co and a cylindrical probability measure if p(®') = 1.
Other equivalent definitions of cylindrical sets and cylindrical measures can be found
for example in Exposé No.1 of Badrikian [7].

The restriction of any finite Borel measure on (I),IB to the cylindrical o-algebra C(®')
defines a finite cylindrical measure on ®’. In general it is not true that any cylindrical
measure on ® can be extended to be a Borel measure on ®,. However, if such an
extension exists it must be unique (e.g. see Section 7.12 of Bogachev [§]). Sufficient
conditions for a cylindrical probability measure on ® to define a Radon probability
measure on <I>23 are given by the Minlos theorem (Theorem in terms of the
continuity of its characteristic function that we define as follows.

Let p be a finite cylindrical measure on ®'. The complex-valued function i : ® — C
defined by

i) = [ uan = [ engld). voea,

where for each ¢ € ®, g := Mow(;l, is called the characteristic function or Fourier
transform of p. If ;i and v are two finite Radon measures on @) and i = 7, then
one has y = v. Moreover, i * U = [i-U where recall that u v denotes the convolution
of u and v.

Recall that F': ® — C is said to be positive definite if >, _, F(¢; — ¢r)a;ay > 0,
vn €N, ¢1,...,¢6, € ® and a1,...,a, € C. From the Bochner theorem, it follows
that a complex-valued function F': ® — C is the characteristic function of a cylindrical
probability measure if and only if F' is positive definite, continuous on finite dimensional
subspaces of ® and F'(0) = 1. The following fundamental result was shown by R. A.
Minlos in 1958-9 (see [66]) for the case of countably Hilbertian nuclear spaces. For a
proof of the general case see Theorem 1.3, Chapter III of Dalecky and Fomin [21].

Theorem 1.2.3 (Minlos theorem). Let ® be a nuclear space. For a function F :
® — C to be the characteristic function of a Radon probability measure on ‘1),,8 it s
sufficient, and necessary if ® is barrelled, that it be positive definite, continuous at zero
and satisfies F'(0) = 1.

Remark 1.2.4. An analogue of the Minlos theorem holds on any locally convex space E
for a complez-valued function F' defined on E that is positive definite, satisfying F'(0) =
1, and that is continuous with respect to the so called Sazonov or Hilbert-Schmidt
topology (see Section VI.4.2 of Vakhania, Tarieladze, Chobanyan [109] or Section 6.10
of Bourbaki [16]). The Hilbert space case was shown by Sazonov in 1958 (see [92]).
In 1959, Kolmogorov (see [58]) extended the Sazonov topology to countably Hilbertian
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spaces and pointed out the connection between the works of Minlos and Sazonov. For
that reason the Sazonov topology in the more general case of multi-Hilbertian spaces
is often referred as the Kolmogorov topology. The extension to the case of Badrikian
spaces (that is a class of locally convex spaces that generalizes both the Hilbert spaces
and the dual of a barrelled nuclear space) was carried out by Badrikian in 1967 (see
[6]). Using a different approach, Wu proved a generalization of the results of Minlos
and Sazonov for the characteristic functional of a Radon probability measure in the
weak dual of a multi-Hilbertian space (see [113]) and for the characteristic functional
of a o-concentrated Radon probability measure in the weak dual of a locally convex
space (see [116]]).

Next we review some basic concepts of random variables and measures on (I)/ﬁ' Let
X be a ®j-valued random variable (i.e. X : Q — @ is .7 /B(®);)-measurable). The
distribution yx of X is defined by ux(I') =P (X €I'), VI' € B(®}), and is a Borel
probability measure on @.

Two ®)-valued random variables X and Y are said to be equivalent if P(w € Q :
X(w) = Y(w)) = 1. In such a case each of these random variables is said to be a
version or modification of the other.

A net {X;}ier of (I)/B -valued random variables converges almost surely to some <I>’5—

valued random variable X (we write X; 23 X) if for each bounded subset B C ®,
lim;e s supye g [ Xi(w)[¢] — X(w)[¢]| = 0 for P-ae. we Q.

On the other hand, a net {X;}ier of Q)/IB -valued random variables converges in proba-

bility to some (I)/B -valued random variable X (we write X; 5 x ) if for each € > 0 and
each bounded subset B C @, limije; P (w € Q : supyep | X;(w)[¢] — X (w)[¢]| > €) = 0.

As the Hausdorff locally convex topology on <I>23 is an uniform structure (in the topo-
logical sense), then if a sequence {X,}nen of @b—valued random variables converges
almost surely to some @23 -valued random variable X, then it also converges in proba-
bility (Proposition 1, Chapter V, Part 2 of Schwartz [95], p.248) to X . This result is
false in the case of convergence of nets.

Now we proceed to introduce the most important class of <I>’5 -valued random variables
utilized in this thesis.

Definition 1.2.5. A <I>’5 -valued random variable X is called regular if there exists
an increasing sequence {p,}nen of continuous Hilbertian semi-norms on ® such that
P(X € Uy ®),) = 1.

Our definition of regular random variable has the following implication: If X and
{pn}tnen are as in Definition and if 0 is the countably Hilbertian topology on

® determined by the semi-norms {pn}tnen (see Section[1.1.6]), then (L.6) implies that
P(X € D) =1.

Remark 1.2.6. In [/5], Ito defined a o -concentrated @' -valued random variable to be
a F /C(®")-measurable map X : Q — @ for which there exists a countably Hilbertian
topology on @ such that P(X € &) = 1. If ® satisfies that C(®') = B(P}) (e.g. if ©
is a Fréchet nuclear space), then the definitions of o -concentrated and regular random
variables coincide. We chose to utilize the terminology of regular random variable to
emphasize its connection with the reqularization theorem of Ito and Nawata in [1])] (see

Theorem (1.2.14] below).
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An important consequence of the definition of a regular random variable is the following.

Proposition 1.2.7. Let X be a CI)IB -valued regular random variable and let {py }nen
be a sequence of continuous Hilbertian semi-norms as in Definition[1.2.5. Let 6 be the
countably Hilbertian topology on ® determined by the semi-norms {pp}tnen. Then, X
has a (®y, Bg) -valued version.

Proof. Let Qy = {w € Q: X(w) € ®,}. By our hypothesis P(Qg) = 1. Let X be
given by X(w) = X (w) if w € Qy and X(w) = 0 if w € Q. Now we show that X is a
@}, -valued random variable.

First, as ®gy is separable (see Section , then C(®)) = B((®y,59)) (see Lemma
4.1 in Mitoma, Okada and Okazaki [76]). Therefore, it is sufficient (and necessary)
to show that X is F/C(®))-measurable. Let Z be a cylindrical subset of ®). Then,
ipZ € C(®,) and hence iyZ € B(®}), where recall that iy is the canonical inclu-
sion from ® into ®y. Moreover, as X is a @%—valued random variable and from the
definition of X it follows that X ~(Z) = X (i, Z) N Qg € F. Therefore, as the cylin-
drical subsets of @) generates the cylindrical o-algebra C(®}), then X is F/C(®})-
measurable. Consequently, X is a ®j-valued random variable that is a version of
X. O

Definition 1.2.8. If X isa (I)lﬁ -valued random variable, for ¢ € ® we denote by X|¢]
the real-valued random variable defined by X[¢](w) := X (w)[¢], for all w € Q.

Proposition 1.2.9. Let X be a CI),IB -valued regular random variable and let {py}nen
be a sequence of continuous Hilbertian semi-norms as in Definition[1.2.5. Let 6 be the
countably Hilbertian topology on ® determined by the semi-norms {pn}nen. Then, the
map X : ® — LY (Q,.7,P) given by ¢+ X[¢] is linear and 6 -continuous.

Proof. The map X : ® — L°(Q,.%#,P) is clearly linear. To prove its continuity,
let X be a @ -valued random variable that is a version of X . Such a version exists
by Proposition Then, X = z"gff P-a.e., where recall that iy is the canonical
inclusion from ® into ®y and it is linear and continuous. Now, as the space @y is a
separable pseudo-metrizable space (see Section , then by standard arguments it
can be show that the map X : ®y — L (Q,.%,P) given by ¢ — X|[¢] is linear and
continuous.

On the other hand, the relation X = i’HX P-a.e. implies that the maps X and X satisfy
X[¢] = Xip ¢], for all ¢ € ®. Therefore, the continuity of X : &y — L°(Q,.%#,P) and
of ig : ® — ®y implies that the map X : ® — L (Q,.%#,P) is #-continuous. O

The following result establish a characterization of regular random variables.

Theorem 1.2.10. Let ® be a nuclear space. For a @% -valued random variable to be
reqular it is necessary, and sufficient if ® is barrelled, that its distribution be a Radon
probability measure.

Proof. If X isregular, then Propositionshows that themap X : @ — L (Q, %, P)
given by ¢ — X|[¢] is linear and #-continuous. But as the topology 6 is weaker than
the nuclear topology on ® then the map X is also continuous on ®. This in turn im-
plies that the characteristic function of X is continuous. Then, Minlos theorem shows
that the distribution px of X is a Radon probability measure.

Conversely, assume that @ is barrelled and that px is a Radon measure. Let {e,}nen
be a decreasing sequence of positive real numbers converging to zero. For every n € N,
because px is tight there exists a compact subset K, of <I>’5 such that px(K,) > 1—e,.
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On the other hand, as @ is barrelled it follows from Theorem 1) that there exists a
continuous Hilbertian semi-norm p,, on ® such that K, C B, (1)°. Then, as B, (1)°

is the unit ball of the Hilbert space @;n, it follows that

B(X € ®),) = ux(®),) > px(By, (11°) > px(K) > 1~ en.

Then, as ¢, — 0 it follows from the above inequality that P (X € Unen @;n) = 1.
Finally, by defining o2 = Z?le% for each n € N, then {g,}nen IS an increasing
sequence of continuous Hilbertian semi-norms on @ such that |J,cy @), = Upen @, -
Therefore, P (X € [, ey ®,,) =1 and hence X is a regular random variable. O

Remark 1.2.11. Let ® be a Fréchet nuclear space or a countable inductive limit of
Fréchet nuclear spaces. Then every @’ﬂ -valued random variable Y is reqular. This is
due to the fact that the distribution of Y is a Radon measure, and as ® is barrelled it

follows from Theorem [1.2.10) that Y is regular.

Some other useful properties of regular random variables are given below. We have not
been able find then in the literature.

Proposition 1.2.12. Let X, Y be q)% -valued random regular variables. Then, X =Y
P-a.e. if and only if for all ¢ € @, X|[p| = Y[p] P-a.e.

Proof. The necessity is clear. Assume X and Y are regular and let {p,}nen be
a sequence of Hilbertian semi-norms on @ such that Definition [1.2.5| is satisfied for
both X and Y. If 6 is the countably Hilbertian topology on ® determined by the
semi-norms {p, }nen, then P(y) =1, where Qp = {w € Q: X (w) € ¢),Y (w) € ¥ }.
Because ®y is separable, there exists a countable subset {¢; : j € N} of & that is
dense in ®y. For every j € N, it follows from our hypothesis that P(€2;) = 1, where
Q; ={w e Q: X(w)[g;] = Y(w)[g;]}. Let I' = QgN[);cn 2. Then, we have P(I') = 1.
Fix w € I and let ¢ € ®. Then, there exists a sequence {¢;, tren € {¢; : 7 € N}
that converges to ¢ in ®g. Therefore, as X (w),Y (w) € @, and because X (w)[¢;,| =
Y (w)[¢;,] for all k € N, it follows that

X(w)[¢] = lim X(w)[g;] = lim Y(w)[g;] =Y (w)[g].
—00 k—o0

As the above is true for any ¢ € @, it follows that X(w) = Y (w) for every w € T'.

Therefore, X =Y P-a.e. U

Proposition 1.2.13. Let X', ..., X* be <I>’5 -valued regular random variables. Then,
X1 ..., X* are independent if and only if for every n € N and ¢1,...,¢, € ®, the
R"™ -valued random variables (X'[¢1],..., X [bn]), ..., (XF[p1],..., XF[pn]) are inde-
pendent.

Proof. The necessity follows from the independence of the <I>’5 -valued random variables
X1 ..., X* and the fact that C(®}5) C B(®}). For the sufficiency, we will show the
case k = 2 to simplify the exposition, the general case can be proved using similar
arguments.

First, as X' and X? are regular, it follows from Proposition that there exists
a countably Hilbertian topology 6 on ®, weaker than the nuclear topology, and two
@} -valued random variables X1 and X2 such that X! = i’e)zl and X? = i’eXQ P-a.e.
Now, because the map i, is continuous and hence measurable (recall the dual of a
continuous linear operator is continuous and iy : ® — Py is continuous because 0 is
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weaker than the nuclear topolog~y), to show that X' and X? are independent it is
sufficient to show that X! and X? are independent as P -valued random variables.

To do this, note that as C(®,) = B(®j), then it is enough to show that
P (5(1 €71, X% e ZQ) —P (5(1 € Zl) P (5(2 € ZQ) , NZi,Zs € Z(B)),  (1.9)

where Z(®)) denotes the collection of all cylindrical subsets of ®j. In effect, let
m,n € N, ¢1,...,0m, ¢1,-..,0n € ® and By € B(R™), By € B(R"). Then, Z; =
Z(P1,. .. dm; B1) N @)y and Zy = Z(p1,...,¢n; B2) N @, are cylindrical subsets of
). Now, if Ay = By x R” and Ay = R™ x By, then one can easily check that
Zn = Z(d)la-"7¢m7901>-'-790n;141)mq)/g and Zy = Z(¢17"-ad)ma(Pl;“-aSOn?A2)mq)le'
Therefore, from our hypothesis of independence of the R” " -valued random variables
(X1, -+ s X7 [P, X7 [p1], -, XI[@n]), j = 1,2, and the fact that X7 = i) X7 P-a.e.
j =1,2, then we have

P(XeZ3j=12) = P((X[81].., X[om], Xlp1)...., X [ipn)) € 4555 = 1,2)
= H P ((Xj[¢1]v e an[¢m]vXj[‘/71]7 . "Xj[(pn]) € Aj)
= [I»(¥ez)

Now because Z(®p) = Z(®};) NP;, the above shows that (1.9) is satisfied and therefore
X1 and X2 are independent, then so are X' and X2, as described above. O

A cylindrical random variable in @' (or a linear random functional on ®) is a
linear map X : ® — L°(,.#,P). Note that the linearity of X means that for each
AL, A2 ER, 1,09 € P,

X()\l(ﬁl + )\2¢2) = )\1X<¢1) =+ )\2X(¢2)7 IP’—a.e., (1.10)

where it is important to stress that the exceptional P-null set for which (1.10) holds
might depend on A1, A2, ¢1, 2.

Two cylindrical random variables X and Y in ®' are said to be equivalent if for any
n € N, and any ¢1,...,¢, € ®, the R"-valued random variables (X(¢1),...,X(¢n))
and (Y(¢1),...,Y(¢,)) define the same distribution on R"™.

There is a one to one relationship between (equivalence classes of) cylindrical random
variables and cylindrical probability measures on ®'. Indeed, let X be a cylindrical
random variable in ®. A cylindrical probability measure py on @’ can be defined by
the following prescription: if Z = Z (¢1,...,¢n; A) is a cylindrical set, for ¢1,...,¢, €
® and A € B(R"), let

px(Z) =P (X[p1],..., X[pn]) € A) =Po X to 7r¢_)11,_“7¢n(A). (1.11)
Conversely, if p is a cylindrical probability measure on @', there exists a (unique up
to equivalence) cylindrical random variable X, in ® satisfying (1.11)) (see Chapter V,
Par II of Schwartz [95], p.256-8). We say that X, is associated with p.

If X:® — LY(Q,.#,P) is a cylindrical random variable in @', the characteristic
function of X is defined to be the characteristic function jix : ® — C of its associated
cylindrical probability measure px . From (1.11)), we have fix(¢) = E (eiX (¢)) ,Voped.
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Let X be a cylindrical random variable. We say that X is n-integrable if it has finite
n-th moments, i.e. if E(|X(¢4)|") < oo, V¢ € . When n = 1, we just say that X is
integrable and if n = 2 we say that it is square integrable. If X is integrable and
E (X (¢)) =0, V¢ € @, then we say that X has zero mean.

If X is a cylindrical random variable in @', a ®;-valued random variable Y is said to
be a @j;-valued version of X if for all ¢ € @, X(¢)(w) =Y (w)[¢] for P-ae. w e Q.
Furthermore, if X is regular we say that it is a regular version of Y.

It is clear that any <I>,’8 -valued random variable X defines a cylindrical random variable
X in @ by means of the prescription X (¢) = X[4], for all ¢ € ® (see Definition [1.2.8).

Conversely, if X is a cylindrical random variable in ®’ it is not true in general that
the sample functional w — X(w) = {X(¢)(w) : ¢ € @} defines a @;-valued random
variable. However, the next result shows a sufficient condition for this.

Theorem 1.2.14 (Regularization theorem). Let X : ® — L% (9, .#,P) be a cylindrical
random variable in ® such that map X : ® — L°(Q,.#,P) is continuous. Then, X
has a unique (up to equivalence) <I>//3 -valued regular version.

The regularization theorem was firstly proved by It6 and Nawata [44] (see also Theorem
2.3.2 of It6 [43]). An alternative proof can be found in Ramaswamy [89]. In Section
[1.2.1) we will show a more general version of the regularization theorem.

Now we proceed to study CI)% -valued cylindrical and stochastic processes. Let J = R,
or J =[0,T] for some T'> 0. Let X = {X;}ie; be an ®j-valued stochastic processes,
ie. X; isa q)g—valued random variable for each t € J. We say that X is regular if
X; is regular, Vt € J.

Let X = {Xi},c; and YV = {Y;},.; be ®}- valued stochastic processes. YV is said to be
a version or a modification of X if for each t € J, X; and Y; are equivalent random
variables. If furthermore P ({w € Q: X;(w) = Yi(w), Vt € J}) =1, we say that X and
Y are indistinguishable.

A @%—valued stochastic process X is continuous (respectively cadlag) if for P-a.e.
w € Q, the sample path ¢ — X;(w) € ®}; of X is continuous (respectively right-
continuous with left limits).

The <I>/’8— valued stochastic processes X7/ = {th}teJ, j =1,...,k, are said to be
independent if for all (ny,...,n;) € N* and (i1, tjn,) € R, for j =1,...k,
the o-algebras o <thj e ,Xt]],n ), j=1,...,k, are independent.

J

Some important properties of <I>’ﬁ— valued processes are given below.

Proposition 1.2.15. Let X = {X4},c; and Y = {Vi},o; be ®}- valued regular
stochastic processes such that for each ¢ € ®, X[p] = {Xi[9]},c; 45 a version of
Y] = {Yi[#]},cs- Then X is a version of Y. Furthermore, if X and Y are right-
continuous then they are indistinguishable processes.

Proof. Fix t € J. Then, as for each ¢ € ¢, X;[¢] = Yi[¢] P-a.e., then Proposition
shows that X; = Y; P-a.e. Therefore, X is a version of Y. Now, assume that
both X and Y are right-continuous. Let (2x and y denote respectively the sets of all
w € § such that the maps ¢t — X;(w) and ¢ — Y;(w) are right-continuous. Let 'y y =
{we Q: Xi(w) =Y (w),Vt € Q4 }, where Q4 =QnNJ. Then, P(Qx NQy NT'xy) =1
and by the right-continuity of X and Y and the denseness of Q4 in J, it follows by
a standard argument (see e.g Protter [88], p.4) that X;(w) = Yi(w) for all ¢ € J, for
each w € Qx Ny NI'xy. Thus, X and Y are indistinguishable. O
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Proposition 1.2.16. Let X! = {th}teJ’ L, XE = {Xf}tej
ular processes. Then, X', ..., X* are independent if and only if for all n € N and
O1, ..., Pn € O, the R™-valued processes {(Xg[gbﬂ, .. ,Xg[(bn]) teJy,j=1,...,k,
are independent.

be @7 - valued reg-

Proof.  The necessity follows from the independence of the CIJQ; -valued regular processes

X1 ..., X% and the fact that C(®j) C B(®j). As in Proposition [1.2.13{ we will only
show the case k = 2 as the general case can be proved using similar arguments.

Let m,n € N and t1,...,tm,51,...,8, € Ry. As X' and X? are regular processes,
then the random variables thw e ,thm, X 521, e, X S2n are all regular. Therefore, from
Proposition there exists a countably Hilbertian topology 6 on ®, weaker than the
nuclear topology, and ®}-valued random variables thl, e ,thm and X 521, e ,an such
that thj = z'gthj and X2 = iyX2 P-ae. for j=1,...,m and | =1,...,n. Then,
as in the proof of Proposition m to prove that the random vectors (thl, el thm)
and (X2 ,...,X2) are independent it is enough to show that the random vectors
(thv ..., X} ) and ()N(;, ..., X2 ) are independent. Because, C(®}) = B(®}), a suffi-
cient condition for this is that
P(f(}l ezl, . Xl ez} X2 ez  X!c ZZ)

Sn

—Pp (thl ez, X! e Z}n) P (X; 2. . X%e¢ ZEL) . (112)
for any cylindrical subsets le, e 2 Zf, ey Z2 of ®,. The proof that holds
can be carried out following similar arguments to those used in the proof of Proposition
and from our hypothesis of the independence of the processes {(X}[¢1], ..., X} [or])
t € J} and {(X?[p1],..., XP[¢r]) :t € J} forall r € N and ¢y, ..., ¢, € . Therefore,
X' and X? are independent processes. O

We say that X = {X;}4es is a cylindrical process in @' if X; is a cylindrical random
variable, for each t € J.

A (1323 -valued processes Y = {Y; }+c is said to be a <I>’ﬂ -valued version of the cylindrical
process X = {X;}es on @ if for each t € J, Y} is a <I>/’B—valued version of X;.

Clearly, any <I>23 -valued stochastic processes X = {X;}1cs defines a cylindrical process
under the prescription: X[¢] = {X¢[¢]}+cs, for each ¢ € &. We will say that it is the
cylindrical process determined by X.

A cylindrical processes X = {X;}ics is said to be n-th integrable is X; is n-th
integrable for each ¢ € J. Similarly, X is said to have zero-mean if each X; have
zero mean. The same definitions apply to <I>’B -valued stochastic processes .

1.2.1 EXISTENCE OF CONTINUOUS AND CADLAG VERSIONS.

Notation 1.2.17. Throughout this thesis C7(R) and Dp(R) will denote respectively
the space of continuous and cadlag real-valued processes defined in [0, 7], both spaces
are considered equipped with the topology of uniform convergence in probability on

0, 7

LFor the case of the space Dr (R), we have deliberately chose that our random variables have paths
in the space of real-valued cadlag functions on [0, 7] equipped with the topology of uniform convergence
rather than the Skorohod topology. The reason for doing this is that the first of these topologies is
stronger than the other (see e.g. Parthasarathy [78]) and also because this way we can have that in all
the results in this section the proofs for the cadlag case are very similar to the continuous case.
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In this section we establish several results that show sufficient conditions for the exis-
tence of a continuous or cadlag regular version for cylindrical processes on ® and for
(I)/B -valued regular stochastic processes. These results will have several applications in
this thesis. For example, in Chapter 2 we use them to show the existence of cadlag ver-
sions for <I>,’3 -valued Lévy processes and they are also of great importance in the proof
of the Lévy-Itd6 decomposition. In Chapter 3 we use them as a key tool to construct
the stochastic integral and in Chapter 4 we utilize them to construct a deterministic
integral for random integrands that will be necessary to give a proper meaning to the
solutions of stochastic evolution equations. We hope that further applications may
emerge in the future.

It is very important to stress that all the results in this section are either completely
new or are generalizations of previous results. However, because the proofs of some of
our results are highly technical, for the convenience of the reader we are going to state
these result without proofs. Full proofs can be found in Appendix A.

The most important result of this section is the following extension of Theorem [1.2.14
which will be called the regularization theorem. All the results in this section will follow
from this theorem.

Theorem 1.2.18 (Regularization Theorem). Let (®,7) be a nuclear space and let
X = {Xt}te[o,T} be a cylindrical process in ® such that for each ¢ € ®, the real-valued
process X (¢) := {X¢(¢) }reo,r) has a continuous (respectively cadlag) version. Suppose
that the linear mapping from ® into Cp(R) (respectively Dp(R) ) given by ¢ — X (@)
1s continuous. Then, there exists a countably Hilbertian topology 6 on ® determined
by an increasing sequence {ontnen of continuous Hilbertian semi-norms on ®, and a
(®y, Bo) -valued continuous (respectively cadlag) process Y = {Yi}iepor), such that for
every ¢ € ©, Y] is a version of X(¢p). In particular, Y is a <I>23 -valued continuous
(respectively cadlag) version of X that is unique up to indistinguishable versions.

The above regularization theorem was firstly proved by Mitoma in [72] under the as-
sumption that ® is a nuclear Fréchet space and that X is a @'B—valued process such
that for each ¢ € ®, X[¢] has a cadlag version. With the same assumption on X
but using different methodologies than those used by Mitoma, Fouque [30] extended
the regularization theorem to the case where ® is an inductive limit of a countable
family of Fréchet nuclear spaces and Fernique [29] extended it to the case where ¢ is
the strong dual of a Fréchet nuclear space or the strong dual of the inductive limit of
a countable family of Féchet nuclear spaces. In all the above cases the continuity of
the map ¢ — X|[¢] is a consequence of the assumption that X is a @b -valued process
(Proposition below is a generalization of this fact). Finally, using arguments
similar to those used by Mitoma, Martias [63] carried out the extension of the regu-
larization theorem to the case of ® being a separable nuclear space and of X of the
form X : [0,7] x Q — @', such that for each ¢ € &, X[¢] is a real-valued process with
a cadlag version and assuming that the map ¢ — X[¢] is continuous. Note that the
assumptions on ® and X in Theorem [1.2.18| are weaker than the assumptions in all
the previously cited works and therefore Theorem constitutes a generalization of
all the other results encountered in the literature.

One can easily see that Theorem [1.2.18| implies Theorem [1.2.14] Indeed, our proof of
Theorem [1.2.18]is a generalization of the proof of It6 and Nawata (see [44]) for Theorem
r2.14

As a corollary of the proof of Theorem [1.2.18[ (see Appendix A) we obtain the following
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important result that establishes conditions for the existence of a continuous or a cadlag
version taking values in one of the Hilbert spaces <I>:1.

Corollary 1.2.19. Let (®,7) be a nuclear space and let X = {X;}yep01] be a cylindri-
cal process in ®' such that for each ¢ € ®, the real-valued process X (¢) = {X¢(9) }repo,m
has a continuous (respectively cadlag) version. Suppose that there exists a continuous
Hilbertian semi-norm p on ® such that the linear mapping from ® into Cp(R) (respec-
tively Dr(R)) given by ¢ — X(¢p) is p-continuous. Then, there exists a continuous
Hilbertian semi-norm o on ®, p < o, such that i, , is Hilbert-Schmidt and a <I>’Q -valued
continuous (respectively cadlag) process Y = {Yi}ieo.1), such that for every ¢ € @,
Y[¢] is a version of X(¢). Moreover, Y is unique up to indistinguishable versions in
<I>23.
Now, let X = {Xi}icjor) be a ®-valued process such that for each ¢ € @ the real-
valued process X[¢] = {Xi[¢]}ej0,r) has a continuous version. If we do not assume
any additional property on the space ®, in general one may not expect that the map
¢ — X|[¢] from ® into Cr(R) is continuous. However, the next very useful result
shows that this is always satisfied if the process X is regular. This result is very
important because from Theorem any stochastic process with Radon measures
taking values in the strong dual of a barrelled nuclear space is regular, and most of the
nuclear spaces encountered in applications are barrelled (see e.g. Section |1.1.6.1)).

Theorem 1.2.20. Let (®,7) be a nuclear space and let X = {Xi}cpo) be a -
valued reqular stochastic process such that for each ¢ € ®, the real-valued process
X[p] = {Xt[@]}iejo,r) has a continuous (respectively cadlag) version. Then, the linear
mapping X from ® into Cp(R) (respectively Dr(R) ) given by ¢ — X|[¢] is continuous.

Proof.  Without loss of generality we assume that each X[¢] = {Xi[¢]}iejo,r) has a
continuous version. The proof is identical in the case of cadlag versions.

Let D be a countable dense subset of [0,7]. For every t € D, let {pin}nen be a
sequence of continuous Hilbertian semi-norms such that Definition |1.2.5|is satisfied for
X;. For t € D, let 6; be the countably Hilbertian topology on ® determined by the
semi-norms {p¢ , fnen-

Let ¥ be the countably Hilbertian topology on ® determined by the semi-norms {p ,, :
n € Nyt € D}. Then ®y is a complete, separable, pseudo-metrizable Baire space.
Moreover, by its definition is clear that the topology ¢ is finer than the topology 6
for every t € D.

Now we show that ¢ — X|[¢] as a map from Py into Cp(R) is sequentially closed.
Let {¢n}nen be a sequence converging to ¢ in ®y and assume that there exists some

Y € Cr(R) such that sup,cp |X¢[pn] — Y| 50 as n — co. We have to prove that
X[ =Y.

First, for every t € D it follows from Proposition that the map X; : &y, —
LY (Q,.%,P) is continuous and because the topology 6; is weaker than 9, then X; is
also continuous as a map from ®y into L° (Q,.%,P). Then, as {¢, }nen converges to ¢
in ®y the continuity of X; implies that the sequence of random variables {X;[¢n]}nen
converges in probability to X;[¢].

On the other hand, the condition sup,cp |X¢[¢n] — Y| %0 as n — oo implies that for
every t € D, the sequence of random variables {X;[¢,]}nen converges in probability
to Y;. Therefore, by uniqueness of limits in LY (Q,.%,P) it follows that X;[¢] = Y;
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P-a.e. for every t € D. But as the real-valued processes X[¢] = {X¢[¢]}ico,r] and
Y = {Yi}iejo,) are continuous, then they are indistinguishable and hence X[¢] =Y in
LY (Q,.7,P). Hence, it follows from Theorem that ¢ — X[¢] as a map from Py
into Cr(R) is sequentially closed.

Now, as ®y is first countable, it follows that ¢ — X[¢] as a map from ®y into Cr(R)
is indeed a closed operator and hence from the closed graph theorem (Theorem
it is also continuous. Then, as the canonical inclusion map iy : ® — Py is linear and
continuous, it follows that ¢ — X|[¢] as a map from ® into Cp(R) is continuous. [

One can prove the following result in a similar way as in the proof of Theorem
by using the version of the closed graph theorem for ultrabornological spaces (Theorem
1.1.3)).

Proposition 1.2.21. Let ¥ be an ultrabornological space and let X = {Xt}te[o,T} , be
a cylindrical process in W' such that for each 1 € W, the real-valued process X (1) :=
{Xt(¥) }ico,r) has a continuous (respectively cadlag) version. Suppose that for every
t € [0,T) the linear mapping X; : ¥ — L°(Q, %, P) is continuous. Then, the linear
mapping from ¥ into Cp(R) (respectively Dp(R) ) given by ¢ — X () is continuous.

Now we proceed to apply the previous results to provide conditions for the existence
of continuous and cadlag versions for stochastic processes taking values in the dual of
a nuclear space.

Theorem 1.2.22. Let (®,7) be a nuclear space and let X = {Xi}i>0 be a @j5-valued
regular process such that for each ¢ € ®, the real-valued process X[p] = {X¢[p]}>0
has a continuous (respectively cadlag) version. Then, there exists a countably Hilber-
tian topology O0x on ® determined by an increasing sequence {on}nen of continuous
Hilbertian semi-norms on ®, and a (¥, , Bay ) -valued continuous (respectively cadlag)
process Y = {Y;}1>0, such that for every ¢ € ®, Y[¢| is a version of X[¢]. In par-
ticular, Y is a ®y-valued continuous (respectively cadlag) version of X that is unique
up to indistinguishable versions.

Proof. Without loss of generality we assume that each X[¢] = {Xi[¢]}i>0 has a
continuous version. The cadlag version case follows from the same arguments.

Let {Tk}ren be an increasing sequence of positive numbers such that limy_,o, T = 00.
From Theorems [1.2.18] and [1.2.20] for each n € N there exists a countably Hilbertian
topology 6i on ® determined by an increasing sequence {gx.n }nen of continuous Hilber-

tian semi-norms on @, and a @ -valued continuous process y ) = {Yt(k)}te[o,Tk} , such
that for every ¢ € @, {Y;(k) [¢]}te[O,Tk] is a version of {X; [‘b]}te[O,Tk}-
Without loss of generality we can assume that for every k € N, qi < qit1,n, for all

n € N. This implies that for every k € N, the topology 0;+1 is weaker than 6 and

therefore that the canonical inclusion ig, 9, ., : ®g, , — Py, is linear and continuous.

Moreover, note that for each k& € N, because for every ¢ € @, Yt(k) 0] = Xylp] =
Yt(kﬂ)[qb] P-a.e. for ¢t € [0,T%], Proposition [1.2.15 shows that {i’gk’gkﬂiﬁ(k)}te[oﬂ] and

{Y;(Hl)}te[o,Tk] are indistinguishable processes in (@gkﬂ, Boyir) -

Now, let 6x be the completion of the locally convex topology on ® generated by
the family of semi-norms {qx, : k,n € N}. For every n € N, let ¢ = Z?Zl q]2-7j.
Then {on}nen is an increasing sequence of continuous Hilbertian semi-norms on ®.
Moreover, from the properties: qi, < qr+1,n and gy, < grn+1 that are valid for all
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n,k € N, and from the definition of the semi-norms o, , it can be proved that the
families of semi-norms {gy, : k,n € N} and {o,}nen generate the same topology
on ®. This implies that fx is the countably Hilbertian topology generated by the
semi-norms {0y, }nen-

Note that as for each &k € N the topology 0x is by definition finer than 6, then
the space Py, is continuously embedded in ®g, , and hence by duality we have that
(Q)’ek,ﬁgk) is continuously embedded in ( ’GX,B(;X). Then, if we take Y = {YVi}i>0

defined by the prescription Y; = Y;(k) if t € [0, Tk], it follows from the corresponding
properties of the processes Y *) that Y is a (q)gx , Boy )-valued continuous process such
that for every ¢ € ®, Y[¢] is a version of X[¢].

Now, as the topology 0x is weaker than the nuclear topology on ®, then the canonical
inclusion 79, : ® — Py, is linear and continuous. Then, the dual operator i’9X :
(CI)’QX, Boy) — Cbg is linear and continuous and therefore it follows that Y is a <I>’5—
valued continuous version of X . Proposition shows that Y defined this way is
unique up to indistinguishable processes on <I>23. O

Remark 1.2.23. If ® is a Fréchet nuclear space or a countable inductive limit of
Fréchet nuclear spaces then every (I)/B -valued process is reqular (see Remark .
Therefore, if X is a <I>,’8 -valued process such that for each ¢ € ®, the real-valued process
X|[¢] has a continuous (respectively cadlag) version, then it follows from Theorem
that X has a <I>’ﬁ -valued continuous (respectively cadlag) version. As discussed above
this is exactly the result obtained by Mitoma in [72], Fouque [30] and Fernique [29].

Now we consider conditions for the existence of continuous and cadlag versions with
finite moments on some Hilbert space @; contained on the dual space (ID’ﬁ. For the
proof we will need the following terminology. For n € N, we denote by C7(R) (re-
spectively DZ:(R)) the linear space of all the continuous (respectively cadlag) pro-
cesses satisfying Esup,cio 7| Z:|" < oo. It is a Banach space equipped with the norm

1/n
12117 = (Esuprepor 1Z")

Theorem 1.2.24. Let (®,7) be a nuclear space and let X = {Xi}iejo) be a P-
valued regular process such that for each ¢ € ®, the real-valued process X[¢] =
{Xt[#]}ico,r) has a continuous (respectively cadlag) version. Assume that there ex-

ists n € N such that E (SUPte[o,T] ]Xt[gb]|"> < oo, Vp e P. Let p: & — Ry, given

by
1/n
p(¢) = (E ( sup IXt[¢]I">> , Voeu.
t€[0,T)

Then, p is a continuous semi-norm on ®. Moreover, there exists a continuous Hilber-
tian semi-norm q on ®, p < q (such that ipq is Hilbert—Schm:z'dt ian = 2), and
there exists a @} -valued continuous (respectively cadlag) version Y = {Y;}iejor) of X

satisfying E (suptE[O,T] q’(f/t)") < 00.
Proof. We prove the continuous case as the cadlag case follows from similar arguments.
We start by checking that p defines a semi-norm on &.

First, note that the map from ® into C%.(R) given by ¢ +— X|¢| is linear. Then,
because [|-[[, 7 its a norm on C7(R) and p(¢) = [[X[¢]l[, r for all ¢ € @, it follows
that p is also a norm.
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To prove that p is continuous, one can use the closed graph theorem and similar
arguments to those used in the proof of Theoremto show that the map ¢ — X|[¢]
from @ into C7(R) is continuous. But because p(¢) = ||X[¢]|],, 1, for all ¢ € @, then
the continuity of the maps ¢ — X|[¢] and Z — [|Z]],, ;- implies that p is continuous.

Now, from the Markov and Jensen inequalities, for any € > 0 we have

te[0,T] t€[0,T

1/n
IP(wesz: sup |Xt<w>[¢n>e> sl(E( sup \WH”)) = (), Voca

Therefore, the map X : ® — Cr(R) given by ¢ = X[¢] := {Xi[¢]} o) is p-
continuous. Now, as the topology on & is generated by a family of Hilbertian semi-
norms and because the semi-norm p is continuous, there exists a continuous Hilbertian
semi-norm o on ¢ such that p < p. This implies that the map X : & — Cp(R)
is p-continuous. Then, it follows from Corollary that there exists a continuous
Hilbertian semi-norm r on ®, ¢ < r such that 4., is Hilbert-Schmidt and such that
X has a ®;.-valued continuous version Y = {Y}};c(0.17-

The next step is to prove that we can find another Hilbert space in which Y takes
values, and furthermore has finite n-moments on it uniformly on [0, 7.

Let ¢ be a continuous Hilbertian semi-norm on ® such that r < ¢ and i, 4 is Hilbert-
Schmidt. Then, the dual operator i, : ®; — @ is Hilbert-Schmidt and hence from
Theorem [B.0.1§| there exists a constant C' > 0, and a Radon probability measure v on
the unit ball B}(1) of ®, (equipped with the weak topology) such that,

1/n
q’a;,qf)sc-(/B *(1)\f[¢>]!”V(dd>)> vrea, (1.13)

As Y is a @/ -valued continuous process, then ¢ — Y[¢] is a continuous and linear
map from @, into C7(R). Therefore, it follows from (1.13) that,

E (supq/(@';nqyt)n> < CnEsup/B*(l) Yy [0]|™ v(do)

teD teD

IN

e / Y [8]I[2, 1 v(do)
Bx(1)
< CUIVIz@, cnmy) < 0

Hence, Y = {f@}tdoﬂ, defined by Y; = i qYt, for every t € [0,7], is a ®;-valued

continuous version of X satisfying E (SUPte nd (f’,g)") < 0. O

The following specialized version of Theorem [1.2.24] will be of great importance in our
study of Lévy processes in Chapter 2. In particular, it will be a key tool in the proof
of the Lévy-It6 decomposition in Section [2.2.3

Theorem 1.2.25. Let (®,7) be a nuclear space and let X = {Xi}i>0 be a @j5-valued
regular process such that for each ¢ € ®, the real-valued process X[p] = {X¢[¢p]}>0
has a continuous (respectively cadlag) version. Assume that there exists some n € N

and a continuous Hilbertian semi-norm o on ® such that for each T > 0 there exists
some C(T) > 0 such that

E ( sup \Xt[¢]]") < C(T)o(¢)", Vo€ d. (1.14)

te[0,7)
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Then, there exists a continuous Hilbertian semi-norm q on ®, o < q, such that i, 4 is
Hilbert-Schmidt and there exists a <I>; -valued continuous (respectively cadlag) version

Y = {?t}tzo of X satisfying E (Supte[oﬂ q’(ﬁ)”) < oo, forall T > 0.
Proof. As before, we will prove the continuous case as the cadlag case follows similarly.

Fix T > 0 for the moment. Note that is equivalent to p < C(T)/™o, where p is
the semi-norm defined in Theorem [1.2.24] Therefore, the map from ® into C7(R) given
by ¢ — X|[¢] is p-continuous. Hence, it follows from Theorem that there exists
a continuous Hilbertian semi-norm ¢ on ® (only depending on p), such that ¢ < ¢
and i, 4 is Hilbert-Schmidt, and a ®-valued continuous version YT = {YtT}te[o,T] of

(Xehieior satistying E (supycio o (1)) < oo,

Let {T},}nen an increasing sequence of positive numbers such that lim, o 1), = 0.
Foreach n € N, let Y7» = {y;I» }eefo,,] @s defined above. Note that for each n € N, the
@y, -valued continuous processes {v;I }eefo,,] and {}QT”“}EE[O,Tn] are indistinguishable.
Therefore, if we define Y = {Y;};>0 by the prescription Y; = Y;T" if t € [0,7,], then
Y isa @ -valued continuous version of X satisfying E (supte[O,T] q (}N/t)”) < oo, for all
T >0. g

1.2.2 MARTINGALES IN THE STRONG DUAL OF A NUCLEAR SPACE

In this section we study some properties of @%—Valued martingales and local martin-
gales.

Definition 1.2.26. A cylindrical martingale (respectively a cylindrical local
martingale) on ®’ is a cylindrical process M = {M;};>0 such that for each ¢ € ®, the
real-valued process M (¢) = {M(¢)}+>0 is a {F;}-adapted martingale (respectively a
{Fi}-adapted local martingale).

A <I>’ﬁ -valued stochastic process is a martingale (respectively a local martingale) if it
is regular and the associated cylindrical process is a cylindrical martingale (respectively
a cylindrical local martingale).

The following result contains some of the basic properties of CID% -valued martingales.

Theorem 1.2.27. Let ® be a nuclear space and let M = {Mt}tzo be a <I>23 -valued
martingale. Then, M has a (I),ﬁ -valued cadlag version M = {Mt}tzo such that:

(1) For each T > 0 there exist some continuous Hilbertian semi-norm pr on ® such
that {Mi}iepo,r is a @), -valued zero-mean cadlag martingale.
(2) If additionally M is n-th integrable, for n € N, then one can choose pp such that

M also satisfies that E (supte[O’T] p’T(Mt)”> < 00.

(3) If moreover for some n € N, sup,~oE (|[M[¢]|") < oo, for each ¢ € ®, then there
exist some continuous Hilbertian semi-norm q on ® such that M is a <I>f1 -valued
zero-mean cadlag martingale satisfying sup;>qE <q’(]\2ft)”> < 00.

If for each ¢ € ® the real-valued process {Mi|p|}i>0 has a continuous version, then M
has a @ -valued continuous version M = {M;};>0 such that it satisfies (1)—(3) above
replacing the property cadlag by continuous.

Proof. The results follows from an application of Doob’s inequality, Theorems
and and the fact that each real-valued martingale has a cadlag version. O
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Remark 1.2.28. The results in Theorem were originally proven by Mitoma (see
[67]) for the case of martingales in the strong dual of a nuclear Fréchet space. Note
that we have been able to extend these results to any nuclear space.

Let T > 0 and n € N. We denote by Mi.(®}) (respectively by M;’loc(@ﬁ)) the
linear space of all the equivalence classes of (I)IB -valued cadlag (respectively locally)
zero-mean n-th integrable martingales defined on [0,7]. We introduce some vector
topologies on the spaces M () and M%’loc(q)’ﬂ), but before we do this we review
some basic properties of the space of Banach space-valued n-th integrable martingales
and of the space of real-valued locally n-th integrable martingales.

Let (E,||-||z) be a separable Banach space. We denote by M7.(E) the linear space of
(equivalence classes of) E-valued zero-mean n-th integrable cadlag martingales defined
on [0,7]. It is a Banach space equipped with the norm ||| M2 (E) defined by

n

M| vy = (IE sup IMtH%) , VM e M7(E). (1.15)
t€[0,T]

For a proof of the square integrable case see Proposition 3.9 of Da Prato and Zabczyk
[20], p.79. The proof therein extends easily to the n-th integrable case.

We denote by M"™(E) the linear space of (equivalence classes of) E-valued zero-mean
n-th integrable cadlag martingales defined on [0,00). As for each M = {M;}>0 €
M"™(E), we have {M;}icor) € M7E(E), for all T > 0, then there exist a canonical
inclusion jx of the space M"(E) into the space M'L(E), for K € N. Therefore,
we can equip M"(FE) with the projective limit topology determined by the projective
system {(M(E),jk) : K € N} (see Section . Then, equipped with these topol-
ogy, M"(FE) is a Fréchet space and a family of semi-norms generating its topology
is {HjK(-)HM?((E)}KGN. In particular, convergence in M"(E) is then equivalent to
convergence in the space L™ (2, F,P; E) (see Definition uniformly on compact
intervals of [0, c0).

Now, we employ the notation M;’IOC(R) to denote the linear space of (equivalence

classes of) locally zero-mean n-th integrable cadlag martingales on [0,7]. We equip
this space with the vector topology 7y, 1o generated by the local base of neighbourhoods
of zero {O¢5:€> 0,6 > 0}, where O, is given by

Ocs = {M € M;’IOC(R) P (w €Q: sup |My(w)|" > E) < 5} . (1.16)
t€[0,T]

n,loc

Hence, under the topology 7y, oc, a sequence {M®)}cn converges to M in M7(R)
if and only if
(k) P
sup |M;" — My —0, asn— oo. (1.17)
t€[0,T]
Moreover, equipped with the topology Ty.i0c the space M’Tl’lOC(R) is complete and
metrizable (see Section 9.1 of Skorohod [96]).

Remark 1.2.29. The space (M;’ZOC(R),%JOC) is not locally convex in gemeral. In
particular, if P is an atomless measure (see Definition 1.12.7 of Bogachev [§], p.55),
then every convex neighbourhood of zero is identical to M;’IOC(R). This can be proven
following similar arguments to those in Remarque 1 of Badrikian [7], p.2.
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Now we return to our problem of how to introduce some topologies on the space
M (@) To do this, we will need the following result:

Proposition 1.2.30. Let ® be a nuclear space and let n € N. The mapping from
M (D) into L(P, M} (R)) given by

M = (¢ = M[¢] = {Mi[¢]}sejo1)) (1.18)

18 a linear isomorphism.

Proof. First we check that the map is well-defined. Let M € M%(@’B) By
definition M is a cylindrical martingale and hence the map ¢ +— M]@] is linear.
Moreover, it follows from Theorem [1.2.24] and (1.15) (with E = R) that the map
o — ||M[]l] Mz () 1S continuous. This in particular implies that the linear map
¢ — M][¢] is continuous and hence belongs to £(®, M/L(R)).

Is clear that the map defined in ([1.18]) is linear. Moreover, it is also injective because
it is linear and its kernel only contains the zero vector of Mi(®7).

The map is also surjective. This is because if A € L£(®, M/(R)), then A defines a
cylindrical process in ® such that for each ¢ € ®, Ap = {(Ad)¢}sejo.r) € MF(R) and
such that it is continuous as a map from ® into D7 (R). This later fact is a consequence
of the fact that MJ.(R) is continuously embedded in Dy (R) and the continuity of A.
Then, Theorem implies that there exists a <I>/’3—valued regular cadlag process
M = {M;}ejo,r) such that for each t € [0,T], P-a.e. we have M;[¢] = (Ad);, for all
¢ € ®. This therefore implies that M belongs to M%(@’B) Hence, the map given in
(1.18) is a linear isomorphism. 0

Now, to introduce a topology on M%(@//B) we identify this space with the space
L(®, M7 (R)) by means of the isomorphism given in (1.18). Recall that the topology
of bounded (respectively simple) convergence on L£(®, M7 (R)) is the locally convex
topology generated by the following family of semi-norms:

A —supllA n(RY
¢Eg\| Al an w)

where B runs over the bounded (respectively finite) subsets of ®.

Then, if we identify each M in M%(CI)%) with the corresponding element ¢ — M[¢] in
L(®, M(R)), we can introduce on M.(®}) the topologies of simple and bounded
convergence. A family of semi-norms generating the topology of bounded (respec-
tively simple) convergence on M’;}(@’ﬁ) is then given by

M — sup |[M[@]|| pn gy = sup E ( sup !Mt[eb]\") : (1.19)
$EB ¢EB te[0,T]

where B runs over the bounded (respectively finite) subsets of ®. The next result
follows from the corresponding properties of the topologies of bounded and simple
convergence of the space L(®, M7(R)). See Section 6, Chapter 39 of Kothé [62].

Proposition 1.2.31. Let ® be a barrelled nuclear space. Then, the space M%(@’B) 18
quasi-complete equipped with either the topology of bounded convergence or the topology
of simple convergence. If additionally ® is bornological, then M%(CDZB) is complete
equipped with the topology of bounded convergence.



Chapter 2

Lévy Processes in Duals of
Nuclear Spaces

In this chapter we introduce Lévy process taking values in @’5, which is the most
important class of stochastic processes in our study. The chapter is divided into two
sections.

In the first section, we introduce Lévy processes and establish some of their basic
properties. In particular, we show the existence of a cadlag version taking values in
the dual of a countably Hilbertian space which is continuously included in <I>’5. Basic
properties of Wiener and compound Poisson processes are also studied. In the second
section we establish the Lévy-Itd6 decomposition for any <I)’5 -valued Lévy processes. As
a corollary, we prove the Lévy-Khintchine formula for the characteristic function of
®s-valued Lévy processes.

§2.1 Lévy Processes: Basic Properties.

Assumption 2.1.1. Throughout this section and unless otherwise specified ® will be
a nuclear space over R.

Definition 2.1.2. A <I>’ﬁ -valued regular process L = {L;},5 is called a Lévy process
if it satisfies:

(1) Lo=0 as.
(2) L has independent increments, i.e. forany n € N, 0 <t; <o <--- <t, <00
the @’5 -valued random variables Ly, Ly, — L¢,, ..., Ly, — Ly, , are independent.

(3) stationary increments, i.e. for any 0 < s <t, L; — Ly and L;_, are identically
distributed. .
(4) L is stochastically continuous, i.e. for all t >0, X; — X; as s — t.

Remark 2.1.3. If ® is a barrelled nuclear space, it follows from Theorem [1.2.1( that
the assumption of being a reqular process on the definition of Lévy processes can be
equivalently replaced by the assumption that for every t > 0 the distribution ur, of Ly
15 a Radon measure.

Following the definition given in Applebaum and Riedle [4] for cylindrical Lévy pro-
cesses in Banach spaces, we introduce the following definition.

24
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Definition 2.1.4. A cylindrical process L = {L;};>0 in @' is said to be a cylindri-
cal Lévy process if for every n € N and ¢q,...,¢, € ®, the R"-valued process

L(pr, ... 0n) = {(Le(P1)s- -, Le(dn)) }e>0 is a Lévy process.

Lemma 2.1.5. A CIJZ, -valued Lévy process L determines a cylindrical Lévy process.
Proof. Let n € N and ¢1,...,¢, € ®. The fact that L(¢1,...,¢,) is a R™-valued

Lévy process follows from standard arguments from the corresponding properties of L.
In particular, for the independent increments we can use Proposition [1.2.13 U

The following result is a converse of the above lemma.

Lemma 2.1.6. Let L be a @23 -valued reqular cadlag process such that it determines a
cylindrical Lévy process. Then, L is a (I),,B -valued Lévy process.

Proof.  First, note that as for every ¢ € ® we have Lo[¢] = 0 P-a.e., then Proposition
1.2.12| shows that Ly =0 P-a.e.

To prove that L has independent and stationary increments let n € N and ¢1,...,¢, €
®. Because L is a cylindrical Lévy process, then {(L¢[¢p1], ..., Lt[pn]) }+>0 has inde-
pendent and stationary increments. Therefore, Propositions [1.2.12] and [1.2.13] imply
that L has independent and stationary increments.

Finally, to prove the stochastic continuity, observe that as L has (a.s.) right-continuous
paths, then for any s > 0 we have L, LN L; (in <I>'B) as s - t, t < s. Hence, L is
right-stochastically continuous.

To prove the left-stochastic continuity, note that for any 0 < s < ¢, the stationary
increments of L, implies that

9EB ¢EB

P (sup |(Ly — Ls)[9]| > e) =P (Sup |Li—s[o]] > 6) , (2.1)

for any ¢ > 0 and any bounded subset B of ®. Then,ast—s —+0ass—t,0<s<t,
the right-stochastic continuity and (2.1)) implies the left-stochastic continuity of L.
Therefore, L is a Lévy process. Il

Theorem 2.1.7. Let L = {Li}4>0 be a cylindrical Lévy process in ®'. Suppose that
for every t > 0, the linear map L; : ® — L°(Q,.#,P) is continuous. Then, there
exists a countably Hilbertian topology 01 on ® determined by an increasing sequence
{on}nen of continuous Hilbertian semi-norms on ®, and a (®p , By, )-valued cadlag
process L = {ﬁt}tzo; such that for every ¢ € ®, ﬁ[qﬁ] is a version of L(¢). Moreover,
Lisa @) -valued Lévy process.

Proof. First, as for every t > 0 the linear map L; : ® — L% (Q,.#,P) is continuous, it
follows from the jegulirization theorem (Theorem [1.2.14]) that there exists a Ps-valued
regular process L = {L;};>0, such that for every ¢ € ® and ¢ > 0, Li(¢) = L¢[¢] P-a.e.

Therefore, for every ¢y, ..., ¢, € ® the R"-valued process {(Lt[¢1], ..., Lt[dn]) }+>0 is a
version of {(L¢(¢1), ..., Lt(¢n))}+>0, and because this last is a R"-valued Lévy process,
it follows that {(L¢[¢1],..., Li[én]) }>0 is also a R™-valued Lévy process (see Lemma

1.4.8 of Applebaum [3], p.67). Then, L determines a cylindrical Lévy process in ®’.

Now, for each ¢ € ®, the fact that L[¢] is a Lévy process implies that it has a cadlag
version (see Theorem 2.1.8 of Applebaum [3], p.87). Then, because L is a regular
process, it follows from Theorem [1.2.22| that there exists a countably Hilbertian topol-
ogy 01, on ® determined by an increasing sequence {g,}nen of continuous Hilbertian
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semi-norms on ®, and a (@’QL, Bo,, )-valued cadlag process L= {i/t}t207 such that for

every ¢ € @, L[] is a version L[¢]. This in particular implies that for every ¢ € @,
L[] is a version of L(¢). Finally, as L is a ®j-valued cadlag process that is also a

cylindrical Lévy process, it follows from Lemma that L is a Lévy process. OJ

We now apply the previous results to show the existence of cadlag versions for CIJ%—
valued Lévy processes.

Theorem 2.1.8. Let L = {Li}+>0 be a <I>23 -valued Lévy process. Then, there exists a
countably Hilbertian topology 01, on ® determined by an increasing sequence {op }nen
of continuous Hilbertian semi-norms on ®, and a ((IJgL,BgL)-valued cadlag process
L = {L}t>0, such that for every ¢ € ®, L[] is a version of L[¢|. Moreover, L is a
<I>23 -valued Lévy process.

Proof. First, note that as L is a regular process, then by Proposition for every
t > 0 the map L; : ® — L°(Q,.#,P) given by ¢ — X;[¢] is linear and continuous.
Second, as L is a Lévy process it follows from Lemma that L determines a
cylindrical process. Then, Theoremshows the existence of the process L satisfying
the required properties. O

Corollary 2.1.9. If L = {Li}+>0 is a @b -valued cadlag Lévy process, there exists
an increasing sequence {on}nen of continuous Hilbertian semi-norms on ® such that
P (Lt € Upen ®@,,, Vt>0) =1.

Proof. First, it follows from Theorem that there exists a countably Hilbertian
topology 67, on ® determined by an increasing sequence {g, }nen of continuous Hilber-
tian semi-norms on ®, and a ( gL,ﬁgL)-valued cadlag version L of L. As L is also

cadlag, it follows from Proposition [1.2.15( that L and L are indistinguishable process.
Therefore, P(L; € @, ,Vt > 0) = 1. But from the definition of the dual of a countably
Hilbertian space (see (1.6])) we have that P (Lt € Upen 5, V1 > 0) =1. d

For the remain of this thesis we always make the following assumptions:

Assumption 2.1.10. If L = {Li},, is a ‘I>’B -valued Lévy process we assume that:

e L is adapted to {ft}t207
o [, — L is independent of Fs for all 0 < s < t.
e L is a cadlag process.

Some basic properties of @’B—Valued Lévy processes are summarized in the following
result. The proof can carried out following similar arguments to those in the real-
valued case. See for example Applebaum [3].

Theorem 2.1.11. The property of being a @:3 -valued Lévy process is preserved under
modifications, finite sums of independent processes and uniform limits in probability in
compact subsets of [0,00).

2.1.1 WIENER AND COMPOUND P0OISSON PROCESSES

Now we will introduce two special classes of @’B—Valued Lévy processes: the Wiener
and the compound Poisson processes. As it will be seen in Section when we shall
prove the Lévy-It6 decomposition, Wiener and compound Poisson processes play a
fundamental role in the study of the paths of a Lévy process.



2.1. Lévy Processes: Basic Properties. 27

Definition 2.1.12. A (ID%—valued continuous Lévy process W = {Wt}tZO is called a
®;-valued Wiener process.

Some basic properties of (I),B -valued Wiener processes are collected in the following re-
sult. See Theorem 2.7.1 of It6 [43] for a proof. A ®j-valued process G = {Gi},5 is
called Gaussian if for any n € N and any ¢1,...,0, € ®, {(G[p1],...,Gi[dn]) : t > 0}
is a Gaussian process on R".

Theorem 2.1.13. Let W = {Wy},5, be a ®j-valued Wiener process. Then, W is
Gaussian and hence square integrable. Moreover, there exists m € @b and a continu-
ous Hilbertian semi-norm Q on ®, called respectively the mean and the covariance
functional of W, such that

E (Wy[¢]) = tm[g], Vo€, t>0. (2.2)

E (Wi — tm) [6] (Ws — sm) [¢]) = (A 5)Q6,0), Vo €D, 5,20, (23)
where in (2.3) Q(-,-) corresponds to the continuous, symmetric, non-negative bilinear
form on ® x ® associated to Q. Furthermore, the characteristic function of W is given
by

E (ethM) = exp (itm[x] - ;Q(¢)2> , foreacht>0,¢c®. (2.4)

The following result due to It6 (see [41]) provides the existence of a ®;-valued Wiener
processes.

Theorem 2.1.14. Given m € @, and a continuous Hilbertian semi-norm Q on ®,
there exists a (IJ’ﬂ -valued Wiener process W = {Wi},~o such that m and Q are the mean
and covariance functional of W . Moreover, such a process is unique in distribution.

Now we proceed to study the basic properties of compound Poisson processes.

Definition 2.1.15. Suppose that {Z,, : n € N} is a sequence of independent and iden-
tically distributed (I),IB -valued regular random variables with common distribution p and
let m = {m : t >0} be a Poisson process with intensity a > 0 that is independent of
all the Z,s. Then, the ®;-valued stochastic process L = {Lt},5, defined by

0, if m = 0;
L; = .y e (2.5)
>.jL1 Zj,  otherwise;

is called a compound Poisson process with associated measure p.

Definition 2.1.16. If L = {L;},,, is an integrable ®}-valued compound Poisson

process, the stochastic process L given by Ly (0] :== Li[¢] — E (L4][¢]) for each t > 0 and
each ¢ € ®, is called a compensated compound Poisson process.

Some properties of compound and compensated compound Poisson process are sum-
marized in the following result. They can be proved using similar arguments to those in
Chapter 4 of Peszat and Zabczyk [85], who work with Lévy processes in Hilbert spaces.

Theorem 2.1.17. Let L = {Lt}tZO be an <I>’ﬁ -valued compound Poisson process. Then,
with the notation of Definition we have that:



Chapter 2. Lévy Processes in Duals of Nuclear Spaces 28

(1) L is a cadlag Lévy process and its distribution is given by:
]p(L __—at - (at)k *k /
p€D) =e Y ™ (1), Vi>0,VT e B(f). (2.6)
Pt k!

where p* = px - % p (k-times) for k € N and p® = 6y. Moreover, the
characteristic function of each Ly for t > 0 is given by

E [eiLt[gﬂ = exp {t/ (eif[d’] - 1) au(df)} , Voed. (2.7)
s
(2) If L is integrable, we have

E (L)) =t [p fllan(d). V20,6, (2.8)
B

In such case, Lisa zero-mean cadlag martingale and a Lévy process. Moreover,
the characteristic function of Ly for each t > 0 is given by

E <eizt[¢1) — exp {t A

If furthermore L is square integrable, we have that

(eifkf’l 1 z’f[¢]> au(df)} , Voed. (2.9)

’
B

BT ) =t [ Patan). wzo0ce @
B

§2.2 The Lévy-It6 Decomposition.

In this section we will show that if ® is a complete, barrelled, nuclear space, any <1>/’3—
valued Lévy process can be decomposed as the sum of four components (see Theorem
2.2.13)): a deterministic linear term (drift), a Wiener process (the continuous part), a
compound Poisson process (large jumps part) and a compensated compound Poisson
process (small jumps part). Such a decomposition is usually known as the Lévy-Itod
decomposition.

The Lévy-It6 decomposition for Lévy processes taking values in the strong dual of a
nuclear space ¥V was firstly studied by Ustiinel in [105]. In this work, the nuclear space
¥ is assumed to be separable, complete and bornological’| and the strong dual \If’ﬁ is
assumed to be Suslin and nuclear. The Lévy-Itd decomposition was shown for additive
processes, i.e. for \IJZB—Valued processes X, with Xy = 0 P-a.e., independent incre-
ments and such that the characteristic function of X is continuous on Ry x ¥. A key
ingredient in the proof of Ustiinel is the fact that the measure Wx, is infinitely divisi-
ble and hence it satisfies the Lévy-Khintchine formula for infinitely divisible measures
proved by Dettweiler in [23] in the context of a complete locally convex space. Based on
the result of Ustiinel, in [83] V. Pérez Abreu, A. Rocha Arteaga and C. Tudor proved
a special version of the Lévy-Khintchine formula for additive processes taking values

Tndeed Ustiinel did not explicitly assumed that the space ¥ is bornological, but this is implicit in
his proof.
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in a cone ¢’ C \I'%, where W is a special class of Fréchet nuclear spaces previously
considered by Kallianpur and Xiong [54].

For our proof of the Lévy-It6 decomposition, we will employ a different approach than
that used by Ustiinel in [I05], which is based on the characterization of Lévy measures
obtained by A. Tortrat [98] (see Theorem and the use of the Poisson integrals
defined by the Poisson random measure associated to a Lévy process. This can be
thought of as an infinite dimensional version of the approach used by Applebaum in [3]
for the R"-case.

One of the main advantages of our proof of the Lévy-Ito decomposition is that we only
require the space ® to be complete, barrelled and nuclear (no need for ® be separable
nor bornological) and no assumptions are made on the strong dual (no need for <I>’B to
be Suslin nor nuclear). Therefore, we are in a more general situation than in Ustiinel

[105]. Also, as a corollary of our proof we will obtain the Lévy-Khintchine formula (see
Theorem [2.2.14)) for the characteristic function of any (1323 -valued Lévy process.

Assumption 2.2.1. Throughout this section ® will be a complete, barrelled, nuclear
space over R. L = {L;},~, will be a CID/’B -valued Lévy process satisfying Assumptions

2.1.10, Also, Qr, C Q is a set with P(Q) = 1 and such that for each w € Qp the map
t— Ly(w) is cadlag in ®f.

2.2.1 PoIsSON RANDOM MEASURES AND POISSON INTEGRALS.

In this section we review basic properties of the Poisson random measure defined by
a Lévy process. The Poisson integrals associated to it play a key role in our proof of
the Lévy-Ito decomposition. We refer the reader to Section 9, Chapter 1 of Ikeda and
Watanabe [40] for the general properties of random measures that we will use in this
section. We will not provide proofs for the results in this section as they follow from
essentially the same arguments to that in other contexts. The reader is referred to
for example Chapter 2 of Applebaum [3] for proofs in the R™ case or to Peszat and
Zabczyk [85] for the Hilbert space case.

We define by AL; := L; — L;_ the jump of the process L at the time ¢ > 0. Note
that AL = {AL;}+>¢ is an {F;}-adapted <I>’5—Va1ued regular stochastic process.

We say that a set A € B(®};\{0}) is bounded below if 0 ¢ A, where A is the closure
of A. Then, A is bounded below if and only if A€ is contained in the complement of
a neighborhood of zero. We denote by A the collection of all the subsets of @} \ {0}
that are bounded below. Clearly, A is a ring.

For any A € B(®};\ {0}) and 0 <t < oo define

N(t,A)(w) =#{0<s<t: AL(w) € A} = Y 14(ALs(w)), ifweQ, (2.11)
0<s<t
and N(t,A)(w) =0 if we Qf.
As L has cadlag paths for each w € Qp, AL; # 0 for at most a countable number of ¢ >
0 and thus A — N(t, A)(w) is a counting measure on (@% \ {0}, B(®}; \ {0})) . Then,

AL = {AL;};>0 is a stationary Poisson point processes on (@b \ {0}, B(®}; \ {0}))

and N = {N(t,4) : t > 0,4 € B(®}\ {0})} is the Poisson random measure
associated to AL with respect to the ring A, i.e. N satisfies:
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(1) If A€ A, then {N(t,A)}, is a Poisson process with intensity E (N (1, A4)).
(2) If Ay,..., A, bounded below and are disjoint, and if si,...,s,, are distinct and
each s; > 0, then the random variables N(s1, A1), ..., N(Sm, Ann) are independent.

Let v be the Borel measure on @) defined by v({0}) =0 and
v(I)=E(N(L,T)), VI eB(®;)\{0}) (2.12)

For each A € A, V‘A € Z)JT%(CI)Q;) and moreover E (N(¢,T)) = tv(T) for all T €
B <<I>’ﬂ \ {0}) . The measure v is called the intensity measure of N.

Let Z be the ring comprising finite unions of sets of the form I x A, where A € A
and [ is a finite union of intervals. We define the compensated Poisson random

measure as the random measure N on (Cb’ﬁ \ {0},I) given by

N(t,A) = N(t,A) —tv(A), Vt>0,Aec A (2.13)

For each A € A, {N(t,A)};>0 is a real-valued, zero-mean cadlag martingale and so
N = {N(t,A) : t > 0, A € A} is a o-additive independently scattered martingale-
valued measure on <(I>/B \ {O},I) .

Now we review the properties of Poisson integrals with respect to the Poisson random
measure N associated to the Lévy process L. If A € A, then for any ¢t > 0, define
the Poisson integral based on A to be the @//B—Valued random variable denoted by
J4 [N (t,df) and defined by

/A IN@ A @6 = S AL(@)E1a (AL (W), YweQ ped.  (214)

0<s<t

In some occasions, we will employ the shorter notation J4 = {J};>¢ to denote the
process defined in . It is a compound Poisson process, where the independent
and identically distributed random variables satisfying have common distribution
u‘ 4» where v is the intensity measure associated to the Poisson random measure V.
It follows from Theorem that

P(Jel) = i (akt')k (v] )7 (1), Vt>0,VD € B(®Y). (2.15)
k=0

Its characteristic function is given by

E (exp {i/AfN(t,df)[gZ)]}> — exp {t/A (eifm — 1) V(df)}, Ve d.

Moreover, if [, |f[¢]| v(df) < oo, for each ¢ € ®, then
B ([ veanial) =t [ siowan, voco. (216)
A A
Furthermore, if [, |f[#]|° v(df) < oo, for each ¢ € &, then

Var ( /A fN(udf)[eéJ) =t /A [FleIPv(df), Vo€ (2.17)
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Remark 2.2.2. [t is important to stress the fact that the Poisson integral exists even
if A€ B(®;\{0}) is not necessarily bounded below but if instead it only satisfies that

V‘A € Sﬁ%(@’ﬁ)

Now, if [, |f[¢]|v(df) < oo, for each ¢ € @, we define the compensated Poisson
integral fAfN (t,df) on A€ A, for t >0 by

/fN (t, df)(w /fN (t, df)(w) ]—tAf[gb]u(df), VweQ, ¢ed. (2.18)

We will use the shorter notation J4 = {th}tZO for the process defined in (2.18]). It
is a compensated compound Poisson process, where the independent and identically
distributed random variables satisfying (2.5)) have common distribution V} 4> and the

characteristic function of [, fN (t,df) for each t > 0 is given by

E <exp {i/Afﬁ(t, df)[¢]}> = exp {t/A (eif[qﬂ —1- if[¢]> u(df)} , Voed.

(2.19)
Moreover, if [, |f[¢ 11> v(df) < o0, for each ¢ € &, then

“

Some other important properties of Poisson integrals are summarized in the following
result.

/ N (L, df)[g)
A

2
) =t/ F[¢?v(df), Vo€ (2.20)
A

Theorem 2.2.3.

(1) Let A1, Ay € A be disjoint. Then, the processes JA1 and JA2 are independent.
If moreover fAi |Fl0]| v(df) < oo, for all ¢ € ®, i = 1,2, then J* and J*2 are
independent.

(2) Forany Ac A, L —J4 = {Lt — ']tA}tZO
the processes L — J4 and J* are independent.

Proof. (1) For the first part, let ¢1,...,¢, € ®. Then, it follows from that the
R"™-valued processes (J4[¢p1], ..., 4 ¢n]) and (JA2[p1], ..., J42[¢,]) are com-
pound Poisson processes whose jumps occurs at distinct times for each w € 2 due to
the fact that Ay and A, are disjoint. Then, the same arguments of the proof of The-
orem 2.4.6 of Applebaum [3] p.116 show that the processes (JA1[¢1],..., J4 [én])
and (J42[¢q], ..., J42[¢,]) are independent. Then, as the processes JA1, ..., J4k
are regular it follows from Proposition that they are independent. The sec-
ond part follows from the first part.

(2) For any A € A, the same arguments to those used in Theorem 37, Chapter 1 of
Protter [88] p.27, for the case of R™-valued Lévy processes shows that L — J4
is a @%—Valued Lévy process. To prove the independence of L — J4 and J4,
let ¢1,...,0n € D. As ((L—JN[p1],...,(L—JN[$]) and (JAe1],..., T4 [dn])
are R™-valued processes Lévy processes that have their jumps at distinct times for
each w € (), the same arguments of the proof of Lemma 7.9 and Theorem 7.12 of
Medvegyev [64] p.468-71 show that the processes ((L — J*)[¢1],..., (L — J4)[¢n))
and (J4[¢1],..., J4[¢,]) are independent. Then, the independence of L —J4 and
J4 follows from Proposition as both L — JA and J# are regular processes.

0

s a <I>//3 -valued Lévy process. Moreover,
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2.2.2 THE LEVY MEASURE OF A LEVY PROCESS

In this section we will prove that the intensity measure v of the Poisson random
measure N associated to the Lévy process L is a Lévy measure on CIJ/’B. This result
will be fundamental for our proof of the Lévy-Itd6 decomposition.

We start by recalling the concept of Poisson measures. Let G € Sﬁlj{(@ﬁ). The measure
e(G) € 9)?}%(@)23) defined by

P | N
e(G)(I) = e %) Y =G MT), VI € B(®)),
k=0

is called a Poisson measure. We call G the Poisson exponent of e(G). It is clear
that

—

e(G)(6) = exp [~(G(0) - G(9)], Voo
We adopt the following general definition of Lévy measures from Dettweiler [23].

Definition 2.2.4. A Borel measure A on @7 is called a Lévy measure if A({0}) =0
and if there exist some increasing family {G;}icr C Sﬁlj{(@’ﬁ) such that:

(1) M) = sup;e; Gi(I), for each I' € B(®}),

(2) the family {e(G;)}ier is shift tight (see Section [1.2)).

For a proof of the following result, see Lemma 1.4 of Dettweiler [23].

Proposition 2.2.5. Let A be a Lévy measure. Then, for each neighborhood of zero
U C®, A € My(P).

The following very important result, due to A. Tortrat (see Section IIT of [0§]), char-
acterizes the Lévy measures on <I>/ﬁ. It does not hold in general for any locally convex
space, for example there are examples of Banach spaces where it does not hold (see Det-
tweiler [24]). Our assumption that ® is complete, barrelled and nuclear is fundamental
for its validity.

Theorem 2.2.6. A Borel measure \ on @b is a Lévy measure if and only if there
exists a continuous Hilbertian semi-norm p on ® such that

[ ) <o and Ay € @) (2.21)
p/

where By (1) := B,(1)" = {f € Y 1 p'(f) < 1} is a compact, conver, balanced subset
of @’B. In particular every Lévy measure on @’B s o -finite.

We are ready to show the main result of this section.

Theorem 2.2.7. The intensity measure v of a <I>/’6 -valued Lévy process L is a Lévy
measure on (I)IB'

Proof. For each A € A, let vy = u‘ 4+ We know from the properties of v that
VA € SIR%(@%), for all A € A. Now consider on A the order relationship given by the
inclusion of sets. As @3\ {0} = Jyc 4 A, it follows that v = supc 4 va. Our objective
is to show that the family of Poisson measures {e(v4)}aea is shift tight.
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To do this, first note that from Theorem [2.2.3(2), for each A € A, the processes L —J4

and J4 are independent. Therefore, for each ¢ > 0 we have
BL, = Hp,_ga*pga, VAEA (2.22)

Now, as for each t > 0, ur, is a Radon probability measure, and hence tight (Propo-

sition , the relationship given in implies that {u J;\} AcA is shift tight (see
Theorem of Heyer [37], p.41, the arguments there for probability measures on Banach
spaces holds also in our context). Now, it follows from that if we take t =1 we
have p;4 = e(va), for all A € A. Then, our arguments above implies that {e(r4)}aca
is shift tight and therefore v is a Lévy measure. g

Notation 2.2.8. From now, the intensity measure v of the Lévy process L will be
called the Lévy measure of L.

2.2.3 THE LEVY-ITO DECOMPOSITION.

Our main objective of this section is to prove Theorem [2.2.13] which is the Lévy-Ito6
decomposition. A key step of the proof is the properties of the Lévy measure.

Let v be the Lévy measure of L. According to Theorems and there exists
a continuous Hilbertian semi-norm p on ® such that

/B 0 p'(f)*v(df) < oo, and I/‘Bp/(l)c € My(D)), (2.23)

p

where B, (1) := B,(1)° ={f € P} : p'(f) <1} is a compact, convex, balanced subset
of ®/,.
B

Theorem 2.2.9. There exists a @’ﬂ -valued zero-mean, square integrable, cadlag Lévy
process M = {M;}i>0 such that for all t > 0, it has characteristic function given by

E (ethW) — exp {t/ (eifW 11— if[d)]) u(df)} . Voeo, (2.24)
B,(1)
and second moments given by

B (o) =¢ [P, voeo (2.25)

o

Moreover, there exists a continuous Hilbertian semi-norm q on ®, p < q, such that
ipq 15 Hilbert-Schmidt and for which M is a @; -valued zero-mean, square integrable,
cadlag Lévy process with second moment given by

E(¢OR) = [ d(Pvdn, vezo (2.26)

B,(1)

Proof. Let B be a local base of closed neighborhoods of zero for @’6. Let A, denotes
the collection of all sets of the form V' N B, (1), where V¢ € B. Is clear that A, C A
(see Section [2.2.1). Moreover, as @3\ {0} = Uy e V¢ (this follows because @} is
Hausdorff) then we have B, (1) \ {0} = Uy, A-

P
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Fir an arbitrary A € A, . It follows from (2.23)) that

/ B vdf) < p(6)? /p’(f)2V(df)Sp(¢)2 / P (F)Pudf) < 00, Vb,
A A

B,(1)
N (2.27)
Therefore, the compensated Poisson integral J4 is a square integrable compensated
compound Poisson processes with characteristic function given by (2.19) and second

moments given by (2.20)). From Doob’s inequality, (2.20) and (2.27)), for every T" > 0

we have

E ( sup (if‘[cb]f) <are (|7 ) < cmer, voco.

te[0,7)

where C(T) = 4T [4 (1) o (f)?2v(df) < oo. Then, from Theorem [1.2.25] there exists a
P
continuous Hilbertian semi-norm ¢ on ®, p < ¢, such that i, is Hilbert-Schmidt and

for which J4 possesses a @fl—valued cadlag version that is also a zero-mean, square

integrable Lévy process. We denote this version again by JA. Let {d’?}jeN C P bea
complete orthonormal system of ®,. Then, from Fubini’s theorem, Parseval’s identity
and m, for every ¢t > 0 we have

E(q(J")?) = ZEQ% 49) )—tz/\fdﬂ o) =t [ 7. @2s)

Now, consider on A, the order induced by the inclusion of sets. Our next objective is
to show that for every T' > 0 the net {{JtA}te[O’T} ::4 € Ay} converges in M7Z(®)).
To do this, we will show that for a fixed T' > 0, {{JtA}te[QT] :Ae Ay} is a Cauchy
net in MQT(q)ﬁ]), then convergence follows by completeness of this space.

Fix an arbitrary T' > 0. First observe that if A;, Ao € Ay, A1 C A, then from Doob’s
inequality, the definition of compensated Poisson integral and (2.28]) we have

E ( sup_g/(J;" —ZW) = 4E (¢ (T;")?) =41 / d(f)vldf).  (2.29)
A

t€[0,T 2\ A1

Therefore, if we can show that

i [ (PP = [ ) <. (230)
A€A, J A B, (1)

then and show that {jA}AeAp, is a Cauchy net on M%((IDZI)

To prove , first note that the continuity of the map i;%q implies that the set B,y (1)
is bounded in @, and hence ¢’ is bounded on B,(1). Also, note that as v is a Borel
measure on B,y (1), and By (1) is a Suslin set (it is the image under the continuous
map i;, of the unit ball of the separable Hilbert space @;), then v is a Radon measure
on By (1) (see Theorem 7.4.3 of Bogachev [8], p.85, Vol II). Moreover, because we have
that By (1) \{0} = Uxc A A and because v is a Radon probability measure on B, (1)

such that v({0}) =0, we have that v(By(1)) = limaca,, ¥(A) (see Propositions 7.2.2
and 7.2.5 of Bogachev [g], p.74-5, Vol II). Therefore, from all the above we have

lim
AEAp/

/ q’(f)QV(df)—/Q’(f)QV(df)‘ < lim q (f)*v(df)
B, (1) A

AeA, B, (1)\A

< sup ¢(f)* lim p(By(1)\ A) =0,
fEB (1) AeA,
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and hence ([2.30) is valid.

Then, for any 7' > 0, {{th}te[O,TLi A € Ay} is a Cauchy net on M37(®}). This in turn
implies (see Section D that {J4: A€ A,} converges in M?(®,). Therefore, there
exists some M = {M;};>o that is a CI)fl—valued zero-mean, square integrable, cadlag

martingale and such that the net {jA : Ae Ay} converges to M in L? (Q,]—",P; <I>f])
uniformly on compact intervals of [0, 00). This uniform convergence, ([2.28) and ([2.30))
implies that M satisfies . Moreover, viewing M as a (I)/B -valued processes it is
also a 113% -valued, zero-mean, square integrable, cadlag martingale.

To prove (2.24]) and (2.25)), let ¢ € ® arbitrary but fixed. From applied to p and
a basic estimate of the complex exponential function we have

19 -1~ iflg)| < rf[;w - p(<z>)22p’(f)2 - p(§)2 <oo, VfeBy().

Therefore, the functions f — (/¥ — 1 —if[¢]) and f — |f[¢]|* are bounded on
B, (1). Then, using similar arguments to those used to prove (2.30)) we can show that

. 2 o 21/ '
Jim [P = [ 16 v, o1
and
im [ (e —1—if[g])v(df) = T8 1 i fle)v(df). .
] 1 —if[o)v(df) /B /(1)( 1 —if[o])v(df) (2.32)

p

On the other hand, for any A € Ay and T > 0, (1.5) applied to ¢ implies that

2 ~

E( sup (Mt[aﬂ - J£4[¢>]‘ ) < q(¢)2E< sup q'(M; — JtA)2> : (2.33)
te[0,717] t€[0,T]

TherefoNre, the fact that {J4: A € A, } converges to M in M2(<I>f1) and (2.33)), implies

that {J4[¢] : A € Ay} converges to M[¢] in L?(Q, F,P) uniformly on compact

intervals of [0,00). This convergence together with (2.20]) and (2.31]) implies (2.25)).

Furthermore, as for each ¢ > 0, {th (0] : A€ Ap/} converges to My[¢] in L? (Q, F,P),

then the net of characteristics functions {E (exp (ith [gb])) : A€ Ay} converges to the
characteristic function E (exp (iM;[¢])) of M. Then, (2.19) and (2.32]) implies (2.24)).
Fiilally, as M?(®}) is metrizable (see Section , we can choose a subsequence
{J47 : n € N} that converges to M in M?(®7). Then, {JA" :n € N} converges to M

in L? (Q, F,P; @;) uniformly on compact intervals of [0, 00) and because each JAn g
a & -valued Lévy process, this implies that M is also a & -valued Lévy process. This
last fact implies that M is also a @’5 -valued Lévy process. 0

Notation 2.2.10. We will denote the process M = {M;};>o defined in Theorem [2.2.9]
by {pr/(l) FN(t,df) : t > o}.

The following is a consequence of the fact that 1/’ B, (1) € 93?%(@’6) (see Section [2.2.1
P

and see Remark [2.2.2]).
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Proposition 2.2.11. The (I>’5 -valued process {fB (1) fN(t, df):t > ()} defined by
p

/B e FN(tdf)(w)[e] = > ALy()[¢]Lp 1) (ALs(w)), Vw €Q, ¢ € . (2.34)

P 0<s<t

18 a compound Poisson process. Moreover, Yo € ®, t >0,

ex 7 — ex er[d)] - v . .
IE( p{ /Bp/(l)c fN(t,df)[fb]}) p{t/Bp,(l)C( 1) (df)} (2.35)

Now, define the process Y = {Y;}+>0 by

Y, = L - / FN(Edf), Wt > 0. (2.36)

By (1)

From Theorem [2.2.3|2) (that is still valid thanks to (2.23))), it follows that Y is a cadlag

Lévy process independent of { I} B (1) fN(t,df):t > 0¢. Moreover, from the definition
P

of the Poisson integral (2.34)), for any 0 < s < ¢,

Y, —Ys=1L;— Ls — Z AL,1p 1y (ALy) .

s<u<t

Therefore, sup;~q p/(AY;(w)) <1 for each w € Q. This in particular implies that for
each ¢ € @, the real-valued process Y[¢] satisfies, sup,~q |AY;[¢](w)| < p(¢) < oo for
each w € Q, thus Y[¢] has bounded jumps and consequently Y has finite moments
to all orders (see Theorem 2.4.7 of Applebaum [3], p.118-9). Moreover, the stationary
increments of Y implies that for each ¢ € @, the map ¢ — E (Y;[¢]) is additive and
measurable. Therefore, there exists some m € @) such that E (Y;[¢]) = tm[¢], for all
ped, t>0.

Now, consider the process Z = {Z;}+>0 given by
Zy =Y, —tm, Vt>0. (2.37)

From the properties of Y and the definition of m, Z is a zero-mean cadlag Lévy process
with moments to all orders and with jumps satisfying sup;>q p'(AZ;(w)) < 1 for each
w € Q.

Theorem 2.2.12. The ®);-valued stochastic process W = {Wy},q defined by

W, =27 - / PN df), V>0, (2.38)
B, (1)

P

s a <I>//3 -valued Wiener process with mean-zero and covariance functional Q (as defined
in Theorem . Moreover, there exists a continuous Hilbertian semi-norm p on
®, Q <p, such that ig, is Hilbert-Schmidt and W is a mean-zero Wiener process on
Py, .

Proof. Clearly W is cadlag, has zero-mean and square moments. To prove it is a Lévy
process, let A, be as defined in the proof of Theorem and let {A,}neny € Ay
be such that {J4» : n € N} converges to M in M?(®). Then, from an estimate

similar to (2.33)) it follows that {Z — JA . p e N } converges to Z — M in probability
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in CID’B unifoimly in compact intervals of [0,00). By Theorem (2), (2.36)), and
@37), Z - JA is a (I)IB -valued Lévy process for each n € N, and then it follows that
W=7 — M is a ®j-valued Lévy process (Theorem [2.1.11}).

Then, to conclude that W is a Wiener process, we just need to prove that it has a
continuous version as this imply that W is itself continuous (i.e. has an indistinguish-
able continuous version). From Theorem all that we require is to show that for
any ¢ € ®, the real-valued process W{[¢] = {W;[¢]},~, has a continuous version. We
proceed in a similar way as in the proof of Proposition 6.2 of Riedle and van Gaans
[90], who considered the Banach space case.

First, consider ¢ € ® such that p(¢) = 1. As Z[¢p| defines a real-valued cadlag Lévy
process (see Lemma|2.1.5)) it has a corresponding Lévy-1t6 decomposition (see Theorem
2.4.16 of Applebaum [3], p.126) given by

Zt[¢] = b¢t + Ug)(th + /

yNy(t, dy) + / yNy(t, dy)
{ly|<1}

{lyl>1}

where by € R, 0'3) € Ry, Wy is a standard real-valued Wiener process, Ny is the

Poisson random measure of Z[¢] and ]%, its compensated Poisson random measure.
All the random components of the decomposition are independent. For a set C' € B(R)
that is bounded below we have that

Not,O)w) = 3 1o (AZ@)E) = 3 Lz (AZ(w)) = Nz (8, 2(6:C)) (),

0<s<t 0<s<t

where Z(¢;C) := {f € @' : f[¢] € C}, and Nz denotes the Poisson random measure
associated to Z. Note that Z(¢;C) is a cylindrical set and consequently belongs to
B(®}). Moreover, as C' is bounded below in B(R), it follows that Z(¢;C) is bounded
below in B(<I>/’B). To see why this is true, let 7y be given by . Then, by (|1.8)) and

the continuity of 7y it follows that Z(¢; C) = 7, (C) C x,'(C). Hence, if 0 € Z(¢; C)
then 0 € 77(;1(6), and consequently 0 € C'. But this contradicts the fact that C is

bounded below. Therefore, Z(¢;C) is bounded below.

Now, let C = [—=1,1]° and D = {f € @' : | f[¢]| < 1}. We then have that D = Z(¢;C)*
and because ¢ € B,(1), it follows that By (1) € D. Now, because the jumps of Z
satisfy sup;~q p'(AZy(w)) <1 for each w € Q, the support of Nz(t,-) is in B, (1) for

each t > 0, and consequently the support of ]Yfz(t7 -) is also in B,(1) for ¢ > 0. Since
B, (1) € D, it follows that

F Rt dF)6) = / FN(t,df) (6]

B, (1)

/D Nt df)[6] = /B el dpiol /

D\B,(1)

and

fNz(t,df)[¢] = 0.
De
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Moreover, Ny coincides with N in B, (1), so we have that

Z06] = bgt+ o2 (W) + /
{lyl<1}

— bt aiWae+ [ [Nadplol+ [ Nt dplo

YN (t, dy) + / yN,(t, dy)
{ly|>1}

= byt AW + /B IRt dn

= byt + AW+ /B A0

Now, taking expectations we obtain that for every ¢ > 0,

0 =EZ[¢] = byt + o2E ((Wy):) + E (/

fﬁ<t,df>[¢]> = byt
B,(1)

consequently by, = 0. We obtain W[4 —/ B, fN (t, df)[¢] = 03(Ws): and so

W¢] has continuous sample paths. The same representatlon holds for arbitrary ¢ € @,
as can be seen by replacing ¢ with ¢/p(¢) in the argument just given. Therefore, W|[¢]
is continuous for all ¢ € ®. Then, Theorem [1.2.22] implies that W has a continuous
version and therefore W is itself a continuous process. By definition this implies that
W is a Wiener process. The fact that it has mean-zero and covariance functional Q
follows from Theorem [2.1.13] Finally, the existence of a continuous Hilbertian semi-
norm p on ®, Q < p, such that ig, is Hilbert-Schmidt and W is a mean-zero Wiener
process on @; is a consequence of Theorem and . O

We are ready for the main result of this section.

Theorem 2.2.13 (Lévy-1t6 decomposition). Let L = {Lt},5o be a ®j;-valued Lévy
process. Then, for each t > 0 it has the following representation

Lt:tm+Wt+/ ffv’(t,df)+/3 NG (2.39)

o (1) o (1)

where

(1) m e P,

(2) p is a continuous Hilbertian semi-norm on ® such that the Lévy measure v of L
satisfies (2.23) and By (1) :={f € <I>//3 0/ (f) < 1} is a compact, convex, balanced
subset of @',

(3) {fB (1) fN(t,df):t> 0} is a compound Poisson process with characteristic func-
P

tion given by (12.35)),

(4) {Wite>o is a ®j-valued mean zero Wiener process with covariance functional Q,

(5) {fB (1) fN(t df) : t > 0} is a <I>' -valued zero-mean, square integrable, cadlag Lévy

process with characteristic functzon given by (2.24) and second moments given by
©25).

All the random components of the decomposition (2.39) are independent.

Moreover, there exists a continuous Hilbertian semi-norm q on ®, with p < q and
Q < q, such that the inclusions i, and ig, are Hilbert-Schmidt, and such that W is
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a ‘I>21 -valued zero-mean Wiener process and {fB (1) f]v(t, af) : t > ()} s a <I>f1 -valued
P
zero-mean, square integrable, cadlag Lévy process.

Proof. The decomposition (2.39) and the properties of its components follows from
Theorems [2.2.9 and 2.2.12] Proposition 2.2.11], (2.36) and (2.37). Now we prove the
independence of the components in ([2.39)).

For any ¢1,...,¢, € ®, by considering the Lévy-Itd6 decomposition of the R"™-valued
Lévy process {(Li[¢1], ..., Lt[¢n]) };>0, it follows that the R"-valued processes

{(Wilou].. WH@J}DO,{QgNUthCUcm g INEADIGA)) 1t > 0],

and {( Sy IN AN e fN(t,df)[gzbn]) 1> 0} are independent. Then,
Proposition |1.2.16| shows that the processes {W;}i>0, {pr/(l) f]\Nf(t,df) it > 0} and
{ S ) Nt df) st > o} are independent. 0

As an important by-product of the Lévy-Ité6 decomposition and more specifically of
its proof, we obtain a Lévy-Khintchine theorem for the characteristic function of any
®;-valued Lévy process.

Theorem 2.2.14 (Lévy-Khintchine theorem for (I),B -valued Lévy processes).

(1) If L = {Li};5q is a ®j-valued Lévy process, there exist m € @), a continuous
Hilbertian semi-norm Q on ®, a Lévy measure v on ®;, and a continuous Hilber-
tian semi-norm p on ® such that v satisfies (2.23)); such that for each t > 0,
peQ,

E (e”“t [qﬂ) = @) with

. 2.40
nwwwmm—igwﬁ+/,Gm@—r4ﬂmthUDWﬂ» 24
B

(2) Conversely, let m € i)’ Q be a continuous Hilbertian semi-norm on ®, and v be a
Lévy measure on <I>5 satzsfymg - for a continuous Hilbertian semi-norm p on
®. There exists a <I>’B -valued Lévy process L = {Lt}tzw unique up to equivalence
i distribution, whose characteristic function i gz’ven by ([2.40 -

Proof. 1If L is a <I>’ -valued Lévy process then follows from the independence
of the random components of the decomp031t10n . recall here that W has
mean zero and covariance functional Q), and -

For the converse, let v be a Lévy measure on <I>’ with a continuous Hilbertian semi-
norm p on ® satisfying . As v is o-finite (Theorem, there exist a stationary
Poisson point processes p = {p(t)}+>0 on (j, B(®})) with associated Poisson random
measure R, p and R unique up to equivalence in distribution, such that v is the
intensity measure of p (see Theorem 9.1, Chapter 1 of Tkeda and Watanabe [40] p.44.
See also Proposition 19.4 of Sato [91] p.122).

Note that in the proof of Theorem [2.2.9] we only used the fact that the Lévy measure
v of a Lévy process L satisfies , and that the Poisson integral with respect to the
Poisson random measure N of L exists and satisfies the properties given in Section
Since we can define Poisson integrals with respect to the Poisson measure R
of v satisfying the same properties as the Poisson integral defined in Section [2.2.1
(see Proposition 19.4 of Sato [91] p.123), and v satisfies (2.21)), we can replicate the
arguments in the proof of Theorem m to conclude that there exist a (I)/B -valued
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Lévy process M = {]\Z}tzo, with characteristic function given by (2.24]) (with N
replaced by R). Similarly, the compound Poisson process J = {J:}+>0, given by
=/ B, fR (t,df) as given in (2.34) (with N replaced by R) exists and satisfies

2.35. The processes M and J are independent and are uniquely determined up to
equivalence in distribution by v and p (and hence by R and p).

Moreover, from Theorem there exists a @’5 -valued Wiener process W = {Wt}tzo,
unique up to equivalence in distribution, such that m and Q are the mean and the
covariance functional of W respectively. Hence, W has characteristic function given
by . We can assume without loss of generality that W and R are independent.
Therefore, V[N/, M and J are independent @’B-valued Lévy process. Hence, if we define
L ={L;},~, where for each t > 0,

=W, + M, + J,

then L is an <I>’ﬁ -valued Lévy process (Theorem [2.1.11)), it is unique up to equivalence
in distribution, and for each t > 0, L; has characteristic function given by m U

Definition 2.2.15. If L is an <I> -valued Lévy process where for each ¢ > 0, L; has
characteristic function (2.40)), then the members of the array (m, Q,v,p) are called
characteristics of the Levy process L.

In view of Theorem [2.2.14{(2), the characteristics determine uniquely (up to equivalence
in distribution) the Lévy process L.

To finish this section we briefly mention the connection of the result obtained in
Theorem with the study of infinitely divisible measures on <I>23. A measure
ue ,‘m}%(@'ﬂ) is called infinitely divisible if for every n € N there exist a n-th root
of p, i.e. a measure pu, € Dﬁ}%(@fg) such that p = gy, * -+ * g, (n-times). The fol-
lowing result establish the connection between CI’% -valued Lévy processes and infinitely
divisible measures on <I>’5. We do not include here a proof of this result but we would
like to point out that the proof can be carried out using similar arguments to those
used in the proof of Theorem 7.10 of Sato [91] p.35, and it is based on the connec-
tion of infinitely divisible measures and (continuous) convolution semigroups of Radon
probability measures on <I>//3 (see Lemme 13 of Tortrat [97]).

Theorem 2.2.16. (1) If L = {Li},5, is an ®j-valued Lévy process, then pur, is
infinitely divisible for all t > 0.
onversely, if u is an infinitely divisible measure on D'y, there exist some P, -
2) C ly, if p i imfinitely divisibl Py, th ' Py
valued Lévy process L = {Li}y~ such that pr, = p.

From Theorems[2.2.14 and [2.2.16] we can provide a “probabilistic proof” of the following
very important result proved by Dettweiler in [23] (see Satz 2.5, Chapter 1).

Theorem 2.2.17 (Lévy-Khintchine formula). A measure p € WI}%(@ﬁ) is infinitely
divisible if and only if there exists m € <I>23, a continuous Hilbertian semi-norm Q on
®, a Lévy measure v on @, and a continuous Hilbertian semi-norm p on ® such that
v satisfies ,' i.e. the characteristic function of p satisfies the following formula
for every ¢ € o

fi(6) = exp [z'mw»] - 306,00+ [ (79 -1 = iflel1s,0) () V(df)] .

]
where Q and v are uniquely determined by p and m is also determined by p.



Chapter 3

Stochastic Integration in Duals of
Nuclear Spaces

Let ® and ¥ be nuclear spaces. The aim of this chapter is to introduce a new theory
of stochastic integration of operator-valued processes with domain in (I)/B and range in
’ﬁ, with respect to a class of cylindrical martingale-valued measures on @’.

Stochastic integration in the dual of a nuclear space has been considered by many au-
thors, using various approaches. For example, in [103] Ustiinel defined weak stochastic
integrals for ®-valued processes with respect to semimartingales defined in the dual of
a complete, bornological nuclear space ® whose strong dual (I),,B is also nuclear. An

extension of the work of Ustiinel to ®;-valued stochastic integrals was carried out by
Brooks and Kozinski [18]. Assuming the same conditions on the space ¥, Korezlioglu
and Marthias [61] introduced a theory of strong stochastic integration of operator-
valued processes with respect to CI>'B -valued square integrable martingales.

Many other authors also introduced stochastic integrals in the case where the space ® is
nuclear and Fréchet. For example, stochastic integrals for operator-valued processes on
(I)/B with respect to <I>//3 -valued Wiener processes have been considered by Pérez-Abreu
[80] and Ding [26]. Stochastic integrals with respect to ®j;-valued martingale measures
were studied by Xie [I17]. Also, stochastic integrals with respect to Poisson random
measures have been used as driving the noise of a stochastic differential equation, see
for example Kallianpur and Wolper [53] and Kallianpur and Xiong [54]. Also, Wu [114]
used nonstandard analysis to define a hyperfinite representation of stochastic integrals
for operator-valued processes with respect to a Wiener process in the space D’ of
distributions.

On the other hand, assuming only that ® is nuclear and V¥ is a multi-Hilbertian space
(that is a locally convex space generated by a family of separable semi-norms), in [42]
and [43], It6 introduced a theory of stochastic integration with respect to Wiener process
of operator-valued processes which map (I)IB into \If’ﬂ This theory was later simplified
by Bojdecki and Jakubowski in [I2] and extended in [13] (see also [14], [45]) to the case
where the integrator belongs to some classes of Gaussian processes with independent
increments (also called inhomogeneous or generalized Wiener processes). Compared
with the previous works, the stochastic integration developed in [13] is currently the
theory that works under the most general conditions regarding both the integrator and
the class of integrands.

However, in all the works cited above the stochastic integral was constructed by means

41



Chapter 3. Stochastic Integration in Duals of Nuclear Spaces 42

to similar arguments to those used in the theory of stochastic integration in Hilbert
spaces, either by using the fact that the integrator has a version taking values in a
Hilbert space contained in the dual of the nuclear space, or by assuming that the in-
tegrands takes values in such a Hilbert space. Furthermore, no stochastic integration
theory has been developed to cover the case of integration for operator-valued pro-
cesses with respect to general Lévy processes. It is because of this that the main goal
of this chapter is to cover the Lévy case, and also the more general case of cylindri-
cal martingale-valued noise. In Chapter 4 we will apply this theory to the study of
stochastic partial differential equations in the dual of a nuclear space.

In particular, our theory of stochastic integration extends the theory of Bojdecki and
Jakubowski in two directions. The first is that our class of cylindrical martingale-valued
measures generalizes the class of integrators in [I3]. The second is that our stochastic
integrals are defined for a more general class of integrands. Here it is important to re-
mark that with respect to the theory in [13] we have imposed the additional assumption
that the space W is ultrabornological. This assumption is not very restrictive as many
of the most important examples of nuclear spaces satisfy it (e.g. see the examples in
Section . Indeed this assumption has been used by Jakubowski in later appli-
cations of the stochastic integral defined in [I3] to the study of stochastic differential
equations (see [45], [46], [47]). We hope that this hypothesis could be weakened in
further developments of the theory.

The chapter is divided into three sections. In the first we introduce the class of
cylindrical martingale-valued measures that will serve as integrators. Our cylindrical-
martingale valued measures are defined on B(R; ) xR, where R is a ring generating the
Borel o-algebra of a topological space U. This later will be called the “jumps space”.
The covariance of our cylindrical martingale-valued measures is determined by some
family of continuous Hilbertian semi-norms {g, }r>0ucv defined on ®. In particular,
the square integrable part of the Lévy-Itd6 decomposition of a \11:3 -valued Lévy process
defines a cylindrical martingale-valued measure having this covariance structure.

In the second section we develop the theory of weak stochastic integration. In this
theory, the integrands are families of random variables X = {X(r,u) : r > 0,u € U}
taking values in a family of Hilbert spaces determined by the semi-norms {g,y}ru-
The weak stochastic integral is then a mapping that assigns to each of these families a
real-valued martingale that we will call the weak stochastic integral of the family.

The third section is devoted to developing the theory of strong stochastic integration.
Contrary to the case of weak stochastic integration, for the strong stochastic integration
the class of integrands are families R = {R(r,u) : r > 0,u € U} of operator-valued
random variables taking values in ¥/;, with domains being a subspace of CI)/B depending
on both r and u. The strong integral mapping will assign to each of these families
a \I”B -valued martingale that we will call the strong stochastic integral of the family.
What is quite specific to our theory of strong stochastic integration is that the weak
integral will serve as a building block for the construction of the strong integral by
means of the use of the regularization theorems of Section Applications to the
definition of stochastic integrals with respect to (ID’ﬂ -valued Lévy process will be given.

§3.1 Cylindrical Martingale-Valued Measures

Assumption 3.1.1. Throughout this chapter ® is a locally convex space and ¥ is a
quasi-complete, bornological, nuclear space, both defined over R.
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In this section we introduce the concept of cylindrical martingale-valued measures on
®’. We will follow a definition similar to the one introduced by Applebaum in [2] and
Riedle and van Gaans [90] for the cases of a martingale-valued measures defined on
separable Hilbert and Banach spaces respectively.

Definition 3.1.2. Let U be a topological space and consider a ring R C B(U) that
generates B(U). A cylindrical martingale-valued measure on Ry x R is a col-
lection M = (M(t,A) : t > 0,A € R) of cylindrical random variables on @' such
that:

(1) VAeR, M(0,A)(¢) =0 P-a.s., Vo € ®.

(2) Vt >0, M(t,0)(¢) =0 P-a.s. V¢ € ® and if A, B € R are disjoint then

M(t, AU B)(¢) = M(t, A)(¢) + M(t, B)(¢) P-a.s., V¢ € ®.

(3) VAe R, (M(t,A) : t > 0) is a zero-mean square integrable cadlag cylindrical
martingale.

(4) For disjoint A,B € R, E(M(t,A)(¢)M(s,B)(¢)) =0, for each t,s >0, ¢, € ®.

Moreover, we say that M has independent increments if whenever 0 < s < ¢,

M((s,t], A)(¢p) := (M(t, A) — M (s, A))(¢) is independent of F;, forall Aec R, ¢ € .

Now, in order to construct stochastic integrals with respect to the cylindrical martingale-
valued measure M, we will need to impose some conditions on it. More specifically,
we are interested in cylindrical martingale-valued measures whose covariance structure
satisfies the properties listed below.

Definition 3.1.3. A cylindrical martingale-valued measure M on Ry x A with inde-
pendent increments is said to be nuclear if for each A € R and 0 < s < t,

E(IM(s. 0. A0F) = [ [ au@Putaran. oo (3)

where

(1) p is a o-finite measure on (U, B(U)) satisfying u(A) < oo, VAER,

(2) X is a o-finite measure on (R4, B(R4)), finite on bounded intervals,

(3) {gru:7m € Ry, ue U} is a family of continuous Hilbertian semi-norms on ®, such
that the map (r,u) — ¢ u(¢, ) is B(R4) ® B(U)/B(R4)-measurable for each ¢,
¢ in ®. Here, ¢, 4(-,-) denotes the positive, symmetric, bilinear form associated
to the Hilbertian semi-norm g, .

To the extent of our knowledge, the concept of nuclear cylindrical martingale-valued
measures introduced above has never been used in the literature. The next examples
shows that it generalizes some other classes of (I)/B -valued processes.

Example 3.1.4. Let ® be a nuclear space. The following class of <I>’B -valued processes
was studied by Bojdecki and Gorostiza in [9] (for ® = S’(R?)) and was used by Bojdecki
and Jakubowski in [I2] as integrators for their stochastic integrals.

A (I),B -valued continuous zero-mean Gaussian process W = {W;};>¢ is called a gener-
alized Wiener process if

(1) W is {F;}-adapted,

(2) W; — Ws is independent of F;, for 0 < s <'t,
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(3)
E (Wi Wale]) = /0 4(6.9)dr, Yi,s€ Ry dED. (3.2)

where {¢, : r € Ry} is a family of continuous Hilbertian semi-norms on &, such that
the map r — ¢,(¢, ) is Borel measurable and bounded on finite intervals, for each ¢,
¢ in ®. As in Definition qr(+,-) denotes the positive, symmetric, bilinear form
associated to the Hilbertian semi-norm g, .

One can easily note from Theorem [2.1.13|that any @% -valued Wiener process W is a
generalized Wiener process and that if O is the covariance functional of W, one has

(3.2) with ¢, = Q, for all r € Ry.
Is easy to see from the definition of W and from Definition [3.1.3] that if we take M
given by

M(t, A) = Wido(A), YteR,, Ae B0}, (3.3)

then M defines a cylindrical martingale-valued measure with independent increments.
Moreover, for each 0 < s < ¢, we have:

B (IM((s. ) (0)0IF) = [ ar(0Par, voeo. (3.4

Now, with respect to the notation in Definition [3.1.3| we have:

o U={0}, R=DB({0}) and p = dp.

e )\ = Leb, where Leb is the Lebesgue measure on (R4, B(Ry)).

® g0 = gy, where {g, : 7 € R} } is a family of continuous Hilbertian semi-norms on &
satisfying the properties given above in Definition [3.1.3(3).

From this and (3.2)) is clear that all the conditions in Definition are satisfied.

Hence, any generalized Wiener process gives rise to a nuclear martingale-valued mea-

sure.

Example 3.1.5. Let ® be a complete, barrelled nuclear space. Let L be a CI)/B -valued
Lévy process with Lévy measure v and Poisson random measure N. Let p be a
continuous Hilbertian semi-norm on @ such that the Lévy measure v of L satisfies

(see (2.23)):
/B WP <o voew (3.5)

where recall that By (1) = {f € ®}: p'(f) < 1} is a compact, convex, balanced subset
of ®.

Let U = By(1) and R = {A € B(B,(1)) : 0 ¢ A}. Then, R is the ring of subsets of
B, (1) that are bounded below. Let M be given by

M(t, A) = /A FN(df), for >0, AcR. (3.6)

From (3.5) it follows that for each A € R the compensated Poisson integral in the
right hand side of (3.6) is a square integrable compensated compound Poisson process.

Hence, for each fixed A € A, {M(t,A)}s>0 is a zero-mean square integrable Lévy
process and therefore M satisfies Definition [3.1.2(3).

Moreover, the properties of Poisson integrals (see Section [2.2.1]) shows that M indeed
satisfies all the other properties listed in Definition Therefore, M is a @’6 -valued
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martingale-valued measure with independent increments. We proceed to prove it is
also nuclear.

To do this, note that from the second moments of the Poisson integrals (2.20)) and ([3.6)),
for each 0 < s <t, A€ R we have:

B (M((s,t) D6) = (¢ =) [ |6 vldryar, Vo e (3.7)
A

With respect to the notation in Definition [3.1.3] we take:

¢ H= V’BP/(I)‘

e )\ = Leb, where Leb is the Lebesgue measure on (Ri, B(Ry)).

o {¢,y:7€Ry, feBy(1)} is such that g,y = gy, for each r € Ry and f € By(1),
where:

q7(¢) = |fl¢ll, Vo€ (3.8)

Now we proceed to verify that the conditions in Definition [3.1.3] are satisfied with the
above choose of 1, A and {qr}scu.

First, is well-known that the Lebesgue measure is finite in every bounded interval. Now,
we know from Section that v is a o-finite measure on B(®}) satisfying v(A4) < oo,
for every A C A (recall that A is the ring of subsets of (I)/B that are bounded below).
Hence, it follows that p is o-finite on B(U) and moreover p(A) < oo, for every A € R.

Now, for every f € U, is clear that gy is a continuous semi-norm on ®. To prove that it
is Hilbertian, note that Q¢ : ® x ® — R, given by Q (¢, p) = f[¢]fl¢], for all ¢, € O
is a positive, symmetric bilinear form on ® x ® and that one has q¢(¢) = Q (¢, )2,
for each ¢ € ®.

Moreover, for each ¢, ¢ in ® the map f — Q(¢,¢) is continuous on U and hence
from ([3.8) one can conclude that f — q¢(¢, ) is B(U)/B(R4)-measurable.

To comply with the notation of Definition we can take {¢.r:r € Ry, f € U} to
be such that ¢, r := gy, foreach r € R, f € U. Hence, all the conditions in Definition
[B.1.3] are satisfied and therefore M is nuclear.

We can obtain new cylindrical martingale-valued measures from old ones by mean of
the following concept of independence.

Definition 3.1.6. Let Ni, Ny be two cylindrical martingale-valued measures on R X
R. We say that N1 and Ny are independent if for all A, B € R and all ¢, ¢ € ®,
the real valued processes {N1(t, A)(¢)}eejo,r) and {Na(t, B)(¢) }1>0 are independent.

Proposition 3.1.7. Let N1, Na be two independent cylindrical martingale-valued mea-
sures on Ry x R. Let M = (M(t,A) :r > 0,A € R) be given by the prescription:

M(t, A) := Ny(t, A) + Na(t, A), VteR,, AcR. (3.9)

Then, M is a cylindrical martingale-valued measure on Ry X R.
Moreover, if N1 and Na are nuclear, each with covariance structure as in deter-
mined by the family {p}u}ru of continuous Hilbertian semi-norms on ® and measures
Aj =X, pj = p, for j =1,2, all of them satisfying the conditions given in Definition
then M is also nuclear, with covariance structure determined by A, p and the
family of continuous Hilbertian semi-norms {qy .y }ru satisfying:

Gru(0)? = 00 (0)° +P7u(0)? Vr>0,ucl, ¢ €@ (3.10)

)
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Proof. Is easy to see from (3.9)) that M satisfies properties (1)-(3) of Definition [3.1.2]
Moreover, property (4) of Deﬁmtlon u 2| follows from a simple calculation and the
corresponding property of N1 and Ny, together with the fact that they are independent
and the fact that the martingales they define have zero mean (Definition [3.1.2/(2)).
Hence, M is a cylindrical martingale-valued measure on Ry x R.

Now, assume Nj; is nuclear with {p£7u}r7u, Aj and p; satisfying the properties given in
the assumptions of the proposition, for j = 1,2. For each r > 0, w € U, it is clear from
the fact that each of the semi-norms p,lq,u and pz’u are continuous and Hilbertian (see
Definition[3.1.3((3)) that each g, satisfying is a continuous Hilbertian semi-norm
on ®. Moreover, and the parallelogram law implies that:

Gru(,0) = pru(d,0) + D24 (0,0), Vo, ¢ € @

This, and the corresponding properties of {p},}ry and {p?,}., imply that the map
(r,u) = qrul(e, @) is B(Ry) ® B(U)/B(R4)-measurable for each ¢, ¢ in ®. Thus, the
family of semi-norms {gy, }r. satisfies Definition [3.1.3(3).

Now we proceed to prove that M is nuclear. Let A € R, 0 < s <t and ¢ € & be
arbitrary but fixed. Note that the independence of N1 and N», and the fact that the
martingales they define have zero mean implies that

E (Nl((sa t]7A)[¢] N2((5a t]7A)[¢]) =E (Nl((s’t]v A)[¢]) E (N2((Svt]v A)[qb]) =0.

Hence, from (3.1)) applied to each Ny, (3.9), (3.10), and the above, we have that

E(IM((s,8, A)2) = E(INi((s.1], A)[] + Nal(s, 1), A)[6])

= E(INi((s8), D)) + E (1Na((, 6, A)[6]]?)
+2E (Ni((s, ]A)W 2((5.]. 4)[6)

— / / P (0)2p(du) A (dr) / P o (9)? p(du) A(dr)
= / / Gr,u(@)”p(du)A(dr)

Thus, M is nuclear. O

As an application of the above result, we have the following example that relates our
concept of cylindrical nuclear martingale-valued measures to square integrable Lévy
processes.

Example 3.1.8. Let ® be a complete, barrelled nuclear space. Let L be a @b -valued
Lévy process with Lévy-Itd6 decomposition given by . Hence, W is a @’B -valued
Wiener process with covariance functional @, N is the Poisson random measure of L,
v is the Levy measure of L and p is a continuous Hilbertian semi-norm on ¢ such

that the Lévy measure v of L satisfies (2.23]). Note that (2.23) implies (3.5]).
Let U =By(1), R={A € B(By(1)):0¢ A} U{0}, and M = (M(t,A):r > 0,A €
R) be given by

M{(t, A) = W,d0(A) +/ FN(t,df), for t>0,AcR. (3.11)
A\{0)
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As for every A € R, the Wiener process W is independent of the compound Poisson
integral { i) A\{0} f N (t,df):t> 0}, then the nuclear cylindrical martingale-valued mea-

sures defined in Example (for the Wiener case) and Example are independent
in the sense of Definition [3.1.6] Therefore, it follows from Proposition that M
defined in is also a nuclear cylindrical martingale-valued measures. Moreover,
foreach 0 <s<t, AeR,

B (IM((s.th DIR) = ) (@0 + [ Il uidn|. Voer (312
A

\{o}

In particular, with respect to the notation in Definition [3.1.3| we have:

o = 60+V‘Bp/(1).
e )\ = Leb, where Leb is the Lebesgue measure on (R4, B(R4)).
o {¢,r:7€Ry, feBy(1)} is such that g, = gy, for each r € Ry and f € By(1),

where:
fo). itr=o,
q“@‘{vww it f € B,(1)\ {0}, (313)

We will call M defined in (3.11) a Lévy martingale-valued measure.

Additionally to the properties of the family of semi-norms {g,, : r € R4, uw € U} given
in Definition [3.1.3] we will assume they satisfy the following:

Assumption 3.1.9. For each T > 0 there exists a countable subset D of ® that is
dense in @, for each r € [0,T], ueU.

Sufficient conditions for the validity of the above assumption are given below:

Proposition 3.1.10. Suppose that either of the following conditions is satisfied:

(1) @ is separable,
(2) ® is barrelled and for all T > 0 the mapping (r,u) — ¢ru(¢P) is bounded on
[0,T] x U.

Then, Assumption is satisfied.

The proof of (1) is an immediate consequence of the fact that by definition ® is dense
in each ®,, . (see Section |1.1.1)). For a proof of (2) see Theorem 4.2 of Bojdecki and
Jakubowski [12].

Remark 3.1.11. The nuclear cylindrical martingale-valued measures defined in Exam-
ple (assuming ® barreled) and Example 3.1.8: satisfy the conditions of Proposition

3.1.10(2) and hence they satisfy the Assumption Blg

For the next result we need the definition of the predictable o-algebra. Let Q. =
[0,00) x ©, and denote by P, the o-algebra generated by the subsets of o, of the
form:

Js,t] x F, 0<s<t<oo, FeFs and {0} x F, F € Fy

Poo is called the predictable o-algebra and its elements are predictable sets. For
any T > 0, the restriction of the o-algebra Ps, to [0,T] x 2 will be denoted by Pr.
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Proposition 3.1.12. Let {q,,} satisfy Assumptz'on. Let the functions (r,w,u) —
fr,w,u) € @, and (r,w,u) — g(r,w,u) € @, be such that for each ¢ € @,
the functions (r,u,w) — qru(f(r,w,u),¢) and (r,w,u) = ¢ u(g(r,w,u),p) are Pr®
B(U)/B(R4)-measurable. Then, the function (r,w,u) — ¢ (f(r,w,u),g(r,w,u)) is
Pr @ B(U)/B(Ry)-measurable.

The proof of the above proposition follows from the same arguments to those in the
proof of Proposition 1.8 of Bojdecki and Jakubowski [13].

Notation 3.1.13. Throughout this chapter and unless otherwise stated, M will denote
a nuclear cylindrical martingale valued measure on R4 x R and satisfying for u,
A and {g,,} as in Definition Also, the family of semi-norms {g,,} satisfy
Assumption Furthermore we consider some 7' > 0 arbitrary but fixed.

§3.2 The Weak Stochastic Integral

In this section we construct and study the basic properties of the weak stochastic
integral. The integral will be defined by following an [t6 approach, that is, we first
define the integral for a class of simple integrands and then we extend it to a larger class
of integrands with finite second moments by means of an isometry. A further extension
for integrands with almost sure finite moments will be given. Also a stochastic Fubini
theorem will be proven.

3.2.1 THE WEAK STOCHASTIC INTEGRAL FOR INTEGRANDS WITH SQUARE
MOMENTS

We start by introducing the space of integrands. Recall that ® is only assumed to be
a locally convex space.

Definition 3.2.1. Let A2 (M;T) denote the collection (of equivalence classes) of fam-

ilies X = {X(r,w,u) : 7 € [0,T],w € Q,u € U} of Hilbert space-valued maps satisfying

the following conditions:

(1) X(r,w,u) € @, forall re0,T], wcQ, uecl,

(2) X is gry-predictable, i.e. for each ¢ € ®, the mapping [0,7] x Q@ x U — Ry
given by (7,w,u) — Gr(X(r,w,u), ) is Pr ® B(U)-measurable.

3)

T
E / / Qo (X (1, 0))2pu(du) M) < 0. (3.14)
o Ju
Remark 3.2.2. Note that the integrand in (3.14) is well defined. This because if X
satisfies conditions (1) and (2) of Definition then Proposition guaranties

that the map (r,w,u) — QT,u(X(r7w> u))2 = QT,u(X(vay u), X(r,w,u)) is Pr @ B(U)-
measurable.

In view of (3.14), we can define the inner product (-, -),, y;.7 on A2 (M;T) by:

T
(X, ¥)yprr = E /O /U G (X (s 0), Y (ry ) ) () A (dr), (3.15)
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for each X, Y € A2(M;T) and the corresponding norm [l ar.7 is given by

T
X2, yyp = E /0 /U Groa (X (r, ) 2p(du) A (dr), (3.16)

for each X € A2 (M;T).

When there is no necessity to give emphasis to the dependence of the space A2 (M;T)
with respect to M, we will denote A2 (M;T), (-, Dwarr and [, v by A2 (T),
(s Dz and |[|]|[, 7 respectively. We will keep using the shorter notation for the
remainder of this section.

With some minor changes, the proof of the following proposition can be carried out
following similar arguments to those in the proof of Proposition 2.4 of Bojdecki and
Jakubowski [13].

Proposition 3.2.3. A2 (T) equipped with the inner product (-, ->w’T is a Hilbert space.

Now, we define a class of simple families of random variables contained in A2 (T').

Definition 3.2.4. Let S,,(T) be the collection of all the families X = {X(r,w,u) :
re€[0,T],w € Q,u € U} of Hilbert space valued maps of the form:

X(r,w,u) Zzls],t] Fy (@) La, (u) i, . i, (3.17)
=1 j=1
for all r € [0,T], w e Q, ue U, where m, n€ N, and for i =1,...,n, j=1,...,m,
0<s;<t; <T, Fj € Fs;, Ai € R and ¢;; € ®. Moreover, recall that for each
re[0,T], ueU, ig, :®— &, is the canonical inclusion.

It is clear that S,,(T) is a vector space. We will show that it is a subspace of A2 (T).

Let X € Su(T) be given by (3.17). We will assume without loss of generality that it
additionally satisfies:

for k # j, ]Sk,tk] ﬂ]Sj,tj] +0 = ]Sk,tk] Z]Sj,tj] and Fj, N F; = 0. (3.18)

It is clear from the simple form of X that it satisfies properties (1) and (2) of Definition
Moreover, note that from (3.1)), (3.17) and (3.18)), we have that

T
Xy = E / / (X ()2 () A(dr) (3.19)
= ZZIP’ / /qm i) 2 (du) A(dr)

i=1 j=1
- ZZP (‘M (s5:5], z)(¢zg)!2> < 0.
i=1 j=1

Note that in the above calculation we use the simple fact that for every r € [0,T],

u €U, grulig,,9) = qru(9), for every ¢ € ®.
Therefore S,,(T) is a subspace of A2 (T). Our next objective is to show that S, (7T) is
dense in A2 (T). This is carried out in the next proposition.

Proposition 3.2.5. S, (T) is dense in A%(T).
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Proof. Let Cy(T) be the collection of all families of Hilbert space valued maps ¥ =
{Y(r,w,u) : 7 €[0,T],w € Q,u € U} of the simple form

Y(r,w,u) = T34 (7) 1r (W) 1a (u) ig,,, ¢, V€ [0,T],weQuel, (3.20)

where 0 < s<t<T, FeF;, Ac R and ¢ € ®.

Is clear from (3.17)) and (3.20)) that C,,(T) spans Sy (7). Our objective is then to prove
that the only element of A2 (T) that is orthogonal to Cy,(T) is the zero family (to be
precise, its equivalence class). This will imply that S, (7T is dense in A2 (T).

To do this, let X € A2(T). If Y € Su(T) is of the form (3.20)), then we have from
(B.15) that

& Vhr = [ [ ] XG0y hn@n@p@). @2

Assume that X € C,(T)*, where C,(T)* denotes the orthogonal complement of
Cw(T) in A%(T). Hence, it follows from (3.21)) that X satisfies:

///qT,u(X(r,w,u),iqr’uqb)u(du))\(dr)l[]’(dw):0, (3.22)
FJs JA

foral 0<s<t<T,FeFs;, Ac¢ R and ¢ € .

Moreover, as Pr @ B(U) is generated by the family of all subsets of [0,7] x 2 x U of
the form G =|s,t] x F x A, where 0 < s <t<T, F € Fs, A€ R; then and the
Fubini theorem implies that ¢ (X (r,w,u), i, ,¢) =0 A @ P ® p-a.e., for all ¢ € ©.
Furthermore, as for each (r,u) € [0,T] x U, i4, ,(®) is dense in @, ,, then it follows
that X (r,w,u) = 0 A ®@ P ® p-a.e. Thus, Cy(T)* = 0 and hence S, (T) is dense in
A2 (T). O

Now we define the weak stochastic integral for the elements of S, (7).

Definition 3.2.6. Let X € S, (7") be of the form (3.17) and satisfying (3.18). We
define

IF(X) =) g M((s5, 5], Ai)(¢ig)- (3.23)

i=1 j=1

It is easy to see from the finite-additivity of M on R and the linearity on ® of M (¢, A)
for any t > 0, A € R, that the weak stochastic integral I#(X) is independent (up to
modifications) of the representation of X € S,,(T") (i.e. of the expression of X as in
(13-17))).

Further properties of the weak stochastic integral are given in the following result:

Theorem 3.2.7. For every X € S, (T),

E(I#(X)) =0, E(|FX)P) = IXI7- (3.24)

Moreover, the map I¥ : S,,(T) — L* (Q, #,P), X v [¥(X), is a linear isometry.
Proof. Let X € §,(T) be of the form (3.17)) and satisfying (3.18]). From the definition
of I¥(X) in (3.23), the independent increments of M and Definition 3), we have

E(I#(X)) =D > PE)E (M((s5,15], Ai)(¢1,5)) = 0.

i=1 j=1
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To prove (3.24)), first note that for each ¢,k =1,...,n, j,l=1,....m, i #k, j#1,

E(M((5]7 ]7 )((Z)ZJ) ((Slﬂtl]’Ak)(¢k,l)) =

This follows from the orthogonality of M on the ring A (Definition 4)) and the
fact that any real-valued martingale has orthogonal increments.

Therefore, if follows from the above orthogonality property, (3.19)) and (3.23) that

E(IFX)P) = D0 D E(LeM((sst] A (00 La M (st 1), A)(6r1)) - (325)

ik—ljl:l

= YRR (MG ) 406
1= 1] 1

= P(F. (02 p(du) A (dr)
3:3cew [ [

= X2

Thus, we have showed (3.24). The linearity of the map I¥ : S,,(T) — L? (Q,.Z,P)
follows from the properties (2) and (3) of M in Definition Finally, that I}/ is an
isometry is a consequence of ([3.24)). O

Now, from Proposition and Theorem the map I¥ extends to a linear isom-
etry from A2(T) into L* (Q, %, P), that we still denote by I¥. Moreover, from (3.24)
we have the following It6 isometry

E (X)) = IXI5p, VX €AL(T). (3.26)

For 0 <t <T, X € A3(T), it is clear that 1;y4X € A2 (T) and hence we can define
a real-valued process I"(X) = {I}*(X)}+>0 by means of the prescription

IP(X) = IE(1pyX), Vie0,T]. (3.27)

The process (X)) will be called the weak stochastic integral of X and sometimes
we denote it by {fo Jo X M(dr,du) : t € [O,T]}. Some of the properties of the

weak stochastic integral are given in the following theorem.

Theorem 3.2.8. For each X € AL (T), I'(X) = {I}"(X) }1eo.1] is a real-valued zero-
mean, square integrable, cadlag martingale with second moments given by

(|It //qu (r, ) 2p(du)\(dr), Vteo,T]. (3.28)

Moreover, I*(X) is mean square continuous and it has a predictable version. Further-
more, the mapping I : A2(T) — M7(R) given by X — I"(X) = {I}"(X) }epo,r] 8
linear and continuous.

Proof. Let X € S§,(T) be of the form (3.17)) and satisfying (3.18]). From (3.23)) and
(13.27) we have

n

Itw(X) = ZiﬂFﬁM((sJ Nt t; /\t])Ai)(¢i,j)7 Vit € [O,T]

i=1 j=1
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Then, from the independent increments of M, Definition (3) and it follows
that that I"(X) is a real-valued zero-mean, square integrable, cadlag martingale, i.e.
I*(X) € M2(R). Moreover, similar calculations to those used in and
shows that I"(X) satisfies (3.28).

Now we prove that for any X € AZ(T) we have I¥(X) € MZ(R). Let X € A%(T).
By Proposition there exists a sequence { Xy }ren € Sy(T') that converges to X in
A2(T) as k — co. Now, because for every k € N we have I*(Xy) € MZ(R), it follows
from the linearity of the map I} for each t € [0, 7], Doob’s inequality and that
for any k,l € N,

11°(Xk) = I (X)) ey = E(sup \IZ"”(Xk—Xz)\2>
t€[0,T]

< 4TE (IIF (X - X))
= AT || X — Xi|[5 1 (3.29)

But as the sequence { Xy }ren converges in A2 (T), then implies that the sequence
of integral processes {I%(Xy)}ren is a Cauchy sequence in MZ(R). Then, because
the space M%(R) is complete, the sequence {I”(Xg)}ren converges to some H =
{H}1e,r) in MZ(R). This last fact in particular implies that for every ¢ e (0,77,
{I*(X) }ren converges to H; in L?(Q,.7,P).

On the other hand, as {X}}ren converges to X in A2 (T), it follows from that
for every t € [0,T], {I}*(X))}ren converges to I’(X) in L?(Q,.#,P). Therefore,
by uniqueness of limits in L?(Q,.%#,P) we have H; = I}*(X) P-a.e. for each t €
[0,7]. Then, because H € M7(R) it follows that I*(X) = {I}*(X) }sepo.1] € MF(R).
Moreover, because each X, satisfies , the fact that {I}*(Xx)}ren converges to
I(X) in L?(Q,.7,P) implies that X also satisfies (3.28).

To prove the mean square continuity property, note that if X € A% (T), then it follows
from that for any 0 < s <t < T we have:

t
B (15700 = OP) =B [ [ aru(X(r)2utannan < X1 .
S
and hence from an application of the dominated convergence theorem we have
E (]IZ“(X) - I;“(X)P) —0 ass—t, ort—s.

Thus, I*(X) is mean square continuous. Now, as [ (X) is F;-adapted and stochasti-
cally continuous it has a predictable version (see Proposition 3.21 of Peszat and Zabczyk
[85], p.27).

Now, the map I* : AZ(T) — MZ(R) given by X — I*(X) = {I}*(X)}iejor) is
well-defined. Moreover, the linearity for each t € [0,7] of the map I}* : A2(T) —
L? (Q,.7,P) implies that the map I% is linear. Finally, for every X € A2 (T) it follows
from Doob’s inequality and that we have

17 (Ol oz ) = B (ffé% | uz%xn?) <ATE (|I(X)P) =4T | X|Bp. (3:30)
S )

Then, the continuity of the map I follows from (3.30)). O
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Definition 3.2.9. We call the map I% defined in Theorem the weak stochastic
integral mapping.

Proposition 3.2.10. If for each A € R and ¢ € ®, the real-valued process (M (t, A)(¢) :
t > 0) is continuous, then for each X € A2(T) the stochastic integral I*(X) is a con-
tinuous process.

Proof. The result follows clearly from the definition of I*(X) for X € S,(T) and
this can be extended by the denseness of S,,(T) in A2(T) to any X € A2/(T). O

Example 3.2.11. Let ® be a barrelled nuclear space and W be a generalized Wiener
process in (I)/B . Let M be the cylindrical martingale-valued measure defined in Example
by (3.3). Then, the space AZ(T) is the collection (of equivalence classes) of
families X = {X(r,w,0) : 7 € [0,T],w € 2,0 € @4} of Hilbert space-valued maps
satisfying the conditions of Definition with respect to the family of semi-norms
{¢r0} defined in Example In particular, the condition takes the form

T
E/O ¢ (X (r,0))%dr < oco.

We denote by { fo (r,0)dW (r) : t € [0,T]} the weak stochastic integral with respect
to M and in view of Proposition [3.2.10]it is a continuous process.

Example 3.2.12. Let ® be a complete, barrelled nuclear space and M be the Lévy
martingale-valued measure defined in Example by . Then, the space A2 (T)
is the collection (of equivalence classes) of families X = {X(r,w, f) : r € [0,T],w €
0, f € By(1)} of Hilbert space-valued maps satisfying the conditions of Definition
with respect to the family of semi-norms {g¢, s} defined in . In particular,
the condition takes the form

/ / AP v(df)dr < co.

We denote by {fO fB (r, /)N (dr, df) :t € [0,T]} the weak stochastic integral with
respect to M .

Example 3.2.13. Let ® be a complete, barrelled nuclear space and M be the Lévy
martingale-valued measure defined in Example by . Then, the space A2 (T)
is the collection (of equivalence classes) of families X = {X(r,w, f) : r € [0,T],w €
Q, f € By(1)} of Hilbert space-valued maps satisfying the conditions of Deﬁnition
with respect to the family of semi-norms {g, s} defined in . In particular, the
condition takes the form

! 2 21/ T 0
E /0 (Q(X(r,o» " /B i 1 (df)>d < oo,

Moreover, from Examples [3.2.11] and [3.2.12] and from the properties of the weak
stochastic integral that we will show below in Proposition [3.2.16| for all ¢ € [0,7]
we have

/ / o M(dr,df) = / X (r,0)dW (r / / N(dr, df),
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3.2.2 PROPERTIES OF THE WEAK STOCHASTIC INTEGRAL

In this section we prove some properties of the weak stochastic integral. The following
result can be proven using similar arguments as those in the proof of Lemma 4.9 of Da
Prato and Zabczyk [20], p.94-5.

Proposition 3.2.14. Let X € A2(T) and o be an {F;}-stopping time such that
P(c <T)=1. Then, P-a.e.

I¥ (LX) = I8, (X), Vi€ [0, (3.31)

Proposition 3.2.15. Let 0 < so < tg < T and Fy € Fs,. Then, for every X € A2(T),
P-a.e. we have

Itw(:ﬂ']so,to]XFoX) = ILFO (IZL/)\tO (X) - Itlj;\so (X)) ’ Vit e [O7T] (332)
Proof. Let X be of the simple form:

X(r,w,u) = Ijg, 4 (r) 1y (W) 1a (u) ig, 0, YV7r€[0,T],weQ,uel, (3.33)

where 0 <s; <t; <T, F1 € Fs,, A€ R and ¢ € D.

Then, for such simple X one can easily see that we have:

:[]']So,to]XFoX = ]]']So,to}ﬂ]sl,h]]]'FomFl ]]'AiQT,ud)

:H']SO\/sl,to/\tl] ]]'F()mFl 1141:(]r,u¢‘

Hence, Iy, +)xm X belongs to Sy (T). This is because if ]so,to]N]s1,t1] # @, then
soVsy <tgANt; and FopNIEy € .7'—30\/31.

Now, from the definition of the weak stochastic integral for simple integrands (see
Deﬁnition and the fact that ]sg, tg]N]s1,t1] # 0 if and only if s1 < ¢ and s¢ < t1,
it follows from tedious, but straightforward calculations that for every ¢ € [0,T], we
have

L (Lys0,0) x Fo X )

= 1pnm, M (((so V s1) At, (to At1) At], A) [@]

— gL (M (o A 1) At (fo A1) A ], A) [6] — M ((s0 A 1) At (s9 A1) A 4], A) [6])
= 1, (Iihs, (X) = IiAs, (X)) -

Hence, (3.32) is satisfied for X of the simple form (3.33]).
The linearity of the integral implies that (3.32) is valid for any X € S,,(T"). Moreover,
by the density of S, (T) in A2 (T) and the continuity of the weak stochastic integral

mapping I (Theorem [3.2.8)), it follows that ([3.32)) is satisfied for every X € A2 (T).
U

Now we are going to study the behaviour of the weak stochastic integral with respect
to a <IJ/5 -nuclear martingale-valued measure that is defined as the “sum” of two inde-
pendent ®;-martingale-valued measures (see Proposition 3.1.7)).

Proposition 3.2.16. Let N1, Ny be two independent nuclear <I>’6 -valued martingale-
valued measures on Ry X R, each with covariance structure as in determined by
the family {p}u}ru of continuous Hilbertian semi-norms on ® and measures \j = X\,
pj =, for j =1,2; all of them satisfying the conditions given in Definition .
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Let M be the nuclear @’B -valued martingale-valued measure on Ry X R defined by Ny

and Ny as in Proposition @ Let {Gru}ru be the family of semi-norms determining

its covariance structure (3.1)).

Assume X € A2 (M;T). Then,

(1) For each j = 1,2, {Zpiu,qmX(T wy,u) 17 € [0,T),w € Qu € U} € A2(N;;T),
where for each r € [0,T] and u € U,
4, into ® o

(2) P-a.e. forallte [0,T] we have,

t
/ / X (r,u) M (dr, du) — / / i o X(rw)Ni(dr dy)  (3.34)
0o Ju o Ju "
t
+/ /ipgwqmX(r,u)Ng(dr,du).
oJUu

Proof. We follow ideas from the proof of Proposition 3.7 of Bojdecki and Jakubowski
[13]. First, from (3.10) we have that for every r € [0,T], u € U, ply < ¢y, for each

j = 1,2. Hence, the inclusions z'pj u A€ well-defined and moreover are linear and

T,usqr,u

denotes the inclusion map from
p Jwsdr,u

continuous.

To prove (1), fix for the moment j = 1,2. We have to show that {z i X(ryw,u) :

w,dr,u

r € [0,T],w € Q,u € U} belongs to A%(N;;T). First, note that as 1 j

p’l‘ u7un
£(<bqr,u’q)pg ), then zp] L X(r,w,u) € (I)pi,u for each r € [0,T], w e Q, ueU.

Our next objective is to prove that for every ¢ € ®, the map

(ryw,u) b—>p] (z j X(r,w,u),qb)

Prusqr,u

is Pr ® B(U)-measurable. Let 6, , be the isometry between &, , and <I>’ given
by the Riesz representation theorem, i.e. 0, ,(¢) = ¢ u(-,¢). Similarly we have the

isometry 6 ; between ® ; and <I>’
Prou Pru pru

Then, using the definition of 6, , and 9pj , and the definition of dual operator applied

y ‘
L and LS. for every ¢ € ® and ¢ € &, , we have:
p$‘7u (Z.p%’u’qr’u(p, gb) - 917$;,uq5 |:Z.p¢];,u7qhu SO:|
= iy 0 6l

p'r,uvqr u pT u

= %",u( 0,04, 0, ¢)-

qr.u pr wyqr,u pru

Now, because (r,u) — ¢y ( 61 q! 0, gb) is B(R4)®B(U)/B(R4+)-measurable,

un pr ua‘hu Pr,u

from an application of Proposition 2] it follows that the map

(ryw,u) — ,;’u (ipgu’qmX(T,w,u), q5>

is Pr ® B(U)-measurable.

Finally, as for all » > 0, u € U, (3.10]) extends to any ¢ € ®,, , to give

qr.u

2 1 . 2 2 . 2
@ru(0)” = Pralipt , gru®)” + Draling  g.. 9"
we have

QT,U(X(Tv w, u))2 = p}”,u(ip%’u,qr,uX(T: w, u)) + by, u( tp2 ,ar, uX(T? w, u))2
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T
E/O /Uq,w(X(r, u))Q,u(du))\(dT) < 00

T
E/D /Up;u(ipjr-yu’qmX(r, u))2p(du)\(dr) < oo

for each j = 1,2. Hence, we have proved (1).

Therefore,

implies

To prove (2). Let X be of the simple form:
X(r,w,u) = Tigg 40 (1) 1 (W) La (u)dg,, ¢, Vte[0,T],weQ uel,

where 0 < 50 <ty <T, F e Fs,, Ac R and ¢ € ®. From the simple form of X,
the definition of M (see (3.9)) and the definition of the weak stochastic integral (see
(3-23)), we have for every t € [0,7],

//Xru (drdu) = 1pM((so At,to Al A)[G)
= 1N ((so At to At], A)[¢] + L1pNa((so At to At], A)[¢]

= //pm,qm (r,u) Ny (dr, du)

—I-/ /ipgwqmX(r,u)Ng(dr,du).
oJu
Therefore, X satisfies (3.34]).

The result extends by the linearity of the weak stochastic integral to all the elements
in S,(M;T). Furthermore, it extends to A2 (M;T) by denseness. O

3.2.3 AN EXTENSION OF THE CLASS OF INTEGRANDS

A third step in our construction of the weak stochastic integral is to extend it to a
class of families of random variables with only almost sure second moments. More
specifically, we want to extend our theory to the following class of integrands:

Definition 3.2.17. Let A%'°(M;T) denote the collection (of equivalence classes) of

families X = {X(r,w,u) : r € [0,T],w € Q,u € U} of Hilbert space-valued maps

satisfying the following conditions:

(1) X(r,w,u) € @, forall r€[0,T], we, uecl,

(2) X is gry-predictable, i.e. for each ¢ € ®, the mapping [0,7] x Q@ x U — R4
given by (r,w,u) = ¢ru(X(r,w,u),¢) is Pr ® B(U)-measurable.

(3)

P <w cQ: /O ' /U (X (w0, 0))2p(du) M(dr) < oo> 1 (3.35)

As before, we will sometimes denote AZ'°(M;T) by A3'°°(T) when is clear to which
cylindrical martingale-valued measure M we are referring.

One can easily check that the space A%U’IOC(T) is a linear space. We equip this space
with the vector topology 7'2%6 generated by the local base of neighbourhoods of zero
{Tes:€>0,0>0}, where I'c 5 is given by

TLs— {X € A2loe(T) : P <w cq: /OT/Uqr,u(X(r,w,u))Q,u(du))\(dr) > e> < 5} .



3.2. The Weak Stochastic Integral 57

Hence, under the topology ’T 9.locs & Sequence {X( )}neN converges to X in A2 ZOC(T)
if and only if

T
/0 /anu(Xn(r, u) — X (r,w))? p(du) \(dr) 5 0, asn— oo. (3.36)

Proposition 3.2.18. The space (Ai}lac( T),7; lOC) is a complete, metrizable topological
vector space.

Proof.  On A%"“(T), we introduce the translation invariant metric dy given by

dA(X,Y) = [ (/ /qm (r,u) Y(r,u))zu(du))\(dr)>], (3.37)

for all X,Y € A%"(T), where G : R — R is given by G(z) = for each = € R.

is clear that d is well-defined due to (3.35)).

Tha

Let X € A%,;IOC(T) and € > 0. Because G is increasing and from Markov’s inequality
we have

(| ' [ Gt ) >

1+6 [ (/ /qm (r,u) (du))\(dr)>]:1+6dA(Xa0) (3.38)

€

On the other hand, because the function G is bounded by 1, we have

0 = E[o ([ [ gt ua@nan)|
< p (/OT/qu(X(T, W) 2p(du)A(dr) < e>
v (| [ X Pt ) > ‘)
< crp /OT [ e Putaiar) > ) (3.39)

Then, it follows from ([3.38)) and (| - ) that dp generates a vector topology equivalent
to TM 500c- Lherefore, (A%U “(T), T, ¥ OC) is a metrizable topological vector space. The
proof of the completeness can be carried out by following similar arguments to those
used in the proof of Proposition 2.4 of Bojdecki and Jakubowski [13]. O

IN

Remark 3.2.19. In general the space A%U’ZOC(T) is not locally convex. This fact will
have important consequences for the construction of the strong stochastic integral (see
Remark. Indeed, if P is an atomless measure (see Definition 1.12.7 of Bogachev
[8], p.55) we can show that every convex neighbourhood of zero is identical to A5'*(T),
and hence A%,}lOC(T) 18 not locally convex. To prove this, we will adapt the arguments
used in Remarque 1 of Badrikian [7], p.2.

Assume V is a convex neighbourhood of zero of A% lOC(T). Then, there exist some
€,0 >0 such that 'cs C V. Let As given by

Ay = {X € AZloe(T) : P <w cq: /OT/Uqm(X(r,w,u))Q,u(du))\(dr) > 0) < 5} .
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Then, As C s CV.

As P is atomless, there exist n € N and pairwise disjoint subsets Q1,--+ ,Qy € F such
that P(Q;) < § and Q = J;_; Qi (see Theorem 1.12.9 of Bogachev [§], p.55).

Now, for each i =1,...,n, let
T
A = {X e AZlee(T) / / Gru (X (ryw,w)) p(du)\(dr) = 0, if w ¢ QZ}
0 U

As P(Q;) < 6, then we have A; C As. Moreover, note that Y ;| A; = AZY(T) and
that for each a >0, al; = A;.

Hence, for any ai,...,an such that a; >0 and Y . a; =1, then

Zn: aiAl- = zn: Az = A%U’loc(T),
i=1 =1

and because N; C Ag, for all i = 1,...,n, then the conver hull of As (see Schaefer
[95], p.39) is equal to A%}IOC(T). This implies that the convex hull of V is equal to
AZ(T), because As C V. Now, since V is convex this implies V = AZ'°(T).

The extension of the weak stochastic integral to the elements of Ai}loc(T) will be
provided by the following result.

Theorem 3.2.20. Let X € A%U’ZOC(T). Then,

(1) There exists an increasing sequence {Tptnen of {Fi}-stopping times satisfying
limy, 00 7o = T (P-a.e.) and such that for each n € N, 1y X € A2(T).

(2) There ezists a unique cadlag real-valued locally zero-mean square integrable mar-
tingale I (X) = {IA,Z”(X)}tE[O’T] such that for any sequence of {Fi}-stopping times
{ontnen satisfying limy oo 0 = T (P-a.e.) and 1y, X € AZ(T) for each
n € N, the process f“’(X) satisfies:

jzl/]\an(X) = Itw(]l[(),an]X)v Vit e [OaT]7 (340)

for all n € N, where the process on the right-hand side of (3.40) is the weak
stochastic integral of 1jg ;.1 X .

Proof. To prove (1), for each n € N define 7, by

Tn(w) :inf{te (0,7 : /Ot/Uqr,u(X(r,w,u))2u(du)A(dr) Zn}, YweQ, (3.41)

with the convention inf() = 0. Then, {7,}nen is an increasing sequence of {F;}-
stopping times satisfying lim;, oo 7» =T, P-a.e. The proof that 1jy .1 X € A2(T), for
all n € N follows from standard arguments (e.g see the proof of Proposition 2.3.8 of
Prévot and Rockner [87]).
To prove (2). Let {0y }nen be a sequence of stopping times satisfying the assumptions
of the statement. Such a sequence exists by part (1).
Now, define I%(X) = {I*(X )}tefo,r] by means of the following prescription: for ¢ €
[0,77], let

IP(X) = I (10,0, X), (3.42)
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where n € N is such that o, > t. Notice that if m > n is such that o, > t, then it
follows from Proposition that P-a.e.

Izl/}\an(ﬂ[o,am]X) = I;U(H[O,Un](]l[o,am}X)) - Itw(]l[llan]X)' (343)

Therefore the definition (3.42)) is consistent. Moreover, it follows from (3.42)) and ((3.43))
that I*(X) satisfies (3.40).

The fact that [ "(X) is a cadlag real-valued locally zero-mean square integrable mar-

tingale follows from (3.40)) and Theorem

Finally, let {0, },en is another sequence of stopping times satisfying the properties of
the statement. A similar argument to that used to obtain shows that the defi-
nition given with respect to the sequence {60, },cn leads to an indistinguishable
processes. This proves the uniqueness of Iv (X), and its independence of the sequence

of stopping times satisfying (3.40)). O

Definition 3.2.21. For every X € AZ“(T), we will call the process 1*(X) given in
Theorem m the weak stochastic integral of X. We will sometimes denote the

process 1”(X) by {fo Jo X M(dr,du) : t € [O,T]}.

The property (3.40) allow us to “transfer” the properties of the weak stochastic integral
for integrands in A2 (T)) (see Section [3.2.2) to those in A%'(T). We summarize this
in the following result:

Proposition 3.2.22. Let X € A%}ZOC(T). Then, all the assertions in Propositions
13.2.1/| 3.2.15 and|3.2.16| are valid for the weak stochastic integral I*(X) of X .

As was shown for the weak stochastic integral for integrands in A2 (T), we can also
prove that the extended weak stochastic integral map " : A%'°°(T) — MZ(R),
X — I"(X), is linear and continuous, where we recall that MQTZOC(R) is the space of
all locally zero-mean square integrable cadlag martingales (see Section .

The linearity of the map I follows from and the corresponding linearity of the
map I : A2(T) - M2(R). The continuity follows from the following estimate that

can by proved by similar arguments to those used in the proof of Proposition 4.16 of
Da Prato and Zabczyk [20], p.104-5.

Proposition 3.2.23. Assume X € A%'°°(T). Then, for arbitrary a >0, b> 0,

P(tes%pﬂ}fw ’>a><+19><//qm (7, ) (du))\(dr)>b>.

Proposition 3.2.24. The extended weak stochastic integral mapping Iv . A%LJZOC(T) —
M%ZOC(R) is linear and continuous.

Proof.  As the map I is linear, we need only to show its continuity. Let {X,,}nen
be a sequence converging to X in AZ°(T). As both AZ'°(T) and MZ'°(R) are
metrizable, it is sufficient to prove that {I*(X,)}nen converges to I*(X) in M%lOC(R).

Let €,0 > 0. As {X,}nen converges to X in A5'°(T), then there exists some N5 € N
such that for all n > N5,

P[] atxe —xtautaonan > %) <50
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By linearity of the integral map, Proposition |3.2.23| and (3.44)), for all n > N5, we
have

P ( sup | (X)) = 1" (X,)
te[0,7
o T 9 e
<—+P Gru(X(ryu) — Xp(r,w)*u(du) A(dr) > < 0.
2 o Ju '’ 2
And hence (see (T.17) {I*(Xn)}nen converges to 1*(X) in ME(R) . O

3.2.4 THE STOCHASTIC FUBINI THEOREM

The final topic in our study of the properties of the weak stochastic integral is the
stochastic Fubini theorem that we introduce and prove below. It will be of great im-
portance in Chapter 4 where we will study the solutions of stochastic partial differential
equations driven by a cylindrical martingale-valued measure. We start by describing
the class of integrands for which the theorem is valid.

Definition 3.2.25. Let (E, &, 0) be a o-finite measure space. We denote by Z5°(T, E)

the linear space of all (equivalence classes of) families X = {X (r,w,u,e) : r € [0,T],w €

Q,u € U, e € E} of Hilbert space-valued maps satisfying the following conditions:

(1) X(r,w,u,e) €@y ., Vrel0,T], weQ, uel, ecE.

(2) The map [0,T] x @ x U x E — R given by (r,w,u,e) — gr(X(r,w,u,e),¢) is
Pr @ B(U) ® £-measurable, for every ¢ € ®.

/HX L, e wTQ (de) /( / /un rue)u(du))\(dr))ég(de)<oo

Is easy to see that =5°(T, E) equipped with the norm [l 7 given by

(3)

|”X|||w,T,E = /EHX('v'v'ae)Hw,T Q(de)a VX e Eclu’Q(T¢E)> (345)

is a Banach space.

We will denote by Z5%(T, E) the subspace of Z5°(T, E) of all X = {X(r,w,u,e) : 1 €

[0, T],w € Q,u € U,e € E} satisfying:

/|X e ng (de) /< / /qru rue),u(du)A(dr)) o(de) < o0

One can easily prove that the space =2 (T E) is a Hilbert space equipped with the
Hilbertian norm |||-|[|,, 7z given by

2 2 —_
H|X’Hw,2,T,E :/ HX('7'7'76)H'LU,TQ(de)7 VX e ‘:2;2(T7E)'

Remark 3.2.26. Properties (1)-(3) of Definition[3.2.25 together with the (determinis-
tic) Fubini’s Theorem imply that the map e — || X (-, -, -, e)||, 1 18 E-measurable. Hence,
the map e v X(-,-,-,e) € A2(T) is E/B(A%U(T))-measumble. Thus, Z*(T,E) is a
subspace of LY(E, &, 0;A2(T)) and E5°(T, E) is a subspace of L2(E, &, 0; A2/(T)).
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The following result will be an important ingredient for the proof of the stochastic
Fubini’s Theorem.

Lemma 3.2.27. Let X € Zy*(T). There exists a sequence { X, nen C Za2(T) such

that o-a.e. || Xn(, 5 e)llyr < [ Xnt1(so 0l VR €N, and
Tim [I[X = Xulll 7 = 0.
Proof.  First, from Definition [3.2.25(3), there exist some Ey C E with o(E \ Ey) =0

such that Ve € Ey, [[X(-,-, - e[, <oo.

Let {Gy}nen be an increasing sequence on &£ such that Eg = J,cy Grn and such that
Vn € N, o(Gp) < co. For each n € N, let X,, = {X,,(r,w,u,e)} be the bounded family
of random variables defined by:

nX(r,w,u,e)
Xn(T, W, U, 6) = ||X(, o e)||w7T ﬂ{€€Gn:||X(-,~,~,6)Hw,T>TL} (6) (346)

+X(r,w, 1, ) Lee, | X (@), p<n} (€) -

As the mapping e — 1g, (e)[|X(-,-, - e)l[, r is E-measurable, then the properties
(1)-(3) of Definition [3.2.25| for X implies that X,, satisfies properties (1) and (2) of

Deﬁnition Moreover, implies that
J Il efde) < n2o(G) < oo,
and therefore X, € E5°(T, E).
Now, from the fact that Ey = |J,,cy Gr and that {G},}nen is increasing, it follows that
nlLH;O lgyg, (e) =0, VeeE. (3.47)

Similarly, from the definition of Ey we have,

nh_)rgo ]l{eEEot\\X(-,~,~7€)Hw77~>n} (e)=0, VeckE. (3.48)

Hence, (3.45)), (3.46), (3.47), (3.48), Definition [3.2.25| (3) and the dominated conver-
gence theorem implies that:

nh_{glo X — Xnmw,T,E

n—o0

— lim /E 1X (€)= Xy €)1 0(de)
n—oo

= lim ]lEo\Gn (6) HX(v RS e)”’w,T Q(de)
0

_ n
HX(7 ) e)”w,T

< lim 5 lEo\Gn (6) HX(7 KR e)Hw,T g(de)
0

1

HX(v ER) e)”w,T Q(de)

+ Im [ TeeG X (el pon} (€)
FEo ’

+2 lim 5 ]]-{eEE01||X(~,',~,€)H,w’T>n} (6) HX(7 KR e)||w,T Q(de)
0

Finally, the fact that for every e € Eo, |[Xn(-, ", €)l] 7 < ([ Xnt1 ()l rs VR EN,

follows from ((3.46]). O
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A proof of the following result can be carried out using similar arguments to those in
the proof of Proposition 3.3.7.

Lemma 3.2.28. Let S,,(T, E) denotes the collection of all families X = {X (r,w,u,e€) :
re[0,T),we€ QueUvec E} of Hilbert space-valued maps of the form:

P n

X(r,w,u,e) = Z Z Z ]]']Sj,tj] (r) ]le (w) L4, (u) 1p, (e) iqr,u¢i,j,l7 (3.49)

=1 i=1 j=1

forall m € [0,T], we Q, ue U, e € E, where m, n, p € N, and for l = 1,...,p,
1=1,....n,3=1,...,m, 0§Sj<tj§T, Fje}-j; AiER, D; €& and Qb@jJG‘IL
Then, So(T, E) is dense in Zu°(T, E).

We are ready to proof the stochastic Fubini theorem. Relevant properties of the Bochner
integral can be consulted on Appendix [C]

Theorem 3.2.29 (Stochastic Fubini’s Theorem). Let X € Z°(T, E). Then,
(1) For a.e. (r,w,u) € [0,T] x Q x U, the mapping E > e — X(r,w,u,e) € &g, is
Bochner integrable. Moreover, the family

/EX(~,-,-,e)g(de) _ {/EX(r,w,u,e) o(de) 11 € [0,T],w e Que U},

is an element of A2(T).
(2) The mapping E > e — I*(X(-,-,-,€)) € M%(R) is Bochner integrable. Moreover,

</15’Iw(X("""e))Q(d€)>t —/EIZ”"(X(-,-,-,e))g(de), Vi> 0.

(8) The following equality holds P-a.e.

v </EX(-,-,-,6) Q(d@)) :/EIgU(X(-,.,.,e))Q(de), Vtel[0,T].  (3.50)

Proof. Assume X € Chie (T, E). For convenience we divide the proof in three parts.
Proof of (1).

First, from Definition [3.2.25(ii) the mapping (r,w,u,e) — gr(X(r,w,u,e)) is Pr ®
U ®E-measurable, then from the Minkowski inequality for integrals (see Theorem 13.14
of Schilling [94], p. 130) it follows that:

2
/[O’T}ngU (/E |gru(X (r,w,u,e))| Q(de)) AP ® p)(d(r,w,u)) (3.51)

1 2

) 2
< /E(/[&T]XQXUqr,u(X(r,w,u,e)) (/\®P®p)(d(r,w,u))> olde)

2
= [IXlwre < o0

Therefore, it follows from (3.51)) that

/ Gru(X(r,w,u,e))o(de) < oo, for A@P® p-ae.(r,w,u) €0,T] x Q2 xU. (3.52)
E
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Now, as for fixed (r,w,u) the map e — ¢, (X(r,w,u,e)) is £-measurable, then the
map e — X(r,w,u,e) is £/B(®g,,)-measurable. Then, because the Hilbert space
®,, ., is separable it follows that the map e — X(r,w,u,e) is strongly measurable.
Moreover, implies that for almost every (r,w,u) the map e — X(r,w,u,e) is
Bochner integrable.

To prove the second statement, let T'o C [0, 7] x Q x U be such that ( is satisfied.
Then, for every (r,w,u) € Iy the Bochner integral [, X (r,w,u,e)o (de) ®,,., exists.
For (r,w,u)l'§ we define [, X (r,w,u,e)o(de) = 0. Then, the family [, X(-,-,-,e)o(de)
defined such way satisfies Definition [3.2.25(1).

Now, from the properties of the Bochner integral for (r,w,u) € I'g, we have

. ( /| X<r,w,u,e)g<de>,¢) — [ @K m e o)otde). vocw (353

Then, as the map (r,w,u,e) — ¢ru(X(r,w,u,e)),¢) is Pr @ B(U) @ £-measurable and
o-integrable for each ¢ € ® (and for all (r,w,u) € I'y), then by Fubini’s theorem and
(3-53) the map (r,w,u) — ¢ru (fEX(r,w,u, e)o(de), qb) is Pr x B(U)-measurable, for
every ¢ € ®. Hence Definition 3.2.25(ii) is satisfied.

Finally, to prove that H [z X 5 X( - e)o(de) H < 00, first note that from our definition

of [ X 5 X (-, e)o(de) and the propertles of the Bochner integral, we have that:

< / X (r,w,u, ¢) (de)) < /E (X (ryw,u,)o(de), V(rw,u).  (3.54)

Hence, from (3.51)), (3.54]) and Fubini’s theorem, it follows that

E [ ' [ ( /| xe. '76)Q(de)>2u(dU)/\(d7‘) (3.55)
T

<E 2 p(du)A(dr)

Qru(X(r,w,u, e))o(de)
E

2
</ ( / rqr,u<x<r,w,u,e>>|g<de>) A®P ® u)(d(r,w, )
[0,T)xQxU E
< XN 7.5 < oo

Thus, X, ~,e)g(de)HwT < 00, and hence [, X(-,-,-,€)o(de) € AZ(T).
Proof of (2).

First, note that from Definition [3.2.25(iii), there exists some E; C E such that o(E \
Ey) =0 and such that || X (-, €)||, 7 < o0, Ve € Ey.

Hence, by redefining a version of X to be equal to X whenever e € F; and to be 0
whenever e € E'\ E7, if we call this version again by X, we have that for every e € E,
X (-, e) € A2(T). Therefore, for every e € E the stochastic integral I(X (-, -,-,e)) €
MZE(R) exists.

To prove that the map e — I*(X(-,-, -, €)) is strongly measurable, we will show that
there exists a sequence of simple maps from E into MZ%(R) such that this sequence
converges to e — (X (-,-,-,e)) p-a.e.

To do this, note that by an application of Lemmas [3.2.27] and [3.2.28], there exists a
sequence {Xj}ren of families of the simple form (3.49) and such that

Jim [[1X = Xl = 0. (3.56)



Chapter 3. Stochastic Integration in Duals of Nuclear Spaces 64

Note that if X} is of the form (3.49)), then for e € E its stochastic integral takes the
form:

p
I (Xp(e)) = Y M p, (), Vte[o,T],
=1

where for each [ =1, -, p, it follows from Definition that

Dw) =375 15 (w) M((s; Aty A L], A, VE€[0,T], we R

i=1 j=1

(to simplify the notation, above we have omitted the dependence on k of the compo-
nents of (3.49)) In particular, each M () is an element of M2 (R). Therefore, for each
k € N the map e + I*(Xk(-,-,-,€)) from E into MZ(R) is simple. Moreover, from
the linearity of the weak stochastic integral, Doob’s inequality, and , it
follows that:

lim / (X (€)= T (X, ) g ey 0(de) (3.57)

k—oo JE
< oVT Jim [E 1 (X (s, €) = Xy )| 2 0,55 0(de)
=2VT lim [ ||X(,- - €) = Xi(ey oy €)|l,p 0(de)
k—oo JB '
= Qﬁkh_)fgoH’X = Xilllwr 5 -

Then, it follows from (3.57)) and a standard use of the Chebyshev inequality and the
Borel-Cantelli lemma that there exists a set Ey C E with o(F \ E2) = 0 and a
subsequence {Xj, }qen such that

qli{glo le X(? ER 6)) - Iw(qu('7 BN e))HM%(]R) = Oa Ve € Es.
In particular, this implies that the map e — I"(X(-,-,-,¢e)) is strongly measurable.

Moreover, by a similar calculation to that in (3.57)) we have

/Ellfw(X(', S g ey 0(de) < 2VT[IX ][], 7, < 00,

then the mapping e — I"(X(+,+,-,e)) is Bochner integrable and furthermore,

|G eatde) = Jim [ 16 () otde) (3.58)

q—0o0 E

where the limit is taken in MZ(R).
Finally, the property

</EIw(X(.7.7.7e))g(de)>t:/EI;”(X(.7.7.76))Q(d6)7 vt € [0,7),

follows from (3.58)) and the fact that this is satisfied for every Xj  due to their simple
form.

Proof of (3).
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In the proofs of (1) and (2), we proved that the integrals on both sides of (3.50) are
well-defined elements of M2 (R).

Let {X kq}qu be the sequence to simple families as defined in the proof of part 2. For
each ¢ € N, the simple form of X} (see (3.49)) implies that it satisfies (3.50)).

Now, from Doob’s inequality, (3.30), (3.55) and (3.56) (there with k replaced by k),
and the linearity of both the weak stochastic integral and the Bochner integral, it

follows that

‘ I (/EX(-, ; ~,e)g(de)> v </E X, (s, -,e)g(de)) HM N (3.59)

_ ’ v </E(X(','m€> _qu(.,.7.,e))g(d€)> HM2T<R)

X(‘, e) — X, (-, €)o(de)

<2f\HX X

w, T

wT.E — 0, asq— oo.

On the other hand, by (3.58)) we have

Then, it follows from (3.59) and (3.60), and the fact that (3.50) is valid for each
X}, , that the processes I ([,(X(-,-,-,e)o(de)) and [, I"(-,-,-, e)o(de) are equal as
elements of M2 (R) and hence this implies that X satisfies (3.50). O

. — 0, asq— oo (3.60)
MZ(R)

/I“’(X(.,.’.,e))g(de)—/Iw(qu(.7.7.,e))g(de)
E E

Remark 3.2.30. Note that (3.50) can be also written in the more familiar manner:

/(/ /Xru e) M (dr, du> Q(de)Z/Ot/U</EX(T,u,e)g(de)> M (dr, du),

for t €[0,T].

§ 3.3 The Strong Stochastic Integral

In this section we introduce and study basic properties of the strong stochastic integral.
Recall that ® is a locally convex space and ¥ is a quasi-complete, bornological, nuclear
space.

The main reason why we want ¥ to be quasi-complete and bornological is because this
implies it is ultrabornological (see Section . In this case we will be able to use
the version of the closed graph theorem for sequentially closed maps given in Theorem
We will see that this is a fundamental tool in our development of the strong
stochastic integral.

Now we proceed to describe the construction and main properties of the strong stochas-
tic integral. As mentioned early in the introduction, the integrands are families of con-
tinuous linear operators taking values in \I',IB and whose domain is a Hilbert subspace
of CI’% depending on both the jump space and the time variables. The strong stochastic
integral assigns to each of these families a \IJ/’B -valued regular process.

Contrary to the weak stochastic integral, the strong integral is not defined by means of
an isometry. However, the weak integral acts as a building block in the construction of
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the strong integral and hence the It6 isometry is playing an indirect role. In effect, the
main idea behind the construction of the strong integral is to choose a well behaved
class of integrands that map the space ¥ into the space of weak integrands (i.e. into
AZ%'°°(T)). The strong integral is then defined by means of a regularization procedure
using the continuity of the weak integral mapping. The strong integral is a \I/’ﬁ -valued
martingale or a local martingale.

As the reader can see, this is a completely new approach that exploits the powerful
regularization results valid for cylindrical processes taking values in the strong dual of
a nuclear space. In comparison with the previous work done by It6 [43] and Bojdecki
and Jakubowski [12, [13], there are at least three benefits of this approach:

(1) The integrator is very general; it is a cylindrical martingale-valued measure in the
dual of a locally convex space and with some special covariance structure. This
in particular covers the cases of <I>’5 -valued square integrable martingales and of
generalized Wiener processes that are used as integrators in [13].

(2) The class of integrands is more general than the class defined in [43] and [12], 13] in

two senses. First, we do not require our integrands to be families of Hilbert-Schmidt
maps from some Hilbert spaces continuously included in @/, into a fixed Hilbert
space continuously included in \IIQ3 (see Remark . As described before, our
integrands are only required to be families of continuous linear operators and their
range takes values in \II’B (see Definition .
Second, we require very weak moment conditions for our integrands. In particular,
the existence of some weak (almost sure) square moments is enough (see Definition
3.3.32)). These conditions are implied by the stronger conditions satisfied by the
integrands in [43] and [12}, [13].

(3) Although we are working with a more general theory of stochastic integration, our
proofs and arguments are not more complicated than in [43] and [12) 13]. Indeed,
as we will see in this section, many of the properties of the strong integral follow
from very straightforward arguments and the corresponding properties of the weak
integral.

We proceed to provide the details of construction of the strong stochastic integral.

Throughout this section we denote the space A2 (M;T) by A2 (T). Recall that M%(\Il%)

denotes the space of all the <I>/’3 -valued cadlag zero-mean square integrable martingales

defined on [0,7]. Properties of the elements of MQT(\IJ’ﬁ) and topologies on this space
were studied in Section [[.2.2]

3.3.1 THE SPACE OF STRONG INTEGRANDS
We start by introducing the class of strong integrands.

Definition 3.3.1. Let A%2(¥, M;T) denote the collection (of equivalence classes) of
families R = {R(r,w,u) : r € [0,T],w € Q,u € U} of operator-valued maps satisfying
the following conditions:

(1) R(r,w,u) € L(Dg, . ¥p), forall r € [0,T], weQ, ueU,
(2) R is gry-predictable, i.e. for each ¢ € &, ¢ € ¥, the mapping [0,T] x Q x U —
Ry given by (r,w,u) = ¢ru(R(r,w,u)'1, ¢) is Pr @ B(U)-measurable.

(3)
T
/N2
E /0 /U G (R(r, 1)) u(du) A(dr) < 00, Vb € W. (3.61)
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Remark 3.3.2. Note that from Definition[3.3.1(1), for r € [0,T], w € Q, u € U, the
dual operator R(r,w,u)" of R(r,w,u) satisfies R(r,w,u) € L(V,®,, ) (here we are im-
plicitly using the fact that V is reflexive; see Theorem|1.1.7 _(2)) In particular, this im-
plies R(r,w,u)'y € @y, ., for all p € V. This last fact, Deﬁmtwn(?) and Remark

- imply that the map (r,w,u) = Gru(R(r,w,u)1)? = g u(R(r,w,w)'1, R(r,w, u)))
is Pr @ B(U)-measurable and hence the integral in (3.61)) is well defined.

When there is no necessity to give emphasis to the dependence of the space A2(W, M;T)
with respect to ¥ and M, we denote this space by A2(T). We will use this shorter
notation for the rest of this section.

It is easy to check that A%(T) is a linear space. Now we introduce a class of subspaces
of A%(T) that will help us to have a better understanding of its inner structure.

Definition 3.3.3. Let p be a continuous Hilbertian semi-norm on ¥. Let A2(p,T)

denote the collection (of equivalence classes) of families R = {R(r,w,u) : r € [0,T],w €

Q,u € U} of operator-valued maps satisfying the following conditions:

(1) R(r,w,u) € Lo(Py, V), forall r € [0,T], weQ, ueU,

(2) R is gr,-predictable, i.e. for each ¢ € ®, ¢ € ¥, the mapping [0,7T] x Qx U —
R, given by (r,w,u) — ¢ u(R(r,w,u)'1, ¢) is Pr ® B(U)-measurable.

(3)

T
B[ 1RG0, g ) r) < . (3.6

Remark 3.3.4. Similar arguments to those in Remark [3.3.9, and the definition of
the Hilbert-Schmidt norm shows that the map (r,w,u) — HR(T w u)HL2 &

lITu’\Ijl) -
||R(r, w, u)’ ||52(%7¢q y 15 Pr @ B(U)-measurable and hence the integral in (3.62)) is

well defined.

Remark 3.3.5. The space A%(p,T) for a fived continuous Hilbertian semi-norm p on
W corresponds to an extension of the class of integrands considered by Bojdecki and
Jakubowski in [13] to integrands depending also on the jump space variable w.

The proof of the following result can be carried out similarly to the proof of Proposition
2.4 of Bojdecki and Jakubowski [13].

Proposition 3.3.6. Let p be a continuous Hilbertian semi-norm on V. Then, the
space A(p,T) is a Hilbert space when equipped with the inner product corresponding
to the Hilbertian norm ||||, , 7 given by

T
112, =E [ [ ROl o n@ordn), YRENG.D). (363
0 U T

Proposition 3.3.7. If p and q are continuous Hilbertian semi-norms on ¥V such that

p <q, then i, A2(p,T) C A2(q,T), i.e. for each R ={R(r,w,u)} € A2(p,T), we have
vl =1ip, (rwu)}EAz(q,T).

Proof As p < g, then ¥}, C Wy and the inclusion i, : ¥}, — Wg is linear and

continuous. Therefore, if R € A%( T), it is easy to check that zp R belongs to

A%(q,T). So, is clear that i, satisfies condition (2) in Definition [3.3.3| Tt also

satisfies condition (1). This follows from the fact that for each (r,w,u) € [0,T]xQx U,
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R(r,w,u) € La(Py, \Il’) 1mphes in  B(r,w,u) € LoD,

¥7). Finally, condition (3)
is satisfied because from it follows that

qru’?

-/

H%qRHs T = HlquL(\Iﬂ ) 1Bl p,r < 0.

Hence, i R € A2(q,T). O

’ TPq

Proposition 3.3.8. For every continuous Hilbertian semi-norm p on V¥, we have
i A2(p,T) C AX(T), i.e. for each R = {R(r,w,u)} € AZ(p,T), we have i,R =
{ipR(r,w,u)} € AX(T).

Proof. Let p be a continuous Hilbertian semi-norm on ¥ and let R € A2(p,T). It is
clear from Definition and the fact that the inclusion 7, : ¥}, — \Il’ﬂ is linear and

continuous, that the family i, R satisfies the properties (1) and (2) of Definition
Moreover, from Proposition [B.0.17}, we have

qT‘,u (R(?", w? u)lzpd))

IN

p(ipUJ) ’ ‘R(T7 w, u)/| ’5(‘I’p:‘1’qr,u) (3.64)
< p(ip) HR(TaW,U)HgQ(%T’u,\IJ;) ,

for every (r,w,u) € [0,7] x Q@ x U, and all ¢ € ¥. Then it follows from (3.64)) and

(B-62) that

T
/- 2
E / /U Gra(R(r,0) i) () A(dlr)
< pliyt)? / / 1R w)| 2, 0y, g () Adr) < oo,

for all ¢» € W. Hence, the fact that (i,R(r,w,u))’ = R(r,w,u)"i, for every (r,w,u),
and the above inequality implies that i R satisfies (3.61)). Thus, iR € A2(T). O

Our next objective is to show that the spaces A2(T) and L(¥,A2(T)) are isomorphic
(Theorem , where L£(W,A%(T)) is the linear space of continuous and linear
operators from ¥ into A2 (T). This fact will have two consequences. The first, that we
can equip A?(T) with a locally convex topology induced by the operator topology on
LU, A2(T)). The second, as a consequence of the proof of Theoremwe will show
(see Corollary 2) that to every R € A2(T') we can associate some R € A2(p,T) such
that R =1, 'R A ® P ® p-a.e. This will have important implications in our construction
of the strong stochastic integral in Section [3.3.2

For the proof of Theorem [3.3.10| will need the following result.

Lemma 3.3.9. Let S € L(V,A2(T)). Then, q: ¥ — R given by

T 1/2
q<w>=||s¢||w,T=(E I/ qr,u<s¢>2u<du>x<dr>>  vyew

18 a continuous Hilbertian semi-norm on V. Moreover, there exists a continuous Hilber-
tian semi-norm p on ¥, q < p such that iy, is Hilbert-Schmidt and for which the map
S has an extension S such that S € Lo(W,, A2 (T)).

Proof. 1t is easy to see that ¢ : ¥ — R, is a Hilbertian semi-norm on ¥. Now,
as |||, generates the topology on A2(T), it follows by definition that the map
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X = || X[, from A2 (T) into R, is continuous. Then because S € L(W¥, A2 (T)) and
q(¢) = [|SY||,, r for all ¢ € ¥, it follows that ¢ : ¥ — R is continuous.

Now, as ¥ is a nuclear space, there exists a continuous Hilbertian semi-norm p on
¥ such that ¢ < p and 4,4, is Hilbert-Schmidt. Hence, [[SY[|,, < p(¢), for all
® € ¥ and therefore S is p-continuous. As VU is dense in ¥, it follows that S has an
extension S such that S € £L(¥,, A2 (T)).

Moreover, S is Hilbert-Schmidt. This is because if {¢§D }jen € W is a complete or-
thonormal system in W¥,,, then

]

Thus, S € Lo(V,, AZ(T)). O

2

= < 0.
Lo(W,,A2(T)) |£2(\I’p7‘1’q)

ZHSWH S alint?)? = ligsl
=1

Now we prove that A2(T) and L£(¥,A2(T)) are isomorphic.
Theorem 3.3.10. The mapping A : A2(T) — L(¥,A2(T)) given by
R (Y R :={R(r,w,w)¢:r€0,T),w e QueU}), (3.65)

1 an tsomorphism.

Proof. We divide the proof into two steps.

Step 1. For every R € A%(T), the map  + Ry is an element of L(¥,A2(T)).
Hence, the map A given by (3.65) is well-defined and linear.

Let R € A%(T). First, note that from Definition and Remark for every
Y € U, the family Rt given by (3.65)) satisfies the conditions of Definition and
hence it is an element of A2 (T). Therefore, the map v + R’ from ¥ into AZ(T) is
well-defined. Moreover, it is also linear as one can easily see from the linearity of each
operator R(r,w,u) € L(¥,®y, ).

To prove that 1 — R/v is also continuous, we will prove firstly that it is a sequentially
closed operator. In such a case, from the fact that ¥ is ultrabornological and A2 (T) is
a Hilbert space, the closed graph theorem (Theorem|1.1.3)) implies that it is continuous.

We will prove that 1 — R'v) is sequentially closed by proving that it satisfies the
characterization given in Theorem Let {¢n}nen be a sequence in ¥ converging
to some 1 € U and let X € A2 (T) be such that { R4, }hen converges to X in A2 /(T),
i.e. we have

T
lim ||R'4y — X||° ;= lim E / / Grau(R(ryu) 1y, — X (r,u))? pu(du) A(dr) = 0.
n—oo ’ n—oo 0 U
(3.66)
We need to prove that X = R'1).

First, note that as for each (r,w,u) € [0,T] x Q x U, we have R(r,w,u)" € L(V,®,, ),
then it follows that for each (r,w,u), {R(r,w,u) 1, }nen converges to R(r,w,u) in
) as n — o0o. It follows from this, Fatou’s lemma and (3.66)), that we have

qr,u

T
|Ry - X2, = IE/ /qnu(R(r,u)’zp—X(r, )2 p(du)A(dr)

n—o0

- / /U lim gru (R(r, w) 6o — X (r, u)2p(du)A(dr)

IN

lim inf E /0 /U o (R(ry ) 0 — X (1, 0))2p(du)\(dr) =

n—oo
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Therefore, we have X = R/t. Thus, v — Rt is sequentially closed and by the
closed graph theorem this implies that it is continuous. Hence, 1) — R'1) belongs to
L(V,T2(T)). This in particular implies that the mapping A is well-defined.

Finally, the fact that A is linear follows easily from (3.65) and the fact that for any
a€R, R,S € A%T), for every (r,w,u) € [0,T] x Q x U, it follows that aR(r,w,u) +
S(r,w,u) = (aR(r,w,u) + S(r,w,u))".

Step 2. The mapping A given by (3.65|) is invertible.

We start by proving that A is injective. As it is linear, it is sufficient (and necessary)
to prove that Ker(A) = {0}.

Let R € A%(T) be such that A(R) = 0. Then, R(r,w,u)® = 0, for all (r,w,u) €
[0,T] x 2 x U and all p € ¥. Therefore, R = 0. Thus, Ker(A) = {0}.

Now, to prove that A is surjective, let S € £(¥,A2(T)). From Lemma there
exists a continuous Hilbertian semi-norm p on ¥ for which S has an extension S such
that S € Lo(U,, A2 (T)).

Moreover, as S is Hilbert-Schmidt by Proposition there exists an orthonormal
system {1/)?}]-EJ in ¥,, an orthonormal system {X;}jes in AZ(T) and a sequence of
positive numbers {v;};c; satisfying ZjeJ 7]2- < o0, with J C N, such that S admits
the representation:

St = i p(,vh)X;, Vi €T, (3.67)

jeJ

Choose a complete orthonormal system {11)5’ }jen which is an extension of the orthonor-
mal system {1/1;3 }jes. Then, from (3.67) we have

Syl =~ XjifjeJ, and Syl =0if j e N\ J. (3.68)

Now, from Parseval’s identity and the fact that S € Lo(¥,, A2 (T)) it follows that

T ~ ~
E /0 /U S (S0 (ryw,0) Pu(dw) M (dr) = 112, g a2 1y < 0= (3.69)
jEN

Then, it follows from (3.68) and (3.69)) that there exists I' C [0,7] x  x U, such that
A@P®u)(I') =1 and

Zﬁqnu(Xj(r,w,u))z = qu,u((s'w?)(nw, u))? < oo, V(r,w,u)el. (3.70)
jed jeN

Let FF ={F(r,w,u):r€[0,T],w € Q,u € U}, where for every ¢ € ¥,

(S’w)(r,w,u), YV (r,w,u) €T,

(3.71)
0, V(r,w,u) € Q\T.

Our objective is to prove that the family F' satisfies the following properties:

(a) F(r,w,u) € Lo(¥p, @y, ), for all (r,w,u) € [0,T] x QA x U,

(b) The map (r,w,u) — ¢ (F(r,w,u), @) is PrB(U)-measurable, for each ¢ € @,
VeV,

(©) Efy Jy IIF(rw)l2,0, .0, ) #dw)A(dr) < oo.
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To prove (a), first note that from (3.67) and (3.71)), F(r,w,u) is a linear operator from
VU into @y, ,, for all (r,w,u) € [0,T] x Q2 x U.

Fix (r,w,u) € T'. Then, from (3.67)), (3.71)), the Cauchy-Schwarz inequality and Par-
seval’s identity, it follows that for all ¥ € ¥,, we have

2
Gra(F(r,w,u))’ = gra | D75 p(0, ¢7) X (r,w,u)
jeJ
< ZP(% 1/15)2 ) 2732 aru (Xj(rv w, u))2
jed jed
< Cp()?

where C' = Z;";l ’yqunu (Xj(r,w,u))2 < 0o by . Then, F(r,w,u) is a continuous
operator from ¥, into ®, .. Moreover, because {@Z)? }jen is a complete orthonormal
system in ¥,, (3.63), and show that HF(r,w,u)HLQ(\I,p’@qm) < oo and
hence F(r,w,u) € Lo(¥p, Py, ). As for (r,w,u) € Q\T we have F(r,w,u) =0, from
the above it follows that F(r,w,u) € La(¥p, @y, ) for all (r,w,u) € [0,T] x 2 x U and
therefore we have proved (a).

For (b), fix ¢ € ¥ and ¢ € ®. From (3.67) and (3.71)), for all (r,w,u) € I" we have

Gra(F(r,w,u)ip, @) =Y 75 p(W, ) g (X (r, w,w), ). (3.72)

jeJ

qr,u

As for each j € N, X; € A2(T), then the map (r,w,u) — gru(X;(r,w,u),¢) is Pr-
measurable (see Definition [3.2.1). Putting this together with (3.72) implies that the
map (r,w,u) — ¢ u(F(r,w,u), @) is Pr-measurable. So we have proved (b).

Finally, (3.69) and (3.71)) imply that

T
B[ IFC I, g, a0

T
—E / / > Gra((SYD) (r,w))2pu(du)A(dr) < oo
o Juizg
This proves (c).
Define R = {R(r,w,u) : r € [0,T],w € Q,u € U} to be given by:
R(r,w,u) = F(r,w,u)’, V(r,w,u) €[0,T] x Qx U. (3.73)

then from the properties (a)-(c) above it follows that R € A2(p,T) (see Definition(3.3.3)
and hence by Proposition we have i, R € A2(T). Moreover, as S is an extension
of S, from (3.71) for every 1) € ¥ and (r,w,u) € I', we have that

(ipR(r,w,u)) 't = F(r,w,u)iph = (Siph) (1w, u) = (SY)(r,w,u), (3.74)
and then from (3.65)) it follows that S = A(i,R). Therefore, the map A is surjective
and hence it is an isomorphism. O

Corollary 3.3.11. For every continuous semi-norm p on V¥, the mapping A given by
(3-65) defines an isometric isomorphism from A%(p,T) into Lo(¥p, A2,(T)).
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Proof.  With some very light modifications on the arguments of Step 1 in the proof of
Theorem we can show that for R € A2(p,T), we have A(R) € L(V,,A2/(T)).
Moreover, if {1;};en is a complete orthonormal system in ¥, then Fubini’s theorem,
and the fact that R € A%(p,T) implies that:

ARy, m3,0r) = ZHA(RW?H; (3.75)
i=1 ,
0 T
= row) P2 u(du) Mdr
= ;E/O /Uqr,u(R(, )W) u(du) M(dr)
T o0
= rouw) P2 u(du) Mdr
- E/O /Uj;qr,u(R( su)'P2) pu(du) A(dr)

T
= E/O /UHR(r,u)/HiQ(\pp,@qm)u(du))\(dr)

2
= ||R||s7p,T < 007

and therefore A(R) € L3(¥,,A2(T)). Note that (3.75) indeed implies that A is an
isometry from A%(p,T) into Lo(V,, A2/(T)).

Finally, the arguments of Step 2 in the proof of Theorem [3.3.10] show that A is an
isomorphism from A%(p,T) into La(V,, A2(T)). O

Corollary 3.3.12. Let R € A%(T). There exists a continuous Hilbertian semi-norm
p on ¥ and R € A%(p,T) such that R(r,w,u) = i;R(r,w,u), for AQ P ® u-a.e.
(ryw,u) € [0, T) x QxU.

Moreover, if H(V) denotes the collection of all the continuous Hilbertian semi-norms
on ¥, then

AT = | apAie ).
pEH (V)

Proof. First, from Step 1 of the proof of Theorem [3.3.10| we have that i — Rt
given in (3.65]) is an element of £(W,A2(T)). Then it follows from Step 2 of the proof
of Theorem [3.3.10] that there exists a continuous Hilbertian semi-norm p on ¥ and
there exists R in ~Ag(p, T) such that for A @ P ® p-a.e. (r,w,u) € [0,7] x Q@ x U,
R(r,w,u)'y = (i, R(r,w,u))y (note that this is (3.74) with S replaced by the map
= RY).

To prove the second statement, note that as a consequence of the first statement we have
A2(T) C Uper(w) ir,A2(p,T). Now, from Proposition we have that i, AZ(p,,T) C
A2(T), for each p € H(¥). Then, Uper o) i A2(p, T) C AX(T). O

Now we proceed to introduce vector topologies on the space A2(T') of strong integrands.
Note that as from Theorem the spaces A2(T') and L(¥,A2(T)) are isomorphic
(as vector spaces), then a natural way to introduce a topology on A%(T) is to equip
it with one of the known topologies on £(¥, A2 (T)) of uniform convergence in some
families of bounded subsets of ¥ (see Section .

Recall that the topology of bounded (respectively simple) convergence on L(¥, A2 (T))
is the locally convex topology generated by the following family of semi-norms:

S = sup [[SY[[, 7
PYeB
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where B runs over the bounded (respectively finite) subsets of W.

Then, by identifying each element R of A?(T) with the unique element (¢ —+ R'%)) in
L(¥,A2(T)) given by (3.65), we introduce on AZ(T) the topologies of simple and
bounded convergence. A family of semi-norms generating the topology of bounded
(respectively simple) convergence on A%(T) is then given by

T 3
R — 3}1611; HR 1/1Hw7T = sup <E/0 /Uqr’U(R(T’ u) w)Qu(du))\(dr)> , (3.76)

YpeB
where B runs over the bounded (respectively finite) subsets of W.

Proposition 3.3.13. The space A2(T) is complete equipped with the topology of bounded
convergence and quasi-complete equipped with the topology of simple convergence.

Proof. The assertion follow from the corresponding properties of the topologies of
bounded and simple convergence of the space L£(¥, A2 (T)). See Section 6, Chapter 39
of Kothé [62]. O

From Proposition the spaces A%(p, T'), where p ranges over the continuous Hilber-
tian semi-norms p on W, are linear subspaces of A%(T"). The following result shows
that the Hilbert topology on each space A2(p,T) (see Proposition is finer than
the subspace topology induced on them by the topologies of simple and bounded con-
vergence on AZ(T).

Proposition 3.3.14. Let p be a continuous Hilbertian semi-norm on ¥. Let A%(T)
be equipped with either the topology of simple or the topology of bounded convergence.
Then, the inclusion map i, : A2(p,T) — AX(T), R+~ i,R, is linear and continuous.

Proof. The linearity of the inclusion map is evident. To prove its continuity, let B

be any bounded subset of ¥. As p is continuous, there exists C' > 0 such that
B C CBy(1). Then, for any R € A%(p,T) we have from (3.63), (3.64) and (3.76]) that,

supHR’ipsziT < C? sup IE/ /un (r,w)ipe)? u(du) A(dr)
YeB ’

YEBp(1

< C*| sup p(v)? E/ / LR o p(du)A(dr)
</¢)€BP( ) 0 U H P HLQ(q)qhu’\IlP)
= iR, ;-
Then, the inclusion map 2‘; : A2(p, T) — A2(T) is continuous. 0

There exists an alternative way to introduce a vector topology on A%(T). Let H(¥)
denotes the collection of all the continuous Hilbertian semi-norms on V¥, then from
Corollary [3.3.12| we have A%(T) = UpEH( )i;Ag(p, T). Therefore, due to Propositions

|_| and u the family {(AZ(p,T),i;,) : p € H(V)} is an inductive system on AZ(T)
and hence we can equip this space with the inductive limit topology with respect to
this system (see Section . A local base of neighborhoods of zero for this topology
is the collection of all convex, balanced, absorbing subsets U of A%(T) such that for

each p € H(V), (z';)_l(U) is a neighborhood of zero in A2(p,T).

Proposition 3.3.15. Equipped with the inductive topology the space A2(T) is ultra-
bornological and if U is Fréchet then A2(T) is also complete. Moreover, the inductive
limit topology on A2(T) is finer than the topologies of simple and bounded convergence
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Proof. The first assertion follows because A?(T) equipped with the inductive limit
topology is by definition the inductive limit of the Hilbert spaces A2(p,T). If ¥ is
Fréchet then the inductive limit can be equivalently defined with respect to an increasing
sequence of continuous semi-norms {p, }nen. But as each A2(p,,T) is complete, this
implies that A2(T) is also complete (see result 6.6, Chapter II of Schaeffer, p.59).
Finally, by definition the inductive limit topology is the finest locally convex topology
on AZ(T) such that the inclusion map i, : A2(p,T) — AZ(T) is continuous for all
p € H(¥). Hence, Proposition implies that the inductive limit topology on
A2(T) is finer than the topologies of simple and bounded convergence. O

3.3.2 THE STRONG STOCHASTIC INTEGRAL: CONSTRUCTION AND BASIC
PROPERTIES

In this section we construct the strong stochastic integral for integrands in A2(T) and
study some of its basic properties. We start by showing the existence of the strong
integral for elements of the space A%(p, T).

Theorem 3.3.16. Let R € A2%(p,T), where p is a continuous Hilbertian semi-norm
on . Then, there exists a unique (up to indistinguishable versions) ‘Il;, -valued, zero-
mean, square integrable, cadlag martingale I°(R) = {I{(R)}ic0,1), such that for all
v ev,, P-ae.

LR =1 (Ry), Vte[0,T], (3.77)
where the stochastic process on the right-hand side of corresponds to the weak
stochastic integral of R'vyp € A2(T) defined in . Moreover, for all t € [0,T],

BV =B [ [ IR0, ) nldw(ar). (3.78)

Furthermore, I°(R) is mean-square continuous and has a predictable version.

Proof.  First, from Corollary [3.3.11| we have A(R) € L2(¥,, AZ(T)). Then, A(R) has

a representation
ARy =Y v p,¥0)X;, Vi € Ty, (3.79)
J€J
where {1/)57 }ies and {X;}jes are orthonormal systems in ¥, and A% (T) respectively,
{7vj}jes is a sequence of positive numbers satisfying ZjeJ%z' < oo and J CN.

Let {¢§ }jen be a complete orthonormal system which is an extension of the orthonor-
mal system {1#;? }ies. Then, from (3.79) we have

ARWE =~ Xjif j€J, and AR} =0if j €N\ J. (3.80)

Now, for each j € N, let f} be given by f7[] = p(-,¢7). Then, {f]}jen is a complete
orthonormal system in W}, that is in duality with {wj }ien, ie. sz-g[wf] = 0y, for each
1,7 € N. Moreover, it follows from and the continuity of the weak integral
mapping I* : A%(T) — M2 (R) (Theorem , that for each ¢ € [0,T], I* o A(R)
has the representation:

(I o A(RYY)r = TP (A(R)Y) = Y v fLWIIF(X;), Ve €U, te[0,T]. (3.81)

jeJ
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Now, note that from Fubini’s theorem and (3.30), we have

wp S 1) SZWJZE(sup !I?(Xj)V)§4TZ’V?HXJH?U,T<OO,

te[OT]]eJ jeJ te[0,T] =y
(3.82)
where recall HXjHi,,T =1, for all j € N and Z;’Ol'y? < oo0. Hence, it follows from
the above that the set Qy = {w € Q:supsepo) Dje 'y] (X)) < oo} is such that
P(p) = 1.
Let I°(R) = {I}(R)}sc(o,r) be defined for each ¢ € [0, 7] by:

>ier Vi [T (X)) (w),  if w € Qo,

, (3.83)
0, if w e Q\ Q.

I (R)(w) = {

From the definition of g it follows that the sum in (3.83) converges in @;, for every
w € Q. Hence, I°(R) is a @’B—V&lued process. Moreover, from Parseval’s identity,

(3.82) and (3.83)), we have

2

E( sup p'(ff(R))Q) — sup Z > v PR (X5)

t€[0,T tel0,T] .= ied

= sup Z 2 I (X < 0. (3.84)
tel0,1) 557

Therefore, I°(R) is square integrable. Moreover, from (3.83)) and the fact that each
I"(X;) € M7(R), it follows that I(R) is also a ¥/ -valued zero-mean cadlag martin-
gale.

Now, for any ¢ € ¥, it follows from (3.81f) and (3.83)) that for every w € Qg we have

I}(R => % PRI (X)) (w) = I (AR)Y)(w), Vte[0,T].

jedJ

Then we have proved (3.77)). The condition (3.77)) and Proposition [1.2.15 shows that

I°(R) is the unique (up to indistinguishable versions) ®;,-valued process satisfying the
conditions on the statement of the theorem.

To prove (3.78)), let ¢ € [0,7]. Then, from Parseval’s identity, Fubini’s theorem, ([3.28))
and (3.77)) we have
S D 2
@]

Ep(I(R)? = f}a[
= Yoe[lras)|]
j=1

— e t row) )2 u .
= 38 [ [, aRircur et

t
= B[ [ IRl o uldwA ).
0 U 7‘7’U4
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This proves (3.78). Now, to show that I°(R) is mean-square continuous, note that
from ({3.78)) it follows that for any 0 < s <t <T we have:

¢
B (/(I3(R) — [ (R)P) =E [ IR0, ug) #dw)N@r) < IR, .
and hence from an application of the dominated convergence theorem we have
E (p'(I3(R) — Its(R))Q) —0 ass—t ort—s.

Thus, I*(R) is mean square continuous. Finally, as I*(R) is a \I’;—valued, Fi-adapted
and stochastically continuous process it has a predictable version (see Proposition 3.21
of Peszat and Zabczyk [85], p.27). O

We now show the existence of the strong stochastic integral for elements of A2?(T)).

Theorem 3.3.17. Let R € A%2(T). Then, there exists a unique (up to indistinguish-
able versions) \If’ﬁ -valued, zero-mean, square integrable cadlag martingale I°(R) =
{I (R) }ejo,m » such that for all ¢ € ¥, P-a.e.

LR =1 (Ry), Vte[0,T], (3.85)

where the stochastic process in the right-hand side of (3.85)) corresponds to the weak
stochastic integral of R'vp € A2 (T) defined in (3.65)).

Moreover, there exist a continuous Hilbertian semi-norm p on V¥ and R e A2(p,T)
such that R(r,w,u) = i, R(r,w,u), for \@ P® p-a.e. (r,w,u) € [0,T] x Qx U and
such that I7(R) = z;ItS(R) for all t € [0,T], where I°(R) is the W), -valued process
defined in Theorem|[3.3.10,

Proof.  First, it follows from Corollary [3.3.12 that there exists a continuous Hilbertian
semi-norm p on ¥ and R € A?(p,T) such that R(r,w,u) = inR(r,w,u), for \@P® p-
a.e. (r,w,u) €[0,T] xQxU.

Let I°(R) be the W7,-valued process defined in Theorem [3.3.16f Define I°(R) =

{I7(R)}iepo) for every t € [0,T] by I}(R) = i,I7(R). Then, from the properties
of the process I*(R) it follows that I*(R) is a \Il’ﬁ -valued, zero-mean, square integrable
cadlag martingale.

Let ¢ € U. From the fact that i; is the dual operator of i, , and the fact

that R = Z;R A ®@P® p-ae., it follows that P-a.e. for all ¢ € [0,T] we have
F(R)W] = i, P(R)W] = IP(R)[ipe)] = L' (R'ipy) = L' (i, R)'v) = L' (R').
This proves (3.85). Finally, (3.85) and Proposition [1.2.15| shows that I¥(R) is the

unique (up to indistinguishable versions) @b—valued process satisfying the conditions
on the statement of the theorem. O

Proposition 3.3.18. If for each A € R and ¢ € O, the real-valued process (M (t, A)(¢) :
t > 0) is continuous, then for each R € A2(p,T), the W7, -valued process 1°(R) defined

in Theorem is continuous. Similarly, for each P € A%(T) the W' -valued process

I3(P) defined in Theorem is continuous.

Proof. Let R € A2%(p,T). With the notation of the proof of Theorem [3.3.16} our

assumption implies that for each j € J, I'"¥(X}) is a continuous process (see Proposition

3.2.10)). Then, it follows from (3.83) that I°(R) is continuous.
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If P € A%(T) it follows from the second part of Theorem that there exists a con-
tinuous Hilbertian semi-norm p on ¥ and P € A%(p,T) such that I*(P) and i, I°(P)

are indistinguishable processes. But as I°(P) is a W7, -valued continuous process and
i+ ¥, — W is continuous it follows that I°(P) is continuous. O

We are ready to define the strong stochastic integral.

Definition 3.3.19.

(1) Let p be a continuous Hilbertian semi-norm on ¥. For R € A2(p,T) let I°(R)
be the W) -valued process defined in Theorem (3.3.161 We call I*(R) the strong
stochastic integral of R.

(2) For R € AZ(T) let I*(R) be the ¥j-valued process defined in Theorem (3.3.17, We
call I°(R) the strong stochastic integral of R. We will sometimes denote the

stochastic integral I*(R) of R by {fo Jor R(r,u)M (dr,du) : t € [O,T]}. The map
I AXT) — M2T(‘I’lﬁ) given by R — IS(R), Wlll be called the strong integral
mapping.
Proposition 3.3.20. For every continuous Hilbertian semi-norm p on ¥ and R €
A2(p,T), the two definitions of the strong stochastic integral given in Definition
are consistent, i.e. I}(i,R) = i, I} (R) for all t € [0,T7].
Proof. Let I°(R) be the strong stochastic integral of R as given in Definition|3.3.19|(1).
From Proposition it follows that i/ R € A%(T') and hence it has a strong stochastic

integral I°(i,R) as given in Definition [3.3.19(2). But from the second part of Theorem
3.3.17) it follows that I (i, R) = i, (R) for all ¢ € [0,T]. O

Now we proceed to study some properties of the strong integral mapping.

Proposition 3.3.21. The strong integral mapping I° : A2(T) — MQT(\I/’ﬁ) is linear.

Proof. Let a € R, PR € A% (T). As aP + R € A%(T), from Theorem [3.3.17 the
strong stochastic integral I*(aP + R) of aP + R satisfies that V¢ € U, P-a.e.

I$(aP + R)[Y] = I”((aP + R)y), Vte[0,T].

Now, by the linearity of the weak integral and (3.85)) for both P and R, for every
Y € VU, P-a.e. it follows that

(P + R)Y] = L' ((aP + R)Y) = aly’ (PY) + I (RY) = aly (P)[Y] + I (R)[Y],

for all t € [0,T]. Therefore, for each ¥ € ¥ the process I*(aP + R)[¢] is a version
of (aI®*(P)+ J*(R))[%]. Then, it follows from Proposition |1.2.15|that I*(aP + R) and
al*(P) + I°(R)) are indistinguishable Wj-valued processes. Therefore, the map I° is
linear. g

Corollary 3.3.22. Let p be a continuous Hilbertian semi-norm on V. The strong
integral mapping I° restricts to a continuous and linear operator from A%(p,T) into
M%(\I/;)) such that the following diagram commutes:

-/

A2(p, T) —2—= AX(T)

o,

MG (T}) ——> ME.(Tp)
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Proof. The fact that the strong integral mapping I° restricts to a linear operator
from A2(p,T) into MQT(\IJ;) such that the diagram above commutes is a consequence

of Propositions [3.3.20] and [3.3.21]
Finally, from Doob’s inequality, (1.15)), (3.63|) and (3.78)), it follows that

1Rz ) < VT IRy VR € AX(p,T).

Therefore the the strong integral mapping is continuous as an operator from A2(p,T)
into M7.(¥7). O

The next result shows that the strong integral map is also continuous from AQ(T) into
M3 (V). We will need the topologies on M7 (¥%) defined in Section 1.2.2/ and the
topologies on A2(T) defined in Section m

Proposition 3.3.23. Let A2(T) and MZT(\I/%) be equipped with either the topology of

simple or the topology of bounded convergence. Then, the map I° : A2(T) — M%(\I"B)
1S5 continuous.

Proof. Let B be any bounded subset of ¥. For any R € A?(T), it follows from (3.30)),
(B76) and (B.85) that

s 2 o w 2 2
sup (| (R) (W13 m) = sup |11 (RY)|[ vz gy < AT sup 1R Y[,z

And hence I° is continuous for A2(T) and M%(\If’ﬁ) equipped with either the topology
of simple or of bounded convergence. O

Corollary 3.3.24. Let A%(T) be equipped with the inductive limit topology and M?F(\IJ:B)
be equipped with either the topology of simple or the topology of bounded convergence.
Then, the map I° : A2(T) — M%(\If%) is linear and continuous.

Proof. Because the inductive limit topology on A%(T) is finer than the topologies of

simple and bounded convergence (Proposition [3.3.15)), then Proposition [3.3.23| implies
that the strong integral map is also continuous for A%(T) equipped with the inductive

limit topology. U

We finish this section with some important examples of applications of our theory of
strong stochastic integration.

Example 3.3.25. Let ® be a barrelled nuclear space and W be a generalized Wiener
process in @% . Let M be the cylindrical martingale-valued measure defined in Example

by (3-3). Then, the space AZ(T) is the collection (of equivalence classes) of families
R = {R(r,w,0) : v € [0,T],w € Q,0 € Uy} of operator-valued maps satisfying the
conditions of Definition with respect to the family of semi-norms {¢,o} defined
in Example From Example it follows that the condition takes the

form

T
E/ ¢-(R(r,0)9)%dr < 0o, Ve € V.
0

We denote by {fot R(r,0)dW (r) : t € [0,T]} the strong stochastic integral with respect
to M ; in view of Proposition [3.3.18]it is a continuous process.
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Example 3.3.26. Let ® be a complete, barrelled nuclear space and M be the Lévy
martingale-valued measure defined in Example by . Then, the space A?(T)
is the collection (of equivalence classes) of families R = {R(r,w, f) : r € [0,T],w €
Q,f € By(1)} of operator-valued maps satisfying the conditions of Definition |3.3.1
with respect to the family of semi-norms {g, s} defined in . From Example ’%
it follows that the condition takes the form

E ! /712 v
/O /Bp/(l)‘f[R(r’f) 'l;bH v(df)dr < oo, Vi €W,

We denote by {fo fB R(r, f)N(dr,df) : t € [0,T]} the strong stochastic integral
with respect to M.

Example 3.3.27. Let ® be a complete, barrelled nuclear space and M be the Lévy
martingale-valued measure defined in Example by . Then, the space A2(T)
is the collection (of equivalence classes) of families R = {R(r,w, f) : r € [0,T],w €
Q,f € By(1)} of operator-valued maps satisfying the conditions of Definition [3.3.1
with respect to the family of semi-norms {g, s} defined in (3.13)). From Example &
it follows that the condition takes the form

T 2
E / (Q(R(r, 0)'y)* + / | FIR(r, /)] V(df)> dr < oo, V¢ eW.
0 /(1)\{0}

Moreover, from Examples [3.3.25 and [3.3.26] and from the properties of the strong
stochastic integral that we will show below in Proposition [3.3.31] for all ¢ € [0,7T] we
have

/ / R(r, f)M (dr,df) = / R(r,0)dW (r / / 50 N(dr,df).

3.3.3 SOME PROPERTIES OF THE STRONG STOCHASTIC INTEGRAL

In this section we prove some of the basic properties of the strong stochastic integral.
Thanks to the relation between the strong and weak stochastic integrals given in ,
we will see that most of the properties of the weak integral can be transferred to the
strong integral.

Proposition 3.3.28. Let T be a quasi-complete, bornological, nuclear space and let
S € L(V},Ty). Then, for each R € A2(U, M;T), we have So R = {S o R(r,w,u) :
re0,T],w e QueU}eAY,M;T), and moreover P-a.e., we have

I}(SoR)=S(I;(R), VYte]|0,T]. (3.86)
Proof. We have to prove that So R € A2(Y, M;T).
First, since for each (r,w,u) € [0,T] x Q x U, we have R(r,w,u) € L(P’
S € L(W}, T}), it follows that S o R(r,w,u) € L(Pq, , ).
Now, let ¢ € ® and v € Y. As S'v € ¥, Definition (2) applied to R implies that
the mapping [0,7] x Q2 x U — R given by

; Us) and

r,u

(ryw,u) = gru((So R(r,w,u))v,¢) = ¢-u(R(r,w,u) S'v, ¢),
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is Pr ® B(U)-measurable.
Finally, as S’v € ¥ for every v € T, Definition m@) applied to R implies that

T T
1 N\2 _ rar \2
E/O /qu((SoR(r, w))'v) p(du)A(dr) = IE/O /(]qnu(R(r, u) S'v)*p(du)\(dr) < oo,

for every v € Y. Therefore, So R € A2(Y,M;T).
Now, note that (3.85) implies that for all v € T, for P-a.e. w € Q we have

I}(S o R)(w)[v] = I} (R 0 S'v)(w) = I} (R)(w)[S"v] = S (I} (R)(w)) [v], Vt€[0,T],

where in the last step we have applied the definition of the dual operator S’. Therefore,
we have that for all v € Y, I*(SoR)[v] = S (I*(R)) [v] are indistinguishable processes.
Then, Proposition [1.2.15 shows that the W} -valued processes I°(So R) and S (I°(R))
are indistinguishable. This shows ([3.86|). O

Proposition 3.3.29. Let 0 < sq < tg < T and Fy € Fs,. Then, for every R € A2(T),
P-a.e. we have

If(]l}so,to}XFoR) = ]lFo (Its/\to (R) - If/\so (R)) s Vte [OaT]' (3'87)

Proof. Let R € A2(T). Then, it is easy to see that Dyso,to]x o 2 € A2(T) and hence
its strong stochastic integral exists.

Now, let ¢ € W. It follows from Theorem [3.3.10| that R'¢p € A2(T). Then, from
Proposition [3.2.15 there exists I'y, C €2, such that P(I'y,) = 1 and for each w € I'y,

I (Lysy o) x r R ) (@) = Ly (Liagy (R (W) — Lig, (R) (W), VEE€[0,T].  (3.88)

On the other hand, it follows from ([3.85) that there exists €, C Q, with P(Qy) =1,
such that for each w € €1, we have

I (L5 0] x 7o R) (@) [] = I (L5 1) x i R'Y) (W), V't €[0,T], (3.89)

Iingo (R) (W) [W] = Iipgy (R) (W) ] = Iiny, (R'Y) (w) = Iips, (R'Y) (w), Vit €[0,T]. (3.90)
Let ©4 =Ty N Qy. Then, P(©,) = 1. Moreover, from , and , for

every w € 0y it follows that

I (Mg 0] x 1 RY (W) [0] = Tingy (R) (W) [] = Tips, (R)(W)[9], Vi €[0,T].

Then, for every o € ¥, I°(1y5 o1 r R[] and IS, (R)[Y] — I5, (R)[¢] are indistin-
guishable processes. But as the Wj-valued processes I°(1}s, 1]xr, 12) and I3 (R) —

I, (R) as regular and cadlag, it follows from Proposition [1.2.15| that they are indis-
tinguishable. This shows (3.87)). O

Proposition 3.3.30. Let R € A%(T) and o be an {F;}-stopping time such that P(o <
T)=1. Then, P-a.e.
IE(H[O,U]R) = If/\O'(R)7 Vi e [OaT] (391)

Proof. The proof follows from Proposition Theorem [3.3.10] and similar argu-
ments to those used in Proposition |3.3.29 O
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Proposition 3.3.31. Let N1, Ny be two independent nuclear ®;-valued martingale-

valued measures on Ry X R, each with covariance structure as in determined by

the family {plu}ru of continuous Hilbertian semi-norms on ® and measures \j = A,

Wi =, for j =1,2; all of them satisfying the conditions given in Definition .

Let M be the nuclear ®;-valued martingale-valued measure on Ry x R defined by Ny

and Na as in Proposition . Let {qru}ru be the family of semi-norms determining

the covariance structure (3.1).

Assume R € A2(M;T). Then,

(1) For each j = 1,2, {R(r,w u)zpiuq cr € [0,T,w € Qu € U} € A2N;;T),
where for each r € [0,T] and u evu,
', into f

Pru
(2) P-a.e., for all t € [0,T] we have,

t ¢
//R(T,U)M(dr,du) = //R(T,u)i;l ¢ Ni(dr,du) (3.92)
0 U 0 U U1, U
t
+/ /R T, U i;Q e Ng(dr du).

Proof. As in the proof of Proposition |3.2.16| we have from ) that for every r €
[0, 7], ue U, piu < @ru, for each j = 1,2. Hence, the 1nclus1ons i are well-

- p'r uyqr,u

; denotes the inclusion map from

rusqdr,u

defined and are linear and continuous.

The proof of ( ) follows from similar arguments to those in the proof of Proposition

3.2.16 LD, P
using me,qm € L( »r, q”)

The proof of (3.92) now follows from an application of the same arguments used in the

proof of Propositions 3.3.29, using (3 , and the fact that from Proposition [3.2.16| we
have that for every ¢ € ¥, P-a.e. for all t e 0,77,

/0 /U R(r,w) v M (dr, du) / / ipt g R, ) Ny (dr, dur)
/ / gro B(7, ) P No(dr, du).

and the fact that the dual operator of i ; R(r,u) is R(r,u)i; j=12. 0O

’
T usdr,u Prusqr,u

3.3.4 EXTENSION OF THE CLASS OF INTEGRANDS

We now proceed to extend the strong stochastic integral to a larger class of integrands.
The strong stochastic integral is defined by means of the regularization theorem.

Definition 3.3.32. Let A (¥, M;T) denote the collection (of equivalence classes) of
families R = {R(r,w,u) : r € [0,T],w € Q,u € U} of operator-valued maps satisfying
the following conditions:

(1) R(r,w,u) € L(Pg, V), forall r €[0,T], we Q, ueU,

qr,u’
(2) R is gry-predictable, i.e. for each ¢ € ®, ¢ € ¥, the mapping [0,7] x Qx U —
Ry given by (r,w,u) — ¢ru(R(r,w,u)'1, ¢) is Pr @ B(U)-measurable.

(3) For every ¢ € ¥,

P (w cQ: /0 ' /U G (R(r, 0, 1)) p(du)\(dr) < oo> _1 (3.93)
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Remark 3.3.33. The class As(V, M;T) generalizes considerably the class of extended
stochastic integrands in Bojdecki and Jakubowski [13] (see Definition 2.6 there). Indeed,
to the extent of our knowledge As(V, M;T) is one of the largest classes of integrands
considered in the literature of stochastic integration in duals of nuclear spaces.

Again, when it is not necessary to give emphasis to the dependence of the space
As(W, M;T) with respect to ¥ and M, we denote this space by Ag(T). One can
easily check that A4(T) is a linear space. Moreover, A2(T) C A4(T).

We proceed to construct the strong stochastic integral for the integrands belonging to
As(T). We start with the following result that is the analogue of Theorem for
the elements of A4(T).

Theorem 3.3.34. The mapping A : Ay(T) — L(U, AE°°(T)) given by
R (= Ry :={R(r,w,u)y 7 €[0,T),w € QueU}), (3.94)

s an injective linear operator.

Proof. The proof follows from similar arguments to those used in the proof of Theorem
[3:3.10] and hence we will mention only the main points.

First, note that for every R € A2(T) the properties listed in Definition imply
that the map ¢ — R'%) from ¥ into A,%,’ZOC(T) is well-defined. Moreover, we can
easily see that it is also linear; indeed this follows from the linearity of each operator
R(r,w,u) € L(¥, D, ).

We need to prove that 1 — Rt is also continuous. First, we can show that ¥ — R4
is sequentially closed, this by following similar arguments to those used in Step 2 of
the proof of Theorem but with the norm [[-||,, 7 there being replaced by the
metric dy defined in (3.37). Then, the closed graph theorem (Theorem shows
that 1) — R/t is continuous. Therefore the mapping A’ is well-defined. The proof
that A’ is linear and injective is exactly as in the proof of Theorem O

Remark 3.3.35. We do not know if the map A’ defined in Theorem[3.3.34 is surjec-
tive. This is because as the space A%U’ZOC(T) 1s not in general a Hilbert space or even
a Banach space (indeed is not in general locally convez; see Remark , 1t 15 not
clear how the arguments used in Step 2 of the proof of Theorem[3.3.10 can be modified
for elements of L(¥, A5°(T)).

We are ready to prove the existence of the extension of the strong stochastic integral
to the elements of A4(7T). This is carried out in the following result.

Theorem 3.3.36. Let R € Ay(T). There exist a unique (up to indistinguishable
versions) \If/ﬁ -valued cadlag locally zero-mean square integrable martingale I*(R) =

{I3(R)}epp.r)» such that for all Y € U, P-a.e.
L(R)W) = I (R'y), ¥te[0,T). (3.95)
where for each ¢ € W, the stochastic process in the right-hand side of (3.95|) corresponds

to the weak stochastic integral of R/ € A%}loc(T).

Proof. Let R € Ag(T). From the continuity of the extended weak integral map
(Proposition [3.2.24)) and Theorem [3.3.34] it follows that the map I* o A'(R) : ¥ —
M2I(R) is linear and continuous. As M2°°(R) is continuously and linearly injected
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in Dp(R), then I*oA'(R) = {I» o A'(R)}4ejo,r) 1s a cylindrical process in ' such that
the map ¢ — I o A’(R) from ¥ into Dp(R) is continuous. Then, it follows from the
regularization theorem (Theorem that there exists a \II/’B -valued regular cadlag
process 1°(R) = {ff(R)}te[O,T] , such that for every ¢ € ¥ the real-valued process
I*(R)[)] is a version of o A/(R) (1)) = I*(R'+)). But as for every 1) € ¥, the processes
I*(R)[¢] and I¥oA/(R)(¢)) = I (R'1)) are both cadlag then they are indistinguishable.
This shows (3.95). Moreover, as for each 1 € ¥, I"(R'Y) = {f;"(R%)}te[o’T} is a
cadlag real-valued locally zero-mean square integrable martingale, implies that
I 5(R) is also a ‘11’5 -valued locally zero-mean square integrable martingale. Finally, the

uniqueness of I° (R) up to indistinguishable versions is a consequence of (3.95) and
Proposition [T.2.T5 O

Definition 3.3.37. For every R € A (T), we will call the process I°(R) given in
Theorem (|3.3.36)) as the strong stochastic integral of R. We will sometimes denote

the process I°(R) by {fg Jy R(r,u) M (dr,du) : t € [O,T]}.

From and the properties of the weak stochastic integral for integrands in A%'°“(T)
(see Proposition we can show that the properties of the stochastic integral
for integrands in A?(T) (see Section are also satisfied for the strong stochastic
integral for integrands in A4(7"). We summarize this in the following result:

Proposition 3.3.38. Let R € Ay(T). Then, all the assertions in Propositions
|332ﬂ, |335’d and|3.3.31| are true for the strong stochastic integral I°(R) of R.

The map I° : Ay(T) — M?ﬁloc(\ll’ﬂ) given by R — I*(R), will be called the extended

strong integral mapping. Here recall that Mgiloc(\li’ﬁ) denotes the space of \I”B—
valued cadlag locally zero-mean square integrable martingales. By using (3.95) and the
same arguments on the proof of Proposition [3.3.21] we can show the following result.

Proposition 3.3.39. The extended strong integral mapping I° : Ay(T) — M%loc(\lﬂﬁ)
s linear.



Chapter 4

Stochastic Evolution Equations
in Duals of Nuclear Spaces

In this chapter we will apply the theory of stochastic integration introduced in Chapter
3 to the study of some classes of stochastic evolution equations taking values in the
dual of a nuclear space ¥ and driven by cylindrical martingale-valued measure noise.

Stochastic evolution equations in the dual of a nuclear space has been considered by
many authors. For example, Bojdecki and Gorostiza [9], [10], Bojdecki and Jakubowski
[15], Dawson and Gorostiza [22], Ding [26], Ferndndez and Gorostiza [28], Gorostiza
[33], Hitsuda and Mitoma [38], Ito [43], Kallianpur and Pérez-Abreu [52], Mitoma [74],
Pérez-Abreu and Tudor [84], Ustiinel [I00], [107], Wu [I15] and Walsh [IT1].

In all of these works, only equations with additive Wiener or square integrable mar-
tingale noise on the dual of a nuclear Fréchet space have been considered. The only
exception is [26] where multiplicative noise with respect to Wiener processes is also
studied. The class of stochastic evolution equations considered in this chapter general-
izes all the above works (see (4.10))). We will consider both mild and weak solutions to
these equations.

This chapter is organized as follows. In Section [4.1] we will introduce some results to
define deterministic integrals for stochastic integrands. These classes of integrals will
be necessary to provide an adequate definition for the deterministic integral occurring
within mild solutions to our equations. In Section [4.2] we will give a detailed description
of the class of stochastic evolution equations studied in this chapter. We will also
provide details of the definitions of weak and mild solutions. Sufficient conditions for
the equivalence between weak and mild solutions will be show in Section Properties
of the stochastic convolution will be studied in Section Finally, in Section (4.5 we
show the existence and uniqueness of weak and mild solutions under some Lipschitz
and growth conditions.

§4.1 A Regularization Theorem for Deterministic Integrals

Throughout this section ¥ will be an ultrabornological nuclear space over R.

In this section the objective is to introduce a new theory of regularization results for
deterministic integrals of random integrands taking values in \II/B The reason why
we need this theory will be clear in Section where we define the deterministic
convolution of a Cy-semigroup on \I/’ﬁ with a random function taking values on \I/%

84
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The deterministic integral developed in this section can also be viewed as a substitute
for the Bochner integral that is normally used to define integrals as described above in
the context of a Banach space (see e.g. Da Prato and Zabczyk [20]).

For the proof of the next theorem we will need to recall some properties of absolutely
continuous functions. For ¢ > 0, let AC} denotes the linear space of all absolutely
continuous functions on [0,¢]. It is well-known (see Theorem 5.3.6 of Bogachev [§],
p-339, Vol I) that G € AC} if and only if there exists an integrable function g defined
n [0,¢] such that:

G(s) = G(0) + /05 g(r)dr, Vs e |0,t]. (4.1)

The space AC} is a Banach space equipped with the norm [|-[| 4, given by:

t
1G4, = 1G(0)] + /0 l9(r) dr,

for G € AC; with g satisfying (4.1)).

Theorem 4.1.1. Let T > 0 and let X : [0,T] x [0,T] x Q — V" be such that

(1) For each t € [0,T], the map (r,w) = Ljgq (r) X(¢,7,w)[¢)] is Pi-measurable, for
al b ew.

(2) For each t € [0,T],

]P’(weQ:/t]X(t,r,w)[¢]|dr<oo> =1, VyeU.
0

Then, there exists a W} -valued regular process {fg X(t,r)dr .t €0, T]} satisfying: for
every t € [0,T] and 1 € ¥, for P-a.e. w € Q,

</Xtrdr> /Xtrw (4.2)

where for each t € [0,T] and every 1 € Y, the integral on the right hand side of
is the Lebesgue integral of the real-valued function r +— X (t,r,w)[tp] on [0,t], that is
defined for P-a.e. w € Q.

Proof. For every t € [0,T], ¥ € ¥, let Qyp = {w € Q: fg|X(t,r,w)[¢]\dr < 00}
Then, from property (2) it follows that P (§;,) = 1.

Now for every t € [0,7], let Z; : ¥ — L°(Q,.#,P) be given for each 1) € ¥ by

fo (t,r,w)[ldr, for w e Qy,

(4.3)
0, elsewhere.

Zy()(w) = {

Property (1) above and the definition of Q;, imply that for each ¢ € ¥, Z;(¢) €
LY (Q,.%,P) and hence Z; is well-defined. Moreover, it is clear that Z; is a cylindrical
random variable. To prove the theorem, we need to show that each map Z; : ¥ —
LY (9, .Z,P) is continuous. This is because in that case, from the regularization theorem
(Theorem there exists a \IJ,’g—valued regular random variable fg X (t,r)dr that
is a version of Z;. This together with (4.3]) implies (4

Now we prove that Z; : ¥ — LY (Q, 7 ]P’) is continuous. To do this we will need some
preparations. First, note that from conditions (1) and (2) of X and a consequence of
Fubini’s theorem we have:
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(a) Vo €W, for all we Qy, { [y Xt r,w)Y]dr:se[0,t]} € AC,
(b) V¢ € U, the map w +— fot | X (t,r,w)[¢]| dr is Fi-measurable.
Let J;: U LY(Q, F,P; AC;) given for every ¢ € U by

fos X (t,r,w)[ip]dr, for w e Qyy, s €]0,1],

(4.4)
0, elsewhere.

Ji()(w)(s) = {

To show that J; is well-defined, note that from (a) above and (4.4)) we have J;(¢)(w) €
AC; for all w € Q2. Moreover, (b) above shows that

w o |15 ) (@)L ac, = /0 X (¢, rw)[¢]] dr

is Fy-measurable and hence is F-measurable. Therefore, it follows that for each ¢ € ¥,
Ji(¥) is an AC-valued random variable. Therefore J; is well-defined. It is also clear
that J; is linear.

Define the map I'; : LY(Q, F,P; AC;) — L°(Q2, F,P) by
Li(Y)(w) =Y (w)(t), VY eL'Q,F,P;AC)). (4.5)

The map I is clearly linear. Moreover, by (4.3)), (4.4) and (4.5) it follows that Z; =
I'y o J;. Therefore, to prove that Z; is continuous, it is sufficient to prove that both J;

and I'; are continuous. We proceed to do this.
Claim 1: The map J; is continuous.
We will prove first that J; is sequentially closed. Let {ty, }nen be a sequence converging

to v in ¥ and let Y € LY(Q, F,P, AC;) be such that ||J;(vy,) — Yl ¢, 5 0asn— 0.
We have to prove that Ji(¢) =Y.

Let g: Q — LY([0,1],B([0,t]), Leb) be such that Yw € €,
Y(w)(s) =Y (w)(0) + /OS g(w)(r)dr, Vs € |0,t]. (4.6)

Such a g exists because Y € LY(Q, F, P, AC;).

Because ||Ji(¢n) — Y| 40, B0asn— 00, there exist a subsequence {t¢, }ren and a
subset g of Q with P(€2) = 1 such that for each w € Qq:

Jim [, (@) = Y (@)l 4, =0. (4.7)

Note that (4.7) and the fact that Ji(¢p,)(w)(0) = 0, Vk € N, w € Q implies that
Y (w)(0) =0, Yw € Q.
Now, the continuity of X (¢,7,w) on ¥ for each (r,w) € [0,¢] x Q implies that

klggo X(t,r,w)thn,] = X(t,rw)], V(rw)el0t] x Q.

This, together with (4.7)) and Fatou’s Lemma implies that for every w € £y we have:
t
1) =Y @l = [ X ()] - gl dr
t

— /klim 1 X (t,7,w)[thn,] — g(w)| dr
o0 k—oo

A

t
< liminf/o | X (t,r,w)[tn,] — g(w)| dr

k—o0

17 (¥, ) (@) = Y ()] 4, = 0

lim
k—o0
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Therefore, J; is sequentially closed. Now, as ¥ is ultrabornological and AC} is a
Banach space, the closed graph theorem (Theorem [1. shows that J; is continuous.
This proves Claim 1.

Claim 2: The map I'; is continuous.

First, note that as the map I'; is linear, we only need to prove its continuity at zero. Let
Y € LY, F,P; ACy) and let g : Q — L([0,], B([0,]), Leb) satisfying (4.6). Then,
from the definition of I'; and of the norm [[-|| 4, we have that for every w € €2,

IT:(Y)(w)| = [Y (@) @)] < [V (w +ﬂ/ lg(@)(r) dr = |[Y (W), -
Therefore, for every € > 0, the above inequality implies that
PlweQ: Ty(Y)(w)|>e) <P(weQ:[|[Y (W)l >¢),

and this is sufficient to prove the continuity of I'y at zero and hence it is continuous.
This proves Claim 2.

Then, from Claims 1 and 2 we have that Z; is continuous. From our arguments at the
beginning of the proof, this completes the proof of the theorem. O

Corollary 4.1.2. Let X : [0,T] x [0,T] x Q — V" be such that

(1) For each t € [0,T], the map (r,w) — X (t,r,w)[t)] is P;-measurable, for all p € V.
(2) There exists n € N such that

/Xtr dr

(8) For every v € U, for P-a.e. w € ), the map t — ng(t,T,w)[¢]dT is continuous.

Then, there exist a continuous Hilbertian semi-norm q on ¥ and a \Il; -valued, {F;}-

adapted and continuous process {fot X(t,r)dr : t €0, T]} with

sup ¢ </ X(t,r)d >
t€[0,T)]

and satisfying: for each 1 € ¥, for P-a.e. w € (2,

</‘Xtrm> /JXtrw dr, Vtel0,T], (4.9)

where for each t € [0,T] and every 1p € U, the integral on the right hand side of (4.9)
is the Lebesgue integral of the real-valued function r — X (t,r,w)[tp] on [0,t], that is
defined for P-a.e. w € Q.

Moreover, the process {fOtX(t,r,w)dr :te[0,T),we Q} has a predictable version.

sup
t€[0,T]

]<m,v¢em

< 0. (4.8)

Proof. First note that the property (2) of this corollary implies the property (2) of
Theorem Therefore, from Theorem 1 there exists a U);-valued regular process

{fo (t,r)dr :t €0, T]} satisfying (4.2) P-a.e. w € Q for all ¢ € .

Now, the properties (2) and (3) of this corollary and Theorem [1.2.24] imply the ex-
istence of a continuous Hilbertian semi-norm ¢ on ¥ and of a \P;—Valued continuous
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version of {f(fX(t,r, gdr:t € [O,T]} (which we denote by the same notation) sat-
isfying . For fixed ¢ € ¥, the fact that the processes in both sides of are
continuous implies that they are indistinguishable (as each one is a version of the other),
therefore this implies that is valid. Also, note that as in the proof of Theorem
the property (1) of this corollary implies that for each t € [0,7] and ¢ € ¥,
the map w +— ng(t,r,w)[z/J]dr is Fi-measurable. Therefore, as C(V;) = B(¥7), the

process {ng(t,r, ddr:t e [O,T]} is {F;}-adapted. Moreover, as this process is also

continuous and \I/fl is a separable Hilbert space, then it has a predictable version (see
Proposition 3.21 of Peszat and Zabczyk [85], p.27). O

§4.2 Stochastic Evolution Equations: The General Setting

Note 4.2.1. From now on we will make an intensive use of the properties of Cj-
semigroups in a nuclear space and its strong dual. For a review of the relevant facts
about the theory of Cjy-semigroups in locally convex spaces the reader is referred to

Appendix

In this section we will introduce the general model of stochastic evolution equations in
the dual of a nuclear space driven by a nuclear cylindrical martingale-valued measure.
Let ® be a locally convex space and ¥ be a quasi-complete, bornological, nuclear
space, both defined over R. Let U be a topological space. We are concerned with the
following class of stochastic evolution equations

dX, = (A’Xt+B(t,Xt))dt+/ F(t,u, X;)M(dt,du), fort>0, (4.10)
U

where we will assume the following;:

Assumption 4.2.2.

(A1) A is the infinitesimal generator of a (Co,1)-semi-group {S(t)}+>0 on V.

(A2) M s a nuclear cylindrical martingale-valued measure on Ry x R, where R is
a ring R C B(U) that generates the Borel o-algebra B(U) of the topological space U,
and the covariance of M 1is determined by the measure A = Leb on Ry, a o-finite

Borel measure p on U, and the semi-norms {gr, : 7 € Ry, u € U}; all satisfying the
conditions in Definition[3.1.3 and Assumption[3.1.9

(A3) B : Ry x W' — U is such that the map (r,g) — B(r,g)[y] is B(Ry) ® B(¥})-

measurable, for every ¥ € W.

(A4) F={F(r,u,g) :r € Ry,ueU,ge WV} is such that

(a) F(r,u,g) € L(®G, ., V5), Vr >0, uelU, ge V.

(b) The mapping (r,u, g) = ¢ru(F(r,u,9)'¢,v) is B(R})@B(U)@B(V) -measurable,
for every p € &, p € V.

Note that U being reflexive (Theorem [1.1.7(2)), assumption (A1) implies that A’ (the
dual operator of A) is the infinitesimal generator of the dual semi-group {S(¢)'}+>0
and this last is a Cp-semigroup on ‘1123 (see Theorem .

Remark 4.2.3. [t is well known that the solutions of stochastic evolutions equations
in infinite dimensional spaces are not in general cadlag, for that reason instead of
considering equations with left limits in the right hand side of (4.10) we require only
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that our solution be predictable (see Definitions |{.2.5 and|4.2.7). For a more detailed
discussion on this the reader is referred to Section 9.2.1 of Peszat and Zabczyk [85)].

Remark 4.2.4. The use of (Cy,1)-semi-groups for the study of stochastic evolution
equations in duals of nuclear spaces has its origins in the work of Kallianpur and Pérez-
Abreu [52] where they considered such semigroups on a nuclear Fréchet space. Indeed,
the authors considered the more general context of (Cy,1)-reversed evolution systems.
Again in the framework of nuclear Fréchet spaces, Ding [26] also used (Cy,1)-semi-
groups to study stochastic evolution equations. He assumed that the dual semigroup
s (Co, 1), with a more restrictive hypothesis that there exists a family of Hilbertian
semi-norms generating the nuclear topology on \11:3 such that these semi-norms satisfy

the conditions of Theorem [D.2.7).

We are interested in to studying weak and mild solutions to (4.10]). The precise formu-
lation of these types of solutions is given below.

Definition 4.2.5. A U/;-valued regular and predictable process X = {X;};>0 is called
a weak solution to 1D if

(a) For every t >0, X, B and F satisfy the following conditions:
(weQ/|X |dr<oo>:1, Vi e .
P <w €N / | B(r, X (w))[¥]] dr < oo) =1, VyeU.
0

P (w €eN: /Ot/Uqm(F(r,u,Xr(w))’zp)?M(du)dr < oo) =1, V¢eu.

(b) For every ¢ € Dom(A) and every ¢ > 0, P-a.e.

Xl = Xoful+ /0t<XT[Aw]+B<r,Xr>m>dr (4.11)

/Ot/UF(T,u, XM (dr, du),

where the first integral in the right-hand side of is a Lebesgue integral that
is defined for each ¢ € ¥ for P-a.e. w € (2. The second integral in the right-hand
side of is the weak stochastic integral of F'¢p = {F(r,u, X, (w))¢ : r €
0,¢),w € Q,ue U} e AL(t), and is well-defined for all 1) € 0.

Proposition 4.2.6. The assumptions (A1)-(A4) together with the conditions (a) of
Definition are sufficient to guarantee the existence of all the integrals in .
Proof. We start with the deterministic integral. Fix 1 € W. The fact that X is pre-
dictable together with (A3), implies that the map (r,w) — (X, (w)[Ay]+B(r, X, (w))[¢])
is Poo-measurable. Then, condition (a) of Definition implies that the above map
is Lebesgue integrable on [0, 00) for P-a.e. w € (.

Now we prove that the stochastic integral is well-defined. To do this, fix ¢ € W. Then,
the fact that X is predictable together with (A4) implies that F(r,u, X,)'y € @
for each r > 0, w € Q and w € U, and that the map (r,w, u) — ¢ (F(r,u, X;)'1), qﬁ)’ is
Poo ® B(U)-measurable, for every ¢ € ®, 1 € ¥. The above properties and condition
(a )ofDeﬁnition@implythat {F(r,u, Xp(w))y : 7 € [0,t],w € Qu e U} € AZ(t)
(see Deﬁnltlon @ and hence from Theorem m 0| the weak stochastic integral
fo Jor F(ryu, Xp) M (dr, du) exists for every ¢ > 0. O
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Definition 4.2.7. A \I/ -valued regular and predictable process X = {X;}+>¢ is called
a mild solution to (4.10]) if

(a) For every t >0, for all ¢ € ¥,
(wGQ/‘St—r "B(r, X, (w |d7“<oo>—1
P <w eQ: / / Qru(F(ryu, X, (w))'S(t — 1)) u(du)dr < oo) =1.
0 JU

(b) For every t >0, P-a.e.

X =S(t) Xo+ /t St —r)B(r,X,)dr + /t/ St —r)F(r,u, X, )M(dr,du),
’ oo (4.12)
where the first integral at the right-hand side of is a \I/fg—valued regular,
{F:}-adapted process {fg St —r)B(r, X, )dr:t> 0} such that for all ¢t > 0 and
Y e W, for P-a.e. weQ,

(/St—r (r, X0 (w) ) /St—r (r X (W) [Wldr,  (4.13)

where for each t > 0, ¢» € ¥, the integral on the right-hand side of (4.13]) is the
Lebesgue integral of the function 14 (-) S(t — -)'B(-, X.(w))[¢] defined on [0, 7]
for P-a.e. w € Q. The second integral at the right-hand side of (4.12)) is the strong
stochastic integral of {1jg4 () S(t — ) F(r,u, X, (w)) : 7 € [0,1],w € Q,u € U}.
Proposition 4.2.8. The assumptions (A1)-(A4) together with the conditions (a) of
Deﬁnition are sufficient to guarantee the existence of all the integmls in (4.12)).
Proof. We start with the existence of the process {fo (t—r) X )dr:t > O}

Fix t > 0. We need to show that the conditions (1)-(2) of Theorem are satisfied
for the map X : [0,¢] x [0,¢] x @ — ¥’ given by

X(s,r,w) =194 (r)S(s— r)B(r, X,(w)), for (s,r,w) €[0,#] x [0,t] x Q. (4.14)

From the arguments on the proof of Proposition it follows that the map (r,w) —
B(r, Xr(w))[¢] is Poo-measurable, for every ¢ € W. Then, for any s € [0,¢], the
continuity of the map 7+ 19 () S(s — )1, implies that the map

(r,w) = X(S? r,w) - ]1[0,5] (7“) B(Tv XT(W»[S(S - T)Qb],

is Ps-measurable, for all ¢ € . Hence, X satisfies the condition (1) of Theoremm

On the other hand, the condition (a) of Definition is exactly the condition (2) of
Theorem for X deﬁned by (4.14). Therefore, Theorem implies the existence

of the process { fo (t—r)B(r,X,)dr : t > O} satisfying the conditions of Definition
427

For the stochastic integral, we have to check that for each t > 0, the integrand is an

element of As(t) (Definition [3.3.32]).
Fix t > 0. Let R = {R(r,w,u)} be given by

R(r,w,u) = S(t —r)F(ru,X,(w)), Vrel0,t,we uel.
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It is clear that R(r,w,u) € L(®],_, \Il%), for each r € [0,t], weE Q, u e U.

Next, we need to check that R is ¢, -predictable (see Definition [3.3.32). Recall from
Remarkthat the map (r,w, u) — ¢ru(F(r,u, X;) ¢, @) is Poo @ B(U)-measurable,
for every ¢ € ®, p € . Then, by the continuity of the map r — S(t—r)y for r € [0, ]
and fixed ¢ € W, it follows that the map

(ryw,u) = gru(R(ryw,u) v, ¢) = qro(F(r,u, X, (w))' St — 1), ¢),

defined on [0,] x Q x U is Py ® B(U)-measurable for each ¢ € .

Finally, condition (a) of Definition implies that R satisfies (3.93). Therefore,
R € As(t) and hence Theorem shows the existence of the stochastic integral
fo Jy St —r)F(r,u, X, )M (dr,du). Moreover, from the following holds for all
Yew, tel0,T], P-ae.

/Ot/US(t—T)/F(r,u,X) (dr, du)][ / / rou, X,)'S(t — )M (dr, du).

(4.15)
0

§4.3 Equivalence Between Mild and Weak Solutions

In this section we provide sufficient conditions for the equivalence between mild and
weak solutions. The main result of this section is the following:

Theorem 4.3.1. Let X = {X;}1>0 be a \I/,’B -valued regular and predictable process and
assume that for every T'> 0, X, B and F satisfy:

T
E/ X, [0]| dr < 00, Vi€ W. (4.16)
0
T
E/ |B(r, X,.)[]| dr < 0o, Vi) € V. (4.17)
0
T
E/ / Gru(F(ryu, X)) p(du)dr < oo, Vi) € 0. (4.18)
0 U

Then, X is a weak solution to (4.10) if and only if it is a mild solution to (4.10)).

For our proof we benefit from ideas taken from the proofs in Da Prato and Zabczyk
[20] and Peszat and Zabczyk [85] of the equivalence between weak and mild solutions
on separable Hilbert spaces, and the proof of Gorajski [32] of equivalence between mild
and weak solutions of some classes of stochastic evolution equations in UMD Banach
spaces.

To prove Theorem we will need to make some technical preparations that for
convenience of the reader we have decided to distribute into the following three lemmas.

Lemma 4.3.2. Let X = {X:}i>0 be a \Il’ﬁ -valued regular and predictable process and
assume that F satisfies (4.18). For every v € Dom(A) and t > 0, the following
identities holds P-a.e.

/Ot < /0 /U F(r,u, X,)'S(t — s) Ay M (dr, du)) ds

_ /O t /U Fr,u, X,)'S(t — )M (dr, du) — /0 t /U Fr,u, X,V M(dr,du) (4.19)
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/Ot ( /0 /U S(s —r) F(r,u, X,)M(dr, du) [A¢]> ds

- /0 t /U Fr,u, X,)'S(t — ) M(dr, du) — /0 t /U Fr,u, X, M(dr, du)  (4.20)

Proof. Fix 1 € Dom(A) and ¢t > 0. To show that the above equalities holds, we will
make use of the stochastic Fubini theorem (Theorem [3.2.29) applied to the following
families of Hilbert-space valued maps:

Yi(r,w,u,8) = g4 (1) F(r,u, X, (w)) S(t — s) Az,
Y2(T7 w, u, 8) = ]]-[O,S] (T) F(?", u, XT(W)),S(S - T)Aw

for r € [0,t], we Q, ue U and s € [0,¢].

First, we need to verify that both Y; and Y3 belong to Zi*(t,[0,#]) (see Definition
for E=10,t], &€= B([0,t]), o = Leb.

We start by proving that Y; satisfies the conditions of Definition [3.:2.25] First, as
S(t —s)AY € ¥, Vs € [0,1], by (A4)(a) it follows that Yi(r,w,u,s) € @, , for
(ryw,u,s) € 0,t] x Q2 x U x [0,¢].

Now, let ¢ € ®. From the strong continuity of the semigroup {S(¢)}:>0 it follows that
the map [0,t] 5 s — S(t — s)Ay € ¥ is continuous and therefore Borel measurable.
This fact together with (A4)(b) and the predictability of X implies that the mapping

(7’, W, U, 8) = I[[0,5} (T) QT,u(F(r7 U, XT(W))IS(t - 8)!‘“/% ¢)7

is P ® B(U) ® B([0, t])-measurable.

For the final part, note that (A4), the predictability of X and implies that
{F(r,u, X, (w)) : r € [0,t],w € Q,u € U} € A2(t). Then, from Theorem [3.3.17] there
exists a continuous Hilbertian semi-norm p on ¥ and Fy = {FX (ryw,u) :r €0,t],w €
Q,u € U} € A2(p,t) such that F(r,u, X,(w)) = i;FX(r,w,u), for Leb ® P ® p-a.e.
(r,w,u) € [0,1] x Q x U. Moreover, as Fx € A2(p,t) then (see (3-62))

2 t -
‘ :E/ / HF)((T,U),’
$,p,t 0o JuU

Now, as {S(t)}+>0 is a (Cp, 1)-semigroup on ¥ and p is a continuous semi-norm on
¥, from Theorem there exists a continuous semi-norm ¢ on ¥, p < ¢ and there
exists a Cp-semigroup {S;(t)}+>0 on the Banach space ¥, such that

2

Fx (dr)dr < oo. (4.21)

I
‘C'Q (‘I}P vcbll'r,u )

Sq(t)igp =1igS(t)p, Yee W, t>0. (4.22)
Moreover, there exist M, > 1, 6, > 0 such that
‘I(Sq(t)iq@) < qugth(iqS@)a VpeW,t>0. (4~23)

Note that as p < ¢ the canonical inclusion iy 4 : ¥, — ¥, is a continuous and linear
operator.

Now, from the fact that Fy € A2(p,t) and from (4.22)), it follows that for Leb ® P ®
1 ® Leb-a.e. (r,w,u,s),
Yl(r7 w,u, 3) = ]1[0,5] (T) F(Tv U, Xr(w)>/5(t - S)Aiﬂ
= 1[0,5] (T) (Ta w, u)/ZpS(t - 3)A¢

~)(
= ]1[0,5] (T) ~X (7”, w, u)/iILQSQ(t - S)iqu'
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Therefore from (4.23) it follows that for Leb ® P ® u ® Leb-a.e. (r,w,u,s),

ru(Yi(r,w,u, s))2

2
< Lo, () || Bx( |
[0 S] X he U) L:Q(\I]p’q)(h‘,u)

lipallZp, 0,y M2 q(ig A2,

From this last inequality and (4.21]), it follows that

t t t 1/2
[ it sl s = | (E I qr,umw,u,s>>%<du>dr) ds
0 ’ 0 0o JU

queqTq(Z'qA"/)) | |ip7q ’ |£(‘Ifq7‘1’p)

IN

< Q.
ENA

Therefore, Y; satisfies all the conditions of Definition|3.2.25|and hence Y; € Z3°(t, [0,1]).

By similar reasoning we find that Y2 also satisfies all the conditions of Definition [3.2:25]

and hence we have Y, € 2°(t,[0,1]).

We now prove (4.19) and (4.20). First, note that for all r € [0,¢], v € U, from a

change of variable (Proposition D.1.2), Proposition |[D.1.2(3) and Theorem 2),
the following identity holds P-a.e.

/t Ly (r) F(r,u, X;) S(t — 5)Agpds = /t_r F(ryu, X,) S(s)Avds  (4.24)
0 0

t—r
= F(ryu,X,) S(s)Avds
0

= F(r,u, X))/ (St —r)y - ).

Similarly, for all r € [0,t], w € U, from Proposition [D.1.2(3) and Theorem [D.2.5(2) we
have P-a.e.

/0 Lo,y (r) F(r,u, X,)'S(s — 1) A¢ds = F(r.u,X,) / S(s — r)Auds (4.25)
= F(r,u,X,)'(S(t —r)y — ).

To prove (4.19), note that from the stochastic Fubini theorem applied to Yj, (4.24)
and the linearity of the weak stochastic integral, we have P-a.e.

/t ( / / F(r,u, X,)'S(t — s) Ay M (dr, du)> ds
/ / </ Lo, (r (T’“’Xr)'s(t—S)Aibds) M (dr, du)

= [ [ Pyt - omtanan - [ [ Feaxyomn

Thus, we showed (4.19)). Similarly, to prove (4.20), from (4.15) (where ¢ is there
replaced by A1), the stochastic Fubini theorem applied to Y2, (4.25)) and the linearity
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of the weak stochastic integral, we have P-a.e.

/0 t < /O ) /U S(s — 1Y Fr, u, X,) M(dr, du)[Aqb]) ds
_ / t ( / ) / F(r,u,Xr)’S(s—r)A¢M(dr,du)> ds
/ / < / 1oy (r F(r,u,Xr)’S(s—r)Awds> M(dr, du)
_ /0 /U Py, X,Y'S(t — )M (dr, du) — /0 t /U Fr,u, XYM (dr, du).

Hence, we have showed (4.20)). O

Lemma 4.3.3. Let X be a V', -valued reqular and predictable process and assume that
X and B satisfy (4.16) and (4.17). Then, for each T > 0 there exists a continuous
Hilbertian semi-norm o on ¥ such that

T
E/ o' (X;)dr < oo, (4.26)
0

T
IE/ o (B(r, X,))dr < oco. (4.27)
0

Proof. Let T > 0. We start by showing the existence of the semi-norm for X.

Let o(-) = £Leb(-), where Leb denotes the Lebesgue measure on [0,7]. Then ([0,7] x
Q,Pr,0 ®P) is a complete probability space. The predictability of X implies that the
map X7 : ¥ — LY([0,T] x Q,Pr,0 @ P), given by

Xr()(ryw) =TX,(w)[¥], Yy e, (rw)el0,T] x L, (4.28)

is well defined and is linear. An application of Fatou’s lemma shows that it is sequen-
tially closed and then the closed graph theorem (Theorem implies that it is also
continuous. Then, the regularization Theorem (Theorem shows that X7 pos-
sesses a version, that we denote again by Xr, which is a \Il’ﬂ—valued regular random
variable defined on the probability space ([0,7] x ©, Pr,o @ P). Note that and

show that X satisfies:
T
/ X () []] (o @ P)(d(r, w)) = E/ X, [l dr < 00, VihCW.  (4.20)
[0,7]x$2 0

Now, from and Theorem (by identifying the random variable X7 with
the W} -valued regular process {Xr(t)}ejo,1) given for each ¢ € [0,1], by Xr(t)(r,w) =
Xr(r,w), forall (r,w) € [0,T] xQ) there exists a continuous Hilbertian semi-norm p on
U such that X7 has a \I/;)—Véxlued version, again denoted by X7, that is defined on the
probability space ([0, T]x 2, Pr, o ®P). Moreover, fO’T]XQp’(XT(r,w))a(dr)@]P’ < 00.
But, as X7 is a version of the map deﬁned in , then the above integrability
property and implies that E f »)dr < oo.

Now, following the same arguments as above but considering the map Br : ¥ —
LY([0,T] x Q,Pr,0 @ P), given by

Br(¥)(r,w) =TB(r, X, (w))[¢], VY€, (r,w)€[0,T] x Q, (4.30)



4.3. Equivalence Between Mild and Weak Solutions 95

we see that there exists some continuous Hilbertian semi-norm ¢ on ¥ such that
E f X, ))dr < oo is satisfied.

Flnally, choose o such that p < g, ¢ < p. Then, from (4.28) and (4.30) we have

T
E /0 J(X)dr = /[0 1o LX) @I )

IN

P (Xr(r,w))(c @ P)(d(r,w)) < oo,
[0,T]xQ

H o ‘L(\If’ R78)

and
T
E /0 J(B(r X,)dr = /[OT]XQMMBT(?« w)) (o ® P)(d(r,w))

< Mitellewyug) f 0 o7 Br(me)(e ©P)Erw) < oo

So we have proved (4.26]) and (4.27)). O

Lemma 4.3.4. Let X be a \I/’ﬁ -valued reqular and predictable process and assume that
X and B satisfy (4.16) and (4.17). For each » € Dom(A) and t > 0, the following
equalities holds P-a.e.

([ aste-aaviar)as= [oxis-nauar - [xpor o

/Ot </Os B(r, X,)[S(t — s)Aw]dr> ds = /Ot B(r, X,)[S(t — r)Y]dr — /Ot (r, X, [¥)]dr

S

32 )

t s t (
/ </ S(s—r)’B(r,Xr)dr[Awo ds :/ B(r, X))[S(t — )0 dr—/ B(r, X,)[4]dr
0 0 0 (4.33)
Proof. Fix ¢ € Dom(A) and t > 0. We start by showing (4.31)). First, we need
to prove that the integrals exist. Note that the predictability of X and the strong
continuity of the semigroup {S(¢)}+>0 implies that all the integrands in are
Pi-measurable.
Now, let ¢ be a continuous Hilbertian semi-norm on W satisfying the conditions in
Lemma [4.3.3) (with 7' = ¢). As in the proof of Lemma because {S(t)}+>0 is a
(Co, 1)-semigroup on ¥ and g is a continuous semi-norm on W, there exists a contin-
uous semi-norm ¢ on ¥, o < ¢, a Cy-semigroup {S4(t)}+>0 on the Banach space ¥,
satisfying (4.22), and there exist M, > 1, 6, > 0 such that {S,(t)};>0 satisfies ([£.23).

Note that as ¢ < ¢ the canonical inclusion 4,4 : ¥, — ¥, is a continuous and linear
operator. Then, from (4.22)), (4.23)) and (4.26]), it follows that

t
E / X, [S(t — r) A dr (4.34)
0
t
<E / o (X))ol S(t — 1) Av)dr
0
t
<E [ &%) liaallogw, v, 0Sult = rVigAv)ir

t
< queth(iqA@/)) Hig,qH[:(\pq,\yQ) E/O o' (Xy)dr < oo.
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Let ¢ = Av. In a similar way to before, we have

t s
E/ </ | X, [AS(t — s) Ay dr> ds (4.35)
0 0
t s
< ]E/ (/ 0 (X;)o(ipS(t — T)Ag@)dr) ds
0 0
t s
<& [ ([ 400 laallegu, iy aSale = nigAghar ) ds
t
< theeth(iqASo) ||Z'9,q”g(\pq,\pg) E/O o' (Xy)dr < oo,

Then, from (4.16)), (4.34) and (4.35) it follows that all the integrals in (4.31]) exist for

P-a.e. w e .

Now we proceed to prove that (4.31) holds. First, by the (deterministic) Fubini’s
theorem (that we can apply due to (4.35))), and then a change of variable we have for
P-a.e. w €,

/Ot </OS X, (w)[AS(t — 3)A1/1}dr> ds (4.36)

_ /0 t ( / X () [AS( s)Az/z]ds) dr

_ /O t( 0” Xr(w)[AS(s)Aw]ds) dr.

For a fixed r € [0,t], from the definition of dual semi-group {S(¢)'};>0 and dual
generator A’, Theorem |D.1.2(2) and Theorem [D.2.5|(2), we have for P-a.e. w € Q,

OT X, (w)[AS(s) Adlds) — OT S(s) A' X (w)[Ad]ds (4.37)

- ( O rS(s)’A’XT(w)ds) [Ay]
= (S(t—r)X,(w) = X, (w)) [Ay)].

and hence, substituting (4.37)) into (4.36[), we get that (4.31) holds P-a.e.

To prove (4.32)) and (4.33]), as before, we need to check that all the integrals there exist.
First, the predictability of X, the measurability properties of B in Assumption (A3)
and the strong continuity of the semi-group {S(¢)}+>0 implies that all the integrands
in (4.32) and (4.33)) are P;-measurable (see the proof of Proposition [4.2.8]).

Now, following similar arguments to those used in (4.35)), and using (4.27)), we have

t s
E /0 < /O B(r,Xr)[S(t—s)Ader) ds (4.38)
t
< M 4014 A0) ligall e, 0, B | €(B X)) < o

Hence, (4.38)) shows that the integrals in the left hand side of (4.32)) exists for P-a.e.
w € N.
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Now, for fixed s € [0,7], from (4.13)) and the definition of dual semi-group {S(¢)'}>0,

we have P-a.e.

/s S(s —7r)B(r, X,)dr[Ay] = /S S(s —r)B(r, X,)[A]dr (4.39)
0 0

= / B(r, X;)[S(s — r)A]dr.

0

Then, from (4.39), (4.27) and following similar arguments to those used in (4.35) we

have
]E/Ot /OS S(s —r)'B(r, X,)dr[Ay]

t
:E/
0

< E/Ot </0 B(r, X,)[S(s — r) Aul]| dr> ds

t
< M 0014 A0) ligall e, 0, B [ € (B X)) < o

Therefore, from (4.40|) the integral in the right-hand side of (4.33]) exists for P-a.e.
we Q.

Likewise, following similar arguments to those used in (4.34) and from (4.27)), we have

ds (4.40)

ds

/0 "B X,)[S(s — r) A)dr

E / \B(r, X,)[S(t — r)]| dr (4.41)
0

t
< que"tQ(iqd)) ||ip,q||c(q/q,\1;p) E/o P (B(r,X,))dr < co.

Therefore, (4.17) and (4.41)) shows that the integrals in the right hand side of both
(4.32)) and (4.33)) exists for P-a.e. w € 2. Hence, all the integrals in (4.32) and (4.33)

are well-defined.
The proof of (4.32) follows from similar arguments to those used to prove (4.31]) by

means of (4.36]) and (4.37)). The same arguments apply to prove (4.33)) by using (4.39).
Il

After all of the above preparations we are ready to prove Theorem

Proof of Theorem[{.3.1] Assume X is a weak solution to (4.10). Fix ¢ > 0. We start
by showing that for all ¢ € Dom(A), the following holds P-a.e.

/O t ( /0 S /U F(r,u, X;)'S(t — s) Ay M (dr, du)> ds (4.42)

:%m—ﬂW%M+Axmw@—ABmmmw4ww+ABm&ww:

To do this, note that for fixed s € [0,¢] and ¥ € Dom(A4), S(t — s)Ap € Dom(A)
(Theorem [D.2.5(1)), hence from the definition of weak solution to (4.10|) (where 1 is
there replaced by S(t — s)Av )(see (4.2.5))) we have P-a.e.

/8/ F(r,u, X,.)'S(t — s) Ay M (dr, du) (4.43)
0 Ju

(X — Xo)[S(t — 5)Au] — /0 (XL[AS( — $)AY] + B(r, X,)[S(t — 5) Au])dr.
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Now, integrating both sides of (4.43) on [0,¢] with respect to the Lebesgue measure,
and then using (4.31)) and (4.32)), we have P-a.e.

/Ot (/OS/UF(T,%XT)’S(t — 5) Ay M (dr, du)) ds (4.44)

_ / CXLS(t - s)Aulds — / " Xo[S(t — ) Aulds
0 0

) /Ot </Os X,[AS( - s)Aw]d7“> ds — /Ot </OSB(T, X)) [S(t - s)Aw]dr> ds

= — /t Xo[S(t — s)Av]ds + /t X, [Ad]dr
0 0

_ / Br, X,)[S(t — s)uldr + / B(r, X,)[]dr.
0 0

Now, similar calculations to those used in (4.37)) (for » = 0 and for v instead of Av),
shows that P-a.e.

/0 Xo[S(t — 5) Ay]ds = / Xo[S(s)Aglds = (S(t)'Xo — Xo)[]. (4.45)

And hence from (4.44) and (4.45]) we obtain (4.42]).

Substituting (4.19) into the definition of weak solution (4.11)), and then using (4.42]),
we get that P-a.e.

Xi[¢] (4.46)

= Xo[Y] + /0 (X, [AY] + B(r, X,)[¢])dr + /0 /UF(r,u,XT)'@ZJM(dr, du)
— Xo[] + /0 (X, [A¥] + B(r, X,)[0])dr + /0 /U Flr,u, X,)'S(t — r)oM(dr, du)
t s
- /0 (/0 /UF(T‘,U,XT) S(t — s)Ay M (dr, du)) ds
t t

= Xo[y] + /0 (X, [AY] + B(r, X,.)[1])dr + /0 /U F(r,u, X,)'S(t — r)y M (dr, du)

~ Xoll+ SO Xold] — [ Xolailar+ [ B X[~ ryudr ~ [ Bl X0l
= S(t) Xo[y] + /0 B(r, X,)[S(t — r)¢)dr + /0 /UF(T‘7 u, X)) S(t — r)yY M (dr, du).
Now, substituting and in , we get that P-a.e.

Xi[y] = <S(t)’X0 + /Ot S(t—r)B(r, X, )dr

+ /0 /U S(t—r)’F(r,u,XT)M(dr,du)>[zp]. (4.47)

As (4.47)) is valid for all ¢ € Dom(A) and Dom(A) is dense in ¥ (Theorem [D.2.5(4)),

then we have P-a.e.

X, = S(t)Xo + /0 "t — ) B(r. X, )dr + /0 t /U S(t = 1) F(r, u, X,) M (dr, du)
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and therefore X is a mild solution to (4.10)).

Conversely, assume X is a mild solution to (4.10). Fix ¢ € Dom(A) and ¢ > 0. For
s € (0,77, from the definition of mild solution (4.12]), where 1 is there replaced by Az
and t is replaced by s, we have P-a.e.

X[Ay] = S(s)’Xo[Aw]—l—/ S(s —r)B(r, X,)dr[Ay] (4.48)
0
—I-/ /S(t—r)'F(r,u,XT)M(dr, du)[Av].
0o Ju
Then, integrating both sides of (4.48)) on [0,t] with respect to the Lebesgue measure,
then using (4.20)), (4.33) and (4.37)) (where A% is there replaced by % and with r =

0), regrouping terms and finally by using (4.46) (that from the arguments above is
equivalent to the definition of mild solution), we have P-a.e.

/t X [Ay)ds
/ St XO[AW”/ (/ S(s—r)B(r, X )dr[Azp]>
/ </ /Ss—r ruX)M(dr,du)[Ad;])ds

— S(t) Xol] — Xol] + / B(r, X,)[S(t - r)pldr — / Blr, X,)[]dr

+/0 /UF(r,u,XT)’S(t—r)l/JM(dr,du)—/0 /UF(r,u,XT)’z/JM(dr,du)
—S(t)’Xo["L/J}—i—/O B(T,X,,)[S(t—r)zp]dr—kfo /UF(r,u,XT)’S(t—r)i/JM(dr,du)
— Xofo] - /O B(r, X)) [¢]dr — /0 /U Flryu, X, )M (dr, du)

= X)) — Xoly] — / B(r, X,)[0)dr - / /U F(r,u, X, M(dr, du)

Therefore, we have P-a.e.

X[ = Xolw] + /0 (X, [AG] + B(r, X,)[])dr + /0 /U F(ryu, X, M (dr, du),

and hence X is a weak solution to (4.10]). O

§4.4 Regularity Properties of the Stochastic Convolution

In this section our main interest is to study some properties of the stochastic convolution
process {fg Sy St — ) R(r,u)M (dr,du) : t € [0, T]} for R € A2(T). These properties
will play an important role in the study of existence and uniqueness of weak and mild

solutions in Section Before we present our main result, we will introduce some
notation:

Notation 4.4.1. Sometimes, we will denote by S’ * R = {(S” * R);};>0 the stochastic
convolution process {fg Jir St — ) R(r,u)M (dr,du) : t € [0, T]}
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Theorem 4.4.2. Let R € A%(T). There exists a continuous Hilbertian semi-norm o
on U such that the process S’ R has a \If’g -valued, mean-square continuous, predictable

version S' % R = {(ﬁ)t}tzo satisfying

— 2
sup E |:Q, ((S’ * R)t) ] < 0. (4.49)
te[0,T

Proof. First, it is important to remark that the fact that R € A2(T) and by using
similar arguments to those in the proof of Proposition [£.2.§]it follows that the stochastic
convolution S” x R is well-defined.

Now we prove the existence of a Hilbert space-valued predictable version of the stochas-
tic convolution process. First, as R € A%(T), from Theorem there exists a con-
tinuous Hilbertian semi-norm p on ¥ and R = {R(r,w,u) : r € [0,T],w € Qu e U} €
A2(p, T) such that R(r,w,u) = i;}?(r,w, u), for Leb@P®@pu-a.e. (r,w,u) € [0,T]xQxU.
Now, as in the proof of Lemma because {S(t)}i>0 is a (Cp, 1)-semigroup on ¥
and p is a continuous semi-norm on W, there exists a continuous semi-norm g on ¥,
p < ¢, and there exists a Cp-semigroup {S;(t)}+>0 on the Banach space ¥, such that
holds. Moreover, there exist M, > 1, 6, > 0 such that holds. Note that

as p < ¢ the canonical inclusion i, ,: ¥, — V¥, is a continuous and linear operator.

Let o be a continuous Hilbertian semi-norm on ¥ such that ¢ < p. Such a semi-norm
o exists because VU is nuclear. Note that because g < p, the inclusion iy, : ¥V, — ¥,
is a continuous and linear operator. Then, for fixed ¢t € [0, 7] it follows from the above
properties that for Leb @ P ® p-a.e. (r,w,u),

i () S(t —7) R(r,w,u) = Tjg 4 (r) iy iy , Sq(t = 7) iy 4 R(r,w, u). (4.50)

© 4,0 p.q

Our objective is then to prove that {14 (1) iy, Sq(t —7)" i, , R(r,w,u) 7 € [0,T],w €
Q,uec U} € A%(o,T) for each t € [0,7].

First, for every (r,w,u) € [0,7] x Q x U, because R(r,w,u) € Eg(@gr,u,\%), ipg €
LW, W), Sy(t—r) € L(Vg,V;) and ig , € L(V], ¥)), it follows that for each (r,w,u)

we have i , Sy(t — 1) il, , R(r,w,u) € La(¥), ), ).

Second, fix ¢ € ¥ and ¢ € ®. From the fact that the map
(Ta W, U) = H[O,t] (T) qr,u(R(r7 w, 'LL),S(t - 7’)¢7 ¢>7

is P ® B(U)-measurable (see the proof of Proposition 4.2.8) and from (4.50) it follows
that the map

(ryw,u) — Lio,q (r) qryu(f%(r,w, u) iy g Sq(t — 1) ig i, @),
is also P; ® B(U)-measurable. Finally, for all (r,w,u),

- 2
‘ ’R(r, W, u)’ ip,q Sq(t —) iq@’

52(\1191(I>€17>,u)

~ 2
R /
<T’ “ U) 'CZ(\I’PﬂcI)QT,u

Then, from the above inequality, (#.21)) (with F' there replaced by R) and (@.23), we
have

E/t/ Hé(ﬁu)/ip,q St —1) iq,@‘
o Ju

0 . 2 ; 2
< Mgye at Hlp,qH[;(q,q,qlp) qu,ch(ng,\Pq)

<

C2 2 Cp2
) H%,q”g(\pq,\pp) 154 (t — r)”c(q/q,q/q) qu,gHg(%,\pq) :

2
du)A(dr
LZ(\I’W‘I)qhu)M( ) ( )

~ 112
‘RH <oo. (451)
s,pt
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Then, {1y (r) i, Sq(t —7) i}, R(r,w,u)} satisfies the conditions of Definition (3.3.3

and hence belongs to A2(o,t). Moreover, from (4.50) and Theorem [3.3.17] for each t €
[0, T the stochastic integral fot Ju it Sq(t—r)"4y, . R(r,u) M (dr,du) is a ¥}-valued F;-
measurable version of the stochastic convolution integral fg Joy S(t=r) R(r,u) M (dr,du).

Our next objective is to prove that the \I/’g—valued process

{/Ot/UifM Syt —r)i,, R(r,u)M (dr,du) : t € [O,T]} 7

is mean square continuous. We will prove the left continuity as the right continuity
follows from similar arguments. Let 0 < ¢t < T'. Then, from the linearity of the strong
stochastic integral and Proposition [3.3.29] for any 0 < s < t we have

0 </0 /Ui;,g Syt —r) ifv,q R(r,u)M (dr,du) (4.52)

_ /O ’ /U z‘;QS’q(s—r)’i;7qR(r,u)M(dr,du)>2]

E

+2E

s 2
0 (/ / i;,g (Sq(t —7) — Sy(s — r)’) i;mq R(r,u)M((dr, du)) ]

0o Ju
Now, we start with the first term in the right-hand side of the inequality in (4.52)).
From (3.78) and arguing in a similar way to the derivation of (4.51)) we have for any
0 < s <t that

E

g< /0 t /U Ly ()i, Salt — 1)), R(r,u)M(dr,du)>2] (4.53)

:IE/:/U

:E/t/ | R i Syt =) i
s JU

Og(t—s) 11; |12 C2
< Myebat=9) H2p7q|’£(qzq,\1;p) "Zq7@‘|g(q;g,\1/q)

Then, from (4.53) we have
t 2

0 ( / / Ly (r) i, Sqlt — )i, R(r,u)M(dr. du)) ]: 0. (454)
0 JU

For the second term in the right-hand side of the inequality in (4.52f), proceeding as in
(4.53), we can prove that for any 0 < s < ¢,

E [g ( /0 ) /U ! (Sy(t— Y — Sy(s — r)) i, R(r,u)M(dr, du)>2 ] (4.55)

2

2

’L':Lg Sq(t — T’)/ ./ R(r, u)‘ Loy ) ,u(du)dr

qr,u’

'paq

2

du)dr
EQ(Wgﬂq)QT,u) Iu( )

A

s,p, T ’

Iim E

s—t—

du)dr
LQ(\I’Q’(I)(lr,u) Iu( )

—E/O/U [0, ) i (St = 1) = Sals = 1) i

< oQ.

04T |1; 1|2 a0l :
< Mye’ Hlp,ch(\I!q,\I/p) HZ‘I’QHE(‘I’Q»‘I’q) ‘RHSPT



Chapter 4. Stochastic Evolution Equations in Duals of Nuclear Spaces 102

Now, let {d’f}jeN C ¥ be a complete orthonormal system in ¥,. For each j € N, the
strong continuity of the semigroup {S;(t)}+>0, the continuity of the maps i, , and of
R(r,w,u)" (for fixed (r,w,u)), and the dominated convergence theorem imply that

T - 2
lim E/ / Lio,5 (7) @ru (R(r, u) ipg (Sq(t — 1) — Sy(s — 1)) iq,gd)jg) wu(du)dr = 0.
s—t— 0 U

(4.56)
By Fubini’s theorem and Parseval’s identity we have

2

= [ | b 5t 1) = 5405 = )

du)dr
EQ(WQ’(qu,u) IU( )

oo T _ 2
=SB [ [ 0 )t (R i (8,0 =) = Sy =) 08 i,
j=1
Hence, from (4.55)), (4.56) and the dominated convergence theorem it follows that

lim E

s—t—

0 < /0 ) /U ) (Sylt— Y — Sy(s — r)) i, R(r,u)M(dr, du)>2 ] —0. (457)

Finally, from (4.52)), (4.54) and (4.57)), it follows that S'%R= {(ﬁ)t}tzo given by

—_ t ~
(53 R), = /0 /U Syt — )i, Rlr,u)M(dr, du), Vte[0,T)
is mean square continuous. Furthermore, as it is also {F;}-adapted and \I”Q is a sep-
arable Hilbert space, then it has a predictable version (see Proposition 3.21 of Peszat

and Zabczyk [85], p.27). Moreover, from (4.53) (taking s = 0) we have (4.49). O

§4.5 Existence and Uniqueness of Weak and Mild Solutions

In this section we prove the existence and uniqueness of weak and mild solutions to
(4.10) under some Lipschitz and growth conditions on the coefficients B and F'. The
main idea behind the proof is to define a complete locally convex space where the
solution will lie, then we define an operator on this space in such a way that any
fixed point of it is a mild solution to . To prove that a fixed point exists and is
unique, we will use the Lipschitz and growth conditions on B and F' to show that this
operator is a contraction and then the fixed point theorem on locally convex spaces will
guarantee the existence of a unique fixed point. This proof is inspired by the methods
used by Da Prato and Zabczyk [20] and Peszat and Zabczyk [85] for the Hilbert space
case.

We will need the following additional assumptions in this section.

Assumption 4.5.1.

(1) Every continuous semi-norm on \I/’ﬂ s separable.
(2) The dual semigroup {S(t)'}i>0 is a (Co, 1) semigroup on V.

Remark 4.5.2. A sufficient condition for Assumption |4.5.1\(1) is either that W} is
separable or that it is nuclear (see Remark . A sufficient condition for Assump-
tion [4.5.1)(2) is that {S(t)}i>0 is equicontinuous, as in that case {S(t)'}i>0 is also
equicontinuous (Theorem .
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Now we proceed to introduce the conditions in the coefficients B and F'. Recall from
Section that for each K C ¥ bounded, ng : ¥ — R, given by

ni(f) == pro(f) = sup |f[¢]|, V[fe¥,
PYeK

is a continuous semi-norm on \I”ﬁ, where pgo is the Minkowski functional of K°.
Moreover, the family {nx : K C ¥, K is bounded} generates the topology on ‘Il/’B

To avoid any confusion with our previous notation, for each K C ¥ bounded we
denote by Wi the Banach space ¥; . The canonical inclusion from ¥ into W} will
be denoted by jx. If K, D are any bounded subsets of ¥ such that K C D, then
we have ng < np and we denote by jx p the canonical inclusion from U, into W' .
If for K C ¥ bounded we have that ¥/ is a Hilbert space, then we say that K is
Hilbertian.

The Lipschitz and growth conditions that we assume for our coefficients B and F are
the following:

(E1) For each K C W bounded and Hilbertian, there exists a function ax : Ry — Ry
satisfying

T
/ ax(r)?dr < oo, VT >0,
0
such that, for all T € Ry, g1,90 € V',

ni(B(r,91)) < ax(r)(1+nk(g1)),
ni (B(r,g1) — B(r,92)) < arx(r)nix (g1 — g92)-

(E2) For each K C VU bounded and Hilbertian, there exists a function bx : Ry — R4
satisfying

T
/ b (r)?dr < oo, VT >0,
0

such that, for all r € Ry, g1,90 € V',

[ P00, 00 < )1+ )

/U ||]KF(T’ uvgl) - jKF(Tv u, gQ)H%g(Cbﬁmu,\I”K) M(du) < bK(T)nK(gl - 92)2'

We establish a key property of the dual semigroup {S(t)'}:>0 that will be of great
importance for our proof of existence and uniqueness of solutions of (4.10)).

Lemma 4.5.3. There exists a non-empty family Kg(¥) of bounded subsets of ¥,
such that for all K € Ku(¥), Y% is a separable Hilbert space and there exists a
Co -semigroup {Sk(t) >0 on U such that

Sk(jxf = jxSW)f, V=0, fcV. (4.58)

Proof.  First, from the fact that {S(t)'}1>0 is a (Co, 1)-semigroup on ¥, (Assumption
4.5.1)) and Theorem there exists a family /(W) of bounded subsets of ¥ such
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that the semi-norms {np : D € K(¥)} generate the topology on \I/% and such that for
each D € K(¥) there exists a Cy-semigroup {Tp(t)}i>0 on ¥/, such that

Tp(t)ipf =jpSEt)f, Vt>0, fe . (4.59)

Fix and arbitrary D € K(¥). Then, as the Banach space W', is separable (Assumption
4.5.1)) there exists a separable Hilbert space (H,||-||;;), a continuous dense embedding
kap : ¥y — H and a Cy-semigroup {Tx(t)}+>0 on H such that

TH(t)k}LDf = ]{ZH7DTD(t)f, Vi >0, f e v, (4.60)

For a proof of this last fact see Theorem 1.3 of van Neerven [I10]. From the arguments
above it follows that kg : W), — H given by ky := kg,p o jp is a continuous dense
embedding. Moreover, by (4.59) and (4.60) we have for all ¢t >0, f € V',

Tu(Okuf =Ta()kapinf = kapTp(t)ipf = kapipS®)' f =kuSE)'f.  (4.61)

Denote by By the unit ball in H. Then, the continuity of kg implies that k:;j,l (Bpg) is
a neighborhood of zero in Wj;. Furthermore, as W} is reflexive then K = (kg (Br))°
is a bounded subset of ¥ (see Theorem 5.2, Chapter IV of Schaefer [93], p.141). Then,
Nk is a continuous Hilbertian norm on W5 and nk(f) = |[kuf|lg, for all f € W'
Hence the map kp defines an isometric isomorphism between the pre-Hilbert spaces
(W', nx) and (ka¥', ||| g)-

Now, from we have for all ¢ > 0 that Ty (t)(kgV') C kgV’'. Therefore, each
Ty (t) restricts to a continuous and linear operator on (kg W', ||-||;). For each ¢ > 0,
let Tx(t) := TH(t)‘kH\Iﬂ o kg . One can see from the fact that the map kg identifies
the spaces (U, nk) and (kg ||-||5) that {Tk(t)}>0 is a Cp-semigroup on (¥, nk).
Moreover, as W is the completion of the space (¥',7nk), then each Tk (t) extends
to a continuous and linear operator Sk (t) on W% . Therefore, {Sk(t)}i>0 is a Cp-
semigroup on ¥’ . Finally, and the definition of Tk (t) shows that the semigroup
{Sk(t)}+>0 satisfies (4.58]). O

Now, for the proof of existence and uniqueness of solutions to (4.10) we will follow a
fixed point theorem argument and to do this we will need a class of \If’ﬂ -process where
the solution will lie. This class is defined as follows:

Definition 4.5.4. Let T > 0. We denote by H?(T, Wl) the vector space of all the
\I/’B -valued, regular, predictable processes X = {Xt}te[QT] such that for each K C ¥

bounded,
sup E (nK(jKXt)Q) < 0.
te[0,7

The next result shows that the space H?(T, ') contains the \I/b -valued processes that
are stochastic convolutions. As in Theorem we denote by S"* R = {(S"* R)¢}+>0

the stochastic convolution process {fot Jir St — 7)Y R(r,u)M (dr,du) : t € [0, T]}

Theorem 4.5.5. Let T > 0 and let R € A?(T). Then, S"x R € H?(T, W), and for
each K € Ky (V), we have

t
. 2 .
B [ (in(5"« B))*] < MEE [ i Rer)yga, )i, (262
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for all t € [0,T], where Mg > 1 and O > 0 are such that the Cy-semigroup
{Sk(t)}=0 on WV defined in Lemmal4.5.5 satisfies

nk (Sk(t)'f) < Mxe?'ng(f), Vfe€ V. (4.63)

Moreover, the integral in the right-hand side of (4.62)) is always finite

Proof. To prove the first part, note that from Theorem [£.4.2] there exists a continuous
Hilbertian seminorm g on ¥ such that S'* R has a ¥/ -valued, mean-square continuous,
predictable versmn S'*R = {(S * R),}i>0 satisfying (1.49). Then, because P-a.e.
(S« R); = zQ(S’ * R),, for all t € [0,T], (5'*R) has a predlctable Wl -valued version.
We will identify S’ * R with this version.

Let K C ¥ be bounded. Because the unit ball B,(1) of p is a neighborhood of zero,
there exists some C' > 0 such that K < CB,(1), hence nx(f) < C¢'(f), for every
f € ¥,. Therefore, the inclusion map jx o i, : ¥, — W is linear and continuous.

Hence by (4.49) and the fact that (S" x R); = zQ(S’ * R),, P-a.e. for all t € [0,T], we

have

— 2
sup E [ng(ix(S" * R))*| < ||jiki , ., sup E [g’ (S"+ R) } < 0.
1 [0.T] [ ] H QHﬁ U0 re0.1] ( t)
Then, as S’ * R is a regular process, S’ * R € H*(T, ).

To prove the second part, let K € Kg(¥). As R € AZ(T), from Theorem [3.3.17
there exists a continuous Hilbertian semi-norm ¢ on ¥ and R € A2(q,T) such that
R(r,w,u) = iy R(r,w,u) for Leb ® P ® p-a.e. (r,w,u). Then, using (4.58), for all
t€[0,7] and Leb® P® p-a.e. (r,w,u) we have

Lo, (r) jicS(t =) R(r,w,u) = Ly g () Sk (t = r)jriqR(r,w, u). (4.64)

Now, denote by ¥g the dual of the Hilbert space W’ . Let jj be the dual operator of
ji - Then, jj corresponds to the canonical inclusion from Wg into W. Let {t;};en

be a complete orthonormal system in Wy . Then, from Parseval’s identity, Fubini’s
theorem, (3.28)), (3.85)), (4.58), (4.63) and (4.64)), we have

E [ (ix(S'x R))*] = EY |in(S'« R)lwy][*

j=1

= ZE[ [JK@Z’JH }
) ZE/@ /Uqr,um(r,u)'su—r>j}<wj>2u<du>dr

¢
= IE/ / HR(?",u)'S(t—1")]'}(“22 \I,K@qm)u(du)dr

B //H]KSt_T (r,u HE B V) p(du)dr
_ IE/O /UHSK(t—r)ijR(r,u)||£2(¢,qm%)u(du)dr

IN

t
MEE [ iRl el
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Hence we have proved - Finally, note that the mtegral in the right-hand side of
is ﬁmte because, from the fact that jx R(r,w,u) = jiiy, ' R(r,w, u), for Leb@P® -

a.e. (r w,u), we have

a2
//””‘R””ﬁ ¥ 00 LA < (0603 | 0w ||

O

Now, we need to equip the linear space H?(T), \II’B) with a locally convex topology. To
do this, we will need the following family of Banach spaces (see Da Prato and Zabczyk

[20], p.188).

Definition 4.5.6. Let K C ¥ bounded. Denote by H?(T, U the real vector space of
all W -valued predictable process X = {X;},c(o,7) such that sup,c 7| Enk(X;)? < co.
The space H?(T, ') is a Banach space when equipped with the topology defined by

. 1/2
the norm ||-|| e given by |IX|[;c7 = supseo.ry (B (nx (X0)2)?, VX € H2(T, W),

The relation between the elements of the space H?(T, \Il’ﬁ) and of the Banach spaces
H2(T, ) is given in the following result.

Lemma 4.5.7. For K C VU bounded, jxH*(T,Vj) C H*(T, V%), ie if X €
H2(T, W)), then jx X € HX(T, ).

Proof. The result is an immediate consequence of the definition of the spaces H?(T, \I',/B)
and H%(T, ¥ ), and the continuity of the map jix . O

Theorem 4.5.8. For every T > 0, the space H*(T, ‘I/%) is a complete, Hausdorff,
locally convex space when equipped with the projective topology induced by the projective
system {(H?*(T, \I/'B),"HQ(T, V), ik) « K € Ku(V)}, where Ky (¥) is the family of
bounded Hilbertian subsets of U given in Lemma[[.5.3 In particular, the topology on
H?(T, W) is generated by the family of semi-norms {|||-||lxr : K € Ku(¥)}, given
for each K € Ky (¥) by

, 1/2
X ez = l7x Xk 7 = o (E (nc G X0)?)) 2, VX € HAT, W), (4.65)
€

Proof. From Lemma it follows that {(H*(T, \Il’ﬂ)fHQ(T, V), ik) K € K (¥)}
is a projective system and therefore we can define the projective limit topology on
HA(T, Wi3). Then it follows by the definition that {|[[-|||x r : K € Kp(¥)} is a family of
semi-norms generating the projective topology (see Section|1.1.3)). Finally, the fact that
these topology is complete and Hausdorff is a consequence of the fact that H?(T, U)
satisfies these properties (see Results 5.1 and 5.3, Chapter II of Schaefer [93], p.51-
2). O

Remark 4.5.9. Let K € Ky (V). For
Zabezyk [85], p. 164)

vk, 0y (see Peszat and

11Xy 57 = sup. (™ (nic(jx X0)2))'?, VX € HA(T, W), (4.66)
te[0,T

It is clear that |[|"|||,, jc 7 defines a semi-norm on H2(T, W) Moreover, is not difficult
to see that the semi-norms |[||l|, g1, v >0 are equivalent.
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Theorem 4.5.10. Assume that conditions (E1) and (E2) hold. Let Zy be a V-
valued, reqular, Fy-measurable, square integrable random variable. Then, there exists a
unique (up to modification) mild solution X = {X;}+>0 to with initial condition
Xo = Zy. Moreover, for every T > 0 there exists a continuous Hilbertian semi-
norm q = q(T) on VU such that X = {X;}iepo,m) has a Uy -valued predictable version

X = {Xt}te[O,T] satisfying supejo,7) E (q’(Xt)z) < 00.
Furthermore, X is also a weak solution to (4.10)).
Proof. For T >0, let A : H*(T, \Il’ﬂ) — H3(T, \Il’ﬂ) be the mapping defined by

A(X) = Ao(X) + A1 (X) + Ax(X), VX €N (T, V),
where for each t € [0,T],
Ao(X)y = S(t) Z,

A (X)), ::/O St —r)B(r, X, )dr,

Aoy(X), ::/0 /US(t—r)’F(r,u,XT)M(dr, du).

Our objective is to show that the map A is a contraction. For convenience we will
divide the proof in two steps.

Step 1 The map A is well-defined.

Our task is to verify that the three components of A are well-defined. To do this, fix
X e HA(T, ).

For Ay, the strong continuity of the dual semigroup {S(¢)'};>0 and the fact that Z
is a \II’B -valued, regular, Fy-measurable random variable implies that {S(t)'Zo}i>0 is
a \If’ﬁ—valued, regular, {F;}-adapted, continuous process.

Now, we will prove that {S(t)'Zy}+>0 has a predictable version. To do this, note
that as Zy is also square integrable, then Theorem (by identifying Zy with
the process {Zo(s)}sejo,rp where for each s € [0,T], Zy(s) = Zp) implies that there
exists a continuous Hilbertian semi-norm p on V¥, such that Z; possesses a \If;,—valued,
{F;}-adapted, continuous version Zy satisfying Ep’(Zg)? < oo.

Furthermore, note that as in the proof of Lemma because {S(t)}t>0 is a (Co, 1)-
semigroup on ¥ and p is a continuous semi-norm on W, there exists a continuous
semi-norm ¢ on ¥, p < ¢, and there exists a Cp-semigroup {S;(t)}+>0 on the Banach
space W, such that hold. Moreover, there exist M, > 1, 6, > 0 such that
hold. Note that as p < ¢, then the canonical inclusion i, : ¥, — ¥, is linear and
continuous.

Then, from the above we have that for each ¢t € [0,T], P-a.e.
S(t) Zo = i,Sq(t)1h, 4 Zo.

Therefore, {Sy(t)il, ,Zo}t>0 is a Wj-valued version of {S(t)'Zo}s=0. Moreover, as
{Sq(t)’i;7q20}t20 is a Wy -valued, {F;}-adapted, continuous process and W is a sepa-
rable Banach space, then it has a predictable version (Proposition 3.21 of Peszat and
Zabczyk [85], p.27) and hence {S(t)'Zy}i>0 has also a predictable version. We will
identify {S(t)'Zo}t>0 with this version.
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Let K C U be bounded. By similar arguments to those used in Theorem the
map jgi oifI : \I'f] — W is linear and continuous. Therefore, from the arguments in the
above paragraphs we have

E ( sup nK(jKS(t)’ZO)2> = E( sup nK(jKi;Sq(t)’ig,’quV) (4.67)
t€[0,7) t€[0,T

2 20T ||+ 1|2 . 2 1057 \2
S qu 4 H]KZQHL:(\%,\I,/K)|’ZP7QH£(\I/q7\1;p)Ep (ZO) < 0.

Hence, {S(t)'Zp}t>0 is an element of H?(T, \IJ’B) and therefore A is well-defined. Note
that because for all ¢ € ¥, {¢} is a bounded and Hilbertian subset of ¥, then (4.67)
implies that

E ( sup ‘S(t)’Zo[sz) < oo, Vipew.

te[0,7)

As {S(t)Zo}i>0 is a \II%—V&lued, regular, continuous process, Theorem [1.2.24] shows
that there exists a continuous Hilbertian semi-norm g9 on ¥ such that ) Zo >0
has a W), -valued continuous version, which we denote again by {S(t)'Zo}¢>0, such that

E sup 0p(S(t) Zp)? < cc. (4.68)
te[0,T

We now prove that A; is well-defined. Let X € H?(T, Wls). Our objective is to show
that the map Y : [0, ] x [0, T] xQ — ¥ given by Y (t,r,w) = 1jg 4 (r) S(t—r) B(r, X;)
satisfies the conditions of Corollary

Fix ¢ € W. Then, the set Ky = {9} is bounded and Hilbertian. Hence, from (E1)
there exists a function a, : R; — Ry satisfying fOT ay(r)?dr < oo, and such that

1B(r, 9)[¥]] < ay(r)L+ lgl¥])), Vrel0,T], ge .

Then, it follows from the above that

T T
E /0 B(r X)) Pdr < E /0 ap(r)2(1+ | X, [0]))%dr

IN

T
2 (1 + sup E|Xt[¢]]2> /0 ay(r)2dr < .

te[0,7

Hence, from similar arguments to those used in Lemma it follows that there exists
a continuous Hilbertian semi-norm p on ¥ such that E [ p/(B(r, X;))?dr < co.

Now, as in the proof of Lemma because {S(t)}i>0 is a (Cp,1)-semigroup on ¥
and p is a continuous semi-norm on ¥, there exists a continuous semi-norm g on ¥,
p < ¢, and there exists a Cy-semigroup {S,(t)}+>0 on the Banach space ¥, such that
hold. Moreover, there exist My > 1, 6, > 0 such that {S,(¢)};>0 satisfies ([.23).
Note that because p < ¢, then the canonical inclusion i, : ¥, — ¥, is linear and
continuous.

Then, from the above and following similar arguments to those leading to (4.41) we



4.5. Existence and Uniqueness of Weak and Mild Solutions 109

have
t 2
E sup / S(t — Y B(r, X,)[¢]dr (4.69)
tefo,17 1o
t
<E sup [ B0 X)(S( - )0l dr
t€[0,77 /0

T
< M3€29qT(](iq¢)2 10,4l i(qjq,\pp) E/O o' (B(r, Xr))QdT < 00.

Our next task is to prove that the map ¢ fg S(t —r)B(r, X,)[¢]dr is continuous for
P-a.e. w € Q. To do this, note that from EfOT ¢ (B(r, X,))?dr < oo it follows that

there exists some Q¢ C Q, P(Qy) = 1, such that fOT P (B(r, X,(w)))dr < oo for each
w € Q.

Now, for 0 < s <t < T, we have

/8 S(s — 1) B(r, X,)[ib]dr — / S(t—r)B(r, X,)[x]dr
0 0

T
< /O Loy () |(S(s — ) — S(t — 7)) B(r, X,) ]| dr
T
N /0 1, (1) |S(t — Y B(r, X,)[4]] dr-
Then, similarly as in for all w € Q¢ we have
T
/0 Loy () | (S(s — )/ — S(t — 1)) B(r, X,)[0] dr

T
< 2Mye" g i) Hip,qu(\yq,my,,) E/o p'(B(r, X;))dr < cc.

Therefore the dominated convergence theorem and the strong continuity of the dual
semigroup implies that

T
/ Ljo,q] (r) |(S(5 —r) =St —r))B(r, Xr)WH dr— 0, ass—t, ort—s.
0
Again, as in for all w € Qy we have
T
| 100186 =B Xl ar

T
< queqTQ(iqﬂ)) ||ip,q||c(q/q,\pp) E/o P/(B(T, Xr))dr < 0,
and hence the dominated convergence theorem shows that
T
/ Tisq (1) |S(t —r)B(r, X,)[]|dr — 0, ass—t, ort—s.
0

Therefore, the map ¢ — fot S(t —r)B(r, X,)[¢]dr is continuous for all w € Q.
Thus, the map Y : [0, 7] x [0,T] x Q — ¥’ given by

Y(t,r,w) =1y (r) St —r)B(r,X,), V(trw)el0,T]x[0,T]xQ,
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satisfies the conditions of Corollary 4.1.2] Then, there exists a continuous Hilbertian
semi-norm g1 on ¥ and a \I"Ql -valued, predictable, continuous process

{/Ot S(t—r)B(r, X,)dr : t € [(),T]}

satisfying (4.13) for all ¢ € [0,T], P-a.e., for all ¢) € ¥, and such that

sup E (gl < /O t S(t —r)B(r, Xr)dr>2> < . (4.70)

te[0,7)

Hence, we have that {i’m fg S(t—r)B(r,X,)dr :t €0, T]} is an element of H?(T, )
and therefore A; is well-defined.

Finally, to prove that the map Ay is well-defined, let X € H?(T, \II%) In this case our
objective is to prove that Fyx = {F(r,u, X,(w)) : 7 € [0,T),w € Q,u € U} € AXT).
Then by Theorem we find that S’ x Fy € H2(T, ¥);) and hence the map A is
well-defined.

To prove this, let ¢ € ¥. As the set K, = {1} is bounded and Hilbertian, it follows

from (E2) that there exists a function by, : R — R, satisfying fOT by (r)?dr < oo, and
such that

/U G (F(r, 0, 9)0)?u(du) < by(r)(1+ |gl]|),  Vr € [0,T], g€ ¥,

Therefore, we have

B[ [ alFO Xy wRuair < B [ b (1 %R ar

T

< (1 + sup E|Xt[zp]]2> / by (r)dr < co.
t€[0,T 0

Then, from the above and the arguments in the proof of Proposition it follows

that Fy € A%(T). Thus, the map Ay is well-defined and this finally shows that the

map A is also well-defined. Moreover, from Theorem there exists a continuous

Hilbertian semi-norm g on ¥ such that S’ x Fx has a \Il’g2 -valued version satisfying

—_— 2
sup Eg) ((S’ * FX)t> < 0. (4.71)
t€[0,T]

Step 2 The map A is a contraction.

Because from Theorem @ the topology on H?(T, \If’ﬁ) is generated by the family of
semi-norms {||[-||| 7 : K € Ku(¥)}, given in ([4.65), then by definition the map A is
a contraction if we can show that for every K € Ky (¥) there exists 0 < Cgr < 1
such that

AX = AY || r < Crr IX = Yllgr, VXY € HAT, Wp).

However, by Remark it is equivalent to show that for each K € Ky (V) there
exists v > 0 and a constant 0 < U, g7 < 1 such that

IIAX =AY Il sor < Cocr X = Vlll,gors VXY € HATW).  (472)
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where the semi-norm |||-||

o7 18 given in (4.66).
To do this, we fix K € Ky(¥) and X,Y € H?*(T,¥}). Then, from the definition of
the map A we have:

IAX = AYIIP o < 21lI81X = A Y|P o +21[1A0X — AoYIPper.  (473)
Now, as K € Kg(¥) it follows from Lemma that there exists a Cpy-semigroup

{SK(t)'}+>0 on the Hilbert space W satisfying (4.58) and there exist My > 1 and
0k > 0 such that {Sk(t)'}+>0 satisfies (4.63).

Now, we need to show that for all ¢ € [0,T], P-a.e.

t
/ Skt —1)jx(B(r,X,) — B(r,Y,))dr,
0
is well-defined as a Bochner integral in W . First, for every t € [0, 7] the map
(r,w) = Loy (r) Sk (t — )ik (B(r, X, (w)) — B(r,Y,(w)) € ¥,

is predictable, and following similar arguments to those used in the Step 1 we can prove
that there exists a continuous Hilbertian semi-norm p on ¥ such that

T
/ ¢ (B(r,X,)— B(r,Y,;))dr < co,P — a.e.
0
From this last observation, (4.58)) and (4.63)) it follows that for all ¢ € [0,7], P-a.e.
t
/ nic (St — v jx(B(r, X,) — B(r,Y,))) dr
0
0T T
. i /
< Mge’® H]szHE(\IIW}()/O p (B(r,X,) — B(r,Y;))dr < oc.
Therefore, the Bochner integral fg Sk(t —r)jix(B(r,X,) — B(r,Y;))dr exists for all

t €10,7], P-ae.

Let jf : ¥x — ¥ be the dual operator to jx . From (4.13)), (4.58) and the properties
of the Bochner integral, for all ¢ € [0,T], P-a.e. we have

NK (jK/O S(t— r)’B(r, X, )dr — jK/O S(t— r)'B(T,YT)dr> (4.74)
= 21612 /0 S(t— T)/B(T, Xr)dr[]}{w] _/0 S(t— r)/B(nY})dTU}(M‘
— sup / (B(r, X,) — B(r, Y;))[S(t — r)jicvdr
YeK |JO
. / Skc(t — ) (B(r, X,) — B(r, Y;))[{ldr
PeK |J0
- sup ( / sK<t—r>'jK<B<r,Xr>—B(r,n»dr) w}]\

=K (/Ot Sk (t — ) jx(B(r, X,) — B(r, n))m) .
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Then, from (4.58), (4.74) and (E1) we have (recall the definition of |||-||[, ;7 in (4.66))
NALX — MY |2 g p

— sup eV (ﬁK <jK /ot St —r)B(r,X,)dr — jk /Ot S(t— T)/B(T,Yr)dr> 2)

te[0,7)

t€[0,T]
2

< S e "'E (/0 i (Sk(t =) jx(B(r, X;) — B(r,Yy))) dr)

t 2
< M]2(620KT sup e V'E (/ nx (g (B(r, X,) — B(r, Y},))) dr)
t€[0,77 0

¢ 2
< M2e?xT gup e V'R (/ ar ()i (Jr(Xr = Y3)) d7”>
+€[0,7] 0

Now, by the Cauchy-Schwarz inequality,

1
2

[ asctrme e v ar < ( | tam)gdr)% ([t v ar)
Then,
ALK — A 112 e

T t
< MEeHKT ( / aK<r>2dr) sup [ eI (i (e (X, - ) dr
0 te[0,7]J0

T T
<0tz ([ aterar) ([ a1 -V

Therefore, we have

2 1 2
1[A1X — AY |2 o < Oh p 1X = Y12 o (4.75)

T T
CS;(T = M3 e20xT </ aK(r)er> (/ e_wdr> . (4.76)
) ) 0 0

Similarly, from the linearity of the stochastic integral, (4.62)), (E2) and the Cauchy-
Schwarz inequality we have

where

1A X — AsY[[]2 4 1

I (W ( /0 t /U S(t =) (F(ru, X,) — F(r,u, Y,)) M(dr, du)>2>

te[0,7

t
< M?(@QGKT sup e_vtE/ / H]K (F(T¢U7XT) - F(""W»Y}))HE:Q(%M,\I/'K) u(du)dr
t€[0,T7 0 JU ’

t
< MEe*sT sup e_”tE/ bic () (i (X = ¥7))? dr
+€[0,T] 0

T T
< 23T (([“onopar) ([ a1 - VIR
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Therefore,
2
11A2X — Ao |12 o < OO NX = Y2 s (4.77)

T T
CPh g = M2t ( / bK(r)er> ( / e“’“dr> . (4.78)
0 0

Then, it follows from (4.73)), (4.75)), (4.76), (4.77) and (4.78)) that (4.72)) is satisfied for
Cy kT given by

1— e—vT T %
Co, kT = [2M§<62‘9KT (U > (/ ax(r)* + bK(?“)2dr)] :
0

and then we can take v sufficiently large such that C, x 7 <1 and consequently A is
a contraction on H2(T, ).

We are ready to show that there exists a unique (up to modification) mild solution to
satisfying the statements of the theorem.

For a fixed T > 0, as the map A is a contraction on H?(T, W) and this last is a
complete, Hausdorff, locally convex space (Theorem , it follows from the fixed
point theorem on locally convex spaces (see Theorem 3.5 of Wlondarczyk [112]) that A
has a unique fixed point X () = {X }te[O 7 in HA(T, ¥ ). Therefore, X (T) satisfies
([@.12) for all ¢ € [0,T).

Let {T},}en any sequence Of positive real numbers such that lim,,_., T}, = oo and for
each n € N let X(T) = {X }te o,7] as above. Let X = {X;};>0 be given for each
t>0 by X; = XtT” if T,,—1 <t <1T,, where we take Ty = 0. Then, is easy to see that
X is well defined and moreover that X is a \II’B—Valued, regular, predictable process
satisfying for all t > 0. Therefore, X is a mild solution to and is unique
up to indistinguishable versions.

where

Now let 7' > 0. From Step 1 there exist continuous Hilbertian Semi norms 0g, 01 and
02 on U such that the processes {S(t)'Xo}i>0, {fo (t—r)B(r,X,)dr:t e [O,T]}
and S’ x Fiy have predictable versions taking values in W), , \IJ’@1 and ¥ respec-
tively, and satisfying (4.68)), (4.70) and (4.71)). Let ¢ be a continuous Hilbertian semi-

norm on ¥ such that g9 < ¢, 01 < ¢ and g2 < ¢, and such that the inclusions
G00,q+ o1, and g, 4 are Hilbert-Schmidt. Then, using similar arguments to those used

in the proof of Theorem [1.2.24} in particular using the estimate (1.13) (with r re-
placed there by 00, 01 and p2) we can show that that the processes {S(t)'Xo}i>0,

{fo (t—7r)B(r,X,)dr:t €0, T]} and S"* Fx have Wy -valued predictable versions
satisfying

E sup ¢'(S(t)Xp)? < oo, sup E¢ (/ S(t—r)B(r, X,)dr ) < 00,
t€[0,T] te[0,T)

— 2
and sup E¢’ ((S’ * Fx)t) < 00.
t€[0,T

Now, as X is a mild solution to , and hence satisfies (| - then it follows from
the above that X = {X;},cp01] has a W -valued predictable version X = {Xt}te[o 7]

satisfying sup;cjo ] E (q (X1) ) < 0.
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Finally, as X is a mild solution to (4.10)), and from the arguments on Step 1 one can
check that the conditions of Theorem are satisfied, so that X is also a weak
solution to (4.10]). O

We finish this chapter with an application of Theorem to the existence and
uniqueness of weak and mild solutions to stochastic evolution equations driven by
Lévy-noise.

Example 4.5.11. Let ® be a complete, barrelled, nuclear space and ¥ be a complete,
bornological, nuclear space such that every continuous semi-norm on ‘IJ/’B is separa-
ble. Let L be a ®/;-valued cadlag Lévy process with Lévy measure v and Lévy-1to

decomposition ([2.39)), that is

Lt =tm+ Wt + /
Bp/(l)

FN(t, df) + / IN ),

Bp/(l)c

for all ¢ > 0, where the components in the above decomposition satisfy the properties
given in Theorem [2.2.13

Assume that L is square integrable, ie. E(|Li¢]]*) < oo, for all ¢ > 0, ¢ €
®. Then, it is easy to check that this implies that the compound Poisson process

{fB (1) fN(t,df):t > 0} is square integrable. Then, the Lévy-Itd6 decomposition of
p

L can be equivalently written as
Li=tm' + W+ [ fN(t,df), Vt>0, (4.79)
@/

where

FN(t, df) ::/ fﬁ(t,df)Jr/ FN(t,df), Yt>0,
@/ B,(1)

Bp/(l)c

and m'[¢] = m[¢] + pr,(l)C flolv(df), for all ¢ € @.

In this example our objective is to show the existence of weak and mild solutions to
the Lévy-driven stochastic evolution equation given by

dX, = (A'X, + B(t, X))t + F(t,0, X,)dW,; + / F(t, f, X)N(dt,df),  (4.80)
@l

for all ¢ > 0, with the initial condition Xy = Zy, where Zj is a U/;-valued, regular,
Fo-measurable, square integrable random variable. It follows from (4.79) that equation
(4.80]) generalizes the case of stochastic evolution equations driven by square integrable
Lévy noise.
As in Section we will need some assumptions on the coefficients of (4.80). But
before this, we need to introduce some notation.

Let Q be the covariance functional of the Wiener process W. For every f € @, let
qr : ® = R be defined for every ¢ € ® by

fow), iff=o.
‘“(@‘{rfw, it f e o'\ {0}, (481)

Then, {qs : f € ®'} is a family of continuous Hilbertian semi-norms on ®.
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Assumption 4.5.12.

(L1) A is the infinitesimal generator of a (Cy,1)-semi-group {S(t)}+>0 on VU such
that the dual semigroup {S(t)}i>0 is a (Co, 1)-semi-group on Wi .

(L2) B : Ry x W' — W' is such that the map (r,g) — B(r,g)[¥] is B(R+) ® B(¥})-

measurable, for every ¢ € V.
(L3) F={F(r,f,g) :r € Ry, f € ® ge U} is such that

(a) F(r,f,g) € L(®q,, V), Vr =0, fed, ge V.

(b) The mapping (r, f,g) = qf(F(r, f,9)'¢,) is B(RQ@B(@%)@B(\I}%)—measumble,
for every ¢ € @, p € U.

(L4) For each K C VU bounded and Hilbertian, there exists a function ax : Ry — Ry
satisfying

T
/ ax (r)?dr < co, YT >0,
0
such that, for all T € Ry, g1,90 € V',

N (B(r,91)) < ax(r)(1+nk(g1)),
ni (B(r,g1) — B(r,92)) < ar(r)ni (g1 — g92)-

(L5) For each K C U bounded and Hilbertian, there exists a function by : Ry — Ry
satisfying

T
/ by (r)2dr < oo, YT >0,
0

such that, for all r € Ry, g1,92 € V',
. 2
175 F'(r; 0, 90l 2y @0, w7 )

+/ |7 F(r, f,gl)IIZQ(@ ) v(du) < b (1) (1 + 1K (91)?),
@\ {0} K

. . 2
175 E'(r, 0, 91) = jic F' (1,0, 92)l[ 2, (@1, w1 )

+ Al\{o} ixE(r, f91) = jx F(r, f, 92)"%2(@{1f,\11;<) v(du) < b (r)nr (g1 — g2)*.

We say that a \Il’ﬁ—valued regular and predictable process X = {X;};>0 is a weak
solution to (4.80)) if for every ¢ € Dom(A) and every t > 0, P-a.e.

X6 = Xol] + /O (X, [A¢] + B(r, X, )[])dr + /0 F(r,0, X,)6dW,

+/0t/, F(r, f,X;) ¥ N(dr, df)

On the other hand, a ¥’;-valued regular and predictable process X = {X;};>0 is called
a mild solution to (4.80) if for every ¢ > 0, P-a.e.

t t
Xy = S@t)Xo+ / S(t—r)B(r, X,)dr + / S(t—r)F(r,0,X,)dW,
0 0

N / S =) F £, X)W (dr df).
0 Jo’
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Now we proceed to use Theorem [4.5.10| and assumptions (L1) to (L5) to show the

existence and uniqueness of weak and mild solutions to (4.80)).
Let M = (M(t,A):r>0,A € R) be given by

M(t, A) = Wido(A) + /A o FN(t,df), Vt>0,A€R, (4.82)

where R = {A € B(®}) : 0 ¢ A} U{0}. Then, M is a nuclear cylindrical martingale-
valued measure on Ry xR, the covariance of M is determined by the measure A = Leb
on Ry, the Lévy measure v on @}, and the semi-norms {gs : f € @'} (this follows
from similar arguments to those in Example[3.1.8). Moreover, it follows from and
Proposition that the initial value problem is equivalent to the following
problem

dXy = (A'X, + B(t,Xt))dt+/ F(t, f, Xy)M(dt,df), (4.83)

with the initial condition Xg = Zj.

Note that (L1), (L2) and (L3) together with the properties of M given above implies
(A1), (A2), (A3) and (A4) in Section[4.2] Moreover, from (L4) and (L5) it follows that
the coefficients B and F' satisfy (E1) and (E2) for U = @) and semi-norms {qy : f €
®’}. Then, Theorem [4.5.10| shows that there exists a unique mild (and weak) solution
X = {Xi}+>0 to (4.83), and consequently to (4.80), such that for each 7" > 0 there
exists a continuous Hilbertian semi-norm ¢ = ¢(7') on ¥ for which X = {X;},c(01]
has a Wy -valued version X = {Xt}te[o,T] satisfying sup;cpo 1 E(q (X:)?) < co.

Remark 4.5.13. The tools developed in this chapter can be also used to show the
eristence and uniqueness of weak and mild solutions to the following general Lévy-
driven stochastic evolution equation

dXt = (A/Xt + B(t, Xt))dt + F(t, O, Xt)th

+/ F(t, f,Xt)N(dt,df)+/ F(t, f, X;)N(dt, df).
B,(1) B, (1)¢

p

To do this, we need to define the stochastic integral and the stochastic convolution
with respect to the Poisson random measure N in order to make sense of the last
term. These integrals can be defined in terms of the stochastic integration with respect
to cylindrical martingale-valued measures developed in Chapter 3. However, as this
requires a significant additional amount of work we have decided not to include this
here.



Appendix A

Proofs of the Regularization
Theorems

In this appendix we provide proofs to the regularization theorems of Section [1.2.1} For
the convenience of the reader we also include the statements of the theorems.

Theorem Let (®,T) be a nuclear space and let X = {X;}ejom) e a cylindri-
cal process in ®" such that for each ¢ € ®, the real-valued process X (¢) := { Xt(9) }ejo,1)
has a continuous (respectively cadlag) version. Suppose that the linear mapping from ®
into Cr(R) (respectively Dr(R) ) given by ¢ — X (¢) is continuous. Then, there exists
a countably Hilbertian topology 6 on ® determined by an increasing sequence {on }neN
of continuous Hilbertian semi-norms on ®, and a (®y, By)-valued continuous (respec-
tively cadlag) process Y = {Yi}yepo1], such that for every ¢ € ®, Y|[¢] is a version of
X (@). In particular, Y is a ®/y-valued continuous (respectively cadlag) version of X
that is unique up to indistinguishable versions.

Without loss of generality we assume that each X (¢) = {X;(¢)}+>0 has a continuous
version. The proof is identical in the case of cadlag versions. The following lemma
provide the necessary tools to prove the regularization theorem.

Lemma A.0.14. There exists an increasing sequence of continuous Hilbertian semi-
norms {qn}nen on ®, a subset Qy of Q such that P(Qy) = 1 and a sequence of
stochastic processes Y () = {Yt(n)}te[o,T] , n € N, satisfying:

(1) For each n € N, Y™ s q @;n -valued process such that for every ¢ € @, ,
Y ™[¢] = {Y;(") (9]} eefo,r) s a continuous real-valued process.

(2) For each w € Qy , there exists N(w) such that

(a) For all n > N(w), supycjo,r] qu(Y;(n)(w)) < 00, and
(b) For all m >n > N(w), Y;(m)(w) = if]mqu;(")(w) for all t € [0,T].

(3) For every ¢ € ®, there exists Ay C Q with P(Ay) = 1 such that for every w €
QyNAy there exists N(w) such that for each n > N(w), Yt(n) (W)[ig, @] = Xi(P)(w)
for all t € [0,T7.

Proof. We follow similar arguments to those used by Ité6 and Nawata in [44]. Let

{en}tnen be a sequence of positive numbers such that ) e, < oo. Let D be a

countable dense subset of [0,7]. We start by showing the existence of the semi-norms

{Qn }nEN .

117
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Fix n € N. From the continuity of the exponential function there exists a §,, > 0 such
that ‘1 — e"’ < % if |r[ < §,. Now, from the continuity of the map ¢ — X(¢) :=
{Xi(®) }iejo,r) from W into Cr(R) there exists a continuous Hilbertian semi-norm p;,
on ¢ such that

P<w€Q:sup]Xt(¢)(w)| >5n> < %” V¢ € B,, (1). (A1)
teD

Let T), = {w € Q : sup;ep | Xi(¢)(w)| < 0 }. Then, if ¢ € B, (1) it follows from (A.1)
that

E <sup 1-— ein(‘z’)‘) < / sup |1 — Xt P(dw) + 2P(T)
teD Y, teD
€ €
< 2P(T,) + = < e,
= 5 ( )+ 5 = €

On the other hand, because sup,¢p ’1 - eiX’f(¢)’ < 2 forany ¢ € ®, thenif ¢ € B, (1),
we have

E (sup 1 —eiXt@”D < 2pn(0)*.
teD

Therefore, from the above inequalities we conclude that

E <sup 1- eiXt(¢)‘> < en+2p(0)%, Voo (A.2)
teD

Note that we can assume without loss of generality that the sequence {py}nen is
increasing. Otherwise we replace p, by (p? +--- + p2)/2,

Now, as ® is nuclear, there exists an increasing sequence of continuous Hilbertian semi-
norms {gn}nen on ® such that for each n € N, p, < ¢, and the inclusion i, 4, is
Hilbert-Schmidt. Let a be the countably Hilbertian topology on ® generated by the
semi-norms {gy }nen. As each ®,, is separable, this implies that @, is also separable.
Let B = {{;}ren be a countable dense subset of ®,. For every n € N, from an
application of the Schmidt orthogonalization procedure to B, we can find a complete
orthonormal system {(b;]-" }ien € @ of @, , such that

k
&= arnd!" + Prn, VEEN, (A.3)
j=1

with a;r, € R and ¢y, € Ker(g,), for each j, k € N.

Our first objective is to prove the following: For each n € N,

P () >1-2 Ve €n, (A.4)
Je—1
where
o0 ) o0
Q= weQ:isupy. ‘Xt(qb?")(w)) < oo, sup > [Xu(pjn)@)?=0p.  (A5)
teD i teD i
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To do this, let C' > 0. From the inequality: 1 — e >1—e1/2 = \/\6/217 for r > 1,
it follows that

Plwe: supZ‘thZ)q” w‘ > C?
teD

\/é
N

IN

e}
2
L= exp | =5 sup > | Xi(6)
=1

02 teD 4

~ tim Y Eeup |1 1j§:L¥(¢%w ’ (A.6)
Tmek o1 ep 0\ 202 & 170 |
Now, setting ¢ = >, zj<b§” for z1,...,2m € R, in (A.2)) we have
m m
E [ sup |1 — exp ZZ 2 X (67") <en+2 Z z?pn(¢?")2. (A7)

teD j=1

Integrating both sides of (A.7) with respect to [[72; Nc(dz;), where N is the centered
Gaussian measure on R with variance 1/C?, we have

/mE sup |1 — exp iszXt(gbgn) HNC dzj) < en+ o2 an qbq” . (A.8)
j=1

teD j=1

On the other hand, as [[}; Nc(dz;) is a Gaussian measure on R™, for each ¢ € [0, 7]
and w € Q0 we have

exp _%Z)Xt(ﬁn)(w)’? / exp ZZJXt ¢7") (W) HNC(de)’ (A.9)
i=1 =t

and therefore from ([A.9) and Fubini theorem it follows that

1 & 2
Esup [ 1-exp [~ > [Xu(olr
g | 1o | mgem 2 [

m

</ E [ sup |1 — exp iszXt(¢?”) HNC(dzj). (A.10)
" j=1 j=1

teD

Then, from (A.6), (A.8) and (A.10)), it follows that

m
qn 2 \/> Qn
PlweQ: ngZ’thS w’>C’ < nlgnoo\[_l €n + Z:: ng
Ve 2 . 2
= o1 \@talinallie, e, )
where recall ||ipn7qn|]£2(¢,q B, ) < 00 as ip, g, is Hilbert-Schmidt. Letting €' — oo, we
get

Ve
PlweQ:su )X ) w‘ <oo | >1-— €n- A.11
tegz t¢ Vve—1 ( )
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Following the same arguments as above but now changing gb?” for ¢;, and using the
fact that ¢;, € Ker(p,), for each j € N (recall p, < ¢, ), we have that

Plwe:su Xi(pjn 250 < ve €n- A.12
tGBZ\ t(@jn) (W) S Ze-1 (A.12)

Then, (A.4)) follows from (A.11) and (A.12]).

The next point in our agenda is to define the set 2y of P-measure 1 and the stochastic
processes {Y (M}, cn satisfying the properties (1)-(3) of the statement of the Lemma.
But before, we set some additional notation.

For each ¢ € ®, let X4 = {Xy(t,w) : t € [0,T], w € Q} be a continuous version of
X(¢) = {X(¢)}+epo,r)- For every n € N, let I';, C Q2 given by

r, = {w :VjeN, X¢§n (t,w) = Xt(qﬁ?")(w) Vt € D, and t — X(bgl_n (t,w) is continuous

(A.13)
Then, for each n € N the definition of X¢?n implies that P(T,,) = 1. Also, for each
n € N define A, C ) by

Ap =L w: Xe(&)(w Za]ant ¢1)(w) + Xi(prn)(w), VE €N, t € D 5. (A.14)
7j=1

For every n € N, it follows from (A.3) and the linearity of X that P(A,) = 1. Now,
for n € N define
A, =0, N1, N A, (A.15)

Then, it follows from (A.4) and the fact that P(T';,) =1 and P(A,) = 1 that

e
P(A,) >1-— 2\/6\[— L En- (A.16)
We are ready to define the stochastic processes {Y(”)}neN. For each n € N, let
{f"}jen be a complete orthonormal system of & dual to {¢7"}jen (ie. f"[¢]"] =
d;,). For each t € [0,T], we define

X Xy (t,w)fIr forw € Ay,
V" (w) = 2= Xogn (L) (A.17)
0, elsewhere.
Note that Y = {Y }te[o 7] is a well-defined @ -valued stochastic process This is

because if w € An, then the infinite sum in 1D is convergent, as from (A.5), (A.13)

and (A.15) we have:

( Qn
sup ¢, (v;" = sup ’X an (t,w ‘ = sup ’Xt ¢; ‘ <oo. (A.18)
te[0,7) " teDZ & teDZ

Moreover, it follows from (A.13)), (A.15) and (A.17)) it follows that for every ¢ € @, ,
Y (™[¢] is a continuous real-valued process. Therefore, Y(") satisfies the property (1)
in the statement of the Lemma.

Also from (A.13)), (A.15]) and (A.17) it follows that for each w € A,,, Yt(") (w)[ig, d)?"] =
X¢;1_n (t,w) = X¢(¢]")(w), for all j € N and t € [0,7]. Similarly, from the fact that
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n(pjn) = 0 for all j € N, and from (L.5) we have ‘ff" ligapinl| < @ (f]")anig, i) =

0, for all j € N, and then (A.17) implies that Y;™ (w)[ig, @jn] = Xi(0jn)(w) = 0, for
all 7 € N. So, by (A.14) and (A.15) we have

Vwe A, Y, (W)ig &) = Xe, (w) = Xo(&)(w), VEEN, te[0,T]. (A.19)

Now we are going to show that (A.19)) implies that for every ¢ € @, Y;(n) lig. @] = Xt(0)
P-a.e. on A, for all t € [0,T].

Let ¢ € ®. Since B = {&;}en is dense in @, there exists a subsequence {&;, }ren C
B that a-converges to ¢. As « is the countably Hilbertian topology generated by
the semi-norms {gn}nen, then @; is continuously embedded on @, and therefore
Y, (w) € &/, forall t € [0,T] and w € Q. Therefore, Y™ (w)[ig, &;,] = Y™ (w)[iq, @],
as k — oo, forall t € [0,7] and w € Q.

On the other hand, observe that implies that X is continuous with respect to the
countably Hilbertian topology on ® generated by the semi-norms {p,},en and since
this topology is weaker than « (because p, < g, for all n € N), then it follows that
X is a-continuous. Therefore, there exists Ay C Q with P(A,) = 1 such that for all
we Ay, Xi(&,)(w) = Xe(¢)(w), as k — oo, for all t € [0,T].

Therefore, (A.19) and the uniqueness of limits implies that
Vwe A NAy, Y (W)[ig, ¢ = Xi(d)(w), Vtel0,T]. (A.20)

Our final step is to define the set Qy and to verify that it and the processes {Y (™}, cy
defined in satisfy the conditions (2) and (3) of the statement of the Lemma.
First, it follows from , our assumption that ) €, < oo, and the Borel-Cantelli
lemma that
P(Qy)=1, where Qy:= (] [ An. (A.21)
NeNn>N

Let w € Qy. Then, it follows from (A.18) and (A.21) that there exists some N (w)

such that for all n > N(w), sup,cp q{l(Yt(n) (w)) < co. Thus, the property (2)(a) of the
statement of the Lemma is satisfied. Moreover, from and there exists
N(w) such that for all m > n > N(w), for every k € N and ¢t € [0,7] we have
Yt(m) (W) [ign &kl = Yt(n) (W)[ig,&k). But as B = {{}jen is dense ®,, and therefore in
®,,. and in @, , then it follows that for all ¢ € [0,77, Yt(m) (W)[ig @] = Yt(n) (W) [ig, ]
for all ¢ € ®, that is Y;(m)(w) =i Y(n)(w). Hence, the property (2)(b) of the

qn,qm -~ t
statement of the Lemma is also satisfied.

Finally, the property (3) of the statement of the Lemma is a consequence of (A.20) and
(1), O

Proof of Theorem[1.2.18 We use similar arguments as those used by Mitoma in [72].
Let {qn}nen, Qy and {Y(”)}neN be as given in Lemma |A.0.14

For every n € N, let o0, be a continuous Hilbertian semi-norm on ® such that ¢, <
on and ig, o, is Hilbert-Schmidt. Let ¢ be the countably Hilbertian topology on ®
generated by the semi-norms {g,}nen. The topology 6 is then weaker than 7 and
finer than «.
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Let Y = {Y; }1cjo,m be defined for each t € [0, 7] by

-/ (n) >
Yilw) = {an,gnyt (w), forw e Qy, n> N(w), (A.22)

0, elsewhere.

This stochastic process is well-defined. In effect, as for all m,n € N, m > n, ¢, < ¢,
Gn < 0n, and ¢y < 0, then the following diagram commutes:

@/ l:In s0n (I)/
qn On

! !
ZQn’Qm l ilénme (A23)
/ !/
@qrm i/ (I).Qm
am,om

Then Lemma[A.0.14)(2)(b) and (A.23]) implies that for each w € Qy, if m >n > N(w)

we have

i Y (w) =

-/
o
qm,0m 4m,0m Z%z:‘lm

Y (W) =iy, 4 0t Y (W), Ve [0,T).

- Z@nvgm ,LQann

Therefore, Y = {Y;}eo,r) is well-defined. Moreover, as for each n € N, P, s
continuously embedded in (®j, 5p) then it follows from (A.22) that Y is a (@}, 5p)-
valued process.

Now we are going to show that Y is continuous. For every n € N, let {(b?” }ien € @

be a complete orthonormal system in ®,, . Fix w € Qy and let n > N(w). Then, from
the definition of the dual operator 7/ of ig, 0., from (1.5 applied to ¢, and from

q’VL?Qn
Lemma [A.0.14{(1)-(2)(a), we have
oo 2 o
S osup i, Y V@] <Y sup g, (V" ()20 igu 0,08 (A24)
j= te[0,7 j=1 te[0,7]

=<MMMWWﬁMM%%%ﬁw
t€[0,T]

where we recall that i, ,, is Hilbert-Schmidt.

Next we prove the right continuity of the map t — Y;(w) in @’gn. Let 0 <t < T. Then,
from (A.22)), Parseval’s identity, (A.24]), the dominated convergence theorem and the

continuity of each map t — Y;(n) (@) lign,0,®5"] (Lemma|A.0.14(1)), we have

2

s—t+ s—t+

lim o (Vi(w) = V(@) = Tim 37 fif, o, (5" (@) = Y (@) [62"]
j=1

— . (n) ™ (N sen]
= 3 Jim |4 @) ~ Y @) lign0f)| = 0.

- s—t+

Therefore, the map ¢ + Y3(w) is right-continuous in @, . The left continuity can be
proven similarly. Moreover, as @’Qn is continuously included on @) then the continuity
of t = Yi(w) in @}, implies its continuity in ®;. Hence, the process Y is a ®y-valued
continuous process.

The fact that for every ¢ € ®, Y[¢] is a version of X (¢) is a direct consequence of

Lemma [A.0.14] and (A.22). Finally, as ®j is continuously included on ®/;, the above
properties shows that Y is a (I)/B -valued continuous version of X .
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To prove the uniqueness, notice that if Z is another version of X satisfying the prop-
erties of the Theorem, then for every ¢ € ®, Yi[¢] = X;(¢) = Zi(¢) for all t € [0,T],
and because Y and Z are both continuous then it follows from Proposition [I.2.15] that
Y and Z are indistinguishable process. O

Corollary (1.2.19} Let (®,T) be a nuclear space and let X = {Xi}ej0,7) be a cylindri-
cal process in ®" such that for each ¢ € ®, the real-valued process X (¢) := { Xt(9) }rejo,1)

has a continuous (respectively cadlag) version. Suppose that there exists a continuous
Hilbertian semi-norm p on ® such that the linear mapping from ® into Cp(R) (respec-
tively Dp(R) ) given by ¢ — X (o) is p-continuous. Then, there exists a continuous
Hilbertian semi-norm o on ®, p < o, such that i, , is Hilbert-Schmidt and a <I>’Q -valued
continuous (respectively cadlag) process Y = {Yi}ieo1), such that for every ¢ € @,
Y (o] is a version of X(p). Moreover, Y is unique up to indistinguishable versions in
.

B
Proof. With the same terminology as in the proof of Lemma the p-continuity
of the map ¢ — X(¢) := {Xi(¢)}reo,r) implies that is satisfied for p, = p,
for all n € N. In that case, we would have in (A.4), (A.5)), (A.13) and that
gn = q for some continuous Hilbertian semi-norm ¢ on ®, p < ¢, and such that i,
is Hilbert-Schmidt. Therefore, we have from and that A, = A,, and
Y™ =y () for all m,n € N. If we choose g, q < 0, such that i, , is Hilbert-Schmidt,
and if in the proof of Theorem we take g, = o for all n € N, then Y defined by
is a CIJ’g—valued continuous processes such that for every ¢ € ®, the processes
X (¢) and Y[¢] are indistinguishable. O




Appendix B

Basic Properties of
Hilbert-Schmidt Operators

In this Appendix we review the basic properties of some important classes of continuous
linear operators in Banach and Hilbert spaces.

Let X and Y be two real or complex Banach spaces. A linear operator T : X — Y is
said to be bounded if its operator norm

Tl gxyy 2= sup {I[Tally : llelly < 13,

is finite. Denote by L£(X,Y) the space of bounded linear operators from X into
Y. Equipped with the operator norm it is a Banach space. As the dual spaces X’
and Y’ are Banach spaces, it follows that L£(Y’, X’) is a Banach space. Moreover,
if T'e L(X,Y) then T" € L(Y',X") and furthermore it follows that [|7"]| xiy) =
1Tl cx.vy-

We proceed to review the definition of Hilbert-Schmidt operators and some of their
properties. In the following, H and G will represent two Hilbert spaces.

Definition B.0.15. A bounded linear operator T : H — G is called a Hilbert-
Schmidt operator if there exists an orthonormal basis {h;};c; in H such that

2
Z 1T hillg; < o0
i€l
Theorem B.0.16. Let T € L(H,G). The following conditions are equivalent

(1) T is a Hilbert-Schmidt operator.
(2) > icr |Thi||Z, < oo for any orthonormal basis {hi}ier in H.
(3) T admits the representation

T:v:Z)\j (x,hj)ygi, Ve ecH
jedJ
where {h;};.; and {g;};c; are orthonormal sets in H and G respectively, the

A < oco. The index set J is at most

Aj are positive numbers such that ZjeJ ;

countable.

For a proof see Lemma 1 and Theorem 2 of Section 2.2 of Chapter 1 of Gel’fand and
Vilenkin [31] p.33-4.
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Denote by Lo(H,G) the space of all Hilbert-Schmidt operators from H to G. It is a
Hilbert space equipped with the Hilbertian norm ||| Lo(H,G) defined by

1T\ oy = D I Thille;s  for all T € Lo(H, G) (B.1)
el

where {h;};cy is some orthonormal basis in H. Lo(H,G) is separable if H and G are
separable. By definition T" € L(H, G) is Hilbert-Schmidt if and only if [[T'|[, ) < o0
and by Theorem 7|z, (m,c;) is independent of the choice of the orthonormal
basis of H. Moreover, one can verify that |||y cy < [Tz, m,6)-

Proposition B.0.17. Let T € Lo(H,G). Then,

(1) T" € Lo(G', H') and HTHEQ(H,G) = HT/HCQ(G’,H’)'

(2) Let Fy, Fy be two separable Hilbert spaces. If S € L(F1,H) and U € L(G, F3),
then UoT € Lo(H, Fy) and T o S € Lo(F1,G). Moreover,

WU o Tl 2y, < Wl 2o, U 260 »

and

T o Sz, m 69 < NS em,m 1T o) -

For a proof see Section 2.2, Chapter 1 of Gel’fand and Vilenkin [31].
The following result offers a very useful characterization of Hilbert-Schmidt operators.
It is based on the relationship between Hilbert-Schmidt operators and p-summing op-

erators between Hilbert spaces. For details the reader is referred to Theorem 2.12 and
Corollary 4.13 of Diestel, Jarchow and Tonge [25], p.44,85.

Theorem B.0.18. A linear operator T : H — G is Hilbert-Schmidt if and only if for
every 1 < p < oo there exists a constant C' > 0, and a Radon probability measure v
on the unit ball B* of H' (equipped with the weak topology) such that,

1/p
itallg<c- ([ Isaruan) ", vee



Appendix C

The Bochner Integral

In this section we review the construction and basic properties of the Bochner integral.
Our exposition is completely based on Chapter 1 of [39]. All the proofs and a very
careful exposition of the theory can be found there.

Let (S,A, 1) be a measure space and let (X, ||-||) be a real or complex Banach space.
A function f:S5 — X is called p-simple if it is of the form f = 27]1\[:1 14, x,, where
for every 1 <n < N, z, € X and the set A4, € A satisfies p(4,,) < co.

We say that a function f : § — X is strongly p-measurable if there exists a
sequence of p-simple functions f, : S — X that converges p-almost everywhere to f.
The following result gives sufficient conditions for strongly p-measurability.

Proposition C.0.19. If f: S — X is Borel measurable, the image f(S) C X of S
under f is separable and [g||f(s)|| p(ds) < oo, then f is strongly p-measurable.

Now we proceed to define the Bochner integral. For a yg-simple function f = 27]1\[:1 14,2,
we define

N
/S F()uds) == 3" pl(An)en.
n=1

One can easily check that this definition does not depend on any particular represen-
tation of the function f.

Definition C.0.20. A strongly p-measurable function f:S — X is Bochner inte-
grable with respect to p if there exists a sequence of p-simple functions f, : § — X
such that

lim /Hf )| u(ds) = o0.

n—o0

Let f:S — X be Bochner integrable with respect to p and let {f,}nen be a sequence
of simple functions approximating f as in Definition Because for any m,n € N
we have

H [ nomtas) = [ fuouias)

\ J15n(6) = Fal s

< L) = ullntas) + [ 1156 = fulo)ll ()
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then { [q fn(s)u(ds) : n € N} is a Cauchy sequence on X and because X is complete,
this sequence has a limit. This limit is called the Bochner integral of f with
respect to 1 and we denote it by [ f(s)u(ds), ie.

n—00

/ F($)ulds) = lm [ fu(s)p(ds).
S S

It is not difficult to see that this definition does not depend on the choice of the
approximation sequence for f.

Proposition C.0.21. A strongly p-measurable function f:S — X is Bochner inte-
grable with respect to p if and only if

/ 1£(5)]] uds) < oo,
S

and in this case we have

|[1tomtas)|| < [rlutas),

Proposition C.0.22. If f: S — X is Bochner integrable with respect to p and T s
a continuous and linear operator from X into the Banach space Y , then Tf : S —Y
1s Bochner integrable with respect to u and

T /3 F(s)(ds) = /S Tf(s)u(ds).

If f:5— X and g: 5 — X are strongly p-measurable functions, we say that they
are equivalent if f = ¢ p-almost everywhere. This defines an equivalence relation on
the set of all the strongly p-measurable functions from S into X .

Definition C.0.23. For 1 < p < oo, we define the Bochner space LP(S, A, u; X)
to be the linear space of all (equivalence classes of) strongly p-measurable functions
f:S — X for which

LGP utas) < .
S

The space LP(S, A, pu; X) is a Banach space when equipped with the norm

1/p
1l sty = ( / Hf(s)\w(ds)) .



Appendix D

Semigroups of Linear Operators
in Locally Convex Spaces

In this section we will review the basic properties of some types of Cp-semigroups of
continuous linear operators on a locally convex space. To do this we will need firstly to
recall some properties of the Riemann integral taking values in a locally convex space.

§D.1 Riemann Integral in Locally Convex Spaces

In this section we summarize the definition and main properties of the Riemann integral
in a locally convex space. We base our exposition on Albanese, Bonet and Ricker [I].
Let [a,b] € R be a compact interval. Let P be a partition of [a,b], i.e. P = {t3}}_,
such that a =ty <t <--- <t, =0, for some n € N. Set |P| = maxj<p<n{ty —tp_1}
and define [P] = X}_,[tx—1,tk] € R™. Denote by P([a,b]) the set of all partitions of
[a,b]. Define on D := Upep(ap{(F>€) : & € [P]} a pre-order > as follows: given
P,Q € P([a,b]) and & € [P], n € [Q], say (P,§) > (Q,n) whenever |P| < |Q|. Hence,
(D, >) is a directed set.

Let E be a (Hausdorff) locally convex space. Let F': [a,b] — E be a bounded function.
Given (P,§) € D, with P = {t;}}_,, £ = {&1, ..., &}, then R(F, P,§) given by:

R(F,P,¢) =Y F(&)(tk — tr-1) € E,
k=1

is called a Riemann sum of F relative to (P, ). Then, from the above we have that
{R(F,P,§) : (P,§) € D} is a net in E. If this net converges to some element of F,
then we will say that F' is Riemann integrable and the limit, which we denote by
ff F(t)dt, will be called the Riemann integral of F' on [a,b].

Denote by C([a,b], E) the vector space of all continuous functions from [a,b] into
E. 1t is a (Hausdorff) locally convex space equipped with the topology of uniform
convergence. If {p,} cr is a family of semi-norms generating the topology on F,
then the family {¢,},cr given by

generates the topology of uniform convergence on C([a,bl, F).
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A sufficient condition for the existence of the Riemann integral is the following. For a
proof see Albanese, Bonet and Ricker [I].

Theorem D.1.1. Let E be sequentially complete (e.g E complete) and let F €
C([a,b], E). Then, F is Riemann integrable.

Let J be an open subset of R. A function F': J — F is differentiable at ty € J if there
exists F'(tg) € E satisfying lim;_, %f;(to = F'(tp), with the limit being taken in
the sense of the topology on E. We write F' € C'(J, E) if F is differentiable at each
point tg € J and F’ : J — E is continuous. We denote by C'([a,b], E) the vector
space of all F': [a,b] — E such that there exists an open J C R with [a,b] C J and

some G € C'(J, E) such that G‘[a = F.

Some of the basic properties of the Riemann integral are given in the following result.
Proposition D.1.2. Let E be sequentially complete and F € C([a,b], E), with a <b.
Then:

(1) [CF(t)dt + [°F(t)dt = be (t)dt, for all ¢ €]a,b]

(2) f[ij dt}_f f Ndt, VfeE.
(8) Let G be a sequentmlly complete (Hausdorjj”) locally convex space and let A €

L(E,G). Then, f AF(t ( [iat )
(4) J,(F o h)( fh(a) tydt, for all h e cl(R R).
(5) IfFEC’l([a,b], ) then F(b) f F'(t

(6) For every continuous semi-norm p on E, D (fa F(t dt) < f;p(F(t))dt.

§D.2 (p-semigroups on Locally Convex Spaces

Let E be a complete (Hausdorff) locally convex space. In this section we review
some basic properties (Cp,1)-semigroups of continuous linear operators on E. Our
exposition is based on Yosida [I19] and Babalola [5].

Definition D.2.1. Let {S(¢)}+>0 be a one-parameter family in £(E, F). It is called a
Cp-semigroup of continuous linear operators (or a Cp-semigroup for short) if it satisfies:

(1) S(0) =1, where I is the identity operator on E,
(2) S(t)S(s) =S(t+s), for all t,s > 0.
(3) limys S(t)x = S(s)z, for all s >0 and any « € FE. (Strong continuity)

Definition D.2.2. A Cj-semigroup {S(t)}+>0 on E is said to be equicontinuous if
for every continuous semi-norm p on FE there exists a continuous semi-norm ¢ on F
such that p(S(t)z) < g(z), for all t >0, x € X.

Definition D.2.3. A Cp-semigroup {S(t)}+>0 on E is said to be (Cp, 1)-semigroup
for each continuous semi-norm p on E there exist some 9, > 0 and a continuous
semi-norm ¢q on E such that p(S(t)z) < e’iq(z), forall t >0, z € E.

Any equicontinuous Cp-semigroup is a (Cp, 1)-semigroup (this is the case ¥, = 0) but
the converse is not true in general (see Babalola [5], p.177).
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Theorem D.2.4. A Cy-semigroup {S(t)}+>0 on E is a (Cy, 1)-semigroup if and only
if there exists a family {pa}tacr of semi-norms generating the topology on E such that
for each a € I' there exist some constants My, > 1, 0, > 0 such that

pa(S(t)z) < Mueltp,(z), forallt >0,z € E.

If in particular the semigroup {S(t)}i>0 is equicontinuous, then one can choose My =
1, 0,=0.

The infinitesimal generator A of a Cy-semigroup {S(¢)}+>0 on E is defined by

A — Ly ST~

i . (limit in E),

whenever the limit exists, the domain of A being the set Dom(A) C E for which the
above limit exists.

In the next result we summarize some of the properties of the generator A and its
domain. As we are assuming F is sequentially complete, and because of the continuity
of the map ¢ +— S(t)z, for each x € E, then the Riemann integral [; S(t)zdt exists
for 0 < s < oo and z € E (Theorem [D.1.1)). For a proof of the following results see
Section 3, Chapter IX of Yosida [119].

Theorem D.2.5. Let {S(t)}+>0 be a Cy-semigroup on E with infinitesimal generator
A. Then:

(1) If € Dom(A), then S(t)x € Dom(A), for all t > 0 and S(-) € C1([0,00), E).
Moreover, 4S(t)x = AS(t)z = S(t)Az, for all t > 0.

(2) An element x € E belongs to Dom(A) and Ax =y if and only if S(t)x —z =
fot S(r)ydr, for all t > 0.

(8) For every x € E, ffS(t)a:dt € Dom(A) (0 < a < b < o0) and we have
A ( K S(t)xdt) — S(b)z — S(a).

(4) Dom(A) is dense in E.

(5) If E is barrelled, then A is a closed operator.

One of the most important properties of (Cp, 1)-semigroups is that they are “compat-
ible” with the family of Banach spaces determined by the semi-norms generating the
topology on F given in Theorem More specifically, we have the following very
important result:

Theorem D.2.6. Let {S(t)}1>0 be a (Co,1)-semigroup on E and let {ps}tacr be the
family of semi-norms generating the topology on E given in Theorem[D.2.4. Then, for
each a € T', there exists a Cq-semigroup {Sp, (t)}i>0 (Co-semigroup of contractions
if {S(t)}e>0 is equicontinuous) on the Banach space E,, such that {Sp, (t)}t>0 is an
extension of {S(t)}t>0, i.e.

Spe (t)ip,x =ip, S(t)z, VzeE, t>0,

where we recall that ip, : E — E,, is the canonical inclusion of E into E,, . Moreover,
if a,B8 €' are such that o < 3, then

Spa (t)ipmpﬁx = Upa,psOps (t)z, Vaze Epg, t 20,

where we recall that ip, p, : Ep, — Ep, is the canonical inclusion of Ey, into Ey, .
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Furthermore, if A is the infinitesimal generator of {S(t)}i>0 and for each a € T', Ay,
is the infinitesimal generator of {Sp, (t)}t>0, then for each o € I' we have

Ap ip,x =ip, Ax, Yz € Dom(A),
and if a, B €' are such that o < 3, then
Apipaps® = tpapsApsT, Vo € Dom(Ap,).

We finalize this section by studying the properties of the dual semi-group of a Cj-
semigroup. In general, if {S(¢)}+>0 is a Cp-semigroup on E then the family {S(¢)'}i>0
of the dual operators is a semigroup of continuous linear operators on Elﬁ , but in general
it is not a Cy-semigroup as the map ¢ — S(¢)'f is not necessarily continuous, for f € E’ﬁ
(see Proposition 1, Section 1, Chapter VII of Yosida [119], p.195). Nevertheless, this
continuity property is preserved in the case of E being reflexive as the next result shows
(see Section 13, Chapter IX of Yosida [119]).

Theorem D.2.7. Assume E is reflexive and let {S(t)}i>0 be a Cp-semigroup on
E with generator A. Then, {S(t)'} >0 is a Co-semigroup on Ej with generator
A" Moreover, if {S(t)}t>0 is equicontinuous then {S(t)'}t+>0 is equicontinuous and
R\ A') = R(\, A) for any Re(\) > 0.

Remark D.2.8. In general, the dual semigroup of a (Cop, 1) -semigroup is not a (Cp, 1) -
semigroup on El, even if E is reflexive (see Babalola [5]).
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bounded, strong stochastic integral
closed, for R € A2(p,T),
densely defined, for R € A2(T),
Hilbert-Schmidt, for R € As(T),
locally convex space, [2] subset

bounded below, 29]
nuclear space, [6]
topologies on A2(T)

®l;-valued version inductive limit topology, [73]
of a cylindrical process, simple and bounded convergence,
of a cylindrical random variable, 7
@23 -valued martingale., topologies on M (®/;)
®5-valued local martingale, simple and bounded convergence,
Poisson integral, 23
compensated,
Poisson measure, [32] ultrabornological space,
Poisson random measure, uniformly tightness,

pre-Fréchet space,
projective limit, [3]
projective system, [3|

Wiener process, [27]

weak stochastic integral
for X € AZ(T),

quasi-complete space, for X € A2(T),
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