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Summary

Adaptive Backstepping and Sliding Mode Control of
Uncertain Nonlinear Systems

by

Miguel Rios-Bolfvar

The development of adaptive control design techniques for nonlinear systems with
parametric uncertainty has been intensively studied in recent years. The recently de-
veloped adaptive backstepping technique has provided a systematic solution to the prob-

lem of designing static adaptive controllers for uncertain nonlinear systems transformable
into the triangular Parametric Strict Feedback and Parametric Pure Feedback forms.
The adaptive backstepping technique has been adopted in this thesis as the control
design approach and a number of new algorithms have been developed for the design
of dynamical controllers for the regulation and tracking of deterministic and adaptive
control systems. The combination of adaptive backstepping and Sliding Mode Control
has also been proposed to design robust adaptive strategies for uncertain systems with
disturbances. The class of adaptive backstepping nonlinear systems has been broadened

to observable minimum phase systems which are not necessarily transformable into tri-
angular forms. The design of output feedback control, when only the output is measured,
has also been studied for a class of uncertain systems transformable into the adaptive

generalized observer canonical form.

Since the equations arising from these new algorithms are too complicated to be
computed by hand, a symbolic algebraic toolbox has been developed. This toolbox
implements the proposed algorithms for the design of static (dynamic) deterministic
(adaptive) controllers, and automatically generates MATLAB code programs for com-

puter simulation.
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Chapter 1

Control Regulation of Uncertain

Nonlinear Systems

1.1 Introduction

Mathematical models of practical systems usually contain inaccuracies which may arise
from actual uncertainty (for instance, imperfect knowledge of parameter values or dis-
turbances) or from the purposeful choice of a simplified representation of the system’s
dynamics. Modelling imprecisions due to inaccuracies in the terms actually included
in the model, are called structured (or parametric) uncertainties. In contrast, unstruc-
tured uncertainties (or unmodelled dynamics) correspond to inaccuracies in the system
order. Modelling imprecisions can produce adverse effects on the performance of lin-
ear and nonlinear control systems. Therefore, it is important that any control design
scheme dealing with uncertainty provides enough robustness to guarantee a satisfactory
performance under these conditions. Traditionally, two complementary approaches are
used to deal with uncertainty: adaptive control and robust control.

Adaptive control is more convenient for plants containing parametric uncertainty
when no information about the bounds of the unknown parameters is known a priors.
An estimator (or identifier) provides on-line estimation of the unknown parameters. In
its forty years of existence, adaptive control has become a well-established discipline
with a wide spectrum of algorithms and many practical applications. Recently, a new
family of adaptive control algorithms called backstepping has been developed. This new
control scheme allows the systematic design of adaptive controllers for nonlinear systems
containing “unmatched” parametric uncertainty. It will be the main subject to be studied

in this thesis.
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Robust control is usually employed for plants with unstructured uncertainty when
some information (bounds) about the uncertainty is known. The typical robust controller
18 composed of a nominal part, obtained via feedback linearization, pole-placement, or
any other design technique to stabilize the known part of the plant; and additional terms
aim at dealing with model uncertainty.

A simple and popular robust approach to the deterministic control of uncertain
systems 1s the Sliding Mode Control technique, which is based upon the special behaviour
of Variable Structure Systems in the so-called sliding regime. The basic idea of sliding
mode control is to drive system trajectories towards a stable manifold and ideally keep
them on it using a discontinuous feedback control. The controlled plant in the sliding
regime is totally invariant to matched disturbances and parameter variations with known
bounds, thus maintaining stability and consistent performance. An equivalent approach
used in the context of power electronics and, more particularly, power conversion, is
the so-called Pulse-Width-Modulated control technique. It has been shown that Sliding
Mode Control and Pulse-Width-Modulated control are equivalent control techniques
with similar robustness properties [104].

In this introductory chapter, both adaptive schemes and robust (sliding mode control
and pulse-width-modulated control) techniques are introduced, and additionally, some
motivating examples are considered. In Section 1.4 the topics studied in this thesis are

introduced.

1.2 Adaptive Control of Uncertain Systems

It was in the early 1950s, when classical scalar frequency-domain methods were well
established and broadly used, that the field of adaptive control was born. At that time
there was considerable interest in the design of autopilots for high-performance aircratt,
which operated at a wide range of conditions such as different speeds and altitudes.
The existing feedback theory was appropriate to design an efficient controller at any one
operating condition, but could not cope with problems under changing operating condi-
tions. Adaptive control was proposed as a way of automatically adjusting the controller
parameters in the face of changing aircraft dynamics. Since then, a lot of research has
been carried out on the design of adaptive controllers to stabilize plants with internal
and/or external uncertainties. Generally speaking, the basic objective of adaptive con-
trol is to achieve consistent performance of a system in the presence of uncertainties or
unknown variations in plant parameters. Since such parameter uncertainties or chan-
|

\
l
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ging conditions occur in many practical problems, adaptive control is applicable in many
industrial contexts.

Adaptive control is now a mature discipline. The intense research performed in this
arca has made available a wide variety of concepts and algorithms, which have attracted
the attention of many practitioners. The main reason for the popularity of adaptive

control is associated with its clearly defined objective: to control plants with unknown
parameters. A very detailed survey of the progress of adaptive control since its birth
has been presented by Narendra [79].

Depending on the way in which the update law is implemented, adaptive schemes are
classified as direct or indirect. When the estimate corresponds to the parameters of the
controlled plant, and the controller design is then based on the identified parameters,
the scheme is called indirect. Alternatively, direct schemes estimate the parameters of
the controller. Additionally, adaptive controllers can be classified as Lyapunov-based or

estimation-based, according to the type of parameter update law and the corresponding
proof of stability and convergence.

Because of the wide variety of parameter update laws, such as gradient and least-
squares algorithms, estimation-based designs are broadly applicable in adaptive linear
control ([35],[97],[80]). This acceptance is also supported by the applicability of the
“separation principle” to linear systems, which allows one to treat the identifier as a
separate module and guarantee its properties independent of the controller module.
However, the stability analysis of estimation-based schemes is usually intricate and is
conclusive only in the case of normalized update laws. Lyapunov-based design provides
elegant stability proofs, although, until recently its applicability was restricted to linear
plants with relative degree one or two.

One traditional approach in adaptive control consists of ignoring the uncertainty and
treating the estimated parameters as if they were the true parameters for designing the
controller via a deterministic scheme, such as pole-placement or optimal control. This
approach is commonly called certainty equivalence and involves the separation of the
estimation and control problems. However, it is not obvious that certainty equivalence
controllers will achieve stabilization of the closed-loop system. Additionally, existing
adaptive techniques generally require a linear parameterization of the plant dynamics,
i.e. the parametric uncertainty needs be expressed linearly in terms of a set of unknown
parameters.

In the 1960s when the first attempts were made to describe adaptive systems using
state equations, the fact that adaptive systems are generally nonlinear came to the fore.
This can be illustrated with the following example.
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Example 1.1 Consider the system
£ = A(o,8)z+ B(o,8)u (1.1)
y = C(o,0)x

with u(t) € R, z(¢t) € R*, y(t) € R™, 0 € ™, and 4(¢) € R™?, where u,z,y are

respectively the input, state and output, ¢ is an unknown constant vector, and 6(%) a
time-varying control parameter vector which is adjusted using the measured signals of

the system by
0 = g(y'; 0, t) (1'2)

Note that the components 8;(t) of 6(¢), i = 1,2,...,ms are no longer parameters, but
are state variables of the system (1.1)-(1.2). Hence, any adaptive system is merely a
nonlinear feedback system involving estimation and control ([79]). Indeed, if a linear

plant contains unknown parameters without any information regarding their bounds, it
cannot be stabilized by a linear controller. This is true even for the following simple

example.

Example 1.2 Consider the scalar linear plant
r=u+0z (1.3)

where u is the control and € is an unknown constant. Its stabilization can be achieved

by the following adaptive controller
u = —fz—cz (1.4)
§ = ki’ (1.5)

where ¢ and k are positive design parameters. Its stability properties can be checked by

examining the derivative of the Lyapunov function
1, 1 -
— . — (-6 1.6
Vi(z,6) = 52* + (8- 0) (16
which turns out to be nonpositive
V — —C$2 s 0 (1.7)
Consequently, V(z, 8) evaluated along the solutions of the closed-loop system

t = —(c+0)z+0z (1.8)
§ = ka? (1.9)
is a nonincreasing function of time. This proves that z(¢) and  remain bounded for all

t > 0, by Theorem A.l (in Appendix A). It can be proved that lim,_,. z(¢) = 0 by using
the Corollary A.l.
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1.2.1 Matching Conditions

In the last few years the problem of designing adaptive nonlinear controllers for plants
containing both unknown parameters and known nonlinearities has been of increasing

interest in the control community. Linear parameterization and full-state feedback are
common assumptions to deal with these plants. Most of the adaptive nonlinear control
results have been obtained for linearly parameterized systems of the form

¢ = fol€) + D _8:fi(¢) + [QO(C) +) eag.-(o] u (1.10)

1=1 t=1

where ¢ € R" is the state, u € R is the scalar input, § = [y,...,6,]T is the vector of
unknown parameters, and f;,g;, 0 < ¢ < p, are smooth vector fields in a neighbourhood

of the origin ¢ = 0 with f;(0) =0, 0 <7 < p, go(0) # 0.

An important concept associated with the control of plants with uncertainties is that
of matching conditions. A system satisfies the matching conditions strictly if both un-
certainty and control input appear in the same dynamic equation. The controlled plant
(1.3) obviously satisfies the matching conditions. The design of an adaptive controller
for a matched system is quite straightforward as illustrated by the following example.

Example 1.3
.’f?l = T2 (1.11)
.'iig = U- 9(,0(.’51)

where u is the control, # an unknown constant and ¢ a known nonlinear function. By

choosing the control
u=—k1x1 — Koz — étp(xl) (1.12)

where 0 is an estimate of the unknown parameter, and k; and k; are positive design

parameters, the system is transformed into

i = Az + W(z)(0 - ) (1.13)

A:[ 0 1 ], PV:[O:I (1.14)
-k —ks v

This form suggests that a parameter update law can be designed using a result of ad-

with

aptive linear control [80]. This update law is

§ = WT(z)Pz (1.15)
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where P = PT > (1is chosen to satisfy PA+ATP = —I. The stability of the equilibrium
z =0, & = 6 of the closed-loop system (1.13)-(1.15) is established by checking the

derivative of the Lyapunov function
V =2TPz+ (0 - 6)? (1.16)

which is V = —||z||? < 0 along the solutions of the closed-loop system.

A concept associated with the matching conditions is that of uncertainty level [57],
which indicates the number of integrators separating the uncertainty from the control
input. In other words, suppose the uncertain parameters are in one equation, the uncer-
tainty level is the number of differentiations with respect to time required to reach the
control input explicitly. Therefore, systems satistying the matching conditions strictly

have uncertainty level zero. It is said that systems satisfy the Ertended Matching Condi-
tions (EMC) when the uncertainty level is one, i.e., the uncertainty is separated from the

control input by one integrator only. Kanellakopoulos, Kokotovi¢ and Marino [46] have
developed control schemes for the stabilization of this class of systems. These algorithms
are called uncertainty-constrained schemes because they require that the system satisfies
the EMC as structural conditions. The EMC were reformulated in [13] as “strong linear-
1zability” conditions. For full-state feedback linearizable systems, the EMC is necessary
and sufficient for the existence of a parameter-independent diffeomorphism z = ¢(¢)

which transforms the system (1.10) into

.’i‘,‘ = Ti41 i=1,...,n—2

|
Tn + Z 0:(x)vi(z) (1.17)

t=1

| l
ao(ﬂ?) -} Z 9.‘(.’5)0;(.’5) -+ l:ﬁo(.’b”) -+ Z 9,'/8,'(37)] Uu.

1=1

in—l

Tn
1=1

In order to illustrate the properties of the EMC-based schemes of [46] consider the
following example.

Example 1.4 Consider the second order system
1 = 9+ 67v(xy) (1.18)
i‘g = U

with 4(z;) a known smooth nonlinear function of z;. Note that this system is already
in the form (1.17). The design procedure of [46] employs an estimate 6 of the unknown
parameter 6 and replaces z; with the new state

Ty = T9 -+ é*y(:vl) (1.19)
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The system (1.18) is then rewritten as
Ty = I9+ (9 _— é)’)’(.’h) (1.20)
I = u+ é'y(:cl) + 5752 + (0 —- 9)577(.’51)

The control can now be designed as a function of § and 8, since the derivative § will be
explicitly defined from the update law. By using the control

U = —k1$1 — k‘ziz — 57(:1:1) — 9’75:2 (121)
the system (1.18) is transformed into

B = &9+ (8 —0)y(z1) (1.22)
.’i‘g = =ki1x1— koI + (9 — é)é’ry(:z:l)

which is linear in the parameter error § — 8. The gains k1 and k. are chosen to place the

eigenvalues of the system matrix

A= [ o ] (1.23)
-k —k;
at some desired stable locations. The resulting form is
&= AL +W(2,0)(6 - ) (1.24)
with 7 := [331 .’iz]T and
W (%, 6) = [ A’f’(‘“) ] (1.25)
6yy(x1)

This form is the same as (1.13), which suggests the use of the update law
6 = W(s,6)7 Pt (1.26)

which is the same update law used in Example 1.3. The stability of the equilibrium point
£ =0, 6 = 6 of the closed-loop system is established in the same way as for Example 1.3,
by using the Lyapunov function (1.16). Since the feedback linearization of (1.18) can
be achieved for all z and 6, the stability result is global. Moreover, from the LaSalle

invariance theorem (Theorem A.2), the largest invariant set of (1.24)-(1.26) contained

in the set where V = 0, is
M=1{(30):%£=0,(0-8W(0,8) = 0) (1.27)

Then, if W(0, §) # 0, (0,8) can be shown to be an asymptotically stable equilibrium
point of (1.24)-(1.26).
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Since the nonlinear function 7y(z;) can be any smooth function, this example demon-
strates that EMC-based schemes guarantee stability properties independently of the type

of nonlinearities. Many practical systems satisfy the EMC and their stabilization can
be achieved by this scheme [46]. However, implicit expressions for the control and the
update law (_the derivative 6 is defined in terms of the control u, and v is in turn defined

in terms of ) may result from the EMC-based schemes (for an example showing this
problem, see [57]). This difficulty can be avoided by considering the overparameteriza-

tion approach proposed by Pomet and Praly [82]. Using their scheme, various update
laws are designed for the same set of unknown parameters. A limitation of this approach

is the loss of exponential stability.
The first approach to cope with the stabilization problem of systems that do not

satisfy the EMC was proposed by Taylor et al [117]. It uses a high-gain feedback
control to induce a two-time separation property, so that the slow subsystem satisfies

the EMC and the fast stable dynamics is treated as unmodelled dynamics. EMC-based
schemes are not applicable to systems that do not satisfy the EMC because second

derivatives of the parameter estimate § would invariably appear in the control, since the
uncertainty level would be at least two. The adaptive backstepping approach proposed by
Kanellakopoulos, Kokotovi¢ and Morse (48] removed this structural obstacle and allowed
Lyapunov-based designs to be applied to wide classes of uncertain nonlinear systems.
As an alternative to EMC-based schemes, nonlinearity-constrained schemes can be
used to stabilize uncertain nonlinear systems. These schemes are applicable to systems
that do not satisfy the EMC, but they impose restrictions on the type of nonlinearity.
For example, the schemes of Nam and Arapostathis [78] and Sastry and Isidori [98]
combine feedback linearization with adaptation techniques from adaptive linear control.
However, to achieve global stability, these schemes require that the nonlinearities be
restricted by linear growth conditions. In contrast, the adaptive backstepping design
allows the stabilization of uncertain nonlinear systems without restrictions being placed

on the system nonlinearities.

1.2.2 Adaptive Backstepping Design

The adaptive backstepping design procedure broke the extended matching barrier. It
was developed in a series of enlightening contributions, regarding state feedback and
output feedback control, by Kanellakopoulos, Kokotovi¢ and Morse ([47]-[50],[57]). The
aim of their work was to provide a systematic framework for the design of regulation and
tracking strategies suitable for a large class of state linearizable nonlinear systems ex-
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hibiting constant, but unknown, parameter values. For instance, this approach achieves
the global regulation of the benchmark example

ii:l = I9-+ 9.’5%
i’z = I3 (1.28)
553 = U

which obviously does not satisfy the EMC.

The initial largest class of uncertain systems for which backstepping provided feed-
back solutions was that of parametric pure-feedback (PPF) systems [48]. This class is
well represented by the third order system

t1 = 23+ (21,22)0
Ty = I3+ cp:f(:z:l, X2, $3)9 (1.29)
I3 = U +§0§1(IB1,$2,$3)9

where § € RP is a constant unknown vector. PPF systems are characterized by both
linear parameterization and the structure of the known nonlinearities g, 2, and ¢s.
The function ¢; must not depend on z3, and a further implicit function restriction
is imposed on the dependence of ¢; on z3, and of ¢, on z3 [48]. This restriction is
automatically satisfied by the subclass of parametric strict-feedback (PSF) systems, in
which ¢; does not depend on z3, and , does not depend on z3. Global regulation and
tracking properties are guaranteed for PSF systems. The benchmark problem (1.28) 1s
an example of an uncertain nonlinear system in PSF form.

The basic idea of backstepping is to design a controller for (1.29) by following a step-
by-step procedure which interlaces, at each step, the change of coordinates required
for feedback linearization, and the construction of parameter update laws required for
adaptation. This is achieved by considering some of the state variables as “virtual
controls” and designing intermediate “control laws”. For instance, in (1.29) the first
virtual control is z2. It is used to stabilize the first equation as a separate system. Since
6 is unknown, this task is solved with an adaptive controller consisting of the control law
a(zr;) and the update law § = 7(21), which is obtained by Lyapunov-based design. In
the next step the state zj3 is the virtual control which is used to stabilize the subsystem
consisting of the first two equations of (1.29). The overparameterized algorithm in [48]
treats the parameter 6 as a new parameter and assigns to it a new estimate with a
new update law. This overparameterization was removed in the adaptive backstepping
algorithm with tuning functions [61], by treating é in the first step not as an update law
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but only as the function 7(z1). This tuning function is used in subsequent recursive steps
and the discrepancy 8 — 7(z1) is compensated with additional terms in the controller.
The proof of stabilization and tracking properties achieved by both the overparamet-
erized algorithm and backstepping with tuning functions is a direct consequence of the
recursive procedure, during which an additive Lyapunov function is constructed for the

entire system, including the parameter estimates.
This systematic procedure and its stability and convergence properties are described

fully in Chapter 2.

1.3 Robust Control of Uncertain Systems

As an alternative to adaptive control, the design of robust non-adaptive nonlinear state
feedback control to yield stability for nonlinear systems with uncertainties, has been
the subject of considerable research over the last fifteen years. The first attempts to
deal with uncertainty were studied in the setting of non-cooperative games in the early
1970’s. At that time, Leitmann and Gutman [37, 68] developed the notion of treating
uncertainty as “the other player” in a two-person game. Thus, one player seeks to assure
a desired outcome, say stability, in the presence of another player whose control actions
he does not know or knows imperfectly.

Gutman [36] developed a discontinuous min-maz control which asymptotically sta-
bilizes nonlinear uncertain systems under the matching conditions. Thus, to assure the
desired behaviour of the closed-loop system, an infinitely (in the ideal case) fast switching
mechanism is required. The non-ideal but fast switching control yields high-frequency
dynamics called chattering. This chattering may be undesirable in some systems because
unmodelled high-frequency plant dynamics may be exciting resulting in unforeseen 1n-
stabilities.

In order to avoid mathematical difficulties associated with non-classical differen-
tial equations and, more importantly, to obviate the occurrence of chattering, Corless
and Leitmann [19] introduced a class of continuous state feedback control under the
same matching conditions. This guaranteed stability from a classical differential equa-
tion setting, but at the expense of giving up asymptotic stability for uniform ultimate
boundedness, which at least for systems with matched uncertainties, assures behaviour
arbitrarily close to asymptotic stability.

Lyapunov stability theory is very useful in the design of stabilizing controls for un-
certain systems. It can be used in a constructive fashion to obtain feedback controls
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which guarantee desired (or acceptable) stability. For instance, consider the uncertain

system
i = f(t,2) +g(t,,,6) (1.30)
where z is the state, u the control and § € © the uncertainty. The nominal system
T = f(t,a:) (1.31)

1S Lyapunov stable with a Lyapunov function V(¢,z). The problem then is to determine
a feedback control u = oft, z) such that V(¢,z) is also a Lyapunov function for

= f(t,z) +9(t,z2,a(t,z),6) (1.32)

for all § € O.
Stabilizing feedback controls are readily obtained if the so-called matching conditions

are fulfilled ([69],[19]). Several results regarding robustness in the absence of matching

conditions have been proposed ([3],[16]-[17],[86]). These results cope with mismatched
uncertainties and are based on the stability margin of the stabilized nominal system.
For example, if the nominal system can be stabilized, it has been shown that uncertain

systems with arbitrarily large unmatched uncertainties can be also stabilized [86]. Thorp
and Barmish [120] introduced generalized matching conditions. These are structural con-
ditions on the uncertainty which are less restrictive than inatching conditions and permit
quadratic stabilization via linear control, regardless of the size of most ot the uncertain
elements. Generalized matching conditions have been extended to nonlinear systems by

Qu [84]. Recently, systematic robust control design techniques have been proposed for

systems with unmatched uncertainties ([31)-[32], [85]). These approaches were inspired
by the recursive backstepping algorithm to provide stabilization of uncertain systems

when information on uncertainty bounds is available.

An alternative approach in the control regulation of uncertain systems is the Slid-
ing Mode Control (SMC) technique and its associated feedback control law of Variable
Structure Control (VSC) systems. The outstanding feature of VSC is the excellent ro-
bustness and invariance properties in the face of disturbances and unmodelled dynamics.
On the other hand, a common and popular technique used in the context of power elec-
tronic circuits control is that of Pulse Width Modulation (PWM), which has been shown

to exhibit robust properties similar to those of VSC systems [104].

1.3.1 Sliding Mode Control

Generally speaking, SMC is a high-speed discontinuous control which switches on a
manifold, i.e. the gain switches between two values (structures) according to a rule that
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depends on the value of the state at each time instant. The objective of the switching
control law is to drive the state trajectories of the nonlinear plant towards a prescribed
switching (sliding) surface in the state space, and constrain them to lie upon this surface
for all subsequent time. The motion that ideally arises when the system state crosses and
re-crosses a switching surface is called sliding motion([122],{126]). In the sliding mode the
system is totally invariant to a class of matched disturbances and parameter variations
with known bounds; thus, the closed-loop system dynamics are wholly characterized by
the reduced order dynamics of the selected surface. Therefore, a crucial phase of SMC
1s to define a sliding surface so that the plant, restricted to the surface, has desired
dynamics and properties such as stability to the origin, regulation and tracking.

SMC design is carried out in two phases. The first phase is to choose a sliding surface
so that the plant state restricted to the surface has desired dynamics. The second phase
is t0 design a switched control that will drive the plant state to the switching surface and

maintain it on the surface thereafter. Usually, a Lyapunov approach is used to achieve
this second design phase. The Lyapunov function, which characterizes the motion of

the state to the surface, is defined in terms of the surface. For each switched control
structure one chooses the control law so that the derivative of this Lyapunov function is
negative definite, thus guaranteeing motion of the state trajectory to the surface.

VSC with sliding mode was intensively studied in the 1960’s. This was motivated by
the introduction of appropriate mathematical tools that allowed the formal description
of the sliding mode. The work of Utkin [122] provided notable contributions to this area.

Since then SMC has attracted the attention of many researchers and has allowed the
introduction of new ideas and the broadening of applications to many practical systems

(see, for example, [22], [33], [126]).
In order to illustrate the design tasks carried out during the two phases of SMC

design, consider the following single input nonlinear system
t = f(x)+g(z)u (1.33)

where z € R" is the state, u € R the control input, and f(z) and g(z) are smooth vector
ficlds. The objective of SMC is to design a switching surface

o(z) =0 (1.34)

in the state space, together with a switched controller of the form

- out(z) if o(z)>0
uz) = { u=(z) if o(z)<0 (1.35)
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which takes the value depending on the sign of the switching function at z. The control
values u*(z) and u~(z) are chosen so that the tangent vectors of the state trajectories

point towards the surface such that the state is driven to and maintained on ¢(z) = 0.
A sliding mode exists on the surface o(z) = 0 whenever the “distance” to this surface
and the velocity o are of opposite signs ([122]), i.e. when

lim ¢ > 0 lim ¢ <0 (1.36)
o0~ o—0+
or, equivalently
o(z)a(z) < 0. (1.37)

If the reduced-order dynamics for o(z) = 0 is stable, the VSC design problem for single
input systems can be readily solved by finding a control law such that the time derivative

of the Lyapunov function

V(z) = %cﬂ(x) (1.38)

is negative definite. By achieving this, the existence condition (1.37) is automatically
fulfilled and, as a consequence, state trajectories invariably converge to the sliding surface
and remain on it in a sliding mode (see Figure 1.1). Thus, the problem of existence of
the sliding mode becomes a feedback control design problem.

The design of the sliding surface is determined by the system behaviour in the sliding
mode. This behaviour depends on the parameters of the switching surface. Nonlinear
switching surfaces are non-trivial to design. In contrast, for the linear case the switching
surface design problem can be converted into an equivalent state feedback design prob-
lem. The design of the switching surface requires one to specify the motion ot the state
trajectory in a sliding mode, for which the so-called equivalent control method has been

developed [122].

Equivalent Control Method

The equivalent control method provides a formal procedure to obtain the sliding equa-
tions when the state trajectory lies upon the sliding surface. Equivalent control con-
stitutes an equivalent continuous input which, when applied to the controlled system,
produces the motion of the system on the sliding surface for the initial state on the

surface. The equivalent control can be found from

0'(.’8) = () (1.39)
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.xz

Figure 1.1: (a) Sliding mode in a bidimensional state space.

It can be interpreted as the continuous control law that would maintain ¢ = 0 if the

dynamics were exactly known. For instance, for the system (1.33), ¢ yields

6(z) = 22 ((z) + 9(z)u) (1.40)

Hence, the equivalent control that renders ¢ = 0 is given by

Ueg = — (g%g(m))_l (g%f (:c)) (1.41)

Note that to guarantee the existence of the equivalent control the condition

o

%7 g(z) # (142

should be fulfilled, at least locally. Condition (1.42) is also a geometric condition for
the design of a sliding surface, since surfaces that do not satisfy (1.42) are not valid for
generating a sliding mode. Geometrically, the equivalent control can be constructed as
the convex combination of the values u* and u~ of u on both sides of the surface ¢(z).
This formal justification was derived in the early 1960’s by Filippov [25].

By substituting the equivalent control into the original system (1.33), one obtains

the equations governing the system response during ideal sliding motion

& = f(2) + 9(2)teq- (1.43)
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The reduced-order dynamics of (1.43) are characterized by the geometry of the switching

surface o(z).
The structure of the actual control u applied to real systems is decomposed into

U(Z) = Ueq() + uUn(z) (1.44)

where u,,(z) is the discontinuous control used to guarantee stability and drive the state
trajectory towards the sliding surface. For the system (1.33), a candidate Lyapunov

function is
V(z,o) = -2-02(:::) (1.45)

The derivative of (1.45) yields
V=06 = cr——- ~ (f(z) + g(z)u) (1.46)

By decomposing u as (1.44) and using the equivalent control (1.41), one obtains

: do
— — : 4
V=o (61: (a:)un(:c)) (1.47)
Hence, 1t 1s convenient to set
do -1
Un(z) = — (-55:- (:c)) asgn(c), a>0 (1.48)
to yield
V = —aa]. (1.49)

Therefore, exponential convergence of the state trajectories towards the sliding surface

is guaranteed.

Example 1.5 Consider the second order system

( 2 ) = ( ;Ei) ) + ( (1) ) u= f(z)+g(z)u (1.50)

where (z) is a known nonlinear function. To determine the structure of an appropriate

sliding surface recall that
60

—9(z) # 0

Since g(z) = [0 1]7, it follows that 6" must be nonzero. Hence, by choosing 5= = 1,
it is sufficient to consider sliding surfa,ces of the form

o(z) = 01(z1) + 22 =0 (1.51)
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If one presumes that the reduced-order dynamics is given by
T = —AIy, A>0 (1.52)
the switching surface structure (1.51) implies that in the sliding mode
Ty = —01(z1). (1.53)
The reduced-order dynamics becomes
I1 = Tg = —01(z1) = —Az1. (1.54)
Hence, the switching surface design is completed by setting
o(z) = 23 + Az;. (1.55)
The equivalent control obtained from (1.41) yields
Ueq(Z) = —p(T) — A22. (1.56)

To complete the control design task, the constant gain relay control structure u,(z) is

chosen according to (1.48) as

un(z) = —asgn(o(z)), a>0. (1.57)

Robustness to Matched Disturbances

In order to illustrate the robustness of VSC to disturbances (and/or parameter vari-

ations), considered the modified system

i = f(z) +9(z) (u + o(z,6) (1.58)

where (z, ) is a matched unknown function bounded by a positive continuous function

o(z,0)] < B(z). (1.59)

To incorporate robustness into a VSC design the decomposed control structure (1.44) is
convenient. Furthermore, the design of a sliding surface o(z) with stable reduced-order
dynamics, when o(z) = 0, is vital to guarantee stability and robustness. By considering

the Lyapunov function
V(z,0) = "'0'2(33)5 (1.60)

the derivative
V =06 =052 |f(2) + 9(z) (u() + 9(,8)) ] (1.61)
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) ™

The use of the equivalent control (1.41) yields

do

V = drm [g(:c) (u,..(a:) + o(z, 9))]. (1.62)

Hence, it is necessary to choose u,(z) so that (1.62) is nonpositive. By using the dis-
continuous control

un(z) = — (@(z) + a) sgn (060 (a:)) a>0 (1.63)
we obtain
V =~ ((2) +0) |o5ra(e)| + 0 220(@)e(z,0)
< -a a-g—g— ()] <O (1.64)

for stability.

Chattering

SMC assures the desired behaviour of the closed-loop system via an infinitely (in the
ideal case) fast switching mechanism. In practical applications this ideal condition of
infinitely fast switching is not achieved and as a consequence the phenomenon of chatter-
ing appears. Chattering contains high frequency components which may excite unmod-
elled plant dynamics. Thus, in order to achieve proper performance of the controller,
chattering should be eliminated in certain physical systems. This can be accomplished
by smoothing out the control discontinuity in a thin boundary layer neighbouring the

switching surface ([7, 114])

B={z: |lo(2)| <€} (1.65)
whose width is 2¢. The control law is modified as follows
P
" Ueq + Un(Z) o(z)| > € (1.66)
Ueq + Uc(0y2)  [o(2)] <€

where u.(o,z) is any continuous function satisfying u.(0,z) = 0 and u.(0,z) = ua(z)
when [o(z)| = &.

This control guarantees that trajectories are attracted to the boundary layer. Inside
the boundary layer, (1.66) provides a continuous approximation to the usual discon-
tinuous control action. Intuitively, the smoothing of control discontinuity inside the
boundary layer essentially assigns a low-pass filter structure to the local dynamics, thus




Chapter 1. Control Regulation of Uncertain Nonlinear Systems 18

climinating chattering. However, asymptotic stability is no longer guaranteed but ulti-
mate boundedness of trajectories to within an e-dependent neighbourhood of the origin
is assured ([19]).

Recently, the use of dynamical sliding mode controllers have been proposed as an
alternative mechanism to reduce undesirable chattering ([30], [105]). By using this ap-

proach, the sliding mode control design is carried out for a dynamically extended version
of the controlled plant so that, chattering generated at the dynamical controller for the

extended system appears reduced at the actual control applied to the original system.
The controller structure thus obtained is more complex but chattering is alleviated and
asymptotic stability is still guaranteed. This approach will be adopted as the chattering
alleviation procedure throughout this thesis.

1.3.2 Pulse Width Modulation

We will now describe control via Pulse Width Modulation (PWM). An important sub-
ject associated with power supplies and electromechanical systems is power electronics.
Power electronics circuits are principally concerned with processing energy and convert
electrical energy from the form supplied by a source to the form required by a load.
For instance, when the conversion process concludes with mechanical motion, the power
circuit converts electric energy to the form required by the electromechanical transducer,

for example a DC-motor.
A special class of power electronics circuits is used to change the character of electrical

cnergy: from AC to DC, from one voltage level to another, or in some other way.
These circuits are called converters. DC-to-DC converters are used extensively in power
supplies for electronic equipment to control the flow of energy between two DC systems.

The conversion of DC power is exclusively performed in the switched mode ([53],[101]).
Switched converters are power circuits in which semiconductor devices switch at high re-
petitions (high frequency), compared to the variation of the input and output waveformns,
between the two DC terminals. The actual power flow is controlled by the on/off ratio
of the respective switches. Examples of their use are the power supplies in computers
and other electronic equipment.

The simplest form of a DC-to-DC converter is that of Figure 1.2(a). The switch
opens and closes at a frequency 1/T, with the ratio of the on-time to the period defined
as u. The resulting voltage V; is a chopped version of the input, i.e. a series of pulses
having an amplitude of V; and an average or DC value of pV; as shown in Figure 1.2(b).
Usually this DC signal has a substantial amount of ripple (chattering), present not only
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Figure 1.2: (a) The simplest form of a switching DC-to-DC converter. (b) Input and
output waveforms.

in the load voltage V5 but also in the source current ¢;. The high frequencies contained
in the ripple can cause both conducted and radiated interference with other apparatus,
such as computers or communications equipment ([53]). Therefore, to obtain the desired
ripple-free input current and output voltage, one must insert low-pass filters at the input
and output.

DC-to-DC converters are called up, down or up/down converters to describe their
ability of increasing, diminishing or both increasing and diminishing the voltage level
presents at their input terminals. Example are the bilinear Boost, Buck and Buck-Boost
converters respectively. Their state space models can be represented by the following
s“.ritched controlled dynamical nonlinear system

il

£ = (&) +g(€)u +7 (1.67)

where f(-) and g(-) are smooth vector fields defined on an open set of %", 7 1s a constant
vector and u denotes the switch position function acting as a control input, and taking

values in the binary discrete set {0,1} ([103, 104]).

Switchmode DC-to-DC power converters are usually regulated by means of Pulse-
Width-Modulation (PWM) feedback control laws. An idealized PWM control strategy

is that in which switching to the u = 1 position are assumed to occur at the beginning of
cach period known as the duty cycle, and change to the u = 0 position once within the
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duty cycle according to a switching policy determined by a smooth feedback function
of the state vector £, known as the duty ratio and denoted by u(€). The duty cycle is
assumed to be periodic with infinitesimally small period (i.e. infinitely high frequency),
and the duty ratio is the fraction of the duty cycle on which the switch position is at
u = 1 (see Figure 1.3). Hence 0 < u(¢) < 1. Under the high frequency assumption

Figure 1.3: Typical duty cycle and duty ratio

it has been rigorously demonstrated in [103] that an average PWM model is obtained
by formally replacing the switch position function u by the duty ratio function pu. The

average model satisfies
z = f(z)+g(z)p +n. (1.68)

The average model (1.68) has the advantage of reducing any regulation or tracking prob-
lem, defined by the converter model (1.67), to a standard nonlinear feedback controller
design problem in which the duty ratio function plays the role of the required input
variable. However, the designed feedback control law must be limited to vary in the

interval [0, 1] for implementation purposes.
A PWM feedback strategy for the specification of the switch position u is given as

1 f < r
" = or i <t <ti+ p ()T (1.60)

0 for t+pu ()T <t<tr+T

where T is the sampling period assumed constant, yu.(x) is the value of the restricted
duty ratio function at the sampling instant ¢,. The restricted duty function is obtained
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from the duty ratio function u, computed via feedback, when it is limited to take values

in the continuous closed interval [0, 1].
In [104] a general relationship was established for average PWM-controlled responses

and ideal sliding mode controlled trajectories. Integral manifolds of average PWM-
controlled networks qualify as sliding surfaces on which the corresponding equivalent
control coincides with the duty ratio of the PWM control scheme. PWM control laws

exhibit robust properties similar to SMC systems.
It is worth emphasizing that the underlying common assumption made in obtaining

both average models (average PWM model and ideal sliding dynamics) is the high

(infinite) frequency assumption.

1.4 Robust Adaptive Control

It was demonstrated in [39] that in the presence of unmodelled dynamics and disturb-
ances, an adaptive controller designed for the ideal situation, i.e. no modelling errors or
disturbances, could exhibit instability. Since then, considerable research has been direc-
ted towards the development of robust adaptive control schemes, which can retain certain
stability properties in the presence of a wide class of modelling errors ([40]-[42],[83],[97]).

In order to motivate the need for robustness in adaptive control schemes, consider
again the scalar plant (1.3) together with the adaptive controller

®
N

u = —0r, § = kz* (1.70)

which accomplishes the objective of stabilizing the state z to the origin. Suppose that
instead of (1.3), the actual plant is described by

r=0r4+u+d (171)

where d is an unknown bounded disturbance.
It was demonstrated in [38] that for §(0) =5, z(0) =1, § =1, k=1 and

d(t) = (1+)7F[5 - (1+1)78 - 0.4(1+ £)t] (1.72)
the solution of (1.70), (1.71) is given by
z(t)=(1+8)"5 250 as t— oo (1.73)

and
(1) =5(1 +t)f§ = 00 as t— oo (1.74)
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1.e. the estimated parameter drifts to infinity with time. This instability phenomenon is
called parameter drift. By noting that 5(0) = 5> 1 and é(t) > 9(0), Vi2>0,itis easy
to verify that parameter drift can be stopped at any time ¢ by switching off adaptation,
1.e. setting k£ = 0 in (1.70). This observation motivated the use of an adaptive law with
a dead-zone, as a way to counteract parameter drift.

To avoid this and other phenomena that may cause instabilities in adaptive control
systems, a number of robust adaptive controllers have been developed. These are based
mainly upon the use of the certainty equivalence approach. Attempts have been also
made in [41], [38] to unify the existing algorithms, which were recently compiled in [42].

In this thesis the combination of adaptive backstepping and sliding mode control
techniques is proposed as a way to provide robustness in the presence of disturbances,
and its effectiveness is shown for a number of practical examples. The contents of the
thesis is organized as follows:

In Chapter 2 the geometric conditions needed for an uncertain system to be trans-
formable into the PPF and PSF triangular forms are given and the Static Adaptive
Backstepping (SAB) algorithm applicable to these systems is described. A determin-
istic class of triangular linearizable systems is also considered and a Static Deterministic
Backstepping (SDB) algorithm is developed for this class of systems.

A natural extension of static feedback linearization is dynamical feedback lineariza-
tion. It is characterized by the fact that the linearizing control law is dynamical. We
describe in Chapter 3 a new Dynamical Deterministic Backstepping (DDB) algorithm
which achieves a linear differential relation between the input and the output via dynam-
ical compensation. This algorithm is applicable to deterministic observable minimum
phase nonlinear systems and motivates the development of its adaptive version for un-
certain systems, described in Chapter 4. This new Dynamical Adaptive Backstepping
(DAB) algorithm does not use canonical forms and broadens the applicability of back-
stepping to observable minimum phase uncertain nonlinear systems with nontriangular
forms. Chapter 5 presents the application of the DAB algorithm to design duty ratio
functions which are employed in PWM control strategies for the regulation of DC-to-DC
power converters.

In Chapters 6 and 7 output tracking problems of uncertain systems in the presence
of undesirable disturbances are addressed via the combination of adaptive backstepping
and SMC. Two new systematic combined algorithms SAB-SMC and DAB-SMC have
been developed for PSF and observable minimum phase systems, respectively. Examples
illustrate the performance of the combined controllers in tracking tasks.

A limitation of these control design algorithms is associated with the complexity of
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the equations arising at each step, when the control design is carried out by hand com-
putation. This is true even for low order (n < 3) systems. To overcome this limitation

a symbolic algebraic toolbox called BACKDSMC has been developed. This toolbox

implements the backstepping and combined backstepping-SMC algorithms described in
this thesis via the MATLAB symbolic toolbox. The use of BACKDSMC in the design
of static (dynamic) deterministic (adaptive) backstepping controllers is explained in
Chapter 8 in a tutorial manner.

A more realistic control design problem is considered in Chapter 9, where only the
output of the uncertain nonlinear system is available for measurement. A solution is
provided via the design of an adaptive observer and a dynamical adaptive output feed-
back control for a more restricted class of observable minimum phase systems which are

transformable into the adaptive generalized observer canonical form.
Some concluding remarks and suggestions for further research are given in Chapter 10.

In addition two appendices has been incorporated. Appendix A contains some basic con-
cepts about stability and Appendix B has the full MATLAB code program of the toolbox
BACKDSMC.

The author has published a number of papers ([87]-[94]) on the topics covered in this
thesis.




Chapter 2

Classical Backstepping Control Design

2.1 Introduction

The analysis of nonlinear control systems, consisting of the study of the interaction
between input and output, and between input and state, allows one to establish analogies

with interesting features of linear control systems. For instance, the extension of the
notions of controllability and observability to nonlinear systems allows classification and
the possibility of developing nonlinear feedback controllers and observers. However,
the nontrivial task of analysing nonlinear control systems require the use of complex
mathematical tools taken from differential geometry, topology and differential algebra.

An important problem is that of determining whether or not a nonlinear system
is linearizable, i.e. can be converted to a controllable linear system via a nonlinear
transformation and a feedback control law. Systems exhibiting this desirable property
can be stabilized by employing well-known linear control design techniques, such as
pole-placement or linear optimal control.

A difhicult problem is the stabilization of nonlinear control systems containing para-
metric uncertainty. Adaptive control has been used for forty years in the regulation of
uncertain systems. In dealing with parametric uncertainty of nonlinear systems, one
cannot use the separation principle, which is often applied in the case of linear systems
to design the update law for identifying unknown parameters as a part of the feedback
control. Lyapunov-based techniques are often used to overcome this limitation. This
thesis is concerned with the design of adaptive control for single-input single-output
nonlinear systems with parametric uncertainty of the form

t=1

C = fo(¢)+ Y 0:£i(C) + [QO(C) + ) 8,-9.-(0] u (2.1)

s=1

24
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where ¢ € R" is the state, u € R the input, 6,...,68, a set of unknown parameters, and
fis 9iy 0 <1 < p, are smooth vector fields in a neighbourhood of the origin ¢ = 0, with

fi(0) =0, 0<i<p, go(0) # 0. A number of different techniques to design nonlinear
adaptive controllers for this class of systems are described in [55], including the first

version of the so-called backstepping algorithm.

This chapter is devoted to describing the classical backstepping approach developed
by Kanellakopoulos et al [48] and Krsti¢ et al[61], and the characterization of the classes
of nonlinear systems for which this technique was originally developed. For the sake of

completeness the exposition starts by introducing basic mathematical tools for the ana-
lysis of nonlinear systems, with emphasis on linearizable systems. Reader familiar with
these concepts can omit this introductory part. Then we present recursive procedures
(including the basic backstepping algorithm for deterministic systems) to linearize a spe-
cial subclass of nonlinear systems in triangular form, via a coordinate transformation

and a feedback control. Uncertain systems are introduced and geometric conditions are
presented to characterize the classes of uncertain nonlinear systems transformable into

either the parametric pure-feedback (PPF) form or the parametric strict-feedback (PSF)
form. Finally, the classical adaptive backstepping algorithm with tuning functions is de-
scribed, and its stability and convergence properties are analysed. Examples are given
to illustrate the various concepts and control design algorithms.

2.2 Feedback Linearization

In this section the geometric characterization of the classes of input-output and state
feedback linearizable systems is presented. A limited number of concepts from differential

geometry are employed, and simple illustrative examples are considered.
The proofs of theorems, lemmas, propositions and corollaries given in this section
have been omitted for the sake of brevity. They can be found in [44, 75, 81], which

contain more detailed expositions concerning this subject.
It is well known from linear control theory that a linear system

Tz = Az + Bu (2.2)
with 2 € R" and u € R is transformable via a nonsingular linear transformation
z =Tz, z e R (2.3)

and a feedback law
u=Kzr+v (2.4)
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into the Brunovsky controller form

¢ =T(A+BK)T"'2+ TBv= A.z+ By (2.5)
with
1 0 0
0 0 1 0
Ac=| : . . , Be=1 (2.6)
0 0 0 ... 1 0
—ko —=ky —=ky ... —kn 1

if and only if the Kalman controllability condition
span{B, AB,...,A"'B} = " (2.7)

holds. Hereafter span{S} denotes the space spanned by the set S.
A much more complicated problem is to find a nonlinear coordinate transformation
and a feedback control for single-input nonlinear systems of the form

= f(z)+g(zx)u, z€R*, ueR (2.8)

with f(z) and g(z) being smooth vector fields defined on an open subset of R", which
places (2.8) into the Brunovsky controller form. This can be illustrated by the following

example.

Example 2.1 Consider the single-input nonlinear system

£ = T3+ 2%
532 = I3 (2.9)
3'33 = Uu
The nonlinear transformation
21 = 11
2y = T9-+ x% , (2.10)
23 = I3+ 2.731(.’172 -+ xf)
transforms (2.9) into
21 = 22
.52 — 23 | (2.11)
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Then the nonlinear state feedback
u = —2(42% + 229) = 221(23 — 22122) + v (2.12)

where v is a reference input, gives the linear closed-loop system

0 1 0 0
z=1 00 1 J2z4+] 0 |v (2.13)
0 00 1

which is in the Brunovsky controller form. Thus, the use of a nonlinear coordinate trans-
formation and a state nonlinear feedback control has transformed a nonlinear system into

a controllable linear system.
There exists mathematical theory which characterizes, in terms of necessary and

suflicient conditions, those nonlinear systems which are state feedback linearizable (i.e.
transformable into linear and controllable systems by a change of coordinates and non-
linear state feedback) and those which are input-output linearizable (i.e. transformable

into a system with a linear input-output map). Before characterizing these classes of
lincarizable systems, some mathematical tools from differential geometry are introduced
[44, 75, 81].

Consider single-input single-output nonlinear systems

= f(z)+g(z)u (2.14)
y = h(z)

where z € R" is the state, u € R the input and y € R the output. f(z) and g(z)
are smooth vector fields (i.e. continuous vector fields with continuous derivatives of any
order) defined on an open set R, C R" of an equilibrium point z,, i.e. f(z,) = 0, with
g(z,) # 0. Without loss of generality, it can be assumed that the origin is an equilibrium
point of (2.14). Additionally, h(z) is a smooth scalar function also defined on R,.

For a smooth scalar function h(z) of the state z, the gradient or differential of h 1s
defined as the row vector whose i-th element is the partial derivative of A with respect
to the state coordinate z;, and is denoted by

oh oh Oh oh
5= (55 03 382 (219

Similarly, given a vector field f(z), the Jacobian of f is represented by an n x n matrix
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of elements (gﬁ)‘.j = %’- and denoted by

oh 84 o

Odry Ox3 '°'' Ozn

3f of2 9fs ofz

331 6.1?2 Pt al'u 2 16
6$ E E . . E * ( * )

Ofn  0Ofn Ofn

Ory Ox7 °°'°' Ozxn

Two types of differential operation, involving vector fields and scalar functions, are
frequently used in the analysis of nonlinear control systems. The first type of operation
involves a real-valued function s and a vector field f, both defined on a subset R, of R".

Definition 2.1 Let h(z) be a smooth scalar function defined on a subset R, C R" and
f(z) a smooth vector field also defined on R,. The Lie derivative of the function h along
the vector field f i3 a scalar function often written as L¢h and defined as

Lihie) = 521@) = (T 1@y = 3 g fa) 2.17)

=1

Repeated Lie derivatives can be defined recursively by
LSh=h, L}h = Lysh, ..., Lyh = Ly (L7'h). (2.18)

Similarly, if g(x) is another vector field defined on R,, then the scalar function Ly L sh(z)
1S o(L h)

The second type of operation involves two vector fields f and g.

LyLih(z) =

Definition 2.2 Let f and g be two vector fields defined on an open subset R, C R".
The Lie bracket of f and g is another vector field defined by

£,0)(@) = 52f(z) = Sro(a) (2:20)

Repeated Lie brackets of a vector field g with the same vector field f is possible. For
this case the Lie bracket is commonly written as adyg to define the recursive operation

oBg(z) = g(z), ..., adig(e)=[fadilg(@)] izl (221)

Example 2.2 Consider the two vector fields

$2+.'B% 0
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Then
adyg(e) = 19](z) = 52f(@) = org(@) = =2Lg(a)
2.’131 1 0 0 0
= -]l 0 01 ]||o]=] -1 (2.23)
0 0 0 1 0
and
odigls) = [f,adsgle) = Z522 1(z) - Ladyg(e) = - ZLadsga
2.’61 1 0 0 1
= —| 0 01 -1 |=1]0 (2.24)
0 00 0 0

Coordinate transformations in the state space are very useful with regard to certain
properties like reachability and observability, or to solve certain control problems such as
stabilization or decoupling. In nonlinear systems, coordinate transformations are carried

out by using diffeomorphisms which are defined as follows:

Definition 2.3 An R"-valued function of n variables

¢1(z) d1(21y.+ - Tn)
z=0(z) = ¢25x) = Pa(21; ':' 1) (2.25)
Pn(T) Gn(Z1y.++yTn)

defined on an open subset R, of R", is called a local diffeomorphism if it has the following

properties
(i) ¥(z) is invertible, i.e. there exists a function ®~'(z) such that

o~ (d(z)) =2 VrI€R, (2.26)

(ii) (z) and ®~(2) are both smooth mappings, i.e. have continuous derivatives of any

order.

If R, is the whole space R", then ®(z) is called a global diffeomorphism. However, since
global diffeomorphisms are rare, one often looks for local diffeomorphisms defined in a
local neighbourhood of a given point. Given a nonlinear function ®(z), the following
result is very useful to check whether or not it is a local diffeomorphism.
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Proposition 2.1 Suppose ®(z) is a smooth function defined on some subset Ry of R™.
If the Jacobian matriz of ¢ i3 nonsingular at a point r = z,, then, on a suitable open

subset R, of Ry containing x,, ®(x) defines a local diffeomorphism.
This can be illustrated by the following two examples.

Example 2.3 Consider the function

3 2
( %1 ) — <I)(x1,:c2) = ( :171.-|- T2t ) (2.27)
29 SINl X9
which is defined for all (z1,z2) in R?. Its Jacobian matrix
2
-@E — 3 + $2 2.’5]_2:2 (2.28)
dr 0 COS T

has rank 2 at z, = (0,0). Therefore the function (2.27) defines a local diffeomorphism

around the origin.

Example 2.4 Consider the function

21 I
29 | = ®(z1,22,23) = To + I3 (2.29)
23 z3 + 211(T2 + 1)

used as the coordinate transformation in Example 2.1. It is defined for all (z;, 2, 23) in
R3. The Jacobian matrix

9% 1 0 O
oL _ 2.30
6:3 2331 1 0 ( )

29 + 62¢ 21r; 1

has rank 3 for all (z),22,23) in R°. Therefore the function (2.29) defines a global

diffcomorphism.

2.2.1 Distributions

A vector field f, defined on an open set R; of R", can be intuitively interpreted as a
smooth mapping assigning the n-dimensional vector f(z) to each point z of R;. Suppose

now that d smooth vector fields fi,..., fs are given, all defined on the same open set I,
the concept of distribution can be similarly considered as a mapping assigning a vector

space to each point z of R,. This can be formally expressed as follows:
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Definition 2.4 A d-dimensional non-singular smooth D distribution on Ry, an open

subset of R", is a map which assigns to each point z € Ry a d-dimensional subspace of

R" such that for each z, € Ry there ezists a neighbourhood R, of z, and d smooth vector

fields fi,..., fa with the properties
(i) fi(z),..., fa(z) are linearly independent at each z in R,

(i) D(z) = span{fi(z),..., fa(z)} at each z in R,.
Moreover, every smooth vector field T belonging to D can be expressed on R, as

d
() = Y cile)fila) (2.31)

s=1

where ¢;(z),...,ca(z) are smooth real-valued functions of z, defined on R,.

An important property associated with distributions is involutivity which is defined

as follows:

Definition 2.5 A distribution D is called involutive if, given any two vector fields f;
and f; belonging to D, their Lie bracket [f;, f;] also belongs to D.

Therefore checking whether or not a nonsingular distribution is involutive amounts to
checking whether

I'a»nk(fl(fv) fd(x)) = I&Hk(fl(-’ﬂ) ... fa(z) [fi,fj](i‘)) (2.32)

forallzand all1 <14,7<d

Example 2.5 Consider a distribution

D= spa,n{fl, fg} (2.33)
on 13 with
0 0
fi(z) = U , fa(z) = —(1 + z3) (2.34)
1+ 2 2z9(z3 + 2511)

This distribution has rank 2 for all z € R3. Since

[f1, f2](z) = 0 (2.35)
4332(1 -+ .’Bg)




Chapter 2. Classical Backstepping Control Design 32

the matrix

0 0 0

(A flfuf)=] o —(1 + z3) 0 (2.36)
1 4+ .’L‘% 23:2(.’53 -+ -’53331) 4372(1 T :1:3)

has rank 2 for all z € R and thus the distribution is involutive. Indeed, from (2.31) the

following relation is satisfied

[f1, f2](2) = a1(z) f1(z) + c2(z) fa() (2.37)

with
c1(z) = 4z, c2(z) =0

Therefore the vector field [f1, f2](z) belongs to the distribution D.

2.2.2 The Frobenius Theorem

In this section the integrability of a special set of partial differential equations of first
order is analysed. A solution to this problem is very important to establish the class of
feedback linearizable nonlinear systems. To this effect the concept of codistribution is
first introduced.

Definition 2.6 A d-dimensional non-singular smooth codistribution W on an open sub-
set Ry of the dual space (R")* spanned by n-dimensional row vector (covector) fields w;,

i3 @ map which assigns to each point x € R, a d-dimensional subspace of (R")* such
that for each z, € Ry there exists a neighbourhood R, of x,, and d smooth covector fields

Wiy .. ,wq with the properties
(1) wi(z),...,wa(z) are linearly independent at each x in R,
(1)) W(z) = span{wi(z),...,ws(2)} at each z in R,.

If M is a matrix having n independent columns with elements which are smooth functions
of z, its rows can be regarded as smooth covector fields. Thus, any matrix of this kind
identifies a codistribution; the codistribution being generated by the rows.
Codistributions can be constructed from given distributions in the following man-
ner. Given a d-dimensional nonsingular distribution D, the codistribution D+ can be
constructed by the set of all row vectors w which annihilate all the vectors in D, i.e.

D (z) = {we (R")" :<w,f>=0 V feD(z)} (2.38)
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The codistribution D* is nonsingular, has dimension n — d locally around each z,, and
18 spanned by n - d covector fields wy(z),...,w,-4. By construction, the covector field

w; 1s such that
(wi(z), fi(lz)) =0 V1<igd,1<j<n~-d (2.39)

for all z in R,, i.e. satisfies the equation
wi(z)F(z) =0 (2.40)
where F(z) is the n X d matrix

F(z) = (fi(z) ... fa(z)). (2.41)

Therefore, at any fixed point z in R;, (2.40) can be simply regarded as a linear homo-

geneous equation in the unknown wj(z).
Suppose now that one is interested in solving differential equations of the form

5 (fi(e) ... fula)) = SEF(@) =0 (242)

where fi(z), 1 <t < d, are smooth vector fields defined on an open set Ry of R". Note
that (2.42) has the form of equation (2.40) with

O\;

being differentials. In other words, one must find n — d independent row vectors
3)\1 6/\n-d
- e (2.44)
satisfying (2.42). The solution to this problem is possible when the distribution
D(z) = span{fi(z) .. ful)} (2.45)

is completely integrable, i.e. for each point z, of R; there exist a neighbourhood R, of
1, and n — d real-valued functions A;,..., a4, all defined on R,, such that

span {?ﬂ . a'\"'d} = Dt (2.46)

dr 0z
on R,. The Frobenius Theorem provides necessary and suflicient conditions for complete

integrability.

Theorem 2.1 (Frobenius) A nonsingular distribution is completely integrable if and

only if it is involutive.
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Example 2.6 Suppose that one is interested in determining whether or not the partial
differential equations

- 0 —(1 4+ z3) =(0 0) (2.47)

are solvable. One needs to find a real-valued function A(z;, z2,z3) which satisfies equa-
tion (2.47). The distribution D = span{fj, f,}, with

0 0
fi(z) = 0 ,  fz)= ~(1 + 23 (2.48)
1+ :1:% 2.’52(.’133 -+ x%:cl)

has rank 2 for all z € R?, and is also involutive, as shown in Example 2.5. Therefore,
from the Frobenius theorem, D is integrable and thus the partial differential equations

(2.47) are solvable.

With these mathematical tools we can now formulate the conditions for feedback

linearization.

2.2.3 Input-Output Linearization

Input-output linearization means the generation of a linear differential relation between
the output and the input. The notion of relative degree is first described.

Definition 2.7 The single-input single-output nonlinear system

= f(z)+9(z)u (2.49)
y = h(z)

i3 said to have relative degree p at a point z, if
(i) LyL5h(z) = 0 for all z in a neighbourhood of z, and allk < p —1, and

(i) L, L% h(z,) # 0.

In a simpler interpretation the relative degree p is considered to be the least order of
the output time derivative which is directly affected by the input u. This is illustrated
as follows. Denote the output time derivative of order i by

yO(t) = -Zi:tg (2.50)
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Thus,
yO ) = y(t) = h(z(?)), (2.51)
yD(t) = <g-g,fs>'= L¢h 4+ uLyh (2.52)

If p = 1, since by definition Lgh # 0 in R,, y'V) is directly affected by the input u. When
1 < p £ n, by virtue of the definition of p

y® = Lih, 1<ig<p—-1 (2.53)

ylP) = Lih + uLgL?_lh- (2.54)

Hence, y(®) is the lowest order time derivative which is directly affected by the input w.
The p functions h(z), Lsh(z),..., L‘}"lh(:v) are linearly independent and qualify as

a partial set of new coordinate functions around the point z, [44]. The choice of these
new coordinates places system (2.49) into a particularly simple structure.

Proposition 2.2 Suppose that the system (2.49) has relative degree p. Set

#1(z) = h(z)
¢2(z) = Lyh(z) (2.55)
Pp(T) = L?_lh(-’f)-

If p 18 strictly less than n, it is always possible to find n — p functions ¢pt1,...,0n(2)

such that the mapping

$1(z)
d(z) = : (2.56)

L ]

dn(z)

has a Jacobian matriz which is nonsingular at z, and therefore qualifies as a local co-
ordinate transformation in a neighbourhood of x,. The value of these additional functions
at 2o can be fized arbitrarily. Moreover, it is always possible to choose the n—p functions
in such a way that, for all z in the neighbourhood of x,,

Li(z) =0 Vi st p+1<ign (2.57)

The description of the system in the new coordinates 2 = ®(z) can be easily found. The
first p — 1 equations correspond to a chain of integrators and the p-th equation contains
the control input u explicitly, as follows
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21 = 2

7y = 23
: (2.58)

Zm1 = 2,

z, = a(z)+b(2)u
with

b(z) = LgLf'h(®7(2)) (2.59)
a(z) = LEh(27(2))- (2.60)

The remaining n — p equations do not have any special structure and they take the form

Zppl = (Ip+l(z) +pp+1(z)u
(2.61)
in = ul2)+ Pa(2)u
with
i(2) = Ly (271(2)), pi(2) = Lgi (27'(2)) pH+1<ign, (2.62)

Nevertheless, if @p41(), - - -, Pn(z) are chosen so that L,¢:(z) = 0, then equations (2.61)
are modified to yield the following normal form

21 = 2

2:'2 = 23
Zp-1 = Zp

z, = a(2)+ b(2)u (2.63)
2o+l = Qp+1(2)

Zn = Qn(z)

y = 2

Next, a constructive procedure is described to transform a single-input single-output
nonlinear system into a linear controllable system via a change of coordinates in the
state space, and static state feedback.

iy arst e -t By -

Pt a4 i e e g Y —
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Consider a nonlinear system having at some point r = z, relative degree equal to
the dimension of the state space, i.e. p = n. In this case, the change of coordinates

to construct the normal form is given by the output function 4(z) and its first n — 1
derivatives along f(z), i.e.

¢1(z) h(z)
7= P(z) = %Em) = L;i:(:c) (2.64)
dn(z) L' h(z)

No additional functions are needed to complete the transformation. In the new coordin-
ates, the system is described by

21 = 29

<) = 23
' (2.65)

“n-1 = Zn

zZn = a(z)+b(z)u
with

b(z) = L,L}'h(27'(2)) (2.66)
a(z) = Lth(27'(2)) (2.67)

and z = (21,22,...,25). By construction, the function b(z) is nonzero at the point
2z, = ¥(z,), and at all 2 in a neighbourhood of z,. By choosing the following state

feedback control law ,

= —(— 2.68
= gos(-a(a) +0) (2.68)
where v is an external reference input, the resulting closed-loop system is governed by

the equations

Rl = 22
29 = 23
: (2.69)
Zn-1 — RZn
Zn — VU

g
I§
N

-y




Chapter 2. Classical Backstepping Control Design 38

which corresponds to a linear controllable system (with linear input-output map) in the
Brunovsky controller form. Therefore any nonlinear system with relative degree n at
some point Z,, can be transformed into a system which is linear and controllable in a
neighbourhood of the point z, = ®(z,), ,

Additional feedback controls can be imposed on the linear system thus obtained. For

instance
v= K=z (2.70)

with
I{-""'- (k'o kl ¢ o kn-l) (2'71)

chosen to meet some given control specifications, e.g. to assign a set of eigenvalues in a

specific sector or to satisfy an optimality criterion. From (2.68) the nonlinear feedback

control law in the original coordinates has the form

—L3h(z) + Xoilo kiLyh(z)
LoLy~ h(z)

Example 2.7 In order to illustrate the procedure explained above, consider again the

(2.72)

nonlinear system of Example 2.1

T Tq + 3 0
Iy | = T3 + U (2.73)
T3 0 1
with the output
y = h(z) = 1. (2.74)
For this system
L,h(z) =0, L;h(:c) = Ty + T}
L,Lsh(z) =0, *h(z) = 23 + 271 (22 + 1)
LoL3h(z) =1, L3h(a:) (622 4 229)(z2 + 23) + 22123

and the system has relative degree 3 (i.e. equal to the state space dimension) for all
points in R3. The system can be transformed into a linear controllable system by means

of the feedback control
~ (62} + 219)(z2 + 7}) — 22123 + v (2.75)
and the change of coordinates

Rl = h(iB) = I
29 = th(:b”) = 29+ $% (2.76)
23 = L}h(:r:) =23+ 221(x2 + xf)

e s [ i y plall iy i §
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In this case the feedback control and the change of coordinates are defined globally, i.e.
are valid for all z € R3. In the new coordinates the system is

0 10 0
z=100 1 |24+ 0 |v (2.77)
0 00 1

which is linear and controllable.

Note that the change of coordinates (2.76) and the control law (2.75) are, respectively,
the same transformation (2.10) and control (2.12) used in Example 2.1.

2.2.4 State Feedback Linearization

In the previous section the key point that made it possible to change a nonlinear system
into a linear and controllable one (with a linear input-output map), was the existence of
an “output” function A(z) for which the system had relative degree equal to n (at z,).
The existence of such a function is not only a sufficient condition but also a necessary

condition for the existence of a suitable state feedback and a change of coordinates.

More precisely, consider a nonlinear system (without output)
= f(z) + g(z)u (2.78)

and suppose one is interested in solving the following problem: given a point z,, find (if

possible) a neighbourhood R; of z,, a feedback
u = az) + B(z)v (2.79)

defined on R;, and a coordinate transformation z = ®(z) such that the corresponding

closed-loop system

t = f(z) + g(z)a(z) + g(z)6(z)v (2.80)

in the coordinates z = ®(z) is linear and controllable, i.e. such that
FU@ o) = 4 281
FFo@eE)| =B (2.82)

for some suitable matrix A € R"*" and vector B € R" satisfying the controllability
condition
rank(B AB ... A""'B) =n. (2.83)

This problem is the so-called state feedback linearization. The following lemma provides
necessary and sufficient conditions for the existence of a solution [44].
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Lemma 2.1 The state feedback linearization problem is solvable if and only if there
ezist a neighbourhood Ry of 2, and a real-valued function A(z) defined on Ry such that

the system

r = f(z)+g9(z)u (2.84)
y = Az)

has relative degree n at z,.

Regarding the analysis given in Section 2.2.3, the problem of finding a function A(z)
such that the relative degree of the system at z, is n, namely a function such that

LoA(z) = LyLgN(z) = ... = LyL}*Nz) =0 (2.85)

L, L Mz,) # 0, (2.86)
is solvable under the conditions given in the following theorem [44].

Theorem 2.2 The state feedback linearization problem is solvable near a point z, (i.e.
there ezxists an “output” function A(z) for which the system has relative degree n at z,)
if and only if the following conditions are satisfied

(i) the matriz (g(z.) adsg(z,) ...ad; *g(z,) adj™ g(x,)) has rank n

(11) the distribution G,-2 = span { g, ad;g,...,ad}"'zg} 18 involutive in a neighbourhood

of T,.

It can be shown that condition (i) is equivalent to the controllability condition (2.83)
for the linear approximation of the system (2.78) [44]. In fact, the controllability of the
lincar approximation of the system at z, is a necessary condition for the solvability of

the state feedback linearization problem.
Conditions (7) and (i1) together are sufficient to solve the partial differential equations

(2.85)-(2.86), since they are equivalent to the condition that the distributions
G; = span {g,ad;g,.,.,adjg} , 0i1g<n-1

are involutive and of constant rank 7 + 1.
To illustrate the use of Theorem 2.2, consider again the linearizable system of Ex-

ample 2.1, whose associated vector fields are

$2+$¥ 0
f=| = |, s@=]0] (2.87)
0 1
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It was demonstrated in Example 2.7 that this system is input-output linearizable with
the output y = z;. Hence, it is state feedback linearizable and should satisfy conditions

(1) and (¢2) of Theorem 2.2. In order to verify this, recall that the vector fields ad;g(x)
and ad}g(z), computed in Example 2.2, are

0
adeg(z)=| -1 |, adig(z)=1] 0 |. (2.88)
0
Then
0 0 1
rank (g(z) adsg(z) adjg(z)) =rank| 0 -1 0 | =3 (2.89)
1 0 0

and condition (7) is satisfied. Note that in this case condition (¢) holds for all z € R°.
Regarding condition (iz), one must verify that the distribution

G1 = span {g(z), adsg(z)} (2.90)
is involutive by checking that

rank(g(z) adyg(z)) = rank(g(z) adsg(z) lo(a),adsg(e)]).  (291)

Noting that both vector fields g(z) and ad;g(z) have constant entries independent of
z, [9(z),ad;g(z)] = (0 0 0)7. Therefore, (2.90) holds and consequently condition (3%) is

also satisfied.

Example 2.8 Consider the second order system

1\ 5 0
D) e

This system is not feedback linearizable in a neighbourhood of the origin because the

linear approximation about the origin is not controllable. This can be verified by checking
that condition () of Theorem 2.2 is violated. Since

adsg(z) = [f,9l(z) = 8:5 (z) - gi (z) = - o 5,9(%) = ( —1(3):::3 ) (2.93)

the rank of the matrix

(9(0) adfg(O)) = ( (1) g ) (2:94)

is 1 and therefore condition (i) is not satisfied.




Chapter 2. Classical Backstepping Control Design 42

2.3 Control Design for Triangular Systems

Feedback linearizable systems are an important class of stabilizable systems because the
control design problem is simplified via a linearizing coordinate transformation, which
allows the use of well-established control design techniques from linear control theory.
An interesting class of feedback linearizable nonlinear systems is that of systems in

triangular form. The control design problem for these systems is simplified even more,
since the linearizing coordinate transformation is easily set up, as shown in the following

Corollary.

Corollary 2.1 Systems in the triangular form

Ty, = T2+ ¢1(x1)

Ty = I3+ ¢$2(21,72)

Tk = Tks1+ Ok(T1ye0.,Tk) (2.95)
jn—l = In-+ ¢’n.—1($1,--.,$n_1)

j:ﬂ — ¢n($1,...,$n)+u

in which ¢1,...,0n are known smooth functions such that ¢;(0) =0, 1 < ¢ < n, are

globally linearizable.

/A

Proof. The proof of this corollary requires the verification of conditions () and (i) of
Theorem 2.2. Alternatively, a constructive proof can be carried out by directly comput-

ing the linearizing coordinate transformation and feedback control, as follows:

Step 1. Choose 21 = 1 as the first new state coordinate. The time derivative of 2; 1S

251 = T9 -+ ¢1($1) (296)
By choosing
29 = T9 + ¢1(1L'1) (2.97)
(2.96) becomes
.5’1 = 22. (298)

Step 2. The time derivative of 2, is

29 = T3 + ¢do(z1, 22) + %(fﬂz + ¢1(z1)) := z3 + ¢5(z1, 22) (2:99)
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By selecting
23 = T3 -+ ¢;(a:1,:r:2) (2.100)

(2.99) becomes
,"22 — <3 (2.101)

Step k (3 < k < n—1). The time derivative of 2 is

~ 9¢;

ék = Tk -+ ¢k($1; ,mk) + Z oz (-Tt+1 + ¢.($1, sxi))
= Tk41 + Oc(T1y. .05 Tk) (2.102)
By selecting
Zkt1 = Tke1 + OL(T1y0 0oy Tk) (2.103)
(2.102) becomes
2k = k41 JLkLn~1. (2.104)
Step n. The time derivative of z, is
_ 3¢’n-1 | |
= Pn(21y. 4, Tn) + U+ }: (Tis1 + i(21, -+, ) (2.105)

$=1

Finally, the linearizing process is completed by choosing the feedback control

n-1 -
0= @) = 3 oL gy i) FY (2100

1=1

where v is a reference input, or an input control to impose additional control action such
as pole-placement or optimal control on the system:.

B
Example 2.9 Consider the nonlinear system in triangular form
Ty = T2 + axf
Ty = I3 (2.107)
i‘3 = U

with a a known constant. The ¢; functions are

br=azi, =0, =0 (2.108)
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Applying the above procedure, one obtains the coordinate transformation

<] = I
29 = X9+ a:cf (2.109)
23 = 3+ 2azi(z2 + azi)

and the linearizing feedback control law
u = —2az173 — (6a’z} + 2az;)(z2 + az?) + v. (2.110)

This recursive and systematic procedure is made possible because of the special structure
of triangular systems. It allows one to choose the function A(z) = z; as a linearizing
output, for which the system has relative degree n, as mentioned in Lemma 2.1. A
similar procedure can be performed for more general triangular systems, such as

i = @i(T1yeeesZiz1), 1<1<n-1 (2.111)

In = On(Z1y.e.eyZn)+ B(T1,...,Zn)U

where ¢, 1 < ¢ £ n, and § are smooth nonlinear functions such that G(0) # 0,
$i(0) =0, 1 <i < n,and 8¢;/0x;+1(0) # 0, 1 <7< n—1. Systemsin the form (2.111)
are, in general, linearizable locally.

2.3.1 Static Deterministic Backstepping (SDB) Algorithm

An alternative design procedure for linearizing deterministic (non-adaptive) triangular
systems is the backstepping approach proposed by Kanellakopoulos et al [48] and Krstié
et al [64]. It is based upon the use of a quadratic Lyapunov function which is augmented

at each step with an additional quadratic term for the stabilization of a subsystem of
the system (2.95). At the final step the linearizing procedure is completed by obtaining
a coordinate transformation z = ®(z) and a static feedback control law. The algorithm
to be described is identified in this thesis as the SDB algorithm to characterize the static
(without derivatives of the control) nature of the control law obtained for deterministic
systems of the form (2.95). This systematic procedure is carried out as follows:

Step 1. Choose 21 = 71 as the first new state coordinate. The first subsystem is defined

as
21 = 22 + ¢1(z1) (2.112)
which will be stabilized with respect to the quadratic Lyapunov function
Vi = lzf (2.113)

2




Chapter 2. Classical Backstepping Control Design 45

The time derivative of 1 1s
Vi = 21(z2 + ¢1(21)). (2.114)

We consider z5 as a virtual control and can choose 23 = a;(z1) to cancel the nonlinear-
itics and make the bracketed term multiplying z; equal to —c; 2y, i.e.

z2 = ai(zy) := —¢i(z1) — 121, (2.115)

where ¢; is a positive constant. However, since r2 is not the actual control, a new
coordinate is defined as the deviation of z, from its “desired value”, i.e.

29 1= T3 — a1(T1). (2.116)
Then z; becomes
.51 = —C121 + 22, (2.117)
and
Vi = —C127 + 2122 (2.118)

The term 2125 in (2.118) will be compensated at the next step.

Step 2. Obtain the time derivative of 2, and augment the previous subsystem (2.112)

with 3
= 25+ ¢a(21,22) = 5 (22 + ha(21)), (2.119)
which will be stabilized with respect to the augmented Lyapunov function
Vo= Vi + 222 (2.120)

The time derivative of V5, considering (2.118), is

: %,
Vo = —Clzl + 29 [Zl + T3 + ¢2($1,x2) — b—%i—(xz + ¢1(x1)) : (2.121)

Then, we consider z3 as a virtual control and can choose z3 = ay(z1,z2) to cancel the
nonlinearities and make the bracketed term multiplying 22 equal to —cq25, i.e.

T3 = a2(T1,Z9) 1= —21 — ¢o(z1,22) + ?ﬁ-(mz + ¢1(21)) — ca 22, (2.122)

where ¢y is a positive constant. However, since z3 is not the actual control, a new
coordinate is defined as the deviation of z3 from its “desired value”, i.e.

23 1= T3 — (21, Z2). (2.123)

Then (2.119) becomes
29 = —21 — C229 + 23, (2.124)
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and
‘./2 = -—clzf — szg + 2223, (2.125)

Step k. Proceeding by induction, the general k-th step is as follows. By obtaining the
time derivative of 2;, the previous subsystem is augmented with

ék — Tk+1 + ¢k(-’171, ¢« o0y 33k) - Z 30:;,?1 ($£+1 T ¢’i(-’171a s o ,xi))a (2-126)

which is stabilized with respect to the augmented Lyapunov function
1

Vi = Viey + 5:«:,3. (2.127)
The time derivative of Vj is
. k=1 k-1 aak-—l
Vi = — Z C‘:A‘Z;2 + 2k [zk_1 + Tpt1 + Or(zy,.. . , Tk) — Z 37, (ziy1 + Pi(z1,. .. , Ti)) | -
1=1 :

(2.198)

In a manner similar to previous steps, we consider zx4+1 as a virtual control and can
choose zx4+1 = ax(z1,..., k) to cancel the nonlinearities and make the bracketed term

multiplying zx equal to —ci2x, i.e.

k-1
day.—
Tipr = ap(Z1y. 00y Tk) 1= "zk—1“¢k($la---,$k)+2 6;1($i+1+¢’£(331a---Jﬂ)"ckzk

1=1
(2.129)
where ¢ is a positive constant. However, since zj is not the actual control, a new
coordinate is defined as the deviation of z; from its “desired value”, i.e.

Rk+1 +— Tk41 — ak(a:h voa ,.'I?k). (2.130)
Then 2. becomes
2k = —2Zk=1 — CkZk + Zk+1, (2.131)
and X
Vk _ - Z C,'A":!,--2 -+ RkZk+1s (2.132)
1=1

Step n. At this final step the time derivative of zj, is

n-1
. Jda,_
Zn = U+ On(T) — Z o : (541 + Gi(z1, ..., 7)), (2.133)
1=1 '
which will be stabilized with respect to the augmented Lyapunov function
Vo = Vn-—l -+ }"'2'2 = }'ZT.Z. (2.134)

2" 2
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The time derivative of V, 1s

re-] n-1

: oa,,—
— 2 _ n-1, | |
R S B o B D CRETCHRNES) D
Now we select the linearizing control law
n-—1 8a
n-1
U= —2n-1— ‘i’n(x) + Z 3:8; (:L”,'.|.1 + ¢i($1v oo ’931')) = Cn4n (2'136)

1=]
to cancel the nonlinearities and make the bracketed term multiplying 2, equal to —c,z,,

where ¢, 1s a positive constant. Thus

Vi, = — Z c;2? (2.137)
t=1
and the closed-loop system 1s
z= A,z (2.138)

with
—C1 1 0 e o 0 0

-1 —(C9 1 coe 0 0

0 -1 —¢3 ... O 0
A= . T (2.139)

0 0 0 ... —Cp1 1

0 0 0 ... =1 —¢,

The feedback control (2.136) exhibits a larger control effort than the control law (2.106)
because of the incorporation of extra terms —c2; at intermediate steps of the backstep-
ping algorithm to achieve linearization and stabilization simultaneously. This systematic
procedure of stabilization is applicable to wide classes of linearizable nonlinear systems

(64], and can be summarized as follows:
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SDDB Algorithm
Coordinate transformation

Sk = Tk — ak._1(.’121, ‘oo ,xk—l) 1 é k -S n (2.140)
with
22 da
k-1(T1ye ey The1) = —2k-2 = Pr=1(T1y. .y Th-1) + akfz ($i+1 + di(2y,..., 37:))
1=1 i
~Ck=17k=-1 (2141)
Feedback control law
no! 60.’ 1
U= —2n-1 — qb,,(:z:) + ; 6:1;; (SB.'+1 -+ (}5,'(.’51, ‘oo ,SL‘.‘)) — Cnin (2.142)

Example 2.10 Consider again the nonlinear system in triangular form of Example (2.9)

2

I1 = g+ 4y
j?z = I3 (2.143)
:i73 = U

with ¢ a known constant. Applying the SDB algorithm one obtains the coordinate

transformation
71 = I
22 = Z3—a1(z1) (2.144)
23 = IT3-— 02(371,552)
with
a(z1) = —azi—cm ' (2.145)
ax(z1,23) = —z1— (2az1 — ¢1)(z2 + az}) — 222 + azi + c171)

and the linearizing feedback control law

J do
U= —29 + -53%(:52 + az?) + 5}—:-3:3 — C323 (2.146)

Computer simulations were carried out to assess the performance of the feedback control
law (2.146) for stabilization. Figure 2.1 shows the asymptotic convergence of the state
trajectories to the origin for the design parameters ¢; = 3, ¢; = 2 and ¢3 = 1. Figure 2.2
shows the controlled responses of the state variables for initial conditions set at ten times
larger than the initial conditions in Figure 2.1.
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Adaptive versions of the SDB algorithm can be applied to nonlinear systems with un-
certainties, as shown in the next section.

2.4 Adaptive Backstepping Control Design

Many adaptive nonlinear control schemes have been proposed for single-input lineariz-
able systems that are linear in the unknown parameters

P p
¢ = fo(€) + Z 0:fi(¢) + [QO(C) + Z 9;9&(()} u (2.147)
i=1 t=1
where ¢ € R" is the state, u € R the control, 8,,...,6, a set of unknown parameters,

and f;, gi, 0 <1 < p, smooth vector fields in a neighbourhood of the origin ¢ = 0 with

fi(0) =0, 0< i< p, go(0) #0.
The adaptive backstepping design approach developed by Kanellakopoulos et al ([48]-
[50],{56, 57]) extended the class of nonlinear systems for which adaptive controllers

can be systematically designed. It overcame the structural restriction associated with

0 0.5 1 1.5 2 55 3.5 4 4.5 5

~15 0.5 1 1.5 ) 2.5 3 3.5 4 4.5 5

0, 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t

Figure 2.1: State variable responses of a triangular system regulated via SDB control
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t
%0 o~ 00000
—_ 0
2 ~500
~1000
1000, 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Figure 2.2: State variable responses of a triangular system regulated via SDB control
for different initial conditions

the matching conditions of previous design schemes and enlarged the potentiality of
Lyapunov-based designs to control nonlinear systems with unknown constant paramet-
CrS.

The technique uses a step-by-step procedure which interlaces at each step a virtual
control for a subsystem of the controlled plant, a linearizing change of coordinates and
the construction of an update law for the unknown parameters. The stability proof is
constructive and simple, since it is based on the use of a quadratic Lyapunov function
which i1s updated at each step as in Section 2.3.1."

The geometric conditions characterizing the class of systems to which backstepping
is applicable do not constrain the class of nonlinear functions present in the system.
Instead it is required that the nonlinear system be transformable into the PPF form. In
general, local stabilization is achieved for this class of uncertain systems, and an estimate
of the region of attraction is also provided. Furthermore in the case of systems trans-
formable into the more restrictive PSF form, backstepping guarantees global regulation

and tracking properties.
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2.4.1 Parametric Pure-Feedback Systems

The class of pure-feedback systems is constituted by those systems of the form (2.147)
which can be transformed via a parameter-independent diffeomorphism z = ®(¢) into
the parametric pure-feedback systems

Ty = Za+ ¢ (z1,22)0
I3 = I3+ 9’9’5’1(31;372:‘33)9

(2.148)

In T+ 59;1:-1(5313 ‘oo axﬂ)g
in = @o(z)+on(z)0 + [Bo(z) + B (2)6] u

In-1

with
00(0) = 0, ¢1(0) =... = pa(0) = 0, Bo(0) # 0.

Necessary and sufficient conditions for the existence of such a diffeomorphism were
provided in [48, 57] and are given in the following theorem.

Theorem 2.3 A diffeomorphism z = ®({) with ®(0) = 0, transforming (2.147) into
(2.148), exists in a neighbourhood Ry of the origin if and only if the following conditions
are satisfied in Ro:

(i) Feedback Linearization condition. The distributions

/N

g.' = Spal {go, adfugo, ‘oo ,ad}ogo} g 0 g 2 n—1 (2.149)

are involutive and of constant rank ¢ 41
(i) Pure-feedback condition

, ) | | (2.150)
[ksfi] egj-{-la VX Egj, OQJ sn"za 1 QZQP-

Note that condition (7) is sufficient for the existence of a diffeomorphism z = ¢(()
which transforms the system

= fo(€)+9(Q)u,  fo(0) =0, go(0) 0 (2.151)

into the system

i = ZTitl, 1€i1<n-1 (2.152)
£, = @ol(z)+ Bo(z)u,
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with
wa(0) =0,  [o(0) # 0.

The pure-feedback condition guarantees the structure of the nonlinear functions ¢; in

the z-coordinates.
The term “parametric pure-feedback” indicates that the nonlinearities in the vector-

valued function ¢; can depend only on the state variables z;,...,2; for 1 <17 < n. An
important subclass of these systems are parametric strict-feedback systems, which have
desirable properties in the context of adaptive control.

2.4.2 Parametric Strict-Feedback Systems

Global stability properties of an adaptive system in the extended space of the states and
parameter estimates are important for theoretical and practical reasons. Systems with
these properties exhibit better robustness to disturbances and unmodelled dynamics

than systems with a finite region of attraction.
In order to characterize the class of PSF systems, consider the following assumption
concerning the part of the system (2.147) that does not contain unknown parameters

Assumption 2.1 There ezists a global diffeomorphism z = ®((), with ®(0) = 0, trans-
forming the system

¢ = fo(¢) + g0(¢)u (2.153)

into the sysiem

b o= 3, 1<i<n—1 (2.154)
Zn = @o(z)+ Po(z)u,
with
o(0) =0, Go(z)#£0 VzeR".

Necessary and sufficient conditions to transform system (2.147) into the parametric
strict-feedback form were established in [48, 57] and are given in the following theorem.

Theorem 2.4 Under Assumption 2.1 the system (2.147) is globally diffeomorphically
equivalent through z = ®({) to the parametric strict-feedback system

1 = ITo+ tpf(:cl)ﬁ
o = X3 +<pg'(a:1,xz)9
(2.155)




Chapter 2. Classical Backstepping Control Design 53

. — T
xn—l — xn"l‘(Pn_l(xl,...,xn..l)ﬁ

in = po(2)+pn(2)8 + Po(z)u
if and only if the following parametric strict-feedback condition holds globally

g;EO
[Xafilegj, VXGQ,—, 0S8 n—-2, 1<i1<p
with G;, 0 < j <n—1, as defined in (2.149).

(2.156)

Note that the PSF form (2.155) is a special case of the system (2.147). If the unknown
parameters are assumed to be known, (2.155) has the same form as the triangular systems
(2.95), and the recursive SDB algorithm given in Section 2.3.1 can be used for global

linearization (stabilization). Then, for # unknown, if a proposed adaptive controller does
not achieve global stability, this is clearly due to adaptation. Adaptive backstepping
controllers preserve the global stabilization property for this class of systems.

The adaptive backstepping algorithm proposed by Kanellakopoulos et al [48] re-
quires multiple estimates of the same parameter, which 1s impractical for high-order
systems with numerous unknown parameters. This overparameterization was elimin-
ated by Krstié et al [61] by the introduction of tuning functions. This method allows
the strengthening of the stability and convergence properties of the resulting adaptive

system.,

2.4.3 Static Adaptive Backstepping (SAB) Algorithm

The main improvement achieved by the incorporation of tuning functions is the reduction
of the adaptive controller to a minimum structure; the number of parameter estimates
being equal to the number of unknown parameters. This reduction in the order of the
closed-loop dynamics guarantees strong stability and convergence properties, as shown
below. At each step of the recursive algorithm a tuning function is designed, as a
potential update law, for compensation purposes. The final tuning function is used as
the actual parameter update law. The static adaptive control law is also obtained at the
final step.

It is worthwhile stressing that some authors call adaptive controllers consisting of
an update law for estimation of the unknown parameters and a feedback control law
dynamical controllers. Hereafter, we use the terms dynamical adaptive control for a
fecedback law involving the control u and its derivatives, together with an update law
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for estimation of the unknown parameters; and static adaptive control for a feedback
control law without derivatives of u, along with an update law.
In order to motivate the presentation of the general SAB algorithm with tuning

functions proposed by Krsti¢ et al [61] for the design of static adaptive controllers for
PSF and PPF systems, two simple examples of backstepping design are presented first.

Example 2.11 Consider the problem of designing an adaptive controller for the scalar
system
T (z1)0 (2.157)

where 6 = [61,...,0,)" is an unknown constant parameter vector and the vector-valued
nonlinear function ¢;(z1) = [p11,- .., ¥1p)7, is known and smooth. Note that this system

is already in parametric strict-feedback form. Therefore, the control objective is to sta-
bilize globally the state z, to a desired equilibrium point X;. Define the error coordinate
21 = 11 — Xi, the deviation of the state variable z; from its desired equilibrium, and

consider the quadratic Lyapunov function

W = %zf + %-(9 —~§)Tr-1(4 - 6) (2.158)

where T' is a positive definite adaptation gain matrix, § is an estimate of the unknown
parameters and 6 — § the corresponding estimate error. The time derivative of (2.158)

yields _
Vi= 2 [ut so'i’"(:cl)e] + (8 - §)Tr-? ( - 9‘“). (2.159)

The linear parameterization of (2.157) allows one to add (and substract)  to (from) the
bracketed term multiplying 21, to obtain

Vi =2y [u + T (21)8 + o] (1)(6 — é')] + (6 —6)Tr! ( - 9) (2.160)
By grouping terms, (2.160) can be rewritten as
=z [u+ of (28] + (6 - )70 (- d+ Ty (21)2) (2.161)
with the regressor vector defined as

wl(a:l) = 1 (271). (2.162)

To achieve the objective of stabilizing the equilibrium z; = X (or, equivalently, 21 = 0),
the time derivative of the Lyapunov function (2.161) must yield

Vl = -clzf (2.163)
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with ¢; > 0 a constant design parameter. This is achieved by choosing the update law
6 = Twy(z1)2, (2.164)
and the control law
= a(xl,é) — -—-wlT(xl)é ~— C1%1. (2.165)
The closed-loop adaptive system is

71 = —cz1 +wl(z1)(6 - 6) (2.166)

§ = Twi(z1)2;.

The unknown parameters in system (2.157) are “matched”. Nevertheless, it is not because
of this condition that the adaptive control design is possible. This can be shown by

applying the same procedure to the following system, satisfying the eztended matching
condition and obtained by augmenting system (2.157) with an integrator.

Example 2.12 Consider the problem of designing an adaptive controller for the system

Ty = Zo+p1(z1)0 (2.167)
532 = U

to stabilize the state variable z; to the desired equilibrium X;.
Note that the problem of finding an adaptive control to stabilize z, to the equilibrium
A1 for the subsystem
T1 = 29 + @1 (21)0 (2.168)

is exactly the same control design problem as solved in Example 2.11, if 2, was the
control input. This suggests the possibility of taking advantage of the design carried
out in Example 2.11 by regarding z, as a virtual control to stabilize (2.168) with the
Lyapunov function (2.159). However, since z, is not a control, one must go back to the
design in Example 2.11 and consider the fact that z; is actually a state variable. Thus,

the time derivative of (2.159) yields
‘71 = 21 [.’82 -+ wlT(:cl)é] + (8 — é)TI‘"l( —_ é—F 7'1) (2.169)
with
L = Fw1($1)31 (2.170)

being considered as a tuning function, instead of the update law because of the presence
of the additional state variable. The stabilization of (2.168) would be readily possible,
if 7y were the update law, z, the actual control, and the relation

Ty = a(l?l,é) —— —wT(IB])é — C121 (2.171)
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were satisfied. However, since (2.171) is in general not valid, the deviation of z5 from
its desired value is considered as a new error coordinate

A

22 i= 23 — a(z1,6). (2.172)

As a consequence, the objective of stabilizing z; to the equilibrium X, is equivalent to
stabilizing (21, 22)7 to the origin. This new error coordinate z; allows one to obtain the

time derivative of (2.158)

i = —a122 + 2120 + (0 — §)TT! ( "y + 7'1) (2.173)
and
5 = —az1 + 22 +wl(21)(6 — 6). (2.174)
Then | S0 i Jou
Zy=1U-— PN 3 + ¢ (21)0) — -—55-9, (2.175)

and augmenting the Lyapunov function as
1 2

Vo =V, + -2-22, (2.176)
the time derivative of the augmented Lyapunov function yields
. day day 7-]
-— 2 —— T 9 -
Vs C12y + 23 [21 + U 921 (552 + 7 (21) ) Py
+0 - 8)'r! (-4 n) (2.177)

By adding (and substracting) the parameter estimate § to (from) the bracketed term
multiplying 23, (2.177) can be rewritten as

60’1 TA 3(11 "]

— — — 9 —

V €12y T 22 [21 + U Oz T2+ W Y
+(0— 60 (~0+ 7+ Cuwy22) (2.178)

with the regressor vector defined as
6a1

= —— 2.179
Wy = = :cl('ol(xl) (2.179)

The control objective of global stabilization is achieved if (2.178) has the form
Va = —c12% — a2 (2.180)
with ¢; > 0 a design parameter. This is achieved by choosing the update law

é =T =T1 + szzg = P(w121 + w222) (2181)
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and the control law

q, » 0
U= —21 + -53-11-:32 — wgﬁ -+ —-6%1-1'2 — Co29. (2.182)

The adaptive closed-loop system is

51 __ —C1 1 21 w’f A
I ol o b U

d = TW(zb) (2.184)

I

where the regressor matrix W is composed of the regressor vectors
W(z,0) =[w wal. (2.185)

The general SAB algorithm (backstepping with tuning functions) proposed by Krstié
et al [61] for the adaptive regulation of the “output” y = z, of a PSF system to a desired

sct point y,, can be summarized as follows:
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SAD Algorithm

Coordinate transformation

21 = I1 =Yy
I = a:k--ak_l(:r:l,...,:z:k...l,é) 2<k<sn (2.186)
with
A il 0Q-1 Jay-1 A
ak(Z1y. 0oy Thy0) 1= =2k + ; oz i+1 Py, Tk — W 0
— o
+( Zis1 -—-...1) Lwr — crzk (2.187)
1=1 69
ﬁ k=1 By
W(T1see s Tk 0) 1= Q= ) =0 (2.188)
1=1 '
,.. k
Te(T1ye 00y Thy0) 1= Tpoy +Twip2ze =T Zwizs' (2.189)
s=1
Parameter update law
f = 1,(z,6) = TW2 (2.190)
with
W(z,0) =[w, ..., wal;  2=(21,.0+,20)7 (2.191)
Adaptive control law
1 — Jan-1 72 00p-
" = — zﬂ— e .’L', "'wn9 A n
ﬁo(-’c)[ 1 wo(x)+?=:l Aps it t—T
n—2 aa.
-+ Zit1—= | Tw, — Cﬂzn] 2.192
(San%) (2.19)

The steps leading to this general algorithm are described below. The design proced-
ure first stabilizes the first equation of (2.155), by considering z; as a virtual control and
designing the first tuning function. At each subsequent step the controlled system is
augmented by one equation. Thus, at the k-th step, a subsystem of order k is stabilized
with respect to a quadratic Lyapunov function by selecting a stabilizing function ax and
a tuning function 7. At the final step the resulting tuning function is used as the actual
update law and the adaptive feedback control is formulated. The design parameters c;

below are positive.
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Step 1. Define the error variable

21 =T1 — Yy (2.193)

whose time derivative is
2 = Zq9 + 1 (21)6. (2.194)

By adding and subtracting the estimate g of 0 in (2.194), #; can be rewritten as
Z1 =22 + w{(ml)é + cp'f(a:l)é (2.195)

with 8 := 0 — 0 defined as the estimate error. The subsystem (2.195) can be stabilized

with respect to the Lyapunov function
.1 1 - .
Vi(z1,0) = §z§ + -2-97'1"-19, (2.196)
with T = I'T > 0 an adaptation gain matrix. The time derivative of V} is

Vi=2 [3:2 + w{é] + 67! ( - 9 + I‘wlzl), (2.197)

with the regressor vector
w1(.’£1) = (,01(1171). (2.198)

One can eliminate the estimate error § from Vi with the update law § = 7, defined as

7'1(331) = I‘wlzl. (2.199)

Then, treating z2 as the control, one would have V1 = —clzf with the virtual control
T = a; defined as

01(331, é) V= _w'll‘é — C171. (2.200)

However, since 2 is not the control, T2 # a; and the second error variable
=Ty — 0y = Tg 2,201
29 :=1T9— ) = T3 +wi b+ 121, (2.201)

s defined as the deviation of the state variable z2 from its desired trajectory. Thus the

closed-loop form of 2, becomes

—C121 + 22+ w'fé (2.202)

21

and, since 71 is not considered as an update law but the first tuning function, the presence

of 8 is tolerated in |
Vl = —clzf + 2129 + gTp-1 ( — é -+ Tl) (2203)
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The second term in (2.203) will be cancelled at the next step.

Step 2. Consider now the time derivative of the error variable 25

. Jdag T A 00
2y — T3 83’:1 i, - Wy ($1,IB2,9)9 — '55*9 (2.204)
with the regressor vector ;
wg(azl,xg, é) o= QP2 — 'a-q-!-(,m (2.205)
X1

By adding and subtracting f in (2.204), 2, can be rewritten as

60:1

. ALA 6a A A A
29 = T3 — -551-:52 +- wg(xl,xg, )0 — —5971-9 + w'{(xl,a:g, 8)0 (2.206)
which can be stabilized with respect to the augmented Lyapunov function
_ 1o 1o 19 laro g
i=WVitsn=cu+55+ 07T (2.207)
The time derivative of V3 is
oo A 30.'1 A
2 T
- = — f — —
Vs C121 + 22 [Zl T I3 Oz L2 T Wy Y ]
+§TP_1 ( a é + 71 + PUJQZQ) . (2208)

The estimate error & can be eliminated from V, with the update law § = 1, defined as

A

7'2(331; -'172,9) =71+ L[wyze = F(lel + wzzg). (2.209)

If additionally z3 were the control, one would make Vs = —c;2? — ¢;22 with the virtual

control r3 = a2 defined as

A Ja »  da
02(331,552,9) = —21 + 5—;—:—2‘,’2 — w;fﬂ -+ "'5—9..17'2 — C922. (2210)
Since z3 is not the control, z3 # a; and the third error variable
Ja »  da
23 = T3 — Q2 = T3 + 21 — -6—:5%932 -+ wfﬂ — -55-1-7‘2 ~+ C229 (2.211)

is defined as the deviation of the state variable z3 from its desired trajectory. Thus the
closed-loop form of 2 is

: ~ 0oy /5
Zg = —21 — C2y + 23+ wy 0 — -551- (9 — 7-2) (2.212)
and, since 7, is considered the second tuning function, V4 becomes

: %, \ . .
Vo = -cwf — cng 4 2923 — zz-(%l-(ﬂ — 'rz) -+ 9T -1 ( — G + 7'2) (2.213)
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The third term in (2.213) will be cancelled at the next step.

Step 3. Considering (2.211), the time derivative of the error variable 23 is

. aa’z 30.'2 T A 30.’2 A
23 = T4 — Oz Tog — 5;;.’133 + W3 (.’12‘1,5132, I3, 9)9 — aé 7] (2.214)
with the regressor vector
A 6(12 6(12
U)3($1, L2, 13, 9) = 3 62?1901 3:52 P2. (2-215)
By adding and subtracting f in (2.204), 23 can be rewritten as
. dag da A a0 > .
<3 = T4~ '5}7332 — '5;;-333 -+ wg($1,$2,$3, 9)9 — -552-9 + wg(:z:l,:cg, I3, 9)9, (2.216)
which can be stabilized with respect to the augmented Lyapunov function
1 1 1 1 |
Vs=Va + §z§ = -é-zf + §z§ + -2-::3 + 597’[‘ 1, (2.217)
The time derivative of V3 1s
: daq /»
Va = —¢ 22—'0 22—-2 —":'(9—'1')
3 141 249 2 PY: 2
o day T A dao 1]
+23 [ZQ + T4 — 63713:2 - 03:2:53 +OJ3 b — aé
+§TI‘_1 ( — é + T2 + I‘w3z3) . (2218)

One can eliminate the estimate error 6 from V4 with the tuning function § = 75 defined

a8
73(3:1: T2y L3y é) i=T9 + w323 = I‘(lel + W22 + w3z3). (2219)

Notice that choosing a virtual control law to make the bracketed term multiplying 23
equal to —c323 does not cancel the third term in (2.218). Nevertheless, noting that

é—'Tz=é“T3+T3—Tz=é—T3+Pw3Z3, (2.220)

one can rewrite (2.218) as

‘./3 = —6123 — szg - Zz?gl(é — 7‘3) -+ éTP-l ( — é -1 7‘3)

a6
302 das T A 0a2 A 0a1
+23 [22 + 24 6:::1“'52 o 23+ w; 0 =3 6 — 2o Y Fw;;] (2.221)

Thus the tuning function § = 73 would also eliminate the third term in (2.221) and, if
z3 were the control, one would make V3 = —¢12} — 223 — c322 with the virtual control

T4 = a3 defined as

A aaz 602 T A 6a2 6a1
,9 e as— — — —— —:.-P — ] 2222
03(.’51,:82, I3 ) 29 3331 To + ax2 I3z — Wy 7 + Y: T3 + 29 50 W3 — C323 ( )
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Since z4 is not the control, z4 % a3 and the third error variable

30.’2 00.’2 T A aa 3(1
—— ki Bialnlh SN SN A — _-—— — ———P .
24 ' =T4—Q3 =24+ 22 0.’81 T2 3 2333 + W 9 9 T3 — 29 Py, W3 -+ C323 (2 223)

is defined as the deviation of the state variable z4 from its desired trajectory. Thus, the

closed-loop form of 23 1s

¢ o~ aaz 60{
fy=—n—cntatel-— (9 ~13) + zQ-é-é-I‘w;,, (2.224)

and, since 73 is considered the third tuning function, Vs becomes

6(.1’1 (9012

3 A o~ A
f/3 = — Z C;Z? + 2324 — (22'"55' -+ 23-5-5—') (9 — 7‘3) =+ 6Tt ( — G + T3) , (2.225)

1=1
Step k. Proceeding by induction, the time derivative of the error variable 2 is

001

Oag-1 T ) A
2k = Tkel ; . Tiv1 + Wi (T1y00 5Tk, 0)0 Py g (2.226)
with the regressor vector
wk(:cl €Ik 9) = @k — Z aak- (2.227)
) ) ? — ax‘
By adding and subtracting 6 in (2.226), % can be rewritten as
2k = Tyl — § 6ak'1x- + wi(z Zr, )6 — 60"‘"15
kK — k+1 -~ 6:::.- s+41 e \Llgeeogdky aé

+wT(z1,..., 2k, 0)0 (2.228)

which can be stabilized with respect to the augmented Lyapunov function

Vi = Vi1 + %zﬁ (2.229)

The time derivative of V. is

+ 671! ( — bt Tt + I‘wkzk) (2.230)
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One can eliminate § from V; with the tuning function § = 7 defined as

A

k
Tk(xla oo 0y Tk 9) 1= Tk-1 -+ [Twi 2 = FZUJ{Z:‘- (2.231)

=1

Furthermore noting that
0 — Thel] = g — T + Tk — The1 = g — 7. + Fwr2x (2.232)

Vi can be rewritten as

| k-1 , k=2 Do o X
Vk=—-Zc;z£ —-( z,+1—5§-) (G—Tk) +6°T (—9+Tk)

t=1 1=1

L da O0g—1 »
+ 2k !'zk—l -+ Tk+1 — Z . Ti4l — kﬂ 19

Oz, a9
k=2 da
+wie 2 Iw J 2.233
k (; HoF ) k ( )
Then, if 541 were the control, one would make Vi = — ¥+, ¢;2? with the virtual control
Try1 = o defined as
k-1
A 01 0.1
ak(ml, ooy :L‘k,ﬁ) = =—2k-1t ; 6:::; Ts+1 -+ 39 Tk — W, 9
=2 B
-+ ( z;+1-55'-) Pwi — cr2k. (2.234)

Since zx4 is not the control, zx41 5# o in general, and the k-th error variable

Zk+1 = Tk4l — Qg
00k 1, 0ag-y T
— 1 — Tir] — ‘__ g
Tk+1 T Rk-1 ; Oz: +1 Y. Tk + Wy
k=2
da;
— ( 2it1 -5%—) Lwr + cx 2k (2.235)
1=1

is defined as the deviation of the state variable x4+ from its desired trajectory. Thus
the closed-loop form of Z; is

~ Bop-i < o
3= —2k—1 — CkZk + 2k41 + Wi 0 — Y (9 — k) + ( Zit1 -55-) Cwr  (2.236)

and, since the k-th tuning function 7 is considered instead of an update law, the time

t=]

derivative of Vk becomes

Z C.Z + 2k 2k41 — (§ Z.+1aa') ( — Tk) +- aTp-1 ( —_ é -+ Tk) (2.237)

g==]
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Step n. Using the definition 2, := z,, — a,-1, the time derivative of the error variable

2y 18
¢ aan— T aaﬂ-'--l A
20 = o(z) + Bo(z)u — ; 5a St +wT(z,8)0 - 7 0 (2.238)
with the last regressor vector defined as
60:,,..
2(2,0) = pn — Z P (2.239)

t=1

By adding and subtracting § in (2.238), 2, can be rewritten as

n-1

. O, NP Y . .
in = @o(z) + Bo(z)u— Y gx_ L i 4+ wT(z, 6)0 — ‘;9 L4+ wT(z,0)8, (2.240)
1=] '
which can be stabilized with respect to the augmented Lyapunov function
1. i
Vo=Voo1 + %zﬁ = —;-zT z+ 587‘1‘-19. (2.241)

The time derivative of V,, is

1=1 1=1]
2 do 00y-1 ;
+2n | Zn-1+ @0(2) + fo(2)u = Y ——Tip1 + Wil — =50
—~ Or; oo
1+ §Tp-! ( Gt Tas + I‘w,.z,,) (2.242)

One can eliminate f from V,, with the final tuning function, i.e. the actual update law

g .= Tn(2, é) = Tn-1+ [wn2zn

= I'W(z, é)z, (2.243)
where the regressor matrix W is composed of the regressor vectors wi,...,wn
W(z,6) =[w, ..., c;n]. (2.244)
Noting that |
6 — Tno1 = Tn(2,6) = Tno1 = Twnzn, (2.245)

17,. can be rewritten as
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In order to achieve the goal
— Z C"z? (2.247)
1=1
with all ¢; > 0, the control u should be chosen to make the bracketed term multiplying
z, equal to —¢, 2, as follows

1 aan_ T aan-l
u = — Zn-1— "l" Ti4+1 — Wy, 0+ ——— Tn
ﬂo(w)[ = ol Z H o0
=2 da
+ ( z,+1-——-1) Tw, — c,,z,,] : (2.248)
i=1 06

The overall closed-loop form of the error system is

3 = Ay (2,0)z +W7(2,0)0 (2.249)
6§ = TW(z,0)z, (2.250)

where the matrix A4, (2, 8) has the following skew-symmetric form

—Ci 1 0 0 0
-1 —C2 1 -+ 02.3 02.n-1 02.n
0 -1 - —C « v 1] o= n
A, = | | 22,3 | 3 . 93,. 1 Q:t, (2.251)
0 —02n-1 —03,n-1 —Cn-1 1+ On-1n
0 —02,n 03 .n ~1 - On-1n —Cn
with 3
i = ——=LTw;. (2.252)
a6

The skew-symmetric form of the matrix A, is of paramount importance for the
stability of the system(2.249)-(2.250), since the relation

C1 0 ... O
A T A 0 Cr . 0 A
Az +AT(z0)==2| . 7 T |, V(z,0) e Rt (2.253)
0 0 ... ¢

yields (2.247) with the quadratic Lyapunov function (2.241). The stability properties
of the equilibrium point (z,8) = (0,0) of the system (2.249)-(2.250) will be analysed in
Section 2.4.4.

A characterization of the above described algorithm from a passivity perspective has
been presented by Kokotovié et al [58]). Full-state measurement and observed-based
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versions of backstepping for tracking adaptive control of nonlinear uncertain systems
have been developed by Kanellakopoulos et al [48, 49], Kokotovié [56] and Marino et al
[76). Also, the nonlinear design of adaptive backstepping controllers for linear systems

with uncertainties have been studied by Krsti¢ et al [63, 62] and an early application of
the backstepping design has been reported by Dawson et al [21].

Example 2.13 (Benchmark Example) Consider the third order system [64]

] = $2+(,DT($1)9
i‘z = I3 (2.254)

:i:3=u

where @ is an unknown constant parameter vector and ¢ is a known vector with smooth
nonlinear function entries. The system (2.254) has uncertainty level two, i.e. two in-
tegrators separate the uncertainty from the control input. Theretore, the uncertainty
is unmatched. This system is already in the PSF form and the backstepping algorithm
with tuning function can be applied directly. For the regulation of the output y = 2, to
the desired set-point y, the backstepping algorithm gives the error variables

21 = T1=—UYr
X2 = J2 - Cq(xl, é) (2.255)
€3 = Ig-— (12(331,372, é)

with the stabilizing functions a; and a; given by

ay = —‘PT($1)9“ C1<1
80:1 T 60fl
Q2 —-21 + -55;(332 + (551)9) + aé Ty — C222 (2.256)
The tuning functions obtained at the successive steps are
nn = 2w =Tz
801
To = T1- Pzng =T — FZQ-— (2257)
3.’171
3 = T2 PZ3W3 = Tog = [‘23?_9_2_
6331

The parameter update law yields

é = T3 = I’ (zltp - Zggg-i-(p — 2’3%%2- ) (2.258)
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and the feedback control law is

0 a0 0 day O
U= —2 -+ 5—3—:—(.’52 -+ (,DT@) -}- --9-?-2?3 -4 --9:.2-1‘3 - zz——a..:}-I‘-%Ega — (323 (2.259)

- C1 1 0 1
3 = | -1 —c) 1—-820TTp | 24 | f2 [ oT6  (2.260)
0 -1+ -g—‘if(,oTI‘tP —C3 S—‘;{
% 6(11 602
g = Pip [1, —'5'5:—1', _'5?8-1-] 4 (2.261)

2.4.4 Stability and Convergence Properties

The global stability of the equilibria (2,8) = (0,0) of the system (2.249)-(2.250) and
(z,6) = (X, 8) of the original system, are established in this section (see also [64]).

From Theorem A.1 the global stability of the equilibrium (z, 8) = (0, 0) follows from
the fact that the derivative V;, of the Lyapunov function V;, along the solutions of (2.249)-
(2.250) is nonpositive. Moreover, from the LaSalle Invariance Theorem (Theorem A.2),
it follows that the (n+ p)-dimensional state (z(t),6(t)) converges to the largest invariant
set M of (2.249)-(2.250) contained in E = {(z,0) € R"*? | z = 0}, i.e. the set where
V., = 0. This proves, in particular, that z(£) — 0 as ¢ = co.

On the invariant set M we have z =0 and Z = 0. Thus, by setting 2 =0 and 2 =0

M

in (2.249)-(2.250), § = 0 and
WT(z,0)(0-6)=0 VY(z,0) € M. (2.262)

From (2.227) and (2.244) it is seen that

1 0 0
... .... s S U
W7(z,0) := N(2,0)FT(z)=| %= = 0 F'(z) (2.263)
O, Jan-
-l L - ]
where
F(z) = [p1(71), pa(21,22) «--5 ©n(2)] (2.264)

Since N (z, 9) 1s nonsingular for all (z, é) € M, (2.262) and (2.263) imply

FT(z)(6 - 0) = 0 (2.265)
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on M. Since z; = 21 — y» = 0 on M, the equilibrium is z; = y, = X1, and from (2.265)
o1 (X1)(0—0) =0 (2.266)

on M. Furthermore, recalling from (2.200) that a; = —T6 — ¢12;, and since zp =
I —a; =0 and oy = —(PT(X1)5 on M, the relation z, = —(pf()ﬁ)é = X9 18 obtained
on M. Therefore using (2.265)

0T (X1, X2)(6 - 8) = 0 (2.267)

on M. By proceeding in the same manner for the remaining state variables, it can be
shown that z; = X; and of (Xy,...,X;)(0 — 9) =0on M for: =1,...,n. Thus the
largest invariant set M in E is contained in

M C {(z,0) e R™? | 2z=0, FT§ =0}
= {(z,0) e R™*? |z =X, FTd = FT6} (2.268)

where F, = F(X). The two equivalent expressions in (2.268) and the convergence of
(2(),8) to M prove that z(t) - X as ¢t — oo. The convergence of the parameter
estimates # to the true unknown parameters depends on the dimension of M which
cquals p — rank{F.}. When rank{F.} = p, then dim M = 0, i.e. M becomes the
cquilibrium point z = X, § = 6. Thus the parameter estimates converge to their true
values, so that the equilibrium z = X, 6 = 0 is globally asymptotically stable.

The above facts lead to the following theorem (see [64]):

Theorem 2.5 The closed-loop system consisting of the plant (2.155), the controller
(2.248) and the update law (2.243) has a globally stable equilibrium (z,0) = (X, 6). Fur-
thermore, its state (z(t),8(t)) converges to the (p — rank{ F.})-dimensional equilibrium
manifold M given by (2.268), which means, in particular, that

lim z(t) = X. (2.269)

t—00

Ifye = 0 and F(0) = 0, then limyyo0 2(t) = 0. The equilibrium (z,8) = (X, ) is globally
asymptotically stable if and only if rank{F.} = p.

Proof: Given constructively before the statement of Theorem 2.5.
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Regarding Theorem 2.5, the stability properties of Example 2.13 can be readily
established. Consider the particular case in which @ is a scalar uncertain constant

parameter and ¢;(z;) = z2, i.e. the uncertain system is

Ty = 2 + :L'%g
x'z = I3 (2270)
.’1'73 = U

Since dim § = p = 1, this example corresponds to the simplest case. If the equilibrium
value for z; is X # 0, then the manifold M is the single point z; = X;, 23 = Xp =
-X326, z3 = 0, f = 0, which is a globally asymptotically stable equilibrium. However, if
the equilibrium value is X; = 0, global stabilization is still guaranteed but the parameter
estimate does not converge to the unknown true parameter value. This is shown in
Figures 2.3, 2.4 and 2.5 showing the state trajectories of the system (2.270) regulated

to the origin for different initial conditions; design parameters ¢; = 3, ¢2 = 1, ¢3 = 5,
7 = 0.1; and a nominal unknown parameter § = 1. The parameter estimate 8 converges
to different values for different initial conditions. Nevertheless, the control objective of
regulation to the origin is accomplished for all the initial conditions (global). The lack
of convergence of the parameter estimate § to the unknown true parameter value is due
to ¢1(0) = 0 and thus the rank condition is not satisfied.

We consider a second equilibrium point £ = (1,-1,0) of the system (2.270). For
this case the equilibrium point (z,8) = (1,-1,0,0) of the closed-loop system is stabil-
ized globally and asymptotically. This is shown in Figures 2.6, 2.7 and 2.8, which were
obtained for the same initial conditions and design parameters used in the case of regu-
lation to the origin. The parameter estimate converges asymptotically to the unknown
true parameter value, and the state variables to their desired equilibrium values. This
global asymptotic regulation is achieved because ¢;(1) =1 and thus the rank condition
is satisficd. The oscillatory behaviour exhibited by 8 and the state variables in Figure 2.8
can be eliminated by selecting appropriate values for the design parameters. This is il-
lustrated in Figure 2.9 in which the design parameters were chosen to be ¢; = 5, ¢2 =5,
¢3 = 6 and v = 0.01, and the responses show asymptotic stability.
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Figure 2.3: Controlled state variables and parameter estimate of the Benchmark example

in regulation to the origin
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Figure 2.4: Controlled state variables and parameter estimate of the Benchmark example
for the initial conditions I = 0.5, To = O, Ty = 0.8 and é —3 |
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Figure 2.5: Controlled state variables and parameter estimate of the Benchmark example

for the initial conditions 1 =1, 22 =3, z3=2 and 0 = 2
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Figure 2.6: Controlled state variables and parameter estimate of the Benchmark example
in regulation to the equilibrium point (z,8) = (1,-1,0,1)
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Figure 2.7: Controlled state variables and parameter estimate of the Benchmark example
for the initial conditions z; = 0.5, 2 = 0, 23 = 0.8 and 4 = 1
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Figure 2.8: Controlled state variables and parameter estimate of the Benchmark example
for the initial conditions z; =1, 2o =3, 23 =2 and § = 2
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Figure 2.9: Controlled state variables and parameter estimate of the Benchmark example
with the design parameters ¢; = 5, ¢ = 5, 3 = 6 and v = 0.01

Further analysis of convergence of the parameter estimates can be carried out,
without loss of generality, by considering the regulation of the second order system

1 = Zo+ ) (11)8 (2.271)
T9 = u-+ goff(:v)ﬂ

to X; = 0. After applying the backstepping design and using Theorem 2.5, the point

I 0
22 | = | —pT(0)8 (2.272)
g 0

is a globally stable equilibrium, and the state of the closed-loop system converges to the

equilibrium manifold
Ty | 0 1 (0) -
[xz] - [ —T(0)0 ] ’ [so%'(o, —g7(0)6) ] 6=0)= 0}‘

(2.273)

M = {(x,é) € Ritr

Now, if p = 2, three different cases can be distinguished.
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o Rank{F.} = 2. In this case F can be represented by

1 (0) 101
[so%‘(o,-w%‘(O)e) ] } [ 1 0 J ' (2.274)

The manifold M is the single point z; = 0, z; = —0,, 6, = 61, 8; = ;, which is
a globally asymptotically stable equilibrium.

o Rank{F.} = 1. In this case F! can be represented, for instance, by

1 (0) =11
[ 07 (0, — 7 (0)8) ] - [ 0 0 ] | (2:275)

The manifold M is the linear variety z; = 0, 25 = 6; — 65, 52 — 0, = 6, — b,.
Neither of the parameter estimates converge to the actual parameter value, but
they converge jointly to the line 8, = 8; + 6, — 6, in the plane z; = 0, z, = §; — ba.

o Rank{F.} = 0. In this case F. is represented by

1 (0) 100
aardon =10 o) carm

The manifold M 1s the plane z = 0 and corresponds to the case of the weakest
convergence properties because one cannot guarantee that the parameter estimates
converge to any submanifold in M.

2.5 Example: Flexible-Joint Manipulator

Consider a flexible-joint mechanism which consists of a link driven by a motor through

a torsional spring (a single-link flexible-joint robot) in the vertical plane ([72, 114]). The
system dynamics can be written 1n a state space representation as

él ] CQk [

= —=(¢ - G) — —=sin(Gy)

_ J N

(3 = (4 (2.277)
A (P

4 = G)+

where the state variables { = [C1,§:1, (s, (2]T are the angular positions and velocities of
the link and the motor shaft, respectively. The control input u is the torque applied to
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the motor shaft, and the system parameters are m mass of the link; g acceleration due
to gravity; | distance from the motor shaft to the center of mass of the link; k torsional
spring constant; and 7, ., moments of inertia about the motor shaft of the link and the

motor respectively.
Suppose that one wishes to control this system under parametric uncertainty con-

ditions. In particular consider the stabilization of this mechanism when the mass of
the link m is assumed constant but unknown, due to the manipulator driving loads <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>