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Summary

In this thesis intersubband relaxation of electrons in quantum wells is theoretically
investigated. Firstly, the in-plane kinetic energy, and also well width dependences of
electron intra- or intersubband scattering rates (or times), associated by longitudinal
optical (LO) phonon emission in a semiconductor single quantum well (SQW) struc-
ture are presented. Semi-analytic calculations are carried out for a GaAs/Aly3Gag7As
SQW structure. The results show that the scattering rates (both for intra- and intersub-
band scattering) weakly depend on in-plane kinetic energy of the electron. Further-
more, the resulting calculations of well width dependence show that intrasubband

scattering times gradually increase with well width contrasting with the intersubband
scattering times which display a monotonic decrease.

A theoretical study of the condition to achieve inverted population in a semicon-

ductor double quantum well (DQW) structure is also presented. The LO-phonon
assisted tunneling rates, based on the Frohlich interaction and Fermi’s golden rule, has

been performed for a GaAs/Aly3Gag7As DQW structure. The calculated results show

that the tunneling rates monotonically decrease with the energy difference E, - E; ,
and strongly depend on the magnitude of the transfer integral M .

This work has been extended to calculate the electron transport and its kinetics, due
to various types of scattering and tunneling mechanisms in a triple barrier resonant

tunneling structure (TBRTS). A system of coupled kinetic equations that describe the

nonequilibrium electrons in the structure has been solved analytically to obtain sub-
band distribution functions and gain spectra.

Finally, the concept of sequential tunneling has been introduced to explain an 1n-
plane magnetic field dependence of resonant tunneling in a TBRTS. Typical current-
voltage characteristics and derivatives for the TBRTS with particular design parame-
ters have been calculated. It is found in the second derivative of the current that the

resonance between E, and E, is manifested as a visible feature in the background of a

wide E, resonance. This feature has a sharp local maximum in the absence of applied

magnetic field, and becomes flattened with increasing magnetic field in agreement with
experiments.
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Conduction bandedge profiles of (a) a SQW heterostructure with the idealised

parabolic dispersions of electrons (or holes), and (b) a superlattice formed by
periodic variation of alloy (materials A and B) composition during crystal
growth processes with the resulting minibands and minigap.

(a) Conduction band energy diagram of a portion of a QCL, which typically
consists of 35 x active regions and digitally graded regions which act as

injectors. The wavy arrows indicate the laser transitions. (b) Schematic repre-
sentation of the dispersions of the confinement states n = 1, 2, and 3 parallel to

the QW plane; k,, is the corresponding in-plane wave vector of electron. The
bottom of these subbands correspond to energy levels n =1, 2, and 3 indicated

in (a). The wavy arrows indicate all radiative transitions originating from the
electron population in the subband n = 3 down to the subband n = 2..The quasi-

Fermi energy €, corresponding to the population inversion at threshold mea-

sured from the bottom of the n = 3 subband. The straight arrows represent the
intersubband nonradiative transitions due to LO-phonon scattering processes

8].

Illustrations of optical intersubband transitions: (a) interwell photon-assisted

tunneling transitions, and (b) intrawell transitions associated with electron
resonant tunneling between QWs [9].

Schematic diagram of a QCL structure with a wide well as the lasing unit and
two narrow QWs as the electronic energy filters by resonant tunneling [9].

Transmission of electrons through a device with a scattering potential U, (F ,t)

composed of localised scattering potentials due to individual scatterers (impu-
rities or phonons) [38].

Schematic conduction bandedge profile of a SQW structure, which consists of
A, B and C material with energy levels and the simplified envelope functions

@, (z), and also the associated total energy including the in-plane kinetic
energy for each subband.
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Illustration of scattering processes involving an LO phonon allowed by conser-
vation of energy and conservation of momentum in the xy-plane.

(a) In-plane kinetic dependence of the intra- (1->1) and intersubband (2—1)
scattering rates due to an LO-phonon emission in GaAs/Al,;Gay,As SQW

structures of well widths 60, 80 and 100 A at temperature T = 0 K, and (b) the
corresponding intra- and intersubband scattering times.

(a) Well width dependence of the intra- (1->1) and intersubband (2—1)
scattering rates due to an LO-phonon emission in GaAs/Aly;Gag;As SQW
structures for different in-plane kinetic energies; 3 = 0, 1 and 2, at temperature
T =0 K, and (b) the corresponding intra- and intersubband scattering times.

Comparison of the well width dependence of the intra- (1—1) and intersubband

(2—1) scattering times, due to an LO-phonon emission in GaAs/Aly;Ga,,As
SQW structures at temperature T = 0K, as calculated by our semi-analytic
approach and by the numerical method described in Ref. 12. The lines, solid

( ) and dash-dot (=-==-), are the semi-analytic results based on our

methodology. The symbols (® and O) are numerical results of the scattering
times extracted from a typical calculated result in Ref. 12.

Schematic conduction bandedge profile of a DQW structure with a wider well

(QW1) as a lasing unit and a narrower well (QW2) as an electronic energy filter
by various types of tunneling mechanisms.

Electron tunneling rates as a function of the energy difference E, —-E; at

operating temperature I’ = QK for different values of the transfer integral M :
(a) 5.0 meV, and (b) 7.5 meV.

In-plane kinetic energy dependence of the LO-phonon assisted tunneling rates at

operating temperature I’ = 0K for different values of the transfer integral M :
(a) 5.0 meV, and (b) 7.5 meV.
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Optical absorption by transitions between electronic states in a quantum well.
(a) Envelope functions along the growth direction with energy levels. The
thickness of the arrows are rough indications of the coupling strengths of the
transitions, with broken lines indicating forbidden transitions. (b) Band struc-

ture 1n the transverse Exy plane showing the vertical nature of the allowed tran-

sitions, with the Fermi level £ .

Fermi-Dirac distribution function at different temperatures : 0 K, 10K, 30K,
100K and 300K. (a) For the case of a constant Fermi level Er =10 meV.

(b) For a two-dimensional electron gas (2DEG) in GaAs at constant density

n,p = 3x10'" cm?. The Fermi level E » moves downward from Ep as the
temperature rises [83].

Fermi-Dirac and Boltzmann distribution functions plotted on a common scale
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against :

kT

Schematic diagram of radiative processes of electrons in subbands £, and E,:
(a) spontaneous emission, (b) stimulated emission, and (c) absorption.

(a) Schematic diagram of the conduction bandedge of a DQW structure and

kinetics of electrons scattering. (b) The subband diagram presenting the radia-
tive mtersubband transitions in the QW1, and also shown the nonradiative
Inter- and intrasubband transitions by emission or absorption of LO phonons.

Subband distribution functions for the monochromatic P, (y) = Fyo (y ""'%')

into the upper subband £, with equal subband population n, = n,; assuming
the following parameters: 7, =0.1ps, 7,, = 7; =1ps, the subband separation

energy h ), =155meV, and m; =1.2m; , at temperature T =77K for

different values of 7 = 2o : (a) 516 , (b) 1, and (¢) 2.
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1
Subband distribution functions for the monochromatic £, (y) = Poé'[ y ——]

2
into the upper subband E, with equal subband population n, = n,;; assuming

the following parameters: 7, =0.1ps, 7|, = 7; =1ps, the subband separation

energy hQ, =155meV, and m, =1.2m, , at room-temperature T =300K

for ditferent values of 17 = ~0 : (a) 1 ,(b) 1, and (¢) 2.
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Variations of gain spectra under the monochromatic pumping

P, (y) = F,0 ( y- %) into the upper subband £, with equal subband popula-

tion n, = n,; assuming the following parameters: 7, = 0.1ps, 7,5, =7, =1ps,

the subband separation energy 712, =155 meV, and m; = I.Zm: , for different

1 1

values of 7 = 20'3 and 1 at different temperatures : (a) 77 K, and (b) 300K.

Gain spectra in low electron concentration limits at different operating tem-

peratures under the pumping £, ( y) = Py0 [ y - }-] into the upper subband E,

2

with equal subband population n, = n,. (a) Assuming the following parame-

ters: 7o =0.1ps, 7, =7, =1ps, 7,, =2ps, the subband separation energy

nQ, =155meV, and m, =1.2m; . (b) Same spectra calculated in the

, * .
parabolic model, m, =m;, .

Gain spectra at operating temperatures T =77K for different subband
n 1

population ratios —= =1, 2 and 4 under the pumping £, (y) = F,0 ( y - —2—)
n

into the upper subband E, with equal subband population n, = n;; assuming

the following parameters: 7, =0.1ps, the subband separation energy

1Q, =155meV, and m, =1.2m, at low and high electron-concentration

1
regimes of operation which correspond to (a) 7 =-£6- and (b) =1,

respectively.
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Schematic diagram of the conduction bandedge of a TBRTS in the presence of
an applied electric Field, ' = —Fe, and a magnetic field, B = Be,, and also

shown are the kinetics of electron transport through the structure.

Average escape rates of electron tunneling resonantly throughout the second

well (QW2) as a function of energy difference E, —E; at different in-plane
applied magnetic fields : 0 T, 1 T, 2 T, 3 T and 4 T, forM =5meV and
I' =1meV; assuming electron temperature T, : (a) 10K, (b) 100K, and
(¢) 150K.

Average escape rates of electron tunneling resonantly throughout the second
well (QW2) as a function of the energy difference E| —E; at different in-

plane applied magnetic fields: 0 T, 1 T,2 T,3 Tand 4 T, forI' =1 meV and
different values of M : (a) 2.5 meV, (b) 5.0 meV, and (¢) 7.5 meV; assuming

electron temperature 7, =150 K.

(a) Calibration of electric field against device bias [15]. (b) Experimental data
of 7, against device bias at different operating temperatures 7': 4.2K, 60K

and 77 K [107].
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(a) Typical I-V characteristics, (b) the differential conductance (—), and

dV

d*I

dv*

plane magnetic fields: OT, 1T, 2T, 3T and 4T, at operating temperature

T'=77TK; assuming M =5meV, I'=1meV and electron temperature
T, =150K.

(¢) the second derivatives ( ) of the I-V characteristics at different in-

Typical I-V characteristics obtained from the TBRTS shown in Figure 5.1 in
the absence of applied magnetic field at different operating temperature: (a)
4.2K, and (b) 77 K. The solid lines ( ) are experimental I-V charac-
teristics of the device in forward bias [107]. The dash-dot lines (=e==-+) are
theoretically calculated results for a TBRTS with M =5meV, ' =1meV;

assuming electron temperature 7, =150K.
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Figure 3.8

d*I
dv*
field at different operating temperatures 7' : 4.2 K and 77 K. (a) Theoretical
results calculated for a TBRTS with M =5meV, I" =1meV; assuming elec-

tron temperature 7, =150K. (b) Experimental results reported by Vdovin, et
al. [107].

The second derivatives against bias in the absence of applied magnetic

d*I
dv*
OT, 1T, 2T, 3T and 4T, at operating temperature 7 = 60 K. (a) Theoretical
results calculated for a TBRTS with M =5meV, I’ =1meV; assuming

electron temperature 7, =150 K. (b) Experimental results reported by Vdovin,
et al. [107].

The second derivative against bias at different applied magnetic field:
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Chapter 1

Intersubband transitions in quantum wells

1.1 Outline of Thesis

This chapter begins with a brief introduction to semiconductor heterostructures,
quantum wells (QWs) and superlattices. The remainder of the chapter describes inter-

subband transitions 1n QWs, which play an essential role in the lasing action 1n Quan-

tum Cascade Laser (QCL) structures.

In Chapter 2, a microscopic lattice dynamic model is introduced to calculate
scattering times for intra- and intersubband transitions due to electron-longitudinal-
optical (LO)-phonon interaction in a single quantum well (SQW) structure. The scat-

tering times are 1nvestigated in terms of in-plane kinetic energy of the electron. Well

width dependence of the intersubband scattering times is also presented.

In Chapter 3, the technique developed in Chapter 2 is applied to calculate tun-
neling rates for interwell transitions due to electron-LO-phonon scattering in a double
quantum well (DQW) structure. The focus is on the investigation of the tunnelling
rates as a function of the difference in confinement energy between the states involved.

The calculations are presented in an analytical form taking into account the different

effective mass of the electron in the quantum well and barrier materials.

Chapter 4 épplies the Boltzmann kinetic equation to the study of nonequilibrium
electrons in DQW structures. The kinetic equation, which involves terms describing
the electron-electron (e-e) and electron-LO-phonon (e-LO) scattering, as well as elec-
tron escape and electron generation processes, have been analytlcally solved for the
subband distribution functions. The resulting calculatlons pr0v1de a comprehenswe

description of the lasing process in intersubband lasers.
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Chapter 5 compares details expernimental measurements with theoretical calcula-

tions for the tunneling current in a triple barrier resonant tunneling structures (TBRTS)

incorporating asymmetric coupled QWs with magnetic field applied perpendicular to

the direction of current flow.

Concluding remarks and future work relating to this work are presented in Chapter

1.2 Heterostructures, quantum wells and superlattices

1.2.1 Heterostructures

Modern techniques of semiconductor crystal growth have resulted in what 1is

known as band-gap engineering. Using III-V semiconductors Molecular Beam Epitaxy
(MBE) and Metal-Organic Chemical Vapour Deposition (MOCVD) allow the growth
of ultra thin layers of semiconductor materials with a controlled energy band gap.

These layers can be grown epitaxially on top of one another providing there 1s a rea-

sonable match of the crystal lattice constant between layers.

Continued developments of these techniques are currently the subject of a new
field of semiconductor device research. Many new device structures such as Hetero-
junction Bipolar Transistors (HBT), High Electron Mobility Transistors (HEMT) and
Resonant Tunneling Diodes (RTD), are designed using the principles of band-gap
engineering. The RTD, which utilizes the electron-wave resonance occurring in double
potential barriers, emerged as a pioneering device in this field [1,2]. The 1dea of reso-
nant tunneling was extensively investigated both in a fundamental viewpoint and also
its applications [3-6], shortly after MBE appeared in the research field of compound
semiconductor crystal growth. Since then, the RTD has attracted a great amount of
interests and has been investigated both from the standpoint of quantum transport
physics and also its application in functional quantum devices. Despite its simple
structure, the RTD 1s indeed a good laboratory for electron-wave experiments, which
can investigate various manifestations of quantum transport in semiconductor nano-
structures. It has played a significant role in disclolsingﬁthe fundamental physics of the

electron-wave in semiconductors, and enabling the study of more complex and
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advanced quantum mechanical systems such as the electron intersubband transitions in

QCL structures.

1.2.2 Quantum wells and superlattices

Band-gap engineering enables the production of conduction and valence bandedge
profiles of a typical quantum well as shown in Figure 1.1(a). The barrier matenal has a
larger band gap than the well material, causing the motion of electrons (e) and holes (h)
in the growth direction to be restricted. The confinement potential quantizes the motion
of the carriers (e or h) in the growth direction, giving rise to a number of dis-crete
energy levels. These energy levels which are known as subband energies have an

associated dispersion in the plane of the quantum well (for the idealised paralolic

bands)

h’kg,

En(kw) = &, + -
Me(h)

 n=1,2,3, (1.1)

where k,, is the magnitude of in-plane wavevector of e or h, m, is the effective

mass, and &, 1s the energy at the bottom of the nth subband. In the infinitely deep well

2
N . B T
approximation the confinement energy &, is simply - (-’—1——) . n=12,3,---,
2my gy \ L

where L stands for the well width.

In addition, modemrn crystal growth techniques also allow the growth of multiple
quantum well (MQW) structures, which are schematically shown in Figure 1.1(b).
This structure can be formed by periodic variation of alloy composition during crystal
growth. For a MQW consisting of a series of quantum wells separated by barriers wide
enough that wavefunction of a carrier in one well does not penetrate into an adjacent
well each well has the same eigenstates as would an individual well; i.e. they are effec-
tively 1solated from one another. When the barrier thickness decreases, the probability
of an electron tunneling from one well to %mother increases; i.e. the wave function of
the carrier in one well can be non-zero in an adjacent well. For a structure consisting of
two such wells separated by a thin barrier the eigenstates split into two. For N su;:h

wells the splitting gets into N states. As N increases a continuous distribution of
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allowed states, called a miniband, 1s formed. The formation of these minibands 1s

exactly analogous to the formation of bands in the tight binding model of bulk semi-

conductors. Such a structure 1s known as a superlattice.

Growth axis - z

e——
B A B E, E
E
1 (7 E 5 /
1) I S—— 33 Y §
by

B iestam— S N
; _‘ £,
| N -
Egp
Egop
v
— .___EV

77 ~ Mimband 7
o dewifaiseeai® 1o Huziue § 2 wrfigtiibes phigts: etz §

Conduction bandedge - E o

(b) Superlattice

Figure 1.1  Conduction bandedge profiles of (a) a SQW heterostructure with the 1dealised
parabolic dispersions of electrons (or holes), and (b) a superlattice formed by
periodic variation of alloy (materials A and B) composition during crystal
growth processes with the resulting minibands and minigap.
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The superlattice can be viewed as a bulk material which has its periodicity in one
direction modified resulting in both the dispersion energy in the growth direction and
also the effective mass of the carriers being modified. When the barriers are very thin

this effective mass is approximately the bulk mass.

1.3 Quantum cascade lasers

1.3.1 Introduction

Recently, the emission wavelengths of semiconductor lasers have been available in
the infra-red (IR) region [7-10]. Long wavelength semiconductor lasers are in demand

for many industrial and research applications such as free-space communications, atmos-
pheric pollution monitoring, industrial process control, /R counter measures, medical diagnos-

tics, and IR radar for aircraft and automobiles. According to the conventional interband
transition approach it requires narrow band-gap semiconductor materials for realising
mid- and long wavelength IR lasers. However, nonradiative recombination processes,

Auger recombination for instance, tend to limit the high temperature lasing perfor-

mance.

An alternative approach utilising intersubband transitions in semiconductor quan-
tum well structures for long wavelength 'IR lasers was first suggested in 1972 by
Kazarinov and Suris [7]. In this unipolar structure coherent photons are generated by
electron transitions from one confined state to another. Therefore, the wavelength of
intersubband lasers 1s determined not by the band gap, but by the energy separation of
conduction subbands arising from the quantum confinement in quﬁntum well struc-

tures. The first intersubband laser was not realised until the recent demonstration of a
Quantum Cascade Laser (QCL) reported in 1994 by Faist et al [8]. The QCL 1s
schematically demonstrated 1n Figure 1.2, and utilises photon emission between sub-
bands in a staircase of coupled GalnAs quantum wells separated by AllnAs barrers.

Each injected electron is recycled, ideally producing an additional photon, as it cas-

cades through each period of the laser.
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Figure 1.2

Energy
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Active Digitally

recion graded alloy l e

(a) Conduction band energy diagram of a portion of a QCL, which typically

. consists of 35 x active regions and digitally graded regions which act as

injectors. The wavy arrows indicate the laser transitions. (b) Schematic repre-
sentation of the dispersions of the confinement states n = 1, 2, and 3 parallel to

the QW plane; £, is the corresponding in-plane wave vector of electron. The
bottom of these subbands correspond to energy levels n = 1, 2, and 3 indicated

in (a). The wavy arrows indicate all radiative transitions originating from the
electron population in the subband n = 3 down to the subband n = 2. The quasi-

Fermi energy €f, corresponding to the population inversion at threshold mea-

sured from the bottom of the n = 3 subband. The straight arrows represent the
intersubband nonradiative transitions due to LO-phonon scattering processes

8].
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The main obstacle to achieving the intersubband lasing is nonradiative relaxations
between subbands due to optical phonon scattering (discussed in more detail later in
the following chapters). The typical phonon relaxation time (~ 1 ps) 1s much shorter

than the radiative time, which is longer than 1 ns, resulting in a very low radiative

efficiency (< 107). However, specially designed multiple barrier heterostructures can

provide population inversion that giving rise to lasing without reducing the current

injection efficiency.

In the following subsection the basic principles of intersubband transitions in

QWs, and also some basic aspects of quantum effects and relaxation processes in semi-

conductor nanostructures, which play an essential role in the QCL are presented.

1.3.2 Basic principles of intersubband transitions in quantum wells

According to whether the optical transition is between quantum states in adjacent
QWs, so-called interwell photon-assisted tunneling transitions shown in Figure 1.3(a),
or between states in the same QW, so-called intrawell transitions shown in Figure
1.3(b), the approaches towards intersubband lasing can be devided in two categories
[9,10]. The interwell photon-assisted tunneling transition, originally suggested for
generating and amplifying IR light by Kazarinov and Suris [7], occurs between the
ground state of a QW and one of the excited states of the adjacent well in a superlattice
structure under an external electric field parallel to the growth direction. A population
inversion can be easily established between the two quantum states due to the barrier-

separated feature of the two states, and the laser energy can be tuned over a wide range

by varying the electric field strength. However, since the overlap of their wavefunc-
tions 1s quite small, the transition rate between the two states is small, and a high elec-

tron injection is required to obtain sufficient gain to overcome losses in the system,

leading to a very high threshold current.
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Figure 1.3  Illustrations of optical intersubband transitions: (a) interwell photon-assisted

tunneling transitions, and (b) intrawell transitions associated with electron reso-
nant tunneling between QWs [9].

In the second scheme, the intrawell optical transition rate is much larger, but the
nonradiative relaxation between the two states in the same well 1s also faster, which
results in difficulties in achieving population inversion between the two states. For a

clear comparison between the two approaches, it is helpful to have a more analytic

evaluation. Starting from the lasing threshold gain condition [9,1 1]

Lope'8&8n = au+ a;, | L (1.2)
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where I, 1s the optical confinement factor, g, 1s the gain at threshold, «,, 1s the

mirror losses due to finite facet reflectivity, and «; is the internal losses for the optical

wave which results from various mechanisms such as free-carrier absorption and scat-

tering at the heterostructure interfaces. Since «;, «,,, and T

op are mainly concerned

with the optical wave in the QW structure, it can be assumed that ¢;, 2, and I,

would not be significantly affected by the different transition schemes (inter- or intra-

well transitions). Thus, the same threshold gain g, is required in the two approaches.

How the threshold gain 1s reached differs in the two approaches?

Energy

Growth axis -z

Conduction bandedge

Figure 1.4  Schematic diagram of a QCL structure with a wide well as the lasing unit and
two narrow QWs as the electronic energy filters by resonant tunneling [9].

Considering the steady state of a two-level system shown in Figure 1.4, one can

obtain
J T *
= Iy = “‘(‘—“'Z——J(le - 7, (1.3)
| € 1'2 + T2 .- _
where n; is the electron density at the the lower energy level E,, n, the electron

density at the upper energy level E,, J the current density injected into the upper
level, 7, the electron lifetime at the lower level, 7,, the electron relaxation (including

nonradiative and radiative contributions) time from E, to E,, and 7, is the time
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required for an electron in the upper level to escape from the well in ways other than

through the lower level.

From Eq.(1.3), 1t 1s clear that the relaxation 7,, must be longer than the electron
lifetime 7, in order to establish the population inversion, which is essential to intersub-

band lasing. Since the overlap wavefunctions between two states in adjacent wells is

smaller, the relaxation time 7;, for the interwell transition is longer than the relaxation

time 7, for the intrawell transition, and thus population inversion can be established

more easily by the interwell photon-assisted tunneling transition. Additionally, due to
the longer relaxation time 7, , the escape time 7, at the upper level, which is approxi-
mately the same in the two transition schemes, has a more significant impact in

reducing the current injection efficiency in the case of interwell transition. If the

lifetime 7, at the lower level is much smaller than the relaxation time 7, in either

case, one can show that the threshold current density for intrawell transitions is lower

than the threshold current density for interwell transitions. Therefore, it is preferable to

make the lower level lifetime 7; much smaller than the relaxation time 7,, and use the

intrawell transition approach to intersubband lasing to achieve a low threshold current.
However, reducing the lifetime at the lower level to a value much smaller than the

relaxation time without affecting the current injection efficiency is a difficult task.

Since the typical value of the electron relaxation time 7,,, due to LO phonon

emission between subbands with energy separation higher than the LO phonon energy

(g;0 ®36meV for GaAs QW), 1s of the order of 1 ps [12-14], a sufficiently thin

barrier layer 1s required for the lower lifetime 7, to be smaller than 7,,. However, such

a thin bammer layer does not provide good confinement of electrons in the upper level,
leading to large leakage current. Modified QW structures with alternating wide and
narrow well acting as electronic energy filters, have been suggested to overcome this
problem [15-17]. Here energy filters selectively inject and remove electrons via reso-
nant tunneling as schematically shown in Figure 1.4. However, because the nonradia-
tive relaxation by LO phonons 1s so fast, a sufficient population inversion cannot be

easily achieved without a large amount of current injection and careful device design.
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In the far-IR spectrum, the dominant nonradiative relaxation 7 ., via acoustic

ac?

phonon scattering between subbands, 1s on the order of 100 ps. Thus the population

inversion can be achieved more efficiently, and the radiative efficiency could be raised.
Making use of the difference in the relaxation times above and below the optical
phonon energy for stimulated far-IR emission in a multilevel scheme has been sug-
gested by Andronov [16], and can be constructed in DQW system made of a narrow
well as the injected current region, and a wide well as the lasing region. Since the
energy separation between subbands is smaller, thermal fluctuation may be a serious
problem 1n far-IR lasing action, and low operating temperatures may be required. In
contrast, in the wavelength ranges of the mid-IR spectrum, the nonradiative relaxation
of electrons between subbands by optical phonon scattering is unavoidable. Therefore,
in order to achieve intersubband lasing in practice at these wavelengths, it is highly
desirable to suppress the nonradiative decay processes in QWs. A common feature
shared by these two approaches, whether the transition is interwell or intrawell, is that
the electron transport in the QW structures is based on conventional intraband
tunneling, in which a delicate balance is attempted to simultaneously fulfill two essen-
tially distinct physical requirements for the realisation of an efficient population
inversion [17], which are good confinement of electrons at the upper energy level and a

fast electron tunneling rate at the lower level. This leads us to get through problems in

practical implementation.

The goal of this thesis is to generalize theoretical explanations of electron relaxa-
tion 1n the QCL operation, and also study how to design a QCL structure to achieve a

high radiative efficiency with a low threshold current thus optimizing its performance

and operating temperature.
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Chapter 2

Longitudinal optical phonon scattering in

single quantum well structures

In this chapter in-plane kinetic energy, and also well width dependence of electron

scattering times; both for intra- and intersubband scattering, due to LO phonon emis-

sion in semiconductor SQW structures are investigated. The focus is on comparisons

between the intra- and intersubband scattering times of electrons in a QW. The results
have been performed for GaAs/AlGa;.xAs material systems, which are of considerable
experimental interest. In addition, a comparison of the scattering times calculated using

the semi-analytic approach described in this chapter with the numerical results reported

in Ref. 12 by Ferreira and Bastard is also presented.

2.1 Introduction

Electron-phonon 1nteraction in polar semiconductor QWs has attracted a great

amount of interest both from a fundamental viewpoint and also due to its importance
for device performance. For instance, the cooling of photoexcited carriers, carrier tun-
neling, and the mobility of high-speed heterostructure devices are primarily governed
by the scattering of electrons associated with LO phonons. The investigation of this
interaction has been studied using either a dielectric c.:ontinulim ‘model [18-24] or
microscopic lattice dynamic models [25-30]. Dielectric continuum model ignores the
effect of individual layers of atoms but it has the considerable advantage of making the

interaction very simple. In some parameter regimes, the use of dielectric continuum

model 1s well established and the electron scattering times calculated by using this

model compare well with experimental results [31-33]. However, scaling of the
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-

electron-LO-phonon interaction with diminishing device length presents a serious
challenge to the accurate use of such model. As a result, there has recently been an
increasing need for more rigorous analysis and detailed knowledge of electron-LO-
phonon interactions in reduced dimensional systems. This has been the main motiva-
tion for the emergence of ab initio microscopic models [28,29]. Though such models
provide the most accurate analysis of the structure, they have not been used extensive-
ly. This can attributed to the fact that the ab initio microscopic analysis mvolves very
arduous and time consuming first-principle calculations of lattice dynamics [34,35]

rather than employing adjustable parameters [36,37].

2.2 LO-Phonon scattering in single quantum well structures

In general, any device can be viewed as a complex array of scatterers shown 1n

Figure 2.1. The time-dependent Schrodinger equation, including the microscopic time-

varying scattering potential U (F,t) due to the entire array of scatterers 1s [38]

—

- 2
ih &g’t) = " _y2 g E-(7) + U/(Ft)|W(F,t) = EY(F.t) , (2.1

om

where E(7) is the conduction bandedge energy profile, m  the electron effective

mass, and ?1s the electron wavetunction with the corresponding total energy £.

‘[TI'rr:;mitted

Incident waves waves

——-
—W

Reflected
wavE}J-r

35y [ndividual scatters
(Impurities or phonons)

Figure 2.1  Transmission of electrons through a device with a scattering potential U _.;(F' ,r)

composed of localised scattering potentials due to individual scatterers (1mpuri-
ties or phonons) [38].
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2.2.1 Electron confinement 1in a SQW structure

With modem epitaxial growth techniques, the alloy composition can be varied on

an atomic scale to produce structures such as that shown in Figure 2.2. The structure

consists of a narrow band-gap semiconductor (material B) layer embedded between
two wider band-gap (materials A and C) layers resulting in the band discontinuities,
which are such that the motion of both types of carriers (e or h) in the growth direction
is restricted. The electron confinement energies in the conduction band can be calcu-
lated 1n the envelope function approximation [39-42], using a Kane model [43] for
describing the electron states of the parent A, B and C matenals [44]. The electron

wave function in each layer takes the form

PAICF) = T uptC(F), (F) @2)

where y,(F) is the envelope wavefunction, and u/>*(F) is the Bloch wave function

in the A, B or C matenal. -

By adopting a single-band spherical-effective-mass model to such the quasi-two-
dimensional (quasi-2D) electrons and take as simplified boundary conditions on the

envelope function with a periodic boundary condition in the QW plane, the envelope

function 7, (7 ) can be factorised

2.(F) = -Jl—‘g,-exp(ifc}yw")m(z) , (2.3)

where z is the growth direction, k,, the in-plane wave vector of the electron, § the

normalization area of the QW plane, and ¢, (z) is the envelope function restricted in

the growth direction z, determined by the Schrédinger-like equation [39-42, 45]
o 1 0 o
[—5—5;(————;} E, (Z)] ?a(2)= £,0,(2) (2.4)

where m’ (z) is the electron effective mass depending on z, E, (z) the conduction

bandedge energy profile, and g, is confinement energy of the nth subband.
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A" E g,

Envelope function Egzlapseumgﬁln
[1st approximation]
E

—A—{=t—B 0 k
| | . £y
- T 1 < % Effective

-5, 0 L Quantum Well

Figure 2.2  Schematic conduction bandedge profile of a SQW structure, which consists of
A, B and C matenal with energy levels and the simplified envelope functions

®, (z), and also the associated total energy including the in-plane kinetic
energy for each subband.

According to the connection rules it is necessary to have boundary conditions at

the interfaces as follows: ¢, (z) and : [6(0" (z)] are continuous [39,42,46-52].

T s
1 [6% (z)

; 1s necessary for the conservation of particle current
m(z) Oz

passing through the surfaces 1n place of the usual continuity of the derivative of ¢, as

The continuity of

derived 1n quantum mechanics textbooks. With these relevant boundary conditions the
Schrodinger-like equation Eq.(2.4) can be exactly solved to yield the envelope func-
tions and subband energies [39,45,47]. However, to make the results more practical it

1s very useful to take into account the finite barrier height in first approximation that

- gives for the effective well width [39,42,46-53)
Leﬁ’ — L + 50 -+ 51 oy Lo (2.5)

where L is the well width (Iﬁateﬁal B), and
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50 = i, h* ik
\f2im3/mA imBUO 2.6)
51 — h

1/2‘m; [ mg jm;U,
here m:, . m; and mé are the electron effective masses of the maternials A, B and C,

respectively. U, and U, are the heights of the barriers adjusted to the QW,; see also

Figure 2.2.

As a consequence of the appropriate approximation above, solutions of Eq. (2.4)

are obtained

; 0 y Z <=0,
Q, (z) = 7 sin[kz (z+ 8, )] ;=0 <2< L+0, (2.7)
7 0 , z>L+6,

nrw
where £, =

7 , n=12,3,--- ; and the total electron energy associated with the
eff

state In,kxy> = v, (F) is therefore

hk>
Efk,) = —2 + ¢, , (2.8)
2mpg
2
2
E, = [ L ,J[ 4 J n’ , n=12,3,-- (2.9)
2my )\ Logy
h? :
In fact, this approach works well if the barriers are high enough; i.e. (2 - ](Lﬂ }
mB eﬂ"

Uy, U

A symmetric SQW system, which consists of a single GaAs layer embedded
between two thick AlyGa;. As layers, is now considered. The band-gap energy for

Al,Ga;xAs 1s larger than that for GaAs. This results in the change of band gap energy

(AE, ) being distributed between the conduction and valence béndedges. Thus,
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AE, = EJ]“*-EJ™ = AE. + AE, (2.10)

where E ;’ Gads and E gG“A‘ are band-gap energies for Al,Ga;,As and for GaAs, respec-

tively. AE, and AE, are the conduction and valence band-offset, respectively. For

such a long time it was believed that AE, was ~88%of AE, [45]. However, in

recent years there has been a lot of argument over this, and it now seems that the figure

1s closer to 60% [38, 54-56].

For small A/ contents (0 < x <£0.45) [55] :

E ;lGaAs (x)

. . (2.11)
M 1GaAs (x)

1.424 +1.247x (ineV units)
(0.067 + 0.083x)m,

where m ¢, is the effective mass of electrons in Al,Ga,As materials, and m, is the

free electron mass.

Table 2.1 Some useful material parameters of the GaAs/Al,Ga;.4As heterostructures.

Al contents Effective masses  Changes of the  Conduction band-  Valence band-

band-gap energy offset offset
. m:ilGaAs AE, AE¢ AEy
[meV] [meV] [meV]
0 0.067 m, 0 0 0
0.1 0.075 m, 125 75 50
0.2 0.084 m, 249 150 99
0.3 0.092 m, 374 224 150
0.40 0.100m, 499 299 200
0.45 0.1 b4 m, 561 337 . 224
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2.2.2 Electron LO-phonon interactions: Frohlich interactions

According to the microscopic lattice dynamical model, the electrons are described

by the Hamiltonian [57]
H = Hy + Hy, + H,,, , (2.12)
where H, is a single-particle Hamiltonian
. # 2
H, = -v: + U[F) , (2.13)
2m

here the potential energy U(7) includes the electrostatic potential and conduction

Y

bandedge discontinuity, and m’ (7) is the electron effective mass. H pn 18 the Hamilto-

nian representing for a phonon bath maintained in thermodynamic equilibrium,

: 1
H, = %hmq—(a;aq+ 5-) : (2.14)

and H o-pi 18 the electron-phonon interaction given by

~

H, , = f—;za(é)e"@"? (a; e + at, &™), (2.15)
qg

where § = O +q, is the phonon wave vector; here O stands for in-plane phonon wave

vector, and g, the phonon wave vector in z direction. a; and a”; are the phonon

q q

annihilation and creation operators, respectively. a(g) is a coupling strength for a

phonon of mode §, ® the phonon angular frequency, and ¥V is the normalization

volume.

According to Ferm1’s golden rule, the scattering rates of an electron from an initial

state Im,kiy> in the mth subband to all final states In,k,{,,) in the nth subband accom-

panied by emission (or absorption) of a phonon with energy 7o 1s [12,58,59]

o |

T;

A, p|m k) 8(E, -E; Fho)dN,, (2.16)
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where the upper (lower) sign refers to emission (absorption) of the phonon. E; and

E . are the total energies of the electron at nitial and final states, respectively. In this

expression the integration is done over the final density of states N .. The illustration

of scattering processes involving the LO phonon allowed by conservation of energy

and conservation of momentum in the xy-plane 1s shown i1n Figure 2.3.

Xy

Figure 2.3  Illustration of scattering processes involving an LO phonon allowed by conser-
vation of energy and conservation of momentum in the xy-plane.

For the LO-phonon scattering mode, the coupling strength a(g) is given by [19,
60,61]

2
()’ = 2::-73-(-‘-’-‘-’-( d ]{—3-——1—] (in SI units) , (2.17)

2
q 4”30 KOD KO

where k., and K, are the high-frequency and static dielectric constants of the QW, &,
the permittivity of vacuum, e the electronic charge, and %sw, is the LO-phonon

energy. Using Egs. (2.15), (2.16) and (2.17) the electron LO-phonon scattering rates

from an initial state Im,k,%,) in the mth subband to all final states In, k;tﬁ,) in the nth

subband is therefore [12,60]
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-
— = G ([ 1., +1)8(E, — E; ey )+ NoS(E; - E + oo, |d kS, , (2.18)
i
27 e’ 1 1
C. = 2 hi —_— 2.19
’ (27r)3( " wo{élm:o}[xw KO]’ (2.19)
Ny = — ; (2.20)
ha,
exXp - 1
[kBTJ
0 = Ui, f +(kf ] —2ki kS cosg @221)
hk!
( xy#)z = Ef_ gm = & , (2.22)
2m
nk!
(zxy)z = E,— ¢,F ho, = e+(¢, - 8,,) + ho, , (2.23)
m

where N, 1s the thermal population of LO phonons at temperature T, k, the Boltz-

mann constant, ¢ the angular between E;y and l-cg,, and ¢ 1s the in—piane kinetic

energy of the electron. The term 1,,,(Q) is defined as [17,58,60]

+-00 9
I, (0) = _L %;‘%dqz . (2.24)
where
L
Gun(a:) = | xm(F)expli,z) x,(F)dz (2.25)

0

determines momentum conservation in the z direction; here z = z+ 6,. With the func-

tions given by Egs.(2.3) and (2.7), the exact formula forZ (Q) can be given in the
form [60] | o

I..(Q) = 5 ” 0n(2)o, (2)exp(- 0z - 2))0,, (Y0, (2')dzdz' . (2.26)
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For a system operated at temperature T = 0 K the thermal population of phonons

is equal to zero; i.e. N, =0. In other words, only a spontanecous LO phonon emission

exists. As a result, Eq. (2.18) reduces to

1
~ = Gy [[ 2,,(Q)8(E, ~ B/ - hosy )akS, . (2.27)
By substituting d°k}, =kJ dgdk], = ’:2 d$dE'; here E' = E, +ha,, the scattering
rates become
| «\ 2T
— = CO(mg} _[ Imn(Q)d¢I 5(EI —E')dE’ ‘ (2.28)
b ") g E’
and 1t is finally obtained,
1 - 2z
m
Lo o) Fraiow
T; h B

To obtain the useful analytical expressions for the intra- and intersubband scattering

rates, the considerations will be divided as follows:

(i) The intrasubband scattering rates (m=n)

The intrasubband scattering processes will be achieved if the in-plane kinetic

energy of the electron 1s just enough to emit an LO phonon; i.e.& 2 i@, . The integral

I..(Q) given by Eq.(2.26) can be obtained for two extreme conditions as follow [60]:

Z ; forQ ( g,
1,0 = { , (2.30)
b,sz ; forQ » q.

L,
where 1 =2 fqo,f (z)pZ(z)dz = > . From the both resulting approximations
bnn 0 Lejf

given in Eq.(2.30) the formula for 7, (Q) can be aﬁprbiiﬁlatély written in the form

T

1 (Q) O(1+5,,0)

1t

. For all values of O (2.31)
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By substituting 7,, (Q) given in Eq.(2.31) into Eq.(2.29), and using Eqs.(2.21)-

(2.23), the intrasubband scattering rates is finally obtained

o\ 27
1 m 7T
— — 2.32
Tposn (ﬂ) CO( h ’ J 6[ Qﬁnn Il + bm: Qﬁrm ]d¢ , ( )

0.

where 1,.,,(B) = 7; is the intrasubband scattering times, and O,

From Egs.(2.21)-(2.23), it can be obtained

* 1/2
O = | ZJpop{15(1-1) -2 fi-Teosa| . e

where [ = Fy 1s a dimensionless in-plane kinetic energy of the electron in units of
Wy

LO-phonon energy #a, .

(ii) The intersubband scattering rates (m = n ; here only m > n is considered)

According to the analogous method above the results of Eq.(2.26) are [60]

%[M] s forQ (( ¢
L (©) = { 7 Lbn? -n?)

T

2
mn

, (2.34)

- ; forQ ) q,

Ly
where bl =2 J go,f, (z)qo,f (z)dz= L2 . From the results given in Eq.(2.34), the
mn 0 | eff ﬂ

formula for 7, (Q) can be approximately written in the form

_ i
I, = — ; For all values of o 2.35
©) Ay +b,,0° e .. @)
7 \m? —n® L ] . ]
where 4, = ] MR . By substituting 1, (Q) given in Eq.(2.35) into Eq.(2.29),
m* +n

the intersubband scattering rates 1s obtained
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o\ 27T
1 m /4
= .= S S—— 1 2.36
T’“"’"(ﬁ) O(hz] (-)[ Amn + ban[Zi'mn ¢ ( )

here t,,_,, (B) = 1, is the intersubband scattering time, and Qg,, = Q. Again, by using

Eqgs.(2.21)-(2.23)
21 ’1 + cosd)} , (2.37)

Ovn = [2’”*)71@05 [1+ 1+

&, &, th? m* - n
where y = ———— = -
ha, 2m ha)o eﬁ,

2.3 Results and discussion

In this section semi-analytic calculations for electron LO-phonon scattering rates
(or times) in a GaAs/Alg3GapsAs SQW structure are presented. Unless otherwise

speci-fied, the following calculations have been performed with the matenal

parameters: x, =12.90, x,=1092, and #hw,=36meV [60]. According to

Eqs.(2.32) and (2.36) the scattering rates (or times) can be plotted as a function of in-
plane kinetic energy of the electron (Figure 2.4). To compare our calculations with the

results reported by Ferreira and Bastard [12] the well-width dependence of these

scattering rates (or times) are also investigated (Figure 2.5).

Figure 2.4 presents the resulting calculations of the in-plane kinetic dependence of
the intra- (1->1) and intersubband (2—>1) scattering rates (or times) for different well
widths: L = 60, 80 and 100 A at temperature T = 0 K. The results shows that both
intra- and intersubband scattering rates (or times) weakly depend on in-plane kinetic
energy of the electron. For the intrasubband écattgi'ing the ratés are always: ze;fo at
[ <1. The reason for this is that electrons have no chance to emit LO phonons in this

energy region
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Figure 2.4 (a) In-plane kinetic dependence of the intra- (1—1) and intersubband (2—>1)
scattering rates due to an LO-phonon emission in GaAs/AlyGay,As SQW

structures of well widths 60, 80 and 100 A at temperature T = 0 K, and (b) the
corresponding 1ntra- and intersubband scattering times.
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Figure 2.5 (a) Well width dependence of the intra- (1-»1) and intersubband (2—1)
scattering rates due to an LO-phonon emission in GaAs/Al,;Gay,As SQW

structures for different in-plane kinetic energies; B = 0, 1 and 2, at temperature
T =0K, and (b) the corresponding intra- and intersubband scattering times.
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In Figure 2.5 the plots are obtained for the well width dependence of intra- (1-—>1)
and intersubband (2—1) scattering rates (or times) at temperature T = 0 K. For a
narrow QW with the well width L <100A resulting in large values of the energy

separation between the two subbands invloved, E, - E, > 3hw,, these scattering rates

(or times) are not strongly dependent upon well width (see also Figure 2.4). For the

intrasubband scattering (1->1) the resulting calculations show that the scattering times

are almost independent on the well width.

For the intersubband scattering (2-—1); especially for the cases of electron initial

states with small in-plane kinetic energies ( # — 0), the rates monotonically increase

with well width. When the quantum well becomes wider which results small values of

the subband energy separation E, — E, the rates strongly increase with well width, and

have a peak at the point at which E, — E, = ha,. For fairly wide QWs (L > 180 A) that

have E, — E, < hw, the intersubband scattering due to LO phonon emission 1s 1impossi-

ble. Furthermore, 1t 1s clearly seen that the intersubband scattering (2—1) times are

always longer than the intrasubband scattering (1—1) times for all cases of f#>1.1t 1s

also found that the inter- and intrasubband scattering times differ by less than a factor

of 3 for L > 100 A, but nearly an order of magnitude in narrow QWs.

Figure 2.6 compares the semi-analytic calculations of the scattering times, based
on our approach, as a function of well width to the numerical results calculated by
Ferreira and Bastard [12]. It can be seen that the semi-analytic results, especially for the
intrasubband scattering, have a quite good agreement with the results reported in Ref.
12. This provides a strong support for the application of our simplistic methodolo-gy to
other similar systems. Furthermore, the results  also show that the intrasubband
scattering time due to LO-phonon scattering is approximately on the order of 0.1-0.2
ps, while the intersubband scattering time exceeds to the order of 1-2 ps, depending
upon the well width. It is, however, our approach having an advantage of that the
analytic expressions given in Eqs.(2.32) and (2.36), respectively, for the intra- and

intersubband scattering rates (or times) are quite simple and practical to generalize to

other similar QW systems.
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Figure 2.6  Comparison of the well width dependence of the intra- (1-—>1) and intersubband

(2—>1) scattering times, due to an LO-phonon emission in GaAs/Al;,Ga,;As
SQW structures at temperature 7 = 0K, as calculated by our semi-analytic
approach and by the numerical method described in Ref. 12. The lines, sohd

( ) and dash-dot (==-=-), are the semi-analytic results based on our

methodology. The symbols (® and O) are numerical results of the scattering
times extracted from a typical calculated result in Ref. 12.

2.4 Conclusions

[n summary, starting from the Frohlich interaction and Fermi’s golden rule, the
expressions for the intra- and intersubband scatering rates (or times) have been
obtained. Semi-analytic calculations are carried out for a GaAs/Aly3Gags7As SQW
structure. The results mainly show that the scattering rates, both for the intra- and
intersubband scattering, weakly depend on in-plane kinetic energy of the electron. For

the intrasubband scattering the rates gradually decrease at f>1. If f <1, electrons

have no chance to emit LO phonons resulting that the rates are always zero in this

region.

The investigation of the well width dependence of the intra- and intersubband
scattering shows that the intrasubband scattering times gradually increase with well
width while the itersubband scattering times monotonically decrease. For the QW
structures with narrow well widths (L <100 A) it is found that the intrasubband scat-

tering times are always much shorter than that for intersubband scattering. These rates

are close to each other for wider QWs.
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Chapter 3

Longitudinal optical phonon assisted tunneling
1in double quantum well structures

In this chapter a theoretical study of the condition to achieve inverted population
in a semiconductor DQW structure 1s presented. The aim is to calculate the tunneling
rates for interwell transitions due to electron LO-phonon scattering in a DQW structure
as shown schematically in Figure 3.1. This structure is similar to that used as an inter-
subband lasing unit in QCL structures. It consists of a wider well (QW1) as a lasing
unit, and a narrower well (QW2) as an electronic energy filter by varnous type of

tunneling mechanisms. The tunneling rates are mainly investigated as a function of the

difference in energy between the E; level of the QW1 and the E; level of the QW2
(see Figure 3.1).

3.1 Introduction

Recently, it has been demonstrated that in order to achieve inverted population in a

triple barrier resonant tunneling structure (TBRTS) one should ensure efficient re-

moval of carriers from the E; level [15,62,63]. Transport through the TBRTS has also
been extensively theoretically [64-66] and experimenfally [67-69] studied. The physics

of resonant tunneling in these systems is much more than an extension of the results of
the double-barrier case [1,2,70-77] since the former involves the coupling of quasi-
bound states between two adjacent wells in the DQW structure. In most cases the
experimental resonant position corresponds to theoretical prediction based on a 1D
self-consistent solution of Poisson’s and Schrédinger equations. However, the ampli-

tude and width of the LO-phonon peak differ significantly from the 1D-model [68].
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This discrepancy arises from scattering processes which accompany tunneling pro-
cesses and result in sequential, rather than coherent, tunneling. This was clearly
demonstrated 1n experiment with application of strong magnetic field parallel to the
current [67-69]. These papers experimentally prove the essential role of LO phonons
for sequential tunneling. Theoretically, the role of LO-phonon assisted tunneling in
resonant tunneling was also extensively studied [67,70-75]. The main result for TBRTS

shows that the resonant peak in the current-voltage characteristics became wider and a

satellite peak appears at an LO-phonon energy.

Another LO-phonon assisted tunneling problem comes from the studies of a ver-
tical transport in superlattices [78,79]. It was found that LO-phonon scattering is the
most efficient process for hopping conductivity [80]. It has also been shown by Tsu
and Ddhler [78] that superlattice transport can be reduced to a DQW problem. The
transfer integral for the DQW system was calculated by Calecki et al [79]. However,
the calculation did not take into account that initial and final states should be orthogo-
nal, and their result takes only the exponentially small overlap of wavefunctions in the
barrier. This problem has be resolved numerically by Weil and Vinter [80], and their
result shows that the main overlap comes from well regions, but not from the
interbarrier overlap. This approach has been generalized by Ferreira and Bastard [12],
and Harrison [81]. These calculations take into account the slope of conduction band in
the heterostructure affected by applied electric field, and also consider other various
mechanisms for interwell scattering such as the electron-electron (e-¢) and electron-
acoustic-phonon scattering. However, in both papers[12,81] the 1D-Schrédinger equa-
tion was treated numerically without taking into account the different effective masses
of electrons in the wells and barriers. The exact analytic solution of the 1D-Schrédin-
ger equation taking into account the different effective masses has been obtained by

Allen and Richardson [64]. However, the resulté are not practical to calculate the

matrix elements for the LLO-phonon transitions.
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3.2 Formalism of LO-phonon assisted tunneling in double quantum

well structures

3.2.1 Electronic states in a DQW structure

Electric field, F

r- Conduction
gﬁ i i bandedge
2 ! | |
R
| )
i ’ |
C ' I |
0 Zy Zy  Zq Growth axis-z

Figure 3.1  Schematic conduction bandedge profile of a DQW structure with a wider well

(QW1) as a lasing unit and a narrower well (QW2) as an electronic energy filter
by various types of tunneling mechanisms.

A GaAs/AlGa;xAs DQW structure is schematically shown in Figure 3.1, This has
been used as an intersubband lasing structure, consisting of a wider well (QW1) as a

lasing unit and a narrower well (QW2) as an electronic energy filter by various type of

tunneling mechanisms. To create lasing efficiency, in general, it is necessary to achieve

a sufficient population 1nversion between subbands E, and E, in the QW1. Popula-

tion inversion occurs when the device has appropriate design parameters providing a

good electron confinement at the upper subband E, and short electron lifetime at the

lower subband Ej.
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In this chapter the tunneling rates of electron from the subband E; are investi-

gated. The investigation mainly focuses on a variation of the electron tunneling rates,

1 , as a function of the energy difference E, —E, ; where 7, is the tunneling time of
0

the electron from subband E,. The notations E,, E, and E, stand for the electron

states in each of the wells when 1solated from each other (see Figure 3.1).

However, in reality, one has to consider the system where two potential wells are
connected via a barrier that permits a measure of quantum mechanical tunneling. For
reasons of simplification, the DQW structure shown in Figure 3.1 can be simplified by
neglecting the effect of linear potential drop in the wells, and consider it as a rectangu-
lar QW with finite-wall problem. To make the results more realistic 1t 1s useful to take

into account finite barrier heights in first approximation (as employed 1n Chapter 2)

that give for effective well widths of QW1, QW2 and barrier thickness in terms of a,,

d, and b,, respectively [39,42,46-53] :

C

and

h

2£m"f ]m;U ;
m,

where L, and L, are the well widths of QW1 and QW2, respectively. b refers to the

S,
]

, 1=0,1,2,3 (3.2)

middle barrier thickness, m,, and m, stand for effective masses of the electron in the
QWs, and 1n the bamers, respectively. U, are the heights of the barriers adjusted to the

QWs that takes into account applied electric field F, given as

L
UO = AEC+ eF(—;-J, Ul —_— A‘EC_ eF(L];b)
3.3
L,+b { L, 5-2)
UZ = AE’C-I_ el 2 5 U3 = AEC_ eF —2—-
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where AE_. 1s the conduction band-offset of the GaAs/Al,Ga;.xAs heterostructure, F
1s the magnitude of the applied electric field, and e is the electronic charge. In general,

2h?

this approach works well if the barrier is high enough; i.e. — >
2m d

<< AEC:

According to the approach above, and neglecting the exponentially small tails of
the wavefunctions as they give a small contribution to the LO-phonon matrix element,

the ground state wavefunctions in each of the wells when isolated from each other can

be given by

> 0 y Z <=0,
0, (z) \/a: sin[—’f- (z + 5, )] —0, <z <2, +0 (3.4)
c d

c

0 ’ Z>ZI +5l
0 32 <Zy =0,
2 .7
0,(z) = /d_ 51n[-d—(z3 +0,4 -z)] 32y =04y <Z < Zy+ 0, (3.5)
¢ CO ;Z>23 +63

where ¢, and @, stand for the unperturbed states E; and E,, respectively. Because

wells are coupled, one can assume that the eigenfunction of the system is a linear

combination of ¢; and ¢, [82-86]. Thus,

olz) = aplz) + a,p,(2), (3.6)

In this approach the values of a, and a, are determined from the eigenvalue equation

E, M |
l . 12- al - EI al . (3.7)

where E’ is the energy eigenvalue of the electron when wells are coupled. M,, is the
transfer integral between the states E;, and E,; in this work it is assumed that

M,, =M, =-M, and T is half width of the E, level. According to the approach

introduced by Bar-Joseph and Gurvitz [86] the latter M can be given as
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mw "

. « \1/2
M = “E[_g:j[\/[,z_l,][f]iff;} exp(-Kb), (3.8)
* w 142

mp

where

(3.9)

The resulting calculations for the DQW structure with well widths and barrier thick-

ness: L, =66 A, L, =33 A and b =26 A, give the approximate values of M around

5.0meV depending on the magnitude of electric field. However, experimental data

reported by Li et al [15] gives M as about 7.5meV for such the DQW structure.

Furthermore the perturbed energy eigenvalues satisfied Eq.(3.7) are determined by

the secular equation,

det E'-E M = 0 (3.10)
M E-E -iT) |

and 1t 1s finally obtained that

T S

The actual energy splitting clearly depends on the magnitude of the transfer integral

M , and the half width I of the E, level. With the introduction of & = £, ;El and
w=_|le°+ (M 2 —%FzJ the normalized eigen wavefunctions are

(o(i)(z) = Cl(i)%(z)*'*' Cgi)‘?z(z) , S (3.12)
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:JMZ _1r2
where C =— 2 23 and CP =

(0¥ &)’ +(M2 --}i-rz) (0F &)’ +(M2 -irz) |

w+eE

3.2.2 The LO-phonon assisted tunneling in a DQW structure

According to Fermi’s golden rule, the scattering rates of an electron from an initial

state 'm,kiy> in the mth subband to all final states |n,kxfy> in the nth subband accom-

panied by emission (or absorption) of a phonon with energy % is [12,58,59]

ol | G

ﬁe_p,,|m,k§y)|2 5(E, ~E, ¢hw)de - (3.13)

where the upper (lower) sign refers to emission (absorption) of the phonon. E; and £,

are the total energies of the electron at initial and final states, respectively. In this

expression the integration is done over the final density of states N,. For the LO-

phonon scattering mode the rate 1s therefore [12,60]

1

'z'__ = G, _” L, (Q)[(No +1)5(Ei ""Ef "ha’o)+N05(Ef "Ef +hw0)]d2kfr » (3.14)

associated with the appropriate variables as given in Eqs.(2.19)-(2.23). The integral
) (Q) can be obtained from Eq.(2.26), and it is simplified by considering the results

only for an extreme condition of small @ values; i.e. 0 <<gq,.

By substituting wavefunctions given by Eq. (3.12) into Eq. (2;26)

(H) ) (M) Clawlatlae
L) = ZIEOCOT | [eePf | agreepel |
Q|1+02070a,  1+0207Qd, Q(a" ; dc)
+) —+D, +—
2 2

and the magnitude of the in-plane phonon wave vectc;r 0 gi\ién in Eq. (2.21) can be

written as
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-~ 61 — 112
Q = o3 hao f+[1+]1+ 5 -2 1+ F; COS ¢ s (3.16)

where ¢ is the angle between E:y and Ex{, The dimensionless energy parameters § and

y are defined as follows:

5 £ hz(kiy)z

_ _ V) (3.17)
ho, 2m_ ho,
g0 g0 (g -£ ) +(an? -12)
y = =R _N&TAJ TR 7 ) (3.18)
hao, ha,

The expression for the LO-phonon assisted tunneling rates given in Eq.(3.14) asso-

ciated with Eqs.(3.15)-(3.18), in general, can be applied to any L.O-phonon scattering

processes from the mth subband to the nth subband. It clearly shows that the rate 1

T.

depends on both S and y.

3.3 Results and discussion

Semi-analytic calculations of the LO-phonon assisted tunneling rates have been

performed for a GaAs/Aly3Gag7As DQW structure with relevant characteristic parame-
ters: L, =66 A, b=26 A, and L, =33 A. In Figure 3.2 the tunneling rates at tempera-

ture 7 = 0K for different values of M : 5.0meV and 7.5 meV are investigated as a

function of the energy difference E, — E, . In these plots the resulting calculations of

the LO-phonon assisted tunneling rates (solid line) are mainly to compare with the

coherent tunneling rates (dash-dot line)

A o= eimEW 2 L1 - — L (19)

3 coherent h | 2h 1+ 4 M 2 -?-I‘z
‘ (& - £ )

(see for details in Chapter 5).
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Figure 3.2 Electron tunneling rates as a function of the energy difference £, "E; at

operating temperature T = 0K for different values of the transfer integral M :
(a) 5.0 meV, and (b) 7.5 meV.

Figure 3.2(a) shows that for M =5.0meV the tunneling rate due to electron-LO-
phonon scattering 1s much less than the rates due to coherent tunneling. However, these
rates of LO-phonon assisted tunneling and coherent tunneling become comparable to
each other when the magnitude of the transfer integral M increases; see Figure 3.2(b).
In general, the results show that it is possible to get effective LO-phonon assisted tun-

neling even though the rates are slightly less than that from coherent tunneling.
However, the LO-phonon assisted tunneling has an advantage of a wider energy range

and is less sensitive to nonparabolicity effects than coherent tunneling.
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Figure 3.3 In-plane kinetic energy dependence of the LO-phonon assisted tunneling rates at

operating temperature I' = QK for different values of the transfer integral M :
(a) 5.0 meV, and (b) 7.5 meV.

In addition, our formula can be used for roughly investigating the tunneling rates

for hot electrons, 1.e. f# 0. According to Eq.(3.16) one can easily find that the in-
plane momentum transfer gradually increases with £. As a result, the integral I, , (Q)

is slightly decreased that results in decreasing of the LO-phonon assisted tunneling

rates at a particular value of the energy difference E, - E .

Figure 3.3 presents the in-plane kinetic energy dependence of LO-phonon assisted

E,-E,

tunneling rates for different values of the dimensionless energy difference ;
@y

: 0,
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|

3 and 1; assuming the transfer integral M : 5.0meV and 7.5meV. The calculated

results mainly show that the tunneling rates due to LO-phonon scattering are weakly

dependent upon the in-plane kinetic energy.

3.4 Conclusions

Starting from the Fréhlich interaction and Fermi’s golden rule as described in
Chapter 2, the tunneling rates due to electron-LO-phonon scattering in a semiconduc-
tor GaAs/Al;Ga;.xAs DQW structure can be obtained. In general, the resulting calcula-

tions mainly show that the tunneling rates monotonically decrease with the energy
difference E, — E r , and strongly depend on the magnitude of the transfer integral M .

These rates are calculated at temperature T = 0 K. However, the expression given by

Eq.(3.14) 1s quite simple and practical to generalise to other systems considered at

temperatures 7 > 0 K.

To calculate the tunneling rates more accurately, it should be mentioned that e-e
scattering 1s also an effective inelastic scattering channel. In our geometry [62,63] the
2DEG in front of the first barrier is likely to have suitable density to ensure effective
inelastic scattering. To compare this calculation with experiment it should be men-
tioned that only indirect measurements are available at the present moment. Further-
more, 1t has been also found that the average LO-phonon assisted tunneling rates
depend strongly on the distribution function of in-plane kinetic energy of electrons [87-
89]. As a result, for any particular case one needs to know which part of the distribu-
tion function is meaningful for the experiments. However, our results mainly give a

simple way to calculate the tunneling rates for various conditions and geometries of the

structure.
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Chapter 4

Nonequilibrium electrons in double quantum
well structures

A theoretical study of hot electrons in a triple-barrier DQW structure (see Figure
4.5) is presented. A system of coupled kinetic equations that describes the nonequili-
brium population in each subband has been derived. An analytic solution of the model
kinetic equation has been found. Our approach differs from previous treatments

[90,91], where the electron distribution functions are based on the two extreme limits:

: : : T cey q
(i) low electron concentration corresponding to —- << 1, and (ii) high electron concen-

TEE

: : T
tration corresponding to—=2>1; here 7, and z,, refer to electron-LO-phonon (e-LO)

Tee

scattering and electron-electron (e-¢) energy relaxation times, respectively. In the

C e L . . . T
present work, the distribution functions are investigated for the whole range of —-

ree

ratios. The outcome of the kinetic equation for subband distribution functions provides

a comprehensive description of gain in intersubband lasers.

4.1 Introduction

. SV

Studies of mid- and long-wavelength infrared (IR) lasers based on electronic inter-
subband transitions within the QWs in semiconductor low dimensional heterostruc-
tures have attracted a great amount of interest since the first demonstration of a QCL
was reported by Faist ef al [8]. Continued development of QCL operation, improving
the threshold current and the maximum temperature of operation, requires a soundly-

based understanding of the effects of changing design parameters on the intersubband
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population kinetics. For efficient lasing, specially designed structures providing
sufficient global population inversion between the two subbands involved are required.

In our earlier work [62,63] it has been shown that to achieve inverted population in a

GaAs/AliGa;xAs DQW structure (shown schematically in Figure 4.5) one should

ensure an efficient removal of carriers from the E, subband. Population inversion

occurs when the device has appropriate design parameters providing a good electron

confinement for subband E, and short electron lifetime in the E, subband.

Recently, it has been shown by Faist et al [92] that for lasing 1n the intersubband
lasers, global population inversion is not a necessary condition but that nonparabolici-
ties combined with the nonthermal electron distribution in the laser unit can make
lasing action possible. This idea has been theoretically studied by Gelmont et al.
[90,91]. The main calculations of these papers were directed to investigate the spectral
line shape of radiative intersubband transitions in a QW. It has been found that the line

shape of radiative intersubband transitions is determined by two factors:
(1) the electron intra- and intersubband scattering rates, and

(11) the effective mass differences between the two subbands involved.

The interplay between these two factors leads to essential non-Lorentzian form of

the spectral line. Calculations of spectral density of gain g(Q) are described as a func-
tion of the electron distribution functions f(s,) and f,(g,) in both subbands E, and

E,,where ¢ and &, are the kinetic energies in the subbands E, and E,, respectively.

Generally, the distribution functions are nonthermal and their actual shapes strongly

affect the spectral density of gain [91]. At very low electron concentrations the distri-

bution function f;(g,) is given by a quasi-discrete ladder with the occupation probabi-

lities decreasing toward the subband bottom [91,93]. A thermal equilibrium distribu-
tion function based on arguments of fast e-e scattering is considered in the majority of
these papers [91,93,94]. However, there is substantial gap between the two limiting
cases, the very low and high electron concentration regimes of operation. The most

typical shape is continuous, but the distribution function is strongly nonequilibrium.

This behaviour, 1n fact, has been studied extensively via the ensemble Monte Carlo
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technique (see particularly the work of Goodnick, Lugli and their collaborators)
[88,95,96].

Our approach has an advantage of that it is more convenient to build up a model to
investigate the kinetics of electron scattering in other similar systems by changing the

relevant controlled parameters. However, there are some limitations of this model that

will be discussed later in Section 4.5.

4.1.1 Optical Transitions : Optical matrix elements and selection rules for

intersubband transitions

The intersubband transition rate for electrons confined in the conductidn band of

QW structures can be calculated by time dependent perturbation theory, in particular
the Fermi golden rule [83, 84]:

Wi\ o(E f2)-EFL) * m0), @D

2 -] A
W = —hzz Kf’kxj); lHe-photon
f

where i and f represent initial and final states with total energies E; and E,, respec-

tively, the ¥ /i is for photon to absorption (upper sign) or emission (lower sign), and

F o il

H,_ so0n 18 the electron-photon interaction Hamiltonian; here k., =k.e, +k,e, 1s

the transverse wave vector of the electron. According to the electric-dipole approxima-

tion, which treats the electric field as constant across the electronic states, the optical

matrix element has the form [83]

H

M= (/K]

iﬁEiy) = (fs _xfy lgﬁllik‘;y> ’ (4.2)

e—phoiton

L

A wn— . A a a A . - .
where p =-ihV = —zh(ex ™ +e,—+e, -56—} 1s the momentum operator, and & 1s the
X 74
polarization vector of light.

As an example, consider photon absorption (or emission) between bound states 1n

the quantum well aligned along z, shown in Figure 4.1. We have known from Section

2.2 that the electron wave function is factorized into a product of an envelope wave

function restricted in the growth direction, ¢,(z), and a transverse plane wave as given

in Eq.(2.3).
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Figure 4.1  Optical absorption by transitions between electronic states in a quantum well.

(a) Envelope functions along the growth direction with energy levels. The
thickness of the arrows are rough indications of the coupling strengths of the

transitions, with broken lines indicating forbidden transitions. (b) Band struc-
ture in the transverse kxy plane showing the vertical nature of the allowed tran-

sitions, with the Fermi level £ ..

Firstly, suppose that light propagates normal to the QW layers so that the polariza-
tion vector of the light is either £ =&é_ or & =¢& e, , where ¢ is for the magnitude of

el P

the polarization vector. In the case £ =&e_, &-p= —ihgé which affects only the

transverse plane wave of the bound state. Thus,

E-p)|ikL) = enk,

kL) (4.3)
and

M= (FELE 5

k) = enk(fkllikL) = 0. (4.4)

Physically, this means that no light is absorbed with this polarization and the same

obviously holds for the case § =¢é, . Thus light propagates normal to the QW layer

cannot be absorbed 1n these transitions.

v T
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Now consider the case & =& e, , the electric field normal to the QW plane, which
requires light to propagate in the plane of the well. In this case, f -p=-ihé& -a%- , Which

affects only the envelope wave function ¢, (z) of the bound state. Thus

z,l%,) = f(f, “xy D, i,E;;,)

il »

= &(f)p.li)o(ES )

Mﬁ = (f’E{ylgﬁ

: (4.5)

This implies that the optical matrix element M , ( f |pz| ) if k’r k’ i.e. the

transitions preserve the conservation of the transverse momentum of the electrons, and

zero otherwise. Thus, optical transitions are vertical 1n transverse k,, plane, as shown

in Figure 4.1. Another important task is to evaluate the matrix element

- YR
(f|P2|‘> = _m-!o dz@f(z)g% (Z) ' (4.6)

As we have known that the envelope wave functions, ¢, (z), in a symmetric well

schematically shown in Figure 4.1(a) are either even or odd. The derivative changes the

parity, and the matnix element will be non-zero only if one state is even and the other

odd; i.e. |f-i=1,3,5, . This is a selection rule that governs which transitions can be

allowed in optical absorption (or emission). For example, optical absorption is

permitted from the lowest state (n=1) to n=1,3,5,-:-, but not to odd values of »
(Figure 4.1). The result can apply to any symmetric well, however it can be defeated by
deliberately growing an asymmetric well.

In addition, instead of using the matrix elements themselves, it is useful to intro-

duce a quantity, so-called the oscillator strength F, to charactenize the strength of an

optical transition, defined by [83, 84]

Fg =

Tl = 2

The latter matrix element z ; 1s called the dipole matrix elemem‘ and 1s commonly

z)l 4.7)

m ho

quoted. The strengths of optical transitions can be manipulated through the oscillator
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strength by changing the shape of the QW, or by modifying the occupations through

doping, injection of carriers, pumping, or simply a change in temperature.

4.1.2 Distribution Functions :

Fermi-Dirac and Boltzmann Distribution Functions

Distribution function 1s a function representing the average number of particles
that occupy a state, which depends on the nature of the particles concerned. For
instance, electrons, protons, and other particles carrying a half-integer spin, so-called
fermions, obey the Pauli exclusion principle, which states that no more than on fer-
mion can occupy a given state. The Pauli exclusion principle for fermion restricts the

occupation number of a state to be either zero or one. The average occupation is

governed by the Fermi-Dirac distribution function f(E,Ez,T),

f(E.Ep.T) = : (4.8)
exp[

E-E(T)| ,
kpT

where kj is the Boltzmann constant. The energy E(T) is usually called the Fermi

level in semiconductors, which generally depends on the temperature T . The Fermi-

Dirac function plotted for several temperatures is shown in Figure 4.2.

The important feature of the Fermi-Dirac distribution function is that it takes
values between zero and one, as it is expected from the exclusion principle. The transi-

tion from one to zero becomes more rapid as the temperature decreases, and it becomes

a Heaviside unit step function in the limit of zero temperature,

fE,Ep,T=0K) = O(EL-~E). (4.9)
Thus all states below Ep are completely filled, and those above are empty. In fact, the

notation Ep of E (T) at zero temperature is the strict definition of the Fermi level,

and the quantity E. (T ) 1s generally called the chemical potential u ; i.e. E F=limuy.

T-0

However, standard usage in semiconductor physics is to call both the Fermi level.
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Figure4.2 Fermi-Dirac distribution function at different temperatures : 0K, 10K, 30K,
100K and 300K. (a) For the case of a constant Fermi level E =10 meV.

(b) For a two-dimensional electron gas (2DEG) in GaAs at constant density

n,p ~3x10" ¢cm? The Fermi level E, moves downward from E} asthe
temperature rises [83].

At the energies far above E; on the other word E — E >> kT , the exponential

term 1n Eq.(4.8) 1s much larger than one. Thus the distribution function becomes

f(E,E.,T) =~ exp[— E;?‘) L (4.10)
B

This is the Boltzmann distribution. In our present work, the calculated distribution

function of electrons 1n each subband is mainly investigated at the energies far above
E . The Fermi-Dirac and Boltzmann distribution functions are plotted together for

comparison in Figure 4.3.
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Distribution Function

-2 -1 0 1 2 3
(E -E )T

Figure 4.3 Fermi-Dirac and Boltzmann distribution functions plotted on a common scale

. E - EF
against .

kyT

4.1.3 Basic Laser Physics :

Spontaneous and stimulated emission (or absorption)

The laser (LASER = Light Amplification by Stimulatéd Emission of Radiation) 1s a
source of highly directional, monochromatic and coherent light. The last three letters 1n
the word LASER are intended to imply how the device operates by the stimulated
emission of radiation. In general, the emission of radiation when excited electrons fall

to lower energy states occur randomly and can therefore be categorized as spontaneous

emission. This mean that the instant rate at which electrons fall from the subband E,
to a lower subband E; (see Figure 4.4) is proportional to the number of electrons

remaining in E, (the population of E, ). Thus, it is expected an exponential emptying

of the electrons to the lower subband with a spontaneous decay time 7, - describing

spon.
how much time an electron spends in the' E, subband. However, if conditions are

appropriate, the electron in the upper subband can bé stimulated to fall to the lower one
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by emitting photon in a time 7., much shorter than its spontaneous decay time; i.e.

Tstim. << Tspon.- LN stimulus is due to the presence of photons of the proper frequency.

Let us consider an electron in the subband E, waiting to drop to the lower sub-

band E; with the emission of a photon of energy #2 = E, — E, shown in Figure 4.4.

Now we assume that this electron in the upper level is immersed in an intense field of

photons, each having energy hQQ = E, - E,, and in phase with the other photons. The

electron 1s induced to fall from E, to E;, contnibuting a photon whose wave is in

phase with the radiation field. If this process continues and other electrons are stimu-
lated to emit photons in the same fashion, a large radiation field can build up. This

radiation will be monochromatic since each photon will have energy of precisely

nQ) = E, — E, and will be coherent, because all the released photons will be in phase

and reinforcing. This process of stimulated emission can be described quantum mecha-

nically to relate the probability of emission to the intensity of the radiation field.

E,

photons

eolls emission

absorption

stimulated emission

spontan

(2) (b)

Figure 4.4  Schematic diagram of radiative processes of electrons in subbands £, and E,:
(a) spontaneous emission, (b) stimulated emission, and (c) absorption.

A few observations about the relative rates at which the absbrption and emission
processes occur can be simply described by Einstein method [97,98]. If the electrons
exist 1n a radiation field of photons with energy AQ, such that the energy density of the

field 1s p(Q), then stimulated emission can occur along with absorption and spon-
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tancous emission. The rate of stimulated emission i1s proportional to and to the energy

density of the stimulating field p(Q) and to the electron population in the upper
subband n,. Therefore, the stimulated rate can be written as B,, p(Q)n,, where B,, is
a proportionality factor for stimulated emission. The rate at which the electrons in E,
absorb photons should also be proportional to the photon field energy density p(Q) and
to the electron population in E;. The absorption rate can be given as B, p(Q)n,,

where B,, is a proportionality factor for absorption. Finally, the rate of spontaneous

emission 1s proportional only to the electron population in the upper subband. Intro-

ducing another proportionality factor for spontaneous emission A4,,, the rate of the

emission can be written as A4,,n,. For steady state at which the two emission rates

must balance the rate of absorption to maintain constant populations »; and n,, we

have
Byp(Q)r = Ayny+ Bpyp(Q)n, (4.11)
In general, the coefficients 4,,, B, and B,, are so-called the Einstein coefficients.

For thermal equilibrium, at which the Boltzmann distribution function takes into

account the relative population will be

E. —
n kT kgT

According to Planck’s law, the radiation field is

2hQ° 1
Q)= —
p( ) (n‘c:’} (hQ) ’

kpT

(4.13)

here ¢ is the speed of light. Substituting these relevant terms into Eq.(4.10),

3 i
A
TTc : 12| exp 19’ 1l « B, - exp hQ2 | (4.14)
2hQ° ) By kpT B, kT

Because this expression, Eq.(4.14), must hold for all temperature 7. Thus
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7303 éz_ = 1 . ...Bil?_ = 1. (4'15)
2hQY° ) B,, By,

Finally, with a presence of photon field

Spontaneous emission rate A

Stimulated emission rate B, plQ 2HQ’
Stimulatedemissionrate _ B,p(Q) _ ( }p(Q). (4.16)

As Eq.(4.16) indicates, the way to enhance the stimulated emission over sponta-

neous emission 1s to have a very large photon field energy density p(Q). In the laser,

this condition 1s fulfilled by providing an optical resonant cavity in which the photon

density can build up to a large value through multiple internal reflections at certain

frequencies. Similarly,

Stimulated emissionrate B, p(Q)nz N,

. = (4.17)
Asorption rate B, p(Q)nl n

This suggests that it 1s possible to have stimulated emission dominated over

absorption of photons from the radiation field if we have a right condition of main-

taining more electrons in the upper subband than in the lower subband; i.e. n, > n,.
This condition 1s quite unnatural since, in general, n, <n; for any equilibrium case.

Because of 1ts unusual nature, the condition n, > n, is so-called population inversion.

In summary, Eq.(4.16) and (4.17) indicate that if the photon density is to build up
through a predominance of stimulated emission over both spontaneous emission and
absorption, the device must provide such the two relevant requirements: (i) an optical

resonant cavity to encourage the photon field to build up, and (it) a means of obtaining

population inversion.
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4.2 Formulation of the model kinetic equations

Applied electric field, F

QW2
By
lout
gﬁ Conduction
3 (a) Bandedge
&3

0 k

(b)

Figure 4.5 (a) Schematic diagram of the conduction bandedge of a DQW structure and

kinetics of electrons scattering. (b) The subband diagram presenting the radia-
tive intersubband transitions in the QW1, and also shown the nonradiative inter-
and intrasubband transitions by emission or absorption of L.LO phonons.

Kinetics of electron scattering shown schematically in Figure 4.5 can be described

by a model kinetic equation [99-101}

of; (3 i )
ot

= S10(6))+C..(e:)+ Ri(e)+Gile)) 5 i=12 (4.18)
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where f;(g;) is the electron energy distribution function, corresponding to the occupa-

tion probability of kinetic energy states &; in subband E;; here E; denotes the total
energy of electrons. We consider the dispersion relations ¢, , (k) in both subbands are

different and nonparabolic. However, all the effects of interest here are simplified by

regarding the subbands themselves as parabolic, but characterized by different effec-

tive mass m; and m; [91]

hek*
5'1,2(") = EI,Z(k)"'El,Z(O) = > (4.19)

m

here k = k,, 1s the magnitude of in-plane wave vector of the electron.

Electron-LO-phonon scattering: The term S;,(¢;) is responsible for electron

scattering by LO phonons in subband E; [100]

Siole) = —rle)file) + Bile), (4.20)

r(e;) = -j;—x[No+(No+1)@(e,-—hwo)], (421)

B,(s;) = ',::x[(No"'l)fi(gi"‘h“’o) + NoO(s; —hay )fi(s; —hay )|,  (422)

where ® 1is a Heaviside step function, and 7, the intrasubband relaxation time due to a

spontaneous LO-phonon emission. For a sufficient narrow QW of any shape, the time

constant 7, = 0.1ps (for GaAs) [90,91,102]. N, is the phonon distribution function. If

LO phonons are strongly nonequilibrium [103], the appropriate function is used instead

of N,. In our case it will lead to an effective LO phonon temperature which differs

from the lattice temperature T; . The function y(g;) describes the transverse phase

relaxation rate due to the intrasubband scattering which is dominated by the interaction

with LO phonons. The latter term B;(s;) is resﬁonsible for the scattering-in of the

electron by emission (or absorption) of LO phonons. . .. - —



Chapter 4 Nonequilibrium electrons in DOW StrUCIUTES........ceviivriinirerevnrnnnsnees 52

Electron-electron scattering: To calculate the term C,,(g;) that describes e-e

scattering processes, one has to consider the e-e scattering probability W, (g, —> 8}) of
interacting electrons from initial states &; in subband E; to the final states £, in
subband E,. In a system with isotropic or nearly isotropic electron distributions, the

probability W, (8, —> e'f) 1s given by [99]

T
W6, > &) = -;lr- [ dgw, (F—F;) (4.23)
0

2

WEG(E,—)E}) = _Z fj(f:j)-gf—M 5(8,—+8j—8}—8;), (4.24)

k}' ,k; ;ki ’k]

where M B R, 1s the matnx element for the e-e scattering process of an electron
¥y g ity

with wave vector k; in subband E, and a second electron with wave vector k ; In

subband E j into the final states with wave vector E} and E; in subbands E f and

E,, respectively. For the problem with 1sotropic electron distributions, the average of

iy

the probability W, (I?,- —> E}) over the angle ¢ between k; and E} enters 1nto the

calculations as given in Eq.(4.23).

In order to simplify our calculations we neglect any mismatch in the properties of

the narrow- and wide-gap semiconductor lattices and also disparities in the dielectric

2

permittivity. An e-€ interaction operator is therefore, U, = — = where r is the
AregK,, 1

distance between two interacting electrons. The matrix element M, -, ; ; 1S con-

kpikgikik

sequently obtained [99]
2 9 “
AW € > o 1 e
My i, = (Fpoke|——Ik0k)) = "[ }‘5&}-;?.;.._:,’ (4.25)

where Q = !fc} — I?él = \/}} -k II is the relative in-p_lane wave vectprrof the interacting

electrons, which determines the in-plane momentum transfer of the electrons, and S

the surface area of the QW.
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Finally, one can obtain the e-e scattering C,,(¢;) in the collision integral form

199,100]

Cee (8‘.) = J‘ d&'} P j (8} IWee (8_'] — &; )f J (8; )_ Wee (gi — 8} )ft (81' )] > (426)
0

*
J
h?

m

where p; (5 j)= is the 2D density of states in subband E;.

The general expression for C,, (af) given by Eq.(4.26) associated with Eqs.(4.23)-

(4.25) is very complicated as it 1s a bilinear function of the electron distribution func-

tion, on the contrary to the other terms S,,, R; and G;. To reduce it to a linear inte-

gral equation form one can put in Eq.(4.24) the Maxwellian distnbution

fi(gi) = "i( ik )exp(— - }, (4.27)

m:kBTe kBTe

where n; is the number of electrons per unit area in subband E; and T, the electron

temperature. Physically it means that scattering of the minority of high kinetic-energy
electrons is affected only by the projection on the majonty of quasi-thermalized

electrons. In general, it 1s meaningful to include an elec-tron temperature 7, that

differs from the lattice temperature T; when the energy relaxation due to ¢-e scattering

is faster than the energy relaxation due to LO-phonon scattering; i.e.

hao,
kpT

€

T,e <Tp exp[-— ] [100]. Under these conditions the temperature T, can be found

using an energy balance equation. Even with this simplification the e-e scattering

probability W, (8,- - a'f) 1s still complicated and could be solved analy-tically only 1n

some special cases [99,104]. To handle the problem analytically we use a property of

the coulomb singulanty of the matnix element M B R at small momentum transfer.
gy

This singularity implies that scattering events with low energy transfer are dominant.
As a result, one can use the Fkker-Planck-Landau (FPL) approximation to transform

the collision integral Eq.(4.26) into a differential form [100,105] '
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Culer) =~z lpledalel] = 5-0ule). (4.28)

where the flux on the energy axis J,,(g;) is

Jee (81' ) = _I:Aee (81' ) + D ee (81' )-a_.af.‘_:lﬂ (8:' ) ’ (4'29)
Aee (gi ) = I dg: Pi (8: )(gi _8; )Wee (gi - 8; ) ’ (43 0)
0
Dee(gi) = % I dg;pi(g;xgi _8;)2 Wee(gi - 8;) ’ (4.31)
0

where A, (g,) is the dynamic friction, and D,,(g;) the energy-diffusion coefficients.

Recently, 1t has been numerically shown by Kinsler et al. [94] and Smet et al.

[101] that e-e scattering 1s dominated by small angle intrasubband events (i = f and
j = g) in which the initial electrons stay within their original subband after scattering

and their relative momentum transfer 1s small resulting in a small value of the energy

transfer. The main investigations of these papers [94,101] are directed to e-e intersub-

band scattering (i # for j # g). In this case the energy of final states of electrons lies

in a narrow region. Their resulting calculations show that the intersubband e-e scat-
tering events, which involve a change of subband at least for one of the electrons,

e

vanish at small values of in-plane wave vector k <k, ; where k_.  is the minimum

value of & that permits the intersubband transitions occur. For electrons at large values

of in-plane wave vector k > k., where the e-e intersubband transitions is possible,

e-¢ intersubband scattering processes are typically less important when compared to

e-¢ intrasubband transitions. In addition, they have also pointed out that for the suffi-

cient large values of the energy. separation between subband e-e ' intersubband
transitions become much weaker when compared to the e-e. intrasubband scattering
processes. These relevant results enable us to neglect the e-e intersubband scattering

processes and take into account only the e-e intrasubband transitions. For the kinetic
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energies ¢; >> T, the dynamic friction coefficient 4,,(g;) is independent of kinetic

energy [99]

4
Aee(gi) Aee = ('e—']ns = hwo ’ (432)

2.2
32hegK,, T,

where n, = n, + n, 1s the electron concentration in the QW1 and 7,, is responsible for

the e-e relaxation time at LO-phonon threshold. This relaxation time 7,, is important

for describing the competition between e-¢ scattering and the LO phonon emission near

the LO phonon threshold, represented by the dimensionless parameter

4
To To€ n.
= ¢ = |— _ _|p = —s_ 4.33
L (327@2% egx;J 3.84x10" cm™ (%33

(for the GaAs QW). At high electron concentration; i.e. 7 >>1, e-e scattering is domi-

nant. The e-e scattering rate in our approach defined by Eq.(4.32) differs from the

maximum e-e scattering rate introduced by Goodnick and Lugli [88],

[ = —M— n (in SI units) (4.34)
max aniqlelx? ) ” ’ |

where m,, stands for the electron effective mass in the QWs and g, is the inverse

screening length in two dimensions. The reason for obtaining the definition of the e-e

scattering in our approach is that electron gas energy transfer rate is determined by

transport cross-section which differs from the total cross-section of the screened

Coulomb potential that has been used in the Monte Carlo simulations [88]. If screening

2m:,a)0
h

parameter g, << , T,, appears to be kinetic-energy independent that makes

the problem more simplistic.

Electron escape from the subband: The term R, (g, ), in Eq.(4.18), describes elec-

tron escape from subband E;. For the lower subband E, in QW1 (see Figure 4.5) the

electron escape rate is ~ SRS | S

R (g) = _Als) (4.35)

y )
Tlaut
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where 7;,, 1S the electron escape time from the subband due to various types of

scattering mechanisms. In this present work we take into account only LO-phonon

assisted tunneling which is typically the most prominent scattering process, so that

R () = -(2N, +1)f‘£lg‘) , (4.36)

here 7, 1s the interwell scattering time due to a spontaneous LO-phonon emission. The

nonradiative time 7, can be tuned by changing the design parameters of the QWs and

barriers. To achieve the efficient removal of electrons from subband E, the designed

structure must be such that the subband energy difference E; —E, is close to the LO-

phonon energy. For a GaAs/AlyGa;xAs DQW structure utilizing LO-phonon tunneling,

the calculated time constant 7, is in the range 0.4 - 1.0 ps depending upon the coupling

strength between the electronic states of the two subbands E, and E; [62,63]. How-

ever, in the present work 1t 1s regarded as a tunable parameter to determine the global

population ratio between E, and E; subbands.

For subband E, the electron escape rate R,(g;) can be determined by intersub-

band LO-phonon assisted scattering from the subband E, down to subband E,,

neglecting any other scattering mechanisms including the tunneling through out the

subband. Therefore, the electron escape rate is

Ry(g;) = -(2N, +1) fzr(c‘»‘z ) , (4.37)
12

where 7,, 1s the intrawell scattering time due to a spontaneous LO-phonon emission

from subband E, down to subband E,. The typical nonradiative time 7;, ~1ps (in

GaAs QW) for mid-infrared regime of operation [13,14,106].

Electron generation processes: The term G;(g;), in Eq.(4.18), describes the elec-

tron generation in subband E;. For the lower subband the electron generation G,(e)

can be obtained from the intersubband scattering“ rates of electron from the upper sub-

band



Chapter 4 Nonequilibrium electrons in DOQW SIFrUCIUFES....ccvveeeereierenseesiinnsncenens 57

(51) - s [(No"'l)fz(“-'l hQq +hwy) + Nof2(e - th“ha’o)] (4.38)

Zml

where #Q), = E, (0)-El (0) 1s the energy separation between the two subbands. The

first term is responsible for the emission of LO phonons, while the latter term stands

for the absorption of LO phonons.

Electron generation G,(g,) in the upper subband is assumed to be monoenergetic

for the following reasons:

(i) For a strong nonparabolic material the 2D electron gas (2DEG) in the emitter

1s permitted to tunnel through the upper subband E, in QW1; see also Figure

4.5(a), only for a definite wave vector k ; i.e. the definite kinetic energy ¢, .

(i) Similarly, for the case of optical pumping only the photoelectrons with a

definite wave vector k are allowed to be pumped into the E, subband. This is

equivalent to requiring the definite kinetic energy &, to be pumped into the

subband.

(i11) The third main reason is that the model kinetic equation in our approach is

linear. This implies that if one can find its solution with a 6 —function

pumping, one will be able to build up the convolution of general problems

with arbitrary generation functions.

Consequently, the electron generation in the upper subband is therefore

G
Gz(gz) = -—15(82 —80) , (4.39)
P> f
where G, is the number of electrons with kinetic energy &, and p, (.5-2 ) = M2

ﬂ,hz
2D density of states in the subband E,.

By substituting all of the relevant scattering terms, S,,, C,,, R; and G, into the

ee?

kinetic equation Eq.(4.18) under steady state conditions, one can obtain

0 1, )6 B+ R() = =Gil). (440
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here T, = -];-D;—-—E-(—&(‘i)) 1s the electron temperature of the 2D electrons below the LO-
Bee\&;

phonon threshold. It follows from the principle of detailed balance that a 2DEG below
the LO-phonon threshold represents a thermal bath with temperature 7,,.

. : : T : T
In addition to the dimensionless parameter n = —2 . we introduce & =2
Tee (4
T knoT E; : :
E, =—=, A,, =——= and y, =——. The ratio S characterizes the global popula-
712 ha, ha, &2

tion ratio between the two subbands involved. The dimensionless parameter A ,, deter-

mines the ratio of electron temperature to LO-phonon energy. In our approach it is
always assumed to be small. As a result of substituting these dimensionless parameters
into the kinetic equation Eq.(4.40), one can obtain a four dimensionless kinetic equa-

tion system to eliminate the step function ©, that takes into account the LO phonon

threshold, as follows:

(1) For the upper subband E, :

(a) O0<y, <1;

2

ﬂAeeg_gzgy_z)""’?df;(yZ)"‘(No "'l)fz(}’z +1)“‘a2f2()’2) = ""Poa(yz“J’o) >

Y2 Y2
(4.41)

(b) y,>1;
2
i 22Dy La03) (v, 1)1, 0, 414 o010 102) = 0.
2

(4.42)

(11) For the lower subband E, :

(a) 0 <y, <1;

2A0),, #in)

nA
dyt dy,

€€

+(N0+1)fl(yl+l)-a1fl(yl) =0, (4.43)
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(b) » >1;
d? d
e 2L DO (4, 05010+ N0y )= BA) = RO,
| I
(4.44)
Whel‘e al,z - NO +§1,2(2N0 +1), ﬂl’z — (ZNO +1X1+§1:2)’ PO —_ TOGG ) and
prhag

m, hQ HQ
h= 2(’”2][(1\70"'1) 2(3’1+1“hwo)+Nofz[J’1"l"hw0H-
1 0 0

The details of mathematical solution of Eqs.(4.41)-(4.44) are presented In
Appendix A, where boundary conditions for these equations are also presented. In the

following section the resulting solutions of the kinetic equation system for various

values of the relevant parameters n, &;, £, and A, are presented.

4.3 Subband distribution functions

Nonequilibrium electrons in a GaAs/AlGa;xAs DQW heterostructure shown in

Figure 4.5 are investigated. A universal dimensionless energy variable y = ;1—2—- for
Wo

subband distribution functions f;(y,) and f,(y) are introduced; here y, =—=2y. The

calculated subband distribution functions for different values of n are shown in Figure
4.6. With increasing values of 77; i.e. increasing the concentrations of electrons, the
subband distribution functions below the LO-phonon threshold (y <1) in both sub-

bands become close to Maxwellian distributions. In the region above LO-phonon

threshold ( y > 1), the shape of the upper subband distributions £, (y) al:e stiﬂ close to

Maxwellian while for the lower subband the distributions f;(y) are always strongly

nonequilibrium and deviate far from Maxwellian.
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Figure 4.6
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Figure 4.7
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At a very low electron concentration limit, n, <<1x10''cm™; i.e. n<<1, the

dominant scattering process is due to LO phonon transitions within the subband. The

g : | - . :
distribution functions for n=—;ie n, =1.92x 10'° cm™ at different operating tempera-

20
ture T =77K and 300 K are shown in Figures 4.6(a) and 4.7(a), respectively. Following

calculations have been done for a chosen situation 7, = 7; that results in the equal sub-

band population. Our purpose is to investigate the possibility to achieve positive gain

without global population inversion.

The results show that the shape of the distribution functions in both subbands deviates
far from Maxwellian. In the upper subband they have a pronounced peak at the pumping
energy affected by the monochromatic electron generation process that plays an essential

role in this regime of operation. Immediately after nonradiative intersubband transitions

from the upper subband £, down to the lower subband E,, the lower subband electrons
are in a state of high kinetic energy &, =hQ, +¢&, thw,. Consequently, they cascade

down to the subband bottom by emitting LO phonons with the result that the distribution

functions f;(y) at steady state are strongly nonequilibrium. For 7 =§!6 at temperature

T =77K, one can observe four pronounced peaks in the lower subband distribution

function f;(y). However, its shape deviates far from the shape of f, (y) at low kinetic

energies. At 7 =1 all peaks are completely smeared out, but the large shoulder below the

main peak always remains.

In Figure 4.7 electron distnibutions calculated for the system with the same parameters
as in Figure 4.6, but operating at room temperature T = 300K are presented. The investi-

gation focuses on the distribution functions affected by the thermal phonon population

N, , which govemns the lattice temperature T; . By comparing the resulting calculations for

a specific value of 7 at different operating temperatures:T =77 K and 300 K, it is clear

that the nonequilibrium electron behaviour 1s strongly dependent on the lattice tempera-

ture. The main interest of these resulting calculations as shown in Figures 4.6 and 4.7 are

Sy

addressed to the case ? =1, which corresponds to equal subband population n, = n;.
2
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The results show that it is possible to achieve positive values of the spectral gain g(Q)
due to the existence of local population inversions at some definite kinetic energies &, ;

i.e. at some particular electron wave vectors &, 1n the region below the LO-phonon thres-
hold that provides an essential contribution to the spectral gain density. This implies that it
is possible to achieve laser action even In low electron concentration regimes of high

temperature operation; see also Figure 4.7(a). In addition, it is also found that the width
and position of the peak gain depends strongly on the pumping energy into theE,
subband.

4.4 Spectral density of gain

In the limit that the transverse phase relaxation rate ¥(¢) is much smaller than the

optical frequency Q, optical gain spectra g(Q) can be expressed as a function of the

subband distribution function f;(e,) and f,(e=¢,) [90,91]

(4.45)

O) = 432|212| mQ d y(e)fa(e)- i)
Rheyeka g [Q-Que)] +[e)
where z;, 1s the dipole matnx element, x, the dielectric constant at high frequency, &,

the permittivity of vacuum, L, the QW1 width and ¢ the speed of light. The vertical

transitions with particular #Q, (¢); see also Figure 4.5, are given by

According to the threshold nature of y(g) that has been discussed in Section 4.2 the

optical gain becomes strongly influenced by the nonequilibrium distributions in the two

subbands. Gain spectra calculated for different values of the competition parameter 7

between e-¢ scattering and electron-LO-phonon scattering for different values of the elec-

tron concentrations are shown in Figure 4.8.
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Figure 4.8 Variations of gain spectra under the monochromatic pumping P, (y) = P05( y - .;_)

into the upper subband E, with equal subband population n, = n,; assuming the
following parameters: 7, =0.1ps, 7, = 7; =1ps, the subband separation energy

A2y =155 meV, and m; =1.2m; , for different values of 7 =-l- —1- and 1 at

20" 3
different temperatures : (a) 77 K, and (b) 300K.

The calculations have been done for an equal giobal population case (n, = n,) that

corresponds to 7, =1} ie. -?— =1, The results show that a strong positive gain for
2 N '*.ﬂj H oL ”1 7 1 ' ;ﬁ,tiﬂ . T”‘u !

particular photon energies can be achieved. Small values of E7] which correspond to low

electron concentrations gives proportionally smaller gain amplitudes. In addition, the

shapes of the particular distribution functions involved affect the shapes of the spectral
1 . S T ~ : d ' S S R o § :
curves. At n > 3 corresponding to n; >1.28x 10" cm™ , the main reason for positive gain

is the leverage of f, above f; below LO phonon energy. The radiative photon energies
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are from 7<), -—hwo[

m,

} to 7€), . Smaller photon energies correspond to large kinetic
my

energies in both subbands, and the optical gain becomes negative in this region. At room

temperature 7 =300K the maximum values of gain strongly decrease because the

amplitude of the peak near the pumping energy decreases when temperature increases. At

the E, subband, more electrons are above LO threshold than electrons below the LO

threshold. Furthermore, the transverse phase relaxation rate y(g) becomes substantially

larger thus smearing out the fine structure of the spectral gain function at smaller 7.

Figure 4.9
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Figure 4.9 presents gain spectra calculated in the low electron concentration limit,

1

=5 ie. n, =1.92x10"° cm™ at different temperatures T :100K, 200K and 300K.

The results show that the peak gain 1s not strongly dependent upon temperature in the
nonparabolic model while in the parabolic model it has strong temperature dependence,
especially when the system is operated at low temperature. A reason for this is that the

nonparabolicity effect smears out the peak gain. As a result, the peak gain is not strongly

dependent upon temperature in the nonparabolic model
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Figure 4.10 Gain spectra at operating temperatures I =77 K for different subband population

n
ratios —==1, 2 and 4 under the pumping P, (y) = F,0 ( y —-%-) into the upper
nl - ! ) LI, i )

subband E, with equal subband population 7, = n;; assuming the following
parameters 7o =0.1ps, the subband separation energy ny =155 meV, and

m, ) =1 2m1 at low and hlgh clectron—concentratlon reglmes of Operatlon which

correspond to (a) n= -2-!(-)- and (b) n=1 reSpectwely
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In Figure 4.10, the gain spectra calculated for different values of -g—‘— =1, 2 and 4 that
2

n . C
correspond to global inversion population —% =1, 2 and 4, respectively, are also investi-

n
gated at low and high electron concentration regimes of operation. Our results show that

the spectral density of gain is mainly sensitive to the upper subband distribution function

1
f,(€). For n, >n, at the low electron concentration regime, 1 =— for instance (see

20
Figure 4.10(a)), two peaks are observed. The first peak corresponds to the photon emission

from the bottom of the £, subband, and second peak from the optical transitions near the

initial pumping energy. At the high electron concentration regime, 17 =1 for instance (see

Figure 4.10(b)), the second peak completely vanishes due to the dominant of e-e

scattering.

4.5 Conclusions

The kinetic equations, Eqs.(4.41)-(4.44), has been solved analytically for subband

distribution functions for various values of 7 ranging from 0.05 to 2, corresponding to

electron concentrations n, between 1.92x10'° cm™ and 7.68x10" cm™ . At small 7 the

shapes of the distribution functions in both subbands deviate strongly from a Maxwellian.

In the upper subband they have a pronounced peak at the pumping energy affected by the

monochromatic electron generation process that plays an essential role in this regime of
operation. Immediately after nonradiative intersubband transitions from the upper subband

E, down to the lower subband E,, the lower subband electrons are at hlgh klnetlc energy

states &, = hQ), + &, * hw,. Consequently, they cascade down to the subband bottom by

emitting LO phonons resulting in a strongly nonequlllbrlum dlstnbu-tlon functlon f[(.s‘l)
under steady-state conditions. At larger » all peaks are cornpletely smeared out, and these

distribution functions become close to a Maxwelhan Detarled shapes of these dlstnbutlon

functions are essential for the denvatlon of energy balance equatlon and calculatlon of

Yo« )

gain in the intersubband lasers.
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Our approach has an advantage of that 1t 1s more convenient to build up a model to

investigate the kinetics of electron scattering in other similar systems by changing the

relevant controlled parameters. However, in fact, there are some limitations of this model.

For real device modeling one should take into account the following effects:

(1)

(1)

All temperatures T, I; and LO-phonon temperature T, are assumed to be the

same for all cases considered in this present work. However, in real devices they
might be different in some particular regimes of operation. For accurate calcula-

tions one has to evaluate T, from the energy balance equation. The incoming
energy depends on the electron generation G, while the energy losses depend on
both distribution functions f; and f,. The resulting equation gives A_, as a

function of 7, & and &,. Also, at high electron concentrations LO phonon

distribution function differs from N, . Nevertheless, in our equations it requires
only N(hw,), and this can be described by using the effective LO-phonon
temperature T, which differs from T . The effective temperature T, depends

on the generation rates G, and the dissipation rates of phonons from the QW

region.

In our approach A,, i1s a constant over the whole energy range. In fact, this

assumption works well only for &>>kpT, while at e~k pl., A, becomes

smaller, and has the kinetic energy dependence. However, if electron distributions

are Maxwellian or Fermi the particular value of 4,, 1s not important because

there is no of LO phonon involvement in this region. Also at high kinetic energies

e-e¢ screening reduces A,, down to several times of the value at low kinetic

energies and high electron concentrations.

(iii) At very high electron concentrations corresponding to n>>1, A4, becomes

sensitive to the exact distribution functions. As a result, it reduces the accuracy of

our calculations if the assumption that A4,, 1s constant in these regimes of opera-

tion is used. However, our main interest 1s directed to investigate the system at
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n <1 where A, 1s not very sensitive to the exact shapes of these distribution

functions.

(iv) The assumption that the dominant e-e scattering processes of the minority of

high-kinetic energy electrons 1s only due to the scattering on the majority of

quasi-thermalized electrons, in general, 1s not valid if the distribution function

differs from a Maxwellian. However, in reality k,T, <<hw,. As a result,

exp[— ,}?a)]? J<< 1, thus fulfilling our approach which takes A4,, as a kinetic
B-e

energy independent parameter.

(v) At the very low electron concentration regimes corresponding 77 <<1, the ratio

‘DEE
A

= kT, 1s not valid due to the difficulty of electrons to form a thermalized
€e

bath. In this case one has to calculate D,, independently and use the resulting

D

T, = —=— as the definition of electron temperature.

kB Aee

(vi) The Foékker-Planck-Landau (FPL) approximation does not work well in the

regions |8—6'0| << kgT,. The reason 1s that for 2DEG all scattering angles are

equally important for energy transfer. To take all of these events into account one
has to consider the integral equation, Eq.(4.26) instead of Eqs.(4.41)-(4.44). How-
ever, the resulting gain 1s not very sensitive to the exact shapes of the distribution

functions near pumping point. In reality, the pumping is not an exact 6 ~ function

shape due to nonhomogeneous broadening.
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Chapfér 5

Charge accumulation 1n a triple barrier
resonant tunneling structure

5.1 Introduction

Recently, there has been experimental interest in the effects of magnetic field on
resonant tunneling in a triple barnier resonant tunneling structure (TBRTS) (shown
schematically in Figure 5.1). Detailed measurements of the tunneling current in the
TBRTS incorporating asymmetric coupled wells in the presence of a magnetic field
applied perpendicular to the direction of current flow has been presented [107]. Experi-

mental data shows that the current-voltage (I-V) characteristic has a sharp local mini-
mum in its second derivative when the ground state levels in the wells (E; and E, ) are

in resonant alignment. The depth of this minimum decreases with the application of an
in-plane magnetic field. To explain these phenbinena the concept of sequential tunnel-
ing thought the structure 1s introduced. The model presented here is based on a two-
level rate equation system that takes into account realistic scattering and tunneling

times. The investigation focuses on the in-plane magnetic-field dependence of elec-

trons at the E; level in QW1 tunneling resonantly thoughout the second well (QW?2).

The theoretically calculated results are compared with experimental results reported by
Vdovin et al. [107].
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5.2 Effect of magnetic field on resonant tunneling in a triple barrier
resonant tunneling structure

5.2.1 Effect of magnetic field on the energy of bound states in the

quantum wells

QW1 <
M Amlied ebctic feli; F

Applied rregretic feld,B
: Conduction
YI H—d_bl Bandedge
12
y A
X

Figure 5.1  Schematic diagram of the conduction bandedge of a TBRTS in the presence of
an applied electric Field, F =—Fé,and a magnetic field, B = Bé,, and also
shown are the kinetics of electron transport through the structure.

In the presence of a magnetic field B = Bé_ the electrons states in each of the

wells when isolated from each other can be described by a single-particle Hamiltonian,

ﬁo — p—er + U(Z) ’ f (5'1)

2m

sl

where p is the linear momentum of the electron, and A4 the vector potential for a

o

uniform magnetic field B = Be,, namely, A=-Bze,. m is the electron effective

mass. The potential energy U (z) includes the electrostatic potential and conduction

bandedge discontinuity. Thus, U (z) E ( ) efz, where E (z) 1S the contlut:tlon

bandedge discontinuity, and F is the magnitude of apphed electric ﬁeld
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Consequently, the time-independent Schrédinger-like equations for the bound

states can be obtained

[M + U(z)]‘P(F) = E¥(F) , (5.2)

2m

where Yo, (7) is the electron wavefunction that can be written in the form

- 1 o
Yox (F) = —J—E-eXp(zkxy-r)qon (z) . (5.3)
and the total energy
h°k;
E,(k,,) = o AR (5.4)

where k,, =k,e, +k e, 1s the in-plane electron wave vector, S the normalization

area of the QW plane, and ¢, (z) are the envelope functions of the isolated well

centred at —-l-é'——-g- for QW1 (-{'21-+—l23- for QW2), that satisfies the Schrédinger-like

equation

(-2« 0] + anye + o2 o) = i), 69

2

where p, =hk,= the momentum of electrons in y direction, and @, = eB; = the

m

*
m

cyclotron frequency. The term ; w’z* for }nagnetic fields: B < 4T, thoughout the

experimental measurement [107] 1s much smaller than other terms, and is neglected in

the following calculations.

arul

The finite barnier thickness in the TBRTS permits electron tunneling; i.e. electrons

have the possibility to tunnel through the bammers. As a result, the states E,, E, (in
QW1) and E; (in QW2) are 1o longer. stable. For ihéfaﬁce, electrons in rEl in +QW1

can tunnel throughout the second well and subsequently decay to the continuum states.
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The behaviour of such a system is well described by a time-dependent Schrédinger-.

type equation [85, 86],

non) [ vt ) = 2(00) - 69

where le (t]2 is the probability of finding the electron at the E| level in QW1, and

"z (z‘]2 - at the E, level in the second well (QW2). M is the magnitude of the matrix

element of the transition due to the tunneling between QW1 and QW2, I' the half

width of the E, level, and d,, is the distance between the centres of QW1 and QW2.

The quasi-stationary levels E’ are obtained from the secular equation [15, 86],

E' -E, M
= 0, (5.7)

det \
e( M  E-E -w.dy,p,—iT

Thus,

~% : ~ . 2
B = EW® _ (Mjﬂf.) + (W} + M?* (5.8)

where E, = E, +o,d,, p,- The levels EW and EV) correspond to the antisymmetric

and symmetric wave functions, respectively. Notice that the notations E,, E, and E,

throughout our approach stand for the bound states in each of the wells in the absence

of applied magnetic field, when 1solated from each other.

For the degenerate case ( E| = Ef ), one has a peculiar physical behaviour resulting

from an interplay of the coherent tunneling between two wells, and a tunneling from

QW?2 to the continuum. It 1s found that if 2M >T then
E%) = (El + %\/4M2—-I‘2) -~ il;— . (5.9)

This implies that the system has two different levels with the same width, £~ In the

2

opposite case, 2M < I', and therefore,
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EW® = E - -%(1":!: 1“2-4M2), (5.10)

the system has the same energy level with two different widths.

However, in our system the condition 2M > T is always fulfilled. As a result, the

considered system always has two split energy levels with the same width for the
1

degenerate case ( E, = E; ). The escape rate — from QW1 has the magnetic field and
g
in-plane momentum dependence,
1 1 [mEY ; E <E r 1
— = () L= —|1 - ,  (5.11)
T h|ImEY ; E, >E 2h

(El "E; = (Dcdlzpy)z

In order to calculate the average escape rate <-l-> , using Eq.(5.11) knowledge of

(4

the distribution function of electrons in the E, level is required. Thus, the average rate

<—1—> of electrons tunneling resonantly throughout the second well (QW2) 1s given by
0

dp.dp,, (5.12)

rl -0 =00

<‘l‘> = T +Tfi(Px’py)

where f,(px, p y) is a normalized distribution function of electrons in the E; level.

Physically, this means that the magnetic ficlds applied parallel to the QW layers

destroy the resonance condition, and result in resonance broadening AE,,. =@ d,,p,.



Chapter S Charge accumulation in @ TBRTS..............oen oo 75

Figure 5.2

E; - E| imel)

Average escape rates of electron tunneling resonantly throughout the second
well (QW2) as a function of energy difference E, — E r at different in-plane
applied magnetic fields : O T, 1 T, 2 T, 3 T and 4 T, forM =5meV and
['=1meV; assuming electron temperature 7,: (a) 10K, (b) 100K, and
(¢) 150K.
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temperature 7, =150K.
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In general, for a system at electron concentrations n, ~1.0x10'"' cm™ (more

details have been described in Chapter 4), the distribution of electrons can be assumed

. Pz + D, .
to be Maxwellian, namely, f,(px, py) ~ €xp| ——————|; where T, 1s the electron
2m kgT,
temperature. The rates <-}-> as a function of energy difference E, —E, have been
4

calculated for a TBRTS at different in-plane applied magnetic fields ranging from 0T
to 4T . The results are shown in Figures 5.2 and 35.3.

Figure 5.2 presents the effect of in-plane magnetic field on the electron tunneling
throughout the second well. The calculated results are for a TBRTS with M =5 meV

and I" =1meV, at different assumed electron temperatures 7, : 10K, 100K and 150K.

The results show that at low electron temperatures the magnetic field has less effect on
the rates. This feature becomes more pronounced at high electron temperatures. This

implies that to analyze the effect of magnetic field on such the resonant tunneling

knowledge of the distribution function of hot electrons in level £, is required, allowing

us to find an exact electron temperature. However, 1t 1s reasonable, based on a compa-

rison wit experimental data [107], to assume that 7, =150K corresponding to the
resonance broadening AE,, ~13meV for the system with an interwell distance

d,, =75.5 A in an applied magnetic field B=4T. It can be seen from Figure 5.2(c)

that the average escape rates at high electron temperature have a strong magnetic field

dependence resulting in a noticeable smearing out of peaks with increasing magnetic
field.

In Figure 5.3, the average escape rates have been calculated for the TBRTS with
differing values of the transfer integral M . The results show that the effect of applied
magnetic fields on the resonant tunneling 1s strongly dependent on A . Smearing of the
peaks becomes noticeable when M decreases. In other words, the resonance condi-
tion of electrons tunneling throughout the second well is easily destroyed by an applied

magnetic field in a weakly coupled well system. For the structure described in Ref.107
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with well widths QW166 A/QW233 A and the middle barrier thickness 26 A, the

calculated M and I" are approximately SmeV and 1meV, respectively.

5.2.2 Current-voltage characteristic and its derivatives

To investigate the current-voltage (I-V) characteristic obtained from the struc-ture
shown in Figure 5.1, and its derivatives we use the concept of sequential tunneling,

when electrons first accumulate at emitter level E, and tunnel to E,, then after LO

phonon emission drop to level E,, and finally leave QW1. The design of the structure
is chosen in such a way that tunneling from level E; to the collector 1s always faster

than tunneling from E, to QW1. Moreover, the tunneling from QW1 1is sufficiently

fast when levels E, and E; approximately coincide. The total current density J

through the heterostructure obeys the equations J = Qﬂ- = —Ql, where 7, is the tun-

o 4

neling time from level £, to QW1 and 7, 1s the average of escape times from QW1

-1
throughout QW2, namely, 7, = <-l-> , O, the sheet charge density at level E;, and

Ty

O, the sheet charge density in the wells (QW1 and QW?2).

To simplify the model one can assume that the total bias V' across the device is

mainly determined by the total sheet charge density O =0, + 0, = Q(V). Therefore,

the I-V characteristics can be obtained in the form [107]

J = Q_ (5.13)
To + 7
, : : : ... 0OJ . e
This leads us to obtain the differential conductivity % and its derivative
T4 —
g 1 4 Q9 2[_59-+-4—5-] , (5.14)
oV 1o+ dV (ry+7 ) LAV dV R



7 7 d*r, d*7,
oot (dn,d0) o (dn, 4
0%J dv dv )|\ dvV dv 1l dv?  av 1 dO

5.3 Calculations of the current-voltage characteristic

and its derivatives

80
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80
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Figure 5.4 (a) Calibration of electric field against device bias [15]. (b) Experimental data
of 7, against device bias at different operating temperatures T: 4.2K, 60K

and 77K [107].
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Figure 5.5 (a) Typical I-V characteristics, (b) the differential conductance (W ), and (c¢)

d’l
dv
magnetic fields: OT, 1T, 2T, 3T and 4T, at operating temperature 7 = 77 K:
assuming M =5meV, I' =1meV and electron temperature 7, =150K.

the second derivatives ( ) of the I-V characteristics at different in-plane
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In order to facilitate the device modelling given 1n Eqgs.(5.12)-(5.15), the electric

field within the structure was calibrated against device bias by means of Shubnikov-de
Haas-like magnetotransport measurements of the sheet charge density in the emitter

accumulation layer [15,108]. For convenience, the results of these measurements are

shown in Figure 5.4(a) [15]. Also, additional experimental data of 7, as a function of

device bias at different operating temperatures 7: 4.2K, 60K and 77K 1s shown in
Figure 5.4 (b) [107].

Furthermore, the sheet charge density , has also been measured as a function of

device bias. Linear approximation of this data in the voltage range from 0.6 Vto 0.9V

gives [107]

e(1.74+4.87)x10""  cm™@ (5.16)

o

where e is the electronic charge, and V is the bias measured 1n volts. Because the

voltage drop between wells is much smaller than the total bias, 1t can be assumed that

that the total sheet charge density O =0, + O, = O, to an accuracy of 5% [107]. Using

these relevant experimental results of measurements, and the escape rates given in
Eq.(5.12), the I-V characteristic and its derivatives are obtained in Figure 5.5. The
following calculations have been performed for a GaAs/Aly3Gag7As TBRTS shown 1n

Figure 5.1, with material parameters as described in Refs. 15 and 107.

Figure 5.5(a) presents effects of the in-plane magnetic fields on the I-V charac-
teristic obtained for the TBRTS with M =5meV and I' =1meV, at operating tem-

perature T =77 K. The results show that smearing of peaks becomes more significant

with the increasing of applied magnetic field. That means the applied magnetib field

destroys the resonance condition.

Figure 5.5(b) shows the differential conductance ar as a function of bias-voltage

dV
at different applied magnetic fields. At the low-bias range (< 0.60V), the differential
conductance is extremely small. It rises at the onset of electron tunneling, and then
drops sharply after exceeding a maximum,; particularly for the system in'the absence of
the applied magnetic field (B = 0T). This feature corresponds to a roughly ktriaﬁgular

I-V curve. With increasing magnetic field the triangle I-V curve is smeared out that
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. dl : . Ce
results in a smooth drop of — after reaches its maximum. As the bias is increased

dV
further, an instability of the device can be observed at the high bias (=21.05V); i.e. the

negative differential conductance occurs.

d*I
dv*
bias voltage for different applied magnetic fields at operating temperature T =77 K.

Figure 5.5(c) shows the calculated curves of the second derivative Versus

The peak in the second denivative 1n the absence of applied magnetic field corresponds

to alignment of the E, level of the emitter accumulation layer with the E, level of
QW1. The local minimum can be described in terms of the rapid removal of electrons

from the E, level of QW1 throughout the resonantly aligned level E, in the QW2,

This local minimum is located at bias-voltage around 0.83 V. The result agrees closely
with the experimental data that gives bias-voltage at which maximum population

inversion is observed [15]. In addition, it can be seen that magnetic field flattens the

local minimum.

5.4 Comparison with experimental results

To compare theoretically calculated results with experiments, the TBRTS using in
Ref. 107 has been considered. The most interesting structure having been investigated
throughout this work has well widths QW1 66 A/QW233 A, and thickness of the first,
second and third barriers are 66 A, 26 A and 26 A, respectively. Experimen_tal:and
theoretical results of typical I-V characteristics and their second derivatives obtained

from this structure in the absence of an applied magnetic field at &iffercnt Wtempe{ra’tnui_'es

T: 42K and 77K are presented in Figures 5.6 and 5.7.

In Figure 5.6 1t can be seen that the theoretically calculated I-V curves agree well
with experiments at the onset of tunneling in the bias-range 0.7 V-0.9 V. At high bias
(> 0.9V) the current calculated by using our considered model is much smaller than
that from experiments. This disagreement 1s probably from effective LO phonon emis-

sion taking place at the high-bias range, not taken into account in our calculations. In

order to investigate the behaviour of electron tunneling through the heterostructure in
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the high-bias regime, a good understanding of electron scattering processes occurring

in this region is required.

Figure 5.6

20

T=42K

15 Experiment

—e=ees [HhEOTY

Current,I (mA)

1 (a)

20
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Z
g s m
0

0.0 0.1 0.4 0.6 0.8 1.0 1.2 1.4

Bias (V)

Tyi)ical I-V characteristics obtained from the TBRTS shown in Figure 5.1 in the
absence of applied magnetic field at different operating temperature: (a) 4.2 K,

and (b) 77 K. The solid lines ( ) are experimental I-V characteristics of
the device in forward bias [107]. The dash-dot lines (=-==+) are theoretically
calculated results for a TBRTS with M =S5meV, I' =1meV; assuming elec-

tron temperature 7, =150K.
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h
o
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77K
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o=

(b) Experiment

o O
L o

d°1/dV? (arb. units)

0.5 0.6 0.7 0.8 0.9 1.0

d*I
dv?
field at different operating temperatures T : 4.2K and 77 K. (a) Theoretical
results calculated for a TBRTS with M =35meV, I =1meV; assuming elec-

tron temperature 7, =150K. (b) Experimental results reported by Vdovin, et
al. [107].

Figure 5.7 The second derivatives against bias in the absence of applied magnetic

Figure 5.7(a) shows the theoretically calculated curves of the second derivatives

2

-317_{2_ against bias in the absence of applied magnetic field at different temperatures T':
4.2K and 77 K. At T = 4.2 K the second peak in the second denvative displays a clear
splitting. This feature becomes more pronounced at T = 77 K and exhibits a sharp local

minimum at 0.83 V. The results agree very well with the experimental data as shown in

Figure 5.7(b).
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0T, 1T, 2T, 3T and 4T, at operating temperature I" = 60 K. (a) Theoretical
results calculated for a TBRTS with M =5meV, I =1meV; assuming

electron temperature 7, =150 K. (b) Experimental results reported by Vdovin,
et al. [107].

Figure 5.8 The second denivative

against bias at different applied magnetic field:

d*I
dv*
function of bias are presented. The results are obtained from the TBRTS with M =5

In Figure 5.8(a), the theoretical calculations of the second denvative

aS d

meV, I’ =1meV in different applied magnetic field: 0T, 1T, 2T, 3T and 4T, at
operating temperature T = 60 K. The results show that magnetic field flattens the local
minimum. As the magnetic field i1s increased further, this local minimum is calculated
to disappear for B > 4T, while this was observed at B2>3T from the experimental

data shown in Figure 5.8(b). However, 1t can be seen qualitatively that variations of the
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theoretical curves of the second derivative agree quite well with the experimental

results.

5.5 Conclusions

The concept of sequential tunneling has been introduced to explain the in-plane
magnetic field dependence of the resonant tunneling in a triple barrier resonant
tunneling structure. Typical I-V characteristics and their derivatives for a structure with
particular design parameters have been calculated. The resulting calculations are inves-

tigated as a function of bias-voltage. It 1s found in the second derivative of the current

that the resonance between E; and E, exhibits itself as a visible feature in the back-

ground of a wide E, resonance. This feature has a sharp local maximum in the absence

of applied magnetic field, and becomes flattened with increasing magnetic field. The
magnetic field dependence of this feature can be explained by considering the rate
equation for tunneling electrons based on the concept of sequential tunneling. Theoreti-

cal results agree well with the experimental data reported by Vdovin, et al. [107].
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Chapter 6

Concluding remarks and future work

In this thesis intersubband relaxation of electrons in quantum wells has been theo-

retically investigated. Firstly, the in-plane kinetic energy, and also well width depen-

dences of electron intra- or intersubband scattering rates (or times), associated by LO
phonon emission in a semiconductor SQW structure were presented. Semi-analytic
calculations, carried out for a GaAs/Aly3Gag7As SQW structure, show that the scat-
tering rates (both for intra- and intersubband scattering) weakly depend on in-plane
kinetic energy of the electron. Furthermore, the resulting calculations of well width
dependence show that intrasubband scattering times gradually increase with well width
contrasting with the intersubband scattering times which display a monotonic decrease.
Secondly, a theoretical study of the condition to achieve inverted population in a semi-
conductor DQW structure was presented. The LO-phonon assisted tunneling rates,
based on the Fréhlich interaction and Fermi’s golden rule, has been performed for a

GaAs/Aly3Gag7As DQW structure. The calculated results show that the tunneling rates

monotonically decrease with the energy difference E; — E; , and strongly depend on

the magnitude of the transfer integral M .

Furthermore, electron transport and its kinetic, due to various types of scattering
and tunneling mechanisms 1n a triple barrier resonant tunneling structure (TBRTS)
were investigated. A system of coupled kinetic equations that describe the nonequili-
brium electrons in the structure has been solved analytically to obtain subband distribu-
tion functions and gain spectra. Finally, the concept of sequential tunneling has been
introduced to explain an in-plane magnetic field dependence of resonant tunneling in a
TBRTS. Typical I-V characteristics and derivatives for the TBRTS with particular

design parameters have been calculated. It 1s found in the second derivative of the
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current that the resonance between E, and E,; exhibits itself as a visible feature in the
background of a wide E, resonance. This feature has a sharp local maximum in the

absence of applied magnetic field, and becomes flattened with increasing magnetic

field in agreement with experiments.

The results from these calculations are relevant to real world devices such as
quantum cascade lasers (QCLs). These structures contain active regions (often double
quantum wells), linked by multiple quantum well bridging regions. Whilst the work
presented here provides a valuable nsight of electron transport and scattering in DQW

structures (QCL active regions). A more realistic device would also include electron

kinetics in the bridging regions.

Our future work will extend the calculations presented here, focussing on theo-
retical studies of the QCL operation, and also on the application of the relaxation
kinetic model described 1in Chapter 4 to study the relaxation of electrons in real QCL
structures. We will also numerically calculate distribution functions and gain spectra of

a three-subband GaAs/AlyGa;xAs DQW active region as a function of temperature and

injected current.
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Appendix A

Solutions of the model kinetic equations

To solve the model equation given in Eq. (4.40) we first introduce dimensionless

kT .
parameters; 77 = 0 , G =£9-, &y =-T—°-, A, = 2—¢ and Y =—-8'—-, and Eq.(4.40) 1s
ee 4! 712 hwo h(t)o

then transformed to the dimensionless kinetic equation as follows:

I. For the upper subband E,:

(a) 0<y<lI;

2
e L) B (4, )6 1) 0) = -RSG-30) s (D

dy2
(b) y>1;
2
e cf;z(y)+ndf ;J{y)+(No'*'l)fz()’+1)+N0f2()"'1)"ﬂ2f2()’) =0, (A2)
where y=y,, a, =N, +.{,"2(2N0 +1), Jip: =(2N0 +1)(1+:§2), P, = %oGo :
paha,

The kinetic equations given in Eqs.(A-1) and (A-2) can be solved by assuming the
general solution f5(y) in the form

70) = [0V = [ D), (a3

1

b\)=-
2( ) "UAeekz“’?k‘*'(No +1)e""+N0e"‘—p’2

(A-4)

+00 | .
orlk) = == [ e DR (1), (a5)
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where f\”(y) is the zeroth order solution given as follows:

Ae*? + A,e"” 5 0<y<y,

fOy) = (4" + 4,6 5 yo<y<l (A-6)
A.e™ ; y>1
—nF 7 +4nA .0 —n=n? +4nA
where u; _ TOTNT T e , and 4, =M. The arbitary
27?A€8 ZUAEG

constants 4, — A5 are obtained from the following boundary conditions:

(at y=0;

Je0)o =0 = [Aee A )+fz(y)] - 0

2
dy y=0
(1at y = y,;

~df,(y)

y=yo dy

df,(y)

fZ(y}FyE: fz(y]y=y5 , and ﬂAee|: ]= P,
Y=Yo
(m)at y =1,

i df’ (y)l _ df. (J’)| |
/2 (y} y=* — /2 (y].v=l' , and cziy y=1* B éy y=1"

II. For the lower subband E,

(a) 0< y; <1;

UA dzj.l(yl)_'_nd.fl(yl)
ee dy12 dyl

+(No +1)fi0n +1)-a 1(3y) = 0, (A-7)

(b) y; >1;

’ i), dhn)
cody dyy

R(»).

(A-8)

A +(No+l)fl(y]+1)+N0f1()’1"1)_ﬁ1f1(y1)
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where a; = N, +§1(2N0 +1), pr = (2N0 +1)(1+‘51)’

and £ =52(m3}[(N0 "'1) 2[J’1+1"%9'9']+N0f2[}’1“l“hgo)]-

@, ho,

General solutions of the kinetic equations given in Eqgs.(A-7) and (A-8) can be

written in the form

B,e"” + Bye" " + F, , 0<y, <1
fl(YI) _ { 1 2 l(yl) B4

(A-9)
By + Fy(y,)  n>1
400
1 i
An) = o= | die™ D)o (), (A-10)
—Q0
D) = — (A-11)
"‘UAeekz —nk'l'(No "I"l)e_‘k +Noelk "'"ﬂl
o (k) = —_\/-2=7; J‘dJﬁe-lklel(k)Pl(J’l) ’ (A-12)
Q0
~nTFn? +47A P FESIN
where p =-—-—7-7——-—-Z—T;j-\t”—eicﬁ- , and A = ——q———%—?—;{——q—-ﬁﬂ The arbitary

constants B, — B, are obtained from the following boundary conditions:

(Dat y; =0;

Jei), o =0 — [Aee df;(y ‘)+f1(,v,)} = 0

14

_ dfy ()
¢t dy,

d
£, o= 1), - » and j;iiffl)

b n=t
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Nonequilibrium electrons in double quantum well structures: A Boltzmann equation approach

S. Khan-ngemn and I. A. Larkin
Department of Physics and Astronomy, University of Sheffield, Sheffield S3 7RH, United Kingdom

(Received 24 January 2001; published 29 August 2001)

A theoretical study of hot electrons in double quantum well is presented. We consider a system of coupled
kinetic equations that describe nonequilibrium population in two lowest subbands, and find an analytical
solution of these equations. All previous treatments of the electron distribution functions are based on the two
extreme limits 7/7,,<1 or 7y/7,,21, where 7, and 7,, refer to electron-LO-phonon (e-LO) and electron-
electron (e-e) scattening times, respectively. In our approach, the distribution functions are investigated for the
whole range of 7,/7,, ratios. The outcome of kinetic equation for subband distribution functions provides a
comprehensive description of the lasing process in the intersubband lasers. OQur calculations show that the
lower subband distribution function above LO-phonon threshold is always strongly nonequilibrium and devi-
ates far from thermal distributions while in the region below the LO-phonon threshold it could be close to a
Maxwellian. Using these distribution functions we calculate spectral density of gain at various temperatures,

DOI: 10.1103/PhysRevB.64.115313

I. INTRODUCTION

Studies of mid- and long-wavelength infrared lasers based
on electronic intersubband transitions within the quatum
wells (QW’s) in semiconductor low-dimentional heterostruc-
tures have attracted a great amount of interest since the first
demonstration of a so-called quantum cascade laser (QCL)
was reported by Faist ef al.! Continued delvelopment of the
QCL operation, improving the threshold current and the
maximum temperature of operation, requires a sound under-
standing of the effects of changing design parameters on the
intersubband population kinetics. To create lasing efficiency,
in general, it requires specially designed structures providing
sufficient global population inversion between the two sub-
bands involved.

In our earlier works®" it has been shown that to achieve
inverted population in a modified GaAs/Al Ga, . As double
QW structure schematically shown in Fig. 1, which is occa-
sionally used as an intersubband lasing structure that consists
of a wider well (QW1) as a lasing unit and a narrower well
(QW?2) as an electronic energy filter by various types of tun-
neling mechanisms, we should ensure efficient drain of car-
riers from E; subband. This happens when the device has
appropriate design parameters providing a good electron
confinement at £, subband and short electron lifetime at the
E, subband. Recently, it has been shown by Faist et al.* that
for lasing in the intersubband lasers, global population inver-
sion is not a necessary condition but that nonparabolicities
combined with the nonthermal electron distribution in the
laser unit can make lasing action possible. This idea has been
studied theoretically by Gelmont et al.* and Gorfinkel et al.®
The main resulting calculations of these papers were directed
to investigate the spectral line shape of radiative intersub-
band transitions in a QW. It has been found that the line
shape of radiative intersubband transitions is determined by
two factors: (i) the electron intra- and intersubband scattering
rates, and (it) the effective mass differences between the two
subbands involved. The interplay between these two factors
leads to essential non-Lorentzian form of the spectral line.

The calculations of spectral density of gain g({}) are de-

0163-1829/2001/64(11)/115313(10)/$20.00 64 115313-1
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scribed as a functional on electron distribution functions

fi1(ey) and f,(e;) in both subbands E, and E,, where ¢,

and &, are kinetic energies in the subbands E, and E,, re-
spectively. Generally, the distribution functions are nonther-
mal and their actual shapes affect strongly the spectral den-
sity of gain.® At very low concentrations the distribution
function f(e;) is given by a quasidiscrete ladder with the
occupation probabilities decreasing toward the subband
bottom.%7 This is very unusual distribution because electron-
electron (e-e) scattering is very effective for the actual con-
centrations. Therefore, thermal equilibrium distribution func-
tion based on arguments of fast e-e scattering is considered
in the majority of these papers.®~8 However, there is substan-
tial gap between the two limiting cases. The most typical
shape is continuous, but the distribution function is strongly
nonequilibrium. This behavior, in fact, has been studied ex-
tensively via the ensemble Monte Carlo technique (see par-
ticularly the work of Goodnick collaborators).>!!

In this paper we study kinetics of electrons scattering in
triple-barrier double QW heterostructures shown in Fig. 1. A
model kinetic equation involving terms that describe the
electron-LO-phonon and e-e scattering, as well as electron-
escape and electron-generation processes has been derived.
Analytic solutions of the kinetic equation for distribution
functions in the two subbands have been found and obtained
a comprehensive description of the lasing process in the in-
tersubband lasers.

The paper is organised as follows: formulation of the
problem is described in Sec, II, where expressions for the
model kinetic equation is derived. In Sec. III and Sec. IV we
present and discuss our calculations of subband distribution
functions and the spectral density of gain. Finally, conclu-
sions are addressed in Sec. V, and useful mathematical de-
tails are presented in the Appendix.

II. FORMULATION OF THE PROBLEM

Main purpose of this present work is to investigate non-
cquilibrium behavior of electrons in the two subbands E,
and E, (see also Fig. 1). The kinetics of electron scattering in

©2001 The American Pﬁysical Society
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FIG. 1. (a) Schematic diagram of the conduction band of a
double QW structure and kinetics of electrons scattering. (b) The
subband diagram presenting the radiative intersubband transitions
in the QW1, and also shown are the nonradiative inter- and intra-
subband transitions by emission or absorption of LO phonons.

our physical system can be described by a model kinetic

equation'?-14
af e |
{5'3,‘ =S,0(e)+C,(e)+R(e)+GC(e); i=12
(2.1)

where f;(&,) is the electron energy distribution function, cor-
responding to the occupation probability of kinetic-energy
states €, in subband E;; here E; denotes the total energy of
electrons. We consider the dispersion relations £35(k) in
both subbands are different and nonparabolic. However, all
the effects of interest here are simplified by regarding the
subbands themselves as parabolic, but characterized by dif-
ferent effective mass m and m,°

k2

e12(k)=E (k) —E,(0)= (2.2)

2myy’
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where k 1s the magnitude of in-plane wave vector of the
electron.
Electron-LO-phonon scattering. The term S;(¢,) is re-

sponsible for electron scattering by LO phonons in subband
E {s SO that

Sro(e)==—v(e,)fi(e)+B(e), (2.3)
1
7(8:)="';><[No+(No+1)®(8: hwg)], (2.4)
|
B(¢g;)= ""]'X[(Nu"' 1)fi(e;+hwy)
+NyO(e,~hwy)fi(e;—fiwy)], (2.5)

where ® is a step function, and 7, the intrasubband relax-
ation time due to a spontaneous LO-phonon emission. For a
sufficient narrow QW of any shape, the time constant 7,
~0.1 ps (for GaAs).>*!* N, is the phonon Planck function.
If LO phonons are strongly nonequilibrium, one can use the
appropriate function instead of N,.'® In our case it will lead
to effective LO phonon temperature that differs from the
lattice temperature T,. The function 9y(e;) describes the
transverse-phase relaxation rate due to the intrasubband scat-
tering, which its dominated by the interaction with LO
phonons. The latter term B,(¢g,) 1s responsible for the incom-

ing electron scattering by emission and absorption of LO
phonons.

Electron-electron scattering. To calculate the term
C..(e;) that describes e-e scattering processes, we have to
consider e-e scattering probability W,,(e‘—rs ) of interact-
ing clectrons from initial states g; in subband E ; to the final
states & , in subband E,. In a system with isotropic or nearly
isotropic electron distributions, the probability W, (¢;
—g/) is given by'?

1 = . -
W"(s"_’s})= ;;J; déwu(ki"*k}) (2.6)
u(kf"‘*kf) 2 fj(&‘j)—"l i le
JE
X o(g;+ sj-s}-a') (2.7)
here M; i & TS 1s the matrix element for the e-e scattering

process of an electron with wave vector &, in subband E ; and
a second electron with wave vector kj in subband E f into the

final states with wave vector k' and k' in subbands E and
E, , respectively. For the problem with 1sotmp1c electron dis-

tributions, the average of the probability W,,(k,—-» kf) over

the angle ¢ between k; and k' enters into the calculations as
given in Eq. (2.9).

For reasons of simplifications we neglect any mismatch
in the properties of the narrow- and wide-gap semi-
conductor lattices and also disparities in the dielectric per-
mittivity. We then use an e-e interaction operator of the form
U,.=e?/(4mkr); where e is the electronic charge, « the
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dielectric permittivity of the QW and r the distance between
two interacting electrons. The matrix element M £ Bk, is

consequently obtained'?

where Q=[E}—E;I=|E,— k) is the relative in-plane wave
vector of the interacting electrons, which determines the in-
plane momentum transfer of the electrons, and § the surface

area of the QW.
Finally, one can obtain the e-e scattering C,.(g,) in the
collision integral form'*"

Ceele= | dejp (eI uulejm el (e)

= Weele— B})f:(sz)]

where p;(g,)=m,/(7h?) is the two-dimensional (2D) den-
sity of states in subband E,.

The general expression for C..(e;) given by Eq. (2.9)
associated with Eqgs. (2.6)-(2.8) is very complicated, on the
contrary to the other terms §;,,R;, and G,, as it is a bilin-
ear functional on the electron distribution function. To reduce
it to a linear integral equation form one can put in Eq. (2.7)
the Maxwellian distribution

ﬁz
fi(S:)“’"i( ?::fT.) CXP( - ';‘:') ’

where n; is the number of electrons per unit area in subband
E;, and T, the electron temperature in energy units. Physi-
cally it means that scattering of the minority of high kinetic-
energy electrons is affected only by the experience on the
majority of quasithermalized electrons. In general, it is
meaningful to define the electron temperature 7T, different
from the lattice temperature T; when the energy relaxation
due to e-e scattering is faster than the energy relaxation due
to LO-phonon scattering, i.e., 7,,< 7, exp(fw,/T,).!> At this
condition the temperature T, can be found using the energy-
balance equation. Even with this simplification the e-e scat-
tering probability W..(e,—¢€; £) is still complicated and could
be solved analytically only in some special cases.'>!7 To
handle the problem analytically we will use a consequence of
the Coulomb singularity of the matrix element A ;; k' kL ;. at

small momentum transfer. This singularity implies that scat-
tering events with low-energy transfer are dominant. As a
result, one can use the Fokker-Planck-Landau (FPL) approxi-
mation to transform the collision integral Eq. (2.9) into a
differential form!®

(2.9)

0
- _J (Bi)i

d
S Lri(ee(e)]= dg; °
(2.10)

Ceele) =" pi(&;) de;

where the flux on the energy axis J, (&) is

L E N B E BN NNNENNNEYEY N a8 & o B o "8

PHYSICAL REVIEW B 64 115313

Ju(sf)= -{Au(si)"'Du(el)EiT" fi(si): (2-11)

AM(BI) = f:d&:;p,-(s;)(siﬁs;) Wu(ei_’s;):
(2.12)

1 = .
D, (&)= EL de;p;(e;)(a,— 5;)2Wu(31“’3;)
(2.13)

where A4,,(¢g;) is the dynamic friction, and D, (¢;) the
energy-diffusion coefficients.

Recently, it has been numerically shown by Kinsler et al.®
and Smet et al.'* that e-e scattering is dominated by small-
angle intrasubband events (i=f and j=g) in which the ini-
tial electrons stay within their original subband after scatter-
ing and their relative momentum transfer is small resulting in
a small value of the energy transfer. The main investigations
of these papers®!* are directed to e-e intersubband scattering
(i#f or j#g). In this case the energy of final states of
electrons lies in a narrow region. Their resulting calculations
show that the intersubband e-e scattering events, which do
involve a change of subband at least for one of the electrons,
vanish at small values of in-plane wave vector k<k,,,;
where k,,;, 1s the minimum value of & that permits the inter-
subband transitions occur. For electrons at large values of
in-plane wave vector k>k,,;, , where the e-e intersubband
transitions is possible, e-e intersubband scattering processes
are typically less important when compared to e-e intrasub-
band transitions. In addition, they have also pointed out that
for sufficient large values of energy separation between sub-
bands, e-e intersubband transitions become much weaker
when compared to the e-e intrasubband scattering processes.
These relevant results enable us to necglect e-e intersubband
scattering processes and take into account only e-e subband
transitions. For the kinetic energies £, T, the dynamic fric-
tion coefficient 4,.(s,) is independent of kinetic energy’*

64 ) ﬁm‘o
324 &3

TG# ’
where n,=n+ n, is the electron concentration in the QW1
and 7,, 1s responsible for the e-e relaxation time at LO-
phonon threshold. This relaxation time 7., is important for
describing the competition between e-e scattering and the

LO phonon emission near the the threshold regarded as a
dimensionless parameter

Acc(ai)ﬂAe*l:( (2.14)

4

p= | —e |, (2.15)
Tee |326%h2wy, " eax 10" em-?
4

(for the GaAs QW). At high electron concentration where 7
is large that characterizes the dominant of e-e scattering. The

e-e scattering rate we defined in Eq. (2.14) differs from the
e-e scattering rate introduced in Ref 10, T,
=e*m*n,/(4%3x%¢?) in SI units. Here m* stands for the
electron effective mass in the QW and ¢, is the inverse
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screening length in two dimensions. The reason for this is
that electron-gas-energy transfer rate is determined by trans-
port cross section that differs from total cross section on the
screened Coulomb Eotential that has been used in the Monte
Carlo simulations.' To compare the efficiency between e-e
and e-LO scattering we calculate the time 7., that the elec-

tron requires to lose the energy Aiw, by e-e collisions. If
screening parameter g o<<v2m*w,/#, 7., appears to be en-

ergy independent that makes the problem more simplistic.
Electron escape from the subband. The term R,(e;) de-

scribes electron escape from subband E;. For the lower sub-

band E, in QW1 (see also Fig. 1) the electron-escape rate is

Sfileyr)

Ri(gy)=~- —

where 7,,,, i3 the electron-escape time from the subband due
to various types of scattering mechanisms. In these present
work we take into account only LO-phonon assistant tunnel-

ing that is typically the most prominent scattering process, so
that

Rl(8|)="(2No+l)fl:|)

(2.17)

here 7, is the interwell scattering time due to a spontaneous
LO-phonon emission. The nonradiative time #; can be tuned
by changing the design parameters of the QW’s and barriers.
To achieve the efficient drain of electrons from subband E,
the designed structure must be such that the subband energy

difference E,—E} is close to LO-phonon energy. For the
particularly designed structure of the LO-phonon tunneling,
the calculated time constant 7, in GaAs/Al,Ga,_,As DQW
heterostructure’ is in a range of 0.4~1.0 ps depending upon
the coupling strength between the electronic states of the two
subbands E| and E,. However, in our present paper it is
regarded as a tuneable parameter to determine the global
population ratio between E, and E, subbands.

For subband E, the electron R,(&;) can be determined by
intersubband LO-phonon-assistant scattering from the sub-
band E, down to subband £, neglecting any other scattering
mechanisms from the subband. Therefore, the electron es-

cape is

Ry(e3)=—(2N,y+ l)fzf_f:).

(2.18)

where 7y, is the intrawell scattering time due to a spontane-
ous LO-phonon emission from subband E; down to subband
E,. The typical nonradiative time 7;; in GaAs QW~1 ps
for midinfrared regime of operation. !**°

Electron generation processes. The term G,(e;) descnibes
the electron generation in subband E; For the lower subband
the electron generation G,;(g¢) can be obtained from the
intersubband scattering rates of electron from the upper sub-

band

(2.16)
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1l m
Ge)= ;;;;‘:'[(No'*' 1)f2(e =40y +Awy)

+N0f2(81_ﬁno-ﬁ(ﬂ0)] (2.19)

where fi{)o=E,(0)~E,(0) is the energy separation be-
tween the two subbands. The first term 1s responsible for the

emission of LO phonons, while the latter term stands for the
absorption of LO phonons. '

Electron generation G,(e,) in the upper subband is as-
sumed as monochromatic pumping based on these following
reasons.

(i) For a strong nonparabolic material the 2D electron gas
(2DEG) in the emitter is permitted to tunnel through the
upper subband E, in QWI1; see also Fig. 1(a), only for a
definite wave vector k with a definite kinetic energy e,.

(i) Similarly, for the case of optical pumping only the
photoelectrons with a definite wave vector k are allowed to
be pumped into the subband E,. This is equivalent to requir-
ing the definite kinetic energy &, to be pumped into the
subband.

(iii) The third main reason is that the model kinetic equa-
tion in our approach is linear. This implies that if one can
find its solution with a §-function pumping, one will be able
to build up the convolution of general problems with arbitary
generation function.

Consequently, the electron generation in the upper sub-
band is therefore

Gy
Gy(e;)=—06(ey—¢y),
P2

where G, is the number of electrons with kinetic energy &,,

and p,=m,/(mh?) is the 2D density of states in the subband
E,.

By substituting all of these relevant scattering terms given
in Egs. (2.3)-(2.20) into the kinetic equation, Eq. (2.1), un-
der a steady state of operation, we obtain

(2.20)

ﬁ(ﬂo d dz
7,, "};‘;"‘ Tc';;‘i' fi(si)‘7(8:)fi(81)+3f(3:)+R;(85)

(2.21)

here T,=D_(g;)/4..(€;) is the electron temperature in a 2D
electrons below LO-phonon threshold. It follows from the
principle of detailed balance as 2DEG below the LO-phonon
threshold represents a thermal bath with temperature T,.

In addition to the dimensionless parameter n=171,/71,,,
we introduce &,=7y/7,£2=7/712,0=T,/(fiwy) and y,
=g;/(fiwg). The ratio §, /£, characterizes the global popu-
lation ratio between the two subbands involved. The dimen-
stonless parameter 6 determines the ratio of electron tem-
perature to LO-phonon energy. In our approach it is always
assumed to be small. As a result of substituting these dimen-
sionless parameters into the kinetic equation, Eq. (2.21), we
can obtain a four dimensionless kinetic equation system to
get rid of the step function ©, that takes into account LO-
phonon threshold, as follows:

115313-4
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For the upper subband E,.
(a) 0<y;<l;

ﬂgf'zﬁg_ﬂ"" ”d{;}(z;) +(No+1)2(r2+1)—asfa(y,)
==Pyé(y2—y0) (2.22)
(b) y2>1;
nedzﬁ(;’) + ndﬁg 2 4 (No+ D302+ 1)
+Nof2(y2=1)=Ba2f2(y1)=0 (2.23)

For the lower subband E .
(a) 0<y;<I;

defl(."'l) .
dy?
= () (2.24)
(b) y,>1;
66’2f1()’1) N
dy}
+No/ 11— 1D)=B1i(1)=—P,(»)) (2.25)

where a|‘2=N0+£|’2(2Ng+1), ﬁ|2=(2No+l)(]+Elg)|
P0=TQGUI(p1ﬁ@g) and

dfi(»)
dy,

7 7 +(No+ DA+ 1) =a i)

dfi(yy)
dy,

7 7 +{(No+ 1)1 +1)

m: ﬁQg
P(y)=¢& — (No+ 1)1 y1+1"m
( ﬁﬂo)
+N0f2 1 | ﬁ(ﬂg ;

The details of mathematical solution of Egs. (2.22)-(2.25)
are presented in the Appendix where boundary conditions for
these e¢quations are also presented. In the following section
we present the resulting solutions of the kinetic equation
system for various values of the relevant parameters
n.£1,€3, and @ that correspond to different regemes of the
QCL operation.

III. SUBBAND DISTRIBUTION FUNCTIONS

In this section our investigations are mainly focused on
the nonequilibrium behavior of electrons in the
GaAs/Al,Ga;-,As DQW heterostructure shown in Fig. 1.
We introduce a universal dimensionless energy variable y
=y,=¢g,/(fiwg) for the subband distribution functions
f1(»1) and f2(»); here y, =&, /(fiwg)=(my/m,)y. This va-
iable conserves at optical transitions from E, to Ey. The
calculated subband distnbution functions for different values
of 7, which determine electron concentrations, are shown in
Fig. 2. With increasing values of 7; i.e., increasing the con-
centrations of electrons, the subband distribution functions

.103
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FIG. 2. Subband distribution functions for the monochromatic
pumping P(y)=P,8(y—1%) into the upper subband E, with equal
subband population ny=n,; assuming the following parameters:
70=0.1 ps, 7;=7=1 ps, the subband separation energy £(},
=155 meV, and m,=1.2m,, at temperature T=77 K for different
values of 7: (a) 0.05, (b) 1 and (c) 2.

below LO-phonon threshold (y<1) in both subbands be-
come close to Maxwellian distributions. In the region above
LO-phonon threshold (y>1), the shape of the upper sub-
band distributions f,(y) 1s still close to Maxwellian while
for the lower subband the distributions f;(y) are always
strongly nonequilibrium and deviate far from Maxwellian.
At a very low electron-concentration limit, »n,<1.0
X 10" ¢m™2; i.e.,, p<1, where the dominant scattering pro-
cess i1s due to LO phonons causing electronic transitions
within the same subband. The calculated distributions for #
=0.05 and so far n,=1.92X 10'% cm™~? at different tempera-
ture T'=77 K and 300 K (see Figs. 2 and 3); here we assume
that T=T,=T;, which shows that the shape of the distribu-
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FIG. 3. Subband distribution functions for the monochromatic
pumping P(y)=Pyd(y - 1) into the upper subband E; with equal
subband population n,=n,; assuming the following parameters:
70=0.1 ps, r;=7,=1 ps, the subband separation energy %{),
=155 meV, and m,=1.2m,, at temperature I'=300 K for differ-
ent values of 7: (a) 0.05, (b) 1 and (c) 2.

tion functions in both subbands deviates far from Maxwell-
ian. In the upper subband they have a pronounced peak at the
pumping energy affected by the monochromatic electron-
generation process that plays an essential role in this regime
of operation. Immediately after a nonradiative intersubband
transition from the upper subband E, down to the lower
subband E,, the lower subband electrons are in a state of
high kinetic energy &, =7%{l,+ &3 w,. Consequently, they
cascade down to the subband bottom by emitting LO
phonons resulting in the distribution functions f,(y) at
steady-state being strongly nonequilibrium. For 7=0.05 at
temperature T=77 K we can see four pronounced peaks on
the lower subband distribution function f,(y). However, its
" shape deviates far from the shape of f;(y) at low energies.
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At =1 all peaks are completely smeared out, but the mas-
sive shoulder below main peak always remains.

In Fig. 3 we present the electron distributions calculated
for the system with the same parameters as in Fig. 2, but
operating at room temperature 77=300 K. Our investigations
focus on the distribution functions affected by the thermal

phonon population Ny, which govems the lattice temperature
T,;. By comparing the resulting calculations for a specific
value of 7 at different operating temperatures 7’=77 K and
300 K. It is cleary seen that the nonequilibrium electron be-
havior is strongly dependent on the lattice temperature. The
main interests of these resulting calculations as shown in Fig.
2 and 3 are addressed to the case &;/§,=1. The results show
that it is possible to achieve positive values of the spectral
gain g(Q2) due to the existence of local population inversions
at some definite kinetic energies &,; i.e., at some particular
electron wave vectors k, in the region below the LO-phonon
threshold that provide an essential contribution to the spec-
tral gain density. This implies that it is possible to achieve
laser action even in low electron-concentration regimes of
high-temperature operation; see also Fig. 3(a).

IV. SPECTRAL DENSITY OF GAIN

In a natural limit that the transverse phase relaxation rate
¥(€) is much smaller than the optical frequency {2, optical
gain spectra g({)) can be expressed as a functional on the
subband distribution function f,(g,) and f,(e=g,) (Refs. 5
and 6)

4e®|z)p)*m QL (=
g(0)= € l:-'lz| m;

hac\x,

Y(e)lfa(e)—=fi(g,)]

d g ————r—————
o [Q-Q4(e)]*+[ ()]
(4.1)

where z,, is the transition matrix element, k., the dielectric
permittivity at high frequency, a the QW1 width, and ¢ the
speed of light. The vertical transitions with articular £{},(¢e),
see also Fig. 1, are given by

ﬁnk(8)=hno+8-81=ﬁao— g—i—l)s (42)
1

According to the threshold nature of y(e) that has been dis-
cussed in Sec. II the optical gain becomes strongly influ-
enced by the nonequilibrium distributions in the two sub-
bands. Gain spectra calculated for diferent values of the
competition parameter 7 between e-e scattering and
electron-LO-phonon scattering; in different values of the
electron concentrations, are shown in Fig. 4. For this calcu-
lation we assume equal global population ratio that corre-
sponds to 73=T7;; 1.e. § /&= 1. The resulting calculations
show that we can achieve strong positive gain for particular
photon energies. Small values of 7, that correspond to low
overall-electron concentrations, give proportionally smaller
gain amplitudes. In addition, the shapes of the spectral
curves are affected by the shapes of the particular distribu-
tion functions involved. At > 1/3 the main reason for posi-
tive gain is the leverage of f; above f; below LO-phonon
energy that corresponds to the photon-energy interval from
idy—=hwg[(my/m)—1] to £2,. The smaller photon ener-
gies correspond to large kinetic energies at both subbands,
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FIG. 4. Vanations of gain spectra under the monochromatic
pumping P(y)=Pyo(y - 1) into the upper subband E, with equal
subband population n,=n;; assuming the following parameters:
7,=0.1 ps, r,=7,=1 ps, the subband separation energy A},
=155 meV, and m,=1.2m,, for different values of =0.05,1/3,
and 1 at different temperatures: (a) 77 K and (b) 300 K.

and the optical gain becomes negative in this region. At room
temperature 7=1300 K the maximum values of gain strongly
decreases because the amplitude of the peak near pumping
energy decreases when temperature increases. At the bottom

subband E, more electrons are above LO threshold and so
far less electrons below the LO threshold. Furthermore, the
transverse phase relaxation rate y(e) becomes substantially
larger so that it smears out the fine structure of the spectral
gain function at smaller 7.

In Fig. 5 we present gain spectra calculated in a low-
concentration limit, 7=0.05; i.e. n,=1.92X10' ¢cm™?, at
different temperatures. Resulting calculations show that the
amplitude of gain is not strongly dependent upon tempera-
ture in the nonparabolic model while in the parabolic model
it has a strong temperature dependence.,

Gain spectra calculated for different values of &;/¢;
=1,2, and 4 (see Fig. 6) that correspond to global inversion
population n;/ny=1,2, and 4, respectively, are also investi-
gated at low- and high-electron-concentration regimes of op-
eration that correspond to 7=0.05 and 1. Our results show
that the spectral density of gain is mainly sensitive to the
upper subband distribution function f3(e). For n;>n,; at
small 7 that corresponds to low-electron-concentration re-
gimes two peaks are observed. First peak corresponds to the
photon emission from the bottom of E, subband, and second
peak tp the optical transitions near the initial pumping point.

.............................. R 1| o
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FIG. 5. Gain spectra in low-concentration limits at different op-
erating temperatures ranging from 100 to 300 K under the mono-
chromatic pumping P(y)=Py8(y— %) into the upper subband E 2
with equal subband population ny=n,. (a) Assuming the following
parameters: 73=0.1 ps, Tp;=7=1 ps, 7..=2 ps, the subband
separation energy %A{)y=155 meV, and m;=12m,. (b) Same
spectra calculated in the parabolic model, m,=m,.

At =1 the second peak completely vanishes, we also note
that even at =0.05 first peak always has larger amplitude.

V. CONCLUSIONS

We have solved analytically the kinetic equations, Egs.
(2.22)-(2.25) for subband distribution functions at various
values of # ranging from 0.05 to 2 that correspond to elec-
tron concentrations ranging from 1.92X10'® ¢cm™? to 7.68
X 10" cm™2, At small 7, shapes of the distribution func-
tions in both subbands deviate strongly from Maxwellian. In
the upper subband they have a pronounced peak at the pump-
ing energy affected by the monochromatic electron-
generation process that plays an essential role in this regime
of operation. Immediately after nonradiative intersubband
transitions from the upper subband E, down to the lower
subband E,, the lower subband electrons are at high-kinetic-
energy states €, =A{ly+ e,* A wy. Consequently, they cas-
cade down to the subband bottom by emitting LO phonons
resulting in the distribution functions fi(e) at steady-state
being strongly nonequilibrium. At larger 7 all peaks are
completely smeared out, and these distribution functions be-
come close to Maxwellian. Detailed shapes of these distribu-
tion functions are essential for the derivation of energy bal-
ance equation and calculation of gain in the intersubband
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FIG. 6. Gain spectra at operating temperatures T=77 K for
different subband population ratios ny/ny=1, 2, and 4 under the
monochromatic pumping P(y)=Pod(y - i') into the upper subband
E,; assuming the following parameters: 7r9=0.1 ps, the subband
separation energy fif{lg=155 meV, and m;=12m,; at low- and
high-electron-concentration regimes of operation that correspond to

n=0.05 (b) and »=1 (b), respectively.

lasers. Similar results have been established in Ref. 10. Un-
fortunately, it is quite difficult to make a direct comparison
with our calculations. However, the Monte Carlo simulations
also confirm that below LO threshold the shape of the elec-
tron distributions are closely Maxwellian, and phonon repli-
cas survive better at low electron concentration.

An advantage of our approach is that it 1s more conve-
nient to build up the model to investigate kinetics of elec-
trons scattering in other similar considerate systems by
changing the relevant controlling parameters. However, there
are some limitations of this model and for real device mod-
eling that we have to take into account the following effects.

(i) All temperatures T,, T, and LO-phonon temperature
T,y are assumed to be the same for all cases considered in
this paper. However, in real devices they might be different
in some particular regimes of operation. For accurate calcu-
lations we have to evaluate T, from the energy balance equa-
tion. Incoming energy depends on the electron generation G,
while the energy losses depend on both distribution functions
£, and f5. The resulting equation gives 6 as a function of 7,
£, and £;. Also, at high electron concentrations LO-phonon
distribution function differs from Ng. As we need only
N(%w,), in our equations this can be done by using the
effective temperature T, that differs from 7', . The effective
temperature T, depends on the generation rates G and the
running away rates of phonons from the QW region.

ceressseessseeess 100
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(i) In our approach 4., is a constant throughout the en-
ergy range. In fact, this assumption works well only for &
>T,, while at e~T,, 4., is getting smaller. However, if
electron distributions are Maxwellian or Fermi, it particular
value of 4., is not important because there is none of LO
phonon getting involved in this region.

(iii) At very high electron concentrations that correspond
to n>1, A,, becomes sensitive to the exact-distribution
functions. As a result, it reduces the accuracy of our calcu-
lations if we still use the assumption that 4,, is constant in
these regimes of operation. However, our main interest is
directed to investigate the system at <1 where 4,, is not
very sensitive to the exact shapes of these distribution func-
tions.

(iv) The assumption that the dominant e-e scattering pro-
cesses of a minority of high kinetic-energy electrons is only
due to the scattering on the majority of quasithermalized
electrons, in general, is not valid if the distribution function
differs from a2 Maxwellian. However, in the reality we actu-
ally have T,<%wy. This is enough to have exp(—Awy/T,)
<1 to fulfill our approach.

(v) At very low electron concentrations that correspond to
n<1, the ratio D, /A,.=T, is not valid due to the difficulty
of electron to form a thermalized bath. In this case we have
to calculate D, independently and use the resulting T,
=D, /A, as the definition of electron temperature.

(vi) The Fokker-Planck-Landau approximation does not
work well at the regions |e—¢€o| < T,. The reason is that for
2DEG all scattering angles are equally important for energy
transfer. To take all these events into account one has to
consider the integral equation, Eq. (2.9) instead of Egs.
(2.22)-(2.25). However, the resulting gain is not very sensi-
tive to exact shapes of the distribution functions near pump-
ing point. In reality, the pumping is not an exact o-function
shape due to nonhomogeneous broadening.
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APPENDIX

To solve the model equation givcﬁ in Eq. (2.21) we first
introduce dimensionless parameters; =T/ Tees &1
= T'o,'rl ’ §2= 70 ,Tu, 0= T,/(ﬁ(ﬂu), and y]=8i,(h(00),
and Eq. (2.21) is then transformed to the dimensionless ki-
netic equation as follows.

a. For the upper subband E ,
(a) 0<y<1;
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df:(y)

di
I 1 L i 00+ D)= 2t 0)

c:fy2

76

(A1)

d’f,(y)  dfi(y)
dy? dy

- BZfZ(y) = 0! (AZ)

where y=y,, a;=Ny+§&(2No+1), B,=(2Ny+1)(1
+£,), and Py=7yGo/(p25 wo)-

The kinetic equations given in Eqs. (Al) and (A2) can be
solved by assuming the general solution f,(y) in the form

76 +7 +(No+1)fa(y+1)+Nyfo(y—1)

1 [+
S0V =00)+ =] ke D),
(A3
Dy(k) =~ n0k:= pict (Vo + 1)e™"+ Noe = ],
(Ad)

1 [+e
o= =|__dye" Do =1), (AS)

where f1(y) is the zeroth-order solution given as follows.

A le“;"+Aze“;”, 0<y<ypq

20)(y) = Aseﬂ;y+4448‘u2+y' Yo <y<l (AG)
Ase"”’, y>l.
where
= —7]'-1_-\}17!""41]9&'2
K2 2179
and

- n=\Vn‘+496p,
2né '
The arbitary constants 4 -4 are obtained from the follow-

ing boundary conditions.
(i) at y=0;

kz'-_-'

d
Ju()’)b-o=0—‘[ o ;f,”) +fz(y)]
y=0

(ll) at Y=Yo»
£:0)lymyr =20 ymyz

and
df;(») df,(y) _
09[ dy +—-TJ’_| - =Fo
) b 4 Y=,
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(iii) at y=1;
fz(.)’)ly-=1+ =f2(y)|y-l":

=dfz()')|
y-l"' dy y=1=

b. For the lower subband E
(a) 0<y,<IL;

d*f1(y)
dy?

and

dfy(y)
dy

dfi(»1)
dy,

n6 +7 +(No+ 1)1+ 1)—a fi(n1)

=0 (A7)
() y>1;

dfiv)  dfiln)
dy\ dy)

+No/ii =D =Bb)==P (),  (A8)
where a;=Ny+ §,(2Ng+ 1), B1=(2N,y+1)(1+£,), and

76 +7 +(No+1)f/1(01 +1)

i )
Pl(.)’l)"fz('z-: (No‘*'l)fz(J’l'l‘l'E"E')
-5
+ Nof3 J’:"l-m

General solution of the kinetic equations given in Eqs. (A7)
and (A8) can be written in the form

B,e“;"+32e”‘;’+Fl(yl), 0<y,<I

fl(yl)z{B.’,eh‘y""FtU’t), yi>l

(A9)

1 [+
Fl(y‘)=—J2—_;I dke™"™D (k) oV (k), (A10)

D\(k)=[—nok*— nk+ (No+1)e~*+ Nye'* - 8,171,
(All)

+

i @
WO0)== =] " aye D 0P, (AL

where

< —17'-1'-'\}?+41;9a1
= e———

7 270 :

and
- =V’ +4 768
278 '

The arbitary constants B|—B; are obtained from the follow-
ing boundary conditions.

K|=
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(i) at y,=0;
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d
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=0

(ii) at y;=1;
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Abstract

We calculate the tunnelling rates for interwell transitions due to electron-longitudinal-optical phonon (LO-phonon)
scattering in GaAs-AlGaAs DQW heterostructures starting from the Fréhlich interaction and Fermi's golden rule. The rates
are investigated as functions of the difference in energy between the E, level of the wider quantum well (QW1) and the E
level of the narrower quantum well (QW2). We also compare our calculations of the LO-phonon assisted tunnelling with the
conventional resonant tunnelling. © 2000 Elsevier Science B.V. All rights reserved.

PACS: 72.10.— d; 73.40.Gk; 73.50.— h

1. Introduction

Long wavelength semiconductor lasers are in de-
mand for many industrial and research applications.
The conventional interband transition approach re-
quires narrow band-gap semiconductor materials for
realising mid- and long-wavelength IR lasers. An
alternative approach utilising intersubband transition
in semiconductor quantum well structures for long
wavelength IR lasers was first suggested in 1971 by
Kazarinov and Suris [1]. In this structure coherent
photons generated by electron transitions from one
confinement state to another while holes are not
involved. Thus, wavelength of intersubband lasers is
determined, not by the band gap, but by the small
energy separation of conduction subbands arising
from quantum confinement in quantum well struc-

* Corresponding author. Tel.: +44-114-222-4353; fax: +44-
114-272-8079.
E-mail address: ilarkin@sheffield.ac.uk (I.A. Larkin).

tures based on wider band-gap semiconductor mate-
rials. The first intersubband laser was not realised
until the recent demonstration of a so-called quantum
cascade laser (QCL) reported by Faist et al. [2]. The
QCL, a unipolar device, utilises photon emission
between subbands in a staircase of coupled AllnAs—
GalnAs quantum wells, in which each injected elec-
tron is recycled, ideally producing an additional pho-
ton, as it cascades through each period of the active
region. The most prominent obstacle to intersubband
lasing is the nonradiative relaxation between sub-
bands due to optical phonon scattering which will be
discussed 1n Section 2. The typical phonon relaxation
time 1s much smaller than the radiative time resulting
in a very low radiative efficiency. However, spe-
cially designed multiple barrier heterostructures can
provide population inversion without reducing the
current injection efficiency.

In our previous work [3] we have demonstrated
that to achieve inverted population in a triple barrier
resonant tunnelling structure (TBRTS) we should

0375-9601/00/% - see front matter © 2000 Elsevier Science B.V. All rights reserved.
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ensure efficient drain of carriers from the lower
subband. Transport through TBRTS also has been
intensively theoretically [4-6] and experimentally
[7-9] studied. The physics of resonant tunnelling in
these systems is much more than an extension of the
results of the double-barrier case [10,11], since the
former now involves the coupling of quasi-bound
states between two adjacent quantum wells in the
semiconductor heterostructure. In most cases the ex-
perimental resonant position corresponds to theoreti-
cal predictions based on the 1D self-consistent the-
ory of Poisson and Schridinger equations. However,
the amplitude and width of the peaks differ signifi-
cantly from the 1D model [8]. This discrepancy
arises from scattering processes which accompany
the tunnelling processes and resulting in sequential
tunnelling rather than coherent tunnelling. This was
clearly demonstrated [7-9] in experiments with an
application of strong magnetic field parallel to the
current. These papers experimentally prove the es-
sential role of LO-phonons which appeared to be a
major reason for sequential tunnelling. Theoretically,
the role of LO-phonon assisted tunnelling in resonant
tunnelling was also intensively studied [7,10-12].
The main result for TBRTS shows that the resonant

peak in I-V curve became wider and a satellite peak
appears at LO-phonon energy. Unfortunately, Refs.
[10-12] studied the 3D-2D-3D tunnelling case
whereas for QCL structures it is necessary to study
2D-2D tunnelling to ensure effective drain from
localised states.

Another LO-phonon assisted tunnelling approach
comes from the studies of vertical transport in super-
lattices [13,14], where it was shown that the LO-pho-
non mechanism is the most efficient process for
hopping conductivities. Tsu and D&hler [13] also
point out that the transport in superlattices can be
reduced to DQW problems. To deal with the DQW
problem we need to evaluate the transfer integral for
the system [14). However, the calculation reported in
Ref. [14] does not take into account the orthogonality
of the initial and final states, as a result the transfer
integral was calculated only from the exponentially
small wavefunction overlap in the barner. This prob-
lem has been resolved numerically by Weil and
Vinter [15), and their result shows that the main
overlap occurs in the well regions and not as a result
of the interbarrier overlap. This approach has been
generalised by Harrison [16}, and Ferreira and Bas-
tard [17]. The calculations [16,17] take into account

0 L 4 4,

Fig. 1. Conduction band profile of the DQW structure with a wider well as a lasing unit and a narrower well as an electronic energy filter by
tunnelling processes.
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the slope of the conduction band in the heterostruc-
ture, which is affected by the applied electric field,
and other various mechanism for interwell transi-
tions, i.e. electron-electron and acoustic phonon
scattering. However, in both papers [16,17] the 1D
Schrodinger equation was treated numerically with-
out correcting for the different effective mass of the
electron in the quantum wells and barrier. This prob-
lem has been resolved analytically by Allen and
Richardson [4]. Exact analytical solutions for the 1D
Schrodinger equation have been given, however, the
results are not practical for the purpose of calculating
the LO-phonon matrix element.

The aim of the present work is to calculate the
tunnelling rates for interwell transitions due to elec-
tron-LO-phonon scattering in DQW heterostruc-
tures. The focus is on the investigation of the tun-
nelling rates as functions of the difference in energy
between the E, level of the wider quantum well
(QW1) and the E level of the narrower quantum
well (QW2); see also Fig. 1. We present our result-
ing calculation in an analytical formm taking into
account the different effective mass of the electron in
the quantum wells and barrier [18,19]. In our approx-
imation we assume that the barrier height is much
larger than the energy levels in the wells. QOur calcu-
lations given for a semiconductor GaAs-AlGaAs
heterostructure show that the rates due to LO-phonon
assisted tunnelling are less sensitive to the energy
difference E, — E; than those for coherent tun-
nelling, i.e. LO-phonon assisted tunnelling has a
wider energy range than coherent tunnelling. As a
result it is easier to achieve the efficient drain of
carriers from lower subband by the assistance of
LO-phonon scattering. Moreover, we also find that
to get a better drain the design parameters of the
quantum wells and barrier must be such that the
energy difference is close to LO-phonon energy, i.e.
E,—E =36 meV.

2. Theoretical frameworks

A modified GaAs—-AlGaAs DQW structure is
schematically shown in Fig. 1. This is occasionally
used as an intersubband lasing structure that consists
of a wider well (QW1) as a lasing unit and a
narrower well (QW2) as an electronic energy filter

by various type of tunnelling mechanisms. To create
lasing efficiency it is necessary to achieve a suffi-
cient population inversion between subbands E, and
E, in the QWI1. This happens when the device has
the appropriate design parameters providing a good
electron confinement at the upper subband E, and
short electron lifetime at the lower subband E,. In
this present work we are interested in studying how
to reduce the electron lifetime at the lower level to a
proper value for lasing operation. We have investi-
gated a variation of tunnelling rates, 1/7,, of the
electron as functions of the energy difference E, —
E;; here 7, is the tunnelling time of the electron.
The notations E|, E,, and E,’ stand for the electron
states in each of the wells when isolated from each
other (see Fig. 1).

We investigate a system where two potential wells
are connected via a barrier which permits a measure
of quantum mechanical tunnelling. We first simplify
the system as shown in Fig. 1 by neglecting the
effect of linear potential drop in the wells, and
undertake i1t as a rectangular quantum well with
finite-wall problem. However, to make the results
more realistic we take into account finite barrier
height in first approximation that gives for the effec-
tive well widths of QW1, QW2 and barrier thickness
in terms of a_, d. and b_, respectively, as follows
[18-20];

a¢=a+30+3,, b¢=b-8l_52’
d.=d+ 0, + 0, | (1)

where a and d are the well widths of QW1 and
QW2, respectively, b refers to the middle barrier
thickness, &,=#f2am,U,, i=0, 1, 2, 3, where
a=m, my, m, is the effective mass of the electron
in the quantum wells while m, is the effective mass
of the electron in the barriers, and U, are the heights
of the barriers adjusted to the quantum wells that
take into account the applied electric field, given as

eFa eFa eFd
U0=V0+T'U1=V0—T'U2=VO+T'
eFd
Us"Vo""_z' (2)

where V, is the conduction band off-set in the
semiconductor heterostructure, F is the magnitude of
the electric field, and e is the electronic charge. This
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approach works well if the bamrier is high enough,
1.e. 'rrzﬁz/Zm - < V,. However, the overlap inte-
gral, in fact, depends weakly on this correction. It is
mainly determined by the energy difference.

By using the approach above and neglecting the
exponentially small tails of the wavefunctions as
.they give a small contribution to the LO-phonon
matrix element, the ground state wavefunctions in
each of the wells when isolated from each other can

be given by

d
.....smﬂ(z+ “); - 0; <2<+ 9,
9 (2)= a, a. . (33)

0 :otherwise
w(Z3+ 83— 2)
—-sin—-l—--?-——--. 23— 8, <7< 23+ 0,
‘P"( ) g dg ’
0 ‘otherwise

(3b)

where ¢, and ¢, stand for the unperturbed states E,
and E,’, respectively. Because wells are coupled,
one can assume that the eigen wavefunction of the
system is a linear combination of ¢, and ¢,. There-
fore, the energy eigenvalues when wells are coupled

are determined by the condition [13]

E‘i)u(E'-FE'.);l: (————E'“-E‘m)*"+Mz
2 2

where M stands for the magnitude of the transfer
integral. Using the approach introduced by Bar-
Joseph and Gurvitz [21] we can calculate M as

2 \(#%\(EE "
Mﬂ(\/n)( )( Ule) (b

(5)
where
] 2m, 2m,
K"‘"E “ZE“(UI_El) +‘ ?(UZ_E;)

Calculations show that the value of M is 3-5 meV
depending on the electric field F. Experimental data
reported by Li et al. [22] gives M as about 10 meV.

The actual energy splitting given by Eq. (4) clearly
depends on the magnitude of the transfer integral M.

)

With the mtroductlon of e=FE —E /2 and w
=Ve?+ M?, the normalised eigen wavefunctions

are
o¥)(2) = Ci{*p,(2) + Ci*lpy( 2), (6)
yvrhere
+ M
C{*) = ———=—=———o—, and
V(0¥ &) + M2
w+ &

(£)
T Y(wFe) +M?

The LO-phonon scattering rates. According to
Fermi’s golden rule, the scattering rates of an elec-

tron from an initial state‘ i, K i) in the ith subband to

all final statesl fs Ef>in the fth subband accompa-

nied by absorption or emission of a phonon with
energy Aw is [17]

1 2T

T, h

le( Er*f'ﬁe-ph‘iifif‘s( &~ & Thw)dN,

(7)

where K, and K, are in-plane wave vectors, and ¢,
and &, are the total energies of the electron at the
initial and final state, respectively. The upper (lower)
sign refers to emission (absorption) of the phonon. In
this expression the integration is over the number of
final density of states M.

For the LO-phonon scattering mode the rate is
therefore [17,23]

: C
T; 0 )
1

<[ 1M+ 5%5]

X B(Ei-Efq:ﬁwO) def! (3)
with the appropriate variables given as follows:

2 |
Cy=— — (2mhay )( )[—-— '

(2 ) 4me,

(9)

Q=1/Ki1+Kf2-2KiK,cose : (10)
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where k., and k, are the high-frequency and static
dielectric constants of the quantum wells,g, is the
permittivity of vacuum, Z w, =36 meV is the LO-
phonon energy, N, 1s a phonon distribution function,
fiQ is the in-plane phonon momentum which is equal
to the electron in-plane momentum transfer, and 6 is
the angle between K; and K. The integral I ( Q) is
defined as [23] |

I:(Q) = lQr'fj‘Pi(Z) oe( 2)exp( - 0|z - Z|)

X @(Z)edl2) d7 dz (11)

At low temperature we neglect the induced phonon
emission /absorption and take into account only a
spontaneous phonon emission; i.e. N, =0. There-
fore, Eq. (8) reduces to

",;1:=Cof_[’if(Q) o(&;—e—hwy) d°K;.  (12)

In polar coordinates K ¢ can be determined as fol-
lows:

|

- m,, r

where &' = g+ hw,, and the scattering rate is fi-
nally obtained

- =co(.';_f')j:“1if(g) de. (13)

In particular for GaAs—AlGaAs heterostructures we
find that Cy(m,[A?)=1.54X10'" A™' s, The
scattering rate given by Eq. (13) clearly depends on
the integral I ( @) which can be determined by using
Eq. (11) if the electron wavefunctions are known.

3. Results and discussion

In this section we discuss semi-analytical calcula-
tions of the tunnelling rates based on the physical
model presented in the preceding section. Our calcu-
lations focus on the investigation of the tunnelling
rates due to electron-LO-phonon scattering in the
DQW structure as shown in Fig. 1. We simplify the
integral I.(Q) given by Eq. (11) by considering the
results only for an extreme condition of smallQ
values; i.e. Q < g,.

By substituting wave functions given by Eq. (6)

into Eq. (11) we obtain
- { (C,“’C.(")z . (C{*’C-_f"’)z

(Q) = {77 0207Qa, 1+0.2070d.

0
20Nt

— (14)
1 + Q(a.f2+ b, +d [2)

and the magnitude of the in-plane phonon wave
vector O given in Eq. (10) can be written as

(15)

where B and y are dimensionless parameters de-
fined as follows:

AiK?
P 2mihw,
Et) — p(=) (E,-- ES )?"+M2
[ hw, =2 i,

(16)

The expression for the tunnelling rate due to elec-
tron-LO-phonon scattering given by Eq. (13) associ-
ated with Eqs. (14)-(16) can be applied for any
scattering processes from the ith subband to the fth
subband. It clearly shows that the rate depends on
both B8 and y. However, in this present work we
investigate for the case of 88— 0 limits, so that the
rate is finally formulated as a functions of E, — E;
and M. The calculations have been done for a
semiconductor GaAs-AlGaAs DQW heterostructure
with relevant charactenistic parameters: g = 66 A,
b=26 A and d=33 A. In Fig. 2 we show the
results for the tunnelling rates, Eqs. (13)-(16), for
M=5 meV and M =10 meV as a function of the
energy difference E, — E|" . In these plots as shown
in Fig. 2 we also compare our results in this present
work (solid line) with the rates calculated from
coherent tunnelling (dashed line) [22].
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Fig. 2(a) shows that for M =5 meV the tun-
nelling rate due to electron-LO-phonon scattening is
much less than the rates due to coherent tunnelling.
However, these rates of LO-phonon assisted tun-
nelling and coherent tunnelling become comparable
to each other when the magnitude of the transfer
integral M increases, as shown in Fig. 2(b) for
M = 10 meV. In general, our calculations show that
we can get effective LO-phonon assisted tunnelling
even though the rates are slightly less than the rates
of coherent tunnelling. However, LO-phonon as-
sisted tunnelling has an advantage of a wider energy

El - E; (meV)

Fig. 2. Variations of the electron tunnelling rates at operating temperature T = ( K.

range and less sensitive to nonparabolicity effect
than coherent tunnelling. Moreover, we also find that
the rates are restricted within l/rs 2.5 ps”'. In
addition, our formula can be used for roughly inves-
tigating the tunnelling rates for hot electrons, i.e.
B #0. According to Eq. (15), one can easily find
that the in-plane momentum transfer AQ gradually
increases with B. As a result, the integral I, (Q) is
slightly decreased which affects the tunnelling rates
decreasing for each value of energy difference E,
— E; with a fixed value of the transfer integral M.
However, one may notice that the maximum tun-
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nelling rates for each value of M are almost inde-
pendent of S.

4. Conclusions

Starting from the Frohlich interaction and Fermi’s
golden rule, we can obtain Eq. (13) associated with
Egs. (14)-(16) for the tunnelling rates due to elec-
tron-LO-phonon scattering in semiconductor
GaAs-AlGaAs DQW heterostructures. In general,
the calculations mainly show that the tunnelling rates
monotonically decrease with the energy difference,
and strongly depend on the magnitude of the transfer
integral. The rates are actually calculated at 7= 0 K.
However, the tunnelling rates formula given by Eq.
(8) is quite simple and practical to generalise to other
systems at T # 0 K. Another simplification we have
made in this work is concerned with the third barrier.
In our calculations we ignore the level width I' in
second quantum well (QW2). To make this assump-
tion valid, we assume that I' < fiw,. On the other
hand, the lifetime of the electron in QW2 (A/T')
should be much smaller than LO-phonon assisted
tunnelling time (r,). For materials with small
Frohlich constant this condition is easily fulfilled; for
GaAs, for example, 1.6 meV «I' <« 36 meV. Practi-
cally, that means the thickness of the third barrier,
6 A < bgys < 30 A for the QW2 of 33 A well-width.
For the large I" threshold of the LO phonon emis-
sion smeared out for the value of I'. Therefore, to
calculate tunnelling rates more accurately for this
case we have to treat the final states exactly as the
states from the continuous spectrum. In this purpose
we need to solve the 1D Schridinger equation ex-
actly, for example using the approach of Refs. [4,24].

In summary, we should mention that electron-
electron scattering is also an effective inelastic scat-
tering channel. In our geometry [3,13] the electron
gas in front of the first barrier is likely to have
suitable density to ensure effective inelastic scatter-
ing. To compare this calculation with experiments,
we should also mention that only indirect measure-
ments are available at the present moment. We found

‘that the average phonon assisted tunnelling rate de- .

pends strongly on distribution function of in-plane
kinetic energy. As a result, for any particular cases
we need to know which part of distnbution function

is meaningful for the expeniment. The results in our
present work give a simple way to calculate this
tunnelling time for various conditions and geometry’s
of the structure.
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