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Abstract

Convolution operators on LP(0,1) have many similarities with the classical
Volterra operator V', but it is not known in general for which convolution
kernels the resulting operator behaves like V.

It is shown that many convolution operators are cyclic, and the cyclic
property is related to the invariant subspace lattice of the operator, and to
the behaviour of the kernel as an element of the Volterra algebra.

The convolution operators induced by kernels satisfying a smoothness
condition near the origin are shown to have asymptotic behaviour that matches
that of powers of V| and a new class of convolution operators that are not
nilpotent, but have kernels that are not polynomial generators for L'(0,1),
are produced.

For kernels that are polynomial generators for L'(0, 1), the corresponding
convolution operators are shown to have the property that their commutant

and the strongly-closed subalgebra of B(LP(0,1)) they generate are equal.
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Chapter 1
Introduction

The classical Volterra operator, the indefinite integral, has been much stud-
ied over the years, and interesting discoveries about it are still being made.
For example, in [12], Gallardo and Montes demonstrate that the Volterra
operator is not supercyclic, thus solving a conjecture of Salas.

The Volterra operator can be regarded as a special example of a more
general class: the convolution operators. In general, convolution operators
have been much less well-studied. As all convolution operators are quasi-
nilpotent, spectral theory does little to help study them, and other methods
must be employed. For something of a survey of complex analytic methods
with regards to convolution operators, see [11].

Given that the Volterra operator has been so well-studied, often ques-
tions about convolution operators take the form: “for which kernels does
the corresponding convolution operator behave like V?” The answer can
sometimes be surprisingly many; in [10], Eveson shows that for any abso-
lutely continuous kernel k, the corresponding convolution operator Vj is not
supercyclic.

This is the motivation for this thesis: for three properties known about
the Volterra operator, I attempt to provide answers to the question “for
which kernels does V}, behave like V77

The first property looked at is that of the cyclicity of Vi. This is a
property related to the supercyclicity of Gallardo and Montes’ paper, but



the Volterra operator is a cyclic operator. In Chapter 3, it is discovered that
Vi is cyclic for a large class of k; in particular, V} is cyclic if k is a polynomial
generator for L'(0,1).

In Chapter 4 the behaviour of iterates of Vj in the opertor algebra is
related to the behaviour of iterates of k in the convolution algebra. The
main result here is a slightly more general version of a theorem by Eveson
[9], which provides some new asymptotic results, based around a kernel that
has been previously studied [2].

Finally, in Chapter 5 a result of Erdos [7] is extended to show that, if k
a polynomial generator for L'(0,1), then the commutant of V}, is as large as
it could be.

Throughout the theme is that “nice” properties of k translate into “nice”

properties of V.



Chapter 2

Preliminaries

2.1 LP-spaces

[15, 3] Let X =R, X = R* or X = (0,1), and let M(X) denote the set of
real-valued measurable functions with domain X. Fix p € [1,00). For any
f € M(X) the p-norm of f is denoted | f|, and defined by

= ([ 1w dt); |

For p = o0, the co-norm of f € M(X) is defined by
Ifl, =inf{aeR:|f(t)] <a foraa.te X}

(this is also known as the supremum norm, as | |, is also called the essential

supremum of f).
Then for p € [1,00] the set LP(X) is defined by

LX) = {f e M(X) - [ ], < oo}.

This is easily seen to be a vector space, and in fact is a normed space with
the p-norm defining a norm on LP(X), where elements of LP(X) are regarded
as equivalence classes of functions which differ only on a set of measure zero.

It is customary to continue to refer to elements of LP(X) as “functions”, and



to treat them as such in most instances, remembering always that they are
in fact equivalence classes. For each p € [1, 0] the space LP(X) is complete

in its norm, so that it is a Banach space.

2.2 Convolution

For any f,g € LY(R), define their convolution product (or just “the convolu-

tion of f and ¢”) as
W)= | £ = 9)9(s)ds

for all ¢t € R [15, §8.13]. Clearly h is a measurable, real-valued function; in
fact, h € L'(R), and |h|, < ||f], lgl;- The convolution of f and g is denoted

f = g, which leads to the more familiar inequality

| =gl < £l gl (2.1)

It is easily verified that convolution is commutative (f g = g* f) associative
((f=g)=h = f=(g=h)), and distributes across addition ((f + g) = h =
(f =h) + (g = h)) and scalar multiplication ((af) =g = a(f * g)). For any
n € N, define f** as f convolved with itself n-times: f** = f ...« f.

This definition can be extended to L'(R') by embedding L'(R™) into
L'(R) by

(EN®) =

for each f € L'(R'), which is clearly an isometric embedding. Then for

f,g9 € L*(R™) their convolution product can be defined by

(f+g)(t) = (Ef«Eg)(t)

for t € R*. It is easily verified that f =g e L'(RY), and ||f = g, < |fIl; lgll;-
A simplified expression for f = g can be obtained, by virtue of the fact
that (E'f)(t) is zero for all ¢ < 0. Using this, and a change of variables, for



any f,g€ L'(R™) and t € RT,

The definition can be further extended to L!(0,1) by a similar method.
Define £’ : L'(0,1) — L'(R) by

f(t) te(0,1)

0 otherwise

(E"f)(t) =

which again defines an isometric embedding. The convolution product for
f,g9 € L*(0,1) is again defined by

(f=g)(t) = (E'f = E'g)(t)

for t € (0,1), and f =g € L'(0,1) with |[f=g|, < [If],]9],- Again, the

expression for f # g can be simplified to

s = [ F()g(t - 5) ds

for t € [0, 1].

The addition of the convolution product gives L'(X) an algebra structure,
and since the 1-norm interacts properly with the multiplication (as in (2.1)),
L'(X) forms a commutative Banach algebra [3, §2.1].

The convolution algebra L'(0,1) is also called the Volterra algebra. Tt

will occasionally be denoted ) to emphasise the algebraic structure.
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2.2.1 Integral Transforms

The Fourier and Laplace transforms are especially useful when working with

convolutions, as for any f, g€ L'(R),

F(f=g9)=F(f)F(g) and  L(f=g)=L(f)L(g)

where F and L represent the Fourier and Laplace transforms respectively.
[16, Theorem 7.19]

The transforms have the effect of turning convolution into pointwise mul-
tiplication, which can be much easier to handle. The invertibility of the

transforms shows that

frg=F "(F(HF(9)

and similarly for the Laplace transform; this can mean that a complicated
convolution product can be calculated explicitly by moving to the transform

domain and back. See Chapter 4 to see this in use.

2.3 The Titchmarsh Convolution Theorem
For f e L'(R)\O define the minimum support of f, denoted a(f), by
a(f) =sup{ae R : f is a.e. zero on (—o0,a)}.

If the set is empty, then a(f) = —oo. For f = 0, define a(f) = oo.
If A is a non-empty subset of L!(R) then it is convenient to define a(A) =

inf{a(f) : f € A}.

This is a useful tool for dealing with convolutions, as if a(f) > 0 and

11



a(g) > 0 then

(90 = | f=s)g0)as
rt—o(g)
- = wa
rt—a(g)
- = wa
Ja(f)

so that (f = g)(t) is zero for t — a(g) < a(f); that is, a(f = g) = a(f) + a(g).
In fact there is a much stronger version of this result, which is often referred

to as the Titchmarsh Convolution Theorem.

2.1 Theorem (Titchmarsh Convolution Theorem). For all f, g € L'(R) with
a(f) > —oo and a(g) > —oo

a(f =g) = a(f) + alg).

This is presented here without proof, but several interesting proofs exist,
including [17, VL.5] and [3, Theorem 4.7.22].
The Titchmarsh Convolution Theorem is sometimes presented in the su-

perficially more general form below:

2.2 Theorem (Titchmarsh Convolution Theorem (interval version)). Let
f,g € LY(R). If f is a.e. zero outside of [a,b], and g is a.e. zero outside of
le,d]| then f =g is a.e. zero outside of [a+¢,b+d]. Furthermore, if |a,b] and
[c,d] are the smallest such intervals for f and g respectively, then [a+c, b+d)|

15 the smallest interval for f = g.
However, the two forms are in fact equivalent.

Proof. Clearly Theorem 2.2 implies Theorem 2.1, by the definition of «(-).

To see the reverse implication notice that

inf{b: f is a.e. zero on (b,0)} = sup{a : Rf is a.e. zero on (—o0,a)}

12



where Rf denotes the function ¢ — f(—t). Temporarily adopting the no-
tation S(f) for the former expression, it is clear that S(f) = «(Rf). But

since

o0

(Rf = Rg)(t) = | (Rf)(t—s)(Rg)(s)ds

J—0
lee]

= | fs=tgl=)ds

=] f(—u—t)g(—u)du (with u = —s)

= fl(=t) —u)g(u)du

J—w0

= (f*g)(~t)
= (R(f = g))(t)

it follows immediately that S(f=g) = 8(f)+ 8(g), which gives the result. [

When dealing with f € L'Y(RT), a(f) is defined in precisely the same
way. By definition, therefore, a(f) = 0 for all f € L'(R"). Both forms of
the Titchmarsh Convolution Theorem are applicable to L'(R™), but there is

also a useful third form in this context.

2.3 Theorem (Titchmarsh Convolution Theorem (integral domain form)).

Let f,ge LY(RY). If f =g is a.e. zero then either f is a.e. zero or g is a.e.

ZEro.

In other words, the convolution algebra L'(R™") has no zero divisors.
This is clearly a consequence of the previous versions of the theorem, but

in fact it is also equivalent. A couple of quick results are required first.

2.4 Lemma. If f,g € L'(R) and 7, represents a left-shift by a € R (that is,
(raf)(t) = f(t —a)), then

Tof 9= 7-a(f * g)'

13



Proof. For any t € R,

00

f )0 = [ uf)(o)glt — 5)ds
[ -t —9as
ziifwM@—Qmedu (where u = 5 — a)
- [ sttt -0 -0
= (fxg)(t—a)
= (ra(f * 9)) (1) O

2.5 Lemma. For any f € L*(R) and a € R, a(7.f) = a(f) — a.

Proof. 1t a(f) = oo then f = 0 a.e., so 7, f is a.e. zero, and hence a(7,f) =
o = o —a. If a(f) = —oo then clearly a(7,f) = —00 = —00 — a also.
So assume that «(f) is finite. Then

a(r.f) = Slip{(faf)(t) =0a.a. t<s}
= sup{/(t —a) =0 a.a. ¢ < s}
= sup{/(t) = 0 a.a. t < s~ a}
= sup{/(t) =0 aa. t <5} —a

=a(f) — a. O

Proof that Theorems 2.1 and 2.3 are equivalent for L*(R'). Assume that The-
orem 2.1 holds; then for any f,g € L'(R"), a(f) = 0 and a(g) = 0, so
a(f +g) = a(f) + alg). So if a(f » g) = oo then either a(f) = oo or
a(g) = oo; i.e. either f is a.e. zero or g is a.e. zero.

Now assume that Theorem 2.3 holds, and let f,g € L'(R"). From the
previous Lemma, if a(f) > 0 or a(g) > 0 then

a(f * g) = a(Ta(f)f * Ta(g)g) + a(f) + a(Q)?

14



so it is enough to show that a(f * g) = 0 when a(f) = a(g) = 0.
Assume then that f,g € L'(R") with a(f) = a(g) = 0. Then for any
e >0,

((fX(O,e) * gX(O,e)) X(0,e) = (f * g)X(O,s)-

So if o f * g) = 2e then fx(o.) * 9X(0,) is a.e. zero, which means that either
a(f) > e or a(g) > 0, which contradicts our assumption. So a(f = g) < 2¢
for all € > 0, and therefore a(f » g) = 0. O

Remark. This form of the Titchmarsh Convolution Theorem is not applicable
to L*(R), due to the presence of functions with minimum support —oo which

are zero divisors. For example, let

1 —cos(t) —cos(3t) + 2 cos(2t) — cos(t) .

f(t) = — and  g(t) = 2
Taking the Fourier transforms of f and ¢ gives
r+3 re (—3,-2)
r+1 ze(-1,0) (-1)—z z€e(-2,-1)
(FAHlE)=31-2 x€(0,1) and (Fg)(z)=<2—-1 re(1,2)
0 otherwise 3—x z € (2,3)
0 otherwise

respectively. Since F(f » g) = F(f)F(g) (see §2.2.1), this shows that F(f =
g)(x) =0 for all x € R, and so f = g is a.e. zero.

2.3.1 The Standard Ideals of L'(R")

An ideal in a commutative algebra A is a set U < A such that
1. U is a subspace of A

2. aucUforallae Aand all ueU.

15



[16, Def'n 11.1] In the convolution algebras there are sets known as the

standard ideals. These have the form

{feL0.1): a(f) = a}

for a € R™. These sets are denoted L'(a, o), and are regarded as subspaces of

L'(R™). That these are indeed ideals follows immediately from the inequality

a(f+g) = a(f) +alg) = alg)

so that f g€ L'(a,o0) for any f e L'(R") and g € L' (a, o).

These subspaces are closed in the 1-norm and form a nested sequence, as

L'(a,0) € L*'(b,0) iff a=b.

2.4 The Unitisation of V

The Volterra algebra is a non-unital algebra — an algebra without an element
e such that e = f = f for every f € V. However, it is sometimes useful to
work with V as if it did have a unit.

Let V! denote the unitisation of V, defined by adjoining a unit e. Define

a function a(-) on V! by

0 it A#0

a(re+ f) = . .
a(f) fA=0

(2.2)

Remark. This definition formalises the notion of e, being essentially a delta-
function and therefore having all of its mass concentrated at the origin, hav-

ing a minimum support of 0.

It is immediate from the definition that &(f) = «(f) for any f € V, so
that & is an extension of o to V!. In fact the properties of o on V carry

across to & on V!, as the following proposition shows.

2.6 Proposition. For any f,g€ V!, a(f = g) = a(f) + a(g).

16



Proof. Consider Ae + f and e+ g in V!, where A, n € C and f,g € V. There

are three cases to consider:

o If A\ =p =0 then
a((Ae+f)x(ne+g)) = a(f+g) = a(f) +alg) = a(Ae+ f) +alue+g).
o If A\ # 0 and p # 0 then

(e + f) = (pe +g) = Ape + Mg+ puf + f +g.

Since the coefficient of e is non-zero, it follows immediately that
a((Ae+ f) = (e +g)) =0=a(re + f) + a(pe + g).

e In the case that one of A, u is zero and the other non-zero, assume

without loss of generality that p = 0 so that

(Ae+ f)x(ue+g)=Ag+ f+g.

Clearly then (Ae+ f) = (ue+g)) = a(Ag + f = g), which must be greater
than or equal to a(g). If the inequality is strict then there exists an

a > «a(g) such that
(f=9)(®) = Ag() (2.3)

for all t € (0,a). However, if this were the case then restricting to the
interval (0, a) would give an element g € L'(0,a) such that Vyg = Ag.
This is a contradiction, since V} has trivial spectrum and therefore no

non-zero eigenvalues. Hence it must be that
a((Ae+ f)x (e + g)) = alg) = a(he + f) + afpe + g). O

Given this result, we drop the tilde and define o on V! as in (2.2), and
call this the minimum support in analogy with V.

This definition is useful for proving results on V), as the following result

17



shows.

2.7 Theorem. If k € L'(0,1) with a(k) = 0 and P a non-zero polynomial

with zero constant term, then
a(P(k)) = 0.

Proof. We proceed by induction on the degree of P. If P has degree 1 then
P(k) is a non-zero multiple of k, and hence a(P(k)) = a(k).

Now suppose the result holds for polynomials of degree n, and that P is
a polynomial of degree n + 1. Since P(z) has zero constant term, we can

re-write it as
P(r) = zQ(7)

where Q(z) is a polynomial of degree n, which may or may not have zero
constant term.
Thus P(k) can be rewritten as k = Q(k), and from the previous results we

can now say that

a(P(k)) = a(k) + a(Q(k))

regardless of whether () has zero constant term.

If Q(k) does have zero constant term then a(Q(k)) = 0 by the inductive
assumption; if, however, it has non-zero constant term then a(Q(k)) = 0
by the definition of @ on V'. In either case, a(Q(k)) = 0, and so by the

inductive principle the claim follows. O

2.5 L7(0,1)

The spaces LP(0,1), p,q € [1,0] spaces have the interesting property that
they are nested: for all p, g € [1, 00| such that p < ¢,

171, < 171, (2.4)

for all f € M(0,1), and so L%(0, 1) can be embedded in L?(0, 1). In particular,
L?(0,1) can be embedded in L'(0,1) for every p € [1,00]; this is done by

18



taking the identity map on M(0, 1) and restricting the domain to L?(0,1)
and the co-domain to L'(0,1). That this map is a well-defined embedding
follows from (2.4).
The range of this embedding is dense in L'(0, 1), as can be seen by noting
that the continuous functions on (0, 1), C(0,1), are dense in each LP(0, 1).
The standard ideals form a kind of invariant in the L?(0, 1) spaces, as the

following lemma shows.

2.8 Lemma. Leta€ [0,1], and 1 < p <q<oo . Then
LP(a,1) n L9(0,1) = L(a,1)

and

Cl,(L%a,1)) = LP(a,1)
(where Cl, denotes closure in the L*(0,1) norm).

Proof. First notice that L?(a,1) n L%(0,1) € L%(a, 1), since all f € LP(a,1)
have a(f) = a. But for any f € L%a,1), f is both in L9(0,1) and LP(a,1),
so that L%(a,1) € LP(a,1) n L%(0,1). Hence LP(a,1) n L%(0,1) = L9(a,1).
Since the elements of L9(a,1) are a.e. zero on (0,a) taking the LP(0,1)-
closure cannot introduce any non-zero elements on this interval, so Cl,(L(a, 1)) <
LP(a,1). Now let f e LP(a,1). Since L?(0,1) is dense in L”(0, 1), there exists
a sequence of functions {f,},en S L9(0,1) such that f, L@y f. So there
exists a subsequence {g,}.en that tends to f pointwise almost everywhere.
By considering h, = gnX(a1) it follows that {h,}men S L%(a,1) and that
hn, — f pointwise a.e.. So h,, At f, and therefore f € Cl,(L%(a,1)), so
that LP(a,1) < CL,(L4(a,1)). O

This will have applications to the invariant subspaces of convolution op-

erators.
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2.5.1 The dual of L?(0,1)

There is another relationship between certain of the LP(0, 1) spaces: for each

p € [1,00], define the Hélder conjugate of p as

(that is, 1/p + 1/pr = 1).
This has an important consequence, in Hélder’s inequality [15, 3.5]: for

any p € [1,00] with ps its Holder conjugate and f, g € M(0,1), then

179l < I £, o] g-

For p € [1,00), the dual-space of LP(0,1) (that is, the space of bounded
linear functionals from L?(0, 1) to R) is isometrically isomorphic to L (0, 1).
[15, 6.16] Similarly, for p € (1,00], the pre-dual of LP(0,1) is isometrically
isomorphic to L*(0,1).

For any f € L?(0,1) and g € L?'(0, 1), the functional relationship between
the spaces is denoted by angle brackets:

(f,9) = fo f(t)g(t)dt.

This is guaranteed to be finite by Holder’s inequality.

For any p € (1, o], the pre-dual of L?(0, 1) induces a topology on L?(0, 1),
called here the weakx-topology [16, §3.14]. For p € (1,20), LP(0,1) is a re-
flexive space, so that the bi-dual of LP(0,1) is LP(0, 1) itself. In this case,
the choice of pre-dual is unambiguous. However, in the case of L*(0,1),
there are potentially other Banach spaces whose dual-space is isometrically
isomorphic to L*(0,1). In the rest of this text, the term “weakx-topology of
LP(0,1)” is used to refer exclusively to the weaks-topology induced by the
pre-dual L?'(0,1).

An important and useful tool when studying the norm- or weak+*-topology
on LP(0,1) are annihilators [16, §4.6]. For p € [1,00) and a set A < LP(0, 1),

20



the annihilator of A is a subset of L”'(0,1) denoted At and defined by
At ={ge L”(0,1): (f,g) =0 for all fe A}.

Similarly, for p € (1,00] and A € LP(0, 1), the pre-annihilator of A is denoted
AT and defined as

AT ={ge L”(0,1): (g, f) =0 for all fe A}.

For any A it is easy to show that Al is a weaks*-closed subspace of L”(0, 1),
and similarly AT is a norm-closed subspace of L(0,1). In fact for any

Ae 12(0,1), pe [1,%),
AT = Cl,(span(A))

and for p € (1, 0],
TL Wk
A" = Cl*(span(4))

where span is the algebraic span of A, Cl,, denotes closure in the norm topol-

ogy on LP(0,1), and CIJ™ means closure in the weakx-topology on LP(0, 1).

2.6 Convolution Operators

An operator A on the Banach space LP(0,1) is bounded if there exists a

constant U such that
IAfl, < U|f],

for all f € LP(0,1); say that U is a bound for A. In this case, write A €
B(LP(0,1)), and define the operator norm of A as

1A, = mf{U = AF, < UlF1],3-

Notice that the operator norm is dependant on p, and that in general even
if A is defined on LP(0,1) for more than one p, A will not necessarily be

bounded for both. (For more details on when boundedness can be inferred,
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see the Riesz—Thorin theorem in e.g. [6].)

For any k € L'(0,1) and any p € [1, 0], define the convolution operator
Vi : LP(0,1) — LP(0,1) by

Vif =k=f

for f e LP(0,1). The function k is called the kernel of the operator V. That
Vi € B(L?(0, 1)) follows from an application of the Riesz—Thorin Theorem: it
is clear that Vj, € B(L'(0,1)) and V} € B(L*(0,1)), from Holder’s inequality.
The Riesz—Thorin Interpolation Theorem [6, VI.10.11] then shows that V} €
B(L*(0,1)) for all p e (1,00).

This result leads to a useful version of the Hausdorff-Young inequality:
if f,g€ M(0,1) and p,q € [1, 0] then

| =gl < 171, 9l

for r such that
I/p+1/g=1+1/r. (2.5)

Remark. Tt should be noted that if f € L?(0,1) and g € L'(0,1) then f =g
is continuous. Thus 1/r < 0 in (2.5) should be interpreted as meaning that

f = g is continuous.

The Hausdorff-Young inequality is often used when dealing with mul-
tiple LP-spaces. It can produce surprisingly powerful results, including the

following lemma.

2.9 Lemma. If kx4 € L*(0,1) for some 6 > 0, some p > 1, then there

exists an N € N such that k*" is continuous for alln > N.

Proof. If fx(,s € LP(0,1) then

J == Fx06* [X0s8 + 2/ X008 * X610 + X6 * FXen

so that

H(f * f)X(o,%)HP < H (fX(O,é) * fX(O,é)) X(0,25)Hp + 2 H (fX(o,&) * fX(6,1)) X(0,25)Hp
<|fxeal, [Fxosl, +2[xon], 1 xenl,
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by the inequality. So f**x(o.2s € LP(0,1); this process can be repeated, so
that f*2" € LP(0,1) for 2"6 > 1.

Assume then without loss of generality that f e LP(0,1). If p > 2 then
shows that f = f is continuous. If p < 2 then the inequality shows that
f=felL(0,1), for 2/p=1+1/r. Since pe (1,2),s0 7 =p/(2—p) >p. In
fact

f** e L"(0,1)

for r = p/(2"(1 — p) — p), so that f*2" € L?(0,1) when 2" > p/(p — 1).

Since a continuous function convolved with an L'(0,1) function is itself
continuous, this shows that there exists an N € N such that f*" is continuous
for all n > N. O

The Hausdorff-Young inequality can be applied to V; € B(LF(0, 1)) to get

an explicit bound for [|[V[:

IVifll, = 1k = fl, < [F1 171,

for all f e LP(0,1), so that [|Vi[l, <[],

With this definition, it is clear that the classical Volterra operator (or
indefinite integration operator) V is the convolution operator with kernel 1,
where 1(t) = 1 for all ¢t € (0,1).

For n e N, V™ = Vi#n, and can be explicitly written out as

1 t
VP = i | (69 () ds.
I'(n) Jo
For n € R with n > 0 this expression still makes sense; in this case it is
known as the Riemann—Liouville fractional integration operator. Therefore,
for n € R such that n > 0, define 1*" by

-

(which is consistent for the existing expression for 1*" for n € N), so that
Vn == V]_*n.
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2.7 Asymptotics

Let (ap)ner, (Bn)ner be real or complex nets, indexed by a directed set I.
Then («,) and (f,,) are asymptotically equal as n — oo (written «a,, ~ 3, as
n — oo) [4] if

lim " = 1.

This definition can be extended to nets in a normed vector space over R
or C. [9, §2] If (un)ner, (Vn)ner are nets in a normed vector space say that
Uy ~ Uy, if
|, — vy .

lim = 0.

no
It is easy to check that this definition is reflexive, symmetric and transitive,
so that asymptotic equality is an equivalence relation.
Although the same symbol is used for both scalar and vector asymptotic

equality, it is unambiguous when considering particular nets.

Remark. 1t is easy to check that if u, ~ v, then |u,|; ~ [[va;:

[onlly
unlly

S [P R (7 P [ MU
Pl T Tl ¢

1 - = 0.
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Chapter 3

Cyclicity of Convolution

Operators

In [12], Gallardo and Montes show that the Volterra operator is not super-
cyclic — that there is no f € L?(0,1) such that

AV neN XeR}

is dense in L?(0,1).
A related concept is that of a cyclic operator. An operator A € B(LP(0,1))

is cyclic if there exists an f € LP(0,1) (a cyclic vector) such that
span{A" f : n e N}

is dense in LP(0, 1), where span denotes the algebraic span. This is clearly
a weaker condition than supercyclicity (and than hypercyclicity, which is
defined similarly and is stronger than both).

That V' is a cyclic operator is a consequence of the Weierstrass approxima-
tion theorem, but in fact there is a much stronger result: for V e B(L?(0, 1))
and f € LP(0,1) with a(f) = 0, then f is a cyclic vector for V. This is

strongly related to another concept: that of a unicellular operator.
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3.1 Ciriteria for Unicellularity

Every bounded linear operator A acting on a Banach space X has a set
of closed subspaces of X on which the operator is invariant; that is, for
Uc X, AU < U. These spaces form a lattice, with the meet defined as the
intersection of subspaces, and the join as the span of their union.

Clearly the whole space X and the zero subspace are always invariant
under linear transforms; if these are the only invariant subspaces then the
lattice is called trivial.

Usually spectral theory is used to analyse the invariant subspace lattices
of operators, but this is not applicable for quasi-nilpotent operators (that
is, operators with trivial spectrum). In fact little can be said about the
invariant subspaces of general quasi-nilpotent operators ([5]), but in the case

of convolution operators there is more that can be obtained.

3.1 Lemma. Let ke L'(0,1) and Vi be the convolution operator with kernel
k acting on LP(0,1), for p € [1,00]. Then LP(a,1) is a closed subspace of
LP(0,1) invariant under Vi, for all a € [0, 1].

Proof. Fix an a € [0,1]. For any f € L?(a,1), the Titchmarsh Convolution

Theorem states that
a(Vif) = a(k = f) = a(k) + a(f)
and since a(k) = 0 and o(f) = a,
o(Vif) = a.

In particular, Vi f is a.e. zero outside of the interval (a,1), and so Vi f €
LP(a,1). So LP(a,1) is an invariant subspace for Vj.

To show that L”(a,1) is closed, let f be the limit in the LP(0,1) norm of
a sequence of functions {f,}.en such that f, € LP(a,1) for all n e N. Tt is a
theorem [15, Thm 3.12] that there exists a convergent subsequence {g,}nen
which converges to f pointwise. However, each of the f,, (and hence each g,)

is a.e. zero in the interval (0,a), and so f must be a.e. zero on (0,a). Hence

26



f € LP(a, 1), and so the subspace is closed. ]

This chain of nested subspaces is a particularly interesting feature of some

invariant subspace lattices.

3.2 Definition. Fix pe [1,00), and let X =R, X =R* or X = (0,1). For a
bounded linear operator A on the Banach space LP(X), define the invariant

subspace lattice of A as
Lya={U < L*(X): AU € U and U norm-closed}.

In a similar way, if p € (1, 0], define the weakx invariant subspace lattice of

A as
L% ={U < LP(X) : AU < U and U closed in the weak* topology}

where the topology is the weaks* topology induced by the predual LP'(X).
An operator A € B(LP(X)) is called unicellular if the lattice L4 is lin-
early ordered by inclusion. Similarly, A is weaks-unicellular if L% is linearly

ordered by inclusion.

Remark. The weaks invariant subspace lattice is only defined for A € B(L?(X))
for p > 1, since L®(X) is not a predual for L'(X). In contrast the norm-
based invariant subspace lattice is well-defined for L*(X); however, many of
the properties explored later on in this chapter do not hold for the invariant
subspace lattice on L®(X). See, for example, [5].

As reflexive spaces, the closed subspaces of the norm and weaks* topologies
of LP(0,1) coincide when p € (1,00). In that case, then, L, = L%.

In the case of convolution operators, then, if all of the elements in the
lattice are of the form LP(a, 1) then the operator is unicellular. In fact this
is both a sufficient and necessary condition, and there is a simple charac-
terisation of unicellularity for a convolution operator, based on the orbits of

elements in LP(0,1).
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3.3 Theorem. Fizpe [1,00), and let k € L'(0,1). Let V} be the convolution
operator with kernel k acting on LP(0,1) by convolution with k. Then the

following are equivalent:
1. Forall f € LP(0,1), the norm-closure of span{V;" f : n € N} is LP(a(f), 1).

2. Vi has the simplest closed invariant subspace lattice {L*(a,1) : a €

[0, 1]}
3. Vi is unicellular on LP(0,1).

In addition, for p € (1,00] the following are equivalent

1. For all f € L*(0,1), the weakx-closure of span{Vf : n € N} is
Lr(e(f),1).

2. Vi has the simplest weakx-closed invariant subspace lattice {LP(a,1) :
a€[0,1]}.
3. Vi is weakx-unicellular on LP(0,1).

Before proving this, we prove the following Lemmas.

3.4 Lemma. If a(k) > 0 then Vj, is nilpotent. In particular, if any of the
three conditions in Theorem 3.3 hold, then a(k) = 0.

Proof. Assume that a(k) > 0. Now V;"f = k** « f, and by the Titchmarsh

Convolution Theorem,
a(k*™) = min{1, a(k) + a(k* D)} = min{1, na(k)}.

So if n > 1/(a(k)) then £*" is a.e. zero. Hence, by the Titchmarsh Con-
volution Theorem again, V" f is a.e. zero for all f € LP(0,1); that is, V} is
nilpotent.

Any nilpotent operator has many finite-dimensional closed invariant sub-
spaces — the orbit of any vector will have finitely many distinct elements, and

therefore the closure of the span of the orbit will be finite dimensional — so if
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V}. is nilpotent then it cannot be unicellular (condition 3), or have the sim-
plest invariant subspace lattice (condition 2). The Titchmarsh Convolution

Theorem gives
a(k« f) = afk) + a(f)

so the closed span of the orbit of f under Vj, cannot contain functions with
minimum support less than a(k) 4+ a(f) (condition 1). So if any of the three
conditions in Theorem 3.3 hold then, by contradiction, a(k) = 0. O

3.5 Lemma. Forpe [l,0), if U is a norm-closed subspace of LP(0,1) such
that
IPla+¢e,1)cU

for all e > 0, then LP(a,1) € U.
Similarly, for p e (1,0], if U is a weakx-closed subspace of LP(0,1) such
that
IPla+¢e,1)cU

for alle >0, then LP(a,1) € U.

Proof. For p € [1,00) and U < LP(0,1) a norm-closed subspace of L*(0, 1)
such that
IPla+¢e,1)cU

for all € > 0, consider an arbitrary f € LP(a,1). It is enough to show that
feU.

Define f. == fX(ate1), so that f. € LP(a + ¢,1) and therefore f, € U for
all € > 0.

Now
a-+¢e

If = £l = f £ — FOF dt = j FOP dt

which tends to zero as ¢ — 0, so that f. — f in the p-norm. Since U is
norm-closed it must be that f e U.
Similarly for p € (1,00] and U < LP(0,1) a weakx*-closed subspace of
LP(0,1) such that
IPla+¢e,1)cU
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for all € > 0, consider an arbitrary f € LP(a,1). It is enough to show that
feU.

Again, define f. == fX(41e1), so that f. € LP(a +¢,1) S U.

Now for any g € L¥(0,1),

1 a+e

oO)(f — f)(0)dt = f o()£(t) dt

a

<g,f—fa>=f

0

which tends to zero as ¢ — 0, so that f. — f in the weakx topology on
LP(0,1). Since U is weakx-closed, it follows immediately that f € U. H

Proof of Theorem 3.3. Fix p € [1,00]. The proof for the norm-topology on
LP(0,1) for p € [1,00) is the same as the proof for the weakx-topology for

p € (1,00), with minor differences denoted by (norm/weaks).

(1 = 2) Let U be a (norm-/weakx*-) closed subspace of L?(0, 1), invariant
under Vj. Clearly U < LP(«(U),1); it is therefore enough to show that
LP(a(U),1) c U.
Now for all f e U,
{(Vitf :neN}ycU

and since U is (norm-/weak«-)closed and using the assumption, this gives
that LP(a(f),1) < U for all fe U.
Now for any € > 0 there exists an f € U with a(f) < a(U) + ¢, so by the

previous observation
LP(a(U) +¢,1) € LP(a(f),1) € U

for all € > 0, and applying Lemma 3.5 gives that LP(«a(U),1) € U.

(2 = 1) Assume that V} has the simple invariant subspace lattice, and let
f e LP(0,1). Clearly the (norm/weaks) closure of A := span{V;"f : n € N} is
a closed subspace of LP(0,1), and is invariant under V), and must therefore
be an LP(a, 1) for some a € [0, 1]. It is enough to show that a = «a(f).
Clearly k= f € A, and a(k = f) = a(k) + a(f) = a(f) since a(k) = 0

(from Lemma 3.4). So a < a(f); however, from the Titchmarsh Convolution
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Theorem it is clear that a(g) = a(f) for all ¢ € A, and so no g in the

(norm/weakx) closure of A can have minimum support less than a(f). So

az aff).

(2 = 3) If V}, has the simple invariant subspace lattice {L"(a, 1) : a € [0, 1]}
then clearly the spaces are linearly ordered by inclusion, and so Vj is (weaks-)

unicellular.

(3 = 2) Lemma 3.1 shows that the subspaces {LP(a,1) : a € [0,1]} of
LP(0,1) are invariant under Vj. It remains to show that these are the only
elements of Ly, .

Let U be a (norm/weaksx)-closed subspace of LP(0, 1) invariant under V.
Clearly U < LP(a(U),1). For any € > 0 there exists an f € U such that
alf) < a(U) +¢/2; hence U & LP(a(U) + €, 1), and since V}, is unicellular,
it must be that LP(a(U) +¢,1) < U for all € > 0. Hence, by Lemma 3.5,
LP(a(U),1) c U. O

3.2 Unicellularity on different spaces

One of the unusual properties of convolution operators is that they are
bounded operators on LP(0,1) for each p € [1,00]. This leads to a natu-
ral question about the invariant subspace lattices of convolution operators:
does the invariant subspace lattice of Vj, € B(LP(0, 1)) have any relation to
the invariant subspace lattice of Vj, € B(L%(0,1))?

As the following lemma shows, there is a relationship between the invari-
ant subspace lattices on different LP(0, 1) spaces; however, the relationship

may not be simple.

3.6 Lemma. Let 1 <p<q<oo, ke L'0,1). Let U, be a closed invariant
subspace of LP(0, 1) for the operator Vi, and U, be a closed invariant subspace
of LY0,1) for Vi Then

U, n L9(0,1)
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is a closed subspace of L1(0,1) invariant under Vj. Similarly,
ClL(U,)

is a closed subspace of LP(0,1) invariant under V.

Proof. Let f € U,nL%(0,1). Then Vj,f € U, since U, is an invariant subspace
for Vi; but Vi f € L9(0,1) as well, by the Hausdorff~Young inequality. So
Vi.f € U, n L9(0, 1), and so this is an invariant subspace for V.

To check that U, n L(0,1) is closed, take any L?(0, 1)-Cauchy sequence
{gntnen S U, n L9(0,1). Then g, tends to a limit, say f, such that f €
L9(0,1). Now

If = gnll, < 1f = gnl,

so {gn} is also an LP(0, 1)-Cauchy sequence, entirely contained in U,. Since
U, is closed in the LP(0,1)-norm, it follows that f € U,, and hence f €
U, n L90,1). So U, n L9(0,1) is a closed subspace of L?(0,1), invariant
under V.

Clearly Cl,(U,) is closed, and since it is the LP-closure of a subspace of
L4(0,1), it must itself be a subspace of LP(0,1). We need only check it is
invariant under Vj. If f € Cl,(U,) then there exists a sequence {g,}nen < Uy
such that g, Len f. Fix an ¢ > 0, and an n € N such that | f —g,|, < e.
Then

Vi = Vignll, = 1Ve(f = gu)ll, < 1Kl [f = gall, < Kl &

Since Vg, € U, for all n, there exist elements of U, arbitrarily close to
Vi.f. Hence Vi f € Cl,(U,), so that ClL,(U,) is a closed subspace of L?(0,1),

invariant under V. ]

In some respects the two operations above can be regarded as inverses,
but it is not known if CL,(U, n L9(0,1)) = U, in general.

In the case where ¢ = p/ the Holder conjugate of p, there is an additional
link between the two spaces; this relationship can be exploited to show that

there is a relationship between invariant subspace lattices on LP(0,1) and
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L7 (0,1).

3.7 Lemma. Let k€ L'(0,1) and V}, be the convolution operator with kernel
k, and define R : L'(0,1) — L'(0,1) by (Rf)(t) = f(1 —¢).
For p e [1,00) and pt the Hélder conjugate of p, and A < L*(0,1) a (not

necessarily closed) subspace of LP(0,1) invariant under Vj, then
R(AY) = (R g € A4}

is a weakx-closed subspace of LP'(0,1) invariant under Vi € B(L¥'(0,1)).

Similarly, if p € (1,00] and A < LP(0,1) a subspace of LP(0,1) invariant
under Vi, then R(A") is a norm-closed subspace of L'(0,1) invariant under
Vi.

Proof. 1t is immediate from the properties of annihilators that for p € [1, o)
At is a weakx-closed subspace of L (0, 1), and therefore R(A') is also. Sim-
ilarly for p € (1,00], AT is a norm-closed subspace of L”'(0,1), so R(AT) is.
It remains to show that these sets are invariant under V.

Fix p € [1,00), and let g € At. Then Rg € R(A%), and it is enough to
show that h = R(k + (Rg)) € AL to show that R(A%) is invariant under V.

Similarly, if p € (1,00] and g € AT, showing that h = R(k = (Rg)) is in
AT is enough.

The rest of the proof works for both versions of the statement of the
Lemma, with some minor differences. It is assumed that g € A+, except
where indicted with “resp.”.

For all f € A, k= f € A, so that (k= f,g) = 0 (resp. (g,k= f) = 0).
Consider (k= f) = g, where g = Rg. Now (k= f) =g = f = (k=g), by the basic
properties of convolution, and since f € LP(0,1) and (k = g) € L?'(0,1), this
is a continuous function. Hence (f = k * §)(1) is well-defined, and

1
0

(e Fo )W) = | (ke D@Dt
- [(tes prgo ar

0

which is (f = k,g) = 0 (vesp. {g, f * k) = 0), since g € AL (resp. ge A7),
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Then (f,h) = §; f(O)h(t)dt (resp. (b, f) = §; f(£)h(t)dt), and

Lﬂmww=ﬂfwwwm—ww=uwmmn=o

Since f € A was chosen arbitrarily, this shows that h € A+ (resp. he AT. O

This result will be useful in later results, and it can be immediately ex-

panded into a unicellularity result.

3.8 Theorem. Let k€ L'(0,1) and Vj, the convolution operator with kernel
k. Then for all p € [1,0) Vi is unicellular on LP(0,1) if and only if Vi is

weakx-unicellular on L (0,1).

Proof. Fix p € [1,00) and assume that V} is weaks-unicellular on L*'(0,1).
Let f e LP(0,1), and define A = span{V;"f : n € N}. If the norm-closure of
Ais LP(a(f),1) then Theorem 3.3 shows that V} is unicellular on LP(0,1).

The previous result shows that R(A') is a weak*-closed subspace of
LP'(0,1) invariant under Vj,, so by the assumption that V}, is weaks-unicellular
on L”(0,1), R(A+) = LP'(1 — b, 1) for some b € [0,1]. So A+ = L¥'(0,b).

It is a simple application of the Titchmarsh Convolution Theorem to see
that A < LP(a(f), 1), and therefore A 2 L (0, a(f)). So b = a(f).

Consider x[o. for € € [0,b], and let g € A such that a(g) = a(f) (e.g.
g =k f). Then, since xp. € L”(0,b) = A*, <g,x[07€]> = 0. But

0

_ JO o(t) dt

and so g(t) = 0 for almost all ¢ € (0,b). But that means that a(g) = b. Thus
b= a(f), and so

1
(9, X[0,]) = J g(t) X0, (t) dt

AT =170,a(f)" = LP(a(f), 1)

as required.
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Now fix p € (1,00], f € L?(0,1), and set A = span{V;*f : n € N}.
Assume that Vj, is unicellular on L*’(0,1). The proof that AT = L”(0, a(f))
is precisely the same as before, just replacing A+ with AT. Then ATH =
LP(a(f),1), and Theorem 3.3 gives that Vj is weaks-unicellular on L*(0,1).
[

3.3 Generators for L'(0,1)

In [5] Donoghue proves that the Volterra operator is unicellular on L?(0,1).
The proof relies on the Weierstrass approximation theorem: that the poly-
nomials are dense in the continuous functions on [0, 1], and so in L?(0, 1) for
all p e [1,o0].

This can be regarded as a special case of a more general concept.

3.9 Definition. Let k € L'(0,1). k is called a polynomial generator of
LY(0,1) if
span{k*" : n € N}

is dense in L'(0,1).

That the constant function 1 is a polynomial generator of L'(0, 1) is just a
restatement of the Weierstrass approximation theorem. With this definition

in place, the result in [5] can be extended.

3.10 Theorem. Let k € L'(0,1) and Vj, the convolution operator with kernel
k. If k is a polynomial generator for L'(0,1) then

o V. is unicellular on LP(0,1), for all p € [1,90), and
o V} is weakx-unicellular on LP(0,1), for all p € (1, 0].

Proof. The proof of this theorem is similar to that of Theorem 3.8; fix p €
|1, 00) and let p/ be its Holder conjugate. Let f € LP(0,1) and set A = {V;* f :
n € N}. Clearly A < LP(a(f),1), so At 2 L”(0,a(f)). The aim is to show
that A+ = LP(0,a(f)), which is enough to show that V} is unicellular on
LP(0,1).
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Let g € At and define § = Rg. For n € N, consider
(Vi'f)=g=Fk"+»f=g.

Since k*"« f € LP(0,1) and g € L'(0, 1), the resulting function is continuous,
so (K*" = f = g)(1) is well-defined. But

1

(e £ 9)1) = [ @ D -

- [ P (Bg() dt

= (k" f.9)=0

since V'f € A and g € A+
Now let h = R(f = g) € L*(0,1). Then

(F*" h) = (K"« f+ g)(1) = 0

for all n € N, and so h € ({k*" : n € N})". However, since k is a polynomial
generator for L'(0, 1), this set has trivial annihilator, so (f = §)(t) = 0 for all
t € [0, 1], and therefore, by the Titchmarsh Convolution Theorem,

I<a(f«g) =a(f) = ag)

so that a(g) = 1 — a(f). That is to say, g(t) = 0 for a.a. t € (0,1 — a(f);
which means in turn that g(t) = 0 for a.a. t € (a(f),1); or equivalently,
ge 17(0,a(f)).

The proof of the second statement is similar: let p € (1,00], let f €
LP(0,1) and define A = {V;"f : n € N}, as before. The aim is to show that
AT = LP(0,a(f)), which is enough to show that Vj, is weakx-unicellular on

L?(0,1). The rest of the proof is the same, replacing A+ with AT, O

So if k is a polynomial generator for L'(0,1), then Vj, is unicellular on
every LP(0, 1) space. What about the converse? There is evidence to suggest

that if Vj, is unicellular on LP(0, 1) for some p € [1,00) (or weaks-unicellular
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on LP(0,1) for p € (1,00]) then k is a polynomial generator for L'(0, 1).

3.11 Theorem. If V}, is unicellular on L'(0,1), then k is a polynomial gen-
erator for L'(0,1).

Proof. Since V; is unicellular on L'(0,1), the norm-closure of
span{V,'f : n € N}

is L'(a(f),1) for all f € L'(0,1) (Theorem 3.3). In particular, since a(k) = 0
and k € L'(0,1),

span{V;'k : n € N} = span{k*" : n € N}

is dense in L'(0,1). So k is a polynomial generator for L'(0,1). O

3.12 Corollary. IfV} is weakx-unicellular on L*(0,1) then k is a polynomial
generator for L'(0,1).

Proof. 1f Vj, is weaks-unicellular on L*(0, 1) then V} is unicellular on L'(0, 1)

(Theorem 3.8) so the previous result applies. ]

If Vj is unicellular on LP(0,1) for some p € (1,00) then the same proof
can be applied, as long as k € LP(0,1). In fact this can be extended to a

much larger class of kernels, using the same principles.

3.13 Theorem. Fizpe (1,0) and let k € L' (0, 1) such that Vy is unicellular
on LP(0,1). Suppose h € LP(0,1) and there is a sequence of polynomials
{P,}nen such that

| Pa(k) = hl; — 0

as n — 0. Then
L'(a(h),1) < Cli(span{k*" : n € N}).

If a(h) = 0, then k is a polynomial generator for L*(0,1).
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Proof. Let h € L?(0,1), and let A = span{V,"h : n € N}. Since V} is
unicellular on LP(0, 1), it has the cyclic property (Theorem 3.3), so that

Cl, A = LP(a(h),1).
Since LP(0,1) is dense in L'(0,1), taking the L' closure shows that
ClL A = L'(a(h),1).

Since span{V;"h : n € N} is dense in L'(a(h),1) it follows that for any
f e L' (a(h),1) and € > 0, there exists a polynomial @ such that,

|QK) «h = fly < /2.

In addition, A is the limit of a sequence of polynomials, so for fixed € and @)

there exists an n € N such that

IP.0) = klh < 57T

Hence

|QR) * Pa(k) = [l = |Q(K) = (Pu(k) = h) + Q(K) = h = [l
< Q) [ Poa(k) = Rlly + Q) « h = fly

1
QM)
+_
R,

_cle
21QW),

E.

(
(

So for any f € L'(a,1) there exist convolution polynomials (Q(k) = P,(k))

arbitrarially close to f; hence
L'(a(h),1) € Cl; span{k*" : n e N}.

If a(h) = 0 it follows immediately that k is a polynomial generator for
LY(0,1). O
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3.4 Conclusion

From these explorations it is clear that there is a definite link between uni-
cellularity of the operator V; on LP(0, 1) and k being a polynomial generator
for L'(0,1). If a(k) > 0 then neither of these can be true, as Vj is nilpotent.
But aside from this trivial example, are there any examples of kernels which

are not polynomial generators of L'(0,1)?
3.14 Theorem. Let k€ L*(0,1) be defined by

o1/t

Then k is not a polynomial generator for L'(0,1).

Proof. 1f (k) = span{k*" : n € N} is dense in L'(0,1) then the image of (k)
under a bounded operator with dense range will be dense in the target space.
In particular, for a fixed € € (0,1), the projection operator P : L'(0,1) —
L'(g,1) is bounded and surjective. So if P (k) is not dense in L'(e,1) then
k is not a polynomial generator for L'(0,1).

For simplicity, define
ean/t
en(t) = R

for all n € N, ¢t € (¢,1), and notice that span{e, : n € N} = P (k). This
follows from the formula for £*" obtained in Lemma 4.15.
Let M be the multiplication operator on L'(e, 1) defined by

IO = SO
This is bounded, since for any f € L'(g, 1),
1
sl = | | a
1
<[ sl at =151,

since t%/2 < 1 for t € (g,1). Clearly (M~'f)(t) = f(t)t=>/? defines an inverse
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for M; this is also bounded: for any f e L'(e, 1),

1
), = [ 1) ar

1
< [ 1f0le 7 dt =<2 g1,

Now define the composition operator T : L'(g,1) — L'(e”"%,e~!) by

07ﬂﬂ=f< 1).

_logt

T is bounded, since for f e L'(g, 1)

1

re- 1
sl = [ 1 (g )|
el \ Lo
- [ 17001 S
rl el

-1

= g”f“y

The map T~ : L'(e7"/%,e7') — L'(e,1) defined by (T71f)(t) = f(e ") is

an inverse for 7', and is also bounded:

1

[Tl = | 1] at

-

2
Je—1/e u].og u
re~ !

< [f ()] e du

Je*l/E

= el/e‘f”l'

du

Now since T'M is a bounded, invertible map with bounded inverse, it
follows immediately that span{e, : n € N} is dense in L!(e, 1) if and only if
span{TMe, : n € N} is dense in L'(e™'/% e71).
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The Miintz—Szasz Theorem [15, §15.25] for an interval [a, b] not containing
the origin states that for an increasing sequence of positive real numbers \;

the set of functions
span{t* : i e N}

is dense in L'(a,b) if and only if
£
=1 )\ -
However, (T Me,)(t) = t"*, and
i 1
i n?

converges, so the Miintz—Szdsz Theorem shows that span{7'Me, : n € N}
is not dense in L'(e""/%,e7!). Therefore span{e, : n € N} is not dense in
L'(g,1), and hence span{k*" : n € N} is not dense in L*(0,1). O
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Chapter 4

Asymptotics of Iterated

Convolution Operators

We are going to focus on two different normed spaces when discussing the
asymptotics of convolution operators on LP(0,1), for p € [1,00]: the space
B(L*(0,1)) of bounded operators of L*(0,1); and the space L'(0, 1) regarded
as an algebra of kernels, with convolution as the multiplicative operation.
There is a natural embedding of L'(0,1) into B(LF(0,1)), defined by
¢ : k — Vj. This mapping is injective and its range is the set of convolution
operators. That this is a algebra morphism is easily verified; the map however

is not isometric. That it is continuous follows from the inequality:

[(@k) £l = WVifl, = 1 = £l, < 161 £,

for all f e LP(0,1), so that [¢k, < [[k], for all k€ L'(0,1), and therefore
the norm of ¢ is bounded by 1.

In some cases, asymptotic equality in the Volterra algebra implies asymp-
totic equality in the bounded operators, as shown in the next theorem. The
choice of comparison kernels is motivated by the approximation methods

Eveson uses in [9].

4.1 Definition. For any p € R, let e, denote the function defined by
e, (t) = et
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for all ¢ € (0, 1).
4.2 Theorem. Let k € LY(0,1) be a kernel such that
E*™ ~ ayep,

for some real nets (cn)ner, (Bn)ner, where lim, B, = c.Then as elements of
BL/(0,1) for any pe [1, ],
an ~ &nV

€6n

Proof. Using the standard estimate for the numerator,

IVt = anVes, [l, _ J&* = anegly
lonVe, I, llantes |,
_ | — aneﬁn”1 ”aneﬁnHl
lomes, Iy flanVes, I,
R = aneal, (€ = 1)/B,
- lanes, [, H\Veanmp .

Eveson [9] provides an asymptotic formula for the norm of V;, given by

Cpe?
1

IVell, ~

as pt — oo, where C), is a constant depending only on p. In particular,

Bu ([ Ves, [, /Cre™
So

— 1 asn— .

Ve = Ve, ll, _ [k = anes, l (e = 1)/80 Coe® /B,
lonVes, [, lones, e Coe?/Bn Ve, [,

(as long as 3, > 0, which is true for sufficiently large n). The first term tends
to zero by the assumptions on k, and the middle term tends to 1/C,, since
B, — o0 as n — oo. Finally, the last term tends to 1 as n — oo, from the
definition of C,
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Hence
n
Vi = Ve, |,

[l Ve, I,

as n — o0, as required. O]

4.3 Corollary. Let k € L'(0,1). If k*" ~ a,1*5" for some oy, B,, where
B, — o0, then

Proof. Since (3, — oo choose N such that 3, > 1 for all n = N. For all
te (0,1), Int <t — 1, from which it follows that

tﬂn_l < el_ﬁne(ﬁn_l)t (*)

for all n > N, and consequently

1" < ———e5 .
L(B,—1) "

Call the right-hand-side f,,. Then for n > N,

1 :f B oBa=Dt| g
=t ) ity T tE
1 v _ _
= —F(ﬂ Y L et BngBn=t _ =1 qp by (%)
! (1 —el 1 )
F(ﬁn - 1) /671 —1 ﬁn
_ BLTL — elfﬁn
I'(Bn)
So L
Hl*ﬁn - f”H1 _ ﬁnF(ﬁn) _ i _ ol =Bn
(RSH T(Bn)  Bn

which tends to zero as 3, — oo. Hence

E*" ~ o, 10 ~



and the result follows from Theorem 4.2. ]

4.4 Lemma. For any f,g € L*(0,1) and any p € R,

(feu) = (gen) = (f = g)ep

Proof. Fix f,ge€ L'(0,1) and € R. Then for any ¢ € (0,1),

(fey » geu) f Flt = 5)e I g(s)er s
_ j f(t—S)g(S)e’”ds
- ft—s
(U e s

4.5 Corollary. Let fe L'(0,1) and p € R. Then

(feu)*n _ f*neu
for all n e N.

4.6 Lemma. Let V be a normed vector algebra and T € B(V') an invertible
map with bounded inverse. Then if {u,},{v,} are sequences in V such that
Uy ~ Uy, then

Tu, ~ Tu,.

Proof. Since T is bounded, ||T(u, —v,)| < |T| |un —vn|, and since T' is

invertible, so also

ol = 17T < |77 [T

Hence
[Teen = Ton]| [T fJeen — vlnH ] ||un Un|
ITunl 7 ]l /[T Uy
Hence lim,, [Tun=Ton] _ 0, so T'u,, ~ Tv,. ]
|Tun|
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4.7 Proposition. Let Vi ~V;" on LP(0,1). Then, for any pe R,
Vlge” ~ V;geu‘

Proof. Let M, denote the multiplication operator with symbol h. Then, for
any fe LP(0,1), te (0,1),

[Me, Vi M f1(t) = [ey(k = fe_,)](2)
= et J k(t —s)f(s)e " ds

0

= f k(t —s)f(s)ete " ds

0

= Jt k(t — )t =% f(s)ds

0

= [(key) = F1(2)
= [Vie, F1(2)
It is then immediate that Vi, = M., V"M, ', and similarly for Vi,e,. The

result follows from Lemma 4.6. O
4.8 Lemma. For all o >0 and n € N,

!

] S
Proof. Fix a > 0. Then for any n € N,

|t 1 Tn+a+1)  T'(n+1)
1| 1/T(n+1) F'n+1+a)

Since I' is log-convex and log(I'(x)) is increasing for > 2, so

log(T'(n + 1+ «)) = log(T'(n+ 1)) + a;—aj(log(f‘(w)))b:%l.
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The derivative of logI" at a positive integer is given by

| =

/ n
(logT)'(n+ 1) = % — v+ k;
where 7 is Euler’s constant. It follows from the integral test [1, Theorem 12-
23] that >} , + = log(n) + 7, so combining this and the above expressions
gives
log(T'(n + 1+ «)) = log(T'(n + 1)) + alog(n).

Hence I'(n + 1 + ) = n°T'(n+ 1) for all n € N. So

|15t B ['(n+1) - ['(n+1) 1

j1¥=»|  T(n+1+a) nol(n+1) no

as required. O

4.1 Asymptotics of Perturbations

The asymptotic behaviour of the norms of iterates of the classical Volterra
operator acting on L?(0,1) have been established by various means (see for
example [13]). In [8] and [9], Eveson gives more details, calculating the norms
of iterates of more general convolution operators in L?(0,1) and LP(0,1)
respectively.

In this chapter, Eveson’s work is built upon to give a result which is ap-
plicable to a larger class of kernels, at the cost of slightly less sharp estimates
of the known results.

The main result of this chapter is the following theorem. This is phrased
in terms of functions in L'(0,1); this is because such statements can be
used to show results about operators on LP(0,1), for any p € [1, 0], using
Corollary 4.3.

4.9 Theorem. [f h,r € L*(0,1), p, a sequence in N and a > 0 are such that

; *n *Dpy .
. h anefn,
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ii. | (t)| < claneirr(t)| for some ¢, allt € (0,1) and all sufficiently large
n;

iii. |r| < |hw ek

(e}

iv. p%/n — o asn — o

for some p e R and a,, a real sequence, then
(h+r)™™ ~ h*".

Remark. The Theorem states, then, that for “well-behaved” h and “small”
r, perturbation by r makes no difference to the asymptotics of convolution
powers of h.

This extends the work of Eveson [9, §4] by providing new criteria for
the size of the perturbation, as well as allowing more general kernels to be

perturbed. See Applications (page 52) for details.

Proof. We prove that (h+1)*" ~ apeyP", and the result follows by transitivity
of asymptotic equality.
First notice that

n—1
n . .
h+T*n:h*n+T*n+ <)h*n_J*T*]
(h+r) > j

j=1

so that

H(h +7r)*" — ane;”" H =

n—1

n . .

74=1=n + h*n _ ane;pn + Z ( )h*n J T*j
j=1

J
n—1 n
<1+ | =]+ 5 () e o)
j=1
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Now using |r| < |h = e%®], this gives

n—1
L R (el Y [ B o (3 NS E R
—1
= e =+ 3 () I ]
o1 N
Further using the estimate [h*"| < ¢|a,eP"|, this gives

n
n .
e B i R W (IR

=1 N
n
= a4 el 33 (1) e
j=1

So

[t o7~ [~ awei] S (n) o

+c . .
lanes™ | T Janer™ ] SH\i/ e

The centre term tends to zero as n — oo, because h*" ~ a,e;f* as n — o,
and so it only remains to show that the final term tends to zero as n — 0.
Notice that

*(pn+ag)
Cu

max{1, e} [1*PteD|  max{1,er} 1
lei |~ min{ler} 1| min{l, e} ppd

PRI

and that
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so that

1 po limp— o /P
= [ lim (1 + —) -1

=e'—1=0

using a well-known expression for e and the assumption that p®/n — o as
e+

n) —”e*pn H — 0 as n — o0, and the result follows. [

n — oo. Hence 3 77_ (j

While this is a useful result, it relies on global bounds for both the kernel
to be disturbed, and the perturbation. The following lemma can be used to

relax this requirement.

4.10 Lemma. Let k,r e L'(0,1). If k*"* ~ ayeiPn for some pe R and a, a
real sequence, and |k*"(t)| < c|anelP"(t)| for some ¢ > 0, all t € (0,1) and

all sufficiently large n, p, — o0 as n — oo, and r is nilpotent, then
(k+r)™ ~ E*".

Proof. First fix N € N such that *"* = 0 for all n > N — that is, N > 1/a(r).

Use the convolution binomial theorem to show that

n—1
(k + 7)™ = k" 4 r*" 4 ) (n> A

=1\

but since r is nilpotent, if n > N this becomes

N
(k + r)*n = k*7 + Z (@)r*j * k*nfj
=1\
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so that

||(k’+’l“)*n k*nHl i( )’f’*] % ¥ ]H '
Ll B [&= 1l

Now [|r*d « k*» =7, < |[r* | |&*" X (0,1=ja(r)

t € (0,5a(r)).

., because r*(t) = 0 for all

But
100 i ()] dt _ 00 ¢ aget (t)| dt
[k, N [k,
O e @] e o],
lane™ Iy T
N T G O
S [Re) |1,

. tpn_j 1—]0((7')
D _tn7r
/Ha”eﬂ nH1 C(pn—j+1) |,_

t=0
.
F(pn"‘l) t=0
_Jawel, @ = e L, + 1)
&R T (pn + 1)

o, T +1)
[l Doy +1)

(1= ja(r))™=.

The leftmost term tends to ¢, because k*" ~ aneP", and so the rightmost

term dominates, and the entire expression tends to zero as n — co. Hence

*J k*n—j
(1)l
J Ik ”1

asn — oo, forall j=1,..., N, and so

[k A+ )™ =k,
[F*,

as n — oo. O

4.11 Corollary. Let f,g € L'(0,1). If f** ~ anefP", for some p € R and

an a real sequence, and |E*"(t)] < ¢ ‘ane;”" ()| for some ¢, all t € (0,1) and
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all sufficiently large n, p, — o asn — o, and g(t) = f(t) fort € (0,¢) for
some ¢ > 0, then
g*TL ~ f*n‘

Proof. Let h = g — f; then h is nilpotent, so from Lemma 4.10

and since f + h = g, so g*" ~ f*". O

For a large class of kernels, then, their asymptotic behaviour is determined

entirely by the values taken by the function around the origin.

4.12 Theorem. If h,r € L'(0,1), p, a sequence in N and o > 0 are such
that

i. ¥~ apepfr;

. |h*"| < c ‘anel’j””‘ for some ¢ and all sufficiently large n;
iii. [r(t)] < |(h=ex®)(t)| for all t € (0,¢), for some e > 0;
iv. p%/n — o asn — o

for some p e R and a,, a real sequence, then

(h+ 1) ~ h*".

4.2 Applications

Theorem 4.12 can be used to show that, for a large class of kernels, the
asymptotic behaviour of [|V4||, depends only on the values that k takes near

the origin.

4.13 Lemma. Let f € L'(0,1) be such that f(0) # 0 and

F(&) = £(0) + f'(0)t + O(t'*)
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around the origin, for some ¢ > 0. Let u = f'(0)/f(0). Then

7~ (f(0)e,)™
and
Vi'~ Ve,
as operators on any LP(0,1) space.

Proof. Let ¢ = f — f(0)e,, and notice that ¢(0) = ¢’(0) = 0. Hence ¢(t) =

O(t'*9); that is,

|C]| < Cl*2+e

for some constant ¢, and in particular

lal < ¢ [(f(0)e,)™*|.

So, by Theorem 4.12

(f(0)en + )™ ~ (f(0)en)™

as required.
The operator statement is immediate from the first part and Corollary 4.3.

]

The next result is similar in character, but holds for a larger class of
kernels. Note that this Lemma is modelled after [9, 4.3], but does not provide

as sharp a result.

4.14 Lemma. Let f € L'(0,1) be such that f(0) # 0 and f(t) = f(0) +
1(0)t + O(t'*¢) at the origin, for some e > 0. Let u = f'(0)/f(0). Then

()™ ~ (f(0)ey)™

and
Vikap ~ (f(0)Vege)"

as operators on any LP(0,1) space, for any a > 0.
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Proof. As before, let ¢ = 1*¢ f—1**f(0)e,,. Differentiating shows that ¢’(0) =
q(0) = 0, so that ¢(t) = O(t?), or |q| < ¢1*3 for some constant c.
Letting b = f(0)er?, so |q| < ch=1*2. This therefore satisfies the assump-

tions of Theorem 4.12, and we conclude that
or, rearranging, that

()™ ~ (F(0)e)™

as required.
The operator statement is immediate from the first part and Corollary 4.3.
O

The results above are already known from the literature [9], but the fol-

lowing results, culminating in Theorem 4.18, provide a new class of examples.

4.15 Lemma. Let k€ L'(0,1) be defined by

o1/t
Then »
k) =2

ﬁt3/2

and furthermore

as n — oo.
In order to prove this, the following technical lemma is required.
4.16 Lemma. Let (k,)neny = LY(0,1) be defined by

ko (t) = e~

for alln e N. Then
kp ~ e "T'(n + 1)1*" !
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as m — oo.
Proof. We wish to show that

Jorit —emn] el —enin] g

[e=ntr] §o le=mtn| dt

—

as n — o0; this is simplified by the integrands of both expressions being
single-signed. Notice that tlog(t) +1 =t for all ¢ € (0, 1); from this it follows
that

1
log(t) —1 > —7
tefl > efl/t
—nyn —n/t

e = e

for any n € N, and therefore
et —e Mt 20

for all n € N and all t € (0, 1).

So
He*"/t — e*”t”H B Sé e — et dt
o] [ o d
L G
foemtndt

Taking these integrals individually, it is easy to show that

1 —-n
J e At = —
0 n+1

1

while the other integral can be transformed using the substitution s = ;

1 [0 0] 1
J et dt = J —2e’"5 ds
0 1 S
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and further substituting u = s — 1, this becomes

0 e—n(u+1) Y 0 e .
L —(u+ e du =e L —(u 1) ds =e™(Lf)(n)

where f(u) = 1/(u + 1)2.

The asymptotics of f(u) as u — 0 are simply computed using a binomial
expansion, so that f(u) =1 —2u + O(u?) as u — 0. Then Watson’s Lemma
shows that

1 2 1
L =———=+0(—=].
€nm -1 -2+o()
as n — o0. So, taking just the first term of the expansion,
Sé e/t dt e™"/n
Sé e—ngndt e "/(n+1)
~n+l
n

as n — o0, and so

Hefn/t _ efnth . n -+ 1
le=mtn| n
which tends to zero as n — 0. O

Proof of Lemma 4.15. A standard integral transform [14, Table 5.30, p41]
shows that
L(k)(s) =2V

and therefore
L(E™)(s) = e™ V5 = 2V %) — £(k)(n?s).

Substituting this into the definition of £(k) and using the substitution u =
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n’t gives

LR nts) = | et gy

Jo /T2

(O efn2/u B 1

- 0 ﬁu3/2/n3e Edu
(00 —n?/u

= ne e du.

Jo Vmut?

By the uniqueness of the Laplace transform this shows that £** has the form

[

—n?/t
]{;*n(t) . ne

— L /mtR

The result now follows from Lemma 4.16, by using the multiplicative

operator M : f(t) — f(t)/t*? and Lemma 4.6, and noticing that I'(n +
1

1)1*n+1(t)/t3/2 _ F(n + %)1*1175. 0

4.17 Corollary. For k defined as in Lemma 4.15 and h € L'(0,1) defined
by h(t) = t?k(t),

h=(1+31%%2) sk,
Proof. The previous proof establishes that

© e—l/t

— )y VR

so by differentiating under the integral this gives

4 —2vs _ f G S SV f P e
ds o 0s \\/mt3/2 o /w2

and for general n € N,

L(k)(s) e stdt = e 2V5

dn 72\[ Jw e_l/ttn _st
— ¥ = —-1)" *dt.
. (=1)
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In particular, for n = 2, this shows that

0 e—l/ttQ . L d_26_2\/§

L(h)(s) = . ﬁt3/26 ds2?

= L(k)(s) (E(%l"‘g/2 + 1)(5))
and therefore, by uniqueness of Laplace transforms, that
h=k«(1+31%%2), O

The preceeding Corollary is used to give a class of examples of kernels

with similar characteristics to k.

4.18 Theorem. Let k € L'(0,1) be as defined in Lemma 4.15, and let f €
LY(0,1) be linear + O(t?) at the origin, with f(0) # 0. Then

(Kf)™ ~ (kf(0)e,)™

as n — oo, where = f'(0)/f(0).
Proof. Given that f is linear + O(#?) at the origin, there must exist an & > 0
such that f(t) = f(0)e* + ct? on (0, ¢), for some ¢ € R. Corollary 4.11 shows
that

(Bf)™" ~ (kf(0)e, + 7)™

where 7(t) = ck(t)t?; it only remains to check the conditions of Theorem 4.9.
First notice from Lemma 4.15 that k** ~ a,1*"», where p, = n% — % The
proof of the Lemma also provides the second condition, that £*" < a,1*P~.

From Corollary 4.17 it is seen that r = k » (1 + 31*3/2); in particular
r<k=(01)

for some § > 1+ 1/4/m. This fixes & = 1 (in the statement of the Theorem),
and so f = 1 (recalling Lemma 4.8 on the unit kernel). The final condition

can then be checked: p/n = (n* — $)/n — 0.
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So by Theorem 4.9, (k + r)*" ~ k*".
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Chapter 5

The Commutant of a

Convolution Operator

In [7], Erdos shows that any bounded operator on L?*(0,1) that commutes
with the classical Volterra operator is in the strongly closed algebra generated
by V; that is, with A € B(L?(0,1)) such that AV = VA, for any any ¢ > 0
and f € L?(0,1) there exists a polynomial P such that P(0) = 0 and

[(P(V) = A)fl, <e

The proof used is easily generalised to Vj, € B(L?*(0,1)), as long as k is a
polynomial generator for L'(0,1). However, the methods used rely on the
Hilbert-space nature of L*(0,1), so the question of whether the commutant
of Vi, € B(L?(0,1)) is contained in the strongly closed algebra generated by
Vi requires different techniques to answer.

Before tackling that, some results about the strongly-closed algebra gen-
erated by V) are required. Since convolution operators commute with one-
another, the most basic result in this class is the observation that V}, generates

all convolution operators.

5.1 Lemma. Let k be a polynomial generator for L'(0,1), and fix p € [1, ];
let Vi, € B(LP(0,1)) be defined in the usual way. Then for any g € L'(0,1),

Vg 1s in the norm-closure of the algebra generated by Vj.
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Proof. Fix g € L'(0,1) and let € > 0. Since k is a polynomial generator for

L*(0,1), there exists a convolution polynomial P such that
lg =Pk, <e
and therefore

IV = PV, = Vs = Vewll, = Ve-rwll, < lg = PRI, <

Il
and therefore Vj is in the norm-closure of (V}), as required. ]

While the Volterra algebra does not contain an identity element, it does
contain an approzimate identity — a net (e;);e; such that |e; = f — f|;, = 0
for all f € L'(0,1). If k is a polynomial generator for L'(0,1), then the
subalgebra of L'(0,1) generated by k also contains an approximate identity,

as the following result shows.

5.2 Lemma. Let k be a polynomial generator for L'(0,1), and fix p € [1, ].
Then span{k*" : n € N} contains a bounded approzimate identity for LP(0,1).

Proof. To show the existence of an approximate identity, it is enough [3,
Prop. 2.9.14] to show that for any e > 0 and an arbitrary finite set of functions
F < LP(0,1) there exists a polynomial P such that

| P(k) = f=[l,<e

for all f e F. If, in addition, there exists A > 0 such that |P(k)|, < A for
each P so chosen, then the approximate identity is bounded.

Choose a sequence (€,)neny S L'(0,1) that is an approximate identity for

L*(0,1), bounded by A > 0. Choose § > 0.
Fix a finite set F' < L?(0,1); then there exists ey € L'(0,1) such that

len = f = fl, <e/2

for all fe F.
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Now since k is a polynomial generator for L'(0, 1) there exists a polyno-
mial P such that

. e
|P(k) ~ exl, < min {a, BT T Ry } ,

so that
|[P(E)ly < [P(R) = enly + len], <0+ A.
Now
|[P(R)« = fl, = [P(R) « f —ex = f+en=f—=f,
< [(P(R) —en) = fl, + lex = f =,
< [P(E) —enly If], + lex = f = f,
el :
2mas([f], : [ € F} ' 2
for all f e F, and |P(k)|, < A+ 4, as required. O

Remark. Since 6 was chosen arbitrarily in the proof above, this shows that
not only does the algebra generated by k contain a bounded approximate

identity, but that the bound can be chosen to be arbitrarily close to 1.

5.3 Theorem. Let k € L'(0,1) be a polynomial generator for L'(0,1), fix
p € [1,0], and let V. € B(LP(0,1)). Then the commutant of Vi is equal to
the strongly closed algebra generated by V.

Proof. Let V, be the strongly-closed algebra generated by Vj, and let A €
B(LP(0,1)) commute with V;. Then A commutes with all B € Vy, since B =
lim P, (V}) for some sequence of polynomials, and multiplication is continuous

in the strong operator topology. So
AB = Alim P,(V},) = lim (AP, (V})) = lim (P,(V})A) = lim (P,(V})) A = BA.

If A = Vj, (which trivially commutes with itself), this shows that B commutes

with Vj, for any B € V. So V; is a subset of the commutant of V.
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Now fix A € B(LP(0,1)), commuting with V3. We aim to show that
Ae Vk
For any g € L'(0,1), Lemma 5.1 shows that V, € V, and the above

calculation shows that A commutes with V,. So for any f e L?(0, 1),
AVif = AVik = Vi Ak = Vi f

and so AVk = VAk S Vk
To show that A € Vg, it is enough to show that, for any € > 0 and any
finite set of functions F' < L?(0,1) there exists a polynomial S such that

|Af =SV fl, <e

for all fe F.
Fix € > 0 and let P be a polynomial such that

|Af = P(Vi)AS, < /2

for all f (which is guaranteed to exist by Lemma 5.2).

Let T be the polynomial defined by T'(x) = P(z)/x. This is a polynomial,
because P has zero constant term. Now 7'(V}) is a bounded operator, given
by

N
T(Vi) = arl + ) a, V!

n=2

where P(z) = 32V

n=1

Now let @ be a polynomial with Q(0) = 0 such that

a,x".

|(ViAd = Qi) [, < e/ ITVill,

for all f, which exists because VA € V}. Define the polynomial S by S(z) =
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T(xz)Q(x). This has S(0) = 0, so that S(V}) € Vi. Then

[PV)AS = SVi)fll, =

<

~

and therefore

[Af = SV fl, <

< [IT(Vi

N N
S aaViAf - (alQ(Vk)f £y M“@(vk)f)
n=1 n=2

p

a1 (VA = QVi))f + X, anVi H(ViA = Q) f

n=1

p

N
arl + Z and"_l

n=1

[(ViA = Q(Vi)) £,

p

TVl ||(VkA QVi)fl,
=¢/2

b ST,

|Af = PV fl, + | P(Vi)f = S(Vi) fl, <e

for all f € F. Hence A € V, and therefore the commutant of V}, is a subset

of Vk

]
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Index of Terms and Definitions

annihilator, 21
approximate identity, 61
asymptotic equality, 24

bound, 21
bounded, 21

convolution operator, 22
convolution product, 9
cyclic operator, 25

cyclic vector, 25
dual-space, 20
essential supremum, 8
Fourier transform, 11

Hausdorf-Young inequality, 22
Holder conjugate, 20
Holder’s inequality, 20

ideal, 15
indefinite integration operator, 23
oco-norm, 8

invariant subspace lattice, 27
kernel, 22

Laplace transform, 11
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minimum support, 11
operator norm, 21

p-norm, 8
polynomial generator, 35

pre-annihilator, 21

Riemann-Liouville fractional inte-

gration operator, 23

standard ideals, 16

supremum norm, 8
trivial invariant subspace lattice, 26
unicellular, 27

Volterra algebra, 10

Volterra operator, 23

weak* invariant subspace lattice, 27
weakx-topology, 20

weak+-unicellular, 27



Index of Symbols

~ — asymptotic equality, 24
a — minimum support, 11

B(LP(X)) — bounded operators on
17(X), 21

C(X) — continuous functions on X,
19

e, — the exponential function, 43

F — Fourier transform, 11

f** — convolution power, 9

L — Laplace transform, 11
LP(X) — p-integrable functions on
X, 8

M(X) — measurable functions on
X, 8

|fll, = p-norm, 8

| Alll,, — operator norm on B(L?(X)),
21

pr — Holder conjugate of p, 20
span — algebraic span, 25

T, — left-shift, 13

V' — classical Volterra operator, 23
V — Volterra algebra, 10

Vi — convolution operator, 22
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