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ABSTRACT

In this thesis we study a real quantum scalar field propagating on three (adS3) and
four (adS4) dimensional anti-de Sitter space-time with Dirichlet, Neumann and Robin
boundary conditions imposed at the space-time boundary. Using Hadamard renormali-
sation, we numerically compute the vacuum polarisation (VP) on adS3 for a scalar field
with general mass and coupling and compare our results with those obtained for the
massless, conformally coupled field on adS4. We find that both the vacuum (v.e.v.) and
thermal (t.e.v.) expectation values of the VP with Robin boundary conditions converge
to the Neumann result at the space-time boundary, except Dirichlet, which has its own
limit.

We also numerically compute the v.e.v.s and t.e.v.s of the renormalised stress energy
tensor (RSET) for a massless, conformally coupled scalar field on adS4 as well as for
the scalar field with general mass and coupling on adS3. Dirichlet, Neumann and Robin
boundary conditions are applied at the space-time boundary in both cases. On adS3,
we find that with particular values of the coupling constant, we obtain RSETs with

negative energy density profiles throughout some or all of the space-time.

Using a selection of the RSETS, obtained for the scalar field with general mass and
coupling on adS3, we examine the backreaction of the numerically computed RSETs on
the underlying space-time metric. We focus on some of the key features of the quantum-
corrected metrics so obtained and make suggestions for future research in this area.
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NOTATION

In this thesis the following notation is adopted

e The metric signature used in this thesis is (—, +, +, +).

o We set the constants i = ¢ = 1. Newton’s constant G is given explicitly in Ein-
stein’s field equations but in all the numerical computations in this thesis we have
set G = 1.

e The set of natural numbers N and strictly negative integers Z~ are
N={0,1,2,...},
7= ={0,-1,-2,...}.

e The Einstein summation convention is used when the same index appears in a

superscript and subscript in a product. For example
n
a,bt = Zaﬂb" = agh® + arb* + - - + apb™. (1)
pn=0
e The partial derivative is denoted by

oF
Eu = aNF = @ (2)

e The covariant derivative is denoted by
G, =V,G' =GP +T" G,
Gp;u = VuG, = Gp,u - prqu

where Fi‘w is the Christoffel symbol defined as

1
Fi\w = 59)‘0{8#901/ + Ovguo — 809#!/}' (3)
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Chapter 1

Introduction

The two greatest physical theories of the twentieth century are general relativity (GR) and quantum
mechanics (QM). Einstein’s theory of general relativity [41] is a theory of gravity. This superseded
the previous Newtonian version which had held sway for almost three hundred years. GR is encap-
sulated in Einstein’s field equations

1
R,uu - iRgMV + gMVA = STFGTMV, (11)

where R, is the Ricci tensor, R is the Ricci scalar, g, is the metric tensor, A is the cosmological
constant, G is Newton’s constant and 7}, is the stress energy tensor (SET). The metric tensor
g encodes the geometry of the underlying space-time whilst the SET contains the information
about the matter/energy content. GR can be usefully encapsulated by Wheeler’s famous saying
that ‘..matter tells space how to curve, and space tells matter how to move..” [68].

GR is a highly successful theory of gravity which has been successfully tested by observations and
experiments. For instance, GR has successfully predicted the perihelion of Mercury [41], which was
not fully accounted for using Newtonian physics. GR has also predicted the bending of light rays by
the Sun, which was first confirmed by Eddington during the 1919 solar eclipse [40]. Furthermore, in
the first terrestrial test of its kind, Pound and Rebka were able to measure the gravitational redshift
of photons in a tower at Harvard University [85].

Quantum mechanics and its relativistic counterpart, quantum field theory (QFT), describe the
Universe at the scale of fundamental particles. QFT proposes that particles are excitations of quan-
tum fields that pervade throughout space and time. It is a probabilistic theory where observables
are Hermitian operators acting on the Fock space of states. QFT is integral to the Standard Model
(SM) of particle physics which describes the electromagnetic, strong and weak nuclear forces.

Whilst both QFT and GR are extremely successful in describing the Universe in their own scales,
they are fundamentally incompatible with each other. GR is a classical theory of gravity formulated
before the emergence of QM, where the motion of massive bodies is a result of the curvature of the
underlying space-time rather that the exchange of virtual particles as in the SM. In everyday life it
is hard to see how two theories describing the Universe at such different scales would ever need to be
compatible, apart form an aesthetic desire to have all the fundamental laws of physics unified into a
single theory of everything. However, there are two areas of physics where GR and QFT meet face
to face, namely in the early Universe and in the study of black holes. Stephen Hawking’s seminal
work in the mid 1970s [53] demonstrated the interface between QFT and GR and and played an
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Figure 1.1: Heuristic picture of Hawking radiation. Vacuum fluctuations outside an event horizon
(H) of a black hole (BH) create particle/anti-particle pairs (¢~ /e™) which usually annihilate each
other. Occasionally an anti-particle will fall into the BH whilst its positive energy partner will
escape to infinity as Hawking radiation (adapted from [23]).

important role in the evolution of quantum field theory in curved space-time (QFTCS). Hawking
showed that near the event horizon of a collapsing black hole , virtual particle/ anti-particle pairs
can form out of the vacuum of space, see Figure Usually such particle/anti-particle pairs reunite
and annihilate each other but occasionally an anti-particle falls into the black hole, reducing its mass
and entropy. Meanwhile the positive energy partner is emitted with a thermal spectrum as Hawking
radiation.

Over the last few decades, there have been many attempts to unify GR and QM. String theory
postulates that the fundamental building blocks of matter are tiny vibrating strings (open or closed)
and that different particles are represented by different excitations of these fundamental strings
(see [103] for an introductory account). The massless, spin-2 graviton naturally comes out of all
consistent versions of string theory. The graviton is a hypothetical particle that mediates the
gravitational interaction in much the same way as the photon mediates the electromagnetic force.
Another candidate for a unified theory is loop quantum gravity (see [7] for a short review). This aims
to quantise the geometry of space-time into discrete elements rather than the smooth continuous
manifold of GR.

In this thesis we use QFTCS as an approximation to quantum gravity (see [17, [48, [78] [102] for
reviews). In QFTCS we study quantum fields propagating on a background classical curved space-
time which is described by a smooth manifold 91 possessing a classical metric g,,,. We promote the

SET T, to an operator valued distribution such that (L.1)) becomes

1 R
Ry — iRQW + g = 871G <T/w>7 (1.2)
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where (7},,) is the expectation value of the stress energy tensor. We take a metric which is a
solution to the vacuum Einstein’s equation (where the right hand side of (1.2]) is zero) and use
this to compute the expectation values of operators involving a quantum field ®. Such expectation

values include the vacuum polarisation <<i>2> and, importantly, the expectation value of the stress

energy tensor (T, w)- Once determined, we can then use <TW) as the source term in to compute
the quantum corrections (backreaction) to the original metric, directly interfacing GR with QFT.
However, it is likely that QFTCS has a limited range of validity and will break down if the curvature
of the space-time approaches the Planck scale [102].

This chapter contains some of the key principles and concepts used later in this thesis and is
laid out as follows. In Section[I.I] we set out some of the basic principles of QFT in flat space-time,
including the derivation of the Klein-Gordon equation and the establishment of canonical commuta-
tion relations. Much of this will be found in standard textbooks of QFT (see for example [64], 82]).
In Section [1.2| we progress to an arbitrary curved space-time background and highlight the key dif-
ferences between QFT in flat and curved space-time. In Section we give an overview of Green’s
functions, in particular the Feynman propagator, which is fundamental in determining expectation
values of operators such as the stress energy tensor. In Section we give a brief outline of the
advantages of QFT in Euclidean space. As the Feynman propagator is divergent in the coincidence
limit we need to employ a renormalisation procedure to extract physically meaningful expectation
values. This is the subject of Section in which we refer extensively to [35] [61] and focus specif-
ically on the results in three and four dimensions. In Section we discuss the SET, including
its classical derivation from the action and the construction of a renormalised SET (RSET). This
is followed in Section [I.7] by a description of Wald’s axioms and uniqueness theorem which gives
validity to the RSETs obtained from our renormalisation procedure. In Section [1.8 we describe the
classical and quantum energy conditions which seek to place bounds on the energy densities of the
RSET to avoid exotic (possibly unrealistic) space-times such as wormholes. Finally in Section
we set this thesis in context with current work in the literature and provide motivation for the

research contained within.

§1.1 Quantum field theory in flat space-time
In order to formulate a QFT on a curved background we first consider a QFT in flat space-time. The
following applies to a real scalar field. We start with a classical field, ®(x,t), in an n—dimensional

space-time with Lagrangian density £(®,0*®) given by

L(®,0'D) = f%aucba“cb - %m2<1>2, (1.3)

where m is the mass of the field, x refers to the spatial coordinates, ¢ the time coordinate and we
have used the Minkowski metric to raise and lower indices. The corresponding action § is

S[®, g] = / L(®, 0"D) d"x. (1.4)

3



We can obtain the equation of motion for the scalar field by equating to zero the variation in the
action § corresponding to variations in @, giving

oL oL
12 n
(58_/{ CI>6(I)+ ( M(I))é(@ CD)}d X

= [orGe [ ) -

where we have assumed that the boundary terms vanish. As we require S = 0 we must have

M[ oL } oL L6)

ore)| 9o =0

This is the Euler-Lagrange equation for the scalar field. Computing the terms in (1.6) and using
(1.3) gives the Klein-Gordon equation

9,0"® —m?*® = 0. (1.7)
A basic set of solutions to ([1.7)) is formed by the plane waves

Dp(x,t) = Ae witipx, (1.8)

2

where w is the frequency, p the momentum which satisfies the relation m? = w? — |p|? and A is

a normalisation constant. We only consider w > 0 when &, represents positive frequency modes.

The complex conjugate @}, gives the negative frequency modes. We can calculate the constant A
in (1.8) by defining an inner product for two solutions ®;, ®2 of ([1.7)) as

(D1, Do) = —i/(@latCD; — $50,®1)d" x, (1.9)
>

where 3 is an equal time hypersurface. Defining our two solutions as
Dy (x,t) = Aje” “tePrx, Dy (x,t) = Age~w2leiP2x (1.10)
we have

(D1, D) = / Ay A5 (wy —|—wg)e"(wr‘“l)tei(pfp”'x d" k. (1.11)
b

Using the Fourier transform of the n-dimensional Dirac delta function

2m)" 16" (py — py) = / e!(P1=P2)x gn—ly (1.12)
we have
(®1, D) = AL Aj (w1 + wp)e 27V 2m) 16" (p) — py). (1.13)

We require that the modes are orthonormal, so (®1, ®3) = §"!(p; —p,), and therefore the constant
A is given by

A= (1.14)



To quantise the classical field we promote the field to an operator-valued distribution, i.e.

®(t,x) — P(t,x) and establish equal time commutation relations
[@(t,x), D(t,x)] = b(t,x) (1, %) — d(t,x)b(t,x) = 0,
[7(t,x), 7(t,x")] =0,
[&(t,x), 7(t,x")] = i6" D (x — %), (1.15)

where 7(¢,x) is the conjugate momentum given by

~

7(t,x) = 9, ®(t,x) = B(t,x). (1.16)
We can expand the quantised field in terms of the orthonormal modes (1.8 as

N

d(t, x) :/(apép(t,x)+a;<i>;;(t,x))dn—1p, (1.17)

where ap and @L are annihilation and creation operators respectively and obey the canonical com-
mutation relations (CCR)

[&IN&I)’] =0,
lal,.al,) =0,
lip, al,] = 60D (p - p'). (1.18)

In global Minkowski space-time there is a preferred vacuum state |0) on which all inertial observers
agree, and which we define as
apl0) = 0. (1.19)

This is the state with the lowest possible energy, relative to an inertial observer, with no particles
present and which is invariant under the Poincaré group of transformations. The Minkowski vacuum
respects the symmetries of the underlying space-time. In curved space-times, however, there is no
unique definition of a vacuum state as discussed in the next section.

§1.2 Quantum field theory in curved space-time

To generalise the flat space-time action S ([1.4) to the case of a curved space-time, we introduce
the metric g, change the ordinary partial derivatives to covariant ones (9, — V) and use the
covariant volume element, i.e. d"x — /—g¢gd"x, where ¢ is the determinant of the metric. The

action in curved space-time now becomes

Sl8.gu) = [ ~3{o" VOV, + (m + RO}y 'x (1.20)

where we introduce a new term &, the coupling constant which couples the field to the background
curvature. For minimal coupling we have £ = 0 and for conformal coupling we have

(n—2)

T

(1.21)
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The Klein-Gordon equation ((1.7)) in curved space-time now becomes
[u — (M2 +¢R)|® =0, (1.22)

where O is the D’Alembertian operator in curved space-time given by

o® =g¢"v,V, e

_ g (auay . F,AWOA) ®. (1.23)
The Christoffel symbol, or connection coefficient F/’)V, is formed from the derivatives of the metric
tensor g, and is given by
A 1 Ao
Fp,y = 59 {augm/ + 8VgMO' - 8Uguu}~ (1'24)

In a curved space-time, the scalar product (1.9)) generalises to [17]
<q)1, @2) = —i/(@la,fb; — ®§8M<I>1)\/ —g n“dZ, (1.25)
X

where, assuming global hyperbolicity, ¥ is a non-compact, space-like hypersurface with unit normal
n#, d3 is the volume element in 3 and g is the determinant of g,,. It can be shown that (D1, o) is
independent of the chosen hypersurface ¥ [55]. As in the flat space-time case, we perform a mode

expansion of the scalar field in terms of an orthonormal basis of modes as

O(t,x) =Y |afiltx) +al (6] (1.26)

7

where we have used the index ¢ to label the modes and the annihilation and creation operators a;, d;f
obey the CCR

[&iv dl’] = Oa
[al,al] =o,
[a4,a),] = 60V (i — ). (1.27)

In (1.26) ¢ is a continuum index in n — 1 spatial dimensions but we adapt the schema in [I7] and
represent the mode expansion as a sum over i rather than an integral. As in the flat space case we

can define a vacuum state |0y) that is annihilated by all the annihilation operators
ai|0f) = 0. (1.28)

However, suppose we have a different set of orthonormal basis modes g; with expansion

d(t,x) :Z [éjgj(t,x)+8}g;(t,x) , (1.29)



where b], b; are a new set of annihilation and creation operators that also obey the CCR | . We

can, therefore, also define another vacuum state |0,)

b;04) = 0. (1.30)

As the f; modes form an orthonormal basis, we can expand the g; modes terms of the f; modes as

9= [ajifi + /Bjifi*},

7

fi=> [04}9]' - 53‘@'9;] (1.31)
J
The relations in ((1.31)) are known as Bogoliubov transformations and the matrices o, 5;; are known

as Bogoliubov coefficients, which can be expressed as [17]
aij = (i, fj), Bij = —(9i, f7)- (1.32)
Using the orthonormality of the modes we can relate the operators as
a; = Z(ajil;j + 5;15;)7
J
bj = (afia; — Bal). (1.33)
i

The Bogoliubov coefficients also satisfy the normalisation conditions

Z(aika;k - ﬁzkﬁ;k) = 0ij,

k

Z(aikﬁjk — Bikak) = 0. (1.34)

k

Now consider a system in the f—vacuum state |0s) where no particles are found by an observer

using the f; basis modes. Then the number of particles seen by an observer using the g; basis of

modes is determined by the expectation value of its number operator N; = b b] given by [17]
(07IN;l05) Z 185 (1.35)

If any of 8;; # 0 then an observer using one set of modes will see particles in a vacuum defined by
another set of basis modes. This may be appreciated by observing in that the 3;; coefficient
mixes creation operators from one basis into the annihilation operators of another.

Thus, the notion of particles in curved space-time is observer dependent. Whilst there is no
unique definition of a vacuum state on a general curved background, in this thesis we choose the
global adS vacuum state as our preferred vacuum state. This is defined using global coordinates
on the whole of the adS space-time and retains all the symmetries of adS. However, unlike the
Minkowski vacuum, the global adS vacuum is not unique but depends on the boundary conditions.

7



As we shall see in later chapters, observables calculated using either Dirichlet or Neumann bound-
ary conditions respect the underlying adS symmetry but, in the case of the vacuum polarisation,
application of Dirichlet or Neumann boundary conditions produce different vacuum expectation

values.
Having formulated a QFT in a curved space-time and developed mode-sum expressions for the

quantum scalar field ® we now turn our attention to computing expectation values. Two expectation
values calculated in this thesis are the vacuum polarisation (i)2) and the stress energy tensor <TW>.

These expectation values are derived using Green’s functions [17] and this is the subject of the next

Section.

§1.3 Green’s functions

In this section we make the assumption that we are in a space-time where the there exists a vacuum
state |0), which may or may not be unique and that we have a choice of time coordinate ¢ where
time-ordering is possible. By this we mean that we have a space-time with a global time coordinate
which we can use to unambiguously define the order of events in time. These assumptions are valid
in the covering space of anti de-Sitter space-time where there are no closed time-like curves. In a
general curved space-time, the Green’s functions satisfy the inhomogeneous equation

[0~ (m?+£R)) 62 ") = —\/1_795”(1‘ .y (1.36)

where 0" is the n—dimensional Dirac delta function, G refers to any one of a number of Green’s
functions and x,z’ represents two space-time points. We start with the formulation of Green’s
functions for a vacuum state |0) and then use these zero temperature or vacuum Green’s functions

to derive nonzero temperature or thermal Green’s functions. Of particular importance amongst the
family of Green’s functions are the Pauli-Jordan or Schwinger Green’s function G, the anticom-

mutator (Hadamard’s elementary) function G(!) and the Feynman propagator Gp. The vacuum

Pauli-Jordan and anticommutator Green’s functions are given by [17]
iG(z,2") = (0|[&(x), $(«)]|0),
GW(z,2’) = (0[{®(x), &(a') }|0). (1.37)
They can be split into their respective positive and negative frequency parts as
iG(r,2') = G (z,2") — G~ (z,2'),
GW(z,2") = Gt (z,2") + G (z,2"), (1.38)
where G*(z, ') are called Wightman functions given by
G*(z,2") = (0](2)d(2") 0),
G~ (2, 2") = (0|®(2)®(x)|0). (1.39)

The Wightman functions are not Green’s functions and satisfy the homogeneous version of (1.36)).

Also it should be noted that although we refer to G and G") as Green’s functions (adopting the
terminology in [17]), they also satisfy the homogeneous version of (1.36)).

8



Of the Green’s functions mentioned above only the Feynman propagator G (z, 2') satisfies ((1.36])
and is defined as

iGp(z, ') = (0|T(®(z)d(x'))|0), (1.40)

where 7 denotes that the fields are time-ordered. For two space-time points with time coordinates

t, t', time-ordering requires that

nJe@)@) i >
T@(x)q)(x))_{é(x)é(x) TR (1.41)

The Feynman propagator can also be expressed as
iGp(z,2') =0t -G (z,2") + O — )G~ (x,2), (1.42)

where © is the Heaviside function given by

1 if t>t
Ot —t) = 1.43
( ) {0 if t<t. (1.43)
If t = ¢’ then time ordering is not applicable and we have iGp(z, 2')|i—y = (0|®(x)®(2")|0).
Two other Green’s functions of note are the retarded Ggr and advanced G4 Green’s functions
defined as [17]

Gr(x,2") = —O(t — tG(z,2"),
Ga(z,2') =0 —t)G(x,2"). (1.44)

We can also define the Feynman propagator in terms of Gg and G4 by
~ 1
Gp(z,2') = —G(x,2") — §iG(1)($,$/), (1.45)

where G is the average of Gp and G 4

G(z,a') = % [Gr(z,2") + Ga(z, )] . (1.46)

Having derived expressions for the Green’s functions for a vacuum state |0), we now consider
Green’s functions in a nonzero temperature or thermal state with inverse temperature g = 1/T,
where T' is the temperature of the thermal state. Unlike the vacuum Green’s functions which
have been calculated in a pure (vacuum) state, an equilibrium system at an inverse temperature
§ is described by a grand canonical ensemble of states [I7]. Thus we can define thermal Green’s
functions by replacing the vacuum expectation values by the ensemble average ( )g of mixed

thermal states. For the Wightman functions for example we have

Gy (x,2') = (B(2')D(2))g, (1.47)



which satisfy the periodicity property [17]
G?;(t,x; t'x') = G?;(t%—iﬂ,x;t’,x’). (1.48)

Thermal Green’s functions can be expressed as an infinite sum of the corresponding vacuum Green’s

functions. For instance, for the anticommutator, we have

Gt ) = 30 GO+ is X)), (1.49)

j=—o00

where the vacuum Green’s function is recovered for j = 0.

As we will see later in this thesis, Green’s functions are used in the determination of expectation

values such as ($2) and (TW>. However, as we will discuss in the next Section, formulating Green’s
functions in Euclidean space has proven to be a powerful technique for the calculation of expectation
values and their subsequent numerical computations.

§1.4 Quantum field theory in Euclidean space

The Green’s functions discussed in the previous section have integral representations. For example,

in flat space-time the Feynman propagator can be expressed as [17]

iGp(z,2') =

ik.(x—x') ,—ikO(t—t')
! / c < 'k, (1.50)

@mm ) (K0)? — [k —m?

where k|2 = (V)2 +--- 4+ (k""1)2. The integral (1.50) can be evaluated as a contour with the

k% integral having poles at (k)% = |k|> + m?

. The integral is therefore performed by deforming
the contour integral around the poles, with the different Green’s functions having different contour
deformations. Figure shows examples of integration contours for the Feynman propagator, the
advanced and retarded Green’s functions.
Alternatively, we can use an ie-prescription [17] and write the Feynman propagator in flat
space-time as
1 eik.(xfx’) efiko (t—t")

Gp = li d"k 1.51
e egl(l)(Qw)”/(kO)2—|k|2—m2+ie ’ (151)

where the ie term shifts the poles of the integration away from the real line (Figure .

However, it can be seen that the relationship between the poles and the integration contour for

the Feynman propagator is unchanged if the contour of integration is rotated in the complex plane

by 7/2, to lie on the imaginary k° axis (Figure . This is achieved by making the transformation
t = —ir, (1.52)

and is called a Wick rotation, giving the Wick rotated metric a Euclidean signature (+, +, +, +). The

ko exponential term in (T.50) can now be expressed as e~*(7=7') where k = —ikg. The integration
variable is now k and the integration (1.51) can now be performed without going through the
poles, allowing the Feynman propagator to be determined without the need for an ¢e prescription.
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Cr)

Figure 1.2: Example of contour integrals in the complex k° plane for the advanced G4 and retarded
Gr Green’s functions (top) and the Feynman propagator G (middle). The poles on the real axis,

represented by x, are at k0 = 4+./|k|? + m2. Using the ie prescription we can shift the poles away
from the real axis (adapted from [I7]).
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Note that Wick rotation is not possible for the other Green’s functions mentioned in Section [1.3] as
rotation of the contour integrals will cross one of the poles (see Figure (top) for the advanced
and retarded Green’s functions).

For the scalar field, the Feynman propagator with Lorentzian signature is related to the Eu-
clidean Green’s function Gg by [17]

iGp(t,x;t'x") = Gp(it,x;it’, x'). (1.53)
In a curved space-time, the Euclidean Green’s function satisfies

2 / 1 n !

[DE (m*+&R)|Gg(z,2') = mé (x — '), (1.54)
where gg is the determinant of the Euclidean metric and the D’Alembertian in Euclidean space
Op is an elliptical operator. The Euclidean Green’s function obtained from , if one exists, is
unique for a given state [I7], [100] and thus it is often easier to work in Euclidean space (see Chapters
3, 5, 6) and then transform back to Lorentzian space afterwards. Indeed, it has been shown that in
static space-times, the Fuclidean Green’s function obtained on a Riemannian manifold, by a Wick
rotation, agrees with the Feynman propagator on Lorentzian space-time [I00]. Also it has been
shown that the thermal Euclidean Green’s function for a massless, conformally coupled scalar field
on adS4 with Dirichlet and Neumann boundary conditions, is equivalent to the Green’s function on
a Lorentzian background [71].

Of the many Green’s functions discussed in Section the Feynman propagator is of particular
significance as we will use this to derive expectation values of the quantum scalar field. However,
in the coincidence limit where x — 2/, the Feynman Green’s function is divergent and we therefore
need to find a way of extracting a meaningful quantity from it in order to compute expectation
values. To this end we employ a renormalisation procedure and this is the subject of the next
section.

§ 1.5 Hadamard renormalisation

In Minkowski space-time, the global vacuum state |0) achieves special significance. It is the state
with lowest energy and the absence of particles (for an inertial observer). In classical field theory the
vacuum state corresponds to the absence of the field i.e. ®(¢,x) = 0, which solves the classical Klein-
Gordon equation . However for the quantum vacuum state, in order to satisfy the commutation
relations , the field maintains a nonzero value even in a state with the lowest possible energy.
Heuristically, this can be considered as the field fluctuating [72].

Considering the quantum field as a set of harmonic oscillators, a simple calculation of the vacuum

energy for a non-interacting quantum scalar field, Ey gives [17]
1
Eo = (0|H|0) = zp: 3¢ (1.55)

where p refers to the momenta, w the frequency of the modes (1.8) and H is the Hamiltonian given
by

H = > (ahap + apal) w. (1.56)



It can be seen from that the vacuum energy is not only nonzero, it is also divergent for large
p- The problem of an infinite vacuum energy density in QFT is circumvented in flat space-time by
a process called normal ordering, denoted by ::. This entails that whenever we have a product of
creation and annihilation operators, the annihilation operator is situated to the right of the creation

operator giving : Ezp&I, = dL&p. Thus the Hamiltonian (1.56)) becomes : H := Zp d;&pw and the

problematic %w term in ([1.55]) vanishes.

The process of renormalisation in curved space-time is more complex. Energy in the form of

the stress energy tensor (7)) is a source of gravity and influences the space-time curvature that
we are studying. Therefore, we cannot simply discard it by re-scaling the zero point energy, and
consider energy differences, as in flat space-time. Instead, a different approach is required for curved
space-times. A number of renormalisation schemes are described in the literature. These include the
adiabatic approach [77], the deWitt-Schwinger method [37, 38|, [86], zeta-function regularisation [42]
54], dimensional renormalisation [I8, 92] and the Pauli-Villars approach [79]. In this thesis we
use a technique called Hadamard renormalisation [35], named after Jacques Hadamard [51] who
worked on the singularity structure of second order elliptic and hyperbolic equations. Hadamard
renormalisation depends on the representation of the Feynman propagator in Hadamard form as a
Hadamard parametrix Gg(z, ') for points z, 2’ that are in a normal neighbourhood. This means
that the points z and 2’ are connected by a unique geodesic. It has been shown [49] that if the
Feynman propagator has a Hadamard structure in an open neighbourhood of a Cauchy surface on
a C'*° globally hyperbolic manifold, then it has this form everywhere.

Before giving formal expressions for the Hadamard parametrix, we introduce two important
quantities, Synge’s world function o(z,2’) and the van Vleck-Morette determinant A(z,z") [96].

Synge’s world function o(x,2’) is defined as [91]
/ 1 /\12
ol ') = st o) (157)

where s(x,z') is the geodesic interval separating two space-time points x and 2.

Assuming z and 2’ are in a normal neighbourhood, we can also write the world function as [84]

1
ol a') = (4 — Xo) / GV, (1.58)

where t# = g—f\ is the tangent vector to the unique geodesic z(\) connecting x and z’ and A is an

affine parameter. In (1.58]), we suppose z = z(\g) and 2’ = 2(A1). The world function satisfies [35]

20 = ot'o,y, (1.59)
and in addition we note that
o(x,2") <0 (x,2") time-like separated,
o(z,2') =0 (z,2') null separated,
o(z,2') >0 (z,2') space-like separated. (1.60)

It can be seen from ((1.57)) and ([1.60)) that the geodesic interval s is imaginary for time-like separated
points.
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The van Vleck-Morette determinant A(x, 2’) [96] provides information as to how geodesics that

start at the point x converge or spread out at the point 2’. It is defined as [35] [97]

A(z,2') = [~g(2)] "2 det {0y (2,2))} [~g(z)] 7, (1.61)

NI

where g(x), g(2') is the determinant of the metric at the space-time points x and z’ respectively.

In n—dimensions, A(z,z’) satisfies the differential equation

1
Oo =n— 2072 AZ,0H, (1.62)
as well as the boundary condition
lim A(z,z") = 1. (1.63)
z—a’

The exact form of the Hadamard parametrix depends on the number of space-time dimensions.
Décanini and Folacci [35] developed the Hadamard renormalisation of the stress energy tensor for a
general space-time in D > 2 dimensions. In this thesis we are concerned with space-times in three

and four dimensions. In four dimensions the Hadamard form of the Feynman propagator is given
by

: ) (g 2/
Wy = | T2 v o) nfo(e, ) + iet + W (@2 | | (1.64)
8 [U(m, x') + ie]

where the superscript (4) denotes we are in four dimensions (three-dimensional versions are given
below) and UW (z,2'), V(z,2") and W® (z,2') are biscalars regular in the coincidence limit (z —

z'). For time-like and space-like separated points, these are given by

UW (z,a") = A3 (z,2"),

o0
V(x,x') = Z Vo(z,2")o" (z, 1),
n=0

W& (z,2') = Z Wo(z, 2" )o™(x,2'), (1.65)
n=0

where n € N. The ie term in (|1.64)) is introduced to give impart a singularity structure to G%) (z,2")
consistent with the notion of it being a time-ordered product (Section. The coefficients V;,(z, z')

satisfy the recursion relations [35]
2(n+1)(n + 2)Vipgr) +2(n + D)Vigiay,, 0t

—2(n 4 1) V1) A 2AY2 g 4 [D — (m?+ fR)] V,=0, for neN, (1.66)

with Vj given by

2Vp + 2Vp 0 — 2V A V2AY 255 4 [D — (m?+ fR)] A2 — . (1.67)
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The coefficients W, (x,2') have the recursion relations [35]

+2(n+ 1)W(4) ot

2(n + 1)(n + 2)W i

(n+1)

= 2(n + WL ATV2AYZ 6 4 2(20 + 8) Vi1 + 2V ) uo ™

— WA ARk [D— (2 4 R WD =0 for  meN, (1.68)

with WéA‘) unconstrained.
In three space-time dimensions the Hadamard parametrix has a simpler form as there is no
coefficient V;,(x, 2') and no logarithmic term. The Hadamard expansion of the Feynman propagator,

in three dimensions, thus becomes

i UG (z,2)
4v2m [a(az, x') + ie}

Gg’)(x,a:') = + W(S)(a:,x’) ) (1.69)

where the superscript (3) signifies that we are in three dimensions. The coefficient W(®)(z,z') has

an expansion analogous to (|1.65) with recursion relations

(3) ®
(n+1)(2n + 3)W(n+1) +2(n+ 1)W(n+1) Lo
—2n+ WD, AT2A 20 4 [D —(m?+ 53)] W® =0 for neN, (1.70)

where again the WO(S) term is unconstrained (see below). The coefficient U®)(z, 2’) has an expansion

of the form

U® (z,2') = Z U (z, 2" )o™ (@, 2), (1.71)
n=0

with U (x,2') satisfying the recursion relations

3 3 .
(n+1)2n+ DU, + o+ )UD, ) o
—(2n+ 1)U((2)H)A‘1/2A1{Z o+ |O—m?+eR)|UP =0 for neNl, (1.72)
with Uég) given by
UP (2,2') = Az, (1.73)

The Hadamard coefficients Uy, (x, ') and V,,(z, 2") can be determined by integrating the recursion
relations along the unique geodesic connecting the two space-time points x and 2’ and,
from [35], are unique, purely geometric objects. In contrast, the coefficients W, (z,2') in both
three and four dimensions are unconstrained by the recursion relations and are not
purely geometric objects as we have freedom to choose the Wy term. Once chosen, however, the
subsequent terms in the recurrence relations with n > 1, are uniquely determined.
We thus decompose the Hadamard parametrix into a purely geometric, state-independent part that
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diverges in the coincidence limit and a regular state-dependent part. In four dimensions the singular
part of the Hadamard parametrix is given by

i U (z, ")

G (2,2) = — '+ V(z,2') nf{o(z,a') + i€} | | (1.74)
4 [a(x, ') + ze]
whilst in three dimensions it is
i U®) !
T @) (1.75)

4V2r [U(a:, x') + ie}

The divergent part of the Hadamard parametrix contains all the singularities of the Green’s function
in the coincidence limit. Likewise the regular state-dependent part of the Hadamard function is

given by
(4) _ b
GF,reg(x7$l) - ww( )(xawl)v (176)
in four dimensions and
el z, 7)) = ! w®) z,x'), 1.77
F,reg( ) 4\/§7T ( ) ( )

in three dimensions.

Renormalised expectation values of the product of field operators such as (®2) and (T} ) are ob-
tained by subtracting the singular part of the Hadamard parametrix , from the Feynman
Green’s function before taking the coincidence limit [I7]. For example the vacuum polarisation is

derived from

A

(®%)ien = lim [<iGp(z,2") — (—iGF,sing(z, 2))]. (1.78)

' —x

Determination of the renormalised expectation value of the stress energy tensor is more elaborate
and this is the subject of the next Section.

§1.6 Stress-energy tensor

A~

Determination of the expectation value of the renormalised stress energy tensor (7},,) is a funda-
mental aspect of QFTCS as it acts as the source term in Einstein’s field equations . We can
obtain an expression for the classical stress energy tensor by varying the action S (|1.20)) with respect
to the metric tensor g, to give

2 6S[P, gu]
v=g g

It can be shown that in the classical case [35], T},, is given by

T,uu = (179)
1 1
T = (1-26)V,0V,® + (2,5 — 2) 99"V OV P — 5gMn2<I>2

1
— 2DV, V, P + 269, POP + £ <R,w - 2gWR> ®%, (1.80)
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and satisfies the conservation equation
Vv, T* = 0. (1.81)

For the massless, conformally coupled scalar field, with m = 0 and & = &. (1.21]), the stress energy
tensor is traceless in the classical scenerio

T! = 0. (1.82)

If we were to model the classical scalar field as a perfect fluid, that is a fluid consisting of non-
interacting particles distributed isotropically, we can write the stress energy tensor 7),, in tensorial
form as

T = (p+ P)U*UY + Pg"", (1.83)

where p is the energy density of the fluid, P is its pressure and U? is the four-velocity of the fluid.
We now consider the case of a quantum scalar field and the discussion in the remainder of this
section is based largely on [35] except where otherwise referenced. The expectation value of the

stress energy tensor in a quantum state |¢) given by
T () ) = Y { Ty, )G, 2]} (184
The second order differential operator, 7, (z,z’) is given by
Tuw(,2') = (1= 26)9,” V, Vs + (25 - ;) 99" VoVt = 260, 9.V Vo

1 1
+ 2690V VP + £ (RW - §gWR) — 59uv m?, (1.85)

where g, denotes the bivector (not a tensor) of parallel transport between the points z and 2" and
which satisfies [37]

uv' sp ol = 0, (186)
with

li v = G- 1.87

Tim g, = gy (1.87)

However, as the Feynman propagator is divergent in the coincidence limit, the term in the right
hand side of is essentially meaningless. This problem can be fixed [98] by removing from the
right hand side of the purely geometric, state-independent part of the Hadamard form of the
Feynman propagator given in , whilst keeping the regular state dependent part W (z, z’).
Putting this together, the renormalised expectation value of the stress energy tensor (RSET) can

be expressed as

. 1 1 1 1
(O @10) = g | = 0+ 51— 2000 = 5 (2= 3 ) g0

+ERuw w — g1 | + O, (1.88)

where
w(z) = lim W(z,a), Wy (z) = lim WW(:L‘,JU’), (1.89)

' —x ' —x
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and O, is a state-independent geometric tensor depending on the mass and coupling constant of
the field and satisfies
e =0. (1.90)

The g,,v1 term in (1.88) is a biscalar which is state-independent and regular in the coincidence

limit and ensures that the RSET is conserved, with v, given by

v1 = lim Vi(z,2). (1.91)

r—x!

Vi(z,2') is determined by using the recurrence relations ((1.66} [1.67)). In three dimensions v; = 0,

whereas in four dimensions v; is explicitly given by

2
v1:;m4+i<£—é> 2R—<5—>DR+§<§—2> R?

1
yR* + voo RFVPE. 1.92
720R“R 720R“p R (1.92)

There are two sources of ambiguity in the geometric tensor ©,,. The first @,/};‘2 is related to the
renormalised mass scale M introduced into ((1.64) to make the argument of the logarithmic term

dimensionless. The second comes from the ability to add any conserved geometric tensor é;w to
the RSET. Thus we can write

O =01 +6,,. (1.93)

The ambiguity in 9%2 only exists in even space-time dimensions and is therefore not present

when we consider the RSET in adS3 in Chapter 6. We can express G)ﬁ,//‘2 in terms of the mass scale

M in four dimensions as

oM =~ Lt T, 2)V (2,2 In M2, (1.94)

87'(’2 r—x’

Explicitly the conserved geometric tensor in three dimensions é,(f’y) is given by
~ 1
@E;) = Am? 9w+ B m2 [RW — 2Rg,“,] , (1.95)

where A and B are dimensionless constants. It can be seen that @ff;,) = 0 in the massless case. The

o)

conserved geometric tensor in four dimensions O,/ is given by

0() = Am* g, + Bm® [R - Rg,w} +C R + Co 1Y) + CsHE), (1.96)

(2)

where C1, (2 and C3 are dimensionless constants and the conserved, rank two tensors H,;, are given
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’H(l) — QRWV — 2RRMV + 9uv

%

1
—20R + 2R2] ,

H;(?V) = Ry — ORyw — 2R Rypgy + gy

1 1
—§DR + 2ququ:| 9
H(S) — 2R;p,l/ _ 4|:|RMV -+ 4RpuRpl/ — 4quRquy — 2quruquru

1
+ 9w [2qurstqrs] . (1.97)

The tensors 7—[,(;2 are related to each other by

HOY) — a1 +HE) = 0. (1.98)

Thus, we can eliminate one of the three conserved rank two tensors in ((1.96]) by setting, without
loss of generality, C1 =0 or Cy =0 or C3 = 0.

The geometric tensor @%2 is related to the trace of the RSET which, for the massless, confor-

mally coupled scalar field on adS4, can be expressed as

U1

M2
=3 T9"e (1.99)

(W|TH )

However, for the massless, conformally coupled field g*¥ @ﬁ"f = 0 and hence the trace of the

RSET in four dimensions reduces to
V1

WITHY) = 5 (1.100)

Thus, after renormalisation the RSET has a nonzero trace, unlike its classical counterpart (1.82)).
This nonzero trace is often referred to as the ‘trace anomaly’ [17, 48] [102]. As @ﬁf‘,g and the term

vy in ((1.99)) are zero in odd dimensions, the trace anomaly does not exist in adS3 in the massless,

conformally coupled case (see Chapter 6).

§1.7 Wald’s axioms for the stress energy tensor

In order to achieve a degree of consistency and validity for the many renormalisation schemes used
to find a finite, physically reasonable RSET, Wald [98, [99] set out a number of axioms which any
RSET should satisfy. These are summarised as follows

(i) Conservation: The expectation values of the RSET are conserved, i.e. VZ,<T“V>ren =0

(ii) Causality: For a state in the asymptotic past at a point ¢ (“in” state), we must have that
<T H) ren depends only on events in the causal past of ¢ and that for states in the asymptotic future

of ¢ (“out” states), (") ,en depends only on the causal future of g.

(iii) Comnsistency: For a pair of orthogonal states such that (®|¥) = 0, the matrix element of

<<1>|TW|\IJ> should agree with the formal expression which produces finite results.
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(iv) Normal ordering: This requires that the RSET reduces to the normal ordered expectation

value in Minkowski space-time, i.e. that (TH),e, = (: TH ).

As a consequence of the above axioms, Wald proved a uniqueness theorem [98] which states that
any RSET that satisfies the above axioms will be unique up to the addition of a locally conserved
purely geometric tensor ©,,,, (see Section [1.6). Thus if we have two RSETs, (1},,)4 and (7},,)? that

satisfy Wald’s axioms we have
<T/w>A - <T,uz/>B = @;W- (1.101)

Wald also showed that ©,,, is a multiple of the identity operator and depends only of the space-time
geometry. The uniqueness theorem acts as a criterion to establish the validity of a RSET obtained
from a renormalisation method. Indeed, it was shown in [98, [99] that Hadamard renormalisation

does satisfy Wald’s axioms.

§ 1.8 Classical energy conditions

Einstein’s field equations of GR formulate a relationship between the metric tensor and the
stress energy tensor without stipulating what physical form either should take. Thus it is possible
to use an arbitrary metric in and obtain a stress energy tensor that is conserved. However,
it has long been known that this can lead to unphysical phenomena such as closed time-like loops,
superluminal travel and wormholes [55, 62]. One strategy to overcome this problem is to require
that physically reasonable matter fields obey certain energy conditions which limit the arbitrariness
of the stress energy tensor. There are four commonly used energy conditions. Using the stress
energy tensor of a perfect fluid as an example, these are [28], 62]

(i) Weak Energy Condition (WEC): this stipulates that for any future-directed time-like
vector V#, we have T},,V*V"” > 0, or equivalently that p > 0 and p + P > 0. Put simply this

requires that for all observers, the energy density component of 7}, is never negative.

(ii) Null Energy Condition (NEC): this stipulates that for a null vector K*, we have
T, KFKY > 0, or that p+P > 0. This allows for negative energy density so long as it is compensated
for by a positive pressure.

(iii) Dominant Energy Condition (DEC): This incorporates the WEC for time-like vectors
(T VHV? > 0), as well as requiring that —T}'V" is a future-directed causal vector field (nonspace-
like). This requires that p > | P| and is often interpreted as the requirement that the flux of energy

is not superluminal.

(iv) Strong Energy Condition (SEC): This requires that

1
Ty — ———T2 gy | VAVY > 1.102
(10~ Gy ) v 20 1

where n is the number of space-time dimensions. In other words we have p+ P > 0 and p+3P > 0.
The SEC was used in the singularity theorems of Hawking [52] and Penrose [80] and implies the
NEC rather than the WEC. Simply put, the SEC implies that gravity is attractive. The individual
energy conditions imply the existence of another as shown in Figure [1.3
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DEC = | WEC |= NEC — SEC

Figure 1.3: Interrelationships between the different energy conditions.

Whilst most classical forms of matter such as nonrelativistic ideal gases or pressureless dust obey
the DEC, it was realised in the 1960s that quantum field theory implies that the energy density of
quantum fields can be negative at least for a short time period [43]. It was shown in [47] that the
existence of negative energy and, in particular, negative energy fluxes could lead to the violation of
the second law of thermodynamics. This violation could be overcome if the magnitude and duration
of the energy flux satisfied

|F| <772, (1.103)

where F' is the flux and 7 the duration that it lasts. This suggested that whilst it is possible for
quantum fields to break the pointwise classical energy conditions, they could only do this for a short
time. Indeed, is the first example of what has become to be known as a quantum energy
inequality (QEI). QEIs consider the average of the stress energy tensor over causal curves and place
lower (nonzero) bounds on local averages of energy densities of quantum fields. QEIs can limit the
ability of quantum fields to support exotic space-times such as wormholes [44] 45].

Whilst most classical, minimally coupled fields obey the classical energy conditions, this is not
the case for nonminimally coupled (£ # 0) scalar fields which can violate all the energy conditions [11],
62]. However, no complete formulation of a QEI for a non-minimally coupled scalar field has been
provided to date [62] and in Minkowski space-time, non-minimally coupled fields can enjoy large
negative energy densities for prolonged periods of time [44]. We will also see in Chapter 6 that
non-minimally coupled fields in adS3 can have negative energy densities for most or all of the
space-time.

§1.9 Overview of the thesis and motivation

In this thesis we study a real, free quantum scalar field propagating on a background anti-de Sitter
space-time (adS). We numerically determine the vacuum (v.e.v.) and thermal (t.e.v.) expectation
values of the square of the field (®2) (vacuum polarisation) and the RSET (7},,,). AdS is a maximally
symmetric solution to Einstein’s field equations , with a constant negative curvature. However,
the possession of a time-like boundary at spatial infinity means that adsS is not a globally hyperbolic
space-time. This necessitates the use of boundary conditions at spatial infinity in order to have a
well-posed quantum field theory [8, 58, 59]. In this thesis we apply Dirichlet, Neumann and Robin
boundary boundary conditions to the scalar field at the space-time boundary. Robin boundary
conditions may be considered as as a linear combination of Dirichlet and Neumann. The study of
different boundary conditions is expected to result in a rich variety of expectation values.

The vacuum polarisation (VP) of a massless, conformally coupled scalar field on four-dimensional
anti de-Sitter space-time (adS4) has previously been determined [71], subject to Dirichlet, Neumann
and Robin boundary conditions. In [71], it was found that at the space-time boundary, both

the v.e.v.s and t.e.v.s of the VP converged towards the Neumann result for all Robin boundary
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conditions except Dirichlet, which had its own limit. In this thesis we study the VP for a scalar
field with general mass and coupling on a three dimensional adS background (adS3). Our motivation
is to determine whether the results in [71] are reproduced when we allow the mass and coupling

constant of the field to vary.
In the computation of (Tw,), we start with a massless, conformally coupled scalar field on adS4.

We seek to determine whether the finding in [71] for the VP also applies to the v.e.v.s and t.e.v.s
of the RSET. We analyse the behaviour of the RSET as it approaches the space-time boundary and

A

thus provide some analytical evidence to support our numerical results. We then compute (7},,)

for a scalar field with general mass and coupling on an adS3 background. Allowing the mass and

coupling constant to vary results in a wide variety of (7),,), some of which have negative energy

densities for a majority (or all) of space-time, thus violating the classical energy conditions (see

Section .

Finally we use a selection of (TW) as the source term in to determine the backreaction or
quantum corrections to the underlying adS3 metric. This is a fundamental aspect of QFTCS as it
directly shows the interplay between quantum fields and the geometry of space-time.

This thesis is set out as follows.

e Chapter 1: Here we lay out some of the key concepts used in this thesis as well as the
motivation for and brief outline of the research that follows.

e Chapter 2: We describe the geometry and other important features of adS space-time. We
discuss the need for boundary conditions due to the non-global hyperbolicity of adS and
demonstrate a mapping of adS to the globally hyperbolic Einstein Static Universe (ESU).

e Chapter 3: The v.e.v.s and t.e.v.s of the RSET for a massless, conformally coupled scalar
field on adS4 are derived, using Dirichlet, Neumann and Robin boundary conditions. We
study the behaviour of the RSET at the space-time boundary and give analytic support to
the numerical results found. Much of the work in this chapter has appeared in a recent

publication [70].

e Chapter 4: Here we lay out some of the background mathematical results for quantum scalar
field theory on an adS3 background. We find mode solutions to the Klein-Gordon equation in
terms of hypergeometric functions. We derive an upper limit to the parameter ¢ used in the
Robin boundary condition in order to obtain mode solutions that are classically stable.

e Chapter 5: We compute the renormalised VP for a scalar field with general mass and coupling
on adS3. We determine the Green’s function on an adS3 background and use Hadamard
renormalisation to obtain the v.e.v.s and t.e.v.s of the VP subject to Dirichlet, Neumann
and Robin boundary conditions. We also examine the behaviour of the VP at the space-time

boundary. Much of the work in this chapter has also appeared in a recent publication [73].

e Chapter 6: We determine the v.e.v.s and t.e.v.s of the RSET for a quantum scalar field
with general mass and coupling on adS3, subject to Dirichlet, Neumann and Robin boundary
conditions. Varying the mass and coupling constant has resulted in a rich spectrum of RSETSs,
some with negative energy densities. It is anticipated that this will form the subject of a future
publication [75].
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e Chapter 7: We conclude our research by using a selection of the RSETs obtained in Chapter 6
as the source term in the semi-classical Einstein’s equations (1.2)) and compute the corrections
to the underlying space-time metric. It is anticipated that this will also form the subject of a

future publication [74].

e Chapter 8: We provide a summary of the research covered in this thesis as well as plans for
future research.
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Chapter 2

Anti-de Sitter space-time

Anti-de Sitter space-time (adS) is a maximally symmetric solution to Einstein’s field equations
with a constant negative cosmological constant (A < 0). A negative cosmological constant implies
that the expansion of the Universe should be decelerating, contrary to recent observations [81].
Nonetheless, adS has many rich properties, making it a very interesting space-time to explore.
Undoubtedly one of the reasons why adS has been studied so extensively in recent years is its
role in the adS/CFT (conformal field theory) correspondence first postulated by Maldecena in 1997
(see [I] for a review). In the adS/CFT correspondence it is proposed that a type IIB supersymmetric
string theory in an n—dimensional adS bulk is dual to a QFT on its (n — 1)—dimensional Minkowski
boundary (Figure. The adS/CFT correspondence means we can formulate QFTs on a boundary

that are dual to a higher dimensional, more complicated, theory of quantum gravity in the bulk.

T
S

adS bulk

Minkowski boundary

Figure 2.1: Schematic of the adS/CFT correspondence. Theories of quantum gravity in the ‘bulk’
are postulated to be dual to QFTs on a lower dimensional Minkowski boundary.

In this chapter we describe aspects of adS space-time. In Section[2.1]we discuss the key geometric
features of adS and how it is conformal to the Einstein Static Universe (ESU). In Section we
describe the Poincaré patch which plays a key role in the ads/CFT correspondence. In Section

we discuss some of the properties associated with a maximally symmetric space-time. As adS is not
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a globally hyperbolic space-time, we need to apply boundary conditions at the time-like boundary
in order to have a meaningful QFT. This is discussed further in Section Finally, in Section [2.5
we conclude this chapter with a summary of the key features of adS space-time.

§2.1 Geometry of anti de-Sitter space-time

We can consider n—dimensional anti-de Sitter space-time (adS,,) as an n—dimensional single-sheeted
hyperboloid embedded in an (n 4+ 1)— dimensional flat space, R(~12) [14] [55, 88], with metric
nap = diag(—1,1,1,...,1,—1). Using the coordinates, x* (o = 0,1,2,...n), the equation for the
hyperboloid in the embedding space is,

0O T - () = -1, (2.1)

where L > 0 is the radius of the waist of the hyperboloid, Figure[2.2)and is related to the cosmological
constant by

(n—2)(n—-1)

A=-—
212

(2.2)

For all the numerical calculations in the later chapters in this thesis, we set L = 1. This is a
common technique used in this field of study and simply means that we rescale the units so that
the curvature radius of adS is dimensionless and other quantities (such as the cosmological constant

and Ricci scalar) are expressed in terms of units of L.

In ([2.1)), there are two time-like coordinates, X", ", whilst X%, i = 1,..., (n — 1) are space-like.

The metric on the embedding space is given by
ds® = —(dx*)? + (dx")? + (dx)? + ... + (dx"H? — (dx™)>. (2.3)

We now choose a suitable set of dimensionless coordinates for adS space-time [60]

t, —m <t<m,
s
) 0< <5,
P >p 5
9]', OSQJ'STF, j:1,2,...,n—3,
0, 0<o¢<2m, (2.4)

where p is the radial coordinate, ¢; are polar coordinates and ¢ is the azimuthal coordinate. The
time coordinate ¢ is periodic with period 27, meaning we have somewhat unphysical, closed time-
like curves, see Figure We can circumvent this by considering the covering space, CadsS,
where the time coordinate is ‘unwrapped’ to give ¢t € (—00,00). We use the following coordinate
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A
Y

P

Figure 2.2: Schematic of adS space-time, with the (n — 2) angular coordinates omitted. Pure adS
admits closed time-like curves (adapted from [4]).

transformations for the embedding space [4, [69]

x* = L costsec p,
x! = Ltan pcos b,

x? = Ltan psin 6 cos 65,

x" 2 = Ltan psin 6 sinfy . . .sin6,_s cos ¢,

X""' = Ltan psin6; sinfsy . ..sin6,_3sin ¢,

X" = Lsintsecp. (2.5)

Taking the derivatives in (2.5 we have

dx" = L(—sintsec pdt 4 costsec ptan pdp),

dx! = L(sec? pcos 6y dp — tan psin 6; db,),

dx"™ = L(costsec pdt + sintsec ptan pdp). (2.6)

Substituting the derivatives in (2.6) into the metric (2.3) gives the adS,, metric

n—3 i—1 n—3
ds? = L*sec? p | —dt* + dp® + sin? p | dOF + Z do? H sin? 0 + dg? H sin?6; | | . (2.7)
i=2 j=1 Jj=1
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Figure 2.3: Penrose diagram of pure adS space-time (left) in two dimensions. The horizontal lines
with arrows are identified, showing that in adS the time coordinate is periodic with period 27. In
the covering space CadS (right) ¢ € (—o00,0). The red curves show a possible time-like worldlines
and the blue lines represent null rays (adapted from [g]).

In four dimensions, becomes
ds? = L?sec? p (—dt2 + dp? +sin? p [d92 + sin? @ d¢2]) , (2.8)
whilst the adS3 metric is
ds? = L?sec? p (—dt2 + dp* + sin® pdqﬁ2) . (2.9)

The Carter-Penrose diagrams for adS and CadS are shown in Figure in two dimensions for
clarity. The presence of a time-like boundary in both adS and CadS means that null rays can reach
the space-time boundary in finite coordinate time. Therefore, neither adS nor CadS is a globally
hyperbolic space-time, as a result of which we need to impose boundary conditions at the space-time
boundary .# in order to have a meaningful QFT [8, 12, 15, 29, 31, B2, B34, 50, 58, 59, 101]. More
will be said about this later, in Section [2.4]

The boundary of adS (at p = 7/2) is not part of the adS space-time which can hinder the

imposition of boundary conditions at the space-time boundary [58, 59]. We can bypass this issue
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Figure 2.4: ESU cylinder in two dimensions (left). AdS space-time (right) is conformal to half of
the ESU. Pure adS is shown in blue whilst the covering space is in red (adapted from [4]).

by mapping the adS space-time to the Einstein Static Universe (ESU) [§] (see Figure [2.4)). In four
dimensions, the ESU can be considered as a four-dimensional cylinder, with no boundary, embedded

in a five-dimensional Minkowski space, giving the ESU metric as [55]
ds* = L* (—dt2 + dp? + sin? p [d#?* + sin® 0 d¢2]) . (2.10)

ESU is globally hyperbolic and its metric is conformal to that of the adS metric (2.8)). We can make
a conformal transformation of the adS metric to that of the ESU

g =2giiY,  Q=secp. (2.11)

The resultant mapping of the adS space-time onto the ESU is shown in Figure As we shall see
in Chapters 3, 4 and 5 this facilitates the imposition of boundary conditions at the adS boundary
which is now part of the space-time.

§2.2 The Poincaré patch

The Poincaré fundamental domain or Poincaré patch (PadS) represents half of the adS space-

time and plays a fundamental role in the adS/CFT correspondence [I}, 13]. Transformation to the
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Figure 2.5: Penrose diagram for the Poincaré patch shown in blue.

Poincaré patch requires a change of the embedding space coordinates (2.5)) to give [13]

1
= — (2 + L2+ 22— t?),

2z
N
i="2, i=12...(n-2),
z
Xn—l — i(ZQ o L2 +i2 . t2),
2z
Lt
"= — 2.12
X'=— (2.12)
where
n—2 A
2 => (a7 (2.13)
i=1
and z acts as the radial coordinate, given by
1 XO o Xn—l
— =0 2.14
2 L2 ( )
The Poincaré patch metric now takes the form
,  L? 2 =2 2
ds® = — (—dt* 4 dz* + dz*) . (2.15)

The radial coordinate z effectively splits the adS space-time into two regions corresponding to
z >0 and z < 0 (Figure [2.5). Each of these regions represents half of the adS space-time, with the
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Poincaré patch usually given by z > 0. The plane z = 0 is a time-like boundary which is not part
of the PadS space-time as can be seen from .

Formulating a quantum field theory on PadS has some advantages. PadS is conformal to
Minkowski space-time (see ) and its boundary is asymptotically flat. QFTs formulated on
PadsS [30} [83], still require that boundary conditions are stipulated at the time-like boundary z = 0.
However, one disadvantage of working on PadS is the possible existence of bound states particularly
for Robin boundary conditions [30]. In this thesis we work exclusively in global adS coordinates
where we have the global adS vacuum state, which respects the underlying symmetries of the space-
time, and apply boundary conditions at the time-like boundary at p = 7/2.

§2.3 Properties of maximally symmetric space-times

If the metric of a space-time is unchanged in the direction of a given coordinate z* then the metric is
said to possess a symmetry in the direction of ##. Consider for example four-dimensional Minkowski

space-time with metric
ds? = nydatds” = —dt* + da? + dy* + dz*. (2.16)

This space-time has a total of ten isometries; these are the four translations, z# — z* + o*, three
boosts and three rotational isometries, #* — ALz, where AL is the rotation matrix. For a general
metric g,,, which is independent of the coordinate x?, the vector K = 0, is known as a Killing
vector and is a generator of an isometry. This means that a test particle moving in the direction of
K* experiences an invariant geometry. Killing vectors obey Killing’s equation

VK, +V,K,=0, (2.17)

where V), are covariant derivatives. It can be shown [90] that the maximum number of Killing vectors
on an n—dimensional manifold is %n(n + 1) and a space-time possessing the maximum number of
Killing vectors is said to be maximally symmetric. AdS4 has a total of ten isometries. These are
four translations, in three spatial and one time direction, three rotations and three boosts. Ads3
has a total of six isometries. The isometries of adS can be understood as residing in the underlying
embedding space (see Section .

An interesting property of the Riemann tensor, Rxs,,, is that in any maximally space-time it

can be expressed as

R
opyv — ov — Y\wYopu) » 2.1
Ry Y p— (9ruIov — Irvgop) (2.18)

1
where R the Ricci scalar. The Ricci tensor R, can be expressed in terms of the metric tensor as

2A
R,w/ = mguua (219)

where A is the cosmological constant related to the Ricci scalar by

R=

(2.20)



The cosmological constant A may be negative, positive or zero, corresponding respectively to n-
dimensional anti-de Sitter, de Sitter or Minkowski space-times.

There is another useful benefit of a space-time possessing maximum symmetry when it comes
to the geodesic interval (Section . Consider a biscalar quantity a(x, z’) dependent on two space-
time points (z, ') connected by a unique geodesic. If a(x,z’) respects the underlying maximal

space-time symmetry, we can express this as
a(z, ') — a(s), (2.21)

where s(z,2’) is the geodesic interval separating the two space-time points (z,z’). In adS, the

geodesic interval, for space-like separated points, is given by

(2.22)

s(z.2") = Leos™! (cos At — sin psin p/ cos*y) ’

cos p cos p’

where At = t' — ¢ and 7 represents the angular separation of the space-time points given by

COS Yadss = cos 0 cos ' + sin @ sin & cos(¢p — ¢'), (2.23)

in adS4 and
COS Yadsz = cos(¢ — ¢'), (2.24)

in adS3. For time-like separated points, where s(x,z’) is purely imaginary (see Section [1.5]), we
change the cos term in (2.22)) to cosh.

We can also give explicit expressions for Synge’s world function. In adS4 it is given by [2]

o 2
o(z,a') = Ij cos—1 (€98 At — sin psin p’ cosy ’ (2.25)
2 cos pcos p’

whilst in adS3, the world function becomes

L? [ 1 <cosAt—sinpsinp’cos’y)}2
cos

N =_" 2.26
o(@,2) 2 cos p cos p’ (2.26)

In adS,, the van Vleck-Morette determinant is given by [60]

n—1
Az, ') = [\/IQ?CSC (\/LQTT)] : (2.27)

which corresponds to the result in [2] for n = 4.

As we will see in Chapter 5, the expression will prove useful when calculating expectation
values such as the vacuum polarisation in states which respect the underlying symmetry of adS
space-time. This includes the vacuum state when Dirichlet or Neumann boundary conditions are
applied.
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§ 2.4 Boundary conditions

The lack of global hyperbolicity of adS space-time necessitates the imposition of boundary condi-
tions at the space-time boundary in order to have a well-posed quantum field theory [8, 58, [59].
Quantisation on adS space-times was first initiated in [8], where the authors discussed transparent
and reflective boundary conditions applied to a massless scalar field conformally coupled to the
ESU (see Figure . Boundary conditions are applied to the conformal field at the adS space-time
boundary which is now part of the ESU (see Section . Following this, the conformal field is
mapped back onto adS.

t=m

Figure 2.6: Transparent (left) and reflective (right) boundary conditions for adS mapped onto the
ESU. Vertical lines with arrows are identified. See text for further details (adapted from [4]).

With transparent boundary conditions, the scalar field modes are free to pass beyond the adS
boundary at p = /2 and continue around the ESU cylinder to reappear at the other side. In
reflective boundary conditions, the modes are ‘reflected’ back at the adS boundary (p = 7/2). In
this thesis we will focus on reflective boundary conditions of which there are two simple types;
Dirichlet and Neumann. For the Dirichlet boundary condition we require that the field modes are
zero at the space-time boundary, whilst for the Neumann boundary condition we require that the
normal derivative of the field is zero at the space-time boundary on ESU.

Boundary conditions on adS for a massive scalar field were analysed further by Ishibashi and
Wald [58, 59) [T0T], who showed that the possible choices of dynamics of the scalar field correspond
to the choices of self-adjoint extensions of the spatial component of the wave operator. They showed
that any dynamical evolution for a scalar field in a static space-time must respect causality, time
translation and reflection invariance, as well as having a conserved energy functional and be in
agreement with the globally hyperbolic case. They also showed that the freedom to choose the self-
adjoint extensions corresponds to all the possible boundary conditions that can be applied at the
space-time boundary and the choice of boundary conditions is dependent on the mass and coupling
constant of the field. More will be said about this in Chapter 4.
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Dirichlet and Neumann are the simplest boundary conditions and the most commonly studied
in the literature. However we can also consider (reflective) Robin boundary conditions which, in the
case of a massless, conformally coupled field, can be considered as a linear combination of Dirichlet

and Neumann boundary conditions [59] parameterised by a Robin parameter, ¢

) COSC-‘F@ sin( =0 as p—>I, ¢ €0,7. (2.28)
dp 2
It can be seen from that for ¢ = 0, we recover the Dirichlet boundary condition and for
¢ = w/2 we recover the Neumann boundary condition. It will be shown in Chapter 4 that there is
an upper bound for the Robin parameter, (., beyond which our scalar field is classically unstable.
We will also see that the value of (i depends on the mass and coupling constant of the field.
Therefore, when applying Robin boundary conditions we will restrict ourselves to 0 < ¢ < (erit-
Applying different valid boundary conditions gives rise to an extensive set of possible quantum
states that can be studied on an adS background. In the context of the adS/CFT correspondence
this will amount to new theories in the ‘bulk’. However, the boundary conditions mentioned above
are not the only ones that can be applied at the space-time boundary (see [22] 31, 32, 33 34, 50] for
more general boundary conditions that can be applied). For example in [32], [33], the authors discuss
the use of generalised boundary conditions of Wentzell type in the Poincaré patch of a n-dimensional
adS space-time. This involved the use of the second time derivative of the field at the asymptotic
boundary.

§2.5 Conclusions

In this chapter we have highlighted some of the key features of anti-de Sitter space-time. It is
a maximally symmetric solution to Einstein’s field equations of general relativity with a constant
negative curvature and plays a key role in the adS/CFT correspondence. We have shown how
the space-time can be pictured geometrically and how the metric is formulated in n—dimensions.
Being a non-globally hyperbolic space-time means we need to impose boundary conditions at the
space-time boundary in order to have a well-posed quantum field theory. We have discussed some
of the main boundary conditions used in the literature and made reference to studies where other
boundary conditions are applied. Our focus in this thesis is in the reflective boundary conditions
of Dirichlet, Neumann and in particular Robin type.
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Chapter 3

Renormalised stress energy tensor in
adS4

A fundamental aspect of QFTCS is the determination of the expectation values of the RSET.
This acts as the source term in Einstein’s field equations when we adopt the semi-classical
approach to quantum gravity. In this chapter we determine the v.e.v.s and t.e.v.s of the RSET of a
massless, conformally coupled quantum scalar field on the covering space of global adS4. We apply
Dirichlet, Neumann and Robin boundary conditions to the scalar field at the space-time boundary
and compute the expectation values numerically using MATHEMATICA. Much of the contents of

this chapter has appeared in a recent publication [70)].

In [71], the renormalised VP was computed for a massless, conformally coupled scalar field on
adS4 with Robin boundary conditions applied to all field modes at the space-time boundary. The
VP is the expectation value of the square of the field, <<i>2>, and is the simplest nonzero expectation
value we can calculate. For both v.e.v.s and t.e.v.s it was found that, on the space-time boundary,
the VP converged to the Neumann value for all Robin boundary conditions except for Dirichlet,
which had a different value (see Figure . As we will see later in Chapter 5, the same conclusion
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Figure 3.1: V.e.v.s (left) and t.e.v.s (right) of the VP for a massless, conformally coupled scalar
field, @, in adS4, from [71]. The Robin parameter is represented by a. For the t.e.v.s (right), &
is related to the temperature, T', by x = 2nT. The magenta line on both plots represents the VP
with Neumann boundary conditions, v = /2, whilst the red line represents the Dirichlet boundary
condition, = 0. See text for further details.
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is reached for the VP on three-dimensional adS for a scalar field with nonzero mass and values of
the coupling to the space-time curvature for which Robin boundary conditions can be applied. It

would therefore seem that the Neumann boundary condition reflects the generic behaviour of the
VP, as we approach the space-time boundary, rather than the Dirichlet boundary conditions, even
though it is the latter that is most widely studied in the literature. However, in [12], when Robin
boundary conditions were applied to only to a subset of the scalar field modes corresponding to
s-wave perturbations, it was found that the VP for a massless, conformally coupled scalar field on
adS4 converged to the Dirichlet value on the space-time boundary [12].

It is natural to ask whether the result in [71] also extends to the v.e.v.s and t.e.v.s of the RSET
for a massless, conformally coupled scalar field on adS4 and this is the focus of this chapter. In [12],
the authors applied Robin boundary conditions to just a subset of modes and it was found that the
RSET again took the same value as for Dirichlet boundary conditions at the space-time boundary.
In this chapter, we follow [71] and employ Euclidean methods to determine the v.e.v.s and t.e.v.s
of the RSET, whilst applying Robin boundary conditions to all field modes. We pay particular
attention to how the expectation values depend on the Robin parameter and temperature in the
case of the t.e.v.s.

This chapter is structured as follows. In Section we describe the construction of the v.e.v.s
and t.e.v.s of a massless, conformally coupled quantum scalar field with Dirichlet and Neumann
boundary conditions, as set out in [2]. In Section we outline the construction of the vacuum
and thermal Green’s functions for a massless, conformally coupled, scalar field on four-dimensional
adS, as set out in [71], highlighting the extra contribution provided by applying Robin boundary
conditions. In Section we calculate the expectation values of the RSET in both vacuum and
thermal states. A discussion of the numerical methods used in the computation of the expectation
values is given in Section together with an estimate of the errors involved. The results for the
v.e.v.s of the RSET with Robin boundary conditions are given in Section followed in Section [3.6]
by a discussion of how we were able to reproduce the results in [I2] using Euclidean methods. The
t.e.v.s of the RSET with Robin boundary conditions are presented in Section The behaviour
of the nonzero components of the RSET as we approach the space-time boundary is explored in
Section and finally we present our conclusions in Section

§3.1 Vacuum and thermal expectation values of a quantum scalar field with

Dirichlet and Neumann boundary conditions

Anti-de Sitter space-time at finite temperature was discussed in [2], where the v.e.v.s and t.e.v.s of
a massless, conformally coupled scalar field were determined for Dirichlet and Neumann boundary

conditions. In global coordinates the metric of adS4 is given in (2.8). The zero temperature

anticommutator G(()l)(az,a:’ ) (1.37)), for massless, conformally coupled scalar field obeying (1.36)), is
given by [2]

GV (o) = —@{(1 ~zy (27, (3.1)
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and is related to the Feynman Green’s function by (1.45). The invariant biscalar function Z(z,z’)
in (3.1)) is related to the geodesic interval (2.22)) and is given by
cos(t —t') — sin psin p cosy

Z(z,a') = 3.2
(z,z") o5 pcos : (3-2)

where the angular separation of the space-time points v is given by (2.23). In (3.1), the + sign
refers to Dirichlet boundary conditions whilst the — sign refers to Neumann.

If the field is held at an inverse temperature 3, the finite temperature propagator G(Bl) becomes [2]

(1) no_ 1 Syl VA,
Gﬁ (1’,.’13)——W{Jﬁ(t,p,tp>Zl:J/B(t—i-TF,—p,t,p)}, (33)
where
400 1
Ta(t,pit',p) = D {1=Zt+inB,pit' o7}, (3.4)

and we have expressed Z(z,2') as Z(t,p;t',p';) (see (1.49)). As we are in pure adS, the time
coordinate is periodic with period 27 (see Section [2.1)). Furthermore, for a scalar field in equilibrium
at inverse temperature 3, the two-point function is periodic in time with period i3 [2, [17].
Thus, the function Jg is a doubly periodic function of imaginary time ¢, with periodicity

properties
Ja(t,pit'sp') = Js(t +2m, p;t', p'),
Js(t, pit', p') = Ja(t +iB, pit', o). (3.5)

It was shown in [2] that the function J3 is a meromorphic function in the complex ¢t—plane and also

an elliptic function and thus it is possible to find the following expression for the propagator

1 1 _ _
G(g)(tap;tlvpl;’Y):—m 1-2)'+1+2)"

[o.¢] . .
kn(p, o' kn(—p, o'; k(t —t
—4cospcosplz Wi(—l)ksm n(=p,p’;7)\ cosk( ) (36)
=\ sinn(p, ;) sinn(—p,p'sy) ) e -1

where

n(p,p';7y) = cos! [cos pcos p’ + sin psin p’ cos]. (3.7)
It can be seen that in the zero temperature limit, 5 — oo, reduces to the zero temperature
form (3.1)). Using the exact form of the symmetric function, Gf(Bl) (3.6), the authors in [2] were able
calculate the expectation values of the VP and the RSET. They used the Hadamard parametrix
of Ggl) given in . As we are considering a massless, conformally coupled field, we have
V(z,2") = 0 to second order [61] and the log term in is now absent giving

T a2\ o(x,2)

Gg)(x,x/) _ 1 (W + W(x’gg/)> , (3.8)
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where A is the van Vleck-Morette determinant (2.27)) and o(x,2’) is Synge’s world function (2.25)).
The difference in the prefactors in (1.64) and (3.8)) can be gleaned from the relationship between
the Feynman propagator and the anticommutator function ([1.45]).

The biscalar W (x,z’) has a short distance expansion of the form [2, [35]

1 1
W(z,2') = w(z) — iw#(x)o’“ + gw,w(x)a’”a’” + ..., (3.9)
where
w(z) = lim W(z,a), Wy (z) = lim W/W,(:U,x’). (3.10)
' —x ' —x

It was shown in [2] that for Dirichlet and Neumann boundary conditions

w(z) = % { B +dcosp fy (iﬂ + {—; +2cot p S (ip)] } (3.11)

where

Sm(z, p) = an(—l)”(em — 1)~ sin(2np). (3.12)

(®?) = —. (3.13)

In the zero temperature limit (8 — 00), (3.11) becomes

1 1 1
li = — | =-F = 14
gim w =75 (3 il 2> (3.14)

where now the — sign refers to the Dirichlet boundary condition and the + sign to the Neumann.
Putting together (3.13) and (3.14)) we arrive at the expressions for the v.e.v of the VP with Dirichlet,

(®2)P, and Neumann, (®2)}, boundary conditions in adS4 as

~ 1 ~
(&P — and (&N = O

_ -2 1
48722 0 7 48722 (3.15)

These results match those in [6I] [71] for the Dirichlet case. The expressions for the renormalised
t.e.v.s of the SET with Dirichlet and Neumann boundary conditions are also given in [2], but
there is a typographical error with a missing cot p term in line 2 (personal communication from E.

Winstanley), so the equation should read:
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<T,u,1/>§/N = le; { [—1;0 + gcosA‘p f3 <§)] v + [136 cos4pf3 (iﬂ tutl,}
+ ;;Tt[i { [—écseZp cos2p Sy <§,p> + %cotp Ch <§,p> + %cost So <§, )] Guv
+ [é(?) — cot? p)So <§,p> + cot p (1 — §COSQ p) Ch <§,p> + 2cos? p Sy <§,p)] tuty
+ [(15(30802/)— 4)Sy (i,p) + cot p (gsinzp— 1) C, <§7P> - gcoszp S (ipﬂ pupy},

(3.16)

where g, is the space-time metric and ¢,, p, are unit vectors in the ¢ and p directions respectively

given by
t, = Lsecp(1,0,0,0), pu = Lsecp(0,1,0,0), (3.17)

and obey the normalisation conditions t,t* = —1 and p,p* = 1. In (3.16), the Dirichlet boundary
condition is denoted by the + sign whilst the Neumann boundary condition has the — sign. The
functions f,, Sy, are given in (3.12)) and C,, is given by

Cn(z,p) = an(—l)”(em — 1) ! cos(2np). (3.18)
n=1

In the zero temperature limit (i.e. when 8 — o0), the v.e.v. of the RSET <Tu,,>é)/N derived
from ([3.16]), reduces to

~ \D/N _ 1

<TN’V>0 = *m gl“j' (319)

This is in agreement with the calculation in [61] for a scalar field with Dirichlet boundary conditions.
Notably, the v.e.v. of the RSET (3.19)) is the same for both Dirichlet and Neumann boundary
conditions. This is not seen with the vacuum polarisation in adS4 [71] or adS3 (see Chapter 5).
For both Dirichlet and Neumann boundary conditions, the vacuum state respects the maximal

symmetry of the underlying adS space-time, and therefore the RSET will be a constant multiple

of the metric, <TW>OD/N = aguy, for some constant o. Taking the trace, o = (T[f)OD/N/éL For

a massless, conformally coupled scalar field, the trace (T n >0D /N is fixed to be the trace anomaly,

which, on four-dimensional adS is [61]

. 1

T = ——— . 3.20
(Ti) 24072 L4 ( )
Therefore, for a massless, conformally coupled scalar field, the v.e.v. of the RSET for a maximally
symmetric state is entirely determined by the trace anomaly and is independent of any boundary
conditions applied.
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§3.2 Euclidean Green’s functions

In the previous section we described the derivation of the v.e.v.s and t.e.v.s of the RSET of a
massless, conformally coupled scalar field with Dirichlet and Neumann boundary conditions in
Lorentzian adS4 space-time. In order to compute the corresponding expectation values with Robin
boundary conditions we work in Fuclidean space, where the Green’s functions are unique and have
a well-defined distribution (Section [L.4)).

The Euclidean metric is obtained from the adS metric by performing a Wick rotation,
t — —i71, which gives

ds* = L?sec? p [dr? + dp® + sin® p (d6? + sin® 0 d¢?)]. (3.21)

For a thermal state at temperature, 7', the thermal Euclidean Green’s function is periodic in time,
with period 1/7" and has the mode-sum form [71]

GC gz, z') = o 2L2 cos p cos p Z eIMRAT 2(26 + 1) Py(cos ) gue(p, ') (3.22)
n=-—00 ¢=0

where w = nk is the quantised frequency, AT = 7 — 7’ represents the temporal separation of the
space-time points, g.¢(p, p') is the radial Green’s function, Py(z) is a Legendre polynomial and « is
given by

K = 2nT. (3.23)

The angular separation of the space-time points v is given by ([2.23). For vacuum states, the

Euclidean Green’s function is no longer periodic in time and takes the form [71]

00 o0

1 .
GE(x ') = g2z Cospeos o / dw AT Z(% + 1) Py(cos ) gue(p, ). (3.24)
w=Too £=0

The radial Green’s function g, satisfies the inhomogeneous equation

d d .
{ . <sm ot ) —wPsin? p— (0 + 1)} Gutlpr) = (0 — 4. (3.25)

Consider now the solutions to the homogeneous version of (3.25)). Let p,¢ be the solution regular
at the space-time origin (p = 0) and g, the solution regular at the space-time boundary (p = 7/2)
which satisfies the relevant boundary conditions. The general solution to the homogeneous version

of (3.25) can be given in terms of the conical (Mehler) functions as

1 —r—
Puwts que = Jens C1Piw£_11/2 (cos p) + Co PM 1/22(—cosp) , (3.26)

where €y and C3 are constants (determined below) and P}(2) are associated Legendre functions.

The radial Green’s function g, is built from p,, q.¢ as

pwf(p<)Qw€(p>) (327)

gw@(p7 p/) E )
Nw@
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where NE, is a normalisation constant and we have used the definitions p. = min{p, o'} and
p> = max {p, p'}. The normalisation constant N, in can be determined by integrating both
sides of to give [69]

N2y = sin® pW{pur, que}, (3.28)

where W{pur, que} is the Wronskian of the two solutions to (3.25]) defined by

deZ dpr

WD, Qut} = pweTp - QMTP' (3.29)
Calculation of the Wronskian gives [69, [71]
2
NE = . 3.30
“ETD(+ 1 4 iw)? (3.30)
Requiring regularity at the space-time origin (p = 0) gives
1 .
e (3.31)

pw[(p) = \/SiTp‘Piw_l/Q (COS p)7

where the constant in (3.26)) has been absorbed into the normalisation constant. We now impose
Robin boundary conditions on g, at the space-time boundary (p — 7/2), of the form [71]

deE (p)
d

dui(p) cos ¢ + sin¢ = 0, (3.32)

where ¢ € [0,7) is the Robin parameter (2.28)), with ( = 0 and ¢ = 7/2 denoting Dirichlet and

Neumann boundary conditions respectively. This gives

1 . .
) = o (CEPL i cos p) + P (— cos p)] (3.33)

where the constant Cfm is given by [71]

c 2|P(iw+€+2)’2 tan( _ ‘F(iw+f+1)|2

2 2
= . . . 3.34
wl 2|I‘(“"+2€+2)]2tanc+ ’F(zw+22+1)|2 ( )

It is clear from ({3.34]) that Cie will diverge if there are values of the Robin parameter ¢ which

satisfy

|F(z‘w+2€+1)‘2
it o
|1-\(zw+2 +2 ) ‘2

2tan( = — (3.35)

We can define an upper limit for the Robin parameter (.. For values of the Robin parameter, (,
in the interval (it < ¢ < 7, we will obtain purely imaginary values of w that satisfy . This
will lead to mode solutions of the scalar field equation that are exponentially growing and therefore
classically unstable [71]. We therefore restrict our consideration of Robin boundary conditions
to ¢ < C(ait (see Section for the definition of (. for the scalar field with general mass and

40



coupling on adS3). We will see in Chapters 4-6 that the value of (. is dependent on the mass and
coupling constant of the scalar field as well as the number of space-time dimensions. For a massless,
conformally coupled scalar field on adS4, we find that (e, ~ 0.687 [71].

From (3.34)) it can be seen that for the Dirichlet boundary condition (¢ = 0), CY, = —1 and for

the Neumann boundary condition (¢ = 7/2), C 7r/ > = 1. These give

1 —f— —f—
qge(ﬂ) = m [Piw,ll/;(— cos p) — Piw,ll//;(COS P)} )

1 - _—
(p) = N |:13iw—11//22(_ cos p) + Pw_ll/;(cos p)} . (3.36)

Following [71], we now write the vacuum and thermal Euclidean Green’s function with Robin

boundary conditions as
Ggo(a: ') =GE olr,x ") cos? ¢ + GNO(x 2')sin? ¢ + G%O(az,x')sin%,
Ggﬁ(a: 7)) = GDﬁ(:c ') cos? C+GN5(33 ') sin® ¢ + GE sz, ") sin2¢, (3.37)

where Gg,o(x,a:) and GE s(z,2") are the vacuum and thermal Euclidean Green’s functions, with

Dirichlet boundary conditions, given by

G L cospeosy [ wnr NS g4 1) T+ 1+ iw)?
Do(ff ') = 1672L2 \/sinpsin g’ J oo we ;( + 1) Py(cosy)|T'(¢ + 1 + iw)|
—0-1/2 —0—1/2 —0-1/2
x P cos pe) [P (= cos pi) = P eos )]
K COS p COS p/ INnKAT ; 2
(2 1)P, r 1
Gpaz,2) = 167222 s poim 2 Z % 0+ 1)Py(cosy)|T(€ + 1 +ink)|
—0-1/2 —0-1/2 —0-1/2
X Pl.m_l/p(cos p<) [Pmn—l//Q(_ CoS ps) — Pz.m_l/ﬂ(cos p>)} . (3.38)

G]%’O(x, z’) and Gﬁ s(z,2') are the vacuum and thermal Euclidean Green’s functions, with Neumann
boundary conditions, given by

o0

GE o(0,0') = — - Cospeosy /OO Ao €57 520+ 1) Pycos ) (0 + 1+ iw) 2
T, x we iw
N0 167212 \/sinpsinp’ Jy—— oo = aeesy
—0—1/2 —0—1/2 —0—1/2
x P cos po) [P (= cos pi) -+ P eos )]
GE (l‘ m/) _ K COSPCOSPI i einnAT i(2‘€+ 1)PZ(COS’7)|F(E+ 1 +’inl€)|2
NBY™ 16m2L? \/sin psinp’ £~ prd
—0—1/2 —0—1/2 —1/2
X Pim_l//z(cos p<) [Pim_l//g(—cos p>)+ P, 1//2(005 p>)} . (3.39)

GE (x,2') and GE s(x,2') are the vacuum and thermal regular contributions, with mode sums
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given by

1 cosp cosp /°° WA
GE N — d TWAT
ROl @) 1672L2 \/sinp sin p/ Jy—_ oo we
[o¢]
—0—1/2 —0—1/2
X Z Ding(cos fy)Pm_l/2 (cos p) Pm_l/é (cosp'), (3.40)
=0
and
GE (o) = " Cospcosp i inkAT
z, ') = - - e
R.p 1672L? \/sin p sin p/ =
- ¢ 1/
—0—1/2 —0—1/2
X Z ijéPg(cos 7)]31.”%71//2(008 p) P@'nnfl/Q(COS o), (3.41)

=0

where the constant Dgé is given by

2T (B2 cos ¢ — [P(4E) P sin

2|F(iw+2€+2)’281n<-+ ’F(iw+2€+1)|2COS< 5

DSy = (142001 + £ + iw)|? (3.42)

with w = nk in the thermal sum (3.41). The terms Gg’o(x,x’) and Ggﬁ(x,x’) are not Green’s
functions as they do not satisfy (1.54) and are regular in the coincidence limit.

§3.3 Expectation values of the RSET

Having given expressions for the vacuum and thermal Green’s functions for the massless, conformally
coupled scalar field in adS4, we now determine the expectation values of the RSET. For a quantum

state |¥), the expectation value of the RSET, in Euclidean space, can be expressed as
(U|T), (2)|¥) = lim {Tw(2,2") [GE(2,2") — Grging(7,2)] — guvi(z,2')}, (3.43)
' =z

where Gpging(z,2') is the singular part of the Hadamard parametrix (1.74), which is independent
of the quantum state. For the massless, conformally coupled field, the second order differential

operator Ty, (z,z") (1.85) takes the form
2 V/ 1 pal ]_ l"// V/
7;“’ = ggy v,uvu’ - gg,uug vpvcr’ - ggﬂ 9y V,u’vu’
1 o 1 1
+ ggp,z/vpv + 6 (RMV — iguyR), (344)
where g,/ represents the bivector of parallel transport between the points z and =" (1.86).
For the numerical calculations of the RSET in this chapter, we use the alternative expression
for the RSET given in equation (19) in [35] for a massless, conformally coupled scalar field in four

dimensions, namely

1
872

1

. 1 1
(VT (x)| V) = [ — Wy + ZW G Ow + ERW wl, (3.45)

3M 12
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where w and w,,, are given in (3.10).

Using (3.37}, [3.43]) we can write the expressions for the vacuum/thermal expectation values of

the stress energy tensor with Robin boundary conditions, <TW><, as

<TW) = lim {7, (2,2 " [Gg(x, x') — G Fsing (, :L")} — g1 (z, ')} cos? ¢

' —x
+ lim {7, (z,2") [Gﬁ(w,x') — Grging(z,2)] — guvi(z,2)} sin? ¢
x'—x
+ lim {7, (x,2")GE (2, 2")} sin2¢.  (3.46)
' —x
The final term in (3.46)) is regular in the coincidence limit. As the singular terms 7, (z, 2") G F sing (2, )
and the final subtraction term g,,vi(z,2’) are both state-independent, we can express the expec-

tation values of the RSET when Robin boundary conditions are applied in terms of those when
Dirichlet or Neumann boundary conditions are applied:

(T Yien = (T hten €08% € + (L) e 0 €+ 1im { Ty (2, 2")GR(, 2") } sin 2€. (3.47)

From henceforth, the ‘ren’ subscript will be omitted and it may be assumed that all ( ) terms

are renormalised. The t.e.v.s of the RSET with Dirichlet and Neumann boundary conditions have

been given in (3.16)).
The expression lim {7, (z,2")GE s(z,2')} in the final term in (3.47) has been evaluated with
' =z ’

MATHEMATICA. Using the recurrence relations for the conical functions [39, §14.10.1], the nonzero
components of this contribution to the v.e.v.s of the RSET are given by

- cos p cot? p 3/9—¢ )
<T:>§%,O - T192IA72 Z /_oo dw wa{ - 2Xw£ [P /1/2 (cos p)] sin’ p
- —1/2—¢ .

— 20 X Piwg_ﬂ (cos p)P 1/1/2 (cos p) sin 2p

1/2

— [20(2¢+ 1) + 2(1 — €2 — 5w?) sin? p) [Pi;l_/lz/j(cos p)]Q}, (3.48)

- cospcot3 p 3/9—¢ )
<T/§)>§%,0 = 192L4 2 Z / dw Di€{6Xw€ [P /1/2 (COS p)]2 SIHQP

+2(30 + 2) Xwe ]31.;3_/12/2 (cosp)P, | 1/12/2£(COS p)sin2p
+[20—2(1+40+ 30% 4+ 3w?) sin® o] [P, /12/;((:05 p)]Q}, (3.49)

- cospco‘c3 p 3/9—¢
(T)ho = o112 Z / de Dig{ — 202, [PV (cos p) sin? p
=20+ 1) xwe P, /1/2 (cosp)P, 1/12/24(005 p)sin2p
2 [2+ (1+ 20+ 2 — ?)sin? ) [Pi;l_/lz/;g(cos ,m?}, (3.50)
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with <T$>%0 = <T99 >§?70. In (3.4813.50|) the subscripts R, 0 refer to the vacuum regular contribution
in (3.37). The constant Die is given by (3.42) and

Yoo = 14204 02 + w2 (3.51)

For the corresponding expressions for the thermal expectation values we replace w with nx and
change the integral to a sum to obtain

- K,COSpCOtSp > 3/9_p _
(I = S0P S S D {—2xnf (P2 focos )] sin’ p
/=0 n=—00

l
—20xne Py, /1/2(Cosp)P 1/21/2((:08/))51112;)

— [20(2¢ 4+ 1) +2(1 — 2 — 5n*k?) sin® p| [PZ.:Li/i_/g(cos p)]Q}, (3.52)

3 [e.e]
s ¢ kcospcot? p —3/2—¢ .2
D) ks = T192L452 > Z Dy, {6Xne ink— 1/2(COSP)] S p

/=0 n=—o0

l ¢
+2(30+2) xne P, 8/2 1/z(cos p)P,. 1/21/2(cos p)sin2p

+ [20 — 2(1 + 40 + 36% + 3n?k?) sin? p] [Pi;i/fl_/é(cos ,0)]2}, (3.53)

[e.e]
<0 /ﬁcospcot?’p _3/90_¢

/=0 n=—o0

1/2-¢
—2(l+ 1) xne Py, /I/Q(COSp)P 1/21/2(005/)) sin 2p

2[4+ (14204 2 —n?:?)sin’ p] [P, /%) (cos P)]z}’ (3:54)

and <T¢>Rﬁ = <Tg>§%yﬁ. In (3.52H3.54)) the subscripts R, 3 refer to the thermal regular contribution

in . The wa and x,¢ terms are obtained from the corresponding terms in 1 D by
replacing w with nk. It is straightforward to verify that the last term in (3.46|) has vanishing trace
as expected since the trace anomaly (see Section [1.6|) is contained in the other two terms in (3.46]).

§3.4 Numerical computations

The v.e.v.s and t.e.v.s of the RSET have been calculated numerically using MATHEMATICA. The
sums in converge very rapidly and were computed up to n = 100. The relative error in
curtailing the n—sum to 100 was only ~ 107%° compared to if the n—sum was performed to 500.
For the regular contribution to the expectation values , when Robin boundary conditions
are applied, a cutoff for the /—sum and w—integration (or sum over n) had to be chosen to make
the computations tractable. For the v.e.v.s, the integral over w is performed first before summing
over (. It is found that the w-integral converges very quickly for fixed ¢. This is shown in Figure [3.2]
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Figure 3.2: The integrand I, in (3.48)) as a function of w for fixed { = /10 and p = 947 /200 with
a selection of values of /.

where we plot (as an example) the integrand I, in for three fixed values of £. The w-integral
was performed over the interval |w| < 100 and the relative error entailed in curtailing the w—integral
to 100 compared to 170 was ~ 2.4 x 107° for £ = 20, p = 947/200, ¢ = 7/10. For the t.e.v.s the
n—sum also converges rapidly and the sum over n was performed to |n| < 50. The relative error in
curtailing the |n|—sum to 50 compared with 100 is ~ 10719 for ¢ = 20, p = 947 /200, ¢ = 7/10.

Determining the appropriate limit for the /— sum was complicated by the fact that the {—sum
exhibits nonuniform convergence with respect to the radial coordinate p as was found with the
computation of the VP in adS4 [71]. The ¢-sum converges more quickly nearer the origin and more
slowly as the space-time boundary is approached (Figure . This nonuniform convergence of the
{— sum was observed for both the vacuum and thermal regular contributions with similar plots seen
also for the different values of x studied.

Clearly, the more modes used in the computations for the expectation values, the more accurate
the final result, but owing to the time taken in the numerical computations with MATHEMATICA
(even using the University Sharc HPC), a pragmatic approach had to be taken. For the v.e.v.s, the
f-sum was performed over the interval 0 < ¢ < 100. This was then compared to the value obtained
if the /—sum and w—integration were each performed to 170 for particular values of p and (. For
example, the relative error in was calculated for ¢ = 37/10 and p = 947/200 and was order
10~2. This error was much smaller away from the space-time boundary, for example being of order
10718 at p = 37/10 and p = 7/20. However, it should be remembered that the regular contributions
to the RSET in represent only a small proportion of the overall value. For example, the
regular contribution to the v.e.v. of the RSET at p = 947 /200 and ¢ = 37/10 as a fraction of
the total v.e.v. was order 1075, meaning that the errors in the numerical calculations of the regular
contributions to the SET were much less significant in the overall results and plots.

For the t.e.v.s, attempts to perform the /—sum to the same levels as in the vacuum case proved
computationally challenging. Therefore, the /—sum was performed over the interval 0 < ¢ < 50.

45



10—10 =
-30
10 —— p=r1/20
p=3717/10
-50
10 0=9471/200
10770

1 1 1 1 1 1 /
20 30 40 50 60 70

Figure 3.3: Log-log plot of the summand Sy in as a function of £. Plots are for three different
values of the radial coordinate p, demonstrating nonuniform convergence of the /{—sum. There is
slower convergence of the /—sum nearer the space-time boundary. In each case ¢ = 37 /5, Kk = 1/2
and the n-sum has been performed to 50.

This was compared to performing the /— and w— sums to 170 for fixed ¢ and three different values
of p. The relative errors in the numerical computation of were very much dependent on the
space-time location and the value of x and hence temperature. Away from the boundary, the relative
errors were extremely small but increased as we approached the space-time boundary. For k = 1/2
(¢ = m/10), the relative error in the numerical computation of at p = 807/200, for example,
was ~ 3.5 x 107°. Indeed, as a result of increasing errors encountered close to the boundary, the
numerical calculation of , for k = 1/2 was performed up to p = 857/200 only. Despite this
we will find in Section (Figures that we can still draw reasonable conclusions as to
the behaviour of the RSET as the space-time boundary is approached in the thermal state with
k = 1/2. The relative errors near the space-time boundary improved somewhat with increasing x.
For p = 907/200, ¢ = m/10 for instance, the relative errors were ~ 2 x 1070 and ~ 5 x 107! for

k =2 and k = 27 respectively.

§ 3.5 Vacuum expectation values of the RSET with Robin boundary conditions

Whilst the v.e.v.s of the RSET with either Dirichlet or Neumann boundary conditions respect
the maximum symmetry of the underlying space-time, this is not the case when Robin boundary
conditions are applied, as shown in Figure For all values of { # 0,7/2 each component of the
RSET varies with the radial coordinate p. The energy density —<TTT >8 is positive throughout the
space-time, reaching the common vacuum Dirichlet/Neumann value at the space-time boundary.
This is in contrast to the findings in [12] where the energy density is negative on most of the space-

time and only becomes positive as the boundary is reached. This is likely due to the application of
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Figure 3.4: Renormalised v.e.v.s of the different components of the RSET with Robin boundary
conditions. The top row shows the energy density component of the RSET, —(TTT )g, the middle row
shows the (T )8 component and the bottom row shows the <T99 )8 component ((T' $>6 = (T Y )8) . On
the left is the 3D surface plot showing the variation of the nonzero RSET components with p and
¢. On the right is shown (T, W >8 as a function of p for a selection of values of the Robin parameter
¢. The results for Dirichlet and Neumann boundary conditions are shown with dashed lines.
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Robin boundary conditions to only a subset of the modes in [12], see Section ﬁ The (T )8 and
<Tg >8 components, plotted in Figure attain their greatest value at the space-time origin (for

¢ # 0,7/2) and converge to the common Dirichlet/Neumann value as the space-time boundary is
reached (p — m/2). The values of all components of the RSET, at the space-time origin, increase
as ( increases from zero, attain a maximum at some value of ¢ € (0,7/2) and then decrease as
¢ approaches 7/2. As ( increases above m/2, these quantities increase rapidly as ¢ approaches
Cerit &~ 0.687w. Whilst the v.e.v.s of the <Tpp>g and <T99)8 components of the RSET are negative, they
are greater (less negative) for Robin boundary conditions than when Dirichlet/Neumann boundary

conditions are applied. However, the variation in the v.e.v.s of the RSET components due to varying
the boundary conditions is rather small, at roughly the percent level.

Whilst it may seem at first glance that the v.e.v.s of the (1% )g and (Tg )8 components are the
same (see Figure [3.4]), there is in fact a subtle difference. Writing the components of the SET in

the Landau decomposition, analogous to that used in the thermal state [4] gives

. 1 1
(T)6 = Diag{ ~ By, Py + L5, Py — 5105, Fy — §H8} (3.55)

where Eg is the energy density, POC the pressure and Hg the shear stress or pressure deviator [4].
The pressure deviator is a measure of the difference between the RSET of the quantum scalar field
compared with that seen if the field were modelled as a classical gas of photons (as it vanishes in

the latter case ((1.83))). As the <T99 )8 component of the RSET is greater than the (7% )8 component,
Figure shows —Hg as a function of the radial parameter p for the vacuum state. For both

Dirichlet and Neumann boundary conditions, the vacuum pressure deviator is zero (not shown in

Figure . For the other Robin boundary conditions, Hg vanishes at both the origin and boundary

of the space-time and attains its maximum absolute value between the two.

——— {=11/10
Z=11/5
—— {=371/10
———— 7=471/10
----- {=5871/100

s i
0 6 3

Figure 3.5: 3D surface plot of the vacuum pressure deviator —Hg as a function of the radial coordi-
nate p and the Robin parameter ¢ (left). The (negative) pressure deviator is shown with a selection
of Robin parameters (right) with ¢ > 7/2 shown dotted.
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§ 3.6 Comparison with Barroso and Pitelli paper [12]

As mentioned in Section [3.5] we find that the energy density component of the massless, confor-

mally coupled scalar field, —<TTT >8, is positive throughout the space-time (see Figure . This is in
contrast to the findings in [12], where the energy density is negative on most of the space-time and
only becomes positive as the boundary is reached. In [12], the authors applied Robin boundary con-

ditions to only the £ = 0 modes whilst the remaining modes obeyed Dirichlet boundary conditions.

In this section, as a check of our methodology, we will reproduce the results in [I2] for the VP, ($2),
and the RSET using Euclidean methods. As in [12] we apply Robin boundary conditions only to
the £ = 0 modes whilst subjecting the remaining /—modes to Dirichlet boundary conditions. As the
v.e.v.s and t.e.v.s are known for Dirichlet boundary conditions we simply consider the differences
in the expectation values when we apply Robin boundary conditions to the £ = 0 modes.

We start with the vacuum Euclidean Green’s function , and apply boundary conditions

to ¢¢,(p) given in (3.33). In [71], the qiz(p) solution with Robin boundary conditions applied is

wl

expressed as a combination of the Dirichlet and Neumann boundary solutions as follows

) 1 —0-1/2
abel) = a2p) cos” ¢+ alip)sin’ ¢+ o (€S, +cos2¢) P i (cos ), (3.56)

where Cf} ;s given by (3.34)). The extra contribution 5q50, obtained by applying the Robin boundary

condition to the ¢ = 0 mode only, is given by

. 1 ~1/2
Sy = do — ao = sin* € (al — afp) + o (Co + cos2¢) P p(cos ) (3.57)

From (3.36)) we have

b — abo = \/;Tppi;l/fﬂ(cos ), (3.58)
giving
(5in = 28;\/% 121,/12/2(008 p) + \/siTp [Cgo + cos 24 ]32.;17/12/2((:05 )
- \/;7[, (Coo+1) B Sy (eosp). (3.59)
From we can write
Sam0(p. pl) = Pwo(p<) 0qwo(p>) _ IT(1 +iw)[*puo 5%07 (3.60)

NE& 2

where dg.0(p, p’) is the extra contribution to the radial component of the Green’s function obtained

by applying Robin boundary conditions to only the £ = 0 modes. The normalisation constant N

is given in (3.30) with ¢ = 0. The Robin contribution to the vacuum Green’s function, 5G8 (z,2'),

1S
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/ o8]
COS p COS p AT N 1
— dw =" P I'(1 —— [
1672 L2 /_oo we b(cos V)T (L + iw)] V/sin p sin p/
-1/2

X Piw_l/Q(cos p)Pw_/f/Q(cos 0). (3.61)

3G (x,2') = Clo+1]

Taking the coincidence limit we have

R cos? p oo . —1/2 2
(5<(b2>8 = m /_OO d(JJ |F(1 + ZW)|2 |:Co€0 + ].i| |:Piw_/1/2(COS p)] 5 (362)

where ¢ <<i>2>8 is the extra contribution to the vacuum polarisation, <<i>2>6, arising from applying
Robin boundary conditions to only the ¢ = 0 modes, as in [I2]. The corresponding term for the
v.e.v. of the energy density component of the RSET is

« cospcotdp [ —3/2 .
S(TTYS = 9204n2 / dw Dgo{ —2(1 4 w?)? [P¢w7/1/2(005p)]2 sin? p
w

— [2(1 - 50?) sin? ] [Pi;l_/fm(cos p)]Q}, (3.63)

where D, is given by ([3.42)) with ¢ = 0.
The quantity ¢ <<i>2>8 has been computed numerically using MATHEMATICA with the integral
over w performed in the interval |w| < 100. Figure [3.6/shows § <<i>2>g plotted as a function of p for a

range of Robin parameters, (. Using only the £ = 0 modes means we avoid the issue of nonuniform
convergence of the {—sum (Section , allowing the computations to be readily performed. It
is difficult to make direct comparisons between Figure and the corresponding figure in [12] as
there is a different definition of the Robin parameter in [I12] to that used in this thesis with
no one-to-one correspondence between the two definitions. Qualitatively the two plots are similar.
Both profiles are positive throughout the space-time, have very similar shapes and are monotonically
decreasing as the space-time boundary is approached. In particular, the profile for the Neumann
boundary condition in Figure is qualitatively similar to the equivalent one in [I2] with the value

at the space-time origin seemingly a match in the two plots as far as can be ascertained.

Using (3.63)), the extra contribution to the RSET, S(TT >g, when Robin boundary conditions
are applied to only the ¢ = 0 modes, has been computed numerically using MATHEMATICA. The
w—integration in (3.63) was performed to |w| < 100. The results are shown in Figure for a
range of the Robin parameters (. Comparing the Neumann results between Figure [3.7] and the

corresponding plot in [12] shows comparable profiles, whilst the remaining plots are qualitatively

similar, as in the case of § <<i>2>8 We conclude, therefore, that using Euclidean methods to compute

the VP and RSET gives the same result as remaining in Lorentzian space-time.

§ 3.7 Thermal expectation value of the SET with Robin boundary conditions

The t.e.v.s of the nonzero components of the RSET with various values of x (3.23)) are shown in

Figures [3.83.10| (as in the vacuum state, the (Tg}% component has the same values as the <’f’99>%
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Figure 3.6: The extra contribution to the v.e.v of the VP, § <<i>2>8, with a range of Robin boundary
conditions applied to only the ¢/ = 0 modes. This plot is comparable to the corresponding plot

in [12].
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Figure 3.7: The extra contribution, 5<TTT )8, to the v.e.v of the energy density component of the
RSET, arising from applying Robin boundary conditions to only the £ = 0 modes. The plot shows
a range of Robin parameters ¢, with the Neumann plot (( = 7/2) comparable to the corresponding

plot in [12].
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Figure 3.8: Renormalised t.e.v.s of the energy density component of the RSET, —(Ttt)g, with Robin

boundary conditions and different values of x (3.23). On the left are the 3D surface plots showing

the variation of —(Tf)g with p and (. The right column shows —(Ttt)g as a function of p for a

selection of values of the Robin parameter (. Dirichlet and Neumann boundary conditions are

shown with dotted lines.
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component and is not displayed). The nonzero components have very similar qualitative behaviour.
Unlike the vacuum case, the t.e.v.s with Dirichlet and Neumann boundary conditions break the
underlying symmetry of the adS space-time and their values depend on the space-time location.
For each nonzero component of the RSET, the difference between the t.e.v.s with Dirichlet and
Neumann boundary conditions is a maximum at the space-time origin and decreases with increas-
ing p, converging to their common v.e.v. as the space-time boundary is approached (p — 7/2). At
low temperature (k = 1/2) the t.e.v.s with Dirichlet and Neumann boundary conditions resemble
their common v.e.v.s. As the temperature increases (increasing k), we see that the absolute differ-
ence between the nonzero RSET components for the Dirichlet and Neumann boundary conditions
increases.

The energy density component of the RSET, —<T T >,%v is positive throughout the space-time

for all Robin boundary conditions. It achieves its maximum value at the space-time origin and
increases with increasing temperature (increasing x). For all Robin parameters studied, the energy
density converges to the common vacuum Dirichlet/Neumann value as the space-time boundary

is approached. The other nonzero components of the RSET have similar qualitative behaviour
(F igures and i . As with the energy density component, the (7’ ” >g and (Tg >g, components have

their maximum at the space-time origin and monotonically decrease as the space-time boundary
is approached. The t.e.v.s are mostly negative at low temperature and increase with increasing
temperature. For large k, the t.e.v.s are mostly positive in a neighbourhood of the origin for all
Robin parameters studied. For k = 27, the t.e.v.s are positive for most of the space-time.

It can be seen that at low temperature (x = 1/2), some of the curves for t.e.v.s with Robin bound-
ary conditions lie outside of the curves corresponding to Dirichlet/Neumann boundary conditions.
With increasing temperature, the curves for t.e.v.s with Robin boundary conditions increasingly lie
within those for Dirichlet/Neumann boundary conditions and are mostly contained within them for
k = 2m. As the temperature increases, the variation in the nonzero components of the RSET with
varying Robin parameter ( becomes much less apparent, as seen in Figures |3.8 It seems that
the effect of the Robin boundary conditions is ‘washed out’ with increasing temperature.

In Figure we plot minus the thermal pressure deviator (—Hg), which is the difference
between the (1% >§3 and (Tg >% components of the t.e.v. of the RSET. With Dirichlet and Neumann

boundary conditions we see that the pressure deviator is no longer zero throughout space-time as
in the vacuum case (Section . For these boundary conditions, the pressure deviator is zero at
the space-time origin and boundary but attains a maximum magnitude between these, with the
maximum magnitude increasing with increasing temperature. We also see from Figure that

—Hg is negative for Dirichlet and positive for Neumann boundary conditions respectively.
For Robin boundary conditions, we see a similar profile for the pressure deviators as with

Dirichlet and Neumann boundary conditions. The pressure deviators vanish at the origin and space-

time boundary and have a maximum magnitude at some p € (0,7/2). At the higher temperatures,
the pressure deviator (Hé) is most positive with the Dirichlet boundary condition (¢ = 0) but with

increasing Robin parameter, (, the pressure deviator becomes increasingly negative. We also notice
that as the temperature increases, the thermal pressure deviators, with different Robin boundary

conditions, are increasingly ‘contained’ within the Dirichlet and Neumann curves, as was seen with
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the RSET components.

§3.8 The RSET at the boundary

In Sections and [3.7] we saw that the v.e.v.s and t.e.v.s of the RSET with Robin boundary
conditions converged to the Neumann/Dirichlet result at the space-time boundary. In this section
we provide an analytical argument to support this finding.

We use the corresponding analysis in [71] for the VP. As the time-like boundary in adS is not
part of the space-time and we are considering a massless, conformally coupled scalar field, we can
make a conformal transformation to the ESU (see Section [2.1). We then consider a region in ESU
for p € [0,7/2] and apply Robin boundary conditions to the surface at p = 7/2, which is now part
of the space-time. Consider a region V' C ESU for p € [0,7/2] which is bounded by a surface S
comprised of Zy, Z /3, which are time-like hypersurfaces at p =0, p =7 /2 respectively as well as
Y1, ¥o which are space-like hypersurfaces (see Figure . We now apply Stokes’ theorem to the
G e,

vacuum Euclidean Green’s functions in ESU, GE%U(JU, x), 2') in the region V bounded by

S to give

[ 65 @) VuGEY ) - GEY (a,)V,GR ()] ds”
5 (3.64)
- [ (65 @) B G5V (0~ GEV w9) B GE ()] v

where V and O are the covariant derivatives and D’Alembertian operator with respect to the
Euclidean ESU metric
ds* = L? (dr* + dp* + sin® p [d6” + sin® 0 d¢?]) , (3.65)

and all integrals in (3.64) are taken with respect to y. The Euclidean Green’s functions on ESU,
GggU(x,ac’) satisfy ((1.54))

<ﬁ éé) GESU (1, 2') = <ﬁ L2) GESU (,2/) = \}554(,@,9;') (3.66)

where the tilde denotes the quantities on the ESU metric and §*(x, 2’) is the four-dimensional Dirac
delta function. Using (3.66)), the right hand side of (3.64)) becomes

| (655 @) B 65V (.0~ GBSV (w9) B G ()] v = GEY (0.0') =GR (0.

(3.67)
It now remains to compute the surface integrals on the boundary S = Zy UZ; /5 U X1 U Xy in the

left hand side of (3.64). The part of the radial component of the Green’s function on ESU ([3.27)),
which is regular on Zy (p — 0), is given by (3.31]), and can be written as [39, §14.8.1]

(3.68)

sin p)~1/2 2 —1/2(¢+1/2)
pw@(p) ~ ( p) < > .

I'(¢+3/2) \1—cosp
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IO I7r/2

Figure 3.12: Schematic showing the application of Stokes’ theorem. The volume V is bounded by
the surface S = Ty U1 UXo UL, /5. The surfaces 31 and 35 are space-like hypersurfaces with unit
future-pointing normals n{ and nj respectively, whilst r# is the unit normal to the surface Z,
(adapted from [71]).

Using the Taylor expansion of (3.68]), we have

l

p
Puwe(p) ~ Sz O(p* /%), (3.69)

from which it is clear that only the £ = 0 mode will contribute and, as it is a constant, its derivative
vanishes at Zg. Also it can be shown that the contributions to the surface integrals at 3; and X9
cancel each other out so we are left with the surface integral over Z. /. The vacuum Euclidean

Green’s functions at Z /5 satisfy the boundary conditions

ESU
GESU( /) COS(_'_ OGC,O (IZ":B,)

o sin¢ =0, (3.70)

whilst the normal derivative to the boundary is Z /5 is L='9/0p. Using (3.70)), the left hand side

of (3.64]) becomes
[ 65 ) VuGESY () - GEY (2,) VG5 ()] 5" =
s

— cotC/ GESU (z,y) GESU( ,x')dS. (3.71)
7r/2

Using (3.67 [3.71) we arrive at

GESU( z, ') — GESU(QJ 7') = —cot(/ GESU (x,y) GESU( ,2')dS. (3.72)
7r/2
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This is applicable for all Robin parameters except Dirichlet (¢ = 0). We can now use an iterative
procedure on (3.72), given in [36], whereby the Green’s function for the scalar field on ESU with
Robin boundary conditions applied can be written as an asymptotic series in terms of the Green’s

function on ESU with Neumann boundary conditions applied. This procedure gives the following
asymptotic series for the vacuum Euclidean Green’s function on ESU, GESU with Robin boundary

conditions applied:
1
GESU( r,2') = GESU( z,2') — —Gég(:v z') cot ¢ + Géz())(x x') cot? ¢ + . (3.73)

where the first two terms in the series are given by

(2,2') / GESY (2,4)GEY (4 2') dS, (3.74)
7r/2

62z, ') = / GESY (2, )
/2

/ GESY (4, 2)GEY (= ,x’)dS] ds. (3.75)
./

Here the integrals are performed over the space-times points y, z on the surface Z,/, in ESU.

Higher-order terms in the series can be found iteratively [30].
The Green’s function on ESU with Neumann boundary conditions applied has a compact closed-

form expression [71]

GRSV (w,a') = 1 { 1 + 1 } (3.76)

872L2 | cosh AT +cosU  cosh AT + cos U*’

where AT = 7 — 7/ is the separation of the points in the 7-direction,
U = arccos [— cos pcos p| — cosysin psin p’] ,
U* = 1 + arccos [— cos pcos p’ 4 cosysin psin p’] (3.77)

and + is the angular separation of the points (2.23). Applying the differential operator 7, (z,z")
(3.44)) to the Green’s function (3.73)) and bringing the space-time points together gives

. . cot ¢ .. 1
(L&Y = (L)Y = =72 lim {T(e.2') |G, )] }

' =z
S i (Tt [} 079

As we are considering a conformally invariant scalar field in four dimensions, we can relate the
RSET on ESU to that on adS using [17]

v\adS Z/ESU\/> 1 1(1) v (3) v
({THET = (T Es V7 28807 [6 oy -S|, (3.79)

where § and g are the determinants of the metrics on ESU and adS respectively. The tensors 1) H

and ) H H,, are given by
1
WH,, =2R.,, —2¢,,OR — g,wR2 +2RR,,, (3.80)
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2 1 1
PRy, — gRRW - iRpoR”Ugm, + ZRQgW. (3.81)

®H,, =R
Using (2.19) , it can be seen that on adS space-time () H, qv Vanishes identically because R is a

constant. We also note that (3)HW = 39,/ L*. Using 1 } and noting that \/5/\/5 = cos? p,

we can write

v\a MU\ Q. COtC .
<T ><%S = (TM>N%E)9 - lim {ﬁy(x,x') [Gélg(m,m')} } cost p

L 2>z

_l’_

cot?C . 2
72 a:l’linz {7;“,(:(}, z') [Ggg(x, x')] } costp+... (3.82)

Using the analysis in [36], the RSET on ESU ([3.78]) can be expressed as an asymptotic series at
an arbitrarily small distance, €, from the boundary at p = w/2. In flat space-time the asymptotic
series is

(Tu)ESV ~ e T + 2T + e 2 T2 + 0(e7h). (3.83)
In a curved space-time, the T,Sf,) components also depend on the curvature of the space-time but we
can still express (TH,,>EOSU as an asymptotic expansion at an arbitrarily small distance, €, from the

boundary as [36]

(L) &5V ~ g% g ( AT e TS, + ‘2T(/g,) + 0. (3.84)

The leading order term in (3.84)) is 6_49% g?, T(‘%, and when this is substituted into (3.79)), together

with the contribution from ) H v, We obtain (T w,)j‘\?s in . The next-to-leading order quantity

in , 6_39‘2{ g?,lT(i/%,, corresponds to the second term in the expansion (3.82), and the quantity

€2 ﬁg,, T(,g/ to the third term in (3.82). The term T;E:%) is given by [36]

T = o (3% — Thyw), (3.85)

where &7 is a constant, h,, is the boundary metric on ESU, which is given by

—-1? 0 0 0
0 O 0 0
e =10 0 [2sin? p 0 ’ (3.86)
0 O 0 L?sin? psin® 6

and T, = ny.q by, with n# a unit vector normal to the boundary which is normalised to have unit
length n,n* = 1.
Using (3.86|) it can be shown that the only nonzero Christoffel components of the boundary

metric (3.86|) are
I'py=—sinpcosp and I, =— sin? @ sin p cos p, (3.87)

giving the non-zero components of Y, as
Yoo = Leospsinp and Y4 = Lcos psin psin? 0 (3.88)
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and T = 2cot p/L. Therefore, as we approach the boundary (p — 7/2), T4, = 0 = T, giving

T, ﬁ) = 0. Therefore the second term in (3.84) is zero and subsequent terms in the expansion are of

lower order in €, showing that as we approach the boundary, (T W >g:105 = <T /f )%{g as seen numerically

in Section This analysis can be extended trivially to the t.e.v.s.

§3.9 Conclusions

In this chapter we have determined the renormalised v.e.v.s and t.e.v.s of the nonzero components of
the stress energy tensor for a massless, conformally coupled scalar field propagating on a background
global adS4 space-time. We have used Euclidean methods (Section, which give a unique Green’s
function and we find that the numerical calculations are tractable. As a result, we were able to
apply Robin boundary conditions to all the field modes. As a check of our methods, we were able
to reproduce the results in [I2] where the authors remained in Lorentzian space-time and applied
Robin boundary conditions to only the £ = 0 modes.

When Dirichlet and Neumann boundary conditions are applied, we find that the v.e.v.s of the
RSET, with mixed indices, respect the underlying maximal symmetry of the adS space-time and
are constant. As we are considering a massless, conformally coupled field, this constant is fixed by
the trace anomaly and as a result it is the same for both Dirichlet and Neumann boundary
conditions. This finding of a common value for the v.e.v. of the RSET with both Dirichlet and
Neumann boundary conditions differs from that seen with the vacuum polarisation, where we find
different results of the v.e.v.s for Dirichlet and Neumann boundary conditions in adS4 [71] and also
in adS3 (see chapter 5). The maximal symmetry seen with either Dirichlet or Neumann boundary
conditions is broken when Robin boundary conditions are applied, with the v.e.v.s depending on
the space-time location. However, for all Robin boundary conditions, the v.e.v.s of the nonzero
components of the RSET converge to the common v.e.v. for Dirichlet and Neumann boundary
conditions as the space-time boundary is approached.

This symmetry breaking is also seen with the t.e.v.s, even for Dirichlet and Neumann bound-
ary conditions. For the thermal states, the boundary conditions have a significant effect on the
expectation values of all components of the RSET, most apparent near the origin, but this effect
is diluted with increasing temperature (Figures [3.843.10). When computing the t.e.v.s, we used
values of Kk between 1/2 and 27. These values are based on setting the radius of curvature of
adS, L, to unity and are thus in units of L.

The t.e.v.s with either Dirichlet or Neumann boundary conditions are no longer constant and
depend on the spatial location with the maximum difference between them being found at the space-
time origin. With increasing temperature we find that the t.e.v.s with different Robin boundary
conditions are increasingly ‘contained’ within the Dirichlet and Neumann curves, with the difference
between all boundary conditions decreasing with increasing temperature. However, for all temper-
atures and Robin parameters, the t.e.v.s of the nonzero components of the RSET converge to the
common v.e.v. found, with Dirichlet and Neumann boundary conditions, as we approach the space-
time boundary. This is consistent with the results for the vacuum polarisation (VP) [71] where the
vacuum and thermal expectation values for all Robin parameters (except Dirichlet) converged to
the Neumann result. In the case of the RSET, both Dirichlet and Neumann boundary conditions
have the same v.e.v.s and so in this case, all boundary conditions, including Dirichlet, converge to
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the same result. This supports the conclusion in [71] that Neumann boundary conditions reflect
the generic behaviour of the field at the boundary.

In Chapter 6 we move away from the massless, conformally coupled case and examine the effects
on the RSET when we change the mass and coupling constant of the field. First, however, we
discuss aspects of quantum scalar field theory on adS3 which is the subject of the next chapter.
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Chapter 4

Quantum scalar field theory on adS3

In Chapter 3 we determined the RSET for a massless, conformally coupled, quantum scalar field
on adS4. We now consider what happens when we consider a scalar field with general mass and
coupling to the background curvature and this is the focus of Chapters 4, 5 and 6. Allowing the field
mass and coupling constant to vary presents additional complexities to the underlying mathematics
and therefore we work in three-dimensional anti-de Sitter space-time (adS3). The reduced number of
space-time dimensions simplifies the angular component of the scalar field Green’s function, thereby
avoiding the use of conical (Mehler) functions which were required in [71] and Chapter 3.

This chapter is laid out as follows. In Section [4.1] we determine the mode solutions to the Klein-
Gordon equation for a scalar field with general mass and coupling on adS3. These are formulated
in terms of hypergeometric functions. In Section we examine the regularity of the solutions
found in Section {4.1] at the space-time origin and boundary. In Section {4.3| we apply boundary
conditions of Robin type to the scalar field modes, parameterised by the Robin parameter ¢. In
Section we establish quantisation conditions on the frequency w and in Section we derive
an upper bound on ¢ to obtain stable mode solutions for the scalar field. Finally we conclude our
findings in Section [4.6

§4.1 Mode solutions to the Klein-Gordon equation

In this thesis we consider a real, free quantum scalar field, ® satisfying the Klein-Gordon equa-
tion . As the coupling constant and the Ricci scalar terms in are constants we can
write

m? + R = p? = constant, (4.1)

where R = —6/L? in adS3 and L > 0 is the radius of curvature of adS (Section . The p term in
(4.1) contains the information about the mass and coupling constant of the scalar field. Using the
adS3 metric (2.9)) the curved space D’Alembertian operator becomes

1 62+82+ 1 8+182 (4.2)
© L2?sec?p \ Ot2  0p?  sinpcospdp  sinZp 96?2’ '
Solutions to the Klein-Gordon equation (|1.22)) take the form
& = 1M f(p), (43)
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where w is the frequency, k € Z and f(p) is the radial function. Using (4.1} - the Klein-Gordon
equation ((1.22)) becomes

0? 0
cos® p /() +cot p 91(p) + (w?cos? p — k2 cot? p — L% f(p) = 0. (4.4)
*p dp
This is the radial equation for the scalar field with general mass and coupling
To solve the radial equation (4.4]) we use a substitution of the form
F(p) = [cos p)sin p) P F (), (4.5)
where

2 =cos? p (4.6)

and A, B are parameters to be determined later. Substituting (4.5)) into (4.4]) gives, after much
algebra,

d*F dF
O—Z(l—z)d 5> +{A - (A+B+1)Z}E

+i{B(J1}3:zl)z —B(A—I—l)—l—A(A_L)(l_z)

B A, kK 22
—A(B+ )+i_;+w —:— > F(Z) (47)

By appropriate choices of A and B, (4.7) can be transformed into a hypergeometric differential
equation [39, §15.10]

d’F dF
SRS a2 B 8 710 (4.9
dz dz
the solutions of which are the hypergeometric functions oFi(a, 3,7;2) given by [39, §15.2.1]
e e
af ala+1)B(B+1) ,
o F1 (e, B,7; 2) )s ——1—|——z+ 254 .. (4.9)
SZO 7 s 8l v vy +1)2!

for parameters «, 3,7 to be determined. The 2,1 subscripts in the hypergeometric functions will be
omitted in the future for clarity. Comparing (4.7) to (4.8)) gives

B? — k2 A% 24—
—4a6:{ + K +w2—(B+A)2}. (4.10)
1—2 z
As «, B are constants we have
B? -k =
A? =24 — 2L =0 (4.11)
the solutions of which give
B=+k and A=1++/1+ p2L2% (4.12)
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row A, B « S8 5y

1| A=1—v; B=+k| || 0+ k] -v-w) | 30+kl-v+w) ||[1-v

2 || A=1-v;B=—k| |10 —|kl-v—-w)| sQ—|kl-v+w) || 1-v

3| A=14v;B=+k| || 10+ kl+v—w) | sQ+[k+v+w) || 14+v

4| A=14v;B=—k| | 5(1—|kl+v—w) | 30— |kl +v+w) | 1+v

Table 4.1: Possible coefficients of the hypergeometric functions representing the solutions to the
radial equation of the scalar field (4.7]).

Equation (4.7]) can now be written as

2(1 — z)f;:j +{A—-(A+B+ 1)@% + i[wQ — (B + A?|F(z) = 0. (4.13)

Comparing and we have
w? — (B+ A)? = —4ap,
a+p=A+B,
v =A. (4.14)

From (4.14) we find the following expressions for a, 8 and 7
1 1
=—-(A+B)+£ -

o= (A+B)+

1 1
— —(A+B)T -
5 2( + )¥2w,

v =141+ p2L2 (4.15)

From now on it will be more convenient to define the quantity

v=+/1+ p2L? (4.16)

where the v parameter contains the information about the mass and coupling of the field. For the
time being we consider 0 < v < 1 (see Section for more detailed discussion on this).

As the o and 3 terms in the hypergeometric function are interchangeable, we can arbitrarily
choose (8 to have the +1/2w term and « to have the —1/2w term in (4.15). Table shows
the possible values of A and B from and the corresponding values of the hypergeometric
parameters «, 3, 7.

Regular singularities of the hypergeometric differential equation occur at z =0, z =1 and
z = oo [39], §15.10] . However as 0 < p < 7/2 the singularity at z = co is not relevant. Consider
now the solutions to in the neighbourhood of the following singular points:
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Neighbourhood of z =0, p =7/2 : For 0 < v < 1, we have v ¢ Z and hence the solutions of
(4.13]) are given by [39) §15.10]

Fi(z) = F(a, 8,7; 2),
Fy(z) =2""Fla—y+1,8—7+1,2—17;2). (4.17)

If v € Z, then we use [39, §15.2.5] for the second solution. The solutions Fj(z) and Fy(z) are two
linearly independent solutions of (4.13]) in the neighbourhood of z = 0, p = 7/2. The parameters in
the hypergeometric functions in (4.17)) are related pairs from Table For instance they can be

from the first and third rows of coefficients in Table 1] or indeed the second and fourth rows. For
example, if we take the parameters from row three in Table for the hypergeometric parameters

in Fy(z), then the parameters for the hypergeometric function in F»(z) will be from row one and
vice versa. We can now write the general solution to the radial equation (4.4]), in the neighbourhood
of z=0, p=m/2, as

flp) = [cosp]A[sinp]B {ClF(a,B,’y; z) 4 Ca zl_VF(oz -7+ 1,8—74+1,2—"; z)} (4.18)

where C; and Co are arbitrary constants.

Neighbourhood of z =1, p = 0: To examine the form of the solutions to the hypergeometric
differential equation in the neighbourhood of z = 1, p = 0, we employ a substitution of the
form v =1 — z into to obtain

2

u(l—u)%—i—{(a—i—ﬁ—’y—i—l)—(a—i—ﬁ—i—l)u]z—i—aﬁF:O. (4.19)

Equation (4.19) is now in the form of (4.8)) but with the « term replaced by a + 8 — v + 1. Using
(4.17]) we can write the solution of (4.13)) in the neighbourhood of z =1 as

But as u = 1 — z we can express this solution in terms of z as
F3(2) = Fla,B,a+ B —v+1;1-2) (4.21)

The second linearly independent solution to (4.13) has a logarithmic singularity at z = 1, p = 0
and hence we ignore this solution [39, §15.2.5]. Therefore, we can write the solution to the radial
equation (4.4) regular near z =1, p =0 as

f(p) = Cs[cos p]*[sin p]PF(a, B, 0+ B — v + 131 — 2), (4.22)

where C3 is a constant. Equations (4.18)) and (4.22]) give two possible forms of the solution to the
radial equation (4.9) for z € (0, 1).

§4.2 Regularity of the solutions

It is worthwhile at this point considering the regularity of the solutions (4.18)) and (4.22) at
z=0,p=m/2 and z = 1, p = 0 respectively. Consider first equation (4.18|) reproduced here
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for convenience with z replaced by cos? p in the hypergeometric functions and z'~7 replaced by
[COS p]Z(I—A)

F(p) = [cos p]*[sin p]*{C1 F (@, B, ; cos? p)
+Co [cos pPTVF(a—y+ 1,8 —y+ 1,2 — ; cos? p)} (4.23)

To establish a possible range for the parameter A, we note that if A < 0 we must have C; = 0 and
for A > 2 we must have Co = 0. We will see in Section that the constants Cq, Cy are used in the
definitions of the boundary conditions applied at the space-time boundary (p = 7/2). Hence we
must have C; # 0, C2 # 0 in order to have a choice of boundary conditions. Therefore, for to
be regular at z = 0, p = 7/2 and to have a choice of boundary conditions we require that 0 < A < 2.

For to be regular at z =1, p = 0 we require that B > 0 i.e. that B = |k|. Therefore we

must choose the coefficients of the hypergeometric functions from rows one or three in Table

In summary for regular solutions of (4.18]) and (4.22)) and for a choice of boundary conditions at

p = /2 we require
B=1k| and 0<A<2. (4.24)

Without loss of generality, we can choose the coefficients from row 3. Equations and
together with imply we consider 0 < v < 1. Also, in order to satisfy the Breitenlohner-
Freedman bound [19], we require v > 0 for the field to be classically stable. Thus our range of v
is
0<v<, (4.25)
and this applies to the scalar field with general mass and coupling. In the particular case of the
massless, conformally coupled scalar field where m = 0, ¢ = 1/8 and R = —6/L* we have v = 1/2
and the inequality is satisfied.
Using we can establish a relationship between the mass m of our quantum scalar
field and the coupling constant £ as

<6£

2 < m? < o5 (4.26)

The lower bound of corresponds to the Breitenlohner-Freedman bound [19] and also the
mass constraints in [29]. Using we can plot m? as a function of the coupling constant
¢ for various values of the parameter v as shown in Figure [{.1] Each fixed value of v represents
a range of possible values of m? and . All values on m? in the blue shaded region (v € [0,1]),
including m? < 0, satisfy the Breitenlohner-Freedman bound [19], although the physical significance

of m? < 0 on a background adS is unclear.
We now determine the constants Ci, Ca, C3 in (4.18,[4.22)). The three hypergeometric functions
in 4.22)) are related by Kummer’s connection formulae [39), §15.10(ii)]. Letting

w1 :Fl(a,6,7;2)7
wy =z Fy(a—v+1,8—-7+1,2—7;2), (4.27)
w3:F2(a7ﬁ7a+ﬁ_7+1;1_2)7
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m
1.0
v=0
v=1/4
L 1 v=1/2
-0.2 -0.1
- = = v=3/4
v=1

Figure 4.1: Plot of m? against ¢ for different values of fixed v (4.16)). For clarity, only a limited
range of ¢ is shown. The dotted lines represent three values of v studied in Chapters 5-7. The adS
length scale L has been set to one.

we have [39, §15.10.17]

A -y)T(a+B—-~v+1)
ws(z) = Tla -+ 1)F(5—7+1)w1(z) +

T(y—D(a+B8—7+1)
[(a)T'(8)

Comparing (4.27) and (4.28) the constants C; and Cy in (4.18) can be written in terms of the
constant C3 in (4.22) as

wa(2). (4.28)

L, T —y)l(a+B8—-7y+1)
€ =Cs f e DGy = P (4.29)
and
¢2 =y HO 1)§<(§>;<§)_ o (4.50)
where
_TO-atB-q+1) o T(-DatB—y+1)
P ooy M © (a)T () | (4.31)

Using (4.28] [4.29] 4.30f), we can express the solution to the radial equation at z =1, p = 0 (4.22)) in

the alternative form

f(p) = Co [cos p]A[sinp]B{PF(a,ﬂ,fy; )+ Q2 TTFla—y+1,8-7+1,2—v;2)}, (4.32)

where the constant C3 has been absorbed into an overall normalisation constant C,.

§4.3 Boundary conditions on adS

Formulating a QFT on adS space-time has some advantages and disadvantages. Having maximum
symmetry is certainly beneficial, as outlined in Section [2.3] but the possession of a time-like bound-

ary at spatial infinity presents a problem. Information is able to enter and leave at the boundary [§],
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meaning we have to impose boundary conditions on the field in order to have a well-posed QFT.
Whilst many boundary conditions have been studied on an adS background (see Section , our
focus in this thesis are the three boundary conditions of Dirichlet, Neumann and Robin.

For Dirichlet boundary conditions we require that the value of the field falls to zero as rapidly
as possible at the boundary. Imposing Neumann boundary conditions, however, presents more of a
challenge for the scalar field with general mass and curvature coupling. In the case of the massless,
conformally coupled field (v = 1/2), the Neumann boundary condition can be defined naturally [§],
as we can map the field onto the globally hyperbolic Einstein static universe (ESU) (see Sections
and . As the boundary of adS is not part of the space-time we establish boundary conditions
on the conformally invariant field on ESU instead.

If the scalar field is not conformally invariant, the above method of mapping to ESU no longer
applies, and we have a choice as to how ‘Neumann’ boundary conditions are defined [29]. In [59],
the authors studied the possible boundary conditions that can be imposed at spatial infinity for
different values of v. For v < 0, no boundary conditions are possible, whilst for v = 0 both
Dirichlet and Neumann are simultaneously imposed and characterised by a one-parameter family
of boundary conditions. For v > 1, we only have Dirichlet boundary conditions. For 0 < v < 1,
‘generalised” Neumann boundary conditions were defined [59], which corresponded to the vanishing
of the derivative of the products of the field with trigonometric functions of the radial coordinate.

We can define the Robin boundary condition for a massless, conformally coupled field
as a linear combination of Dirichlet and Neumann boundary conditions [59, [71]. To apply Robin
boundary conditions we need to first map the conformal scalar field to the ESU (Section .

Using (4.32)), the radial function on ESU f(p) becomes

F(p) = lcos p) =D sin p)*{ PF (., 8, 7; cos? p)
+Qcos PV F(a — v +1,8 -7+ 1,2 — ;cos’ p)}, (4.33)

where the C,j constant has been set to one and the tilde notation on f(p) denotes that we are on
ESU. In the case of the massless conformally coupled scalar field in adS3 we have v = 1/2. Using
the values of A =3/2 and B = |k| from row three in Table [4.1| we have

flp) = [Sinp]'k'{PCOSpF(a,6,v;cos2p) +QF(a—y+1,8—7+12- 7;0082/))}, (4.34)
and

Zi — —[sin g P F(a, 8, 7; cos? p) + [kleos plsin p] M= { Pleos pl F(a, 8, 7; cos? p)

+QF(@—7+1,5—7+1,2—7;0082p)}

d d
- QCos.p[sinp]kJrl{Pcospsz(a,B,’y;cos2 p) + Q£F(a —y+1,8—75+1,2 — v;cos? p)}

(4.35)
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It is clear that at p = 7/2 both (4.34) and (4.35) are regular and their hypergeometric functions

tend to unity at z = 0, p = 7/2 (and hence their derivatives vanish). Therefore applying Robin

boundary conditions to the scalar field on the ESU for the massless conformally coupled field gives
P sin¢ — Q cos( = 0. (4.36)

When the scalar field is not massless and conformally coupled, i.e. when v # 1/2 the above
approach is no longer applicable. In [29], trigonometric functions of the Robin parameter were
equated with the constants of the solutions of the Klein-Gordon equation. In keeping with [29] we

can define the Robin parameter ¢ € [0, 7| for the scalar field with general mass and coupling as
cos¢( =P and sin¢ = Q, (4.37)

which is consistent with (4.36)) obtained for the massless, conformally coupled field. The Dirichlet
boundary condition is given by ¢ = 0, whilst for Neumann ¢ = 7/2.
Using (4.37)) and inserting the values of «, 3, from row three Table gives

W) TGkl +1—v—w)TG(kl+1—-v+w))
1

S TR + 1+ 0 —w) DAk + L v+ w)

(4.38)

This equation provides us with a useful relationship between the frequency w and the Robin param-
eter (. We will use this to establish an upper bound for the Robin parameter ¢ in Section and
also in the establishment of quantisation conditions for the mode frequency w which is the subject
of the next section.

§4.4 Quantisation condition on w
Let J represent the right hand side of (4.38)), namely

F)T5(kl+1—v—w) TGk +1-v+w))

. 5 5 |
D(—v)T(G(kl+14+v—w) TGkl +1+v+w))

(4.39)

We can plot J as a function of w for fixed v and a selection of values of |k| as shown in Figure
Each value of the Robin parameter ( corresponds to a discrete set of quantised frequencies. For
example for the Dirichlet boundary condition with { = 0 we have J = 0 corresponding to the
w—axis in Figure Considering the form of the gamma function, I'(z) (Figure [{.3), we note that
the argument of one of the Gamma functions in the denominator of the right hand side of

must be 0 or a negative integer. Therefore, we can write
twy=2n+1+v+ |kl for neZ, (4.40)

where we have used wy,; to represent the set of quantised frequencies. Similarly for the Neumann
boundary condition we have ( = /2 and so require that the argument of one of the Gamma
functions in the numerator of (4.38) is a negative integer or zero which gives the quantisation

condition on w for the Neumann boundary condition as
twp=2n+1—v+|k| for neZ" . (4.41)
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Figure 4.2: Right hand side of , J against w for a selection of values of |k| and an example
value of v = 1/4. Noninteger values of w are shown for Dirichlet (¢ = 0) and Neumann ({ = 7/2)
given by the vertical asymptotes. Qualitatively similar plots are seen for v = 1/2 and v = 3/4 with
noninteger values of w for Dirichlet and Neumann boundary conditions.

=
=

Figure 4.3: The Gamma function, I'(z), showing singularities at negative integer values of its
argument.
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For 0 < v < 1 we will not obtain integer values for the wy; for Dirichlet, Neumann or general ¢ but
from we see that the quantised frequencies wy are evenly spaced. This is in contrast to
the case for the massless, conformally coupled scalar field in adS4 [12] where integer quantisation of
the mode frequency was found in Lorentzian space-time. The quantisation condition for w in
matches that in [29] for the scalar field in adS3.

§4.5 Stability analysis

In this section we show that there is a critical value of the Robin parameter, (., beyond which we
obtain unstable mode solutions. This corresponds to the presence of solutions of (4.38)) with purely
imaginary frequency. To examine this we consider w — €2 for 2 € R in which case (4.38]) becomes

tan( = (4.42)

|
. .
P(-»)I0(g +5+5 — PP

We consider only purely imaginary values of w rather than complex following on from the work
of Ishibashi and Wald [58, 59]. As discussed in Section the possible choices of dynamics of
the scalar field correspond to having self-adjoint extensions of the spatial component of the wave

operator. For this to happen we require that w? € R. We look for values of the Robin parameter
¢ which result in values of €2 which satisfy (4.42) and such values of © will produce unstable,
exponentially growing modes of the scalar field. Let F represent the right hand side of (4.42))

— |k|=0
Ik|=1
k|=2

Figure 4.4: Plot of F(|k|,2) (4.43)), as a function of Q for three different values of |k| and fixed
v=1/4.
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Figure shows F plotted as a function of €2 for three values of |k| and fixed v = 1/4. As F is an
even function of 2 we only show €2 > 0.

As we have I'(v)/T'(—v) < 0 for 0 < v < 1, we can see that for 0 < ¢ < 7/2 (tan{ > 0) there
are no values of ) that are solutions to and hence no unstable modes. However, there are
values of tan ¢ < 0 which result in unstable modes. We now investigate the possible values of ( for
which this occurs. Firstly it appears from Figure [£.4] that tan ¢ attains a minimum at k =0, Q =0
and increases monotonically for increasing 2. We show this analytically as follows: differentiating

the right hand side of (4.42) with respect to 2 gives

: K| 1 v 1 2

OF ZF(V)‘F(7+§—§+7)‘ k| 1 v iQ

9Q k1 ™NE W3 tats— 3%
20 (v) [P5+ 5+ 5+ )|

2 2 2 2
k] 1 v iQ k1 v iQ
7 QR AT N 7 i N 4.44
+ (2+2 2+2 2+2 2 2 » )

where W is the digamma function defined as [76]
U(w) = —In[[(w)], (4.45)

for complex argument w = x + iy. It can be seen from (4.44]) that a stationary point exists at
Q =0 VY |k|. The digamma function with complex argument can be split into its real and imaginary

parts using [70]

o

o0
T jx+x —I-y
c— f_f_E E 4.46
x? +y? = Il + x)? O]—l—x (4.46)

U(z +1iy) = —

where ¢ is used to represent the Euler constant. Using (4.46)) we can write the difference between

two digamma functions with complex conjugate arguments as
o0

. L y
U(r +iy) — VU(r —iy) = 2i z; Grolte (4.47)

We can now write (4.44) as

. 2
or  TWe[rlg+5-5+9)
o

. 2
o0 (—v) ‘P(@ +5+5+ %)‘ =0

where we have defined

iy = %(1 k| = ). (4.49)
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Figure 4.5: Plot of F(|k|,0) (4.50), as a function of |k| € Z with Q = 0 for the massless, conformally
coupled scalar field (v = 1/2). The discrete plot, shown in dots, is superimposed by a line plot to
more clearly demonstrate the asymptotic behaviour of F(|k|,0) for large |k|.

Although k1 > ks, we have I'(v)/T'(—v) < 0 for 0 < v < 1 and thus it can be seen that (4.48)) is
positive for all 2 > 0 and F increases monotonically as €2 increases.
As the minimum of F for fixed |k| occurs for 2 = 0, we now study the behaviour of F for general

values of |k| at Q@ = 0. From (4.42)), we have

r)r (4 +3 - H)z

F(|k],0) = . 5- (4.50)
F(—u)r(‘ L+ 1q )
For 0 < v <1, we have F <0 V |k|. For large |k| we have [39, §5.11.12]
ror (W3-8
~ (4.51)

r(-»)r (4l + 5+ )2 IR

Therefore as |k| — oo we have F — 0~ as demonstrated in figure which shows F (4.50]) plotted
as a function of |k| for Q = 0. This is essentially the plot of the F-axis intercept of the profiles in

Figure with increasing values of |k|.
Consider now the derivative of F with respect to |k| (for 2 = 0) given by

)T (B 1y : y
- o ((k Jr2 :))2{\1, (“j i % _ 2) o <V;?| 5+ 2) } (4.52)
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where V¥ is the digamma function (4.45)). The difference between two digamma functions with real

arguments x1, xo is given by [70]

1

U(zy) — U(wg) = (v1— 72) Y (ETA T,

J=0

(4.53)

Therefore, (4.52)) becomes

oF| ror (441 -35) (& ,
ak“VF(V)F<’§+§+§)2{J-Z%(j+§+$5)(j+’;+;+;)}' 459

For 0 < v < 1, the right hand side of (4.54)) is positive for all |k|.
We can now conclude that the right hand side of (4.38)), F, has its minimum value at Q = 0 = ||
for fixed v € (0,1) (Figure[4.4). Therefore, from (4.42) we will have unstable mode solutions for

5 < tan( < 0. (4.55)

Thus for ¢ € [0,7) we have

Corit = T + tan™? [ (4.56)

2
L(—0)L (4 +5)°

In the case of the massless, conformally coupled field v = 1/2, we have (it ~ 0.577. This differs from
the corresponding value in four dimensions [71] which is (it ~ 0.687. For values of (it < ¢ < ™ we
will have mode solutions that are classically unstable and the semi-classical approximation breaks
down. Therefore, we must consider the Robin parameter within the range ¢ € [0, (cyit). From (4.55))
it can be seen that the values of (.t is dependent on the parameter v. Figure[d.6]shows a plot of (et
against v, showing that as v — 1 we have (it — /2. This shows that at ¥ = 1 the mode solutions
with the Neumann boundary condition are unstable (see Chapter 5). For v — 0, from (4.55), we

have (it = 0.757 (Figure .

§4.6 Conclusions

In this chapter we have highlighted some of the keys aspects of a quantum field theory on adS3
for a massive, real scalar field ®. We have found mode solutions to the Klein-Gordon equation in
terms of hypergeometric functions (Section and have examined the regularity of the solutions
near the space-time origin and boundary (Section .

As adS is not a globally hyperbolic space-time, we need to impose boundary conditions on the
scalar field at the space-time boundary in order to have a well-posed quantum field theory. We
have discussed how boundary conditions of Dirichlet, Neumann and Robin type can be applied.
For the massless, conformally coupled field (¥ = 1/2), Robin boundary conditions can be defined

as ([2.28]). For the scalar field with general mass and coupling (v # 1/2), we adopt the approach
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Figure 4.6: Variation of (it with v for the scalar field with general mass and coupling.

of [29] and define the parameter ¢ governing the Robin boundary condition in terms of constants of
the mode solutions . This definition provides a useful relationship between the Robin
parameter ¢ and the mode frequency w, which is used to establish quantisation conditions on w.
Examples of the quantisation condition for w with Dirichlet and Neumann boundary conditions are
given in .

Perhaps the key result in this chapter is in Section where we show analytically that there is
an upper limit for the Robin parameter (it , beyond which we obtain unstable mode solutions
of the scalar field equation. The value of (. depends on v and for the massless conformally
coupled field (v = 1/2) on adS3, we have (uit ~ 0.577. This differs from the corresponding value
on adS4 (Section , which is (it ~ 0.687. Thus, when applying Robin boundary conditions in
Chapters 5 and 6 we use 0 < { < (et
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Chapter 5

Vacuum polarisation on adS3

In this chapter we determine the v.e.v.s and t.e.v.s of the vacuum polarisation (VP) of a quantum
scalar field on adS3. We study a scalar field with general mass and coupling to the background
curvature subject to Dirichlet, Neumann and Robin boundary conditions applied to the scalar field
at the space-time boundary. In [12], the v.e.v.s of the VP for a massless, conformally coupled scalar
field was studied in adS4. When Robin boundary conditions were applied to just the s—wave modes,
it was found that the v.e.v. of the VP approached that of the Dirichlet value at the space-time
boundary. In contrast, if Robin boundary conditions are applied to all field modes, the v.e.v.s and
t.e.v.s approach the Neumann value for all Robin boundary conditions (except Dirichlet) [71].

The work of [12], [71] considers the case of a massless, conformally coupled scalar field in adS4.
In this chapter we examine what happens when we have a scalar field with general mass and
coupling constant and examine whether the results in [71] hold in this case. Allowing the field
mass and coupling constant to vary presents additional complexities to the underlying mathematics
and therefore we work in three-dimensional adS. The reduced number of space-time dimensions
simplifies the angular component of the scalar field Green’s function, thereby avoiding the use of
conical (Mehler) functions which were required in [71]. In [29], the ground state Green’s function for
a quantum scalar field with arbitrary mass and coupling has been constructed on n-dimensional anti-
de Sitter space-time (adS,,) using Robin boundary conditions. However, the resulting renormalised
expectation values have yet to be computed.

This chapter is laid out as follows. In Section[5.I]we describe the construction of the vacuum and
thermal Feynman Green’s functions and use Hadamard renormalisation to compute the v.e.v.s and
t.e.v.s of the VP with Dirichlet and Neumann boundary conditions. In Section we transform
to Euclidean space to construct the vacuum and thermal Green’s functions, which we then use
to compute the renormalised v.e.v.s and t.e.v.s of the VP with Robin boundary conditions. In
Section we explore the VP at the space-time boundary and provide an analytical argument for
some of the conclusions made in this chapter. Finally, in Section we summarise our key results.

§5.1 Vacuum polarisation with Dirichlet and Neumann boundary conditions

5.1.1 VACUUM EXPECTATION VALUES

Expectation values of the product of field operators can be determined using Green’s functions [17].

We consider the Feynman Green’s function, G (z,z’) (Section [1.3) which satisfies the inhomoge-
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neous scalar field equation (|1.36])

[ga6VQV5 - ,uz} Gp(z,2') = —Lézg(x —a) (5.1)

Vgl

in three dimensions, where g is the determinant of the metric (2.9), 6*(z—2) is the three-dimensional
Dirac delta function and g is given by (4.1)). Allen and Jacobson [3] have studied vector and scalar
two-point functions in maximally symmetric spaces, including anti-de Sitter space-time. They
showed that for states respecting this maximum symmetry, Green’s functions can be expressed as
functions of the unique geodesic distance s(x,z’) between the points x and 2/. In this case they
showed that ¢g*? V4V can be given as a second order differential operator in s(x, z').

As the vacuum state with Dirichlet or Neumann boundary conditions respects the underlying

adS symmetry [8, 61], for space-like separated points where s € R, equation (5.1]) can be expressed

as [3
d? 2 sy d
g+ ooth () o = 2| Gp =0, 5.2
[d32+LCO L/ ds ,u} F (52)
Using the change of variable [61]
21 = —sinh? (%) , (5.3)
we find that (5.2)) can be expressed as
1—21)——— -—3 — L*Gr =0. 5.4
z21(1—21) e +{2 Z1} o + p F (5.4)

This is now in the form of a hypergeometric differential equation

dQGF(Zl)
dz%

dGF(Zl)

21(1 — Zl) le

+c—(a+b+1)z] —abGp(z1) =0 (5.5)

whose solutions are hypergeometric functions 9 Fj(a, b, ¢; z1) for parameters a, b, ¢ to be determined.
The 2,1 subscripts in the hypergeometric functions will be omitted from henceforth for brevity.

Comparing ([5.4]) with (5.5 gives the parameters to be

3
a=1+v, b=1—v and c=3 (5.6)

where v is given by (4.16]). From [39] §15.10.2] we can write the solution to (5.5)) in a neighbourhood

of z1=0,s=0 as

3 -1 1 1 1
Gr(z,2") =CF (1—1—1/,1—1/,2; zl> + Dz *F <2+1/,2 — Vg 21> (5.7)

where C' and D are arbitrary constants. This solution is valid for v € [0, 1] but for now we focus

on v € (0,1) and return to the special cases of v = 0,1 later. In the coincidence limit where
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s — 0,21 — 0 both hypergeometric functions tend to unity so, using (/5.3]), we can write the leading

order behaviour of Gp(s) as

1D

D~ G

as s—0 (5.8)

from whence it can be seen that the D— term on the right hand side is clearly divergent in the
coincidence limit.

As the Feynman Green’s function, and hence (@2), is formally divergent when the spacetime
points x, 2/ are brought together, we use Hadamard renormalisation (Section [1.5) to extract a
physically meaningful result. We match the divergent term in to the divergent term in the
corresponding Hadamard parametrix, Gy, which in three dimensions is given by and repro-

duced here for convenience

i Uz, )
B 421 ol/2

Gy(z,z)) + Wz, 2")| . (5.9)
Here U(x,2’) and W (z,2’) are biscalars, regular in the coincidence limit (Section and o is
Synge’s world function ([1.57)). As we are dealing with a maximally symmetric state with Dirichlet

or Neumann boundary conditions, we can write U(z,z’) = U(s), which has an expansion of the
form [35]

U(s) =Y _ Un(s)a"(s)
n=0
= U+ Uro! +Uso® + ... (5.10)

with Uy = A1/2 and A is the van Vleck Morette determinant (1.61)) which satisfies the boundary
condition [35]
lim A(s) = 1. (5.11)

s—0

Therefore as we approach the coincidence limit, the divergent part of the Hadamard parametrix,

Gy (5.9) is given by

~ {

which is in agreement with the findings in [61]. It now remains to fix the constants C and D in (5.7)).
For the latter, we match the divergent term in (5.8)) with (5.12]). Using the Maclaurin expansion of
sinh(s/2L) to first order gives

1

D=—. 5.13
8L ( )

The other constant C' is determined by considering the form of the Green’s function (5.7) at the
boundary as s — oo and applying the appropriate boundary condition. This is achieved by applying
Kummer’s connection formulae [39, §15.10 (ii)] to the hypergeometric functions in (5.7)) to give
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N i/
Gr(s) = {21“(1 T Ser(—u)} Tl —v) [

cyrm i/ v s \1-2(1-)
+{2F(1+u)+8nLr(y)}r(F§(2+)y) [COSh<ﬁ)} N F<1_”’;_”’1_2”1_121>'

(5.14)

—2(1+v) 1 1
Cosh(%ﬂ : F<1—|—u,2+y,1—|—21/;1_21>

For Dirichlet boundary conditions, we require that Gp(s) — 0 as s — oo. It is evident from
that both the hypergeometric functions converge to unity as s — 0o, 21 — —oo. Also, as
we consider 0 < v < 1, it is clear that both terms in converge to zero but the second term
converges more slowly. Using the analysis in [29] we can define our Dirichlet boundary condition

by requiring that Gr(s) — 0 as rapidly as possible. Therefore, for rapid convergence to zero, we

require
Cr T
2T'(1 + v) ey I'(v) 0 (5-15)
giving
i'(1+v)
= - .1
¢ A LT (v) (5.16)

Using the relation I'(1 4+ v) = vI'(v) [39, §5.1.1], we have for the Dirichlet boundary condition

1%

Using the values of the constants C' and D, we can now write the vacuum Feynman Green’s
function with Dirichlet boundary conditions as

Y% 3 . S
GOD(S) = —HF <1 + v, 1-— v, 5, —Slnh2 (M))
7 1 1 1 s
—— F | = ~— —y, —: —sinh? (—) . 5.18
" 8aL sinh (5) (2 Ty T Ts g ) (5.18)

Calculation of the vacuum Green’s functions with Neumann boundary conditions presents a
greater challenge. In the case of the massless, conformally coupled field (v = 1/2), the Neumann
boundary condition can be defined naturally [8], as we can map the field onto the globally hyperbolic
ESU, whose line element is given by [55]

ds® = L?[—dt* + dp?* + sin? p df?]. (5.19)
The metric in adS is conformally related to that in ESU by
Guw = PG, (5.20)
where g, is the metric in ESU, g,,,, is the metric in adS and
0% = cos?p (5.21)
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is the conformal factor. As the boundary of adS is not part of the space-time we establish boundary
conditions on the conformally invariant field on ESU instead. For the massless, conformally coupled
field we can write (5.7) as

C B 1D
cosh (ﬁ) sinh (%) ’

Gr=C(-z)Y24+ Dz = (5.22)

which is valid for all s € [0,00). Transforming to the ESU, the Feynman Green’s function of the

massless, conformally coupled field takes the form

GESY(1,0,p:t,0,0) =

V2 {C[ cos At

—1/2
—tanptan p' cos AG + 1
\/cos pcos p/ cos pcos p/ nptanp + ]

. cos At ; —1/2
—iD | ————— —tanptanp cos Af — 1 , (5.23)
COS P COS p
where we have used
A
cosh (i> = LT/ — tan ptan p’ cos Af, (5.24)
L COS p CoS p

with A7 =7 — 7" and Af = 6 — ¢'. For the Neumann boundary condition we require that

OGESY
op

(p,p) =0 as p —7/2. (5.25)

The derivative in ([5.25)) can be calculated using MATHEMATICA and then expanded to first order
in (p) —m/2) to give

OGESY (C+iD)cosp
op’ v2(cos AT — cos Af sin p)3/2
N (C —iD)(3cos? p — 2cos AT cos Af sin p + 2 cos® Afsin? p)(p — 7/2) (5.26)

2v/2(cos AT — cos Af sin p)5/2
+0(p —/2)"?,

from whence it can be readily seen that in order to satisfy the Neumann boundary condition as
p' — /2, we require that C = —iD.

For the scalar field with general mass and coupling, the above method of mapping to ESU is
no longer applicable, and we can choose how ‘Neumann’ boundary conditions are defined [29] (see
Section . In keeping with [29, [59], we now choose the relationship C' = —iD between C' and D

for the Neumann boundary condition for general v, yielding

w

—— 2
4L (5.27)

With this value of the constant C, together with ([5.13]), we can write the Feynman’s Green’s function

for the scalar field with general mass and coupling, subject to Neumann boundary conditions, as
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' 3
GN(s) =+ %F <1 +v,1-— V,i;—sinh2 (28[1))

i 111 s
e F (v — v —sinh? (57 ) 5.28
" 87l sinh (37) <2 Ty Ty gL ) (5.28)

which differs from the Dirichlet form (5.18) only in the sign of the first term.
Having constructed the vacuum Feynman Green’s functions for Dirichlet and Neumann bound-

ary conditions (5.18§] , We are now in a position to determine the renormalised v.e.v. of the VP,
denoted by (®2)g ren, which is given by

A

()0 en = lim[—iGg)/N — (—iGp)), (5.29)

—0

where Gy is the divergent part of the Hadamard parametrix given by ([5.12)). The expansions of

(5.18} |5.28) for small s are

1 2L
GoP(s) ~ o (L= O(7) + ( -+ 0(53)> (1-0(%).  (5.30)
where the 4 /- refers to Neumann and Dirichlet respectively. Thus in the limit as s — 0 we have,

for the Dirichlet boundary condition,

v

52\ D _
<(I) >0,ren - 47TL (531)

This matches the result found in [61] in three dimensions. From now on the ‘ren’ subscript will
be omitted and it will be assumed that all expectation values are renormalised. Likewise, the
renormalised vacuum expectation value of the VP with Neumann boundary conditions is

(@Y = ﬁ. (5.32)
This has the same magnitude as the Dirichlet case but opposite sign. It can be seen that in the
case v = 0 both boundary conditions give the same result (see Section where we consider this
case in more detail). With both Dirichlet and Neumann boundary conditions, we note that the
v.e.v.s depend only on v and are independent of the radial coordinate. Therefore they respect the
maximal symmetry of the background space-time.

5.1.2 THERMAL EXPECTATION VALUES

We now determine the thermal Green’s function, Gg(t,x;t’,x’), for inverse temperature 3, where
x = (p,d). The thermal Green’s functions are periodic in imaginary time and can be expressed as
an infinite sum involving the vacuum Green’s function Go(z,2’) [L7] (see Section[L.3). The thermal
Green’s function appearing in the sum in depends on the proper distance between the space-
time points (t+ij3,x) and (¢, x’), which can be found using (5.24). However, as the divergent part
of the Hadamard parametrix is independent of the state (see Section , we consider the difference

82



between the thermal and vacuum Green’s functions. Bringing the space-time points together, that

is, in the limit ¢ — ¢, x’ — x, we have for the Dirichlet boundary condition

1 I 3 1—cosh(jp)
G2 (p) =GP (p) = — -k |\ 14+v,1l-v, o —F——
5 () 0 (p) AL P #0{ w ( VT T o p >

v 2 1 1 11— h(j
VECOSP F<+u,—y,;cosz(]ﬁ)> . (5.33)
2 cosh(]ﬂ) -1 2 2 2 2cos“ p

Likewise for the Neumann boundary condition we use ([5.24} [5.28)) to give

j=o0

1 ) 3 1 —cosh(jp)
GY(p) -GN (p) = — {1 l—v, oy ——5—=
ﬁ(p) 0(10) ArL ' ' {ZV < + v, V727 2(}082/)
j=—00,j7#0

NG 1 1 1 1-cosh(j
WECSP R ( Y s v, COS2(]ﬁ)> . (5.34)
2 cosh(jﬂ) —1 2 2 2 2 cos p

Both are finite and we observe that the thermal Green’s functions depend on p and
so break the maximum symmetry of the background adS, in contrast to the maximally symmetric
vacuum Green’s functions [3, [4].

We are now in a position to calculate the t.e.v.s of the VP. As the renormalised v.e.v. has already
been calculated, we do not need to repeat the renormalisation process for the t.e.v. Instead we can
look at the difference between the t.e.v. and the v.e.v. using the result

(@) — (@%)o=—i Y Galt+ijB,x,1,x). (5.35)
j=—00,j#0

We then simply add the already determined renormalised v.e.v. to the result to give the final t.e.v.
Noting that (5.33] [5.34)) are even functions of j gives, for the Dirichlet boundary condition,

- - 1 & 3 1—cosh(jp)
(I)Z D (I)Q D _ —vF |1 1— .
< >B < >O o ;:1 v + v, v, 92’ 2 cos? P

V2cos p 7 (1 —1—1/,1
2/cosh(jB) —1 \2 2

—v,

1 1—cosh(jB)
3 2%) } (5.36)

and for the Neumann boundary condition we have

. . 1 & 3 1—cosh(jp)
< >ﬁ < >0 27TLJ§::1 v +V7 U727 2COSQp

V2 cos p F(l 1 1 1—cosh(jﬁ)>}. (5.37)

7+V77_V7 )
2 cosh(jﬂ) -1 2 2 2 2C082p

The t.e.v.s of the VP, <<i>2>5, with both Dirichlet and Neumann boundary conditions (|5.36
5.37)) are calculated numerically using MATHEMATICA. We were able to consider values of the radial
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coordinate, p in the interval p € [0,997/200] and found that the j—sums in converge
exponentially, so the j—sum was performed in the interval |j| < 20. The relative error in truncating
the j—sum to 20 was very low. For instance, away from the space-time boundary at p = 307 /200
(with v = 1/2,8 = 1), the relative error of truncating the j—sum to 20 compared to 100 was
~ 7.3 x 107, This did not change appreciably when we move closer to the space-time boundary
with the relative error at p = 997/200 being ~ 2.7 x 10714,

) v=1/4 oy v=1i
(@7 ’
0.12F
0.10F — =t — p=1
0.08 =2 p=2
0.06f — B=3 B=3
— B= — =4
0.04F p=4
0.02f
0.00— — x x %P
-0.02F —6 3 2
v=1/2
v=1/2 a2,
2 p @
(@)
0.06f
— B=1 — B=1
0.04f
=2 B=2
0.02} B=3 — B=3
— B=4
‘ ‘ ‘ — B=4
0.00 x 7 %P
6 2
-0.02}
~0.04F
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@
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Figure 5.1: Renormalised t.e.v.s of the VP (®?)5 as a function of p, with Dirichlet (left) and
Neumann (right) boundary conditions, for a range of values of the inverse temperature, 3. Top row
shows v = 1/4, middle row shows v = 1/2 and bottom row shows v = 3/4.

The results for the t.e.v.s are shown in Figures for different values of the inverse temper-
ature (. Figure shows ($?) p for Dirichlet (left) and Neumann (right) boundary conditions, for

four different values of the inverse temperature 8 and for three values of v (v =1/4, 1/2, and 3/4).
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Figure 5.2: Renormalised t.e.v.s of the VP (®2)4, as a function of p and v, with Dirichlet (left) and
Neumann (right) boundary conditions. In both cases 5 = 1.

T
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Figure 5.3: Close up view of Figure showing (@2) 3, for Dirichlet (left) and Neumann (right)
boundary conditions, for v € (0,0.3) and 5 = 1.
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Figure shows the three-dimensional surface plots of (<i>2> 3 as a function of p and v, for Dirichlet
(left) and Neumann (right) boundary conditions. The plots in Figure [5.1are qualitatively similar to
those in [4], showing that the thermal energy of the field concentrates in a region close to the origin,
thereby breaking the translational symmetry of the background adS space-time. For all values of the
inverse temperature and v € (0, 1), the t.e.v.s of the VP attain their maximum value at the origin,
and are monotonically decreasing towards the boundary. We also see that for increasing § (de-
creasing temperature), the t.e.v.s approach the v.e.v.s, as observed in [71] for the four-dimensional,
massless, conformally coupled scalar field. Approaching the space-time boundary as p — 7/2, we
recover the zero temperature v.e.v. for all § and v. For the Neumann boundary condition, the
convergence to the vacuum result, as p — 7/2, occurs less rapidly than in the Dirichlet case.
Although the t.e.v.s for the cases of ¥ = 0,1 have not specifically been determined in the above
analysis (see Section for analysis of these values of v), Figure which shows an expanded
view of Figure for v € (0,0.3), suggests that (®2)s reaches the same value for both Dirichlet

and Neumann boundary conditions as ¥ — 0 for all p. For the Dirichlet boundary condition, at
fixed p the t.e.v. <<i>2> 3 has its maximum value at ¥ = 0 and decreases for increasing v. For the
Neumann boundary condition, however, at fixed p the t.e.v. (@2) g has its minimum value at v = 0,
and increases steadily for increasing v. As v — 1, it appears to be the case that <<§Q> g diverges,

in accordance with the result in [59] that there is no generalized Neumann boundary condition for
v =1 (see discussion at the end of Section [4.5)).

5.1.3 VACUUM AND THERMAL EXPECTATION VALUES FOR v =0, 1

The analysis in the previous subsections was valid for v € (0,1). We now consider the particular
cases v = 0, 1. First, for v = 0, the vacuum Green’s function ([5.7) simplifies to

B Csinfl\/ﬁ D
GF(Zl)— \/ZMJF \/am (5.38)

Using the Taylor expansion of sin™! /z1, as z; — 0 we have

D
Gr(z1) ~C+ —, 5.39
()~ Ot = (5.39)
the second term of which is clearly divergent. Matching the D—term to the divergent part of the
Hadamard parametrix ([5.12)) gives the same value of D as in (5.13)). To obtain the value of the
constant C, we adopt the same procedure used earlier, namely we consider the form of the Green’s
function ([5.38)) at the space-time boundary. Using (5.3) and the series expansion for sin~!,/z1 as

21 = —00 (s — 00), we obtain

—C's n 1D
2Lsinh?(5%)  sinh?(5%)

Gr(s) as § — 00. (5.40)

Equation ([5.40)) shows that Gp(s) — 0 as s — oo for all values of C. However, applying Dirichlet

boundary conditions and demanding rapid convergence to zero requires C' = 0, as in Section [5.1.1
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Applying the results of Section for v = 0, we find from that C' = 0 for Neumann
boundary conditions also. Therefore, for v = 0, the Neumann boundary condition corresponds to
the Dirichlet boundary condition, and so we cannot consider Robin (mixed) boundary conditions.
However, in this case there still remains a one-parameter family of boundary conditions leading to
consistent classical dynamics [59]. We can construct a one-parameter family of maximally symmetric

vacuum Green’s functions by choosing a nonzero value of the constant C. In order to obtain a real
expectation value for the v.e.v., we define C' = iC for C € R. Thus (5.39) becomes

~ D
G ~iC + —
F(Zl) 10 + \/Z,
~ i 2L
~ 7 — [ = 41
ZC+87TL<S —|—(’)(s)>, (5.41)
where in the second line we have used the Maclaurin series expansion of /z; and the value of the

D constant in ((5.13). Using (5.29) and (5.12]), the renormalised v.e.v. of the VP is then

(@%) = C. (5.42)

Varying the constant C therefore results simply in a constant shift of the v.e.v. of the VP.
For v = 1, the vacuum Green’s function ([5.7) simplifies to

i D(l — 22’1)

Matching the divergent term in (5.43|) with the corresponding term in the Hadamard parametrix (5.12]),
as z1 — 0, reveals the same value of the constant D in (5.13]). To find the constant C, we use the
same analysis as previously and consider the form of ([5.43)) at the space-time boundary as z; — —o0,

Gr(z1) =C (5.43)

giving
Gp ~C—2iD. (5.44)
Thus, for the Dirichlet boundary condition with v = 1, the constant C is
i

giving the same result as in (5.17)). We can therefore write the vacuum Feynman Green’s function
(5.43), with Dirichlet boundary condition, for v = 1, as
i n icosh($)
4nL  8mLsinh?(5%) cosh?(5%)

Gr(s) = (5.46)

Using (.29, [5.46)) gives the v.e.v. of the VP for v = 1, with Dirichlet boundary conditions, to be
(®%)g = —1/4xL, (5.47)

consistent with the value found for v € (0,1) in (5.31). As discussed in Section we do not have

Neumann boundary conditions for v = 1.

87



Figure 5.4: Renormalised t.e.v.s of the VP, (<i>2> 3, as functions of the radial coordinate p, for v = 0
and different values of C' with 5 = 1.

We can calculate the t.e.v. for the VP, for v = 0, 1, along the same lines as we did for v € (0,1)

previously. For v = 0, we express the difference between the t.e.v. and the v.e.v. of the VP as

(®%)5 — (9?9 = J:ZOO 220cosp cos” p (5.48)
g o VeoshjB +cos2p  2mLy/(coshjB — 1)(coshjB + cos2p) | '

where ($2)g is given in (5-42). Figure shows the t.e.v.s for various different values of C' and
inverse temperature § = 1. As we approach the space-time boundary (p — 7/2), the t.e.v.s converge
to the v.e.v.s (which depend on C (5.42)). For C =0, the t.e.v.s match those seen in Figure [5.3| for
v — 0. A feature of the t.e.v.s in Figure [5.4] is that the profiles of the t.e.v.s depend on the value

of the constant C. For C' > 0, the t.e.v. profiles are similar to those in Figure in that they
have their maximum at the space-time origin and then monotonically decrease as the space-time

boundary is approached. However, for C < 0, the t.e.v.s are monotonically increasing close to the
boundary. For small and negative 5, there is still a maximum at the origin, but for sufficiently

negative C the t.e.v.s have a minimum at the origin and monotonically increase with increasing p.
Using the same method for v = 1, the t.e.v. of the VP, with Dirichlet boundary conditions
applied, is found to be

<&)2>D <(i>2>D _ 1 ji(io (COSth — sin? P) 1 (5 49)
A O 7 onL = V/cosh j3 — 1y/cosh j B + cos 2p ’ '
from which it can be readily seen that at p = 7/2, we obtain (@Q)E = —1/4xnL consistent with

Figure If we try to find the t.e.v. of the VP with Neumann boundary conditions (by using the
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value (5.27) for C'), we obtain

<(i)2>N _ <(i>2>N _ 1 jio:o (COSth — sin® p) +1 (5 50)
B 0 7 orL p v/cosh j3 — 1+/cosh jB + cos 2p ' '

For large j, it can be seen that the summand in ([5.49) tends to zero, whereas the sum in ((5.50)) is

divergent. This shows that for v = 1, we only have Dirichlet boundary conditions (Section .

§5.2 Vacuum polarisation with Robin boundary conditions

Having computed the renormalised t.e.v.s and v.e.v.s of the VP for a scalar field with general mass
and coupling, when either Dirichlet or Neumann boundary conditions are applied, we now turn our
attention to more general mixed (Robin) boundary conditions. As in the case for the RSET on
adS4, Section [3:2] we employ Euclidean methods, so that the Green’s function is unique and to

circumvent the requirement to use an ie-prescription.

5.2.1 EUCLIDEAN GREEN’S FUNCTIONS

The Euclidean Green’s function, Gg(x, z'), for the scalar field on adS3 satisfies the inhomogeneous
PDE

B (5.51)
= —; ) 7 !
= e pemp U T T — P36 = 6),

where p is given in (4.1)), gg is the determinant of the Euclidean adS3 metric
ds®> = L?sec? p [dr? + dp? + sin® p db?], (5.52)

and L, is a differential operator given by

1 0? 0? 1 92 1 0
L. = St —————— — 2 L%sec?p . 5.53
T L2sec?p <872 + 0p? + sin? p 062 + sinp cospdp seep (5.53)

For vacuum and thermal states we use the Fourier representation of §(6 — ¢’) as

o0

1 ,
56 —0)= o > et (5.54)

f=—00

where A6 represents the separation of the angular coordinate. For the vacuum Green’s function we
use
1

Sr—71)= 277/ AT du, (5.55)
—00
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where AT represents the separation of the time coordinate. Using (5.54] , we can write an

ansatz for the vacuum Euclidean Green’s function, GQE(:B, x'), as

[e.e]

1 [ .
G (z,2') = 47T2/ AT duw Z A0 g.0(p, 0, (5.56)
—00

l=—00

where g¢(p, p') is the vacuum radial Green’s function. Applying the differential operator (5.53)) to
(5.56), we find that g,e(p, p’) satisfies

829 8gw€
cos” p 9,2 £ (p.p) + cot p op (p,r)
2
+ (—w?cos® p — 2 cot? p — P L?)gue(p, p') = —WW —p). (5.57)

For the thermal Green’s functions, with inverse temperature 8, we use the mode sum representation
of §(r — 1)

o0
S(r—r) =5 Y €A, (5.58)
7T n=—oo
where
27
k=7 (5.59)

and w is replaced by nk (where n € Z). A suitable ansatz for the thermal Green’s function is then

B K AT _ilAO
Gu(r,a') = Z Z AT g i(p, ), (5.60)

n=—00 f=—0o0

where gn¢(p, p') is the thermal radial Green’s function which also satisfies (5.57) with w? replaced
by n’k?

We now consider the solution of the homogeneous version of (5.57). Using the substitution
z = cos? p, (5.61)

our analysis mirrors that for the mode solutions of the Klein-Gordon equation (4.4) in Lorentzian
space-time, Section We find that the general solution g, of the homogeneous version of ([5.57)

is
Gue(p) = [cos p] sin p|P {61 F (a,b,¢;2) +%2 2" “Fla—c+ Lb—c+1,2—c;2)},  (5.62)
where 41 and %3 are arbitrary constants. The list of the possible parameters for the hypergeometric

functions in (5.62)) are given in Table As in Section we are free to choose the parameters
from rows one or three in Table Choosing row three gives

1 1 1

iiw,
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row A B a b c

1 A=1-v; B=+|{ s+l —v—iw) s+ — v +iw) 1-v
2 A=1-v; B=—{ 11— —v—iw) 11— — v +iw) 1-v
3 A=1+v; B=+|( 1A+ +v—iw) 1A+ +v+iw) 1+v
4 A=1+v; B=—|/ (1=l + v —iw) T =0+ v +iw) 1+v

Table 5.1: Possible parameters for the hypergeometric solutions to (5.57)). For thermal states, w is
replaced by nk.

and
A=14v, B=J{| for (eZ. (5.64)

The a and b coefficients are complex conjugates. For the thermal Green’s function we substitute

nk for w in (5.63)).
Since we are considering v € (0, 1), the solution (5.62)) is regular at z = 0 (which corresponds to

the space-time boundary p = 7/2) for all values of %7, %,. This is a manifestation of the requirement
to impose boundary conditions on the scalar field at z = 0. In general, g/ (p) is divergent at the
origin p =0 (z = 1). The solution p,y of the homogeneous version of which is regular at the
origin is

pot(p) = €3[cos p|sin p|® Fla,b,a+b—c+1;1—2), (5.65)
where %3 is another arbitrary constant. The second, linearly independent, solution of the radial
equation has a logarithmic singularity at z = 1, p = 0 [39, §15.10(i)] and hence we eliminate this
solution [29]. The hypergeometric functions in are related by Kummer’s connection
formulae [39, §15.10(ii)]. This enables us to write p¢(p) in the alternative form

pue(p) = [cos p)A[sin p)P{PF(a,b,¢;2) + Q 2! °Fla—c+1,b—c+1,2 — ¢; 2)}, (5.66)

where P and Q are given by (4.31)) (by replacing «, 3, by a,b, c respectively) and we have set
¢3 = 1.
The vacuum radial Green’s function, g.s(p, p'), can be constructed from q,¢(p) and p,¢(p) by

9ot (ps P') = Aot Pt (p<) Quot(p>) (5.67)
where 4, is a normalisation constant and
P< = min{pa p/}a

p> = max{p,p'}. (5.68)

We determine the normalisation constant .4, as follows: First we multiply both sides of ((5.57)) by
tan p sec? p and then integrate with respect to p over the interval p' —§ < p < p/ + 6, for fixed p'.
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This gives

p'+8 2
/ —w?tanp — ————— — 2L tan psec? p
o5 cos psin p

0? 0

1
—i-tampa—p2 —I—SeCQpap}gwg(p, o) dp = -I (5.69)

The first three terms in the integrand (5.69)) and g, are continuous and therefore the magnitude
of these terms is bounded by a positive constant K. So we can write

p+6 2
/ { —w’tanp — ————— — p*L* tan psec? p}gwe(p, o) dp‘
o= COs psin p
o +8 /2
< / max [{ —w?tanp — ————— — p2L? tan psec? p}gwg(p, p')] dp
- cos psin p
P+
< / Kdp = 26K. (5.70)
p' =4

Therefore in the limit 6 — 0, the integral of the first three terms in the integrand in ([5.69) vanishes.
The resulting integral is then

P48 2 5 o , 1
9 9 S 71
/,,/_5 {tanpapg + sec pap}ng(p,p)dp 7 (5.71)

This can be expressed as

! /M { 9 < 9 )} : [ 09.1(p: p’>r’+5
- == — [ tanp— | ¢ gue(p, p') dp = |tan p ———— . 5.72
L o'—=5 8p ap ( ) 8p p'—0 ( )
Using (5.67)) and (5.72)) we can write
1 dq., dp.,
—— = lim {tan(p’ + 5)%€pw€(p,)m — tan(p’ — &) A M(p)qwe(p')}
L 0—0 dp dp (5‘73)
= My tan p, Wp {pwéa wa} )
where W is the Wronskian of p,y, q.¢ given by
onJZ dpwé
wls ut § = Pw — Yw . 5.74
WAPut; Que'} Put = =~ et (5.74)
Therefore, from ([5.73)), we have
My = — ! (5.75)
"7 Ltan p Wy {pues qur}’ '
Using [39) §15.10.2] as well as (5.62} [5.65]), the Wronskian is given by
W{pwéy wa} = 2(1 - C)(%IQ - %QIP) cot p, (576)
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where 61, 6> are the constants appearing in (5.62)). The thermal radial Green’s function, g,¢(p, o),

is constructed similarly:

ne(ps p') = N Pre(p<) ane(ps), (5.77)

where 7,4, ppe and ¢,,¢ are found by making the substitution w = n«x in N, p.e and g, respectively.

The Robin boundary condition has been defined for a massless, conformally coupled scalar
field on ESU [71]. This is a linear combination of Dirichlet and Neumann boundary conditions at
the time-like boundary at p = 7/2, parametrised by the Robin parameter, ¢ € [0,7). The values
¢ =0 and ¢ = 7/2 correspond to Dirichlet and Neumann boundary conditions respectively. As we
are dealing with a scalar field with general mass and coupling (v # 1/2), we cannot transform to
the ESU so we consider instead generalised Robin boundary conditions [59] (Section . We adopt
the approach in [29] and define the arbitrary constants %) and %5 in terms of the Robin parameter
¢ as follows:

¢1 =cos¢ and % =sin(. (5.78)

For Dirichlet boundary conditions we have ¢, = 1 and %> = 0. Then, using ([4.31] [5.75} [5.76) the

normalisation constant in this case is

B T'(a)L(b) B 1
Aot = 2Ll —e)l(c—Dl(a+b—c+1)  2L(1—¢)Q (5.79)

Likewise, for Neumann boundary conditions we have ¢; = 0 and %5 = 1 in which case we have from
(4.31} |5.75| |5.76))

_ I'a—c+1)I(b—c+1) B 1
i = 2L(1 —)T(1—e)T(a+b—c+1) 2L(1—c)P’ (5.80)

For general Robin boundary conditions we find

%Cg = [2L(1 —c) {SilflCF(1 —olatboctl) cos

F(C—l)F(a+b—c+1)H—1

IMNa—c+1I'(b—c+1) I'(a)T'(b)
_ ! (5.81)
~ 2L(1 —¢)[Psin¢ — Qcos(]’ ’
The denominator of (5.81)) becomes zero if ¢ satisfies
TN L1 v iwy2
g~ & - T35 -9 s
N(=)P(F +5+5—%)

resulting in divergent values of and a divergent Euclidean Green’s function. Following the
analysis in Section in Lorentzian space-time, we use to determine an upper bound for the
Robin parameter (. beyond which our scalar field develops a classical instability. The analysis
proceeds along the same lines as in Section and we obtain the expression for (. given in .
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5.2.2  VACUUM EXPECTATION VALUES

Following on from the analysis in Section [5.2.1] we can now explicitly state the radial Euclidean
Green’s functions using ((5.62} [5.65] [5.67, [5.79}[5.81). The vacuum radial Green’s function with
Dirichlet boundary conditions, g7, (p, p'), is

1+u[ / 1+1/[

cos p'] /1

aiu(psp') = A7 [cos pl sin p]! [sin '

xF( (14 ] + v — iw), ( 16+ v+ iw), 1+ |¢);sin p<)

><F<1

N .
2(1 + 4] + v —iw), 5(1 + ] + v +iw), 1 + v; cos? p>). (5.83)

Likewise, with Neumann boundary conditions, the vacuum radial Green’s function, gﬁ(p, p) is

1+v 14|

95(p.0') = AL feos p] ' [cos p][sin ]! [sin o]

1 1
X F(§(1 + 4] + v — iw), 5(1 + 0 +v+iw), 1+ If!;sin2p<>

><F<1

1
2(1 + |4 — v —iw), 5(1 + [{] — v + iw), 1 — v; cos? p>>. (5.84)

Similarly, the vacuum radial Green’s function with Robin boundary conditions gsz(p, p') is

oCalps o) = A Teos o]+ [eos )+ [sin p] ¥ [sin o]

1
X F( (L4 16+ v —iw), 5 (1+ [l +v +iw), 1+ |€|;Sin2p<)

1
{cos{F( 14+ +v—iw), 2( —|—|€|+1/+iw),1+1/;cos2p>>

1 1
+sin¢ [cosp>]_2”F(§(1 10— v —iw), 5(1+ [l = v+ iw), 1 = vicos? p>) } (5.85)

As the divergent part of the Hadamard parametrix (5.12) is state-independent, we have a simple
method to calculate the renormalised v.e.v. of the VP with Robin boundary conditions. We consider
the difference between the unrenormalised v.e.v.s with Robin and Neumann boundary conditions.
This removes the singularities common to both. Following this, we simply add the v.e.v. with

Neumann boundary conditions (5.32) determined in Section 1l Using ((5.56} .84} [5.85)) we can
therefore write the v.e.v. with Robin boundary conditions as

H2\$
(2§ = lim ﬂz Z / 6510, ) — 9 )] o+ 2 (5.56)

Using , we have computed the v.e.v.s of the VP with Robin boundary conditions using
MATHEMATICA. The w—integration and £—sum and in converge very rapidly (Figures
. To reduce computation time, we were able to limit the /—sum to 50 and the w—integration to
30. The associated error, in the computation of the v.e.v., was small compared to performing the
/—sum and w—integration to 100 for both. For instance, close to the origin at p = 7/200 (and for a
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Figure 5.5: Loglog plot of the integrand in (5.86]) as a function of w for fixed p = 37/10,{ = 7/3
and v = 1/2 for three values of /.

representative value of the Robin parameter ¢ = 7/10), we find the relative error is ~ 2.45 X 1024,
Closer to the space-time boundary at p = 907/200 we find the relative error to be greater but still

acceptable at ~ 2.83 x 1077, The sum over ¢ demonstrates nonuniform convergence with respect to
the radial coordinate p Figure as was seen for the VP [71] and RSET (Section in adS4.

0.1F

10"

1072 — p=71/20
p=3717/10

1073

p=94717/200

104

1075

1 1 1
1 5 10 50 !

Figure 5.6: Loglog plot of the summand in (5.86) as a function of ¢, for three values of the radial
coordinate p, demonstrating non-uniform convergence of the /—sum. For each plot ( = 7/3, v =1/2
and the w—integration has been performed up to |w| = 30.

The v.e.v.s of the VP with Robin boundary conditions are displayed in Figure for three
values of v and a range of values of the Robin parameter (. It can be seen that unlike the Dirich-
let/Neumann case , the v.e.v.s with Robin parameters are not constant and vary with
the radial coordinate p. This symmetry breaking with Robin boundary conditions was also noted
for the VP [71] and the RSET (Section for the massless, conformally coupled scalar field on
adS4. For all Robin parameters except Dirichlet and Neumann ({ # 0,7/2), the v.e.v.s are either
monotonically decreasing or monotonically increasing functions of p, dependent on the value of the
Robin parameter used. For all values of v studied, the v.e.v.s are monotonically increasing as p
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Figure 5.7: Renormalised v.e.v.s of the VP, (fi>2>8, for v = 1/4, 1/2, 3/4. On the left is shown 3D surface
plots of (@2>8 as a function of p and ¢. On the right is shown <<i>2>8 as a function of p for a selection of values
of the Robin parameter ¢. Dirichlet (¢ = 0) and Neumann (¢ = 7/2) profiles are shown dotted.

increases if 0 < ¢ < 7/2, but monotonically decreasing for ¢ > /2. It can also be seen from the 3D
surface plots in Figure that, for fixed p, the v.e.v.s are monotonically increasing functions of the
Robin parameter (. Their have their minimum at ¢ = 0, corresponding to the Dirichlet boundary
condition and increase steadily with increasing ¢, eventually diverging as ¢ — (it Furthermore, for
fixed p, ¢, we see that the v.e.v.s increase in magnitude with increasing v. For each v, the variation
in the v.e.v.s with different Robin boundary conditions is greatest at the space time origin. As we
approach the space-time boundary, the v.e.v.s of the VP for all Robin boundary conditions (except
Dirichlet, ¢ = 0) converge to the Neumann result, generalising the finding of [71] in the massless,
conformally coupled case in four dimensions.

5.2.3 THERMAL EXPECTATION VALUES

The thermal Euclidean Green’s functions ((5.60)) are obtained from (5.83H5.85)) by replacing w with
nk for n € N and « given in (5.59)). We calculate the t.e.v.s of the VP using the same method
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used in Section and consider the difference between the unrenormalised thermal expectation
values with Robin and Neumann boundary conditions. Following this we simply add the thermal
expectation value of the VP with the Neumann boundary condition, previously determined in (/5.37)).

We can therefore write

n v
AL

I & 3 1 —cosh(jp)
- Fl14u1 -y, 2 - 0P)
+27rLZ{V ( Tl vg 2cos? p

+ ‘/iCO,Sp F<1+u1 1-1_C°Sh(jﬁ))}. (5.87)
2y/cosh(jB) — 1

TOREE oS [ggxp,p')—gm(p,pq
f——

5 vy Vs 3s
2 2 2" 2cos?p

The t.e.v.s of the VP, with Robin boundary conditions, have been calculated with MATHE-
MATICA. The n— and /—sums in the summand in converge rapidly and were performed to
In|, |¢| < 20. The relative errors in curtailing the sums to 20 compared to 30 was ~ 3 x 10~? away
from the space-time bundary at p = 37/20 with parameter values of v = 1/2, ¢ = 37/100, § = 1.
Closer to the boundary at p = 907/200, the relative error was greater but still acceptable at
~T7x 1075,

The t.e.v.s of the VP for three different values of v and a range of the Robin parameter 0 <
¢ < (ait and are displayed in Figures and Figure shows the t.e.v.s for different inverse
temperatures 3, with fixed v = 1/4 and a range of values of the Robin parameter ¢. It can be
seen that with increasing temperature (decreasing (3) the t.e.v.s increase in magnitude for all Robin
parameters studied. With decreasing temperature (increasing [3), we see that the plots approach
those of the v.e.v.s as was noted for the VP on adS4 [71]. Figure [5.9) shows the t.e.v.s for three
different values of v and fixed inverse temperature 5 = 1. For all p we find that the the t.e.v.s
increase in magnitude with increasing v as was seen in the vacuum case. From the 3D surface plots
in Figures and it can be seen that for fixed v, 8, p, the t.e.v.s increase with increasing ¢
eventually diverging as (. is reached. Furthermore it can be seen that the maximum separation of
the plots for the different Robin parameters is found at the space-time origin. As we approach the
space-time boundary, the t.e.v.s for all Robin boundary conditions (except Dirichlet) approach the
Neumann result as was seen in the vacuum case (Figure[5.7). Similar results were found in [71] for
the massless, conformally coupled scalar field in adS4. Our results therefore support the key finding
in [71] that near the boundary the Neumann v.e.v.s are generic whilst those for Dirichlet boundary
conditions are a special case. This applies to scalar fields with general mass and coupling constant
for all applicable Robin boundary conditions.

§5.3 Vacuum polarisation at the space-time boundary

In Sections we found that the VP with Robin boundary conditions converges to the
Neumann v.e.v. at the space-time boundary for all values of the Robin parameter 0 < ¢ < (uit-
This result was also demonstrated in [71] for a massless, conformally coupled scalar field in four

dimensions. In this section we seek to extend the analysis in [71] to the scalar field with general
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Figure 5.8: Renormalised t.e.v.s of the VP, (@2)2, for v = 1/4 and a selection of values of the inverse
temperature 8: § =1 (top), f = 2 (middle) and 8 = 4 (bottom). On the left are 3D surface plots of (‘iﬂ)g
as a function of p and ¢. On the right is shown (@)2>g as a function of p for a selection of values of the Robin
parameter ¢. The Dirichlet and Neumann plots are shown dotted.
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Figure 5.9: Renormalised t.e.v.s of the VP, <<f>2)g, with 5 =1 and a selection of values of v: v = 1/4 (top),
v = 1/2 (middle) and v = 3/4 (bottom). On the left are 3D surface plots of (®2)§ as a function of p and
¢. On the right is shown <<f>2)g as a function of p for a selection of values of the Robin parameter, (. The
Dirichlet and Neumann plots are shown dotted.
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mass and coupling in adS3.
Consider first the v.e.v.s, with Robin boundary conditions, determined using (5.86[). The first
part of the right hand side of ([5.86]) is the difference between v.e.v.s with Robin and Neumann

boundary conditions applied, which we can express as

(85 - (6 = 2/ ptle) [ A5 ) — A i) o, (589)

where we have used (5.62} [5.65] [5.67). As before, the ¢, N superscripts refer to the Robin and
Neumann boundary conditions respectively. Using ([5.80} [5.81} [5.84} |5.85)), we can express ((5.88)) as

(@25 - (@2 = e > / NG N [P oo, (5.89)

f=—0o0

To analyse the behaviour of this quantity as p — 7/2, it is helpful to use the form for the
radial function py(p). As the space-time boundary is approached, the hypergeometric functions
in tend to unity. Therefore the second term in is dominant, giving the following
leading-order behaviour of :

2 2v
(B8 — (32 ~ _Lv[cos,o cos ¢ Z / NS AN [sin )21 Q? o, (5.90)

l=—00

where Q is given in (4.31)).

The integral over w and sum over £ in cannot be performed analytically. However, whether
or not this quantity is convergent or divergent (and the rate at which it diverges) depends only on
the large |¢|, |w| behaviour. Using the expressions for the normalization constants, and

considering only the dominant behaviour of %CE%]X Q? for large |¢|, |w| gives

1 T@)? [T(1/2 - v/2+ [¢]/2 + iw/2)|*
AT (/2 + vf2 + [)]2 + /) €

NNl @~ s, (5.91)

which is valid only for ¢ > 0, that is for all boundary conditions except Dirichlet. Consider first the
quantity

IT(1/2 = v/2+ [0)/2 +iw/2)|*, |
Z /oo IT(1/2+v/2+ [€]/2 + iw/2)[4 lsin p]"! do. (5.92)

Although we are still unable to perform the sum over ¢ and integral over w in (5.92)) analytically,
from [39, §5.11.12] we have, for large |¢| and |w]|, the following approximation

IT(1/2 = v/2 + |€]/2 + iw/2)|* N 24V
IPA/2+v/2+ [0/2+iw/2)F ([0 + |w]?)>

(5.93)

Using this approximation, the expression

241/

smp
S = Z/ R dw (5.94)
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is amendable to exact evaluation. The integral over w in (5.94)) is convergent for v > 1/4, leading
to

5, = VAL (2v — 1/2) o= [sinp]?  /mI(2v — 1/2), .

20T (2u +1) & (=1 ~ W (2w +1)

(av—1)(5in% p), (5.95)

where Lig,_1[sin? p] is the polylogarithm function [39, §25.12.10]. To find the behaviour of (5.95)
as p — /2, we use the relationship between the polylogarithm and Lerch’s transcendental function

o7 [39, §25.14.1]
Li(4,—1)(sin® p) = (sin® p) @ (sin® p, 4v — 1, 1), (5.96)

together with the result in [76] §64:12.6]:

, @y (sin? p,dv —1,1)
lim
p—7/2 (cos? p)v—2

=T(2 - 4v). (5.97)

However, (5.97)) is only valid for v < 1/2. So, for 1/4 < v < 1/2, we have, as p — 7/2,

S VTl (2v — 1/2)1(2 — 4v)2%
L T(2v +1)

[cos p]® 4. (5.98)

We can recover the dominant behaviour of <<i>2>g— (®2) at the space-time boundary by substituting

4% for the sum and integral (to account for both positive and negative values of w and ¢) in ([5.92)
and subsequently in (5.90), which gives

. . I'(v)?I(2v — 1/2)T'(2 — 4v) cot _
(@ — (8~ e S o 2 (5.99)

which vanishes in the limit p — 7/2 when v > 1/3. Therefore for 1/3 < v < 1/2 we have
<<i>2>8 = (®2)} at the space-time boundary.

For the case of v > 1/2 we note that polylogarithm function in becomes the Riemann
zeta function, as p — /2 [39, §25.12.10], which is itself convergent to a finite value for v > 1/2.
When we then substitute back into we see that the RHS of vanishes owing to the
(cos p)®~2" term. Therefore, from our analysis of the quantity 1, we deduce that (@2)8 = <(i)2>(1)v
at the space-time boundary for v > 1/3, v # 1/2.

While the above discussion is for v.e.v.s for v > 1/3, v # 1/2, similar considerations apply to
t.e.v.s. In that case the integral over w in is replaced by a sum over n (from replacing w by

nk), leading us to consider the quantity

[sin p]?
g = Z Z (2 + n2r2)2 (5.100)

1n1

While the sum is convergent for ¥ > 1/4, it cannot be performed analytically. However, using the

Euler-Maclaurin formula [39 §2.10.1], we have the asymptotic approximation

o0

1 &0 1 1
—_— ~ —————dy + — 5.101
HZ:O (2 + n2R2)2v /0 (2 + y2R2)% + Iz +. ( )
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where ... denotes terms which vanish more rapidly as £ — oo. Therefore the dominant behaviour
in Yg, for large ¢, arises from the integral in (5.101f). Therefore we can write

smp
Yg o~ Z/ ) o dy. (5.102)

We now use the same analysis as that performed for the v.e.v.s to deduce that (<f>2>g = <(i>2>g at

the space-time boundary for v > 1/3.

When v = 1/2 we have the massless, conformally coupled case and our argument follows along
the same line as in [71] and Section on adS4. We first make a conformal transformation to the
ESU (see Section [2.1)). We then consider a region, V, in ESU for p € [0,7/2] (Figure and
apply Robin boundary conditions to the surface at p = 7/2, which is now part of the space-time.

We start with (3.72)), reproduced here for convenience

cot
GJCESU( GESU( ¢

r, ') — r, ') = / GESU(JU y)GESU(y, "ds, (5.103)
7r/2
where Z, /5 is a time-like hypersurface at p = 7/2 (Figure [3.12)). Using the results of [36], we can

express ((5.103]) as an asymptotic expansion to obtain

cot
GV (w,a") — GNPV (w,2) = - LC : GN Y (2, y)GRY (y, 2')dS + ... (5.104)
/2
where +... represents additional integrals over the space-time boundary (see Section .

To find the vacuum Euclidean Green’s function on ESU, with Neumann boundary conditions,
we start with ([5.23)) formulated on Lorentzian space-time and use (5.27)) for the constant C' = iD.

Making a Wick rotation to the Euclidean section gives (for v = 1/2)

NI

2 _
GEOY (z, ") = 8\[ { [cosh AT — cos A sin psin p’ + cos pcos p']
7r

1
+ [cosh AT — cos Af sin psin p' — cos pcos p'] 2 } , (5.105)

which differs from the equivalent expression on adS4 [71] given in (3.76). The difference be-

tween (3.76) and (5.105|) is primarily in the angular separation given by 7 on adS4 (2.23)) and
cos A6 on adS3.
To perform the integral in ([5.104]), which is performed over the space-time point y, we set

p' = m/2 on the boundary to obtain

V2

G (7, p,0;7,7/2,0') = . 5.106
N 07 m/2,0) 4 L+/cosh AT — cos Afsin p ( )
Using (5.104)), and in the limit ' — z, we can now write
t¢ 1
GESU (2, y) — GRSV (2,y) = — == ds. 5.107
¢ (@) N (@) L Jr, 812 L2(cosh A1, — cos A, sin p) ( )
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Here x is a general point in ESU with coordinates (7,p, ) and the integral is performed over
the space-time point y = (1, 7/2,6,) on the time-like hypersurface .7 /o with A7, = 7, — 7 and
A, =6, —6.
The determinant of the induced metric, h, on the surface of integration is L?. Performing the
integral over A6, gives
cot( [ 1
L Jar=—c 477\/cosh2 Ar, —sin?p

GE (x,y) =GRV (,y) = AT, (5.108)

This is divergent for Ar, = 0 as p — /2, but we can perform the integral over A, for 0 < p < 7/2
to give
_cot(¢

GEV () — G () = L K[ tan? g sec (5109)

where K[m] is the complete elliptic integral of the first kind [39, 19.2.8]. It can be seen that
the divergent term in ([5.109) is secp as p — 7/2. However, we now transform back to CadS by

multiplying (5.109)) by cos p to obtain

_ cot(
- 21l

K[—tan?p] +..., (5.110)

where ... denotes terms which vanish as p — /2. In the limit p — 7/2, the elliptic integral
vanishes [39, 19.2.8] and the right hand side of tends to zero. We can therefore conclude
that in the massless conformally coupled case, v = 1/2, we have that <<i>2>8 = (®2)] as we approach
the space-time boundary. The above argument can be extended trivially to the t.e.v.s for the
massless, conformally coupled case.

The above analytic argument is valid only for » > 1/3. However, our numerical results in
Section indicate that (®2)¢ = (®2)V on the space-time boundary for both v.e.v.s and t.e.v.s
and values of v less than or equal to 1/3. However, although we have been unable to show this
analytically, we can provide additional numerical evidence for v.e.v.s (similar results are obtained
for t.e.v.s). Using the form for the radial function p.(p), and applying [39, §15.8.1], we
consider the quantity

0o

Yo = Z /OO dw%% N sinp) I F(b—c+1,a—c+1,a+b—c+1;sin? p))?, (5.111)

PR A
where the parameters a, b and c are given in . The quantity Yo will be multiplied by a factor
[cos p]22” (plus some numerical factors) to give (®2)¢ — ($2)V (see (5-90)). Therefore, if we can
demonstrate that s is finite as the boundary is approached, it must be the case that (®2)¢ — ($2)V
vanishes on the boundary, as required.

For fixed ¢ and p < 7/2, the integral over w in converges very rapidly for large w, as
can be seen in Figure We compute the integral over w numerically for fixed ¢, for |w| < 200.
The integral for larger values of |w| is estimated by fitting a sum of exponentials to the integrand in
the region w € [201, 700] and then integrating the fitting functions. We thereby estimate that the

relative error in truncating the integral at |w| = 200 is of the order of 1076.
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Figure 5.10: The integrand in (5.111)) for p = 997/200, v = 1/8, { = 7/3, w € [201,450] and a
selection of values of /.
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Figure 5.11: Ratio of successive terms in the sum over ¢ in (5.111)) for four different values of v with
p =997/200 and ¢ = 7/3. In each case the integral over w has been performed for |w| < 200.
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We then use the ratio test to show that the sum over ¢ converges. Our results for p = 997/200
and four different values of v are shown in Figure [5.11} We plot the ratio of successive terms in the
sum over £ for £ < 150. For all values of v, the ratio of successive terms in the sum over ¢, as ¢
increases, tends to a limit which is below unity. Our numerical investigations reveal that the limit
is below unity for all 0 < p < 7/2, but that the limit increases towards unity as p — 7/2. This

provides evidence that the sum over ¢ converges to a finite value for 0 < p < /2.
To find (@2)8 — (®2)X at the space-time boundary, we multiply the finite value of ¥ obtained
from (5.111]) by [cos p]?>~2¥, which vanishes as p — 7/2 (there are also some irrelevant numerical

factors). We therefore conclude that <Ci>2>8 = (®2)} as the space-time boundary is approached for
all values of v € (0,1).

§5.4 Conclusions

In this chapter we have determined the v.e.v.s and t.e.v.s of the VP of a real quantum scalar field
with general mass and curvature coupling on a background adS3. We have constructed the vacuum
and thermal Feynman Green’s functions and have used Hadamard renormalisation to compute
the v.e.v.s and t.e.v.s of the scalar field subject to Dirichlet and Neumann boundary conditions
applied at the time-like boundary. We have found that in the vacuum state, both Dirichlet and
Neumann boundary conditions respect the maximal symmetry of the background space-time, whilst
this symmetry is lost with the addition of a nonzero temperature, where the t.e.v.s depend on the
radial coordinate p. As the space-time boundary is approached (p — 7/2), we find that the t.e.v.s
with Dirichlet and Neumann boundary conditions converge towards their respective v.e.v.s for all
values of the inverse temperature .

We have also determined the renormalised v.e.v.s and t.e.v.s of the VP with Robin boundary
conditions applied at the space-time boundary. We studied the scalar field in Euclidean space where
the Green’s functions are unique. We find that both the v.e.v.s and t.e.v.s break the underlying
symmetry of adS3 and have values dependent on the space-time location. The t.e.v.s increase
with increasing temperature (decreasing ). Both v.e.v.s and t.e.v.s increase in magnitude with
increasing v which itself is dependent on the mass and coupling constant .

The key finding from this chapter is that for all Robin parameters (except Dirichlet) both the
v.e.v.s and t.e.v.s converge towards the Neumann result as the space-time boundary is approached,
extending the work in [71I] to the scalar field with general mass and coupling in adS3. This suggests
that the Neumann boundary condition gives the generic behaviour of the scalar field at the space-
time boundary whilst the Dirichlet boundary condition is a special case, even though it is the
most widely studied in the literature. We have supplemented this finding by giving analytical and
numerical arguments as to why the v.e.v.s and t.e.v.s with Robin boundary conditions converge to
the Neumann result at the space-time boundary. In the next chapter we extend the work on the
scalar field with general mass and coupling and determine the RSET on adS3. We will examine
whether the findings in Chapter 3 are applicable to the RSET when the mass and coupling constant
of the field are allowed to vary.

105



Chapter 6

Renormalised stress energy tensor on
adS3

In Chapter 3, we determined the v.e.v.s and t.e.v.s of the RSET of a massless, conformally coupled
scalar field on adS4. It was found that both the v.e.v.s and t.e.v.s of the nonzero components of the
RSET approached the common Dirichlet/Neumann v.e.v. result at the space-time boundary for all
Robin boundary conditions. This is consistent with the findings seen with the vacuum polarisation
(VP) of a massless, conformally coupled scalar field in adS4 [71] and also for a scalar field with
general mass and curvature coupling on adS3 (Chapter 5). In [71] and Chapter 5, the v.e.v.s
and t.e.v.s of the VP converged to the Neumann result at the space-time boundary for all Robin
boundary conditions except Dirichlet which had its own limit.

In this chapter we seek to determine whether the findings in [71] and Chapter 5 for the VP extend
to the RSET of a quantum scalar field with general mass and coupling. We use three dimensional
anti-de Sitter space-time (adS3) as our background as this simplifies the angular component of the
Green’s function and avoids the use of conical (Mehler) functions that were used in [71] and Chapter
3. We consider the coupling constant in the range £ € [—1, 1] as this includes the minimal (£ = 0)
and conformal (§ = 1/8) cases. It will be shown that when the scalar field is no longer massless and
conformally coupled, the v.e.v.s with Dirichlet and Neumann boundary conditions have different
values. Therefore, a natural question to ask is whether the expectation values with Robin boundary
conditions converge towards the Neumann result at the space-time boundary as we saw with the
VP.

In Sections [6.1] and [6.2] we consider the v.e.v.s and t.e.v.s of the RSET with Dirichlet and
Neumann boundary conditions, followed in Sections and by the v.e.v.s and t.e.v.s when

Robin boundary conditions are applied. In the study of the expectation values of the RSET of a
massless, conformally coupled scalar field on adS4 (Chapter 3) we examined the effects on the RSET
of different Robin boundary conditions and temperatures (for the t.e.v.s). Allowing the field mass
and coupling constant to vary means there are additional parameters to consider, namely v, defined
in , the coupling constant ¢ and the mass squared of the scalar field (m?). In addition, for
the t.e.v.s, we consider different values of the inverse temperature, 5. For each expectation value
we plot the components of the RSET as functions of the radial coordinate p, allowing one or two of
the parameters to vary at a time whilst keeping the others fixed at some chosen value.

In Section [6.5] we summarise the key findings in this chapter and in Section we present the
mathematical expressions of the components of the RSET used in the numerical calculations.
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§6.1 Vacuum expectation values with Dirichlet and Neumann boundary conditions

For the Dirichlet and Neumann boundary conditions we remain in Lorentzian space-time with the
metric given by . In the vacuum state, Dirichlet and Neumann boundary conditions respect
the maximal symmetry of the underlying space-time [2, B, [61] (see also Chapters 3, 5) and so we
can express the vacuum Dirichlet and Neumann Green’s functions in terms of s(z,z’) (2.22), the
proper distance between the space-time points x, 2’ connected by a unique geodesic [3]. The vacuum
Green’s functions with Dirichlet and Neumann boundary conditions are given in [5.28).

As the Green’s functions in represent Hadamard states (Section, we can extract
the regular state-dependent component W (x, z'), given in . We follow the approach in Chapter
3 and calculate the RSET using [35],

1 1 1 1
<Tu/\> - m —Wwp + 5(1 - 26)71};#)\ + 5 <2€ - 2) gu/\Dw + ER,LL)\U) (6'1)

where

w(x) = lim W (x,z")

T’/ =z
wyn(z) = lim W, (z,2'). (6.2)

' —x

As we are in three dimensions, there is no v1 term which was needed to compute the RSET in four

dimensions (1.88)).

In the vacuum state, when Dirichlet/Neumann boundary conditions are applied, we can write

W(z,z") — W(s). Using (5.18} [5.28) and (5.12)), we can derive an expression for W(s) to second

order in s, with Dirichlet/Neumann boundary conditions applied. Using the Taylor expansion of
—sinh?(s/2L) we can obtain a second order expansion of the hypergeometric functions in ([5.1§
p.28) as

3 12 (S (1+v)(1-v)s? 3
F (1—|—V,1—1/,2;—smh ()) =1- L2 + O(s?),

1 1 1 .9 S (1/2 +v)(1/2 — v)s? 3
F<2+V,2—1/,2;—smh <2L)> =1- 5[2 + O(s?). (6.3)
Using the expansion of sinh(s/2L)~! and (6.3)), we can now express (5.18} [5.28) as

Gy (s) = A <1 _ 1) =5 + 0(33)> 4 (1 > + 0(34)>

4L 612 4rs \ 242
14 — UV 82
« (1 _ /24 )Q(Llf ) +O(s3)>. (6.4)

Finally, using (1.77)), we can write W (s)” /N to second order in s as

D/N_@

W (s) =73

1 1
{iuLQ + 6(3V2 —1)sL + 6(1/ —v3)s? 4 (’)(33)} ) (6.5)
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with the 4+/— terms corresponding to Neumann/Dirichlet boundary conditions respectively. This
matches the second order expansion of W(s) given in [6I] except for the first order term in s.
However, bearing in mind that the calculation of the RSET involves second order derivatives of
W (s), the O(s) term in (6.5) is not relevant for the calculation of the RSET.

As the w term in (6.1)) is a constant, we can express (6.1]) as

~

(T,) = — W + ER w} . (6.6)

1
wrl

Using (6.5) and (6.6), the v.e.v. of the RSET with the Dirichlet boundary condition is

(T8 = o L3 {v? + (6§ — 1)v} gy, (6.7)

in agreement with the corresponding result in [61]. The v.e.v. with the Neumann boundary condi-
tion is

<TMA>(])V = -

T {1/3 + (6€ — 1)1/} G- (6.8)

Both (T,\)& and (T,)){ depend on the parameter v and the coupling constant £. From
now on we consider the components of the RSET with mixed indices and this will be useful in
Sections and when we study the RSET with Robin boundary conditions using Euclidean
methods. It is noteworthy that for both Dirichlet and Neumann boundary conditions, the v.e.v.s of
the RSET with mixed indices are independent of the space-time location and are the same for all

three components. Using the definition of v (4.16) we can write the v.e.v. as

MND/N m Voox
(T ) 127rL 5#? (6.9)

which is written in a similar format to the corresponding results for the vacuum polarisation ([5.31]
5.32)). As in the four-dimensional case (Section [3.1)), the v.e.v. of the RSET in three-dimensions is

fixed by the trace given by

2
Yo — g (6.10)

TH
< 4L

I

Unlike the case for the VP, we note that (T, :‘>§) /N is zero for m = 0, regardless of the value of
v (or indeed the coupling constant £), whereas the VP is zero for m = 0 only in the conformally
coupled case (£ = 1/8). The finding of a zero v.e.v. of the RSET (6.9), for a massless scalar field
(independent of ) is not seen in adS4 (Chapter 3), where the v.e.v. is nonzero for both Dirichlet
and Neumann boundary conditions for the massless, conformally coupled scalar field as this is fixed

by the trace anomaly (3.20]). Using the definition of v (4.16)), we can rewrite as

(THeN = t15 L\/mQLQ +1- 668 (6.11)
So for <Tlf‘>é)/N to be real, we require
2 ].
> 7566 - 1), (6.12)
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Figure 6.1: 3D surface plot of (T} >0D/ N as a function of m? and ¢, with Dirichlet (left) and Neumann
(right) boundary conditions, using the range of m? € [—1,1].

which corresponds to the Breitenlohner-Freedman bound [19]. As the nonzero components of
(Tlf)é) N are equal, in Figure we plot (T} )OD/ N as a function of m2 and ¢ for values of —1 <
m? < 1. Figure shows how (T} >é) /N depends on m? and ¢ as well as the boundary conditions.
We see that with the Dirichlet boundary condition, (T} )OD/ N increases monotonically with m? for
all . However, when Neumann boundary conditions are applied, we see that (T} >0D N decreases

monotonically with increasing m?. The variation of (T4 )OD/ N with m? is more marked for & <.

§6.2 Thermal expectation values with Dirichlet and Neumann boundary conditions

The thermal Green’s functions, Gl;/ N(l‘,:l?/ ), for inverse temperature [, can be expressed as an

infinite sum involving the vacuum Green’s function Gé)/ N(a:, x') (1.49)) giving

o .
D/N, Z iv 3. . 2(58
Gﬁ (x,l’)— {:l:47r_LF <1+V,1—V,§7—Slnh (i))

j=—o0
i 111 s

— F(s+u5-v—sinh? (2 1

" 8aL sinh (32) <2+’”2 Vg <2L>>} (6.13)

with the +/— signs corresponding to the Dirichlet/Neumann boundary conditions respectively and

where sg given by

cosh (8—6) = M — tan ptan p cos Af. (6.14)

cos p cos p’
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Figure 6.2: Renormalised t.e.v.s of the energy density component of the RSET, —<Ttt>ﬂD/ N with

Dirichlet (left) and Neumann (right) boundary conditions, for a selection of inverse temperatures,
B (8 — oo represents the vacuum state). For both plots v = 3/4 and £ = 1/8.

To determine the t.e.v.s of the RSET we consider first the difference between the thermal and the
vacuum states giving

o .
3
6" o) =G ) = 3 {sgr (1w G (571
Jj=—00,j

i 111 s
—F(s4us-v-sinh? (). (61
" 8aL sinh (32) (2+”’2 Vg <2L)>} (6.15)

Using (6.15]), we calculate W (z, z"), from which we can find the components in the right hand
side of (6.1]) using (6.2)). For the computation of the t.e.v.s of the RSET, we consider (6.1]) with

mixed indices, giving

3 1

<T#>=4\/§W

1 N 1
—w + 51— 26)w; + 3 <2§ - 2) 00w — 2§w52} . (6.16)

The lengthy expressions for the w, wﬁ‘, wf[b\, Ow terms in the right hand side of (6.16]) are displayed in
Section and were computed numerically by performing the sum over j (see below). This method

of constructing the t.e.v.s of the RSET allows us to vary the coupling constant ¢ independently.

As the computed expectation values are the differences between the t.e.v.s and v.e.v.s ((Tlf‘>§/ N

<T[L\>€/ N), to determine the renormalised t.e.v. we simply add the relevant v.e.v. to the result.

For the numerical computations of the components in , it is found that the sum over
j converges very quickly for each term. As a result, the j—sum was limited to [j| < 30. The
relative error using this limit for the j—sum was calculated for the Neumann boundary condition
at two values of the radial coordinate, at p = 307/200 and close to the boundary at p = 947/200.
Representative values of v = 1/4 and 8 = 2 were chosen. For each of the components in , the
relative error of performing the j—sum to 30 compared to 100 was of the order of 102" for both
values of the radial coordinate. It is reasonable to assume that similarly low relative errors would
be obtained for other parameter values and the Dirichlet boundary condition.

110



The results for the energy density component of the t.e.v.s of the RSET for different values
of the inverse temperature 5 and fixed v, £, are shown in Figure for Dirichlet and Neumann
boundary conditions.

It can be seen that for both boundary conditions, the t.e.v.s of the energy density component
of the RSET —(T})s, not surprisingly, increase with decreasing § (increasing temperature). The
maximum difference between the profiles is seen towards the space-time origin (p = 0), whilst for
all 8 and both boundary conditions, the t.e.v.s tend to their respective v.e.v. at the space-time
boundary. However, with the Neumann boundary condition, the plots convergence more slowly
approaching the space-time boundary compared with Dirichlet. The significantly greater magnitude

of —<Ttt>g seen when Neumann boundary conditions are applied (compared to Dirichlet) can be

appreciated by examining the corresponding behaviour of the vacuum polarisation (VP) shown
in Figure It can be seen from Figure that the difference between the VP with Dirichlet
and that with Neumann boundary conditions increases with increasing v, with the VP eventually
diverging for Neumann boundary conditions as v — 1. It is not surprising, therefore, that with a
value of v = 3/4 the energy density component of the RSET with the Neumann boundary condition
is nearly an order of magnitude greater than its Dirichlet counterpart.

Figure shows 3D surface plots of the t.e.v. of the energy density component of the RSET
—(Ttt>§/ N, as a function of the radial coordinate p and the coupling constant £&. A selection of
inverse temperatures is used (6 = 1, 8 = 2, § = 3) and either Dirichlet or Neumann boundary
conditions. Interestingly it can be seen that with either boundary condition and for certain values
of £ < 0, the energy density is negative close to the space-time origin (except for Dirichlet with
f = 3, where it is close to zero) and decreases with increasing temperature (decreasing ). With
values of £ > 0 we see that the energy density is positive near the space-time origin and increases

D/N
(T

with increasing temperature (decreasing ). The dependence of — on the radial coordinate

p is very much dependent on the coupling constant {. With & < —1/2 we see that —(Ttt)g/ N

monotonically increases with increasing p, whilst with £ > 1/2, we find —(T, tt)?/ N

monotonically
decreases with increasing p. This is seen with either boundary condition. However, for all &, we

see that —(T})p converges towards the respective v.e.v. result at the space-time boundary, which
is dependent on the value of £ 1 . The behaviour of —<Ttt>g/ N Wwith other values of v (and
fixed 8 = 1) is shown in Figures

It must be remembered, however, from our definition of v in , that for fixed v varying the
coupling constant & will also change the squared mass of the scalar field. As we have only studied
three values of v = 1/4, 1/2, 3/4, we are unable to study the components of the RSET when we
vary ¢ and m? independently for arbitrary values of these parameters. Instead we approach this
in a different way. Figure shows the relationship between m? and ¢ for various fixed values of
v. Using Figure we can choose fixed values of ¢ € [—1,1] and, for each value of &, find the
three corresponding values of m? which correspond to the three values of v studied in this chapter
(v =1/4,1/2, 3/4). We adopt a similar approach with fixed m? and three values of ¢.

Figure[6.7]shows the energy density component of the RSET as a function of the radial coordinate

p, for a selection of fixed coupling constants ¢ € [—1,1] and different values of m?. It can be seen
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Figure 6.3: 3D surface plots of the energy density component —(T})s of the RSET as functions of
the radial coordinate p and the coupling constant £, for different values of the inverse temperature 3.
The left column has the Dirichlet boundary condition and the right column has Neumann boundary
condition, with 8 =1 (top), f = 2 (middle) and 5 = 3 (bottom). For all plots, v = 1/4.
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that —(Ttt>5D/ N depends significantly on the coupling constant &, and also on whether Dirichlet

or Neumann boundary conditions are used. With Dirichlet boundary conditions, we see that for
values of £ > 0 the energy densities of the scalar field have their maximum at the space-time origin,
following which they decrease monotonically with increasing p, and converge to their corresponding
v.e.v. as the space-time boundary is approached. For £ = —1, and the Dirichlet boundary condition,
the energy densities are negative at the space-time origin, for the three values of m? considered, and

increase to reach a positive maximum at p ~ /3 before converging towards their respective v.e.v.

at the space-time boundary. With £ = —1, we also see that —<Ttt>g increases with increasing m?

as one would expect intuitively. However, a coupling constant of £ > 0 results in the energy density

2

decreasing with increasing m®. This finding was also noted in [94], where the authors studied a

quantum scalar field on a Schwarzschild black hole space-time.

A somewhat different picture is seen when Neumann boundary conditions are applied (right
column of Figure . As with the Dirichlet boundary condition, for £ > 0, the energy density
has its maximum at the space-time origin and decreases monotonically towards its v.e.v. as the
space-time boundary is approached. For £ = —1, the energy densities are entirely negative through-
out the space-time. They have their maximum magnitude at the space-time origin and increase
monotonically towards the space-time boundary. With £ = 0 (minimal coupling), we see that the
energy densities are all positive at the space-time origin but are no longer monotonic functions of
p. With the Neumann boundary condition, the energy density increases with increasing m? for
values of ¢ > 1/8 and decreases with increasing m? for ¢ = —1. Only for the minimally coupled
case, £ = 0, do the two boundary conditions exhibit the same behaviour with the energy density
increasing with decreasing m?. For both boundary conditions, we see the maximum variation in the
t.e.v.s at £ = £1 and at their minimum when & = 0 for Dirichlet (where the plots almost coincide)

and £ = 1/8 for Neumann boundary conditions.

Figure shows —<Ttt>g/ N for a selection of fixed values of m? € [—1/2, 1/2] and different

coupling constants £&. The values of m? used in the plot all satisfy the Breitenlohner-Freedman
bound [19]. The plots with the Dirichlet boundary condition are quite similar for the different
values of m?2. All plots are monotonic functions of the radial coordinate p, except for the plots with

m? = —1/2 and the Neumann boundary condition. Comparing with Figure it would appear

that the different values of the coupling constant have a greater effect on —(T tt>g/ N than m2.

The behaviour of the t.e.v. of the energy density component of the RSET, for fixed v = 1/4 and
a range of different inverse temperatures 5, was shown in Figure We now examine the effects of
different values of the parameter v on the t.e.v.s of all the nonzero components of the RSET
with fixed inverse temperature, 5 = 1. These are displayed in Figures where the three
values of v = 1/4, v = 1/2, and v = 3/4 are used respectively. The behaviour of the t.e.v.s of the

RSET components is similar for the three values of v considered. As with the energy density, the

(T, s >§/ N and (T, 99>§/ N components depend significantly on the radial coordinate p, and the coupling

constant £. For £ < 0, the (Tpp )g/ N and <T99>§/ N components are monotonically decreasing from the

origin towards the space-time boundary. The behaviour of the RSET components is qualitatively
similar for Dirichlet and Neumann boundary conditions. However, the magnitudes of the RSET
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components are greater with the Neumann boundary condition, especially for v = 3/4 where there
is an order of magnitude difference between the respective plots.

For both Dirichlet and Neumann boundary conditions (and the three values of v) it appears
at first glance that the t.e.v.s of the (73)5 and (7%)5 components of the RSET are the same, but
there are in fact subtle differences which can be appreciated when we examine the thermal pressure
deviator Ilg, in much the same way as we did for the RSET in adS4 (Chapter 3). = The pressure

deviator Ilg, represents the difference between the (T7) 5 and (T, )5 components of the RSET, and
is a measure of the difference between the quantum state and its classical counterpart [4]. For a

classical gas of particles, IIg = 0. In three dimensions we can write the Landau decomposition [66]
of the SET as

(T¥)s = Diag{ — By, Ps+115,Ps — Hﬁ}, (6.17)

where Ejg is the energy density, Pg the pressure and Ilg is the shear stress or pressure deviator.
Figure shows the thermal pressure deviators plotted as a function of the radial coordinate p for
different values of the coupling constant &, with Dirichlet or Neumann boundary conditions applied.
As the (T} >§/ N component of the RSET is greater than the (T} >§/ N component, in Figure
we plot —HBD/ N For both boundary conditions and all values of v and &, we find that —HBD/ Nis
zero at the space-time origin and attains its maximum magnitude between the space-time origin
and the boundary. As the space-time boundary is approached, however, the difference between the

two boundary conditions is noticeable. For the Dirichlet boundary condition, —Hg converges to
zero as the space-time boundary is reached (as was seen in the massless, conformally coupled case

in Chapter 3, Figure . For the Neumann boundary condition, —Hé\f converges more slowly

as we approach the space-time boundary, for all £&. The convergence of —H]ﬁv occurs more slowly

with increasing v. However, it is notable that for both boundary conditions, —Hg/ N attains its

minimum magnitude (for all p) when conformal coupling (¢ = 1/8), rather than minimal coupling
(£ = 0) is employed, suggesting that in this case, the quantum scalar field most closely resembles its
classical counterpart. This is in keeping with the findings of [4] where the authors studied massless,
quantum scalar and fermionic fields with minimal (¢ = 0) and conformal (§ = 1/6) coupling on
adS4. They found that the pressure deviators for the scalar field with conformal coupling was an
order of magnitude smaller than the minimally coupled case.

§6.3 Vacuum expectation values with Robin boundary conditions

To determine the RSET with Robin boundary conditions we employ Fuclidean methods as in
Chapters 3, 5 and [71], by performing a Wick rotation of the time coordinate . Moving to
Euclidean space-time has the advantage that the Green’s function is unique without the need for
an ‘te’ prescription. The vacuum and thermal Euclidean Green’s functions in adS3 with Dirichlet,
Neumann and Robin boundary conditions were determined in Chapter 5. As discussed in Section[4.5]
when using Robin boundary conditions, we only consider values of the Robin parameter ¢ below
a critical value (.t ie 0 < ¢ < (uit- The value of (et is dependent on the value of the
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Figure 6.4: 3D surface plots of the t.e.v.s of the nonzero components of the RSET, as functions of
the radial coordinate p and the coupling constant £. The left column shows Dirichlet and the right
column Neumann boundary conditions. For all plots, v = 1/4 and g = 1.
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Figure 6.5: 3D surface plots of the t.e.v.s of the nonzero components of the RSET as functions of
the radial coordinate p and the coupling constant £&. The left column shows Dirichlet and the right
column Neumann boundary conditions. For all plots, » = 1/2 and g = 1.
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Figure 6.6: 3D surface plots of the t.e.v.s of the nonzero components of the RSET as functions of
the radial coordinate p and the coupling constant £. The left column shows Dirichlet and the right
column Neumann boundary conditions. For all plots, v = 3/4 and 8 = 1.

117



=1

Al D
'<T1>/3
1.0F
— m*=81/16
— m*=84/16
— m*=89/16
£=1/8
Al D
_(Tr )ﬁ
0.3}
— m?=-3/16
[
02k m“=0
— m?=5/16
01}
T n P
6 3
§=0
AlLD
_(Tl)ﬁ
0.30}:
0.25}
2—_
o020k — m?=-15/16
— m?=-12/16
0.5
— m?=-7/16
0.10}
0.05F
I v P
0 6 3
§=-1
Al D
_(Tz )/3
01f
- ﬁ — m?=-111/16
i T b
3 — m’=-108/16
-0.1F
— m?=-103/16
-0.2F
-0.3f
-0.4F

=1

0.2

0.1F

o | 3+

w | 3+

&=1/8

0.20
0.15
0.10
0.05

I
6

w | g+

-0.05
-0.10F
t §=_
AN
_<Tx )5
™ o p
-05F s 3

Figure 6.7: Renormalised t.e.v.s of —(Ttt)g/ N as a function of p, with different values of m? and fixed
coupling constant, £&. Left column shows Dirichlet and right column Neumann boundary conditions.
For all plots g = 1.

118



m2 =
1 /
2 _ ALN
m _5 _(Tl)ﬁ
Al D
<7
(T)s o6k
0.4 0.5F
— £=23/96 04l
0.3} —— £=20/96
— £=15/96 0.3f
0.2} 02k
01r 01F
‘ ‘ : : P
i I p 0 r I
6 3 6 3
m?=0
ALN
_(Tx)ﬁ
0.4
— §=15/96 0.3f
—— £=12/96
— =719 021
01F
- - 0 I I p
0 B 3 6 3
N
2 me=——
AL D 2
_(Tt)ﬁ AL N
_(T:)B
0.3F
— £=7/96
—— £=4/96 0.2F
— £=-1/96
01k
G S ——— P
‘ a 6 3
0 T 7 P -0.1
6 3

Figure 6.8: Renormalised t.e.v.s of the energy density component of the RSET, —(Tf)g/ N with

Dirichlet (left) and Neumann (right) boundary conditions, for different values of the coupling con-
stant, ¢ and fixed m?. For all plots 3 = 1.

119



v=1/4 v=1/4

D -ny
-1y s
0.04] =8k 005
e £=-2/5 !
0.02f
—— =I5
000~ 2=t p| - £0 0.00 0
- == &8
-0.02f ¢
& 0.05
-0.04¢ — =35 '
-0.06]
-0.10
v=1/2 . v=1/2
_ng Mg
— =305
0.02} - =25 0.05
——— =I5
00 ~F=r 3= —f === p| ------ §=0 0.00 P
- == &8
-0.02}
— §=2/5 -0.05
-0.04] — 35
-0.10
-0.06+
v=3/4 v=3/4
-ne -ny
s
—_— §=-3/5
¢ 0.10
0.02+ — £=-2/5
— 5 0.05
000 — 00 = g
&0 0.00 o
- - = &8
-0.02} — =25 -0.05
e -0.10
~0.04}
-0.15

Figure 6.9: Negative thermal pressure deviators —Hg/ N as functions of the radial coordinate 0,
for different values of v and £ with Dirichlet (left) and Neumann (right) boundary conditions. For
all plots, 8 = 1.

120



parameter v defined in (4.16)). For the different values of v used in this thesis we have (Figure

0.64m for v=1/4,
Cerit ~ § 0.57m for v=1/2, (6.18)
0.527 for v =3/4.

To determine the renormalised v.e.v.s of the RSET with Robin boundary conditions, we adopt
the same procedure used for the VP (Chapter 5) and in Sections and consider the differ-
ence between the v.e.v. with Robin boundary conditions and the already renormalised Neumann
V.e.v. . Following this we simply add the renormalised Neumann v.e.v. to the result. So, for

the v.e.v. we start with the difference between the Robin and Neumann vacuum Green’s functions

(5.56] [5.84] [5.85))

o0

1 oo .
G5 (w0') = GY"n) = 3 [ e 30 ko) - ilp )] (69
- {=—00

We follow the same approach outlined in Section and compute the components of using
as W(xz,x2'). The lengthy expressions of the terms in are displayed in Section and
are computed numerically using MATHEMATICA. As in the case of the RSET on adS4 (Chapter 3)
the /—sum and w—integration in is performed to 100.

Figure[6.10|shows the v.e.v.s of the energy density component of the RSET with Robin boundary
conditions for the different values of v studied and fixed £ = 1/8. Unlike the case with Dirichlet and
Neumann boundary conditions , when Robin boundary conditions are applied, the underlying
space-time symmetry is broken. The v.e.v.s are no longer constant but depend on the radial coordi-
nate p. The value of v = 1/2 corresponds to the massless, conformally coupled scalar field and the
profiles seen are comparable to those in the adS4 case (Figure , with the energy density being
positive throughout the space-time for all Robin parameters studied ({ < (uit). For v = 1/4 and

v = 3/4 there are values of the Robin parameter ¢ for which the energy density is negative for at

least some values of p. However, for all values of v, we find that —(Tf )g appears to converge towards
the Neumann result at the space-time boundary for all Robin parameters studied (except Dirichlet).
This convergence is seen more clearly in the massless, conformally coupled case (v = 1/2) where

—(TT )6 with Dirichlet and Neumann boundary conditions are both zero. Similar profiles are seen

for the <T[,’ )8 and <T99 >8 components, Figures and where again the components converge

towards the Neumann result as the space-time boundary is approached, except Dirichlet which has
its own limit. The dependence of the RSET components on the radial coordinate p also depends
nontrivially on the Robin boundary condition as well as the value of v. This is more easily appreci-
ated in the 3D surface plots in the right column of Figures In the massless, conformally
coupled case (v = 1/2, £ = 1/8) each RSET component has a similar profile, attaining its maximum
at the space-time origin and monotonically decreasing with increasing p before converging to the

common (zero) Dirichlet/Neumann v.e.v. at the space-time boundary. For the other values of v, we

see different behaviours for the three components of the RSET. For v = 1/4, we find that — (77 >8

is either a monotonically increasing (for ¢ > 7/2) or monotonically decreasing (¢ < m/2) function

of p, whilst the opposite is seen for <Tﬁ)8 and <’f’g>6. For v = 3/4, we find that —<TTT>8 is either a
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monotonically decreasing (for { > 7/2) or monotonically increasing (¢ < m/2) function of p, whilst
again the opposite is seen for (77 >8 and (T >8

The profiles of the RSET components as functions of the Robin parameter { also depend on the
value of v. For v = 1/2, similar profiles are seen in the massless, conformally coupled case. The
RSET components increase with increasing ¢ and attain a maximum at some value of ¢ € (0,7/2)
before decreasing to zero again at ( = 7/2. Following this the RSET components steadily increase
with increasing ¢ and diverge as ( — (uit. For the other values of v, the v.e.v.s with Dirichlet
and Neumann boundary conditions are no longer the same and as a result we see that the RSET
components are either monotonically increasing or decreasing functions of ¢ and also diverge as

¢ = Cerit-

When we consider the massless, conformally coupled case (v = 1/2, £ = 1/8), there is a notable
difference between the (7% >8 and (T, Y >8 plots seen in adS3 (F igures and, and those seen in
adS4 (Figure. In Figures and the <Tpp>8 and <T09>8 components, for v =1/2, £ = 1/8,
are entirely positive throughout the space-time, converging to the common zero v.e.v. as the space-
time boundary is approached. In contrast, the corresponding plot in adS4 (Figure shows that

the (77 )g and (Tg )g components are entirely negative throughout the space-time and converge
towards the negative common v.e.v. at the space-time boundary. The reason for this difference in
behaviour of the (77 )g and (T} )8 components is likely due to the different values of the v.e.v.s in
adS3 and adS4, as the 3D surface plots are similar in appearance in each case.

The (negative) pressure deviators for the v.e.v.s of the RSET are shown in Figure with
the same parameter values used in Figures and The magnitudes of —Hg are very small
especially for v = 1/4, 1/2 where they are ~ O(107%). This is likely to be a reflection of using
conformal coupling, (£ = 1/8) where —Hg is at its minimum for Dirichlet and Neumann boundary
conditions (Figure . There are significant differences in the pressure deviators when different

values of v are used. For each v, we see that —Hg is zero at the space-time origin and reaches its
maximum magnitude between the origin and space-time boundary (left hand plots). However, it is
at the space-time boundary where the differences between the different values of v are more evident.
For v = 1/2, it can be seen that —Hg tends to zero at the space-time boundary consistent with
the massless, conformally coupled field on adS4 (Figure . However, for the case of v = 1/4 and
v = 3/4, the pressure deviators converge more slowly as they approach the space-time boundary,
and still show considerable separation between the different Robin parameters studied as the space-
time boundary is approached. For ¢ = 0,7/2 (Dirichlet and Neumann boundary conditions), we
note that —Hg =0 (see and preceding discussion). For a given value of p > 0, the profiles of
—Hg with increasing ¢ are best appreciated from the 3D surface plots (right column of Figure

and are strikingly different for the different values of v studied. For v = 1/2, we see that —Hg
increases with (, attains a maximum at some value of p € (0,7/2) before decreasing back to zero
for ¢ = m/2. Subsequently, —Hg diverges as ¢ — (uit- For v = 1/4, we can see that —Hg increases
with increasing (, attains a maximum at some ¢ € (0,7/2) and then diverges in a negative direction

as ¢ — (erit- The opposite picture is seen with v = 3/4.
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We now study the behaviour of the components of the RSET when we vary the coupling constant
&, for a range of values of v and ¢ (Figures |6.14H6.19)). Figure shows the v.e.v.s of the RSET
components as functions of the radial coordinate p with different values of the coupling constant
¢ and fixed Robin parameter ¢ = 37/10. The plot shows the results with v = 1/4 and v = 3/4.
The behaviour of the v.e.v.s with respect to £ depends significantly on the value of the parameter
v. For v = 1/4, the profiles for the energy density component —(TTT )g show a wide variation at
the space-time origin for the different values of £ considered and converge to a common near-zero
value for some p € (/3,7/2). Following this the different — (777 )8 diverge again as the space-time
boundary is approached. The finding of a common cross-over point of the energy density component
of the RSET with different values of ¢ is also seen in [94], where the authors studied a quantum
scalar field on a Schwarzschild black hole space-time. Interestingly in [94], it can be seen that (77)
profiles with different £ diverge away from each other after the common cross-over point (much like
the case in Figure but following this the <T7T ) profiles converge to a common non-zero value
further away from the black hole.

It can also be seen in Figure [6.14] that for £ < 0 the energy density is positive at the space-time
origin and becomes negative after the common cross-over point, whilst the opposite is seen for £ > 0.

The common cross-over point for —<TTT >6 is pushed further towards the space-time boundary when
we increase the value of v to 3/4. A similar picture is seen with the (77 )8 and (7, Y )g components

but the cross-over point is further towards the space-time boundary for (7} >8 compared to (Tg >8

When we consider v = 3/4, we see that the cross-over point is seemingly pushed ‘beyond’ the

space-time boundary and is therefore not evident, resulting in profiles of (7 >8 and (Tg )g that are

almost parallel throughout the space-time.
Figure focuses further on the effects of the coupling constant & on the energy density

component —(T T )8 with different values of v and fixed (. We can see that increasing v not only

pushes the common cross-over point further towards the space-time boundary but also increases

the magnitude of —<TTT )8, as evidenced by the increase in scale on the vertical axis. Of interest is
the finding that before the cross-over point, increasing the coupling constant £ results in a decrease
in the energy density. This seems perhaps somewhat counter-intuitive, as increasing £ with fixed v
results in an increase in the square of the mass (m?) from . However, beyond the cross-over

point, the opposite is seen with the energy density increasing with increasing ¢ and therefore m?.

Figure shows the (negative) pressure deviators corresponding to Figure with different
values of £, fixed ¢ = 37/10 and two values of v. The pressure deviators show significant differences
between the different values of £&. For these parameter values, the pressure deviators are all zero close
to the space-time origin and attain their maximum magnitude just before the space-time boundary
is reached. Following this they appear to start to converge towards each other but still demonstrate
wide separation, near the space-time boundary, with the different values of the coupling constant.
The 3D surface plots in Figure show that —Hg is a monotonically decreasing function of &, for

fixed p > 0, and this is more evident as we move towards the space-time boundary.

The finding of a common cross-over point in the values of the RSET components with different
values of the coupling constant &, in Figures [6.14] and is very much dependent on the chosen
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Figure 6.14: Renormalised v.e.v.s of the different components of the RSET for a selection of coupling
constants £. In left column v = 1/4 and in the right column v = 3/4. For all plots, ( = 37/10.
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plots of —(T;)g as functions of p and £. For all plots v = 1/4.
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value of the Robin parameter . This is demonstrated in Figure which shows —(Tf}é with
different values of £ and ( for fixed v = 1/4. We see that with ( = 7/10, a cross-over point is not
evident, although the plots appear to be converging towards each other as the space-time boundary
is approached. With increasing v, the cross-over point appears to be moving progressively towards
the space-time origin such that with ¢ = 47/10, the cross-over point is seemingly at or ‘beyond’
the space-time origin and the energy density increases with increasing £ throughout the space-time.
The behaviour of —(T ;)8 with different values of the Robin parameter ( is perhaps more evident in

the 3D surface plots in Figure With ¢ = 7/10, we see that —(T;)g is monotonically decreasing
with increasing ¢ for all p € (0,7/2). With ¢ = 37/10, we see that —(T. f)g monotonically decreases
with increasing £ before the cross-over point beyond which it monotonically increases with increasing
€. For ¢ = 47/10 and ¢ = 37/5, we see that —(T; TT>6 is now a monotonically increasing function
of ¢ for all p € (0,7/2). For ( = 47/10, the rate of increase is maximum towards the space-time
boundary, whilst for ¢ = 37/5, the rate of increase is maximum towards the origin.
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Figure 6.18: Renormalised v.e.v.s of the (T )8 component of the RSET with different values of the
coupling constant £ and Robin parameter (. Top left ( = 7/10, top right ¢ = 37 /10, bottom left
¢ = 47 /10 and bottom right ¢ = 67/10. For all plots v = 1/4.

Figure shows the (17 >8 component of the RSET with different values of the coupling con-
stant £ and Robin parameter (. The behaviour of (Tpp )8 with respect to & differs from that seen in

Figure for the energy density component. With ¢ = 7/10, we can see that (7, e )8 monotoni-

cally increases with increasing ¢ throughout the space-time, whilst for ¢ = 37/5, it monotonically
decreases with increasing . The plot for the <T99>8 component is similar to that of (’fpp >8 and is

not displayed. Instead we show the (negative) pressure deviator, —Hg in Figure with the same
parameters used in Figures [6.18 Figure shows that the Robin parameter ¢ has a noticeable
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Figure 6.19: Negative vacuum pressure deviators, —Hg, with different values of the coupling constant
¢ and Robin parameter (. Top left ( = 7/10, top right ¢ = 37/10, bottom left ( = 47/10 and
bottom right ( = 37 /5. For all plots v = 1/4.

effect on the pressure deviator. With these parameters, —Hg is zero at the space-time origin follow-
ing which it increases in magnitude steadily towards the space-time boundary. For ¢ = 7/10, the
pressure deviators increase in magnitude with increasing p and the plots continue to move apart as
the space-time boundary is approached. With larger values of (, the plots attain their maximum
magnitude at some value of p € (n/3,7/2) following which they appear to slowly move towards
each other, more so with ¢ = 67/10.

Having examined the v.e.v.s of the RSET with Robin boundary conditions, we now turn our
attention to the t.e.v.s using a selection of values of the inverse temperature (.

§6.4 Thermal expectation values with Robin boundary conditions

To determine the t.e.v.s of the RSET with Robin boundary conditions, we again consider the
difference between the t.e.v.s with Robin and Neumann boundary conditions and then add the
renormalised t.e.v. with the Neumann boundary condition. So for the t.e.v. we start with the
difference between the Robin and Neumann thermal Green’s functions

oo o
, ]\[7 K . .
G (@a) — G @) = 5 D DD e gl (0. 0) = gnile. )] (6:20)
n=—00 f=—00
We follow the same approach outlined in Section and use (6.20) as W(x,2’). The lengthy
expressions of the terms in (6.16)) are displayed in Section and are computed numerically using

MATHEMATICA. In order to make the numerical computations tractable, the /{— and n— sums in
(6.16) are performed to 50 and 20 respectively and with this the relative error for the individual
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components of the RSET range between ~ 10~° and ~ 1077 compared to if the /— and n—sums
were performed to 150 each. This relative error was found for representative parameter values of
¢ =7/10, v =1/2, B =1 and near the space-time boundary at p = 947/200. Whilst these relative
errors are acceptable, it is likely that they represent an upper limit as it was noted in Section [3.4]
that the relative errors incurred in curtailing summations were in fact better further away from the

space-time boundary.

Figure|6.20[shows the renormalised t.e.v.s of the energy density component of the RSET —<Zf’ T >%

with different Robin boundary conditions, three different values of v (v = 1/4, v = 1/2 and
v =3/4), fixed £ =1/8 and § = 1. The value of § = 1 is the highest temperature studied in this
chapter and, as discussed in Section [3.9] is based on setting the radius of curvature of adS, L, to unity

and is thus in units of L. It can be seen that for these parameter values, —(TTT )g is a monotonically

decreasing function of p. We also see that —(T T )g is monotonically increasing with increasing (,

eventually diverging as we approach (.t (see Section . This is more easily appreciated in the
3D surface plots in the right column of Figure It should be remembered that the value of
Cerit depends on the value of v (see Section . It can also be seen that for v = 1/4 and v = 1/2,

the plots of —<Zf’ T >g, with the different Robin boundary conditions, are quite close together, more

so with v = 1/4. All plots (except Dirichlet, { = 0) converge towards the Neumann v.e.v. at the
space-time boundary. In the case of v = 1/2, £ = 1/8 (massless, conformally coupled), both the
Neumann and Dirichlet v.e.v. are equal to zero. For v = 3/4, the plots are more widely separated
but still appear to be converging to the Neumann v.e.v. at the space-time boundary albeit more
slowly than with v = 1/4, 1/2.

Figure [6.21| shows the (T[,’ )% component of the RSET using the same parameters used in Fig-

ure As with —(T7 )g, the (T )g component is also a monotonically decreasing function of

p, except for v = 3/4. Also, with v = 3/4, the (T} )g component monotonically decreases with
increasing ¢ eventually diverging in the negative direction as ( — (uit. The opposite behaviour is
seen for v = 1/4 and v = 1/2 where (T} >% monotonically increases with increasing (. Furthermore,

for v = 1/4 and v = 1/2, the plots for different Robin boundary conditions converge towards the
Neumann result at the space-time boundary (except for Dirichlet, ( = 0). For v = 3/4, there is
quite wide separation between the plots and this persists as the space-time boundary is approached.
However, it appears that, for ¢ > 0, the plots are starting to converge towards the Neumann result
as the space-time boundary is approached, albeit quite slowly.

The <T99 >,§5 component of the RSET exhibits qualitatively similar behaviour to the (775 )g compo-

nent and is therefore not shown. Instead we plot the (negative) pressure deviators using the same

parameter values used in Figure [6.21], and this is displayed in Figure [6.22] For all values of v, we

see that —H% is zero at the space-time origin. For v = 1/2 and £ = 1/8, representing the massless,

conformally coupled case, we see a similar picture to that seen in adS4 (Figure [3.11]), where —H%

attains its maximum magnitude for some p € (0,7/2), before converging to zero at the space-time
boundary. With v = 3/4, the plots also attain a maximum magnitude at some p € (0,7/2) but
the subsequent convergence occurs more slowly so the plots are still widely separated close to the
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Figure 6.20: Renormalised t.e.v.s of the energy density component of the RSET —(TTT >g with Robin

boundary conditions. The left column shows —(T T >é for a selection of Robin parameters (. For
v = 3/4, the values of ¢ have been chosen to produce profiles that are clearly separated. The right
column shows the 3D surface plots of —(TTT )g as functions of the radial coordinate p and Robin

parameter (. Top v = 1/4, middle v = 1/2 and bottom v = 3/4. For all plots, £ = 1/8 and = 1.
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Figure 6.21: Renormalised t.e.v.s of the (77 >g component of the RSET with Robin boundary
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column shows (T} >[<3 as a function of the radial coordinate p for a selection of Robin parameters (.

The right column shows the 3D surface plots of (T ” >,§5 as functions of p and ¢. For all plots, £ = 1/8
and 8 = 1.
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space-time boundary. For both v = 1/2 and v = 3/4, we see that —Hg is positive throughout the
space-time, for all ¢ considered, except for the Dirichlet boundary condition (¢ = 0). The behaviour

of —Hg with v = 1/4, however, shows marked differences compared to the other values of v. Whilst

—Hg is zero at the space-time origin, most of the plots are negative throughout the space-time,
achieving their respective minima at different values of p € (0,7/2). Furthermore, away from the
space-time origin, we see that —Hg is monotonically increasing with increasing ¢, for v = 1/2 and
v = 3/4. This can be better appreciated in the 3D surface plots. For v = 1/4, it can be seen that
—Hg is no longer a monotonic function of {. It increases with increasing ¢ up to ¢ ~ 7 /2 following
which it decreases with increasing (.

Figure [6.23] demonstrates the effects of temperature on the t.e.v.s of the energy density compo-
nent of the RSET with Robin boundary conditions. Not surprisingly, the energy density increases
in magnitude with increasing temperature (decreasing ). For each value of § studied, the plots for
v = 1/4 are less spread out than for v = 3/4. Also with v = 1/4, the plots become closer together
with increasing temperature in much the same way as was seen in the massless, conformally coupled
case on adS4 (Figure . However, with § > 3/2 we see there is a cross-over of the plots located
between p = 7/6 and p = 7/3. The cross-over does not appear to occur at a single space-time
position as in Figure but is spread out with different plots crossing at different places. This
cross-over is not seen with the larger v = 3/4, where the separation between the plots is generally
wider compared to v = 1/4 for all values of 5 studied. As with v = 1/4, the plots with v = 3/4

come together more with increasing temperature, suggesting that the effects of the Robin boundary
conditions are ‘washed out’ with increasing temperature.

Figure [6.24] shows the (T e >g component of the RSET for the same parameter values as in

Figure [6.23] Unlike the energy density, there is no cross-over of the plots for any temperature
studied. For both values of v, the Dirichlet and Neumann plots (dotted) converge towards their
respective (different) v.e.v. at the space-time boundary. The difference between the Dirichlet
and Neumann plots at the boundary is more difficult to appreciate with v = 1/4 and increasing
temperature due to the changing scales involved. The plots for the different Robin boundary

conditions are closer together with v = 1/4 compared to v = 3/4, with the separation between the
plots decreasing with increasing temperature for both values of v. With v = 1/4, we find that <Tpp >%
is a monotonically decreasing function of p, whilst this is not the case for v = 3/4. For v = 1/4 and

all temperatures it appears that both — (7’ TT>§; and (T)f >% converge towards the Neumann result at
the space-time boundary. Similar findings are also suggestive for —(T;Ug with v = 3/4. However,

for <Tpp )g and v = 3/4, convergence at the space-time boundary is less clear owing to the wider

separation of the plots. All plots are closer to the Neumann result at the space-time boundary than
at the origin and if we were able to perform the numerical computations closer to the space-time
boundary, convergence to the Neumann result may be more evident.

Figure shows the (negative) pressure deviators corresponding to Figure to highlight the
difference between the <Tpp)g and <T99)/<3 components of the RSET. For both v = 1/4 and v = 3/4,

the pressure deviators are zero at the space-time origin and attain their maximum magnitude
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Figure 6.22: Negative thermal pressure deviators —Hg with Robin boundary conditions and different

values of v; top v = 1/4, middle v = 1/2 and bottom v = 3/4. The left column shows —Hg as a
function of the radial coordinate p, for a selection of Robin parameters (. The right column shows
the 3D surface plots of —Hg as functions of p and ¢. For all plots, { =1/8 and 5 = 1.
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Figure 6.23: Renormalised t.e.v.s of the energy density component of the RSET, —<TTT>/%, with

Robin boundary conditions and different inverse temperatures 5. Plots show —(Tf}g as a function
of the radial coordinate p for a selection of Robin parameters (. In the left column we have v = 1/4
and the right column v = 3/4. For each column, top row 8 = 1, second row § = 3/2, third row
B = 2 and bottom row 5 = 3. For all plots, £ = 1/8.
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Figure 6.24: Renormalised t.e.v.s of the (7] s )% component of the RSET, with Robin boundary

conditions and different inverse temperatures 3. The plots show <Tpp >% as a function of the radial
coordinate p, for a selection of Robin parameters (. For the left column we have v = 1/4 and for
the right column v = 3/4. For each column, top row 8 = 1, second row 8 = 3/2, third row § = 2
and bottom row § = 3. For all plots { = 1/8.
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between the origin and space-time boundary. The value of this magnitude increases with increasing
temperature (decreasing ). For v = 1/4 we see that —Hg is negative for all ¢ and B except for

¢ ~ /2, 8 =1 where the plots become positive for p ~ 7/6. For v = 3/4, the plots are mostly
positive for the different Robin boundary conditions, especially with increasing temperature, except
for Dirichlet (¢ = 0) which remains entirely negative for all § studied. As the space-time boundary
is approached, there remains quite wide separation between the different values of —HC, especially
for v = 3/4, and this seems to be independent of the temperature. Overall it can be seen that the
magnitudes of the pressure deviators in Figureare small, ~ O(107%) for v = 1/4 and ~ O(1073)
for v = 3/4 with § = 3, increasing approximately three-fold as we increase the temperature to 5 = 1.

Figures [6.26] [6.27] and [6.28] show the effects of different coupling constants & on the energy

density component of the RSET — (T’ TT>f3 for the different values of v studied, namely v = 1/4

(Figure [6.26), v = 1/2 (Figure [6.27) and v = 3/4 (Figure [6.28)). It can be seen that for each value
of v, the plots are situated closest together for the conformally coupled case (§ = 1/8) and become

increasingly spread out as the coupling constant decreases. This is exaggerated for higher values
of v. It can also be seen that when £ decreases, the energy density becomes progressively more

negative. Indeed, for £ = —1/2, the energy density is negative throughout space-time for almost all
Robin parameters. We also see that for each value of v, the —(TJ)% profiles are monotonic functions
of p for £ =1/8 and £ = —1/2 but not for the minimally coupled case (¢ = 0). Furthermore, we see
that with conformal coupling, & = 1/8, the —(Tf)g profiles increase with increasing ¢ eventually
diverging as ¢ approaches the relevant (.. This is more easily seen with the 3D plots. With £ =0
and £ = —1/2, the profiles of —<TTT>% become progressively negative with increasing ¢ and also
diverge as ¢ — (erit-

Figure shows the (7,7 )g, component of the RSET, as a function of the radial coordinate p,
with different Robin parameters ¢ and a choice of coupling constants &, with v = 1/4 and v = 3/4.
It can be seen that for both values of v, the plots are closest together for the conformally coupled
case (£ = 1/8) and spread out more with decreasing £. This is more prominent for v = 3/4. In

contrast to the plots of the energy density, with v = 1/4 (Figure , the (Tpp >§3 component of

the RSET is a monotonically decreasing function of p for all values of ¢ considered, including & = 0

(minimal coupling). Furthermore, from Figure [6.29, we sce that for v = 3/4, the (T >§3 plots are

monotonic functions of p for £ = 0 and £ = —1/2 but not £ = 1/8, in contrast to that seen for the
energy density (Figures 6.28]).
The plots of the (T99>g component of the RSET are qualitatively similar to those of the (T} >g

component in Figure and are therefore not shown. Instead we plot the (negative) pressure
deviators in Figure for the same parameter values as in Figure [6.29, For both values of v
and all coupling constants, the pressure deviators are zero at the space-time origin and achieve
their maximum magnitude for some p € (0,7/2). Following this the plots converge towards each

other although there is still noticeable separation between the plots at the space-time boundary,
especially for v = 3/4. For all plots, —Hg, is negative throughout most of the space-time apart
from v = 3/4, £ = 1/8 where the profiles are positive, except for ( = 0 (Dirichlet) which is entirely
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Figure 6.25: Negative thermal pressure deviators —Hg with Robin boundary conditions and different

inverse temperatures 8. The plots show —Hg as a function of the radial coordinate p, for a selection
of Robin parameters (. For the left column we have v = 1/4 and for the right column v = 3/4. For
each column, top row 8 = 1, second row § = 3/2, third row S = 2 and bottom row 5 = 3. For all
plots £ = 1/8.
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Figure 6.26: Renormalised t.e.v.s of the energy density component of the RSET —<T7)g, with

Robin boundary conditions and different coupling constants £. The left column shows —<T[)g as a
function of the radial coordinate p for a range of Robin parameters (. The right column shows 3D

~

surface plots of —(T. T>g as functions of p and ¢. Top row & = 1/8, middle row £ = 0 and bottom

T

row £ = —1/2. For all plots, v = 1/4, 5 = 1.
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Figure 6.27: Renormalised t.e.v.s of the energy density component of the RSET —<TTT)§3, with

Robin boundary conditions and different coupling constants £. The left column shows —<TTT)% as a
function of the radial coordinate p for a range of Robin parameters (. The right column shows 3D
surface plots of —(T TT>é as functions of p and ¢. Top row & = 1/8, middle row £ = 0 and bottom
row £ = —1/2. For all plots, v =1/2, § = 1.
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Figure 6.28: Renormalised t.e.v.s of the energy density component of the RSET —( ATT)/%, with
Robin boundary conditions and different coupling constants £. The left column shows —<TTT)2 as a
function of the radial coordinate p for a range of Robin parameters (. The right column shows 3D
surface plots of —(TTT>§3 as functions of p and (. Top row & = 1/8, middle row £ = 0 and bottom

row £ = —1/2. For all plots, v = 3/4, 8 = 1.
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Figure 6.29: Renormalised t.e.v.s of the (Tpp >g component of the RSET with Robin boundary

conditions and different coupling constants £. Plots show (Tpp >E3 as a function of the radial coordinate
p for a selection of Robin parameters (. Top row & = 1/8, middle row £ = 0 and bottom row
¢ = —1/2. In the left column v = 1/4 and in the right column v = 3/4. For all plots, 8 = 1.
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negative, and ¢ = 7/20 where the profile dips just below the p-axis in a region around p = 7 /6.
However, the most significant feature is the scale of the plots. For conformal coupling (£ = 1/8),
the pressure deviators are O(1073) in magnitude for v = 1/4 and O(1072) for v = 3/4. However,
for v = 1/4, there is ~ 102—fold increase in the magnitudes of —Hg with £ = —1/2, compared
to & = 1/8. The change is less dramatic with v = 3/4 where there is a ~ 10—fold increase in
the magnitudes of —Hg between £ = 1/8 and £ = —1/2. The changes in magnitudes seen with
different coupling constants are greater than those seen when we vary the inverse temperature, 3,

Figure [6.25]
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Figure 6.30: Negative thermal pressure deviators —Hé with Robin boundary conditions and different

coupling constants £. The plots show —HFB as a function of the radial coordinate p, for a selection
of Robin parameters (. In the left column v = 1/4 and in the right column v = 3/4. Top row
¢ =1/8, middle row £ = 0 and bottom row & = —1/2. For all plots, g = 1.

One of the most intriguing findings relating to the coupling constant is that seen when we
consider the additional effects of altering the temperature of the field, with fixed { = 7/10, as
displayed in Figures [6.31] [6.32] and [6.33] for the energy density component of the RSET. The plots
for different v reveal similar findings. There is a cross-over point before which the energy density
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Figure 6.31: Renormalised t.e.v.s of the energy density component of the RSET —<TTT)%; as a

function of the radial coordinate p with different coupling constants & and inverse temperatures
B. Top row 3 = 1, second row = 3/2, third row § = 2 and bottom row § = 3. For all plots,
(=m/10,v =1/4.

decreases with decreasing ¢ (and hence decreasing m?) but beyond the cross-over, the opposite is

seen with — (7.7

>é increasing with decreasing £. The cross-over point moves towards the space-
time origin with increasing 8 (decreasing temperature) for a given value of v. Furthermore, we see
that for a given inverse temperature [, increasing v pushes the cross-over point further towards
the space-time origin such that for v = 3/4, 5 = 2, for example, the cross-over point is no longer
evident.

Unlike the case seen with the energy density component of the v.e.v., Figure the cross-over
point for —<TJ)% is no longer zero but adopts a positive value which is more evident with increasing
£ and v. Beyond the common cross-over point, —(T;)g converges to its respective v.e.v. depending
on the value of v and &.

Figure shows the (negative) thermal pressure deviators corresponding to Figures
and for v = 1/4, v = 1/2 and v = 3/4, with fixed ( = 7/10 and two values of § = 1 and

B =3. Forv=1/4,( =n/10, B =1 we see a similar behaviour of —H% as we did for the massless,

conformally coupled case (Figure [6.22] middle) in that —Hg is zero at the space-time origin and

boundary and attains its maximum magnitude in between. Increasing the value of v, (left column
in Figure ) shows that —Hg becomes zero just before the space-time boundary is reached,
beyond which the plots start to separate. This behaviour is more exaggerated when we consider

the lower temperature of § = 3 (right column of Figure [6.34]). With v = 3/4 we see that —H% is
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Figure 6.32: Renormalised t.e.v.s of the energy density component of the RSET —(Tf)g as a

function of the radial coordinate p with different coupling constants £ and inverse temperatures f3.
Top row 3 = 1 (left), 8 = 3/2 (right), second row 8 = 2 (left) and § = 3 (right). For all plots,
(=m/10,v=1/2.

zero at the space-time origin and there is a common cross-over point for the plots for some value

of p € (0,7/2). Following this, the profiles increasingly spread out away from each other as the
space-time boundary is approached. The spread of the —H% plots at the space-time boundary with
B =3, (low temperature) is also evident in the vacuum case, Figures With 5 = 3 we see

that increasing v (and hence m? for fixed ) results in marked differences in the plots of —H%. Before

the cross-over point is reached, the plots of —Hg for the different £ are brought closer together when

we increase the value of v. The magnitude of the plots is notably reduced and appears increasingly
‘compressed’. This is seen with the higher temperature of 8 = 1 but is less obvious.

§6.5 Conclusion

In this chapter we have determined the v.e.v.s and t.e.v.s of the nonzero components of the RSET
for a quantum scalar field with general mass and curvature coupling. Dirichlet, Neumann or Robin
boundary conditions were applied at the space-time boundary. The expectation values are computed
numerically with MATHEMATICA. We see that changing the mass and coupling constant of the
scalar field results in tangible effects on the v.e.v.s and t.e.v.s of the RSET. In Sections [6.1] and [6.2]
we determined the v.e.v.s and t.e.v.s with Dirichlet and Neumann boundary conditions and note
from that the v.e.v.s with Dirichlet and Neumann boundary conditions are equal in magnitude
but differ in sign. The v.e.v.s are only equal to zero when the field mass is zero, independent of
the coupling constant £&. This contrasts with the case of the massless, conformally coupled scalar
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Figure 6.33: Renormalised t.e.v.s of the energy density component of the RSET —(TTT)% as a
function of the radial coordinate, p with different coupling constants, £ and inverse temperatures,
B. Top row 8 =1 (left) and § = 3/2 (right), bottom row § = 2 (left) and 8 = 3 (right). For all
plots, ¢ = /10, v = 3/4.

field on adS4 where the v.e.v. with Dirichlet and Neumann boundary conditions is nonzero as it is
determined entirely by the trace anomaly , whereas there is no trace anomaly in adS3 (for the
massless, conformally coupled field). In Section we find that the t.e.v.s of the energy density
component of the RSET is sensitive to the inverse temperature S as well as the coupling constant &.
The effect of temperature is mainly reflected in a change of scale, whereas the coupling constant has
a significant effect in the profile of the plots for both Dirichlet and Neumann boundary conditions,
Figure |6.3

In Sections and we studied the effect of applying Robin boundary conditions to the
RSET. The v.e.v.s of the nonzero components of the RSET (Section are very sensitive to the
different Robin boundary conditions applied (Figures . Interestingly, for v = 1/4 and
v = 3/4 we see that the convergence of the plots towards the Neumann result occurs more slowly
compared with the massless, conformally coupled field (v = 1/2, £ = 1/8), where the convergence

is more obvious. The different values of v also have a dramatic effect on the behaviour of the RSET
components with respect to the Robin parameter (, as demonstrated by the 3D surface plots in

Figures [6.10H6.12] Furthermore, by allowing the coupling constant & to vary we can examine its
effect on the RSET (Figures . All components of the RSET are very sensitive to the
coupling constant &, independent of the Robin parameter (. We also see from Figures [6.16] and
that the pressure deviators increase noticeably in magnitude when the magnitude of £ increases,
especially towards the space-time boundary, suggesting that the quantum scalar field differs most

from its classical counterpart for large |£|, more so as the space-time boundary is approached.
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One of the most interesting findings in Section[6.3]is the discovery of negative energy densities for
the v.e.v.s with v = 1/4 and v = 3/4. This is noticeable for some values of the Robin parameter ¢,
for at least part of the space-time, Figure[6.10] This is not seen in the massless, conformally coupled
case (v =1/2, £ = 1/8) where the energy densities are entirely positive throughout the space-time,
similar to that seen in adS4 (Figure [3.4)). However, with increasing temperatures (decreasing ),
the energy densities become predominantly positive, even with v = 1/4 and v = 3/4 (Figures
and .

The question that was posed at the start of this chapter was whether the v.e.v.s and t.e.v.s of
the RSET, with Robin boundary conditions, converge towards the Neumann result at the space-
time boundary. For a massless, conformally coupled scalar field on adS4 (Chapter 3), we saw that
the v.e.v.s and t.e.v.s of the RSET components converged towards the common Dirichlet/Neumann
v.e.v. at the space-time boundary for all { < (uit. When we consider a scalar field that is not
massless and conformally coupled on adS3, we find that the v.e.v.s with Dirichlet and Neumann
boundary conditions have different values , allowing us to be more specific about the con-
vergence behaviour with Robin boundary conditions. In the massless, conformally coupled case
(v =1/2, ¢ = 1/8), we have seen that the v.e.v.s and t.e.v.s of the RSET components appear to
converge towards the common (zero) v.e.v. found with Dirichlet/Neumann boundary conditions
(Figures [6.10H6.12} 16.20}, |6.21)). When we consider a scalar field that is not massless and confor-
mally coupled (see for example Figure , we see that the convergence of the plots with different

Robin boundary conditions is much slower at the space-time boundary. However it is plausible
that the plots do converge towards the Neumann v.e.v., consistent with the findings for the vacuum
polarisation in adS3 (Chapter 5) and adS4 [71].

Having computed the v.e.v.s and t.e.v.s of a number of RSETs for a scalar field with general
mass and coupling, we can now use a selection of these RSETs as the source term in Einstein’s
equations and determine the backreaction of the RSET on the underlying metric. This is the
subject of the Chapter 7.
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§6.6 Mathematical expressions of the RSET components

In this section we explicitly present the components of the RSET, with mixed indices, used in the
numerical computations of the t.e.v.s with Neumann and Dirichlet boundary conditions as well as
the v.e.v.s and t.e.v.s with Robin boundary conditions (6.16]), reproduced here for convenience

W|T M) = 4;% —wp + %(1 — 28w} + % <2g - ;) o Ow — ngaﬁ] (6.21)

We start with the components for t.e.v.s with Dirichlet and Neumann boundary conditions.
6.6.1 THERMAL EXPECTATION VALUES WITH NEUMANN/DIRICHLET BOUNDARY CONDITIONS
In the expressions below, we have defined the following quantities:
X = varccos |1 + 2sec? p sinh? <]2ﬂ>] ,
Y = varccos [cosh(jﬁ) sec? p — tan? p] ,
T = 2isecp [1 — 2cos(2p) + cosh(2j3) — 4 cosh(j ) sin? Pl 12 , (6.22)

and shall also require the following hypergeometric functions:

3 .
F1=9F <1 -1 +1/,§;—sec2p sinh? (‘7>> ,

2
5 .
F2=2F1 <2—V32+V,2;—sec2p sinh? (‘f)) )
7 .
F3 =20 (3 —v,3+v, 5 — sec” psinh? (‘f)) : (6.23)

The following terms represent the difference between the t.e.v.s and respective v.e.v.s and are
summed over j > 0, as discussed in Section The +/— signs represent Neumann and Dirichlet
terms respectively.

1 V2 cos? p cos X cosech (%)
w=—- +v F; +
AL ! 2,/cos(2p) + cosh(jB)

, (6.24)

¢ isin2(2p){ 3iv/2cosY

We = 1927 L3 | {cos(2p) + cosh(j3)}3/2 cosech (jf) [cos(2p) + 2 cosh(j8) — 1]

B 12v sinY
[cos(2p) + cosh(j3)]

+ 8iFov (V2 — 1) sec? psinh? <j26) }

i cos p cosech (%)

* 7687 L3{cos(2p) + cosh(jB)}*

[16 cos? p + 2{2 + 3 cosh(jB)} cos(4p)

153



+ 13 cosh(jB) + 4 cosh(2j3) + 5 cosh(3;3) + 16{cosh(j5) + cosh(2j3)} cos(2p)}

X ( + 4T For(v? — 1){cos(2p) + cosh(j8)}*/? + 24v cos® p cosech <‘725) sin Y'{cos(2p) + cosh(j3)}
+ 3V2Y cos Y cos? p cosech? (‘725> [sin® p — cosh(jﬁ)])
_ cos® p sinh(j3)

9607 L3{cos(2p) + cosh(jB3)}2sinh? (%)

X {30\/§COSYsecp cosh <‘72ﬁ> {cos(2p) + cosh(jB8)}"/?(cosh(jB) — sin? p)

15T vsinY cosh (%)
- \/cos(2p) + cosh(j 3

60v/2 cos Y cosh B
+ .

\/cos(2p) + cosh(j3

{cos(Qp) + cosh(jf3) + 2sinh? (?) }

~—

(cosh(jf) — sin? p) sec psinh? <]25>

~—

+ 80Fv(v? — 1) sec®(p) sinh® <‘72B> cosh <‘72ﬁ> [cosh(jB) + cos(2p)][sin? p — cosh(jB3)]
— 15iv/2Y cos Y sinh(j3) 4 60iv sec psin Y sinh(j3) [cos(2p) + 4 sinh? (‘725) }

+ 15iY For(v? — 1){cos(2p) + cosh(j3)}*/? sec* psinh <j26> sinh(j3)

+ 30iT Fov(v? — 1)y/cos(2p) + cosh(jB) sec? psinh® <‘72B> sinh(j5)

+ 4iY Fav(v? — 4) (1 — 1){cos(2p) + cosh(jB)}*/? sec’ p sinh? (f) sinh(j5)

120iv? cos Y [cos(2 h(j '
0iv* cos Y[cos(2p) + cosh(j3)] sec3 psinh? <Jf> sinhjﬁ}, (6.25)

N /1 — {tan? p — cosh(jB) sec? p}2

w

B isin2(2,0){ B 3iv/2cosY
B {cos(

B\ »
’ 1927 L3 20) + cosh(j §)} 372 cosech <> [cos(2p) + 2 cosh(jB) — 1]

2

n 12vsinY
{cos(2p) + cosh(jB)}

+ 8if2V(V2 —1) sec4psir1h2 <‘72B> }

7 cosech (%) cos? P
 6144nL3{cos(2p) + cosh(j3)}

. ( — 16[2 + 2 cos(2p) + cos(4p)]

+ 2cosh(jf) [17 — 36 cos(2p) + 6 cos(4p) — cos(6p)]
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+ 8cos(2j/) [2cos(2p) — cos(4p) — 3] + 2 cosh(350) [1 — 3008(2p)]>
X ( + 8T For(v? — 1) sec* p {cos(2p) + cosh(j3)}>/2

+ 3v/2Y cos Y cosech?® <‘725> [cos2p + 2 cosh jf — 1]

jﬁ)

iB 2i sin? p cos® p cosech? ( 5
2 19207 L3{cos(2p) + cosh(j5)}?

— 48vsin Y sec p{cos(2p) + cosh(jB) }cosech (
{ + 20T F v(v? — 1) sect p sinh® < 5) {cos(2p) + cosh(jB3)}1/2 [5 cos(2p) + 8 cosh(j8) — 3}
+ 4v/20(v? — 1) sec® p sinh? ( is > {cos(2p) + cosh(jB)} [ — 20iV/2F; cos® p
+2V2T F3(v2 — 4)sinh ( ip > {cos(2p) + cosh(jﬁ)}l/ﬂ

+15(2¢ <2\/§cos Y {cos(2p) + cosh(jB8)}'/% sec p + YTr{cos(2p) + cosh(jB)}/% sec? psin Y>

+ 2sec? p sinh? <‘]B

2
4 sinh? (%)
\/cos(2p) + cosh(j3) {

+ 32vsec® p sin Y sinh* <J§> —2v/2Y cos Y sec? p sinh? <‘725> —2v2Y cosY

) (—=3v2Y cos Y + 8v cos(2p) sec psin Y')

2v/2 cos Y sec p(l + 202 cos(2p) sec? p) + Yvsec? psin Y}

; ; 3 9 .23 (iB
161/2i cosh(j ) sec® p % cos Y sinh (Jz)]}

3 . ..o (3B
+ 16vsec” p sinY sinh ( > cosh(jB) + \/cos(2p) + cosh(j3)

Wl — i cos p{ 6i+/2 cosech (%) cos X cos? p
g =

487 L3 {cos(2p) + cosh(jB)}3/2
_ ) 12vsin X For(v? —1)

+ 2 _ 2 (JB 2

8iFo v(v® — 1) sinh ( sect p + Tcos(2p) + cosh(35)} + 193

isin?(2p) cosech® (%) )

— X|cosh(j5) — si

1287 L3{cos(2p) + cosh(jB3)}3/2 cos X[cosh(j) —sin” ]
+ V/2iv sin X sinh < > V/cos(2p) + cosh(]ﬁ)] (6.26)
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it

w, =

;0
U};e

_sin(2p) sin(2p)
8rL3 | 4(cos(2p) + cosh(j3))3/2

jB
2

x |2v/2cos X (cosh(jB) — sin? p) cosech > + 4ivy/cos(2p) + cosh(jB) sin X

+

Wl

v(v? — 1) Fysec? p tanp smh2 } (6.27)

P —
w%P -

cos? p 15v/2 cos X cosech (‘%)
9607L3 | (cos(2p) + cosh(jB))%/2

X (15 cos(2p) — 10 + 2 cos(4p) + cos(6p)

+ 8{cosh(2j3) — cosh(jB)} cos(2p) + 4{5 + cos(4p)} cosh(jﬁ))

120iv (7 +4(2cosh jB — 1) cos(2p) + cos(4p) — 4 cosh(jﬁ)) sin X
[cos(2p) T cosh A2

+ 160v(v® — 1)F> (3cos(2p) — 5) sec” p sinh? (‘725>

960+/2 % cos X sin? p sinh (%)
[cos(2p) + cosh(j3)]3/2

60 sin(2p) tan p
[cos(2p) + cosh (A

[2\/5 cos X [COSh(]ﬂ) — sin? p]cosech (‘726>

+ 4iv\/cos(2p) + cosh(jB3) sin X]

+ 256v(v? — 4)(v? — 1)F, sect p tan? p sinh? <‘725> }, (6.28)

cot p sin(2p) . . 9 JB
= 47TL3{ ~ Tcos(2p) + cosh(GB) 1P [2\@ cos X {cosh(jf) — sin” p}cosech <2>

4
+ 4iv+/cos(2p) + cosh(j3) sz} + 31/(1/ — 1)Fysec? p sinh? < f) tanp} (6.29)

Ou — _cos2 p cot p 15 cos X sin(2p)
2407 L% | V2 {cos(2p) + cosh(j5) }7/2

X < — 1+ 4cos(2p) 4 cos(4p) + 4 cosh(2j3) + 8 cosh(jf) cos? p)
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+ 401/(1/2 —1)F sec® p (sin(3p) — 7sin p) sinh? (f)
n 30iv [T + cos(4p) + 8 cosh(j ) cos(2p)] sin X tan p
fcos(20) + cosh(jB))?

B 240+/2v% cos X sin? ptanp | h <]5>
{cos(2p) + cosh(jB)}3/2 2

+ 64v(v? — 4)(v? — 1)F3 sec’ p tan® psinh? (JB> } (6.30)

6.6.2 VACUUM EXPECTATION VALUES WITH ROBIN BOUNDARY CONDITIONS

For the v.e.v.s with Robin boundary conditions, the following expressions are the difference between
the Robin and Neumann terms and are labelled with the superscript (. We have defined the following
quantities:

A=14+02+20+ 12 +20(1 +v)+w?

Fy N
J = —4VF2</1{U% cos ¢(cos p)* — (14+ ‘;‘; |(1+ £+ v +iw)|* cos ((cos p) 2 T2
E
_(1/7_51)\(1—1—6—1/—1-@@)\ cos® p(A LY Jl{isin()

C=l—1-v+(1+¢+v)cos2p
K= t/iffg cos  cos p?’ Fy + F3 (Ji{fé sin¢ — A%), (6.31)

where Jﬁ{fe and ,/1{0127 are the vacuum normalisation constants defined in ( . We will also

require the following hypergeometric functions:

1
Fy =9F (1+€+y+iw),§(1+€+u—iw),1+€;sin2p),

)

1
(1+€+V+iw),§(1+€+y—zw ), 1+ v;cos? p

9

1
(1+€—V—|—iw),2( +0—v—iw),1—wv;cosp

)

1
(3+€+V+iw),§(3+€+v—zw ), 2+ v; coszp>
Fs=0F(-83+(—v+iw), (3—|—€—u—zw 1/0082,0>

1
Fs =oF (3+€+V—|—iw),§(3+€+v—iw),2+£;sin2p),

1
Fr =9k (5—|—£—|—1/—|—iw),5(5—|—€—|—u—iw),3—|—€;sin2p),

= N = N = N = N = R N = N

N e e e e N

1
(5+€—V—|—iw),§(5+€—V—iw),?)—v;cosz,o),
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1 1
Fy=9F (5(5 +0+v+iw), 5(5 + 04 v —iw),3 + v;cos’ ,0). (6.32)

For the construction of the RSETSs, the following terms are integrated over w and summed over
£, as described in Section As we are in Euclidean space we have used the index 7 for the time

coordinate.

K )
w = = cos? p (sin p)?*, (6.33)
w6 = oS pinpP R p o 2A b 2(2p) — 16Fjw? cos? (6.34)
=— sin - .
" 647212 AT R
cos? p (sin p) %K
wﬁfc =— 6172L2(1 + 1) 8F1(1+0)[14+30+v+3(1+ ¢+ v)cos(2p)]
4F
—4FsCcos® p|(1 + £+ v +iw)|* — e l;l) |(3 4 £+ v +iw)|* cos? psin’ p
— 4Fs Acot psin(4p) + 2FsAsin?(2p) (1 + v+ (1 =) cot? p)
F8RC(1 +£)<(1 ) Cot2p+u)}, (6.35)
2 i )2(6—1)
gc _ cos” p(sinp) K 2A . 9 2 9
Wy = = 647‘(‘2L2 8F1C + mFﬁ S (2p) — ].6F1€ COoSs™ p ¢, (636)

cos? p (sin p)2(1+0)

TS — 2
w; ¢ — 317 {4F1€IC cot” p+ F1(J — 4K)
F
+7 i’cg) (1 +£+u+iw)\2c:os2p}, (6.37)

: cos? p (sin p)2(1+0)
w;’,fg = 8(7r2L2) F COSQP{j(l + 44) —4/C(1+5€)]

Fg
(14+¢)

+4F, [ICE (2 cos® p — 1) cot? p — sin p(J — 216)}

+

|(14 £+ v + iw)|? cos? p{IC cos? p(1 4 40) + sin? p(J — 6K)

K

I . 2 9 4 . 9
+2(1+€)(2+5)|(1+£+V+W)| |(3+ €+ v)|* cos” psin” p

Fisin?p

5 (16F2Nru2 cos C(cos p)2¥ + AF4NG| (1 + £ + v)|? cos (cos p)2U+7)

</V<
+ m‘(l + 04 v +iw)|? cos ¢ (cos p)2(1+”) [4F4y(2 +v)
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+ Fy|(3+ 0+ V+iw)]2cos2p}

cos” p 120 4N ¢

s rs om0 N — A Q) [4F (v —2)

—F8(3+€—V+iw)]20082p}>}, (6.38)

g = PO DTy e cor? p + Fu(T —40) + T2 (14 04 0+ ) o (6.39)
2 ; 20
OwS = W{Fﬂj —4K) (3 + 40+ (1 +40) Cos(2p)>
2F§ R ) i
+ (1+£)’(1+€+l/+lw)’ cos p(lC{l—i—cos p(1+4€)] + J sin p)

+2F [8/@2 cos? pcot? p — (4K — 37) sin? p]
K
_|_ A —
(14+0)(2+7)
5FKC
2(1+2)

|34 £+ v +iw)}|(1 + £ + v +iw)|* cos? psin? p

|(14 £+ v +iw)|?*sin?(2p)

o Sm?p(lGF%iv? cos C(c08 )2 + AFASI(1 + £+ )] cos G (cos p) 1+

¢
o

+ mKl +l+v+ z'ou)|2 cos ((cos p)2(1+l’) [4F41/(2 +v)

+ Fy|(3+ ¢+ V+iw)|2<:os2p}

cos?
+ W(Vp_z)\(l + £ — V—i—iw)\2(¢/ﬁ@]z — %Cesing“) [4F5(1/ —2)
—F8|(3+€—1/+z’w)\200s2p}>}. (6.40)

6.6.3 THERMAL EXPECTATION VALUES WITH ROBIN BOUNDARY CONDITIONS

For the thermal expectation values, we will require the further definitions:

Ey N1+ ¢ 2inl? 2(14v)
R = —dvFy ¥’ cos ¢(cos p)2 — 2 (14 £+ v)B + 2inm|* cos ¢ (cos p)

(1+v)32
B+ -v)B+ 2inm|? cos? p(N L — ,/I{fe sin ¢)
(v —1)B2 ’
D=(1+0+v)*6%+ 4nx’n?. (6.41)
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We also use the hypergeometric functions given in (6.32) and the normalisation constants defined

in , with w replaced by 2nw /8.

As

for the v.e.v.s, the following are the difference between the Robin and Neumann terms and

are labelled with the subscript 5. For the construction of the RSETs, the following terms are
summed over £ and n as described in Section [6.4]

¢
Ws

0¢
wy 5

b
Werg =

ip ¢
Wpp

_ F1K cos? p (sin p)?

_ s ’ (6.42)
2 : 2y 2D Fg sin?(2

— 8 327(2121;2 { — 64F m*n? cos? p + 8B3°CFy + (iimg)(p) ) (6.43)

. cos? p(sin p)2'KC

32(1 + ()w L2 {32FI(1 + (L4 £+ v)B* cos® p — AF5D cot psin(4p)

2imn\ |?
1+£+V‘|‘7

+8F C(1+()B* — 4Fs CB3* cos® p

4Fy cos? psin® p

CEME (3 + £+ 1) B + 2imn) > D + 2FsDsin®(2p)

+ v [8Fy(1 + 0)5%C + 2FsDsin®(2p)] + (1 — £) cot? p [8F1(1 1082 + 2Fﬁpsin2(2p)} }

(6.44)
_ _cot?p(sin p)*K 16F16262 cos? p — 8B2CF; — 2DFgsin”(2p) (6.45)
= 32 [25° 1 P ! a+o [ '
cos? p (sin p)2(1+0) ) Fs K cos?p 2
— 47TL25 4£F1,CCOt p+F1(R—4/C)+W|(1 —|—€+V)5+2m7r| )
(6.46)
2 : 20
_ W { Fycos® p [=8KC(1 + 5() + 2R(1 + 44))]
20084,0 . 2 2 2
+ 105 (1 + £+ v)B+ 2inm)|” FsKC (1 4+ 4€) + 8 cot” pF1KE(20 cos™ p — 1)

Fgsin?(2p)

— 3 2
+ 8F1(2K — R)sin” p + 201+ 0)2

(14 £+ )8 + 2inm)|? (R — 6K)
Fr K cos? psin?(2p)

e rnpt (AHe+v)B+ 2inm) |2 |((3 + £ + v) B + 2inm)|?

4F4JI{§E cos ¢(cos p)21+7)

1+ )5 (14 €4 )8+ 2in* (1+ 20)

+ Fysin?p (16u2F2%% cos ((cos p)? +

Fy NS, cos (cos p)2(2H7)

11+ 0)2+ )5 (1 + £+ v)B + 2inm) [ |((3 + £+ v)B + 2inT)|?
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4F5 cos? p

ooz (L = 0B+ 2inm) P (A = Afsin)

4
e (1 = )8+ 2imm) (34 €= 0)f -+ 2imm)? (G = A sinc) ) }

(6.47)

FsK cos? p
(14¢)p2

gc  cos®p(sinp

20
Wy s = 1nL%5 ) {4F11C€cot2p+F1(R—4lC) + (1 + £+ v)8 + 2inm|? }, (6.48)

cos? p(sin p

20
¢ _ ) 2
a
Wg ’7I28 {2F1 (R —4K)[1 + cos® p(1 + 44)]

2F5K cos? p
(14+20)p2

+2F [8€2K cos? pcot? p + (4K — 3R) sin? o]

|(1+ £+ v)B + 2ina|* [1 + cos® p(1 + 44)]

Fgsin?(2p)
(1+10)p?

F1K cos? p sin?(2p)
(1+0)(240)p4

FsRsin%(2p)

2
|(1+ ¢+ v)8+ 2inm|” (R — 10K) + A+0)

(14 £+ v)B + 2inx|?

(1 4+ £+ v)B + 2ina|*|(3 + £+ v)B + 2inx|?

AFy NS, cos C(cos p)21+)
(1+4v)52

+ Fysin®p <161/2F2¢/1@<€ cos ((cos p)? + |(1 4 £+ v)B + 2inx|* (1 4 2v)
Fy N, cos € (cos p)2(2HY)
1+v)2+v)p

4F5 cos® p

(v —1)p2

Fys cos?p

2 1A

(1 4+ £+ v)B + 2ina|* |(3 + £+ v)B + 2inx|?

(14 £ —v)B + 2inx|? <%]2/ — f/lffe sin C)

(140 —0v)B + 2inm|*|(3 + £ — v)B + 2inx|? (%]X — J{isin() > }

(6.49)
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Chapter 7

Quantum-corrected metric on adS3

In Chapter 6 we determined the vacuum and thermal expectation values of the RSET for a scalar
field with general mass and coupling. In this chapter we use a selection of these RSETSs to examine
the backreaction on the underlying space-time geometry. There are a number of approaches that
can be adopted to study the backreaction. A perturbative approach [46], 93] involves linearising the
Einstein field equations and considering first order corrections to the metric. An alternative
method is to use an analytic approximation to a general RSET which is valid for a range of space-
times so that the right hand side of is expressed in terms of the unknown metric functions [5l [6].
In this chapter we follow the methodology in [24 25 26, 95]. We first compute the RSET using the

adS3 metric which is a solution the vacuum Einstein equations
1
R, — iRg’W +Agu = 0. (7.1)

The RSET is then used as the source term in to find, nonperturbatively, the component
functions of the quantum-corrected metric (QCM).

We use two different forms of the QCM ansatz and compute their component functions. The
intention in this chapter is to give a flavour of the different types of QCM solutions that can be
obtained. The emphasis will be on the energy density profiles of the RSETs and the coupling
constants, rather than the boundary conditions. We do not intend to present a exhaustive account
of all the different possible QCMs obtained with the RSETs obtained in Chapter 6, which we hope
to leave for a future publication.

There is a paucity of literature when it comes to the study of the backreaction of quantum
fields on pure adS space-time. Most of the work in this area has focused on the backreaction of
quantum fields on black hole (BH) backgrounds, in particular the Schwarzschild [56, [57] or the
BTZ BH [25, 26, 65, 67, 87]. The BTZ BH [10] is a (2+1)-dimensional black hole solution to GR
which is asymptotically adS3. The study of the backreaction of quantum scalar fields on the BTZ
background has produced some interesting findings. Using the stress energy tensor obtained from
the BTZ metric as the source term, it was shown that quantum corrections to the BTZ metric
produced a curvature singularity at the space-time origin [26, [67]. Also in [24, 26] it was found
that the quantum backreaction forms an event horizon to mask naked singularities, thus acting as
a form of cosmic censorship.

In a recent study [95], the backreaction of a massless, conformally coupled scalar field was

studied on a background pure adS4. The RSETSs for a number of thermal states were computed
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subject to Dirichlet, Neumann and transparent boundary conditions. It was found that the mass
functions of the QCM demonstrated solitonic behaviour with the ‘mass’ of the soliton dependent
on the temperature of the scalar field. In this chapter we use similar metric ansatze for the QCM
to [95] and study the backreaction from scalar fields with general mass and couplings. Allowing
the field mass and coupling constant to vary can result in some exotic RSETS, some of which have
negative energy densities and violate the classical energy conditions (see Section . The effect
that these RSETs have on the backreaction is an area we explore in this chapter.

This chapter is set out as follows. In Section |7.1] we lay out some preliminary ground work
needed before we can use the RSETSs as source terms in Einstein’s field equations. In Section
we use a metric ansatz for the quantum-corrected metric which has a similar form to the adS3
metric. This will allow direct comparisons to be made between the metric functions of the QCM
and adS3. We then derive ordinary differential equations (ODEs) for the component functions
of the QCM. In Section we solve the differential equations derived in Section for two of
the QCM functions and use these to obtain an expression for the third. We use Taylor series
expansions of the metric components and RSET terms which are then used for the initial conditions
for the ODEs. In Section [7.4] we display the results for the QCM functions, comparing them to the
corresponding terms on adS3. In Section we use a general static, spherically symmetric metric
in Schwarzschild-like coordinates as our alternative QCM ansatz. We present the results obtained
for the mass functions and how they depend on the energy density profiles of the RSETs used as the
source term in Einstein’s equations. In Section [7.6] we examine further whether some of the mass
functions plotted in Section converge to a finite result. Finally in Section [7.7] we summarise our
findings and make suggestions for future research in this area.

§ 7.1 Preliminaries

The adS3 metric which was used in the construction of the RSET in Chapter 6 is a solution of the
vacuum Einstein field equations ([7.1)). In Chapter 6, the v.e.v.s and t.e.v.s of a number of RSETSs for
a scalar field with general mass and coupling were computed. To determine the quantum corrected

metric, gu,, we use one of the RSETs obtained in chapter 6 as the source term in Einstein’s

equation (1.2) to give

1~ ~
Ry — iRQMV + Aguy = 87 (T (7.2)

In this chapter we set G = 1 and omit the “on T},, for clarity. For a given state |¢), we can express

the expectation value of the stress energy tensor as
(T l¥) = (Tw) + (Tw)os (7.3)

where (7T),,)0 represents the expectation value of the RSET in the vacuum state and <TVW> is the

difference in the expectation values between |¢)) and the vacuum state. With Dirichlet and Neumann

boundary conditions, the v.e.v. of the RSET, (TW>0D/ N, respects the underlying symmetry of adS3
and is thus a constant « multiplied by the space-time metric (6.7} . The constant « depends on
v and the coupling constant £&. We can thus rearrange (7.2 as

_ 1~ _ B _
Ry — iRgW +{A —8ma} g = 87 (Tj). (7.4)
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For the Dirichlet/Neumann vacuum states ., the constant « is given by

1
a= i127rL3 {v* + (66 - 1v}, (7.5)

where v is given in (4.16)), £ is the coupling constant and +/— represent the Dirichlet and Neumann
boundary conditions respectively. It is a simple matter to see that in the massless, conformally
coupled case (m = 0, v = 1/2, ¢ = 1/8), we have a = 0. Equation (7.4) merely represents a

renormalisation of the cosmological constant [95], so we can write (7.4]) as

1~ - ~
R — iRQW + Aguy =8 (Tyw), (7.6)

where A = A — 87a represents the renormalised cosmological constant. Finally we re-write ((7.6)
with mixed indices as this is the form of the RSETs derived in Chapter 6. This gives

R - (;ﬁ - K) 8 = 8 (T7), (7.7)

We use (7.7) as the form of Einstein’s equations to calculate the quantum corrected metric g, .

§7.2 Metric ansatz

We start with a general metric ansatz for a static, spherically symmetric three-dimensional space-
time of the form

ds®> = —A(p)dt® + B(p)dp® + C(p)de>. (7.8)
Inserting g,,, into (7.7)) gives us three equations for the metric functions corresponding to the three

nonzero components of (7})

~ ~ _ " ! 2
0 K- se(ffy - LB “2BOICEIC" )+ BACEY 7o)
. N A c’
0=RK—8n(Tp)+ = (p()%) (p)(g)(p), (7.10)
2A(p)B(p)A" (p) — A(p)A'(p)B'(p) — B(p)A'(p)?

0=A—8(Tg) +

L2() B2() | (7.1)

where the prime denotes differentiation with respect to p. We also have the nonzero component of

the conservation equations VMT;” ) = 0 where

VAT = 5 G (E) - @) + GO (@ - @) v2@py).

As a consistency check for equations ([7.9-[7.12) we differentiate ((7.10) and rearrange it to obtain
an expression for A”(p). This is then substituted into (7.11)) to give

e A _ Ol . A [T B )
0= R85(Ff) + i D G 33y 5 L ci) * am) ~ g )
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Rearranging (7.9) gives an expression for C”(p) which, after substituting into (7.13)) (and after some

algebra) gives

C(p) [A'(p)
C'(p) L Alp)

o= sr {(T) - (T) + iz - @ty + 23y |} an
It can now be seen that the conservation equation ((7.12) is simply C'(p)/167C(p) times (7.14)),
showing that Einstein’s equations (7.9H7.11]) lead to the conservation of the RSET.

We now rearrange equations (7.9H7.12|) to obtain differential equations for C'(p) and A(p) in
terms of the components of the RSET and their derivatives. For C(p) we have

(T) — (TF))
— 2073y |

N—| 7

O (@) () + 20Ty ¢ |or (T~ (Tp)

(T - @) (K- sm(Tp)) { o
o (@ - @) 20y " (T 1)

—cC' ({TgY T3y ) - o ((Tf) = (T)) + 202<T5>”}, (7.15)

p

where we have omitted the arguments of the C(p) function for clarity. Likewise for A(p) we have

0= —8n(TY) +

(1@ — @) @)~ By [ Rar[a (@) - @) +2adpy]
ar @y + 4 (@) — @) { an (@ — (@) (s=@n - 1)’
|4 ((T2) = (Th)) — 24Ty | (A% - 244/ 4")

142 ((T9) — (Tf)) (sm(Tf) - K)
AR A ((Tg) = (TH) +24(T8Y | 2ma A ((Tf) — (THY) + 24CT8)'| (T

14 ((Tp) (@) (s7(TH) - K) " A (@) - 1) (&@;)-K)Q

_l’_

+

a4 ((Tg) — (Th) + 24Ty (Tpy — (@) aar[ar (@5 — (@) + 2435 |

T (- @) (s - A) s (@) - (@) (smid - A)
LA (A2 (@) - () — A4 (@) — (@) - Ax ((T) — (T) — 24233’ } -
142 ((T8) — (7)) (3m(Tf) - ) '
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The differential equations (7.15] [7.16]) are solved using MATHEMATICA to obtain C(p) and A(p)
expressed as interpolating functions. We then use ([7.10)) to obtain an expression for B(p) as

AT

Ble)= 4AC (87r<f5> - 7\) '

(7.17)

§ 7.3 Solving the ODEs

Before we can use the differential equations for C'(p) and A(p) given in [7.16)), it should be borne
in mind that the components of the RSETs used in these equations have been computed numerically
(see Sections . To convert the numerical data into functions that can be differentiated and
used in , we use the Interpolation function in MATHEMATICA to order nine to improve

accuracy (Figure .
T

%00,
‘o
%,
,

015

[ e data points
010
[ interpolation

0.05

o
ol -
oy

Figure 7.1: Comparison of the numerically obtained data points for the (T,f ) component of the
RSET (blue dots) with the corresponding interpolation function obtained from MATHEMATICA
with interpolation order nine. This is for the massless, conformally coupled field with Dirichlet
boundary condition and inverse temperature g = 1.

We solve the differential equations for C(p) and A(p) using the NDSolveValue
command in MATHEMATICA. The assumptions we make about the series expansions of A(p), C(p)
(see below) means that the ODEs are singular at the space-time origin. We
therefore start the numerical integration at p = € for ¢ < 1. To do this we require Taylor series
expansions of the metric functions and the RSET components near the space-time origin (p — 0).
For the RSET components, we use the series expansion of the interpolating functions obtained
in MATHEMATICA. This reveals that the coefficients of the odd powers of p increasingly vanish
with higher interpolation order. For example with for the massless, conformally coupled field (v =
1/2, ¢ = 1/8), the coefficient of the p* term is ~ 1072 with Interpolation order three whilst it is
~ 1079 with Interpolation order 9. Thus, consistent with the findings in [95], we find that the
series expansions of the RSET components near the space-time origin contain only even powers of
p, giving
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(T}) = Too + Toz p* + Tou p* + To p° + O(p%),
<T5> =Tio + Th2 p2 +Tha p4 + 116 ,06 + O(ps),

(T§) = Tao + Tz p* + Tay p* + Tog p° + O(p°). (7.18)

This is in keeping with the expressions obtained for the RSET components for Dirichlet and
Neumann boundary conditions in which can be seen to consist of even powers of p. As
a result of the form of the series expansion of the RSET components , it is natural to assume
that the expansions of the metric functions also contain only even powers of p, namely

A(p) = Ao+ A2 p* + Ag p* + A6 p° + O(p°),
B(p) = By + By p* + By p* + Bs p® + O(p®),
C(p) = Ca p* + Cup* + Csp® + Csp® + O(p'*). (7.19)

where the coefficients A;, B;, C; are to be determined. For the C(p) expansion we start with the
O(p?) term, which matches the behaviour of the original adS metric (2.9)), and include terms for up

to O(p®) to give four terms for each of the expansions in ((7.18 [7.19).
To find expressions for the metric coefficients A;, B;, C; in terms of the RSET coefficients T;;, we

insert into the Einstein equations and the conservation equation .
We then obtain a series expansion of the resulting equations and equate powers of p. Attempts to
use the regularity of the invariant curvature scalar obtained by contracting the Ricci tensor with
itself (R, R""), proved fruitless as this was already found to be regular near the space-time origin.
However, as we are in a static space-time, there is freedom to rescale the time coordinate and thus
we can choose Ag = 1. We are then able to obtain values for the remaining A;, B; coefficients in
terms of the T;; ones.

In order to avoid a conical singularity in the metric, we need to constrain the value of Cs. To
see why this is needed, consider the metric of a flat two-dimensional space in polar coordinates,
given by

ds® = dr? + r2d6>. (7.20)

If we compare the leading order terms of the spatial part of the QCM ansatz we have

ds®> = By dp* + Cy p*df?,

= By <de + g?}p2d92> : (7.21)

Therefore, we need to set Cy = By as a different value of Cy will result in an angular defect/excess
and a conical singularity.
The metric coefficients for the lowest order terms are

Ag =1,
3110 — T¢

A, = D2 =T
Too — T1o
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3T — T
Cy =By = L —— (7.22)
(TOO —_ Tl())(87l'T10 - A)

Higher order terms become very large and unwieldy and are therefore not shown. It can be demon-
strated that the denominators in all of the metric coefficients are nonvanishing.

Having obtained the values of the coefficients of the C(p) and A(p) expansions we need to choose
a starting point (initial condition) for the integration in the NDSolveValue command. Using the
series , we find are singular at the origin. Therefore we start the integration at
a point € close to the origin. We consider starting points of € = 1073, ¢ = 107> and ¢ = 1076
and examine the resulting solutions obtained from the NDSolveValue command. We find that the
Interpolating functions for C(p), produced by the different values of €, had matching profiles. Thus
we use p = 1079 as the starting point of the integration. As the metric functions are divergent
at the space-time boundary (as is the case for the adS3 metric components), the end-point for
the integration was chosen to be at p = 7/2 — 1075, As are second order differential
equations we also need to stipulate the initial conditions for C’(p) and A’(p) but this found trivially
by differentiating the relevant power series in (7.19). The metric functions A(p) and C(p) obtained
by solving the ODEs are returned in MATHEMATICA as Interpolation functions which
are suitable for differentiating and using in subsequent analysis.

§7.4 QCM components

In presenting our results, we select four different RSETs obtained in Chapter 6 to give a flavour of
the different types of QCM solutions obtained. Figure shows the QCM components obtained
using the RSET for a minimally coupled (§ = 0) scalar field in a thermal state with Dirichlet
boundary conditions and a selection of inverse temperatures 3, with v = 1/4. The QCM functions
are displayed as ratios with the corresponding terms in the adS3 metric where we have set the
adS3 length scale L = 1. The energy density component of the RSET is the difference between
the thermal and vacuum states and is positive for all inverse temperature 3. Figure shows
that A(p) closely matches its adS3 counterpart (sec? p) until p ~ 7/6 following which it increases
monotonically, reaching its maximum at the space-time boundary. For 8 > 1 it appears that A(p)
begins to plateau as p — 7/2. The magnitude of the increase in A(p) is temperature-dependent.
Increasing temperature (decreasing [3) results in greater deviation from the corresponding adS3
metric function. For § = 3 we see only a minimal increase throughout the space-time.

We see a different picture for the B(p) function, where the maximum separation between the
different values of [ is seen at the space-time origin. As with A(p), the greatest deviation from
the adS3 metric term is with the highest temperature (8 = 1). As the space-time boundary is
approached, the B(p) functions converge and approach the same value. For the C'(p) function we
see a different qualitative behaviour to that seen with A(p) and B(p). The profiles for the different
inverse temperatures [ stay separated throughout the space-time. With increasing temperature we
see increasing deviation of C(p) from its adS3 counterpart, with the 8 = 3 profile differing the least.

The profiles of the metric functions for the massless, conformally coupled field (Figure are
very similar qualitatively to those seen for the minimally coupled field and v = 1/4 (Figure .
Changes in the mass/coupling appear to have little effect. Comparing the the profiles in Figure

168



D
~Tp

A(p)[sec’ p
o5k 1.30f
1250
0.20F — p=t — B=1
=32 1.20f g
0.15F p=312
B=2 1.15F B=2
0.10F — B=3 110 — g3
0.05F 1.05F
T T P T T P
0 6 3 6 3
B(p)[sec’ p C(p)/tan’ p
126 1.0r
1.0/ sl
— B=1 — B=1
08r B=3/2 0.6F B=3/12
0.6} B=2 B=2
— pe3 0.4 — 3
0.4f
0.2+
0.2}
o Fis P o o b
6 3 6 3

Figure 7.2: The components of the quantum corrected metric (as ratios with the corresponding
ads3 functions), obtained for a scalar field with v = 1/4, £ = 0 (minimal coupling) and the Dirichlet
boundary condition applied at the space-time boundary. Profiles are shown for a selection of inverse
temperatures 3. Top left shows the energy density component of the RSET (difference between the
thermal and vacuum states). For all plots the adS3 length scale L = 1.

to those seen with the massless, conformally coupled field in adS4 [95], we find that the B(p)
and C(p) profiles are also qualitatively similar in both cases. With the A(p) function, we see the
maximum departure from the adS4 term at the space-time boundary (as in Figure but with
increasing temperature, we see a decrease in A(p) in adS4.

In Figure[7.4) we use a RSET with very different energy density profiles, compared to Figure
obtained by using a scalar field with a negative coupling £ = —1/2. Not surprisingly, this produces
qualitatively different results for the QCM functions. The A(p) profile is similar to that seen in the
minimally coupled case, with A(p) resembling pure adS3 at the space-time origin. At p ~ 7/6, the
A(p) profiles begin to deviate away from pure adS3 but only in the high temperature (8 = 1) case
is A(p) greater than its pure adS3 counterpart. The other A(p) profiles decrease with increasing p,
attaining a minimum as the space-time boundary is approached. The B(p) functions behave similar
qualitatively to the minimally coupled case, with the maximum separation between the profiles found
at the space-time origin. All profiles appear to converge together towards the space-time boundary
where the B(p) functions are ~ 2.5 times greater than in pure adS3. The C(p) functions have a
near constant value throughout space-time, decreasing with increasing temperature. However, the
low temperature § = 3 profile is ~ 1.2 times that in pure adS3, even at the space-time origin and
increases slowly as we approach the space-time boundary.

In Figure[7.5| we use RSETSs obtained using Robin boundary conditions in the vacuum state with
v =3/4,¢ = 1/8. As with the thermal states studied in Figures - when Robin boundary
conditions are applied, the maximal symmetry of adS space-time is broken. For the RSETs we
use the difference between the Robin and Neumann v.e.v.s of the RSETs and renormalise the
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Figure 7.3: The components of the quantum corrected metric (as ratios with the corresponding
ads3 functions), obtained for a scalar field with v = 1/2, £ = 1/8 (massless, conformally coupled)
and the Dirichlet boundary condition applied at the space-time boundary. Profiles are shown for
a selection of inverse temperatures 5. Top left shows the energy density component of the RSET
(difference between the thermal and vacuum states). For all plots the adS3 length scale L = 1.
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Figure 7.4: The components of the quantum corrected metric (as ratios with the corresponding
ads3 functions). The RSET is obtained for a scalar field with v = 1/4, £ = —1/2 and applying the
Dirichlet boundary condition at the space-time boundary. The profiles show a selection of inverse
temperatures 3. Top left shows the energy density component of the RSET (difference between the
thermal and vacuum states). For all plots, then adS3 length scale L=1.
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Figure 7.5: The components of the quantum corrected metric (|7.8)) (as ratios with the corresponding
ads3 functions), obtained for a scalar field with v = 3/4, £ = 1/8 in the vacuum state. A selection
of Robin boundary conditions have been applied to the scalar field at the space-time boundary. Top
left shows the energy density component of the RSET (difference between the vacuum Robin and
vacuum Neumann states).

cosmological constant using the Neumann v.e.v. . A selection of Robin parameters ( was
chosen to give varied energy density profiles, with two profiles being entirely negative and two
entirely positive. We see that the plots of the QCM functions are markedly different from those seen
in Figures[7.2]-[7.4] The A(p) profiles are similar for the different Robin parameters chosen. At the
space-time origin, the A(p) profiles equate to the adS3 counterpart but then decrease monotonically
reaching a value approaching to zero at the space-time boundary. The profiles for the B(p) and
C(p) functions are qualitatively similar. Both profiles show the maximum separation between the
different Robin parameters at the origin before decreasing and moving towards each other as the
space-time boundary is approached. The difference in the profiles of the QCM metric functions in
Figure compared to Figures - is likely to be because the energy density of the RSET

—(Tf}, with Robin boundary conditions, converges to zero very slowly as p — 7/2.

§7.5 Alternative QCM ansatz

We now consider another static, spherically symmetric metric ansatz for the QCM but using
Schwarzschild-like coordinates

1

G dr® + r2d6?, (7.23)

ds? = —f(r)e?Mdt® +
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where —o0 < t < 00, 0 < § < 27 and r € [0,00) represents the radial coordinate. The functions
f(r) and 9 (r) are to be determined. The function f(r) is given by

f(r) M(r), (7.24)

=7~
where L is the renormalised adS3 radius of curvature related to the renormalised cosmological
constant by A = —1/L? and M(r) is a mass function. For 72 > 0 with 1(r) = 0 and M > 0, the
metric shown in represents the static BTZ metric [I0] where the constant M is the mass of
the BTZ black hole. Using as our ansatz, we can consider the limit of M(r) as r — oo (if
there is such a limit) as the mass of the metric or coordinate mass [27].

Comparing ([7.23)) to (7.8) we note that the metric has undergone a coordinate transformation
p — r where

r? = C(p). (7.25)

Furthermore, the functions f(r), ¥ (r) and M (r) can be expressed in terms of the metric functions

in (7.8) as

_ C'p)?
f(r) = 4C(p)B(p)’ (7.26)
o) = MBI oo
My = - Cr (7.28)

Using ([7.19)), the behaviour of f(r) near the space time origin (p — 0) is given by

f(r) = gz + O(p?). (7.29)

As we have set Cy = By to avoid a conical singularity, we have f(r) — 1, as p — 0, r — 0. Using

(7.24), we also have
M(r) — —1 as r —0, p— 0. (7.30)

In pure adS3 M = —1 and is a constant. This can be seen by using and the corresponding
components of the adS3 metric in place of B(p),C(p).

We now seek to find an equation for M(r). To do this we insert the metric ansatz into
(7.7), to obtain a differential equation for M(r),

% = —16m/C(p) (T}) (p). (7.31)

It will be noted that the left hand side of ([7.31)) is the derivative of M with respect to the radial co-
ordinate 7, whilst the right hand side of ((7.31)) contain terms dependent on p. However, using ([7.25])

we have

—— = —8xC"(p) (T} (p). (7.32)



We now numerically integrate ((7.32) with respect to p, using the NIntegrate function in MATHE-
MATICA, with the constant of integration is given by M (0) = —1. The integration is performed for

p € [7/200, 947 /200] as this matches the range of the (T}) term. We thus obtain M (p) numerically.
Using and the previously determined metric function C(p), we can obtain M (r) which we
use to produce plots of M(r). It will be seen that the ranges of the r coordinate in the M(r) plots
are not all the same. This is a reflection of using the C(p) functions only up to p = 947/200 to
reflect the range of the RSETs components, with the different C'(p) functions resulting in different

ranges for the radial coordinate r.
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Figure 7.6: Mass functions M (r) (right) with the corresponding energy density profiles (left) for
a selection of thermal states with a range of inverse temperatures 5. Top row, v = 1/2, £ = 1/8
(massless, conformally coupled). Second row, v = 1/4, £ = 0 (minimally coupled) and third row,
v=1/4, ¢ = —1/2. For all plots, Dirichlet boundary conditions were applied.

In analysing our results on adS3, we compare them to those obtained on adS4 with a massless,
conformally coupled scalar field [95], where it was noted that the mass functions started at M (0) = 0,

fixed by the integration constant, and then increased steeply before reaching a plateau. The M (r)
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profiles in [95] tended to a finite limit as r — oo. This was described as demonstrating a solitonic

behaviour, with the mass of the soliton given by the limit of M (r) as r — oo.

To present the results of the M(r) plots we use the RSETs from Figures In addition
we also use the RSET obtained from a scalar field with v = 1/2 in a thermal state with 8 = 1 and
a selection of coupling constants &, with the Neumann boundary condition applied at the space-
time boundary. Figure shows the mass functions (right) obtained with a selection of thermal
RSETs (left) with a range of inverse temperatures . For all plots in Figure Dirichlet boundary
conditions were applied. The top row shows the thermal RSETSs for a massless, conformally coupled
scalar field with v = 1/2, ¢ = 1/8. The energy density profiles (left) remain positive throughout
space-time. The corresponding M (r) plots (right) start at M(r) = —1 (fixed by the constant
of integration) but as we move away from the space-time origin, the M (r) profiles each increase
monotonically with increasing r. The value of M(r) is greater with rising temperature (decreasing
B) and the separation between the different profiles increases with increasing r. All profiles appear
to plateau at some value of r giving a solitonic appearance but only for the highest temperature
B =1 does M (r) rise above zero (see Section [7.6] for further analysis on this matter). For the lowest
temperature case studied (§ = 3), we see that M (r) remains close to —1 resembling the case of pure
adS3 where M = —1. The M(r) plots for the massless, conformally coupled field with Dirichlet
boundary conditions (Figure top) are qualitatively similar to those seen with the equivalent
scalar field in adS4 [95].

In Figure middle row, the energy densities and M (r) plots are shown for thermal states with
v =1/4, £ = 0. These RSETSs also possess energy density profiles (left) that are positive throughout
space-time. The corresponding M (r) plots are shown on the right and qualitatively resemble those
seen for the massless, conformally coupled case. We see that the M(r) profiles start at —1 at the
space-time origin for all inverse temperatures 3, consistent with pure adS3. As we move away from
the origin, the M (r) profiles each increase monotonically with increasing r but all profiles remain
negative throughout space-time (although the profile for 8 = 1 may becomes positive if the range
of the r coordinate were extended). By examining the profiles alone it is difficult to say whether
the mass functions plateau and become solitonic in appearance. More will be said about this point
in Section For the lowest temperature case studied (5 = 3), we see that M (r) remains close to
—1 consistent with pure adS3.

In Figure [7.6] bottom row, we examine RSETs with predominantly negative energy densities
(left). We use a scalar field with € = —1/2, v = 1/4. The M (r) profiles (right) are qualitatively very
different from those seen with either the minimally or conformally coupled field. At the space-time
origin the M (r) profiles all start at M (r) = —1 as in the case of pure adS3, but moving away from
the origin, the profiles initially decrease with M’(r) < 0, attaining a minimum at some value of
r where M'(r) = 0. The values of the minima decrease with decreasing temperature. All profiles
then increase monotonically towards the space-time boundary, but only the profiles with § < 2
rise above —1. None of the profiles show any evidence of reaching a plateau. The behaviour of

the M (r) profiles in Figure bottom row, may be understood by examining the corresponding

energy density profiles. From (7.31)), and noting that » = /C(p) (7.25)), it can be seen that M'(r)
depends on the energy density of the RSET. As the energy densities of the RSETs are initially

negative, we see an initial decrease M(r), attaining a minimum when the energy density profiles
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Figure 7.7: Mass functions M (r) (right) with the corresponding energy density profiles (left) for a
scalar field with ¥ = 1/2 in a thermal state with 8 = 1 and a selection of coupling constants . The
Neumann boundary condition has been applied to the scalar field at the space-time boundary.
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Figure 7.8: Mass functions M (r) (right) with the corresponding energy density profiles (left) for
a scalar field in the vacuum state with v = 3/4, £ = 1/8 and Robin boundary conditions applied
using a selection of Robin parameters (.

become zero (which occurs at different values of r for each temperature profile). When the RSETSs
become positive, we see M (r) begin to rise.

Figure [7.6] shows the dramatic effect that varying the coupling constant & has on both the
energy density profiles and the consequent M (r) plots, especially when we have a negative £. We
can examine this further by examining a scalar field in a thermal state with fixed inverse temperature
B, and a variety of coupling constants. This is shown in Figure with the Neumann boundary
condition applied to the scalar field.

In Figure we examine a selection of RSETs with v = 1/2, 5 = 1 and a range of coupling
constants £&. The Neumann boundary condition was applied to the scalar field at the space-time
boundary. The coupling constants are chosen to produce a range of energy density profiles (left),
some of which are negative for part or all of the space-time. The corresponding M (r) plots are
shown on the right. For £ = 1/8 (conformal coupling), we have a standard energy density profile
which is positive throughout space-time. The M (r) profile increases monotonically from —1 at
the origin, and plateaus at a small positive value. The profile is that of a soliton and resembles
that seen in the massless, conformally coupled case with Dirichlet boundary conditions and § =1
(Figure top row). The M(r) profile with minimal coupling (§ = 0) increases initially away

from the origin before decreasing monotonically with increasing r. The M (r) profiles seen with the
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negative coupling constants ({ = —1/8, £ = —1/4) decrease monotonically moving away from the
origin. Only the M (r) profile with £ = 1/8 exhibits a solitonic shape.

In Figure we have a selection of vacuum RSETs (left) obtained using Robin boundary
conditions with a range of Robin parameters ¢, with v = 3/4. The corresponding plots for the
A(p), B(p), C(p) functions are shown in Figure The values of ¢ were chosen to give two energy
density profiles which are entirely positive energy (¢ = 517/100 and ¢ = 527/10) and two entirely
negative (¢ = 107 /100 and ¢ = 407/100). As can be seen, the profiles of the M (r) plots (right) are
very different to those seen in thermal states with Dirichlet boundary conditions, Figure All
profiles start at M(r) = —1 as before but the M (r) profiles for the RSETs with negative energy
densities (¢ = 107/100, 407 /100) decrease monotonically (become progressively more negative) with
increasing r, as we move away from the space-time origin. The M (r) profiles with positive energy
densities (¢ = 517/100, 527/100) increase monotonically as we move away from the boundary but
the ranges of the r coordinates are restricted compared to their negative energy counterparts. None
of the M (r) profiles show any evidence of plateau and do not seem to converge to a finite limit as

r — oo and, therefore, do not exhibit a solitonic behaviour.

§ 7.6 Mass function at the boundary

In Figure (top), it appeared that the mass function profiles for the massless, conformally coupled
scalar field converged to a finite limit as 7 — co. This is consistent with the finding in [95] and
depicts a solitonic behaviour of M (r). We now give additional evidence to support this conclusion.
It can be seen in Figure that the ratios of C(p)/tan?(p) converge to a temperature-dependent

finite limit C2 as p — 7/2. Thus, using the Taylor series expansion of tan®(p) near p — /2, we
have

P =0p) ~ 05 (2 - p) +0 (- ) (7.33)

In keeping with [05], we make the assumption that near the space-time boundary as p — 7/2, the

expansion of the (Ttt) component of the RSET takes the form
~ a a+1
@) =T (5-0) +0(5-0) (7.34)

for constants 75, and a. Using (7.31)), we can express the derivative of the mass function near the

boundary as r — 00, p — /2 to leading order as

% ~ 16\ C2 Tao (g - p)H

~ O(r1=9), (7.35)

For M(r) to converge to a finite limit as p — /2 and to avoid a logarithmic behaviour as
r — oo we require that a > 2. To determine an approximation for a we perform a log-log plot of
<Z/~’tt> in with the leading order term in the right hand side of , displayed in Figure
We then use the LinearModelFit function in MATHEMATICA to compute an approximation to the
constant a. To improve the accuracy of the linear model fit we have chosen the range of p in
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Figure 7.9: Loglog plot of the first term of the RHS of (7.34) (orange dotted) for a massless,
conformally coupled field (v = 1/2, £ = 1/8) with § = 1. We determine the coefficient a using a
LinearModelFit (blue line). See text for further details.

Figure to be p € [747/200, 947 /200] as we are really interested in the behaviour of (T7) as we
approach the space-time boundary. We find a good approximation between the log-log plot (orange
dots) and the linear model fit (blue line) giving a ~ 3.6. This supports the conclusion that M (r)
converges to a finite limit as r — oo for the massless,conformally coupled scalar field. Performing
the same analysis for higher values of # (lower temperatures) gives similar values of a > 3.

In the case of the minimally coupled scalar field (v = 1/4, £ = 0) shown in Figure (middle),
the convergence of the M(r) plots to a finite value as r — oo is less obvious to the naked eye.
Repeating the analysis as for the massless, conformally coupled case, we find that for 5 = 1 we have
a ~ 2.7, suggesting that the M (r) plot does indeed converge. When we increase /3 (decrease the
temperature) we find that a decreases with increasing 3. Thus for 5 = 3, we have a ~ 2.2. This is
still above the limit for a logarithmic behaviour suggesting again that for all values of 3, the M (r)

plots in Figure (middle) converge to some finite limit, demonstrating a solitonic behaviour.

8§ 7.7 Conclusions

This chapter contains the concluding work in this thesis. We have computed the backreaction of a
selection of RSETs on the underlying adS3 space-time geometry. In some respects it aims to close
the loop regarding the different themes of research presented in the other chapters. We have used
a selection of RSETs from Chapter 6 as the source term in Einstein’s field equations to compute
the QCM, with the emphasis being on the profiles of the RSETs rather than specifically focusing
on boundary conditions. We have chosen, as the source term, RSETs with different energy density
profiles, including some that are mostly or wholly negative throughout space-time. We have used
two different metric ansatze for our QCMs. The first has a similar form to the adS3 metric,
so we can compare the component functions to the corresponding terms in the adS3 metric. The
second metric ansatz is that of a static, spherically symmetric metric in Schwarzschild-like
coordinates, whereby we compute the ‘mass’ function. We compare our work with [95], where
the QCM on adS4 was computed using a massless, conformally coupled scalar field with Dirichlet,
Neumann and transparent boundary conditions.

Inserting the QCM ansatz into the Einstein equations, we obtain three expressions for the
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metric ansatz functions A(p), B(p), C(p) in terms of the three nonzero components of the RSET. We
use these equations , together with the conservation equation , to obtain ODEs
for the different components of the QCM. As the RSET components used in the ODEs have been
obtained numerically we first use the Interpolation function in MATHEMATICA to convert the data
sets into a form that can be differentiated. The ODEs are solved numerically with MATHEMATICA
and the individual QCM functions are displayed as ratios with the corresponding terms in ads3. For
the three thermal states with Dirichlet boundary conditions, shown in Figures[7.2|—[7.4] we see that
the metric functions have temperature-dependent profiles with the lowest temperature (highest /)
ones most closely resembling their adS3 counterparts.

The behaviour of the QCM metric functions when Robin boundary conditions are used to derive
the vacuum RSETSs (Figure are quite different to those seen in the thermal states. The B(p)
and C(p) terms are dependent on the Robin parameter, with the ¢ = 107/100 profile most closely
resembling the adS3 Dirichlet case except towards the boundary. The A(p) profiles have little
dependence on the Robin parameter. All plots match their adS3 counterparts at the space-time
origin and all decrease monotonically as they approach the space-time boundary, except for the
C(p) profile with ¢ = 107/100, which appears to first increase towards the space-time boundary
before decreasing.

We also use a general ansatz for a static, spherically symmetric metric in Schwarzschild-
like coordinates and determine the ‘mass’ functions, with the same RSETs used in Figures|[7.3
Additionally, we use the RSETSs obtained from the scalar field in a thermal state with Neumann
boundary conditions and v = 1/2, 8 = 1 with a selection of coupling constants. The M (r) plots
are shown in Figures — In [95], where a massless, conformally coupled scalar field was
studied in adS4, it was found that the mass functions exhibited solitonic behaviour for all inverse
temperatures $. This observation was supplemented by an additional argument.

For the RSETs examined in this chapter, on a background adS3, we only see a solitonic type of
behaviour for the mass functions with the massless, conformally coupled scalar field and possibly
the minimally coupled field with v = 1/4, both with Dirichlet boundary conditions (Figure .
Solitonic behaviour was also noted with the massless, conformally coupled field with Neumann
boundary conditions and 5 =1 (Figure . The M (r) profiles seemed to converge to a finite limit
that was very much temperature-dependent. This was supported by an additional argument. From
it can be seen that, in order for the M (r) plots to converge, we require that <Ttt> rapidly
converges to zero as we approach the space-time boundary. It may be that the lack of convergence
seen with some of the M (r) plots is because the RSETs computed in Chapter 6 were obtained for
p € [7/200,947/200]. Numerical error in the computation of the RSETSs prevented us from easily
going closer to the space-time boundary. In keeping with [27, ©5], if M (r) converges to a finite
limit, we refer to this limit as the mass of the metric or soliton. When the M(r) profile does not
converge it is not possible to clearly define a notion of coordinate or metric mass and in these cases
the significance of the mass functions remain an open question.

The selection of RSETs chosen in this chapter, as the source terms for the study of the QCMs,
was limited primarily due to time constraints. The intention was to give a flavour of the different
types of QCM solutions possible with the RSETs obtained in Chapter 6. It would be interesting
to give a more comprehensive account of the role played by the coupling constant and boundary
conditions and to what extent we can obtain solitonic type of solutions for the mass functions.
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Furthermore, in the choice of expansion for the C(p) function in (7.19)), we set Co = By so as
to avoid a conical singularity. It would be interesting to examine the results if we relaxed this
restriction and considered an expansion where Cy # 0. Preliminary results in this area suggest
the possibility of black hole solutions to the QCM. We intend to expand on this in a forthcoming
publication.
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Chapter 8

Conclusions and outlook

In this thesis we have used the framework of quantum field theory in curved space-time to study a
free quantum scalar field o propagating on a background classical, curved anti-de Sitter space-time
(adS). We have focused on the numerical computation of expectation values of the scalar field, using
MATHEMATICA, in both three (adS3) and four (adS4) dimensions. The main aims of the thesis are

e To compute the v.e.v.s and t.e.v.s of the renormalised stress energy tensor (RSET) for a
massless, conformally coupled scalar field in adS4 with a range of Robin boundary conditions.

e To compute the v.e.v.s and t.e.v.s of the renormalised vacuum polarisation <é>2> for a scalar
field with general mass and coupling to the background adS3. We have used Dirichlet, Neu-
mann and Robin boundary conditions applied to the scalar field at the space-time boundary.

e To compute the v.e.v.s and t.e.v.s of the RSET for a scalar field with general mass and coupling
in adS3 with a range of Robin boundary conditions.

e To determine the backreaction of a selection of RSETs on the underlying adS3 space-time

geometry and calculate the components of the quantum-corrected metric (QCM).

Anti-de Sitter space-time is a maximally symmetric solution to Einstein’s field equations
with a constant negative curvature. The lack of global hyperbolicity necessitates the use of boundary
conditions. Using Hadamard renormalisation, in the covering space of adS3 (CadS3), we have
numerically computed the renormalised vacuum polarisation (VP) of a scalar field with general
mass and coupling for a range of Robin boundary conditions. We have shown that there is an upper
limit for the value of the Robin parameter (s, beyond which our scalar field becomes classically
unstable. We work in Euclidean space where the Green’s functions are unique without the need for
an ‘t¢’ prescription.

Our motivation in computing the VP was centered on [71] where the VP was calculated for
a massless, conformally coupled scalar field on adS4 using a range of Robin boundary conditions.
In [71], it was found that for all Robin boundary conditions, the VP converged to the Neumann
result at the space-time boundary except Dirichlet which had its own limit. We wanted to see
whether the findings in [71] applied to a scalar field with general mass and curvature coupling.
Our results are displayed in Figures and show that both the v.e.v.s and t.e.v.s of the VP
with Robin boundary conditions do indeed converge towards the Neumann result at the space-time
boundary, except for Dirichlet which has its own limit. This supports the conclusion in [71] that the
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Neumann boundary condition represents the generic behaviour of the field even though Dirichlet
boundary conditions are most commonly studied in the literature.

For the determination of the RSET of a massless, conformally coupled scalar field in adS4, we use
the representation of the Euclidean Green’s functions with Robin boundary conditions from [71]
and given in . This conveniently allows us to formulate the RSET, with Robin boundary
conditions, as a combination of the RSET with Dirichlet and Neumann boundary conditions
together with a regular (or Robin) contribution. The RSET with Dirichlet and Neumann boundary
conditions is obtained from [2]. The Robin contribution to the RSET was computed by applying a
second order differential operator 7,,, [35] to the regular contribution G% in (3.37).

Our results for the v.e.v.s and t.e.v.s of the RSET with Robin boundary conditions in adS4 are
displayed in Figure and Figures It can be seen that both the v.e.v.s and t.e.v.s of
the RSET with Robin boundary conditions converge to the common v.e.v. seen with Dirichlet and
Neumann boundary conditions (3.19)). This is in agreement with the findings in [71] and Chapter
5 for the VP on adS3.

In Chapter 6 we extend the work in Chapter 3 and compute the v.e.v.s and t.e.v.s of the RSET
for a scalar field with general mass and coupling. We work in adS3 as this simplifies the angular
component of the Green’s functions and avoids the use of conical (Mehler) functions. When we
move away from the massless, conformally coupled field, we find that the v.e.v.s with Dirichlet and
Neumann boundary conditions are no longer the same . This allows us to see whether the
RSETs with Robin boundary conditions converge to the Neumann result.

The v.e.v.s and t.e.v.s of the RSET are computed using the Green’s functions given in
for the vacuum state. Thermal Green’s functions are computed from the vacuum ones by
making the substitution w — nkx where n € N and & is related to the temperature of the field by
. We follow the approach of [35] and determine the regular state-dependent component of the

Hadamard parametrix which we use in .

The results for the v.e.v.s and t.e.v.s with Robin boundary conditions are displayed in Fig-
ures [6.10 and Figures These figures support the finding that the v.e.v.s and t.e.v.s
with Robin boundary conditions converge towards the Neumann result as the space-time boundary
is approached. This is in keeping with the results seen with the VP in [7I] and Chapter 5 and also
for the RSET for the massless, conformally coupled scalar field in Chapter 3. However the conver-
gence of the RSETs with Robin boundary conditions as the space-time boundary is approached is
quite slow, particularly for the thermal states, which needs to be taking into account when making
our conclusions.

Using a scalar field with general mass and coupling, in vacuum and thermal states, with different
boundary conditions, presents us with an opportunity to change a number of different variables.
As a result we are able to generate many plots to show the behaviour of the RSET when we vary
such parameters as the temperature of the field, the coupling constant & and Robin parameter
¢. This has produced RSETs with some interesting properties, such as negative energy densities
throughout some or all of the space-time. This is seen most clearly when we move away from the
massless, conformally coupled scalar field. We find negative energy densities for both the vacuum
(see for example Figure and thermal states (see for example Figure , using different Robin
boundary conditions and coupling constants.

Quantum states possessing negative energy densities violate the classical weak energy condition
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(WEC) and may not even satisfy some quantum energy inequalities (Section . How such fields
affect the properties of the quantum-corrected metric when we consider the backreaction of the
RSET was in part the motivation for the research in Chapter 7. This contains the concluding work
in this thesis, and in some respects some of the most significant aspects, as it details the interaction
of the quantum field with the underlying space-time geometry. In studying the backreaction, we
use a selection of the RSETs computed numerically in Chapter 6 as the source term in Einstein’s
field equations and compute the components of the quantum-corrected metric (QCM). Our
intention was to give a flavour of the possible types of solutions produced when we vary the field
temperature, boundary conditions and coupling constants. We followed the methodology in [95]
which looked at the backreaction for the massless, conformally coupled scalar field with Dirichlet,
Neumann and transparent boundary conditions on adS4. In [95], the RSETs all possessed positive
energy density profiles throughout space-time. Our focus in Chapter 7 was to chose RSETs with
a mixture of positive and negative energy densities. We chose two metric ansatze for the QCM.
The first takes the form of the adS3 metric which allows us to directly compare the
component functions of the QCM with those of adS3 (Figures [7.2H7.5)). The second metric ansatz
chosen was also that of a general static, spherically symmetric metric but in Schwarzschild-like
coordinates . Using this metric our attention was focused on the behaviour of the mass
function M(r) (7.28). It was seen in [95] that the mass functions demonstrated a solitonic profile
for all thermal states studied regardless of whether Dirichlet, Neumann or transparent boundary
conditions were used. This is likely to be a result of all the RSETs studied possessing a positive
energy density throughout space-time and converging rapidly to zero as the space-time boundary
is approached.

In Chapter 7, we found a solitonic behaviour of the mass functions for the massless conformally
coupled field with Dirichlet (Figure top) and Neumann (Figure as well as for the minimally
coupled scalar field with v = 1/4. These RSETSs enjoy positive energy densities throughout space-
time. When the mass function converges to a finite value, we can consider the limit of M (r) as
r — oo as the mass of the soliton or coordinate mass. None of the RSETSs containing negative
energy densities demonstrated a solitonic profile for the mass function plots and the interpretation
of the mass functions in these cases is an open question.

Throughout his thesis, except for Chapter 3, we have used the parameter v , to encode
information about the mass and coupling constant of the scalar field. We have computed the VP
(Chapter 5) and RSET (Chapter 6) using three different values of v, namely v = 1/4, 1/2, 3/4,
where v = 1/2 represents the massless, conformally coupled scalar field. However, each value of v
can represent a range of values of the mass of the scalar field (m?) and coupling constant ¢ as shown
in Figure Indeed, when we looked at variations in the coupling constants with fixed v for the
RSETs in Chapter 6 (see Figure for example), the mass of the field also changes in accordance
with . An attempt to separate the effects of changing the mass and coupling constants was
made to a limited degree in Figures [6.7] and [6.§] for thermal states with Dirichlet and Neumann
boundary conditions. For fixed £/m? we can derive three values of m?/¢ respectively corresponding
to the three values of v. In future research it would be worthwhile to compute the VP and RSETs
where the mass and coupling constant are treated as independent variables and see to what extent
they individually contribute to some of the exotic RSETs seen in Chapter 6.

It would also be worthwhile computing the QCM with a much wider range of RSETs from

182



Chapter 6 as the source term. This would allow us to determine the contributions made by varying
the boundary conditions, temperature and coupling constants in a more comprehensive way. Also
a different choice of metric ansatz can be used where the Taylor expansion of the C(p) function is
not constrained by setting Co = By. Preliminary work in this area has produced QCMs consistent
with black hole solutions. We plan on presenting a more exhaustive account of the backreaction on
adS3 in a future publication.

Finally, it would be instructive to compute the VP and RSET of a scalar field with general
mass and coupling, with Robin boundary conditions on the BTZ background. The BTZ is a (2+1)-
dimensional black hole solution to Einstein’s field equations and is asymptotically of adS3
geometry [9, [10]. We may expect that far from the black hole, renormalised expectation values
would approach those of pure adS. Thus we have focused on the behaviour of the VP and RSET
close to the boundary (Sections . The BTZ metric can be derived by identifying points
in adS3 [9, 10] and the Green’s function for a massless, conformally coupled scalar field on a BTZ
background has be found using the method of images [65, 89]. The renormalised VP and SET
have been computed for a massless, conformally coupled scalar field with transparent [89], Dirichlet
[63, [65] and Neumann [65] boundary conditions. Also, the Green’s functions for the ground state
of a massive scalar field has been constructed for Robin boundary conditions on a rotating BTZ
background [21], but the VP and SET remain to be computed. Once the RSETs for a scalar
field with general mass and coupling on a BTZ background have been computed, these could be
used as source terms in Einstein’s equations to compute the QCM, thus extending the work in
[25] 26, [65] 67, [87]. The effects of RSETs with negative energy densities on the singularities of the
BTZ black hole would be an exciting avenue to explore in future work.
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