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Abstract

The introduction of novel technologies has historically led to fundamental changes in struc-
tural design practices. Despite the increasing prominence of machine learning techniques,
the application for structural design models is sparse in current engineering practice when
compared to structural analysis models. This publication-based thesis posits that struc-
tural design is in fact an inverse problem and presents a methodology to develop accurate,
generalisable, and verifiable machine learned structural design models for continuous beam
systems. Unique to this perspective is the interlink between structural analysis, design,
and optimisation, providing a fundamental shift in engineering philosophy that is conven-
tionally dominated by the forward-problem oriented field of engineering science.

A comprehensive literature review on the range of domains in which inverse problems have
been identified in civil and structural engineering is presented first, covering applications
in blast engineering, structural health monitoring, and digital twins. This review high-
lights the extensive use of machine learning in such domains as opposed to traditional
optimisation based inverse solvers, and underlines some of the unique advantages which
machine learning models provide to help address the current design challenges in industry.

The thesis subsequently embarks on an in-depth investigation to build a non-iterative
machine learned structural design model for continuous beam systems within the three
subsequent chapters. The first of these three chapters introduces the novel concept of an
influence zone of continuous beam systems, which acts as a generalisable and heuristic
estimator of the pertinent local loading information relevant for the design of individual
members within such a system. The second chapter takes advantage of the influence
zone to develop a generalisable, neural network based structural design model to predict
cross-sectional properties of a continuous beam system of arbitrary system size. This
chapter explicitly frames the machine learned design model from the inverse problem
perspective, ideates an appropriate feature selection for the input parameter space, tests
various architectures, and evaluates the accuracy of the model. The last chapter utilises a
novel physics-informed neural network to evaluate the performance of such an architecture
compared to the previously achieved benchmark and showcases the viability of determining
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the physical accuracy of predictions during inference. This work concludes by reflecting
on the novel contributions achieved by this investigation, and the specific scopes for future
work.

Key words: machine learning, neural networks, structural design, design models, inverse
problems, influence zones, physics informed neural networks.
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Chapter 1

Introduction

1.1 Objectives and scope of work

For a field as old as engineering, there is a surprising lack of discussion on the philosophy
of engineering design [1]. Unlike the sciences, which have historically enjoyed considerable
deliberation by various philosophers and scientists alike, with well established concepts
such as the “scientific method” [2] and principles such as Karl Popper’s “falsification
theory” [3], an equivalent in-depth discussion is lacking in engineering, despite researchers
stressing the benefits such efforts could bring [4].

The thesis’s primary assertion, presented here in a publication-based format, is that
structural design may in fact be viewed as an inverse problem, and embarks an investiga-
tion to build rapid, accurate and verifiable machine learned structural design models. The
investigation is motivated by the growing interest in developing digital and computational
based approaches to address current challenges faced in the Architecture, Engineering and
Construction (AEC) industry. The research aims to demonstrate the value of the inverse
problem perspective for structural design, and to highlight the viability of machine-learned
design models within this context. The thesis pursues the following objectives:

• Provide an overview of current structural design trends, and propose the use of
machine learning as a potential solution to the industry’s current design challenges.

• Review the various research areas within structural engineering in which inverse
problems exist, and demonstrate that structural design may in fact be viewed as an
ill-posed inverse problem.

• Identify novel mechanical concepts to help address some of the common shortcom-
ings of past machine learned structural design models, specifically in relation to
generalisability and accuracy.

• Demonstrate a methodology that incorporates the inverse problem perspective as
well as the novel mechanical concepts to develop generalisable machine learned design
models for continuous beam systems.

• Incorporate physics-informed neural networks (PINNs), a relatively novel network
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archetype established in 2019 [5], and test their viability for machine learned struc-
tural design models.

This investigation fundamentally distinguishes itself from previous design research pre-
dominantly focused on structural optimisation. First and fore-most, the thesis makes the
crucial distinction between structural analysis models, which have historically received
considerable attention in literature, and structural design models, which is the focus of
this thesis. This distinction is reflective of forward and inverse operators that exist in
inverse problems. Second, with help of this perspective, several novel concepts are de-
veloped, including influence zones, polarity zones and polarity sequences. These novel
concepts are then uniquely used to build a mechanics-driven feature selector that con-
tribute towards building generalisable design models. Third, an open-source structural
design dataset named CBeamXP [6] is generated, on which all machine learning models
presented are trained on, providing other researchers and engineers the opportunity to
review and contribute towards research efforts within this field. Lastly, novel physics-loss
functions are formulated which allow physical verifiability of machine learning inferences
outside of training.

1.2 Organisation of thesis

This publication based thesis consists out of four individual journal articles that were
written during the three and a half year-long investigation. Each article is accompanied
by a short foreword commentary and are tightly linked together as shown by Figure 1.1.

Chapter 2 provides some background knowledge to help contextualise the research.
Chapter 3 is a literature review that proposes that structural design is an inverse prob-
lem, and demonstrates the wide range of existing inverse problems within the civil and
structural engineering domain. Chapter 4 is a mechanics-focused research article that
introduces the novel concept of influence zones. Influence zones play a fundamental role
in Chapter 5 to build a generalisable machine learned structural design model from the
inverse problem perspective. Chapter 6 then extends the previous design model by in-
corporating a physics-based loss function to ideate a neural network architecture capable
of providing verification of predictions during inference. Chapter 7 summarises the key-
findings and novelties of the research. Finally, a number of appendices have been made
available either immediately after journal article chapters or at the end of the thesis to
help provide further context on some of the outputs achieved during this investigation.
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Figure 1.1: Overview of the publication-based thesis from the perspective of the neural
network based structural design model. Each chapter is presented as a stand-alone journal
article. Chapter 3 provides the philosophical backing behind developing machine learned
inverse operators, Chapter 4 introduces the influence zone concept that plays a funda-
mental role in selecting the feature space, Chapter 5 develops the network architecture,
and Chapter 6 investigates the impact from embedding physical knowledge into the neural
network loss function.
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Chapter 2

Background and contextualisation

2.1 Defining structural engineering design

Although the term “design” is used rather ubiquitously within engineering, both in
industry and academia alike, “design” takes a surprisingly large number of meanings and
a multitude of various definitions within literature. For example, one popular definition
by A.J. Harris is “the determination of what is to be built and the instructions to the
builders adequate for them to build it”, whilst keeping in mind the factors of “function,
economy and safety” [7]. William Addis, one of the few academics to have studied the
history of engineering design, supplements Harris’s definition centred around description
and instruction with that of justification, whilst also stressing that design is principally
a collection of unique human skills (from conceiving and proposing ideas, evaluating and
choosing solutions, analysing structural behaviour and communicating design decisions)
[8].

The lack of a rigorous and unifying definition for what “design” entails might suggest
that the term encompasses such a large variety of various meanings that a single definition
is unlikely. However, other researchers such as William Bulleit have suggested that it might
highlight a lack of reflective and philosophical investigation into how engineering is done
and why it is done that way [4]. For example, science, unlike engineering, has benefited
from centuries of rigorous philosophical contemplation including Bacon’s Novum Organum
[9], Descartes Discours de la Méthode [2], Popper’s The Logic of Scientific Discovery [3]
and Kuhn’s Structure of Scientific Revolutions [10]. Billy Koen argues that the lack of
such investigations in engineering results in engineers identifying themselves in terms of the
artefacts they create (aeroplanes, bridges, CPUs, transformers, etc.) instead of the design
process which created them [11]. This would be the equivalent of physicists identifying
themselves with the knowledge they establish (e.g. the laws of thermodynamics) instead of
the scientific method which underpins all scientific disciplines (physics, chemistry, biology,
psychology, etc.). As a result, each individual engineering discipline generally develops its
own, specific understanding of what design signifies.

For example, within civil and structural engineering specifically, the Institution of
Structural Engineers (IStructE) identifies the stages a project undergoes starting with the
client brief and finishing with construction and handover of the structure as shown in
Figure 2.1. While this diagram highlights the different stages that design comprises of
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(scheme/conceptual/detailed), it only brings to the foreground the global design process,
and hence provides little insight on the elements which a local design procedure would
comprise of for various structural systems. Furthermore, the traditional, linear procure-
ment route implied in this view is rarely the one which takes place in practice [12] and
also ignores the often cyclical and repetitive nature which is inherent to design [13].

1. Project formulation
• Developing brief.

• Defining objectives.

• Identifying stakeholders.

2. Site investigation
• Data collection.

• Identifying physical, economic 

and societal constraints.

3. Scheme design
• Development and evaluation of 

various design options.

4. Detailed design
• Formal calculations to verify 

structural elements and provide 

justification for design.

• Production of construction 

information.

5. Procurement
• Tendering of project and pricing 

of work.

• Selection of construction team.

6. Construction
• Management of site works, 

design of temporary work 

solutions, etc.

Figure 2.1: Global design
process as specified within
the Structural design - the
engineer’s role guide by
the IStructE [14].

There is little doubt that today, in the 21st century, the
design process is becoming increasingly complex due to client
and societal demands imposed on structures, and policy deci-
sions such as the UK’s Construction 2025 initiative are there
to accelerate project deliveries and help motivate more sus-
tainable, low embodied carbon solutions [15]. However, some-
times challenges are best addressed through research, and
by properly appreciating the development of design methods
through history and identifying the latest trends and chal-
lenges faced by the industry, the motivation and reasoning
behind this thesis will be properly contextualised.

2.2 Historical development of design

A common misinterpretation of the historical develop-
ment of design is to centre the discussion around the develop-
ments of engineering science and analysis techniques, which
broadly speaking occurred between the 17th and 19th cen-
tury as shown in Table 2.1 [16]. It is worth noting that there
are plenty of historical structures which were built millen-
nials ago that still stand today despite not relying on mod-
ern structural theories for design. These include notably the
Great Pyramid of Giza (2600 BCE), the Greek Parthenon
(438 BCE), the Roman Pantheon (126 CE), the hammer
beam roof of Westminster Hall (1399), and numerous cathe-
drals and churches such as Brunelleschi’s Cathedral Dome in
Florence (1436) [17].

The study of design procedures throughout history sug-
gests that design was not a matter of “trial and error”, but
instead followed a deliberate process, which typically was a
reflection of the culture and thinking of that era [18]. Fur-
thermore, throughout history various design revolutions took
place as shown by Table 2.2, and should indicate that design
procedures have undergone changes in the past as new ma-
terials, theories and technologies come about, a trend which
is likely to extend into the future [8].

The last two major design revolutions, that of plastic de-
sign which was established in the 1930s and matured in the
1950s and led to the formulation of limit-state design [20],
as well as that of the rise of the personal computer, which
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Field of study
Years of significant

development
Prominent scientists and engineers

Elasticity 1650s to 1810s Hooke, Euler, Young

Beams 1630s to 1870s Galileo, Mariotte, Bernouilli, Coulomb, Mohr

Columns 1750s to 1890s Euler, Hodgkinson, Rankine, Moncrieff

Framed Structures 1850s to 1870s Rankine, Maxwell, Ritter, Williot

Indeterminate
Structures

1830s to 1910s
Clapeyron, Mohr, Castigliano, Maxwell,

Mohr, Wilson, Maney, Beggs

Table 2.1: Overview of major developments in structural theories since the 1600s.

made techniques such as the Direct Stiffness Method and the subsequent Finite Element
Methods accessible [21], principally reflect the status quo as to how design is carried out
in industry today.

2.3 Design: current trends

Typical design workflow

The prevalence of computers and relatively in-expensive modelling software has pushed
the Architecture, Engineering and Construction industry towards federated Building In-
formation Models (BIMs), which places emphasis on developing digital tools which can be
used during the entire lifecycle of a structure, for visualisation, scheduling, communication
and collaboration among project stakeholders [22, 23]. Although technical issues such as
software interoperability and computational costs, as well as non-technical issues ranging
from costs, employee training, legal uncertainties, disruption of traditional workflows and
contracts exist [22, 24, 25], there are a multitude of potential advantages and savings from
BIM from enhanced exchange of information and knowledge management [26, 27], reduc-
ing project duration and cost [28, 29] and other benefits such as integrated clash detection
[23]. These factors, amongst others, constitute of a collection of critical success factors
through which the successful implementation of BIM can be measured against [22].

As a consequence of BIM, it is typical for the engineering workflows to revolve around
a synchronously linked analysis model which automatically updates the BIM-model as
changes, such as for the rationalisation of section sizes or in response to new client de-
mands, are required. This workflow is summarised in Figure 2.2, and highlights the various
steps involved in the process. Depending on the size of the model, the types of analysis re-
quired and the assumed section properties of the material, this workflow can often become
computationally demanding and time consuming, especially when carried out manually
[30]. Consequently, there has been a noticeable drive towards parametric models cou-
pled with optimisation schemes to create more generative design procedures to efficiently
evaluate complex, multi-objective design spaces [31].
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Design
revolution

Time
period

Description

Greek
600-200
BCE

Numerical design procedures, using either Doric or Ionic design
methods. Rationale was deeply rooted in the Pythagorean ideol-
ogy of numbers, ratios and patterns.

Gothic
1100s to
1150s

Designs focused on linking Christian religious ideology to form
and geometry.

Statics Late 1600s
Use of parallelogram of forces and graphical methods translated
into improved numerical design guidance for builders and forma-
tion of scientific academies.

Elastic Early 1800s

Mathematical models of elastic behaviour of structures (stress and
strain) begin to be used in design, as well as more advanced stati-
cal principles (such as the method of sections developed by Johann
Schwedler).

Rankine 1840s

Introduces the idea of a factor of safety to address the issue of
the idealisation made by structural theories, overcoming the re-
luctance of tradesmen of using theory in practice instead of prece-
dence.

Plastic
1930s to
1950s

Response to the unrealistic and un-economic design constraints
imposed through maximum stress design, ushering the concept of
limit-states which still governs the code in the 21st century.

Computers 1970s

Ease and abundance of deterministic finite element analysis allows
more complex structures to be built, yet also draws attention to
the importance of fundamental design principles such as ductility
and robustness for various material and building types.

Table 2.2: Major historical design revolutions that occurred in the West [8, 18, 19].

Parametric modelling, data interoperability and optimisation

Parametric modelling is the practice of developing models based on a set of key parame-
ters which describes the structural solution (such as floor-heights, span-lengths, number of
column rows, etc.) and allow a designer to interactively make updates to the model auto-
matically. The two most common software packages used in industry include Grasshopper
[32] and Dynamo Revit [33], both featuring visual programming interfaces which allow
engineers to drag and drop various components to process data and generate geometries
in real time. Third-party add-ons such as Karamba3D [34] or Kiwi!3D [35] often provide
built-in structural analysis and design tools, which together with other packages often al-
low the engineering workflow as identified in Figure 2.2 to be tackled. However, industry
surveys suggest that parametric modelling is typically reserved for early stages of design,
specifically for design exploration [36], due to the lack of sufficient data compatibility and
interoperability of software packages used during the later stages of the design [37].

The issue of data interoperability leads to losses of bi-directional links between various
software packages, and was estimated to cost the American AEC and capital industry
2004 $15.8 billion USD annually in 2004 due to the additional resources spent on resolving
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Geometry
Dimensional Information

• Types of members (linear, 

planar, etc.)

• Height, width, length

• Support points (location and 

types)

Structural Information

• Cross-sections

• Material properties

• Fixity/boundary conditions

Actions (Loads)
Load cases

• Permanent (self-weight, finishes, lights, etc.)

• Variable (imposed, wind, notional horizontal 

loads, snow)

• Accidental (explosions, impact, earthquakes)

Load 

combinations

• Load and 

safety factors

• Permutations 

of loads

Analysis
Types of analysis

• Strongly dependent on material 

property assumptions (linear or 

non-linear)

• Selection of combination of 

various types: static, second-order 

(p-delta), dynamic, thermal

Evaluation of action effects

• Section, member and 

connection 

forces/moments

• Displacements, natural 

frequencies, 

expansion/contractions

Design checks
Structural checks based on building codes (Eurocodes, etc.)

• Section, member and connection checks

• Typically focusing on the most relevant ultimate or serviceability 

failure modes

Construction information
Preparation of building intent

• BIM models (Revit etc.) or building drawings (AutoCAD)

• Beam, column, reinforcement schedules, etc.

Repetitive and cyclical process
Design cycles due to evaluating different scheme designs, finalising/rationalising 

section sizes, checking change of order request forms

Figure 2.2: Typical engineering analysis and design workflow.

data exchange issues [38]. It was initially intended that the creation of a neutral data
format based on the Industry Foundation classes (IFC) scheme would help to circumvent
this problem, yet the diversity of software and their individual interpretation and imple-
mentation of the IFC scheme still results in errors during data exchange processes [39, 40].
During the late 2010s, instead of relying solely on the IFC scheme, various industry stake-
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(a) Exemplary script from Grasshopper. (b) Exemplary script from Dynamo.

Figure 2.3: Parametric modelling tools used in the AEC industry.

holders developed either open-source ot third-party packages to help alleviate this issue,
the most popular being open-source packages such as BhOM [41], Speckle [42] or third-
party solutions such as Geometry Gym [43]. Whilst these tools are a step forward in the
right direction, they can at times create additional cost-burdens for designers, or in the
case of open-source packages, rely on the support of the community for the latest adapters
to be updated as new versions of software APIs are released.

Lastly, the combination of parametric tools and data-interoperability packages has ush-
ered in a new era of single and multi-objective optimisation schemes which theoretically
allow better exploration of design spaces, including size, shape and topology optimisation
algorithms [44]. Optimisation schemes typically rely on either gradient-based (including
Steepest Descent Methods, Conjugate Gradient Method or Sequential Linear Program-
ming Algorithms [45]) or heuristic search methods (such as genetic or swarm algorithms
[46]). The application and use of structural optimisation is prevalent in civil and structural
engineering, including applications such as the optimisation of steel arch bridge designs
[47], high rise buildings [48], as well as more exotic structures such as tensile domes [49].
Whilst these approaches clearly demonstrate the potential in reducing weights and costs in
structural solutions, principal issues remain including the computational demands made
by such optimisation schemes, specifically for more complex types of analysis and multi-
objective performance criteria, as well as the need to possess a strong understanding of
the inner workings and drawbacks of such schemes [50].

2.4 Modern design challenges

A useful insight on the challenges faced by the AEC industry can be found within
the newly updated 2020 RIBA Plan of Work guide [51]. The RIBA (Royal Institute of
British Architects) plan of work is the industry’s accepted framework for how construction
projects, especially for those involving buildings, are carried out. Projects are separated
into various stages, similar to the general “design procedure” outlined in 2.1. The RIBA
plan of work outlines a linear design process as shown in Figure 2.4, yet the report is quick
to acknowledge the various procurements and project management strategies employed
which often leads to stages occurring concurrently, which brings us to the first modern
design challenge.

25



A. Gallet | PhD Thesis, 2024 Chapter 2 - Background and contextualisation

Figure 2.4: RIBA’s 2020 Plan of Work stages [51].

Project management challenges

“Manufacturing and Construction”, that is Stage 5 of RIBA’s Plan of Work shown in
Figure 2.4, is generally speaking the most time and labour intensive. Consequently, there
is generally a concerted effort to start construction as early as viably possible in a project,
typically by using non-standard procurement strategies such as “design and build”, “man-
agement contracting” or “contractor-led” solutions. Whilst there are differences between
these strategies in terms of who employs the design team, when exactly the construction
team’s involvement begins, and which party is ultimately responsible for the design [12],
the key appreciation to be made is the additional pressures that these non-traditional
procurement strategies exert on design engineers.

In order to be able to start construction earlier, it is necessary to correctly estimate
what the ultimate loads and forces of the structure will be, specifically foundations and sub-
structure elements, since those are generally speaking built first. Unfortunately, detailed
engineering analysis can be highly resource intensive, and is therefore often only carried out
at Stage 4 of a project. Consequently, since it is in the design teams’ interest to minimise
project and contract risks, conservative design assumptions which provide “slack” within
calculations are often made. This leads to over-designs, not due to a lack of technical
competence, but the lack of resources (time) to properly investigate the design. As non-
standard procurement strategies continue to gain in prominence [52] and environmental
pressures for lower embodied carbon-intensive structures mounts [53], developing methods
which enable accurate engineering insight at an early stage of a design project becomes
favourable.

Time-lag between design proposals and engineering analysis

Whilst there is no shortage of computational tools available to engineers, each software
and design package requires expertise which is often outside the scope of the majority of
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engineers in the modern workplace [54]. Consequently, when a design proposal or design
change is made, it often takes a significant amount of time to yield any useful engineering
feedback on the impact of that said change. Dale Sinclair (former Director of Innovation
at AECOM ) believes that instead of more complex analysis techniques, the industry is
in need of tools which can provide real-time, evidence-based feedback on design decisions,
especially at Stage 2 and Stage 3 of a project [51]. In order to over-come this time lag,
early design decisions are typically taken based on engineering judgement, past experience
and simple rules of thumb, which aside from leading to potentially conservative design
decisions, also result in not properly engaging with the design space. Significant research
has been made in parametric modelling and design optimisation as shown in section 2.3,
yet the best way to integrate these techniques in actual design workflows remains an open
research question.

Leveraging past design data

The rise of BIM explained in section 2.3 has led to the creation of enormous amounts
of data, ranging from 3D models of the final structure, along with all of the documentation
and calculations which took place during the design process. Unfortunately, to this date,
this data has not been effectively taken advantage of within the AEC industry [55, 56].
To overcome the slow implementation of data-driven solutions, researchers are suggesting
that a new cultural shift and mindset is required [57].

To this day, there are still no established practices on technologically leveraging past-
design data to inform future design decisions. Instead, past design data is only em-
ployed qualitatively through the experience gained by engineers when they worked on
past projects. Given the extended project times in constructions which can easily be in
the excess of 5 years, as well as the natural progression of engineering designers into team
managers as their career progresses, it is crucial for design consultancies to have some
form of “knowledge management” system in place which prevents this “learned data” to
go to waste [58]. This points towards an opportunity to investigate methods capable of
using past data to streamline future design decisions instead of requiring engineers to go
through the laborious process of starting from scratch.

2.5 Research motivation

The three challenges identified above can be summarised as a) project management
pressures due to a lack of early engineering insight of projects, b) time-lags between a
suggested design proposal and the associated engineering analysis and c) not having a
technologically driven solution to leverage past design data all point towards needing a
new methodology to streamline design workflows. Whilst data-interoperability packages
can help to send data across various design software, and whilst generative design methods
linked with real-time optimisation schemes can support the exploration of the design space,
these approaches are often computationally expensive due to their deterministic nature,
and requires specialists knowledge of particular software packages. Most importantly,
optimisation schemes typically do not learn from their own results. These challenges, and
the associated limitations of present-day solutions, motivated the research for alternative
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solutions.
Starting in the 2010s, it was evident that machine learning techniques, and in partic-

ular deep learning methodologies, were making enormous strides in pattern recognition
[59], decision making abilities [60] and natural language processing [61]. Subsequently,
there was a growing awareness on the potential for machine learning to address some of
the aforementioned challenges [62, 63]. Machine learning models could help address all
three challenges, namely leverage past design data, reduce time-lags between design pro-
posals and associated engineering analysis, and relieve some of the project management
pressure by providing engineering insights on early decision making. Knowing the current
design challenges faced in industry gained from work experience, a research proposal was
submitted in early 2020 to study the viability of machine learning for structural design ap-
plications, and led to the research investigation that is presented in this publication-based
thesis.

2.6 Literature review: machine learning for civil and struc-
tural engineering

A short literature review on machine learning for civil and structural engineering appli-
cations is presented next given the substantial amount of literature covered in Chapter 3,
along with tailored literature reviews for each of the individual journal articles presented
in Chapters 4, 5 and 6. This review serves mainly to identify the largest knowledge gaps
that motivated the very same journal articles presented later in this thesis.

2.6.1 Periods of distinctive machine learning research

A short literature review on machine learning for civil and structural engineering appli-
cations is presented next given the substantial amount of literature covered in Chapter 3,
along with tailored literature reviews for each of the individual journal articles presented
in Chapters 4, 5 and 6. This review serves mainly to identify the largest knowledge gaps
that motivated the very same journal articles presented later in this thesis. The use of
machine learned (ML) and data-driven methodologies for civil and structural engineering
is pervasive, evidenced by the existence of recent, quasi-thematic review articles covering
the application of ML from construction [64] to bridge health monitoring [65], crack de-
tection [66], risk and resiliency assessments [67], earthquake engineering [68], and concrete
properties predictions [69]. However, the use of ML for structural design has received far
less attention, with only a few review articles that partially cover the corresponding litera-
ture [62, 70–72], with the notable exception of one recent “opinionated review” [73], which
reviewed only a select few applications of artificial intelligence on structural design, and
addresses the potential implications of machine learning replacing engineering intuition
and creativity in the future.

The majority of review papers point towards distinctive periods of intensive ML re-
search in civil and structural engineering. The first period was from 1988 to 2000, which
was kickstarted by the theoretical development of artificial neural networks (ANNs) in
1982 [74] and by the back-propagation technique developed in 1986, both of which con-
tinue to underpin data-driven research [75]. Furthermore, there was a series of other
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ML algorithms developed based on regression (LASSO [76], ridge [77], polynomial basis
functions [78]), tree-based algorithms (decision trees [79], random forests [80], adaptively
boosted tress [79, 81]), support-vector machines [82], and K-Nearest Neighbors [83] as
partially reviewed by Sun et al. [62]. Unfortunately, the practical implementation of these
methods was severely limited due to the significant lack of computational resources and
readily accessible data [84] during this period.

The identification of these constraints significantly reduced investigations of machine
learning applications within civil engineering between 2000 to 2010, and is generally re-
flected by a notable lack of papers and articles in the early 2000s. However, theoretical
research in machine learning models continued, specifically for deep learning methods such
as recurrent neural networks (CNNs) in the late 1990s [85], convolutional neural networks
(CNNs) in the mid-2000s [86] and graph convolutional neural networks in 2009-10 [87].
These new machine learning models, along with an exponential increase in computational
power to perform learning, revitalised ML research in civil and structural engineering
during the 2010s [88].

Over the last decade, several new developments, most notably attention-based mech-
anisms called transformers in 2017 [89] and, more recently, domain-embedding networks
such as physics informed neural networks (PINNs) [5, 90, 91] have attracted significant
research efforts. It is worth noting that it is the transformer architecture that underpinned
the success of large language models such as GPT, BERT and LAMA [92] that dominates
deep learning research today. The machine learning literature for structural engineering
applications tends to investigate the application of the latest theoretical machine learning
techniques with an approximative two to three year delay. PINNs that were established
in 2019 began to be investigated in earnest for structural engineering applications from
2021 onwards [93, 94], and the success of ChatGPT in 2022 has, for example, begun to
spur research grants for steel design applications as of late 2023 [95].

2.6.2 Application areas of ML in civil and structural engineering

Sun et al. [62] have identified four application areas of ML in civil and structural en-
gineering: surrogate modelling for predictive structural response, interpretative modelling
of experimental data, information retrieval models based on images and written texts,
and structural health monitoring models [88]. Although some examples of unsupervised
or reinforcement learning exists in literature [96], the majority of research is dedicated to
the creation of supervised learning regimes. One noticeable gap within the research which
culminated between 2010 to today is significantly fewer investigations for structural design
models.

As a matter of fact, examples of structural design specific ML driven models only
tend to have occurred in the 1990s, with neural networks having been the predominant
machine learning modality. Vanluchene and Sun for example developed a simple fixed
frame concrete beam design model which took as inputs bending moment, reinforcing
steel strength, concrete compressive strength, reinforcement ratio and an aspect ratio to
predict the required structural depth of the beam [97]. Whilst their use of multi-layer
perceptron models with two hidden layers was state-of-the-art in 1990, their research was
severely limited in the amount of synthetic data which could be produced. Furthermore,
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their approach was only suitable for statically determinate systems in which the bending
moment was not a function of the required structural section. Another paper investigated
the application of neural networks to aid truss design problems with 10, 15, 20 or 25 struc-
tural elements [98]. In this instance, the network was tasked with identifying the required
cross-section areas for economical design based on a variety of loading conditions. Whilst
the results were promising for the particular truss chosen, this particular methodology suf-
fered from the inherent weakness of not being generalisable to truss designs of a different
topology, which has continued to be a common issue in literature to this day [99–101]. This
presents a unique research opportunity to develop new methodologies that enable existing
machine learning modalities to generalise for different boundary conditions, systems sizes
and design constraints.

As of 2020, there had been some attempts to implement ML for structural design
applications directly [102–104], indicative that interest in this field was rising. Yet ML
design models are significantly less represented within the literature than surrogate anal-
ysis models. This could be interpreted as evidence that such design models are more
complex operators, and concurs with the inverse problem perspective for structural design
presented in Chapter 3. ML driven surrogate models have been useful in streamlining
computationally intensive simulations, which may indirectly help in designing structures,
most notably for non-linear, dynamic analysis. The pre-dominant focus in the literature
appears to be for seismic systems in steel [105, 106], concrete moment frames [107–109],
steel braced frames [110, 111] and reinforced concrete shear walls [112]. One distinct
difference between these papers with those from the 1990s is their more diverse use of
various ML algorithms, such as linear regression models, support vector machines, and K-
Nearest Neighbors in addition to feed-forward neural networks. However, these surrogate
models simply accelerate the evaluation of structural response parameters (in other words
forward operators) which could normally be evaluated less quickly by more deterministic
techniques.

Interpretative ML models developed using data from experimental models have a dis-
tinctive difference to the surrogate models that were predominantly trained on synthetic
data. The reliance on experimental data typically resulted in extreme small samples sizes
(<100), and such models were used to evaluate various response variables most often re-
lated to structural capacity such as shear strength [113], drift capacity [114], reinforcement-
concrete ultimate bond strength [115], and punching shear capacity [116]. Since the goal
of these models is to estimate some form of structural properties they fall predominantly
into the regression modelling category. However, recently there have also been examples
of classification models which predict the probable failure mode of RC structures based on
in-situ experimental data such as measured material properties and stiffness parameters
of the system [117, 118].

The last two major application areas are related to information retrieval models which
predominantly take advantage of pre-trained CNNs to extract information from images
[86] using a technique known as transfer learning. Examples include evaluating RC cracks
and spalling patterns [119], identifying loosened or corroded steel bolts [120] and more
general structural component damage classification [121]. There was also one unique ap-
plication of LSTMs models [122] to assign building damage classification tags based on
natural language descriptors using a dataset from buildings affected by the 2014 South
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Napa earthquake [123]. ML models have also been developed for structural health monitor-
ing (SHM) purposes, which is further covered in Chapter 3. Commmon model archetypes
include auto-regressive model fitting [124], Fast Fourier Transform [125] and wavelet trans-
formation [126]. ML-specific algorithms have also been used on aluminium [127], steel [128]
and RC frames/elements [112, 129] using neural networks, support vector machine and
kernel ridge regression methodologies.

2.6.3 Criticism, challenges and areas for future research

The literature identified above indicates that machine learning research has grown sig-
nificantly in civil and structural engineering. Not only are various ML techniques utilised,
yet the ML model development workflow from data collection, preparation, training, anal-
ysis and deployment is fairly well understood. This is evidenced by comparing the content
of two literature reviews across three decades; whilst in 1997 the literature primarily fo-
cused on describing the general problem solving workflow for machine learned models
[84], in 2020, the authors instead provided far more detailed explanations such as an
in-depth overview of the mathematics of each ML technique and other supplementary de-
tails such as the importance of feature engineering (covering techniques such as chi-square
tests, correlation coefficients, Principle Component Analysis) [62]. Furthermore, there is
a greater appreciation for the performance metrics used for both regression and classi-
fication models such as accuracy, precision and recall for binary classification, confusion
matrices for multi-class classification, and mean squared error (MSE), root mean squared
error (RMSE), mean absolute error (MAE) and mean absolute percentage error (MAPE)
for regression models [130].

However, there are still significant challenges and hurdles before civil engineering ap-
plied ML research reaches further maturity. First, there are no accepted datasets on
which civil and structural engineers train on, meaning that it can be difficult to properly
compare the results between any two studies. Aside from making reproducibility and
verifiability challenging, it also hinders comparative and future research since significant
effort needs to be carried out in creating the datasets in the first place. This is in stark
contrast to other machine learning investigations in which commonly used datasets such
as MNIST [131] and ImageNet [132] provide a common benchmark dataset against which
new and different types of machine learning models can be tested against. Recently there
has been progress to create such data repositories, including DesignSafe [133] and the
Datacenter-Hub [134] to specifically aid the distribution of engineering and science based
machine learning projects. Any future research should aim to both openly share as well
as contribute to the creation of high-quality datasets.

Second, the rationale for the use of a particular machine learning model over another
one is often not provided in literature. Some researchers choose to use a single type
of ML algorithm [105, 107, 109, 114, 120] whilst others conduct a comparative study of
various learning types [112, 113, 118, 123]. This may on one hand be indicative that the
applicability of certain ML models is still not properly understood, which might only be
discernable a posteriori once more investigations have been conducted. Furthermore, it
is likely that certain machine learning problems and model types will be better suited
for certain types of datasets, which underlines once again the importance of establishing
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benchmark datasets to investigate if a particular ML technique’s performance is data-set or
problem specific. It should also be stressed that a majority of investigations do not begin
with a simple linear regression model and often instead directly jump into advanced ML
techniques; however there is evidence that for at least certain problems, a linear regression
model can often be entirely sufficient [135, 136]. Creating a simple base-line model should
therefore be standard practice in applied machine learning research.

Lastly, a common issue with machine learned models is their inherent opaqueness,
a problem that was already identified early on by Reich in 1997 [84]. In a traditional
data-driven model, it can be difficult to explain the model’s performance or to interpret
the reliability of its results [88]. Within the civil engineering literature, there have been
only a few attempts to tackle this problem [112, 137]. However, there are also a large
set of untested methods, such as partial dependence plots and individual expectations
curves [138, 139] which aim to unravel the inner workings of ML models, or at least
improve our understanding of their performance. The most interesting and recent devel-
opment to improve the interpretability and explain-ability of ML models is by embedding
domain-specific knowledge to train the parameter space, which is generally identified as
theory-driven data-science [90]. One example of such systems are the aforementioned
physics-informed neural networks, which use auto-differentiation during the learning pro-
cess to incorporate physical constraints in the loss function, that help the network to
converge towards physically realistic predictions during training [90]. This kind of embed-
ded knowledge also has the additional benefit of avoiding over fitted models [5]. PINNs
however are a relatively novel contraption, and hence their application within a civil and
structural engineering context, especially for structural design, is still relatively untested,
providing fertile ground for further investigation.

In summary, the literature review points towards a clear knowledge gap in the applica-
tion of machine learned structural design models in civil engineering. The lack of accepted
benchmark datasets that allow a more honest comparison of modelling performance also
suggests that future machine learning research should contribute to the generation of a co-
herent database which allows other researchers to contribute to this field. PINNs, a novel
neural network model, fall into the category theory-driven data science approaches which
attempt to tackle the “black-box” problem of data-only methodologies. Novel techniques
to address the issue of generalisability through appropriate selection of the feature space
also represents a unique opportunity for novel research findings. The research articles
presented in the subsequent chapters were predominantly motivated by the gaps of knowl-
edge identified in this literature review, and successful methodologies and techniques for
each knowledge gap is considered crucial to help create machine learned structural design
models capable of addressing the modern design challenges identified in Section 2.4.
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Chapter 3

Article: “Structural engineering
from an inverse problems
perspective”

Foreword commentary

This article titled “Structural engineering from an inverse problems perspective” was
published in Proceedings of the Royal Society A: Mathematical, Physical and Engineering
Sciences on January 26th, 2022 [140]. The goal of the paper was to provide an overview
of the various fields of structural engineering in which inverse problems already exist
including structural health monitoring, blast engineering and digital twins, but also to
reconcile the view that structural design can itself be viewed as an inverse problem, with
the hope of fostering cross-discipline collaboration between these various fields. The work
was motivated based on the findings from philosophical engineering literature partially
covered in Chapter 2, and sets the overarching framework of the structural design models
developed in Chapters 5 and 6. The article was conceptualised by Adrien Gallet and
Danny Smyl and all named authors contributed to writing this article, which included
Adrien Gallet, Sam Rigby, Tyler Tallman, Xiangxiong Kong, Iman Hajirasouliha, Andrew
Liew, Dong Liu, Liang Chen, Andreas Hauptmann and Danny Smyl.

Abstract

The field of structural engineering is vast, spanning areas from the design of new
infrastructure to the assessment of existing infrastructure. From the onset, traditional
entry-level university courses teach students to analyse structural response given data
including external forces, geometry, member sizes, restraint, etc. – characterising a for-
ward problem (structural causalities → structural response). Shortly thereafter, junior
engineers are introduced to structural design where they aim to, for example, select an
appropriate structural form for members based on design criteria, which is the inverse
of what they previously learned. Similar inverse realisations also hold true in structural
health monitoring and a number of structural engineering sub-fields (response → struc-
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tural causalities). In this light, we aim to demonstrate that many structural engineering
sub-fields may be fundamentally or partially viewed as inverse problems and thus benefit
via the rich and established methodologies from the inverse problems community. To this
end, we conclude that the future of inverse problems in structural engineering is inexorably
linked to engineering education and machine learning developments.

3.1 Introduction

The estimation of structural response from loading and boundary conditions is a fun-
damental concept in structural analysis, from elementary Euler-Bernoulli beam theory
to non-linear simulations involving complex structures subjected to extreme earthquake
excitation. In fact, numerical computation of structural response from known causalities
characterises a forward problem (cause → effect) and has rightly been the source of signif-
icant research since the advent of modern computing. Amongst the myriad of computa-
tional frameworks, the finite element method (FEM) [141–144], finite difference [145, 146],
spectral element [147, 148], and hybridisations [149] have proven both widely applicable
and successful over the years. The implementation of such forward models have aided
engineers in their ability to model, analyse, and design structures with arbitrary geome-
try and precision, contributing greatly to the presence of skyscrapers, supersonic aircraft,
large cruise ships, and many more engineering examples. In the near future, the perva-
siveness of, for example, the FEM appears inevitable while its usefulness is unquestionable
in structural engineering applications.

Pragmatically however, the final configuration of structural members is not known at
the beginning of the design process; i.e. one iteration of a structural simulation is not
generally sufficient in a real project. This reality implies that the design of structures is
an iterative process – for example the identification of appropriately sized structural mem-
bers, connections, and restraints (causalities) from design constraints, building codes, and
environmental considerations (data). As is often the case, the iterative design process is
carried out initially using design tables, rules of thumb, handcrafted protocols, optimi-
sation regimes, etc. Nonetheless, this process is emphatically an inverse problem, where
an engineer is given data alongside design objectives and challenged to determine the
appropriate structural configuration (causalities).

Of course, the field of structural engineering is diverse, in which structural design is one
of many sub-fields where inverse problems are applicable. Perhaps a more straightforward
implementation of inverse problems is structural health monitoring (SHM), where real-
time (or near real-time) data is used in the prognosis of structural condition. Indeed, the
detection, localisation, prediction, and prognosis of potential damage processes is enabled
in one of two ways, (a) via pattern recognition or (b) solving an inverse problem (or series of
inverse problems) [150]. Moreover, certain non-destructive evaluation (NDE) approaches
are also known to employ inverse problems (e.g. X-ray CT and emerging NDE approaches
in academia) to asses the damage state of structural elements measured offline [151]. For
contextualisation, a schematic example contrasting the differences between forward and
inverse models is provided in Fig. 3.1; this well known problem is referred to as an inverse
elasticity problem.

These, and many more sub-fields of structural engineering and structural mechanics
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Figure 3.1: Schematic illustration depicting the forward and inverse problem relationship
for a stretched elastic plate with randomised stiffness properties. The forward finite el-
ement model inputs (causalities) are shown as the non-homogeneous stiffness properties
while the model output is the displacement field. In contrast, the inverse model aims to
estimate the stiffness properties given the displacement field.

[152], can not only be (fundamentally or partially) viewed as inverse problems, but, as
we aim to illustrate herein, are benefited by the systematic approaches comprising the
rich area of inverse problems. Too often overlooked by structural engineers and structural
researchers, the mathematics of inverse problems is an established field, ranging from
classical statistical/Bayesian methodology [153] to cutting-edge implementation of deep
neural networks [154]. Moreover, while the present use of inverse problem methodologies
in structural engineering is limited, its potential is immense across the expanse of the
structural engineering sub-fields.

In this paper, this potential will be discussed in detail and contextualised among a
broad suite of existing inversion-based applications. To begin, a clear description of in-
verse problems and methods will be detailed. Following this, a review and discussion
of inverse methodologies in modern structural engineering applications will be provided.
Inasmuch, the intent of this manuscript is to examine the following topics in structural
engineering through the lens of inverse problems. We remark, however, that the forth-
coming topical sections are not intended to be exhaustive reviews, but rather, to provide
substantiating evidence for the pervasiveness of inverse problems in structural engineering.
Lastly, realisations, overview, paths forward, and conclusions will be presented.

3.2 Inverse problems, methods, and contemporary use

Traditionally, the field of inverse problems is concerned with the mathematical ques-
tion of if and how one can determine the cause for certain measurements. Despite being
primarily mathematically oriented, the underlying questions always stem from relevant
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physics and engineering applications. This is especially true for one of the most prototyp-
ical inverse problems, the so-called Calderón problem [155] that asks: can one determine
the conductivity of a body from electrical measurements at the boundary. In fact, this
question arose during Calderón’s time as a civil engineer, before he pursued an academic
career in mathematics. In the following, we want to close the loop back to civil and struc-
tural engineering application that once motivated an entire field of mathematical studies,
by utilising the insights gained in the last decades.

More generally speaking, inverse problems consist of finding the unknown character-
istics of a structural system from some of the outputs, or measurements of that system.
Most notably, this includes the above mentioned inverse conductivity problem in geo-
physics [156] and engineering, but also includes a large field with applications in medical
image reconstruction [157, 158]. Mathematically, such problems are ill-posed, broadly
meaning that the parameters to be estimated θ are highly sensitive to changes in the mea-
surement data d. The solution to the inverse problem involves estimating the parameter
θ from a fixed set of measured data d, in contrast to the forward problem of computing
d from knowledge of the system parameter θ. Specifically, this means given the forward
model U , that models the system equations, we first formulate the underlying observation
model

d = U(θ) + δd. (3.1)

Here, δd denotes an error term, modelling several sources of possible errors, such as in-
accurate measurements or even inaccuracies in the model simulation. The question that
remains is: “how can we obtain θ from d given the above relationship?” Which we will
call the reconstruction problem in the following. It is important to note that we can not
simply invert the forward problem (3.1), as the ill-posed nature implies that there can be
either no or multiple solutions and additionally under inevitable measurement noise these
solutions are not stable to compute by direct inversion. This ill-posedness of the inversion
procedure constitutes the underlying paradigm of an inverse problem.

In order to obtain stable reconstructions, we make use of a concept known as regu-
larisation [159], which aims to assign a unique solution to each set of measurements in a
stable manner, that means if the noise in the measurement vanishes, we would obtain the
original system parameter. We can separate such stable reconstruction procedures into
two primary classes: ones that compute a solution θ∗ directly from measured data and
those that iteratively aim to fit a solution by minimising a suitable cost functional. In the
first case we aim to formulate an inverse mapping U †, such that

U †(d) ≈ θ. (3.2)

The primary problem in obtaining such direct inversion algorithms is that they can be
highly dependent on the problem under consideration. Especially so, when the relationship
between d and θ is non-linear. Thus, obtaining such a mapping is a highly non-trivial task,
but reveals much about the underlying problem characteristics and hence is a primary
interest of mathematical research [157, 160, 161].

The second case, is a more principled approach that can be formulated for a large class
of problems. The underlying premise is to reformulate the reconstruction problem as an
optimisation problem. That is, we formulate a cost functional that measures how good our
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reconstruction fits the data while simultaneously enforcing some additional characteristics
and acting as regularisation for the reconstruction process. Specifically, the reconstruction
problem then writes as finding a minimiser of

θ∗ = argmin
θ

1

2
∥U(θ)− d∥22 + αR(θ). (3.3)

Here, the first term enforces that reconstructions fit the data, whereas the second term
is the so-called regularisation term. As discussed previously, this regularisation term
is necessary when dealing with inverse problems, as it prevents a solution from over-
fitting the measurement noise. Importantly, by incorporating prior knowledge in the
design of R [162, 163], we effectively choose preferred solutions and overcome the problem
of non-uniqueness. Finally, the parameter α > 0 balances both terms and depends on
the noise amplitude. Solutions to (3.3) are computed by suitable optimisation schemes,
for which repeated evaluation of the forward model U will be necessary. Consequently,
computing solutions to (3.3) can be computationally highly expensive, if the evaluation
of U is expensive. Thus, for non-linear problems fast converging algorithms, such as
Gauss-Newton or related methods [164], are preferred.

Lastly, with the recent rising popularity of data-driven methods, researchers have de-
signed computationally more efficient ways to address the reconstruction problem [165].
Such data-driven approaches are often inspired by classical reconstruction algorithms dis-
cussed above. For instance, one can replace the direct reconstruction operator or parts
of it, with a data-driven component, typically consisting of a neural network [166–168].
Given a set of informative reference data, one can then learn a suitable mapping mimicking
(3.2). Alternatively, researchers have investigated the possibility to improve the iterative
process to compute solutions to (3.3), by replacing parts in the optimisation algorithm
with learned components [154, 169–172], or entirely building network architectures mo-
tivated by the iterative solution process [173, 174]. The use of data-driven methods is
expanded upon in Section 3.7.

3.3 Structural design as an inverse problem

3.3.1 Demarcating structural analysis and design

Prior to World War II, engineering higher education was originally focused on the
art and practice of engineering design [175]. By the 1960s however, due to the success
of science-based ventures such as the Manhattan Project and the rise of government-
sponsored research grants that severed the link between academia and industry, engineer-
ing science became the main field of research and teaching at universities [176]. This
research led to the development of powerful structural analysis techniques, yet also left
engineering graduates with a noticeable loss of practical engineering skills [17]. In the
1990s and early 2000s, there was a push to introduce capstone design projects in uni-
versity engineering degrees to address this shortcoming, the success of which is disputed
[177].

There is a broad agreement within the literature that analysis and design are two
distinct activities. Structural analysis, which falls into the field of engineering science, is
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primarily concerned with establishing knowledge-that explains the world, whereas design
is concerned with knowledge-how something works [4]. Design is often characterised as
being ill-structured [178], open-ended [179] or even “wicked” [180], qualities which do not
necessarily lend it to science-based research and helps motivate the search for a different
paradigm which more adequately addresses its true nature.

One perspective to account for these differences is to recognise structural analysis and
structural design as being two different types of problems. Although structural analysis
is typically seen as a sub-field of design to validate and justify the adequacy of structural
elements [14], we like to advocate the view that structural design is in fact an inverse-
problem, with structural analysis forming the related forward-problem.

Unlike typical inverse problems such as the one shown in Fig. 3.1, where physically
measured data (the displacement field) is used to identify the causalities (stiffness prop-
erties), in structural design we are dealing with a theoretical construct, or “theoretically”
measured data. This data contains the set of complex design constraints which need to be
adhered to, such as ultimate (ULS), serviceability limit states (SLS), sustainability and
constructibility. From this perspective, structural design can be seen as the process of ar-
riving from a specific set of constraints to a viable structural solution, with analysis being
the process of checking if the proposed structural solution adheres to those constraints as
shown in Fig. 3.2.

Constraints

Forward Problem

Analysis

Inverse Problem

Design

Stable

Usable

Buildable Sustainable

AffordableStructural Solution

Robust

Figure 3.2: Relationship between structural analysis and design, in which design is the
inverse problem of evaluating a suitable structural solution given a set of constraints. Some
constraints (such as stability constraints) render themselves more easily to quantitative
treatments.

This perspective is evidenced by realising that the key features of inverse problems,
specifically their ill-posed nature as explained in Section 3.2, manifest themselves in design.
Their shared characteristics include being unstable, non-unique and sometimes un-solvable
problems [181]. Notice how these qualities were alluded to as “ill-structured”, “open-
ended” and “wicked” by previous researchers, yet to the best of our knowledge, this is the
first time that literature has attempted to view structural design as an inverse problem.

We suggest that the application of the inverse problem perspective in design gives rise
to the idea of a “design model”. Similar to how an “analysis model” allows us to evaluate
the action effects of a given structural solution, solving the forward problem shown in Fig.
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3.2, a “design model” would generate structural solutions which adhere to the given set
of user defined constraints, solving the inverse problem. This perspective sheds light on
the characteristics which design problems directly share with other inverse problems, such
as the non-uniqueness property. Multiple viable solutions often exist to any given design
brief, one example of which are the various truss-archetypes for bridge designs to span a
similar distance. In order to create a viable design model, it would be necessary to provide
some form of regularisation, examples of which are provided in Section 3.5 in the context of
structural health monitoring, which effectively encourage design models to choose preferred
solutions based on prior knowledge. This could be achieved by constraining the solution
space to a sub-set of structural systems, cross-sections or materials based on the specific
constraints provided. Other properties of inverse problems which arise in design are shown
in Table 3.1 and a comprehensive understanding of the application of the inverse problem
perspective warrants further research using specific design examples.

Ill-posed
inverse
problem

characteristics

General description Examples in structural design

Unstable1
Small changes in constraints can lead to

large changes in the solution space
Impact of grid-spacing on the selection

of appropriate floor options

Non-unique
For a given set of constraints, multiple

solutions exist
Various truss archetypes which can

span the same distance

Unsolvable
Lack of realistic constraining data
impedes the search for an adequate

solution

Current lack of appropriate structural
materials for space elevator designs

Table 3.1: Overview of ill-posed inverse problem features in the context of structural
design.

We note that the design problem can be also formulated as an optimal control problem
[182], where the optimal design parameters are thought to be found as minimiser of a
penalty function while satisfying the system equations. Whereas, the optimal control
approach can provide an effective way to solve complicated design problems, it falls short
in accounting for uncertainties or inaccuracies in the forward model, and especially the link
between measurement and system parameters. We believe that the here lies the strength of
the inverse problems viewpoint, that offers a rich interpretation and link between system
parameters and measurements given as the forward model. This is not only promising
for the optimisation task in the design process, but also for new ways to approach the
modelling of the forward problem.

3.3.2 The link to structural optimisation

As explained in Section 3.2, inverse problems can effectively be solved iteratively [13].
Effectively, this process involves making an estimate of the structural solution based on
experience and design heuristics (such as simple rules of thumbs), checking those estimates
through an analysis (forward) model and updating the model if necessary; in other words,
this approach is characterised by creating an optimisation problem. Some examples of

1In reference to the solution space, not structural instability (buckling), see [181].
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forward-driven optimisation models used in structural design include: optimising the de-
formed shape of flexible formwork structures to predefined target geometries [183, 184],
best-fit geometry optimisation of thrust networks in the design of shell structures [185], and
finding the optimal structural forms for long-span bridges [186], gridshells [187], trusses
[188], portal frames [189] and structural sections [190].

A key theme in these research works is that the structural geometry or member pro-
portions are not initially defined, but rather are form-found or discovered in the process,
based on the defined loading, boundary conditions and objectives. Often these discovered
structural forms may lead to step change benefits in terms of performance or reduced
material usage, as they are unbiased by our preconceived perception of what a ”good”
structure is, or by what we currently design and build in the construction industry with
standard template solutions. It is also true for many cases, that a solution may not even
exist, forcing us to accept a closest best fit solution, or it can be that an optimal solution
may have multiple candidates by virtue of the structure’s static indeterminacy. A common
problem with a forward (sometimes brute-force) optimisation approach, can be lengthy
computational times for structural analyses in the objective functions, and the sheer size
of the design (and hence optimisation) search space, stemming from many wide ranging
input design variables. While fast and globally convergent convex optimisation programs
can be set-up, many practical structural engineering design problems are inherently non-
linear in nature, forcing a slower approach that uses local searches or heuristic methods
with no guarantee of a global optimum. This is a current challenge faced in solving inverse
problems iteratively with forward models.

3.3.3 Implications of treating structural designs as inverse problems

This inverse problem perspective has various implications. Firstly, it should empha-
sise that design problems ask a different question than those related to analysis. An
analysis model solves the forward-problem, and answers questions such as “what is the
ULS utilisation ratio of a particular beam system for a specific load, with the following
specific cross-sections and support conditions?”. An appropriate design model would ask
the reverse: “what is the group of cross-sections and support-conditions which ensures a
utilisation ratio of less than 1.0 for this particular beam system to carry this particular
load?”. In this formulation, the magnitude of loading and the utilisation ratio serve as
the design constraints (both are known “data”). Whilst engineering science has produced
sophisticated analysis models, the research of such “design models” is lacking in academia.

Secondly, the inverse problem perspective sheds insight on the possibility of using
data-driven approaches as opposed to more typical optimisation techniques. The rise of
machine learning and deep neural networks could be used for the development of such
“design models”, which focus on directly identifying a set of structural solutions from
a given set of constraints using learned data. Such models could address some of the
challenges faced in design due to tight deadlines that force early design decisions, whose
full implications might only be realised at the detailed design stage where changes become
cost and time prohibitive. This can lead to structural solutions that are difficult to build,
have poor sustainability metrics, and be costly to engineer and fabricate. If one instead
considers the design process in an inverse manner, rooting firmly first at the end goal, it
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could be possible to reduce project risk and pick more effective structures by appreciating
many solutions to the brief from the onset. This was already alluded to in Section 3.2 and
is expanded upon in section Section 3.7.

Lastly, the ultimate benefit of an inverse problem perspective is that it helps to clearly
distinguish between analysis and design procedures and provides academia with an ade-
quate framework to contextualise design model research. Engineering academia has been
dominated by the engineering science perspective [191], predominantly choosing to re-
search and teach forward problems. One of the uncomfortable implications of this view is
that engineers from over 150 years ago, which trained primarily in the art and practice of
engineering design, may in fact have been better “inverse-problem solvers” than academics
and graduating engineers of today (who are stronger in solving the well-structured forward
problems) [8]. This might help swing the pendulum away from focusing exclusively on for-
ward models (analysis) towards a more stable equilibrium with inverse models (design)
by acknowledging the existence of these two related, albeit distinctively different types of
problems. The use of inverse problem and inverse analysis in a related field to structural
design, notably blast engineering, is discussed next.

3.4 Extreme loads on structures

3.4.1 Blast loading and inverse analysis

High-rate dynamic loads can arise from events such as earthquakes, wind, tidal waves,
impacts, and accidental or malicious explosions. Here, the imparted load may be compa-
rable or several times larger than the strength of the material it is acting on, it can be
applied and removed in sub-second durations, and is often highly localised. Accordingly,
the notion of static structural design according to a pre-determined distribution of stresses
and strains may not be appropriate, and instead the designer must consider energy bal-
ance, non-linear analyses, and deformation modes for which there is no equivalent static
counterpart.

Blast loading is undoubtedly one of the most aggressive forms of dynamic loading.
When an explosive detonates it undergoes a violent and self-perpetuating exothermic
chemical reaction, releasing energy through the breaking of inter-molecular bonds during
oxidation [192]. The explosive material is converted into a high pressure (10–30 GPa), high
temperature (3000–4000◦C) gas which violently expands, displacing the surrounding air at
supersonic velocities (6–8 km/s). This displacement causes a shock wave to form in the air,
termed a blast wave, which eventually detaches from the expanding detonation product
‘fireball’ and continues to propagate into the surrounding air, decreasing in pressure and
density as it expands.

When a blast wave encounters an obstacle some distance from the source it will impart
momentum as the air is momentarily (either fully or partially, depending on the compliance
of the obstacle) brought to rest at the air/obstacle interface. Prediction of blast even in
the most simple settings is a considerable challenge to the scientific community. This
becomes an increasingly complex and multi-faceted problem when considering issues such
as: obstacle orientation; proximity of the obstacle to the source and additional momentum
transfer from fireball impingement; secondary combustion effects either at the air/obstacle
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interface or in late-time due to partial or full confinement of the explosive products; the
presence of mitigating or blast-enhancing materials (soil, reactive munitions, etc.).

Real-world blast events are highly uncertain, and the need for inverse analysis is clear:
it is very rare that the exact size, shape, composition, and location of an explosive de-
vice is known a priori. Instead, information relating to the cause of an explosion should
be estimated, within reason, from the more readily observed effects, i.e. the magnitude
and severity of structural damage to surrounding buildings, and cratering of the ground
surface. Whilst inverse analysis is well-established for practical post-event assessment
of explosions—and has been used to determine the size/location of blast events through
forensic investigation of social media videos [193] or numerical modelling correlating struc-
tural damage [194, 195]—the use of inverse modelling in an academic context is yet to be
exploited fully. In the former, order-of-magnitude estimates are typically deemed suf-
ficient, whereas the latter requires repeatable, precise measurements and high levels of
experimental control.

The lack of robust yet high-fidelity experimental techniques has stifled academic re-
search into close-in blast for some time. Close-in blast is typically defined as the region
within approximately 20 radii from the charge centre, where loading in this region is char-
acterised by a near-instantaneous rise to peak pressure in the order of 100–1000 MPa,
followed by a rapid decay to ambient conditions typically occurring in sub-ms. Subse-
quent structural response may reach a peak value in the order of 10-100 mm and, whilst
this may occur orders of magnitude slower than load application, deformation cycles are
still generally within ms durations.

Recently, two notable advancements have been made in experimental characterisation
of close-in blast and structural response. In the first of these, researchers at the University
of Sheffield (UoS), UK, developed a large scale apparatus for the spatial and temporal mea-
surement of blast pressures from close-in explosions [196, 197]. In the second, researchers
at the University of Cape Town (UCT), South Africa, adapted the well-known digital
image correlation (DIC) technique to measure the transient response of the rear-face of
blast loaded plates [198]. These two techniques were combined in a recent study [199, 200]
where, for the first time, detailed loading maps and temporal structural response profiles
were developed independently, in a single-blind study, for identical (scaled) experimental
set ups.

3.4.2 Proof-of-concept experimental studies

Of the experiments performed in [199], 12 are relevant to the notion of inverse analysis
of blast loading and structural response, and will be discussed here. Six tests were per-
formed with spherical explosive charges; three at UoS measuring blast loading and three
at UCT measuring structural response. In the UoS spherical tests, 100 g PE4 charges were
located at 55.4 mm clear distance from the centre of a nominally rigid target, on which
the reflected blast pressures were measured. In the UCT spherical charge tests, 50 g PE4
charges were located at 44.0 mm clear stand-off distance from the centre of the flexible
target plates: 300 mm diameter, 3 mm thick, Domex 355MC steel plates, fully clamped
around the periphery. The plate response was filmed using a pair of stereo high speed video
cameras and DIC was used to determine transient plate response. The two test series can

43



A. Gallet | PhD Thesis, 2024 Chapter 3 - Article: SE from IP

be expressed at the same scale using well-known geometric/cube-root scaling laws. Here,
it is assumed that the flexible targets deform on timescales orders of magnitude longer
than loading application, and therefore differences between the loads imparted to the rigid
and flexible plates are negligible.

Specific impulse is given as the integral of pressure with respect to time. Numerical
integration of the UoS pressure histories (at various distances from the centre of the
plate) yields directly-measured specific impulse distributions. The first few frames of the
UCT tests were used to determine initial velocity distributions of the plate, from which
imparted specific impulse could be inferred through localised conservation of momentum:
i(x) = v(x)ρt, where i is specific impulse, x is distance from the plate centre, v is out-of-
plane velocity of the plate, ρ is density (7830 kg/m3 for Domex 355MC), and t is plate
thickness.

The results for the spherical tests are shown in Fig. 3.3. The full-field inferred specific
impulse distributions are in close agreement with the discreet, directly measured values,
and both measurements form a tight banding in an approximate Gaussian distribution
[201]. Not only does this indicate a high level of test-to-test repeatability for each method,
but demonstrates that the two methods are measuring the same underlying phenomena,
albeit in entirely different ways. Thus, it can be said that an imparted impulse will result
in an initial velocity uptake which is directly proportional, and therefore measurement
of one allows for the other to be determined. This proves the concept of using plate
deformation under blast loads in an inverse approach—namely that from knowledge of
plate deformation one may be able to determine the imparted load—and provides physical
verification of the inverse approach developed by [202, 203].

In addition to the spherical charge tests, six tests were performed in [199] using squat
cylinders (height:diameter of 1:3). Such charges are known to produce a more concentrated
load, with the fireball propagating at higher velocities along the axis of the charge [204].
This accelerates the growth and emergence of surface instabilities [205], which gives rise to
a more variable loading distribution [206]. A key research question in this study was: ”will
a more variable loading result in more variable structural response?” In the UoS cylindrical
tests, 78 g PE4 charges were located at 168.0 mm clear distance from the centre of the
target, and in the UCT cylindrical tests, 50 g PE4 charges were located at 145.0 mm clear
distance from the centre of the target. Again, specific impulse distributions were both
directly-measured and inferred from plate response respectively, and the experiments were
expressed at the same scale using common scaling laws.

The results for the cylindrical tests are shown in Fig. 3.4. Whilst the two methods again
show good agreement, the results can be seen to form a much wider spread. In contrast
to the spherical tests, where peak specific impulse was seen to consistently act in the
plate centre for all tests, here the peak value is often up to 25 mm from the plate centre
(approximately equal to the charge radius), in both the directly-measured and inferred
values. The inferred values are generally bounded by the directly-measured values, which
suggests that this spread is indeed a genuine feature caused by application of more variable
load.
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Figure 3.3: Directly-measured (UoS) and inferred (UCT) specific impulse distributions
from studies of blast loading and plate deformation following detonation of spherical ex-
plosives, expressed at 100 g (UoS) scale, after [199].
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Figure 3.4: Directly-measured (UoS) and inferred (UCT) specific impulse distributions
from studies of blast loading and plate deformation following detonation of cylindrical
explosives, expressed at 78 g (UoS) scale, after [199].

3.4.3 Outlook

The aforementioned studies [199, 200] have provided a firm physical basis for inverse
analysis in the context of extreme loading and structural response. The results have clear
implications for the future of research in this area. Namely, it has been demonstrated that
not only can inverse analysis provide excellent predictions of blast loading in repeatable,
well-controlled situations (as with the spherical tests in [199]), but structural response
measurements are potentially sensitive enough to detect localised variations in loading (as
with the cylindrical tests in [199]). This is particularly important in situations where a
highly variable loading might be expected (e.g. from explosives buried in well-graded soils
[207]), but statistical variations cannot be determined in a robust sense when using direct
measurements (note the discrete nature of the direct measurements in this study, compared
to the effectively continuous nature of the inferred measurements). This technique may
permit, through inverse methods, fundamental scientific studies of complex mechanisms
governing blast loading following close-in detonation of explosive charges in situations
where previous research has not yet been possible.
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3.5 Structural health monitoring

3.5.1 Background on inverse methods in SHM

Unlike the fields of structural design or blast engineering, it is well known that inverse
problems are deeply connected to SHM. In fact, computerised damage detection can gener-
ally be recognised as either a pattern recognition or inverse problem [150, 208, 209] where
unknown or uncertain parameters (causalities) are estimated via quasi-static or dynamic
structural response data. Among the numerous inversion-based approaches, FEM updat-
ing methodologies are among the most pervasive [210–213]. Much of the noted popularity
is owed to the flexibility of the FEM for comparing modal parameters to an undamaged
state and in compensating model errors.

Meanwhile, analytical [214], wavelet [215], fractal [216], fuzzy system [217], Kalman
filter [218], chaotic interrogation [219], shape function [220], and particle filtering [221]
approaches, among many others, have proven successful in uncertain inverse parameter
identification applications within SHM. Broadly speaking, inverse SHM approaches can
be grouped as either deterministic or probabilistic [222] – which is also generally the
case in classical inverse problems [153]. In the latter case, estimation of uncertain SHM
parameters takes the form of a probabilistic term, for example a value with an associated
certainty, a probability itself, etc.

Irrespective of the computational approach used in damage detection, two key reali-
sations affect the efficacy of inversion methodologies: (a) a baseline is generally needed
to detect/quantify damage [223] and (b) the presence of damage inherently influences the
linearity of structural behaviour [224]. In addressing (a), reference-free or baseline-free
frameworks have been introduced [225–228] via the introduction of either assumptions on
the reference state, implementation of prior physics knowledge, or probabilistic regimes.
On the other hand, non-linearity in the structural response can either act as a corrupting
entity when linear forward models are used (e.g. unacceptable forward model error) or
used as an advantage when properly leveraged. Regarding the latter, as noted in [224],
methods based on non-linear indicators, dynamical systems theories, and non-linear sys-
tems identification approaches can be used to aid or enrich the damage identification
process; such a conclusion can also be extended to the pure usage of inverse approaches
in damage detection.

In the past thirty years, implementation of inversion-based damage detection methods
in SHM has steadily increased. This is due to both the increase in inverse problems know-
how and computational resources. Yet, since the emergence of contemporary machine
learning, the ability to solve problems deemed previously intractable has exponentially
increased opportunities in this area. For example, in many cases, forward models may
not be available or are too computationally expensive, sufficient non-linearity may exist to
effectively model the desired physics, errors in highly reduced models may be excessive, the
ability to compute model gradients may be overly expensive, etc. Moreover, the ability
of classification networks to readily classify important variables such as the probability
and/or severity of damage from structural data is intuitively appealing and pragmatically
useful. In the following, we will provide contemporary examples highlighting the use of
both classical and machine learning based SHM inverse approaches.

46



A. Gallet | PhD Thesis, 2024 Chapter 3 - Article: SE from IP

3.5.2 Static inverse problems in SHM

Incorporation of discrete static (or quasi-static) data measured from structures into
SHM frameworks is well established. For example, a number of sources, including corro-
sion, relative humidity, fibre-optic, topography, laser, potentiometer, strain gauge, elec-
trical, and thermal sources, have been successfully integrated into long-term condition
monitoring protocols [229]. The richness of spatial-temporal data obtained from these
sources lends itself well for use in inversion-based SHM, i.e. given a set or sets of static
SHM data, use an inverse methodology in capturing (potential) damage. This is true in
cases where numerical models are available for the problem physics and when they are not
(e.g. learned models can act as surrogates when physics-based models are unavailable).

The sheer volume of literature available reporting the successful use of static inversion
methods in SHM is formidable. However, roughly speaking, static inverse methodologies
have been implemented within three areas, (a) point sensing, (b) area sensing, and (c)
volumetric sensing. Holistically, it can be difficult to distinguish between each of these
areas; for example, when lower dimensional measurements are extrapolated to characterise
damage in area or volume targets [230, 231]. One such example is Digital Image Corre-
lation (DIC), where the displacement field at discrete points on a structure is inversely
computed via pixel movement and then extrapolated (interpolated) to a full-field, whereby
the quality of the computed field is highly dependent on the quality of the contrasting area
speckle pattern [232]. Similarly, one may consider the distinguishing of static measure-
ment dimensionality as a local-global phenomenon where discrete local changes contribute
to the analysis of the global structural system [230]. Lastly, to complicate matters even
more, the use of discrete measurements can yield 2- or 3D information – as in the case of
penetrative electrical measurements, where currents diffuse through the entirety of a body
[233].

Fortunately these, perhaps philosophical realisations, are often washed out via the na-
ture of inversion methodologies themselves. Pragmatically, at least in the context of SHM,
the solution to static inverse problems generally requires a model, either physics based or
learned. As such, the amalgamation or assimilation of data and solution dimensionality
is often simply a matter of discretisation or model generation. In a similar vane, when
static inverse problems are ill-posed, solutions generated using lower dimensional data are
regularised/biased using prior models consistent with the solution dimension.

Many examples are available in the literature illustrating the efficacy of static inver-
sion methodologies for applications in a suite of SHM implementations. For example, the
use of displacement measurements for capturing SHM causalities in various structural ge-
ometries was reported in [234–236]. Of note, the specific applications using displacement
fields to reconstruction elastic and elasto-plastic properties (and corresponding damage
characteristics) has been the source of significant research [237–252]. In the pervasive case
where displacement/strain measurements are discretely measured from strain gauges/fibre
optics, inverse methodologies have also been fruitfully employed for damage characteri-
sation, pressure and strain mapping, and shape sensing [253–264]. Perhaps one measure
illustrating the success of such inverse approaches is highlighted by the recent interest in
optimising the related sensing schemes [253, 265–267].

In the past decades, the emergence of electrical inverse methods has also proven a
viable approach to static condition monitoring [268, 269]. This family of inversion-based
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modalities generally utilises three different data sources including capacitative, direct cur-
rent, and alternating current based measurements. Capacitative sensing is perhaps the
newest of these approaches to sensing, where SHM causalities can be inversely computed
using smart bricks [270], area sensors [271–274], and electrical capacitance tomography
[275, 276]. On the other hand, owing to its established history in medical and geophysical
applications, electrical impedance tomography (EIT, or electrical resistance tomography,
ERT) is becoming a well established approach to damage detection, reconstruction, and
localisation especially in concrete applications. For these, EIT presently manifests via two
approaches, reconstructing conductivity maps using boundary voltages measured from
area sensing skins [277, 278] or directly imaging a 3D cementitous body [279]. Represen-
tative 2D EIT reconstructions are provided in Fig. 3.5 using a machine learned approach
(direct reconstruction) for imaging flexural and shear cracks in concrete elements. To this
end, EIT has also been used for characterising area corrosion [278] and localising area
temperature variations [280].

a) Simulated shear crack patterns b) Reconstruction of shear crack patterns

c) Experimental image of a flexural crack d) Reconstruction of a flexural crack

Figure 3.5: Reconstructions (right column) report probabilistic predictions of local flexural
and shear cracking in a concrete elements. The colour bars represent the probability of
cracks at nodal locations: (a) simulated shear cracking pattern, (b) probabilistic prediction
of the shear crack pattern using a convolutional Neural Network, (c) Photo of a flexural
crack in an area sensing skin, and (d) probabilistic prediction of the flexural crack using
a feedforward neural network.

In summary of this subsection, it is clear that the use of inverse methodologies in static
SHM applications is pervasive. Meanwhile, a number of inversion-based modalities are still
emerging – or are yet to emerge. Indeed, given the number of potential static data sources
available at present, there exist substantial opportunities to investigate or formulate new
inversion based modalities. In the light that some physical models for various underlying
physics remain unavailable (either in open source or in general), the use of learned models
may bridge this gap. Lastly, there currently exists tremendous opportunities in the areas
of data fusion and joint imaging, which remain predominately unexplored in the area of
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static inversion based SHM [281].

3.5.3 Dynamical inverse problems in SHM

The use of dynamical data for monitoring the health and condition of structures is well
established [282]. For this, a number of data sources are available, for example discrete
acceleration, strain, displacement measurements, and recently, coupled electromechanical
impedance via piezoelectric transducers [283, 284]. In the case of typical civil infrastructure
[285], the ability to actively excite monitored structures is pragmatically challenging due
to the extreme magnitude of the excitation required to attain a distinguishable response.
For this reason, ambient monitoring methodologies have gained significant popularity in
recent years [286–288]. Irrespective of the dynamical monitoring approach used, extracting
dynamical structural properties of interest can be viewed as an ill-posed inverse problem
[289]. The ill-posedness of such problems results from a number of actualities, not lim-
ited to uncertainties in environmental conditions (wind, temperature, ground conditions,
humidity, etc.), traffic, measurement noise, the discrete nature of measurements, material
characteristics and numerical modelling error.

One of the most pervasive frameworks used in solving dynamical inverse problems is
model updating, which generally aims to match a physics-based model (such as a repre-
sentative finite element model) to measured dynamical data [208, 224], commonly using a
form of modal analysis [290–292]. The physics-based techniques are particularly efficient
in providing higher accuracy when testing is restricted. It is often the case that recon-
structing the dynamical SHM properties of interest proves difficult, requiring an innovative
approach; some proposed frameworks have included advanced optimisation protocols [293]
and mode decomposition/superposition [294, 294]. Alternatively, the use of phase space
[295], state space [296], singular value decomposition, λ-curves method [297][298], auto-
regressive [299, 300], Gaussian process [301], and Bayesian/stochastic approaches [302–305]
have proven successful. As noted in the previous subsection, one metric for assessing the
progress in this field is the number of works aiming to optimise sensing information, for
example in [267, 306–313].

In the past twenty years, guided wave based modalities have emerged as a viable
approach to dynamical inversion based SHM [314–321]. Common physical manifestations
of guided waves include Lamb waves (propagating through thin shell and plate structures)
[322], Rayleigh waves (surface waves) [323], and shear waves. Generally speaking, SHM
systems consist of transducer systems used for actuation and measurement accompanied
with an inversion algorithm aiming to reconstruct SHM causalities of interest. Owing
to a number of numerical challenges, conventional solutions to related inverse guided
waves problems are generally not feasible [318]. Consequentially, alternative methodologies
have been proposed including, for example, inverse filtering [324], reverse time migration
[325, 326], Bayesian/probabilistic [327, 328], amongst emerging inversion approaches.

While the use of dynamical inversion based techniques is well established in conven-
tional monitoring, in some areas (such as guided wave monitoring) it remains in the early
stages of development and affords numerous research opportunities. It is worth mention-
ing that with the advent of modern machine learning methods, we can only anticipate
significant advances in forthcoming years as trained networks are now capable of address-
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ing key SHM challenges related to, for example, model error estimation/correction [329]
and reducing computational demands associated with many SHM facets [330, 331].

3.5.4 Computer vision inverse problems in SHM

In addition to the discussed static and dynamic inverse problems in SHM, computer
vision-based SHM methods have become an emerging field in inverse engineering problems
in approximately the past decade. Relying on digital images and videos, vision-based
SHM techniques enable affordable and rapid structural prognosis. The concept of vision-
based inverse problems is straightforward: visual information from the external surfaces
of structures is captured through digital cameras, serving as input data for computer
vision algorithms in detecting, localising, and quantifying structural damage in a variety
of contexts.

Computer vision-based inverse problems can be either static or dynamic in nature.
In dynamical environments, a digital camera is treated as a vision sensor measuring dy-
namic structural responses. Instead of directly capturing the structural vibration through
contact-based sensors (e.g. accelerometers), vision-based algorithms can track structural
responses through a video stream. For example, in [332], researchers applied a video fea-
ture tracking technique to measure the pixel movements of a steel girder in a football
stadium under a service load using a consumer-grade digital camera. These movements
were then converted into displacements using a scaling factor. Similar efforts have been
reported in [333, 334]. Furthermore, through the usage of cameras as displacement sen-
sors, other key structural features, such as natural frequencies/mode shapes [335, 336],
beam influence lines [337], and bridge cable loads [338] have been be estimated.

In addition to tracking the surface motion, computer vision algorithms can offer rapid
and reliable inspections against structural damage such as cracks [339], concrete spalling
[121], steel corrosion [340], and other structural deterioration [341]. To make it viable,
researchers develop vision-based algorithms to scan and extract damage-induced visual
features either across the entire image scene or within a small predefined image patch (e.g.
region of interest) that is prone to structural deterioration. In general, the image-based
damage extraction techniques can be categorised as: (a) machine or deep learning-based
methods; and (b) non-learning based methods.

The idea of machine or deep learning-based (computer vision) methods is to train a
damage detection classifier through an image dataset with pre-labeled structural damage.
Then, the classifier is applied in characterising structural damage from newly captured
images. Some of the successful applications include detection of concrete cracks [342, 343]
and spalling [121], steel cracks [344], bolt loosening [345, 346], steel surface defects [121],
pavement cracks [341], and complex situations where multiple damage types exist [120].
In contrast, non-learning based methods can directly pick up image features caused by
structural damage, and hence do not require any prior knowledge in training the classifier.
For instance, fatigue cracks in steel bridges can be identified through crack breathing
behaviour [347]. Also, loosened bolts in steel connections can be quantified by extracting
the differential features provoked by bolt head rotations [348]. Fig. 3.6 illustrates an
example by comparing two images of a steel connection at different inspection periods to
extract the differential features provoked by the loosened bolts.
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Figure 3.6: An example of vision-based bolt loosening detection where image (a) and (b)
are images of a bolted connection taken at different inspection periods. Two loosened steel
bolts are shown in the blow-up figures with counterclockwise rotations in their bolt heads.
Using a series of image processing techniques, the differential features caused by the bolt
loosening can be identified in c). Detailed discussion can be found in [348].

Computer vision-based methods can be extended for damage detection and pattern
recognition in full scale civil structures. Utilising the platform of unmanned aerial ve-
hicles (UAVs), the on-board UAV camera can rapidly scan the structure including the
locations that are challenging to be accessed by traditional contact-based sensors. For ex-
ample, researchers in [349, 350] applied UAVs and vision algorithms to leverage effective
approaches for post-earthquake building safety inspections. Similar efforts have been re-
ported for inspecting dams [351, 352], tunnels [353], and railways [354]. Other researchers
adopted satellite images to examine damage status over a larger scope of work (i.e., mul-
tiple buildings at the community level) after natural disasters such as flood, earthquake,
volcanic eruption, hurricane, and wildfire [355, 356].

UAV platforms are also capable of collecting a large volume of images of civil structures
under different camera angles through automated route planning. Such an advantage
can be further enhanced by a computer vision workflow, termed photogrammetry, for the
purpose of reconstructing the 3D model of the structure. Relying on structure-from-motion
with multi-view stereo (SfM-MVS) algorithms [357], photogrammetry technique can create
a 3D structure model (e.g. a 3D point cloud) based on 2D images. Photogrammetry
leverages several potentials in inverse SHM problems. For instance, in recent work, [358]
created a dense point cloud of a building in the construction site based on UAV images.
Then the point cloud was integrated with a building information modelling (BIM) model
for labelling the structural components in original UAV images. In [359], the researchers
utilised the dense point cloud to assist the creation of a finite element model of a masonry
bridge. The authors argued the benefit of using the point cloud was twofold: the point
cloud depicted the accurate geometric information of the bridge and offered the results of
bridge crack distribution. In [360], researchers leveraged the photogrammetry workflow to
find concrete cracks and spalling of a highway bridge. Lastly, in the context of the 2021
Hernando de Soto Bridge incident [361], where a large crack was discovered in a ”fracture
critical” element by a private engineering firm – yet, previously identified approximately
two years earlier by a local operating a commercially available drone: the use of coupled
UAV/computer vision approaches to SHM may be more valuable than ever.

3.5.5 Digital twins and outlook

As this section has illustrated, the use of inverse methodologies in SHM is both well
established and an area of active development. With the rapid digital transformation of
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structural assessment and infrastructure asset management, the emergence of numerous
digitally-inspired technologies will play a key role in the future trajectory of inverse prob-
lems in SHM. At the forefront, digital twins have been the source of increasing research
and industrial interest in recent years [362]. While the scope of digital twins’ applications
spans beyond SHM alone, its basic aim is to provide information on the current or future
state of an asset by combining real-time data and a physical/data-driven model offers many
potential avenues for engagement with the inverse problems community. Nonetheless, in
specifically considering a classical SHM application, such as damage localisation [363]:
developments stemming from the inverse community including, for example, state esti-
mation [364–366], uncertainty/model error approximation/compensation [329, 367, 368],
regularisation [369], and model reduction [370], have excellent potential for enriching or
enhancing digital twin frameworks.

As a whole, the future outlook for the integration and advancement of inverse method-
ologies in SHM is very bright. Indeed in the past 20 years, we have seen an exponential
increase in high-performance computing and graphical processing units development and
assimilation into modern civil and mechanical engineering applications [371, 372]. Cou-
pled with powerful inverse frameworks for large-scale problems (e.g. Krylov solvers [373]
and distributed computing [374]) and machine learning [375], we can only expect a steady
increase in (a) the breadth of inverse problems the SHM community is able to address
and (b) and an evolution in innovative inversion-based approaches to solving increasingly
challenging SHM problems.

3.6 Smart materials and structures

Smart, self-sensing materials have received immense attention in recent decades [376–
378]. A material is said to be self-sensing if it exhibits a property change in response
to external stimuli. These materials are able to intrinsically report on their health or
condition in a spatially continuous manner and with less hardware/instrumentation burden
than traditional point-based sensing technologies (e.g. strain gauges, piezoelectric patches,
accelerometers, etc.). In structural engineering, external stimuli are often mechanical
effects such as deformation, damage, or loads. Hence, integrating smart materials into
next-generation structures may allow for unprecedented health monitoring and diagnostics.
A discussion on smart materials in structural contexts may therefore also be considered as
a subset of the preceding discussion on SHM (see Section 3.5). Nonetheless, we will treat
it as a distinct topic in the forthcoming due to its unique inverse problems.

Although self-sensing is an umbrella term encompassing many different physical effects,
the piezoresistive effect has perhaps received the most attention to date (see recent reviews
[376, 379, 380]). Piezoresistive materials are so-named because they exhibit a change in
electrical conductivity (or its inverse, resistivity) upon deformation. This means that every
point of the material is capable of relaying information on its mechanical state. Damages
such as voids, ruptures, or fractures can also be detected since the removal of material
represents a conductivity loss. But spatially-continuous piezoresistive sensing presents
two challenges of relevance to inverse problems: (a) It is not practical to instrument
electrodes at every point on a structure, which means that it is necessary to deduce
conductivity distributions from a finite set of measurements. And (b), even if we could
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recover a spatially continuous mapping of the conductivity, electrical properties are of
little consequence to the structural engineer. We would much rather know the underlying
mechanics that give rise to an observed conductivity distribution. We will address both of
these inverse problems. First however, a brief summary of the physics and piezoresistive
modelling approaches is given. It will be seen later that modelling techniques are essential
to solving inverse problem (b) above.

3.6.1 Piezoresistive nanocomposites

Many materials intrinsically exhibit piezoresistive properties. For example, carbon
fibre-reinforced polymers (CFRPs) are well known to change conductivity when loaded
elastically [381, 382]. Here however, we will instead focus on materials that have been
engineered to be self-sensing; that is, an additional constituent has been added to the
material system without which it does not exhibit piezoresistivity. This is most commonly
done by adding a conductive phase to a non-conductive matrix such as polymers (includ-
ing structural polymers like epoxy vinyl ester [383], polymeric thin films for use as sensing
skins [384], laser-induced graphene inter-layers in continuous fibre composites [385, 386],
and even polymer binders in energetic materials [387, 388]), cements [389], or ceramics
[390]. Electrical transport is then a consequence of percolation – the composite conducts
electricity when enough fillers have been added to form an electrically connected network.
Because the percolation threshold decreases with aspect ratio, fillers with ultra-high aspect
ratios like carbon nanotubes (CNTs) are popular. There are considerable challenges asso-
ciated with manufacturing CNT-based nanocomposites such as achieving good dispersion
– ultra-small fillers such as CNTs have a tendency to agglomerate which can degrade the
mechanical properties of the composite. But manufacturing is outside of the scope of this
manuscript and is well-covered elsewhere [391, 392].

Considerable effort has also been devoted to the development of piezoresistivity mod-
els – computational and/or analytical means of predicting how conductivity changes for a
prescribed strain. These efforts can be broadly categorised as (a) equivalent resistor net-
work models [393–395], (b) computational micro-mechanics models [387, 396–398], or (c)
homogenised macroscale models [399–401]. In (a) equivalent resistor network models, high
aspect ratio fillers like CNTs are represented as either straight or wavy/curved sticks in a
micro-domain [393–395]. These sticks are discretised into resistors based on the length, di-
ameter, and conductivity of the fillers, and junctions between nearby fillers are discretised
into resistor elements based on the equivalent resistance felt by an inter-filler tunnelling
electron [402]. The conductivity of the nanocomposite can then be calculated from the
overall resistance of the discretised nanofiller network and the dimensions of the micro-
domain. For a given deformation of the micro-domain, the translation and rotation of the
fillers can be calculated by treating them as rigid inclusions [403]. Post-deformation, the
conductivity of the micro-domain is recalculated thereby allowing piezoresistive properties
to be predicted.

Second, (b) computational micro-mechanics models use computational means to sim-
ulate both phases of the composite – the non-conductive matrix and the conductive fillers
[387, 396–398]. Because of this, and unlike equivalent resistor network models, computa-
tional micro-mechanics models can incorporate nuanced effects such as nanofiller-to-matrix
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debonding, nanofiller deformation, etc. A limitation of this approach is computational ex-
pense due to individual nanofillers and the enveloping matrix being explicitly simulated.
It is therefore difficult to scale these models to structural levels.

And third, (c) homogenised macroscale models describe the conductivity of the nano-
composite as an analytical function of the strain state without simulating individual
fillers. Rather conductivity/resistivity-strain are coupled through analytical functions
based on excluded volume theory [400] or via ‘constitutive’ tensors (note that these are
not proper constitutive relations because conductivity and strain are not energy comple-
ments) [401, 404, 405]. This approach is therefore less computationally expensive than
equivalent resistor network and computational micro-mechanics models. Importantly, ho-
mogenised approaches can be readily integrated with structural analysis tools such as the
finite element method, thereby allowing for macroscale piezoresistive analyses. As will be
discussed in Section 3.63.6.3, this allows for strain recovery via piezoresistive inversion.
Despite these advantages, analytical models suffer from having to make assumptions re-
garding average inter-filler spacing, average orientation of nanofillers, and the need for
calibration data.

3.6.2 Conductivity imaging via EIT/ERT

As discussed in Section 3.5.2, conductivity imaging modalities such as EIT (or DC
resistivity imaging via ERT) have been explored for health monitoring in structural mate-
rials [380]. EIT is a natural complement for piezoresistive materials because it allows for
the spatial localisation of damage and the mapping of deformation and strain. There are
several factors that make the EIT interesting to pair with self-sensing materials: (a) This
combination allows for sub-surface strain imaging. That is, a myriad of techniques exist
for monitoring surface strains such as strain gauges, DIC, holographic methods, etc. Tools
for studying sub-surface strains, however, are much more limited, often require ionising
radiation, and can be costly (e.g. volumetric strains via X-ray digital volume correlation
[406]). (b) Traditional ‘limitations’ of EIT can be strengths in structural applications. For
example, the simplest implementation of EIT favours spatially smooth solutions. This is
obviously undesirable when imaging discontinuous features with distinct boundaries such
as organs in a living body. Strain fields, however, are often smoothly varying thereby
playing into EIT’s strengths. And (c), because piezoresistive materials are engineered,
we can leverage our knowledge of their piezoresistive response to build bounds into the
EIT inverse problem. Two examples of strain imaging via EIT in self-sensing polymeric
composites are shown in Fig. 3.7. Both examples leverage knowledge such knowledge of
conductivity change bounds to build constraints into the solution space. Beyond these
advantages for structural imaging, the pairing of EIT/ERT with self-sensing materials
may also have keen, as-of-yet unrealized potential for extreme loading (particularly self-
sensing energetic materials [387, 388]). That is, it may be illuminating to image energetic
materials as they detonate. However, most prevailing imaging modalities have not the
temporal resolution to capture these fleeting moments and require hardware that is too
expensive to risk damaging. EIT, on the other hand, can have ultra-high temporal res-
olution (on the order of hundreds of microseconds for optimized systems [407]) and uses
only low-cost hardware (i.e. sacrificing the hardware during a detonation is of virtually no
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financial consequence). Thus, there may be much exciting potential for overlap between
smart materials + EIT and extreme loading as described in Section 3.4.

There have been many studies on the topic of EIT and piezoresistive materials. A
few representative examples are summarised in this manuscript, but interested readers are
directed to a recent review for a more in-depth discussion [380]. Some of the first work
in this area made use of self-sensing nanocomposite sensing skins produced by a layer-by-
layer fabrication technique [384, 408]. These skins were applied to substrates, and EIT
was then used to identify and spatially localise deleterious effects including mechanical
etching, pH exposure, impact damage, and residual strains from impacts. Further on the
topic of polymer-based composites, thin pressure sensors were produced by embedding a
non-woven textile modified with CNTs into a soft elastomer. EIT was then employed to
visualise various pressure distributions including non-uniform distributions [409]. EIT was
also recently applied for damage detection in a ceramic-based composite that was modified
with micron-sized waste-iron particles [410]. And as a final representative example, self-
sensing cement composites have been produced by spray-depositing a CNT-modified latex
on the aggregate phase. EIT was then successfully used to localise various damages in the
material [411].

3.6.3 Piezoresistive inversion

Even though solving the EIT inverse problem allows for the spatially continuous visual-
isation of mechanical effects in these materials, this poses an obvious problem – structural
engineers are generally not interested in conductivity. They would much rather know the
spatially-varying components of the strain tensor, stress tensor, or precise damage char-
acteristics since these factors drive structural analyses and health assessments. Recalling
also that various macroscale piezoresistivity models exist as described in Section 3.6.1, we
can formulate another inverse problem as follows: “for a given EIT conductivity distribu-
tion (or, more directly, for a given set of EIT boundary data) and with an accurate model
of conductivity-strain or conductivity-damage coupling for a particular material, can the
precise mechanics of the system be recovered?”

Both of these piezoresistive inversion problems—strain recovery and damage recov-
ery—are challenging. The former is challenging because, under ideal circumstances, we
seek six components (in 3D) of a strain tensor from a scalar conductivity field. Prospects
can be improved somewhat by instead seeking the displacement field (i.e. three unknowns
in 3D) from the conductivity data and making use of reasonable assumptions (e.g. plane
strain and plane stress) where applicable, but the displacements-from-conductivity inverse
problem is nonetheless under-determined. The challenge is exacerbated by the fact that
circumstances are never truly ideal; conductivity and conductivity changes are not exactly
isotropic, and EIT cannot image individual components of a conductivity tensor. Even
for the case of damage imaging, an accurate model of material breakage-induced conduc-
tivity change is needed. For simple nanofiller/matrix phase nanocomposites (i.e. without
reinforcing fibre), material breakage can be treated as a cessation of conductivity. For
more complicated material systems such as nanofiller-modified continuous fibre compos-
ites, however, material breakage-induced conductivity changes must account for factors
such as anisotropy and residual post-damage conductivity due to inter-laminae contact.
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Figure 3.7: Examples of EIT and piezoresistive inversion applied to self-sensing nanocom-
posites. a) A soft CNF/PU is deformed by rigid, non-conductive indentors [412]. EIT
is then used to image the deformation-induced conductivity changes, and piezoresistive
inversion is used to recover the displacement field (multiplied by a factor of five for ease
of visibility). b) A hard CNF/epoxy is loaded in tension with a stress raiser at its centre
[413]. EIT is again used to image the conductivity change. Lastly, piezoresistive inversion
is used to recover the underlying displacement field. With knowledge of the material’s
elastic properties, strains and stresses can be spatially mapped. The first principal stress
of the guage section is shown here along with comparison to a traditional FEM solution
for validation.

And even if a suitable damage model is developed, the inverse solver needs to be capable
of reproducing potentially complex damage shapes that are not readily amenable to pa-
rameterisation. Both strain and damage recovery are additionally hampered by the fact
that EIT does not produce accurate conductivity distributions in an absolute sense or a
spatial sense.

Despite these challenges, the piezoresistive inversion problem has received some atten-
tion. An initial effort used an analytical inversion framework predicated on iteratively
minimising the l2-norm of an error vector between a predicted and observed conductivity
distribution [414]. Although this work was entirely computational and limited to sim-
ple deformations and infinitesimal strains, it nonetheless demonstrated that piezoresistive
inversion was possible. The next work in this area used EIT to image strain-induced
conductivity changes in a carbon nanofiber (CNF)-modified polyurethane (PU) composite
[412]. Three marbles (i.e. comparatively rigid non-conductive indentors) were pushed into
the CNF/PU as EIT measurements were taken. A similar analtyical approach was used
to reproduce the displacement field. Two important factors differentiated this study –
experimental validation of piezoresistive inversion and successful application to materials
undergoing finite strains. Later works looked at utilising metaheuristic algorithms for
solving the strains-from-conductivity inverse problem in a CNF-modified epoxy [413, 415].
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The CNF/epoxy was moulded in the shape of a plate with a hole and loaded in tension,
causing strain concentrations in the vicinity of the hole. Genetic algorithms, simulated
annealing, and particle swarm optimisation were explored because it was observed that the
analytical formulation failed to converge to the physically correct solution for this more
complex loading state. It was found that genetic algorithms performed the best for this
inverse problem, but all methods compared favourably to DIC experimental validation.
Because epoxy is relatively brittle, these studies were necessarily limited to infinitesimal
strains. Despite the successes of the preceding studies, they were all limited to electro-
mechanically isotropic materials. Translating these capabilities to electro-mechanically
anisotropic materials remains a daunting challenge. Fig. 3.7 summarises results for strain
recovery via piezoresistive inversion.

Some work has also been done for damage recovery via piezoresistive inversion. Recall
that a key challenge with the damage recovery inverse problem is shape parameterisation.
To that end, these preliminary studies have considered relatively simple damage cases.
For example, various machine learning algorithms were used to categorise three damage
conditions in a self-sensing bone cement directly from EIT boundary voltage data [416].
Thus, self-sensing materials also have overlap with machine learning methods (see Sec-
tion 3.7). Bone cement is poly(methyl methacrylate) (PMMA) used to facilitate robust
contact between an othopaedic implant (e.g. a total joint replacement) and hard bone.
Failure of the PMMA interface is often difficult to detect via radiographic imaging, hence
the motivation for alternative diagnostic tools. This clarification aside, the parameteri-
sation was relatively simple in this case – only four distinct states were possible (three
damaged plus one healthy). The combination of EIT, self-sensing PMMA bone cement,
and machine learning allowed for correct damage classification with over 90% accuracy. In
another study, image recognition-based machine learning was used to identify, size, and lo-
calise through-hole damage to a self-sensing composite plate [417]. The image recognition
algorithm was trained using computationally generated EIT images on a simple square
domain punctured by a random number of randomly sized circular holes. The trained
network was able to adeptly predict through-hole size, location, and number from EIT
conductivity maps with good accuracy – likely better accuracy than human interpretation
of EIT images. But this again utilised a very simple damage parameterisation (i.e. need-
ing only to predict hole number, radius, and in-plane coordinates). As a final example,
a recent study looked at delamination shaping from EIT images in CNF-modified glass
fibre/epoxy laminates [418]. In this study, delaminations induced by low-velocity impacts
were parameterised as ellipses of unknown major and minor axes and centred at unknown
in-plane coordinates. A genetic algorithm was used to inversely determine these param-
eters by minimising the l1-norm of the difference between experimentally collected EIT
boundary voltage data and boundary voltage data predicted by a computational model of
the damaged domain. Destructive analyses of the post-impacted laminates revealed that
the GA-predicted damage state much more closely matched the actual delamination size
and shape than the EIT conductivity images. This third example of damage recovery is
particularly noteworthy because it represents a much more realistic damage state.

In summary, this section has looked at smart, self-sensing materials from the perspec-
tive of structural inverse problems. Two noteworthy inverse problems were discussed –
the EIT inverse problem and the strain/damage recovery problem. The former has been

57



A. Gallet | PhD Thesis, 2024 Chapter 3 - Article: SE from IP

extensively researched in other fields (e.g. [419]). The latter, however, is much more re-
cent and has only been the subject of a few precursory studies. Much work remains to
be done regarding the inversion of electrical data to obtain underlying mechanical effects.
Nonetheless, it can be seen that the field of smart materials in structural applications
has much potential and cross-cutting overlap with other topics of this article including
extreme loading, SHM, and machine learning.

3.7 A look forward: machine learning and education

This paper has evidenced the pervasiveness of inverse problems and methodologies
used in the field of structural engineering. Yet, the following remains to question: ”what
is guiding the future trajectory of inversion in structural engineering?” In this section,
we examine what we foresee as the two most influential future areas in addressing this
question: machine learning and education.

3.7.1 Machine learned inversion

Many areas of structural engineering rely heavily on applied mathematics and science –
from the integration of material models within finite element frameworks to experimental
measurement of structural response excitation. From a broad scientific perspective, there
are two paradigms to research, either (a) the Keplerian paradigm (data driven, obtaining
discoveries via data analysis) or (b) the Newtonian paradigm (first principles, discovery
through fundamental principles) [420]. Without question, structural engineering research
uses both principles.

Often, first principles approaches are manifested via partial differential equations
(PDEs) and their analytical or numerical solutions. However, both in research and prac-
tice, obtaining solutions to PDEs can be infeasible or intractable, for example owing to
computational demand, a dearth in available numerical regimes and/or the “curse of di-
mensionality” [421]. In such cases where engineering problems are governed by such PDEs,
solving a related inverse problem using a conventional methodology would also be a du-
bious task. When faced with this situation, we are most likely constrained to adopting a
Keplerian approach.

Unmistakably, machine learning has provided the science and engineering communities
with a powerful tool for data-driven analysis, prediction, assessment, and significantly
more. Structural engineering research has also greatly benefited from machine learning,
especially in the areas of performance assessment [65], SHM [150] and analysis of various
structural phenomena [422]. Yet, significantly less attention has been paid to the use of
machine learning for solving inverse problems in structural engineering outside of areas
such as SHM and NDE (as identified in Section 3.5).

Exemplifying this reality, structural design highly under utilises machine learning and
data science. Design is traditionally associated with an iterative nature, in which various
structural concepts are tested conceptually until a prevailing option is identified which
adheres to constraints initially identified. The nature of this iterative design process has
been understood in the past using both positivist, pragmatic and post-modernist episte-
mologies ranging from Simon’s “science of the artificial” [423], Schön’s “reflexive practice”
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[424] and Buchanan’s “placements for contextualisation” [425] respectively. The com-
plexities involved in design from satisfying conflicting demands to exercising appropriate
judgements is hence often attributed as being an innate human skill [8].

However, recent developments successfully solving inverse problems using data-driven
approaches suggest that such methodologies could also be incorporated within structural
design [165]. This challenges the notion that design is an exclusive human ability, a devel-
opment which mimics the success of self-driving cars through data-driven approaches [426].
What is typically considered “intuition” or “engineering judgement” may in fact be re-
calling “data-points”, committed to long-term memory through the process of experience,
that are suitable solutions based on the unique set of constraints one is presented with
[423]. Indeed, supervised machine learning was originally understood to create mapping
functions that correlate a set of inputs (a specific set of constraints for a design situa-
tion) to associated outputs (viable structural solutions) by learning from a given data
set (experience) [427]. We note that this view has significantly evolved with the onset of
deep-learning, as well as the use of unsupervised and reinforcement learning regimes.

We therefore believe that this inverse problem perspective evidences the need for re-
search on the development of machine learning tools for structural design. Data-driven
approaches are often dismissed because they are ”black-boxes” which lack a scientific
rationale for their outputs. However for design, this criticism might be unwarranted,
and instead highlights the dogmatic concentration within academia on exclusively solving
forward problems, which due to their well-posed nature, lend themselves to engineering
science thinking. Recently, researchers have started investigating data-driven models. In
one example, neural networks and clustering were applied to form a bridge and navigate
the design space and shortlist viable and fitting solutions [102, 103]. Other examples in-
clude researchers applying machine-learning models to build suitable structural predictors
for conceptual design related to building massing [104].

The former developments are, in our view, only a starting point for the employment of
machine learned models used in solving inverse problems in structural engineering as a new
horizon of data-driven approaches emerge. Especially, for the cases involving intractable
forward problems, model reduction techniques have been promising [153, 428–430], but
these are either difficult to design by hand or are restricted by overly simplistic assump-
tions. Here, data driven approaches are a powerful alternative to compensate for modelling
errors [329, 367, 431] or reducing computational cost of iterative optimisation schemes by
model approximations [172, 432]. Finally, we note that recent developments in geomet-
ric learning extend deep networks on Euclidean meshes to general meshes, such as finite
elements, by a embedding them into graph structures essentially utilising the underlying
geometry [433, 434]. This opens the possibility to extend many data driven approaches to
complex structural problems.

3.7.2 Inverse methodology in structural engineering education

Over the last 100 years, engineering education has experienced a number of fundamen-
tal shifts: a shift in focus away from design to engineering science in the 1960s, the rise of
outcome-based accreditation in the UK and USA in the 1990s, along with a re-emphasis of
teaching design through capstone projects in the 2000s [435]. There also is the continued

59



A. Gallet | PhD Thesis, 2024 Chapter 3 - Article: SE from IP

tension between teaching graduates both the technical knowledge as well as the inter-
personal skills demanded from industry deemed necessary to become effective designers
[175]. To this day, there exists the debate on how to find the required balance between
knowledge-that and knowledge-how as identified in Section 3.3 [436]. For civil and struc-
tural engineering disciplines, we believe that some of these challenges might be addressed
by communicating the existence of inverse problems, their pervasive occurrences as shown
by the sections above, and teaching the various methods and techniques for solving such
problems.

The dominance of engineering science within university curricula today, which primar-
ily focuses on identifying and solving forward problems, might unintentionally generate
the wrong supposition that all problems in engineering are well-posed with idealised as-
sumptions. Without adequately addressing the existence of inverse-problems, and their
distinctively qualitative differences with forward problems, it is easy to mistakenly assume
that, for example, structural design is the application of such “forward problems”. How-
ever, the idea that engineering is simply “putting theory into practice” [8] or “applied
science” [437] has been strongly argued against by numerous engineers and philosophers
[1, 191, 438, 439]. The challenge which students face when dealing with real-world design
problems might be accounted for by the fact that during the majority of their engineering
education, they might lack a conceptual framework to adequately demarcate design from
analysis. Similarly, in order to engage with other promising fields of structural engineer-
ing, such as structural health monitoring, blast engineering and smart materials, educating
students on inverse problems is crucial.

Hence, a possible improvement for current civil and structural engineering curricula
is introducing students to the existence of forward and inverse problems, how they relate
to one another and provide examples where each type of problem arises and how to solve
them. As identified previously, this will also potentially require teaching students a host of
new skills, especially if data-driven models continue to be effective tools for solving inverse
problems, as is the case in structural health monitoring and increasingly likely in design.
More importantly, especially when taking into consideration the recent developments in
data science ranging from CNNs [86], transformers [89] and graph neural networks [440],
there exists a vast spectrum of knowledge and applications we may not even be aware of.

As a matter of fact, in terms of research, we are perhaps faced with a unique situation
in academia today. Although only time will tell, it could be argued that similar to how the
“invention” (or discovery) of calculus in the 18th century was instrumental in providing
us necessary tools for solving forward problems, resulting in material models and PDEs
which allow the creation of complex finite-element methods, so too might the rise of
machine-learning and data-science, which is only now starting to gain serious attention
in mathematics [420], allow a more rigorous treatment of solving inverse problems. By
realising the pervasiveness of inverse problems in structural engineering, but also the
fundamental differences with forward problems, there is potentially a vast, untouched and
exciting realm of research which awaits.
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3.8 Conclusion

This article aimed to demonstrate that numerous structural engineering sub-fields may
be either fundamentally or partially viewed as inverse problems. It was shown that this
concept is well accepted in, for example structural health monitoring; however, sub-fields
such as structural design are not commonly (formally) defined as inverse problems. We
argue that, by shifting this paradigm in structural engineering academia and industry, we
may collectively capitalise from the rich methodologies and approaches already established
in the inverse problems community. This beneficial relationship between structural and
inverse communities is expected to pay exponential dividends as new tools, such as machine
learned models, emerge and develop – offering new opportunities for solving previously
inaccessible, intractable, and/or unforeseen structural challenges.

Declaration of conflicting interests

The author(s) declared no potential conflicts of interest with respect to the research,
authorship, and/or publication of this article.

Data statement

Data used in this article are available from the author(s) upon request.

61



A. Gallet | PhD Thesis, 2024

Chapter 4

Article: “Influence zones for
continuous beam systems”

Foreword commentary

This article titled “Influence zones for continuous beam systems” was published in
Structures on August 9th, 2024 [441]. The paper introduces a novel concept known as
the structural influence zone and demonstrates how it can help identify the pertinent
structural information for the design of individual elements that comprise a structural
system. The need for this kind of information arose during the development of the gen-
eralisable machine learned structural design model presented in Chapters 5 and 6, and
due to its significance, it merited its own article. The concept also demonstrates how
the inverse problem perspective introduced in Chapter 3 lends itself to the development
of novel concepts such as the influence zone presented here. The work was entirely con-
ducted by Adrien Gallet, with co-authors Andrew Liew, Iman Hajirasouliha and Danny
Smyl providing supervision along with reviewing and editing the final draft.

Abstract

Unlike influence lines, the concept of influence zones is remarkably absent within the field
of structural engineering, despite its existence in the closely related domain of geotech-
nics. This paper proposes the novel concept of a structural influence zone in relation to
continuous beam systems and explores its size numerically with various design constraints
applicable to steel framed buildings. The key challenge involves explicitly defining the crit-
ical load arrangements, and is tackled by using the novel concepts of polarity sequences
and polarity zones. These lead to the identification of flexural and shear load arrange-
ments, with an equation demarcating when the latter arises. After developing algorithms
that help identify both types of critical load arrangements, design datasets are generated
and the influence zone values are extracted. The results indicate that the influence zone
under ultimate state considerations is typically less than 3 adjacent members for any given
beam within a continuous system, rising to a maximum size of 5 adjacent members for any
given continuous beam. Additional insights from the influence zone concept, specifically
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in comparison to influence lines, are highlighted, and the avenues for future research, such
as in relation to the newly identified shear load arrangements, are discussed.

4.1 Introduction

Influence lines, which derive from Betti’s theorem established in 1872 [442], are a
well-established tool in structural engineering to identify the worst-case load placement
on structural systems [443–445], and are widely applied in research related to continuous
beam systems [446, 447], rigid frames [448], bridge engineering [449] and structural health
monitoring [450, 451]. Influence zones, on the other hand, also known as zones of influence,
are an established concept within the field of geotechnical engineering, helping to identify
the area of engineering soils likely to be affected by loading due to sub- and superstructure
construction [452], providing geotechnical engineers valuable design insight in deep foun-
dation design [453, 454], settlement estimations [455] and preserving groundwater supplies
[456].

Despite the obvious discipline link between geotechnical and structural engineering, the
equivalent use of an influence zone in structural engineering does not exist in literature.
Here, the term structural influence zone would refer to the zone in which applied forces,
stiffness provisions and support conditions, or changes thereof, impact the design of the
surrounding structural system.

The dearth of literature on such an influence zone is surprising. For instance, the
concept of influence zones also exists outside of geotechnical literature. Some examples
are available in research related to the study of saltwater-freshwater interfaces [457], harm-
ful emission concentrations at traffic intersections [458], reverse k -nearest neighbour al-
gorithms [459, 460], propagation path of surfaces waves [461] and ecological studies on
below-ground plant competition [462].

Furthermore, one can readily identify situations where knowledge of the influence zone
could be beneficial in design. For example, the size of the influence zone could allow an
engineer to avoid the need to model an entire structure for the design of a single element
whilst being confident that structural information outside the influence zone is irrelevant,
with direct applications in multi-disciplinary projects [463]. The impact of late design
changes (due to changes in loading or structural provisions), which are known to cause
significant time lags until the associated engineering analysis is completed [464], could be
more effectively addressed by knowing immediately the selection of members impacted by
the said design change. Similarly, engineers are typically required to verify assumptions
made in preliminary design [14]. In such cases, the use of an influence zone-based approach
could guide what information to incorporate when building an independent model of the
design problem. In all of these scenarios, there is valuable design insight to be gained from
the influence zone.

This article aims to address the above mentioned knowledge gap by numerically in-
troducing the concept of influence zones in relation to continuous beam systems. First,
the theory and procedure for evaluating the influence zone will be introduced in Section
4.2, followed by the methodology in Section 4.3 which presents a systematic investigation
of critical load arrangements that is key for the evaluation of influence zone values. This
allows for the efficient generation of design datasets and the evaluation of their respective
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influence zones with results presented in Section 4.4, which are then discussed in Section
4.5. In addition to the influence zone, this paper proposes other novel concepts such as
polarity zones, identifies an entirely new set of critical pattern loads named shear load
arrangements, and proposes efficient load arrangement algorithms for continuous beam
systems of arbitrary member size.

4.2 Theory

4.2.1 Overview - continuous beam systems

Consider a continuous beam system, as shown in Figure 4.1, consisting out of m
members, indexed by i, which is subjected to ωi uniformly distributed loads (UDLs)
from vector ω, with each member having span length Li from vector L. When designing
this system to identify the minimum required structural properties of the members (size
optimisation) denoted Ii to form vector I, it will need to be designed against the worst-
case load arrangement (also known as pattern load) from the set of load arrangements J
of size p. The over-restrained nature of this structural system (a function of the support
fixity and structural connectivity) renders the continuous beam indeterminate. This means
that the performance of the system is a function of the structural properties which need
to be evaluated, and generally makes the design process iterative1. Literature has well
established formulations to design such indeterminate systems [465].

4.2.2 Influence zone definition

Suppose a member within a continuous beam system is designated as the design beam
by index d as shown in Figure 4.2a), with UDLs ω (which includes both permanent and
variable UDL loads ωgk,i and ωqk,i respectively) and spans L. In the Eurocodes (such as
EN1993 [466] for steel systems), the ultimate limit state of a structural member can be
expressed by a utilisation ratio u, which ratios over 1.0 denoting structural failure. Using
Eurocodes (such as EN1993 [466] for steel systems), it is possible to determine the true
utilisation ratio ud,true of the design beam d under the critical load arrangement from
J if all UDLs ω from the entire system are considered as shown in Figure 4.2b). Now
suppose only a sub-selection of all UDLs ω from the adjacently connected spans to that
of the design beam d are considered; this sub-selection of UDLs are identified by the
discrete integer k ∈ Z (where Z is the mathematical set of all integers) to form vector K.
Ignoring all other UDLs, there will be a different critical load arrangement for the design
beam d, resulting in a slightly smaller captured utilisation ratio ud,cap as shown in Figure
4.2c). Whilst ud,cap will differ from ud,true, the influence zone for member d is defined by
kmax = max(|K|) (see Figure 4.2c) such that the captured utilisation ratio is sufficiently
similar to the true utilisation ratio of the design beam; that is ud,cap ≈ ud,true. Note that
kmax ∈ N0, with N0 representing the set of all positive integers and including 0.

In this formulation, it is proposed that there should be some value of kmax that allows
for sufficient approximation of ud,true. The theoretical foundation for this is based on the
realisation that influence lines approach zero when moving away from a given influence

1For more information on the design process of continuous beam systems, see Appendix A
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Figure 4.1: An exemplary continuous beam system with m = 5 members, subjected to
UDLs ω, spans L and with designed cross-sectional properties I, all indexed by i. The
system’s indeterminacy requires an iterative design process against various load arrange-
ments J of size p indexed by j.

line (IL) location as shown in Figure 4.3a). Design information on spans further away
from the design beam d therefore have a decreasing influence on the structural response
of a design beam d; in other words, there are diminishing returns when considering UDLs
ω increasingly distant from a design beam d. For example, using the lengths, UDLs and
members of the continuous beam system in Figure 4.2a), the impact in terms of bending
moment response of a UDL at an IL location within the design beam d can be found by
integrating the influence line diagram for each span Li and multiplying it by the spans
UDL ωi as shown in Figure 4.3b). Using the principle of superposition, the moment
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Figure 4.2: Key terminology for influence zones: a) highlights the design beam d, b) the
true utilisation ratio of the design beam ud,true, and c) the captured utilisation ratio ud,cap
assuming an influence zone of kmax = 2.

contribution about the specified IL location from span i = 0 is therefore small, and would
be exceedingly smaller for spans even further from the IL location. The influence zone
kmax of a member d is therefore defined as a metric of the design information required to
sufficiently approximate the utilisation ratio of that member d.

4.2.3 Mathematical formulation

A more rigorous formulation is required to identify UDL values ω which cease to be
part of a member’s influence zone kmax. As explained previously, the influence zone is es-
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a) Bending moment My, IL influence line (IL) about specified location

 

IL Location

∫ 1

0

My, IL ×ω0

 is negligble

b) Moment contribution of each span to IL location: 
∫
i

My, IL ×ωi

Figure 4.3: The influence of UDLs to the bending moment experienced at an influence
line (IL) location becomes increasingly negligible the further away one moves from the IL
location.

tablished when the captured utilisation ratio sufficiently approximates the true utilisation
value, that is ud,cap ≈ ud,true. For a given continuous beam system as depicted in Figure
4.1, and the design constraints expressed in Equation 4.1,

wmin < wi < wmax

Lmin < Li < Lmax

Imin < Ii < Imax

(4.1)

the size of the influence zone of a given design beam d shall be defined when the value of
kmax ∈ N0 : kmax ∈ [0,m] and all values larger than kmax fulfil the following condition:∣∣∣∣ 1− ud,cap

ud,true

∣∣∣∣ ≤ ϵmax

ud,cap = max

 kmax∑
i=−kmax

ud,i, j(ω,L, I,J)

 (4.2)

where ϵmax represents the maximum error threshold for the difference between ud,cap, the
captured utilisation ratio of the design beam d for a given value of kmax, and ud,true, the
true utilisation ratio of the design beam d if the contribution of all UDLs of the continuous
beam system had been considered. Note that, not shown in Equation 4.3 is that the value
of i cannot exceed the maximum number of adjacently lying spans within the system.
ud,i, j is the utilisation ratio contribution function towards the design beam d by member
i based on the UDLs ω, spans L, structural properties I and load arrangements J indexed
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by j. For the particular case of a continuous beam system loaded by UDLs as presented
in Figure 4.1 it is possible to define the utilisation ratio contribution function ud,i, j as:

ud,i, j → DULS(Id,Md,i,j , Vd,i,j)

Md,i,j = ωi Ji,j

∫
i
MIL,d

Vd,i,j = ωi Ji,j

∫
i
VIL,d

(4.3)

where DULS represents the ULS steel cross-section design checks based on the appropriate
Eurocodes of the material considered (such as EN 1993-1-1 6.2 [466]), Id represents the
cross-sectional properties, Md,i,j denotes the major axis moment while Vd,i,j is the major
axis shear force of the design beam d, wi is the UDL, and Ji,j is the activation factor
(a value 0 or 1) from one possible critical load arrangement Jj of all viable critical load
arrangements Jcrit. Integrals

∫
iMIL,d and

∫
iVIL,d are the integrated influence line values

across beam i for a particular influence line location within the design beam d as introduced
in Figure 4.3b).

The mathematical formulation as written in Equation 4.2 and 4.3 determines the value
of kmax at which the contributions outside of the influence zone become exceedingly small
by measuring the difference between ud,cap and ud,true relative to ϵmax. As kmax increases,
the ratio ud,cap/ud,true will approach unity, attaining unity if all structural members of the
system are considered within the influence zone since the influence of all members is in
that case accounted for. If the error threshold ϵmax is relaxed, an influence zone less than
the total size of the system can be found.

4.2.4 Visualised influence zone evaluation procedure

The evaluation procedure used to find the influence zone value kmax based on a prede-
fined ϵmax using Equations 4.2 and 4.3 is visualised in Figure 4.4. This particular example
deals with a m = 15 homogeneous system (identical spans L and UDL ω for all members)
consisting out of hot-rolled S355 steel UB178x102x19 cross-sections [467]) each spanning
4 m. It is assumed that an un-factored permanent (dead) ωgk,i = 3kN/m and a variable
(live) ωqk,i = 15 kN/m load act on each span as shown in Figure 4.4a).

A detailed explanation of the influence zone evaluation procedure as presented in Figure
4.4 follows next. Suppose one intends to establish the influence zone value for design beam
d = 4 with an ϵmax = 0.01. In other words, how many adjacent UDL loads to those of the
design member at index i = 4 need to be considered to capture 99% of the true utilisation
ratio ud,true. As the first step, one assumes an influence zone of kmax = 0 as shown in
Figure 4.4b); this ignores all UDL values except for those on the design beam d. Using
Eurocode load factors and combinations [468], the captured utilisation for an influence
zone kmax = 0 is ud,cap = 0.5101. In the next step, shown in Figure 4.4c), the influence
zone is increased to kmax = 1. Note that the critical load arrangement now occurs when
members i = 3 and i = 4 experience the full variable (live) load. The captured utilisation
ratio in this instance is ud,cap = 0.7191. The influence zone value is then increased again
to kmax = 2 as shown in Figure 4.4d). Notice that the critical load arrangement now
occurs when spans i = 2, 4, 5 are fully loaded, and yields a captured utilisation ratio of
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ωgk, i = 3kN/m, ωqk, i = 15kN/m for all i
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ud, cap = 0.5101
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ud, cap = 0.7536

k=−3 k=−2 k=−1 k= 0 k= 1 k= 2 k= 3

e) ud, cap with kmax = 3 and critical load arrangement

ud, cap = 0.7543
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f) ud, cap with kmax = 4 and critical load arrangement

ud, true = 0.7560

k=−4 k=−3 k=−2 k=−1 k= 0 k= 1 k= 2 k= 3 k= 4 k= 5 k= 6 k= 7 k= 8 k= 9 k= 10

g) ud, true with kmax = 10 (all members considered) and critical load arrangement

Figure 4.4: A visualised example of the influence zone evaluation procedure. The proce-
dure begins with an existing beam system loaded as shown in a), and then evaluates the
captured utilisation ud,cap for various values of kmax in b) - f). The appropriate influence
zone value becomes a function of ϵmax that ensures the captured utilisation ratio is suffi-
ciently close to the true utilisation ratio evaluated in g).

ud,cap = 0.7293. By continuously increasing the assumed value of kmax and identifying the
critical load arrangement for that particular assumed influence zone value, one yields the
captured utilisation ratio ud,cap. This is precisely what is expressed by Equations 4.2 and
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4.3.
The assumed influence zone value can be continuously increased to kmax = 3, 4, etc.,

and their associated captured utilisation ratio ud,cap evaluated as shown in Figures 4.4e)
and 4.4f). Eventually, the influence zone captures the entirety of continuous system, as
shown by kmax = 10 in 4.4g). In this instance, the utilisation ratio represents the true
utilisation ratio ud,true of the design system, since it considers all UDL loads. In this
instance, ud,true = 0.7560.

Knowing the true utilisation ratio, it is now possible to evaluate which influence zone
value kmax fulfilled the conditions identified by Equation 4.2. In this example, an influence
zone value of kmax = 3 corresponded with a captured utilisation ratio ud,cap = 0.7536; since∣∣∣ 1− ud,cap

ud,true

∣∣∣ = ∣∣ 1− 0.7536
0.7560

∣∣ = 0.0032 ≤ ϵmax = 0.01, and because it can be shown this holds

true for all larger values of kmax, the influence zone value for design beam d = 4 with an
error of less than ϵmax = 0.01 is kmax = 3.

The example above demonstrates the procedure to evaluate the influence zone value for
one member within a particular continuous beam system containing a specific set of UDL
ω and span L values. By itself, this type of evaluation would already provide some utility
to structural designers to understand, for example, if a new UDL load will significantly
impact a beam design depending on whether it falls within that beam’s influence zone.

However, the influence zone value is ultimately also a function of the range of UDLs,
spans and cross-section properties that can arise. Consider for example that the influence
zone of a continuous beam systems with UDLs of infinite magnitudes will always be the
entire system size, regardless of the ϵmax value. For these reasons, it is of interest to
study the statistical distribution of influence zone values for beam systems under pre-
defined design constraints as defined by Equation 4.1. By systematically generating a
multitude of different continuous beam systems, identifying the critical load arrangements,
and evaluating the influence zone of each member within those systems, influence zone
values can be studied in their aggregate. This can lead to prior knowledge of the size of
the influence zone for members within a continuous beam system, which in turn could be
of interest to practising structural engineers as explained in Section 4.1.

4.2.5 The key challenge

Most of the information required in Equations 4.2 and 4.3 can be easily found. Influence
lines are relatively easy to extract for a continuous beam system, and integrating these
for Equation 4.3 is numerically simple. The cross-section design checks Dd,i,j are clearly
defined by design codes, and the summation of the individual utilisation ratio contributions
in 4.2 is trivial. However, from the visualised example shown in Figure 4.4, it should be
evident that accurate knowledge of the critical load arrangement for the entire system as
well as for different sizes of the assumed influence zone value is required.

To find the critical load arrangements for Equations 4.2 and 4.3, one could use a naive,
brute-force procedure to trial every possible load arrangement to create the set Jnaive with
a corresponding set size of pnaive = 2m. This is not an issue for systems with few members,
but if larger systems, such as the m = 15 system shown in Figure 4.4, need to be modelled
to study the influence zone in depth, a brute-force approach becomes computationally
expensive. For example, the m = 15 system has pnaive = 2m = 32, 768 possible load
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arrangements, and only a smaller set of these can actually ever be critical. The issue
of computational cost in relation to critical load arrangements of large-scale systems is
well acknowledged in literature, and various methodologies have been employed using
probability [469] and possibility theories [470, 471]. Among the latter, fuzzy sets using
interval finite-element methods have been shown to be efficient and accurate [472, 473].

However, whilst these interval-based methods are effective at evaluating the bounds
(the worst case force/moment value) due to the critical load arrangement, they do not in
fact reveal what this load arrangement looks like in terms of the loading polarity of each
span that relates to this worst case response. This is problematic for the evaluation of
the influence zone, since Equation 4.3 relies on being able to identify this set J explicitly
in terms of the individual activation factors Ji,j (either 0 or 1) that make up the load
arrangement Jj . Another approach would be to use the load arrangements prescribed
by design manuals, yet these consist out of a heuristic set of load arrangements that are
known to be non-conservative [473].

Due to these limitations, the methodology in Section 5.3 focuses on developing a sys-
tematic and universal procedure to evaluate the critical load arrangements Jcrit of any
continuous beam system of size m. The procedure will also focus on being applicable to
both homogeneous (identical spans, UDLs and beam properties for all members) and het-
erogeneous systems. This knowledge will also feed directly to generating design datasets of
continuous beam systems efficiently under various design constraints. Section 5.4 presents
the results, first validating the critical load arrangement procedure established in this
work, and subsequently finding the influence zone values for continuous beam systems
under various design constraints.

4.3 Methodology

4.3.1 Assumptions and design constraints

This investigation will make the following design and modelling assumptions. First,
cross-sectional properties are restricted to prismatic BS EN 10365:2017 UKB I-sections
[467] made out of S355 steel with perfectly linear elastic behaviour using Timoshenko-
Ehrenfest beam theory (yet the design was conducted using plastic section properties as
allowed by EN 1993-1-1 5.4.2(2) [466]). It was assumed that all spans are laterally re-
strained (and hence not susceptible to lateral instability), with elements designed against
EC3 ULS checks (and notably not SLS requirements) with EN 1990 Eq. 6.10 load combi-
nation factors [468].

The design constraints considered for Equation 4.1 were chosen for their relevance in
the design of continuous steel framed buildings, and is reflected by the range of UDLs and
spans of the design datasets. Four individual design scenarios are considered to study the
influence zone in depth, with each set featuring an increasing variation in span lengths and
applied loads, summarised in Table 4.1. Length and UDL values are discretized in 0.5 m
and 5 kN/m increments respectively, and are drawn from a random uniform distribution,
thereby providing an increasingly higher level of heterogeneity in Sets 2, 3 and 4.
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Dataset ωgk,i = ωqk,i ∈ Li ∈

Set 1
Zero variation

3.0 kN/m
a for all i, with a ∈
[0 kN/m, 60 kN/m]

b for all i, with
b ∈ [1m, 12m]

Set 2
Low variation

3.0 kN/m [20 kN/m, 40 kN/m] [4m, 8m]

Set 3
Medium variation

3.0 kN/m [10 kN/m, 50 kN/m] [2m, 10m]

Set 4
High variation

3.0 kN/m [0 kN/m, 60 kN/m] [1m, 12m]

Table 4.1: Design constraints for various design scenarios used in this investigation based
on Eurocode terminology, with Gk and Qk being the characteristic permanent and variable
actions. Increasing set numbers correspond to increasing design variation, a proxy for
design complexity. Span and UDL values are discretized in 0.5 m and 5 kN/m increments
respectively. Examples of span and load values of each set can be found in Figure 4.11.

4.3.2 Critical load arrangements

The critical load arrangement identification procedure relies on two new concepts,
namely polarity sequences and polarity zones. Both of these concepts form the basis to
systematically identify the critical load arrangement set Jcrit.

Polarity sequences

Influence lines can be used to identify the critical load arrangements for a given con-
tinuous beam system. By integrating the influence line of each member i, one can evaluate
the net contribution (positive or negative) a UDL causes in terms of bending moments
and shear forces at the influence line (IL) location. The net-contribution of each beam can
be either positive or negative at the IL location, that is “hogging or sagging” for bending
moments and “clockwise or anti-clockwise” for shear forces, respectively, which is termed
as the polarity of that particular beam. This procedure is shown in Figure 4.5a) to b).

Since the design problem is restricted to positive UDL values only (see Table 4.1), it is
possible to construct a polarity sequence for a particular IL location, as shown in Figure
4.5c). When all beams of positive polarity are loaded, then the maximum positive inter-
nal forces are generated at the IL location, and vice-versa, loading the negative polarity
members leads to the maximum negative internal forces.

Polarity zones

A rigorous qualitative study of the polarity sequences for different IL locations and
design scenarios revealed 5 unique polarity sequences that occur along specific segments
of a given beam span termed polarity zones, which are illustrated in Figure 4.6 for the
central beam highlighted in red. For example, the polarity sequences shown in the last
row of Figure 4.5, which applies at the indicated IL location shown by the green triangle,
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Figure 4.5: An exemplary process of arriving from influence line plots (top row) to polar-
ity sequences (bottom row) via integrated influence lines (middle row) for a) major axis
bending moment My and b) major axis shear force Vz about the specified influence line
(IL) location.

corresponds to the Type III sequence shown in Figure 4.6e) for major axis bending, and
Type IV sequence shown in Figure 4.6f) for major axis shear.

These 5 polarity zones are common to all members of both homogeneous (equal spans
and cross-sections) as well as heterogeneous continuous beam systems, although the exact
boundaries between one zone varied depending on the relative magnitude of spans and
cross-section properties. The sequences identified in Figure 4.6 also extend to larger beam
systems with the polarity direction alternating at each successive beam. For example, if
the 5-member system was extended by an additional member on either side of the system
(to give a 7 member system), the left-most member of the Type I polarity sequence would
have a positive polarity, and similarly, the right-most member would have a negative
polarity. The same logic extends to the other four sequences.

Each polarity sequence is indicative of two critical load arrangements that maximise
the positive or negative internal member forces respectively. The maximum positive load
arrangement for Type I is also equal to the maximum negative load arrangement for Type
IV, since these sequences are polar opposites of each other, which is also true for the Type
II and Type V sequences. Consequently, these 5 polarity zones correspond to 6 unique
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Figure 4.6: Polarity zones that occur along various span segments of a m = 5 homogeneous
beam system of equal span and cross-sectional properties. The same zones and sequences,
although at different boundaries, occur in heterogeneous (varying UDL and span) systems.

critical load arrangements for a given beam, namely positive Type I, II and III along with
their (negative) polar opposites. The only exceptions occur for the beams at either end of
the spans, named end-span beams, in which the Type I and Type IV sequences collapse
into the Type III sequence (or its polar opposite) at the left end, and similarly for the
Type II and Type V sequences at the right end, resulting in four unique load arrangements
for end-span beams.

Flexural load arrangements

It is now possible to identify the first set of critical load arrangements for continuous
beam system, defined as the flexural load arrangements Jflex. Although each non-end-
span beam has 6 unique critical load arrangements, it does not mean that a continuous
beam system has 6m unique load arrangements (m is the number of members in the beam
system). This is because, as shown in Figure 4.7, the maximum positive Type V load
arrangement for one beam is identical to the maximum positive Type I load arrangement
of the beam immediately adjacent to (the right of) it. A similar overlap exists between
Type II and Type IV sequences, and the two Type III load arrangements (for maximum
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and negative internal forces) are identical for all beams.
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Figure 4.7: Polarity sequences are identical for adjacently lying beams (highlighted in red)
for Type I and Type V sequences as shown by Figure a) and Figure c), as well as Type II
and Type IV sequences, as shown by Figure b) and Figure d).

Through a process of elimination, it is possible to simplify the actual total number
of potential critical load arrangements to pflex = 2m. Algorithm 4.1 provided in 4.A
can be used to evaluated Jflex. An example output for a m = 5 system is shown in
Figure 4.8, highlighting the pflex = 2m = 10 critical load arrangements Jj , along with
their individual activation factors Ji,j . The load arrangement set Jflex of size pflex = 2m
identified here represents a literal exponential improvement in terms of computational cost
when compared to the brute-force approach of analysing and designing against p = 2m

load arrangements and for evaluating the influence zone with Equation 4.2.
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Alternating Arrang. Adjacent Arrangements

Figure 4.8: The critical load arrangements set Jflex of size p = 2m for a 5-member contin-
uous beam system (p = 10) grouped in alternating and adjacently loaded arrangements.
Each load arrangement Jj consists out of Ji,j activation factors of value 0 or 1.

Shear load arrangements

During initial validation of whether Jflex contained all the critical load arrangements
Jcrit (i.e. Jcrit ∈ Jflex), other unique critical load arrangements were identified. Analysing
these special cases in detail indicated that these different critical load arrangements oc-
curred when the span of a member was less than a certain Lshear span limit quantified
by:
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Li <

√
6EIyy,i
GAz,i

≈ Lshear (4.4)

where E and G are the Young’s and shear modulus of the material respectively, Li is the
span of the beam, and Iyy,i and Az,i were the major second moment of area and shear
area of the prismatic beam, respectively.

Although the Lshear span limit appears to be related to shear beams, this is the first
time that shear beams have been reported in literature to cause novel critical load arrange-
ments. The shear limit identified by Equation 4.4 was derived by studying the differences
between the more commonly used Euler-Bernoulli beam theory with the Timoshenko-
Ehrenfest theory [474], specifically as expressed in their stiffness matrix form. As shown
in Figure 4.9, shear beams appear to flip the polarity of the immediately adjacent mem-
ber when measured outwardly from a given IL location , with all subsequent members
alternating the polarity direction as before.

When shear beams (as defined by the Lshear limit) occur, they introduce new critical
load arrangements not found within Jflex. The increase in terms of the final utilisation
factor of the beams was typically in the range of 4-5%, although larger increases were
also observed. Whilst a thorough analysis of the increase in utilisation ratio caused by
these newly identified load arrangements would be of interest, it falls outside the scope of
this study. The validity of Equation 4.4 for all design conditions, especially for different
cross-sections, as well as the physical cause for the unique influence line patterns shown
in Figure 4.9b) would require further investigations.

Instead, an algorithm will be presented capable of identifying these new load arrange-
ments, which is necessary for the evaluation of the influence zone. The principal issue
when evaluating the shear beam induced critical load arrangements, hereafter referred to
as the shear load arrangements Jshear, is the fact that the final material and cross-sectional
properties to evaluate the Lshear limit in Equation 4.4 are not known until the beam is
designed. This creates a causality dilemma which needs to be addressed.

In clear opposition to the Jflex set, which does not depend on the continuous beam
system properties, the shear load arrangements cannot be established in universum with-
out some system knowledge. However, by taking advantage of the design constraints set
by Equation 4.1, which are defined in Table 4.1, one can identify a priori what members
are susceptible to cause shear load arrangements by re-writing Equation 4.4 as:√

6

(
E

G

)
max

(
Iyy
Az

)
max

< Lshear,max (4.5)

The above equation groups the maximum material and cross-sectional property ratios
together. By limiting the design space to S355 steel and UB section sizes as specified
in Section 4.3.1, the maximum material ratio ((E/G)max = 2.600 (using EN 1993-1-1
material properties [466]) and cross-sectional property ratio ((Iyy/Az)max = 0.397m2) can
be evaluated (based on BS EN 10365 [467] cross-sections). Beams shorter than the shear
span limit are susceptible to cause shear load arrangements (in this case Lshear,max =
2.49m). In identifying these susceptible members, it is possible to evaluate the shear load
arrangements using Algorithm 2 provided in 4.B.
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Figure 4.9: A schematic demonstrating the impact of a shear beam (highlighted in yellow)
on a standard polarity sequence of a continuous beam system when spans shorter than
the shear span limit Lshear (as identified by Equation 4.4) occur. A deeper beam is used
on the second span to increase the effects of this influence line pattern. Note the flipped
polarity directions of the members on the right-hand side of the system.

Algorithm 2 transforms the flexural load arrangement from set Jflex based on a list of
susceptible shear beams identified by Equation 4.5. This is achieved by flipping the on/off
activation factor (the 0 or 1 in Ji,j) of the load arrangement if a shear beam is encountered
whilst travelling outwardly in both the left and right direction from a start beam index.
This operation transforms the flexural load arrangement based on the behaviour identified
visually in Figure 4.9, and needs to check four individual case conditions to account for
continuous beam systems that have multiple, potentially adjacently lying, shear beams.
A demonstrator file of how both Algorithm 1 and 2 are applied can be found within the
referenced data repository [475].

Since every beam system is of size m, the time complexity of a single pass of Algorithm
4.2 is O(m). However, since every flexural load arrangement (2m), and every combination
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of n potential shear beams (2n − 1 combinations, as the zero set is already considered
in Jflex by default), and every possible start-index (m) needs to be computed, the time
complexity to evaluate the shear set Jshear would be O(m3 2n). It should be noted that
this process is computationally expensive.

It was observed that passing every possible start index generated either duplicate shear
load arrangements, or occasionally existing flexural load arrangements. For example, for
a given singular potential shear beam location, the algorithm would result in the same
transformed shear load arrangement for all start-indices starting on the left and right hand-
side of that susceptible shear beam location. Similarly, the two alternating arrangements
from Jflex would result in an already existing adjacent arrangement from Jflex if only a
singular susceptible shear beam exists.

Using such logic, it is sufficient to pass only adjacent arrangements from Jflex along
with the left-hand (or right-hand) index of the adjacently loaded spans as the start index
for Algorithm 4.2 to yield an effective set of potential shear load arrangements. By not
having to evaluate Algorithm 4.2 for every possible start index of each load arrangement,
the computational complexity reduces to O(m2 2n). From this, it also follows that since
the alternating load arrangement is never transformed (which leaves only 2(m − 1) load
arrangements to be passed to the algorithm) and since 2n − 1 possible shear beam combi-
nations can exist, the maximum number of unique critical shear load arrangements should
be of size pshear = 2(m− 1)(2n − 1).

Validation test of critical load arrangements for continuous beams

By adding the set of flexural and shear load arrangements together, it should be
possible to explicitly define the set of critical load arrangements for any continuous beam
system under defined design constraints. A validation test was conducted to check if
J → Jcrit ∈ Jflex∪Jshear, with the results presented in Section 5.4, with results specifically
shown in Figure 4.10. The validation test was achieved by generating 1024 heterogeneous
continuous beam systems with m = 10 members with spans Li ∈ [1m, 12m], permanent
(dead) UDL ωgk = 3kN/m and variable (live) UDLs ωqk,i ∈ [200 kN/m, 400 kN/m], all
drawn from uniform distributions for each member i to model high design complexity.
The higher UDLs ωqk,i increase the likelihood of deep beams occurring, which increases
the chance of critical shear load arrangements, allowing the performance of both algorithms
to be stress-tested. Each of the 1024 continuous beam systems were designed against the
naive set of load arrangement Jnaive of size pnaive = 2m = 1024, with the most critical load
arrangement of each member within each continuous beam system identified. This resulted
in 10 × 1024 = 10, 240 validation data-points. It was subsequently checked if the actual
critical load arrangement was represented within the significantly smaller Jflex∪Jshear sets.

4.3.3 Design dataset generation

After validating the critical load arrangement procedure, design datasets were gener-
ated under the various design constraints established in Section 4.3.1. One key consider-
ation is the size of the continuous beam systems in terms of m to model. The number
of members m needs to be at least double the maximum influence size kmax. This is
because the highest influence zone measurable for the middle span of a continuous beam
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is by design half the system length m. Therefore, size m needs to be chosen such that
max(kmax) < m/2, where kmax is the list of all influence values kmax of the continuous
beam system. A sufficiently large value for m needs to be assumed in case kmax is a large
value; m = 15 was used for this purpose.

Individual design datasets consisting of 32 UDL and 32 span values sampled from a
random uniform distribution for a m = 15 beam system were created based on the design
constraints identified in Section 4.3.1. Sets 2, 3, and 4, each contained 32 × 32 = 1024
continuous beam systems, and since each system contained m = 15 members, this resulted
in a total of 1024 × 15 = 15, 360 influence zone values. For Set 1, the difference within
the systems only varied in terms of the identical span L and UDLs ωqk,i of the members,
which were also sampled in 0.5 m and 5 kN/m increments respectively. Given that this
results in 23 span and 13 UDL increments for Set 1, Set 1 contained 23× 13× 15 = 4485
influence zone values.

For the generation of the continuous beam design datasets, a coupled analysis and
design approach was taken, optimising for minimum structural depth using third-party
software (Rhino3D©, Grasshopper© and Karamba3D© [476]). Design sensitivity analysis
was avoided by an implicit ordering of the UKB section list based on structural capacity.
The influence zone values were subsequently extracted using Equations 4.2 and 4.3 based
on the procedure visualised in Figure 4.4.

4.4 Results

4.4.1 Validation of flexural and shear load arrangement algorithms

The validation results for the critical load arrangement identification procedure are
illustrated in Figure 4.10, which plots the critical load arrangement index for each design
beam example. Every load arrangement index corresponds to a unique load arrangement
out of the naive set Jnaive of size pnaive = 2m = 1024. The set Jnaive was ordered so that the
load arrangements for set Jflex are first, followed by those of set Jshear, and subsequently
all others. The design examples themselves were sorted twice: first in ascending number
of shear beam occurrences, and subsequently in ascending load arrangement indices. This
results in the gradual increase of the Jcrit indices as seen in Figure 4.10.

Figure 4.10 sheds insight on a number of important points. The first is that the
critical load arrangement Jcrit for every single beam example from the 10,240 validation
dataset occurred within the Jflex or Jshear sets. This is strong evidence that the critical
load arrangement identification procedure based on polarity sequences zones and polarity
zones, as well as Algorithms 4.1 and 4.2, are capable of identifying the critical load ar-
rangement of homo- and heterogeneous continuous beam systems. Furthermore, the set
size predictions pflex = 2m and pshear = 2(m − 1)(2n − 1) are also confirmed. For the
m = 10 member system designed here, pflex = 20, and depending on the number of shear
beam occurrences of each system, which varied from n = {0, 1, 2, 3, 4}, the number of
shear load arrangements varied from pshear = {0, 18, 54, 126, 270}. This corresponded to
ptotal = {20, 38, 74, 146, 290} respectively, as indicated by the y-axis of Figure 4.10 b).

Figure 4.10a) also emphasises how much smaller sets Jflex and Jshear are in comparison
to Jnaive. This greatly reduces the number of load arrangements that need to be analysed
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Figure 4.10: Load arrangement index for each design beam example ordered in increasing
number of shear beam occurrences and critical load arrangement indices. This confirms
visually that the critical load arrangement Jcrit for each design beam example from the
generated dataset falls within either Jflex or Jshear and are significantly smaller than Jnaive.
Figure b) is an enlarged view of Figure a).

for the influence zone evaluation procedure, whilst also reducing the computational cost
of designing the continuous beam system for system lengths of m > 10. A summary of
these results is shown in in Table 4.2, and further insights are discussed in Section 4.5.

4.4.2 Influence zone results

Using the validated critical load arrangement evaluation procedure presented in Section
4.3.2, various continuous beam systems were generated based on the design constraints
highlighted in Section 4.3.1 and 4.3.3. Subsequently, using Equations 4.2 and 4.3 and the
influence zone evaluation procedure visualised in Section 4.2.4, the influence zone values
kmax for every member from each system could be evaluated. The influence zone values
for one random example from each of the designed continuous beam systems within each

80



A. Gallet | PhD Thesis, 2024 Chapter 4 - Article: Influence zones

Set Set Size Algorithm Complexity

Critical load arrangements per internal beam 6 O(1)

Critical load arrangements per end-span beam 4 O(1)

Jflex - Critical flexural arrangements per beam
system

2m O(m)

Jshear - Critical shear arrangements per beam
system

2(m− 1)(2n − 1) O(m2 2n)

Jnaive - Naive load arrangements 2m O(2m)

Table 4.2: Load arrangements set summary for m dimensional beam systems containing
n shear beams with associated algorithm complexities.

dataset (Set 1: Zero Variation, Set 2: Low Variation, Set 3: Medium Variation and Set 4:
High Variation, see Table 4.1) for a maximum error threshold ϵmax = 0.005 are shown in
Figure 4.11.

Within the examples presented in Figure 4.11, the influence zone kmax can vary for
individual members within the same system. For example, in Figure 4.11c), the first
member from the left end of the system with a span of L = 9.5m and a variable (live)
UDL value of ωqk = 45 kN/m has an influence zone value of kmax = 1. Within the same
system, the fourth member from the right end of the system with a span of L = 3.5m
and ωqk = 20 kN/m had an influence zone value of kmax = 5. Another general observation
is that the variability of the influence zone values appears to correlate positively with
design complexity (the variability of the spans and UDLs of the system); this can be seen
comparing the kmax values in Set 1 as shown in Figure 4.11a) with those of Set 4 as shown
in Figure 4.11d).

The influence zone values of members within continuous beam systems that have al-
ready been designed (such as those shown in Figure 4.11) shed some insight for structural
engineers on whether a design change in terms of a UDL is relevant for a given member
(based on whether it falls within that member’s influence zone). However, by analysing
the distribution of influence zone values of many different homo- and heterogeneous con-
tinuous beam systems, it is possible to make that assessment a priori before designing the
system itself. Assuming once again a max error threshold ϵmax = 0.005, the aggregated
influence zone results for each design set from Table 4.1 are shown in Figure 4.12. For
these design datasets, the most common influence zone value (the mode) was kmax = 3,
and the majority of influence zone values were at kmax ≤ 3, meaning applied loading infor-
mation of a given beam along with that of the three adjacent spans on either side captured
the correct utilisation ratio of the design beam with an error of less than a ±0.5% in the
majority of cases.

However, the various sets reveal differences in the maximum and distribution of the
influence zone. The maximum influence zone value for Set 1 was kmax = 4, whereas it was
kmax = 5 for Set 2, 3 and 4. Furthermore, as the set number increases, which corresponds
with an increase in variation of the design information in terms of spans and UDLs, the
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Figure 4.11: One example of the influence zone results within continuous beams systems
from each design dataset specified in Table 4.1.
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Figure 4.12: Influence zone results for various design constraints with a max error threshold
ϵmax = 0.005 indicating the percentage frequency distributions of the influence zone values
kmax and minimum utilisation factors captured for each kmax value for a given design beam
d.

influence zone value distribution appears to flatten and widen. For example, it was the
high-variation Set 4 which actually contained the most influence zone values kmax = 0 for
1.6% of the design examples, whereas the zero variation Set 1 only had 0.4% of its design
examples exhibit an influence zone of kmax = 0. The minimum utilisation curve (red curve
with point markers in Figure 4.12) captured by each influence zone value suggests that,
in general, increasing design variation leads to greater maximum influence zone values.

The average, maximum and 95th percentile influence zone values were also calculated
for various error thresholds as shown in Table 4.3. Note that the maximum influence zone
value of kmax = 5 for Set 4 confirms that them = 15 member-size assumption was sufficient
for the purpose of this study. Together Figure 4.12 and Table 4.3 provide evidence for the
following conclusions:

• A decrease in the acceptable error threshold correlates with an increase in both the
average and maximum influence zone range.

• An increase in design variation correlates with an increase in the maximum influence
zone range.

• An increase in design variation, however, correlates with a decrease in average influ-
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ence zone range in most instances where the acceptable error threshold is relatively
tight (ϵmax ≤ 10%). At higher error thresholds the trend is less discernible.

Error
ϵmax [%]

Average kmax Maximum kmax 95th percentile kmax

Set 1 Set 2 Set 3 Set 4 Set 1 Set 2 Set 3 Set 4 Set 1 Set 2 Set 3 Set 4

0.1 4.60 4.46 3.84 3.37 5 5 6 7 5 5 5 5
0.5 2.89 2.86 2.69 2.38 4 5 5 5 4 4 4 4
1 2.76 2.75 2.35 2.06 3 3 5 5 3 3 3 3
5 1.52 1.39 1.29 1.17 2 3 3 4 2 3 3 3
10 0.98 0.98 0.89 0.83 2 2 3 4 1 1 2 2
20 0.76 0.84 0.73 0.67 1 1 2 3 1 1 1 1
50 0.00 0.30 0.41 0.43 0 1 1 2 0 1 1 1

Table 4.3: Influence zone results for various maximum error thresholds ϵmax for each
design dataset, evaluating average, maximum and 95th percentile influence zone values
kmax. Note that increasing set numbers corresponds with increasing design variation, a
proxy for design complexity, see Table 4.1 for details.

It should be noted that an error threshold of less than 0.5% is relatively small in
comparison to uncertainties that exist in structural design. These uncertainties include,
for example, material yield strength and imposed UDL values (consider that variable UDL
values ωqk are increased 50% with a load combination factor of 1.5 within the Eurocodes
[468]). Furthermore, the design constraints of design set 4 represent the top end of design
variation which may occur in typical continuous beam systems. It is therefore reasonable
to suggest that for continuous beam systems with design constraints specified in section
4.3.1, the influence zone values are on average kmax ≤ 3, with the 95th percentile value
being kmax = 4 and only in the most extreme case kmax = 5 at an error threshold of less
than 0.5%.

4.5 Discussion

The results along with the proposed evaluation procedures to find the critical load
arrangements and influence values for UDL loaded continuous beam systems have led
to a number of important findings. These include gaining novel insight on how much
surrounding loading information is relevant for a member’s design, identifying novel shear
load arrangements with the help of polarity zones and polarity sequences, and introducing
load arrangement algorithms to explicitly identify critical load arrangements of continuous
beam systems of any arbitrary system size. Each of these findings are discussed in detail
and contextualised with relevant existing literature.

4.5.1 Influence zone insights

The influence zone results confirm that the impact of loading drops off sharply the
further away one moves from the influence line location. This behaviour can be identified
across all influence line diagrams found within this paper, such as Figures 4.5 and 4.9.
This investigation has formulated this concept as the influence zone, shown how it ap-
plied to continuous beam systems, and rigorously studied the influence zone distributions
under various design assumptions and error thresholds. The data related to the dataset
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generation and influence zone evaluations can be found at an open-source data repository
[475].

4.5.2 Demarcating influence zones from influence lines

Although there is a proximal relationship between the concept of influence zones and
influence lines, mostly evidenced by Equation 4.3 where integrated influence lines play an
important role for the evaluation of influence zones, these two concepts differentiate them-
selves in important ways. This distinction also applies to the two-dimensional application
of influence lines known as influence surfaces [477–480].

Whilst influence lines/surfaces are exact analytical tools that define the mechanical
response of a known structural system about a particular point, influence zones are a
heuristic design tool that offer insight on what information is relevant to the design of
the structural system to begin with based on certain analytical assumptions. The value
of influence lines/surfaces arise during analysis on a system-by-system basis, whereas the
value of influence zones arise during design after having studied them in their statistical
aggregate.

This distinction could be considered further evidence supporting the demarcation be-
tween design and analysis in structural engineering. Previous literature has highlighted
the difference between knowledge-that explains fundamental facts about systems (such
as influence lines) versus knowledge-how something can be designed or solved (such as
influence zones) [4, 436]. Recent literature has suggested that the processes of analysis
and design solve related, albeit oppositely posed problems known as forward and inverse
problems respectively [140]. Influence lines can be seen as a tool that solves the former,
whereas influence zones solve the latter.

As a matter of fact, the influence zone concept was developed whilst developing a design
model for continuous beam systems from an inverse problem perspective (see Chapter 5),
and allows the a priori knowledge of what loading information is relevant for design of
a particular continuous beam. It is possible that the influence zone concept could serve
as an important heuristic tool in the design of continuous structural systems, supporting
the view that the application of heuristics is a cornerstone for engineering design [11].
Further novel ideas might be uncovered when approaching engineering design from an
inverse problem perspective.

4.5.3 Flexural load arrangements

An important contribution of this investigation was presenting the flexural load ar-
rangements clearly through the use of polarity sequences. Notably the polarity zones
highlight which load arrangement is critical for specific segments of a beam, which could
be useful in the design of tapered (non-prismatic) continuous beam systems [481, 482].

The influence zone study allows the contextualisation of simplified load arrangement
provisions. For example, whilst Annex AB.2 from EN 1993-1-1 [466] covers alternating
flexural load arrangements in full, it specifies that for the adjacent flexural load arrange-
ment type, only the two adjacently loaded spans of variable load ωqk need to be factored.
In essence, the variable load information on all other spans aside from the beam un-
der consideration and the two directly adjacent spans are ignored, which is the technical
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equivalent of assuming an influence zone to kmax = 1.
With help of Table 4.3, it is possible to infer that an influence zone value kmax = 1

is likely to introduce an error between 5 − 10% in terms of the true utilisation for de-
sign scenarios with no UDL or span variation (the average kmax value for ϵmax = 5% and
ϵmax = 10% is 1.52 and 0.98 for Set 1 respectively). The simplified Eurocode provisions
are therefore, on average, a reasonable simplification to capture the impact of variable
load arrangements. However, the maximum influence zone value of Set 1 with kmax = 1
corresponds to an error of ϵmax = 20%, and when considering non-heterogeneous continu-
ous beam systems (reflected by Set 2, 3 and 4), this error can increase up to ϵmax = 50%
and more. This is further evidence, as already pointed out in literature, that the load
arrangement provisions from building codes can be non-conservative and hence lead to
unsafe designs [473].

The simplified provisions within the Eurocodes, which also exist within EN 1992-1-
1 5.1.3 [483] and other codes [484], need to be understood in context of the 1.5Qk load
factors and the dead load contribution Gk, which invariably will lessen the underestimation
made by the provisions. Nonetheless, the validity of the design code recommendations for
flexural load arrangements could be investigated further, especially for highly irregular
beam and floor arrangements [485].

4.5.4 Shear load arrangements

Unlike flexural load arrangements, which have been identified in literature and building
codes, the shear load arrangements were a surprising find. To the authors’ knowledge, this
is the first time that deep beams have been identified to cause new critical load arrange-
ments in literature. Although shear load arrangements sometimes resulted in identical
utilisation ratios to that of flexural ones, initial analyses pointed to an average increase in
utilisation ratio of 4-5%, while larger deviations were occasionally observed. Figure 4.10
also highlights that these shear load arrangements were relatively prevalent within the
design scenarios considered.

Confirmation and validation of these shear load arrangements by future research is
encouraged. Of particular interest is why Equation 4.5 defines the exact point when these
critical load arrangements arise, and whether this equation is valid for all material and
cross-section types. One notable difference in the mechanical assumption in this inves-
tigation of load arrangements as to that of previous studies was the use of Timoshenko-
Ehrenfest rather than Euler-Bernoulli beam theory. For example, the two seminal works on
establishing the bounds of critical load arrangements using fuzzy set based finite-element
methods used Euler-Bernoulli beam theory [472, 473]. A re-investigation with deep beams
as defined by Equation 4.4 and Timoshenko-Ehrenfest beam theory should reveal more
critical bounds of load arrangements than previously identified with interval-finite-element
methods. The extent to which these shear load arrangements require special provisions
within building codes will require further exploration.

4.5.5 Critical load arrangement algorithms

The critical load arrangement algorithms provided in 4.A and 4.B, along with a study
of their computational complexity, were key for the evaluation of the influence zone. Limit-
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ing the design space to a fraction of the naive Jnaive load arrangement set without making
heuristic simplifications was crucial in both the dataset generation and influence zone eval-
uation steps. The algorithms have been made available at an open-source data repository
[475].

It is likely that there is further room for improvement for Algorithm 2 to evaluate
the shear load arrangements for a known list of susceptible shear beams. The current
formulation still leads to either pre-existing flexural load arrangements, or creates duplicate
shear load arrangements. On average, 74.7% of the outputs obtained from Algorithm 4.B
were unique, with a best-case efficiency of 88.8% and a worst-case efficiency of 12.7%. This
suggests that an algorithm with a lesser computational complexity than O(m2 2n) might
be achievable through further investigation.

4.5.6 Further influence zone investigations

This investigation will hopefully serve as a starting point for future studies related
to the influence zone, including formulations that take more information into account
aside from UDL values only. There were several limitations within this study, notably
not accounting for serviceability checks and limiting the design space to positively loaded
UDLs. The effects of torsion and lateral loading could also be considered. Further studies
could be conducted for different material and design information assumptions, while stud-
ies could also be expanded to 2D continuous frames and shells, with fixed and semi-rigid
connections. The influence zone concept and associated results could be a helpful piece
of information when designing any structural system in practical engineering by inform-
ing structural engineers on what design information is actually relevant to properly size
structural members. Furthermore, the framing of this novel influence zone concept within
structural engineering may encourage awareness in practising engineers on what the size
of the influence zone of their particular structural system is, which may have applications
in other research areas such as structural health monitoring [486], complex thermome-
chanical actions on structures [487] and in the development of generalised design models
[140].

4.6 Conclusions

A novel concept termed the influence zone was proposed in relation to continuous beam
systems. The investigation developed a local and global formulation, of which the latter
one was explored numerically with design constraints applicable to steel framed buildings.
The key challenge was the explicit definition of critical load arrangements to allow the
computational feasible generation of design datasets and evaluation of their respective
influence zones. The investigation led to three important outcomes:

• The development of polarity sequences and polarity zones which led to the demarca-
tion between previously known flexural load arrangements and the newly discovered
shear load arrangements, with an explicit span limit equation for when these novel
load arrangements occur.

87



A. Gallet | PhD Thesis, 2024 Chapter 4 - Article: Influence zones

• Two algorithms capable of finding these two types of load arrangements, and pro-
viding evidence that they encompass all critical permutations in comparison to the
naive, brute-force approach.

• The generation of design datasets from which the influence zone values for various
degrees of design complexities and error thresholds could be rigorously studied. For
error thresholds deemed acceptable in structural design, which in this work was
considered to be ϵmax ≤ 0.5%, the influence zone for continuous beams within steel
framed building under ultimate state considerations is on average less than 3, going
to a maximum influence zone value of 5. This influence zone value is likely to be
valid for most design situations whose spans and load values fall within the range of
the design constraints considered in Section 4.3.1.

The influence zone is a heuristic design tool that differentiates itself from influence
lines (and influence surfaces) and demonstrates the value of the inverse problem perspective
through which it was evaluated by. This study opens the scope for future research, notably
in the evaluation of influence zones for various materials and structural systems, validating
and explicating the existence of shear load arrangements, and encouraging research on
improving the existing algorithm that identifies them.

Data statement

Data related to the design datasets and the influence zone results, along with the load
arrangement algorithms, are available at an open-source data repository [475].
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Appendix

4.A Algorithm 1 - Flexural load arrangements

1 # Create the alternating load arrangements - altLoadArr

2 if m % 2 == 0: altLoadArr = [[1 ,0]*(m//2)]

3 else: altLoadArr = [[1 ,0]*(m//2) + [1]]

4

5 # Create the adjacent load arrangements - adjLoadArr

6 adjLoadArr = []

7 if m > 1:

8 for i in range(m-1):

9 # Create the start loadArr

10 if i % 2 == 0: startLoadArr = [1 ,0]*(i//2)

11 else: startLoadArr = [0 ,1]*(i//2) + [0]

12

13 # Create the end loadArr

14 if (m-i) % 2 == 0: endLoadArr = [0 ,1]*((m-i-2) //2)

15 else: endLoadArr = [0 ,1]*((m-i-2) //2) + [0]

16

17 # Append loadArr together with adjacent loaded spans

18 adjLoadArr.append(startLoadArr + [1,1] + endLoadArr)

19

20 # Create positive J_flex load arrangements

21 J_flex_pos = altLoadArr + adjLoadArr

22

23 # Evaluate polar opposites - negative J_flex

24 J_flex_neg = []

25 for loadArr in J_flex_pos:

26 J_flex_neg.append ([1 if act == 0 else 0

27 for act in loadArr ])

28

29 # Evaluate J_flex

30 J_flex = J_flex_pos + J_flex_neg

31

Algorithm 4.1: Flexural load arrangement algorithm in Python with both alternating
and adjacent arrangements for a continuous beam system with m members that
creates set Jflex with O(m) time complexity. This algorithm first generates the
alternating load case arrangements depending on the parity of the system size m.
Subsequently, the algorithm enters a for-loop to create the adjacent load arrangements
by iterating through each possible start-index. Finally, the algorithm creates the polar
opposites of each load arrangement, and saves it as the J flex variable.

89



A. Gallet | PhD Thesis, 2024 Chapter 4 - Article: Influence zones

4.B Algorithm 2 - Shear load arrangements

1 # Function to identify shear load arrangements

2 def shearLoadArr(loadArr: list , shearBeams: list , start: int):

3 # Iterate in both directions

4 for direction in [-1, 1]:

5 # Establish while loop variables

6 finishing = False; finished = False

7 updating = False; i = start

8

9 # Iterate through the beam system

10 while finished == False:

11 i = i + direction # Move to the next beam

12

13 # Case 1: End of beam system is reached

14 if i < 0 or i >= len(loadArr):

15 finished = True

16

17 # Case 2: No shear beam has been encountered yet

18 elif updating == False and finishing == False:

19 # Check if current beam is a shear beam

20 if i in shearBeams:

21 updating = True; updateAct = loadArr[i]

22

23 # Case 3: A shear beam has been encountered

24 elif updating == True and finishing == False:

25 # Update activation factor of current beam

26 loadArr[i] = updateAct

27 # Check if current beam is a shear beam

28 if i not in shearBeams:

29 updating = False; finishing = True

30

31 # Case 4: Alternate remaining activation factors

32 elif finishing == True:

33 loadArr[i] = (loadArr[i-direction] + 1) % 2

34

35 # If another shear beam is encountered

36 if i in shearBeams:

37 updateAct = loadArr[i]

38 updating = True; finishing = False

39

40 return loadArr

41

Algorithm 4.2: Shear load arrangement algorithm in Python to generate arrangements
belonging to set Jshear based on a given flexural load arrangements loadArr , the
indices of susceptible shearBeams, starting at beam index start , for a system size with
m members. The algorithm iterates through the beam system from the provided start
index in both the left and right directions. Within the for-loop, four different cases
are checked,. When a shear beam is found (Case 3) then the polarity (positive or
negative) of the load arrangement is translated to the next subsequent beam. Case
4 ensures that all further polarities retain the overall alternating load arrangement
pattern. One single pass has a time complexity of O(m), yet generating the entire set
Jshear is O(m2 2n).
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Chapter 5

Article: “Machine learning for
structural design models of
continuous beam systems via
influence zones”

Foreword commentary

This article titled “Machine learning for structural design models of continuous beam
systems via influence zones” was submitted for review to Inverse Problems on August
22nd, 2023. The paper develops a machine learned structural design model from the
inverse problem perspective introduced in Chapter 3 and takes advantage of the influence
zone devised in Chapter 4 to build a generalisable model for the design of continuous
beam systems. Aside from developing the model, the work also generates and makes a
dataset and neural network training script available to allow for verifiability of results and
to encourage future research efforts. The work was entirely conducted by Adrien Gallet,
with co-authors Andrew Liew, Iman Hajirasouliha and Danny Smyl providing supervision
along with validating results, and reviewing the final draft.

Abstract

This work develops a machine learned structural design model for continuous beam systems
from the inverse problem perspective. After demarcating between forward, optimisation
and inverse machine learned operators, the investigation proposes a novel methodology
based on the recently developed influence zone concept. The aim of this approach is to
conceptualise a non-iterative structural design model that predicts cross-section require-
ments for continuous beam systems of arbitrary system size. After generating a dataset
of known solutions, an appropriate neural network architecture is identified, trained, and
tested against unseen data. The results show a mean absolute percentage testing error
of 1.6% for cross-section property predictions, along with a good ability of the neural
network to generalise well to structural systems of variable size. The CBeamXP dataset
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generated in this work and an associated python-based neural network training script are
available at an open-source data repository to allow for the reproducibility of results and
to encourage further investigations.

5.1 Introduction

It was recently argued that structural design is an inverse problem [140], in which one
estimates the model parameters (the causal factors, such as cross-section properties) of
possible structural solutions from a set of structural utilisations (the observations, such
as major axis bending capacity). This inverse problem perspective, highlighted in Figure
5.1, is underscored by the ill-posed characteristics structural design shares with other
inverse problems [181], which in civil and structural engineering include subject areas
such as structural health monitoring [208, 277], self-sensing smart materials [380, 488] and
forensic blast engineering [193, 195].

Known priors
Design brief: loads and spans

Inverse problem
Structural design

Forward problem
Structural analysis

Observations
Utilisation ratios

Causal factors
Model parameters

Data
Operations

Figure 5.1: The inverse problem perspective for structural design, which relies on known
priors such as design brief details of loading and span requirements along with observations
of utilisation ratios that represent structural adequacy to evaluate the model parameters
of a solution, such as size, shape and topology of a viable structure. Structural analysis is
treated as the forward problem.

Inverse problems are predominantly solved iteratively [489], and unsurprisingly so is
structural design [14], often with the help of structural optimisation such as size [490, 491],
shape [492, 493], topology [494, 495] and layout optimisation [496, 497]. Provided that
a clear objective function exists, these techniques are the state of the art for solving the
structural design inverse problem iteratively.

However, in industry, the uptake of iteration based design approaches face certain bar-
riers, including high computational costs [498], complex outputs that require additional
post-rationalisation [188], and demand a particular expertise from practising design en-
gineers that can be absent from engineering curriculums [499]. These challenges have
encouraged researchers to investigate the use of machine learning (ML) methodologies for
structural design [73]. This parallels a similar development of using ML within the do-
main of inverse problems [165], with exemplary applications in areas such as structural
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health monitoring [129, 168], that aid or replace the optimisation problem with learned
components.

The earliest application of such machine learned components for structural design
occurred in 1989 [500] with simplified perceptron models. This research was followed in
the 1990s by more advanced feed-forward neural networks for simple reinforced concrete
beam depth estimations [97] as well as cross-sectional area predictions of trusses [98, 501].
Whilst other machine learning modalities such as support vector machines [502] have also
been studied, neural networks tend to outperform other ML models archetypes in terms
of prediction error [99].

More recently, deep learning techniques have been investigated for structural design.
These include convolutional [100, 503] and generative adversarial networks [504, 505] to
accelerate topology optimisation, and the application of variational auto encoders for
structural design space exploration [506]. A common limitation across such investiga-
tions is the inability for the same machine learned model to generalise to differently sized
topologies and structural arrangements. These two challenges, highlighted by design ill-
posedness and the inability of previous machine learning models to generalise to structural
arrangements of arbitrary size, have motivated the work presented here.

This investigation has two objectives. The first objective is to reconcile the relation-
ship between structural design, inverse problems and machine learning by developing a
non-iterative structural design model for continuous beam systems using a multi-layer
neural network. The authors believe that this perspective could serve as a framework to
distinguish between different types of machine learning applications within the field of
structural engineering in the future. The second objective is to address the inherent issue
of generalisability in respect to system size by taking advantage of a recently developed
concept known as a continuous beam’s influence zone [441]. This technique could po-
tentially form the basis to generalise a design model for continuous structural systems of
arbitrary topology, and might complement other techniques that attempt to address the
generalisability issue such as graph neural networks [101, 507].

The paper is structured as follows: Section 5.2 explores the problem statement from the
inverse problem perspective and provides the rationale for machine learned design models,
Section 5.3 explains the methodology employed to develop the generalisable structural
design model, Section 5.4 presents the step-by-step process of the neural network de-
velopment process, and Section 5.5 discusses the model’s generalisability and prediction
variability, along with suggestions for further research.

5.2 Problem statement

5.2.1 A novel perspective

The inverse problem perspective for structural design as shown in Figure 5.1 consists
out of two operations, the forward and inverse problem (shown as the bottom and top
ellipses, respectively) and three sets of data: observations, known priors and causal factors
(shown as rectangles from left to right, respectively). One of the underpinning features
of the inverse problem perspective is the clear demarcation between structural analysis
and structural design, a distinction often re-iterated in engineering philosophy [4, 11], yet
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never linked to the corresponding nature of forward and inverse problems, respectively.
Both the forward (structural analysis) and the inverse problem (structural design) rely

on known priors, shown centrally in Figure 5.1, which can be thought of as constraints
set by a design brief such as load and span requirements. During design they inform and
regularise the search space of causal factors (model parameters such as section properties
and topologies), and in analysis they allow the evaluation of observations (utilisation ra-
tios such as ultimate (ULS) and serviceability limit states (SLS) [508]). Unlike traditional
inverse problems, the observations are not measured physically, yet are expressed theo-
retically based on the utilisation ratios that could be measured from a compliant design
solution which the set of causal factors correspond with; inverse problems are not defined
by the physicality of the observations.

Within this context, the application of machine learning in structural engineering can
be split into three categories based on the type of operations the machine learned compo-
nents replace. These categories help distinguish between fundamentally different types of
machine learning applications that occur within the context of structural engineering and
are identifiable across different decades of the literature:

a) ML forward operators: machine learned components that aid or accelerate solving
the forward problem (structural analysis) to inform or validate design decisions.
Examples include neural network like models as quick re-analysis tools for optimum
design (1991) [509] and machine learning models to determine the buckling behaviour
and model decomposition of thin-walled members required for structural analysis
(2023) [510].

b) ML optimisation solvers: machine learned components entirely motivated by the tra-
ditional iterative solution process to arrive at structural designs. Examples include
“neural dynamic models” developed as an alternative structural design optimisa-
tion technique (1995) [511] and a physics informed neural energy-force network that
replaces both the structural design and analysis steps (2023) [512].

c) ML inverse operators: machine learned components which solve the inverse problem
(structural design) by mapping a set of structural utilisations and known priors to
model parameters directly. Examples include estimating cross-sectional properties
for simple trusses directly based on known optimum examples using neural networks
(1994) [98] and approximating topological optimised structures in real-time using
convolutional neural networks (2022) [513].

These three categories can also be differentiated visually as shown in Figure 5.2. It is
worth noting that the field of ML forward operators has likely received the most research
attention in the form of “surrogate models” [514, 515]. In this respect, machine learned
optimisation solvers and inverse operators are less common. Furthermore, the machine
learned forward operators and optimisation solvers identified above typically require some
form of iteration to achieve structural design; machine learned inverse operators on the
other hand can be non-iterative [98, 513]. The ability to provide real-time design feedback
is of particular interest to address the limitations of current iterative structural design
approaches. To this end, and in support of the inverse problem perspective, this paper will
focus on developing a non-iterative structural design model for continuous beam systems.
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a) Forward operators b) Optimisation solvers

Inputs ML components Outputs Unused operations

c) Inverse operators

Figure 5.2: Types of machine learning (ML) components from the inverse problem per-
spective. Shapes in each sub-figure; ellipses: inverse problem (top), forward problem
(bottom); rectangles: observations (left), known priors (middle), causal factors (right).

5.2.2 Design problem: continuous beam systems

Continuous beam systems arise in structural engineering when rigid connections be-
tween members are required or unavoidable due to design or material considerations.
The support fixity and structural connectivity render the system statically indeterminate.
This poses a challenge from a design perspective, since the compliance of cross-sectional
properties cannot be evaluated without knowledge of their magnitudes; this results in
an iterative design process, especially for complex design scenarios with heterogeneous
loading and span conditions [465].

Figure 5.3 highlights the design problem for continuous beam systems from the inverse
problem perspective. The known priors, which are shown centrally as the design brief,
include the number of members m in the system indexed by i with span length Li from
vector L = [Li]0≤i<m, subjected to uniformly distributed loads (UDLs) ωi from vector
ω = [ωi]0≤i<m (representing the total, factored load including self-weight). These known
priors and the utilisation ratios u of the members, shown on the left in Figure 5.3, are
needed to evaluate the causal factors, shown on the right as the cross-section property
vector P = [Pi]0≤i<m.

The design problem is complicated due to the existence of c potentially critical load
arrangements J indexed by j from set J = [Jj ]0≤j<c shown at the bottom of Figure 5.3.
The size c of J was studied in [441]. Each of these load arrangements cause different
structural responses such as bending moments M, and will give rise to a matrix of utilisa-
tion ratios ui,j to form matrix u = [uij ]0≤i<m, 0≤j<c that can be evaluated with structural
analysis to check for structural compliance (ui,j ≤ 1.0). Instead of repeatedly assuming
cross-section properties P and conducting structural analysis calculations until the matrix
of utilisation ratios u are compliant, a machine learned inverse operator relies solely on the
known priors and the utilisation ratios u to directly evaluate the cross-section properties
P.

For the purpose of the continuous beam system considered in this work, several as-
sumptions will be made: members are made out of S355 steel, are considered laterally
restrained (and hence not susceptible to lateral instability), Timoshenko-Ehrenfest beam
theory is used to model this system and the structure will be analysed elastically yet
designed against ULS plastic cross-section property checks as allowed by Eurocode EN
1993-1-1 5.4.2 (2) [466]. The cross-sectional properties to be evaluated include the major
axis second moment of area I, the major axis shear area Az and the major axis plastic
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Figure 5.3: Design process of a continuous beam system from the inverse problem per-
spective.

section modulus Wpl for each member i. Together they form the member-based cross-
sectional property vector Pi:

Pi = [Ii, Az,i,Wpl,i] (5.1)

The structural analysis operation in Figure 5.3 is defined by a forward operator:

u = Oforw(m,ω,L,P) (5.2)

and similarly the structural design operation by an inverse operator:

Oinv(m,ω,L,u) = P (5.3)

where both Oforw and Oinv rely on the same known priors, the design brief information m,
ω and L that define the structural system and design problem.

5.2.3 The need for machine learned inverse operators

Defining an explicit non-iterative inverse operator for Equation 5.3 is challenging due
to the difficulty of inverting the forward operator and is directly linked to the ill-posed
nature common across most inverse problems [181]. A quantitative evaluation of the extent
of ill-posedness in structural design is not obvious, however it is possible to describe why
the structural design problem shown in Figure 5.3 is ill-posed, namely due to the infinite
number of viable solutions, and:
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a) The physical limitations introduced by yielding, buckling, serviceability that arise
when combining the forward model with structural codes, resulting in a discontinu-
ous relationship between the observations and causal factors.

b) The indeterminacy of the continuous beam system which increases with the number
of members of the system.

The ill-posedness of structural design has further been demonstrated in Section 3.3. It
is worth noting that any structural analysis forward operators themselves are approxima-
tions of the true behaviour of structures, and dealing with this associated uncertainty is
a key challenge in design. For example, engineers need to decide if the assumptions and
simplifications of structural analysis models, such as the material response (e.g. perfectly
elastic) and underlying beam theory (e.g. Euler–Bernoulli theory), are representative of
the structure’s true behaviour.

The difficulty of inverting a forward operator can be shown mathematically. Typically,
the Oforw operator contains two steps. The first step, defined by Oforw,1 would evaluate
the structural response of the system when subjected to a set of external forces ω in terms
of deflections and internal forces, and the second step, defined by Oforw,2, would take these
structural response observations to evaluate the utilisation ratios based on design codes.
Consider for example building a Oforw,1 operator using the stiffness matrix method to
evaluate the internal force vector [fp]i for member i defined as:

[fp]i = [V1,i,M1,i, V2,i,M2,i]
⊺ (5.4)

where V , and M represent the internal shear forces and bending moments within member
i at the start (index 1) and end of the member (index 2). Let us also assume, for simplicity,
that the members consist out of steel with E and G for the Youngs and shear modulus,
respectively, with a maximum yield stress of σy. In this case, the internal forces [fp]i for
each member could be evaluated using a simplified Timoshenko-Ehrenfest beam theory for
a single load arrangement by Equation 5.5. To achieve this, [kpq]i is defined as the local
stiffness matrix shown in Equation 5.6, [Kpq] as the global stiffness matrix in Equation
5.7, [dq] as the nodal displacement vector in Equation 5.8 with Fp([ωi]) as the external
force vector, where rows and columns of all matrices are indexed by p and q, respectively:

[fp]i = [kpq]i[dq] (5.5)

[kpq]i =
EIi

L3
i (1− φ)


12 6Li −12 6Li

6Li 4L2
i −6Li 2L2

i

−12 −6Li 12 −6Li

6Li 2L2
i −6Li 4L2

i

 , φ =
12EIi
AzGL2

i

(5.6)

[Kpq] = [kpq]0 + [kpq]1 + . . .+ [kpq]m−1 =

m−1∑
i=0

[kpq]i (5.7)

[dq] = [Kpq]
−1 [Fp([ωi])] (5.8)
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These operations can be succinctly written to transform the cross-section vector P
with help of the known priors m, ω, L into the internal forces vector for each member i:

Oforw,1,i = [fp]i = [kpq]i

[
m−1∑
i=0

[kpq]i

]−1[
Fp([ωi])

]
(5.9)

Inverting this equation to yield Oinv is difficult since it would require separating or
decomposing the individual cross-section properties Pi out of the stiffness matrices [kpq]i.
This cannot be done without, at minimum, making some assumptions about the relative
proportions of the cross-section properties from one member to another. Inverting the
second step of the forward operator Oforw,2 poses further challenges. Suppose Oforw,2

transforms the internal member forces [fp]i to evaluate the governing (critical) utilisation
ratios indexed by r for t design checks for a single load arrangement J . For example, using
the steel design code EN 1993-1-1 [466]:

ui = Oforw,2,i(Oforw,1,i) = max([uir]0≤i<m, 0≤r<t) = max(ui,0, ui,1, · · · , ui,t−1)

where:

ui,0 =
V1,i

Az,i σy/
√
3
, ui,1 =

M1,i

Wpl,i σy

ui,2 =
V2,i

Az,i σy/
√
3
, ui,3 =

M2,i

Wpl,i σy

...

ui,t−1 for other compliance checks

(5.10)

The difficulty here is that the governing utilisation ratio can change according to the
known priors of the problem statement. This means that an individual equation for each
possible critical design check would need to be derived. For example different design
equations exist for the same structural check depending on the type of cross-section (Class
1 vs. Class 4) [466] a final design solution might contain, which is not known ahead of
time. Note also that the equations above do not even consider the serviceability limit
state, the multiple load arrangements J which may be critical, nor the need to sufficiently
discretise individual beam members.

It is because of the challenges identified above that machine learned inverse operators
are particularly appealing, since they can approximate a relationship between a set of
variables that may be difficult to encode explicitly [516]. Given a dataset generated by
the Oforw operator that maps a set of cross-section properties P to compliant utilisations
ratios u, one can train a probabilistic machine learning model O†

inv with parameters θ to
map the set of bounded utilisation ratios u back to the cross-sectional properties P with
known priors m, ω and L:

O†
inv(θ,m,ω,L,u) ≈ P (5.11)

By generating a dataset of valid structural designs with the help of existing optimisa-
tion approaches that contain the forward operator, a supervised machine learning model
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can be trained to learn the mapping of known priors and utilisations to cross-sectional
properties directly. This represents a fundamental shift from traditional approaches em-
ployed in structural design that rely on engineering expertise and computationally expen-
sive structural analysis or optimisation models at the point of design application. Machine
learned inverse operators create non-iterative structural design models for which there cur-
rently exist no explicitly defined equivalents. Instead of focusing on accelerating forward
models, computational resources can be invested in generating a dataset using physically
complex yet realistic modelling assumptions. These machine learned structural design
models aim to provide significantly greater generalisability than typical rules of thumb
employed in design whilst still providing real-time feedback, benefit non-expert stakehold-
ers whose own decision making relies on structural design outcomes and improves design
knowledge permanence which can be difficult to attain due to industry turnover.

5.3 Methodology

5.3.1 Choosing an appropriate machine learning model archetype

The aim of the inverse operator O†
inv is to predict the cross-section property vector

defined by Equation 5.1 numerically; therefore O†
inv will be a regression model. This

restricts the types of supervised machine learning models of interest. The complexity and
size of the design space are likely to demand a large dataset size discouraging the use
of instance-based models such as the k -nearest neighbour algorithm that store similarity
measurements in memory [517]. Similarly, support and relevance vector machines become
impractical for datasets containing more than 3000 samples [518]. The non-linearity of
the design problem voids the applicability of linear regression models, and decision trees
(including the ensembled variants such as random forests) perform better at classification
tasks [80].

These reasons motivated the use of neural networks, in particular multilayer neural
networks (MLPs), a choice which is supported by evidence that suggests neural networks
outperform other data-driven approximation algorithms in structural engineering appli-
cations [99]. Although various archetypes exist ranging from convolutional (CNNs), re-
current (RNNs) and graph-based types (GNNs), MLPs are commonly used in literature
[98, 501], and the results within this work could prove useful as a comparative performance
measure for more advanced deep learning architectures [100, 504, 506] in future studies.

Multilayer neural networks have a fixed-dimensional input vector x0 of size n that
map to the output vector xD of size o with D layers. In this study, a network has
D − 1 hidden layers of height H each indexed by d and are defined by fd(xd), which
contains a (non-linear) activation function ad with weight matrix wd and bias vector
bd. The weight matrices and bias vectors of each layer form the model’s parameters
θ = (w = [wd]0≤d<D,b = [bd]0≤d<D). Multiple hidden layers give form to the neural
network f through a function composition defined as:

f : Rn → Ro

f(x0) → xD : fD−1 ◦ . . . ◦ f1 ◦ f0(x0)

fd(xd) = ad(wdxd + bd)

(5.12)
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The exact choice of architecture in terms of depth D, height H and activation functions
ad of the network as indicated in Equation 5.12 will require experimentation to achieve ac-
ceptable performance with a good bias-variance trade-off [519]. More importantly though,
the features used for the input vector x0 will require careful consideration to create a
generalisable inverse operator O†

inv as set out in Equation 5.11.

5.3.2 Selecting appropriate neural network features

Feature selection, the process of choosing appropriate inputs, is essential for a machine
learning model to generalise well to unseen data points. Unnecessary or irrelevant features
can cause a model to learn a relationship with target variables that are not representative of
the physical behaviour of the system, and thereby lead to worse results when interpolating
within or extrapolating beyond the training set.

Previous studies of neural network based design models selected features relevant to
the singular topology of the structural system at hand [98, 99]. Such approaches expose
the largest limitation of multilayer neural networks: the fixed-dimensionality of the input
vector [101]. These models may perform well for the particular topology they were trained
against, yet the same model tends to perform worse or may not be applicable for differently
sized structural systems, which severely limits their utility.

To address this limitation, this work takes advantage of a recently developed concept
known as the influence zone developed in Chapter 4. The influence zone kmax is a measure
of the extent to which surrounding design information is relevant for the utilisation eval-
uation of members. Whilst kmax differs for each member within a continuous structural
system as shown in Figure 5.4, for well defined design constraints and error thresholds, the
maximum value of kmax within continuous beam systems converges towards a non-negative
integer. The influence zone of member g is found when the following two conditions are
met:

i= 0 i= 1 i= 2 i= 3 i= 4 i= 5 i= 6

k=−2 k=−1 k= 0 k= 1 k= 2

K = [−2, − 1, 0, 1, 2] kmax = max(|K|) = 2

Design
beam
g= 3

Figure 5.4: A figurative influence zone of kmax = 2 for design beam g = 3 within a m = 7
continuous beam system with ϵmax = 0.02 limit.
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∣∣∣∣ 1− ug,cap
ug,true

∣∣∣∣ ≤ ϵmax

ug,cap = max

 kmax∑
i=−kmax

ug,i, j(ω,L,P,J)

 (5.13)

In Equation 5.13, ϵmax represents the maximum error threshold due to the difference
between ug,cap, the captured utilisation ratio of the design beam g for a given value of
kmax, and ug,true, the true utilisation ratio of the design beam g if the contribution of
all members of the continuous beam system had been considered. ug,i, j is the utilisation
ratio contribution function towards the design beam g by member i based on the UDLs
ω, spans L, structural properties P and load arrangements J. If the requirement for
ϵmax is sufficiently relaxed, the maximum influence zone kmax can be determined for any
potential continuous beam system arising under the specified design constraints as shown
in Chapter 4. This is extremely useful to ensure the relevant inputs are fed to a machine
learning model. The influence zone thereby acts as a mechanics-driven feature selection
process, and provides the basis to generalise to a continuous beam system of arbitrary size
m.

5.3.3 Structuring features for arbitrary system size m

Zero-padding, the process of adding zero-valued inputs, arises in the context of con-
volutional neural networks to allow trained kernel filters to parse through the edges and
corners of an input space [519]. This technique can also be applied to continuous beam
systems to conceptualise a design model that parses over a structural system to make
localised predictions for each member i. If the design information, here the UDLs ω and
span L that fall within the influence zone are provided as inputs to the network, then
this would result in an input vector x0 of size n = 4kmax + 2, as shown in Figure 5.5 for
member i = 3 and i = 0. These inputs should, based on the principle of the influence
zone, contain the relevant information to predict the cross-section properties of member d
with an accuracy of up to ϵmax.

It is now conceivable that the same neural network could be used to make a prediction
for any other member using a fixed-dimensional input vector x0 by structuring the inputs
relative to the position of the design beam’s influence zone. This would include end-span
beams by using zero-padding as shown in Figure 5.5 for member i = 0. Zero-padding in
this instance is also logically consistent, since it corresponds with a beam that does not
in fact exist; that is a beam of zero length L and zero UDL load ω. Therefore, instead
of structuring the neural network based on the absolute position of a beam within the
entire continuous beam system (as indexed by i), the inputs are structured relatively to
the influence zone of a design beam g to predict the cross-section properties of that design
beam Pg.

Whilst such an approach will require m forward passes (inferences) to predict the
cross-section properties of an m sized system (one prediction per beam), it enables the
same neural network to be applied to continuous beam systems of any size m for which
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Figure 5.5: An illustration demonstrating the structuring of the neural network inputs
using influence zones and zero-padding with kmax = 2, leading to n = 4kmax + 2 = 10
inputs.

the maximum influence zone value kmax that determined the size of the input vector x0

applies to. Based on the principle of influence zones, the neural network will be able to
make predictions for continuous beam systems of size greater than the fixed-dimensional
input vector size m > 2kmax + 1, since any information outside the influence zone should
by definition not be relevant (for an assumed ϵmax). On the other hand, zero-padding
allows the same neural network to predict along system edges as well as continuous beam
systems of sizes smaller than the influence zone.

5.3.4 Generating an appropriate dataset

As explained previously, the maximum influence zone kmax size depends on the design
constraints and an assumed error threshold ϵmax. These design constraints can be defined
by setting minimum and maximum ranges on the known priors, UDLs ω and spans L, as
well as the cross-section properties within vector P = [I, Az,Wpl]:

ωmin < ωi < ωmax

Lmin < Li < Lmax

Imin < Ii < Imax

Az,min < Az,i < Az,max

Wpl,min < Wpl,i < Wpl,max

(5.14)

Constraints for each of these variables were chosen generously to cover the entire range
of potential continuous beam systems that arise in structural design (from fixed framed
multi-storey buildings to continuous bridge decks). Table 5.1 highlights the ranges chosen
for the UDLs and spans, along with the interval at which these inputs were sampled at
using a random uniform distribution.
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Property Min. Interval Max.

ω [kN/m] 5 5 325
L [m] 0.5 0.5 20.0

Table 5.1: Ranges and intervals of know priors used for the influence zone evaluation and
data generation.

Although arbitrary cross-section property combinations could have been chosen for
I, Az and Wpl, using cross-section properties from an explicitly defined set ensures the
predicted cross-section properties are physically realistic. Initially, the standardised UB
cross-sections from BS EN 10365 [467] were considered. However, the minimum and
maximum cross-section properties from this set were not sufficient for the lightest and
heaviest loading conditions possible under the design constraints set by Table 5.1. For this
reason, a set of custom I-sections were generated and used exclusively for all members.

These custom I-sections were generated by averaging the geometrical ratios between
the web depth dw, flange thickness tf , flange breadth bf and the web thickness tw that
arise in BS EN 10365 [467]. Aside from ensuring that they share commonalities with the
UB BS EN 10365, this process also ensured at minimum Class 2 sections [466] to allow the
use of plastic cross-section properties. 1000 individual cross-sections were generated that
ensured equal spacing across these ratios. The resulting granularity (as opposed to the 91
within BS EN 10365) meant that the utilisation ratio precision achievable during data-
generation was significantly higher. The custom I-sections and associated cross-section
properties are shown in Table 5.2.

Diagram Property
UB BS EN10365 Custom I-sections

Min Mean Max Min Mean Max

bf

bf

tf

tf

dw

tw

tw [mm] 4.0 13.0 36.1 3.0 24.0 45.0
dw [mm] 112 550 928 30.3 243 455
tf [mm] 6.8 21.4 65.0 4.8 38.6 72.4
bf [mm] 76.0 220 421 55.5 444 833

dw/tw 23.9 43.9 59.9 43.9 43.9 43.9
tf/tw 1.19 1.61 1.90 1.61 1.61 1.61
bf/tw 8.7 18.5 27.5 18.5 18.5 18.5

Az [cm2] 4.47 87.9 334 4.1 329.2 922

I [cm4] 473 233 × 103 1.25 × 106 305 3.34 ×106 15.5 ×106

Wpl [cm3] 84.2 6110 28.0 × 103 49.4 44.9 × 103 167 × 103

Table 5.2: Cross-section properties comparison between Universal Beams (UB) from BS
EN 10365:2017 and custom generated I-sections. Note in particular that mean dimension
ratios (dw/tw etc.) are identical for both groups of cross-sections.

Together, these efforts ensure that the dataset on which the neural network is trained
on covers sufficient breadth in terms of the input and output space to generalise for a wide
variety of continuous beam systems. The dataset generated based on the aforementioned
design constraints, the concept of influence zones, and the technique of zero-padding were
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chosen with the aim to maximise the generalisability of the inverse operator for any system
size m, UDLs ω and spans L. This leaves only the utilisation ratios u as the remaining
input variable in Equation 5.11. Instead of passing utilisation ratios as explicit inputs to
the network, it was decided that the dataset will be generated so that all beams closely
correspond to the target utilisation ratio utarget. The network will therefore implicitly
learn the utarget from the data itself.

The dataset was generated by designing continuous beam systems of sizem = 2kmax+1
with each member having a span L and UDL ω value drawn from a random uniform
distribution based on the discretised ranges and intervals specified in Table 5.1. These
heterogeneous structural systems were modelled and optimised using third-party software
(Rhino3D©, Grasshopper© and Karamba3D© [476]) after having identified the influence
zone kmax for the design constraints in Table 5.1 and Table 5.2. The beams were optimised
for minimum depth against ULS cross-section checks from EN 1993-1-1 6.2 [466] using a
coupled analysis and design procedure [465] with a target utilisation ratio of utarget = 0.99.1

5.3.5 Neural network training procedure

The generalised neural network structure developed in this work is shown in Figure
5.6. Identifying an appropriate architecture in terms of height H, depth D and activation
functions ad requires experimentation. The choice of loss function J to compare predicted
targets x̂D against true targets xD also form part of the experimentation process.

Loss functions and performance metrics

In this study, four different loss functions were investigated as shown in Table 5.3.
These include the Mean Absolute Error (MAE) and Mean Square Error (MSE) loss func-
tions that are commonly used for regression models. One limitation associated with both
is that their derivates (in respect to predicted targets) back-propagate the model param-
eters θ with no regards what the relative size of the error is in relation to the magnitude
of the output variables I, Az and Wpl.

This is problematic given the orders of magnitude difference between the largest and
smallest section properties of the custom I-sections as shown in Table 5.2. An error of
100 cm4 for I would cause the same back propagation adjustment using MAE or MSE
regardless if the true second moment of area value target is 305 cm4 or 305× 105 cm4. As
a consequence, both MAE and MSE would prioritise minimising the absolute error, which
mathematically favours target values of large magnitudes at the expense of smaller ones.

To address the above mentioned issue, percentage-based versions of both MAE and
MSE were tested, defined in Table 5.3 as the Mean Absolute Percentage Error (MAPE)
and the Mean Squared Percentage Error (MSPE). Whilst MAPE is commonly used, MSPE
is not tested in practice. Both MAPE and MSPE ensure that during back-propagation,
the optimiser updates model parameters in proportion to the relative deviation between
predicted x̂D and true outputs xD, which should be a better performance criterion to
address the orders of magnitude difference in the output space that arise in these particular
continuous beam systems.

1An overview of data generation model is presented in Appendix B.
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Figure 5.6: Generalised neural network structure with known priors from the influence
zone kmax as the input layer x0 and cross-section properties of the beam as the output
layer xD.

Regardless of the choice of loss function, MAPE will be used as a comparison metric
between different networks. However to study the dispersion of prediction errors, an
accuracy metric M will also be evaluated with minimum, 0.5%, 2.5%, 50% (median),
97.5%, 99.5% and maximum percentile values. This will allow the evaluation of the 95%
and 99% confidence intervals (CI) and help identify the range of over and under prediction
of outputs, which is important in the context of safe structural design:

M(x̂D,xD) =
1

p

p∑
i=1

x̂D,i

xD,i
=

1

3

(
Î

I
+

Âz

Az
+

Ŵpl

Wpl

)
. (5.15)

Activation functions

The activation functions tested in this work are listed in Table 5.4, and includes the
commonly used rectified linear unit (ReLU) function amongst others [519]. A distinction
is drawn between the inner activation functions ain within the hidden layers, and the outer
activation function aout, that evaluate the target values xD. All inputs and outputs were
scaled between 0 and 1 by dividing the values by the maximum magnitude of the features
and targets within the training and validation set, respectively. Therefore, it is important
to choose only output activation functions compatible with the scaled values of the targets
as reflected by the range of aout functions listed in Table 5.4.
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Name Formula Derivative

Mean Absolute Error JMAE =
1

p

p∑
i=1

|x̂D,i − xD,i| JMAE
′ =

1

p

p∑
i=1

{
-1, x̂D,i < xD,i

1, x̂D,i > xD,i

Mean Squared Error JMSE =
1

2p

p∑
i=1

(x̂D,i − xD,i)
2 JMSE

′ =
1

p

p∑
i=1

x̂D,i − xD,i

Mean Absolute
Percentage Error

JMAPE =
1

p

p∑
i=1

∣∣∣∣ x̂D,i − xD,i

xD,i + ϵ

∣∣∣∣ JMAPE
′ =

1

p

p∑
i=1

{
-1

|xD,i+ϵ| , x̂D,i < xD,i

1
|xD,i+ϵ| , x̂D,i > xD,i

Mean Squared
Percentage Error

JMSPE =
1

2p

p∑
i=1

(x̂D,i − xD,i)
2

|xD,i + ϵ| JMSPE
′ =

1

p

p∑
i=1

x̂D,i − xD,i

|xD,i + ϵ|

Table 5.3: Loss functions to be tested with p predicted targets x̂D, p true targets xD and
small ϵ to avoid division by zero errors.

Name Formula ain aout

Rectified linear unit (ReLU) aReLU = max(wx+ b, 0) ✓ ✓
Sigmoid asigm = 1/(1 + ewx+b) ✓ ✓

Hyperbolic tangent atanh = tanh(wx+ b) ✓
Exponential aexp = ewx+b ✓

Table 5.4: Table of inner ain and outer aout activation functions to be tested with weight
vector w, bias vector b and layer vector x.

Height and depth analysis

The appropriate size of a neural network in terms of height H and depth D was found
by finding a suitable trade-off between under and over fitting the model parameter space.
The design complexity of continuous beam systems will likely be reflected in deeper and
wider neural networks than those considered in previous literature [99] due to the large
number of load arrangements that may be critical, the numerous design criteria that
govern the design, and the variety of viable cross-sections. For this reason, a wide range of
heights and depths were tested. The size of the networks were denoted by a simple syntax
based on the architecture of the hidden layers. For example, “50-50-50” refers to a neural
network with three hidden layers with 50 nodes each.

Other neural network parameters and hyperparameters

Given the large dataset size and computational resources required for training, a sim-
ple hold-out strategy was deemed appropriate as opposed to other validation strategies
[520], and hence the final dataset was randomised and split into training, validation and
testing sets using a 70%, 15%, 15% split, respectively. The testing set was only used once
after an appropriate neural network architecture was found experimentally. A robustness
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check with various initialiser seeds was carried out on the final architecture. Other neural
network training aspects, such as optimisers, types of initialisers, learning rates and batch-
sizes were chosen empirically based on MAPE performance and qualitative comparison of
learning behaviour. The options/ranges for each of these are summarised in Table 5.5. All
stochastic elements were controlled through explicit initialiser seeds.

Neural network training aspect Options/range considered Selected

Optimiser SGD, RMSprop, Adam, Nadam Nadam
Learning rate α = [0.0001, 1.0000] α = 0.0005
Initialiser Gaussian with µ = 0, σ = [0.00, 1.00] σ = 0.05
Batch-size [128, 8192] 1024

Table 5.5: Options and/or ranges of neural network learning parameters and hyperparam-
eters tested, along with selected parameters for all training runs presented in results.

5.3.6 Summary of methodology

The following procedure was adopted to develop the machine learned inverse operator:

1. Evaluate the maximum influence zone kmax for the continuous beam system using
the procedure from Chapter 4 based on the design constraints specified in Tables 5.1
and 5.2.

2. Design continuous beam systems of size m = 2kmax+1 using a coupled analysis and
design approach [465] with a target utilisation ratio utarget = 0.99. Each beam within
the continuous beam system will correspond with one data point, with zero-padding
for edge or near-edge beams as shown in Figure 5.5. Finally, split and normalise the
data into a training, validation and testing set as explained in Section 5.3.5.

3. Develop the neural network model using the following steps:

3.1. Assume a standard 50-50 architecture and test out the various combinations of
loss and activation functions as identified Table 5.3 and Table 5.4, respectively,
based on 100k training data points.

3.2. Test various height H and depth D variations as explained in Section 5.3.5
based on 100k training data points.

3.3. For the best architecture (height, depth and activation function), test the per-
formance against different training set sizes.

4. Evaluate the performance of the final neural network against the testing dataset and
conduct a robustness test using various initialiser seeds for the weights and biases.
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5.4 Model development and results

5.4.1 Influence zone size estimation

The maximum influence zone kmax of continuous beam systems subject to design con-
straints specified by Tables 5.1 and 5.2 was established. Using the procedure from Chapter
4, 25 random UDL and span distributions were generated for a m = 17 sized system and
designed against ULS checks from EN 1993-1-1 [466] using the custom I-sections specified
in Table 5.2 with a target utilisation ratio utarget = 0.99. This led to the creation of 10,625
continuous beams (25 × 25 × 17). Each beam’s influence zone value was evaluated using
an error threshold of ϵmax = 0.02. This threshold was selected based on the expected
MAPE performance achievable with the multi-layered neural network, with the results
shown in Figure 5.7. The results indicate that the average and maximum influence zone
size is kmax = 1.75 and kmax = 5, respectively. This suggests the system size required
for the dataset generation is m = 2kmax + 1 = 11, and the required input layer size is
4kmax + 2 = 22. This influence zone evaluation took 5 hours of computation time.
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Figure 5.7: Influence zone results for a m = 17 system with ϵmax = 0.02 based on the
design constraints established by Tables 5.1 and 5.2 using the methodology from Chapter
4.

5.4.2 Data generation, visualisation and pre-processing

Drawing from uniform distributions for spans and UDL values identified in Table 5.1,
two datasets were created. The first consists out of 266 unique UDL ω and span L
permutations of m = 11 sized continuous beam systems, and the second out of 251 unique
permutations. A coupled analysis and design optimisation approach [465] with a target
utilisation ratio utarget = 0.99 based on ULS cross-section checks [466] and all critical
load arrangements [441] was implemented to find the appropriate custom I-section from
Table 5.2 for each beam within the system. This process resulted in 1,471,327 individual
data-points (11× (2662 + 2512)) that took 3.5 days to generate.

The distribution of utilisation ratios achieved for the specified target utilisation ratio
utarget = 0.99 are shown in Figure 5.8a). Since the design space is limited to discretized
cross-section properties the utilisation target ratio utarget = 0.99 was rarely met exactly.
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Therefore, a sub-selection of this dataset took place, discarding all of the beams that fell
outside of utilisation ratio range 0.97 ≤ u < 1.00.
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Figure 5.8: Sub-selection of data points from the initial 1,471,327 dataset based on a ULS
utilisation ratio u range of 0.97-1.00, with values collated in bins of size 0.001. The 1000k
CBeamXP dataset was drawn from the green sets.

Although only 54,322 data-points belonged to the discarded set, the dataset was further
stripped of all data points which had beam members within their system that belonged
to the discarded set, even if those beams themselves fell within the selected utilisation
ratio range. These data points are defined as the “Imperfect set” in Figure 5.8a). This
process removed another 415,038 data-points. This left 1,001,957 data points (1,471,327-
415,038-54,322), each representing a beam within a m = 11 member system and the
surrounding design information from the influence zone of valid structural designs under
ULS conditions. This set was randomised, further stripped of another 1957 data points,
to yield a dataset size of exactly 1 million (1000k).

This 1000k dataset was named CBeamXP: Continuous Beam Cross-section Predictors
[6] and represents ULS compliant beam systems of system size m = 11 with utilisation
ratios between 0.97 ≤ u < 1.00. The CBeamXP dataset was split into a training, validation
and testing set using a 70%, 15%, 15% split as shown in Figure 5.8b). Histograms of the
spans, UDLs, utilisation ratios and cross-section indices (corresponding to one of the
1000 custom I-sections in ascending stiffness order) are shown in Figure 5.9. For pre-
processing, all inputs and outputs were divided by the maximum value within the training
and validation set.
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Figure 5.9: Frequency distributions for various descriptor variables of the CBeamXP
dataset. Spans and UDL values are uniformly distributed, whilst the selected cross-section
indices of the optimised beam systems follow a normal distribution.

5.4.3 Network architecture development results

Loss and activation function variations

The neural network development began by evaluating the MAPE performance of 50-50
architectures for different loss functions J , inner ain and outer aout activation functions.
These networks were trained for 1000 epochs using 100k datapoints from the training set,
yet validated against the entire 150k validation set. The total training time was 5 hours
with results shown in Table 5.6.

JMAE JMSE

aout,ReLU aout,sigm aout,exp aout,ReLU aout,sigm aout,exp

ain,ReLU 0.105 0.164 0.143 0.116 0.168 0.146
ain,sigm 0.558 0.158 0.168 0.568 0.250 0.243
ain,tanh 0.205 0.143 0.133 0.274 0.160 0.147

JMAPE JMSPE

aout,ReLU aout,sigm aout,exp aout,ReLU aout,sigm aout,exp

ain,ReLU 0.072 0.090 0.091 0.089 0.093 0.089
ain,sigm 0.707 0.129 0.124 0.707 0.147 0.137
ain,tanh 0.205 0.083 0.083 0.235 0.082 0.087

Table 5.6: Validation MAPE metrics at epoch 1000 for different combinations of loss J ,
inner ain and outer aout activation functions for a 50-50 architecture using 100k training
and 150k validation data points. MAPE values of less than 0.100 (10%) are in bold.

The results clearly indicate that the percentage-based loss functions JMAPE and JMSPE

typically outperform their non-percentage-based counter-parts. Performance between ei-
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ther JMAPE and JMSPE was relatively similar, with all MAPE values of less than 10%
(0.100) bolded. JMAPE was chosen as the loss function for this investigation due to it be-
ing more commonly used. The five best inner and outer activation function combinations
in Table 5.6 under JMAPE (bolded values) were subsequently qualitatively analysed.

This qualitative analysis highlighted that using ReLU as an outer activation function
allows the prediction of null cross-section properties. This is an invalid prediction since
the model operates on the basis that a beam with some minimum cross-section properties
must exist in the context of this structural system. A similar limitation applied for the
sigmoid activation function which asymptotically approaches the value of one at positive
infinity. This limits the network’s ability of predicting cross-sections larger than those
found within the training and validation dataset. For these reasons, the aout,exp function
was selected for this particular network architecture since aout,exp does not result in zero-
valued cross-section properties and also does not impose an upper limit on the outputs.
From the remaining viable networks, the ain,ReLU and aout,exp architecture converged the
quickest and was therefore chosen for further development in this study.

Height and depth variations

The architecture of the hidden layers (height H and depth D) needs to be sufficiently
expressive to reflect the design complexity of continuous beam systems, and need to avoid
under- and over-fitting the model. Therefore, comparison between training and validation
performance is needed. The 100k training and 150k validation sets from section 5.4.3
were re-used for this purpose. Figure 5.10 compares the performance of various networks
containing two hidden layers of varying heights at epoch 1000. The combined training
time of these networks was 22 hours. The 600-600 network was identified as the point at
which the performance transitioned from under-fitting to slight over-fitting. Figures 5.10b)
and c) further indicate the accuracy profiles for both training and validation, respectively.
Note that the maximum validation accuracy values greatly exceed the value of at least
19 for all networks, regardless of height, meaning the network predicted cross-sectional
properties 19 times larger than the target value.

The “optimal” number of hidden layers for height 600 was investigated, with results
shown in Figure 5.11. This resulted in a combined training time of 12 hours. Networks
with more than three hidden layers showed no major improvements in either training or
validation performance except in minimum training accuracy. However, this was not as-
sociated with an improvement in minimum validation accuracy as shown in Figure 5.11c).
For these reasons, a depth of three hidden layers was deemed appropriate.

Dataset size variations

Figure 5.12 shows the change in performance as a function of the training dataset size,
from 25k to 700k data points, with the same 150k validation dataset as in the previous
sections. The combined training time was 1.5 days. Except for slight variations in the
minimum and maximum accuracy values, the performance of the neural network naturally
improved with a larger training set.
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Figure 5.10: Loss and accuracy profiles for ain,ReLU and aout,exp networks at epoch 1000
with JMAPE with two hidden layers of equal height. Training set size of 100k and validation
set size of 150k.
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Figure 5.11: Loss and accuracy profiles for ain,ReLU and aout,exp networks at epoch 1000
with JMAPE with hidden layers of height H = 600. Training set size of 100k and validation
set size of 150k.

5.4.4 Model performance: testing and robustness

The final neural network model consists of a 600-600-600 architecture with ain,ReLU and
aout,exp activation functions trained using the JMAPE loss function based on a training and
validation dataset size of 700k and 150k data points, respectively, with learning graphs
shown in Figure 5.13. The neural network at epoch 1000 was also evaluated against
the testing set created in Figure 5.8, and checked for robustness by re-training the same
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Figure 5.12: Loss and accuracy profiles for 600-600-600 ain,ReLU and aout,exp network at
epoch 1000 with JMAPE for various training dataset sizes, with a validation set size of
150k.

network a further 9 times using different kernel initialiser seeds, which took 4.5 days. The
general model performance results and standard deviations σinitialiser due to these different
initialiser seeds is summarised in Table 5.7.
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Figure 5.13: Loss and accuracy profiles for 600-600-600 ain,ReLU and aout,exp network at
epoch 1000 with JMAPE, 700k training and 150k validation sets. Note use of logarithmic
y-axis to show the full range of maximum validation accuracies.

The similar performance between the testing and validation set in Table 5.7 strongly
suggests that the model is likely to generalise well to new data-points. The impact of
changing initialiser seed is minimal except for the minimum and maximum accuracy val-
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Dataset
Data
Type

MAPE
Accuracy Percentiles

Min 0.5% 2.5% Median 97.5% 99.5% Max

Training
Results 0.009 0.802 0.980 0.990 1.007 1.030 1.048 1.272
σinitialiser 0.000 0.161 0.013 0.010 0.007 0.010 0.014 0.138

Validation
Results 0.016 0.275 0.920 0.968 1.006 1.058 1.133 26.811
σinitialiser 0.001 0.058 0.014 0.010 0.007 0.012 0.018 4.977

Testing
Results 0.016 0.313 0.917 0.967 1.006 1.058 1.138 12.282
σinitialiser 0.001 0.070 0.012 0.010 0.007 0.012 0.018 2.189

Table 5.7: Loss and accuracy profiles for 600-600-600 ain,ReLU and aout,exp network at
epoch 1000 with JMAPE, 700k training, 150k validation sets and 150k testing set.

ues.

5.5 Discussion

5.5.1 Model generalisability

One of the fundamental objectives of this work was to develop a machine learned
structural design model capable of generalising beyond the system size m = 11 it was
trained on. To achieve this, the influence zone concept was leveraged with zero-padding
to theoretically allow the neural network to make localised predictions for continuous
beams of arbitrary system size m. To test this, over 1000 additional testing data-points
were generated using the same methodology as described in Section 5.3.4 and sub-selection
process as shown in Section 5.4.2 for each system size 1 ≤ m ≤ 20 (including m = 11).
The MAPE and accuracy performance are shown in Figure 5.14.
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Figure 5.14: Generalisability performance of the final 600-600-600 neural network in terms
of MAPE and accuracy for unseen structures of varying system size m.

Figure 5.14 indicates that the machine learned inverse operator demonstrates strong
generalisation capability for continuous beam system sizes m ≥ 5 with MAPE ≈ 2%.
System sizes m < 5 saw a slightly deteriorating MAPE values of 5% − 6%. These are
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encouraging results given that the neural network was never trained on system sizes less
or greater than m = 11. The greatest variations in performance were typically in the
maximum and minimum accuracy values; in fact the model performed often better in
terms of maximum performance for system size other than m = 11.

These results provide merit to the novel implementation of the influence zone concept
from Chapter 4 as a mechanics driven feature selector and using zero-padding to build
machine learned inverse operators capable of generalising to differently sized continuous
structural systems. This opens the possibility of investigating the applicability of this
methodology for two or three dimensional frames. Furthermore, these results also provide a
solution to the limitation of fixed-dimensional input vectors of multi-layer neural networks
[101].

In recent years, other researchers have investigated the development of generalisable
machine learning models; most of these efforts have focused on machine learned forward op-
erators [101, 507, 521]. Within the realm of structural design inverse operators, researchers
have noted that the question of generalisability remains typically under-investigated [100].
Whilst previous works studied the ability of neural networks to generalise under different
boundary conditions [503, 504], this work distinguishes itself on generalising across differ-
ently sized systems. Combining the underlying techniques behind these studies may allow
one to train a generalisable model of arbitrary size and arbitrary boundary conditions.

5.5.2 Performance variability

This investigation also differentiated itself from previous works by measuring the vari-
ability of predictions in terms of accuracies. Notably, this allowed one to identify the range
of over- and under-predictions, which are not captured by average loss function metrics
such as MAE or MAPE. Despite gradual improvement within the 95% and 99% confidence
intervals, the final performance graph in Figure 5.13 indicates that the confidence intervals
of the validation set lag those of the training set. The same can also be said for the testing
set, especially for maximum and minimum accuracies as shown in Table 5.7.

To identify potential causes of this divergence in performance between the training and
testing set, custom box plots of testing accuracies were generated for a number of variables
that describe the dataset, ordered based on ascending deciles (D0 to D10). By evaluating
the standard deviation of each decile’s accuracy values, and taking the standard deviation
of those standard deviations σ(σDeciles), one can quantify numerically which variable causes
the greatest dispersion of the accuracy values. These results are shown in Figure 5.15.

By studying Figure 5.15 in detail, it was identified that the total load variable ω0×L0

caused the greatest σ(σDeciles) dispersion as seen in Figure 5.15f). Figure 5.15f) also
showed the most identifiable demarcation between low and high accuracy results. The
prediction variability of cross-section properties of a beam is the worst when the combined
product of both the UDL load ω0 and span L0 fell in the lowest Decile (< D1). This
pattern can also be identified by studying heat-maps of the average and maximum MAPE
performance which occurred at each ω0 and span L0 combination within the dataset as
shown in Figure 5.16.

Using structural engineering intuition, one infers that the design of short and lightly
loaded spans is more likely to be influenced by the UDLs of the surrounding members
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Figure 5.15: Custom box plots of accuracies vs. variables in binned deciles. Total load
f) correlates with the greatest dispersion σ(σDeciles) = 0.045, which can also be identified
visually.

within a continuous system. Whilst the influence zone concept ensures the pertinent
design information is contained within the inputs, providing that information solely in
the form of an input vector may not be sufficient to make accurate predictions under all
circumstances. The fact that there were also wide prediction variabilities for the smallest
deciles for both the second-moment of area and stiffness values as shown in Figures 5.15b)
and c) suggests that exposing the machine learning model to additional physics knowledge
(other than influence zones) of the structural system may lead to further improvements.

In one of the early studies, Berke et al. [501] noted that despite achieving relatively low
prediction errors on average, neural network predictions can occasionally vary significantly.
In more recent works, the presence of large error predictions (over >40%) were noted and
manually removed from the final reported average prediction error metric [503]. The results
from this study highlight that this variability issue needs to be further addressed. So far,
the authors have identified only a single study that investigated error variability when
evaluating machine learning performance for civil and structural engineering applications
[99]. The use of the accuracy metric along with its minumum, maximum, 95% and 99%
metrics could provide a framework to study error variability in more detail.

5.5.3 Other neural network performance observations

Despite using a simple multi-layer neural network for the structural design inverse
operator O†

inv, the development procedure successfully lowered the validation error from
MAPE values of ≈ 10% in Table 5.6 to 1.6% in Table 5.7, a performance that was matched
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Figure 5.16: Total load heatmaps which evaluates the a) average MAPE and b) maximum
MAPE values for all UDL ω0 and span L0 combinations. Notice how maximum MAPE
errors occur at low total load combinations (ω0 × L0) within the first decile up to D1.

by the testing dataset as well. This was attributable to numerous factors, a notable
one being the use of the percentage based loss function, which as anticipated in Section
5.3.5, was more suitable for the dataset given the orders of magnitude differences in the
targets. The use of the exponential output activation function aexp may also have positively
contributed to dealing with target values that vary greatly in magnitude.

The lack of literature on machine learned structural design models for continuous beam
systems means that a direct comparison of the 1.6% MAPE performance is not possible
at present. However, one can compare this performance with performance metrics of
structural design models developed for different applications. For example, the network
developed in this work outperformed previous multi-layer neural network regression mod-
els; an early concrete beam prediction model achieved a MAPE value of 10.17% [97], whilst
a cross-section predictor of aerospace components averaged out at a MAPE value of 5%
[501]. The network presented in this study also performed well when compared to more
advanced network architectures such as convolutional neural networks for topologically
optimised truss structures that achieved voxel value errors of 5.63% [503]. Comparison
with further works that developed machine learned structural design models was not pos-
sible for studies which reported performance with non-percentage based metrics such as
MAE [98] or MSE [99, 100, 513].

This study also differentiates itself by the quantity of data it was trained on (up to
700,000 data-points), which based on Figure 5.12 helped improve validation performance.
Early works from the 1990s had training set sizes smaller than 100 data-points [97, 98, 501],
and even more recent literature only trained using 600 [99], 12,000 [100] 28,000 [503] or just
under 40,000 [504] data-points. Whilst large datasets significantly increase computational
cost, the combination of big data and more advanced neural network architectures may
improve performance further, both in terms of average error and prediction variability.
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5.5.4 Limitations and scope for future works

There are multiple limitations that restrict practical use of the proposed design model.
The first is the fact that the structural systems within the dataset were designed against
ULS constraints only, and made other assumptions on the nature of the design problem
listed in Section 5.2.2. The generalisability of the model, specifically for system sizesm < 5
also requires further work, and the issue of prediction variability will also require additional
investigation in terms of either model architectures or generating larger datasets. Further-
more, there likely exist a wide range of mathematical techniques from inverse problems
that could aid in developing and assessing operators for structural design problems, by for
example estimating the Lipschitz coefficient of the mapping. These limitations provide a
clear basis for further works in the future.

On another note, Table 5.8 summarises the total computation time required for the
entirety of the results section. Whilst the computation time could have been acceler-
ated through parallelisation, improved computation resources and simplification of metric
evaluations algorithms, the purpose of Table 6.9 is to indicate the relative proportion of
time spent at each stage. Greater computational resources may allow investigations us-
ing alternative validation strategies such as k -fold cross-validation [520] and automated
hyperparameter selection procedures [522] that could result in improved performance.

Section Stage
Computation time Proportion

[%]In hours [h] In days [D]

Section 5.4.1 Influence zone evaluation 5 0.2
33Section 5.4.2 Data generation and pre-processing 84 3.5

Section 5.4.3 Loss and activation function study 5 0.2

27Section 5.4.3 Height and depth study 34 1.4
Section 5.4.3 Dataset size study 36 1.5

Section 5.4.4 Testing and robustness study 108 4.5 40

Total computation time: 272 11.3 100

Table 5.8: Computation time for each neural network development stage.

A significant portion of the computation effort was spent simply generating the data-
points for training, validation and testing. In light of encouraging reproducibility studies
[62] and to encourage research that improves the predictive capability of the machine
learned structural design model presented here, the CBeamXP dataset along with an
associated python-based neural network training script are made available at an open-
source data repository [6].

5.6 Conclusions

This work developed a new neural network based structural design model to predict
cross-section property requirements of continuous beam systems non-iteratively. The ma-
jor contributions of this investigation include:

• Framing structural design as an inverse problem, and using this novel perspective to
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identify three distinct types of machine learning applications. One of these types,
machine learned inverse operators, were investigated in this work to develop a non-
iterative structural design model. This presents a fundamental shift from traditional
design approaches.

• Developing a non-iterative structural design model for continuous beam systems
of arbitrary member size through the novel use of influence zones from Chapter 4
to provide a mechanics-driven feature selection process that enhanced the model’s
generalisability.

• Achieving a mean absolute percentage error of 1.6% which was lower than machine
learned structural design models from comparative literature [97, 501, 503]. This
performance was attributable to the careful consideration of the network architecture
in terms of height and depth of the hidden layers, the selection of loss and activation
functions that were appropriate to address the challenges posed by continuous beam
system, and a dataset size of 700,000 data points.

• Identifying the importance of measuring and reducing prediction error variability. In
this study the 99% confidence interval for testing accuracy was between 91.7% and
113.8%. Reducing prediction variability is a significant knowledge gap in literature,
especially in regards to machine learning applications within safety critical systems
such as structural design.

The CBeamXP dataset generated in this work containing one million data-points along
with an associated python-based neural network training script were published at an open-
source data repository [6]. Aside from allowing results to be reproduced, sharing this data
will hopefully encourage future research towards machine learned structural design models
that improve the mean absolute percentage error, generalisability, or prediction variability
achieved in this investigation.

Data statement

The dataset generated and used in this work as well as a neural network training script
are available at an open-source data repository [6].
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Appendix

5.A Neural network training script

1 """

2 This python script uses the CBeamXP dataset to build and train a

3 neural network structural design model. It can also be used to

4 replicate the results from the Gallet et al. (2024) research article

5 "Machine learning for structural design models of continuous beam

6 systems via influence zones" (doi.org/x).

7

8 This script takes three inputs:

9 SIZE_TRAIN: Defines the size of the training dataset ,

10 needs to be an integer between 1 to 700 ,000.

11 EPOCHS: Defines the number of epochs to train the neural network for.

12 MODEL_TYPE: By default creates a user defined neural network. The

13 architecture can be defined in the

14 step3_generate_NN_model () function. One can also select

15 pre -built options ’Gallet -50-50’ and ’Gallet -600 -600 -600 ’.

16

17 This script directly compares the results of any neural network

18 against those evaluated in the Gallet et al. (2023) research article.

19 """

20

21

22 # --- Set inputs

23 # Creates a user defined architecture , defined in the

step3_generate_NN_model () function

24 SIZE_TRAIN =1*10**5; EPOCHS =5; MODEL_TYPE=’user_defined_model ’

25

26 # To replicate ’Gallet_50_50 ’ results:

27 # SIZE_TRAIN =1*10**5; EPOCHS =1000; MODEL_TYPE=’Gallet_50_50 ’

28

29 # To replicate ’Gallet_600_600_600 ’ results:

30 # SIZE_TRAIN =7*10**5; EPOCHS =1000; MODEL_TYPE=’Gallet_600_600_600 ’

31

32

33 # --- Import modules

34 import os

35 import math

36 import pickle

37 import pandas as pd

38 import numpy as np

39

40 import tensorflow as tf

41 import tensorflow.keras as keras

42 import tensorflow_probability as tfp

43 import tensorflow.math as tfm

44

45 import matplotlib.pyplot as plt

46 from matplotlib.lines import Line2D

47 from matplotlib.patches import Patch

48

49

50 # --- Main script
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51 def main():

52 valid_config = step1_set_global_settings_and_check_inputs(SIZE_TRAIN ,

EPOCHS , MODEL_TYPE)

53

54 if valid_config:

55 datasets = step2_extract_and_preprocess_datasets(size_train=

SIZE_TRAIN)

56 init_model = step3_generate_NN_model(model_type=MODEL_TYPE)

57 trained_model , MAPE , accuracy = step4_train_NN_model(init_model ,

datasets , epochs=EPOCHS)

58 step5_compare_results_with_Gallet_et_al_2023(trained_model , MAPE ,

accuracy)

59 step6_save_model(trained_model , MAPE , accuracy)

60 step7_plot_training_results(MAPE , accuracy)

61

62 # --- Define Mean Absolute Percentage Error (MAPE) loss function

63 class lossMAPE(keras.losses.Loss):

64 def __init__(self , name=’MAPE’, eps =10.** -8):

65 super ().__init__(name=name)

66 self.eps = eps

67

68 def call(self , y_true , y_pred):

69 return tfm.abs((y_true -y_pred) / (y_true + self.eps))

70

71 def get_config(self):

72 return {}

73

74 @classmethod

75 def from_config(cls , config):

76 return cls (** config)

77

78

79 # --- Configures global settings and checks inputs

80 def step1_set_global_settings_and_check_inputs(SIZE_TRAIN , EPOCHS ,

MODEL_TYPE):

81 # To replicate results from Gallet et al. (2023) , the following

commands are required

82 keras.mixed_precision.set_global_policy(’float32 ’) # Use <Policy "

float32">

83 tf.config.set_visible_devices ([], ’GPU’) # Force CPU training , GPU

training may differ

84 tf.random.set_seed (0) # Set global random tensorflow seed to zero

85

86 # Disables debugging logs; script output more easily interpreted

87 os.environ[’TF_CPP_MIN_LOG_LEVEL ’] = ’1’ # tensorflow INFO messages are

not printed

88 #pd.set_option(’display.max_columns ’, None)

89

90 # Simple operation to check device name

91 test_op = tf.constant (0.0)

92

93 # Report progress

94 print(’\n--- Step 1: Set global settings and check inputs ---’)

95 print(’Mixed precision policy: {}’.format(keras.mixed_precision.

global_policy ()))

96 print(’Training on CPU: {}’.format(’CPU’ in test_op.device and ’GPU’

not in test_op.device))

121



A. Gallet | PhD Thesis, 2024 Chapter 5 - Article: ML design model

97

98 # Check that inputs are valid

99 valid_config = True

100 if (MODEL_TYPE not in [’Gallet_50_50 ’,

101 ’Gallet_600_600_600 ’,

102 ’user_defined_model ’]):

103 valid_config = False

104 print(’Invalid MODEL_TYPE ’)

105 elif EPOCHS < 1 or type(EPOCHS) is not int:

106 valid_config = False

107 print(’Invalid EPOCHS ’)

108 elif SIZE_TRAIN < 1 or SIZE_TRAIN > 700000 or type(SIZE_TRAIN) is not

int:

109 valid_config = False

110 print(’Invalid SIZE_TRAIN ’)

111

112 if valid_config == True:

113 print(’Inputs: Valid \n’)

114

115 return valid_config

116

117

118 # --- Extracts and pre -processes datasets

119 def step2_extract_and_preprocess_datasets(size_train =100000 ,

120 size_val =150000 ,

121 size_test =150000):

122 # Load and pre -process dataset

123 dataset_file_name = ’CBeamXP_dataset.csv’

124 size_train = size_train # Max points available: 700 ,000

125 size_val = size_val # Max points available: 150 ,000

126 size_test = size_test # Max points available: 150 ,000

127

128 # Column names of features and targets

129 columns_features = [’UDL_ -5_[kN/m]’, ’UDL_ -4_[kN/m]’, ’UDL_ -3_[kN/m]’,

130 ’UDL_ -2_[kN/m]’, ’UDL_ -1_[kN/m]’, ’UDL_0_[kN/m]’,

131 ’UDL_1_[kN/m]’, ’UDL_2_[kN/m]’, ’UDL_3_[kN/m]’,

132 ’UDL_4_[kN/m]’, ’UDL_5_[kN/m]’, ’span_ -5_[m]’,

133 ’span_ -4_[m]’, ’span_ -3_[m]’, ’span_ -2_[m]’,

134 ’span_ -1_[m]’, ’span_0_[m]’, ’span_1_[m]’,

135 ’span_2_[m]’, ’span_3_[m]’, ’span_4_[m]’,

136 ’span_5_[m]’]

137 columns_targets = [’I_[cm4]’, ’Az_[cm2]’, ’Wpl_[cm3]’]

138

139 # Load entire dataset into a dataframe

140 dataset_all = pd.read_csv(dataset_file_name , delimiter=’,’)

141

142 # Split dataset based on type: training , validation , testing

143 dataset_train = dataset_all[dataset_all[’dataset_type ’]. values == ’

training ’]

144 dataset_val = dataset_all[dataset_all[’dataset_type ’]. values == ’

validation ’]

145 dataset_test = dataset_all[dataset_all[’dataset_type ’]. values == ’

testing ’]

146

147 # Split each dataset into inputs (x) and outputs (y) for training

148 x_train = dataset_train[columns_features ].iloc[: size_train]

149 y_train = dataset_train[columns_targets ].iloc[: size_train]
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150 x_val = dataset_val[columns_features ].iloc[: size_val]

151 y_val = dataset_val[columns_targets ].iloc[: size_val]

152 x_test = dataset_test[columns_features ].iloc[: size_test]

153 y_test = dataset_test[columns_targets ].iloc[: size_test]

154

155 # Extract maximum values for each column from

156 # the combined training and validation datasets

157 max_features = pd.concat ([x_train , x_val ]).max()

158 max_targets = pd.concat ([y_train , y_val ]).max()

159

160 # Standardise all data -points between 0-1

161 # by dividing all features by their maximums

162 x_train = x_train / max_features; y_train = y_train / max_targets

163 x_val = x_val / max_features; y_val = y_val / max_targets

164 x_test = x_test / max_features; y_test = y_test / max_targets

165

166 # Report progress

167 tmp_str = (’--- Step 2: Dataset loaded , split and pre -pocessed ---\n’

168 ’Total datapoints available: {:,}\n’

169 ’Max training dataset size: 700 ,000\n’

170 ’Training dataset size: {:,} \n’

171 ’Validation dataset size: {:,} \n’

172 ’Testing dataset size: {:,} \n’

173 ’Number of features: {} \n’

174 ’Number of targets: {} \n’)

175

176 print(tmp_str.format(dataset_all.shape[0], x_train.shape[0], x_val.

shape [0],

177 x_test.shape [0], x_train.shape [1], y_train.shape [1]))

178

179 return (x_train , y_train , x_val , y_val , x_test , y_test)

180

181

182 # --- Generate neural network (NN) model

183 def step3_generate_NN_model(model_type=’Gallet_50_50 ’):

184 # Define kernel (weights and biases) initialiser with explicit seeds

185 def return_init(seed):

186 return keras.initializers.RandomNormal(mean =0.0, stddev =0.05, seed=

seed)

187

188 # Generate model using Sequential model API

189 # Model type can be based on Gallet et al. (2023) or user defined

architectures

190 if model_type == ’Gallet_50_50 ’:

191 init_model = keras.models.Sequential(name=’Gallet_50_50 ’)

192 init_model.add(keras.layers.Dense(50, activation=’relu’,

input_shape =(22,), kernel_initializer=return_init (0)))

193 init_model.add(keras.layers.Dense(50, activation=’relu’,

kernel_initializer=return_init (1)))

194 init_model.add(keras.layers.Dense(3, activation=’exponential ’,

kernel_initializer=return_init (1)))

195 elif model_type == ’Gallet_600_600_600 ’:

196 init_model = keras.models.Sequential(name=’Gallet_600_600_600 ’)

197 init_model.add(keras.layers.Dense (600, activation=’relu’,

input_shape =(22,), kernel_initializer=return_init (0)))

198 init_model.add(keras.layers.Dense (600, activation=’relu’,

kernel_initializer=return_init (1)))
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199 init_model.add(keras.layers.Dense (600, activation=’relu’,

kernel_initializer=return_init (2)))

200 init_model.add(keras.layers.Dense(3, activation=’exponential ’,

kernel_initializer=return_init (2)))

201 elif model_type == ’user_defined_model ’:

202 # ------------ Change this code to test different architectures

------------

203 init_model = keras.models.Sequential(name=’user_defined_model ’)

204 init_model.add(keras.layers.Dense(25, activation=’relu’,

input_shape =(22,), kernel_initializer=return_init (0)))

205 init_model.add(keras.layers.Dense(3, activation=’relu’,

kernel_initializer=return_init (1)))

206 #

--------------------------------------------------------------------------

207 else:

208 print(’Error: MODEL_TYPE not recognised , no init_model created.’)

209

210 # Compile initliased model with optimisers , loss function and metrics

211 init_model.compile(keras.optimizers.Nadam(learning_rate =0.0005) , loss=

lossMAPE ())

212

213 # Show model summary

214 print(’--- Step 3: Create and compile initialised model ---’)

215 init_model.summary ()

216 print(’’) # Add new -line after model summary

217

218 return init_model

219

220

221 # --- Train neural network (NN) model

222 def step4_train_NN_model(model , datasets , epochs =10):

223 # Split datasets into individual objects

224 x_train , y_train , x_val , y_val , x_test , y_test = datasets

225

226 # Custom callback to evaluate accuracy percentiles

227 # Accuracy percentiles need to be evaluated on epoch_end , not batch_end

.

228 # On batch_end evaluation averages percentile values over batches;

whilst not

229 # an issue for MAPE values , this would significantly distort perenctile

values.

230 # Hence the need for this custom call -back.

231 class AccuracyPercentilesCallback(keras.callbacks.Callback):

232 def __init__(self , model , x_train , y_train , x_val , y_val):

233 self.model = model

234 self.x_train = x_train; self.y_train = y_train

235 self.x_val = x_val; self.y_val = y_val

236

237 self.history = {’Min’: [], ’0.5%’: [],

238 ’2.5%’: [], ’50%’: [],

239 ’97.5%’: [], ’99.5% ’: [],

240 ’Max’: [], ’val_Min ’: [],

241 ’val_0 .5%’: [], ’val_2 .5%’: [],

242 ’val_50%’: [], ’val_97 .5%’: [],

243 ’val_99 .5%’: [], ’val_Max ’: []}

244
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245 def on_epoch_end(self , epoch , logs=None):

246 pred_y_train = self.model.predict(self.x_train , batch_size =10**4 ,

verbose =0)

247 pred_y_val = self.model.predict(self.x_val , batch_size =10**4 ,

verbose =0)

248

249 acc = np.mean(( pred_y_train / self.y_train.to_numpy ()),axis =1)

250 val_acc = np.mean(( pred_y_val / self.y_val.to_numpy ()),axis =1)

251

252 accPerc = np.percentile(acc ,[0, 0.5, 2.5, 50, 97.5, 99.5, 100])

253 val_accPerc = np.percentile(val_acc ,[0, 0.5, 2.5, 50, 97.5, 99.5,

100])

254

255 self.history[’Min’]. append(accPerc [0])

256 self.history[’0.5%’]. append(accPerc [1])

257 self.history[’2.5%’]. append(accPerc [2])

258 self.history[’50%’]. append(accPerc [3])

259 self.history[’97.5% ’]. append(accPerc [4])

260 self.history[’99.5% ’]. append(accPerc [5])

261 self.history[’Max’]. append(accPerc [6])

262 self.history[’val_Min ’]. append(val_accPerc [0])

263 self.history[’val_0 .5%’]. append(val_accPerc [1])

264 self.history[’val_2 .5%’]. append(val_accPerc [2])

265 self.history[’val_50%’]. append(val_accPerc [3])

266 self.history[’val_97 .5%’]. append(val_accPerc [4])

267 self.history[’val_99 .5%’]. append(val_accPerc [5])

268 self.history[’val_Max ’]. append(val_accPerc [6])

269

270 accuracy_callback = AccuracyPercentilesCallback(model , x_train , y_train

, x_val , y_val)

271

272 # Fit the model and evaluate losses

273 print(’--- Step 4: Train model ---’)

274 model_history = model.fit(x_train , y_train , validation_data =(x_val ,

y_val), epochs=epochs , verbose=2, batch_size =1024 , shuffle=True ,

callbacks=accuracy_callback)

275 print(’’) # Force a new -line

276 return model , model_history.history , accuracy_callback.history

277

278

279 # --- Compare results with Gallet et al. (2023)

280 def step5_compare_results_with_Gallet_et_al_2023(trained_model , MAPE ,

accuracy):

281 # Define function to extracts results from losses and accuracy objects

282 def extract_results(epoch , MAPE , accuracy):

283 decimals = 3

284 epoch_results = {

285 ’Epochs ’: epoch+1,

286 ’MAPE Loss’: round(MAPE[’loss’][epoch], decimals),

287 ’Val. MAPE Loss’: round(MAPE[’val_loss ’][epoch], decimals),

288 ’Train Min Acc’: round(accuracy[’Min’][epoch], decimals),

289 ’Train 0.5% Acc’: round(accuracy[’0.5%’][epoch], decimals),

290 ’Train 2.5% Acc’: round(accuracy[’2.5%’][epoch], decimals),

291 ’Train Median Acc’: round(accuracy[’50%’][epoch], decimals),

292 ’Train 97.5% Acc’: round(accuracy[’97.5% ’][epoch], decimals),

293 ’Train 99.5% Acc’: round(accuracy[’99.5% ’][epoch], decimals),

294 ’Train Max Acc’: round(accuracy[’Max’][epoch], decimals),
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295 ’Val. Min Acc’: round(accuracy[’val_Min ’][epoch], decimals),

296 ’Val. 0.5% Acc’: round(accuracy[’val_0 .5%’][epoch], decimals),

297 ’Val. 2.5% Acc’: round(accuracy[’val_2 .5%’][epoch], decimals),

298 ’Val. Median Acc’: round(accuracy[’val_50%’][epoch], decimals),

299 ’Val. 97.5% Acc’: round(accuracy[’val_97 .5%’][epoch], decimals),

300 ’Val. 99.5% Acc’: round(accuracy[’val_99 .5%’][epoch], decimals),

301 ’Val. Max Acc’: round(accuracy[’val_Max ’][epoch], decimals),

302 }

303 return epoch_results

304

305 # Load model MAPE file

306 with open(’saved_models/Gallet_50_50_MAPE ’, ’rb’) as file_MAPE:

307 Gallet_50_50_MAPE = pickle.load(file_MAPE)

308

309 # Load model accuracy file

310 with open(’saved_models/Gallet_50_50_accuracy ’, ’rb’) as file_accuracy:

311 Gallet_50_50_accuracy = pickle.load(file_accuracy)

312

313 # Load model with custom objects

314 Gallet_50_50_model = keras.models.load_model(

315 ’./ saved_models/Gallet_50_50 ’,

316 custom_objects= {’lossMAPE ’: lossMAPE })

317

318 # Load model MAPE file

319 with open(’saved_models/Gallet_600_600_600_MAPE ’, ’rb’) as file_MAPE:

320 Gallet_600_600_600_MAPE = pickle.load(file_MAPE)

321

322 # Load model accuracy file

323 with open(’saved_models/Gallet_600_600_600_accuracy ’, ’rb’) as

file_accuracy:

324 Gallet_600_600_600_accuracy = pickle.load(file_accuracy)

325

326 # Load model with custom objects

327 Gallet_600_600_600_model = keras.models.load_model(

328 ’./ saved_models/Gallet_600_600_600 ’,

329 custom_objects= {’lossMAPE ’: lossMAPE })

330

331 # Extract results and save as DataFrame

332 user_results = pd.DataFrame.from_dict(extract_results(len(MAPE[’loss’])

-1, MAPE , accuracy), orient=’index ’, columns =[’Model trained now’])

333

334 Gallet_50_50_results = pd.DataFrame.from_dict(extract_results(len(

Gallet_50_50_MAPE[’loss’]) -1, Gallet_50_50_MAPE , Gallet_50_50_accuracy)

, orient=’index ’, columns =[’Gallet_50_50 ’])

335

336 Gallet_600_600_600_results = pd.DataFrame.from_dict(extract_results(len

(Gallet_600_600_600_MAPE[’loss’]) -1, Gallet_600_600_600_MAPE ,

Gallet_600_600_600_accuracy), orient=’index ’, columns =[’

Gallet_600_600_600 ’])

337

338 # Merge results into a single DataFrame

339 all_models = pd.merge(user_results , Gallet_50_50_results , left_index=

True , right_index=True)

340 all_models = pd.merge(all_models , Gallet_600_600_600_results ,

left_index=True , right_index=True)

341

342 # Display results
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343 print(’--- Step 5: Compare results against Gallet et al. (2023) ---’)

344 print(all_models)

345 print(’’) # # Add new -line after results table

346

347

348 # Save the model and MAPE/accuracy files

349 def step6_save_model(trained_model , MAPE , accuracy):

350 print(’--- Step 6: Model saved ---’)

351 trained_model.save(’./ saved_models/user_defined_model ’)

352 with open(’./ saved_models/user_defined_model_accuracy ’, ’wb’) as

file_accuracy:

353 pickle.dump(accuracy , file_accuracy)

354 with open(’./ saved_models/user_defined_model_MAPE ’, ’wb’) as

file_losses:

355 pickle.dump(MAPE , file_losses)

356

357 print(’Check local "saved_models" directory for saved model , MAPE and

accuracy dictionary files .\n’)

358

359

360 # Create and display training results

361 def step7_plot_training_results(MAPE , accuracy):

362 # Create figure , add subplots and adjust padding/margins

363 fig_width =7; fig_height =4.0

364 fig = plt.figure(figsize =(fig_width , fig_height))

365 fig.subplots_adjust(left =0.09, right =0.98,

366 bottom =0.15, top =0.82,

367 hspace =1.0, wspace =1.1)

368 fig.suptitle(’Learning graphs , compare with Gallet et al. (2023) (doi.

org/x)’, x=0.5, y=0.95)

369

370 spec = fig.add_gridspec(nrows=2, ncols =5)

371

372 # Generate individual axes to draw on

373 ax0 = fig.add_subplot(spec [0:1 ,0:2])

374 ax1 = fig.add_subplot(spec [0 ,2:5])

375 ax2 = fig.add_subplot(spec [1 ,2:5])

376

377 # Epoch list for x-axis values

378 epoch_list = range(1, len(MAPE[’loss’])+1)

379

380 # ax0 plot - Plot loss profiles

-----------------------------------------------------

381 ax0.set_title(’a) Loss profiles ’, fontsize =11)

382 ax0.set_ylabel(’MAPE’)

383 ax0.set_xlabel(’Epochs ’)

384 ax0.set_ylim(bottom =-0.10, top =1.10)

385 ax0.scatter(epoch_list , MAPE[’loss’], marker=’P’,

386 color=’black’, label=’Training ’, zorder =5)

387 ax0.scatter(epoch_list , MAPE[’val_loss ’], marker=’x’,

388 color=’red’, label=’Validation ’, zorder =5)

389 ax0.legend(ncol=2, loc=’center ’, bbox_to_anchor =(0.45 , -0.9),

390 title=’Legend for Figure a)’, columnspacing =1.0, handletextpad =0.5)

391

392 # ax1 plot - Plot training accuracy percentiles

-------------------------------------

393 ax1.set_title(’b) Training accuracy ’, fontsize =11)
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394 ax1.set_ylabel(’Accuracy ’)

395 ax1.set_xlabel(’Epochs ’)

396 ax1.set_ylim(bottom =-0.10, top =2.10)

397 ax1.scatter(epoch_list , accuracy[’Max’],

398 color=’green’, marker=’v’, zorder =15, label=’Max.’)

399 ax1.fill_between(epoch_list , accuracy[’0.5%’],

400 accuracy[’99.5% ’], hatch=’xx’, zorder=5, label=’99% CI’)

401 ax1.scatter(epoch_list , accuracy[’50%’],

402 color=’black’, marker=’.’, zorder =10, label=’Median ’)

403 ax1.scatter(epoch_list , accuracy[’Min’],

404 color=’red’, marker=’^’, zorder =15, label=’Min.’)

405 ax1.fill_between(epoch_list , accuracy[’2.5%’],

406 accuracy[’97.5% ’], hatch=’||’, zorder=8, label=’95% CI’)

407

408 ax1.legend(title=’Legend for Figures b) and c)’,

409 ncol=2, loc=’center ’, bbox_to_anchor =( -0.542, -1.7))

410

411 # ax2 plot - Plot validation accuracy percentiles

-----------------------------------

412 ax2.set_title(’c) Validation accuracy ’, fontsize =11)

413 ax2.set_ylabel(’Accuracy ’)

414 ax2.set_xlabel(’Epochs ’)

415 ax2.set_ylim(bottom =-0.10, top =2.10)

416 ax2.scatter(epoch_list , accuracy[’val_Max ’],

417 color=’green’, marker=’v’, zorder =15, label=’Max.’)

418 ax2.fill_between(epoch_list , accuracy[’val_0 .5%’],

419 accuracy[’val_99 .5%’], hatch=’xx’, zorder=5, label=’99% CI’)

420 ax2.scatter(epoch_list , accuracy[’val_50%’],

421 color=’black’, marker=’.’, zorder =10, label=’Median ’)

422 ax2.scatter(epoch_list , accuracy[’val_Min ’],

423 color=’red’, marker=’^’, zorder =15, label=’Min.’)

424 ax2.fill_between(epoch_list , accuracy[’val_2 .5%’],

425 accuracy[’val_97 .5%’], hatch=’||’, zorder=8, label=’95% CI’)

426

427 # Report completed plot

428 print(’--- Step 7: Learning graph generated ---’)

429 print(’Learning graph can be compared with training plots\nfound in

Gallet et al. (2023) (doi.org/x).\n’)

430 plt.show()

431

432

433 # --- Run as main script only

434 if __name__ == "__main__":

435 main()

Script 5.1: Neural network training script
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Chapter 6

Article: “Towards verifiable
continuous structural design
models using physics informed
neural networks”

Foreword commentary

This work titled “Towards verifiable continuous structural design models using physics
informed neural networks” is presented here as a journal article in preparation for a po-
tential Engineering Applications of Artificial Intelligence submission, and builds on the
research results from Chapter 5. Preliminary research findings from this approach were
originally presented on March 23rd, 2023 at the Institution of Structural Engineers’ Young
Researchers’ Conference found in Appendix C. The final results presented here continue
to demonstrate the inverse problem perspective established in Chapter 3, and tests the
viability of physics informed neural networks for structural design models. The investi-
gation is critical in identifying some effective avenues for future research highlighted in
Chapter 7. The work was entirely conducted by Adrien Gallet with Danny Smyl providing
supervision and reviewing the final draft.

Abstract

Since their inception, physics informed neural networks have shown advantages over tradi-
tional data-driven models by reducing the need of large training dataset sizes and embed-
ding physical information in the training process that typically render predictions more
consistent with the laws of physics. This work investigates the viability and advantages
of physics informed neural network (PINN) formulations for structural design models. To
achieve this, local stiffness relations based on Timoshenko–Ehrenfest beam theory are used
to constrain the output space for structural size predictions of a continuous beam system.
The study presented here had two aims: the first was to investigate if such PINNs pro-
vide an effective way of improving the performance characteristics of a structural design
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model when compared to networks trained using standard architecture with a data-only
loss function. The second aim was to test the viability of a verifiable neural network
that could indicate the physical consistency of a prediction during inference. The results
indicate that PINNs do improve the performance under testing conditions, but that the
correlation between data-losses and physics-losses is weak, limiting the verifiability of the
model during inference. Various future avenues of research to develop a truly verifiable
architecture are suggested in the conclusions.

6.1 Introduction

The use of physics informed neural networks (PINNs) in civil and structural engineering
is beginning to gain attention since their introduction between 2017 to 2019 [5, 90, 91].
A PINN differentiates itself from standard artificial neural networks by supplementing a
standard loss function, such as Mean Average Error (MAE) or Mean Average Percentage
Error (MAPE) with a physical equation that relates the features and targets of the network
based on physical laws that are known to apply to the problem at hand.

One of the earliest applications of PINNs in civil and structural engineering literature
was published in 2022 for a geometry identification problems in the field of continuum
mechanics, a specific type of inverse problem [523]. In this study, the authors trained a
neural network to minimise the difference between the predicted to measured boundary
displacement and stress fields based on coordinate information, and thereby update the
estimated material and geometric parameters of the square-shaped matrix material based
residual of equilibrium equations. A different study in 2023 developed a PINN based
topology optimisation (PINNTO) framework to numerically determine the displacement
fields, and thereby entirely replace the Finite Element Analysis found in conventional
structural topology optimisation approaches [524]. In this work, coordinate information
are also used as inputs, and the optimised solution corresponds to the displacement field
that minimises the total potential energy. A further work published in 2023 incorporated
PINNs within a graph neural network structure to minimise the error in equilibrium
equations to structurally analyse the response of frames subject to nodal forces [94]. Lastly,
in early 2024, a unified solver-free structural optimiser was developed, in which a physical
loss function based on complementary energy equations was minimised to determine the
optimal truss structures [512]. Their results compared favourably with low errors when
compared to traditional FEA based optimisation approaches.

These examples demonstrate that PINNs have been successfully applied for various
applications. From the perspective of structural analysis and design, and the various
machine learned operators discussed in Chapter 5 (see specifically Figure 5.2), two of the
aforementioned pieces of work focused on building ML optimisation solvers using PINNs,
in which the goal is to replace traditional finite elements solvers to arrive at optimised
designs [512, 524], one piece of work used PINNs to build a ML forward operator to help
analyse structures [94], and only one investigated the application of PINNs for a ML
inverse operator, albeit not for the purpose of structural design [523].

The investigation presented here is to focus on how PINNs could potentially be de-
ployed to improve the performance of machine learned inverse operators, specifically focus-
ing on comparing the performance of a physics-informed neural network to the data-only
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networks developed in Chapter 5. There are two main objectives based on the current limi-
tations of the inverse operator achieved in the previous investigation: the first is to attempt
to reduce the error and accuracy dispersion profiles by incorporating known physical in-
formation into the operator. This is substantially different to previous research conducted
[512, 524], which created data-less operators only based on well defined physics equations,
but closer to what was achieved in previous PINN based ML inverse operator research
[523]. In that regard, more evidence for identifying structural design as an inverse oper-
ator is presented [140]. The second objective is to theorise and test a potential verifiable
architecture of the inverse operator through which the physical validity of the predicted
results could be evaluated during inference of the model, namely outside of training and
validation. This is a substantial novel contribution to the literature.

Section 6.2 introduces the general methodology on how such a PINN based inverse
operator could be built using local stiffness relations, Section 6.3 presents the results from
the training runs, Section 6.4 discusses the outcomes and Section 6.5 summarises the areas
for future works.

6.2 Methodology

6.2.1 Physics informed neural networks

The general objective of supervised neural networks is to solve a generalised optimiza-
tion problem by minimizing the empirical loss function defined by Equation 6.1:

argmin
1

n

n∑
i=1

L (yi, f (xi;θ)) + λΩ (θ) (6.1)

where yi are the target variables from a dataset containing n data points, f (xi;θ) is
the predicted target variable based on predictors xi and θ are the weights and biases
of the model. L is simply a loss measured between the true targets yi and predicted
targets f (xi;θ), such as Mean Square Error (MSE) or the Mean Absolute Percentage
Error (MAPE).

PINNs differentiate themselves from traditional neural networks with the last term
λΩ (θ), which is representative of a regulariser that penalises model parameters θ that
deviate significantly from pre-set value (typically 0) to ensure a non-complex model where
no network nodes dominate the predictions. In PINNs, Ω (θ) of the regularisation term is
replaced by physical equations , which create a functional relationship between the input
and output variables based on known physical phenomena. Hence, in addition to the data
loss term, there is a physics loss term, which evaluates if the inputs and output variables
construe to physically meaningful solutions.

Normally, the physics loss equations are based on the well established ordinary or
partial differential equations (ODE/PDE) such as the one-dimensional heat equation:

ut = kuxx + h(x, t) (6.2)

where the variables x and t would be inputs to the network, u the singular output, and
terms ut and uxx being evaluated through auto-differentiation during learning. By then
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generating a physics loss function in the form of:

MSEPhysics = (kuxx + h(x, t)− ut)
2 . (6.3)

One can evaluate the magnitude of prediction error, and back-propagate these errors
through the network to achieve learned behaviour. The progressive minimisation of the
physics loss function represents a convergence towards physically realistic results, and
hence can help the neural network during training on how to correctly update the param-
eters in respect to the loss landscape (or loss surface).

The difficulty in developing a PINN for a structural design model is that structural de-
sign is not solely characterised by an ODE/PDE equation. This investigation will however
attempt to relate the input to the output space established in Chapter 5 (where inputs
were span and UDL values, and outputs the cross-section properties of a continuous beam
element), by using non-discretised local stiffness relations.

6.2.2 Local stiffness matrix relations

The relationship between the deformation and internal forces within a member can be
expressed via the Timoshenko-Ehrenfest stiffness matrix equations. Suppose we have the
continuous beam system indexed by i with ωi UDLs, Li spans, with each beam having
cross-section properties Pi as shown in Figure 6.1. In this case, the deformation vectors
can be related to the internal reaction forces with end-force adjustments (due to the UDLs)
using the local stiffness matrix relations as shown in eqation 6.4:


Vz,1

Myy,1

Vz,2

Myy,2

+


−ωL
2

−ωL2

12
−ωL
2

ωL2

12

 =
EI

L3(1 + ϕ)


12 6L −12 6L
6L (4 + ϕ)L2 −6L (2− ϕ)L2

−12 −6L 12 −6L
6L (2− ϕ)L2 −6L (4 + ϕ)L2



δ1
θ1
δ2
θ2


where ϕ = 12EI

AzGL2

(6.4)

with shear forces Vz and bending moments Myy, Youngs Modulus E, shear modulus G, the
second moment of area I, shear area Az and rotations θ and displacements δ at the start
and end of each continuous beam member numbered as location 1 and 2 respectively as
shown in Figure 6.1c). Note that these locations (1 and 2) always correspond to areas over
supports in this work, and that non-discretised members will be used in this investigation,
meaning each local stiffness correlation will correspond to a single prismatic beam. Since
there are no deflections occurring over the supports, δ1 = 0 and δ2 = 0 and Equation 6.4
can be simplified to the following:

Vz,1

Myy,1

Vz,2

Myy,2

+


−ωL
2

−ωL2

12
−ωL
2

ωL2

12

 =
EI

L3(1 + ϕ)


6L 6L

(4 + ϕ)L2 (2− ϕ)L2

−6L −6L
(2− ϕ)L2 (4 + ϕ)L2

[θ1θ2
]
.

(6.5)
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L0

ω0

i= 0

P0

L1

ω1

i= 1

P1

L2

ω2

i= 2

P2

L3

ω3

i= 3

P3

L4

ω4

i= 4

P4

a) Continuous beam system without critical load arrangement

Max. downward UDLs ωi Beams with varying Ii Deflected shape

b) Deflected shape without critical load arrangement

θ1 θ2

ubend, 1

ushear, 1

ubend, 2

ushear, 2

Vz, 1

Myy, 1

Vz, 2

Myy, 2

c) Local rotation and utiliation information for beam i= 2

Figure 6.1: Continuous beam system subjugated to uniformly distributed loads with b)
deflected shape and c) resulting rotations θ1 and θ2. Physical response information in
terms of bending ubend and shear ushear utilisation ratios and bending moments Myy and
shear force Vz can be identified over each support.

Equation 6.5 can therefore be broken down into the following four equations:

Vz,1 =
EIyy

L3(1 + ϕ)
(6Lθ1 + 6Lθ2) +

ωL

2

Myy,1 =
EIyy

L3(1 + ϕ)

(
(4 + ϕ)L2θ1 + (2− ϕ)L2θ2

)
+

ωL2

12

Vz,2 =
EIyy

L3(1 + ϕ)
(−6Lθ1 − 6Lθ2) +

ωL

2

Myy,2 =
EIyy

L3(1 + ϕ)

(
(2− ϕ)L2θ1 + (4 + ϕ)L2θ2

)
− ωL2

12
.

(6.6)
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The neural network developed in Chapter 5 related span Li and UDL ωi inputs to cross-
sectional area output values, not internal forces Vz and Myy. Using Eurocode 3 [466], it
is possible to evaluate the shear and bending utilisation factors using the cross-sectional
properties of an element,

|Vz|
Az

fy√
3

= ushear

|Myy|
Wpl,yy fy

= ubend

(6.7)

which can be re-arranged:

|Vz,Ed| = ushearAz
fy√
3

|Myy,Ed| = ubendWpl,yyfy.

(6.8)

Consequently, it would then be possible to create a functional, physical relationship be-
tween input and output information by making the following substitutions into Equation
6.6:

ushear,1Az
fy√
3
=

∣∣∣∣ EIyy
L3(1 + ϕ)

(6Lθ1 + 6Lθ2) +
ωL

2

∣∣∣∣
ubending,1Wpl,yyfy =

∣∣∣∣ EIyy
L3(1 + ϕ)

(
(4 + ϕ)L2θ1 + (2− ϕ)L2θ2

)
+

ωL2

12

∣∣∣∣
ushear,2Az

fy√
3
=

∣∣∣∣ EIyy
L3(1 + ϕ)

(−6Lθ1 − 6Lθ2) +
ωL

2

∣∣∣∣
ubending,2Wpl,yyfy =

∣∣∣∣ EIyy
L3(1 + ϕ)

(
(2− ϕ)L2θ1 + (4 + ϕ)L2θ2

)
− ωL2

12

∣∣∣∣ .
(6.9)

Note that the absolute signs are only needed because utilisation ratios are expressed as
non-negative values. Finally, the re-arranged form of these equations becomes:

Az =

√
3

ushear,1 fy

∣∣∣∣ EIyy
L3(1 + ϕ)

(6Lθ1 + 6Lθ2) +
ωL

2

∣∣∣∣
Wpl,yy =

1

ubending,1 fy

∣∣∣∣ EIyy
L3(1 + ϕ)

(
(4 + ϕ)L2θ1 + (2− ϕ)L2θ2

)
+

ωL2

12

∣∣∣∣
Az =

√
3

ushear,2 fy

∣∣∣∣ EIyy
L3(1 + ϕ)

(−6Lθ1 − 6Lθ2) +
ωL

2

∣∣∣∣
Wpl,yy =

1

ubending,2 fy

∣∣∣∣ EIyy
L3(1 + ϕ)

(
(2− ϕ)L2θ1 + (4 + ϕ)L2θ2

)
− ωL2

12

∣∣∣∣ .
(6.10)

The usefulness of Equation 6.10 can be understood in context of the previous struc-
tural design model developed in Chapter 5, namely these equations relate portion of the
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input space of the network (span and UDL values) and the associated outputs (the cross
section properties of an element within a continuous beam system) as long as the following
additional terms are known or are predicted:

• Yield strength of steel fy, Young’s modulus E and shear modulus G.

• Utilisation ratios ushear,1 ushear,2, ubend,1 and ubend,2.

• Rotations θ1 and θ2.

6.2.3 Data and physics loss functions

It is now possible to formulate a data and physics loss function, Ldata and Lphy re-
spectively to train a physics informed neural network. Both these loss functions are built
assuming the same feature and target space as that from the machine learned model from
Chapter 5 are provided. As a refresher, these included the span value L0 and UDLs ω0

from the beam to be designed along with the spans and UDLs of the 5 adjacently con-
nected elements as inputs (leading to a total of 22 inputs), and the shear area Az, second
moment of area I, and the plastic modulus Wpl as outputs.

In general, the combined loss function is defined as:

L = Ldata + λLphy (6.11)

where λ is introduced to control the extent to which physical constraints should be applied
on the parameter space of the network θ. The data loss function Ldata adopted here is
equivalent to the MAPE loss function established in the previous chapter, and is chosen due
to its outperformance compared to other loss functions previously tested. Consequently,
Ldata is defined as:

Ldata =
1

3

(∣∣∣∣∣ Î − I

I + ϵ

∣∣∣∣∣+
∣∣∣∣∣Âz −Az

Az + ϵ

∣∣∣∣∣+
∣∣∣∣∣Ŵpl −Wpl

Wpl + ϵ

∣∣∣∣∣
)
. (6.12)

where Î, Âz, Ŵpl each represent the predicted cross-section properties. The physics loss
function Lphy on the other hand will compare predicted cross-section property values
(denoted by “pred”) against the the physics derived cross-section properties introduced
by Equation 6.10, whilst still being constructed as MAPE loss functions:

Lphy → Lpred−phy
pred

=
1

4

(∣∣∣∣∣Âz −Az,phy,1

Âz + ϵ

∣∣∣∣∣+
∣∣∣∣∣Ŵpl −Wpl,phy,1

Ŵpl + ϵ

∣∣∣∣∣
+

∣∣∣∣∣Âz −Az,phy,2

Âz + ϵ

∣∣∣∣∣+
∣∣∣∣∣Ŵpl −Wpl,phy,2

Ŵpl + ϵ

∣∣∣∣∣
) (6.13)

where the physics derived cross-section properties Az,phy,1, Wpl,phy,1, Az,phy,2 and Wpl,phy,2

are defined by:
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Az,phy,1 =

√
3

ushear,1 fy
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where ϕ = 12EÎ

ÂzGL2

(6.14)

It is worth drawing attention to the fact that the physics derived cross-section prop-
erties Az,phy,1, Az,phy,2, Wpl,phy,1 and Wpl,phy,2 as shown in Equation 6.14 are based on
both the UDL ω and span L of the target beam, along with the predicted second mo-
ment of area Î and shear area Âz values. In other words, there is now a partial physical
relationship between the input and output space. In end effect, the transformation from
Equation 6.4 to 6.14 has yielded a physical equation which evaluates what the physically
consistent Az,phy,1, Az,phy,2, Wpl,phy,1 and Wpl,phy,2 values should be for a specific beam,
and any deviation from those can be minimised with the Lphy loss function established by
Equation 6.13.

As discussed previously, in order to be able to minimise Lphy, the remaining physical
information needs to be known. This includes the Youngs and shear modulus E and G,
the various utilisation factors ushear,1 ushear,2, ubend,1 and ubend,2, and the rotations θ1 and
θ2. In this study, these values were initially extracted from structural analysis simulation
runs based on all UDLs applied (that is no pattern loading). For the first set of networks
with a standard architecture, these additional values were simply provided to the physics
loss function Lphy as known data, since this means the output space does not need to
be changed, and therefore allows direct comparison with the results achieved in Chapter
5 to determine the advantages of the proposed PINN formulation. A second verifiable
architecture will however also be tested in which the ushear,1, ushear,2, ubend,1 and ubend,2,
and the two rotations θ1 and θ2 will be predicted in addition to the three cross-section
parameters I, Az, Wpl, resulting in a total output space of nine values. This allows the
physical validity of the predictions to be tested during inference discussed in Section 6.4.

Physics loss functions of standard architectures

It is in fact possible to arrive at three further physics loss functions Lphy. The first one
introduced in equation 6.13 above compares predicted cross section values against physics
derived ones, and subsequently divides by the predicted values to evaluate a percentage-
like error estimation. However, it is relatively easy to build variations of the function:
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L true−phy
true

=
1

4

(∣∣∣∣Az −Az,phy,1

Az + ϵ

∣∣∣∣+ ∣∣∣∣Wpl −Wpl,phy,1
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) (6.15)
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(6.17)

Each of these PINN formulations differentiate themselves slightly. Whilst Equation 6.13
evaluates the percentage loss by dividing by the predicted cross-sectional properties, Equa-
tion 6.15 achieves this by dividing by the true cross-sectional values, and Equations 6.16
and 6.17 by the physics-evaluated properties via Equation 6.14. Furthermore, the nu-
merators across all of these formulations differ, by either comparing the physics derived
properties from Equation 6.14 with either predicted properties as in Equations 6.13 and
6.16, or true properties as is the case for Equations 6.15 and 6.17. Given the novelty
of using the local stiffness relations to physically constrain a structural design model, all
four variations will be tested in the standard architectures to determine which of these
physics-loss functions Lphy perform best.

Physics loss functions for verifiable networks

One advantage of the Lpred−phy
pred

shown in Equation 6.13 is that it relies primarily

on predicted cross-section values. If additionally, all further response information was
predicted by the network, that is the various utilisation ratios ushear,1, ushear,2, ubend,1 and
ubend,2, and the two rotation values θ1 and θ2 for each individual beam, then it should
be possible to evaluate the physics derived cross-section properties using the input and
output vectors alone. In this case, Âz,phy,1, Âz,phy,2, Ŵpl,phy,1 and Ŵpl,phy,2 are evaluated
by:
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Âz,phy,1 =

√
3
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L3(1 + ϕ)

(
(4 + ϕ)L2θ̂1 + (2− ϕ)L2θ̂2

)
+

ωL2

12

∣∣∣∣∣
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(6.18)

and used in the following verifiable physics loss function:

Lphy,verifiable =
1

4

(∣∣∣∣∣Âz − Âz,phy,1

Âz + ϵ

∣∣∣∣∣+
∣∣∣∣∣Ŵpl − Ŵpl,phy,1

Ŵpl + ϵ

∣∣∣∣∣
+

∣∣∣∣∣Âz − Âz,phy,2

Âz + ϵ

∣∣∣∣∣+
∣∣∣∣∣Ŵpl − Ŵpl,phy,2

Ŵpl + ϵ

∣∣∣∣∣
)
.

(6.19)

In this case, the only required values would be the material properties, namely the Yield
strength fy, Young’s modulus E and shear modulus G. These can be easily established,
as for example would be the case using the CBeamXP dataset [6].

6.2.4 Standard and verifiable neural network architectures

Two distinct physics loss functions are to be tested, a standard and verifiable physics
loss function, and each will require a different output size. The standard physics loss
functions from Equations 6.13, 6.15, 6.16 and 6.17 will be tested with the exact same
architectures as those established in Chapter 5, namely a 50-50 and 600-600-600 architec-
tures with 22 inputs that encompass the influence zone, the ain,ReLU and aout,exp activation
functions. The 600-600-600 was specifically chosen due to its optimal performance profile
evaluated empirically in Section 5.4.3. The only difference will be the addition of the
λLphy term to enforce the physical constraints on the learning parameters. The verifiable
loss function from Equation 6.19 will contain the exact same internal architecture (that
is the same hidden layer structure), yet be tested tested on an expanded output size of
size 9 to be able to predict the utilisation ratios and rotations of the local beam element
to be designed. These predicted values can then be used in Equation 6.19 to evaluate
the Lphy,verifiable. Different outer activation functions will be applied to certain outputs to
match their ranges as shown in Figure 6.2.

Overview of neural network training details

Both architectures will require extraction of the utilisation ratio and rotation informa-
tion during training. This was easily achieved by using the CBeamXP dataset to model
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Loss 𝐿data + 𝜆𝐿phy

and inputs 𝐿0, 𝜔0

Figure 6.2: Overview of the standard and verifiable neural network architectures to be
investigated with hidden layer sizes 50-50 and 600-600-600. In the standard architecture,
physical information (utilisation ratios u and rotations θ) are passed directly into the
physics function Lphy as true values to allow comparison with previous research results.
In the verifiable architecture, the physical information itself is predicted to allow for veri-
fication at inference. Notice that ushear and ubending have been abbreviated to us and ub
for visualisation purposes.

the individual systems in Grasshopper [32] with Karamba3D [476]. The utilisation ratios
and rotations over each support were then extracted for each individual continuous system
each containing 11 beams. All other neural network training details were kept identical
to those from the previous machine learning model developed in Chapter 5, which were
obtained based on empirical tests, and are briefly summarised in Table 6.1 below.

Neural network training option Chosen parameter

Optimiser Nadam
Learning rate α = 0.0005
Initialiser Gaussian with µ = 0, σ = 0.05
Batch-size 1024

Table 6.1: Overview of neural network learning parameters and hyperparameters during
standard and verifiable PINN architecture testing.
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6.3 Results

Various Lphy loss functions were tested using standard architectures only. The purpose
of these tests was to identify which physics loss functions are best suited for the problem
at hand. Additionally, in order to study the impact of dataset size (since PINNs have
been shown to require less data to achieve the similar performance in the past [5]), 50-50
architectures were tested with three separate training dataset sizes, whilst varying the
λ factor from 0 to 1000 in increasing orders of magnitudes. These results are shown
numerically in Tables 6.2, 6.3, 6.4, and graphically in Figure 6.3.

6.3.1 Performance comparison of various Lphy loss function formulations
for standard architectures

The following three Tables 6.2, 6.3 and 6.4 compare the performance of data-driven
models only (when λ = 0) against PINNs with increasing physics constraints. In each
table Ldata presented the data-derived MAPE for each network, with both training and
validation results indicated, with the specified physics loss function Lphy−pred

pred
, Lphy−true

true
,

Lpred−phy
phy

or L true−phy
phy

errors shown as well.

10k training dataset size
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Training with Ldata + λL phy−pred
pred

Training with Ldata + λL phy−true
true

Ldata L phy−pred
pred

Ldata L phy−true
true

λ Train. Val. Train. Val. Train. Val. Train. Val.

0 0.166 0.181 0.394 0.417 0.166 0.181 0.288 0.358
0.0001 0.160 0.177 0.352 0.375 0.165 0.181 0.286 0.355
0.001 0.203 0.219 0.423 0.472 0.166 0.180 0.288 0.355
0.01 0.149 0.169 0.290 0.361 0.166 0.180 0.270 0.353
0.1 0.184 0.199 0.281 0.374 0.208 0.224 0.244 0.400
1 0.233 0.244 0.199 0.343 0.299 0.316 0.289 0.465
10 0.345 0.345 0.223 0.346 0.411 0.428 0.323 0.544
100 0.312 0.340 0.175 0.325 0.459 0.471 0.349 0.575
1000 0.331 0.340 0.186 0.322 0.459 0.500 0.340 0.564

Training with Ldata + λL pred−phy
phy

Training with Ldata + λL true−phy
phy

Ldata L pred−phy
phy

Ldata L true−phy
phy

λ Train. Val. Train. Val. Train. Val. Train. Val.

0 0.166 0.181 0.597 0.459 0.166 0.181 1.132 0.745
0.0001 1.018 0.983 1.806 1.889 0.816 0.816 16.18 17.83
0.001 1.132 1.053 1.483 1.996 25.76 25.08 1.402 3.997
0.01 42.56 41.88 5.867 8.135 50.72 49.70 1.425 3.862
0.1 12.93 12.49 7.234 13.73 9.803 8.957 1.148 2.011
1 69.49 68.50 4.229 8.497 15.39 14.69 1.354 2.626
10 101.7 101.4 2.281 4.123 80.00 79.14 1.120 1.535
100 55.50 54.56 2.826 4.307 70.21 69.56 1.074 1.680
1000 79.90 78.62 3.520 4.131 153.6 152.0 0.974 1.280

Table 6.2: Performance profiles for standard 50-50 architectures at epoch 1000 with various
Ldata + λLphy loss function combinations using 10k training and 150k validation sets.
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100k training dataset size

Training with Ldata + λL phy−pred
pred

Training with Ldata + λL phy−true
true

Ldata L phy−pred
pred

Ldata L phy−true
true

λ Train. Val. Train. Val. Train. Val. Train. Val.

0 0.086 0.091 0.225 0.179 0.086 0.091 0.197 0.167
0.0001 0.090 0.094 0.287 0.203 0.080 0.082 0.179 0.162
0.001 0.092 0.095 0.203 0.206 0.076 0.081 0.176 0.142
0.01 0.082 0.083 0.181 0.170 0.080 0.084 0.150 0.149
0.1 0.078 0.087 0.121 0.176 0.106 0.106 0.164 0.190
1 0.104 0.112 0.132 0.186 0.166 0.174 0.190 0.267
10 0.190 0.207 0.165 0.223 0.227 0.223 0.234 0.324
100 0.175 0.173 0.131 0.203 0.267 0.260 0.263 0.309
1000 0.243 0.286 0.154 0.224 0.307 0.330 0.289 0.349

Training with Ldata + λL pred−phy
phy

Training with Ldata + λL true−phy
phy

Ldata L pred−phy
phy

Ldata L true−phy
phy

λ Train. Val. Train. Val. Train. Val. Train. Val.

0 0.086 0.091 0.293 0.283 0.086 0.091 0.361 0.336
0.0001 0.588 0.571 4.831 4.731 0.462 0.462 18.12 18.636
0.001 0.802 0.802 4.189 4.216 1.144 2.939 5.336 4.114
0.01 44.28 44.74 6.339 6.122 10.72 10.91 2.630 2.617
0.1 71.70 72.70 2.838 3.825 53.62 54.34 1.550 1.811
1 22.33 23.687 7.739 7.587 38.61 39.24 1.448 2.500
10 0.989 0.993 0.935 0.954 27.28 27.46 2.166 2.288
100 691.7 695.0 3.856 4.068 599.0 610.8 0.965 0.960
1000 121.5 122.9 2.662 3.240 1.819 1.863 3.051 3.803

Table 6.3: Performance profiles for standard 50-50 architectures at epoch 1000 with various
Ldata + λLphy loss function combinations using 100k training and 150k validation sets.
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700k training dataset size

Training with Ldata + λL phy−pred
pred

Training with Ldata + λL phy−true
true

Ldata L phy−pred
pred

Ldata L phy−true
true

λ Train. Val. Train. Val. Train. Val. Train. Val.

0 0.066 0.065 0.171 0.157 0.066 0.065 0.150 0.133
0.0001 0.065 0.065 0.159 0.159 0.062 0.063 0.125 0.118
0.001 0.057 0.058 0.137 0.129 0.067 0.066 0.150 0.134
0.01 0.064 0.064 0.138 0.135 0.065 0.065 0.136 0.134
0.1 0.060 0.055 0.120 0.117 0.062 0.055 0.117 0.100
1 0.084 0.077 0.134 0.134 0.081 0.072 0.124 0.115
10 0.119 0.112 0.131 0.137 0.126 0.110 0.166 0.143
100 0.139 0.133 0.116 0.121 0.135 0.124 0.179 0.170
1000 0.299 0.184 0.117 0.130 0.152 0.140 0.172 0.170

Training with Ldata + λL pred−phy
phy

Training with Ldata + λL true−phy
phy

Ldata L pred−phy
phy

Ldata L true−phy
phy

λ Train. Val. Train. Val. Train. Val. Train. Val.

0 0.066 0.065 0.262 0.193 0.066 0.065 0.343 0.258
0.0001 0.582 0.457 8.432 2.182 0.386 0.387 18.68 18.63
0.001 0.702 0.704 2.256 2.471 0.803 0.738 7.411 8.957
0.01 0.703 0.704 1.190 1.166 0.778 0.775 6.887 6.777
0.1 0.494 0.494 0.457 0.462 17.02 29.60 6.022 4.665
1 0.560 0.557 0.270 0.275 0.743 0.741 18.59 18.60
10 13660 6713 142.1 23.33 1.369 1.364 13.91 16.23
100 37.09 31.86 0.954 0.955 0.823 0.827 20.46 18.55
1000 0.564 0.562 0.227 0.227 29.25 46.78 3.435 1.635

Table 6.4: Performance profiles for standard 50-50 architectures at epoch 1000 with various
Ldata + λLphy loss function combinations using 700k training and 150k validation sets.
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Visual comparison of results
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Figure 6.3: Training losses for standard 50-50 architecture at epoch 1000 for various
Ldata + λLphy loss functions and training dataset sizes.

The results from Tables 6.2, 6.3 and 6.4 can also be visualised for ease of comparison
as shown in Figure 6.3. This figure indicates the impact which increasing the dataset size
has on the overall training performance in terms of the pure data loss Ldata and physics
loss Lphysics. The first observation is the deterioration in performance when the physics
loss function uses the physics-estimated cross-section properties within the denominator
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as is the case for Lpred−phy
phy

and L true−phy
phy

. This may be due to the volatility associated

with dividing the losses through the physics estimated cross-section properties, which is a
more volatile measure than dividing by the true cross-section properties, such as Lphy−true

true

or predicted cross-section properties Lphy−pred
pred

.

Furthermore, increased dataset size generally increased the smoothness of the results,
yet from the remaining physics loss function, Lphy−pred

pred
was the only loss function in which

physics losses continued to decrease with increasing λ values. The fact that data losses
appear to deteriorate significantly for values larger than λ = 1 was also an interesting
result that will be discussed in further in Section 6.4. For theses reasons, the remaining
training runs conducted in this study used Lphy−pred

pred
as the physics loss function only.

6.3.2 Detailed performance profiles of standard architectures with Lphy−pred
pred

and 700k training set

Results for λ variations with standard architectures

Standard 50-50 architecture

Ldata L phy−pred
pred

Validation Accuracies Percentiles

λ Train. Val. Train. Val. Min 0.5% 2.5% Median 97.5% 99.5% Max

0 0.066 0.065 0.171 0.157 0.032 0.523 0.785 0.994 1.185 1.458 19.93
0.0001 0.065 0.065 0.159 0.159 0.031 0.510 0.803 1.006 1.187 1.454 44.61
0.001 0.057 0.058 0.137 0.129 0.055 0.548 0.799 0.983 1.143 1.402 14.79
0.01 0.064 0.064 0.138 0.135 0.037 0.539 0.804 0.996 1.191 1.489 33.09
0.1 0.060 0.055 0.120 0.117 0.049 0.596 0.835 1.001 1.166 1.440 29.31
1 0.084 0.077 0.134 0.134 0.037 0.579 0.802 1.001 1.279 1.750 26.29
10 0.119 0.112 0.131 0.137 0.041 0.401 0.689 1.006 1.444 2.492 108.9
100 0.139 0.133 0.116 0.121 0.108 0.594 0.774 1.012 1.506 3.053 235.4
1000 0.299 0.184 0.117 0.130 0.064 0.473 0.735 1.008 1.503 3.351 1420

Standard 600-600-600 architecture

Ldata L phy−pred
pred

Validation Accuracies Percentiles

λ Train. Val. Train. Val. Min 0.5% 2.5% Median 97.5% 99.5% Max

0 0.009 0.016 0.021 0.030 0.275 0.920 0.968 1.006 1.058 1.133 26.81
0.0001 0.009 0.016 0.021 0.032 0.220 0.891 0.946 0.994 1.036 1.099 15.87
0.001 0.009 0.016 0.022 0.033 0.159 0.896 0.948 0.993 1.035 1.102 26.36
0.01 0.010 0.016 0.022 0.033 0.316 0.896 0.949 0.994 1.037 1.108 7.800
0.1 0.014 0.018 0.034 0.039 0.232 0.884 0.942 0.991 1.032 1.094 8.878
1 0.032 0.027 0.064 0.052 0.178 0.838 0.921 0.997 1.081 1.188 11.90
10 0.034 0.029 0.046 0.057 0.181 0.828 0.916 1.001 1.090 1.237 24.86
100 0.053 0.041 0.051 0.058 0.149 0.816 0.910 1.000 1.110 1.316 531.4
1000 0.128 0.071 0.049 0.056 0.189 0.815 0.908 1.003 1.118 1.447 2043

Table 6.5: Performance profiles for standard 50-50 and 600-600-600 architectures at epoch
1000 with Lphy−pred

pred
loss function combination using 700k training and 150k validation sets.
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An in-depth breakdown of the performance profile of the PINNs using the Lphy−pred
pred

physics loss function and 700k training set are provided in Table 6.5. These include
showing the accuracy percentile profiles achieved on the validation set containing 150k
data points for both the 50-50 and 600-600-600 architectures.

Visual representation of results for λ variations for standard architectures

The key trends of this performance profile can also be shown visually with Figures 6.4
and 6.5.
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Figure 6.4: Visual performance profiles for the standard 50-50 architecture at epoch 1000
with Lphy−pred

pred
loss function using 700k training and 150k validation sets.

These results indicate that PINNs formulated with the Lphy−pred
pred

loss function appear

to provide some benefit to smaller/simpler architectures such as with 50-50 hidden layers,
demonstrated by the reduction in the physics loss Lphy and a tightening of the accuracy
percentiles for lambda values up to λ = 1. For the 600-600-600 architecture, there is no
visible advantage using PINNs. In both cases the performance deteriorates for lambda
values greater than λ > 1.

146



A. Gallet | PhD Thesis, 2024 Chapter 6 - Article: Towards PINNs

0.0 0.0001 0.001 0.01 0.1 1.0 10.0 100.0 1000.0
Lambda λ

0.0

0.1

0.2

Lo
ss

a) Training loss

Legend for Figure a) and b)
Ldata Lphy

0.0 0.0001 0.001 0.01 0.1 1.0 10.0 100.0 1000.0
Lambda λ

0.5

1.0

1.5

A
cc

ur
ac

y

c) Training accuracies

Legend for Figures b) and c)
99% CI Median 95% CI

0.0 0.0001 0.001 0.01 0.1 1.0 10.0 100.0 1000.0
Lambda λ

0.5

1.0

1.5

A
cc

ur
ac

y

d) Validation accuracies

0.0 0.0001 0.001 0.01 0.1 1.0 10.0 100.0 1000.0
Lambda λ

0.0

0.1

0.2

Lo
ss

b) Validation loss

Figure 6.5: Visual performance profiles for the standard 600-600-600 architecture at epoch
1000 with Lphy−pred

pred
loss function using 700k training and 150k validation sets.

Performance comparison for training, validation and testing data for λ = 0.1
models with full training graphs for standard architectures

Model Dataset Ldata

Accuracy Percentiles

Min 0.5% 2.5% Median 97.5% 99.5% Max

Standard 50-50
model with
λ = 0.0

Train. 0.066 0.022 0.520 0.787 0.994 1.188 1.470 23.33
Val. 0.065 0.032 0.523 0.785 0.994 1.185 1.458 19.94
Test. 0.066 0.032 0.514 0.785 0.994 1.189 1.477 18.43

Standard 50-50
model with
λ = 0.1

Train. 0.060 0.020 0.603 0.838 1.001 1.167 1.450 14.32
Val. 0.055 0.049 0.596 0.835 1.001 1.166 1.440 29.31
Test. 0.054 0.070 0.601 0.837 1.001 1.169 1.470 12.91

Standard
600-600-600 model

with λ = 0.0

Train. 0.009 0.802 0.980 0.990 1.007 1.030 1.048 1.272
Val. 0.016 0.275 0.920 0.968 1.006 1.058 1.133 26.81
Test. 0.016 0.313 0.917 0.967 1.006 1.058 1.138 12.28

Standard
600-600-600 model

with λ = 0.1

Train. 0.014 0.488 0.927 0.954 0.990 1.020 1.043 5.289
Val. 0.018 0.232 0.884 0.942 0.991 1.032 1.094 8.878
Test. 0.018 0.163 0.881 0.942 0.990 1.032 1.095 10.36

Table 6.6: Loss and accuracy profiles for standard architectures at epoch 1000 trained
with λ = 0.1 and the Lphy−pred

pred
with 700k training, 150k validation sets and 150k testing

set.

Lastly, a full set of results of accuracy profiles and Ldata errors trained with λ = 0.1
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and the Lphy−pred
pred

loss function are shown in Table 6.6, with training profiles shown in

Figures 6.6 and 6.7.
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Figure 6.6: Visual performance profiles for standard 50-50 architecture at epoch 1000 with
with λ = 0.1 and the Lphy−pred

pred
using 700k training and 150k validation sets.
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Figure 6.7: Visual performance profiles for standard 600-600-600 architecture at epoch
1000 with with λ = 0.1 and the Lphy−pred

pred
using 700k training and 150k validation sets.

As a general observation, which will be discussed fully in Section 6.4, PINNs tend to
increase the performance of smaller standard architectures such as 50-50 slightly, yet there
is no substantial performance improvement when applied to larger architectures.
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6.3.3 Verifiable PINNs with Lphy−pred
pred

Presented here are all the results associated with the verifiable architecture trained
with the Ldata + λLphy,verifiable loss function combination. Since only one physics function
is applicable here, and since there was no advantage to training with reduced dataset sizes,
the verifiable results presented here were all training with the 700k dataset.

Results for λ variations with verifiable architectures

Verifiable 50-50 architecture

Ldata Lphy,verifiable Validation Accuracies Percentiles

λ Train. Val. Train. Val. Min 0.5% 2.5% Median 97.5% 99.5% Max

0 0.064 0.064 224.9 229.0 0.026 0.531 0.788 0.997 1.185 1.444 25.08
0.0001 0.063 0.063 1.347 1.478 0.029 0.520 0.790 1.000 1.180 1.433 27.67
0.001 0.064 0.063 0.452 0.514 0.045 0.528 0.767 0.997 1.170 1.377 18.26
0.01 0.063 0.063 0.186 0.188 0.042 0.503 0.796 0.999 1.185 1.463 63.53
0.1 0.067 0.067 0.097 0.102 0.034 0.542 0.798 0.996 1.195 1.500 47.62
1 0.140 0.141 0.023 0.023 0.024 0.193 0.427 0.987 1.244 1.615 37.52
10 0.694 0.691 0.010 0.011 0.012 0.095 0.203 1.492 2.310 2.752 12.99
100 1.068 1.063 0.006 0.006 0.002 0.031 0.086 1.852 3.036 3.945 23.76
1000 2.388 2.377 0.004 0.004 0.023 0.100 0.226 3.258 7.088 11.73 88.62

Verifiable 600-600-600 architecture

Ldata Lphy,verifiable Validation Accuracies Percentiles

λ Train. Val. Train. Val. Min 0.5% 2.5% Median 97.5% 99.5% Max

0 0.010 0.014 98.66 109.6 0.272 0.906 0.954 0.992 1.020 1.066 12.41
0.0001 0.010 0.013 0.383 0.316 0.279 0.911 0.956 0.993 1.023 1.068 19.21
0.001 0.010 0.013 0.136 0.161 0.170 0.934 0.976 1.006 1.046 1.102 14.15
0.01 0.009 0.014 0.066 0.058 0.145 0.902 0.953 0.993 1.019 1.062 8.888
0.1 0.010 0.014 0.033 0.034 0.200 0.909 0.954 0.993 1.022 1.069 14.72
1 0.035 0.038 0.013 0.013 0.195 0.645 0.675 0.998 1.034 1.093 25.38
10 0.076 0.076 0.007 0.007 0.000 0.405 0.641 0.987 1.056 1.124 3.099
100 0.863 0.860 0.004 0.004 0.054 0.389 0.558 1.708 2.641 2.893 23.27
1000 2.089 2.085 0.002 0.002 0.051 0.398 0.614 3.002 5.473 6.665 61.02

Table 6.7: Performance profiles of verifiable PINNs with 50-50 and 600-600-600 architec-
tures for various λ values at epoch 1000 with the Lphy,verifiable loss function using 700k
training and 150k validation sets.

Visual representation of results for λ variations for verifiable architectures

These results can also be visualised for the verifiable 50-50 architecture as shown in
Figure 6.8 and the verifiable 600-600-600 architecture as shown in Figure 6.9. A deteriation
of performance for λ > 1 is once again clearly visible.
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Figure 6.8: Visual performance profiles for verifiable 50-50 architecture at epoch 1000 with
various Ldata + λLphy,verifiable loss function using 700k training and 150k validation sets.
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Figure 6.9: Visual performance profiles for verifiable 600-600-600 architecture at epoch
1000 with various Ldata + λLphy,verifiable loss function using 700k training and 150k vali-
dation sets.
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Performance comparison for training, validation and testing data for λ = 0.1
models with full training graphs for verifiable architectures

Similarly to before, the best performing PINN in terms of balancing physics and data
losses occurred close to λ = 0.1 values for both the 50-50 and 600-600-600 verifiable
architectures. The full performance profile of a data-only architecture (λ = 0) and the
verifiable architecture with λ = 0.1 is shown in Table 6.8, with performance profiles shown
in Figure 6.10 and 6.11.

Model Dataset Ldata

Accuracy Percentiles

Min 0.5% 2.5% Median 97.5% 99.5% Max

Verifiable 50-50
model with
λ = 0.0

Train. 0.064 0.023 0.534 0.791 0.997 1.183 1.455 21.83
Val. 0.064 0.026 0.531 0.788 0.997 1.185 1.444 25.09
Test. 0.064 0.025 0.532 0.792 0.997 1.185 1.470 18.63

Verifiable 50-50
model with
λ = 0.1

Train. 0.067 0.035 0.538 0.797 0.996 1.195 1.503 19.059
Val. 0.067 0.034 0.542 0.798 0.996 1.195 1.500 47.621
Test. 0.066 0.037 0.539 0.796 0.995 1.198 1.510 21.85

Verifiable
600-600-600 model

with λ = 0.0

Train. 0.010 0.548 0.949 0.968 0.992 1.008 1.018 1.809
Val. 0.014 0.272 0.906 0.954 0.992 1.020 1.066 12.42
Test. 0.013 0.248 0.907 0.954 0.992 1.020 1.066 3.069

Verifiable
600-600-600 model

with λ = 0.1

Train. 0.010 0.639 0.943 0.965 0.992 1.013 1.029 1.345
Val. 0.014 0.200 0.909 0.954 0.993 1.022 1.069 14.73
Test. 0.013 0.199 0.908 0.954 0.993 1.022 1.070 5.232

Table 6.8: Loss and accuracy profiles for 600-600-600 ain,ReLU and aout,exp network at epoch
1000 with Ldata + λLphy,verifiable, 700k training, 150k validation sets and 150k testing set.
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Figure 6.10: Visual performance profiles for verifiable 50-50 architecture at epoch 1000
with Ldata + λLphy,verifiable loss function combinations using 700k training and 150k vali-
dation sets with λ = 0.1.

151



A. Gallet | PhD Thesis, 2024 Chapter 6 - Article: Towards PINNs

0 200 400 600 800 1000
Epochs

0.00
0.04
0.08
0.12
0.16
0.20

M
A

P
E

a) Loss profiles

Legend for Figure a)
Training Validation

0 200 400 600 800 1000
Epochs

10-1

100

101

A
cc

ur
ac

y

b) Training accuracies

Legend for Figures b) and c)
Max.
99% CI
Median

Min.
95% CI

0 200 400 600 800 1000
Epochs

10-1

100

101

A
cc

ur
ac

y

c) Validation accuracies

Figure 6.11: Visual performance profiles for verifiable 600-600-600 architecture at epoch
1000 with Ldata + λLphy,verifiable loss function combinations using 700k training and 150k
validation sets with λ = 0.1.

6.4 Discussion

6.4.1 Identifying appropriate λ values

One key theme across all networks trained is that the performance of the PINNs tend
to deteriorate when λ exceeds a value of 1. This pattern was clearly observable in Figure
6.3 across most physics loss functions, including Lphy−true

true
and Lpred−phy

phy
, demonstrating

this was not an issue related to the Lphy−pred
pred

or Lphy,verifiable loss equations identified by

Equations 6.13 and 6.19. The deterioration in performance was identified in both the
standard and verifiable architectures, however with slightly different behaviour. In both
cases, values with λ > 1 resulted in a broadening of the accuracy percentiles, which is
representative of worse performance. However, whilst both Ldata and Lphy losses worsened
with increasing values of λ for standard architectures as shown in Figure 6.6 and 6.7,
increasing λ only increased the Ldata errors, yet decreased the physics-based Lphy,verifiable

errors for the verifiable architectures.
This behaviour may be attributable to the fact that the physics loss function used to

constrain this structural design problem is ill-posed and highly non-unique, which is a core
issue of inverse problems in general [140]. When large λ values are used to constrain this
structural design problem, the increased relative magnitude of the Lphy error is likely to
encourage the neural network parameters to find the closest viable physics solution to the
problem, without necessarily finding the one identified by Ldata that constraints towards
the true data-point. This suggests that the Ldata term is critical in “nudging” the solution
to the correct answer. Alternatively, more constraints might be required (which did exist
in the original data generation stage of the CBeamXP dataset, namely in terms of class
of cross-sections allowed and strict dimensional ratios between the flanges and webs of the
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I-sections, see Table 5.2). This highlights the central theme of inverse structural design
problems: that physical models alone provide only partial prior information.

This would also ultimately explain why the PINNs with λ = 0.1 had in general the
best performance, since this approached the limit where the physics losses Lphy informed
the neural network slightly towards physically realistic predictions without dominating
the loss magnitude to the extent that it would completely diverge from the true data-
point. λ values between 0.1 and 1.0 might have shown even better performance. This is
both suggestive of the limits of using a local stiffness based formulation, but also helps to
identify avenues for improvement, by providing either more constraints or perhaps moving
towards a global formulation.

Compared to literature, it is worth noting that since the majority of previously iden-
tified literature has predominantly dealt with data-less PINN formulations [94, 512, 524]
and therefore did not face an issue with choosing an appropriate λ value. The only exam-
ple of a PINN based ML inverse operator that did use λ values [523] tested a completely
different PINN formulation based on a data term that is combined with residual of equilib-
rium partial differential equations and boundary condition constraints, with λ fixed for the
PDE term at a value of one and varied between λ = 1, 3, 10 for the boundary conditions.
The impact of varying λ terms in that particular research was minimal. Further research
is required to therefore understand the a correct choice for the λ value for PINNs based
on the local stiffness relation presented here.

6.4.2 Performance improvements of standard architectures

One of the fundamental aims of this investigation was to evaluate if the proposed
PINN formulation improves the performance of ML structural design model when com-
pared against its data-only driven equivalent (that is when λ = 0). The results based on
the standard architecture with λ = 0.1 shown in Table 6.5 indicate that the local formu-
lation only decreases the Ldata error (which is equivalent to the MAPE error reported in
Chapter 5) slightly for the standard 50-50 architecture from 6.6% to 5.4% for the testing
dataset. Whilst there are also improvements observed in the accuracy percentile values,
these improvements are not as large as anticipated.

Furthermore, for the larger standard 600-600-600 architecture, providing the physical
constraints actually deteriorated both the Ldata and accuracy bounds, with only slight
improvements measured at the 97.5% and 99.5% percentile bounds. This is also reflective
in the testing dataset when subjected to the decile analysis conducted in the previous
chapter in Section 5.15 as shown in Figure 6.12 below. Whilst there is some improvement
in terms of the standard deviation of standard deviations σ(σDeciles), it is still the largest
for data within the first decile of total load ω0 × L0. The heatmap shown in Figure 6.13
reveals a similar distribution of errors when compared to the previous chapter shown in
Figure 5.16.

Whilst the improvement of the accuracy bounds for the standard 50-50 architecture
is an encouraging sign, it is clear that supplementing PINN to a previously designed
architecture is not by itself sufficient to drastically improve its performance. This may
perhaps be another indication of the limitations of using local stiffness relations only to
physically inform the network. It is possible that a global formulation is instead desirable,
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Figure 6.12: Decile analysis of 150k testing dataset with the standard 600-600-600 archi-
tecture at epoch 1000 with Ldata + Lphy−pred

pred
loss function and λ = 0.1.
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Figure 6.13: Heatmap for 150k testing dataset performance with standard 600-600-600
architecture at epoch 1000 with Ldata + Lphy−pred

pred
loss function and λ = 0.1.

especially when considering the fact that the influence zone of such a system has been
shown to be up to kmax = 5 [441]. Global stiffness relations that reflect the adjacent
stiffness information of the system would constrain the solution space better, and thereby
should help address the error dispersions associated with low total load values.
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6.4.3 Viability of verifiable architectures

The second aim of this investigation was to propose a verifiable PINN architecture that
would allow a user to calculate the physical consistency of a prediction based on the local
stiffness relations at inference. Similar to the standard architectures, the best performing
PINNs based on the verifiable architecture was with λ = 0.1 as clearly demonstrated
by Figures 6.8 and 6.9. However, there was no performance improvement (although no
deterioration either) in terms of data error Ldata or accuracy profiles with λ = 0.1 compared
to λ = 0 as shown in Table 6.8. This is further evidence that the local stiffness relations
may be non-optimal for the problem at hand.

Since the verifiable architecture predicts all of the required structural information
including utilisation ratios and the rotations at the support of each beam, it is possible
to evaluate the difference between the predicted cross-sectional properties of the network
with the physics-derived ones via Equation 6.14. This means that some insight on how
physically consistent a prediction can now be evaluated for any input. Whilst the level
of physical consistency is of interest, in an ideal scenario, physical consistency should
also correlate with lower prediction error. To this end, the correlation between the 150k
training Ldata and Lphy,verifiable losses for each verifiable 50-50 and 600-600-600 architecture
and for all λ values tested were evaluated, with results of this analysis shown in Figure
6.16.

Figure 6.16 indicates that while the correlation between these two sets of errors grows
as λ approaches a value of 1, it never exceeds a coefficient of determination of R2 = 0.12.
The fact that the correlation does increase within this range is encouraging. Additional
trials and a increase range of λ values could result in lower error margins. However, overall,
increasing λ values decreases Lphy,verifiable at the cost of increasing Ldata losses. For similar
reasons as explained before, this may simply indicate the limitations of the local stiffness
relation employed here.

Finally, a decile analysis of the error dispersion for the verifiable 600-600-600 architec-
ture with λ = 0.1 when tested against the 150k testing dataset is shown in Figure 6.14.
Interestingly, a decrease in dispersion of dispersions σ(σDeciles) is identified here, with a
maximum value of σ(σDeciles) = 0.025, which is less than from the standard architectures
as shown in 6.12 and when compared to the previous investigation as presented in Chapter
5, Figure 5.15. Whilst the lowest total load combination ω0 ×L0 still contains the largest
errors, the verifiable architecture does appear to have clearly contributed to reducing the
maximum Ldata errors when compared to Figure 6.13 and that achieved in Chapter 5,
Figure 5.16 with the 150k testing dataset.

6.4.4 Limitations and scope for future works

PINNs based on the local stiffness formulation appear to generate only a small increase
in performance when compared their data-only equivalents. The discussion has already
identified that the existence of non-unique solutions necessitates the data-term unlike pre-
vious investigations in literature with data-less formulations [94, 512, 524]. Furthermore,
the local stiffness formulation here does not constrain the solution based on the spans and
UDL load values from adjacent members, which with knowledge of the influence zone size
of the system kmax = 5 would point towards the need for a global formulation instead.
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Figure 6.14: Decile analysis of 150k testing dataset with the verifiable 600-600-600 archi-
tecture at epoch 1000 with Ldata + Lphy,verifiable loss function and λ = 0.1.
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Figure 6.15: Heatmap for 150k testing dataset performance with verifiable 600-600-600
architecture at epoch 1000 with Ldata + Lphy,verifiable loss function and λ = 0.1.

This is identified as the likely scope for future works.
Another limitation of the methodology employed here is that the rotational and utili-

sation ratio information is evaluated for the full, non-patterned load arrangement, which is
never the critical load arrangement. In this investigation, this was chosen to avoid having
to potentially factor end-beam reaction forces based on whether the critical load arrange-
ment had an active UDL on the member under investigation, however future studies could
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Figure 6.16: Coefficients of determinations between Ldata and Lphy,verifiable for various
verifiable architectures and λ values.
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investigate if a proper acknowledgement of the critical load arrangement, especially for
potential global stiffness relations, lead to increased performance in the system. Further-
more, if a successful PINN formulation, specifically one in which physics losses correlate
with data losses can be identified, then the investigation should be expanded to different
structural systems to evaluate the versatility of the methodology employed here.

It is possible that the dataset is already sufficiently balanced and well-spaced to negate
the need for a PINN formulation. Previous research suggest that PINNs excel in data-
scarce environments, specifically when needing to interpolate across large data gaps [93].
The extent to which this similar behaviour arises within PINNs developed for ill-posed
problems remains to be investigated.

Lastly, it is worth identifying that PINNs also carry an associated increased compu-
tational cost. The total computational cost of this study was just over 13 days as shown
by Table 6.9. When compared to data-only structural design models, a PINN formulation
will only be worth the additional computational cost if it yields to significantly improved
results.

Section Stage
Computation time

Proportion [%]
In hours [h] In days [D]

Section 6.3.1 All standard Lphy variations 58.54 2.44

18.7Section 6.3.1 with 10k training dataset 5.64 0.23
Section 6.3.1 with 100k training dataset 9.93 0.41
Section 6.3.1 with 700k training dataset 42.97 1.79

Section 6.3.2 All standard architecture training 88.14 3.67

28.1Section 6.3.2 Single 50-50 training run 1.25 0.05
Section 6.3.2 Single 600-600-600 training run 8.55 0.36

Section 6.3.3 All verifiable architecture training 166.79 6.95

53.2Section 6.3.3 Single 50-50 training run 1.30 0.05
Section 6.3.3 Single 600-600-600 training run 17.54 0.73

Total computation time (Sections 6.3.1, 6.3.2, 6.3.3): 313.47 13.06 100

Table 6.9: Computation time for each physics informed neural network development stage.

6.5 Conclusions

This chapter introduced various physics informed neural network formulations based
on local stiffness relations with two explicit aims. The first was to investigate if PINNs
are suitable to create structural design models for continuous beam systems with lower
prediction errors and error dispersions than of those achieved from data-only models.
Whilst the PINNs developed in this investigation did reduce such errors slightly, they
were highly sensitive to the λ hyperparameter which controlled the extent to which the
physical constraints were enforced during network training. The second aim was to test
a structural design model in which design predictions could be verified during inference,
which would allow prediction verifications including for unknown inputs. Whilst such a
neural network was successfully trained, the physics losses only had a weak correlation
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with data losses. Several avenues of future works were identified, the most notable being
to develop an equivalent PINN with global stiffness relations.
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Part III

Outcomes
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Chapter 7

Conclusions

7.1 Review of aims, objectives and novel contributions

The aims of this thesis, as presented in Chapter 1, were to demonstrate the value
of the inverse problem perspective for structural design and to highlight the viability of
machine-learned design models within this context. These aims were reflected by five
objectives listed in Section 1.1 which formed the basis of the five central chapters and four
publications presented in this thesis:

• Chapter 2 considered the current structural trends and philosophical underpinnings
of structural engineering design to address the first objective, and reviewed the
literature on using machine learning to address design challenges faced in industry.

• Chapter 3 proposed the inverse problem perspective for structural design as set out by
the second objective, and reviewed other research areas in which inverse problems are
prevalent and for which machine learning models were developed as inverse operators.
This perspective laid the foundations for Chapters 5 and 6 from which such learned
operators were investigated in full.

• A novel concept known as the influence zone was established in Chapter 4 to iden-
tify the pertinent structural information required to accurately design individual
elements within a continuous beam system. This concept directly informed the re-
quired feature space to help create generalisable design models researched in Chap-
ters 5 and 6 as set out by the third objective. The work also introduced other novel
techniques, including polarity zones and polarity sequences, and provided a rigorous
methodology to help identify critical load arrangements of such systems.

• The fourth objective was achieved by Chapter 5, in which a machine learned struc-
tural design model for continuous beam systems was developed based on the multi-
layer perceptron network architecture, with a focus on using the influence zone
concept to create a generalisable model capable of being applied to structures of
arbitrary system size. This also entailed a detailed analysis of various loss and acti-
vation function combinations, as well as variations of network size on the errors and
accuracy profiles of the predictions. A further contribution from this particular work
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was the creation of the Continuous Beam Cross-sections (X) Predictor dataset, or
simply known as CBeamXP. This dataset contains one million design examples of
beam elements within a continuous system, and has been made available at an open-
source data repository [6] to allow validation of the results achieved in this study,
and to encourage further research efforts within this field.

• Finally, a design model based on a physics informed neural network using local
stiffness relations was developed in Chapter 6 by building on the research results
established in Chapter 5, which addressed the fifth and final objective of the thesis.
Two various architectures were developed to check the PINN’s ability to reduce
errors dispersions and the network’s ability to verify predictions during inference,
both of which helped to identify likely areas of future works.

7.2 Future works and concluding remarks

There is significant scope for future research given the number of aforementioned con-
tributions generated through the thesis’s investigative efforts. Individual scopes for future
research have already been provided at the end of each article presented in Chapters 3, 4,
5 and 6. A key aim of any future work will be the broadening agreement within both the
structural engineering and mathematical disciplines to identify structural design as an in-
verse problem. This should hopefully encourage non-structural engineers familiar with the
techniques commonly applied to study and assess inverse problems into the research field
of structural design models, motivate efforts to create practical machine learned structural
design models and further refine the philosophical nature of design.

Whilst only one particular structural system was investigated in this thesis, it should be
relatively easy to expand the development of design models to different systems (including
trusses, frames, arches, etc.) based on the existing methodology developed in the courses of
these chapters. It is likely that the expansion of structural systems in terms of dimensions
(2D and 3D) and complexity (composite materials, design connections) will require further
new concepts that either directly expand or mirror the influence zone concept’s role to
help develop generalisable models. Addressing the need for rapid, accurate and verifiable
models will likely serve for future grounds of research.

Ultimately, such research will contribute to both the invention and discovery of novel
ideas, which may manifest itself in better philosophical frameworks for engineering design,
approximative design techniques of various systems, open-source datasets for machine
learning research and improved machine learning modalities. Such efforts, in addition
to contributing to the vast intellectual body of knowledge, will help address some of the
real and practical challenges faced in industry, and thereby continue to push previous
achievements of engineering practice forward.
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[472] H. U. Köylüoğlu, A. Ş. Çakmak, S. R. K. Nielsen, Interval Algebra to Deal with Pattern Loading
and Structural Uncertainties, Journal of Engineering Mechanics 121 (11) (1995) 1149–1157. doi:

10.1061/(ASCE)0733-9399(1995)121:11(1149).

[473] R. L. Mullen, R. L. Muhanna, Bounds of Structural Response for All Possible Loading Combinations,
Journal of Structural Engineering 125 (1) (1999) 98–106. doi:10.1061/(ASCE)0733-9445(1999)125:
1(98).

191

https://doi.org/10.1016/j.jhydrol.2021.126018
https://doi.org/10.1016/j.jhydrol.2021.126018
https://doi.org/10.1016/j.advwatres.2016.05.003
https://doi.org/10.1016/j.atmosenv.2015.10.054
https://doi.org/10.1007/s11042-021-11275-3
https://doi.org/10.1007/s00778-012-0265-y
https://doi.org/10.1007/s00778-012-0265-y
https://doi.org/10.1046/j.1365-246X.2002.01659.x
https://doi.org/10.1890/02-0287
https://doi.org/10.1016/j.autcon.2008.07.003
https://doi.org/10.1016/j.autcon.2008.07.003
https://doi.org/10.1155/2013/271031
https://doi.org/10.3403/03270565
https://doi.org/10.3403/03270565
https://doi.org/10.3403/30318327
https://doi.org/10.3403/02612036
https://doi.org/10.1007/978-94-011-2260-3_28
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0165-0114(99)80004-9
https://doi.org/10.1061/(ASCE)0733-9399(1995)121:11(1149)
https://doi.org/10.1061/(ASCE)0733-9399(1995)121:11(1149)
https://doi.org/10.1061/(ASCE)0733-9445(1999)125:1(98)
https://doi.org/10.1061/(ASCE)0733-9445(1999)125:1(98)


A. Gallet | PhD Thesis, 2024 References

[474] A. Labuschagne, N. Van Rensburg, A. Van Der Merwe, Comparison of linear beam theories, Math-
ematical and Computer Modelling 49 (1-2) (2009) 20–30. doi:10.1016/j.mcm.2008.06.006.

[475] A. Gallet, D. Smyl, IZ kmax: Influence zone results and design datasets (2024). doi:10.15131/

shef.data.24433918.
URL https://figshare.com/s/2a390776378f72f3bf06

[476] C. Preisinger, Linking Structure and Parametric Geometry, Architectural Design 83 (2) (2013) 110–
113. doi:10.1002/ad.1564.

[477] L. Deng, H. Wu, W. He, T. Ling, G. Liu, Genuine Influence Line and Influence Surface Identification
from Measured Bridge Response Considering Vehicular Wheel Loads, Journal of Bridge Engineering
28 (2) (2023) 04022145. doi:10.1061/JBENF2.BEENG-5604.

[478] X. Zheng, D. Yang, T. Yi, H. Li, Bridge influence surface identification method considering the
spatial effect of vehicle load, Structural Control and Health Monitoring 28 (8) (2021). doi:10.1002/
stc.2769.

[479] E. Orakdogen, K. Girgin, Direct determination of influence lines and surfaces by F.E.M., Structural
Engineering and Mechanics 20 (3) (2005) 279–292. doi:10.12989/SEM.2005.20.3.279.

[480] A. Memari, H. West, Computation of bridge design forces from influence surfaces, Computers &
Structures 38 (5-6) (1991) 547–556. doi:10.1016/0045-7949(91)90006-8.

[481] A. Kaveh, M. Z. Kabir, M. Bohlool, Optimal Design of Multi-Span Pitched Roof Frames with Tapered
Members, Periodica Polytechnica Civil Engineering (Oct. 2018). doi:10.3311/PPci.13107.

[482] D. Veenendaal, J. Coenders, J. Vambersky, M. West, Design and optimization of fabric-formed beams
and trusses: Evolutionary algorithms and form-finding, Structural Concrete 12 (4) (2011) 241–254.
doi:10.1002/suco.201100020.

[483] European Committee for Standardisation, BS EN 1992-1-1 Eurocode 2: Design of Concrete Struc-
tures - Part 1-1: General Rules and Rules for Buildings, British Standards Institution, 2015.
doi:10.3403/03178016U.

[484] Technical Committee, Code of Practice for Structural Use of Concrete 2013, Buildings Department,
Hong Kong, 2020.

[485] D. Y. B. Ho, Pattern load analyses for irregular floor systems, Proceedings of the Institution of Civil
Engineers - Structures and Buildings 168 (6) (2015) 433–440. doi:10.1680/stbu.13.00116.

[486] D.-H. Yang, T.-H. Yi, H.-N. Li, Y.-F. Zhang, Correlation-Based Estimation Method for Cable-Stayed
Bridge Girder Deflection Variability under Thermal Action, Journal of Performance of Constructed
Facilities 32 (5) (2018) 04018070. doi:10.1061/(ASCE)CF.1943-5509.0001212.

[487] D.-H. Yang, T.-H. Yi, H.-N. Li, Y.-F. Zhang, Monitoring and analysis of thermal effect on tower dis-
placement in cable-stayed bridge, Measurement 115 (2018) 249–257. doi:10.1016/j.measurement.

2017.10.036.

[488] L. Zhao, T. Tallman, G. Lin, Spatial Damage Characterization in Self-Sensing Materials via Neu-
ral Network-Aided Electrical Impedance Tomography: A Computational Study, ES Materials &
Manufacturing (2021). doi:10.30919/esmm5f919.

[489] J. L. Mueller, S. Siltanen, Linear and Nonlinear Inverse Problems with Practical Applications, Society
for Industrial and Applied Mathematics, Philadelphia, PA, 2012. doi:10.1137/1.9781611972344.

[490] N. Pollini, Gradient-based prestress and size optimization for the design of cable domes, International
Journal of Solids and Structures 222–223 (2021) 111028. doi:10.1016/j.ijsolstr.2021.03.015.

192

https://doi.org/10.1016/j.mcm.2008.06.006
https://figshare.com/s/2a390776378f72f3bf06
https://doi.org/10.15131/shef.data.24433918
https://doi.org/10.15131/shef.data.24433918
https://figshare.com/s/2a390776378f72f3bf06
https://doi.org/10.1002/ad.1564
https://doi.org/10.1061/JBENF2.BEENG-5604
https://doi.org/10.1002/stc.2769
https://doi.org/10.1002/stc.2769
https://doi.org/10.12989/SEM.2005.20.3.279
https://doi.org/10.1016/0045-7949(91)90006-8
https://doi.org/10.3311/PPci.13107
https://doi.org/10.1002/suco.201100020
https://doi.org/10.3403/03178016U
https://doi.org/10.1680/stbu.13.00116
https://doi.org/10.1061/(ASCE)CF.1943-5509.0001212
https://doi.org/10.1016/j.measurement.2017.10.036
https://doi.org/10.1016/j.measurement.2017.10.036
https://doi.org/10.30919/esmm5f919
https://doi.org/10.1137/1.9781611972344
https://doi.org/10.1016/j.ijsolstr.2021.03.015


A. Gallet | PhD Thesis, 2024 References

[491] O. Altay, O. Cetindemir, I. Aydogdu, Size optimization of planar truss systems using the modified
salp swarm algorithm, Engineering Optimization (2023) 1–17doi:10.1080/0305215X.2022.2160449.

[492] S. D. Daxini, J. M. Prajapati, Parametric shape optimization techniques based on Meshless methods:
A review, Structural and Multidisciplinary Optimization 56 (5) (2017) 1197–1214. doi:10.1007/

s00158-017-1702-8.

[493] B. D. Upadhyay, S. S. Sonigra, S. D. Daxini, Numerical analysis perspective in structural shape
optimization: A review post 2000, Advances in Engineering Software 155 (2021) 102992. doi:

10.1016/j.advengsoft.2021.102992.

[494] I. Hajirasouliha, K. Pilakoutas, H. Moghaddam, Topology optimization for the seismic design of
truss-like structures, Computers & Structures 89 (7-8) (2011) 702–711. doi:10.1016/j.compstruc.
2011.02.003.

[495] O. Sigmund, K. Maute, Topology optimization approaches: A comparative review, Structural and
Multidisciplinary Optimization 48 (6) (2013) 1031–1055. doi:10.1007/s00158-013-0978-6.

[496] A. G. Weldeyesus, J. Gondzio, L. He, M. Gilbert, P. Shepherd, A. Tyas, Adaptive solution of
truss layout optimization problems with global stability constraints, Structural and Multidisciplinary
Optimization 60 (5) (2019) 2093–2111. doi:10.1007/s00158-019-02312-9.

[497] H. E. Fairclough, M. Gilbert, Layout optimization of long-span structures subject to self-weight
and multiple load-cases, Structural and Multidisciplinary Optimization 65 (7) (2022) 197. doi:

10.1007/s00158-022-03242-9.

[498] Q. Zaheer, M. M. Manzoor, M. J. Ahamad, A review on developing optimization techniques in civil
engineering, Engineering Computations (Feb. 2023). doi:10.1108/EC-01-2022-0034.

[499] R. F. Coelho, T. Tysmans, E. Verwimp, Form finding & structural optimization: A project-based
course for graduate students in civil and architectural engineering, Structural and Multidisciplinary
Optimization 49 (6) (2014) 1037–1046. doi:10.1007/s00158-013-1021-7.

[500] H. Adeli, C. Yeh, Perceptron Learning in Engineering Design, Computer-Aided Civil and Infrastruc-
ture Engineering 4 (4) (1989) 247–256. doi:10.1111/j.1467-8667.1989.tb00026.x.

[501] L. Berke, S. Patnaik, P. Murthy, Optimum design of aerospace structural components using neural
networks, Computers & Structures 48 (6) (1993) 1001–1010. doi:10.1016/0045-7949(93)90435-G.

[502] S. Hanna, Inductive machine learning of optimal modular structures: Estimating solutions using
support vector machines, Artificial Intelligence for Engineering Design, Analysis and Manufacturing
21 (4) (2007 FAL) 351–366. doi:10.1017/S0890060407000327.

[503] C. Xiang, D. Wang, Y. Pan, A. Chen, X. Zhou, Y. Zhang, Accelerated topology optimization design
of 3D structures based on deep learning, Structural and Multidisciplinary Optimization 65 (3) (2022)
99. doi:10.1007/s00158-022-03194-0.

[504] ZG. Nie, T. Lin, HL. Jiang, LB. Kara, TopologyGAN: Topology Optimization Using Generative
Adversarial Networks Based on Physical Fields Over the Initial Domain, Journal of Mechanical
Design 143 (3) (Mar. 2021). doi:10.1115/1.4049533.

[505] W. Liao, X. Lu, Y. Huang, Z. Zheng, Y. Lin, Automated structural design of shear wall residential
buildings using generative adversarial networks, Automation in Construction 132 (2021) 103931.
doi:10.1016/j.autcon.2021.103931.

[506] R. Danhaive, C. T. Mueller, Design subspace learning: Structural design space exploration using
performance-conditioned generative modeling, Automation in Construction 127 (2021) 103664. doi:
10.1016/j.autcon.2021.103664.

193

https://doi.org/10.1080/0305215X.2022.2160449
https://doi.org/10.1007/s00158-017-1702-8
https://doi.org/10.1007/s00158-017-1702-8
https://doi.org/10.1016/j.advengsoft.2021.102992
https://doi.org/10.1016/j.advengsoft.2021.102992
https://doi.org/10.1016/j.compstruc.2011.02.003
https://doi.org/10.1016/j.compstruc.2011.02.003
https://doi.org/10.1007/s00158-013-0978-6
https://doi.org/10.1007/s00158-019-02312-9
https://doi.org/10.1007/s00158-022-03242-9
https://doi.org/10.1007/s00158-022-03242-9
https://doi.org/10.1108/EC-01-2022-0034
https://doi.org/10.1007/s00158-013-1021-7
https://doi.org/10.1111/j.1467-8667.1989.tb00026.x
https://doi.org/10.1016/0045-7949(93)90435-G
https://doi.org/10.1017/S0890060407000327
https://doi.org/10.1007/s00158-022-03194-0
https://doi.org/10.1115/1.4049533
https://doi.org/10.1016/j.autcon.2021.103931
https://doi.org/10.1016/j.autcon.2021.103664
https://doi.org/10.1016/j.autcon.2021.103664


A. Gallet | PhD Thesis, 2024 References

[507] L. Bleker, R. Pastrana, P. O. Ohlbrock, P. D’Acunto, Structural Form-Finding Enhanced by Graph
Neural Networks, in: C. Gengnagel, O. Baverel, G. Betti, M. Popescu, M. R. Thomsen, J. Wurm
(Eds.), Towards Radical Regeneration, Springer International Publishing, Cham, 2023, pp. 24–35.
doi:10.1007/978-3-031-13249-0_3.

[508] European Committee for Standardisation, BS EN 1990:2002+A1:2005 Eurocode. Basis of Structural
Design, BSI British Standards, 2002. doi:10.3403/03202162.

[509] P. Hajela, L. Berke, Neurobiological computational models in structural analysis and design, Com-
puters & Structures 41 (4) (1991) 657–667. doi:10.1016/0045-7949(91)90178-O.

[510] S. M. Mojtabaei, J. Becque, I. Hajirasouliha, R. Khandan, Predicting the buckling behaviour of
thin-walled structural elements using machine learning methods, Thin-Walled Structures 184 (2023)
110518. doi:10.1016/j.tws.2022.110518.

[511] H. Adeli, H. S. Park, Optimization of space structures by neural dynamics, Neural Networks 8 (5)
(1995) 769–781. doi:10.1016/0893-6080(95)00026-V.

[512] H. T. Mai, D. D. Mai, J. Kang, J. Lee, J. Lee, Physics-informed neural energy-force network: A
unified solver-free numerical simulation for structural optimization, Engineering with Computers
40 (1) (2024) 147–170. doi:10.1007/s00366-022-01760-0.

[513] J. Yan, Q. Zhang, Q. Xu, ZR. Fan, HJ. Li, W. Sun, GY. Wang, Deep learning driven real time
topology optimisation based on initial stress learning, Advanced Engineering Informatics 51 (Jan.
2022). doi:10.1016/j.aei.2021.101472.

[514] G. G. Wang, S. Shan, Review of Metamodeling Techniques in Support of Engineering Design Opti-
mization, Journal of Mechanical Design 129 (4) (2007) 370–380. doi:10.1115/1.2429697.

[515] S. Koziel, L. Leifsson, Surrogate-Based Modeling and Optimization: Applications in Engineering,
Springer New York, New York, NY, 2013. doi:10.1007/978-1-4614-7551-4.

[516] T. M. Mitchell, Machine Learning, McGraw-Hill Series in Computer Science, McGraw-Hill, New
York, 1997.

[517] M. Kubat, An Introduction to Machine Learning, third edition Edition, Springer Nature, Cham,
Switzerland, 2021. doi:10.1007/978-3-030-81935-4.

[518] A. J. Smola, B. Schölkopf, A tutorial on support vector regression, Statistics and Computing 14 (3)
(2004) 199–222. doi:10.1023/B:STCO.0000035301.49549.88.

[519] K. P. Murphy, Probabilistic Machine Learning: An Introduction, Adaptive Computation and Ma-
chine Learning Series, The MIT Press, Cambridge, Massachusetts, 2022.

[520] J.-H. Kim, Estimating classification error rate: Repeated cross-validation, repeated hold-out and
bootstrap, Computational Statistics & Data Analysis 53 (11) (2009) 3735–3745. doi:10.1016/j.

csda.2009.04.009.

[521] A. A. Dennis, S. E. Rigby, The Direction-encoded Neural Network: A machine learning approach
to rapidly predict blast loading in obstructed environments, International Journal of Protective
Structures (Jun. 2023). doi:10.1177/20414196231177364.

[522] V. Vakharia, M. Shah, P. Nair, H. Borade, P. Sahlot, V. Wankhede, Estimation of Lithium-ion
Battery Discharge Capacity by Integrating Optimized Explainable-AI and Stacked LSTM Model,
Batteries 9 (2) (2023) 125. doi:10.3390/batteries9020125.

[523] E. Zhang, M. Dao, G. E. Karniadakis, S. Suresh, Analyses of internal structures and defects in
materials using physics-informed neural networks, Science Advances 8 (7) (2022) eabk0644. doi:

10.1126/sciadv.abk0644.

194

https://doi.org/10.1007/978-3-031-13249-0_3
https://doi.org/10.3403/03202162
https://doi.org/10.1016/0045-7949(91)90178-O
https://doi.org/10.1016/j.tws.2022.110518
https://doi.org/10.1016/0893-6080(95)00026-V
https://doi.org/10.1007/s00366-022-01760-0
https://doi.org/10.1016/j.aei.2021.101472
https://doi.org/10.1115/1.2429697
https://doi.org/10.1007/978-1-4614-7551-4
https://doi.org/10.1007/978-3-030-81935-4
https://doi.org/10.1023/B:STCO.0000035301.49549.88
https://doi.org/10.1016/j.csda.2009.04.009
https://doi.org/10.1016/j.csda.2009.04.009
https://doi.org/10.1177/20414196231177364
https://doi.org/10.3390/batteries9020125
https://doi.org/10.1126/sciadv.abk0644
https://doi.org/10.1126/sciadv.abk0644


A. Gallet | PhD Thesis, 2024 References

[524] H. Jeong, JS. Bai, CP. Batuwatta-Gamage, C. Rathnayaka, Y. Zhou, YT. Gu, A Physics-Informed
Neural Network-based Topology Optimization (PINNTO) framework for structural optimization,
Engineering Structures 278 (Mar. 2023). doi:10.1016/j.engstruct.2022.115484.

195

https://doi.org/10.1016/j.engstruct.2022.115484


A. Gallet | PhD Thesis, 2024

Appendices

Appendix A - Designing continuous beam systems

The purpose of this appendix is to provide some additional context on the challenges
faced when designing continuous beam systems. The design of a continuous beam system
as shown in Figure 7.1 contains multiple challenges which are directly linked to the nature
of inverse problems. First, it is important to properly constrain the solution space, since for
any given design scenario there generally exist multiple compatible solutions. This reflects
the “non-unique” characteristic of ill-posed inverse problems as discussed in Chapter 3.
This issue is generally avoided by restraining the solution space to a small subset of cross-
sections, such as universal UK beam sections that are appropriate for a given design
objective such as minimum depth or weight.

w1

w2
w3 w4

L7

w6

L5L1 L2 L3 L4

w5

L6

w7

Cantilever 
beams

Fixed or simply supported beams
(depending on fixity chosen) of length 𝐿𝑖

Imposed UDLs of magnitude 𝑤𝑖

Figure 7.1: Example problem of designing continuous beam systems with wi UDLs and
Li spans

Furthermore, unlike a system of simply supported beams that are each structurally
determinate, the inter-connectivity of continuous beam systems renders such systems in-
determinate. The moment and shear forces experienced by any single beam is a function
of the pattern-loading as well as the provided cross-sectional capacities of adjacently lying
beams, and hence requires iterating through all of the possible pattern loading and testing
out various combination of cross-sections until an appropriate selection of beam elements
has been established. Figure 7.2 highlights this problem, indicating how changes in load-
ing or cross-section has an impact onto the entire beam system, not just the one where
the change occurred.

This is reflective of another common feature of inverse problems, namely the relative
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(a) Major axis moment for beam system of identical cross-section.

317kNm

350kNm

350kNm

338kNm

-75kNm

-78kNm

282kNm

(b) Pattern-loading variation impact.

272kNm

467kNm

141kNm

282kNm

282kNm

-39kNm

-8kNm

399kNm

(c) Cross-section variation impact.

Figure 7.2: Impact of cross-section and loading changes on major-axis moments of an
indeterminate beam system.

“unstable” nature of solutions, where relatively small changes (such as the cross-section of
one particular beam) can change the maximum experienced moment of a beam drastically
(such as from 141kNm to 467kNm as shown in 7.2c for the third beam from the right). In
literature, this feature in design has often been defined as ill-structured [178], open-ended
[179] or even “wicked” [180].

The conventional methodology is to evaluate appropriate section sizes is through brute-
force deterministic models, which iterate through several solutions (either based on gra-
dients or heuristically). Such schemes typically assume some initial beam sizes, analyse
the structure based on that system’s stiffness, create an envelope of member forces and
displacements, conduct design checks, and repeat with different section sizes until a satis-
factory combination has been found.

For simple design problem such as the one discussed above, this process can be rela-
tively streamlined without too significant computational expense, although the simplicity
of the problem would often mean that in practice engineers are likely to simply test out
various cross-sections manually until a sufficiently good solution has been found. An alter-
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native solution is to instead take advantage of the known data relationship of completed
designs, and create a mapping function between the design inputs (length of beams, loads,
fixity conditions and location of support points) and the cross-sectional outputs (required
moment of inertia, shear area) that ensures a viable design based on learned data. This
type of methodology could be especially beneficial for designs that typically require com-
putationally expensive analysis (non-linear, dynamic, p-delta, modal, etc.). If a working
model can be shown for this proof-of-concept problem, then this methodology could be
expanded to more complicated design scenarios.
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Appendix B - Data generation model
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Appendix C - Physics informed neural network poster

HOW  IT WORKS: Data-driven models need to be both generalisable and accurate/robust to achieve wide-spread usability. 

MACHINE LEARNING FOR STRUCTURAL DESIGN WITHOUT CREATING A BLACK BOX
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CONCLUSIONS & FUTURE STEPS

3. Data generation and preliminary results

WHY PINNs FOR DATA-DRIVEN DESIGN?

𝑳𝐝𝐚𝐭𝐚 =
1
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𝑳𝐏𝐈𝐍𝐍 = 𝑳𝐝𝐚𝐭𝐚 + 𝑳𝐩𝐡𝐲𝐬𝐢𝐜𝐬

Typical machine learning models rely only on data-points to construct the loss-
function 𝑳𝐝𝐚𝐭𝐚 to minimise the error between 𝒀𝒊 and ෡𝒀𝒊, the true and predicted 
values respectively. Such black box models cannot be easily validated. 

Data-
driven

Physics-
driven

Physics informed neural networks (PINNs) [3] 
use proven physical relationships (e.g. 𝐹 =
𝑚𝑎) expressed as physics equations 𝑷(𝒙) to 
create a physics-loss function 𝑳𝐩𝐡𝐲𝐬𝐢𝐜𝐬.

The 𝑳𝐩𝐡𝐲𝐬𝐢𝐜𝐬 loss function regularises outputs 

to inputs, and forces the neural network to 
make physically realistic results. Combining 
data- and physics-driven losses results in the 
PINN’s loss function 𝑳𝐏𝐈𝐍𝐍.

PINNs

𝑃(𝑥) = 𝑊𝑝𝑙 =
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2. Physics-informed loss equations
The physics equations 𝑷(𝒙) chosen for the PINN’s 𝑳𝐩𝐡𝐲𝐬𝐢𝐜𝐬 loss function were 

the Timoshenko stiffness matrices. By relating the internal forces to cross-
sectional properties and by providing fixed end-moment adjustments, it is 
possible to relate the input variables, UDL(s) ѡ and spans 𝐿, to the output 
variable(s), such as the plastic section modulus 𝑊𝑝𝑙 (see diagram on the right).

Further 𝑃(𝑥) equations could be constructed for other output variables (𝐼𝑦𝑦, 𝐴𝑧, 

etc.). By extracting the remaining variables (𝐸, 𝑢, 𝜃, 𝑓𝑦, 𝜑) from the critical design 

check during data generation, the PINN is ready for training.

As shown by the results, the PINN model 
provides better validation accuracy 
convergence than the other models, an 
indication of improved robustness. 
Future steps include testing out various 
physics equations 𝑷(𝒙), expanding the 
application to 2D structures, and 
providing improved interpretability 
during inference.

THE PROBLEM
The lack of real-time feedback providing accurate engineering insight on design 
decisions is a major hurdle for modern structural engineers [1]. By treating 
structural design as an inverse problem [2], one can use a learned as opposed to 
iterative solution approach to provide instantaneous design solutions. Such a 
data-driven design model can be used to design continuous beam systems.

100k different continuous beam systems was designed with varying UDLs and spans using a coupled analysis 
and design approach [5]. The performance of the PINN in comparison to a standard data-driven NN and a 
simple linear model is shown below, expressed in terms of validation accuracy (target accuracy is 100 = 100%).

ѡ

𝐿

෡𝑊𝑝𝑙

Inputs
Output(s)

Hidden 
layer(s)

A simplified view of 
the PINN
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1. Influence zone evaluation
To apply the PINN to any continuous beam system, 
the recently developed influence zone concept is 
implemented [4]. The influence zone 𝑘max

indicates the extent to which surrounding design 
information are relevant for the design of a beam. 

By evaluating the influence zone for design 
conditions that arise in steel-framed buildings, it 
is possible to statistically infer the maximum 
influence zone size to be 𝑘max = 5 (see figure 
below). A PINN whose inputs contain the 
information from this influence zone can be 
applied to any continuous beam system.
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Figure 7.4: Poster submitted to the Institution of Structural Engineers’ Young
Researcher’s Conference on March 23rd, 2023.
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