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Abstract

An expansion formula for observables, in terms of annihilation and
creation operators has been proved firstly in [1] on the Fock space of a
free Bose field and then in [2] for a Fock space associated to a factorizing
scattering function. We are proving the expansion in a general context,
where both of these results are included. We also prove that the expansion
formula works for other models, too.
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1 Introduction

Relativistic Quantum Field Theory (QFT) is our most successful and well-tested
physical theory describing the fundamental constituents of matter, the fun-
damental particles, and their interactions. However, despite its experimental
successes, from a mathematical viewpoint there are still many open questions
concerning rigorous approaches of QFT. In this thesis, our focus is on certain
operators in QFT known as local observables. These are associated with space-
time points (or bounded regions) and they commute with each other at spacelike
separations. Rigorous mathematical constructions of local observables are no-
toriously difficult to achieve.

The aforementioned local observables play a highly important role in rela-
tivistic quantum field theory. The particular way in which these operators arise
is not going to concern us, however we are interested in getting some more insight
to them, i.e. a certain way of representing them so that essential information
is reflected. This is achieved to some extent via the expansion formula (4.2)
which is proved in a quite general context, for all quadratic forms A acting on a
Fock space, which might be unbounded in high particle numbers or high ener-
gies, but with certain regularity properties which keep them bounded in a way.
The expansion formula is originally traced to Araki [1], who regarded bounded
operators acting on the Fock space associated to a free Bose field. Later, Bostel-
mann and Cadamuro [2] proved it in a quite different way for integrable models
on 141-dimensional Minkowski space, in particular models associated to a fac-
torizing scattering function S and they proved existence of the expansion for
unbounded operators that belong to a certain class. Here, we establish the ex-
pansion formula for unbounded operators acting on Fock spaces associated to
other models too, for example integrable models with several particle species
[7]. We are also showing that an operator is homeomorphically associated to its
expansion (statement (ii) of Theorem 4.3).

In order to be more clear, Araki proved in [1] that every bounded operator
acting on a Fock space has the following expansion:

A= Zonjm(afmm]mna”) (1.1)

which can also be stated in the form of formal integral kernels as

Z /dﬁdnfmn 0,n)a (61)..aT(9m)a(771)-~a(77n)

m'n!
m,n=0

where the generalized functions f, , are given by

Frnan(0,1) = {Q, [a(0m), -, [a(61), [---[A, aT ()], " ()] ]2)

We will mainly work with the expansion (1.1), which holds in the case of a
free Bose field and we will generalize it for integrable models and other cases as
well, using ideas from Araki’s proof. Bostelmann and Cadamuro proved in [2]



a similar expansion, with the annihilation and creation operators replaced by
”symmetrized” Zamolodchikov operators 2z, z and for A being a quadratic form
satisfying some boundedness conditions. They managed to prove the following
expansion for A in this class:

Z /d9dn Fon (0021 (01)21 (0) 2() -2 () (1.2)

m,n=0

In a different notation, this expansion reads:

1
A=Y (" A" (1.3)
m,n=0
Bostelmann and Cadamuro [2] not only proved that each quadratic form in this
class can be expanded as in (1.2) but also that each set of generalized functions
fm,n With certain regularity conditions gives rise to an observable of the class
mentioned before via the expansion in the right hand side of (1.2). We will
also show that this one to one correspondence is homeomorphic, when the two
spaces are given the right topology.

In Section 4, we prove the expansion in the general symmetrized case. In
particular, we introduce our symmetrized Fock space H = ®&,H,, and an asso-
ciated subspace &, for each particle number n. These spaces carry a different
topology than the one of the Fock space, satisfying certain properties needed for
existence of the expansion. Then, we distinguish between two important cases:
the first one is when &,, has the structure of a Hilbert space, which is covered
in Section 6; the second one is when &, is a nuclear Fréchet space, a situation
that we are dealing with in Section 8. Most of the applications we have in mind
fit into the Hilbert space case, however an important example, the one where
&y is the Schwartz space is covered by the nuclear case.

In Section 5, we study a ”smaller” class of observables, as in [2]. We call
this ”damping in one side”, since our quadratic forms A ”allow” high energy
behavior in one of the two arguments, so that the damping factor e~“(/#) only
needs to be applied in one side. One could start from this case of course, since
both proofs proceed similarly, however we chose to prove the expansion for the
observables that require damping in both sides first, for simplicity reasons.

In Section 4.2, we are trying to outline how the coefficients [A],,,, of the ex-
pansion change under symmetry transformations. We only investigate the case
of space-time translations, in which the corresponding change in the associated
coefficients is quite natural.

Finally, in Section 9, we describe several different models within which one
can obtain the expansion. Besides the model used by Bostelmann and Cadamuro
[2] we prove the expansion in the context of Lechner and Schiitzenhofer [7] for
S being a "matrix-valued” scattering function, for the model of ordered-Fock
spaces [4] and for T'—deformed Fock spaces, as in [3].



2 Preliminaries

2.1 Hilbert Spaces

An inner product space K is a real- or complex- linear space, equipped with
an inner product, i.e. a function (-,-) : £ x K — F (where F is the underlying
field, i.e. R or C) satisfying the following;:

o (x,x) >0 for each z € K
o (x,y) = (y,x) for each z,y € K

e (-,-) is anti-linear in the first argument and linear in the second, i.e.

(x, Ay + pz) = Ma,y) + plz, 2)
and 7

Az + py, z) = Mz, 2) + 1uly, 2)
for each z,y,z € K, A\, u € F.

For our purposes, we will only consider complex inner product spaces. For
x € K, we set ||z|| := (x,2)'/2, and this turns out to be a norm, i.e. satisfying
the following:

e ||z|| > 0 for each z € K and ||z|| = 0 if and only if z =0
o ||Az| = |\|||z|| for each z € K, A € F
o [lz+yll <zl + [yl for each 2,y € K

The last inequality is referred to as the ”triangle inequality”. The first two
properties are trivial to verify. The last one follows from the Cauchy-Schwarz
inequality, which holds in every inner product space, i.e.

[z, y)| < [l=[lllyll

which follows from (z,z) > 0 if we set x — ({y,z)/||y||*)y in place of z. Using
the Cauchy-Schwarz inequality, we see

lz+yl* = (x+y,2+y) = |l* + lyll* + 2Re((z, ) < l2]® + lyl* +2/{z, )]
<l 1* + lly1* + 2ll= iyl = Al + llyl)?

and therefore ||z + y|| < ||z|| + ||yll- Thus, K becomes a metric space with
distance function d(z,y) = ||z — y||. If K is in addition complete with respect
to this metric, it is called a Hilbert space.

Two vectors x,y are called orthogonal if (x,y) = 0. They are called or-
thonormal if in addition ||z|| = |ly|| = 1. By Zorn’s Lemma, there exist



maximal sets of pairwise orthonormal vectors and all these sets are called or-
thonormal bases. If {e; : i € I'} is such a set, one can show that

T = Z<61,$>€i

iel

where all but countably many coefficients are vanished, and the sum is conver-
gent in K. It can be shown that each orthonormal basis has the same cardinality.
If the cardinality is at most countable, K is called separable. This is equiva-
lent to the classical topological definition of a separable space, i.e. there exists
a countable subset of IC whose closure is K itself.

Suppose K1 and Ky are Hilbert spaces and T : K1 — Ky is linear. The
following three conditions are equivalent:

e T'is continuous
e T'is continuous at 0.
e There exists a constant C' > 0 such that ||Tz| < C||z|| for each z € K;.

If these hold, T is called a bounded operator. It can be shown that there
exists a minimum constant C' > 0 such that ||[Tz|| < C||z| for all z, and it is
equal to

sup{[[Tz[| : = €Ky, [laf| <1}

This constant is denoted by || T||. This is actually a norm in the space £ (K1, Ks)
of all bounded operators from K into Ky and this actually turns £ (Kq, Ks)
into a Banach space, i.e. a complete normed space.

We state the following fundamental result in the theory of Hilbert spaces:

Theorem 2.1 (Riesz Representation Theorem). Suppose T is a bounded linear
functional from a Hilbert space K into C (i.e. there exists a constant C > 0
such that |T(z)| < C||z| for each x € K). Then, there exists a unique vector
y € K such that T(z) = (y,x) for all x € K.

Using the previous Theorem, we are going to prove the following:

Theorem 2.2. Suppose K1,Ko are Hilbert spaces and T € £ (K1,K3). Then,
there exists a unique operator T* € £ (Ko, K1) satisfying

(Tz,y)a = (x, T y)1

for all x € Ky,y € Ky. Furthermore, we have (T*)* = T, (AT)* = \T*,
(T+S) =T+ 5%, (T'S)" =S5*T* and |T*|| = ||T.

Proof. We only prove the first claim, and that ||T*| = ||T'||. The function
x — (Tx,y)s is linear and bounded, thus by Riesz representation Theorem,
there exists a unique vector in K; (which we denote by T*y) that satisfies



(Tx,y)2 = (T*y,xz)1 for each z € Ky or (T'z,y)s = (x,T*y); for each z € K.
For A\, u € C and x,y € K5, and for z € K1, we have:

(2, TNz + py))1 = (Tz, Ae + py)o = MT'z, )2 + (T2, py)2
=Mz, T2 + p(z, T y)1 = (2, XT"x 4+ uT y)

Therefore, we have
(2, T" (Ao 4+ py) — X"z — uT*y)1 =0

for each z € K;. Setting z = T*(\x + py) — ATz — uT*y, we get
1T (A + py) = X2 — pT™y|[*> = 0

thus T*(Ax + py) = XT*x + puT*y. This proves that 7™ is linear. In order to
show ||[T*|| = ||T||, we observe that ||z| = sup{|{y,z)| : |ly|| < 1} in every
Hilbert space. Then, we have

1Tyl = sup{[{z, T*y)| = ||zl <1} = sup{[(Tz,y)| = [=]| <1}
< sup{[|Tl[[lz|lllyll = ll=ll <1} = [Tyl

This proves that T* € Z(Kq, K1) with ||T*|| < ||T||. Finally, since (T*)* =T,
T[] = I(T=)*[| < I, therefore ||T[| = || T™]. O

The operator T will be called the adjoint of T. If T = T, T is called
self-adjoint.

For a subset U of K, we define U+ := {y € K : (y,z) = 0 for each = € U}.
It is an easy exercise to verify that U~ is a closed subspace of K (even if U is
not a subspace of K). Furthermore, it follows that /- is the smallest closed
subspace that contains . In particular, U is a closed subspace of K if and only if
U+ = U. For each closed subspace U of K we have the following decomposition:

K=uaou+

The proofs of the above facts are contained in [9], Theorem 3.1.7 and Corollary
3.1.8.

Suppose P € Z(K) := Z(K,K) for some Hilbert space K. K is called
an orthogonal projection or just a projection if P2 = P and P* = P.
Projections play a very interesting role in the Theory of Hilbert spaces and they
are a quite useful tool in the understanding of the spaces and the linear bounded
operators between them. The following Proposition gives us a clue about that:

Proposition 2.3. Let K be a Hilbert space and P a projection on K. Then,
the image of P is a closed subspace of K. Conversely, for each closed subspace
V of IC, there exists a unique projection on IC with V- = P(K).

The proof of the above Proposition can be found in [9], paragraph 3.2.13.

This allows us to identify projections acting on a Hilbert space K with closed
subspaces of K. For two projections P, Q, we will write P < () meaning that
P(K) C Q(K). We have the following Lemma:

10



Lemma 2.4. For two projections P,Q acting on a Hilbert space K, P < Q if
and only if PQ = QP = P

Proof. If PQ = QP = P it is clear that P(K) = QP(K) C Q(K) and therefore
P < Q. For the converse, assume x € K and decompose z as ¢ = y + z with
y € P(K) and z € P(K)*. We have Pz = 0 because

|Pz||? = (Pz, Pz) = (P*Pz,z) = (Pz,2) =0

and since y = Py’ for some y’, we have Py = P?y’ = Py’ = y. Thus Pz = v.
Since y € P(K) C Q(K), we also have Qy = y thus QPx = y = Px. We
have proved QP = P. If we take adjoints, we obtain PQ) = P and the proof is
complete. O

Suppose that {IC,, : n € N} is a given family of Hilbert spaces. We denote
by >, KCp the algebraic direct sum, i.e. the space of all sequences (,)nen such
that z,, € K, for each n and all but finitely many x,, are zero. This space has
an obvious structure of a vector space. Furthermore, for (z,)n, (Yn)n € >_,, Kn,

we define

n

It is trivial to verify that this is in fact an inner product on the space >, K,
and the associated norm is

1/2
[(@n)nll = <Z ||rn||2>

The Cauchy completion of this space is a Hilbert space, denoted by €p,, IC,, (for
a precise construction of the Cauchy completion, or just completion of a normed
space, see [9], Proposition 2.1.12. In case of an inner product space, it is easily
verified that the completion is a Hilbert space). @,, KC;, has another realization:
it is the space of all sequences (z,,)nen, where x,, € IC,, for each n and such that

> llzall® < o0

n

and with inner product

(n)n, (Yn)n) = Z<x7uyn>

n

2.2 Tensor Products of Hilbert Spaces

The concept of tensor products is very essential in the study of Hilbert spaces,
and it appears that there is a natural way of defining the tensor product of any
finite number of Hilbert spaces and equip this with an inner product too.

11



Let H be a Hilbert space. We denote the algebraic k-fold tensor product of
H with itself by H®*. For two elements

K
n=3Y ¢l ®..0¢ cH*

j=1

L
K=Y Yl ®.. @y} e WO
=1
we set K L
(k) = > (b 01k, 1)
j=1i=1

This can be easily seen (by the universal property of tensor products) to be
well-defined. Now, we shall prove that this is an inner product. For an element

L
=) ¢ ®..0¢
j=1

we can pick an orthonormal basis of the finite dimensional space generated by
the vectors ¢!, {e¢}}L,. Then, we rewrite

n= E aj,. . jp€j; ® ... ®ej,  thus
J1sedk

(n,m) = Z Z aj1~~jkai1~ik<ej17ei1>"‘<ejk7eik>: Z |a’j1~jk|2

J1yeeosdhe T15eenyike J1seeesk

Now, it’s obvious that (n,n) > 0 with equality if and only if = 0. The
other properties are immediate. )

We define H®* as the Cauchy completion of H®* with respect to this inner
product.

For bounded operators Ay, ..., A, € L (H), we set

A ®..QAHN ® .0 ¢r) = (A101) ® ... ® (Axdr)

and extend it by linearity to H®*. We would like to extend it by continuity to
the whole space H®F.

In order to do that, it suffices to show that the operator 4; ® ... ® Ay is
bounded in H®*. Actually, we will show that ||4; ®...® Ay| = || A1]]...]|Ax]]- Tt
is clear that (A; ® ..® Ag)(B1 ®..® Bg) = (A1B1) ® .. ® (A By) for operators
Ay, .., Ag and By, .., B in Z(H). Now, for the ” <7 part, we notice that

A ®. QA =(A10I0.01).(II%..0 1% Ay)

12



Therefore, it is sufficient to show that |41 ® I ®...® ]| < ||A1]. The general
case [T ®..® A; ® ... ® I|| < ||A;] is proved the same way. Suppose

L
n=> ¢l ®..04

j=1

After finding an orthonormal basis {e;} for the finite dimensional space spanned
by the vectors ¢}, we can write

n= Z ajy..ji€j1 & - & €5y = Z Zajlujkejl ®ej, @ ... ® ey =

J1see5dk J25edk J1

= Z Tjy.jx @ €jy @ . & €5y,
J25sJk
By orthogonality, it follows that
> =" gl
J2sesdk

Also,

I @To. oDnl®= Y [Aw,.l® < AP 2507 = 1Al

J25--5Tk

Which proves indeed that |41 ®I®...®I|| < ||A1| and by our earlier observation,
we have that |41 @ ... @ Ag|| < || A1]..- ]| Akl-

To show equality, for each € > 0 we can peak unit vectors eq, ..., e so that
[Asei]| > ||Ai]| — e. Then,

(A1 @ ...@ Ap)(e1 ® ... @ er)|| > (|| A1]| — €)...(]| Ak]| — &)

Thus, A; ® ... ® Ay is an operator in £ (H®F).
Finally, it can be easily verified that for A;,.., Ay € £(H), we have

(A1 ®. @A) = AX® .. Al

(it is first shown for the algebraic tensor product H®* and then it must hold in
the whole space by density).

2.3 L%-space

A particular example of a Hilbert space that we will be dealing a lot with, is
the case of L?(R"). We equip R" with the Lebesgue measure (for a detailed
construction of the Lebesgue measure, the reader may see [12], pages 49-54).
For each 1 < p < oo, we define LP(R™) as the set of all measurable functions
f:R™ — C for which

[ i@l <o

13



and equip it with norm

= ([ epas)”

This is actually a seminorm, since ||f|, = 0 if and only if f = 0 almost ev-
erywhere, i.e. there exists a set S C R" of zero Lebesgue-measure such that
f(z) = 0 for each x € R™\ S. In order to fix this subtlety, we say that two
measurable functions f, g are equivalent if f = g almost everywhere. This is an
equivalence relation in the set of all measurable functions, so that the elements
of LP(R™) are in fact equivalence classes of functions (we identify functions
that agree almost everywhere). Then, ||f|, actually becomes a norm. Triangle
inequality follows from Minkowski’s inequality ([12] Theorem 3.5). Since this
space is complete, this is actually a Banach space ([12], Theorem 3.11). In the
particular case when p = 2, this is actually a Hilbert space, with inner product

(f,9)2:= [ f(x)g(x)dx

Rn

The fact that this is actually well-defined when f, g € L?(R™) can be seen from
Holder’s inequality ([12] Theorem 3.5). But L?(R™) has another very interesting
property, which we are proving here:

Proposition 2.5. For each m,n, the spaces L>(R™) @y L2(R™) and L?(R™+")
are isometrically isomorphic, in the sense that there exists a linear bijective map
between them that is also an isometry (i.e. preserves norms). Here, @y denotes
the Hilbert-space tensor product as we defined it in the previous subsection.

Proof. First, we prove that L?(R™) is separable. The space C.(R") of all
continuous functions with compact support is dense in L?(R™) ([12], Theo-
rem 3.14), and it is not hard to show that C.(R™) is separable. We define a
map F from the algebraic tensor product L?(R™) ® L?(R") into L?(R™*") as
F(f®g)0,n) = f(@)g(n)). It is clear that this is a well-defined map. We show
now that it is an isometry: For an element ¥ = >~ 1; ® ¢; € L*(R™) ® L*(R"),
we can find a finite orthonormal set {e;} in L?(R™) that has the same span as the
set {1);}. Then, we can write ¥ = . a; ®e; for certain functions a; € L2(R™),

and we have
1/2

= { > lajli3
J

14



We have:

2

1P = [ 30| dod

- /Rmﬂ W > an(0)ex(n)dodn

k

= Z (/ W‘lk((’)‘w) </nej(77)6k(77)d77) = Z/Rm la;(60)2d0
= SNl = I

This proves that the map F' is an isometry. It suffices then to show that its
image is dense in L?(R™*"). To this end, since the spaces L?(R™) and L?(R")
are separable, we can find orthonormal bases {¢; }jen, {¢;};jen respectively. We
are going to prove that the set {F(¢; ® ¥x)}jren is an orthonormal basis of
L?(R™*"). Tt is clear that it is an orthonormal set. Now, in order to prove it is a
basis, it is sufficient to prove that if f € L?(R™") satisfies (F(¢; @ ¢x), f) =0
for each j,k € N, then f = 0. We have for each j, k that

/m ( R f(a’”)wk(n)dn> ¢;(0)d6 =0

therefore, since {¢;} is an ON basis, we have

- 10, m)Yr(n)dn =0

almost everywhere in R™, i.e. for each k there exists a set Ex, C R™ of measure 0
such that [o,, f(0,7n)1r(n)dn = 0 for each § € R™\ Ej,. We set E = Uy Ey,. Since
this is a countable union, E also has measure 0 and we have [, f(6,7)1x(n)dn =
0 for each k € N, and each § € R™\ E. Therefore, for almost every 6, the function
n — f(0,n) is almost everywhere zero. This actually means that f is zero almost
everywhere, and this proves that {F(¢; ® ¥r)}; ken is an orthonormal basis of
L?(R™*7"). Since the subspace spanned by an ON basis is dense in a Hilbert
space, the proof is complete.

O

2.4 Bochner spaces

There is a generalization of the theory of measurable and integrable functions
to functions taking values in Banach spaces (instead of C). Of course the gener-
alization follows in a rather obvious way when we have functions taking values
in a finite-dimensional space, but the situation is quite different when the space
is infinite-dimensional. We are going to state a few fundamental results of this
theory, that will be needed later.

15



Suppose that X is a complex Banach space. Its (continuous) dual space X*
is defined as the space of all linear continuous functionals from X into C, i.e.
Z(X,C). We also suppose that (S, u,90) is a positive measure space. There
are three different concepts of measurability for functions f : S — X. For the
first one, we will need the definition of a simple function:

Definition 2.1. A function f : S — X is called simple if it takes finitely many
values and if f~1({z}) is a measurable set for each x € X, i.e. belongs to 9.
The set of all simple functions will be denoted by X(S; X).

We observe that except for finitely many = € X, the set f~1({z}) is empty,
so we only have to bother for the z € X that belong to the image of f.
We now state the three notions for measurability:

Definition 2.2. Suppose that f: S — X.

e f is called strongly measurable or Bochner measurable if it is the
pointwise limit of a sequence of simple functions, i.e. there exists a se-
quence (sp) C X(5; X) such that lim s, (t) = f(t) for each ¢t € S.

e f is called measurable if for each Borel subset A C X, its preimage
f~1(A) is measurable.

e f is called weakly measurable if for each * € X*, the function z*o f :
S — C is measurable (in the usual sense).

In the case X = C, the three definitions are equivalent. In general this is
not true, however this holds in many cases. In general, it can be verified that

f strongly measurable = f measurable = f weakly measurable

However, we have the following very important result, whose proof can be found
in [10], Theorem 1.1.20:

Theorem 2.6 (Pettis measurability Theorem). If f : S — is weakly measurable
and separably valued, i.e. f(S) C X' for a subspace X' of X that is separable,
then f is strongly measurable.

In particular, if X is separable, the three definitions are equivalent. We shall
only consider cases where X is separable, therefore we are not going to distin-
guish between the three definitions. We are now going to introduce Bochner
spaces, which are the generalization of LP-spaces. From now on, for this section,
we are assuming that X is separable.

If f: S — X is measurable, then the function || f|| : S — C, where ||f||(s) :=
Il (s)] is measurable too, because || - || is continuous, thus measurable. For 1 <
p < 00, we define LP(S; X) as the space of all measurable functions f: S — X,
for which

/ 1F($)IPdu(s) < oo
S

16



i.e. all measurable functions f : S — X for which ||f|| € LP(S) (as before, we
identify functions that agree in almost every point). For p = oo we set L>°(S; X)
be the set of all measurable functions f : S — X for which there exists a set
E C S of measure 0 such that sup{||f(s)|| : s € S\ E} < co. It is trivial,
using Minkowski’s inequality, to verify that LP(S; X) is a Banach space for each

1 < p < oo with norm
1/p
£l = ( / IIf(S)IIPdu(S)>

[flloc = ess sup{[[f(s)]| : s € S}

The proof that these spaces are Banach uses the same arguments as for the
usual case X = C.

An example of particular interest for us is the space L?(S;K) when K is a
Hilbert space. This is itself a Hilbert space, since the norm comes from the
inner product

in case p < co and

(fq) = /S (F(s), 9(5))di(s)

It is easy to see that if f, g are measurable, then s — (f(s),g(s)) is also mea-
surable. The fact that the integral converges absolutely follows from Cauchy-
Schwarz inequality and Holder’s inequality. It is then trivial to check that this
is in fact an inner product.

We shall now prove a result that we are going to need later, to describe the
model studied by Lechner and Schiitzenhofer in [7].

Proposition 2.7. Suppose that K is a separable Hilbert space and (S, M, u) a
positive measure space. Then, the spaces L*(S;K) and L?(S)®y K are naturally
isometrically isomorphic, via the map

f@h— (0~ f(O)h)
Here, @ denotes the Hilbert space tensor product of the two spaces.
The proof follows easily if we use the following lemma:

Lemma 2.8. Suppose (S, M, u) is a positive measure space and X is a separable
Banach space. Then, for each p € [1,00), the space X(S;X) N LP(S; X) of
p—integrable simple functions is || - ||,-dense in LP(S; X).

The proof can be found in [5], Lemma 1.2.19.

Proof of Proposition 2.7. We define a map F : L*(S) ® K — L*(S;K) where
L?(S) ® K denotes the algebraic tensor product of the two spaces as follows:

F(f @ h)(z) = f(x)h
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This is clearly well-defined and extends by linearity to the algebraic tensor
product. To see that this is actually an isometry, for any element ¥ € L?(S)®K,
we can write it in the form
U= Z fi®e;
J

where {e;} is an ON set in K. Then, it follows that

1/2

el =1 > I3
j

Now, we compute:

2

P = [ |36 | dute
/ij fz ej7ez dﬂ /Z|f] |2dﬂ’ Z||f]||2

= v

Hence, we can extend this map to an isometry from L?(S) ® g K by density and
continuity. From Lemma 2.8, it follows that (the image of) the algebraic tensor
product L?(S) ® K is dense in L?(S;K), since it contains all simple functions
that are p—integrable. Therefore, the image of the extended map is the whole
space and the proof is complete. O

Later, we are going to be dealing with the space £ := L?(R; K) for some sepa-
rable Hilbert space K, and the spaces LZ". By Proposition 2.7, £ ~ L?(R)®y K
and therefore

LO™ ~ (LQ(R) R IC) R .- Qg (LQ(R) R K:)
o (LQ(R) Rf .. Qn Lz(R)) O (K ..0u K)
~ L*(R") @y K®" ~ L*(R™; K®")

where ~ means that the spaces are isometrically isomorphic. Of course all these
isomorphisms are natural. Another useful Corollary of Proposition 2.7 is the
following:

Corollary 2.9. The space C.(R™; K) of continuous compactly supported func-
tions on R™ with values in K is dense in L?*(R™; K).

Proof. Since C.(R™) is dense in L?(R™), it is a simple exercise to show that the
algebraic tensor product C.(R™) ® K is dense in L?(R") ® K. Since the latter is
dense in L*(R") @y K = L2(R™;K), C.(R") ® K is dense in L?(R™; K). Since
we clearly have C.(R") @ K C C.(R™; K), the proof is complete. O
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2.5 Symmetric group

In this section, we shall establish a finite presentation of the symmetric group
4, that will be proven very useful later. By ¢,,, we mean the set of all bijections
from the set {1,..,n} onto itself. This has the structure of a finite group, with
multiplication given by composition and the identity element being the identity
function. For each k, the element 7, = (k k + 1) will denote the permutation
that keeps all numbers besides k and k + 1 fixed, and sends k to k + 1 and vice
versa (this is an element of ¢, for each n > k + 1). It is trivial to verify the
following relations:

o 72 =1forall k
o 7,7, = 7;7; for all ¢, j such that |i — j| > 2
® TiTh41Tk = Tk+1TkTk+1 for all k

We are going to prove that these relations are enough to describe the group %,.
For each n, we define

Grn =91, 9n-1 | 97 =1, 9i9i+19i = Gi+19:9i+1, 9ig; = g;9: for |i — j| > 2)

We are going to prove that the groups G, and ¥, are isomorphic for each
n. Since ¥, satisfies the above relations, there exists a (unique) well-defined
homorphism from G,, into ¥, such that g; — 7; for each i. For any transposition
(m n) (with n > m), it is easy to verify that

(m n) = TmTm+1--Tn—2Tn—-1Tn—2--Tm+1Tm

and it is well known that ¥, is generated by its transpositions. Therefore, ¥,
is generated by the elements 71, .., 7,—1. Hence, the above homomorphism from
G, into ¥, is also surjective. All that remains is to show that it is also injective.
We are going to prove this after proving two Lemmas first and after we observe
that there is a natural homomorphism f,, from G,, into G, 1 that maps g; to
itseld for each ¢ < n — 1.

Lemma 2.10. Fach element of G, can be written as a word in the letters
1y -y Gn—1 With g,_1 appearing at most once.

Proof. We are going to prove it by induction on n. For G; and Gs it is obvious
(G; is the trivial group and G5 contains only two elements, 1 and ¢;1). We
let n > 3 and we assume that the claim holds for G,_1. Since g? = 1, i..
9; L' — ¢, it is clear that every element can be written as a word in the letters
915, gn—1. Suppose g is any word in the letters ¢1,..,9,—1 and assume g,_1
appears more than once, i.e. ¢ = wig,_1wW2g,_1ws for words wy,ws, ws. We
can assume that wy does not contain the letter g, 1. If wo does not contain the
letter g,_o either, then it commutes with g,_1, therefore ¢ = wywows and we
have eliminated the letter g,,_1 twice. In case it contains g,,_o, since it is in the
image of G,,_1, by the assumption hypothesis we can assume that it contains
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the letter g,,_o only once, i.e. ws = wg,_ow’ with w,w’ being words in the
letters g1, .., gn_3. Since w,w’ commute with g,,_1, we get

/ /
g = W1gn—-1WGn—2W gnp—1W3 = W1WGn—-19n—29n—1W W3
/
= W1WGgn—-29n—19n—2W W3

Thus we have eliminated the letter g,_; once. Continuing this way, we can
reduce the number of times it appears to at most 1. O

We introduce the following subsets of G,;:

Y= {1791}
Yo ={1,92, 9201}

2n—l - {17 In—1,9n—19n—25 -+ gn—lgn—Z'-gl}
Tt is clear that the cardinality of X;, |¥;] is < ¢+ 1 for each i.

Lemma 2.11. Every element of G,, can be written as a word uj..u,—1, where
u; € X; for each 1.

Proof. We prove it again by induction on n. For n = 1 there is nothing to prove
and Gy = X;. Now, assume n > 3 and that the claim holds for the group G,,—1.
Let g € G,,. By Lemma 2.10, g can be written in a way that it contains the
letter g,_1 at most once.

If it does not contain the letter g,,_1, it is in the image of G,,_1, thus it can
be written as ¢ = u1..u,_o with u; € ¥; for each i. Setting u,_1 =1 € X,,_1,
we have written ¢ in the desired way.

Now, assume that g contains the letter g,_1 exactly once, i.e. g = wy1gp_1w2
for words wy, wo which do not include g,,—1. Since wy comes from G,,_1, by the
induction hypothesis it can be written as we = uy..u,_o with u; € 3; for each
1. It is clear that ¢, 1 commutes with uq, .., u,_3, thus

g = WiU1U2.. Un—3Ggn—1Un—2

The word wyuqus..u,_3 also comes from G,,_1, thus it can be written as vy..v,,_o
with v; € X; for each 4. Finally, since u,,_s € ¥, _2, it follows that g, _1u,_2 €
Yn—1. This completes the proof. U

Now, we can finally prove the main result:
Theorem 2.12. The groups G,, and 9,, are isomorphic for each n.

Proof. From the discussion above, we have seen that there exists a surjective
homomorphism from G,, onto ¥,,. Since ¥, is finite, in order to show that it is
also injective, it suffices to show |G| < |4,| = n! From Lemma 2.11, the map
(U1 ooy Up—1) > U7 Up—o from Ty X .. X ¥, 1 into G, is surjective, therefore

n—1 n—1
|Gl SIS0 % x S| =[] 1= < ]G +1) =n!
i=1 =1
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2.6 Topological Vector Spaces

In this section we shall build towards the definition of nuclear spaces and some
properties that we are going to use.

A topological vector space X is a vector space over F (= R or C),
equipped with a Hausdorff topology, such that the maps (z,y) — = + y from
X x X onto X and (A, x) — Az from F x X onto X are both continuous. We
will restrict our attention only in the case F = C. By definition, U is a neigh-
bourhood of 0 if and only if  + U is a neighbourhood of z for each z € X.
Therefore, the topology is described completely by the set of neighbourhoods of
0. We introduce a few definitions that play an important role in the Theory of
topological vector spaces.

A set A C X is called convex if for every z,y € Aand 0 <t <1,
tr+ (1 —t)y € A.

A set A C X is called balanced if AA C A for every |A| < 1.

A set A C X is called absorbing if for each z € X there exists some ¢ > 0
such that x € tA.

A set A C X is called bounded if for every neighbourhood U of 0, there
exists some p > 0 such that A C pU.

2.6.1 Locally convex spaces

In order to define locally convex spaces, we need to fix some terms first. A
neighbourhood of a point x € X is an open set that contains z. A set & of
neighbourhoods of x is called a neighbourhood basis of x if every neighbour-
hood of = contains some element of Z.

Definition 2.3. Let X be a topological vector space over C. X is called locally
convex if there exists a neighbourhood basis of 0 consisting only of convex
balanced open sets.

There exists an equivalent characterization of locally convex spaces that is
quite more convenient to work with.

If X is a vector space over IF, a seminorm on X is a function p : X — [0, 00)
such that:

o p(Az) = |A|p(x) for each A € F and z € X
e p(x+y) < p(x)+ p(y) for each z,y € X

In other words, p is like a norm, with the only difference being that there might
be nonzero elements x with p(z) = 0. Now suppose that there exists a separating
family of seminorms {p; : ¢ € I'} on X, i.e. for each z # 0 there exists an i € T
with p;(z) # 0. For each z € X, any finite subset {i1,..,i,} of I and € > 0, we
set

n
Uw,il,..,in,e = ﬂ{y eX : pik(x - y) < 8}
k=1
It can be seen that these sets form a basis for a certain topology in X. The
equivalent characterization of a locally convex space is the following:
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Theorem 2.13. A topological vector space X over F is locally convex if and
only if its topology is induced by a separating family of seminorms.

Sketch of the proof. In case the topology of X is given by a separating family of
seminorms, it is easy to verify that it is locally convex. For the other direction,
suppose % is a neighbourhood basis of 0 consisting of convex balanced sets. For
every U € A, the Minkowski functional of U is defined as

py(x) :=inf{t >0 : z € tU}

To see that this is finite, one has to observe that every neighbourhood of 0 is
absorbing. For any z € X, the map A — Az from F to X is continuous, and since
0 gets mapped to 0, there exists at > 0 such that the image of (—t¢,¢) is contained
in U, i.e. rx € U for each 0 < r < t. This proves the claim. The fact that U
is balanced and convex can be used to prove that py is actually a seminorm.
It can also be verified that for each U € 4, U = {vr € X : py(z) < 1}. If
pu(z) = 0 for each U € A, then x € U for each U € &£ which means x = 0,
since X is Hausdorff. Thus the family is also separating. Let %’ be the family
of all sets of the form

n
ﬂ{x eX : py.(x)<e}
k=1
for Uy, .., U, € %AB. To show that the two topologies coincide, it suffices to show
that for each V' € % there exists V' € %4’ with V/ C V and vice versa. One
assertion is trivial, since U = [py < 1] for each U € #. Now, suppose

V'=(\lpv, <el e #
k=1

Clearly, eUy = [py, < €], thus V/ = eUy, which is open in the original locally
convex topology, as a finite intersection of open sets, and a neighbourhood of 0.
Therefore, it contains some subset of . O

A locally convex topological vector space that is also metrizable (i.e. its
topology is induced by some metric) is called a Fréchet space. The following
Proposition gives us a good insight into Fréchet spaces:

Proposition 2.14. Suppose X is a locally convex topological vector space. X is
metrizable if and only if its topology is induced by a countable separating family
of seminorms.

Proof. We only prove one direction. The other is Remark 1.38 (c) in [11].

Suppose that X is metrizable and P is the family of seminorms that induces
its topology. Then, for each n € N, since the ball of radius 1/n around 0,
B(0,1/n) is a neighbourhood of 0, there exist seminorms pf,..,p; € P and a
&n > 0 such that

kn
()l < en] € B(0,1/n)

i=1
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We then consider the family @ = (J;Z, {p¥, .., p, }. Clearly, this is a countable
family, and since {B(0,1/n) : n € N} is a neighbourhood basis of 0, the
topology is induced by the family Q. It is obvious that this family is also
separating. O

2.6.2 Tensor products and bilinear mappings

For a locally convex topological vector space X over F, we denote by X’ the
topological dual of X, i.e. the set of all continuous linear mappings f : X — F.
There are many different ways to endow X’ with a topology that makes it a
locally convex space. We are going to focus on the weak dual topology and
the strong dual topology. For each z € X, the function p, : X’ — [0, c0),
p(2') = |2/ (z)] is clearly a seminorm on X’ and the family {p, : = € X} is
clearly separating. The induced locally convex topology on X' is called weak
dual topology or just weak topology. It is clear that a net (z}) in X’
converges to ' € X’ if and only if z) (z) — «'(x) for every x € X. When X' is
endowed with this topology, it will be denoted by X .

There exists another topology that we shall introduce. For every bounded
set B C X, we define the function pp : X’ — [0, 00), by

pp(z') = sup |2'(z)]
r€B
Since continuous images of bounded sets are bounded, the former quantity is
finite and it follows trivially that pp is actually a seminorm. It is also clear
that the family {pp : B bounded} is separating. The induced locally convex
topology is called strong dual topology or just strong topology. When X’
is endowed with it, it is denoted by X/. Observe that in case X is a normed
space, this topology is actually the usual norm topology on X*.

If E,F,G are topological spaces, a map f : £ x F — G is said to be
separately continuous if the maps f, = f(z,:) : F — G and f, = f(-,y) :
E — @G are continuous for each z,y. f is said to be jointly continuous (or
just continuous) if it is continuous when E x F is endowed with the product
topology. It is straightforward to verify that if f is jointly continuous, then
it is separately continuous. The converse is not true in general. If the spaces
E, F,G are topological vector spaces, we denote by B(E, F'; G) the space of all
jointly continuous bilinear forms from E X F to G and by B(E, F'; G) the space
of all separately continuous bilinear forms. The spaces have an obvious linear
structure and B(E, F; G) is a subspace of Z(FE, F;G). In case G = F, we will
denote the spaces by B(E, F) and #Z(E, F'). We would like to endow them with
a certain topology.

For every A bounded subset of E, B a bounded subset of F' and W a
neighbourhood of 0, we set

U(A,B,W):={® € B(E,F;G) : ®A,B)C W}

The family of all such subsets can be proved to be a neighbourhood basis of 0 in
B(E, F; Q) for alocally convex topology, compatible with the linear structure of
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B(E, F;G). This is due to the fact that U(A, B, W) is absorbing, which follows
from the fact that ®(A, B) is bounded. The induced topology is often referred
to as topology of bi-bounded convergence. This is no longer true in case
¢ € #(E, F;G) and one has to be more careful.

We are going to equip the space #(Ej, F}) with some locally convex topology.
First, we need the following definition:

Definition 2.4. Suppose X is a Hausdorff topological space and Y is a topo-
logical vector space. Suppose that S is a set of continuous functions from X
into Y and xzg € X. We say that the set S is equicontinuous at xg if for every
neighbourhood V' of 0 in Y, there exists a neighbourhood U of z( such that
f(x) — f(xg) € V for every f € S and every x € U.

We say that S is equicontinuous if it is equicontinuous at each xg € X.

Then, we have the following result ([15] Proposition 42.1):

Proposition 2.15. Suppose that E,F,G are locally convexr spaces and that
E}, F| are the strong duals of E and F respectively. Suppose also that ® €
B(E}, F{;G) and that A and B are equicontinuous subsets of E' and F’ respec-
tively. Then, ®(A, B) is bounded in G.

Now, the family of the sets
U(A,B,W):={® € B(E;, F,;G) : ®(A,B) Cc W}

for A, B equicontinuous subsets of E’ and F’ respectively and W a neighbour-
hood of 0 in G is actually a neighbourhood basis of 0 for a locally convex
topology on #(E], F}; G) that is compatible with its linear structure.

Since the weak dual topology is clearly weaker than the strong topology, we
have the following inclusions:

B(E,, Fy) € B(E,, F,) C #(Ey, Fy) (2.1)

Now, for E, F' locally convex spaces we are finally able to endow their algebraic
tensor product £ ® F with a locally convex topology. For z € E, y € F, the
map (z',y") — 2/ (2)y'(y) from E’ x F’ into F, is clearly bilinear and continuous
when E’ and F’ are equipped with the weak dual topology. This gives us a well
defined map from the algebraic tensor product £ ® F into B(E!,F.). In [15],
Proposition 42.4 it is actually shown that this map is an isomorphism of £ ® F
onto B(E.,F.). We call E®Q F equipped with the topology that it induces from
B(E,, F)) (see 2.1) injective tensor product of the spaces E and F and we
denote it by F ®. F.

Remark 2.1. We observe that the function (z,y) — z ® y from F X F into
E ®. F is continuous. To see this, suppose that the net (zy,yy) converges to
0. Then xz)x — 0 and y), — 0. We need to show that z), ® y,, considered as
an element of B(E., F!) converges to 0 in the topology of uniform convergence
on equicontinuous subsets. Equivalently, we need to show that for each € > 0
and every equicontinuous subsets A C E’, B C F’, there exists Ag such that
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|zx @yar(4, B)| < e for every A > Ag. Since A (resp. B) is equicontinuous, there
exists a neighbourhood U (resp. V') of 0 in E (resp. F') such that |z/(z)| < /e
(resp. |y (y)| < +/e€) for every z € U and 2’ € A (resp. every y € V and ¢ € B).
Since we have )y — 0 and y)x — 0, there exists a Ay such that =) € U and
yx € V for every A > A\g. Then, for every 2’ € A, v’ € B and A > \g, we have

lzx @ ya (@', 9" = |2 (x2)y (ya)] < €

which proves our claim.

The injective topology is one of the two main topologies defined on tensor
products of locally convex spaces. The second one is the projective topology.

Definition 2.5. The strongest locally convex topology on E ® F' that makes
the map (z,y) — x ® y from E x F into E ® F continuous is called projective
topology. The space F ® F' equipped with this topology is denoted by F ®, F'.

By Remark 2.1, this topology exists and it is stronger than the e—topology.

There is an explicit description of the family of seminorms that induces the
topology of F ®, F, in terms of the seminorms that induce the topologies of F
and F. Suppose that P and Q are the families of seminorms that induce the
topologies of F and F' respectively. Then, for eachp € P, g€ Qanda € EQF,
we define

(p® q)(a) = inf {Zp(xi)tJ(yi) fa=) ® y}
It can be shown that this is a seminorm and that the family

{p®q :peP, qcQ}

induces the topology of E®, F. For a detailed proof, see [15], Proposition 43.1.
The projective tensor product is also described by its universal property:

Theorem 2.16. Suppose E, F' and G are locally convex topological vector spaces
and f : E x F' — G is a continuous bilinear mapping. Then, the induced linear
map [ : E®; F — G is continuous with respect to the projective topology.

The correspondence f <> f provides an (algebraic) isomorphism between the
spaces B(E, F;G) and L(E®, F; G), the latter being the space of all continuous
linear maps from E ®, F into G. Furthermore, the projective topology is the
only one with this property.

The proof follows easily from the definition of the projective topology. For
a detailed proof, see [15] Proposition 43.4.

We also need to introduce the completion of a topological vector space. It
is a generalization of the completion of a metric space, for topological vector
spaces that might not be metrizable. Suppose F is a topological vector space.
A net {x\}rea of E is called a Cauchy net if for every neighbourhood U of
0, there exists some Ao € A such that xx, — z), € U for every A1, Aa > Ao.
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The space E is called complete if every Cauchy net in F converges to some
point x € E. Now, suppose F is metrizable. By [12], Theorem 1.24, the
metric that induces its topology can be assumed to be translation-invariant, i.e.
dlx+ z,y + z) = d(z,y) for all z,y,z € E. Tt is not very difficult to show that
if F is metrizable, then E is complete if and only if it is sequentially complete,
i.e. if every Cauchy sequence converges.

We have the following remarkable result, whose proof can be found in [15],
Theorem 5.2:

Theorem 2.17. Let E be a topological vector space. There exists a complete
topological vector space E and a linear continuous and a linear embedding (i.e.
a continuous injection that is a homeomorphism onto its image) v : E — E such
that (E) is dense in E and so that the following holds:

For every complete topological vector space F' and any continuous_linear
map f: E — F, there exists a unique linear and continuous map f E = F
extending f, i.e. satisfying f ot = f. Furthermore, for every pair (El,l,l)
consisting of a_complete topological vector space Eianda linear dense embedding
t1 of E into F4, there exists a linear homeomorphism j : E — FEy such that
Joilt=1u

We call the space E of the previous Theorem the Cauchy completion of
E. In case F is metrizable, the Cauchy completion coincides with the usual
completion of a metric space.

Now that we have introduced the Cauchy completion of a topological vector
space, for E, F locally convex spaces, we denote by E®.F and F&,F respec-
tively, the Cauchy completions of the spaces F ®. F and F ®, F.

Remark 2.2. Since the projective topology on E ® F is finer than the injective
topology, the identity map i : EQ, F — F®.F is continuous. If we denote by ¢,
and ¢, the inclusions of F ®. F and E ®, F respectively into their completions,
the map ¢ 04 is linear and continuous from F ®, F into E®5F so by Theorem
2.17, it extends uniquely to a linear and continuous map i : E®,F — E®.F.

2.6.3 Tensor product of Banach spaces

In order to introduce the definition of nuclear spaces, one needs to talk about
projective tensor products of Banach spaces. This is a special case of the projec-
tive tensor product of locally convex spaces, as we will see. If XY are Banach
spaces, for each ¢ € X ® Y (the algebraic tensor product), we define

lallx = inf{leilllyi 1 a=zmi®yz}

i
In [13] Proposition 2.1 it is shown that this is indeed a norm, that satisfies
|z @ yllx = [lz[l[lyll. The completion of X ® Y with respect to this norm is
denoted by X®,Y and it is called the projective tensor product of X and

Y. Like the projective tensor product in locally convex spaces, it possesses a
universal property itself.
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For Banach spaces X,Y and Z, it is easy to verify that a bilinear form
F: X XY — Z is jointly continuous if and only if there exists a constant C' > 0
such that ||F(z,y)| < C|lz|||ly|l for all x € X, y € Y. Therefore, the space
B(X,Y;Z) of all jointly continuous bilinear forms can be equipped with the
following norm:

1]} = sup{[|F(z, )| = [l <1, [lyl <1}

With this in mind, we can state the universal property for the projective tensor
product of Banach spaces:

Theorem 2.18. Suppose X,Y,Z are Banach spaces. For every continuous
bilinear map F : X XY — Z, there exists a unique bounded linear map
F: X&,Y — Z satisfying F(z ®y) = F(x,y) for every x € X,y € Y. Fur-
thermore, | F|| = ||F||. Therefore, the spaces B(X,Y; Z) and L (X&,Y, Z) are
isometrically isomorphic.

The proof of the above result can be found in [13], Theorem 2.9. There are
lots of other important results about the projective tensor product of Banach
spaces, but we shall only use its universal property, in order to define nuclear
spaces.

2.6.4 Nuclear mappings and nuclear spaces

Suppose X and Y are Banach spaces. We define amap F : X* xY — Z(X;Y)
by
F(z",y)(z) = 2" (z)y

It is clear that this is a well-defined, bilinear map. Furthermore, we have

1E@" y)@)| = 2" @)yl = [=* (@)[[lyl] < 2" [[[l<] ][yl

This proves that ||[F(z*,y)|| < [|2*[/||lyll, hence F' € B(X*,Y;.Z(X,Y)) with
|F] < 1. By Theorem 2.18, there is an induced bounded linear map F' :
X*®,Y — Z(X,Y) with F(z* ® y) = F(2*,y) for each 2* € X* and y € Y,
and furthermore, | F|| = ||F|| < 1.

Definition 2.6. The image of X*®,Y under F into Z(X,Y) is denoted by

ZYX,Y). The elements of £ (X,Y) are called the nuclear mappings of X
into Y.

Now, suppose that F is a locally convex topological vector space. Pick any
continuous seminorm p on E (the topology of E does not change if we add p to
the family of seminorms that induces its topology). The set

kerp:={x € E : p(z) =0}

is a closed linear subspace of E. Therefore, E/kerp has a natural linear struc-
ture, and p is a norm on that space. We denote by Ep the completion of that
normed space. Observe that for any pair of continuous seminorms p,q such
that p < ¢, we have a well-defined map fg, : £, — E, (since x € ker g implies
x € ker p), which is also a contraction (i.e. ||fgpl < 1).
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Definition 2.7. Suppose F is a locally convex space. E is called nuclear if
for every pair of continuous seminorms p,q on F, such that p < g, the induced
map fqp : By — Ep is a nuclear mapping.

Although the definition is not very intuitive of what nuclear spaces actually
are, they possess many interesting properties, a lot of which are associated to
tensor products. A few of them, that we shall use later, are stated in the
following Proposition:

Proposition 2.19. (i) The space E is nuclear if and only if for every locally
convex space F the canonical map i : E®Q,F — E®.F of Remark 2.2 is
an (onto) homeomorphism.

1) If E is a Fréchet space, E is nuclear if and only if its strong dual E! is
(ii) If pace, y g b
nuclear

(iii) If E and F are nuclear spaces, then EQF is also nuclear.

For detailed proofs, the reader can see [15], Theorem 50.1 and Propositions
50.1, 50.6. Observe that the fact that 4 is a homeomorphism implies that the
identity map id: F ®, FF — E ®. F is also a homeomorphism, therefore the
spaces F @, F' and F ®. F carry the same topology.

2.6.5 Schwartz space

A famous example of a nuclear Fréchet space, which we are going to deal with
later, is the space S(R™) of Schwartz functions on R™. This space consists of
all smooth functions f : R®™ — C, such that

1 llap = sup |2 D? f(z)| < oo
z€R™

for all multi-indices o« = (a1,..,an), B8 = (B1,..,Bn), where z* = z{'. .z,
DBf = 951,95 f. We equip S(R™) with the locally convex topology induced
by this family of seminorms. Since this is a countable family of seminorms, this
is a Fréchet space. The proof that S(R™) is nuclear for each n is quite involved
and we are not going to show this here. For a proof, the reader is referred to
[15], Corollary of Theorem 51.5.

It is easy to see that S(R™) is complete. Suppose (fm)men is a Cauchy
sequence in S(R™). First, it is clear that (f,,) is uniformly Cauchy, as a function
from R™ — C, since for every ¢ > 0, U = {f € SR") : ||fllec < €} is a
neighbourhood of 0, hence there exists M such that fi, — f,, € U for every
k,m > M or equivalently || fi — fmllo < € for all k,m > M. We know by
Mathematical Analysis that in that case, the sequence (f,,) converges uniformly
to some function f and since (fy,) is clearly uniformly bounded, ||f|lc < 0.
Repeating the same argument for all derivatives D? f,,, for every multi-index 3,
the sequence (D? f,,)men is uniformly Cauchy, therefore it converges uniformly
to some function fg, with ||fgllcc < oco. Again, by undergraduate Analysis,
we know this means that the derivative DPf exists and D°f = fz. Thus, f
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is smooth. Again, if we repeat the argument for any multi-index «, we get
that (z*D? f,,) converges uniformly to some function fug with ||fas|le < oo
Since clearly 2D f,,, — x®DP f pointwise, we must have f,5 = x*D” f. Thus,
f € S(R™) and since || fr, — flla,s — 0 for every multi-indices a, 8, f, converges
to f in S(R™).

It is easy to see that if f € S(R"), g € S(R™), then the function f ® ¢ is in
S(R™*") (we identify f® g with the function (0,71) — f(0)g(n)). Therefore, we
get a bilinear map from S(R™) x S(R™) into S(R™*"). The map is also contin-
uous, therefore it induces a continuous map from S(R") ® S(R™) into S(R"™+™)
(continuous with respect to both tensor products, thanks to nuclearity), which
is clearly injective. In [15], Theorem 51.6 it is shown that the map is actually
an embedding, with a dense image inside S(R™*™), therefore, by the universal
property in Theorem 2.17, the spaces S(R")®S(R™) and S(R™*™) are actually
homeomorphic.
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3 Fock Space Structure and Unsymmetrized Ex-
pansion

In this section, we are going to introduce the unsymmetrized Fock space model
that we are going to work with, and introduce the class of observables that we
are going to expand, in terms of annihilation and creation operators.

We assume that £ is a given complex Hilbert space, with inner product
denoted by (-,-) and induced norm || - |. The unsymmetrized Fock space is the
Hilbert space direct sum

oo

L :=Prcen

n=0

where £2" is the usual Hilbert space tensor product of n copies of £ (we set
L&Y :=C).

We define the annihilation and creation operators (a,a’) as (unbounded)
operators acting on the Fock space in the following way:
For fe L,® = (®,), € LP,

(@l (f)®)n = Vnf @ P,y (3.1)
a(f) = (a¥(f))* (3.2)
In particular, if ¢ = ¢1 ® ... ® ¢,,, we have

In order to define the class of quadratic forms we are interested in, we assume
that each space £L&" contains a subspace &,, equipped with a topology 7, and
such that

(1) &, ® & is a dense subspace of &, 4, (in the topology of the latter).

(2) 7, is finer than the inner product topology induced by £®"

For each m,n let Q,,, denote the space of all (jointly) continuous quadratic
(i.e. sesquilinear) forms A : &, x &, — C, where &,, x &, is equipped with the
product topology of the topologies 7, and 7,,. As usual, we are assuming that
A is antilinear in the first argument and linear in the second. Note that A may
not be continuous with respect to the Hilbert space topology that &, and &,
inherit from £%" and £®™ respectively.

Furthermore, we assume that each @, is equipped with some locally convex
topology and that for each m,n,t there exists a linear and continuous map

Tmnt - an — Qm+t,n+t

A= A® 1;
such that:
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(i) (a®b,(A® 1) (c®d)) = (a,Ac)(b,d) for each a € &,,,c € &, b, d € &,
A € Qumn, where (b,d) denotes the inner product in £

(i) (A® 1) ®1s=A® sy for each A € Qpy and each t, s € N.

Remark 3.1. If we further assume that for any fixed b € £/ the map a — a® b
from &, into &1 is continuous (with respect to the 74, 7441 —topologies) for
each k,k’, (ii) actually follows from (i). It is easy to see that by the first
requirement,

<\Ijv ((A ® ]-t) ® 18)<D> = <\Ijv (A ® 1t+s)@> (33)

whenever ¥ € £, &E R Es and @ € £, ® E ® E;. For ¥ = Uy ® Uy, where
Uy €&y and Uy € &y, we can find a net (Uy) C & ® & converging to Ya, S0
U, ®W, converges to U1 ®Ws. Since ¥ @V, € &,0E:RE;, for € £, RE®RE,
we have

(U1 @ Uy, (A® 1) @ 15)0) = (V1 @ Uy, (A® 1i45)P)
and by continuity, if we take limits on both sides we have
(U1 @ Vs, (A® 1) ® 15)P) = (V1 ® Uz, (A® 1445)P)

Repeating the same argument for ®, we can conclude that 3.3 holds for each
Ve &, ®Es and ® € &, ® &y Thus, by the same density argument,
we get 3.3 for all ¥ € &, 1445, P € Entits, and therefore condition (ii) holds
automatically.

We define & as the algebraic direct sum of all spaces &,, Y, &, (for n = 0,
we set & := C) and define Q; as

Qf = H an

m,n

equipped with the product topology. We note that each form in @ gives rise
to a quadratic form from & x &y into C, which however is not necessarily
continuous if we equip £ with the product topology it inherits from [], &,.
However, if we restrict to [[,_; &k X [[1=, &k, for any fixed n,m, the induced
form is continuous.

Now, for D € Qun, ¥ € &, P € & with =k —n+m and k > n.

V!

(U, (@™ Da™)®) := &

<\I’, (D b 1k7n)q)>

and in any other case for ¥, @, it is equal to 0. Observe that this is a generalized
form of the annihilation and creation operators as we defined them in 3.1 (resp.
3.2),incase m =1, n=0 (resp. m =0, n=1) and for A: & x C — C (resp.
A: Cx & — C) being of the form (¢, Az) = z(3, f) (resp. (z, AY) = Z(f,¥))
for some f € L. It is clear that (a"™Da") € Q.
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Finally, for A € Qy and m,n any pair of naturals, we define

min(m,n)

[A}mn = Z a(m7 U t)(Amft,nft & 1t)
t=0

where:
a(m,n;t) := Cym!n((m —t)!(n — ))"Y2  for

CQ =1 and
t
C, = Z(_1)" Z (t)t,)™h fort>1
n=1 (t1,.5tn)
t1+“-+t1n=t

Lemma 3.1.

Lo 1 L=0
> Cr=
2 (L —1)! 0 L>1

Proof. For L =0 or L =1, it can be directly verified. Suppose that L > 2. We
compute:

L 1 1 L—1 t (1)

- ) 1L N1t
Z(L_t)!thL!+CL+ZZ(L_t)! S (talta)
=0 t=1n=1 (t1.stn)

t1+..+t,=t
L—1 L—-1
1 n 1 -1
:ﬁ+cL+Z(_1) > T S ()
n=1 t=n (tl,__7tn)
t1+..+tn=t

1 L—-1
:E+@+Z@m

=1

L

i % Z (t!.t,))" (3.4)

(t1,005tn)
t1o bt =L —t

Now, we observe that the sum

L—n
oo D ()

(tl a“7tn)
ti1+..+tp=L—t

Pt

can also be written as

> (t1) ot D

(t1,-tn,tnt1)
ti4+..A+tn+tnp1=L
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Therefore, we continue our calculations in 3.4 as follows:

+CL+Z itl S )

(tlv--vtn)
ti+..+tp,=L—t

L-1
1 _
=50ty () Y (ltalten) ™
: n=1 (t1sestnstngr)
ti+.+tn+tng1=L

L L
S G VD S AR ) R N S ) N (A7)

(t17~~7tn) n=2 (t1,..,tn)
ti+..+tn=L ti+..+tn=L

=0
O

Theorem 3.2. Suppose D,,pn € Q. n for each m,n > 0. Then, the formula

oo 1

_ tm n

A= g m!n!(a D, na™)
m,n=0

defines a form in Qs such that [A]pmn = D

Proof. Using the fact that ® is associative and without loss of generality m < n
we compute:

m
Zamnt m—tn—t ® 1t)
t=0

.- oy n—t)(m —t)!
= ;a(m,n;t) ];) (m — t(— k’)!k)!((k — m)+ i ((Dik—mtn @ Im—g—t) ® 1¢)
= 2 ) G I = o ] ke © L)
m 1 m—k (n_t)l(m_t)|
- kZ:O kl(k —m +n)! <t_0 a(m,n;t) (m— ] ) (Drop—mtn ® i)
_ i m!n! mz_:k 1 o (D o1 )
B k=0 k'(k —-m + Tl)' P (m — k= t)' t k,k—m4n m—Fk

By Lemma 3.1, the latter is equal to D,,, and the proof is complete.

Theorem 3.3. Suppose A € Qy. We have the following:
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A= Y (@ Al (35)

(1t) The map A — ([Almn)m,n is a homeomorphism from Qg onto itself, with
its inverse given by (Dpmn) = 307 L_(a'™D,,na™)

min!

Proof. Without loss of generality, let m < n, let D denote the RHS of 3.5 and
! =k —m+n. We compute:

:
=

P k) (m — k)! pr
i m!n! b

= Z W (m — )| Z a(k, ;) (Ap—t.0—t @ Lyp—jtt)
k=0 t=0

m—k,n—kL—k)(An—rn-1®1L)

>
k=0
3 Vimln! Ly
Lz:;) \/(m - L)'(n — L)l (];) k!CL—k> (Am—L,n—L ® 1L) = Amn

which proves that

- 1 m n
A= Z;O minl (aT [A]mna )

Now, we are going to prove (ii). It is clear by the previous Theorems that
this map is bijective and its inverse is given by

1 m n
(Dmn)m,n = Z 7m'n' (CL]L Dmna )

m,n

Continuity of the map is equivalent to continuity of the map A — [A],,, for
each m,n. Since

min(m,n)
Al = > a(m,n;t)(Am—in—t @ 1y)

it is sufficient to show that the map A — A,,.,, ® 1; is continuous for each m, n, t.
This is the composition of the projection map A — A,,,, which is continuous
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since @)y is given the product topology, and the map S +— S ® 1;, which is
continuous by our assumptions.

Now, we will show that the inverse map (D )m,n Zm’n m}n! (@™ D,,,a™)
is also continuous. If we identify Q¢ with [], . = Qumn, after a direct computation,

one sees that the (k, ¢)-coordinate of > L (a"™D,,,a") is

m,n m!n!

Z n&n' (a'™Dppna™) for m=mn—k+/¢
where the sum runs through n =0, ..,k in case £ > k and through m =0, .., ¢ in
case k > (. Hence, it is sufficient to show that for all m,n, the map (Dye)x ¢ —
(a'™D,nna™) is continuous. Since this map is the composition of the continuous
projection map (Dy¢).¢ = Dimpn with D — (aT™Da"), it suffices to show that
the latter is continuous. This follows from the fact that for each k, ¢ such that
{=k—n+m,k>n, the map

VN
D— —D®1g_,
— G —n)! ® 1k

is continuous. O
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4 Symmetrized Fock space

4.1 Expansion formula

In order to define the symmetrized Fock space, we assume the existence of a
sequence of orthogonal projections P, : L& — £®" such that:

(1) Poym < P, ® 1, for each n,m.
(2) P,(&r) C &y and Pylg, : £ — &y is Tp-continuous for each n.
(3) P, ® 1y : Entm — Entm 1S Tnim- continuous for each n,m.
(4) The map A — P, AP, from Q. into Q. is continuous.

By Lemma 2.4, (1) is equivalent to
(P ® 1) Phim = Poym (P ® 1) = Py for each n,m >0 (4.1)
The associated symmetrized Fock space is
(oo}
LY =P Pa(L®)
n=0

In this section, we are going to prove a symmetrized analogue of the expan-
sion formula in Theorem 3.3. For A € Q,,,, we define the sesquilinear form
P, AP, as

<\Ijv (PmAPn)(I)> = <Pm\117 A-an)>

It is clear that P,AP, € Qmn. For A = Hmm Amn € Qf, we set PAP :=
Hmm P, Ay Pr, which is also in Q¢. Then, we have the following:

Proposition 4.1. For A € Qun,
P(aTm(PmAPn)an)P — P(aTmAan)P

Proof. First, we will show that (P, AP,) ® 1y = (P, @ 1) (Apmn @ 1) (Pn @ 1),
where the RHS form is defined the obvious way, and it is a form in Q4+ n+t,
thanks to continuity of P, ® 1; (condition (3)). Let a € &y,,b € &, 2,y € &;.
We compute:

(a®z, (PnAP,) ®1)(b®y)) = (Pna, AP,b)(z,y)
= ((Pna®z), (A®1,)(Pdey)) = (Prnel)(a®2), (AR 1) (P, @14)(b®y))

Thus, by linearity we have (P, AP,) ®@ 1; = (P ® 14)(Amn ® 1) (P, ® 1;) on
(Em ® &) X (En ® &). By continuity of the two forms and since &, ® & and
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En ® & are dense in &4+ and &, 4, respectively, the claim follows. Now, let
Ve e, for f =k—n+m, k>n. We compute:

(¥, P(a'™(P,,AP,)a"™)P®) = (P,V, (a'™(P,,AP,)a™) P, ®)

= (E)' <PE\117 ((PmAPn) ® lk—n)Pk(I)>

ke!
= <P@\I/, (P’H'L ® lk—n)(A & 1k:—n)(Pn & 1k—n)Pk:‘I)>

(k—n)!
- (ﬁ)! (PW, (A®1, ) Pe®) = (P, (a!™ Aa™) Pd) = (¥, P(a!™ Aa™) P®)

where we have used 4.1. O

Motivated by Proposition 4.1, we are going to define the symmetrized anni-
hilation and creation operators as

(2T Az") := P(a'™ Aa™)P

which are forms in @y when A € Q.
We also set for A € Qy

[A]Zn 1= P [AlmnPrn € Qmn
We can prove now the main Theorems of this section:

Theorem 4.2. Suppose Dy € Qup for each m,n > 0. Then, the formula

oo

defines a form in Q¢ such that [A]L,, = PpDpmn Py

Proof. We will prove it for m < n and the other case follows similarly. Through-
out the proof, we set £ = k —m + n. The fact that A € @ is clear. Now, one
can compute that

'Pm(Dk,krfm+n &® 1m7k)Pn

t=0
m m—t
. V(m—t)l(n—1t)!
= ;a(m7n7t) g k'E'(m k- t)' Pm((Pm—t(Dki(g)lm—k—t)Pn—t)®1t)Pn
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Now, using the same arguments as in the proof of Proposition 4.1, we have that

Pm((met(Dkf & ]-mfkft)Pnft) & ]-t)Pn
= Pm(Pm—t & lt)((Dk/ X lm—k—t) X lt)(Pn—t X 1t)Pn
- Pm(DkZ ® 1m—k)Pn

where we have used 4.1 and associativity of ®. The rest of the proof is identical
to the proof of Theorem 3.2 O

Theorem 4.3. Suppose A € PQsP = Hm,n PpQmnPn. We have the following:
(i)
1
A=Y = GEMALRE" (4.2)

In!

o min!
(ii) The map A — ([A]L,))m.n is a homeomorphism from PQ;P onto itself,
with its inverse giwen by (D) — Zf:;,nzo ﬁ(szDmnz"). Here, the
space PQ¢P is given the subspace topology, considered as a subspace of

Qr-
Proof. First, we prove (i). Let D =3>" _, —L5 (2T [A]P 2"). By Proposition
4.1, we have that D = >3 | (21 [A] ™). For m < n without loss of

generahty, and £ = k — m + n we compute:

“ \/m'n'

k
Vm!n!
:Zk'é' Zakﬁt (Ak—1,0—t ® 1) @ Ly—i) Py
k=0 " t=0

m ] k
Z (Z”k ,;akzt o (Ak—t0—t @ L) P
and then after identical computations as in the proof of Theorem 3.3 (i), the
latter equals P,, A, P, which is equal to A,,y,.

Now, we will prove (ii). Continuity of the map A — ([A]L,,)m.n is equivalent
to continuity of the map A — [A]L = P.,[A]lmn Py for each m,n. In Theorem
3.3 (ii), we proved that the map A — [A],,, is continuous (as a map from Q),
therefore its restriction to PQ fP is also continuous. This fact combined with
property (4) shows that A + [A]F is continuous.

To show that the inverse is continuous, it suffices to show that the inverse
composed with the (m,n)-projection (with m < n without loss of generality and
{=k—m+n), ie the map

mn m,n = Z k'f' (DM ® 1, k)P
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is continuous for each m,n. To this end, it is sufficient to show that (D )m,n —
P, (Dre®1,—k) Py is continuous for every m,n and k < m, £ = k—m+n. Again
by property (4), it is sufficient to show that the map (Dun)m.n — Die @ Lim—k
is continuous and we argued for this in the proof of Theorem 3.3 (ii), when
(Dmn) € Qy. Therefore the restriction to PQsP is also continuous and this
fact completes the proof. O

4.2 Symmetry transformation

We are going to generalize Proposition 3.9 in [2], regarding the way the coef-
ficients [A]Z, change in case a space-time translation acts on the Fock space.
This will reveal how the expansion changes too.

Suppose that U € £ (L) is a unitary operator acting on £. We set U, :=
U®. U e L(L%). It is clear that U, is also unitary for each n. We also
assume that U, (&,) C &, with U,|e, being continuous and that U, P,, = P, U,
for each n. Then, for any A € Q, we define the form UAU* = Hmn UnAnnU,
where

(U, (UnAmnU)®) = (U, AU ®)

for every ¥ € &,,,® € &,. It is clear that UAU* € Q. We compute:

min(m,n)
UAU*IE, =Po | > alm,nt) (VAU )t ®14) | Pn
t=0

min(m,n)
=P | > almnit)(Un-tAm-tn-tUi_ ) ® 1) | P
t=0
Let U = U1 ®@Wy and & = $1Q@P,, where Uy € &,,,_4, D1 € £, and Uy, By € &;.
Using that Uy ® Uy = Uy for each k, £ and the fact that Uy (as well as U}) is
unitary for each k, we compute:

(U1 @ o, (Un—tAm—tn—tU;_) @ 11) (21 @ $2))
= (Ui V1, At iUy @1) (o, ©3)
= <U;17t‘1’17Amft,nftUsft(I’lMUt*\I’%Ut*q)2>
= (U1 @U) (Y1 @V2), (Ap—tn—t @ 1) (Up_; @ U ) (P1 @ ®2))

= (U (V1 @ Vg), (Am—tn—t @ 1)U (P1 @ ®3))
This proves that (Up—tAm—tn—tU_;) @ 1y and Uy (Am—t,n—t ® 1)U} agree on
(Em—t ® &) X (En—t @ &). By a density argument, we conclude that the two
forms are equal. Using that Uy commutes with Py for each k, we derive that

min(m,n)
AU, =Po | D alm,n;t)(Un(Am—1n—t @ 1)U;) | Pa
t=0

39



5 Damping in one side

In this section, we are going to work on a similar expansion, where the ”damping
factor” is only used in one side. To be more precise, whereas in the previous
sections the space @Q,,, included quadratic forms from &,, x &,, here we are
considering forms where one of the two sides can also take values from £&*. To
be more precise, we define for each m,n:

Crn = (Em x LE) U (LE™ x &)

For each function A : C,,, — C, we set A* and A" be the restrictions of A to
Em x LO™ and LO™ x &, respectively. We set

Qumn ={A:Cpp > C : A’ A" are sesquilinear and continuous}

where &,, x L®" is equipped with the product topology of 7,,, and the Hilbert
space topology of L™ and similarly for L&™ x &,,. It is clear that @, is a linear
space, and we assume that it is equipped with some locally convex topology. We
also assume for any integers m,n, t the existence of a linear and continuous map

Tmnt - an — Qm+t,n+t
A= AR® 1;
such that

o (a®b,(A®1;)(c®d)) = {a, Ac)(b,d) whenever a € LE™ b € L® ¢ €
En,dE&ora €&y, b, ce LOM de L&

[ ] (A®1t)®]-s:A®1t+s

Remark 5.1. As in Remark 3.1, the second requirement follows from the first, if
we also assume that for fixed b € £,,c € &,,, the mapsa — a®band d — c®d
are continuous as maps from &,, (resp. &,) into &+, for each m,n. It is easy
to see using the first property that

<\I/7 ((A & 1t) ® 1s)¢)> = <‘I” (A 02y 1t+s)¢)> (5'1)

whenever ¥ € &, & ® & and & € L @ L& @ LP. We know that
LP" @ LO @ L£P% is dense in LP(1H5) with respect to the original topology,
therefore by continuity with respect to this topology, we get 5.1 for all ¢ €
LOMFHs) - Now, for ¥y € &, Uy € &, there is a net (Uy) C & @ &,
converging to ¥, in the 744 ¢-topology. By continuity, ¥; ® ¥, converges to
¥y ® Uy in the 7y,4¢4s-topology. Since 5.1 holds for ¥ = ¥y ® Uy, we get 5.1
for all ¥ € &, ® . Again, using density of &, ® &5 in Eppeys, 5.1 holds
for all ¥ € Enprps, ¢ € LOMTHS) We can do the exact same procedure for
U e LOm+t+s) § € £, ., and then the claim is proved.
The rest of the definitions (Qy, ("™ Aa™) and [A],,,) are defined as in Section
3, with the new notion of the tensor product of sesquilinear forms. The reader
can verify that the proofs proceed exactly like before, so Theorems 3.2 and 3.3
hold for the case of one-side damping too. One can also check that the results
of Section 4 apply to this case too, with small modifications to the proofs, using
the same arguments.
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6 Expansion in Hilbertizable Spaces

Throughout this Section, we assume that the spaces &, are hilbertizable spaces,
in the sense that their topology 7, comes from an inner product, denoted by
(-, )wn and that they are complete with respect to the corresponding norm
| |w.n. We note that continuity of the inclusion map ¢ : (&,,7,) < L®™ means
that there exists a constant C,, such that [|z|| < Cpl||z|lw.n for each x € &,.
Furthermore, we assume that the natural inclusions &, ® &, < & @ g L™ and
Em ®E, = LO @y &, are continuous, where ®p denotes the Hilbert space
tensor product and &4y, is equipped with the (-, )y, m+n-topology. Note, that
since &, ® &, is dense in Ep1p, the maps 11 : Epn @ Ey = Em g LO and
Lo 1 Em @ Ep — L™ @5 &, can be extended to continuous maps

0 : 5m+n — Em L™ and o : 5m+n — LOm R En-

We also assume that the natural inclusion &,, ® €, — Epyn, where &, ® &,
is equipped with the Hilbert space-tensor product topology, is continuous, and
thus can be extended to a continuous function from &, ®g &, into Emin.

Since we are dealing with Hilbert spaces, we can equip @, with a natural
topology, namely the norm topology coming from

[Allmn = sup{ (¥, AR)[ = (| W]l m < 1, [[@ll,n <1}

Now, we are going to define A ® 1; for A € Q,,,. For A € Qn, by Riesz
representation Theorem (2.1), there exists a linear and bounded operator
Ty : En = Em, with [|[Ta]] < ||Allmn such that

(U, Ta(®))w,m = (¥, AD) foreach ¥ €&, €&,
We obtain the operator Ta®1; : £,y L% — £,05 L%, where 1, is the identity
map of £®. Since we have the continuous inclusions iy : Ents — En @5 L
and Tyt @ Emat = Em @5 LZ, we define

A® 1= (Ut (1), (Ta ® 1) in4e())on

We have

(¥, (A®1)®)| < || Ta @ Lfllltm+¢(P) o m tntt(P)|lom
< ”TA””Zert”HZnthHH\I/‘ w’mHH(I)”w,n < Cmnt”AHmnH\IJme||Hq>||w,n
for some constant Ci,,+ depending only on m,n,t, therefore A® 1¢ € Quttn+t

and [|[A ® Li|lm+tn+t < Cmntl|Allmn which proves that the map A — A ® 1; is
also continuous. Now, for a € &,,,c € &,,b,d € &, we compute:

(a®b,(A®1)(c®d)) = (im+t(a®b), (Ta @ 1)lnti(c @ d))on
=(a®b,Talc) @ d)on = (a,Ta(c))w.m(b,d) = (a, Ac)(b, d)
For fixed b € &,,, the map a — a ® b from &, into &,,4, is continuous, which
follows from continuity of the inclusion &, ® g &, — Emn+n. By Remark 3.1, we

deduce that (A® 1;) ® 1, = A ® 1;4s. Therefore, since all required properties
hold, the Expansion Theorem 3.3 applies.
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7 Omne-side damping in Hilbertizable Spaces

In this section, we make the same assumptions as in the previous one. For
Conn = (Em X LE™) U (LP™ x &,) and

Qumn ={A: Cpp — C : A", A sesquilinear, continuous}

we equip @, with the following norm:

1 n
Al = §su];>{|<\1/,A€<1>>| CWEE,, e LY

wm <1, (@ <1}

1
+ isup{\<\II,AT<I>>| W eLO D&, |V <1, |Py, <1}

Suppose that A € Q. and let A”, A¢ be the restrictions of A to £L&™ x &,, and
Em x LB respectively. By Riesz representation Theorem (2.1), by continuity
of the forms A", A*, there exist maps T% € Z(&,, L2™) and T € L (Em, LZT)
such that

(U, TH(®)) = (U, A"®) for every ¥ € L™, & € &,

(T, A'®) = (T{(D),®) for every W€ &, & c LO

with | T4, 1T4]l < 2||Allmn- Then, after tensoring with the identity map 1; of
L® we get the operators T% @ 1 : £, @y LB — L) and

TE®1, : E@p LB — LOOF) with | T4 @ 14| = | T4] and [T @ 1.]| = |T4]]-
Now, let T4t and i,; denote the continuous inclusions &,,4; — En g L
and &, < &, g L respectively. We define the sesquilinear forms (A®1;)" :
LM 5 & = Cand (A® 1) : Epyr x LOTD 5 C as

(A 1)" = (-, (Th ® Lt)inte())
(A®1)" = (T4 ® L) ime("), )

with the notation (-,-) denoting the tensor product in L2+ in the first case
and in L2+ in the second case. For ¥ € L&+ and & € &£, 4,

(U, (A® 1) ®)] = (U, (T @ 1) in4+(®))] < [VII(Th ® 1e)in+¢(P)]
SNTANEn+£ (@) < Crt [ Allmn | Pl n2 V]

thus (A ® 1;)" is a continuous sesquilinear form and similarly (A ® 1;)¢ is too.
A straightforward computation shows that

(T, (A 1,)"®) = (T, (A® 1,)'®) (7.1)

forall U € &, @&, P&, Q&. f ¥ € &,,1¢, we can find anet (¥)) C &, RE
converging to W in the 7,, ;-topology. By 7,,4:-left continuity of (A ® 1,)¢, we
have

lim(y, (A ® 1,)'®) = (U, (A ® 1,)'®)
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Since Ty, is finer than the original topology in L&+ we also have that U
converges to ¥ in this topology. By L2(Mm+t)_left continuity of (A ® 1,)", we
have

ln{¥y, (4 1,)"8) = (¥, (4@ 1))

We can then use the same argument for ¥, and we get that 7.1 holds for all
U €&y, ® € Eupy. Since (A® 1) and (A ® 1,)¢ agree on Ep¢ X Enge, We
can define A ® 1; as a form in Q,+s.n4¢, Whose restrictions in &, y; x L+
and LOM+) x &, ., are (A® 1;)" and (A ® 1;)" respectively.

It is also straightforward to verify that

<a’ ® ba (A ® 1t)(c ® d)> = <(L, AC><b7 d>
whenever (a,b,c,d) € Ep x E x LO x LB or (a,b,c,d) € LO™ x LO X &, x &.
Finally, as we verified in the previous section, the map a — a®b is continuous
as a map from & into &y for each b € &, therefore, by Remark 5.1

(A1) @1 =A® 14

for every t,s and A € Qumn-
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8 Expansion in Nuclear Spaces

The second case is somewhat more complicated. We suppose that the spaces
&, are complete nuclear Fréchet spaces, with the topology 7, that they carry.
We also assume that for each n,m, the projective (and also injective) tensor
topology of &, ® &, is the same as the topology it inherits from &, 4y, i.e.
Tmin- Therefore the spaces &,®E, (where & denotes the Cauchy completion
of the tensor product) and &, are homeomorphic. In this case, for each
m,n,m’,n', we are going to construct a continuous bilinear map

Tmnm/n’ - Q’rnn X Qm/n’ — Qm-&-m’,n-{-n’
(S, T)—S®T

satisfying (a ® b, (S ®@ T)(c ® d)) = (a, Sc)(b, Td).

We are going to denote the conjugate linear space of &, by &,, that is the
set {7 : v € &,} (where the notation v is formal), equipped with addition
U1 + T3 := v; + vz and multiplication A\ := Av. Then the space Q.. is the
space B(&n,Ey) of all continuous bilinear forms from &, x &, — into C. The
space B(E,,,E,) can be equipped with the topology of bi-bounded convergence
(see Section 2.6.2) and by the identification with Q,,, we have the desired
topology.

For E, F' being nuclear Fréchet spaces, we have the following:

e The canonical map from (E®F)’ into B(E, F),
2 ((a,b) — 2'(a @ b))

is a homeomorphism onto B(E, F') in case B(FE, F') is equipped with the
topology of bi-bounded convergence and (E®F) is equipped with the
strong dual topology.

e The canonical map from E; ® F} into (EQF);,
'@y = (zey e 2 (2)y(y)
is continuous and it extends to a homeomorphism of E,&F} onto (EQF);.

For detailed proofs of the above facts, the reader is referred to [14] Sections 9.8,
9.9. We note that by Proposition 2.19, the spaces Ej and Fj are nuclear, there-
fore the notation E;®F] makes perfect sense. We also see that since B(E, F)
is identified with (EQF)’ and the latter is nuclear, again by Proposition 2.19,
B(E, F) is also nuclear.

Using these facts, we have the following identifications:

BEmy E0)RB(Emry Enr) = (Em®En) @ Em @) 22 (Em REL)® (Emr REL)
= (Em REm )®(5;L®g7ll/) = (€m®a)/®(€n®€n’), = 5m+m'/® ;H-n/
= (5m+m’®5n+n’)/ = B(gm-i-m’v 5n+n’) (8-1)
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The canonical map x : B(Em,En) X B(Emr, Enr) — B(Em, En)RB(Emr, Enr),
x(C,D) = C ® D is continuous, by definition of the tensor product topology,
thus using the identification in 8.1, we obtain the desired map Tpm/n/. We
need to see that (a ® b, (S®T)(c®d)) = {(a,Sc)(b, Td) (recall that we use the
notation S ® T for mmpmmn (S, T)).

Since we can identify the spaces B(E,, E,) and B(Er, Enr) with a’®57’L and
al@)ﬁ’,, we first assume that S = 51 ® So, T' = T1 ® Ty, where Sy, 53, T1,Ts

n
—

are in &, ,5;,57,/ &!, respectively. Then, through the chain of maps in 8.1,

S ® T is first mapped to (51 ®T1) ® (S @ Ts) € (%/@9%/)@(5,’1@5;,) Then,
ifae&,, be&y,ce&, andde &,

(a®b,(S@T)(c®d) =
($12T1)® (S2@T2))(a®@bc®d) = (S ®@T1)(a®b)(S2 ®Tz)(c®d)
= S1(@)T1(b)S2(c)Ta(d) = S(@,c)T (b, d) = {(a, Sc)(b, Td)
Therefore, we have (a ® b, Tmnmn (S, T)(c @ d)) = (a,Sc)(b,Td) as desired.
The identity follows by linearity for S € &) ® g, T e ol ® El,. Now, if
S e Z/é@g,’l, Te&) ® &, we can find a net (S)) C & ® &/ such that

Sy — S in the topology of bi-bounded convergence of B(&,,,&,). By definition
of the topology, for any bounded subsets X C &,, and Y C &,, we have

lim sup |[{a,(S\—S)b)| =0
A aeX,beY

In particular, for any a € &,,,b € &,, (a,S\b) — (a,Sb). By continuity of the
map Tmnm/n’, We have that

Tmnm/n’ (S)\v T) — Tmnm/n’ (57 T)
in the topology of bi-bounded convergence of B(&,,4m, Entn’), and in particular
<\Il, Tmnm'n’ (SA, T)<D> — <l:[l; Tmnm/'n’ (Sa T)CI)>

for each ¥ € &, @ € Eqny. For a,b,c,d in &, En, Enmr, Enr respectively,
combining everything so far, we have:

(a @b, Trmnmn (S, T)(c®d)) = liin<a ® b, Tmnmn (Sx, T) (¢ ® d))
= liin(a, Sxe)(b, Td) = (a, Sc){b, T'd)
Since we have established the property for S € Zl®€fl, Te Tm// ® &/, we can

use the same argument, this time with a net (7},) C & ® &), converging to a

T e ST,L/IQA@ET’L/ and we have proved our claim.
If we denote by 1; the bilinear form (a,b) — (a,b), which is clearly in Qu
since 74 is stronger than the £®!-topology, we get that the map

Tmnt ‘= 7"'mntt('a lt) $Qumn — Qm+t,n+t
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is continuous and satisfies (¢ @ b, (A ® 1;)(c ® d)) = (a, Ac)(b,d) for all a € &,,,
c € &n, b,d e &. Since the tensor topology of & ® & is the same as the one
it inherits from g4y, it is immediate that the map a — (a ® b) is continuous,
therefore by Remark 3.1, the map 7, is also associative, i.e. (A® 1) ® 14 =
A X 1t+s-
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9 Applications
9.1 Scalar Integrable Models of QFT

9.1.1 Symmetrized expansion

In the model described by Bostelmann and Cadamuro [2] the S-symmetrized
Fock space is formed with respect to a factorizing scattering function S. The
assumptions made on S are that it is a smooth function S : R — C, with values
in the complex unit circle, satisfying

S(0)=S()"' =S(—0) forcach § R (9.1)

Suppose £ = L%(R), so that £L®" = L?(R") for each n. For a smooth,
increasing, sublinear function w : [0,4+00) — [0, +00) called the indicatriz and
the energy function E(0) = 2?21 cosh #;, we introduce the space

En:={f € L% | [P [z < 00}

The fact that this is a dense subspace of £L®" is obvious, because it contains the
space C.(R™) of all compactly supported continuous functions and we know that
the latter is dense in L2(R™). It is also clear that this space can be equipped
with an inner product, namely

(Frg)om = [ O TE)g(6)ds
This is well-defined when f, g lie in &,,, because

/.

due to Holder’s inequality. Another useful characterization of &, is that it is
isometrically isomorphic to £&™ via the unitary map

2 EOF0)g(6)| db < [P fll3]je gl

e HIW g LEHR™)
Frs e BO) g

It follows automatically that &, is complete, thus a Hilbert space.

The || ||,-topology is finer than the || ||2-topology. This is immediate,
due to the (obvious) fact that ||« ||2 < - ||w-

The space &, ®&, is |- ||w-dense in &, . It is clear that &, ®E,, consists
of all finite linear combinations of functions of the form e~«(E(@)=w(Em) () g(n),
where 6 = (01,..,0m),n = (N1, ..,mn) and f € L2(R™), g € L?>(R™). Thus, its
image in L?(R™+") via e“(!1/1) consists of finite linear combinations of functions

of the form
e (BO.m)=w(E©)=w(EM) £(9)g(1)
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Let h € L?(R™"). We know there exists a sequence (h,) C L*(R™) ® L?(R")
|| - ||2-converging to h. By Hélder, using the fact that

| (BOm)—w(BO)~w(Bm) | < 1

we get that

e (BOm)—w(E@)-wBm)p, L2 w(B0.m)-wB6)-wEm)),

Therefore, e~ (/1) (€,,®E&,) is ||-|| o-dense in e (POm)=w(E@)—w(EMm) 2(Rm+n),
However, the latter contains C.(R™*"), which is dense in L*(R™*"), thus
e?HIM (£, ®&,) is dense in L?(R™*"). Using that e*#/#) is an isometric iso-
-dense in (e (H/m))=1(L2(R™+7))

morphism, we conclude that &,
i.e. in 5m+n.

The natural inclusion &, ® &, — &, @y LZ" is continuous, with
respect to the | ||,-norm on the domain and the Hilbert space tensor
norm on &, ® L®". To see this, suppose ¥ = Zj Vi @ ¢; € Ep @ En. We
compute:

1Em = (¥, V)en = Z<wi7¢j>w m (@i, ¢5)

72/7” 2(EO) (@), (8 d9/ 6i(n)d;(n)dn

= / ezw(E(g))\Il(O,n)\I/(O, n)d0dn < / 2 (E(0:m)) |\Il(0,n)\2 dfdn
Rm+n

RmA+n

= o2

w,m+n

where, in the inequality, we have used that w is increasing.

The natural inclusion &,,Q&,, — &,,4+, where the domain is equipped
with the Hilbert space tensor product topology, is continuous. To see
this, suppose ¥ = Zj Y @ ¢j € Em ® &y like before. If we denote the Hilbert
space tensor product of the spaces &,, and &, by (-,-)g. We compute:

||\I]||%®w = <\Ij \I/> = ZW@%‘M m<¢i7¢j>w,n

_Z/ 2B Y d9/ > F) 65, () (m)dn
:/ 2 (EO)+2(EM)G (g, )T (0, 5)d0dn
RmA+n

. / 2 ECM) 15(0, )% ddn = V2,1
Rm+n

where, in the inequality, we have used that w is sublinear.
Since all conditions are satisfied, one obtains the unsymmetrized expansion
for Hilbert spaces. Now, we are going to define the projections P, associated
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to the scattering function S, in order to obtain the symmetrized expansion for
sesquilinear forms.

We define an action D,, of the group ¥, of permutations of n elements on
LE™ as follows: for 7, = (k k + 1) being an adjacent transposition, we set

Dn(Tk)(q))(el, ceey Gn) = S(9k+1 - 6,@)@(91, ceey 9k+170k7 ceey Gn)
Since the permutation group ¥, can be described as
gn = <7'1, vy Tpn—1 | Tj2 = 1,7’iTj =TT for |Z —j| > 1,7’j7’j+17’j = Tj+17’j7’j+1>

(see Section 2.5 for details), in order to extend the action to all permutations,
it suffices to verify that:

(i) Dy(r;)>=1Iforeach 1 <j<n-—1
(i) Dy (75)Dy(75) = Dyp(1j)Dp(m:) for all 4, j € {1,..,n—1} such that |[i—j| > 1
(ili) Dp(7j)Dn(Tj+1)Dn(75) = Dp(Tj4+1)Dn(75) Dy (Tj41) foreach 1 < j <n—2
These can be verified by direct computations, using (9.1) for (i), and just the
definition of D, (1) for (ii) and (iii). Since we also have D,,(7;)* = D, (Tj_l) =

D,,(7;) for all j, it follows that the action is unitary.
The associated projections are defined as:

P, = % Z D, (o)

C0€Y,

It can be easily seen that it is an orthogonal projection. We have to verify that
it satisfies conditions (1)-(4) in Section 4.

First of all, one can easily verify that for each n,k with 1 < k < n — 1,
D, (1) ® 1;y, = Dpym (1) (7% can also be considered as an element in 4, ,,).
Then, for each 7 € ¥,,, we can express T as a product of adjacent transpositions,
say T = T;,..Tiy, and then we have

Dn(T) (29 1m = (DTL(TM)DYL(TZN)) & 1m = (DTL(TM) Y 1m)"(D”(TiN) ® IM)
= Dpym(Tiy)e- D (Tin ) = D (7)

Now, using this, as well as that ¥,, C 4,,4,,, we compute:

1
Pn+m(Pn & 1m) = Z Dn+m ) Z Dner(T)
| |
(n T m v 0€EYntm TEY,
CT€Y, 0€Gn m ' T€Y, €YD nim
Z Dn+m = I'n+m
n + m Uegn«l»m
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and this proves that P, ., < P, ® 1,, for each n,m.
Next, we need to show P, (€,) C &, and P,l¢, : &, — &, is continuous. To
this end, let f € L?(R™) and 1 <k <n — 1. Then,

Dy (7) (e H/1) £)(6)
= S(Opp1 — Op)e @ EOrOhs1.00s0)) £, 001 O, 00)
= S(Opr1 — 0x)e CEOF(0, .. 0441, 0k, .., 0,) = e “EO D, (1) £(0)
Therefore,
Dn(Tk)e*“’(H/“) — e*“’(H/“)Dn(Tk)

which proves that
Dn(T)e—w(H/u) — e_“(H/“)Dn(T)

for each 7 € ¢, and therefore

P e—wH/0) _ g=oll/w)p

Since &, = e~ “H/1)(L2(R™)), the first part is proved. The second part follows
too, since

Hpn(eiw(H/“)f)Hw,n = ||67w(H/M) (Pnf)Hw,n = |P.fll < [Ifll = ||€7w(H/#)f||w7n

for each f € L?(R™). Although we do not need it, one can also prove that P, is
a projection of &,, too.

We shall also show that P, ® 1,5, iS || - ||w,n+m-continuous. We have already
proved that

1
o€Yy

hence it is sufficient to show that Dy, 1, (0) is || - ||w,n+m-continuous for each
0 €%,. For each f € L2(R"*™), we have

1D () (=10 )] “/mp

n+m(0)f||w,n+m
= ”Dner(U)f” = ”fH = He_w(H/M)f||w,n+m

w,n+m — ”67

which proves our claim.

The final assertion that the map A — P, AP, from @Q,,, into itself is con-
tinuous, is trivial, and we actually have ||Pn AP, ||mn < ||Allmn. These facts
imply the existence of the symmetrized expansion of any form in Q.

9.1.2 Symmetry transformation under space-time translations

Space-time translations act on a vector ¢ € L& = L?(R") as

(Un(2)9) () = PO %4(6)
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where 0 = (61, ..,0,) € R", z € R? and

" cosh 0y,
p(0) = ZH (sinh 9k>
and g > 0 is the mass of a scalar particle. It is straightforward to verify that
Uy, () is unitary, with U, (2)* = U,(2)~! = U,(—2). If we set U := Uy, it is
also easy to verify that U, = U®™. The verifications that U,(€,) C &,, that
Uv,le, is continuous and U, D, (7x) = D, (1)U, for each n,k are trivial. From
the latter, it follows that P,U, = U,P,. By what we have shown in 4.2, for
each A € Qy, [UAU* )L = U,,[A]F U and the expansion changes analogously.

9.2 Integrable Models of QFT with Several
Particle Species

In this section, we are going to prove the expansion for the model studied by
Lechner, Schiitzenhofer [7], which is a generalization of the previous case. For
a separable Hilbert space K, we set £ := L?(R; K) which can be identified with
L?(R) @y K. As we saw in Section 2.4, the n—particle space L™ is naturally
isomorphic to L?(R™; K®™) In particular, the inner product in £&™ is

(f9) = [ (s6).gl0)as

where the inner product inside the integral is the one of K®”. We will denote
the corresponding norm as || - ||

Let w : [0,400) — [0,400) be as in 9.1, as well as the energy function E.
We set

eri={rer@iren o [ e o) < oo

n

where the norm inside the integral is the one of K®" and we equip it with the
following inner product:

(f, Dom = <ew(E(~))f’ ew(E(~))g>

Again, using the fact that the space C.(R"; K®") of all compactly supported
continuous functions from R™ into K" is dense in L*(R"; K®"), one can show
that the space &, satisfies all necessary conditions for the expansion studied in
Section 3, using the exact same arguments as in 9.1.

Now we shall work towards establishing the symmetrized expansion for pro-
jections P, associated to an S-matrix. An S-matrix [7] is defined as a continuous
function S : R — £ (K ® K), which satisfies for each 6 :

S(0)" = S(6)~ = S(—0) (9.2)
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and the Yang-Baxter equation:

(SO)®11)(110SO+6)(S(O)®11) = (11 @5(0')(SO+0") ®11)(11 @ 5(0))
(9.3)
for all 6,0 € R. Although there are more assumptions made in [7], we do not
need more assumptions for our purposes.
For an operator T € Z(K @ K) and 1 <k <n — 1, we set

Tn,k =11 T ®1,_p_1 € g(’(:@n)
Now, we define an action D,, of ¥4, on L®" by setting

Dn(Tk)(\I/)(ela ) en) = S(0k+1 - Hk)n,k(\l’(ola ) 9k+1; O, .. an))

for each adjacent transposition 7, = (k k+ 1) € ¢4,. As in 9.1, in order to
extend this to an action of ¢,,, the following identities must be true:

hd Dn(Tj)2 =1
® Dy (7i)Dy(75) = Dy (7;) D (75) for [i —j| > 1
® Dy (75)Dn(7j4+1)Dn(75) = Dn(7j41) D (75) D (Tj41)

After direct but long computations, one can verify that the three identities hold,
the first one thanks to 9.2, the second one by definition, and the third one thanks
to the Yang-Baxter equation (9.3).

This extends to a well defined action D,, : 4, — £ (L"), thanks to (9.2
and (9.3) which is actually a unitary representation, since D, (7)* = Dy (7, ")
D, (1) for each 1 < k < n — 1, after a straightforward verification.

Now, we define the projections P, : L — L®" as

=Y Do)

" oe9,

First, we are going to show that P,i,, < P, ® 1,,. Let ¥ = ¥; ® ¥, with
U, € LO Uy € L& and 1 < k < n — 1. We compute:

(D () @ 130) (W) (6, 1) = D (1) (L1)(6) @ ¥2(n)
= S(Ok+1 — 0k)nk(U1(01, -, Okt1, Ok -, 0n)) @ Wa(n)
= (11 @ S(Opt1 — k) @ Ly io—1)(U1(01, .., O 1, ks .-, 0)) @ Wa(n)
= (11 ® S(Oktr1 — Ok) @ Lngm—r—1) (Y1 (01, ., Ony1, Ok, -, On) @ Wa(n))
= S(ek-i-l - ek)n+m7k(\ll(91a o Okg1, 0, ., O, 77)) = Dn-Hﬂ(Tk)( )(9777)
Where in the last expression, we consider 7 as an element of ¢, ,,, in the
obvious way. It follows that

Dn(Tk) ® ]-m - Dn+m(7_k)
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and therefore, for each 7 € ¥,, we have
Dy (1) ® 1y = Dy (7)
Then, the same computation as in the previous subsection shows that
Poym <P, ®1,

The proofs of the rest of the required properties of the projections P, proceed
exactly as in Section 9.1.

9.3 Rapidity-Ordered Spaces

In this case, we are following the model used by Duell [4]. Suppose we are given
a Hilbert space £ and a partial order < on it. We let the spaces &,, be the same
as L%, and one can easily be convinced that all conditions hold. For each mn,
we define W,, C LZ™ to be the closed linear span of the following set:

{(I)l R ... b, | P < ... < (I)n}

and we define P, as the projection onto the subspace W,,. In order to see that
Prim < P, ® 1,,, we first observe that if &1 < ... < ®,, < P11 < ... < Py
then

(Po®1p)(P1®.0Ph4m) =P(P1®..00,) 0 Ppi1 ® ... Dy

Hence, we have ®; ® ... ® ®,,1,, € Ran(P, ® 1,,,) for &1 < ... < D4y, and
therefore W, 1, =Ran(P,+,) C Ran(P, ® 1,,), hence

9.4 T-deformed Spaces

Finally, we have the case of [3], where the authors considered a general Hilbert
space £ and an operator T' € £ (L ® L) which is unitary, self-adjoint and which
satisfies the Yang-Baxter equation:

TLH)LHT)(TehL)=NLeT)(TRL) (L ®T)
Then, they define T; € Z(L®™) as
T, =L 1T ®I,—i—1

and for 7, = (k k+1), Dy(73) := T}, It follows directly that this action can be
extended to the whole space ¥,, thanks to the properties of T. Then, they set

P, = % > Du(o)

" oe¥,

The reader might easily check that D, (1) ® 1,, = Dy4m(7) and it follows that
Poim < P, ® 1,,,. For any sequence of subspaces &, satisfying the necessary
properties, we get a symmetrized expansion with respect to the family (P,). In
particular, it holds for &, := £L®" equipped with the original topology.
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9.5 Schwartz functions

For this example, we set £ := L%(R), i.e. L& = L?(R"). For each n, let S(R")
be the space of all Schwartz functions (see section 2.6.5). We will prove that
S(R™) C L?(R™). Since the space of all compactly supported smooth functions
C2°(R™) is dense in L?(R™) (for a detailed proof, see [8] Theorem 2.16 and
Lemma 2.19) and it is clearly contained in S(R™), it follows that S(R™) is dense
in L?(R"). For f € S(R™), we have:

1
1= [ f@Pde = [ (g4 kPP
< C sup {(1+12P)F@P} < O loefll + Il + -+ 11

an,O)

where ¢y, is the multi-index consisting of 2 in the k-place and 0’s everywhere
else, and
C= #dx < 00
rn 1+ [z]?

This proves that S(R”) C L?(R™) and that the Schwartz topology is finer than
the L? topology. By the discussion in Section 2.6.5, it follows that S(R™) satisfies
all necessary conditions of Section 8 regarding the expansion in nuclear spaces.

For the symmetrized expansion, we are going to use the family (P,) of the
projections that we defined in 9.1, however we need to pose stronger conditions
on the scattering function S. In particular, we need that all derivatives of the
scattering function S are bounded (not necessarily uniformly bounded).

Lechner [6] defines scattering functions as functions S : S(0,7) — C, where
S(0,m) :={z € C : 0 <Imz < 7}, which are analytic in the interior of the strip
and bounded and continuous in the closure S(0,7), and with the assumptions
that

S(0) = S(0)"! = S(6+ir) = S(—0)

for all # € R. So far we have not needed more than the properties of the
restriction of S to the real line. In [6] Definition 3.3, Lechner defines regular
scattering functions as the ones who have a bounded and analytic continuation
to a strip S(—k, 7 + k) for some k > 0. With this assumption, for every 6 € R,
the closed ball of radius /2 around 6 is contained in S(—k, 7 + k), therefore by
Cauchy’s integral formula, we have for each n:

SO0 = g § s

for v being the boundary of the above ball. We conclude that

]S oo
(r/2)"

which proves that the derivatives of S are all bounded in R. So from now on,
we assume that S is a regular scattering function.

1St (9)] <
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We have to show that P,(S(R")) C S(R") for each n and it is continuous
with respect to the Schwartz topology, and that P, ® 1,, is also continuous as
a map from S(R"T™) into itself. Since we have

1
P, = ] Z D, (o) and
" 0€Y,

1
o€Yy

and furthermore ¥,, is generated by adjacent transpositions, it is sufficient to
show for each n and 1 < k < n — 1 that D,(7)(S(R™)) € S(R™) and that
D, (1) is continuous as a function from S(R™) into itself. We recall that

Dy (1) (f)(0) = S(Oks1 — Ok) f (01, s Ot1, Ok -, On)

Since all derivatives of S are bounded, one can easily see that for any multi-
indices a;, 3,

IDn (%) (Fllacs < Clapiar > I fllarpr
18/I<I8]

Where |3’| < |B| means that every index of 3’ is less or equal than the corre-
sponding index of 3 and o’ denotes a with the indices k and k+ 1 interchanged.
Then our claim is proved, and the symmetrized expansion holds for all quadratic
forms.
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10 Summary and Discussion

In this thesis, we established the existence of a certain way of expanding any
quadratic form A (which we call an observable) acting on a Fock space, satisfying
certain boundedness conditions, with main applications the cases of integrable
models with an associated factorizing scattering function (or scattering matrix).
The expansion reads

1
A= Z m(sz[A]mnzn)
m,n=0
where 2! and z are Zamolodchikov operators. The terms of the expansion and
the forms [A],,, can be studied in order to collect useful information on the
observable A.

In Sections 3 and 4, we proved the existence of the expansion formula and
the homeomorphic nature of the correspondence it has with the observable. We
tried to pose as few conditions as possible in order for the proof to work in a
general context.

In Sections 6 and 8, we saw two general cases, quite different from each other,
in which the conditions are met and all specific examples we have in mind (all
included in Section 9) fit into one of the two cases.

The large class of examples we provided indicates how important it is to
pose as general conditions as possible. Also, we believe that the proof was much
simpler than the proof of the expansion in [2], however we have not generalized
all results of [2] to our context. One can imagine how terribly complicated it
would be to prove an expansion formula for S-matrices, for the model [7], using
a method similar to [2].

We did not discuss about what happens in the level of distributions and
integral kernels. We did not manage to look into this problem yet, although it
would be of great importance to have insight into the associated kernels, since
they can probably provide us with more information on the observables. We
hope to deal with this problem later, or that someone else does.

Finally, we saw how the expansion changes in case a unitary operator of
a specific kind acts on the observable, motivated by [2], where the authors
considered space-time translations and boosts. Although we tried to consider
doing the same for antiunitary operators, generalizing space-time reflections, we
were not able to come up with a satisfying answer. However, we did not spend
much time on this problem, so there might be something interesting in case it
is further investigated.
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