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To my parents and Nana

In the beginning, the Universe was created.

This made a lot of people angry and is widely considered a bad move.

— Douglas Adams, The Hitchhiker’s Guide to the Galaxy



Abstract

The current paradigm of cosmology lacks a fundamental and

definitive description of the accelerated expansion in the early and

late Universe. Moreover, the issue of the initial singularity is of-

ten overlooked in cosmology. Motivated by these phenomena, we

investigate modified gravity models in three separate epochs.

We forecast how gravitational wave experiments will constrain

dark energy models by producing mock data and predicting an

improved accuracy for the model parameters. In the following

chapter, we implement scale invariance into the theory of inflation,

extending the work of Starobinsky’s R2 model, resulting in non-

trivial features for the primordial power spectrum. Furthermore,

we consider cosmology before inflation, replacing the initial singu-

larity with a bounce. Creating a model based on Starobinsky’s R2

model, we successfully create a classical bounce which results in

enhanced stability and a natural transition into slow-roll inflation.

With studies conducted in these three epochs, we conclude that

modified gravity in future research will lead to a greater insight

into the fundamental phenomenology of gravity and cosmology.



Preface

This thesis is presented for the degree of Doctor of Philosophy in Mathemat-

ics. This project has been supervised by Prof. Carsten van de Bruck, and the

contents within are predominantly the result of the author’s original work,

unless stated otherwise.

• Chapter 1 presents an introductory overview of general relativity and

cosmology, providing the foundational knowledge necessary for the

thesis.

• Chapter 2 is based on collaborative work with Elsa Teixeira, Noemi

Frusciante, and Carsten van de Bruck, published in Physical Review D

[1]. Elsa Teixeira is author to the table 2.1 and figs. 2.3a to 2.3d.

• Chapter 3 draws from published work in Physical Review D [2] in col-

laboration with Carsten van de Bruck. The chapter has been extended

to include reheating, which remains currently unpublished.

• Chapter 4 is based on the collaborative work with Mariam Campbell,

Carsten van de Bruck, and Peter Dunsby published in Journal of Cos-

mology and Astroparticle Physics [3].

• Chapter 5 provides a summary of the thesis, and a discussion on

modified gravity highlighting the relevance of the research outlined in

this thesis.
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1 | An Introduction to

Gravity and Cosmology

Cosmology is the study of the physical universe encapsulated as a whole. It

is one of the earliest notions humans have tried to understand: seeking an-

swers to the beginning of the Universe, understanding how we as complex

creatures came to be, and ultimately what the Universe’s fate is. Initially

a metaphysical study, cosmology is based on logical ideas to answer phe-

nomena such as the initialisation and final fate of the Universe, the notion

of space and time, and the cosmos above. As such, cosmology became a

core concept in mythologies, religions, and philosophies, forming different

cultures.

Over time and with the advancement of technology, cosmology has un-

dergone several shifts throughout history. Like many other philosophical

branches, observations of new phenomena backed by theoretical models,

such as the orbital motion of planets, have provided a paradigm shift. The

initial study of cosmology and astronomy was known as celestial mechanics

to understand the behaviour of celestial bodies of the cosmos. As increas-

ingly precise observations became available, the study became more rigor-

ous, employing mathematics to describe theoretical models of the Universe.

These advancements often gave rise to opposing philosophies and a conflict

of ideas. In the mid 16th century, Copernicus published the heliocentric

model placing the Sun at the centre of the solar system, contradictory to the

belief that the Earth was the centre of the solar system. This was later fa-

mously observed and defended by Galilei and extended by Kepler to include

a more mathematically accurate description. With the scientific method be-

coming increasingly established at the beginning of the 17th century, cos-

mology was upgraded from a meta-physical philosophy to a distinct branch

1



1.0 |

of physics using mathematical models backed by empirical observations to

provide answers regarding the dynamics of the Universe. This framework

shift is regarded mainly due to the publication of Newton’s Law of Grav-

itation: a universal law that governs all massive bodies, including Earth,

mediated by the force of gravity. Moreover, with the development of a con-

crete mathematical theory of gravity, a clear distinction between cosmology

and astronomy is required: astronomy is the study of large-scale structures

in the Universe identified before as celestial bodies, and cosmology remains

the study of the Universe’s history and consequent fate. Although, the two

studies remain entangled.

Consequently, cosmology investigates extreme time and length scales to

answer questions such as whether the Universe has a beginning or an end.

With new precise measurements leading to new exotic models from a range

of fields of study, there seems to be an apparent connection between the most

miniature and largest scales1. Therefore modern cosmology encompasses

two fundamental theories: General Relativity (GR) and the standard model

of particle physics. GR, developed by Einstein at the beginning of the 20th

century, describes gravity from a fundamental level, which presents a new

insight into the interplay between matter and the geometry of space and

time. The standard model of particle physics unifies fundamental particles

and the other forces of nature. The synergy of these two theories would re-

sult in a fundamental theory of cosmology. Unfortunately, GR’s description

of gravity remains incompatible with the framework of the standard model

of particle physics.

Moreover, we cannot reproduce and repeat the evolution of the Universe,

posing a unique challenge. To understand the Universe’s evolution, we rely

on past events and local astrophysical observations, which we use to model

the dynamic behaviour of the Universe using known physical laws. The com-

bination of theoretical models, simulations, and data gathered from exper-

iments allow us to construct a detailed timeline of the Universe. Therefore,

cosmology can be considered an endeavour similar to archaeology. Pro-

vided we obtain a well-fitting model today, we can extrapolate backwards

1The apparent link between the largest and smallest scales are often depicted in philo-

sophical studies as a cosmic ouroboros [4], where inverse length scales are coupled.

2
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to construct a history of the Universe. Our current standard cosmological

model is known as ΛCDM. ΛCDM describes the evolution of the Universe

using GR by modelling the behaviour of its contents. These contents in-

clude standard matter, modelled by particle physics, plus two other "dark"

species that only seem to interact gravitationally, dark matter and dark en-

ergy. ΛCDM relies on an initial Hot Big Bang (HBB)2, where the Universe

was originally in a hotter and denser state.

Including an additional epoch before the HBB, where the Universe under-

went accelerated expansion, relieves the issues of HBB. This period is aptly

named inflation. The theory of inflation resolved issues of the HBB and

predicted relevant quantities of the CMB, establishing it as a well-founded

paradigm. The HBB model alone has some serious shortcomings, most

famously requiring extreme fine-tuning of initial conditions. Although,

standard inflation also suffers from problems such as implying an initial

spatial singularity. Several models have been proposed, such as extending

inflation to resolve the singularity or introducing a new alternative early

universe model that does not suffer the same shortcomings. However, the

features and signatures these models propose are hard to confirm or deny

through observations at the current level of technological advancement. As

such, there is an extensive catalogue of early universe models with distin-

guishable observable features and predictions that can be probed with the

development of future technologies.

Extending or dismissing models is a natural part of the scientific method.

Recently, we have entered a golden age of cosmological observations. We

can obtain higher precision measurements with each new generation of

instruments using recent technological advancements. As a result, this has

allowed us to detect phenomena such as gravitational waves, ripples in

spacetime from the acceleration of massive objects predicted by GR, and

direct observations of black holes. Furthermore, the increased precision of

probes in both the early and late universe show a disagreement in estimating

fundamental cosmological parameters due to increased stringency on model

parameters. Specifically, this has caused issues for ΛCDM, with early and

2Historically, HBB was modelled before ΛCDM. As we will discuss later in the thesis,

it is based on intuitive ideas from measurements that showed the Universe was not static.

3
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late universe parameter measurements disagreeing. These tensions within

the standard model highlight potentially new physics.

This thesis builds a history of the Universe. Starting with astrophysical

observations in chapter 2, we discuss independent cosmological observa-

tions originating from the early and late universe, how they are constructed,

and what we can infer from them. If ΛCDM is assumed, new precision tech-

nology reveals tensions between measured parameters between the early

and late universe, notoriously the H0 tension. Gravitational waves, a recent

independent observable, can probe further than other late-time measure-

ments. The importance of this new observation is substantial in light of the

emergence of theH0 tension, as it can provide an independent measurement

that directly probes larger length scales. Moreover, we can use it to constrain

alternative models to ΛCDM. Therefore we simulate new gravitational wave

detectors to find the statistical importance of the mock data to forecast future

constraints of alternative models to ΛCDM.

In the second half of the thesis, we study the early universe. In chapter 3,

we discuss in detail some of the famous shortcomings of the standard HBB

model motivating the work of inflation. We also introduce a widely studied

mechanism, slow-rolling inflation. Using the motivation and machinery of

slow-roll inflation, we extend the work to include a modification of gravity.

We start with a simple and famous model, Starobinsky inflation, and in-

crease the complexity to incorporate additional motivations. We analyse the

interesting features of inflation within these models and the cosmological

perturbations that give rise to unique signatures in the CMB. After examin-

ing successful periods of inflation, we establish a short regime of producing

particles. We also study a common mechanisms in the immediate aftermath

of inflation, reheating, analysing its effectiveness assuming the inflationary

models studied.

Finally in chapter 4, we mention alternative inflation models that can be

used to solve the issues of the HBB. We examine a specific alternative to

inflation by replacing the spatial singularity with a past collapsing universe,

creating a transition called a "bounce". We outline the motivation and the

complexities of modelling a classical bounce, allowing us to propose new

modified gravity models, which have been shown to have unique and ad-
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vantageous mechanisms. However, with many classical bouncing models,

extreme fine-tuning is required. For the specific model analysed in chapter 4,

it is shown that the modification to gravity can alleviate this issue.

In chapter 5, we review the thesis findings before discussing and review-

ing modified gravity throughout different epochs. We then conclude by

highlighting the weaknesses and merits of modified gravity to affirm the

necessity of studying extensions to GR with an outlook on future research.

Notation and convention

In this thesis, unless stated otherwise, we will use the convention of using

Greek indices to indicate the running over the four-dimensional space-time

coordinates, α = 0, 1, 2, 3 with the metric signature (−,+,+,+). Lower-

case Latin indices will identify a running over a three-dimensional spatial

coordinate system i = 1, 2, 3. Repeated indices in a single term signify a

summation according to the standard Einstein summation convention.

We will utilise the shorthand notation where a subscript identifies the

partial derivative, fx ≡ ∂f
∂x

. Furthermore, the subscript on a partial deriva-

tive, ∂µ indicates a partial derivative with respect to the coordinates used,

∂µ ≡ ∂
∂xµ

.

Different time coordinates will be used throughout this thesis. An over-

dot will be used to indicate the differentiation with respect to cosmic time,

t, ḟ ≡ ∂f
∂t

. Differentiation with respect to other time coordinates will be

represented by a prime.

We will also use reduced Planck units, where ℏ = c = 8πG = 1. This also

means that the reduced Planck mass, MPl ≡ (8πG)−1ℏc is also set to unity,

MPl = 1. However, to help illustrate dimensionality, it may be included.

5



1.1 | General Relativity

1.1 General Relativity

Before the 1900s, Newton’s law of gravity was the paradigm used to under-

stand the invisible attractive force between all massive bodies. This law was

based on the discoveries of Kepler, who established three laws of planetary

motion, including that they followed an elliptical orbit. Newton built upon

Kepler’s work and deduced that the force between two masses is propor-

tional to the product of their masses and inversely proportional to the square

of the distance between them [5]. This relationship can be mathematically

expressed as F = G(m1 · m2)r
−2, where F is the force of attraction, G is

the gravitational constant, m1 and m2 are the masses of the two objects, r

is the distance between them, and G is the gravitational constant balancing

the proportionality. This can be compactly written using Poisson’s equa-

tion, where a density of mass ρm sources a gravitational force via the scalar

potential, Φ, known as the gravitational potential, that is related to the accel-

eration by g = −∇Φ, and therefore the force from Newton’s second law. The

relation between the gravitational potential and the mass density is given

by:

∇2Φ = 4πGρm. (1.1)

This theory had stood the test of time, as it accurately mapped out the orbits

of planets and even predicted Uranus before its observation. However, even

as stated by Newton, the theory was incomplete. An example of an issue

with Newton’s gravity was the discrepancy between the measurement and

calculation of perihelion precession of Mercury’s orbit: a difference of 38

arcseconds per century between measurements and calculations[6].

The shortcomings of Newton’s Law of Gravitation were addressed when

Einstein formulated his theory of general relativity (GR) [7–11]. GR was

verified with three tests that were not predicted using Newtonian gravity:

accounting for the precession of Mercury, correctly measuring the bending

of light around the sun, and the gravitational redshift of light as it moves

away from massive bodies [10, 12–15]. Still, the current paradigm of gravity

not only solves issues known from Newton’s theory but, as good theories

do, predicts newly observed phenomena such as direct observation of black

holes [16–18] and the detection and measurement of gravitational waves
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[19, 20].

John Wheeler briefly encapsulated the idea of GR with the quote, "Space-

time tells matter how to move; matter tells spacetime how to curve" [21]. We

dedicate the remainder of this section to understanding what this famous

quote means by providing a summary of GR, details of which can be found

in [13–15] and references within.

There are two main core principles of GR: the notion of universality,

where gravity affects all matter and forms of energy equally, and Einstein’s

Equivalence principle, "in small enough regions of spacetime, the laws of

physics reduce to those of special relativity; it is impossible to detect the

existence of a gravitational field by means of local experiments" [10] 3.

More technically, GR describes the Universe as a connected four-dimensional

spacetime manifold, where gravity is interpreted as the curvature of said

spacetime. Mathematically GR is a geometric theory that models a Loren-

zian manifold, encoded with the metric tensor gµν , describing the distance

between events. The coordinate invariant line element describes the proper

distance between events,

ds2 = gµνdx
µdxν , (1.2)

wheredxµ is the coordinate displacement between the events, wheredx0 = dt

is the time coordinate and dx1,2,3 = dx, dy, dz as the spatial coordinates. The

metric gµν , a four-dimensional symmetric tensor, describes the geometry

of the spacetime. For instance, reducing the line element to describe a

Minkowski geometry gµν → ηµν = diag(−1, 1, 1, 1) yields the line-element

of special relativity, ds2 = −dt2 + dx2 + dy2 + dz2. This metric provides an

understanding of spacetime as it recovers special relativity linking it back to

the equivalence principle, with the spatial part resulting in a Euclidean (flat)

geometry. Therefore, the shortest path between two points in spacetime de-

pends on the metric tensor, and any equations describing spacetime must be

tensorial to maintain coordinate-invariant equations. As partial derivatives

3In this thesis, we will not cover special relativity (SR) as it is not directly relevant to

the scope of our study. However, for completeness, as a concise overview: SR encapsulates

electromagnetism and Newtonian mechanics into a singular theory and is based on two

postulates. The first is relativity, which states that the laws of physics are the same in all

inertial reference frames. The other is the invariance of the speed of light in a vacuum,

irrespective of the motion of the source. [22]

7



1.1 | General Relativity

are not tensorial and coordinate dependent. Therefore they cannot be used

to describe the properties of spacetime. It is then necessary to use more

advanced mathematical tools such as covariant derivatives, ∇µ, to describe

the geometry of spacetime in a tensorial manner. The covariant derivative

of a vector field, V ν is defined as,

∇µV
ν = ∂µV

ν + ΓνµσV
σ, (1.3)

where ∂ν is the partial derivative with respect to xν and Γ is the Christoffel

symbol and encodes how the curvature of a manifold affects the vector field.

Γ is formally related to the metric components as

Γνµσ =
1

2
gνλ (∂µgσλ + ∂σgλµ − ∂λgµσ) . (1.4)

The covariant derivative, therefore, accounts for the fact that vectors in

curved spacetime may change direction as they are transported along a

path, ensuring that our equations are coordinate-invariant and provide a

correct description of the underlying geometry of the spacetime.

A useful and straightforward example to understand the formulations

above is the case of an unaccelerated particle, or "free-falling" particle, on a

curved background. We can describe this as,

d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0. (1.5)

This is called the geodesic equation, where λ is the affine parameter that is

related to a time coordinate, thus parameterising the particle’s motion xµ(λ).

In the simple setup of Minkowski spacetime Γ = 0, and thus we will be left

with the equation for a straight line as expected.

Next we investigate the curvature itself, a fundamental concept of GR

which is sourced by matter, analogous to the Newtonian potential of a

massive body. A useful concept to illustrate the effect of curvature is parallel

transport: maintaining a constant vector along a given path, as depicted by

the red arrows in fig. 1.1. Parallel transport of a vector provides a means of

understanding the impact of curvature. In contrast to flat space, the outcome

of parallel transporting a vector on a curved space relies on the path taken

as illustrated by the change of the vector, δV ρ, in fig. 1.1. Given a loop along

vectorAµ andBν , the change of the vector’s direction is δV ρ = V σRρ
σµνA

µBν .

8
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Figure 1.1: An illustration showing the change of a vector, V σ (red), due to

parallel transport along vectors, Aµ and Bν , via two different paths (green

and blue), on a curved background resulting in a small discrepancy, δV ρ.

Rρ
σµν is the Riemann tensor which measures the curvature and is defined as

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ. (1.6)

If the metric has constant components, such as in a flat spacetime, the

Riemann tensor vanishes, Rρ
σµν = 0. The contraction of the Riemann tensor

results in the symmetric Ricci tensor,

Rµν = Rρ
µρν . (1.7)

With a further contraction, we can formulate the Ricci scalar

R = gµνRµν . (1.8)

The Ricci tensor and scalar encode information regarding curvature, which

can be neatly summarised as the Einstein tensor, a symmetric matrix of

second derivatives of the metric,

Gµν = Rµν −
1

2
Rgµν , (1.9)

that is covariantly conserved ∇µG
µ
ν = 0. Utilising our understanding of the

concepts and interplay between geometry and curvature, we investigate the

influence of matter. Drawing an analogy to Newton’s law of gravitation, the

matter density of (1.1) is generalised to a tensor that accounts for different

forms of matter and energy, aptly labelled the energy-momentum tensor, Tµν .

In the field of cosmology, we can make the approximation that we can treat all

types of energy as a perfect fluid, this is due to the nature of the cosmological

principle on large scales and is discussed later in section 1.3. This allows the

9



1.1 | General Relativity

energy-momentum tensor to be characterised by two quantities: the energy

density, ρ, and pressure, P , in the rest frame. Consequently, we define the

energy-momentum tensor in cosmology as,

Tµν = Diag(ρ, P, P, P ). (1.10)

This tensor is covariantly conserved, ∇µT
µ
ν = 0, which is analogous to the

conservation of energy and momentum in Newton’s law. In order to relate

the curvature and distribution of matter, we aim to combine our equations

together. Utilising our analogy of Newton’s Law of gravity, (1.1), and the two

symmetric conserved tensors: the Einstein, (1.9), and energy-momentum

tensor, (1.10), we conclude the combination that results in Einstein’s field

equations (EFEs) [8],

Gµν = Rµν −
1

2
Rgµν = κTµν . (1.11)

A proportionality constant, κ, has been included, and by taking the Newto-

nian limit, we set the proportionality constant to κ = 8πG. We can see that

EFEs are symmetric and thus describe a matrix of 10 different second-order

differential equations. The left-hand side contains second derivatives of the

metric, encoded in the Einstein tensor, that characterises curvature of space-

time due to gravity. On the other hand, the right-hand side describes the

matter content via the energy-momentum tensor. This equation maintains

the analogy to the Poisson equation used in Newton’s Law of Gravitation,

(1.1). It also highlights the interconnection between spacetime and matter,

bringing us back to Wheeler’s famous quote, "Spacetime tells matter how to

move; matter tells spacetime how to curve".

The EFEs are more commonly understood and derived through classical

field theories. Following the work of David Hilbert, we choose a simple La-

grangian density that only depends on the Ricci scalar and the determinant

of the metric [23],

S =
M2

Pl
2

∫
d4x

√
−gR + SM . (1.12)

This is known as the Einstein-Hilbert action. MPl is a fundamental mass scale

known as the reduced Planck mass and is related to the proportionality

constant above, κ = M−2
Pl . To account for the content of the Universe, a

separate matter action, SM , is included. The matter content is related to the

10



The Bounce, The Bang, and The Bounds

energy-momentum tensor via a variational derivative with respect to the

metric,

Tµν = − 2√
−g

δSM
δgµν

. (1.13)

Computing the variation of the total action with respect to the metric, we

derive the EFEs (1.11).

The Ricci scalar in eq. (1.12) is the simplest ansatz that results in the

formulation of GR. A simple extension that Einstein originally considered

was to include an arbitrary scalar quantity, Λ [11, 24]. The general action

then becomes,

S =
M2

Pl
2

∫
d4x

√
−g(R− 2Λ) + SM . (1.14)

The negative sign is a choice based on classical field theory where L = T −V

such that Λ acts as a potential, and the 2 is an aesthetic choice simplifying

later results. The resulting EFEs with this minor modification are,

Rµν −
1

2
Rgµν + Λgµν = κTµν . (1.15)

This scalar quantity, Λ, remains a constant over all scales and is therefore

aptly labelled a cosmological constant. Initially, Einstein included this con-

stant to account for a static universe, which observations were suggesting

at the time, with Λ counteracting the gravitational pull of standard matter.

This is can be understood by moving Λgµν to the right-hand side, explaining

the choice for the negative sign. We can appreciate the physical intuition

of this constant by examining the background scenario of flat space in a

vacuum. We conclude that the only energy density remaining is this cos-

mological constant, Λgµν = κT (vacuum)
µν . As such, the cosmological constant

can be interpreted as the global vacuum energy that essentially shifts the

minimum energy of the Universe by a factor of Λ. Of course, we are entirely

free to set Λ = 0, which was the consensus until the turn of the century,

until it was observed that the Universe was expanding at an accelerated rate

[25–28]. Thus, the simplest extension, including a cosmological constant,

remains unexplained from a fundamental point of view and continues to

be a highly debated topic. As we will discuss in chapter 2, observational

tensions have arisen assuming the simplest model utilising a cosmological

constant.

Moreover, on more local scales, galaxy rotation curves highlight that

stars and gas in galaxies do not follow the theoretical distribution expected

11



1.2 | Modified gravity

from GR. Thus to resolve these issues, a common approach is to include an

additional type of matter that couples only to gravity [26–29]. Further details

of this topic are discussed in section 1.3. Even if one is to accept an arbitrary

cosmological constant or the inclusion of an additional unknown matter

content, GR remains incomplete at extreme scales: it predicts the unphysical

singularities [30–32]. The current theory of the beginning of the Universe,

the Big Bang, initialises the Universe as a point source containing all the

energy of the Universe. On more local scales, black holes, which have been

directly detected and recently photographed [33, 34], are predicted by GR to

contain a singularity at their centre. The predicted singularities are part of a

more fundamental problem with GR: the division between GR and quantum

mechanics. Unlike other classical field theories, such as electromagnetism,

GR is nonrenormalisable: when building a quantum description of GR, the

theory becomes divergent [35]. Although not a discussion of this thesis,

many techniques and fields of study are motivated by this topic, such as

extending quantum field theory to introduce curvature [36].

The shortcomings at high-energy scales highlight the possibility that a

new, more complex theory is required that, in well-tested limits, reduces to

GR. However, many of the issues that arise from GR are on the most extreme

scales, cosmological and quantum, scales that are complex and hard to probe

experimentally. Therefore theoretical modifications and extensions to the

theory aim to explain the discrepancies and probe new insights into the

fundamental nature of gravity.

1.2 Modified gravity

A theory is often preferred if it is simple, argued by the idea of Occam’s

razor4 which favours theories with fewer free parameters and unnecessary

4The idea that a simpler theory with fewer free parameters is preferred due to a higher

predictive power and being more testable. Therefore within the scientific method, Occam’s

razor highlights the power of logical reasoning that a theory that can be proven wrong is

better than one that can predict anything.

12
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complexities due to simpler theories having a higher predictive power. How-

ever, if a theory becomes incompatible with experimental observations, it

may highlight the possibility of new physics, requiring modifications to the

theory with new degrees of freedom or parameters. An example is the

prediction of Neptune to account for the orbits in the solar system, as we

have already discussed. Alternatively, one can employ a more radical ap-

proach: proposing a new theory that retains the successes of the old theory

in certain limits whilst remaining compatible with observations. The sever-

ity and complexity of the problem determine whether the existing one can

be modified to address the issue or if a new theory is required. Einstein’s

development of GR, challenging Newton’s notion of gravity, is an example

of the latter. Nevertheless, modifications should be considered when the

theory breaks down and are often adequate solutions which can lead to new

insights and mechanisms that more accurately represent nature. In the case

of GR, around 50 years after its proposal, it was found to be incompatible

with quantum effects, motivating extensions to GR.

Moreover, as technology advances, new features of the Universe are

uncovered, requiring the current models and theories to be modified or

dismissed. As mentioned above, recent observations show that the Universe

is expanding at an accelerated rate, contrary to what GR intuitively describes

(we will discuss the details of this expansion later in section 1.3). This

incompatibility highlights that the simplest setup of GR is incomplete and

motivates work to find modifications.

We have already discussed a simple extension to GR that Einstein intro-

duced: the addition of a cosmological constant. However, this modification

still exhibits tensions between theoretical and experimental physics. An-

other simple extension to GR is to include additional matter content. We

introduce a scalar field, ϕ, that minimally couples to gravity [28, 37, 38],

which means the field only interacts with the metric

S =

∫
d4x

√
−g
[
MPl

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
. (1.16)

Here V (ϕ) is the potential of the scalar field. Varying the action with respect

to ϕ, we arrive at the Klein-Gordon equation, a second-order differential

equation governing the dynamics of ϕ:

□ϕ− V ′(ϕ) = 0. (1.17)

13



1.2 | Modified gravity

The scalar field can serve as a model for various forms of energy and matter.

It is included as the matter component of the action, Sm, resulting in the

stress-energy tensor given by (1.13),

Tµν = ∂µϕ∂νϕ− gµν

[
1

2
gρσ∂ρϕ∂σϕ+ V (ϕ)

]
. (1.18)

Another possible extension is to generalise the Einstein-Hilbert action,

depending on the Ricci scalar, as a function

S =

∫
d4x

√
−gf(R) + SM . (1.19)

Many different functions of f(R) have been studied (see [26, 39–43]), how-

ever, GR has been tested and confirmed on local scales. Therefore we know

f(R) → R on local scales. This modification results in a change in the

Einstein tensor when varying the action with respect to the metric,

FRµν −
1

2
fgµν − (∇µ∇ν − gµν□)F = κTµν , (1.20)

where F = ∂f/∂R ≡ fR. The modification results in an additional scalar

degree of freedom, identified by F and labelled as a scalaron. In standard

GR, F → 1 and the additional degree of freedom vanishes. Taking the

trace of (1.20) provides a useful alternative dynamical description of the

modification,

□F =
2f − FR

3
+
κ

3
T. (1.21)

This modification and the corresponding field equations belong to the Jordan

frame formalism, where the modifications are in the gravitational sector. The

dynamical system determines the additional propagating degree of freedom

and is analogous to the Klein-Gordon equation of a scalar field.

In the case of standard GR, F (R) = R, we see that eq. (1.21) results in

R = −κT , which means that the Ricci scalar is determined by the trace of

the stress-energy tensor. As such, the modification can be interpreted as

including additional matter. It is possible to highlight this interpretation

by transforming the action into a different frame, which can be beneficial in

identifying any physical issues of the modification. Performing the transfor-

mation maps the gravitational modification to an additional component of

the stress-energy tensor, that minimally couples to gravity resulting in the

standard Einstein Hilbert action. To help illustrate the transformation, we

14
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include an auxiliary field, χ, such that

S =

∫
d4x

√
−gM

2
Pl
2

[f(χ) + f ′(χ) (R− χ)] , (1.22)

where the prime indicates a derivative with respect to χ. When the action

is varied with respect to χ we obtain the result f ′′(χ)(R− χ) = 0. Therefore

provided f ′′(χ) ̸= 0 , we recover our original action using the result that

R = χ. To make it explicit, we define the scalar degree of freedom,

ϕ = f ′(χ),

which also implies that χ(ϕ). Therefore that the action can be rewritten as,

S =

∫
d4x

√
−gM

2
Pl
2

[
MPl

2
ϕR− V (ϕ)

]
, (1.23)

where V =M2
Pl(ϕχ−f(χ))/2. The action has now been rewritten as a scalar-

tensor theory5 belonging to a class of theories known as Brans-Dicke (BD)

[44, 45],

S =

∫
d4x

√
−g
[
MPl

2
F (ϕ)R− ω(ϕ)

2
gµν∂µϕ∂νϕ− V (ϕ)

]
+SM(gµν , ϕ). (1.24)

Brans-Dicke theories are a useful set of theories, as they can be transformed

such that the scalaron is redefined so that it minimally couples to gravity, and

we arrive back at the Einstein-Hilbert action plus a matter content. We will

be considering the metric formalism within this thesis, which corresponds

to ω = 0 in the BD action above6.

Since the Ricci scalar and scalaron are related to the metric, we consider

a conformal re-scaling of the metric to remove the non-minimal coupling in

eq. (1.24),

gµν → g̃µν = F (ϕ)gµν , (1.25)

where the tilde indicates the new re-scaled metric. We relabel our additional

degree of motion as a field - the scalaron, F (R) → ψ, such that

dψ =MPl

√
3

2

dF

F
. (1.26)

5Scalar-tensor theories are a class of modifications where a scalar degree of freedom (in

our case, known as ϕ) interacts with the metric and the curvature. Therefore ϕ is considered

non-minimally coupled to gravity.
6For the metric formulation, which we are considering here, the metric encodes all the

details and sets ω = 0. Other formulations, such as metric-affine or the further reduced

Palatini, where the connection is also viewed as a separate variable to the metric, sets

ω = −3/2 [41, 43, 46].
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1.2 | Modified gravity

Therefore our scalar redefinition results in

F = e
√

2
3

ψ
MPl . (1.27)

Utilising the conformal transformation of the metric with its associated

quantities such as the Ricci scalar and the field redefinition the action be-

comes,

SE =

∫
d4x
√

−g̃
[
M2

Pl
2
R̃− 1

2
g̃µν∂µψ∂νψ − e

−2
√

2
3

ψ
MPl V (ψ)

]
+SM

(
e
−
√

2
3

ψ
MPl g̃µν

)
.

(1.28)

The action is now written with the scalaron non-minimally coupled to grav-

ity, this is known as the Einstein frame, identified with the subscript E. The

f(R) action in the Einstein frame now resembles that of eq. (1.16). For more

derivation details, see appendix B. To change from a non-minimally coupled

field to a minimally coupled field we conformally transformed the metric.

The ψ–field, along with all other matter contained within the stress-

energy tensor, follows the geodesics of our new metric, which depends on

ψ.

This transformation results in the matter sector, being shifted by F−2.

To make this explicit we can analyse the transformation with respect to the

stress-energy tensor. Using eq. (1.25) to provide the relation
√
−g̃ = F 2

√
−g,

we find that

T̃µν = −F−1Tµν , (1.29)

where we have eq. (1.13). In a perfect fluid, eq. (1.10) changes as

Diag(ρ̃, P̃ , P̃ , P̃ ) = Diag(ρ, P, P, P ) e−
√

2
3

ψ
MPl . (1.30)

Therefore if we are to include additional fields to eq. (1.19), they will

experience a modification to their kinetic and potential terms. An example

of this is given in section 4.2.3. Analysing the EFEs, we notice that we can

now re-write eq. (1.20) as,

Rµν −
1

2
gµνR =

κ

F
(Tµν + T (mod)

µν ) (1.31)

where,

κT (mod)
µν =

1

2
gµν (f −RF ) + (∇µ∇ν − gµν□)F (1.32)

highlighting the interpretation of the scalaron as a new matter content and

the effect it has on the stress-energy tensor. The action using the scalar
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field written in this form is often refereed to as quintessence. To be more

accurate we would state that this is an action of coupled quintessence, as the

quintessence field now interacts matter due to the metric transformation,

SM
(
e
−
√

2
3

ψ
MPl g̃µν

)
.

There are many modified gravity theories, too many to be outlined in

this thesis. However, in the last decade, a branch of modified gravity called

Horndeski theories has become popular[47]. They include quintessence

which has the form of eq. (1.16) and results in a dynamical cosmological

constant7 [28, 37, 38, 48], Brans-Dicke [44, 45], f(R) [26, 39–43], and Galileon

theories [49, 50] (a class of theories that utilise a scalar field that is constructed

to have a shift symmetry such that ϕ → ϕ + bµx
µ + c). They can all be

conveniently combined in a single action to give what is known as the

Horndeski Lagrangian,

L = G2(ϕ,X) +G3(ϕ,X)□ϕ+G4(ϕ,X)R

+G4,X(ϕ,X)
[
(□ϕ)2 − (∇µ∇νϕ)(∇µ∇νϕ)

]
+G5(ϕ,X)Gµν∇µ∇νϕ

− 1

6
G5,X(ϕ,X)

[
(□ϕ)3 − 3(□ϕ)(∇µ∇νϕ)(∇µ∇νϕ) + 2(∇µ∇ρ)(∇ρ∇σ)(∇σ∇µϕ)

]
.

(1.33)

G1...5 are functions that depend on the scalar field, ϕ, and its kinetic term,

X = gµν∂µϕ∂νϕ. We can arrive at quintessence by setting G2 = X −

V,G4 = M2
Pl/2, and G3 = G5 = 0. f(R) can be recovered if we set

G2 = −M2
Pl(RF − f)/2, G4 =M2

PlF/2, and G3 = G5 = 0. Horndeski theories

encapsulate modifications to GR while retaining second-order field equa-

tions and avoiding the introduction of instabilities and ghost fields. They

are compatible with cosmological observations [51, 52], provided the fine-

tuning of parameters, but are useful to present a general structure to study

modified gravity.

7The keen reader will notice that a constant cannot be a dynamical, we discuss this later

and label the vacuum energy as a dark energy.
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1.3 Modern cosmology

A foundational principle of cosmology is the assumption of a spatially ho-

mogeneous and isotropic universe on large scales, meaning the Universe

looks "the same everywhere" and "in all directions", respectively. Assum-

ing both homogeneity and isotropy, we conclude that it should apply to all

regions in space. Thus our assumption invokes the Copernican or cosmo-

logical principle stating, "we do not live in a special place in the Universe".

Therefore our cosmological observations are generic, allowing us to make

conclusions about the laws of nature governing the Universe as a whole. On

small scales, details of different structures are clustered non-uniformly, thus

breaking the cosmological principle. These inhomogeneities can be used as

useful cosmological probes, as we will discuss in section 1.3

Many cosmological models will make this assumption on the basis that

we are looking at a scale larger than 100 Mpc8, therefore remaining within

the validity of the cosmological principle. This assumption simplifies many

equations to describe the Universe, allowing approximations to be used.

For example, exact solutions to EFEs are difficult to find; however, a simple

metric can be found that is a solution to the EFE, assuming the cosmological

principle.

An evolving universe

The discovery that the Universe is not static but evolving is the core of mod-

ern cosmology and marked a significant paradigm shift. This conclusion

was determined in the early 20th century by astrophysicists who measured

the frequency of light emitted by galaxies. It was observed that galaxies

exhibited a shift in the emitted wavelength. We quantify the change of

wavelength by the redshift,

z ≡ λf − λi
λi

, (1.34)

where λi is the wavelength emitted by the source and λf is the wavelength

observed. In a local region with non-relativistic sources, the redshift is

8This is a lower bound for cosmology, referring to the approximate scale of the largest

known structures seen in the Universe: the length of super-clusters and voids [27].
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Figure 1.2: Hubble’s original plot of redshift velocity and radial distance

[53] with a line of best fit. The plot shown here and in Hubble’s original

paper has incorrect velocity units, with the correct units Km s−1. The

filled circles and solid line represent the solution for the individual motion

of stars within the galaxy centres. The empty circles and broken line

represent grouped stars.

equivalent to the Doppler shift: the change in frequency of a source due to

its motion towards or away from the observer e.g. the change in the sound of

a moving car. This provides us with a simple relation between the redshift

and the velocity of the source, v relative to the speed of light, c, z = v/c. In

1929, enough data had been collected for Edwin Hubble and his colleagues

to propose a linear relationship between the receding velocity, v and the

distance, d, relative to Earth depicted in fig. 1.2 [53]. This relation is known

as Hubble’s Law [27, 53, 54],

v = H0d (1.35)

where H0 is a constant of proportionality known as Hubble’s constant. An

interesting conclusion from Hubble’s Law is that the recessional velocity

of galaxies increases with their distance from us. Assuming the cosmo-

logical principle, this suggests that, on average, all observers conclude the

same law. Therefore, every galaxy is receding from each other. This led to

the conclusion that the Universe is expanding and not static as previously
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Figure 1.3: A visual representation describing the scale factor and comoving

coordinates

thought.

Moreover, by extrapolating backwards in time, an expanding universe

implies we previously lived in a hotter, denser universe. Therefore we

conclude that the Universe started at a spatial singularity, where all the

contents were contained in a single point in space. This is the basic premise

for the Big Bang theory. Therefore Hubble’s Law was the first evidence

for the Big Bang theory. We can also use Hubble’s Law to estimate the

Universe’s age, t ∼ H−1
0 ∼ 13 Gyrs.

The Friedmann, Lemaître, Robertson and Walker metric and the Fried-

mann equations

Thus far, we have largely ignored the notion of cosmological time. However,

the fact that the Universe is expanding requires more careful consideration.

Firstly, we define a dimensionless scale factor a(t), illustrated in fig. 1.3,

which represents the scale of space at a given time, t. It is defined as the

ratio of distances, r, at tf and an initial time ti, i.e., a(t) = r(t)/r(ti). Therefore

the scale factor represents the size of the Universe at a given time slice. As

a function of time, it can be used to find the relative rate of expansion,

defined as ȧ/a. We can then generalise the Hubble constant to the Hubble

parameter, with the Hubble constant identifying the current expansion rate.
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Figure 1.4: An illustration showing how a flat, closed and open universe

can be related to the measurement of angles. Notice how initially parallel

lines converge or diverge for closed and open universes respectively.

The Hubble parameter is defined as

H(t) =
ȧ(t)

a(t)
. (1.36)

For convenience, the scale factor is generally normalised such that a0 = 1

today.

Implementing the scale factor to encode the evolution of the Universe into

GR, Friedmann, Lemaître, Robertson, and Walker developed the most gen-

eral metric dubbed the FLRW metric using the assumption of homogeneity

and isotropy [55–58],

ds2 = −dt2 + a(t)2
(

dr2

1−Kr2
+ r2dΩ

)
. (1.37)

Here dΩ = dθ + sin2 θdϕ for standard spherical coordinates; K is a purely

geometric quantity known as spatial curvature at constant slices of time, it

encodes the geometry of the Universe as shown by fig. 1.4. The coordinates

of the metric (r, θ, ϕ) are comoving coordinates, which means that they

remain at a constant with the expansion of the Universe. On the other hand,

physical scales are re-scaled by the expansion so that r(physical) = a(t)r. On

local scales, we can approximate K → 0 and a → 1; the FLRW metric then

reduces to Minkowski.

An often useful time coordinate is conformal time, dτ = a−1dt, which

re-scales the time coordinate such that the FRLW metric becomes,

ds2 = a(τ)2
(
−dτ 2 + dr2

1−Kr2
+ r2dΩ

)
. (1.38)
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Furthermore, conformal time can provide a more constructive evaluation of

quantities in cosmology. For example, calculating redshift: if we assume a

flat universe and consider a single event of light emission with a δτ duration,

the scale factor remains a constant in conformal time. However, the physical

time interval of emission δti and detection δtf will be different due to the

expansion of the Universe. The ratio of these intervals gives a relation

between the wavelength of the emitted signal and the scale factor,

λi
λf

=
a(ti)

a(tf )
. (1.39)

Using this relation with our definition of redshift eq. (1.34), we find a useful

way to describe the time of an astrophysical event,

1 + z =
1

a(ti)
, (1.40)

using the fact that detection is today at a(tf ) = 1.

Equipped with a metric that encodes the expansion of the Universe and

curvature whilst assuming homogeneity and isotropy, we investigate the

evolution of the Universe, particularly the behaviour of the scale factor. We

start by determining the curvature terms from the metric eq. (1.37),

R00 = −3
ä

a

Rij = a2δij

(
ä

a
+ 2

ȧ2

a2
+ 2

K

a2

)
R = 6

(
ä

a
+
ȧ2

a2
+
K

a2

) (1.41)

Next, we determine the form of our stress-energy tensor, which encodes

the matter of the Universe. We assume that the content of the Universe be-

haves as a perfect fluid and the stress-energy tensor takes the form eq. (1.42):

Tµν =


ρ 0 0 0

0 P 0 0

0 0 P 0

0 0 0 P

− Λ

8πG


−1 0 0 0

0 a 0 0

0 0 a 0

0 0 0 a

 , (1.42)

where ρ and P are the energy density and pressure of the cosmological

matter, respectively, and we have included the cosmological constant. By

solving the Einstein field equations with the FLRW metric and given stress-

energy tensor, we arrive at the Friedmann equations, which describe the
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evolution of the scale factor. The first Friedmann equation, obtained from

the temporal component of the field equations, G00 = κT00, relates the

expansion of the Universe with the energy content

ȧ2

a2
≡ H2 =

8πG

3
ρ− K

a2
− Λ

3
. (1.43)

The second Friedmann equation relates the acceleration of the scale factor to

the energy density and pressure. The spatial component, Gii = κTii, gives

the second Friedmann equation

ä

a
+

1

2

ȧ2

a2
+

1

2

K

a2
= −4πG

2
P. (1.44)

This can be used in combination with eq. (1.43) to provide the rate of change

of the Hubble parameter,

Ḣ = −4πG(ρ+ P ) +
K

a2
. (1.45)

It is also useful to independently understand the scale factor’s behaviour

relative to the Universe’s content. Using the Friedmann equations, we find

the second derivative of the scale factor, indicating the acceleration of the

Universe at a given time,

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
. (1.46)

If we assume (ρ+3P ) > 0 it is clear that without the cosmological constant,

the Universe does indeed decelerate and eventually collapse as initially

thought. Therefore it is useful to define a deceleration parameter,

q ≡ − äa
ȧ2

= − Ḣ

H2
− 1

In the Jordan frame, f(R) theories will alter the Friedmann equations, as

they modify the EFEs (eq. (1.20)) as discussed in section 1.2. This results in

the modified Friedmann equations,

H2 +
K

a2
=
FR− f

6F
−H

Ḟ

F
+ κρ (1.47)

Ḣ − K

a2
= H

Ḟ

2F
+ κ

ρ+ P

2F
− F̈

2F
(1.48)

The Friedmann equations determine the evolution of the scale factor

given the total energy density and pressure of the Universe. These equations
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allow us to study the past and future evolution of the Universe and make

predictions about its fate. By measuring the Universe’s expansion history

through experiments, we can constrain the parameters in the Friedmann

equations and infer the composition and history of the Universe.

To study different matter content of the universe, such as radiation or

baryonic matter, and their effect on the Universe’s history, we define the

critical energy density,

ρc =
3H2

8πG
. (1.49)

This parameter describes the total energy density of a flat Universe (with

K = Λ = 0). From this, we define the dimensionless density parameter,

Ωi =
ρi
ρc

(1.50)

where the subscript i refers to the species contributing to the energy density

e.g. radiation. Therefore if the sum of energy densities is unity, Ωtot = 1,

the Universe remains flat. However, including curvature, an open universe

results in Ωtot > 1 and a closed universe in Ωtot < 1.

Earlier, we discussed the assumption of a perfect fluid. Within the fluid

approximation, it is assumed that the pressure within the fluid is assumed

to be linearly related to the energy density,

P (t) = wρ(t), (1.51)

where w is the equation of state parameter. This assumption is based on

the idea that the fluid can be considered a collection of particles interacting

through collisions. Their macroscopic behaviour can be described through

variables such as pressure, energy density, and velocity. The parameter

w is a constant and allows us to characterise the content contained in the

Universe.

Another important aspect implemented in GR, and discussed in sec-

tion 1.1, is energy conservation, which is given by,

∇µT
µν = 0. (1.52)

For our perfect fluid described by eq. (1.42), we obtain an energy conserva-

tion equation known as the fluid equation,

ρ̇+ 3H(ρ+ P ) = 0. (1.53)
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Using the equation of state to remove P and assuming that w is a constant,

we find that the energy density can be calculated from the scale factor

ρ = ρ0a
−3

∫
(1+w). (1.54)

Using (1.43) we find a solution for the scale factor,

a =

(
t

t0

) 2
3(1+w)

, (1.55)

where we have assumed that a0 = 1 and w is a constant.

Components of the Universe

Next, we discuss the contents of the Universe. We begin by analysing the

Universe with well-established content: non-relativistic matter and radia-

tion. To study the behaviour of each species, we initially consider a universe

that is only filled by the species in question. Non-relativistic matter exerts a

negligible pressure (wm ≈ 0) and its energy density will decrease at a rate

proportional to the expansion of the Universe, ρm ∝ a−3. Using eq. (1.55)

we obtain that the Universe with only matter scales as a ∝ t2/3. On the other

hand, radiation has an associated temperature and thus a non-zero pressure

(wr = 1/3). Its energy density also decreases at a rate of the expansion of

the Universe, with an additional decrease as the wavelength is stretched

leading to ρr ∝ a−4. Therefore a universe containing only radiation will

scale as a ∝ t1/2.

With both radiation and matter present in the Universe, the expansion is

no longer uniform as both species evolve at different rates so one will come to

dominate the total energy density. Therefore, the Universe’s expansion will

be separated into two distinct epochs. In a hotter and more dense universe, a

will be smaller such that ρr initially dominates the energy density, then as the

Universe expands and cools with a larger a the energy density will become

matter-dominated. We identify the transition between the two as matter-

radiation equality. Next, we investigate the inclusion of spatial curvature

(K ̸= 0) in the evolution of the Universe. If we assume that the Universe will

continue to expand the curvature will dominate over matter and radiation

epochs due to the scaling of its energy density ρk ∝ a−2, where ρk = Ka−2.

If it is an open universe, then the spatial curvature will act as a source term
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in the Friedmann equations, resulting in an indefinite expansion. However,

if the spatial curvature is positive, such that it is a closed universe, then the

spatial curvature acts against the expansion in the Friedman equations. This

results in the Universe eventually beginning to contract, ending in the "Big

Crunch" when eq. (1.43) vanishes and the Universe ends in a singular point.

These two outcomes can be identified from eq. (1.45).

Finally, we consider the inclusion of a cosmological constant, which

does not evolve in time by definition and has no dependence on the scale

factor. Therefore if the cosmological constant is non-zero, it will at some

point dominate over all other terms in the Friedman equation resulting in

H2 ∝ Λ = const. Solving for the scale factor

a ∝ eHt. (1.56)

In this scenario, the Universe will begin to expand exponentially with Λ

dominating over all other terms indefinitely, this is referred to as a de-Sitter

universe.

With multiple different components, each potentially dominating the

Friedmann equation, it is often helpful to break down the energy densities

further, such that the eq. (1.43) becomes,

3H2 = ρr + ρm + ρk + ρΛ, (1.57)

where ρΛ = Λ. As discussed above, we also know the solution to each of

these components in terms of the scale factor. Therefore we can rewrite this

in a compact form,

H2 = H0[Ωr,0a
−4 + Ωm,0a

−3 + Ωk,0a
−2 + ΩΛ,0], (1.58)

where the subscript 0 indicates the measured value today. This equation

illustrates how each term has the potential to dominate a specific epoch in the

evolution of the Universe. Working with density parameters is often more

convenient as they are bounded between 0 and 1 and naturally normalises

the Hubble parameter to the Hubble constant. In addition, eq. (1.58) is

helpful to bridge the gap between the theoretical and experimental side of

cosmology as experimental cosmologists often work with redshift as a time

coordinate, which can be easily implemented into eq. (1.58) using (1.34). This

allows for the measurement of the Hubble parameter at different redshifts,
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enabling reconstruction of the history of the Universe through the Hubble

parameter and determination of its content.

Cosmological observations are currently experiencing a golden age of

new and advanced technologies. These observations are revealing new

features, motivating extensions and modifications to current theoretical

paradigms. For instance, astrophysical measurements of galaxies and galaxy

clusters have observed an intriguing feature: there seems to be the presence

of an invisible mass halo surrounding them. This mysterious mass has been

aptly named dark matter (DM), due to its non-existent interaction with the

electromagnetic spectrum. An early method for measuring the fraction of

dark matter utilises the rotation curves of galaxies: by plotting the speed of

rotation relative to the centre of mass, and comparing it to the theoretical

relation due to observed mass (standard baryonic matter such as stars and

dust), a significant discrepancy is identified [59, 60]. This reveals that the

Universe contains around ΩM ≈ 0.3 non-relativistic matter, of which a small

fraction Ωb ≈ 0.05 is standard baryonic matter. Therefore, the Universe

comprises of ΩDM ≈ 0.25, some dark matter that does not interact with EM

radiation. Moreover, DM not only accounts for the additional mass discrep-

ancy within galaxy rotation curves, which multiple different observations

have verified [61–63]. It also has been verified by simulations of galaxy clus-

ters and structure formation, which rely on the current ratio of dark matter

to baryonic matter, [64].

Type 1a supernovae (SN1a) provides a means to measure luminosity dis-

tance versus redshift, known as standard candles9, allowing astronomers

to map out the relation between the two. Starting with closer sources to

accurately and precisely measure H0, astronomers have slowly built up a

catalogue of sources, calibrating standard candles to build a cosmic distance

ladder of luminosity distances vs redshift. Just before the turn of the millen-

9Type 1a supernovae are the process of a white dwarf obtaining additional mass from a

neighbouring star or gas cloud. This results in the dwarf star crossing the Chandrasekhar

limit and exploding. This event produces a luminosity strongly related to the properties of

the white dwarf. This relation allows the luminosity to be compared against the observed

magnitude of the source allows us to determine the distance or redshift to the source.

Therefore, sources such as SN1a provide a standardised measurement of distance related

to observed luminosity, and have been ’standard candles’ [65].
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Figure 1.5: Each fluid will dominate the evolution of the Universe at differ-

ent times depending on the relevant proportionality. The scale factor and

time scale have been normalised relative to values measured today.

nia, two independent teams, [66, 67], mapped out the distance ladder from

SN1ae. They discovered that the Universe was expanding at an accelerated

rate, concluding that the energy density of the Universe was dominated by

repulsive dark energy. This was confirmed and verified by different cos-

mological observations and led to the conclusion that the contents of the

Universe are ΩM,0 ≃ 0.3 and ΩΛ,0 ≃ 0.7 [68].

Dark energy is estimated to make up approximately 70% of the cur-

rent energy density of the Universe, with a corresponding equation of state

parameter of w0 ≈ −1. Within the structure of eq. (1.58), a non-diluting

cosmological constant is a good candidate that fits the observations well. If

this is the case, the other Universe components will eventually be diluted

away.

From current observations, assumingΛCDM, the parameters of eq. (1.58)

are [27, 68],

H0 ≈ 70kms−1Mpc−1, Ωr,0 ≈ 10−4, Ωm,0 ≈ 0.3, Ωk,0 ≈ 0, ΩΛ,0 ≈ 0.7.

(1.59)

Using these measured values, we can determine the evolution of the Uni-

verse using the scale factor as depicted in fig. 1.5.

The nature of dark energy and its non-zero value remain highly debated
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and an active area of research. The current paradigm is ΛCDM, which

includes a non-zero cosmological constant and non-relativistic (cold) dark

matter. This model is the simplest model of the Universe, requiring six

parameters to be fitted to current observations. As discussed, including a

cosmological constant from the foundation of GR is well established; how-

ever, the physical interpretation remains to be answered. Quantum field

theory states a uniform field throughout the Universe with a non-zero min-

imum energy. This is calculated to give a uniform energy density ρ(the)Λ . We

assume the minimum vacuum energy density is of the order of the cutoff

scale of the theory, the Planck mass. Compared with the observed cosmolog-

ical constant energy density, ρ(obs)Λ , we find a discrepancy ρ(the)Λ ≈ 10120ρ
(obs)
Λ

[69]. Although the number is quoted due to be provocative, a more realistic

approach is to use the energy scale of known particles. Setting the energy

scale to that of the strong force used in particle physics or the energy scale

of quantum chromodynamics, the discrepancy reduces toO(1060) [70]. This

remains one of the biggest discrepancies between theorised and observed

parameters in physics.

There are many different candidates to explain dark energy, such as

modified gravity, which provides a dynamical element to the cosmological

constant. For instance, we can investigate how a quintessence model out-

lined in section 1.2, can justify the measured value. Assuming the presence

of a homogeneous scalar field in an FLRW universe, the energy density and

pressure calculated from eq. (1.18) are given by,

ρ =
1

2
ϕ̇2 + V e

−2
√

2
3

ϕ
MPl , P =

1

2
ϕ̇2 − V e

−2
√

2
3

ϕ
MPl . (1.60)

with the corresponding Klein-Gordon equation,

ϕ̈+ 3Hϕ̇+ Vϕ = 0.

The acceleration equation eq. (1.46) becomes,

ä

a
= −4πG

3
(ϕ̇2 − e

−2
√

2
3

ϕ
MPl V ). (1.61)

Provided the potential is always positive, we can expect the field to settle in a

minimum or slowly roll down the exponential tail due to the damping effect

from the expansion of the Universe. This can be seen from the KG equation,

where the 3Hϕ̇ will act as a damping term. Therefore, the second term will
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dominate the acceleration equation, accelerating expansion. The behaviour

and value of the vacuum energy density are given by the details of effective

potential energy, which can match observed values depending on the given

field values. The dynamical interpretation of dark energy from the potential

is known as quintessence and has many interesting features [71, 48]. While

this brief quintessence illustration was motivated by modified gravity, many

different models have been investigated with varying potentials to give rise

to DE.

The hot big bang

Given the framework of cosmology discussed, we can reconstruct details

of the early universe. As the Universe expanded and the distance between

particles increased, the temperature decreased due to the redshifting of

photons, resulting in a cooling effect. Consequently, the early universe

is characterised by a much hotter and denser region of space than today.

Extrapolating, we conclude that matter would have existed in a relativistic

state, contributing to the radiation density. In this regime, photons and

neutrinos would have been trapped via interactions in the thermal plasma

bath of relativistic matter. This initial radiation-dominated setup is called

the Hot Big Bang (HBB).

Equilibrium is an essential aspect in the dynamics of the HBB. If the

particle interacts at a rate greater than the expansion of the Universe, then

the particle remains in equilibrium with the thermal bath. As the expansion

of the Universe increases, the interaction rate drops below the expansion.

Therefore, the relativistic particles will decouple from the thermal bath and

essentially be frozen. With further cooling, the photons will eventually

decouple from the plasma. At this point, the Universe becomes illuminated,

as the photons free-streaming away and are observed today as a cosmic

microwave background (CMB). Thus the CMB encodes information about

recombination and the dynamics of the early universe [72–76].

Moreover, we can also infer details about the expansion of the Universe,

as these photons have been free-streaming to us since decoupling. Therefore

it also includes the nature of expansion through the Universe’s history.

The CMB was first measured in a fortunate accident by Arno Penzias and
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Robert Wilson [77] using a radio antenna first mistaken as noise from nearby

pigeons. This measurement was later confirmed and identified as the CMB,

a background of primordial photons. The Planck team undertook the latest

measurement of the CMB [68].

The CMB is a crucial tool for understanding the early universe, provid-

ing information about its isotropy. Small perturbations in the gravitational

potential felt by the photons at decoupling produce very small tempera-

ture anisotropies, denoted δT . According to the latest measurements from

Planck, the level of anisotropies is constrained to

|δT
T̄

| ≲ 10−5, (1.62)

where the bar represents the average temperature of the CMB, T̄ = 2.728±

0.004. These findings support the assumption that the Universe is homoge-

neous and isotropic on large scales.

These anisotropies are decomposed into spherical harmonics, Ylm, with

the amplitude, alm, parametrised by the positive integers l andm. This allows

us to determine the corresponding angular power spectrum of temperature

fluctuations, CTT
l ,

δT

T
=
∑
l,m

almYlm(θ, φ), CTT
l = ⟨|alm|2⟩. (1.63)

These small fluctuations in temperature identify the gravitational fluctua-

tions in the early universe. Therefore they encode the initial conditions that

eventually give rise to inhomogeneities, the seeds of large-scale structures

we observe at the local scale. The shape of the power spectrum will depend

on the details of the expansion of the Universe, leaving signatures about

the Universe’s history and allowing us to constrain different cosmological

models. A model must be fitted to the data to describe the Universe’s his-

tory accurately. In the case of ΛCDM, the best-fit parameters are listed in

eq. (1.59), and the resulting normalised angular power power spectrum,

DTT
l = l(l + 1)T̄ 2CTTl /2π, is shown in fig. 1.6.
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1.3 | Modern cosmology

Figure 1.6: CMB angular power spectrum of the temperature-temperature

(TT) correlations, taken from Planck 18’s mission [68] and the blue curve

represents the best-fit data of ΛCDM. The panel below identifies the resid-

ual of the fitting between the two.

1.3.1 Cosmological perturbations

Therefore if we are interested in the small spatial fluctuations of the temper-

ature, we analyse the small spatial variation of gravity. Due to the nature

of gravity, small fluctuations will demonstrate unstable growth. These fluc-

tuations are studied in the theory of linearised gravitational perturbations

in a non-static universe. This theory of cosmology has been successful, be-

ing used to predict the CMB fluctuations and the growth of structures, and

used to detect gravitational waves. The necessary cosmological perturba-

tions depend on the context and epoch or model. Thus, we briefly outline the

theory of cosmological perturbations in a generic FLRW universe, detailed

in [73, 74, 76, 78, 79], and analyse the perturbations for different epochs in

the relevant chapters of the thesis.

We assume, as we have discussed, that the Universe is homogeneous

and isotropic at large scales, we define this idea of large scales to be the

background. However, we know the Universe deviates from the perfect and

ideal background model discussed above. Therefore a secondary small part

is added to model the deviations from the background allowing us to rewrite
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quantities decoupled into background and perturbations. For instance, the

metric now becomes,

gµν = ḡµν(t) + δgµν(t, x) (1.64)

where we identify the background quantity with a bar and the perturba-

tion by δ, and we assume ḡµµ ≫ δgµµ. We have discussed how the metric

affects matter and matter affects the metric. Thereby logically, we know that

our perturbation should lead to perturbations in other quantities that are

coupled to gravity e.g. matter.

A tensor can in general be decomposed into scalar, vector and tensorial

parts. A FLRW metric can be written as,

gµν =

−(1 + 2Φ) a(Bi)

a(Bi) a2 [(γij + Eij]

 (1.65)

Here γij represents a general background spatial metric on constant time

hypersurfaces (in a flat space γij = δij).

The decomposition means we split our vectors into the gradient of the

scalar and a divergence-free vector,

Bi = ∂iB + Si

, where B is the scalar quantity and ∂iSi = 0. The same can then be done

with the tensor modes,

Eij = −2Ψγij + 2∂i∂jE + ∂jFi + hij

. The first two terms contain the scalar quantities of tensor,Ψ andE. The first

term encodes the trace of of the spatial perturbations, leaving the remaining

terms traceless. The remaining vector Fi and hij are divergence-free and

correspond to transverse perturbations.

Therefore our resulting metric to linear order becomes,

gµν =

 1 + 2Φ a(B,i + Si)

a(B,i + Si) a2
[
(1− 2Ψ)γij + 2E,ij + 2F(i,j) + hij

]
 (1.66)

We can see that the metric has been broken down into 4 scalar perturbations,

Φ, B,Ψ, E; 2 vector divergence-free perturbations, Si, Fi, which then corre-

sponding to two components each; and a single traceless transverse tensorial

part, hij , which contains two independent components. We now see that
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we have 10 independent metric quantities as expected from a symmetric

tensor in 4 dimensions. However, we note that after choosing a gauge, we

are left we remove two scalar and two vector degrees of freedom, while the

tensors remain untouched, as they are already gauge-invariant. Therefore,

after gauge fixing, we have a total of 6 degrees of freedom.

Depending on the regime and problem in question, only certain pertur-

bations must be considered. For instance: in section 3.4, we focus on the

scalar perturbations that give rise to the CMB, and in section 4.2.4, we anal-

yse how each mode of the perturbations are affected through a bouncing

universe.

Scalar modes

For this thesis, we will discuss scalar perturbations in the early universe, fo-

cusing on inflation and their impact on detectable cosmological observables

arising from the power spectrum of the CMB. As stated before, perturbing

gravity via the metric coincides with the perturbation of matter fields. How-

ever, there is some ambiguity about the interaction between the perturbed

and non-perturbed quantities. Therefore we make a gauge choice to work in

the Newtonian/Longitudinal gauge for the scalar perturbations which sets

B = E = 0. Our scalar perturbed line element now simplifies to,

ds2 = −(1 + 2Φ)dt2 + a2(1− 2Ψ)δijdx
idxj (1.67)

We now consider the perturbed EFEs of the form eq. (1.11), δGµ
ν =

8πGδT µν :

δG0
0 = 2∇2Ψ− 6H

(
Ψ̇ +HΦ

)
= 8πGδρ (1.68)

δG0
i = −2

(
Ψ̇ +HΦ

)
i
= 8πGδqi (1.69)

δGi
i =

(
Ψ̇ +HΦ

)
0
+ 3H

(
Ψ̇ +HΦ

)
+ ḢΦ +∇2(Φ−Ψ) = 8πGδP (1.70)

δGi
j ̸=i = (Ψ− Φ) = 8πGδΠ. (1.71)

Where δqi is the scalar part of the three momenta, it can be best understood

by its coordinate transform δqi → δqi + (ρ + P )δt, and δΠ is the anisotropic

stress which encodes the off-diagonal terms. In this thesis, we will consider

the matter content as perfect fluids on large scales with negligible anisotropic
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stress. This allows us to make the relation

Ψ = Φ. (1.72)

We will expand the perturbations in Fourier space,

Ψ(x, t) =

∫
d3k

(2π)3/2
eik·xΨk(t). (1.73)

We will drop the subscript k to shorten the expressions and utilise the

eigenvectors of the spatial Laplacian, ∇2Ψ = −k2Ψ. Here k is the comov-

ing wavenumber of the perturbations, assuming flat space, related to the

physical wavelength of the perturbation, λ = 2πa/k.

Observations are made from gauge-invariant properties. There are two

commonly used curvature perturbations, we will use the comoving curva-

ture perturbation,

R ≡ Ψ− H

ρ+ P
δq. (1.74)

We also will work with isocurvature modes or also known as entropy

modes,

S = H

(
δP

Ṗ
− δρ

ρ̇

)
(1.75)

As we will discuss later, these identify the perturbations arising from more

than a single degree of freedom.

From our curvature perturbations, we are able to define the primordial

power spectrum of scalar fluctuations at any given scale,

PR =
k3

2π2
|R|2. (1.76)

We also define the corresponding isocurvature power spectrum,

PS =
k3

2π2
|S|2. (1.77)

The primordial power spectrum is then used as an experimental tool that

allows us to constrain early universe physics and, thus, different models of

inflation. A small range of wavenumbers corresponds to the CMB measure-

ments. The observed primordial power spectrum can be classified by its

small-scale dependence at the horizon crossing (k = aH). This is known as

the spectral index or tilt,

ns − 1 ≡ d lnPR

dk

∣∣∣∣
k=aH

. (1.78)
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If we had ns = 1 this would indicate a flat spectrum at the horizon crossing

telling us there is no scale dependence at that point. However, we currently

measure from the CMB ns ≃ 0.965, a very slight drop in power around the

horizon crossing. We can then further examine the running, αs, and the

running, βs, which indicate further deviations from a flat or even constant

power spectrum. Given these CMB parameters, the power spectrum can be

approximated to

PR ∝
(
k

k0

)ns−1+ 1
2
αs ln(k/k0)+

1
6
βs(ln(k/k0))2

, (1.79)

where both αs and βs are evaluated at the reference point k0.

Vector modes

Isolating the vector perturbations from eq. (1.66), the line element is,

ds2 = −dt2 + 2aSidtdx
i + a2

[
γij + 2F(i,j)

]
dxidxj. (1.80)

The two vector perturbations are divergence-free, ∂iSi = ∂iFi = 0. A gauge

invariant quantity can be constructed from the vector perturbations σi =

Ḟi + Si/a which is also related to the divergence-free 3 momentum,

16πGδqi = −∇2σi (1.81)

However, δqi obeys the momentum conservation,

δq̇i + 3Hδqi = −∇2δΠi. (1.82)

Therefore it is clear that if we assume anisotropic stress is negligible, the

3-momentum will be redshift away with the expansion of the Universe.

Tensor modes

The remaining tensor perturbations can be written in the line element as,

ds2 = −dt2 + a2 [γij + hij] dx
idxj. (1.83)

The spatial tensor perturbation, hij , is already symmetric and gauge in-

variant and therefore is a real physical quantity, they are more commonly

known as gravitational waves (GW). Moreover, the tensor perturbation is

transverse, ∂ihij = 0, and traceless, hii = 010.
10Due to the set-up of our metric, this result is natural. A corresponding calculation

can be computed to find the same outcome starting from a Minkowski background plus a

gravitational wave source, gµν = ηµν + hµν
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We can then find the solution to the linearised EFEs to determine an

equation governing the tensor perturbation:

□hij = −16πGδΠ̄ij, (1.84)

where Π̄ij is the transverse traceless part of the anisotropic stress, which we

assume to vanish. Therefore the perturbations result in a wave equation as

expected

□hij = 0 ⇒ hij = Aije
ikmxm , (1.85)

where Aij is a constant, symmetric, rank-2 tensor encoding the polarisation

of the wave, and kl is the momentum of the gravitational wave. Due to

our tensor being transverse and traceless this then implies the conditions

respectively:

kmA
mi = 0, Amm = 0. (1.86)

Therefore if a wave travels in the z-direction (km = (0, 0, k)) our conditions

set

Aij =


Axx Axy 0

Axy −Axx 0

0 0 0

 (1.87)

along with Axy = Ayx and Axx = −Ayy. From this we can then see that

there are two obvious polarisations of gravitational waves: Axy = 0 which

leaves the wave to displace in the vertical and horizontal lines, labelled

as + polarisation. The other polarisation, set by Axx = 0, stretches and

squishes along diagonal lines denoted as × polarisation. Therefore the

tensor perturbation is often written as

hij = h+


1 0 0

0 −1 0

0 0 0

+ h×


0 1 0

1 0 0

0 0 0

 (1.88)

where h+,× are the mode functions of the perturbation in the given polar-

isation. The tensorial power spectrum can be calculated from eq. (1.85).

However, it is often more useful to rewrite the equations of motion for the

tensor perturbations by defining a new variable, v = ah, and rewriting

eq. (1.85) as,

v′′ + (k2 − a′′

a
)v = 0 (1.89)
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where the prime donates conformal time dτ = a−1dt. This equation is often

much easier to solve in terms in the context of inflation due to the change of

time coordinate. The primordial tensor power spectrum is then computed

in a similar way to the scalar,

PT =
4k3

π2
|h|2 = 4k3

π2

∣∣∣v
a

∣∣∣2 . (1.90)

The problem with tensor fluctuations is that they are currently still unde-

tectable given CMB experiments. However, we are able to determine the

magnitude of the perturbations through the scalar-to-tensor ratio, r, a cos-

mological observable parameter at the horizon crossing,

r ≡ PT

PR
. (1.91)

The latest CMB data have constrained this to r ≲ 0.035 [80] at the horizon

crossing. We will see later, during examples of inflation in section 4.2.3,

measuring the amplitude of a gravitational wave background is vital to our

understanding of inflation, as it sets the energy scale of inflation.
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Standard Sirens

Everything reviewed thus far describes how the Universe is evolving: Is it ex-

panding or contracting, accelerating or decelerating? As we have discussed,

this depends on the Universe’s contents. Thus we make approximations,

modelling the contents as different fluids with specific properties. In sec-

tion 1.3, we have briefly referred to using cosmological observations to refine

or modify cosmological paradigms. However, recently a plethora of mod-

ified gravity models have emerged, primarily motivated by the unknown

nature of the dark sector [26, 28, 37, 38, 48] and the particular mechanics of

inflation [42, 74, 81]. Therefore cosmological observations are a valuable tool

to constrain the parameters of new models and sometimes dismiss them.

In this thesis, we will focus on observations in two epochs: the late uni-

verse, limited to only a few redshifts, measuring properties of large-scale

structures, and early universe measurements, specifically the CMB, an im-

print of inflation and the Big Bang. Utilising independent observations from

both the early and late universe, we can begin to constrain cosmological pa-

rameters while minimising any bias. However, these two measurements are

not in total agreement. With the increased precision of local measurements

from Cepheids, [82] identified a 4.4σ discrepancy inH0 compared to the late

universe measurements of Planck, [68]. This discrepancy is reviewed with

additional measurements in [83, 84] identifying a 4.4 − 6.3 σ difference in

the measurement of H0 between the CMB and local measurements.

As we have discussed, the measurements of the CMB heavily rely on the

model being used. The current best-fitting model with the CMB is ΛCDM

and an inflationary model. Using measurements from the CMB, we can

indirectly infer the best-fit value of H0 using measurements that rely on
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the assumption of ΛCDM. The commonly cited figure for early universe

measurement of H0 is taken from [68] Planck 2018 + CMB lensing finding

H0 = 67.36 ± 0.54kms−1Mpc−1 at 68% confidence level. It is important

to note that other early universe measurements, such as baryon oscillation

spectroscopic surveys, also agree with CMB H0 measurements [85]. In

contrast, H0 is directly measured from our local (late) universe, using a

distance-redshift relation. An example is using SN1a to measure luminosity

distances using a calibrated cosmic distance ladder. For instance, the SH0ES

Team, which uses a distance ladder calibrated with techniques requiring

Cepheids, measured H0 = 73.2 ± 1.3kms−1Mpc−1 at 68% confidence level

[86], this result is confirmed with other local sources1.

This tension can result from systematic errors in local or early universe

measurements, or more interestingly, these tensions highlight the break-

down of the ΛCDM model. This motivates research into new, more exotic

models of the Universe’s expansion in the latter’s case.

Gravitational waves

To address the cosmological tensions that have arisen in the last decade, GWs

offer a promising aid to resolve the observed tensions. GWs are emitted by

massive objects that undergo acceleration, and lack spherical symmetry,

such as a binary system. This is analogous to the electromagnetic radiation

which is sourced from an accelerating charged object. GWs are a prediction

of GR2, representing a fundamental aspect of the Universe and offering new

insight into cosmology. They are a relatively new and unique cosmological

probe because they are weakly interacting with matter, making them difficult

to detect. Nonetheless, the first directly detected GW was measured in

2016 by the Laser interferometer gravitational-wave observatory (LIGO) and

Virgo collaboration using ground-based detectors [20].

GW detectors utilise laser interferometers to measure the small change

in displacement as GWs interact with the equipment. Detectable GWs, from

1All local measurements are based on a cosmic distance ladder, but the calibration and

events differ to reduce any bias. Some of the commonly used sources are Cepheids [87, 86]

and the evolution of red giants [88].
2A derivation of the GWs arising from a perturbative analysis of GR can be found in

section 1.3.1.
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ground-based detectors, can be generated through the merger of binary

black holes (BHs), binary neutron stars (NSs), or a BH-NS system. The

characteristics of the merger can be determined by analysing the evolution

of the GW signal. Unlike electromagnetic radiation, GWs weakly interact

with matter, enabling the accurate determination of redshift distance with

minimal interference. The confirmation of this observation provides a win-

dow to study the Universe’s extreme events and fundamental cosmological

concepts.

However, GWs are insufficient to provide a luminosity-redshift distance

alone; specific mergers can also include an electromagnetic (EM) counter-

part. The first observation of a binary neutron star merger (GW170817) with

a gamma-ray burst counterpart has led to identifying various interesting

phenomena about the Universe. The speed of GWs, represented by vGW , is

estimated to be constrained between [89]

−3× 10−15 ≤ vGW − c

c
≤ 7× 10−16.

This simple result identifies the speed of GWs as the speed of light. There-

fore, the result strongly constrains cosmological models, with many dis-

missed [90, 52].

GWs can be considered a new independent standard candle, discussed

in section 1.3. Although, due to the displacement nature of GW rather than

an optical observation, it is referred to as a "standard siren". An accurate

and comical term coined by [91] – allowing for an intuitive picture of cosmo-

logical speakers calling out. Moreover, the GWs can probe larger redshifts

than their optical counterparts. Probing larger redshifts means the mea-

surement becomes more model dependent, with dark energy becoming a

significant factor. These standard sirens can serve as a complementary ob-

servation technique to the cosmic microwave background and supernoave,

aiding in the identification of systematic errors in local measurements and

the accuracy of calculating H0, constraining cosmological models.

Furthermore, GWs can be used as a new independent measurement to

constrain late universe cosmological models that propose explanations for

the dark sector of the Universe. As discussed in section 1.2 and section 1.3,

possible alternatives to the contested ΛCDM model lie in adding new de-

grees of freedom, either in the gravitational sector resulting in modified
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gravity models or generalising the cosmological constant to a dynamical

DE by introducing a scalar field controlled by its potential. Utilising more

generalised models allows for not only an explanation of the nature of DE

and DM, and if there is any non-minimal interaction between them, but also

the possibility of addressing the cosmological tensions. Modifications to

the gravitational sector or including a dynamical DE content will produce

specific and measurable features in astrophysical and cosmological mea-

surements. Therefore, these alternative models have a limited parameter

space for modifications that are potentially testable with GWs.

2.1 Forecast of gravitational wave data

Current first GW detectors, advanced Virgo [92] and advanced LIGO [93] col-

laborations, are ground-based detectors: LIGO collaboration currently con-

sists of two detectors in the United States, both constructed with a Michelson

interferometer with 4km arms and oriented in the same direction, to confirm

detection. Virgo is also a Michelson interferometer based in Italy, with an

arm length of 3km. Together LIGO and Virgo can survey the entire sky

for GWs and have agreed to jointly analyse data to ensure confirmation of

detection and catalogue of data. Since the first detection, both observatories

have been upgraded to enhance sensitivity. Along with the upgrade, an-

other GW observatory in Japan, KAGRA, came online in 2020 [94], totalling

four independent detectors.

However, these first and second-generation GW detectors are limited

in their sensitivity and precision, and detectable GWs with EM counter-

parts are rare, with only a single detection so far. Nonetheless, the single

measurement of the speed of gravitational waves already has ruled out

many modified gravity models which predicted the speed of gravity out

of the allowed bounds [90, 95, 96]. The next generation of GW detectors

is designed to become more sensitive and precise and detect over a larger

range of frequencies. In this chapter, we simulate a range of mergers with

an EM counterpart, and create mock data from the detection of proposed
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third-generation observatories, the ground-based Einstein Telescope (ET)

[97] and the space-based Laser Interferometer Space Antenna (LISA) [98].

This allows us to forecast the parameter space for modified gravity models.

The ET builds upon the success of second-generation detectors. The

interferometer will be built in an underground structure to help eliminate

noise. It will consist of three 10km arms in an equilateral triangle formation

with two interferometers at each vertex. The two interferometers will be set

up to measure different frequencies to ensure a larger range of detectable

frequencies. The ET is proposed to be operational in 2034. LISA is based on

a similar design to ET, with three spacecraft in a formation of an equilateral

triangle, with each spacecraft armed with an interferometer and detector.

The arms of the interferometer will be 2.5×109m long to maximise sensitivity

and allow for a lower frequency range. LISA will orbit the sun, trailing

Earth’s orbit by 20◦. Due to the setup, it is estimated LISA will be able to

detect GW beyond z = 20. LISA is expected to launch sometime in the 2030s.

The script used to create the mock data can be found in GWSS [99],

standing for gravitational wave standard sirens. The details of the process

are described in more detail in the following sections, but it follows the

general procedure:

• Choose background cosmology:

Simulate a range of merging events at given redshifts and the correspond-

ing Hubble parameter, luminosity distance, and time taken from event to

observation based on background cosmology.

• Specify details about merger:

Assign details of each merger, e.g. orientation, mass, and position in the sky.

Redistribute the redshift of the mergers based on the probability distribution

of observed events.

• Simulate observed error:

Compute the signal-to-noise ratio and implement the error associated with

the observatory used. Remove any mergers with errors or signal-to-noise

ratios that are too high for confirmed mergers.

• Artificially spread mergers from background:

Redistribute the luminosity distance of the merges based on a Gaussian

distribution around the background cosmology to artificially create ran-
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domness, utilising the calculated errors as the standard deviation.

2.1.1 Cosmology of gravitational waves

To simulate gravitational waves data from future probes of black hole merg-

ers, we require some cosmological quantities: the redshift of the merger,

z, the value of the Hubble rate at merger, H , its comoving and luminos-

ity distance, dc and dl respectively, and the time difference of the merger

to measurement, t. For this purpose, we resorted to the public Einstein-

Boltzmann code CLASS code [100, 101], which is adapted to accommodate

general models of interacting dark energy3.

Therefore the required cosmological parameters were generated and ex-

tracted from the code’s output, from which different models can be chosen,

given an accurate sample of the data. This work opted to simulate the

data with the fiducial model ΛCDM, according to the best-fit cosmological

parameters from Planck likelihood [68] with:

H0 = 67.32km s−1 Mpc−1, Ωbh
2 = 0.022383, Ωch

2 = 0.12011,

where h = H0/100 and Ωb, Ωc is the density of baryons and cold dark matter,

respectively. This results in the derived quantityΩ0
m = Ωb+Ωc = 0.3144. This

will allow us to assess how the simulated GW data compares with current

observational data such as SNIa, BAO, and CC. However, it is important

to note that using Planck likelihood, which assumes ΛCDM, will create a

strong bias towards ΛCDM cosmology. Thus we interpret the produced GW

mock data as a prediction of measurements in a ΛCDM Universe.

From here, it is also possible to test the constraining power of the forecast

sample on the coupling parameter of the interacting dark energy (IDE) mod-

els, β, as discussed in section 1.2. Since the observational measurements are

based on frequency evolution, we opt to convert all of the output parameters

from CLASS into units of seconds.
3The CLASS code is just one of many Einstein-Boltzmann solvers. The code numerically

solves the background and linear perturbations of the EFEs and the interaction between the

species identified by Boltzmann’s equations. After solving the equations numerically, the

code outputs the predicted measured quantities, such as background quantities likeH0 and

the CMB anisotropy spectra. For this thesis, we are only concerned with the background

quantities for a ΛCDM model.
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2.1.2 Probability distribution

The Einstein telescope is designed to probe a range of frequencies, f , similar

to that of LIGO, detecting merger events of nearby compact objects such as

binary neutron stars (BNS), in the range [1, 2][1, 2]M⊙, and black hole neutron

star binaries (BHNS), including [3, 10][1, 2]M⊙, respectively, with the [·, ·]

notation indicating the respective range of masses considered, according to

a uniform distribution. Advanced LIGO claims a measured BHNS to BNS

merger events ratio of ∼ 0.03 [102]. The redshift probability distribution of

these events is proportional to

P ∝ 4πdc(z)R(z)

(1 + z)H(z)
, (2.1)

where dc and H are the comoving distance and the Hubble parameter, re-

spectively, both are taken at various redshifts determined by CLASS. R(z)

stands for the merger rate, which, at a linear approximation, is [103]

R =


1 + 2z if z < 1

3
4
(5− z) if 1 ≤ z < 5

0 otherwise.

(2.2)

On the other hand, LISA will target lower frequencies when compared

with other proposed third-generation GW detectors. This implies that LISA

will be sensitive to events from larger mass binary systems since f ∝ M−1.

Therefore we will focus on simulating the detection of events from extreme

mass ratio inspiral (EMRI), [1 − 30][104 − 108]M⊙ [104] and binary massive

black holes (BMBH), [104 − 108][104 − 108]M⊙ [105]. We estimate the pro-

portion of BMBH to EMRI events according to the mission proposal [106],

which consists of a 2 : 1 ratio.

While the individual masses of the objects are not directly accessible,

LISA is sensitive to the chirp mass, a collective mass quantity related to

the frequency evolution of the signal emitted before the merger, during the

inspiral phase of the binary [107], defined as

Mc = (1 + z)

(
(m1m2)

3

m1 +m2

)1/5

, (2.3)

where (1 + z) is a conversion factor from the physical to the observational

chirp mass and m1 and m2 are the two masses of the binary.

45



2.1 | Forecast of gravitational wave data

Although LISA will also be able to probe mergers of binary intermediate-

mass black holes, IMBH, and binary compact objects, we have opted to

discard these from the simulations. This is due to no definitive observational

proof of IMBH, and expected events from binary compact objects will only

be observed at redshifts z ≈ 3 [108]. These events will be insignificant since

we are interested in the higher range of redshifts for our cosmology.

Considering events involving BMBH only, the redshift probability distri-

butions are based on the histogram for the mission4 of L6A2M5N2 [105] and

shown in fig. 2.1. As there is no widely accepted model for the formation of

BMBH, we consider three separate models: The light seed model (pop III)

describes a formation of BMBH from the remnants of population III stars

around z = 15 − 20; heavy seed models represent an already formed black

hole of 105 M⊙ at z = 15 − 20. Heavy seed models are further split, into

delay or no-delay models, which describe if their is a delay in the binary

forming since the formation of the black hole. More details on the model

can be found in Refs. [109]. This allows us to simulate any number of events

over a continuous distribution in the range 0 < z ≲ 10 and interpolate the

remainder of our cosmological parameters, again to allow us to simulate

any number of events.

2.1.3 Simulation of measurements and errors

To simulate the errors associated with GWs we follow the methodology of

[110–112]. Inferometers are sensitive to the strain h(t) from a GW event,

which in the transverse-traceless gauge is described as

h(t) = F×(θ0, ϕ0, ψ)h×(t) + F+(θ0, ϕ0, ψ)h+(t), (2.4)

where θ0 and ϕ0 define the initial location of the event relative to the detector

in polar coordinates, and ψ is the polarisation of the GW event. We adopt

a random sampling method, setting θ0, ϕ0 and ψ to be in the range of the

uniform distributions [0 − 2π], [0 − π], [0 − π], respectively. The factor F×,+

4Here mission refers to the specific configuration of LISA, as outlined in section 2.1.3,

and the models of BMBH models resulting in fig. 2.1
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Figure 2.1: A histogram of the number of expected BMBH mergers over

10 years for the relevant BMBH merger models, according to the mission

L6A2M5N2

describes the antenna beam pattern function,

F
(1)
× =

√
3

2

[
1

2
(1 + cos2(θ)) cos(2ϕ) cos(2ψ) + cos(θ) sin(2ϕ) cos(2ψ)

]
,

F
(1)
+ =

√
3

2

[
1

2
(1 + cos2(θ)) cos(2ϕ) cos(2ψ)− cos(θ) sin(2ϕ) cos(2ψ)

]
.

(2.5)

The superscript number indicates which interferometer we are looking at.

Since the detectors are spatially distributed in an equilateral triangle forma-

tion, the other two antenna pattern functions are simply

F
(1)
×,+(θ, ϕ, ψ) = F

(2)
×,+(θ, ϕ+

2π

3
, ψ) = F

(3)
×,+(θ, ϕ+

4π

3
, ψ). (2.6)

LISA has an additional complication to consider: Being sensitive to larger

masses and equivalently lower frequencies, LISA can detect GW events of

inspiral mergers lasting over several months, during which LISA’s position

will change relative to the event. The timescale of the event is described as,

t = tc − 5(8πf)−8/3M−5/3
c . (2.7)

Here tc is the time of the merger and t indicates the time at which LISA

begins to detect the merger. This relation is used to update the location
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angles relative to an orbit of one year, T :

θ = cos−1

[
1

2
cos(θ0)−

√
3

2
sin(θ0) cos

(
2πt

T
− ϕ0

)]
, (2.8)

ϕ =
2πt

T
− tan

[√
3 cos(θ0) + sin(θ0) cos

(
2πt
T

− ϕ0

)
2 sin(θ0) cos

(
2πt
T

− ϕ0

) ]
. (2.9)

These updated positions are implemented into the beam pattern functions.

The confirmed detection of a GW event is assessed by evaluating the

signal-to-noise ratio (SNR) and is only confirmed if SNR > 8. The SNR is

defined as,

ρ21,2,3 = 4

∫ fmax

fmin

df
|H|2

Sh
, (2.10)

1,2,3 indicates which interferometer we are currently describing and fmin and

fmax are frequency limitations specific for each detector. H is the Fourier

transform of the strain, and Sh is the noise power spectral density, an SNR

weighting function that accounts for the particular properties of the instru-

ments used. Therefore, the ET and LISA will have different Sh, correspond-

ing to ET and LISA being sensitive to different frequencies.

The Einstein telescope’s specific Sh is designed to follow [111]

S
(ET)
h = S0

(
xp1 + a1x

p2 + a2
1 +

∑n=6
n=1 bnx

n

1 +
∑n=4

n=4 cnx
n

)
, (2.11)

where

x =
f

200Hz , S0 = 1.449× 10−52Hz,

p1 = −4.05, p2 = −0.69, a1 = 185.62, a2 = 232.56,

bn = 31.18, − 64.72, 52.24, − 42.16, 10.17, 11.53,

cn = 13.58, − 36.46, 18.56, 27.43,

with an assumed lower cutoff at f = 1 Hz. On the other hand, for LISA,

this depends on the instrumental (or short) noise, Sinst, noise from low-level

acceleration, Sacc, and confusion background noise, Sconf [109]:

S
(LISA)
h =

20

3

4Sacc + Sinsta + Sconf
L2

[
1 +

(
fL

0.81c

)]
, (2.12)

where L is the arm length and

Sacc =
9× 10−30

(2πf)4

(
1 +

10−4

f

)
,

Sinst = 2.22× 10−23,

Sconf = 2.65× 10−23.

(2.13)
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Once again, we follow the work in Ref. [110] and compute the Fourier

transform of the strain using the stationary phase approximation [113]:

H = Af−7/6eiΨ(f), (2.14)

where Ψ(f) is the phase of the waveform. Notice that when H is substituted

into (2.10), the exponential term disappears, meaning that theΨ(f) factor can

be discarded for our purposes. A is the Fourier amplitude of the waveform,

A =
M

5/6
c

dl
π−2/3

√
5

96

√
[F+(1 + cos2(l))]2 + (2F× cos(l))2,

where dl is the luminosity distance obtained from the background code and l

is the inclination angle, which we have sampled randomly between [0◦, 20◦],

as that is the maximum detection inclination range [113].

LISA has been designed to effectively measure frequencies as low as

fmin = 10−4Hz, which is why it is a promising probe of BMBH and EMRI

mergers. For the simulations, the upper bound frequency of LISA is deter-

mined by two quantities: the structure of LISA itself and the last stable orbit

of the merging system. LISA can detect frequencies up to fmax = c (2πL)−1,

where L is the length of LISA’s interferometer arm, taken to be 2.5 Gm.

Moreover, the total mass of an orbiting system is inversely proportional to

the measured frequency. This means that even though massive mergers

give rise to large detection amplitudes, their frequency will fall below fmin.

Therefore if the last stable orbit frequency, fLSO = (63/22πMobs)
−1, with Mobs

being the observed total mass, is found to be lower than fmin, we disregard

that simulated event. If it is between fmin and fmax then fLSO becomes the

new maximum frequency for that event. This constrains the bounds for

the integral in Eq. (2.10), which can be solved to determine ρ21,2,3 for each

detector by replacing (2.14) with either Eq. (2.11) or Eq. (2.12) for the ET and

LISA, respectively. The total SNR is then given by

ρtot =
√
ρ21 + ρ22 + ρ23. (2.15)

The luminosity distance error from the instruments used is determined

via the Fisher Matrix,

σinstdl
≈ ⟨∂H

∂dl
,
∂H
∂dl

⟩−
1
2 . (2.16)

Since H ∝ d−1
l this becomes simply

σinstdl
≈ 2dl

ρ
. (2.17)
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(a) Einstein Telescope

(b) LISA

Figure 2.2: An example of the results, simulating GWSS for both ET and

LISA. Within LISA’s results, we also included each model that was simu-

lated, No delay, Delay and Pop III. Note that ET and LISA are limited to

z = 2.5 and z = 11, respectively, due to the large associated errors, and

therefore signal-to-noise ratio, that grow with the redshift.

The additional factor of 2 accounts for the symmetry in the inclination angle,

which ranges from−20◦ to 20◦. The error due to gravitational lensing is [103],

σlendl =
dl
2
× 0.066

[
4(1− (1 + z)1/4)

]1.8
, (2.18)

reduced by a half to account for the merger and ringdown of the event. For
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LISA, there is also an error associated with the peculiar velocities of GW

sources [114]:

σpecdl
= dl

√
⟨v2⟩
c

[
1 +

c(1 + z)

Hdl

]
, (2.19)

with an estimate of the peculiar velocity of the host galaxy with respect to the

Hubble flow as
√

⟨v2⟩ = 500kms−1. The total luminosity error is calculated

simply as a combination of the errors in Eqs. (2.17)-(2.19):

σdl =
√

(σinstdl
)2 + (σlendl )

2 + (σpecdl
)2. (2.20)

The number of mergers detected by the ET will depend on factors such

as running costs and the corresponding detection with other detectors [111].

Moreover, ET is expected to detect more than 104 mergers yearly. However,

due to the rarity of an EM counterpart, the predicted number of detectable

mergers, in 10 years, with an EM counterpart is approximately 200 [115]

From [105], we see that LISA’s number of detected mergers is more model

dependent. For a 10-year mission proposal, we expect 56 for Pop III, 52

for the delay, and 80 for the no-delay models. The process described above

is encoded in the script, GWSS. An example of the mock data that can be

collected is illustrated in fig. 2.2.
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2.2 Results and constraints

This chapter aims to constrain a modified gravity model often considered

to modify late-time dynamical behaviour. As we have seen in section 1.2,

mapping from the Jordan frame to the Einstein frame changes the action.

The additional degree of freedom initially non-minimally coupled to gravity

in the Jordan frame transforms such that a new field is coupled to all matter

and non-minimally coupled to gravity.

We are interested in the coupling effect of our scalar field to other matter,

such as dark matter, rather than the exact form of the modified gravita-

tional sector. Therefore we parameterise the additional degree of freedom

in eq. (1.25) with F (ϕ) = e2βϕ and the specified potential V (ϕ) = V0e
−κλϕ.

Bayesian analysis

Next, we want to use our mock data to forecast what constraining power

GW data will have on our specified modified gravity model and specifically

if there is a preference for modified gravity over ΛCDM. In our analysis, we

constrain the relative parameters against the mock GW data produced in

a ΛCDM modelled Universe and other observational data sets. Therefore

our analysis forecasts the expected constraints on the model parameters

assuming that we are in a ΛCDM Universe. Thus, we do not focus on the

resulting best-fit parameter values but rather on the forecasted constraining

power of GWs.

The idea applied to cosmology is that our knowledge of a parameter

or particular condition is updated, resulting in a convergence towards the

"true" result. The computation of updating the system is known as Bayes’

theorem: the posterior, a probability density function (PDF) that encodes the

degree of belief in a parameter X given the data D, P (X|D), is proportional

to the likelihood, that D can be explained by X , P (D|X), multiplied prior

belief of the parameters true value, P (X). The proportionality is resolved by

normalising against the evidence the total sum of likelihoods multiplied by

the probability of all parameters [116, 117]. This can be compactly written

as

P (X|D) =
P (D|X)P (X)∑
n P (D|Xn)P (Xn)

. (2.21)
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With the given posterior PDF, we implement a sampling algorithm,

specifically in this work, a Markov Chain Monte Carlo (MCMC) algorithm,

utilising a Nested Sampling procedure implemented in the MultiNest [118,

119] and PyMultiNest [120] packages. The MCMC generates a random walk,

starting from a initial condition given by the priors: the relative baryon

density parameter, Ωbh
2 = [0.018, 0.03], relative cold dark matter density,

Ωch
2 = [0.1, 0.2], relative Hubble parameter, h = [0.6, 0.8], the potential pa-

rameter, λ = [0, 2], and the coupling parameter, β = [0, 2]. The walk then

moves forwards dependent on the PDF function given. For our work we use

flat priors. Therefore, the random walks will make a chain and eventually

converge towards the "true" parameter.

We can determine the marginalised constraint for each parameter by

integrating all the other parameters, which then provides a marginalised

distribution of likelihood for the given parameter[116, 117, 121]. The like-

lihood function for the simulated dataset of standard sirens GW events is

constructed using an effective Gaussian distribution.

The MCMC chains are then analyzed, and the results are presented in

fig. 2.3 and table 2.15 using the GetDist package [122]. The constraint is

calculated as the mean value of the distribution, such that the area on either

side of the mean value is equal, as can be seen in table 2.1. If the distributions

were symmetrical, the mean would indicate the best fit. However, as seen

from fig. 2.3, many distributions are highly non-symmetrical. We assume

that the mean value best indicates the "true" value. However, we can state

how confident we are that the true value is within a given range. This

confidence then indicates the error we associate with the measurement. For

instance, to be 98% confident, we ensure that 49% on either side of the mean

value is encoded. However, to account for this, the error associated with

the constraint is the value variation from the mean to account for the 49%.

For this work, we take our mean value with a 68% confidence, as given in

table 2.1

To assess the constraining power of standard siren data from ET and

LISA on coupled quintessence models, we compare the independent and

5The table and figures presented here were created by Elsa Teixeira for the purposes of

this collaborative work
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combined constraints with current background data. This comparison al-

lows us to determine whether GW catalogues can improve the constraints

on parameters such as Ω0
m, H0 and model-specific parameters that affect the

background evolution.

Our analysis includes baryonic acoustic oscillations (BAO) data from the

Sloan Digital Sky Survey (SDSS) DR7 Main Galaxy Sample [123], SDSS DR12

consensus release [124] and the 6dF Galaxy Survey [125], in combination

with distance moduli measurements of 1048 type Ia Supernova (SNIa) data

from Pantheon [126]. This combined data set is referred to as “SNIa+BAO".

2.2.1 Results

Conformal Coupled Quintessence

Data sets Ω0
m H0 β λ

BAO+SNIa 0.3019+0.0088
−0.0059 73.2+4.7

−3.5 0.085+0.055
−0.043 0.42+0.20

−0.36

ET 0.307+0.011
−0.0050 67.49+0.39

−0.34 0.115+0.060
−0.079 0.50+0.26

−0.38

ET+BAO+SNIa 0.3046+0.0099
−0.0051 67.37± 0.36 0.063+0.033

−0.045 0.49+0.26
−0.35

LISA delay 0.281+0.031
−0.013 66.2+1.4

−0.67 0.105+0.043
−0.084 0.77+0.43

−0.66

LISA delay+BAO+SNIa 0.3004+0.0085
−0.0044 67.34± 0.51 0.046+0.023

−0.037 0.39+0.19
−0.34

LISA no-delay 0.278+0.027
−0.016 66.1+1.0

−0.62 0.091+0.046
−0.067 0.87+0.60

−0.53

LISA no-delay+BAO+SNIa 0.2979+0.0092
−0.0041 66.95+0.42

−0.35 0.041+0.020
−0.034 0.43+0.21

−0.36

LISA pop3 0.3039+0.0093
−0.0049 67.50+0.50

−0.44 0.167+0.085
−0.11 0.33+0.15

−0.32

LISA pop3+BAO+SNIa 0.3028+0.0065
−0.0036 67.52± 0.37 0.048+0.025

−0.037 0.33+0.15
−0.29

Table 2.1: Marginalized constraints on cosmological and model parameters

for coupled quintessence at 68% C.L.

To analyse the results, we use the notation

F j
i [a] =

σj
σi
, (2.22)

which describes the fractional increase (F > 1) or decrease (F < 1) of the

1σ error calculated as the mean error given in table 2.1 of the parameter

represented by a. i, j indicates the data sets being analysed, such that data

set j is compared to the data set i.
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Based on the analysis presented in fig. 2.3 and table 2.1, we notice that

there is a discrepancy in the forecasted cosmological parameters, Ω0
m and

H0, between the data sets. ET and LISA pop3 exhibit a narrower distribution
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Figure 2.3: Constraints for Conformal Coupled Quintessence. The darker

contour identifies the 1σ region, and the lighter 2σ. The fiducial cosmolog-

ical parameters are identified on the graph by the dotted back line.
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seen in figs. 2.3a and 2.3b for Ω0
m and H0 compared to the other LISA data

sets, figs. 2.3c and 2.3d. The difference can be attributed to the specifics

of the simulation: ET can probe many mergers, providing a more precise

reading on its given cosmological parameters. Moreover, ET is limited to

z < 5, which minimises the smearing effect of the input values given from

CLASS. Similarly, for LISA pop3 data set, the redshift distribution of the pop3

model is shifted towards lower redshifts. This can be seen in section 2.1.3,

where the cyan (pop3) model dominates the number of sources in the lower

range, 0 < z < 5. Therefore the smearing effect, which is more prevalent at

higher redshifts, is reduced, resulting in a strong bias to the fiducial Planck

likelihood input values. In contrast, the other two data sets of LISA, delay

and no-delay, have a much broader redshift distribution probing higher

redshifts. This has resulted in a larger deviation from the input values

and the local data sets of BAO+SN1a, as seen in table 2.1, with a broader

parameter distribution seen in figs. 2.3c and 2.3d.

Moreover, we notice that the accuracy, as measured by the average er-

ror, for Ω0
m is worse or comparable in GWs data sets compared to the lo-

cal data sets of BAO+SNIa, with FET
BAO+SNIa[Ω

0
m] = 1.1, FDelay

BAO+SNIa[Ω
0
m] = 3.0,

FNo Delay
BAO+SNIa[Ω

0
m] = 2.9, FPop III

BAO+SNIa[Ω
0
m] = 0.97. Therefore, GWs alone are un-

likely to significantly enhance the confidence in constraining Ω0
m.

However, the GW data sets alone are much more precise in constrain-

ing H0 than BAO+SNIa, where FET
BAO+SNIa[H0] = 0.089, FDelay

BAO+SNIa[H0] = 0.25,

FNo Delay
BAO+SNIa[H0] = 0.20, FPop III

BAO+SNIa[H0] = 0.11. Hence, we predict that 3G de-

tectors will be crucial in resolving the tension regarding the H0 parameter.

Although we note that the estimated parameter values given in table 2.1,

are subject to change as there is a bias to the fiducial values. In appendix C,

changing the fiducial value of H0 is explored.

Unlike H0, the model parameters β and λ are better constrained util-

ising BAO+SNIa data compared to GW data sets alone (excluding LISA

pop3 for λ) shown by FET
BAO+SNIa[β, λ] = {1.4, 1.1}, FLISA delay

BAO+SNIa [β, λ] = {1.3, 1.9},

FNo Delay
BAO+SNIa[β, λ] = {1.2, 2.0}, FPop III

BAO+SNIa[β, λ] = {2.0, 0.84}. Therefore, to in-

crease the constraining power, future GW data sets must be combined with

local data such as BAO+SNIa to increase the overall accuracy of the param-

eter estimation.
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When combined with the data sets, we see that β is vastly improved,

whereas for λ, there is only an increase in accuracy for delay and no-

delay: FET+BAO+SNIa
BAO+SNIa [β, λ] = {0.80, 1.1}, FLISA delay+BAO+SNIa

BAO+SNIa [β, λ] = {0.61, 0.9},

FNo Delay+BAO+SNIa
BAO+SNIa [β, λ] = {0.55, 1.0}, FPop III+BAO+SNIa

BAO+SNIa [β, λ] = {0.63, 0.79}. The

increased constraints can be further identified in the more localised peaks in

figs. 2.3a and 2.3b, compared to figs. 2.3c and 2.3d. The narrower distribu-

tion in λ, results in an increased accuracy compared to the other two LISA

data sets. On the other hand, the distribution for β is broader and thus less

accurate as identified in table 2.1.

It is important to highlight that the values of β = 0 and λ = 0, which indi-

cate λCDM, are no longer within the 1σ error, shown in table 2.1 and fig. 2.3,

for all data sets analysed.

We see that the combined data set for Ω0
m results in improved accuracy,

FET+BAO+SNIa
BAO+SNIa [Ω0

m] = 1.0, FDelay+BAO+SNIa
BAO+SNIa [Ω0

m] = 0.88, FNo Delay+BAO+SNIa
BAO+SNIa [Ω0

m] =

0.90, FPop III+BAO+SNIa
BAO+SNIa [Ω0

m] = 0.69. The trend continues forH0, with better con-

straints with the combined data sets,FET+BAO+SNIa
BAO+SNIa [H0] = 0.088,FDelay+BAO+SNIa

BAO+SNIa [H0] =

0.0.12, FNo Delay+BAO+SNIa
BAO+SNIa [H0] = 0.094, FPop III+BAO+SNIa

BAO+SNIa [H0] = 0.09.
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2.3 Discussion of forecasted gravitational waves

as standard sirens

With the launch of new third generation (3G) GW detectors, we are expected

to be able to detect many events that produce both a GW and an EM coun-

terpart that will allow for accurate distance measurement; these are known

as standard sirens. Thus, GW act as a useful probe of gravitational effects

that can constrain cosmological models.

We have outlined the procedure for simulating gravitational waves that

can be used as standard sirens, a useful probe of gravitational effects and

cosmological parameters. We simulated the expected measurement and

errors from two 3G observatories: Einstein telescope, a ground-based detec-

tor measuring low mass and low redshift events, and LISA, a space-based

detector probing MBHB of redshifts potentially as large as z = 20. The

procedure outlined in this chapter resulted in the script, GWSS, that utilises

the background output from a Boltzmann solver such as CLASS. Therefore,

the script can be used for any given model, provided the modifications to

CLASS, to produce simulated mock data. For the work studied in this chap-

ter, a fiducial model of ΛCDM was given, creating a bias encoded in the

resulting simulation.

Using our simulated results, based on ΛCDM, we then utilised this to

constrain the conformal coupling of a scalar field to matter for a given

scalar field potential. We then compared our simulated mock data with

local measurements of SNIa and BAO. We noticed from the analysis that

the range of redshift plays a critical role in the data’s ability to constrain

the cosmological parameters, with the lower redshift GW models of ET

and LISA pop3, forcing much tighter constraints on H0 and Ω0
m, due to

limited deviation from the fiducial values of ΛCDM. Interestingly these

lower redshift models also exhibited a tightly constrained value of λ but

not the parameter β. However, the larger redshift sources, LISA delay and

no-delay, display much larger freedom in the parameter space due to the

larger errors and greater deviation from the fiducial model associated with

greater distances.

We found that the accuracy for GWs in constraining the model’s parame-

59



2.3 | Discussion of forecasted gravitational waves as standard sirens

ters, β andλ, is worse than BAO+SNIa, apart from LISA pop3 forλ. However,

combining the two measurements results in improved accuracy, with a re-

duction in the value of the estimated parameters. Thus we can conclude that

future GW measurements will play a crucial role in constraining modified

gravity models. Moreover, we noticed that the mock GW measurements

are more accurate in constraining H0 than BAO+SNIa alone. Although the

fiducial model was ΛCDM taken from Planck, and as a result the averageH0

measurement for GW is 67 [km s−1 Mpc−1]. Therefore we do not conclude

that the forecasted value ofH0 is the "true" value. Rather the accuracy of the

new 3G detectors will be critical in resolving the H0 tension.

Although simulated GW data has not identified any tensions between

any of the parameters, we can see that it has further constrained the model’s

parameters, particularly with LISA’s data sets, as they can probe larger

redshifts. As we have seen from our simulation, larger redshift events lead

to a broader distribution. Thus, we expect a slight difference between the

cosmological parameter measurements between ET and LISA.
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In Section 1.3, we discussed the HBB model, specifically, the initial condi-

tions of a radiation-dominated universe with fluctuations that lead to the

CMB. Although, as discussed in the previous chapter, chapter 2, tensions

have arisen between the CMB and local measurements. Moreover, the HBB

model encounters significant challenges, such as the horizon and flatness

problems [127]. The theory of inflation was proposed in 1981 [128, 129]

as a solution to address these issues, and it has now become the prevail-

ing paradigm describing the early universe. According to this theory, the

Universe experienced a period of near-exponential expansion, a ≃ exp(Ht),

shortly after the spatial singularity. This behaviour is described as a quasi-de

Sitter expansion, similar to the dynamics of a cosmological constant, which

results in a homogeneous and smooth Universe. Alan Guth succinctly de-

scribes the essence of this behaviour as "The inflationary universe is a theory

of the ’bang’ of the big bang" [130]. Furthermore, inflation naturally explains

the primordial density perturbations that ultimately result in the formation

of large-scale structures and the CMB.

Despite its successes, inflation still suffers from conceptual challenges,

such as an initial singularity and the dependence on arbitrary initial con-

ditions. Assuming that inflation is described by the simplest de Sitter be-

haviour leads to past-incompleteness, attributed to its exponential phase.

Many inflationary singularity theorems have shown that the universe had

must of had a beginning, assuming a classical theory. [30, 31, 128, 131, 132].

These singularity theorems are dependent on adhering to the weak energy

condition. Addressing the singularity concern necessitates an additional

phase where this condition is violated, potentially in a quantum gravity era,

the singularity issue is explored further in chapter 4.

These limitations have motivated researchers to explore extensions and
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modifications to the inflationary framework, leading to new phenomeno-

logical predictions like primordial black holes [133]. In this chapter, we first

summarise the work outlined in [73–76, 79, 134] relevant to this thesis by

providing a brief review of the achievements of inflation and its underly-

ing mechanism. Subsequently, we delve into the motivations for, and the

study of, specific modifications to address the conceptual shortcomings of

inflation and explore potential future observational prospects.

3.1 Successes of inflation

Horizon problem

Due to the vast size of the Universe and assuming the HBB model, we

observe patches in the sky that have never been in causal contact with each

other. Therefore no information has been passed between them. However,

as discussed in section 1.3, the Universe is homogeneous and isotropic on

cosmological scales. This is supported by the observation that, on average,

patches of the CMB appear to be in thermal equilibrium. How can this be

the case, given different regions of space that cannot interact? This question

can be further examined by considering the distance light has travelled since

some time, ti, which is given by the comoving horizon dh = τ , which for

light is equal to conformal time1,

τ =

∫ t

ti

dt̃

a
=

∫ a

ai

d ln a

aH
. (3.1)

The ai indicates the initial value of the scale factor. We have also introduced

an important length scale (aH)−1, known as the comoving Hubble radius,

that characterises the Hubble sphere. Everything within the Hubble sphere

1Massless particles such as photons, travel along the light curve and are referred to as

null paths. Null paths then have ds2 = 0, from eq. (1.38), we see that dh ≡ dr = dτ .
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has the potential to interact 2. If we assume a universe filled with only

radiation or matter, denoted by the subscript r,m, respectively, the comoving

Hubble radius and comoving horizon behave as

(aH)−1
r ∝ t1/2 τr ∝ a,

(aH)−1
m ∝ t2/3 τm ∝ a1/2.

(3.2)

Thus, assuming only matter or radiation, the comoving Hubble radius and

horizon increase monotonically. Therefore the furthest events entering the

horizon today have been outside the comoving Hubble radius since the

HBB, hence causally disconnected. Unless additional ingredients are used,

we identify this as an initial condition problem: the Universe at its creation

was almost perfectly uniform and in thermal equilibrium.

If we include an epoch of inflation, we assume a ≃ expHt and con-

sequently H ≃ const. Then the comoving Hubble sphere will effectively

shrink,
d

dt
(aH)−1 < 0, (3.3)

More formally, the integration for the comoving horizon will become,

dh = H−1

∫ a

ai

d ln a

a
≃ (aH)−1 − (aiH)−1 (3.4)

the subscript i indicates the initial scale factor at the beginning of inflation.

Assuming that the beginning of inflation is given as ai → 0, we see that

conformal time is extended. Hence, the beginning of inflation becomes

τi → −∞ and the end of inflation, and the start of the former HBB, is at

τ = 0. This is shown in fig. 3.1a, where the light cones effectively become

stretched by the extension of τi → −∞. This extension of conformal time

and stretching of light cones then allows causal contact between the regions

of space that would have otherwise been disconnected in the HBB model.

Flatness problem

Many cosmological models assume a spatially flat universe, a well-justified

approximation with the spatial curvature experimentally constrained to

2We characterise this with the concept of a cosmological horizon, taking ourselves to be

at the centre of the Hubble sphere. Events that we can observe are considered subhorizon,

analogous to ships in the ocean, which we can then pass information to. However, any

events outside our Hubble sphere are past the horizon known as superhorizon. The notion

of sub/superhorizon is further illustrated in fig. 3.1
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(a) Horizon Problem

(b) Correlation Problem

Figure 3.1: An illustrative sketch showing how inflation solves the horizon

problem, fig.(a), by extending the conformal time to allow for the light

curves to coincide and therefore interact (Indicated by the light blue area).

Without inflation, it is clear that the two regions are never in causal contact.

Although given fine-tuned initial conditions, the regions could appear

to be in causal contact. Inflation also resolves the correlation problem,

fig.(b), by effectively shrinking the Hubble horizon, allowing fluctuations

to be subhorizon before entering superhorizon modes and becoming frozen

during inflation and imprinting on the CMB.

Ωk(t0) ≈ 10−3 [80]. However, a much lower value would be expected if

the universe is flat, K = 0. Here we have parameterised the spatial cur-

vature, assuming a homogeneous and isotropic Universe, by finding the

deviation from a flat universe,

Ωk(t) =
ρc − ρ

ρc
=

K

(aH)2
. (3.5)
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The dependence on the Hubble radius causes an issue for the HBB model.

We have studied the effect matter and radiation have on the Hubble radius,

(aH)−1, resulting in a growth, illustrated by eq. (3.2). ThereforeΩk will grow

and deviate towards ±1 with time, showing that ΩK = 0 is an unstable fixed

point. As a result, either K = 0 such that the Universe was always and

will continue to be spatially flat or the Universe had to be extremely fine-

tuned: extrapolating backwards through matter and radiation-dominated

epochs, we find the approximate value of Ωk at the time of nucleosynthesis3

(tnuc ≃ 1s after the HBB) to be

|Ωk(tnuc)| = Ωk(t0) ·
(aH)20
(aH)2eq

·
(aH)2eq
(aH)2nuc

≈ 10−16. (3.6)

Here the subscript eq represents the matter-radiation equality. Each ratio

is calculated from eq. (3.2), depending on whether they are in a matter or

radiation-dominated epoch.

We now study how inflation can resolve the flatness problem. As dis-

cussed, during inflation, the comoving Hubble radius shrinks, ˙(aH)−1 < 0.

Therefore, ΩK = 0 becomes a stable fixed point as the spatial curvature is

diluted away. Extending the calculation above to include inflation, we can

identify the effect an exponential expansion has on ΩK . Assuming infla-

tion ends around tf ≈ 10−34s [74] with the Universe entering a radiation-

dominated epoch,

|Ωk(ti)| = ΩK(t0) ·
(aH)20
(aH)2eq

·
(aH)2eq
(aH)2f

·
(aH)2f
(aH)2i

. (3.7)

Utilising the assumption of a quasi de-Sitter epoch, H ≈ const, and setting

|Ωk(ti)| = 1 to represent a maximal spatially curved initial state, we find

that the scale factor would need to increase by af = 1026ai, to allow for

Ωk(t0) ≈ 10−3.

As the Universe is required to grow drastically quickly, that cosmic time

is almost unchanged and is generally not considered a good time coordi-

nate for this extreme epoch. When studying inflation, a more intuitive time

coordinate is the growth of the size of the Universe given in terms of the di-

mensionless e-fold number, defined as N ≡ ln(a/ai)4 . Therefore, assuming

3Here we are only concerned with an approximate time scale that is within a radiation

dominated epoch, to highlight the fine-tuning effect.
4The formal definition is dN ≡ d ln a. However, during inflation we approximate

H ≈ const, such that N ∝ a, which can be normalised with ai.
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the basic setup of our calculation above, inflation must lastN ≳ 60 to resolve

the flatness problem5. A subtlety often overlooked when studying inflation

is that both the horizon and flatness problems, the commonly cited successes

of inflation introduced by [127], are initial condition problems arising from

the singularity. Moreover, dependent on the model of the early Universe

before inflation, the horizon and flatness problem may not be a significant

issue to be avoided. For instance, by replacing the singularity with a past

universe, as discussed in chapter 4, the flatness and horizon problems can

be resolved.

Origin of inhomogeneities and large scale structures

As stated in section 1.3, we know large-scale structures observed in the

Universe result from gravitational fluctuations in the early universe. There-

fore, by measuring the temperature anisotropies in the CMB and calculat-

ing the corresponding power spectrum, we quantify the deviation away

from homogeneity on cosmological scales to infer the details of these fluc-

tuations. However, the wavelengths of the fluctuations evolve as λ ∝ a,

stretching with the Universe’s expansion. The correlation between tempera-

ture anisotropies from the CMB indicates a small amplitude and near-scale-

invariant behaviour on large scales. Therefore assuming an FRLW metric

and the HBB model, these fluctuations could not have formed via causal pro-

cesses generating the near scale-invariance we see in the power spectrum

as depicted in fig. 3.1. This is similar to the horizon problem and is often

titled a re-imagined horizon problem [75]. As we have seen, the Hubble

radius increases in a matter and radiation-dominated epoch. Therefore we

can conclude that correlated fluctuations entering the horizon today, k < aH

(subhorizon), have always been outside the Hubble radius before, k > aH ,

(superhorizon), assuming a matter and radiation-filled Universe.

If we include an inflationary epoch, we assume the Universe was much

smaller, with a gradually shrinking Hubble sphere. Thus, the gravitational

perturbations arising from quantum fluctuations are free to interact on sub-

5The precise number of e-folds required to solve the flatness problem is dependent

on the mechanics of the model used, nevertheless for most models, a lower bound is set

N ≥ 50.
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horizon scales, k < aH , as depicted in fig. 3.1b. Once inflation starts,

these fluctuations exit the horizon and become superhorizon, where they

are causally disconnected and remain frozen for the duration of inflation.

Thereby imprinting the characteristic signature of the fluctuations before

inflation. Once inflation ends, the wavelengths of these fluctuations be-

come subhorizon again, allowing them to interact freely. Therefore the

initial perturbations before inflation influence the subsequent dynamics of

the perturbations after and are encoded into the CMB.

3.2 Slow-roll inflaton

We require a period where the Hubble radius is shrinking to resolve the

horizon, flatness and origin of inhomogeneities problems above. To study

this effect, we expand eq. (3.3), taking the time derivative of the comoving

Hubble radius,
d

dt
(aH)−1 = −1

a
(1− ϵ). (3.8)

Here we have defined the slow-roll parameter

ϵ ≡ − Ḣ

H2
. (3.9)

Provided ϵ < 1, the Hubble radius is shrinking. We can also relate the

derivative of the Hubble radius with the acceleration of the scale factor,

d

dt
(aH)−1 = − ä

(aH)2
. (3.10)

Therefore, we can conclude that if we have a shrinking Hubble radius, we

must have an accelerated expansion.

Disregarding perturbations, the Hubble parameterH is a constant when

ϵ = 0, leading to a perfect de-Sitter universe with exponential expansion

as given in (1.56). Therefore, we identify similarities between the nature

of dark energy and inflation. However, we cannot utilise a cosmological

constant to source the acceleration, as this would provide an indefinite ex-

pansion, with the cosmological constant continuing to dominate the energy

density. Instead, we impose that the energy density is initially similar to
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a cosmological constant but is dynamical, eventually breaking the de-Sitter

epoch. Thus, we require the start of inflation to have the equation of state

w ≈ −1, before evolving to w → 1/3 for a radiation-dominated Universe as

deceleration occurs. Thus, we require Ḣ to be non-zero, which imposes a

lower bound constraint, 0 < ϵ < 1, during inflation. This identifies inflation

as a quasi-de-Sitter epoch. As described above for the flatness problem,

inflation is required to persist for a sufficiently long duration. Hence the

evolution of ϵ is also constrained by a second slow-roll parameter,

|η| = |ϵ− ϵ̇

2ϵH
| ≪ 1. (3.11)

Exploiting the similarities between inflation and dynamical dark energy, we

model the driving force of this accelerated expansion to be determined by

scalar field dynamics. Assuming the FRLW metric, we know from eq. (1.46)

we require that ρ + 3p < 0 for the Universe to accelerate. This implies the

condition, ϕ̇2 ≪ 2V , such that the energy density during this epoch is domi-

nated by the field’s potential energy with only a minor contribution from the

kinetic energy. This scalar field behaviour is called slow-roll inflation and

was first utilised by [127, 135]. We find, assuming ρ and P from eq. (1.18),

that this provides us with the initial de-Sitter universe we are after as

w =
1
2
ϕ̇2 − V

1
2
ϕ̇2 + V

→ −1. (3.12)

Using the other Friedmann equations, we further illustrate the effect of the

slow-roll behaviour,

H2 =
ϕ̇2 + 2V

6M2
Pl

→ V

3M2
Pl

(3.13)

Ḣ = − ϕ̇2

2M2
Pl
. (3.14)

In the first equation, the slow-roll condition sets the expansion rate to be

determined by the scalar field’s potential. Moreover, for the kinetic energy

to not dominate, the potential’s gradient must be small, resulting in an

almost constantH and a quasi-de-Sitter state. The second equation identifies

|Ḣ| < H2, such that our slow-roll parameter is

ϵ =
3ϕ̇2

ϕ̇2 + 2V
(3.15)
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and is much less than unity while the field is slowly rolling.

Therefore we have identified a successful dynamical candidate that ex-

hibits a quasi-de-Sitter behaviour. The field governing inflation is aptly

dubbed the "inflaton". To further understand the dynamics of this field, we

examine the equation of motion governing them: the Klein-Gordon equa-

tion,

ϕ̈+ 3Hϕ̇+ Vϕ = 0. (3.16)

In an expanding Universe, the scalar field experiences a damping effect due

to the Hϕ̇ term. Moreover, we identify that the smallness of the potential’s

gradient is relative to the Hubble damping term. The scalar field will remain

slowly rolling while the damping term dominates the dynamics of the field.

By determining

ϵ̇ =
ϕ̇2

M2
PlH

(
ϕ̈

ϕ̇H
+ ϵ

)
(3.17)

we can then rewrite the second slow-roll parameter,

η = − ϕ̈

ϕ̇H
. (3.18)

Therefore we can see that for |η| ≪ 1, we have the constraint ϕ̈ ≪ Hϕ̇, Vϕ,

which enforces inflation to last sufficiently long.

Consequently, we conclude that slow-roll inflation is governed by the

shape of the scalar field’s potential. The approximation that the kinetic term

is negligible and the acceleration vanishes in the Klein-Gordon equation, we

can state

H2 ≃ V

3MPl
, 3Hϕ̇ ≃ −Vϕ. (3.19)

This allows us to define the slow-roll parameter via the potential,

ϵ ≈ ϵv ≡
M2

Pl
2

(
Vϕ
V

)2

. (3.20)

The subscript v identifies the slow-roll parameters defined by the poten-

tial. Using this result and substituting ϵ̇ = M2
Plϕ̇(Vϕ/V )(Vϕϕ − (Vϕ/V )2) into

eq. (3.11), we find

η ≈ ηv ≡M2
Pl
V,ϕϕ
V

. (3.21)

We can further utilise the slow-roll approximation to determine the du-

ration of inflation through the e-fold number. We characterise the end of
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inflation when ϵ = 1, so the field no longer exhibits a slow roll behaviour.

We can determine the final field value at the end of inflation, subject to the

potential, and integrate backwards to find the initial conditions required to

produce a sufficient epoch,

N =

∫ af

ai

d ln(a) =

∫ tf

ti

Hdt =

∫ ϕi

ϕf

dϕ√
2ϵvMPl

. (3.22)

Moreover, during a single field slow-roll epoch, we can also determine

the cosmological parameters: the scalar tilt, ns, and scalar-tensor ratio, r.

We will discuss details of these parameters and cosmological perturbations

during inflation in section 3.4, but summarise the findings of [74, 75] for

slow-roll inflation. We utilise a spatially flat gauge for this example for an

analytical expression [73]. In this gauge, we can directly relate the curvature

perturbation to the field perturbation, R = δϕH/ϕ̇. By specifying the spec-

trum at the horizon crossing k = aH , the scalar and tensor power spectrum

from eqs. (1.76) and (1.90) can be written as,

PR =
1

8π2M2
Pl

H2

ϵ
PT =

2

π2

H2

M2
Pl
.

Using the definition of eq. (1.78) and eq. (1.91) we find at the horizon crossing

ns − 1 = 2η − 2ϵ, r = 16ϵ. (3.23)
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3.3 Modified gravity during inflation

Although inflation remains the current paradigm for the early universe,

largely due to its simplicity, embedding inflation into a fundamental theory

is still an ongoing challenge. We have discussed how inflation is driven

by the matter sector, utilising a scalar field. However, benefiting from the

slow-roll mechanism requires a careful choice of potential such that there is

a sufficient shallow plateau region with the correct energy scale. This has

resulted in numerous inflation models with distinct potentials and mecha-

nisms.

To embed inflation into a more fundamental theory, we can declare the

source of inflation is due to modifications of the gravitational sector [136].

In section 1.2, we identified how f(R) could be interpreted as a new matter

source. Analogous to the dynamical dark energy, we can utilise the mod-

ification to drive inflation with the slow-roll mechanism described above;

thus, the scalaron becomes the inflaton. This assumes that modifications to

GR appear naturally in fundamental theories at the given energy scale of in-

flation. However, many observational constraints have limited the allowed

modified gravity models used [137, 138], therefore, the resulting scalaron

potentials. For this chapter, we limit our study to f(R) models, specifically

extensions to Starobinsky’sR2 model, which we will examine below. For fur-

ther details on the plethora of other models, see the reviews [42, 73–75, 139]

and references within.

3.3.1 Starobinsky inflation

One of the earliest modified gravity inflationary models is Starobinsky’s

f(R) model, developed in 1981, based on a higher-order R2–term in the

gravitational sector [128]. Despite its age, it has proven to be one of the most

robust models of inflation, remaining consistent with advanced observations

when other simple models have been ruled out [80]. Due to its simplicity

and robustness, Starobinsky inflation provides an interesting phenomeno-

logical insight into the behaviour of modified gravity in the early universe.

Consequently, there have been many works studying the R2–model and its

extensions, [41, 140–150].
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Figure 3.2: An illustration of theR2 plateau given in eq. (3.25) withMPl = 1

and µ = 2.

Starobinsky’s inflation is described by the f(R) action,

S =
M2

Pl
2

∫
d4x

√
−g
[
R +

1

µ2
R2

]
, (3.24)

where µ is a model parameter and has dimensions of mass6. The higher-

order correction remains subdominant during low curvatures and therefore

hidden at the local scales. This is easily seen by mapping to the Einstein

frame, where the additional scalar degree of freedom from theR2 term, is re-

defined as a scalar field, ϕ. Following the procedure outlined in section 1.2,

the action becomes,

S =

∫
d4x

√
−g

[
M2

Pl
2
R− 1

2
gµν∂µϕ∂νϕ− M2

Plµ
2

4

(
1− e

−
√

2
3

ϕ
MPl

)2
]
. (3.25)

We can now see that the field is determined by the given potential

V =
M2

Plµ
2

4

(
1− e

−
√

2
3

ϕ
MPl

)2

, (3.26)

often known as anR2 plateau due to its shape illustrated in fig. 3.2. Provided

large field values, so the field sits along the plateau, it will experience the

slow-roll behaviour described in section 3.2. Therefore we can estimate

6Provided that our action can be rewritten as eq. (3.25) our action is required to have di-

mensions of [M ]4. Therefore the additional degree of freedom,R2,is set by µ. Interestingly,

this sets the mass scale of the scalaron, as seen by eq. (3.26)
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the end of inflation, using our slow-roll parameter, eq. (3.20), to find that

inflation ends when ϕ ≈ MPl. We find the duration of inflation is encoded

into the initial conditions of the field ϕ. This can be shown by using eq. (3.22)

to find

N ≈ 3

4
e
√

2
3

ϕi
MPl , (3.27)

where ϕi is the initial field value, and we have assumed that ϕi/MPl ≫

1. Using this relation, we can approximate the slow-roll parameters as a

function of e-folds,

ϵv ≈
3

4N2
, ηv ≈

1

N
. (3.28)

Using the results found in eq. (3.23), the cosmological parameters, ns and r

can be written as

ns − 1 = − 2

N
, r =

12

N2
. (3.29)

This simple result is strongly supported by cosmological constraints from

CMB measurements [41, 80], allowing Starobinsky to remain a valid in-

flation model with increasingly precise measurements, motivating further

extensions of the work.

3.3.2 Scale invariant extension to Starobinsky inflation

We have studied single-field inflation models with an example of Starobin-

sky inflation that remains compatible with CMB observations. As discussed,

this depends on certain conditions, such as the field’s initial behaviour and

the shape of the potential. Although modified gravity models can provide

a more fundamental starting point by utilising the action, these conditions

can limit the range of possible inflationary models and limit the range of

phenomenology to be explored. Moreover, in recent years the parameter

space from cosmological observations has forced many single-field models

to be dismissed as incompatible [80]. On the other hand, multifield inflation

allows for more diverse inflationary dynamics due to additional interac-

tion between fields that can cause non-trivial behaviour. This can lead to

different observable signatures in the CMB [151].

Multifield inflation can also be motivated by other high-energy theories.

Many theories, such as string theory, predict multiple light scalar fields [152].

Including multiple fields can lead to distinguishable features in the CMB
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that are observed by a non-standard potential, such as features in the power

spectrum. In addition, multiple fields source non-adiabatic perturbations

and deviations in the tensor perturbations in the early universe [153–155].

With advancing technology, signatures of these perturbations are expected

to be detectable, thus, constraining theories beyond the standard model.

Multifield inflation provides a rich and diverse framework for studying

the early universe and its properties, with new potential insights into fun-

damental physics beyond inflation. Therefore exploring beyond the most

straightforward scenario can result in productive phenomenology. How-

ever, the field(s) governing the role of inflation remains to be discovered. As

discussed later in section 3.5.1, the inflaton is heavy and assumed to decay

away after inflation and unlikely to be detected with particle accelerators.

Since the discovery of the Higgs field, a lot of literature has been dedicated

to embedding the Higgs field, the only detected scalar field in the SM, as the

inflaton [156, 157].

Scale-invariance is a fundamental principle in physics that states that

the laws of nature remain unchanged when a variable is multiplied by a

given constant parameter. This symmetry was first studied in the context of

gravity by Weyl [158] with the original motivation to unify physics through

geometry. With a new resurgent in interest [159, 150], scale-invariant GR

provides a potential link to particle physics, such as being an important

principle within the Higgs mechanism. Thus it is hoped that the study of

scale symmetries in gravity may provide clues towards fundamental scalar

fields and symmetries [160–162].

Scale-invariant GR requires modifications as the standard EH action will

not inherently exhibit an invariant nature. If used in conjunction with mul-

tiple fields, a scale-invariant action can dynamically generate mass scales

providing a structure for embedding the modifications into a more funda-

mental theory. Moreover, the modification introduces an interesting feature

for multifield scale invariance, such as producing generic hierarchal vacuum

expectation values for the fields. This feature suggests a potential explana-

tion for the hierarchical nature between the energy scale of particle physics

and gravity by assuming the Higgs field to be present during inflation and

non-minimally coupled to gravity [163]. Therefore the theory of inflation
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can be embedded into a larger fundamental framework of classical physics

using a modified gravity that utilises the scale invariance.

In the remainder of this section, we consider extending Starobinsky infla-

tion to implement the features of scale invariance. Thus, the action omits an

intrinsic mass scale. Instead, the mass scale, identified as the Planck mass,

is dynamically sourced by the interaction of the fields considered during

inflation.

A two-field scale invariant model

We first briefly highlight the mechanisms utilised in scale-invariant inflation

similar to models studied in [142, 143, 150, 159, 164–166]. We include an

additional scalar field χ in the R2 model, which couples to the Ricci-scalar

to generate scale invariant action. The action in the Jordan frame is specified

by,

S =

∫
d4x
√

−g̃
(
f(R̃, χ)− 1

2
g̃µν∂µχ∂νχ− U(χ)

)
, (3.30)

with

f(R̃, χ) =
1

2
Aχ2R̃ +

B2

2
R̃2, (3.31)

U(χ) =
λ

4
χ4. (3.32)

Here, A,B and λ are constant parameters of the model. The action above,

eqs. (3.30) to (3.32) is invariant under the global Weyl transformation

gµν → e2αgµν ,

χ→ e−αχ
(3.33)

where α is a constant. We study the model in the Einstein frame following

convention to analyse the predictions from inflation. We bring the action into

the Einstein–frame via a conformal transformation of the metric following

the procedure outlined in section 1.2. Defining the auxiliary field

ψ =
ln
(
2κ2f,R̃

)
βκ

, (3.34)

where κ is a generic mass scale and β =
√

2/3 to ensure a canonical ki-

netic term in the scalaron. We use the conformal transformation g̃µν =

exp(−2βκψ)gµν , to rewrite the action in the Einstein frame,

S =

∫
dx4

√
−g
[
R

2κ2
− 1

2
gµν∂µψ∂νψ − 1

2
e−βκψ∂µχ∂νχ− V (ψ, χ)

]
. (3.35)
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Here we have identified κ = M−1
Pl . Therefore the additional degree of

freedom in the Jordan frame, identified with f,R̃, encodes the mass scale of

the model, which we have identified with the Planck mass in the Einstein

frame.

As discussed in section 1.2, the potential now characterises the system’s

dynamics. Our original potential, in the Jordan frame, is modified and now

takes the form of,

4κ4V (ψ, χ) =
1

2B2

(
1− Aκ2χ2e−βκψ

)2
+ λχ4e−2βκψ. (3.36)

At the minimum of the potential, specified by Vψ = Vχ = 0, we find

M2
Pl =

2B2

A

(
λ+

A2

2B2

)
χ2
mine

−βκψmin (3.37)

where the subscriptmin identifies the fields at the global minimum, i.e. their

vacuum expectation values (VEVs). We notice now that the Planck mass is

determined by the parameters of the model and the ratio between the VEVs

of the two fields. Analysing the potential further, we find the minimum is

given by

VT,min =
M4

Pl

4

λ

2B2λ+ A2
. (3.38)

Thus as long as λ does not vanish, a cosmological constant is generated7.

Furthermore, we can calculate the mass of the scalaron, m2
ψ = Vψψ, at the

minimum
m2
ψ

M2
Pl

=
1

6B2

A2

2B2λ+ A2
. (3.39)

Therefore, in this model, the cosmological constant and the scalaron mass

are linked via

VT,min =
3

2

λB2

A2
m2
ψM

2
Pl. (3.40)

The corresponding global symmetry found in the Jordan frame, eq. (3.33),

also exists in the Einstein frame for the action given by (3.35) and the potential

energy given by (3.36) with the field transformations,

χ→ eαχ

ψ → ψ +

√
6

κ2
α, (3.41)

7In the Jordan–frame, after inflation, the vacuum expectation value ofχdoes not vanish.

The potential energy will not vanish if λ is non-zero, resulting in a positive cosmological

constant.
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leaving the Einstein–frame action invariant. Therefore using Noether’s theo-

rem which states, a symmetry in system will result in a conserved current or

qunatity [167, 168]. In classical field theory the conserved current associated

with the fields is given by,

jµ =
∂L

∂µ(ϕ(I))
δϕ(I) = c (3.42)

where δϕ is the transform associated with the symmetry, (I) identifies the

scalar field, and c is a constant. Given that our Lagraingan is invariant about

the Weyl transformation and omitting the associated constant α, our system

results in the current

jµ =
√
−g∂µ

(
3eβκψ +

1

2
χ2

)
= c. (3.43)

As we are considering a flat Robertson–Walker metric with

ds2 = −dt2 + a2(t)δijdx
idxj,

our current becomes,

a3
d

dt

(
3eβκψ +

1

2
χ2

)
= c. (3.44)

Therefore, during inflation in which the scale factor grows quasi–exponentially,

we quickly approach a regime where

3eβκψ +
1

2
χ2 = constant ≡ 3c̃, (3.45)

and the two–field model quickly becomes effectively a one–field system

during slow-roll inflation. This allows us to rewrite eq. (3.36) as

κ4VT = 9
(
1− c̃e−βκψ

)2( A2

2B2
+ λ

)
. (3.46)

As expected the effective potential is similar to standard Starobinsky, eq. (3.26).

We now turn to find the constraints on the parameter of the model.

Apart from constraints coming from the spectral index, the tensor-to-scalar

ratio and the amplitude of scalar perturbations generated during inflation,

we will also discuss the implications of the non-vanishing vacuum energy

density in the model.

The slow-roll parameters of our model are,

ϵv =
1

2κ2

(
VT,ψψ
V

)2

=
4

3

c̃2

(eβκψ − c̃)2
, (3.47)
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ηv =
1

κ2
VT,ψψ
V

= −4

3
c̃
eβκψ − 2c̃

(eβκψ − c̃)2
. (3.48)

We have a successful slow-roll inflationary period while ϵ < 1, which sets

the field value at the end of inflation to be

exp(βκψend) = (c̃+ c̃
√
3)/

√
3.

From the slow roll parameters, we determine the inflationary observ-

ables, eq. (3.23) ,the scalar spectral index, ns and the tensor-to-scalar ratio, r,

from the background fields,

ns ≃ 1− 2

N
, r ≃ 12

N2
. (3.49)

Here we have written ns and r in terms of the number of e-folds, N , to

highlight the fact that the prediction for these observables are the same as

in Starobinsky inflation, eq. (3.29).

Finally, we constrain the model parameters. From CMB measurements,

the energy scale of inflation is V ≈ 10−12M4
Pl [73, 74]. In our model, we use

the form of (3.46) at the top of the plateau to constrain our parameters,

V ≃
(
A2

2B2
+ λ

)
= 10−12M4

Pl (3.50)

Other than measurements from the CMB, constraints on modified gravity

models have been introduced at local scales. For instance, from Casimir

experiments, the scalaron’s interaction range is constrained to be less than

a millimetre, implying that m−2
ψ < 1mm2 [169]. This allows us to further

constrain our model via (3.39) to give

B4

A2
≲ 1077. (3.51)

Finally, we demand that the energy density at the minimum drives the

cosmological expansion today, i.e. we set VT = 10−122MPl at the minimum

to be the observed dark energy density [80]. This gives the result

A ≃ 10−6B, B ≲ 1033 and λ < 10−65. (3.52)

This result implies that λ has to be unnaturally small, coming from the

demand that the cosmological constant is small. Of course, in theory, dark

energy might originate from a different sector, and we could demand that

λ = 0. On the other hand, rather than relying on the self–interactions to
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vanish or to be unnaturally small, it would be more satisfying if the resulting

dark energy, interpreted as a cosmological constant, arising in this model is

dynamically driven to zero during inflation.

A three–field scale invariant model

In light of the unnatural fine-tuning result of a generic two-field scale-

invariant model, we extend it by modifying the potential by including an

additional scalar field, to eliminate the cosmological constant and allow for

more larger parameter ranges. The action we consider is a variant of the

action (3.30), with the addition of a second field σ:

S =

∫
d4x
√

−g̃
(
f(R̃, χ)− 1

2
g̃µν∂µχ∂νχ− 1

2
g̃µν∂µσ∂νσ − U(χ, σ)

)
, (3.53)

with

f(R̃, χ) =
1

2
Aχ2R̃ +

B2

2
R̃2 (3.54)

U(χ, σ) =
λ

4
(χ2 − σ2)2. (3.55)

Here we couple only χ to the Ricci–scalar and only χ determines the value

of the Planck mass. An extension of the model in which also the σ–field

couples to the Ricci–scalar is possible, but that would introduce additional

parameters and results in σ mimicking the role of χ8 . The role of the field

σ is to drive the cosmological constant in the Einstein–frame to zero. It is

possible to fix σ to a constant, but this would break the scale-invariant setup.

In the Einstein frame the action becomes a three-field system and reads

S =

∫
d4x

√
−g
{
R

2κ2
−1

2
gµν
[
∂µψ∂νψ + e−βκψ (∂µχ∂νχ+ ∂µσ∂νσ)

]
−V (ψ, χ, σ)

}
,

(3.56)

with the potential

V (ψ, χ, σ) =
1

8Bκ4
(
1− Aκ2χ2e−βκψ

)2
+
λ

4

(
χ2 − σ2

)2
e−2βκψ. (3.57)

With the addition of the new field, the potential has now a global minimum

at which V = 0. This is similar to a dynamical Higgs VEV model shown in

[161]. At the minimum we have

χ2
min = σ2

min, eβκψmin = κ2Aσ2
min. (3.58)

8This would allow us to redefine the field σ as a linear function of χ. This would not

provide any new phenomenology.
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The equations of motion for the fields in our model are given by:

□ψ =
∂V

∂ψ
− βκ

2
e−βκψgµν (∂µχ∂νχ+ ∂µσ∂νσ) , (3.59)

□χ = βκgµν∂µψ∂νχ+
∂V

∂χ
e−βκψ, (3.60)

□σ = βκgµν∂µψ∂νσ +
∂V

∂σ
e−βκψ. (3.61)

In an expanding homogeneous and isotropic universe, the Friedmann equa-

tion reads

H2 =
κ2

3

[
1

2
ψ̇2 +

1

2
e−βκψ

(
χ̇2 + σ̇2

)
+ V (ψ, χ, σ)

]
. (3.62)

The action is invariant under the following transformations of the fields

σ → eασ,

χ→ eαχ,

ψ → ψ +

√
6

κ2
α,

and as before there is a conserved current, which allows us to reduce our

system to an effective two field case at late times during inflation. Repeating

the procedure of the two-field case, we find that the conserved current results

in, at late times,

χ2 + σ2 = C − 6

κ2
eβκψ, (3.63)

where C is a constant of integration specified by initial conditions for the

fields that arise under the assumption that the fields exhibit a slow-roll

behaviour. This has been confirmed numerically with various initial condi-

tions and parameters. We will use this result in the next section to simplify

and understand the results of our model.

Background evolution

Since the three-field system is too complicated to find useful analytical solu-

tions, we study the inflationary dynamics and the evolution of perturbations

numerically. The following set of background equations governs the evolu-

tion of the fields:

ψ̈ + 3Hψ̇ + Vψ = −βκ
2
e−βκψ

(
χ̇2 + σ̇2

)
, (3.64)

χ̈ + (3H − βκψ̇)χ̇+ Vχe
−βκψ = 0, (3.65)

σ̈ + (3H − βκψ̇)σ̇ + Vσe
−βκψ = 0. (3.66)
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Figure 3.3: A 3D surface plot above its contour of the three field potential

(3.57). Here we have used the surface plot to illustrate the two slow-roll

regimes, with the trajectory plotted on top in blue. We have set, A = 0.05,

B = 106, λ = 10−15 and used eq. (3.63) to trade σ in favour of χ and ψ

with C = 7.7, to match the used initial conditions of fig. 3.4. The colour bar

indicates the value of the potential in Planck units.

For the Noether current to remain a constant such that eq. (3.63) is fulfilled,

we require the scale factor to increase exponentially and the Universe to

undergo a quasi-de-Sitter expansion. This can be seen in eq. (3.44). The

current becomes a constant after the first few e-folds. Using this equation

to relate σ to χ and ψ and plugging this into the potential, V , we obtain

an effective two–field potential. The precise form of this effective two-field

potential depends on the initial conditions for the fields, encoded in the

constant C in eq. (3.63), but there are some general features, as seen in

fig. 3.3: in the ψ–direction we have plateau-like potential with a barrier near

ψ = 0, which is typical for R2 theories. However, the addition of σ creates a

well in the potential. At the bottom of the well, the potential energy vanishes.
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(a) Background quantities: ψ, χ, σ, their respective velocities, and V .

(b) Slowroll parameters ϵ and η with the bounds of |η| < 1 shown in red.

Figure 3.4: fig. 3.4a illustrates the background evolution of the fields. The

left plot shows the field evolution, the middle plot is the effective velocity of

the fields with respect to e-folds, and the right is the value of the potential.

Note ψ and χ have two periods of slow-roll, N = 0 − 100, 100 − 125.

fig. 3.4b depicts the slow roll parameters. The left plots shows ϵ, identifying

the end of inflation with ϵ = 1. The right plot shows η, where the red

band highlights the bounds |η| < 1. We can identify the separation of

the two periods of inflation around N ≈ 100 by the increase in value of

the two parameters. The parameters and initial conditions are A = 0.05,

B2 = 2× 1012, λ = 10−15, ψ = 2.5, χ = 10−8, and σ = 10−2.

The dynamics of the fields depend on the initial conditions. Here, we

focus on the case where σini ≈ 0 and χ, ψ > 0. In the first part of inflation,

σ ≈ 0 is effectively frozen, whereas ψ and χ are rolling down the potential.

Eventually, the two fields roll off the plateau, at which point the slow–roll
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conditions are briefly violated, as seen from the evolution of the slow-roll

parameter in fig. 3.4. The condition η ≪ 1 is severely violated at this point,

creating additional features in the power spectrum, as we will see later.

Afterwards, ψ and χ–fields settle in a local valley (shown in fig. 3.3). This

marks the end of the first period of inflation. The two fields, ψ and χ are

effectively frozen compared to the σ–field. The σ field continues to roll,

minimising the coupling to the χ field. After N ≈ 25, ψ and χ begin to

steadily roll faster, while σ remains frozen, this allows η to settle. Around

N ≈ 70 σ begins to roll such that σ → χ. This forces all of the fields to fall

into the global minimum, driving the potential to zero and ending inflation.

We conclude from this model that the initial conditions dictate the final

values of χ, σ and ψ and the e-folds of each period of inflation.

Summary of scale invariant inflation

We have studied the scale-invariant two-field and three-field model as an

extension of Starobinksy’sR2 inflation, introduced in [143, 150]. For the two-

field case, we have identified that while it is a successful inflationary model,

a non-zero cosmological constant is generated due to the self-coupling of

the scalar field χ, whose VEV generates the Planck mass. To remove the

potentially large cosmological constant at the end of inflation, we extend

the model and add another scalar field σ, interacting with χ in a scale-

invariant way, forcing the vacuum energy to vanish at the global minimum.

Thus, we have used the three-field scenario to probe for new insights into

scale-invariant inflation.

Our results in this three-field example of inflation demonstrate several

non-trivial features that can occur during inflation. The model can exhibit

two periods of inflation. The two periods are separated by a brief (and mild)

violation of the smallness of the ϵ slow roll parameter and a noticeable drop

in potential energy. The first period of inflation exhibits similar dynamics

to that of the two-field case as the additional field σ is effectively frozen at

σ = 0. The only noticeable difference in behaviour is the severe violation

of the slow-roll parameter, η, initially within this model due to the locally

bound χ and σ field. Although not majorly affecting the model dynamics,

this feature essentially traps the χ–field, thus prolonging this period of
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inflation.

The transition between the two periods of inflation marks a shift in the

hierarchy of the fields dominating the slow-roll behaviour, with the kinetic

term of σ dominating over the other fields. As this second period of inflation

is short and within approximately 20 e-folds of the end of inflation, it is

expected to have significant consequences for the resulting power spectrum.

Therefore the addition of a third field, initially with the motivation to remove

the cosmological constant, has the potential to induce non-trivial features

due to only interacting within the final e-folds of inflation.

3.4 Cosmological perturbations during inflation

3.4.1 Single field perturbations

We now build upon our discussion of cosmological perturbations in sec-

tion 1.3.1 in the Newtonian gauge, following the work of [75, 73, 76, 170] and

extend it to model inflationary perturbations. Until now, we have described

the background dynamics of inflation using homogeneous scalar fields. We

extend the work to include, to first order, inhomogeneous perturbations,

ψ(t) → ψ(t) + δψ(t, x). (3.67)

As a starting example, we will assume a standard quintessence Lagrangian

of eq. (1.16), with an FRLW metric, resulting in the equation of motion,

□ψ − Vψ = 0,

and the stress-energy tensor of the form eq. (1.18). To linear order for a

single field the perturbed energy density, pressure, and scalar momentum

(eqs. (1.68) to (1.70)) read, respectively:

δρ = ψ̇δψ̇ − ψ̇2Φ + Vψδψ, (3.68)

δP = ψ̇δψ̇ − ψ̇2Φ− Vψδψ, (3.69)

δq = −ψ̇δψ. (3.70)
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In Fourier space, the scalar field perturbation is governed by a perturbed

KG equation,

δψ̈ + 3Hδψ̇ +
k2

a2
δψ + Vψψδψ = −2VψΦ + 4ψ̇Φ̇, (3.71)

where k is the wavenumber. It will be useful to define the gauge invariant

Mukhanov-Sasaki (MS) variable [171]

Q = δψ +
ψ̇

H
Φ. (3.72)

This is related to the comoving curvature perturbation,

R = −H
ψ̇
Q. (3.73)

Therefore if we can find approximate solutions to MS variable, we can un-

derstand the behaviour of the curvature perturbation at different scales.

Using the MS variable we can remove the metric perturbation to obtain an

equivalent equation of motion to eq. (3.71),

Q̈+ 3HδQ̇+

[
k2

a2
δψ + Vψψ − 1

M2
Pla

3

(
a3ψ̇2

H

)]
Q = 0. (3.74)

This equation can be simplified even further by introducing new variables,

u = aQ and z = aψ̇/H . Switching to conformal time, τ , where the prime

indicates the derivative with respect to τ , this results in

u′′ + (k2 − z′′

z
)u = 0. (3.75)

This is known as the Mukhanov-Sasaki equation [171] and is also the equa-

tion for a harmonic oscillator with a frequency given by,

ω2 = k2 − z′′

z
. (3.76)

In the context of slow-roll inflation, where H ≈ const and ψ̈ is negligible,

we see that z′′/z → a′′/a ≈ 2(aH)2, where we have used the definition of

conformal time, dt = adτ . This means that the term z′′/z is proportional

to the inverse of the comoving Hubble radius. We can now analyse the

behaviour of u and, correspondingly, the curvature perturbation in different

regimes. In the subhorizon scale at early times, when the Hubble radius is

much larger than the physical wavelength of fluctuations, we have the limit

k2 ≫ z′′/z. This means that ω ≈ k, and our MS equation becomes

u′′ = −k2u, (3.77)
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exhibiting an oscillating behaviour with the solution u ∝ e±ikτ . This will

correspond to an oscillating curvature perturbation decaying as the Universe

expands. If we assume at the beginning of inflation, τ → −∞, all fluctuations

were at subhorizon scales, the MS equation has the approximate solution 9

u =
1√
2k
e−ikτ . (3.78)

This is known as the Bunch-Davis vacuum (BD) solution [172].

Eventually, as required the comoving Hubble radius will shrink as in-

flation progresses until the modes are larger than the Hubble radius 10 and

they exit the horizon. This results in k2 ≪ z′′/z and ω ≈ −z′′/z. The MS

equation now becomes,

u′′ =
z′′

z
u, (3.79)

which results in two solutions u ∝ z and u ∝ z−2. Analysing the curvature

perturbation R = −u
z
, we can see that the growing solution, u ∝ z, results

in a constant curvature perturbation, R → const, effectively freezing the

perturbation in superhorizon scales. The decaying solution u ∝ z−2 results

in a negligible contribution to R in an expanding Universe.

The power spectrum from the definition, eq. (1.76), becomes

PR =
k3

2π2

∣∣∣u
z

∣∣∣2 . (3.80)

The entropy from eq. (1.77), becomes

S = 2
HVψ

ρ̇Ṗ

(
ψ̈δψ − ψ̇δψ̇ − ψ̇Φ̇

)
. (3.81)

However, we notice the term inside the brackets is equivalent to −δρ+3Hδq.

Therefore rewriting this in terms of the metric perturbation, using eqs. (1.68)

and (1.69),

S ∝ −k
2

a2
Φ. (3.82)

Therefore entropy perturbations quickly drop with the expansion of the

Universe and are negligible for single-field inflation.

9The proportionality of the solution is found through the quantisation of u, where we

assume we are in a sufficiently flat spacetime due to de-Sitter expansion. This means that

the FLRW metric can be approximated to a Minkowski spacetime [73].
10Another interpretation, dependent on the frame, is the fluctuations are stretched be-

yond the Hubble radius, as depicted in fig. 3.1
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Figure 3.5: A diagram, adapted from [75], depicting the adiabatic, δΣ, and

entropy, δs, perturbations, related to the original field perturbations, δψ

and δχ by eqs. (3.92) and (3.93), utilising the defined angle, θ, and the

resulting perturbation given by δ. The diagram is given on an axis of the

background fields, and the solid line gives the background field trajectory.

3.4.2 Two field perturbations

As discussed in section 3.3.2, a natural extension to the theory of inflation is

to include additional degrees of freedom. In the remainder of this section,

we consider how the perturbations change in multi-field inflation. Thus, we

include an additional background field χ. The fields are chosen to resemble

the fields in the model of section 3.3.2. We will assume that both fields follow

the equations of motion arising from a modified gravity model mapped into

the Einstein frame detailed in sections 1.2 and 3.3.2,

ψ̈ + 3Hψ̇ − bψe
2bχ̇2 + Vψ = 0, (3.83)

χ̈+ (3H + 2bψψ̇)χ̇+ e−2bVχ = 0, (3.84)

with

ρ =
ψ̇2 + e2bχ̇2

2
+ V, P =

ψ̇2 + e2bχ̇2

2
− V. (3.85)

To keep the formulation general, b is an arbitrary linear function of ψ. This

can be specified to the section 3.3.2 by setting b = −βκψ. This gives rise to

the perturbed KG equations,

δψ̈+ 3Hδψ̇+

(
k2

a2
+ Vψψ − b2ψe

2bχ̇2

)
δψ− 2bψe

2bχ̇δχ̇+ Vψχδχ = 4ψ̇Φ̇− 2VψΦ,

(3.86)
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δχ̈+ (3H + 2bψψ̇)δχ̇+

(
k2

a2
+ e−2bVχχ

)
δχ+ 2bψχ̇δψ̇+e

−2b (Vχψ − 2bψVχ) δψ

= 4χ̇Φ̇− 2e−2bVχΦ.

(3.87)

The perturbed energy density and momentum read

δρ = ψ̇δψ̇ + e2bχ̇δχ̇− (ψ̇2 + e2bχ̇2)Φ + bψe
2bχ̇2δψ + Vψδψ + Vχδχ, (3.88)

δq = −ψ̇δψ − e2bχ̇δχ. (3.89)

In single field inflation, the comoving curvature perturbation is defined in

the direction of the inflaton. However, the inclusion of additional fields

requires the identification of the overall background trajectory of the fields.

As such, the two fields, ψ and χ can be redefined into the adiabatic field11

Σ, representing the path of the background fields, and the entropy field s,

representing the movement orthogonal to the background trajectory. This

formalism was introduced in [75, 79], which we summarise below.

We define the directional velocity of the adiabatic field by Pythagoras’

theorem according to the background fields,

Σ̇2 = ψ̇2 + e2bχ̇2. (3.90)

Therefore, we can determine the relative angle of the field to the background

trajectory,

cos(θ) = ψ̇/Σ̇, sin(θ) = ebχ̇/Σ̇ (3.91)

Utilising the relative angles, we can then formulate the adiabatic field as

linear combinations of the field perturbations as illustrated in fig. 3.5,

δΣ = cos(θ)δψ + sin(θ)ebδχ, (3.92)

and the orthogonal entropy field,

δs = cos(θ)ebδχ− sin(θ)δψ. (3.93)

The KG equation neatly governs the adiabatic field,

Σ̈ + 3HΣ̇ + VΣ = 0, (3.94)

11The two new fields, Σ and s, are not physical fields; they are defined to encode the

dynamical behaviour of the model’s scalar fields, simplifying the calculations.
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where VΣ = cos(θ)Vψ + sin(θ)e−bVχ. With the new redefinition of adiabatic

and entropy fields, we can repeat the procedure outline for the single field

case, section 3.4.1, to find the comoving curvature perturbation. In the same

way as before, we define the MS variable for our adiabatic field,

QΣ = δΣ +
Σ̇

H
Φ. (3.95)

This MS quantity is related to the standard field MS variables by the defined

rotation given in the definition of Σ, eq. (3.92)

QΣ = cos2(θ)Qψ + sin2(θ)ebQχ. (3.96)

Therefore we see that QΣ identifies the perturbation that is parallel to the

background directional velocity. As such, the total comoving curvature per-

turbation, eq. (3.73), which is defined to be in the direction of the background

trajectory, becomes

R =
H

Σ̇
QΣ = cos(θ)Rψ + sin(θ)ebRχ, (3.97)

where Rψ and Rχ are the curvature perturbations for the fields, ψ and

χ, respectively. We also define the entropy perturbation, which can be

expressed in terms of our entropy field

S =
H

Σ̇
δs. (3.98)

With additional interactions in our system, the entropy perturbations are

more important than in the single field case, as they do not vanish on

large scales. Moreover, by taking the derivative of the comoving curvature

perturbation, we find that the entropy perturbations source the curvature

perturbation

Ṙ =
H

Ḣ

k2

a2
Φ− 2H

Σ̇2
Vsδs, (3.99)

where Vs = cos(θ)e−bVχ − sin(θ)Vψ. This quantity describes how the fields

will change depending on each field’s effective potential. In the literature, it

is common to use the turning rate, θ̇, to illustrate the sourcing effect of the

comoving curvature, defined as

θ̇ = −Vs/Σ̇− bψΣ̇ sin(θ),

which encodes how the background field trajectory changes and therefore

QΣ. Provided θ̇ ̸= 0, which identifies different regimes of fields dominating

89



3.4 | Cosmological perturbations during inflation

Figure 3.6: An extension of the diagram fig. 3.5, to include an additional

field, δσ, with an additional angle, φ fixed in the σ − ψ plane, while θ

remains fixed to the χ− ψ plane. Due to the additional dimension in field

space, an additional entropy is required, which can be identified with the

subscript 2 and the subscript 1 indicates the entropy perturbation in fig. 3.5.

To illustrate the 3D nature of the perturbations, the perturbation arrow δ is

shown coming out of the page.

the perturbations, non-trivial features arise due to the sourcing effect of R.

This will then affect the resulting power spectrum resulting in potentially

detectable signatures.

3.4.3 Three field perturbations

In the scale-invariant model studied in section 3.3.2, we determined that

three fields were required. Thus, we extend the formalism above to include

three fields, allowing us to calculate the power spectrum for our three-field

model in section 3.3.2. We maintain the procedure of decomposing the field

perturbations into tangential and orthogonal components with respect to

the trajectory of the background fields. Again, the tangential perturbation

equates to the curvature or adiabatic component, while we identify the

orthogonal perturbations as entropy components. As described in [173] we

have one curvature component and D − 1 entropy components, where D

is the number of fields. In the two-field case, we redefined the fields using
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a 2D circular coordinate system. Therefore, given an additional degree of

freedom, we utilise, in this section, a 3D spherical coordinate system to

redefine the field perturbations.

We will assume the equations of motion for three fields are determined

from a modified gravity action mapped into the Einstein frame, as done in

section 3.3.2. To make the link to the model studied in section 3.3.2 explicit

we identify the fields (ψ, χ, σ) such that the KG equations read,

ψ̈ + 3Hψ̇ − bψe
2bχ̇2 + Vψ = 0, (3.100)

χ̈+ (3H + 2bψψ̇)χ̇+ e−2bVχ = 0, (3.101)

σ̈ + (3H + 2bψψ̇)σ̇ + e−2bVσ = 0, (3.102)

with

ρ =
ψ̇2 + e2b (χ̇2 + σ̇2)

2
+ V, P =

ψ̇2 + e2b (χ̇2 + σ̇2)

2
− V, (3.103)

and b is a linear function ofψ, to allow further generalisation of the formalism

used. This will result in the corresponding perturbed KG equations and

energy and momentum constraints from the perturbed EFEs:

δψ̈ + 3Hδψ̇+

[
k2

a2
+ Vψψ − 2b2ψ(χ̇

2 + σ̇2)e2b
]
δψ

+ Vψχδχ+ Vψσδσ − 2bψe
2b(χ̇δχ̇+ σ̇δσ̇) = 4Φ̇ψ̇ − 2VψΦ,

(3.104)

δχ̈+ 3Hδχ̇+

[
k2

a2
+ Vχχe

−2b

]
δχ− 2bψ(χ̇δψ̇ + ψ̇δχ̇)

+ (Vχψ − 2bψVχ) e
−2bδψ + Vχσe

−2bδσ = 4Φ̇χ̇− 2Vχe
−2bΦ, (3.105)

δσ̈ + 3Hδσ̇ +

[
k2

a2
+ Vσσe

−2b

]
δσ − 2bψ(σ̇δψ̇ + ψ̇δσ̇)

+ (Vσψ − 2bψVσ) e
−2bδψ + Vσχe

−2bδχ = 4Φ̇σ̇ − 2Vσe
−2bΦ, (3.106)

δρ = ψ̇ ˙δψ+e2b
[
χ̇ ˙δχ+ σ̇ ˙δσ + bψδψ(χ̇

2 + σ̇2)
]

−
[
ψ̇2 + e2b(χ̇2 + σ̇2)

]
Φ + Vψδψ + Vχδχ+ Vσδσ,

(3.107)

δq = −ψ̇δψ − e2b (χ̇δχ+ σ̇δσ) . (3.108)
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To ensure the curvature perturbation is in the direction of the background

trajectory, we assume the fields can be redefined into a new adiabatic field

Σ (not to be confused with the additional classical field σ introduced in sec-

tion 3.3.2). This allows the curvature perturbation to be written in terms of

the field perturbations. As before in section 3.3.2 we require the perturba-

tions to be decomposed into tangential and orthogonal perturbations, with

respect to the background trajectory. Using the definition of the curvature

perturbation, eq. (3.73), that depicts the tangential perturbation, we define

an analogous result to eq. (3.97),

R = H
QΣ

Σ̇
= H

ψ̇Qψ + ebχ̇(ebQχ) + ebσ̇(ebQσ)

Σ̇2
. (3.109)

Here we have used the standard MS variables,

Qψ = δψ +
ψ̇

H
Φ, Qχ = δχ+

χ̇

H
Φ, Qσ = δσ +

σ̇

H
Φ, (3.110)

and,

Σ̇2 = ψ̇2 + e2b
(
χ̇2 + σ̇2

)
(3.111)

is the three-field adiabatic component, representing the velocity parallel to

the trajectory. This allows us to define QΣ as the instantaneous curvature

Mukhanov-Sasaki variable corresponding to the perturbations parallel to the

trajectory of Qψ, e
bQχ, e

bQσ, defined in the same way as [79]. Following the

methodology laid out in [174], we set up our three-field model by extending

the 2D circular coordinate system to a 3D spherical system. Using the

Qψ, e
bQχ, e

bQσ, as a coordinate basis we define

QΣ ≡ sin(φ)
(
cos(θ)Qψ + sin(θ)ebQχ

)
+ cos(φ)ebQσ. (3.112)

Substituting the ansatz into the defined R for three-fields in eq. (3.109), we

determine the corresponding angles:

cos(φ) =
ebσ̇

Σ̇
, sin(φ) =

√
ψ̇2 + e2bχ̇2

Σ̇
,

cos(θ) =
ψ̇√

ψ̇2 + e2bχ̇2

, sin(θ) =
ebχ̇√

ψ̇2 + e2bχ̇2

.

(3.113)

In this notation the explicit form of the orthogonal perturbation is

δΣ = sin(φ)
(
cos(θ)δψ + sin(θ)ebδχ

)
+ cos(φ)ebδσ. (3.114)
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We will use the MS form of the orthonormal perturbation for ease. With the

angles established, we can calculate the entropy perturbations, δs1 and δs2,

which are defined to be orthogonal to the trajectory, eq. (3.112):

δs1 = cos(φ)
[
cos(θ)Qψ + sin(θ)(ebQχ)

]
− sin(φ)(ebQσ), (3.115)

δs2 = − sin(θ)Qψ + cos(θ)(ebQχ). (3.116)

Using (3.113) we can rewrite this in terms of the fields,

δs1 =
ebσ̇

Σ̇

√
ψ̇2 + e2bχ̇2

[
ψ̇Qψ + ebχ̇(ebQχ)

]
−

√
ψ̇2 + e2bχ̇2

Σ̇
(ebQσ), (3.117)

δs2 =
−ebχ̇Qψ + ψ̇(ebQχ)√

ψ̇2 + e2bχ̇2

. (3.118)

We can then calculate the entropy component,

Si = δsiH/Σ̇. (3.119)

More importantly, we now have a complete system for our three field system

that allows us to relate our field perturbations into tangential and normal

components via the rotational matrix,
QΣ

δs1

δs2

 =


sin(φ) cos(θ) sin(φ) sin(θ) cos(φ)

cos(φ) cos(θ) cos(φ) sin(θ) − sin(φ)

− sin(θ) cos(θ) 0



Qψ

ebQχ

ebQσ

 . (3.120)

As seen in eq. (3.99), we predict that R has a non-negliable sourcing term

arising from the entropy components. To do this, and for completion, we

find the Klein-Gordon equation for our adiabatic field,

Σ̈ + 3HΣ̇ + VΣ = 0, (3.121)

and the turning rates,

φ̇ = −Vs1
Σ̇

+ bψΣ̇ cos θ cosφ, θ̇ = − Vs2√
ψ̇2 + e2bχ̇2

− Σ̇√
ψ̇2 + e2bχ̇2

bψΣ̇ sin θ.

(3.122)

The adiabatic and entropy potentials follow the same rotation as (3.120),
VΣ

Vs1

Vs2

 =


sin(φ) cos(θ) sin(φ) sin(θ) cos(φ)

cos(φ) cos(θ) cos(φ) sin(θ) − sin(φ)

− sin(θ) cos(θ) 0




Vψ

e−bVχ

e−bVσ

 . (3.123)
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Taking the derivative of R, with respect to time, we find a similar compact

version to [79, 175, 176] and eq. (3.99)

Ṙ =
H

Ḣ

k2

a2
Φ− 2

H

Σ̇2
(Vs1δs1 + Vs2δs2). (3.124)

We see that the additional entropy term, Vs1δs1, provides an additional

contribution to the source term. Finally, using (3.107) and (3.108), this allows

us to rewrite our perturbed Klein-Gordon equations (3.104) - (3.106) as

Q̈ψ + 3H(Q̇ψ)− 2bψe
2bψ
(
χ̇Q̇χ + σ̇Q̇σ

)
+

(
k2

a2
+ Cψψ

)
Qψ + CψχQχ + CψσQσ = 0,

(3.125)

Q̈χ + 3HQ̇ψ + 2bψχ̇Q̇χ + 2bψψ̇Q̇χ +

(
k2

a2
+ Cχχ

)
Qχ + CχψQψ + CχσQσ = 0,

(3.126)

Q̈σ + 3HQ̇σ + 2bψσ̇Q̇ψ + 2bψψ̇Q̇σ +

(
k2

a2
+ Cσσ

)
Qσ + CσψQψ + CσχQχ = 0,

(3.127)

with the coefficients

Cψψ = Vψψ +
2κ2

H
Vψψ̇ + 3κ2ψ̇2 − 2b2ψκ

2(χ̇2 + σ̇2)e2b − κ4ψ̇2

2H2
Σ̇2,

Cψx = Vψx +
κ2

H
Vψẋe

2b +
κ2

H
Vxψ̇ + 3κ2e2bψ̇ẋ− κ4ψ̇ẋe2b

2H2
Σ̇2,

Cxx = Vxxe
−2b +

2κ2

H
Vxẋ+ 3κ2ẋ2e2b − κ4ẋe2b

2H2
Σ̇2,

Cxψ = Vxψe
−2b +

κ2

H
Vψẋ+

κ2

H
Vxψ̇e

−2b − 2bψVxe
−2b + 3κ2ψ̇ẋ− κ4ψ̇ẋ

2H2
Σ̇2,

Cxx̃ = Vxx̃e
−2b +

κ2

H
Vx̃ẋ+

κ2

H
Vx ˙̃x+ 3ẋ ˙̃xκ2e2b − κ4ẋ ˙̃xe2b

2H2
Σ̇2.

The perturbed KG equations, eqs. (3.125) to (3.127), are invariant in the

exchange of χ and σ, as expected from the symmetry seen in eq. (3.63). Thus

for brevity, we implement the notation where x = χ or σ and x̃ = σ or χ

represents the other field. Using eqs. (3.125) to (3.127), we can compute

R, S1 S2 for our three-field system.

Three field scale invariant example

To calculate the resulting power spectra and determine constraints on the

three-field model considered in section 3.3.2, we utilised the derived for-

mulation of section 3.4.3. Here we present the numerical procedure of
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determining the primordial power spectrum for a three-field system and

the resulting predicted angular power spectrum, ns and r for the system

studied in section 3.3.2.

We numerically integrate eqs. (3.125) to (3.127), using the results of sec-

tion 3.3.2. We assume that the fields start deep inside the Hubble radius.

Therefore we impose BD initial conditions eq. (3.78) for our tangential and

normal perturbations (QΣ, δs1, δs2) at k = 50aH . Assuming initially slow-

rolling light fields, the eqs. (3.125) to (3.127) become uncouple in the limit

k ≫ aH . This results in independent adiabatic and entropy fluctuations

deep inside the Hubble radius [75, 174, 177]. This can be further highlighted

by eq. (3.124), where R is only effectively sourced by the metric perturba-

tions, akin to single-field inflation.

Therefore, to ensure no correlation between the curvature and entropy

modes deep inside the Hubble radius, we integrate the perturbation equa-

tions three times with different initial conditions. In the first run, we choose

QΣ to have BD initial conditions and δs1 = δs2 = 0; then we permute these

initial conditions on each component. We indicate the run by Roman numer-

als so that the results of each run are RI, RII and RIII and correspondingly

for S1,(I,II,III) and S2,(I,II,III). Then we compute the curvature and isocurva-

ture power spectrum from our three runs and obtain the prediction for the

power spectra as follows:

PR(k) =
k3

2π2

(
|RI|2 + |RII|2 + |RIII|2

)
, (3.128)

PS1(k) =
k3

2π2

(
|S1,I|2 + |S1,II|2 + |S1,III|2

)
, (3.129)

PS2(k) =
k3

2π2

(
|S2,I|2 + |S2,II|2 + |S2,III|2

)
, (3.130)

with the tensor modes computed using eq. (1.90). To compute cosmological

observables, we set a reference scale of k0 = 0.05 Mpc−1 to leave the Hubble

radius 50 e-folds before the end of inflation, allowing for a comparison to

literature.

Our results shown in fig. 3.7, show an interesting feature, an initial drop

in power before exhibiting the expected near-scale invariance. This is the

result of the initial violation of the slow-roll condition η ≫ 1 shown in

fig. 3.4. As discussed in section 3.3.2, is due to the initial set-up of the fields:
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(a) Variation of A on PR and PT

(b) Variation of B on PR and PT

(c) Variation of λ on PR and PT

Figure 3.7: The curvature (solid) and tensor (dashed) power spectrum,

evaluated at the end of inflation. We have varied parameters, A fig. 3.7a,

B fig. 3.7b and λ fig. 3.7c and used the same initial conditions to compute

fig. 3.4.
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Considering the initial conditions used to produce fig. 3.7, the initial value

of σ is small but larger than χ. However, the potential’s gradient in the

σ–direction is smaller than in the χ–direction, the value of χ will eventually

become larger than σ, creating a brief period of strong interactions between

the two fields at that time. This causes χ to oscillate as it rolls, which can be

seen from the evolution of χ̇ in fig. 3.4. This results in ϵ remaining small, but

causes η to osciallate with a large amplitude, as shown in fig. 3.4. The drop

in amplitude in fig. 3.7 at large scales, which we observe in some runs for

some choice of parameter, is because those scales cross the Hubble radius

during this initial period in which η becomes large.

An alternative set-up of initial conditions where σini < χini was also

studied: the violation of the slow–roll condition η ≪ 1 does not occur, and

there is no drop in amplitude of power at small k–values. A change in

parameter choice is required in this scenario to ensure that the spectrum has

an amplitude O(10−9).

Length scales that cross the Hubble radius during the first period of

inflation produced a near-scale invariant power spectrum. This is to be

expected as our fields behave similarly to standard Starobinsky inflation,

slowly rolling on the plateau, as shown fig. 3.4. In our numerical runs, we

have chosen the parameter such that the amplitude of the scalar perturba-

tions matches data from the CMB. For large k–values, we see a drop in the

power spectrum caused by the end of the second period of inflation as the

fields fall into the global minimum of the potential. The σ–field is evolving

considerably during the second period of inflation. This, in turn, forces the

fields into a steep potential, increasing the velocity of the fields. This drop

of power at small scales in fig. 3.7 means our model does not predict the

formation of primordial black holes from a spike in the power spectrum

[133, 178]. Unlike similar models to ours, our potential does not create large

entropy perturbations; we see the opposite effect due to the evolution of σ

from zero (this effect has been studied in similar models to ours in [179] and

[180]).

We also individually vary each of the parameters A, B and λ in fig. 3.7

while keeping the initial conditions for the fields fixed, to analyse the effect

the parameter choice has on the results.
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We also analyse the effect of changing the parameters on the resulting

power spectrum. From fig. 3.7a, we see that A determines the range of k–

values for which the power spectrum of scalar perturbations is nearly scale–

independent. This is because A determines the width of the valley region

in the potential, as seen from eq. (3.57). A smaller parameter A results in

an earlier start of the second period of inflation (for a given set of initial

conditions). Thus this alters the time at which the term corresponding to

k2/a2 becomes subdominant in eqs. (3.125) to (3.127) compared to the second

derivative of the gradient, which creates a peaked damping term. This

increased damping term reduces the entropic sourced term in eq. (3.124),

thus setting R = const.

On the other hand, B determines the steepness of the potential into the

valley region and the overall energy scale of the plateau, with smaller B

decreasing the gradient and λ determines the valley’s potential energy, as

seen from eq. (3.57). The parameter B and λ affect the ψ and χ-field’s speed

during the transition to the second period of inflation. Therefore affecting

the spike in the evolution of epsilon seen in fig. 3.4. As such, they have a

large effect on the amplitude of the power spectrum, depicted in figs. 3.7b

and 3.7c for wave numbers which leave the horizon around the transition

from the first to the second period of inflation as illustrated in figs. 3.7b

and 3.7c.

Consequently, the standard power law of eq. (1.79) does not describe the

resulting predicted power spectra well for any of the runs in fig. 3.7. From our

numerical simulations, we find that the predicted tensor-to-scalar ratio r(k0)

is of order 10−6, substantially reduced from the two field case described in

section 3.3.2 and similar models [150, 159]. Other R2 scale-invariant models

find a similar reduction in r, such as [145, 181]. For the parameters values

A = 0.055, B = 106, and λ = 10−15, we find that the spectral index is

consistent with current CMB observations, ns(k0 = 0.05) ≃ 0.97, and has a

substantial running (αs ≈ 10−2) at large scales but varies widely and becomes

negative at large wavenumbers. However the running of αs, βs(k0) ≈ −10−3,

remains approximately of a similar order of magnitude, but negative, to αs
for all values of k. The model is an example in which isocurvature modes

can cause the running of the spectral index and the running of the running
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Figure 3.8: The CMB temperature lensed angular spectra based off our

model with B2 = 5 × 1011 and λ = 10−15, and initial conditions used in

fig. 3.4. The solid black is calculated from the standard power-law with

PR(k = 10−2) = 2 × 10−9 and ns = 0.965 with data points from [68] for

reference.

to be of a similar order of magnitude [182].

Finally, we investigate how the introduced features impact the predic-

tions of the CMB angular spectra. As shown in Figure 3.7, it is clear that

modifying B or λ corresponds to a change power spectrum’s amplitude. As

such, we constrain the value of B and λ such that PR(k0) ≃ 2 × 10−9 with

A = 0.05. We then compute the CMB temperature angular spectra, using

CAMB [183], while varying A fig. 3.8. We see that the features naturally

manifest themselves at lower multipoles. However, even a small change in

the parameter A causes a shift in the amplitude of the power spectrum.

3.4.4 Summary of cosmological perturbations

We have extended the perturbation formalism used for two–field of [79]

and [174] to three fields. Using a similar methodology, we created three

orthogonal components in field space, one of which was tangential to the

resulting direction. This then allowed us to compute the scalar primordial

power spectrum. This formalism was then used to continue the analyses of

the three-field system in the Einstein frame, in which inflation is driven by
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three scalar fields (χ, σ and the scalaron ψ).

As discussed, our results show that the model can exhibit two periods

of inflation, separated by a brief violation of the smallness of the ϵ slow

roll parameter. We have numerically solved the perturbation equations and

determined the power spectrum for different parameter values. From the

amplitude of CMB anisotropies, we find that small values for the parameter

A are preferred (A ≈ 10−2). We identify three regimes in the predicted

scalar power spectrum: at large scales, where the scales cross the horizon

before all three fields begin to slow roll, the power decreases due to viola-

tion of the smallness of the η parameter; at intermediate scales, the power

spectrum is flat and can match the CMB data; and at large wavenumbers,

we find a further decrease in the amplitude for very large k–values (the

scales leave the horizon in the second period of inflation, at the time when

σ rolls significantly and is driving the potential to zero, eventually ending

inflation).

We also discussed the predictions for the spectral index ns, its running

αs, the running of the running βs and the tensor–to–scalar ratio r. We see a

substantial reduction in r compared to ordinary R2–inflation and its scale–

invariant version [143, 150]. We find that our model can potentially break the

usual hierarchy ns > |αs| > |βs|, due to entropy perturbations produced by

the σ field, making the model testable with current and future cosmological

data.
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3.5 Reheating

As we have discussed, one of the major successes of inflation is the effec-

tiveness of homogenising the Universe by evolving with a quasi-de-Sitter

behaviour. However, we know that the expansion also affects the temper-

ature of the Universe. A rapid expansion means the Universe falls out of

thermal equilibrium and enters a cold non-thermal state [184]. However,

after inflation we know that the Universe will slowly begin to cool due to

its decelerated expansionas seen in fig. 1.5, until our measured value today

of T ≈ 3K [80]. The temperature of the Universe at the end of inflation

has a lower bound T ≫ 1MeV for nucleosynthesis to be compatible with

cosmological observations [75, 185, 186] and an upper bound T < 1014GeV

set from the energy scale of inflation [75, 187, 188]. Thus, a model of the tran-

sition between the two epochs, inflation and a radiation-dominated HBB,

is required. Moreover, we are left with an empty universe and fast-rolling

scalar field(s) after inflation. In contrast, we require a hot thermal bath of

plasma that will cool, decouple and form the elementary particles of the

standard model of particle physics.

Reheating describes a mechanism that transfers the energy density ini-

tially dominated by the inflaton’s potential into the production of particles.

This is through an oscillatory decay of the inflaton. As we will discuss, the

decay rate is proportional to the mass of the inflaton. Therefore, the effec-

tiveness of reheating is determined by the model’s potential. The process of

heating the Universe after inflation is often considered part of the theory of

inflation, as the potential highly determines the model’s validity during the

expansion phase and the phase transition into a hot plasma.

We outline the mathematical process of the reheating mechanism from

[75, 189, 149] before utilising the three-field scale-invariant inflation, sec-

tion 3.3.2, as an example. Whilst we will only cover the notion of reheating

in this thesis, many other mechanisms can create a hot thermal plasma of the

HBB. A commonly studied mechanism, through a non-perturbative produc-

tion, of inducing an increase in temperature and starting particle production

is preheating. This is achieved through parametric resonance and exciting

field fluctuations. Many models have used preheating as an efficient mecha-
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nism to produce particles and it is often used in combination with reheating

[190, 191]

3.5.1 The three field model in the Jordan frame

We present the mechanism of reheating in the context of the example model

studied above in section 3.3.2. We choose to keep the resulting energy den-

sity of the scalaron non-minimally coupled to gravity and, unless specified,

not coupled to SM particles. Therefore, we study reheating in the Jordan

frame allowing an explicit choice of interaction between the fields and the

SM particles. We begin by summarising the dynamics in the Jordan frame.

The action is the same used in section 3.3.2, eq. (3.53), rewritten here for

brevity,

S =

∫
d4x

√
−g
(
f(R,χ)− 1

2
gµν (∂µχ∂νχ+ ∂µσ∂νσ)− V (χ, σ)

)
+ Sm,

(3.131)

with

f(R,χ) =
1

2
Aχ2R +

B2

2
R2, V (χ) =

λ

4
(χ2 − σ2). (3.132)

We find the equations of motion in the Jordan frame for the scalaron using

the procedure shown in section 1.2,

3□F + FR− 2f = T. (3.133)

Explicitly defining the scalaron as a field, F = ϕ, we conclude the curvature

can be written as

R =
ϕ− 1

2
Aχ2

B2
. (3.134)

This allows us to determine the equations of motion for the scalaron in terms

of the other fields. Assuming that matter and radiation are negligible in the

early universe, ρ(m) = ρ(r) = 0, the only contribution to the stress-energy

tensor is the other inflationary fields,

□ϕ = Vϕ +
1

3
T (χ,σ), (3.135)

where the potential is given by eq. (1.21),

Vϕ =
1

3
(2f − ϕR) =

Aχ2

6B2
(ϕ− 1

2
Aχ2).
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Here we have marked the stress-energy tensor and subsequently the corre-

sponding energy density and pressure with a superscript in brackets as a

bookkeeping term to indicate the field dynamics. We will assume, as we

did for inflation, that the metric is of the form of the FLRW metric, eq. (1.37).

The resulting equations of motion for the fields are,

ϕ̈+ 3Hϕ̇ = −Vϕ +
1

3

(
ρ(χ,σ) − 3P (χ,σ)

)
,

χ̈+ 3Hχ̇ = −Vχ + AχR,

σ̈ + 3Hσ̇ = −Vσ.

(3.136)

We complete our equations of motion with the field equations in a flat FLRW

metric as given by eqs. (1.47) and (1.48),

H2 =
ϕR− f

6ϕ
−H

ϕ̇

ϕ
+
ρ(χ,σ)

3ϕ
,

Ḣ =
R

6
− 2H2.

(3.137)

The corresponding energy density and pressure is given by

ρ(χ,σ) =
1

2
(χ̇2 + σ̇2) + V (χ, σ),

P (χ,σ) =
1

2
(χ̇2 + σ̇2)− V (χ, σ).

(3.138)

A detailed study of the inflationary dynamics for his model has been com-

pleted in the Einstein frame in section 3.3.2. To illustrate the physical equiv-

alence, the background dynamics of the fields are shown in fig. 4.5 to be

compared to fig. 3.4. We know that χ = σ at the minimum of the potential

by design, and consequently ϕ = Aχ2/2. Therefore we determine the masses

of the fields (m2
x = Vxx) at the end of inflation in terms of the VEV of χmin,

m2
ϕ =

Aχ2
min

6B2
,

m2
χ =m2

σ = 2λχ2
min.

(3.139)

As described in section 3.3.2, the Planck mass is dynamically given by

eq. (3.58), which sets Aχ2
min = M2

Plϕmin. Moreover, we discussed for the

model to be compatible with current cosmological data, we found A ≃ 0.05,

B ≃ 106, λ ≃ 10−15. Given these parameters, at the end of inflation, we find

that each of the masses of the fields given eq. (3.139) is similar. Therefore,

we analyse the decay for each of the fields.
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Figure 3.9: Inflationary dynamics of the model, with initial conditions,

ϕ = 1, χ = 10−8, σ = 10−2 and parameter choice, A = 0.054, B = 106, λ =

10−15. ϕ = 1 is approximately equivalent to the field ψ in section 3.3.2. The

left plot shows the field dynamics, the middle is the slow roll parameter,

ϵ and the right plot is the Hubble parameter during inflation. We see that

the overall dynamics and values are the same as fig. 3.4

Reheating

We now study a simplistic model of reheating for our three-field model

to illustrate reheating and to ensure compatibility. The reheating process

describes a mechanism where the inflationary scalar fields decay, creating

relativistic particles. When the inflationary scalar fields begin to oscillate

around their VEVs after inflation, we treat them as a particle with a finite

probability of decaying into another given particle. This is modelled by

introducing by hand additional couplings to the scalar fields such that

Sm =

∫
d4x

√
−g
(
−1

2
ḡ2φ2Φ2

I − h̄ϑ̄ϑΦI

)
. (3.140)

Here ΦI indicates any or all species of inflationary scalar fields decaying.

The decaying fields are then coupled to a bosonic field, φ, and a fermionic

field, ϑ, with the dimensionless coupling constants ḡ and h̄. The additional

matter term only grows once the fields begin oscillating around their VEVs.
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We describe the decay rates of a fields as [75, 192, 188],

ΓΦI→φφ =
ḡ4Φ2

I,min

8πmΦI

ΓΦI→ϑϑ̄ =
h̄2mΦI

8π
. (3.141)

We interpret these decay rates as an energy transfer, in the same way as

the energy of inflation is converted into the expansion of the Universe.

Therefore, we rewrite the equations of motion for ΦI , eq. (3.136), to include

the decay into relativistic particles,

ϕ̈+ (3H + Γϕ)ϕ̇ = −Vϕ +
1

3

(
ρ(χ,σ) − 3P (χ,σ)

)
,

χ̈+ (3H + Γχ)χ̇ = −Vχ + AχR,

σ̈ + (3H + Γσ)σ̇ = −Vσ.

(3.142)

Here we can see that if the expansion of the Universe (3H) dominates the

equations of motion, then very few particles will be produced. Once the

expansion slows down after inflation and Γ > 3H , the energy density of

the fields is sunk into the production of new particles. This then results in

an exponential decay of the field. We assume that all particles produced

will be relativistic and contribute towards the energy density of radiation.

Therefore, the decay rate becomes a source term for the energy density of

radiation,

ρ̇r = −4Hρr + Γϕϕ̇
2 + Γχχ̇

2 + Γσσ̇
2. (3.143)

If we assume at the end of reheating, all of the energy density of the Universe

is contained within ργ , and the particles are briefly in thermal equilibrium

the energy density is proportional to the quartic of the temperature,

ρr = CT 4. (3.144)

The constant of proportionality is given by Bose–Einstein statistics, with

C = C∗π
2/30, where C∗ is the number of relativistic degrees of freedom and

is approximated to C∗ = 100 [192, 188, 189]. We can then use the decay

rate to estimate the expected reheating temperature, given the maximum

temperature will be reached when
∑

I ΓΦI = H . Therefore, subsituting

eq. (3.144) for H , we obtain Tre ≈
√
MPl

∑
I ΓΦI .

We aim to analyse the efficiency of reheating in our model, determined by

the number of e-folds for the universe to be dominated by radiation, whilst

checking that the reheating temperature remains within the cosmological
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Figure 3.10: Numerical plot demonstrating the effect of reheating with the

given parameters Γϕ = Γχ = Γσ = 10−10M2
Pl. The left plots show the

field dynamics; the middle shows the density parameter of radiation in

the Universe; and the right shows the Hubble parameter, which follows an

H ∝ t−1 after reheating as expected for a radiation-dominated Universe.

The plots immediately continue from fig. 4.5, and the black dotted line

indicates the end of reheating with Ωr = 0.95.

bounds discussed earlier. Thus, to analyse the effects of reheating, we

numerically integrate our equations of motion and vary the value of Γϕ,χ,σ
as the masses of the fields have been set by the model parameters. This

is equivalent to varying the dimensionless couplings in eq. (3.141). We

set these to be the same as fig. 4.5 to ensure that the parameters used are

consistent with current cosmological data. Our results determined the end

of reheating when ρr/ρtotal = 0.95. The results are compiled in table 3.1

along with the corresponding figures in fig. 3.10.

The reheating process for our model is very effective compared to stan-

dard single-field [193] and other extensions of Starobinsky [149], illustrated

by the short reheating duration (∆N ≃ 2− 2.7). The addition of the Higgs-

like potential creates a steep and deep well within the potential, creating

rapid oscillations and enhancing the decay into relativistic particles. We

also notice that increasing one of the decay rates rapidly increases the ef-

fectiveness of reheating. We understand this as forcing one of the fields to
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Case

1 2 3 4 5 6 7 8

Γϕ [M2
Pl] 10−10 10−6 10−10 10−10 10−6 10−10 0 0

Γχ [M2
Pl] 10−10 10−10 10−6 10−10 10−6 0 10−10 0

Γσ [M2
Pl] 10−10 10−10 10−10 10−6 10−6 0 0 10−10

Tre [1012GeV] 9.85 2.00 42.2 33.0 25.3 2.76 7.01 8.98

∆N 2.41 1.63 1.65 1.92 4.28 2.52 2.98 2.41

Table 3.1: The numerical results for various cases, with the reheating tem-

perature, Tre, described by eq. (3.144) and ∆N is the duration of reheating.

have a large decay rate and then indirectly forcing the other fields to settle

quicker.

We can see that the decay of χ and σ has a greater effect on the reheating

temperature than ϕ. This is because given the parameters used m2
χ > m2

ϕ,

and therefore has a faster decay, producing more relativistic particles before

the ϕ–field decays away. Moreover, we see that our model produces a much

larger reheating temperature than the estimate given by Tre ≈
√
MPl

∑
I ΓΦI .

This is due to the rapid decay of the fields in a very short duration, such that

the decay terms dominate eq. (3.143).
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3.6 Discussion on the theory of inflation

We have studied the effect of embedding inflation into modified gravity.

Specifically, adding a higher-order term R2 to the Einstein Hilbert action

results in an interesting and unique potential ideal for a slow-rolling mech-

anism. Extending Starobinksy’s inflation to generate a Planck mass dynam-

ically required adding multiple fields to the model. This allows for greater

phenomenological insight into inflation, with many interesting features and

predictions, such as a drop in the power spectrum at small wavelengths.

Moreover, including an additional field allowed the model to become com-

patible with a vanishing cosmological constant whilst remaining within

current cosmological bounds on ns and r. However, if the aim is to fit the

theory to data, an arbitrary number of fields can be introduced to make

the theory compatible. Therefore multi-field, if required, should be utilised

delicately and implemented into a more fundamental theory.

While models of inflation and the early universe are studied in depth,

the importance of reheating and particle production can sometimes be over-

looked. We analysed the effect of reheating within our model to determine

the effectiveness of creating a hot thermal plasma as required for the HBB

model. Like inflation, the dynamics of reheating are determined by the

shape of the potential’s minimum. Therefore new models with exotic po-

tentials must be analysed through to completion when the fields decay. We

found that the three-field model was very effective at reheating and pro-

ducing particles due to the shape of the effective potential and interaction

between the fields. The reheating mechanism illustrated in section 3.5.1

further illustrated the model’s validity given the parameter constraints of

sections 3.3.2 and 3.4. However, it was found that the decays of certain fields

were more effective than others at reheating the universe.

The theory of inflation is a powerful tool, explaining phenomena such as

primordial perturbations that are observationally consistent with the CMB.

Although inflation can be recreated with minimal extensions to standard

GR, there remain conceptual problems with the theory. For instance, the

initial successes of inflation, namely the horizon and flatness problem, can

be resolved by fine-tuning initial conditions, is inflation required? If slow-

108



The Bounce, The Bang, and The Bounds

roll is the mechanism used to drive inflation, what determines the field’s

initial conditions? Are the perturbations that produce a near-flat power

spectrum unique to inflation? Many of these issues are problems of setting

initial conditions in the early universe. We have studied how inflation refor-

mulates the initial conditions and pushes them back to an earlier time, albeit

with a much larger degree of freedom. Therefore the theory of inflation is

better thought of as a mechanism that rapidly expands the Universe before

reheating and entering a hot radiation-dominated universe. This pushes

back many conceptual problems to a smaller and earlier universe. Leading

to the most disturbing problem, a spatial singularity, which inflation does

not address.

Thus there has been a range of alternative models to inflation that are

motivated by the conceptual problems of inflation. Some of these models

stem from more fundamental theories of gravity, such as quantum gravity

[194, 195]. While these theories are beyond the scope of this thesis, it is

essential to note that any alternative to inflation must still account for the

successes of inflation, including the generation of the primordial power

spectrum and the production of particles during reheating, even if it is

not necessary to resolve the horizon and flatness problems. A more effective

procedure is to incorporate the successes of modified gravity during the early

universe as EFTs, embedding the success and range of unique mechanisms

of inflation into a more fundamental theory of gravity.
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Although inflation has significantly contributed to our understanding of the

early universe, it still depicts a universe originating from a singular point

[30, 31]. This issue can be addressed by assuming the Universe is eternal and

undergoing its evolution cycles. In this scenario, the Universe is separated

into two eras: a contracting and expanding era separated by a non-singular

turnaround transition called a bounce. The idea of replacing the Big Bang

singularity with a non-singular transition, a bounce, has been considered

in past literature, and reviews on this topic have been published [42, 81,

196, 197]. Another criticism of inflation is the arbitrary initial conditions

required to initiate it [198, 199]. In contrast, a bounce transition before

inflation would lead to predetermined initial conditions based on the bounce

dynamics. Therefore a bouncing Universe followed by an epoch of inflation

is an attractive model.

However, bouncing scenarios are also considered as an alternative to

inflation. As discussed in section 3.4, initial perturbations become frozen

during inflation and leave signatures in the CMB afterwards, resulting in

a scale-invariant primordial power spectrum. Many bouncing models can

also produce a scale-invariant spectrum, similar to what is seen in the CMB,

without relying on the inflationary paradigm [200–202], however both sce-

narios are sensitive to initial perturbations. Moreover, bouncing scenarios

can avoid the horizon and flatness problem without requiring an inflationary

epoch [203–206]. Therefore, bouncing models can provide a more natural

explanation for the problems that establish inflation as the current early

universe paradigm.

Although a unique bouncing solution will provide a useful phenomeno-

logical insight to the early universe, a single bouncing model may not nec-

essarily solve the initial condition or singularity problem. Instead, a unique
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solution would push the problem back to an earlier state, albeit with con-

siderably more freedom of parameter space, similar to inflation in regards

to the HBB model.

4.1 A classical bounce

Depending on one’s philosophical stance, the Universe’s overall dynamics

should remain describable within the classical framework with extensions

motivated by higher energy theories, similar to that of reheating with the

inclusion of decay rates in the Friedmann equations. Moreover, the classical

picture should also remain physically sensible and singularity free. Iden-

tifying a singularity highlights the breakdown of the current theory and

motivates the need for modified gravity. At the extremes of the Universe,

we expect high-energy corrections from theories such as quantum gravity

to become more important. We assume that these effects can be captured in

a classical theory by utilising modified gravity as an effective field theory,

providing new phenomenological insight into the fundamental behaviour

around the bounce.

In the following, we investigate whether the transition between a collaps-

ing and expanding phase and vice versa is achievable within the framework

of GR while assuming an FLRW metric. As stated above, these transitions

must be non-singular to resolve the issues of the early universe.

We identify a contracting universe by ȧ < 0 and in the same way for

an expanding universe ȧ > 0, with the turnaround transition at ȧ = 01.

We refer to the transition from an expanding to a collapsing Universe as

a halt, where the Universe reaches a maximum size, amax. The bounce is

the transition from a contracting universe to an expanding one, such that

the universe reaches a minimum and finite size, amin > 0. We depict the

general behaviour of a bounce assuming an FLRW metric in fig. 4.1. For the

1It is worth noting that a universe maintaining ȧ = 0 is a static state universe. This

was Einstein’s initial motivation to include a cosmological constant. However, it has been

shown that these steady-state universes are inherently unstable [207].
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Figure 4.1: A schematic representation illustrating the evolution of the

Universe through a bounce assuming an FLRW metric. Notably, both the

initial and final phases exhibit resemblances to a de-Sitter universe. The

occurrence of a non-singular bounce is characterized by specific conditions:

when the scale factor a reaches a minimum, the Hubble parameterH equals

zero, and the time derivative of the Hubble parameter Ḣ attains a maximum

value. Consequently, instances immediately preceding and following the

bounce correspond to the extrema of the Hubble parameter, given by Ḣ = 0.

remainder of the chapter, we will denote the moment of the bounce with a

subscript b such that amin ≡ a(tb) = ab, ȧb = 0.

A common problem when considering classical bouncing cosmologies

is driving H → 0 in a collapsing era without breaking the weak energy

condition2, ρ ≥ 0 and ρ+ P ≥ 0.

A resolution to this issue, utilising the cosmological framework, is to in-

clude a positive spatial curvature. In this scenario, the Friedmann equations,

given here for brevity,

H2 +
K

a2
=
ϕ̇2 + 2V

6MPl
, (4.1)

Ḣ − K

a2
= − ϕ̇2

2MPl
(4.2)

can reach the bounce conditions Hb = 0, Ḣ > 0 without breaking the weak

energy conditions or setting ρ = 0. Assuming a zero cosmological constant,

the inclusion of a positive curvature in an expanding era can results in the

Universe transitioning into a collapsing era, as studied in section 1.3. If in

the late universe ϕ̇→ 0 as the universe expands, we can see from eq. (4.2) Ḣ

will become positive, dominated by the spatial curvature. This then allows

K/a2 to dominate the potential energy and setting H = 0.

2The energy conditions are used to indicate real physical solutions and are often used

to dismiss solutions on the basis they are unphysical [25, 81].

112



The Bounce, The Bang, and The Bounds

However, bouncing cosmologies also exhibit a diverging behaviour due

to the Universe’s collapse: given a toy universe in a collapsing era containing

only a scalar field, the Klein-Gordon equation, given here for brevity,

ϕ̈ = −3Hϕ̇− Vϕ, (4.3)

depicts a growing solution of ϕ and therefore ρ. In previous chapters, the

3Hϕ̇ acts as a damping term as the Universe expands, generating a decaying

solution. However, in a collapsing scenario, the opposite is true. The 3Hϕ̇

amplifies the field’s growth during the collapse as H → −|H|. Therefore

during the collapse,both ϕ and ϕ̇ will slowly grow due to the amplification

term, unless ϕ̇ = 0. Eventually the field will become fast rolling with the 3Hϕ̇

term dominating Vϕ. At which point the solution to the equation becomes

ϕ̇ ∝ e|H|t.

Considering the back reaction to this effect, the problem is much worse

than switching a damping term to an amplification term, as it causes a feed-

back loop: assuming a collapsing era, the source term quickly dominates.

The solution to the KG equation, in this case, is an exponential growth. The

exponentially growing field results in ϕ̇ dominating the Friedmann equation

eq. (4.2), further enhancing the collapse rate and acceleration. Therefore, H

becomes more negative, enhancing the already exponential growth of the

scalar field andϕ and H , sourcing each others growth further. This leads to

a divergent solution with ϕ → ±∞, H → −∞, resulting in a → 0 which is

identified as the spatial singularity.

Therefore, although the curvature can offset the positive nature of the

perfect fluid considered in eq. (4.2), it is not guaranteed to grow sufficiently

and dominate the energy density. We have already identified that a closed

universe will eventually lead to a collapse. In the collapsing epoch, as a gets

smaller, the matter and radiation content will begin to dominate (analogous

to a time reversal in fig. 1.5). If we simplify the issue and assume only a

simple scalar field, the spatial curvature component cannot dominate unless

the field remains stuck around ϕ̇ = 0 to remove the Hubble source term in

eq. (4.3). Hence we enter a fine-tuning problem: We have to balance the

ingredients in the Universe such that the Universe collapses slowly enough to

allow the spatial curvature to dominate the equations of motion, allowing for

a bounce. This issue has already been investigated by [81, 208], illustrating
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4.1 | A classical bounce

the fine-tuning required of a simple, classical, scalar field bounce.

Moreover, the bouncing model is required to achieve the same success as

inflation or be embedded into inflation as a prerequisite. Therefore a natural

starting point is a modification of GR, which has produced many successful

models within inflation [42].

We have already studied the success of modified gravity within the

context of the early universe, particularly Starobinsky’s inflation. Focusing

on an f(R) modification, in section 1.2, we reviewed how the modification

can be interpreted as an additional matter content, namely the scalaron, F .

Moreover, it also modifies the Friedmann equations to eqs. (1.47) and (1.48),

written below for ease,

H2 +
K

a2
=
FR− f

6F
−H

Ḟ

F
+

ρ

3FMPl
, (4.4)

Ḣ − K

a2
= H

Ḟ

2F
+
ρ+ P

2FMPl
− F̈

2F
. (4.5)

This modification of the Friedmann equations permits new freedom of mech-

anisms forH → 0without violating the weak energy condition. The scalaron

will still experience the same growing behaviour due to the collapse. How-

ever, the feedback loop where the Hubble parameter is driven to more

negative values can be potentially neglected or reduced with the inclusion

of the scalaron as all terms are divided by F .
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4.2 False vacuum model

We study a model based on the assumption that the Universe is spatially

closed3 and extend the work of [211], by inducing an epoch of finite inflation

after the bounce. It relies on a modified gravity theory with a non–minimally

coupled scalar field. The scalar field is assumed to initially sit in a false

vacuum in a local minimum of its effective potential in a slow-contracting

Universe. Inflation after the bounce is driven by corrections to the Einstein–

Hilbert action, which we assume to be of the form ofR+R2 gravity4 resulting

in Starobinsky inflation studied in section 3.3.1. We find that for an extensive

range of parameter values, the scalar field rolls down towards the global

minimum, triggering a bounce. At the same time, the scalaron is driven up

its potential energy, resulting in a period of Starobinsky–inflation. The main

result is that inflation, driven by the R2–term, happens naturally in such

a setup. Moreover, it is found to be stable for a large region of parameter

space.

We assume a closed, isotropic and homogeneous background described

by the Friedmann–Robertson–Lemaître–Walker (FRLW) metric

ds2 = −dt2 + a(t)2
[

dr2

1−Kr2
+ r2

(
dθ2 + sin2 θdϕ2

)]
, (4.6)

with K > 0. Our theory is an extension of Starobinsky’s R2 model [128]

with an additional scalar field non-minimally coupled to gravity,

S =

∫
d4x

√
−g
[
1

2

(
M2

Pl − αϕ2
)
R +

1

2
AR2 − 1

2
(∇ϕ)2 − V (ϕ)

]
. (4.7)

Here α and A are constants parameterising the coupling of the scalar field

to GR and the modification of Starobinsky’s term, respectively. We follow

[211] and choose the potential to be of the form

V =
m2

2
ϕ2 +

β

3
ϕ3 +

λ

4
ϕ4, (4.8)

where m and β are constants with dimensions of mass, and λ is dimension-

less constant. As we are interested in the potential that has a false vacuum,

3Recent analyses of Planck data are consistent with a small positive curvature [68, 209,

210]. In our model, the spatial curvature at present can indeed be very close to zero.
4Bouncing cosmologies in these type of modified gravity theories have been discussed

in [212, 213].
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we set β < 0. This results in a local minimum and maximum., further details

are given in section 4.2.1. We map the action (4.7) to a scalar–tensor theory

by defining f(ϕ,R) = 1
2
(M2

Pl − αϕ2)R+ 1
2
AR2. Our additional scalar degree

of freedom is then defined in the standard way, following the procedure in

section 1.2, setting ψ = f,R. This allows us to write the Ricci scalar and the

function f(R, ϕ) in terms of the two fields as

R =
1

A

(
ψ − M2

Pl − αϕ2

2

)
, f = ψR−

[
ψ − 1

2
(M2

Pl − αϕ2)
]2

2A
. (4.9)

Following the procedure outlined in section 1.2, the field equations are

obtained from the action by taking the variation with respect to the metric

and are the same as eq. (1.20), rewritten here

ψRµν −
fgµν
2

− (∇µ∇ν − gµν□)ψ = T (ϕ)
µν . (4.10)

Taking the trace of the last equation and making use of equations (4.9) we

determine the evolution equation for ψ,

□ψ =
1

3

[
M2

Pl − αϕ2

2A

(
ψ − 1

2
(M2

Pl − αϕ2)

)
+ T

]
, (4.11)

where T is the trace of the energy-momentum tensor of the ϕ field. In a

closed FRLW spacetime, the equations of motions for the fields ψ and ϕ read

ψ̈ + 3Hψ̇ =
1

3

[
M2

Pl − αϕ2

2A

(
1

2
(M2

Pl − αϕ2)− ψ

)
+ (ρ− 3P )

]
, (4.12)

ϕ̈+ 3Hϕ̇ = −V,ϕ−αϕR. (4.13)

The Friedmann equations are given by, eqs. (1.47) and (1.48),

H2 +
K

a2
=
ψR− f

6ψ
+

ρ

3ψ
−H

ψ̇

ψ
, (4.14)

Ḣ − K

a2
=
Hψ̇

2ψ
− ψ̈

2ψ
− (ρ+ P )

2ψ
, (4.15)

with the standard relation,

R

6
= Ḣ + 2H2 +

K

a2
. (4.16)

We aim to use the bounce to set the initial conditions for a subsequent

inflationary epoch driven by the R2 term.
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Figure 4.2: The potential eq. (4.8) for ϕ, as studied in [211]. The initial

conditions of our scalar field will be determined by the location of the

local minimum given by the choice of parameters of the potential. The

parameters for this potential are m = 10−6MPl, β = −
√
4.4λm and λ =

10−12.

4.2.1 Bounce dynamics

We continue to work in the Jordan frame to analyse the cosmological dynam-

ics as it is easier to spot potential instabilities in the equations, such as ghosts,

and the resulting equations of motion to be integrated are more numerically

stable. However, an analysis of the Einstein frame is also possible, as the

condition FR > 0 is maintained, allowing a mapping between the frames.

Still, we will refrain from analysing the dynamics in that frame. Given the

potential (4.8), we utilise the picture set forth by [211]: pre–bounce, we as-

sume a slowly contracting universe dominated by dark energy. During this

time, ϕ has settled in the false vacuum, providing initial conditions for our

fields. The effective potential gives the location of the false vacuum for ϕ.

From (4.13) we find extrema located at ϕ = 0 (the true vacuum) and at

ϕ± =
−β ±

√
β2 − 4λ(m2 + αR)

2λ
. (4.17)

The negative solution corresponds to the local maximum shown in

fig. 4.2, and the positive solution is the semi-stable local minimum. To

ensure that we have a local minimum, we require β2 > 4λm2. Furthermore,

we assume that the potential is positive at ϕ−, such that ϕ = 0 remains the

global minimum, which constrains β2 < 4.5λm2. It is worth noting that a

deeper local minimum corresponds to a larger β2.

Before the bounce, the field has settled at the initial value ϕi = ϕ+.

For t → −∞, we assume we are far away from the bounce so in a slowly
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4.2 | False vacuum model

contracting Universe H and Ḣ are small and from eq. (4.16). We infer R

will also be very small compared to the mass of the field, m., allowing us to

disregard R in (4.17). To guarantee that the value of R is initially negligible,

we set the parameter A to be large5 compared to the fields, as seen in eqn.

(4.9). Setting A to be large, forcing R to be initially negligible, we place ϕ

at the local minimum ϕi. We further assume that the scalaron is initially at

rest, thus allowing us to obtain the vacuum expectation value of the scalaron,

ψmin, as a function of ϕi from eq. (4.12)

ψmin(ϕi) =
8AV (ϕi)

M2
Pl − αϕ2

i

+
1

2
(M2

Pl − αϕ2
i ), (4.18)

where we will set the initial value of the scalaron such that ψi = ψmin(ϕi).

Provided ϕ evolves slowly, the relation above shows that ψ will track

ϕ. It is also clear that we cannot allow αϕ2 = M2
Pl, otherwise, the scalaron

will be unbounded in eq. (4.18). This identifies a constraint on our model.

Without loss of generality, we assume a natural range for ϕ up to O(10MPl).

Therefore we set α = 10−3 throughout this section unless stated otherwise.

Using the initial conditions provided above, we find from eq. (4.14) -

(4.16) and (4.18)

V (ϕi) ≈ O(m4), (4.19)

R(ϕi) ≈
8V (ϕi)

M2
Pl − αϕ2

i

≈ O

(
m4

M2
Pl

)
, (4.20)

H(ϕi)
2 ≈ V (ϕi)

3(M2
Pl − αϕ2

i )
≈ O

(
m4

M2
Pl

)
, (4.21)

Ḣ ≈ 0, (4.22)

assuming that R is negligible in eq. (4.17).

Appraching the bounce

In [211], it was argued that the field ϕ does not need to be fine-tuned to

allow a stable solution in the past, provided the field has settled in the false

vacuum.

5It is worth noting A has units of [mass]−1/2, and in standard Starobinsky inflation,

M2
Pl ≫ A−1.
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The assumption is that ϕ→ ϕi as t→ −∞. However, we also understand

that small perturbations around the minimum become important, as the

anti-Hubble damping term amplifies the growth of these perturbations, and

is dependent on H(ϕi), given by the model’s parameters. This hints that

ϕ determines the bounce dynamics irrespective of ψ, assuming R is set

to be negligible at times well before the bounce. We can show this more

explicitly by considering the dynamics around the bounce: Consider the

period between the extrema of H , when Ḣ = 0 as illustrated in fig. 4.1.

During which the Universe switches from a contraction to an expansion. In

our set up the start and the end of this period is given by eq. (4.15),

K

a2
= −Hψ̇

2ψ
+

ψ̈

2ψ
+

(ρ+ P )

2ψ
. (4.23)

This corresponds to H reaching its extreme value Hmin/max,

H2
min/max =

ψR− f

6ψ
− (ρ+ 3P )

6ψ
+

|H|ψ̇
2ψ

+
ψ̈

2ψ
. (4.24)

Although the equation governingHmin andHmax are the same, the values of

ϕ and ϕ̇, thereby ρ, and ψ and ψ̇ will differ at the two extema. If we assume

that the fields are well-behaved, which is verified later numerically, and

they do not rapidly diverge in the collapsing epoch to avoid the singularity

(ψ̈, ϕ̈ < Hψ̇, Hϕ̇), we can assume the scalaron will trace ϕ according to

(4.18). This allows us to determine the Hubble parameter at the beginning

of the bouncing epoch,

H2
min ≈ 2V

3M2
Pl

+
V − ϕ̇2

3ψ(ϕ)
+

ϕ̇2

54ψ(ϕ)
. (4.25)

Here we have made use of the assumed hierarchy ψi > M2
Pl ≫ αϕ2

i justified

from eq. (4.18), to allow for inflation, explained in section 4.2.3. It is clear

from (4.25) that the initial dynamics before the bounce is determined by ϕ.

The scalar field ϕ will be displaced from the local minimum during the

collapsing phase, e.g. because of the presence of (small) perturbations.

Perturbations will force the field value to grow; however, in most cases this

happens slowly and leads to two scenarios: either the fields remain trapped

in their local minima, expressed in fig. 4.3, or the fields escape their minima,

a scenario that can be seen in fig. 4.4. In the latter case, the coupling of ϕ to

the Ricci scalar introduces a time-varying effective potential, which can be
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4.2 | False vacuum model

controlled by α, and leads to the local minimum vanishing. The ϕ–field will

roll towards the global minimum at ϕ = 0. This is the scenario discussed in

[211]. Including an additional degree of freedom here (the scalaron) allows

R to grow sufficiently but not to the extent that the local minimum vanishes.

Further below, we discuss the different outcomes, the trapped ϕ–field and

the scenario where the potential is shallower, allowing the ϕ–field to roll to

the origin.

4.2.2 Numerical analysis

We perform a numerical analysis to determine the evolution of the fields and

the evolution of the Universe. To this end, we integrate the field equations

eqs. (4.12) to (4.14) and (4.16), with initial conditions given by eqs. (4.17)

and (4.18) and with both fields starting at rest. Due to a long time of

integration, the time has been re-scaled by m/MPl. For ease, we plot the

e-fold, defined as N = log(a), to illustrate the transition.

We have checked the validity of the numerical results by utilising the

necessary conditions for a bounce set by [214]: given the bounce conditions

H(tb) = 0, Ḣ(tb) > 0.

If we assume a barotropic fluid of the form P = wρ, avoiding violating

the strong energy condition constrains the equation of state to wb < −1/3.

An obvious quantity we can check at the bounce by imposing the first two

bounce conditions above is (using eq. (4.16))

ψb +
α

2
ϕ2
b >

6AK

a2b
+
M2

Pl

2
. (4.26)

This equation is fulfilled around the bounce using the values in fig. 4.3. We

can also utilise the slow-roll parameter ϵ = −Ḣ/H2. The condition on ϵ at

the bounce is ϵb < 0.

Using eqs. (4.14) and (4.16) and the bounce conditions above, we find the

expression for ϵb:

ϵb =
3A(4Kψb − a2bψ̈b − a2bRbψb)

2AKψb +
1
6
a2b
[
1
2
(M2

Pl − αϕ2
b)− ψb

]2 < 0 (4.27)

confirming that the conditions for a bounce have been met.
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Moreover the Ricci scalar

R = 6

(
Ḣ + 2H2 +

K

a2

)
agrees, numerically, with eq. (4.9). Our analysis establishes three possible

outcomes on how the Universe can evolve in this scenario. These outcomes

are controlled by the choice of parameters, A, α, m, β, λ, that determine

the evolution of ϕ and, correspondingly, the Ricci scalar at the bounce.

• ϕ ≈ 0 at or near the bounce. The field ϕ can escape the false vacuum

before the bounce and rolls towards the true minimum. This scenario

can be obtained by forcing the evolution of R such that R ≥ Rcrit,

at which point the local minimum ceases to exist, and the field ϕ

starts to evolve. This was explored by [211] for a single field, where

they were able to avoid the singularity by forcing the local minimum

to be very close to the global minimum. Another way to allow the

scalar field to oscillate freely is to construct the potential to have a

very shallow and small barrier. This allows for the anti-friction term

in (4.13) to be the initial dominating term removing any oscillations.

Unless severely fine-tuned, the fields in this scenario will exhibit the

standard divergent nature of bouncing mechanisms, quickly leading

to a singularity [215, 216]. Therefore, we do not explore this scenario

further.

• ϕ ≈ ϕi at bounce: The field ϕ is never significantly displaced from ϕi,

therefore, the fields will remain trapped in their false vacuum state.

This means R never reaches Rcrit and does not evolve sufficiently to

alter the potential. Consequently, after the bounce ϕ, ψ, and R will

settle back in their initial conditions. This scenario is depicted in fig. 4.3

with the corresponding parameter choice, clearly showing a return to

initial conditions after the bounce. This leads to an eternal inflation

scenario with the dark energy of the previous universe continuing to

dominate. This can be due to either a parameter choice creating a very

steep and deep false vacuum, such as decreasing m, trapping the field

through the bouncing epoch, or the chosen parameters do not allowR

to vary. R can be set to have a minimal evolution through a parameter

choice, such as setting the scalaron mass very high or reducing the
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Figure 4.3: On the left plots we can see the dynamics of the fields, trapped

in the false vacuum. In the top right plot, we see the change of sign in

H , corresponding with the bottom right plot showing the e-folds of the

universe initially decreasing and then growing after the bounce. The fields

behave initially as expected in a collapsing universe, oscillating around their

local minimum and growing in amplitude. The bounce is then caused when

the spatial curvature dominates, switching to an expanding universe, and

the fields become damped. The parameters used are m = 10−6MPl, β =

−
√
4.49λm, λ = 10−12, α = 10−3, V0 = 0, A = 1012, a = 102,K = m2

which in turn determine the initial conditions, ϕi and ψi.

coupling betweenϕ and gravity. In both cases, the field only undergoes

minor oscillations as the spatial curvature dominates. This means that

the effective potential remains unchanged (V,ϕ≫ αϕR). The velocity

term never dominates the right-hand side of (4.12), hence ψ ≈ ψmin,

tracing the ϕ field. This creates a symmetric bounce as illustrated in

fig. 4.3 as the scalaron is determined completely by the evolution of ϕ.

• 0 < ϕ ≲ ϕ− at the bounce: In the final scenario, the Ricci scalar can

evolve sufficiently such that ϕ is displaced. Still, the false vacuum is

not removed (i.e. the value of the Ricci scalar remains below Rcrit).

In this case, ϕ exhibits growing oscillations since the effective poten-

tial changes its form, eventually allowing the field to leave the local

minimum before or as the bounce occurs but remaining displaced
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Figure 4.4: The same plot of fig. 4.3, with the parametersm = 10−5MPl, β =

−
√
4.49λm, λ = 10−12, α = 10−3, V0 = 0, A = 1012, and K = m2 which

determine the initial conditions, ϕi and ψi, allowing the fields to leave the

local minimum. As the bounce occurs and ϕ escapes the local minimum,

ψ is driven up its potential.

from the global minimum at the time of the bounce, shown in fig. 4.4.

The change of the potential provides ϕ with enough kinetic energy to

overcome the barrier (|H|ϕ̇2 > V (ϕ−)). In this scenario, the period of

inflation following the bounce is initially driven by both fields. The

field ϕ will always settle at the origin before ψ resulting in a period of

standard single field inflation driven by ψ, the behaviour of which can

be seen in fig. 4.4. This epoch of inflation can then be constructed to

last much longer than 60 e-folds. Our choice of parameters forces the

ϕ-field to settle immediately, resulting in approximately a single-field,

Starobinsky inflation. We present more details in section 4.2.3.
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4.2.3 Resulting inflation

As eternal inflation is incompatible with current observations, we focus on

the scenario with a bounce resulting in standard inflation. We assume the

fields to be in a slow rolling regime (ϕ̈, ψ̈ ≪ Hϕ̇,Hψ̇) corresponding to the

fields evolving slowly and ϕ gradually escaping the false vacuum. We can

then approximate, using Eq.(4.12),

3Hψ̇ ≃
M2

Pl(
1
2
M2

Pl − ψ)

6A
− ϕ̇2 + 4V

3
. (4.28)

Given that we are motivated to find inflation after the bounce, we set the

parameters such that ψi ≫ 2M2
Pl. Therefore in a collapsing universe, we see

that ψ is driven up its effective potential to larger values because its time–

derivative at the local maximum, identified with the subscript c, is given

by

ψ̇c ≃
M2

Plψ

A
+ 2ϕ̇2 + 8V

18|Hc|
> 0, (4.29)

due to the fact the right-hand side will remain positive. Therefore, while ϕ

is driven towards zero, the potential energy of ψ will become more relevant

as time progresses. Hence, we arrive at a situation in which the bounce

naturally produces the initial conditions for inflation, driven by the ψ–field.

This period of inflation begins when H reaches its maximum value. We can

use (4.25) to determine the value of ψ when inflation begins. For simplicity,

we assume thatHmin is reached when the ϕ–field escapes the local minimum,

ϕ = ϕ−, and the potential is dominating (4.25). Therefore, we can equate

H2
min = H2

max,
2V (ϕ−)

3M2
Pl

=
ψR− f

6ψ
− Hψ̇

ψ
(4.30)

using (4.12) and the definition of f this results in

ψinf =
4AV (ϕ−)

3M2
Pl

− M2
Pl

18
, (4.31)

where the subscript inf denotes the start of inflation. This calculation relies

on the assumption of a symmetrical bounce. Due to the presence of the

coupling of ϕ to the Ricci scalar as well as the scalaron, the bounce will not be

symmetrical. However, given our choice of parameters, we have numerically

verified that the scalaron plays a minor role during the bounce. Therefore,

the approximation H2
min ≈ H2

max is reasonable to find an approximation for
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Figure 4.5: The evolution of the fields during inflation is shown in the

left plots, using the same parameters as in fig. 4.4. Notice ϕ settles to the

origin almost immediately. In the right plots, we show H and the slow roll

parameter ϵ. We are using the e-fold number (measured after the bounce)

as a time variable in these figures.

ψinf . Nevertheless, the scenario in which H2
max > H2

min is more realistic. In

this case, the ψinf will be smaller, resulting in a shorter period of inflation. If

H2
min > H2

max, ψinf is larger, resulting in a longer period of inflation.

As stated before, ϕ will settle at the origin after the bounce for the finite

inflation case. Therefore we assume that inflation is predominantly driven

by the scalaron, with initial conditions provided at the end of the bouncing

epoch, ψinf. The slow-roll parameter, eq. (3.20) becomes

ϵv =
4M4

Pl

ψ2

(
M2

Pl

2
− ψ

M2
Pl − ψ

)2

. (4.32)

Setting ϵv = 1 we can determine the end of inflation occurs when ψ ≈ 2M2
Pl.

Therefore we require ψi > 2M2
Pl at the beginning of that period. Integrating

our slow roll parameter allows us to determine the initial conditions of

inflation for ψ to achieve at least 60 e-folds of inflation.

N =

∫ ψ

2M2
Pl

√
2

MPlϵv
. (4.33)

Using the same parameters as in fig. 4.4, we find thatψinf > 16M2
Pl to provide

at least 60 e-folds of inflation driven by ψ. We can then use this value and
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Eq. (4.31) to constrain the potential and the initial conditions of ϕ. We leave

the detailed analysis for future work. In fig. 4.5, we show the evolution of

the fields during inflation.

4.2.4 Cosmological perturbations in the Jordan frame

We evaluate the cosmological perturbations to ensure our model does not

exhibit instabilities. Similar to the background quantities, the collapsing

era will turn the Hubble parameter into a source term. In this section, we

check that the perturbations remain small compared to their background

quantities. As outlined in section 1.3.1, we consider the evolution of cosmo-

logical perturbations at linear order, decomposing them into scalar, vector

and tensor perturbations with the metric given in eq. (1.66). In this section,

we set MPl = 1, unless stated otherwise.

Scalar perturbations

Firstly we focus on the scalar branch and working in the longitudinal gauge-

section 1.3.1. The metric at first order scalar perturbation is given by the

eq. (1.67) and written below for ease,

ds2(s) = −(1 + 2Φ)dt2 + a2(1− 2Ψ)δijdx
idxj, (4.34)

where Φ and Ψ are metric perturbations. The gauge-invariant formalism for

modified gravity is detailed in e.g. [217–219] and references therein. The

perturbed Einstein equations reads6 [220]

3H
(
Ψ̇ +HΦ

)
+
k2 − 3K

a2
Ψ = −δρ, (4.35)

Ψ̇+HΦ = −δq, (4.36)

3
(
Ψ̈ + ḢΦ−HΦ̇

)
+ 6H

(
Ψ̇ +HΦ

)
+ Φ

(
3Ḣ − k2

a2

)
= −δX, (4.37)

Ψ− Φ =
δψ

ψ
, (4.38)

6Often in the literature in modified gravity the above equations will have a replacement

of ψ → F [220].
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where k is the wavenumber, K is the spatial curvature and we have defined

δρ =
1

2ψ

[
3ψ̇
(
Ψ̇ +HΦ

)
−
(
ϕ̇2 + 3V

)
Φ

−3H ˙δψ + ˙δϕϕ̇+ δψ

(
3Ḣ − k2

a2
+ 3H2

)
+ δϕ

(
Vϕ −

fϕ
2

)]
, (4.39)

δq =
˙δψ + δϕϕ̇−Hδψ − ψ̇Φ

2ψ
, (4.40)

δX =
1

2ψ

[
3ψ̇Φ̇ + 3

(
Ψ̇ +HΦ

)
ψ̇ + Φ

(
6ψ̈ + 3Hψ̇ + 4ϕ̇2

)
+δψ

(
6K − k2

a2
+ 6H

)
− δϕ (fϕ − 2Vϕ)− 3H ˙δψ − 3δ̈ψ − 4 ˙δϕϕ̇

]
.

(4.41)

The perturbed Klein-Gordon equations read,

δ̈ψ + 3H ˙δψ −
(
R

3
− k2

a2

)
δψ +

1

3
(2fϕ − 4Vϕ) δϕ+

1

3
ψδR +

2

3
˙δϕϕ̇ (4.42)

= ψ̇
(
Φ̇ + 3HΦ + 3Ψ̇

)
+ Φ

(
2ψ̈ + 3Hψ̇ +

2

3
ϕ̇2

)
,

δ̈ϕ+ 3Hδϕ̇+

(
k2

a2
− fϕϕ + 2Vϕϕ

)
δϕ− 1

2
δRψϕ (4.43)

= Φ̇ϕ̇+ Φ
(
3Hϕ̇+ 2ϕ̈

)
+ 3

(
HΦ + Ψ̇

)
ϕ̇,

where δR is the perturbation of (4.9),

δR =
δψ + αϕδϕ

A
. (4.44)

We now define the comoving curvature perturbation, which is calculated in

the longitudinal gauge as eq. (1.74),

R = Ψ− H

ρ+ P
δq, (4.45)

where δq is the field momentum perturbation. Given our model with

eq. (4.40), the comoving curvature perturbation becomes

R = Ψ− H

Ḣ

(
Ψ̇ +HΦ

)
= Ψ+

H

Ḣ

(
˙δψ + δϕϕ̇−Hδψ − ψ̇Φ

2ψ

)
. (4.46)

To further analyse the evolution of the perturbations we can combine

the perturbed Einstein equations and the equations of motion eqs. (4.35)

and (4.43) into two second-order differential equations. This is achieved by

using the relation eqs. (4.38) to (4.41) to remove Φ, Φ̇, δϕ̇ and δϕ respectively.

Assuming that fRR ̸= 0, this results in two coupled second order equations,
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δψ̈ +

[
5H +

ψ̇

ψ
+

(2Vϕ − fϕ)

ϕ̇

]
δψ̇

−

[
2(2Ḣ +H2) +

(3ψH − ψ̇)(2Vϕ − fϕ)

ψϕ̇
− 10Hψ̇

ψ
− 2ψ̈

ψ
+
ψ̇2

ψ2
+

1

3

k2

a2

]
δψ

= ψ

[
4H − 6

(2Vϕ − fϕ)

ϕ̇
+ 6

ψ̇

ψ

]
Ψ̇

+ 2ψ

[
H2 +

(
ψ̇

6ψ
−H

)
(2Vϕ − fϕ)

ϕ̇
+

2

3

(k2 − 3K)

a2
+ 5H

ψ̇

ψ
+
ψ̈

ψ

]
Ψ,

(4.47)

Ψ̈ + 5HΨ̇+

[
2(2Ḣ +H2) +

1

3

k2 − 2K

a2

]
Ψ

=
H

ψ
δψ̇ +

2(2H ′ +H2)−H ψ̇
ψ
+ 1

3
(2k2−3K)

a2

ψ
δψ.

(4.48)

We find that the scalaron aids in the stability of Ψ: re-writing eq. (4.48) and

grouping common terms

Ψ̈ =−

(
δψ̇

ψ
− ψ̇

ψ

δψ

ψ
− 5Ψ̇

)
|H| − 2

(
2Ḣ +H2

)(
Ψ− δψ

ψ

)
− K

3a2

[
(n(n+ 2)− 2)Ψ− (2n(n+ 2)− 3)

δψ

ψ

]
.

(4.49)

Here we have utilised the fact we are in a closed universe so the wave-

number will correspond to the eigenfunctions of the Laplacian operator

[221, 222], resulting in the relation k2 = n(n + 2)K, where n > 2 is an

integer eigenvalue7. We note that smallest wavenumber, depict very little

change, as such the red curve is mostly hidden. From eq. (4.38), we expect

the two perturbations δψ/ψ and Ψ to have similar magnitudes, which is

also supported by our numerical results shown in figs. 4.6 and 4.7. In the

last equation, eq. (4.49), terms containing δψ/ψ and Ψ have opposite signs,

which implies a counteracting effect, reducing possible divergent behaviour

during a collapse in this specific R2 theory.

As discussed further below, for small values of n, our numerical calcula-

tions show that the last two terms in eq. (4.49) will remain negative during

the collapse and bouncing epoch. However, the bracket in the first term

will remain overall positive during the collapse and bounce, acting as a

7n = 0 is the homogeneous background and n = 1 is a gauge choice, so we limit

ourselves to n ≥ 2 [223]
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Figure 4.6: A plot demonstrating the effects of varying the wavenumber

for the scario that results in eternal inflation. We see that the perturbations

stabilise at and tend towards zero as the fields return to their initial values.

We see larger wavelengths (smaller n) have an increased amplitude and

decreased frequency compared to smaller wavelengths. These plots used

the same parameter and initial conditions for the background fields as

fig. 4.3.

source term which can lead to an instability. This instability is absent in our

simulations since δψ̇ increases slower than δψ.

Numerical analysis of scalar perturbations

The equations presented above are difficult to solve analytically, so we resort

to numerical analysis. We numerically integrate eqs. (4.36), (4.40), (4.42)

and (4.43), together with (4.38) to remove Φ and Φ̇. This also allows us to

calculateR from (4.46). We use the following initial conditions, unless stated

otherwise: δϕi = H/(2π), δϕ̇i = Ḣ/(2π), δψi = α(8AV (ϕi) − 1)ϕiδϕi, δψ̇i =

α(8AV (ϕi)−1)ϕiδϕ̇i from (4.18), and set Ψ̇ = 0. The metric perturbation Ψ is

then given by (4.36)8. We explore a range of wave-numbers by varying n by

orders of magnitude shown in fig. 4.6 and fig. 4.7. It is clear that the pertur-

bations increase in amplitude towards the bounce, as expected, but always

8If we were to set the initial time derivatives to zero, this would result in slower growth

of the perturbations, resulting in a more stable solution. However, to show the maximum

growth, we take the time derivative of initial values.
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4.2 | False vacuum model

Figure 4.7: A plot demonstrating the effects of varying k. We see that

as δϕ → 0 and δψ stabilise at some constant non-zero value. Similar to

fig. 4.6, we see larger wavelengths (smaller n) have a larger amplitude and

decreased frequency compared to smaller wavelengths. For δψ and ψ we

notice that the perturbations freeze in after the bounce. These plots used

the same parameter and initial conditions for the background fields as

fig. 4.4.

Figure 4.8: A contour plot illustrating the effect of initial conditions on the

perturbations. It is clear there is a large range of initial conditions that

result in δψinf ≪ ψinf. The red line indicates the de-Sitter initial value,

δϕi = (H/2π), corresponding to a given δψi via eq. (4.18).
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remain finite. Furthermore, the perturbations behave as expected once the

inflation regime begins; they settle to a constant value while stretched to

superhorizon scales. We analyse the following two scenarios:

• ϕ ≈ ϕi at the bounce: This is the case resulting in eternal inflation after

the bounce. As expected, the perturbations remain very well behaved,

with a slight growth similar to the background field values during the

bounce, but ultimately stabilising to zero. A noticeable feature is that

a much larger wave-number is required to deviate from the behaviour

of small wave-numbers compared fig. 4.4. This is because the ϕ-field,

dominating the dynamics around the bounce, has been set to have a

lower mass than in the finite inflation case.

• 0 < ϕ ≲ ϕ− at the bounce: For the scenario which results in finite in-

flation after the bounce, we notice from fig. 4.7 that perturbations on

smaller wave-numbers exhibit a larger growth than perturbations on

smaller wavelengths, highlighted between the difference between the

green and cyan curves.

The initial conditions determine the evolution of the perturbations and

whether instabilities are present. Therefore, we study the model’s stability

by changing the initial conditions of the perturbations. The stability of the

perturbations has been verified and is clear from fig. 4.7. Since the ϕ-field in

the finite inflation scenario will always tend towards zero, we concentrate

our analysis on the behaviour of the scalaron since if an instability is present,

it will manifest growth in δψ. The results are shown in fig. 4.8, where we see

that the system demonstrates stability in the perturbations. Interestingly,

we see a stronger effect on the final perturbations of δψinf in fig. 4.8 varying

the initial condition of δψ. Similar to the background, we see that δϕ sources

the growth of δψ, arising from the ˙δϕ term in eq. (4.42). Therefore increasing

the initial perturbation of δϕ increases the growth of δψ. Therefore varying

δϕi results in a larger effect in fig. 4.8 than varying δψi.

Vector and tensor perturbations

Next, we briefly study the vector perturbations introduced in section 1.3.1

and [224, 225] for our bouncing model. Using the decomposed metric given
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in eq. (1.80):

ds2(v) = −dt2 + 2aSidtdx
i + a2 (δij + 2∂jFi) dx

idxj . (4.50)

We define the gauge independent vector shear σi = Ḟi + Si/a. The field

equations for the vector degrees of freedom read

δq̇i + 3Hδqi =
k2 − 2K

a2
δΠi (4.51)

k2 − 2K

2a2
σi =

δqi
ψ

, (4.52)

where, δΠi is the vector decomposition of the anisotropic stress [226] and

δqi is the momentum density perturbation. Interestingly only one equation

is modified by the additional degree of freedom [220]. Assuming that the

anisotropic stress vanishes, we can solve the first equation above to give

δqi = δq
(ini)
i

(aini
a

)3
,

where the script ’ini’ denotes the initial values for the scale factor and δqi.

The second equation above then leads then to

(
k2 − 2K

)
σi = δq

(ini)
i

a3ini
a

2

ψ
. (4.53)

As seen from these solutions, the vector perturbations remain finite (with

a) growing before the collapse before diluting away with the universe’s ex-

pansion. The scalaron ψ shows an almost exponential behaviour, while a

behaves closer to a quadratic centred around the bounce, fig. 4.4. Thus,

we expect the quantity (aψ)−1 to peak around the bounce. Numerically we

see a growth of two orders of magnitude. After the bounce, the universe’s

expansion will cause the vector perturbations to become subdominant, de-

caying with the universe’s expansion. Therefore we conclude that, given a

reasonable assumption that the initial vector perturbations are less than two

orders of magnitude compared to δq(ini)i , the vector modes are stable within

this model.

Finally we examine the evolution of tensor perturbations outlined in

section 1.3.1, with the line element, eq. (1.83),

ds2(T ) = −dt2 + a2 (δij + hij) dx
idxj . (4.54)
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Figure 4.9: Here we see the amplitude growth of tensor perturbations

governed by eq. (4.55) for a range of wavelengths. The parameters used are

the same for fig. 4.8, with initial perturbation chosen to be hi = 10−5.

In the context of modified gravity and in a closed universe, the gravitational

wave equation reads

ḧ+

(
3H +

ψ̇

ψ

)
ḣ+

(
k2 + 2K

a2

)
h = 0, (4.55)

where h is the amplitude of the two polarisation sates, hij = he
(+,×)
ij . Pro-

vided the scale factor does not vanish and the background equations eq. (4.13)

- (4.15) result in a bounce, we see that the amplitude will remain finite as

illustrated in fig. 4.9, as it follows similar dynamics to the KG equation.

Moreover, adding modified gravity reduces the growth of h during the col-

lapse, as ψ̇/ψ counteracts the Hubble term. We, therefore, conclude that the

tensor modes remain small and well-behaved throughout the bounce.
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4.3 Discussion on classical bouncing cosmology

Bouncing cosmologies remove the singularity associated with the Big Bang

theory. However, an issue of classical bouncing cosmologies is the divergent

nature associated with a collapsing universe. We have studied how the nor-

mal damping effect, from the Universe’s expansion, becomes a source term

in a collapsing scenario, leading to a diverging solution and often resulting

in a singularity. Assuming classical GR and a homogeneous and isotropic

Universe, additional contributions are required in the Friedmann equations

to satisfy the null energy conditions whilst simultaneously allowing for a

bounce. Therefore finding a well-motivated additional degree of freedom

that dominates the Friedmann equation and then vanishes, such that the

model remains compatible with observations, often requires an unnatural

amount of fine-tuning.

We studied a particular classical bouncing toy universe with a transition

into an inflationary phase using a generalised Starobinsky f(R) model. Our

model assumes a spatially closed universe to achieve the bounce without

violating the null energy condition. However, in the most straightforward

picture of including a singular scalar field, inducing a bounce from a spatially

closed universe, requires fine-tuning initial conditions. [211] investigated

this scenario to address the initial conditions leading to a bounce. They

argued that the pre-bounce universe was dominated by a false vacuum

identified as dark energy that set the initial conditions. We built upon

their work of an initially collapsing universe dominated by dark energy by

extending the action to include a Starobinksy R2 term, such that the bounce

will be followed by a period of inflation.

The field responsible for dark energy, ϕ, sits in a false vacuum until

the bounce happens. It then settles at the true minimum of the effective

potential. The scalaron, ψ, obtains a kick from ϕ during the bounce, driving

it up its effective potential but remains almost dormant before and during

the bounce. Thus, the interaction between the dark energy field and the

scalaron leads naturally to a single field Starobinksy inflationary epoch after

the bounce. Moreover, the arbitrary initial conditions required for inflation,

as discussed in section 4.2.3, are predetermined by the potential giving rise
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to dark energy pre-bounce. We also investigated the perturbations involved

during a bouncing epoch. Due to the collapse, the same divergent behaviour

at the background level also exists in first order perturbations. However, an

additional degree of freedom does not lead to divergent behaviour. Rather,

we find evidence that the scalaron assists the stability of the perturbations

of this model, as discussed in section 1.3.1.

Unfortunately, the model does not exhibit cyclic behaviour due to the

fields settling in the global minimum away from the initial conditions. Ex-

tending the model to include a cyclic behaviour requires a new non-trivial

mechanism to drive the field back to its initial conditions.
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As discussed in the introduction to cosmology, section 1.3, the observed ac-

celerated expansion of the Universe challenges the validity of standard Gen-

eral Relativity (GR), described by the Einstein-Hilbert action, at large scales.

As a consequence to describe the acceleration, we look for approaches to

extend GR by introducing additional degrees of freedom. This approach

aims to identify whether minimal extensions to the theory can account for

the observations and provide a satisfactory model of the Universe. However,

modifying a theory is a delicate process that requires caution. It is easy to

include an arbitrary number of additional degrees of freedom to fit the data,

resulting in overfitting the data and losing predictability; therefore, we aim

to implement Occam’s razor into any models studied. Moreover, we expect

modifications to resolve the shortcomings and provide new phenomenolog-

ical insight into the fundamental theory, predicting new detectable phenom-

ena. Consequently, many modifications are motivated by an external theory,

such as a quantum description of gravity or a connection to the standard

model of particle physics.

A simple modification was included to GR, a cosmological constant, Λ,

and non-relativistic matter that does not interact with EM to address the ob-

served dark sector of the Universe. This became our best-fitting cosmological

model dubbed ΛCDM. While this model initially provided a good fit to ob-

servational data, significant fine-tuning was required to match observations,

which led to many conceptual issues. Moreover, a fundamental embedding

of this constant still imposes a challenge. With the recently increased pre-

cision of cosmological observations, tensions have arisen between different

epochs that highlight issues with the current paradigm, which motivates

more complex extensions to GR.

We have discussed the relation in section 1.2, between two commonly
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modified theories of gravity, f(R) and quintessence. We highlight that the

f(R) theories enable a more general framework of modifications, such as

including multiple higher-order terms in the gravitational sector. A particu-

larly interesting model examined throughout this thesis is Starobinsky’s R2

model: originally motivated from a quantum description of gravity intended

to resolve the initial singularity of the Big Bang, it has proven to be a robust

model in the context of inflation. This model exhibits an effective potential

that naturally allows for slow-rolling inflation and the resulting inflationary

parameters surprisingly fits exceptionally well with new precise cosmolog-

ical observations from the CMB. However, extensions to the original model

produce potentially interesting phenomenology that is expected to generate

cosmological features that are detectable in the future.

In chapter 2, we studied the constraining power of gravitational wave

experiments on dark energy models that aim to replace the role of Λ, which

utilises the introduction of a scalar field. We generated mock data to forecast

the results of gravitational waves from third-generation gravitational detec-

tors, assuming ΛCDM as our fiducial model, creating a slight bias. Then

using mock data, we analysed the constraining power of GW compared to

local measurements of BAO and SNIa.

The analysis revealed that GWs are expected to provide improved ac-

curacy in estimating the parameter H0 compared to local measurements.

However, due to the bias set by the input model, the estimated parameters

were limited to the fiducial values. Furthermore, our findings indicated that

the GW data sets did not yield better constraints on the model parameters

than BAO+SNIa. However, combining the two data sets reduced the error

bars, in some cases, by more than a factor of 2, providing strong constraints

on the new model parameters.

Therefore, we can conclude that GWs will be critical in addressing cosmo-

logical tensions, particularly those about H0. This will indicate the validity

of current cosmological paradigms, most notably ΛCDM. In the context of

modified gravity, GWs offer multiple features that can constrain cosmo-

logical models. Although they provide an additional probe to constrain

cosmological model parameters, the accuracy in constraining these param-

eters from 3G detectors is expected to be lower than that given by local
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measurement data sets.

In chapter 3, we analysed the theory of inflation in the context of mod-

ified gravity. Initially showing the success of Starobinksy’s inflation, we

studied a modification intending to embed the theory into a more funda-

mental theory of gravity by introducing a dynamically induced Planck mass.

This involved the introduction of additional non-minimally coupled scalar

fields, which generated the Planck mass through their vacuum expectation

values. Although the cosmological parameters resulted in the same value

as Starobinky inflation, the model naturally produced a non-zero minimum

potential energy after inflation that can be identified as a cosmological con-

stant. The model’s parameters must be set to unnatural values to equate

the resulting cosmological constant to current observations. Therefore to

resolve the issue and allow the model to remain viable without fine-tuning

the parameters, we introduced an additional field that forced the potential

to vanish at the minimum. This additional field introduced non-trivial fea-

tures into the model, such as the presence of a small local effective well in

the potential, which delayed the slow-rolling mechanism. Additionally, the

third–field induced an additional period of inflation.

We also investigated the behaviour of cosmological perturbations during

inflation, using this model as an example. As argued in section 3.4, the re-

sulting perturbations from inflation are the strongest success of the theory: It

naturally produces a near-flat power spectrum and a small ratio of tensor to

scale perturbations, r. Although the result is relatively generic for inflation-

ary models, the increased precision of the CMB detection has led to many

of the simplest models being excluded. Therefore a natural extension that

has been exhaustively studied is multi-field inflation. However, this has pri-

marily been limited to two fields. To analyse our model, the formalism, well

established for two fields, was extended to incorporate a third field building

upon the structure of spherical coordinates. Our three-field model’s power

spectrum displayed a power drop at specific wavelengths, thus preventing

the production of primordial black holes through a mechanism that required

a spike in the power spectrum at low wavelengths.

Due to the successes of Starobinsky inflation, we also analysed incorpo-

rating this modification to resolve a conceptual issue with inflation, primar-
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ily the initial singularity. In chapter 4, we aimed to replace the singularity

with a transition from collapsing to expanding called a bounce. Construct-

ing a bounce transition within the framework of GR in a homogeneous and

isotropic background requires specific initial conditions, as the collapsing

epoch naturally leads to divergent behaviour and the formation of a singu-

larity. To overcome this challenge, we developed a model that employed

a potential with a false vacuum, representing the Universe’s dark energy

before the bounce and incorporated suitable initial conditions. This model

required an additional non-minimally coupled field to generate the bounce.

The model is constructed in a way that allows for the dynamics of the

bounce to be primarily governed by the behaviour of the additional field,

which subsequently settled at the origin. Therefore after the bounce, the

scalaron, produced by the R2 term, dominates the Friedmann equation and

successfully reproduces a period of single-field Starobinsky inflation, bene-

fiting from the successes that arise with the inflationary model. Interestingly,

the interaction between the two fields drives the scalaron up its effective po-

tential. This feature naturally produces the initial conditions of Starobinsky

inflation and ensures inflation lasts sufficiently long.

Similar to the background, perturbations in a collapsing epoch are di-

vergent due to the amplifying −|H| term, resulting in a breakdown of the

model [215, 227]. Our analysis examined the evolution of perturbations in

a general f(R) theory before, during, and after the bounce. We observed

that the presence of a scalaron in a generic f(R) theory can contribute to the

stability of the bounce. Although, this characteristic is model dependent.

For our model, studied in section 4.2, we observed enhanced stability on the

perturbations, resulting in large freedom in the choice of initial conditions.

As the Universe transitions from the bounce to an inflationary epoch,

the perturbations induced during the bounce become frozen, as reviewed in

chapter 3. Consequently, the specific bounce dynamics of the model deter-

mine the background field and perturbation initial conditions for inflation.

Therefore in future work, constraints from cosmic microwave background

(CMB) measurements can be utilised to study both the inflationary dynamics

and the characteristics of the bounce transition.

In summary, we have looked at different modified gravity models in
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separated epochs. However, if we expect modified gravity to highlight

the fundamental theory governing cosmology, we expect a uniform model

across all epochs that is consistent with observations. The current paradigm

of ΛCDM distinctly separates the two epochs and generally relies on a new

fundamental field called the inflaton with specific potential. Moreover, the

cosmological constant is measured to have a value not motivated by any

fundamental theory. Dark energy and inflation have similar dynamics, re-

sulting in a quasi-de-Sitter universe, albeit with very different energy scales.

Modified gravity offers a unique way to unify these two separate but sim-

ilar epochs. A future task for modified gravity is to predict the nature of

this large discrepancy of energy scales between the two epochs. There have

already been many successful models in reproducing a modified gravity

model that unifies inflation and dark energy [228, 229]. Although not sta-

tistically favourable due to the need for many new ingredients, it highlights

the interesting phenomenology of modified gravity. Furthermore, assuming

ΛCDM, new cosmological tensions have arisen from precision cosmology,

identifying the breakdown of the model. A unifying modified gravity model

between dark energy and inflation will also potentially address these issues.

An interesting aspect of modified gravity is the unification of a bouncing

scenario that naturally exits into an inflationary epoch. Bouncing cosmolo-

gies are not part of the current cosmological paradigm, unlike inflation

which still relies on a singularity. However, further complexities are re-

quired when considering bouncing cosmologies and, by extension, cyclic

Universes. Many models of cyclic Universes in the literature describe a "cut

and paste" universe, where the Universe is indeed cyclic but undergoes the

same behaviour every iteration [204, 205]. However, with the inclusion of

matter from reheating and the decay before the collapse, we expect a change

in the dynamics of each cycle. This also provides a change in the total

entropy in each universe, and thus an arrow of time [230, 231]. Therefore

when considering a bounce, we aim to find a bouncing behaviour for a range

of different initial conditions. This is a future task of modified gravity to

provide a complete picture of cosmology, compatible with each epoch.

Throughout the thesis, we have presented an argument that modifica-

tions to gravity are a prominent and exciting area of research with meaning-
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ful applications in different epochs. We have illustrated a range of non-trivial

mechanisms that yield interesting predictions and characteristics in differ-

ent epochs. Although a singular modified gravity theory does not exhibit a

complete picture of cosmology, it can be used to develop EFT approaches in

specific regimes that provide a greater understanding of the phenomenology

of gravity.
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A | Derivation of Modified Einstein

Equation

We have discussed the Friedmann equations are determined from the EFE.

For the given class of modified gravity models with the action,

S =

∫
d4x

√
−gf(R) (A.1)

We can find the equations of motion and EFE by varying the action with

respect to gµν .

δS =

∫
d4x{δ(

√
−g)f(R) +

√
−gδf(R)}

=

∫
d4x

(
−1

2

√
−ggµνδgµν

)
f(R) +

∫
d4x

√
−gf(R),R δ(gµνRµν)

= −1

2

∫
d4x

√
−ggµνf(R)δgµν +

∫
d4x

√
−gf(R),RRµνδ(g

µν)

+

∫
d4x

√
−gf(R),R gµνδRµν .

(A.2)

Now since only the last term is not in the desired form, we will focus on that

one.∫
d4x

√
−gf,R gµνδRµν =

∫
d4x

√
−gf,R gµνδRλ

µλν

=

∫
d4x

√
−gf,R gµν(∇λδΓ

λ
νµ −∇νδΓ

λ
λµ)

=

∫
d4x

√
−gf,R∇λ(g

µνδΓλνµ − gµλδΓννµ)

=

∫
d4x

√
−gf,R∇λ(gµν∇λδgνµ −∇νδg

λν)

=

∫
d4x

√
−gf,R (gµν□δg

νµ −∇λ∇νδg
λν)

(A.3)

Now we need to take out the δgµν . To do this by taking advantage that we

force the variation to vanish at infinity. Allowing us to freely integrate by
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parts.∫
d4x

√
−gf,R gµνδRµν =

∫
d4x

√
−gf,R gµν

1√
−g

∂ρ(
√
−ggρσ∂σδgνµ)

−
∫
d4x

√
−gf,R∇λV

λ

= −
∫
d4x∂ρ(f,R gµν)

√
−ggρσ∂σδgνµ −

∫
d4x

√
−gf,R (∂λV

λ

+ ΓλλγV
γ)

=

∫
d4x∂σ[∂ρ(f,R gµν)

√
−ggρσ]δgνµ +

∫
d4x∂λ(

√
−gf,R )V λ

−
∫
d4x

√
−gf,R ΓλλγV

γ)

=

∫
d4x

√
−gδgνµ□(f,R gµν) +

∫
d4x

√
−g(Γγγλf,R+∂λf,R )V λ

−
∫
d4x

√
−gf,R ΓλλγV

γ)

=

∫
d4x

√
−gδgνµ□(f,R gµν) +

∫
d4x

√
−g∂λf,R V λ

=

∫
d4x

√
−gδgνµ□(f,R gµν) +

∫
d4x

√
−g(∂λf,R )(∇νδg

λν)

=

∫
d4x

√
−gδgνµ□(f,R gµν)

+

∫
d4x

√
−g(∂λf,R )(∂νδg

λν + Γλνγδg
γν + Γννγδg

λγ)

=

∫
d4x

√
−gδgνµ□(f,R gµν)−

∫
d4x∂ν [

√
−g(∂λf,R )]δgλν

+

∫
d4x

√
−g(∂λf,R )(Γλνγδg

γν + Γννγδg
λγ)

=

∫
d4x

√
−gδgνµ□(f,R gµν)−

∫
d4x[

√
−gΓγγν(∂λf,R )

+
√
−g∂ν∂λf,R ]δgλν +

∫
d4x

√
−g(∂λf,R )(Γλνγδg

γν + Γννγδg
λγ)

=

∫
d4x

√
−gδgνµ□(f,R gµν)

−
∫
d4x

√
−g[∂ν∂λf,R−(∂µf,R )Γγνµ]δg

µν

(A.4)

Where we used a temporary vector to simplify, V λ = ∇νδg
λν . Also the

fact ∂γ
√
−g = Γλλγ . In the last line, we cancelled out equivalent terms and

relabelled the indices.
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Putting this altogether, we can find Einstein’s modified tensor,

δS
δgµν

=

∫
d4x

√
−g
[
−1

2
gµνf(R) + f(R),RRµν +□(f,R gµν)−∇µ∇νf,R

]
G̃µν = f,RRµν −

1

2
gµνf + gµν□f,R−∇µ∇νf,R

(A.5)

Normally in modified gravity theories, there will also be an additional

scalar field and matter Lagrangian.
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B | Conformal Transformation

Given a generic action, for an f(R) theory with an additional scalar field, in

the Jordan frame is given by

S =

∫
d4x
√

−g̃
[
f(R̃)− 1

2
g̃µν∂µχ∂νχ

]
. (B.1)

The tilde above the metric and curvature indicates a Jordan frame metric.

We can transform this into the scalar-tensor representation by introducing

an auxiliary field α. We are free to then rewrite the action to include the

auxiliary field

S =

∫
d4x

√
−gMPl

2

[
f(α) + f ′(α) (R− α)− 1

2
g̃µν∂µχ∂νχ− U(χ)

]
, (B.2)

where the prime indicates a derivative with respect to α. When the action

is varied with respect to α we obtain the result f ′′(α)(R− α) = 0. Therefore

provided f ′′(χ) ̸= 0 , we recover our original action using the result that

R = α. We then identify the additional degree of freedom, the scalaron, as

ϕ = f ′(χ),

Thus, to write the action as a scalar-tensor theory, similar to that of BD,

eq. (3.78) we set the total effective potential to be V (ϕ) = αϕ− f(α) + V (χ).

Therefore the action therefore we can rewrite our action as,

S =

∫
d4x
√
−g̃
[
ϕR̃− 1

2
g̃µν∂µχ∂νχ− V (ϕ, χ)

]
. (B.3)

For a conformal transformation of the form g̃µν = Ω2gµν , we identify how

the metric will transform and how the Ricci scalar will transform:

g̃µν = Ω2gµν , g̃µν = Ω−2gµν ,
√

−g̃ = Ω4
√
−g, (B.4)

R̃ = RΩ−2 − 6Ω−3□Ω. (B.5)
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Substituting these transformations into (B.3) produces the action,

S =

∫
d4x

√
−g
[
ϕ(RΩ2 − 6Ω□Ω)− 1

2
Ω2gµν∂µχ∂νχ− Ω4V (α, ϕ, χ)

]
. (B.6)

Here, it is clear to transform into the Einstein frame we need to define ϕΩ2 =

1/2κ2. Focusing on the second term in (B.6), we expand the d’Alembert’s

operator and put everything in terms of Ω,∫
d4x

√
−gϕΩ□Ω =

1

2κ2

∫
d4x

√
−g 1

Ω

∂µ (
√
−ggµν∂νΩ)√
−g

. (B.7)

This then allows us to perform an integration by parts to move the derivative.

Ignoring the boundary terms,∫
d4x

√
−gϕΩ□Ω = − 1

2κ2

∫
d4x

√
−g∂µ

(
1

Ω

)
gµν∂νΩ (B.8)

=
1

2κ2

∫
d4x

√
−g 1

Ω2
gµν∂µΩ∂νΩ. (B.9)

We can then rewrite this in terms of ϕ and substitute back into (B.6) to give

the action in terms of ϕ

S =

∫
d4x

√
−g
[
R

2κ2
− 3

4κ2ϕ2
gµν∂µϕ∂νϕ− 1

4κ2ϕ
gµν∂µχ∂νχ− 1

4κ2ϕ2
V (ϕ, χ)

]
.

(B.10)

We can then perform a field redefinition to a canonically normalised field,

2κ2ϕ = exp(βκψ), finally reducing our action to

S =

∫
d4x

√
−g
[
R

2κ2
− 3

4
β2gµν∂µψ∂νψ − 1

2
e−βκψgµν∂µχ∂νχ− e−2βκψV (ψ, χ)

]
.

(B.11)

Therefore we set β =
√
2/3 to ensure a canonical kinetic term of ψ.
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C | Additional LISA constraints:

varied fiducial and smearing

Conformal Coupled Quintessence

Data sets Ω0
m H0 α λ

BAO+SNIa 0.3019+0.0088
−0.0059 73.2+4.7

−3.5 0.085+0.055
−0.043 0.42+0.20

−0.36

Double error

LISA pop3 0.295+0.014
−0.0053 66.55+0.64

−0.42 0.120+0.053
−0.095 0.49+0.24

−0.45

LISA pop3+BAO+SNIa 0.2999+0.0077
−0.0037 66.88± 0.39 0.041+0.020

−0.034 0.37+0.18
−0.32

H0 = 70 prior

LISA pop3 0.307+0.016
−0.0056 70.20+0.97

−0.62 0.138+0.064
−0.10 0.48+0.22

−0.45

LISA pop3+BAO+SNIa 0.304+0.011
−0.0052 69.87± 0.60 0.069+0.040

−0.047 0.48+0.25
−0.37

Table C.1: Marginalized constraints on cosmological and model parameters

for coupled quintessence at 68% C.L.

In the analysis presented in section 2.2.1, we analysed the results given a

particular fiducial value, specifically H0= 67[km s−1 Mpc−1]. Consequently,

we could not rely on the estimated values predicted for H0 and Ω0
m. Fur-

thermore, to incorporate the deviations from the given ΛCDM model in the

simulation of GWs, we applied a smear function on each merger. This en-

sured that the measurements were distributed away from the given ΛCDM

model. This was determined by a Gaussian distribution, with a limit of 1σ,

which was determined by the total measurement error.

The effects of changing the fiducial value to H0 = 70 km s−1 Mpc−1 and

increasing the smearing can be observed in Table C.1. As expected, changing

the fiducial value ofH0= 70[km s−1 Mpc−1] generates an estimated value that
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is close to the fiducial value. Although interestingly this has resulted in a

slightly worse accuracy compared to the fiducial value of H0= 67[km s−1

Mpc−1]. The effect of this change of value can be seen in as a shift in the

distribution in fig. C.1b1.

We also increased the smearing effect to 2σ, identified in as "double

error" in fig. C.1 and table C.1. However, we notice a negligible effect,

compared to table 2.1, in either the parameter estimation or the accuracy of

the parameters. This can be further highlighted in fig. C.1a, where there is

very little change in the distribution compared to that of fig. 2.3b.

1The table and figures presented here were created by Elsa Teixeira for the purposes of

this collaborative work
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Figure C.1: Constraints for conformal coupled quintessence. The darker

contour identifies the 1σ region, and the lighter 2σ.
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