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ABSTRACT

In this thesis we study the bounded t-structures for some local Calabi-
Yau varieties, namely the total space of vector bundle over some del Pezzo
surface such that its canonical bundle is trivial. The main methods are
tilting theory and Happel-Reiten-Smalg’s tilting construction. The thesis

can be divided into two separated projects.

The first project is about the cotangent bundle of P2. For any full and strong
exceptional collection E on P?, we associate a quiver Qg and construct a
functor from rep Qg to Coh (Q2p2) such that it sends the tilting object in
rep Qg to the tilting object in Coh (2p2). In this way we obtain a large
class of bounded t-structures in the associated Calabi-Yau category. We
also calculate the combinatorics of the t-structures given by the tiltings in

the sense of Happel-Reiten-Smalg.

The second project is about the canonical bundle of P! x P!, This is a math-
ematical interpretation of the physicists’ paper [26], in which they solved
the counting problem of the stable objects for certain stability conditions
on wpiypt. The stability conditions which they consider are invariant under
an autoequivalence. We characterize all the stable objects for such stability
conditions and describe one connected component of the space of invariant

stability conditions.



Notations

Ko(D) (resp. KolA)).

supp(F)
thick(T)

rep QQ
modgg-A

Essentially small triangulated category.

Bounded derived category of coherent sheaves on a noethe-
rian and separated scheme X over C.

Bounded derived category of right A-modules over a noethe-
rian (possibly graded) C-algebra A.

Full subcategory of D°(A) with complexes having nilpotent
cohomology modules.

Grothendieck group of an triangulated category D (resp. an
abelian category A).

Support of a complex of sheaves F' € D°(X).

Smallest thick subcategory of the object T (or set of objects)
in D.

Category of finite dimensional representations of a quiver Q.

Category of finite dimensional modules over A.

Given a triangulated category D, we write

Hom’, (A, B) := Homp (A, Bli]),

for A, B € D. We denote by Hom},(A, B) = @, ., Hom’ (A, Bli]) the total Hom-space.

Let Q = (Qo, Q1) be a quiver specified by a set of vertices Qp, a set of arrows @1, and

source and target maps s, t: Q1 — Q. In this thesis we compose the arrows on the
left, that is for b, a € Q1, ba = 0 unless s(b) = t(a).

Denote by CQ the path algebra of @), and given a two-sided I C CQ generated by

iv



CHAPTER 0. NOTATIONS v

linear combinations of paths of length at least 2, let A = A(Q,I) = CQ/I. We
write rep(Q, I) = modg-A(Q,I). For each vertex i € @y there is an associated one-
dimensional simple module S; € rep(Q, I). Note that we have

Ngj = dim¢ EXt}L‘(Sj, SZ)

where n;; is the number of arrows from vertex ¢ to j in our notations.
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Chapter 1
Introduction

There are many known examples of varieties being derived equivalent to non-commutative
algebras. The pioneering example is due to Beilinson [3] who proved that DP(P") is
generated by line bundles O, O(1),---O(n). This leads to the result that the functor

n

RHom (@ O(i), —> : D°(P") — Db(A)
i=0

is a derived equivalence between P" and the non-commutative algebra

A = End (é (’)(z)) .

1=0

Tilting objects

The work of Bondal, Rickard and Keller [7, 50} [38] proposed a general framework for
studying such equivalences, called the tilting theory. Suppose X is a smooth quasi-
projective variety. Let D = D?(X). An object T in D is called a tilting object if it

satisfies the following conditions

(i) RHomp (T, T[n]) = 0, unless n = 0;

(ii) T is a classical generator of D, i.e., the smallest thick subcategory containing T
which we denote by thick(T) is D.



Then RHom(7', —) induces a derived equivalence between X and the non-commutative
algebra B = End(7). Tilting objects have become a powerful tool in studying the
derived category of varieties and their geometry. For example, if Y and Y are 3-
dimensional smooth quasi-projective varieties over an affine variety and related by a
flop, inspired by the work of Bridgeland [12], Van den Bergh [55] proved there exists a
tilting object 7' in D*(Y') such that

DY) = DY(EndT) = Db(Y™),

which provided a new proof of the Bondal-Orlov conjecture [I1] in dimension 3.

In fact the existence of tilting objects for projective varieties are rare, much more
progress has been made for non-compact (also called local) varieties, in particular for

local models of resolutions of singularities [5].

In this thesis, the example we are interested is when X =V is the total space of a vector
bundle over a del Pezzo surface Z such that the canonical bundle of X is trivial. Such
varieties are called local Calabi-Yau: for coherent sheaves (or complexes of sheaves)

F, G supported on the zero section, we have Serre duality
Ext!(F,G) = Exti™X =G, F)*,

Therefore in this thesis, we usually work with the full subcategory DS(V) consisting of

objects which are supported on the zero section.

A first step to study D°(V) is to study D°(Z), and since Z is del Pezzo we can generalize
Beilinson’s approach. We can find a sequence of vector bundles Ey,- -, E, called
exceptional and it is strong in the sense of [7] such that they generate D?(Z). Thereby
DY(Z) is derived equivalent to

A= Endz(@zEz)

Then as observed in Bridgeland’s paper [14], if we pull back E; along the projection
map 7 : V — Z, then we get a sequence of vector bundles T; := n*FE; such that they
also generate D®(V). In good cases, the direct sum @;7; is still tilting. Therefore D?(V)
is derived equivalent to

~

A := Endy(®;T;).

T-structures
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The main goal of the thesis is to study the (non-degenerate) bounded t-structures
in DY(V) and the combinatorics of them. When we say a t-structure (D=9, D=9) is
bounded in D, if for every object E € D, there exists an integer n > 0 such that
E[n] € D=0 and E[-n] € DZ°. And it is non-degenerate, if N,czD=<%[n] = 0 and

NnezDZ°[n] = 0. In this thesis we only consider the non-degenerate t-structures.

The main feature of the bounded t-structure is that it is determined by its heart
A =DND20 (Lemma 2.1.1): for any object £ € D we have a collection of triangles

0 =Ey

Ey—s...— By 1 ——— s E,=E  (L1)

By
X Y X
AN AN AN
N\ AN AN
AN AN AN
Ay Ay

n

with A;[k;] € A and k; > ko > .-+ > k,. For example, given an abelian category A,
its bounded derived category D°(A) admits a standard t-structure where D=0 is the
full subcategory of complexes without cohomology in positive degrees, the standard

t-structure is a bounded t-structure.

Tilting objects provide an important method for constructing new t-structures, since
given a tilting object in D?(V), the derived equivalence RHom (T, —) : D*(V) — D%(B)
gives us a new bounded t-structure (D=0, D=%) of D’(V) by pulling back the standard
one on D°(B):

D=0 = {F e D:RHomp(T, F[i]) =0, i >0},
D2 = {F € D:RHomp(T,F[i]) =0, i <0}.

The heart A = D=9 N D=0 is equivalent to mod-B by definition. We call (D=9, D20)
the bounded t-structure induced by the tilting object T in this thesis.

Another very useful method for constructing new t-structure from given heart A of some
t-structure is provided by the idea of tilting with respect to a torsion pair, first intro-
duced by Happel-Reiten-Smalg [29]. We will recall the exact definition later (c.f. Sec-
tion . The Happel-Reiten-Smalg tilting enables us to find the adjacent t-structures
to the given one (see figure .

A special case of the tilting construction will be important for us: when B is obtained
from A by tilting at a torsion pair generated by a simple object. In this case, B is called
the left or right simple tilt of A (see figure[l.1)). Then the combinatorics of t-structures
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Figure 1.1: Left and right tilts of a heart.

arise by iteration of simple tilts. A useful way to illustrate the combinatorics is by
using the tilting exchange graph EG(D) - that is, the oriented graph whose vertices are
hearts in D and whose edges correspond to simple tilts between them. Tilting exchange
graphs will be useful for studying the space of stability conditions Stab(D), which we
will explain later. There is also a notion in cluster theory called the exchange graphs,

which has many links to various areas in mathematics (see survey [39]).

Given the heart of a t-structure A in D induced by tilting object T', a question that

one can ask is:

Can we describe the simple tilts of A by using tilting objects? More precisely, after
simple tilting, can we find another tilting object T' such that the resulting t-structure is
induced by T'?

Note that this direction is first suggested and studied in Bridgeland’s paper [14] [16].
The first part of this thesis is devoted to studying the above problem for the derived
category of the cotangent bundle of P2.

Stability conditions

Inspired by Douglas’ work on 7-stability for D-branes, Bridgeland introduced the notion
of a stability condition on a triangulated category in [I7]. It was shown in [I7] that
to any triangulated category D, one can associate a complex manifold Stab(D) which

parameterises stability conditions on D. Given the triangulated category D, one can
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ask the following three questions:

(i) Can we find a stability condition on D?
(ii) What is Stab(D) as a complex manifold?

(i1i) Given a stability condition o, can we count the set of (semi)stable objects in D
foro?

The answer to the first question is closely related with the bounded t-structures. A
stability condition on D is a pair ¢ = (Z,.A), where A is the heart of a bounded t-
structure in D, and Z is a group homomorphism called the central charge from the
Grothendieck group Ky(A) to C which satisfies the Harder-Narasimhan property[17].
So far much progress towards this direction has been made for compact and non-
compact examples [I8, [16, 19 46], 33, I]. And it seems that the non-compact example
is much easier with the help of tilting object: when A is induced by a tilting object in
the form @} T}, then A is of finite-length and consists of a finite set of non-isomorphic
simple objects. Then we only need to assign each simple object with a value in H
where

H :={z=rexp(ing) | r > 0,0 < ¢ <1} C C.

The Harder-Narasimhan property is automatically satisfied since A is of finite-length.
In this way, we get a subset U(A) C Stab(D) consisting of stability conditions with
fixed bounded heart A. By construction U(A) is isomorphic to H", where n is the

number of simple objects.

The answer to the second question in the non-compact case is related to the simple tilts
of t-structures. Given finite-length hearts A and B, U(A) N U(B) is non-empty and of
codimension one when B is a simple tilt of A (Lemma [2.1.7). Therefore one can think
of U(A) as a cell of Stab(D) and EG(D) as the skeleton of space of stability conditions.

The answer to the final question is usually very hard in both compact and non-compact
examples. When D is a Calabi-Yau category of dimension 3, it is related to the

Donaldson-Thomas invariants [36], 43].

The second part of the paper is studying the space of stability conditions for local

P! x P!, i.e., the total space X of canonical bundle over P! x P!. The work is a



mathematical interpretation of the work of Closset-Del Zotto [24] and Del Monte-
Longhi [26]. In their papers, the physicists found that there were surprisingly complete
answers to all questions in the above when we restrict to the invariant subspace of
Stab(X) under an autoequivalence of D?(X). In physcists’ language, we are considering

the collimation chamber of stability conditions.

Results for t-structures on the cotangent bundle of P?

We denote by 7 : X = Tot Qp2 — P? the bundle projection map. We consider the full
exceptional collection E = (Ey, E1, E3) (see Definition [2.3.1]) consisting of sheaves on
P2. Then @;E; is a tilting object on P2, and we try to show that 7* (@;E;) is a tilting

object for X.

However, this is not always possible. We need to use the helix theory: for any full excep-

tional collection E = (Eg, E1, E3) on P2, one can associate H = (--- , E_1, Ey, By, Fa, E3, - - -

a collection of exceptional objects satisfying E; = E;13 ® wp2. Any adjacent 3 objects

in H (called a thread) will be a full exceptional collection.

Now our first result on the tilting objects in D?(Coh X) is stated as the following:

Theorem 1.0.1 (= Theorem 3.2.7)). For any full and strong exceptional collection (see
Definition E = (Eo, E1, E2) on P2, one can always find a thread (E;, Bi11, Eiy2)
1 € Z in the corresponding heliz H, such that the pullback EBHZ

. T E; is a tilting object
in D°(Coh X).

The tilting objects constructed in the above are not enough for characterizing the simple
tilts. Therefore we introduce a quiver associated with any full exceptional collection
E on P?, whose vertices correspond to T; = 7*E;, and number of arrows between two
vertices is given by the dimension of the vector space Extﬁ((Ti,Tj). We denote the

resulting quiver by Qg and call it the secondary quiver of [E.

After analyzing possible types of the secondary quivers (which are all acyclic), we define
a functor Fg from mod-CQg to Coh X, and prove the following theorem, which gives

us many more tilting objects associated with [E:

Theorem 1.0.2 (=Theorem [3.4.5). For any full and strong exceptional collection E
on P?, Fg sends tilting objects in mod-CQg to tilting objects in D®(Coh X).
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Here tilting objects in mod-CQg means they are tilting objects when viewed as objects
in Db((CQE)

Let D§(Coh X) be the full subcategory of D’(Coh X) consisting of objects with sup-
port on the zero section P2 C X and DY(B) be the full subcategory of D®(B) consist-
ing of objects whose cohomology modules are nilpotent over B. The derived equiv-
alence RHom(T, —) : D?(Coh X) — DY(B = Endx T) descends to equivalence be-
tween D§(Coh X) and D$(B), this induces a t-structure on D}(Coh X) whose heart
B C DS(Coh X) is an abelian category which is equivalent to the category of nilpotent
modules over B. In the final section of this part, we calculate simple tilts from a given
one. The calculations involve an interesting autoequivalence on D?(Coh X) which is
induced by the Mukai flop (see Proposition , first studied by Namikawa [48] and
Kawamata [37].

We remark that the combinatorics of simple tilts are complicated, and not all of them
are induced by the tilting objects we obtained above. However, our methods give many
tilting objects on D’(Coh X) and should be useful for describing the tilting exchange
graph in the future research. We illustrate part of the tilting exchange graph and
corresponding Ext-quivers in figure the vertices correspond to the simple objects
S; in the heart, the number over the arrows indicates the number of arrows, and black
arrows represent the elements in Extl(Si,Sj), red arrows represent the elements in
Ext?(S;, S;) (for details see Section .
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Results for local P! x P!

We again denote by 7 : w — P! x P! the bundle projection map and p; : P* x P! — P!
i =1, 2 the projection maps to each component. We write O(a,b) for the line bundle
piO(a) ® p5O(b). There is a full and strong exceptional sequence of line bundles on
P! x P!
E= (E(], El, EQ, Eg) = (O(O, O), (9(1, 0), 0(1, 1), 0(2, 1)) 5
which generates D°(P' x P!), and
T - @k
i
is a tilting object in D’(w). Then w is derived equivalent to a non-commutative algebra

A = End(T).

Suppose we have a presentation of the algebra A as the path algebra of a quiver Q

subject to relations, where the nodes of ) correspond to line bundles T;. The quiver of

A will be
0 1
3&———2
The symmetry of the shape of the quiver suggests that there should be an autoequiv-

— (1.2)

alence of D®(w), denoted by ®, which exchanges the simple modules associated with

vertices 0 and 2, 1 and 3. We will realize ® explicitly in Section 4.1.2

Let C = DY(w) be the full subcategory of D’(w) consisting of objects supported on
P! x P!, Let Stab(X) denote the space of stability conditions on C. We consider a
subspace of ®-invariant stability conditions Stab(X)?.

Let ¢ be the automorphism of Grothendieck group Ko(C) induced by ®. Then Stab(C)?®
is locally modelled on Hom (K (C), C)¥, the invariant central charges under ¢. Note that

Ko(C) = Z* has a basis 7o, - -- ,73 which corresponds to the vertices of Q). Therefore
Hom(Ky(C),C)¥ = C2.

Denote by A the heart in C induced by the tilting object 7. We write U(A)® for the
subset of Stab(C)® consisting of ®-invariant stability conditions with heart A. First we
characterize the stable objects for o € U(A)®: note that the Kronecker quiver Ko

0—=1
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can be embedded into @ ([1.2)) in 4 different ways. Therefore rep(K2) embeds into A
as full subcategories. For stability condition o € U(A)®, o reduces to be a stability

function & on rep(K3). We are able to show that

Lemma 1.0.3. The stable objects in rep(Ky) with respect to & are stable in A with

respect to o.

The stable objects in rep(K3) are well known to be the indecomposable representations
(with respect to certain stability functions), their images in A are called objects of
special Kronecker types I and IT (Definition . We show that these are in fact all
the stable objects for o € U(A)®:

Theorem 1.0.4 (=Theorem |4.3.23). Take o € U(A)®. The stable objects for o and

their classes in Grothendieck group (up to a sign) are as follows:

(i) if arg Z () < arg Z(y1), then the classes of stable objects are

nyo + (n+1)y1,  (n+ 1)y +nm,
nys + (n+1)ys, (n+ 1)y2 + nys,
Yo + 71, Y2 + 3.

each of the first 4 classes corresponds to a unique stable object (up to a shift of
degree) called the special Kronecker of type I, and each of the last two classes

corresponds to a P-family of stable objects;
(i) if arg Z(v1) < arg Z(70), then the classes of stable objects are

nyr 4+ (n+ 1)y, (n+ 1)y +ny,
ny3 + (n+ 1)y, (n+1)y3+nvo,
Y1+ 2, Y3 + 7Yo.

each of the first 4 classes corresponds to a unique stable object(up to a shift of
degree) called the special Kronecker of type II, and each of the last two classes

corresponds to a P'-family of stable objects;
(iii) if arg Z(yo) = arg Z(v1), then the classes of stable objects are

Yo, Y1, Y2, 73

each class corresponds to a unique stable object S; (see Corollary .
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Moreover, via the autoequivalences of C we actually characterize the stable objects
for any stability conditions in one connected component (see Corollary |4.4.5). This
answers the question of counting the stable objects for the local P! x P'. We proceed

to characterize a connected component of Stab(X)?.

Let K¢(C)~% be the subgroup of Ky(C) whose elements are antisymmetric under .
We denote by Ko(C) = Ko(C)/Ko(C)~% the quotient group. Note that there is an

isomorphism

Homz(Ko(C), (C) — HomZ(KO(C), (C)Lp.

We write A C Ko(C) for the set of the classes of the stable objects for o € U(A)®. The
connected component of Stab(C)® which contains U(.A)® is denoted by (Stab(X)®)

we have

07

Z(v0) = Z(72)

Z(m) = Z(v3)

Figure 1.3: Real slice of H™®

Theorem 1.0.5 (=Theorem and ). The forgetful map
Z : (Stab(X)®), — Hom(K(C), C)

factors through

Z : (Stab(X)®), — H"® (1.3)
where
H'™8 := Hom(K,(C),C) \ U v
vEA

and v = {Z € Hom(K((C),C) | Z(v) = 0}. Moreover in (1.3) Z is a covering map.
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Relation with |24, [26]

Finally we explain the relation between our work with [24, 26]. We keep the notations as
above and introduce the notations for normalized stability conditions U™ (A)® C U(A)®
by

U(A)® ={(2,P): 2(5) =i},

where § is the class of a skyscrapper sheaf O, € P! x P'. Note that Z(yg) + Z(72) =
Z(v1) + Z(y3) lies on the imaginary axis. It was shown by Closset-Del Zotto [24],
Appendix D] that there is a unique stable object in each slicing P(¢) where ¢ # % +n

(n € Z), and each such object corresponds to a representation of the Kronecker quiver.

In this thesis we analyze the special slicing P(%) in detail. For simplicity, we restrict
to the subset U"(A)? := {(Z,P) : arg Z(y9) < arg Z(v1)}. We show that each stable
object in 73(%) is isomorphic to s:Oyyxpr or 5:Opyyxpr (—1)[1] for y € P! (Theorem
4.3.22). The case for U"(A)® = {(Z,P) : argZ(y) < argZ(o)} is obtained by
applying an autoequivalence of D(X). The key observation in the proof of the above
theorem was taken from [26], which is our Lemma [4.3.15} one can identify the action of
the autoequivalence 7 on the stability conditions in &/ ”(A)$ with the action of g where
ge (/}VL+(2, R), the universal covering space of GL™(2,R). The former autoequivalence
T plays an important role in the tilting process (Theorem .



Chapter 2

Preliminaries

In this chapter we assume D is a triangulated category such that

(i) D is a C-linear category: the Hom spaces are C-linear spaces, and composition

maps are bilinear.

(ii) D is of finite type, i.e. for any two objects A, B of D the vector space

EB Hom', (A, B)

1€Z

is finite-dimensional.
(iii) D is algebraic in the sense of Keller[3§].
(iv) D is saturated [§], i.e., all triangulated functors
D — D(C), D’ — D(C),

are representable.

§2.1 Simple tilts

The reader is assumed to be familiar with the concept of a t-structure [28]. We are only

considering the bounded t-structures. Recall that a t-structure (D=, D=0) is bounded

13
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in D, if for every object E € D, there exists an integer n > 0 such that E[n] € D=0
and E[—n] € D=°. The bounded t-structure is determined by its heart:

Lemma 2.1.1 ([I7, Lemma 3.2]). Let A C D be a full additive subcategory of D. Then
A is the heart of a bounded t-structure (D=, DZ0) if and only if it satisfies the following
conditions:
(i) if n1 > na then Homp(A[ni], B[na]) =0 for any A, B € A;
(ii) for every mnonzero object E € D there are a finite sequence of integers:
ki >ky>--->k,

and a collection of triangles

0 E—. .. —Lbk,  ——FE,=F

=FEp by
K / K / K /
N\ AN N
AN AN N
N N N
Aq Ao Ay
(2.1)
with A; € Alk;] for all i.

In analogy with the standard t-structure on the derived category of an abelian category,
given A the heart of a bounded t-structure and any nonzero object E, we denote by
Hi{ (E) := Ag,[—ki] € A the ith-graded cohomology group with respect to A, where A;
appears in (2.1]).

A heart of some t-structure will be called finite-length if it is artinian and noetherian

as an abelian category.

The following definition comes from Happel-Reiten-Smalg [30].

Definition 2.1.2 (Torsion pair). Let A be a heart of some bounded t-structure in the
triangulated category D. A pair of full subcategories (T, F) of A is called a torsion pair
in A if it satisfies the following conditions

(i) Homy(T,F) =0 forT €T and F € F;
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(ii) for any object A € A, there exist M € T and N € F such that they fit into a

short exact sequence

The following theorem was proved in [30, Proposition 2.1].

Theorem 2.1.3 (Happel-Reiten-Smalg). Let (T, F) be a torsion pair in a heart A.
Let

A = {EeD|HYE)eT, HY(E) e F, Hy(E) =0 fori#0, 1},
A = {EeD|HNE)eF, HY(BE)e T, Hy(E) =0 fori+# -1, 0},

then A* and A° are hearts of bounded t-structures in D.

A special case of the tilting construction will be particularly important [41, Definition
3.7]. Suppose that A is a finite-length heart and S € A is a simple object. Let (S)
be the full subcategory consisting of objects £ € A all of whose simple factors are

isomorphic to S. Define the full subcategories
St :={Fc A| Homy(S,E) =0}, +S:={FEcA| Homu(E,S)=0}.

Then we can either view ((S),S1) or (+,(S)) as a torsion pair. Then we can define

new tilted hearts

LsA:=(S[1],1S), RsA:=(S* S[-1]), (2.2)

which we refer to as the left and right simple tilts of the heart A at the simple object
S.

Remark 2.1.4. It is easy to see that S[—1] is a simple object of Rs A and that if the
category is of finite-length, then Lgi_11RsA = A. Similarly, if Lg.A is of finite-length
then RgpyjLsA = A, see Figure .

The following lemmas will be useful.

Lemma 2.1.5. Let (D=0, D=%) and (D=°, D=%) be two bounded t-structures of D, and
we denote by A and A’ their hearts respectively. If A C A" then A= A'.
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Proof. Let E € A’. Since for any object F' € D=0, F has a finite filtration by objects
in A[k;] € A'[k;] for k; > 0 by Lemma so we have

Homp (F, E[—1]) = 0.

Therefore E[—1] € D>°.

Similarly for any object G € D>° G has a finite filtration by objects in A[k;] C A'[k;]
for k; < 0, therefore
Homp(E,G) = 0.

Therefore E € D=<°. So we have E € DN D>%[1] = A. This proves the lemma. [

Lemma 2.1.6. Take an autoequivalence ® € Aut(D). Let A C D be a heart of some
bounded t-structure and of finite-length, S € A be a simple object. Then we have

®(LsA) = Los)®(A), P(RsA) = Ro(s5)®(A).

Proof. By the definition of simple tilts 1) we have Rg(5)®(A) = <(<I>(S’))L ,D(9) [—1]>.
It is easy to check ®(S+) = (®(S5))*, therefore Rp(5)®(A) C ®(Rs.A) by definition.
By Lemma we have Rg(5)®(A) = ®(Rs.A). We leave the proof for left tilt to the
reader. O

Given a heart of bounded t-structure A C D, we denote by Sim A the set of all non-
isomorphic simple objects in \A. The following theorem characterizes the new simple

objects in the tilted hearts [42, Proposition 7.6], see also [41, Proposition 5.4].

Proposition 2.1.7. Assume Sim A is finite and A is of finite-length. Let S € A be
such that Exth(S, S) = 0. Then after taking a left or right simple tilt, the new simple
objects are:
SimRgA = {S[-1]} U {¢s(X): X € Sim A, X # S} (2.3)
SimLgA = {S[1]} U {¢s(X): X € Sim A, X # S} (2.4)

where

¢s(X) = Cone (S[-1]® Ext!(S,X) — X),
Ps(X) = Cone (X — S[1]® Ext'(X,9)*) [-1].



CHAPTER 2. PRELIMINARIES 17

§ 2.2 Stability conditions

We collect some properties and theorems on the space of stability conditions introduced
in [17).

Definition 2.2.1 (Slicing). A slicing of D is a collection of full subcategories P(¢)
indexed by ¢ € R, satisfying the following axioms:

(1) P(¢p+1) =P(o)[1];
(i) Homp (P(¢1), P(¢2)) =0 for ¢1 > ¢o;
(iii) for any nonzero object E € D, we have a collection of triangles

0 E—. ... —Fk,  ——FE,=FE

= Ejy Eq
K / N / K /
AN AN AN
AN AN AN
N AN AN
Ay As

Ap

such that A; € P(¢i), and

¢1>¢2>~-->¢n.

For any nonzero object E, we denote by ¢+ (E) = ¢1 and ¢~ (E) = ¢, where ¢; is
defined as above. For any interval I C R, P(I) is defined to be the extension-closed
subcategory of D generated by objects E € P(¢) for ¢ € I.

We denote by Slice(D) the set of all slicings on D. Bridgeland introduced a generalized
metric in Slice(D):

Definition 2.2.2 ([I7, Section 6] ). Let Py, Py € Slice(D), then the generalized metric
d : Slice(D) x Slice(D) — [0, +o0] is defined as

d(P1, Py) = S {loT(E) — ¢3(E)|, |61 (E) — ¢5 (E)|} -

Before recalling stability condition on D, we first recall the stability function on an

abelian category A [52].
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Definition 2.2.3. A stability function on A is a group homomorphism Z : Ky(A) — C
such that for any nonzero object A € A, the complex number Z(A) lies in the subset

H = {z =rexp(in¢)|r >0,0 < ¢ <1} C C.

The phase of A is defined to be ¢(A) = LargZ(A) € (0,1]. An object E € A is said to
be (semi)stable if for any subobject A C E we have

$(A) < ()o(E).

Definition 2.2.4 (Harder-Narasimhan property [17), Definition 2.3]). Let Z : Ko(A) —
C be a stability function on the abelian category A. Then Z is said to have Harder-

Narasimhan property if for any nonzero object E € A there is a filtration

O=FCFE CEC---E, 1CE,=F
such that each F; = E;/E;_1 is a semistable object of phase ¢; and ¢1 > ¢g-- >
¢n—1 > ¢n

Definition 2.2.5 (Stability condition). A stability condition for D is a pair o = (Z, A)
which consists of a heart of a bounded t-structure A in D, and a stability function (called
the central charge of o) Z : Ko(A) — C such that Z satisfies the Harder-Narasimhan
property.

The above definition of stability condition is equivalent to the following definition [I7]

Proposition 5.3

Definition 2.2.6. A stability condition is a pair o = (Z,P) which consists of a slicing
P € Slice(D) and a group homormorphism called the central charge Z : Ko(D) — C,
such that it satisfies the compatibility condition: if 0 # E € P(¢) for some ¢ € R, then

Z(FE) =rexp(in¢), r > 0.

The objects in P(p) are called semistable of phase ¢, and the simple objects in P(¢)

are called stable.

The following lemma will be useful later.

Lemma 2.2.7 ([I7, Lemma 6.4]). If the stability conditions o = (Z,P) and T = (Z, P’)
have the same central charge and d(P,P’) < 1, then o = .
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Definition 2.2.8 (Support property). Let o = (Z,P) be a stability condition, by fixing
a norm || - || on Ko(D)r = Ko(D) @z R, o is said to have support property if there

exists a constant C > 0 such that
|1E]| < ClZ(E)

for any stable object E.

We denote by Stab(D) the set of all stability conditions with the support property. To
define the topology on Stab(D), Bridgeland [17] introduced the following definitions:

Definition 2.2.9. Let 0 = (Z,P) € Stab(D). The function || - || : Hom(Ky(D),C) —
[0, 400] is defined as

(W(E)|
1Z(E)|

Wl := sup{ . E semistable for a} .

Lemma 2.2.10 ([17, Lemma 6.2]). For o = (Z,P) € Stab(D) and 0 < € < * let
Ce(o) :={r = (W,Q) € Stab(D) : ||W — Z||, < sin(7e),d(P, Q) < €}.

Then by varying o, we get a basis for the topology of Stab(D).

The result on deformation of stability conditions is the main theorem of [17].

Theorem 2.2.11 ([I7, Theorem 7.1]). Let o = (Z,P) € Stab(D). Suppose there exists
0 < ey < g such that if 0 < € < g and W € Hom(Ky(D),C) satisfying

(W(E) — Z(E)| < sin(me)|Z(E)]

for any semistable object E € D with respect to o. Then there exists a unique stability
condition T = (W, P’) such that
d(P,P') <e.

Corollary 2.2.12 ([17, Theorem 1.2]). Let D be a triangulated category. For each
connected component ¥ C Stab(D) there are a linear subspace V (X) C Hom(K(D),C),
with a well-defined linear topology, and a local homeomorphism Z : 3 — V which sends

a stability condition to its central charge Z.

Since Ko(D) might have infinite rank, in practice we usually assume there is a quotient
group N of finite rank, and the quotient map is denoted by u : Ko(D) — N. Then let
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Stabp/ (D) be the subspace of Stab(D) consisting of stability conditions whose central
charges Z : Ko(D) — C factor through A/. Then the following result is an immediate

consequence of Corollary [2.2.12

Corollary 2.2.13 ([17, Corollary 1.3]). For each connected component ¥ C Stabys(D)
there are a linear subspace V(X) C Hom(N, C), and a local homeomorphism Z : ¥ — V
which sends a stability condition to its central charge Z. In particular, ¥ is a finite-

dimensional complexr manifold.

We recall some group actions on the space of stability conditions. Let ﬁ+(2,R)
be the universal covering of GLT(2,R). Note that an element in @ff(Q,R) can be
viewed as a pair (g, f) where ¢ € GLT(2,R) and f : R — R is an increasing map
with f(¢ + 1) = f(¢) + 1, such that g and f induce the same action on the circle
ST = {e" : 6 € R} = (R?\ {0})/Roo.

Definition 2.2.14. The space of stability conditions carries a right action by GTI4+(2, R).
Forg=1(g,f) € @fJ+(2,R) and o = (Z,P) € Stab(D), then o - g = (Zy4, Ps) where for
[E] € Ko(D)

Zy(B) =g ' Z(E), Pr(9)="P(f(9)).
The space of stability conditions also carries a left action by Aut(D). For T € Aut(D),
denote by t the automorphism of Ko(D) induced by T, then T (o) = (Z, Pr) where for
[E] € Ko(D)

Zy(E)=Z(t™'E), Pr(¢)=T(P(¢)).
Remark 2.2.15. From the definition of ﬁ+(2,R)—action, o and o - g have the same
set of semistable objects, but the phases have been relabelled. In particular, note that

the additive group C acts on Stab(D), via the embedding C — (ﬁﬁ(&R): an element
A € C acts by

N (Z,P) = (Z',P), Z'(B)=e""™-Z(E), P'(¢)="P(¢+Re(\).

In the end of this subsection, we recall the following important lemma:

Lemma 2.2.16 ([22, Proposition 7.6]). Fiz 0 # E € D, then

(i) the set of stability conditions o € Stab(D) for which E is o-stable is open;

(i) the set of stability conditions o € Stab(D) for which E is o-semistable is closed.
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Definition 2.2.17. Let A be the heart of a bounded t-structure in D which is of finite-

length, then we introduce a subset of stability conditions

U(A) ={o = (Z,P)[P((0,1])}.

The relation between simple tilts and stability conditions is the following;:

Lemma 2.2.18 ([15, Lemma 5.5]). Suppose A is of finite-length. Let o = (Z,P) €
U(A) the closure of U(A). Suppose that Z(S;) € Reg for some i, also ImZ(S;) > 0 for
Jj # 1, and Rg, A is finite length, then there is an open neighborhood V' of o such that
V CU(A)UU(Rg,A). Similarly suppose Z(S;) € Rsq for some i and ImZ(S;) > 0 for
j # 1, and Lg, A is finite length, then there is an open neighborhood V' of o such that

V! C U(A) UU(Ls, A).

§ 2.3 Exceptional collections, helices and mutations

We recall the definitions of exceptional collections, their generalizations called helices

and mutations.

Definition 2.3.1 (Exceptional collection). An object E in D is said to be exceptional
if

C ifk=0,

Homk (E, E) =
ol ) { 0 otherwise.

An exceptional collection E C D is a sequence of exceptional objects
E = (E()a"' aEn)

such that for all 0 < i < j < n, we have Hom%,(Ej, E;) = 0.

An exceptional collection E = (Ey,--- , E,,) is said to be strong if for all 7, j

Homk,(E;, E;) =0, unless k = 0.

We write thick(E) C D for the smallest thick subcategory of D containing the elements
of an exceptional collection & C D. An exceptional collection E is said to be full if
thick(E) = D.
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From the definitions above, we have that for a full and strong exceptional collection E,
the object @, E; is a tilting object in D. Given an exceptional collection E in D, the
right orthogonal subcategory to K is the full triangulated subcategory

Et ={X € D: Homh(E,X)=0for EcE}.
Similarly, the left orthogonal subcategory to E is
LE={X e€D: Hom}H(X,E) =0 for E c E}.

The subcategory (E) is admissible due to [7, Theorem 3.2], i.e. the inclusion functor
i: (E) — D has left and right adjoint functors. Thus the fullness of E is equivalent to
Et=0or ‘E=0.

We suppose FE € D to be exceptional. Given an object X € D, the left mutation of X
through E is the object L (X) defined up to isomorphism by the triangle

Li(X) —— Hom%(E, X) ® E—2 X —— Lp(X)[1],

where ev denotes the evaluation map. Similarly, given X € D, the right mutation of X
through F is the object RpX defined by the triangle

X - Hom$ (X, E)* ® E —— Rp(X) —— X[1],

where coev denotes the coevaluation map. Moreover, consider the left and right or-
thogonal subcategories of F, these two operations define mutually inverse equivalences

of categories (see [23 Appendix BJ)

Lg
T 25)

Rpg
Definition 2.3.2 (Standard mutation). Given a full exceptional collection ® = (Ey,--- , Ey),
the mutation operation o; for each 0 < i < n is defined by the rule
0i(Eo, -+, Ei—2, By, Ejy Ejya, - Ep)
- (E()v"' aEi*ZaLEifl(Ei)yEifhEl?Fl?' o 7En)

This operation takes exceptional collections to exceptional collections [7, Lemma 2.1].

And it takes full collections to full collections [7, Lemma 2.2].

The following definition is due to Bondal[7], and we refer our reader to [23, Appendix
B] for the proof.
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Definition-Lemma 2.3.3 (Dual objects). Let E = (Ey,--- , Ey) be a full exceptional

collection and define
Fj=Lg,Lg, -+ Lg, ,(Ej)[j], 0<j<n.
Then F} is called the dual object to E; and satisfies

C ifi=jand k=0,

k
Homp (E;, Fj) = { 0 otherwise

Under our assumptions for the category D, according to [§, Corollary 3.5] D has a Serre
functor Sp. By definition of the Serre functor, we have that Sp is an autoequivalence

of D and there are given bi-functorial isomorphisms
¢E,G : Homp(E, G) — Homp (G, SD(E))*

for E, G € D. A motivating example of the Serre functor is the following: when
D = DP(Y) for a smooth projective variety Y, then Sp := — ® wy[—dimY] is a Serre

functor.

The relation between Serre functor and mutation is the following:

Lemma 2.3.4 (]23] Corollary 2.10]). Let E = (Ey, E1,--- , Ey) be a full exceptional
collection in D. Then
Sp(En) = Li, -+ Li,_, (En).

The following definition first appeared in [51].

Definition 2.3.5 (Helix). A sequence of objects H = (E;);ecz in D is a helix if there

exist positive integers (n,d) such that

(i) for each i € Z the collection of objects (E;,--- , Eity) is called a thread and is a

full exceptional collection,

(ii) for each i € Z one has E;_p,_1 = Sp(E;)[—d].

Given a full exceptional collection [E, we can generate a helix using the Serre functor

Sp by defining E;_,;(n41) := (Sp)" (E;)[—dm] for every integer m. We also have the
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mutation for helices: given a helix H = (F}),cz and an integer ¢ modulo n + 1, then

we can get a new helix o;(H) = H' = (E%) ez

Ej—l 1fj:zmodn—}-1
E;.: LEj(Ej+1) ifj=i—1modn+1
E; otherwise

It is interesting to ask which properties are preserved under mutation, for example,

strong exceptional collection may not be preserved under mutation in general.

Definition 2.3.6 (Geometric helix[9]). A helixr H = (E;);cz is called geometric if for
any © < j we have
Hom}(E;, Ej) =0, k #0.

Equivalently, each thread (E;,--- , Ei1y) 18 a strong exceptional collection and

Hom®, (E Sgl(Ej)[zcl]) —0, fork#0,1>0, and all i, j.

Given a t-structure (D=, D=) of D, a helix H = (E});cz is called pure if each element

FE; is contained in its heart.

We have the following important result.

Theorem 2.3.7 ([9, Theorem 2.3 and Lemma 2.5]). The purity and geometricity of a

heliz of type (n,n) are preserved under mutations.



Chapter 3

T-structures on the cotangent
bundle of P?

This chapter studies the t-structures for X = Tot Qp2. We construct tilting objects
by using two methods and calculate the simple tilts from the t-structure induced by a
tilting object. This chapter is organized in the following way: we first recall some useful
properties for exceptional sheaves on P2, then we show how to obtain the tilting objects
for X by using the helix theory on P? in section As explained in the introduction,
we continue constructing more tilting objects by introducing an algebraic structure
called the secondary quiver in section and construct a functor from the category of
representations of the secondary quiver to Coh X, then in section we show that the
above functor sends tilting objects in the category of representations to tilting objects
on X. Finally in section we mainly calculate some (right) simple tilts from a given
t-structure induced by a tilting object.

§3.1 Exceptional objects on P?

First we recall the conception of (semi)stability of sheaves on P™: fix an ample divisor

on P" here we can choose the hyperplane H, then the slope of a pure sheaf (see [35]

25
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Definition 1.1.2]) F is defined to be

where r(F) is the rank of F.

Definition 3.1.1 ((Semi)stability). A pure sheaf F on P" is called stable (resp. semi-
stable), if for any subsheaf £ with strictly smaller rank than F, then we have

p(E) < pu(F) (resp. w(€) < p(F))

The following useful lemma is proved in [44, Propositions 2.9 and 2.10].

Lemma 3.1.2. If E is an exceptional object on P2, then E is a shift of a locally free
and stable sheaf.

A good proof of the following result is given by Bondal and Polishchuk [9, Example
3.2].

Lemma 3.1.3 (Gorodentsev, Rudakov). If (Eo, E1, E2) is a full and strong exceptional
collection in D°(P?), then the positive integers (a, b, c) defined by a = dim Hom pe p2) (Ep,
b = dim Hom pp2) (E1, E2) and ¢ = dim Hom pepay (Eo, E2) satisfy the Markov equa-
tion:

a? +b? + c¢* = abe.

Using the above lemmas, we can compare the slopes between the bundles in an excep-
tional collection in Db(P?):

Lemma 3.1.4. Let E = (Ey, E1, Es) be a full and strong exceptional collection consist-
ing of sheaves in D°(P?), then for j > i, we have u(E;) > u(E;).

Proof. If not, we suppose u(E;) < p(E;) for some j > i. Then we claim that
Homp2(E;, E;) = 0 since

(i) if u(E5) = p(E;). Any non-trivial homomorphism between stable bundles of equal
slopes must be an isomorphism. However, since Hompz(Ej, E;) = 0 by definition

of an exceptional sequence, therefore we have Hompz (E;, E;) = 0;

E1)7
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(ii) if p(E;) < p(E;), then Homp (E;, Ej) = 0 since there is no map between stable

bundles from the one with bigger slope to the smaller slope.

Then by Lemma we have a = b = ¢ = 0. Thus there is no map among FEy, E;
and Fs.

Since the exceptional collection is full, we see that D°(P?) can be decomposed into two
subcategories (Ep) and (Ey, Fs). But by [13, Example 3.2], this would imply that P?

is not connected, which is absurd. ]

The following known result will be useful to us:

Theorem 3.1.5. Let E = (Ey, E1, E2) be a full exceptional collection which consists of
sheaves in D(P?). Then E is strong.

Proof. By [44], Corollary 2.11], for i < j there is at most one Ext]lfpg (E;, E;) group which
doesn’t vanish, and such k # 2. So either Homp2 (E;, E;) # 0 or Ext[%pg (E;, Ej) #0. By

using the Riemann-Roch theorem for exceptional sheaves, we have

1 1 1
E;, E;) = —r(E)r(E; E;) — u(Ej))? E;) — u(E; .
(B B = 5r(Bar(E) (B ~ m(E) + 30(E) ~ BN + o155 + 057
By Lemma w(E;) > p(E;) when j > 4. Thus x(E;, E;) > 0, which implies
Extgs (E;, Ej) = 0. O

§ 3.2 First method of constructing tilting objects

First, we show for an object which classically generates the derived category of P?, then
the pull back of such an object under the bundle projection map 7 : X = Tot Qp2 — P?
will classically generate D’(X). We say T' € D’(X) is a generator in the sense of [10),
Section 2.1], if Hombb(X) (T, A) = 0 implies A = 0 in D?(X).

Lemma 3.2.1. Let E be an object which classically generates D*(P?), then n*E clas-
sically generates D?(X).
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Proof. Let QCoh(X) be the category of quasi-coherent sheaves on X. By [10, Theo-
rems 2.1.2, Theorem 3.1.1], it is equivalent to show that 7*E generates the category
D (QCoh(X)). Since 7 : X — P? is affine and flat, then (non-derived) 7, and 7* are

both exact. Thus we have L7* = 7* and R, = ..

For any object F' € D (QCoh X), we have the adjunction
Hom?%, qcon x) (7" E, F) = Homb(QCOhPQ) (B, 7.F). (3.1)

Then for any F' € D(QCoh X), suppose we have Homb(Qcoh X) (7*E, F) = 0, then due
to the adjunction (3.1)) and the fact that E generates D(QCoh(P?)), we have m,F = 0.
Since 7, has no kernel (this can be verified by taking an open cover of P2, then applying

the definition of ), we have F' = 0.

Applying the same argument in reverse this means that 7*FE classically generates
Db(X). O

We need the following results on the vanishing of certain cohomology groups.

Lemma 3.2.2. Suppose E = (Ey, E1, E2) is a full exceptional sequence of sheaves on
P? such that for any i, j € {0, 1, 2}, we have u(E;) — u(E;) < 2. For any object
F € DY(P?), we denote by F|g the restriction of F to the hyperplane H C P2,

Then we have for n > 0
H' (PY, Ef ® E;(n)|u) =0, (3.2)

Proof. Let i, j € {0,1,2}. By assumptions and Lemma we know u (E;(—2)) =
p(Ei) —2 < p(Ej). And since E; and E;(—2) are stable, we have Hom (Ej, E;(—2)) =0
or Hom (E;, E;(—2)) = C.
Using the Serre duality, we have

Extgs (E;, E;(—1)) = Homgpe (Ej, E;(—2))".
Thus we have Ext3, (E;, Ej(—1)) = Homp: (Ej, E;(—2))* =0 or C.

Let H = P! be a hyperplane in P?, then by the Grothendieck splitting theorem, we

denote by E;| = ,,c; O(sm)®"™ the restriction of bundle E; to H, where I is a finite
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set of indices, sy, € Z, kp, > 0. We write Ef ® Ej|lg = @,,cpr O(am)®" for an, € Z
and u,;, > 0. Let ap be the smallest number of the set {a,, }mer. Now we consider the

tensor product of the restriction sequence with Ef ® E;:
0——E7 ®Ej(—1) — B Q@ E; —— E} ®Ej‘H*>0.
The long exact sequence in cohomology gives

- —————— Extpo (B, Ej) —— Exty(Eilu, Ejlm) U

L Ext2; (E;, Ej(—1)) —— Extly (B, Ej) ——— -+

Now, Ext]%pg (Ei, Ej) = Ext]?ﬂ (E;, Ej) = 0 by the strong property of the exceptional
collection due to Theorem and Ext2; (E;, E;(—1)) = 0 or C by the previous

argument, thus
Exty (Ei|n, Ejlg) 2 H' (P!, B} ® Ejlg) = H' (P!, @ O(am)"™) =0 or C.
mel’

Then we can deduce that ay > —2. Then since n > 0, we have Ef ® E;(n)|y =
D..cr» Oam + n)*™ where ap, +n > —2 for any m € I', thus

H' (P', B} ® E;(n)|n) = H (Pl, P o(a +n)) = 0.

mel’

This finishes the proof of the lemma. O

Proposition 3.2.3. Let E = (Ey, E1, E2) be a full exceptional sequence of sheaves on
P2. Suppose for a pair of indices i, j € {0,1,2} we have that u(E;) — p(E;) < 2. Then

H* (P, B} ® E;(n)) = 0,

fork>0,n>0.

Proof. Let H = P! be a hyperplane in P2. We argue by induction on n. For n = 0,
the claim follows from the strong property of the exceptional collection. Now assume
H* (P2, Ef ® Ej(n—1)) = 0 for n > 1 and k > 0, then we consider the short exact

sequence

0— E'®Ej(n—1) — Ef ® Ej(n) —— E @ Ej(n)|g —— 0.
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By taking the associated long exact sequence and using the vanishing of H (]P’l, E ® Ej(n)| H)
for n > 0 (k = 1 follows from Lemma and k > 1 always vanish because P! is of

dimension 1), we have
H* (P2, Ef ® Ej(n — 1)) = H" (P*, Ef ® E;(n))) = 0.

The result follows from the induction.

Denote by 7 the tangent sheaf on P?, we have the following useful exact sequence:

Lemma 3.2.4 (Symmetric product of Euler sequence). We write P? as P(V'), where
V' is a linear space of dimension 3 (or for general n). Then we have the short exact

sequence of sheaves for k > 1:

0 —— Sym" 1 (V® O(1)) — Sym* (V @ O(1)) —— Sym* T —— 0. (3.3)

Proof. This follows directly from the following classical result in commutative algebra,
for the reader’s convenience we include a proof here: suppose there is a short exact

sequence of free A-modules

0 A—>N
then there is a short exact sequence
0 —— Sym* ' N SN Sym* N SN Sym* P ——0

where ¢ := e ® id®*~! and p := p®*. For an element n; ® --- ® ng € Sym* N whose
image under p is 0, we have at least one n; such that p(n;) = 0. Since we are in
the symmetric power of modules we can assume that i = 1, so ny = e(m) for some
m € M. Thus n; ® --- ® ng is in the image of €. Finally € is injective following from

that Sym*~' IV is flat and e is injective. O
Corollary 3.2.5. For a pair of vector bundles E and F on P?, we suppose
Exths (E, F(n)) =0

forn >0 and k > 1, then
Extk (7" E, 7" F) = 0.
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Proof. We have

Exty (" E, 7" F) = Ext},(E,F @ Sym" T) = (D HF(P?, E* @ F @ Sym" T)

n=0

by adjunction and m,Ox = Sym® 7. For each n > 1, we tensor the exact sequence ([3.3))
with E* ® F, and note that Sym” (V' (1)) = (’)(n)(nf). Thus we get an exact sequence:

n+2
n

0—>(9(n—1)(3ﬂ)®E*®F—>(9(n)( )®E*®F*>Sym”T®E*®F—>O.

Then we take the long exact sequence of cohomology groups:

n+2

Exth, (B, F(n)*"") —— Bxth (B, F @ Sym" Ts2) U

n+1 n+2)

L ExtZ, (B, F(n — 1)®G5) —— Bxt2, (B, F(n))®(":

SO H"/’(IPQ7 E* ® F ® Sym" T) vanishes due to the assumptions. O

Theorem 3.2.6. Let E = (Ey, E1, F») be a full exceptional collection of sheaves on P?
such that u(E9) — p(Ep) < 2, then T = @?:0 7*E; is a tilting object in D?(X).

Proof. We firstly show that Ext (7*T,7*T) = 0, for n > 0. Since the Ext functor

commutes with direct sum, it is enough to show that for any 4, j

Ext (n"E;, 7" Ej) = 0, for n > 0.

By Proposition and Corollary we have
H" (P*, Ef @ E; ® Sym® T) = 0,
for n > 0. Thus Ext'y (7*T,7*T) = 0 for n > 0.

Combining with Lemma that 7*T is a classical generator, we conclude that 7#*T
is a tilting object in D*(X). O

As a corollary, we have
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Theorem 3.2.7. Let E = (Ey, E1, E) be a full exceptional collection of sheaves on P2.
We denote by H the corresponding helixz generated by the Serre functor. There exists
a thread B! = (E;, E;y1, Eiyo) in H such that E' satisfies the conditions in Proposition
3.2.3. Thus the pull back of the direct sum of the objects in E' is a tilting object in
DY(X).

Proof. We denote the corresponding helix by H = (--- , Ey, F1, E9, E3, Ey4,- -+ ). Since
the Serre functor on P? is — ® O(—3)[2], we have

p(Ei-3) = p(Ei © O(=3)) = u(Ei) — 3.

We can consider the numbers ay = u(E2) — u(Ep), a1 = u(F3) — p(Er) and ag =
t(Eq)—p(E2). By Lemmal3.1.4] we actually have that the slopes in the helix are strictly
increasing, thus a; > 0. The sum ag + a1 + ag = p(Ey) — p(Er) + p(E3) — p(Ey) = 6.
Then one of the a; must be < 2. Then we let T = @;ﬁ m*F;, and due to Theorem
we have T is a tilting object in D°(X). O

Finally we say something about the endomorphism algebra of the tilting object con-
structed above. By derived Morita theory, given a tilting object 1. Then there is a

derived equivalence:
® = RHomy (7, —) : D*(X) — D’(B = Endx (7))

sending T to B. We take E to be a full exceptional collection consisting of sheaves and
satisfies the condition in Theorem [3.2.6]

Proposition 3.2.8. Let T = @, 7*E; be a tilting object. Then B = Endx T is noethe-

rian and has finite global dimension.

Proof. Since T is ample [31], the result follows from [45, Corollary 5.2.9]. O

Now since B is finitely generated, as pointed out by Bridgeland and Stern [23], we can
construct a quiver with relations (@, I) such that B = CQ/I. The quiver is constructed

in the following way: the vertex i corresponds to 7*E; (therefore we have three vertices
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in our case), and the number of arrows from vertex i to j equals the dimension of

irreducible maps from 7*F; to 7*Ej, i.e., the cokernel of the map

@ Homy (7" E;, 7*Ey) ® Homx (1% Ey, 7" Ej) — Homx (7" E;, 7" Ej).
ki, j

Therefore B can be naturally graded by the length of the path.

Denote by F; and S; the projective module and simple module associated with the
vertex i. We take the collection of dual objects F of E (Definition-Lemma and
denote by s : P2 — X the embedding map of the zero section. Then ® sends 7*FE; to
P; and s, F; to S; by definition [23] Lemma 3.7].

§ 3.3 Secondary quiver and universal extension

Let E = (Eo, E1, E2) be a full exceptional collection of sheaves in D?(P?) (then E is
strong by Theorem [3.1.5)), and we denote T; := 7*E;, T = ®;T;. In general, T' will not
be a tilting object, since we may have Ext’y (7', T) # 0, for n > 0.

Example 3.3.1. Let E = ((1),0,0(2)), note that p(O(2)) — (1)) =5/2. Then
Ext (770(2),7*Q(1)) = C3.

so T =7m*Q(1) ® 10 & 7*O(2) is not a tilting object.

However, in general we have
Lemma 3.3.2. Foranyi, j =0, 1, 2, we have
(1)
Ext3*(T;, T;) = 0,
(ii) if i < j then

Ext3' (T}, Tj) = 0.

Proof. (i) By Corollary it is enough to show that for any 4, j,

H" (P?, B} ® Ej(k)) =0, n > 2,
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where k£ > 0. The case k = 0 follows from the strong property of E. By restricting
the bundle Ef @ E; to a degree k curve C' in P? where k > 0, we have the short

exact sequence:
0— E'®Ej — E ® Ej(k) — Ef @ Ej(k)[c —— 0

Then we take the cohomology groups, and use the vanishing of H=2(C, Er ®
E;(k)|c) = 0 so we proved the first statement.

(ii) If i < j, then p(E;) < p(E;) by Lemma therefore they satisfies the condi-

tions in Proposition [3.2.3| and we have
H*(P?, Ef ® Ej(n)) =0
for k > 1, n > 0. By Corollary we have
Exth (1" E;, 7 E;) = Ext (T}, T;) = 0

for k > 1, this proves the result.

Now we package the non-tilting information of T" into the following algebraic structure,

and we call it the secondary quiver:

Definition 3.3.3 (Secondary quiver). Let E be a full exceptional collection on P?
consisting of sheaves and T; := n*E;. Then let Qg be the quiver with 3 vertices indexred
by 0, 1, 2, and the arrows from ¢ to j correspond to a basis of Extﬁ((Tj,Ti) as a C-
vector space. The quiver Qg is called the secondary quiver of E. The category of right
finitely generated module of CQEr is denoted by rep Qr = mod-CQgr. We denote the
simple module at the vertex ¢ in rep Qg by .5;.

Remark 3.3.4. Denote by n;; the number of arrows from i to j, in our conventions
(paths compose on the left and we consider right modules) we have n;; = dim Extl(Sj, Si),
where S; is the simple module associated with vertex i. With the notations above, we
have Ext(lcQE(Si, S;) = Exty (T3, Ty).

Proposition 3.3.5. Qg takes one of the following forms:
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(1)

0
8"
1 2
where ag; > 0, i € {1, 2} denote the number of arrows. Then any object M in

rep Qg fits into the short exact sequence:

0— 8 — s M —— ST B ST 0

where m; > 0.

(i)

N

where aja > 0, i € {0, 1} denote the number of arrows. Then any object M in

rep Qg fits into the short exact sequence:
0—— S S — M —— 57 ——0

m; € N.
From now on, we call the first quiver case 1, and the second quiver case 2.

Proof. There is no arrow from ¢ to j for ¢ > j due to Lemma The only case we
need to exclude is
01
— T —
where a2, ap1 > 0. By definition of the arrows in the secondary quiver, this is equiva-
lently to say

Exty(T;, Ti_1) #0, i =2, 1.
By using Proposition this implies u(E;) — u(E;—1) > 2, thus
p(EB2) — p(Eo) = (n(E2) — p(E1)) + (u(Er) — p(Eo)) > 4. (3.4)

However, consider the helix H = (---, Ey, F1, E9, E3,--+) generated by E. We have

pu(Es) = p(Eo(3)) = w(Eop) + 3, and pu(Eq) < u(Es) = u(Eo) + 3 by Lemma So
(3.4]) contradicts with this fact. O
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Following an idea in [32, Section 3], we construct the tilting objects from any full

exceptional collection EE. The procedure is called universal extension in loc. cit. and

we will use that name.

Definition 3.3.6 (Universal extension). Let E = (Ey, E1, E2) be a full exceptional
collection consisting of sheaves in D°(P?) (then E is strong by Theorem and
T, .= 7*E;

(1)

(i)

For the secondary quiver of case 1 in Proposition we consider the objects
T € Coh X (m =1, 2) which are obtained from the extensions:

Tm

0 —— Tp ®c Ext (Ty, To)* Trm Trm 0. (3.5)

If we consider the short exact sequence as a triangle in D®(X), then the con-
nection map 1is the adjoint of the canonical evaluation map (which is called the

coevalutaion map):
coevy, : Ty — To @ Exty (T}, Tp)*[1].

The mapping cone over the coevaluation map defines the exact sequence

uniquely up to isomorphism.

For the secondary quiver of case 2 in Proposition we consider the object
Ty € Coh X, which is obtained from the following extension:

' Ty T 0. (3.6)

0—— EBz’:O,l T; @c Ext (Ty, T})*

Again if we consider the short exact sequence as a triangle in D®(X), the connec-

tion map is the coevaluation map:

coevy
coev : Ty —— @ T ® EXt}){(szﬂ‘)*[l]-
i=0,1

coev()]

Similarly the exact sequence (@ 1s defined unique up to isomorphism.

Theorem 3.3.7. For the secondary quiver of case 1 in Proposition the object
T:=Ty& T, & Ts is a tilting object in D’(X).

For the secondary quiver of case 2 in Pmpositionm the object T := Ty & Ty & Ty is
a tilting object in D*(X).
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Proof. We prove the case 1, the proof of the case 2 is similar.

Firstly, since thick(T = &,T;) = D’(X) by Lemma and T; € thick(Tv) by defini-
tion, this shows that thick(T) = D(X). Now we check the vanishing of Ext='(T,T).

a) We firstly show that Ext=! TO,T;L = 0 for m = 1, 2. We take the long exact
(a) y X g
sequence of (3.5)) associated with the functor Hom(7p, —):

- Exth (To, To) ® Extk (T, To)* —— Exth(Ty, Tpn) —— Ext (To, Tn) j

L Ext% (Ty, Tp) ® Exth (T, To)* —— Ext (T, Trn) ———— -+ .

We have Ext% (T, Tp) = 0 and Ext% (Tp, T;,) = 0 (k > 1) because of the second
statement of Lemma Thus Ext)z(1 (To, T),) = 0 since the terms on the two

sides both vanish.

(b) Now we show that Ext)z(l(ﬁ/n,Tg) = 0 for m = 1, 2. By taking the long exact

sequence associated with the functor Homx (—, 7p):

- ————— Homx(Ty, Tp) ® Ext (Tp, Tp) 7

CaNnx

L Extk (Thn, To) —— Ext (Tpn, To) —— Ext} (Ty, To) @ BExty (T, Tp) j

L Ext} (T)n, To) — Ext% (T, Tp) =0

Note that the connection map is the Yonneda product[47, Definition 4.16]
can, : Homy (Ty, Tp) @ Ext (T, To) — Extl (Tin, To)
wad@n — .
Thus can, is surjective, then we can see that Extl (fn, Ty) = 0.

Since Ext)z(2 (T, To) = 0 due to the first statement of Lemma and Ext)z(1 (To, Tp) =
0, we have that Ext)%z(fn;, To) = 0 since terms on the two sides both vanish.

(c) Then we check that Ext)%l (fmﬁ;) = 0. By taking the long exact sequence
associated with functor Homy (T}, —) (i > 1):

+oo = Exth (T, To) ® Exth (T, To)* — Ext’ (Ton, T) — Exts (Ton, T) — -+ - .
(3.7)
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Since Extgf(fn, To) = 0 by part (b), so it is equivalent to check the vanishing of
Extiy Ty, Trn).-

Again we take the functor Homx (—, 7T},) of the universal extension sequence:
o = Ext (T, Trn) — Extiy (T, Tn) — Exctiy (To, Trn) @ Ext (T, To) — -+ .

Note that Ext)z(1 (To, Tpn) = 0 since 0 < m = 1, 2 and Ext’ (T}, Trn) = 0 be-
cause of Lemma [3.3.2 The cohomology groups on the both sides vanish, so we
have Extg((fn,Tm) = 0 for ¢« > 1. Return back to |i and we obtain that
Ext’ (T, Trn) = 0.

(d) Finally we check that EXt)z(l (ﬁ’m ﬁ) = 0 when m, n € {1, 2} (m # n). Consider
the universal extension of 7;, and we take the functor Homx (7,,,—), then we

have a long exact sequence:
-+ = Extl (T, To) @ Exty (T, To)* — Extl (T, Tr) — Extiy (Ty, Tp) = -+
Because Ext)z(1 (Tyn, To) = 0 by part (b), so it is equivalent to check that Exth (T, T,) =

0 for 7 > 1.

Again we take the functor Homx (—, 7)) to the universal extension of T),:
oo Bxthe (T, Tp) — Exth (T, Th) — Exth (Th, Tr) @ Exty (T, To)* — -+ -

Note that Ext)z(1 (Tv, T) = 0 by Lemma Since Ext)Z(l(Tm,Tn) = 0 by our
assumption of case 1 (there is no arrow between vertices n and m), thus we obtain
that

Extly (Tyn, Tn) = 0.

§3.4 The functor Fg and a second method of constructing tilting objects

Let E be a full exceptional collection of sheaves on P2. The object of this section is to
construct a functor from the category of representations of the secondary quiver rep Qg
to Coh(X), and we prove that the functor preserves the tilting objects and sends the

simple module S; at vertex i to T; = n* E;.
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Let T be the object obtained by the universal extension as in the Definition and
Theorem m The endomorphism algebra End T contains three idempotents e; which
are projection maps T — i We denote by e; the idempotents in CQg.

We first define an map from the path algebra CQg to End T:

Definition 3.4.1. We discuss the 2 cases in Proposition[3.3.5 separately

(1)

(i)

For case 1, the quiver takes the form

0 )
"
1 2
We define a map ¢ : CQr — End T which sends e; to e;; and for an arrow
o € Exty (Ty,, To) (m=1, 2)
va) : Ty — ﬁn, t(a)(to) == ym(to @ @), to € Tp

where o is the dual element of a in Extl(Tm,To)* and vy, 1s defined in the
universal extension sequence .'

Ym

0 —— Ty ® Ext Ty, Tp)* Tom Ton 0.
By extending v linearly to CQg. Then v is a map of algebras.

For case 2, the quiver takes the form

N

We define a map ¢ : CQr — End T which sends e; to & and for arrow o €
Ext) (T, Tn) (m=0, 1)
W) T —= To, (@) (ty) = 0(tm ® &), tm € Tin

where again ™ is the dual element of a in EXt%(TQ, Tn)* and 6y, appeared in the

universal extension sequence (@)

0

0— @120,1 T; ®c Extk (T2, T;)* T Ty 0.

By extending ¢ linearly to CQg. Then v is a map of algebras.



40

Definition 3.4.2. We denote A := CQg and B = Endi where T is defined in
Theorem [3.3.7] Then we define a functor Fq from

Fg :mod-A — Coh(X)

by the composition:

mod-A ~228 1mod-B ~22% Coh(X)

We have

Proposition 3.4.3. Fg is an exact functor.

Proof. We show the result only for case 1 in Proposition [3.3.5] since case 2 is quite
similar. In this case T = To @ ﬁ @ E

Since mod-A is a category of finite length, we only need to show that the derived functor

of Fg sends S; to the objects in Coh X, that is, it preserves the t-structure.

We consider the left derived functor of Fg:

-QLB —QLT
LFq : DP(mod-A) —25 DP(mod-B) —2+ Db(X).

In this case Sy = Py where Py := ¢gA. We also denote by P, = éB HomX(Tv,ﬁ-)
(=0, 1, 2) the projective modules in mod-B. Then by definition
LFo(Py) = Py @5 T =T,

in D’(X). Thus Fg is exact on Sp.

For S,, where m = 1, 2. We have a triangle in D?(A):

Sgeom = Sy @ Ext) (Sm, So P, S S 1]

where we denote by xf  the arrow from the vertex 0 to m.

By taking the functor — ®% B, we have a triangle in D°(B):

—~—®Daom L(Zk x’OCm)* ja —~®aom

Py P, Sp @4 B——— Py 1] (3.8)
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where +(>°, 2§, )« : Homy (T, Ty)®%m — Homx (T, T,y,) is induced from (o, 2k )
TSB“O"‘ — ﬁ; Then by taking the functor — ®Hé f, and under the canonical isomor-
phisms 131 ®HJ§ T =~ ﬁ, we have the morphisms between the distinguished triangles in
DY(X):

—~—@aom -~ [’(Ek z(I‘gm,) = ~ ~ —~®aom -~
Py QT —— 3P, QT —— 5, 4 BT — P, ® T1]

|

T[)@aom Ym Tm Tm coev To@aom [1]

the diagram is commutative since (), xk ) = 4 by Definition Then f is
induced from the morphism between the distinguished triangles. Therefore T,, = m®HA
B ®% T = LFg(Sy) in D?(X). Moreover, since the objects of lower triangle all lie in

Coh(X), we actually have a short exact sequence:
0 —— LF(Sp)®w0m = TP0m — LT (Phy) 22 Ty —— LF(Sm) = Ty —— 0.

So we have tested the exactness on any simple module S, in mod-A, the exactness of
F is obtained. O

The proof in the above theorem also implies

Corollary 3.4.4. For simple modules S; € mod-A, we have Fg(S;) = T;.

Here we say M is a tilting object in some abelian category, we mean M is a tilting

object in its corresponding derived category.

Theorem 3.4.5. Let E be a full exceptional collection consisting of sheaves on P2, Qg
be its secondary quiver and A be the path algebra of Qr. Then Fq sends tilting objects
in mod-A to tilting objects in Coh(X).

Proof. We prove case 1, the proof of case 2 is essentially the same. Firstly we show the
property of generating. Let R € mod-A be a generator for D’(A), then S; € thick(R)

for any 7. Then under the correspondence of Fg, we have
Fo(Si) =T € thick(]—"Q(R))

in D’(X) due to Corollary Now because @?:0 T; generates D°(X), thus we have
that Fg(R) generates the whole category.
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Given a tilting object R € mod-A, we assume R fits into

0—— S —— R—— ST @ ST ——0, (3.9)

and Exth (R, R) = 0. For any pair of objects M, N € mod-A4, Extff(M, N) = 0 since
A is the path algebra of an acyclic quiver without relations. For the corresponding
object T = F@(R) under the above definition, we have

0 Ty T ™ @ Ty —— 0. (3.10)

By applying the functors Homx (—, 7y"* & 75"?), Homx (—, 7;"°) and Homx(—,T') to
(3.10), we get the corresponding long exact sequences and put them in the first, second

and third row separately. Finally we get the commutative diagram:

00— Endx (T™ & T5"?) ——— Homx (T, T{™ @ T3"*) —— Homy (Tg", TI™ & T3"?)

Jm S

Endx (T7) —2 s Extl (T @ T, 1) — 2 Bxt L (T, TT™) ——— Bxt L (T7, T0) = 0

o w |

Homy (T, T) —2— Extl (17 & 79, T) —— 2 Exth (I, T) —— Bxt, (17", T) = 0

Exty (T, TI™ & T3"?) = 0

where the morphisms on the columns are obtained in the following way: we first apply
the functors Homx (77", —), Homx (T7™ & T3"2, —), Homy (T, —) and Homx (T3, —)
on ([3.10]) separately, then take the long exact sequences. The diagram is commutative

due to the naturality of derived functors.

We have a chain complex (not necessarily exact)

=(3) 050 -~
Endx(T]" ® T3") @ Endx (T"%) — = Bxtk (T7" & T, Tj") o3 Ext (7, T)

(3.11)
where f is surjective. To obtain Ext}((f, T) = 0, we only need to show that 7 is

surjective, since f onp = 0. So we consider the corresponding diagram in rep Qg by
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applying Hom functors similarly to (3.9)):

End4 (ST @ S5'?) - Homa (R, 57" @ 55'2) ——— Hom (5™, ST @ 55'2) =0

T T l

B 3:
nda(557%) L Bt (57 @ 577, 5770) — 2 Bt (R, S) —————— Bt (577, 57%) = 0

N J

Homa(ST0 R) — % L Bxti(S™M @S R) —— 2 L Exty(RR) — Exty (S, R) = 0

J |

Hom4 (S5, ST & S3%) = 0 Extl (S @ 532, 57" @ S5*2) =0 Exth(R, ST @ S5*) =0

As before, we have a chain complex:

=_ (%1

7=(5) oas
Enda(S™ @ S72) @ Enda(ST) -5 Bxtl, (ST @ 572, 5r0) =0°%,

=002 et (R, R) = 0,

but now it is exact at the middle term by diagram chasing: for any q € ker(f), there
exists s € Hom4 (S35, R) such that 01(s) = az(q). Since EndA(S5") = Homu(S)", R),
we denote by p; the corresponding element of s in End(S;"). Now consider ¢ =
¢ — B1(p1), then we have az(¢') = 0. By the exactness we have py € End (ST & S3")
such that o (p2) = ¢/. So we proved that there exists an element (p1,p2) € End (ST &

5'2) @ End4(S)™) such that 1(p1,p2) = ¢.

Thus 7 is surjective since Extk(R, R) = 0 by assumption. Comparing the above exact

sequence with the chain complex (3.11]), we have a commutative diagram:

End (ST @ S5) @ End A(SI™) —— Extl (S™ @ S5, SI)

B -

Endx (T @ T5"?) @ Endx (Tp") —— Ext (T7™ & T3"2, T")

Now 7 is surjective since 7 is surjective. Thus by the above arguments, we have shown
that Exty (T, T) = 0.

The higher cohomology Ext)>(1 (T, T) vanishes since Ext)>(1 (T;,T}) for any i, j . We have
proved the theorem. ]
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§ 3.5 Simple tilts and Ext-quivers

3.5.1 T-STRUCTURES IN Dj(X)

In the final section we calculated some simple tilts from a finite length heart in D§(X),
where we denote by Dg (X) the full subcategory in D?(X) consisting of objects whose
cohomology sheaves are set-theoretically supported on the zero section P? C Tot Qps.
Similarly, for some noetherian graded algebra W we denote by Dg(W) the full subcat-
egory of DY(W) consisting of objects whose cohomology modules are nilpotent. The

derived equivalence induced by the tilting object will restrict to the following case:

Lemma 3.5.1 ([I4, Lemma 4.4]). Let E be a full exceptional collection as in Theorem
and T = @, 7" E; € D*(X). Then the equivalence

® = RHom(T, ) : D*(X) — D(B = Endx T)
will restrict to an equivalence of full subcategories

RHom(T, —) : D}(X) — Dy(B).

Proof. As explained in the end of Section B can be written as a path algebra of a
quiver subject to relations. We denote by 5; the simple module associated with vertex
1. The collection of dual objects to [E is denoted by F. Then the result follows from the
fact that Dg(X ) is the smallest triangulated subcategory containing the objects s.F;
and DS(B) is the smallest triangulated subcategory containing the objects S;, while ®
sends s, F; to S;. ]

The standard t-structure on D’(B) induces one on D§(B) in the obvious way, and

pulling this back using the equivalence
RHomy (T, —) : D§(X) — D4(B)

of Lemma m gives a bounded t-structure on D}(X). If T = @ 7*E; for some excep-
tional collection on P? in Theorem we denote the induced heart by B(Ey, E1, E2).
Then B(Ey, E1, E9) is a finite-length abelian category with 3 simple objects: denote
the dual exceptional collection of E by F = (Fp, Fi, F») as in Definition-Lemma [2.3.3
Then the simple objects in B(Ey, F1, E2) will be

SO = S*Fo, 51 = S*Fl, Sg = S*FQ. (312)
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where we denote by s : P> — X the inclusion map.

Here we introduce a conception which encode the information of simple tilts:

Definition 3.5.2 (Ext-quivers). Let H be a t-structure of finite length in the triangu-
lated category D, then the Ext-quiver of H is the graded quiver Q(H) whose vertezes
are labeled by the simple objects S;, and whose graded k arrows S; — S; corresponds to
a basis of Homp(S;, S;[k]).

We denote by A the heart of the t-structure which is obtained from the tilting object
T=r*0(-2) ®7*O(—1) ® 7*O, that is A = B(O(-2),0(-1),0).

For the heart A, we list the following information:

Simple objects By definition of dual collection (Definition-Lemma [2.3.3)), we have
F = ((0(=2), Lo-2O(-1)[1], O(-3)[2]),

the last identity Fy = Lg, Lg,F2 = Ey ® wp2[2] follows from Lemma For
the middle term, by definition

0 — Lo(—2)0(—1) — Homp: (O(—2), O(~1))®0(-2) = O(-2)* — O(-1) — 0.
By comparing the above short exact sequence with the Euler sequence
0—Q—0O(-12 — 0 —0
we obtain that Lo_9)O(—1) = Q(—1). Therefore
So = $:0(=2), 51 = s.Q(-1)[1], S2 = 5.0(-3)[2].

Dual Objects The dual objects in D¥(X) which are Py = 7*O(=2), P, = 7*O(=1), P, = 10O
such that Hombb(X)(Pi, S;) = 6;;C.

Ext-quiver The arrows in the Ext-quiver which will be:

Ext’ (S0, 51) = Extly (5.0(—2),5.2(—1)[1])
= Extf';gl (s*5.0(-2),Q(-1))

2
= Pt (0(-2) 0 AT.0(-1)
k=0

2
= putt (]P’2,Q(1) ® /\kQ> :
k=0
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in the third equation 7 is the tangent sheaf and we use the formula obtained from
the Koszul resolution s*s,0p2 = @ A*T[k] in D*(P?) [34, Proposition 11.1]. We
firstly tensor the vector bundle (1) by the exterior powers of the Euler exact

sequence:

0 AFQ ANV (=1) —= A1 ——0

Then we take the long exact sequence of cohomology groups, and do the induc-

tions on k of AFQ. Finally we get

C p=landg=1, 2
HP (P2, Q1) @ AQ) =4 C p=2and ¢=2

0 otherwise.

Thus we have

i=1, 3,

otherwise.

4 C3
EXtZX(So,Sl) = { 0
Similarly we have

i=1, 3,
otherwise.

EXtiX(Sl, SQ) = {

Ext'y(So, S2) = .
otherwise.
1=0, 2, 4,

otherwise.

C3

0
c?  i=2,

0

, C

(m =0, 2) Ext(Sm,Sm) = { .

C

1=0, 4,
Exté((Sl, Sy) = Cc1o 1 =2

0 otherwise.

the other arrows can be obtained from the Serre duality
HomD(Si, Sj [k]) = HomD(Sj, 52[4 — k‘])*

We summarise the dimensions of Ext-groups between the simple objects in the

following table:
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dimc Ext"(S5;,5;) | n=0 n=1 n=2 n=3 n=4
(i,5) = (0,0) 1 0 1 0 1
(i,5) = (0,1) 0 3 0 3 0
(i,7) = (1,0) 0 3 0 3 0
(i,5) = (1,1) 1 0 10 0 1
(i,5) = (1,2) 0 3 0 3 0
(4,5) = (2,1) 0 3 0 3 0
(i,5) = (2,2) 1 0 1 0 1
(i,5) = (0,2) 0 0 3 0 0
(i,5) = (2,0) 0 0 3 0 0

Finally We draw the Ext-quiver of A as the following: the black arrows are of

degree 1, the red arrows are of degree 2:
10
QWASYENTS
— —
So S1 S (3.13)
<~ ~— ~ —

we omit the arrows of other degrees since they can be read from the Serre duality.

3.5.2 MUKAI FLOPS

According to the Ext-quiver (3.13]) of A, we see that there is a symmetry between Sy
and Sp. In fact, we can write down explicitly the auto-equivalence of D?(X) which
interchanges Sy and Se. This is quite useful for simplifying the calculations of the

further simple tilts.

Definition 3.5.3 (Mukai flop). Let g : Z — X be a blow-up along the zero section of
the projection 7 : X — P2. The exceptional locus E(C Z) of g is the incidence variety
in P2 x (P2)V where (P2)V is the dual projective space. By blowing down Z along the
projection E — (P?)V, we obtain a birational map g* : Z — X+ = Tot Qpzyv. The
resulting birational map

p=gtogt: X » X T
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1s called a Mukai flop.

The following result was proved in [48, Theorem 3.1] [37, Corollary 5.7]:

Theorem 3.5.4 (Derived equivalence for Mukai flop). Let ¢: X » Xt denote
the Mukai flop between X and X+, then we have a derived equivalence ® : Db(X) —
DY(X ™). Moreover, the derived equivalence can be restricted to D§(X) — D§(X ™).

Proof. Here we adopt the proof from [54, Example 5.3]: put Ox (1) := 7*O(1). Then
we have a tilting object ¢ = ®?_,Ox (—i) by Theorem Since ¢ is an isomorphism
in codimension one, there is an equivalence between the categories of reflexive sheaves
on X and X . Denote ¢’ the sheaf corresponding to € on X . By results in [48, Lemma

1.3], we have

2
& = P Ox+(i).
i=0
Since we have the isomorphism of rings

¢, : Endx(e) = A—— A+ = Endy+ (&)
so we have the equivalence of derived categories:
®: DV(Xt) —— DY(AT) —— DP(A) —— D°(X).
By restricting to the full subcategories, we have an equivalence:

& Dj(XT) —— DS(AT) —— D§(A) —— DY(X).

Then under the canonical isomorphism between P? and (P?)Y, we can view ® as an
autoequivalence of D?(X) (resp. D§(X)).

Proposition 3.5.5. Let E = (O(-2),0(-1),0), A be the associated bounded t-
structure on DS(X), and S; be the simple objects in A. Let W := (— QL OX(—Q)) o®,
then we have V(A) = A, and ¥(S;) = So—j for j =0, 1, 2.

Proof. Since by Theorem[3.5.4] Ox (i) (=2 < i < 0) is sent to Ox (—i) via @, then it fol-
lows that ¥ (Ox (7)) = Ox(—i—2) for —2 < i < 0. Thus we have ¥ (@?:72 W*O(i)> =
@Y, Ox(i), and we get that U(A) = A.
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If we denote by Py = Ox(—2), Pi = Ox(—1) and P, = Ox, then the ¥(S}) is uniquely
determined by the dual relation with ¥ (F;), i.e

C 1=,

Homu ) (wm),wj)):{ C oot

Since W (P;) = P>_;, thus we have ¥(S;) = So_; for j =0, 1, 2. O

We proceed to calculate the simple tilts at S; of A, and their Ext-quivers:

3.5.3 SIMPLE TILT AT S

Denote by C := Rg, A the right simple tilt at S, we list the following information:

Simple objects

Dual objects

Ext-quiver

by Proposition the simple objects are U; = Si[—1] = s5.Q(-1), Uy, U,

where Uy and Us fit into the following short exact sequences:

0 = 5,0(=2) = Uy — s.Q(—1)[1]* = S ® Ext'(S}, Sg) — 0, (3.14)
0 = 5,0(=3)[2] = Uz — 5.Q(=1)[1]> = S; @ Ext!(S1, S2) — 0. (3.15)

Note that by Proposition we have U(Up) = Uz and ¥(Uz) = Uy.

The dual objects in D°(X) are To, 7 O0(-2), 7O, where Ty fits into the universal

extension sequence

0 —— m*Q(-1) Ty 03 0.

Note that T := T(/) @ 1*0(=2) @ 7*O is a tilting object, and obtained by the
universal extension of the pullback of E = (Q(—1), O(-2),0).

We calculate the dimensions of Ext-groups between the simple objects in the
appendix at the end of this chapter, the readers could refer to them for interest.

The dimensions of Ext-groups are summarised in the following table:
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dimc Ext"(S5;,5;) | n=0 n=1 n=2 n=3 n=4
(i,5) = (0,0) 1 0 1 0 1
(i,5) = (0,1) 0 3 0 3 0
(i,7) = (1,0) 0 3 0 3 0
(i,5) = (1,1) 1 0 10 0 1
(i,5) = (1,2) 0 3 0 3 0
(4,5) = (2,1) 0 3 0 3 0
(i,5) = (2,2) 1 0 1 0 1
(i,5) = (0,2) 0 0 3 0 0
(i,5) = (2,0) 0 0 3 0 0

10
: 27 O O
73 73
QUO T u T (3.16)

as before the black arrows are of degree 1, the red arrows are of degree 2, and we

omit the arrows of other degrees since they can be read from the Serre duality.

3.5.4 SIMPLE TILT AT So

We denote I' := Rg, A and I := Rg,.A. Combining the Proposition with Lemma
[2.1.6] we have

VU (RsyA) = Ry(s)V (A) = Rg, A

Thus I' = Rg, A =T = Rg, A. Under the equivalence we only need to calculate one of

the Ext-quivers (here we choose I'):

Simple objects the simple objects are Wy = s,0(-2), W1 = s,.0(=3)[1], W3 = s.0(—4)[2].

Dual objects The dual objects in D(X) are 7*O(—2), 7*Q, 7*O(~1), and T = 7*O(-2) ®
Q& 7*O(—1) is a tilting object;
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Ext-quiver e Calculations of Ext’ (Wy, Wp):
Extl (5.0(-3)[1],5.0(~2)) = EDExti;*! (0(_3) ® AR T, 0(_2))
k=0

_ é S (P2, OF @ 0(1))

k=0
e =,
B 0 otherwise.
e Calculations of Ext (Wa, W):

2
Extly (s.0(—4)[2],5.0(-2)) = @D Extj,"? (0(74)®/\k7',(9(—2)>
k=0

2

- PuH2 (IP’Q, OF @ 0(2))

k=0
Cct =2,
= c3  i=3,

0 otherwise.

e Similarly for Ext’ (Ws, W1), we have

2
Extl (s.0(~4)[2],,0(-3)[1]) = EQH ! (P2,Qk®0(1))
k=0

o =,
B 0 otherwise.
e Tor Exty (W;,W;) (j =0, 2) we have

2
Exty (W, W;) = @DH (IP?, Qk)
k=0

{C i=0, 2, 4,

0 otherwise.

We summarise the dimensions of Ext-groups between the simple objects in the

following table:
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R e RSO N e T S S S o B Y
O W o W o o wo o
o R OO0 R O O
W o OO0 Wwo o wo
e R e B SO N e S S e S o B

Finally the Ext-quiver Q(B) will be

OO,

6
Appendix: calculations of Ext-quiver of Rg, A

We keep using the notations as in Section We need the following lemma for our

calculations:

Lemma 3.5.6. Uy = s5,P[1] where P € CohP? fits into the following short exact

sequence:
0—— P——Q(—1) ® Hompz (2(—1),0(-2)) —— O(—-2) —— 0 (3.17)

that is, P = Lo(—1)O(—2) (the left mutation).

Proof. Since s is a closed immersion, then s, is exact. Then we push-forward by
Sx, then shift the resulting short exact sequence by degree 1. Note that
Ext!(S1,50) = Extk(s.Q(—1)[1],5.0(-2))
= Homx(s.02(—1),5.0(-2))
= Homp2(02(-1),0(-2)),
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by comparing with (3.14]), we have Uy = s, P[1] by the uniqueness of the cone. O

Moreover, P is again an exceptional object and (O(—3),Q(—1), P) forms a full and

strong exceptional collection on P? by Theorem 2.10.

e To calculate Extg((Ul, Up), we take the long exact sequence of 1D associated
with Homy (U1, —) = Homx (S1][—1], —):

Ext (U1, 80) = 0 —— Exty (U1, Uy) —— Extl (U, S73) = €3 U

1)
[» Ext% (U1, Sp) = C3 —— Ext% (U, Uy) — Extk (U, SF?) =0 U

L Ext% (U1, Sy) = 0 —— Ext% (U, Uy) —— Ext3 (U1, S%) = C3 j

[» Ext% (U1, Sy) = 0 —— Ext (U1, Uy) — Ext% (U, ST?) =0

To determine the surjectivity of the connection map &, we can show that
Ext% (U1, Up) = 0: by the Serre duality, we have

Ext3 (U1, Up) = Ext%(s.Q(—1),s.P[1])
= Extk(s.P, 5.0(—1))*.
Then we use the Koszul resolution again, we have
Exth (5.P,5.0(—1)) = Extps(s*s.P,Q(~1))
= Extge(P,Q(—1)) @ Hompz (P @ T, Q(—1)).

The first component vanishes since P and Q(—1) form part of a strong exceptional
collection. By we get that ¢o(P) = 5 and ¢;(P) = —13, thus ¢o(P®7) = 10
and ¢;(P®T) = —11. So we have (P ® T) = —10/11 > p(Q(-1)) = —5/2.
Since P, 7 and Q(—1) are slope semistable sheaves, and so is P ® T (see [35]
Theorem 3.1.4]), there is no map between the semistable sheaves from the larger
slope to the smaller one, so Homp2(P ® 7,Q(—1)) = 0. We have shown that
Extgf(Ul, Up) = 0, by taking this to the above long exact sequence, we can read
that
c* =1,
Extl (Uy,Up) = c =3,

0 otherwise.
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e For Ext% (U1, Us), we apply the functor ¥, and by using that W(U;) = Uy,
U(Up) = Us, we have

c*  i=1,
Ext (Uy,Us) = Ext (U, Up) =4 C*  i=3,

0 otherwise.

e To get Ext!(Us, Up), we first take the long exact sequence of ([3.15) associated
with Hom(—, Up) (note that Ext’ (S1,Up) = Ext’y ' (U1, Up)):

Exty (S1,Up)? =0 ———— Exth (Us, Uy) ——— Ext’(Ss, U
X X X 7

[» Ext3 (S1,Up)? = C¥ ——— Ext% (U, Uy) —— Ext3(S2, Up) 7

(3.18)
L Ext3 S1, Uy 3 =0 — Ext? Us,Uy) — Ext3 Sy, Ug
X X X ]

[» Ext4 (S1,Up)? = C° —— Ext% (U, Up) = 0 —— Ext% (52, Up)
We first determine
Ext (S2, Up) = Exty (s.0(—3)[2], s+ P[1]) = Ext’y *(s.0(=3), 5. P),
where P was defined in the short exact sequence .
(i) 4 =1, then

Ext} (S, Up) = Homy/(s,0(=3),s.P)
= Homp2(O(-3), P).
Then we take Hom(O(—3), —) to (3.17)), and note that Ext!(O(=3), P) =0
since (O(—3),Q(—1), P) forms a strong exceptional collection, then we get
that
Homp2(O(—3), P) = CS.
Thus Ext} (Sy, Uy) = CS.
(ii) ¢ =2, then

Ext% (S2,Up) = Extpa(O(—3), P) ® Homp2 (O(—3) ® T, P)
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(iii)

then first component vanishes. We have ¢ (T(—3)) = 2, 1 (T(-3)) = 0,
then p(7(=3)) =0 > u(P) = —13/5, so there is no map from 7(—3) to P

since they are both semistable sheaves. Thus
Ext% (S2, Up) = 0.
1 =3, then
Ext3 (S2,Up) = Extf.(O(-3),P) @ Extp(0(-3) & T, P)
@ Homp2 (O, P)

the first component vanishes, the third component vanishes because pu(Q) >
u(P) and they are semistable sheaves. For the second component, we take

Homp2 (7 (—3),—) on the short exact sequence (3.17)) and obtain the long

exact sequence

Homgps (T(—3), O(~2)) —— Extls (T(—3), P) — Extd, (T(=3), 2(-1))*

J

Extge (7(~3), 0(~2))

(3.19)

We have Homps (7 (—3),0(—2)) = Extp (7 (—3), O(—2)) = 0 by the Bott
formula. By taking Homp2 (7 (—2), —) on the Euler sequence, we have

Extps (T(—2), Q) = Extps (T(=3),Q(-1)) = C°.
Return to (3.19)), we have Extg, (7(—3), P) = C%. So finally we have

EX‘D%(SQ, Uy) = C®.

Taking the above infomation back to (3.18)), we get that Ext3,(Us, Up) = 0 by the
exactness. By Serre duality and applying the autoequivalence ¥, we can also get
Extl (Us, Up):

Exty (Up,Uy) = Exti(Uy,Us)*
= Ext} (U(Up), ¥(Uh))*
= EXti(UQ,Uo)*
= 0.

Ext3 (Uz, Up) can be read from the exact sequence:

0—— Ext}((SQ, S()) =Ct— Ext§<(S1, 50)3 =C¥ — Extgc(UQ, U()) —0.
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So we have Ext3 (Us, Up) = C™. In summary, we have

c™ =2,

EthX(U%UO) B { 0 otherwise

And Ext; (Up, Us) is obtained by the Serre duality:

Ext’ (Up,Uz) = Exty ‘(Uz, Up)*
o i=2,
B 0 otherwise.
For Ext (Uy, Up), we have Homx (Up, Up) = Ext’ (Up, Up)* = C, and

Exty (U, Up) = Extk(s.P,s.P)
= Extp (P, P) ® Homp2 (P ® T, P).
Then the first component vanishes because P is exceptional. In the calculations

of Ext?(Uy,Up), we have u(P ® T) = —10/11 > pu(P) = —13/5. Then the second

component also vanishes.
Also we obtain Ext% (Up, Up) = Ext (Up, Up)* = 0.

Then we calculate the Euler characteristic x(Uy, Up), since [Up] = 3[S1] + [So] in
the Grothendieck group:

x(Uo,Uo) = x (3[S1] + [So. 3[51] + [So])
= 9x(S1,51) + 3x(51, S0) + 3x(S0, S1) + X (S0, So)
= 75
We have x(Up,Up) = 2 + dim Ext% (Up, Up) = 75, so Ext% (Up,Up) = C™. In

summary, we have

C =0, 4,
Extl (Up,Up) = c™® =2,

0 otherwise.

By applying the functor ¥, we have

Ext’ (Uy,Uy) = Exty (U(Up), ¥(Uy))
C i=0, 4,
= ¢ CB  i=2

0 otherwise.
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e Finally for Ext’ (U1, U;) we have

Eth((Ul,Ul) = EXté((Sl,Sl)
C 1 =20, 4,
= ¢ C% =2

0 otherwise.



Chapter 4

Invariant stability conditions on
local P! x P! (after [24, 26])

This chapter studies a subspace of stability conditions on X = Tot wpip1 which are
invariant under an autoequivalence ® of D®(X). We first construct the autoequivalence
® explicitly in section Then we calculate the double simple tilts of a given t-
structure A in section and relate the tilted heart to A by certain autoequivalences
of D¥(X). Then in section we prove one of the main results in this part: we give a
complete description of the stable objects (up to a shift of degree) for a set of ®-invariant
stability conditions with the fixed heart. The description depends on the representation
theory of Kronecker quiver, which we will recall in the beginning of section In the
final section, we describe a connected component of the space of ®-invariant stability
conditions on X and show that all such stability conditions are algebraic in the sense
of [16 2]. Throughout this chapter, we write Z = P! x P! and C = D}(X) the full

subcategory of objects which are supported on Z.

58
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§4.1 Quiver symmetry and autoequivalence

4.1.1 QUIVER

There is a full and strong exceptional collection on Z:
E = (0(0,0),0(1,0),0(1,1),0(2, 1))}
which has the dual collection

F = (0(0,0),0(-1,0)[1], O(1, —1)[1], O(0, —1)[2]).

As in the introduction, we denote by 7 : X — Z the bundle projection map, p; :
Z =P xP' - P!, i =1, 2 the projection maps to each component. We denote by
s: Z — X the embedding map of the zero section.

Lemma 4.1.1. The pull back Q = @1 7 E; 1s a tilting bundle on X.

Proof. We have

Exth (7°O(a,b), 7 O(c,d)) = Ext% (O(a,b), mn*O(c,d))
= @Extiz (O(a,b),0(c,d) ® (wWp1p1)")

= GBHZ P! x P',O(c — a+2n,d — b+ 2n))

= @ P B (P!, 0(c — a+2n)) @ H'(P',O(d — b+ 2n)).
n=0 s+t=1

For i >0, H (P x P!, O(c — a + 2n,d — b+ 2n)) = 0 unless

(i)c—a+2n< -2, d—=b+2n>0o0ord—>b+2n< -2, ¢c—a+2n > 0;

(i) c—a+2n< -2, d—b+2n < 2.

The reason why we choose the above exceptional collection instead of the usual one on P! x P
E' = (0(0,0),0(1,0),0(0,1),0(1,1)) is given below, see the beginning of Chapter
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Since —1 < d —b < 1 in our case, so only the first part of case 1 is possible. One
can easily verify the bundles in our exceptional collection do not belong to this case.
Therefore Ext’ (Q, Q) = 0 for i # 0.

The proof of the generating property for Q is the same as in Lemma We finished
the proof. 0

The endomorphism algebra B = Endx(Q) is noetherian [23, Theorem 3.6], therefore
we can write it as the path algebra of a quiver () subject to relations, and grade it by
the length of paths. The vertex is indexed by ¢, and the number of arrows from i to j
is the dimension of space of irreducible maps from 7*FE; to 7*Ej, i.e., the cokernel of

the map
@ Homy (7" E;, 7*Ey) ® Homx (1% Ey, 7" Ej) — Homx (7" E;, 7" Ej).
ki, j
For a noetherian graded algebra A, we denote by D$(A) the full subcategory of D?(A)

consisting of objects whose cohomology modules are nilpotent and modg-A the category

of nilpotent modules of A. The proof of the following result is the same as Lemma|3.5.1
Corollary 4.1.2. There is a derived equivalence:

Ro :=RHom(Q, ) : C = D}(X) — Dj(B = Endx(Q)).

From now on until the end of the paper, we denote by A the heart of the t-structure

in C induced by Q, i.e. it is equivalent to modg-B under Rg.

Let I ={0,1,2,3} be the set of indexes.

Corollary 4.1.3. There are 4 simple objects up to isomorphism in A which are {S;}ier =
{s+F;}icr, here F; is in the dual collection F.

Proof. We write P; the projective B-module and C; the simple B-module associated
with vertex i. Then mody-B is the extension-closed subcategory of mod-B generated
by {C;}icr and {C;};cs is the set of all simple B-modules in mody-B. By definition of
Ro, m*E; is sent to P;. Then s, F; is sent to C; which follows from the definition of the

dual collection:

HOIn'Db(X) (TI'*EZ‘, S*F’J) = HOIn.Db(Z)(Ei, Fj) = 5U(C
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O]

We write down the simple objects explicitly here:
So = $.0(0,0), S; =s.0(-1,0)[1], S2=s.0(1,-1[1], S3=15.0(0,-1)[2].

Proposition 4.1.4. The quiver Q = (Qo, Q1) of the endomorphism algebra Endx (Q)

8

0 i; 1 (4.1)

1
ISHZIB yQHIQ
Ya
J&T————2
4

T

Proof. The number of arrows from i to j can be calculated by the dimension of the
vector space Extk—(Sj, S;) (we use the convention that paths compose on the left). By
using the Koszul resolution [34, Chapter 11] along the embedding map s, for any sheaf
F on Z we have

s*s, F = F @ (Fowyll))

in D*(Z). Therefore
Ext'¥ (s.F}, 5. Fj) = Ext}(F;, Fj) @ Ext} "(Fj, F;)*.
For example
Extl (s.0(1, —1)[1], 5.0(~1,0)[1])
— Exty (0O(1,-1),0(~1,0)) & Ext} (O(—1,0),0(1, —1))*
= H'(P'xP',0O(-2,1))
= C2

The other calculations are similar. Therefore we get the given quiver Q). O

We denote by I the relations of paths in Endx(Q) and rep,;(Q,I) = A the category

of nilpotent representations of quiver with relations.

Remark 4.1.5. Since B = Endx(Q) is graded 3-Calabi- Yau in the sense that the full
subcategory consisting of objects with finite dimensional cohomology modules D%n(B)

has Serre duality:

Ext(M,N) = Ext}; *(N,M)*, M, N € D},(B).
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Then work of Bocklandt [6] shows that the relations of Endx(Q) can be encoded in
compact form in a potential. Thus we can write

B=DB(Q,W)=CQ/.,W :a€ Q)

for some non-uniquely defined element W € CQ/[CQ,CQ]. In fact we can write down
the potential W explicitly here: keep the notations as in . Then

W = 242322201 + Yay3y2y1 — YaT3y2L1 — TaY3r2ayi.
The corresponding relations are (for j € Z4):

O, W = 2j13%j10%j41 — Yj43Tj42Y41 = 0,

Oy, W = yj+3Yj+2yj+1 — Tjy3yj+2241 = 0.

4.1.2 AUTOEQUIVALENCE AND INVARIANT STABILITY CONDITIONS

The spherical object and spherical twist were introduced by Seidel and Thomas [53].
We briefly recall the definition and property here: for our use we simply consider
D := D(V) where V is a local Calabi-Yau variety of dimension n.

Definition 4.1.6. An object S € D is called n-spherical if the following conditions are
satisfied:

(i) For any F € D, Hom},(F,S) and Hom%, (S, F') have finite (total) dimension over
C.

(ii) We have
C k=0, n,
0 otherwise.

ExtX (S, 5) = {

Let S be a spherical object in D, then the spherical twist Twg(E) of E € D is defined

to be the cone of the canonical evaluation morphism:

Hom®(S, E) ® § —— E —— Twg(E) —1

The following important lemma is due to Seidel and Thomas.
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Lemma 4.1.7 ([53]). Let S be a spherical object in D, then Twg is an exact autoe-

quivalence of D.

Lemma 4.1.8. If E is an exceptional object on P' x P!, then s,E is a 3-spherical
object in D*(X).

Proof. The first condition satisfies since s« E has compact support, therefore Hom%, (F, s, E)

and Hom,(s.E, F') have finite dimensions. By using the Koszul resolution as in Propo-

sition we have

Ext (s.E,s.E) = Ext%(E,E)®Ext} "(E,E)

B C n=0, 3,
N 0 otherwise.

Define 7 : P! x P! — P! x P!, 7(x,9) := (y,z), it has a natural extension to an
automorphism of w = Tot O(—2,—2) which we also denote by 7. We consider the
following functor

U:=71*0Twg,o(—@7"0(0,1))

which is an autoequivalence of D°(X) since it is a composition of autoequivalences.

Lemma 4.1.9. Let A be the heart of the bounded t-structure induced by Q, and S; the
simple objects in A defined in Corollary[4.1.5. Then

\I/(SZ) = Sprl, 1 E Zy.

Therefore ¥ reduces to be an autoequivalence of A.

Proof. By the projection formula, we have

5:0(a,b) @ m*O(j, k) = s4(0(a,b) @ s*1*O(4,k))
= 8 (0(a,b) ® O(4,k))
= 5.0(a+j,b+k).

(i) Recall S3 = s,0(0,—1)[2]. Thus S3 @ 7*0(0,1) = 5,0(0,0)[2] = Sp[2]. Now

U(S3) = 7" Twg,(S0[2]) = 7Sy = 7"5.0(0,0) = S,
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(iii)

where the second equality follows from the standard result, that if S is an n-
spherical object, then
TWS(S) = S[l — n],

and n = 3 in our case.

For Sy = 5.0(0,0), So @ 7*0(0,1) = 5,0(0,1). By using the similar calculations

in Proposition |4.1.4] we have
Hom® (5,0(0,0), 5,0(0,1)) = C?,
then Twg, (s.0(0,1)) fits into the triangle:

5.0(0,0)%2 — 5,0(0,1) —— Tws, (:0(0,1)) —

By applying the exact functor s, to the short exact sequence on Z:

0—— 0(0,-1) 0%? 0(0,1) ——0

and comparing with the above triangle, we have
Twg, (s+0(0,1)) = 5,0(0, —1)[1].
Thus ¥(Sy) = 7*5.0(0, —1)[1] = 5.0(—1,0)[1] = S;.
For S; = s.0(—1,0)[1], S1 ® 7*0(0,1) = s,O(—1,1)[1]. Since
Hom® (5,0(0,0), 5,0(—1, 1)[1]) = 0,

then Twg, (s.O(—1,1)[1]) = s.0(—1,1)[1]. So we have

U(S)) = 75,0(~1,1)[1] = 5,0(1, —1)[1] = S>.
For S = 5,0(1, —1)[1], S2 ® 7*0(0, 1) = 5,O(1,0)[1]. Since

Hom® (5,0(0,0), 5,0(1,0)[1]) = C?[1],

then Twg, (s.0(1,0)) fits into the triangle:

5.0(0,0)%2[1] —— 5,0(1,0)[1] —— Tws, (5.0(1,0)) —1

by the same argument as above, we have
Twg, (5:0(1,0)) = 5,0(—1,0)[2].

So we have
U(S2) = 775.0(—1,0)[2] = 5.0(0,—1)[2] = S5.
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O
Definition 4.1.10. We define the autoequivalence of C
o = 02, (4.2)

We denote by ¢ and 1) the automorphisms of Ko(C) induced by ® and U respectively.

Let Stab(X) denote the space of stability conditions satisfying the support condition

on C.

Definition 4.1.11 (®-invariant stability conditions). The space of stability conditions
which are invariant under ® is denoted by Stab(X)®. Let U(A)® be the set of ®-
invariant stability conditions with the fized heart A. We denote the connected compo-

nent of Stab(X)® which contains U(A)® by

(Stab(X)q))O.

From now on, we denote by v; = [S;] the class of S; in K¢(A) = Ko(C),i=0,---,3.

The subgroup of Ky(A) whose elements are antisymmetric under ¢ is generated by

Yo — 72 and 1 — 73, and is denoted by K(A)~%. The quotient group is denoted by

Ko(.A) = K()(A)/K()(A)ﬂp.

The quotient map is denoted by v : Ko(A) — Ko(A). Note that Ko(A) is free abelian
of rank 2 with basis 79,71 (we will abuse notation and still denote ; in the quotient

group). And there is a natural isomorphism

Homy (Ky(A),C) — Homy(K(y(A),C)%.

Therefore we can equally define the ®-invariant stability conditions to be those whose

central charges Z : Ky(A) — C factor through Ky(A) and the slicings are invariant

under ®. For technical reason we will work with this definition.

By Corollary the forgetful map (Stab(X)‘I’)O — Homgz(Ky(A),C) = C? is a

local homeomorphism.

At the end of this section, we recall the following definition from [21].
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Definition 4.1.12. Let Aut(C) be the group of exact C-linear autoequivalences of the
category C, then Aut.(C) is defined to be the subquotient consisting of autoequivalences

which preserve the connected component (Stab(X)q>) modulo those which acts trivially

07
on 1t.

§4.2 Simple tilts and autoequivalence

In this section we use Proposition to figure out the double simple tilts of A, that

is we will calculate A" = Lg, ,Ls, A and Rg, ,Rg,A for i € Z4.

42

We write A = rep,;(Q, W) where W is the potential (see Remark [4.1.5). Then by the
result of Keller and Yang [40, Theorem 9.2]

A" = repyy (pivapi(Q, W))
where p; is the mutation operation given by Derksen, Weyman and Zelvinsky [27]. For
simplicity we calculate how the quiver @) changes under the double mutations (take
i = 0 for example):

2, o 2 b2 g 2
P
e o —

2 2 2

[ J [ J
QT TQ
[ ] [ ]
The resulted quiver is isomorphic to the original one after relabelling the vertices, which

implies that there should be an autoequivalence 7 relating A and A’. We give explicit

calculations below.

We simply write L; := Lg, and R; := Rg,. Recall that there are 4 simple objects in A

up to isomorphism:
So = 5:0(0,0), S; =s.0(-1,0)[1], S2=3s0(1,-1[1], S3=15.0(0,—1)[2].

Proposition shows that there is no extension between S; and S;yo, for i € Zyg,
therefore L;L;10A = L;1oL; A.

LoA: Since the only non-trivial extension to Sy is Ext!(S1,Sp), thus the new simple

objects are
S, = Sol1], 1, Sh=25y Si=29;,
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where S/ fits into the triangle
SP? — 1 — 51— SPP1.
Thus S} fits into the short exact sequence
0= 5.0(—1,0) = 5,092 = 81 — 0. (4.3)

We already see the above short exact sequence in part 4 of the proof of Lemma

therefore S} = s.0(1,0).

LoLpA: The new simple objects are
So=8), Si=S1. Sa=81], S
where §§ fits into the triangle
592 5 S5 — S — SP21].
Thus S3[—1] fits into the short exact sequence
0= 5,0(0,—1) = 5,0(1, —1)%2 = G3[—1] — 0. (4.4)

We obtain S5 = s:0(2, —1)[1].

Therefore in LoLgA we have the following simple objects up to isomorphism:
So = 5,0(0,0)[1], 81 =s.0(1,0), Sy =5.0(1,-1)[2], S5=s.0(2,—1)[1].

Theorem 4.2.1. Let T = — @ 7*0(1,0) and Ty = W o T o UL, then we have

LoLoA = TA; (4.5)
RsRiIA = T A, (4.6)
L3l A = ToA; (4.7)
RoRpA = T, A (4.8)

Proof. TA C LaLgA follows directly from the comparison of the simple objects after
reordering them. By Lemma we have T A = LoLgA. We also have

TVoT oUW HA) = UIyLooT 'A
= WoWU '3 A by Lemma and Lemma [4.1.9
= L3l A
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This proves the third identity. For the right mutation R3R;.A, by using Remark

we have
RSO[l]RSQ[l}LSQLSoA - .A

Note that Rg, 1 Rs,1)Ls, LsgA = Ry Rs,nTA = T Rs, Rsy A by Lemma and
T (S1) = So[l], T(S3) = Sa[1]. Therefore combining with the above identities we have

Rs,Rs,A=T LA

Finally for Ry Ry.A, the calculation is quite similar to that of L3Li.A and we leave it to
the reader. ]

T and Ty induce automorphisms ¢ and ¢y of the Grothendieck group Ky(.A). The

following results will be useful later:

Lemma 4.2.2. With respect to the basis {v;} of Ko(A), the automorphisms t and t,

have the matriz forms:

2 -1 0 0 0 0 0 1
1 0 0 0 0 2 -1 0
t = ty = (4.9)
0o 0 2 -1 0 1 0
0 0 1 0 -1 0 2
Proof. Follows directly from the calculations above. O

It is easy to check that ¢ and ¢, preserve the subgroup Ko(A)~%. Therefore t and ¢,

can be regarded as the actions on Ky(.A). In fact, when reducing to Ko(A), t and ¢,

have the matrix forms with respect to the basis {yo,71}:

| 2 1 pl = | 01 4.10
‘Ko(A)i 1 0 IZ)IKO(A)* 1 9 ) ( )

we have

—1
(o) = tolcs (4.11)

We have the following relation in Ko(A).
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Lemma 4.2.3. Let x = ([a : b],[c : d]) be a closed point in P! x P, § be the class of
O, in Ko(A). Then we have

Proof. We write F1 = 8.0 xp1, F2 = 8:0)gp)xpt (—1)[1]. First we have the short

exact sequences

0—s.0(-1,0) = 5,0 — F; — 0,
0 — 5.0(0,-1) = s.0(1,—1) — F»]—1] — 0.

This gives [F1] = o + 71, [F2] = 72 + 3. Then we consider the short exact sequence
0— S*O[a:b}xﬁ”l(_l) — S*O[a:b]XPl — S*Om —0 (412)

which gives § = [F1] + [F2] = ), 7: as required. O

The above lemma shows that [O,] does not depend on z € Z.

§4.3 Semistable Objects

4.3.1 (SEMI)STABLE OBJECTS

In this section we describe the set of stable objects for stability conditions o € U(A)?® .
The description relies on the known properties of stability conditions for the Kronecker

quiver.

Denote by Ky the Kronecker quiver

0—=1

and rep(K2) the category of representations. We denote by Cp and C; the simple
objects at vertices 0 and 1. Recall the underlying quiver @ of A (Proposition [4.1.4) is

0———=1
|
35— 2
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Definition 4.3.1. We define full subcategories of A = rep,;)(Q, I) which can naturally
be identified with rep Ko. The objects of the full subcategories are

Subcategories Objects Dimension vectors | Class in Ky(A)
H1
Ki (Cf T Cj (»,4,0,0) Py +am
0F———0
K 0 ———20 (0,0,p,9) PY2 + ¢
!
Ce ﬁl: Cp
41
Kt 0 ——=C» (0,p,4,0) P+ g
w2 | | p1
0F—— (14
K5t Cl—=30 (¢,0,0,p) PY3+ 40
HlHM H,
CP&E—0

The objects in ICZ»I, i1 =1, 2 are called Kronecker type I, and the objects in ICZ»H, 1=1, 2
are called Kronecker type I1.

The following lemma is obvious

Lemma 4.3.2. The full subcategories ICZ-I and ICiU, i =1, 2 are equivalent to rep(Ks).
They are Serre subcategories of A = rep,(Q, 1), i.e., they are closed under taking

quotients and subobjects.

We denote by EiI and EiI I the corresponding embedding functors from the full subcat-

egories to A.

Recall that for a finite acyclic quiver Q, Ko(rep Q) = Z®I20l is generated by the simple
modules S; at each vertex 7. We denote by n;; the number of arrows from vertex ¢
to j. Then the Euler form on Ky(rep @) is defined by x([Si], [S;]) := d0i; — nj;. For
a = (05)icq, € Ko(Q), the quadratic form ¢(—) is defined as g(a) := x(a,a). The

associated matrix of ¢ is a symmetrization of the associated matrix of .
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When @ is Dynkin or affine Dynkin (for example, the Kronecker quiver), it is well-
known that ¢(—) is positive semi-definite. a is called a real root if ¢(a) = 1 and an
imaginary root if g(a) = 0. We need the following well-known result (for example, see
[4, Theorem 4.3.2]).

Theorem 4.3.3 (Indecomposable representations of Kronecker quiver). We identify
Ko(rep K3) =2 72 using the basis ([Co],[C1]). Then

(i) for each real root (n,n+1) or (n+1,n) (n > 0), there is a unique indecomposable
representation with this class in Ko(rep K3), up to isomorphism, which we will

denote by Ey i1 or Eniin;

(ii) for each imaginary root (n,n) (n > 1), there is a family of indecomposable rep-
resentations indexed by P! with this class in Ko(rep Ks), which we denote by E)
where A = [a : b] € PL.

The above are all the indecomposable representations in rep Ko up to isomorphism.

We have the following characterization of stability conditions for Kronecker quivers by
Okada [49].

Lemma 4.3.4. Take a stability function Z : Ko(rep K3) — C and denote by ¢(F) the
phase of a nonzero object E € rep(K3)

(i) if #(Co) < ¢(C1), then every indecomposable representation of Ko is semistable,
moreover, all indecomposable representations except for Ew)h when m > 1 are
stable.

(ii) If $(C1) < ¢(Ch), then the only stable objects are Cy and Cy. The semistable
objects are CéBk, C’?k for k> 1.

(111) If $(Cp) = ¢(Ch), then all objects are semistable, and only Cy, C are stable.

Proof. Since rep K> is of finite-length, Z satisfies the Harder-Narasimhan property au-
tomatically, therefore Z can be extended to a stability condition for D?(Ks) = Db(P'),
and is denoted by (Z,P).
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(i) Let T = O @ O(1) be the tilting object in D°(P'), the functor RHom(T', —) sends
O and O(-1)[1] to Cy and C; respectively. If ¢(Cp) < ¢(C1), after rotating
by A = i(7r - qﬁ((’)z)) where z is a closed point of P!, the resulting stability
condition \ - (Z,P) = (Z,P) has heart P(0,1] = Coh P! (see the following

figures). Therefore all line bundles and torsion sheaves are semistable, and in

Z(Ox)
Z(0)
Z(0(-1m) 7(0(1)) 2(0(-1)  20)  z(01) Z(0®)
Z(0(2))
Z(0,)
Central charges of rep Ko Central charges after rotating

fact all line bundles and skyscraper sheaves are stable. They correspond to the

indecomposable representations of Ks by the functor RHom(T', —).

(ii) The second statement follows from the fact that Cy is a simple subobject of every
indecomposable representation except C7 and C is a simple factor object of every

indecomposable representation except Cjy.

(iii) If ¢(Co) = ¢(Ch), then all nonzero objects in Rep(K2) have the same phase and

therefore are semistable.

O]

Remark 4.3.5. Since ICiI and ICZU are equivalent to rep(Ks) by Lemma therefore
by Theorem we can describe the indecomposable objects of Kronecker type I and
II.

Since we will only be interested in the stable objects in rep(K3) by Lemma by
definition the stable representations are bricks, that is, End(M) = C if M € rep(K3)

is stable. Then the following definition will be useful:

Definition 4.3.6 (Special Kronecker type). We call the indecomposable object of Kro-

necker type I and II special if it is a brick, or equivalently it is not isomorphic to the

I

image of Ey, under =1 or ZI1 for m > 1.
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The following proposition gives us the geometric description of objects of special Kro-
necker types.

Proposition 4.3.7. Letl > 0. We have the following correspondences between objects

in A and repy(Q, I) under the equivalence Rg : A — rep,;(Q,I) (we denote by x a
closed point of P1):

Objects of special Classes in Ky(A) Objects of special Classes in Ky(A)
Kronecker type I Kronecker type IT
5.0(1,0) (L+ Do+ I ¥(.0(1,0)) L+ D1 + b
50U+ 1,-D1] | (+Dmtls || U(s00+1L-1A) | (+ 1)+ o
5:0(—1 — 1,0)[1] o+ (+ Dy || U(s0(—1—1,0[]) | i+ (+1)0
5.0, ~1)[2] Mot (+ ) | 9(s.0(—L—D2) | ha+ 0+
Fi = 5,00 xp1 Y + 1 W (5:O015yxp1) Y1+ 72
Iy = 5.0y xp (—1)[1] Yo + 73 V(s:O0pzyxp (—1)[1]) Y3 + 70

Proof. For example, since s,O(l,0) is indecomposable, therefore Rg (s:O((,0)) is an
indecomposable representation:

RHom*® (7*0, 5,0(1,0)) ——= RHom"* (7*O(1,0), 5.O(l,0))

Il I

RHom® (7*0(2,1), s.O(l,0)) &—/——= RHom* (7*O(1,1), 5.0(l,0))

By using the adjuncation isomorphism and 7 o s = ¢d we have

RHom*(7*O(a,b), s«O(c,d)) = RHombb(Plxpl)(O(m b), ms5:0(c,d)) (4.13)
= RHomjy, pi,p1)(O(a,b), O(c, d)) (4.14)
= H*(P,,O(c—a)) @ H* (P}, O(d —b)) (4.15)

The above calculation gives us the class of Ro(s.O(1,0)) in Ko(A): (I 4+ 1)y + Iy1.

Therefore by definition Rg(s.O(l,0)) is of special Kronecker type L. For s,0,3.p1, We
have:

RHom7,(7*O(a, b), $:Oggrxp1) = RHomp, p1(O(a,b), Ofzypr)
= H*(P',0,) ® H*(P',0(-b))
— (', 0(-b)
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Therefore, the class in Ko(A) of Ro(s:Oy)xpt) is Y0 + 71, and Ro(8+Oyayxp1) is of
special Kronecker type I. For other objects of special Kronecker type I, the calculations

are the same, and we leave them to the reader.

For F € A, if Ro(F) has dimension vector (p,q,m,n), then by Lemma the
dimension vector of Ro(¥(F')) will be (n,p, g, m). For example Rgo (¥(s.0(1,0))) has
the class in Ky(A): (I + 1)y + ly2. Since it is still indecomposable, it is of special
Kronecker type II. For the other objects of special Kronecker type II the verifications

are exactly the same. O

From now on, we often identify objects in rep,; (@, I) with the corresponding objects

in A without further comment.

Definition 4.3.8. We introduce the open subsets of U(A)®:

UAL = {0 eUA)?:¢(So) = d(S2) < ¢(S1) = ¢(S3)},
UAT = {oeU(A)®:d(S1) = ¢(S3) < B(So) = ¢(S1)}

Z(0) = Z(72) Z(m) = Z(73)

Figure 4.1: Central charges of U(A)? Figure 4.2: Central charges of U(A)®

Lemma 4.3.9. The autoequivalence U induces a bijection between U(A)% and U(A)®.

Proof. Given o = (Z, A) € U(A)?, we denote by V(o) = (Zy, ¥(A) = A). By Lemma
Zy(vi) = Z(vi-1), therefore ¥(o) € U(A)®. The statement follows immediately.
O

Theorem 4.3.10. Let 0 € Z/{(A)f, then the objects of special Kronecker type I are
stable for o. For T € U(A)®, then the objects of special Kronecker type II are stable

for T.
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Proof. Let o0 = (Z,P) € U(A)?. We define a stability function Z on rep K> by setting
Z(Co) = Z(v;), Z(C1) = Z(7yj+1) where j = 0 or 2 and C; are the simple modules at
the vertex i. Then ¢(Cy) < ¢(C1) by our assumption. Note that by our definition, for
E erep Ky

3(E) = 6(=1(B)) (4.16)

fori =1, 2. Let M = E(Eé*q)) be of special Kronecker type 1. Suppose there is a
destabilising sequence of M in A:

0 A M B 0

with ¢(A) > ¢(M).

By Lemma A and B are both in K. Therefore A = ZI(A’) for some A’ € rep Ko,

and ¢(A) = ¢(A") > (M) = &(E]g)‘q)) We get that Ezgf‘q) is not stable. However, this
contradicts with Lemma [4.3.4]

The proof for the second statement is similar. Note that for 7 = (W, P), we define
stability function on rep Ky with W (Cp) = W (~;), and W(C1) = W (7j41) where j = 1
or 3, we still have ¢(Cp) < ¢(C4) by assumption. O

We recall the following standard fact:

Lemma 4.3.11. Let Z : Ko(A) — C be a stability function. Suppose there is a short

exact sequence in A:

0—-F —-FE—E'—0,

such that E' and E" are semistable objects of the same phase X\, then E will also be

semistable of phase A.

Corollary 4.3.12. Let z € P! x PY, then O, is semistable with respect to the stability
condition o € U(A)T. For o € U(A)?, there is a semistable object whose class in
Ko(A) is 6 = [Og).

Proof. Let Iy = 5.0 yxp1, Fa = 5075, )xp1 (=1)[1] where 21 = pi(x). By (4.12)),
there is a short exact sequence in A:

0—F — 0O, — Fy — 0.
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By Proposition|4.3.7and Theorem [4.3.10| F} and F5 are stable for the stability condition
o € U(A)?. Moreover, since Z(F1) = Z(v) + Z(m1) and Z(Fy) = Z(y2) + Z(7y3)
therefore ¢p(F1) = ¢(F2). So O is (strictly) semistable for o with the same phase as

¢(F;) by Lemma 4.3.11

Suppose o € U(A)®. We take ¥~(s), by Lemma m U~Y(o) € U(A)?. Therefore

U(0O;) is semistable for . Since

the claim is proved. O

Remark 4.3.13. For o € U(A)®, we can conclude that there is a semistable object
whose class in Ko(A) is §. By the above corollary, the remaining case we need to verify
is that when ¢(S;) = ¢(Oy) for all i, however, each object in A is semistable in this

case.

The central charges of  and other stable objects for o € U (A)f are depicted in the
figure

Z(nyo + (n+ 1)y1) = Z(ny2 + (n+ 1)73) Z((n+ Dryo +ny1) = Z((n + 1)y2 +ny3)

Z(6)

(Yo + U= Z(v2 ¥3)

Z(m1) = Z(72) Z(v0) = Z(72)

Figure 4.3: Central charges of stable objects and O, for o € U(A)?

Recall that 7 = — ® 7*O0(1,0) and Ty = ¥ o T o ¥~!, the simple objects in A are
So = $:0(0,0), S1 = 5.0(—1,0)[1], s.0(1,—1)[1] and S3 = 5,0(0,—1)[2]. Finally we

mention another description of some objects of special Kronecker types I and II,

Lemma 4.3.14. Letn >0
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(1) T"(So), T"(S2), T-"(S1), T "(S3) are objects of special Kronecker type I with
classes in Ko(A):

(n+Dy+nv, (m+1D)y+ny, np+m+D)y, nype+(n+1)ys.

(1) Ty (S1), Tg(S3), Ty "(So), Ty "(S2) are objects of special Kronecker type II with
classes in Ko(A):

(n+1D)m+ny, m+1)yu+nyw, nn+m+1)y, s+ (n+1)y.

Proof. Note that 7" (s,0(a,b)) = 5.0(a + n,b) by the projection formula, the result
follows directly from the table in Proposition 4.3.7] O

Foro e U (A)i, we can alternatively illustrate the central charges of semistable objects

in the complex plane:

Z(T7"(51)) Z(T™(S0))
Z(5)
Z(T~1(S1)) Z(T(S0))
Z(S1) = Z(S3) Z(So) = Z(S)

4.3.2 THERE ARE NO OTHER STABLE OBJECTS

The goal of this subsection is to prove that for o € U(.A)®, there are no other stable
objects other than the ones in Theorem [4.3.10

For simplicity, we first restrict ourselves to the normalized stability conditions
(Stab(C)®) = {0 = (Z,P): Z(5) =i} C (Stab(X)?),,

where § is the class of skyscrapper sheaf O, in Ky(A). Note that (Stab(C)q’)n is a

connected submanifold of (Stab(X )‘I’)O.
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Let U"(A)® C (Stab(C)®), which consists of normalized stability conditions (Z, A)
with the fixed heart A, and U"(A) = {(Z, A) e U(A)? : Z(§) = i}. For o € U"(A)?,

we have

B(S0) = 6(52) < 6(02) = 5 < D(51) = 6(S5). (417)

Recall the group action on the stability conditions in Definition [2.2.14] Let T, Tg be
the autoequivalences defined in Theorem We first make the following important

observartion

Lemma 4.3.15. (i) For 0 € U"(A)?, then T(oc) = o -G where § = (g,f) €
(f}vL+(2,R) such that f : R — R satisfies f (1) = 3.

(ii) For o € U"(A)®, then Ty(c) = o -G where § = (g,f) € @i—k(Q,R) such that
f: R —= R satisfies f (%) = %

Proof. Let 0 € U™(A)?. We write T (o) = (Z;, Pr). By viewing C = R?, we let
eo=2(0)=2Z(n), e =2Z(n)=2(3)
Then by (4.11]), we have

Zi(v) = Z({t ') =Z(—m) = —e;
Zim) = Z({t ') =Z (v +2m) =eo + 2e1.

We define g € GL*(2,R) such that
g(eo) = 2eo +e1, g(e1) = —eo,

Note that 2(ep +e1) =), Z(vi) = Z(6) =i by Lemma and g(eg +e1) =ep +e1,
therefore we see g preserves the positive imaginary axis. We can take g = (g, f) €

@+(2,R) be the unique lift of g such that f(3) = 3. Let o - = (Z,, Py). Then by
definition Z4(v;) = Zi(;) for i =0, 1. Therefore Z, = Z;.

We claim that the bounded hearts P7(0,1] and Pf(0, 1] are the same, thus finishing
the proof of the first case. By Theorem we have

P7(0,1] = T(A) = Ls, Ls, A.
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Suppose S1,S53 € P(¢), ¢ € (0,1]. Since g(er) = —ep = —Z(y0) = —Z(72), therefore
f(®) = o(Soli]) = ¢(S2]i]) for some odd number i. Note that ¢ € (1/2,1] C (1/2,3/2),

SO
1 3

0 e (1) 13) = /2,32

By our assumption,
¢(So[1]) = &(52(1]) € (1/2,3/2).
Therefore, i = 1 and Sp[1], S2[1] € Ps(¢) which is contained in A" = Pf(0, 1].

Suppose Sy, Sz € P(w), w € (0,1]. Then g(eg) = 2eq+e1 = Z(S1) = Z(S3) where S; =
T (Sp) and Sy = T(S2). By Lemmathey are of special Kronecker type I, therefore
they are semistable for o by Theorem We have f(w) = ¢(S~1[n]) = qﬁ(:S'\;[n]) for
some even number n. Since w € (0,1/2) C (—-1/2,1/2), so f(w) € (=1/2,1/2). By our
assumption, ¢(S7) = ¢(S2) € (—1/2,1/2). Therefore n =0 and S, 55 € A'.

Recall the simple objects in Lg,Lg,.A are exactly Sp[1], S2[1], S) and EE by our com-
putations in Section We just proved Lg,Ls, A = (So[1], S2[1], 51, 93) € A’, so by
Lemma the two hearts are equivalent. We finished the proof of the first case.

For o0 € U"(A)®, note that ¥~!(s) € U"(A)$ by Lemma m therefore by the first

part we have

Te(o) = VoT ol o)

= (¥ (o) g)
= 0 5’
where g = (g, f) € éVLJr(Q,]R) such that f(1/2) = 1/2. This finishes the proof. O

Corollary 4.3.16. If o = (Z,P) € U"(A)Y, then T+ (P(3)) = P(3). Similarly, if
7= (W, P") e U"(A)®, then T (P'(3)) = P'(3).

Proof. Let 0 = (Z,P) € U"(A)$ and T (o) = (Z;, Pr). By the above Lemma, T (o) =
o-9=(Zy,Ps) for g=1(9,f) € é:iﬁ(Q,R) such that f(1/2) =1/2 , we have
Pr(1/2) = P(1/2).

The proof for the second statement is the same. O
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Recall for any interval I C R, P([) is the extension-closed subcategory of C generated
by the subcategories P(¢) for ¢ € I. Recall the definition of Aut.(C) in Definition
The following proposition will be useful:

Proposition 4.3.17. Let W be an element of Aut.(C) such that for a stability condition
o= (Z,P) we have W(c) = 0o -g for some g = (g,f) € GNL+(2,R). Suppose that E, F
are two semistable objects with phases ¢p < ¢, then

W (P (¢, ¢r)) = P(dw(r), dw(r))-

Proof. We write o - g = (Zg, Py), then Pr(I) = P(f(I)) for any interval I C R by

definition. Therefore by our assumption

W(P(¢r,or)) = P(f(or), f(¢r)).

Since o - g and o contain the same set of semistable objects, therefore W (E) and W (F)
are semistable for 0. So we have ¢y () = f((bE) and ¢y (p) = f(¢p), this proves the
result. O

Lemma 4.3.18. Given a stability condition o = (Z, A) such that A is of finite-length
with the finite set of simple objects (up to isomorphism) {Sy,S1, -+ ,Sn}. Define the

linear cone in C:
Ci={z€C:z=>) NZ(S), A >0}\{0}.
i=0

Then for any non-zero semistable object E € P(¢), 1 € R, we have

Z(E)e CuU(-0).

Proof. After shifting E, we may assume that £ € A. Since A is of finite-length,
E has a finite filtration by the simple objects S;. Then in Ky(A) we have [E] =
Yoo AilSi, Ai > 0 (at least one A; # 0). Therefore the result follows from the
linearity of Z. O

The following important theorem characterizes the stable objects outside the ray ¢ = %

in the upper half complex plane:



CHAPTER 4. INVARIANT STABILITY CONDITIONS ON LOCAL
P! x P! (AFTER [24, [26]) 81

Theorem 4.3.19. Take 0 € Z/I”(A)j?, there is no stable object whose phase lies in the
intervals (0,(50)), (¢#(S1),1), nor in the intervals

(6(T7(S0)) 6 (T (50)) ) or (& (T 1(81)) 6 (T"(51)).

for any integer m > 0. Moreover, the stable objects of phases ¢(Tm(So)) and gb(T‘m(Sl))
for m > 0 are of special Kronecker type I.

Proof. Given o = (Z,P) € U"(A)f, it is clear that there is no stable object of phase
in the interval (0, ¢(Sp)) U (¢(S1),1) by Lemma 4.3.18

By Lemma W4.3.15| 7 (o) = o - g for some g € &+(2,R), therefore by Proposition
we only need to check that there is no stable object of phase in the intervals
(6(S0), #(T(50))) and (S(T1(51)),#(S1)), then apply T=™ we see that there is no

stable object of phase in other open intervals.

Z(T"(51)) Z(T™(S0))
Z(9)
Z(T-1(S1)) Z(T(So))
Z(S1) = Z(S3) Z(S0) = Z(52)

Suppose E € P (¢(So) +¢€) for 0 < € < ¢(T (S0)) — #(So). We will take a C-action on o
and reduce to the case in the beginning: we choose 0 < ¢ < € and let A = —(¢(Sp)+€').
Then let 0/ := o - A = (Z',P’"). The phase of the semistable object for ¢’ is denoted by
¢'(—). By definition of the C-action (see Remark we have

¢'(So[1]) = ¢'(S2[1]) = #(So[1]) — ¢(So) — ¢
= 1-€€(1/2,1),
¢ (T(S0)) = ¢ (T(S2)) = &(T(So)) —d(So) — € € (0,1/2).
We see that the heart A" = P’(0, 1] contains the simple objects {Sp[1], S2[1], T (So), T(S2)}

which generate Lg,Lg,.A, we have Lg,Lg,(A) C A’ therefore A" = Lg,Lg,(A) = T A
by Theorem (see figure [4.4)).
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Z'(So[1]) = Z'(S3[1)) Z'(T(S0)) = Z'(T(52))

Figure 4.4: Central charges of simple objects and E, § for o’

Since A’ is of finite-length, and the phase of E for ¢’ is ¢(Sg) +€—¢(Sp) —€' =e—€' €
(O, gb(T(So))), therefore E is not semistable for o/ by Lemma [4.3.18 Since ¢’ and o

contain the same set of semistable objects, so E is not semistable for ¢ either.

Similarly, suppose E € P (
0<eé e Lett=1+¢—

¢'(S1[-1]) = ¢'(Ss[-1]) = € €(0,1/2),
¢ (THS)) = (T7H(S3) = ¢ (T 1(S1) —o(S1) +1+¢€ € (1/2,1).
The heart A" = P’(0, 1] contains the simple objects {S1[—1], S3[—1], 7 1(S1), T 1(S3)}
which generate Rg, Rg, A, Rs, Rgy A C A’ therefore A’ = Rg, Rg, A = T L A. The phase
of E for 7is ¢(S1) —e+1+¢€ —¢(S1) =1+¢€ —e € (T1(S1),1], therefore E cannot
be semistable for 7 again by Lemma and is also not semistable for o.

(S1) —€), where € € (0,6(S1) — ¢(T(51))), we choose
)

¢
#(S1) and 7 := 0 -t = (Z',P’). For 7 we have the phases of

For the second statement, let £ € P (¢(Sp)) be a stable object, we take the Jordan-
Hoélder filtration of E:

OCEnCEn_lC"-E1CE0:E,

such that E;/E;_1 = Sj for j € {0,---3}. Since ¢(So) = ¢(S2) # #(S1) = ¢(S3), by the
linearity of Z the only graded factors appear in the filtrations are Sy and Ss. Therefore
So or Sy is a subobject of E, thus must be isomorphic to E. Similarly if E € P (¢(S1))
is stable, we prove that E is one of S; and S3 exactly in the same way. Now we apply
T+ on o for m > 0. Using Lemma again, we see 7= (o) and o contain the
same set of stable objects. Therefore the stable objects of phase ¢(7™(Sy)) are 7™ (Sy)
and 7™(S,), and the stable objects of phase ¢(7"(S1)) are T-™(S;) and T "(Ss3).
By Lemma they are of special Kronecker type I. O
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Let o € U™(A)%, we take ¥(0) € U™(A)?, then by the above Lemma the stable objects

1

for o outside the ray ¢ = 35 are of special Kronecker type II.

The rest of this section is devoted to characterizing the stable objects on the ray ¢ = %

Lemma 4.3.20. Let 0 € U"(A)? and E € P(3), then m.E is (set theoretically) sup-
ported on S x P! where S is a finite set of closed points in P*.

Proof. According to Corollary 4.3.16, 7™ (P(3)) = P(3) C A for any integer n. There-
fore we have the vanishing of cohomology groups Ext¥(Q, E) = 0 for k # 0, in partic-

ular:

0 = Exth (m*O®7*0(1,1),E @ m*O(n,0))
= Exth (0O® O(1,1),m.E ® O(n,0)) (projection formula)
= H(P!, (py o). E @ O(n)) © HF <P1, (p1 o). (E(0,~1)) ® O(n — 1))

where H means the hypercohomology of complexes and k # 0. In general for a complex
F* € D*(X), we have a spectral sequence [34] p.74]

ED? = HY (X, HP(F*)) = HPH(X, F).

We write B} = (p1 o m)+E and Ej = (p1 o m)+(E(0,—1)). By taking n > 0, then
H' (P, H/(E],) ® O(n)) = 0 for i # 0, therefore the spectral sequence degenerates, we

have

H* (P, B/, ® O(n)) = @B/ (P, H/(E,,) ® O(n)) =0 for k # 0. (4.18)

Fix j # 0. Then H° (P!, H/(E],) ® O(n)) = 0 where n > 0. This implies that

HI(E!)) = 0. Therefore E!, is concentrated in degree 0 and is indeed a sheaf.
For m = 0,1, now we have
HEY(PLE, @ O(n)) =0, k=1 neZ. (4.19)

By taking n < 0, and using the fact that every coherent sheaf on P! splits into line

bundles and torsion sheaves [25], we have dim(supp E/,) = 0.
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We denote S := supp E{, U supp Ej. Suppose s ¢ S, we consider the following fibre

product diagram with naturally-defined morphisms:

Py (s)———— P! x P! (4.20)

. !

{s}C]—> P!

We apply the flat base change theorem [34], Chapter 3.3] to . F, 7. (E(O, —1)) € D*(2),

for any integer k

m=0: HF (P, i*m.E) = j*E), =0
m=1: HF (PY,i* 7 (E(0,-1))) = H* (P!, (i*1.E) ® O(-1)) = j*BE| = 0.

These vanishings imply that i*m,E = 0 (one can again use the structure theorem of

coherent sheaf on P!). Therefore 7, F is supported on S x P! O

Lemma 4.3.21. Suppose E € A is isomorphic to the shift of a sheaf, and End4(E) = C
then it is the pushforward E = s, F[i] for some F € Coh Z.

Proof. We follow the idea in the proof of [2, Lemma 3.1]: let Y be the scheme-theoretic
support of E. By definition, H?(Oy) acts faithfully on E, and End 4(F) = C.Id, there-
fore HY(Oy) 2 C. Take the composition of the embedding of Y with the contraction

f:Y < X - X = SpecH(Ox),

as HY(f.Oy) = H(Oy) = C, so the scheme-theoretic image of Y under f is a point of
X. By definition of f, the point will be the origin (singular point), thus Y is contained
scheme-theoretically in the fiber of the contraction map. Since the scheme-theoretic
fiber of the origin is exactly Z = P! x P!, so E = s, F for some F € Coh Z. O

Now we are able to characterize the stable objects on the ray ¢ = %

Theorem 4.3.22. If 0 € U"(A)?, let E be a o-stable object in P(3), then there
exists a point x € P! such that either E = Fy(z) = 5x0yxp or B = () =
$:Ozyxpr (—1)[1].

If 7 € U™(A)2, let E be a T-stable object in P(3), then there exists a point x € P! such
that either E =V (Fy(z)) or E = VU (Fy(x)).
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Proof. We prove the first statement, the second statement follows since ¥ exchanges
the stability conditions in 4" (A)% and U™ (A)?®, as also exchanges the objects of special
Kronecker type I and II.

Suppose E € P (%) is stable and not isomorphic to Fy(x1) and Fh(x;) for any x; € PL.
We will show that there is a vector bundle F' € Coh Z such that E = s, F[1]. We follow

the idea of proof in [2, Lemma 3.2]: since F; are stable, therefore
Homy (E, F,,(z1)) = Homx (F,,(z1),E) =0, n=1, 2.
Note that we have the short exact sequence in A:
0— Fi(z1) = Op = Fa(z1) = 0,

where x € Z such that p;(z) = x1, therefore there cannot be any nonzero map E — O,
or O, — E. Since O, is semistable of phase 1/2, then HomY (E, O,) = 0 for i < 0, and
Serre duality gives Homx (O;[i], E) = Homx(E,Oz[i +3]) = 0 for ¢ > 0 and = € Z.
Since E is supported on Z, there will be no homomorphisms with shifts of skyscraper
sheaves outside the zero-section. Therefore we can apply [20, Proposition 5.4] and

deduce that F is isomorphic to a two-term complex of locally-free sheaves
d—2
E2 S p L

Hence H 2(E) C E~? is torsion free on X. However, since H?(FE) is supported on
Z, therefore it must vanish. The map d~2 is injective, so that E is isomorphic to the
shift of a sheaf F'[1]. Since E is stable, End(F’) = C.Id, therefore we apply Lemma
and show that F' = s,F where FF € CohZ. Since Homyx (5.0, s.F[1]) =
Homyz(O,, F[1]) ® Homyz(O,, F) = 0, therefore F' has depth 2 and by Auslander-

Buchsbaum formula, F' is actually locally free.

However, this contradicts with Lemma [4.3.20] which says that 7, E is supported on a
S x P! ¢ P! x P!, where S is a finite set of points. Therefore we conclude that E is

isomorphic to either Fy(z) or Fy(x) for some x € PL. O

In summary, we have completed the description of the stable objects for o € U™(A)®:

Theorem 4.3.23. (i) If o € U"(A)?, then the stable objects (up to a shift) are of
special Kronecker type I, and the classes of stable objects (up to a sign) in Ky(A)
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are (n € N)
ny + (n+ 1)y, (n+ 1)y +nmn,
nye +(n+1)y3, (n+ 1)y + n3,
Yo + 71, V2 + V3-

(ii) if o € U"(A)®, then the stable objects (up to a shift) are of special Kronecker
type II, and the classes of stable objects (up to a sign) in Ko(A) are (n € N)

nyr + (n+ 1)y, (04 1)y + nye,
nys + (n+ 1)y, (n+ 1)y + nyo,
Y1+ 72, Y3 + 7o-

(iii) if o € UM(A)® and ¢(S;) = % for each i, then the stable objects (up to a shift)
are only {Si}i, and the classes of stable objects (up to a sign) in Ko(A) are

Y0, Y1, V2, V3.

Proof. We have proved the first two cases in the above. For the last case, we do
induction on the length [(E) of object E € A. When [(E) = 1, it is obvious. Then for
[(E) = n+1, by taking the Jordan-Hoélder filtration of E, we have short exact sequence

0—E = FE—S™ —0.

Then E’ is semistable by our induction hypothesis, note that £’ has the same phase as
Si, by using Lemma we see that F is also semistable of phase of S;. Therefore
we proved that there are no other stable objects other that S;, i =0, -, 3. ]

By applying C-action we obtain the same description of stable objects for general
stability conditions in U/(A)®.

§4.4 Space of invariant stability conditions

Recall from the introduction the subset A C Ky(A) is defined to be the set of classes

of stable objects for o € U(.A)® in the quotient group Ko(A) = Ko(A)/Ko(A)~%. By
Theorem A consists of the following elements:

A={neZ:ny+n+1y, (n+ 1)y +ny,x(0+m1)}



CHAPTER 4. INVARIANT STABILITY CONDITIONS ON LOCAL
P! x P! (AFTER [24, [26]) 87

Recall also that

H*® := Hom(K((A),C) \ U v
vEA

where v := {Z € Hom(K((A),C)|Z(v) = 0} is the hyperplane complement.

Note that H™8 is the complement of a family of hyperplanes in Hom (K (A), C) = C:

nZ(v)+n+1)Z(mn) = 0
(n+1)Z(y) +nZ(m) = 0
Z(vw)+Z(m) = 0

for n > 0 (see Figure [1.3)).

In the final section we prove Theorem in the introduction: the forgetful map
Z : (Stab(X)®), — Hom(K(C), C)

factors through
Z : (Stab(X)®), — H™®.

Moreover, the above is a covering map.

Recall that a continuous map f : A — B between topological spaces is called a covering
map, if every point b € B has an open neighborhood V' C B such that the restriction

of f to each connected component of f~1(V) is a homeomorphism onto V.

We first analyze the boundary of U"(A)®. Recall {S;}iez, (Corollary [4.1.3) are the
simple objects which generate A and ~; = [S;] are their classes. By definition 0 U™ (A)®

has four components of codimension-one submanifolds (real lines), which are
Wi ={Z(m) = Z(vis2) € R0}, Wi = {Z(7i) = Z(vi+2) € Reo}

= 0, 1. Though we cannot apply Lemma [2.2.18| directly, however, since we are
deforming o while preserving the condition Z(v;) = Z(7i+2), the statement and proof

are exactly the same as there.

Lemma 4.4.1. (i) For any stability condition on W& (i = 0, 1) there exists an
open neighborhood V' such that V. C U™(A)® UU™(Ls,Ls,,,A)®. Similarly, for

1+2
any stability condition on W, (i = 0, 1) there exists an open neighborhood V
such that V.C U™ (A)® UU™(Rg,Rs,,,A)®.
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(ii) We have W;" = U"(A)® NU (. A)®, where T =T when i =0 and 7 = Ty when
i = 1. Similarly, W; = U"(A)® nU (T A)®, where T = Ty " when i = 0 and
=T wheni=1.

Proof. In the following proof we will repeatedly use Lemma that if A, A’ C D
are hearts of bounded t-structures and A C A’, then A = A'.

First we suppose o € W', that is Z(y) = Z(72) € Rso. The objects S = T (So)
and /S\; = T(S52) lie in A, and are in the short exact sequences by the computations in

Section .2k
0-5%2 58 550, i=1,3 (4.21)

where 2 = dim¢ Ext!(S;,S;_1)*. Since Hom(:S’vl, So) = Hom(:S’E, Sa) = 0 the objects S,
lie in P(0, 1), and by choosing a small enough open neighborhood V' of o we can assume

this is the case for all stability conditions (Z,P) of V.. We can split V into two pieces
Vi ={ImZ(Sy) = ImZ(S3) >0}, V_ ={Im Z(Sy) =ImZ(S2) < 0}.

For o0 € V4, we can shrink V if necessarily such that S; € P(0,1) for all . This
shows that A C P(0, 1] for all stability conditions in V,, therefore P(0,1] = A and so
Vi c U™(A)®. On the other hand, for any stability condition (Z,P) € V_ the objects
So and Sy are in P(—1/2,0], thus the heart P(0, 1] contains the objects Sq[1], S2[1], S1
and S3. Since these are the simple objects of the finite length category Lg,Lg,A,
therefore P(0,1] = Lg,Ls, A and so V_ C U"(Lg,Ls,A)®. Therefore V.C U™(A)® U
U (Lg,Ls, A)®.

By applying ¥ on o then ¥(0) € Wi, that is Z(v1) = Z(73) € Rsg, then there exists
an open neighborhood V' of ¥(o) such that V C U™(A)® UU™(Lg, L, A)®.

The proof for o € W, is essentially the same by replacing the left double tilt with the
right double tilt.

For the second statement, by the first part we have

W, = U (A)® U (Ls, Ls,,, A)®, W, = U (A)® NU(Rs, Rs,,, A)®.

42

By Theorem we obtain the results. O
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We denote by H the subgroup in Aut,(C) (see Definition |4.1.12)) generated by 7T and
Ty.

Proposition 4.4.2.
J U (94)* = (Stab(C)?),.. (4.22)

geH

Proof. Since t(0) = ty(6) = ¢ due to Lemma therefore U (gA)® C (Stab(C)®)
for any g € H.

Now we show that the left side is open and closed, hence the inclusion is in fact an

equality.

First we prove the openess. For any o € U"(g.A)®, considering the preimage of o under
the autoequivalence g, o = (Z,P) lies in U"(A)®. Suppose first that ImZ(+;) > 0 for
each 4, then we can choose an open neighborhood U of ¢ such that each simple object
S; has phase (0,1) for all stability conditions (Z,P) of U. Since A is the smallest
extension-closed subcategory of D containing S; it follows that A C P(0,1] of all
stability conditions in U. Therefore P (0, 1] = A by Lemma and so U is contained
in U™ (A)®.

Now suppose o lies on the boundary of U"(A)?®, according to Lemma there is
an open neighborhood V of o such that V' C U™(A)® Ul (7.A)® where 7 is one of the
autoequivalences 7+ and T‘I,i 1. This finishes the proof of openess.

To check the left side of (4.22)) is closed, we only need to show the collection of closed

sets is locally finite. Suppose

o€ m Un(gA)?®.
geH'CH
It is obvious that U™ (g A)® NU™ (g’ A)® = 0 if gA # g’ A. Taking the preimage under
some autoequivalence g, we suppose o lies on the boundary of Z/I"(A)q’. Then this

intersection is finite since by Lemma each boundary component corresponds to

exactly one of the autoequivalences 7+! and T\I,i L

This finishes the proof of the equality (4.22)). O
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Lemma 4.4.3. For any special stability condition o = (Z,P) € (Stab(X)‘b)O, we have
Z(0) # 0 where § = [O,] for x € Z. Moreover, there is an exact equivalence W € H

and X € C such that \W (o) € U(A)®, the closure of U(A)®.

Proof. Suppose there exists 7 = (Z1,P1) € (Stab(X)‘p)O such that Z;(§) = 0. In
particular there is no semistable object in 7 whose class in Ky(.A) is §. By Lemma
this is true in an open neighborhood of 7 in (Stab(X )‘I’)O. Consider the stability
condition o = (Z2,P2) in such neighborhood such that Z»(§) # 0. First we act by
some A € C so that A - Z2(d) = i. Then by there exists some W € H such
that o' = AW (o) € U"(A)®. By Remark and Lemma there does exist a
semistable object whose class is d for o’. Since § is preserved by element of H, therefore
we conclude that there exists a semistable object E for o whose class in Ky(A) is 0.

This gives a contradiction.

Therefore for any stability condition o = (Z,P), we have Z(d) # 0. Then by choosing
A € C such that A - Z(d) = i, and by (4.22) we can find W € H such that \W (o) €
U (A)® c U(A)®. This finishes the proof. O

We let t and t,, be the automorphisms of Ky(A) induced by 7 and Ty, the following

lemma is an easy consequence of Lemma [4.2.2

Lemma 4.4.4. The automorphisms t*1 and til preserve A.

Proof. There are the following equivalent classes (up to a sign) in A C Ky(A):

nyo +(m+ 1y, (41 +ny, v+ (4.23)

We apply Lemma to the following calculations, for ¢, we have

t(nyo+(m+1)m) = (n—1)7 +nmn;
t((n+1y+nm) = (n+2)%+ (n+1)n;
t(vo+71) = Y+
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Therefore tA C A. Similarly, for t,, we have

ty (M +(n+1Dy) = (n+1)v+ (n+2)y;
ty (n+ 1)y +nm) = ny+(n—1)n;
ty(vo+m) = Y+

Therefore t,A C A. Due to equation (4.11)) we actually verified all the cases. O

Corollary 4.4.5. Let E be a stable object for o € (Stab(X)®), then the class [E] €

Ko(A) lies in A.

Proof. By the above lemma, there is an autoequivalence W € H and A\ € C such that
AW (o) lies in the closure of U(A)®. Since the stable objects remain stable in an open
neighborhood V' of AW (o), we choose o’ € V such that o' € U(A)?, it follows that
o' and AW (o) contain the same set of stable objects. Therefore the classes of stable

objects for AW (o) lie in A by Theorem 4.3.23 Since by Lemma the group element
in H preserves A, therefore [E] € A. O

Theorem 4.4.6. The image of the local homeomorphism
Z : (Stab(X)®), — Hom(Ko(A),C)

lies in H'e8.

Proof. By Corollary the set of class of any stable object E for stability condition
o = (Z,P) is exactly A. Since Z(F) # 0, therefore Z(o) € H™®. O

We fix a norm || - || on Ko(A)g = Ko(A) ®z R. The induced norm on Hom(K(A), C)

is denoted by || - [|V.

Lemma 4.4.7. Let Z € H™8, there exists a constant C > 0 (depending on Z) such
that
o]l < C1Z(v)] (4.24)

for allv € A.

Proof. Since all norms over finite dimensional space are equivalent, we might take

lol* = g + 3,
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where v; denotes the i-th component of a vector v € Ky(A)g with respect to the basis

Y0, 71. For any vector v with the class in A, we have
[v]|> = n? 4+ (n+ 1) or 2,
for n > 0. Suppose |[v]|> = 2, in this case v = 49 + 1. Since Z(y0 +71) # 0 by

definition. Therefore we can choose a constant ¢y such that (4.24) holds.

Suppose arg Z(vy) # arg Z(v1). Since Z(~;) # 0, without loss of generality we take a
suitable GL(2,R)-action on the complex plane, such that Z(vy) = 1, Z(y1) = i. Now
suppose |[v]|? = n? + (n + 1)2, then in this case v = nyy + (n + 1)y or (n+ 1)y +ny
in A, therefore |Z(v)|?> = n% + (n + 1)2. So we have

[vl] = |Z ()]

We can take ¢; > 1.

Finally we choose the maximum from ¢y and ¢; such that (4.24]) holds for anyv € A. [

Theorem 4.4.8 (Covering property). Z : (Stab(X)®), — H™8 is a covering map.

0

Proof. We follow the idea in [I7, Proposition 8.3]. We first show that 7{'°® is open. Let
Z € H'. Lemma shows that there is a constant C' > 0 (depending on Z) such
that

o] < ClZ(v)]

for all v € A. Given € > 0, we define an open subset
B.(Z) = {W € Hom(Ko(A),C) : |[W — Z|" < e/C’} © Hom(EKo(A), C).
Then for W € B.(Z), we have
(W(v) = Z()| < [|[W = Z|"|]v]| < €| Z(v)|

for v € A. Therefore if € < 1 then any W € B(Z) satisfies W (v) # 0 for v € A. Hence
W € H'8, this shows that H'8 is open.

Now we fix a positive real number ¢y < % and assume that ¢ < sin(mep). Given any

o= (Z,P) e (Stab(X)q>)0 with Z(0) = Z, we define the open neighborhood of o

Celo) = {r = (W.Q) € 27 (B(2)) : d(P. Q) < 1/2}.
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where d(—, —) is defined in Definition By Lemma the map

Z:Cc(0) = B(2) (4.25)
is injective. Let W € B.(Z), then for any E stable for o, by Corollary we have
W(E) - Z(E)| < sin(reo)| Z(E)|.

Using the deformation result Theorem[2.2.11] we conclude that there is a unique stabilty
condition 7 = (W, P’) € Cc(o) such that Z(r) = W and d(P,P’) < e. Thus the
map is a homeomorphism. For each o € Z71(Z), we prove C.(c) is mapped
homeomorphically by Z onto B¢(Z) exactly in the same way.

Finally we check that

ocezZ-1

z7! (BE(Z)) = U 06(0) (4'26)
(2)

is disjoint. Suppose there exists 7 = (W, Q) € Cc(0)()Cc(c’), where we denote by
o= (Z,P) and o' = (Z,P'). Then

d(P,P) <d(P,Q)+d(Q,P) < 1.

Therefore by Lemma again, we have ¢ = ¢’, which means C(c) = Cc(0’). We
have finished the proof. O
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