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Abstract

This thesis presents a sequential and comprehensive development of high-dimensional panel data
models with a multilevel factor structure. The multilevel factors consist of unobserved global factors
that affect all individuals and unobserved local factors that affect individuals within specific blocks.

In Chapter 1, we develop a novel approach based on canonical correlation analysis to identify the
number of global factors in the multilevel factor model. We propose two consistent selection criteria:
the canonical correlation difference (CCD) and the modified canonical correlations (M CC'). Monte
Carlo simulations show that CCD and MCC' correctly select the number of global factors even
in small samples, and they are robust to correlated local factors. In an empirical application, we
investigate a multilevel asset pricing model for stock return data in 12 industries in the U.S. market.

Chapter 2 advances a unified econometric framework for the multilevel factor model based on
generalized canonical correlation (GCC) analysis. Our approach is valid even if some blocks share
common local factors. We establish the consistency of the estimated factors and loadings, as well
as their asymptotic normality under fairly standard conditions. As a by-product of estimation,
a new selection criterion is developed to estimate the number of global factors. Through Monte
Carlo simulations, we confirm the validity of our asymptotic theory and demonstrate its superior
performance over existing approaches. We apply the model to a large disaggregated panel data set
of house prices in England and Wales.

Chapter 3 considers a panel regression model with multilevel factors. We propose a multilevel
iterative principal component (MIPC') method that iteratively updates the slope coefficients and
factors. We also propose a model selection criterion based on eigenvalue ratios to determine the
number of factors. Given consistent factor estimates, we employ GCC' to separately identify the
global and local factors. Under a finite number of blocks, we show the consistency of our estimates
and establish the asymptotic normality of the bias-corrected estimator for the slope coefficients.
Monte Carlo simulations demonstrate the good finite sample performance of MIPC. We apply our
method to an analysis of the energy consumption and economic growth nexus using a cross-country

panel data categorized by regions.
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Introduction

In the past two decades, panel data econometrics has experienced rapid development due to its
ability to account for unobserved heterogeneity among individuals. With the increasing availability
of large datasets containing a large number of cross-sectional units (V) and time periods (T"), factor
models have gained popularity as effective tools for dimension reduction to overcome the “curse of
dimensionality”. In factor models, the co-movement of variables is captured by a small number of
unobserved common factors, while individuals respond with heterogeneous loadings on these factors.
This is known as the “blessing of dimensionality”. Factor models find wide application in empirical
finance and macroeconomics, see e.g. Connor & Korajezyk (1988) and Stock & Watson (2002),
among others.

Recently, the multilevel factor model has gained increasing attention, where some factors are
pervasive (common to all individuals) and others are semi-pervasive (common to only a subset of
individuals). These factors are referred to as global and local factors, respectively, resulting in a
“block structure” in the data. The multilevel factor model allows researchers to uncover and explore
a richer interconnected structure among individuals. Kose et al. (2003) find that global factors and
certain country-specific factors account for a larger portion of business cycle variability. Del Negro
& Otrok (2007) document that local (regional) factors drive house price co-movement in the U.S.
more than the global (national) factors, suggesting that expansionary monetary policy has a limited
impact on housing bubbles. Andreou et al. (2019) discover sector-specific factors in the context of
mixed frequency data and demonstrate that the industrial production sector remains crucial for
economic growth in the U.S.

The multilevel factor model introduces challenges for estimation and inference, particularly when
the number of blocks is finite. Firstly, existing model selection methods become inapplicable in the
presence of local factors, as the weak cross-section correlation assumption is violated and/or the
clustering of non-zero eigenvalues is obscured by local factors (see Breitung & Eickmeier (2016)).
Consequently, some studies assume a known number of global factors as in Kose et al. (2003),

Breitung & Eickmeier (2016), and Choi et al. (2018). Secondly, the inferential theory for the



multilevel factor model is not well established when the number of blocks is finite, unlike cases
where the number of blocks tends to infinity, e.g. Wang (2008) and Jin et al. (2023). Andreou
et al. (2019) develop asymptotic distributions for factor and loading estimates, but their theory
only applies to the special case with two blocks. Furthermore, it remains unclear how to conduct
inference. In the panel regression, the unobserved factor structure in the error components consists
of interactive fixed effects (see Pesaran (2006) and Bai (2009)). If they are not appropriately
controlled for, endogeneity issue arises, leading to inconsistent estimation and misleading inference.
The multilevel factor structure further requires new estimation techniques and asymptotic theory.
In this thesis, we contribute by addressing the aforementioned important issues in each of the three
chapters. As a result, this thesis offers a unified framework for the high-dimensional panel data

model with the multilevel factor structure.

Chapter 1

We propose two new selection criteria for estimating the number of global factors in the multilevel
factor model based on canonical correlation analysis (CCA), called the canonical correlations dif-
ference (CCD) and the modified canonical correlations (MCC'). We employ principal component
(PC) estimation to extract factors from each block and calculate the average pairwise canonical
correlations. As all blocks share the same global factors, the corresponding canonical correlations
are equal to one, while the rest are strictly less than one. The CCD criterion selects the number
of global factors that maximizes the differences between consecutive canonical correlations while
the MCC' criterion distinguishes between unit and non-unit canonical correlations using a data-
dependent threshold. We establish the consistency of CCD and MCC' and demonstrate their
superior finite sample performance via Monte Carlo simulations. We apply them to the multilevel
asset pricing model using weekly stock returns from firms in 12 U.S. industries during the January
2015 - December 2016. Both CC'D and M CC identify the presence of only one global factor, which
closely co-moves with the market factor, exhibiting a correlation of 0.95. On average, the market
factor explains 22.6% of the time series variation. We also identify one local (industry) factor in
Non-Durable, Energy, Health, and Money, and two industry (local) factors in Utilities. Notably,
for Energy and Utilities, the local factors are more important than the global factor. This suggests

that industry-specific risks are essential to avoid misallocation of assets in portfolio management.



Chapter 2

We advance the generalised canonical correlation (GCC') estimation for the multilevel factor model.
To this end we collect the PC estimates from each block and construct a system-wide matrix. We
then obtain the linear combinations of the factor spaces from a singular value decomposition of
this matrix, that can simultaneously satisfy the pairwise unit canonical correlations between any
two blocks. Thus, the global factors can be consistently estimated by summarising these linearly
transformed factors.

The GCC approach has several advantages. It accommodates common local factors that impact
multiple blocks, in contrast to the orthogonality assumption imposed on local factors by Choi
et al. (2018) and Han (2021). Once the global factors are estimated consistently, the local factors
can be obtained by applying PC to each block separately after removing the global components.
This sequential approach is computationally efficient, as each step yields consistent estimates and
eliminates the need for iteration. Moreover, the number of global factors can be easily estimated
by evaluating the ratios of adjacent singular values of the system-wide matrix. With the finite
number of blocks, we establish the consistency of our estimators using matrix perturbation theory
and derive their asymptotic distributions under standard regularity conditions. However, to address
the issue that the covariance matrices are subject to non-estimable identities, we propose a hybrid
bootstrap procedure to construct valid confidence intervals, the validity of which is confirmed via
Monte Carlo simulations. We apply GCC to a large disaggregated panel data consisting of house
prices for 331 local authorities in England and Wales over the period 1996Q1 to 2021Q2. We find
one global (national) factor that displays a typical (global) boom-bust-recovery cycle. We also
identify one local factor in seven regions (NE, NW, YH, EE, LD, SE, and WA), but no local factor
in three regions (EM, WM, and SW). Notably, the local factors of EE, LD and SE (Area 1) comove
closely while those of NE, NW, YH and WA (Area 2) tend to cluster. Additional GCC' estimation
confirms the existence of common local factors across these regions. Finally, we document a strong
co-movement between the growth rate of the (lagged) population gap and the gap in areal factor
components. This finding suggests that the growth of the population gap could play an important

role in driving the gap of regional house prices.

Chapter 3

This chapter focuses on the estimation of the panel data regression model with unobserved mul-
tilevel factors. We propose a multilevel iterative principal component (MIPC') estimation, which

extends the iterative principal component (/PC') method introduced by Bai (2009). The factors



are updated using PC' estimation applied to each block separately, given the slope coefficients.
Then, the slope coefficients are updated by the pooled OLS estimator after a linear projection of
the factors from the dependent variable. The estimation proceeds iteratively until convergence. We
establish the oracle v/ NT-consistency of the slope coefficients and derive their asymptotic normal
distribution. Unlike the case where the number of blocks tends to infinity as considered in Feng
et al. (2023), we establish that the (asymptotic) bias terms of the slope coefficients do not vanish.
Thus, we provide a bias-corrected estimator and employ a wild dependent bootstrap procedure for
inference. Our approach only requires knowledge of the total numbers of factors in each block,
without separately identifying the numbers of global and local factors. Furthermore, we propose a
consistent model selection criterion based on eigenvalue ratios. Via Monte Carlo simulations, we
confirm the consistency of the slope coefficients, factors, and the number of factors. We also doc-
ument that MIPC exhibits substantially smaller size distortion than an infeasible version of I PC
that ignores the block structure. The utility of our approach is demonstrated through an empirical
analysis of the relationship between energy consumption and economic growth using a cross-country
panel dataset consisting of 80 countries from 1972 to 2014. MIPC finds no global factors and one
local factor for Asia Pacific and Europe, two local factors for America, and four local factors for
Africa. Our finding suggests that the coefficient for energy consumption obtained from a two-way

fixed effects model is underestimated by half compared to the one estimated using M IPC.



Chapter 1

Canonical Correlation-based Model

Selection for the Multilevel Factors

Abstract We develop a novel approach based on the canonical correlation analysis to identify the
number of the global factors in the multilevel factor model. We propose the two consistent selec-
tion criteria, the canonical correlations difference (CCD) and the modified canonical correlations
(MCC). Via Monte Carlo simulations, we show that CCD and MCC select the number of global
factors correctly even in small samples, and they are robust to the presence of serially correlated
and weakly cross-sectionally correlated idiosyncratic errors as well as the correlated local factors.
Finally, we demonstrate the utility of our approach with an application to the multilevel asset

pricing model for the stock return data in 12 industries in the U.S. market.

Keywords: Multilevel Factor Models, Principal Components, Canonical Correlation Difference,
Modified Canonical Correlations, Multilevel Asset Pricing Models.

JEL Classification: C52, G12.
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1.1 Introduction

The factor models have been popular as an effective tool for the dimension reduction for the big
dataset with the large number of cross-section units (N) and time periods (7") through extracting
the co-movement of the variables by a small number of common factors, e.g. Stock & Watson (2002)
and Bai (2003). Recently, the literature on the multilevel factor model, also referred to as the panel
data model with the block structure, has been growing rapidly. Here we have the global factors
that influence all the individuals as well as the local factors that only affect those within the specific
block. If the structure of the multilevel factors is ignored, the conventional (approximate) factor
approach would produce inconsistent and misleading results.

Different estimation methods have been developed: the Bayesian approach by Kose et al. (2003)
and Moench et al. (2013), the classical approach by Breitung & Eickmeier (2016) and Choi et al.
(2018), and the LASSO approach by Han (2021). Kose et al. (2003) analyse the relative contri-
bution of the global and regional factors to explain the business cycle whilst Moench et al. (2013)
demonstrate an important role played by the level factors in explaining the U.S. real activities.
Breitung & Eickmeier (2016) and Choi et al. (2018) propose a canonical correlation estimator for
the identification of global and local factors in the multilevel factor model. Futhermore, Bekaert
et al. (2009) examine the international stock co-movements, Ando & Bai (2014) find different factors
in A share and B share in the Chinese stock market, and Beck et al. (2016) investigate the source
of price changes in Europe.

A remaining yet challenging issue is how to identify the number of the global factors and the
number of local factors, simultaneously. It is well-established that the existing information criteria
mainly developed for the single level panel data, fail to consistently estimate the number of global
factors because the weak (error) cross-section correlation condition is violated in the presence of the
multilevel factors. In this regard, some studies assume that the number of global factors is known
a priori, and develop a sequential estimation approach. For example, assuming that the number of
global factors is 1, Choi et al. (2018) apply the information criteria to each block and estimate the
number of local factors.

Let ro (r;) be the number of global (local) factors and R the number of blocks. A few studies have
attempted to deal with an important issue of consistently estimating rg under the multilevel setting.
Wang (2008) proposes a sequential procedure by applying the existing information criteria to the
whole data and to the data in each block, consequently, and estimating r¢ by the cardinal difference.
Chen (2012) and Dias et al. (2013) propose the modified information criteria by penalising 7; more
heavily than 9. Andreou et al. (2019) apply the canonical correlation analysis to estimate global

and local factors in a two-group model and develop a novel inference on ry. Han (2021) proposes
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a shrinkage estimator that can estimate the global and local factors/loadings, and determine the
number of factors, jointly. As R rises, however, an implementation of these approaches would be
almost impractical or infeasible due to the heavy computational burdens as well as uncertainty of
the final outcomes.

In this paper, as the main contribution, we propose a novel approach based on the canonical
correlation analysis to identify the number of global factors which can be easily applied to the models
with a fixed number of blocks and with R — co. To this end, we first apply the principal component
(PC) estimation to the data in each block and obtain the 7.y factors, which are consistent for the
factor space spanned by the global and local factors jointly, where ryay is the (common) maximum
number of factors allowed in each block (i = 1,---,R). Next, we evaluate the rpy,x canonical
correlations between estimated factors from any two blocks. Then, using R(R—1) pairwise canonical
correlations, we construct the cross-block average of the canonical correlations, denoted &(7).

We first develop the canonical correlation difference criterion, denoted C'C'D(r), which is con-
structed by the difference between the consecutive cross-block averages. Then, o can be estimated
consistently by maximising CCD(r) over r = 0,1, ..., "max. But, in the presence of correlated local
factors, we need to impose the upper bound condition on the largest average canonical correlation
between the local factors across R blocks, in order to ensure that C'C'D is maximised at r = ry. In
this regard we develop the alternative estimator, called the modified canonical correlation (M CC(r))
using the nondegenerate distribution of 1 — &(r) for r» < r¢, that can remain consistent without im-
posing the upper bound condition. Then, ry can be estimated consistently by maximising r such
that 1 — &£(r) is below a certain threshold.

We derive asymptotic properties of pairwise canonical correlations and the cross-block average,
and show that CC'D and M CC are consistent selection criteria for identifying rg. Next, via Monte
Carlo simulations, we investigate their finite sample properties together with two existing approaches
advanced by Chen (2012) and Andreou et al. (2019). Overall, we find that both CCD and MCC
select g even in small samples, outperforming the other approaches in the presence of serially
correlated and weakly cross-sectionally correlated idiosyncratic errors. Only if the correlations
among the local factors are deemed to be relatively weak on average (say, less than 1/2), we
recommend the use of CC'D because it is very simple to implement without requiring any tuning
parameter. Given that the overall performances of CC'D and M CC' are qualitatively similar whilst
MCC does not need to meet the upper bound condition, in general, we prefer the use of MCC.

Once ¢ is consistently estimated by CCD and MCC, we remove the global factors from the
data in each block, and apply the existing criteria, such as BIC3 by Bai & Ng (2002) and ER by

Ahn & Horenstein (2013), to consistently estimating the number of local factors.
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Our proposed approach possesses a number of advantages. First, it is simple to apply as it
involves the standard PC and CCA methods, unlike other approaches that require to assess many
tuning and control parameters, e.g. Han (2021). Second, even if the number of blocks is substantially
large, our approach is computationally feasible as it only evaluates the cross-block average of R(R —
1)/2 pairwise canonical correlations, unlike other approaches that will be computationally infeasible,
e.g. Chen (2012) and Andreou et al. (2019). More importantly, our approach is shown to be robust
to the presence of serially correlated and weakly cross-sectionally correlated idiosyncratic errors as
well as the correlated local factors.

We demonstrate the utility of our framework with an application to the multilevel asset pricing
model for the weekly stock return data for the twelve industries in the U.S. over the period, Jan.
2015 to Dec. 2016. First, both CCD and MCC find that there is only one global factor, which
co-moves closely with the market factor, with correlation of 0.95. Then, we apply BIC3 to the
defactored data in each group and find one local factor in NoDur, Enrgy, Hlth and Money, and
two local factors in Utils. On average, the global factor, local factors and idiosyncratic components
can explain 22.6%, 5.8% and 70.8% of the total variation, respectively. The global factor tends
to display a higher relative importance ratio for the cyclical industries, suggesting that the higher
within-correlations observed for these industries are likely to reflect the higher loadings to the global
factor. On the other hand, the influence of the local factors are more important than the global
factor for some industries such as Enrgy, Utils and Hlth. For these industries, the high within-
industry correlations are likely to reflect co-movements with local/industry factors, suggesting that
the local factors should be taken into account to avoid any misleading asset allocation in portfolio
management, e.g. Bekaert et al. (2009).

The rest of the paper is structured as follows. Section 1.2 provides an overview of the related
literature. Section 1.3 presents the multilevel factor model with the underlying assumptions. Section
1.4 develops CCD and MCC' criteria for selecting the number of global factors and derives the
asymptotic theory. Section 1.5 presents Monte Carlo simulation evidence. Section 1.6 provides an
empirical application. Section 1.7 offers concluding remarks. The mathematical proofs, additional

simulation results, and theoretical derivations are relegated to Appendix A.

1.2 Related Literature

For the single-level panel data model with the approximate factor structure, there have been two
main approaches for identifying the number of unobserved common factors. The first is the infor-

mation criteria proposed by Bai & Ng (2002), which take a form: PC(r) =V (r, f‘) +rg(N,T),
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where V' (r, f) is the sum of squared residuals, F is a T x r matrix of factors estimated by the
principal components and g(/N,T") is a penalty function of the number of cross-section units, N and
the number of time periods, 7.

Another popular approach attempts to make use of the fact that for the data with ry latent
factors, the first rg eigenvalues of the covariance matrix of the data diverge while the rest of the
eigenvalues are bounded and clustered. Omatski (2010) develops the edge distribution (ED) es-
timator based on the difference between the adjacent eigenvalues arranged in descending order
such that 79 = maxi<,<r,. {7|tr — r+1 > 6}, where pu, is the r-th largest eigenvalue and 0 is a
threshold value, which is calibrated from the empirical distribution of the eigenvalues and rpyax is
the maximum value of r. Ahn & Horenstein (2013) propose the eigenvalue ratio (ER) given by
Fo = ArgMAX| <p<rypa { e/ fir41}-

Choi & Jeong (2019) have conducted a comprehensive simulation study on approximate factor
models, and documented evidence that BIC5 by Bai & Ng (2002) and ER by Ahn & Horenstein
(2013) outperform other competing estimators. Interestingly, Breitung & Pigorsch (2013) propose
a canonical correlation-based selection procedure that consistently estimate the number of dynamic
factors using the static factor representation of the dynamic factor model. See also Hallin & Liska
(2007), Alessi et al. (2010) and Bailey et al. (2021).

In the presence of the multilevel factors, the existing selection criteria may fail to identify the
number of the global factors. If we apply existing approaches to the T x M; data matrix, Y; in
each block i« = 1,..., R, respectively, we can consistently estimate only the sum, rg + r;, but not
ro or r;, separately. Suppose that we apply the existing criteria to the whole data matrix, Y =
[Y1,Y2,...,YR] by ignoring the multilevel structure. If R is fixed (and small), then the existing
selection criteria mainly developed for the single level panel data, fail to consistently estimate rq
because the weak (error) cross-section correlation condition is violated in the presence of the local
factors. As R — oo, however, the impacts of the local factors would be asymptotically negligible.
In this case Han (2021) conjectures that the number of global factors can be consistently estimated
asymptotically by the existing selection criteria (see Remark 4).

In Section A.2 of Appendix A we examine the finite sample performance of the four criteria,
ICp2 and BIC3 by Bai & Ng (2002), ED by Onatski (2010) and ER by Ahn & Horenstein (2013),
through applying them directly to the whole data matrix. We find that these approaches tend to
produce unreliable inference. If R = 2, all of the four criteria select the total number of factors,
ro + Zf: 1 73, not rg. For sufficiently large R, they tend to select 7. However, for the moderate
value of R, e.g. R =5 or 10, they select the intermediate value between g and rg + Zf; 1 7i- Next,

their performances are all adversely affected in small samples by the presence of cross-sectionally
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and serially correlated errors. Finally and importantly, even for large R, they overestimate g
significantly in the presence of even moderate correlations among the local factors.

A few studies have attempted to develop a consistent estimator of the number of global factors
under the multilevel setting. Wang (2008) proposes to determine the model specification based
on the principle of inclusion-exclusion for set cardinality.! The above simulation evidence shows
that Wang’s sequential procedure is unreliable. For large R, it would significantly overestimate by
selecting 7o + 213:1 ri/ R instead of r9. Further, Han (2021) provides the simulation evidence that
this can lead to even negative estimates of both rg and r; in small samples for R = 3.

Chen (2012) and Dias et al. (2013) modify the information criteria advanced by Bai & Ng
(2002), and include the number of local factors as arguments in the PC(r) objective function. The
main modification is to penalise the global factors less than the local factors for their parsimonious
structure. As R rises, however, the computation will be almost infeasible since the number of
candidate models increases drastically.

Andreou et al. (2019) (AGGR) apply the canonical correlation analysis to estimate global and
local factors in a two-group factor model with mixed frequency data, and develop a novel inference
on rg via canonical correlations. AGGR first apply the existing information criteria to each of two
groups and obtain the estimates, 7“0/4—\7’1 and 7"0/4—\7’2. They extract the T X rmi, matrix of factors,
I/ii, from the data, Y; for ¢ = 1,2, where ry;,, = min {ro/—ﬁl,ro/—ﬁg}. They compute the sum
of the r largest canonical correlations between IA{1 and IA{2, and derive the scaled and centered test
statistic. Next, by imposing the strong assumption that idiosyncratic errors are neither serially nor
cross-sectionally correlated, AGGR can derive that the test follows the standard normal distribution
asymptotically under the null hypothesis, = 9.2 This procedure can be used for model selection
only if the critical value diverges at a certain rate, v with 0 < v < 1. A sequential test can be
performed for » = rpax, Tmax — 1,...,1 backwards, and 7 is the largest » when the null is not
rejected. Finally, they propose to estimate the number of local factors by o 4+ 1 — 7o for i = 1,2.
However, it would be complicated to analytically extend their approach to cover the case with
R > 2.

Han (2021) proposes an adopted LASSO estimator that can consistently estimate the fac-
tors/loadings, and determine the number of factors, simultaneously. The number of global (local)

factors can be estimated by the number of non-zero columns in their respective factor loading ma-

!Using the two blocks, for example, one can apply the information criteria to the whole data and obtain
ro + 71+ 7a. Next, using the data for each block, one can estimate ro/—ﬁi, i = 1,2. Then, the number of global
factors can be estimated by the difference, To+ 71+ 70+ 72 — 10 F 71 F 72

2Andreou et al. (2019) argue that their test would work in the presence of limited correlation among errors, but
also discuss how to relax this assumption.
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trices. But, this approach requires the selection of tuning parameters by imposing different penalty
terms for different blocks. Consequently, for large R, a large number of candidate tuning parameters
need to be selected coherently. Further, as the shrinkage estimation is not invariant to the order of
the blocks, we need to apply the additional information criteria to determine which block is ordered
first. Hence, an extension to the model with large R would be almost infeasible due to the heavy
computational burden as well as uncertainty of the final outcomes. More importantly, the shrinkage
estimator is shown to be consistent only if the local factors are mutually uncorrelated, though it is
challenging to develop a shrinkage estimator fully robust to the local factors correlations.?

In the next Section we propose a novel approach based on the canonical correlation analysis.
Our method differentiates from the existing approaches in two main aspects. First, our approach
can be easily applied to the models with a fixed number of blocks and with R — oo. Next, our

approach will be shown to be valid in the presence of serially correlated and weakly cross-sectionally

correlated idiosyncratic errors as well as the correlated local factors.

1.3 The Model and Assumptions

Consider the multilevel factor model:
Yijt = ¥;Ge + M;Fir +eije,i =1, , R, j=1,.. .Myt =1,..,T (1.3.1)
where G; = [Gy1, ..., Gy, comprises the 79 x 1 global factors, Fiy = [Fi, ..., Fitr,|" is the r; x 1

vector of local factors in the block 7 = 1,---, R, v;; and «;; are factor loadings and e;;; is the

idiosyncratic error. Stacking (1.3.1) across individuals in block i, we have:

vit = I'iGe + AiFi + e, (1.3.2)

where M; is the number of individuals in the block i,

Yilt €i1¢ Yi1 il

yit = : , € = : , Iy = : , A =
Mi><1 Mi><1 M; XTo MiXTi

/ /
yiMit eiMit ﬂylM,L iM;

3From Table 5 in Han (2021), we find that the shrinkage estimator severely overestimates (underestimates) the
number of global (local) factors, even if the correlation between the local factors is as small as 0.1.
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The model can also be written as
Y, =~v"F/ +e,
where
[ G, | ' A 0O 0 |
i e F T 0 A 0
1t 2 2
Yt = ) e = 5 Fg_ = R A+ e
Nx1 Nx1 rtx1 Nxr+
YRt €Rt
i Fr: 'r 0 O Ag |
with N = Zf;l M; and rt =rop + Zle r;. Further, the model is written in a matrix form:
Y =F"A" te, (1.3.3)
where
Y F’ €]
Y =| |, Ft = and e :
TxN Txrt X
Y/ F/ el
Alternatively, stacking (1.3.1) over time, we can rewrite the model as
Yij = Gvij + Fiyij + ey, (1.3.4)
where
Yij1 €ij1 G} Fiy
YZ_] = . s e’ij = s G = s FZ — .
Tx1 Tx1 Txro Txr;
yij T €5, T G/T F;T
For each block i, we then have

where Yi = [Yi17Yi27 ce 7YiMi] and e, = [eﬂ,eig, . ,eiMi].

Following Bai & Ng (2002) and Choi et al. (2018), we make the following assumptions. Let M

be a finite constant.

Assumption 1.A.
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1. E(eijt) = 0 and E(|e;|®) < M for all i, j and t.
2. Let E(N"' Z;‘/I:ll eijseijt) = wn(s,t). Then, |wn(s,t)] < M for all s, and

A
TZZ’WNS“<M

s=1 t=1

3. Let E(emgtenit) = T(myj),(hk),t> With [Timg) (k) el < | Tmg), (o)l < M for all t. In addition,

My, Mp

| B R
N Z Z I T(mj),(nky | < M.

m=1h=1 j=1 k=1

4. Let B(emjienks) = Tmg),(hk),(ts) With

My, My

1 R R T T
T 2o O DD [T, i) <M.

m=1h=1 j=1 k=1 t=1 s=1

5. For every t, s, i and j

M;

N
Z Z eusez]t 6Zj86ijt)] <M.

3\

Assumption 1.B.

1. Gy, Fyiy,...,Fr are zero-mean, stationary processes that satisfy the conditions for the law
of large numbers and the central limit theorem, which can be applied to their self- and cross-

products.

E (||Kl|*) < oo, where Ky = (G}, F},)".
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3. T'G'G 25 B¢, where 3¢ is a positive-definite matrix.
4. For every 1, T_lF;Fi SN X, where X, is a positive-definite matrix.

5. Fori, j and t,

L Mg T 2 LB Ml 2
El— —_— Fiie;i <M;E| — — Gee;s <M.

Assumption 1.C.
1. ||ijll €7 < 00 and || Ai]| < X < oo for all i and j, where 5 and X are constants.
2. N~1 Zf;l I''T"; — Xr, where Xr is a positive-definite matriz.
3. Xr¥qg has distinct eigenvalues.
4. For everyi=1,---, R,

(a) rank ([T';, A;]) = ro + 7.
', TUA S, |
(b) Mt — which is a positive-definite matriz.
AT, ALA; Era, 2a
(¢c) M;'A/A; — B, where T, is a positive-definite matriz
; 1 12e 0
(d) has distinct eigenvalues.

(e) Xp, X F, has distinct eigenvalues.

Assumption 1.D.
1. The global factors are orthogonal to the local factors; E (G¢F},) = 0 for all i and t.

2. The local factors, Fiy,... F gy are mutually uncorrelated; that is, E (F,,F},) = 0 for all t and

m £ h.
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Assumption 1.A is an extended version of Assumption C in Bai & Ng (2002), which implies
that the idiosyncratic errors are allowed to be serially and (weakly) cross-sectionally correlated.
Assumptions 1.B.1-1.B.4 are standard in the literature. Assumption 1.B.5 allows weak correlation
between global/local factors and idiosyncratic errors. Assumption 1.C is also standard. Assumption
1.C.2 allows global factors to have non-trivial contributions to the variance of all the individuals
while Assumption 1.C.4(c) allows the local factors to have non-trivial contributions to the individual
variances within the corresponding block. Assumption 1.D.1 ensures that the global factors and
local factors can be separately identified. Initially, we make Assumption 1.D.2, but we will provide
an extension in Subsection 1.4.2 where we allow nonzero correlation between the local factors. We
focus on the practical case with a fixed number of blocks, R though our approach is still valid even

as R — oo.

1.4 Canonical Correlation-based Model Selection

1.4.1 Estimation of the number of global factors

Using the model (1.3.5), we describe the estimation algorithms as follows: Let K; = [G, F;] for
i =1,...,R. We first select a sufficiently large and common 7pax, satisfying rmax > max{ro +
T1,...,70 + Tr}. As 19 and r; are finite for all ¢ = 1,--- | R, ryax is also finite and does not
necessarily grow with R. We then apply the PC estimation to (1.3.5) for any two blocks, m and h,

and obtain the estimates of K,,, and K, denoted Km and Kh, where IA(m is /T times eigenvectors

/!
m

corresponding to the ry,. largest eigenvalues of the T' x T matrix, Y,, Y, , and similarly for IA(h.
Under Assumptions A-D, K,, and K}, contain the factor spaces spanned by [G,F,,| and [G, F}],
respectively. See Lemma A.1.1 in Appendix A.

Next, we construct the sample variance/covariance matrices for K,, and K, by Sub (a,b=m,h)

and the characteristic equation by

~

(St Sim — S ) v = 0. (1.4.6)

Let £,,p,» be the r-th largest characteristic root of (1.4.6), which is the r-th largest sample squared

canonical correlation between K,, and Kj,.

Lemma 1.1. Under Assumptions 1.A-1.D, as My, My,T — oo, the sample squared canonical
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correlation, pyp » converges in probability to the population counterpart:

» 1 forr=1,...,7r9
Cinhy — (1.4.7)

0 forr=r9+1,..., max

Since the blocks, m and h, share the ry global factors, the ry characteristic roots from (1.4.6)
are equal to one, and the remaining ryax — 79 roots are 0. Hence, £, will be close to 1 if r < g,
and close to 0 otherwise. As this holds for every block-pair, we construct the cross-block average of

the sample squared canonical correlations as

-1

, Rl R
&(r) = R(R—l)mz: > s

=1 h=m+1

and a canonical correlation difference (CCD) as
CCD(r)=¢&(r) —&(r+1) for r=0,1,..., max.
We then propose to estimate the number of global factors consistently by

7o,ccp = argmax CCD(r).
0<r<rmax
To cover the cases with zero global factor and zero local factor for allt =1,..., R, we set two mock
squared canonical correlations, ¢, 0 = 1 at the beginning and €, ... +1 = 0 at the end.?

We present the asymptotic properties of £(r) and CCD in Lemmas 2 and 3.

4Ahn & Horenstein (2013) set a mock eigenvalue at the beginning to cover the possibility of zero factor in the
2D model. Hence, we set {n,0 = 1 to cover the possibility of ro = 0. Similarly, we may need to set {mn,rpa+1 = 0
to cover the special case where r; = 0 for all 4 = 1,..., R. For instance, consider R = 2 with two global factors and
zero local factor for ¢ = 1,2. Then, we find ¢no = 1, bmn,1 = 1 and £yp2 = 1 for m = 1 and h = 2. Following
the practical guideline of selecting the common maximum number of factors by 7., = max{rﬁl, . ,rmR} as
described in Section 5, we select ., = 2 for ¢ = 1,2. Then, we only obtain: CCD(0) = CCD(1) =0 but CCD(2) is
undefined such that ro = 2 cannot be identified. Setting the zero mock canonical correlation at the end (€y,n,3 = 0),
we obtain CCD(2) = 1 and select two global factors. This may not be a unique solution. In the special case where
we select the same number of factors for all ¢ = 1,..., R, we may employ 7., + 1 instead of r},... But, it is simpler
to set Lmn,rx . +1 = 0 because the canonical correlation for any redundant factor is asymptotically zero. Of course,
we don’t need to set the zero mock canonical correlation at the end if we select the different number of factors for
i=1,...,R.
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Lemma 1.2. Under Assumptions 1.A-1.D, as My, ..., Mr,T — 0o, then

€ » 1 forr=20,...,19
r) —

0 forr=r9+1,..., max

Lemma 1.2 shows under Assumptions 1.A-1.D that &(r) is equal to 1 for r < rg while £(r) is 0

for r > rg, asymptotically.

Lemma 1.3. Suppose that Assumptions 1.A—1.D hold.

(i) For ro >0, as My, ..., Mr,T — oo, then

0 forr=0,...,19—1

coD(r) 2 { forr = ro

0 forr=rog4+1,...,rmax

(ii) For ro =0, as My, ..., Mr,T — oo, then

1 forr=0
ceD(r) 2

0 forr>0

The following theorem shows that 7o ccp is a consistent model selection criterion.

Theorem 1.1. Suppose that Assumptions 1.A—1.D hold. Then,

le}\i/[rgT_mo Pr(7o,ccp =1o) = 1.

It is intuitive to apply a canonical correlation-based approach to identify the number of global
factors. Our approach shares the similar idea with AGGR by developing the consistent selection
criteria through using the fact that the ry canonical correlations are equal to one while the remaining
Tmax — 7o ones are strictly less than 1. AGGR attempted to derive the asymptotic distribution of
the test statistic that is nonstandard due to a parameter being at the boundary and involves a
nontrivial bias correction. Only by re-centering and re-scaling of the statistic and by imposing the

strong assumption that idiosyncratic errors are neither serially nor cross-sectionally correlated, they
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can derive that the rescaled test statistic follows the standard normal distribution asymptotically
under the null hypothesis, 1o = . AGGR’s approach is developed only for two blocks while our
approach easily extends to more than two blocks. Further, we share the similar idea with Onatski
(2010) by employing the difference between adjacent canonical correlations as the selection criterion.
But, CCD does not require calibrating any threshold because the rg largest canonical correlations

are all bounded by unity.

1.4.2 Non-zero correlation between the local factors

Kose et al. (2003), Beck et al. (2016), Choi et al. (2018) and Han (2021) assume that the local
factors are all mutually uncorrelated. Wang (2008), Breitung & Eickmeier (2016) and Andreou
et al. (2019) do not rule out correlation between the local factors. Chen (2012) allows the local
factors to be arbitrarily correlated by assuming that both global and local factors are spanned by
an aggregate pervasive factor space.

We now allow the local factors to be mutually correlated. Let pp,;, be the r-th population
canonical correlation between K,, and Kj. By construction we have: 1 = ppuno0 = pmh1 = - =
Pmhyro > Pmhaotl = 2 Pmbaotrm = O = Pmhrotrmtl = " = Pmhrmaxt1, Where ppp qo11 is the
largest population canonical correlation between local factors in group m and h. Define the block
average by p, = ﬁ 25121 Zf:m +1 Pmh,- Then, pr 11 represents the largest average canonical
correlation between the local factors across R blocks.

We provide the following Lemmas, which are extensions of Lemmas 1.1-1.3 (see the proofs in

Section A.9 in Appendix A).

Lemma 1x. Under Assumptions 1.A-1.D.1, as M,,, My, T — oo, then the sample squared canonical

correlation, U, converges in probability to the population counterpart:

1 forr=0,1,...,7r9
Emh,r_>

Pmh,r fO?"T’:T()—i-l,...,TmaX

Lemma 2x*. Under Assumptions 1.A-1.D.1, as M, ..., Mg,T — oo, then

1 forr=20,...,m¢

pr forr=ro+1, ... "max
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Lemma 3x*. Suppose that Assumptions 1.A-1.D.1 hold.

(i) For ro >0, as My, ..., Mr,T — oo, then

0 forr=0,...,r9g—1
CCD(r) =5 1 — pro+1 forr=rg

Pr — Pr+1 fOT r=ro+1, ... "max

(ii) For ro =0, as My, ..., Mr,T — oo, then

1—p1  forr=0
ceD(r) 2

ﬁr _ﬁr—&-l fOTT >0

From Lemma 1% we find that the largest population canonical correlation among local factors
should be bounded in order to ensure that CCD is maximised at r = rg. Thus, we need to impose
a condition, p,,4+1 < 7 for the consistency of CCD, where n = 1 — dpax(r) is the upper bound with
dmax () = MaXy, | <r<rpa (Pr — pr41)- 1t still allows some pairs to have canonical correlation larger

than 7, but the average across all pairs cannot exceed 7.

Theorem 1.2. Suppose that Assumptions 1.A-1.D.1 hold. Further, we allow non-zero correlations

among the local factors and impose the upper bound on the largest average population correlation

among the local factors by pry+1 < 1 wheren = 1—dpax(r) with dmax(r) = max,, | <r<rpa (Pr—Pr41)-
Then, we have:

lim Pr(7 =7r9) =1.
Ml,...,MR,T—>OO ( 07CCD 0)

Theorem 1.2 implies that if the largest block-average of canonical correlations among the local
factors is smaller than n, then C'CD is still a consistent selection criterion. We may argue that the
correlations between the local factors should not be set too high, because such strong correlations
imply that the local factors in block m would directly influence the individuals in block h, and wvice
versa. In such case it may be difficult to distinguish between the roles played by the global and local
factors in the multilevel factor model. Notice that the upper bound condition is trivially satisfied
if pro+1 < 1/2.

CCD is very simple to implement without requiring any tuning parameters, but the cost may
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be the boundedness condition in the presence of nonzero local factors correlation. In this regard
we develop the alternative estimator that can remain consistent without imposing the upper bound
condition. Notice that £(r) < 1 and 1 — £(r) is monotonically increasing with r. From Lemma 2*

it follows that

P 0 forr=20,...,r9
1=¢&(r) —
1—p(r) forr=ro+1,..., max

Let 52MT denote the convergence rate of 1 — £(r) such that 52MT(1 — £&(r)) has a nondegenerate
distribution for r < rp, where dyr = min (\/M, \/T) and M = min{M;, Ms,..., Mp} (see the
proof of Lemma 1*, where we show that 52MT is the convergence rate of the canonical correlation).

Now, it is easily seen that

1-&(r) =0, ((5&23) for r < rg.

and

Pr(1 —¢&(r) > M) — 1 for r > ¢ and for some constant M > 0.

On the basis of this finding, we propose to estimate ry by the following modified canonical

correlation (MCC') criterion:
f'O,MCC = maX{O <7r<Tmax:1l-— f(?”) —Cx P(Mu T) < 0}
where P(M,T) is a threshold determined by a function of M and T and C' is a (data-dependent)

tuning constant. As long as P(M,T) — 0 and 52MTP(M, T) — oo, then 7 is consistent for rg. The

MCC estimator can be expressed equivalently as
To,mcc = max{0 <7 < ryax 52M,T(1 —¢(r)) —C x 52M,TP(M’ T) < 0}.
Then, it is easily seen that for r < rq,
83 7(1 = &(r)) — C x 8} 7 P(M, T) -2 Op(1) — 00 < 0.
Hence, for r < rg, we expect that 1 — &(r) vanishes faster than P(M,T) with a slower rate towards
zero such that 1 — &(r) — CP(M,T) remains negative. On the contrary, for r > ro, as N,T — oo,

we still have Pr((1—£&(r)) —C x P(M,T) > M) = 1 because 1 — £(r) =+ 1 — p(r) > 0 and

P(M,T) — 0. The positive value of 1 — p(r) dominates the vanishing penalising term, and this



1.4 Canonical Correlation-based Model Selection 21

confirms the presence of local factors if 1 — &(r) — CP(M,T') becomes positive.

We now summarise these results in Theorem 1.3.

Theorem 1.3. Suppose that Assumptions A-D1 hold. Further, we allow non-zero correlations
among the local factors, and assume that the following conditions hold: (i) P(M,T) — 0 and (ii)

03, 7P(M, T) — oo, where dyrr = min(yM,VT) and M = min{My, My, ..., Mg}. Then,

lim Pr(7 —rg) = 1.
- r(7o,mcc = 10)

To implement the M CC criterion, we propose the use of the following penalty function:

InM+1InT

PALT) = =5rr

Inln(MT). (1.4.8)
that satisfies the condition that P(M,T) — 0 and 52MTP(M ,T) — oo. In practice, the different
penalty functions may lead to the different performance, e.g. Bai & Ng (2002) and Breitung &
Pigorsch (2013). We may consider the popular penalty function in BIC3 given by

MiT
BICs — *M+T In

(MT). (1.4.9)

In Section A.4 in Appendix A, we provide the simulation results for M CC using BIC5 in (1.4.9).
Overall, its performance is relatively satisfactory for most cases, but it is outperformed by MCC
using P(M,T) in (1.4.8). Since BIC3 does not always guarantee consistency,” we thus recommend
the use of P(M,T).

Another important issue is that the estimation precision of canonical correlations is adversely

affected by the noise-to-signal ratio. If the data is noisier, then we need a larger threshold, especially

®Consider an extreme case with M = exp (T). Then, BIC3 -2 1, and 1 — £(r) — C' x BIC3 < 0 with probability
1 for r = 0,1,...,7max. This implies that we always overestimate 7o = rmax even if the sample size is large. By
contrast, P(M,T) is not subject to this issue.
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in small samples. Hence, we propose the following data-dependent tuning constant:°
C = exp(a; /)

where 52/ 65 is the average noise-to-signal ratio,

M; M;

1 R T 9 ) 1 R T )
o = NT Z Z (yzjt it) y Oy = NT Z Z Yijt>

i=1 j=1 t=1 i=1 j=1 t=1

N = Zf: 1 M;, IA{it are the estimated rp.x factors and éij the corresponding factor loadings. As C

is bounded between 1 and e, it does not affect the asymptotic property of MCC.

1.4.3 Estimation of the number of local factors

Once the number of global factors is consistently estimated by 7o, the global factors can be consis-
tently estimated by G = f{mvﬁg, where V;jg is an rmax X o matrix consisting of the characteristic
vectors associated with the 7 largest characteristic roots of (1.4.6). G from any block-pair would
provide a consistent estimator for G, but, in practice, we suggest to use the block-pair that yields
the maximum value of £, ;.

Next, we concentrate G out in each block by Yi@ = M@Yi for i = 1,..., R where MG —

- (A}((A}’ é)é’ . Then, we apply the existing approaches by Bai & Ng (2002) and Ahn & Horenstein
(2013) to Y&

;> with the maximum number of factors set to 7 max = Tmax — 70, and estimate the

number of the local factors consistently by 7;.” We apply the PC estimation to YZ-a and obtain f‘z
fori=1,...,R.

Finally, the factor loadings, 7;; and Xij, can be estimated by the OLS regression of y;;; on ét
and I'A“,;t.

SFollowing Hallin & Ligka (2007) and Alessi et al. (2010), we have also implemented the subsampling approach
to selecting the tuning constant, C' such that the selected model becomes a stable function of the second stability
interval. But, we have encountered the two crucial issues. First, the subsampling procedure takes a huge amount of
time because we need to run the subsampling (at least) 30 times for each candidate of C'. For example, if there are 50
grids for C, then we have to evaluate M CC, 1500 times. Second and more importantly, this approach fails to provide
the second stability interval for the large samples though it works fine for the small samples. For example, if R = 10,
M =100 and T' = 100, we find that the variations of 7y from the subsamples become all flat at zeros, implying that
we cannot identify ro. We leave this issue for future research.

" Alternatively, we can estimate the number of local factors directly by 7 = Fo+1i — 7o. Via (unreported)
simulations, we find that our proposed approach outperforms this approach, because the smaller r; max can be selected
in the sequential approach.
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1.4.4 Estimation of global and local factors and loadings

In Sections 1.4.1-1.4.3, we have obtained the consistent estimates, 7y and #;. Given the initial
estimates, é, f‘i, IAT‘z and jAXZ for i = 1,..., R, we follow a sequential approach by Choi et al. (2018)
and update the factors and loadings as follows:

First, construct YF — [Y?, .. ,YE} where YF =Y, — f‘z./A\; for i = 1,..., R. We then apply
the PC estimation to Yf, and obtain G as v/T times the eigenvectors corresponding to the 7y
largest eigenvalues of the T' x T" matrix, YFYF The global factor loadings are then estimated by
I’ =T-1G'YF.

Next, for each i, construct Yl-é = Y—(N}f‘; where f‘z is the T'x M; submatrix of T = [f‘l, . ,f‘R] .
The local factors, E are estimated by v/T times the eigenvectors corresponding to the 7; largest
eigenvalues of the T' x T matrix, YF’Y?” . The local factor loadings are then estimated by K; =

T-'FiYE.

1.5 Monte Carlo Simulation

We construct the multilevel factor model by the following data generating process (DGP):

Yijt = YijGt + V hia N Fi + /Khageije

T0 T
= %ijzGe + Vit Y NijzFirz + V/khizeiji
z=1 z=1
where we generate global factors/loadings, local factors/loadings and idiosyncratic errors by
Gi = ¢¢Gi_1 + vi, vi ~ 19dN(0,1,,)

Fit = ¢rF;1—1 + Wy, Wi ~ 4idN(0,1,,)
Vijz ~ 1dN(0,1) for z =1,...,rp, Aijz ~ tdN(0,1) for z =1,...,7;
€ijt = PeCiji—1 + Eijt + B Z Eij—hits Eijt ~ 1dN(0,1)
1<[n]<8

We allow global and local factors to be serially correlated, and idiosyncratic errors to be serially
and cross-sectionally correlated.

We control the noise-to-signal ratio by x. We first set k = 1. Then, the variances associated
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with the global factors, local factors and idiosyncratic errors are respectively given by

70

T
Var (’Yz{jGt) = ZVar(%sztz) = m,
G

z=1

1+ 1632

T /]”,L
Var ('y{jFit) = ZVar(Aiszm) = —— and Var(e;jt) = 1_7%

1— ¢%

z=1
Following Choi et al. (2018) and Han (2021), we make the variance contribution of each component

equalised. For ro > 0, we set

- 0 T o 0 1+ 1652
= (72) () = (2%) / (2 ):

For ro = 0, we set
r; 1+ 16432
hi1 =1 and h;pp = — .
Lo @—ﬁ)/(lﬁ)

We consider the following sample sizes: R € {2,5,10}, M € {20,50, 100,200} with M; = --- =

Mpr = M and T € {50,100,200}. The number of replications for each simulation experiment is
set at 1,000. We focus on the estimation of rg, and report the results only for the cases with
o = ¢r = 0.5 to save space (We obtain qualitatively similar results for ¢ = ¢r = 0).

For comparison, we consider the alternative selection criteria proposed by Chen (2012) and
Andreou et al. (2019), denoted by ICcpen and AGGR, respectively.® When implementing ICepen,
and AGGR in the simulation, for simplicity, we assume that the true number of factors, rg + r; is
known. This prevents us from selecting too many candidate models for ICepe,. For AGGR, the
null hypothesis is sequentially tested from k = rg + r; to 0 until rejected.

It is well-established that if the maximum number of factors is set too high, the redundant factors
are likely to be selected.” Hence, we propose a practical selection guideline. We first apply BICj3
to the data Y; in each block with a sufficiently large ryax (by fixing rmax = 10), and obtain the

consistent estimate of ro+r;, denoted rg + r; for ¢ = 1, ..., R. Then, we select the common maximum

*
max

*

_— _— .
= max{ro +71,...,70 + rr}. This procedure selects r} .

number of factors by r < Tmax, While

ensuring that Pr(r} . > ro+7;) 2y 1foralli=1,..., R.'0 In what follows, we report the simulation

8See Section A.8 in Appendix A for the detailed estimation algorithms. Unfortunately, we are unable to implement
Han (2021)’s algorithm because his code can only be run on Matlab R2013b and R2014a, but not on the later versions.

9Ahn & Horenstein (2013) show via simulations that both BIC3 and ED estimators are quite sensitive to the
choice of rmax in the single level factor model.

0Tn Section A.3 in Appendix A we report the simulation results for CC'D and M CC using 7, together with the
fixed rmax = 10. In particular, if idiosyncratic errors are serially correlated, then the impact of the large rmax on the
performance of CCD is non-negligible (overestimating 7o for small T. The performance of MCC is also adversely
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results for CC'D and M CC obtained by applying the common 7} .. for each block, : =1, ..., R.

In the first experiment, we fix the number of factors as (rg,r;) = (2,2) for i = 1,..., R. Panel
A of Table 1.1 reports the simulation results for the benchmark case with (3, ¢, x) = (0,0,1). The
average of 7y over 1,000 replications are reported together with the figures inside the parenthesis,
(O|U), indicating the percentage of overestimation and underestimation. For example, (0|0) implies
that rq is perfectly correctly estimated. Both CCD and MCC' perform very well for all the sample
sizes. ICcopen performs reasonably well for R = 2, but underestimates by detecting only one global
factor for R =5 and R = 10. AGGR overestimates rq if M is small, but its performance improves
only for large M and T'.

The second case is the same as the first one, except we allow serial correlation and cross-
section correlation in idiosyncratic errors by setting (3, ¢e, ) = (0.1,0.5,1). The simulation results
presented in Panel B of Table 1.1 demonstrate that the performance of ICcpe,, and AGGR deterio-
rates substantially as compared to the first case. In particular, AGGR produces imprecise estimates
because their approach is not valid in the case where idiosyncratic errors are serially and/or cross-
sectionally correlated (see Assumption A9 and Theorem 2 in AGGR). Both CCD and M CC select
ro correctly in almost all cases while CCD slightly outperforms MCC if M and R are small. In
line with our theoretical prediction, the performances of CCD and M CC' are mostly invariant to
the presence of serially and cross-sectionally correlated idiosyncratic errors.

The third case is a very noisy DGP with x = 3 in which the variance share explained by the
global factors becomes only 20%, which matches closely with empirical evidence reported in Table
6. The other setups are the same as in the second case. From Panel C of Table 1.1, we find that all
approaches are adversely affected, especially if M is small. The performance of AGGR is unreliable
in all cases. The performance of ICcope, improves with M or T only for R = 2, but it severely
underestimates g for R = 5 and R = 10 even in large samples. CC'D underestimates g for small
M. MCC tends to overestimate g for small M and small 7" while underestimating rg for small M
and large T'. The performance of CC'D and M CC improves sharply with M or T for all values of
R. Overall CCD slightly outperforms.

affected by the presence of both cross-sectional and serial correlation in errors if T' is small. On the other hand, both
CCD and MCC with r}., select the number of global factors correctly even in small samples.
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Table 1.1: Average estimates of the number of global factors for Experiment 1 with (¢q, ¢r) = (0.5,0.5), (ro,7:) = (2,2)
il it
and . = max{ro +71,...,70 + rr}
CCD MCC TCunon ACGR CCD MCC TCunon [ ccD MCO TCorom
Panel A: (8, ¢e, k) = (0,0,1)
M T R=2 R=5 R =10
20 50  1.98(0.6]2.1) 1.98(0/1.8) 2.02(2.9]1.2) 2.83(65.3]2.3) 2(010.2) 2(0]0.1) 1(0]100) 2(0/0) 2(0]0) 1(0]100)
50 50  2(0.1]0) 2(0]0) 2(0.2/0) 1.98(0(2.2) 2(0]0) 2(0]0) 1.24(0(75.8) | 2(0]0) 2(0]0) 1(0]100)
100 50  2(0]0) 2(0]0) 2(0]0) 2(0]0.4) 2(0]0) 2(0]0) 2(0]0.2) 2(0]0) 2(0]0) 1.02(0/97.6)
200 50  2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(00) 2(0]0) 2(0[0) 2(0]0) 2(0]0) 2(00)
20 100  2(0]0.3) 1.97(0]2.7) 1.95(0.1]5.1) 2.56(53.5]4.7) 2(00) 2(0]0) 1(0/100) 2(0]0) 2(00) 1(0]100)
50 100  2(0]0) 2(00) 2(0]0) 2.29(29.5/0.3) 2(00) 2(0]0) 1(0]100) 2(0]0) 2(00) 1(0]100)
100 100  2(0[0) 2(0]0) 2(0]0) 2(0]0) 2(00) 2(0]0) 1.79(0|21.5) | 2(0]0) 2(00) 1(0]100)
200 100  2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(00) 2(0]0) 2(0]0) 2(0]0) 2(00) 1.29(0|71.3)
20 200 2(0]0) 1.95(0]5.5) 1.92(0]7.9) 2.39(45.9|7.1) 2(00) 1.99(0]1.3) 1(0]100) 2(0]0) 2(0[0.4) 1(0[100)
50 200 2(0]0) 2(0]0) 2(0]0) 2.2(19.90.4) 2(00) 2(0]0) 1(0]100) 2(0]0) 2(0]0) 1(0]100)
100 200  2(0[0) 2(0]0) 2(0]0) 2.09(9]0) 2(00) 2(0]0) 1(0]100) 2(0]0) 2(00) 1(0]100)
200 200  2(0]0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0.3) 2(0/0) 2(0]0) 1(0]100)
Panel B: (8, ¢e,x) = (0.1,0.5,1)
M T R=2 R=5 R =10
20 50  2.16(13.61.7) 2.24(22.9]0) 1.76(0.2]|24) 2.61(65.2/16.5) | 2(0.4]0.2) 2.2(19.6|0) 1(0/100) 2(0]0) 2.21(21]0) 1(0/100)
50 50  2.03(3]0) 2.01(0.9|0) 2(0.30.5) 1.62(0]35) 2(00) 2(0]0) 1.11(0|89.3) | 2(0]0) 2(00) 1(0]100)
100 50  2.02(1.9]0) 2(0.3|0) 2(0[0) 1.88(011) 2(00) 2(0]0) 1.94(0]6.1) 2(0]0) 2(0]0) 1.01(0]99.4)
200 50  2(0.1]0) 2(0]0) 2(0]0) 1.95(0]4.7) 2(00) 2(0]0) 2(0[0) 2(0[0) 2(0]0) 1.93(0]6.7)
20 100  1.99(0]0.8) 1.99(0]1.5) 1.64(0]36.3) 2.26(53.6/25.4) | 2(0]0) 2(0]0) 1(0]100) 2(0]0) 2(0]0) 1(0[100)
50 100  2(0]0) 2(00) 1.99(0]0.7) 2.18(31.1]11.7) | 2(0]0) 2(0]0) 1(0]100) 2(0]0) 2(00) 1(0]100)
100 100  2(0[0) 2(0]0) 2(0]0) 1.92(0[8.1) 2(00) 2(0]0) 1.5(0[50.1) 2(0]0) 2(0]0) 1(0]100)
200 100  2(0]0) 2(0]0) 2(0]0) 1.98(0]2.3) 2(00) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 1.18(0|81.9)
20 200  1.99(0]0.8) 1.86(0|13.5) 1.54(0]46) 2.01(43.9(32.3) | 2(0]0) 1.97(03) 1(0]100) 2(0]0) 2(0[0.3) 1(0[100)
50 200  2(0]0) 2(0/0) 1.99(0]1.2) 2.02(43.9|16.1) | 2(0]0) 2(0/0) 1(0]100) 2(0/0) 2(0]0) 1(0]100)
100 200 2(0[0) 2(0/0) 2(0/0) 2.02(8.2(6.3) 2(0/0) 2(0/0) 1(0]99.7) 2(0/0) 2(0]0) 1(0]100)
200 200 2(0/0) 2(0/0) 2(0/0) 2.02(0]1.9) 2(0/0) 2(0/0 1.97(0[3.4) | 2(0]o) 2(0/0) 1(0]100)
Panel C: (8, ¢, k) = (0.1,0.5, 3)

M T R =2 R=5 R =10
20 50  1.77(23.7|37.8)  2.18(23.3|5.8)  1.65(2.7|37.9)  3.12(96.2|1.5) 1.34(5.5|41.7)  2.22(22.4[0)  1(0|100) 1.33(0.5/37.8)  2.28(28.4[0)  1(0|100)
50 50  1.94(9.8]16.1) 1.89(2.3]13.3)  1.94(7.3|13.4)  0.66(0|95.5) 1.92(0.3]7.4) 1.97(0]2.9) 1(0]100) 1.95(0]4.5) 1.98(0.1]1.7)  1(0]100)
100 50  1.99(6.3|8) 1.92(0.5/8.4) 2.16(16.1/0.3)  0.95(0|84) 1.97(0]3.1) 1.93(0]6.7) 1.07(0]93.2) | 1.99(0]1.2) 1.98(0]2.3) 1(0]100)
200 50  1.96(0.5]4.6) 1.95(0]5.4) 2.12(12.4]0) 1.21(0]69) 1.99(0]1.3) 1.98(0]2.2) 1.85(0]14.7) | 1.99(0]0.8) 1.98(0]1.8) 1.01(0]99.4)
20 100  1.2(0]50.9) 1.22(071.9) 1.29(0.1|71.6)  2.89(92|3.6) 1.34(0|36.8) 1.26(0[26.2)  1(0]100) 1.46(0]28.8) 1.28(072) 1(0[100)
50 100  1.81(0.1]16.2) 1.6(0[39) 1.69(0[31.4) 2.21(60.2]25.6) | 1.93(0|6.1) 1.67(0|33.1)  1(0]100) 1.96(0]4) 1.73(0|127.1)  1(0]100)
100 100  1.99(0|1.5) 1.93(0]6.6) 2(0]0.4) 1.12(0]75.4) 2(00.5) 1.97(3.4]0) 1(0]99.9) 2(0[0.1) 1.97(0]3.2) 1(0]100)
200 100  2(0/0) 2(0/0.1) 2(0/0) 1.55(0]42.8) 2(0/0) 2(0/0.1) 1.74(0]26.5) | 2(0]0) 2(0/0) 1(0]100)
20 200  0.99(0|63.8) 0.63(0]97.8) 1.14(0|85.6) 2.78(87.26.7) | 0.92(0|58.8) 0.7(0/99.7)  1(0|100) 0.96(0]54) 0.78(0]99.9)  1(0]100)
50 200  1.82(0|15.3) 1.21(0/70.9) 1.57(0]43.5) 1.79(44.2]40.4) | 1.96(0]3.2) 1.25(0/74.6)  1(0]100) 1.99(0/0.8) 1.21(0[78.7)  1(0|100)
100 200  2(0]0.1) 1.95(0]5) 2(0[0.3) 1.42(21.7|55.5) | 2(0]0) 1.99(0]1.4) 1(0]99.6) 2(0]0) 1.99(0]0.8) 1(0]100)
200 200 2(0]0) 2(0/0) 2(0]0) 1.75(023.9) 2(0]0) 2(0]0) 1.02(0]98.3) | 2(0]0) 2(00) 1(0]100)

The average of 7o over 1,000 replications is reported together with the figures inside the parenthesis, (O|U), indicating the percentage of overestimation and underestimation. rg and

7; are the true number of global factors and true number of local factors in group 7. We set 7y = ro = -+

= rR, where R is the number of groups. M; is the number of individuals

in group 4. In Experiments 1, 3 and 4, we set M; = M for all ¢. T is the number of time periods. ¢g and ¢ are the AR coefficients for the global and local factors. 3, ¢ and K
control the cross-section correlation, serial correlation and noise-to-signal ratio. For IC .}, and AGGR, we assume that the true number of factors, rg 4+ r; is known. We still allow
the estimation uncertainty in implementing CCD and MCC using the 7} .



1.5 Monte Carlo Simulation 27

In the second experiment we consider the model with uneven block sizes. To this end, we set
(My = 50, My = 100) for R = 2, (M; = 20, My = 40, M3 = 60, M4 = 80, M5 = 100) for R = 5, and
(M = 20, My = 30, M3 = 40, My = 50, M5 = 60, Mg = 70, M7 = 80, Mg = 90, My = 100, Mg =
110) for R = 10, respectively. The results in Table 1.2 display that CCD performs satisfactory,
selecting rg precisely in almost all cases. The performance of M CC' is comparable to that of CCD,
except when the data become noisier. Especially for small T, M CC significantly overestimates rg
in the presence of cross-sectionally and serially correlated errors together with the higher noise-to-
signal ratio. On the other hand, ICope, underestimates g while AGG R overestimates g in almost

all cases.

Table 1.2: Average estimates of the number of global factors for Ex-

periment 2 with uneven block sizes, (pa,9or) = (0.5,0.5) and 7. =
max{ro +71,...,70 + TR}

B be K T cCD MCC ICchen AGGR
Panel A: R=2

0 0 1 50 2(0.20.5) 2(0]0) 1.01(0]99.1)  3.93(99.8/0)

0 0 1 100 2(00.2) 2(0[0) 1(0[100) 3.77(98.80)

0 0 1 200 2(00) 2(0]0) 1(0[100) 3.66(97]0)

01 05 1 50 2.15(11.80.2)  2.03(2.7/0)  1.02(0[98.4) 3.78(97.1]0)

01 05 1 100 2(0[0.1) 2(0[0) 1(0/100) 3.53(90.5/0.2)

01 05 1 200 2(0]0.3) 2(0[0) 1(0]100) 3.3(84.2/0.1)

01 05 3 50 221(25.9/15.3) 2(5.3/5.8)  1(099.9) 4(100/0)

01 05 3 100 1.7(0.2[25.6)  1.78(0[21.5)  1(0]100) 4(100]0)

01 05 3 200 1.6(0/33.7) 1.66(033.5)  1(0[100) 3.98(99.9/0)
Panel B: R=5

0 0 1 50 200 2(0/0) 1(0/100)

0 0 1 100 2(0]0) 2(0[0) 1(0/100)

0 0 1 200 2(0]0) 2(0]0) 1(0[100)

01 05 1 50 2(0]0) 2.36(35.6/0)  1(0]100)

01 05 1 100 2(0]0) 2(0[0) 1(0/100)

01 05 1 200 2(0]0) 2(0/0) 1(0]100)

01 05 3 50 2(33) 2.75(70.8/0)  1(0]100)

01 05 3 100 1.96(0/3.5) 1.97(0[3.1)  1(0]100)

01 05 3 200 1.94(0[4.8) 1.72(0[27.9)  1(0]100)
Panel C: R =10

0 0 1 50 200 2(0/0) 1(0]100)

0 0 1 100 2(0]0) 2(0/0) 1(0/100)

0 0 1 200 2(00) 2(0/0) 1(0[100)

01 05 1 50 2(0]0) 2.55(54.4/0)  1(0]100)

01 05 1 100 2(0]0) 2(0/0) 1(0/100)

01 05 1 200 2(0]0) 2(0/0) 1(0]100)

01 05 3 50 1.99(0[1) 3.1(98.2(0)  1(0]100)

01 05 3 100 2(0]0.5) 2(0/0) 1(0]100)

01 05 3 200 2(0[0.1) 2(0[0.5) 1(0/100)

We set (M7 = 50, M2 = 100) for R = 2, (M1 = 20, My = 40, M3 = 60, M4 = 80, M5 =
100) for R = 5, and (M1 = 20, My = 30, M3 = 40, M4 = 50, M5 = 60, Mg = 70, M7 =
80, Mg = 90, Mg = 100, M19 = 110) for R = 10. See also footnotes to Table 1.1.
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In the third experiment we allow the number of global factors to vary from 0 to 3 by setting
(ro,m;) € {(0,2),(1,1),(3,3)} for i = 1,..., R and (S, ¢, k) = (0.1,0.5,1). First, the results for the
case with (ro,r;) = (0,2), are reported in Panel A of Table 1.3. CCD, MCC and AGGR tend to
select zero global factor correctly, but CCD outperforms if both M and T are small. On the other
hand, IC¢pe, always selects one factor incorrectly. Second, turning to the case with (rg,r;) = (1,1)
in Panel B of Table 1.3, we find that CCD and IC_p., estimate ro = 1 correctly. If M and T
are small, M CC overestimates ro while AGGR tends to underestimate ry. Finally, the results for
(ro, ;) = (3,3) presented in Panel C, display that for R = 2 the performance of CCD, MCC and
I1C pen is satisfactory and improves sharply with the sample sizes, but CCD slightly outperforms
for small M. By contrast, the performance of AGGR is unreliable unless both M and T are large.
Next, for R =5 and 10, the performance of CCD and M CC remains satisfactory whereas ICpep

severely underestimates rg.

Table 1.3: Average estimates of the number of global factors for Experiment 3 with (¢g,¢r) = (0.5,0.5), (8, ¢e, k) =

(0.1,0.5,1) and ¥, = max{rg+r1,...,70 + TR}
CcCD MCC IC hen AGGR [ ¢cCcb MCC IC hen [ ¢cCcD MCC IC hen
Panel A: (rg,r;) = (0,2)
M T R=2 R=5 R =10
20 50  0.05(3.6]0) 0.9(74.6/0) 1(100]0) 0.33(32.1]0) 0(0]0) 1.04(95.80)  1(100]0) 0(0]0) 1.11(99.6/0)  1(1000)
50 50  0.03(2.1]0) 0.09(9.1/0) 1(100]0) 0(0]0) 0(0]0) 0.02(1.7/0)  1(1000) 0(0]0) 0.01(0.7/0) 1(100]0)
100 50  0.02(2.1]0) 0.01(0.9]0) 1(100]0) 0(0]0) 0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 1(100]0)
200 50  0.01(0.8]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 1(100]0)
20 100  0(0]0) 0(0]0) 1(100]0) 0.25(24.6]0) 0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 1(100]0)
50 100  0(0[0) 0(0]0) 1(100]0) 0.15(15]0) 0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 1(100]0)
100 100  0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 1(100]0)
200 100  0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 1(100]0)
20 200  0(0]0) 0(0/0) 1(100/0) 0.19(19.2|0) 0(0/0) 0(0/0) 1(1000) 0(0]0) 0(0/0) 1(1000)
50 200 0(0]0) 0(0/0) 1(100/0) 0.08(8|0) 0(0/0) 0(0/0) 1(1000) 0(0]0) 0(0/0) 1(1000)
100 200  0(0]0) 0(0/0) 1(1000) 0.03(2.5/0) 0(0/0) 0(0/0) 1(1000) 0(0]0) 0(0/0) 1(1000)
200 200 0(0]0) 0(0]0) 1(100]0) 0(0/0) 0(0]0) 0(0]0) 1(100]0) 0(0]0) 0(0]0) 1(100/0)
Panel B: (rg,7;) = (1,1)
M T R=2 R=5 R =10
20 50  1.09(7.2]0) 1.45(42|0) 1(0/0) 0.93(4.7|11.3) 1(0/0) 1.54(53.4[0)  1(0]0) 1(0/0) 1.66(66.2(0)  1(0]0)
50 50  1.03(2.4]0) 1.02(1.8|0) 1(0]0) 0.92(0]8.1) 1(0]0) 1(0]0) 1(0/0) 1(0/0) 1(0/0) 1(0]0)
100 50  1.02(2]0) 1(0.4]0) 1(0/0) 0.96(0]3.9) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0)
200 50  1.01(0.6/0) 1(0]0) 1(0/0) 0.99(0]0.9) 1(0]0) 1(0]0) 1(0/0) 1(0]0) 1(0]0) 1(0]0)
20 100  1(0]0) 1(0]0) 1(0]0) 0.87(0.4]13.1) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0/0)
50 100  1(0[0) 1(0]0) 1(0/0) 0.97(0.1]3.1) 1(0]0) 1(0]0) 1(0]0) 1(0/0) 1(0/0) 1(0]0)
100 100  1(0]0) 1(0]0) 1(0[0) 0.98(0]1.8) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0)
200 100  1(0]0) 1(0]0) 1(0]0) 0.99(0/0.6) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0)
20 200 1(0]0) 1(0]0) 1(0]0) 0.83(0.1]17.6) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0)
50 200 1(0]0) 1(0]0) 1(0]0) 0.96(0]4.2) 1(0]0 1(0]0) 1(0]0) 1(0/0) 1(0]0) 1(0]0)
100 200 1(0]0) 1(0]0) 1(0/0) 0.98(0]2.4) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0) 1(0]0)
200 200  1(0J0) 1(0]0) 1(0/0) 1(0/0.1) 1(0/0) 1(0/0) 1(0]0) 1(0]0) 1(0]0) 1(0]0)
Panel C: (rg,7;) = (3,3)
M T R=2 R=5 R =10
20 50  3.16(23.7|14.8)  3.02(9.7|8.2)  2.92(10.5|18.6)  4.9(88.1|7) 2.97(4.1/7.1)  3.03(3]0.5)  1(0|100) 2.99(0.1/1.5)  3.02(2.3[0.1)  1(0]100)
50 50  3.05(7.1|2.9) 2.98(0.73.2)  3.04(6.1]2.1) 2.1(0.6|74.1) 3(0.2]0.4) 2.99(0[0.7)  1.17(0[99.7) | 3(0]0) 3(0]0.1) 1(0]100)
100 50  3.01(1.4]0.4) 2.99(0.2/0.9)  3.03(3.3]0) 2.58(0.7]40.7) 3(0]0.1) 3(0]0) 2.7(0/28.2) | 3(0/0.1) 3(0]0.2) 1.01(0/100)
200 50  3(0.4]0.2) 3(0]0.2) 3.02(1.6]0) 2.82(0.4]18.7) 3(0]0) 3(0]0) 3(0[0.1) 3(0]0) 3(0]0) 2.64(0]32.3)
20 100  2.78(0.2|19) 2.38(0[57.7)  2.54(0.5/44.3)  4.25(76.9|13.9) | 2.94(0|5.7) 2.45(055) 1(0]100) 2.98(0]1.5) 2.54(0|46) 1(0]100)
50 100  2.99(0[0.8) 2.93(07) 2.96(0]3.9) 3.72(55.6/20.7) | 3(0]0) 2.98(0[1.6)  1(0]100) 3(0/0) 3(0/0.5) 1(0]100)
100 100  3(0]0) 3(0/0) 3(0/0) 2.66(0]30.9) 3(0/0) 3(0/0) 1.89(0|78) 3(0/0) 3(0/0) 1(0]100)
200 100  3(0]0) 3(0]0) 3(0]0) 2.91(0]8.8) 3(0]0) 3(0]0) 3(0]0) 3(0]0) 3(0]0) 1.21(0]98.3)
20 200  2.71(0|23.6) 1.78(0/91) 2.29(0(64.2) 3.88(69(20.3) 2.95(0]4.7) 1.98(0|96.8)  1(0|100) 2.99(0[1.1) 1.97(0.7|0) 1(0]100)
50 200  3(0[0.2) 2.81(0[19.2)  2.94(06.5) 3.29(40.1|27.6) | 3(0]0) 2.91(0]8.6) 1(0]100) 3(0/0) 2.98(0]2.5) 1(0]100)
100 200  3(0]0) 3(0]0) 3(0]0) 3.21(22.6/14.1) | 3(0]0) 3(0]0) 1.01(0]100) | 3(0]0) 3(0]0) 1(0]100)
200 200  3(0]0) 3(0]0) 3(0]0) 2.95(0/4.9) 3(0]0) 3(0]0) 2.87(0[12.6) | 3(0]0) 3(0]0) 1(0]100)

See footnotes to Table 1.1.
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In the fourth experiment we use the same DGP in the benchmark experiment but allow the

local factors to be mutually correlated. We generate the local factors by

Ft = @Fthl + Wi, Wy~ ’LZdN(O, QF)

where Fy = [F,,....Fp), wy = [wl,,...,wh,] and ®r is a diagonal matrix with the common
elements, 0.5. We set the common diagonal elements of 2 at 1, and the common off-diagonal
elements (denoted wr) at 0.2, 0.4, 0.6 and 0.8, respectively. We report these results in Table
1.4.1% If the correlation among the local factors are relatively weak, i.e. wp = (0.2,0.4), then
the performance of CCD is satisfactory, and improves sharply with M and T. However, if the
local factors correlation becomes stronger, i.e. wp = (0.6,0.8), then CCD overestimates 1y even in
large samples. This is line with Theorem 1.2 that consistency of C'C'D requires the upper bound
condition, py,+1 < 1 to be met. Next, we find that the performance of MCC' is satisfactory for
wrp = (0.2,0.4). Even if wp = 0.6, its performance improves sharply with M and 7. Only in the
presence of the stronger correlation among the local factors (wp = 0.8), MCC tends to overestimate
7o in most sample sizes, but it becomes consistent for substantially large M and T. This is line

with Theorem 1.3.12

"The performances of ICchen and AGGR are qualitatively similar to those in the first experiment. These results
are available upon request.

2In Section A.5 in Appendix A, we have conducted the additional simulations to examine the performance of
CCD and MCC under experiments with heterogeneous correlations among local factors and uneven block sizes. We
have obtained qualitatively similar results.
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Table 1.4: Average estimates of the number of global factors for Experiment 4 with correlated local factors, (¢g,¢r) = (0.5,0.5),

(ro,m:) = (2,2), (B, ¢e, k) = (0,0,1) and r}. = max{rﬂ\rl, .. .,TO/Jr\rR}
wrp =0.2 wp =04 wr = 0.6 wp =0.8

R M T CCD Mcc CcCD MCC cCD Mcc cCD MCC
2 20 50 2.02(4.92.8) 2(0.9]1) 2.26(29.5[2.0) 2.1(10.9]0.6) | 2.75(75.5[1)  2.57(56.8]0.1) | 2.07(96.9]0.1)  2.93(93.4]0)
2 50 50 2.01(1.3J0.1) 2(0.1]0) 2.23(23.4/0)  2.04(4.30.1) | 2.79(78.4/0)  2.45(44.80) | 3(99.8]0) 2.97(97.1/0)
2 100 50  2.01(1]0) 2(0[0.1) 2.19(19.2(0)  2.01(1.3[0) | 2.76(76.1]0.1)  2.25(25.20.1) | 3(99.7|0) 2.93(92.7/0)
2200 50  2(0.3)0) 2(0/0) 2.18(17.6/0)  2(0.3[0.1) 2.74(73.8/0)  2.11(10.5/0) | 3(100/0) 2.79(78.9/0)
2 20 100 2(00.2) 1.98(0[1.7) | 2.2(21.5|1) 1.99(0.2|1.1) | 2.85(85.8/0.5) 2.17(17.8/0.4) | 2.99(99.2]0)  2.88(87.9]0)
2 50 100 2(0J0) 2(0/0) 2.1(10.3/0) 2(0/0) 2.84(84.30)  2.1(10]0.1) 3(100[0) 2.94(94.1/0)
2 100 100 2(0[0) 2(0[0) 2.07(6.8]0) 2(0[0) 2.82(81.7/0)  2.02(1.5[0) 3(100]0) 2.85(84.5/0)
2 200 100 2(0[0) 2(0[0) 2.07(6.5/0) 2(0[0) 2.8(80.2/0) 2(0(0) 3(100]0) 2.58(58.2/0)
2 20 200 2(0]0.3) 1.96(014) | 2.07(9.3]1.7)  1.93(07.3) | 2.89(90.1j0.7) 1.93(0.16.6) | 2.99(99.3]0)  2.58(58.9]0.7)
2 50 200 2(0[0) 2(0/0) 2.02(1.5/0) 2(0[0) 2.9(90.4/0) 2(0.1]0) 3(100]0) 2.79(79]0)
2 100 200 2(0]0) 2(0/0) 2.01(1.4]0) 2(0/0) 2.9(89.6/0) 2(0/0) 3(100[0) 2.44(43.5/0)
2 200 200 2(0]0) 2(0[0) 2.01(1.1]0) 2(0/0) 2.88(87.9/0)  2(0/0) 3(1000) 2(0/0)
5 20 50 2(0.10.5) 2(0]0) 2.10(19.80.8) 2.02(2.2]0) | 2.87(87]0.2)  2.58(57.8]0) | 3(1000) 2.98(98.2]0)
5 50 50  2(0]0) 2(0/0) 2.12(11.70)  2(0.4]0) 2.88(87.6/0)  2.39(39.3]0) | 3(100/0) 2.99(99.4/0)
5 100 50  2(0]0) 2(0/0) 2.08(7.5/0) 2(0/0) 2.86(86.10)  2.17(16.6/0) | 3(100]0) 2.97(97.4/0)
5 200 50  2(0[0) 2(0[0) 2.08(7.7]0) 2(0[0) 2.83(83.4/0)  2.02(1.9]0.1) | 3(100/0) 2.9(89.6|0)
5 20 100 2(0]0) 2(0]0.2) 2.1(10.5/0.1)  2(0[0) 2.95(94.5/0)  2.08(8.1]0) 3(100]0) 2.96(96/0)
5 50 100 2(0[0) 2(0[0) 2.03(2.8]0) 2(0[0) 2.92(92.3)0)  2.02(1.7]0) 3(100]0) 2.98(98.10)
5 100 100  2(0J0) 2(0]0) 2.01(1/0) 2(0[0) 2.9(89.6/0) 2(0(0) 3(100]0) 2.93(93.1/0)
5 200 100 2(0[0) 2(0[0) 2.01(0.8]0) 2(0[0) 2.89(88.7/0)  2(0[0) 3(100]0) 2.57(56.6/0)
5 20 200 2(0]0) 1.99(0(0.8) | 2.02(1.8]0) 1.99(0[0.8) | 2.99(99]0) 1.99(0/0.8) 3(100[0) 2.62(37.8/0)
5 50 200 2(0]0) 2(0(0) 2(0]0) 0(0.2/100) 2.97(97.2/0)  2(0[0) 3(100]0) 2.83(82.6/0)
5 100 200 2(0[0) 2(0[0) 2(0.2]0) 2(0[0) 2.94(94.2/0)  2(0[0) 3(100]0) 2.44(43.6)0)
5 200 200 2(0]0) 2(0[0) 2(0[0) 2(0/0) 2.94(94.2/0)  2(0/0) 3(1000) 2.03(2.6/0)
10 20 50 2(0[0.3) 2(0[0) 2.18(18.4]0.3) _ 2.01(1]0) 2.89(89.4)0) __ 2.6(60]0) 3(99.8]0) 2.99(99.1]0)
10 50 50 2(0[0) 2(0[0) 2.07(6.8)0) 2(0.2]0) 2.80(88.6/0)  2.38(38.1/0) | 3(100/0) 3(99.7|0)
10 100 50  2(0[0) 2(0[0) 2.05(5.3]0) 2(0/0) 2.88(87.8/0)  2.1(10.1]0) 3(100]0) 2.99(98.5/0)
10 200 50  2(0[0) 2(0[0) 2.05(4.5/0) 2(0[0) 2.85(85.2/0)  2.01(1.3[0) 3(100]0) 2.89(89.3)0)
10 20 100 2(0/0) 2(0[0) 2.08(7.6]0) 2(0]0.1) 2.97(96.6/0)  2.05(5.3]0) 3(100]0) 2.99(98.7]0)
10 50 100 2(0[0) 2(0[0) 2.02(1.7]0) 2(0[0) 2.93(93.1)0)  2.01(0.8]0) 3(100]0) 2.99(98.6/0)
10 100 100  2(0]0) 2(0/0) 2(0.3/0) 2(0/0) 2.93(92.5[0)  2(0]0) 3(100[0) 2.95(94.8/0)
10 200 100  2(0]0) 2(0/0) 2.01(0.6]0) 2(0/0) 2.91(91.4[0)  2(0/0) 3(1000) 2.59(59/0)
10 20 200 2(0]0) 2(0/0.2) 2.02(1.7]0) 2(0]0.5) 2.99(99.10)  2(0]0.2) 3(100]0) 2.67(67]0)
10 50 200 2(0]0) 2(0/0) 2(0[0) 2(0/0) 2.97(96.9/0)  2(0/0) 3(1000) 2.86(85.5/0)
10 100 200 2(0]0) 2(0/0) 2(0]0) 2(0/0) 2.97(97.20)  2(0]0) 3(100[0) 2.4(40.2|0)
10 200 200 2(0[0) 2(0[0) 2(0[0) 2(0[0) 2.96(96.1]0)  2(0[0) 3(100]0) 2.01(1.2]0)

We generate the local factors by Fy = ®pF;_1 + w with wy ~ #dN(0,QF), where Fy = [F{,,..., Fp,], wi = [wl,,...,wh,] and @ is a

diagonal matrix with the common elements, 0.5. We set the common diagonal elements of 2 at 1, and the common off-diagonal elements (denoted
wp) at 0.2, 0.4, 0.6 and 0.8, respectively. See also footnotes to Table 1.1.
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In Section A.6 in Appendix A, we have conducted the additional simulations for estimating the
number of the local factors, after ry is consistently estimated by CCD and M CC'. Overall results
suggest that BIC3 by Bai & Ng (2002) and FR by Ahn & Horenstein (2013) outperform the other
existing approaches.

Finally, in Section A.7 in Appendix A, we follow the anonymous referee’s suggestion and split the
whole data with R > 2 groups into the two wide groups. This simple modification enables us to apply
the AGGR’s procedure for estimating the number of global factors even if R > 2. Furthermore, this
scheme may improve the finite sample performance of CCD and MCC estimators by increasing
the number of cross-section observations used in the estimation of the number of global factors, rg
and the global factors, G. We explore the performance of AGGR, CCD and MCC with the two
wide-group division, denoted respectively by AGGRY, CCDY™ and MCC", via additional Monte
Carlo experiments. We consider the same DGP employed under Experiments 1 and 3, and draw
the three main conclusions. First, we can apply the AGGR approach to the multilevel panel with
R > 2, though its performance becomes satisfactory only if both M and T are substantially large.
But, its performance is unreliable, especially if T" is small. Second, CC'D and M CC still outperform
CCDY, MCCY and AGGRY in most cases. Third, there is a trade-off between the use of more
cross-section observations and a selection of the larger 7. . We find that CCD" and MCC" can
significantly improve the estimation precision of ry for the multilevel panel with R > 2, especially
if T' is sufficiently large and M is much smaller than 7. On the other hand, if 7" is small, then
CCDY and MCC"™ overestimate rg. Hence, we may recommend this 2-wide groups modification in
practice, only if T is sufficiently large and M is much smaller than T'.

Overall, the simulation results demonstrate that CC'D and M CC tend to select the number of
global factors correctly even in small samples while outperforming other existing methods even in
the presence of serially correlated and weakly cross-sectionally correlated idiosyncratic errors. Only
if the correlations among the local factors are deemed to be relatively weak on average (say, less
than 1/2), we recommend the use of CC'D because it is very simple to implement without requiring
any tuning parameter and its performance is robust against noisier idiosyncratic errors. Given that
the overall performances of CCD and MCC are qualitatively similar but M CC' does not need to

meet the upper bound condition, in general, we prefer the use of MCC.

1.6 Empirical Application

We demonstrate the utility of our approach in the context of the multilevel asset pricing model.

The standard literature on asset pricing models suggests a linear relation between stock returns
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and common factors, e.g. Sharpe (1964), Connor & Korajezyk (1988) and Fama & French (1993).
However, the studies investigating the role of industry factors explicitly in asset pricing model are
relatively few. Fama & French (1997) provide evidence that both CAPM and the three factor models
are unable to precisely estimate the cost of equity for industry portfolios. Lewellen et al. (2010)
demonstrate that the asset pricing models are rejected for industry portfolios. Chou et al. (2012)
find that the residuals of stocks from the same industry share a non-negligible correlation even after
controlling for the common factors. Moskowitz & Grinblatt (1999) find that industry momentum
contributes substantially to the momentum strategy such that the winners and the losers tend to
belong to the same industry. These studies reveal the fact that stocks in the same industry share
a strong co-movement, which cannot be explained by the common factors alone. In this regard, it
would be an important issue of investigating whether there is any industry-specific factor driving
the within-industry co-movement as well as how important they are relative to global factors and
idiosyncratic disturbances.

We collect the weekly return data of stocks listed on NYSE and NASDAQ from Jan. 2015
to Dec. 2016 from CRSP database. We follow Fama & French (1997) and use the SIC codes to
categorise the stocks into twelve industries, listed in the first column of Table 1.5.'3 We consider
a balanced block panel data with unequal block sizes and include stocks that have the complete
return data during the sample period. Following Fama & French (1993) we require the stocks to be
listed on NYSE and NASDAQ for two years prior to Jan. 2015. We end up with twelve industries
(R =12), 2618 firms (N = 2618) and 105 weeks (7" = 105). The number of stocks in each industry
is reported in the second column of Table 1.5.

We first report the within correlations and between correlations. The former is evaluated as the
average pairwise correlation of individual stock returns within the same industry while the latter is
the average correlation between individual returns across two different industries. We visualise them
through a heat map in Figure 1.1, where the diagonal elements represent the within correlations and
the off-diagonal elements are the between correlations. Both correlations are positive and substantial
across all industries. Overall, the within correlation is higher than the between correlation for all
industries. For example, for Enrgy, Utils and Money, the within correlations are 0.36, 0.45 and
0.31, and the between correlations are 0.19, 0.11 and 0.21. Such differences imply that there may

be some local/industry factors, rendering the assets co-move within the same industry.

3 These are Consumer Non-Durable, Consumer Durable, Manufacturing, Energy, Chemicals, Business Equipment,
Telecommunication, Utilities, Shops, Health, Money and Others. The definitions of the industries can be found on
Kenneth French’s website: http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.
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Figure 1.1: Average pairwise correlations of returns
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Next, we explore the correlation structure using the multilevel factor model. We standardise

the data following Bai & Ng (2002) and Ahn & Horenstein (2013). First, we follow the practical

*

guideline for 7} ..

as described in Section 1.5. In our application we only need to run BIC5 12
times using rmax = 10 for i = 1,...,12, and select 7%, = max{rg +71,...,70 + r12} = 3. We then
apply CCD and MCC with r} .. = 3. Both select only one global factor, which is in line with

Trzcinka (1986) and Bailey et al. (2021).'* Then, we apply BICs with 7 =r

fmax ax — 7o = 2 to
the defactored data in each block by concentrating out the global factor. We find that there is one
local factor in NoDur, Enrgy, Hlth and Money, two local factors in Utils, and zero factor in other
industries. Finally, we apply the estimation method described in Section 1.4.4, and report the full

estimation results in Table 1.5.

MFor the robustness check, we have tried the different values of Tmax = 5,10, 20 directly applied to CC'D and
MCC, finding that they always select one global factor.
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Table 1.5: The main empirical results

M; # RIz RIr RIg

NoDur 131 1 0165 0.093 0.737
Durbl 63 0 0328 0 0.672
Manuf 244 0 0321 0 0.679
Enrgy 92 1 0.199 0.232 0.562
Chems 67 0 03 0 0.7
BusEq 368 0 0222 0 0.778
Telem 69 0 0221 0 0.779
Utils 79 2 0.083 0.542 0.373
Shops 242 0 0222 0 0.778
Hlth 240 1 0.105 0.096 0.776
Money 525 1 0274 0.101 0.602
Other 498 0 0214 0 0.786
Avg/Total 2618 0.226 0.058 0.708

M; is the number of firms in each industry. 7;
is the estimated number of local factors. Rligq,
RIp and RIg stand for the relative importance
ratios for the global, local factors and idiosyn-

cratic components, respectively.
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We evaluate the relative importance ratios of the global factor, the local/industry factors and
idiosyncratic errors,'® that are summarised in columns 4 - 6 in Table 1.5. On average, the global
factor and local factors can explain 22.6% and 5.8% of the total variation whereas idiosyncratic
disturbance components still account for 70.6% of the total variation. The global factor tends to
display the higher relative importance ratios for the cyclical industries such as Durbl (32.8%), Manuf
(32.1%), Chems (30%) and Money (27.4%), suggesting that the higher within correlations observed
in these industries are likely to reflect the higher loadings to the global factor. On the other hand,
the influence of the global factor is below average for the non-cyclical industries such as NoDur
(16.5%), Utils (8.3%) and Hlth (10.5%). Interestingly, local factors are more important than the
global factor for Enrgy (23.2%) and Utils (54.2%). The variance share explained by the local factors
are also non-negligible for NoDur (9.3%), Hlth (9.6%) and Money (10.1%).

Next, we examine the within and between correlations after concentrating out the global and
local factors, respectively. Figure 1.2 displays the results constructed using the residuals from a
regression of the return data on the global factor only. In contrast to Figure 1.1, the between
correlations decline drastically for all industries, indicating that the market-wide co-movement of
the individual stock returns is well-captured by the global factor. Notice, however, that the within
correlations for NoDur, Enrgy, Utils, Hlth and Money are still non-negligible, which implies that such
co-movements may be captured by the local factors. We further project out the local factors such
that the resulting residuals would be purely idiosyncratic. Figure 1.3 shows that both correlations
are almost negligible, suggesting that the local/industry factors are an important driver behind the

higher within correlations for NoDur, Enrgy, Utils, Hlth and Money.

5The time series variance decomposition for the individual stock return is given by
Var(yijt) = Var (ﬁéjét) + Var (X;]f‘zt) + Var (éijt)
We construct the relative importance ratios for each industry by

M; Var (’7{] ét)
Var(yjt)

M; Var (X;]f‘lt)

, IRF;, = M;!
; Var(yijt)

Var(é;t)

IRG; = M;* )
¢ Var( it)

and IRE; = M, 12
j=1

The average relative importance ratios across the market for these three components can be evaluated as

R M; Var (’yszt) L B M Var (X;]ﬁ,t)
TRG=N" 12 Varlgo) IRF=N 12 o)

=1 j=1 =1 j=1

and TRE = N~ ! Z Z ://Zi €ijt)
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Figure 1.2: Average pairwise correlations of residuals after concentrating out G
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Figure 1.3: Average pairwise correlations of residuals after concentrating out G and F;’s
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Figure 1.4 displays that the estimated global factor co-moves closely with the market factor
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with correlation of 0.95,'° though the latter is slightly more volatile. This is a well-known result
since Brown (1989) that the market index plays a predominant role in the asset pricing model.
However, it is more challenging to find out which financial indicators measuring local economic and
financial conditions, can be connected closely to the local/industry factors. For example, we find
that the local factor in Enrgy is highly correlated with the changes in WTT (an oil price index) with
the correlation of 0.7. Further, we observe that the average (absolute) pairwise correlation among
the local/industry factors is 0.21, which may provide an empirical support for the upper bound

condition imposed in Theorem 1.2.

Figure 1.4: The global factor and market factor
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Finally, in Figure 1.5, we plot the density of the factor loadings associated with one global
factor and with six local factors. As the estimated factors/loadings are subject to a rotation and
sign indeterminacy, we focus on whether the loadings have the same sign or not. The same sign
indicates that the returns co-move with the corresponding factors, and vice versa. First, almost all
individual stock returns are positively loaded on the global factor, suggesting that they co-move
with the global factor. Next, turning to the local factor loadings, we find that the majority of
the stock returns in NoDrl, Enrgy, Money, and Hlth are loaded wih the same sign. In Utils with
two local factors, the majority of the returns are negatively loaded on the first factor while they
are symmetric around 0 for the second factor. This confirms that the local/indistry factors are an

important source of the within-industry co-movement.

16We download the weekly data of the Fama-French three factors from the Kenneth French Website.
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Figure 1.5: Density plots of the global and local factor loadings
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1.7 Conclusion

We have developed a novel procedure for identifying the number of the global factors and the number
of the local factors jointly in a multilevel factor model. We first apply the principal component
(PC) estimation to the data in each block and estimate the factors. We then evaluate the canonical
correlations between factors in any two blocks and develop the canonical correlations difference
(CCD) and the modified canonical correlations (MCC') criteria.

We show that both CCD and M CC are a consistent model selection criterion. Via Monte Carlo
simulations, we demonstrate that CCD and M CC consistently select the number of global factors
even in small samples. Further, they outperform other competing approaches even in the presence
of serially correlated and weakly cross-sectionally correlated errors as well as the correlated local
factors. We have also considered the simple modification by splitting the whole data with R > 2
groups into the two wide groups. We find that this modification can improve the estimation precision
of rg, especially if T is sufficiently large and the number of individuals in each group is much smaller
than T

We demonstrate the utility of our approach with an application to the multilevel asset pricing
model for the weekly stock return data of twelve industries in the U.S. over the period, Jan. 2015
to Dec. 2016. By applying CCD and MCC, we find that there is only one global factor, which
co-moves closely with the market factor. Next, by applying BIC3, we find that the local factors

explain non-trivial proportions of the return variations in 5 out of 12 industries.
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We note in passing that the global factors can be common only to the blocks within a region,
say emerging or advanced markets, e.g. Hallin & Liska (2011) and Chen (2012), which may be
empirically more relevant. This factor structure can be regarded as the multilevel model with the
regional factors rather than the global factors. This is similar to the three-level or overlapping factor
models considered by Breitung & Eickmeier (2016) and Beck et al. (2016). Our approach can be
easily extended to these cases given that the block membership within different layers is known.

In principle, if the (unknown) group membership as well as the number of the groups are
(consistently) estimated using any exiting approaches (e.g. Su et al. (2016) and Ando & Bai (2017)),
then we can apply our proposed section criteria to consistently estimate the number of global factors
and the number of local factors in each group, jointly. Notice that there is a growing literature on
weak factor model that is closely related to the multilevel factor model. In the 2-dimensional model,
weak factors are harder to detect than strong factors. A number of recent papers have developed
some novel but complex techniques, e.g. Lettau & Pelger (2020), Bailey et al. (2021) and Uematsu
& Yamagata (2022). On the other hand, consistent estimation of both global and local factors
and their loadings can be easily achieved in the the multilevel factor model, using the canonical-
correlations-based approach as described in the paper. In this regard, we expect that the joint
analysis of our proposed approach and the unknown group membership will shed further lights on
enhancing our understanding of weak factor models, especially in relation to the recent asset pricing
models following the factor zoo criticism raised by Cochrane (2011), see also Bailey et al. (2021)
and Lettau & Pelger (2020).



Chapter 2

Generalised Canonical Correlation

Estimation of the Multilevel Factor

Model

Abstract We develop a novel approach based on the generalised canonical correlation (GCC)
analysis to analyse the high dimensional panel data model with the multilevel factor structure. Im-
portantly, our approach is shown to be valid even if some blocks share the common local/regional
factors. We establish the consistency of the estimated factors and loadings, and derive their asymp-
totic normal distributions under fairly standard conditions. We also propose a GCC' selection
criterion for identifying the number of global factors. Via Monte Carlo simulations, we confirm
the validity of our asymptotic theory, and also demonstrate the superior performance of the GCC
selection criterion over existing approaches. Finally, we demonstrate its usefulness with an applica-
tion to the housing market in England and Wales using a large disaggregated panel data of the real
house price growth rates for the 331 local authorities over the period 1996Q1 to 2021Q2.

Keywords: Multilevel Factor Models, Principal Components, Generalised Canonical Correlation,

Housing Market Cycles.

JEL Classifications: C55, R31.
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2.1 Introduction

In a data-rich environment with large cross-section units and time periods, the factor model provides
a dimension reduction technique via a set of pervasive latent factors, e.g. Chamberlain & Rothschild
(1983), Stock & Watson (2002) and Bai & Ng (2002). Recently, the multilevel factor models have
gained increasing attention; some factors are pervasive (i.e. common to all individuals) whilst other
are semi-pervasive (i.e. common only to a subset of individuals), referred to as the global and
local factors, respectively. Kose et al. (2003) advance the multilevel factor model for characterising
the global business cycle, documenting evidence that the global factors play an important role
in explaining macroeconomic activities. Barrot & Serven (2018) find that the common factors
are the main driving force behind advanced-country capital flows whilst idiosyncratic components
dominate the emerging/developing country capital flows. Applying a two-block factor model to a
mixed-frequency data, Andreou et al. (2019) show that the industrial production is still the most
important workhorse in the US.

The principal component (PC') estimation, a popular method in the single-level factor model,
cannot be directly applied to the multilevel setting, because it can only estimate the whole factor
space consistently but fails to separately identify the global and local factors. This renders the the
multilevel factor modelling a challenging issue. Wang (2008) proposes a sequential PC' approach by
updating the global and local factors iteratively, though this approach does not guarantee conver-
gence to the global minimum unless the initial estimate is consistent. Breitung & Eickmeier (2016)
and Choi et al. (2018) propose the use of the canonical correlation analysis (CCA) for obtaining
an initial consistent estimate of the global factors by employing C'C'A using any two blocks. Once
the (estimated) global factors are projected out, the local factors can be consistently estimated for
each block. The global and local factors are iteratively updated until convergence.

In this paper we broaden the scope to encompass more generals scenarios in which certain blocks
may share common regional factors, as analysed by Moench et al. (2013) and Beck et al. (2016).
Alternatively, blocks share pairwise common local factors, as explored by Hallin & Liska (2011)
and Rodriguez-Caballero & Caporin (2019). In such cases, the CC A approach fails to produce the
consistent estimation of global factors, as the common local /regional factors can be mistakenly iden-
tified as global. As the main contribution, we propose the generalised canonical correlation analysis
(GCC), which extends the standard CC' A (using two blocks only) by conducting the simultaneous
analysis of the factor spaces of all blocks collected in a system-wide matrix, ®. By jointly dealing
with the unit pairwise canonical correlation between any two blocks, GC'C' successfully addresses
the aforementioned issues with common local/regional factors. Furthermore, GCC offers the main

computational advantage, as it does not require any iterations, unlike many existing studies.
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We establish the consistency of the estimated factors and loadings using matrix perturbation
theory. Importantly, consistency can be achieved if the number of blocks, R is finite or tends to
infinity. In this article, we focus on a finite R, a more practical case empirically, and derive the
asymptotic normal distributions for the global and local factors and loadings under fairly standard

1" To the best of our knowledge in the literature, only Andreou et al. (2019) has

assumptions.
developed an asymptotic theory for factors and loadings under finite R. However, their approach
is based on CCA and is confined to the case with two blocks (R = 2). Furthermore, their theory
is subject to a few limitations, e.g. the asymptotic distribution of the estimated global factors is
non-unique while the estimated local factors involve bias terms due to the sequential estimation.
This suggests that it is unclear how to conduct inference using their results. By contrast, our theory
is applicable for R > 2 while the asymptotic distribution of the estimated global factors remains
unique.

The challenging issue is that the asymptotic covariance matrices of the estimated global factors
and loadings involve a rotation matrix, that cannot be estimated consistently, rendering infeasible
inference based on the asymptotic theory. Furthermore, if the number of blocks is finite, estimation
errors from the estimated global factors and loadings are of the same magnitude as the local factors
and loadings. To overcome these challenging issues, we propose a novel hybrid bootstrap method
that is able to produce valid confidence intervals for the estimated global (local) factors and loadings.
By resampling the global (local) factors toegether with the error terms, we can produce back-rotated
factors and loadings. This procedure ensures that the bootstrap estimates have the correct limiting
distributions across repetitions. It is worth mentioning that the GCC' approach can be easily
extended to more general cases, such as the multilevel factor model with more than two layers of
classification considered by Ahn & Zhang (2023).

We also develop a GCC-based consistent selection criteria for identifying the number of the
global factors by evaluating the ratios of adjacent singular values of the matrix ®. As shown by
Han (2021), the standard approaches for selecting the number of global factors (rg) in the single-
level factor literature (e.g. Bai & Ng (2002), Onatski (2010) and Ahn & Horenstein (2013)), fail
to generate reliable model selection in the multilevel case. Recently, a few approaches have been
proposed to consistently estimate 79 under the multilevel setting. Andreou et al. (2019) propose
a testing procedure by deriving the asymptotic distribution of the canonical correlation between

the factor spaces in a two-block model. Choi et al. (2021) develop consistent selection criteria for

If R — o0, the estimation proceeds in an iterative manner. Wang (2008) developed a sequential estimation
theory. Mao et al. (2021) provide an asymptotic theory for a bilateral trade flow model where both the number of
importers and exporters tend to infinity. Jin et al. (2023) consider a generalised three-dimensional factor model and
establish the asymptotic theory when the number of groups tends to infinity.
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determining the number of the global factors based on the average pairwise canonical correlation
among all blocks. Chen (2022) proposes a selection criterion based on the average residual sum of
square from a regression of (estimated) global factors on the factor spaces in each block. Unlike
most existing studies, our approach does not require either the orthogonality between the global
and local factors or the selection of any tuning parameters. This makes the GCC criterion more
robust and general.

Via Monte Carlo simulations, we first focus on the consistent estimation of the global factors and
the number of the global factors, finding that GC'C outperforms the CC'A approach by Andreou
et al. (2019) and the circular projection estimation developed by Chen (2022) under all experiments.
Next, we examine the performance of the hybrid bootstrap when evaluating confidence intervals for
the estimated factors and loadings as well as the factor components. We find that the hybrid
bootstrap can produce valid confidence intervals with correct coverage rates as the sample size
increases.

We apply the GCC' approach to estimating the multilevel factor model and characterising the
national and regional housing market cycles in England and Wales, using a large disaggregated
panel data of the real house price growth rates for the 331 local authorities over the period 1996Q1
to 2021Q2. The main empirical findings are summarised as follows:

We first detect one global (national) factor, one local factor in the seven regions (NE, NW,
YH, EE, LD, SE and WA) but no local factor in the three regions (EM, WM and SW). Second,
the national factor explains a considerable portion of the house price inflation variation with a
mean of 46.6% while the regional factor contribution is much weaker with its average at 8.3% only.
This suggests that the house market in England and Wales appears to be more integrated than
the U.S. market (e.g. Del Negro & Otrok (2007)). Third, we can identify that the regional factor
components of EE, LD and SE (Area 1) co-move closely while those of NE, NW, YH and WA
(Area 2) tend to cluster, confirming that the regional factors are common across some regions.
Fourth, the national housing market cycle captured by the global factor components displays a
typical boom-bust-recovery behaviour, which is in line with the conventional view that the national
housing market cycle is pro-cyclical and closely related to economic fundamentals (e.g. Chodorow-
Reich et al. (2021)). By contrast, the regional housing market cycles captured by the areal factor
components display a heterogeneous but opposite pattern unrelated to fundamentals, demonstrating
a housing market segmentation in the North and the South. Finally, we document evidence that
the growth rate of the (lagged) population gap between areas strongly co-moves with the areal
components gap, suggesting that the population gap growth may be an important driver behind

the regional house price gap.
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The rest of the paper is structured as follows. Section 2.2 introduces the multilevel factor model
and provides a review of the related literature. Section 2.3 proposes the novel GCC approach and
presents the main estimation algorithms. Section 2.4 develops the asymptotic theory for the GCC
estimator, advances a new selection criterion for identifying the number of the global factors, and
proposes a hybrid bootstrap approach for constructing confidence intervals. Section 2.5 reports
Monte Carlo simulation results. Section 2.6 presents an empirical application to the house price
inflation data in England and Wales. Section 2.7 offers concluding remarks. The detailed bootstrap
algorithm, mathematical proofs, auxiliary lemmas, and additional simulation results are relegated

to Appendix B.
2.2 The Multilevel Factor Model
Consider the multilevel factor model:
Yijt = VijGt + MjFit +egi=1,..,Rj=1,..,Nj,t =1,...,T (2.2.1)
where G; = [G%, e G;O]/ is the rg x 1 vector of the global factors, F;; = [lew e Fz?]/ is the r; x 1

vector of the local factors in the block 4, «;; and A;; are the corresponding heterogeneous factor

loadings, and e;;; is the idiosyncratic error. Stacking (2.2.1) across the N; individuals in block ¢, we

have:
Y = TGy + AiFy + ey, (2.2.2)
where Yy = [yie, - Yinel, € = €t einie]’s Ti = [vir, -, vin,) and Ay = [Nir, ., i)
N;x1 N; x1 N;Xro N;xr;
The model can also be written as
Y:=0"K/ +e, (2.2.3)
where
G; y A1 0 -+ 0
Yau e F 0 A 0
1t Y2 2
Yt = , € = ;Kj = ) S + =
Nx1 Nx1 rtx1 Nxrt
Y Rt eRt
| Fre | vz 0 0 AR |
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with N = Zﬁ:1 N; and T = rg + Zf;l r;. Further, the model is written in a matrix form:
Y =K'0" +e, (2.2.4)

where Y =[Y1,..,Y7], Kt =[Ki,...K7|,and e = [ey,...,er|.
TxN Txrt TxN

Alternatively, stacking (2.2.1) over time period ¢, we can rewrite the model as

Yij = Gvi; + Fidij + e = Ki0;; + e (2.2.5)

! ! ! /
where Yi; = [yij1, .., YisT|» € = [eij1,--meijr], G =[G1,....,Gr], Fy = [Fu,...Fir|, 6;; =
Tx1 Tx1 Txro Txr;

!/
[’y{j, A;j] and K; = [G, F;]. For each block i, we then have:

Where YvZ = [Yil,YiQ, e 7YiNi]7 e; = [eil, €;2,... ,eiNz.] and @Z = [an Az]
The primary issue in the multilevel factor model is to identify the global and local factors,

separately. We now express the model (2.2.2) as
Yi =TiGe + €, € = AFi + e, (2.2.7)

where the local factors are treated as the part of the error components. The first ry factors ex-
tracted from the PC estimation applied to the whole data Y; = [Y/,,...,Y%,]’, will be incon-
sistent estimates of Gy because the weak correlation condition among the error components in
& = [&);,...,8R,) is violated due to the presence of the local factors (see Breitung & Eickmeier
(2016)). Alternatively, if we apply the PC estimation to each block Y; in (2.2.6), the factor space
spanned by K; = [G,F;] can be consistently estimated up to rotation, though the global and local
factors cannot be separately identified.?

A number of alternative methods have been developed. Wang (2008) proposed an iterative

sequential approach. Given the estimated global factors and loadings, denoted G and f‘i, then the

2Moreover, the r* factors extracted from Y; in (2.2.3) are not necessarily consistent estimates of K. Lemma
2 in Freyaldenhoven (2021) establishes that the local factors can be consistently estimated only if the number of
individuals within that group is larger than v N.



2.2 The Multilevel Factor Model 46

local factors and loadings for each block ¢ can be estimated by applying the PC' estimation to
Y, — GI, = FA) + e (2.2.8)

Given the estimated local factors and loadings, denoted f‘z and Ki, then the global factors and

loadings can be updated by applying the PC' estimation to
[Y1 _flxg,...,YR_ﬁRK;%] =G[T),...,Tk] +e

This procedure will be repeated until convergence. However, this approach does not guarantee
consistency unless the initial estimates of the global factors and loadings are consistent, because the
least square objective function is not globally convex.

To get consistent (initial) estimates of the global factors, Breitung & Eickmeier (2016) and
Choi et al. (2018) propose the use of the canonical correlation analysis (CCA), where the canonical
correlation between IA{m and Kh is estimated for any two blocks, m and h. For convenience assume
that rg, ry, and rp are known and set rg + r,, = rg + . Consider the following characteristic
equation:

(gmhgﬁghm — ﬁgmm> Vi, = 0 or <§hm§;} §mh — Eghh> vp,=0 (2.2.9)

m

where §ab (a,b = m,h) denotes the covariance matrix between ﬁm and IA(h. We then obtain
the solution ¢ by the (squared) canonical correlations between IA{m and Rh. Since they share the
factor space spanned by the global factors, the rg largest canonical correlations will be equal to one
asymptotically. Therefore, we can consistently estimate the global factors by G = KmV;“g or G =
I/ihVTO, where V70 and V,;° are the matrices consisting of the characteristic vectors corresponding
to the rg largest characteristic roots. Next, after projecting G out, one can consistently estimate
the local factors and loadings. In practice, this estimation proceeds iteratively until convergence.
Breitung & Eickmeier (2016) and Choi et al. (2018) suggest choosing the block pair (m,h) that
yields the largest canonical correlation. Andreou et al. (2019) develop an asymptotic theory for
the estimated factors and loadings under rather stringent conditions, though their theory can be
applied to the case with the two blocks only. In a special case with R = 2, Andreou et al. (2019)
suggests using CC A to estimate the global factors based on CC A between IA{l and RQ by solving
the characteristic equation (2.2.9) for (m,h) = (1,2) or (m,h) = (2,1). Namely, the global factors
can be estimated by G = IA(quo or G = R2V£O.

However, CC' A does not always estimate the global factors consistently. Consider a three-block
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model (R = 3) with 7o = r; = 1 for ¢ = 1,2,3. Suppose that the first and second blocks share
the same local factor. When we obtain the largest canonical correlation between ﬁl and IA(2, we
are no longer sure whether IA{lV’io yields the global or the common local factor. Furthermore, the
number of global factors tends to be overestimated. A few empirical studies show that some blocks,
that share the same geographic region, are subject to common local factors.> Rodriguez-Caballero
& Caporin (2019) consider the pairwise-common local factors by employing two parallel country
classifications based on the Debt/GDP ratio and credit rating. In these cases, CC A fails to produce
consistent estimates. See also Moench et al. (2013) and Beck et al. (2016).

Recently, Chen (2022) propose a circular projection estimation (CPE) approach. The circular
projection matrix is a successive product of the factor spaces of K;, given by the product inside the
bracket in [(Hil P (KZ)>/ (Hf;l P (Kz))] ¢ = w¢, where Z(.) is the projection matrix, and =
and ¢ are the eigenvalue and eigenvector. Only when m = 1 is ¢ a global factor. Hence, the global
factors can be estimated as v/T times the 7o eigenvectors corresponding to the unit eigenvalues
of the circular projection matrix by replacing K; by K;. CPE does not suffer from the issue
related to the common local factors since it encompasses all blocks. Similarly, GC'C incorporates
the information from all blocks simultaneously via a linear combination of the whole factor spaces
(see (2.3.19) below). However, our method yields a simpler asymptotic expansion of the global
factors, enabling us to directly derive the asymptotic normal distribution of the estimator of the
global factors whereas no such asymptotic theory is developed under C PE. Moreover, we show

that GCC outperforms C'PE via simulations (see Section 2.5).

2.3 The Generalised Canonical Correlation Analysis

We begin with the standard CC A and describe our approach via comparison between CCA and
GCC. Select any two blocks, m and h and let K,,, and K; be T' X (rg + ) and T X (rg + 7p)
matrices consisting of the global and local factors. C'C'A aims to find the linear combinations v,,;
and vp,; such that

(Vimg, vrj) = arg max Corr (K, Vi, Kpva;) (2.3.10)
VmjsVhj

subject to the restrictions

VI K, K, V,, =1 and VK, K, V), =1 (2.3.11)

Tmin Tmin

3Hallin & Ligka (2011) find one common local factor between France and Germany in a three-country model for
industrial production indices for France, Germany and Italy.
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where Tmin = min{rg + rm,70 + 72}, Vi = [Vmis--+, Vel and Vi, = [V, ..o, Vi, |0 If
K,, and K}, share the ry global factors, then there exists ry linear combinations such that their

correlations are equal to one, or equivalently

K, V70 = K,V (2.3.12)
where V19 = [Viu1,..., Vingy] and V3% = [vp1,...,Vp,] are the matrices collecting such linear

combinations. We then solve the characteristic equation, (2.2.9) and obtain V0 that consists of
characteristic vectors of V corresponding to the ro largest characteristic roots.

However, CCA does not always identify the global factors in the presence of common local
factors as explained in Section 2.2. To address this important issue, we propose to construct the

T(R—1)R/2 x Zﬁ:l(ro + ) system-wide matrix as follows:

Ki -K; 0 0 0o 0
Ki 0 -K; 0 .. 0 0

P = ' (2.3.13)
0 0 o0 o0 Kp1 —Kg |

where K; = [G,F;] for i = 1,..., R. We then find the kernel of ®, i.e. a set of vectors collected by

the matrix Q = [Q], ..., Q] that satisfies:
KiQ1 — K2Q2 0
$Q - K1Q: — K;3Qs3 _ 0
| Kr-1Qr-1—-KrQr | [ 0

To this end we consider the following singular value decomposition (SVD) of ®:
® =PAQ (2.3.14)

such that #Q = PA, where P and Q are the TR(R —1)/2 x Zf;l(ro +r;) and Zlil(ro + ) X
Zf;l(ro + r;) orthonormal matrices, and A = diag {(51, 09y, 52{11(ro+m)} is a E{il(ro + ) X
Zf;l(ro + r;) diagonal matrix consisting of the singular values in ascending order. If we can find a

set of vectors Q and the singular values § = 0 such that ®q = dp = 0, then we obtain Q by the set
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of vectors, q.

We establish the existence of the ry zero singular values and the corresponding eigenvectors,
denoted Q™ in the following proposition.? A direct example of Q" is such that each Q}° = [L,,, 0
is a selection matrix. To rule out an infeasible case where the global factors can be expressed as

a linear combination of the local factors, we assume that Gag = Fia; + - -+ + Frag if and only

if g = 0,1 =0, ...,ar = 0, which resembles the rank condition in Assumption A of Wang
(2008).
Proposition 2.1. There exists a Y1, (ro+ 1) X 7o matriz, Q" = [Q}, QY. ..., QY']" containing

the right eigenvectors of ®, such that Q™ = 0 with the ro zero singular values. Moreover, the

remaining singular values of ® are larger than zero and of stochastic order O, <\/T)

From Proposition 2.1 we have:
K;Q’ = K»Qy’ =--- = KgrQp (2.3.15)

which shows that the pairwise canonical correlation in (2.3.12) is simultaneously satisfied for all
pairs of the blocks. Importantly, this demonstrates that all K;Q;° for ¢ = 1, ..., R, obtained by the
GCC approach, can provide valid representation of G even in presence of the common local factors.

Let ¥ = [K;Q'°, ..., KrQ}p] and consider the eigen-decomposition,
T7'9¥ = LEL/, (2.3.16)

where Z is a diagonal matrix containing the eigenvalues of 7-'¥W¥’ in descending order.
Proposition 2.2. The first rog columns of L, denoted L™, consists of the factor space spanned by

G.

Proposition 2.2 shows that the global factors can be identified by a linear combination of appro-

priately rotated block factor spaces. Importantly, the eigen-decomposition summarises the factor

4We note that the solution Q;’s are equivalent to
R
™ T T . 2
( 105 205--'7 P?): argmin E HGiKZwl” )
W1,W2,. s WR T]

which is more common in the GCC literature (see Yang et al. (2019)). Therefore, we name our approach after GCC
despite the slight difference in the problem formulation.
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spaces K;Q;°, rendering us to develop a unique representation and asymptotic distribution of the
global factors, differing from Proposition D.5 of Andreou et al. (2019).

The estimation algorithm proceeds as follows.

Estimation of global factors and loadings We first obtain the PC estimate of K; for each
block i, denoted IA{Z-, by VT times the 7max eigenvectors of Y; Y/ corresponding to the rpax largest
eigenvalues, where ry.x > max;—1,. r{ro+r;} is a common positive integer. We then construct the
TR(R —1)/2 X Rrpax matrix, o by replacing K; with K; in (2.3.13), and evaluate the SDV of )

as

» = PAQ, (2.3.17)

where P and Q are the TR(R — 1)/2 X Rryax and Rrjax X Rrmax orthonormal matrices, and A is

the Rrjax X Rrmax diagonal matrix consisting of the singular values in ascending order.

~ ~ ~ 1 ~
Next, denote Q" = [ LU Q%?'} as the first ¢y columns of Q, and construct the T x Rrg

matrix, U = [IA(l ng, el K RQTRP] We consider the eigen decomposition,
T-'9o¥ = LEL (2.3.18)

~

—
=)

e

where L is a T x Rrg orthonormal matrix and E is a T" x T diagonal matrix consisting of the
eigenvalues in descending order. From (2.3.18), we obtain the consistent estimator of the global
factors, denoted (A}, by the rqg vectors of L corresponding to the rg largest eigenvalues multiplied by

VT; namely,

R
~ ~ 1 o\
G=—=0v¥'J0=__ E K, ?OQWK'- Jro 2.3.19

T vT <i:1 Q7 Z> ( :

~ ~ ~ 1 < ~ ~
where J™© = L (Em) , L™ collects the first rg columns of L and E™ is an 7y X rg diagonal
matrix consisting of the ry largest eigenvalues of T-19¥ in descending order.

Finally, the global factor loadings can be estimated by f‘l =T *1Y§(A}.

Estimation of local factors and loadings For each block ¢ =1, ..., R, the local factors, denoted
]/F\‘i, can be consistently estimated by /T times the r; eigenvectors of ?ﬂ?; corresponding to the
r; largest eigenvalues, where ?l =Y,; — éf‘; The local factor loadings can be estimated by

A; = T_l?gf‘i for each block i =1, ..., R.
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2.4 Asymptotic Theory

Section 2.4.1 establishes the consistency of estimated factors and loadings based on the matrix
perturbation theory. Section 2.4.2 develops a consistent selection criteria for determining the number
of the global factors. In Section 2.4.3, we derive asymptotic normal distributions for the factors
and loadings estimates. Section 2.4.4 discusses a hybrid bootstrap method for constructing valid

confidence intervals.

2.4.1 Consistent estimation of factors and loadings

Let M be a finite constant. Following Bai & Ng (2002) and Choi et al. (2021), we assume:
Assumption 2.A.
1. E(eije) =0 and E (|eg¢|®) < M for alli, j and t.

2. Let E (N;1 Zf;’l eijseijt) = wj(s,t) for alli. Then, |w;(s,s)] < M and

T S |wils, t)] < M for all t.

3. Let E(egjteint) = Ty (i)t With |75 Gk el < 7o iyl < M for all i and t. In addition, for each i,

_ N; N;
we have N; ! D i 2okt ‘Ti,(ﬂf)‘ =M.

4. Let E(eijeeirs) = Ti(jr),ts)- For each i, we have

1 N, N, T T
N 2 D2 D TG <M
o1 k=1 t=1 s=1
5. For every i, t and s
N; 4

1
VN “ 1

1=

leijseije — E(eijseije)] <M

Assumption 2.B.
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1. LetKy = [G},F},]'. Foreveryi andt, we have E (Ky) = 0, E (| K ||*) < 00 and TT'K/K; 2

Yk, where X, is positive definite.

2. For each m, h and t,

N, T 2
1 | 1
El — E — g Khiem;t <M
Non j=1 T

Assumption 2.C.

1 vl €4 < o0 and || Aij]| < X < oo for all i and j, where 5 and X are constants.

2. For everyt=1,--- R,

(a) rank (©;) =ro+r; where ®; = [I';, A;].

e o A > 1 N |
(b) N, ©.0; =N, — Yo, = which is a positive-definite

i

matric.
(c) Xo,Xk, has distinct eigenvalues.

(d) 37,2, has distinct eigenvalues.

Assumption 2.D. The global factors are uncorrelated to the local factors; for everyi, T1K!K; =

g O
+ 0, (T‘l/z) where X and Xg, are ro X ro and r; X r; full rank matrices.

0 Xp

7

Assumption 2.A is an extended version of Assumption C in Bai & Ng (2002), which allows the
idiosyncratic errors to be serially and (weakly) cross-sectionally correlated within blocks. This is
less restrictive than the assumption in Choi et al. (2018). Assumptions 2.B and 2.C are standard.
Assumption 2.B.2 allows weak correlation between global/local factors and idiosyncratic errors.
Assumption 2.C requires the global (local) factors to have non-trivial contributions to the variance
of all individuals within the corresponding block. Assumption 2.D is standard in multilevel factor
models that ensures separate identification of global and local factors. Notice that we do not require
the orthogonality between global and local factors for consistently estimating the global factors and

their dimension, though we need Assumption 2.D for consistent estimation of ~;, A;, F; and r;.
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More importantly, in this paper, we allow the local factors to be correlated or even identical
across some blocks unlike many existing studies that require the orthogonality among local factors,
e.g. Choi et al. (2018) and Han (2021), and establish that the GCC estimator is valid even in the
presence of the common local/regional factors. We focus on the more practical case with a fixed

number of blocks R, although GCC ' is valid as R — 00.”

Lemma 2.1. Under Assumptions 2.A-2.C, as N;,T — oo, we have:

T

1
= T — L =1,...
Op (CNZT> , b ’ 7R7

where IA(z 18 the T X Tmax matriz of the PC estimates given by VT times the rmax etgenvectors of
Y, Y corresponding to the rmax largest eigenvalues, K; = [G,F;] is the T x (ro +r;) factors, I/-\IZ 18

the (ro 4 ;) X rmax rotation matriz, Cy,7 = min {\/NZ-, \/T}, and

Ll o (L)

where ® is the T(R—1)R/2 % Zl}il(ro—l—rl) matriz defined in (2.5.13), ® is the T(R—1)R/2 X Rrmax
matriz by replacing K; with I/ii, H = diag {I/-\Il,ﬁg, . ,ﬁR} s a Zﬁ:l(ro + 77) X Rrmax block-
diagonal rotation matriz and Cy v = min{y/N, T} with N = min{Ny, Na, ..., Ng}.

Lemma 2.1 establishes that as N;,T — oo, Kl converges to their population counterpart up to
a rotation. The rotation matrix, H; is shown to exist in Bai & Ng (2002), but we do not need a

specific form since any full rank rotation matrix yields the observationally equivalent model.
Lemma 2.2. There exists an Rrmax X 7o matriz Q™ such that <I>I/-\IQT0 = 0, where the ro singular
values are zero. The remaining singular values of ®H are larger than zero and of stochastic order
0, (VT).

Lemma 2.2 extends Proposition 2.1 to the case under the rotation incurred by the PC estimation,

and enables us to apply Lemma 2.3 below to & for deriving the convergence rate of the estimated

5If R — oo, the identification of global factors is simplified because each block is asymptotically negligible, and
therefore, the PC estimation can be applied to the whole data matrix. See e.g. Wang (2008) and Jin et al. (2023).



2.4 Asymptotic Theory 54

eigenvectors under rotation. It helps to estimate the number of global factors ry by counting the
number of zero singular values of ® (see Section 2.4.2).

While the consistency of the estimated eigenvalues are well-established, there are the two main
issues when establishing the consistency of the estimated eigenvectors. First, it is acknowledged that
the convergence of the eigenvectors may not be well-behaved under eigenvalue-multiplicity. Second,
convergence rates of the eigenvectors associated with zero eigenvalues are unclear (see Theorem 3.4
of Stewart & Sun (1990)).

In Lemma 2.3 we state the perturbation theory developed by Yu et al. (2015), which is a variant

of the Davis-Kahan Theorem, and necessary for deriving our consistency results.

Lemma 2.3. Let ¥ and 3 be the p X p symmetric matrices with eigenvalues A\ > --- > A,
and 5\1 > e > ;\p, respectively. Fix 1 < r < s < p and set d = s —r + 1. Assume that
min{A\,—1 — A\, As — Asq1} > 0, where \g = 00 and A\p41 = —oo. Let the p x d matrices, V. =
[Upy Vpg1y ..., 0] and VvV = [0, Opg1, .., 0s], have orthogonal columns, satisfying XV ; = A\;V; and

2\73- = 5\]-{7]- forj=r,r+1,...,s. Then, there exists a d X d orthogonal matrix O such that

i byl
min{)\rfl —Ars As — )\s+1} .

fvov] -

The Davis-Kahan Theorem states that the eigenvectors converge to their population counter-
parts corresponding to non-zero eigenvalues up to rotation under eigenvalue-multiplicity for any
real symmetric matrices. However, the stochastic bound provided by the Davis-Kahan Theorem is
not applicable to our case where the eigenvalues of interest are zero. Lemma 2.3 establishes that
the convergence of the eigenvectors still holds up to an orthogonal rotation even if the population
eigenvalues are zero.

With Lemmas 2.1-2.3, we establish the consistency of the estimated global factors and loadings

(up to rotation) in Theorem 2.1.
Theorem 2.1. Consistency of the global factors and loadings.

1. Under Assumptions 2.A-2.C, as N1,Na,...,Ngr,T — oo, we have:

rle-cal=o ()
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2. Under Assumptions 2.A-2.D, as N;, T — oo for eachi=1,..., R, we have:

1
=0 (CNT>

where H = T~Y2G/J™0U is an ro x r¢ rotation matriz, J7© = L70(E70)~1 B0 is an 7o X 1o

1

= r—H'T
(]

diagonal matriz consisting of the ro non-zero eigenvalues of T~ GG’ in descending order, L™
is a T X g matrix of the corresponding eigenvectors, U is an ry X g orthogonal matrix defined
in (B.1.8), and Cy7 = min{/N,VT} with N = min{Ny, No,..., Ng}.

If the main focus is on the consistent estimation of the global factors (e.g. Del Negro & Otrok
(2007)), then an orthogonality between global and local factors in Assumption 2.D is not required,
unlike existing studies that impose an orthogonality, e.g. Wang (2008), Choi et al. (2018), Andreou
et al. (2019) and Han (2021). Moreover, we allow the local factors to be correlated or identical
across some blocks, unlike most studies that require orthogonality among the local factors, e.g.
Choi et al. (2018) and Han (2021). Thus, the GCC' is more general and robust.

Given consistent estimates of the global factors and loadings, we next establish the consistency

of the estimated local factors and loadings in Theorem 2.2.

Theorem 2.2. Consistency of the local factors and loadings.

Under Assumptions A-D, as N;, T — oo for eachi=1,..., R, we have:

1
=Or <CNT>
1
=0 (CNT)

where f%/’é\ = (ALA;/N;) (F;f‘JT) 'Y'i_l is an r; X r; rotation matriz, X; is an r; X r; diagonal

1
vd

1

A -1
A A

matriz consisting of the r; largest eigenvalues of ﬁ?ﬂ?g in descending order, 3?1 =Y, — CA}IA‘;,
and Oy 1 = min{\/N,VT} with N = min{Ny, Na,..., Ng}.

We allow the local factors to be correlated or identical across some blocks, unlike many existing

studies that require orthogonality among the local factors, e.g. Choi et al. (2018) and Han (2021).
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Theorem 2.2 establishes that the GCC estimator is still consistent even in the presence of the

pairwise common local factors and the local/regional factors common across some blocks.

2.4.2 Determining the number of global factors

We now develop the GCC' criterion for identifying the number of global factors. Consider the
diagonal matrix, A from the SV D of ® defined in (2.3.17). Then, we evaluate the ratio of adjacent
(squared) singular values in a similar fashion as in Ahn & Horenstein (2013).

Let 31, ey ) Rrmay D€ the diagonal elements of Ain ascending order. Then, we propose estimating

the number of global factors by

(52
To,GCC = argmax kj; (2.4.20)
k:[)v-”vaax k

The main idea is that the ratio sharply separates the zero singular values from the positive ones.
Using Lemma 2.2, we can show that Sk =0, (\/T/CET) for k=1,...,7r9 while b = Op (\/T) for
kE=ro+1,..., Rrmax, where Oy = min{N, T} and N = min{Ni, Na,..., Nr}. Hence, the ratio
is bounded for kK =0,...,70 — 1,79 + 1, ..., "max while it tends to infinity for k& = rg.

To deal with the case with rg = 0, we set the mock singular value as

1 Rrmax
0= — 62
CETRTmaX =1

Since the average of squared singular values is of stochastic order O, (\/T), we have: &y =
O, (\/T/CET>, that has the same stochastic order as éj, for k = 1,...,7o. Hence, 3%/53 = 0p(1)

for ro > 0 whilst 5% / 58 2~ for ro = 0. This ensures that we do not overestimate rq, if rg = 0.

Theorem 2.3. Under Assumptions 2.A-2.C, we have:

lim Pr (7 =7r9) =1
Nl,...7NR7T—>OO ( O,GCC 0)

~

<< 53 are the singular values of ® and

Tma Tmax

where To goc = arg max 5,%“/(5,%, 0 <---<

k—o»“-yrmax

0 = (CnTRrmax) ™ 3027 07

The justification behind Theorem 2.3 lies in the sense of the matrix perturbation theory that
the eigenvalues converge to their population counterparts under a small perturbation term (see

Stewart & Sun (1990)). Notice that if our main focus is on the consistent estimation of ¢, then an
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orthogonality between global and local factors is not required. This makes the GCC criterion more
general than existing ones that require orthogonality, e.g. Andreou et al. (2019) and Han (2021).
Given 7y, we can consistently estimate global factors and loadings, denoted G and f‘l Then,
the number of local factors, r; can be consistently estimated by applying the existing approximate
factor model to Y; = Y; — GT, for i = 1,..., R, e.g. Bai & Ng (2002), Onatski (2010) and Ahn &

Horenstein (2013). See Choi & Jeong (2019) for a comprehensive review.

Related literature Chen (2012) and Dias et al. (2013) develop the following information criteria

to determine the number of global and local factors:

R
o~ 112
(9,71, ...,7;) = argmin E HYl — GkOI‘fO/ — FfiAf"/ + penalty
i=1

As described in Choi et al. (2021), however, it has two shortcomings. First, it involves too many
combinations of ky and k; even if R is mildly large. Second, it is nontrivial to construct a proper
penalty function that can discriminate the respective roles played by the global and local factors.
Andreou et al. (2019) derive the canonical correlation based test statistic given by &(r) —r where
Er)y =30, \/Z and 0y, is the k-th largest characteristic root of (2.2.9). Let £(r) be the de-biased
and re-scaled version of £(r) —r. Then, it is shown that £(r) LN N(0,1) forr=1,...,79. A sequence

of tests can be conducted from r = ry.x to r = 1 such that ry can be estimated by

'f'O,AGGR = max{r 1< r< rmaxag(r) > ZaNT}

where zq,, is a threshold value depending on (N, 7T) and some tuning parameters. However, their
approach suffers from a few limitations. First, it can be applied to the model with only two blocks,
suggesting that C'C' A does not guarantee a valid identification between the global and local factors
under a multi-block setting. Second, their method requires orthogonality condition between the
global and local factors, and rules out error correlation and heteroskedasticity in both cross-section
and time.% Third, Choi et al. (2021) demonstrated via simulations that large sample sizes are
required for the sequential test to work. On the other hand, the GC'C criterion works for R > 2 even
when the error terms are serially correlated and weakly cross-sectionally correlated. Furthermore,

70,gcc remains consistent even when the global factors are correlated with local factors, and in the

SAndreou et al. (2019) claim that the strong assumption for the error terms (Assumption A.9) is made for
simplifying the derivation of the feasible asymptotic distribution of the test statistic, and discuss how one can relax
this assumption by using HAC-type estimators.
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presence of common local factors (see Section 2.5 for simulation evidence).

Choi et al. (2021) develop consistent selection criteria based on the average canonical cor-
relations among all block pairs. Let tfmh,r be the r-th largest characteristic root of (2.2.9) be-
tween a block pair m and h, and construct the average (squared) canonical correlation by §(r) =

ﬁ Zf;ll Zf:m 1 émh,r. The two selection criteria, CC'D and M CC, are proposed:

Toccp = argmax §(r) — S(r +1)
r=0,....,rmax+1

romcc = max {0 <7 < rpax 0 1 — §(r) — C X penalty < 0}

where C' is a data dependent tuning parameter. C'C'D is consistent while imposing a slightly strong
condition that the average canonical correlation has an upper bound. MCC does not require this
condition but 1 — §(r) needs to be modified by the product of a data dependent tuning parameter
and a penalty term. We conjecture that CC'D and M CC can be consistent in the presence of
multi-block common local factors while they become inconsistent in the presence of the pairwise
common local factors.”

Chen (2022) proposes a selection criteron based on the average residual sum of square (ARSYS)
from a regression of ET on K; given by ARSS, = % Zf“zl E,ﬁ <IT -7 (K,)) ET, where Z(.) is

the projection matrix and CA;« is the eigenvector corresponding to the r-th largest eigenvalue of the

({1 ) ({1~ =)

circular projection matrix,

Chen suggests estimating ro by

70,ArRss = argmax Logistic(loglog(NN) x ARSS,11) — Logistic(loglog(N) x ARSS,)
r=1,...., max
where the logistic function, Logistic(z) = P;/[1 + Aexp(—7x)] polarises ARSS, to 0 or 1 with
A=P/Py—1, Py = 1073, P, =1 and 7 = 14. ARSS can allow non-zero correlations between local
factors, but it does not cover the case with a zero global factor, implying that the ARSS estimator

always overestimates 19 when r9 = 0 (see the simulation evidence in Section 2.5).

"For instance, if the two blocks share the pairwise common local factors, then the 7o + 1 largest canonical correla-
tions between such a block pair is equal to one, in which case CC'D and M CC tend to select the ro 4+ 1 global factors
instead of ro. We also observe that CCD and MCC' are sensitive to the excessively large rmax when the errors are
serially correlated. By contrast, in (unreported) simulations, we find that GCC is robust to the coice of Tmax.
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2.4.3 Asymptotic distributions of the estimated factors and loadings

Following Bai (2003), we make the additional assumptions, which are slightly stronger than those

required for consistency in Section 2.4.1.
Assumption 2.E. For each i, we have imp, N—oo N/N; = a; < M

Assumption 2.F.

1. Z;F:l lwi,n, (s, )] < M for all i and t.

2. Let Tnn),(kj),t = E (€mitenje). For every t, we have [T(n), (k) | < M. Moreover,

J)»

for every m, h, k,j, we have z,]j:l [ T(mh), (k)| < M.
Assumption 2.G.

1. For each m, h and t,

T Np
| enkt — E(enksehit)] <M
2. For each m, h and t,
T Ny 2
e > > Kmibhjeni| | <M
NhT t=1 j=1
3. For each t, as Nq,...,Np — 00, we have
Ky \/}71 Z;V:ll 01je1jt
Eo s SN2 Onjenji |,

Ey

= . — N (0,D§1)>

1 Nrgr .
Ere | YNz ijl 0R]eRjt_
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where ) )
1 1 1
DY, Dipy .. Dip,
1 1 1
D(l) Dgl),t D52),t T Dgl%,t
t
(1) (1) (1)
_DRl,t Dios - DRR,t_
s the finite covariance matriz with
Ny, Np
1 . _
]D)q(n?l’t = plim (N,,Ny)~/? Z Z 0,011 E (emjtent)-
Nm,Nh—NX) j:]- k=1

4. For each i and j, as T — oo, we have:

T
1 d
77 2 G (NFut e) <5 N (0.07)

T
1 Z d
t=1

where ]D)z('?‘) = plimy_, 771 Zstl Z::F:l E [Gs (A;jFis + eijg) (A;jFit + eijt) G;} and
3 . _
]D)z(j) = plimyp_, o T~ Zle ZtT:1 E (FitFi eijseije).

Assumption 2.E imposes that V; is of the same order of magnitude as N for all ¢ = 1,..., R,
similarly to Choi et al. (2018). Assumptions 2.F and 2.G, corresponding to Assumptions E and F
in Bai (2003), are standard in the literature. Assumption 2.F restricts the cross-sectional and serial
dependence of the errors. Notice that Assumption 2.F.2 imposes limited cross-block dependence,
which is not required in Assumption 2.A. Assumptions 2.G.1 and 2.G.2 are technical conditions for
controlling the stochastic order of the bias terms in the asymptotic expansions, though they are not
too restrictive since they are sums of zero mean random variables. Assumptions 2.G.3 and 2.G.4
are the central limit theorems that can be applied to several mixing processes.

With Assumptions 2.F and 2.G, Lemma B.1.3 establishes that some parts in the asymptotic

expansion of IA{it achieve a convergence rate faster than O, (C N}T)’ as shown in Lemma 2.1. This

allows us to refine the convergence rates of QTO and L™ in Lemma B.1.4 so that they are now
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O, (C’ NT) instead of O, (C’ NT) as in the proof of Theorem 2.1. By applying these results, we are
able to derive the asymptotic normal distributions of the estimated factors and loadings in Theorems

2.4 and 2.5.
Theorem 2.4. Asymptotic distributions of the global factors and loadings.

1. Under Assumptions 2.A-2.C and 2.E-2.G, as Ni,...,Ng,T — 0o and VN /T — 0, we have

for each t:
1A 1 d
VN [(H’ +B) Gy - Gt] = =T'CE +0,(1) = N (o ﬁz’com( )(CO’I)
where H is an ro X ro rotation matriz defined in Theorem 2.1, T = [L,,,..., L] is an Rrox

matriz, C = diag (Cy,...,Cg) is an Rrg X Ef:l (ro + ;) block diagonal matriz with diagonal

_ [N, [(©8; -1
! N, '\ N;
(1)

and T; = [I,,,0]" being an (ro + r;) X ro matriz, C® = plimpy,  no 700 G Ep and Dy are

elements being

defined in Assumption 2.G.3, and B is an ro X rq matriz given by

=25 (%) o ()

where J" is defined in Theorem 2.1 and U is an rq X ro unknown orthonormal matriz.

2. Under Assumptions 2.A-2.G, as N1,No,...,Np,T — oo and \/T/ﬂ — 0, we have for each i

and j:
VT [(H+B) Ay — ;) = HE —— ZGt JFi+ei) +op(1) <5 N (0,855'D 5!

where ID)EJQ-) is defined in Assumption 2.G.4 and X¢g is defined in Assumption 2.D.
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Corollary 2.1. Under Assumptions 2.A-2.G, we have:

COnr (3G = 7};Gi) - N < ,};C;?\\;Tv{jI’GODS)CO’I’m + C];TGQE;H)Z(?)EEGO .
Theorem 2.4 establishes that the estimates of the global factors and loadings follow the asymp-
totic normal distributions. Unlike in Theorem 2.1, the rotation matrix has an additional term, B
of order O, (ﬂ -1/ 2), which does not affect the asymptotic variance matrix. To the best of our
knowledge, the asymptotic distributions of the factors and loadings under finite R, have not been
established in the literature. One exception is Andreou et al. (2019), but their theory applies only
for R = 2. We note in passing that we derive our asymptotic theories under weaker conditions
than those imposed by Andreou et al. (2019); namely, we do not assume that the global factors
are uncorrelated to each other, and the local factors are uncorrelated within blocks. Corollary 2.1

establishes the asymptotic normality of the global and local components in a similar fashion to

Theorem 3 of Bai (2003).
Theorem 2.5. Asymptotic distributions of the local factors and loadings.

1. Under Assumptions 2.A-2.G, as N1, Na,...,Nr,T — oo, and if /N;/T — 0 and N;/T < oo,

then

N;

VN; (ﬁzt - %?th) - ?;1 (71“ iﬁzSF;S) : ZAU (eijt + §ijt> +op(1)

it

-5 N (0,7 WDl W)

~

3‘ = plim Nil ZN:Zl ch\ll AZ]A;k (eijt + Sijt) <eikt + Sikt); Y; is a diagonal
Ni,...,Nr,T—o0

where ]D)(%

i
matriz consisting of the r; largest eigenvalues of (NiT)*l?i?g in descending order with ?z =

Y, — éf‘;, Y, is a diagonal matriz consisting of the eigenvalues of 35,3 F, in descending

order, W; = plimy, 7, T_lf‘;Fi, and §ijt is the (t,j) element of S; = GT, — CA%IA‘;

2. Under Assumptions 2.A-2.G, as N1, Na,...,Nr, T — 0o, and if VT /N; — 0, then for each i
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and j:
~ —~ —~ 1 d d NE
VT (R = "N ) = A = ;Fiteijt +o0,(1) = N (0, (W) DY W)

forj=1,..., N; where ]Dg’) is define in Assumption 2.G.4.

Corollary 2.2. Under the Assumptions of Theorem 2.5, we have:

C,r (X;jﬁit - A;jFit) N (o, CJJQ\\ZT (ERIDYSIF, + CJ;‘ET AéjzAngﬂzAfM) .

Theorem 2.5 establishes the asymptotic normal distributions of the local factor and loading
estimates. In particular, Theorem 2.5.1 shows that the estimated local factors are well centered,
whilst the local factors in Andreou et al. (2019) have a bias term that does not vanish if 0 < N; /T <
oo (see their Proposition D.5). We find that the estimation error incurred from the global factors
and loadings contributes only to the variance of the local factors, since the cross-section average
Ni_1 Zjvzll Aij \/ﬁi@;jt has zero mean and a non-degenerate distribution as a result of Corollary 2.1
if N;/T < oo. In contrast, Theorem 2.5.2 does not require the condition N;/T" < oo because the
time average 7! Zthl Fitﬁgijt converges to zero due to Assumption 2.D and 2.G.2.

Theorem 2.5 establishes the asymptotic normal distributions of the local factor and loading
estimates. Theorem Theorem 2.5.1 shows that the estimated local factors are well centered. On the
contrary, the local factors estimated by Andreou et al. (2019) involve a bias term that does not vanish
evenif 0 < N;/T < oo (see their Proposition D.5). We find that the estimation errors stemming from
the global factors and loadings contribute only to the variance of the estimated local factors, since
the cross-section average, Ni_1 Z;V:ll )\ij\/ﬁi@jt has zero mean and a non-degenerate distribution
as a result of Corollary 2.1 if N; and T" are of comparable magnitude. But, Theorem 2.5.2 does not
require the condition, N;/T = O(1) because the time average, 7 Z?:l Fitﬁé\ijt converges to
zero under Assumption 2.D and 2.G.2. We also derive the asymptotic normal distribution for the

estimated local components in Corollary 2.2.

2.4.4 Bootstrap-based confidence intervals

Although Theorem 2.4 and 2.5 establish the asymptotic distributions of the factor and loading
estimates, they are not readily applicable in practice. The reasons are threefold. First, the sample

analogue of the asymptotic covariance matrices in Theorem 2.4 are subject to the rotation matrix,
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which is unknown and cannot be estimated. For instance, for block ¢ in Theorem 2.4.1, we have

Ni

~ o~ 0\ —1 - N;

. 0.0, 1 H 0] /0©,\ " 1 ZZ

e ;< N) N i 4T 0 ( \ > VA, 2 B 7 Cilla
j=1 i Jj=1

where ©; = [f‘z, Kz] with T; = T_lYga and A; = T~1 (Yi - éfg)/]?‘l Consequently, the matrix
H’ prevents us from getting correct covariance estimates using sample analogues. Second, the
bootstrapped factors and loadings will have different limiting distributions because the rotation
matrices H*®) and e%/’?ﬁ ®) vary in each bootstrap repetition b. Therefore, (A}: ®) and I'A“:t(b) do not
necessarily align to ét and f‘it and the rotation matrices should be dealt with. Third, the covariance
matrices of 7;;, f‘it, 'Ayz{j(A}t, and X;]f‘n are subject to the correlation between the global and local
factors and their autocorrelations, which cannot be accounted for by a standard bootstrap. For

*(b)

example, let €t be the re-sampled error term and it follows that

i ( t+€z]t>\/>i mt (0]])())

3\

where ]Dg-)* is the asymptotic covariance matrix such that ]Dg) — H'D ( 2)* H, because G and F are
strictly orthogonal under the sequential estimation. Hence, a standard bootstrap cannot correctly
recover the dependence in the limiting distributions.

Due to the aforementioned issues, it is necessary to advance a new hybrid bootstrap procedure
to construct valid confidence intervals for the estimated factors, loadings and factor components.
For convenience we assume that the error terms are cross-sectionally and serially independent.® We
show that, in the bootstrap world, the rotation matrices can be consistently estimated since (A}t and
]/F\‘it are treated as known. Therefore, we use the estimated rotation matrices, H*® and jfi{* (b), to

back-rotate (A;j ®) and ]:‘/;;(b) as follows:
~ -1 < ~ —~ -1 ~
VN [ (H*(b)/) Gj(b) _ Gt:| and ﬁNi [( ff;*(b)’) F;(b) _ Fz’t:| .

As a result, the above statistics remain aligned to the ones in Theorem 2.4 and 2.5 across each
bootstrap repetition (see also Gongalves & Perron (2014)). To ensure that ’Ay;j(b) and f‘:t(b) have

correct asymptotic variances, we apply the dependent bootstrap by Shao (2010) and obtain a re-

81f the error terms are serially correlated or weakly cross-sectionally correlated, the dependent bootstrap can be
adopted (e.g. Shao (2010) and Conley et al. (2023)). We maintain this assumption for computational tractability.
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sampled global factors G*® or local factors F:(b) such that
s (0) (o)) d (b) (b) (b)) d 2)
=~ N A— * * * NES * * 2)x*
TG (RF" + i) 5 N (0.DF7) or —= ZG (XFY +ei)) <5 N (0,D57).
t=1

in order to preserve the dependent structure of the factors. Then, it follows that Dg)* p—*> H' ]D,E?)]HI,
suggesting that ’/?jj(b) and f‘;kt(b) will have correct asymptotic distributions which remain the same
across each bootstrap repetition. We describe three detailed algorithms in Online Appendix B.2 for
implementation.

Finally, the covariance matrix of AU, namely (W ) D(S) W ! can be estimated directly by the
Newey-West HAC covariance estimator based on Fiteijt.g

We note in passing that Andreou et al. (2023) also propose a bootstrap procedure in a two-block
setting. They only consider bootstrapping the canonical correlations between Kl and Kg (in our
notation), which is invariant to any full rank rotation matrix. The rotation matrix in their covariance
estimators of their bootstrap is offset by the trace operator. In such a case, the back-rotation and

factor resampling is not required.

2.5 Monte Carlo Simulation

Following Choi et al. (2021) and Han (2021), we generate the multilevel factor data as follows:

Yijt = ’Yszt + \/ )‘z]th + v /thQGz]t = Z’Y Gt + \/ Z )‘zzj it TV K/hZQe’LJt (2521)

fori=1,...R, j=1,...N;, and t = 1,...,T, where the superscript z denote the z-th factor and
loading. We generate the global factors/loadings, the local factors/loadings and idiosyncratic errors
by

Gi = ¢cGi 1+ wE w¥ ~ iid. N(0,1,,)

Fi = ¢pFii 1 +wi, wh ~ iid. N(0,L,) fori=1,...,R,

Y ~ iid. N(0,1) for 2 =1,...,70; Aj; ~ iid. N(0,1) forz=1,...,7;

9From Theorem 2.5.1 and Lemma B.1.8, it follows that T~ 1/2 Zt 1 1tem N }f T-1/2 Zt 1 Fiteij¢, which has
asymptotic variance (W )D(g)W !, Therefore, the HAC estimator based on them is consistent. See also Section
5 of Bai (2003). In unreported sunulatlons we find that the bootstrap CI for A;; performs slightly worse than the
asymptotic CI.
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€ijt = GeCiji—1 + €ijt + B § €ij—hts Eijt ~ iid. N(0,1)
1<|h|<8

We allow global and local factors to be serially correlated, but also idiosyncratic errors to be serially
and cross-sectionally correlated.
We control the noise-to-signal ratio by x. When « = 1, the variances associated with the global

factors, local factors and idiosyncratic errors are respectively given by

o
Var(‘Yz{jGt) = Zvar(%jGt) = 1- o2 o2
z=1 G
; 14 1632
Var(X\;Fi) ZVar (A5 FR) = % and Var(e;jt) = ;65
1- ¢F 1- (be

We then make the variance contribution of each component equalised for k = 1. For rg > 0, we set:

. 0 T o 0 1—{—1652
= (72 () = (2%) / (2 )

while for ro = 0 we set:

== () [ (525),
G e

We consider five DGPs for the following combinations of sample sizes: R € {3,10}, N; €
{20, 50,100,200} with N; = --- = N and T € {50,100,200}. We fix (rg,r;) = (2,2) for i =

R, ¢¢ = ¢ = 0.5 and (B, ¢, k) = (0.1,0.5,1) under DGP1, which serves as the benchmark
case. DGP2 is the same as DGP1 except that we allow the local factors to be identical for some
blocks. To generate the pairwise common local factors for R = 3, we set F, = Fy,, F§ = F%,
and F2, = F3. For R = 10, we set F}, = --- = FJ, and F}, = --- = F;, to allow the presence
of multi-block common local factors. DGP3 considers the noisy data with k = 3 while the other
configurations remain the same as in DGP1. DGP4 and DGP5 replicate DGP1 but allow the local

factors to be correlated. Specifically, we generate the local factors by

F; = 0.5F; 1 +wl' wl ~ iid. N(0,QF)

where Fy = [F,,...,F},) and wf" = [wi/ ... ng] . We set the diagonal elements of Qp at 1,

and the off-diagonal elements (denoted wp) at 0.4 and 0.8 in DGP4 and DGPS5, respectively. The
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number of replications of each experiment is set at 1,000.

We focus on the estimation of the global factors G and the number of the global factors #g.!°
Without loss of generality we assume that the number of the global factors and local factors are
known with rp.x = 19 + 5 for all i. To evaluate the precision of the estimated global factors, we

report the trace ratio defined as

r {Gfa (ee)” @G}

tr {G'G}

TR (G) -

where tr{.} is the trace of a matrix. The more precise the estimated factors are, the higher the trace
ratio is. If the global factors are perfectly estimated, then TR <é> = 1. For comparison, we also
report the results generated by the CC' A by Andreou et al. (2019) and the CPE by Chen (2022).
Since the precision of f‘z and 7; depend mainly on the precision of G and 7o due to the sequential
estimation, and their properties are extensively studied by existing literature, we only focus on the
performance of GCC' estimates for G and 0.

Table 2.1 shows the average trace ratios over 1000 repetitions. For DGP1, all three approaches
can produce precise estimates of global factors. While GCC and CPFE estimates are quite close
to each other, GCC' substantially outperforms, especially when N; and T' are small. Under DGP2
where we allow the common local factors across some blocks, CC A is shown to be inconsistent since
the largest canonical correlation between the two blocks does not necessarily indicate the presence
of the global factors. On the other hand, CPE and GCC' do not suffer from this issue, and they
continue to be consistent while GCC still outperforms C'PE in all sample sizes. For DGP3, all three
approaches are negatively affected by the noisy data, but the performance of GC'C improves faster
as the sample size increases than CCA and CPE. We obtain qualitatively similar results under
DGP4 and DGP5. Notice also that the performance of GCC' improves as the number of blocks, R
increases while CPE does not display this property.!! Overall, we find that GCC dominates CC A
and CPFE in all cases we consider.

Next, we turn to the estimation of rg by GCC' together with CCD and MCC advanced by
Choi et al. (2021) and ARSS by Chen (2022).12 Table 2.2 reports the average of 7y over 1,000

10The accuracy of F, and #; are contingent upon the accuracy of G and 7o (see Appendix A of Chapter 1). As
the latter estimates become more precise, the local factors and 7; also become more precise. Therefore, we omit the
results for the local factors in order to save space.

UFor example, under DGP3 with N; = 20 and T' = 50, the trace ratios for CPE and GCC are 0.59 and 0.755 for
R = 3 while they become 0.59 and 0.919 for R = 10.

12When implementing these alternative selection criteria, we follow the practical guidelines by Choi et al. (2021)
and use fmax = max{rml, e rg/—f—\rR}A
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replications and the percentages of over- and under-estimation, denoted (O|U). For DGP1, all the
four selection criteria perform satisfactory unless the sample size is too small. Under DGP2, CCD
and MCC are shown to overestimate ry due to the presence of the pairwise common local factors
in which case the canonical correlation between the common local factors from such two blocks is
expected to be equal to one. While the performance of ARSS is adversely affected, it improves for
large N; and T. We still find that GCC outperforms ARSS. For R = 10, CCD becomes the most
vulnerable to the common regional factors. While MCC and ARSS can produce relatively precise
estimates, GCC outperforms especially in a small 7. Under DGP3, we obtain mixed results. CCD
and MCC perform better than ARSS and GCC for a small T whilst ARSS and GCC' produce
more precise estimates than CCD and MCC for a small N;. All the four selection methods can
correctly select 19 when N; and T beome large. For DGP4, CCD can produce reliable estimates
under the mild correlation between local factors while MCC' estimates remain precise unless N;
and T are small. ARSS underperforms when N; or T is small. GCC' has a similar performance
to MCC but its performance is much better in small samples. Under DGP5 where the correlation
between the local factors is extremely strong, CCD fails completely since the upper bound condition
is violated whilst ARSS does not show any sign of improvement. M CC' can select rg precisely in
large samples, but GCC still dominates with a faster convergence. Overall, we find that MCC,
ARSS and GCC can be reliable selection criteria, although ARSS tends to over-estimate ry when
there is no global factor in the data. Given that GC'C does not rely upon the penalty function and
any tuning parameters, we conclude that GCC' is the most robust and reliable criterion.

As a robust check we repeat the simulation experiments for (rg,r;) = (1,1) and (ro,7;) = (3, 3),
and present the results in Table 2.3 to 2.6. The results are qualitative similar to those with (7o, 7;) =
(2,2). As the number of factors in the data increases, we find that the accuracy of the estimates
becomes slightly lower.

We also propose a bootstrap approach to produce the valid confidence intervals for the estimated
factors and loadings as well as the factor components. In Appendix B.2, we conduct a simulation
study using the hybrid bootstrap approach, and find that the coverage rates of the bootstrap Cls

are getting close to the nominal 95% as the sample size increases.
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Table 2.1: Average trace ratios of the global factor estimates with (¢¢, ¢r) = (0.5,0.5), (ro,7i) = (2,2)

W W wWwwWwwowwwowwowwh

10
10
10
10
10
10
10
10
10
10
10
10

20
50
100
200
20
50
100
200
20
50
100
200
20
50
100
200
20
50
100
200
20
50
100
200

50
50
50
50
100
100
100
100
200
200
200
200
50
50
50
50
100
100
100
100
200
200
200
200

cCCA CPE GCC

DGP1
(B, be, k) = (0.1,0.5,1)
benchmark

0.82 0.827  0.926
0.93 0.942 0977
0.956 0.974 0.989
0.969 0.987 0.994
0.843 0.834 0.938
0.949 0.95 0.982
0.973 0.977 0.991
0.985 0.989 0.996
0.848 0.836 0.941
0.954 0.952 0.983
0.978 0.978 0.992
0.989 0.989 0.996
0.843 0.834 0.98

0.933 0.944 0.992
0.958 0.974 0.996
0.971 0.987 0.997
0.862 0.836 0.984
0.954 0.949 0.994
0.976 0.977 0.997
0.986 0.989 0.998
0.868 0.836 0.984
0.958 0.951 0.995
0.979 0.978 0.998
0.989 0.989 0.999

CCA CPE GCC
DGP2

(B, ¢e, k) = (0.1,0.5,1)
common local factors
0.637 0.809 0.885
0.661 0.941 0.971
0.655 0.973 0.988
0.658 0.987 0.993
0.626 0.818 0.9
0.654 0.949 0.98
0.663 0.977 0.991
0.666 0.988 0.995
0.617 0.82 0.909
0.649 0.951 0.982
0.659 0.978 0.992
0.664 0.989 0.996
0.677 0.758 0.97
0.709 0.932 0.991
0.722 0.973 0.996
0.721 0.986 0.997
0.671 0.759 0.978
0.715 0.947 0.994
0.728 0.976  0.997
0.731 0.989 0.998
0.663 0.767 0.981
0.716 0.95 0.995
0.734 0.977 0.998
0.736  0.989 0.999

CCA CPE GCC

DGP3
(B, ¢e, k) = (0.1,0.5,3)
noisy data

0.595 0.59 0.755
0.727 0.744 0.861
0.838 0.863 0.929
0.904 0.931 0.962
0.606 0.585 0.789
0.772 0.761 0.898
0.904 0.906 0.961
0.953 0.957 0.982
0.614 0.586 0.812
0.8 0.785 0.916
0.921 0.918 0.97

0.963 0.963 0.986
0.632 0.59 0.919
0.751 0.744 0.948
0.851 0.862 0.967
0.911 0.932 0.979
0.654 0.589 0.943
0.798 0.765 0.969
0.912 0.903 0.986
0.956 0.957 0.992
0.653 0.588 0.95

0.823 0.784 0.976
0.929 0.919 0.99

0.966 0.963 0.995

CCA CPE GCC

DGP4

(B, be, k) = (0.1,0.5,1)
WEp = 0.4

0.794 0.813  0.902
0.911 0.94 0974
0.936 0.974 0.989
0.955 0.987 0.994
0.82 0.814 0.912
0.944 0.949 0.98
0.969 0.976 0.991
0.982 0.989  0.996
0.834 0.825 0.924
0.952 0.952 0.982
0.977 0.978  0.992
0.988 0.989 0.996
0.819 0.823  0.969
0.914 0.945 0.991
0.944 0.974 0.995
0.956 0.987 0.997
0.851 0.829 0.978
0.949 0.949 0.994
0.972 0.976 0.997
0.983 0.989  0.998
0.854 0.832 0.982
0.956 0.951  0.995
0.978 0.978 0.998
0.980 0.989  0.999

CCA CPE GCC

DGP5
(B, be, k) = (0.1,0.5,1)
WEp = 0.8
0.69  0.725 0.774
0.784 0.894 0.926
0.824 0.963 0.98
0.844 0.984 0.991
0.716 0.72  0.776
0.87  0.925 0.957
0.923 0.973 0.988
0.939 0.987 0.995
0.731 0.72  0.786
0.921 0.939 0.971
0.961 0.976 0.991
0.976 0.989  0.996
0.709 0.73  0.821
0.793 0.917 0.963
0.836 0.969 0.9
0.845 0.986  0.996
0.737 0.735 0.836
0.875 0.94  0.983
0.92  0.975 0.995
0.939 0.988 0.998
0.76  0.758 0.864
0.924 0.947 0.9
0.963 0.977 0.997
0.977 0.989  0.999

Each entry is the average of trace ratios over 1,000 replications. r¢ and r; are the true number of global factors and true number of local factors in

group i. We set 71

=..-=rg,and N; =

-+ = Ngr where N; is the number of individuals in block ¢. T' is the number of time periods. ¢¢ and ¢r

are AR coefficients for the global and local factors. 3, ¢ and k control the cross-section correlation, serial correlation and noise-to-signal ratio.
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Table 2.3: Average trace ratios of the global factor estimates with (¢¢, ¢r) = (0.5,0.5), (ro,7i) = (1,1)

ccA CPE GCC |CCA CPE GCC | CCA CPE GCC | CCA CPE GCC | CCA CPE GCC

DGP1 DGP2 DGP3 DGP4 DGP5
(ﬁ7¢67l£) = (017057 1) (ﬂ7¢e75) = (0170571) (/85(;567//‘.’) = (0150573) (574)65”) = (017057 1) (ﬁ?‘bh"i) = (017057 1)
N; T common local factors wr = 0.4 wr = 0.8

20 50 | 0936 0.927 0973 | 0.623 0.927 0.97 0.771  0.697 0.864 | 0.933 0.925 0.972 0.882 0.903 0.949
50 50 | 0.971 0.976 0.991 0.639 0.975 0.991 0.907 0.899 0.958 0.967 0.975 0.991 0.916 0.972 0.988
100 50 | 0.982 0.988 0.995 | 0.655 0.988 0.995 | 0.95 0.952  0.98 0.978 0.988 0.995 0.926 0.987 0.995
200 50 | 0.986 0.994 0.998 | 0.658 0.994 0.998 | 0.97 0.976  0.989 0.984 0994 0.998 | 0.939 0.993 0.997
20 100 | 0.947 0933 0976 | 0.612 0.933 0975 | 0.804 0.719 0.893 0.946 0932 0976 | 0.924 0.922 0.964
50 100 | 0.977 0977 0992 | 0.617 0977 0.992 | 0927 0.915 0.968 0.977 0976 0.992 0.963 0.975 0.991
100 100 | 0.988 0.989 0.996 | 0.648 0.989 0.996 | 0.964 0.962 0.986 0.988 0.989 0.996 | 0.973 0.989 0.996
200 100 | 0.993 0.995 0.998 | 0.656 0.995 0.998 | 0.98 0.982  0.993 0.992 0994 0.998 | 0.978 0.994 0.998
20 200 | 0.95 0.937 0978 | 0.612 0.936 0.977 | 0.811 0.725 0.897 | 0.949 0.934 0.977 | 0.941 0.927 0.969
50 200 | 0.98 0978 0.992 | 0.636 0.978 0.992 | 0.935 0.925 0.973 0.98 0.978  0.992 0.976 0.977 0.992
100 200 | 0.99 0.989 0.996 | 0.639 0.989 0.996 | 0.968 0.965 0.988 0.99 0.989 0.996 | 0.987 0.989 0.996
200 200 | 0.995 0.995 0.998 | 0.624 0.995 0.998 | 0.984 0.983 0.994 | 0.994 0.995 0.998 | 0.991 0.995 0.998
10 20 50 | 0.956 0.929 0.992 | 0.536 0.91 0.991 0.864 0.704 0.962 0.951  0.929 0.992 0.91 0.914 0.98
10 50 50 | 0977 0.975 0997 | 0.547 0.975 0.997 | 0.931 0.896 0.985 0.972 0975 0.997 | 0.93 0.975  0.996
10 100 50 | 0.984 0.988 0.998 | 0.547 0.988 0.998 | 0.958 0.954 0.991 0.98 0.988 0.998 | 0.939 0.988 0.998
10 200 50 | 098 0.994 0.999 | 0.57 0.994 0.999 | 0972 0976 0.994 | 0.983 0.994 0.999 | 0.942 0.994 0.999
10 20 100 | 0.963 0.935 0.993 | 0.543 0.928 0.993 | 0.881 0.707 0.969 | 0.962 0.934 0.993 | 0.948 0.928 0.988
10 50 100 | 0.983 0.977 0.998 | 0.537 0.977 0.997 | 0.947 0.915 0.99 0.981 0977 0.997 | 0.966 0.977 0.997
10 100 100 | 0.99 0.989 0.999 | 0.523 0.989 0.999 | 0.97 0.962  0.995 0.989 0989 0.999 | 0.976 0.989 0.999
10 200 100 | 0.994 0.995 0.999 | 0.544 0.994 0.999 | 0.983 0.981 0.997 | 0.993 0.994 0.999 | 0.977 0.994 0.999
10 20 200 | 0.984 0977 0998 | 0.531 0.932 0.993 | 0.888 0.742 0.972 0.965 0.937 0.993 | 0.96 0.933  0.991
10 50 200 | 0.984 0977 0.998 | 0.562 0.978 0.998 | 0.951 0.924 0.992 0.984 0978 0.998 | 0.98 0.978  0.997
10 100 200 | 0.991 0.989 0.999 | 0.535 0.989 0.999 | 0.974 0.965 0.996 0.991 0989 0.999 | 0.988 0.989 0.999
10 200 200 | 0.995 0.995 0.999 | 0.548 0.995 0.999 | 0.986 0.983 0.998 0.995 0.995 0.999 | 0.992 0.995 0.999

W W wWwwWwwowwwowwowwh

Each entry is the average of trace ratios over 1,000 replications. ro and r; are the true numbers of the global factors and local factors in group 1.
We set 11 =--- =rr and N1 = --- = Nr where N; is the number of individuals in block i. ¢¢ and ¢r are AR coefficients for the global and local
factors. 8, ¢. and k control the cross-section correlation, serial correlation and noise-to-signal ratio.
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Table 2.5: Average trace ratios of the global factor estimates with (¢q, ¢r) = (0.5,0.5), (ro,7;) = (3,3)

CCA CPE GCC CCA CPE GCC CCA CPE GCC CCA CPE GCC CCA CPE GCC
DGP1 DGP2 DGP3 DGP4 DGP5

(B, pe, k) = (0.1,0.5,1) | (B, ¢e,x) = (0.1,0.5,1) | (B, e, k) = (0.1,0.5,3) | (B, ¢e, ) = (0.1,0.5,1) | (B, be, k) = (0.1,0.5,1)
R N; T common local factors wr = 0.4 wr = 0.8
3 20 50 | 0.741 0.768 0.881 0.56 0.743 0.826 0.531 0.547 0.69 0.707 0.735 0.825 0.666 0.696 0.753
3 50 50 | 0.867 0.903 0.955 0.611 0.894 0.938 0.611 0.894 0.938 0.83 0.889  0.936 0.731 0.803 0.835
3 100 50 | 0.921 0.955 0.979 0.624 0.953 0.975 0.725 0.778 0.858 0.881 0.952 0.976 0.773 0.9 0.923
3 200 50 | 0.943 0.978 0.989 0.642 0.977 0.988 0.803 0.863 0.913 0.915 0.977 0.988 0.794 0.962 0.974
3 20 100 | 0.762 0.762 0.901 0.537 0.747 0.841 0.545 0.54 0.74 0.726 0.723 0.833 0.66 0.656 0.722
3 50 100 | 0.909 0.912 0.966 0.579 0.911 0.96 0.672 0.671 0.83 0.895 0.907 0.959 0.766 0.801 0.839
3 100 100 | 0.958 0.963 0.986 0.603 0.962 0.984 0.812 0.817 0.915 0.95 0.961 0.984 0.837 0.933 0.955
3 200 100 | 0.975 0.982 0.993 0.612 0.982 0.992 0.912 0.92 0.963 0.969 0.982 0.993 0.876 0.977 0.988
3 20 200 | 0.767 0.758 0.909 0.518 0.748 0.85 0.55 0.54 0.771 0.729 0.716 0.838 0.649 0.628 0.693
3 50 200 | 0.92 0.919 0.97 0.549 0.917 0.967 0.677 0.668 0.852 0.915 0.916 0.968 0.784 0.8 0.841
3 100 200 | 0.964 0.965 0.987 0.59 0.965 0.987 0.85 0.848 0.94 0.962 0.964 0.987 0.908 0.951 0.975
3 200 200 | 0.982 0.983 0.994 0.611 0.983 0.994 0.938 0.939 0.976 0.981 0.983 0.994 0.947 0.981 0.992
10 20 50 | 0.752 0.77 0.968 0.544 0.636 0.922 0.562 0.54 0.876 0.728 0.749 0.921 0.67 0.691 0.793
10 50 50 | 0.872 0.901 0.984 0.569 0.824 0.972 0.657 0.683 0.91 0.833 0.895 0.974 0.741 0.82 0.87
10 100 50 | 0.925 0.956 0.991 0.569 0.934 0.989 0.736  0.787 0.932 0.888 0.954 0.99 0.775 0.919 0.949
10 200 50 | 0.943 0.977 0.994 0.578 0.973 0.994 0.807 0.866 0.949 0.917 0.978 0.994 0.802 0.969 0.985
10 20 100 | 0.779 0.768 0.975 0.513 0.594 0.946 0.577 0.536 0.922 0.747 0.74 0.939 0.674 0.654 0.757
10 50 100 | 0.915 0.913 0.99 0.542 0.87 0.986 0.685 0.67 0.946 0.896 0.912 0.987 0.765 0.815 0.87
10 100 100 | 0.959 0.963 0.995 0.556  0.958 0.995 0.821 0.819 0.969 0.95 0.962 0.995 0.849 0.947 0.979
10 200 100 | 0.977 0.982 0.997 0.563 0.981 0.997 0.917 0.92 0.983 0.97 0.982  0.997 0.886 0.98 0.995
10 20 200 | 0.78 0.764 0.977 0.497 0.576  0.959 0.582 0.54 0.936 0.747 0.739 0.951 0.659 0.625 0.726
10 50 200 | 0.924 0.918 0.991 0.532 0.9 0.99 0.694 0.665 0.959 0.919 0.918 0.99 0.792 0.834 0.896
10 100 200 | 0.966 0.965 0.996 0.534 0.963 0.996 0.859 0.848 0.981 0.964 0.965 0.996 0.912 0.959 0.99
10 200 200 | 0.983 0.983 0.998 0.532 0.983 0.998 0.942 0.939 0.991 0.981 0.983 0.998 0.949 0.982 0.997

Each entry is the average of trace ratio over 1,000 replications. 7o and r; are the true numbers of the global factors and local factors in group 1.
We set 11 = -+ =rg and Ny = --- = Ni where N; is the number of individuals in block ¢. T is the number of time periods. ¢c and ¢r are AR
coefficients for the global and local factors. 3, ¢. and k control the cross-section correlation, serial correlation and noise-to-signal ratio.
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2.6 Empirical Application

Using the multilevel factor model we apply the GCC approach to studying the national and regional
housing market cycles in England and Wales. Residential houses are the most valuable properties
of the households while house price fluctuations can put the financial system at a greater risk of
default during a recession. As the housing sector is directly related to employment, investment and
consumption, it also plays a central role in the business cycle (e.g. Leamer (2007)). While house
prices are subject to nation-wide shocks, such as the business cycle and credit liquidity, they are
also determined by regional characteristics such as local amenities and the land supply. Hence, the
housing market cycle is likely to exist at both national and regional levels.

From the website of Office of National Statistics HPSSA Dataset 14, we download the quarterly
(mean) house prices of four different types of properties, (detached, semi-detached, terraced and
flats/maisonettes) for 331 local authorities over the period 1996Q1 to 2021Q2. The local authorities
belong to ten regions: North East (NE), North West (NW), Yorkshire and the Humber (YH), East
Midlands (EM), West Midlands (WM), East of England (EE), London (LD), South East (SE),
South West (SW) and Wales (WA). Each “block” in the multilevel factor model is referred to as a
region.

We construct the real house price growth in the jth local authority of the region ¢ through

deflating the nominal house price by CPI and log-differencing it as follows:

B PRICE;; PRICE;j;—1
Tijt = 100 x lOg <C’P[t — 100 x IOg CP—It_l

By removing the series with missing observations, we end up with a balanced panel with R = 10,
N =32 N;=1300 and T = 102.

Table 2.7 displays the number of local authorities for each region as well as the mean and
standard deviation of m;;;. We observe that the average growth rates for NE, NW, YH and WA
are lower than the overall mean, those for EE, LD and SE higher than the overall mean, and those
for EM, WM and SW close to the mean. Notice that LD displays the highest mean growth and

standard deviation.
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Table 2.7: Main Empirical Results over 1996Q1-2021Q2

Region N;  Mean Std | # RIG RIF
North East 48 0.692 3.238 | 1 0.445 0.114
North West 153  0.823 3.429 | 1 0.436 0.082
Yorkshire and The Humber | 84  0.848 3.2 1 0.501 0.073
East Midlands 136 0969 3.75 | 0 0.507 0.000
West Midlands 119  0.912 2.817 | 0 0.527 0.000
East of England 180 1.163 2.8 | 1 0.501 0.092
London 122 145 4362 | 1 0.296 0.226
South East 256  1.138 2518 | 1 0.456 0.151
South West 116  1.072 2.843 | 0 0.551 0.000
Wales 8 0875 3.829 | 1 0.437 0.094
Summary/Average 1300 1.037 3.237 0.466 0.083

N; is the number of local authorities in each region. Mean and Std
represent the mean and standard deviation of m;;; from each region j.
7; is the number of local factors estimated by BIC3 after projecting
out one global factor selected by GCC. RIG; and RIF; are the rel-
ative importance ratios of global and local factors for block 4, which
are calculated as RIG; = Ni_1 Z;V;I (’Ay{j%j/T_lﬂjfrij) and RIF;, =
Ni_l Zjvzll (X;jj‘ij/Tflﬂjﬁij)

We apply the GCC' approach to estimating the multilevel factor model for the standardised
series, denoted 7;;¢, with 10 regions, which is referred to as the national-regional model. By setting
Tmax = b and applying the GCC criterion in (2.4.20), we detect one global (national) factor.'® Next,
by applying BICs to each region,'* we find that there is one local factor for NE, NW, YH, EE,
LD, SE and WA whereas no local factor is detected for EM, WM and SW (see Table 2.7). The
existence of both global and local factors clearly suggests that there are housing market cycles at
both national and regional levels.

To measure the strength of the factors relative to idiosyncratic errors, we evaluate the relative

BCCD and MCC by Choi et al. (2021) also select one global factor. This result is robust to the different values
of Tmax-

4We have also applied alternative selection criteria, ICp2 by Bai & Ng (2002), ER by Ahn & Horenstein (2013)
and ED by Onatski (2010). First, ER surprisingly reports zero local factors for all regions whilst /Cp2 and ED tend
to produce more factors but the additional factors explain very small portions of variance. Second, BICj3 is shown to
have good finite sample performance, see Choi & Jeong (2019) and Choi et al. (2021).
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importance ratios of the national and regional factors for region ¢ by

RIG; = N7y (3i7u/ (T i) and RIF; = N7US° (XX / (T 7))
=1 =

where 7t;; is the T x 1 vector of the (standardised) real house price growth rates in the j-th local
authority of the region ¢. The results reported in Table 2.7 show that the global factor explains a
considerable proportion of the variation, ranging between 29.6% (London) and 55.1% (South West)
with a mean of 46.6%. The large variance share explained by the national factor suggests that the
house market in England and Wales appears to be more integrated than the U.S. market where
the national factor is dominated by the regional factors (see Del Negro & Otrok (2007)). RIGs of
YH, EM, WM, EE and SW are above average, exhibiting that these regions are more responsive
to national shocks. Interestingly, London is the least sensitive region to the national factor. On
the other hand, the regional contribution is much weaker as its average relative importance ratio is
only 8.3%. Still, the regional factor explains substantially larger time variations of the house price
inflation for London and South East respectively at 22.6% and 15.1%.

To avoid the issue that the estimated global and local factors are subject to rotation/sign
indeterminacy, we report the time-varying behaviour of the average global (national) and local
(regional) factor-components for each region ¢ at time ¢ that are constructed by @t = *;y;ét and
ﬁit = :_\\;]/F\‘Z-t, where ';)71 = NZ._1 Z;V:H ~ij and iz = NZ-_1 Z;V:ll /A\ij.15 The trajectories of QAZ-t plotted in
Figure 2.1, are highly persistent but exhibit a typical “boom-bust-recovery” pattern of the (recent)
housing market cycle.'® The national factor-components initially displayed an upward trend until
2003Q3, followed by a long-term downturn until 2009Q2. It then made a quick recovery and became
relatively stable from 2012 till 2020 when the COVID19 pandemic erupted. We also observe a surge
in the national factor-components during the COVID19 period, which was mainly prompted by a

tax relief policy introduced by the UK government to boost the economy and improve liquidity.'”

15 As the (uniquely identified) factor-components are just scaled factors, they carry qualitatively the same informa-
tion.

6The boom-bust pattern is consistent with the economic theory suggesting that agents are over-optimistic about
the fundamentals during a boom, rendering the growth continues to accelerate, whilst as the economy deteriorates
following the negative shock, their expectations of capital return are reversed, resulting in the house market collapse,
which is further worsened by foreclosures, see Kaplan et al. (2020) and Chodorow-Reich et al. (2021).

"The residential property buyers in the U.K. pay Stamp Duty Land Tax (SDLT). The first stage of the policy
started from July 2020 and ended at June 2021. The tax reduction is effectively raising the nil rate threshold of the
property value from £125,000 to £500,000. See https://www.gov.uk/guidance/stamp-duty-land-tax-temporary
-reduced-rates. As the housing demand was stimulated by the policy, the price was pushed up with the inelastic
housing supply.


https://www.gov.uk/guidance/stamp-duty-land-tax-temporary-reduced-rates
https://www.gov.uk/guidance/stamp-duty-land-tax-temporary-reduced-rates
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Figure 2.1: Estimated national components

2 5 Fiancial Crisis. covilg

1996 1998 2000 2002 2004 2006 2008 2010 2012 2014 2016 2018 2020 2022
Date

Area — 1 2 - 3 Region East Midlands ~— London — NorthWest — South West West Midlands
g Eastof England — North East — South East Wales Yorkshire and The Humber

The first two figures in Figure 2.2 display the time-varying patterns of the regional factor-
components ]/-:it, from which we can identify that the regional components of EE, LD and SE (solid
lines) co-move closely (the upper panel) while those of NE, NW, YH and WA (dotted lines) tend
to cluster together (the lower panel). These clustering patterns are corroborated by the correlation
matrix among the estimated regional components in Table 2.8, showing that the first and second
off-diagonal elements are close to one, but the other off-diagonal ones are considerably smaller.
Furthermore, we observe transparent discrepancies between these two groups (referred to as Area
1 and Area 2). The regional factor-components in Area 1 appear to have an earlier turning point
around 2000 than the global components during the boom, but declined sharply during the financial
crisis, Brexit and COVID19 period. On the other hand, the regional components in Area 2 tend to

move in an opposite direction, but remained remarkably stable since 2008.
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Table 2.8: Correlation matrix among the regional factor compo-

nents
NE NW YH W EE LD SE
NE |1 0.859 0.885 0.827 -0.59 -0.383 -0.512
NW | 0.859 1 0911 0946 -0.659 -0.471 -0.585
YH | 088 0911 1 0.884 -0.672 -0.531 -0.628
W 0.827 0946 0.884 1 -0.628 -0.456 -0.559
EE |-0.59 -0.659 -0.672 -0.628 1 0.859 0.948
LD | -0.383 -0.471 -0.531 -0.456 0.859 1 0.927
SE | -0.512 -0.585 -0.628 -0.559 0.948 0.927 1

Figure 2.2: Estimated regional components
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Next, we formally investigate an issue of whether there are areal factors common to some regions.
We first project the estimated global factors out from the data and obtain the residuals containing
only the local factors and errors, which form the new areal data. Then, we apply the GCC' and
MCC criterion to these areal data consisting of the different combinations of regions. For example,
if the local factors of NE, NW, YH, and WA are common, then the number of common (areal)
factors should be one, and zero otherwise. Alternatively, we may consider a two-block model with

Area 1 and Area 2 as blocks. If the two areal factors are identical, then there should be one common
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factor. Otherwise, the number of common factor is zero. The results in Table 2.9 confirm that the
local factors are common within each area, but the two areal factors are different. Thus, we can
identify three areas, Area 1 (LD, EE and SW) with one areal factor, Area 2 (NE, NW, YH and
WA) with one areal factor, and Area 3 (EM, WM and SW) with zero areal factor. Interestingly,
these areas are adjacent geographically (see Figure 2.3). Notice that the existence of an areal factor
around London is not in line with the notion that the “London factor” is pervasive nationally,'®
because the main impact of London is more likely to be confined to its neighbouring regions. In this
regard, this finding may provide a support to the notion of “convergence club” that the house prices
in regions, that are closer and more distant to London, tend to converge separately, e.g. Holmes &

Grimes (2008) and Montagnoli & Nagayasu (2015).

Figure 2.3: Map of regions in England and Wales
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18Holly et al. (2011) propose a spatio-temporal model with the London price set as a common factor for all regions.
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Table 2.9: Test of the number
of common I/E)cal factors from new
blocks after G being projected out

New Blocks rMoC  TGoo
NE, NW, YH, W | 1 1
EE, LD, SE 1 1
Area 1, Area 2 0 0

Table 2.10: Relative impor-
tance ratios from the Nation-
Area model

Area 7; RIG RIF
Area 1 | 1 0.447 0.132
Area 2 |1 0.429 0.104

Area 3 | 0 0.525 0.000
Avg 0.467 0.079

Next, we estimate a national-areal model with 3 areas, and compare its estimation results
with those obtained from the national-regional model with 10 regions. It is remarkable that the
correlation between the global factors estimated from these two models is 0.996. Further, the local
(areal) factor from Area 1 has correlations of 0.924, 0.974 and 0.977 with the local (regional) factors
from EE, LD and SE, whereas the areal factor from Area 2 has correlations of 0.917, 0.978, 0.941
and 0.955 with the regional factors from NE, NW, YH, and W. This confirms the presence of the
common local factors among some regions in which case the standard C'C A-based estimates of the
global and local factors may be inconsistent. The third panel in Figure 2.2 displays the areal factor
components constructed by ]?at = (Na_ 1 Z;V:‘ll XQJ) f‘at for a = 1,2. These areal components follow
the quite similar time-varying patterns to the clustered regional components as shown in the first
two figures in Figure 2.2.

To assess the information contents of the global/local factor components, we present the cor-
relations between the national/areal factor components and a list of macroeconomic and financial
variables in Table 2.11. The national components are positively correlated with the GDP growth,
the number of buildings started and the New York house price growth rate, demonstrating the
pro-cyclicality and possibly strong connection to the international housing market. Moreover, the

national component is negatively correlated with the unemployment rate (the demand side), whilst
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they are negatively correlated with the labour force in the construction sector (the supply side).
The credit market condition also plays an important role, as the national components are nega-
tively correlated with the mortgage rate and the 20-year government bond yields while positively
correlated with residential lending approvals. These results are in line with the conventional view
that the national housing market cycle is pro-cyclical and closely related to economic fundamentals
(see Chodorow-Reich et al. (2021)).

By contrast, the areal housing market cycles captured by the areal components display a het-
erogeneous and opposition pattern, as shown in the last plot of Figure 2.2. Although the areal
component in Area 2 is still negatively and positively correlated with the unemployment rate and
the residential credit supply respectively, it is positively correlated with the construction labour.
Interestingly, the areal component in Area 1 shows that even tight financial market/economy con-
ditions do not seem to suppress the housing market cycle surrounding Area 1. The opposite sign of
the correlations reflect that the two areas react differently to changes of financial market/economy
conditions. We may therefore conclude that the existence of such distinctive areal factors clearly

indicates a housing market segmentation subject to a geographical gradient.
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Table 2.11: The correlations between factor components and macro variables

GDP (Growth Rate)

IP (Growth Rate)

CPI (Growth Rate)

Employment

Unemployment

Construction Labour (Log)

Building Started (Log)

Residential Investment (Log)

New York House Price (Growth Rate)

M1 (Growth Rate)

M3 (Growth Rate)

Residential Lending Approvals (Log)

Mortgage Rate

Inter Bank Lending Rate Overnight

Inter Bank Lending Rate 3 Months
Government Zero Coupon Bond Yields 5 Years
Government Zero Coupon Bond Yields 10 Years

Government Zero Coupon Bond Yields 20 Years

Obs

102

102

102

102

102

98

97

98

102

102

102

102

58

98

87

102

102

100

National

0.135

0.106

—0.39**

0.198

—0.439***

—0.304

0.532%**

—0.269

0.655***

0.228

0.062

0.238

—0.343

0.371*

0.287

0.064

—0.257

—0.575***

Area 1

0.055

0.031

—0.156

—0.34

0.321

—0.387**

—0.028

—0.428***

—0.176

0.166

0.028

—0.434***

0.354

0.303

0.163

0.074

0.019

—0.083

Area 2

0.006

—0.047

0.003

0.146

—0.241

0.492***

0.298

0.272

0.21

0.103

0.15

0.467***

0.135

0.048

0.085

0.078

0.04

0.008

*EX** and * indicate 1%, 5% and 10% significance level respectively. The data of macro variables from GDP

to Unemployment rate are downloaded from the website of Office for National Statistics: https://www.ons.gov.uk/.

The financial variables from M1 to zero coupon bond yield are downloaded from the website of Bank of Endland:

https://www.bankofengland.co.uk/statistics/research-datasets.

Finally, we investigate another important issue called the South-North house price gap, which

has been a long-standing political concern. We collect the annual regional population data from

Nomis and construct the areal population by the average of the regional population.'® We also

aggregate the areal factor components into the annual ones. The first two figures in Figure 2.4

display the areal factor components and the (lagged) population growth rate of in Area 1 and Area

2, respectively. We observe that they co-move closely with correlations of 0.304 and 0.44 respectively

for Area 1 and Area 2. Next, we construct the population gap between the two areas, calculated as

the population in Area 1 minus the population in Area 2. We then compare its growth rate with

the difference (gap) between their areal components. From the third panel in Figure 2.4, we observe

19The regional population data can be found in https://www.nomisweb.co.uk.


https://www.ons.gov.uk/
https://www.bankofengland.co.uk/statistics/research-datasets
https://www.nomisweb.co.uk
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that the growth rate of the (lagged) population gap strongly co-moves with the areal components
gap with the remarkably high correlation (0.8). This suggests that the growth rate of the previous

population gap can become a strong predictor for the areal components gap.?’

Figure 2.4: Areal components and population
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2.7 Conclusion

We have developed a novel approach based on the generalised canonical correlation (GCC') analysis
for consistently estimating the global/local factors and loadings in a multilevel factor model. We
also introduce a new selection criteria for the number of global factors. The Monte Carlo simulation
shows dominating performance of our approach. Our methodology is applied to analysing the house
market in England and Wales using a large disaggregated panel data of the real house price growth
rates for the 331 local authorities over the period 1996Q1 to 2021Q. We find that the national
factor explains about half of the time series variation while the regional factors are less important
but non-negligible. Moreover, we show that the regional factors are common to some regions and
hence suggesting a national-areal model rather than a national-regional model.

Although we focus on the global-local specification, our approach can be extended to cover the

20Howard & Liebersohn (2020) show that the expected income inequality may drive the divergence of the house
prices through the channel of rent expectation. Our results suggest that the widening population gap also contribute
to the house price gap.
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multilevel factor model that has a more complicated grouping scheme. For example, the model
in which the individuals can be classified to more than two layers. See the parallel grouping in
Breitung & Eickmeier (2016) and the hierarchical grouping in Moench et al. (2013). Furthermore, if
the block membership is unknown, it is possible to estimate the block memberships using methods
developed by Ando & Bai (2017), Coroneo et al. (2020) and Uematsu & Yamagata (2022) and apply
GCC thereafter.



Chapter 3

Estimation and Inference for a
Multi-dimensional Panel Data Model
with Multilevel Factors

Abstract This paper considers a multi-dimensional panel data model with multilevel factors when
the numbers of cross-sections and time observations are large. We develop a multilevel iterative
principal component (MI1PC) method for estimation by iteratively updating between the slope
coefficients and factors, given one another. Under a finite number of blocks, our approach is able
to produce consistent estimates of the slope coefficients, factors, and loadings. We also propose a
model selection criteria based on the eigenvalue ratios to determine the numbers of factors. Given
consistent factor estimates from each block, we apply the generalised canonical correlation (GCC')
estimation to separately identifying the global and local factors. We show the consistency of our
estimates and establish the asymptotic normality of the bias-corrected estimator for the slope co-
efficients. The Monte Carlo simulation demonstrates good finite sample performance of MIPC
compared to I PC in the presence of multilevel factor structure. In an empirical application, our
model is applied to an analysis of the energy consumption and economic growth nexus using a

cross-country panel data categorised by regions.

Keywords: Panel Data, Principal Components, Interactive Effects, Multilevel Factors.

JEL codes: Cl14, C23, C51.
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3.1 Introduction

Panel data regression is an important tool for empirical studies as it can provide more efficient
estimations than cross-sectional and time-series regressions. Moreover, it can also account for un-
observed heterogeneity that may cause endogeneity when such variables are correlated with the
regressors. However, when the additive effects of individual and time variables fail to capture the
cross-sectional correlation properly, inconsistent estimations and invalid inferences can occur. To
address this issue, interactive fixed effects (IFE) can be used, which are multiplicative terms of
the individual and time effects. The iterative principal components (IPC) approach, which was
pioneered by Bai (2009), has become a popular way to estimate such models, especially for large N
and T'. Another approach for IFE is the common correlated effects (CCE) approach developed by
Pesaran (2006), where the interactive fixed effects are referred to as “factor structure”.

However, in practice, researchers often encounter multi-dimensional panel data where individuals
can be grouped into different categories (blocks). In such cases, local factors may be required in
addition to the global factors to capture cross-sectional correlations within blocks. The use of local
factors in combination with global factors can handle the heterogeneity across different blocks.
Ando & Bai (2014) and Ando & Bai (2017) develop panel regression models with global and local
factors by combining shrinkage estimation and PC. Rodriguez-Caballero (2022) extended the CCE
approach to a three-dimensional setup with a hierarchical factor structure. Kapetanios et al. (2021)
studied the three-dimensional CCE in a panel with origin-destination heterogeneity. Feng et al.
(2023) extend Bai’s approach to incorporate hierarchical multilevel factors when the number of
blocks tends to infinity.

This article studies a panel regression model with unobserved global and local factors using
a modified IPC estimation based on Bai (2009). The focus is on a finite number of blocks R,
which is often the case in practice. We propose an estimation procedure that produces consistent
slope parameters and the multilevel factors, and employ a wild dependent bootstrap, following Shao
(2010) and Feng et al. (2023), for inference. Our approach is thereby called the multilevel IPC
(MIPC). In addition, we propose a consistent selection criteria for estimating the numbers of global
factors rg and local factors r; for each block .. When R tends to infinity, Jin et al. (2023) show that
the consistent estimation of ry and r; can be achieved in a sequential manner because each block is
asymptotically negligible. By contrast, when R is finite, consistent estimation of rg and r; is difficult
because the eigenvalues generated by the global and local factors are not well separated (see Han
(2021)). While the information criteria in Ando & Bai (2014) and Ando & Bai (2017) are available
for finite R, they can be computationally infeasible even when R is only mildly large, as pointed
out by Choi et al. (2021). Our approach provides consistency and valid inference by requiring only
the consistent estimation of ro + r; for each ¢, which can be easily done block-by-block.

We focus primarily on homogeneous slope coefficients instead of heterogeneous ones, which are
considered in Ando & Bai (2014) and Ando & Bai (2017). In the heterogeneous case, the individual
slope estimates are v/T-consistent without bias terms.! By contrast, the optimal convergence rate

v NT can be achieved in our homogeneous model but comes with biased terms in the asymptotic

"We extend MIPC to a heterogeneous model; see Appendix C.2 for details.
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distribution. We develop consistent estimators of these bias terms and propose a bias-corrected
estimator. These are new results in the literature. In the appendix, we show that M IPC can be
generalised to the heterogeneous coefficient model.

In the final step, we apply the generalized canonical correlation (GCC) estimation developed
by Lin & Shin (2022) to disentangle the global and local factors, given consistent slope coefficients.
Therefore, the results in Lin & Shin (2022) are directly applicable. This is useful in empirical
studies when the global and local factors themselves are of interest rather than treated as nuisance
parameters.

Via Monte Carlo simulation, we show the consistency of the estimated slope coefficients as well
as the global and local factors. More importantly, M I PC with the estimated numbers of factors has
smaller size distortions than the infeasible version of I PC with the known total number of factors.
This demonstrates the superiority of our approach.

The rest of the paper is organized as follows. We introduce the panel data model with multilevel
factors and propose the M IPC' in Section 3.2. In Section 3.3, we analyze the asymptotic properties
of the slope coefficients, factors, loadings, as well as the estimates of the numbers of factors. Section
3.4 provides a detailed algorithm for the implementation of M IPC. In Section 3.5, we demonstrate
the finite sample performance of our approach using Monte Carlo simulations. We apply our ap-
proach to analysing the nexus between energy consumption and economic growth in Section 3.6
using cross-country multi-dimensional panel data. Section 3.7 is the concluding remarks. All the

proofs are relegated to the Appendix.

3.2 The Model

Consider the following panel regression model with multilevel factors:

Yijt = X;jtﬁ + Uit t=1,...,R, j=1,...,N;,; t=1,...,T (3 5 1)
uijr = ¥i; Gt + N Fi + e

where X;j; = [a:iljt, e ,xfjt]/ is the p x 1 regressors and 3 = [51, e ,6”]/ is the corresponding
slope parameters. The error term wu;;; consists of the global, local and idiosyncratic components.
G; = [G}, - G:O]/ is the rg x 1 unobserved global factors, F;; = [let, v Fftl]/ is the r; x 1 unobserved
local factors in the block ¢, ~;; and A;; are the corresponding factor loadings, and e;;; is the
idiosyncratic error. We assume that the number of blocks R, as well as the numbers of factors
ro,T1,...,Tr are fixed, whilst the numbers of individuals in each block Ni,..., Np and the time
observations 7" tend to infinity. Let N = min{Nj,...,Ng} and N = Zf; 1 Ni, we assume that
N — oo through out this paper. We also assume that the group membership is known a priori. In

vector notation, the above model can be written as
Yij = Xij,@ + uyj with u;; = G'Yij + Fi>\ij + € = KZ-HU + €45 (3.2.2)

where Y;;, X;;, G, F;, u;; and e;; are formed by stacking the corresponding identities across ¢ and

/
K; = [G,F;] and 6;; = ['71{]‘7 )\;j] . Let d; = rg + r; for all . For convenience, we express the error
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components using the following matrix notation:
u; = GI‘Q + FzA; +e; = Kz@; + e;

where w; = [w1, ..., wn,], Ti = [Yit, - -, Yins)s Ai = [Ai1, -+, Ain,], and ©; = [Ty, Aj].

As pointed out by Bai (2009) and Feng et al. (2023), the specification in (3.2.2) incorporates
various widely applied fixed effect models as special cases, such as individual fixed effects and
time effects. Moreover, the regressors are allowed to be arbitrarily correlated with the factors and
loadings. Our model extends the interactive fixed effects by allowing the factors to be block specific
(semi-pervasive) rather than pervasive. For example, y;;; is the house price (or growth rate) for city
J that belongs to region ¢ and X;j; is the income and population. The house prices across different
regions are subject to the national business cycle captured by G;. In addition, the regional economic
shocks, captured by the local factors F;;, can also be an important source of the local house price
co-movement. The omission of such local factors may lead to inconsistent estimation of the slope
parameters if the regressors are correlated with the local components. It may also invalidate the
inference due to the strong cross-section correlation induced by the local factors.

It is important to note that model (3.2.1) can be written as a two dimensional model as in Bai
/

(2009). Consider the factor structure in w;j;. Let wiy = [y, ..., uin,] . The factor structure in

the error component can be written as

w = 0TK,! + ey, (3.2.3)
where
u . G Y1 A1 0
1.t 1.t
Fi; Y2 0 A
u = : , € = : ,Kt* = . ) et = .
Nx1 Nx1 rtx1 : Nxr+ : : : . :
UR.t €R.t
Fgy Y& 0 0 -+ Ag

Then, the model (3.2.1) can be written as

Y, =XiB8+OTK/ +e (3.2.4)
where Yy = [Y114, -« -, YINyty - -« s YR1ts - « - » yRNRt]/ and Xy = [Xi1ty oo XiNgty - -y XR1ts - - s XRNRt]/-
IPC can be valid when the total number of the factors r™ is finite and known. However, it is well
known that the determination of r* will be difficult as the local factors become too “weak” to be
detected as the R increases. Additionally, the global and local factors cannot be separately identified
by IPC. Feng et al. (2023) consider the multilevel model as in (3.2.1) in a setting that the number
of blocks goes infinity. In such a case, the identification of the global and local factors from (3.2.3)

can be done sequentially. Let u;j; = ’y{j G, + ufjt where u;‘jt = )\;jFit + e;jt. When R — oo, each
block is asymptotically negligible so the local components A;jFit only introduce weak correlations
among the error terms ufjt. As a result, the PC estimation applied to u; can consistently estimate
G; and then F;; (as well as their dimension) in a sequential manner. However, if R is fixed, the local

components )\ngit violates the weak cross-section correlation assumption of ufjt so PC is no longer
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applicable, as pointed out by Breitung & Eickmeier (2016). In many applications, R is finite rather
than tends to infinity. Therefore, it is worth highlighting that the multilevel factor structure with
finite R brings new challenges in estimation as well as model selection. In this article, we establish
an estimation procedure that works under fixed R, providing valid model selection and inferential
theory for the estimates.

We define My =1—-P4 and P4, = A (A’A)f1 A’ for any matrix A that has full column rank.

Assuming that d;’s are known a priori, we minimise the objective function defined as follows:

N;
Q(b,K1,....Kr) =YY (Yi; — Xijb) My, (Yi; — Xi;b) (3.2.5)
i=1 j=1

where IC; is a T x d; matrix for all . The estimators are given by

(B,ﬁl,...,RR> = argmin Q(b,Ky,...,KR)
(b7’C17"'7’CR)ED
where D = R? x K® and K = {K|T'K'’K =1;,}. The factors and loadings are subject to
rotational indeterminacy, i.e. K;@®) is observationally equivalent to KiAA_IG); for any invertible
matrix A. Therefore, we impose I%;IAQ /T = 1, and that (:);@Z is diagonal for each block i as

identification restrictions. The above objective function implies that the solutions (B, Rl, e ,f{ R)
are the following
R N; /RN
B=>> xjM; Xy D> XM Yy (3.2.6)
i=1 j=1 i=1 j=1
1 & R ./
I(l\fz = NZT (YU — XZ]B) (Y’LJ - XU,B) Kz for each i (327)
j=1

where {\/', is a diagonal matrix consisting of the d; = rg + r; largest eigenvalues of the term in the
square bracket of (3.2.7).
Following Bai’s IPC, (,é\,f{l, e ,IA{R) are obtained in an iterative manner. Given ,@, IA(Z is

updated block by block as in (3.2.7). Given K; for each i, B is updated using (3.2.6). We thus
call this approach multilevel IPC (MIPC). The solutions (3.2.6) and (3.2.7) are the same as
in Feng et al. (2023). However, it is important to note that, under finite R, the bias terms in
B do not vanish as is the case when R — oo. Our theory suggests that the consistency of B only
requires the consistency of IA{i’s without separate identification of G and F;’s, which is different from
the approach developed by Ando & Bai (2014). The advantages of MIPC are twofold. From a
theoretical perspective, the sequential projection of global and local factors in the v/ NT-consistency
framework introduces asymptotic bias terms. However, these bias terms are significantly simplified
by employing the MIPC method. On the practical side, the estimation of d;’s is substantially
easier than the joint estimation of ry and r;’s, as we explained earlier. In the next section, we shall
demonstrate the large sample properties of our estimators and propose a bias corrected estimator

for the slope coefficients.
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3.3 Asymptotic Analysis

3.3.1 Consistency and asymptotic distribution

In this section, we assume for the moment that the numbers of the factors d; are known for each
block i. The consistent estimation of the numbers of factors will be developed in Section 3.3.2. We
make the following assumptions for the consistency of our estimators.

Let M be a finite constant.

Assumption 3.A. E (| X;[|*) < M for alli, j, and t. Furthermore, we have

inf  D(Ky,...,Kr) > 0.
Ki1,...,KreKE

where D (K1,...,KR) is a p X p matriz such that
| R TR
D (K1, KR) = 5o Z Z X <M,<ixij - > ai,ij;CiXik>
i=1 j=1 k=1
with a; ; = 0l (©,0;/N;) ™!
Assumption 3.B.

1. E (HKth‘l) <M and T'K!K; LN Yk, for eachi as T — oo where Xk, is an d; X d; positive

definite matriz.

2. E ([16:]*) < M and N '@.®; 2 Se, for each i as N; — co where e, is an d; x d; positive

definite matriz.
Assumption 3.C.
1. For alli, j and t, E(e;¢) =0 and E (|e¢jt\8) < M.

2. For all i, B(eijieirs) = 05 (k) (ts): 10k, )| < iy for all (t,s) and |og gy, ws)| < Ties) for
all (7, k) such that

N; N;

1
N, Ti(jk) <
v =1 k=1

.

7

T T 1 N; T
ZZ_: ) <My 1 ZZZZ |73, (t) | < M.

7j=1k=1t=1 s=1

'ﬂ \

3. For alli, t and s

=

61_]567,]t ezjseijt)] <M

HMZ

4. For all i, we have

N; N;

1 T T T T
N, T2 Z Z Z Z | Cov( 62]t61]57 CikuCikv)| < M
i

t=1 s=1u=1v=1 j=1 k=1
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T N; N; i N

Z Z ’ COV el]telkt) ezcsezds)| <M

t=1 s=1 j=1 k=1 c=1 d=1

2

5

N2T

Q
Il

Assumption 3.D. e, is independent of Xpis, Onr and Ky for all m, h, j, k, t, and s.

Assumption 3.A plays an important role as an identification condition. This assumption rules
out common regressors that do not vary across individuals and also time-invariant regressors that

do not vary across time. Moreover, it is straightforward to show that the following equation holds

1 R N;
D(Ki.....Kn) = 77 > > ZiiZi

i=1 j=1

where Z;; a T' x p matrix such that
1 &

Assumption 3.B ensures the existence of the factors in each block i. Assumption 3.C allows cross-
sectional and serial correlation in the error terms, but they are restricted by Assumption 3.C.2-3.C 4.
Assumptions 3.A-3.D extend Assumptions A-D in Bai (2009) by requiring those conditions to be

met in each block ¢. These assumptions are standard in the literature.

Lemma 3.1. Let (,@, Kl, e ,IA{R) be the estimators from minimising (3.2.5). Under Assumption
3.A-8.D, as N1,...,Ng,T — oo, the following statements holds:

1. B-8-%o0.
2. For each i, the matrix K;KZ/T is invertible and HPIA{ — PKiH L50.
Assumption 3.E. For each i, we have imy, N—so0 N/N; = o; < M.

Lemma 3.2. Under Assumption 3.A-3.E, as N1,...,Np,T — oo and T/N; — p; > 0 for all i,
then vNT (B - g) = 0,(1).

Lemma 3.1 establishes the consistency of the slope coefficients and the factor spaces for each
block i based on the extreme estimation. At this stage, we are only able to claim consistency in
Lemma 3.1.2 because the number of parameters grows with 7. The consistency of IA{Z up to rotation
is established by Lemma C.1.2 in the Appendix. Lemma 3.2 shows that ,@ achieves a convergence
rate of V/NT assuming that all N;’s are of the same order of magnitude and each Nj is comparable
with T'. Assumption 3.E is standard in the multilevel factor literature, see Ando & Bai (2014) and
Andreou et al. (2019) for examples.

Assumption 3.F. For some nonrandom positive definite matriz Dz, as N,T — oo, we have

ZZZ e;; —5 N (0,Dy)

21]1



3.3 Asymptotic Analysis 93

where
1 R R T T
Dz = plim NT Z Z Z ZO'(mh),(jk),(ts)zmjtz;zks'

m
Theorem 3.1. Under Assumption 3.A-3.F, as Ny,...,Nr,T — oo and T/N; — p; > 0 for all i,
then

Il
_
T
—
-+

Il
i
vl

Il
fa

VNT (E— ﬂ) 4N (i ( TU212R0 4 012, 1/203?) ,IDol]DZlD01>

=1

where IB? = plim B; and (D? = plim C; with

Ni / T
1 Xij — Wi;) K, 1
B = -D(Ki,...,Kz) ' — Z [( . T i) } P60 (Tzai,(jk),(tt)> ,
k=1 t=1

N.
41 =
Ci=-D(Ky,...,Kp)™! X! Mg, [ § E (eipel;,) | KiP:6y;,

! k=1

N; -1 -1
1 K'K; 0.0,
Wi = . kz_l a; jx Xig, and P; = <ZTl) ( N, 1) :

In addition, Do = plimy, _ np 700 D (K1, ..., Kg) = plimy,  npqoee (NT) TS SO0 702
and Dy is defined in Assumption 3.F.

Theorem 3.1 shows that the asymptotic distribution of B\ is not centered. The bias term B;
evolves due to the heteroskedasticity and cross-section correlation between contemporaneous error
terms and C; is a consequence of correlation and heteroskedasticity in the time dimension. If it is
assumed that the error terms are i.i.d, we have B; = 0 and C; = 0 for all 7 so there is no bias.
Furthermore, the i.i.d assumption leads to D = Dy and hence we have vV NT (,@ - ,8) AN (0,Dy).
However, if the error terms are not i.i.d, then a bias correction is required.

Let IEZ and @Z be the estimators of B; and C;, respectively, such that

—~ PN
o NN | (X W) Kl fee\
- o [(%e- W) R feen
IBZ-:—D<K1,..., ) N 1; T <N> 0k i)
J: =

~ ~

~ ~ / ~
with 0, = T'K, ( ik — zkﬁ) i = |:9i1> . ->9iNJ , Gigiey = T €8k, €5 = Yij — X8 —
K0, e = Y, — X3 — Kby, and

~ o~ —1
&= (R Ki) NTZX’M @R(%‘?Z‘) i

where gz is an estimator of S; whose (¢, s)-th element is g@(ts) = N[l Eg;l €iktbiks. Assuming
E(emjtenkt) = O(mn), k) for all m, h, j, k, and t, it can be shown that \/T/N; (I@Z — lBl-) = 0p(1)
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and \/N;/T (@Z — (Di) = 0p(1) (see Lemma C.1.7). Then, the bias-corrected estimator is given by

~ & 1~ N; ~
5bc :B_Z <N]Bz+]\f}®z> .
1=1

Theorem 3.2. Under Assumptions 3.A-3.F, and E(emjtenkt) = 0(mn),jk) for all m, h, j, k, and
t, as N1,...,Ng, T — 0o, T/N? =0, and N/T? — 0, then

VNT (Bbc - [3) -4, N (0,D5'DzDg ).

Under the presence of weak cross-section correlation and serial correlation in the error term,
the consistent estimation of the covariance matrix D, 'D zDy ! is infeasible in practice. Therefore,
following Feng et al. (2023), we adopt a dependent wild bootstrap advanced by Shao (2010) to
construct a valid confidence interval for Bbc. The detailed algorithm for implementation is provided

in Section 3.4.2

3.3.2 Determining the numbers of factors

So far we have assumed that the numbers of factors d;’s are known. In this section we develop a
consistent selection criterion. We set a finite integer that is common to all blocks, dmax, such that
dmax > max;{d;}. We consider the objective function defined as follows:
N;
2 (b, H,..., A Rr) =D Y (Y —Xyb) My, (Yi; — Xi;b) (3.3.8)

=1 j=1

where J7; is a T' X dpax matrix for all ¢. The initial estimators are given by

(B,Rh...,RR): argmin Q(b,%/l,...,%}%)
(ﬁ,%l,“.,fR)E.@

where 2 = RP x K® and K = {K|T7'K'K =1, }. Again, the above objective function implies

the following solutions:

_ R N; -1 R N;
B=| 22 XM Xy | | 2D XyME Yy, (3.3.9)
i=1j=1 i=1 j=1
N;
~ 1 " |~
KiVi= |+ (Yis —Xi8) (Yi — X;38) | K for cach i. (3.3.10)
(2 ]:1

Under Assumption 3.A-3.E, it can be shown that ,5 and Ki’s are consistent estimators. Define

2We validate the bootstrap procedure using simulations in Section 3.5 and the formal proof is beyond the scope
of this paper.
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the covariance matrix for each block ¢:

N

N.
~ 1 ~ ~\/
Si= 57 z; (Vi —X48) (Yi; — XiiB) . (3.3.11)
J:
Let v;, be the k-th largest eigenvalue of f], It can be shown that for k = 1,...,d;, U; converges

to its population counterpart v; x, which is larger than zero. On the contrary, v; ;, is asymptotically
zero for k =d; +1,...,dmnax. Therefore, we follow Lam & Yao (2012) and Ahn & Horenstein (2013)

and develop estimators for d; based on the ratios of the adjacent eigenvalues as follows:

5 Vi k .
d; = argmax —— fori=1,...,R
k=0,...,dmax—1 Vi, k+1

where ;0 = ZZV{T Ui ¢/ log (CIQV,-T) is a mock eigenvalue allowing the case where d; = 0. Using the
results of Lemma C.1.9, for each 4, it is straightforward that for k=1,...,d;—1,d;+1,...,dmnax—1,
Vik/Vik+1 = Op(1), whilst for & = d; we have ¥;/0; y+1 —p 00. Therefore, the ratio of the
eigenvalues falls sharply at & = d;. The mock eigenvalue ;o is smaller in magnitude than the
largest d; eigenvalues but larger than the rest, which allows the case d; = 0. The consistency of d;’s

is summarised in the following proposition:

Proposition 3.1. Under Assumptions 3.A-3.F, we have

Ni,hTH—lwo Pr (dz =179+ 7‘2-) = 1.

Alternatively, one may obtain d; by implementing the selection criteria proposed by Bai & Ng
(2002) to SNKZ = SN{H, e ,?iNi for each i separately where S?ij =Y, — Xijﬁ. In the supplement
appendix of Bai (2009), it is argued without rigorous proof that the estimated slope coefficients ,@
are v/N;T consistent even when dpax > d; factors are estimated. Moon & Weidner (2015) studies
the asymptotic property of ,5 using a different set of assumptions other than Bai (2009).

3.3.3 Disentangling the global and local factors

While the estimation and inference do not necessarily require separate identification of global and
local factors, practitioners may, in some instances, wish to estimate G and F; individually, each
with its economic interpretation. As a result, it becomes necessary to estimate the multilevel factor

model as follows, after obtaining Bbcz
Y — XijBe = Kibij + eij = Gy + Fidij + e

Different techniques have been devised to disentangle global and local factors. In a special case
where R = 2, Andreou et al. (2019) propose using C'C A to estimate the global factors based on the

canonical correlation between Kl and KQ by solving the characteristic equations:

</S\12/S\2_21/S\21 — E/S\u) Vi =0or </S\21/S\1_11/S\12 — €§22> Vs, = 0.



3.3 Asymptotic Analysis 96

where S (a,b=1 2) represents the covariance matrix between K; and Ky. The global factors
can be estimated as G = Klvr0 or G = KQV , where V0 and V}° are matrices comprising
the characteristic vectors corresponding to the ry largest characteristic roots. Subsequently, by
projecting out é, one can obtain f‘i’s by applying PC' to each block separately. In the case where
R > 2, Breitung & Eickmeier (2016) and Choi et al. (2018) use the global factors generated by CC' A
as initial estimates and propose iterative estimation procedures where the global and local factors
are sequentially updated given each other. However, as highlighted by Lin & Shin (2022), CCA
may not always correctly identify the global factors when common local factors are present, as they
might be misidentified as global factors. In such a scenario, CC A may lead to overestimation of
the number of global factors and inconsistent factor estimates. Instead, Lin & Shin (2022) propose
the generalised canonical correlation analysis (GC'C'), which extends the standard CC A by jointly
dealing with the pairwise canonical correlation between any two blocks. They show that GCC
outperforms existing approaches via simulation. In addition, GCC offers computational advantage
as it does not involve iterations by achieving consistency in one sequential estimation. Therefore,
in this article, we follow Lin & Shin (2022) to estimate the global and local factors using GCC.
Given the consistent estimates K;’s from the minimisation of (3.2.5), we follow the generalised
canonical correlation (GCC) estimation developed by Lin & Shin (2022) for the global and local
factors respectively. Specifically, we construct the following T'(R — 1)R/2 x d* system-wide matrix:

K; K 0 0 0 0

. K, 0 -K; 0 .. © 0

» = ‘ (3.3.12)
0 o0 0 0 Kr1 -Kg

where d* = ZlR: 1 d; and perform a singular value decomposition (SVD) to das P = IA’BQ’ . Let

51, ceey b 4+ be the diagonal elements of A in ascending order. Then, the number of global factors rg
can be obtained by R

R

o = argmax —-, Amin = minsdy,...,dg ¢ . (3.3.13)

kzO:“wdmin k

To deal with the case of rg = 0, we set the mock singular value as

d*

O
C’NTd &

The number of local factors can be simply obtained by 7; = d; — o for each block i. The consistency

of 79 and 7;’s are summarised in the following proposition:

Proposition 3.2. Under Assumptions 3.A-3.E, we have:

lim Pr(r9 =19) =1 and lim Pr(ri=mr;) =1
N1,...,NR,T~>OO N1,...,NR,T~>OO

. o a7/ .
Let Q™ = ’{0’, ey TR?/] as the first 79 columns of Q from the above SVD, and construct the
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T x Ry matrix, U = [I/ilé’;o, . ,RRQ%]. We perform the eigen decomposition,

T-'9¥ = LEL (3.3.14)

1D

where L is a T x R#y orthonormal matrix and =2 is a T x T diagonal matrix consisting of the
eigenvalues in descending order. Then, from (3.3.14), we obtain the consistent estimator of the global
factors, denoted (A}, by the 7y vectors of L corresponding to the 7y largest eigenvalues multiplied by
VT. Let ?ij =Y, — XijB and ?z = [SA{“, ... ,?iNi} . The global factor loadings can be estimated
by T; = T*l?gé. Finally, let ?g =Y — Xz-jé — G'Ayij, the local factors and loadings can be
obtained by applying PC to each block ?ZG = [?g, . ’?g\h] . fl is v/T multiply the 7; eigenvectors
of ?f ?f’ corresponding to the 7; largest eigenvalues. The local factor loadings can be obtained by
Ri— T Y9F,.

To guarantee the consistency of IA‘Z-, Kz and E, we need the asymptotic orthogonality assumption
stated as follows:
3¢ O

F;

Assumption 3.G. For every 1, T_lK{K,- = + 0O, (T_1/2) where X and X, are

ro X 1o and r; X r; full rank matrices.

Proposition 3.3.
Under Assumptions 3.A-3.E and 3.G, as N1, Ns, ..., Ngr,T — oo, we have:

76 -s=0n ()

1

~ 1
I'—H ' =0, =—

N; I ' ’ (CNT>

1 |1a 1

— B~ ¥ = 0, ( —

\/TH Lo ? <CNT>

1 ~ —~ 1
AN - N =0, —

Ni 7 7 1 p <CNT>

where H = T-1/2G'J™0U is an ro x ro rotation matriz, J7° = L0(E7)~1 E is an ry x ro

diagonal matriz consisting of the ro non-zero eigenvalues of T"*GG’ in descending order, L™

is a T X rg matrix of the corresponding eigenvectors, and U 1is an r9 X r9 orthogonal matriz.

~

L%/’é\ = (AQAZ-/Ni) (f‘;FMT) 'Yi_l s an ; X r; rotation matriz, X,; is an r; X r; diagonal matrix
consisting of the r; largest eigenvalues of (N,T)f1 ?l?g in descending order, ?Z =Y, — (/if‘;
Moreover, Oy 1 = min{\/N,VT} with N = min{Ny, Ny, ..., Ng}.

3.4 Estimation Algorithm

In this section, we outline the detailed algorithm for estimation:

Estimating the number of factors d;:
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Step A1l. Obtain the OLS estimates of 3 ignoring the factors, denoted B(O). Fix a sufficiently
large integer dpyax such that dpax > max;{d;}. For each i, obtain the factors K i(o) as v/T multiplied

by the dmax eigenvectors of
1 &

N;T 4
j=1

(Yij - Xijg(o)) (Yij - Xij§(0)>/~

B and REO)’S are the initial estimates.

Step A2. Given K§£—1) for all ¢ from the (¢ — 1)-th step, update the slope coefficients as

-1

_ R N; R N
pY = Z Z XéjMf(i(ffl)Xij Z Z XQJ’M;?;“”Y"J’

i=1 j=1 i=1 j=1

Step A3. Given B(Z), update I~{Z@ for each i as v/T multiplied by the dmax eigenvectors of
1 &
N, T

!/

. (Yij - Xijg(e)) (Yij - Xz’j@”)

J=1

corresponding to the dy.x largest eigenvalues in descending order.
Step A4. Repeat Step A2-A3 until convergence, and obtain the resulting ,5 and I~(2 for each 1.

Step A5. Construct the covariance matrix for each i as

N.
~ 1 : ~ ~\/
Y= NT 2 (Yij = Xz’jﬁ) (Yij - Xz‘jﬁ)
7=1
and obtain its dmax largest eigenvalues, denoted v; 1, ..., 0; 4,,.. For each i, estimate CZZ as
. s
d; = argmax Nlik

k=0,...,dmax—1 Vi, k+1
c2. _ . .
where 0; 9 = ZZZNIZT 0; ¢/ log (CJQVZ,T) is the mock eigenvalue.

Estimating the slope coefficients and factors:
Step B1. Let B(O) = ,5 and f{EO) = I~(Z for all 4.
Step B2. Given K\ V

i

for all ¢ from the (¢ — 1)-th step, update the slope coefficients as

-1

R N; R N;
BY =D X MpenXy > D XiMpen Yy
i=1 j=1 ! i=1 j=1 '

Step B3. Given B(K), update IA{Z(E) for each i as v/T multiplied by the d; eigenvectors of

1 Qi

N, T

' (Yij - Xijﬁ(e)) (Yij - Xij/@(z))l-

Jj=1
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corresponding to the d; largest eigenvalues in descending order.
Step B4. Repeat Step 2-3 until convergence, and obtain the resulting ,@ and Rl for each 7. The
bias-corrected estimator B\bc can be obtained following Theorem 3.2.
Step B5. (Optional) Apply GCC' estimation following Section 3.3.3 with ¢ + r; replaced by d;
and obtain the global/local factors and loadings.
A bootstrap confidence interval:

The superscript *(b) denotes the b-th realisation among B bootstrap repetitions. Following Feng
et al. (2023), the bootstrap procedure proceeds as follows:
Step C1. Construct a random variable sgb) = [sgb), .. ,55{7)}, from a zero mean normal distribution

with covariance

Cov (E(Tb),€gb)) = Bartlett (T _

5) forr,s=1,...,T
T

where 7 is a bandwidth parameter®, and Bartlett(z) = 1 — |z| if |[#| < 1 or Bartlett(x) = 0

otherwise, is the Bartlett kernel function.

Step C2. For each ¢, j, and ¢, construct efj(f) = é,-jtsgb) and y;‘j(f) = z;jtabc + é\;JIA{n + e;;(f) where

th is the ¢-th row vector of Z-j =Mp X;; — Ni_1 Z]k\il a; kiMp Xig.
Step C3. Obtain the bootstrap estimator of the slope parameters by

ZZZ’ Mg Z;; ZZZ’ M Y*("
i=1 j=1 =1 j=1

Step C4. Repeat Step C1-C3 B times. Construct the empirical distribution function for the k-th

slope coefficient

Dﬁk ;iﬂ( (k*(b B’“)gf) fork=1,...,p

b=1
Then, the 1 — « CI is given by

«

{Bk - \/leiTﬁ/;’“1 (3).7"- \/]1\;773/93 (1- 2)] (3.4.15)

where 23[; (a/2) and D (1 — /2) are the inverse functions of Dﬂk evaluated at «/2 and 1 — a/2.

3.5 Monte Carlo Simulation

In this section, we conduct simulation studies to analyse the finite sample performance of the

proposed estimators. The data is generated by

Yije = XijB + wije, wije = ¥i; Gt + N Fie + e

3We set Iz = [T"/] at the order of T'/3 following Feng et al. (2023) in our simulation and application.
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The idiosyncratic errors are cross-sectionally and serially correlated as
e; = 0.2e;_1 + Wf, Wte ~ Z’LdN(O, Qe)

where €, = [€11¢, ..., €1Nyts- -+ ERILy - - - ,eRNRt]/ and the (m,n) elements of . are 0.2lm=nl The

factors follow AR(1) processes
G =0.5G; 1 +w, w& ~ii.dN(0,1,,)

Fit = 0.5F; 1+ w/;, w/, ~i.idN(0,1,,)

and the factor loadings are drawn from i.i.d. standard normal distribution as ~;; ~ i.i.d.N(0,L,,)
and A;j ~ i.4.d. N(0,I,,). We consider p = 2 and allow the regressors to be correlated with the
factor structure as
and

x?jt = |G + }‘;jFit| + X?jt
k
ijt
is generated by

!/
where x¥ ’s are cross-sectionally correlated such that x = [X’flt, ey X’let, . »X,fﬂp ey X%Nﬂ]

XF = 0.5en 4+ 0.5x5_ | + €, € ~ii.d N(0,Q,) for k =1,2.

with covariance matrix €, whose (m,n) elements are 0.3™~". We fix 8 = [1,1), R = 4 and
rg = r; = 2 for all i. We set N7y = --- = Npg for convenience and consider the sample sizes
N; € {30,60,90, 120,150} and T € {40, 80,120, 160,200}. Each simulation experiment is repeated

over 500 times.
We report the average bias for the bias-corrected estimators provided by MIPC, namely
) ,ébc - B3 ‘, and the size of the t-tests, namely the rejection rate of Hy : ch = 3% against H; : ch £ gk

for k = 1,2 under 0.05 significance level. The precision of the estimated factors is evaluated by the

trace ratio defined as .
br {A/z\ (A'A) K/A}

TTATA] (3.5.16)

TR (A) -

where A is the estimates of A and tr{.} is the trace of a matrix. Apart from the global and

local factors, we evaluate the precision of the estimated combined factors K+ = [(A},f‘l, R F R

associated with the true factors KT = [Kf, . ,K;]/ where K is defined in (3.2.3). The closer
the trace ratios are to one, the more precise the factors are estimated. For the estimated numbers
of factors, we report the average 79 and 7; that are estimated by GCC' and 7; = d; — 7o respectively,
where CZZ is determined by our approach in Section 3.3.2 with dyax = 10. To assess the overall

selection precision, we also report the average estimated total number of factors 7+ = 7 + lei 171
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For comparison, we examine two different versions of IPC based on Bai (2009).* The first
version is the bias-corrected I PC that is applied to the entire data. In this version, 7T is selected
by BIC5 with the maximum number of factors set at 15. We also consider an infeasible version
of IPC, denoted by I PC*, which is the same as I PC except that we enforce the true number of
factors r* = ro + EIR; 1 77 in the estimation. We assess the bias of the slope coefficients and the size
of the t-tests. Since these approaches cannot separately identify the global and local factors, the
precision of the estimated combined factors K™ is evaluated.

The first panel of Table 3.1 shows the average bias of the slope coefficients. It is evident
that MIPC and IPC* exhibit comparable performance, while I PC demonstrates a larger bias,
particularly when N; or T is small. IPC' is only comparable with MIPC and IPC* when both
N; and T are sufficiently large. The second and third panels of Table 3.1 present the t-test sizes
given by these approaches. IPC is severely oversized even when both N; and T become large.
Although IPC* has a small bias, it demonstrates considerable size distortion. On the contrary,
MIPC achieves a smaller size distortion in general, as the sample size increases. Take El as an
example, when N; = 90, the sizes of IPC* are 13%, 27.8%, 20.2%, and 16.2%, and 13.8% for
T = 40, 80, 120, 160, 200 respectively, whilst the corresponding figures for MIPC are 13.2%, 9.2%,
8%, 7%, and 6.8%. This clearly shows that MIPC is superior to IPC and IPC* in the presence
of multilevel factors.

We now focus on the estimation of the factor structure. In the first panel of Table 3.2, we present
the trace ratios of the estimated global and local factors and their corresponding dimensions. The
results reveal that the global factors are accurately estimated. The trace ratio of the global factors is
not very high when N; = 30 and T' = 40. This is due to the underestimation of ry in small samples.
As expected, the convergence of the local factors is slower than that of the global factors, but the
trace ratio increases rapidly as the sample size increases. We also observe a similar pattern for the
estimated dimensions of 7y and 7;. This indicates that by combining M I PC with GCC, we are able
to successfully identify both global and local factors. In the second panel of Table 3.2, we report the
estimated total number of factors obtained from the MIPC, and I PC with BICs. Our approach
precisely estimates the true r*, whereas I PC with BICj3 fails, as discussed in Section 3.2. It tends
to underestimate the true number of factors, unless both N; and T are very large, leading to higher
bias and size distortion, which we have demonstrated in Table 3.1. Finally, the third part of Table
3.2 presents the trace ratios of the estimated combined factors. It is observed that I PC' performs
poorly, as the dimension is always smaller. The precision of the estimated factors generated by
MIPC and IPC* are comparable. This suggests that the performance of MIPC and GCC' in
terms of estimating the combined factor space is reasonably good, and the slower convergence of
the local factors does not impact the precision of the estimated combined factor space.

It is important to note that, IPC* is implemented with the known number of factors, which is
barely the case in practice. Nevertheless, in terms of inference, M I PC' performs better than I PC*

despite the uncertainty that arises from the estimation of the number of factors.

*We use the R package “phtt” for IPC estimation. See Bada & Liebl (2014) and https://CRAN.R-project.org
/package=phtt.
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Table 3.1: Simulation results for the slope coefficients (R = 4, ro = r; = 2 for

all i, 8 = [1,1])

N;

30
30
30
30
30
60
60
60
60
60
90
90
90
90
90
120
120
120
120
120
150
150
150
150
150

T

40
80
120
160
200
40
80
120
160
200
40
80
120
160
200
40
80
120
160
200
40
80
120
160
200

MIPC IPC IPC*
Bias Hﬁf gH % 100
1796 3.777  1.878
1159 1.68 1.225
0.968 1.066 0.989
0.804 0.837 0.799
0.804 0.837 0.799
117 2613  1.208
0.77  0.866 0.797
0.635 0.653 0.653
0.556  0.563 0.563
0.484 0456 0.455
0939 2191  1.04
0.64  0.697 0.652
0501 0501 0.501
0435  0.379 0.379
0380  0.320 0.328
0.777  1.98  0.887
0.534 0553 0.536
0434 0394 0.395
0.396  0.354 0.354
033 0257 0.257
0.704 1.967 0.803
0487 0498  0.48
0.384 0.336 0.338
0327 026  0.26
0314 0236 0.236

MIPC IPC IPC*
Size of B x100%
13.2 33.8 17
8.8 26 16
10.4 16.8 12.4
9.4 14.8 12.8
7.4 14.8 13.4
12.2 31.6 18
7.6 9.2 7
7.8 27 26.8
7.4 24.6 24.6
8 20.2 20.2
13.2 33.4 13
9.2 27.6 27.8
8 20.2 20.2

16.2 16.2
6.8 13.8 13.8
10 36.8 10.2
10 20.6 21
6.6 17.4 17.6
9.4 18.2 18.2
6.4 9.8 9.8
13.6 37.2 24.4
9.4 21.2 21.2
9.4 16.6 16.8
6.4 10.2 10.2
8.6 10.6 10.6

MIPC IPC IPC*
Size of 5% x100%
14.6 21.6 23.4
9.4 16.4 11
8.4 29.6 31
11.6 22 21.8
7.4 19.4 19.2
12.8 20.6 11.4
9.2 26.8 25.4
8.6 17.8 18
8.8 17.8 17.8
7.4 11.2 11.2
14.4 21.8 25.8
9.8 21.4 21
8.8 17.6 17.6
8 9.6 9.6
7.4 12.4 12.4
12.6 22.2 27.4
10 18.6 16.4
7.4 11.2 11.2
10.2 14.6 14.6
7 7.6 7.6
13.2 38.2 24.2
9.6 16.2 14.8
9.8 10 10
8.4 6.6 6.6
8 10.6 10.6

ro is the true number of global factors. r; is the true number of local factors in block 4,
d; = ro + 7, and rt =
the number of blocks. MIPC is the result based on the numbers of factors estimated by our
approach. IPC is Bai (2009)’s approach applied to the whole data with #* selected by BICs
and IPC* is IPC with the true number of factors r ™. The results of bias and size are obtained

from the bias-corrected estimators for these three approaches. We set N .-+ = Ng as the

ro + Zf;l r; is the total number of factors in the model where R is

number of individuals in each block.
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Table 3.2: Simulation results for the factors (R =4, ro = r; = 2 for all 4, 8 = [1,1]')

N, T |# 7 TR (é) TR (f) 7+ TR (f{+)
MIPC MIPC 1PC MIPC IPC IPC*
30 40 | 1.886(0]10.8) 2.071(10.6/2.2) 0.95 0.888 10.17(10[2.2)  3.018(0]99.8) | 0.888  0.461 0.98
30 80 | 1.992(0/0.8)  2.006(0.8/0.2)  0.989 0.931 10.014(0.80.2)  7.998(0/80.2) | 0.979  0.86  0.978
30 120 | 1.996(0[0.4)  2.003(0.4[0.2) 0.9 0.944 10.006(0.40.2)  9.642(0[28.2) | 0.977  0.956 0.977
30 160 | 1.998(0/0.2)  2.001(0.2]0.2)  0.991 0.95 10(0.2(0.2) 9.886(0[10.4) | 0.975  0.97  0.977
30 200 | 2(0/0) 2(0(0) 0.992 0.955 10(0]0) 9.948(0[5) 0977 0973 0977
60 40 | 1.998(0/0.2)  2.002(0.2|0) 0.995 0.909 10.004(0.2/0)  3.142(0/100) | 0.991  0.482 0.9
60 80 | 2(0/0) 2(0(0) 0.996 0.946 10(0]0) 9.45(0]42.8) | 0.99 0.965 0.989
60 120 | 2(0[0) 2(0(0) 0.996 0.96 10(0[0) 9.992(0[0.8) | 0.989  0.989 0.989
60 160 | 2(0/0) 2(0/0) 0.996 0.966 10(0/0) 10(0[0) 0989  0.989 0.989
60 200 | 2(0[0) 2(0(0) 0.996 0.97 10(0[0) 10(0[0) 0989  0.989 0.989
90 40 | 2(0/0) 2(0/0.2) 0.997 0.912 9.998(0(0.2) 3.112(0/100) | 0.994  0.481 0.993
90 80 | 2(0/0) 2(0(0) 0.998 0.951 10(0]0) 9.696(025.6) | 0.993  0.981 0.993
90 120 | 2(0/0) 2(0(0) 0.998 0.964 10(0[0) 10(0[0) 0.993  0.993 0.993
90 160 | 2(0/0) 2(0/0) 0.998 0.97 10(0/0) 10(0/0) 0993  0.993 0.993
90 200 | 2(0[0) 2(0(0) 0.998 0.975 10(0]0) 10(0[0) 0993  0.993 0.993
120 40 | 2(0j0) 2(0(0) 0.998 0.914 10(0/0) 2.862(0]100) | 0.996  0.447 0.995
120 80 | 2(0/0) 2(0/0) 0.998 0.951 10(0/0) 9.774(0[19.6) | 0.995  0.986  0.995
120 120 | 2(00) 2(0(0) 0.998 0.966 10(0]0) 9.998(0[0.2) | 0.995  0.995 0.995
120 160 | 2(0/0) 2(0/0) 0.998 0.973 10(0/0) 10(0/0) 0.995  0.995 0.995
120 200 | 2(00) 2(0(0) 0.998 0.977 10(0]0) 10(0[0) 0.995  0.995 0.995
150 40 | 1.998(0[0.2)  2.002(0.2]0) 0.998 0.914 10.004(0.2(0)  2.696(0[100) | 0.997  0.43  0.996
150 80 | 2(0/0) 2(0/0) 0.999 0.953 10(0/0) 9.816(0[16.8) | 0.996  0.980 0.996
150 120 | 2(00) 2(0(0) 0.999 0.967 10(0]0) 10(0[0) 0.996  0.996 0.996
150 160 | 2(0/0) 2(0/0) 0.999 0.973 10(0/0) 10(0[0) 0.996  0.996 0.996
150 200 | 2(00) 2(0(0) 0.999 0.978 10(0]0) 10(0[0) 0.996  0.996 0.996

The average 79, 7;, and 7T over 1000 replications are reported with the figures inside the parenthesis, (O|U), indicating the
percentage of overestimation and underestimation. 7 is the true number of global factors. r; is the true number of local factors in
block i, di = ro + 73, and v+ = ro + ZlR:l r; is the total number of factors in the model. 7 is estimated by GCC and 7; = d; — fo
where d; is determined by our approach. For MIPC, #T = 7y + Zf;l 71. IPC' is Bai (2009)’s approach applied to the whole data
with 71 selected by BIC3 and IPC™ is IPC with true number of factors rt = Zﬁ:o r;.. Weset 11 = --- = rg where R is the
number of blocks. We set Ny = -+ = Ng as the number of individuals in each block. T'R(.) is the trace ratio defined in (3.5.16).
The closer the trace ratio is to one, the more precise the estimated factors are. K™ is the estimated version of the combined factors
Kt = [K7,...,K7] where K; is defined in (3.2.3).

3.6 Empirical Application

The literature has long debated the connection between energy use and economic expansion. For
example, urbanisation and industrialisation are two economic processes that heavily rely on energy
use. As a result, energy economists argue that classic growth theories neglect energy as an important
economic driver and that energy should be incorporated into the production function. Meanwhile,
the externality of energy use has grown to be a significant global concern. How much limiting energy
use will have on economic growth may be of importance to policymakers. Therefore, assessing their

relationship has significant policy-making ramifications.
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Previous studies have employed techniques including cointegration analysis and the Granger
Causality test to both time series and panel data. See Ozturk (2010) for a comprehensive review.
Not until recently, the cross-section correlation between the error terms has drawn the attention of
the researchers. In the panel ARDL context, a CD (cross-section dependence) test is often rejected,
suggesting that the inference may be invalid for the panel data models if it is not appropriately
dealt with (e.g. Damette & Seghir (2013) and Jalil (2014)). Numerous studies find that global
and local business synchronisations have led to such cross-country correlation. Rodriguez-Caballero
(2022) proposes a panel regression model with a multilevel factor structure to address this concern.

Following his empirical specification, we estimate the following model:
AInGDP;j; = B'AIn ECij + B A Kyjy + ~4};Ge + A jFat + eije (3.6.17)

where GDP is the per capita GDP (current US$), K is the capital formation (current US$), and
EC is the energy consumption (kWh per capita). All the variables are log-differenced to achieve
stationarity. Since the fixed effects and time effects are absorbed in the multilevel factors, practi-
tioners do not have to choose which one should be used. The indices ¢ = 1,2, 3, 4 represents the four
regions, namely Asia and Pacific, Europe, Africa, and The Americas, j represents the countries in
the corresponding regions, and t is the time index covering the years from 1972 to 2014. We end
up with a balanced panel data where R = 4, {N;}E | = {21,19,18,22}, N = 80, and T = 43.5 As
opposed to Rodriguez-Caballero (2022), we use a differenced version of the regression to circumvent
the potential non-stationarity in the variables. However, the interpretation of the slope coefficients
is the same in that 3! and 52 are the partial elasticity of the production on energy consumption and
capital. For comparison, we also report the estimation results from a fixed effect model, a twoway
fixed effect model, Bai’s I PC' estimation, and our (bias-corrected) MIPC' estimation.

The results of the estimation are presented in Table 3.3, where the first panel displays the esti-
mated slope coefficients, and the second panel shows the number of factors. Initially, we performed
a regression (3.6.17) using I PC' with the number of factors determined by BIC3, as displayed in
the third column of Table 3.3. However, no factor was detected so I PC reduces to OLS. Therefore,
we proceeded to estimate a fixed effect model and a two-way fixed effect model, as shown in the
first two columns. The inclusion of fixed effects resulted in a reduction of the partial elasticity of
energy consumption from 0.209 to 0.121, and a slight decrease in the partial elasticity of capital.
Furthermore, the coefficients became even smaller after adding time effects compared to the fixed
effect model. We then moved on to MIPC estimation. No global factor is detected. Meanwhile,
{fl}f; 1 = {1, 1,4, 2} regional factors are selected for Asia Pacific, Europe, Africa, and The Americas
respectively, as shown in Column four. The coefficient for energy consumption is 0.172, which is
notably higher than that reported by the additive effect models, while the coefficient for capital
formation is 0.392. To provide a comparison, column five displays the IPC estimates using the same

total number of factors 7+ = 8, and the slope coefficients are similar to those generated by MIPC.

5Our data sources from the World Bank: https://databank.worldbank.org/source/world-development-ind
icators#. We keep all the countries with less than 10 missing observations from 1971 to 2014. The missing values
are imputed by the EM algorithm applied to each variable in the same region. We use the R package “mvdalab” to
implement the EM algorithm.


https://databank.worldbank.org/source/world-development-indicators#
https://databank.worldbank.org/source/world-development-indicators#
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Based on the above findings, it can be concluded that the energy effect is underestimated by FE

models compared to the IFE models.

Table 3.3: Empirical results for the energy consumption and economic growth

regression
FE Twoway FE  IPC MIPC IPC
Slope coefficients
dln EC 0.121 0.094 0.209 0.172 0.151
(0.023) (0.022) (0.034) (0.033) (0.021)
dln K 0.451 0.399 0.474 0.392 0.370
(0.008) (0.008) (0.019) (0.012) (0.012)
Number of factors
Global 0
Asia Pacific 1
Europe 1
Africa 4
The Americas 2
Total 0 8 8
Method BIC3; MIPC&GCC  fixed

The table shows the estimation results from the regression in (3.6.17). Each
entry of the first panel shows the estimated coefficient with standard error
in the parenthesis. The second panel shows the number of factors in each
model and the corresponding selection criteria. For IPC, the total number
of factors is either estimated by BICj or fixed. For MIPC), CZZ is estimated
by our approach with dy.x = 5 and 7 is estimated by GCC. The number of

local factors #; is obtained by #; = d; — 7.



3.7 Conclusion 106

3.7 Conclusion

In this article, we consider a multi-dimensional panel data model with multilevel factors in the
context of large numbers of cross-sections and time observations. The multilevel factor components
capture the interactive fixed effects induced by the global factors that are pervasive across all
individuals as well as the interactive fixed effects due to the local factors that are block-specific.

We develop a multilevel iterative principal component (M I PC') method for estimation by itera-
tively updating between the slope coefficients and factors, given one another. Under a finite number
of blocks, our approach is able to produce consistent estimates of the slope coefficients, factors, and
loadings. To determine the numbers of factors, we propose a model selection criteria based on the
eigenvalue ratios. In addition, given consistent factor estimates from each block, we apply the gener-
alised canonical correlation estimation developed by Lin & Shin (2022) to the to separately identify
the global and local factors. In the asymptotic analysis, we show the consistency of our estimates
and establish the asymptotic normality of the bias-corrected estimator for the slope coefficients.
A dependent wild bootstrap is employed for inference which accounts for the cross-sectional and
serial correlation in the idiosyncratic errors. The Monte Carlo simulation demonstrates good finite
sample performance of MIPC compared to Bai (2009)’s I PC in the presence of multilevel factor
structure. We apply our model to study the energy consumption and economic growth nexus using
a cross-country panel data categorised by regions.

There are several possible extensions. First, it would be interesting to incorporate spatial effects
in the model. Such a model features both strong local dependence caused by local factors and
weak local dependence evolving from spatial diffusion. Second, it is possible to extend the least
squares estimation advanced by Moon & Weidner (2017) to our multilevel factor case which enables
low-rank regressors such as time-invariant regressors and observed common factors.regressors such

as time-invariant regressors and observed common factors.



Conclusions

This thesis aims to make contributions to modelling a high-dimensional panel data with a multilevel
factor structure. In Chapter 1, we have developed two new selection criteria, namely the canonical
correlation difference (CCD) and modified canonical correlation (MCC) to consitently estimate
the number of global factors. In Chapter 2, we have advanced the generalized canonical correlation
(GCC) estimation and established inferential theory for the multilevel factor model. Chapter 3
considers a panel regression model with an unobserved multilevel factor structure and proposes the
bias corrected multilevel iterative principal component (MIPC') estimator and inferential theory.
Monte Carlo experiments have demonstrated the good finite performance of the proposed methods.
We have further showcased the utility of our approaches by applying them to several macroeconomics
and finance applications. Thus, this thesis offers a comprehensive framework for theoretical and
empirical analysis of the high-dimensional panel data with a multilevel factor structure.

In particular, we aim to apply/modify our approaches to address several important empirical
research topics. One area of interest is asset pricing, where the ever-expanding “factor zoo” has
sparked concerns about the presence of spurious pricing factors (Feng et al. (2020)). To tackle this
issue, we can develop a formal test based on the GC'C' to examine whether a set of new factors spans
the same space as the existing observable/unobserved factors. Additionally, another interesting
application is to investigate the commonality among different groups of observable factors (Harvey
et al. (2016)).

Furthermore, there are several prospect for methodological extensions. Firstly, the GCC' ap-
proach can be readily applied to more complicated factor structures, such as block structures with
multiple layers of classification. Secondly, one could consider non-stationary multilevel factors, al-
though this would bring forth new challenges in terms of identification and inference. Lastly, it would
be intriguing to combine spatial effects with multilevel factors, allowing for a joint consideration of

both strong and weak local dependence.
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Appendix A

Appendix to Chapter 1

A.1 Lemmas and Proofs

Lemma A.1.1. LetK; = (M,-T)*lYZ-YQIz,-. Under Assumption A-D, as M;,T — oo, we have:

1
-0, Ci=1,..R,
oM, T

where H; is the rmax X (ro + 1) rotation matriz, iy, = min {\/MZ-, \/T} and M; is the number of

’f(i _KH;

1
vd

mdividuals in block 1.

Proof. Since Assumptions A-D in Bai & Ng (2002) are satisfied, the stated result follows directly
from Theorem 1 of Bai & Ng (2002).
Q.E.D

For any two blocks m and h, we apply the PC estimator to (1.3.5), and obtain consistent
estimators of K,,, = [G,F,,,] and K, = [G, F},], denoted K,, and Rh. Let £y,p,, be the r-th largest
squared canonical correlation between Rm and Rh, which is given by the rth largest characteristic

root of
(gmh/s\}:]%ghm - Egmm) v =0,

where §ab (a,b = m,h) denotes the sample variance/covariance matrices for Km and IA{h. Since
(1/VT )IA(m is the eigenvector matrix corresponding to the ry.x largest eigenvalues of YmY;n, we

have:

1 o1

1
—Y,Y
M, T ™

—K,, = =K,V

where V,,, is an ryax X Tmax diagonal matrix consisting of the rpy.x largest eigenvalues of YmY;n
in descending order divided by M,,T. This implies that IA{me = Rm Similarly, we obtain
K, V), = K, for block h. Since rmax < min {M,,, T} (rmax < min{Mp,T}), the diagonal elements

of V,,, (V},) are non-zero. This implies that V,,, (V},) is of full rank, though some diagonal elements
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may be very small. The canonical correlations between K,, and IA(h are equal to those between
K,, and I~(h, because the canonical correlations between two sets of variables are invariant to full
rank transformations, see Theorem 12.2.2 in Anderson (2003). Therefore, we will study the limiting
behaviour of the canonical correlations between I~(m and I~{h instead of those between IA{m and Rh.

This enables us to employ Lemma A.1.1 subsequently.

Proof of Lemma 1.1. For any two blocks m and h, the population covariance between K,,; and

K} can be expressed as

Kmt
Var =
K

where ¥, X, and X, are defined in Assumption C. Without loss of generality, we assume

Ya 0 o 0
0o X 0 0

= Fim (A.1.1)
Ya 0 o 0

0 0 0 Zp

2:mm Emh
Yhm  Zhn

rm < rp. Using (A.1.1), we can rewrite the characteristic equation,
(Zmn ) Zhm — pZm) v =10 (A.1.2)

as
Yo — pXa 0

v =0,
0 —pXF,

where py,p, is the r-th largest squared canonical correlation between K,, and Kj. It is clear
that ppn1 = -+ = pmnr, = 1 are the characteristic roots with multiplicity 7o, while pmpro+1 =
“+ = Pmhr, = 0 are the characteristic roots with multiplicity, 7,,. Since this holds for all m
and h, we simply let p, = pp,p-. The characteristic vector corresponding to the rth eigenvalue is
v, =10,...,0,1,0,...,0], which is the unit vector with the rth element being 1 and 0 otherwise.
Since rmax > 1o + 7; for all 4 by construction, H,, and Hy are not of full column rank. This

renders the variance-covariance matrices for the rotated factors H] K,,; and H}Kj;, becoming

H K,,
Var ’7 =
H;, K

where both H, X,,,,H,, and H}X;,H;, are the singular matrices. Consider the characteristic

singular as follows:

, , (A.1.3)
H, %, H, H,X,,H,

H' S H, H’mEthh]

equation between the rotated factors as
[H’WEthh (H},S0nHy) ™ H S H,y — pH’mEmmHm} u=0 (A.1.4)

where (H}Xp,Hj,)™ is the Moore-Penrose inverse of Hj X, Hj,. Using the property of Moore-
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Penrose inverse, we have:!

H), (H,Z,,H,) H), =3,

which holds if Hy, has full row rank. Then, (A.1.4) becomes:

H/

(Zmn 5 S — pZmm) Hypu = 0. (A.1.5)

Using (A.1.1), we rewrite (A.1.5) as

g — pXg 0
0 —pXF,

H,

H,u=0

which shows that both (A.1.2) and (A.1.4) will produce the same non-zero eigenvalues.

We now consider the following spectral decompositions:
H;nEmmHm = PAmPI and H%EhhHh = QAhQ,

where A, (Ap) is a diagonal matrix of eignevalues of H), %,,,, H,,,(H} 35, H}, ), P(Q) is an orthog-
onal matrix whose columns are standardized eigenvectors associated with the diagonal entries of
Ay, (Ap). As the rank of H], 3,0, H,,,(H) X5 Hp) is 70 + 7 < Tmax(T0+7h < Tmax) asymptotically,

we rewrite the above equation as

H, >,H, = [P1 P2:| A(F g [Pl PQ],
N | (A.1.6)
H), %, H), = [Ql Q2] [ 02 0 [Ql Q2}

where Py and Py are riyax X (ro+7m) and rmax X [Fmax — (1o +7m )] orthogonal matrices, and similarly
for Q; and Qa. Now, consider the (rg+7,,) X (19 + rp) matrix, Al_lP’1 (H,,X2,,,Hy) QlAQ_I, whose

singular value decomposition is given by (see Rao (1981))
AP (H,, S Hy) QuA; =W [Rl/Q o} D’ (A.1.7)

where W is an (ro+7p,) X (ro+7m,) orthonormal matrix, D an (ro+7p) X (ro+7rp) orthonormal matrix
and R the (ro + ry) X (10 + 7,) diagonal matrix given by R = diag(p1, .-, Pros Pro+1s - Protrm) =
diag(1, ...,1,0,...,0).2

'"We use two properties of the Moore-Penrose inverse. (1) Let A € R™*™ and B € R™*?. If A has full column
rank and B has full row rank, then (AB)™ = B~ A™. (2) If A has full column rank, then A=A = I. If A has full row
rank, then AA™ = 1.

*Notice that R contains the same non-zero roots as in (A.1.4), see Rao (1981).
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Define the full rank matrices,
A= [P;A;'W,P,] and B = [Q1A;,'D, Q.| (A.1.8)

Combining (A.1.6), (A.1.7) and (A.1.8), it is straightforward to show that

1,4, 0 RIY? 0 O]
A K o 0 0 0o o
Var [ [ 7™ ) = | RY2 0 Ly OO (A.1.9)
B'H, K,
o 0o o0 I,, 0
0 o0 o 0 0

From (A.1.9), we obtain the characteristic equation between A’'H/ K,,; and B'H} K;,; by
[A’H;nz:thhB (B'H,=,,H,B)” B'H} 3, H, A — pA’H;nEmmHmA} u=0

which can be simplified as

0 00 0 Inrm
0 o o/l 0 o

R 0 Lotr, O]\
(% o[tz )a-s o

Obviously, (A.1.10) has the same characteristic roots from (A.1.4) and the same non-zero charac-

I 0 o] [RY2 o
[Rl/2 0 0] rotrm [Imﬂm 0]
—p u=20

Hence,

teristic roots from (A.1.2), consequently.

Now, we consider the sample covariance matrix for K,, and K, given by

K, 1
Var | -~ = —

Consider the full rank transformation K,,A and K;B, where A and B are defined in (A.1.8).

K K, f<;nf<h] B me §mh]

K,K, KK, Shm  Shn

The canonical correlations between them are equivalent to those between Km and I~(h. By Lemma
A.1.1, we obtain: A’S,,mA 5 A'H/, %,,,H,,A, B'S;,B -5 B'H,X,,H,B and A’S,,,B
A'H!, %,.,H;,B. Let M = min{M,,, M},} and 6p;7 = min{y/M,/T}. Applying (A.1.9) and Lemma

A.1.1, we can rewrite these transformed variance/covariance matrices as

IT0+T"L + OP 5zT> Op 5&%1

A’S,,, A =
Op (5Q2T Op 5ET
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Lotrm +Op 5ﬁT) Op (5zT Op 5&%
B'S;,B = 0, (532 L+ Oy (53) O (03
0, (352 0,(52)  0p(oik

and
RY2+0, (03) O (03

O, () O (00
— (10 + 7m)] X [Pmax — (r0 + rm)] block of

A’S,,,B =

Notice that the Moore-Penrose inverse of the lower [rpyax

~ I _ 0
B’S;,B does not converge to Thrm ] , because

Ly + Oy (53) O (031 7Hamk([Irh—rm 0])
0

rank ) )
0y (02 Oy (03t 0
_ _ Iro-H”m 0 0
Similarly, (B’ Sth) does not converge to 0 I, O|. See Theorem 1 in Karabiyik
0 0 0

et al. (2017). But, the Moore-Penrose inverse follows the Banachiewicz-Schur form.? Thus,

Ly 40, (53) 0p(032)] [Ten v 00 (03%)  —0,0 ]
h O, <51\:2T>MT OZ 51\]\/412; b o MT 0, (%\/IT) —Op(52MT) (A.1.11)

Also, (B’ §th> ~ follows the Banachiewicz-Schur form, from which we obtain:

(B’gth)_: Iro+rm_"|-oj( )<5M2T> O;?§§;> , (A.1.12)

Using the above results, we obtain:
A’S,.,B (B’§th>  B'SpnA =

RY2 40, (8,77)  Op (337 ] [Iro+rm+op (632r)  —0n(1) } [RY2 40, (53)  Op (dar ]
Op (6&%) Op 5&%« —-0p(1) Op (5&T) Op (6L12T> Op 6ET
R+0, () Oy (02

0, (0nr) 0w (0a

SLet M = {é g] . Under some conditions, the MP inverse of M 1is given as M~
A +_g,%i,BA 7AS€S , where S = D — BA™C. We check that the required conditions hold in our case.
See Tian & Takane (2009) and Castro-Gonzélez et al. (2015)
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Therefore, the characteristic equation between KmA and KhB,

[A@th (B’éth) T B'SpnA — £A’§mmA} £=0

R 0 Loir. O B -
([0 Ol—e[ P +0,,(5M2T)>g_o

which is analogous to (A.1.10) with a small perturbation term.

can be rewritten as

Finally, by the continuity of the characteristic roots, we have £y, , Ly 1forr=1,... , 7o and
Lonh,r Ly0forr= ro+1,..., 7 max as T, M,,, My — oo.

Q.E.D

Proof of Lemma 1.2 Using Lemma 1.1, it is straightforward to show that &(r) Ly 1foro<r<rg
and £(r) - 0 otherwise.

Q.E.D

Proof of Lemma 1.3. By applying Lemma 1 to the definition of CCD(r), it is straightforward to

derive the main results in Lemmas 1.3.

Q.E.D

Proof of Theorem 1.1. We need to show that
Pr(CCD(r) < CCD(rg)) — L as My,...,Mg,T — o0
for r # rg and r < rpax. By Lemma 1.3, it is easily seen that for ro < 7 < rpax we have:
CCD(r) — CCD(rg) 2+ -1<0

while for 0 < r < rq:
CCD(r) — CCD(rg) 25 —1 < 0.

Next, consider the case with rg = 0. Then, for g < r < Tmax, it is straightforward to show that
CCD(r) — CCD(rg) 25 -1 < 0.

Q.E.D

A.2 The Performance of Existing 2D Model Selection Criteria

We investigate the finite sample performance of the existing 2D model selection criteria when we

apply them directly to the whole data matrix, YY’ by ignoring the multilevel factors structure.
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Let r¢ (r;) be the number of global (local) factors and R be the number of groups. In the case
where the number of blocks, R is finite, it is well-established that the existing information criteria
mainly developed for the single level panel data, fail to consistently estimate the number of global
factors g because the weak cross-section correlation condition is violated in the presence of the
local factors. But, as R — oo, the impacts of the local factors would be asymptotically negligible.

In this case, we may rewrite the multilevel factor model as the single level counterpart:
Yije = vi; G + wiji

where

!
wije = XijFir + eije

First, we assume that the local factors are orthogonal to each other. Then, the errors u;;; would
satisfy the weak cross-sectional correlation condition in the sense of Assumption A3. In this case,
Han (2021) conjectures that the number of global factors can be consistently estimated asymptot-
ically by the existing selection criteria (see Remark 4). Next, in the general case where the local
factors are mutually correlated, Assumption 1.A.3 may be violated because w;j;’s share stronger
cross-section correlations. In this situation we show via simulations that the existing criteria will
be inconsistent.

To conduct additional Monte Carlo simulations we consider the same benchmark design as used
in Section 1.5.% We fix ro = 2 and r; = 2 for all i = 1, ..., R and set T € {50,100}. We set rpyax = 10
for the four criteria, ICp2, BIC3 by Bai & Ng (2002), ER by Ahn & Horenstein (2013) and ED by
Onatski (2010) whilst we apply our practical guide in selecting 77, for CCD (see Section II).

Table A.1 shows the simulation results for 7' = 100. Panel A of Table A.1 reports the results
for the case with (8, ¢e,x) = (0,0,1) and wp = 0 in which u;j’s are #d and the local factors are
mutually uncorrelated. For R = 2, all of the existing criteria fail to distinguish between the global
and local factors, and tend to select the total number of factors, rg + Zf;l r; = 6, not rg. For
sufficiently large R, all of the four existing criteria tend to select the number of global factors as
M and T increase. If the value of R is moderate, e.g. R = 5 or 10, then they tend to select
the intermediate value between rg and rg + Zle r;, suggesting that these approaches are rather
unreliable in practice.® Notice, however, that CCD selects the true number of global factors in all

cases, regardless of whether R is small or large.

4We have also conducted more simulations by using the different numbers for ro and r; together with the different
sample sizes. These simulation results, available upon request, are qualitatively similar.

5Their performance is also very sensitive to the values of 7max. For instance, for R = 5, the average estimates of
ro by ER and ED are 1.96 and 1.99 if rmax = 10 while they become 8.96 and 12.0 if rpax = 15. In principle, it is
unclear how to set the value of rmax sufficiently large for large R.
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Panel B presents the results for the case with (53, ¢e, k) = (0.1,0.5,1) and wp = 0 in which we
allow u;;1’s to be cross-sectionally and serially correlated. The performances of the four existing
criteria are all adversely affected in small samples. Except for ICp, they can select rg only if
R > 30. Still for the moderate value of R, they tend to select the intermediate value between ¢
and rg + Zi 17 CCD remains insensitive to the presence of the cross-sectionally and serially
correlated errors, and selects the number of global factors correctly in all cases.

Panels C and D display the results for the case with (8, ¢, ) = (0,0,1) and wp = {0.2,0.4} in
which we allow the local factors to be mutually correlated. The performances of the four existing
criteria are all unreliable when R is relatively small. Even for large R, say R = 50, they tend to
overestimate the number of global factors significantly. By contrast, CCD still selects rg precisely
as M rises.

To further examine the impact of the small T, we repeat the above experiments with 7" = 50,
and report the results in Table A.2. Though the performance of all selection criteria are slightly
adversely affected by the small T', overall patterns are qualitatively similar to those reported in
Table A.1. Still remarkably, only CCD selects the number of global factors correctly in almost all
cases.

In sum we demonstrate that the existing selection criteria will produce unreliable inference in
finite samples by ignoring the multilevel structure. This result also implies that the sequential
procedure proposed by Wang (2008) and applied by Hallin & Liska (2011) will be quite unreliable.
In particular, for large R, it will severely overestimate by selecting rg + Zf%: 1 7i/ R instead of rq.
Furthermore, Han (2021) provides the simulation evidence that this approach can lead to even
negative estimates of both the number of global factors and the number of local factors in small

samples, for R = 3.
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Table A.1: The performance of 2D criteria applied to 3D data (rg = 2,r; = 2,
Tmax = 10, T'= 100)

R M T cCcD 1Cp2 BICs ER ED
Panel A: (8, ¢e, k) = (0,0,1), wp =0
2 20 100 | 2(0/0.1) 5.81(100[0)  5.02(100[0)  5.45(91.2|4.8)  5.99(99.9]0)
2100 100 | 2(0]0) 6(100[0) 5.97(100j0)  6(100]0) 6(100/0)
5 20 100 | 2(0/0) 6.35(99.8/0) 4.15(99.50) 1.89(2.916.9)  1.92(8[13.4)
5 100 100 | 2(0]0) 10(100j0)  5.1(100[0)  1.96(0.6|4.6)  1.99(1.2[1.6)
10 20 100 | 2(0]0) 4.07(92.3/0)  2.11(11.10)  1.99(0[1.4) 2.08(6.4]0)
10 100 100 | 2(0/0) 8.73(1000)  2.02(20)  2(0]0.3) 2.06(4.4/0)
30 20 100 | 2(0]0) 2.01(1.4/0)  2(0]0) 2(0/0) 2.06(3.8/0)
30 100 100 | 2(00) 2.01(1/0) 2(0/0 2(0/0) 2.04(2.7]0)
50 20 100 | 2(00) 2(0/0) 2(0[0 2(0/0) 2.03(2/0)
50 100 100 | 2(0J0) 2(0[0) 2(0[0 2(0/0) 2.02(2|0)
Panel B: (8, ¢e, k) = (0.1,0.5,1), wp =0
2 20 100 | 2(0/0.4) 8.03(100[0)  6.27(100/0)  4.21(66.817.5)  2.37(32.5/58.7)
2100 100 | 2(0]0) 6.54(100[0)  6(1000) 5.97(99.40.2)  6.01(100]0)
5 20 100 | 2(0/0) 9.02(100[0)  5.34(100/0)  1.88(4/17.9) 1.93(9.6/13.9)
5 100 100 | 2(0]0) 10(100j0)  6.32(100j0)  1.94(0.5/6.3)  2.01(3.92.9)
10 20 100 | 2(0]0) 7.98(100|0)  2.77(66.40)  1.97(0[2.9) 2.1(6.9/0)
10 100 100 | 2(0[0) 10(100(0)  2.43(40.4/0)  2(0[0.2) 2.06(4.7]0)
30 20 100 | 2(0]0) 2.83(58.1]0)  2(0]0) 2(0]0.1) 2.04(2.6/0)
30 100 100 | 2(0J0) 3.55(8210)  2( 2(0[0) 2.02(1.7]0)
50 20 100 | 2(00) 2.06(5.4/0)  2(0[0) 2(0/0) 2.02(1.6/0)
50 100 100 | 2(0]0) 2.05(4.8/0)  2(0]0) 2(0/0) 2.02(1.5/0)
Panel C: (8, ¢, k) = (0,0,1), wp = 0.2
2 20 100 | 2(0.2/0.4) 5.60(100(0)  4.76(100[0)  5.13(88.9]6.1)  5.96(99.9]0)
2100 100 | 2(0]0) 6(100|0) 5.87(100(0)  6(100|0) 6(100[0)
5 20 100 | 2(0]0) 5.45(100j0)  3.8(100[0)  2.44(53.4]13.5) 2.53(68.4]14.2)
5 100 100 | 2(0]0) 9.89(1000)  4.4(100[0)  2.61(66]5.1)  2.77(84.5/4.7)
10 20 100 | 2(0/0) 3.9(100(0)  2.99(99.2]0) 2.64(684.3)  3.02(95.7]0.3)
10 100 100 | 2(0[0) 6.65(100[0)  3(99.9/0) 2.78(78.4/0.8)  3.03(99.6/0)
30 20 100 | 2(0/0) 3(100|0) 2.95(94.6(0)  2.9(89.6|0) 3.04(100|0)
30 100 100 | 2(0J0) 3(100]0) 2.92 2.93(93.3|0) 3.02(100]0)
50 20 100 | 2(00) 3(100]0) 2.92(91.5(0)  2.96(95.9]0) 3.02(100[0)
50 100 100 | 2(0]0) 3(100[0) 2.95(94.6|0)  2.9(89.6/0) 3.04(100]0)
Panel D: (8, ¢e, k) = (0,0,1), wp =04
2 20 100 | 2.18(19.3(0.8) 5.25(100[0)  4.19(100/0)  4.03(83.7]8.7)  5.87(99.5/0.3)
2 100 100 | 2.09(8.6/0)  6(100|0) 5.25(100(0)  5.97(100[0) 6.01(100|0)
5 20 100 | 2.1(9.6/0) 3.92(1000)  3.19(1000)  2.96(96.4/0.9)  3.13(98.9]0.3)
5 100 100 | 2.02(1.7]0)  8.29(100[0)  3.28(100[0)  3(99.6/0.1) 3.02(100|0)
10 20 100 | 2.06(6.40)  3.2(1000)  3(100]0) 3(100/0) 3.07(100]0)
10 100 100 | 2.01(0.5[0)  4.12(100[0)  3(100]0 3(100]0) 3.03(100|0)
30 20 100 | 2.06(5.8/0.1)  3(100|0) 3( 3(100]0) 3.04(100|0)
30 100 100 | 2.01(0.6]0) 3(100]0) 3( 3(100]0) 3.02(100]0)
50 20 100 | 2.05(5.4/0)  3(100|0) 3(100/0 3(100]0) 3.03(100|0)
50 100 100 | 2(0]0) 3(100|0) 3(100/0 3(100]0) 3.02(100[0)

The average of 7o over 1,000 replications is reported together with the figures inside the parenthesis,

(O|U), indicating the percentage of overestimation and underestimation. ro and r; are the true

number of global factors and true number of local factors in group i. We set r; =

--- =rg, where

R is the number of groups. M; is the number of individuals in group i. We set M; = M for all i. T

is the number of time periods. 3, ¢. and k control the cross-section correlation, serial correlation

and noise-to-signal ratio.
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Table A.2: The performance of 2D criteria applied to 3D data (rg = 2,7; = 2, rmax =

10, T = 50)
R M T | CCD 1Cp2 BICS; ER ED
Panel A: (8, ¢e, k) = (0,0,1), wp =0
2 20 50 | 1.98(0.32.6)  5.06(99.5[0)  4.96(100/0)  3.96(66.7|19.8) 5.35(91.5(6.5)
2100 50 | 2(0/0) 5.99(1000)  5.1(100]0) 5.96(99.50.4)  6(100/0)
5 20 50 | 2(0]0) 4.6(96.7]0) 3.63(96.8/0)  1.77(6.7|30.7)  1.9(14.4|27.9)
5 100 50 | 2(0[0) 7.58(100(0)  3.25(90.110)  1.78(2.9|25.5)  1.87(9.5|19.3)
10 20 50 | 2(0/0) 2.93(66.5/0)  2.09(9.2(0.2)  1.84(0.8]15.8)  2.1(10.9]4)
10 100 50 | 2(0[0) 3.85(91(0) 2(0.1/0.1) 1.9(0.2/9.8) 2.13(8.31)
30 20 50 | 2(0/0) 2.01(0.6/0) 1.98(0[1.9) 1.97(013.1) 2.11(6.9/0)
30 100 50 | 2(0[0) 2(0.4]0) 1.97(0[2.9) 1.98(0[1.8) 2.07(5/0)
50 20 50 | 2(0[0.1) 2(0[0) 1.98(0[2.1) 1.98(0[2.4) 2.05(3.9]0)
50 100 50 | 2(0[0) 2(0/0) 1.92(0]7.8) 1.99(0|1) 2.04(3.1/0)
Panel B: (8, ¢e, k) = (0.1,0.5,1), wp =0
2 20 50 | 2.17(14.7|1.6) 7.31(100j0)  6.73(100j0)  3.36(54.3]26.5) 2.11(30.2|57.7)
2 100 50 | 2.02(1.5[0)  7.49(100[0)  5.9(1000) 4.9(81.9(9.8)  4.98(82.9/14.8)
5 20 50 | 2(0.2(0.1) 8.69(100[0)  5.49(100[0)  1.79(8.3|35.3)  1.66(10.7|37)
5 100 50 | 2(0[0) 9.97(100(0)  4.85(100[0)  1.78(3.5)27.3)  1.75(6.2/24.5)
10 20 50 | 2(0]0) 7.65(1000)  3.33(93[0) 1.8(1.1]20.3)  2.02(8.6]8)
10 100 50 | 2(0[0) 9.64(100[0)  2.48(450) 1.85(0.3]14.8)  2.06(6.2[3.1)
30 20 50 | 2(0[0) 3.95(80.2/0)  2(0]0) 1.92(0[8.3) 2.04(2.3/0.2)
30 100 50 | 2(0[0) 4.77(89.110)  2(0[0.1) 1.95(0]4.6) 2.02(1.9]0)
50 20 50 | 2(0j0) 2.75(46.40)  2(00) 1.95(0/5.4) 2.02(1.2/0)
50 100 50 | 2(0J0) 2.77(45.40)  2(0[0.4) 1.96(0/4.3) 2.01(0.9]0)
Panel C: (8, ¢e,x) = (0,0,1), wp = 0.2
2 20 50 | 2.01(3.612.7)  4.82(99.90)  4.77(100/0)  3.65(65/18.1)  5.01(87.3/9.1)
2 100 50 | 2.01(0.8]0) 5.97(100j0)  4.78(100[0)  5.9(98.9|1) 6(100/0)
5 20 50 | 2(0.10.6) 4.31(99.710)  3.54(99.4/0)  2.16(38.3|27.6)  2.27(47.8]28.5)
5 100 50 | 2(0/0) 6.48(100j0)  3.22(98.4/0)  2.23(41.6/20.6) 2.29(53.3|21)
10 20 50 | 2(0[0.4) 3.37(99.20)  2.85(84.7(0)  2.26(43.4/18)  2.78(74.8/5.3)
10 100 50 | 2(0]0) 3.77(99.90)  2.72(72|0) 2.4(52.1]11.7)  2.87(82.9]2.1)
30 20 50 | 2(0[0.1) 2.99(98.8/0)  2.37(37.1/0.2) 2.57(61.34.8)  3.01(98|0)
30 100 50 | 2(0/0) 2.99(99.20)  2.14(14.6/0.9)  2.63(67]4.2) 3.04(98.80)
50 20 50 | 2(0]0) 2.99(98.6/0)  2.19(20.1|1.2) 2.65(68.1]3.6)  3.03(99.9|0)
50 100 50 | 2(0[0) 2.99(99.10)  2.06(7.9|1.6)  2.69(72.2/3.2)  3.02(99.7]0)
Panel D: (3, ¢e, k) = (0,0,1), wp = 0.4
2 20 50 | 2.27(30.8/3.9) 4.26(99.50.1) 4.34(1000)  2.94(59.7]20.5) 4.52(85.59.7)
2100 50 | 2.21(21.4/0)  5.76(100[0)  4.14(100[0)  5.2(94.8)2.4)  6(100/0)
5 20 50 | 2.23(23.110.6) 3.55(100[0)  3.14(99.9]0)  2.68(77.2]10.5)  3.12(90.5|5)
5 100 50 | 2.09(8.9)0)  4.74(100[0)  3.01(99.9]0)  2.9(91.9[2.4)  3.09(97.8/1.3)
10 20 50 | 217(16.8/0.1) 3.09(99.9]0)  2.99(99.3]0)  2.9(92.7|2.4)  3.1(99.4]0.2)
10 100 50 | 2.05(4.6/0) 3.14(100[0)  2.99(98.7|0)  2.96(96.3]0.8)  3.12(99.9|0)
30 20 50 | 2.15(14.80)  3(100[0) 2.96(96.1]0)  2.99(99.2]0) 3.08(100[0)
30 100 50 | 2.04(4.1]0) 3(100]0) 2.9(89.9/0) 2.99(99.40.1)  3.05(100]0)
50 20 50 | 2.12(12.4/0)  3(100]0) 2.93(93.3)0)  2.99(99.3)0) 3.03(100[0)
50 100 50 | 2.05(50) 3(100/0) 2.82(81.7/0.1)  2.99(99.6/0.2)  3.03(100/0)

See footnotes to Table A.1.
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A.3 Practical Guidelines for Selecting the Maximum Number of

Factors

It is well-established in the literature that if the maximum number of factors is set too high, the
redundant factors are likely to be selected, see Ahn & Horenstein (2013). Hence, we propose a
practical selection guideline. We first apply BIC3 to the data Y; in each block with a sufficiently
large rmax, and obtain the consistent estimate of rg + r;, denoted rg/—ﬁi for i = 1,..., R. Then,

—

. —_ .
we select the common maximum number of factors by r .. = max {ro +ry,...,1m0+ TR}. This

procedure selects 7, <

%« < Tmax, while ensuring that Pr(r*_ > ro+r) — 1 foralli =1, ..., R.

We generate the data following the similar simulation design used in Section 1.5, but fix
(¢, dr) = (0.5,0.5), (ro,r5) = (2,2) and kK = 1. We consider the four cases with (8,¢.) €
{(0,0), (0.1,0),(0,0.5),(0.1,0.5)}.

In Tables A.3 and A.4 we report the simulation results for CC'D and M CC using 17}, ,, together
with the fixed 7max = 10.% In particular, if idiosyncratic errors are serially correlated, then CCD
with the large rpa.x tends to overestimate ro for small T whereas its performance seems to be intact
in the presence of the cross-sectional correlations. The performance of MCC' is adversely affected
by the presence of both cross-section and serial correlation in the errors, especially if T" is small. On
the other hand, we find that both CC'D and MCC with 7} ., select the number of global factors

correctly even in small samples. These results confirm our claim that the practical guide outlined

in Section 1.5 improves the selection precision of CC'D and M CC' in finite samples.

6Here, we run BIC3 R times using rmax = 10 for all i = 1, ..., R, and then obtain the common maximum number

of factors by rpa.c = max<{ro+7r1,...,70 + TR -
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Table A.3: Average CCD estimates of the number of global factors for experiments with rmax = 10 and 7. =
max {rg + 71,70+ T |

(B? ¢e7f‘€) = (07 0, 1)

(ﬂ’ Pe, H) = (0'1’07 1)

(B, pe, k) = (0,0.5,1)

(B, ¢e, k) = (0.1,0.5,1)

R M T Tmax T ax Tmax T ax Tmax T ax Tmax Thax

2 20 50 207(9.9/5.4) 1.98(0.62.4) | 2.05(6.7]2) 1.99(0.7|]1.5) | 3(44.5[2.1)  2.18(16.22.2) | 2.71(35.3/0.8) 2.01(5/4.3)
2 50 50 2.02(2/0) 2(0.2|0) 2.02(1.5|0)  2(0]0) 4.51(70.5|0) 2(0.2]0) 2.98(36.6|0) 2(0.5]0.4)
2 100 50 2.01(1.3]0) 2(0]0) 2(0.3]0) 2(0.1|0) 6.36(97.4/|0) 2(0.1]0) 3.8(54.4/0) 2(0]0)
2200 50 2.01(1]0) 2(0[0) 2.01(0.8/0)  2(0[0) 7.01(100]0)  2(0]0) 5.94(92/0) 2(0]0.2)
2 20 100  2(0.1|0.4) 2(0/0.5) 2(0]0) 1.98(0|1.6) 2(1.5]1.4) 2(010.3) 2(0.4/0.3) 2(0]0.4)
2 50 100  2(0|0) 2(0]0) 2(0]0) 2(0]0) 2.01(1.1]0) 2(0|0) 2(0.1]0) 2(0]0)
2 100 100 2(0|0) 2(0/0) 2(0]0) 2(0]0) 2.03(1.9]0) 2(0]0) 2.04(2.5/0) 2(010)
2 200 100  2(0]0) 2(0]0) 2(0]0) 2(0]0) 2.3(12.8]0) 2(0]0) 2(0.3]0) 2(0]0)
2 20 200  2(0]0) 1.99(0]0.5) 2(0]0) 2(0[0.5) 2(0]0) 2(0]0.3) 2(0]0.1) 2(0]0.9)
2 50 200 2(0[0) 2(0[0) 2(0/0) 2(0[0) 2(0/0) 2(0/0) 2(0/0) 2(0(0)
2 100 200 2(0|0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
2 200 200 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0|0) 2(0]0) 2(0]0) 2(0]0)
5 20 50 2(0/0.4) 2(0]0.1) 2(0/0) 2(0]0.2) 2.15(8.6(0.2)  2.01(0.9]0.1) | 2.14(8.3|0.1)  2(0[0.4)
5 50 50  2(00) 2(0[0) 2(0/0) 2(0[0) 2.87(23.110)  2(0|0) 2.88(23/0) 2(0(0)
5 100 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 6.49(97.8|0) 2(0]0) 2.09(2.2/0) 2(0]0)
5 200 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 7.13(100]0) 2(0|0) 5.61(80.4/0) 2(0]0)
5 20 100  2(0|0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(010) 2(0/0) 1.98(0|2.3)
5 50 100  2(0|0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
5 100 100  2(0]0) 2(0/0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
5 200 100 2(0[0) 2(0[0) 2(0(0) 2(0[0) 2(0/0) 2(0/0) 2(0/0) 2(0/0)
5 20 200  2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
5 50 200  2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0|0) 2(0]0) 2(0]0)
5 100 200 2(0|0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0)
5 200 200 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(010) 2(0]0) 2(0]0)
10 20 50 2(0]0) 2(0/0) 2(0]0.1) 2(0]0) 2(0.5]0.2) 2(0]0.1) 2(0.1]0.1) 2(0]0)
10 50 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2.12(3|0) 2(0|0) 2.13(3.2]0) 2(0]0)
10 100 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 6.67(99.8|0) 2(0]0) 6.62(99.6|0) 2(0]0)
10 200 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 7.14(100]0) 2(010) 5.38(74/0) 2(0]0)
10 20 100  2(0|0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0.5)
10 50 100 2(0[0) 2(0[0) 2(0/0) 2(0[0) 2(0/0) 2(0/0) 2(0/0) 2(0(0)
10 100 100  2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
10 200 100 2(0]0) 2(0/0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0)
10 20 200  2(0]0) 2(0]0) 2(010) 2(0]0) 2(0]0) 2(010) 2(0/0) 2(010)
10 50 200  2(0]0) 2(0]0) 2(010) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(010)
10 100 200 2(0|0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
10 200 200 2(0[0) 2(0[0) 2(0/0) 2(0[0) 2(0/0) 2(0/0) 2(0/0) 2(0/0)

The average of 7o over 1,000 replications are reported together with the figures inside the parenthesis, (O|U), indicating the percentage of

overestimation and underestimation, respectively. For example, (0|0) implies that r¢ is perfectly correctly estimated. 3, ¢e and k control the

cross-section correlation, serial correlation and noise to signal ratio, respectively.
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Table A.4: Average MCC estimates of the number of global factors for experiments with rmax = 10 and 75, =
max{ro/—i——\rl7 .. .,rmR}

(Ba ¢e:”) = (0707 1) (6’ ¢'e:“) = (0'1’091) (ﬁv ¢>&7”) = (090'5>1) (6’ ¢'e:“) = (0'1’0'57 1)
R M T Tmax T ax Tmax T ax Tmax T ax Tmax T ax
2 20 50 2.18(18.3]0.2) 1.99(0[1.3) | 2.15(15.1]0) 1.99(0.1]0.7) | 2.16(16.1j0) 1.99(0.1]0.8) | 3.23(91.7|0)  2.26(25.1|0)
2 50 50  2.04(3.8/0) 2(0/0.1) 2.02(2.3|0)  2(00.2) 2.04(3.5/0)  2(0]0.1) 3.13(88.910)  2.01(1]0)
2100 50  2.01(1.1/0) 2(0(0) 2(0.3/0) 2(0/0) 2.01(0.9/0)  2(0]0) 3.14(89.1/0)  2(0.20)
2200 50  2(0]0) 2(0]0) 2(0.1]0) 2(0]0) 2(0]0) 2(0]0) 3.43(96.8|0)  2(0.1]0)
2 20 100 1.98(0[L.7) 1.98(0]2.4) | 1.99(0/0.6)  1.96(03.7) | 2(0]0) 1.97(0]2.8) | 2(0]0.4) 1.98(0.1]2.2)
2 50 100  2(0]0) 2(0(0) 2(0(0) 2(0[0.1) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
2 100 100  2(0]0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
2200 100 2(0]0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0)
220 200 1.92(0[8.4) 1.94(05.7) | 1.97(0[2.9)  1.86(0|13.7) | 1.97(0|3.3)  1.9(0]10.5) | 1.97(0]2.8)  1.88(0|12.2)
2 50 200 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
2100 200 2(0]0) 2(0(0) 2(0(0) 2(0]0) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
2200 200 2(0[0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
5 20 50 2.01(0.7]0) 2(0[0.2) 2(0.1/0) 2(0(0) 2(0.1]0) 2(0]0.2) 3.07(100/0)  2.2(20.4]0)
5 50 50  2(0[0) 2(0(0) 2(0/0) 2(0]0) 2(0]0) 2(0]0) 3.03(99.9/0)  2(0]0)
5 100 50  2(0]0) 2(0(0) 2(0(0) 2(0]0) 2(0(0) 2(0(0) 3.03(99.8/0)  2(0/0)
5 200 50  2(0[0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 3.36(1000)  2(0/0)
5 20 100 2(0[0.1) 2(0[0.2) 2(0(0) 2(0[0.3) 2(0(0) 2(0[0.3) 2(0[0) 2(0(0)
5 50 100  2(0]0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0)
5 100 100  2(0]0) 2(0(0) 2(0/0) 2(0/0) 2(0(0) 2(0(0) 2(0[0) 2(0[0)
5 200 100 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
5 20 200 1.97(0[2.9) 1.99(0[0.8) | 2(0]0.4) 1.93(0]7.2) | 2(0[0.3) 1.94(06.5) | 2(0]0.3) 1.96(0[4.3)
5 50 200 2(0[0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
5 100 200 2(0]0) 2(0(0) 2(0(0) 2(0/0) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
5 200 200 2(00) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0)
10 20 50 2(0[0) 2(0(0) 2(0(0) 2(0]0) 2(0(0) 2(0(0) 3(100(0) 2.19(18.5(0)
10 50 50  2(0[0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 3(100/0) 2(0(0)
10 100 50  2(0[0) 2(0(0) 2(0(0) 2(0/0) 2(0(0) 2(0(0) 3(100|0) 2(0(0)
10 200 50  2(0]0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 3.29(100[0)  2(0]0)
10 20 100 2(0/0) 2(0(0) 1.98(0/0) 1.98(0/0) 2(0(0) 2(0(0) 2(0[0) 2(0[0)
10 50 100  2(0[0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)
10 100 100  2(0[0) 2(0(0) 2(0(0) 2(0]0) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
10 200 100  2(0[0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0(0) 2(0[0) 2(0(0)
10 20 200 1.99(0]0.8) 2(0]0.1) 2(0]0) 1.97(0]3) 2(0]0.1) 1.97(02.8) | 2(0/0) 1.99(0[1.1)
10 50 200 2(0]0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0) 2(0/0)
10 100 200 2(0]0) 2(0(0) 2(0/0) 2(0/0) 2(0(0) 2(0(0) 2(0[0) 2(0[0)
10200 200 2(0[0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0)

See footnotes to Table A.3.
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A.4 The Performance of MCC with BIC,

In the main text, we propose using the following penalty function in M CC"

InM+InT
VMT

Since the different penalty functions may lead to the different performance (e.g. Bai & Ng (2002)),

P(M,T) = InIn(MT)

we also consider the popular penalty function in BICs:

M+T

BICs = In(MT)

We find that P(M,T) and BIC35 produce values close to each other under the normal panel sizes.
For example, for M = 50 and T = 100, BIC3 = 0.23 and P(M,T) = 0.21. Notice, however, that
BICj5 does not always guarantee consistency. For example, if M = exp(T'), then BIC5 — 1. On
the other hand, P(M,T) is not subject to this issue.

Table A.5 reports the relative performance of MCC with BIC3 and P(M,T). When cross-
sectional and serial correlation are absent in the error terms, both approaches are able to produce
precise estimates. Under the presence of cross-sectional and serial correlation, MCC with BICj3
tends to severely overestimate rg in small samples. For the noisier data with k = 3, we have the

mixed results. Overall, we may conclude that M CC using P(M,T) outperforms.
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Table A.5: Average estimates of the number of global factors by BIC3 and P(M,T) for experiments
with (¢a,¢r) = (0.5,0.5), (r0,7:) = (2,2) and r}. = max {rﬂ—\m, . ,ro/—i—\rR}

(B ¢e; k) = (0,0,1) (B, ¢e; k) = (0.1,0.5,1) (B; ¢e; k) = (0.1,0.5,3)
R M T BICs P(M,T) | BICs P(M,T) BICs P(M,T)
2 20 50 2(0.1]0.3) 1.98(0|1.8) | 2.53(46.8]2.8) 2.24(22.9]0) | 2.57(52.7|1.6) 2.18(23.3/5.8)
2 50 50 2(0/0) 2(0/0) 2.01(0.8|0) 2.01(0.90) | 1.88(1.9]13.8) 1.89(2.3]13.3)
2100 50  2(0[0) 2(0/0) 2(0/0) 2(0.3/0) 1.91(0.5)9.7)  1.92(0.5/8.4)
2200 50 200j0.1)  2(0]0) 2(0]0) 2(0]0) 1.96(0]4.3) 1.95(0]5.4)
220 100 2(0/0.3)  1.97(0]2.7) | 2(0/0.1) 1.99(0|1.5) | 1.71(0[28.9)  1.22(0|71.9)
2 50 100 2(0]0) 2(0/0) 2(0/0) 2(0(0) 1.57(0[42.3)  1.6(0]39)
2 100 100 2(0]0) 2(0/0) 2(0/0) 2(0(0) 1.88(0]12.5)  1.93(0/6.6)
2 200 100 2(0/0) 2(0/0) 2(0/0) 2(0(0) 2(0[0.1) 2(0[0.1)
220 200 2(0[0.4)  1.95(0/5.5) | 1.99(0/0.7) 1.86(0]13.5) | 1.47(0[50.3)  0.63(0|97.8)
2 50 200 2(0]0) 2(0]0) 2(0]0) 2(0]0) 1.36(0/61.6)  1.21(0/70.9)
2100 200 2(0[0) 2(0]0) 2(0]0) 2(0]0) 1.92(08.1) 1.95(0|5)
2200 200 2(0/0) 2(0/0) 2(0/0) 2(0(0) 2(0/0) 2(0]0)
5 20 50 2(0]0) 2(0]0.1) 2.69(68.210)  2.2(19.6/0) | 2.7(69.6]0) 2.22(22.4]0)
5 50 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 1.95(05.1) 1.97(02.9)
5 100 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 1.95(05.2) 1.93(0]6.7)
5 200 50 2(0]0) 2(0]0) 2(0/0) 2(0(0) 1.99(0[1.5) 1.98(0[2.2)
5 20 100 2(0]0) 2(0/0) 2(0/0) 2(0(0) 1.85(0[15.1)  1.26(0[26.2)
5 50 100 2(0]0) 2(0/0) 2(0/0) 2(0(0) 1.66(0[34.3)  1.67(0[33.1)
5 100 100 2(0[0) 2(0/0) 2(0/0) 2(0(0) 1.93(0/7.4) 1.97(3.4/0)
5 200 100 2(0[0) 2(0/0) 2(0]0) 2(0]0) 2(0/0) 2(00.1)
5 20 200 2(0]0) 1.99(0]1.3) | 2(0]0) 1.97(0]3) 1.56(0/43.7)  0.7(0]99.7)
5 50 200 2(0]0) 2(0]0) 2(0/0) 2(0(0) 1.43(056.7)  1.25(0|74.6)
5 100 200 2(0]0) 2(0/0) 2(0/0) 2(0(0) 1.97(0[2.9) 1.99(0/1.4)
5 200 200 2(0]0) 2(0/0) 2(0/0) 2(0(0) 2(0[0) 2(0/0)
10 20 50 2(00) 2(0]0) 2.88(87.4/0)  2.21(21|0) | 2.86(84.9|0)  2.28(28.4|0)
10 50 50  2(0[0) 2(0]0) 2(0/0) 2(0(0) 1.98(0/1.9) 1.98(0.1]1.7)
10 100 50  2(0/0) 2(0/0) 2(0/0) 2(0(0) 1.97(0/3.2) 1.98(0[2.3)
10 200 50  2(0[0) 2(0/0) 2(0/0) 2(0(0) 1.99(0[1.4) 1.98(0/1.8)
10 20 100 2(0/0) 2(0/0) 2(0/0) 2(0(0) 1.95(0/4.9) 1.28(0/72)
10 50 100 2(0]0) 2(0/0) 2(0/0) 2(0(0) 1.71(0[20.5)  1.73(0[27.1)
10 100 100  2(0[0) 2(0]0) 2(0]0) 2(0]0) 1.95(0]4.8) 1.97(03.2)
10 200 100 2(0[0) 2(0]0) 2(0]0) 2(0/0) 2(0/0) 2(0]0)
10 20 200 2(0/0) 2(0]0.4) 2(0/0) 2(0]0.3) 1.61(0|38.6)  0.78(0[99.9)
10 50 200 2(0[0) 2(0/0) 2(0/0) 2(0(0) 1.44(056.4)  1.21(0|78.7)
10 100 200 2(0/0) 2(0/0) 2(0/0) 2(0(0) 1.98(0[2.1) 1.99(0/0.8)
10 200 200 2(0/0) 2(0/0) 2(0/0) 2(0[0) 2(0[0) 2(0]0)

See footnotes to Table A.3.
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A.5 Uneven Block Sizes and Heterogeneous Correlations among

Local Factors

We investigate the performance of CC'D and M CC with uneven block sizes and correlated local

factors. We use the similar DGP in Section 1.5, but generate the local factors by
Fip = ®pF;1 + Wi, Wi ~ iidN (0, Q)

where Fy = [F/,, ..., F},] and @ is a diagonal matrix with the common elements, 0.5. We fix R = 4
and (ro,73) = (2,1) forall i = 1, ..., 4. Weset (My, My, M3, My) € {(20,50, 70, 100), (50, 70, 100, 150),
(100,150, 200,250)}. We allow the correlations among local factors to be heterogeneous. We con-
sider the three different covariance matrices of p. The first covariance matrix is simply set at

Qp = I, such that the local factors are uncorrelated. We also consider the following covariance

matrices:
1 08 04 0.2 1 09 08 0.8
08 1 06 0.3 09 1 0.7 08
Q=) = and Qp = Q%) —
04 06 1 0.5 08 07 1 04

02 03 05 1 0.8 0.8 04 1

The average off-diagonal elements of Qg) and Qg) are 0.47 and 0.73 respectively, which represent
a moderate and high level of correlation among the local factors.

The results for uncorrelated local factors reported in Panel A of Table A.6 show that CCD
performs well whilst MCC' is less satisfactory when the block sizes are small and 7" = 50 but its
performance improves sharply as block sizes increase. Panel B shows the results for Qp = Q%l).
Now that the upper bound condition for C'C'D is not violated, we find that the performance of both
CCD and MCC are satisfactory and qualitatively similar to that in Panel A. In Panel C, we present
the results for Qg = Q(FZ,), where the local factors are strongly correlated. C'C'D now overestimates
ro significantly mainly due to the violation of the upper bound condition. The performance of MCC
remains satisfactory unless T' is too small. When the data is noisier, we find that its performance

improves sharply with the large block sizes.
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Table A.6: Average estimates of the number of global factors with uneven block sizes and heterogeneous

local correlations, R =4, (¢a,¢r) = (0.5,0.5) and rj.. = max {rﬂ—\rl, e

—
7TO+TR}

M; = (20,50, 70, 100)

| M; = (50,70,100,150)

| M; = (100,150,200, 250)

Panel A: Qp = 14

8 ¢ k T CCD MCC cCD MCC cCD MCC

0 0 1 50 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0)

0 0 1 100 2(00) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0)

0 0 1 200 2(0]0) 2(0]0) 2(0[0) 2(0/0) 2(0[0) 2(0[0)

01 05 1 50 2.01(30) 2.45(44.2|0) | 2(0/0) 2(0.1]0) 2(0[0) 2(0[0)

01 05 1 100 2(00) 2(0/0) 2(0[0) 2(0/0) 2(0[0) 2(0[0)

01 05 1 200 2(00) 2(00.2) 2(0]0) 2(0]0) 2(0]0) 2(0]0)

01 05 3 50 2.03(7.2/5) 2.98(88.1]0) | 1.96(0.9]4.5)  2.05(5.4/0.2) | 2(0]0) 2(0]0)

01 05 3 100 1.95(0/5.2) 1.99(0/0.6) | 1.99(1]0) 1.99(0/0.8) | 2(0/0) 2(0]0)

01 05 3 200 1.92(0[6.7) 1.9(0[9.6) 1.99(0[0.8) 1.96(03.9) | 2(00) 2(0[0)
Panel B: Qz = Q)

0 0 1 50 2.02021/0) 2.01(1]0) 2.01(0.7]0) 2(0[0) 2.01(0.6/0)  2(00)

0 0 1 100 2(0.1)0) 2(0]0) 2(0[0) 2(0[0) 2(0[0) 2(0[0)

0 0 1 200 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0) 2(0]0)

01 05 1 50 2.05(4.80) 2.78(75.9|0) | 2.03(3.3]0) 2.03(2.6/0) | 2.02(2/0) 2(0]0)

01 05 1 100 2(0[0) 2(0]0) 2(0.1]0) 2(0]0) 2(0]0) 2(0]0)

01 05 1 200 2(0]0) 2(0]0.1) 2(0[0) 2(0/0) 2(0[0) 2(0[0)

01 05 3 50 227(23.2]3)  2.97(10/0) 2.12(13.9]2)  2.1(10.4]0.3) | 2.05(5.8/0.5)  2(0.2]0.5)

01 05 3 100 1.98(2.53.5)  1.99(0/0.8) | 2(0.5/0.3) 1.97(0[2.9) | 2(0.1]0) 2(0[0)

01 05 3 200 1.96(0.1]4.1)  1.85(14.7]0) | 2(0.1]0.3) 1.93(0|7) 2(0]0) 2(0]0)
Panel C: Qp = Qg?

0 0 1 50 2.85(84.9/0)  2.85(84.9|0) | 2.83(82.5(0)  2.42(41.9|0) | 2.79(78.5/0)  2.11(11.2[0)

0 0 1 100 291(91.2(0)  2.44(43.7|0) | 2.9(89.5/0) 2.03(2.5(0) | 2.9(89.5/0)  2(0.1]0)

0 0 1 200 298097.50)  2(0.3]0) 2.97(96.70)  2(0]0) 2.96(95.80)  2(0]0)

01 05 1 50 2.87(81.200)  3.08(99.5/0) | 2.85(84.6/0)  2.81(80.5/0) | 2.86(85.9/0)  2.23(22.6|0)

01 05 1 100 2.92(92/0) 2.52(52.1]0) | 2.93(92.7|0)  2.05(4.8/0) | 2.89(88.5/0)  2(0]0)

01 05 1 200 298(97.8/0)  2.01(0.5/0) | 2.97(96.9/0)  2(0]0) 2.95(94.80)  2(0]0)

01 05 3 50 2.94(79.5/0.3) 3.19(99.3|0) | 2.88(85.2(0.3) 2.77(76.6|0) | 2.87(86.4/0)  2.42(41.7|0)

01 05 3 100 2.8(80.5(0.2)  2.46(45.9|0) | 2.91(90.7(0)  2.09(8.6|0) | 2.93(93.3]0)  2.01(1.4|0)

01 05 3 200 276(76.3/0)  2.01(1.4/0.9) | 2.95(95.3]0)  1.99(0[0.6) | 2.98(97.9]0)  2(0]0)

wp is the common off-diagonal element of Qg that is the covariance matrix of the innovations in the local factors. See

footnotes to Table A.3.
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A.6 Estimating the Number of Local Factors

In this section we provide the additional simulation results for the estimation of local factors. We
apply the estimation procedure suggested in Section 1.4.2 to the same experiments conducted in
Section 1.5. We consider the four estimators, ICp, BIC3 by Bai & Ng (2002), ER by Ahn &
Horenstein (2013) and ED by Onatski (2010). Before applying these estimators to the data within
each block (i = 1,--- , R), we need to concentrate out the 7' X 7y matrix of estimated global factors,
G, where 7 is estimated by CCD or MCC.

We iterate each simulation experiment 1000 times, yielding R x 1000 7; in total. The maximum
number of local factors, 77 .. is set to ry,,, — 9. We report the average estimates together with the
percentage of overestimates and underestimates inside the parenthesis as (O|U) in Table A.7-A.12.

Table A.7 presents the simulation results for the benchmark case with (rg,r;) = (2,2) and
(B, pe, k) = (0,0,1). The four approaches can produce accurate estimates of 7;, unless M is too
small. If the idiosyncratic errors are cross-sectionally and serially correlated, ICp2 always overes-
timates ;. BIC3 and ER perform slightly better than ED, see Table A.8. Qualitatively similar
patterns can be observed in Table A.9 and Table A.10.

The results for (rg,7;) = (3,3) reported in Table A.11, show that it is more difficult to precisely
estimate 7; in small sample, although the number of global factors is still accurately estimated. As
M and T become large, BIC's and ER can provide precise estimates. When working with the very
noisy data with (8, ¢, k) = (0.1,0.5,3), we find that all the estimators perform poorly, see Table
A.12. This is a small sample issue as the biases will vanish as M and T increases.

Combining these results with the main simulation results in Section 1.5, we may conclude that
the sequential procedure using BIC or ER in conjunction with CCD or MCC will provide reli-
able inference for jointly selecting the number of global factors and the number of local factors in

multilevel factor model.
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Table A.7: Average estimates of the number of local factors for

experiments with (¢g,¢r) = (0.5,0.5), (ro,7:) = (2,2), (B, de, k) =
(0,0,1) and 77 max = Tmax — 70

R M T 1Ch2 BICs ER ED

2 20 50 2.02(53) 1.59(040) 1.75(227) 2.13(17]3)
2 50 50 2(0]0) 1.9(0]10)  1.97(0)3)  2.06(6|0)
2100 50  2(00) 1.98(02)  2(0]0) 2.03(3/0)
2200 50 2(0]0) 2(0/0) 2(0]0) 2.02(2/0)
2 20 100 2.06(6/0)  1.63(0|36) 1.88(1[13) 2.19(19]1)
2 50 100 2(0]0) 1.99(0]1)  2(0]0) 2.1(10/0)
2100 100 2(0[0) 2(0/0) 2(0[0) 2.04(4/0)
2200 100 2(0[0) 2(0(0) 2(0/0) 2.02(2/0)
220 200 207(70) 1.62(0/37) 1.93(1]9)  2.25(25/0)
2 50 200 2(0]0) 2(0/0) 2(0[0) 2.17(17/0)
2100 200 2(0]0) 2(0/0) 2(0[0) 2.08(8|0)
2200 200 2(0]0) 2(0/0) 2(0[0) 2.04(4/0)
5 20 50 2.05(9]4) 1.52(0046) 1.73(220) 2.13(185)
5 50 50  2(0[0) 1.9(0[10)  1.97(0[3)  2.06(6/0)
5 100 50  2(0]0) 1.98(0]2)  2(0]0) 2.03(3/0)
5 200 50  2(0]0) 1.99(0]1)  2(0]0) 2.02(2/0)
5 20 100 2.09(10]1) 1.58(0j41) 1.85(2|17) 2.28(29|1)
5 50 100 2(0]0) 1.99(0[1)  2(00) 2.15(15|0)
5 100 100 2(0[0) 2(0(0) 2(0/0) 2.05(5/0)
5 200 100 2(0]0) 2(0]0) 2(0[0) 2.02(2/0)
5 20 200 211(11)0) 1.56(0/43) 1.89(2/12) 2.38(39|1)
5 50 200 2(0]0) 2(0(0) 2(0[0) 2.26(260)
5 100 200 2(0]0) 2(0/0) 2(0[0) 2.12(12/0)
5 200 200 2(0]0) 2(0(0) 2(0/0) 2.04(4]0)
10 20 50 2.06(10[4) 1.49(0]49) 1.72(2[30) 2.14(19]5)
10 50 50  2(0[0) 1.9(0/10)  1.96(0]4)  2.07(7]0)
10 100 50  2(0[0) 1.98(0]2)  2(0]0) 2.03(3/0)
10200 50  2(0[0) 1.99(0]1)  2(0]0) 2.02(2/0)
10 20 100 2.1(111)  1.55(0[44) 1.84(2[18) 2.29(30[1)
10 50 100 2(00) 1.99(0[1)  2(00) 2.15(150)
10 100 100 2(0[0) 2(0(0) 2(0[0) 2.05(5/0)
10 200 100 2(0[0) 2(0/0) 2(0(0) 2.02(2/0)
10 20 200 2.12(120) 1.53(0]45) 1.89(2[13) 2.41(42[1)
10 50 200 2(0[0) 2(0(0) 2(0[0) 2.29(29]0)
10100 200 2(0]0) 2(0]0) 2(0/0) 2.14(14/0)
10200 200  2(0]0) 2(0/0) 2(0[0) 2.04(4/0)

The average of 7; across R blocks over 1,000 replications are reported

together with the figures inside the parenthesis, (O|U), indicating the

percentage of overestimation and underestimation, respectively. ¢¢

and ¢ are the AR coefficients of the global and local factors respec-

tively. B, ¢ and k control the cross-section correlation, serial corre-

lation and noise to signal ratio, respectively. 7o is estimated by CCD

with 7}, = max

—

o+ 71, ..

—

, 70 +TR ¢
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Table A.8: Average estimates of the number of local factors for experi-
ments with (¢, ¢r) = (0.5,0.5), (ro,7:) = (2,2), (B, ¢, k) = (0.1,0.5,1)

* *
and Ti,max = Tmax — T0

R M T ICp BICs ER ED

2 20 50 295(92(0) 2.06(17]11) 1.77(5]28) 2.23(46|18)
2 50 50 281(8110) 1.99(1]3)  1.88(2]14) 2.12(18/5)
2 100 50 2.81(81/0) 1.99(0[1)  1.94(0|6)  2.09(10/1)
2200 50 258(60[2) 1.96(0[4)  1.95(05)  2.01(5|3)

2 20 100 2.99(99/0) 1.99(9]10)  1.82(2[20) 2.33(55|16)
2 50 100 2.99(99/0) 2(00) 1.96(014)  2.07(8|1)

2 100 100 2.74(74/0) 2(00) 2(0]0) 2.04(4]0)
2200 100 2.45(45/0) 2(0]0) 2(0]0) 2.04(40)
220 200 3(100j0)  1.91(3[12)  1.87(2|15) 2.4(58|13)
2 50 200 3(1000)  2(00) 1.990|1)  2.02(2/0)

2 100 200 2.98(98/0) 2(00) 2(0]0) 2.02(2|0)
2200 200 2.26(26/0) 2(00) 2(0]0) 2.02(2|0)

5 20 50 296(96/0) 1.97(11]13) 1.75(631) 2.02(37|25)
5 50 50 2.84(84/0) 1.99(1]2)  1.88(1]14) 2.08(15/6)
5 100 50 2.84(84/0) 2(00) 1.95(05)  2.08(8|0)

5 200 50 2.73(73/0) 2(00) 1.99(0|1)  2.05(5/0)

5 20 100 2.99(99/0) 1.9(5/15)  1.81(4]23) 2.13(43[22)
5 50 100 2.98(98/0) 2(00) 1.96(014)  2.06(7]2)

5 100 100 2.71(71]0)  2(0]0) 2(0]0) 2.04(40)

5 200 100 2.44(44/0) 2(00) 2(0]0) 2.04(4/0)

5 20 200 3(100/0)  1.83(2]18)  1.85(3[18)  2.19(46|20)
5 50 200 3(100[0)  2(0]0) 1.99(01)  2.01(1]0)

5 100 200 2.98(98/0) 2(00) 2(0]0) 2.02(2|0)

5 200 200 2.24(24/0) 2(0]0) 2(0]0) 2.03(30)
10 20 50 296(96/0) 1.93(8]15)  1.73(633) 1.95(33|28)
10 50 50 2.82(82[0) 1.99(1]2)  1.88(1|13) 2.07(14]5)
10 100 50  2.82(82|0) 2(0]0) 1.96(0|5)  2.07(7]0)
10 200 50 2.72(72]0) 2(0]0) 1.99(01)  2.05(5/0)
10 20 100 2.99(99]0) 1.87(4]17)  1.8(4|24)  2.09(41]23)
10 50 100 2.98(98|0) 2(0]0) 1.96(014)  2.05(7|1)
10 100 100 2.7(70/0)  2(0]0) 2(0]0) 2.05(5/0)
10 200 100 2.43(43]0) 2(0]0) 2(0]0) 2.04(4]0)
10 20 200 3(100/0)  1.81(120)  1.84(3[19) 2.1(42[22)
10 50 200 3(100[0)  2(0]0) 1.99(0|1)  2.01(1]0)
10 100 200 2.98(98|0) 2(0]0) 2(0]0) 2.02(2/0)
10 200 200 2.26(24|0) 2(0]0) 2(0]0) 2.03(2|0)

See footnotes to Table A.7.
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Table A.9: Average estimates of the number of local factors for experi-
ments with (¢, ¢r) = (0.5,0.5), (ro,7:) = (0,2), (8, ¢, k) = (0.1,0.5,1)

* *
and Ti,max = Tmax —

To

R M T ICp BICs ER ED
2 20 50 3.83(980)  2.77(74|0) L.77(4|27) 2.74(63[12)
2 50 50 3.46(85/0)  2.25(25(0) 1.89(1|13)  2.35(24[4)
2100 50 3.44(820)  2(1]1) 1.94(0(6)  2.12(10]1)
2200 50 2.82(57]4)  1.93(0]7)  1.91(0|8)  2.01(6]4)

2 20 100 3.79(100[0) 2.57(57|0) 1.84(3|19) 3.33(85|3)
2 50 100 4.35(100/0) 2.12(12]0) 1.97(04)  2.49(22|1)
2100 100 3.13(74/0)  2(0]0) 2(0]0) 2.06(40)
2200 100 2.49(42/0)  2(0[0) 2(0]0) 2.05(4]0)

2 20 200 3.86(100/0) 2.38(38/0) 1.86(3|17) 3.83(98|0)
2 50 200 3.86(100/0) 2.38(39|1) 1.88(4/16) 3.82(98|0)
2 100 200 4.44(99/0)  2(0[0) 2(0]0) 2.02(1]0)
2200 200 2.26(24/0)  2(0]0) 2(0]0) 2.02(1]0)

5 20 50 3.84(97)0)  2.76(73[0) 1.78(4/26) 2.72(61|11)
5 50 50 3.48(85/0)  2.27(26/0) 1.88(1|13)  2.36(25/4)
5 100 50 3.55(85/0)  2.01(1|0)  1.95(0|5)  2.13(10/0)
5 200 50 3.12(70/0)  2(0]0) 1.99(01)  2.06(4]0)

5 20 100 3.79(100/0) 2.58(58/0) 1.85(3|19) 3.35(86|3)
5 50 100 4.32(99/0)  2.12(12/0) 1.96(04)  2.48(22[1)
5 100 100 3.08(72/0)  2(0]0) 2(0]0) 2.07(5/0)

5 200 100 25(4200)  2(0[0) 2(0]0) 2.04(3/0)

5 20 200 3.86(100/0) 2.38(391) 1.89(3|14) 3.83(98|0)
5 50 200 4.82(100/0) 2.03(3]0)  1.98(0|2)  2.38(14|0)
5 100 200 4.46(99/0)  2(0]0) 2(0]0) 2.02(1]0)

5 200 200 2.26(24/0)  2(0[0) 2(0]0) 2.02(2|0)
10 20 50 3.85(98]0)  2.77(74/0) 1.76(4|28) 2.72(61|11)
10 50 50 3.48(86|0)  2.26(26/0) 1.89(1|13)  2.38(26]4)
10 100 50 3.54(84/0)  2.01(10)  1.95(0[5)  2.14(100)
10 200 50 3.16(71/0)  2(0]0) 1.99(01)  2.07(5/0)
10 20 100 3.79(100/0) 2.58(580) 1.84(3|19) 3.33(85|3)
10 50 100 4.33(99]0)  2.12(12(0) 1.97(0]4)  2.48(22|1)
10 100 100 3.1(74]0)  2(0]0) 2(0]0) 2.07(5/0)
10 200 100 2.5(42(0)  2(0[0) 2(0]0) 2.05(30)
10 20 200 3.86(100/0) 2.38(39]1) 1.89(3|14) 3.83(98|0)
10 50 200 4.83(100/0) 2.03(3[0)  1.99(0|1)  2.37(14|0)
10 100 200 4.46(99]0)  2(0]0) 2(0]0) 2.01(1/0)
10 200 200 2.26(24/0)  2(0]0) 2(0]0) 2.02(2|0)

See footnotes to Table A.7.
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Table A.10: Average estimates of the number of local factors for
experiments with (ég,¢r) = (0.5,0.5),(ro,7:) = (1,1), (B, ¢e, k) =
(0.1,0.5,1) and 7} max = Tmax — 70

M T ICp BICs ER ED
20 50  2.93(99/0)  1.82(78|0) 1.01(1]0) 2.11(75/0)
50 50 2.58(880)  1.26(26/0) 1(0]0) 1.6(34/0)
100 50  2.52(85[0)  1.01(1]0)  1(0]0) 1.2(14/0)
200 50 1.86(59[2)  0.97(0]3)  0.98(0]2) 1.1(9]1)
20 100 2.88(100[0) 1.66(66/0) 1(0|0) 2.51(90|0)
50 100 3.34(99/0)  1.11(11j0) 1(0]0 1.62(270)
100 100 2.09(73[0)  1(0]0) 1(0[0 1.11(70)
200 100 1.53(45/0)  1(0]0) 1(0[0 1.07(50)
20 200 2.94(100[0) 1.47(47|0)  1(0]0 2.93(98|0)
50 200 3.83(100[0) 1.02(2/0)  1(0]0 1.44(170)
100 200 3.48(99/0)  1(0]0) 1(0[0 1.02(2/0)
200 200 1.27(25/0)  1(0]0) 1(0[0 1.04(30)
20 50  2.93(98|0)  1.78(75[0) 1.01(1]0) 2.04(70|0)

50 50 2.5(87(0)  1.23(23]0) 1(0]0
100 50 2.55(85/0)  1.01(1]0)  1(0[0
200 50 2.11(69/0)  1(0/0) 1(0[0
20 100 2.89(100/0) 1.61(61j0) 1(0J0
50 100 3.33(99/0)  1.1(10j0)  1(0]0
100 100 2.08(72/0)  1(00) 1
200 100 1.48(40/0)  1(0J0) 1

)

)

)

)

)

)

)

1

) 1.53(31|0)
)
)
)
)
)
)

20 200 2.95(100[0) 1.41(41j0) 1(0|0) 2.9(97/0)

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

1.2(14/0)
1.09(6/0)
2.47(88]0)
1.59(27|0)
1.1(7/0)
1.07(5/0)
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50 200 3.81(100/0) 1.02(20)  1(0J0 1.46(17)0)
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100 200 3.4(99/0)  1(0]0) 1(0[0 1.03(2/0)
200 200 1.26(25/0)  1(0/0) 1(0[0 1.04(3|0)

10 20 50 2.91(98/0) 1.78(75/0) 1(0[0 2.03(70|0)
10 50 50 2.47(86/0)  1.23(220) 1(0J0 1.51(31|0)
10 100 50 2.54(85/0)  1.01(1]0)  1(0[0 1.19(13|0)
10 200 50 2.12(70[0)  1(0]0) 1(0[0 1.09(6/0)
10 20 100 2.91(100[0) 1.59(59]0) 1(0]0 2.45(86|0)
10 50 100 3.31(990)  1.09(9/0)  1(0[0 1.58(26/0)
10 100 100 2.05(71/0)  1(0]0) 1(0[0 1.1(7/0)
10 200 100 1.49(410)  1(0]0) 1(0[0 1.07(50)
10 20 200 2.97(100/0) 1.39(39]0) 1(0[0 2.9(96/0)
10 50 200 3.81(100[0) 1.02(20)  1(0J0 1.42(16|0)
10 100 200 3.4(98|0)  1(0]0) 1(0[0 1.02(1/0)
10 200 200 1.25(23(0)  1(0]0) 1(0[0 1.04(3|0)

See footnotes to Table A.7.
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Table A.11: Average estimates of the number of local factors for exper-
iments with (¢g,¢r) = (0.5,0.5), (ro,7:) = (3,3), (8, ¢pe, k) = (0.1,0.5,1)

* *
and Ti,max = Tmax —

To

R M T ICp BICs ER ED

2 20 50 4.41(82]4) 3.11(36/24) 2.18(11]63)  2.4(31|50)
2 50 50 4.19(80]2)  2.9(9]17)  2.47(8)43)  2.39(20]42)
2 100 50 4.17(77]4)  2.84(0|15)  2.65(1|25)  2.87(9|15)
2200 50 3.67(57]12) 2.72(0[24)  2.68(023)  2.79(5|15)
2 20 100 4.89(99/0)  3.13(28]16) 2.48(13[45) 3.01(53|35)
2 50 100 4.84(99/0)  3.02(5[3)  2.78(4]19)  2.57(13|28)
2 100 100 4.12(76/0)  3(00) 2.98(0[2)  3.05(40)
2200 100 3.65(52(0)  3(0]0) 3(0]0) 3.05(4|0)

2 20 200 4.89(99/0)  3.14(30|16) 2.48(13]46) 2.93(51|37)
2 50 200 4.99(100/0) 3.01(1]1)  2.9(2|9) 2.58(4|21)
2100 200 4.86(98/0)  3(00) 3(0]0) 3.02(1[0)
2200 200 3.33(30[0)  3(0]0) 3(0]0) 3.01(1[0)

5 20 50 4.69(95]1)  3.15(30]17) 2.24(13]60) 2.11(27|58)
5 50 50 4.28(83|0)  2.97(7]10)  2.5(7|40)  2.34(16]43)
5 100 50 4.38(86/0)  2.94(0[6)  2.72(1]21)  2.91(8|11)
5 200 50 4.21(79/0)  2.95(0[5)  2.88(019)  3.03(4]1)

5 20 100 4.81(98/0)  2.87(14|27) 2.36(11|51) 2.42(37]49)
5 50 100 4.79(980)  2.99(2]4)  2.78(3|]19)  2.53(11|28)
5 100 100 4.01(73[0)  3(0]0) 2.97(012)  3.04(4/0)

5 200 100 3.57(47]0)  3(0]0) 3(0]0) 3.04(30)

5 20 200 4.86(99/0)  2.65(8]41)  2.46(11]45) 2.68(46]43)
5 50 200 4.98(100[0) 2.99(0]1)  2.91(1]8)  2.63(4|18)
5 100 200 4.81(98/0)  3(00) 3(0]0) 3.01(1]0)

5 200 200 3.28(25(0)  3(0]0) 3(0]0) 3.02(20)
10 20 50 4.7(94]1)  3.09(25|16) 2.2(12[61)  1.95(23|62)
10 50 50 4.23(81j0)  2.94(6/12)  2.48(6|41)  2.29(14]43)
10 100 50 4.37(860)  2.94(0/6)  2.72(1|21)  2.9(8|11)
10 200 50 4.21(79]0)  2.96(0[4)  2.9(0|8) 3.04(4/1)
10 20 100 4.8(98)0)  2.8(10[30)  2.32(10|53) 2.22(32|54)
10 50 100 4.78(98|0)  2.97(2]4)  2.78(3|19)  2.53(10/28)
10 100 100 3.97(710)  3(00) 2.97(0[2)  3.04(4/0)
10 200 100 3.54(45/0)  3(00) 3(0]0) 3.04(3(0)
10 20 200 4.86(99(0)  2.57(4|44)  2.44(10[46)  2.36(39|50)
10 50 200 4.98(100/0) 2.99(0[2)  2.9(1]9) 2.64(4/18)
10 100 200 4.79(97/0)  3(00) 3(0]0) 3.01(1]0)
10 200 200 3.26(24]0)  3(00) 3(0]0) 3.02(1]0)

See footnotes to Table A.7.
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Table A.12: Average estimates of the number of local factors for Exper-

iments with (qbg or) = (0.5,0.5), (ro,7:) = (2,2), (8, ¢pe, k) = (0.1,0.5,3)
and 7 ax = Tmax — 70
R M T ICp BICs ER ED
2 20 50 3.13(76)5)  1.51(12]51) 1.56(17|55) 1.34(23|57)
2 50 50 2.58(62|7)  1.02(0]80) 1.5(11|53)  1.02(12]68)
2100 50 2.6(65(5)  1.03(0|81)  1.4(4/50)  1.34(8]49)
2200 50 2.4(5009)  1.02(0/81)  1.47(0]42)  1.7(3]25)
2 20 100 3.4(94/0)  1.25(5|66)  1.53(16]52) 1.45(32|56)
2 50 100 3.01(97|0)  1.13(0]76) 1.47(9148)  0.78(7|75)
2 100 100 2.68(68|0)  1.57(0]42) 1.79(1]20)  1.79(5|18)
2 200 100 2.44(44/0)  1.88(0|12)  1.96(0]4)  2.04(4]0)
2 20 200 3.29(96/0)  0.91(1]82) 1.48(16/52)  1.45(35|55)
2 50 200 3.02(100/0) 1.16(0|75) 1.47(6/43)  0.6(2|80)
2 100 200 2.98(98|0)  1.88(0]12) 1.93(0]6) 1.98(2(3)
2 200 200 2.26(26/0)  2(0]0) 2(0]0) 2.03(3|0)
5 20 50 3.29(84|3)  1.54(15]52) 1.59(18|54) 1.14(19|66)
5 50 50 2.62(65/6)  0.99(0|84)  1.48(12|55) 0.87(9|74)
5 100 50 2.77(77|]1)  1.07(0|81) 1.41(3]49)  1.35(8|48)
5 200 50 2.67(67/0)  1.12(0]79) 1.56(0|35)  1.82(4]17)
5 20 100 3.36(92]1)  1.11(572)  1.42(16]59) 1.17(22/65)
5 50 100 2.96(95/0)  1.05(0|81) 1.42(9]51)  0.76(6|76)
5 100 100 2.66(66/0)  1.53(045)  1.76(1]22)  1.76(5/19)
5 200 100 2.43(43|0)  1.85(0|15) 1.96(0[4) 2.04(4/0)
5 20 200 3.14(95/0)  0.68(1]90) 1.34(15|60)  1.14(24]64)
5 50 200 3(100]0) 1.08(0]79) 1.38(547)  0.61(2|79)
5 100 200 2.97(97|0)  1.87(0]13) 1.92(0|7) 1.98(2(3)
5 200 200 2.23(23[0)  2(0]0) 2(0/0) 2.02(2/0)
10 20 50 3.24(84)3)  1.48(14/56) 1.54(18]56) 1.12(1867)
10 50 50 2.62(66/6)  0.97(0]84) 1.46(12[55) 0.86(9|74)
10 100 50 2.76(76|1)  1.05(0]82) 1.39(3]50)  1.33(7]49)
10 200 50 2.67(67|0)  1.13(0[78)  1.57(0[35)  1.81(5|17)
10 20 100 3.27(91|1)  1.04(4]76) 1.38(15/60)  1.09(20167)
10 50 100 2.96(96/0)  1.01(0[83)  1.38(853)  0.71(5|78)
10 100 100 2.65(65/0)  1.53(0]46) 1.77(1|21)  1.78(4|18)
10 200 100 2.4(400)  1.85(0[15)  1.95(0[4)  2.04(4|0)
10 20 200 3.06(950)  0.58(0[94)  1.25(13]62) 0.98(20/69)
10 50 200 3(100]0) 1.05(0|82) 1.32(550)  0.6(2|80)
10 100 200 2.97(97|0)  1.86(0|14) 1.92(0|7) 1.98(2(3)
10 200 200 2.22(22/0)  2(0/0) 2(0/0) 2.02(2/0)

See footnotes to Table A.7.

A.7 Alternative Selection Criteria under Two Wide-groups Divi-

sion when R > 2

In this Section we follow the anonymous referee’s suggestion and split the whole data with R >

2 groups into the two wide groups.

This simple modification enables us to apply the AGGR’s

procedure for estimating the number of global factors even if R > 2, without developing complex
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analytic counterparts. Furthermore, this scheme may improve the finite sample performance of
CCD and MCC estimators by increasing the number of cross-section observations used in the
estimation of the number of global factors, g and the global factors, G. This implementation
requires to calculate only one pair of sample squared canonical correlations, though we need to
adjust rmax when estimating the two wide-group specific factors.

Let |R/2| be the integer part of R/2. Without loss of generality, we suppose that the first
(the second) “w” group contains the blocks, i = 1,...,|R/2| (i = |[R/2] +1,...,R). We use the
superscript, w to denote the data constructed by this strategy. The numbers of cross-sectional
observations in each “w” group are M" = M + -+ + M|g/o) and My’ = M|g/2j41 + -+ + Mg,
respectively. Denote the corresponding 7' x M{” and T' x M}’ data matrices by Y{" and Y§. The
first “w” group contains r{” = 19 + 11 + -+ - + 7| r/2) factors, denoted by K’ while the second “w”
group contains 73’ = 1o + 7|r/2)4+1 + - + TR factors, denoted by KY. Then, we can estimate ro
through evaluating the canonical correlations between K{’ and K¥'.

We explore the performance of AGGR, CCD and MCC with the two wide-group division,
denoted respectively by AGGRY, CCDY¥ and MCC™,” via additional Monte Carlo experiments.
We consider the same DGP employed under Experiments 1 and 3 as in Section 1.5.

To consistenly estimate factors and canonical correlations by CC DY and MCC", we need to

select a sufficiently large rmax > max{r{’,r4¥}. Following a practical selection guideline described in

*
max

*
max

Section 1.5, we select the common 77, for the two-wide groups by 7}, = max{7{’, 7y}, where 7}’
and 7§ are the number of factors estimated by BIC3. Here we set rmax = ro +1r; X [R/2] + 5 for
each w-groups when applying BIC35, where [ R/2] is the smallest integer that is larger than or equal
to R/2. For example, if (rg,7;) = (2,2), then rypax = 9,13,17 for R = 2,5,10. This ensures the
consistency of BIC5. When implementing AGGRY, we assume that the true numbers of factors,
ri¥ and r¥, are known, and set rmax = max{r}{’,r¥}. But, we still allow the estimation uncertainty
in implementing CC D" and MCC".

Table A.13 shows the simulation results for Experiment 1. For R = 2, the performances of
CCDY, MCC" and AGGRY are qualitatively similar to those in Table 1. As R increases, however,
all three criteria tend to overestimate rg if 7" is small (7" = 50). In particular, the performance of
AGGR"Y becomes satisfactory only if M and T are sufficiently large. Overall, we find that CC DY
and MCC"™ appear to be outperformed by CCD and MCC. First, we need to set r}, .. larger as

R grows. This may adversely affect the precision of canonical correlations. Second, if M; > T, the

two wide-group division does not yield more precise factor estimates. By Lemma 4, the convergence

"We do not report the results fo the IC approach by Chen (2012), since it is computationally too burdensome and
its performance is dominated by CCD and M CC as reported in the main text.
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rate of IACIU is Op(l/éleT) where ) = min {m, ﬁ} = +/T. In this case the use of more
cross-section observations does not necessarily result in a faster convergence rate.

However, if T' > M;, then the larger M{” and M3’ will improve the precision of factor estimates
by CCD" and MCC™. If T is also sufficiently large (7" > 100) with M; << T, then the advantage
of using the larger M}" and M3’ can outweigh the disadvantage caused by assigning the larger r;, ...
This gain is more noticeable when the data is noisier. For example, in Panel C of Table A.13, the
average estimates of CC D" and MCC" with (M,T) = (20,200) are 1.68 and 1.21 (2 and 1.93) for
R =5 (R = 10) whilst the corresponding figures for CCD and M CC' are only 0.92 and 0.7 (0.96
and 0.78) for R =5 (R = 10) (see Table 1.1).

Next, Table A.14 shows the simulation results for Experiment 3. We allow the number of
global factors to vary from 0 to 3 by setting (ro,7;) € {(0,2),(1,1),(3,3)} for i« = 1,..., R and
(B, e, k) = (0.1,0.5,1). First, the results for the case with (rg,r;) = (0,2), are reported in Panel
A. CCD" tends to select zero global factor correctly for R = 2,5. But, if R = 10, CC DY slightly

*W

ek oduch overestimation

overestimate rg if T is small, mainly due to the adverse effect of the larger r
becomes more severe for MCC" and AGGR"™. Second, turning to the case with (ro,r;) = (1,1)
in Panel B, we find that CCDY and MCC" estimate rg = 1 correctly in most cases. AGGRY
overestimates g when M or T' is small. Finally, the results for (rp,7;) = (3,3) presented in Panel
C, display that CCDY, MCC" and AGGR"Y are all subject to severe overestimation biases if
T is small. The performance of CCDY and MCCY improves sharply with T. By contrast, the
performance of AGGR becomes satisfactory only if both M and T are large. Overall, CCD and
MCC still outperform CCDY, MCC"™ and AGGRY™ in most cases.

We may draw three conclusions from these findings. First, we are able to apply the AGGR
approach to the multilevel panel with R > 2 by forming the two wide-groups, though its performance
becomes satisfactory only if both M and T' are substantially large. Its performance becomes rather
unreliable, especially if T' is small. Second, CCD and MCC still outperform CCD¥, MCC"™ and
AGGRY in most cases. Third, there is a trade-off between a selection of the larger .. and the
use of more cross-section observations. CCDY and MCC"Y significantly improves the estimation
precision of rg for the multilevel panel with R > 2, if T is sufficiently large and M is much smaller
than T'. On the other hand, if T is small, then the performance of CCD* and MCC" appears to be

unreliable, and M C'C" tends to overestimate rg. Hence, we may recommend to apply this 2-wide

groups modification in practice, only when T is sufficiently large and M is much smaller than 7.
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Table A.13: Average estimates of the number of global factors for w—groups for Experiment 1. (¢¢g, ¢r) = (0.5,0.5),
(ro,m) = (2,2), (8, ¢e, k) € {(0,0,1),(0.1,0.5,1),(0.1,0.5,3)}

ccbDv MmMcocov AGGRY [ ccbv MmMcocov AGGR"Y ccbpv MmMccv AGGR"Y
Panel A: (8, ¢e, k) = (0,0,1)
M T R=2 R=5 R =10
20 50  1.95(0.3]4.5) 1.96(0]4.2) 2.82(65.93.3) 1.99(0.9]1.5) 1.99(0.2|1.1)  7.55(98.7|0) 2.02(2.1]0) 2.01(0.8]0) 5.5(45.5/0.1)
50 50  1.98(0|1.7) 1.98(0[1.8) 1.98(0[2) 2(0.6]0.4) 2(0/0.4) 2.28(6.4/0.3) 2.01(1.4|0) 2(0/0) 5.25(38.7]0)
100 50  1.99(0/0.6) 1.99(0(0.7) 1.99(0(0.7) 2(0.3]0.1) 1.99(01) 2.3(7.4/0) 2.01(0.7]0) 2(0[0.1) 5.04(36.5(0)
200 50  2(0]0.4) 2(0]0.5) 2(0/0.3) 2(0.2]0.3) 1.98(0[1.6) 2.21(5.7/0.1) 2.01(0.6/0) 2(0]0.3) 5.09(37.3|0)
20 100 1.92(0]6.3) 1.91(0/8.3) 2.54(52.3]4.2) 2(0[0.5) 1.99(0[1.3) 8(100/0) 2(0]0) 2(0]0) 2.13(1.7/0.3)
50 100  2(00.1) 2(0]0.1) 2.28(28.1/0) 2(0]0) 2(0/0) 2(0.1]0.1) 2(0/0) 2(0]0) 2.14(1.8]0)
100 100  2(0]0.1) 2(0]0.1) 2(0/0) 2(0[0) 2(0]0) 2.01(0.3/0) 2(0/0) 2(0]0) 2.1(1.3]0)
200 100  2(0]0) 2(0]0) 2(0/0) 2(0]0) 2(0]0) 2(0.2/0) 2(0/0) 2(0]0) 2.05(0.6]0)
20 200 1.83(0]13.1) 1.78(0|18.9) 2.37(46.5/8.6) 2(00.3) 1.99(0]1.3) 8(100]0) 2(0]0) 2(00) 11.95(99.9]0)
50 200  2(0]0) 2(0]0) 2.19(20.1/0.6) 2(0[0) 2(0]0) 2(0]0) 2(0[0) 2(00) 2(0]0)
100 200  2(0]0) 2(0]0) 2.11(11.2]0) 2(0[0) 2(0]0) 2(0]0) 2(0/0) 2(0]0) 2(0]0)
200 200  2(0]0) 2(0]0) 2(0/0) 2(0]0) 2(0]0) 2(0]0) 2(0/0) 2(0]0) 2(0]0)
Panel B: (8, ¢e, ) = (0.1,0.5,1)
M T R=2 R=5 R =10
20 50  2.06(6.8/2.4)  2.05(5.9]0.6)  2.56(61.6/16.8) | 2.24(14|0) 2.45(41.710)  5.69(88.5/0.5) 3.42(42.1]0) 3.06(81.9]0) 9.4(87.7/0.1)
50 50  2.02(2]0.2) 2(0.1]0.2) 1.66(0]31.4) 2.07(5.7]0) 2.04(4.4]0) 2.52(11.7|2) 2.67(24.3|0) 2.19(18.5/0) 9.47(84.6|0)
100 50  2(0.2]0) 2(0]0.1) 1.86(0]13.2) 2.1(7.5|0) 2.01(1]0) 2.56(12.6]0.4) 2.43(17.8|0) 2.02(1.8]0) 9.4(83.5)0)
200 50  2(0]0) 2(0]0) 1.94(05.6) 2.07(5/0) 2(0.1]0) 2.64(14.5(0.2) 2.26(13.1]0) 2(0.1/0) 8.81(77.7]0.3)
20 100  1.99(0|1.5) 1.95(0(5.2) 2.26(52|24.7) 2(0]0) 2(0]0) 5.62(86.8|1.5) 2(0/0) 2(0]0) 2.27(3.8]4.1)
50 100  2(0/0) 2(0]0.1) 2.18(30.8|11.4) | 2(0]0) 2(0]0) 1.99(0.2|2.3) 2(0]0) 2(00) 2.31(3.7|0)
100 100  2(0]0) 2(0]0) 1.91(018.7) 2(0[0) 2(0]0) 2(0.1]0.6) 2(0/0) 2(0[0) 2.29(3.4/0)
200 100  2(0]0) 2(0]0) 1.98(0]1.6) 2(0[0) 2(0]0) 2.01(0.5/0.1) 2(0.1/0) 2(0]0) 2.24(2.9/0)
20 200 1.96(0]3.6) 1.8(0]19.8) 2.04(45.2|31.6) | 2(0]0) 2(0]0) 4.58(69.7]6.4) 2(0/0) 2(0]0) 11.63(99.8|0)
50 200  2(0/0) 2(0]0.2) 1.98(17.8|17) 2(00) 2(0]0) 4.64(80[1.1) 2(0]0) 2(00) 1.99(00.6)
100 200  2(0]0) 2(0]0) 2.06(11.1]4.8) 2(0[0) 2(0]0) 2(0]0.4) 2(0/0) 2(0[0) 2(0]0)
200 200  2(0]0) 2(0]0) 1.99(0[1.5) 2(0[0) 2(0]0) 2(0]0) 2(0/0) 2(0]0) 2(0]0)
Panel C: (8, ¢e, ) = (0.1,0.5, 3)
20 50  1.38(9.848.3) 1.79(5.5/26.1)  3.08(96.2|1.1) 2.31(29.7]112.3)  2.3(31.5]2.2)  5.41(80]5.4) 3.99(68.6]0.9)  3.03(78.4]0) 10.34(99.5/0)
50 50  1.67(4.7]31.8)  1.69(1|31.2) 0.7(0]93.6) 2.18(18]4.5) 2.02(6.1]4.7)  2.88(22|14.5) 3.03(52.4]0) 2.27(26.4/0.4)  10.69(99]0.1)
100 50  1.83(1.8/17.6)  1.77(0.1|23.1)  0.96(0|83.8) 2.02(7.3]5.9) 1.92(0.2[8.5)  3.13(26.3]12.4) | 2.62(39.9|0.1)  2.04(4.4[0.1) 10.59(97.6]0)
200 50  1.78(0.3|22.2)  1.71(0]28.4) 1.22(0(69.4) 1.98(3.8/5.8) 1.82(0[17.5)  3.43(32.2]13.2) | 2.3(22.7/0.1) 1.98(0.2[1.8) 10.53(95.9(0.1)
20 100  0.93(0]67.9) 1.02(0|83) 2.88(91.8]4) 1.76(0]19.2) 1.68(0[31.6)  5.05(74.4/14.9) | 2(0.3]0.3) 1.98(0/2.5) 2.4(6.2]10.7)
50 100  1.59(0]32.6) 1.38(0]58.6) 2.2(60.8|26.7) 1.96(0]4.3) 1.86(0[14) 1.61(0.3|37.3) 2(0.1]0.1) 2(0]0.5) 3.09(12.9]3.1)
100 100 1.95(0]4.8) 1.89(0[11) 1.1(0]74.7) 1.98(0]2.5) 1.9(0]10.4) 1.8(0.1]19.5) 2(0]0) 2(0]0.2) 3.72(19.8|1)
200 100  1.96(0]3.5) 1.96(0(4.2) 1.55(0]41.5) 1.99(0]1.3) 1.9(0]9.9) 1.93(0.1]7.1) 2(0/0) 2(0]0.2) 3.99(23.1[1.1)
20 200  0.55(0]86.4) 0.44(0]98.8) 2.72(85.4/8.4) 1.68(0]22.3) 1.21(0]72) 4.35(65(25.2) 2(0/0) 1.93(0/6.6) 7.75(87|7)
50 200  1.62(030.7) 1.06(0[81.4) 1.76(43.4]42) 1.99(0[1.3) 1.86(0[13.6)  4.02(58.3]21.7) | 2(0]0) 2(0]0) 1.9(0]10.1)
100 200  1.99(0/1.1) 1.95(0(5.3) 1.4(19.7|55.8) 2(0[0.1) 1.98(0[2) 1.87(0[12.5) 2(0/0) 2(0]0) 1.99(0/0.8)
200 200  2(0]0) 2(0]0) 1.73(0]26.6) 2(00) 2(0]0.4) 1.98(0[2.3) 2(0]0) 2(00) 2(0]0)

The average of 7o over 1,000 replications is reported together with the figures inside the parenthesis, (O|U), indicating the percentage of overestimation and underestimation.

¢c and ¢ are the AR coefficients for the global and local factors. 8, ¢, and k control the cross-section correlation, serial correlation and noise-to-signal ratio. For AGGR,

we assume that the true number of factors, rg + r; is known whereas we allow the estimation uncertainty in implementing CCD" and MCCY

for the two-wide groups by r% ..

. We select the common 7}

max

= max{7}’, 73’ }, where #{" and 73’ are the number of factors estimated by BIC3 with rmax = 70 + 7; X [R/2] 4 5 for each of w-groups,
where [R/2] is the smallest integer that is larger than or equal to R/2.
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Table A.14: Average estimates of the number of global factors for w—groups for Experiment 3. (¢¢, ¢r) = (0.5,0.5),
(B, ¢e, k) = (0.1,0.5,1) , (ro,m;) € {(0,2), (1,1),(3,3)}

ccbDY MCCcv AGGR"Y [ ccbDY MCoCcY AGGR"Y [ ccpv MmMccY AGGR"Y
Panel A: (rg,r;) = (0,2)
M T R=2 R=5 R =10
20 50  0.02(1.9]0) 0.3(28.7/0) 1.39(65.4|0) 0.13(6.9]0) 1.08(83.3[0)  7.62(99.9]0) 0.57(18]0) 1.28(89.6|0)  3.51(51.5/0)
50 50  0(0.2]0) 0.01(1]0) 0(0]0) 0.1(6.6]0) 0.25(24.2|0)  0.62(11.8]0) 0.3(13]0) 0.31(29.6/0)  3.44(39.9]0)
100 50  0(0.3]0) 0(0.2]0) 0(0]0) 0.06(4.7/0) 0.03(3.2]0)  0.64(10.8|0) 0.24(12/0) 0.04(4.1]0)  3.46(39.7]0)
200 50  0(0]0) 0(0]0) 0(0]0) 0.11(7.7/0) 0.01(0.8/0)  0.78(12.8|0) 0.34(14.3/0)  0(0.4]0) 8.58(79.9/0)
20 100  0(0]0) 0(0]0) 0.74(41.7]0) 0(0]0) 0(0]0) 0.68(40/0) 0(0]0) 0(0]0) 0.13(1.2/0)
50 100  0(0]0) 0(0/0) 0.44(30.8|0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0.02(0.2|0)
100 100  0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0)
200 100  0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0.02(0.3|0) 0(0]0) 0(0]0) 0.01(0.1]0)
20 200 0(0]0) 0(0/0) 0.43(24.5/0) 0(0]0) 0(0]0) 7.66(99.9/0) 0(0]0) 0(0]0) 7.87(98|0)
50 200  0(0]0) 0(0/0) 0.08(8.3/0) 0(0]0) 0(0]0) 6.19(100]0) 0(0]0) 0(0]0) 0(0]0)
100 200  0(0]0) 0(0]0) 1.33(69.6/0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0)
200 200  0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0) 0(0]0)
Panel B: (rg,r;) = (1,1)
M T R=2 R=5 R =10
20 50  1(0.2]0) 1(0.4]0) 0.93(4.2]11.2) 1.01(1]0) 1.01(1.4/0) 1.96(56.8/1) 1.04(3.1|0) 1.02(1.7]0) 1.1(2.9]0.7)
50 50  1(0.3]0) 1(0.2]0) 0.92(07.8) 1(0.4]0) 1(0]0) 0.98(01.6) 1.02(1.8]0) 1(0]0) 1.06(1.7]0.2)
100 50  1(0.2]0) 1(0/0) 0.97(0[3) 1.01(0.7|0) 1(0/0) 0.99(0/0.6) 1.01(1.3|0) 1(0/0) 1.06(1.5/0.1)
200 50  1(0]0) 1(0/0) 0.98(0|1.6) 1.01(1]0) 1(0/0) 1(0/0.4) 1.01(0.9]0) 1(0/0) 1.02(0.8]0.1)
20 100  1(0]0) 1(0/0) 0.88(1.3/13.6) 1(0/0) 1(0/0) 2.15(64.8|1.8) 1(0/0) 1(0/0) 0.98(0|1.6)
50 100  1(0]0) 1(0]0) 0.97(03.5) 1(0]0) 1(0]0) 0.99(01.3) 1(0]0) 1(0]0) 1(0]0)
100 100  1(0]0) 1(0/0) 0.98(0[2.2) 1(0/0) 1(0/0) 1(0/0.5) 1(0]0) 1(0/0) 1(0/0)
200 100  1(0]0) 1(0/0) 0.99(0[0.9) 1(0/0) 1(0/0) 1(0/0) 1(0]0) 1(0/0) 1(0/0)
20 200 1(0]0) 1(0/0) 0.84(0.4]16.4) 1(0/0) 1(0/0) 1.83(53.6]4.4) 1(0/0) 1(0/0) 3.47(76]0.5)
50 200  1(0]0) 1(0]0) 0.94(05.9) 1(0]0) 1(0]0) 2(70.9]0.5) 1(0]0) 1(0]0) 1(0]0)
100 200  1(0]0) 1(0/0) 0.99(0[1.3) 1(0/0) 1(0/0) 1(0/0.1) 1(0]0) 1(0/0) 1(0/0)
200 200  1(0]0) 1(0/0) 1(0]0.4) 1(0/0) 1(0/0) 1(0/0) 1(0]0) 1(0/0) 1(0/0)
Panel C: (rg,7;) = (3, 3)
20 50  3.33(31.8|12.9)  3.24(26.9]4.1)  4.93(88.7|7.1) 5.17(64.2|0.5)  4.72(96.9]0)  11.7(100]0) 10.87(99]0)  7.08(100/0)  17(100]0)
50 50  3.07(8.7]2.5) 3(1.9]2.4) 2.1(0.2|73.9) 3.88(36.5(0.2)  3.52(47.9]0)  8.9(77.5/0.2) 9.01(95.8/0)  5.09(98.6/0)  17(1000)
100 50 3.02(2.1]0.2) 2.99(0.1/0.7)  2.55(0.3]42.5) 3.48(22.2|0) 3.13(12.4/0)  9.08(78.4]0.1) 7.85(89.7|0)  4(79.3]0) 17(100]0)
200 50  3(0.3]0.1) 3(0]0.4) 2.8(0/19.4) 3.26(15.6]0) 3.01(1.3/0) 9.01(77.5/0.2) 6.88(80.3/0)  3.27(26.8/0)  17(100|0)
20 100  2.81(0.4/16.8)  2.47(0[49.7) 4.21(76.6|16.2) | 3(0.4]0.5) 2.99(0.1[1) 10.91(98.5(0.5) | 3.01(0.6[0)  3(0/0) 9.56(49.7]2.2)
50 100  2.99(0[1) 2.93(0/7.2) 3.79(59.5/19.5) | 3(0]0) 3(0]0) 3.15(3.2/6) 3(0.2/0) 3(0]0) 10.51(55.5/0.1)
100 100  3(0]0) 3(0]0) 2.67(0]30.3) 3(0]0) 3(0]0) 3.23(3.3(0.3) 3(0.2]0) 3(0]0) 10.43(55.5/0)
200 100  3(0]0) 3(0]0) 2.91(0(9.1) 3(0]0) 3(0]0) 3.22(3.3(0.2) 3(0]0) 3(0]0) 9.71(50.5/0)
20 200  2.72(0|22.2) 1.85(0/87.9) 3.94(71.7|19.5) | 3(0]0.1) 2.86(0/13.8)  8.78(89.2(5.1) 3(0]0) 3(0]0.1) 18(100]0)
50 200  3(0]0.1) 2.85(0[15.3) 3.39(44.1|26.3) | 3(0]0) 3(0]0) 8.02(86.3]1.4) 3(0]0) 3(0]0) 3(0.1]0.9)
100 200  3(0]0) 3(0]0) 3.24(23.8/11.9) | 3(0]0) 3(0]0) 2.98(0/1.6) 3(0]0) 3(0]0) 3.07(0.5/0)
200 200  3(0]0) 3(0]0) 2.95(05.1) 3(0]0) 3(0]0) 3(0]0.3) 3(0]0) 3(0]0) 3.01(0.1|0)

See footnotes to Table A.13.
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A.8 Alternative Selection Criteria for the Number of Global Fac-

tors

A few studies have attempted to develop consistent selection criteria for the number of global factors
under the multilevel setting. Here we provide the detailed estimation algorithms for the alternative
approaches proposed by Chen (2012), Andreou et al. (2019) and Han (2021).

First, Chen (2012) proposes the modified information criteria as follows:

R R
M; N Sk R s
K%MA%$h”qh9:§:Aﬂ@«ﬁ%ﬂ%%%0+a(2)wR+h+a%>ﬂMT)
i=1 i=1
(720,721,...,7A’R) = argmin ICChen(k()vkl,---;kR)

0<ko,k1,-, kR <Tmax
where M; is the number of the individuals in each block ¢, V; is the sum of squared residuals for
each block 7 for i = 1,... R, GHo are the ko estimated global factors, f‘fl are the k; estimated
local factors, & is the average variance of the idiosyncratic errors, h and @ < 1 are fixed scaling

parameters given by®

R

— a;q N,T Mi .

h = E h(OéZ), h(az):M, Oéi:W andg:mln{al,...,ag}.
i=1 ’

and g(N,T) is a penalty function given by

N+T. NT
N.T) = 1
9N T) =~ Iy

When implementing 1Cpe, in the simulations, we simply assume that the true number of factors
ro + r; is known in order to avoid estimating too many candidate models.?

Next, Andreou et al. (2019) (AGGR) apply the canonical correlation analysis to estimate global
and local factors in a two-group factor model with mixed frequency data. They then develop a novel
inference on the numbers of global and group-specific factors. AGGR apply the existing information
criteria to the data in each block and obtain 7‘0/4—\73 for i = 1,2. Set rmax = min {ro/—_i—\rl, ro/—ljg}
and M = min{M;, Ms}. Then, we extract the rpya PCs from the data matrix Y;, that is denoted
I/ii for i = 1,2. Let \/}ab = IA(;R;)/T be the covariance matrix between Rl and 122 for a,b =1,2.
Construct R = {\71_11\712\72_21\721 and R* = {7521{721{71_11”\712. Evaluate the rpax X k& matrix \/7\\71

(resp. \/7\\72) which collects the eigenvectors corresponding to k largest eigenvalues of R in descending

8Chen (2012) uses this criterion to jointly determine the (unknown) block memberships. Then, h is a function of
M;, N and T controlling the dispersion of blocks. If the membership is known, h is a fixed constant.
%For example, in the case where (ro,7:) = (2,2), the candidate models are restricted to

{(0,4),(1,3),(2,2),(3,1), (4,0)}.
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order (resp. R*). Define the rmax X (Fmax — k) matrix {7\\71_ (resp. \/7\\72_ ), which collects the
rmax — k eigenvectors corresponding to the remaining eigenvalues of R (resp. f{*) in descending
order. The global factors can be estimated by G = f{lvAvl or G = ﬁzWQ. The local factors
can be estimated by f‘l = f{ﬁfv; and f‘g = 122\/7\\72_ . The factor loadings can be estimated by
T, = Ygé/T and A; = Y;f‘i/T for i = 1,2. Let D, = E;EZ/T and ©; = [fl,fxl} for i = 1,2,
where El =Y, — (A}f‘; — ]?‘Z./AX; Define

~ A~ -1 ~ o~ o~ ~ o~ -1
- (@;@Z) (@;ci@i> (@;@Z) ,
Yui= y U= 1,2
’ M; M; M;

where (AJ, is an M; x M; diagonal matrix with diagonal elements equal to those in ]/jZ

Then, they construct the following (feasible) scaled and centered test statistic:

(k) = MVT (; tr {E%]D_I/Q [é(k) ket ﬁ tr {fzg}}

where £(k) is the sum of the k largest eigenvalues of R and Sy = (Mz/Ml)flikf) + 2%) with
(kk) indicating the upper-left (k, k) blocks of the matrix. By imposing the strong assumption that
idiosyncratic errors have neither serial nor cross-sectional correlations, AGGR can derive that &(r)
follows the standard normal distribution asymptotically under the null hypothesis, ro = r.

The number of global factors can be estimated by applying the §~ (r) test sequentially for r =

Tmax, Tmax — 1, ..., 1 backwards:
Po = max{r (1 <7 < Py £(7) > ZaMT}

where oy is a sequence of real scalars defined in the interval (0,1) such that ayr — 0 and
(M\/T>71 Zayp — 0 as M, T — 00. za,,, is a threshold value given by z4,,, = —c¢ (M\/T)V for
c>0and 0 <y <1.

The above procedure can be used for model selection if the critical value diverges at a certain
rate, 7. Following AGGR (see Footnote 7 on p.1277), we set ¢ = 0.95 and v = 0.1 in simulations.
We also assume that the number of factors rg + r; is known. If we use the estimates of r¢ + r;, then

we find that the finite sample performance of AGGR becomes worse.

Han (2021) proposes an alternative method to identify the spaces spanned by global and local
factors separately, and develops a shrinkage estimator that can consistently estimate the factor
loadings and determine the number of factors, simultaneously. We describe Han’s algorithms in

details.

1. Let F be VT times the eigenvectors corresponding to the k largest eigenvalues of the T' x T
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matrix YY' in descending order. Compute A = Y'F/T. Let A; (M; x k) be the i-th block of

A. Let gl = 1~X’1./~X1 /M and then compute the spectral decomposition:
S =A, VA (A.8.13)

where V7 is a diagonal matrix consisting of the eigenvalues of S; in descending order and A,

denotes the corresponding eigenvectors. Let F= f‘]&l and A = K:&l

2. The estimate of Al, denoted ./Ah, can be obtained by minimising the LASSO function:

Qi(A1) =

T
1 12
Sy —AfH A A8.14
MT & H e Ak 5]2VTk§_:w1JH 1k (A.8.14)

where f't is the transpose of the t-th row of ]?‘7 Ay is an My x 1 vector of the k-th column of
Aig, 0% = min{N, T}, 1 n7 is a positive tuning parameter depending on N and 7', and wiy,

is an adaptive weight. Let k1 be the number of nonzero columns in ./AXI.

y o MY y _
3. Partition A as [A’l, . ,AH where A/ is an M; x k loading matrix of the i-th block for

1= ,R. Let A 1dy and A, be the first 1%1 columns and the last k — 12:1 columns of

ik1+1:k

Ai, respectively. Deﬁne

R
SO_(N M)~ Z 11k1A11:I%1

— A A N _ A
Si = MAi,]Ac1+1:]_§A’i,k1+1ik7 1 = 2, ceuy R
Evaluate the spectral decompositions, So = AOVOS6 and S; = Kﬂ%?&; fori=2,...,R. Let

G=F ;AjandF;=F; Afori=2,. . R

4. Let ACD =[AS, ... , A%]". This factor loading matrix can be estimated by minimising:

2

R
Q (A(_l)) T (N—M)T M1 T >0 HY“ Ay G Ay i Fi

=2 t=1
Zwo S 1>H+52 Z% Z wirl| A

52
NT | =2 p—ht1

(A.8.15)

where ét and Et denote the transpose of the t-th rows of G and ﬁ, A,(f_l) is the k-th column
of AV Ay is the k-th column of the M; x k matrix A; for i = 2,..., R, yo.n7 and 7 N7

are positive tuning parameters, and wgy; and w;; are adaptive weights.

Let ACD = [./AX’Q, e 7393]/’ where A; denotes the estimate of the M; x k loadings for the i-th

block (i =2,...,R). Then, we can estimate the number of global factors by the number of nonzero
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(=1)
1:ky

nonzero columns in Ai,fc-s—l:fc’

columns in A denoted 7. Similarly, we estimate the number of local factors by the number of
denoted 7;, for ¢ = 2,..., R. Finally, we obtain 7, = k1 — 7o.
Notice that the above shrinkage estimator requires us to select tuning parameters by some

information criteria. The tuning parameter for the first block, v; can be selected by minimising the

following information criterion:

T
1 2 . My +T M, T

] =1 HY —AfH k | -In(ln(Mq)].

1(m) D<M1T ;:1 1t 1t + k1(m) MT n M +T n(In(Mj)]

Let 77 be the selected tuning parameter and denote the estimate of k; based on v] by ky (). To

select the tuning parameters for rest of the blocks, Han proposes the following information criterion:

R T
1 ~ ~ N ~ 2
7200725+, 7R) =In ((N_Ml)T SN | vie = A1, G- Ry F >
=2 t=1

" _ _
+ ('Fo(vo,%,vi‘) +) Ai(%,%,vi‘)) <NN+TT> In (NN+TT> In[ln(V)].

1=2

Han’s approach imposes different penalty terms for different blocks. Consequently, even when the
number of blocks, R is (mildly) large, there will be a large number of candidate tuning parameters
to be selected coherently.

Moreover, the shrinkage estimation results are not invariant to the order of the blocks. Hence,
the selection of the appropriate first group is crucially important in practice (see the empirical
applications in Han (2021)). To deal with this issue, he proposes an additional information criteria

to determine which block is ordered first as follows:

IC(s) = In(SSR,) + (fo n ir) <N_+ T) In ( NT > In(In(N)), for s = 1,..., R

where SSR; is the sum of squared residual when the s-th block is ordered first and N = . M;/R.
This further increases the computational burden.

In the simulation study, Han only considers the sample sizes by combining R € {2,3,4,5},
M € {50,100,150,200} and T € {100,200}. However, if R is sufficiently large,'’ there are too
many candidate models to be estimated along with too many combinations of the tuning parameters
selection, which is computationally too heavy.

More importantly, to derive the consistency of the shrinkage estimator in Theorem 2, he has

to assume that the local factors are mutually uncorrelated,!! though idiosyncratic errors are still

Tndeed, Han (2021) focus the model with a fixed number of groups.
HHe acknowledges that it is challenging to develop a shrinkage estimator fully robust to between-group correlations
among group-specific factors.
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allowed to be cross sectionally and serially correlated. He addressed this issue by conducting the
additional simulations (see Table 5), from which we find that his approach severely overestimates
(underestimates) the number of global (local) factors, if the correlation between the local factors is

as small as 0.1.

A.9 Proofs of Lemmas 1x—3x%

Proof of Lemma 1x%. For any two groups m and h, the population covariance between K,,; and

K can be expressed as

Kmt
Var =
Kp

where X, 3, and X, are defined in Assumption C, ¥p , = E (Fth;Lt) and Xp, = Eth.

Yo 0 Yo 0
0o X 0 X
= Fm Fmi (A.9.16)
b e 0 b Ie] 0

0 Xg, 0 Xp

me 2mh
Yhm  Xnh

We assume 7, < rp. Using (A.9.16), we can express the characteristic equation,

(Zrn ) Zhm — pZm) v =10 (A.9.17)
as
Yo — pXa 0
-1 v =0,
O Ethththm _pEFm

where pp,p, - is the r-th largest squared canonical correlation between K,, and K. Here, ppn1 =

"+ = Pmh,r, = 1 are the characteristic roots with multiplicity ro. From the lower block,
EthEE}}EFhm - szm’

we obtain 1 > pmhro+1 = oo = Pmhro+r, = 0. The characteristic vector corresponding to the 7
largest eigenvalue is v, = [0,...,0,1,0,...,0], which is the unit vector with the rth element being
1 and zeros otherwise.

In practice, we should deal with the rotation matrix and the selection of 7,,,, in the PC es-
timation. As rpqe > ro + 75 for all 4 by construction, the rotation matrices, H,, and Hjy, makes
the standard CCA inapplicable to the rotated factors, H; K,; and H} Ky, because their vari-

ance/covariance matrices will be singular. The variance-covariance matrix for the rotated factors

H/ K, and H; K}, becomes:
H;nKmt _
H%Kht

Var (

H X..H, H, X,,H,

/ / (A.9.18)
H, %, H, H,,H,




A.9 Proofs of Lemmas 1%—3x% 141

where both H;, %,,,,H,, and H} 3,,H}, are singular. Consider the characteristic equation between

the rotated factors as
[H’WEthh (H}, 20 Hp) ™ Hy Sy Hy — pH, S Hy [ 1 =0 (A.9.19)

where (H} Xp,,Hj,)™ is the Moore-Penrose inverse of Hj X, Hj,. Using the property of Moore-
Penrose inverse, we have:

H), (H,=,,H,) H), =%

which holds if Hy, has full row rank. Then (A.9.19) becomes

H., (20025 Zhim — pZmm) Hypu = 0. (A.9.20)

m

Using (A.9.16), we rewrite (A.9.20) as

g —pdg 0

H/
0 EthEI_*—';}EFhm - szm

m

H,u=0

which shows that both (A.9.17) and (A.9.19) will produce the same non-zero eigenvalues. This
implies that the rotation matrices do not alter the non-zero canonical correlation.

We now consider the following spectral decompositions:
H 3,..H, =PA,P and H,>;,H, = QA,Q’

where A, (Ap) is a diagonal matrix of eignevalues of H), %,,,, H,,,(H} 35, H},), P(Q) is an orthog-
onal matrix whose columns are standardized eigenvectors associated with the diagonal entries of
A (Ap). As the rank of HY, 3, Hy, (H) 35, Hyp) is 70+ 7 < Tmax(T0+75 < Tmax) asymptotically,

we rewrite the above equation as:

A2 0

H, SymHy = [P1 Py Py Pz]/

(A.9.21)

H;, >, H), = [Ql Qz] [AO% g] [Ql QQ}/

where Py and Pg are ryax X (1o + ) and Tmax X [Fmax — (ro + 7m)] orthogonal matrices, and
similarly for Q; and Q2. Consider the (rg + 7,,) X (rg + rp) matrix, Al_lP'1 (H,3,.,,Hy) QIAQ_I,

whose singular value decomposition is given by (see Rao (1981))
AT'P, (H., 3, H,) QuA; = W [RW o} D’ (A.9.22)

where W is an (rg+7,) X (1947, ) orthonormal matrix, D an (ro+7rp) X (ro+7,) orthonormal matrix
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and R the (rg + ry) X (1o + r1,) diagonal matrix given by R = diag(p1, ..., Pros Prot1s s Protrm ) =

; 12
dlag(la o 1 Pmhro+1s -+ th,r0+7~m)-

Define the full rank matrices,
A = [P1AT'W,Py] and B = [Q:A;,'D, Q] (A.9.23)

Combining (A.9.21), (A.9.22) and (A.9.23), it is straightforward to show that

Loir,, 0 RI/2 0 0
AH K 0 0 0 0 o0
Var ) = | RY2 0 Lyyn, OO (A.9.24)
B'H, K,
o o o I,., O
. 0 0 o 0 0]

From (A.9.24), the characteristic equation between A’H; K,,; and B'H} Ky, is
[A’H’mzthhB (B'H},%,,H,B)” B'H}, S, H,, A — pA’H’mEmmHmA} u=0

which can be simplified as

0 00 0 Irh, —Tm
0 0 0 0 0

R 0 Lyir, O
oo | o o

Obviously, (A.9.25) has the same characteristic roots as (A.9.19) and the same non-zero character-

1/2
[Rl/2 0 0] Toer, 00 IRTE0 [Lm 0]
—p u=20

Hence,

> u=0 (A.9.25)

istic roots in (A.9.17) consequently.

Now, we consider the sample covariance matrix for K,, and K, given by

K,, 1
Var ~ = —

Consider the full rank transformation K,,A and K;B, where A and B are defined in (A.9.23). The

lef{m lef{h _ gmm gmh
K, K, KK, Shm  Sh

canonical correlations between them are equivalent to those between I~{m and Kh. From Lemma
5, we obtain: A’S,,A - A'H,%..H,A, BS;;B - B'H,%,,H;B and A’S,,,B
A'H) ¥, H;B. Let M be min{M,,, My}. Applying (A.9.24) and Lemma 5, we can rewrite these

2Notice that R contains the same non-zero roots as in (A.9.19), see Rao (1981).



A.9 Proofs of Lemmas 1%—3x% 143

transformed variance/covariance matrices as:

Lrytrm + Op 5ET) O, (st

A’S,mA =
OP (5zT OP (5&%

Liotrm +Op 5&%) Op (5zT> Op ‘5ﬁT
B'S;,B = Op 5&% ITh_’V’m—i_Op(ézT) Op 5&%
0, (612 0, () O (02
and
R'2+0,(53) O (03
O, (52r)  Op (03

Notice that the Moore-Penrose inverse of the lower [rmax — (7o + 7m)] X [Fmax — (70 + 7m)] block of

A’S,.,B =

S I, -
B’S;,,B does not converge to | """

] as a result of

IT‘h_Tm + Op (61742']1) Op 5]742'11 Irh—’/‘ 0
rank O ((5—2 ) o (5-2 # rank 0 0
P\"MT P\"MT

_ ITo—H"m 0 0
For the same reason, (B’ Sth) do not converge to 0 I, _r,. O0|. See Theorem 1 in

0 0 0
Karabiyik et al. (2017). But, the Moore-Penrose inverse follows the Banachiewicz-Schur form and

thus we have

_ ~ = =0, (63;7) (A.9.26)
Op <5M2T> Op 5M2T —0p(1) Op (52MT> B

as shown in Tian & Takane (2009) and Castro-Gonzélez et al. (2015). Again, (B’gth>_ also

follows the Banachiewicz-Schur form which leads to

Lo+rn, +Op (5&2T) —0p(1)

o) 0, (5r) (A.9.27)

(B’éth) .
Using the above results, we obtain:
A'S,B (B'SiB) B'S;,A =

-2
S

R/2 40, (6&%) Op E(SMZT;] |:Ir0+rm +Op <6£T) —0p(1) RY2 + 0, <5IT> O, 5L12T
)

Op (‘5&2T> Op 5&27" —0p(1) Op (62MT Op (5L12T> Op
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R+0, (5542T) Op(ézT)

o} (@2;) 0, (02r)

Therefore, the characteristic equation between I~(mA and RhB

[A’S’th (B’éth) TB'SuA — ﬁA’gmmA} £=0

R 0 ITO“FT"L 0 —2 _
([0 Ol—e[ S +0p(5MT)>g_o

which is analogous to (A.9.25) with a small perturbation term. Finally, by the continuity of the

can be rewritten as

characteristic roots, we have £, , Ly 1forr= 1,...,70, by LN Pmhy forr=ro+1,...,rog+1rp
and £y,p, 250 for r=rg 4 rm + 1,...,"max as T, My, My, — oo.
Q.E.D
Proof of Lemma 2x%. This lemma follows directly by Lemma 1* and the definition of £(r) and p,.
Q.E.D
Proof of Lemma 3*. This lemma follows directly from Lemma 2* and the definition of CCD(r).
Q.E.D



Appendix B

Appendix to Chapter 2

B.1 Lemmas and Proofs

In Section B.1.1, we state some auxiliary lemmas and show the proofs of the results established in
Section 2.4. Section B.1.2 presents the proofs of the auxiliary lemmas. We use the following facts
throughout the proofs. By Assumption 2.B.1, we have: HT‘I/QGH = 0p(1) and HT‘l/QFiH = 0,(1)

for all i = 1,..., R. By Assumptions 2.C.1, we have: HNi_lﬂI‘i = Op(1) and HNi_l/QAi = Op(1)

for all ¢ = 1,..., R. The eigenvectors of a real n X n matrix 3 is scale invariant since a3V = aA\V

where V is the eigenvector associated with the eigenvalue A and a is a non-zero real number.

B.1.1 Proofs of the main results

Proof of Proposition 2.1.

Using K; = [G,F;] for i = 1,..., R, we can be express the matrix ® in (2.3.13) as

G Fi, -G —-Fy 0 0 ... 0 0 0 0
® G Fy 0 0 -G -F3 ... 0 0 0 0
0O O 0 0 0 0 ... G Fr_1 -G -Fgp
Let
LA
Qo - [ VE ] and QY =[Q.QY ror)!
i ) PR
(ro+ri)Xro 0 ZlR;l(TOJ'_TZ)XTO

where (1 / \/§> A is any g X g orthogonal matrix. For each i, it is easily see that

1

A
KiQ;" =[G, Fy] “ﬁ ] =GB (B.1.1)

145
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where B = (1/\/§) A. This shows that ®Q™ = 0. Since Q"'Q"™ =1I,,, Q" can serve as the right
eigenvectors in the SVD of ®. Consequently, we obtain
01
Q" =P =0
Org

where P"0 is the corresponding left eigenvectors. As P is non-zero, it follows that 6; = --- = 6,, =
0. This establishes that the first ro smallest singular values are zero.

Next, we show that the rest of the singular values are larger than zero by contradiction. Suppose

that there exists an eigenvector Q- = [Q{,..., ﬁ’]’, satisfying ®Q+ = 0, Q'Q' = 0 and
QYQ* =1, where Qf = [QF, QF]". Noting @Q* = 0, we have:

GQ%t + F,.Qlt = GQ§t + F,QF for any h and m.

It follows that

R(GQG +FQht) =Y (GQf + F.QM) = i FQI.
] =1

i=1

where the second equality holds as a result of Q'Q* = B/ Zi 1 QiGJ- = 0. Consequently, we have

1 1
G(=Q5t) =Fn(1-= Qi+ > F.Qf*-
R R
h#m

By construction, we must have fof— =Qit=...= QEL = 0 for all m. Hence, Q- = 0. This
contradicts the definition of an eigenvector. Since the singular values are non-negative, the remaining
singular values of @ are larger than zero. By Assumption 2.B.1, we have T—1/2K; = O,p(1) for all ¢
such that ® = O, (\/T ) Using €Q = ¢P and the fact that the eigenvectors P and Q are bounded,
we have: 0,45 = O, (ﬁ) for j =1,..., Rrypax — 70-

Q.E.D
Proof of Proposition 2.2.
Using (B.1.1) we obtain:
i\Il = R [KlQTO KRQTO] = 1 [GB,...,GB| (B.1.2)
\/T \/T 1> ’ R \/T ) )

which yields

Y GG

LEL
T T

where 2 is a diagonal matrix with the first g non-zero elements and the remaining zero elements.
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Finally, it follows that

1 G_/L’r‘o (ET‘o)l)
L=—_G(-—2="1_
7o (5

where 20 is the diagonal matrix consisting of rg non-zero diagonal elements of =. The full rank
matrix inside the bracket is a rotation matrix.

Q.E.D
Proof of Lemma 2.1.
Since Assumptions A-D in Bai & Ng (2002) are now satisfied, the stated result follows from Theorem
1 of Bai & Ng (2002).

Q.E.D
Proof of Lemma 2.2.
Let Q;O = I/:I; Q;° where I/-\I; is the Moore-Penrose inverse of I/-\Il Since 19 + 13 < rmax for all
Tmax XT0
i, by the property of the Moore-Penrose inverse, it follows that H;H; = L, 4,,. Let Qo =
Rrmax X0
[7 7{0’7 ey Q%/]/. Then, we obtain

PHQ™ = Q' = PO A™

where H = diag {ﬁl,ﬁg, e ,ﬁR}. Along the same arguments in Proof of Proposition 2.1, we
obtain the desired result.

Q.E.D
Proof of Lemma 2.3.
See the proof of Theorem 2 in Yu et al. (2015).

Q.E.D

Lemma B.1.1. Under Assumption 2.A-2.C, as N1, Na,...,Ngp,T — oo, we have:

1. For every m and h,

2. For each 1,
1

T\/NZ‘ P CMT
where Cy 7 = min {\/E, \/T} with N = min{ Ny, No, ..., Ngr}.

G'ei

Proof of Theorem 2.1.
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By Lemma 2.1, we have:

1~~~ ~ 1
= H@’@ - H’<I>’4I>HH -0, <>
Furthermore, by Lemma 2.2 and Lemma 2.3, we obtain:

|@° - @*p| < 0,0) x 1 ||&@ - ﬁfq>fq>ﬁH:op<1>
CMT

where D is an 79 x rg orthogonal matrix. Then, using the definition Q™ = I/-\IZ_ Q" and (B.1.1), it

follows for each ¢ that

Hf{ Q" - K;H; Q;‘ODH (K Qe - GBDH

,ﬁl ‘
T
1 . . . .
< —T HK Q' - K:H, QP + KH,Q — KZ»H,»QQODH

- e - @em] = (57

where the inequalities hold due to the Cauchy-Schwarz inequality, and the last equality follows from

5=

~
0

Lemma 2.1 and the fact that HQ:O = Op(1) and = Op(1). Using this convergence rate, we
obtain:
U \IJ\II’ PPN R
| 0 ZKQ QK ——GBDDBG’
<Y |2RQrarR - Le6| =0, (o
Tt T P\ Cnr

where the inequality follows from the Cauchy-Schwarz inequality. Applying Lemma 2.3 to the above

where U is an 79 X rg orthogonal matrix.

equation, we obtain:

- 1

Lo — L’”OUH ~0, () (B.1.3)
CMT

! Finally, by definition of G and Proposition 2.2, we

conclude:

\/IT Hé - GHH =0, <1> (B.1.4)

CET
where H = T-1/2G/L"0(2)~ U is a rotation matrix.

For the global factor loadings in block ¢, we have:

A~

I = %(A}’Yi _ %é’ (GT, + FiA] +e;) = %é’ KG —_GH + éH*l) T+ FA, +e

LIf the ro largest eigenvalues of GG’ /T are distinct, each column of Lo converges to its population counterpart
in L™ up to sign. In such a case, U is an r¢ X ¢ diagonal matrix whose diagonal elements are either 1 or —1.
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Multiplying both sides of the above equation by 1/4/N; and rearranging the results, we have:

1 1~ 1~
A+ G
VN; T\/ VN, - TN, ©

The first term of RHS is bounded by Op(C'&%) due to (B.1.4). The second term is bounded as

(fg _H- 1r’) (G - GH*) I

(B.1.5)

(¢'-cm+ GH)' FiA!

Tr Tr

G'F;A;

G’ GH) FiA!

(C;T) o (L) =0,(L) was

where the inequality follows from the Cauchy-Schwarz inequality and the second to last equalities

T\/Ni

use Lemma 2.1 and Assumptioin 2.D. The last term of (B.1.5) is bounded by O, <C ) due to

Lemma B.1.1.2. Then,
1
-0, —
8 <CNT>

Lemma B.1.2. Under Assumptions 2.A-2.C, as N1,No,...,Nr,T — 00, we have for each i =

r,—H T

1
VN;
Q.E.D

1,....R:
1.
1 N
\/Wrzez :Op(l)
2.
1 N
mAzez :OP(1>
3.

(f; - H—lrg) e

o “0r(agrvm) o (om) o ()

Proof of Theorem 2.2.
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By construction, we have the following relation for each i:

~ o~ ~~\ ~
FYi= <Y Gr’) (Y,- — Grg) F
1

Replacing Y; with Y; = GI', + F; A} + e;, we obtain:

F,Y; =

~ ~ I ~
= (Si+Fini+ei) (Si+Fini+ei) F,
K3

~ ~ ~ ~1
where S; = GI', — GI',. Multiplying both sides by (F;FZ/T> (I‘;I‘i/Ni)fl and rearranging terms:

! T N;

~ —1
e A - N« [FF AAN !
(sisg+SZ-AiFg+sie;+F;Xs;+eis;)Fi( i ) ( i ) .

~ —1
~ 1 1 ~ [ F'F. AAN L
(Fiﬁf-_l — Fz) = T NT (FiA’ieZ- + eiAiFé + eie’i) F; (l l) < L Z)
7

5~

\/>
1
VT T N;

A
The stochastic bound of the first term is Op(C’&%q) by Theorem 1 of Bai & Ng (2002) and the fact
that (F;f‘MT) and (T;T';/N;) are bounded and invertible (see Proposition 1 of Bai (2003)).

Next, we study the second term of the above equation. Using the relation that

8= GI} — GI} = GI} - (G- GH+ GH) (T} - H™'T} + H'T})

. (é - GH) (f; - H*lrg) - (é - GH) T, — GH (fg - H*lrg) , (B.L.7)

we obtain:
1 o 1 1 /A - -
ﬁNTsis;Fi = =W (G - GH) (r;. - H—lr;) F;
K]

T (G GH) “IPF, - \F NT (r’ H—lrg> F,

By Theorem 2.1, it follows that

SiS/F,

[ Jrwrss2| -0 (eumm ) (om0 (Gomumr) = (o)
VT N;T - P\ C{pVNT P\ Onrv/NiT P\COnrvNiT) P\ CnrvVNiT
Using (B.1.7), it follows that

11
VT NiT

~

SAFF, = —

(G GH)( H—lr;) AiF;E

HE\H

NZ
1

(G GH) HTAFF; - (r’ H—lr;) AFF,

%\

N,T fNT
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Therefore, by Theorem 2.1,

SAF’

1 1 1 1
= (cN> 0 (e )+ () = (e

s

From (B.1.7) we obtain:

(é - GH) (f - H—lr;) e/F;
1

(G GH) H~'Te/F; — GH(f;_H—lr;)e;ﬁi

N
VT NiT
The first term is bounded by O,, (C’]}}p) [Op (N 1/2> +0, (T*1/2)} due to Theorem 2.1 and Lemma

3. The second term is bounded by N_l/QO (C&%) due to Theorem 2.1 and Lemma 1. The last
term is bounded by O, ( 1/2) + 0, (T‘l/g). Consequently, we have:

1
__Op<CWT>

\fN'T eiAlAz Again using
(B.1.7):
11 1 /
L FASF = A’( H—lr’> ( )
fNT 1 71 fNT 7
1 1 1 1 / —1qv (ESRPN
N AT (H (G- GH) i N (T}~ B7'1}) HG'F,

Using Theorem 2.1, we obtain:

HF;A;ng,

1 1 1 1
=0, + O, + 0, =0p | ~—
<C%T> <CWT> (CWT> p<CNT>

Combining all the results, we conclude that

1
VT NiT

1 =

0, (o). (B.1.8)

Next, for each i, the estimated factor loadings are:

1 .
A= L F; (Yi - G7’>

Plugging Y; = GI', + F;Al +e;, F;, = F, — f‘ie%/’;_l + f‘i%/’;_l and (B.1.7) into the above equation,

we obtain:

\/1\7 (K; - %{-11\;) B _T\}Eﬁé (é - GH) (ﬂ - H”F’i) - T\}Eﬂ (é - GH) HIT
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.
i€i

F GH (r’ H—lr;)

F, (F . Fifffl) AL+

1
T\ﬁ TV/N;

The first three terms are bounded by O, (C3%), Op (Cyh) and O, (Cxh) by Theorem 2.1. The
fourth term is bounded by O, <C’&;) from (B.1.8). The last term can be written as

(F _F, %) . Fle;

1 A 1
— _Fle;
Tv/N; © T\/ T/ N;

The first term of the above equation is bounded by O, (C ) that follows from Lemma B1 of Bai
(2003) with a slight modification. The second term is bounded by O, (T*I/ ?) using the fact that
(NZ-T)_l/2 |F;ei]| = Op(1) under Assumption 2.B.2. Collecting all the results, we conclude that

(R =0, (o)

Q.E.D
Proof of Theorem 2.3.

By Lemmas 2.1 and 2.2 and using the continuity of the singular values, we have:

\/TOp(C&%F) fork=1,...,r
O = Op(\/T) fork=ro+1,..., Rrmax
b0, (VT) for k = 0
First, if rg > 0, we have:
~ Op(CNT) for k = To
. Okt1 _ 1 _
lim — = O,(1) fork=rg+1,..., Rrmax

0,(1) for k=0,1,...,r0—1

Next, if rg = 0, we have:

lim

Okt O,(1)  fork=1,..., Rrmax
NijNpT—oo &

Op(Cnr) for k=0

As Cnt — 00, we have the desired result that the ratio 5k+1 / Sk attains maximum at k = rg.

Q.E.D
Lemma B.1.3. Let Cy, 7 = min{y/Nj, VT}. Under Assumptions 2.A-2.C and 2.F-2.G, we have:

1. For each i and t, as N;, T — oo, we have:

T T T T
1 -~ 1 ~ 1 -
G (O EUURES SR INES SNIRES 3 vy
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where H; = (©.0;/N;) (K;R@/T> \Af;l is an (ro + 1:) x (ro + ;) matriz with V; being the
diagonal matrixz consisting of the first ro+r; eigenvalues of (NiT)_lYiYZ( in descending order.

Furthermore,
(a) T7! Zstl IA(iswi(s,t) O, < 1/2C’N T) where w;(s,t) = F (NZ-_1 Z;\lel eijseijt).
(0) T 21 Risit = Op (N POy where G = N7 'el jeiy — wils, ).
(C) T_1 ZST:1 Risni,st (

(d) Til Zzzl Kis,ui,st = Op (N'_I/QCX[Z.T) where Hi st = Ni_lK;;t@éei.s;

7

N2 ) where 1; st = N;lKQSGQei‘t.

— !
where e;+ = (€1t, €i2t..., €in,t)’ -

2. Let 7/%2 =712 (I/iZ — KlI/IIl> For each i, as N;,T — 0o, we have:

%

o (1) o ()

3. As Ny, T — o0, for each m and h, we have: T_I/Qﬁ;nKh =0, (CJ?/ZT)
4. As Ny, Np, T — o0, for each m and h, we have: T_I/Q’f\’,/mﬁh =0, (C’R,iT)
5. As Np,, T — oo, for each m, h and j, we have: T_I/Q’f\’,/mehj =0, (C;/?,LT)

Lemma B.1.4. Under Assumptions 2.A-2.C and 2.E-2.G, as Ni,...,Ng,T — oo, we have:

F#e - v 1 L 1
“ o -—wvw|=0, | —— and‘L”’—L’"OUH:O -
T p CiT P C¥r

where D is an ro X ro orthogonal matriz, U is an ro X ro orthogonal matriz defined in (B.1.3), and

Cy.r = min {\/E ﬁ} with N = min{Ny, Na, ..., Ng}.

Lemma B.1.5. Under Assumptions 2.A-2.C and 2.F-2.G, as N;, T — oo, we have for each i:
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1 L
TK;<NTYY>Ki:Vii>V,-

where V; is a diagonal matriz consisting of the eigenvalues of X, X, .

2.
KK; (0/0,\ KK, »
\Y
T (Ni TV
3. R
K'K;
plimy ,T—)oozTZ =Q

The (ro + 1) X (ro + ;) matriz Q; is given by Q; = 1/277’ 3/2 and invertible, where V; is

1/2

the diagonal matriz consisting of the eigenvalues of 34 /22 .20 and P; s the corresponding

eigenvector matriz such that PyP; /T = Ly iy,

where H; = Z@iQQV;l.

Proof of Theorem 2.4.

1. From (2.3.19), we have for each t:
Using the asymptotic expansions in Lemma B.1.4.1 and Lemma B.1.4.2:

L =L"°U+ 0, ; , Q" =H'Q"D +0, ;
C’NT CNT

and keeping the term up to order O, (C&%), we have:
1
O,

where we use that (£)~1U’ = U(E")~! because E is diagonal. Replacing T-12K; with T~/2KH;+

~

G - i SR Qe () Re

=1

1
\/T
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1
L0, (CN)

(B.1.9)
where we use K;Q° = GB, B = R"/2A, Q® = [R"2A’,0], BQ}* = R![L,,,0] = R°'T/

’ﬁi, the above equation can be written as

—Hg ZH'(“> Ro+ UE") L

R

~ o~ ~ !~
SR Qray () K,
i=1

and A is an orthogonal matrix. From the asymptotic expansion in Lemma 1, it follows that
71 Zle IA{isni,st and (NiT)*lei(aiKéI/ii\Afi_l are dominant terms in I/iit - IA{;KM and ’ki, respec-

tively. So we have:
L SO AN 1
Kit = H;Kzt + V;lﬁ SZI KiSK;s(a;ei.t + Op (%)

and
R L1 0K/ K;V;' +0, S
’ ,ﬁNT ' Ci.r

Plugging these expressions into (B.1.9) and multiplying both sides by /N, we can show that

Using H; = (@.0;/N;) (K KZ/T) ~1 from Lemma B.1.3.1 and rearranging terms, the above

equation can be reduced to

-1 N;
VN (G, — (H' +B') H' 11’\/>< ®i> ! 0;jeijt + op(1).
( b ( ) RZ N; m; J &gt D

R -1
1 [1_, (0,0, Ole]
B=— — I ( —=— % grou,
R; N; ( N; ) VN;T

By Lemmas B.1.2 and B.1.5, it is easily seen that B = O, (ﬂ71/2>.

where

Finally, we achieve the desired result that

VN ((H’ + B’)*l G, — Gt> = %f@«:t + 0,(1)
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where Z = [I,,,...,I,,] is an Rrg x 7o matrix, C is a Rrg x Rrg block diagonal matrix given by

Np (@)
N1 Ny

Ny (©ROr) 7!
MAir\ TNg

and [E; is an Rrg x 1 vector given by

_ v -
Ey T L O1jene
Es LS 0se0)0

E, — .t _ | V™ J'l €25 i>N<0,D§1)>
Ere] | 75 S0 Orjeri]

Using Assumptions 2.C.2b and 2.E, we have:

1/2]1, o,
C-HcCl=
a1 3o,
Therefore,
1A 1
VN [(H’ +B) G, - Gt} <N (o, RQI’CO]D)tCO’I> :

2. For each i and j, we have 7;; = T_la’Yij. Using (2.25) and G = G — G (H+B) !
G (H+B)~!, we have

~ _ 1 A -~ _ 1A 1~
Fij — (H+B) ;= TG/ [G -GH+B) 1} Yij + TG/Fi)\ij + TG/eij
Using G=G - G (H+ B) + G (H + B), the above equation can be written as

Yij — (H+B)_1%‘j == {é G (H +B)}/ {G—G(HJFB)_l} Vij
G’

(H+IB%) [G G(H+B)‘1] Yij + 1 [é -G (H+B)}/Fz>\z’j

7
~ /
[G G(H+B)} eij + T(H—|—IB%)GF}\U+T(H+IB%) Gle;;

H\H

The first term is bounded by O,, ( ) by Theorem 2.4.1. The second to fourth terms are O, (C’ N2T>
by Lemma B.1.6. Then, we obtain:

~ _ 1
’)/ij—(H—f—B) 1’Yij—*(H+IB§) G/(FAU—FGZ])—I—O 5
C'NT

Next, consider the eigen-decomposition, T-'G’'G = XZ"0X'. Let &, and X}, be the k-th eigen-

value and eigenvector pair of the matrix 77'G’G. Pre-multiplying G by T7'G'GX;, = &.X;.
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yields T7'GG' (GX},) = & (GXy), which shows that GX}, is the (non-normalised) eigenvector of
T-'GG' for k=1,...,rp, where T7'G'G and T-'GG’ have the same nonzero eigenvalues. More-
over, the normalised eigenvector becomes (X;CG’GX]C)*U2 GX; = (&T) 2 GX,,. By definition
L' is the normalised eigenvectors of T-*GG’, and it is easily seen that L'® = T-1/2GX (E’"O)_l/Q.
Thus, we have:

HH = T-'G'L™ (20) ! (20) ' LG,
Plugging the expression of L' into the above equation, we obtain: HH' = (TﬁlG/ G)fl. Since

T-'G'G & X¢, we have HH' 5 =71

Therefore, under Assumption 2.G.4, we have:
\/ = d
~ —_1\/ 2 _
T[(H+B) Yij — 71] E Fi + eijt) +o0p(1) — N (0, (EGl) D(")EG1>

where we use the fact that B = O, (ﬂ_1/2>.

Q.E.D
Proof of Corollary 2.1.
Using Theorem 2.4, G; = Gy—(H + B) G4+(H + B)' G; and 7;j = 7ij— (H + B) "' ~v;;4+(H + B) " 5,
we have:

Cnr 1, _, ONT e 1 o /
VT CEy + —=GiHH — Y G (A} Fis + €55) + 0p(1).
VT VT = Y

Cnr (’AYz{jGt ’Y”Gt> VN R Yij

(B.1.10)
where we use the fact that B = 0,(1) from Theorem 2.4. Using the same arguments in the proof
of Theorem 3 in Bai (2003), the leading terms in (B.1.10) are asymptotically independent. Under
Assumption 2.G.3 and 2.G.4, we finally obtain the desired result.

Q.E.D

Lemma B.1.6. Under Assumptions 2.A-2.G, as N1,...,Ngr,T — oo, we have:
1. For each i, we have T~} [(A-} - G(H+ IB%)} K;=0, (CNT)
2. For each i and j, we have T~1 [(A; -G (H+ B)},ezj =0, (C&?p)
Lemma B.1.7. Under Assumptions 2.A-2.G, as N;,T — oo, we have for each i, j and t:

~

Sigt = =[G — 4B ] (G — (1 +B) G) — ), [<H+B> (G- + ) )

G —
—G;(H+B)[’7z’j (H+B)" %J: < ) <\/17>

where §ijt is the (t,j) element of S; = GT, — (A}fg
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Lemma B.1.8. Under Assumptions 2.A-2.G, for each i, as N;,T — oo, we have:

15/ 1 aa\a <
-F; <N.TY1Y§> F,=71T, 57,
(2

where i\(z =Y, — CA-‘:/I\‘; and Y; is a diagonal matriz consisting of the eigenvalues of ¥z, XF,.

2.
FF; <A;Ai> F/F; Py,
T N;
3. R
F'F;
plim ——* =W,
N; T—oo 1
The r; X r; matriz W; is given by W; = T3/2£;2X3/2 and invertible, where X; is also an r; X r;
diagonal matrixz consisting of the eigenvalues of EX?EFZ.EX?, and L; s the corresponding
eigenvector matriz such that L;L; = 1,.,.
4.
plim j/’(?: W4
Ni,T%OO

where € = ZAing;I = Wi_l.

Lemma B.1.9. Under the assumptions of Theorem 2.5.1, we have for each i and j:

1.

% (}?‘ - Fj?)'F =0, (Q%m)
2.

% (ﬁz - Fici??)/eij =0, (C;VT>
3.

where §ij = G"}’ij — éﬁw
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Proof of Theorem 2.5.

1. To analyse the first term in (B.1.12), we let:

T T T T
1 I PN . N
Fissg‘,ssi.t + FzssgsAzet + FisS;_Sei.t + Fst A, Sit+ Fzse;.ssi.t =
NzT s—1 s—1 s=1 s=1

X1+ X2+ X3+ 24+ X5,

Using ]/F\‘Z-s = ]/F\‘Z-s — jg’?Fis + jg’?Fis and by Theorem 2.1.2, we obtain:

) T N, 1 T N; L 1
21 = N.T Z (Fzs %/Fw) SijsSije + %/NT Z ZFlSsUSsZJt Op (C'2 )
il = st =1 NT
Similarly,
1 T N; /\
P2 LSS (B L) SN R S S RN
() j=1 s=1 j=1

The first term is O, (C’ ) by Theorem 2.2 and Lemma B.1.7. Using Lemma B.1.7, we can express

the second term as

isR15 it =
lNT J
s=1 j=1

1 Y3 X
—%’—ZTZFZS
=

G, — (H' +B) Gs)/ ['/)\’ij — (H+B) ', i Fit

Y

s
.
Il
R

T
121«“ ( — (W +B) Gs)'(HJrIBa) YN Fat

_ jf?Ni Z % > Fi.G) (H+B) [% - (H+B)™ 'Yia} A Fit
=17 s=1

The first term of the above expression is O, (C’&%) [Op (T_1/2) + 0, (ﬂfl)] by Lemma B.1.6.1
and Theorem 2.5. The second term is O, <C&?p) by Lemma B.1.6.1 while the last term is

0, (T‘1/2> [op (T_1/2) +0, (Ml)}

by Assumption 2.D. Therefore, we obtain: 22 = O, <C&2T) Using ]/5\‘1-5 = f‘is — @Fis + J“%’?FZ-S,

we have:
N; T N;

T
1 N _
T Z Z <Fis - %,Fis) SZ]SeZ]t +
s=1 j=1

z]seut
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The first term is bounded by O, (C’&%) by Theorem 2.2 and Lemma B.1.7. The second term is

written as
- T N;
T 3 L I
P os=1 =1
TR
_%/M;T;F“ (GS_(H/JrB') G.) [%J (E+B)™ vij | eije
(N T
N
j= 5=
T
_%,MFlT;FZG (L +B) [3 — (H+B) " ] exs

The first term of the above equation is O, (C&%) [Op (T‘l/Q) + 0, (M_l)} by Lemma B.1.6.1 and
Theorem 2.5. The second term is O, (C&%) by Lemma B.1.6.1 and the last term is

0, (T—1/2) [op <T‘1/2) +0, (m—l)}

by Assumption 2.D. Combining these results, we have: 2°3 = O, <C&2T)

Next, consider

N;

T
= NfT Z Z < is %/ zs) €z]sSzgt + %/NT Z Z Fzsews ijt

s=1 j=1 s=1 j=1

The first term of the above equation is of order O, (C’&%) by Theorem 2.2 and Lemma B.1.7.

Therefore, we have:

1 (1 &
#l— | —
VT Nz‘jz::l

1
125 < Op | 72—
p CZMT

where the last equality follows from Assumption 2.B.2 and Lemma B.1.7.

Collecting the results above, (B.1.12) becomes

T
it = A Fig =Y Z FisFi AiS;
(A
r L1 T 1 < 1 < 1
=t F'stz 3 t s Fis(i,st + = Fisn* t T 7 Fislﬁ t] T OP ~2
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It then follows that

Under Assumption 2.G.3, we have

T N;
~ 1 ~ 1 - T —
Y ! (T Zl FF’) Vs 3" Ageis -5 N (0 YWD WY 1)

where
N; N;
}D)Z(Zli(r“n) = phm N 1 Z Z )\l] }‘zkE(elJtemt)
N—}OO ] 1 k=1

is a lower-right r; X r; matrix of szl As a result, it follows that

. -, [F'F; i -, (F'F
VN (Fz‘t - %’Fz‘t) =1 <’T) N Z iV NiSije + X7 ( ) VN 2 Z)\”ewt +0p(1)
J

f"F- 1 il d
=¥ <> > Ay (eige + Sige) + 0, (1) =5 N (0,77 WD W)
j=1
since the first leading term also have a non-degenerate distribution by Corollary 2.1.

2. Using ./A\l = T‘lf‘g?zj, ?ij = /S\Z‘j +F;\j +ej;and F, =F; — f‘if?;_l + fi%_l, we obtain:

1~ ~
—FiSi;

-~ 1 = o 15
Xij = A Nij = T F (Fl — A 1) Aij + e + 7

Replacing ]/5\‘Z by f‘l - Fif/ﬁ\—k Flj‘/ﬁ\, we get:

PO 1 /e .\ . 1 .
Xij — A Ay = T (Fz - Fz%”z) (Fz - F,7 1) Aij + %”/ng (Fz o 1) Aij

1 /4 —\/ 1 /4 N\~ —~1__,x —~1
to (Fz - Fz%) eij + 7 (Fl - Fz%) Sij + %”/TF;S@ + %’TFgeij

Notice that, using Corollary 2.1, we obtain

t=1
T

1 11, 1 1 1
= e Fz —=—7;; L CE = s zs ijs -~

%T; t\ N R C t-i— ﬁ;G + €ijs) + 0p Ot

1 1 1 1 F/G) (GG ' 1 1
= ] = Fi ;T OBt — =] Y G Fi. + e —

N 'T "R T ( T )( T > VT ’ Feus)tor (CNT)
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1 1< 1 1 1
=—H'=Y Fyu—~.TCE;+O0, | = —
T BB+ 0, (1) +on (5 )

where the last equality is due to Assumption 2.D and 2.G.4. The first term of the RHS in the above

equation is bounded by

T
1 1
—— ! = Fy—~,;T'CE,
N Tt 1 R

_ N,
1 1 1, N_, (0,0,\' 1 &
- T F,—~. - m
/*N% T z; it RFYZ] "; Nm m Nm /7Nm ; Bmkemkt
R Nm T -1
o 1 o] 1 1 / G);n@m — 1
= e 2\ v 2 o Falense (5 ) T = 00 (i

where the last equality follows from Assumption 2.G.2. Then, by the above development, part 1 of

this theorem, Lemma B.1.9, and Assumption 2.D, it follows that

T
~ . 1 1
NT

t=1

By Assumption 2.G.4, we have

% iJ 7

T
VT (Xij — " Ny = ST Faei + op(1) < N (0, (W) DEW !
( J ]) \/T; tigt P ( ( ) )

since the leading terms have non-degenerate distributions.

Q.E.D

B.1.2 Proofs of the auxiliary lemmas

Proof of Lemma B.1.1.

1. Using the Cauchy-Schwarz inequality, we obtain:

1
TVN,

The first term is of stochastic order O, (C&;T) by Lemma 2.1. For the second term, we have:

1 1 I L
— NhTtr{egleh}: sze%jt

j=1t=1

1 /-~ _ 1
< 7(1{ _K, H )
< | g (R Kt || e

~ ~ /
(Km - KmHm> €ep

1
HthTeh

Since E (e%jt) = O(1), the above term is O,(1). Combining these, we obtain the required result.
2. Using equation (2.3.19) and Rm = Km — Kmﬁm + Kmﬁm, we have:
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R
1 ~ 1 —~ ~ — . ’
= |glel| = ——— JTO’(K —KH) TO(K —KH)el
@ TTZ,Tmz:l{ 2 (R~ KL, e

N N R R s N ~ /
+ Jr! (Km —~ KmHm) Qo H,, K e; + J"'K,, H,, Q) (Km - KmHm) e

m=TmTTm

mmm

+:]\TO/KmI/_imQTO H/ KI } H

where Q:O = Q;OQQO'. We note that ‘ Jro|| = Op(1) since Lo/ = I,, and T-12¢ = Op(1). The
first term of RHS is bounded by O, (C&;) x O (C&%) by Lemma B.1.1.1 and Lemma 1. The
second term is bounded by O, (T_l/QC&%p) by Lemma 2.1 and the fact that (N, 7)~"?| K/ e;|| =
Op(1) under Assumption 2.B.2. The third term is bounded by O, (C&%) by Lemma 1. The last
term is bounded by O,(T~1/2) since (N,,T)"Y/?|K/,ei| = O,(1) under Assumption 2.B.2. The

proof completes by combining all these results.

Q.E.D
Proof of Lemma B.1.2.
1.
1 1
e ot (0l S e, S e 2_ N S|
H\/W i€l = JN.T Pt i Vij kZI%keik = Pt kZI’Yij’sz;@zktezgt

Taking expectations of the term inside the bracket, by Assumption 2.A.3 and 2.C.1, we have:

N; N;

T
QAL 1
NT § E 7@]7@k § €iktCijt < N.T 'Y:]’sz E Ti,(jk) = 0(1)
J=1k=1 =1 k=1 —1

2. The proof is similar to part 1 and thus omitted.
3. From (B.1.5) we have:

G'F;Ale, + é‘w’eieg

- 1 1
T —H—lr’.) ¢ o
( i : NTVT 5 NTVT

1 -~ .
= ¢ (G- GH ") Tle| +
N, TVT

1
NNT
The first term is bounded by O, (C&lTNi_l/ 2) by Theorem 2.1 and Lemma 1. The second term is
bounded by O, (C&;Nlﬂm) due to (B.1.6) and Lemma 2. Using (2.3.19), the third term can be

written as

1 ~ 1
G/ . /_ L’r‘o/ J’I‘o/ K 70 ’r‘olKl
NTVTC o N NT (Z nQ Qs )

Following the proof of Theorem 1 in Bai & Ng (2002), we have for each m:

“or(gw) o (7)

r>/ /
‘Kmeiei

1
N, TVT
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Therefore, it follows that

=0 (gm) ~r ()

The proof completes by combining the above results.

1 ~
—— ||Ge;€]
N.TVT H

Q.E.D
Proof of Lemma B.1.3.

1. For each i, by definition, we have: KV, = (NZ-T)_IYiYZ’-KZ-. By plugging (2.2.6) into this

equation, we obtain:

_ e 1 S P

Let IA{Z-t - IAL-KZ-t be the t—th row vector of IA(Z — KZ}AIZ Then, the proof follows directly from Lemma
A.2 in Bai (2003).

2. For each 7, we have:

2 1, R R
= tr {T (K KH) (K-KH)}:
1 d [ Y/ > Y/ ! 1 d - Y/ 2
trd = > (K~ HiKa) (K~ HiK) o = 7 > || R — HiKG
t=1

Combining (a)-(d) in Lemma B.1.3.1, the result follows.

3. Consider the term,
1 R 1 T T T
¢R%Kh:\qf<T2§:§:Kmﬂ%st E:E:ngmﬁKh
T t=1 s=1 t=1 s=1
T ;| IT
IF-09) 9 AR 9p o e
t=1 s=1 t=1 s=1

where HVm H = Op(1) by Lemma B.1.5. Let T*I/zﬁ;nKh = \A/';Ll (X1 4 X2+ X3 + X4).
First, X1 can be written as
1 T R T
= (Kms - H;nKmS) (8.0 Ky + HY > Koo (5, 1)Ky = XL1+X1.2
t=1 s=1 t=1 s=1

By the Cauchy-Schwarz inequality, we have:

1T1T 21/21TT 1/2
mw<(2)ZHH' ) (szﬁtwm)

t=1" s=1 =
o) o (e =0 (o)~ ()
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where we use Lemma 1, Assumption 2.B.1 and the fact that 7= S0 27w, (s, )2 = O(1) (see
Lemma 1.(i) in Bai & Ng (2002)). The expected value of X1.2 without ﬁ;n, is bounded by

ngi (s, D1 (1Knel?) " B (1102) " < 0 < Zi?i (s ) ) o(z)

under Assumption 2.B.1 and Assumption 2.A.2. Therefore, we obtain: ||X1|| = O, (C]QZT)

’ﬂ \

By the Cauchy-Schwarz inequality, X2 is bounded by

2\ 1/2 1/2
HX?H < ~ 2 ms [emjsemjt - E(emjsemjt)] T ”KhtH
NenT t=1 NmT s=1 j=1 T t=1
1
=0, | —=
! <¢NmT>
under Assumptions 2.B.1 and 2.G.1.
Next, X3 can be expressed as
T R
X3 = ﬁ Z Z (Kms - H;nKms> Tlm,stK + H/ T2 Z Z Kmsnm stKht X3 1 -+ X3 2.
t=1 s=1 t=1 s=1
Applying the Cauchy-Schwarz inequality to X3.1, we obtain:
Lz 21/21T1T 2\ 1/2
”X31H S (T Z HKms - H;nKms > T Z T ZKhtnm,st
s=1 s=1 t=1
The second term can be expressed as
T T 2\ 1/2 T 2\ 1/2
1 1 1 1
T Z T Z Khtnm,st = T Z N T Z Khthsem]emjt
s=1 t=1 s=1
1 & 1 N\ 1
<= Kons||* || —— K/, 0,m€m; =0, ——
< Sl | 323 (s )

under Assumptions 2.B.1 and 2.G.2. Hence, | X3.1|| = O, (CJTILT) O, (N;Zl/QTfl/z). For X3.2, we

have:

T Nm 1
X3.2 = ZKWS mSN T ZZK tOmjemjt = Op (\/m)

t=1 j=1
by Assumption 2.G.2. Therefore, [|X3|| = O, (N%l/QT*1/2).
Following similar steps, we also obtain: X4 = O, (N;LI/ -1/ 2>. Collecting all these results,
we have: T-12R, Kj, = O, (Cy21).-
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1~ 1 o~ _ 1 -
R K :—Rm<K —KH)+—R
\/T h \/T h hilp \/T

By Lemmas B.1.3.2 and B.1.3.3, it follows that T_1/27/i;nﬁh =0, (CJ?/ZT)

K,H,

5. Consider

\/* ;n = ;1 (TQ ZZKmswm 5,1) €hjt + T2 ZZKmSCm stChjit

t=1 s=1 t=1 s=1

1 T T R 1 T T N
+ ﬁ Z Z Kmsnm,stehjt + ﬁ Z Z Kms,umystehjt>

t=1 s=1 t=1 s=1

where va H = 0,(1) by Lemma B.1.5. Let T-V/2R. ey; = V! (X1 + X2+ X3 + X4).
As X1 is of order O, (C;,iT), the proof is the same as that of X1 in Lemma B.1.3. Next,

T T
1
X2 = T2 Z Z (Kms - H/ ms) Cm st€hjt T HmT2 Z ZKWLSC’HL stChjt = X2.1+ X2.2.
t=1s=1 t=1 s=1

Using the Cauchy-Schwarz inequality, we have:

1/2

) 1/2 . ) 2
) T Z (T Z Cm,stehjt>

s=1 t=1

T
1 N .
1x2.1) < (T ) HKm CH Ko
s=1

Notice that by Assumption 2.A.5,

A
N—

T
1 m
T tzl Cm,stehjt Z \/7 (\/7 kZ CmksCmkt — (emksemkt)]> enjt = Op <

Using Lemma B.1.3.2, we show that

1 1
X211 =0, —— o, —
| | p<\/mCNmT) - p<Nm>

By Assumption 2.G.1,

T T N,
11 Z sz _
XQ 2 == H;,n\/WT (\/W Kms emksemkt E(emksemkt)]> ehjt - Op (M) .

=1 k=1

Combining these two terms, we have X2 = Op(Cg,?nT).

Next, we can write X3 as

T

T T
1
:ﬁzz< mS_H/ ms> nmSteth—'_Hm 2§ :E Kmsnmsteh]t—x31+X32
t=1s=1 =1 s—1
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By the Cauchy-Schwarz inequality, we have:

1/2 T
2 1
)

T
1 ~ ~
s=1

Notice that

T
=1

a N,
1 ]. ]_ 1 m 1
T tzlnm,stehjt = ﬁKmST Z (m k;emkemkt> €njt = Op (\/m)

t

Using Lemma B.1.3.2, we have:
s =0, (

By Assumption 2.F.2, we have:

T Nm

T
~ 1 1
X3.2=H,, <T g KmsKr/m5> N.T g g OinkemkiCh
s=1

t=1 k=1

1 Vo (L
\/NmTCNmT P Nm '

1
=0 (5-)-

Combining these two terms, we obtain X3 = O, (CK,ZT) The proof for X4 is similar to that for

X'3. Finally, we conclude that T*1/27A€;nehj =0, (C&iT)

Proof of Lemma B.1.4.
1. By definition of :I;, we have:

(R-1DK/K, -K/K; ... -K/Kpg
lag_ | ~-K\K; (R-1K)Ky ... ~-KR-Kr
T T :
~KK; ~KiK; ... (R-1KKp

Using (B.1.11) and the definition of R, in Lemma B.1.3.2, we obtain:

1o~ 14 "N~ A
Tq)/q) = TH/(I)/(I)H + A+ Ay + Aj

where

(R—-1DRK:H, —R,K>H,
“ROKH,  (R-1)R,K.H,

~RLK H, ~R K, H,

R KpHp
~R,KpHp

(R—1)RyKrHpg]|

Q.E.D
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and _ A ., A _
(R - 1)R1R1 —RlRQ e _RlRR
. “RyR,  (R-1DR,Rs ... -R,Rp
Az = )
~RLR, ~RR, ... (R-1)RyRp

Using Lemma B.1.3.3 and the fact that H; is Op(1), we have Ay = 1&’2 =0, (C’&%) Furthermore,
by Lemma B.1.3.2, we have :AS;; =0, (C&%)
2. By definition of U and W, we have:

B E s |ikarark - Lew
i=1
Using IAQZ = R, - KZIA{Z + KZ-IAL-, we have:
SKQPQPR, - 76G = 1§ (R - KM KiQi + QUK (K - KF) Q
TR T T T
+ %Qzﬁ;K;Kiﬁfi — %GG’

The first two terms are bounded by O, (C&fT) by Lemmas B.1.3.3 and B.1.3.4. Using Ql =
IfIi—lQiD + 0, (C’;,fT), the last two terms can be expressed as

/ /
o om0, (o) -

Notice that

G'G G'G
BD —
T T

5]

since D and B are orthogonal matrices. Therefore,

1o~ 1 1
— W' — \Il’\IIH =0, | =—
HT T C2M,

By Lemma 2.3 and Assumption 2.B.1, we have: ‘

Lo — LTOUH =0, (C&QT) where U is an rg X rg
orthogonal matrix defined in (B.1.3).

Q.E.D
Proof of Lemma B.1.5.
The proof follows the same lines from Proposition 1 and Lemma A.3 in Bai (2003) and is thus
omitted.

Q.E.D
Proof of Lemma B.1.6.
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Using Ki =Kt — I?IfLKlt + ITIQK#, we can write (B.1.9) as

Gi— (H +B) G, = H' - ZH’(A_) (Rit — FIKq)

~ ~ N\~ . 1
+U(E’"O)*lL’“O’ZRiH;lQ;TOQQD’ (B7) (Ra — HKy) + 0, ( )

Then, we have:

R

T
1 1 1 R
72 [ —(H+B) Gt} Ky =2 T, (Hml) >3 (Kmt - Hmet> K/,
=1 m=1 t=1
—lyr - o —1 b ro! (fy—1 "1 & r> 3/ ’ 1
m=1 t=1 N

By Lemma B.1.3.4, T—! Zle <IA(mt — ﬁ;nKmt) K, =0, (C’;,?nT) Then, the required result fol-
lows.
We can also prove Lemma B.1.6.2 along similar arguments using Lemma B.1.3.4.

Q.E.D
Proof of Lemma B.1.7.
Using the expansions, G = G —G (H+B)+G (H+B) and I, = T, — (H+ B) ' T, + (H+ B) ' I,
the result follows from Theorems 2.4.

Q.E.D
Proof of Lemma B.1.8.
As §ijt = 0p(1), the proof follows directly from Proposition 1 and Lemma A.3 in Bai (2003) with
slight modification.

Q.E.D
Proof of Lemma B.1.9.

1. By construction we have:

~ 1 /~~ -
F, = NT(SZ-S§+F,-A§S’+eZS’+SAF’+FA’AF’+eZAF’+Se + F;Ale) + eje )F‘r
7

where S; = GI — (A}fg Therefore, we have:

Fy — H]F;y =

T T T T
~ 1 A ~ ~ ~ ~ ~
;! NT <Z F;.S; .St + Zl Fi.S| A Fy + Zl FiS] et + Zl Fi.FAjSi, + Z Fzse;_ssi.t>

s=1

T T T
~ 1 ~ 1 ~ 1 ~ 1 S,
! (T § Fiswi(37t> + T E FisCi,st + T § Fisni,st + T E Fis:“’i,st) (B112)
s=1 s=1 s=1
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where ,}E’?: (ALA;/N;) (FiF;/T) ?;1, S, is the N; x 1 vector of S; (the t-th row vector), Mst =
Ni_ngsA;ei,t and py o = Ni_lF;tA;ei,s. wi(s,t) and (; ¢ are defined in Lemma B.1.3.1.
It then follows that:

1 /7~ —\ / 1 4 7 /
= (B = Fud) Fi= 257 (Fi— AP ) Fly =
1 T T
Y N, T2 (Z D FiSLSuF + Y ) FiuSi AT,
1
T N A ~
+ Z Fis Z sez tF,t + Z Z Fst, A, i. tF/t + Z Z FZSe;.sSMF;t)
s=1 t=1 s=1 t=1 s=1 t=1

1 T T T T T T
+ 1 2 ZZ zswz S, t ZZ zsCz stht + ZZ an;k,stF;t
s=1t=1 s=1t=1 :1 =1 . A
+ T2 Z ZFisﬂzstF;t>

s=1t=1

By Lemma B.1.8, we have Y; = Op(1). It is straightforward to show that the second term is of
order O, <C]§2T) using the similar lines in the proof of Lemma B.1.3.3.
We now focus on the first term, which is written as ?;1 (Q1+4 Q2+ 93+ 94+ Q5). By Lemma
B.1.7, 91 =0, (C’&?p) Next, using f‘is = f‘is — f%/’?Fis + f%/’?Fis, we have:
N, T

= NlT Z (f‘zs - t%/’?Fzs) Sz]sA/ <F,—;ZFZ> + ﬁ

j=1s=1

N; T
1 ZZ Z F'F;
r j=1s=1 szZ]S}\, ( } Z>

Notice that F/F;/T = O,(1) under Assumption 2.B.1. Combining Lemmas B.1.6 and B.1.7, Theo-
rems 2.4 and Assumption 2.D, we have: 7! EST 1 FlSSUs =0, (CNT> such that the second term
of the above equation is O, (C’NT). Hence, Q2 = (Cﬂ%). Along similar arguments, it is easily
seen that Q3 to Q5 have stochastic order O, (CNT>
2. The proof is similar to part 1 of Lemma B.1.9 and thus omitted.
3. The result follows from Theorem 2.2 and Lemma B.1.7.

Q.E.D

B.2 Bootstrap Confidence Intervals

In this section, we outline the bootstrap procedure for estimating the confidence intervals for
(H+B) Gy, (H+ IB)_1 Yij ‘)’ijt, %/’?Fit, and A%Fit, respectively. For computational tractabil-
ity, we assume that the error terms are cross-sectionally and serially uncorrelated. If the error
terms are serially correlated or weakly cross-sectionally correlated, the dependent bootstrap can be

adopted (e.g. Shao (2010) and Conley et al. (2023)). The validity of the bootstrap is corroborated
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by simulations whilst the formal proof is beyond the scope of this paper.

We introduce some notations in line with the bootstrap literature. The superscript *(b) denotes
the b-th realisation among B bootstrap repetitions. Let Pr* be the bootstrap probability measure
conditional on the original sample. Though Pr* depends on the sample size (N, T') and the realisation
(b), we omit them for notational simplicity. For a bootstrapped sequence X:L(b) for b=1,..,B, we
denote X = op= (1) if limy, oo Pr* ()Xz(b)‘ > e) = 0p(1) for all € > 0. Furthermore, x4 p it
X;kl(b) weakly converges in distribution to D conditional on the original sample. Bartlett(z) = 1—|x|
if |z| <1 and Bartlett(z) = 0 if |z| > 0 is the Bartlett kernel function, see Andrews (1991). Finally,
let ¢, =10,...,1,...,0]" be an ry x 1 vector such that the z-th element is one and zeros elsewhere
and ¢; , be an r; x 1 vector defined similarly for i =1,..., R.

We provide three algorithms to generate the confidence intervals.

Algorithm 1: Bootstrap the global factors
*(b)

AL

*(b)

Step 1.1 For each i, j and s, construct e = éz’jsf‘?ijs where €55 = Yijs — 'Aylijs — Xisz‘s and

ei? ~ iid N(0,1),i=1,..,R, j=1,.., Ny and s = 1,..., T.
Step 1.2 Re-sample the data by y:j(b) = 'Ayzfj(A}s + X;]f‘w + e:j(s).

Step 1.3 Apply the estimation procedure developed in Section 2.3 to the re-sampled data, and obtain
the bootstrap estimates of global factors, denoted G*®). We then construct the rotation matriz by
H/_]\I*(b) — T‘l(A}’(A}*(b).

Step 1.4 Repeat Steps 1.1-1.83 B times, and construct the empirical distribution function as

~ ~ -1 < ~
Dgz () = %Z 1 (\/N |:L/Z (H*(b)/> G:(b) - Gf] < T) forz=1,...,19
1

B
bh—
where 1 is the indicator function. The 1 — a CI for the z-th (rotated) global factor is given by

\/Nﬁg,t} (5):6i - \;Nﬁg;; (1- 3‘)] (B.2.13)

where ﬁé%(aﬁ) and ﬁé%(l — a/2) are the inverse function of ﬁcf evaluated at a/2 and 1 — /2,

-

respectively.

The consistency and asymptotic normality of the GC'C estimator can be achieved for the re-
sampled data since the validity of Assumptions 2.A—2.G is still maintained in Step 1.1. Hence, for

each b=1,..., B, we have:

-1 < ~ ~
VN {(H*(b)/ + B*U))’) G:(b) _ Gt] _ %I’CE:(b) + 0, (1)
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where H'®) = T-12GE0U® and B = YR\ /1 <@4®i) OEL Fry) with U0
being an orthonormal matrix induced by Lemma 2.3, @)Z = [I‘i, ./AX,],
N, [(6:) N, (©05)
C = di —r [ == oy T [ ZBZE
and ) o
]E;Eb) \/}71 Z 913 el]t)
x(b) 1 *(b)
E:(b) _ Eot _ | V™ Ej:l 923 25t
) P
Eri _\/%R Zj 1 OR; eR(_]t)

Notice that H*®) + B*(®) can be evaluated directly under the bootstrap world. By applying
Theorem 2.4, we have

(G0 @ (1r® 1+ B0)) = R\l/]vE*(b)@I
«(0)]’

where E*(®) — [E”{(b), oo, Ep } . Pre-multiplying the above equation by T1G’ and using the fact
that T'G'G = I,,,, we obtain:

é/é*(b) 1 ~ o~
— (H® + B*®)) = G'E*OC'T = 0,4 (1
(S5 - oemo) -t w0
which implies that (H*(b) +B*(b)) can be consistently estimated by H*® = 771G'G*®). As a
result, we have
= -1~y ~ 1~ * )
VN [(H*(b)’) G _ Gt} = ZICE, ® 4o, (1) 5 N (0 =TT (]D)( ) ) (D’I) (B.2.14)

b)

where ]D)gl)>k is the (conditional) asymptotic covariance matrix of E; ®) Under the assumptions of

Theorem 2.4.1, it follows that

p

sup
zeR

9

prr (VI | (B0) G0 - G| <o) oo (VR [67 - o4 B G <)

suggesting that the confidence interval (B.2.13) has correct coverage rate for ¢/, (H + B)' Gy, namely
the z-th (rotated) global factor.

Algorithm 2: Bootstrap the global factor loadings and global component
Step 2.1 For each m, k and s, let e:EZ)S = émksezgz)s where émks = Ymks — ?;nkés - X;nkf‘ms and

e'® o iid NO,1), m=1,.,R, k=1,.., Ny ands=1,...,T.
Step 2.2 Apply the dependent wild bootstrap by Shao (2010) and re-sample the local factors for
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block i as
z,%(b) Sz z,%(b)
E =F-w. " forz=1,...,r;, s=1,...,T,
z,%(b) . L, . . . .
where w;, is drawn from a zero mean normal distribution independent across i and z with co-
variance,

Cov (wizé*(b)awfd*(b)> Bartlett ( E d> force,d=1,...,T

where 17 is a bandwidth parameter.”

Step 2.3 Re-sample the data for the i-th block as y,, (b) a;kés + X;kF;(b) + e while y*(b) =

iks 7 mks

'7mst + )\mkas + emks for other blocks.

Step 2.4 Apply the procedure developed in Section 2.3 to the re-sampled data, and obtain the boot-
strap estimates of global factors and loadings, denoted G*®) gnd f‘z(b) = T_lY:(b)/a*(b). Construct
the estimated rotation matriz H*®) = T-1G/G*®).

Step 2.5 Repeat Steps 2.1-2./ for B times. Construct the empirical distribution functions

137,2,(7') _ f: 1 (\/T [L;I/P\H*(b)")\/;(b) ’yw] ) forz=1,...,79
and 5
5%].(;,5 (1) = L Z 1 (CNT (’AY;}(b)/a:(b) - ’An{jét) < 7’) :

Then, the 1 — a CI for the z-th (rotated) global factor loading is given by

~ ~ a\ 1 ~
|:7ij TDVU (5) »Yij — ﬁp’y” (1 - 2)] (B.2.15)
where D (a/2) and D (1 — «a/2) are the inverse functions ofD vz, evaluated at a/2 and 1 — /2,

respectwely. The 1 — « C’I for the global component is given by

o
2

(07

) 3,G, — —D! (1—)] (B.2.16)

C NT 3Gt 2

1
|:'Yzj G — CNT Dyszt (

where ﬁ%jGt(aﬂ) and 6;56%(1 — «/2) are the inverse function of ﬁ%jg
1—a/2.

, evaluated at /2 and

For each b =1,..., B, by Theorem 2.4.2 we have:

VT [(H*(b) +153*(b)> ,AY:«J(b) ,Am} \F ZG ( *(b) n e*(b)) + ope (1) p_*> N (0,]D>§j2.)*> '

2The bandwidth parameter can be chosen following the data dependent approach developed by Andrews (1991).
In simulation, we use the R package “cointReg” to perform the bandwidth selection. See https://cran.rstudio.c
om/web/packages/cointReg/index.html.


https://cran.rstudio.com/web/packages/cointReg/index.html
https://cran.rstudio.com/web/packages/cointReg/index.html
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In Step 2.2 we follow the dependent wild bootstrap by Shao (2010), which accounts for times series
dependence of the local factors. This ensures that the covariance matrix of (H*(b) —|—IB%*(b)) ‘)\/:j(b)
matches that of 7;;, i.e. ]D)(Q)* = IHI’]D( JH. Tf we do not resample f‘i, then it is easily seen that
1 b d
~ ~, o~ % * 2)*
TG (R i+ i) + ope Z Guelfl) +0p(1) % N (0,D)7) .

t=1

because G and E are orthogonal. Consequently, the covariance matrix will be incorrect.

Under the assumptions of Theorem 2.4, it follows that

sup
zeR

Pt (VT [B 5" 55 <a) — Pr (VT 75— L B+ B) ] < )| 250
and

g (Ovr [ 610 3,8 ) - e [ ) 21
S

suggesting that the confidence intervals (B.2.15) and (B.2.16) have correct coverage rates for the

2-th (rotated) global factor loading ¢/, (H + IB)_l vi; and ’yZ(jGt, respectively.

Algorithm 3: Bootstrap the local factors and local components
Step 3.1 For each m, k and s, let e:;gz)s = émkssﬁz)s where émis = Ymis — 'Ay;nk(A}S — X;nkf‘ms and
e® o idd NO0,1), m=1,..,R k=1,..,Ny, and s = 1,...,T.

Step 3.2 Apply the dependent wild bootstrap and re-sample the global factors as

ég’*(b) :@E-w?*(b) forz=1,...,r9,s=1,...,T,

where wg s drawn from a zero mean normal distribution independent across z with covariance

Cov (wi’*(b),ws’*(b)> Bartlett ( B > fore,d=1,...,T

where I7 is a bandwidth parameter.
Step 3.3 Re-sample the data as y;krfkl = 'YmkG *® )Jr)\ Fmere (k:) where G ) (é;’*(b), cee éZO’*(b))’.
Step 3.4 Apply the procedure in Section 2.3 to the re-sampled data, and obtain the bootstrap es-
timates, denoted (A}*(b), f‘:(b) = Tle:(b),(A?r*(b), f‘:(b), and K:(b) = Tfl?:(b)lf‘:(b) where ?:(b) =
Y:(b) —C‘.*<b>f§‘(b). Following Gongalves € Perron (2014) we construct the estimated rotation matriz

%‘(b) = diag(£1) where the signs are determined by the signs of the diagonal elements of f:(b)/f‘i.
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Step 3.5 Repeat Steps 3.1-3.4 for B times. Construct the empirical distribution functions as
N 1 & =1 .
Dpz () = B Z 1 <\/ Ni |:ng (%*(b)/> F;(b) — Fﬁ} < T> forz=1,...,r;

and

The 1 — a CI for the z-th (rotated) local factor is given by

[Ft — — Dy} (5) Fi~ 5Dl (1- 2)] (B.2.17)

where 13}% (a/2) and ﬁ}%(l — «/2) are the inverse function of ﬁpn evaluated at a/2 and 1 — a/2,

respectively. The 1 — a CI for the local component is given by

~ ~ 1 ~ a\ ~, ~ 1 ~ o
/ ~1 / -1
[A..Fit — D3, (5) NFu - G D, (1- 2)] (B.2.18)

where ﬁiimt (a/2) and ﬁ;iFlt(l — «a/2) are the inverse function of ﬁ/\QjFit evaluated at /2 and

1—a/2.

Using Theorem 2.5.1, we have

1 . .
VN [(%?“”) Fi Fit] 5 N (0,D)) (B.2.19)
where
1 Qo x ®) e (*0) , a0
4)% . NN * e * %
]D)Ezzﬁ = plim N Z Z Aij Nk (eijt + Sijt ) (eikt + Sigt )
]\717 7]\fR7’T—>OO 7 ]:1 k—1

b)/

with §;}$) being the (t,k) element of §:(b) = (/if‘; = é*(b)f:( From Lemma B.1.8 and the

normalisation Tflf‘;f‘i =1I,,, it can be easily seen that %/’? ® = diag(+1) + op(1). Therefore, we

can replace e%’? ®) by e%/’\{* ®) which is a diagonal matrix with all elements equal to ££1 and the signs
O/

are determined by the signs of the diagonal elements of f‘: i

Under the assumptions of Theorem 2.5, it follows that

p

sup — 0

zeR

Pr* <\/ﬁz [L;,z (%(M)-l f‘:t(b) - ﬁft} < x) —Pr <\/ﬁZ [ﬁ; — L;,z%’?Fit} < m)

and

sup |Pr* (C’NiT [X:J(b)/f‘;(b) — X;jf‘zt} < a;) —Pr (C’NiT [X;jf‘,t — A;jFit} < a:)’ 250
zeR
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suggesting that the confidence intervals (B.2.17) and (B.2.18) have correct coverage rates for the
z-th (rotated) local factor, namely L{L-jze%? F;:, and the local component )\;jFit, for block i.

A simulation is conducted to examine the validity of the hybrid bootstrap procedure. We
use the same DGP as in Section 2.5. We fix R = 3, (r9,7:) = (2,2), (¢g,¢r) = (0.5,0.5), and
(B, ¢e, k) = (0,0,1). The sample size varies as N; € {20, 50,100, 200,300} with Ny = --- = Npg
and T € {50,100,200,300}. We focus on the CIs for the first element of the global and local
factors as well as their loadings since the corresponding second elements have the same statistical
properties. We also investigate the Cls for the global and local components. The bootstrap Cls for
(H+ B) G, (H+B) ', v Gt, JZ’?Fit, and A}, F;; are generated by the by (B.2.13), (B.2.15),
(B.2.16), (B.2.17), and (B.2.18) respectively. The CI for ,%/’;_U\ij is constructed using the estimated
covariance matrix. For comparison, the CIs generated by theoretical (infeasible) variances of are also
reported. All the ClIs are We set the number of bootstrap repetition B = 599 and the significance
level o = 0.05 throughout the study.

Each entry of Table B.1 is the coverage rate calculated as the ratios of Cls that contain the true
values over 1000 repetitions. The top panel of Table B.1 shows that the infeasible Cls for the global
factors and loadings have coverage rates around 0.95 whilst the coverage rates of the bootstrapped
CIs tend to the nominal value as either N; or T increases. Moreover, the infeasible CI for the global
component is always larger than 0.95, whereas the bootstrap CI approach to 0.95 as the sample size
increases. The bottom panel of Table B.1 presents the results for the local factor, factor loading,
and local component. On one hand, the coverage rates of infeasible and bootstrap Cls for the
local factors converge to the nominal value as sample size becomes large. On the other hand, the
coverage rates of infeasible and asymptotic Cls for the local factor loadings exhibit a slower speed
of convergence, but they tend to 0.95 quickly unless T is small. Additionally, the infeasible CI for
the local component converges very slowly, whilst the bootstrap counterpart tends to 0.95 for large

samples. To conclude, the above results confirm the validity of our hybrid bootstrap procedure.
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Table B.1: Coverage rates for the CIs with R = 3, (ro,m:) = (2,2),

(¢G7 ¢F) = (0'57 0'5)7 and (67 (bea ’%) = (07 O, 1)

G Fij ;G
N; T Infeasible  Bootstrap | Infeasible  Bootstrap Infeasible  Bootstrap
20 50  0.942 0.820 0.962 0.909 0.960 0.905
50 50  0.950 0.914 0.945 0.884 0.968 0.909
100 50 0.934 0.911 0.956 0.880 0.971 0.917
200 50 0.927 0.914 0.955 0.895 0.981 0.901
300 50 0.938 0.918 0.963 0.897 0.975 0.909
20 100 0971 0.917 0.928 0.900 0.962 0.908
50 100  0.939 0.918 0.953 0.924 0.983 0.921
100 100 0.951 0.936 0.939 0.906 0.984 0.936
200 100 0.938 0.928 0.942 0.914 0.983 0.925
300 100 0.949 0.945 0.943 0.902 0.984 0.933
20 200 0.955 0.912 0.927 0.907 0.973 0.922
50 200 0.946 0.916 0.940 0.927 0.971 0.946
100 200 0.947 0.930 0.937 0.923 0.981 0.940
200 200 0.953 0.942 0.944 0.933 0.986 0.946
300 200 0.953 0.952 0.955 0.932 0.982 0.931
20 300 0.959 0.902 0.934 0.928 0.961 0.911
50 300 0.944 0.918 0.932 0.923 0.976 0.938
100 300 0.953 0.941 0.957 0.941 0.974 0.936
200 300 0.945 0.943 0.948 0.938 0.980 0.931
300 300 0.953 0.948 0.941 0.925 0.983 0.935
Fit Aij A Fi
N; T Infeasible  Bootstrap | Infeasible = Asymptotic | Infeasible Bootstrap
20 50  0.910 0.893 0.839 0.745 0.895 0.895
50 50  0.928 0.924 0.920 0.865 0.904 0.908
100 50  0.930 0.920 0.954 0.889 0.880 0.909
200 50  0.926 0.924 0.958 0.890 0.858 0.908
300 50 0918 0.905 0.952 0.893 0.834 0.893
20 100  0.938 0.886 0.786 0.751 0.877 0.903
50 100  0.926 0.918 0.904 0.853 0.901 0.927
100 100 0.944 0.929 0.945 0.901 0.875 0.916
200 100  0.949 0.944 0.945 0.902 0.843 0.916
300 100 0.953 0.945 0.962 0.914 0.840 0.922
20 200 0.930 0.873 0.780 0.762 0.867 0.902
50 200 0.945 0.929 0.897 0.881 0.871 0.924
100 200 0.947 0.930 0.921 0.906 0.890 0.929
200 200 0.954 0.934 0.949 0.924 0.877 0.937
300 200 0.948 0.928 0.953 0.931 0.882 0.935
20 300 0.933 0.868 0.721 0.693 0.837 0.892
50 300 0.947 0.919 0.879 0.865 0.880 0.932
100 300 0.944 0.932 0.929 0.917 0.881 0.940
200 300 0.969 0.941 0.938 0.924 0.887 0.933
300 300 0.950 0.931 0.949 0.934 0.872 0.946

Each entry shows the coverage rate calculated as the ratios of Cls that contains the true
factors or loadings over 1000 repetitions. We set the bootstrap repetition as B = 599. The
infeasible Cls are generated by the theoretical asymptotic distributions in Theorem 2.4 or
2.5, and the bootstrap Cls for (H + B)' G, (H+ B)~! Yij 'yl{jGt, (@Fit, and )\;jFit are
generated by the by (B.2.13), (B.2.15), (B.2.16), (B.2.17), and (B.2.18) respectively. The CI
forj%;flkij is generated by the estimated covariance matrix. We report the Cls evaluated at
t=T/2and i =1, j = N;/2 respectively. 7o and r; are the true number of global factors and
true number of local factors in group i. Weset r1 =--- =rg and N1 = --- = Ni where N; is
the number of individuals in block i. T' is the number of time periods. ¢g and ¢ are the AR

coefficients for the global and local factors. 8, ¢ and x control the cross-section correlation,

serial correlation and noise-to-signal ratio.
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Appendix to Chapter 3

C.1 Lemmas and Proofs

In Section C.1.1, we establish some useful auxiliary lemmas. Based on these lemmas, Section C.1.2
presents the proofs of the main theoretical results in Section 3.3. Finally, the proofs of the auxiliary
lemmas are provided in Section C.1.3. We use the following facts throughout: T—![X;|* =
T 1Xiiel? = O,(1) due to Assumption 3.A. Therefore, (N;T) ™" ||X;5]|* = Op(1). We also
have T~ |K;|| = O,(1) by Assumption 3.B.1 and T~1/2 HKZ
TKK; =Ly i

= O,(1) due to the normalisation

C.1.1 Auxiliary lemmas

Lemma C.1.1. Under Assumptions 3.A-3.F, we have:

R N;
1 S,
sup e X"MICie“ -0 (1)
Ki,..,KreKE NT ;; ] iJ D

1 R N;
/
sup — e;;Pi,eij|| = op(1)
IC1,.. . KReKR NT;]; ?

where K = {K|T'K'K =L, }.

Lemma C.1.2. Let ICL = (@0,/N;) (K;I/iz/T) {\7;1. Under Assumptions 3.A-3.E, for all i, ﬁz
is an (rg + ;) X (ro + ;) invertible matriz, {\/'Z LV, where V; is a (ro + 1) X (ro + ;) diagonal

matriz consisting of the eigenvalues of 3k, 3e, which are defined in Assumption 3.B, and

“ou([B-al) 00 (o)

178

1 [~ N
— ||IK; — K;H;
vl
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Lemma C.1.3. Under Assumptions 3.A-3.E, for all i and j, we have

1.

3.

/.

d.

T-'K! (Kz — Kzﬁz> =0, (HB\ - ﬁH) +Op (CJ?/?T)
T_lﬁ; (Kz — Kzﬁl) =0, (HB - ﬂ”) +0p (OJ:T?T)

1o, (& i) 0, ([3-8]) 0 c5).
o X (R xit) <o, (58] 0, (c54)
1, (&) <0, ([3-8]) 0 e5%).

B-8
A S (R ) =170, (3-8 v0, (J5-8]0s (3)

(TN 0 (K - K ) ey = (T ) 0y (|3~ 8]) + 0, (N7 +0, (C3%).

(NiT)_l Zjvzl (ngKi/T) (KK;/T) (Riﬁi_l N Kl) eij = N; ? Zj=1 ZK:I (ngKi/T) X
(K/Ki/T) (©]0;/N;)"" 6;; (T_l S eijteikt) +(NT71) O (HB - ,BH) +Ni71/20p (CRT?T) :

(N/T) 2300, ST X Mg (eqely, — Q) KillLify; = O, (T7IN;') + (NiT) 2 x
[Op (,@—5) + O, (C >}+N_1/2 <H,(§—ﬁ\|2>+]\7i_1/20 (C;,T) where Qi = E (e;1€},)
and T1; = (K'ﬁ /T) (©/0,/N;) .

10. Bl = (KK:/T) " +0, (18- 81) + 0, (Ci%).

11, P[AQ—PK.szO (\|E—ﬂ||)+0 (c3%).

2 6B = 0, ([5-o]) + 0, (c5%)
0005 )

14. ©.6,/N; — H;1 (©0,/N,) /! = 0, (HB BH)+0 (cv%).

15 (6 é/N) ', (00N, =0, (|3~ 8||) + 0, (o).
] - (5] o)

e 0 0, (J5-) +0 ().

Lemma C.1.4. Under Assumptions 3.A-3.E, if T/NZ-2 — 0, then

R N;

N;
VNT (B-8)=D (Ky,..., Kr)  —— (XQMA_—l a; -XfiMA) eij
( ) (1 R) \/WZZ JV K Nz; kj ik ViR, J

i=1 j=1
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R
N;
i+ op(1
z; \/ﬁCl p( )
where a; ji, = ng (©.0;/N;) ;1. and
N -1 1 & ) 1 Y s
¢ =-D (KlKR) N7 2 XM, |5 20 (enely) | Killifh; = 0,(1)
7j=1 k=1

. -1
with TI; = (K;KZ-/T> (©0,/N;)"
Lemma C.1.5. Under Assumptions 3.A-3.E, we have

1 i 1
DI GRS JRFE A I
i=1 j=1 " k=1
| BN
SFLTD 9 9] CEVISRS IRV S
i=1 j=1 k=1
R N; N; !/
N; VNT 1 (Xi; — W) K
+Z; VN N, ﬁz 2 IL;0;; Zemtezkt
1= J]= =

_.I_
2
Q
@)
|
=
~——
_.I_
3
S
7 N
2%
3
\_/
O
>
E
&
\_/
Q
r—l
|,_|

where W;; = Ni_1 Ziv;l a; jx Xk and therefore, vV NT (B\ — ,8) i Lemma C.1.4 can be expressed as

R N; N;
i=1 j=1 Ni k=1
& N; BN,
2;:\/F\/iI’Ci%_géglV/jV'\/;i;gi*_op(l) (C.1.2)

where
~ ~ -1 1 N Ni /
§=-D (Kl’ T ’KR> N, H iOik < Z el]telk‘t> = p(l)'
vj=1k=1

Lemma C.1.6. Under Assumptions 3.A-3.F, we have

~

~ —1
1. D(Kl,...,KR> ~“D(Ky,...,.Kp) " = o,(1).
2. JT/N [D (f(l,...,f(R)_l —D(Kl,...,KR)l} = 0,(1) if T/N? — 0.

3. /NJT [D (f{l,...,RR>_1 - D(Kl,...,KR)_l} = 0,(1) if N/T? = 0.
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Nz Ni / T
11 X W) K
B; = -D(Ky,...,Kg) ! N E E Xy T 1) “IP;0;, (T E :0170’@)7(#))
b =1 k=1 t=1

5. For each i, it holds that \/N;/T ({; — C;) = op(1) if N;/T? where

KiIPiOij.

N; N;
R 1 O

(Di =-D (Kl, A ,KR) ! ﬁ ZX;JMKZ [N ZE (eike;’k)
Lt ' k=1

Lemma C.1.7. Under Assumptions 3.A-3.E and E(emjienkt) = 0(mn),jk) for all m, h, j, k, and
t, if T/N? = 0 and N/T? — 0, then for each block i we have:

1. /T/N; (ng - IBZ-) = 0p(1) where

—~ I ~
) ) Crd ] (xy ww) K| (66,) -
B; =D (Kl, . ) N N, Oii (jr)
Jj=1k=1
and &i,(jlc) = T—légjéik with €;; = Y — ,@ IA( Azj and € = Y, — szﬁ - Kzézk

2. \/N;/T (@Z - (DZ-) = 0p(1) where

N ~ o~ —1
. . -1 1 .~ (@O, -
T, =-D <K1KR) ZX;]-MI?ZSZ-KZ.< i ) 0;;

with S; being the estimator of S; whose (t, s)-th element is §i7(ts) = N[1 Zg;l EiktCiks-

Lemma C.1.8. Suppose A and A +E are n x n symmetric matrices and that Q = [Q1, Qz], where
Q1 has size n X r and Qg has size n X (n — 1), is an orthogonal matriz such that span (Q1) is an
invariant subspace for A. that is, A x span (Q1) C span (A). Partition the matrices Q' AQ and

Q'EQ as follows:
Eun Ej

D; O
QAQ — and QEQ =
0 D, Eix Eo

If sep (D1, D2) = minyex(p,) uerDs) [A — 1| > 0, where A (M) denotes the set of eigenvalues of the
matriz M, and |E||2 < sep (D1,Dz2) /5 where ||.||2 is the spectral norm of a matriz, then there exists

a matriz P € RM7)%T with

4
Plo< ———||E
[Pz < Sep(D17D2)|| 12(l2

such that the columns of Q1 =(Q1+Q2P)(I+ P'P)_1/2 define an orthonormal basis for a subspace
that is invariant for A + E.
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Lemma C.1.9. Let (B,f{l, - .,I~(R) be the estimators from minimising (3.5.8). For each i, let
v; be the k-th largest eigenvalue of (K/K;/T) (©,0;/N;) and v; ) be the k-th largest eigenvalue of
f?i defined in (3.3.11). Under Assumption 3.A-3.D, as Ni,...,Ng,T — oo, we have
)
2. For each i, |0 — vig| = Op (HB— 5”) + C’;;Z_IT fork=1,...,d;.

~ 2
3. For each i, |0; | = O, <Hﬁ — ,BH ) + C&?T fork=d;+1,... dnax-

C.1.2 Proofs of the main results

Proof of Lemma 3.1.
Consider the difference of the objective functions:

R N;

1 1 1
NTQ(b,’Cl,---JCR)—NTQ(/&KL---,KR)—M;;(ﬂ b)' XM, X;; (8 —b)
i=1 j=

229/ KM Kifj + <7 ZZ%M,C eij + 2o ZZ B —b) X\, My, K;0;;

i=1j=1 i=1 j=1 i=1 j=1
'x / / /

By Lemma C.1.1, the fifth and sixth terms are o,(1). We also have

R N; R N;
I 35 DAVSINIE 35 SEAURUEI 3 BTTRIE 3p prrp 0

=1 j—l i=1 j=1 i=1 j=1 i=1 j=1
R Ni R Nz‘
P ! [P
S et Y e Py = 1 D e Pt DY e Prey — o)
i=1 j=1 =1 j=1 =1 j=1 =1 j=1

by Lemma C.1.1. We thus obtain

7

N
1 1 1
NFQ K KR) = QB K, Kr) = om0 D (8- b) XM X5 (8- b)

i=1 j=1
R N;
ZZO’ K’M,C.K(J--Jri > (B =b) X} Mg, Kibj; + 0p(1)
- - i) NT — - i) p
=1 j= =1 j=

Since the terms on the RHS are all scalars, we can write them as

1 1
WQ(b,KZl,...,ICR) — —Q(,B,Kl,...,KR)
R

=(B-b) (NTZA“> (B - b+—Zm oM +2 (8 —b) (;TZAi,E;)ni—I—op(l).

=1
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where 1; = vee {Mc,Ki}, Aix = 37 XMy, Xij, Aip = (0/0;) ® I, and Aiz = 37, 0 ®

X;jM;Ci. Completing the squares, we obtain

1 1
72K KR) - 75Q(8,Kis - Kp)

Z‘r—t
~

i (Am — «413-41_21»4;3)] (B—Db)
=1
lej[ (B A AT Ay [+ ATLAL (B b)) + 0, (1)

Let

R
Q(b,K1,...,Kg) = (3—Db) [Z (-Am - AlsAl_zl.A;g)] (B—b)

=1
R
0 [+ (B b) Aig A3 A [mi+ A AL (B b))
=1
Using the fact that
R
D (Ky,...,Kg) = NlT Z (A 1— Ai,gAgzlA;,:),)

=1

is positive definite by Assumption 3.A and A, » is positive definite by Assumption 3.B.2, we have
é(ba’Clw"aKR) >0

and it attains its minimum uniquely at (8, K1H;,..., KgHpg) where H; is any invertible matrix.

Since
1 1 1 ~
ﬁQ(b7’C17"'7’CR) - Wg(ﬂaKlv"wKR) = ﬁg(b7’(:la°"7’CR)+op(]—)a

and (,@, Rl, e ,IA{R> is the minimiser of Q (b, K1, ..., KCR), it must hold that

1 ~ ~ 1 1 ~/5 5 -
— .. - — . = — .. <
NTQ(ﬂaKla 7KR) NTQ(BaKla 7KR) NTQ</37K1a aKR> +Op(1) <0
Let m; = Mf(lﬁl If either HB—BH > M > 0 or Zf;l M.A;2m; > M > 0 holds, we will have
(NT)_IQ (B,Kl, e ,KR> = Op(1), which leads to the RHS of the above equation larger than

zero, resulting in a contradiction. Therefore, we have

KM K; /0,
K } = 0p(1).

N BN 4
88 = op(1) an ZN%{ AL
i=1 ¢
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Since Ni_l(-)g@i is positive definite for each i, it follows that
2 2 K'Py K;
HP& S tr{(PfQ - PKZ.) } = 2tr {I,ﬂom T} = 0,(1).
Finally, we have
KM; K. KK KK (KK
K .
‘ = %Z— ZTZ %Z = 0p(1) for each i.

T
Due to Assumption 3.B.1, T_lK;Ki is invertible, so T_lK;I/ii is also invertible.
Q.E.D

Proof of Lemma 3.2. The proof follows from (C.1.2) in Lamma C.1.5. The first term is O,(1)
implied by Lemma C.1.1. The second and third terms are O,(1) because N;/N, N;/T, and T'/N;
Q.E.D

are O(1) by our assumption for each i.

Proof of Theorem 3.1. Combining Lemma C.1.5, Lemma C.1.6, and Assumption 3.F, the asymp-

totic normality of vV NT (B — [3) holds.
Q.E.D

Proof of Theorem 3.2. The asymptotic distribution can be achieved by combining (C.1.2),

Lemma C.1.7, and Assumption 3.F. The consistency of ]]30 and ]]31,C follow from Proposition 2 in
Q.E.D

Bai (2009) with minor changes so the details are omitted.

Proof of Proposition 3.1.
The result for k = 1,...,dnax — 1 follows from Lemma C.1.9. We note that, using Lemma 1, the
sum of the eigenvalues is
s S 0,(1) + Cﬁf > (% "0, (.
! g o AN "\Cwir )

k‘:di-i-l

Y Bie=0p()+ > =
/=1
Recall that v;9 = Zf:NiT 0; ¢/ log (C]%/iT)' We consider two cases, d; > 0 and d; = 0. When d; > 0,
0;,0/0in1 = 0p(1), which does not affect the selection of d;. When d; = 0, we have
c?. _ _
Sl S (VN2 0, (CRy) S (NN 0, (CRY)
_ = — 00,
Vil log (Cjz\fiT) Zf{;l (Ni/N)Q Op (C];}T) log (CjzviT> Zf:l (Ni/N)2 Op (CN3T>

Vio

Q.E.D

which completes the proof.

Proof of Proposition 3.2 and 3.3.
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From Lemma 3.2 and C.1.2, we deduce that 7-1/2 ‘ K, —

=0, (C’;,}T> since the slope
parameters are v/ NT-consistent. Therefore, Lemma 1 of Lin & Shin (2022) is satisfied and the

results follow from their Theorem 1-2 without any changes.

Q.E.D

C.1.3 Proofs of the auxiliary lemmas

Proof of Lemma C.1.1.

We show the first equation of the above lemma. Using My, = Ir — T _1ICiIC§, the first equation

becomes
R N; R N; R N;i ~r/
1 d / 1 d ’ 1 ZXz‘j,Ci]C/-eZ'j
sup ~T XiiMieij|| < || Xiiejjll+  sup — W

We consider the first term of the RHS of the above equation

1 R N; 2 R N N; T 2
N7 2 2 Xiei|| = |12 v 2 2 Xaen
i=1 j=1 i j=1 t=1

N; N;

=1
N, T B o[ T T

Z Z teigt|| =Y WZ NoT2 > X Xikseijieins
=1 t=1 i=1 i

j=1k=1t=1 s=1

R
N;
=2 N|N

where the inequality follows from the Cauchy-Schwarz inequality. Taking the expectation, we obtain

R N 1 N, N; T T
E Zﬁz N2T2 ZZZX;thikseijteiks
i=1 i j=1k=1t=1 s=1
R N 1 N; N, T T R N,
2N | 2212\/E(|!Xijt\\4)\/ (Iakell*) 7. =2 N0 ( )
i=1 j=1k=1t=1 s= i1

where the inequality is due to Cauchy-Schwarz inequality and the equality is a result of Assumptions

3.A, 3.C.2, 3.D, and 3.E. Therefore, we obtain

RN, 1
NTZZX e =3/ Mo, (m) — o,(1).

=1 j=1 =1

Next, we consider the second term using Cauchy-Schwarz inequality:

1/2 1/2
N; / R N; 2 N; 2
1 - X@J’Cz IC;eij Nz 1 - 1 / 1 d /
N2 | SXw N D |7k N D || ke
i=1 j=1 i=1 j=1 j=1

2
Obviously, N; ' Y- HT XK

= Op(1) and therefore, it suffices to show that the last term is
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small. We then have

1 1 2 1 Y & g 1
2 [FKen | = DI D K| =75 DD KiKisgs D eieeiss
ti=1 ti=1 t=1 t=1 s=1 ti=1
J J J
1 T T 1 N; 1 N;
=732 ’Cét’cz’sﬁ (esgeeiss = 04, (1s)) T Z Z Kirkis 37 Z T (53, (ts)
t=1 s=1 ti=1 t=1 s=1 N; j=1

Applying Cauchy-Schwarz inequality to the first term, we obtain

N;
T2 Z Z Kk Z (eigeeijs = 04 jj),(ts))
] 1

t=1 s=1
L I L I 1/2 L I, M o\ 1/2
- (TZHK“HZTZHIQS’Q) ﬁzz ﬁz €ijtCijs — 04,(j5), (tS))
t=1 s=1 t=1s=1|"" j=1
1 T 1 T 1/2 1 T T . N; o\ 1/2 )
=72 IKal = > Iksl® ) | = Cist€ijs — i
(rrr i) (ZEX |-l | 7

The first part of the above expression is simply O,(1) and the second part is also Op(1) by Assump-
tion 3.C.3.

Moreover, since ’Ni_l Zjvzll Ti(jj)(ts)| < Tij(ts) DY Assumption 3.C.2, we have

1 T T 1 N;
ﬁzzlcgtlclsﬁz ,(59),(ts) T2 ZZIC st

t=1 s=1 t=1 s=1
1 T T 1/2 1 T T 1/2 1
2
f%p;;MW$><WZZ%Q ~omxo(L),

where the second inequality is a result of Cauchy-Schwarz inequality. Consequently, we have

L X/K’Cezj

ij B
Ko KR NT ; ; = 0op(1).
Combining these results, it can be concluded that
sup 1%%){(.1\/{ e Z < >:0(1)
Ky, jcpekr | NT — = 1= R N 1/2 p(L)-

The rest parts of the lemma can be proved in a similar fashion and hence are not shown.
Q.E.D
Proof of Lemma C.1.2.
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By plugging Yij = X”,B + Kzew + €45 in (327), we obtain

Rv - (92) (KK) LS X, (5-8) (5-B) XK
j=1

2

i N; N;

1 : o -5 1 o~ = 1 ~ ~
N7 3 X ([3 - ﬂ) 0,KIK: + 5 S K6, (5 _ ﬁ) X,Ki+ 57 3 X (ﬂ - ) e
j=1 7=1 7=1
1 Qi Y 1 1 1
-+ N.T €;j (ﬁ — B) X;] i N T Z K, Hlje K + NZT eUH;]K;Kl —+ NZT eije;jKi
=1 j=1 j=1
=Ji1 +Jig

It then follows that

~ -1 ~ -1
kv (KK (90 KK\ (00"
o <T> (50) ‘K"‘m’l*”'“”’g)( T ) )

KK\ o K/K;\ (0.0, ( KIK; Lo
(5] () (30 () s en

The first term ;1 is bounded by

and

\%\m,lugj\l[i;é( X5l ) ’6 ﬁH H\F (Hﬁ ﬁH>_0p <Hﬁ ﬁ”)

The same argument applies for the terms from J; 2 to J;5 and each of these has stochastic order
Op (H,@ — ,@H) The last three terms are the same as those in Theorem 1 of Bai & Ng (2002) and
each of these is Op(C';,}T).

Therefore, we deduce that

()7 (F) (32 (577 =0

This implies that (K;IA{Z /T) are the non-normalised eigenvectors of (K/K;/T) (©,0;/N;) in the

limit. Therefore, we conclude that {71 LN V;. Furthermore, combining the stochastic orders for
Fit,---, Fig, we also have

1

T

~

% 1

~ou(3-#l) +0u (L)

Q.E.D

Proof of Lemma C.1.3.

Since the equations in this lemma are with respect to each block ¢ and do not involve summation
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across blocks, the proof follows directly from Bai (2009). Lemmas C.1.3.1-C.1.3.9 correspond to
their Lemmas A.3-A.5. Lemma C.1.3.10-C.1.3.11 correspond to their Lemmas A.6-A.7. The rest

of the statements correspond to their Lemma A.10. We omit the details thereby.

Q.E.D
Proof of Lemma C.1.4.
From (3.2.6), we obtain
1 R N;
S XM X, | (B B) — o S XM K, + DS X M,
1131 21]1 i=1 j=1
(C.1.3)

Using M K; = Mz (K IA{ ﬁ ) and Lemma C.1.2, the first term of the RHS of the above

equation can be expressed as

ZZX’ My K0;; = NTZZX (JTig+ -+ Tig) iy
=1 j=1 i=1 j=1
R ; R
Ni 1 : ; N
:;NNiT;X”MK' (Jia + - + Tis) TLO ZW Sint+ Sis)

Each of #;1,..., Zis is the same as the corresponding terms in Proposition A.2 of Bai (2009), so
they have the same stochastic orders except that N is replaced by N;. Given Lemma C.1.3.1-C.1.3.9,

following the same argument of Proposition A.2 in Bai (2009), we have

R N,
T Z ZX’ M K 91] = Z % f@z + /@7 T2 Z ’L]MA ﬁ Z elkelk)] K;II; Bz]
=1 k=

s (19-0)+01 () e (k)

Plugging the above equation in (C.1.3) and using the fact that

fon1 QG "N
i % > >
Z NNZT X;]MI?ZXU - Z N/Z,Q =D (K1> 7KR) )
i=1 j=1 i=1
we obtain
1 R N; 1 N;
[D (Kl, o ,KR) n op(l)] VNT (ﬂ ﬂ) ——¥ — =X Mg | ey
NT i=1 j=1 Ni k=1 '
_ZR: N; +iNZ\/T <\/Ni)+ NT, (1
pt \/ﬁ ~ VN VNT VN PA\Ci. )|

Since N;/N = O(1) for each i by Assumption 3.E, if T/N? — 0 for each i, the last term is simply
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. -1
op(1). It is shown by Lemma A.6 of Bai (2009) that {; = Op(1). Pre-multiplying D (Kl, ce KR>

on both sides of the above equation yields the expression in Lemma C.1.4.

Q.E.D
Proof of Lemma C.1.5.
Consider
1 BN / R N, 1 N; /
Ve Z;;XJ (M, — Mg ) ey = S\ ¥ T Z;XU (M, — Mg ) ey

N; N, N; / T
1 ( JNT 1 XzK 1
g MK.—MA>eZ--:— § § 0 | = > cijecin
- (3] i K; J i ? gt
VNT & N, N, T 2~

10, (j3-) v sl + V70 ).

Obviously, replacing X;; with W;; in the RHS of the above equation does not change the stochastic

orders, so we also have

N; N; N; /
1 . NT 1 -~ W, K;
ZW;.(MK.—MA>e~:— o Z Y H9k< Ze tekt>
/N . J i K; ) . ] 7 15tC1
NiT j=1 Ni Ni j=1k=1 r

+v7o,([5-s[") + 0, (|5~ 8]) + v7o, (c)

Combining these results gives (C.1.1), which can be plugged into the expression given in Lemma
C.1.4, then (C.1.2) of Lemma C.1.5 follows.
Q.E.D
Proof of Lemma C.1.6.
The proof of statements 1-3 is identical to Lemma A.9(i)—(iii) in Bai (2009). Since statements
4 and 5 are with respect to each block ¢ and do not involve summation across blocks, their proof
follow from Lemma A.9(iv)—(v) without any changes.
Q.E.D
Proof of Lemma C.1.7. Again, since these results do not involve summation across 4, they can
be shown in the same fashion as in Lemmas A.11 and A.12 of Bai (2009) using Lemmas C.1.3.10—
C.1.3.17 above.
Q.E.D
Lemma C.1.8 is a useful result from Theorem 8.1.10 of Golub & Van Loan (2013) so we omit

the proof. In what follows, we use a similar strategy as in Lam et al. (2011) to show the consistency
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of afz for each 1.
Proof of Lemma C.1.9.
The asymptotic results of Lemma C.1.1, C.1.2, and 3.1 are unchanged by replacing M ’s with

M=

7. 's for all 4, except that now (KQIN{Z / T) is non-invertible. Consequently, from the establishment

of Lemma C.1.1, the first part of this lemma follows.
For convenience, we use A(®?) to denote the matrix containing from a to b-th columns of a

matrix A and A stands for the a-th column vector of A. From Lemma C.1.2, we have

Lid;) Kiﬁ(lidi) =0, (HB — ,3H> +0, (C;T>

7

&
K
vT I
where ITIZ = (@;G)Z/NZ) (K;Rl/T) \71—1
Let ¥; = T7'K; (©.0;/N;) K.. By the development of Lemma C.1.2, it is straightforward that

[5:-=] =0 (8- 8l) + 00 (o)

and

(7w (59) (5 (<5 =l sl +ou i)

By continuity of the eigenvalues, the first equation suggests that the non-zero eigenvalues of 3
converges to the non-zero eigenvalues of X;. Notice that (K/K;/T) (©,0;/N;) has the same eigen-
values as 3;, so the second equation implies the convergence rate of the first d; largest eigenvalues
of iz This completes the proof of the second statement.

For each i, let Ki- be a T' x (T — d;) matrix such that

1 /
T [KszKsz] [KZL,Ksz} =1Ir

where H; = (K/K;/ T)_l/ 2. The existence of such K;- can be easily verified since K;H; is full rank.
Moreover, because H; is non-zero, the above equation implies that Kl-l’ K; = 0. We apply Lemma

C.1.8 by replacing Q1, Q2, A, and E with T_I/QKiL, T-12K;H;, 3;, and f)z — 3;. Then, it is
straightforward that Q'AQ in Lemma C.1.8 becomes

] o (%9) L
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so Dj in Lemma C.1.8 becomes 0 and, D5 is now the lower block-diagonal element of the above
matrix, which has the same eigenvalues as 3;. Additionally, we also have an orthonormal basis for

a subspace that is invariant of fll such that

~ 1 -
KIJ- - ﬁ (Kf‘ + K1H1Pl) (IT—di + P;Pi)

By Lemma C.1.8, we have

1/2

P[] < di x [|Pgll2 <

Gl
Sep(O X))

< Op( )

on(|8-al) + 0 ()

where the first and last inequality follows from the property of the spectral norm. Moreover, we

have

~ 1 1
K- —K ziH
|- 7ot - 72

1
Vi HKzL [IT—d,- — (Ip—q, + P;Pi)l/Z] (Ir_q, + PiP;) 1/2H + HP Ir_q, + PiP;) WH

< 0p(1) [Tr-4, = (r—o, + PP)) | + 0,1 IPi| = 0, (|8~ 8] ) + 0, (CNT>

where the inequalities follow from the Cauchy-Schwarz inequality. Finally, we can obtain 9; 4,4¢ by

Bia,ee = Ky OBK

HK ——KL

Iml=o0 <HB 5”)” (C?VT>

where the inequality follows from Cauchy-Schwarz inequality and the fact that the other summands

r-L(£) 1
+ ||K: ——KZ-
H - T

are simply zeros by construction. This completes the proof of the third statement.

Q.E.D

C.2 Extension to the Heterogeneous Coefficient Model

In this section, we extend the model (3.2.1) to a heterogeneous coefficient model. The model and
estimators are presented in Section C.2.1. Sections C.2.2-C.2.4 provide the mains asymptotic results
for the estimators. Section C.2.5 outlines the auxiliary lemmas that are useful for the proofs of the

main results in Section C.2.6. The proofs of the auxiliary lemmas can be found in Section C.2.7.
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C.2.1 The model
The heterogeneous coefficient model is specified as follows:

Yijt = ngtﬁij + Uijt, 1= 1,..,.R,j=1,...N;, t=1,...T
(C.2.4)
uije = vi;Ge + X Fit + et
!/
where 3;; = [ ilj, cee ﬁfj] is now individually specific while the other model setups remain the same
as in (3.2.1). Let {bw}le1 gz be the set of slope coefficients for all the individuals. The above
heterogeneous coefficient model extends the ones considered by Pesaran (2006), Song (2013), and

Li et al. (2020) among others.

We define the objective function as:

N.
S ({bij}ill,’ff.’,’gi \C PR KR) =Y > (Yij — Xijby) My, (Yij — Xijbij) (C.2.5)
i=1 j=1

N

where IC; is a T x d; matrix for all . The estimators are given by

~1 YI=L Ny o ~ . i=1,....N;
<{'8;rj}z'—1 n ,KJ{, .. ,KJILL) = argmin S ({bij}izf,’,,,,’g JIC, ... ,ICR)

,,,,,

where DT = RP x - - x R? x KF and K = {K|T7'K'K =1, }. The above objective function implies

that the solutions are the following

~ -1
ﬂjj = (X;jMf(TXij) XM+ Yy for each i and j (C.2.6)
N;
RIvVi= [ Y - X8 (Y — %8 ) | KT 6 .
ie T I NT ( ig ij:@z‘j)( ij — z‘jﬁij) ; for each i (C.2.7)
2 ]:1

where {[j is a diagonal matrix consisting of the d; = ro + r; largest eigenvalues of the term in
the square bracket of the above term. Similar to the homogeneous model in (3.2.1), the estimates

S \I=L i S S . . .
{Bij}. ) and (K1> . ,KR) are obtained iteratively.
i=1,...,

C.2.2 Consistency and asymptotic distribution

To ensure consistency of the slope coefficients and factor estimates, we make the following assump-

tion for identification similar to Assumption 3.A:

Assumption C.A.
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1. For alli, j, and t , we have E (|\Xijt||4) < M. Furthermore, for all i and j, we have

1 1
Jnf = X3 M Xi; > 0 and X3 M X 25 Q4 > 0.

2. For all i, we have:

inf D; (/CZ) >0
KieK

where
N;

D; (K;) = ]\1@ Z (-Aij,l - Aij73"4z‘_j,12*’4;j,3)

7j=1
with Ajj1 = Tﬁlxng;CiXZ‘j, Aijo = <0ij0£j> & TﬁllT, and A;j3 = Oéj ® (TﬁlX;;jMICJ-

Assumption C.A.1 resembles Assumption 5 of Pesaran (2006), which guarantees the identifi-
cation of each 3;;. Assumption C.A.1 rules out time-invariant regressors and the case that X;; is
perfectly collinear with the true factors K;. Assumption C.A.2 extends Assumption 3.A and ensures
the consistency of Bij’s and K;’s. Similar assumptions can be found in Song (2013) and Ando & Bai
(2014). It is shown by Lemma C.2.1 that the consistent estimation of 3;;’s and K;’s for all 4 and j
does not require separate identification of G and F;’s. Therefore, minimising (C.2.5) is equivalent

A~

to implementing I PC' in Song (2013) block by block. To derive the asymptotic distribution of ,BZT i

we make the following assumption:

Assumption C.B. For each i and j, we have

1.

AR

N2T DD XM, E (einely) Mk, Xie = 0p(1).

g k=1 /(=1

2.
1 / d
ﬁxijMKieij — N (0, D)
where

o1
]Dij = phm TX’/LJMKZE (eijegj) MKiXij
s a non-random positive definite matriz.

Assumption C.B.1 follows from Assumption G of Ando & Bai (2014) which restricts the cross-

section correlation. It is less restrictive than the cross-section independence assumed in Song (2013)
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as it still allows weak cross-section and serial correlation among the error terms. Assumption C.B.2
is the central limit theorem for deriving the asymptotic distribution of @Lj’s.

The asymptotic normality is summarised in the following theorem:

Theorem C.2.1. Under Assumptions 3.B-3.F and C.A-C.B, as N1,...,Ngr,T — oo, and T/Ni2 —
0 for all i, it follows that

VT (B - 8) - N (0,9, Dy

where
X! j Mg, X,j

1
Qij = plim and IDij = plim TX;/]MKZE (ez'je;j) MKiXij-

C.2.3 Determining the numbers of factors

So far, we have assumed that the number of factors d;’s are know. Lemma C.2.1 together with (C.2.7)
offers a consistent model selection alternative to the information criterion proposed by Ando & Bai
(2014). Following Section 3.3.2, we set a finite integer that is common to all blocks, dpax, such
that dpax < max;{d;}. The initial estimates Bj j’s can be obtained consistently via minimising the

objective function defined as follows:

N;
7 ({bz’j}?:i’.'ff,’gi i TR Ji/R) =33 (Yi; — Xibi) My, (Y — Xijbij) (C.2.8)
i=1 j=1

where J; is a T X dpax matrix for all i. The estimators are given by

~ Jj=1,..,N; ~ ~ . i=1,...,N;
({IBJJ} R 7K1ia s 7KE) = - argmin S <{bij}g=1,7...,7R ’%1’ e ’%R)

=1,...,

where 27 = RP x -+ x RP x K® and K = {KIT'K'K =1,,,.}. The above objective function

max

implies that the solutions are the following

- -1
/@;fj = (X;jMf(TXij) XM+ Y 5 for each i and j

1

N.T <
j=1

~ oy~ ~. ~. !/ ~
KIVJ = (Yij - Xz‘j,@jj) (Yij - ijﬁ%) KZT for each i

where \~/'ZT is a diagonal matrix consisting of the d; = rg + r; largest eigenvalues of the term in the

square bracket of the above term. Define the covariance matrix for each block i:

N

N

1
N;T

> = ‘ (Yij - ng@]) (Yij - Xz’j@j)/- (C.2.9)

J=1
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Let ﬁzk be the k-th largest eigenvalue of ij It can be shown that for k = 1,...,d;, 173 . converges
to its population counterpart v; 5, which is larger than zero. On the contrary, szT i 18 asymptotically

zero for k =d; +1,...,dmnax. d; can be estimated as:

=t
V!
dl = arg max Tz’k fori=1,....,R

i -
k=0,eedmax—17] . 4

where 17;[70 = ijva {’;‘[,z / log (C'JQVZ_T) is a mock eigenvalue allowing the case where d; = 0. It can be
shown that, for each i, it is straightforward that for k =1,... ,d;—1,d;+1,...,dnax—1, 6J’k/17£k+1 =
Op(1), whilst for & = d; we have 171 i/ 171 g1 — 00. Therefore, the ratio of the eigenvalues falls sharply
at k = d;. The mock eigenvalue 17;[70 is smaller in magnitude than the largest d; eigenvalues but

larger than the rest, which allows the case d; = 0. The consistency of aﬁ’s is summarised in the

following proposition:

Proposition C.2.1. Under Assumptions 8.B-3.F and C.A-C.B, we have

Nvlgprgoo Pr (cf;r =rg+ ri) =1.

C.2.4 Disentangling the global and local factors

Given the consistent estimates dj s and IA{;L’S, we construct the following T'(R — 1)R/2 x d* system-

wide matrix where d* = S d}r:

Kl -KI o o .. o 0

- Ki o -Kjio.. o 0
of = . (C.2.10)

4 ]t

o o o o ..K, -K

and perform an SVD to Pt as df = f’TBTQT’. Let 31, e ,3}* be the diagonal elements of At in

ascending order. Then, the number of global factors rg can be obtained by

i
fg = argmax %, dTrlin = min {dq, ... ,cﬁR} .
k=0,..,dI . Of

To deal with the case of rg = 0, we set the mock singular value as

dA*

R 1 R
512 = . 512,

The number of local factors can be simply obtained by f;r = dj —7% for each block i. The consistency

of fg and f:-r’s are summarised in the following proposition:
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Proposition C.2.2. Under Assumptions 3.B-3.E, 3.G, and C.A-C.B, we have:

lim Pr (7’0 = 7"0) =1 and lim Pr (fj = ri) =1
Nl,...,NR,T%OO Nl,...,NR,TA)OO

Let Qw) = [ ! s QTTO } as the first 7% columns of QT from the above SVD, and construct

the T x RT‘O matrix, Ti = {KT Tro’. KEQTTO] We perform the eigen decomposition,
T o = LIETLY

where LT is a T x ng orthonormal matrix and &f is a T x T diagonal matrix consisting of the
eigenvalues in descending order. The consistent estimator of the global factors, denoted (A}T, by the
7o vectors of Lf corresponding to the rq largest eigenvalues multiplied by v/7'. Let SA{'Z ;= Y —X; B\j ;
and ?;r [le, . ’?INJ . The global factor loadings can be estimated by f‘I = T—l?j’cﬁ‘.*. Finally,
let ?TG =Y;;i—X;; B\T- —(A}T'Ay;r i the local factors and loadings can be obtained by applying PC to each
block YTG [YTG ,SA{'L%} ]/F\‘I is /T multiply the f’j eigenvectors of ?IG?ZTG/ corresponding
to the r; largest eigenvalues. The local factor loadings can be obtained by KI = T_l?g G']?Z. The

consistency of the GC'C' estimates are summarised by the following proposition:

Proposition C.2.3.

Under Assumptions 3.B-3.E, 3.G, and C.A, as N1, No,...,Ngr,T — 0o, we have:

7rle-cal - (g)

1

~ 1
/' —H'T)| =0, ( =——
/7NZ 7 4 P CﬂT
1 1a 1
— |F -F2 | =0, [ —
VT ‘ o p(CNT>
1 1
L ar g = o, (L1
/TVz 1 [ 7 P CﬂT
where H = T~Y2G/J™0U is an ro X o rotation matriz, J© = Lro(Er0)=1 B s an 9 x 19

diagonal matriz consisting of the ro non-zero eigenvalues of T-'GG' in descending order, L™
is a T x rg matrix of the corresponding eigenvectors, and U is an rg X 19 orthogonal matriz.
%/‘? = (AJA;/N;) (f‘j'F/T) '/I\‘j_l is an r; X r; rotation matriz, -’f—;r is an r; X r; diagonal matrix
consisting of the r; largest eigenvalues of (N@-T)_1 ?j?j/ in descending order, ?j =Y,; — CA;Tf‘;rl.
Moreover, Cy 1 = min{y/N,VT} with N = min{Ny, Na, ..., Ng}.
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C.2.5 Auxiliary lemmas

To facilitate the proofs of the main result in Sections C.2.2—-C.2.4, we outline some useful auxiliary
lemmas in this section. The proofs of these lemmas can be found in Section C.2.7.

L C.2.1. L gt Ve
a C.2.1. t { }
emm e < Bm 1R

der Assumption 3.B-8.E and C.A, as Ny,...,Ngr,T — oo, the following statements holds:

,IA(L .. ,IA(TR> be the estimators from minimising (C.2.5). Un-

1. Bj] — Bij 250 for all i and j.

2. HPKT — Py, || 250 for all i.

Lemma C.2.2. Let }AI;r = (@.0;/N;) (KIIﬁZ/T) {\/'371. Under Assumptions 3.B-3.F and C.A-
C.B, I/-\Ij is an (ro 4+ ri) X (ro + 13) invertible matriz, {\73 PV, where V; is a (ro + 1) X (ro +r;)

diagonal matriz consisting of the eigenvalues of ¥k, 3@, which are defined in Assumption 3.B, and

R -kl

1

1
7T

Bl — By

where B; N7 = max; {‘

} for all i.

Lemma C.2.3. Under Assumptions 3.B-3.F and C.A-C.B, we have
1. 7K (Ri — Kifl) = 0y (Binor) + 0y (CR7 ).
2. TR (i~ KiHL) = 0, (Bivar) + 0, (O ).
3. T-1X!. (f{j - Kﬁ*) =0, (Bin1) + O, (O];fT).
4. Tl (Kf - KAl = 0, (Bivr) + 0, (CR%).

5. HIH] = (KIK,/T)™" + 0, (Binr) + 0, (O ).

j=1,...N;

Lemma C.2.4. Let ({,@Vj]} ,RJ{, e ,RE) be the estimators from minimising (C.2.8). For

=1,
each i, let v; ), be the k-th largest eigenvalue of (K/K;/T)(©®;0;/N;) and f)ZJC be the k-th largest
eigenvalue offll-L defined in (C.2.9). Under Assumption 3.B-3.F and C.A-C.B, as N1,...,Nr,T —

o0, we have

1. ‘B;rj _/Bij

—-1/2
2. For each i, |0; — vi x| = Op (Bi N,T) + CJ?Z}T fork=1,...,d;.

3. For each i, |0; | = O, (B’ZNiT> + CJTIET fork=d;+1,... dnax-
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C.2.6 Proofs of the main results

Proof of Theorem C.2.1.
Using (C27) and Yij = Xij/Bij -+ Kﬁ” + €45, we obtain:

1 - 1 1
<TX;jM[?inj> (/BL - 5%3) = TX;‘]‘MK_TK@HU + TX;jMI?;reij.
Plugging in K; = K; — RII/-\II + I/i;rI/-\IZT and (C.2.15), the above equation becomes
LM X X’M L x M 1 f)le,. (C
7XiiMgi X (B [%g) = rrei — pXi Mgt (JM 4+ jivg) 10,;. (C.2.11)

We consider the first term of (C.2.11):

L
T

b
VT

Using I/ij = IA{ZT — Kz}AI;r + Klﬁj, the above equation becomes

KK\ ' 1 1 1o
CZT Z) K’eij — 7X/ fKTKT,eZ]

X (Mz?’f - MKl) eij = N

1 1 KK\ "1 1 1o it
%0 (Mg~ M) e = XK () ﬁK?eﬁ - ﬁxﬁijiHIHI Kiey
~ ~ ~ ~ / ~ ~ ~
ﬁX;JT (Rl - k) (R - K:H]) ey - \/TXQJT (KT - KH]) B Kle

Using Lemma C.2.3, we obtain

L <
XijMf(;feij =

1
ﬁ X;;jMKieij + Op (ﬁBi,NiT> + Op (

VT

Using the same arguments, we also have

1, 1, 1

We now analysis each term in the second part (C.2.11). For the first term, we have

Ni X! M i X Y
]. 1 1] KT ’Lk ~ X,L K,L
HTX;J'MI?J‘Z’HHIGU N Z — 7 </Bik - ,5;rk> (61’6 Al ) Zik il
" k=1

N; X/ X
1 KT ik - Xz K
ﬁ Z ‘ Bir = ’B;r’f : ij (Bz N.1) = 0p(BiNT)-

k=1

The second term has the same stochastic order as the LHS of (C.2.11), so we keep this term and
deal with it later. The third term is bounded by
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1
H XM Tl T8

1 gt JE | 1 : ~. / X/ﬁl
XM (Ki—K;rHZT )ﬁi 0, (ﬂik—ﬁjk) ( o= | me;,
k=1

2o (oA (Y5 ) ma,

1 Rt 1
HTXQJ-MAT (xi - KA

Using Myt = Iy — T IKT , Lemma 2, and Lemma 3, the first part of the above expression is
bounded by Op(B; n,7) + Op (C;@T)- Therefore, it follows that

1
HTXZ‘]M;?;%T?,HZT%

- [O (Binr) + Op (CN T)} Op(Bi n,T) = 0p(BiN,T)-

Using similar arguments, it can be shown that

1
HTXQJ-M;?;JJSHZT%

= 0p(Bi N, T)-

Next, consider the fourth term

i ' M=+ X >
1 (XZJMKLTXM> (ﬁ. —3*)/ (e;kKZ) —_
Ni T ik ik T A
1

(1) established in the proof of

z

1
H fX;jMf(j \7;,[41];[92']'

= 0p(BinT)

£
Il

where the last equality follows from the fact that HTﬁle;k/\z

Lemma C.1.1. Similarly, one can show that

1
HTXQJ’M@%EHZ@M = op(Bi,N;T)-
Consider
L Tyt / 1 = vk 7dl T 1 %
X M1 T 10 6;; = TX My | 7 D et KK | 65 = —— > " X[;M eixain
k=1 k=1
N; 1 gt N;
1 X K ~
= 57 2 Xijenaik; + ({F ) = > Klepair
k=1 NT k=1

where a; ; = 0., (@g@i/Ni)_l 0;;. 1t is straightforward that the first term of the above equation is

Op (N;l/zT_lﬂ) and we focus on the second term.

AN 2 N; | L 2 ;N AR 2
‘ N.T Kz/eikai,kj = ZCL'L ij Z Ztezkt < W al,ijZKztelkt
k=1 =1 i k=1 t=1
1 Jifl1 & ’ 1
<0(1)— =N " Klen —0, ( >
vz |7 2% [ e
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~ 2
where the last equality follows from Ni_1 Z;Ll HT*1 Ethl KzteiktH =0, (C;,}T) established in

the proof of Lemma C.1.1. Consequently, we obtain

1
H fngM;?j\ZT7H20ij

_ \/%iop (c];jf) .

Finally, we consider

1
H fngMf(j Z’TSHIOU

N
1 1 ZZ -
k=1

i

05|

1 , i
: Hﬁx z i |7%

Notice that

1 i
N.T Z e ey
k=1

is implied by Assumption 3.C.4. Therefore, we obtain

1
H TX;';‘MEJ\Z‘TSHIOU

Combining these results, we obtain

N,
1 1 /1
(TX{ijMKiX’L']'> ([3 ﬂu) = X' Mk e — N, > (TXQjMK sz> (:sz: ﬂlk> Qi jk
1

1
+ 0p(Bin,T) + Op | ————
C?\QT) P P\ /NiCn,r
which leads to

X! Mg, X\ 1
ﬁ(@j—ﬁij)z(w> XiMice;

X! Mg, X\ L1 O /1
_ (]T]> FZ (TX;jMKiXik> \F(,sz ,Blk> a; jr +op(1) (C.2.12)
! k=1

if T/N? — 0.
To derive the individual asymptotic distribution of /7' (Bj] — f)’ij), we define the following

matrices: _

[/ X, Mg, X1\ 71
T

X/, Mg, X2\ 7
T
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[ XM Xa X5 M Xio XiMi; X, ]
, T , T T , T
XM, Xit XMy, Xi X/, M, Xin,
T T R A
Xz' = ’
XgN,-MKiXil X/iNiMKiXiQ X;NiMKiXiNi
L T T te T .
1 ¥/ ) at
ﬁxilMKiell /81'1 - B
G = : , and o = :
1 / . at .
ﬁXiNiMKieZNi /BiNi - B'LNi

Then, stacking (C.2.12) across j, we obtain

1
\/fa = A;q + ﬁAleﬁa + Op<1),

which leads to )
1 _
1

Using Taylor expansion, we have

1 ! 1
<INZ- — MA,X1> =1y, + E/AZX, + Op(l).

Therefore, it follows that
1
VTa = Aig + ZAZT ~XiAici + 0p(1)

whose j-th element is

\/T(BL —ﬂij) = <X;j1\/¥<XU> -1

XM X\ F 1 Y X Mg Xae\ /XM X\
] 4™ z : ] e %) iy ! .
- ( T > N; “( T > ( T > \/TX”“MKZBZHOP(D’

The second term of the above equation is 0,(1) due to Assumption C.B.1. Finally, we obtain the
stated result
VT (B - B5) -4 N (0,9;'Dy0;)
by Assumption C.B.2.
Q.E.D
Proof of Propositions C.2.1-C.2.3.
Using Lemma C.2.4, we can show that Propositions C.2.1-C.2.3 following the same strategy as

in the proof of Propositions 3.1-3.3. The details are omitted.
Q.E.D
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C.2.7 Proofs of the auxiliary lemmas

Proof of Lemma C.2.1.

Consider the difference of the objective functions:

%5 ({b,]}gj’ Nl ,K:R)—%s ({BW}J LIV ,Kl,...,KR)

9’ »

R R N;
]. ¢ 1 T
Y B b KM, 8, by DY O KIMK O S e M,
NT i=1 j=1 NT =1 j=1 NT i=1 j=1
9 R N;
S b XM, ¢ 5SS (B b XM,
=1 j=1 i=1 j=1
1 R N;
) ST TN o) GREYI
i=1 j=1 i=1 j=1

By Lemma C.1.1, the fifth and sixth terms are o,(1). Using the same arguments in the proof of

Proposition 3.1, we also have

1 R N 1 R N;
2D = 7 33l M = o)
=1 j=1 =1 j=1
We thus obtain
({bu}J DRt K .,icR) — is ({ﬁm} R Ky ,KR)
R N;
ZZ /Bw MIC Xzy (/61] z])
1 R N; 9 R N;
+ 57 D 2 O KM K + o= D Y (B — big) XM Kbl + 0p(1)
i=1 j=1 i=1 j=1

The above equation can be rewritten as

({b,]}] Lo ,lcl,...,K:R)—is ({BW}J LIV ,Kl,...,KR)

1 R N; 1 R N;
- Nizz /62] 2] 'A‘l]7 (182] _bij)"i_ﬁzzng"“’ijy?ni
=1 j—1 i=1 j=1
1 Z
222 (Bij — bij) Aijami + op(1).
i=1 j=1

where n; = vec {M/CZK’L}a A@"l = X;jMICiXijy Aij’g = (01]9,/”) ® I, and A¢j73 = 0;] & X;]M/Cz

Completing the squares, we obtain
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({bw}] Lol ,icl,...,K:R)—iS ({,6”}] Lol ,Kl,...,KR)
! Zinz (A’Ual_A’LJ?) 1]2 %,3) ;i
i=1 j=1
+NszR:§:[n£+(ﬂij bi;) Aij3 Jz] Aijo [m+A;j}2 13 (Bij — )] + op(1).
i=1 j=1

Using the positive definiteness by Assumption 3.B.2 and C.A.2, the first two terms of the above

equation are non-negative and attain their minimum uniquely at

({bw}j LeNi gen ) ({Bw}] L....N ,K1H1,...,KRHR)

where H; is any invertible matrix for all 7. Moreover,

wrs (B

J=1,..,N;i  ~ ~
since ({BL} . KL . ,KE) is the minimiser of §. This implies that

MR K 1 i=1,..,N;
R ’KI""’KTR) o WS <{Bij}g:1:..‘,R Ki, . 7KR) <0
Z i) ('A'U’l = AijaAy, 2 A i3 ) 1, = op(1) (C.2.13)

lel

and

1 R
NT 2

i Mg

[AT’ (B@-j Al ) Ajjz A jg} Ajj2 [m+A;j}2 - (Bw ﬁlj)]:opu). (C.2.14)

Combining (C.2.13) and Assumption C.A.2, it follows that 7! HMA
HPKT - (1) for all 4.

(1) which implies

(C.2.14) suggests an average consistency of Bjj rather than the consistency of ,@j] for all 7+ and
j individually. To show individual consistency, we consider an infeasible estimator:

Bij = arg min (Yij — Xijbij)/ MKi (Yij — Xijbz‘j) .

ij

Obviously, for all 7 and j, we have Bij — bi; = 0p(1). Notice that each Bj ; satisfies

B;,fj = arg min (Yzj — Xijbij), M

1 (Yij = Xijbij)
bZ] 4

K]

Therefore, using T~! HMA (1), it is straightforward that BT — b, ij = op(1). Finally, we

achieve the desired result that ,/B\J] — bij = 0,(1) for all ¢ and j.
Q.E.D
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Proof of Lemma C.2.2.
Using Y;; = X;;8i; + Ki0;j + e;5, (C.2.7) can be expanded as

. K i - - o
RVi-Ki (GJ/\TQZ) (K;{> = 2% (8 B)) (8- B) XK
7 1 j=1

+ N7 ij (@‘j B! ) 0, KK tNT ZK 03 (ﬁm 5L> X}, K]
1 ]:1
1 1 &
N, T ij <BZ] - :B;r]) € KT + NT Zem (ﬂl] z) ;KI T NiT <~ K BZJGZJKT
j:
1 &
0L KK + NT eijel Kl = T + -+ T
=1 =1
It then follows that
Stayt—1
RIE K= (7], +-+ 7)o (C.2.15)

. -1
where HI = <KI’K1/T> (©/©;/N;)"". The rest of the proof follows from Lemma C.1.2 with

slight modification by replacing O, () 3 —

) terms with O, (B; n,7). The details are omitted.
Q.E.D
Proof of Lemma C.2.3.
Using the result from Lemma C.2.2, these results can be shown in a similar way as the ones
of Lemma C.1.3 with slight modification by replacing O, (HB — BH) terms with O, (B; n,7). The
details are omitted.

Q.E.D
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