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1. ABSTRACT

In 1961 Joergens [14] first proved that the Cauchy problem to the wave equation with
power type nonlinearity

(1.1) Uy — Au+ulufft =0 inR" xR

in the case of R? and when p < 5 admits of a unique regular solution u € C? for any Cauchy
data ug € C3, uy € C2.

Our research in this paper will be centred on finding the connection between the above
results and the closely related equations from the control theory in a more abstract set-
ting. In particular we examine the quasipotential formula in [7] and investigate whether
the result is applicable to or its generalisations. To this end we first extend the
existence theorems in [10] to controlled equations, and then establish the finding that the
quasipotential admits of analogous expression for our well-posed problem. Along the way
there is also a remarkable discovery concerning the large time behaviour of the solution.
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3. INTRODUCTION

In 1961 Joergens [14] first proved that the Cauchy problem to the wave equation with
power type nonlinearity

(3.1) Uy — Au+ulufPt =0 inR" xR

in the case of R3 and when p < 5 admits of a unique regular solution u € C? for any
Cauchy data uy € C3, u; € C%2. The case p = 5 was later shown by Rauch [19] to have a
regular solution when the initial energy is small. His method reveals that the exponent 5
that arises from Sobolev embedding is the tipping point, on and from either side of which
the problem ([3.1)) requires dramatically different considerations for solution. The critical
exponent problem did not receive any further development until in 1988 Struwe [23] was
able to remove the small energy assumption in Rauch but additionally assumed radially
symmetric data. Two years later Grillakis [12] removed the symmetry assumption and
thus solved the problem completely. The method he adopted we will give an analysis
below because of its ingenuity and value for inspiration.

Up until this time the arguments were all based on improvements of Rauch’s method,
and they rely on an explicit representation for the solution of the wave equation. For
dimensions higher than three this is not available and a different approach is needed.
This approach was found by Kapitanski [17] soon after. It was based on the now well-
known Strichartz estimates [25], [25] and their variants obtained by Ginibre and Velo [11].
Euipped with the new method Grillakis in 1992 |13] refined the regularity result to R®, and
to R for radially symmetric data. One year after him, Shatah and Struwe [24] removed
the symmetry assumption and solved the problem completely.

Our research in this thesis will be centred upon finding the connections between the
above results and the closely related equations from the control theory in the more ab-
stract setting of infinite dimensional space of operators. In particular we examine the
quasipotential formula in |7] and investigate whether the result is applicable to (3.1]) or
its generalisations. To this end we first extend the existence theorems in |10] to controlled
equations, and then establish the finding that the quasipotential admits of analogous ex-
pression for our problem. Along the way there is also a remarkable finding concerning the
large time behaviour of the solution.

The plan for the thesis will be as follows:

+ In sections 4 and 5, we will discuss Gauss’s and Noether’s Theorems to pave the way
for understanding Grillakis’s arguments in his 1990 paper [ [12]]. Some examples
of multipliers to the wave equation are given in connection to the application of
Noether’s theorem, these were taken from [ [L0] Chapter 8.6]. The proof of Gauss’s
theorem in the plane was from [ [6] Chapter V].

* In section 6 we utilise the tools from previous sections to discuss elements of
Grillakis’s paper| |[12]], in particular the concept of integrating divergence identities
on cones in space-time. The multipliers he used will be slight variations to the
ones we have given above, after taking into account the nonlinearity in the wave
equation.

* Section 7 will contain existence theorems for the general quasi-linear and semi-
linear wave equations, taken from [ [10] Chapter 12]. Our contribution to these
results lies in the addition of a control term to the equation, and the determination
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of the conditions it must satisfy in order that the theorems will continue to hold.
We will apply those theorems to some generalisations of in section 9 as a
pretext for considering control-theoretic results.

* In section 8 we introduce control theory in the language of operators and semi-
groups. Preliminary material taken from [27], [22] and [18] has been supplied for
definitions and theorems used subsequently in the section. For subsection 8.1 on
linear problems, we focus our attention on detailing and clarifying the proofs of
results that can be found in [7] and [8]. Namely Theorem and Theorem [8.20]
which correspond to Theorem 2.4 and Theorem 2.3 respectively in [7], and Theo-
rem to Theorem 3.1 in [§]. In subsection 8.2 there will be found an original
result Theorem Example 8.1|is an elaboration of the Example 3.5 in |7]. And
finally Theorem is complement to Theorem 3.7 in [7].

* Section 9 is the culmination of all that has been gathered in previous sections
to produce concrete existence and control theoretic results for the generalisations
of . Specifically we obtained a global weak solution to the controlled Klein-
Gordon version of , with and without a damping term, in Theorem and
9.16|respectively. For the damped version we also established the local existence of
a unique solution in Theorem [9.15, Furthermore, the question concerning the rep-
resentation formula of the quasipotential was settled in 9.1 with a time-reversed
version in[0.2] Lastly, subsection 9.1 contains miscellaneous findings on the unique-
ness of solution to the linear control problem (9.29)). These findings are original.

4. PRELIMINARY: GAUSS’S DIVERGENCE THEOREM

Theorem 4.1 (Gauss). Let D be any closed n-dimenstional region with a.e. C* boundary
surface 0D, F = {f1, fo,..., fu} a C! vector field, then

(4.1) fdz’dexzf F-NdS
D oD

where N = {ny,ng,...,n,} is the unit outward normal to the boundary surface, div F =
Y1 (fi)z;, and dS the surface measure.

In particular, fori=1,....n
[ (fi)z,dx = / JinidS.
D oD

We will give a demonstration of Gauss’s theorem in the plane for illustration. Gener-
alizations to higher dimensions follows the same line of idea. The reader is referred to [6]
for more details.

Before that, a generalized notion of the Riemann integral is needed to enable integration
along an arbitrary curve in plane instead of just the real axis. This is done by projection.

Suppose we wish the evaluate the integral of function f(z,y) along an arbitray curve
C of finite length in plane, which is assumed to have nonoverlapping projections onto
the coordinate axes. Projecting the curve onto the x axis to obtain an interval [a,b]
which encloses the range of values of x the curve encompasses, subdivide the interval
into {zg = a,x1,...,x, = b} and with their corresponding projection source on the curve
C be called py = (20,%0),p1 = (1,%1),...,pn. Then the sum Y7 f(pi) (e — 2;) on
making n infinitely large in such a way that the longest of x;,; —x; tends to zero gives the
Riemann integral which we denote [, f(x,y)dz, this is usually called the line integral or
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curvilinear integral of the function f along the curve C' with respect to axis x. Similarly
the line integral with respect to axis y can be obtained. In particular if the curve C' is
parametrized by z(t), y(t) with o <t < 8 the integral can be written as [f flx,y)idt as
a Riemann integral. If we have a vector field A(z,y) = (f(z,v),9(x,y)) with components
integrated on C' with respect to x and y respectively and added together, the notation
can be abbreviated ff Axdt = fC Adx.

Suppose A is a vector field as before with components f and g, each having continuous
partial derivatives of first order, the continuity being with respect to both z and y. We
attempt to integrate its divergence on a closed and convex plane region D with a boundary
curve C. The double integral in question is therefore [[, f,+g,dxdy, because the integrand
is continuous with respect to both variables, the double integral is equal to two repeated
integrals and their order can be changed at will, so that

f/Dforgydxd?/:fffxdfcderf/gydyda:.

In order to assign specific ranges to those integrals, imagine a line perpendicular to the
x axis is projected from a point x on the axis upwards to meet the boundary curve C' of
region D, because D is convex the line can only cut C' in two points, let the entry point
be yo(x) and the exit point y;(x) as is shown in the figure below,

Yy=m
y1(x)
xo() 1 3
x=¢p x=&4

so that the second integral on the right can be firstly integrated with y variable using
fundamental theorem of calculus between the limits yo(z) and y;(x), and secondly inte-
grate all along the range of x that is within projection from the curve, say from &, to &
to get

[:1 [g(z,y1(2)) - g(z,yo(x))]dz
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After observing carefully we see that the above expression is the same as

—/&g(ﬂf,y)dﬂf

taken counterclockwise around C', where féo g(z,y1(x))dx is the upper half,

JE g(,yo(x))dz the lower half.
Similarly for f the resulting expression is

|, @y

the two combined gives us Gauss’s theorem in the form
ffD fo+ gydudy = fc f(z,y)dy - g(z, y)dz.

Or the right side can be written [ [f(z, y)Z—Z — g(z,y)%]ds if we use the curve length s
to parametrize the curve, because

dy Ox dr 0Oy

25 = 5 = OsY, T = By, =~ COSH
for the outward normal direction n, with nu(z,y), mu(x,y) the angles between the nor-
mal and the positive x and y axis respectively. Gauss’s theorem then can be written in

convienient form

mdiVAdmdyz /;+[f(x,y) cosv + g(x,y) cos u]ds

= A -nds
Cy

which are exactly analogous to the formula in higher dimensions. This is the end of proof
of the theorem.

5. THE METHOD OF MULTIPLIERS

Here we intend to give an exposition of some of the ideas M. Grillakis adopted in his
decent 1990 paper ”"Regularity and Asymptotic Behavior of the Wave Equation with a
Critical Nonlinearity” which established the existence of a regular solution to the critical
power problem

(5.1) Uy — Au+u’ =0 in R xR?

with prescribed initial data. Our main objective will be to bridge the gap of knowledge in
order to understand the multiplier method he used. That is, when multiplying (5.1)) by
an expression such as

I(u) = (£ + r®)uy + 2tz - Du + 2tu,
the result is a divergence identity in the form
(52) ath - lePZ + Rz =0.

This fact may be verified by direct computation, but actually we have a general theorem
which can let us apriori determine whether such a transformation is possible and what
the resulting identity is.
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5.1. Noether’s theorem. To start with, some notions from the calculus of variations
are needed.

Definition 5.1. Assume U c R” is a bounded, open set with C'*® boundary OU and given
a C'* function )

L:R"xRxU —R.
L is called a Lagrangian. We use the notations L = L(p, z,2) = L(p1,- -, Pn, 2, %1, - - -, Tn),

and
D,L=(L,,...,Ly,)

D.L=1L,
D,L=(Ly,...,L,)
The problem of the calculus of variations consists in finding the function w : U — R
that minimize the value of a functional such as

(5.3) I[w]:[]L(Dw,w,x)dx,

possibly with some constraints on the boundary value. In order to find this minimum,
people have the idea that such a function w would be a critical point to the family of
values i(7) := I[u+7v] where v is an arbitrary function and 7 € (=00, 00). So that we must
have i/(0) = 0.

For a functional of the above form (/5.3))

i(1) = / L(Du+7Dv,u+7v,z)dz,
U
and .
i'(1) = / Y Ly, (Du+7Dv,u+70,3)0,, + L,Du+7Dv,u+ 710, 2)vdx.
Ui=1
Setting 7 = 0 we have

0=1i(0) = fU > Ly, (Du,u,x)vy, + L.(Du,u, z)vdz,
i1

doing integration by parts supposing v vanishes on the boundary we get

0=, [ > Ly (D)), + LoD, ) |
Ul =1

Since v is arbitrary we conclude
> (Lp;(Du,u,2))s; + L.(Du,u,z) =0 in U.
i=1
This is the Euler-Lagrange equation associated with the functional I]-]. It is a second
order PDE in divergence form.

Example 5.1. Take
1
L(p,Z,.T) = §|p|2

Then L, =p;, (i =1,...,n), L, =0, the Euler-Lagrange equation associated with the
functional

I[w] :%[]|Dw|2dx



10 YOUPENG SUN
is
Au=0 inU.
Definition 5.2. Now consider the functional
I[w] := [U L(Dw,w,x)dz,

where U c R" and w:U - R.
(1) Let x: R* xR - R", x = x(x,7), be a family of C* vector fields with x(z,0) =z
for all z e R*. x — x(x,7) is called a domain variation. Define
v(z) = x,(,0)
and
U(r) =x(U,7).
(2) Given a C* function u : R® - R, define the family of function variations w :
R*xR - R, w=w(z,7), with
w(x,0) =u(x).
Writing
m(z) = w.(x,0),

m will be called a multiplier. In our previous section the less general definition of
w=u+TVU gives m = 0.

Definition 5.3. The functional I[-] is said to be invariant with the domain variation x
and the function variations w if

(5.4) /UL(Dw(x,T),w(:C,T),a:)dx:—/U(T)L(Du,u,x)da:

for every small |7| and every open set U c R, where D = D,. Note that if the Lagrangian
does not explicitly depend on the z, then the above equality reduces to a change of variable
if we take w(z,7) = u(x(x,7)).

Theorem 5.4 (Noether’s theorem). Assume that I[-] is invariant with the domain vari-
ations x and the function variations w of .

(i) Then

(5.5) (mLy,(Du,u,2)~L(Du,u, 2)o'),,
=1

)

=m (Z(Lpi(Du, U, )z, — L (Du,u, x)) )
i=1
where v and m are defined as above.
(11) Especially, if u is a critical point of I[-] and is a solution to the FEuler-Lagrange
equation, then

n

(5.6) > (mLy,(Du,u,z) = L(Du,u,z)v");, =0

i=1

Proof. See |10] Chapter 8.6.2. O
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Example 5.2. Given

T 1 1
HM:[;IW?ﬁ—GMMP#ﬂwﬁMﬁ
has as its Euler-Lagrange equation the semilinear wave equation
wy — Au+ f(u) =0

for f = F’. The integrand of the functional does not explicitly depend on ¢ and is conse-
quently invariant under shift in this variable. Noether’s theorem then gives us a conser-
vation law of energy, namely

x(z,t,7) = (x,t+7), w(x,t,7)=ux(zt,71))=ulzt+T),

so that
V =€npy1, M= U

Then gives
> (-t + (0 = 562 =1 Du?) + F (), =0,
which can be Writtenz_1
(5.7) e, — div(u;Du) =0
with the energy density
ezéuﬁqpm%+Fwy

The divergence is in the x variable. Moreover if u is compactly supported in space, then
it follows that the conservation of energy in time

d 1
alén§@£+ﬂhﬁ)+Fﬁﬁdr:Q

Example 5.3. The linear wave equation

(5.8) Ou=uy-Au=0

results from the action functional
1 T

(5.9) nmz-/‘f1ﬁ40MMMt
2 Jo R~

It is invariant with the scaling
(z,t) > Az, \t), u— AT u(\z,\t).
If we write A = €7 and define
x(z,t,7) = (72, e7t), w(a,t,7):=e"T u(e"x,et).

Then
n-1

(5.10) v=(z,t), m=tu+x-Du+ u.

Noether’s theorem ([5.6)) gives
pe —divg =0
for

-1 1
pi= (tut +z-Du+ n2 U) U = 5(“? - [Dul)t,
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n-1

1
q:= (tut+x-Du+ U) DU+§(U2—|DU|2)1’-

Example 5.4. The hyperbolic inversion is defined by the mapping

(5.11) (x,t)H(X,T):( ‘ ! )

o -2
Related is the hyperbolic Kelvin transform, defined by
RTUX,T)=r"7u(z,t),

where r = |z|,R = | X|. Note that the transformation corresponding to (5.11)) really is

n-1

1 2 T t
5.12 t _ U
( ) u(, )H(||Jf|2_t2|) (|x|2_t2’|x|2_t2)’

which is the form useful for computing derivatives. The above symmetric form brings out
the invertive character of the transform between the two spaces (z,t) and (X, T).

Kelvin transform preserves the wave operator in the sense that

n+3 n+3

(513) RT(UTT—AXU)ZTT(U”—ACCU).

A verification of this fact by direct calculation is given in the Appendix.

Now we try to build domain and function variations from the above transformations.
First apply the hyperbolic inversion to (z,t), add 7Te,,1, and apply the inversion
again. There results the domain variations

(5.14) x(z,t,7) = v(z,t + (|2 - 7)),

with
-
TP = (e (2P - )y
Similarly for the function variations apply the Kelvin transform on u, add Te,,1 ,
and then use the transform again. So that

(5.15) w(z,t,7) =77 u(x(z,t,7)).
From these variations it follows that the multipliers are of the form
(5.16) v =2zt |z +12), m=(|z* + t*)u; + 2tx - Du+ (n - 1)tu.

Although ((5.9) is not necessarily invariant under (5.16)), if we do multiply m to (5.8 there
results the Morawetz identity:
¢ —divr =0,

where
1 -1
(5.17) c= §(|3:|2 +12)(u? + |Dul?) + 2tz - Duuy + (n — 1) tuu, - nTuQ

and
r = ((Jo* + *)uy + 2tx - Du+ (n - 1)tu) Du + t(u? — | Dul*)x.
The reason that the above construction works consists in the following: we know that
the Kelvin transform preserves the wave operator so that

n+3 n+3

R (UTT—A)(U) = TT(U“ —Amu),
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also

R
—Ur = (|z]* + t*)uy + 2tz - Du+ (n - 1)tu = m,
-

and together with the identity

R*XdAT = r*dxdt
there follows

/i&a&T—AXUMXdT=/Unwn—Am¢Mt

over any spacelike domain D with w € H'(D). Since the multiplier Uy brings the wave
equation to a time-space divergence expression, the integral on the left hand side can
be written as a surface integral and therefore so can the right hand side. The function
variation computed above is actually £U (X, T+7) inverted back to the (z,t) space.

Finally, the conformal energy ¢ may be written in the following positive definite form
involving the radial derivatives u, = Du - =

m7

2 2
t 2 -1 t—|x])? -1
X

1 o] 1 o]
2, 42 _ 1 _1 2, 42

+ [z + 2 |Dul® — u? + (n=3)(n-1) )u2 - iy [+ ¢ u?z |,
2 4|z|? 4 |2

where the divergence term can be picked out and combined into r.

6. INTEGRATION ON CONES

Now we have introduced the multipliers for the wave equations via Noether’s theorem,
the next step is to apply Gauss’s Theorem to integrate the resulting divergence iden-
tities. The domain of integration that is of interest here is a circular cone in space-time,
for example

G:={(t,x):|z|<t, 0<t<1}.
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In what follows we will explain how to derive by direct computation an integral expres-
sion for the solution to

(6.1) Uy — Au+u’® =0 in R x R3,

as was done by Grillakis, in doing so the principle of integrating any divergence identities
will be sufficiently illustrated.

6.1. Integral representation. Recall the identity (5.7) in the last section, by multiply-
ing equation (6.1)) by u; we have
(6.2) er —div(uDu) =0
with the energy density

1 uS
€= §(uf +|Dul*) + 5

Now let us choose and fix a point (tg,zg) in time-space and consider the domain

D:={(t,x):|x —xo| <t —to,to <ta<t<ty}.
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In other words, the truncation between t; and ty of a cone with vertex (tg,zo). The
boundary of D consists of three parts, namely

Bt2 = {(tQ,IL‘) : |{E —I0| < tQ —t[)}7

By, ={(t1,2) : |x —xo| < t1 — o},
and
Cto,t1) :={(t,z) : |x —xo| =t —to,ta <t <ty }.
In order to integrate on the domain D, recall Gauss’s theorem

(6.3) fdidex:f F-NdS
D oD

Here in our case the vector field F' = (e,—u;Du) and the divergence is with respect to
both time and space, therefore on the right hand side there results integrals on each of
the boundary surfaces. Note that the unit outward normal vector N = (-1,0) on B,
since it is pointing downwards perpendicular to the spatial plane, similarly N = (1,0)
for B,,. Whereas for C(ty,t;) the normal is projecting downwards at 45 degrees with
its two components of equal length going towards at the -t and z directions, therefore
N = (-1/V/2,1/\/25) where § =  — 2¢/|x — 0| is the unit radial vector in space.
Hence we have as the result of the integration

(6.4) /Btl e(u)dx - /B52 e(u)dx + % fc(t%tl)(—e(u) —wDu-g)dz = 0.

Note that the last integrand can be written as follows
N P oy U° X
(6.5) e(u) +uDu-g = §(ut +|Dul*) + ra wDu -
1 u®
= |, g + Dul* + —.
QWW ul 6

In fact this expression can be further abbreviated using the following technique.

Observe that the function u(t,z) when restricted to the side surface of the cone the
variations between ¢ — ¢y and |z — xo| are always the same, therefore we can combine the
two and regard u as a function of a new variable via the definition

w(y) = uto + |y, zo +y)
where
Y =2 — .
The gradient of this u* if computed is found to be
D*u =wy + Du,

which is the same expression as in (6.5)).
Therefore we have obtained the following energy estimate from ((6.4)

1 1 1
6.6 / d:f d —f (—D*Q—ﬁ)d.
(6.6) - e(u)dx 5, e(u) x+\/§ i) 2| ul +6u z
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Now this technique of projecting the argument surface of v onto the base of the cone
can be utilised further. If we not only compute the gradient of u* but also its Laplacian,
the result is

2
A*(U) = AU + 2:& . Dut + Uy + 7 Ug.

||
Since

D*uy = uyuy + Duy,

we can eliminate the term Du; to get

2
A*u—27- D uy — —uy = Au—uy = u’,

|y

which can be written as

5
(6.7) div* [iDu + Ly “

_u —_
Y] e 2] Tl

This divergence expression can enable us to find the integral formula for the solution if
we try to integrate it on the domain C(tg,zo) (cf figure on page 10), or in terms of the
argument y the equivalent domain B := {|y| < 1-to}. But in order to be more careful about
the vertex when applying Gauss’s theorem, a passage to the limit from a ring-shaped area
is prefered, i.e. the area bounded by S, := {|y| = €} and S:= {|y| =1 —to}.

When the integration is carried out, there results

1 1 1 1
f [—(Du-gj—ut+—u)] ds—/ [—(Du-g)—ut+—u):| ds
ly|=1-to |y| |y| t=1 |y|=e |y| |y| t=to+e

L i),
A Jyyl<i-to |y

Now for the second integral because of the continuity we have assumed on w and its
derivatives, by mean value theorem and sending € to 0 it becomes

(6.8)

1
47re2—2u(to +€,x0 + €x1) = dmu(to, x0),
€

where the first two integrands vanish because there is only one |—;l to cancel with 47|y?
which is the volume of the domain.
Hence we have obtained the integral representation for the solution to equation (/6.1))

u(to, xo) = ur(to, xo) + un(to, o)

6.9 1 1 1 ot
(6.9) =/ l—(Du~@—ut+—u)] ds——f —u(0+|y|,x)dy'
=110 | [y] Wyl e A eyl

This accomplishes our aim for the section.

For the rest of Grillakis’s paper, we have scarcely any words to contribute any insight
and would refer the reader to the original paper [12] if he wishes to pursue the subject
further.
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7. EXISTENCE THEOREMS

In the present section a spectrum of existence theorems for nonlinear wave equations
will be generalised to the case where there is an external force or control, e.g. instead of

(7.1) Uy — Au+u’ =0 in R x R?
we consider
(7.2) Uy — Au+u’ = f in R x R?

where f is a function of (¢, ) with prescribed regularity. The prototypes of those theorems
for equations without a control were considered in |10] Chapter 12. We modified their
proofs below by taking into account the extra control term and the conditions it must
satisfy for the arguments to remain valid.

Theorem 7.1 ( |[10] Chapter 12.3.2 Theorem 2). If g,h € C=(R3) and f e C°(R3*x[0,T))
then there is T >0 and a unique C* solution u to

{utt—Au+u5=f RgX(O,T>

7.3
(7.3) u=g,u =h t=0

A C° function is a function along with all its partial derivatives are continuous with
respect to space-time.

Proof. We start with the observation that by the linearity of the wave operater the solution
to ([7.3]) can be represented as the sum of solutions to two other problems, namely

(7.4) {”tt —Av=0  R¥x(0,00)
v=g,v=h t=0
and
(75) {wtt -Aw=-u’+f R3 x (0, 00)
w=0,w=0 t=0

The solutions to which are respectively the well-known Kirchhoff formula
wet)= £ th()+9) + Doly) - (y=2)dS(y) (1) B < [0.1).

and

1 Sy, t—ly—a|) - fly, t—|y -
(76) Wl t) = - f u(yt—ly—x|) - f(y,t -y fvl)dy.
A JB(t) ly — x|
by the Duhamel’s principle.
Hence u = v + w must solve the following integral equation

u5 _
(7.7) u(z, ) :v(x,t)—ifB(m) |y_£dy. (2,8) € R x [0, T).

Introduce the space

X ={ue O(R% L*®[0,T)): u(-,0) =g, |u—-v|r~ < C}.
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so that there is a constant C such that

(7.8) ] 2= R0,y < Ch
for all u e X.
Define the mapping which corresponds to (7.7 by

5 _
A[u]:v—if al fdy.
A1 JB(at) |y — x|

We will show A is a contraction and that (7.7 has a solution. Firstly A maps X to X

since
5 _
Rt
B(at) |y —

t 1
5
< Hu“C(R3;L°°[0,T)) -/(; faB(g; t) gdeS

+ {f dey} {/ — dy}
B(z.t) Bzt) |y — 7|
< CT?[ulgzs,pporry) + CVT Il r2@swiomy) < C(T)

Then if we have two solutions u,u € X,

) 1 s — f — (i -
At - Alilleqamay < _sw (g f I D)

zeR3 0<t<T 4m ly — |
u—1u T
<C sup / [ lo®s;107)) dy
zeR3,0<t<T < B(z,t) |?/ - 95|

< CT2 ”U - ﬂ||C(R3;L°°[O,T))7

where the third inequality is the result of

1 ‘ 1 t
f dy = f f ~dSdr = f drrdr = 27t? < CT?.
B(zt) |y — 2] 0o JoB(za) T 0

Now take T' so small that A a strict contraction, by Banach Fix Point Theorem there

is a unique solution u € X satisfying ([7.7) and ([7.3)).
For the rest of the proof we attempt to show that u is not only continuous but also C'*.

To start with, define the difference quotient for the partial derivative
u(x + heg, t) —u(z,t)

h Y
then by subtracting (7.3)) from itself and divide by h there results

a(z,t) = Diu(z,t) = =1,2,3,

(7.9) ! -

>

U=4g,ut =

{ﬁtt—Aﬂ+C’l~L:f~ R3 x (0,7)

where
c(x,t) =5 Al(su(x +heg,t) + (1 - s)u(z,t))ds

and g = Dy, iNL:D,’;h, f:DZf.
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Now we can derive an integral equation for the solution to (7.9)) in the same way as
above, that

N . 1 cu— f
7.10 1) = ,t——f dy.
(7.10) (o) =i ) - - [ Sy
where
(7.11) 1:’” iAf’ =0 R¥x(0,00)
v=g,0t=h t=0
Since
~ % t ~ %
f e dy‘ < f f @] 5.4
B(z,t) ’y - 513" 0 O0B(z,s) S
t
<ArlelT [ (- s)|1=ds,
0
it follows

¢
Ja,t)z~ < C + cfo la(,8)|p=ds (0<t<T).
By Gronwall’s inequality
|@(-t) | L rsy < C(1+ CTeT).

Therefore Du(z,t) is bounded and that D; u(z,t) = w is also bounded. Then
there exists a function v; € L*(R?) and a subsequence h; — 0 such that

D" u(x,t) =~ v weakly in L2 _(R?).

i loc

Consequently

_ 1 hy,
fRS Uy, dT = }};rilo fR3 uD; " pdw
= — lim D;hkuqbdx =- [3 v;pdx.
R

hir—0 JR3
The second equality is the integration by parts for the difference quotients, which follows

from PR R0 RCal Py (TG RUTCR ] P

when h is small. This holds for all ¢ € C>(R3), and therefore v; = u,, in the weak
sense (i = 1,2,3). Consequently u € Wh=(R3). We can similarly bound wu;, so that
ue Whe(R3x[0,T))

Then by [10] (5.8.2b theorem 4) we have u Lipschitz continuous on every bounded and
open U € R3 x [0,T") with oU e C'. And by Rademacher’s theorem u is differentiable
almost everywhere in U, and the gradient of u coincides with the weak gradient. Since
U is arbitrary we can obtain any compact set by finite cover, and approximate the whole
space by compact sets. Therefore u € C'(R? x [0,T)).

Writing @ = u,, or u;, by sending i to 0 and using the continuity of u it follows that @
is a weak solution to

ﬁtt - Au+ 5(1,6)41] = fl.
Then we can repeat the argument to bound all the higher derivatives and therefore show
that uw e C(R3 x [0,7T)), the weak solution is identical with the classical solution.
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0

In the next theorem and for the rest of this section, we will be switching away from
our previous viewpoint of the function u as a function of (¢,x), but instead regard it as
a function of ¢ only, and for each value of ¢ it is a function of x situated in some Sobolev
spaces such as H'(R"). Thus the condition

we L*(0,T; H'(R™))

means that its norm

T 1/2
lw] L2070 (mr Yy = {fo |u”%{1(R")dt}

T 1/2
- {f / |ul* + |Du|2dxdt}
0o Jrn

is finite. In adopting such interpretation of the function u we are expanding the class of
permissible solutions to those which only possess the partial derivatives in the distribu-
tional or weak sense.

Theorem 7.2 ( [10] Chapter 12.2.1 Theorem 1). (1) Assume ¢ : R®* x Rx R - R s
Lipschitz continuous with ¢(0,0,0) = 0, and if g € H. (R*),h € L2 (R"), f €

loc

L2(0,T;L? (R™)). Then for each T >0 there exists a unique weak solution u to

loc

Ut — Au + Q(Duauhu) = f(flf,t) R™ x (OvT)

(7.12)
u=g,u=h t=0

which satisfies
we L>=(0,T;H. (R"))
u' e I=(0,T; 12, (R"))
w' e L0, T HA(RY))
(2) If in addition f e L?(0,T;H! (R*))n L>(0,T;L? (R")),g€ H?

loc loc loc
then

(R*),h e H}

loc

(Rn)7

we L>(0,T; H: (R™))
u' e =(0,T; HL (R))
w’ € L(0,T; I, (R™)
Proof. Define the space
X = {ueL>(0,T; H(B(0,R)))|u € L=(0,T; L*(B(0,R)))},
with norm
|ul| := ess Oi?g(””(t)”fr;(za(o,zz)) + [ ()| 22 (B(0,R)))-
Choose R and T, recast in the form
g — Au = —q(Dv, vy, v) + f(x,1) in B(0, R) x (0,7T]
(7.13) u=0 on 0B(0,R) x [0,T]
u=g,u;=h on B(0, R) x {t =0},
from which we define u = A[v] as a map from X to X. This is possible because the linear
problem ([7.13]) admits of a unique solution u € X whenever v e X.
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Then if w = u — @ for another v € X and u = A[?],

wy — Aw = q(D0,0;,0) — q(Dv, vy, v) in B(0,R) x (0,7T]
(7.14) w=0 on 0B(0,R) x [0,T]
w=g,w;=h on B(0,R) x {t =0}

By applying an energy estimate ( [10] Chapter 7.2) for linear equations we have
|lw| < Cllg(Dv,94,9) = g(Dv,ve,v) | 20,7522 (B(0,R)))

and because ¢ is Lipschitz continuous,
T A
[w]? < cf f IDv = Do + |of — &' + |o - 82 dadt < CTv - 9|
o JB(O,R)
Since w = u -1 = A[v] - A[0], it follows
. 1 N
|Alv] - A[o]] < S v -2]

provided T" > 0 is small enough. Banach fixed point theorem then gives u € X as the
unique solution of , but only valid within a cylinder of radius R and for a small 7T'.

In order to expand the domain to the whole space, first observe that for all R the
solutions are valid for the same T, since the determination of 7" depends only on the
Lipschitz constant. Also by the finite speed of propagation, the solutions overlap on
aribitrarily large regions within R" and their common value determines our solution for
the whole space within a fixed T.

Again if we take T" as the initial time and repeat the above argument to obtain solutions
on the time intervals [T,27T], [2T,3T], ... the solution is extended to all time.

It remains to prove the second assertion of the theorem. Take k € {1,....n} and recall
that @ := Dl'u is the difference quotient of u. This quotient solves the equation

(7.15) {aﬁ—Aa+hLm+ca+m@=f in R x (0,7)

G=g,0,=h  onR"x{t=0},
where § = Dl'g.h = DI'h, f = DI'(f) and
b = fol Qp; (sDu(x + hey, t) + (1 - s) Du(z,t), suy(x + heg, t)
(7.16) +(1=s)ug(x,t), su(zx + heg, t) + (1 = s)u(x,t))ds,
€= [01 q-(-+)ds, d = [01 Qppsy () ds.

Using the argument above we have
|a] = ess sup ([|a(t) | (Beo,ry) + 1@ ()] 22(800,r))) < C,
0<t<T
where C' depends on

||§:]”H1(B(O,2R)) < Clglla2(sosry)
||]7:||L2(B(0,2R)) <O\l ar(Bosr))
”f”L2(O,T;L2(B(O,2R))) < CHfHL2(07T;Hl(B(073R)))

Therefore u € L>((0,7); H2 (R")) and v’ € L*=((0,T); H} (R")).

loc



22 YOUPENG SUN

Using the equation wy — Au + g(Du,us,u) = f to estimate fB(QR) uZdr to get u'" €
L=((0,T): L2, (R")). 0
Our next theorem is local in time and without the Lipschitz continuity of q.
Theorem 7.3 ( |[10] Chapter 12.2.2 Theorem 3). Assume ¢ :R* xR xR - R to be C*1,
q(0,0,0) =0. If ge H*(R™), h e H*1(R"), f e L>((0,T); H*1(R")).
Then there is a T > 0 so that
(7.17) {utt - Au+ q(Du,ug,u) = f(x,t) in R™ x (0,7T]
u=g, u =h on R" x {t =0}
admits a unique weak solution u, with
we L=(0,T; H*(R™)), u' € L=(0,T; H*1(R")).
Proof. Define
X :={ueL>(0,T; H'(R™)), v’ € L=(0,T; L*(R"))}
with norm
= ess sup (Ju(®) s iy + [ () ey
and with a stronger norm N

llull := ess sup ([u(t) [z @n) + [0/ (E) | -2 eny ).
0<t<T

For A > 0 also define
X, 1= {u € X; Jul € A, u(0) = g, 0/(0) = h}.

Recast ([7.17)) into
(7 18) Utt—AUZ_C](DU,Ut,U)'f'f(l',t) R™ x (OvT]
' u=g, u=h t=0,

denote as before u = A[v], next we intend to show that A is a strict contraction and is
from X, to X,. For the later assertion it is sufficient to prove [Ju < .

To this end we examine the triple norm more closely and try to derive an estimate of
llu|l in terms of ||v||. Firstly define

E(t) = [ul®) e eny + 10 (O Vo1 ny
and
Fi(t) = () [ e ey + 1V ()it eny-
Then the following holds

(7.19) Ei(t) sEk(0)+C’fOt\If(Fk(s))ds+C’t (0<t<T)

for some continuous and monotone function ¥ which depends on n, k and f. (The deriva-
tion of (7.19) can be found in |10] Chapter 12.2.2, we prefer to omit it here.)

Now from ([7.19))
2 !
(7.20) leall® < g5 gy + 1051 gy + CTE(J0l") + C'T
Fix A by
= 2(”9“Hk(Rn ”h”Hk 1(Rn) )
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and by a choice of T" so that
2

CTU(N\)+C'T < %,
.20)) then becomes v||I” £ A%, and so A[v|=ue X,.
(7-20) then b A[v]|* < X2, and so A X

To show that A is a strict contraction, or

(7.21) | Afv] - A[2]] <

1 N
Lo-if
for every v, v € X,. Denote w =u -4 = A[v] - A[0], integration by parts gives
d
g7 fn|Dw|2 +w? +wdx
=2 wi(q(Dv, 04, 0) — q(Dv, v, v) + w)dx
R

< wt2+w2dx+Cf | Do — Dol? + |6 — ve]* + |0 — v]*dz,
R”l R”l

where C' depending on | Do, 9,0, Dv, vy, v|| L. By Gronwall lemma

max /‘|Dw|2 + Jw|? + wdx
0<t<T

T
SC{/~[|Dv—Dﬂﬁwm—@P+W—ﬂ%mﬁ
0 R™

<CTlv-9|?
on taking 7" small we have ([7.21).
Finally choose ug € X, denote wuy,1 := Alug] for k=0,...,, then u;, > u in X and
Alu] = u.

Moreover, [|ug|| < A gives u € X,. (7.21)) proves uniqueness.
U

Finally, we have one more existence theorem concerning the simpler form of nonlinearity
where ¢ depends on u only.

Theorem 7.4 ( [10] Chapter 12.3.1 Theorem 1). Assume ¢ : R - R continuous and
satisfies the sign condition

(7.22) 2q(2) 20 zeR
with (0) =0. If g < H'(R), he L*(R"), Q(g) < L (R™),
feLl?((0,T); HY(R™)) n L>((0,T); L2(R™)). Then the semilinear problem
(723) {Utt—AU'i‘Q(U) :f R” x (0,00)
u=g,u=nh t=0
admits of a weak solution u for all T >0, with

we L2 ((0,T) xR*) n L=((0,T); H'(R"))

W e L=((0,7): L2(R"))
Q) € L=((0.T): L'(R")
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Moreover, the following energy growth estimate holds
E(t)<eTE(0)+C,
where
B(t)= [ S0+ 1DuP) + Qu)dr,
with Q' = q.

Proof. Because of the sign condition on ¢,

Q)= [ q(w)dw>0

is increasing for z > 0 and decreasing for z < 0.
By Stone-Weierstrass theorem ( [21], theorem 7.26) we can select a sequence of contin-
uous functions Q)5 : R - R so that

Qi 2 0,Qr ~ Qpointwise, @ < Q, Qi = Qon [~k k]

with ¢, = @, Lipschitz continuous, and zgx(2) > 0 for every z € R. Also take {gx}2,, {hi}2, €
Cg and gy, hy — g,h in H', L? respectively, and assume |gx| < |g|,|h| < |h], |Dgk| < |Dyg]
a.e. forall k=1,2,....

Now the equation
(7.24) {ui‘; - AuF+q(ut) = f(2,t)  R*x(0,7)

uk = gg,uf = hy, t=0

admits of a solution u* by theorem since gy, is Lipschitz continuous. And by the second
part of the same theorem gives

uf, Dut,uf € C((0,T); L*(R™)),
D2uk Dyuk uk e L((0,T); L2(R™)).

If we then calculate
. 1
E(t) = 4 f —((uf)? + |Du*P) + Qp(u¥)dx = [ uf fdx
dt Jrn 2 Rn

< Ey(t) + %|f|i°°((0,T);L2(R"))
Gronwall lemma gives
(7.25) Ei(t) <eTE(0)+C
where
B(0) = [ 507 +1Dal) + Quar)d

Pass onto a subsequence if necessary such that Q(gr) > Q(g) a.e., and because |g| < |9
we have 0 < Qr(gr) < Q(g) a.e. for all but finitely many k. Since Q(g) € L', the Dominated
Convergence Theorem then gives

B:0) > [ SUDgl + ) + Qo) = B(0).

Inequality ([7.25]) then implies
(7.26) Ex(t) <C(T)
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uniformly in £.
Since @y > 0,

(7.27) max |uy, Du*| 2@y < C(T)

0<tT

and by Gronwall lemma

(7.28) max [u¥ | 2 gy < C(T).

0<t<T
Therefore
uf e Hy, (R" % (0,7)),
and by Rellich-Kondrachov compact embedding theorem
H (R"x(0,T)) cc L2 (R™ x (0,7T)),

loc

i.e. each bounded sequence in the former space has a subsequence that converges in the
later. Also L2 (R" x (0,7")) is a reflexive Banach space, so that each bounded sequence
has a subsequence that is weakly convergent in the same space. Hence there exists the
subsequences

(R* % (0,77)) and a.e.,
Du¥ uf = Du,u;  weakly in L2 (R" x (0,7)).

loc
It remains to show the convergence of the term ¢, (u*) to ¢(u). As a first step we prove
that {¢* = q,(u¥)}2, are uniformly integrable. i.e. for e > 0, there is § > 0 so that if
EcR"x[0,T) and |E| <4, then [[,|g¥F|dzdt < € for every k.
By multiplying by u* and integrating on R™ x [0,T),

fT |Du”? - (uf)? + uqp (uF)dadt = f ufukdx‘:iOT+fo uf fdxdt.
0 R™ R™ = 0 Rn
Because uFq(u¥) >0, (7.27) and (7.28)) gives
T
(7.29) f f i e (1) |dedt < C.
0o Jre

loc

{uk - u strongly in L?

Then
kddt:ff Oldadt+ [[ b)\dedt
S ot awd= [l [fL bl
<3 [ et ldnde + Bl maxla(y)
< XC(T) +|Emax|qx(y)|-
lyl<A
By choosing A so large that C(/\ ) < < 5, it follows

Hdadt < =+ |E <
[ 9" ldzde < 5+ | Blmaxa(y)] <

if |E| < ¢ for small § > 0. Thus the uniform integrability is proven.
Next we show

gk (u) > q(u) in Lj,(R").



26 YOUPENG SUN

Denote ¢g* := qi(u*), write g := ¢(u), and choose R > 0, ¢ > 0. Because of uniform
integrability there is 6 > 0 such that |E| <6 gives [, |g¥|dz <€ for k=1,.... By Egoroff’s
theorem, there exists a E such that |E| < and ¢g¥ - ¢ uniformly in B(0, R) - E. Hence

lim sup |g* - ¢'|dx < limsup f 9" - ¢'|dx < 2e.
k,l—o0 B(0,R) k,l—>oc0 E
for every e > 0. Therefore {g*}*, is a Cauchy sequence in L1(B(0,R)) that has a limit
ge L'(B(0,R)). Because g*¥ —» g a.e., we conclude g = §.
Since
uf — Auf + qp(u) = f in R" x (0,7),
by multiplying a test function and passing to the limits, it follows that
uy — Au+q(u) = f in R" x (0,7
holds in the weak sense. Moreover by the property of weak convergence
[ u? + |Dul*dx < lim inf f (uF)? + | Du”|Pda;
Rn —> 00 Rn
and by Fatou’s Lemma
do <liinf [ Qu(u)da.
o, Q(u)dz <liminf | - Qu(u”)dz
Those two inequalities along with ([7.26]) yield the growth estimate. ([l

8. CONTROL THEORY

In this section we present some elements of ”Control Theory” which has its origin in
the study of centrifugal governors by J.Maxwell in 1868. Problems in this area are usually
concerned with the optimization of a mechanical system through an analysis of the under-
lying equation. The following presentation will be entirely free of physical interpretation
and only heed mathematical facts.

To illustrate our aim consider for example the equation

y=(Ay+ BF(y)) + Bu
y(0)=a, y(T)=>

where the solution y is interpreted as a function of ¢ with values in function spaces just as
we did in the last section. Let it be a Hilbert space H. A and B are some linear operators
from H to H. Note that here not only a initial state but also a terminal state is prescribed
on the solution y, and the objective is to determine that control u which can accomplish
this in an optimal manner. This optimality can be expressed in terms of

T
(52 Br(a,) = 5t [ [u(s)lds,
u - Jo

the minimum energy required by the control to transfer y from a to b within a certain
time T'. Or if we disregard the time frame and require the minimum across all scenarios
of the transfer,

(8.3) FE.(a,b) = ;an Er(a,b)

(8.1)

is the optimum energy which bears the name quasipotential.
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It is our aim of this section to search for a simple formula which can express Eo(a,b)
in terms of @ and b.

8.1. Preliminaries.

Definition 8.1 (Linear operators in Hilbert space). A complex vector space H is called
an inner product space (or unitary space) if to each ordered pair of vectors z and y in H
is associated a complex number (x,y), called the inner product or scalar product of x and
y, such that the following rules hold:

a) (y,x) = (T,7).

b) (z+y,2) = (z,2) + (y,2).

¢) (ax,y)=a(z,y)ifxre Hye HaeC.
d) (z,z)>0forall z e H.

(e) (x,z) =0 only if z = 0.

(
(
(

Every inner product space can be normed by defining
] = (z, ).

If the resulting normed space is complete, it is called a Hilbert space.
A linear map A from a Hilbert space H to itself will be called a linear operator. It is
bounded if and only if its norm

| Al = sup{[[Az| -z e H, [z] <1}

is finite. The family of bounded operators on H will be denoted as B(H).
The graph G(A) of an operator A in H is the subspace of H x H that consists of the
ordered pairs {x, Az}, where x ranges over D(A), the domain of A. A closed operator

in H is one whose graph is a closed subspace of H x H. By the closed graph theorem,
AeB(H) if and only if D(A) = H and A is closed.

Theorem 8.2 (Positive operator). Suppose A€ B(H). Then
(a) (Az,x) >0 for every x € H if and only if
(b) A=A* and o(A) c[0,00),
where o(A) is the spectrum of A, the set of complex numbers \ for which A\ — A is
not invertible.

Definition 8.3 (Fractional power operators). The resolvent set p(A) of A is the set of
all complex numbers \ for which A\I — A is invertible, i.e. (M — A)~! is a bounded linear

operator in H. The family R(A: A) = (A - A)~L, A e p(A) of bounded linear operators is
called the resolvent of A.
Let A be a densely defined closed linear operator for which

(8.4) p(A)o X" ={N:0<w<]arg)|<m}uV

where V' is a neighborhood of zero, and

M
R(AN:A)| < —— Aed’.
QA g for A
For an operator A satisfying Assumption (8.4) and o > 0 we define
1

(8.5) Ao — fc 2 O(A=21) Nz

Comi
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where the path C runs in the resolvent set of A from ooe ¥ to cce®, w < 0 < 7, avoiding
the negative real axis and the origin and 2~ is taken to be positive for real positive values
of z. The integral converges in the uniform operator topology for every a > 0 and
thus defines a bounded linear operator A~2.

Let A satisfy Assumption (8.4)) with w < 7/2. For every a > 0 we define

(8.6) A* = (A7)
For a =0, A =1.

Theorem 8.4. Let A be defined as in , then it has the following properties:
(a) A is a closed operator with domain D(A®) = R(A~®) = the range of A=2.
(b) o> >0 implies D(A*) c D(AP).

(¢) D(A*) = H for every a > 0.
(d) If o, B are real then

APy = A% APy
for every x € D(AY) where v = max(«, 5, + f3).
Definition 8.5 (Semigroups generated by operators). Let X be a Banach space. A

one parameter family T'(¢), 0 < t < oo, of bounded linear operators from X into X is a
semigroup of bounded linear operators on X if

(a) T'(0) =1, (I is the identity operator on X).
(b) T(t+s)=T(t)T(s) for every t,s > 0.

A semigroup of bounded linear operators, T'(t), is uniformly continuous if

(8.7) ltilr(l)q IT(t)-1|=0.
The linear operator A defined by

. Tt)r-z .
(8.8) D(A) = {ZL‘ € X :lim —ex1sts}

tl0 t
and

_ +
(8.9) Az =lim It - 4 Tt for xe D(A)
tl0 t dt o

is the infinitesimal generator of the semigroup T'(t), D(A) is the domain of A.

Theorem 8.6. A linear operator A is the infinitesimal generator of a uniformly contin-
uous semigroup if and only if A is a bounded linear operator.

Theorem 8.7. Let T'(t) be a uniformly continuous semigroup of bounded linear operators.
Then

(a) There exists a constant w >0 such that |T(t)|| < et.
(b) There exists a unique bounded linear operator A such that T(t) = et4.
(c) The operator A in part (b) is the infinitesimal generator of T'(t).

Definition 8.8. A semigroup T'(t), 0 < t < oo, of bounded linear operators on X is a
strongly continuous semigroup if

(8.10) ltif(l)lT(t)ZB =z for every x e X.
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A strongly continuous semigroup of bounded linear operators on X will be called a semi-
group of class Cy or simply a Cy semigroup.

Theorem 8.9. Let T'(t) be a Cy semigroup. There exist constants w >0 and M > 1 such
that

(8.11) IT@)| < Me*t  for 0<t<oo.

Definition 8.10. Condition (8.11)) is called uniform boundness of the Cy semigroup T'(t).
If moreover M =1 it is called a Cy semigroup of contractions.

Theorem 8.11 (Hille-Yosida). A linear (unbounded) operator A is the infinitesimal gen-
erator of a Cy semigroup of contractions T(t), t >0 if and only if

(a) A is closed and D(A) = X.
(b) The resolvent set p(A) of A contains R* and for every A >0

(8.12) RO\ A < %

Definition 8.12. Let A = (z:¢; <argz < 9,1 <0< pq) and for z € A let T(z) be a
bounded linear operator. The family T'(z), z € A is an analytic semigroup in A if

(a) z - T(z) is analytic in A.

(b) T(0) = I and lim, 0 ,en T'(2)x = x for every z € X.

(¢) T(z1+ 22) =T (21)T(22) for z1, z9 € A.

Definition 8.13 (Interpolation space D4(6,p)). If A generates a Cy semigroup 7'(1).
Then

(8.13) Ds(0,p)={xeX :th(t)=t?|T(t)x - x| e LE(0,00)}.

where L% is the weighted LP space endowed with the norm

00 dt 1/p )
woer = ([TIHOPT) T itp<oo

If

If

L(0,00) = €SS sup |f ()]
te(0,00)

Definition 8.14 (Compact operators). Let X and Y be real Banach spaces. A bounded
linear operator

A: X ->Y

is called compact provided for each bounded sequence {ux}5>, ¢ X, the sequence { Auy }52,
is precompact in Y’; that is, there exists a subsequence {uy, };‘;1 such that {Auwu, };‘;1
converges in Y.

Theorem 8.15. Let H be a Hilbert space. If the operator A: H - H is compact, so is
A H - H.
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8.2. Linear systems. We now assume the operator A to be negative definite and self-
adjoint. Let C': H - H be a bounded operator. Consider the controlled systems:

(8.14) y = Ay +u, y(0)=xeH

(8.15) ij= Ay + Cy +u, y(0) e D(-A)"2, y(0) e H

Note that the second order equation ({8.15) may be viewed as a system of two first order
equations:

(8.16) {” =y

v=Ay+Cy+u
or equivalently
(8.17) z=Az + Bu,
where z = [z], A= |f£31 é], and B = [?] The operator A with domain D(A) x D(-A)'/?
defines a Cy-semigroup S(t) on H = D(-A)'/? x H.

Definition 8.16. The reachable set is the set of possible states Ry which can be trans-
ferred to from the state 0 in 7" by all controls u(-) € L2[0,T; H]. If Ry is the whole space,
the system is called exactly controllable. The system is called null controllable for 7> 0
if any state a € H can be transferred back to state 0 in 7.

Theorem 8.17 ( [7] Theorem 2.4). Suppose A is negative definite and self-adjoint, with
A=Y compact. If A generates an analytic semigroup on H, then the reachable set for (8.14))
is independent of time and is D4(1/2,2).

Proof. Let us choose and fix T'> 0. We will show that the reachable set Ry at time T for
system (8.14)) is a subset of D4(1/2,2).

For this aim let us take an arbitrary element x which belongs Rp. In other words, there
exist w € L2(0,T; H) such that

(8.18) z =y(T),
where y : [0,T] - H is a mild solution of the following problem
(8.19) y=Ay+u, y(0)=0¢€H.

By definition, a mild solution of (8.19) is given by formula

(8.20) uo)= [ "S(t - s)u(s)ds, te[0,T].

Moreover, we have that

(8.21) y e W2(0,T; H) n L*(0,T; D(A)).

Property is the so called maximal regularity and it’s true under some quite general
properties of the operator A. In our case when A is a self-adjoint operator and negative
operator in H such that A1 is compact, this property can be proved by direct calculations
using the ONB associated with A. Also, when A = A, this property can be shown by using
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the Fourier transform.

Then the assertion in the theorem follows directly from the definition of D4(1/2,2):
D4(1/2,2) :={zx e H:3ye W"2(0,T: H
522 4(1/2,2) = {x € H: 3y € W'2(0.T; H)

N L*(0,T;D(A)) : y(T) = z}.

O

Proof that y e W12(0,T; H) n L2(0,7; D(A)). We first assume the domain to be (0, o),
and u € L2(0, c0; H) with compact support in (0, 00). Under the assumption that A = A*,
-A20, A" is compact, there exists an orthonormal basis {e;}%2, in H such that

—Aej = )‘jej
with A; >0, A\; > o0 as j - co. We can then decompose equation (8.19) in the form
Z yj (t)ej = - Z )‘jyj (t)ej + Z uj(t)ej.
j=1 j=1 J=1
Matching the coefficients for e; and taking into account y;(0) =0 to get

t
yj(t)zfo e”\j(t’s)uj(s)ds,

and the estimate

[ 1Ay = [Ty we)par
0 0 =1

¢ 2
./(; Nje Ny (s)ds| dt

The last integral is the convolution | f * 9”%2(0 woupr) Where
Aje s ifs>0
S)=
/() { 0 ifs<0

and ¢(s) = u;(s). Apply Young’s theorem | f * g|lr < | flzelg|re with 1+1/r =1/p+1/q

when r = ¢ =2 to get
%) =) 00 2 00
f |Ay(t)|2dt < f Aje Vo ds f lu; (s)2ds
0 4o 0

= ”uH%?(O,oo;H)'

Thus from equation (8.19) it follows that

191 220,008y < 1AV £2(0,005m) + 1] £2(0,0058) < 20 120,00

also
[T w@rdes [T 1Aty ar
<A [ Ay Par

< CHUH%Q(O,M;H)'
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The orthonormal basis {e;}$, in H can be normalized with respect to D(A) then the

above also holds in D(A). As a result y € W12(0, 00; H) n L2(0, 00; D(A)).
Finally, it can be shown that the interval (0,00) can be replaced by (0,7"), so that

we L2(0,T;H). Set
T
ah) = {u(t) t<
0 t>T

and solve
y=Aj+a,  §(0)=0eH
in the interval (0, c0), and choose

() t<T
y@)"{o t>T

Then y is the solution to
y=Ay +u, y(0)=0e H

in the interval (0,7"), and we have

| Ayl 220,71y < AT 200,005y < |8 220,005y = [0l 20311 -
0J

Theorem 8.18 ( [§] Theorem 3.1). Suppose A is negative definite and self-adjoint, with
A1 compact.

(1) Equation (8.14)) is null controllable for any T. The reachable space for (8.14)) is inde-
pendent of time and is D((=A)'?).
(2) Equation (8.19)) is exactly controllable.

Proof of Theorem[8.18, Part (1). By the Lemma on p.208 of [30], null controllability in
this case is equivalent to

T
(8.23) f 1S(r)e|?dr = k| S(T)z|2,  zcH
0

for some constant k£ > 0. Assume for the moment the operator —A is invertible and
bounded, using the orthonormal basis for the decomposition of —A, we then have

WK

((e’QAT -z, x) =[N - 1].7:3

<.
I
—_

NgK

2, [2\,T)a? = (-2AT 'z, x),

J

Il
—_

and e 24T — [ > -2AT, or
(=2A) (I - A7) > Te?AT,
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The left hand side of the last inequality is equal to fOT S(2r)dr by the calculation

[foTS(Qr)dr] (z) = [foTeQTAdr] ()

therefore
T
(8.24) / S(2r)dr > TS(2T),
0

and this is (8.23)) for k£ =T because

([ senarl@.a)= [7se)sermnan
- [T 15yt

since A is self-adjoint.

Note that
Ry = fo " S(r)dr = (<24)1(1 - S(2T))
and
(8.25) Ry? = (I-8(21))2((-24)%) .
Since the operator (I —S(2T))'? transforms D((-A)'?) onto D((-A)'?) for all T the
second assertion of Part (1) holds. O

Claim 8.19. The operator (I — S(2T))'? transforms D((-=A)Y?) onto D((-A)'?).
Proof of Claim[8.79 . Take x € D((=A)'/?) so that |z]? = £32, ;2% < co, then

[(1-S@21))" ()] = Z&x e?NT) < Z)\l‘ < o0,

Therefore the operator maps into D((-A)'?). To show it is also onto, take any y €
D((-A)Y?), and set x; = (1 - e 2MT)" 12y, so that (I - S(2T))"%x =y, and

YA =Y A (1—e 2Ny
= p
<sup(1-e M) Y N yP < oo,

J=1

provided {);}%, is increasing and strictly positive. Hence (I -S(27'))"/? is also onto. [
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Proof of Theorem . Part (2). Without loss of generality assume C' = 0. We first find
the form of the semigroup S(t) generated by A. Consider the uncontrolled equation

(8.26) y = Ay,
decompose using the orthonormal basis to get
d?y; .
dtQJ :_/\jyj(t) ¥ 21,2,....
each of those has a fundamental solution of the form

yj = ozcos(\/)\—jt) + Bsin(\/)\_jt).

Determine a and § by the initial conditions ;(0) = yo.,7,(0) = y1 , so that

Yj = Yo, cos(\//\_jt) + \y/l)\i sin(\/)\_jt)
J

~yoi /A sin(\/Ajt) +y1j cos(\/Ajt)
or in the compact form
(1) = [ COS(‘\//\_jt) \/L)\_J sin(y/A;t) [yo’j] ‘
—\/)\_jsm(\/)\_jt) cos(\/A_jt) Yij
By comparison with z(¢) = S(¢) [} ] we deduce
S(t) = [ cos(ﬂt) ¢+_A sin(ﬂt)] 7
—V/-Asin(v/-At)  cos(v/-At)

where each of the four operators define the operations

(8.28) cos(V-At)z = icos(\/)\_jt)xjej D(-A)/? - D(-A)'/?

(8.27)

\/_sm(\/_t)x ]1\/_

(8.30) —Asin(V-At)z i /A sin(\/N\t)zze;  D(-A)YV? - H

(8.29) sin(y/\jt)zje; H — D(-A)'?

(8.31) cos(V-At)x = i cos(\/\jt)z e; H—-H

And so S(t) maps H = D(-A)Y2 x H into itself. Also because each of its four components
are linear, S is itself linear. To show that it is also bounded, take z = (z,y) € H, so that

IS(0)213 = | cos(v=At)z + s sin(V =AW oy
+] - \/jsin(\/jt)x + COS(\/Jt)yH%{

= [ (=A) Pl + lyl%

= 213
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By the addition formulas for the sine and cosine functions,

[ COS(M(tl + tg)) \/+_A sin(ﬂ(tl + tg)):|
—\/Jsin(\/J(tl +t2)) COS(M(tl +t2))
_ [ cos(v/—Aty) J%& sin(v/=At;) ] ) [ cos(v/—Ats) \/%4 sin(vV/—Aty) ]
—V/=Asin(vV/=At1)  cos(v/-Aty) —V/~Asin(vV=Aty)  cos(v/—Atg)
B [ cos(V—Atz) ﬁsin(x/ﬁtg)] ' [ cos(V/=At1) \/%sin(\/jtl)]
—V/~Asin(vV=Aty)  cos(v/—Ats) —V/~Asin(vV=At1)  cos(v-Aty)
it follows that S(t; +t2) = S(t1)S(t2) = S(t2)S(t1). Moreover observe that S(0) is the
identity operator, and the mapping ¢t - S(t)z from [0,00) to H is continuous. Hence we
have shown that the above defined family of bounded linear operators {S (%) }+0 is indeed
the semigroup generated by A.
To continue with the proof, recall the mild form of solution to the controlled system

[©39) to be

¢
A1) = S(1)z0 + [ S(t - )Bu(s)ds,
0
and thus the reachable space Ry = {z(T) : zo = 0} is determined by the operator
T
Ap= f S(T-s)Bds  L°[0,T;U] - H.
0

To show Ry = H it is sufficient to prove ImAr o H, this by the lemma in [30] p.208 is
equivalent to showing

(8.32) [AT2 ] 2p0.m) 2 el 2]

for every z € H and some ¢ > (. To determine the left hand side of , we first find the
forms of §*(t) and B* since

AN (s) =B*S*(T - s).
Take z1 = [y1 ],20 = [ 32 ] in H, and compute

(S(1)2 ><l cos(v-At) ﬁsin(x/ﬁt}“mll H)
1,22 _MSin(Mt) cos(ﬂt) ZENEZI

(\/_Acos(\/_t)xl +sin(v-At)y, \/j:v2>
( V-Asin(V-At)z; + cos(V-At)y;, y2>
(\/_Axl, V-Acos(V-At)x, - sm(\/_t)y2>
+ (yl, V-Asin(V-At)x, + cos(\/jt)y2>
{

n

) et ot ),

similarly
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Therefore §*(t) = S(-t), B* = BT, and hence
[A72] 20,70y

= [ 188 ()=l
=fOTH[ﬂsin(ﬂt) cos(ﬂt)]m Udt

_ /0 T{g A, sin? (/g t)a +2]§1\/Tj sin(y/ Mt} cos(v/At) 2y,
N ;il cos? (v/2t)y2 )dt

1,8 sin(2y/A\T) ), +sm(z\/A_jT) )
35 (- B )

+ 2(1 — cos(2\/N;T))z;y;}-

2

J=1

In view of ({8.32)) it is sufficient to show that there exists ¢ > 0 such that for all [§ ] € H,

O _sin(Z\/)\_jT) =Y +sin(2\/)\_jT) )
;AJ(T c —2\/)\_]- )mj+Z(T c —2\/)\_]- )j

+>(1- cos(2\/>\_jT))xjyj > 0.
P

j=1

(8.33)

For this consider the inequality

allz|*+ Blyl* + 7 (z,y) > (Valz| = VBlyl)* + Vs ~ W) 2] y] 2 0

which holds whenever 72 < 4a/3,a, 8 > 0. Applying the inequality to each individual term
in the sums (8.33)) to obtain

sin(2,/A;T) sin(2y/A;T)
)\j(T—C—Q—\//\_j)ZO (T—C+2—\/)\—j)20
and
(1= cos(2y/\T))? < 4\, {(T ) ( 2/%; ) }

for all A;. All three conditions then reduce to

sin(2\/)\_jT) T
v

Then we can choose T' and ¢ small enough so that the inequality holds for all 7. Thus we
have shown the system (8.15)) is exactly controllable for small 7T'. 0
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Theorem 8.20 ( [7] Theorem 2.3). (1) Assume that the operator A is negative definite
and self-adjoint, then for the system (8.14))

B0y~ [ICAMEif beD((-AY”)
A oo otherwise

(2) If in addition the operator C' is negative definite, bounded, self-adjoint and that
(=C)'2 commutes with (-A)'2, then for the system (8.15))

B ([o]-[1]) - 210y ayae con-eympe. [ e

Proof.
(1) By formula (8.25)
(R = (-24)"3(1 - 5(21)) P,
and we have for b e D(-A)'/?
Ew(0,0) = lim |(R{)7b]

= lim [[(-2A4)"2(1 - S(21))"*b| %,

= |(-24)"2p]%.
On the other hand if F(0,b) < oo, there exists 7' > 0 such that

I(R2%) ] < oo,

(I-S(2T))"Y2be D(-A)'/?

which by theorem implies b e D(-A)'/2.
(2) Recall that the operator R =limy ., Ry satisfies the Liapunov equation:

(8.34) 2(RA*x,x)+(BB*z,z) =0, xe D(A").
Let us first consider the function
V() = 191 (3.0} + L ICol + 1(-4) 2y ?
If y(0) € D(A), 5(0) € D((-=A)'?) then along the solution of with u = 0 we have
e (9) =20, Ay) ~ (3. Ci) + (Cy, C )
= =[(=C) 212 = [ (=C) (- A) 2y .

Thus V(-,-) is a Liapunov function for the uncontrolled system and so A generates an
exponentially stable semigroup.

Then we show that when C' =0, A= [Sl é] is skew-selfadjoint, i.e.

A*=-A and D(A*) = D(A).
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For D(A) c D(A*), since A is skew-symmetric, or
(Az,y)y = (22, Az1), (41, ¥2) )y
= <(—A)1/2$2, (_A)1/291> + (Axy,y2)
== ((—A)l/%la (—A)l/ng) — (w2, Ay1)
== <($1, x2)7 (y2> Ayl))?—[
== (xaAy>’H

for all x,y € D(A). Fix any y and then
[(Az,y) | = [{z, Ay) | < [ Ay| =],
so the mapping D(A) > x — (Az,y) € R is continuous, and y € D(A*) by definition.
The general case follows from the addition of the operator C= [8 g], which is bounded

and symmetric and therefore self-adjoint. In this case
A = 0 —I+OO_ 0 -I
“|1-A 0 0o C| |-A CY|
Now we can show that the unique solution of (8.34]) is

1[ct o
R‘ﬁlo 0—1]'

a * O b : 1/2 1/2
Let [b] € D(A~), then A lb] = [—Aa+C’b]' Since (-A)Y2a € D((-A)'/?),

o 1]

= ((-A)2C'b, (-A)Y2a) - (C7H (- Aa) + b, b) + (b, b)
= —(C'b, Aa) + (C Aa,b) = 0

Hence, for arbitrary lZ] eH,

ey o= SO ][]
- (-0 () alf +20(-C) b

0

8.3. Nonlinear systems. Having introduced the basics from the linear case, it is time
to bring forward the corresponding results for nonlinear systems. We choose to omit the
part concerning parabolic systems because it has been treated in detail in [7], and also
because the hyperbolic systems contain results that are closer to our purpose, namely of
applications to nonlinear wave equations.
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Consider the equation
(1) = Ay(t) = U'(y(1)) - By(t) +u(t),
y(0) =ao,  9(0) =bo

with the following array of assumptions:

(8.35)

(i) A is a negative definite operator on the Hilbert Space H.
(ii) U is a functional from V = D((-A)'?) into R, of class C*, U(0) =0, DU(0) = 0.
(iii) There exists a mapping U’:V — H, Lipschitz on bounded sets such that

DU(x;h) =(U'(x),h), for allx, h eV,

where DU (x;h) denotes the value of the Frechet derivatives at x in the direction h.

(iv) [ is a positive constant.
(v) age D(-A)? and by e H, uwe L*(0,T; H)
We take as an example of a system satisfying those assumptions:

Example 8.1 ( |7] Example 3.5). Let A = 45 D(A) = H}(0,L) n H2(0,L). Moreover,

dz2>
we set H(0,L) = {ue H'(0,L);u(0) =u(L) =0}. Then V = D(-A)Y? = H}(0,L).
Assume that ¢ is a real valued nonnegative function of class C?, with ¢(0) = 0,¢’(0) = 0.
Define

U(z) = /Oqu(x(s))ds, reV,

Now we verify assumption (i) for U.

It is clear that U is well-defined since x € C([0, L]) by the Sobolev embedding. U is also
continuous, since if z, - xg in V, by the Sobolev embedding the convergence is uniform
on [0, L]. Since ¢ is continuous, ¢(,) = ¢(x¢) uniformly on [0, L] so U(x,) - U(xp) in
R.

Claim 8.21. U is Frechet differentiable, and

DU(a,x) = '/OLQS'(a(s))x(s)ds

at a €V in the direction x €V.

Proof. Let us choose and fix a € V. Let the bounded operator DU (a,-) : V' — R be defined
as above, and we wish to show

U(a+xz)-U(a) - A(z)| = o(]z]v).
Substituting definitions

LHS < [ 6(a(s) - 7(5)) ~ 6(a(s)) - & (a(s))(s)]ds
< [ [110/as) + ra(s)) - o' als)) o (s)ards
<Claly [ [ 16/(a(s) + ra(s)) - &' (a(s))ldrds

where the second inequality follows from the mean value theorem. By the uniform conti-
nuity of ¢’ on bounded sets, the integrand above is small provided |z(s)| or |z|y is small,
hence the differentiability follows.
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Similarly the uniform continuity of ¢’ on bounded sets implies that U is of C! class, i.e.
Vsa—- DU(a,-) e L(V,R)

is continuous. Assumption (i7) is thus verified. And it is clear that the mapping U’ in
assumption (4i7) should take the form V' 3 a(s) - ¢'(a(s)) € H = L?(0, L).

Claim 8.22. The mapping U': V — H is Lipschitz on bounded sets.

Proof. Take a,beV with |afv,]|b]y < R, by Sobolev embedding, there is C' > 0 such that
Ha||L°°(0,L)7 HbHLw(U,L) < CR. Then

|00~ U O = [ 16/ (ale)) - &/ b)) P
< sup (6" [ o) - o)

ly|<CR

<C'la- bl

In the following we denote by 2l ( ) the solution of the uncontrolled system:
2=Az-U'(2) - Bz,

(836) Z(O) :aED(—A)lﬂ, z(O) =be H.

Lemma 8.23. With assumptions (i)-(v), the following identity holds:

(8.37) S [ Pas =5 [ uts) -289(5)ds
B -A YT + 20 (7)) + [3(T)]
A ()12 - 20(5(0)) - 13(0) 2]

Proof. To prove (8.37) observe that U is of C! class and is defined for all D(-A)'/2,
Therefore if u(-) is in C*(0,7; D(A))

%fOT ||U(5)||2d3=lfTHu(s)—Zﬁy(s)+25y(s)||2ds
=5 [ luts) 2850 s
#2 [ uls) ~285(5),55(5)) + (33(5). Bi(s)) s

and by equation (|8.35|)

2 [ {uls) - Bi(s). Bils)) ds
=2 [ () - Ay(s) + U'(y(5)). 5i(s)) ds
=5 fo % (1A Py + 20 (y (1)) + [§(H)|7) dt
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By approximating functions in W12(0,T; H)n L?(0,T; D(A)) like in the proof of theorem

ET7 we gt (537,
O

Theorem 8.24 ( [7] Theorem 3.7). Suppose A is negative definite and self-adjoint. As-
sume that the assumptions (i)-(v) hold, If [§] €M and

z[g](t)aOinH ast— oo |
then

(5.39) £u ([o]-[5]) - st et v 2uay oy,

where H = D(-A)Y? x H.

Proof. To obtain formula (8.38]), observe that y(t) = z2(7' - t) is a solution of (8.35)) when
u(t) = 26y(t), which cancels the first term on the right side of (8.37). Then

L)) [a]\ - o ([vO)] ()
ET(L[%RT)]W‘ET([9<0>HQ<T>])
< B (~A)2a|* + 2U (a) + ]
~ (=) 2B () |2 - 20 (Lo (1)) - 2061 (1) 2]

Since by assumption 2l6](¢) > 0 as t - oo in H,
(5.39) B ([o][4]) < st et v 2uay oy,

And since the opposite inequality follows from (8.37) we get (8.38)).

In the last theorem there is a key assumption
z[z](t)—>01n7-[ast—>oo :

where
H=D(-A)'*xH,
now we show in which conditions this can be true.
Recall the form of the equation to which z[b](¢) is solution to:
2=Az-U'(2) - B2
(8.40) : (2) - 5% '
2(0)=aeD(-A)Y?,  2(0)=beH.

or in the more general form

2=Az-U'(z) - B2 +9(t),

8.41

(8.41) 2(0) = a e D(-A)2, 2(0)=be H.
where

(8.42) geL*(0,00; H),

or in the compact matrix form

(8.43) 0= Mo(t) + F(u(t) - BK(u(t)) + G(t)



42 YOUPENG SUN

where

(8.44) Abl(t) = v = [i] :

(8.45) M- L?* é]

and

(8.46) Fv) = - [U,(zz)] K(v) = m LG - lgg)]

Theorem 8.25. Suppose A is negative definite and self-adjoint. Assume also that condi-
tion (842) holds. If U >0 and zLb](t) is a solution to (BA43), then

(8.47) z[z](t) -0 inH ast— oco.
Proof of Theorem[8.25. Consider the operator P : H — H defined in the matrix form by

[pAte2r pan
P‘l I o7 ]

which according to [4] is self-adjoint isomorphism of ‘H and which satisfies

(8.48) [P 220y (P v}y < vl < (P, )y,
(8.49) (Kcv, Po),, = 2| 2]
(8.50) (Mv, Po)y, = =Bl Az[5 + 8% (2, 2) + B 2)*

Next define the Liapunov function ® : H — [0, 00) as

(8.51) B(v) = = (Po,v) + %U(z)

1
2
Then we have [4] for ¢ > s >0,

D(u(1)e <@(o(s)e™ + [ B(u(r)) - Blo(r)? - BU (=)} dr
+/Ste” (Bz(r) +22(r),g(r))dr

We calculate the braced term
A A
AB(0) - ol - BU(:) < (5Co=8) IolP + (5 - 8) U(2)

where C := [P z0)-
and

(8.52)

[(82(r) + 22(r), g(r)} | < el + - 5lg ()P + 2P + Zlg(r)P
(5.53) (P 12P) + (5 ) g

1
<ol + (55 + 7)ol
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since
[wll3, = 2[5 + 1207 2 [2]7 + |27

So we have

(8.54)
At As ¢ Ar >\ 2 )\ ﬁ 1 2
B(u(t))eM <B(v(s))e +f e {(acp_me) o] +(§_5) U(z)+(ﬁ+—)|g(r)| }dr
S € €
Now choose A and € small so that
%Cp—5+e<—§ and %—ﬁ<—§,

combining property (8.48]) of the operator P we then have

(855)  B(u(t))e <b(u(s))e™ — f "D (0(r))dr + f LN Cg(r) 2dr

where v = 36 for 6 = min(C,1,1).
Provided U > 0 we can omit the term with v on the right hand side since it is nonneg-
ative, to obtain

(8.56) Bu(t)) <B(v(s))e N 4 C, f NN g (1) Rdr

The first term on the right goes to zero when t — oo, we show the second term behave in
the same way as follows.
Fix s >0 and define

k(1) = {e‘)‘t t>0

0 t<0
2
o0 1

then we have

(b 0)t) = [ Xy

so that (kx ¢)(t) € L*°(0, c0) because g € L?(0, c0).
Define the bounded linear operator A(¢) =k ¢ so that

A: X = L'0,00) - L=(0,00) := Y,

also define
Yy = {u: R, - R continuous, vanishing at oo}
i.e. for all € >0, there is K. > 0 such that |u(t)| <€, when t > K.

So we have Yj as a closed subset of Y, because when we have a sequence {uk},‘:’zl €Y,
so that upy —» u in Y = L*°(0,00) the convergence is uniform so u is also continuous. It
vanishes at infinity since each of uy is such.

Also X :=C(0,00) is dense in X = L1(0,00) by the Sobolev embedding theorem.

Finally if ¢ € X then A(¢) € Yy. Since then supp ¢ € (a,b) for s <a <b and

b
I(k * ¢)(1)] < Ce™ / ey > 0 for t - oo,

a
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and since for any ¢ € (0, 00),

to+h to
(e @)t + 1) = (k@) (to)| = e [ gy = [ e g(r)Par| 0,

as h — 0.

Combining the above properties, if we have x € X, there is a sequence {x;} € Xy and
xp > x, A(xx) > A(z) in Y and in particular in Yy. Therefore A(x) € Yy, which is what
we aim to prove.

Therefore

z[z](t)—>01n7-[ast—>oo,

always holds provided only U is nonnegative.

9. APPLICATIONS

In this last section we combine the tools from section [ and [§ to conclude that the
quasipotential formula is valid for the equation we started our journey with, i.e.

(9.1) Uy — Au+ulufPt =0 inR" xR

after some modifications and generalisations. The presentation will be swift since most
arguments have their core already explained above.
Preliminary material on the definition of weak solutions has been chosen from [10].

Definition 9.1 (Weak derivative). Let U be an open set in R™. Suppose u,v € L1 (U)

loc
and « is a multiindex. We say that v is the at’-weak partial derivative of u, written

D%y =,

provided

(9.2) / uD®¢dr = (~1)l [ vodx
U U
for all test functions ¢ € C(U).

Lemma 9.2. A weak ot'-partial derivative of u, if it exists, is uniquely defined up to a
set of measure zero.

Definition 9.3 (Sobolev space). The Sobolev space
whe(U)

consists of all locally summable functions u : U - R such that for each multiindex o with
la| < k, Du exists in the weak sense and belongs to LP(U).

Remark 9.4. (a) If p=2, we usually write
H*U)=W"(U) (k=0,1,...).

H*(U) is a Hilbert space, with H°(U) = L*(U).
(b) We henceforth identify functions in W*?(U) which agree a.e.
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Definition 9.5. If uw e W#*P(U), we define its norm to be
o 1/p
N (I LR
Diajsk esssupy |[Du| - (p = o0).
Let {um}eo_q, ue Whr(U). We say u,, converges to u in W*»(U), written
U = U in Wk (U),

provided
i, = wlyrsy = 0.
We denote by
Wy*(U)
the closure of C»(U) in Wk»(U). Tt is customary to write
HE(U) = Wy (U).

Definition 9.6 (The space H-!). We denote by H~1(U) the dual space to Hj(U). We
use (, ) to denote the pairing between H-'(U) and HJ(U). If f € H1(U), define the
norm

|11y = sup {(f,u) [u e H3(U), |ul gy oy < 1}

Theorem 9.7. (1) Assume f € H-Y(U). Then there exist functions fO, f1 ... f" in
L2(U) such that

(9.3) (f,v):[[]fov+ifivxida: (ve HI(U)).

(b) Furthermore,

. 1/2
I £ 2oy :inf{(—/UZViFdx) : f satisfies for O, .., f" eL2(U)}.
i=0

(¢) In particular, we have
(v,u) 2y = (v,u)
for all we HY(U), ve L2(U) c HY(U).
We write f = f0- YL, fi whenever (9.3)) holds.

Definition 9.8. The space
LP(0,T; X)

consists of all strongly measurable functions u: [0,7] - X with

T 1/p
lufzeorix) = (fo ||u(t)||”dt) <00

for 1 <p< oo and
[l L~ (o,r:x) = ess sup Ju(t)] < co.
0<t<T

Let ue L'(0,7;X). We say v e L'(0,T; X) is the weak derivative of u, written

u' =v,
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provided

fo Yoty = - fo Lottt

for all scalar test functions ¢ € C(0,7).
The Sobolev space

Wr(0,T; X)

consists of all functions u e LP(0,7; X') such that u’ exists in the weak sense and belongs
to LP(0,7; X). Furthermore,

(ST Tl + f@eae) ™ (1<p < o0)
esssupozeer (Ju(O)] + WD) (0= o0).
We write H1(0,7; X) = W2(0,T; X).

Definition 9.9 (Hyperbolic equations). Write Uy = U x (0,T'], where T'> 0 and U c R»
is an open, bounded set. Consider the initial/boundary-value problem

HUHWLP(O,T;X) = {

Ut + Lu= f in UT
(9.4) u=0  ondUx|[0,T]
u=g,u;=h on U x {t =0},
where f: Ur - R, g,h: U - R are given, and u : Uy — R is the unknown, u = u(z,1).

The symbol L denotes for each time ¢ a second-order partial differential operator, having
either the divergence form

(9.5) Lu=—= )" (a" (2, t)ug,)s, + Y, 0 (2, )y, + c(x,t)u
inj=1 i

(9.6) Lu==Y a’(x,t)ugq, + » 0 (2, t)ug, +c(z,t)u
inj=1 i-1

for given coefficients a™, 0%, ¢ (i,j=1,...,n).

If a¥ = §;, b =c=0, then L = -A.

Definition 9.10. We say the partial differential operator g—; + L is (uniformly) hyperbolic
if there exists a constant 6 > 0 such that

n

2 0,068 > Ol

for all (z,t) € Ur, £ e R™.

Definition 9.11 (Weak solutions). Assume L to be of divergence form ({9.5]), we look for
an appropriate notion of weak solution for problem ({9.4). We will initially suppose that

a’, b, ce CY(Ur) (i,5=1,...,n),
feLz(UT)v
ge Hy(U),he L*(U)
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and always assume a” = a/? (i,j=1,...,n). Also define the time-dependent bilinear form
(9.7) Blu,v;t]:= [ Y a7 () ug vy, + b () ug,v + o t)uvda
Uij=1 i=1

for u,v e HY(U) and 0< ¢ < T.
We begin by supposing u = u(z,t) to be a smooth solution of (9.4) and define the

associated mapping

u:[0,7] -~ Hy(U),
by

[u())](z) =u(z,t) (xreU0<t<T).

We similarly introduce the function

£:[0,T] - L*(U)
defined by

[f()](z) == f(x,t) (xeU,0<t<T).
Now fix any function v € H}(U), multiply the PDE Uy + Lu = f by v. and integrate by
parts to obtain the identity
(9.8) (u”,v) + Blu,v;t] = (f,0)
for 0 <t < T, where (, ) denotes the inner product in L2(U). Also we see from the PDE
Utt + Lu = f that
uy = g%+ Z gij
j=1
for g0 := f =¥, blu,, —cu and g7 == ¥ a¥u,, (j =1,...,n). This suggests that we should
look for a weak solution u with u” € H='(U) for a.e. 0 <t <T and then interpret the first
term of as (u”,v), (, ) denoting as usual the pairing between H-1(U) and H}(U).
Definition 9.12. We say a funtion
ue L2(0,T; Hy(U)),u’ € L*(0,T; L*(U)),u” € L*(0,T; H'(U))
is a weak solution of the hyperbolic initial/boundary-value problem (9.4) provided
(u”’,v) + Blu,v;t] = (f,v)

for each v € H}(U) and a.e. time 0<¢ < T and

u(0) = g,u’(0) = h.
Definition 9.13. For the mildly quasilinear initial-value problem

wy — Au+ f(Du,ug,u) =0 in R™ x (0,7]
u=g,u;=h on R™ x {t =0}.

We say that a function u e L2(0,7; H. (R")), with u’ € L2(0,7;L? (R")) and u” e

loc

L%(0,T; H;;L(R™)) is a weak solution of the initial-value problem provided u(0) =
g,u'(0) = h,

(9.9)

f:=—f(Du,u’,u) e L*(0,T; L? (R™)),

loc
and
(u”’,v) + Blu,v] = (f,v)
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for each v € H'(R") with compact support and a.e. time 0 < ¢ < T. Here Blu,v] :=
[R” Du - Dudz.
Theorem 9.14. The initial value problem
U — Au+m2u+ [P ru = f(x,t R"™ x (0, 0o
o1 ; W= [t R (0,00)
u=g,u=h t=0

admits of a weak solution u for every T >0, with

(9.11) we L2 ((0,T) x RY A L=((0,T); HY(R™)), ' e L=(0,T; L*(R™))

loc
provided

(9.12) ge HI(R")n LP(R™), he L2(R™), f e L2(0,T; H'(R")) 0 L=((0,T); L*(R"))
Proof. By writing

q(u) = m?u + |uff'u.

we see that the function ¢ : R — R is continuous. Moreover it satisfies the sign condition
uq(u) >0 with ¢(0) = 0. Therefore we can apply theorem to get the above result. [

Theorem 9.15. There exists a unique weak solution u for a T >0 to the problem

Uy — Au +mPu+ Bug + [ufPtu = f(w,t) R™ x (0, 00)

9.13
( ) U=gq,u = h t=0
with
we L=(0,T; HY(R™)), ' e L>(0,T;L*(R")),
provided

ge HYR"), he LX(R"), feL®(0,T; L*(R")).
Proof. By writing
m2u + Buy + [P u = q(Du, ug, u).
we see that the function ¢ : R» x R x R - R is continuous, or C*! with £ = 1. And

(0,0,0) = 0. The rest of the proof follows from theorem [7.3] O

Alternatively we can restrict p to take positive integer values to obtain stronger result,
so that when p is odd the modulus disappears and ¢ becomes C*. For even values the
discontinuity only appears at the origin and does not affect the value of the integrals in
the proof of theorem [7.3]

Theorem 9.16. The initial value problem
0.14) Uy — Au +mPu+ Bug + [ufPtu = f(w,t) R™ x (0, 00)
( : u=g,u = h t=0

admits of a weak solution u for every T' >0, with

(9.15) we L2 ((0,T) x R") n L=((0,T); HY(R™)), e L=(0,T; L*(R"))

loc
provided
(9.16) ge HY(R™) n LP(R"), he L*(R™), fe L*(0,T; H'(R™)) n L= ((0,T); L*(R™))
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Proof. We transform ((9.14)) into
vy — Av + (c+m?)v+ e P DA yply = et f(2,t) R x (0, 00)
(9.17)
v=g,v.=h t=0
by defining
v=e"u, a=

at é 52
2

so that now the equation is without a damping term and is again semilinear.
By writing
q(u) = (c+m?)u + e P~Dotjy[p-Ly,
we see that the function ¢ : R — R is continuous. Moreover it satisfies the sign condition
uq(u) > 0 if m is chosen large enough. ¢(0) = 0. Therefore we can apply theorem to
get the above result. O

Question 9.1. Find the quasipotential formula to the system
(0.18) g — Au+m?u+ Bug + [ufru= f(x,t) R"x(0,00)
' u=g,u=h t=0

Answer 9.1. By writing

(9.19) A=A-m?I,
(9.20) U' = ufPtu
and define

U:H'(R") > R,, U(z) = f 2P (s)ds,
Rn
which by [ [9] Lecture 9] is of class C', with U(0) = 0, DU(0) = 0, then (9.18)) takes the

form
(9.21) i =Au-U'(u) - pu+ f,
which by theorem admits of the formula

9.22) B ([o][4)) - st are +2uay oy,
Question 9.2. Define the functional

(9.23) QUED = nf [ 170 g

find a representation formula in terms of a, b for the system defined on R" x (—o00,0)
Answer 9.2. By a reverse of the time variable

(9.24) u(t) =v(-t), te[0,T],

we obtain the equivalent equation

(9.25) U — Au+mu - Bug + [ulftu = f(x,-t) R"x(0,7T),

u(0) = a,u;(0) = —b.
On setting

(926) Q(D’U,,Ut,lo = m2u_ﬁut + |u|p_1u7
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theorem then establishes the well-posedness of the problem. Moreover, writing A =
A-m2I, U’ = |ufPtu to get

(9.27) i =Au-U'(u) - pu+f R"x(-00,0)
Then we find
(9.28) Q([E]) = BLI(=A)"%a]® + [b]* + 2U ()],

by the same line of argument as in theorem [8.24]

9.1. Miscellaneous Discoveries. Consider the linear version of (8.41)) with time on the
negative interval

(9.29) $=Az-Bi+g(t), —oco<t<0

we will show that the solution to ((9.29) is unique provided it is bounded in the sense that

1
sup ®(v) = = (Pv,v) < oo.
t<0 2

where as before ® is the Liapunov function and v = |;]

Theorem 9.17. There can be only one bounded solution to ((9.29)).

Proof. If there are two such solutions vy, v, let v = v; —vy. Then v solves

(9.30) Z=Az-pz

and by

(9.31) d(v(t)) <®(v(s))e M=)
for s<t<0.

Now fix any ¢ < 0 and let s - —o0, because of the boundedness of ® the right hand side
vanishes, so we have ®(v(t)) = 0 for all £ <0, which implies v = v; — vy = 0, so that the two
bounded solutions coincide.

Alternatively may be written in terms of its spectrally decomposed form to get

(932) Zj = —>\ij - 52] fOI’j = 1, 2, Ce

The solution of which is

Zj = Clealt + CgeaQt

B EDy -

a; = Ao =
1 9 s W2 9

Because aq, ay are either both real and negative or both complex with a negative real part,
when t - —oo we get an exploding solution contrary to the assumption that it is bounded.
Therefore it must be identically zero. 0

where
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Examples 9.1. Consider the equation
(9.33) Z=-az+g(t), —00<t<0

with values on R, where a > 0 and g € L?(-00,0). The solutions to this equation are
always bounded provided

thI_Il z(t) = 0.

To see this recall the form of the solution

2(t) = e72(t=%) (z(s) + /Ste‘“"g(r)dr) - [; e g(r)dr

as s > —oo. Applying Cauchy Schwartz inquality we see

1 rt
2(t) < — f g*(r)dr < co.
2a J-c
Theorem 9.18. The solutions to (9.29)) are always bounded provided
tli{n v(t) =0
and if
g(t) € L'(=00,0).
Proof. Recall that (9.29) can be written in the form
(9.34) v =Av + By,

where v = lzl A= [81 BI:| and B = [9] The operator A with domain D(A)x D(-A)/?

defines a Cy-semigroup S(t) on H = D(-A)/? x H.

) cos(V/-At) = sin(vV-At)
(9.35) ()= l_m sin(v/-At) @s(\/ﬁt) ]

and
|wawyz18@—@v@>+/ﬁsa—m6m¢mwﬂ

I:Zj_l I sm(\/_j(t -r)) gj(r)e]]
X2 cos(y/ A (t = 1))g;(r)e;

:[:o(zsiDZ(\/)\_j(t—r))g?(r)+ECOSZ(\/A_j(t—T))g?(T))QdT
= [ o)l < oo
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10. APPENDIX

We include the calculation that the Kelvin transform preserves the wave operator in
the sense that

(10.1) RS (Upr - AxU) = "% (uy — Agu).

For simplicity we assume |z| > ¢, denote |z|2 - 2 by p, so 221 = —22,p2 and %/l) =2tp~2.

dz; p
Using formula ([5.12))

n—1
1 I x t n-1 x t
Hel—) v , Nl
u(z )”(W-tz) (|a:|2—t2 |x|2—t2) p2 (p p)

calculate the derivatives:

a n— 1 L - 1 n+
u=p" o (UXI. S Z(—Qa:ip_%j)UXj +Up- (—inp_zt)) +U- (_n_) I 212.%‘2'
Ox; P o= 2
= p‘nT%(pUXi — Z 22;2;Ux, — 2tx;Ur — (n - 1) p;U)
j=1
(10.2)
82 n+5 e
Pl ~(n+3)p~"2 ;i(pUx, = Y 2x;a,;Ux, = 2ta;Ur = (n— 1) pa;U)
i j=1
nt 1 & 2x; 2x;t
+ p_TS 21:7,UX7, + pUXZXZ_ + ZpUszj (_12) ‘T] + pUXzT (_ xQ )
P =3 p p
1 L 2x; 2x;t
- (41}20}(Z + 2x22UXiXi_ + 21‘22 Z UXiXk (—%)[Ek + 2$12UX1-T (— $2 ))
P k=1 P P
- Z: (QLZ'jUXj + 2$jinXinI; + 2513'1'512'1' kz:l UXij (_ ,02 )xk + 2xjinXjT (_ p2 ))
J#t =
1 L 2x; 2x;t
- 2tUT - 2t$iUXiT_ — 2t$1 Z UXjT (—%SCJ') - 2tSL’iUTT (— 1'2 )
p j=1 P P

1 & 2z,7; 2xt
—2<n—1>x?U—<n—1>pU—(n—l)pxz-(Uxi—@ij (=5 v (-2 ))}
I |

a n-1 7 2t n-1 ]_ n-1 2t2 n— ]. n-3 2t
—u=p 2 UXixi—+p_TUT—+p_TUT—+U—p_T—
ot Z; p? p p

= p_%r?) (Z QtZL‘ZUvXZ + PUT + QtzUT + (7’L - 1)th)

i=1
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;2u (n+3)p~ 2t(z2txlUX + pUp +2t2Ur + (n - 1)th)

n 2
+p {ZszUX +22tszUXX%p_x"'ZZtIzUXT(;"'Zp%)

=1 =

o, 2t2
- 2tUrp + (2t? +p)ZUTX o e
02

1 2t
+4tUT+2t UTT( +—2)

942
n- 1)thTp+ ! }
(n

=2(n+3)t2p T x- DU +p "3 (n+3)tUT+p = 2(n+3)t3UT+p £l

—(n-1)2¢?

~1)(n+3)t*U

+ p_nTJrSZx -DU + p_n;ﬂ Z Z l‘iJIjUXiX]. + p_nT%Qtl’ . DUT + p_%nlltgl‘ . DUT

i=1j=1
+ 215UTp‘nT+3 + p‘n?”4t3x -DUr + p‘nT+52t;v -DUr + p‘%s Uprr + p‘nT+52t2UTT
— o2 =) U +p " (n=1)U +p 2 2(n- )22 - DU + p~" (n - 1) Urt

2n - D) BUp + p 2 22Uy + p~ T At Upr

(10.3)
=pi(n=1)U + p3(2(n+2)tUr + (n—1)(n+ 1)t*U + 22 - DU + Urr)
+ps(4(n+ )t%x - DU + 4(n + 1) t3Up + 4tz - DUr + 442Urr)
+p7 (4752 i i zix;Ux, x, + 8t3z - DU + 4t4UTT)

i=1j=1

where p; has replaced p’nT” in the last equality. Next we continue with ((10.2)) to obtain
the Laplacian,
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Au=—-(n+3)p3x- DU +2(n+ 3)ps|z|*x - DU + 2(n + 3) pstUr|z|* + (n - 1) (n + 3) ps|z|*U
+ p32x - DU + ps AU - ps Z Z 22,0Ux, x; — ps2te - DUr + ( -2x-DUps —2nz - DU p;
i=1 j=1
- P5 Z Z Zl“iijXin + p7 Z Z Z 4$12xjkaXij + p7 Z Z 4t$?ijXjT) - 2ntUT,03
i=1 j=1 i=1 j=1 k=1 i=1 j=1
— ps2tx - DUp + pr 3. Y 4taix;Ux, ¢ + prdt*Upplal* = 2(n = 1)Uz ps —n(n - 1)Up,
i=1 j=1
—ps(n="1)x- DU + ps2(n - 1)|z[*z - DU + ps2(n - 1)tUrp|x|?
(10.4)

=pi(-n(n-1)U) + p3(=(4n +2)z - DU + AU + (n - 1)(n + 1)Ulx|* - 2ntUr)

+ps((4n+4)|zPx- DU + (4n +4)|xtUr -4 Y a2;Ux, x, — 4ta - DU

i=1j=1

+ p7(z Z 4|x|2xjkaXij +8t|z[2x - DUp + 4t*Urpr|z]?)

j=1k=1

Whence upon subtracting (10.4]) from (10.3]) we get the identity

1
Ut — Au = —LB(UTT - AU)?
(Jz[>=¢2)"2
which is ((10.1)).
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