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Abstract

The installation of structural health monitoring (SHM) systems based on machine

learning algorithms on structures has been of constant interest. The application

of this kind of SHM system can facilitate decisions regarding maintenance and the

remaining useful life of the structure in a more automatic and convenient way. As

part of the SHM system to collect information, the sensor system can be optimally

designed to improve the performance of the final system. In this thesis, the work

focuses on how to consider the effects of environment and sensor failures during the

sensor placement optimisation (SPO) to build a more robust and effective monitoring

system. Since the availability of data during the design phase varies widely from

project to project and there are no studies or specifications that provide specific

guidance, not much research has been done on the design of such sensor systems,

which require reliable simulated or measured data to be available during the design

phase. Considering the different levels of data accessibility at the design phase, this

thesis proposes a series of strategies for the optimal design of sensor systems for

SHM systems from a machine-learning perspective.

The first main content of this thesis is hierarchical assessment criteria of designed-

system performance to balance the computational feasibility and visualisation of the

final system performance. At the stage after data is collected, machine learning model

results are often used as a criterion, whose acquisition is usually time-consuming. At

the same time, higher data accuracy is required. Therefore, the criteria used in the

design of sensor systems are divided into different tiers. The criteria for the initial

stage can be abstracted from the purpose of the applied machine learning model to

significantly reduce the number of candidate designs. The criteria for the final stage

can be similar to those used in the stage after data is collected. Whether or not to
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use criteria from all tiers depends on the level of data availability.

It can be found that more work on the optimisation design of the sensor system can

be done at the initial stage of the hierarchical design framework. Therefore, the

other three main contents of this thesis are developed at this stage. Considering

different levels of data availability, supervised and unsupervised correlation-based

strategies to evaluate sensor combinations are proposed, including the evaluation

criterion and the fast calculation methods of this criterion. Sensor combinations

can be ranked even if only the healthy state data are accessible. To account for

the effects of environmental variations, two SPO strategies based on approaches to

extracting robust features are proposed, and an appropriate criterion that can be used

is also introduced. These two strategies cover both situations where environmental

change information is available and not. To consider the sensor-failure effect in the

SPO process, another two strategies, namely fail-safe sensor optimisation or fail-safe

optimisation with redundancy, are proposed in this thesis, both of which can take

into account the performance of the designed system before and after the failure of

some critical sensors. Different assessment criteria are adopted to demonstrate the

generality of these strategies.
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Chapter 1

An introduction to SHM and

SPO

At present, the number of large or mechanical structures needing to be monitored is

increasing every year. To avoid catastrophic damage and keep the structural system

running normally during its lifetime, a key measure is to build a structural health

monitoring (SHM) system to monitor the health state of a structure. SHM, in short,

is an automated monitoring process with the aim of inferring the health state of a

structure using data derived from a network of sensors placed upon it, as shown in

Figure 1.1.

To build an effective SHM system, it is necessary to ensure that informative data

can be collected by the monitoring system on the structure. For the acquisition

of informative data, one approach is to perform the sensor placement optimisation

(SPO) technique, by which the number and location of sensors are optimised for a

specific objective to reduce instrument and processing costs without compromising

on the effect of monitoring. On the other hand, SPO can also help avoid collecting

data containing similar information, which can benefit the establishment of a more

compact model and increase the effectiveness of real-time monitoring.

This chapter will survey a body of literature and present some current research

advances in the field of SHM and SPO for SHM. Two main challenges in SHM and

their available solutions will be highlighted in the first part, followed by a discussion

of issues encountered when designing a sensor system in the second part.
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2 1.1 A general paradigm for SHM and its challenges

Figure 1.1: A schematic diagram of the workflow of an SHM system.

1.1 A general paradigm for SHM and its chal-

lenges

1.1.1 A statistical pattern recognition paradigm for SHM

The health state of a structure can be defined as a pattern, usually described by some

features, so that the structural damage identification issue can be transferred to a

quantitative pattern recognition problem. Because of various degrees of uncertainty

prevailing in engineering problems, it is natural to use a statistical approach to give

a description of a pattern. This process finally transfers the damage identification to

statistical pattern recognition (SPR) for SHM.

A statistical approach here refers to one that is used either to infer the relationships

within the data or to predict future values. The former goal is usually achieved

by statistical modelling, which mainly includes the steps of finding explainable

relationships between variables and the significance of those relationships. For the

latter goal, machine learning (ML) is designed with the most accurate prediction as

the main purpose. Note that predictions can only be based on interpolation and not

extrapolation.

To demonstrate the above-mentioned damage identification idea more clearly, an SPR
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Figure 1.2: A statistical pattern recognition paradigm for an SHM system [1, 2].

paradigm for SHM, defined by Farrar and Worden [1, Ch. 1, pp. 7–14], is explained

and discussed here (as shown in Figure 1.2), which contains four integrated steps:

operational evaluation, data acquisition, feature acquisition and statistical model

development for feature discrimination. The content of the feature acquisition step

introduced here is slightly modified according to [2].

Among them, the operational evaluation step is summarised via four aspects, which

are: the justification for performing the SHM, the definition of damage to be detected,

the operational and environmental conditions, and data acquisition limitations.

Subsequently, the data acquisition step involves three aspects: actuator properties,

the applied sensor system and data management. Moreover, feature acquisition

can be achieved via feature extraction and feature selection [2]. Here, ‘feature

extraction’ is the process of extracting candidate functional features from collected

data; while ‘feature selection’ refers to selecting the most effective features for a

specific task. The last step, statistical model development, is to operate on the

extracted features to establish the relationship between the features and health states

of a structure. Different approaches can provide the relationship with various degrees

of interpretability.
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1.1.2 A challenge caused by environmental or/and opera-

tional variations

It is not difficult to realise that each step in the SPR paradigm shown in Figure 1.2

presents some challenges. These challenges can be described by three questions: what

can be measured to identify a structural state, how to measure it, and how to infer

from the measured data [3]. A more comprehensive review of these challenges can

be found in [1, 4–7]. Among them, the interference of operational and environmental

factors is one of the main problems in the field of SHM.

Damage is typically indicated via changes in the material properties and at structural

boundaries [1, Ch. 1, pp. 4–7]; these can be revealed via dynamic response prop-

erties of a structure, thus realising quantitative damage detection. However, since

environmental or/and operational changes can produce similar effects as damage on

the collected structural response data, distinguishing the impact of damage from

the impact of condition changes is a major challenge in SHM. Many studies in the

literature have focussed on this issue – often called confounding influences.

Considering the presence of environmental variables, the approaches to dealing with

the confounding effects can be divided into three types. When the measurements of

environmental variables are accessible, the behaviours of the structure under each

environmental condition can be explicitly modelled and the relationship between

them can be established, as demonstrated by [8–11]. In contrast, some approaches,

such as those demonstrated in [12] and [13], can derive damage-sensitive features that

are robust to environmental variations from the frequency-domain data without using

environmental measurements. In addition, a cointegration technique or an approach

based on a Gaussian process was also developed to remove environmental and

operational trends from monitored time-domain features without the need for labels

[14, 15]. In the case when the environmental measurements are partially available,

how to make full use of data to eliminate environmental effects was discussed in [16].

Potential strategies for dealing with the problem induced by the operational and

environmental variations have been proposed, either by thinking about what can

be measured [8–11, 16–18], or about how to realise the most promising inference

[12–15]. Whether there should be some action to address this challenge has been

almost overlooked when considering how to measure quantities in the context of

structural health monitoring. The only example found in the literature is that Li
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et al. [19] proposed a load-dependent sensor placement method to account for the

changing load conditions, more specifically, the variation of excitation location. The

possible reasons for this phenomenon will be given in Section 1.2.2.

This thesis will make an initial attempt to develop strategies that can be employed

to account for the confounding influence of changing environmental and operational

conditions in terms of how to measure quantities.

1.1.3 An introduction to feature selection

Another challenge in SHM belongs to the question of how to infer from measurement

data, which is, more specifically, feature acquisition. As shown in Figure 1.2, there

are two main steps to obtain more informative and lower-dimension features from

immediate measurements, including feature extraction and feature selection. This

section focuses on feature selection because the emphasis of this thesis is on SPO, and

feature selection is similar to SPO for SHM based on statistical pattern recognition,

in that it selects the subset of candidates most advantageous to the target realisation.

Later in this thesis, some feature selection methods will be applied to develop design

strategies for sensor systems.

Depending on whether output variables are used, feature selection methods can be

classified as supervised or unsupervised methods [20]. Supervised feature selection

methods are more commonly used, and can be divided into filter, wrapper and

embedded methods [21]. Filter methods use a statistical score, such as correlation

or dependence, to evaluate the relationship between input variables and output

variables and rank the input features by these scores. For wrapper methods and

embedded methods, the performance metric of an ML model is used to rank subsets

of features, and a penalty for a large number of variables is involved in embedded

methods simultaneously.

Unlike wrapper and embedded methods, filter methods do not involve model training,

which makes them faster than the other two methods. However, filter methods are

also different from the other two types of methods in that they usually evaluate a

single feature at a time without considering redundancy and interactions between

features [22]. The problem with not considering redundancy, is that some selected

features are highly ranked but provide similar information. The problem with

ignoring interaction is that some features that work well with others are ignored
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because they are not favourable on their own.

There are two existing approaches to overcome the two issues mentioned above when

using a filter method; one is to define a new statistical score that is penalised or

compensated by feature redundancy and interaction [23–25]. The other approach is

to use a criterion that has been defined, but not used in feature selection. These

criteria that have been defined in the field of mathematics can deal with multiple

features, so are naturally immune to redundancy and interaction issues [25, 26].

When the response variables/labels are unavailable, unsupervised feature selection

techniques can be employed, which have attracted significant interest in different

fields, such as text mining, bioinformatics, social media and intrusion detection [27].

Unsupervised feature selection strategies can also be classified into three main types:

filter, wrapper, and hybrid.

Similar to supervised filter methods, unsupervised methods can also be classified into

univariate and multivariate. For univariate methods, features are scored individually

by an entropy-based criterion [28–30], or the correlation-based criterion [31], or by the

ability to preserve the graph structure induced by the similarity of a set of pairwise

instances [32, 33]. For multivariate methods, feature subsets are evaluated using

information or statistical theory [34–39]. It can be seen that, similar to supervised

feature-selection methods, unsupervised feature-selection strategies also require a

target, which is not related to categories or responses, but to general characteristics

of the data.

Moreover, with the exception of studies in [31], [34] and [39], which all used principal

component analysis, the other studies were based on, or designed only for, clustering

and classification. As stated in [34], variable selection can be achieved by using

principal components, not only for clustering and classification tasks, but also for

regression tasks. Zou et al. [31], selected features with non-zero coefficients for

each sparse principal component. The coefficients indicate the pairwise relationship

between each feature and each principal component. Cadima and Jolliffe [39] defined

two correlation-based criteria to select a subset of original variables to represent

the space spanned by all principal components or a subset of principal components.

However, as stated in [39], searching for the optimal subset using the proposed

criteria is computationally difficult.

Some excellent treatments of feature extraction and selection are in [2, 27, 40], with
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Worden et al. [2] focusing more on the application for mechanical systems research.

At this point, it can be realised that an attractive research direction is on the filter

feature selection method, which can choose a bundle of features at a time but as fast

as possible. In this thesis, one supervised-filter method and one unsupervised-filter

method will be introduced, using an existing statistical score as a ranking criterion for

feature combinations. According to the characteristics of the data, fast calculation

methods of this criterion are developed to improve the calculation efficiency.

1.2 SPO for SHM literature review

1.2.1 SPO research based on a statistical model

In this section, the topic shifts from the SHM system to a part of the SHM system,

the sensor system (as shown in Figure 1.2). In order for the collected data to

provide more information for subsequent monitoring tasks, it is necessary to study

the optimal design of a sensor system, which includes the selection of the sensor

type, the number of sensors and the distribution of sensor spatial locations. The

sensor type and the number of sensors are usually determined by the project budget,

and the optimal distribution of sensors is usually obtained via an SPO technique.

When trying to optimise sensor placement, two key aspects need to be considered,

namely the optimisation algorithm and the optimisation objective function (OF).

A schematic diagram of the SPO process is given in Figure 1.3, which is further

explained later in this section.

A statistical model is usually established to provide a quantitative OF based on

model parameters or the functionality of a model. According to the assumptions of

model parameters, i.e. whether a prior is placed on the parameters, the notions of

OFs can be divided into classical and Bayesian ones. Kammer [41] and Yao et al.

[42] used a linear model to describe the relationship between sensor outputs and

target mode shapes and optimised sensor combinations to maximise the estimation

quality of target modal coordinates. The difference between the classical optimisation

objectives adopted by [41] and [42] is the scalarisation approach to the covariance

of variable errors. Further studies of mode shape-based SPO, taking into account

modelling errors and measurement noise can be found in [43–45]. OFs may use

quantities from information theory, such as entropy and mutual information, or may
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Figure 1.3: A schematic diagram of the optimal design process of a sensor system.

use concepts from Bayesian statistics. Papadimitriou [46] parameterised a structural

model to describe the input-output behaviour of a structure, and information entropy

was used to measure the uncertainty of the parameters updated by the measurements

from a set of sensors. The sensor combination corresponding to the smallest entropy,

in other words, the smallest uncertainty of the estimated parameters, was chosen

as the optimal result. Krause et al. [47] took a model used in spatial statistic – a

Gaussian process – and used mutual information to measure the effect of selected

sensors on the predictive uncertainty of variables in unobserved locations, so that

the prediction quality over the whole space of interest was considered. In this case,

the sensor combination corresponding to the largest mutual information, or rather to

the maximum reduction in the uncertainty of responses from unobserved locations,

was chosen as the optimal one.

When it comes to optimisation objectives using the model functionality as the basis,

most of them are related to supervised approaches, in which data and labels for

different structural states are involved to train a model. Worden and Burrows [48]

adopted an established supervised learning algorithm – a neural network – to rank

an SHM sensor layout according to the normalised mean-square error between the

desired responses and estimated responses and the probability of misclassification.

The sensor deployment with the minimum weighted fitness value was treated as the

optimal result. Considering the ability to classify a large amount of multivariate data,

Eshghi et al. [49] used a Mahalanobis distance classifier to carry out a reliability-
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based sensor system design to minimise the area of sensor patches while satisfying

the detectability requirement for different health states. If a prior is placed on the

probability of the potential outcomes of various structural states, the Bayes risk can

be used as an OF to minimise the cost of each outcome, which is demonstrated in

[50].

Some comprehensive references on SPO for SHM are available in [51–53]. Ostachowicz

et al. [51] discusses the optimisation OFs corresponding to each SHM technique more

systematically by dividing the SHM techniques into three types: vibration monitoring,

strain monitoring, and wave propagation-based monitoring. Tan and Zhang [52]

puts more effort into classifying and comparing the optimisation algorithms, which

are treated as consisting of five different types. In particular, the development of

evolutionary optimisation methodologies and sequential sensor placement algorithms

is clearly illustrated. Barthorpe and Worden [53] provides a more complete discussion

of optimisation objectives and specifies emerging trends and future directions of

SHM SPO.

1.2.2 Research on the design stage of a sensor system

At the design stage of an SHM system, a physics-based model can be used to provide

predictions of dynamic response of the structure in the different health states of

interest, as shown in Figure 1.3. To make the predictions from a model more reliable,

approaches incorporating the uncertainties of input parameters into model simulation

have received a great deal of interest in the research literature [54]. The most intuitive

way to implement uncertainty propagation is via Monte Carlo sampling [55]. However,

for large-scale models, the computational cost of the process can be prohibitive. Some

surrogate modelling methods have been developed to overcome this limit, such as

the polynomial chaos expansion, Gaussian process regression (also referred to as

Kriging) and neural networks [56–58].

Based on the above research, some studies on SPO technologies by using features

derived from model predictions have been carried out. Guratzsch and Mahadevan [59]

proposed a probabilistic finite-element model analysis to provide measurements for the

subsequent SPO process. The spatial and temporal distribution of model parameters

was considered via a random process or random field. Monte Carlo sampling was

adopted to transfer the uncertainty of input variables to outputs. Castro-Triguero
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et al. [60], also used Monte Carlo simulation to realise the propagation of parametric

uncertainties, but focussed on investigating the influence of these uncertainties

on the SPO methodologies based on the Fisher information matrix and energy

matrix rank. Eshghi et al. [49], developed a reliability-based method to optimise

the sensor network design, considering the uncertainty of structural geometry and

input-force amplitude. Kriging combined with Latin hypercube sampling was applied

to reduce the computational cost of generating training and testing data for cases

with different health states, sensor locations and sensor sizes. It can be found that

the focus of current research on sensor-system design is on how to consider the model

uncertainties in optimisation and to find the influence of these uncertainties. The

study of system-assessment criteria for the design process has currently received little

attention.

The reason for this phenomenon is likely related to the researchers’ low confidence in

the accuracy of the data obtained during the design phase. This may also explain

why actions to address problems caused by operational and environmental variations

were all but ignored when considering how to measure quantities of interest. If the

data were not trusted, no further processing would be conducted based on those

data.

As said before, an accurate simulation model plays a key role in providing the data

at the design stage of an SHM system. Model verification, model validation, and

uncertainty quantification to account for errors and uncertainties are inevitable for a

reliable simulation. A comprehensive survey of these three model-based activities

can be found in [61]. This review compared and summarised the advantages and

disadvantages of different approaches to these three activities, and provided a method

to support approach selection. For more information on model verification, validation

and uncertainty quantification, interested readers can refer to [55, 62, 63].

It can be seen that reliable simulation data can be obtained, at least for some

simple simulations. Marks et al. [18] illustrated and discussed the feasibility of using

simulations to provide data for SPO. Furthermore, data availability for optimisation

largely depends on the degree to which extrapolation is required. This is because a

significant challenge for obtaining data from a verified and validated simulation is

the high extrapolation uncertainties caused by the difference between experimental

and actual conditions [61]. In this thesis, data availability is divided into four levels

to consider the situation of different projects, which will be explicitly presented in

Chapter 6.
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For some projects that cannot obtain reliable simulation data but have a large amount

of measured data, the SPO strategies proposed in this thesis can also be used to select

data to build a more compact model and help increase the possibility of real-time

detection. Nowadays, due to the current price of sensors, it is not uncommon to find

hundreds of sensors on civil infrastructure with terabytes of collected data, especially

for long-span bridges [64, 65].

1.2.3 SPO considering sensor redundancy or sensor failure

The study of another factor – sensor failure – that affects the performance of damage

identification will be discussed next. Different from the solutions to dealing with

effects of environmental variability that are usually carried out during thinking about

what can be measured, or about how to realise the promising inference (as described

in Section 1.1.2), the effects of sensor failure are usually considered when determining

how to measure quantities, especially during sensor system optimisation steps. The

following discussion on SPO involving sensor failure is based on two general types of

SHM sensing systems: wired and wireless systems.

For wired sensor networks, Side et al. [66] developed a novel optimisation idea for

fail-safe sensor distributions. By maximising the worst performance of N − 1-sensor

distributions generated by a N -sensor distribution, this optimisation approach can

provide a sensor set that can maintain an acceptable level of damage identification

performance after a sensor failure. However, the OF was only composed of the child

fitness, which led to a conflict between the fail-safe mother distribution and optimal

mother distribution.

For wireless sensor networks, Bhuiyan et al. [67] proposed a backup or redundant

sensor placement algorithm by incorporating the requirements of SHM and the

limitations of wireless sensor networks to ensure a given level of fault tolerance. The

case study showed that if the effects of sensor failures were not handled properly, it

is meaningless to apply wireless sensor networks to SHM.

Note that, for wireless sensor networks, sensor nodes within a sensor field will

cooperate along designed routes via wireless connections, to transmit data to the

base station; therefore, the failure of one sensor may affect the acquisition of data

from other sensors. More information about wireless sensors and the wireless SPO can

be found in [68, 69]. One of the main differences between assumptions about these
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two types of sensor networks is whether the failures of each sensor are independent of

each other. If they are dependent, as in the wireless sensor network, except the effects

of sensor failures, solutions to deal with failures, such as placing backup sensors,

must be considered in the optimisation process, as demonstrated by [67].

There is some other SPO research involving sensor failure. Kullaa [15] tried to

discriminate the variability caused by sensor faults, environmental or operational

changes or structural damage. Kullaa [70] provided an approach to detect, identify

the type of and quantify the faulty sensor. Note that at most, one sensor is assumed

to be failed in [70]. Furthermore, before the identification and quantification of the

failed sensor, the information from the faulty sensor should be ignored. As can be

seen, it is attractive and useful to consider sensor failures when designing a sensor

system. In this thesis, some research will be done in this regard.

1.3 Summary

This chapter first introduced the general concept of SHM based on statistical ap-

proaches. An SPR paradigm for SHM was summarised to show the components used

to achieve monitoring goals. In particular, two challenges in SHM were described,

including one caused by environmental or operational changes, and the other arising

from the requirement of informative features to indicate the structural state. It turns

out that strategies for tackling the first challenge are either to consider what can be

measured or how to infer from the data collected. When considering how to collect

data, whether some strategies can be employed to cope with this challenge should

be considered as well. For the second challenge, selecting a subset of features at

a time, which can account for redundancy and interactions between features, in a

computationally efficient manner is an appealing research direction.

The second main content of this chapter is the study of SPO based on statistical

models. As part of the optimal design of a sensor system, SPO consists of two

main components: the optimisation algorithm and the optimisation objective. A

review, particularly on the optimisation objective, was given. Furthermore, two

issues in the SPO area were mentioned and discussed. First, there is a lack of

research on the optimisation objective (or the assessment criterion) considering

the characteristics of SPO for SHM. One possible reason for this phenomenon was

given, which was a lack of confidence in the accuracy of the data obtained from the
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simulations. Regarding this concern, on the one hand, model verification, validation,

and uncertainty quantification can be used to improve the reliability of data at the

design stage. On the other hand, assessment criteria can be designed according to

the data availability level of different projects. The second issue mentioned is how to

consider the impact of sensor failure in SPO. It is also worth investigating whether

there is a need to consider solutions for handling failed sensors during the design

process.





Chapter 2

SPO robust to environmental

variations and sensor failures

This chapter mainly consists of the motivation for the research, the research aim and

the research objectives. The structure of the whole thesis is introduced at the end of

the chapter to highlight the content of chapters offering research novelties on robust

SPO in the context of SHM.

2.1 Motivations for this research

From the previous chapter, it can be seen that numerous studies have been conduc-

ted to establish a statistical model to provide a quantitative OF based on model

parameters or the functionality of a model. According to the assumptions of model

parameters, the OFs can be probabilistic or non-probabilistic [41–47]. Still, most of

them are not directly related to the damage identification performance of an SHM

system. When it comes to optimisation objectives based on model functionality, most

of them are related to supervised methods, which involve data of different structural

states and corresponding labels to train a model [48–50]. In this case, when a large

number of models with hyperparameters need to be trained, computational feasibility

will become a non-trivial issue. Therefore, there is a demand to segment the optim-

isation process and establish the assessment criteria appropriate to the systematic

design of a sensor system for SHM, which can balance the speed of sensor-system

15
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design while considering the detection performance of the designed sensor system.

Damage is typically indicated via changes in the material properties and at structural

boundaries [1]; these can be revealed via dynamic response properties of a structure,

thus realising quantitative global damage detection. However, there are often con-

founding effects, caused by variations in the environmental and operational conditions,

which can mask the changes from the actual damage. Therefore, a critical step in

a damage detection method is to attempt to identify features which are sensitive

to variations of material and geometric properties of the structure, but robust to

environmental disturbances. Currently, there are some studies on methods to filter

out the environmental effects [8–16]. However, very few studies in the literature

consider confounding effects as part of the SPO process and compare the effects

of robust feature extraction techniques on the optimisation results. Besides, the

failure of a sensor may also lead to the mis-identification of damage and significantly

affect the performance of the entire system. Therefore, it is very important to study

optimal sensor placement considering the possibility of sensor failure.

2.2 Scope and objectives

The existing SPO research based on statistical models can be divided into classical

optimisation design and Bayesian optimisation design according to the type of OF.

The scope of this research is within the classical optimisation design. At the design

stage of a sensor system, most of the available data for all states of interest come

from a validated model of a structure. However, this research does not involve the

issue of how to acquire an accurate model to provide the required data sets but

focuses on how to use the data from a validated model or feasible tests. This means

that the SPO technology studied in this thesis can also be applied to select the most

critical sensor data among a large amount of collected data, thereby speeding up

data processing, which is helpful for the realisation of real-time monitoring. The

distribution of sensors collecting the initial dataset can be determined by insights

and engineering experience, such as placing them at the anti-nodes to maximise the

amplitudes of vibrations.

This thesis aims to propose a general SPO framework for SHM to systematically

design an effective sensor system that is robust to environmental changes and sensor

failures. The specific objectives are as follows:
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1) Investigate SPO techniques and corresponding optimisation objectives systemat-

ically for three data types commonly used in the SPO process: time-domain data,

frequency-domain data, and modal parameters.

2) Analyse the robustness of SPO techniques to environmental variations and evaluate

whether it is necessary to take account of these environmental factors as part of the

optimisation process.

3) Develop strategies for considering environmental variations in the optimum design

of the sensor system, and assess the effectiveness of the developed approaches.

4) Modify the optimisation objectives to take the sensor failure into account and

evaluate the impact of the modified objectives by analysing the performance of the

sensor system when all sensors are working normally and after any sensor fails.

2.3 Organisation of this thesis

Chapter 3 introduces the concepts of machine learning, two supervised machine

learning algorithms, and two linear techniques for dealing with confounding effects.

Chapter 4 shows two types of optimisation algorithms, including deterministic and

stochastic algorithms, and five commonly used optimisation objectives to consider

the different performance requirements of sensor systems.

Chapter 5 provides information on the experimental setup and design. The data

sets for the three data types collected are also introduced, which will be used to

demonstrate and validate the approaches developed in this thesis.

Chapter 6 suggests a correlation-based optimisation criterion which is able to evaluate

a feature set. Eight real-world datasets from open data platforms are used to

demonstrate the effectiveness of the criterion. According to the characteristics of the

feature set, fast calculation methods of this criterion are developed to improve the

calculation efficiency.

Chapter 7 establishes a hierarchical evaluation system related to machine learning

algorithms to design a sensor system and puts forward corresponding evaluation

indicators suitable for different stages of the design process. A numerical case study

of a plate is used to show the design process.

Chapter 8 investigates the robustness of SPO techniques to environmental changes.
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Strategies to improve the robustness of SPO results are provided in situations where

the technique is susceptible to such changes.

Chapter 9 studies SPO considering sensor failures and improves the existing fail-safe

SPO strategy. In addition, a solution for handling failed sensors is considered, and

the value of the applied solution is assessed.

Chapter 10 concludes the thesis and identifies the benefits and limitations of this

study and topics for future work.



Chapter 3

SHM via machine learning

This chapter will focus on existing research into classical machine learning models

used in the development of an SHM statistical framework and methods to eliminate

the effects of condition changes in SHM tasks.

The basic theories of two supervised-learning algorithms are explicitly presented,

namely linear discriminant analysis (LDA) and support vector machines (SVM), to

facilitate structural health-state discrimination in the following chapters. In addition,

canonical correlation analysis (CCA) is introduced, and the relationship between the

LDA and CCA is explored to demonstrate the advantages of CCA-based criteria. A

study of the relationship between SVM and CCA can be found in [71].

Linear techniques to filter out such environmental effects exist, are simple to apply

in practice and are computationally efficient [13]. Therefore, the second half of this

chapter introduces two existing linear techniques from a theoretical viewpoint to

deal with the environmental and operational variations to make an SHM system

more effective, and then discusses their connections. These two linear techniques

will also be used in later chapters.

19
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3.1 Machine learning algorithms for statistical pat-

tern recognition

When it is difficult to explicitly define a statistical model between the selected features

and structural states, ML techniques can be adapted to derive the statistical model

from the empirical data. One theoretical basis of ML is the statistical learning theory,

which is a field at the intersection of statistics, functional analysis and computer

science. Simply speaking, ML is the study of computer algorithms to find a predictive

function based on data.

There are four main types of machine learning: supervised learning, unsupervised

learning, semi-supervised learning and reinforcement learning. Supervised learning

algorithms build a model using data containing both the input data and the cor-

responding labels to deal with regression and classification problems. In contrast,

the data without labels are used in unsupervised learning algorithms to explore the

underlying patterns to cluster the data sets. Learning algorithms combined with

data having partially missing labels refer to semi-supervised learning. Reinforcement

learning is a learning process that interacts with feedback from the environment to

maximise the expected reward.

The focus of this thesis is on supervised learning. The general process of supervised

learning includes two significant steps (refer to Figure 3.1): model creation and

model prediction. The model-creation process of supervised learning can be divided

into three stages: training, validation and testing.

Figure 3.1: Schematic representation of the supervised learning process.

In the process of model creation, input and output data will be expressed here by

letters X and y. One instance of the n input variables in input space χ is usually a
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vector, written as,

x = (x1, x2, . . . , xn)
⊤ (3.1)

where ⊤ indicates transpose. The vectors in this thesis are all column vectors. One

instance of the output variable in output space γ is represented by y, which is usually

a scalar. Note that xi in equation (3.1) is different from xi, i = 1, 2, . . . , N , in Figure

3.1. xi represent the ith observation of the n input variables, given by,

xi = (xi1, xi2, . . . , xin)
⊤ (3.2)

One basic assumption of supervised learning is that there is a joint probability

distribution between random variables x and y. The model obtained by supervised

learning can be a non-probabilistic model or a probabilistic model, represented

by a decision function y = f̂(x) or a conditional probability distribution P̂ (y|x),
depending on the specific learning algorithm. Correspondingly, in the prediction

process, the output yN+1 corresponding to the input xN+1 can be determined by the

model yN+1 = f̂(xN+1) or yN+1 = argmaxyN+1
P̂ (yN+1|xN+1).

3.1.1 Linear discriminant analysis

To explain the basic idea of LDA, the demonstration is limited to binary class

discrimination. Furthermore, since LDA seeks to maximise the scalar projection

of the distance between different classes, the samples will be projected onto one

dimension.

For LDA, the data of each category can be described by the sample mean and sample

covariance, that is,

p(X1) ∼ N (x̄1, Σ1), p(X2) ∼ N (x̄2, Σ2) (3.3)

where X1 ∈ RN1×n, X2 ∈ RN2×n and n ≥ 2. N1 and N2 are the number of

observations in each class. x̄1 ∈ Rn×1 and x̄2 ∈ Rn×1 are the sample mean vectors of

class 1 and 2, and Σ1 and Σ2 are the two sample covariance matrices.

A projection direction w for the samples in these two classes is expected to be found

such that the projected distributions have minimal overlap, which is designed to be

achieved by maximising the ratio of the between-class scatter Sb and within-class



22 3.1 Machine learning algorithms for statistical pattern recognition

scatter Sw [72]. The objective function is,

F (w) = max
w∈Rn×1

w⊤Sbw

w⊤Sww
(3.4)

where Sw and Sb are given by,

Sb = (x̄1 − x̄2)(x̄1 − x̄2)
⊤ (3.5)

and,

Sw =
(N1− 1)

(N1 +N2− 2)
×Σ1 +

(N2− 1)

(N1 +N2− 2)
×Σ2 (3.6)

This problem can be seen that the objective function F (w) is invariant under rescaling

of w, so the denominator in equation (3.4) can be assumed to be equal to unity, i.e.

w⊤Sww = 1. The objective function (3.4) then becomes,

max
w∈Rn×1

w⊤Sbw (3.7a)

s.t. w⊤Sww = 1 (3.7b)

It can be solved by using a Lagrange multiplier λ, such that,

F (w) = w⊤Sbw − λ(w⊤Sww − 1) (3.8)

followed by,
d

dw

(
F (w)

)
= 2Sbw − 2λSww = 0 (3.9)

Hence,

(S−1
w Sb − λI)w = 0 (3.10)

and thus λ is an eigenvalue of S−1
w Sb, and w is the corresponding eigenvector.

According to Equations (3.9) and (3.7b), it is obvious that,

F (w) = max
w∈Rn×1

w⊤Sbw = w⊤λSww = λ (3.11)

Note that the above derivation requires the existence of S−1
w . A necessary condition

for Sw to be invertible is N1, N2 ≥ (n+ 1). For the case when Sw is not invertible,

please refer to [73, Ch. 16, pp. 363–364] for modification details. Furthermore, for

this case, since the rank of S−1
w Sb is one, the number of eigenvalues is only one.



3.1 Machine learning algorithms for statistical pattern recognition 23

When there are more than two classes, the between-class scatter Sb and within-class

scatter Sw for C classes can be defined as [74, 75],

Sb ≡
C∑
c=1

Nc × (x̄c − x̄)(x̄c − x̄)⊤ (3.12)

and,

Sw ≡
C∑
c=1

Nc ×Σc (3.13)

where x̄c and Σc are the mean vector and covariance matrix of Xc respectively, and

x̄ is the mean of the whole data set [X1; · · · ;XC ]. In this condition, the number of

the eigenvalues will be min(n, (C − 1)).

The eigenvalue of S−1
w Sb giving F (w) is the largest eigenvalue, and the corresponding

eigenvector can be used to obtain the linear boundary. For a new observation, xN+1,

based on the distances between each ȳc = w⊤x̄c and yN+1 = w⊤xN+1, it can be

assigned to one of C classes corresponding to the smallest distance.

3.1.2 Connection between linear discriminant analysis and

canonical correlation analysis

A brief introduction to CCA is given first, to facilitate the comparison of LDA and

CCA. CCA aims to find the maximal linear association between two co-occurring

multivariate random variables with N observations, which are collected as matrices

X ∈ RN×n and Y ∈ RN×m [76]. n and m are the number of variables in X and Y

respectively.

CCA can be carried out by finding pairs of projection directions U ∈ Rn×L and

V ∈ Rm×L, so that the Pearson’s correlation coefficient between (X − X)u and

(Y −Y)v for a pair of projection directions is maximised [77], i.e.

F (u,v) = max
u,v

r(Xu,Yv)

= max
u,v

u⊤X⊤
MYMv√

u⊤X⊤
MXMu

√
v⊤Y⊤

MYMv

(3.14)

where XM = X−X and YM = Y −Y. X and Y are the means of columns of X

and Y respectively. Note that r(·) refers to the Pearson’s correlation coefficient.
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It can be seen that F (u,v) does not depend on the scale of u and v. Therefore, the

XMu and YMv can be standardised to have unit variance. Then, equation (3.14)

can be expressed as,

max
u,v

u⊤X⊤
MYMv, s.t. u⊤X⊤

MXMu = 1, v⊤Y⊤
MYMv = 1 (3.15)

Lagrange multipliers α and β can be used to find u and v, such that,

F (u,v) = u⊤X⊤
MYMv −

1

2
α(u⊤X⊤

MXMu− 1)− 1

2
β(v⊤Y⊤

MYMv − 1) (3.16)

followed by,
d

du

(
F (u,v)

)
= X⊤

MYMv − αX⊤
MXMu = 0 (3.17)

d

dv

(
F (u,v)

)
= X⊤

MYMu− βY⊤
MYMv = 0 (3.18)

Premultiplying equations (3.17) and (3.18) by u⊤ and v⊤ respectively, gives

u⊤X⊤
MYMv − αu⊤X⊤

MXMu = 0 (3.19)

v⊤X⊤
MYMu− βv⊤Y⊤

MYMv = 0 (3.20)

It can be found that F (u,v) = α = β.

By a series of transformations based on equations (3.17) and (3.18), the values of

F (u,v) and the corresponding projection directions u ∈ Rn×1 and v ∈ Rm×1 can be

obtained by solving the eigenvalue equations given by [78, 79],

[
(X⊤

MXM)
−1X⊤

MYM(Y
⊤
MYM)

−1Y⊤
MXM − F (u,v)2I

]
u = 0 (3.21a)

[
(Y⊤

MYM)
−1Y⊤

MXM(X
⊤
MXM)

−1X⊤
MYM − F (u,v)2I

]
v = 0 (3.21b)

Thus, F (u,v) is the square root of an eigenvalue of (X⊤
MXM)

−1X⊤
MYM(Y

⊤
MYM)

−1Y⊤
MXM

or (Y⊤
MYM)

−1Y⊤
MXM(X

⊤
MXM)

−1X⊤
MYM, which is known as the canonical correla-

tion coefficient. If XM and YM have full column rank, the number of the non-zero

eigenvalues is not greater than min(n, m), that is, L is not greater than min(n, m).

In order to explore the connection between LDA and CCA, the description and

notation of data need to be unified and clarified. X ∈ RN×n is equal to [X1; · · · ;XC ],

and Y ∈ RN×m is the set of labels, represented by m variables, for all classes. In
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addition, dummy coding should be adopted here to encode the label matrix Y. Note

that the column rank of the matrix is reduced by one after each column subtracts its

column mean. This is the case because the sum of all matrix columns is now equal

to 0, which means that one column can be rewritten as a linear combination of all

other columns. Dummy encoding uses C − 1 features to represent C labels/classes,

which can make the label matrix Y remain full column rank after subtracting its

column mean to satisfy the definition of CCA. Thus, the number of variables m in

Y equals C − 1.

Equations (3.10) and (3.21a) can be rewritten as,

Sbw = F (w)Sww (3.22)

and

X⊤
MYM(Y

⊤
MYM)

−1Y⊤
MXMu = F(u,v)2(X⊤

MXM)u (3.23)

where X⊤
MXM is the total scatter matrix and equals Sb + Sw, and according to [80],

X⊤
MYM(Y

⊤
MYM)

−1Y⊤
MXM is equal to Sb. Therefore, equation (3.23) can now be

written as,

Sbu =
F (u,v)2

1− F (u,v)2
Swu (3.24)

where F (u,v)2/(1− F (u,v)2) increases monotonically for F (u,v) ∈ (0, 1), which

means the largest F (w) corresponds to the largest F (u,v).

By comparing Equations(3.22) and (3.24), it is reasonable to say that the two analysis

methods are equivalent when a scalar projection is expected and labels are encoded

using dummy encoder. It can also be seen that CCA generalises LDA to consider

multiple projected dimensions to define the linear discriminant.

3.1.3 Support vector machines

This section also uses binary classification to demonstrate the basic idea of the SVM

algorithm. A decision function will be provided by an SVM. The inputs for a linear

SVM training can be represented by,
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T = {(x1, y1), (x2, y2), · · · , (xN , yN)} (3.25a)

xi ∈ χ = Rn i = 1, 2, . . . , N (3.25b)

yi ∈ γ = {+1,−1} (3.25c)

where N is the number of training examples, xi is the ith feature vector, (xi, yi) is

the ith training sample and yi is either 1 or −1, which indicates the class to which

the xi belongs.

A separating hyperplane can be described by,

w · x+ b = 0 (3.26)

where w is the normal vector to a hyperplane. The parameter b/||w|| determines

the offset of the hyperplane from the origin along the normal vector w, as shown in

Figure 3.2.

Figure 3.2: The maximum-margin hyperplane for an SVM.

Finding the best hyperplane means maximising the smallest signed distance. The

smallest signed distance from a sample point (xi, yi) to a hyperplane can be calculated

by,

γi = yi

(
w

||w||
· xi +

b

||w||

)
(3.27a)

γ = min
i=1,...,N

γi (3.27b)
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Maximising γ gives the optimisation problem,

max
w,b

γ (3.28a)

s.t. yi

(
w

||w||
· xi +

b

||w||

)
≥ γ, i = 1, 2, . . . , N (3.28b)

This constraint means that the signed distance from any feature vector in the training

set to the max-margin hyperplane is at least equal to γ. An important consequence

of this constraint is that the max-margin hyperplane is completely determined by

those feature vectors that lie on the margins. These feature vectors are called support

vectors. However, changing the values of w and b proportionally will not change the

hyperplane. Therefore, when the ratio of w and b is constant, w can be selected

according to the demand. For the convenience of calculation, the ||w|| can be set to

1/γ. In this case, equation ((3.28)) can be rewritten as,

max
w,b

1

||w||
(3.29a)

s.t. yi(w · xi + b)− 1 ≥ 0, i = 1, 2, . . . , N (3.29b)

As shown in Figure 3.2, a maximum margin width is thus equal to,

Dmargin =
2

||w||
(3.30)

It is worth noting that there is no direct relationship between SVM and CCA, but

referring to the idea of SVM, [71] developed a method to assign soft labels to samples

in each class to improve the classification performance using features selected by

CCA.
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3.2 Approaches to confounding-effect elimination

3.2.1 Principal component analysis

The first approach introduced here is principal component analysis (PCA), a classical

dimension-reduction technique from multivariate data analysis. The theory behind

PCA is briefly recalled bellow to illustrate why it can be used to create damage-

sensitive features using data collected under changing environmental conditions.

Let X = [x1,x2, . . . ,xn] denote the original feature matrix with n variables, and

Y = [y1,y2, . . . ,yn] denotes the derived multivariate matrix after performing PCA

on X, such that,

yj = a1jx1 + a2jx2 + · · ·+ anjxn, j = 1, . . . , n (3.31a)

E(yi,yj) = E(yi)E(yj), i ̸= j (3.31b)

σ2
y1
≥ σ2

y2
≥ . . . ≥ σ2

yn
(3.31c)

where xj ∈ RN×1 is the jth feature vector and yj ∈ RN×1 is the jth principal

component, which is a linear combination of the original feature vectors. It can be

seen that the first p derived y vectors with p < n can be used to represent original n

variables in X while maintaining the most variation in the original data.

Note that to distinguish the vector of an observation for all features (xi) from the

vector of a feature with N observations, xj is used here to facilitate the comparison

of PCA and another linear technique in the next section.

Let aj = (a1j, · · · , anj)⊤. The first principal component y1 = Xa1 can be obtained

by choosing a1 with the scaling a⊤
1 a1 = 1 to maximise the variance of y1, which is

equivalent to,

V (a1) = max σ2
y1

= maxσ2
Xa1

= max
a1∈Rn×1

a⊤
1 ΣXa1, s.t. a⊤

1 a1 = 1 (3.32)

By following a similar procedure used to solve equation (3.7), one gets,
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V (a1) = a⊤
1 ΣXa1 − λ(a⊤

1 a1 − 1) (3.33)

d

da1

(
V (a1)

)
= 2ΣXa1 − 2λa1 = 0 (3.34)

Hence,

(ΣX − λI)a1 = 0 (3.35)

This equation means that, except for a1 = 0, a solution is available if and only if λ

is an eigenvalue of ΣX. Thus, equation (3.32) becomes,

V (a1) = max a⊤
1 λIa1 = maxλa⊤

1 a1 = maxλ (3.36)

For the positive semi-definite matrix ΣX, there are n non-negative eigenvalues,

labelled as λ1, λ2, . . . , λn, where λ1 > λ2 > . . . > λn ≥ 0. Thus, the maximum

variance of y1 is the largest eigenvalue λ1 and a1 is the corresponding eigenvector of

ΣX.

Intuitively, the maximum variance of the second principal component y2 should equal

the second largest eigenvalue of ΣX. But a concise theoretical demonstration of

finding y2 is also given here to explain this prevalent dimension reduction technique

more clearly.

Similar to the first principal component, y2 is equal to Xa2, with a⊤
2 a2 = 1. From

equation (3.31b), the covariance of y1 and y2 should be zero, that is,

covy1,y2 = cov(Xa2,Xa1) = a⊤
2 ΣXa1 = λ1a

⊤
2 a1 = 0 (3.37)

which works if and only if a⊤
2 a1 = 0. Now with two constraints,

V (a2) = a⊤
2 ΣXa2 − λ(a⊤

2 a2 − 1)− δ(a⊤
2 a1 − 0) (3.38)

d

da2

(
V (a2)

)
= 2ΣXa2 − 2λa2 − δa1 = 0 (3.39)

Premultiplication of equation (3.39) by a⊤
1 results in δ = 0. The last equation then

becomes,

(ΣX − λI)a2 = 0 (3.40)

which means that the maximum variance of y2 is also an eigenvalue of Σ. According

to equation (3.31c), it should be the second-largest eigenvalue λ2 and a2 is the
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corresponding eigenvector. The remaining principal components can be obtained by

following the same analysis pattern.

Let A = [a1, a2, . . . , an], where ai are the eigenvectors of ΣX. Then the relationship

between Y and X can be written as,

Y = XA, s.t. ΣY = A⊤ΣXA (3.41)

In addition, the relationship between the sum of variances of Y and the sum of

variances of X is as follows,

n∑
j=1

σ2
yj

=
n∑

j=1

λj = tr(A⊤ΣXA) = tr(ΣXAA⊤) = tr(ΣX) =
n∑

j=1

σ2
xj

(3.42)

Therefore,
∑p

j=1 λj/
∑n

j=1 λj can represent the proportion of the total variance of

the original variables captured by the first p principal components.

When deriving features that are insensitive to environmental changes but sensitive to

structural changes (including material changes and geometrical changes), the essence

of this method is to identify a linear subspace of a transformed feature space to

account for the environmental conditions. The remaining subspace of the transformed

feature vectors then makes contributions to the damage sensitivity, which will be

explained more clearly in Section 3.2.3.

3.2.2 Mahalanobis squared-distance

The second linear method to deal with environmental effects is based on the Ma-

halanobis squared-distance (MSD). It can naturally eliminate temperature effects as

long as the normal condition data include measurements under an appropriate range

of environmental conditions. The MSD is given by,

D2
i = (xi − x̄)⊤Σ−1

X (xi − x̄) (3.43)

where xi is the ith row of a feature matrix, which refers to the ith observation of n

variables; x̄ is the mean value vector for a set of observations X of n variables and

Σ is the corresponding covariance matrix. Note that xi and x̄ are column vectors

because, as specified in Section 3.1, all vectors are written as column vectors.
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Following the idea of PCA, variable vectors are going to be represented by their

principal components, whose covariance matrix is diagonal; this helps to interpret

the composition of the MSD. Firstly, the eigenvalue decomposition of the covariance

matrix ΣX is given by,

ΣX = AΛA−1 (3.44)

where Λ = diag(λ1, λ2, . . . , λn) and since A is orthogonal here, A⊤A = I. The

following transformation is performed,

yi = A⊤xi (3.45)

and by inverting this transformation with A⊤ = A−1,

xi = Ayi (3.46)

The MSD in equation (3.43) is then calculated by,

D2
i = (yi − ȳ)⊤A⊤Σ−1

X A(yi − ȳ) = (yi − ȳ)⊤Λ−1(yi − ȳ) (3.47)

Since λj = σ2
yj
, equation (3.47) can be written as,

D2
i =

n∑
j=1

1

σ2
yj

(yij − ȳj)
2 (3.48)

where yij is the ith observation of the jth transformed variable (or the jth principal

component) and ȳj is the mean value of the jth transformed variable.

Here it is shown that the MSD is the sum of the contributions of independent

variables transformed from the original variables. The contributions are scaled by

dividing the variances of the associated new variables.

3.2.3 Connection between Mahalanobis squared-distance

and principal component analysis

By comparing Equations (3.31a) and (3.45), it is clear that the calculation process to

obtain an element in a transformed variable instance yi is the same as the calculation

process to obtain an element in a principal component vector yj; Elements in both

vectors can thus be called principal component scores. If it is assumed that most of
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the variance in the n healthy condition features is from environmental effects, the

first p components can be used to explain it.

For a new instance of the transformed feature variables yN+i, the MSD can be

decomposed into two parts:

D2
N+i =

p∑
j=1

1

σ2
yj

(y(N+i)j − ȳj)
2 +

n∑
j=p+1

1

σ2
yj

(y(N+i)j − ȳj)
2 (3.49)

This equation shows that this distance is insensitive to environmental changes

because the variances of transformed variables mainly responsible for environmental

conditions are large, which makes the contributions of the corresponding variables to

the distance calculation small.

Suppose PCA is firstly used to eliminate the environmental effects, and the MSD

is subsequently used to derive the features. In that case, the first p components

accounting for the environmental conditions will be abandoned. Then, the MSD for

yN+i reduces to computing,

D2
N+i =

n∑
j=p+1

1

σ2
yj

(y(N+i)j − ȳj)
2 (3.50)

It can be seen that if
∑p

j=1 λj/
∑n

j=1 λj is larger than a certain threshold, say 99.9%,

the result of the MSD calculation is equivalent to the result of the MSD of features

projected onto the subspace of the principal components. Furthermore, both linear

techniques can be used in situations where temperature measurements corresponding

to feature vectors are not available. For more details, please refer to [13].

3.3 Summary

This chapter began with an introduction to the main role of machine learning and

its main types, which could be used for SHM based on statistical pattern recognition.

Among them, supervised learning algorithms can provide decision functions or

conditional probability distributions to predict output values for new input values

by using previous input and output data. A linear boundary or a hyperplane is

obtained for LDA and linear SVM to separate the different classes. Note that,
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strictly speaking, the LDA and CCA (or canonical variate analysis) mentioned in

this chapter are not supervised learning algorithms, but supervised linear dimension

reduction techniques. More information can be found in [73, Ch. 16, 17]. The

equivalence of LDA and CCA shows that, for classification problems, the larger the

first canonical correlation coefficient, the larger the distance between different classes

in the projection direction.

Furthermore, two existing approaches, PCA and MSD, developed to eliminate

confounding effects were explained and compared in this chapter. They are practical

methods for extracting effective features. The similarity of them is that both

approaches are valid under the premise that a linear subspace exists to account for

changing environmental or operational conditions. They are different in that, by

discarding that subspace, PCA can provide damage-sensitive features, while the

MSD technique uses the variances of the variables in that subspace to reduce the

effects of changing conditions.





Chapter 4

SPO based on statistical models

The previous chapter discussed how to obtain damage-sensitive features for SHM and

how to use machine learning techniques to describe different structural state patterns.

In this chapter, how to design a sensor system to collect information-intensive data

for SHM is investigated, including optimisation strategies and optimisation objectives

for SPO. Those applied later in this thesis are explained in detail.

4.1 Optimisation algorithms

Since the SPO here does not address the case of describing sensor locations in

continuous space, selecting the optimal sensor combination can be regarded as a

combinatorial optimisation of an OF. The number of combinations S for selecting I

sensors from Z candidate sensors in different locations is given by,

S = ZCI =
Z!

I!(Z − I)!
(4.1)

On this basis, this section will introduce two types of optimisation strategies, including

deterministic and stochastic, to find the optimal sensor combination that leads to

the minimum or maximum value of an OF. Numerous studies have explained and

compared the specific characteristics of various optimisation algorithms. However,

the following review is intended to help readers clearly understand the framework of

this field and where different algorithms fit within the framework without going into

35



36 4.1 Optimisation algorithms

too much detail.

4.1.1 Deterministic optimisation algorithms

Exhaustive search, also known as brute-force search, is a deterministic optimisation

algorithm that examines all possibilities, to find a result that satisfies all statements.

This algorithm can indeed provide a global solution to an optimisation problem

and be used as a benchmark when evaluating other algorithms. However, according

to equation (4.1), S can be prohibitively large; for example, when it is applied to

a finite element model with even a relatively small number of degrees of freedom.

Therefore, there will be some compromises for the optimal solution; a sequential

sensor placement strategy is another option to provide a deterministic solution.

A sequential sensor-placement strategy can be achieved by adding candidate sensors

to the selected sensor group or removing sensors from the candidate sensor group.

The former one is known as a greedy search. This search strategy is computationally

efficient, but it is susceptible to local optima. For more detailed discussions regarding

the possible approaches to mitigate this problem, please refer to [81–83]. Here, they

are collectively referred to as two-stage methods.

4.1.2 Stochastic optimisation algorithms

It is common to say that stochastic search refers to optimisation algorithms that

involve randomness in the measurements of the OF and/or in the search direction [84,

Ch. 1, p. 7]. Note that ‘randomness’ in stochastic optimisation algorithms does not

mean that the optimal results are entirely random, but rather that some decisions

made in the search process contain some degree of randomness.

‘Metaheuristics’ constitute a significant subfield of stochastic optimisation. Like

heuristics, metaheuristics do not guarantee an optimal global solution, but they use

randomness to increase the possibility of escaping the local optima. Furthermore,

given the elusive definition of metaheuristics in many papers, here is a quote from

[85] to clarify the definition of metaheuristics and its relationship to heuristics:

In its general sense, a metaheuristic is not an algorithm. Rather, it is

a consistent set of ideas, concepts, and operators that can be used to
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design heuristic optimisation algorithms.

There are three representative metaheuristics, which are simulated annealing [86],

evolutionary computation and ant colony optimisation [87]. See [88] and [89, Ch. 1,

2 and 8] for the comparison and pseudocodes of these three techniques. Evolution-

ary computation is the collective name of evolutionary programming, evolutionary

strategies and genetic algorithms (GA), and the last two are both algorithms. Be-

cause a GA will be adopted to handle SPO in this thesis, a brief introduction to this

algorithm is given as follows.

The GA is a computational approach that simulates the natural selection of chromo-

somes with high efficiency. It starts from an initial population consisting of several

random chromosomes representing the possible solutions. A fitness function is used

to quantify the adaptation ability of a chromosome. Through a series of operations,

including selection, crossover and mutation, new chromosomes will then be produced.

Chromosomes in the updated population that can make the fitness function value

close to the target limit will be selected to generate the next population. This process

will repeat until some termination conditions are met. Refer to [89] for more details

on the GA.

4.2 Optimisation objectives

Another non-trivial step for the SPO technique is to select an appropriate optimisation

objective to evaluate the performance of a sensor system. A quantitative OF based

on model parameters or model roles is usually adopted by establishing a statistical

model. It is worth noting that other common names for the OF are loss function,

fitness function or performance assessment criterion.

In this section, five commonly used optimisation objectives, also called assessment

criteria, are discussed: the effective independence (EI), the determinant of Fisher

information matrix (DFIM), the average driving point residue (ADPR), the root-

mean-squared error (RMSE) and the parameters or derivations of a confusion matrix.
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4.2.1 Effective independence

One trace-based criterion used for the SPO based on mode shapes is referred to as

effective independence (EI), which transfers the accurate estimation of the target

modal coordinates into the requirement of the linear independence of mode shapes.

Assume that there are Z candidate sensor locations and J modes to be identified.

Suppose I sensors will be selected from the Z candidate sensors. For the sth

combination of the I sensor locations, the outputs of these chosen sensors are

described by a vector y ∈ RI×1, which is given by,

ys = Φsq+ ϵs (4.2)

where Φs ∈ RI×J is the sth target modal matrix, q ∈ RJ×1 is the vector of the target

modal coordinates and ϵs ∈ RI×1 is the vector of measurement noise at these selected

sensors, which is assumed to be zero-mean Gaussian noise and of equal variance

σ2. The least-squares estimate of the target modal coordinates for the sth sensor

combination can be expressed as [41],

q̂s = (Φ⊤
s Φs)

−1Φ⊤
s ys (4.3)

The covariance matrix of the estimation error of the q̂s is given by [41],

Fq̂s = σ2(Φ⊤
s Φs)

−1 (4.4)

where Φ⊤
s Φs is termed the Fisher information matrix (FIM). According to the

Gauss–Markov theorem [90], minimisation of this covariance matrix can help to

obtain the best linear unbiased estimator of q̂s. Referring to equation (4.4), this

minimisation can be realised by maximising the FIM. Considering the contribution

of each sensor location, the FIM can be written as,

Φ⊤
s Φs =

I∑
i=1

ϕi⊤
s ϕi

s (4.5)

where ϕi
s is the i

th row of the target modal matrix Φs, corresponding to the ith sensor

location. It can be seen that each sensor location contributes some information to

the FIM. In order to quantitatively evaluate the contribution of each location, the
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following eigenvalue equation can be solved,

(Φ⊤
s Φs − λsI)Ψs = 0 (4.6)

where I is an identity matrix. A relationship between the sensor locations and each

eigenvalue can then be acquired by calculating the square of ϕi
s in terms of the basis

formed by the columns Ψs, which can be expressed as,

G = (ΦsΨs)⊗ (ΦsΨs) (4.7)

where the symbol ⊗ represents the element-wise product and the summation of the jth

column of G is equal to the jth eigenvalue of Φ⊤
s Φs. To make it possible to compare

the contribution of each sensor location to the identification of J selected modes, the

matrix G is right-multiplied by the inverse of the diagonal matrix λs = Ψ⊤
s (Φ

⊤
s Φs)Ψs

to rescale the columns, and then written as,

FE = (ΦsΨs)⊗ (ΦsΨs)λ
−1
s (4.8)

The sum of each column of FE is equal to 1, which means that the contribution of one

sensor location to identifying any selected mode can be quantitatively evaluated on

the same scale, that is, within a range from 0 to 1. Thus, the sum of the ith row can

be used to evaluate the contribution of the ith sensor location to the identification of

J mode shapes.

On this basis, the vector composed of the sum of each row of FE can be defined as

the independence distribution vector Ed, which can be formulated as the diagonal of

an idempotent matrix,

E = ΦsΨsλ
−1
s Ψ⊤

s Φ
⊤
s

= Φs(Φ
⊤
s Φs)

−1Φ⊤
s

(4.9)

where E is known as the projection matrix. Because the trace of an idempotent matrix

is equal to its rank [91], the diagonal terms of the projection matrix E represent the

contributions of the corresponding sensor locations to the linear independence of its

columns or the mode shapes.

The values in the independence distribution vector Ed corresponding to sensor

locations will be updated for each iteration of the SPO, which can indicate the

importance of a sensor location to the independent information. Locations with
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small values in Ed can be removed at each iteration until a desired number of sensors

are left. In this thesis, only one sensor is removed by default at each iteration.

For each iterative calculation of E with a different number of sensor locations, the

trace of this matrix is constant, equal to the number of linearly independent columns

in it. Furthermore, if target mode shapes with the candidate degrees of freedom are

linearly independent, the trace of the matrix E is thus always equal to the number

of target mode shapes. Based on this, the trace-based criterion cannot be used to

compare the different sensor combinations with the same number of sensors to search

out the globally optimal results.

4.2.2 Determinant of Fisher information matrix

Another criterion used for the SPO based on mode shapes is called the determinant

of the Fisher information matrix (DFIM), which is directly related to the accuracy

of the target modal-coordinate estimate. The brief derivation process is as follows.

According to [42], it can be assumed that the probability density function of q̂s in

equation (4.3) is Gaussian, and the corresponding confidence region can be treated

as the interior of the hyperellipsoid,

(q̂s − q)⊤Fq̂
−1
s (q̂s − q) = c2 (4.10)

where Fq̂s = (Φ⊤
s Φs)

−1Φ⊤
s E(ϵsϵ

⊤
s )Φs(Φ

⊤
s Φs)

−1 is the covariance matrix of the

estimation error of q̂s and c is a constant related to the confidence level. The volume

Ds of the hyperellipsoid can be obtained as [92],

Ds = πI/2cI [ det(Fq̂s)]
1/2[Γ(I/2 + 1)]−1 (4.11)

where Γ(·) refers to the gamma function and det(·) refers to the determinant. To

obtain the best linear unbiased estimator, that is, the most accurate estimation

of the target modal coordinates, the volume of this confidence region should be

minimised. Because Fq̂s is the only variable in equation (4.11), the key to the

optimisation problem is to minimise the determinant of Fq̂s . As it was assumed that

the measurement noise of sensors was uncorrelated and of equal variance σ2 in [42],
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they showed that,

det(Fq̂s) = det [σ2(Φ⊤
s Φs)

−1]

= σ2n det [(Φ⊤
s Φs)]

−1
(4.12)

Because the Fq̂s

−1 was defined as the Fisher information matrix (FIM) in [93],

Φ⊤
s Φs was subsequently referred to as the FIM in [41]. Thus, minimising the

determinant of Fq̂s , as discussed earlier, is equivalent to maximising the DFIM, i.e.

maximising det(Φ⊤
s Φs). Note that when the lower–upper decomposition is applied,

the computational complexity of calculating the DFIM is O(J3).

Based on the above introduction, this FIM-based criterion can be applied to compare

the different sensor combinations with the same number of sensors. It is beneficial to

find the optimal sensor deployment beneficial to estimate the target modal coordinates

most accurately.

4.2.3 Average driving-point residue

There is an obvious disadvantage in using the values in the independence distribution

vector Ed or DFIM as an optimisation objective, in that sensor locations with low

signal strength can be selected. In order to overcome this issue and improve the

signal-to-noise ratio, the average driving-point residue (ADPR) can be combined

with these two criteria [94].

For the EI method, the vector EEI−DPR
d can be defined as in [95]. One entry in

EEI−DPR
d for the ith degree of freedom is given by,

EEI−DPR
di

= Edi

J∑
j=1

(ϕij
s )

2

ωj

(4.13)

where Edi is the ith entry in Ed. ϕ
ij
s is the entry corresponding to the ith degree of

freedom of the jth target mode in the sth target modal matrix. ωj is the natural

frequency corresponding to the jth target mode.

Similarly, for the DFIM, the det(Φ⊤
s Φs)ADRP corresponding to one sensor combination
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can be constructed, which is defined as,

det(Φ⊤
s Φs)ADRP = det(Φ⊤

s Φs)
I∑

i=1

J∑
j=1

(ϕij
s )

2

ωj

(4.14)

Similar to the EI criterion, the EI-ADPR can help find sub-optimal results by

sequentially removing the sensors that contribute the least. Another criterion, the

DFIM-ADPR, should be maximised to find the optimal sensor deployment.

4.2.4 Root-mean-squared error

The root-mean-squared error (RMSE) is a common metric for assessing the quality of

regression, which is a supervised machine-learning technique to predict a continuous

variable based on several independent variables. It works by measuring the average

squared difference between the predicted value ŷn and the observed value yn, which

is given by,

RMSE =

√∑N
n=1(yn − ŷn)2

N
(4.15)

where N is the number of data points. It can be found that the closer the RMSE is

to zero, the better the quality of the regression model.

To facilitate the comparison between data sets with different scales, the RMSE can

be normalised by using various characteristics of the data set, such as mean, standard

derivation and interquartile range. R-squared or the coefficient of determination is a

standardised version of the RMSE, which is defined as [96],

R2 = 1−
∑N

n=1(yn − ŷn)
2∑N

n=1(yn − y)2
(4.16)

where y is the mean of the observed yn. The relationship between the RMSE and

R-squared is,

R2 = 1− RMSE2

Σ2
(4.17)

where Σ is the standard derivation of the observed yn. It can be seen that when

R-squared is equal to one, the regression model fits the data perfectly with the

corresponding RMSE equalling zero. For the training data set, R2 ranges from 0 to

1, but it will be negative when the RMSE is greater than Σ for the test data set.
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From Figure 4.1, R-squared can also be defined as,

R2 = 1− SSE

SST
=

SSR

SST
=

∑N
n=1(ŷn − y)2∑N
n=1(yn − y)2

(4.18)

This equation suggests another intuitive interpretation of R-squared, which is that

R-squared represents the ratio of the variance of the observed variable captured

by the regression. An R-squared value close to 1 indicates that the corresponding

regression model captures most of the variance of the observed variable and can be

treated as a good model.

Figure 4.1: Diagrammatic representation of RMSE and R-squared.

4.2.5 Parameters or derivations of a confusion matrix

Another type of supervised-learning algorithm, called classification, is used to predict

discrete class labels. To allow the intuitive consideration of the SHM system’s

performance on classification, the assessment criteria can be composed of parameters

or derivations of the confusion matrix [97]. The parameters of the confusion matrix

are demonstrated in Table 4.1.

Here are the three most commonly used derived quantities of parameters in the

confusion matrix. The variables in the following equations are defined in Table 4.1.

The first one is the true positive rate (TPR) or probability of detection, which is

given by,

TPR =
tp

p
= 1− fn

p
(4.19)
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Table 4.1: Terminology in a confusion matrix.

Measured condition
Positive (p) Negative (n)

Predicted
condition

Positive (pp) True positive (tp) False positive (fp)
Negative (pn) False negative (fn) True negative (tn)

t refers to true; f refers to false; p refers to positive; n refers to negative

the second one is the false positive rate (FPR) or probability of false alarm, given by,

FPR =
fp

n
= 1− tn

n
(4.20)

and the last one is called accuracy (ACC), which can be calculated by,

ACC =
tp+ tn

tp+ fn+ fp+ tn
=

tp+ tn

p+ n
(4.21)

There are some other commonly used quantities capable of assessing classification

performance, such as the area under the curve, the precision and the F-score, which

can be chosen according to the characteristics of the data. For example, precision, the

proportion of positive results correctly classified, should be adopted when studying

rare diseases. This is because such studies usually include many more people without

disease than with disease. The precision not including the number of true negatives

(which should be very large) allows the results to be unaffected by unbalanced data

in different categories.

4.3 Summary

This chapter has pointed out that the SPO for SHM in this thesis is framed as a

combinatorial optimisation problem, and two basic components of the SPO technique

are investigated, including the optimisation algorithm and the optimisation objective.

An overview of the existing algorithms used to search for optimal or sub-optimal

results was presented first to clarify their definitions and relationships. Two de-

terministic optimisation algorithms (exhaustive search and greedy search) and one

stochastic optimisation algorithm (GA), which would be applied in the following

chapters, were mentioned in this part. An exhaustive search can provide global op-

tima but may require significant computational effort when the number of candidates
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is large. A greedy search usually gives locally optimal results but in an efficient way.

Two-stage approaches can be applied to improve search results. A GA can improve

the possibility of finding the globally optimal point but reduce the computational

effort, by involving some random factors in the search process to jump out of the

local optima.

Optimisation objectives or evaluation criteria were then listed to indicate which

aspects of sensor system performance they were developed for, respectively. The

trace-based criterion (EI) and the FIM-based criterion (DFIM) aim to optimise the

accuracy of target modal coordinate estimation. Additionally, both criteria can be

combined with ADPR to incorporate signal amplitudes into the target. However, EI

can only rank sensors within a sensor combination, while DFIM can compare different

combinations with the same number of sensors. The last introduced part was about

frequently used metrics for assessing the quality of regression or classification models.

Using these metrics as optimisation targets can improve the performance of a sensor

system in predicting continuous or discrete variables, i.e. improving the damage

identification capability of an SHM system.





Chapter 5

Glider-wing experiment

The technologies developed in this thesis will be validated on a real structure, a full

wing of a glider aircraft. The detailed information on the experimental design and

acquisition of data-sets is given in this chapter. The entire experiment was conducted

in the Laboratory for Verification and Validation by the author, with the excellent

technical assistance from Robin S. Mills.

A novel aspect of this experiment was that the glider wing was tested in a chamber

where the ambient temperature around the wing could be controlled as needed. It

means that real data sets, rather than simulated data sets, can be used to develop

an SPO framework robust to temperature variation.

5.1 Experiment setups and design

5.1.1 Vibration test system

The components of the adopted vibration test system are shown in Figure 5.1. In

this experiment, a Gaussian white-noise excitation was first generated within the

Siemens LMS acquisition system, and amplified using the ETS solutions LA500

power amplifier. The generated signal then travelled out to the ETS solutions VT100

electrodynamic shaker to excite vibrations in the tested object.

The object under investigation is a glider wing under a free-free boundary condition

47
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(shown in Figure 5.2). The wing was excited at a point between sensor 22 and sensor

23, as shown in Figure 5.3. The tip area of the wing is more flexible, and it is easier to

vibrate the entire structure by setting an excitation point in this area. The vibration

data of the wing were measured using PCB resonant piezoelectric accelerometers

(Model 353B18) and sampled using a 64-channel acquisition system controlled by

LMS software. These accelerometers are uniaxial and measure perpendicular to the

surface on which they are mounted. The weight of each sensor is 1.8 gm. Figure 5.3

is a schematic showing the 36 candidate sensors used, with their labelled positions

not drawn to scale. These sensors are evenly distributed on the wing structure to

provide the candidate sensor-position combinations.

Figure 5.1: Vibration test system applied on the glider wing.

Figure 5.2: Photograph of the experiment setups in the testing chamber.
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Figure 5.3: Labelled positions of significant points on the glider wing.

5.1.2 Damage scenarios

To simulate a reversible damage scenario rather than inflict permanent damage on

the wing, the damage was simulated by adding mass blocks at discrete points. Two

rounds of experiments were carried out for different damage sizes and conditions.

In the first-round tests, three damage cases were considered: mass addition at

locations [M1], [M2] and [M1, M2]. The first mass block (M1) was added between

sensors 4 and 5 and had a mass of 860 g. The second mass block (M2) was added

between sensors 6 and 7 with a mass of 900 g. The locations for both mass blocks

are shown in Figure 5.3. These represent quite large damage in order to produce

separated feature clusters. One damage scenario and the two mass blocks that were

actually used are shown in Figures 5.4a and 5.4b.

In the second-round tests, the damage of interest was simulated by adding a mass block

(60g) onto the structure to provide a more challenging data set. As demonstrated

in Figure 5.3, three damage cases were considered: mass addition at locations [M1],

[M2], and [M3]. Figures 5.4c and 5.4d demonstrate the last two damage scenarios in

practice.

5.1.3 Temperature scenarios

In the first-round tests, seven different temperatures in the chamber were controlled

and recorded, ranging from 0 ◦C to 30 ◦C at intervals of 5 ◦C. When the temperature

exceeded 30 ◦C, it was found that the attachment of the shaker and sensors was

affected; therefore, setting a higher temperature in the chamber for this experiment



50 5.1 Experiment setups and design

(a) M1 in Test 1 (b) M1 & M2 in Test 1

(c) M2 in Test 2 (d) M3 in Test 2

Figure 5.4: Photographs of damage cases introduced by adding mass blocks on the glider
wing.

was abandoned. When the temperature is 0 ◦C, it is necessary to control the humidity

parameters in the room to avoid damage to the experimental equipment because of

freezing.

For each temperature, the wing would be immersed in the chamber for two hours after

the room temperature reached that expected temperature. Because it is a non-trivial

task to measure the temperature of the entire wing, the immersion strategy is a

practical solution to ensure that the temperature of the structure is at the required

temperature.

In the second-round tests, because of time constraints, six temperatures are considered:

0, 5, 10, 15, 20, 25 ◦C. During the process of immersing the gliding wing to reach the set

temperature, a series of sweep tests were also implemented. An separate temperature

measurement system (as shown in Figure 5.1), consisting of a temperature sensor
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placed inside the wing and a LabVIEW program, was used to collect real-time

temperature labels in this test.

5.2 Data acquisition and feature extraction

The extraction techniques for three commonly-used data types will be presented

separately, including time-series data, frequency-domain data and modal data.

5.2.1 Time-series data

The time series of accelerations from 36 accelerometers on the wings were measured

and collected for both tests, but the time series of the input force generated by the

shaker were collected only in the second-round test.

The time-series data collected during the first-round test are introduced in Table 5.1.

For the second-round test, the temperature fell from 25◦C to 0◦C with a fixed step of

5◦C. This process was repeated twice. The data sets collected at each temperature

during the first temperature ramp-down were two 80-second time series and 50

four-second time series for the ‘healthy’ structure at each temperature, as shown in

the third column of Table 5.2. The data sets collected at each fixed temperature

during the second cooling process are shown in Table 5.2.

While waiting for the structure to reach room temperature, one 80-second time series

and corresponding temperature label were collected every three minutes. The data

collected during each 5◦C down sweep are shown in Table 5.3. Note that it takes

110 seconds to collect an 80-second time series, including a 30-second setup and

cooldown.

5.2.2 Frequency response functions

For both tests, the adapted frequency range over which the frequency response

functions (FRFs) were taken is 0− 4096 Hz, and the frequency resolution (df) was

0.25 Hz. Note that according to the Nyquist-Shannon sampling theorem [98], the

sampling rate (fs)(the number of data points recorded per second), should be at

least two times the signal’s highest frequency component, which is 4096 Hz in this
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Table 5.1: Time series and corresponding labels collected in the first-round test.

Temperature label
Health state

Normal M1 M2 M1 & M2

0◦C 2× 4s 1× 4s 1× 4s 1× 4s
5◦C 2× 4s 1× 4s 1× 4s 1× 4s
10◦C 2× 4s 1× 4s 1× 4s 1× 4s
15◦C 2× 4s 1× 4s 1× 4s 1× 4s
20◦C 2× 4s 1× 4s 1× 4s 1× 4s
25◦C 2× 4s 1× 4s 1× 4s 1× 4s
30◦C 2× 4s 1× 4s 1× 4s 1× 4s

Table 5.2: The first data set of time series and corresponding labels collected for the
second round of tests.

Temperature label
Health state

M2 Normal M1 Normal M3

0◦C 2× 80s 2× 80s 2× 80s 2× 80s 2× 80s
25× 4s 50× 4s 25× 4s 25× 4s 25× 4s

5◦C 2× 80s 2× 80s 2× 80s 2× 80s 2× 80s
25× 4s 50× 4s 25× 4s 25× 4s 25× 4s

10◦C 2× 80s 2× 80s 2× 80s 2× 80s 2× 80s
25× 4s 50× 4s 25× 4s 25× 4s 25× 4s

15◦C 2× 80s 2× 80s 2× 80s 2× 80s 2× 80s
25× 4s 50× 4s 25× 4s 25× 4s 25× 4s

20◦C 2× 80s 2× 80s 2× 80s - -
25× 4s 50× 4s 25× 4s

25◦C 2× 80s 2× 80s 1× 80s - -
25× 4s 50× 4s 25× 4s

Table 5.3: The second data set of time series and corresponding labels collected for the
second round of tests.

Temperature label
Health state

Normal M1 M2 M3

25◦C - 20◦C 24× 80s - 19× 80s -
20◦C - 15◦C 23× 80s 18× 80s - -
15◦C - 10◦C 27× 80s - 27× 80s -
10◦C - 5◦C 30× 80s 29× 80s - -
5◦C - 0◦C 33× 80s - - 37× 80s
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experiment. Thus, fs = 2 × 4096 = 8192 Hz, which means that the bit length

of the analogue-to-digital converter is 13 [99, Chapter 2, p. 93–96]. Moreover, for

a fixed-range converter, the signal should be amplified to cover as much of the

converter’s range as possible.

In the first test, each FRF is an averaged value of eight measurements, to make the

obtained FRFs smoother. Two measurements of the FRF matrix were recorded for

the structure under the normal condition at each controlled temperature, with only

one measurement for the structure under the damaged condition at each temperature.

All the FRFs collected during the first-round test are shown in Table 5.4.

Table 5.4: FRFs and corresponding labels collected in the first-round test.

Temperature label
Health state

Normal M1 M2 M1 & M2

0◦C 2× 8-avg. 1× 8-avg. 1× 8-avg. 1× 8-avg.
5◦C 2× 8-avg. 1× 8-avg. 1× 8-avg. 1× 8-avg.
10◦C 2× 8-avg. 1× 8-avg. 1× 8-avg. 1× 8-avg.
15◦C 2× 8-avg. 1× 8-avg. 1× 8-avg. 1× 8-avg.
20◦C 2× 8-avg. 1× 8-avg. 1× 8-avg. 1× 8-avg.
25◦C 2× 8-avg. 1× 8-avg. 1× 8-avg. 1× 8-avg.
30◦C 2× 8-avg. 1× 8-avg. 1× 8-avg. 1× 8-avg.

It is worthy clarifying that, since the sampling period T to obtain a one-averaged

FRF is 4 seconds, which is equal to 1/df , the length of the time-series collected

during the first-round test should be 32 seconds. However, only the last 4-second

time-series data corresponding to the last one-average FRFs were recorded at that

time, as shown in Table 5.1.

The reasons for not collecting a large number of observations under the same

conditions were that the tests at that time were aimed at preliminarily exploring the

effect of temperature on the structure, and the full experimental design had not yet

been completed.

In the second test, two measurements of 20-average FRFs and 25 one-average

measurements were recorded at each fixed temperature (0 ◦C to 15 ◦C, in 5 ◦C

increments), for the normal condition and three damage conditions. During each

waiting period, 20-average observations can be collected as the results of the sweep

tests: refer to Tables 5.5 and 5.6 for these two data sets.

Moreover, in the second-round test, another two 20-average FRFs and 50 one-average

repetitions were recorded for the normal condition at each temperature, as shown in
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the third column of Table 5.5.

Table 5.5: The first data set of FRFs and corresponding labels collected for the second
round of tests.

Temperature label
Health state

M2 Normal M1 Normal M3

0◦C 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg.
25× 1-avg. 50× 1-avg. 25× 1-avg. 25× 1-avg. 25× 1-avg.

5◦C 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg.
25× 1-avg. 50× 1-avg. 25× 1-avg. 25× 1-avg. 25× 1-avg.

10◦C 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg.
25× 1-avg. 50× 1-avg. 25× 1-avg. 25× 1-avg. 25× 1-avg.

15◦C 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg. 2× 20-avg.
25× 1-avg. 50× 1-avg. 25× 1-avg. 25× 1-avg. 25× 1-avg.

20◦C 2× 20-avg. 2× 20-avg. 2× 20-avg. - -
25× 1-avg. 50× 1-avg. 25× 1-avg.

25◦C 2× 20-avg. 2× 20-avg. 1× 20-avg. - -
25× 1-avg. 50× 1-avg. 25× 1-avg.

Table 5.6: The second data set of FRFs and corresponding labels collected for the second
round of tests.

Temperature label
Health state

Normal M1 M2 M3

25◦C - 20◦C 24×20-avg. - 19×20-avg. -
20◦C - 15◦C 23×20-avg. 18×20-avg. - -
15◦C - 10◦C 27×20-avg. - 27×20-avg. -
10◦C - 5◦C 30×20-avg. 29×20-avg. - -
5◦C - 0◦C 33×20-avg. - - 37×20-avg.

5.2.3 Mode shape and natural frequency

For experimental modal analysis, the modal parameters, such as mode shape and

natural frequency, can be extracted from an FRF. This process is called modal

curvefitting or modal parameter estimation [99, Ch. 4, pp. 237–251].

Considering the effect of noise, only the mode shapes and natural frequencies corres-

ponding to the 8-average and 20-average time series were extracted by LMS Test.Lab.

See the high-average FRFs in Tables 5.4-5.6 to get an idea of the obtainable modal

parameter data sets in this experiment.

The natural frequencies of the normal-state wing at each temperature, corresponding

to the 20-average FRFs in the third column of Table 5.5, are given in Table 5.7 as an
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example, to give an intuitive idea about the effect of temperature on this structure.

Table 5.7: Natural frequencies and corresponding labels for the wing under the normal
condition.

Temperature
label

Structural mode
1st (Hz) 2nd (Hz) 3rd (Hz) 4th (Hz) 5th (Hz) 6th (Hz)

0◦C 8.8360 21.6167 37.9651 40.8269 61.4164 68.3324
5◦C 8.8577 21.6000 37.9793 40.7647 61.3753 68.3252
10◦C 8.7696 21.4963 37.6829 40.5435 60.7310 68.1490
15◦C 8.5974 21.1780 36.9880 40.0681 59.2559 67.2463
20◦C 8.5249 20.9834 36.3059 39.5515 58.7107 66.6458
25◦C 8.4342 20.7875 35.5758 39.2322 56.9587 65.7209

The first six mode shapes corresponding to the six natural frequencies in the fifth

row of Table 5.7 are plotted in Figure 5.5. The modal assurance criterion (MAC)

is used here to indicate the level of consistency between two mode shapes, which is

given by,

MAC(ϕi
s,ϕ

j
s) =

(ϕi⊤
s ϕj

s)
2

(ϕi⊤
s ϕi

s)(ϕ
j⊤
s ϕj

s)
(5.1)

where ϕi
s and ϕj

s are the ith and the jth modal vectors. It takes values between 0

and 1, with larger values corresponding to higher consistency. Possible reasons why

the MAC value is close to 0 or 1 can be found in [100].

Figure 5.5: The first six mode shapes of the glider wing at 10◦C.
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(a) For a set of mode shapes.

(b) For two sets of mode shapes.

Figure 5.6: 2D plot of the MAC of the first six mode shapes of the wing under the
normal condition.
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The MAC matrix of the six mode shapes corresponding to 10◦C in Table 5.5 is shown

in Table 5.8 and Figure 5.6a. The MAC matrix of two different sets of modes with

six mode shapes corresponding to 10◦C and 15◦C are shown in Table 5.9 and Figure

5.6b. The effect of temperature on the mode shape can be seen by the difference

between the values at the same location in the tables 5.8 and 5.9. On a scale from 0

to 1, the maximum absolute value of the difference is 0.0241, corresponding to where

Set 1 Mode 3 and Set 2 Mode 5 are located in Figure 5.6b and the same position in

Figure 5.6a. By comparing the figures 5.6b and 5.6a, it is difficult to see this largest

difference, which implies that the mode shape is not a temperature-sensitive feature.

Table 5.8: The MAC matrix of the six mode shapes of the wing under the normal
condition at 10◦C.

Natural frequency (Hz) 8.7696 21.4963 37.6829 40.5435 60.7310 68.1490

8.7696 1 0.2491 0.0004 0.1059 0.1693 0.0008
21.4963 0.2491 1 0.0761 0.1834 0.1072 0.0242
37.6829 0.0004 0.0761 1 0.0148 0.1499 0.0452
40.5435 0.1059 0.1834 0.0148 1 0.1108 0.0806
60.7310 0.1693 0.1072 0.1499 0.1108 1 0.0681
68.1490 0.0008 0.0242 0.0452 0.0806 0.0681 1

Table 5.9: The MAC matrix of two sets of six mode shapes of the wing under the normal
condition at 10◦C and 15◦C.

Natural frequency (Hz) 8.5974 21.1780 36.9880 40.0681 59.2559 67.2463

8.7696 0.9970 0.2480 0.0004 0.0894 0.1663 0.0006
21.4963 0.2637 0.9995 0.0766 0.1827 0.1139 0.0278
37.6829 0.0010 0.0733 0.9986 0.0345 0.1740 0.0426
40.5435 0.1148 0.1822 0.0082 0.9923 0.1197 0.0896
60.7310 0.1730 0.1050 0.1435 0.1316 0.9974 0.0704
68.1490 0.0010 0.0236 0.0419 0.0902 0.0665 0.9992

5.3 Conclusions

This chapter clearly illustrated the collected data sets that can be used in this thesis:

time-series data, frequency-domain data and modal data. The experimental setup

and design were described in as much detail and completeness as possible to provide

conditions for replication of this experiment.

To sum up, two rounds of experiments were conducted, both considering three

damage scenarios. But the damage size and location were adjusted in the second
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round of testing to provide a more challenging and richer data set for the damage

identification task. Due to limited time in the laboratory, six temperature ranges

were controlled and recorded in the first-round tests (from 0 ◦C to 30 ◦C at intervals

of 5 ◦C), while only five were considered in the second round (from 0 ◦C to 25 ◦C).

Finally, several suggestions for conducting such experiments are put forward here:

(1) Check the linearity of the structural system under test; (2) Adjust the damage

size and location according to the research needs; (3) Consider the temperature to

avoid damage to the equipment; (4) Automate the data collection and export process

as much as possible.



Chapter 6

Canonical-correlation-based

optimisation objective

Inspired by the discussion in Section 1.1.3, a metric that can help quickly evaluate the

performance of sensor combinations rather than individual sensors will be investigated

in this chapter. To be specific, the sum of squared canonical correlation coefficients

(SSC) is used as an optimisation objective of a sensor system. Two fast calculation

methods of this criterion combined with a greedy search are developed and introduced

in this chapter 1. The optimisation criterion for selecting the optimal subset of sensors

is developed from the field of feature selection.

Feature selection is the process of selecting the subset of features that are most useful

to realise the purpose of a model. When there are reliable data in the design stage

of the sensor system, the SPO for SHM, based on statistical pattern recognition

can be regarded as a feature selection problem. This chapter only presents case

studies of the proposed canonical-correlation-based greedy search from the field of

feature selection in general machine learning. Its applications in SPO will be given

in Chapters 8 and 9.

1Note this work was carried out in collaboration with S. Zhang. Please refer to [101] for the
corresponding paper.
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6.1 Supervised SSC-based criterion theorem

6.1.1 Correlation coefficients and angles

In Chapter 3, it was shown that the canonical correlation coefficient could be defined

as [76],

R(X,Y) = max
u,v

r(Xu,Yv) (6.1)

where X ∈ RN×n and Y ∈ RN×m are two matrices with two co-occurring multivariate

random variables withN observations, and the optimal projection directions u ∈ Rn×1

and v ∈ Rm×1 can be obtained by solving the eigenvalue equations given by,

[
(X⊤

MXM)
−1X⊤

MYM(Y
⊤
MYM)

−1Y⊤
MXM −R2

l (X,Y)I
]
u = 0 (6.2a)

[
(Y⊤

MYM)
−1Y⊤

MXM(X
⊤
MXM)

−1X⊤
MYM −R2

l (X,Y)I
]
v = 0 (6.2b)

where XM = X−X and YM = Y −Y. X and Y are the means of columns of X

and Y respectively.

The canonical correlation coefficient can also be considered as the cosine of the angle

between the projected X and the projected Y [102], which is,

R(X,Y) = max
u,v

cos
(
∠(Xu,Yv)

)
= cos

(
min
u,v

∠(Xu,Yv)
)

(6.3)

If considered from the direction of the angle between the vectors, the angle corres-

ponding to the canonical correlation between X and Y is defined as [101],

Θ(X,Y) ≜ min
u,v

∠(Xu,Yv) (6.4)

6.1.2 Canonical-correlation-based greedy search

In order to comprehensively consider the correlation between X and Y in all projected

directions, the sum of non-zero eigenvalues, i.e. the SSC, is adopted as a criterion for

evaluating the effectiveness of a feature set from a sensor set to infer the structural
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state, which is given by,

min(n,m)∑
l=1

R2
l (X,Y) = tr

[
(X⊤

MXM)
−1X⊤

MYM(Y
⊤
MYM)

−1Y⊤
MXM

]
= tr

[
(Y⊤

MYM)
−1Y⊤

MXM(X
⊤
MXM)

−1X⊤
MYM

] (6.5)

where tr [ · ] represents the trace of a matrix. It is worth mentioning that the letters

u and v will be redefined and used in the following part of this subsection.

According to [101], for the dataset with the number of observations smaller than

the number of features, a method called h-correlation can be used to speed up the

calculation of this criterion by the orthogonalisation of the feature matrix XM and

the label matrix YM. Here, W ∈ RN×n and V ∈ RN×m are orthogonal bases for

the column space of XM and the column space of YM respectively, which can be

obtained by the singular value decomposition. The SSC can then be calculated by,

min(n,m)∑
l=1

R2
l (X,Y) =

min(n,m)∑
l=1

R2
l (W,V) =

n∑
i=1

m∑
j=1

hi,j (6.6)

where,

hi,j = r2(wi,vj), W = (w1, . . . ,wn), V = (v1, . . . ,vm)

Combined with a greedy search algorithm, the SSC computed by the h-correlation

method at each iteration is given by,

min((p+q),m)∑
l=1

R2
l ((Xs,Xa),Y) =

min(p,m)∑
l=1

R2
l (Ws,V) +

min(q,m)∑
l=1

R2
l (Wa,V) (6.7)

where Xs is composed of the p selected features in the previous steps and Xa

represents the q features available for selection at the current step. Ws ∈ RN×p

and (Ws, Wa) ∈ RN×(p+q) are orthogonal bases for the column space of Xs and the

column space of Xa respectively; Wa is orthogonal to Ws.

For a dataset with the number of observations larger than the number of features, a

method named the θ-angle can be adopted [101]. However, unlike the h-correlation

method, the coordinate matrices of XM and YM with respect to the same matrix

U ∈ RN×(n+m) need to be obtained first, which are represented as [XM]U ∈ R(n+m)×n

and [YM]U ∈ R(n+m)×m. The columns of U must form an orthonormal basis, which
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means U⊤U = I. Then,

R(X,Y) = cos
(
Θ([XM]U, [YM]U)

)
(6.8)

This is the key to transitioning from the orthogonal feature-based superposition to

the angle-based superposition.

The orthogonal vector bases W ∈ R(n+m)×n and V ∈ R(n+m)×m for the coordinate

matrices [XM]U and [YM]U can then be found, and the SSC can be calculated by

using another superposition property, which is given by,

min(n,m)∑
l=1

R2
l (X,Y) =

min(n,m)∑
l=1

cos2
(
Θl(W,V)

)
=

n∑
i=1

m∑
j=1

θi,j (6.9)

where,

θi,j = cos2
(
∠(wi,vj)

)
, W = (w1, . . . ,wn), V = (v1, . . . ,vm) (6.10)

Similarly, combining the θ-angle method with a greedy search algorithm, in one

selection step, the SSC is calculated as,

min((p+q),m)∑
l=1

R2
l

(
(Xs,Xa),Y

)
=

min(p,m)∑
l=1

cos2
(
Θl(Ws,V)

)
+

min(q,m)∑
l=1

cos2
(
Θl(Wa,V)

)
(6.11)

where Ws ∈ R(n+m)×p and (Ws, Wa) ∈ R(n+m)×(p+q) are orthogonal bases for the

column space of [Xs]U and the column space of [Xa]U respectively. Wa is orthogonal

to Ws.

In this thesis, one feature is added at each iteration of a greedy search. The SSC of

each candidate feature set can be calculated by,

min((p+1),m)∑
l=1

R2
l ((Xs,xai),Y) =

min(p,m)∑
l=1

R2
l (Ws,V) +R2(wai,V) (6.12)

or,

min((p+1),m)∑
l=1

R2
l

(
(Xs,xai),Y

)
=

min(p,m)∑
l=1

cos2
(
Θl(Ws,V)

)
+ cos2

(
Θ(wai,V)

)
(6.13)

where i = 1, . . . , q. It can be seen that, in each iteration, the feature that maximises
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R2(wai,V) or cos2
(
Θ(wai,V)

)
will be selected until the desired number of features

is reached. The pseudocode of this canonical-correlation-based greedy search al-

gorithm is given in Algorithm 1. In addition, an example is given in Appendix C to

illustrate the specific process of implementing this algorithm to facilitate algorithm

reproduction.

Note that the labels can usually be represented by a vector, i.e. m = 1. In this

situation, the applied criterion reduces to the squared multiple correlation coefficient

R2(X,y). However, m > 1 may happen, for example, when the responses are multi-

class categorical labels, which do not have an inherent order. This is the situation

in this chapter. These labels can be dummy encoded to a matrix Y, in which each

category is transformed into a set of binary variables to use m variables to represent

(m+ 1) categories. One advantage of the dummy encoding is that it can make the

label matrix Y retain full column rank after subtracting its column mean.

6.1.3 Comparison of elapsed time

In this part, a synthetic dataset is generated to compare the runtime of defined

h-correlation- and θ-angle-based feature-selection methods. The feature and response

matrices Xa and Y are generated from random numbers uniformly distributed

between 0 to 1. There are no pre-selected features, which means Xs is an empty

matrix. The number of samples is 5000, and the number of variables in Xa and Y

are 700 and 50 respectively, i.e. N = 5000, q = 700, m = 50. The built-in function

canoncorr of Matlab is adopted as the baseline method to compute this criterion

as well. These three methods are used to greedily select features according to the

SSC. The results are shown in Figure 6.1.

It can be seen that the baseline method is much slower than the other two methods,

even at the first iteration. To illustrate the reasons more simply, the first iteration is

taken as an example to compare the asymptotic upper bound notation O of these

three greedy algorithms. When selecting the first feature, the baseline algorithm

requires solving equation (6.5), which has a computational complexity of O(m2N)

for each candidate feature. There are q candidate features, so the complexity of

this iteration is O(m2Nq). For the h-correlation-based algorithm, before the first

iteration, YM needs to be orthogonalised to obtain V, and its rate of growth is

O(m2N). Then, the computation of the SSC values for q candidate features requires
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Algorithm 1: Pseudocode for feature selection based on h-correlation and the
θ-angle.

Input : Initial selected feature matrix Xs ∈ RN×p

Initial candidate feature matrix Xa ∈ RN×q

Response matrix Y ∈ RN×m

Total number of features to be selected t
Output :Final selected feature matrix Xs ∈ RN×t

Vector of indices of additionally selected features, is ∈ R(t−p)×1,
preserving the initial order in Xa

1 n← the number of variables in (Xs,Xa);
2 m← the number of variables in Y;
3 N ← the number of observations;
4 p← the number variables in Xs;
5 Centre Xs, Xa and Y to XMs , XMa and YM;
6 if N > n+m then
7 let FXs = [XMs ]U, FXa = [XMa ]U and FY = [YM]U, with (FXs ,

FXa) ∈ R(n+m)×n, FY ∈ R(n+m)×m and U ∈ RN×(n+m) as orthogonal basis
of (XMs ,XMa ,YM);

8 else
9 FXs = XMs , FXa = XMa , FY = YM;

10 end
11 Orthogonalise FY to itself to form V, which is composed of (v1, · · · ,vm);
12 if p ̸= 0 then
13 Orthogonalise FXs to itself to form Ws, which is composed of (ws1, · · · ,wsp);
14 Orthogonalise FXa to Ws to form Wa, which is composed of (wa1, · · · ,waq);

15 else
16 Wa ← FXa , which is composed of (wa1, · · · ,waq);
17 end
18 while p < t do

19 Compute R2(wai,V) =
m∑
j=1

w⊤
aivj∥∥wai

∥∥∥∥vj

∥∥;
20 Find feature index imax, such that R2(wai,V) is the maximum with

i = 1, . . . , q;
21 Remove the feature ximax from Xa, and append it to Xs;
22 Save the index of ximax in the initial matrix Xa ∈ RN×m into is;
23 p← p+ 1;
24 q ← q − 1;

25 end
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Figure 6.1: The elapsed time of the definition, h-correlation- and the θ-angle-based
feature selection methods.

the inner product of each centred feature value with each column of V. Therefore, the

complexity of finding the first optimal feature in this iteration is O(mNq). Similarly,

for the θ-angle-based algorithm, the computational complexity of the first iteration

is O(m(q +m)q).

It is also found that the algorithm based on the θ-angle is slower than the algorithm

based on h-correlation until the selection of the 13th feature. This result is because,

for the θ-angle-based algorithm, before the first iteration, the orthonormal basis U

of (XMa ,YM) needs to be found by singular-value decomposition. The asymptotic

running time is O((m+ q)2N), which dominates the computational complexity of

selecting the first few features. However, since the singular-value decomposition only

needs to be done once, it can be seen from Figure 6.1 that the algorithm based on

the θ-angle is faster in general.

6.2 Application to the real data-sets

To show the effectiveness of the proposed criterion, the SSC and seven mutual inform-

ation (MI) based criteria [25]: minimal-Redundancy-Maximal-Relevance (mRMR),

Mutual Information Maximisation (MIM), Joint Mutual Information (JMI), Con-

ditional Mutual Information Maximisation (CMIM), Conditional Infomax Feature
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Extraction (CIFE), Interaction Capping (ICAP), and Double Input Symmetrical

Relevance (DISR), are used to select features for eight real datasets for classification

and regression prediction.

6.2.1 Classification tasks

For the classification tasks, three UCI datasets [103] and one MINST dataset [104]

are chosen to compare the SSC with the seven MI-based criteria. These four datasets

are summarised in Table 6.1.

Table 6.1: An example of the greedy search for classification based on the SSC.

Lymph CNAE Mfeat MNIST

Data Type
Categorical
& Discrete

Discrete Continuous Discrete

No. of Instances 142 1080 2000 700000
No. of Features 18 856 649 784
No. of Classes 2 9 10 10
Classifier SVM LDA SVM LDA

The Lymph dataset is to classify lymphography information into two conditions,

namely metastatic and malignant lymph, based on 18 medical diagnostic attributes.

The categorical features are assigned a value by ordinal encoding. For the National

Classification of Economic Activities (CNAE) dataset [105], 1080 business description

documents of Brazilian companies are classified into nine economic activities according

to the frequency of occurrence of 856 words in the documents. The multi-feature

digit (Mfeat) dataset [106] is to classify ten handwritten numerals (i.e. 0 to 9) from a

collection of Dutch utility maps by using 649 features extracted from raw images. The

continuous features in this dataset are standardised to z-scores. Furthermore, when

using MI-based criteria, the continuous features are discretised into five equal-width

bins. For the MNIST dataset [104], ten handwritten digits (i.e. 0 to 9) are recognised

using 784 pixels with different grey levels as features. When using the SSC-based

criterion for all four datasets, the label is encoded by the dummy encoding.

A linear SVM or LDA model is adopted for classification, given the selected features.

Ten-fold cross-validation was used to calculate the average of ten ACC scores on the

validation data for comparing the performance of eight feature-selection criteria. The

corresponding results are shown in Figure 6.2. It can be seen that the SSC-based
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criterion is competitive in selecting features for classification tasks. When the ACC

results are averaged over the number of selected features, the proposed SSC achieves

the best results in three of the four datasets, as shown in Figure 6.2e.
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Figure 6.2: The comparison of the averaged ACC results between the different feature
ranking criteria.
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6.2.2 Regression tasks

Four UCI datasets are used for the regression tasks to compare the SSC with the

seven MI-based criteria. Table 6.2 gives a summary of these datasets.

Table 6.2: An example of the greedy search for regression based on the SSC.

Student Parkinson Conductor Energy

Data Type
Categorical
& Discrete

Continuous Continuous Continuous

No. of Instances 649 1040 21263 19735
No. of Features 30 26 81 2924

The Student dataset [107] is to predict the final grade of the Portuguese class for

students in secondary education of two Portuguese schools. 30 candidate features,

including the demographic, social and school-related attributes, are collected from

questionnaires, and the categorical features are assigned an ordinal value. For the

Parkinson dataset [108], the Unified Parkinson Disease Rating Scale (UPDRS) scores

are predicted using 26 linear and time-frequency-based features extracted from voice

samples of different subjects, such as sustained vowels, numbers, words and short

sentences. The conductor dataset [109] is to predict the critical temperature of a

superconductor by 81 features extracted from the chemical formula of superconductors.

The Energy dataset [110] is used to predict the energy usage of appliances during

the operation phase of a building. To account for the nonlinear relationship between

features and the response value, the original 24 features are expanded to 2924 using

polynomials of degree one to three. Features in all four datasets are all standardised

to z-scores. When using MI-based criteria, the expanded features of the Energy

dataset are discretised into ten equal-width bins, while the others are into five

equal-width bins.

Given the selected features, a linear regression (LR) model is applied for regression

tasks. Similarly to classification tasks, ten-fold cross-validation was used to calculate

the average value of RMSE on the validation datasets, and the corresponding results

can be seen in Figure 6.3. Clearly, the SSC-based criterion outperforms these MI-

based criteria. The reason is that because all four regression tasks have a single

output, the SSC degenerates to R-squared, which is monotonically decreasing with

the RMSE of the LR model. See Chapter 4 for more details on this relationship.
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Figure 6.3: The comparison of the averaged RMSE results between the different feature
ranking criteria.

6.3 SSC-based unsupervised feature selection method

As said in Section 1.1.3, unsupervised feature-selection strategies also require a

target, which is not class labels or response variables, but general characteristics of

the collected data. This understanding drives the transition from the SSC-based

supervised feature selection in the previous section to the unsupervised one.
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In this section, an unsupervised feature selection method combing the SSC-based

criterion and PCA is developed, which can simultaneously select multiple features for

regression or classification tasks. In short, compared with the supervised SSC-based

criterion theorem, the SSC-based unsupervised feature selection method requires one

more step: PCA is performed on the feature matrix X to obtain the derived matrix

Y as the label matrix. Considering the scalability of this method for large datasets,

the fast calculation strategies based on greedy search are also adopted. A case

study of the MNIST dataset is used to compare the characteristics of the proposed

unsupervised feature selection strategy and the supervised strategy introduced in

the previous section.

6.3.1 Performance comparison based on MNIST dataset

In the design phase of a sensor system, data can be obtained from simulated models

or laboratory tests. Data availability is largely project-dependent, which can be

divided into four levels. At the first level, only normal condition data are available.

At the second level, data for the normal condition and damage states are accessible.

For level three, both data and labels for normal and damage states can be obtained.

At the fourth level, data and labels for different health states and the labels for

different normal conditions can be used. It can be seen that the higher the level, the

more information, but it also means the more difficult it is to obtain.

Depending on the availability of datasets, two feature-selection strategies proposed in

this thesis can be employed. That is, for the first and second levels, the unsupervised

feature selection can be used, while for the third and fourth levels, the supervised

feature-selection method can be applied.

The MNIST dataset is used to simulate these four possible scenarios. The first four

digits, from zero to three, are considered to be the normal pattern data. Data of

another three digits, from four to six, are used as the data for three anticipated novel

patterns. Data of digits seven to nine are used as the data for three unexpected novel

patterns. Therefore, the available data for Level one is zero to three, and for Level

two is zero to six. For the third level, data for zero to six plus a label for zero to

three and three labels for four to six are usable. The fourth level has access to data

and labels from zero to six. Note that the main reason for using the MNIST dataset

is that it can intuitively show the relationship between selected pixels/features and
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labels, which helps one further analyse and understand the results.

6.3.2 Results and discussion

Given the selected features, the LDA model is adopted for classification. Ten-fold

cross-validation was used to calculate the average of ten ACC scores on the validation

data to evaluate the diagnostic performance of the selected feature combinations with

pixels from 1 to 80. The first p components of the derived label matrix Y capturing

at least 95% of the total variance are selected to speed up the calculation again.
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Figure 6.4: The performance comparison of datasets with different levels of data availab-
ility in identifying the normal pattern and expected novel patterns.
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Figure 6.5: The performance comparison of datasets with different levels of data availab-
ility in identifying the normal pattern and unexpected novel patterns.
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The performance results of the two feature-selection methods applied for four different

datasets are shown in Figures 6.4a and 6.5a. The performance curves corresponding

to Level 1 and Level 3 are specially placed in Figures 6.4b and 6.5b for comparison,

because they are often encountered. The distributions of 20, 40, 60 and 80 selected

features are demonstrated in Figure 6.6. It can be seen that the selected feature

distribution corresponding to the fourth level is the most dispersed, followed by Level

three.
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Figure 6.6: The distribution of selected features obtained by two feature selection
methods for four different datasets.

From Figures 6.4a and 6.5a, it can be seen that diagnostic performance for the third

and fourth levels is similar. One possible reason is that, for level 4, the labels of

normal patterns are not used to handle the effects of their inconsistencies; this means

that there may be no significant benefit if the additional information is not handled

in an appropriate manner. It can also be seen that the second-level performance is
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the worst. This observation may be because of the fact that using data for different

patterns in an unsupervised manner makes the obtained system insensitive to their

differences.

Figures 6.4b and 6.5b indicate that Level three outperforms Level one in detecting

expected patterns, especially when the number of features is small. However, for

detecting unexpected patterns, the performance of these two levels is very similar.

When the features increase, the performance of Level one becomes better than that of

Level three because Level three is more dedicated to detecting the expected patterns.

6.4 Conclusions

In this chapter, supervised and unsupervised feature selection methods based on

canonical correlation coefficients and greedy search have been proposed to assess a

feature combination. Both of them need a target and assess the correlation of features

with the target. However, the difference between them is that the former requires

collected target variables, such as labels or responses, while the latter can ‘extract’

targets from features, such as possible clusters of data or projected low-dimensional

data. These two methods can be chosen depending on the level of data availability

for different projects.

Furthermore, two approaches have been developed to speed up the above feature

selection methods, which are named h-correlation and the θ-angle. The computational

speed advantage of these two methods was demonstrated by a case study of a synthetic

data set. When the number of features is equal to or greater than the instances,

the h-correlation approach should be used, otherwise the θ-angle should be applied.

The two methods are not unrelated. From the pseudocode in Algorithm 1, it can

be found that the θ-angle only requires one more singular value decomposition step

than h-correlation.

Finally, it is worth noting that both supervised and unsupervised methods are good

at selecting features for regression or classification tasks. It can be seen from ACC

or RMSE results corresponding to different feature selection strategies, on eight

real data sets. However, they cannot intuitively reflect the final performance of the

monitoring system. It seems that further steps are needed to fill this gap, which will

be discussed in the next chapter.





Chapter 7

Designed-system performance

assessment criteria

Based on the previous chapter, it can be known that some criteria can be calculated

fast to evaluate a sensor combination but cannot give an intuitive idea about the

performance of this sensor system. Furthermore, as discussed in Section 1.2.2, the

study of system-assessment criteria for the design process has received little attention

in the reviewed literature of SPO.

This chapter endeavours to address this gap by introducing a hierarchical evaluation

system with two stages to improve the optimisation design of the SHM sensor network.

It will be shown that this method can support decision-making with respect to the

number, type and location of sensors.

7.1 A systematic assessment framework

7.1.1 Stage 1 - optimal sensor combination

The task at hand is achieving optimal spatial deployment of sensors for binary or

multiclass classification. In this chapter, the multiple correlation coefficient (MCC)

is investigated as a possible early-stage assessment criterion, which is designed to

measure the maximal linear association between a set of independent variables and a

75
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dependent variable [111]. Here, the N observations with n independent variables are

represented by a matrix X of dimension N × n. An N × 1 vector of labels associated

with each observation is represented by y. The essence of the MCC analysis of X

and y is to find a projection direction of X that can maximise the linear correlation

between y and the projected X, which can be realised by,

R(X,y) = r(ŷ,y) =
ŷ⊤
MyM√

ŷ⊤
MŷM

√
y⊤
MyM

(7.1)

where,

ŷ = X∗β, s.t. X∗ = [1, X] (7.2)

ŷ refers to a vector containing the predicted values of the label. ⊤ indicates the matrix

transpose. Subscript M means the variables are centralised. X∗ is an augmented

matrix of dimension N × (n+1). β can be obtained from the normal equations for a

linear multiple regression with a least-squares cost function, which can be written as,

β = (X∗⊤X∗)−1X∗⊤y (7.3)

The MCC is a scalar, taking values from 0 to 1. A sensor combination corresponding

to a higher MCC value indicates that the features from these sensors may perform

better when predicting the labels. The cost function defined by the MCC is an

efficient means of searching for the optimal spatial deployment of sensors with

different numbers.

Note that the labels can usually be represented by a vector, but it may happen

that the labels are represented by a matrix; for example, when the labels can be

one-hot encoded to a matrix to avoid adding order information. In this case, the

SSC introduced in Chapter 6 can be adopted to replace the MCC. However, there

is no research to theoretically prove which encoding method can make the selected

features better predict the labels in the model training step. Furthermore, considering

computational efficiency, the MCC is selected as an example in this chapter.

It is suggested that the criterion applied at this stage can be any criterion used in

filter methods for feature selection, which measures the relevance of features from

sensors with the dependent variables, without actually training a model on features.
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7.1.2 Stage 2 - optimal sensor number and type

Based on the characteristics of the feature set distribution, the purpose of classification

and the consequences of misclassification, an appropriate criterion can be selected

for the second stage of a system design. The parameters of the confusion matrix can

be used, which are demonstrated in Table 4.1.

The results based on these criteria are related to the selected type of classifier.

Therefore, at this stage, it is necessary to determine the possible classifiers which will

be used for classifying the data once the structure is put into use. Since the number

of optimal sensor combinations with different sensor numbers and sensor types is

expected to be relatively small at this stage, thanks to the optimisation conducted

in Stage 1, it is feasible to train the associated classifiers and compare them with

each other.

For binary classification, the receiver operating characteristic (ROC) curve is a

commonly-used criterion to indicate the diagnostic ability of a classification system.

The ROC curve consists of the true positive rate and the false positive rate. The

area under the curve (AUC) makes it easy to compare one ROC curve to another.

Thus, AUC is a criterion considered in the sensor-system evaluation step for the

cases of binary classification.

For multiclass classification, a derivation from the confusion matrix, ACC, is taken as

an example to assess system performance. Higher accuracy means a better decision

can be made by the established SHM system.

Note that the criteria used in the second stage should be indicators that can intuitively

reflect the performance of the final system. This means that the criteria for the

second stage are highly dependent on the project requirements. In addition, it can

be realised that the criteria used in the first stage should preferably be more related

to the machine learning algorithms used in the second stage. For example, if a

linear classifier is used in the second stage, a linear correlation-based criterion can

be employed in the first stage. If a nonlinear classifier is applied in the second stage,

a mutual information-based criterion can be applied in the first stage.
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7.2 A numerical case study

A state-space model of a plate structure with 24 degrees of freedom (DoFs) is used

for demonstration in this chapter with the simulation carried out in MATLAB

version R2018b. The parameters of the 24-DoF model are given in Table 7.1. Each

lumped-mass node provides a candidate location for the sensor, as demonstrated

in Figure 7.1a. The simulated boundary conditions are fixed-free on the short side

and free-free on the long side. Figure 7.1b shows the first four mode shapes of this

structure.

Table 7.1: The parameters of the plate structure.

Parameter Mean (µ) SD (σ) Distribution

m, kg 1 0 N/A
k, N/m 1000 30 Normal (independent)
c, N/(m/s) 1 0.03 Normal (dependent on k)
Damage 1, N/m 200 0 N/A
Damage 2, N/m 200 0 N/A

m: Mass; k: Stiffness; c: Damping

Observations of this structure are simulated by using the state-space model to

acquire time-series data and then via the Fourier transform to obtain the FRFs.

A white-noise Gaussian excitation is employed as the input force. Noise with a

prescribed signal-to-noise ratio (SNR) is introduced into the simulated time-series

data to represent the noise effects corresponding to different sensor types. Note that

the type of sensor is characterised by the SNR. There is a rule of thumb that the

higher the sensor cost, the higher the SNR of data. Four SNRs ranging from 45 dB

to 30 dB (with an interval of 5 dB) are adopted here to simulate four sensor types;

they are high-precision sensors, medium-precision sensors, low-precision sensors, and

extremely low-precision sensors respectively.

This approach was used to provide predicted normal condition data and damaged-

state data for the design stage of an SHM system. In a practical setting, the damage

cases of interest would be determined by failure mode and effect analysis [112]. In

this case study, damage is simulated by reducing the local stiffness. The position

and extent of the simulated damage can be changed according to the research needs.

Two damage cases are considered in this case study by reducing the stiffness value

at two positions by 200 N/m, which are included in Table 7.1. The positions of the

damage are shown in Figure 7.1a.
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Figure 7.1: Schematic of the simulated 2-D plate and the corresponding mode shapes.

7.2.1 Uncertainty analysis

The focus of this chapter is not on how to provide realistic data sets, so here the

introduction of uncertainty in the stiffness parameters is a simple example of how

to consider the discordance between the simulated model and the real structure.

Because proportional damping dependent on stiffness was used in this simulation, an

uncertain damping effect was also involved. Other parameters related to material

properties or geometry were held constant. The mean values and standard deviations

of the uncertain parameters of the 24-DoF model are given in Table 7.1.

Latin hypercube sampling was adopted to efficiently generate the random samples of

the uncertain parameters. After partitioning a cumulative curve into N intervals

with equal cumulative probability, Latin hypercube sampling proceeds by randomly

selecting one sample from each interval. The convergence of mean value and standard

deviation of the first three natural frequencies for different sample sizes was used to
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Figure 7.2: Mean value and standard deviation for the first three natural frequencies
of model samples. Blue, orange and yellow correspond to the first, second and third
natural frequencies.

determine the required sample size, as shown in Figure 7.2. The percentage changes

of these six quantities relative to their previous values were used as indicators of

convergence. It was found that these indicators started below 0.02% and 1.5% after

150 samples. These two values were assumed to be the two thresholds here for the

convergence of the mean and standard deviation respectively. Thus, 150 was selected

as the number of samples. After obtaining 150 samples of this plate structure in

the healthy state, 150 samples for two damage cases were obtained respectively by

reducing the stiffness at the position of Damage 1 or Damage 2.

In addition to the parametric uncertainty, the uncertainty caused by the influence of

noise on the time-series data was also taken into account. For each model sample, 20

time-series observations were simulated under each specified signal-to-noise ratio to

consider the effect of noise. Therefore, 3000 measurements are available for each of
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the normal state, damaged state 1 and damaged state 2 in the case study.

7.2.2 Components for the sensor placement optimisation

Before conducting SPO, effective features should be extracted from the output signals

of all candidate sensors. One option for generating robust features using FRFs is the

multivariate outlier analysis approach introduced in [113]. Here, a frequency range

(FR) with a specific resolution can be selected to generate features by using the MSD

technique to compute the discordance between an observation and a training set

(refer to equation (3.43)).

This kind of feature can naturally account for uncertainty effects in the case that the

normal condition data includes measurements under different conditions, designed to

be filtered out [13]. Therefore, the normal condition data for 150 random samples of

the plate structure were used to calculate the mean value and the covariance required

in equation (3.43).

By comparing the averaged FRFs of the 150 samples for the normal condition

and two damaged states separately, the third peak and its vicinity of the FRFs

(frequency range between 4.3 Hz and 4.7 Hz), were selected to generate MSD-based

features, in which range the normal state data and the damaged state data are more

distinguishable.

In order to provide an upper bound on performance, an exhaustive search was

utilised to search out the optimal sensor combinations with different numbers of

sensors. The cost function (or fitness function), was constructed from the MCC. The

preferred classification algorithm here to facilitate the final system evaluation is a

linear SVM, since it is simple and makes no assumption about the data distribution.

The hyperparameters of this algorithm are optimised by minimising five-fold cross-

validation loss. When the type of sensor changes, the same optimisation process was

repeated.
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7.3 Results and discussion

7.3.1 The effect of noise on optimisation

To evaluate whether it is necessary to consider the noise effect in the optimisation pro-

cess, a set of comparisons based on Damage Case 2 are made here. The effectiveness

of a sensor combination is assessed via the MCC.

At first, MSD-based features of 150 sampling models were used to decide a group

of optimal sensor combinations with different numbers of sensors. These features

only included the influence of uncertain model parameters. The optimal MCC

values calculated by using these 300 features (150 normal condition features and

150 damaged state features), are plotted in Figure 7.3a, marked in green. The

corresponding optimal sensor combinations determined at the previous step were

then applied to calculate the MCC values for features extracted from sensor networks

with two different SNRs (45 dB and 40 dB) (See Figure 7.3a for the results).
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Figure 7.3: Results of SPO based on different data sets. The optimal MCC values
calculated using data set only involving uncertainty are marked in green.

In contrast, the other two groups of optimal sensor combinations with different

numbers of sensors were obtained by directly using features involving both parametric

uncertainties and noise with different levels (including 45 dB and 40 dB). The

corresponding results are shown in Figure 7.3b.

By comparing the results in the above two figures, it can be seen that the MCC

values in Figure 7.3a for two conditions with different SNRs are always smaller than

the MCC values in Figure 7.3b for the same two conditions. Thus, the SPO using
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features only involving parametric uncertainties can not provide optimal results

when the background noise is considered in the simulation of sensor outputs. This

result indicates that, as expected, the noise has a significant impact on the result

of optimisation. Therefore, at the design stage of a sensor system, the influence of

noise should be incorporated into the optimisation process.

7.3.2 Sensor placement optimisation for binary classification

The normal condition and second damage cases were taken as an example to carry

out the SPO for a binary classification. For four situations with different SNRs, an

exhaustive search was used to find the optimal sensor combinations with the number

of sensors ranging from 1 to 5. The optimal results are presented in Table 7.2, and

the corresponding MCC values can be referred to in Figure 7.5a. The optimal sensor

distributions corresponding to the highest and lowest SNR are shown in Figure 7.4.

It can be seen that as the SNR decreases, the distribution of sensors moves from

the nodes centred on the Damage 2 location to the nodes providing high-amplitude

signals.

Table 7.2: Optimal sensor combinations for the detection of Damage 2.

No. of
sensors

Signal-to-noise ratio
45 dB 40 dB 35 dB 30 dB

1 12 11 9 1
2 12,14 9,11 9,16 1,16
3 9,12,14 9,11,17 9,15,16 1,15,16
4 5,10,12,14 1,9,11,17 9,15,16,20 1,8,15,16
5 5,6,10,12,14 1,9,11,17,18 5,9,15,16,22 1,8,12,15,16

1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24

(a) 45 dB.

1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24

(b) 30 dB.

Figure 7.4: Two examples of optimal sensor distributions for the detection of Damage 2.
The selected sensor locations are marked in red. The Damage 2 location is marked in
orange.

After determining the optimal sensor combinations with different numbers of sensors,

the ROC curves for these optimal sensor networks can be calculated to finally decide
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Figure 7.5: Two types of contour plots for binary classification.

the type and number of sensors to be installed. To compare these curves conveniently,

the values of AUC are calculated and plotted in Figure 7.5b.

Figures 7.5a and 7.5b indicate that those sensor combinations with higher MCC

values have a higher AUC. Therefore, it is reasonable to use the MCC as a criterion

to effectively determine the spatial combination of sensors. However, MCC values can

not reflect the performance of an established sensor system intuitively. Therefore, it

is necessary to calculate the ROC curve and AUC value via the selected classification

algorithm to facilitate the final decision on whether or not to implement the system.

7.3.3 Sensor placement optimisation for multiclass classific-

ation

The optimal spatial distributions of sensors for detecting Damage Cases 1 and 2 are

presented in Table 7.3 and Figure 7.6. The optimal objective function values (MCC)

are shown in Figure 7.7a. For this multiclass classification task, the selected sensor

distribution was found to exhibit the following phenomenon. When the introduced

SNR is high, the selected sensors will be respectively distributed around the two

areas centred on the two damaged locations. As the noise level increases (SNR

decreases), the distance between these two areas becomes smaller. The five-fold

cross-validation classification accuracy of the SHM systems composed of these optimal

sensor networks is calculated and plotted in Figure 7.7b.

As shown in Figures 7.7a, 7.7b, the contour plots of MCC and accuracy achieved by
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Table 7.3: Optimal sensor combinations for the detection of Damage 1 and 2.

No. of
sensors

Signal-to-noise ratio
45 dB 40 dB 35 dB 30 dB

1 2 1 3 3
2 2,18 1,13 3,15 3,15
3 1,2,18 1,2,13 1,3,18 3,4,15
4 1,2,14,17 1,2,5,13 1,3,15,18 3,4,12,15
5 1,2,6,14,17 1,2,5,12,13 1,3,5,15,18 3,4,6,15,18

1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24

(a) 45 dB.

1 2 3 4 5 6 7 8

9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24

(b) 30 dB.

Figure 7.6: Two examples of optimal sensor distributions for the detection of Damage
1 and 2. The selected sensor locations are marked in red. The Damage 1 location is
marked in blue. The Damage 2 location is marked in orange.

the fully-trained classifier exhibit similar trends across the number of sensors and

sensor accuracy. Therefore, it is deemed practical to use MCC as a low-cost criterion

for the multiclass classification to decide a spatial sensor deployment.
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Figure 7.7: Two types of contour plots for multiclass classification.
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7.3.4 Performance comparison of assessment criteria for two

stages

In order to quantitatively measure the damage detection performance of the sensors

selected by MCC and the efficiency of the MCC as the selection criteria, a set

of comparisons is made here. First, accuracy is directly used as the criterion to

search out the optimal sensor combinations. In order to reduce the hyperparameter

optimisation time to make it possible to calculate the accuracy of all possible sensor

combinations, each model sample under one noise level uses only four measurements

to construct the data set used here. Therefore, the number of measurements for the

normal state, Damage State 1 and Damage State 2 is 600 respectively. One- and

two-sensor location(s) are selected from 24 candidates. The considered SNR is 45

dB. At this noise level, the accuracy of all possible sensor combinations is shown in

Figure 7.8, and arranged in ascending order. The optimal results are presented in

Table 7.4.

On the contrary, for the same data set, the accuracy values of the best sensor

combinations determined based on the MCC are calculated, and the optimal results

are given in Table 7.4 and Figure 7.8.

Table 7.4: Optimal results and calculation time for the two assessment criteria.

Criterion
No. of sensors

1 Accuracy rate Time (s) 2 Accuracy rate Time (s)

Accuracy 9 64% 5.82×103 2,12 88% 2.00×105
MCC 2 61% 0.37 2,19 76% 1.11
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Figure 7.8: Sorting accuracy and optimal results of two assessment criteria. Blue and
orange correspond to the selection of one or two sensors.
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When one sensor is chosen, the accuracy of the optimal sensor combination obtained

by using MCC is 3% less than the best result received by directly using accuracy

as the objective function. When two sensors are chosen, the difference between

them increases to 12%. Therefore, more sensors would be required if the proposed

assessment framework is used to design a sensor system with expected performance.

Furthermore, a technique that helps to select a better criterion in Stage 1 can be

developed to reduce the performance difference between the two stages.

When it comes to the calculation time, it can be seen that compared with the accuracy-

based method, the MCC-based optimisation reduces the required computation time

by several orders of magnitude. The difference in the calculation time also increases

with the number of selected sensors. Therefore, in practical applications with a large

number of candidates, the MCC-based criterion can be applied to reduce the number

of combinations, and accuracy can further refine the selection of sensor combinations

with different sensor numbers and sensor types.

7.4 Conclusions

In this chapter, a systematic framework for sensor system design combined with a

machine learning algorithm has been established. Briefly, the main contribution is

to divide the SPO into two stages, including selecting the best sensor combination

and determining the number of sensors and sensor types, and at the same time,

suggesting appropriate evaluation criteria for each stage.

There are key distinctions between the cost functions used for two different stages of

a sensor-system design. When the task is to select an optimal sensor combination

from a large number of candidates, the cost functions need to be quick to evaluate to

enable efficient optimisation, and it is acceptable for them to be abstracted from the

main aim of the system to some extent. For the final system evaluation, to decide

the number of sensors and the sensor type, the priority is to make the most accurate

evaluation possible of how the system will perform in practice.

A case study of a plate structure was carried out. The parametric uncertainty and

background noise were involved in the optimisation process to consider the discrepancy

between numerical simulation and the real situation. The results indicate that the

proposed assessment system reduces the required computation time for the optimal
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design by several orders of magnitude while considering the detection performance

of the designed sensor system.



Chapter 8

On SPO robust to environmental

variations

One challenge in establishing an effective SHM system is the impact of environmental

variability on damage identification, which is discussed in Section 1.1.2. It is therefore,

advantageous to consider any environmental effects when conducting SPO.

One approach to this problem is to check the robustness of SPO technique to

environmental variations and consider whether it is necessary to take account of

these environmental factors as part of the optimisation process, which will be

demonstrated in Section 8.1. Then, in Section 8.2, practical strategies will be applied

to improve the robustness of the SPO results, which are sensitive to environmental

variations.

8.1 On robustness of optimal sensor placement to

environmental variations

This section studies the robustness of an SPO method to variations of temperature

around the given structure. The dataset from the second-round tests performed on a

glider wing is suitable for this research. Damage is simulated by adding a mass block

(60g) onto the structure, and two damage cases are considered: mass addition at

locations M1 and M2. Features extracted from time-series data, frequency-domain

89
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data and modal parameters are used for SPO respectively.

8.1.1 Feature sets extracted from three types of data

For the time-series data set, 80-second time series collected during each 5◦C sweep-

down process (see Chapter 5) were used to obtain the coefficients of an autoregressive

(AR) model as features. The actual time series adopted were from 10 seconds to

70 seconds to avoid the effects of device startup and termination; They were also

preprocessed using a simple moving average (SMA) to eliminate noise from the data.

Each time series for each temperature was fitted with an AR model with 20 lags, and

the coefficients for all lags were used as features. The first three principal components

of features from all sensors for three temperatures are shown in Figure 8.1. More

details about extracting features from time-series data using an SMA and an AR

model are in Appendices A.1 and A.2.

(a) 5 ◦C (b) 15 ◦C (c) 25 ◦C

Figure 8.1: The first three principal components of the AR model-based features extracted
from all sensors.

For the FRF data set consisting of 25 single-average FRFs for each structural state

at each temperature, the MSD was calculated for a selected frequency range to form

a feature matrix, which can naturally eliminate the noise effect when all data have a

similar noise level [114]. The adopted frequency range was 10 Hz to 50 Hz, covering

the three natural frequencies corresponding to the three selected mode shapes. A

feature-bagging method is also used to avoid the singular covariance used in the

MSD calculation by sampling spectral lines with repetition among a relatively-broad

frequency range and averaging the features calculated from M sample data sets of

spectral lines [114]. Features from three sensors 5, 14 and 31, collected at three

temperatures, are given as examples, as plotted in Figure 8.2.
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(a) 5 ◦C (b) 15 ◦C (c) 25 ◦C

Figure 8.2: The MSD-based features extracted from three sensors 5, 14 and 31.

For the mode shape data set, the first three mode shapes were chosen and extracted

from the 20-average FRFs to form the target mode matrix for each temperature.

These mode shapes and corresponding natural frequencies at three different tem-

peratures are shown in Figure 8.3. It can be seen that as the ambient temperature

increases from 5 ◦C to 25 ◦C, the natural frequencies of the three modes decrease

by 4.78%, 3.76% and 6.33% separately. Furthermore, the difference in mode shapes

is hardly observed in Figure 8.3 because the modal shape is a feature that can

reflect the global change of the structure, and the change caused by the temperature

variation is not significant enough to be regarded as a substantial global change.

8.1.2 Optimisation techniques

For the SPO using features from an AR model, a criterion based on the canonical

correlation coefficient and the PCA is applied, which was introduced in Chapter 6,

Section 6.3. Only the normal condition time series are needed to provide features.

For the SPO using the MSD-based features, another criterion based on the canonical

correlation coefficient is applied, which was introduced in Chapter 6, Section 6.1.

The FRFs and corresponding labels for the normal condition and three damage states

are required to provide information for the SPO stage. A fast calculation approach

for these two criteria, combined with a greedy search is used to find the potentially

sub-optimal solution for different temperatures. For the SPO using mode shapes as

features, a trace-based criterion (introduced in Chapter 4, Section 4.2), combined

with an iterative technique is adopted to find a sub-optimal result under different

temperatures. Only the mode shapes for the normal condition are needed.
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(a) 5 ◦C (b) 15 ◦C (c) 25 ◦C

Figure 8.3: The first three mode shapes of the glider wing.

These three SPO technologies may sacrifice the performance of the designed sensor

system to a certain extent, but they have higher computational efficiency; This means

they are still practical when the size of the search space is large, which is common in

practice. In the following part, the word ‘sub-optimal’ is replaced with ‘optimal’,

keeping in mind the greedy nature of the algorithms. Here, three to ten sensors are

selected in all cases.

8.1.3 Robustness of SPO based on coefficients of an AR

model

Two strategies are used here to do the SPO. The same optimisation technique

combing SSC and PCA is implemented in both cases. The first one is to select the

optimal features from all sensors directly. The components capturing at least 95% of

the total variance for all controlled temperatures are used to form a label matrix Y.

The second strategy is to select optimal features from 20 features for each sensor

first, then select the optimal features among the selected features from all sensors.

In the first step, the features with a squared canonical correlation coefficient larger

than 0.9 at all controlled temperatures are selected to form feature matrices for the
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second step. Seven of the 20 features from each sensor are selected. The components

of the derived label matrix Y capturing at least 95% of the total variance for all

controlled temperatures are used in both steps. Both strategies take into account

the interaction between features from different sensors. However, a major difference

between these SPO strategies is that, the interaction of features from one sensor is

first considered for the second strategy.

The optimal results of these two SPO techniques based on the AR model coefficients

are shown in Figures 8.4 and 8.5. When considering all the optimal sensor distri-

butions with the number of sensors from three to ten, there are 25 and 29 sensors

contained in these optimal distributions designed for the two strategies respectively;

this means that the optimisation results are sensitive to temperature changes. Fur-

thermore, as the number of selected sensors increases, the number of selected sensors

obtained by the one-step approach changes from smaller to larger than that obtained

by the two-step approach. This phenomenon means that as the number of selected

sensors increases, the relationship between features from different sensors is more

susceptible to temperature changes than the relationship between features from the

same sensor.

8.1.4 Robustness of SPO based on the MSD

The responses in this case study are multi-class categorical labels, which do not have

an inherent order. Thus, these labels can be dummy encoded to a matrix Y, in

which each category is transformed into a set of binary variables to use m variables

to represent (m+ 1) categories.

The optimal results of the MSD-based SPO designed for M1 detection are shown

in Figure 8.6. The results optimised for the detection of M1 and M2 are shown in

Figure 8.7. When considering all the optimal sensor distributions with the number

of sensors from three to ten, there are 32 and 31 sensors contained in these optimal

distributions designed for the two mentioned tasks respectively. Furthermore, no

sensor is always selected at all temperatures for any cases. Therefore, for the SPO

with the MSD-based features, the temperature effect should obviously be considered

in the optimisation process.
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Figure 8.4: Histogram of the SSC-PCA-based optimal sensor distributions obtained by
one step.
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Figure 8.5: Histogram of the SSC-PCA-based optimal sensor distributions obtained by
two steps.
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8.1.5 Robustness of SPO based on mode shapes

The optimal results for the SPO based on mode shapes are shown in Figure 8.8. It

can be seen that the obtained sensor distributions with a fixed number of sensors

always contain the same sensor at all controlled temperatures. When considering all

the optimal sensor distributions, two sensors, including sensors 10 and 36, will always

be selected at all temperatures. The number of sensors contained in these optimal

results is obviously smaller than that obtained by the SPO based on the coefficients

of an AR model or the MSD-based features. This observation indicates that, since

all the OFs are based on the relationship among features, the modal features from

the candidate sensors have a more consistent relationship at different temperatures

compared to the coefficients of an AR model or the MSD-based features.

The signal strength is then taken into account in the optimisation process by using

the modified distribution vector EEI−DPR
d . The optimal results are visualised in

Figure 8.9. It was found that there is a significant increase in the number of the

same sensors contained in the optimal sensor distributions corresponding to different

temperatures. When considering all the optimal sensor distributions, although there

are still two sensors (12 and 36) selected at all temperatures, the total number of

selected sensors decreases from 16 to 13.

Compared with the EI optimisation results, the results corresponding to EI-ADPR are

more robust to temperature variations. This phenomenon suggests that, compared

with mode shapes, the ordering of signal amplitudes is more insensitive to temperature

changes because the multiplication of the signal amplitude by the EI-based OF makes

the optimisation results more consistent across different temperatures. In summary,

it is acceptable to ignore the temperature factor in the SPO based on the mode

shapes, especially for the case with the signal strength considered.
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Figure 8.6: Histogram of the SSC-based optimal sensor distributions for M1 detection.
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Figure 8.7: Histogram of the SSC-based optimal sensor distributions for M1M2 detection.
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Figure 8.8: Histogram of the EI-based optimal sensor distributions.
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Figure 8.9: Histogram of the EI-ADPR-based optimal sensor distributions.
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8.2 A general framework of SPO considering en-

vironmental variations

For situations where environmental factors need to be considered, two strategies,

considering environmental variations in the optimum design of the sensor deployment

in an SHM system, are developed and evaluated in this section. The two strategies

both involve constructing an objective function (OF) based upon an established

damage classification technique and an optimisation of sensor locations using a GA.

The key difference between the two strategies explored here is whether any sources

of benign variation are deemed to be observable or not. To demonstrate the whole

process more concretely, a set of data and the corresponding temperature labels

gathered from the first test on a glider wing are taken as an example to establish a

general framework to consider a certain environmental effect in SPO.

8.2.1 Feature derivation

For laboratory-based studies, if the temperature of a structure can be controlled and

recorded, then both the normal condition data and damage data will be labelled with

the corresponding temperature. Thus, features for the normal condition data and

damage data at each temperature can be calculated respectively. This means that

these temperature labels are used to clarify the effect of temperature on features,

which can help identify the effect of damage at a specific temperature. On this basis,

a distance calculation approach can be taken to calculate features. The noise effect

on the high-averaged data can be ignored, so it is assumed acceptable to use only the

mean value of the high-averaged data set to represent the data set itself. As there is

thus no uncertainty associated with the feature values, the feature comparisons are

between crisp numbers at equal temperatures and it is sufficient to use the Euclidean

squared-distance (ESD) as the comparison metric between feature vectors. Following

the methodology given in equation (8.1), the ESD statistic DE is calculated as,
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D2
E =

n∑
i=1

(xi − µi)
2 (8.1)

where xi is the amplitude value of the ith spectral line, µi is the averaged amplitude

value of a spectral line set corresponding to a frequency from an observation set and

n is the dimension of a sample, i.e. the number of spectral lines in a sample.

Note that the ESD-based features here are feature clusters with corresponding

temperature labels, representing an idealised baseline for comparisons. This option

is possible here because of the precise temperature control and recording in the

experiments. In general, high levels of noise or limited measurements for averaging

will result in uncertainties on the features which should be taken into account. If

sufficient measurements are available to estimate the covariance, the MSD can be

used to quantify the discordancy. In practice, for the monitoring of in situ structures,

the ambient temperature will be uncontrollable and may not be recorded.

In situations where temperature measurements are not available for feature vectors,

the influence of temperature can still be removed by the linear technique introduced

in Chapter 3, Section 3.2. To make possible the existence of a linear subspace that

can account for the confounding effects and avoid the singular covariance used in the

MSD calculation, a feature-bagging method can be used.

In this thesis, a feature-bagging method is used to objectively derive effective features

within a specific frequency range (FR) for FRFs from each sensor. In general terms,

a feature-bagging process is an average of all basic features derived from sampled

data sets [115]. Here, it is applied by averaging the distance features calculated from

M -sample data sets of spectral lines from a relatively-large FR. After obtaining a

committee model with M feature values, the average value D2
A of these features for

an observation from one sensor can be calculated as,

D2
A =

1

M

M∑
m=1

D2
m (8.2)

where D2
m is the feature (squared distance) value corresponding to the mth sampled

set of spectral lines.

To generate M sample data sets of spectral lines, bootstrap sampling is applied in

the selected FR to sample spectral lines (independent variables in a feature vector),
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with repetition. The sampling size n should be set based on the specific data set.

The number of M can be set based on the total number of spectral lines in the initial

frequency range, divided by the sampling size. Feature vectors provided by bootstrap

sampling over a large FR are high-dimensional enough to make possible the existence

of a linear subspace that can account for the confounding effects. Further detail,

including pseudo-codes for the MSD-based feature derivation heuristic, may be found

in [114]. Such a linear approach, based on the MSD is explored in this part. Note that

the MSD-based features in this research are used to represent temperature-insensitive

features obtained following the application of the linear projection approach in [13].

8.2.2 Case study data sets

Data used in this section are from the first experiment on the glider wing. These

represent quite large damage, in order to produce separated feature clusters, which

will be explained in detail later. The feature-bagging method was conducted to

generate features using measurements with or without temperature labels in this

case study. The sampling size n should be less than the number of observations for

the normal condition to avoid a singular covariance matrix in the MSD calculation.

Because there are two observations for each normal condition state at each controlled

temperature, and data for seven temperatures were recorded, the total number of

observations for the normal condition is 14. Therefore, the sampling size n was set

to 10 and the covariance determinants were checked to avoid the singular matrix.

The number of samples M , was set to be equal to, or slightly larger, than d/n, where

d is the dimension of the original FR.

By plotting FRFs for the structure in different health states, an FR from 50 Hz to

250 Hz is selected to generate the sample data sets of spectral lines. Here, FRFs for

the structure with the temperature at 15 ◦C are used as an example. As can be seen

in Figure 8.10, this frequency range is effective because it is sensitive to all damage

cases, i.e. it is easy to distinguish the FRFs for these three damage cases from the

FRF of the normal condition case. The resolution of the FRFs is 0.25 Hz, so the

dimension of the original FR space is 801. Thus, the number of samples can be set

to 90 here.

The same sampling size and the number of samples are taken for the derivation of

the ESD- and MSD-based features, which is beneficial for comparing the optimal
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Figure 8.10: An example of the adopted frequency range: FRFs between 50 Hz and 250
Hz collected at 15 ◦C from sensor 17 for four condition cases.

results when different features are extracted from the same data set. In addition,

thanks to the feature bagging method, only one discordance measure is calculated

for one observation from each sensor. The selection of a single feature for each sensor

based on a relatively-large frequency range is attractive as it leaves aside the feature

selection task. Relevant examples of the semi-objective method and the objective

method based on the neural network for feature selection can refer to [113] and [116].

8.2.3 Optimisation objective based on an SVM model

To construct an OF having a direct relationship with the damage detection ability

of an SHM system, a relationship between an OF and a classifier distinguishing

healthy-state data and damaged-state data needs to be established. For the purposes

of simplicity and computational efficiency, the research here is limited to a linear

classifier. The supervised-learning algorithm used here to build a linear classifier

is the SVM technique [117], introduced in Chapter 3. The initial reason for the

selection of this classification algorithm is that an SVM makes no assumption about

the prior distribution of data, which is difficult to know exactly in practice.

In order to illustrate the concepts of sensor placement optimisation in this chapter,

the detection problem itself is deliberately simplified by considering large ‘damage’

cases. Furthermore, averaged features are used in order to minimise the effects of

measurement noise. In this situation, the health states of the structure are strictly

separable in the feature space. This is a useful property as it allows a minimal version

of the SVM tailored to separable classes and amenable to linear decision boundaries.

This choice does not represent a restriction on the sensor-optimisation problem, as
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the cases of smaller damage or curved decision boundaries are both addressable with

appropriately adapted versions of the SVM [117].

For different input data sets, the SVM will provide different best hyperplanes that

match different maximum margin widths. The misclassification rate is also calculated

to check the separability. It is obvious that if there is a sensor combination providing

a non-zero misclassification rate, it should be abandoned directly. Because there are

no hyperparameters to be optimised in this process, the OF can be evaluated quickly.

It is beneficial to search out the best sensor combination from a large number of

sensor candidates.

In this research, the combination of sensor locations which provides feature vectors

that make the healthy-state data and the damaged-state data most separated will

be selected as the optimum; i.e. the sensor deployment with the largest max-margin

obtained by an SVM. To find the optimal deployment of sensors, an integer GA is

adopted here, which can search out the globally-optimal result with variables that

are integer-valued. Linear constraints are used to make sure that non-repetitive

sensors exist in an optimal sensor deployment. These constraints refer to the fact

that the difference between any two selected sensor indices should not be less than 1,

which can be expressed as follows,

IDX i − IDX i+1 ≥ 1, i = 1, . . . , I − 1 (8.3)

where IDX i is the index of a selected sensor and I is the number of selected sensors.

Although three damage cases are considered with mass additions at locations [M1],

[M2] and [M1, M2], only binary classification is considered here to distinguish

the normal condition case and the three damage cases collectively. In this way,

the relationship between the damage position and the sensor deployment can be

studied. If more than two structural states need to be considered in the optimisation

process, a multiple-classification algorithm can be used to classify the data and an

appropriate criterion should be adopted as the optimisation objective, according to

the requirements of the project. The details of the specific learning algorithm which

delivers the OF values do not affect the general framework proposed.



8.2 A general framework of SPO considering environmental variations 103

8.2.4 Feature bagging results and analysis

In order to improve the efficiency of the calculation, it is necessary to normalise the

feature vectors before training a classifier by mapping the min and max values of all

given dimensions to 0 and 1. The feature-bagging results of the ESD-based features

and the MSD-based features for the normal condition case and three damage cases

from 36 sensors at seven different temperatures are shown in Figures 8.11 to 8.14.
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Figure 8.11: Feature-bagging results based on the ESD (left) and the MSD (right)
for the normal condition. Seven controlled temperatures T0–T30 and the maximum
value among the features for seven different temperatures are shown by colour markers.
The ESD-based features refer to features obtained by the normalised approach with
temperature labels. The MSD-based features refer to features obtained by the linear
approach without temperature labels.
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Figure 8.12: Feature-bagging results based on the ESD (left) and the MSD (right) for the
damage case with M1 added. Seven controlled temperatures T0–T30 and the minimum
value among the features for seven different temperatures are shown by colour markers.

By analysing the positions of sensors providing comparatively large discordance

values in different damage cases, it is apparent that data collected from sensors close

to the added mass blocks are sensitive to this damage, as may have been expected.
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Figure 8.13: Feature-bagging results based on the ESD (left) and the MSD (right) for
the damage case with M2 added.
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Figure 8.14: Feature-bagging results based on the ESD (left) and the MSD (right) for
the damage case with M1 and M2 added.

For example, two of the largest discordance values calculated via the ESD or the

MSD for damage cases 1 come from sensors 4 and 5, adjacent to the mass block

M1. Furthermore, by comparison of Figure 8.11 and Figures 8.12 to 8.14, it can be

seen that the influence of temperature on the two types of features extracted from a

subset of sensors is much smaller than the influence of the damage. This observation

suggests that both feature extraction techniques can help to provide effective features

robust to temperature variations but sensitive to the damage.

Furthermore, from Figures 8.12 to 8.14, it can be seen that a sensor at a fixed location

on the gilder wing has different sensitivity to the occurrence of the same damage at

different temperatures. A reasonable explanation is that at different temperatures,

the physical parameters of various structural components (such as stiffness and cross-

sectional area) will change. This variation results in the same part of the structure

responding differently to the same damage at different temperatures. Thus, the effect

of one type of damage on different locations of the structure at a certain temperature
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cannot be applied after the temperature of the structure changes. In addition,

because the minimum feature values consist of features for different temperatures, it

is impossible to set one temperature as the most unfavourable temperature for damage

detection. Therefore, it is necessary to involve the temperature when analysing the

structural response and training a classifier.

8.2.5 Optimal results and analysis

The GA is used to optimise sensor sets containing between one and five sensors for

detecting three different damage cases separately by using the ESD- or MSD-based

features. The resulting optimal combinations are listed in Tables 8.1-8.3. It can be

seen that sensor locations selected by the SVM optimisation technique using the

ESD-based features are mainly distributed on the leading edge of the glider wing,

while the results for the MSD-based features show that optimal sensors are much

more scattered on the structure. This phenomenon suggests that the ESD-based

features are more sensitive to damage locations than the MSD-based features. More

analysis will be given in the following paragraphs.

Table 8.1: Optimal sensor combination designed for the M1 case detection and corres-
ponding max-margin widths.

No. of sensors ESD Max-margin width MSD Max-margin width.
1 5 0.6634 4 0.4202
2 4, 5 0.9597 4, 5 0.5859
3 4,5,6 1.0511 4,5,16 0.6156
4 4,5,6,11 1.1030 4,5,16,25 0.6210
5 4,5,6,9,11 1.1411 4,5,6,16,25 0.6367

Table 8.2: Optimal sensor combination designed for the M2 case detection and corres-
ponding max-margin widths.

No. of sensors ESD Max-margin width MSD Max-margin width
1 6 0.8819 11 0.3549
2 6, 7 1.2582 9, 19 0.5775
3 6,7,11 1.4548 9,11,20 0.7082
4 6,7,9,10 1.6012 9,11,19,36 0.8467
5 6,7,9,10,11 1.7229 9,11,19,20,36 0.9283

By comparing the selected sensor locations in Tables 8.1 to 8.3 with the minimum

values of features shown in Figures 8.12 to 8.14, an expected phenomenon is observed:
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Table 8.3: Optimal sensor combination designed for the M1M2 case detection and
corresponding max-margin widths.

No. of sensors ESD Max-margin width MSD Max-margin width
1 5 0.7534 4 0.4859
2 4, 5 1.0436 4, 19 0.6395
3 4,5,11 1.2666 4,11,19 0.7438
4 4,5,6,11 1.4115 4,5,11,19 0.8344
5 4,5,6,7,11 1.5431 4,5,11,19,36 0.9070

generally, locations corresponding to the larger minimum feature values are selected

as the optimal sensor locations. However, it can also be seen that the distribution of

feature vectors from one sensor for different temperatures can also affect the results

of the SVM optimisation technique.

To demonstrate the effect of feature distribution visually, data from two sensors (9

and 19) selected by the SVM optimisation technique with the MSD-based features

adopted to detect Damage Case 2 in Table 8.2 and two sensors (9 and 11) providing

the two largest minimum-feature values for the same damage case in Figure 8.13

(left) are used to build two classifiers and calculate the maximum margin widths.

The results are shown in Figures 8.15 and 8.16. The max-margin width calculated

by the data from sensors 9 and 19 is 0.58, which is larger than the margin width

(0.56) corresponding to sensors 9 and 11.

To explore the relationship between the max-margin width corresponding to the

optimal sensor combination and the number of selected sensors, the results for the

M1 case are taken as an example and demonstrated in Figure 8.17. Here the relative

position of the line for SPO with temperature labels is higher than those without

temperature labels. A similar phenomenon also occurs for the M2 and M1M2 cases;

this indicates that the linear method without using the temperature labels employed

to eliminate the influence of temperature will sacrifice sensitivity to damage to

a certain extent. This observation is also in line with the expectation that more

information can provide better results.

However, one obvious advantage of the linear method is that it is not necessary

to strictly control the temperature of a structure to a specific degree, which can

be a tricky and/or expensive process even in the limited number of cases where it

is feasible. Additionally, the number of measurements can be greatly reduced if

the normal condition data for all temperatures are used to provide a non-singular
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covariance used in distance calculation. This condition helps to reduce the cost and

time of data collection. Therefore, there is a trade-off between the cost and feasibility

associated with temperature control and label collection, and the lack of sensitivity

associated with the linear method to address the confounding effects conveniently.
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Figure 8.15: Distribution of the MSD-based features from two optimal sensors selected
by the SVM optimisation technique. △ refers to the normal condition and ∗ refers to
the damaged state.
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Figure 8.16: Distribution of the MSD-based features from two sensors providing the two
largest minimum-feature values.

A method that may warrant investigation, is to partition a large temperature range

into several segments, with the linear approach applied within each segment and

the normalised approach used to combine the feature values for each temperature

segment with the SVM optimisation technique to process SPO.
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Figure 8.17: Optimal max-margin widths and corresponding number of selected sensors
for the M1 case detection.

8.3 Conclusions

This chapter’s first main content analysed the robustness of SPO techniques to

environmental variations, to illustrate the effect of an environmental parameter in

the optimisation process. Three commonly-used features were considered, i.e. the

AR model coefficients, the MSD-based features and mode shapes; the entire process

was demonstrated in detail with temperature as an example.

Data of a glider wing collected at different temperatures were used for a case study.

Mode shapes were combined with EI and EI-ADPR technologies to optimise the

sensor combinations for modal identification. In addition, the MSD-based features

or the AR model coefficients were combined with a greedy search to optimise the

sensor deployments for damage identification. A fast calculation of the optimisation

objective, SSC, was adopted to speed up the calculation.

The results mainly show that the modal features from the candidate sensors have a

more consistent relationship at different temperatures, especially when the signal

amplitude is considered. Hence, the participation of temperature is avoidable for the

SPO based on mode shapes. In contrast, the relationship of the MSD-based features

or the coefficients of an AR model for different structural states is greatly affected

by temperature. Therefore, SPO using the MSD-based features or the AR model

coefficients inevitably must take this environmental factor into consideration.

The second topic of this chapter illustrated two SPO techniques designed for damage

detection while taking into account temperature effects; the key contributions are:
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(1) investigation of two approaches for extracting damage-sensitive features in the

presence of either recorded or unrecorded temperature variations and, (2) investigation

of appropriate optimisation functions for evaluating the resulting sensor combinations.

A case study of a glider wing shows that, compared to the normalised method using

the temperature label, the linear method that does not require temperature labels

provides features that are less sensitive to damage. However, it is cheaper and more

convenient to extract temperature-robust features in practical engineering.

Meanwhile, the proposed optimisation criterion – maximum margin width – is an

effective criterion considering the damage detection ability of the designed SHM

system, provided that the health-state classes are separable in the feature space. If

this condition is not satisfied, the criterion should be extended to soft-margin SVM

classifiers. In addition, the criterion shown in Chapter 6 can also be considered for

non-separable situations.





Chapter 9

On SPO robust to sensor failure

In this chapter, the mode shape data of a glider wing are used to study ‘fail-safe’

sensor distributions, i.e. those whose sub-distributions still have good performance.

The performance of the fail-safe sensor distribution with multiple sensors placed in

the same position will also be studied. Two types of optimisation objectives are

investigated, one for modal identification and the other for damage identification.

The scope of the current chapter belongs to the classical optimisation criteria based on

model parameters (see Section 1.2.1.). However, except for the traditional objective

functions based on mode shapes, a predefined criterion based on canonical correlations

is creatively used to evaluate a sensor layout, which can transfer the functionality of

linear discriminant analysis into the parameter estimation issue.

Here, sensor failure refers to a situation where the sensor fails to provide any usable

information, regardless of whether it is damaged or unable to connect to the network.

A wired sensor network is adopted, and the failures of each sensor are independent.

Under this circumstance, in this chapter, the improved fail-safe optimisation method

will be proposed to comprehensively consider the fitness of the mother distribution

and worst sub-distribution for modal identification and fault detection, which was

ignored in [66]. Moreover, wireless sensor networks must handle the effects of sensor

failures by placing redundant sensors on critical spots [67]. Therefore, this chapter

will discuss whether it is worth designing a wired sensor network with redundant

sensors.
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9.1 Proposed optimisation objectives

The optimisation objectives used for SPO, depend on the purpose of the system, and

include the determinant of the Fisher information matrix (DFIM), the determinant

of the FIM weighted by the average-driving-point residue (DFIM-ADPR), the sum

of squared canonical correlation coefficients (SSC), and the sum of squared canonical

correlation coefficients weighted by the average-driving-point residue (SSC-ADPR).

The first two objectives, developed by [42] and [94], are widely used in SPO tasks,

but the last two objectives are used for SPO for the first time in this thesis. These

objectives are selected or proposed from three perspectives, including, the linear

independence of mode shapes, the vibration energy and the information on the

damage of interest.

The criterion based on canonical correlations was used in SPO for the first time

in Chapter 6. However, because of the large content of that chapter, in order to

avoid unclear focus, this section reviews the related studies and explains in detail

the reasons for adopting the SSC criterion in SPO.

Firstly, the SSC metric is usually more computationally efficient than criteria de-

pending on model training. In existing research, correlation-based criteria have been

widely applied in feature selection [101, 118, 119], and some efforts have been made

to extend its application to the SPO field. Chen et al. [120] defined a coefficient to

quantify the geometric correlation of probability distributions of data collected by

pairs of sensors. Sensor pairs with larger correlation indexes were selected to provide

the data for predicting the shapes of all probability density functions. However, the

redundancy and interaction of information from different sensors were not considered

in this study. Lu et al. [121] narrowed the range of sensor selection by maximising

the coefficient based on a correlation matrix and then minimising the correlation of

the data provided by these candidate sensors to determine the final optimisation

result, but still ignored the information interaction. In contrast, the criteria based

on canonical correlations can inherently take account of the information redundancy

and interaction [101, 118], which is another reason for using this kind of criterion in

this chapter.

For a detailed introduction to the first two criteria, please refer to Chapter 4. See

Chapter 6 for a fast calculation of SCC. The standard calculation process of SSC

and SSC-ADPR is described as follows.
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9.1.1 Sum of squared canonical correlation coefficients

For the damage identification task, to make the sensor system have good performance

in identifying certain damage states of concern, information about these high-potential

failures should be included in the sensor system optimisation process. These damage

states, such as damage type, location and severity, can be determined by conducting

failure mode analysis and referring to historical data about damage states collected

on the existing structures.

The SSC is used here as a criterion to measure the maximal linear association

between two co-occurring multivariate random variables with N observations, which

are collected as matrices X ∈ RN×n and Y ∈ RN×m [76]. Here, a matrix X

represents the N samples of n features. A matrix Y refers to labels represented by

N variables associated with each sample. This criterion can help to directly measure

the effectiveness of data for predicting structural states to a certain extent, without

the need for model training. Furthermore, since a set of features in X is evaluated

together, rather than evaluating each feature individually, the interaction of features

can be considered, avoiding redundant features.

The acquisition of the SSC can be realised by finding pairs of projection directions

U ∈ Rn×L and V ∈ Rm×L, so that the Pearson’s correlation coefficient between

XMul and YMvl for the lth pair of projection directions is maximised [77], i.e.

Rl(X,Y) ≜ max
ul,vl

r(Xul,Yvl)

≜ max
ul,vl

u⊤
l X

⊤
MYMvl√

u⊤
l X

⊤
MXMul

√
v⊤
l Y

⊤
MYMvl

(9.1)

where XM = X−X and YM = Y−Y. X and Y are the means of columns of X and

Y respectively. If the Xul and Yvl are standardised to have unit variance, equation

(9.1) can be expressed as,

max
ul,vl

u⊤
l X

⊤
MYMvl, s.t. u⊤

l X
⊤
MXMul = 1, v⊤

l Y
⊤
MYMvl = 1 (9.2)

According to Chapter 4, the corresponding projection directions ul ∈ Rn×1 and

vl ∈ Rm×1 can be obtained by solving the eigenvalue equations given by [122],
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[
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]
vl = 0 (9.3b)

where the eigenvalue λ equals the R2
l (X,Y), and the number of the non-zero eigen-

values is not greater than min(n, m), that is, L is not greater than min(n, m). Since

Rl(X,Y) ranges between 0 and 1, the eigenvalue R2
l (X,Y) takes values between 0

and 1.

On this basis, the sum of non-zero eigenvalues, i.e. SSC, is adopted as a criterion for

evaluating the effectiveness of a feature set from a sensor set to infer the structural

state, which is given by,

L∑
l=1

R2
l (X,Y) = tr

[
(X⊤

MXM)
−1X⊤

MYM(Y
⊤
MYM)

−1Y⊤
MXM

]
= tr

[
(Y⊤

MYM)
−1Y⊤

MXM(X
⊤
MXM)

−1X⊤
MYM

] (9.4)

where tr [ · ] represents the trace of a matrix. The computational complexity of

equation (9.4) is O(n2N) when m ≤ n or O(m2N) when m > n. It can be seen that

the optimal sensor deployment with the largest SSC among sensor combinations

with the same number of sensors is conducive to the most accurate estimation of the

structural labels because the features are more correlated with labels.

9.1.2 SSC average driving-point residue

If mode shapes are used as features for SPO, with the aim of damage identification,

the selected n mode shapes collected under different structural states can form a

feature matrix Xs ∈ RK×(I×J) corresponding to the sth combination of I sensors.

Rows refer to K observations for different health states, and columns refer to the

relative displacement of I selected sensor locations on a structure in J modes. What

is worth noting is that if only one mode shape is going to be considered, i.e. J = 1,

the feature corresponding to ith sensor location will be a vector xi
s ∈ RK×1; if more

than one mode shape is considered, i.e. J > 1, the feature corresponding to ith sensor

location will be a matrix Xi
s ∈ RK×J .

Similarly, the ADPR coefficient can be combined with SSC to improve the stability
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of the optimal sensor layout to noise, which is given by,

L∑
l=1

R2
l (Xs,Ys)ADPR =

L∑
l=1

R2
l (Xs,Ys)

K∑
k=1

I∑
i=1

J∑
j=1

(xkij
s )2

ωk
j

(9.5)

where xkij
s is the entry corresponding to the ith degree of freedom of the jth target

mode from the kth observation of the sth target modal matrix and ωk
j is the natural

frequency corresponding to the jth target mode in the kth observation. When the

number of sensors is fixed, the sensor deployment with the largest SSC-ADPR will

be considered the optimal sensor placement.

9.1.3 Discussion and handling of singular matrices

From the equations (4.12), (4.14), (9.4) and (9.5), it can be seen that these four

optimisation objectives are not applicable for the SPO with singular matrices,

including the mode shape matrix (Φ), the feature matrix (X) and the label matrix

(Y), which are not invertible. This means that it is necessary to check whether these

matrices are singular before optimisation using these four objectives.

Since the mode shapes are independent when the number of degrees of freedom is

equal to or greater than the number of identified modes and the selected degrees

of freedom are not centrally distributed, the singularity problem for a mode shape

matrix (Φ) can be solved by increasing the candidate sensor locations and changing

the distribution of the candidate sensor locations. For the feature matrix (X), the

sensor combination corresponding to a singular feature matrix can be discarded

directly. Usually, the label matrix (Y) is of full rank. If not, the redundant label

information should be removed first.

9.2 Optimisation considering sensor failure and

sensor redundancy

In order to make the performance of the sensor system less sensitive to sensor failures,

two novel optimisation ideas are proposed by combining the above optimisation

objectives with the effects of, or countermeasures to, sensor failures, to obtain the

fitness of sensor distribution.
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The first approach, called the fail-safe sensor distribution, will take into account the

effects of critical sensor failures when calculating the fitness of the sensor distribution.

The second approach is called the fail-safe sensor distribution with redundancy, where

the fitness results of the sensor distribution will be affected by the critical failure

handling scheme. The motivation for the second optimisation idea is to explore, with

a fixed number of sensors, a better strategy to place all sensors in different locations,

to collect more information, or use a subset of sensors as backup sensors for key

sensors. The evaluation criterion is based on the performance of the sensor system

before and after the failure of the key sensor.

To make the formulation of these two optimisation strategies more explicit in the

following sections, SPO is framed here as a combinatorial optimisation problem. This

thesis does not address the case of describing sensor locations in continuous space.

As described in Chapter 4, the number of combinations S for selecting I sensors

from Z candidate sensors in different locations is given by,

S = ZCI =
Z!

I!(Z − I)!
(9.6)

9.2.1 Fail-safe sensor optimisation

The process of SPO with sensor failures under consideration can be divided into two

stages. At the first stage, the ‘fail-safe’ fitness of an algorithm is defined and obtained

by taking the worst fitness value of the (I − IF)-sensor distributions generated from

an I-sensor distribution by removing IF sensors. IF refers to the number of sensors

that are allowed to fail without requiring any remedial action. Note that the I-sensor

distribution refers to the I sensors being put in I different locations. Because (I− IF)

sensor locations will be selected from the mother distribution of I sensor locations,

the number of combinations SFS for the fail-safe fitness is,

SFS = S · IC(I−IF) = S · ICIF =
Z!

IF!(Z − I)!(I − IF)!
(9.7)

Note that IC(I−IF) equals ICIF , because the number of all child distributions con-

taining functioning sensors is equal to the number of all combinations with failed

sensors. For the sake of brevity, the more concise expression, ICIF , will be used

below. Then, the maximum/minimum fail-safe fitness values are going to specify the

optimal fail-safe sensor distribution.
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The first stage here provides a more general description of the fail-safe sensor distri-

bution idea introduced in [66]. However, there may be multiple optimal combinations

where sub-distributions corresponding to the worst fitness are the same. Nonetheless,

the search algorithm will provide only one of these optimal I-sensor combinations of

different fitness, but the same fail-safe fitness.

Therefore, after obtaining an optimal fail-safe sensor distribution given by a search

algorithm, at the second stage, the following steps should be taken to further consider

the performance of the I-sensor distribution:

(1) Replace the sensors for which failures lead to the worst performance, with other

candidate sensors from the Z−I unselected sensors. The number of updated I-sensor

distributions is,

SUPD = (Z−I)CIF =
(Z − I)!

IF!(Z − I − IF)!
(9.8)

(2) Calculate the performance of the (I − IF)-sensor distributions generated by

the updated I-sensor distribution. The number of the child distributions for these

updated mother distributions is given by,

SUPDFS = SUPD · ICIF =
I!(Z − I)!

(IF!)2(Z − I − IF)!(I − IF)!
(9.9)

Compare the worst fitness value of these (I − IF)-sensor distributions with the

corresponding fail-safe fitness result of the optimal sensor layout found at the first

stage. Retain the sensor distribution if both fitness values are the same.

(3) Calculate the performance of all such retained I-sensor distributions and the

optimal sensor distribution obtained at the first stage. Select the sensor distribution

with the largest fitness value as the final optimal fail-safe sensor distribution, which

is named the optimal improved-fail-safe sensor distribution.

An example is given in Section 9.4.1 to show all the steps of the fail-safe optimisation

strategy. Note that the three steps in the second stage are not the most efficient way

to find the optimal fail-safe sensor distribution with the largest fitness value for an

exhaustive search (ES). Multiple optimal fail-safe combinations can be directly found

by filtering out the combinations with the best fail-safe fitness. However, the three

steps described above are applicable when not all candidate solutions are available.
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9.2.2 Fail-safe sensor optimisation with redundancy

To further improve the performance of the sensor system after any sensor fails,

compared with putting I sensors in I different locations, IF of the I sensors can be

used as redundant sensors and be added to IF critical locations of the I − IF sensor

locations. This idea can help to avoid the worst performance of the [(I − IF)− IF]-

sensor distributions generated by an (I − IF)-sensor distribution without increasing

the number of sensors used. Based on this, the fail-safe SPO with sensor backup

under consideration can also be divided into two stages.

At the first stage, I − IF locations will be selected first from the Z candidate

locations. The maximum/minimum fail-safe fitness value is going to be reached to

find the optimal fail-safe sensor distribution with I − IF sensors. Backup sensors

are then added to the locations of the IF key sensors, to avoid the occurrence of the

[(I − IF)− IF]-sensor distributions with the worst performance. The ‘fail-safe with

redundancy’ fitness is then defined and obtained by taking the worst fitness value

of the (I − IF)-sensor distributions with redundancy, generated from an I-sensor

distribution with redundancy by omitting IF ‘non-critical’ sensors (sensors without a

backup sensor) in turn. Note that the I-sensor distribution with redundancy means

that I sensors are placed in I − IF different locations, with IF pairs of sensors in the

same location. The number of combinations SFSR, for the fail-safe-with-redundancy

fitness is,

SFSR = ZC(I−IF) · (I−IF)CIF · [(I−IF)−IF]CIF =
Z!

(IF!)2(Z − I + IF)!(I − 3IF)!
(9.10)

The maximum/minimum fail-safe with redundancy fitness value is then going to spe-

cify the optimal I-sensor distribution with redundancy. Furthermore, it is necessary

to clarify that the intended function of redundant sensors (or backup sensors) is to

provide the same information when some of the original sensors cease to provide

valid information. Therefore, the existence of the redundant sensors is to avoid the

worst-case scenario, after the failure of the key sensors. Data from redundant sensors

are not used when computing the fail-safe with redundancy fitness. On this basis,

optimal results for the fail-safe SPO with redundancy can be obtained.

Similarly, more than one optimal fail-safe sensor distribution with redundancy may

be included for the case with the same number of selected sensors. Considering the

performance of these sensor distributions before any sensor fails, the sensor distribu-
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tion with the greatest fitness should be chosen as the final optimal fail-safe sensor

distribution with redundancy. Therefore, after obtaining the optimal fail-safe sensor

distributions with redundancy at the first stage, the results should be evaluated and

updated via the following steps at the second stage:

(1) Replace the IF sensors whose failure corresponds to the optimal fail-safe with

redundancy fitness with other candidate sensors from the Z − (I − IF) unselected

sensors.

(2) Compare the worst fitness value of the (I − IF)-sensor distributions with redund-

ancy, generated by omitting IF ‘non-critical’ sensors in turn, with the corresponding

fail-safe with redundancy fitness result of the optimal sensor deployment found at the

first stage. And retain the I-sensor distribution with redundancy if the two fitness

values are the same. The number of the child distributions with redundant sensors

for the updated mother distributions with redundant sensors is,

SUPDFSR = [Z−(I−IF)]CIF · [(I−IF)−IF]CIF =
(I − 2IF)!(Z − I + IF)!

(IF!)2(Z − I)!(I − 3IF)!
(9.11)

(3) Calculate the performance of all retained I-sensor distributions with redundancy

and the optimal I-sensor distribution with redundancy obtained at the first stage. Se-

lect the sensor distribution with the largest fitness value as the final optimal fail-safe

sensor distribution with redundancy, which is called the optimal improved-fail-safe

sensor distribution with redundancy.

Section 9.4.2 gives an example of fail-safe sensor optimisation with redundancy, that

includes all the steps above. Again, the three steps introduced here are not the most

efficient way to find the best results for an ES, but they are more versatile given the

different search algorithms.

9.2.3 Discussion and suggestions on the application of fail-

safe strategies

The initial motivation for considering sensor failures in the sensor optimisation

process is that when one or two sensors fail, the performance of the sensor system

remains within acceptable limits and no maintenance is required. Such sensor systems

can be of value in situations where maintenance is difficult or expensive. When many

sensors are not providing data properly, this is a very suspicious situation that needs
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to be detected by the maintenance team. So it doesn’t make much engineering sense

to design for the failure of many sensors. Moreover, it must be clarified that the

fail-safe strategies here can only consider the worst-case scenario after sensor failure.

However, since the worst case corresponds to the failure of several critical sensors,

the loss of a smaller number of critical or non-critical sensors should correspond to

better system performance than the worst case.

Furthermore, the idea of failure safety is unnecessary when the budget for sensors

and the corresponding data storage and processing is large enough to design a

densely-distributed sensor system, which means no sensor in this system is critical

or irreplaceable. That is, in that sensor system, each sensor has at least one ‘backup’

sensor to provide similar information. However, the fail-safe strategies in this chapter

aim to consider the impact of the failure of certain critical sensors in the optimisation

process of a sensor system and whether it is worthwhile to pre-place a backup sensor

for critical sensors. Therefore, it should only be applied when designing a sensor

system which includes critical sensors.

When all the degrees of freedom of the finite element model are used as candidate

sensor positions, engineering experience can be used to reduce the density of candidate

sensor distribution preliminarily. For example, sensors are evenly distributed to cover

the area to be detected, and points with larger signal amplitudes are selected. In

addition, a more objective criterion can be used to avoid arranging the sensors at

adjacent locations where substantially the same information will be collected. For

example, the linear correlation of features can also be used to determine whether a

feature contains some uncorrelated information from the selected ones.

9.3 Illustrative examples

A data set from the second-round tests on a glider wing in an environmental chamber

(shown in Fig. 5.2) is used for this research.

9.3.1 Data set for the SPO on modal identification

For SPO with the aim of modal identification, three mode shapes of the wing under

the normal condition at 15 ◦C were chosen to form the sth target mode matrix
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Figure 9.1: The first four mode shapes of the glider wing at 15 ◦C.

Φs ∈ RI×3 for the sth combination of the I sensor locations, including the first,

second and fourth mode shapes. The first four mode shapes and corresponding

natural frequencies, extracted from the high-averaged FRFs collected at 15 ◦C, are

shown in Figure 9.1. They are denoted as Mode 1 to 4.

The reason to adopt these three mode shapes is that by comparing the optimisa-

tion results obtained by the two proposed fail-safe methods using the first three

mode shapes and the selected three mode shapes separately, optimisation results

corresponding to the selected three mode shapes include more possible scenarios.

Moreover, according to equation (4.3), at least three sensors must be selected to

provide a target modal matrix with full column rank, which means that the mode

shapes are linearly independent [42].

9.3.2 Data set for the SPO on damage identification

For SPO with the aim of damage identification, mode shapes of the glider wing under

four different health states with corresponding labels were used to form the feature

matrix and the label matrix. For each mode shape, only one measurement is taken

for the structure in each health state at each controlled temperature, and only three

controlled temperatures are considered: 5, 10, 15 ◦C. Thus, the available number of

the observations K is the number of health states times the number of controlled

temperatures, which is equal to 4 × 3. This means that the number of columns

(I × J) in the feature matrix should not exceed K = 12 to form a full-column rank

feature matrix. Note that mode shapes for three temperatures are adopted here

because mode shapes extracted from FRFs (if there are more than one), measured
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at one temperature may constitute a rank-deficient feature matrix XM. X
⊤
MXM will

then be a singular matrix, which cannot be used for the SSC calculation.

Therefore, to allow more sensors to be selected to show the possible situation of

optimisation results as comprehensively as possible, each of the three mode shapes

used in the SPO for modal identification was adapted to form the feature matrix

Xs ∈ R12×I , corresponding to the sth combination of I sensors separately. Meanwhile,

because the labels here are nominal data without an inherent order, four categorical

variables are encoded into a matrix by dummy coding, which uses N features to

represent N + 1 labels/categories. Therefore, the size of the label matrix is 12× 3.

For each mode shape, the SSC between the feature matrix and the label matrix

of the structural state is calculated for sensor distributions with different numbers

of sensors. An ES is used to find the optimal sensor combinations with one to six

sensors for three mode shapes separately. The combinations having the largest SSC

will be selected and the results are in Appendix B.1. The comparison of optimal

fitness values for three selected mode shapes is presented in Figure 9.2. Because the

SSC corresponding to the second mode shape (Mode 2) is always greater than that

of others, this mode shape will be used to provide features to illustrate the proposed

SPO ideas for damage identification.
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Figure 9.2: Comparison of ES results based on the SSC for three selected mode shapes.

The ADPR values calculated from the above two data sets were scaled so that their

range is within the interval [0,1], reducing the software’s precision requirements for

numeric calculations of objective functions involving signal strength.



9.3 Illustrative examples 123

9.3.3 Discussion on optimisation algorithms

Two optimisation algorithms are chosen here to show the whole optimisation process

specifically: a deterministic algorithm – an ES – and a stochastic algorithm – a genetic

algorithm (GA). Because of limitations in computer performance, a GA is mainly

used to realise the search tasks. Results from the ES will be used for validation. It

is necessary to say that the number of mother combinations presented in Section 9.2

is based on an ES. Finding the optimal result with a GA usually requires evaluating

far fewer combinations of the mother distribution. In the search process of the two

algorithms, the combination process of obtaining child distributions of a mother

distribution is the same.

The parameters used for the GA are as follows: population size is 50, probability of

crossover is 0.8, and probability of mutation is 0.01. The number of elite surviving

to the next generation equals 0.05 × population size (round toward positive infinity

to the nearest integer). Linear fitness scaling is used. The algorithm stops when the

average relative change in the fitness function is less than or equal to a tolerance.

Linear constraints defined in equation (8.2.3) are also used here. Considering the

randomness of the initial population for the GA, it was run 10 times for each case,

and the best among the 10 results was chosen as the final optimisation result. For

more information on GAs and how to choose or optimise the parameters for a GA,

please refer to [123].

An ES technique and a GA are first used to search for the optimal sensor distribution

without considering sensor failure. The comparison of these two results can help

to check the effectiveness of the GA. Furthermore, these two sets of results can be

compared with the following results that consider sensor failure aspects, which are

designed to be searched out via a GA. Part of the results corresponding to a small

number of sensors has also been searched exhaustively to verify the effectiveness of

the GA application.

Note that considering the scalability of the algorithm, an evolutionary algorithm is

suggested, because it will still be applicable when the number of candidate sensor

combinations is enormous. However, the reliability of optimal results will be an issue,

since evolutionary algorithms, such as the GA, may provide poor suboptimal results.

For this concern, a compromise solution is given here. A greedy algorithm can be

used to search for suboptimal results, which can often be obtained in much less time
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than an ES. The GA results are then compared to the greedy search results to ensure

that the GA results are at least as good as the greedy-search results.

9.4 Results and discussion

To more intuitively demonstrate the two ideas introduced in Section 9.2, take IF = 1

as an example, which means that the number of sensors assumed to have failed in

the design process is one. The number of backup sensors then corresponding to the

key sensors is also one. It is then easy to find that the sub-distribution with the

worst fail-safe with redundancy fitness should typically be obtained by performing

the combination [(I−IF)−IF]CIF in equation (9.10). However, for the case of IF = 1,

these sub-distributions of sensors are the child distributions corresponding to the

second-worst fail-safe fitness in the last step, which helps simplify the code.

At the risk of duplication, it should be stated that the fitness based on any of the four

optimisation objectives mentioned in Section 9.1 needs to be maximised to obtain

the optimal sensor distribution.

9.4.1 Optimisation results of improved fail-safe SPO

Firstly, the SPO based on DFIM is used to demonstrate the two-stage process of

obtaining the optimal improved fail-safe sensor distribution. At the first stage,

optimal fail-safe sensor distributions with four and five sensors are found by an ES

and listed in Table 9.1. The optimisation results for this type, with four to eight

sensors corresponding to a GA, are given in Table 9.2. The reasons for choosing the

number of sensors to be four to eight are as follows. The minimum number of selected

sensors depends on the number required to obtain valid fitness values for all four

optimisation objectives. When it comes to selecting the maximum number of sensors,

it needs to be said that, considering the reliability of the conclusions obtained, the

findings of this chapter will be based on the analysis of the results of the deterministic

search algorithm. Therefore, the computational cost limits the maximum number of

selected sensors by an ES to six. The optimal sensor distributions with seven and

eight sensors obtained by the GA were used to verify the applicability of the findings

obtained from the optimal sensor distributions of four to six sensors.
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The design of up to 8 sensors was selected from the 36 sensors, indicating that this

illustrative example considers the case where the sensors are not densely arranged

on the structure, which enables each sensor to collect mutually non-redundant

information to a certain extent. In practice, the sensors are generally not arranged

in large numbers on a simple structure or a part of a complex structure considering

data transmission, storage, and processing. However, this approach can be used to

optimise systems with densely-distributed sensors to account for the failure of some

key sensors that collect critical information.

Table 9.1: Optimal fail-safe sensor distributions obtained by an ES combined with the
DFIM.

No. of sensors Sensor number Fail-safe fitness

4 4,12a,33,35 6.169e-08
5 4,12,31,34,36 3.182e-07
6 12,16,24,28,34,35 1.147e-06
a The failure of a sensor at the position marked in blue will result in the worst fail-safe fitness.

Table 9.2: Optimal fail-safe sensor distributions obtained by an GA combined with the
DFIM.

No. of sensors Sensor number Fail-safe fitness

4 4,12,33,35 6.169e-08
5 5,12,31,34,36 3.182e-07
6 12,16,24,28,34,35 1.147e-06
7 12,16,22,24,28,31,34 1.980e-06
8 12,16,22,24,28,31,34,36 3.334e-06

From Tables 9.1 and 9.2, it can be seen that the sensor distributions with five sensors

obtained by the GA and the ES are a little different. However, by checking the

fail-safe fitness values of these two distributions, the result turns to be the same. This

result means that when the number of selected sensors is the same, multiple optimal

fail-safe sensor distributions with the same fail-safe fitness value can be obtained.

In this case, the fitness values of the mother distributions of these optimal fail-safe

sensor distributions can be used to evaluate their performance and rank them.

At the second stage, considering the performance of these optimal fail-safe sensor

distributions before any sensor fails, the sensor distribution with the largest DFIM

should be selected as the final optimal fail-safe sensor distribution. Therefore, after

obtaining the optimal fail-safe sensor distributions given by an ES or a GA at the first

stage, these results should be evaluated and updated following the steps in Section

9.2.1. The situation of all optimal fail-safe distributions with four to eight sensors
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generated by the GA results is given in Table 9.3, and the optimal improved-fail-safe

distributions with four to eight sensors are listed in Table 9.4. It can be seen that

the improved fail-safe approach can bring some benefits without increasing the cost

of the sensing equipment. By a similar two-stage optimisation process, the optimal

improved-fail-safe sensor distributions corresponding to an ES are shown in Table

9.5.

Table 9.3: Multiple optimal fail-safe sensor distributions corresponding to the DFIM.

No. of sensors Sensor number Fail-safe fitness Fitness

4 4,12,33,35 6.169e-08 4.923e-07
4,24,33,35 6.169e-08 4.851e-07
4,33,35,36 6.169e-08 4.840e-07

5 4,12,31,34,36 3.182e-07 1.408e-06
5,12,31,34,36 3.182e-07 1.284e-06
12,13,31,34,36 3.182e-07 1.073e-06
12,16,31,34,36 3.182e-07 1.479e-06
12,17,31,34,36 3.182e-07 1.234e-06
12,25,31,34,36 3.182e-07 1.107e-06
12,28,31,34,36 3.182e-07 1.621e-06
12,29,31,34,36 3.182e-07 1.151e-06

6 12,16,24,28,34,35 1.147e-06 2.783e-06
7 12,16,22,28,31,34,24 1.980e-06 3.940e-06

12,16,22,28,31,34,36 1.980e-06 4.140e-06
8 12,16,22,28,31,34,36 3.334e-06 6.128e-06

Table 9.4: Optimal improved-fail-safe sensor distributions obtained by a GA combined
with the DFIM.

No. of sensors Sensor number Fail-safe fitness Fitness

4 4,12b,33,35 6.169e-08 4.923e-07
5 12,28,31,34,36 3.182e-07 1.621e-06
6 12,16,24,28,34a,35 1.147e-06 2.783e-06
7 12,16,22,28,31,34,36 1.980e-06 4.140e-06
8 12,16,22,24,28,31,34,36 3.334e-06 6.128e-06
a The failure of a sensor at the position marked in blue will result in the worst fail-safe fitness.
b From a fail-safe perspective, the replaceable sensor location is marked in magenta.

Table 9.5: Optimal improved-fail-safe sensor distributions obtained by an ES combined
with the DFIM.

No. of sensors Sensor number Fail-safe fitness Fitness

4 4,12,33,35 6.169e-08 4.923e-07
5 12,28,31,34,36 3.182e-07 1.621e-06
6 12,16,24,28,34,35 1.147e-06 2.783e-06
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The same process, dependent on an ES and a GA, is repeated to search for the

optimal improved fail-safe sensor distributions corresponding to the other three

optimisation objectives – DFIM-ADPR, SSC and SSC-ADPR, and the results are

listed in Tables B.4 to B.9 in Appendix B.2.

9.4.2 Optimisation results of improved fail-safe with redund-

ancy SPO

The two-stage process of the improved-fail-safe SPO with redundancy is illustrated

using an objective function of a GA based on DFIM. At the first stage, the optim-

isation results of the fail-safe sensor distributions with redundancy obtained by a

GA are shown in Table 9.6. As before, more than one optimal result is included for

the case with the same number of selected sensor locations, which is shown in Table

9.7. Considering the performance of these sensor distributions before any sensor

fails, the sensor distribution with the largest DFIM should be selected as the optimal

improved-fail-safe sensor distribution with redundancy. Therefore, after obtaining

the optimal fail-safe sensor distributions with redundancy given by a GA, these

results should be evaluated and updated following the steps in Section 9.2.2 and

the improved optimisation results are shown in Table 9.8. These improved optimal

distributions with five and six sensors found by an ES are given in Table 9.9.

For other optimisation objectives, including the DFIM-ADPR, the SSC and the

SSC-ADPR, the results of the optimal improved-fail-safe sensor distributions with

redundancy obtained by a GA and an ES are shown in Tables B.10 to B.15 in

Appendix B.3.

Table 9.6: Optimal fail-safe sensor distributions with redundancy obtained by a GA
combined with the DFIM.

No. of sensors Sensor number Fail-safe fitness

5 13d,31,34,36 (36)c 1.631e-07
6 12,16,28,34 (34),36 7.242e-07
7 4,12,16,34 (34),35,36 1.306e-06
8 4,12,16,24,28,34 (34),36 2.147e-06
c Sensors in parentheses are redundant sensors placed to avoid the worst fail-safe fitness.
d The failure of a sensor at the position marked in green will result in the worst fail-safe with

redundancy fitness.

Similar to Section 9.4.1, a small number of sensors were selected in this part. However,
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Table 9.7: Multiple optimal fail-safe sensor distributions with redundancy corresponding
to the DFIM.

No. of sensors Sensor number Fail-safe fitness Fitness

5 4,31,34,36 (36) 1.631e-07 7.274e-07
5,31,34,36 (36) 1.631e-07 6.619e-07
13,31,34,36 (36) 1.631e-07 5.535e-07
16,31,34,36 (36) 1.631e-07 7.623e-07
17,31,34,36 (36) 1.631e-07 6.351e-07
28,31,34,36 (36) 1.631e-07 8.333e-07
29,31,34,36 (36) 1.631e-07 5.908e-07

6 12,16,28,34 (34),36 7.242e-07 1.587e-06
7 4,12,16,34 (34),35,36 1.306e-06 2.614e-06

4,12,28,34 (34),35,36 1.306e-06 2.822e-06
8 4,12,28,34 (34),35,36 2.147e-06 3.432e-06

Table 9.8: Optimal improved-fail-safe sensor distributions with redundancy obtained by
a GA combined with the DFIM.

No. of sensors Sensor number Fail-safe fitness Fitness

5 28b,31,34,36 (36)c 1.631e-07 8.333e-07
6 12,16,28d,34 (34),36 7.242e-07 1.587e-06
7 4,12,28,34 (34),35,36 1.306e-06 2.822e-06
8 4,12,16,24,28,34 (34),36 2.147e-06 3.432e-06
b From a fail-safe perspective, the replaceable sensor location is marked in magenta.
c Sensors in parentheses are redundant sensors placed to avoid the worst fail-safe fitness.
d The failure of a sensor at the position marked in green will result in the worst fail-safe with

redundancy fitness.

Table 9.9: Optimal improved-fail-safe sensor distributions with redundancy obtained by
an ES combined with the DFIM.

No. of sensors Sensor number Fail-safe fitness Fitness

5 28,31,34,36 (36) 1.631e-07 8.333e-07
6 12,16,28,34 (34),36 7.242e-07 1.587e-06

this approach can also be used in situations where a large number of sensors need to

be placed; this may cause some sensors to be brought close together to collect almost

the same information. So the question becomes one of, how to find the optimal

redundant sensor positions when the available sensor positions are limited and the

number of sensors is greater than the sensor positions. In this case, the fail-safe SPO

with redundancy in this chapter can be used as an alternative method to optimise

redundant sensor placements.
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9.4.3 Performance evaluation

In this part, three aspects will be discussed: the effectiveness of the GA algorithm,

the performance of the sensor distributions obtained by the fail-safe SPO and those

obtained by the fail-safe with redundancy SPO.

To better accomplish these tasks, except for the optimal sensor distributions con-

sidering sensor failure, the optimal sensor distributions only taking account of the

fitness of mother distributions are found via ES and GA optimisation strategies.

This kind of SPO strategy is called ‘classical’ SPO here. Four optimisation objectives

– DFIM, DFIM-ADPR, SSC and SSC-ADPR are all involved. The corresponding

results are shown in Tables B.16 and B.23 in Appendix B.4. Moreover, in the case of

a certain number of sensors, to compare the results of the three SPO strategies more

intuitively, the results of the classical SPO, the fail-safe SPO and the fail-safe with

redundancy SPO corresponding to four optimisation objectives are plotted in blue,

orange and yellow in Figures 9.3 to 9.6 separately.

Before comparing the optimal results obtained by the two applied search algorithms,

it should be noted that: (1) when comparing the optimal results corresponding

to an ES and a GA obtained by classical SPO (marked with a blue dash-dotted

line and a blue asterisk, respectively), the fitness value before the sensor failure

should be used, as shown in the left sub-figures and marked in blue. This choice

is because, for classical SPO, the sensor deployment is optimised according to the

fitness of the mother distribution. (2) For the optimal results obtained by the other

two optimisation strategies, it is necessary to compare the optimal fitness values

corresponding to two search algorithms after the failure of the marked sensor, as

shown in the right sub-figures and marked with orange or yellow dash-dotted lines

and asterisks, because, for these two SPO, the sensor deployment is optimised on

the worst child fitness.

It can be seen that the optimal sensor deployments with three to five sensors obtained

by the ES and the GA are the same. Furthermore, the fitness, fail-safe fitness or

fail-safe with redundancy fitness of the optimal sensor combinations with six sensors

obtained by both search algorithms are close to each other. Thus the GA adopted

here is effective for searching out optimisation results.

To check the performance of the sensor distributions obtained by the fail-safe SPO

and the fail-safe with redundancy SPO, different histograms of the fitness values
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corresponding to all sensor distributions with the same number of sensors from an

ES are also plotted in Figures 9.3 to 9.6 in green.

For the fail-safe SPO strategy, the expected result is that the performance of the

sensor system before any sensor failure is very similar between the classical and

fail-safe methods, while the worst-case performance of the sensor system obtained by

the fail-safe method is better than that of the sensor system corresponding to the

classical method after a critical sensor failure. This phenomenon can be observed

particularly in four pairs of figures: 9.3a & 9.3b, 9.4c & 9.4d, 9.4e & 9.4f, and 9.6e &

9.6f.

Overall, it can be found that the obtained improved-fail-safe sensor distribution

provides good performance when all sensors are working normally. Besides, it also

ensures that acceptable performance can be maintained when any sensor fails. For

the case when the optimal improved-fail-safe sensor distribution (in orange), is the

same as the optimal sensor distribution with the largest fitness (in blue), the obtained

fail-safe sensor distribution does not compromise the system performance before any

sensor fails, as demonstrated in Figures 9.3c & 9.3d and 9.6a & 9.6b.

When it comes to the fail-safe with redundancy SPO, results indicate that when

the number of sensors is greater than five, the performance corresponding to its

optimal result changes the least before and after the sensor failure; this means that

the redundant sensor is useful to increase the sensor system’s ability to withstand

sensor failures. However, for this kind of SPO, a pair of sensors is placed at the same

position, which will collect the same information. Therefore, although the sensor

failure has the least effect on the performance of the sensor distribution, the optimal

sensor distribution found via this optimisation strategy almost always has the worst

performance before and after a sensor fails compared with the other optimisation

approaches.
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(a) Before a sensor fails – four-sensor distribu-
tions.

(b) After a sensor fails – three-sensor distribu-
tions.

(c) Before a sensor fails – five-sensor distribu-
tions.

(d) After a sensor fails – four-sensor distribu-
tions.

(e) Before a sensor fails – six-sensor distribu-
tions.

(f) After a sensor fails – five-sensor distribu-
tions.

Figure 9.3: Comparison of the DFIM results of a GA, an improved-fail-safe GA and an
improved-fail-safe with redundancy GA, with the ES results.



132 9.4 Results and discussion

(a) Before a sensor fails – four-sensor distribu-
tions.

(b) After a sensor fails – three-sensor distribu-
tions.

(c) Before a sensor fails – five-sensor distribu-
tions.

(d) After a sensor fails – four-sensor distribu-
tions.

(e) Before a sensor fails – six-sensor distribu-
tions.

(f) After a sensor fails – five-sensor distribu-
tions.

Figure 9.4: Comparison of the DFIM-ADPR results of a GA, an improved-fail-safe GA
and an improved-fail-safe with redundancy GA, with the ES results. See Figures 9.3a
and 9.3a for legends.
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(a) Before a sensor fails – four-sensor distribu-
tions.

(b) After a sensor fails – three-sensor distribu-
tions.

(c) Before a sensor fails – five-sensor distribu-
tions.

(d) After a sensor fails – four-sensor distribu-
tions.

(e) Before a sensor fails – six-sensor distribu-
tions.

(f) After a sensor fails – five-sensor distribu-
tions.

Figure 9.5: Comparison of the SSC results of a GA, an improved-fail-safe GA and an
improved-fail-safe with redundancy GA, with the ES results. See Figures 9.3a and 9.3a
for legends.
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(a) Before a sensor fails – four-sensor distribu-
tions.

(b) After a sensor fails – three-sensor distribu-
tions.

(c) Before a sensor fails – five-sensor distribu-
tions.

(d) After a sensor fails – four-sensor distribu-
tions.

(e) Before a sensor fails – six-sensor distribu-
tions.

(f) After a sensor fails – five-sensor distribu-
tions.

Figure 9.6: Comparison of the SSC-ADPR results of a GA, an improved-fail-safe GA
and an improved-fail-safe with redundancy GA, with the ES results. See Figures 9.3a
and 9.3a for legends.
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(a) DFIM & Classical (b) DFIM & FS (c) DFIM & FSR

(d) DFIM-ADPR & Classical (e) DFIM-ADPR & FS (f) DFIM-ADPR & FSR

(g) SSC & Classical (h) SSC & FS (i) SSC & FSR

(j) SSC-ADPR & Classical (k) SSC-ADPR & FS (l) SSC-ADPR & FSR

Figure 9.7: Comparison of optimal six-sensor distributions obtained by three ES-based
optimisation strategies combined with four optimisation objectives. The selected sensor
locations are marked in red. The sensors whose failure will lead to the worst and the
second-worst child fitness are marked in blue and green. FS refers to fail-safe. FSR
refers to fail-safe with redundancy. The three black dots represent the three considered
damage scenarios in the second-round tests.

Note that the two improved fail-safe strategies cannot directly trade off the fitness of

the mother distribution and the fail-safe fitness of the child distribution. Although

the GA results in Figures 9.5e & 9.5f show the trade-off possibility, a possible reason

for the phenomenon shown in Figures 9.5e & 9.5f is that the GA fails to find the

optimal fail-safe sensor distribution, but instead finds a sub-optimal fail-safe sensor

distribution, which sacrifices less performance of the sensor system without a failed

sensor to consider the effect of sensor failure.

9.4.4 Optimal sensor distribution comparisons

In this part, the optimal sensor distributions with six and eight sensors found by

an ES and a GA respectively are plotted in Figures 9.7 and 9.8, to analyse the

distribution characteristics of sensors obtained using different optimisation objectives.
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(a) DFIM & Classical (b) DFIM & FS (c) DFIM & FSR

(d) DFIM-ADPR & Classical (e) DFIM-ADPR & FS (f) DFIM-ADPR & FSR

(g) SSC & Classical (h) SSC & FS (i) SSC & FSR

(j) SSC-ADPR & Classical (k) SSC-ADPR & FS (l) SSC-ADPR & FSR

Figure 9.8: Comparison of optimal eight-sensor distributions obtained by three GA-based
optimisation strategies combined with four optimisation objectives. The selected sensor
locations are marked in red. The sensors whose failure will lead to the worst and the
second-worst child fitness are marked in blue and green.

(a) ADPR used in mode identification task. (b) ADPR used in damage identification task.

Figure 9.9: Rescaled ADPR corresponding to 36 candidate sensor locations. The first
six maximum values are marked in red, and the next two are marked in magenta.

For each optimisation objective, the sensor distributions obtained by the two search

algorithms are similar. This phenomenon also reflects the reliability of GA results.

So far, it can be said that a GA can be used to search for a reliable optimisation

result when optimising a sensor system that is too complex for ES.
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The specific features of optimal distributions included are as follows: (1) by comparing

the optimal sensor distributions considering ADPR with the distribution of locations

with larger ADPR values shown in Figure 9.9, it can be seen that the addition of

signal strength in the fitness will have a certain impact on the result, but it is limited.

(2) Considering the signal strength in the objective function has a greater impact on

the optimisation results based on SSC than those based on DFIM. By comparing

Figures 9.3 and 9.5, it can be seen that a possible reason for this phenomenon is

that the difference in DFIM corresponding to different sensor combinations is larger

than the difference in SSC. Therefore, the addition of ADPR into the optimisation

objective has a more limited impact on the ranking of DFIM-based fitness. (3) As

expected, the optimal sensor distribution corresponding to SSC fitness is closer to

the damage points of interest. (4) Fail-safe SPO makes the selected sensors more

evenly dispersed on the structure to be monitored. This kind of deployment explains

to a certain extent why the performance of the fail-safe sensor distribution is good,

both before and after the sensor failure.

9.5 Conclusions

This chapter has designed an optimisation technique considering the effect of sensor

failure for a wired sensor system. Two SPO strategies, including the improved-

fail-safe SPO and the improved-fail-safe SPO with redundancy, were proposed for

modal identification and damage identification issues. From three perspectives (the

accuracy of the target modal-coordinate estimate, the vibration energy and the

information on the damage of interest), four objective functions, including the DFIM,

the DFIM-ADPR, the SSC and the SSC-ADPR, were adopted and combined with

two search algorithms, including a deterministic algorithm – an ES and a stochastic

algorithm – a GA to obtain the optimal sensor layouts.

A case study of a glider wing was demonstrated. By comparing with the classical SPO,

it has been found that the improved-fail-safe sensor distribution can provide good

performance when all sensors are working normally and guarantee good performance

when any sensor fails. Furthermore, the redundant sensor can help enhance the

sensor system’s ability to withstand sensor failures, but the overall performance is

not attractive; this shows that it is not advisable to place redundant sensors in a

wired sensor system to avoid the worst system performance because of damage to a
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key sensor. In the case of a certain number of sensors, the improved fail-safe SPO

can make the most effective use of sensor resources by placing the sensors in different

locations.



Chapter 10

Conclusions and future work

The final chapter will summarise the novel contributions contained in the thesis and

their benefits and limitations. In addition, possible applications will be discussed.

Plans for future work are presented at the end of this chapter.

10.1 Conclusions and benefits and limitations

The focus of this thesis is how to design a sensor system robust to environmental

variations and sensor failures for SHM systems based on statistical approaches. The

scope of this study belongs to the classical optimisation design, and there is an

assumption that some reliable data are available during the design phase, obtained

through model verification, validation and uncertainty quantification.

A comprehensive review was provided at the beginning of the thesis about the SHM

and SPO, which are based on statistical models. This review suggested the need for

some research on the design of sensor systems, considering the versatility of design

strategies and the performance requirements of the SHM system. There are three

directions mainly explored in this thesis, which are:

(1) Senor system design strategies to consider both the computational feasibility of

the methods and final system performance.

(2) Sensor system design approaches to dealing with the confounding effects of chan-

ging environmental conditions.

(3) Sensor system design methods involving the consequences of sensor failures and

139
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the countermeasures to sensor failures.

The background theories of machine learning algorithms for statistical pattern

recognition were provided in Chapter 3. They can help derive a statistical model

from training data to infer the health of a structure as new data emerges. Two

supervised algorithms, LAD and SVM, were then introduced. The equivalence

between LDA and CCA was also demonstrated, which set the stage for the study

of the SSC criteria in later chapters. In addition, two existing linear approaches,

PCA and MSD, were introduced and compared in this chapter as the second main

content. Both of them can be used to create features sensitive to damage but

insensitive to changing environmental or operational conditions, when two conditions

are satisfied: (1) The training data set should be collected under an appropriate range

of environmental or operational conditions that may be encountered. (2) A linear

subspace in the original data matrix exists to account for changing environmental or

operational conditions. Although there are some restrictions on using them, they are

both computationally convenient and efficient.

The topic was then moved to the basics of SPO for SHM in Chapter 4. This

chapter clarified that this thesis only studied the SPO that can be treated as a

combinatorial problem. Continuous cases, such as sensing area optimisation or sensor

size optimisation, were not considered. Some commonly-used optimisation algorithms

and optimisation objectives were systematically presented. The search algorithm can

be selected according to the available computational capability. The optimisation

objective can be chosen according to the characteristics of the data or the expected

performance of the monitoring system.

The primary data sets used for case studies in this thesis were from the experiment

on a glider wing, which was introduced in great detail in Chapter 5. The experiment

was conducted in an environmental chamber and the wing was tested in different

health states across a series of controlled temperatures. Three types of data were

collected, including time-series data, frequency-domain data and modal data. Two

rounds of experiments were carried out for different temperature conditions and

damage cases. The first round aims to explore the temperature effect on the structure

preliminarily. More comprehensive and challenging data were obtained in the second

round of testing, which corresponded to smaller damage sizes and more damage

locations.
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Chapter 6 began to investigate part of the first direction mentioned above, namely,

sensor system design strategies considering the computational feasibility of the

methods. The SSC was recommended as a criterion for assessing sensor combinations,

which was inherently immune to information redundancy and interaction issues. This

criterion can help to directly measure the effectiveness of data for predicting structural

states to a certain extent, without actually training a model on data. Two fast

calculation approaches of this criterion, h-correlation and the θ-angle, were provided

to speed up its calculation. It can be seen that the advantage of combining this

criterion with two fast computational strategies is the ability to evaluate sensor

combinations in a very efficient manner. However, these two acceleration strategies

can only be realised when combined with a greedy search. It means these selection

approaches can obtain only a suboptimal sensor combination. Furthermore, the SSC

can only evaluate linear relationships between two data matrices. To account for

nonlinear dependencies, some further processing steps will be required.

Considering data availability at the sensor system’s design stage, in addition to

providing a supervised method to evaluate the sensor combination, an unsupervised

way to achieve a similar function was also proposed in Chapter 6. Compared to

the supervised method, the unsupervised method needs one more step to acquire

the ‘labels’ from the feature set, which may be possible data clusters or projected

low-dimensional data. Note that there are four levels of data availability in this

thesis:

(1) Level one contains normal condition data only.

(2) Level two contains data for the normal condition and damage states.

(3) Level three contains both data and labels for normal and damage states.

(4) Level four contains data and labels for different health states and the labels for

different normal conditions.

For the first and second levels, the unsupervised strategy can be applied. For the

other two levels, the supervised strategy can be used. It also needs to be clarified

that the methods developed in Chapter 6 belong to the field of feature selection.

One synthetic data set, and eight real-world data sets from open data platforms were

used as case studies. An attempt was made here to summarise this chapter in the

context of SPO to make it easier for readers to fit these methodologies into the goal

of this article, sensor system design.

Chapter 7 more completely addressed the first direction mentioned above by estab-

lishing a tiered evaluation framework with two stages for sensor system design. At
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the first stage, a superior (optimal or sub-optimal) sensor combination for a fixed

number of sensors was determined. To make this framework more practical, the case

of having a large number of candidate sensors was also considered, which implied a

large number of candidate sensor combinations. Therefore, the criteria (objectives)

used at this stage should be computationally efficient, or some measures can be

taken to improve the calculation speed of the criteria. The criteria used in the filter

methods for feature selection are recommended at this stage, which measure the

relevance of features from sensors with the expected output variables, without the

need for model training. The MCC in this chapter and SSC and MI in Chapter 6

was given as three examples in this thesis to consider three different cases: the case

with a response vector or a label vector having a ranked ordering, the case with a

response matrix or a label matrix without ordering information, and the case in

which the relationship between features and output variables is non-linear. At the

second stage, the sensor type and the number of sensors were decided to finalise the

configuration of the superior sensor combination, by using criteria that can visually

indicate the final system performance. These criteria can be selected according to the

characteristics of the data and specific project requirements. Note that it is strongly

suggested to ensure that there is a connection between the criteria used at the two

stages. For example, if the objective for stage two is the purpose of designing this

system, then the objective for stage one can be abstracted from the purpose of the

system. A case study of a numerical model with uncertainty analysis was used to

concretely demonstrate the whole idea mentioned above.

Chapter 8 focussed on the second direction – SPO robust to environmental variations.

Before developing any new techniques working in this direction, first, the robustness

of the SPO technique to changing environments was examined for commonly-used fea-

tures extracted from three types of data, including the time-domain data, frequency-

domain data and modal parameters. These features are AR model coefficients,

MSD-based features and mode shapes. The case study used glider wing data sets

collected at different ambient temperatures. The results showed that the SPO results

for mode shapes combined with EI and EI-DPR were robust to the temperature

changes. However, the SPO results for MSD-based and AR-model-coefficient features

combined with SSC were sensitive to temperature variations. One possible reason

behind these phenomena is that the robustness of the results is highly dependent on

whether the relationship between features is affected by temperature.

Therefore, the second half of Chapter 8 was about SPO considering temperature
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effects. Two SHM SPO strategies that offered robustness to environmental effects by

using ESD-based features or MSD-based features were introduced and evaluated for

the cases with data availability at levels three and four. The difference between these

two strategies is whether the labels for temperature variation are observable or not.

The similarity is that both involve the temperature effect in optimisation by taking

temperature into account when deriving features for SPO. Note that both strategies

can still be used if the damage state data are unavailable, but the collected dependent

variable should be replaced with the extracted dependent variable, which is similar to

the idea of the unsupervised feature selection method in Chapter 6. Then, although

the results in the first half of this chapter showed that the SPO with features derived

from time series or FRFs needed to consider the environmental factors, the case

study of this part was dedicated only to features derived from the collected FRFs.

This situation was because the feature vector of AR model coefficients was not large

enough to provide a linear subspace to account for the temperature effect. Other

approaches to obtaining effective features from time series while considering the

temperature factor should be explored. The results of the case study indicated that

the robust SPO strategy using ESD-based features provided a sensor system with

higher sensitivity to damage detection. However, the strategy using MSD-based

features had a lower requirement for the data availability level.

The last research direction in this thesis, the SPO technique considering the sensor-

failure effect, was studied in Chapter 9. The improved-fail-safe SPO and improved-

fail-safe SPO with redundancy were proposed for two types of optimisation objectives

– modal identification and damage identification. The difference between these two

SPO strategies is that the improved-fail-safe SPO attempts to place the available

sensors in different locations while considering the system performance before and

after the failure of some critical sensors; however, the improved fail-safe SPO with

redundancy also retains some sensors as backup sensors for critical sensors, given the

same number of sensors. They are similar in that both strategies can only be applied

to design sensor systems that include critical sensors. The case study used the

mode shape data sets from the second round of tests. Four optimisation objectives

were selected, including the DFIM and the DFIM-ADPR, which considered the

modal identification issue, and SSC and SSC-ADPR, which considered the damage

identification issue. The results showed that, for both identification problems, the

sensor distribution obtained by the improved-fail-safe method provided a good

performance when the whole system worked normally. When any sensor failed,

the performance was still acceptable. Compared with the results of the classical



144 10.2 Future work and outlook

method and the improved fail-safe method with redundancy, the distribution of

sensors selected by the improved-fail-safe method was most dispersed. The sensor

distribution obtained by the fail-safe SPO with redundancy increased the ability of

the monitoring system to withstand sensor failures. However, the overall performance

was not attractive as some sensors were used as backup sensors to collect the same

information. This strategy can be applied to find optimal redundant sensor locations

when the number of sensors exceeds the available sensor locations.

Last but not least, it can be seen that the strategies developed in Chapters 8 and 9

can be attributed to the first stage of the design framework introduced in Chapter 7,

since the optimisation objectives used in these two chapters are not directly related

to the final performance of the SHM system based on machine learning algorithms.

As stated at the beginning of this section, the availability of reliable data needs

to be assumed for sensor system design using the method developed in this thesis.

If this assumption cannot be met, these methods can also be used to select data

from a large number of measurements to build a compact and robust model. It can

help reduce the computational power required to run a real-time SHM system and

improve the monitoring performance of the system.

10.2 Future work and outlook

The fast feature selection strategies presented in Chapter 6 can only evaluate the

linear relationship between features and output variables. Therefore, it is necessary

to modify these strategies or develop other techniques to consider the non-linear

relationship, which is crucial for building an SHM system to handle more complex

real-world problems. A possible direction is to utilise the kernel trick to evaluate

their relations in a kernel-defined feature space [124] or the locally linear embedding

technique to introduce a non-linear relationship [125].

In addition, due to the greedy nature of the algorithm used in the fast calculation,

the results provided by these calculation methods are sub-optimal. Other more

advanced techniques will be tried to help find better solutions. The method of

interest is called Shapley value, which assigns each feature its contribution to the

output [126]. However, the computational feasibility of obtaining these contribution

values is still an issue, and how to speed up the computation to obtain the results

could be explored.
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By reviewing classical vibration-based monitoring methods and recently developed

new sensing techniques [7, 127], measurable quantities in the context of structural

health monitoring can be digital signals, such as acceleration and velocity, or visualised

images, such as radar satellite data and camera-based images. These fast feature

selection strategies could be used to automatically extract features from visualised

images to further explore the possible application scenarios of these methods.

The evaluation framework proposed in Chapter 7 only considers the performance of

the SHM system to varying degrees. In actual engineering projects, it is inevitable

to refer to cost-related criteria. Therefore, cost-related evaluation studies should

also be conducted in the future to determine the final sensor system configuration.

The cost-related decision-making framework presented in [128] could be used for

reference.

The strategies developed in Chapters 8 and 9, including two SPO strategies that are

robust to environmental variations and two SPO strategies that are robust to sensor

failures, are mainly demonstrated in a supervised way. These strategies can also

be applied in an unsupervised manner. In this case, the collected output variables

should be replaced with the extracted output variables, as previously mentioned.

This work could help to fully demonstrate the benefits of these strategies.

Furthermore, in Chapter 9, in addition to mode shapes, other data types, including

time- and frequency-domain data, will be covered to further explore the feasibility

and characteristics of the improved fail-safe SPO techniques. If the data are suitable,

the three optimisation methods (classical, improved fail-safe, improved fail-safe with

redundancy) will be compared in the presence of uncertainty in the optimisation

process, and a cost-related optimisation objective or multi-objective optimisation

will be considered.

Finally, two additional directions related to sensor system design are suggested here:

(1) Extend the current research area to Bayesian optimisation design. A good example

can be seen in [47].

(2) Investigate methods to incorporate possible parametric and non-parametric

uncertainties of structural systems to provide valuable data at the design stage,

including intrusive and non-intrusive formulations. Improving the availability and

reliability of the data during the design phase can further advance the field of optimal

design.





Appendix A

A.1 A simple moving average

A simple moving average (SMA) of the nth data point is the unweighted mean of the

previous (m− 1) data point and itself, which is given by [129],

SMAn =
1

m

n∑
i=n−m+1

pi (A.1)

where pi is the value of the ith original data point, and m is the number of entries

included in the average.

To remove noise in the time series data so that it is suitable for fitting an AR model,

the appropriate number of entries m needs to be determined. The time series from

36 sensors at five controlled temperatures (from 5◦C to 25◦C at intervals of 5◦C)

were used to achieve this goal. For each m, a newly generated time-series data set

was obtained, and an AR model with 20 lags was trained for each time series. The

RMSE normalised by the standard derivation of the observed time series was used

as the criterion for accessing the suitability of each m. For m ranging from 1 to

60, the averaged results of the normalised RMSE of 36 sensors at five temperatures

are shown in Figure A.1. It can be seen that the number of entries for the SMA

calculation should be 15, which corresponds to the AR model with the smallest

normalised RMSE for all five temperatures.
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Figure A.1: The relationship between the number of SMA lags and the normalised
RMSE.

A.2 An autoregressive model

An AR is one of the most commonly used discrete-time models to describe a system

whose inherent behaviour can be characterised by a linear approximation [130]. It

can be formulated as,

y(n) + a1y(n− 1) + · · ·+ amy(n−m) = ξ(n) (A.2)

where y(n) is the nth output signal point, m is the model order, y(n −m) is the

mth past series value (lag), and {ξ(n)} is the noise sequence which is assumed to be

independently and identically distributed. The model parameters [a1, . . . , ak] can be

estimated by a least-squares algorithm.
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Figure A.2: The normalised RMSE of AR models with 20 lags corresponding to 36
sensors at five different temperatures.

To find the suitable number or lags, m from one to 80 was tried, and again the

RMSE normalised by the standard derivation of the observed time series was used
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as the criterion to access each m. m = 20 was finally selected as the order of the AR

model. The normalised RMSE values of AR models with 20 lags corresponding to

36 sensors at five different temperatures are shown in Figure A.2.





Appendix B

B.1 Optimal sensor distributions for three selected

modes

Table B.1: Optimal sensor distributions obtained by an ES combined with the SSC for
Mode 1.

No. of sensors Sensor Number

1 15
2 2,17
3 2,15,32
4 1,12,17,36
5 4,28,32,35,36
6 3,5,7,15,20,34

Table B.2: Optimal sensor distributions obtained by an ES combined with the SSC for
Mode 2.

No. of sensors Sensor Number

1 34
2 8,34
3 8,27,34
4 1,8,27,34
5 3,15,17,18,32
6 5,10,15,17,18,32
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Table B.3: Optimal sensor distributions obtained by an ES combined with the SSC for
Mode 4.

No. of sensors Sensor Number

1 11
2 16,31
3 16,34,35
4 3,11,16,34
5 7,8,13,29,35
6 3,10,16,25,27,31

B.2 Improved fail-safe SPO results

Table B.4: Optimal improved-fail-safe sensor distributions obtained by a GA combined
with the DFIM weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

4 5,12,28b,36 2.707e-08 2.384e-07
5 24,28,31,34,36 6.195e-07 3.170e-06
6 4,24,28,34,35,36a 1.781e-06 6.260e-06
7 4,12,24,28,34,35,36 5.047e-06 1.266e-05
8 12,16,24,28,31,34,35,36 8.679e-06 1.924e-05
a The failure of a sensor at the position marked in blue will result in the worst fitness.
b From a fail-safe perspective, the replaceable sensor location is marked in magenta.

Table B.5: Optimal improved-fail-safe sensor distributions obtained by an ES combined
with the DFIM weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

4 5,12,28,36 2.707e-08 2.384e-07
5 24,28,31,34,36 6.195e-07 3.170e-06
6 16,24,28,34,35,36 1.794e-06 6.324e-06

Table B.6: Optimal improved-fail-safe sensor distributions obtained by an GA combined
with the SSC.

No. of sensors Sensor number Fail-safe fitness Fitness

2 3,34 0.363 0.781
3 8,27,34 0.756 1.393
4 3,8,30,34 1.164 1.504
5 3,8,27,30,34 1.504 1.719
6 1,15,18,25,30,34 1.890 2.225
7 1,3,17,18,25,30,34 2.083 2.327
8 1,4,17,18,25,26,30,34 2.359 2.513
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Table B.7: Optimal fail-safe sensor distributions obtained by a ES combined with the
SSC.

No. of sensors Sensor number Fail-safe fitness Fitness

2 3,34 0.363 0.781
3 8,27,34 0.756 1.393
4 3,8,30,34 1.164 1.504
5 3,8,27,30,34 1.504 1.719
6 1,8,15,25,30,34 1.937 2.008

Table B.8: Optimal improved-fail-safe sensor distributions obtained by an GA combined
with the SSC weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

2 24,36 0.144 1.098
3 12,24,36 0.776 2.542
4 3,12,24,36 1.918 4.262
5 3,12,16,24,36 2.980 5.571
6 3,12,24,28,32,36 4.100 6.917
7 3,12,21,24,28,32,36 4.995 7.634
8 11,12,23,24,28,29,33,36 5.903 9.018

Table B.9: Optimal improved-fail-safe sensor distributions obtained by a ES combined
with the SSC weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

2 24,36 0.144 1.098
3 12,24,36 0.776 2.542
4 3,12,24,36 1.918 4.262
5 3,12,16,24,36 2.980 5.571
6 3,12,24,28,32,36 4.100 6.917

B.3 Improved fail-safe with redundancy SPO res-

ults

Table B.10: Optimal improved-fail-safe sensor distributions with redundancy obtained
by a GA combined with the DFIM weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

5 28,31,34,36 (36)c 1.812e-07 9.313e-07
6 24,28 (28),34,35,36d 9.469e-07 3.382e-06
7 12,16,24,28,34 (34),36 2.575e-06 6.4660e-06
8 4,12,16,24,34 (34),35,36 5.277e-06 1.181e-05
c Sensors in parentheses are redundant sensors placed to avoid the worst fitness.
d The failure of a sensor at the position marked in green will result in the second worst fitness.
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Table B.11: Optimal improved-fail-safe sensor distributions with redundancy obtained
by an ES combined with the DFIM weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

5 28,31,34,36 (36) 1.812e-07 9.313e-07
6 24,28 (28),34,35,36 9.469e-07 3.382e-06

Table B.12: Optimal improved-fail-safe sensor distributions with redundancy obtained
by a GA combined with the SSC.

No. of sensors Sensor number Fail-safe fitness Fitness

3 8,34 (34) 0.379 0.943
4 8 (8),21,34 0.834 0.963
5 3,8,27,34 (34) 1.209 1.675
6 3,8,27 (27),30,34 1.567 1.719
7 3,15 (15),17,18,26,32 1.911 2.235
8 3,5,15 (15),17,18,26,32 2.217 2.391

Table B.13: Optimal improved-fail-safe sensor distributions with redundancy obtained
by an ES combined with the SSC.

No. of sensors Sensor number Fail-safe fitness Fitness

3 8,34 (34) 0.379 0.943
4 8 (8),21,34 0.834 0.963
5 3,8,27,34 (34) 1.209 1.675
6 3,8,27 (27),30,34 1.567 1.719

Table B.14: Optimal improved-fail-safe sensor distributions with redundancy obtained
by a GA combined with the SSC weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

3 12,24 (24) 0.268 1.296
4 12,24 (24),36 1.098 2.542
5 12,16,24 (24),36 2.240 3.798
6 1,3,12 (12),24,36 3.125 5.098
7 3,12,24 (24),28,32,36 4.272 6.917
8 3,12,24 (24),28,32,33,36 5.207 7.870

Table B.15: Optimal improved-fail-safe sensor distributions with redundancy obtained
by an ES combined with the SSC weighted by the ADPR.

No. of sensors Sensor number Fail-safe fitness Fitness

3 12,24 (24) 0.268 1.296
4 12,24 (24),36 1.098 2.542
5 12,16,24 (24),36 2.240 3.798
6 1,3,12 (12),34,36 3.125 5.098
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B.4 SPO results based on the fitness of mother

distributions

Table B.16: Optimal sensor distributions obtained by an ES combined with the DFIM.

No. of sensors Sensor Number Fitness Worst child fitness

3 28,34,36 4.399e-07 N/A
4 12,28a,34,36 8.566e-07 1.124e-09
5 12,28,31,34,36 1.621e-06 3.182e-07
6 12,16,28,34,35,36 2.855e-06 1.142e-06
a The failure of a sensor at the position marked in blue will result in the worst fitness.

Table B.17: Optimal sensor distributions obtained by a GA combined with the DFIM.

No. of sensors Sensor Number Fitness Worst child fitness

3 28,34,36 4.399e-07 N/A
4 12,28,34,36 8.566e-07 1.124e-09
5 12,28,31,34,36 1.621e-06 3.182e-07
6 12,16,28,34,35,36 2.855e-06 1.142e-06
7 12,16,22,28,31,34,36 4.140e-06 1.980e-06
8 12,16,22,24,28,31,34,36 6.128e-06 3.334e-06

Table B.18: Optimal sensor distributions obtained by an ES combined with the DFIM
weighted by the ADPR.

No. of sensors Sensor Number Fitness Worst child fitness

3 28,34,36 4.658e-07 N/A
4 24,28,34,36 1.623e-06 7.576e-10
5 12,24,28,34,36 3.457e-06 4.598e-09
6 12,24,28,34,35,36 6.887e-06 1.793e-07

Table B.19: Optimal sensor distributions obtained by a GA combined with the DFIM
weighted by the ADPR.

No. of sensors Sensor Number Fitness Worst child fitness

3 28,34,36 4.658e-07 N/A
4 24,28,34,36 1.623e-06 7.576e-10
5 12,24,28,34,36 3.457e-06 4.598e-09
6 12,24,28,31,34,36 6.682e-06 1.309e-06
7 4,12,16,24,34,35,36 1.181e-05 4.772e-06
8 4,12,16,24,28,34,35,36 1.873e-05 7.594e-06
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Table B.20: Optimal sensor distributions obtained by an ES combined with the SSC.

No. of sensors Sensor Number Fitness Worst child fitness

1 34 0.379 N/A
2 8,34 0.943 0.289
3 8,27,34 1.393 0.756
4 1,8,27,34 1.779 1.067
5 3,15,17,18,32 2.125 1.467
6 5,10,15,17,18,32 2.500 1.644

Table B.21: Optimal sensor distributions obtained by a GA combined with the SSC.

No. of sensors Sensor Number Fitness Worst child fitness

1 34 0.379 N/A
2 8,34 0.943 0.289
3 8,27,34 1.393 0.756
4 1,8,27,34 1.779 1.067
5 3,15,17,18,32 2.125 1.467
6 5,10,15,17,18,32 2.500 1.644
7 5,15,18,24,26,27,28 2.596 1.752
8 4,6,13,18,20,24,33,35 2.653 1.934

Table B.22: Optimal sensor distributions obtained by an ES combined with the SSC
weighted by the ADPR.

No. of sensors Sensor Number Fitness Worst child fitness

1 24 0.268 N/A
2 12,24 1.296 0.131
3 12,24,36 2.542 0.776
4 3,12,24,26 4.262 1.918
5 3,12,24,32,36 5.708 2.833
6 3,12,24,29,32,36 6.918 3.489

Table B.23: Optimal sensor distributions obtained by a GA combined with the SSC
weighted by the ADPR.

No. of sensors Sensor Number Fitness Worst child fitness

1 24 0.268 N/A
2 12,24 1.296 0.131
3 12,24,36 2.542 0.776
4 3,12,24,26 4.262 1.918
5 3,12,24,32,36 5.708 2.833
6 12,21,22,24,34,36 6.860 3.331
7 4,11,12,16,24,33,36 8.279 4.951
8 1,6,9,12,16,21,24,36 9.287 4.631



Appendix C

C.1 An illustration of the canonical-correlation-

based fast feature selection

The seven instances from the Fisher’s iris dataset [72] are given in Table C.1. There

are four features used to classify three species of Iris flowers. The goal is to select

three of the four features for this classification task.

Sepal Length Sepal Width Petal Length Petal Width Species

5.1 3.5 1.4 0.2 setosa
4.9 3 1.4 0.2 setosa
7 3.2 4.7 1.4 versicolor
6.4 3.2 4.5 1.5 versicolor
6.3 3.3 6 2.5 virginica
5.8 2.7 5.1 1.9 virginica
7.1 3 5.9 2.1 virginica

Table C.1: Fisher’s Iris Dataset Sample.

The feature matrix is given by,

X = (x1,x2,x3,x4) =


5.1 4.9 7 6.4 6.3 5.8 7.1

3.5 3 3.2 3.2 3.3 2.7 3

1.4 1.4 4.7 4.5 6 5.1 5.9

0.2 0.2 1.4 1.5 2.5 1.9 2.1


⊤

,
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and the dummy encoded label matrix is,

Y =

(
1 1 0 0 0 0 0

0 0 1 1 0 0 0

)⊤

,

where (1, 0) represents setosa, (0, 1) represents versicolor, and (0, 0) represents

virginica. Therefore, let N = 7, n = 4, and m = 2. The process of the fast canonical

correlation-based feature selection method is shown below.

First, centre X into XM, which is given by,

XM =


−0.9857 −1.1857 0.9143 0.3143 0.2143 −0.2857 1.0143

0.3714 −0.1286 0.0714 0.0714 0.1714 −0.4286 −0.1286
−2.7429 −2.7429 0.5571 0.3571 1.8571 0.9571 1.7571

−1.2000 −1.2000 0.0000 0.1000 1.1000 0.5000 0.7000


⊤

.

Then, centre Y into YM, which is given by,

YM =

(
0.7143 0.7143 −0.2857 −0.2857 −0.2857 −0.2857 −0.2857
−0.2857 −0.2857 0.7143 0.7143 −0.2857 −0.2857 −0.2857

)⊤

.

As N > n+m, let FX = [XM]U and FY = [YM]U, where,

FX =


1.8286 −0.9433 0.4666 −0.1315 −0.0102 0.0041

−0.1782 −0.2150 0.2037 0.5233 0.0306 −0.0016
4.7824 0.2504 −0.0530 −0.0040 0.0116 −0.0086
2.1445 0.4445 −0.0823 0.1837 −0.0543 0.0111


⊤

,

FY =

(
−1.1535 0.1772 0.2389 0.0557 −0.0799 −0.0090
0.2424 −1.0723 −0.4584 0.0952 −0.0301 −0.0022

)⊤

.

Here, the orthonormal basis U is obtained by singular value decomposition of the
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matrix (XM,YM), and U is given by,

U =



−0.5724 −0.5810 0.1497 0.0927 0.3680 0.1695 0.3736

0.0263 0.1509 −0.6540 −0.4183 0.4083 0.4540 0.0327

0.3015 −0.0626 0.0298 −0.4881 0.0159 −0.4662 0.6697

0.3769 −0.3212 −0.0979 0.1931 0.6321 −0.4206 −0.3625
0.5397 −0.6196 0.0554 −0.0855 −0.3155 0.4621 −0.0366
0.0668 −0.0759 −0.6273 0.6251 −0.2359 −0.1207 0.3679



⊤

.

Then, the modified Gram-Schmidt process is applied to FY to obtain V, that is,

V =

(
−1.1535 0.1772 0.2389 0.0557 −0.0799 −0.0090
−0.2190 −1.0014 −0.3628 0.1175 −0.0621 −0.0058

)⊤

.

Now, Xs is empty, and Xa is the same as X. Correspondingly, FXs is empty and

FXa is the same as FX. Since Ws is empty, Wa = FXa .

The angle between wai and V are evaluated by,

cos2
(
Θ(wa1,V)

)
= θ1,1 + θ1,2 = 0.7386 + 0.0242 = 0.7628

cos2
(
Θ(wa2,V)

)
= θ2,1 + θ2,2 = 0.1047 + 0.1217 = 0.2264

cos2
(
Θ(wa3,V)

)
= θ3,1 + θ3,2 = 0.9184 + 0.0595 = 0.9779

cos2
(
Θ(wa4,V)

)
= θ4,1 + θ4,2 = 0.8331 + 0.1273 = 0.9604.

(C.1)

Because the petal length (x3) has the maximum cosine of the angle, it is put into

Xs. The rest of the features contained in Xa are sepal length, sepal width, and petal

width.

According to the current Xs and Xa, update FXs and FXa , that is,

Ws = FXs =
(
4.7824 0.2504 −0.0530 −0.0040 0.0116 −0.0086

)⊤
. (C.2)

By the modified Gram-Schmidt process, FXa can be orthogonalised to Ws, which is
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given by,

Wa =

 0.0596 −1.0359 0.4862 −0.1300 −0.0145 0.0073

0.0133 −0.2049 0.2016 0.5232 0.0310 −0.0019
−0.0177 0.3313 −0.0584 0.1855 −0.0595 0.0150


⊤

. (C.3)

The angle between wai and V are evaluated by,

cos2
(
Θ(wa1,V)

)
= θ1,1 + θ1,2 = 0.0107 + 0.4352 = 0.4458

cos2
(
Θ(wa2,V)

)
= θ2,1 + θ2,2 = 0.0011 + 0.0830 = 0.0841

cos2
(
Θ(wa3,V)

)
= θ3,1 + θ3,2 = 0.0296 + 0.4348 = 0.4644.

(C.4)

Because the petal width (x4) has the maximum cosine of the angle, the features now

contained in Xs are petal length and petal width, and the features in Xa are sepal

length and sepal width.

According to the current Xs and Xa, update (FXs and FXa) again. The matrix Ws

is obtained by appending the third column of (C.3) to (C.2), which is given by,

Ws =

(
4.7824 0.2504 −0.0530 −0.0040 0.0116 −0.0086
−0.0177 0.3313 −0.0584 0.1855 −0.0595 0.0150

)⊤

.

By the modified Gram-Schmidt process, each column of FXa is orthogonalised to

Ws, respectively, to obtain Wa, that is,

Wa =

(
0.0135 −0.1714 0.3339 0.3541 −0.1698 0.0463

0.0151 −0.2383 0.2075 0.5045 0.0370 −0.0034

)⊤

.

The angle between wai and V are evaluated by,

cos2
(
Θ(wa1,V)

)
= θ1,1 + θ1,2 = 0.0105 + 0.0277 = 0.0382

cos2
(
Θ(wa2,V)

)
= θ2,1 + θ2,2 = 0.0004 + 0.1103 = 0.1108.

(C.5)

The sepal width (x2), which has the maximum cosine of the angle, is put into Xs.

The feature selection process ends here.

To verify the equality between the definition-based method and the θ-angle method,
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the left-hand side of (6.9) is given by,

R2
1((x3,x4,x2),Y) +R2

2((x3,x4,x2),Y) = 0.9905 + 0.5626

= 1.5531,

and the right-hand side of (6.9) is given by the sum of the maxima in (C.1), (C.4)

and (C.5), that is 0.9779 + 0.4644 + 0.1108 = 1.5531.
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