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Abstract

We study a class of zero-sum games between a singular-controller and a stopper
over finite-time horizon. In the first part of the thesis, the underlying process
is a multi-dimensional (locally non-degenerate) controlled stochastic differential
equation (SDE) evolving in an unbounded domain. We prove that such games
admit a value and provide an optimal strategy for the stopper. The value of
the game is shown to be the maximal solution, in a suitable Sobolev class, of a
variational inequality of ‘min-max’ type with obstacle constraint and gradient
constraint. Although the variational inequality and the game are solved on an
unbounded domain we do not require boundedness of either the coefficients of
the controlled SDE or of the cost functions in the game. In the second part we
extend the result to two classes of games that may be referred to as "degenerate"
cases: (i) we study games with a constrained control direction and (ii) games with
degenerate diffusion coefficient. Through approximation procedures, we obtain

the existence of the value of the game and the optimal strategy for the stopper.
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Chapter 1
Introduction

The topic of this thesis is zero-sum (stochastic) games (ZSGs) between a
stopper and a controller. Here zero-sum refers to a two-player game in which the
players exchange a payoff when the game ends. The first player (the controller)
uses a control that affects the dynamics of the underlying process and the second
player (the stopper) decides when the game ends by choosing a stopping time. The
controller pays the stopper, so the controller tries to minimise the payoff while
the stopper tries to maximise it. This game is a combination of two well-known
and widely studied problems: an optimal stopping problem and a singular control
problem.

Optimal stopping was initially introduced by Wald in his theory of the sequen-
tial probability ratio test in 1945 (see [66]). Few years later, the problem was
studied from a more probabilistic perspective by Snell (see [60]) who characterised
the solution using martingale theory and showed that the value process related to
the optimal stopping problem is the smallest supermartingale that dominates the
payoff process (the so-called Snell’s envelope). Snell’s contribution led to what we
know nowadays as the martingale approach. In the same years, problems with
Markovian structure were studied by several authors, including, in particular,
Dynkin [22], Shiryaev [58] and McKean [53]. This led to the so-called Markovian
approach which has strong ties with the theory of partial differential equations.
Optimal stopping problems are encountered in several research areas and they
have received wide attention. For example, in Wald’s sequential testing problem
an optimiser wants to perform a hypothesis test on a stochastic system. After

a period of observation of the system’s dynamics, the observer should decide
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whether to keep or reject the null hypothesis. The time at which the decision is
made should be chosen as an optimal stopping time in a suitable optimal stopping
problem. Another famous application of optimal stopping theory is in mathem-
atical finance, where it is used to compute the price of American options. An
introduction to all these aspects can be found in the monographs by Shiryaev [59],
El Karoui [23| and Peskir and Shiryaev [56]. In particular Chapters 1, 6, 7 and
8 in [56] contain results obtained using both the martingale and the Markovian
approach, applications in mathematical statistics, in mathematical finance and in
financial engineering. Other applications in mathematical finance from a more
economic perspective can be found in the monograph by Dixit and Pindyck [21].
Finally, in [56] it is also shown an important connection between optimal stopping
problems and free boundary problems. Free boundary problems concern the study
of solutions of PDEs inside domains that must be determined as part of the
solution itself. It turns out that the value function V' of an optimal stopping
problem is the solution U of a free boundary problem in which the free boundary
is determined via an obstacle constraint on U.

Similarly, free boundary problems arise in the study of singular control problems
in which an optimiser tries to minimise (or maximise) in expectation a functional
dependent on a singularly controlled stochastic process. The peculiarity of singular
controls is that they are stochastic processes which are not absolutely continuous
with respect to the Lebesgue measure as functions of time. In contrast the so-called
‘classical’” controls admit a density (Radon-Nikodym derivative) with respect to
the Lebesgue measure as functions of time. One of the first contribution on
singular stochastic control (SSC) problems was made by Bather and Chernoff [3]
in 1967. Later on, Benes et al. [7] solved explicitly a problem of singular control in
1980. Singular controls have found applications in several research areas such as
aerospace engineering [4], mathematical finance [18] and [9], mathematical biology
[2], and others. The value function V' of a singular control problem is the solution
U (in a suitable sense) of a free boundary problem in which the free boundary
is determined via a gradient constraint on U itself. The existence of an optimal
control is related to the solvability of a so-called Skorohod reflection problem. The
Skorohod problem is the problem of keeping an (optimally) controlled dynamics
in the domain defined by the free boundary. This problem can be solved in
some special cases (see, e.g., [51], [46], [31]) but it is a difficult task for general



multi-dimensional setting (see Remark 5.2 in [10]). Indeed, the existence of an
optimal control in the multi-dimensional framework relies on the regularity of the
value function, the free boundary and the direction of reflection at this boundary;
there is no general theory to address the problem and we do not consider such
question in this dissertation. To conclude, it is worth mentioning a connection
between singular stochastic control and optimal stopping (see [40] and [41]). In
dimension one, such connection can be easily stated: it turns out that under
suitable assumptions the derivative with respect to the controlled state variable of
the value function of a singular control problem is the value function of a suitable
optimal stopping problem; consequently, the free boundary for the singular control
problem coincides with the optimal stopping boundary in the associated stopping
problem.

The aim of this dissertation is to combine optimal stopping and singular control
in a ZSG. Here, we introduce the framework used in Chapter 3 which leads to our
main result (variations of this formulation will be considered in Chapter 4): we
consider a class of ZSGs on a finite-time horizon [0, 7] between a controller and a
stopper. The underlying stochastic dynamics X™"! is given by a d-dimensional,

singularly controlled, stochastic differential equation of the form
ax" = p(xX"Nat + o(X"NaAW, + nydyy, (1.1)

where W is a d’-dimensional Brownian motion (with d < d’) and the control
pair (ng, 14)ieo.) is given by a unitary vector ny(w) € R? and a real valued, right-
continuous, increasing process v;(w). The resulting dynamics is ‘singular’ because
the mapping ¢ — 14(w) need not be absolutely continuous with respect to the
Lebesgue measure; it does not need to be even continuous. The stopper chooses a

stopping time 7 deciding when the game ends and she receives
eyt + 7, XV 4 / e " h(t + s, X" ds (1.2)
0

+ / e " f(t + 5, X" ody,
[0,7]

from the controller. Here g(t, x) is the terminal payoff, h(t, z) is the running payoff
and f(t,x) is the cost per unit of control exerted. Using a blend of analytical and

probabilistic techniques we prove that the game admits a value v which is the
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maximal solution in a suitable Sobolev space of the variational inequalities:

min { max {atu +Lu—ru+h,g— u},f — |Vu|d} =0, (13
max{min{@tu—i-ﬁu—ru—l—h,f—|Vu\d},g—u}:0, .

with terminal condition w(7T,x) = g(T, x); the above equations should be under-
stood in the almost everywhere sense on [0, 7] x R?. Here, the operator £ is the
infinitesimal generator of the uncontrolled SDE, > 0 is a constant discount rate
and | - |4 is the Euclidean norm in R?. We are able to provide an optimal stopping
rule for the stopper and we can derive an e-optimal strategy for the controller for
any € > 0 (Remark 3.35).

The two variational problems in (1.3) have not received much attention in the
literature and they pose a number of challenges. The first obvious one is that
swapping the order of ‘min’ and ‘max’ is non-trivial and it relates in some sense to
proving the equivalence between the so-called upper and lower value of the game.
Secondly, a solution of the variational problem is subject to two hard constraints:
an obstacle constraint u > ¢ and a gradient constraint |Vu|s < f. Thirdly, we
solve the problem on an unbounded domain but without imposing boundedness of
the coefficients of the SDE or of the payoff functions, and without requiring uniform
ellipticity of the matrix oo " in the whole space. These seem important technical
improvements even when compared to variational inequalities on unbounded
domains for singular control problems (e.g., Chow et al. [17], Soner and Shreve
[61, 62], Menaldi and Taksar [54] and Zhu [69]) or optimal stopping games (e.g.,
Friedman [28] and Stettner [63]). The two hard constraints characterise the free
boundaries of the problem which can be defined as the boundaries of the sets
{(t,z) :u(t,x) > g(t,x)} and {(t,z) : |Vu(t,z)|a < f(t,z)}. A priori, we do not
know anything about these two sets, and their boundaries could be very irregular.

The study of controller-stopper ZSGs originates from work by Maitra and
Sudderth [52] in 1996. A ‘gambler’ selects a conditional distribution ¢ = (o, <1, . . .)
from a suitable class for a discrete-time process (X,,)nen C S with Xy = x, and a
stopper ends the game at a stopping time 7 of her choosing. The stopper pays

an amount u(X,) to the gambler, for some bounded function u. We say that the



game admits a value if the following holds

v(z) = supinf E[u(X;)|Xo = 2] = inf sup E[u(X;)|Xo =2]| forallz e S.
S T T S

It is proven in [52] that the game admits a value and an e-optimal Markov family

of strategies under general assumptions on the state space, the reward function,

the class of stopping times and the class of admissible controls. We will give more

details on this and next examples of problems in Chapter 2.

The above problem was later cast in a continuous-time infinite horizon frame-
work by Karatzas and Sudderth [42] who consider a one-dimensional It6 diffusion
in a interval whose drift and diffusion coefficients are chosen by the controller
from a suitable class. They obtain (almost explicit) optimal strategies for both
players using methods based on the general theory of one-dimensional linear
diffusions. Weerasinghe [67| studied a similar problem, in which the underlying
dynamics is a one-dimensional SDE whose diffusion coefficient is controlled and is
allowed to vanish, and finds that the game admits a value that is not continuously
differentiable as function of the initial state of the process.

Following those early contributions, the literature on controller-stopper ZSGs
(and to some extent also nonzero-sum games) has grown steadily. A wide variety
of methods has been deployed spanning, for example, martingale theory (Karatzas
and Zamfirescu [44]), backward stochastic differential equations (e.g., Hamadéne
and Lepeltier [32], Hamadeéne [33], Choukroun et al. [16]) and solution of variational
problems via viscosity theory (e.g., Bayraktar and Huang [5] and Bayraktar and
Young [6]). A common denominator of those papers is that the controller uses
so-called ‘classical’ controls, i.e., progressively measurable maps (t,w) — a;(w)
that enter the drift and diffusion coefficient, b and o of the controlled SDE in the
form

dX? = b(Xta, Oét)dt + O'(X;l, Oét)th.

From an analytical point of view, those games are connected to Hamilton-Jacobi-
Bellman (HJB) equations with obstacle constraint but without gradient constraint,
hence different from (1.3). A main difference across those contribution is that
[5] does not require the diffusion coefficient to be uniformly non-degenerate in
contrast to [33| and [44] where the condition is a crucial assumption to perform a

Girsanov transformation of the probability measure.
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Much less attention instead has been devoted to the study of games in which
the controller can adopt singular controls as in (1.1). A notable contribution to
this strand of the literature was given by Hernandez-Hernandez et al. [35] who
consider a ZSG in which X! is real valued. They provide a general verification
theorem and explicit optimal strategies for both players in specific examples. They
also show that the value function of the game need not be smooth if the stopping
payoff is not continuously differentiable. The methods in [35] rely crucially on
the infinite horizon and one-dimensional set-up that allow to link the variational
problem with ordinary differential equations and require an educated guess on the
structure of the optimal strategies. In this thesis, instead, we develop a general
theory for multi-dimensional state-dynamics and prove the existence and the
variational characterisation of the value function. The finite time horizon and
the dimensionality of the process lead us to consider PDEs and to use a mix of
analytical and probabilistic methods. It appears that our study is the first one
involving a multi-dimensional singularly controlled underlying process.

7ZSGs of controller-stopper type have been motivated by several applications.
In [43] authors show a connection with the prices of American put-options in
the presence of an ‘up-and-out’ barrier with constraints on the short-selling of
stock. In [6] the authors show another connection with a minimisation of lifetime
ruin probability for an individual who can invest in a Black-Scholes financial
market and the rate of consumption is stochastic. In [35] the authors explain
numerous other important applications of ZSGs like the ones we consider here.
Such applications include models for a central bank controlling exchange rates up
to the time of a possible political veto and models for the control of inflation.

This thesis is structured as follows. In Section 1.1 we set out the notation.
In Chapter 2, we give preliminary results and a brief review of the literature on
ZSGs.

In Chapter 3, we solve the game (1.2) in the above framework and show the
main result of this dissertation. Our method of proof builds upon penalisation
techniques that address simultaneously the two hard constraints embedded in (1.3):
u > g and |[Vulg < f. We find bounds on the Sobolev norm of the solution of the
penalised PDE problem, uniformly with respect to the penalisation parameters,
thanks to analytical techniques rooted in early work by Evans [24] and new

probabilistic tricks developed ad-hoc in our framework. Indeed, it turns out that



the co-existence of two hard constraints in (1.3), the ‘min-max’ structure of the
problem, its parabolic nature and unboundedness of the domain make the use
of purely analytical ideas as in Evans [24] (see also [68] and [39]) not sufficient
to provide the necessary bounds (see also the references given in the previous
paragraph and more recent work by Hynd [38] and Kelbert and Moreno-Franco
[45], for comparison). In the process of obtaining our main result (Theorem 3.6)
we also contribute a detailed proof of the existence and uniqueness of the solution
for the penalised problem (Theorem 3.21 for bounded domain, and Theorem 3.24
and Proposition 3.25 for unbounded domain). Finally, the existence of an optimal
stopping time 7, is interesting in its own right as it may enable free-boundary
techniques for the study of the optimal strategy of the controller.

In Chapter 4 we use the results from Chapter 3 to extend our analysis to two
special classes of ZSGs that are not covered directly by Theorem (3.6): (i) the
class in which the minimiser is allowed to use controls in selected directions of
the state space and (ii) the class in which the diffusion of the underlying process
is allowed to be degenerate. We approximate those problems with games that
satisfy conditions of Chapter 3. Through the approximations we show that those
two types of games admit a value and provide an optimal strategy for the stopper.
In the case where the controller affects selected directions (Section 4.1) we allow
the underlying process of the approximated game to be affected by a control in
all the direction with a weight in the direction not originally affected. In the limit
we let the weight go to zero and recover the original problem formulation. In the
degenerate case (Section 4.2), we keep the same payoff as in the original game and
we add a non-degenerate independent diffusion to the original underlying process
in order to make it a non-degenerate process. We show that the value functions
of the approximated games converge uniformly to the value of the initial game as
the parameter goes to zero.

Finally, a technical appendix completes the thesis. We give a probabilistic
proof of the well-known maximum principle for PDEs (Lemma B.3). We give a
solution of [47, Exercise 10.1.14] which proves a type of Morrey’s inequality for
parabolic spaces (Lemma A.4). We present a possible choice of cut-off functions
used in Chapter 3 with their properties (Section B.1) and we also present a possible
choice of family of penalty functions based on this family of cut-off functions
(Section B.2). We prove stability results for PDE (Lemma B.1 and Section B.5).
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We prove the existence and the uniqueness of a non-explosive solution of the
e-optimal controlled SDE (Section B.6). Finally, we extend [20, Lemma 5.1] to

semimartingales with jumps (Lemma C.1).

1.1 Notation

We conclude this introduction giving notation which is used in the whole
dissertation related to R?, in particular we introduce parabolic Hélder spaces and
their embedding in parabolic Sobolev spaces. Fix d,d’ € N and T € (0,00). Given
u € R we let |ulq be its euclidean norm. For vectors u, v € R? their scalar product
is denoted by (u,v). Given a matrix M € R™>? | with entries M;;, i = 1,...d,
j=1,...d, we denote its norm by

d d 1/2
Ml = (3230 M)
i=1 j=1

and, if d = d', we let tr(M) = Z?Zl M;;.
The d-dimensional open ball centred in 0 with radius m is denoted by B,, and

the general state space in this thesis is going to be
RH = [0,T] x R%.

Finally, given a bounded set A we denote by A its closure.

For a smooth function f : Rg}l — R we denote its partial derivatives by
Oify Ouifs Ota [y Opia, fo for i, j = 1,...d. We will also use f; = 0if, fu, = Ou, f,
Jz; = O, f and fo,0; = Ope; f to simplify long expressions. By V f we intend
the spatial gradient, i.e., Vf = (9, f,...0x,f), and by D?f the spatial Hessian
matrix with entries 0, f for ¢,5 =1,...d.

As usual COO(Rg}l) is the space of functions with infinitely many continuous
derivatives and C?(]Rg}l) is the subset of Cm(Rg}l) of functions with compact
support. Continuous functions on a domain D are denoted by C(D). For an

open bounded set O C Rg}l we let C°(O) be the space of continuous functions
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f: O = R equipped with the supremum norm

[fllco@) = sup_[f(E,2)]- (1.4)
(t,x)eO

Analogously, C’O(Rg}l) is the space of bounded and continuous functions f :
Rg}rpl — R equipped with the norm || f|| = HfHCO(Rg*Tl) as in (1.4) but with O
replaced by Rg}l.

For bounded O C Rg}l, we consider the following function spaces:
e C%(0) be the class of continuous functions with 9,, f € C(O) fori = 1,...d,;

o C'*(O) be the class of continuous functions with 8, f, 0y, f, 0y, f € C(O)
fori,j=1,...d;

e C13(0) be the class of continuous functions with

S, Ou,fs Ousay [ Oviayar [ O f € C(O)
for i,j,k =1,...d (notice the mixed derivatives Oy, f).

The above definitions extend obviously to continuously differentiable functions on
R

Since we are studying the finite time horizon problem, we will deal with the
so-called parabolic spaces. Let d(z1,2) = (|t — | + |# — y|2)2 be the parabolic
distance between points z; = (¢, z) and z = (s,y) in Rg}l. For a fixed a € (0,1)

and a continuous function f: O — R we set (see [29, p. 61])

|f(21) — f(22)]
da(zl,ZQ) ’

Hf”ca(@) = ||fHC°(5) osup_
z1,22€0
z17#22

We say that f € C*(O) if f € C°(O) and [ fllca@) < oo. We work with the
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following norms, defined for sufficiently smooth functions f:

| @8

d
1 llcora@) = Ifllea@) + D 10af
i=1

d
1 lcr2a@) = IFlcora@) + 10uf o) + Y 10z, fllce);

ij=1

d
‘Ca(é) + Z Hamzxjxkfuca(é)

i k=1

d
Ifllcroa@) = I fllcrza) + D 10, f
=1

For (j, k) € {(0,0);(0,1);(1,2);(1,3)} and bounded O let us define

Cr5(0) = {f € C"H(O)| | fll sy < o0}

Cg;’z’a(Rg}l) ={f € C"MRGY)| f € C7"*(O) for all bounded O C RiH'}.
For B and B’ open balls in R and S € [0,7T), let Op :=[0,T) x B and Og p ==
0,5) x B'. We denote C3%%(Op) the class of functions f € C(Op) such that
f € CWk2(Og p) for all S < T and B’ such that B’ C B. Finally, we let

Cz’féa(Rg}I) ={fe C’(Rg}l) | fe CIE(Op) for all open balls B C R%}.

Notice that, the derivatives of functions in CZ&IZ’Q(Rg}l) are Holder continuous
on Op for any ball B C R?. Instead, the derivatives of functions in C9**(Op)
need not be continuous along the parabolic boundary of Op and derivatives of
functions in C%* (RZ%') may be discontinuous at T

To simplify long formulae, sometimes we use the notations:

1 d 1
2 2
20%6)) and ||D2f”00(6) = ( Z ||fxixj|!200(5)> . (1.5)

1,j=1

d
IV Fllooy = ( D 1
=1

For p € [1,00] we say that f € L} (Rg}l) if f € L?(O) for any bounded

Loc

O C Ry} Denote by Dy’ the class of functions f € L (R3H') whose partial

Loc

derivatives Oy f, Oy, f, Oz, f exist in the weak sense on O, for 4,5 =1,...d, and
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let

[fllwr2n0) = [[fllze) + 100l ri0) + Z 10z, f

o+ 3 100 o

1,7=1

Then we define W'2?(0) = {f € D5’ | || f|lwr20(0) < 0o} and
W2P(REE) ={f € L} (RI)|f € WHP(0), VO C REH, O bounded}.

The first non-standard but classical result we present is a compact Sobolev

embedding for parabolic spaces. For a = 1 — 4£2

bounded O C Rg}l, we have

and p > d + 2, and for any

C12(0) € WI2P(0) — COLe (D), (1.6)

where the first inclusion is obvious and the second one is the compact Sobolev
embedding. This result can be viewed without proof in [26, eq. (E.9)] or solving
[47, Exercise 10.1.14|. In this dissertation we give the solution of [47, Exercise
10.1.14] in Appendix A.1 using hints from the book itself.
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Introduction




Chapter 2
Literature Review

This chapter provides a theoretical background and presents main results
on ZSGs from the contributions provided in the introduction. We review those
contributions, starting from the discrete time case and then moving on the
continuous time case. In the case of ‘classical’ controls we consider both the
one-dimensional and the multi-dimensional settings. Finally, we present a class of
ZSGs with singular controls in the one dimensional case. Since this dissertation
is based on the case where a controller pays a stopper, i.e., the controller is a
minimiser of an objective function and the stopper is a maximiser, we introduce
some concepts on ZSG using this set up. This framework is not the only possible:
the controller can be a maximiser and the stopper can be a minimiser, both players
can stop and control at the same time the process, the two players can only stop

(in this particular framework the game is called Dynkin game).

2.1 Preliminary Concepts

In a zero-sum game two players exchange a payoff at the of the game. The
player who receives the payoff aims at maximising her winnings. The player who
pays the payoff aims at minimising her costs. Informally we say that each player
selects a strategy in order to optimise their performance. In our framework, a
player, called stopper, decides when the game ends choosing a stopping time 7
from a suitable admissible class 7 and a player, called controller, chooses a control
v from an admissible class A. In general, the admissible class 7 is composed by

all stopping times, but sometimes the class that we consider is a subset of 7T, in

13
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those cases we will specify the particular subset of 7. The class A and how the
control influence the dynamics may vary depending on the specific setup. The
game’s payoff is a functional of the stopping time and the underlying process.
For example, take two measurable functions g and h representing the terminal
cost and the running cost, respectively, then the expected payoff with underlying

process X" starting from x can be defined as

T(1,v) =E, [9(7, XY) + /OTh(s,X:) ds}. (2.1)

We can associate to J,.(7,v) the lower and the upper value of the game, defined

respectively by

v(z) =supinf J,(r,v) and o(z) = inf sup J.(7,v), (2.2)
TET veA veATeT

so that v(z) < ©(z). The lower and upper value functions are always well-defined

and if equality holds for all x then we say that the game admits a value
v(x) = v(zr) = v(x).
Moreover, if we find a pair (7,,v,) € T X A such that
T (1, 02) < To (T, 1) < Tu(Ta,v), (2.3)

for all (7,v) € T x A then this pair is called saddle point of the game and it implies
the existence of the value of the game. Indeed, considering the first inequality in

(2.3) and taking the supremum on the class of stopping times, we get

@(l‘) < sup ja;(7_7 V*> < jx(T*ay*);
TET

considering the second inequality in (2.3) and taking the infimum on the class of

controls, we get

jx(T*aV*) < ggajx(7*7y) < Q(I)
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It follows that v(x) = T(x) and
To(Te, i) = v(x) = v(x) = V().

In general, the optimal strategies may not exist and it is only possible to provide
a weaker concept. Assume that the value of the game exists, then n-optimal

strategies 7, € T and v, € A, for n > 0 are strategies such that

inf J,.(7,,v) >v(z) —n, and supJ,(7,v,) <v(z)+n.
veA TeT

2.2 Stopper vs. Controller: Discrete Time

One of the first contributions in this field is given by Maitra and Sudderth in
[52] who studied a class of ZSGs in a discrete time framework. In this setting, the
underlying process is a discrete stochastic process with values in a space S and a

payoff of the following form
jI(T7 V) = Em[g(X:)L

where ¢ is a bounded function. Differently from Section 2.1, the framework in
[52] is presented with a controller who maximises and a stopper who minimises.
We can recover the formulation from Section 2.1 replacing g with —g. Let S be
a nonempty Borel subset of a Polish space and let M(S) be the collection of
probability measures defined on the Borel subsets of S. The controller selects
at each time a transition probability from a subset of M(S). Precisely, for each
y € S, the controller can choose a transition probability only from I'(y) C M(S).
The admissible class A is then composed by strategies v described as follows: let
(XY)nen be the underlying process starting from X§ := z. The strategy v is a
sequence (v, V1, ...), where vy € I'(xg) and v, = v, (xo, ..., 2,1) € T'(XY) with
Ty = XY for 1 < m < n. In other words, at each time n, the controller uses the
past of the process X” to select a transition probability from the set I'(X"). The

value function of the game (if it exists) can be written as

v(x) = supinf E,[g(X")] = inf sup E,[g(X")].
veATET T€T veA
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It is proved that the game admits a value using a martingale approach. It
turns out that the value of the game is the largest deficient function which is
dominated by g. Deficient function is a concept related to sub-harmonic functions
and sub-martingale processes and for further details the reader may refer to [37].
Moreover, it is proved that for all 7 > 0 the controller has an n-optimal Markov
family of strategies for all z € S i.e., the n-optimal strategy v,, at each time n € N

depends only on the state at the previous time-step v, (o, ..., Tn_1) = Vp(Tp_1)-

2.3 Stopper vs. Classical Controller: Continuous
Time

We start considering a so-called classical controller, i.e., a type of player who
is allowed to use only controls that are absolutely continuous with respect to the
Lebesgue measure as a function of time. We concentrate first on contributions
about one-dimensional cases and later, we present the ones in a multi-dimensional
cases. From now on, let T" be a finite time horizon, (2, F, P) be a filtered probability
space with filtration F = (F;);>¢ and equipped with a d-dimensional Brownian
motion (W;);. For the ease of exposition, the dimension d of the Brownian motion

agrees with the dimension of the underlying process specified in each framework.

2.3.1 One-dimensional case

Karatzas and Sudderth [42] studied a game where the underlying process X is

a one-dimension Itd diffusion

which evolves in a bounded interval («, ) C R with absorption at the boundary
points «a, 5. The coefficients b and o are real-valued, F-progressively measurable
processes which satisfy a suitable integrability condition, which we do not specify
for the ease of exposition. The controller acts as follows: a family {A(y) : y €
[, B} with A(y) C R x (0, 00) is fixed at the beginning of the game and whenever

the underlying process X is in a given state X; = = € [a, 3], the player can choose
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a local-drift volatility pair v = (v1(t), 2(t)) from A(x), i.e, X = X" is solution of
dX{ = v (t)dt + 1 (t)dW,, t € [0, 00).

The admissible class A in this case is composed by all processes X* which can
be constructed as above. In this game, (2.1) is expressed with a discount factor

r € [0,00), i.e., the expected payoff reads
To(T, X") = Eu[e7g(X)].

The key point is that the pair (v, 15) can be chosen in the form of a Markov
pair. That is, for the minimiser it is sufficient to find two functions b(z) and
o(x), with suitable regularity, and set v (t) = b(X;) and v5(t) = 0(X;). Then the
controlled dynamics becomes a one-dimensional stochastic differential equation
and it enables the use of concepts from diffusion theory like the scale function
and the speed measure. Using these tools, for any given pair of functions (b, o)
the maximiser solves an optimal stopping problem for a one dimensional linear
diffusion. That determines the candidate optimal stopping time 7,. Finally, the
controller selects the pair (b*,0*) which provides the best response to 7, and the
proof is concluded by showing that indeed the treble [(b*, %), 7,] forms a saddle
point.

This approach is based on two main ingredients: (i) the scale function for
one-dimensional processes and (ii) the fact that the controls affect the dynamics
in an absolutely continuous way. In our framework, both these ingredients are not
present and we allow the controller to affect the process with singular controls.

A problem more closely related to ours is given by Weerasinghe in [67]. In
this work, a one-dimensional process is considered on infinite time horizon and
the game is connected to an ordinary differential equation. A similar connection
is found in this thesis, but since we consider a multi-dimensional process on a
finite horizon the link is between the game and a partial differential equation of
parabolic type with d spatial dimensions.

In the framework of [67], the underlying process is one-dimensional and the

controller acts only on the diffusion coefficient:

dXtV = b(Xéj)dt + I/tth,
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where b satisfies standard assumptions and v belongs to the class A of F-
progressively measurable processes uniformly bounded: 0 < v(t) < oy, for a
fixed og € (0,00). The payoff (2.1) reads

Jo(7,v) = E, { /0 Te_TSh(Xs”) ds] ,

where h is twice continuously differentiable defined on R. It is proved that the

value function of the game exists and a saddle point of the game is provided:

Theorem 2.1 ([67, Thm. 2.2]) There exist an interval (o, By) 2 (o, f) and a
function v such that v(a,) = v(B) =0, v(x) > 0 for all x € (au, Bi), Ve(x) <0
for all x € |av, By and

?vm(x) + b(z)ve(x) —rv(z) + h(x) =0, for all x € (o, Bs). (2.4)
Moreover, the pair (T.,v.) is a saddle point, where T, = inf{t > 0|X* ¢ (o, fs)}

and (v+); = ool {x7c(a, 5.} With X** a weak solution of
dXy = b(X{) dt + (ve) dW.

Furthermore, the value of the game is v.(x) = v(2)Lze(a, 8.} -

It is proved first that there exist an interval (a, ;) and a function v solution
of the ODE in (2.4) with such properties. Then, it is proved that the pair
(7%, vs) is a saddle point of the game. The approach of the proof is similar to the
heuristic argument we use in Chapter 3 to find the system of equations for our
variational inequality (see Problem A). Thus, we will not give here all the details.
The regularity of h implies that v composed with the controlled process X" is
sufficiently regular to apply Itd’s formula to e "v(XY) for a stopping time 7 € T.

Taking expectations, we get

E.[e " "v(X")] = v(z) + E, { /O Te*”(”évm(X;’) + (), (X)) — ru(X))) ds|.
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First we show that v(z) < v(x). Letting 7 = 7, as in Theorem 2.1, we have

2

0 =o(e) + Ea | [ (Foa062) + bla)unlX2) = rolx2) + 5o, (1)) ds
0

—o(z) +E, [ /0 e (= h(x?) + 25, (X)) ds] ,

where the first inequality is by v(X” ) = 0 and the second equality uses that v is
solution of the ODE. Arranging terms, using that v,, is non-positive and v, < oy

for all s, we have

o(z) < Ex{ /0 e h(xY) ds] _ T(rv).

Similarly, we prove that v(x) > v(z). Using the optimal control v, defined in

Theorem 2.1, we obtain

E[e"™0(X")] = v(z) + E, [ /0 Ter (= h(X™)) ds} .

Using that v(y) > 0 for all y, we have

Jo(7,v) = B, [ /0 Te_”h(Xs”*)ds} < v(x).

This is sufficient to obtain that (7, ) is a saddle point.

Remark 2.2: Notice that the terminal payoft of this problem is ¢ = 0 on R.
Theorem 2.1 implies that v.(z) > 0 for z € (o, 5.) and v.(xz) = 0 otherwise.

Thus, the optimal stopping time can be written as
7, = inf{t > 0|v.(X{*) = g(X/)}.

The stopping time 7, is the same optimal stopping rule found in this dissertation

as optimal strategy of the stopper. [
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2.3.2 Multi-dimensional case

After those early contributions for one-dimensional problems, the focus moved
to the multi-dimensional case. In 2006, Hamadéne [33| used a BSDE approach to
solve a class of ZSGs. Let Tr be the subset of 7 composed by bounded stopping
times with 7 < T P-a.s. and A be the class of F-adapted processes with values
in a suitable space A. In this class of games, the two players can both choose
stopping times and controls: (7,v) € T x A and (p, ) € Tr x A for the first
and second player, respectively. The underlying process is a weak solution of the

following differential path-dependent equation
dXt[V’M] = b(t, X.[V"u}, Vg, ,LLt)dt ‘l— U(t, X.[VW})th,

where b and o satisfy standard assumptions, o is invertible and |07 (¢, z)|xq has

a polynomial growth. The expected payoff is

TApP
j$(7—7 V? p? /"L) = EI |: /0' h<87 X'[V’M]’ VS) /JLS) dS + G;]l{p<7-<T}

+ Gl rpery + Gl irap) + Glir—pry |,

where G}, G2, G2 are measurable processes and h is a continuous function with
linear growth. In this work, it is shown that there exists a connection between
the value of the game and the solution of a particular BSDE with two reflecting
boundaries defined thanks to a saddle point of the game. Thus, a saddle point
(Tw, Vs Px, 14+) 18 guessed and then it is shown that the initial value of the solution
of the correspondent BSDE system is the value of the game. The saddle point can
be described as follows: 7, and p, can be described as the first time that the value
process of the game hits two level functions, G and G?; v, and j, can be describe
as feedback controls, i.e., there exists a function called Hamiltonian associated
to the game and the controls are defined at each time as a saddle point of this
Hamiltonian. Thanks to these controls the authors are able to obtain the value of
the game. The Hamiltonian associated to the game is a key tool which we will
find also in the next contributions. In our case, the use of singular controls does
not allow the use of an Hamiltonian. Indeed, we are able to provide a similar

approach ‘Hamiltonian-feedback control’ when we introduce a penalised problem
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in Section 3.2 but this construction does not apply to the original game.

A problem in a similar framework but solved with a completely different
approach can be found in Karatzas and Zamfirescu [44], where a Martingale
approach is developed. The admissible classes here are 7,7 and A, the subset
of 7 composed by 7 bounded stopping times ¢t < 7 < T P-a.s. and the class of
predictable processes with values in some space A. The underlying process is a

solution of a path-dependent differential equation (as in [33])
dXy =b(t, X", 1) dt + o(t, X") dW,,

where b, o satisfy standard assumptions and o is such that |07 (¢, z)|4xq < Dy is

uniformly bounded for some real constant D;. The expected payoff of this game is
Jinlrv) = E, [g(X:) T / h(s, X7, 0) ds] . (2.5)
t

The main idea is similar to the one used in [42] and it is based on results from
optimal stopping and stochastic control theory when these problems are studied
separately. Fixing an admissible control in the game, an optimal stopping problem
can be associated to the payoff in (2.5) and it can be solved obtaining an optimal
strategy for the stopper. In particular, the value function of the optimal stopping
problem composed with the process X* turns out to be a sub-martingale. Moreover,

there exists a sequence of admissible controls (v4)ken such that

( sup Joa(r, m)
TeTr keN

is a decreasing sequence. The monotonicity of this sequence is reflected to the
sequence of optimal stopping times (74)ren associated to the optimal stopping
problem associated to v,. Thanks to these properties, the integrability conditions
on the functions and the fact that the control does not affect the diffusion coefficient
o, they are able to prove that the game played with (2.5) admits a value. Moreover,
necessary and sufficient conditions for a pair to be a saddle point are provided.
The optimal stopping time is the same as the one we obtain in our analysis and
it can be found in other works presented before. The optimal control instead is

similar to the one found in [33] and it is based on the Hamiltonian function: it is
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a feedback control which can be achieved only because the controller is allowed to
use controls which are absolutely continuous.

Those previous contributions ([33] and [44]) treat the multi-dimensional case,
where the diffusion coefficient is not affected from the control. A contribution where
the controller affects both the coefficient of the underlying process is presented by
Bayraktar and Huang [5]. In this framework, the admissible class A is defined as

the class of F-adapted processes with values in a suitable space A. The expected

reward for (7,v) € 7,7 x A is
TJia(Tv) =E;|e” ftf’"(s’Xg)dsg(X;’) + /Te fts”()"XK)dAh(s,X;’, vs)ds|,
t
where
AXY = b(t, XV, ) dt + o(t, X, ) AW,

Differently from previous contributions, in here the existence of the value
function is proved directly and it is not a by product of the existence of saddle
points. Thanks to the Hamiltonian function H introduced also in previous
frameworks, the value of the game is the unique viscosity solution v of the

variational inequality:
max {&v + H(t,z, Vv, D2v) —rv,v — g} =0, on jo%l’

with terminal condition v(7T,x) = g(z) for all z € R%. In our problem (see (1.3))
there are two variational inequalities with two constraints. This is the difference
between the use of ‘classical’ controls and singular controls. In the latter, the
variational inequality requires a gradient constraint on the value function of the
game. Instead, ‘classical’ controls allow the use of the Hamiltonian function
inside the variational inequality and thus it requires only an obstacle constraint
inside. Since there is only one constraint inside the variational inequality, a
comparison principle for sub-solutions and super-solutions is proved which leads
to the existence of the value of the game. In our framework, since there are two
constraints in the variational inequality then we are not able to prove a comparison
principle and indeed, we just obtain a maximal relationship between the value of

the game and the solution of the variation inequality (1.3).
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2.4 Stopper vs. Singular Controller

The common denominator of all those previous contributions is the use of
‘classical’ controls. Controls which are not absolutely continuous as functions of
time are singular controls (e.g. jump processes, local time). In this last section,

we present the main contributions to this type of ZSGs.

2.4.1 One-dimensional case

One of the first contribution in the topic of ZSG of stopper vs. controller type
with singular controls is by Hernandez-Hernandez et al. [35] (see also [36]). The
class of admissible controls A is composed by all F-adapted finite-variation caglad
processes v such that vy = 0. They consider a one-dimensional process X" with

v € A whose dynamics is
dXy =b(X))dt + o(X))dW, + dvy, Xo =z €R,

where b, 0 are Lipschitz continuous functions and ¢ is uniformly elliptic. The

expected payoff is the following

To0,7) = o e (X2 ) oy + / e M h(XY)ds + /
0

e d|1/3|1, (2.6)
[0,7]

where 7 € T, the functions g, h, r are continuous with r > rg € R, |vs| denotes the
total variation process of v and A; == fotr(X;’) ds. In this formulation, the game
does not instantly finish at 7 but the controller is allowed to move the process
X up to time 7 included, i.e., X7, may be different from X7. Compared with
the previous contributions, the payoff herein presents an extra term, i.e., the last
one in (2.6). This term is called action cost and it gives a cost each time the
control is exerted, continuously or singularly. In particular, it is proportional to
the measure induced by the control and an action function f which is f =1 in
this case. In our frameworks, we have an action function dependent on time and

space, see Chapter 3 and only on time, see Chapter 4.

Remark 2.3: Every process v € A admits the decomposition v = v¢ + 17, where

v¢, 17 are F-adapted finite-variation caglad processes such that v¢ has continuous
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sample paths

0<s<t

where Avy = v,y — v for s > 0. Given such decomposition, there exists F-adapted

continuous processes ()T, (v°)~ such that
()5 = (¥)g =0, v=0)" =) and = ()" + (),

where |v¢| is the total variation process of v |

The problem is solved by a guess and verifying approach, i.e., a set of properties
for the value of the game and the structure of the optimal strategies are guessed
and it is verified that if a function satisfies these conditions then it is the value of
the game. These properties can be connected to the conditions in our problem:
variational inequalities with both an obstacle and a gradient constraint (see (3.6)).
Differently from this guess and verifying approach, we take a more ‘constructive’
approach. We prove the existence of the value function by a penalisation method
and we connect it to a solution of the set of variational inequalities. In particular
the value of the game is a maximal solution of the variational inequalities. The
system of properties in [35] ensures the existence of an optimal control which can
be described as follows: the controlled process is kept inside a region of the space,
where the gradient constraint is satisfied with strict inequality and the process is
reflected along the free boundary of this region. The optimal stopping strategy
for the stopper is the same found in our analysis. The pair constructed according
to this recipe forms a saddle point of the game which gives directly the existence
of the value of the game.

The variational inequality found in the verification theorem is similar to the
one obtained by us in Chapter 3. In our case, the variational inequality is also a
characterisation for the value function. Indeed, we show independently that the
value function exists and then, we show that it is also the maximal solution of
the variational inequality. The framework of [35], i.e., the infinite horizon of the
problem and the one-dimension of the underlying process, leads to the study of

ODEs. In our case, we deal with a multi-dimensional underlying process in finite
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time horizon and these lead us to consider PDEs of parabolic type in place of
ODEs. We do not require boundedness neither of the coefficients of the SDE nor
the functions in the payoff. We prove directly the existence of the value of the
game, we show which type of variational inequalities it satisfies and we provide
an optimal strategy for the stopper. Unfortunately, we are not able to provide an
optimal strategy for the controller. In singular control it is difficult to prove the
existence of an optimal strategy in multi-dimensional problems and we are not

able to provide it in the generality of our framework.
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Chapter 3

Zero-sum game between Controller

and Stopper

In this Chapter, we study a zero-sum game between a minimiser who controls
all the directions of an underlying process and pays at the end of a game a stopper
who has decided the terminal time. Under the Assumptions 3.4 and 3.5, we prove
our main result (Theorem 3.6) which shows that the value of the game is the
maximal solution of a variational inequality and provides an optimal strategy for

the stopper.

3.1 Setting and Main Results

Let (€2, F,P) be a complete probability space, F = (F;)scjo,00) be a right-
continuous filtration completed by the P-null sets and (W)sco,00) be a F-adapted,
d'-dimensional Brownian motion. Fix 7" € (0,00) and d < d'. For t € [0,T], we
denote

T; := {7 |7 is F-stopping time with 7 € [0, T — t], P-a.s.}

and we let A; be the class of processes

( (15)sej0,00) 1S progressively measurable, R%-valued,

a with |nslq = 1, P-a.s. for all s € [0, 00);
t

(n,v)
(Vs)sefo,00) 18 F-adapted, real valued, non-decreasing and

right-continuous with 1 = 0, P-a.s., and E[|vp_|*] < oo )

27
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The notation 1y = 0 accounts for a possible jump of v at time zero. For a
given pair (n,v) € A; we consider the following (controlled) stochastic differential

equation:
X[l =g / b(X ) du + / o (X[ AW, + / nudvy,  (3.1)
0 0 [0,s]

for s € [0, T — t], where b : R? — R? and o : RY — R?*? are continuous functions.
For P-a.e. w, the map s — n4(w) is Borel-measurable on [0,7] and s — v4(w)
defines a measure on [0, 7]; thus the Lebesgue-Stieltjes integral f[o,s] Ny (w)dvy (w)
is well-defined for P-a.e. w. Under our Assumption 3.4 on (b, o) there is a unique
F-adapted solution of (3.1) by, e.g., [48, Thm. 2.5.7]. We denote

P.(-)=P(- X" =2) and E[-]=E[-|X[" =2]

We study a class of 2-player zero-sum games (ZSGs) between a (singular)
controller and a stopper. The stopper picks a stopping time 7 € 7; and the
controller chooses a pair (n,v) € A;. At time 7 the game ends and the controller
pays to the stopper a random payoff depending on 7 and on the path of X[
up to time 7. Given continuous functions f, g, h : ]Rg}l — [0, 00), a fixed discount

rate r > 0 and (¢, z) € Rg}l, the game’s ezxpected payoff reads

TJiw(n,v,7) =E, [e_”g(t + 7, X 4 / e " h(t + s, X" ds (3.2)
0

+ / e f(t + 5, XM Odl/s] :
[0,7]
where

/ e f(t + 5, X" ody, = / e f(t + 5, XM due (3.3)
(0,7] 0

Avg

+ Z e”/ Ft+ 5, X" 4+ Ang) dA.
0

0<s<Tt

Here v° is the continuous part of the process v in the decomposition v, = v¢ +
Y ucs Ay, with Av, = v, — v,

Remark 3.1: The sum in (3.3) is well-defined. |
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Remark 3.2: If f(t,2) = f(t) the integral (3.3) reduces to the standard Lebesgue-
Stieltjes integral f[o,T] f(s)dvg. In general, the integral in (3.3), is different from
the definition of a Lebesgue-Stieltjes integral. We follow the approach proposed in
Zhu [69] and adopt the definition (3.3) instead of the Lebesgue-Stieltjes integral.
We take this approach because (3.3) gives a cost of exerting control that is
consistent with the gradient constraint appearing in Hamilton-Jacobi-Bellman
(HJB) equations for singular stochastic control (see, e.g., [50]). In problems where
the control is monotone (commonly called of the monotone follower type) the
Lebesgue-Stieltjes integral and the one in (3.3) can be connected by the following
argument: consider the control v" that at a given time ¢ makes n instantaneous
jumps of size h/n for a fixed h. Taking the limit as n — oo the classical Lebesgue-
Stieltjes integral becomes the integral in (3.3). It is shown in [1, Cor. 1] that
the control obtained in the limit, i.e., ¥*° = lim,,_,o, ¥ is an optimal strategy in
the sense that it optimises the functional, but it is not an admissible strategy
in the class A;. We report here the example from [1, Cor. 1| which could give
a better understanding. Let ngy = 1 be a scalar and let v; be a non-decreasing,
right-continuous process. We focus on jumps at time zero of the control and, in
particular, we let the control ™ be such that at time zero it makes n instantaneous
jumps of size h/n. We have that the Riemann-Stieltjes integral with 7 = 0 can be
written as

(0] n

PO Ay =Y FXE D) —viy) = Y fla-n)(an — aie),

0 k=1

where X?" and v are the values of the processes X*" and v™ after k jumps of
size h/n, respectively (notice that X! = z + kh/n =: x;,). From this integral, it
is clear that if we pass to the limit as n — oo, we obtain that

[0] h
lim fX)dvt = / flz+A)dA.
0

n—oo 0

On the other-hand, if we choose the definition of the integral as in (3.3) and we

consider the control v that makes n jumps of size h/n at time zero, we get for
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all n € N that

[0] n_ rkh/n h
/0 FXY) odv) = Z/ FXE +A)dr = /0 flz+A)dA.

k=1 Y (k=1)h/n

This shows that the two integrals, in this particular setting, give the same cost. W

The game admits lower and upper value, defined respectively by

v(t,x) =sup inf J,(n,v,7) and o(t,x):= inf sup Ji.(n,v,7), (3.4)
TET: (n,w)EA; (nw)eA: TET:

so that v(t,z) < U(t,z). If equality holds then we say that our game admits a

value
v(t, ) =v(t,z) =v(t, ). (3.5)

For a(z) == (0o ")(x) € R™, the infinitesimal generator of X[©:% (where e; is

the unit vector with 1 in the first entry) reads
(Lo)(x) = jtr(a(x)D*¢p(2)) + (b(x), Vip(x)), for any o € C*(RT).

By density arguments the linear operator £ admits a unique extension £ to
W, P(RY) and, with a slight abuse of notation, we set £ = L.

A heuristic use of the dynamic programming principle, suggests that the value

of the game v should be solution of a free boundary problem of the following form:

Problem A. Fix p > d + 2. Find a function u € W1’2’p(Rg}1) such that, letting

Loc

Z:={(tx) e Rg}l‘ \Vu(t,z)|s < f(t,z)} and
C={(t,x) € Rg}1| u(t,z) > g(t,z)},
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u satisfies:

;

Owu+ Lu —ru)(t,z) =

( , for all (t,2) € CNZ;
(Ou + Lu —ru)(t,x)
(

for a.e. (t,z) € C;

v
| | |
> S
—~~ o~~~
\_H- \.C‘F \'PF
E & &

Owu+ Lu —ru)(t,z) < , for a.e. (t,2) € T; (3.6)
u(t,z) > g(t, ), for all (¢,z) € Rg}l; '
|Vu(t, z)|s < f(t,x), for all (t,z) € Rg}l;
(T, ) = g(T, ), for all z € RY,
with [u(t, )| < ¢(1+ |z[3) for all (¢,2) € Rf%' and a suitable ¢ > 0. |

Notice that the conditions u > ¢ and |Vu|s < f hold for all (¢,x) because of
the embedding (1.6). Thus, the two sets Z and C are open in [0,7) x R%.

Lemma 3.3 A function u € Wélo’z’p(Rg}I) solves Problem A if and only if u solves

the variational inequalities in (1.3) a.e. on Rg}l with quadratic growth.

Proof. For simplicity of exposition, we recall that a solution of (1.3) is a function
u belonging to a suitable Sobolev space ngo’?’p (Rg}l), it has quadratic growth and

satisfies a.e. on RIH!

min{max{du + Lu —ru+ h,g —u}, f —|Vul|s} =0,

(3.7)
max{min{dyu + Lu —ru+ h, f — |[Vu|qs},g —u} =0,

with terminal condition u(T,z) = g(T, z) for all z € R%.

We prove now that a solution of (3.7) satisfies the six conditions in (3.6). Let
u be a solution of (3.7), the sixth equation of (3.6) holds. From the first line of
(3.7) we have that

max{du+ Lu —ru+h,g—u} >0 and [f—|Vu|s>0 (3.8)

hold almost everywhere on Rg}l. If one of the two inequalities is strict, then the
other must be an equality. The last part in (3.8) implies that the fifth equation in
(3.6) holds almost everywhere and it also holds everywhere by embedding (1.6).
Let (¢t,x) € Z, we have that f(t,z) — |Vu(t,z)|s > 0 is strict and we obtain from
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the left-hand side of (3.8) that
ou+Lu—ru+x<0 and ¢g—u<0

hold a.e. on Z, i.e., we have that the third equation of (3.6) holds. Similarly, we
use the second line of (3.7) in order to prove the second and the fourth equation
of (3.6). It is immediate from the previous arguments that the first equation of
(3.6) holds almost everywhere. To complete the proof, let (¢,z) € C NZ with
t # T'; since the intersection of open sets is open, then we can find a p > 0 such
that O, = (t — p,t + p) x B,(x) C CNZ where B,(z) is the d-dimensional ball

centred in x. Thus u is a strong solution of the problem

o+ Lv—1rv=—h, on O,
U(Sa y) = U(S, y)a for (Sv y) € aP(,)pa

with pO, = ((t—p,t+p) x OB, (z))U({t+p} x B,(z)). By [29, Thm. 3.4.9] we have
that there exists a unique classical solution v of the boundary value problem above
because h € C*(0,), and L is sufficiently regular (we will specify this regularity
in Assumption 3.4). Since v is also a strong solution, then v —u € WH*P(0,) is
a strong solution of dyw + Lw —rw = 0 in O, with w = 0 at the boundary. It
follows that ||v — ul[w1.20(0,) = 0 by the the theory of strong solutions for linear
parabolic PDEs (see [8, 8, Thm. 2.6.5 and Rem. 2.6.4]). It follows we can choose a
O % *-representative of u which satisfies (O,u 4+ Lu — ru + h)(t, ) = 0 everywhere
onCNZ.

It is straightforward to prove that a solution of Problem A is a solution of

(3.7) thanks also to the arguments above. O

In the next paragraphs, we will present the heuristic argument which lead us
to the set of equations (3.6). We start from a sufficiently regular function that

solves (3.6) and we prove that it is the value function of the game.
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The heuristic argument
Let u € CY2(R3%) be a solution of Problem A, we want to prove that

Let (n,v) € A; and consider the controlled process defined in (3.1). Apply Ito’s
formula to the function
Su(t 4 s, X™)

up to the time 7 € 7;. We get

T

u(t,z) =e u(t + 7, X)) — [ e, 4 L — r)u(t + s, X" ds
0

— / o (XYt 4 s, XY AW,
0
—/ e (Vu(t + s, X", n,) dve

— Z / (Vu(t + s, X" 4+ Xny), ng) dA.

0<s<t

We apply the expectation to the equation above and we obtain

u(t,x) = E, [e‘”u(t + 7, X — / e (0 4 L — r)u(t + s, X" ds
0
- / e (Vu(t + s, X" n,) dve (3.9)
0

-3 e / (Vu(t + s, X" 4+ Any), ng) dA|,

0<s<t

because the stochastic integral is a martingale.

We suppose that there exists a control pair (n*,v*) € A; such that: if the
process starts inside the region {|Vu|q < f}, the control pair acts only when the
process hits the boundary of this set. The control pair at that point is an impulse
in the opposite direction of the gradient of the value function with a force equal
to the norm of thegradient; if it starts outside, the control makes an initial jump
from outside to inside the region {|Vu|s < f} and it leaves the process evolving

as above. Notice that the control acts whenever |Vu|; = f and the process stays
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inside {|Vu|q < f} for all the interval time (0,7 —¢]. The existence of this control
is related to the Skorohod reflection problem which requires regularity of the value
function in order to be solved.

Using this control in (3.9) we get:
ulte) = & e rule+ r, X0 = [0 Lt s X ds
0

» Vs S

—/ e (Vu(t + 5, XN nr) dper
0

- e [t s x4 ) ]

0<s<t

= ulam X [0 £, X ds
0
+ / e ft+ s, XU T) dvgt
0

+ > e—“/ f(t+s,Xs[7i”’]+)\ns)d)\}

0<s<t

Using the third and fourth line of (3.6), we have from the above equation

u(t,z) 2 Ex[e‘”g(t+7,X£”*’”*])+ / e " *h(t+ s, X" T) ds
0

+ / e f(t 4 s, XI) odv:]
0

::;Z;v(n*ay*vT)
The inequality holds for any choice of 7 € T;, thus

u(t,z) > sup Jp.(n*, &, 1) > 0(t, ).
TET

We prove now that u(t, z) < v(t,z). Recalling the last line of (3.6), we consider

the stopping time 7, = 7.(¢, z,n,v):

ro=inf{s € [0,7 — ] : u(t + s, XM = g(t + s,XLL””’])}.
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From (3.9), using the second line of (3.6), we get

u(t,z) <E; [e”*g(t + 7, X + / e "h(t + s, X" ds
0
—/ e (Vu(t + s, X" ng) dve
0

— Z e‘”/ S(Vu(t—{—s,Xgi’V] + Ang),ng) dA|.

0<s<7«

We use now the fifth line of (3.6) and

ut,z) <E, [e”*g(t o, X 4 / eh(t + 5, X)) ds
0

+/ e f(t + s, XM dve
0
e f(t+s,X£’i’”]+Ans>dA}

0<s<T« Vs—

The inequality holds for every choice of (n,v) € A, and we have

t < inf xz\Ity ¥y 1%
u(,x)_(n,lgeAjt, (n,v,Ts)

<u(t, ).

Thus we have that u(t,z) = v(t, ) = T(t, ). |
Next we give assumptions under which we obtain our main result (Theorem
3.6).

Assumption 3.4 (Controlled SDE) The functions b and o are continuously
differentiable and locally Lipschitz on R®. Moreover, there is D1 > 0 such that

0(2)|a + |0(2)]axa < Di(1+ |z|q), for all z € RY.

Recalling a = oo, for any bounded set B C R? there is g > 0 such that a(-) is
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locally elliptic:
(¢ a(x)C) > 05IC)3 for any ¢ € R? and all x € B. (3.10)

Assumption 3.5 (Functions f, g, h) For the functions f,g,h : Rg}l — [0, 00)
the following hold:

Loc

(i) g€ C'él(ﬁ’a(]Rg}l) and h € C’O’I’Q(RSF) for some a € (0,1);

(ii) t + f(t,z) is non-increasing for each x € R? and 0 < f(t,x) < c(1 + |z[f)

for some c,p > 0;

(111) there is Ky € (0,00) such that for all0 < s <t <T and all x € Rg}l

h(t,z) — h(s,z) < Ko(t —s) and g(t,z) —g(s,x) < Ko(t —s); (3.11)

(w) there is K; € (0,00) such that

0<g(t,z) +h(t,z) < Ki(1+|z3), for (t,z) € Rg}l; (3.12)

(v) f and g are such that

Vo(t,o)|a < f(t,2), for all (t,z) € RYY; (3.13)

(vi) there is Ky € (0,00) such that

O(t,z) = (h+ 99+ Lg—rg)(t,x) > —K,, for all (t,z) € Rg}l. (3.14)

Condition (3.11) is immediately satisfied if h and ¢ are time-homogeneous
(as it is often the case in investment problems, see, e.g., [14], [15], [19]) or if the
maps t +— (h(t,x),g(t,x)) are non-increasing for all x € R%. Otherwise, that
condition amounts to setting a maximum growth rate on t — (h(t, ), g(t, z)) as
time increases. Condition (3.12) is sufficient to guarantee that the value function
of the game has at most a quadratic growth. Intuitively, if the controller decides
to not use any control, the game evolves according the uncontrolled SDE and

the expected payoff has quadratic growth since g and h have. Condition (3.13) is
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sufficient to guarantee that the stopping payoff satisfies the gradient constraint in
(3.6) and therefore, from a probabilistic point of view, the stopper can stop at any
point in the state-space: strictly speaking, this condition is only needed in the
contact set {u = g}. However, the contact set is unknown a priori so it is difficult
in our generality to formulate an assumption involving that set’s properties; on
a more technical level, it will be shown in Lemma 3.32 that (3.13) implies that
the controller should never exert a jump at the time the stopper ends the game.
Condition (3.14) guarantees that there is no region in the state space where the
controller (minimiser) can push the process and obtain arbitrarily large (negative)

running gains.

Example: Assumption 3.5 describes conditions on the functions f,g,h. We
present now an example where these conditions are satisfied. Consider d = 1
and let (0,00) be the state space (see Remark 3.8). Let the underlying process
be a geometric Brownian motion with b(z) = ¢1x and o(x) = cox for some ¢y, ¢y
positive constants. In singular control problems, a common function cost is a
constant function: f = 1. For the terminal payoff we use g(¢,x) = x, this is a

function independent of time and its derivatives are
gz(t,z) =1 and g¢..(t,x) = 0.
We obtain that (3.13) is satisfied and
(O +L—1)g=c1x —ra.

Thus, condition (3.14) is satisfied if r < ¢; or, for example, if we take a function
h with quadratic growth in z such as h(t, z) = t + c32?. This function depends on
time and h(t,z) — h(s,z) < (t — s).

The next theorem is the main result of the paper and its proof is distilled in

the following sections through a number of technical results and estimates.

Theorem 3.6 The game described above admits a value (i.e., (3.5) holds) and
the value function v of the game is the mazximal solution to Problem A. Moreover,

for any given (t,z) € Rg}l and any admissible control (n,v) € A, the stopping
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time 7. = T.(t, z;n,v) € Ty defined under P, as
7 =1inf{s > 0| v(t + s, XM = g(t + s,Xi"’”})} A (T —1t), (3.15)

15 optimal for the stopper.

Remark 3.7: Uniqueness of the solution to Problem A remains an open ques-
tion. Methods used in, e.g., [62], do not apply due to the presence of obstacle
and gradient constraints. Existence of an optimal control pair (n*,v*) € A, is
also subtle and cannot be addressed in the generality of our setting. Even in
standard singular control problems (not games) abstract existence results rely on
compactness arguments in the space of increasing processes under more stringent

assumptions (e.g., convexity or concavity) on the functions f, g, h, b and o (see,
g [12], [34], [49], [64]). C

Remark 3.8: Our choice to work with X" € R? is purely for simplicity of
exposition. It will be clear from our arguments of proof that other types of
unbounded domains as, e.g., orthants of R¢, are equally covered by our analysis,
provided that the controlled process X [™*! cannot leave the domain in finite time.
In particular, for d = 1 our results apply to X™" € (0, 00), which is of specific
interest for economic applications with geometric Brownian motion or certain CIR

dynamics. [

3.2 Penalised Problem and A Priori Estimates

In this section we first introduce a class of penalised problems and illustrate
their connection with a class of ZSGs of control (Section 3.2.1). Then we provide
important a priori estimates on the growth and gradient of the solution of such
penalised problems (Sections 3.2.2 and 3.2.3) and, finally, we prove existence and

uniqueness of the solution (Section 3.2.4).



Penalised Problem and A Priori Estimates 39

3.2.1 A penalised problem

For technical reasons related to solvability of the penalised problem and the
probabilistic representation of its solution we choose to work on a sequence of
bounded domains (O,;)men C Rg}l. Recall that B,, C R? is the open ball
of radius m centred in the origin and set O,, = [0,7) x B,, with parabolic
boundary 9p0,, = ([0,T) x 9B,,) U ({T} x B,,). To simplify notation, we use

1Al =1 o @)
Let (&)men C C°(R?) be such that for each m € N we have:

(i) 0<&, <1lonR? with &, =1on B, and &, =0 on R\ B,,,1;

(ii) there is Cy > 0 independent of m € N such that

V&l < Cobm on RY. (3.16)

An example of such functions is provided in Appendix B.1 for completeness. We

define
gm(t, @) = Enoa(2)g(t,2) and Ay (t, ) == Enor()h(t, x), for (t,z) € REH.

Clearly gnm = hm = 0 on RiH \ O, while g,, = g and hy, = h on Op_y.
We also define a version f,, of the function f so that f,, = f on O,,_; and the

condition
IV gm(t,7)|a < fnlt,x), for (t,x) € O, (3.17)

is preserved. For (t,z) € Ry} we let

[N

fm(t’ w) = (fZ(t’ :L‘) + ||9||72n|vfm—1(f)|§ + 2(g§m—1<v€m—1> vQ)) (ta JZ))
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and notice that on O,,

d

|ng‘3 = Z (gmfla:vlg + gﬁxi§m71)2

=1
=& _1|Vgli+ | VEn1]G + 26m-19(VEn_1, V)

2
< o

where the inequality follows by the assumption |Vg|s < f and |¢,,| < 1. Since
Vén-1=0on B,,_1, we have f,, = f on O,,_;. Notice that f2 € C%*(0,,) by
Assumption 3.5 but it does not vanish on the boundary of O,,. By construction,

it is clear that
Jm — ¢, hyy —h and  f,, — f, asm — oo,

uniformly on any compact C C Rg}l.

Let us now state the penalised problem. Fix (g,6) € (0,1)? and m € N. Let
Y. € C?*(R) be a non-negative, convex function such that 1.(y) = 0 for y < 0,
Ye(y) > 0 for y > 0, Y. > 0 and ¢.(y) = = for y > 2¢. An example of
such functions is provided in Appendix B.2 for completeness. We also denote
(y)" = max{0,y} for y € R. In order to use the results within this chapter also
in Chapter 4 we introduce H : R? — R as H(p) == |p|>. Notice that VH(p) = 2p
and D?*H(p) = 214xq. Indeed, H is a uniform convex function and this will be

important in Chapter 4.

Problem B. Find u = u? with u € C%*%(0,,), for a € (0,1) as in Assumption
3.5, that solves:

(O 4+ L —1)u=—hp — +(gm — u)" + - (H(Vu) — f2), on O,,,

(3.18)
u(ta :L‘) = gm(tax)a (t, .%’) € 0p0O,,.

There are two useful probabilistic interpretations of a solution to Problem B,
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which we are going to illustrate next. Given ¢ € [0, T, define the control classes

( (15)sej0,00) 1S progressively measurable, R%-valued,

with [n,|q = 1, P-a.s. for all s € [0,00); (Vs)sef0,00) 18
Aj = {(n,v)

F-adapted, real valued, non-decreasing and absolutely

continuous in time, P-a.s., with E[|vr_4|?] < oo

7;‘5 = {w

It is obvious that A§ C A,. For (t,z) € ]Rg}l and y € R? we define the Hamiltonian

and

(Ws)sefo,00) 18 progressively measurable, }

with 0 < w, < 5, P-as. for all s € [0,7 — ]

H;,(t,,y) = sup {{y,p) — v (H(p) — f1(t,2)) }. (3.19)

pERY

The function HZ, is non-negative (pick p = 0). Thanks to (3.17), choosing
p = —Vgn(t,z) we have

HE (t,2,y) > —(y, Vagm(t,z)), forall (t,z,y) € [0,T] x R x R%. (3.20)

For any admissible pair (n,v) € A7, we consider the controlled dynamics

u

XM =g+ / [b(X ) + nyiy, | du + / o(Xrhdw,,  for0<s<T —t,
0 0

where now the process v is absolutely continuous with respect the Lebesgue
measure of time, P-a.s. Thus for a fixed 7" > 0 and for almost every w € () there

exists a measurable function (2)scpo,00) (Which depends on w) such that

t t
/]lAdl/SZ/ ]lAl'/st
0 0

for all measurable sets A C [0,7]. Sometimes, v is called the Radon-Nikodym

derivative of dvg with respect to ds. We define p,, = po,, (t,z;n,v) as

pm = inf{s > 0| X ¢ B} A (T —t). (3.21)
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Instead, for w € T, we introduce a controlled discount factor

Ry = exp(—/os[r%—w)\} d)\>.

For (t,7) € O,, and a treble [(n,v),w] € A? x T2 let us consider an expected
payoff:

Pm
T (n, v, w) = E, [Rgmgm(t + o, XY 0 [ RYR, (¢ + 5, XM ds (3.22)

t,x Pm
0

Pm
+ / RY [wygm + HE, (-, nss) | (¢ + 5, X[") ds|.
0
The associated upper and lower value read, respectively,

70(t,x) = inf  sup k7;’55’”1(71, v,w) and
(n,v)EA? weT?

5 3 767
v (tx) = sup inf  J70"(n,v,w),
wETY (n,v)EAL

so that v5° < v5°. A solution of Problem B coincides with the value function of
this ZSG.

Proposition 3.9 Let us? be a solution of Problem B. Then

ul (t, ) =050 () = w3l (t, @), for all (t,x) € O, (3.23)
Proof. For simplicity denote u = . By definition 75° = v = u = g,, on
OpO,,. Fix (t,z) € O,, and an arbitrary treble [(n,v),w] € A> x T,°. Applying

It6’s formula to RY u(t + pm, XY we have

Pm
Ry, u(t + pu, Xp2) = ult, 2) + | RO L= rultts X[y ds
Pm
—/ RPwgu(t + s, XI") ds
0

S

Pm
+ RY (ngig, Vu(t + s, XS[””’])> ds
0
Pm
- / RYVu(t + s, X[""No (X dw,.
0

s
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Notice that the function u belongs to C%*%(0,,) and thus It6’s formula applies
up to time p,,. Applying expectation to both sides on the equation above and

arranging terms we get

Pm

Pm
u(t,x) = E; {Rz’mu(t + Py XY — / RY(9, + £ — r)u(t+ s, X" ds
0
pm Pm
- / RYwu(t + s, X™) ds + / RY (n,vs, Vu(t + s, Xi”’”})> ds
0 0

Pm
- / RUVu(t + s, X" o (X V) dWS] :
0

The last term on the right-hand side above is a martingale because the functions
inside the integral are bounded and therefore the expectation is zero. Using that

u solves (3.18) we have

Pm

Pm
u(t,r) = E, {Ré”mgm(term,X 1y 4 /0 RPh(t + s, X" ds
Pm
+ / RY [ (gm —u) "= e (H(Vu) = f2)) (¢ + 5, X)) ds (3.24)
0

Pm
+/ RY [wsu(t + s, Xﬁ””’]) - <n51'/s, Vu(t + S,Xﬁn”’])ﬂ ds|.
0

We prove first that u(t,z) < v5°(¢,x). By definition of the Hamiltonian we have
(choosing p = —Vu(t + s, X! in (3.19))

—(ngirg, Vau(t + 8, X)) — . (H(Vu) — f2)(t + s, X[ (3.25)
< HE (t+ s, X" n o).

Moreover, choosing w = w* € T,? defined as

0 if u(t+ s, XI") > g(t + s, X",
w! = (3.26)
if u(t + s, X' < gt + 5, X",

S

we also have

H(gm — u)+(t + 5, XD L wru(t + s, XM = wrg (t + 5, XM (3.27)

S S

The process w* € T2 if it is progressively measurable. For all A € [0, p,,,], we just
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need to prove that the pre-image of

D)\i

(s,w) € [0, A] x Q|wi(w) =0}

{
{(s,w) € [0,\] x Q| (u— gm)(t+ s,Xﬁ"’”](w)) > 0}

is a measurable set. Defining Y)\(s,w;n,v) = (u— gn)(t + s, x4 (w)) for (s,w) €

[0, A\] x 2, we have that Y) is continuous because it is composition of a continuous

[n,v

function u — g,, with a progressively measurable process X, ], thus the pre-image

of an open set is a measurable set, i.e., Y, '((0,00)) = D, is measurable.
Then, plugging (3.25) and (3.27) into (3.24) we arrive at

u(t,z) =E, {Rw Gt + pm, XM + /me;“*hm(t + 5, X" ds
0
-+ /me;”* [w:g(t + 5, XM 4 HE (t+ 5, XM nsvs)ﬂ ds
0
= Z‘ff’m(n, v,w").
Since the pair (n, ) was arbitrary, then we have

ut,r) < ik JE (v 0),
(ny)eAs 7

and therefore u(t,z) < v52(t, ). Next we are going to prove that u > v

For any w € T, it is not hard to see that

(gm — u)+(t + 5, XM L wau(t 4+ 5, X > wegm(t + s, XM (3.28)

=

since 0 < w, < % for all s € [0,T — t]. Assume, it is possible to find a pair
(n*,v*) € A° such that, putting X* = X[’ we obtain

Vu(t +5,X7)) — v (H(Vu) — f2)(t + s, X)) (3.29)
= H, (t+ s, XJ,ngry).

—<n*l/*

-

Then, plugging (3.28) and (3.29) into (3.24), we have u(t,x) > ‘fo’m(n*, v w).
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Since w € T is arbitrary we have

ult,z) > sup Jo" (' v w) 2 (@),
weTP
It remains to find the pair (n*, v*). By concavity, the supremum in HE (¢, z,y)

is uniquely attained at a point p = p(t,z,y) € R? identified by the first-order
condition y = ¢L(H(p) — fr(t,2)) VH(p) = ¥L(H(p) — fr(t,2))2p. Taking

TR S T VAR .
n* = |Vu%5(t+57X;)‘d’ if vum (t + = XS) 7& 07
any unit vector, if Vui(t + s, X7) =0, (3.30)

Ur =20 (H(Vug (t+ 8, X7)) = fa(t+ s, X)) [V (t + 5, X0)]a,
with

X*

SApm

SApm
o [T - ULV - FOVHE)(E A XD AN (33D
SO/\pm
+ / o(X3) AW,
0

for s € [0,T — t], we have that (3.29) holds (we restored the notation us? for
future reference). It remains to check that (X3,

Since us® € C4%%(0,,) and ¢, € C?(R), then both the drift and diffusion

coefficients of the controlled SDE are Lipschitz in space (recall Assumption

)seo,r] is actually well-defined.

3.4). Hence (3.31) admits a unique strong solution. Moreover, both n* and
v* are progressively measurable and since 0 < ¢ < 1/e then also 0 < vF <
267 H|VuE? || < 00. Therefore (n*,v*) € AS. O

Remark 3.10: From the proof of Proposition 3.9 we see that w* defined in
(3.26) is optimal for the maximiser and (n*,v*) defined in (3.30) is optimal for
the minimiser in the ZSG with payoff (3.22). [

We also show that us? is the value function of a control problem with a

recursive structure.
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Proposition 3.11 Let u5® be a solution of Problem B. Then, for (t,z) € O,,,

Pm 1
usd (t, ) = ir)lfA E. [Ri_lgm(tjtpm,Xf[)""’])—i—/ RS hp(t+s, X ds (3.32)
n,V)e f m m 0

Pm B
+ /0 Ri ' [%(gm V uf;f) + H: (-, nsz)s)} (t+ s, Xs[””’]) ds|,

and the pair (n*,v*) from (3.30) is optimal.

Proof. For simplicity denote u = u&’. Since %(Qm —u)t + %u = %gm V u, then

taking w = ¢ in (3.24) and using (3.25) we get

ut) < it B B2 e+ g X
n,v +

Pm 1
+ / R [l + (gm V u) + HE (-, ngt) ] (E+ 5, XI) ds ).
0

The equality is obtained by substituting in (3.24) the controls w = $ and (n*, ")
defined in (3.30). Recalling the notation X* = X" and (3.29) we obtain (3.32)
and optimality of (n*, v*). ]

From the probabilistic representation of u£° in (3.23) we establish uniqueness
in Problem B.

Corollary 3.12 There is at most one solution to Problem B.

3.2.2 Quadratic growth and stability

£,0

Here we establish growth and stability results for u;?°.

Lemma 3.13 Let u5’ be a solution of Problem B. Then, there is a constant
K3 > 0 independent of €,6, m such that

0 <usi(t,z) < Ks(1+ |z]3), for all (t,z) € Op,. (3.33)

Proof. Since f, g and h,, are non-negative, then by (3.23) we get us° > 0. For
the upper bound we pick the control pair (n,v) = (e1,0) (where e; is the unit
vector with 1 in the first entry) in (3.22) and we call X° = X[e19 for simplicity.
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Notice that HE (t + s, X?,0) = 0, then

uz (t, )

Pm
< sup E:p{ ; R;U[hm+wsgm}(t+San)dS+R$mgm(t+pmanm):|

weTI

pm
< sup E, {/0 R;”[Kl(l—l—ws)<1+ sup | X}| )} ds+RZ’mKl<1+ |X3m\§)}

weT? 0<A<s

Pm
< KysupE, “1—1— sup e ”’X0| H Opmw*d’\—i—/ e_foswkd)‘[l—kws] dsﬂ,
0

weT?s 0<s<T—t

where the second inequality is using the quadratic growth of h,, and g, (see

(3.12)); the last inequality is using the definition of R* with
RY(1+x)=¢ o1 4 2) < e o\l 4 e7™2), Vz e 0, 00).

For P,-a.e. w we have the simple bound

Pm(w)
o I A +/ o @[] 4 gy ()] ds
0

m("-’) m (W
o B wan / T e I @ gg [_ o J3 wr(wyan] )
0 0

<T+1.
Therefore

usl (t, ) < K\ (T + 1)E, {1%— sup e ™| X7 }< Ks(1+ |z]3),

0<s<T—t

by standard estimates for SDEs with coefficients with linear growth ([48, Cor.
2.5.10]) and the constant K3 > 0 depends only on 7', D; and K in Assumptions
3.4 and 3.5. ]

Remark 3.14: In particular, (3.33) implies that for any m > my € N and
g,0 € (0,1)

[ H < Ks(1 4 |mo|?) = Mi(mo),

where we recall || - [[my = || - [[c0@,,,)- |
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The next result relies upon standard PDE arguments. Its proof is in Appendix

B.3 for completeness.

Lemma 3.15 Let u5® be a solution of Problem B. Let v € C=(0,,) and x, €
C>(R) be such that x,(0) =0, X!, >0, (Xn)nen are equi-Lipschitz, and

" = i ler2a@,) + o = () lloow < 70 n €N,
(Om) R) =5

for some v € (0,a). Then, there exists a unique solution w™ € C***(0,,) of

(@1 L= 1) = s — (g — 50)
+ ) (H(Vu™) — f2 = 1), on O, (3.34)

n

wn<t7 LL') = gm(t,w), (t, 33’) € 0p0,,.

Moreover, w" € Cp>*(0,,) and w™ — uz? in CY2P(0,,) as n — oo, for all

B e(0,a).

3.2.3 Gradient bounds

Our next goal is to find a bound for the norm of the gradient of u5;° uniformly
in £,9. We start by considering an estimate on the parabolic boundary 0pO,,

that will be later used to bound u5° on the whole O,,.

Lemma 3.16 Let us? be a solution of Problem B. Then, there is My = My(m) > 0
such that

sup  |Vus(t,x)|g < My, foralle, s € (0,1). (3.35)
(t,x)€pOm
Proof. For simplicity we denote u = u5°. If t = T we have u(T,x) = g,,(T, z) for
x € B,, and the bound is trivial because Vu(T, ) = Vg, (T, ).
Next, let ¢t € [0,7). Notice that ulgp,, = gmlos,, = 0. Fix z € B,, and
y € 0B,,. Then

0 <u(t,z) —ult,y) =u(t,z) — gm(t,y) (3.36)
< HngHM‘x - y‘d =+ u<t7 Q?) - gm(ta :L‘),
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where we recall the definition || - [, = || - [ co@,,)-

For arbitrary (n,v) € A? and w € 7?2, Dynkin’s formula gives

Pm
gm(t,z) = E, {Rﬁmgm(t + Py XY — /0 R (g, Vgm(t + 5, X)) ds

Pm
- / RY[049m + Lgm — TGm — Wsgm | (t + 5, X ") ds] . (3.37)
0
Then, setting 0,,, = 0;gm + Lgm — 7gm + hym and recalling (3.23), we can write

u(t, ) — gm(t, x)

pm
= inf supE, {/ R;"([@m + (s, Vgm) | + H, (-, nsf/s)> (t + s, XM ds}.
0

(n,w)EA? weT?

Picking (n,v) = (e1,0) and recalling that HZ,(-,0) = 0 and p,, = pe,, we obtain
the upper bound

POm
u(t,.CE) - gm(t’x) S Sup EI |:/ ) stl]@m(t + S’Xielm) ds:| S H@mHmEx [pom]'
0

weTP

Combining the latter with (3.36) we obtain

0 < u(t,z) —u(t,y) < [IVgmllmlz = yla + [OmllmEz [po,.].

Since po,, = po,, (t,x;e1,0) is associated to the control pair (n,v) = (ey,0),
then
po,, = inf{s > 0| X% ¢ BAYAN(T —t) = 7,, AT — 1),

and clearly E.[po, ] < E.[rn] =: m(z). It is well-known that = € C?(B,,) and it

solves
Lr(zx)=—-1 forz e B, with =w(z)=0 forz e dB,,

by uniform ellipticity of £ on B,, (see [30, Thm. 6.14]). That is sufficient to

conclude

E.[po,] < m(2) =7(x) = 7(y) < Lemlz — yla,
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for some constant L,,, > 0 depending only on the coefficients of £ and the
radius m. Then, for all ¢t € [0,7") we have 0 < u(t,z) — u(t,y) < M|z — y|q,with
My = |V gmllm + [|OmllmLzm. This implies (3.35) because u € C1?%(0,,). O

Using Lemma 3.16 we can also provide a bound on |Vug?|, in the whole domain
O,,. Tt is useful to recall that a function p € C*%(0,,) attaining a maximum at a

point (to, zg) € O,, also satisfies
;CgD(to, fEO) + 8t90(t07 [Eo) < 07 (338)

by the maximum principle (see [29, Lemma 2.1]). Since (to,z0) € O, then
V(to, x9) = 0 and, when tq € (0,7, also dyp(tg,z0) = 0. We also provide a

probabilistic proof of the maximum principle in Appendix (see Lemma B.3).

Proposition 3.17 Let us? be a solution of Problem B. Then, there is My = Ms(m)
such that

sup  |Vusd(t,z)|g < Ms, for alle,6 € (0,1). (3.39)
(t,2)EOm,

Proof. This proof refines and extends arguments from [69, Lemma A.2| (see also
[45, Lemma 2.8]). For simplicity we denote u = u5’. Let A\, € (0,00) be a

m

constant depending on m but independent of ¢, d, which will be chosen later. Let

v € C%12(0,,) be defined as
VMt x) = |Vu(t, )2 — du(t, )

for some A € (0, \,,,]. Recalling M; = M;(m) from Remark 3.14 we have for any
A€ (0,A,]

sup  |Vu(t,2)|2 < sup vt x) + A Mi(m). (3.40)
(t,x)EOm, (t,2)EOm,

A

Let (t*,2)) € O,, be a maximum point for v*. Two situations may arise:

either (1), 2*) € O,, or (t*,2}) € 9p0,,. If (t*,2}) € 9pO,,, then by Lemmas
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3.13 and 3.16 we have

v’\(t’\,x’\) < \Vu(t’\,x’\)]?l < M22 —  sup ]Vu(t,x)\z < M22 + A My,
(t,x)EOm,

where the implication follows by (3.40). Thus, if
A = {X € (0,\] : (1Y, 2) € 0pO,} # D, (3.41)

it is sufficient to pick A € A,, and (3.39) holds.
Let us now assume A,, = & (i.e., (t*,2*) € O, for all X € (0, \,,)]).With no

loss of generality:
Vu(t, Mg > 1 and (Vu(t*,2%), Vg, (¢, 2%)) — |[Vu(t), 22)]2 < 0. (3.42)
If either condition fails, then (3.39) trivially holds. Likewise, we assume

YL (H(Vu(tt, 2) — 2t 2) > 1 (3.43)

m

because v, is convex and ¢.(r) = 1 > 1 for r > 2. So, if (3.43) fails, it must be
[Vu(tr, oM 2 = H(Vu(th, 2V) < f2(t*, 1) + 2¢ and (3.39) holds because f,, is
bounded on O,,.

We would like to compute d;v+ Lo but the term containing (- )" in the PDE for
u is not continuously differentiable and, therefore, it is not clear that [Vu|? admits
classical derivatives. That is why we resort to an approximation procedure. Let u",
Xn and w" be defined as in Lemma 3.15. Recall that w™ € C;3*(0,,)NC>(0,),)

and w™ — u in C+27(0,,) for all v € (0, «). Define
Mt 2) = [V ()~ Mt ),

so that v™" € C12%(0,,) N C%2(0,,). Clearly, v»" — v* uniformly on O,),.

Let (£, 2 )nen be a sequence with (£}, 2))) € argmaxg 0™ for n € N. Since

A

O,, is compact, the sequence admits a subsequence (ti‘bk,xnk) ken converging to

some (t,Z) € Oy,. It is not hard to show that (f, #) € argmaxg,_ v* (we provide the
full argument in Appendix for completeness). Then, with no loss of generality we

can assume (%, 2*) = (£, ). That implies that we can choose (£ , 2 Jren C Op.
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More precisely, by continuity of v*, for any n > 0 there exist bounded open
sets Uy, C O,, and Vy, C B, such that (), 2*) € Uy, U ({O} X V,\J,) and
VMt z) > v ar) —n for all (t,z) € Uy, U ({0} xVi,) (by convention, if
t* # 0 we take V), = @). Moreover, for k& € N sufficiently large we have

(t>‘ )]>k C U)\ﬂ ({0} X VAJ?)'

From now on we simply relabel our subsequence by (), 2}),cn with a slight

abuse of notation. Since (£}, 7)) is a maximum point of v*»" from the maximum

n’ ’VZ

principle (see (3.38)) we get

Lo™ (b, 7,

M+ oM (1),

n? ’I’L

N <. (3.44)

Next we compute explicitly all terms in (3.44) and to simplify notation we drop

the argument (¢

o, n) Denoting 0;v = vy, Op,v = vy, and Oy, U = Ug,a,, We Obtain

o =2(Vw", Vw}') — uy;

v :2(Vw" Vw"> — Ay, 1<i<d; (3.45)

Substituting in (3.44) gives:

d d
0> ay(Vwy, Vul ) +23 wh (0w}, + Lw)) — MOu+ Lu).  (3.46)

ij=1

From uniform ellipticity (3.10) on B, and denoting 05, = 6 we have

d d d
E aij{(Vwy,, Vw E 5 AijWy 4. W kaj
i,j=1 k=11,j=1

d
> 0|V, |2 (3.47)
k=1
Z H‘Dan‘ZXd‘
To study the second term in (3.46) we introduce the differential operator L., :

(Lap) () = 3tr (a0, (2) D?p(@)) + (bs, (2), Vip(z)), for v € C*(RY), (3.48)
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where a,, € R is the matrix with entries (0,,a;;)];_, and b,, € R? the vector
with entries (9,,b;)%,. Differentiating with respect to x;, the PDE in (3.34) and

rearranging terms we get

Aot + L, =+ L) (KT = ) = O (3.49)

n

where we set ¢, == (H(Vu") — f2)(t),z}) — £ for the argument of 1.
In the third term of (3.46) we substitute (3.18) and, combining with (3.47)
and (3.49), we obtain

02 0|D%w" 3,y + 2|7V 3 + LGV, V(H(Tu") = f2)) = (V" Vi)
= L\ (g — 1) (V™ V(g wakcka | 350
- )\(TU + ¢8(Cn) - %(gm - U)+ - hm)>

where we set ¢, = (H(Vu) — f2)(t},x)) for the argument of ..
Let us denote w" = u — w". Then [|0"|c124@,,) — 0 as n — oo because
w" — u in C127(0,,), for all v € (0, ). We claim that

2|:7“|Vw”|3 — (Vw", V) = $X0(gm — w)(Vw", V(g Zwmkﬁka ]
= A(ru+ $e(G) = Hgm — u)* - hm) (3:51)
> —C|Vulg = 0|D*w" |3, 4 — Co = MMy = ML(G)H(Vu) — Ry,

for M; as in Remark 3.14, constants C; = Ci(m) > 0, Cy= Cy(m) > 0 depending

only on m and with

0<R,< Hé,m(HwnHCOJ»W(ém) + )‘Hw;(Cn) - %(@)Hm),

where Ks,,, > 0 depends on 9, ||Vul|,, and ||Vgm|/m. Clearly R, — 0 as n — oc.
For the ease of exposition the proof of (3.51) is given separately at the end of this
proof.
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Plugging (3.51) into (3.50) we obtain

0 > 2L (Cu)(Vu", V(H(Vu") = f,,)) = C1[Vulg = Cs
— XMy — ML(G)H(Vu) — Ry,

By (3.43), ¢'(,) > 1 for large n. Then, multiplying both sides of the inequality
by —1 we obtain

0 < WG (AH(VU) = 2Vw”, VIH(VU") = f2))+ C1|Vul} + CotArMy + Ry).
That implies
0 < C1|Vul3 + A H(Vu) — 2(Vw™, V(H(Vu"™) — f2)) + Co+ArM, + R,,. (3.52)
We claim that
—2(Vuw™, V(H(Vu") — f2)) < =201 (Vu) + 2|Vulg| V2 |s+ R, (3.53)

where R,, = ]?n(m, g,0) goes to zero as n — 0o. Again, for ease of exposition the
proof of (3.53) is given separately at end of this proof, after the one for (3.51).
Collecting C}|Vu|? and AH(Vu) we have that (3.52) becomes

0 < (Cy — N |Vul2 4 2|Vu|g|Vf2 |+ Co + MrMy + R, + R,,. (3.54)

By definition of f,, it is not hard to verify that |V f%|; < Cs for a constant
C3 = C3(m) > 0 independent of € and 6. Then from the inequality above we

obtain
(A = C))|Vul? < 2C5|Vulg + Cy + \rM; + R, + R,,.

Choosing A = A := C} + 1 and recalling our shorthand notation Vu = Vu(t}, 2)),

we have
IVu(t), )2 <205|Vu(t), 2)|a + Co + ArMy + Ry + R, (3.55)

Thanks to (3.42) we have |Vu(t}, 2})|q > 1. Thus, with no loss of generality
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we can assume that |Vu(t, z)|q > 1 for all (¢,z) € Us, U ({0} xV5,) and recall
also that (), 2))nen C Us U ({0}xV5,,). Thus, dividing by [Vu(t), 2))|4 in (3.55)

we get
IVu(t), 2))]g <205 + Cy + ArMy + Ry, + R,.. (3.56)

From (3.56) and the definition of Uy, U ({0} x Vj,)

sup U’_\(t, x) = v’_\(tx, xj‘)
(t,x)EOm, Y
<v(t), x)) 41

n»*'n

< (205 + Cy + ArMy + R, + R,)? + 1.

Letting n — oo we obtain

sup vt x) < (205 + Cy 4+ ArMy)? + 1.
(t,x)EOm,

By the arbitrariness of 77 and since (3.40) holds for any A € (0, \,,)], taking A, = A

we have

sup  |Vu(t,z)|3 < (205 + Cy + MrMy)? + AM,.
(t,2)EOm,

Hence, the proposition holds with Mz = ((2C3+Co+ArM; )%+ AM;)'/? independent
of € and 9. O

Proof of (3.51). Recalling 0" = u — w™ we first notice

Vw5 = (|Vul; — 2(Vu, Vi) + |[Va"[3) (3.57)
<|Vulf + V" | (20 Vel + [V ||1)-

The first term on the left-hand side of (3.51) is positive. Let us look at the second
and third term on the left-hand side of (3.51). For the former we have

(Vw", Vhy) < [Vw|q| Vhg|a < V0[5 + VA3 (3.58)
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For the latter, notice

(V" V(gm — ) = (V(u=0"), V(gm — u))
(Vu ng> = [Vulg = (Va", V(g — u))
(Va", V(u = gm))

[ ||com O IVullm + 1V gmllm),

IA

IN

where the first inequality holds by (3.42) in Uy, U ({0} x Vi,). Since 0 < x, < 2,
then

X (gm — w) (V" V(g — 1)) < 50" ]| go1@,0 (Ve + [1Vgmllm),  (3.59)

and this term can be collected into R, in (3.51).
The fourth term on the left-hand side of (3.51), recalling (3.48) we have

d

d d
> wl Low" =1 (V" Vag)wy, + > (Vu", Vb)), (3.60)
k=1 ij=1 i=1
< %Amvan’d’D2wn|dxd + dA,,|Vw" |3,
where we used Cauchy-Schwartz inequality and set

Am = max (Hvaij”c()@m) + HVbiHCo@m)>- (3.61)

Using that d?A,,|Vw"| 4| D*w"|gxa < 07 d* A2 |Vw™ |2+ 0| D?*w"|?, 4, with 0 = 0,
as in (3.10), and combining (3.58), (3.60) and (3.57), we have

d
(Vw", Vhy,) + Zwﬁkﬁka” < %C'1|Vw"|3 + %9|D2w"|zxd + %C’g (3.62)
k=1
< 3[Cu IVl + 01D ey + Co+ UV | (2l + [V07)].
with

Cy=0Ci(m) =1+d*'A207' +2dA,, and Cy = Co(m) = ||[Vh,|?. (3.63)

The expression involving ||V@™||,, can be collected into R, in (3.51).
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It remains to find an upper bound for A(ru+-(¢,) — +(gm —u)™ — hy,). Since
Py > 0 and (g, — u)* > 0 and taking M; = M;(m) > 0 as in Remark 3.14 we

have

)\(ru + Ve (Ca) — %(gm —u)" — hm) < A(TMl + ¢5(Cn)) (3.64)

By convexity of ¢. and since ¢.(0) = 0, we have

Ve (Gn) VLG (H(Vu) = f7)
<PL(G)H(Vu) (3.65)
<YUGH(Vu) + [UL(G) — ¥i(Ca) [H (V)
<ULGIH(V) + [[¢L(G) = Gl Vel
Combining (3.59), (3.62), (3.64) and (3.65) we obtain (3.51). O

Proof of (3.53). By Cauchy-Schwartz inequality and recalling that @™ = u — w"

we have

< —2(Vw", V(H(Vu™))) + 2|V |4V 2|4 (3.66)
< =2(Vu", V(H(Vu"))) + 2[Vula| Vil + 2 V" [ ]|V fr -

The k-th entry of the vector V(H(Vu")) reads (H(Vu"))wk = (VH(Vu"),Vu}, )
and therefore the first term on the right-hand side of (3.66) can be written

wy, (H(Vu"))m =wy (VH(Vu"), Vuy, )
= w;lk<V7'l(Vu”) — VH(Vu), Vu;lk> (3.67)
+wy (VH(Vu), Vuy, — Vug,) +wy, (VH(Vu), Vug,)
> — Conlu™ = ullcrza@,) [ Vllm (1Dl + 1 VUllm)
+ 2wy, (VH(Vu), Vuy,),

where Cyy is the Lipschitz constant of VH, i.e., 2. The last term above is



58 Zero-sum game between Controller and Stopper

estimated as

wy, (VH(Vu), Vug, ) =wy, (VH(Vu), V(dy, +wy,))
H(Vu), Vil )+’ (VH(Vu), Vul ) (3.68)
= Coul|@" | cr2@,) VW [ [ V|

wy (VH(Vu), Vwy ).

wi, (V
wi, (V

| \/

which is

For the last term above, recall that all expressions are evaluated at (£}, z2}),

a stationary point for v»" in the spatial coordinates. Thus, 2({Vw" , Vuwl ) = g,

by (3.45). Summing over all £’s in (3.68) we get

Zw (VH(Vu), Vul, ZZ“’ (VH(Vu))w? ..

k=1 k=1 i=1

=) (VH(Vu))(Vuw", V)

= Z(m(m))m% (3.69)

AVH(Vu), V)
> AH(Vu),

where the last inequality is justified because #(+) is a convex function such that
H(0) = 0, thus H(p) < (VH(p), p). Plugging (3.69) back into (3.66) we get

—2(Vu", V(H(Vu") = [7)
< = 20H(Vu) + 2[Vula V| + 20 V" 1|V £7, [l
— Cond|[ " o124 @, IV Ul (V0" 10 + 1 D) (3.70)
Yl (1 D% [l + [Vt

_ Cvﬂd”un _ UHCQ,Q,—\,(@"L)

Since w™ — u and u™ — u in CY*7(0,,) as n — oo for all v € (0, ) (Lemma
3.15), then all the terms in (3.66) and (3.70) depending on @™ and u™ — u can be

collected in a remainder R,, = R, (m,¢e,d) that goes to zero as n — co. So, (3.66)
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and (3.70) give us
—2(Vw", V(H(Vu"™) — £2)) < =2AH(Vu) + 2|Vu|q|V f2|q + R,

as claimed in (3.53). O

3.2.4 Solution to the Penalised Problem

In this section we prove that Problem B admits a unique solution. The proof
is based on a fixed point argument that requires the a prior: estimates derived in
Sections 3.2.2 and 3.2.3 as well as the next bound.

Proposition 3.18 Let us? be a solution of Problem B. For any 3 € (0,1) there
is My = My(m,e,9, ) such that

Huf,lcho,l,ﬁ@m) < M. (3.71)

Proof. Let u = uS? for simplicity. Then, u can be seen as the unique solution ¢
of the linear PDE

o+ Lo —rp=—h, — %(gm —u)" 1 (H(Vu) — f2), on O,

with boundary conditions ¢(t,z) = 0 for z € dB,, and ¢(T,z) = g,,(T, x) for all
x € By,. The theory of strong solutions for linear parabolic PDEs (see [8, Thm.
2.6.5 and Rem. 2.6.4]) gives

ullw 200, < c( o + 3 (gm = ) = 0 H(VW) = £ | ooy (372)
+ gl 200,

for any p € (1,00), with C a constant independent of € and §. Denoting |O,,| the

volume of the set O,,, thanks to Proposition 3.17 and v > 0 we have

lullwr 200, < C1Om I3 ([[m + Lgmll,, + 1143)

+ Cllgmllwr2p0,,) < o0,

having also used that 1. (z) < %x for all x > 0.
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Since p is arbitrary, then Sobolev embedding (1.6) guarantees that for any
B € (0,1) there exists a constant My = My(m, €, d, 5) such that (3.71) holds. [

The next theorem requires two ingredients, a result on the existence and
uniqueness for linear parabolic PDE on bounded domain and a fixed point theorem
for Banach spaces. The first ingredient comes from [29, Thm. 3.3.7] whose

assumptions are:
(i) the coefficients of £ and r are a-Hélder continuous in O,,,
(ii) the second-order operator a is uniformly elliptic in B,,,
(iii) the right-hand side of (3.73) is a-Hélder in O,,,

(iv) a so-called compatible conditions which is presented in the proof of the

theorem for clarity,

(v) for every point (t,z) € 0B,,, there exists a neighbourhood V' such that all
points (s,y) € V N 0B, can be represented as

Y; = h(t,yl, e Yic1, Yia1s - - ;yd) fOI‘ some ¢ € {1, Ce ,d},

and the function h and its derivatives, 0;h, 0, h, Oyh, Osz b, O 0, b, are a-
Hoélder continuous in V N ({T'} x 0B,,) for all 1 < j, k < d with j, k # i.

In our case, Assumptions (i), (ii) and (iii) are satisfied by Assumption 3.5. Assump-
tion (iv) is presented in the theorem below and Assumption (v) holds because we
have that for all (s,y) € [0, 7] x 0B,, we can find ¢ such that |y;| > \/LE' Defining
V,={z eR: |xz—yls < \/LQTI}’ we have that for (¢, z) € [0,T]x(V, N 9B,,) = V.|

we can use the function

1
T; = h(t,fﬂl,...,xi,1,$i+1,...,l’d) = (1 — Zx?)Q
JFi

We have that h > Vf/%l everywhere in VyT and it is independent of time. Thus, the
derivatives with respect to time are sufficiently regular, the derivatives with respect
to the space variables only are continuously differentiable because they are a ratio

of infinitely differentiable functions with a non-zero denominator everywhere.
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The second ingredient is a Banach space. Let us define the subset of C%%*(0O,,)

as:

Cob(0,,) = {go e CO*(0,,)

¢ =0on{T} x 0B, and
Vo =0on {T} x 0B, '

Lemma 3.19 The space (C21*(Op), || - |core(a,,)) @ a Banach space.

Proof. The space C%2(0,,) is a subset of C%*(0,,) which is a Banach space
with respect to || - | co1.0(3,,)- Thus, it is enough to show that CoL(O,,) is closed
under the same norm. This implies that (C>"*(Opm), || - [|co1a@,,) is a Banach
space

Let (¢n)nen be a Cauchy sequence in C%4%(0,,) convergent to ¢ € C%1(0,,).
Since ¢, = 0 and Vg, = 0 for all n € N and ¢,, — ¢ in C**(0,,) we have that
p € CP1(On). 0

Remark 3.20: Defining C1%%(0,,) = (C1?* N C%4)(0,,), we have that also
the pair (C1**(Om), || - c120(,,)) is a Banach space. |

Theorem 3.21 There exists a unique solution us® of Problem B.

Proof. Uniqueness is by Corollary 3.12. Existence will be proved refining argu-
ments from [45, Prop. 1.2]. Fix ¢,6 € (0,1) and m € N.
Given ¢ € C%%(0,,) we consider the linear partial differential equation for

w = w?:

Ow + Lw — 1w = —hy — 3(gm — @)+ e (H(Ve) — f2), on O,

(3.73)
w(t,z) = gm(t, ), (t,z) € 0pOp,.

For x € 0B,, the compatibility condition
Egl(@tgm + LGy — 79m)(5,2) = [— hy — (g — <P)+ + e (H(Ve) — f2) (T, ),

holds, with both sides of the expression being equal to zero. Indeed, on the
left-hand side, properties of the cut-off function &, 1 € C°(B,,) guarantee
9m = Ov,9m = Or,2,9m = 0 on [0,T] x dB,,, hence also 9;g,, = 0. On the
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right-hand side of the equation, we use that h,, = ¢ = 0., =0 on {T'} x 0B,,.
Therefore (3.73) admits a unique solution in C*2%(0,,) by [29, Thm. 3.3.7]. The
boundary condition of the PDE implies w = 0 and Vw = 0 on {T'} x 0B,,. Hence
w e CH>2(0,,).

Define the operator ' : C%12(0,,) — C%1%(0,,) that maps ¢ to the solution
of the PDE (3.73), i.e., I'[¢] = w¥. Next, we show that I" has a fixed point by
Schaefer’s fixed point theorem (stated in Appendix for completeness). So Problem

B admits a solution.

We have I'[p] € C}22(0,,) = T¢] € C*F(0O,,) for all B € (0,1) by
(1.6). We must prove that I is continuous and compact in C%%*(0,,). Consider
a sequence (¢n)neny C C%1%(0,,) such that ¢, — ¢ in C%*(0,,). Let F :

R x R? — R be defined as

F(g,p) = v (H(p) — f2) — 3(gm — @)™

Clearly |¢| and |V¢|s are bounded on O,,. Since F is locally Lipschitz, then
standard estimates for Holder norms allow to prove F(p,, V¢,) = F(p, Vy) in
C7(0,,) as n — oo for any v € (0,a). By Lemma B.1 in Appendix, I'[¢,] — ['[o]
in C1*7(0,,) for any ' € (0,7), as n — co. Sobolev embedding (1.6) implies
['[p,] — T[g] in C¥14(0,,) for any B € (0,1), hence continuity of T

For compactness, notice that I' maps bounded sets of C%'*(0,,) into bounded
sets of C12%(0,,) by [29, Thms. 3.2.6 and 3.3.7]. Since bounded sets in C}22(0,,,)
are bounded in C%%#(0,,) for all 3 € (0,1) (see (1.6)), then C1**(0,,) —
C%4%(0,,) is a compact embedding.

It remains to prove that the set
B = {cp € C21(0,,)| pTlp] = ¢ for some p € [0, 1]}

is bounded in C%4*(0,,). If p = 0, then ¢ = 0. If pI'[p] = ¢ for some p € (0, 1],
then ¢ satisfies

o+ Lp—rp = p[—hm—%(gm—go)++¢g(H(Vgo)—ffnﬂ, on O,,,
¥ = PGm, on 0p0O,,.

(3.74)

The PDE in (3.74) is the same as the one in (3.18) but with A, Ve, gm, % replaced
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by phum, pbe, pgm, §. Then, all the results from this section and Proposition 3.18
apply to ¢. In particular, |¢[lcore,,) < My uniformly for all p € (0, 1], with
M, as in Proposition 3.18. Finally, Schaefer’s fixed point theorem guarantees

existence of the solution of Problem B, for every treble (e, d, m). O

3.3 Penalised Problem on Unbounded Domain and

Further Estimates

We refine our a priori estimates on the solution of Problem B. First we shall
make all bounds independent of m so that we can construct a solution to a
penalised problem on unbounded domain as m — co. Then we shall find bounds
independent of € and d so as to pass to the limit for €, | 0 and obtain a solution
to Problem A.

3.3.1 Estimates independent of m

First we bound Vu£? independently of m on each compact.

Proposition 3.22 Fiz mg € N and ¢ > mg + 2. Let ué"s be the unique solution
of Problem B on O,. Then, there is Ny = Ni(my) independent of €, 6 and q, such
that

sup |Vu2’6(t,1:)|d < N;. (3.75)
(t,2)EOmq
Proof. For notational simplicity set u = ug?, & = &n, and || - [lo = || - [[mo+1- Since

q > my+ 2, we have f, = f, g, = g and hy = h on Opmot1- Let Ag € (0,00) be a
constant depending on mg but independent of ¢, §, ¢, which will be chosen later.
Let v* € C%4%(0,,,11) be defined as

v (t,z) = &(z)|Vult, x)‘z —Mu(t,x), for (t,r) € Opmyi1 (3.76)
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for some A € (0, \o]. We will use later that

sup  [Vu(t,2)z < sup &(2)|Vu(t, 2)lg (3.77)

(t,x)E@mO (t7$)66m0+1

< sup vt @) + Aollulo,

(t,ﬁ) E6m0-‘v—1

where we also notice that ||u|lo < M; with M; = M;(mo + 1) as in Remark 3.14.

Let (t*,2") € O,,11 be a maximum point for v*. If 2* € 9B, then
() = 0 and v(t) 2Y) = —du(th,2)) < 0. If t* = T, then vNT,2") <
E@N|Vg(T, z)|% < ||f]I2 (see Assumption 3.5). Thus, in both cases (3.75) holds
with Ny > (|| £]|2 + MoM;)Y/2. Defining A, 41 as in (3.41) but with )y instead of
Am, if A1 # @ the bound holds taking A € A, 1. It remains to consider the
case Apyi1 = 9, so that (1, 2%) € O,y for all X € (0, \o).

As in the proof of Proposition 3.17 we use the smooth approximation w”"
of u, obtained from (3.34). Analogously, let us define v*" = ¢ |Vw"}fl — Au in

Opmot1 and let (£, 2)),en be a sequence converging to (%, 2*) with (t}, 7)) €

argmaxg, -, v™. For any 1 > 0 there exists a neighbourhood U, ,, U ({O} X V,\J,)
of (t*, ) such that

oMt ) > oMt ) =, for all (t,z) € Uy, U ({0} x Vi) (3.78)

Vay = @ if t* #0).

Taking derivatives of v»" we have, for 1 <1, j < d,

and (), 2})) € Uy, U ({0} x V) for sufficiently large n’s (with the convention

v =26(Vw", Vuwl) — \uy;
vi‘;" =26(Vw", Vuwy ) — Mg, + &, Vu"|?;
v =26(Vuwy, Vwy ) + 26(Vu", V)
= Nz, + &, |V 3+ 2(6, (V" Vil ) + & (Vo™ V).

Since (£}, 2) € Opyr1 then (3.38) gives (o™ + LoM™) (), 27)) < 0. Substituting

n»*'n n

the expressions for the derivatives of v»", some tedious but straightforward
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calculations and symmetry of a;; give

d
0 >2(Vw", (0,+L)(Vw™)) — MOu+Lu) + €Y ay(Vul, Vul)  (3.79)

3,j=1

d
H(LOIV" 5 +2 ) aii&e (Vu", Vol ),
ij=1
where (0; + £)(Vw") denotes the vector with entries (0; + L)wy for k=1,...,d.
Here we omit the dependence on (£}, z

n? ’I’L

The expressions for (9, + £)w}, and (0; + L)u are the same as in (3.49) and

*) for notational convenience.

xT

(3.18), respectively. A lower bound for }_ a;;(Vwy,, Vwy ) was also obtained in
(3.47) but with 6 therein replaced by ¢ = 0p,, .,. Thus, from (3.79) we get

0 > &0|D*w" |3, (3.80)

+2¢ [rww"@w;(&nww, VH(VU") = ) = 5x0(g—u)(Vw", V(g —u))
d

—(Vw",Vh) —Z wgkﬁwkw”] —Aru+ve(é)—h—3(g—u)")
k=1

HLYIVW" 742 ) ay&e (Vu", Vi),

4,j=1

where G, = (H(Vu") = f?)(ty, 23) — 5 and ¢, = (H(Vu) = f*)(t3,27). Up to a
factor &, the expression above is the analogue of (3.50) but with two additional

terms. As in (3.51) we have

2§[T|Vw"|?l—%X;L(g—uwa”,V(g—u» (Vw", Vh) — Zw ﬁka}

- /\(TU + (¢n) — %(g —u)t — h) (3.81)
> —Ci&|Vuli = §¢|D*w" |7,y — £Cy — MrMy — ML(C)H(Vu) — Ry,

where R,, — 0 as n — oo uniformly on O,,,+1. We notice that, differently to
(3.51), we have a factor 1/2 multiplying |D?*w"|?, ;. That of course is obtained
by adjusting the constant Cy = (14 2d*AZ, 07" + 2dA,,,41) (see (3.63)) with
A1 as in (3.61) and Cy = ||[VA||o.

The last term on the right-hand side of (3.80) can be easily bounded. Set
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do = max; j ||a;;||o, which is finite by continuity of a;;, and recall that |V¢|3 < Cp€
by (3.16). Then

d d
2 Z ;& (V" Vg ) > —Qdodz (VE]a| V" |a| Vwg, [a

i,j=1 j=1
> —2a0d*\/ Col|Vw" g D*w™ | gxa (3.82)

n 9 n
> —Gy| Vw3 — €2 D"

where the final inequality is by |ab] < pa® + % with a = 2ayd*\/Co|Vw"|q,
b = E&|D*w™|4xq and p = 2/60, and setting C3 = 80~ 'a2d*Cy. It is also easy to
check that ||LE|lo < & for some k = (][]0, ||o]lo) > 0, because the derivatives of
¢ are bounded independently of my.

Plugging (3.81) and (3.82) into (3.80) and setting Cy = C3 + k we have

0 > 26¢L(G) (V™ V(H(Vu™) — f2)) — £C1|Vul] — Co| Vw3 (3.83)
— ML(G)H(Vu) — ECy — MrMy — R,,.

Using (3.57) we have £C1|Vul? + Cy|Vw" 2 < Cs|Vul? + R, where R, — 0 as
n — oo, uniformly on 6m0+1 and C5 = C; + C4. It remains to find a lower bound
for &(Vw™, V(H(Vu") — f?)). By the same arguments as in (3.66), the bound
in (3.67) continue to hold, up to the inclusion of the multiplicative factor £. We
have an additional term in the final expression in (3.69), because now v;\l;” =

gives 26(Vw”, Vw}, ) = Mg, — &, |[Vw"|3. So, the extra term appearing in (3.69)

reads —u,, &, |Vw"|3 and, similarly to (3.57), we get
Uy & [ V0" 7 > —1, &0, [ V] — g, |16, [ VA" o (2] Vullo + [V o)
In summary, we have

§(Vu", V(H(Vu") = 7)) = MH(Vu) = E[Vuld| Vg (3.84)
— [Vul3|VEls = ERn,

where R,, — 0 as n — 0o, uniformly on @moﬂ.

Substituting (3.84) into (3.83) and grouping together all terms that vanish as
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n — oo we obtain

0 > 2¢L(G) [AH(Vu) — €| VulaV f2]a — [Vul3| VE]d]
— C5|Vuli — Co — ArM; — Ry,

where R, — 0 as n — oo. Using that ¥/(¢,) > 1 by the analogue of (3.43), for

sufficiently large n, and multiplying the above expression by —1 we arrive at

0 < YL(G) [ = AH(Vu) + 28 Vula|V 2[4 + 2[Vul3|VE]4
+ C5|Vul; + Co + ArM; + R,,).

Using H(Vu) = |Vul?, 26|Vula|V e < |Vul2 + [V 22 and |V f2]q < V2o,

the above inequality leads to
(A =1 =2[VElalVulg = Cs5)[Vuli <[V 25 + Co + ArMy + Ry,
Then, recalling that |VE|2 < Co€ (see (3.16)) and setting

A =2+ 2v/Col[ V€| Vulal|, + Cs,

we obtain

IVul2(), 2)) < |V ]2+ Cy + ArM; + R, (3.85)

n»n

The parameter \ is bounded from above independently of Vu as follows. Let
¢ > 0 be a constant that varies from one expression to the next, independent of
)\, €, &, but depending on d and the C°(O,,,11)-norms of b, o, g, h, f?, and their
spatial gradient. From (3.76), (3.77) and (3.78), we obtain

€]V ul3]], < [Vu(t), 23+ MMy +1
<c(l4+ X+ R,) +n
<c(1+ ||VEIVulall, + Rn) + 7.

where the second inequality uses (3.85) and the final one the definition of . Since

€1V ulillo = VeI Vulall, then [/ Vulgllo <max{l,c(l1+ R,)} +n. Asn oo
and 1 | 0 we get (3.75) from (3.77) and (3.85), choosing A\g = 2+ 2(1+¢)v/Cy+Cs,
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thanks to the bound on . O

The bound in Proposition 3.18 depends on m. The next result instead provides
a uniform bound on any compact O,,, for mg < m. This can be achieved thanks
to (3.75).

Proposition 3.23 Fix mg € N and ¢ > mo+ 3 and let uZ"S be the unique solution
of Problem B on O,. For any p € (d+ 2,00) and f =1 — (d + 2)/p there is
Ny = Ny(myg, €,0,p) such that

[ [lwr20(0,mg) + 15 o018 @, ) < Na- (3.86)

mg) —

Proof. Define p(t,x) = fmo(:c)ug"s(t,a:). Since u‘;"s solves (3.18) and f, = f,
gq = g and hy = h on Oy, 41, then ¢ solves

Qo+ Lo—ro="Eng[—h—3(9— uZ"S)+ + 1. (’H(Vu‘;‘s) — )] +Q, on Oy,

where Q(t, ) = uZ®(t, 2)(LEm, ) () +2(a(2) Vm, (2), Vug’ (t, x)), and with bound-
ary conditions ¢(t,x) = 0 for x € 0Bp,+1 and (T, ) = &y (x)g(T, x) for
T € Byot1- Asin (3.72) we have

ollwr2e©, 1) < C( [ Emo [P 3(g—uZ®) T =t (H(VuS®) — )] +Q||Lp(om0+1)
+ H£mog||w1,2,p(omo+l)) (3.87)

for any p € (1,00) and with C' > 0 independent of €, 6 and ¢g. Denoting |O,,y+1]

the volume of O,,,+1 and using Proposition 3.22 we obtain

HU?CSHW”’P(OmO) < ||S0||W172vp(om0+1)
1
< ClOmgal? (17 + 59+ Qllmo+1 + 2(N1)?)

+ OHfmogHlez!P(OmOH),

where the first inequality is due to u‘;"s = ¢ on O,,. Since ¢ is bounded on

Oumg+1 independently of ¢, the estimate above and Sobolev embedding (1.6) give
us (3.86). O
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3.3.2 Penalised problem on unbounded domain

Combining the results obtained so far we can prove existence and uniqueness

of the solution to a penalised problem on Rg}l.

Problem C. Find u = u*® with u*® € (C2% N W,2P)(R4H), for any p € (1, 00)

Loc

and o € (0,1) as in Assumption 3.5, that solves:

O+ L—ru=—h—1g—u)" + ¢ (H(Vu) - £?), on[0,T)xR?,

(3.88)
w(T,x) =g(T, ), for all x € R%.

[ |
Theorem 3.24 There exists a solution u®° of Problem C.

Proof. Fix n and take m > n + 3. From Proposition 3.23 we know that for

any 3 € (0,1) and p € (1,00), the norms [|[us?|[y1.20(0,) and [Jus? lcors(o,) are
bounded by a constant independent of m. By weak compactness in W1%? and
Ascoli-Arzeld’s theorem we can then extract a sequence (u;‘%) ren and there exists
a function u%" € WH2P(0,,) (both possibly depending on the choice of O,,) such

that, as k — oo (and m} — o0), we obtain

ufn‘% — u®%"  and Vui’;% — Vus?"  in C%(0,), )
(3.89
(()tuf,;% N atua(;;n and D2u7€7;% —y D2qyE0m weakly in LP(On)

Since the sequence (ui{%) ren is bounded also in the W2?(0,,, 1 )-norm (perhaps by
a larger constant), then up to selecting a further subsequence we have convergence
as in (3.89) but with n replaced by n + 1. Therefore u%" = u=%"*! on O,,. Using
that O,, 1 Rg}l as n — oo and iterating the extraction of further subsequences (if
needed), we can uniquely define a limit function u=° € (Cpo® N W,2P )(]Rg}l).
Fix n and take m > n. Multiply the PDE solved by u&? (see (3.18)) by a
test function supported on O,,. Then passing to the limit along the subsequence
constructed above, it is standard procedure to show that u*? satisfies the first
equation in (3.88) in the a.e. sense on O,, thanks to locally uniform convergence on
compacts of 45’ and Vug? and the weak convergence of dyus? and D?us?. Since,
this can be done for any O,, and u®°(T,-) = g(T, ), then u*’ solves (3.88) in the

a.e. sense (it is a strong solution). It now remains to prove it is actually a classical
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solution.
Fix an arbitrary open bounded domain O C Rg}l with smooth parabolic
boundary 0pO. Let v € C}ch’o‘(O) be the unique classical solution of the boundary

value problem

o+ Lv—1rv=—h— %(g — 6"5)+ + wE(H(VUE’(S) — f2), on O,

(3.90)
v(t, ) = uo(t, x), for (¢,z) € 0pO.

Existence and uniqueness of such v is guaranteed by [29, Thm. 3.4.9| because
—h =39 = )"+ v (V) — ) € C7(0),

and £ is uniformly elliptic on O with continuously differentiable coefficients
(Assumption 3.4). Since v is also a strong solution, then v — u° € W122(0) is a
strong solution of dyw + Lw — rw = 0 in O with w = 0 on dpO. It follows that
v — u*°||y120(0) = 0 by the same estimate as in (3.72). By arbitrariness of O

1,2 : .
we can choose a C;~“-representative of u*?, as claimed. O

Loc

We now give a probabilistic representation for u*? analogue of (3.23) but on
unbounded domain. For (n,v) € A? and w € T2 let us denote by j,ff(n, v,w) a
payoff analogue of (3.22) but with p,,, gm, hm replaced by T'—t, g, h, respectively,
and with the Hamiltonian H; replaced by

H(t,2,y) = sup {{y, p) — = (H(p) = [*(t,2)) }. (3.91)
peR
Notice that
t + He(t,x,7) is non-increasing for all (z,y) € R x RY, (3.92)

because t — f(t,z) is non-increasing by Assumption 3.5. Moreover, taking
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p=cy/2 in HE gives

Hg(t,:L‘ Z/) _ly’d (H
§Iy!d be(H(5y)) (3.93)

= CIyl3 - e (FIyl)

5
> —lylz
Proposition 3.25 Let u®° be a solution of Problem C. Then

u(t,x) = inf sup fo(n, v,w) = sup inf jtff(n, v,w). (3.94)
(n,w)EA? weTy wETY (n,v)EAS

Proof. Fix [(n,v),w] € A x T. Since = € (W,>" N C%OZCB)(]Rd“) its time
derivative and its spatial second order derivatives could explode at time T', we
define p* = p,, A(T —t—k~1) and p,, as in (3.21). Since the stochastic integral is
a martingale because the spatial derivatives are locally bounded, by an application

of Dynkin’s formula to R, u® Ot +pk X [Z V]) combined with (3.88) gives
u?(t,r) = E, {R (t+pm,X[n V])

P
+ / R [ht Hg=ut) " =g (V) = 2) | (145, X1 as
0

P
+ / RY [wsu5’5—<nsl)s, Vu5’5>] (t+s, Xs["’”]) ds} .
0

Since the process is localised inside the ball B,,, all the functions involved in the
expectations are bounded, thus we can send k£ 1 oo and passing the limit under

expectation we get
us"s(t,x) =E, {R;f’ (t—l—pm, X[” ”]) (3.95)
pm
+/ R [ht Hg=u) " =g (V) = 2) | (b5, X1 as
0

pm
+/ RY [w5u5’5—<nsvs, Vu5’6>] (t+s, Xﬁ"’”}) ds}.
0
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By definition of the Hamiltonian H¢ in (3.91) we have

u (t, x)

<E Ry w1+ p, X[ (3.96)

Pm

pm
+E, [/ RY [h +1(g— u5’5)+ + wou™ + He(-, nsvs)} (t+ S,Xs[”’”]) ds] :
0

Letting m 1 oo we have p,, T T —t, P,-a.s. We can take the limit inside the
second expectation by monotone convergence as all the terms under the integral
are positive. By Lemma 3.13 the term under the first expectation has quadratic
growth in X", Thanks to standard estimates for SDEs (see [48, Thm. 2.5.10])

there is a constant ¢ > 0 independent of m such that

Ex[ sup ‘XS[”’”]‘Z] < c(l + |z 3 + Ew[|1/T_t|2]).

0<s<T—t
Then, dominated convergence and u°(T, -) = g(T, -) give us
uf? (t, z)

<E {R%_tg(f X (3.97)
T—t
+ / RY [h +5(9— u5,5)+ + weu®® + H(-, nsps>:| (t+ s, Xs["’”}) ds} .
0

By arguments as in the proof of Proposition 3.9, with w* € T? defined as
in (3.26) but with u and g,, replaced by u®® and g, respectively, we obtain
w O (t,x) < J7F (n,v,w*). Therefore

ud(t,x) < sup inf jtfg’f(n, v, w). (3.98)
weTY (n,v)EAL

As in Proposition 3.9, for the reverse inequality we set X* = X"l and

denote
Vus o (t45,X7) . 5 *
o —m, if Vue (t+S,Xs)7éO,
any unit vector, if Vus?(t+s,X7) =0, (3.99)

vi=2 (’H(Vua’(s(t + s, X)) — fz(t + s, X;)) |Vu8’5(t + 5, X7)|a-
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We claim here and will prove later that (n*,v*) € A9 and the SDE for X* admits
a unique non-exploding strong solution. For (n*,v*) equality holds in (3.96). As

m 1 oo Fatou’s lemma gives u° (¢, z) > J; .(n*, v*, w), hence

u(t,z) > inf  sup Jp.(n,v,w). (3.100)

(n@)EAT s

Combining (3.98) and (3.100) we conclude.

It remains to check that (n*,v*) € A7 and X* is non-exploding. We use an
argument from [61, Lemma 13.7]. Let ¢, = inf{s > 0 : |X|; > m}. On the
random time-interval [0, G, A (T — t)] the process X* is well-defined and the pair
(n*,v*) is adapted because u=° € C}2*(0,,) N C%1*(0,,). Notice that ¢, < Cry1
and it may occur (o, = limg_,, (x < T — t with positive probability. Moreover
Pm = Cn A (T —1t) in (3.95) and let us take w = 0 therein. By construction, for
s €1[0,Gn A (T —1)]

—(nir, Vu (t+ 5, X7)) — Y (|Vu 5 — f2)(t + 5, X7) = H (t + s, X7, ni07).
Then, by positivity of all remaining terms in (3.95)

CmN(T—t)
ul(t, x) > E, [/ e "H(t+ s, X, nivl)ds|.
0

By positivity of H* and monotone convergence, we can let m 1 oo and preserve
the inequality while the integral in time extends to (s, A (T — t). Combining with
(3.93) and Lemma 3.13 we have

e CooN(T—t)
ZEI[/ e ds] <t ) < Ky(1 4|}, (3.101)
0

Since * > 0 then s — v} is non-decreasing and

C'm/\(T*t) Cm/\(Tft) Cm/\(Tft)
Vet =2 / Vi ds < / VP ds + / 577 ds,

where we used 2ab < a? + b*. By Gronwall’s lemma and taking expectations we
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obtain

C'm (T_t) Cm/\(T_t)
Exﬂw;Aa;@F}SeFExLé 72]? ds| s69“+”EzLA e[ ds|.

Combining with (3.101) and letting m — oo, Fatou’s lemma gives us

Eo [V onr—pl?] < 4e"MHe UG (1 + |2ff). (3.102)

*

Linear growth of (b, o) and well-posedness of X}, . give, by Markov inequality

S

and standard bounds,

1
PulGn < T—t) < —E[ swp [X:[3]
m 5€[0,8mA(T—1)]

C .
<= (1 + [x]7 + E. HchA(T—t)|2]>

C
< —ee)(1+ Jaf3),

where C' > 0 depends only on 7" and D; from Assumption 3.4, and ¢(¢) depends on
the constants from (3.102). Since ¢, T (oo, then Po((n < T —1) L Po(Coo < T — 1)
as m — oo and by taking limits in the expression above we conclude P, ((s <
T —t) = 0. Thus, X is well-defined for all s € [0, T — t] and E,[|v;_,|*] < oo, by
(3.102) implying (n*,v*) € A{ as claimed. O

Proposition 3.25 implies that Problem C admits a unique solution and that
the treble [(n*,v*),w*] is optimal in (3.94). By arguments as in the proof of

Proposition 3.11 we also obtain the next result.

Proposition 3.26 Let u®? be the unique solution of Problem C. Then
€, _ : -1 n,v
u(t, x) = (n’}/r)leng E. {R‘;_t g(T, X:[F_t})

T—t
+ / R [h+tgvus® + Ho (- noy)|(t + 5, XI") ds|,
0

and the pair (n*,v*) from (3.99) is optimall.



Penalised Problem on Unbounded Domain and Further Estimates 75

3.3.3 Refined estimates independent of ¢ and ¢

Here we develop bounds for the penalty terms in the PDE of Problem C which

are independent of € and .

Lemma 3.27 For K, as in (3.14) we have

(o =) o< Ko (3109

Proof. For any (n,v) € A7, the function g has the same probabilistic representation
as in (3.37) but with g,,, p and w replaced by g, T — t and 1/4, respectively.
Combining that with the expression for 4% in Proposition 3.26, and recalling ©
defined in (3.14), we get

T—t
(us,5 _ g)(t,l’) :( ll)lfA E$ |:/ Rg*I |:<n51./3, Vg> + HE(.ynSDS)} (t + S,Xs[n,u]) ds
n,v)e ? 0

Tt
+/0 R [@—l—%g\/ue’é—%g] (t—f—s,Xs[””’})ds}

As in (3.20), [(nsDs, Vg) + He(-,ns%)](t + s, X)) > 0, and observing that
gV us® —g >0 we get
Tt
u= (¢, x)—g(t,z) > inf E, {/ Ri @(t + S,Xs[n,u]) ds}
(n,v)eA? 0

)
> — K
- rs 1

where K, was defined in (3.14). The above implies $(g(t,z) — u™°(t,2))" < K,
as needed. O

Next we give an upper bound on d,u5°. In the lemma below we understand

£,0 T &80 T —
8tu€’5(T, x) = lim u (T z) — u 5 x)
s—0 S

Lemma 3.28 There is Ky > 0 only depending on Ky and Ky from Assumption
3.5 such that

Ou’(t,x) < Ky, for (t,z) € RgH. (3.104)
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Proof. Let u = u®? for simplicity and take T >ty > t; > 0. Let w® € 7;‘25 be
optimal for the value function u(ty,z) and let (), 1)) € A9 be optimal for the
value function u(ty, z). Set X(1) = X Q- wgz)ﬂ{ng,tQ}
lies in 7,2 and (n®M, vM) restricted to [0, T — to] lies in A5, To simplify notation
let us also set [A, 4 0](s,2) = g(ta + s,x) — g(t1 + s,x) and analogously for
[At, 1, h](s,x) and [Ay, ¢, H*|(s,x,y). Then

I'and notice that w

u(ta, r) — u(ty, x)
< Tt (n W0 w®) = F25 (0O w0, )

1,Z

w2 w(@)
<E| Ry 0T X{,) - B (T XY, (3.105)

T—t1
—/ R [h+H€(-,ng1>p§1>) (t1 + 5, XV) ds

T—to

T—to
[ R (B + B B nDH) + (A0 5, X0) ds} .
0

By (3.92) the Hamiltonian H¢ is non-increasing in time, so [Ay, ;, H¢] < 0. Next,
we apply Dynkin’s formula to R%Szl g(T, X}lztl) on the time interval [T'—to, T —t4],
to obtain
w® 1
Ex |: T—t1 g(T7 X’;—)tl ):|

—E, {R%S; g(T = (t2 — 1), X)) (3.106)

T—t1
+ / R [&:g + Lg—rg+(Vy, n§1>v§1>>] (t, + s, Xs(l))ds] ,

T—to
Let us plug (3.106) into (3.105), recall that R%fiz = R%(_QQQ and use (3.20) with
[, g replacing fin, gm:

u(ts, z) — u(ty, z) <E, lR%Q; (9(T, X)) = g(T — (ts — 1), X))

=
—/ ROt +5,XV)ds

T—to

T—to
+ / R;U(Q) [[Atz,h h](S, Xgl)) + ng) [AtZ,tlg](S7 Xgl))i| dS:| )
0
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where we recall © = 0,9 + Lg — rg + h. Thanks to condition (3.11) on h and g
and (3.14) on ©

u(ts, z) — u(ty, ) < (Ko(1+T) + Ka)(ts — t1),

by evaluating explicitly fOT_tQ wgz)Rfj’mds. Then, the claim holds with K, =

Ko(1+T)+ Ks. O
Our next goal is to find a uniform bound for the penalty term involving ..

Lemma 3.29 There is M5 = Ms(m), independent of € and 0, such that
9= (H(Vu) = £2)|,, < Ms, (3.107)

where we recall || + ||, = || - ||CO(5m)-

Proof. For notational simplicity we set u = u® and & = &,,. Let
v(t,z) = &(x)Y. (H(Vu(t, z)) — f*(t,z)), for (t,z) € Oy (3.108)

Since v is continuous, then it attains a maximum on O,,,. If such maximum is
attained at a point (t*, 2*) € OpO,, 11 then v(t*, z*) = 0 because either z* € 0B,,11
and {(z*) = 0 or t* = T and |Vu(t*,z*)|q = |Vg(T,2*)|q < f(T,2*) by (3.13).
Thus, suppose the maximum is attained in O,,,1.

We argue similarly to the proof of Proposition 3.17. For any 1 > 0 there exists
a neighbourhood U, U ({0} xV;,) of (¢*,2*) such that v(¢,z) > v(t*, z*) — n for all
(t,z) € U, U ({0} xV;). With no loss of generality, there is S < T and B an open
ball with B C By,1, so that U, U ({0}xV})) C Og g, where Og 5 = [0,5) x B. Let
w™ be the solution of a PDE as in (3.88) but with Vu®? and (-)* on the right-hand
side of that equation replaced by smooth approximations Vu™ and Y, and the
function f? in the argument of 1. replaced by f2 + % By arguments analogous
to those in Lemma 3.15, w® € C}>%(Opny1) and w™ — u in CY?#(Ogp) and in
(COLB A WL (0O,,) as n — oo for all B € (0,a) (see Remark B.2). Define

V() = E(a)e (H(Vw(t, z) — f2(t,x) — L), for (t,2) € Oy

We have that v" belongs to C72*(Opy1) N C%¥(O,,41), it is non-negative and



78 Zero-sum game between Controller and Stopper

it is equal to zero for * € dB,,11. Moreover v" — v in C%'(0,, ) for all
7€ (0,a).

Let (¢, z;,)nen be such that (¢, x;) € argmaxp, | v™ and, with no loss of gen-
erality, assume (t*, z%) — (t*, 2*). We also assume |Vg( * a)|g—|Vu(t*, 2)]q <0,

as otherwise f(t*,2*) > |Vg(t*,2%)|s > |Vu(t*,z*)|s implies 0 < v(t,z) <
v(t*,2*) = 0. By uniform convergence of Vw™ to Vu, we can also assume

|Vgls — [Vw"™|s <0 on U, U ({0} x V) for all n € N.
We denote ¢, = (H(Vw") — f2 — 1)(t:,2}) and taking derivatives of v" we

obtain v
= EYL(Ga) (H( - /7,
=&, 0 (G )+ ( ) (H(Vw") = %) (3.109)
—fmjws(é )+ UG (& (V™) = 1), + &, (H(Tu™) — 12),)
G (H(Vur) — [7), (H(Vur) — ),

+&UL(G) ((D*H (V™) Vuy Vug ) + (VH(Vw"), Vi, ) = (7),.,.)-

By (3.38) we have 0 > (9™ + Lo™)(t

from the calculations that follow, for notational simplicity. Then using (3.109)

Since (tf,z) is fixed, we omit it

n’ n) n’ n

and symmetry of a;;

0> (LE)(Ca) — EUL(C) (B (F2) + L(f2)) + ELLC)(H(Vw™), (8, + L) (V™))

+0L(G) (aVE V(H(Vu") — f2)) (3.110)
1, ) .
+ 5&@;((”) z:l a;;( D*H(Vw™ )Vl , Vuw! >

where (0; + £)(Vw") is the vector with entries (0; + L)wy, for k=1,....d.
Using that H is diagonal with entries 2, we have

%(DQ’H(VUJ”)V%, Vwy ) = (Vuwy, V) (3.111)

and recalling that 1. is non-decreasing and convex, so ¥,y > 0, the last term

on the right-hand side of (3.110) is bounded from below by §wé(§n)0{D2w” ;

|d><d as
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in (3.47) with 6 equal to 0p Uniform ellipticity (3.10) on B, also gives

m—+1"°

L (G){aV(H(Vw") — f2), V(H(Vw") — f2)) > 0

and recall |V¢|2 < Co€ (see (3.16)). Then

Set a,, = max; ; Haz‘j||00(§m+1)

(aVE V(H(Vu") — f%))

> = and? Vel (2AV0" | D> i + [V f21a) (3.112)
6 16_
> = DRy — @ d Col T} — and/Co V

where we used |ab| < pa® 4+ b*/p with p = 3, b = E|D*w"|4xa and a =

20,,d*\/Co|Vw"|4. Since Vw™ — Vu uniformly on O,,1, then by Proposition

3.22 we can assume |Vw"|; <1+ N; and obtain
<an,V( (Vw > > 5 |l)2 n|d><d 017

with Cy = 16d*a2,Co0 " (1+ N1 )?+2a,,d*/Co& ||V f?||ms1- Since LE and (9,+ L) f*
are continuous on O,,,; we have |L¢| + (0, + £)f?| < Cy on O,,41. Similarly
to the first inequality in (3.65), ¥.((,) < YL(C)H(Vw™) = ¥L() Vw2 <
YL() (1 + Np)?. Thus

De(G)ILE] < VLG (1 + Ni)*Co =2 9L(C) Cs,

where C3 = C3(m) > 0
We claim that, for any A > 0 there are constants Cy = Cy(m) > 0 and Kg,, > 0
such that

E(Vu", (9 + L)(Vu")) (8.113)
> — 61D W [fg — 260002(Ca) = Ca(1+A7Y) = kg R,

where ¢, = (|Vu"|3 — f* — $)(t:, x}) and R, is independent of (¢}, z}) and such
that R, — 0 as n — oo. The claim is proven separately at the end of this proof,
for the sake of readability. Plugging all the above estimates into (3.110) and
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factoring out 1’ ({,) > 1 gives us
0 < —2¢|D%w"|2, g + 20M0€02(C) + O + Co + Cs + Cu(1+ A1) + kg R
Letting C5 = C5(m) > 0 be a suitable constant the expression simplifies to
881D W5y < 200E02(Ca) + Cs(1+ A1) + g R

We want to bound &|D?*w"|4xq by £1-((,). So we multiply both sides of the
inequality above by ¢, take square root and use va + b < v/a + v/b for a,b > 0
and [£| < 1. That gives

E1D*w" gxg < 2VAEP-(C) + /207 1C5(1 + A1) + /20 ks Ry (3.114)
Recall that w™ solves
atwn + Lw" —rw" = ¢6(Cn) —h— %Xn(g - u)7 on [OaT) X Rd'

Multiplying by & we can express £1.((,) in terms of the remaining functions
in the equation above. Since (t:,27) € Ogp, w" — u in C**#(Ogp) and
Xn(g —u) — (g — u)™ uniformly on compacts, we can assume with no loss of
generality that on Ogp the following hold: $x,(g — u) < (1 + K>) by (3.103),
[Vw"|q < (1+ Ny) by (3.75), dw™ < 5 + Ky by (3.104) and rw"™ > —1 because
u > 0. The coefficients a and b in £ are bounded on §m+1 by a constant A,,.q

(slightly abusing notation). Thus,

§U(Cn) = 0™ — Erw” + ELW" 4+ Eh + E5xn(g — )
<14 Ky + Api (L4 Np) + LA 08 D0 axa
+ [llmrr + (14 Ko).

Substituting (3.114) and grouping together the constants we obtain, for some

CG = Cﬁ<m) > 07

(1 - \/XAmH)gq/;g(gn) < Cs/T+ A1+ gy R (3.115)

Then, choosing A\ = (442 ;)" and recalling that all expressions are evaluated at
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(t:,xk) we obtain

E@ ) (H(T (6, 33)) = F2(6,2) = 1) < 26514442, + kg R,

Taking limits as n — oo, using that (¢, z}) — (t*,2*), R, — 0 and Vu" — Vu

n»r'n

(uniformly on compacts), we have

(@) (H(Vu(t',2*)) — f2(t",2%)) < 2C6¢/1+4A2% | = M;.

Recalling the definition of v in (3.108) we can conclude:

Hzﬁg(’H(Vu) — fQ)Hm < sup  o(t,x) =t ") < Ms,

(t,x)€6m+1
with My = Ms(m) independent of § and e. O

Proof of (3.113). Recall that u = u®° and that w™ solves
O+ L—r)w" = —h—+x,(9 — u™) + Y (H(VU") = 2= 1), on [0,T) x R%.

Differentiating with respect to xj, multiplying by £ and evaluating at (¢%,z%) we

nr n

get

§(Quwy, + Lwy, ) = — Ly w" + §Tw” - Ehmk - €%x%(g —u)(g —u)g, (3.116)

where ¢, = (H(Vu™) — f2 — L) (¢, 2}). We subtract the term

n? TL

Vi = o ¥e(Gn) + EUL(G) (H(VW™) = ),

from both sides of (3.116), and we add and subtract &, ¥(¢,,) on the right-hand
side of (3.116). Then

0y, + Ly, ) — vy, = — ELyw" + Erwy, — Ehay, — E5X0(9 — w)(g — Way
- gack@be(gn) + Pn,ka (3.117)
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where
Pn,k = 59% <¢E(Cn) - %(En))
+ & (VUG (HVar) = £2), = el G (HTe) = 12),).
Recall that VH(Vw™) = 2Vw™ and that (t},2)) € Og p is a stationary point for
v™ in the spatial coordinates, so vj =0 in (3.117) for each 1 <k < d. Then
d
E(VH(Vw"), (8, + L)(Vw")) = 25( =Sl Lot Ve (3.118)
k=1
— (V" Vh+ 1, (g — )V (g - )

d
— 20 () (V" VE) +2) " wl Py

k=1

Since (t;,,z;,) € Og,p, then denoting || - [[s 5 = || - [|co@, ) We have

d
2wl Pk = = 209e(Gn) = (G55l V" |, Vs,
k=1

= 2[[¢2(¢n) = LG llssl Vs sl V (IVw" G = f2) 5.5
= 2[¢2(G)lsslVu"lls sl VIV G — [Vu" [D)lls.5 = R,

where R,, — 0 as n — oo thanks to CY%8(Og p)-convergence of w™ and u™ to u,
for p € (0,«). By Cauchy-Schwarz inequality, recalling that 0 < x/ (-) < 2 and

using arguments as in (3.59) we have

(Vw", Vh) <[V |1 VAl < (N4 DIVA]m,
Xl —w){(Vw", V(g —u))
< 2V s,z (Vg lmsr + [1Vullmsr) = w5mBr,

where N1 = Ny(m + 1) is as in Proposition 3.22 and @" = u — w™. Recall that

V@™ ||s,5 — 0 as n — oo, therefore B!, — 0 too. For the penultimate term on
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the right-hand side of (3.118), recalling |[V¢|q < /Co€ (see (3.16)), we have

200 () (V", V&) <2|Vw"[a|VE|at:((r)
S Z(Nl + 1) V COf¢s(Cn)

R ()

where in the last inequality we used ab < % + pb* with a = (Ny + 1)v/2Cy,
b= +/2£Y.(¢,), and p = A0, with A a constant to be chosen later and § =65, .,
as in (3.10). For the first term on the right-hand side of (3.118) we argue as in

(3.60) and obtain
d
> wh Low < 8D+ Ci(Ny + 1), (3.119)
k=1

where Cy = 8d*A2, 107! + 2dA,, 41, the constant A,, ;1 is defined as in (3.61)
and, differently from (3.62), we use ab < pa® + % with p = ¢, a = |D*w"|4xq and
b= %Am+1|Vw”|d.

Combining these bounds we get

EVH(VW"), (8, + L)(Vw")) > — E5|D*w" |7, 4 — 26M092(C)
— Cy(1+ 271 — kg R,

where we define Cy := 2C;(Ny + 1)* + (Ny + 1)22Co07 + 2(Ny + 1) || V|| my1 and
we collect Rn and 2/4:57m]§; in K., R, with an abuse of notation. O

The bounds on the penalty terms in the PDE for 45 enable the next estimate.

Theorem 3.30 For any p € (1,00), there is Mg = Mg(m, p) such that
||| wrzwo,) < Ms, for all £,6 € (0,1). (3.120)

Proof. The proof repeats the exact same arguments as in the proof of Proposition
3.23 but applied to ¢ = &, v rather than to ¢ = §m0u275. In addition, we use
Lemmas 3.27 and 3.29 to obtain the upper bound for |¢|w1.25(0,,,,) as in (3.87),

which is therefore independent of ¢, d. O
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3.4 The Variational Inequality

In this section, we finally prove our main result, i.e., Theorem 3.6. First we
prove that Problem A admits a solution (Theorem 3.31), then we prove that such
solution is the value function of our game (Theorem 3.33) and it is the maximal

solution for Problem A.
Theorem 3.31 There exists a solution u of Problem A.

Proof. Let (e)ken be a decreasing sequence with ¢, — 0. Fix k&, m € N. Thanks
to Theorem 3.30 and the compact embedding of W'2?(0,,) into C*'4(0,,) for
B =1—(d+2)/p, we can extract a sequence (u™°) ey converging to a limit

us™ (possibly depending on O,,) as j — oo, in the following sense:

sk,&gjj N uek;[m] and Vuskﬁg?j N vu€k§[m] in Ca((’)m)’ (3121)

Oput ks — guslm and  D*u%s — DM weakly in LP(O,,).

u

Up to selecting further subsequences (if needed), we find analogous limits on
Ot C Opia C ... so that ussl™ = yeuilmtll on O, wsslmtll = yexilm+2] on
Ops1 and so on. Since O,, 1 Rg}l as m — 00, iterating this procedure we can
define a limit function u®* on Rg}l.

The sequence (u*)en satisfies the same bound as in (3.120). Therefore, by
the same argument as above we can extract a further converging subsequence,
which we denote still by (u®*)reny with an abuse of notation. That is, there is a

function u on Rg}l such that for any m € N

u* —u and Vu* — Vu in C*(O0,,),

Ot — Owu and  D*uf — D?u weakly in LP(O,,).

Finally, we can extract a diagonal subsequence (uf);cy that converges to u
locally on Rg}l in the sense above as (g;,9;) — 0, simultaneously.

Next we prove that the limit function u is solution of Problem A. By con-
struction, u € W, 2P(RZH!). Thanks to (3.103), (3.107) and C**-convergence on

compacts, in the limit as €,0 — 0 we obtain

g(t,x) —u(t,z) <0 and |Vu(t,z)lq— f(t,z) <0,
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for all (t,x) € R{Y.

Fix (t,z) € C, i.e., u(t,z) > g(t, ). By continuity of u and g there is an open
neighbourhood O of (¢, %) such that u(t,z) > g(t,z) for all (¢,z) € O. Uniform
convergence on compacts of u*% to v also guarantees that u¥% > g on O, for

sufficiently large i’s. Then, for large i’s (3.88) reads
QuE + Lufd — pufid = —h 4 ), (H(Vu‘g"'"si) — f2) > —h, onO.

Multiplying the equation above by ¢ € C°(O), ¢ > 0 and letting i — 0o we obtain
the second equation in (3.6). Analogously, let (¢,7) € Z, i.e., |Vu(t,T)|q < f(t, T).
Then, by continuity of Vu and uniform convergence on compacts of Vuf% — Vu

we find an open neighbourhood O such that |Vul|s < f on O and |Vufdi|; < f

on O for sufficiently large i. In such neighbourhood (3.88) reads
Qs + Lufidi — pyfi%i = —h — %(g — u‘fi"si)Jr < —h,

and by the same argument as above, using test functions, we can pass to the limit
and obtain the third equation in (3.6). The case in which (¢,z7) € ZNC is now
obvious and the first equation in (3.6) also holds for all (¢, z) by standard PDE
theory (e.g., as in the proof of Theorem 3.24). Finally, the terminal condition is
trivially satisfied since u*(T, z) = g(T, z) for all (¢,8) € (0,1)%

Notice that u has at most quadratic growth by Lemma 3.13. [

To prove that a solution of Problem A is the value of our game, we need the

next lemma.

Lemma 3.32 Let (t, ) € Ry}, For any T € Ty we have

inf Ji.(n,v,7)= inf J.(n,v, 1),

(nw)eA: (n,v)e AT

where A7 :={(n,v) € A |v, =v,—, P, —a.s.}.
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Proof. In the expression of J; .(n, v, 7), for any treble [(n,v), 7] € A; x T; we have

e gt + T, Xlnﬂ/]) + 4) | e " f(t+ s, Xﬁ””’]) odv,

—e gt + 7, XM 4 / e f(t+ s, X)) ody,
[0,7)

Av,
+e / ((Vg.ne) + )t +7, X" 4+ dn,)dA
0

>e g(t+ T, Xﬁful) + / e " f(t+ s, Xs[””’}) odysg,
[0,7)
where the final inequality is due to (3.13). Therefore, the controller attains a lower

payoff by avoiding a jump of the control at time 7. That concludes the proof. [J

Theorem 3.33 The game in (3.4) admits a value v which is also the mazximal

solution of Problem A. Moreover, T, defined in (3.15) is optimal for the stopper.

Proof. Fix (t,z) € Rg}l, let [(n,v),7] € A; x T; and recall p,,. By regularity
of u®° (Theorem 3.24), letting p = p,, A(T —t— k=1)* 1t6’s formula applies
to e Tyl (¢ 4 T/\p]fn,er\’:%n). Using that u®° solves Problem C, taking
expectations and letting k 1T oo we obtain

TNAPm

u€’5(t, x) =E, {e‘T(Mpm)ue’é(t—l—T A Py xn )
TAPm
—I—/ e " [h+%(g—u5’5)+—¢5 ('H(VUE"S)—fQ)}(t—i—S, Xgi’”])ds
0

TAPm
—/ e (VS (t+s, XY, ny) dus (3.122)
0

s

Avg
_ Z 67‘3/ <VUE’6(t+S,XS[TV]+/\718)’”S>d>\'
0

0<s<TApm

We want to take limits as €, — 0 and pass the limits under expectations.
To do that we notice that Xgi’y] € B,, for all s € [0, pp], P,-a.s. Then the terms
under the integral with respect to ‘ds’ are bounded thanks to Assumption 3.5,
Lemma 3.27 and Lemma 3.29. Since Vu®? is also bounded by Ny (m) (Proposition
3.22 with mg therein replaced by m), the integrals with respect to the control are

bounded by Nj(m)vr_y, which is square integrable by definition of 4;. Finally,
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recall that u* has quadratic growth by Lemma 3.13 and notice that

Ex[ sup ]Xi””}ﬂ < e(1+ |l + Exlluro), (3.123)
0<s<T—t

by standard estimates for SDEs [48, Thm. 2.5.10], with ¢ > 0 independent of m, ¢,
0. Then we are allowed to use dominated convergence and it remains to evaluate
the limit.

For P,-a.e. w € ) there is a compact K, C R? such that xm (w) € K, for
all s € [0, pm(w)], by right-continuity of the process and the fact that v is square
integrable. Then, uniform convergence of (u°, Vus?) to (u, Vu) on compacts
implies

lm (VusS(t + s, X" n ) (w) = (Vu(t + s, X, n,) (w),

£,0—0

lim (Vua"s(t + s, XS[TV] + Ang),ns) (w) = (Vu(t + s, Xifi’y] + Ang), ng) (w),

£,0—0

for all s € [0, pm(w)] and all A € [0, Avs(w)], for P,-a.e. w € Q. Moreover, for
arbitrary 1) > 0, choosing 7 = 7, = inf{s > 0 | u(t+s, X)) < g(t+s, X! +1}
gives

liminf (u*° — g)(t + s,Xs[Ti’V}) >, forall se€[0,7,A ppl, Psras.

€,0—0

Using the observations above, combined with dominated convergence and
1. > 0 we obtain

T N\Pm
U,(t, [L‘) S Ex |:6_T(Tn/\0m)u(t —+ 7—77 A Prms X7[':’/\V;m) +/0 e—TSh(t + S,Xs[n’y]> ds
Tn/\Pm
- / e (Vu(t + 5, X), ny) ot
0

Avg
- Z e_rs/ (Vu(t+ s, xmy Ang), ng) d/\] :
0

0<s<1 Apm
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By |Vuls < f and the definition of 7,, A p,, we have

u(t, z) < n+E, {6_”"9(75 + T XP N <y + €7 u(t + p, X,E?;V})]l{fppm}}

Tn/\Pm
+E, [ / e h(t + 5, X)) ds + / e f(t+ s, X odvs].
0 [Oan/\Pm}

Now we let m — oo. Clearly p,, T T —t, P,-a.s. by (3.123). Since the bound in
(3.123) is independent of m and functions v and g have at most quadratic growth
we can apply the dominated convergence theorem to pass the limit inside the
first expectation. We can also take the limit inside the second expectation by

monotone convergence as all terms under the integral are non-negative. For P -a.e.
w € Q we have X[""\(w) € K, for all s € [0,T — t]. Then

lim e_rp’"(w)U(t + pm(w), X,[]Z;”] (W))]I{Tn>pm}(w)

m—0o0

= T (1 X ) Ly ()

_ e—r(T—t)g(T, Xj[?v”t} (W))]I{Tn:T—t}<w)7 P,-a.e. w € Q,

because 7,(w) < T —t and u is uniformly continuous on [0, 7] x IC,,. Hence, for

m — 00 we obtain

n

Tn
u(t,z) <n+E, {e‘””g(t + 7, XIH) 4 / e " h(t + s, X[") ds
0

+/ e f(t + 5, XNV odys} (3.124)
[O»Tn]
=0+ Trax (N, v, Ty).

By arbitrariness of (n,v) € A; and sub-optimality of 7, we have u(t, z) < n+uv(t, z)

by definition of lower value. Letting n — 0 we get u(t,z) < v(t, x).

Next we prove u > ©. Since %(g —u°)* > 0 that term can de dropped

from (3.122) to obtain a lower bound for u¥°. We let § — 0 in (3.122) along

the sequence constructed in (3.121) while keeping ¢ fixed. As above, dominated
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convergence applies, and thanks to u® > ¢g (Lemma 3.27) we obtain
€ —r(TApm) [n,V]
u(t,z) >E, e gt +7 N pmy Xonon,)
TNAPm
+/ e [h = (Va2 — )] (t+ 5, X" ds (3.125)
0

TApm
‘/ (VU (t+ 5, X))
0

Avg
- > e (Vs (t+ 5, X" 4 ngA), ng) dA |

0<s<TApm

We can now choose a control pair (n,v) = (n°,v°) defined as in (3.99) but with
u®® therein replaced by u®. Although Vu(¢,-) is not Lipschitz, it can be shown
by standard localisation procedure and the use of |65, Thm. 1| that the associated
controlled SDE admits a unique, non-exploding, strong solution X¢ = X"’ on
[0, T — t] (the proof is given in Appendix B.6 for completeness).

By construction, the pair (n®, v°) satisfies

—(nZS, Vu(t+ 5, X5)) — . (H(VW) — f2)(t+ 5, X7) (3.126)
= He(t+ s, X, nirs),

with H® as in (3.91). Then, from (3.125) we obtain
(1) 2 B TG0 T A g X,

TAPm
+/ e‘“(h+H5(-,n§z)§))(t+s,XSE)ds
0

Taking p = f(t + s, X2)nt in the Hamiltonian, letting m — oo and using Fatou’s

lemma, we obtain
u(t,z) > E, [e”g(t +7,X5) + / e "h(t+ s, X5)ds
0
s [ e X d]
[0,7]

where we notice that v° is absolutely continuous so that the final integral is

obvious.
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By arbitrariness of 7 we can take supremum over all stopping times. Since
(n®,v°) € A;, we can also take infimum over all admissible controls and continue
with the same direction of inequalities. That is, u®(¢,x) > v(¢, x). Finally, letting
e — 0 we obtain u(t,x) > v(t,z), as needed. Since u < v was proven above, we
conclude u = v =7 = w.

Next we prove optimality of 7.. From (3.124) and the fact that u = v we
deduce that 7, is n-optimal for the stopper. For an arbitrary (n,v) € Ay, letting
(Mm)men With 0, | 0, the sequence (7, )men is a non-decreasing sequence P, -a.s.

We introduce an event and its complement:

B={weQ: 7, (v) <7(w),VmeN} and
B¢ :={w e Q:3Im e N such that 7, (w) = 7.(w) Vk > m}.

Thus, we have

lim X[mu] (UJ) — ]lB(w)X[n,V] (w) + ]ch(w)X[n’”] (UJ),

TO— Tx

where
7o = inf{s > 0] u(t + s, X"y = g(t + s, X" DN} A (T —0).

Letting m — oo and applying dominated convergence to (3.124) along the sequence

Ty S1VES
70
u(t,x) <E, {]13 (erTog(tﬂLTo,XKff]) +/ e " h(t+s, X[") ds
0

- / eTSf(tJrS,XS[n’V])OdVS)
[0,7’0)

Tx

+1pe (e”*g(tm, X [ e h(t4-s, X) ds
0

—|—/ e f(t+s, XLL"”’]) odys)} .
[0,74]

The above equation holds for any (n,v) € A;. We now take the infimum over all
pairs (n,v) € A;. Recalling Lemma 3.32, there is no loss of generality in restricting
such infimum to the class of controls such that Av,, = 0. Since B¢ C {Av,, # 0},
then P(B°) = 0 and it is not hard to check that 7, = 7, and X" = XxI""1 P __as.

T0—
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Therefore

u(t,r) < inf Ex{e”*g(t+n,X[”’”])+ / e h(t+ s, X ds
0

o (TL,V)EAt ™

+/ 6frsf(t_‘_ S’Xs[n"/]) o dV3‘| < U(t,l')-
[0,7’*]

Since u = v then 7, is optimal for the stopper.

It remains to prove that v is indeed the maximal solution of Problem A. Let
w be another solution of Problem A. The same argument as in the proof of |27,
Thm. 4.1, Ch. VIII] can be adapted to our proof. Consider a family of mollifiers
(Crren C C(RGE) and let (wp)ren C C*(RH) be the mollified family such

that w, — w and Vw, — Vw uniformly on compact sets, with d,w, — 0;w and

p
foc

simplicity, denote the operator (9; + £ — r) by L. We have that

D?wy, — D*w strongly in Lj, (RG*') for all p € [1,00), as k — oo. For notational

d d

(wt(t, D)+ Y (@) we, (t2) + 3 bi(@)ws, (t,x)

ij=1 i=1

— rw(t, l‘))Ck(to —t,xg — x) dtde

(Lw * G (to, x0) = /

d+1
Ry 1

and

(L) (0, 70) = (9 + £(xo) — 1) /

d+1
Ry

w(t, ) (to — t, 20 — ) dtdx).

Thanks to the properties on the derivatives of a convolution we have

d d

(et 2) + D aij(@0)waa, () + D bilwo ), (¢, )

ij=1 i=1

— rw(t, x)){k(to —t,xg — x) dtdz.

(L)t 0) = [

d+1
Ry 7
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Thus, we have
| (Lw * G)(to, m0) — (Lwy)(to, o)

= ‘/RdH (i(aij(a;) — 0(20) )W, (F, )

1,7=1

T Z@Z(I) — bi(o))we, (2, I))Ck(to —t, 29 — x) dtdx|.

i=1

Since first and second order derivatives of w belong to LfOC(Rg}I), by Hélder’s

inequality and the fact that a and b are continuous we have that for all fixed m

lim  sup |(Lw*G)(t, ) — (Lwg)(t, )| = 0. (3.127)

k=00 (t,x)EOm,

For n > 0, we set

Cop = {(t,l’) € jo%l : w(t,:c) > g(t,x) + 77}3

w

it still holds that

k=00 (4 2)eDmn
Since w is a solution of Problem A, we have that (Lw + h)(t,z) > 0 for almost
every (t,z) € C, therefore

(Lw~+h) *G)(t,z) >0 (3.128)

for all (t,z) € C!, or in other terms (Lw * (x)(t,x) > —(h * (x)(t, x) for all
(t,xz) € CJl.

For fixed n > 0 and m € N, we define

Npw = inf  [(Lwy)(t, x) + h(t, z)].

(t,2)EOmNCy
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By the convergence of (3.127) and thanks to (3.128) we have

lim inf Ny, > 0. (3.129)

k—o0

Pick an arbitrary pair (n,v) € A; and denote

G, = inf{s > OJw(t + s, X)) < g(t + s, XI"") +n} A (T —2).

S

By an application of [td’s formula to e "*wy(t + s, Xs[n"/]) up to the stopping time
Gy A pm, We obtain

Cn Apm

S

CnA\pm
— / e~ (Bywy, + Lwy, — rwy) (t + s, X" ds
0
CnA\pm
— / e (Vwp(t + s, XY, ny) dvs

0
Avg
— Z ers/ (Vwg(t + s, X"+ An,),n,) dA|.
0

SSCU/\Pm

Letting k — 0o, dominated convergence (up to possibly selecting a subsequence)
and reverse Fatou’s lemma (justified by (3.129)) allow us to pass the limit under
expectation. Then, exploiting the uniform convergence of (wg, Vwy) to (w, Vw)
on m, (3.129), the definition of (, A p,, and the fact that |Vw|; < f we

have
w(t,z) < n+E, {6‘“”9(15 + Gy Xé:’yl)]l{cngpm} + e w(t + py XN e 50y
CnApm
+ / e "h(t + 5, X" ds
0

Cn/\Pm
—|—/ e f(t + 5, X" ody, |
0

Finally, letting m — oo, the same arguments that lead to (3.124) give w(t, z) <
N+ Jie(n, v, ;). Hence, w(t,z) < n+v(t,z) and letting n — 0 we conclude. [

Remark 3.34: It is worth noticing that the proof above can be repeated verbatim
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if we replace A; with A; everywhere. Thus we conclude that

v(t,z) = inf sup J.(n,v,7) =sup inf J.(n,v, 7).
(n,w)eA? T€T; TET: (n,v)EA?
That is, the game with absolutely continuous controls admits the same value as
the game with singular controls. It is however expected, but it will not be proven
here, that an optimal control cannot be found in Ay whereas it should be possible

to find one in A; in some cases. |

Remark 3.35 (n-optimal control strategies): Theorem 3.31 proves the uniform
convergence of a subsequence v to the value function of the game u (see (3.125)).

This means that for any 1 > 0, there exists a k such that for all ¢ > k
|u€i(t,x) - 'LL(t, l’)| <.

From the proof of the theorem, we have the explicit n-optimal strategy for the
controller in the game with value v, i.e., the control pair (n,v) = (n%, %)
defined as in (3.99) but with u® therein replaced by u®:. |



Chapter 4
Degenerate Cases

This chapter presents extensions of our analysis to two degenerate cases of
ZSG. In Section 4.1, we study the case where the controller is allowed to use
controls in selected directions of the state-space. In Section 4.2, we study the case

where the underlying process has a degenerate diffusion.

4.1 A Restriction on the Controller

This chapter presents a similar game to the one studied in Chapter 3 but in
which the controller has a constraint on the control directions of the underlying
process. Under a new set of assumptions, we are able to prove through an
approximation procedure that the game admits a value and we provide an optimal
strategy for the stopper. The reason why the theory of Chapter 3 cannot be
applied directly can be found in Remark 4.5 after the presentation of the problem.

4.1.1 The Problem

Let (Q, F, (Fi)t, P) be a stochastic basis on which an adapted d’-dimensional
Brownian motion (W,); is defined. Let T be the terminal time, and b : RY — R?

and o : R — R? x R? be measurable functions, with d < d’. Denote
T .= {7|7 is a stopping time, 7 < T —t}.

The difference with the game in Chapter 3 is that now the control affects only

some coordinates of the underlying process which we assume for simplicity of

95
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exposition to be the first /& coordinates (i < d) without loss of generality. We

define by A" the class of admissible controls as

(ns)sefo,00) 18 progressively measurable, R" valued,
with |ng|, = 1, P-a.s. Vs € [0, 00);

(Vs)sejo,00) 18 F-adapted, real valued, non-decreasing and

right-continuous with v = 0, P-a.s., and E[|vp_|*] < oo |

Moreover, we indicate by V" f and V¢~"f the gradient of a function f truncated
to the first A coordinates and last d — A coordinates, respectively.

Consider the following d-dimensional controlled stochastic differential where

]

we will use the notation X!™ to underline that the process is controlled by

(n,v) € Al
dl
dX[P =b(X) ds + ) o (XPYAWE + o dv,,  for 1< <h,
j=1
d/
dX[ =bi(XI) ds + ) oy (XD aw, for h+1<i<d.
j=1

Sometimes we will use X} g keep track of the fact that the process is
starting in x at time 0.

Similar to Chapter 3, the controller pays a reward to the stopper when the
game ends and the two players are optimising the expectation of the reward in
which the controller now is minimising over the class A”. Here, we recall explicitly
the payoff from Chapter 3 where now the action cost f does not depend on the

spatial coordinates:
TJiow(n,v,7) =E, [e_”g(t + 7, XM 4 / e h(t + s, X" ds (4.1)
0
—l—/ e " f(t+s) Odys].
[0,7]

Since the function f depends only on time, then the integral defined in (4.1) is
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now consistent with the Riemann-Stieltjes integral, i.e.,

/ e f(t+s) odvs = /Te”‘f(t+ s)dve + Z e f(t48)Av,  (4.2)
[0,7] 0

0<s<t

N / e " f(t +5) dvs.
0
We define

uo(t,z) =sup inf J.(n,v,7)and 0(t,z) = inf supJ.(n,v,7), (4.3)
TET: (n,v)EA} (n,w)EAl TET;

so that v(t,z) < o(t,z). If the equality holds then we say that the game admits a

value:
v(t,x) =v(t,x) =0(t, ). (4.4)

We recall that £ denotes the infinitesimal generator of the uncontrolled process

Xer0 (where e; is the unit vector in R” with 1 in the first entry) and it reads

(£e)(x) = 5ir (a(@)Dp(x) + {b(a), Vi),

with a(z) = (o0 ") ().
Next we give assumptions under which we obtain our main result (Theorem
4.3).

Assumption 4.1 (Controlled SDE) The functions b and o are Lipschitz with

constant Dy and continuously differentiable on R? and o is such that
o'(z) = o' (xy), fori=1,...d,

where o; = (041, .. .0ia). Recalling a = oo, for any bounded set B C R? there is

0p > 0 such that a(-) is locally elliptic
(¢ a(x)C) > 0B|C|3 for any ¢ € RY and all v € B.

Notice that the Lipschitz continuity of b and o implies that there exists D,
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such that
1b(2)|a + |o(2)]|axar < Dao(1 4+ |x]a), for all € R?. (4.5)

Assumption 4.2 (Functions f, g, h) For the functions f, g, h : Rg}l — [0,00) the
following hold:

Loc

(1) g € C’el(ﬁ’a(]Rg}l) and h € C’O’l’a(Rg}l) for some a € (0,1);
(11) f is non-increasing, positive and f? is differentiable;

(111) there is Ky € (0,00) such that for all0 < s <t <T and all x € Rg}l

h(t,z) — h(s,x) < Ko(t —s) and g(t,z) — g(s,z) < Ko(t — s);

() there is K; € (0,00) such that

|g(t,x)—g(t,y)|+|h(t,:c)—h(t,y)| < Kl‘x_y‘da forxuyeRd; (46>

(v) f and g are such that

\Vig(t,2)|n < f(t), for all (t,z) € Rg}l; (4.7)

(vi) there is Ky € (0,00) such that

(h+8ig+ Lg —rg)(t,x) > —Ky, for all (t,x) € RIL.

Notice that (4.6) implies that there exists K3 € (0, 00) such that
0 <|g(t, )|+ |h(t,z)] < K3(1+|z|a), for (t,x) € RGH. (4.8)

A comment on these conditions can be found in Chapter 3 below Assumption 3.5.

We can now state the main result of the chapter.

Theorem 4.3 The game described above admits a value v (i.e., (4.4) holds).

Moreover, for any given (t,z) € Rg}l and any admissible control (n,v) € Al the
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stopping time 7. = T.(t, z;n,v) € Ty defined under P, as
mo=inf {s > 0|v(t+ s, X" = g(t + s, X[""N} AT —t) (4.9)

1s optimal for the stopper.

Remark 4.4: In this framework, we are not able to connect the value function

with a variational inequality as we did in Chapter 3. [

4.1.2 Approximated Problem

The theory developed in Chapter 3 does not apply directly to this new type of
game. Results proved by probabilistic arguments apply without changes to this
class of games, but the results proved by analytic arguments fail and we need an
approximation procedure in order to use them.

We explain in the next remark the main reason why some proofs stop to hold.

Remark 4.5: The theory in Chapter 3 does not apply directly because some of
the results therein (such as, Propositions 3.17 and 3.22, and Lemma 3.29) cease
to hold. Under the setting of Section 4.1, the heuristic argument and the result
obtained later through the approximated procedure lead to the following condition:
the value function of the game v should satisfy |V"v|, < f. It means that the
penalisation term introduced in the corresponding PDE is ¢, (H(Vv) — f?) with
H(p) = |p|? and p is the vector of the first i coordinates of p. Repeating the proof
of Proposition 3.17, we get from the corresponding (3.53) the following

—2(Vuw™, V(H(Vu"™) — f2)) < =2A|V"u" 2 + 2|Vu|g| V2 |4 + R,

This inequality is not sufficient to conclude the proof of the analogue of Proposition
3.17. Indeed, the first term on the right-hand side above does not bound the terms
as in Proposition 3.17. In a similar way Proposition 3.22 does not hold. The other
result which fails is Lemma 3.29, indeed (3.111) in the proof of Lemma 3.29 does
not lead to a bound on |D*w"|3, ,; but it leads only to a bound on a strict subset

of the partial derivatives included in D?w™ and thus the result does not hold. W
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4.1.3 Approximation Procedure

We introduce a sequence of approximated games to which the results from
Chapter 3 apply. These games are indexed by a parameter v and we obtain a
family of value functions associated to v € (0,1). The existence of the value of
the original game is found through a convergent subsequence of this family.

Fix a v € (0,1). For a given pair (n,v) € A¢ we consider the following

(controlled) stochastic differential equation:
dXi[Z’V]’W = by( X[ ds + ZO’Z] X["V YAW? + n; du,, for 1 <i < h, (4.10)
AX[77 = by(X ) ds + Z i (X NAWT 4y dug, for h+1 < i < d.

The term ~ is a weight applied to the last d — h coordinates.

Let p = (p,p) € R" x R4, For v € (0,1], we introduce a function H(p) :
R? — R defined as H(p) == |p|2 +~|p|3_; (it is clear that H' is equal to H used in
Chapter 3). The gradient is VH(p) = 2p+2vp = (2p1, - - -, 20, 2YPns1, - - -, 27YPd)
and the Hessian matrix D*H7(p) is a diagonal matrix with the first / entries equal
to 2 and the last d — h entries equal to 2.

We introduce an approximation of f as
() =/ f2(t) + K} fort €]0,T7, (4.11)

where K comes from (4.6). By construction f? — f uniformly on [0,7] as v — 0.
Notice that (4.7) and (4.11) imply

H(Vy(t,x)) =Vt z)|; + vV gt x) |5,
< f2(t) + K7
=(f(t))%

for all (t,z) € RgY.
We consider a new payoff 7!, similar to the payoff defined in (4.1) with Xt[""/]
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n,v),y

and f therein replaced by Xt[ and f7, respectively, i.e.,

T (n,v,7) = E; [e‘”g(t + 7, XL"’”M) + / e "*h(t + s, XS[“’”]’7) ds  (4.12)
0
+ / e " fI(t+ s) dVS:| :
0
We say that the game (4.12) admits a value if

u(t,z) =sup inf J(n,v,7)= inf supJ,(n,v,71). (4.13)
T€Ti (nv)eAd (nw)eAd reTi
The game described above satisfies Assumptions 3.4 and 3.5. The dynamics of
X[¥17 has a weight ~ in the last d — & coordinates which does not appear in the
dynamics of (3.1). The  parameter in the dynamics allows to recover the theory
of [11]. Indeed, it leads to a different penalisation term v (H(Vu) — (f)?) in
(3.18) and a different Hamiltonian (3.19) that now reads

H.'(t,@,y) = sup (9. ) + (9, ) — L-(H(p) = (f(t,2))*) },
peER
where y = (7, %) and p = (p, p) belong to R" x R¢~". We notice that the first-order
condition for H: " is the same as the one for H;, used in the proof of Proposition
3.9. Indeed we have

yi = V(H(p) = (f(t,2))*)Hi(p) = YL(H (p) — (fo(t,2))*)2p; for i < b,
v = YL H (p) — (fo(t,2)* )V Hi(p) = VL(H (p) — (f,(t, 2))*)2yp; for i >,

/

which can be expressed as y = ¥/ (H(p) — f2 (¢, z))2p using vectorial notation. We
now explain in detail the small changes that are required to adapt the results
from Chapter 3 to the case with dynamics (4.10).

Propositions 3.9 and 3.11 hold with H” in place of H. Even if H;;7 is replaced
by HE,, they lead to the same first-order condition (as described above). Similarly,
Propositions 3.25 and 3.26 hold by the same argument with

H*(t,,y) = sup {(§,D) + (7, p) — v-(H'(p) — (f7(t,2))*)},

p€ERL
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in place of H® and the extension of (3.93) to H®7, i.e., we have

HEt2,) = S (71 +31313) — v (W0 () = (P (1,2))?)
> ~(Ig1} +l-) — v (7 (5))
= Sl + 3130) = v (53 +151)
> Ly

Thus the corresponding equation of (3.102) holds with a v~ multiplicative factor
on the right-hand side of (3.102).
Proposition 3.17 holds with an adjustments in (3.53). That equation leads

now to
—2(Va", V(H(Vu") = (£1)%)) < 200 (Vu") + 2Vula|V(£7,)%|a + Ra.
Since H?(Vu™) > v|Vu™|3 then the equation corresponding to (3.54) is
0 < (Cy — M)|Vul3 + Cy + MM, + R, + R,.

The proof continues with the same arguments and the v factor is maintained
until the end. It follows that the final constant M3 depends on ~. The proof of

Proposition 3.22 requires the same changes. In particular, (3.84) becomes

E(VW V(R (Va™) — (7)) = XH (V) — [VulVEla — R,
> M|Vl — [Vull| Vel — R,

where 2|Vulq|V(f7)?4 in (3.84) disappears because f? does not depend on the
spatial variables and we can conclude the proof in the same way.
Lemma 3.29 still holds, but in this case we have that (3.111) holds in the

following way:
%<D2H7(Vw”)vwgi, Vw2j> > 7<ngi, Vw;‘],>.

This inequality forces us to change other inequalities in order to obtain v as a
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multiplicative factor. In particular, (3.112) becomes

(aVE,V(H (Vu") — (f7)%))

Oy n 16 _ n
> - fz\D% Jixa — %a?nd%olvw 2
and (3.119) becomes
: C
Dl Loy < GIDP g+ HN) +1)°
k=1

The proof continues as in the proof of Proposition 3.17 and it leads to the equation

corresponding to (3.115):

(1= VAT A1 )€0e(Ga) < Con/TH AT + Rg R

7
1A%

Finally, Theorem 3.33 holds with the same arguments using the same idea

Choosing A = we can conclude in the same way.

used for Propositions 3.9 and 3.11, i.e., the use of an optimal control that satisfies
the first-order condition of the Hamiltonian H®".

The remaining results of Chapter 3 do not need any changes.

Theorem 4.6 The game described above admits a value u” (i.e., (4.13) holds).
Moreover, for any given (t,x) € Rg}l and any admissible control (n,v) € A%, the

stopping time 1) = 1) (t,x;n,v) € T; defined under P, as
7= inf {5 > 0w (t + 5, X") = g(t + 5, XD} A (T — 1),

18 optimal for the stopper.

Following the theory of Chapter 3, we have that the function u” from Theorem
4.6 has the following properties.

Lemma 4.7 For any v € (0,1), the function u” belongs to (Co:" N W1’2’p)(Rg}l)

Loc

and

0 <u'(t,z) < Ky(1+ |2]q),
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where Ky = K4(T, Dy, K3) is independent of v and comes from Lemma 3.13 proved

using the stronger assumption (4.8).

The next lemma proves that the controller has no advantage to use a control v
with an expectation greater than a suitable constant Kg. This result is crucial to
prove the main theorem of this section (Theorem 4.12), but it has also an interest

in its own right.

Lemma 4.8 There exists a constant K¢ = Kg(x; T, f(T), K4, D1) independent of
v such that

uw(t,z) = inf sup Jl(n,v,7)=sup inf F).(n,v,7),
()AL P TeTy TET: (ny) €AY

where Aﬁfpt = {(n,v) € A|E,[vr_4] < Kq}.

Proof. Let (e1,0) € A¢ be the null control and denote X = X% Following the

idea of Lemma 3.13, we have

sup inf J(n,v,7) < sup J;),(e1,0,7)

T€T: (n,w)eA? T€T:
= supE, [e_”g(t +7, X))+ / e "*h(t+ s, X;) ds}
T€T: 0
<K;1+T)E, [ sup (1+ e_m|Xs|d)} (4.14)
s€[0,T
< Ky(1+ |zla),

where the second inequality is using the linear growth of g and h (see (4.8)), the
third inequality is by standard estimates for SDEs with coefficients with linear
growth (|48, Cor. 2.5.10]) and the constant K, > 0 depends only on 7', Dy and
K from (4.5) and (4.8), respectively. Therefore, the controller tries to minimise

over the class

Al = {(n,v) e Al

sup T (n,v,7) < Ka(1+ [la) .
TET:
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For (n,v) € A7 we have

Em UVT—tH = Em |:/ st:|
(0,7~
-1
<E, {( min f7(t + 3)) / It +s) dus] (4.15)
s€[0,7—t] [0,7—1]
e’ (T-1) [n.v] - n.]
—r(T'—t v,y —rs n,v|,y
< T E. {e g(T, X777 + /0 e "h(t+ s, X7 ds
+ / e f(t+s) dus}
[0,7—4]
rT
< T (nv, T —t
iy )

S (t+s)
[ (t+s)

minimum of the denominator; the second inequality is justified because g, h are
T(T—t)e—r(T—t)

where the first inequality is using inside the integral and taking the

non-negative and f” is non-increasing in time, we also multiplied by e
and e e the function ¢ and inside the two integrals, respectively, and finally

=% and €™ in front of the expectation taking the maximum on

we collected e~
time of them, i.e., e"’; the third inequality is because f7 is decreasing in v and
thus f7(T) > f(T).

Combining (4.15) with (4.14) and (n,v) € A" we have

t,x
erTK4

E.|lvr—]] <
T

where K¢ = Kg(x; T, f(T), K4) is independent of . O

(1 + |$|d> = K@',

Remark 4.9: The result in Lemma 4.8 can be extended to v(¢, x) and we obtain
that

v(t,z) = sup inf tjt,x(n, v, T) = inf sup TJiw(n,v, 1),
T€T: (nv)eA] P (np)e Ay P TeT,

t,x

with AZ’:?pt ={(n,v) € A}E,[vr_] < K¢} and K as in Lemma 4.8.
The proof follows the steps of the proof of Lemma 4.8. Indeed, (4.14) and
(4.15) hold with: f(t + s) and J;»(n,v,7) in place of f7(t + s) and J,,.(n, v, T),

respectively, and we can repeat the same steps therein which lead to the result. W
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Before we state the next result we recall the definition of local time at 0 of a
process X from [57, Sec. IV.7, p. 212].

Definition 4.10 The local time at O of a semimartingale X 1is defined as

LY(X) = A} = > |X,| - |Xo_| - sign(X,_)AX,,

0<s<t

where A? is the increasing process that satisfies

t
| Xy | = | Xo| +/ sign(X,_)dX, + AY.
0+
Theorem 4.11 Lett € [0,T]. For all 7 < T —t stopping time and (n,v) € A%,
there exists (n,v) € A such that

E, || X7 — X101, | < yKGE fur ],

where K7 = K7(Dy,d,T) with Dy from Assumption 4.1 is a constant independent
of .

Proof. For each pair (n,v) € A¢, with n = (n", n?") € R" x R4" we can define

a pair (n,7) € A" as

Ni,s h
_ Rl ‘n ‘h 7é 07 .
Mg s = M3l 3 fori=1,... h;

€1
S

s ::/ |nl|, dv,;
0

where e; is the Ai-dimensional unit vector with value 1 in the first coordinate.
We have that [ n;,dv, = [ n;,dv, for all s € [0,T — ¢]. The vector process
(ﬁs)se[o,oo) is progressively measurable. Indeed, take a measurable subset U of the
h-dimensional unit ball. We need to prove that for all s € [0,T — t], the set

U ={(r,w) €0,s] xQ|n,(w) e U}

is a measurable set. Let Z = {(r,w) € [0,5] x Q : |n!(w)|s # 0}, we have that
Ut=({U"'NZ)U(UrNZ). On the set U"'NZ, we have that 7, is the ratio of
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two progressively measurable processes with a denominator always different from
0 and thus the set is measurable. The other set U~™' N Z¢ is equal to () if &; ¢ U
and equal to Z¢ if &; € U; in both cases we have that U~! N Z¢ is measurable
because () and Z¢ are. Indeed, the latter is measurable because it is the pre-image
of a closed set under a measurable function, in particular, it is the composition of
| - | (which is a continuous function and thus also a measurable function) with n
which is progressively measurable by assumption. We conclude that the set U is
measurable as it is a finite union of measurable sets.

We consider two processes, X[ and, X!"10 whose dynamics follow for the

coordinates i = 1,...h

/

dX = by (X[ ds + Zaw (XE)AWE 4 nidvy, (417)

7=1

dX [0 — b (x o0 ds+z% X0 AW + 7y odp,,

and fori =h+1,...d

l

AXZT = bi(XIIds + 3oy (XA + v, (4.18)

7=1

dXi[z’l_/]’O _ b (X[n ,7],0 dS + Zo_w X[TLV] O)dWJ

7=1

Let 7 € 7; and denote X7 = X"} and X° = X710 for simplicity. Define the

exit time from the ball of radius R as
TR = inf {s > 0||X§|d V|X?|a > R}

We denote the two processes X\, n,,, and X5 by X% and X% respectively;

NTATR
in a similar way, we denote the difference process, stopped at the time 7 A 75 as
JVR = X7E — XOR The process J 7 is a semimartingale. For any s € [0,7 —t],

by Meyer-1t6 Formula for semimartingales (see [57, Thm. IV.70]) applied to the
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i-th coordinate of J7%, JF we have

SATATR
|Ji:2R| = / sign(Jﬁﬁ) d<Ji7,(R) + LS/\T/\TR(Ji%R) (4.19)
0+
+ > IR = 1IRE = sign(JR AR
0<ASSATATR

for i = 1,...d, where sign(y) = —1 for y < 0, sign(y) = 1 for y > 0 and 0
otherwise, LSATATR(Ji'Y’R) is the local time of the process JZ-V’R at 0 in the time
interval [0,s A T A 7g], and A(J¢7XR) = Jij)’\R - Jg)’f. Notice that Jij’/\’R = Jﬁ)’f for
1t = 1,...h because we have that fos n; ,dv, = fos n;rdv,. Thus, using the SDEs

defined above we have

S

SATATR . .
= [ s E 00" - )
0
SATATR 7

SATATR ) )
[ s OO — o (XY AW + L, (7
0

fori=1,...A

Taking expectation in the equation above we get

SATATR ] ]
E.[|J5"] =E. { / sign(J5") (0 (X37) = 0(X3™) dX + Lppnry (J7F)
0
<E, { / 68 (XY — (XS A + LQ(J}»R)} (4.20)
0

<E, [Dl / || A+ LQ(JJ’R)],
0

where D; comes from Assumption 4.1. In order to estimate the local time, we
follow the idea of [20, Lem. 5.1] which we can apply because J"* is a continuous

semimartingale:

E.[L2(777)] (4.21)

R
JiA

<d4e - 2E, {/0 <]1{Ji7iR€[076)} + ]l{JixRZE}el— : >(bz'(X;7R) —b(XYT) dA}

€

1 s JiA,hR . .
b2 | [ ge ™ OO — )2
0 i

for any € > 0. Denote by I, the last integral on the right-hand side above, we
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estimate it as follows: pick ¢ € (%, 1), we have

R

! | — A R i vO.R
Ie = EEx |:\/0 ]]-{JJXRE(E,EC)}GI € (0- (XZ:\ ) — (XS,/\ ))2 d)\:|

+ %Ex [ /0 1 {Jiszec}el—J{*R (0" (X731 — o' (X5))? d/\]
< %Ex {D% /Os]l{JijiRe(e,EC)}|Jz'7>lR ? dA}
b2 [ (O — P
< D2 4 ke e TR, { / SyJi}Ryd dA]
0

where the first inequality for the first integral is by the Lipschitz property of o

JR
with D; from Assumption 4.1 and = < 1 on the event ]I{Ji7A,Re(676C)}, and for
B

. . 7N _
the second integral is by '™ ¢~ < el=¢ "

on the event 1 IRy The second
inequality for the first integral is by \Ji:Y/\:R| < € on the event 1 (TFe(ee)) and the
computation of the integral, and for the second integral we use that o is %—Hélder
with constant kg on the random time interval [0, Tg].

Thus we obtain that

2 s
E.[L(J7)] < 46+<4D1+K—Rel_5<1>Ex{ / |J]’Rdd)\] + D227, (4.22)
€ 0

where 4D comes from the second term of the right-hand side of (4.21) and we
have also bound ]JZ.Z\’R] < |J{"|4. Combining (4.20) and (4.22), we obtain the
following estimate:

2 s
E, [1J75] §4e+(5D1+”—Rel—€“)Ex{ / |J;’R|dd)\}+D562<_lT, (4.23)
b 6 0

for « = 1,...h. The remaining coordinates are estimated as follows. Let i =
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h+1,...d, we have from (4.19)

IR = / sign(J 5 (0 (X7 — (X)) dA
0

+ [ s - o ) ams (4.24)
0

+ ”y/ sign(Jiz\’]f)nL,\_ duvy + Lg(Ji7/{R)
0+
+ > IR = ISE] = sign(IEE AR

0<A<s

We notice that

JTXEL = 1T5E + manAva| < [TRE+ v Aw,
7/ sign(J;5)nia dis =7 / sign(J 5 i dv = 3 sign(JEALY),
0 0+ 0<A<s
where ¢ denotes the continuous part of v. It is clear that

S
7/ sign(Jl.7A’R)n,-7,\ dv§ + v Z Avy < v,
0

0<A<s

Thus, we get from (4.24) the inequality:

IR < [ (0G0 - BT
0

+ / sign(J57) (0 (X — o (X))
0
+ Vs + Lg(*]z‘:y,\’R)-

Since we have a non-continuous semimartingale, then [20, Lemma 5.1] does not
apply directly. We have some extra terms, i.e, the second expectation and the last

term on the right-hand side below, similar to (4.24), in the proof of [20, Lemma
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5.1]. We give the full result in detail in C.1 in Appendix.

E.[L2(J7")]

v, R
JiA

v, R
TiA

o [/0 (Lrepan T Ligrzge’™ 7 )7mia dyi}

i,

1 s anh ‘
+—Ew{ / L prn e’ (UZ(XZ’AR)—U"(ng))Qd)\}

Repeating the same idea of [20] and the above estimates for the first A coordin-

ates, we get
2 s
E.[|757]] <4e+ (5D1 + @elffc‘l)Ex {/ \JQ’R\ddA] (4.25)
bl 6 0
+ D%(—:%_IT + 7vE, [VS} .

Combining (4.23) and (4.25) for i = 1,...d we have

d
E[1J7%4) < Y B[]
=1
2 s
< dde + d<5D1 n %Rel*“> E, { / PG dA}
0

+dD}e* T + TdyE, [vs].
Sending € | 0, we get
E.[|J.)"d] §5dD1Ex{/S|J;’R|dd)\] + TdvE, [vs].
0
We can now apply Gronwall’s lemma to get
E. {|JJ’R\d] <yK7E,[vr_], foranyse[0,T —t],

with K7 = K(D1,d,T). Passing to the limit for R — oo and by Fatou’s Lemma,
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we get
E. {ymd} < liminf E, {|ngRyd} < yK7E,[vr—], forany s€[0,T —t].
—00

Recalling that J7 = X, — X% = X.[;L’TV]’A’ — X.[KL’TD]’O and picking s =T —t, we
have that

E, [|X7[_n,u],’y _ XFL’D]’O’d} —E, [|X[n,u},’7 X[ﬁ,l‘/],o )|d

TANT—t) — “TA(T—t

= Ex|1974ld]
< 7K7Ex [VT—t} )

with K, independent of v and ~. m

4.1.4 The Value of the Game

Theorem 4.12 The game in (4.3) admits a value v. Moreover, for any compact
K C Rg}l, there exists a Cx such that

sup |[uY(t,x) —v(t,x)] < C?,
(t,z)ek

where u” is the function described in Theorem 4.6.

Proof. Let u” be the value of the game described in Theorem 4.6. We introduce

u = liminf, ,ou” and @ = lim Sup.,_o u”. If we prove that
u(t,z) <v(t,x) and wu(t,z)>0(t, ),

for all (¢,z) € Rg}l, we get that u(t,x) =u(t,z) = v(t,z) = v(t,z) =v(t,x) and
Theorem 4.12 holds.

Fix (t,z) € Rg}l. We first prove that u > 7. Let (n?,1?) € A¢ be an 7-
optimal control for v (¢, z) and consider the associated (727, 77) € A constructed
as in (4.16). Consider the processes X" "7 and X710 from (4.17) and (4.18)
with (n,v) and (i, 7) therein replaced by (n”,v7) and (r?,77), respectively. For

notational simplicity, denote the two processes X"} and X710 by X7 and
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X0 respectively. Let 7 € 77 be an n-optimal stopping time for v(¢, z). We have

U’Y(t,x) - U(t,l’) > ‘-Zf’jx(n’yay’yﬂ—) - ‘Z,I(ﬁ’y7 17777-) - 277

—EL e alt 4 7 X < gt 7 XD)
+ / e (h(t + 5, X7) — h(t + 5, X)) ds
0

+ / e " f(t+s)dv] — / e " f(t+s) dl/g} —2n
[0,7] [0,7]

v

T—t
~ KiE,[1X7 = Xu| ~ E, U X7 - XS\dds}
0

> —K1E${|X1 —X£|d} — K\T sup E, {\XJ—XSM] —2n

s€[0,T—t]
where K7 comes from (4.6). The first inequality is by the choice of (n7,17) and
, ii:gzg = |nf(w)|p < 1 for
all w € Q and that f7 > f by (4.11). The last inequality is by Fubini’s theorem
and taking supremum inside the integral. Using Theorem 4.11 combined with

E.[lvy_,] < Kg from Lemma 4.8 we have that

7. The second inequality is by the definition of 7, i.e.

uW(t,z) —o(t,x) > =K (1 4+ T)yK; K¢ — 27,
and passing to the limit inferior as v | 0 we get
u(t,x) —o(t,z) > —2n.

By the arbitrariness of 7, we obtain u(t, z) > v(t, x).

We prove now that @(t,z) < v(t,z). Let 7, € T; be an n-optimal stopping
time for u” and let (n,v) € A} be an n-optimal control for v(¢, z). Notice that
since (n,v) € A" C A4, we have X () = XIP0(w) for all s € [0,T — 4],
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almost every w € ). Thus

uw(t,x) —v(t,r) < T (n,v,7) = Tea(n, v, 7y) + 21
:Em{/ e (f(t+s)— f(t+s))dvs| +2n
[077'7]

< VKB [lvr—l] + 2
< ﬁKlKﬁ + 27]

The first inequality is by the choice of 7, and (n,v); the equality is because the
two processes are indistinguishable; the second inequality is by the definition
of f7 and thus f7 < f + /7K, (see (4.11)); the third inequality is by Remark
4.9. Passing to the limit superior as v | 0 and by the arbitrariness of n we get
u(t,z) < wv(t,z) and we have lim,_,ou”(¢,z) = v(t,x) = 0(t, z) = v(t, ).

Using that v € (0, 1), we obtain
W (¢, 2) — v(t, 2)| < K1 Ke(1+ Kqr(1+ T))ve

for all (t,z) € Rg}l, with K from (4.6), K¢ = Kg(z) from Lemma 4.8 and K7 as
in Theorem 4.11. Since K¢ = Kg(x) is dependent continuously on z, let I C Rg}l

be a compact, we have that

N

sSup |’U,’y(t,;€) o ’U(t,&l)‘ < CK’}/
(t,x)ek

with Cx = K(1 + K7(1 4+ T)) max( gyex Ko(z). O

We show the optimality of the stopping time defined in (4.9). We follow an
approach that can be found for example in [13, Thm. 4.12].

Theorem 4.13 For any given (t,x) € Rg}l and any admissible control (n,v) €

AL, the stopping time T, = T.(t,x;n,v) € T; defined under P, as
mo=1inf {s > 0|v(t + s, XM = g(t + s,Xi"’”})} AT —1) (4.26)

1s optimal for the stopper.
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Proof. Let (t,z) € R{%' and (n,v) € AJ. Define

) =inf {s > 0|u(t + s, XM < g(t + S,Xgn’”])} N (T —t).

S

We first prove that

liminf 7] > 7. (4.27)
~¥—0

Fix w € Q. If 7. (w) = 0, then (4.27) holds. If 7.(w) > 0, we pick § > 0 such
that 0 < 7.(w). By the same arguments that lead to the optimality of 7, in the
proof of Theorem 3.33, we have that ) = 7, for almost every w € Q and Av,, =0,
ie., XLZZJ} = XE:’,V] = XK“V], where

70 = inf{s > O0|v(t + s, XS[T/]) —g(t+ Sst[i’y}) = 0}.
We have that the sequence (7,),c(0,1) With
7y = inf{s > Ofv(t + s, X[")) — g(t + s, XI™) <}

admits a strictly increasing subsequence (7, )men for almost every w € Q, i.e.,
there exists an y C 2 with P(£y) = 1 where 7,,, (w) 1 70(w) for all w as m — oo.

Moreover,

lim X = X

TO—
m—ro0

holds for all w € 5. It means that there exists a constant C,, > 0 such that

inf (v(t+ s, XM (w)) = g(t + s, X (w))) > C.,

0<s5<6

otherwise we would have that for all 7, > 0 from the sequence above,

. [n,v] . [n,V]
Jnt (o(t 5, XI0w) = gt 5, X1 0)) <
and the inequality would imply that 7, < 4 for all m € N. Since 7,,, T 7 > 9,
we reach a contradiction.

Moreover (n,v) € Al is fixed, therefore we have that the second moment of
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the controlled process is finite and thus there exists a compact I, C Rg}l such
that the trajectory of X™" lies in it

{(t+s, X" 5€10,0]} C K.

By Theorem 4.12, we have that there exists a 7’ such that for all 0 < v <~

Co
sup |u(t,z) — v(t,z)| < =,
(tw)eKe, 2

and it follows

inf [ (t+ s, X" (w)) = g(t + 5, X/ (w))] 2

0<s<0

Co
5
It means that 77 > § for 0 < v <4/, and

liminf 7 > 6.
v—0

Sending § 1 7. we have that (4.27) holds and we obtain
lim 7] A7, =7y, (4.28)
¥—0

with 7, as in (4.26).
Fix n > 0 and consider the stopping time

7= inf{s > 0fu’(t + 5, X)) < g(t + 5, X)) -1},

Since (n,v) € A?, then (n,v) is admissible for the class A? (precisely, n — f =
(n,0) € R" x R" we have that (n,v) € A¢). By the arguments in proof of
Theorem 3.33 about the optimality of 7. therein, we have that 7,/ T 77 as 1 | 0.
By the first line of (3.124) with g and 7, therein replaced by u and 7 A 7.,

respectively, we have

7',7/\7'*
w(t,x) <n+E, [e“ﬂ?”ﬁw(t FY AT, XE ) 4 / e h(t + 5, X ds
0

To ATx

+ / e " f(t+s) dl/s] :
(0,7 ATx]
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Sending n | 0, by dominated convergence theorem we obtain

T ATx S

+ / e " f(t+s) dus} :
(0,77 AT«]

Finally, sending + | 0 we have that

7';'/\7'*
Wit e) < B {e_w“*)uﬂth AT, X ) 4 / e h(t 4+ 5, X ds
0

T AT

+ / e Ut + 5) dys] |
(0,7 AT«]

Using that (n,v) € A" f is bounded, the functions g and h have linear growth,

T;Y/\T*
ot z) < i B, {GT(TZAT*W@ AT, X ) / e h(t + 5, XY ds
- ]

dominated convergence theorem applies and we obtain by (4.28) that

Tx

o(ton) < B[ gt x4 [T+ X 0
0
+ / e‘”f(t+s)dus].
[0,74]

Thus, the strategy 7, is optimal for the stopper. O

The next remark shows that the value function v of the game does not change

if we impose the controller to use only absolute continuous controls.

Remark 4.14: Remark 3.34 says that

w'(t,x) = inf sup J).(n,v,7)=sup inf J.(n,v,T),
(ny)eAr® reT; €T (nv)eAL°

where A?° = {(n,v) € A%v is absolutely continuous}. We introduce the lower
and upper value functions of the games with absolutely continuous admissible

controls:

v’(t,z) =sup inf Ji.(n,v,7) and T°(t,x)= inf sup J.(n,v, 7).
TETE (nv)eAl° (npy)eAr® reT;

Repeating the proof of Theorem 4.12 replacing v and v therein with v° and ©°,
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respectively, we get that lim, o u” = v°(¢, z) and

W(t,x) = inf  sup Jiu(n,v,7) =sup inf Ji.(n,v, 7).
(n,v)eAl° 7€T; T€Ti (n,v)EAl°

Since the limit is unique, then we have that v° = v with v as in Theorem 4.12. W

4.2 Degenerate Processes

In this section, we relax the local ellipticity condition on the diffusion coefficient
of the SDEs which we assumed in Chapter 3. We prove that stochastic games played
with this new type of processes admit a value under a new set of assumptions. We
use an approximation procedure to perturb the original process with a parametrised
non-degenerate noise. The approximated games satisfy assumptions of Chapter
3 and we can apply results therein. The family of value functions admits a a
convergent subsequence that converges to the the value of the original game.

Moreover, we provide an optimal strategy for the stopper.

4.2.1 The Problem

We consider a zero-sum game as in Chapter 3 where there are still two players,
a stopper (maximiser) and a controller (minimiser). In this new type of game we
allow the diffusion coefficient (see o in (4.29)) to be degenerate.

We repeat briefly the model without giving the full details which can be found
in Chapter 3. Let (2, F,(F:):, P) be a stochastic basis on which an adapted
d’-dimensional Brownian motion (W;); is defined. Let T be the terminal time,

and b: R? = R? and o : R? — R? x RY be measurable functions. Denote

T; .= {7|7 is a stopping time, 7 < T —t}.
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We define by A, the class of admissible controls as

( (Ns)scfo,00) 18 progressively measurable, R? valued,

with |ng|g = 1, P-a.s. Vs € [0, 00);
(n,v) 0 -

(Vs)sejo,00) 18 F-adapted, real valued, non-decreasing and

At:

\ right-continuous with vo_ = 0, P-a.s., and E[lvy_|*] < oo |

Consider the following d-dimensional controlled stochastic differential equation.

We will use the notation X™* to underline that the process is controlled by (n, v):

dx" = p(xI"ds + o(XI"Naw, + nydus, 0<s<T, (429
Xt = '
Since o € R*? | the resulting matrix a(z) = (oo ')(x) € R¥™? is a positive-

semidefinite matrix which means that the matrix a(z) can be singular, i.e., there

can be points z € R? and ¢ € R such that

(¢, a(x)C) = 0,
or, alternatively, that det(a(z)) = 0 for some z € R?.

Remark 4.15: In Chapters 3 and 4, we required that d < d’ because we assumed
the diffusion coefficient to be non-degenerate. In the case where d > d’, the

diffusion coefficient is always degenerate because det(a(x)) = 0 for all z € RY. W

The players are playing the same zero-sum game introduced in (3.2) and we

show it below for completeness
Jta(n,v,7) = E, [e”g(t + 7, X 4 / e "h(t + s, X" ds (4.30)
0
+ / e f(t+s) odus] :
[0,7]

In this setting, the function f is independent on the state space, and the integral
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defined in (4.30) is now consistent with the Riemann-Stieltjes integral, i.e.,

/ e " f(t+s) ody, = / e " f(t+ s)dus,
(0,7] 0

as in (4.2).
We define

u(t,z) =sup inf J,(n,v,7), and v(t,z) = inf sup J.(n,v,7), (4.31)
TET: (n,v)EA: (nw)eA: TET:

so that v(t,z) < (¢, x). If the equality holds then we say that the game admits a

value:
v(t,x) =v(t,x) =0(t, x). (4.32)

The local ellipticity condition in Assumption 3.4 does not hold anymore.
Indeed, we allow the diffusion coefficient to be degenerate and thus (3.10) fails.
This implies that some of the proofs in Chapter 3 are not valid anymore, in
particular, Propositions 3.17 and 3.22, Lemma 3.29 and the argument in Section
B.6.

We recall that £ denotes the infinitesimal generator of the uncontrolled process

Xer0 (where e; is the unit vector with 1 in the first entry) and it reads

(Lo)(z) = %tr (a(z) D*p(z)) + (b(x), Vip(2)). (4.33)

Next we give assumptions under which we obtain our main result (Theorem

418).

Assumption 4.16 (Controlled SDE) The functions b and o are continuously

differentiable on R and Lipschitz with constant Dy, i.e.,
1b(x) — b(y)|a + |o(x) — o(yY)|axar < Dilz — yla, for all z,y € R%.  (4.34)
The matriz o is such that there exists Dy > 0 such that

0(2)|axar < Da(1+ |z]a)?,  for all z € RY. (4.35)
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Thanks to (4.34), we can assume that there exists Dy such that
6(z)|q < Da(1 + |z]4), for all z € RY

and without loss of generality we can assume that D, is the same of (4.35).

Assumption 4.17 (Functions f,g,h) For the functions f,g,h : Rg}l — [0, 00)
the following hold:

(i) g € Ci2®(RIE') and h € Cpoy®(RAL!) for some o € (0,1);

Loc Loc
(ii) f is non-increasing, positive and f? is differentiable;

(iii) there is Ko € (0,00) such that for all 0 < s <t <T and all x € RJ}!
h(t,z) — h(s,z) < Ko(t —s) and g(t,z) — g(s,x) < Ko(t — s);
(iv) there is Ky € (0,00) such that
0 < [h(t,2)| < Ki(1+[al3), for (t,2) € RGY;
(v) there is Ky € (0,00) and 5 € (0,1) such that
|h(t, ) = h(t,y)| < Ko(1+|zla+ |yla)’|lz —yla,  for (t,2) € RGH; (4.36)
(vi) f and g are such that
IVg(t,x)|a < f(t),  for all (t,2) € REH (4.37)
(vii) there is K3 € (0,00) such that
(h+ 0w+ Lg—rg)(t,x) > —Ks, forall (t,x) € Rg}l.
Notice that (ii) and (4.37) in Assumption 4.17 imply that

[Vg(t,z)| < f(0) for all (t,z) € RH. (4.38)
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A comment on these conditions can be found in Chapter 3 below Assumption 3.5.

We can now state the main result of the chapter.

Theorem 4.18 The game described above admits a value v (i.e., (4.32) holds).
Moreover, for any given (t,x) € Rg}l and any admissible control (n,v) € Ay, the

stopping time 1, = T.(t,x;n,v) € T; defined under P, as
7o =inf {s > 0|v(t + s, XM = g(t + S,XS[”’”])} N (T —1t)

s optimal for the stopper.

4.2.2 Approximated Problem

The theory developed in Chapter 3 does not apply directly to this new type of
game. Results proved by probabilistic arguments apply without changes to this

class of games, but the results proved by analytic arguments fail.

4.2.3 Approximation Procedure

We introduce an approximating sequence of games to which the results from
Chapter 3 apply. These games are indexed by a parameter § and we obtain a
family of value functions of these games. The existence of the value of the original
game is found through a convergent subsequence in this family.

Fix a # € (0,1). For a given pair (n,v) € A; we consider the (controlled)

stochastic differential equation:
AX0 = p( X9 ds 4 ng dug + o(XPVOYAW, + 01,dW,

where I, is the d-dimensional identity matrix and W is a d-dimensional Brownian
motion independent from the original Brownian motion W. Let 7 € 7T;, consider the
same payoff defined in (4.30) but with X["*¢ in the place of X" as underlying

process, i.e.,

Tiw(n,v,7) = Ex{e‘”g(HT,XL”v”WH / e h(t+ s, X" ds  (4.39)
0

+ / e " f(t+s) dl/s:| :
[0,7]
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We say that the game (4.30) admits a value if

u’(t,z) =sup inf J2 (n,v,7)= inf sup T’ (n,v,T). (4.40)
T€T: (nv)EA; (nv)EA TET,

Since we add a noise 0I;dW, dependent on 6, then the differential operator £
defined in (4.33) changes in £6. Indeed the matrix a(z) becomes a’(x) = a(z)+6%1,

which is non-degenerate because

(¢, (a(@) + 0°14)C)
(¢ a(@)C) + 0713
0%|c13

(¢, a’(2)¢)

v

for all z,¢ € RY. This game satisfies the Assumptions 3.4 and 3.5 and we are
allowed to apply Theorem 3.6 with a replaced by a’. For simplicity we collect the

results from Chapter 3 that we need in the next two theorems.

Theorem 4.19 The game described above admits a value function u’ (i.e., (4.40)
holds). Moreover, for any given (t,x) € R‘g}l and any admissible control (n,v) €
Ay, the stopping time 70 = 79(t,x;n,v) € T, defined under P, as

« —

70 =1inf {s >0 | w(t + 5, XIMV9) = g(t + s, XS[””’]’H)} A (T —1t) (4.41)

S

18 optimal for the stopper.
If we assume that the function h is uniformly Lipschitz in x, then the theorem
still holds even if we drop (4.35) in Assumption 4.16.

Lemma 4.20 For any 0 € (0,1), the function u® belongs to (Co’l’vﬂWl’Q’p)(Rg}l)

Loc Loc

for v € (0,1) and p € (1,00). Moreover

0 < [u(t,2)] < K41 + |2]2),
IVl (t,2)]a < f(2),

where Ky = K4(T, Dy, K1) with Dy and K from Assumptions 4.16 and 4.17,

respectively, and it is independent of 6.

The Assumptions 4.16 and 4.17 are slightly different from Assumptions 4.1
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and 4.2 in Section 4.1. Using Lemma 3.13 in order to repeat and complete the

proof of Lemma 4.8 for «?, it is straightforward to show that:

Lemma 4.21 There exists a K¢ = Kg(x; T, f(T), K4, D1) independent of 0 such
that

W(t,x) = inf sup J’ (n,v,7)=sup inf J’ (n,v,7)
(n)EA €Ty T€T; (nv)EAR

t,x

where A% = {(n,v) € A|Es[vr—] < Ko} and

independent of 0 and Ky = K4(T, Do, K1) from Lemma 4.20.

Remark 4.22: The result in Lemma 4.21 can be extended to v(¢,x) and we
obtain that

v(t,z) =sup inf Ji.(n,v,7)= inf sup Ji.(n,v,7),
TET: (n,l/)GA?ﬁf (n,V)EAgf;t TET:
with A2 = {(n,v) € Ai|E,[vr—] < K¢} and Kg as in Lemma 4.21.
The proof follows the steps of the proofs of Lemmas 4.8 and 4.21. [ |

We state a classical inequality which will be used in the next theorem: for all

p € [1,00), the following inequality holds

(if’f)p < d“(i \wi!p) (4.42)

i=1

for all z € R%.
We show in the next theorem the rate of convergence of the process with the

noise to the process without the noise.
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Theorem 4.23 Fiz (t,z) € Rj; and 8 € (0,1). For any (n,v) € Ay, we have

1
Em[ sup | X[ _ x[nolo) ;—ﬂ] < 0K, (4.43)
s€[0,T—t]

where Ky = K7(D1,d, T, ) with Dy from Assumption 4.16. Moreover, it holds

Ezl sup \Xg””’]’9|] < KgE,[vr4, (4.44)

s€[0,T—t]
where Kg = Kg(d, T, D) independent of 6.

Proof. For simplicity denote X0 X[#1.0 and the difference process X0 —
X0 by X0 X0 and J?, respectively. Taking the supremum over time and the

expectation we get

B ~ _1
+ 0Ly °

Ex[ sup |J¢|,” ["] < 3T7E x{ sup (‘/ (b(X]) = b(XD)) dr

A€(0,s] A€(0,s]

d

dﬁ)} (4.45)

where the inequality follows by the definition of J? and (4.42). The first term on
the right-hand side of (4.45) is bounded from above using the Holder’s inequality
and the Lipschitz property of b (see (4.34))

T
] [ sup /\ﬂ/ b(X7) — b(X))| g Bdr}
d A€0,s]

<E, {TﬁDl B/ sup |J?];7° Bdr}
0

re[0,A]

_|_

/0 (o(X%) — o(X?)) dW,

e[ o [ [ 0000 - sexe a

A€[0,s]

the second term of the right-hand side of (4.45) is bounded from above using the
Doob’s maximal inequality applied to W

1
E,| sup (0107417 | <E, d(leyZT\)H” < 1,077,
A€[0,s] A

where Zr is an independent normal random variable distributed as A (0,T) and
K1 = dEm[(%|ZT|)ﬁ]; the last term on the right-hand side of (4.45) is bounded
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from above using [48, Cor. 2.5.11]

/ *(o(X0) — (X)) W, }
B

<ortntlpertnte | [o(xt) o

E. [ sup

A€[0,s]

1 s 1
< KoE, {Dfﬁ / sup |J?|;7" dr},
0 ref0N

where kg = kao(T, B) = 9325 %T% and D; comes from (4.34). Using the three

inequalities above in (4.45) we get

_1

Ex[ sup |J3 ;"} §31%Ex[Df"(1+n2)/ sup [JO|37 A+ 1077 |
0

A€0,s] rel0,A]
By Gronwall’s lemma we get for all s € [0,T — ¢]
4 0 0 =5
Ez[ sup [ Xy — X/\‘d:| = Ex[ sup ’J)\’d:| < OT-F Ky
A€0,3] A€[0,5]

with K7 = K7(Ds,d, 3,T) independent of (n,v) € A;.
Now we prove (4.44). Let (n,v) € A; such that E[vy_;] < K4 with Kg as in
Lemma 4.21. We have

A
Ex[ sup |X§|d} < Ew[ sup (’/ b(Xf)dr
] 0

A€0,s] X€l0,s

A
+ ‘/ o (X?)dW,
d 0 d

A
—i—‘/ n,duv, )}
d 0 d

We now estimate all the terms above separately. The first term on the right-hand

side of (4.46):

(4.46)

A
n ]/ 01, W,
0

/0 Ab(X{?) dr

E. [ sup
A€[0,s]

J=e]p: [0+ s xao
0

re[0,A]

<TD, +E, {DQ/ sup |Xf|ddA};
0 rel0,A]
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the second term on the right-hand side of (4.46):
- ] <E, [ sup
d

/OAU(X,?) Ae[OS/O (X")dr‘r

l
</€3E [/ | O'O' |ddeA1
gn3(1+Ex[/ |(o—aT)(Xf)|dxdd)\])

0
0 rel0,A]

§n3(1+TD2+Em [Dg/ sup |Xf|dd)\D,
0 r€l0,A]

E. { sup

A€[0,s]

where the first inequality follows by Hoélder’s inequality, the second inequality by
[48, Cor. 2.5.11] with k3 = k3(T) and the last inequality follows by Assumption
4.16; the third term on the right-hand side of (4.46):

E. { sup
A€(0,s]

/ o1, dmu < d9V/8T < dv/B3T (4.47)
0

using [48, Cor. 2.5.11]; the last term on the right-hand side of (4.46):

S
/ n,dv,
0

by Lemma 4.21. Combining the four inequalities we have

E. { sup
X€0,s]

d} < E.[vy

Er[ sup |X§|d] gTD2(1+m3)+D2(1+/<;3)/ Em[ sup |Xf|d}d/\
A€[0,s] 0 r€[0,A]

+ kg + dV8T + E,[vg].

By Gronwall’s lemma, we get

E:z:|: sup \Xfld] < KsE,[vr—,
s€[0,T—¢]

with Ky = Kg(d, T, D). Analogously, we get the same estimates for X° without
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(4.47), therefore we obtain:

Em{ sup |X0|d} < KgE.[vr—].

S
s€[0,T—t]

with the same Kjp. O

4.2.4 The Value of the Game

Theorem 4.24 The game in (4.31) admits a value v. Moreover, for any compact
K C Rg}l, there exists a Cc > 0 such that

sup |[u?(t,x) —v(t,z)| < Cxf (4.48)
(t,x)eK

for B as in (4.36) and u® is the value function described in Theorem 4.19.

Proof. Let u? be the value of the game described in Section 4.2.3. We introduce

w = liminfy_,ou’ and u := limsup, ., u?. If we prove that
u(t,x) <wv(t,x) and wu(t,z)>70(t, x)

for all (t,z) € Rg}l, we get that u(t,z) =u(t,z) = v(t,x) = v(t,z) = v(t,z) and
Theorem 4.24 holds.
We prove first that u(t,z) > v(t,x). For (n,v) € A; we consider the two

processes whose dynamics read

dX n 1/] % b(X[n’l/]ﬁ)dS + O_(X[TL,V]ﬁ)dW + ejddW + nSdVSJ
AX[0 = p(X [0 ds + o (XY AW, + nduy,

where we recall that T is a d-dimensional Brownian motion independent from

the original Brownian motion W and [, is the d-dimensional identity matrix.
Let (n?,1?) be an n-optimal control for u?(¢, ) and let 7 € 7; be an n-optimal

stopping time for o(t, z). Let X? = X["'18 and X0 = X[ +"10 for notational
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simplicity. We have

u’(t,x) —o(t, x)

> jt?x(ne, Vr) = Tia(n? 00 1) — 2n

=E, [e_TT(g(t + 7, Xf) - g(t + 7, XB))

+ [ e (h(t + 5, X)) — h(t + 5, X?)) ds] — 2 (4.49)
0

> - FOF [1X2 - X2
Tt
- K| [ X XX XSlads] -2
0

> — f(O)Ex{ sup | X! — Xg!d}

s€[0,T—t]

KT t) sup |1 X2 |XE1IX X2 - 2,
s€[0,T—t]
where f(0) and K come from (4.38) and (4.36), respectively. The second inequality
follows by the Lipschitz property of g and h, and we extend the integral up to
time T' — t. The third inequality is by Fubini’s theorem and taking supremum
inside the time integral.
The first term in the last line of (4.49) is bounded from below by Holder

inequality:

sup E, {(1 X+ X0 XY — Xswd]

s€[0,7—t]

3 L 718
< sup Ex{aﬂxﬂmxsm] EI[\Xf—XB;-B] -

s€[0,T—t]
Applying (4.43) and (4.44) in (4.49), we get
u(t,2) = (t.x) = = (F(0) + Ka(T = 1) (Koks)") (9K7)'"~ = 2n.

It means that when we pass to the limit inferior as 6 | 0 we have u(t,z) —o(t, ) >
—2n and by the arbitrariness of n we get u(t,z) > v(t, x).
Let 7% € 7, be an n-optimal stopping time for v’ and let (n,v) € A; be an
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n-optimal control for v(¢, z). The estimates above still hold thanks also to Remark
4.22, thus we have

u(t,2) = v(t, ) < (F(0) + Ko(T = £)(K k)" ) (0K7)' 7 + 20,

Passing to the limit superior as | 0 and then 7 | 0, we have u(t, z) < v(t,z) and
the theorem is proved. It means that (4.48) holds with

Cx = max (f(0) + KT (KsKg)?) K37,
,T)E

where Kg comes from Lemma 4.21 and it depends continuously on the initial state
x e K. m

If we impose stronger continuity condition on h we can drop the growth

condition on ¢. This is done in the next simple corollary.

Corollary 4.25 If the function h is Lipschitz in space uniformly in time, i.e.,
\h(t,z) — h(t,x)| < Kylx —ylg  for all z,y € RY,

with Ky independent of t, then Theorem 4.24 holds without condition (4.35).

Proof. Since the function h is Lipschitz, then the bound in (4.49) becomes

s€[0,T—t]

Recalling that (4.43) is obtained using only the Lipschitz property of o, we can
repeat all the remaining steps in the proof of Theorem 4.24 after (4.49). O]

We show the optimality of the stopping time defined in (4.41). We follow an
approach that can be found for example in [13, Thm. 4.12].

Theorem 4.26 For any given (t,z) € Rg}l and any admissible control (n,v) € A,

the stopping time 7, = T.(t,z;n,v) € Ty defined under P, as
7o=1nf {s > 0] v(t + s, X[") = g(t + s, X"} A(T 1) (4.50)

1s optimal for the stopper.
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If we assume that the function h is uniformly Lipschitz in x, then the statement

holds even if we drop (4.35) in Assumption 4.16.

The proof is similar to Theorem 4.13.

Proof. Let (t,x) € Rg}l, (n,v) € A, and for simplicity denote X" and x[""1°
by X% and X0, respectively. Define

7/ =inf {s >0 | W(t+s,X0) <glt+s, XDPA(T—1).

By the convergence in (4.43), we have that there exists a strictly decreasing
subsequence (0x)ren C (0,1) such that X% — X almost surely as k — oo,
i.e., there exists an 0y C  with P(£) = 1 such that for all w € g we have
X% (w) — X°(w) uniformly as k — oo. Thus, for all ' > 0, there exists k' = k' (w)
such that for all £ > k&’ we have

X0 () — X0(w)la < T
We prove now that
lim inf Tf’“ > Ty,

k—o00

with 7, as in (4.50). Fix w € Q. If 7.(w) = 0, then (4.27) holds. If 7.(w) > 0,
we pick 6 > 0 such that § < 7.(w). By the same arguments of the proof of the
optimality of 7, in the proof of Theorem 3.33, we have for almost every w € €}
that 7o = 7, and Av,, =0, ie, X0 =X?_ = X" where

70 = inf{s > Olo(t + 5, X2 ) — g(t + s, X°_) = 0}.
We have that the sequence (7;),e(0,1) With
7, = inf{s > Ofv(t + 5, X7) — g(t + s, X.) <n}

admits a strictly increasing subsequence (7, )men, With 7, | 0 as m — oo,

for almost every w € g, i.e., there exists an €, C o with P(€)) = 1 where
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Ty (W) T To(w) for all w € Qf as m — oo and

lim X? =X?

m—oo T m To—"

This limit means that there exists a constant C,, > 0 such that

inf (v(t+ s, XJ(w)) — g(t + s, X (w))) > C.,

0<s<d

otherwise we would have that for all 7, > 0,

inf (U(t + 5, X2(w)) — g(t + s, Xg(w))) < N,

0<s<6

and the inequality would imply 7,,, < ¢ for all m € N. Since 7,,, T 7. > 0, we
reach a contradiction.

Moreover, since (n,v) € A, is fixed, we have that the second moment of the
controlled process is finite and thus there exists a compact K, C Rg}l such that

the trajectory of X°(w) lies in it
{(t+s,X2w)) : s €10,0]} C K.

By Theorem 4.24, we have that there exists a k” such that for all £ > k", we have

w

sup |u®(t,z) —v(t,z)] < =2
(t,x)eKw, 4

Thus we have that for k > k' v k"

% (t + 5, X (w)) — vt + 5, X{ ()| <|u®(t+ 5, X[ (w)) — u”(t + 5, X (w))]
+ Juf* (t + 5, X2(w)) — v(t + 5, X2 (w))]

< FOIX% (@) - X0w)] + &
<[0T + %

where we used |[Vul(t,z)|s < f(t) < £(0) for all § (see Lemma 4.20). Taking T’
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such that f(0)I < £ it follows
inf |uf (¢t 4 s, X% (w)) — g(t + 5, X (w)| > &
0<s<6 s s - 9

This means that 7% > § for k > k' V k" and

lim inf 7% > 6.
k—o0

Sending 0 1 7. we have that (4.27) holds and we obtain
lim 7% AT, = 74, (4.51)

k—00

with 7, as in (4.26). We can repeat the same arguments of the proof of Theorem

4.13. For n > 0 we consider
Tgk = inf{s > Ofu’(t + 5, X*) < g(t + s, X)) + n},

where u™ is the value of the game (4.40); we have that Tgk 1 7% asn | 0. By the
first line of (3.124) with g and 7, therein replaced by u* and Tgk A T, respectively,

we have
o 7'3’“/\7'*
(1) < e g n X e [T e s X s
Tn Tx 0
Tgk/\n
+/ e " f(t+s) dys] :
0

Sending n | 0, by dominated convergence theorem we obtain

o EAT
0 o
W (t,2) < E, [e—ﬂn’““*)u@k (t+ 7% A7, X% )+ / e h(t + 5, X%) ds
0

%
Tu k NTx

To P ATw
+ / e " f(t+s) dz/s} :
0
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Finally, sending £ — oo we have that

Tek/\T
0 * *
v(t,z) < lim E, {eT(T*kAT*)ue’“(t—l—Tf’“ /\T*,Xek )—l—/ e”"sh(t—irs,XLf’“)ds
0

k—o0 Tfk/\'r*
Tfk/\T*
+ / et + 5) dys]
0

Using that (n,v) € A;, X% converges uniformly to X° almost surely, f is bounded,
the functions g and h have linear growth, we have that dominated convergence

theorem applies and we obtain by (4.51) that
v(t,z) < E, {B_TT*Q(H-TMXS*%L/ e_mh(t+s,Xg)ds—l—/ e " f(t+s) dl/S:|.
0 0

Thus, the strategy 7, is optimal for the stopper.

The last statement of Theorem 4.26 holds because Corollary 4.25 allows the
use of Theorem 4.24, and we have that the proof above can be repeated under
the assumptions that A is uniformly Lipschitz in = and ¢ does not satisfy (4.35)

in Assumption 4.16. O]

The next remark shows that the value function v of the game does not change

if we impose the controller to use only absolutely continuous controls.

Remark 4.27: Remark 3.34 says that

o : 9 : 0
w(t,z) = inf supJ (n,v,7)=sup inf J. (n,v,7),
(n,w)eAS T€T; TET: (n,v)EA?

where A} = {(n,v) € A;|v is absolutely continuous}. We introduce the lower
and upper value functions of the games with absolutely continuous admissible

controls:

v (t,z) =sup inf J.(n,v,7) and ©°(¢t,z) = inf sup J.(n,v, 7).
TET: (nv)EA? (n,w)eAS T€Ty

Repeating the proof of Theorem 4.24 replacing v and v therein with v° and v°,
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respectively, we get that limg_,ou’(t,2) = v°(¢,2) and

WOt x) = inf supJl(n,v,7) =sup inf JZ.(n,v,T).
(nv)eA? r€Ty €T (nw)eds

Since the limit is unique, then we have that v° = v with v as in Theorem 4.24. W
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Appendix

In this appendix, we store results that we prefer to keep separate from the
previous chapters because they are more auxiliary tools for us than results on

ZSGs. Each section stores results from a correspondent chapter.

A Chapter 1

In this section we give the proof of the compact embedding between parabolic

Sobolev spaces and parabolic Holder spaces (see (1.6)).

A.1 Parabolic Sobolev Embedding

Let d € N and a : R — R? be uniformly elliptic with @ as coefficient of
ellipticity, i.e., there exists a ¢ such that

0~YC7 = (¢ alt)O) > 0ICT; (A.1)
for all (t,¢) € R We also introduce three objects related to a Q C R%:

e the diameter of Q as diam(Q) := sup, ,cq |7 —yl|q Where |-|q is the euclidean

norm on @);

e the size of Q as |Q] = / dz;
Q

1
e the mean value of a function v inside @) as ug = @ / u(z)dz.
Q

We give now a Theorem without proof which can be found in the correspondent
book [47].

137
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Theorem A.1 (|47, Thm. 10.2.5]) Let p € [0,00) and let Q C R? be a convex
bounded domain and u € W'P(Q). Then

/ / uly) — u(a)P dedy < 24" diam(QY?|Q) / V() de.
QJQ Q
The next Lemma can be found with its proof in [47, Lemma 4.2.1], we give

below the statement and its proof in detail.

Lemma A.2 (|47, Lemma 4.2.1]) Let p € [1,00), p € (0,00), u € C®(R¥*1),
fie C®(R¥MY) fori=1,...d and g € C*(R™*). Assume that the function u

satisfies

d d
u(t,2) + Y (e, (t2) =Y fi(tx) + gt ),
i,j=1 i=1

where a(t) = (a;;(t))i; € R is symmetric for all t and elliptic with 0 as coefficient
of ellipticity (see (A.1)). Then

d
u(t, ) — uq, [P dtde < Nip? [ > |ug, (t,2)[7 + | f(t, )| (A.2)
Qp Qp i=1

+pPlg(t, )" didz,

where Q, is any cylinder of length p* with basis B, C R?, i.e., Q, = (0,T) x B,
and N1 = Nl(d,e,p)

Proof. We first prove that the theorem holds with p = 1. Then we prove it for all
p. Let ¢ € R. Using the inequality (4.42), we have that:

lu(t, z) — ug, [P dtdz < zp—l( u(t, ) — c? + |c — ug, |pdtdx> (A.3)

Q1
:2p_1< lu(t, z) — c[Pdtdz + |Q1]|c — uQ1|p> = A;.
Q1

Q1
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Using the definition of ug, and Holder’s inequality we get

A = 27”1( lu(t, z) — c[Pdtdx + | Q4]
Q1

ﬁ /Ql c—ult, :L’)dtdx‘p) (A.4)

<2

lu(t, x) — c|Pdtdz + ]Qﬂ@\@ﬂpﬂ / lc — u(t, a:)\pdtdx>
Q1 Q1

=2 |u(t, z) — c[Pdtdx.
Q1

Consider a £ € C°(By) with unit integral. We define a function @ of time
te0,1] as

u(t) = [ &(z)u(t,x)dz,
B1
it can be viewed as the mean value of u under the measure whose density is &.
We compute the LP-norm of the difference between u and u for each fixed ¢
and using the Holder’s inequality we get:

p

ult,y) - a(o)Pdy = | b

B

:/Bl

p—1
S|Bl|(B|£<x>|wdx) | [ 1t o asay

; uty) = | Eult z)de

dy (A.5)

/B (ult,y) — ult, 2))E(x)dz

p—1
su_fm( [ rf<x>\wdx) 2120/ [ Vutt.)fhay
1 1

=Cy | |Vu(t,y)|,dy

By

where for p = 1 we consider the supremum of ¢ instead of the L#Tnorm. In the
last inequality, we used Theorem A.1 and C} = C}(§,d, p). From (A.3) and (A.4)
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we have

|u(t, z) — c|P dtdx
Q1
1
<2 ([ uteo) - apanae 18] [ i) - opar)
Q1
<20 [ vt oy + 1) [ a0 - o).
1

where we used (A.5) in the second inequality. We concentrate now on the last

1
term above, we define c € R as ¢ := / u(s)ds then
0

Hmo—qmu: lmw— lm@ds
oo

< [ [0 -atp asar

u(t) —u(s)ds
Using Theorem A.1, where diam([0,1]) =1 and d = 1, we get

p

dt

p

dt

A|MO—CWM§4A|W@WHS (A.6)

1 p
/
0

ds
where the equality holds because we can pass the derivative under the integral.

E(x)uy(s, z)dx

B1

By assumption we can write

d d
Z ij (8)Ug,e; (5,2 —{—Zf;,l s,x)+g(s,x),
=1

1,7=1
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thus we can substitute the equation above in (A.6) and obtain

/ |u(t) — c|Pdt
54/
0

Integrating by parts Ay and using that £ has compact support on B;, we get

d

< Z (8)Us,a, (5, 7) + Z:i: f;i(s,x) + g(s, x)) dx ’

ds = AQ.

p

ds.

d d
i(8) g, (5, )&, () — Z Fi(s,2)&, + E(2)g(s, 7)dx

7,7=1

B1
Using (4.42) and Holder’s inequality with p and ¢ := z% we have
d

o5

ij=1 N7 @

+§; (/ |§$i(x)lqud$>“( Ql|fi(s’$>|pd8d$>

( 1€ ()] dsdx) / lg(s, x)[? dsdx)

(/ Zlux S, T ]P+Z’fz S, T |P+|g(3 ZE)]pd:Eds)
Q

14=1

p—1
|aij(s)&e, (7)]? dsdx) ( [tt, (5, 2)|P dsdx)
Q1

where Cy = 4(d*> + d + 1)P~! and C3 = Cs(d,p,0) is Cy multiplied by terms
independent of u, f and g. The result holds with Ny := 2%~1(C} + | B,|C3).

We now prove the result for a generic p € (0,00). Consider the substitution
v(t, ) = u(p’t, px), then

d d

vt 2) + Y (Pt g,a, (t, ) =p (ut(pzt,px) +) ay (th)uxixj(th,pﬂf))
i,j=1 i,j=1
1 d
=) (; > fL(0%t pr) + g(p%t, px))
=1
d

=Y pfi (0’ px) + p*g(p’t, px),
=1
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where g, is the mean of u(p?t, pr) inside Q. Considering the left-hand side of
(A.2), we get

/ lu(t, r) — ugq,|P dtde = PP [ u(p’t, pr) — g, |P dtda
P Q1

— pldt2p [u(t, ) —vg, [P dtde = A
Q1

y (A.2) with p =1 we get

S9N, [ S b + o )P + ol ) i
Q1 =1

PN, [ S Pl gl + 2\t o)+ Pl )
Q1 =1

= p PPNy ; Z s, (07, )| + | (0L, p) P + 7| g(p°t, p)|P At
1 4=1

— Ny / S (6P + |t )P+ gPlg(0, ) i,

P =1
and the Theorem holds. O

Similarly, we present [47, Lemma 4.2.2| with its straigthforward proof.

Lemma A.3 Let p € [1,00). There exists a constant No = Na(d,p) such that for
any p € (0,00) and u € C®(R¥1) we have

> / |t (8, 2) = (ua,)q, " dtd (A7)

< Nop Z / [, (£, )P =+ |y (£, ) P A,

i,7=1

Proof. We define the auxiliary elliptic operator L := ijzl 5

(o) —
83:1-835]- and f T
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us + Lu. If we differentiate f with respect to z; we obtain

d
f:l?z' :<Ut(8, I) + Zu$jv$j> )
j=1

:<uzi(87 y))t + L(u$i<87 .T))
We can then apply Lemma A.2 with ¢ = 0 and then (A.7) follows. O

Thanks to these preliminary results we are able to solve [47, Exercise 10.1.14].

This is the Sobolev embedding for Parabolic Spaces.

Lemma A.4 ([47, Exercise 10.1.14]) The space Wy >P (R is a subset of the

Loc
space Cgo’i’o‘(]Rd“) forp>d+2 witha =1 — %. Moreover the inclusion is
compact for a <1 — %.
Proof. Let u € W2P(RH1), we have du, Op,u € L) _(R™?) for i = 1,...d, and

it follows by standard argument that wu is locally bounded and a-Holder for
a<1-— % with respect to the d + 1 euclidean distance, and thus it is also
locally Holder for o <1 — % (see [25, Thm. 5.6.4]). This is sufficient to conclude
that u is also a-Holder continuous with respect to the parabolic distance. Indeed,
consider a compact K C R4 we have that for all (¢,7),(s,y) € K

(‘t_SH“x_y‘Z)%v if |t —s| <1,

(t=sl2+le—yl) =] . oy
(2diam(K) (|t — s| + |o — y[3)z, i |t —s| > 1.

For all @ € (0,1), we have on the left-hand side below the a-Holder condition
with respect to the parabolic d 4+ 1 norm:

ult, x) — u(s, y)

sup T
(ta)(sex (|t — 82 + v — yla)®
(t,2)#(s,y)
< sup ’u(t7 33') B u<3>y) + sup 2d1am(l€)|u(t,x) — U(S,y)

wa) ek (JE—sl+1z =y wapepex  (t—s|+|z—yld)?
(t[;v)ﬁ(siy) [t—s|>1
—s|<

t —
<(1+ 2diam(K)) sup [u(t, @) u(s,yQ)
(o) swex ([t = sl + [z —ylg)
(tx)#(s,y)

(]
2
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which concludes the first part.

It remains to prove the a-Holder continuity of the spatial derivatives u,, for
1=1,...d.

Define the following cylinder Q,(t,z) = (t,t + p?) x B,(x). First we prove
that there exists M and « € (0,1] such that for all (¢, ), (s,y) € R and p > 0

d
A< M(Jt— |2+ |z —ylo)* e, with

i=1

Az = / / ‘Uzz (7"17171) - uxi(TQ,pQ)‘ drldpldT'deg for i = 1’ o d,
p(t:2) 7 Qp(s:y)

whenever p is such that 4p < |t — s|2 + |z — y|g. For notational simplicity we
denote d := |t — s|2 + |z — y|4. Notice that the volume of |Q,| = p?*2|By|. Thus,

we get
A; < / / |y, (r1,p1) — €| + |ug, (2, p2) — | dridpidradps (A.8)
tm

< |Bl|pd+2( / tay(r1, p1) — o] drydlpy + / (2, p2) — €] drgdpg)
Qp(tl") p()

where ¢ € R is a constant that we chose later.

We can assume with no loss of generality that ¢ < s and we can estimate (A.8)
integrating on a bigger domain. Using Q,3(t, ), we have that Q,(t, z)UQ,(s,y) C
Qoq(t, ) because s + p> = s —t+t+p? < d?> +t+ p? <t+2d? and a similar
inequality holds for the spatial ball B,(y). We define c as

C = / umz’<r17p1) drdp;.
QQJ(tvx)

Applying Lemma A.3 to the right-hand side of (A.8) where now we are integrating
on (Qy(t, z), we obtain that

A<2Nde+22d
> <oty [

o [t (o) s, ) dradp ).
i,5=1 Qag(t,w

The sum on the right-hand side above can be estimated using Holder’s inequal-
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ity with p and L thus we obtain

Z/ |Umlm] (r1, pu)| + ug (71, pr)| dridps
i,7=1
<10l (3] .

ig=1 vl

+ ‘/ |y (ry, p1) [P dridp
2d (t,x)

1
|U'a:larj T17p1)| drldpl’

)

(IB I(Qd)d”) [l w20 (Qpq(ta))

d 2
Nad 255 [l w20, (0.0

where we denoted N3 == (|Bll2d+2) . It means that

d
> Ai S2No|By|p™2(2d) Nad 5 [l 2@y t.0)) (A9)
i=1

d
:N4 ||u|’W1,2,p(Q2E(t7x))&2d+4+1_#7

where Ny = 4N,y|B;|Nsand o == 1 — == is the Holder’s coefficient.

Now we obtain the local a-Holder Contlnmty of the gradient with o = 1 — 2

Consider a family of mollifiers (¢, ),eny and the mollified sequence (uy,)nen pC
C®(R¥*Y) with u,, = @, xu. The family (u,)nen preserves the property (A.9). By
properties of the family of mollifiers we have that |u,| < |u| and D™u,, = ¢, * D™u
for all multi-index m but only up to one time derivative and two spatial derivatives,
because the function u is in W,;>?(R%1). Moreover the mollified functions are
smooth, this means that are a-Holder continuous with some K,, depending on n.
Consider two points (¢,2) and (s,y) in R x R%, fix § = 6(a) € (0, 1] such that
26% < 1, define d == |t — s|2 4 |z — y|q and p > 0 such that dd and 4p < d. For
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(r1,p1) € Q,(t, ) and (ra, p2) € Q,(s,y) it holds

[un(t, 2) = un(s,y)| < |un(t, ) — un(ri, p1)| + [un(re, p1) — un(r2, po)|
+ |un(r2, p2) — un(s, y)|
<Ky (It =ri* + 1o = pi)* + (Is = 7al* + |y = pal)°)
+ |u(ry, p1) — u(ra, p2)|
2K, 0% + u(ry, pr) — ulre, p2)l.

By definition p = dd and we obtain
U (t, 2) — un(s,y)| < 2K,(6d)™ + |u(ry, pr) — u(ra, p2)l. (A.10)

Integrating with respect to (r1, p1) and (72, p2) in the two cylinders @, centred
n (t,x) and (s,y), we get

(6d) 2T By ||un (t, ©) — un(s,y)| < 2|B1| K, (6d )23+

+ N4||UHW1,2,p(Q2E(t7x))ga+2d+4

Y

where the second term on the right-hand side of (A.10) has been estimated using
(A.9). It means that

| (t, 2) — un(s,y)| <2K,(0d)* + M||U||W1,2,p(Q2g(tx do§—2d—1
(QK 0% + | ||u||W12p(Q2d t.2)) D 4)d .

Recalling the definition of d = |t — s|2 + |z — y|; and dividing by d* both sides
of the inequality above we get
|Un<t,$) _un(say>’ N4

a L = 2d—4
(It = sz + |z — ylg)® = 20T | B !HuHWup(Q?d (t))0 (A.11)

Using that 26* < 1, we have from (A.11)

un(t, ) — un(s, y)| 1 Ny 2d—4
< _Kn+ HUHW12PQ (t,x) o~ )
(It —sl2 + |z —ylo)> ~ |Bi] (Qaalt:)
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and taking the supremum on the right-hand side above

Up(t, ) — uy(s,y 1 N.
sup | ( l) ( >| S §Kn+ B4 ||u||W12p(Q2dtx) 5 2d— 4
(), (s:9)€Quq(tar) (|t — 8|2 + | — yla)° B
(t,m)#(s,y)

The left-hand side above is the a-Hoélder constant of K,,, thus
N, —2d—4
Ky < 3Kn + gllelws2@uaeand ™"
arranging the terms in the equation above, we have

K <2|1]\3[|HUHW12P(Q2dtx 5 2d— 4

which does not depend on n. We have obtain a bound on the a-Holder constant

uniformly in n and by uniform convergence on compacts we have that the limit

N46 2d4
|B1]

It remains to prove that |Vul, is locally bounded with a constant dependent

function u is a-Holder continuous with constant Ng := 2

on the WH%P_norm of u in compact sets of R*!. Fix i € (1,...d) and consider

the partial derivative with respect to x; of u computed at (¢,2) € R4, then
|, (t, 2)| < fug, (t, 2) — us, (s, y)| + [z, (s,9)].

We integrate with respect to (s,y) on Bi(t,x) the unit ball centred in (¢,z) and

we obtain

| B g, (¢, @) S/ |t (£, ) — i, (5, Y)| + [ua, (5, y)] dsdy,
B1 (t,z)

where |B{*!| is the volume of a d 4 1-dimensional unit ball. Using the Holder

continuity property of u,, with constant Ns||u||yw12.(q,; () Proved before on the

first term on the right-hand side above and the Hélder inequality on the second
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term on the right-hand side above we get

1 «
’Bf—HHulz(t?‘%)‘ S/; ( )N5HUHWI,Z,p(QQd—(t7I))(’t — 8‘2 + ‘iL‘ — y\d) dsdy
1(t,x

1
p=1 P
15 ([ P asay)
B1 (t,x)

p—1
<NsC[ullwr2(@pa) + IBETH P [ug,

LP(Bi(t,x))

where (' is the integral in the first line above and it does not depend on u, and
the norm in the last term above is finite because u € W,;2P(R*1). Tt follows that
|Vu|q is locally bounded. O

Remark A.5: In order to be precise in Chapters 2 and 3, we should prove that

there exists two constants ¢; > 0 and ¢ > 0 such that

tx) — tx) —
6 sup |v( ,:vl) v(s,y)| < s lv(t, x) ’U(s,yz)!g (A12)
ta)smek ([t—s|2 + |z —y)* — @) 6yex ([t —s| + |z —yl?)2
(t,2)#(5,) (t,0)%(5,)

< ¢, sup |’U(t,{1)) _ ’U(S, y)|

= T )
(tax)v(Svy)ElC (|t — S| 2 —|— |:L‘ — y|)0¢
(t.2)#(s,y)

Since we have that
([t = sl + |z —yI*)? <|t—s|> +]x—yl,

then the first inequality of (A.12) holds with ¢; = 1. The other inequality is

straightforward using ¢, = 2. Indeed
£ ]2 + |z —y| < 2(t = | + |« — y[*)

using © + y < 2¢/x% + y2. [ |

B Chapter 3

In this section, we give the auxiliary results for Chapter 3, i.e., the families of

cut-off functions and penalty terms used in (3.18), the stability results for PDEs,
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the well-posedness of the penalised controlled process and the statement of the

Shaefer’s fixed point theorem.

B.1 Cut-off Functions

Here we give a construction of the function defined in (3.16) indexed by m.
Let p,0 : R — [0, 1] be defined as

0, 221 0, z <0
p(z) = ) o(z) = )
exp (z—l)’ z < 1 exp (— ;), z > 0.
Notice that p/(z) = —u(z)ﬁ and 0’(z) = o(z)%. We can now use these two

functions to define £ : R — [0, 1] as

1.25 4
" Ty
1
0.75 |
¢(z)
0.5 |
0.25 |
il Il Il Il x\
025 05 075 1 125

Figure 1: Graph of {(z)
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We underline that 1 — {(z) = ”(z‘;ﬁ(z) for z € (0,1). Differentiate ¢ with

respect to z, we get

for z € (0,1), we have that {'(z) =0 for z € R\ (0,1). We show the continuity of
&at z=0.
Notice that the function u(z) + o(z) = e™!in z = 0, thus

lim £(2)(1 — &(2) ((Z——11)2 b)) =tim (14 1)

22/ 20 u(z) +o(2)

) 1
16121&)10'(2)(;> (B.1)
=e lim e “w* = 0.

wW—00

The continuity at z = 1 is the same because the function is symmetric respect to
1

5.
We set &,,(z) = £(|z]|g — m) for & € RY. Then &, € C2(RY), &, : R — [0, 1],
&m=1o0n B, and &, = 0 on R\ B,,,;. It is clear that V¢, = 0 on B,, and

R?\ B,,;1. It can also be checked that for = € B, \ B

xz !
O bm(z) = ﬁg (lz]g —m), fork=1,...d,

and therefore |V&, (2)[3 = (&'(Jz]q — m))Q. Notice that (¢/(2))? can be written as

€E) =€ - (L + %)

<&(2)€(2)(1 = ¢£(2)) <_;1)2 + i?>2

(z z

It remains to prove that ((z) = £(z)(1 — f(z))(ﬁ + %)? has a maximum in
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[0, 1].

Using the same computations as in (B.1), the function ¢ is continuous at
the boundary points 0 and 1. It is a product of continuous functions and it
is continuous at the points where the two denominators vanishes. It is thus
continuous on a compact and it admits a maximum. Then |VE,,(x)[3 < Co&n(z)

for all z € R?, for a suitable Cy > 0 independent of m.

2.25 7
2 1
1.75 ¢
1.5
1.25 ¢
1 4
0.75 1
0.5 1
0.25 1

025 05 075 1 195

Figure 2: Graph of ¢'(x)

B.2 Penalty Functions

On the penalty functions . introduced in Section 3.2.1 we have two possible

candidates. The first one is a function defined by & from Section B.1:

0 x <0,
Pi(r) =21 —-¢&(%) 0<z<2,
l’_lv :L‘Z )

and we define 1. (z) == ¥1(2).
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The second candidate comes from |68, Page 363]

)
0, rz <0,
. 5(2)" <w<s
¢€($) - 1(x 3 T
(-2 +(E-2Y+1L esw<e
1, T €
KE
1.5 =
1y
1.25 | p
11 pa
0.75 |
0.5 /
0.25 | 2ﬁl(w)/,/
L M,,/"‘ | K
0.5 1 15 9

Figure 3: Graph of ¢ (z) and ¢ (x)

B.3 Proof of Lemma 3.15

For existence and uniqueness of the solution to (3.34) we invoke [29, Thm.
3.3.7). Indeed the smoothing of u5° and (-)* guarantees that

ot $aln — 050 — (Ve — A= 1) € CM0@,). (B2)
Moreover, the compatibility condition

hTHTl<atgm + Egm - Tgm)(‘S? QJ)
= | = B = $xalgm — w5) + (VU3 - 2 = 1) |(T0),

for x € 0B,,, holds with both sides of the equation equal to zero. Indeed, given that
§m—1 € CZ(Byn) we have g = Op,9m = Orya,9m = 0 on [0,T] x OB,,. Moreover,
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gm =0 on [0,T] x 0By, also implies 0;g,, = 0 on [0, 7] x OB,,. So the left-hand
side of the equation is equal to zero. On the right-hand side, for x € dB,, we have
B (T, ) = g(T, 2) = us°(T, x) = 0 and

Vu' (T, 2)[3 < [Vup? (T,2) 5+ 5 = [Vgn(T o)+ 1 < fo(Tox) + 1,

by uniform convergence of Vu™ to Vus? and (3.17). The compatibility condition
follows upon recalling x,,(0) = 0 and 9.(z) = 0 for z < 0.

The fact that w” € C}>%(0,,) is also consequence of (B.2) and standard
interior estimates for PDEs [29, Thm. 3.5.11 and Cor. 3.5.1|. Instead, the conver-
gence result w" — uS? in CY%8(0,,), as n — oo, for B € (0, a), is a special case

of Lemma B.1. O

Lemma B.1 Let F : R x R? — R be a Lipschitz continuous function. Fiz
¢, p € COL(0,,) and let u be a solution in C+>*(0,,) of

Ou+ Lu—1ru=—hy, + F(p, V), on Oy,

(B.3)
u(t,z) = gm(t, ), (t,z) € 0pO,y,.

Let (¢n)nen, (©n)nen € C¥1Y(O,,) be such that ¢, — ¢ and @, — ¢ in C¥(O,,)
asn — oo for all v € (0,«). Let (Fy,)nen be equi-Lipschitz continuous functions
F, : R x R? — R such that F, — F in C) _(R'™?). Finally, denote by u, a

Loc

solution to (B.3) in CY*%(0,,) with F,(¢n, Vi,) instead of F(¢, V).

Then, up to possibly selecting a subsequence,
ILm [un — ullgr24@,,) =0,  for all v € (0, ). (B.4)

If (Pn)nen € C*2%(0,,) and (Fy)nen € CH*(R™Y) then (up)nen € C12%(On) N
CL2(O,y,).

Proof. Define u,, = u — u,. Then u, solves

Oy, + LUy — 10y = F(, Vo) — Fu(dn, Vior), on O,
Un(t,z) =0, (t,x) € OpOy,.



154 Appendix

By [29, Thm. 3.2.6] we have the estimate

anllcr20@,,) < KIF (9, Vo) = Fu(bn: Vion) | co0n @, (B.5)

for a constant K > 0 independent of n. Notice that by equi-Lipschitz continuity,
the sequence (F,),en is compact in any C?(U) for 8 € (0,1) and bounded set
U C R4, Thanks to the convergence of the functions ¢,, ¢, and F, we have
that, up to possibly selecting a subsequence, F},(¢n, Vio,) — F(¢, Vo) in C7(O,,)
as n — oo for all v € (0, ). Thus, (B.4) holds.

If we also assume that (¢,)nen € C%%2(0,,) and (F,)pey © CHY(RY9),
it turns out that F,(¢,,¢,) € C**(0,,) and since the coefficients of £ are
continuously differentiable then u,, € C}>*(0,,) for all n by [29, Thm. 3.5.11 and

Cor. 3.5.1]. O

Remark B.2: Thanks to [8, Thm. 2.6.5 and Rem. 2.6.4] the bound (B.5) can be
replaced by

|t |lwr2r0,) < K| F(9, Vo) = F(dn, Vou)lzron), P € (1,00).

Hence, stability of solutions of (B.3) also holds in the space W'%r(0,,), i.e.,
lim, u,, = u in WH3P(O,,). [ |

B.4 Maximum Principle

The maximum principle is a well-known result in the theory of PDE. We
give an alternative proof of the maximum principle by a probabilistic argument.

Consider the second-order differential operator £ defined as

(Lo)(x) = %tr(a(ﬂr)D%(l‘)) + (b(x), Vp(x))

for any ¢ € C?*(R?).

Lemma B.3 (Maximum Principle) Let ¢ € C1**(O) for some O C R Let
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(t,x) € O be an internal point of (local) mazimum for . Then
8tg0(t, $) + ‘Cgp(ta l’) S 0

where L is a second order differential operator locally elliptic (see (3.10)) defined

as above.

Proof. Let (t,z) be an internal of (local) maximum. There exists a § > 0 with
t+6 <T,and a Bs(t,z) = {(s,y) € [t,t +0) x R? : |z — y|q < §} such that
o(t,x) > ¢(s,y) for all (s,y) € Bs(t,x). Since the matrix a(z) is locally elliptic, it
is uniformly elliptic in a neighbourhood of (¢, z) and thus it is positive-definite. It
means that we can decompose a(z) = o(z)o ' (x) for some o € R¥*4 (see [55, page
558]); this o is not necessarily unique, but it would be if we required symmetry of

it. We can now consider the stochastic process

dX; =b(X;)ds + o(X,)dWs, for s € [0,00),
X() =,

where (W;)scp0,0) 18 a d-dimensional Brownian motion. Let 75 the first exit time of
the process X, from the ball Bs(x) == {y € R?: |z — y|4 < 6}. By an application
of Dynkin’s formula, justified by the boundedness of the spatial derivatives of ¢,

we have
Ts
E.[o(t + 75, X7y)| = o(t,2) + E, [/ (O + L)p(t + 5, X,)ds|.
0

The functions attains a maximum in (¢, ), thus the left-hand side above is less or

equal than the first term on the right-hand side above and we get

E. {/076(6% + L)p(t+5,X,)ds] <0.

Dividing by 0 and passing to the limit as d | 0, we are allow to pass the limit

under expectation by dominated convergence theorem. Thus, we have
(O + L)p(t,2) <0,

and the lemma is proved. O]
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B.5 Convergence of the Sequence (tﬁk, xﬁlk) reN in Proposition
3.17

Here we prove that (f,7) € arg maxg v*. Arguing by contradiction let us

assume (f,#) ¢ argmaxp v*. Then there exists a e > 0 such that v*(f,2) <

maxg v — € and so there exists a neighbourhood U, of (£, &) such that v*(t, z) <

maxp, v — § for all (¢,z) € U.. For all sufficiently large k’s we also have

(t;\Lk, xf‘bk) € U, and by uniform convergence

’U)"nk _ U/\’(t, x) < ZEL’ for (t, l‘) c @m (B6>

Hence

max M (t,7) =M (2, o2
(t,2)EOm

<M 2 )+ S (B.7)

nE? " ng 4

< max oMt z)—

— kil )
(t,z)€EOm

A~ m

where the first equality is by definition of (¢} , 2} ), the first inequality by (B.6)

Nng) N

and the final inequality follows by (t} 2} ) € U..

nE? U ng
With no loss of generality we can assume v* and v»" be positive. Otherwise

we apply our argument to 9 = v*

An

—ming,_ v* + 1 and the associated sequence

oI = M — ming v* + 1. By triangular inequality and positivity of v* and v*"

we have

max [v* — vM"| > max |v*| — max [vM"*| = max v* — max v >

Y

e

for all k’s sufficiently large, where the inequality is due to (B.7). This contradicts

A

uniform convergence and therefore (,7) € argmaxg 0" as claimed.

B.6 Existence of X¢ in the proof of Theorem 3.33

For m € Nlet (b™,0™) be functions R — RY xR that are equal to (b, o) on

B,, and extend continuously to be constant on R?\ B,,. Similarly, o™ : Rg}l — R?
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is defined as
o™ (t,x) = =24 (VUi (t,2)|5 — f2(t,2)) Vu(t,z), on By,

and extended continuously to be constant on R?\ B,,. Since u* € Cjo*(RiH),

then thanks to [65, Thm. 1] there exists a unique strong solution of
X" =x+ / (O™(X) + ™ (t +u, X)) du +/ o™(X)dW,, se€[0,T —t].
0 0

Notice that X™ = X™ depends on t via the time-inhomogeneous drift a™ but
we omit it for simplicity. Notice also that here we should understand n]'v" =
a™(t + s, X™) and X™ = X" Letting ¢ = inf{s > 0: | X7|q > k}, for
for all s € [0,T —¢t], P,-a.s. (i.e., the two
processes are indistinguishable). Thus, setting X¢(w) := X¥(w) for s < (41 (w)

any m > k we have X;?Cm ko XjACk k

and denoting 7, = inf{s > 0: | X¢|; > k} it is clear that, by uniqueness of strong

solutions and the definition of the pair (n®, v¢), the process X© satisfies

SATE SATE
Xops, =2+ / (b(X5) + nig)du + / o(X:)dW,, se[0,T —t.
0 0

By continuity of paths 7, < 741 and 7 := lim;_, 73 is well-defined. Moreover,
V¢ satisfies the same bound as in (3.102) thanks to (3.126). Therefore, linear
growth of the coefficients of the SDE and the same arguments as those at the
end of the proof of Proposition 3.25 imply that P, (7., <T —t) = 0. Then X© is
well-defined on [0, T — t].

B.7 Shaefer’s fixed point theorem

Theorem B.4 (Thm. 9.2.4 in [25]) Suppose T : D — D is a continuous and

compact mapping on a Banach space D. Assume further that the set

{(f €D|f = pTIf] for some p € [0,1]}

18 bounded. Then T has a fixed point.
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C Chapter 4

In this section, we give the auxiliary results for Chapter 4, i.e., an estimate on

the fist moment of the local time process.

C.1 Upper bound for the Local Time

We give below an extension of the result in |20, Lemma 5.1]

Lemma C.1 Let X be a real valued cadl‘ag semimartingale with jumps of bounded
variation and starting from x, let LY(X) be its local time at 0 in the time-interval
[0,t]. Then, for any € € (0,1) we have

Xs
€

t
EI[L?(X)] <4e — 2E, |:/ (IL{XSG[O,E)} + H{ste}el_ ) dXsC]
0

1 t .
+E [/ Lxsge ™ d<X>§}
0

+E[ D 1ax,]

0<s<t

where X¢ and (X)¢ are the continuous parts of X and of the quadratic variation
of X, respectively, and AX, = Xy — X,_.

Proof. For € € (0,1) and y € R we define

Yy
€

9e(y) = 0 Tgyeoy + Yljocycs +€(2 — €' 7).

Following the idea from [20, Lemma 5.1] we have that g. € C'(R \ {0}), it is

semi-concave, i.e., y — g.(y) — y? is concave. Moreover, g, is such that

0 <gc(y) <2, foryeR;
)
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Applying [57, Thm. IV.70 and Cor. IV.70.1] to g.(X;) we get

t 1 t
ge(Xt)—ge(Xo)Z/gé(Xs)dX§+§/ 9¢ (X x 20pn(x. 20 AX)S
0 0

+ L?(X) + Z ge(Xs) - ge(Xs_).

0<s<t

Rearranging terms and multiplying by 2, using |g.(Xs) — g.(Xs-)| < | Xs — X | =
|AX,| by Lipschitz property of g. and that X has jumps of finite variation, we get

t

t
LX) < 46—2/ gi(Xs—)dXE—/92’(Xs)]1{xs¢0}m{xs¢e} d(X)i+2 > [AX|
0 0

0<s<t

Using the properties of g, listed above (see also [20, Lemma 5.1|) and applying

expectation we get the result. O]
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