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Abstract

In this thesis, we review the inverse scattering transform with zero
and non-zero boundary conditions at infinity for the one-dimensional
nonlinear Schrodinger equation. The inverse problems are discussed

making use of the theory of Riemann-Hilbert problems.

We perform the analysis of the focusing nonlinear Schrodinger equa-
tion on the half-line with time-dependent boundary conditions at ori-
gin and zero boundary conditions at infinity along the lines of the
nonlinear mirror image method with the help of Béacklund transfor-
mations. We find two possible classes of solutions. One class is very
similar to the case of Robin boundary conditions whereby solitons are
reflected at the boundary, as a result of effective interaction with their
images on the other half-line. The new class of solutions supports the
existence of one soliton that is not reflected at the boundary but can
be either absorbed or emitted by it. We demonstrate that this is a

unique feature of time-dependent integrable boundary conditions.

Finally, we present partial results of the analysis for the focusing
nonlinear Schrodinger equation on the half-line with Robin bound-
ary conditions at origin and non-zero boundary conditions at infinity
using the nonlinear mirror image method in conjunction with Back-

lund transformations.
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Chapter 1

Introduction

1.1 Presentation of the model
The one-dimensional nonlinear Schrodinger (NLS) equation is given by
ity + Upy — 26|ulu = 0. (1.1.1)

The unknown function wu(z,t) appearing in this equation is complex-valued; the
constant x is £1. The NLS equation (1.1.1) is referred to as focusing if Kk = —1 and
it is defocusing in the case K = 1. In this work, the space variable x is considered
either in the full-line (that is, z € R) or half-line (that is, x € [0,+00)), and the
time variable ¢ is assumed in [0, 4+00).

The NLS equation (1.1.1) can be used to describe the propagation of light
in a nonlinear optical fibre Hasegawa & Tappert (1973). It also has many other
interesting physical applications: we refer interested readers to Ablowitz et al.
(2004), Dauxois & Peyrard (2006) and Sulem & Sulem (2007).

To keep the terminology used in the literature, we refer to solutions of (1.1.1)

as potentials. We will consider two classes of potentials:

e Potentials u(z,t) such that u(-,t) belong to the Schwartz class $(R)! for
each t > 0. We will refer to this as zero boundary conditions (ZBCs) at
infinity.

18(R) is defined as the space of functions whose derivatives (including the functions them-
selves) decay faster than any power of |z| as || — oo; see Appendix A.2.
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e Potentials u(z,t) that tend to a time-dependent function as r — +o0, i.e.
for each t > 0

u(z,t) — ure 20t 1 5 +oo, (1.1.2)

where uy are some complex constants such that |uy| = |u_| = go # 0. To

tackle the initial-value problem for the NLS equation (1.1.1) with boundary

conditions (BCs) (1.1.2), it is ideal to make the BCs time-independent.

This can be done by introducing the following transformation u(zx,t) —

u(x,t)e?" et As a consequence of this, (1.1.1) and (1.1.2) become
iy + Uge — 26(Jul? — ¢3)u = 0, (1.1.3)
u(z,t) = ux, x— foo. (1.1.4)

We will refer to (1.1.4) as non-zero boundary conditions (NZBCs) at infinity.

1.2 Properties of the NLS equation

1.2.1 Group symmetries for the NLS equation

Consider the following change of variables

_ _ 2
X =cxr, T=Cc1,

for some non-zero constant c¢. A simple application of the chain rule yields
) 0 0 5 O
— =c—, —=c—.
ox ox Ot or

A direct calculation shows that (1.1.1) yields

igr + @y — 2klg’g = 0,

where ¢ = cu. This means that if u(z,t) is a solution of equation (1.1.1) then
cu(cz, ct) solves the same equation. This is known as the scaling symmetry group
for the NLS equation (1.1.1).

Another important group symmetry for equation (1.1.1) is the so-called Galilean

transformation group. It is realised by making the following change of variables
r—x—vt, t—1t,

for some non-zero constant v. In this case if u(z,t) solves equation (1.1.1), then

u(xr — vt, t)ei%(m_%t) will also solve the same equation.
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1.2.2 Solution of the NLS equation

Since the appearance of the influential and important paper by Zabusky & Kruskal
(1965), (multi) solitons have attracted the attention of both physicists and math-
ematicians. To physicists, they are important to understand phenomena such as
the appearance of rogue waves and the propagation of signals in the optical fibre,
see for example Dauxois & Peyrard (2006); while to mathematicians, equations
that approximately describe these phenomena are good examples of completely
integrable systems. The mathematical machinery that encodes this integrability
property and the construction of complicated soliton solutions is known as the
wverse scattering transform, which is the central tool in this thesis. To appreciate
the importance of the inverse scattering transform, we will discuss the condition
under which solitons appear for the NLS equation (1.1.1), and we will provide a
direct derivation of the simplest soliton solution.
Consider the NLS equation (1.1.1). We look for solutions of the form

u(x,t) = (x)e’®, (1.2.1)

where ¢(x) and ¢(t) are real-valued functions. Substituting (1.2.1) into (1.1.1)
yields
_qut + d]a:x - 2H¢3 =0.

This equation can be rearranged to obtain

Y
v

The LHS of this equation is a function of ¢ and the RHS is a function of x. Thus
both sides should be equal to a constant, say ¢o. We have ¢, = ¢9 = ¢(t) =

on - 2’f¢2-

oot + ¢1, where ¢, is the constant of integration. The second equation can be

also rearranged to obtain
Ve = 260° + ot (1.2.2)

Assume that 1 and its first derivative v, decay to zero as xr — foo. Multiplying
(1.2.2) by 1, and integrating, yields

(¥2)? = Kb + gotp”. (1.2.3)
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We do not have any constant of integration due to the boundary conditions of

Y () above. This equation can be seen as

2
L uwy =0
where U(y) = — (”Tw + ¢‘)2—¢2> Note that since v (z) is a real-valued function, we

have (¢,)? > 0. This implies that U(x)) < 0 for all values of ¢ that correspond
to a solution. A quick phase-portrait analysis tells us that a bounded motion
starting from ¢ = 0 can only be possible if Kk = —1 and ¢g > 0. This corresponds
to a soliton solution for the NLS equation. Now, assume that x = —1 and ¢g > 0.
Therefore, one can integrate the remaining differential equation by making the
following change of variable 1) = asech(f), where a = /¢y, which yields ¢ (x) =
asech (a(x + Kj)) , where Ky = ﬁ arcsech (%) Putting everything together,
we obtain

U(I, t) = asech (ax + K) ei(azt+¢1)’

where K = aKy. By applying the Galilean transformation above, one gets
u(x,t) = asech (a(z — vt) + K) ei[%H(a’Q—%)Hm] : (1.2.4)

Solution (1.2.4) is known as the four-parameter bright soliton for the focusing
NLS equation (1.1.1).

It is clear that the construction of (multi) soliton solutions is not an easy task.
A good insight about the physical system of interest is required to produce an
“accurate” ansatz. The situation becomes more complicated when one attempts
to explain the interactions between solitons. As we shall see in the next chapter,
the inverse scattering transform provides a robust mathematical framework to

tackle rigorously these challenges.

Thesis structure In Chapter 2, we discuss in detail the inverse scattering
transform for both the focusing and defocusing NLS equation (1.1.1) with zero
boundary conditions at infinity. We then review the recent developments of the
inverse scattering transform for the focusing NLS equation with non-zero bound-
ary conditions at infinity. In Chapter 3, we study integrable boundary conditions

by making use of Sklyanin’s formalism. We illustrate Sklyanin’s approach with
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two examples: the well-known Robin boundary conditions (BCs) and, recently
discovered, time-dependent BCs. Then, we analyse initial-boundary value prob-
lems (IBVPs) for the NLS equation, on the half-line, with Robin BCs at = = 0
and ZBCs at infinity through the nonlinear mirror image method; and, we briefly
review the unified transform approach to IBVPs by Fokas. We discuss the con-
nection between Sklyanin’s formalism, the nonlinear mirror image and the unified
transform. In Chapter 4, we apply the nonlinear mirror image method to solve
IBVPs for the NLS equation with time-dependent boundary conditions. Finally,
we present partial results obtained when implementing the nonlinear mirror im-
age method to solve IBVPs for the NLS equation with Robin BCs at the origin

and non-zero boundary conditions at infinity.
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Chapter 2

Review of the inverse scattering

transform

Gardner, Greene, Kruskal & Miura (1967) introduced a rather strange method
that solves initial-value problems (IVPs) for the famous Korteweg-de Vries equa-
tion

Uy — ULy + Upgy = 0. (2.0.1)

A year after, Lax (1968) formalised their ideas by developing a general framework
known as Laz pair formalism. Later on, Shabat & Zakharov (1972) applied
similar ideas to the NLS equation (1.1.1) which opened up a door to a huge
amount of research in mathematical physics. These ideas were referred to as
inverse scattering transform (IST) for the first time by Ablowitz, Kaup, Newell &
Segur (1974) due to their multiple similitude to the well-known Fourier transform.
Note that the Fourier transform method is used to solve linear partial differential
equations (PDEs). The hallmark of the IST is that it provides a framework to
derive solitons through a finite number of linear steps. Nonlinear PDEs that can
be solved by the use of the inverse scattering transform are said to be integrable.

In Section 2.2 we discuss the inverse scattering transform for both focusing
and defocusing NLS equation (1.1.1) with zero boundary conditions (ZBCs) at
infinity. In Section 2.3 we consider only the IST for the focusing NLS equation
(1.1.1) with non-zero boundary conditions (NZBCs) at infinity.
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In the sequel, we will sometimes drop out the arguments when everything

follows clearly by the context.

2.1 Lax pair formalism

The NLS equation (1.1.1) can be written as the compatibility condition of the

following auxiliary system of linear differential equations

Ve (x, t, N) = Uz, t, \(z,t, N), (2.1.1)
Ui, t, ) = V(z, t, (z, t, N), (2.1.2)

where .
Uz, t,\) = (I{u:@ ) “(gt)) = —i\os + Q(z,1), (2.1.3)

V(z,t,\) = —2iN%03 + 2)Q(x,t) — iQ.(x,t)o3 — iQ*(x,t)o3, K =£1. (2.1.4)

The unknown function ¥ (x,¢,\) is a 2 x 1 vector column. The asterisk stands
for the complex conjugate, A is a complex parameter and o3 is the third Pauli
matrix given by o3 = diag(1l,—1). In other words, a complex-valued function
u(z,t) solves the NLS equation (1.1.1) if and only if ¢, (z, ¢, ) = ¥ (x,t, ) for

all A\. This latter condition can be equivalently written as
Uiz, t,\) — Vo(z, t, \) + [U(z, t,\), V(z,t,\)] =0, for all \.! (2.1.5)

Equation (2.1.5) is known in the literature as the zero curvature condition. More
details about the zero curvature condition and its geometric interpretation can be
found, for example, in Faddeev & Takhtajan (2007). The two matrix functions
U and V defined above, form the so-called Laz pair associated with the NLS
equation (1.1.1). Given that the NLS equation is equivalent to the auxiliary
system (2.1.1)-(2.1.2), the study of its solution space is fundamental to solving
the NLS equation. This is essentially what the inverse scattering transform is

about.

!The matrix commutator is defined [A, B] := AB — BA for any square matrices A, B.
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As mentioned above, functions ¥ (z, ¢, \) that solve the auxiliary system (2.1.1)
are 2 x 1 complex-valued vectors. The solution space for this system would
be generated by two linearly independent column-vector solutions. Therefore,
it makes sense to build up a 2 x 2 matrix ¥U(z, ¢, A) whose columns are vector
solutions of (2.1.1)-(2.1.2) and write the system in a matrix form as ¥, = UV and
U, = VW. A matrix solution W(x, ¢, \) is said to be fundamental if it is invertible,
i.e., its determinant is non-zero. In the sequel, unless explicitly stated, whenever
we mention solutions of (2.1.1), we refer to matrix solutions. Occasionally, we

will refer to equations (2.1.1) and (2.1.2) as the z-part and t-part of the Lax pair,

o = ((1) ’5) (2.1.6)

Owing to the particular form of the matrix U(x,t, \), we have the following

respectively.
Let

general result.

Lemma 2.1 (NLS symmetry). Let U(z,t,\) be a solution of (2.1.1) and X a
complex parameter. Then we have that o,V (x,t, \*)*o -t solves the same equation.

In other words,

o U, t, ) ot = U, t, \)M(t, \), (2.1.7)
where M (t, \) is a constant matriz with respect to x.

Proof: The proof follows from o, U(z,t, \*)*o ! = U(z,t, \). n

The z-part of the Lax pair can be rewritten as an eigenvalue or a spectral
problem:
LU = \U, (2.1.8)

where

L =ios (0, — Q). (2.1.9)

Owing to this representation, A is referred to as spectral parameter. We will refer
to (2.1.1) as the spectral problem or scattering problem.

The inverse scattering transform can be broken into three steps: direct prob-
lem, time evolution and the inverse problem. In the direct problem, we construct

the scattering data from a suitable initial condition ug(x) using the z-part of the
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Lax pair. The time evolution step consists of using the ¢-part of the Lax pair
to study how the scattering data evolve with time. Finally, we use the time-
dependent scattering data to reconstruct the solution u(x,t) for the NLS equa-
tion via a normalised Riemann-Hilbert problem or Gel’fand-Levitan-Marchenko

(GLM) equation such that u(z,0) = ug(x). This is schematized as follows:

Direct problem
Via (2.1.1)

uo () Scattering data (SD)
: Time evolution
NLS equation (1.1.1) Vo (21 2)

Inverse problem
u(z,t) Time-dependent of SD
Riemann-Hilbert problem or GLM

When presenting the inverse scattering transform, it is useful to implement
the direct and inverse problems at an initial time, ¢ = 0, and then connect them
through the time evolution. We will use this approach in this thesis.

Hereafter C* and C~ are, respectively, the upper and lower half of the complex
plane, that is, C* = {z € C|Im(z) > 0}, C~ = {z € C|Im(z) < 0}. Note also
that, we have

CE:=C*URU {oo}.

Recall that the point at infinity oo in the complex plane can be taken in any

direction. We denote by

() () 203 (Y

2.2 Zero boundary conditions at infinity

In this section, we will describe the inverse scattering transform for the initial-
value problem for the NLS equation in the case of ZBCs. We consider our poten-
tials to be in the Schwartz class, i.e. 8(R). We will also assume weaker conditions
on the potentials, such as L'(R) and/or L*(R), to establish some fundamental
results. Other functional spaces can be considered; see for example Beals &
Coifman (1984), Faddeev & Takhtajan (2007) and Deift & Park (2011).

10



2.2 Zero boundary conditions at infinity

2.2.1 Direct problem

Set u(x,t = 0) = wp(z). Since only the initial condition (at time ¢t = 0) is
known, then one can only analyse the scattering problem at ¢ = 0. Thus, for
the rest of this section, every object will be constructed at time t = 0. We will
drop any dependence on time ¢t. For example, we will write W, (x, \) instead of
Uy (z,t=0,M\).

The eigenfunctions of the scattering problem (2.1.1) are asymptotic! to solu-

tions of
U, (z,A) = —idosU(x, \)

because the initial potential ug(x) decays at infinity. For each A, a particular
solution for this differential equation is e~*’3¢. Eigenfunctions of (2.1.1) that

—i\o3T

behave asymptotically as e are associated to A being real. Therefore R

constitutes the continuous spectrum for the operator L.

Jost solutions Let A € R, we denote Wo(x,\), solutions of the z-part of
the Lax pair such that they behave like e=**93% as & — +o00. These boundary

conditions can be written as

lim Wy(z,\)e?™s = 1. (2.2.1)

r—+o0

The eigenfunctions W (z, \) are referred to as Jost solutions.
We will now study some properties of the Jost solutions. We start by de-
scribing how one can formally construct them. To this end, one introduces the

following transformation:
Dy (r,\) = Uy(w, \)es, (2.2.2)

The ordinary differential equations satisfied by & (x, \) can be directly integrated

to obtain Volterra integral equations

x

() = T+ / ATQ () (y, Ae N0 dy, (2.2.3)

—00

O (x,\) =1 — / P32 Q () D, (y, N)e A0y, (2.2.4)

T

!The word asymptotic in this context refers of to the behaviour of the functions as = tends

to £oo0.

11
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For convenience, we introduce the following notations: \IJ(i and \I/ ) denote the
first and second column of W, respectively. The same convention holds for ..
The next result shows that for A € R, &, (x, \) are given by absolutely and

uniformly convergent Neumann series.

Proposition 2.2. Let ug(x) be an element of L*(R). Then the integral equations
(2.2.3)-(2.2.4) have unique solutions ®1(x,\), and these solutions are uniformly
bounded on R for each X\ € R. In particular, Vo (z,\) are unique and uniformly
bounded solutions of the scattering problem such that (2.2.1) hold for each A € R.

Proof. We prove this result for \I/(,l)(m, A) in detail. The analysis for the other

columns is similar. The first column of Eq. (2.2.3) is

T

CID(,I)(m, A)=e + / diag (1, e_%’\(y_”")) Q(y)q)(,l)(y, A)dy.

—0o0

To avoid cumbersome notations, we set (f(z,\), e***g(z, A))T = &Y (z, ). Thus
we have

flz,\) = 1+/x Mg (y)g(y, Ny, g(z,\) = H/x e 2Nl (y) f(y, Ndy. (2.2.5)

—00 —0o0

By substituting the second equation into the first, and changing the order of
integration

I A e O e T B A e O IO HES Y

we obtain the following Volterra integral equation for f(z, \)

flz, ) =1+ /_x K(z,z,\) f(z,\)dz, (2.2.6)

where the kernel K is given by

K(x,z,\) = mug(z)/ eIy (y)dy.

We now introduce the Neumann series for f(z, \) as

= falz, \), (2.2.7)

12



2.2 Zero boundary conditions at infinity

folx, ) =1, fori(z,N) = /_ K(z,z,\) fa(z,\)dz, n>0.

Assume up(x) € L'(R) and X € R. The following estimate is essential for the rest

of this proof
’K(Iazﬂ)‘)‘ < C‘UO(Z)‘a (2'2'8)

where C' = ||u|| 1y Following the proof of Lemma 2.1 (Ablowitz et al., 2004),
we make the following claim: for all integers n > 0
C"N"(x)

n!

[fulz, )] < , (2.2.9)

where N (z) = [*_ |uo(z)|dz. We use the induction principle to prove this claim.
It is true for n = 0 and n = 1. Assume that the claim is true for any integer
n > 1. Let’s prove that it holds for n + 1. Before we prove this, observe that, for

any integer j > 1, we have

/ Oo o (2)| N7 (2)dz = j% / OO d% [N941(2)] de. (2.2.10)

Hence, one gets

Cn+1 T
Funn(z, V)] < /wwwww

n' J_ o

By

nl(n+1) J_ dz

C?’L+1Nn+1 (SE)
(n+1)!

Therefore, by the induction principle, the claim holds for any integer n. By com-
parison with the exponential series, it follows that the Neumann series defining

f(z, ) converges absolutely. We have
7N < 31l V)] < exp (ON (). (22.11)
n=0
We can replace x with 400 in (2.2.11) to obtain a uniform convergence:

[ flloo = sup (2, M| < exp (C?),

for all A € R. Therefore, we have obtained a uniformly bounded solution f for

the integral equation (2.2.6).

13



2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

This solution is unique. Indeed, consider two solutions f(z,)\) and f(x,\)
that solve the integral equation (2.2.6) with the same properties. We easily see
that Af(z,\) := f(x,\) — f(z, \) solves

Af(x,\) = /_ K(z, 2 VA F(z \dz. (2.2.12)

Replace the integral equation (2.2.12) into itself n — 1 times reads

f(z, N / K(x,zp, A / K(zy, 2p_1,\) X

X / K(z9, 21, \)Af (21, \)dzy - -dz,

Note that there exists a positive constant M such that ||Af||. = M. Such a con-
stant exists because Af(z, \) is defined as the difference between two uniformly

bounded functions. From this, one gets

Af( )] gMC"/ \uo(yn)y/_" yu0<yn)\.../_2 o ()l -« -y,

OQn

nl

<M

Note that we used n times the identity (2.2.10) to obtain the last inequality.
S~ o2n

Recall that M Z o

is a convergent series, hence the sequence <7> will

converge to zero. ThlS means Af(x,\) = 0 for all 2, A € R. This proves the
uniqueness of the solution to the Volterra equation (2.2.6). Finally, it follows
that g(x, A) is an absolutely continuous and uniformly bounded function on R for
each A € R.

We have constructed the unique vector (x, A) that solves the first column of
the integral equation (2.2.3) for A € R. Therefore, \I/(,l)(x, A) = o )(x e e
the unique solution of the differential equation (2.1.1) such that e (x,\) —

e1 as x — —oo. This concludes the proof. |

Remark 2.3. In the above lemma, we proved that for each A € R, the functions
f(xz, ) and g(z, \) are uniformly bounded on R for each X € R. It follows from
Theorem A.1(a) that:

lim f(z,\) =1, lim f(z,\) =1+ o K(+00,2,A) f(z,\)dz, (2.2.13)

T——00 T—+00 o
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2.2 Zero boundary conditions at infinity

and

+oo
lim g(z,A) =0, lirll glxz,\) = /4:/ e 2k () f(y, N) dy. (2.2.14)

—00

Due to the exponential functions appearing in the integral representation of
O (z,N), different columns of a matrix Jost solution will not be well-defined in
the same region of the A-complex plane. For example, \If(_l)(x, A) will be well-
defined for A € C* while U (2, \) will be well-defined for A € C~. In this case,
using its integral representation, we can prove that \If(,l)(x, A) (resp. \Iff) (z, ),
seen as a function of the spectral parameter A, will admit an analytic continuation
in C* (resp. C7). These properties will be useful for the inverse problem; see

Subsection 2.2.2.

Lemma 2.4 (Analytic continuation). Let ug(x) be an element of L'(R). Let
O_(z,\) and & (x, \) be the solutions for the integral equations (2.2.3)-(2.2.4),
respectively. Fiz x € R, then @g)(x, -) and o (z,-) are continuous on R U C*
and have an analytic continuation on C=. In particular, if ug € L*(R) N L3(R),

we have

1. \If(_l)(x, -) and \Df) (x,-) are continuous on RUCT and analytic on CT with
property

‘Il(f)(x, AN)=0 (elmo‘)r> , as T — —00, \I/f) (x,\)=0 (e‘lm(k)m) , as x — +oo, A€ CT,
ei’\x‘l/(j)(x, A) = e +O(\7h), e_i’\w\llf)(x, A =e+OAH,  as A — oo and A€ Ct.

2. \Ifgrl)(x, -) and gy (x,-) are continuous on RUC™ and analytic on C~ with
property

\I'(j)(x,/\) =0 (elm()‘)z> , as @ — +oo, U? (z,A)=0 (e_lm(k)m) ; asx — —o00, A€ C7,
ei’\x‘llgrl)(x,)\) = e +0(\7Y), e_i’\”\ll(f)(x, A =e+OAY,  asA— oo and e C™.

Proof: Again, we will show these results in detail for \I'(_l)(x, A). The analysis for
the other columns of Jost solutions will be similar. We set (f(z, \), e***g(z, \))T =
(ID(,l)(x, A). We know that f and g are solutions of the integral equations (2.2.5)
for A € R. Recall that f is formally defined by the Neumann series

f(.%',)\) - an(l', /\)7
n=0

15



2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

fole, ) =1,  fayi(z, ) = /fﬂ K(x,z,\) fn(z,\)dz, n >0,

K(x,z,\) = nug(z)/ e Ay (y)dy.

It turns out that this series will still be convergent when the parameter \ belongs
to a specific region of the complex plane. Let us assume that A € C. The
key ingredient used to prove that the above Neumann series converges was the
estimate for the kernel K(z,z,\). So, let us try to do the same but now A is a

complex parameter:

K (2,9, )] < Juo(y) / &A=y ()| dy.

We see that we cannot obtain the same estimate for the kernel K (see (2.2.8))
without further assumption on the spectral parameter \. Note that y > z, that
means y — z > 0. Hence, by assuming Im(\) > 0 (that is A € C"), one recovers
the same estimate as in (2.2.8) because the exponential is bounded above by 1 and
the potential ug is considered to be absolutely integrable on R. Therefore, one can
repeat the exact construction as above to obtain the existence and uniqueness of
the uniformly bounded function f(z,\) that solves Eq. (2.2.6) for each A € C*.
The limiting values (2.2.13) still hold.

Note that, for A € C*, the integral equation defining g(z, \) remains valid.
However, the integrand e~2*%yf(z) f(z,\) is not anymore absolutely integrable
on R because the exponential factor grows without limit as * — +o0o. Hence,
g(+, A) is not absolutely continuous, nor uniformly bounded on R for each A € C*.
So, in this case, one cannot have the limiting value of g(z,\) at x = +o0 as in
(2.2.14). However, the first limit in (2.2.14) holds even for A € C* because the

exponential decays as x — —oo. Moreover, we have
otz )1 < [ Oyl iy

< P / o)1 (9, V)]dly

— 00

< 62111'1()\)3:0 exp (02) 7

where C' = ||ug||1(r). This means that g(x, \) decays to zero at the same rate as
e?mNT a5 2 — —oo. It follows that \If(,l)(x, A) = 0 (eMmNe) as 2 — —occ.
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2.2 Zero boundary conditions at infinity

Let us fix € R. Obviously, the function fy(z,\) is continuous on R U C*.
Assume that for any n > 1, f,_1(x, \) is continuous on R U C*. One has the

following estimate

CQn—l

|K (2,2, ) fao1(2, )] < |u(2)] T

(2.2.15)

Note that the RHS of the above estimate is absolutely integrable on (—oo, z).
Owing to Theorem A.1(a), we conclude that f,(x, \) is continuous for A in R U
C*. Therefore, f(x,\) is continuous on R U C* since it is given by a uniformly
convergent series of continuous functions over the same domain. Now, we will
use the same approach to prove analyticity. Again, fo(z, A) is analytic on CT.
Assume that f,,_; is an analytic function of X in C*. Let I" be a piecewise-smooth

closed curve contained in C*. Then, one has

éfn(x,)\)dk = ]5/:; K(x,z,A) fa_1(z, \)dzdA
:/_OO MK(:U,Z,A)fn_l(z,A)dA dz, using (2.2.15),

= 0. (2.2.16)

Note that we used Fubini’s Theorem to exchange the order of integration. The
last equality is justified by the fact K(z,z,\)f,_1(z,A) is analytic in C*, by
assumption and the fact that the kernel K (x,y, \) is an entire function of A\. We
proved above that each f,(x, \) is continuous on R U C* and now we have just
shown that for any closed contour I' in C* we have §, f,(z,A\)dX = 0. Tt follows
by Morera’s Theorem that f,(z, A) is analytic in C*. By the same argument as
above, f(x,\) is analytic on C*.

Applying similar arguments, we can prove that g(x, \) is a continuous function
of A € C*. Thus the use of Morera’s theorem as above will help us conclude
g(x, A) is also analytic on C*. A direct integration by parts of f(x,\) and g(z, \)

yields the following asymptotic expansion in A
fa, —1——/ o (y)[2dy + O(A2), (2.2.17)

*g(x, ) = ug(x) + 0(A77).

2)\

17



2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

It follows that ei’\””\ll(,l)(:v, A) = e, as A — oo and A € C*. This concludes the

proof. [

Remark 2.5. A direct consequence of the above result is that \Ifgcl)(x,)\) and

\Ilg)(x, A) are Schwartz functions on Ry and R4 for each A € C4, respectively.

Lemma 2.6 (Abel’s theorem, Coddington & Levinson (1955)). Consider an n-
dimensional first-order homogeneous linear ordinary differential equation vy =
A(x)y, on an interval I C R, where A(z) denotes a complex square matriz of
order n. Let H be a matriz-valued solution of this equation. If the trace tr A(z)

18 a continuous function, then one has

det H(x) = det H(x) exp [/gctrA(f)df} , x,mo € 1.

Zo

Scattering coefficients Recall that the Jost solutions W (x, A) are 2x 2 matrix
functions that solve the scattering problem. Since the matrix function U(x, \) is
traceless (that is, its trace is identically zero), one can use Abel’s theorem and

the normalisation of the Jost solutions at +=0o to obtain
detWy(z,\) =1, A e R (2.2.18)

This means that each Jost solution constitutes a fundamental matrix of solutions
for the scattering problem. In other terms, they both generate the space of
solutions. Note that the space of solutions is a two-dimensional vector space.

Therefore, they must be linearly dependent, that is
U (x,A) =V_(z,1)S(N), A ER, (2.2.19)

where the 2 x 2 proportionality matrix S(A) = (s;5(A)), <, ;<, is referred to as scat-
tering matriz associated with (the potential) ug(z). The entries of the scattering
matrix are called scattering coefficients associated with (the potential) uy(x) and
they are complex-valued functions of A € R. When there is no confusion, we will
omit the reference to the potential that gives rise to the scattering data. One
deduces from relations (2.2.18) and (2.2.19) that the scattering matrix S(A) has
the following property

detS(\) =1, AeR. (2.2.20)
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2.2 Zero boundary conditions at infinity

Analogous to columns of the Jost solutions, diagonal entries of the scattering
matrix S(A) can be continued analytically to some regions of the A complex plane
whenever the potential ug(z) is absolutely integrable on R, i.e., ug(z) € L'(R).

This is discussed in the following result.

Proposition 2.7. Let ug(z) be an element of L*(R). Then the scattering coef-
ficient s9a(N) (respectively, s11(N)) is continuous on R U CT and has an analytic
continuation on Ct (respectively, is continuous on R U C~ and has an analytic
continuation on C~). Moreover, the scattering coefficients s1o(\) and s91(N) are
continuous functions on R but do not have, in general, analytic continuations in

any region of the A complex plane.

Proof: The columns of ¥_(z,\) = ¥, (z,\)S(A)~! are given by

{xp“’(x, N) = s NEL (@, 1) = 501 (VP A), 22.31)
U2 (@, 2) = su (NP (2, A) = 510N T (2, A)
By calculating the determinant of <\If(,l)(x, A), \If(f) (x, )\)), one obtains

s92(\) = det (\1/(})(1;, ), U@ (z, )\)) (2.2.22)
Similarly, one gets

si(\) = det (xpi%:, A, TPz, A)) . (2.2.23)

The results for s11(A) and so2(A) follow from Lemma 2.4. Similar arguments are

used to obtain the results for s12(A) and s91 (). "

Remark 2.8. Let A € R. [t follows from the first equation in (2.2.21) and the

normalisation of the Jost solutions V. (x, \) that

e

\I/(_l)(x’ A) = 5m()) ( —(7;/\:1:> — S91(A) <€i0>\x> +0(1), asz— +oo. (2.2.24)

: A
As in the proof of Proposition 2.2, we set e”\x\lf(,l)(x, A) = f(x, ) where f
621/\339(1‘, )\)

and g are given by (2.2.6) and the second integral equation in (2.2.5), respectively.
It follows from Remark 2.3 that

+o0 +oo
s22(A) =1+ K(400,2,\)f(z,\)dz, $21(\) = —/{/ e_Qi’\yu*(y)f(y, A)dy. (2.2.25)

— 00
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

Note that, the integral equation for sqa(\) still holds even when A € CT. However,
one cannot say the same for so1(N) when A € CT. In addition, we have from
(2.2.17)

Sp9(A) = 1, as A — oo and A € CT.

In addition, it follows from the properties of \I/(,l)(x, A) and the scattering coeffi-
cients that

eiAI\IJ(_l)(m, A) = (SQQ(EA)> +0(1), x— +ocand A € C*. (2.2.26)

Hereafter, whenever we mention any column of the Jost matrix solutions
U, (x,A) or the scattering coefficients s;;(A\) for j = 1,2, we always refer to

their analytic continuation in the appropriate region of the A complex plane.

Corollary 2.9. Consider ug(z) € L'(R). Then the scattering coefficients satisfy

822(>\) = 511<)\*)*, AeERU (CJF, 821(>\) = I€812<)\)*, A €eR. (2227)

Proof: Suppose that A belongs to R. The relation (2.1.7) in terms of the Jost

solutions takes the form
O-/i\pi(xv >\>*0le = \Iji<x7 >\)
Thus the scattering matrix has the property

oS\ ot = S(N).

K

Elementwise, we have s9(A) = s11(A)* and s12(\) = ks21(A)*. Now, assume that
A € C. Taking into consideration the analytical continuation of the Jost solutions

in the correct regions of the A complex plane, one obtains
Uz N) = ko U2 (2, 0, U (2, 0) = 0,00 (2, X)), AeCh. (2.2.28)
Owing to Egs. (2.2.22) and (2.2.23), one obtains the first in (2.2.27). n
We say that A € C\R is an eigenvalue for the operator £ if its eigenfunction

is an element of L? (R,C?). We denote by Z* the set of all A\ € C*\R with such

a property. The discrete spectrum for the operator £ is given by

Z=2tuz".
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2.2 Zero boundary conditions at infinity

Owing to the relation (2.2.22), one can easily deduce that the set of zeros for the
scattering coefficient s92(A) coincides with Z7. The same correspondence can be
drawn between Z~ and the set of zeros for s;1(\) using (2.2.23). We have the
following well-known results in the scattering theory; see for example Beals &
Coifman (1984).

Lemma 2.10. Let ug(x) be an element of L'(R)

(a) if Kk = 1, the scattering coefficients s11(X) and sq2(N) do not vanish on
RUC™ and RUCT, respectively;

(b) if k = —1, there exists an open dense subset § of L'(R) such that for all
uo(x) in G, the following hold
— The scattering coefficients s11(\) and sa2(\) do not vanish on R;

— Z% and Z~ have a finite number of elements.
Proof: From (2.2.20) and the symmetries in (2.2.27), one gets
|592(N)|? — Klsa (M) =1, XER. (2.2.29)

If Kk = 1, we have [sa(\)|? > 1. Together with the fact that the operator £ is
self-adjoint concludes the proof of part (a). The proof for part (b) can be found
in (Beals & Coifman, 1984, Theorem A) n

In the case k = —1, we follow the terminology used in Beals & Coifman (1984):
potentials ug(z) that lead to properties given in Lemma 2.10(b) are called generic

potentials.

Definition 2.11 (Reflection coefficients). The reflection coefficients r and 7 are

two functions of the real variable X defined as

r: R — C r: R — C
821(/\)7
s22(A)

A —

A direct consequence of symmetries in (2.2.27) is that the reflection coefficients

are linked in the following way

7(A) = kr(N\)". (2.2.30)
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

Lemma 2.12 (Beals & Coifman (1984)). Suppose that ug(x) is an element of
S(R). Then the reflection coefficient r(\) will also be an element of S(R) and
7)o < 1.

It is important to mention that the condition ||r||. < 1 is essential because
it guarantees the existence of a solution for the Riemann-Hilbert problem in the

inverse problem.

Norming constants Consider Kk = —1. Let N and N be positive integers.

Assume that ug(z) is generic. Set
25 ={A, A A, 2T = {0 A A ) (2.2.31)

For each j =1,..., N, it follows from (2.2.22) that \I/(_l)(x, A;) and \I/(f)(x, A;) are
linearly dependent, that is

U (2, 0) = 7AW P (2, \)), (2.2.32)

where ();) is the proportionality constant that depends on A;. Each of these
proportionality constants v()\;) introduces a quantity c();) that we refer to as
norming constant and it is defined as

1(A)

Sh(Aj)

It is worth mentioning some authors refer to v(\;) as norming constants. Simi-

c(Aj) =

larly, we have
U (2,2;) =7 () T (2. ) |
where ~ (S\j) depends on 5\j and its associated norming constant is
1)
1 ()‘j)

The symmetries in (2.2.27) affect the zeros and the norming constants associated

() =

with them as follows
N = N, j\j = /\;, Y (/_\]) = —’Y(/\])*, & (/_\]) = —C(/\j)*. (2233)

Indeed, the first two in (2.2.33) follow directly from sgo(A) = s11(A*)*. Since
A o= A} is a simple zero of s1;(A), one has p? (3:,)\;-‘) = v ()\j) \I/Srl) (x, )\j)
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2.2 Zero boundary conditions at infinity

Using both equations in (2.2.28), one obtains \If(,l)(x,)\j) = _’Y(A;)*\I]f)(.x,)\j)
which gives the third relation in (2.2.33) by comparing it with Eq. (2.2.32). Note
that a direct calculation gives s;(A}) = s5,(A;)*. From this, we directly deduce
the last relation in (2.2.33).

We can express the scattering coefficients s;;(\) in terms of their zeros and

the reflection coefficient, for 7 = 1,2. Let us define

AP PP\ AP Py
$+(A) = 522(N) 5 0-(N) =su()) ot (2.2.34)
+ 22 j:l)\_)\j 11 g)\_)\j

We can see that ¢, (\) and ¢_(\) are analytic in the upper-half and lower-half
of the A\ complex plane, respectively. By construction, ¢ () do not have any

singularities in their respective region of analyticity. We have that
O+ (N)d—(A) = s11(N)s22(A), A eR. (2.2.35)

The scattering coefficients carry a natural multiplicative Riemann-Hilbert prob-
lem on the real axis: A direct calculation from Eq. (2.2.20) gives the following

jump condition

1
No_(N) = —————= A €eR.
By taking the logarithm of the above, and then using Plemelj’s formulas one
obtains ) loo(1 B
log g (\) = —— og(l — T(T)T(T))dT, AeCH,
2w Jg T—A
1 log(1 — r
log &_(\) = —/ gl =r(rn) . \ec-.
2 Jg T—A

Therefore, one can replace the function ¢, (\) by its expression as given in rela-
tions (2.2.34) to obtain

N
A=A 1 log(1 — r(7)7 (7)) N
= —— . 2.2.
599( ) J|:|1 S o [ - /R |, AecCt (2:230)

The same can be done to express the scattering coefficient sq1(\) in terms of its

simple zeros in the lower-half plane and reflection coefficients.

Definition 2.13. Consider ug(z) € $(R) and generic.! Let S be the map that

associates to ug(z) its scattering data, namely

'We need ug(x) to be generic only when x = —1.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

1. If k=1
S {uo(x)} = {r(A\)}

where r(\) is defined as above.

2. If k=—1
S {uo(x)} = {r(A), (A c(Xii<jn)}
where r(X), A; and c¢(\;) are defined as above.

2.2.2 Inverse scattering problem

In this section, we will address the following problem: Is the map S wnvertible?
That is, given the scattering S[ug(z)], can we recover the potential ug(z) € 8(R)?
The answer is Yes!

Originally, Gardner, Greene, Kruskal & Miura (1967), answered this ques-
tion by using the so-called Gel’fand-Levitan-Marchenko integral equations. Later
on, it was realised that the eigenfunctions W, (x, \) carry a natural structure of a
Riemann-Hilbert problem (RHP) with the jump across the real line. In this work,
we will take the latter approach to describe the inverse problem. We refer inter-
ested readers to Ablowitz, Prinari & Trubatch (2004) and therein references for
more details about the Gel’fand-Levitan-Marchenko integral equations viewpoint.

We have the following two theorems, see for examples Beals & Coifman (1984),
Zhou (1998), Ablowitz, Prinari & Trubatch (2004) and Faddeev & Takhtajan
(2007).

Theorem 2.14 (RHP without poles). Let r(\) be an element of S(R) with the
property ||r]|se < 1. Then the following normalised Riemann-Hilbert problem

e Analyticity. m(x,t,\) is analytic in C\R;
e Jump condition. It has continuous boundary values

m*(z,t,\) = lim+m(x,t, Atig), AeR, (2.2.37)
e—0

satisfying the jump condition

m*(z, t,\) =m™ (z,t, \)v(z,t,\), NER, (2.2.38)
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2.2 Zero boundary conditions at infinity

where the jump matrix s given by

1—1|rN)]2 r*(\)e 200
o= (I T e

e Normalisation. m(z,t,\) = T+ O(A™!) as A — .

has a unique solution given by

m(z,t,\) = T+ zim /R m‘@’t’g)&(i;”@’t’mdg, A e C\R.

Theorem 2.15 (RHP with poles). Let r(\) be an element of S(R) with the
property |||l <1 and (Aj,c(N;)) € CT x (C\{0}), for each j=1,...,N. Then

the following normalised Riemann-Hilbert problem
e Analyticity. m(x,t, \) is analytic in C\ (RU Z);
e Jump condition. It has continuous boundary values

m*(z,t,\) = lim m(z,t, A\ +ic), \ER, (2.2.39)

e—=0t
satisfying the jump condition

m*(z,t,\) =m™ (x,t, v(x,t,\), IER, (2.2.40)

where the jump matrix is given by

oot ) = < L+ [r(V)? —r*(/\)e_m(’\)) ;

—r(X)e?0™) 1

e Residues. m(z,t,\) has simple poles at \j, \; for j = 1,..., N, and the
residues are given by

0 0
= 1i . .2.41
,&?\Sjm(x’t’A) Aig\lj [m(a;,t,)\) (C(Aj)eQzG(A]’) O)] ' (2.2.41)
0 —c()\:)* —2i0(X%)
Resm(z,t,\) = lim |[m(x,t,\) cAj)e ’ ; (2.2.42)
A=At A=A 0 0

e Normalisation. m(z,t,\) = T+ O(A™!) as A — cc.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

has a unique solution given by

N [ Resm(z,t,\)  Resm(z,t,\)

m(:z:,t,A):I[—i-Z /\:/\J/\_)\ + =4
n=1 n

A=A

n

1 m_(xz,t,&)(I —v(x,t,\))
+ %/R 35 ¢, XeC\R.

Let us consider ug(z) € $(R) and generic (when x = —1) with the map S be
given as in Definition 2.13. From the equation (2.2.19), one obtains that

O _(2,)) = &, (z,\)e 3G (\) e N € R.

This relation can be rewritten by grouping together entries that have an analytical

continuation in the same A complex plane region as

m*(z,\) =m~ (z,\v(z,\), IER, (2.2.43)

where

(1) @)
m*(z,\) = ((I)_ ($7>\),<I>f)(x,/\)> , m”(z,\) = (‘I)S_l)(x,)\), o (x, /\)> 7

811()\)
(1= klr(N)[2 Kk (\)e 27
v(x’ )‘) - <_r(/\)€2ikm 1 > )

We used the symmetry (2.2.30). Let us define the following matrix functions:
m*(z,\), AeCT,

m(z, \) = (2.2.44)
m~(x,\), AeC.

It is worth mentioning that the superscripts "+” on m(x, \) in (2.2.44) do not
have the same meaning as the ones in (2.2.37) and (2.2.39).

Lemma 2.16. The 2 X 2 matriz functions m(x, \) defined in (2.2.44) solves the
Riemann-Hilbert problem without poles when k =1 and with poles when Kk = —1
at time t = 0. Moreover, the map

1. If k=1
P {r(A)} = {uo(e)}

2. If k=—1
P: {r(\), (A, c(A\j)1<j<n)} = {uo(x)}
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2.2 Zero boundary conditions at infinity

defined by
up(z) =20 lim A (m(x,N))qy, (2.2.45)

A—00

s the inverse to S.

The reconstruction formula (2.2.45) is obtained by utilising the fact that
m(z, \) solves the z-part of the Lax pair for the NLS equation (1.1.1).

2.2.3 Time evolution

Let u(x,t) be the complex-valued solution of the NLS equation such that u(z,t =
0) = up(z) € 8(R) and generic (when x = —1). For each A € R, consider
U, (z,t,\) the Jost solutions associated to u(x,t), that is Wi (x, ¢, \) solve Eq.
(2.1.1) such that

lim Wi(x,t,\)e?3* =1, XeR.

z—+oo
Thus, starting with these Jost solutions, we can repeat the same construction as
above to obtain the scattering data at any time ¢ > 0. In what follows, we will
describe the relationship between S[ug(z)] and S[u(x,t)]. To achieve this, let us
first find out the time derivative for the Jost solutions W, (z,¢, A). Since u(z,?)
solves the NLS equation, we know that the zero-curvature condition (2.1.5) must
be satisfied for all \. This means there exists a 2 x 2 matrix solution Y (x, ¢, \) that
solves simultaneously the z-part and t-part of the Lax pair. However, Uy (x,t, \)

are fundamental matrix solutions for equation (2.1.1), therefore we have
Y(l’, L, >‘) = \Ij:t(xv 2 )‘)C:I:(t7 )‘)

where C4(t, \) are constant matrices with respect to x. Differentiating this equa-
tion with respect to time and using the fact that Y (z,¢, \) satisfies equation
(2.1.2), one gets

V(z, t, )V (z, 6, \)CL(t,\) = 0, (Vi (x,t, X)) Cr(t, \)
+ Wy (z,t, N0 (Ce(t,N)). (2.2.46)

Since u(z,t) € 8(R), for each t > 0, we can evaluate this equation at x = 400 to
get
(O:t(t, )\))t = —2i>\2030:t(t, )\)
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

A particular solution for these equations is C (¢, \) = e~ 205t After substituting

this expression of C (¢, \) in (2.2.46) and making some rearrangement, we get
O (Wa(z,t,N) = 2X*Vy(w,t, N)og + V(z,t, \)Ui(z,t, ). (2.2.47)

Now, we can use this differential equation to understand how the scattering data
Slug(x)] evolve in time. By differentiating the time-dependent version of (2.2.19)

with respect to ¢, we have

OS(t,N) = U_(z,t, \) 0, (Wy(z,t, \))
— (2, t, \) O, (V_(z, 6, )V _ (0, 8, \) I (2,8, )
=i [S(t, \), 03]

This implies
S(t, \) = e 735(0, \)e st

Elementwise, we have

Sll(t, )\) = 811(0, )\), Sgg(t, /\) = 822(0, )\), (2248)

Slg(t, )\) = 812(0, )\)6721’)\%, S921 (t, )\) = 821(0, )\)€2i)\2t. (2249)

A direct calculation gives
r(t, ) = r(0, \)eXNt F(t, ) = 7(0, \)e 2N, (2.2.50)

A key observation to make is that, soo(¢, \) has the same zeros as $92(0,\) =
s22(A). Thus, the potential u(x,t) is again generic. Let ); be the zeros of the
scattering coefficient sgo(t,\) in C*. From the time-dependent version of Eq.
(2.2.22), we have that

W (@, 1, ) = (8, \) 8 (2,8, ), (2.2.51)
where (¢, \;) is the proportionality constant. It follows from (2.2.47)

A =200 L ve 5 0@ =20 4 ve?, (2.2.52)
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2.2 Zero boundary conditions at infinity

The time derivative of Eq. (2.2.51) gives

0D (w1, 07) = 0y (1, ) 0D (w1, 0) + 3, \) 00D (x, 8, ;)
= @7(1&,)\]»)\1/ (x t,A))
At ) (N\If (2,6, ) + Vi(w, t, \) TP (@, 8, ))

Comparing this with the first differential equation in (2.2.52) evaluated at Aj,
and using (2.2.51) we obtain

Oy(t, Nj) = 2N (L, ;).

This implies that
(A7) = (0, 2))e

A direct calculation gives the following time evolution for the norming constants

c(t, A;) = c(0, X;)e?A, (2.2.53)

Summary: The inverse scattering transform can be summarized as follows: ap-
ply the map S to ug(z) € 8(R), evolve the scattering data in time using formulae
(2.2.50) and (2.2.53), and then apply the map P to obtain the solution u(z,t) at
time ¢ > 0 of the NLS equation (1.1.1) with u(z,t = 0) = ug(x).

2.2.4 Reflectionless potentials: Multisoliton solutions

Let K = —1. Assume that the reflection coefficient r(t, A) is identically zero. In
this case, the solution to the Riemann-Hilbert problem with poles can be written

as
N Resm(:r; t,A\) N Resm(xz,t,\)

m(e,t,\) = ]I+Z +Z“A_—A (2.2.54)

Recall that, using (2.2.44), one has

Resm(z,1,\) = [C(An)em(M@@ (2,8, An), o} , (2.2.55)
)\Re)\sm(x t,\) = [O, —c(\y, )*e’m(’\*)@ (x,t, )\*)} . (2.2.56)

Given @ % , we denote by <I> (D and (ID ) its first and second entries, respectively.

Given (IJQ, we denote by @f) and <I>j:2 ) its first and second entries, respectively.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

The time-dependent version of the reconstruction formula (2.2.45) is

— _222 * e 2i0(A (I)(ll)(l‘,t, Ajz)

In the next lines, we will try to express (IDSFH)

(x,t, \%) in terms of the scattering
data. One can evaluate the second column of (2.2.54), taking into consideration

(2.2.44), at A = \,,, obtaining

N C()\k)*e—m(,\;)

Wzt A) =y — > = oWzt AL), (2.2.57)
An — AL
k=1
forn=1,..., N. One can do the same with the first column at \* to obtain
) . <)\k> 210(A\g) 9
(I)S_)($,t7 )\n) = €1 +;W®i)(%t’ )\k), (2.2.58)

forn =1,..., N. The first entry of (2.2.57) is

(12) al c(Ap)e 2000 . ,
O, (x,t, M) Z )\_)\* ——® N (x,t, ), j=1,...,N,

k=1
and, the first entry of (2.2.58) is
N
q)(ll)( £, )\* — Z (12)(‘,137&)\],)7 n=1,...,N.

Hence, for n =1,..., N, one obtains

N .
A )e2i0(X)
oM (N =1+ AT g2 4 )

= AN A
N N ; *
C()\]) 219()\J) C()\k)*efzza(xk) (11) i

B v ZW‘D (1A

j=1 n J k=1

al 2i0(\}) - 210(/\ ) (11)
:I—Z c(Ap)re Z )\*) O, (x,t, \y).

k=1 j=1
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2.2 Zero boundary conditions at infinity

Introduce,
X = (Xl,...,XN)T7 B = (Bl,...,BN)T’ M=1+ (Anak)lgn,ng

where
(11) *
X, =} (x,t,\)), Bp,=1,

N .
. . C()\‘)@Z,Le()\j)

An,k — c()\k)*e 2i0(N\};) J —.

; (A = A (A = A7)

The above algebraic system takes the following form

MX =18

The solution of the system is given by X,, = detM<** /detM for n = 1,..., N,
where

Mt = (My,...,...,M, 1,B,M,.y,...,My).
After substituting X in the reconstruction formula (2.2.45), one obtains the pure

N-soliton solutions as

det Me
t) = 21———— 2.2.59
ule,t) = 2 (2:2.59)
. O H ' * ; *
where Minc = (B M) with H = — (c()\l)*e_27’9(’\1), o ’C()\n)*e—me()w))T.

Consider the case N = 1. Let A\; = V*;A with A > 0. We have

0 —c’{e_m(m>

det
1 1+ AH
u(z,t) = 2i A,
—2i0(\})

2ce
A2 1 |, [2e—2(Az+24V1)

QCTefi(Vx+(V27A2)t)

=i A?

A2e(Act24VE) 4 |¢; 2~ (Azt24VE)”

Let ¢; = Ae®*% we obtain

efi(V:Jch(VQfA?')t)fig

u(z,t) = ZAeA(ac—f—ZVt)—{O + e—(A@+2Vi)—&)

= Asech(A(z +2Vt) — £O>e—i(Va:+(V2_A2)t+§_g).

This is exactly the four-parameter solution (1.2.4) upon a suitable choice of pa-

rameters.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

2.3 Non zero boundary conditions at infinity

In this section, we will describe the inverse scattering transform to solve an initial-
value problem for the NLS equation with NZBCs (1.1.2). Unlike the ZBCs case,
the inverse scattering transform in the defocusing case (k = 1) is different from
the one in the focusing case (k = —1). For this thesis, we will only describe
the focusing case. We will follow closely the presentation in Biondini & Kovacic
(2014). Interested readers can see Faddeev & Takhtajan (2007) for details about
the defocusing case.

Consider the BCs (1.1.2) and take k = —1. Recall that it is better to introduce
the following change u(x,t) — u(x,t)e24!. We have seen that this changes the
shape of the NLS equation (1.1.1) to (1.1.3). As we mentioned in Chapter 1, this
change allows the BCs (1.1.2) to become time-independent (1.1.4). We can also
see that the Lax pair (U, V) takes the following form:

U(z,t,\) = (_u:(li ) u(;,t)

V(z,t,\) = —2iN?03 + 2XQ(x, t) — iQu(w, t)os — i (Q*(x,t) + ¢§) 03.  (2.3.2)

) = —iAo3 + Q(z, 1), (2.3.1)

In the sequel, we will consider the auxiliary system (2.1.1) and (2.1.2) with this

new Lax pair.

2.3.1 Direct problem

Consider the initial data u(z,t = 0) = ug(x) such that ug(z) — uy as x — £oo.
We will make this precise in the sequel. It is useful to write (2.1.1) in the following
way

U, (2, N) = UMW (2, \) + AQ+(2)¥(z, N), (2.3.3)

where

Qs = ( 2* ug) , Ur(A) = —idog + Qx, AQx(z) = Q(z) — Q.
—uL

Note that AQ4(z) — 0 as © — F+oo. We will follow the same construction as
in the case of ZBCs. If ¢ = 0, the IST we are about to describe will be the

same as in Section 2.2. The eigenfunctions of the scattering problem (2.3.3) are
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2.3 Non zero boundary conditions at infinity

asymptotic to solutions of
U, (2, A) = Up(MN)W(x, N). (2.3.4)

Unlike in the case of ZBCs, the matrices Uy () are not diagonal.

Eigenvalues, Riemann surface and uniformization variable The first
step towards solving the asymptotic problem (2.3.4) is to diagonalise the ma-
trix function Uy (A). A direct calculation shows that the eigenvalues of Uy (\) are
doubly-branched complex-valued functions of A and are given by ii\/m.
The branch points are given by the roots of \/m, that is, at A = +iqg. To
analyse these two functions, we need to make them single-valued. One way of

doing this is to introduce the two-sheeted Riemann surface' defined by
k=N +q.

Explicitly, let A + igy = r1e* and \ — igy = rye™® with —5 <012 < 37” So, we
have k()\) = (ryry)Y/2ei1+02)/24nm where n = 0 corresponds to the first Riemann
sheet (Cy) and n = 1 to the second sheet (Cy). Then, the discontinuity appears
along the imaginary axis between —iqy and iqg. That is, the branch cut is the
segment i[—qo, qo]. Along the real axis, we set k(\) = £sign(\)\/A2 + ¢2 where
the sign + and — correspond to the first and second sheet, respectively. The
sign(\) signals that we have chosen the principal real square root.

To facilitate the implementation of the IST in this case, one can introduce the

so-called uniformization variable, say z, as follows
z2=2z(A) = A+ Ek(N). (2.3.5)

This conformal map can be inverted to give:

1 qg 1 qg
=—|z—= =—|z4+—]. 2.3.
A(2) 5 (z z) . k(2) 5 (z . (2.3.6)
Let Cy be the circle of radius ¢g in the z-complex plane. Then the transformation

(2.3.5) has the following important properties:

LA surface made of two copies of the complex plane glued in a specific fashion.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

Im A\ Im 2z

—1iqo

Figure 2.1: Left: The first copy of the Riemann surface, showing the branch cut
in red (on the imaginary axis) and the region where Imk > 0 is in grey. Right:
Showing the regions D* and indicating the zeros of ssy(2) (brown) and s;(2)
(blue). Also showing the orientation of the contour for the Riemann-Hilbert

problem in the inverse problem.

Prop 1. On either sheet, the segment i[—qo, qo] is mapped to the circle Cy. In
particular, [0, o] on C; (resp. C,) is mapped onto the part in the first
(resp. second) quadrant of the complex z-plane, i[—qo, 0] of C; (resp. Cs) is
mapped onto the part in the third (resp. fourth) quadrant of the z-complex

plane;

Prop 2. C, is mapped onto the exterior of Cy and C, is mapped onto the interior
of Cy;

Prop 3. The limit A — oo corresponds to z — oo in the first sheet and z — 0

in the second sheet.

In the remaining part of this section, we will express all dependence on A and k
in terms of z using relations (2.3.6). Define

Dt={zeC:(]zP—¢q})Imz >0}, D" ={z€C: (|2]*—¢f) Imz < 0}. (2.3.7)

These domains are shown in Figure 2.1 below. We have the following equivalence:
z € D7 is the same as Im(k) > 0, and z € D~ is equivalent to Im(k) < 0.
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2.3 Non zero boundary conditions at infinity

Eigenvector matrices A direct calculation shows that we can write the eigen-

vector matrices associated with eigenvalue matrices —ik(z)os as

7
Ei(Z) =1 - ;O’g@i.
The determinant of these matrices is
((z) :=det E+(2) = 1+ q3/2>.

We can clearly see that the eigenvector matrices are not invertible at z = +iqy,
since ((%iqy) = 0. In addition to this, there is also another singularity at z = 0.
The point z = 0 will not cause any issue with the construction of the direct
problem because as we will see it does not belong to the continuous spectrum.
Therefore, we will simply ignore it. The matrices U.(z) can be written in the

following form
Us(2) = BE+(2) (—ik(2)o3) By (2), z # tiqp.

Due to this diagonalisation of UL (z), we can write down particular solutions of the
asymptotic scattering problem (2.3.4): E.(z)e "#73% Similar to the ZBCs case,
we will attempt to construct eigenfunctions for the scattering problem (2.3.3) such
that they behave asymptotically as solutions of (2.3.4) when z is an element of
the continuous spectrum of the operator £. The values of A such that k(\) is
real-valued constitutes the continuous spectrum. That is ¥y = R U i[—qo, qo] is
the continuous spectrum in the A complex plane. Owing to the properties of the
transformation A — z, we have that the continuous spectrum in the A complex
plane is mapped to X, = (R\{O}) U Cp in the z complex plane. In the sequel, we
will drop the index A or z on . Everything will be clear by the context.

Jost solutions Let z € X. The Jost solutions, denoted p(z, z), are defined as

eigenfunctions of the scattering problem (2.3.3) such that

lim g (, 2)e* 28 = B (2). (2.3.8)

r—+o0

As in the case of ZBCs, it is convenient to introduce the following functions

Yi(z,2) = ps(z, 2)ekB)eos,
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

The new eigenfunctions are solutions of the following Volterra integral equations
Yi(z,2) = Ey(2 / By (2)e™ 0% BN (2) AQ4 (y) Y (y, 2)e W73, (2.3.9)
Y_(z,2) / E_(2)e* =2 pm1 () AQ_(y)Y_(y, z)e *W=)73  (2.3.10)
Following the same convention as in the case of ZBCs, we denote by ,uil)(x, 2)

and u(f)(a:,z) the first and second column of p.(x,z), respectively. The same

notations are used for Yi. Set

= >X\{£iq}.

Let A = (aj),«; j<, Pe a2 X 2 matrix. Define

2
|All, == mjaxz |ai;|. (2.3.11)

A direct calculation shows that (2.3.11) defines a matriz norm! in a space of 2 x 2

matrices. Consider a 2 x 1 vector f with complex entries. The [-norm of f is
defined by

11l = [fil + [ f2]-
It can be shown (Horn & Johnson, 2012, pages 344-345) that

[Af Il < ALl (2.3.12)

holds for any 2 x 2 matrix A and 2 x 1 column vector f.
For some a,b € R such that a < b, we define

Py =la,+00), P_=(—00,b.

Proposition 2.17. Let up(x)—uy € L'(P+). Then the integral equations (2.3.9)-
(2.3.10) have unique solutions Y. (x, z), and they are uniformly bounded on P for
each z € Xo. In particular, py(z,2) are unique and uniformly bounded solutions
of the scattering problem in (2.3.3) such that (2.3.8) holds for each z € ¥y. In
addition, if (1 + |x])*(uo(x) —us) € L'(Py), then we reach the same conclusions
at z = +iqp.

Tn addition to the usual properties of a norm, we have ||AB|« < [|A|«||B||« for any 2 x 2
matrices A and B.
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2.3 Non zero boundary conditions at infinity

Proof: The following proof uses ideas from Biondini & Kovacic (2014). We will
prove this in detail for the first column of Y_(l)(x, z). The analysis for the other

columns is similar. Set
w(z, z) = E:l(z)Y_(l)(x, ).

It follows that w(x, z) satisfies the integral equation

w(z,z) = e + /x Gy —z,2)AQ_(y)E_(2)w(y, 2)dy, (2.3.13)

— 00
where

G(s,z) = diag (1, e’ms) E7'(2).

Now, we introduce a Neumann series representation for w(z, 2):

w(z, z) = an(x,z), (2.3.14)

with

T

wo(w,2) = €1, s (w,2) = / Oy, =)wn(ys 2)dy,

where C(z,y, 2) = G(y—z, 2) AQ_(y) E_(2) and integer n > 0. From the property
(2.3.12), we have

[wni1 (2, 2)|[1 < / 1C (@, y, 2)|[l|wn(z, 2)|1dy.
We can use the matrix norm defined above to compute
qo 1 qo
Bl =1+ & 1B = (14 2) /o
Assume that z € ¥y. From the properties of the map defined in (2.3.6), we must
have k € R\{0}. Thus, we have

IC(2,y, 2)ll. < |ldiag (1, e =) L B2 (2) LN AQ- () 1| - (2) .

< 2Jup(y) — u_le(2), (2.3.15)
where ) (-] 2
_ % = e+ a
c(z) = (1 + |Z|> /1¢(2)] 21 gl (2.3.16)

37



2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

It is clear that ¢(z) is bounded on R\{0}. When z is an element of Cj, the
situation is slightly more complicated because the function c¢(z) — oo as z —
+igy. We can first restrict the domain of definition of ¢(z). Let € > 0 be given.
Define B.(zp) = {z € C: |z — 2| < eqo} and Cp. = Cy N [Bg(iqo) U BE(—iqo)].
Let us consider z € Cy\Cy ., we have the following straightforward manipulations

(I2] + q0)*
4q?
= — 2.3.18
R (218
1 1 1
< 4q? — 2.3.19
= %o 21qp (z—iqo z—i—iqo)‘ ( )

1 1 11
< 2qo ( — + —— ) < 2q (— - —) —2+2/e.  (2.3.20)
|2 —igol |2+ igo| G €4

We can see that for z € Cy\Cj ., the function ¢(z) is bounded above by
. =2+2e. (2.3.21)

Under these conditions, the Neumann series defined above is absolutely conver-
gent. Indeed, for all positive integers j, we claim

M ()
gt

[Jw; (@, 2)[l1 < (2.3.22)

where

M) =2, | " Juoly) — u_dy.

The proof of this claim is similar to the one in the case of ZBCs (Proposition
2.2).

If ug(z) —u_ € L'(P_) then M(z) is finite. Thus by comparison with the
exponential series exp (M (x)), the Neumann series (2.3.14) converges absolutely
for each z € (R\{O}) U (C’O\C'Oﬁ). One can replace z with b in the expression of
M () to obtain a uniform convergence with respect to z € P_ and z € (R\{0})U
(Co\Coy).

We can apply similar arguments as in the proof Proposition 2.2 to obtain the
uniqueness of w(z, z). Therefore, for each z € (R\{0}) U (Co\Co,.), 1 (2, 2) is
the unique solution of the differential equation (2.3.3) such that

. i
eZk(Z)x,u(_l)(x,z) — <1, ) , X — —00.
z
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2.3 Non zero boundary conditions at infinity

Now, we will discuss what happens in the neighbourhood of the branch points
z = +iqo. Despite the fact that the eigenvector matrices E4(z) are not invertible

at z = +iqp, a direct calculation shows

lim Ey(z)e*0 22 =1 — (y — 2)(Q+ £ qoos). (2.3.23)

z—+iqo

Thus, the first column of (2.3.9) evaluated at z = +igg reads

. 1 * _
Y (2, +igo) = (ie—w> + / J_(2,y)Y P (y, +igo)dy,

where Jy(z,y) = [I— (y — 2)(Q- £ qoo3)]AQ_(y) and §_ = argu_. The last

step is to find an estimate for Ji(z,y):

1Tz, )l < (] + [y = 2[| Q- % qoosl+) [AQ-()]I«
< (14 2qoly — ) luo(y) — u-|,
< C(1+ |z + [y]) luo(y) —u-|,
<O+ |z) T+ [yDluo(y) — u-],

where C' =2 if g < 1 and C' = 2qq if gy > 1. Again, for convenience, set
w(z, +ige) = V'V (x, +igo).

We can again consider the Neumann series representation for w(x,+iqy) as in
(2.3.14) with

, 1 : ; ,
wo(w, £igo) = (iei9—> , Wt (T, Figo) Z/ J_ (2, y)wn(y, Eigo)dy.

The equivalent of (2.3.22) is given by

[ (0, igo) [l < 2(1 + |]) *52,

J7°

M(z) = C [7 (L +[y)?|uo(y) — u-|dy.

Thus we can replicate the same argument as above to obtain that Y (x, +iq) is
well defined and it is given by an absolute and uniformly convergent whenever
(14 |z])2(ug(z) — u_) belongs to L'(P_). Finally, u'"(z, +igy) is well-defined
solution of (2.3.3) such that

,u(,l)(x, +igo) — (1, :I:e_w*)T, T — —00.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

This completes the proof. [

Remark 2.18.

1. In general, one cannot replace b in the above proof with oo. Because if
ug(x) —u_ € LY(R), thus ug(x) — u_ will decay at both infinity, therefore

one must have that u_ = u..

2. The additional condition that we impose on the potential ug(z) to obtain
reqularity at the branch points z = +iqq 1s by no means optimal. However,
for the purpose of this thesis, this condition is enough. We refer inter-
ested readers to recent work done on this topic Demontis et al. (2013) and
Demontis et al. (2014).

Lemma 2.19 (Analytic continuation). Assume that ug(z) — uy € L'(Py). Let
Y_(z,2) and Yi(z, z) be the solutions for the integral equations (2.3.9)-(2.3.10),
respectively. Fixx € Py, then Yél)(x, -) and v (z,-) are continuous on DXUY,
and have an analytical continuation on D*. In addition, we have

1. ,u(_l)(x, -) and uf)(x, -) are continuous on DT UXg and analytic on DT with

the property
1 0
( ) +0(z71), as z — 0o, ( ) +0(z71), as z — oo,
0 1
eikzu@)

z,z) = w,2) = 7
0 'Lu+
<—iu*_> +0(1), asz—0, ( (z) ) +0(1), asz—0.

z

2. ,usrl)(x, -) and u(f)(x, -) are continuous on D~ UXq and analytic on D~ with

the property
(0> +0(z71), as z — 00,
1

1
( ) +0(z71, as z — oo,
. 0 ]
e"kxusrl)(fc,Z) _ ezkxu(f)(z,Z) i
0 L
(m;) +0(1), asz—0, ( : )*O(l)’ as 2= 0.
0

Note that the continuity and analyticity of the Jost solutions at the branch

require the extra condition on ug(x) — u; see Proposition 2.17.
Proof: We will prove these results in detail for Y,(l)(x, z). The analysis for the

other columns will be similar. The idea is to reproduce similar arguments as in
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2.3 Non zero boundary conditions at infinity

the proof of Proposition 2.17. We set w(x,z) = EZ'(2)Y_(x, z)e;. Similarly, it
follows that w(zx, z), will be the solution of the integral equation (2.3.13). Thus,
we can introduce its Neumann series as in (2.3.14). To prove that this series is
actually convergent, one can attempt to reproduce (2.3.15). Unlike in the case
above, k(z) does not assume real values when z is off the continuous spectrum.
Therefore extra conditions need to be imposed to obtain a useful estimate for
C(z,y,2). It turns out that if we consider z € D™, we can recover (2.3.15).
Recall that D~ is given by the grey regions in Fig. 2.1. Let z € D™, we have
that

IC(2,y, 2)|l. < |ldiag (1, e @) L B2 (2) L AQ- () Il | E- (2) .
< 2fuo(y) — u-fe(z),

where ¢(z) is given as in (2.3.16). As in the above proof, we would like to bound
the function ¢(z) above by a quantity that does not depend on z. Given £ > 0,

we introduce the following domain
Ds_ - D_\ [Bs(i%) U Be(—i%)} .

Let z € DZ. If |z| < qo, one can repeat the calculations (2.3.17)-(2.3.20) to obtain
that the function ¢(z) is bounded by c¢. given in (2.3.21). Note that one needs to
replace the equality in (2.3.18) by strict inequality. If |z| > qo, we first observe
the following symmetry
c(gg/2) = c(2).

Set 7 = ¢3/2. We see that in this case |7| < go. Therefore, one can again repeat
the arguments in (2.3.17)-(2.3.20) to get that ¢(7) is bounded above by c.. In
turn, this proves that ¢(z) is also bounded above by c¢. when |z| > ¢o. Thus in
both cases, we managed to bound ¢(z) by the same constant value independent
from z. From this, we use similar arguments as in the proof of Proposition 2.17 to
prove that the Neumann series defining w(z, z) will be absolutely and uniformly
convergent on P_ for all = € DZ. The continuity and analyticity properties

follow from the fact that the Neumann series converges uniformly and that each
1)

term of the series is continuous and analytic. The conclusions on p>’(z, z) follow

immediately.
To deduce the asymptotic behaviour, as 2 — oo and z — 0, we use the well-

known Wentzel-Kramers-Brillouin (WKB) asymptotic expansion of ey (x, z).
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

Let us start with the behaviour as z — co. We seek the following expansion
ke, (1) - fil) _(n+1)
e u_(x,z)—z > +0(z ), z—o0.
=0

where f;(z) are to be determined. We only need the leading term of this series.
Substituting this series into the equation (2.1.1), we obtain after some manipu-
lations

l

Z (fi(=))s _ (03 fo(x) = fo(x))z — §(U3f1<x) —h(@))

7
, 2 2
Jj=0

F Qo)+ 3 | Boafiae) + S

1

2

l

— = (o3fja(x) = fia(2)) + Q) f; (96)] (2.3.24)

2

Note that we expressed the equation (2.1.1) in terms of z to get the above ex-
pression. By matching the powers of 2z, we get from the coefficient of z and the
independent term that

o (! o (1 s = uly)?)dy
fole) <O> fi@) < o )

This gives the asymptotic behaviour as z — oco. Note that we used the value of
,u(,l)(x, z) at x = —oo to evaluate the constant and to integrate in the process of
computing fy and f;. For the case z — 0, one needs to consider the following

series expansion
eHe W (@ 2) = 3 Hgi(a) + 0", 20,
j=—1

where g¢;(z) are to be determined. Using similar arguments as in the case of
Z — 00, one gets

This completes the proof. [
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2.3 Non zero boundary conditions at infinity

Scattering coefficients Since U, is traceless, using Abel’s theorem, one de-
duces
det pe(x,2) =((2), z€ .

This means that p_(x, z) and py(x, z) are two fundamental matrices of the scat-

tering problem (2.3.3) for z € ¥y. Therefore, they must be related as
M+(I’, Z) = ,u_(m, Z)S(Z), z € EOa (2325)

where the matrix S(z) = (sij(2)),; ;< is called the scattering matriz associated
to ug(x). The entries of the scattering matrix S(z) are complex-valued functions
defined on ¥ and they are referred to as scattering coefficients associated with
up(z). Notice that we still obtain that the scattering matrix associated with wug(z)

is unimodular as in the ZBCs case
det S(z) =1, zeX,.

Proposition 2.20. Let ug(z) — us be an element of L'(Py). Then the scat-
tering coefficient sqa(z) (respectively, s11(2)) is continuous on DT U Xy and has
an analytic continuation on DT (respectively, is continuous on D~ U Xy and has
an analytic continuation on D~ ). Moreover, the scattering coefficients s12(z)
and s91(z) are continuous functions on 3 but do not have, in general, analytic

continuations in any region of the z complex plane.

-1

Proof: The columns of p_(z,2) = py(z,2)S(2)~" are given by

P (@, 2) = sma(2)pil) (2,2) = s (I (a,2), 2.3.26)
u_z) (x,2) = sll(z)uf) (x,2) — slg(z)usrl)(x, z).
By calculating the determinant of <,u(_1)(x, ), uf)(x, z)), one obtains
1
S99(z) = ——det (,u(_l)(x, ), ,uf)(x, z)) . (2.3.27)
¢(2)
Similarly, one gets
1
— (1) (2)
Sll(z) - C(Z)det (:u+ ($, z),,u, (33', Z)) : (2328)

The results for s11(2) and s92(2) follow from Lemma 2.19. Similar arguments are

used to obtain the results for s15(2) and s9;1(2). n
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

We can see from the above result that the scattering coefficients have poles at
the branch points, and this can be calculated explicitly; see Biondini & Kovacic
(2014).

Combining the expressions of s12(z) and sy1(2) in terms of the Jost solutions,

(2.3.27)-(2.3.28), and the asymptotic behaviours given in Lemma 2.19, we obtain
S(z)=1+0(z7") z— o0,

and
S(z) = diag(u—/uy,uy/u_)+0(1) z—0. (2.3.29)

Lemma 2.21 (Riemann surface symmetry). Let pu(x,t,z) be a solution of the
time-dependent scattering problem (2.3.3). Then u(z,t,—q2/z) solves the same
equation. In other words,

it —a3)2) = lo,t, 2) M, =), (2.3.30)
where M(t,z) is a constant matriz with respect to x.

Proof: The proof follows obviously from the fact that A(—¢2/z) = A(z2). =

Let z be a complex number such that |z| > qo, i.e. z, is located outside the
_ 2
% < qo, that is —g3/z is located within the

circle Cy. Thus, we clearly see that
circle Cy. Recall that the first copy (C;) of the Riemann surface is mapped into
the inside of Cy and the second copy (Cyp) onto the outside of Cy. This means
that

2 —@)zre= A= N, ke —k,

connects eigenfunctions associated with the spectral parameter on both copies.
Combining this with the NLS symmetry in Lemma 2.1, we have the following
result.

Corollary 2.22. Consider u(x) —uy € L'(Py). Then the scattering coefficients
satisfy

s11(2) = s55(2%), 2z €%, s12(2) = —s5(2%), z€3, (2.3.31)

u_ u
s11(2) = u—sgg(—qg/z), z€X, sp(z)= u—:sgl(—qg/z), z€X. (2.3.32)
+ —
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2.3 Non zero boundary conditions at infinity

Proof: Suppose that z € 3. A straightforward calculation will show that the Jost
solutions 4 (x, z) satisfy the following two symmetries

pa(,2) = (i) pl (z, 2%) (io2) ™Y, pe(z,2) = éui(x, —q3/2)03Qx, z€X. (2.3.33)

These symmetries can be written in terms of the scattering matrix as
S(2) = (i02)S* (") (i2) ™Y, S(—a2/2) = 03@_S(2)(03Q4) "}, zE.  (23.34)
Elementwise, the first equation in (2.3.34) gives
s11(2) = s55(2%),  s12(2) = —s5,(2%), z € . (2.3.35)

Similarly, the second symmetry in (2.3.34) gives
u_ u
s11(2) = u—sgg(—qg/z), s12(2) = u—:sgl(—qg/z), z €Y. (2.3.36)
+ —

This completes the proof. [

Unlike in the case of ZBCs, the continuous spectrum, in this case, is not just
R, it contains a region in the complex plane. This explains why we need to keep
track of the complex conjugate in the symmetry between s15(2) and s9;(2).

As in the ZBCs, we say that z € C\X is an eigenvalue for the operator £
if its eigenfunction is an element of L? (R, C?). We denote by X* the set of all
z € C\X with such a property. The discrete spectrum for the operator £, in this
case, is

K=K"uX".
Owing to the relation (2.3.27), one can easily deduce that the set of zeros for the
scattering coefficient sgs(2) coincides with K*. The same correspondence can be
drawn between X~ and the set of zeros for s11(2) using (2.3.28).
Let ug(x) be such that ug—u+ be an element of L'(P.). Then, in the remaining

part of this section, we assume the following:
e The scattering coefficients s11(2) and s93(z) do not vanish on ¥;
e X~ and X' have finite number of elements.

We will follow the terminology used in the ZBCs case: potentials that admit
the above properties of the scattering coefficients s11(z) and sq5(z) will be called

generic.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

Definition 2.23. The reflection coefficients, denoted r(z) and 7(z), are complex-

valued functions defined as

— C
N s12(2)

r: » — C >
z s11(2)

521(z) Y

4 —
s22(2)

Norming constants Let N be a positive integer. Assume that ug(x) is a
generic potential. For each 1 < n < N, let z, € DT UCT be a zero of sg(z).
That is s22(2,) = 0. Then by taking into consideration the first symmetry in

(2.3.32), we see that —u2/z} is also a zero of sg()). This means that
Kt ={21,20,...,2n, —ug /25, —ug /25, ..., —ud/zn}
From the first relation in (2.3.31), we have

K- ={2,25,... 2, —ud/z1, —ul/ 2z, ..., —ud/2n}

Set
§n = Zn, gn—&-N:_U(Q)/Z;, n=1,...,N.

Thus, Eq. (2.3.27) implies

p(2,6) = 1(E)nP (., (2.3.37)

where v(&,) is the proportionality constant. The norming constant associated to

7(&n) is given by
7(&n)
c(n) = :
S9(&n)
We will use both depending on our needs. Similarly, the first equation in Eq.
(2.3.28) implies

1 (2,60 = 1 (@, ). (2.3.38)
In turn, we have -
o
=g

The zeroes and norming constants together form the so-called discrete scattering
data.
Explicitly, the second relation in (2.3.33) gives

Tl u
W (@ 2) = —u (@, —ud /), nP(@2) = e —uf2), zex. (23.39)
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2.3 Non zero boundary conditions at infinity

Replacing Eq. (2.3.39) in (2.3.37) and (2.3.38), we get

1D (@, —ud) ) = (s Ju )y (2l (@, —u2)22),
1P (@, —ud ) z0) = (up Jut )y (2l (@, —ud ) 2),
that is
Y(—ud/=s) = (' Ju_)y(z5) and y(—ud/z,) = (us/u )y(z0). (2.3.40)

Using the first relation in (2.3.33) and (2.3.40), one can easily prove that

(&) = —v(&)" and ¢(§;) = —c(&n)”

Note that, differentiating the first relation in (2.3.36) and using (2.3.35), one
obtains

sha(—p/2,) = (2, /1) (u— /1y ) (5 (20))"
Hence, we get

c(—up/z,) = —(uo/z,)* (W} /ui)(c(zn))".
Using the same argument as in the ZBCs case, the scattering coefficient sq5(2)
has the following explicit form

2N

s22(2) = H Ez : Z; exp <_21m /E log (1 +CT_(C;T*(<*))dC> , ze€Dt. (2.3.41)

Note that the scattering coefficient sq1(z) admits a similar expression. Taking the

n=1

limit of this equation as z — 0, and combine the result with the limits in (2.3.29)

one obtains the so-called theta condition

U\ NS g (oo L[ o (L r(Or(¢)
arg(a)—ll; g (zn) + / d¢. (2.3.42)

om Js; ¢

This gives the phase difference at both infinities.
Now, we can define the direct map. We will use the same notation as the one
we defined in the case of ZBCs.

Definition 2.24. Consider a generic potential ug(x) such that ug—uy € L*(PL).

Let S be the map that associates to ug(x) its scattering data, namely

S+ {uo(@)} = {r(2) (eusclen)rcsen

where r(z), z, and c(z,) are defined as above.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

2.3.2 Inverse problem

Now, we will discuss the inverse problem. As in the case of ZBCs, we state the

following general results, see Biondini & Kovacic (2014).

Theorem 2.25 (RHP with NZBCs). Let r be a function defined on ¥ and
(zn,c(2n)) € (DT NCT) x (C\{0}), for each n = 1,...,N, be given such that

the following normalised Riemann-Hilbert problem
e Analyticity. m(x,t, z) is analytic in C\ (¥ U X);

e Jump condition. It has continuous boundary values m*(z,t, s) = limm(x,t, 2),
zZ—S

s € X, satisfying the jump condition
m*(z,t,8) =m™ (z,t,s)v(z,t,s), s€E, (2.3.43)
where the jump matrix is given by

L+ |r(s)|? —r(s)*e 2067
Jt,8) = . , O(s)=k + 2X(s)t);
of.t,5) (_ms)ew@ ) (5) = Ks)a + 290
e Residues. m(z,t,z) has simple poles at &,,&: forn = 1,..., N, and the
residues are given by

0 0
Resm(x,t,z) = lim m(z,t, z . , 2.3.44
2=tn (,8,2) 2—én (,1,2) (c(én)e%"(wvt’fn) 0) ( )
0 —c(g, ) e2i0E)
Resm(z,t,z) = lim m(x,t, z) clen)"e ; (2.3.45)
z=E, z2=E5 0 0

e Normalisation.
m(z,t,2) =T+ 0(z""), z— o0

m(z,t,2) = (i/2)03Q+ + O(1), z—0,

has a unique solution.

Now, let us consider ug(z) such that vy — uy € L'(P1) with the map S be
given as in Definition 2.24. It follows from (2.3.25) that

Yi(x,2) = Y_(2,2)e "5 (2)eo 2 € X (2.3.46)
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2.3 Non zero boundary conditions at infinity

By regrouping the term with an analytic continuation into the same region of the

complex plane, one gets

m*(z,z) =m (x,2)v(x,2), z€,

where
YWY (z,2) Y3 (z,2)
mt(z,2) = —2Z YD, 2) ], m(z,2) =Y, 2), —2 |,
<>(822(2) O ) mon) = (V05
Lt )R —r(ye )
vz, 2) = ( 26(2) ’

—r(z)e 1

Define

mz, ) = 4™ @3 2EDY (2.3.47)
m-(z,z), z€D.

Lemma 2.26. The 2 x 2 matriz functions m(z, z) defined in (2.3.47) solves the
Riemann-Hilbert problem with NZBCs at time t = 0. Moreover, the map

P:{r(2), (zn, c(zn)1<n<n) } = {uo(x)}
defined by

up(x) = —i lim 2z (m(z, 2)),,, (2.3.48)

Z—00

1s the inverse to S.

2.3.3 Time evolution

Using the same arguments as in the case of ZBCs, one gets the following time

evolution of the scattering data by
r(t,2) = r(2)e*™M F(t,2) = F(2)e M

c(t, zp) = C(Zn)e4z'l<r(zn)k(zn)t7 clt,z}) = C(Z*)e—4ik(zfl)/\(z;"b)t.
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2. REVIEW OF THE INVERSE SCATTERING TRANSFORM

2.3.4 Reflectionless potentials
Assume that the reflection coefficient is identically zero. In this case, the solution
of the above RHP can be written as

2N Resm(m t,z)  2n Resm(x,t,z)

(9515z)—]IjL(/z03624;1—2/27"_£ +ZZ£nZ_

Recall that, using (2.2.44), one has
Resm (.1, ) = |e(€.)e™" @Y (w,1,6,).0]

ZReEsm(:E t,z) = [ a—C(fn)*e_m(gmyf)(%t,f;)} :

Given Yi(l), we denote by Yi(u) and Yfl) its first and second entries, respectively.
Given @f ), we denote by Yim and Yf” its first and second entries, respectively.
The time-dependent version of the reconstruction formula, we have

w(m,t) =uy —i Y c(A) e 20Oy M (2t A7), (2.3.49)

WE

n=1

One can evaluate the second column of the above at z = &,,, obtaining

VOnn6) - (3 - S Ay )
1 k=1 &n = &k
forn =1,...,2N. In the same way, one evaluates the first column at £’ to obtain

YO (e, t,67) = (; ) + Z Mym(m &),

& Ut = S
for n = 1,...,2N. Note that one needs only the first component of the eigen-

function to recover the potential. Therefore, we get

: é- e 2i60(&;
Y+(12)(x,t,£j)—gU+ Z—( 2_ Y (21,6, j=1,...,2N,
J k=1 J k

210 (&)

Y (z,t,€) 1+Z 5*_5] Y (2, t,6), n=1,...,2N.
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2.3 Non zero boundary conditions at infinity

Hence, for n =1,...,2N, one obtains
2i0(&5)
v (z,t,€5) —1+27Y“2)( 4 E5)
=
1e20(&5) | 4 2N *,—2i0(£%)
gy deee) 5* —— Lw - %Yim(m,s@]
j=1 n J k=1 k
c(€)e?0E) 2N ) e—2i0(€5) )e2i0&) (11)
=1+ — At Y &)
Z“*Z G & 2| Z sn &)(5; oy | Ve @)

Introduce,

X =(X1,....,Xon)", B=(Bi,....,Bon)t, M=1I+ (An k)1 <ppzon -

where
11 229(5]
Xn:Y+( )<l’,t,§;)7 B, _1+ZU+Z

A L = * —219(§k)z 2Z9(£J) .
" 5* 5])(55 &)

The above algebraic system takes the followmg form

MX = B.

The solution of the system is given by X,, = detM!/detM for n = 1,...,2N,
where
M:th - (Ml,...’...’MrnfljB7Mrn+1’...,M2N).

After substituting X in the reconstruction formula (2.3.49), one obtains

w(z,t) = uy + i%, (2.3.50)
where
(3 )
with

H=(hi,....han)" = (c(&)e WED (e 29(52N))
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Chapter 3

Integrable boundary conditions

3.1 Characterisation of integrable boundary con-
ditions

The study of initial-boundary value problems (IBVPs) for nonlinear PDEs that
can be solved by the IST goes back to the 70s. Recall that the IST (see, Chapter
2) is used to solve a class of nonlinear PDEs! given on the full-line, that is
—00 < x < 0o. Motivated by the similitude between the IST and the Fourier
transform [see, Ablowitz, Kaup, Newell & Segur (1974)], Ablowitz & Segur (1975)
studied nonlinear integrable PDEs on the half-line by constructing an odd/even
extension of the potential to the full-line. This extension allowed them to use the
well-developed IST machinery to solve the Cauchy problem. An even extension
led to solutions that satisfy Neumann boundary conditions (BCs) at x = 0,
while an odd extension led to Dirichlet BCs. Note that for this approach to be
successful, the nonlinear integrable PDEs of interest must have an even linearized
dispersion relation. For instance, the linear version of the NLS equation (1.1.1),
that is,

iut + Upy = 0,
admits w = k? as dispersion relation, where k is the wave-number and w the

wave frequency.

An important step towards a rigorous characterisation of BCs that can pre-

I'Nonlinear PDEs that admit a Lax pair representation.
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3. INTEGRABLE BOUNDARY CONDITIONS

serve the integrability of a given classical system was made in Sklyanin (1987).
It is worth mentioning that interesting universal nonlinear equations from math-
ematical physics, for instance, the NLS equation (1.1.1) or the KdV equation
(2.0.1), admit a Lax pair formulation' but they can also be seen as an infinite-
dimensional Hamiltonian system, see for example Faddeev & Takhtajan (2007).
Sklyanin used both the Hamiltonian and the Lax pair formulation of integrable
classical systems to lay out his approach. In the context of this work, we will
only focus on the Lax pair side of his formulation, which will be illustrated in the
case of the NLS equation (1.1.1).

Let U(x,t,\) and V(z,t,A) be the Lax pair of the NLS equation given in
(2.1.3) and (2.1.4), respectively. The time-dependent version of the central equa-

tion in Sklyanin (1987) is given by the following zero curvature boundary condition

OK(t,\) =V (0,t, =N K(t,\) — K(t, \)V(0,t,\), (3.1.1)
where K(t,\) is an unknown 2 x 2 matrix and referred to as reflection matriz.
Solutions K (¢, A) of (3.1.1) produce integrable BCs at the origin # = 0 for the NLS
equation. By integrable we mean that we can use equation (3.1.1) to construct
an infinite number of conserved quantities; see the examples below. Originally,
Sklyanin (1987) only considered the time-independent version of the reflection
matrix K, i.e. the LHS of equation (3.1.1) was zero. The time-dependent version
of Sklynin’s equation given in (3.1.1) was introduced in Bowcock, Corrigan, Dorey
& Rietdijk (1995).

Let ¥(z,t,\) be a matrix solution for the auxiliary system (2.1.1)-(2.1.2). The

zero curvature boundary condition (3.1.1) means that
U(0,t,—N) = K(t, \)¥(0,t,\). (3.1.2)

Definition 3.1. Boundary conditions are said to be time-dependent if their re-
flection matriz satisfying (3.1.1) is time-dependent. Otherwise, they are said to

be time-independent.

To construct conserved quantities in the presence of integrable BCs on the
half-line we can use the same approach traditionally adopted on the full-line. We
start by recalling the construction of conserved quantities on the full-line; see for

example Caudrelier (2008) for more detail.

"'We saw this in the case of the NLS equation in Chapter 2.
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Conserved quantities on the full-line Consider a vector-valued solution

of the auxiliary system (2.1.1)-(2.1.2) associated to a potential in 8(R). Define
L.t \) = a(@, t, Y7 (2,1, ).

For convenience, we will drop out the arguments z, ¢, \. A direct calculation from

(2.1.1) yields the following Riccati equation for I'
I, =2\ —u* — ul? (3.1.3)
For convenience, we rewrite the matrix V' defined in (2.1.4) as
V_<mlmﬁ'
Var Vo
Since we are in the case of ZBCs, we have

diag(Vi1, Vaz) = —2iX%03, Via, Va1 — 0, as z — +oo. (3.1.4)

Entries (11) and (12) of the zero curvature condition (2.1.5) for the NLS equation

are given by
uVor +uVio — (Vi) =0, wr — (Vi2)e — 2iAVig + 2uVay = 0, (3.1.5)
respectively. From (2.1.2), it follows that
[y = Vo — 2V T — ViuoI2, (3.1.6)
Recall that an expression of the form
D+ F,=0

is called conservation law. The quantity D is known as the local conserved density,
and F' is called the flux. Every conservation law defines, under a suitable choice

of boundary conditions for F'(t), the conservation of an integral of D:

/D F(a) - F(b),
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3. INTEGRABLE BOUNDARY CONDITIONS

where a and b represent the boundaries of the domain of integration. As we will
shortly see, we can also have a = —oo and b = +o00.

One has the following straightforward manipulations

(ul)y = u, I 4 ul’y
= ((Vi2)z + 2iAVig + 2uVi)T 4+ u(Vay — 2V T — VioI'?), see (3.1.5) and (3.1.6),
= (Vig)ol + (Tp + u* + ul'?)Vip + uVa — uVypl™
= (Vi2l)z + u™Vig + uVy
= (Vial' + Vi1)4, see (3.1.5).

Thus we have obtained a conservation law for the NLS equation (1.1.1). Under

the assumptions (3.1.4), we obtain that

+o00
I= / ul'dx (3.1.7)

o0

is conserved in time. This integral is referred to as a generating function for

conserved quantities. Note that I' admits the following asymptotic expansion

(3.1.8)
n=1
where
Ty =—u', Top=0)etu) Tilhy, n>1 (3.1.9)

Expressions in (3.1.9) are obtained by replacing the series expansion of I" in the
Riccati equation (3.1.3). Therefore, the terms of this series define conserved

quantities, and we have an infinite number of them

+oo
I, = / ul'pdz, n > 1. (3.1.10)

o0

There is a correspondence between the existence of the above infinite number of
conserved quantities with the complete integrability, in Liouville’s sense, of the
NLS equation (1.1.1) seen as a Hamiltonian system Faddeev & Takhtajan (2007).
This is why the NLS equation (1.1.1) is called integrable.

We will now discuss two interesting examples of integrable BCs at = 0, and

we will also illustrate the construction of their conserved quantities. We restrict
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3.1 Characterisation of integrable boundary conditions

ourselves to the half-line. This means that every other object that involves the
potentials will also be restricted on the half-line, for instance, the Lax pair (U, V)

and the auxiliary system associated with it.

Examples of integrable BCs In the case of time-independent version of equa-
tion (3.1.1), one can only obtain a family of diagonal reflection matrices Sklyanin
(1987)

K(t,A\) = Aoz +iall, «a€R, (3.1.11)

which leads to the well-known Robin boundary conditions
uz(0,t) 4+ 2au(0,t) = 0, (3.1.12)

where u(x,t) is solution to the NLS equation (1.1.1). Thus, following the ter-
minology introduced in Definition 3.1, Robin BCs are time-independent. The
construction of an infinite number of conserved quantities in the case of Robin
BCs (3.1.12) was addressed in Caudrelier & Zhang (2012). Since we are dealing
with equations defined on the half-line, it is clear that the generating function
(3.1.7) will no longer be conserved in this case because we need to take into ac-
count the contribution from the boundary. Caudrelier & Zhang (2012) found that

the correct generating function, in this case, is given by
1 o
I(t,\) = 5/ w(z, t)(C(x, t,\) — D(x, t, =) dz, (3.1.13)
0

where [' = 910 L and Y12 are the first and second components of the vector
solution v satisfying the auxiliary system (2.1.1)-(2.1.2). Notice that now I' is
defined only on the half-line. From this we can follow (3.1.8)-(3.1.10) to write
down all the conserved quantities.

Another example is the following. Let wu(z,t) be the solution of the focusing

NLS equation (1.1.1). Consider the reflection matrix defined as

1
A= B + a2

K(t,\) = (4N — LNH(t) + o® + %) , (3.1.14)

with

(£ = u(0,1)]? u(0,t)
H(t) = ( (0.1 LT |u(0’t)|2> , (3.1.15)

57



3. INTEGRABLE BOUNDARY CONDITIONS

where o and [ are real parameters characterizing the BCs. The normalisation
of K(t, ) is chosen so that K~1(t,\) = K(t,—\). Without loss of generality, we
can fix o, f > 0. With this choice of the reflection matrix K, equation (3.1.1) is
equivalent to the following BCs at x = 0

iuy = (o 4 B2)u — 2uPu £ 2uz/a? — |ul?. (3.1.16)
Note that the BCs (3.1.16) can equivalently be written as follows, by continuing

u and its derivatives to x — 0 and using equation (1.1.1),

Upe + (0% 4 BPu % 2up/a2 — |ul? = 0. (3.1.17)

The choice of sign in (3.1.16) corresponds to the ones in (3.1.15). Equation
(3.1.16) defines time-dependent integrable boundary conditions at = 0 for the
NLS equation (1.1.1).

Boundary conditions (3.1.17) correspond to the third boundary condition
studied in Khabibullin (1993) by a completely different method (the symmetry
approach). Note that the reflection matrix (3.1.14) was derived first in Zambon
(2014), again using a different method (the Bécklund transformation approach
to integrable boundaries and defects). The BCs (3.1.16) represent the continuous
limit of those found in Caudrelier & Crampé (2019), in the same way as the NLS
equation is the continuous limit of the Ablowitz-Ladik model.

We now turn our attention to the construction of conserved quantities to
justify the fact that these BCs are integrable. This was explained in detail in
Caudrelier, Crampe & Dibaya (2022). The generating function is given by

It N) = I(t,\) — K(t,\),

where

K(t,\) = %m (Ki1(t, A) + Ki2(t, MT(0, ¢, 0)), (3.1.18)

and I(t, \) is defined as in (3.1.13). Indeed, a direct calculation using the auxiliary
system (2.1.1)-(2.1.2) yields

O(ul’) = 0, (Vi1 + Vial'). (3.1.19)
This can be used for I'(z,¢,\) and for I'(z,t, —\) to yield
DIt M) :%( — (Via(0, £, A) + Vaa(0, £, \L(0, £, )
+ (Vi (0,8, =X) 4+ Vi2(0, ¢, =N)T(0, ¢, = X)) .
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3.1 Characterisation of integrable boundary conditions

We now use (3.1.2) to obtain
[(0,t, =) = (K1 (t, A) + Koo (t, (0,8, X)) (K11 (¢, A) + Kio(t, MT(0,¢, X))

and we use (3.1.1) to eliminate V11(0,¢, —\) and Vi2(0,t, —X). We get, after some
cancellations

I (t, ) :é <atK11(t, A) + 0 K12(t, M)T(0, ¢, >\)> (K11 (t,\) + Ki2(t, \T(0,£,A) 7!

1
+ §K12 (t, )\) <V21(0, t, /\) — 2)\V11(0, t, A)

-1
— V12(0,£, \)T2(0, ¢, /\)) (Kll(t, A) + Kio(t, V)0, ¢, /\)> :

It remains to note that (2.1.4) implies the following Riccati equation in time for
r

OT(0,8, ) = Vo (0,8, A) — 2AV11(0,, \) — Vi (0, ¢, M)T2(0,¢, N) .
With this, we deduce

OI(t2) = %at In (K1 (£, \) + Kia(t, ND(0, £, 3)

This shows that 0,1(¢, \) # 0 but leads naturally to introduce K(¢, \) as in (3.1.18)
and
I, N) =0 (I(t,\) —XK(t,\)) =0, (3.1.20)

which shows the announced result.

We can then construct all conserved quantities following the procedure de-
scribed above. Therefore we have proven that the time-dependent BCs (3.1.16)
are indeed integrable.

Let us remark that for Robin boundary conditions, since K is diagonal and
time-independent (see Eq. (3.1.11)), Ki5(t, A) = 0 and Ki1(t, A) = A, the previ-
ous equation simplifies and shows (¢, A) is the generating function for an infinite
number of conserved quantities without needing X(¢, ). However, for the time-
dependent boundary conditions we are discussing here, this is not the case and
K(t, ) is indeed time-dependent and exactly compensates for the loss of conser-
vation in time of I(¢, A). We will illustrate this point with a concrete example in
subsection 4.1.3. Integrability holds for the system “half-line+boundary” while
the half-line only can be thought of as being an open system coupled to a bound-

ary that acts as a reservoir.
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3. INTEGRABLE BOUNDARY CONDITIONS

3.2 Solution methods

Sklyanin’s approach to integrable boundary conditions did not say anything about
how to construct solutions. Solution methods to IBVPs for integrable PDEs with
integrable boundary conditions developed rather independently. However, we
will see that there is a profound connection between the solution methods and
Sklyanin’s approach to integrable boundary conditions.

We have already mentioned the work by Ablowitz & Segur (1975), which can
be seen as a first step towards solving IBVPs for nonlinear integrable PDEs. The
second important step forward was made in the original work by Khabibullin
(1991).

In his work, Khabibullin (1991) puts forward the use of Bécklund-Darboux
matrix to map IBVPs on the half-line to Cauchy problems of the same nonlinear
PDE. In this way, one can use the IST to solve the Cauchy problem on the full-
line and the solution to this will satisfy automatically certain boundary conditions
at x = 0. Khabibullin (1991) ideas were successfully implemented by Bikbaev
& Tarasov (1991) to solve the IBVP for the NLS equation (1.1.1) with Robin
BCs (3.1.12). This led to several subsequent interesting results; see for instance,
Tarasov (1991), Biondini & Hwang (2009), Caudrelier & Zhang (2012), Biondini
& Hwang (2009) and Biondini & Bui (2012). In Biondini & Hwang (2009), this
method was referred to as nonlinear mirror image; we will keep their terminology
in this work as well. Recently, Deift & Park (2011) have studied rigorously the

nonlinear mirror method using the language of Riemann-Hilbert problems.

Motivated by some limitations of the nonlinear mirror image method, for
instance, the difficulty in dealing with dispersion relations of odd degree, as in
the Korteweg-de Vries equation, Fokas and several co-workers developed another
solution method. This method is called the unified transform or Fokas method,
which does not rely on mapping the problem to a full line problem. Instead,
the idea is to perform the simultaneous spectral analysis of both parts of the
auxiliary problem associated with the Lax pair of the given integrable PDE on
the half-line.

In the next two subsections, we will discuss the nonlinear mirror image method.
Afterwards, we will briefly outline the unified transform as it is not used in our

work. For both methods, we will only consider the focusing case of the NLS
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3.2 Solution methods

equation (1.1.1), that is k = —1.

3.2.1 Backlund transformation approach to BCs

Let ¥(x,t,\) be any fundamental solution of (2.1.1) and (2.1.2) associated to a
potential Q(z,t) on the full-line. Define

U(z,t,A) = L(x, t, \)W(x,t,\),

where L(z,t,A) is a 2 X 2 matrix function. A direct calculation shows that the

new eigenfuction ¥ satisfies

\T/J; =0V = <—i)\03 + @) (Ivl,
- o~ - _ _ (3.2.1)

U, =V .= (—2i>\203 + 200 — iQu04 — iQ203> 7,
where @ is a 2 x 2 off-diagonal matrix with similar structure as @), if and only if,

the matrix function L(x,t, \) is a solution of the following differential equations
L,=UL-LU, L,=VL-LV. (3.2.2)

From the zero curvature condition of (3.2.1), we see that the (12) entry of Q
solves the NLS equation (1.1.1). This means the matrix L obtained as solution
of the differential equations in (3.2.2) induces a Bdcklund transformation for the

NLS equation or equations of the type (2.1.1). We can write that
Qla.t) = Q(x,1).

The matrix function L is known as the Bdacklund/Darbouz matriz.
The key observation made in Khabibullin (1991) was that if

Uz, t,\) = —=U(—x,t,—N), V(x,t,\) =V(—x,t,—)\), (3.2.3)

then it follows from the second equation in (3.2.2) that the solution to the NLS
equation satisfies some boundary conditions at = 0. Note that to implement
successfully these ideas, one needs to construct an appropriate Backlund matrix
L that can lead to (3.2.3). This was achieved for the first time in Bikbaev &
Tarasov (1991) for the NLS equation with Robin BCs, and it is essentially what
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3. INTEGRABLE BOUNDARY CONDITIONS

the nonlinear mirror image method is about. We will review this in detail in the
next subsection.

In Caudrelier & Crampé (2019), it was observed that under the assumption
(3.2.3), the second equation (3.2.2) is exactly the Sklyanin’s criterion for inte-
grable boundary conditions (3.1.1) if one takes

L(0,t, ) = K(t,)), (3.2.4)

where K (t, A) is the solution of the time-dependent version of Sklyanin’s equation
(3.1.1). It is worth stressing again that Sklyanin (1987) original equation did
not involve time-dependent reflection matrices, that is 0,K (¢, \) = 0. Thus his

approach seemed at first different from the one initiated by Khabibullin (1991).

3.2.2 Nonlinear mirror image method for time-independent
BCs

In this section, we will construct a Backlund matrix L that will allow us to
generate Robin BCs (3.1.12) at the origin. In light of the connection made in
(3.2.4), we must have

L(0,t,)) = K()\) = Ao + ia.

To construct such L, we will fix the time parameter at ¢ = 0, and then obtain it
as the solution of the first differential equation in (3.2.2). Afterwards, the time
evolution of L must be compatible with the second equation in (3.2.2) in order
to obtain a useful Backlund transformation.

Let u(z) be a complex-valued function on R, and define

B 0 u(z)
Q(z) = (_u*(x) ) ) (3.2.5)

We may have the case u(z) defined on R*. This matrix Q(z) can be seen as
the one defined in (2.1.3) at a fixed time, say ¢ = 0. Thus, we will sometimes
refer to it or its entries as potentials. In what follows, we will use u(x) and Q(z)
interchangeably. Let A(x) be a matrix function, we say that A(x) belongs to
8(R) [8(Ry)] if all its entries are elements of §(R) [8(R+)]. In the sequel, unless

otherwise stated, every time we consider a matrix or vector solution of (2.1.1),
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it should be associated with the potential above. The results we present in this
section can be found in Bikbaev & Tarasov (1991) or Deift & Park (2011). We
have also enhanced some proofs following Caudrelier, Crampe & Dibaya (2022).

Consider the following 2 x 2 ordinary differential equation (ODE)

Pm = (_Q+i[a37P03]>P_PQ7

(3.2.6)
Py=P(0) =ia, a€ R

Lemma 3.2. If Q(z) € 8(R), the ODE (3.2.6) has a unique solution on R. In
particular, if Q(z) € 8(Ry), (3.2.6) admits a unique solution on R.

Proof: Assume that Q(z) € S(R). Let Wo(z, \) = <\IJ(()1)(9:, \), 0 (z, A)) be the
solution of (2.1.1) such that ¥y(0,\) = 1. The differential equation in (3.2.6)

can be rewritten in a matrix commutator form as
(Po3), = [—Q + to3Pos, Pos] .
It is convenient to work with Pj(x) = P(z)os, that is
(P1)e = [-Q +ios Py, P1]. (3.2.7)
Obviously, we have P, = P;(0) = iao3. We seek a solution of the form
Pi(z) = H(z)P,(H(z))™", (3.2.8)

for some invertible matrix H(x) such that H(0) = 1. Substituting (3.2.8) into
(3.2.7), we get
(Py), = [H,H™', Pl

Thus, we have
[M(ZL‘), HPloH_l] =0,

where

M(z)=H,H ' — (-Q+iosHP,,H").

In turn, this implies that H(x)"'M(z)H(xz) = D(x) is a diagonal matrix. The
matrix H is not uniquely defined and it is always possible to consider the trans-
formation H — Hh where h is an invertible diagonal matrix without changing
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3. INTEGRABLE BOUNDARY CONDITIONS

P;. We use this freedom to choose h such that h, = —Dh and set ¢ = Hh, with
the conclusion that

Pi(z) = p(z)Pryp(x) ™"
where ¢ is a nonsingular (or fundamental) solution of

r = 1030 P1, — Q. (3.2.9)

Writing ¢ = (1, p2) where ;5 are the column vectors of ¢, we see that

012(x) = (=iho3 — Q)p1, Y2 () = (—iAjos — Q)p2, Ao = —ia.

This means that

#(2) = (1), ¢2(2)) = 73 (W (2, 20), W (2, X))
Recall that 0_1 = —ioy. Since Uy(z, A) is a solution of (2.1.1), it satisfies the
symmetry in (2.1.7):

iUz\IIQ(JT,)\*)*(iUQ)_l = qfo([lf,)\), (3210)

for any A. Note that we have taken into consideration the normalisation of
Uo(z,A) at © = 0. The second column of equation (3.2.10) evaluated at Aj
reads

U (2, A5) = —ioa WS (2, \o)*.

Thus Pi(z) is given by Pi(z) = ¢(z)P,¢(x)!, where the matrix p(z) can be
| &l@) &)
Plo) = <—52($) —'51(37)*) 7
where (& (), &(2)" = \I/(()l)(ac7 Ao). In turn, we have

_ i &1(2)]? = |&2(2))? 261 (2)éa ()
) '51@)'2*'52(@'2( 21 (2)Ea(a) —(\51<x>|2—|52<x>\2)>' 3241

Since det ¢(x) # 0 for all z € R, then P(z) defines the global solution for (3.2.6).
The case @) € 8(R4) is similar. n

written as

P(x)

Lemma 3.3. Let Q(z) € 8(R) and P(x) be the solution of (3.2.6). Then P(x) —
ify as T — +oo such that % = a?.
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Proof: Consider a > 0. The analysis for the case o < 0 is similar. Let A € C*.
The differential equation (2.1.1) admits a non-unique 2 x 1 solution g(x, A) on
R_ such that

g(w, A) = e [r(, A), vl N
where [r(2, \), v(z, A)]" is a column vector that goes to e, = (0,1)7 as 2 — —o0.

For any u(z) € 8(R), fix 9 < 0 such that ||u11(—scz) < 1/2. Note that r(z, )

and v(z, \) satisfy the following differential equations
Ty + 20\r = uwv, v, = —u'r.

The trick here is to fix r(z, ) and v(z, ) at two different points of (—oo, x¢):

Zxo . x
r(2A) = — / ANy (yu(y, Ny, vz, ) =1 / )y Ndy, @ < .

— 00

Now, we can replace the second equation into the first and change the order of
integration:

T To ) T z .
/ / e2AE=W o (yhu(2)v(z, \)dzdy = / / eZAEV o (y)u(2)v(z, N)dydz.
—co Jy —o00 J —o0

This leads to the following Volterra integral equation for v(z, \)
v(x,\) =1 —i—/ K(z,N)v(z,\)dz,

where the kernel K(z,\) is given by

z

K(z,\) = u(z)/ 2=V () dy.

—0o0

Thus, one has

[u2)]
K (2, 0)] <

From this point, one can introduce the Neumann series of v(z, ) as we did in
the proof of Proposition 2.2. Thus, we have proved that the Neumann series is
actually absolutely and uniformly convergent on (—oo, zo|, which we can extend
to R_.

Recall that A € C*. It is clear that ") (x,\) and g(x, \) are linearly inde-
pendent, where \Il(_l)(x, A) is the first column the Jost matrix solution ¥_(xz, \);

see Chapter 2. Note that since o > 0, we can write

\D(()l)(x, i) = 01‘11(,1)(93,20) + cog(z, i), (3.2.12)
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where ¢y, ¢y are constants. If the second component of \If(,l)((), i) vanishes, then

(1) Sa(x)

we must have ¢ = 0. Thus ¥’ (z,ia) = cl\Il(_l)(x,ia), that is, &2 — 0 as

xr — —o0. In turn, we have
P(z) - ia, asz — —o0.

However, if the second component of \If(,l)((), i) does not vanish, we have that

\If(gl)(x,i&) ~ e %% [p(z,ia), v(x,ia)]". Again, we get
P(z) - —ia, asz — —o0.

The above calculations can be summarized as follows: P(x) — if_ as x — —o0,
where $_ = « when the second component of \Il(_l)(O, i) vanishes and - = —«
when the second component of \I/(_l)(O, i) does not vanish.

When it comes to the limit as x — 400, one needs to consider solutions on

R, . Equation (2.1.1) admits the following solution on R
Wz, A) = e [7(w, \), o(z, M)

such that [F(z, A),o(z,\)]" is a column vector that goes to e; as & — +oo. The
construction of h(x, A) can be done as the one of g(z, \) above. Using the same

argument as above leads to:
P(z) = ipy, asx— +o0,

where 5, = —a when the second component of \I/f)(O, i) vanishes and f, = «
when the second component of \I/Sf) (0,icr) does not vanish. Note that \I/(f) (x,\)

is the second column of the Jost matrix solution ¥, (z, A). n

Potential transformation. Given a potential Q(z) as above, let P(z) =
(Pij)1<; j<o be the solution of (3.2.6). Set

4oy (z)6a ()"
1&1(2) 2 + |Ea()[*

From the explicit expression of P(z) given in (3.2.11), one has pia(x) = pi, ().

u(z) = —u(z) — 2ip12(x) = —u(x) +

Thus, we have

Qla) = ( " ﬂ“)) — —Q +ilos, Px)os). (3.2.13)
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Note that from the above result, the new potential @(az) is also a Schwartz func-

tion. We define the following Backlund matrix
L(xz,\) = \os + P(z). (3.2.14)

The differential equation satisfied by P(x) is equivalent to L(z, A) solving the

familiar gauge transformation equation

L.(x,\) =U(z,\)L(z,\) — L(z, \)U(z, \), (3.2.15)

where U(z,\) = —iAos + Q(z). Note that this is the time-independent version
of the first equation in (3.2.2). In turn, this ensures that if ¥(z, A) is a solution
of (2.1.1), and we define

U(z,\) = L(z, \)W¥(z, \), (3.2.16)

then U(z, \) solves

U, (x,t) = Uz, \)U(x, \). (3.2.17)

We introduce the following important definition.
Definition 3.4. Let Q(z) be complex-valued and defined on R as above. The map
Lo:Qr— Q= La[Q),

is called the Bdcklund transformation (BT) of Q(z) with respect to o If Q(x) is
defined on Ry, the map LE : Q — Q= LE[Q] is called the Bicklund transforma-
tion of Q(x) with respect to a. We will use the same terminology and notation
at the level of the entries u(x) and u(x).

We will now study some properties of these maps.
Lemma 3.5 (Deift & Park (2011)).
1. If Q(z) € $(R) then RL,RL,[Q] = Q,
2. If Q(x) € 8(R*) then RLE[Q](x) € 8(RF) and RLTRLE[Q] = Q.

where R[Q](z) = —Q(—x).

67



3. INTEGRABLE BOUNDARY CONDITIONS

Proof: Let Q(x) € 8(R) and P(x) be the solution of (3.2.6). Set
Qi(z) = —=Q(—2) = RLJ[Q](x), Pi(x) = 03P(—x)0s.

We have Q(—z) = —Q(—z) +ilos, P(=x)0s] = — (—Qi() + i[os, Pi(z)os]) . The
matrix P(z) admits the symmetry P(z) = —o3PT(z)o3.! A direct calculation
shows that

(Pi(2)), = (=Qu(z) + i[os, Pr(z)os]) Pi(x) — Pi(z)Q1()

Taking into consideration the fact that P;(0) = P(0) = iall, we conclude that

Q1(z) = —Q1(z) + i[os, Pi(2)03] = —Q(—2) which means RL,[Q1](z) = Q(x)
and proves the first point of the Lemma. The second point is proven similarly. m

Corollary 3.6. The maps L, : S(R) — 8(R) and LT : §(Ry) — 8(Ry) are

bijections.

Proof: The proof follows from the above result. [

Let u be a function defined on R, then we have

(Lolul) |oy = Ly [ulr.] - (3.2.18)

Scattering data transformation. As we have seen, the new potential u(z) =
LyJu)(x) is also in the same functional space as the original one, which is the
space of Schwartz functions S§(IR). Therefore, one can construct Jost solutions,
scattering data associated with u(x) as described in the previous chapter. We
refer to every object linked to u(x) with a tilde. Recall that if u(x) is a generic
potential, that is its scattering coefficient sgo(\) admits a finite number of simple
zeros in CT. We used Z_, see Section 2.3, to denote the set of all those simple
zeros. In the next lemma, we describe the relationship between the scattering
data associated with u(z) € 8(R) and the scattering data associated with u(zx).

Lemma 3.7. The relation between the scattering matriz S(X\) associated with

w(z) and the scattering matriz S(\) associated with U(z) reads

S(A) = (Aos +if_T) S(\) (Aos +if 1) 7" (3.2.19)

!Given a matrix A, AT is defined as the conjugate transpose of A.
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Explicitly, for the scattering coefficients, one gets

§21<)\) = —i _T_ igl 821()\), A€ R, (3220)
Si()) = i:zg; o3\, AeC\{iB}, if By > 0. (3.2.21)

If ila| is not a zero of saa(N), then u is a generic potential if u is generic. Thus,
we have either Z, = Z, or Z, = Z, U {ilal}. In both cases we have

(M) = T 2-577()\16)’ Ak € Z4; (3.2.22)

and, in the second case, we have

T (0,ia)

B ' 0

~. oY (050’ if >0,

Ailal) = Yy (3.2.23)
m, ZfOz < 0.

Proof: Relation (3.2.16) in terms of Jost solutions takes the form
Uy (2, \) = L(z, )Wy (2, N LIk, (3.2.24)

where

Lioo()\) == )\0'3 + Zﬁi]l (3225)
Using S(\) = W_(2,\)" 0, (2,\) and S(A) = U_(z,\)"'0, (z,\), one gets re-
lation (3.2.19). In turn, we have the relations on the scattering coefficients for

all A € R. The extension of the relation between s2(A) and Sa(\) to CT\{if,}
follows immediately. Assume that sgo(ilar|) # 0 and wu(z) is a generic poten-

tial. This means that for each Ay € Z,, one has sg(\) = :\\:izg()\), where
g(Ax) # 0. Equivalently, we can write relation (3.2.21) as Sgo(A\) = %Q(A),
where g(\) = :\\:zg;g(/\) Since §(\y) # 0, we conclude that Z, C Z,. A direct
calculation shows that sy2(ia|) = 0 if and only if ; = —|a| and - = |a|. Thus,
2, =2, if By = —|a] and B_ = —|a| and Z, = Z, U {ila|} if B, = —|a| and
f— = |a|. This means that u(x) is also a generic potential. Taking into consider-

ation the analytic continuation of the columns of Jost solutions, one obtains from
relation (3.2.24)

L(.’E, )\k)
Ak +if-

. L((E,)\k)
Ak — B+

T (2, 0) = vV (@A), TP (@A) = U2 (2, Ap). (3.2.26)
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3. INTEGRABLE BOUNDARY CONDITIONS

Thus, we have

TY (2, A) = () T2 (2, \p)

R 2)
= —)\k — ZB+L<x,/\k)\I/+ (JZ,)\k)
(k)

T T, Ak (_l)x 5.
= O 0w — g L A )

Comparing this with the first equation in (3.2.26) gives relation (3.2.22). At

A = i|al, we have

L(z,ilo)) ¥ (z,ila]) = ¥ (x, i) = 7(ila) TP (z, i]a|)
= (ilal) L(z, i) ¥ (2, ia]).

Evaluating this relation at x = 0, gives

(a+|a| 0 >\If(_1)(0,z‘a\)—5(i!a!)<a+|a| ’ )\Pf)w,i!a!)-

0 a— |of 0 a— o

Relation (3.2.23) follows from the above. "

Time evolution The construction of a Backlund transformation is useful if it
is compatible with the time evolution of the PDE of interest. Consider Q(z,t) €
S(R) subject to Uy — V, + [U,V] = 0. For each t > 0, construct P(z,t) as
the solution of (3.2.6), and hence also the corresponding L(z,t, ) which then
satisfies (3.2.15). In line with Definition 3.4, define then the new potential
Q(x,t) = —Q(x,t) + i[o, P(x,t)os], for each t > 0. Call it the Backlund trans-
formation of Q(z, t) with respect to a and write Q(z,t) = Lq, [Q](z,t). Then, the
following well-known result shows that the new potential also satisfies the NLS
equation if and only if L satisfies the t-part of the gauge transformation equation.

Specifically, we have

Lemma 3.8. The following equivalence holds:
U —V, +[U,V] =0 <= Li(z,t,\) = V(z,t, \)L(z,t,\) — L(z,t, \)V (2,1, \)

where V is given by replacing @ by @ in (2.1.2).
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Proof: Indeed, we start by proving the implication from the left to the right by
assuming that L satisfies the ¢-part of the gauge transformation equation. Since
L also satisfies (3.2.15), the compatibility L,; = Ly, yields

(ﬁt—%ﬂﬁﬁ])L:L(Ut—VxHU,V]):o.

Hence, U, — V, + [U, V] = 0. Conversely, assume that U, — V, + [U, V] = 0. Set
A=L,—VL+LV. An explicit calculation gives

A=P+i ((2;503 + @203) P —iP (Qu05 + Q3) | (3.2.27)
which shows that A does not depend on A. Now,
0= (ﬁt—%ﬂﬁ,ﬁ) L=iNos, Al + A, — QA + QA.

Since A does not depend on A, the last equation gives us o3, A] = 0 and A, =
@A — QA. The former equation means that A is diagonal. The latter, as a
consequence, implies that A is constant with respect to z since the term on the
right-hand side is off-diagonal. Thus, we can evaluate the constant value of A
using (3.2.27) at = 0. Since P(0,t, \) = ia, we find A = 0 as desired. =

We have now constructed a Bécklund matrix L(z,t,\) that satisfies both
equations in (3.2.2) such that its value at t = 0 = x is given as in (3.1.11). We
will now describe how one can make use of this theory to solve IBVPs for the
focusing NLS equation (1.1.1) on the half-line with Robin BCs (3.1.12).

We start by introducing the following important concept.

Definition 3.9. Let u(x) be an element of S(R. ), we denote by u®**(x) the Back-
lund extension of u(x) to R with respect to o € R, defined by

at () _ u(z), x>0,
) RLI[u)(z), z <0. (3.2.28)

Note that we can also define the Backlund extension with respect to « of a
function defined on R_ or R;. We denote by Q“*(z) the off-diagonal matrix
defined as @ in (3.2.5) with u replaced by its Béacklund extension.
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3. INTEGRABLE BOUNDARY CONDITIONS

Definition 3.10. Let u(x) be an element of $(R), we say that u(x) is a-symmetric
if
u = RL,[ul. (3.2.29)

A similar definition works for the matriz potential Q(x).

We will sometimes refer to this a-symmetric condition as the folding condition.

Assume that a function u(z) € §(R) is a-symmetric. Set

Thus, we have RLT[¢](z) = RL[u](z) = u(x). The last equality is possible
because u(x) is a-symmetric. Therefore, one has

¢ (x) = u(x).

Condition (3.2.29) is the equivalent of (3.2.3). We gathered two interesting prop-

erties of an a-symmetric function in the following result.

Lemma 3.11. Let u(x) be an element of S(R). If u(x) is a-symmetric, then

Bo=p, =5
Moreover, the scattering coefficient sqa(\) does not vanish at A = i|a.

Proof: Assume that u(z) is a-symmetric. This implies U(z,\) = —U(—z, —\).

As a result, we have

T(—z, —\) = U(a, )M () (3.2.30)

for some matrix M (A). Using the explicit value of L(z, A) at = = 0, we get

where M (2)M(—z) = —(A\? + a?). In turn, this means that P(z) = 03P (—z)03.
Therefore, we obtain g, = f_.
Let us assume towards contradiction that sss(i|a|) = 0. Consider the case

f = —|a|. Owing to relation (3.2.30), we have

Uo(—x,—A) = Vy(z,N). (3.2.31)
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Combining this equation with relation (3.2.24), we get

_ L=, N
A +ip

L
v (2,2, 0P (-2, -\ = - A(x’%) v (2, )).  (3.2.32)

v (=)
Since i|a| is a simple zero of s95(\), we have \If(,l)(:x, ilal) = W\If(f) (z,i|a) for some

non-zero constant . Therefore, one has

\I!f)(O,i\aD = —z'ag\I/S:)(O, —i|al)*, from the second equation in (2.2.28) for k = —1,

100, —i
= —ioy [(0’2—"@|Té|)\11(_1)(0, z\a\)] , from the first equation in (3.2.32),
—2i|a

*

= —ioy {—'“'3{”&'_ O‘q/(_”(o,ﬂal)}

0 *
- ( “ “‘) S0, lal)’

la] —«a 0 2|a

Thus if a > 0, we should get \I/f)((), ila]) = 0, which is a contradiction. We reach
the same conclusion if &« < 0. The case v = || is done in a similar way using the

second equation in (3.2.32). n

Lemma 3.12. The Bicklund extension of a function u(x) € 8(R) is always a-

symmetric.

Proof: The proof follows from (3.2.18) and Lemma 3.5. n

Lemma 3.13. Let u(z) be a continuously differentiable function on R. If u(z)
is a-symmetric, then at x = 0 it satisfies Robin BCs (3.1.12).

Proof: The result follows from the second equation in (3.2.2). n
There is an alternative proof to the above result based solely on the first equation
in (3.2.2). This can be found in Deift & Park (2011).

Lemma 3.14. Let u(x) be an element of C*(Ry) and u,(0%) +2au(0) = 0,' then
the Bdcklund extension of u belongs to C%(R).

Note that u,(07) stands for the right-side derivative with respect to x of u(z) at = = 0.
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3. INTEGRABLE BOUNDARY CONDITIONS

Proof: Assume that u is an element of C*(R,) such that u,(0") + 2au(0) = 0.

For convenience, let us write this in a matrix form:

Qz) € (R,), Q.(0%) +2aQ(0) =0.

It follows from the definition that LT [Q](z) belongs to C(R,). Thus, we have that
RLI[Q](x) is in C(R_). As a consequence, we have that the Biacklund extension
Q“!(x) is €% on R\{0}. We have the following straightforward calculation

Q' (07) = Q™(07) = RLL[Q](0) — Q(0)
= Q(0) —i[os, P(0)as] — Q(0) = Q(0) — Q(0) = 0.

This means that Q“*(x) is continuous at x = 0, that is Q“**(0") = Q***(0~). We
also have the following

QE(0%) = Q5™(07) = Qu(07) — Qx(07)
= —2Q.(07) +i[os, Pe(01) 03]
= —2Q,(0%) + i[o3, —2iaQ(0)o3] = —2 (Qx(0") + 2aQ(0)) = 0.

This means that the Backlund extension is also differentiable at = 0. Thus, us-
ing similar calculations, one shows that 92Q“*!(0") = 92Q°**(0~). This concludes

the proof. [

Lemma 3.15. Let Q(z) be an element of S(R) and V(x,\) a 2 X 2 invertible
solution of (2.1.1). Then

S(A) = lim e 7Y (—z, )W~ (z, N)e 737, (3.2.33)
T—00
Proof: A proof can be found in (Deift & Park, 2011, Lemma 4.27). ]

Proposition 3.16. Let u(x) € 8(R) be a generic potential and p, s positive in-

tegers. Then u(x) is a-symmetric if and only if the following symmetries hold

A—if

Syo(—A") = s22(N), A€ CT, So1(—A) = msm

(A), AeR, (3.2.34)
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the zeros of sa2(\) are composed of p pairs (A, —Ay), k = 1,...,p and s self-
symmetric zeros N\, = iwy, € iR, k = 1,...,s; their norming constants satisfy
the symmetry relation

. A+ i

Mo # £ and Y)Y (=A)) = B E=1,....2p+s, B=(-1)"a. (3.2.35)

Proof: Assume that u(z) is a-symmetric. It follows from (3.2.31) that S(\) =
S71(=)\). Thus in terms of its entries, we obtain Sp(\) = s11(—A) and 551(A\) =
—591(—A). Combining this with (3.2.20) and (3.2.21), we obtain the symmetries
in (3.2.34). From the first relation (3.2.34), we see that if A is a zero of saa(\)
then so is —\j,. Taking into consideration the analytic continuation of the Jost

solutions

Recall that if Ay, # i3 is a zero of sas()), we have U (z, ) = W(/\k)\fff) (2, )
and \Il(_l)(:c, k) = fy()\k)\Iff)(x, k), hence

T (@A) = 70T (2, 0r)

3)(—x, —M\k), used the second equation (3.2.36),

=75(M\g) [—(iag)lllg)(—x, —)\2)*} , used the first equation in (2.2.28),
= —(= A FOw) [
ﬁ()\k)\llil)(—x, —Ak) used the second equation in (2.2.28),
¥ (A

= —y(=\)*y(A )\I/_l)(ac, k), used the first equation (3.2.36).

i) 0 (—, —A;;)*}

This means that 7(\g) = —1/v(=A;)*. Combining this with (3.2.22), we ob-
tain the symmetry in (3.2.35). Let us consider the eigenfunction Wy(x, \) of the
scattering problem (2.1.1) such that Wy(0,A) = 1. Owing to the a-symmetric
property of the potential u(x), we have

Uo(—z, =) = L(—z, —=A\)Uo(—z, —A) = Wo(x, \)M () (3.2.37)

for some matrix M(\). Evaluating this equation at x = 0 = A, one obtains
M (0) = iall. Hence, using (3.2.37), one gets

S(0) = lim Wo(—x,0)To(z,0)" = lim ia (P(—z))"" = %11.

T—00 T—00
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3. INTEGRABLE BOUNDARY CONDITIONS

Evaluating relation (3.2.19) at A = 0 and using S(\) = S(=\)"%, yields S(0) =
$22(0) 1 which means $2,(0) = §. Computing }\in%) S22(A) from the formula (2.2.36)
—

ImA>0
2p+s

A
and using |s21(A)| = |s21(—A)|, one obtains s9(0) = )\—f
k=1 "'k
S92(X) = 83,(—A*), one deduces s9,(0) = (—1)?. Hence, one has § = (—1)****a.

The rest of this proof follows ideas as the one in Deift & Park (2011). ]

. Combined this with

We now summarise the nonlinear mirror image strategy, as proposed in Bik-
baev & Tarasov (1991):

WU + Uge + 20ufPu=0 forax>0, t>0,
u(z,0) = ug(x) € 8(R;), (initial condition), (3.2.38)
uz(0,t) + 2au(0,t) =0, t>0, «o€cR\{0}, (Robin BCs).

Starting from the initial condition ug(x) € 8$(R™) satisfying (ug), + 2auy = 0 at
x = 0, construct its Béacklund transformation wy(z) = L7 [ug](x) and introduce

an extension u&™(x) to the full-line as in (3.2.28). Then

(i) It follows from Lemmas 3.5 and 3.12 that u§*(x) satisfies condition (3.2.29)

and Robin boundary condition upon setting 8 = (—1)%P**q;

(ii) The extension u§**(z) provides a valid initial condition to implement the

inverse scattering method on R in order to obtain the solution u**(x,t) for
t > 0. The compatibility of symmetries (3.2.34)-(3.2.35) with the time evo-
lution s99(t, A) = s92(A), s21(t, A) = 591 (AN)e2 Nt and (£, \p) = v(\g)e2 it
known from IST, ensures that the condition u**(x,t) = —u®*(—x,t) now
holds for all ¢+ > 0. As a consequence, so does the boundary condition
us(0,t) + 2au(0,t) = 0 for all ¢ > 0. The desired solution of the
IBVP for the NLS equation with Robin BCs is simply obtained by tak-

ing u(z,t) = u(z,t)|g, .

3.2.3 Fokas approach to integrable BCs

A detailed discussion of the results we present here can be found in Fokas (2008).

For convenience, we will use similar notations as in Fokas (2008).

76



3.2 Solution methods

Let ug(z) be an element of S(R). Assume that we have two smooth functions

go(t) and g (t). Set
7) = 0 uo(z)
QO( ) (HUO<$)* 0 )7

@ow):%( ¥ 90(”)—2'( y gl(t))os—m!go(t)l%g.

Kgo(t)" 0 kgi(t)” 0

The following differential equations have unique solutions

1 0
Wy + 21\ (O 0) w=Q(r)w, 0<zx<o0, AeCy, li_>m w(x,\) =e9; (3.2.39)

b + 4iX2 ((1) 8) 6=Tot N, t>0, AT, 60N =es  (3.2.40)

Let us denote by w(x, A\) and ¢(t, ) the solutions to the equations (3.2.39) and
(3.2.40), respectively. Let T be a finite time, the maps

{uo(z)} = {a(A), 0N}, {90(t), 91 (t)} = {A(N), B(A)}, (3.2.41)

defined as
bA) ) B\

are invertible. We refer to a(\),b(\), A(A) and B(X) as scattering coefficients.
It is important to mention that to have an effective invertibility of the above
maps one needs additional conditions on the scattering functions. For the first
map, when k£ = —1, one needs to assume that the scattering coefficient a(\) has
N; simple zeros, denoted \; for j = 1,..., Ny, in the second quadrant of the
A-complex plane. Note that a(\) can also have a finite number of simple zeros
in the first quadrant, but they are not necessary to define effectively the inverse

map. Regarding the second map, introduce the following function
d(X) = a(N)AN)" — kb(N)B(X")™.

When x = —1, one needs to assume that d(\) has Ny simple zeros, that we

denote k; for j = 1,..., N, in the second quadrant of the same complex plane.
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Moreover, we assume that the zeros of a() and d()) do not coincide. To connect
with the theory in Chapter 2, we want the initial condition uy(z) and the smooth
functions go(t), g1(t) to be generic. As in the case of the IST method, when xk = 1,
the scattering coefficient a(\) cannot admit zeros for the same reason. However,
the situation is a bit different for d()\), thus we will require that in this case, d(\)
should not have any zeros.

The scattering coefficients have the following properties

e a(A\) and b(\) are well-defined and analytic in C* and continuous and
bounded C* U R. Moreover,

aN) =1+007Y), bA) =00, A .

e A(M) and B(\) are entire functions that are bounded in the interior of the

first and third quadrants. We also have

AN =1+00A"Y, BA) =011, A— .

At this point, we can draw a comparison between the unified transform and
the IST method that we discussed in detail in Chapter 2. The first map in
(3.2.41) can be seen as the direct map in the case of the IST method on the
full line: we have mapped the initial condition to a set of scattering data. So,
in the "spectral space”, the information about the initial condition is encoded
in the spectral functions a(A) and b(\). However, the second map in (3.2.41) is
completely different when compared to the IST method on the full line. This is
normal because the unified transform is tackling IBVP on the half-line, therefore
one needs to deal with what is happening at the boundary. In this case, A(A) and
B(M), carry the information related to the boundary conditions in the spectral
space.

We can use this information to construct the solution to the NLS equation
(1.1.1) on the half-line with suitable initial and boundary conditions. Given
up(z) in 8(R,), suppose that there exist smooth functions go(t) and g¢;(¢) such
that go(0) = u(0) = ¢1(0). Define the maps in (3.2.41). Then the so-called global

relation

a(A)B(A) —b(A)A(N) =0, arg) € [0,7] (3.2.42)
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is satisfied if and only if
w(z,t) =2 lim A (m(x,t, ),

A—00

solves the NLS equation (1.1.1) with
u(z,0) = uo(z), u(0,1) = go(t), ua(0,1) = gu(t),
where m(x,t, \) is the 2 x 2 solution to the following normalised RH problem
e Analyticity. m(x,t,\) is analyticin C\ (R UR U { A1, ..., An,, k1, ..., kny });
e Jump condition. m(z,t, \) satisfies the jump condition

m_(z,t,\) = my(z,t, o(z,t, ), X € RUIR,

with
my(x,t, ), arg) e (0,%)U(m,3T),
RN CHCS VTR S
m_(5,1,), argh € (5,71 U (3, 2m),
where the jump matriz v(z,t,\) is given by vy, ..., vy for arg X = Z,m, 3,

and 27, respectively, with
1 0 1 KD(A*)*e 200
v = . s V3 = )
P Aroyezon >~ o 1
1 _Q()\)e%@()\))

o (K@(A)em(” 1—klo(N)?

I B ( 1 —&lo(\) = kT(V)*]2 (o(N) — HF(}\)*)eZiH()\)>
Vg = V3V, Ul = 7

—k (0(A) — KT(A)7) 2O 1
where
b(N) _ kB(\*)* ;
g()\)_a()\)*, A eR, F(A)_a(A)d()\)’ A€ RUR.

e Residues. m(z,t,\) has simple poles at zeros of a(\) and d(A\) and the
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residues at those poles are given by

0 0
Resm(z,t,\) = lim m(z,t,\) ( 21000) ) ,
A= A renren il

A=A7 A= NE 0

0 re—210(3))
Resm(z,t,\) = lim m(x,t,\) (0 (a’(/\j)b(/\j))*> :
) 0 0
)11815 (:L‘7 L, )‘) = )\h—>nklj m(x, t /\) HB(k;)*eQie(kj) 0 ;
a(k;)d’ (k;)

0 B(kj)e—QiG(kj)
Resm(z,t,\) = lim m(z,t,\) ( (alky)d’ (k;))” > :
A=k? A=k 0 0

e Normalisation. m(z,\) = T+ O(A71) as A — oo.

Recall that the boundary conditions are encoded in the spectral functions
A(N) and B()), and the initial condition is linked with a(\) and b(\). From the
above RH problem, we know that the solution to the NLS equation is expressed
in terms of the spectral data, i.e. a(X),b()\), A(A) and B(A).

To effectively use the unified transform approach to solving IBVP for the NLS
equation, one needs to use the global relation (3.2.42) to express the unknown
boundary in terms of the given data. A classical example of this situation is the
following: Consider an IBVP for the NLS equation (1.1.1) on the half-line with
Dirichlet BC, i.e. we have u(z,0) = ug(x) and u(0,t) = go(t). We cannot write
down the solution because ¢;(t) (in the spectral space we have, A(A) and B(\))
is unknown. However, In this case, we can use the global relation to express A(\)
and B(A) in terms of ug(z) and u(0,t). In other words, u,(0,t) = g1(¢) in terms
of uyg and w(0,¢). This is known as Dirichlet to Neumann map.

Note that it is not always possible to solve the global relation for A(A\) and
B(A) for any boundary conditions. However, the class of boundary conditions
for which one can solve the global relation for the unknown data is known as
linearizable boundary conditions. Dirichlet, Neumann and Robin boundary con-
ditions are all linearizable. The general equation that generates these so-called

linearizable boundary conditions is given by

V(0,£,u(\)N(A) — NOV(0,£,)) = 0, (3.2.43)
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where v()) is a function of A\, N(\) is an unknown 2 x 2 matrix. In the case
of the NLS equation (1.1.1), one has that v(A\) = —A. Thus Fokas criterion
(3.2.43) to obtain boundary conditions that preserve the Livouille integrability
for the NLS equation coincides with the time-independent version of Sklyanin’s
condition (3.1.1).

We have seen that Sklyanin’s condition characterises integrable boundary con-
ditions that appear in the implementation of both the nonlinear mirror image
and unified transform in the case of time-independent BCs. In Biondini, Fokas
& Shepelsky (2014), it was shown that the nonlinear mirror image method that
we described in Subsection 3.2.2 is equivalent to the unified transform presented
above in the case of Robin boundary conditions (3.1.12).

We saw in Section 3.1 that the reflection matrix K (¢, ) (3.1.14) generates in-
teresting and complicated time-dependent BCs (3.1.16) within Sklyianin’s frame-
work. An interesting question that one might ask is: Can we apply the nonlinear
mirror image method and the unified transform to solve IBVPs for the NLS
equation (1.1.1) with BCs (3.1.16) on the half-line?

We have a partial answer to this question. Yes, we can apply the nonlinear
mirror image method to solve IBVPs for the NLS equation with BCs (3.1.16) and
7ZBCs on the half-line. We describe this in the next chapter.
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Chapter 4

New implementation of the

nonlinear mirror image method

This chapter contains two sections. In Section 4.1, we implement the nonlinear
mirror image to solve IBVPs for the NLS equation (1.1.1) with integrable time-
dependent BCs (3.1.16) at « = 0 and zero boundary conditions at infinity. The
difficulty arising from having such time-dependent boundary conditions at z = 0
is overcome by changing the viewpoint of the method and fixing the Backlund
transformation at infinity. We present two classes of solutions. One is very similar
to the case of Robin boundary conditions, see Subsection 3.2.2, and the second
is a unique feature of the BCs (3.1.16). The content of this section appeared in
Caudrelier, Crampe & Dibaya (2022). In Section 4.2, we present the nonlinear
mirror image method to solve IBVPs for the NLS equation (1.1.1) with Robin
BCs (3.1.12) and non-zero boundary conditions at infinity. This is an ongoing
joint work with Dr Vincent Caudrelier. We have interesting partial results to

discuss, but also some issues left to solve.

Note that in both sections, we restrict our analysis to the focusing NLS equa-
tion (1.1.1), that is k = —1.
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IMAGE METHOD

4.1 Nonlinear mirror image for time-dependent

BCs

4.1.1 Backlund matrix normalised at oo

In Subsection 3.2.2, we constructed the Béacklund matrix L as the solution to
the first equation in (3.2.2) at time ¢ = 0. Since we wanted to generate Robin
BCs, we took the value of L at = 0 as equal to the time-independent reflection
matrix K (\), given in (3.1.11). To ensure that the Backlund matrix L will indeed
generate another solution to the NLS equation (1.1.1), it must evolve in time with
respect to the second equation in (3.2.2).

When it comes to time-dependent BCs (3.1.16), the above procedure turns
out to be difficult because the value of a Backlund matrix, say B, that generates
the BCs (3.1.16) is no longer time-independent at x = 0; see (3.1.14)-(3.1.15).
Therefore, we need a different strategy to go around this difficulty. The idea is
to construct the Béacklund matrix B as the product of two Bécklund matrices
of type (3.2.14) and to fix the boundary value of B at x = oo, which is time-
independent even in our case, as opposed to the value at x = 0. This discussion
suggests that we need to first review the properties of Backlund matrix of type
(3.2.14) in detail in a way that is tailored to our needs.

Let u(z) be a complex-valued function defined on R. The function u(z) can
also be defined on R*. Let Q(z) be given as in Subsection 3.2.2. We will use
similar notations and conventions as in Subsection 3.2.2.

Consider the following 2 x 2 ODE

P, = %[0y, P| + (—Q + i[os, Poy))P — QP, peR,

)

lim P(z) = 250, ~. € R\{0}.

r—+00 2

(4.1.1)

This ODE is the analogue of (3.2.6). In this case, we have included an extra
parameter p to take into consideration both parameters that appear in the BCs
(3.1.16), see (4.1.22) below.

Lemma 4.1. Let Q(z) € 8(R), the ODE (4.1.1) has a (unique) solution P(z)
with the properties:
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4.1 Nonlinear mirror image for time-dependent BCs

(a) P(x) has a diagonal asymptotic at —oo,

lim P(z) = =1, A2 =42,

T—>—00 2

(b) o3, P(x)o3] € 8(R).

The proof for this result uses similar ideas to the proofs of Lemmas 3.2 and
3.3. However, for the reader’s convenience, we include it in Appendix B.1 and
it contains the details we need concerning the various cases v_ = *7v,. We
summarise these various cases here: Let Q(z) be as in the above lemma and

S(A) = (si;(A))1<ij<2 be the scattering matrix associated to it:

a. If v, <0and Ay = —% is not a simple zero of s92(A) then

Y- =74+, if up=0in (B.1.10),
v = —v4, if up #0in (B.1.10).

The first case pus = 0 is rarely mentioned in the literature since it is rather
“useless” from the point of view of the dressing method: it does not create
a new zero for sq(\), see formula (4.1.8) below. However, it does allow for
the case v = v, when 7, < 0 and A\ = —% is not a simple zero of
S22(A), a case that cannot be overlooked in the construction of the mirror

image approach for the time-dependent BCs in Subsection 4.1.2.
b. If v, < 0 and A, is a simple zero of so2(A) then v = —7,.
c. If v; > 0 and A, is not a simple zero of s;1(\) then v_ = ~,.
d. If v, > 0 and A, is a simple zero of s11(\) then yv_ = —7,.

Case a. shows a small subtlety related to our approach of fixing P(x) by its
limit at co. The freedom in ps indicates that P(z) is not uniquely determined
when v, < 0 and u(x) is such that A\, is not a simple zero of ss(\). In general,
one would also need to specify whether us = 0 or not. As we explained, if
the goal was to create a soliton on a given background solution u(z), one would
naturally choose s # 0. This freedom will not be a problem for the application of

the Backlund transformation to the half-line problem. The additional symmetry
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coming from the folding of u(x) will fix uniquely the structure of sqo(A) relative
to whether v_ =~ or v = —v,. With this in mind, we proceed with the fact
that P(z) can be constructed uniquely as in the above proposition (fixing us as

required if we are in case a.).

Transformation of the potential Given a potential Q(z) as above, we get
P(x) as the solution of the differential equation (4.1.1). Set

O(z) = (_ﬂ?(x) ai)“”)> — Q@) + ilos, P(x)0s). (4.1.2)

It follows from Lemma 4.1 that @(x) is also a Schwartz function. We define the

following Backlund matrix
L(x,\) = <A+g> o3+ P(z), peR. (4.1.3)

The differential equation satisfied by P(x) is equivalent to L£(z, A) solving the

expected differential equation

Lo(x, ) =U(x,\)L(z, ) — L(z, U (z, \), (4.1.4)

where U(z, \) = —iAos+Q(x). As, we saw in Subsection 3.2.2, the eigenfunction
defined by

U(z, A) = L(x, \)¥(x,\), (4.1.5)

will solve W, (x,t) = U(z, \)U(z, \) if U(z, ) is a solution of the z-part of Lax
pair.

As in Subsection 3.2.2, we introduce the following definition.
Definition 4.2. The map

Loqrpt S(R) — S(R)
Q — QZﬁp,w[Q]a

is called the Bdcklund transformation (BT) of Q(x) with respect to (p,~v+). We
will use the same terminology and notation at the level of the entries u(x) and
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4.1 Nonlinear mirror image for time-dependent BCs

The content of Lemma 4.1 can be restricted to the half-line R™ with Q(x) €
S8(R™). This gives a matrix £(z,A) as in (4.1.3) and defined on R*. We denote

the corresponding map as L1 : Q Q= L7 [Q]. Similarly, we can restrict

to R™, with Q(z) € §(R™) but with the understanding that we could fix P(z) at
—o0, that is P(z) — 21 as 2 — —oo, v € R\{0}. The corresponding Bécklund
transformation of Q(z) (x < 0) with respect to (p,~) will be denoted by the map
Lo, :Qr Q= L£2.1Q].

Lemma 4.3 (Deift & Park (2011)).
1. If Q(z) € 8(R) then RL_,, RL,.. [Q] = Q,
2. If Q(z) € 8(R*) then

RL,..[Q)(x) € 8(RT), RLZ, RLy Q] =Q, RLE, . RL,. Q] =0,

PyY+ PyY+ —PV+

where RQ(x) = —Q(—x).

Proof: The strategy of this proof is similar to the one given in Lemma 3.5. So, we
highlight the main differences. Assume @Q(x) € $(R) and let P(z) be the solution
of (4.1.1). Define

Qa(2) = —Q(~x) = RL,,, [Ql(),  Polx) = 03P ().

We have Q(—xz) = —Q(—x) +i[o3, P(—2)03] = — (=Qs(2) + i[o3, Pa(x)03]) . The
matrix P(z) admits the symmetry P(x) = —o3Pf(2)os. A direct calculation
shows that

(P(2)), = —%p 03, Pa(2)] + (—Q2(x) + ilos, Pa(x)03]) Pa(z) — Po(w)Q2()

Taking into consideration the fact that lim Py(z) = lim P(z) = w—_]I, we

r——+00 T——00 2
conclude that

Q2(x) = —Qo(x) + io3, Pao(z)03] = —Q(~1)

which means RL_, ., [Q2](z) = Q(x) and proves the first point of the Lemma.

The second point is proven similarly. [
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Corollary 4.4. The maps £

bijections.

pvs P S(R) = 8(R) and L : §(RY) — §(R*) are

p7’y:t

Proof: It follows from Lemma 4.3. n

Note that if Q(z) € 8(R), then

(me (@] (x)) |t = Liw [Qlr=] ().

Scattering data transformation Here we review the relation between the

scattering data associated to u(z) € 8(R) and the data associated to u(x) =
Lo [ ().

Lemma 4.5. The relation between the scattering matriz S(\) associated to u(x)

and the scattering matriz S(\) associated to u(z) reads
SOA) = (@A + p)og +iy_T) S(N) ((2A + p)os + i, 1) (4.1.6)

FExplicitly, for the scattering coefficients, one gets

2 +p—1y_

<y Ptp—in
s21(Y) A+ pt e

2(A), AER, (4.1.7)

_2A+p—i-

20 =537 p— s

sm()), AeCt\ {#} Cifye >0 (4.1.8)

In the case, v— = 74, u(x) is a generic potential if u(x) is also generic. Thus we

have Z. = Z,. The norming constants are

20\ +p — iy

Y(Ap) = — , Ae)y, Ak € Zy. 4.1.9
¥(Ak) 2)\k+P+W—7( ) k + ( )
Proof: The proof is similar to the one given in Lemma 3.7. [
Remark 4.6. For Robin BCs, the case v_ = —v, is not necessary since the

folding condition will set v_ = v,. We will see that in the case of time-dependent
BCs (3.1.16), the folding condition will not rule out the case v = —vy,. It is
this case that gives rise to an interesting class of soliton solutions; see Subsection

4.1.5.
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4.1 Nonlinear mirror image for time-dependent BCs

Proposition 4.7. Let u(x) € 8(R) and P(z) be a solution of (4.1.1). The
properties of P(x) imply that we have the following useful explicit representation
of £ in terms of u and u = L, [u],

i [e(@)\ /72 — |u+ ul? u+u
L(w,A):(A—l-g)cm-&-P(:c), P(z)2(( );LL)* | G(I)\/m» (4.1.10)

where €(x) is a sign function completely determined by v, and w. By construction,
we have
v —|u(z) +u(z)]* >0, VzeR.

Finally,
A+ g) g3 — P(ZL’)

(A+8)°+ 2

L7z, \) :(73( 3. (4.1.11)

Proof: This result was given e.g. in Caudrelier (2008) but we give here more
details, especially on the function e(x) which takes value £1. The starting point
is the construction of P(z) as in Appendix B.1, see (B.1.4), which gives

P(x)<c<x> D<w>>7 S T8 1 <Y C T R G0 1)

D*(x) C(z) 2 [G(@) + &) 2 a@)P + &)
A direct calculation then gives that det P(z) = —%]I so that C'(z)? = —% +
|D(z)]2. Since C*(x) = —C(x), we deduce |C(z)* = % — |D(x)]* > 0. Next,

formula (4.1.2) gives D(z) = (u(z) + u(z)). Hence, we have

74— lu(@) +u(@)]* > 0.

Combining everything, we have C(z) = @\/73 — |u(x) + u(x)|?, where e(x)? =
1 gives the sign in front of the square root. We can determine its value by

comparing the two expressions for C'(z), yielding

[61(2)* — [&(x)
[6(2)* + [&2() 2

6(96)|7+|\/1 - %IU@) +u(e)? =y

The sign of the expression on the LHS is of course €(z) by construction. The
sign of the expression on the RHS is the product of the sign of v, and that of
|€1(2)]? — |&(x) 2. The latter is completely determined by u(z). Finally, (4.1.11)

2
is a consequence of the fact that (P(z)o3)? = —Z1 as is checked directly. n
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Time evolution As we mentioned in Section 3.2.2, a Backlund transformation
is useful if it is compatible with the time evolution of the PDE of interest. Con-
sider Q(z,t) € 8(R) subject to Uy — V,, + [U,V] = 0. For each t > 0, construct
P(z,t) as the solution of (4.1.1), and hence also the corresponding L(z,t,\)
which then satisfies (4.1.4). In line with Definition 4.2, define then the new po-
tential Q(x,t) = —Q(x,t) + i[os, P(x,t)os], for each t > 0. Call it the Bicklund
transformation of Q(z, t) via (p, 74 ) and write Q(z, t) = L,yq, [Q)(z,t). Then, the
following well known result shows that the new potential also satisfies NLS if and
only if £ satisfies the t-part of the gauge transformation equation. Specifically,
as proved in Lemma 3.8, the following equivalence holds

U — Vo + U, V] =0 Ly(x,t,\) = V(z, t, ) L(z, 1, \) — L(z, 6, )V (2,t,)),  (4.1.12)

where V(z,t, ) is given by replacing Q(z,t) by Q(z,t) in (2.1.4). Now, we have
obtained a Bécklund matrix £(z, ¢, \) that satisfies both equations in (3.2.2) with
the appropriate U and V. This means that it generates a Backlund transformation
u(x,t) = L, 4, [u](z,t) that solves the NLS equation (1.1.1).

We now discuss the connection between £ above and L constructed in Subsec-
tion 3.2.2. In the next result, we show that if we require the potential u(x) € 8(R)
to satisfy relation (3.2.29) with u(z) = £, [u](x), then the Bicklund matrix £
will have a diagonal form at x = 0 similar to (3.1.11), upon a correct choice of
the parameter 7., and the parameter p must be zero. This means that it will

also generate Robin BCs.

Lemma 4.8. Let Q(x) € 8(R) be a generic potential. Let L(x,\) be given as in
(4.1.3) where P(x) solves (4.1.1). If Q(z) = L4, [Q](x) is such that

Q(z) = —Q(-x) (4.1.13)
holds, then

()N
V-=v+ =7, p=0, and L(O,/\):/\g3+w

I.

where N is the number of simple zeros for the scattering coefficient saa(N).

Proof: If (4.1.13) is satisfied then U(—z, —\) = —U(x, \). The Jost solutions are
then related by
Uy (=2, —A) = Uy (z, N). (4.1.14)
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From Lemma 4.1, Eqs. (4.1.5) and (4.1.14), one then deduces

@iﬁuA)—-L@gA)1@$(—x,—k)((A%—g>03+zgfﬂ>, AER.

It follows that

which we rewrite as

Wy (2, 0) 1L (—, — A\ (2, Wy (2, ) = ( (—)\ + g) 73

+”21[) ((A+g) 03+”2+11) .

In fact, the latter relation is a consequence of the more general property that
U(z, ) L(—z, =N L (2, \)¥(x, \)

is independent of x for any fundamental solution of ¥, = UV, as a direct calcu-
lation shows. In particular, we must have

<()\ + g) o3+ WZ_]I) <(>\ + g) o3+ ”2+H> = W (0, \) 7180, —A\)£ (0, \) T4 (0, ) .
From (4.1.2), we have that P(0) is diagonal when Q(z) + Q(—x) = 0 and from
the properties of P(z) established in Lemma 4.1, we see that P(0) = %1 with

v* = ~3. Therefore, we obtain the condition

2N(y- — v4)os +ip(7- + )0z — Y- T =0, (0, N) ' (2ipros) W, (0,A) — V21

Taking the trace and using v? = 72 we deduce 74 = 7~ = 7. Another conse-
quence of (4.1.14) is that S(A) = S~1(=\) so in particular 55;(\) = —s1(— )
and Sy2(A) = s3,(—A). Combined with (4.1.7) and (4.1.8), we obtain sy;(—A) =
gi—iﬁsm()\) and s3o(—A*) = s92(A\). The symmetry for so1(\) is consistent if
and only if (p —iv)? = (p +47)? Since 7 # 0 this implies p = 0. For any funda-
mental solution W(z, \), using the fact that U(—z, —A) = —U(x, \), we deduce
U(—xz,—A) = U(z, \)M () for some matrix M()). Evaluating the latter equation
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at © = 0 = X and using (4.1.5), one obtains M(0) = %. Hence, using (3.2.33),
one gets

S(0) = lim U(—a,0)¥(z,0)" = L

v

T—00

Evaluating relation (4.1.6) at A = 0 and using S(\) = S(—A)~, one obtains
S(O) = 822(0)1[

which means s,(0) = 1. Computing /l\iné S22(A) from (2.2.36) and using |s91 (A)]| =
—

ImA>0
N
A
|s21(—A)|, one obtains s95(0) = )\—f Combined this with sg5(\) = s3,(—A*),
k=1""k

one gets s92(0) = (—1)". Hence, one has v = (—1)¥~. This completes the proof.

This lemma shows that the Backlund matrix £(z, A) we constructed in Lemma
4.1 has a diagonal value at z = 0 which is equal to K(\) upon setting v, =
v_ = v to (—1)V2a. Therefore, in the case of Robin BCs (3.1.12), fixing the
boundary value of the Backlund matrix at x = 0 or as z — oo does not make any
difference. One can obtain the characterisation of the folding condition (4.1.13)
as in Proposition 3.16 and then apply the nonlinear mirror image algorithm to
solve (3.2.38).

4.1.2 Backlund matrix for time-dependent BCs

In this section, we will use the Backlund matrix £ constructed in Subsection
4.1.1 as the building block of the Backlund matrix, say B, that will allow us to
implement the nonlinear mirror image method to solve IBVPs for the focusing
NLS equation (1.1.1) with the time-dependent BCs (3.1.16). Recall that the time-
dependent BCs (3.1.16) are equivalent to Sklyanin’s equation for the reflection
matrix K (¢, \) given by (3.1.14)-(3.1.15). Owing to the connection established by
(3.2.4), the Bécklund matrix B must be defined such that under the conditions
(3.2.3) we have

B(0,£,\) = K(t,\). (4.1.15)

Fix t = 0. The construction of B follows the following three steps:
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Step 1 Consider a potential Q(z) € S(R). Let £;(z,A) be a Béacklund matrix
that produces Q(z) from Q(z), that is

Q(z) =% Q(x).

We know that £;(x, \) must satisfy the following differential equation

~

0. L1(x, N) =U(x, \)L1(x, N) — L1(2, U (2, N),
where U(z,\) = —idos + Q(z).

Step 2 Starting from @(x) constructed in Step 1, we can consider the second
Béacklund matrix L£o(z, A) yielding —@(—x) from @(a:), that is

~

Qlz) = —Q(-u).
The Backlund matrix £4 is solution of
0, Loz, \) = —U(—z, =N La(z, \) — Loz, \)U (2, \) .
In this case, the Backlund matrix £, is obtained explicitly as
Lo(z,A) = U(—z, =N Co(A) T~ (z, \)

for some matrix Cy()) independent of z and where ¥(x, \) is a solution of
U, (z,\) = Uz, \)U(z, \).

Step 3 Finally, we consider a third transformation L3 producing @(1’) from
—~Q(—x), we write
~ e o~
—Q(—z) = Q().
Again, the Backlund matrix is obtained as the solution of

0, L5(z, N) = Uz, ) L3z, \) + Ls(z, U (=2, —N),

where U(z, \) = —idos + Q(x).

!The exact normalisation would come from fixing a boundary condition but is not relevant

for our argument.
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Note that in each step we considered Bécklund matrix of the form (4.1.3). We
choose the Backlund matrix B to be defined by

B(IL', )\) = L3L2L1($, /\)
It is clear that B produces @ from @

Q(z) 2 Q(a),

and it satisfies the appropriate differential equation

B.(z,\) = U(x,\)B(z,\) — B(z, \)U(x,\). (4.1.16)

We make two other assumptions. First, we assume that £; = £. This means

that, see Lemma 4.1,

. 1
e = (4 2) o 2

The second assumption is

lim B(z,A) = h(A) [(=2XA + p)os — iv_] [(2A + p)os + iv4 ], (4.1.17)

T—00

where
1

A —p)* +12

h(\) =
Lemma 4.9. Let Q(x) € 8(R). Then
Q(r) = —Q(-=) (4.1.18)
holds if and only if @(x) is odd. Under this condition, we have
B(z,\) = L7 (—z, = \) L1 (z, N, (4.1.19)

and

B(0,\) = K(0, )

where K(t,\) is given by (3.1.14)-(3.1.15).
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Proof: A direct calculation gives
Uz, \) + U(—z,—\) =L (—z, =) <&E (L1(—z, =N L3z, N))
= [£1(=2, =N L@, X), T (=2, -] >L3_1(a;,>\).

Hence the folding condition U(z, \) + U(—z, —A) = 0 is equivalent to
0u (L1 (—2, —A)Ls(x, ) = [Ll(—x, N Ly, ), U(—a, —A)} ,
which in turn is equivalent to
L(—2, =N Ls(x,A) = W(—z, =N Cs(A\) T (=2, —A)

for some matrix C5(\). Using this to eliminate £3 and recalling the expression of
Lo, we obtain

B(x,\) = L7 (=2, =\ ¥ (—z, =\ C3(\) Co(N) T~ (2, \) L1 (, ).
Choosing for definiteness the Jost solution \Tf+(x, A), we obtain that

lim W, (—2, =A)C5(\)Co(\) T (, ) = T,

T—00

which yields C5(\)Cq () = § ~!(=X). Summarising and recalling that
Uy (—2, —N)S5 1 (=A) = U_(—z, —)\),
we have obtained that the folding symmetry is equivalent to
B, \) = L7 (=, =N W_ (=2, =AU (2, )Ly (2, A) -
This suggests that of all the possible potentials Q(z), those that are such that
Q) = Q)

will fulfil the desired conditions. Indeed, in that special case of (4.1.14), we have
\Tf_(—x, —)\)\lerl(x, A) = I and we have (4.1.19). It remains to check that such a
B can satisfy (4.1.15) to ensure that it is the right candidate with the required
properties. Using Proposition 4.7, which gives

[ e(x) /2 — |u+ ul? u+u
L1(z,\) = (A+3)03+3 j _ ,
2 2 —(u+u)* 51@)«/71— [u + ul?
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a direct calculation shows, recalling that we work under the assumption u(x) =

—ﬂ(—x),

B(0,\) = £71(0,—\)£1(0,\)

= o ,01)2 2 (—4NT — 4NH + 72 + p?) (4.1.20)
with
. <61<o> 7E —[ul?(0) u(0) ) | (121)
u*(0) —€1(0)y/7% — [ul*(0)
This is the desired result, see (3.1.14), if we set p = 3 and 73 = o”. .

Recall that condition (4.1.18) is the equivalent of the “a-symmetric” (3.2.29)
property. The above lemma has shown that under the assumption that (4.1.18)
holds, the Bécklund transformation B is given as the product £ (—z, —\) L1 (z, \)
to realise the Bicklund transformation Q — @ where L1 (x, \) realises the map
Q — @ = L1,4,[Q] with @ being an odd function.

In the rest of this section, we fix
p=p, v =ca, €==1. (4.1.22)

The compatibility of this whole construction with the desired time evolution must
be established. Since B(z, \) is constructed entirely on £;(z, A) (composed as in
(4.1.19)), this step is ensured by the equivalence (4.1.12) and the setup explained
before it. Specifically

Proposition 4.10. For each t > 0, let u(z,t) € S(R) be a given solution of
the focusing NLS equation (1.1.1), and Li(x,t,\) be as in (4.1.3) with P(x,t)
constructed as in Lemma 4.1. Suppose u(x,t) = L4, [u](z,t) is an odd function

in x. Then, with p =0, v, = eq,
B(0,t,\) = K(t,)\),

and

Kot \) = V(0,t, ~NK (£ \) — K(£ )V(0,2,)).

In other words, we have that u(z,t) satisfies BCs (3.1.16) at x = 0.
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Proof: The equivalence (4.1.12) applied to B(z,t,A), combined with the fact
that V(z,t,A) = V(z,t,—\) (since U(z,t) = —u(—=,t) is equivalent to u(z,t) =
—u(—z,t)), yields

Bi(0,t,\) =V (0,t,—A\)B(0,t,\) — B(0,t, \)V(0,t,\).
It remains to show that B(0,t,A) = K(t,A). This is exactly the same calcu-

lation leading to (4.1.20)-(4.1.21) but with the time dependence included. For

completeness, here are the main steps. A direct calculation yields

B(z,t,A) =h(\)[ — 4N*1 — 4\o5 (P(z,t) + P(—x,1))
+ 2po3 (P(z,t) — P(—x,t)) — 403 P(z,t)o3 P(—x,t) + p°], (4.1.23)
B(0,t,\) = h(\) [—4X* — 8Aa3P(0,t) — 4(05P(0,¢))* + p°] .

For each t > 0, P(x,t) has the properties given in Proposition 4.7 so, recalling

that u(z,t) is an odd function in x (so u(0,t) = 0), we get

[ €(0,8)\/7% — |ul?(0,¢t 0,t
oyp(0,1) = & (AP OVE =[O u0,9) .
2 u*(0,1) —€(0,t)/72 — |ul?(0,1)
This also gives (o3P (0,1))* = —%H, completing the proof. n

We have constructed a Bécklund matrix B that generates the BCs (3.1.16)
at the origin. As we have done previously, our next task is to use this machinery
to solve IBVPs for again the focusing NLS equation (1.1.1) with BCs (3.1.16) on
the half-line. This brings up the concept of Backlund extension; see Definition
3.9. Let u(z) be an element of S(R,). We define the Bécklund extension of u(z)
by

out u(z), >0,
u“(z) = (4.1.24)
—u(—z), z<0.
By construction, this extension satisfies the equivalent of ”a-symmetric” condi-
tion. The only technical point is its smoothness at x = 0. As in the Robin case,
the BCs ensure continuity of the Backlund extension, its first derivative and its
second derivative automatically. In the present case we have the additional re-

sults that all higher odd order derivative are also continuous. The continuity of
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the even ones could be ensured in principle by imposing higher order boundary
conditions in the spirit of Appendix D in Bikbaev & Tarasov (1991). In fact, the
recent work Zhang (2021) gives an account on such higher boundary conditions
which are compatible with NLS. We do not elaborate further on this here and

simply give the following partial result on this issue.

Lemma 4.11 (Smoothness of the Bicklund extension). Let Q(x) be an element
of 8(R,). The Bicklund extension of Q(x) is an element of C%(R)' and its odd
derivatives to all orders are continuous.

Proof: By definition, Q“*!(x) is an element of 8 (R\{0}). We only need to check
its smoothness properties at x = 0. For convenience, let us write (4.1.23) for short
as B(z,\) = h()\) [-4)\? + ABy(z) + Ba(z)], where By (z) = —4(03P(x)+03P(—x))
and By(7) = 2p(03P(x) —o3P(—x)) —403P(x)o3P(—z) — p?. From (4.1.16) it follows
that

@(m) =Q+ 3[31, 03], Bi, =i[Bs, 03] + @Bl — B1Q, By = éBz — ByQ.

A direct calculation shows that Q°**(07) — Q“*(0~) = 2Q(0) +2i[o3, 03 P(0)] = 0,
which means that Q°”*(x) is continuous at z = 0. Using the explicit expression of
Bi(x) above, we deduce that 0,11 B1(0) = 0, for all positive integer n. Therefore,
all Dy, 11 Q%" (x) exist and are continuous at x = 0. Finally,

ia;t(o-l—) _ ;ﬁt(o_) :sz (O) + QV:E:B(O)

0 Uy + (@ + B)u
=2
—ut, — (a® + B?)u* 0

49 0 —2e(0)uz A
2e(0)ur A 0

=0,

where A = /a2 — |u|?(0), on account of the fact that we assume that u satisfies
(3.1.17). .

These smoothness properties are compatible with time evolution by construction.

LA matrix function belongs to C%(R) if all its entries are also elements of C%(R).
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Characterisation of the folding condition In this sub-section, we will char-
acterise the symmetry properties of the scattering data of a potential Q(x) satisfy-
ing the condition we have just discussed, that is CA) = L1,+,[Q] is an odd function.
Unlike the Robin case, this condition does not impose v, = v_ and we have to
consider the two cases 7, = +v_. We proceed in several steps, concentrating on

the continuous data first.

Proposition 4.12. Let Q(z) € $(R) be such that Q = Lip~, Q] is an odd

function. Then, its scattering data satisfies

S(=A) = B(A) S(A) B(=A) 3@):(—2;*?;&1 mf_w). (4.1.25)

0 ey
Explicitly, if v, = v = ea, we get

2\ + B —iea 2) — B —icx

Soa(—A) = 855 (A%),  s91(—=A) = 2N+ B +ica 2\ — B +ica o2

(\). (4.1.26)

If v¢ = —y_ = ea, we get

2 0+ B —tea 2\ — B +ica , .,
’ & S59(A"), S21(—=A) = —s21(A) . (4.1.27)

—\) =
s22(=A) 2N+ B +ica 2\ — B —ica 2

Proof: We have the following relation between Jost solutions

U (2,A) = L1z, \) T (2, )) L7 (N),
e (4.1.28)

Lli(A):zErfooLl(x7)‘) = ()\+g> U3+7H.

It implies in particular that S(A) = £1_(A)S(A\)L7H(N). Since U(—xz, —)) =

L
—U(x, \), we also have

Uy(—z,—A) = Uy (z,N). (4.1.29)

This implies in particular that 5~ (—A) = S()). Combining these two results, and
recalling that p = 8 and 74 = eq, yields (4.1.25) with B(\) = ij(—/\)LL()\)
as desired. [
These symmetries have consequences for the possible discrete data. We gather

the result in the following Proposition.

Proposition 4.13. Let Q(z) € S(R) be a generic potential such that Q =
L1p~, Q] is an odd function.
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1. If vy =v_ =ea:

o The zeros of saa(N) are composed of p pairs (A, —=A\p), k = 1,...,p
and s self-symmetric zeros Biondini & Bui (2012) A, = io, € iRY,
k =1,...,s. The number s of self-symmetric zeros is necessarily
even. Explicitly,

p S y o, r(z 2
A=A AN A —io e—%mleg(”' Gl )dz_

s522(A) = . : R (4.1.30)
j=1>\7>\j >\+>\j k=1/\+20k

o The related norming constants satisfy the symmetry relation

2N\, — B +ica 2M\, + B+ ica
(=AY (g) = — : 4.1.31
VAN =~ I T A —iea (4.1.31)
k=1,....2p+s.
2. If vy = —y_ = ¢ca:

o The zeros of sas()\) include =27 when e = 1 or ZX when e = —1,
and p pairs (A, —A\;), k =1,...,p. There are no self-symmetric zeros.
Explicitly,

2\ + B —ia ﬁ,\fAj AEAS 1 les(HreR) )
e 2mi JR Z—x ,e=1,
22+ B+ia LA AN
S29(A) = s ]plx_xj- S (4.1.32)
2)\—5-&-1‘04]1;[1/\—)\; A+ C PET T
e The related norming constants satisfy the symmetry relation
Y(=A\)v(A)=—-1, k=1,...,p. (4.1.33)

Proof: We first derive the properties of the zeros of so2(A) in each case and will
provide proof for the relation of the norming constants at the end as it can be
done in one go for both cases. In the case v, = v_, relation (4.1.26) implies that
if A\p is a zero of spo(A) then so is —A; and the first claim follows. Note that
none of these zeros can be equal to (8 +ia)/2 in view of the summary given after
Lemma 4.1. Using (4.1.28) and (4.1.29), we obtain

U, (=2, =) = B(z, \)V_(2, )B~1()) (4.1.34)
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where B(z,\) is given as in (4.1.19) and B(\) as in (4.1.25). This implies
v_(0,0)S(0) = B(0,0)¥_(0,0)B~1(0) that is, since B(0,0) = T and B(0) = T
when v, = -, S(0) = 1I. Thus s9(0) = 1. But from (4.1.30), we have
592(0) = (—1)?P™* 50 s must be even.

In the case v, = —~_, relation (4.1.27) is rephrased by introducing

2N+ B+ i
L sn(M =1
A(/\)— 2/\4‘6—7;05822( )’ c ’
T ) 2\ - [ +ia o) __q
N — B —ia 2V T T

in terms of which it reads A(—\) = A*(\*). This is the same relation as dealt
with before so we deduce that the zeros of sy3(\) come in pairs or in singlets of

purely imaginary numbers and (4.1.32) follows. We use again (4.1.34) to deduce

¥_(0,0)S(0) = B(0,0)¥_(0,0)B~1(0)

ﬁ—i—z:aoc
but this time, since v, = —y_ = ea, B71(0) = (5—6“‘ 5_im>. Therefore,
. B+ica '
$22(0) = g;zz Comparing with (4.1.32) which gives s22(0) = (—1)277*5%, we

deduce again that s is even. In fact s = 0 because (4.1.33) (whose proof is next)
would implies |y(ioy)|* = —1, a contradiction.

We turn to the proof of the relation on the norming constants for which we
don’t need to distinguish the cases. Eq. (4.1.34) gives the following relations

between the column vectors of U4

W\ (1) 2\ +p+ivy
W () = Bl e e ) (4.1.35)
2) ) —2X+p—ivy

Evaluating (4.1.35) at A = Ay and recalling that \IJ(_l)(:v,)\k) = ”y()\k)\lff) (x, \g)

we get

20 +p+iv-

W0 (—x, = M) = 7 (M) Bl M) 8 (2, )

Now, evaluating (4.1.36) at A = —\; and using it to eliminate \Iff) (x, \g) yields

2N +p—ivy 2 g+ p+ive
22X +p—iy 2+ pFiv.

U0 (—2, = Ap) = v(\) B, \e) B(—, i) U2 (=, — Ay
I
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Recalling the NLS symmetry (2.1.7) (when x = —1) which gives
U2, \) = iU (2, 3)*, 0P (2, ) = —ion U (2, \)*, e Ct.
Note that o1 = —ioy; see (2.1.6). These symmetries together with
U (i, =N = o (A (=)
give

=2+ p—1y- 2N+ p+iv-

2)% * * * 2)* *
U (2, =N = = (A (<A U (2, =N
The result follows by spelling out the two cases v, = v_ or v, = —v_ and
substituting p = 8 and v, = ca. n

The main novelty is the first fraction in (4.1.32) which shows the presence of a
single, not purely imaginary, zero. In the absence of any other zero, that is n = 0,
and assuming the pure soliton case that is the reflection coefficient r(\) = 0, we
will see in the next section that this term gives rise to an emitted or absorbed

soliton at the boundary.

Remark 4.14. In expression (4.1.32), we could ask what happens for instance if

one zero A is equal to (—f +ia)/2. A short calculation shows that sqa(N) would

.\ 2 )
then contain the factor (;iig;zz) gj\\:g;zz In that case, (—f + ia)/2 would be

a double zero which takes us beyond our working hypothesis of generic potentials.

We now discuss the converse of Propositions 4.12 and 4.13. The short argu-
ment in Bikbaev & Tarasov (1991) uses the known one-to-one correspondence
in IST between a generic potential of the type we consider in this work and its
scattering data. We can invoke the same result here and conclude that a potential
w is such that @ is odd (equivalently u(z) = —u(—=x)) if and only if its scattering
data satisfies the symmetries of Propositions 4.12 and 4.13. In the case v, = v_,
we also present in Appendix B.2 a direct (but long) proof along the lines of that
given in Deift & Park (2011) which uses Riemann-Hilbert problems techniques.
It illustrates the main differences between the present case and the Robin case
detailed in Deift & Park (2011). In particular, the use of a two-step construction

mimicking the construction of B(x, \) from £;(z, \) is detailed.
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4.1 Nonlinear mirror image for time-dependent BCs

Proposition 4.15. Let Q(z) € 8(R) be such that its scattering data satisfies the
symmetries of Propositions 4.12 and 4.13. Then u(zx) = —u(—=z) holds.

The result that the symmetries on the scattering data are compatible with
the time evolution also holds by the same reasoning that B is the composition of

two Backlund transformations constructed on £;.

4.1.3 Soliton solutions

Solutions and discussions in this section follow closely the ones in Caudrelier,
Crampe & Dibaya (2022).

Absorption/emission of one soliton by/from the boundary. The sim-
plest new solution that our results predict is the case where one soliton can
disappear or appear at the boundary. To our knowledge, this is the first time
that such an exact solution for such a phenomenon is computed. The following

one-soliton solution, defined for x,t > 0,
u(z, t) = e IR ook (a(z — mg — 2eBt), e = +1, (4.1.37)

satisfies the focusing NLS equation' and the boundary condition (3.1.16). The
parameters ¢ and x are the arbitrary phase and position shifts. We note that the
velocity +4 and amplitude « are controlled by the boundary parameters. The
sign € in (4.1.37) corresponds to the sign in (4.1.22). For g > 0 and ¢ = —1
in (4.1.37), the soliton disappears from the half-line > 0 after a time ¢ ~ g—g
For zp < 0 and € = 1 in (4.1.37), the soliton appears on the half-line z > 0
after a time t ~ —;—g. As mentioned above, this solution is generated by the
first fraction in (4.1.32). This is a new class of solutions allowed by the time-
dependent boundary conditions (3.1.16). It breaks the intuition developed so far
by the nonlinear mirror image method in that such a single soliton being emitted

or absorbed has no mirror counterpart. The bulk density is defined by

N(t) = /OOO lu(x,t)|* dx . (4.1.38)

"'We encountered this on the full-line in Chapter 2 with generic parameters.
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For the solution (4.1.37), a direct calculation yields
N(t) = a + atanh(a(xg + 2¢5t)) . (4.1.39)

It is clear that this is a time-dependent quantity. Its time behaviour is consistent
with the picture of the one soliton being emitted or absorbed by the boundary.
By this we mean, that the value of N(t) as t — +oo interpolates between 2«
(soliton present on the half-line) and 0 (soliton absent on the half-line).

Note that our formula (3.1.20) tells us that the combination'

5= —%, :/ lu(z, £)[2dz + \/a? — [a(0, £)2 (4.1.40)
0

will be conserved in time. Noticing that the 4 sign in front of the square root is
equal to? —sign(zg + 2¢8t) we have £+/a? — |u(0,t)|? = —atanh(a(zg + 2¢3t)),
hence the result.

Multisoliton solutions

A special case of the results presented above contains those in Griiner (2020)
that were obtained by dressing. Specifically, the formulas for the position and
phase shifts presented in Remark 2 of Griiner (2020) can be obtained from the
formulas in Proposition 4.13, in the case v, = v_, with some standard algebraic
manipulations. Their explicit form in general is not crucial for our purposes. We
will see an example below. In structure, these are the same as the ones originally
given in Biondini & Hwang (2009) for the Robin case. The essential difference

accounting for the presence of different boundary conditions is the appearance of

2A+B—ica 2A—f[—ica 2A—ia
2A+B+ica 2A—fF+ica 2 t+ia

the Robin case. However, the new case 7, = —+v_ has not been seen before by
the method of Griiner (2020).

the function which replaces the function characteristic of

Two solitons reflected. In the case v, = ~v_, we can apply the results
presented above to compute a two-soliton solution on the half-line being reflected

by the boundary at = = 0. It suffices to use the four-soliton solution of NLS on

'Here and in the next formula, we have dropped irrelevant constants related to the normal-

isation of the matrix K.
2This can be found by checking the boundary condition (3.1.17) for solution (4.1.37).
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the full line, recalled in Subsection 2.2.4, with the constraints given in Proposition
4.13: the discrete data satisfies A3 = —A], Ay = —AJ and the associated norming

constants are linked by, for kK =1, 2:

-1 2X\. — B +ica 2M\, + B+ iea

A t = '
C( k+2) C()\k)slgg()\k:)slm(_)‘;;)* 2)\k — 5 — e 2)\k: + B — lEQ

(4.1.41)

Fig. 4.1 shows two plots of two-soliton solutions for different choices of the

parameters and both are reflected by the boundary. Of course, such pictures will

Figure 4.1: 2D-contour plots of |u(x,t)| corresponding to two solitons reflected
with time-dependent BCs (3.1.16) for « = 2 and § = 1. The same zeros \; = 1+2i
and As = (1 + 57)/2 are used for both plots and with ¢ = 1 in (4.1.41). The
norming constants are c(\;) = —4e 2 ¢(\y) = 5e° on the left and c(\;) =
—4et, ¢(Ny) = 5710 on the right.

look very familiar to the reader accustomed to solitons reflections in the Robin
case. The point is to offer a visual appreciation of the integrability of the time-
dependent case. Between the two plots, the only parameter that we changed is
the position shift &, & of each soliton. This is the analogue with a boundary
of the well-known property that solitons undergo elastic collisions whose order is
irrelevant to the final result of position and phase shifts. The plots in Fig. 4.1
are to be compared with the graphical representation of the (quantum) reflection
equation in Fig. 4.2 which is well known in quantum integrable systems. The
main reason to mention this is that, in the multicomponent case, soliton colli-
sions among themselves and with a boundary are related to the set-theoretical

Yang-Baxter and reflection equations and provide examples of Yang-Baxter and
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reflection maps, see Caudrelier & Zhang (2014) and references therein. The ex-
tension of such ideas to the present time-dependent BCs is an interesting open

problem.

Figure 4.2: Line representation of the (quantum) reflection equation depicting
a two-particle process being factorised into two possible successions of particle-
particle interactions and particle-boundary interactions. The consistency of the
two possibilities which must yield the same physical scattering matrix requires

the reflection equation.

One soliton reflected and one absorbed. The previous result with two-
soliton reflected on the half-line is similar to the ones obtained for the Robin
boundary condition and corresponds to the case v, = 7_. We now turn to
the new possibility offered by the time-dependent case that is v, = —y_. A
completely new type of solution is then possible, as mentioned previously: one
soliton may be absorbed/emitted by the boundary. To illustrate this type of
solution, in this paragraph, we focus on the case when one soliton is absorbed
and one is reflected. This is obtained from a three-soliton solution of NLS on the
full line, recalled in Subsection 2.2.4, with s22() given by (4.1.32) with p = 1 (and
r(A) = 0). This means that two of the three zeros/norming constants are required
to obey the symmetry relations of Proposition 4.13 part 2. The third zero, say Ao
is the special zero involving the boundary parameters « and 8: \g = —/24ia/2
or A\g = /2 + ia/2. The sign of the real part determines whether the soliton

travels towards or away from the boundary. The norming constants associated
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Figure 4.3: 2D-contour plots of |u(x,t)| corresponding to two solitons, one re-
flected and one absorbed with time-dependent BCs (3.1.16) for a = 4, § = 2.
The same zeros A\g = 142i and A\; = (1+5¢)/2 are used for both plots. The norm-
ing constants are c(A\g) = 1, ¢(A1) = 5e'® on the left and c(X\g) = €%, ¢(\;) =5
on the right.

Figure 4.4: 2D-contour plots of |u(z,t)| corresponding to two solitons, one re-
flected and one absorbed with time-dependent BCs (3.1.16) for a = 6, § = 1.
The same zeros A\g = (1 + 6i)/2 and Ay = (2 + 5i)/2 are used for both
plots. The norming constants are c¢(\g) = 4e'®, ¢(\;) = 5 on the left and
c(Ng) = 4e™8, ¢(A1) = 5e'® on the right.
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with the reflected soliton are linked by (see (4.1.33))
—1
(A1) s (A1) * 559 (=A])

whereas the norming constant c¢()\g) is free.

c(Ag) = - (4.1.42)

Fig. 4.3 and Fig. 4.4 show such plots for different choices of parameters, to
mimic the situation in Fig. 4.1, but with the essential difference that one of the
two incoming solitons is absorbed by the boundary, while the other is reflected
as before.

Fig. 4.5 shows the line representation of the equations underpinning the
phenomenon of Fig. 4.3 and Fig. 4.4, in the same way as Fig. 4.2 does for Fig. 4.1.
Somewhat intriguingly, if we interpret the absorption (or emission) of the single
soliton as a type of transmission into the boundary (or to the mirror half-line),
these equations correspond to (quantum) reflection-transmission equations, see
e.g. Caudrelier (2005); Caudrelier et al. (2005) and references therein. This

puzzling observation deserves further investigation beyond the scope of this work.

Figure 4.5: Line representation of two-soliton solutions when one is absorbed.

One soliton reflected and one emitted. A solution with one soliton re-
flected and one emitted can simply be obtained from the previous solution by
changing the sign of the velocity of the absorbed soliton in the previous para-
graph, that is, the sign of the real part of )\g. Graphs for such solutions are
easily obtained by reversing the time flow, ¢ — —t, in the figures of the previous

paragraph.
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4.2 Nonlinear mirror image method for Robin
BCs with NZBCs

In this section, we discuss partial results obtained when applying the nonlinear
mirror image method to solve IBVPs for the focusing NLS equation with Robin
BCs (3.1.12) with non-zero boundary conditions at the infinity.

For some a,b € R such that a < b, we define

Py =la,+o00), P_ = (—00,b.

Consider a function u(x) such that u(z) — uy as x — +oo with |us| = g # 0.

Recall that the uniformization variable z is defined by
2(A) = A+ Ek(N),
where k() is doubly-branched function given as
k= M+ g
Consider the following ODE

Pac = (Q—I—Z[O‘g,P])P_ PQ7
(4.2.1)
Py = P(0) =iaos, «a € R\[—qo,q)

Lemma 4.16. If u(z)—uy belongs to L'(P) then the ODE (4.2.1) has a unique

solution.

The proof for this result is similar to the one of Lemma 3.2. It leads to the

following unique solution

Pla i) (|£1<x>|2 —le@P  26@)EE) ) |

. G (@) @)\ 25@)6(@)  —(&(@)P =& @))

where (&1(z), & (2))T = UO(x, 2()\g)), with ¥O(x,2) a vector-valued solution of
(2.3.3) such that ¥°(0, z) = e;.

Lemma 4.17. If u(x) —uy belongs to L' (P1) and P(x) is the solution of (4.2.1),
then P(z) has the following asymtotics

P(z) — Py :i(TiH—Qi)Ug, as x — %00,

such that 2 = a* — ¢2.
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The proof of this result is given in Appendix B.3.

As we saw in Subsections 3.2.2 and 4.1.1, the matrix function defined by
L(z,2) = A(2) + P(x), (4.2.2)

solves

L.(x,2) = Ul(x, 2)L(z, z) — L(z, 2)U(x, 2) , (4.2.3)
where U(z, 2) = —i\(z)o3 + Q(z) with Q(x) given by

(—a?(x) a(ox)> = Q(x) := Q(x) + i[os, P(x)]. (4.2.4)

We also know that in this case, the eigenfunction ¥(z, z) defined as

U(x,z) :=L(z,2)¥(x, z), (4.2.5)

will solve U, (z,t) = U(x, 2)¥(x, z) if U(z, 2) is a solution of (2.3.3).
The Backlund matrix IL induces a BT on the potentials. We have the following
definition.

Definition 4.18. Let Q(x) be complex-valued and defined on R as above. The
map

Lo : Q — Q =L,[Q],

is called the Bdcklund transformation of Q(x) with respect to «. If Q(x) is defined
on Ry, the map LE : Q — Q= LE[Q] is called the Bdicklund transformation of
Q(x) with respect to a. We will use the same terminology and notation at the

level of the entries u(z) and u(x).

From the above lemma, it follows that the new potential u(x) has the following

asymptotic behaviour
u(r) = —ug, asz — too.

This means that the Biacklund transformation @ (z) belongs to the same functional

space as the initial potential u(z); we have

(Aj:t(Z) = UgUi(Z)O'g.
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Recall that Uy = —iA(2)o3+ Q+. Since these matrices have common eigenvalues,
the appropriate domain to study solutions of U = UV is the same two-sheeted
Riemann surface defined in Section 2.3. Note that the new eigenvector matrices
are simply given by

Ey(2) = 03B+ ()03,

where By = T — L03Q+. Finally, the Jost solutions U, (z,z) based on u(z) are
uniquely defined by

lirf U(z, 2)e* )38 = 5. B, (2)03, 2 € 3.
T—>L 00

One can prove a similar result to Lemma 3.5. This will allow us to state that
the map defined in the above definition is a bijection.
Set
Li(z):= lim L(z,2) = A(2) + Px.

r—+o00

Recall that if u(z) is a generic potential, the scattering coefficient sg(\) associ-
ated to it has a finite number of simple zeros in D. We denote the set of these
simple zeros by K. We will now discuss the relationship between the scattering

data associated to u(z) and the ones associated with the new potential u(z).

Lemma 4.19. Consider u(z) and P(z) as in Lemma 4.16. Let S(z) and S(z),
z € 3, be the scattering matrices associated to u(x) and its Backlund transfor-

mation u(x). Then

S(z) = M~Y(2)S(2)M(2), z€X, (4.2.6)

where

Mi(2) = E£1<2)L;1(Z)O'3Ei(2) =92z (z2 + 2ir 205 + qg)f1 o3

Elementwise, we have

S _4 So9(2 S91(2) = — **5212 z , 2.
S99(2) = () (2), (2) sulz), z€X (4.2.7)

where

9£(2) = (2 — 72) (2 + q5/71)
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with 7+ = —i(a +ry). In addition, if T+ and —q3/7; are not zeros of s, then
u(z) is a generic potential if u(z) is generic. Thus, we have KX, = K,. The

norming constants associated to zeros of Seo(z) are given by

~ 9+(&)"
V(&) = — v(6n), 4.2.8
(€)=~ 6 (1.28)
where &, = z, and &y = —q8 /25 forn=1,... N.
Proof: The proof is similar to the one given in Lemma 3.7. [

For reference, note that

2z
0
M= <gi(§2) 2 ) ,92(2) = (2 —7) (2 + 65 /71) = 2° + 2irez + g5
—g+(2%)*

A Backlund transformation is useful if it is compatible with the time evolution
of the PDE of interest, which is the NLS equation in our case. We can repeat
similar arguments as in Lemma 3.8 to show that the BT w(z, t) will indeed satisfy
the NLS equation if and only if the Backlund matrix L evolves in time with respect
to

L; = v(m,t, 2)L(z,t,2) — L(z,t, 2)V(x,t, 2),
where V is defined accordingly.

To make use of the above construction, we need to introduce the notion of
“a-symmetry” or folding condition that will enable us to produce Robin BCs

from the Backlund matrix L constructed above. We have:

Definition 4.20 (a-symmetric property). Let u(z) be as in Lemma 4.16. We

say that u(x) is a-symmetric if
u(r) = u(—x). (4.2.9)

Lemma 4.21. Let u(z) be as in Lemma 4.16. If u(x) is a-symmetric then

r=r_=1ry and u_ = —U,.

Proof: Assume that u(z) is a-symmetric. This implies U(z, 2) = —o3U(—z, —2)03.
As a result, we have

U(—z,—2) =V(x,z)M(z) (4.2.10)
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for some matrix M (z). We have
L=z, —2)L(z, z) = M(2)M(=2),

where M (2)M (—z) = —(\(2)*+a?). In turn, this means that P(x) = 03P (—z)03
Therefore,

P =03P,03 <<= r_=ry and u_ = —u,.

]
Recall that 74 = —i(a+74) and g4 (2) = (2 — 74) (2 + ud/71) . As a consequence

of the above lemma, we set

T=1_ =7, g(2) =9+(2) = g-(2).

For reference, note that

Lemma 4.22. If Q(z) is a-symmetric and continuously differentiable, then Q(x)

satisfies Robin boundary condition
Q.(0,1) + 20Q(0,t) = 0.
Proof: Note that Q(z) = —Q(z) + i[os, P(z)os]. It follows that Q(0) = —Q(0).

Q2(0) = Q2(0) = —Qu(0) + i[os, Po(0)03] — Qu(0)
= —2Q.(0) + i[o3, P.(0)os]
= —2Q.(0) + i[o3, —2iaQ(0)03]
= —2(Q4(0) + 20Q(0))

From Q(z) = —Q(—x), it follows that Q,(0) = Q,(0). Therefore, one has
Q:(0) +2aQ(0) = 0. -

Theorem 4.23. Let u(z) be a generic potential such that u(z) — uy € L(PL).

If u(z) is a-symmetric, then we have

Soa(—2")" = s22(2),  s2(uf/2) = TEsp0(2), z€ DM UL,
— 99" )

521(—2) 9(2) 821( z € 2.
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The simple zeros of sa2(X\) are composed of p quartets (z;, —z;,—qg/zj,qg/zj),
j=1,...,p and s pairs of self-symmetric zeros iw;, @3 /iw; € iR, j = 1,...,s;

their norming constants satisfy the symmetry relation

V() (=2f) = e V() (ug/25) = ——

2 .
where & # T,&j120prs) # — 2 for j=1,...,2p+s.

For reference, we have

e |ez) 1 1] 2y (481 ) 1 1
o= g<z;f>*c<zgv><s;2<z]~)>2}  Cl/z) < ) .

The proof of this result is provided in Appendix B.4.

What we have achieved. As we can see from the content of this section, we

are able to do the following:

e To construct a Backlund matrix L(x, z) defined in (4.2.2) where P(z) is the
solution of (4.2.1).

e Under the folding condition (4.2.9):

— To prove in Lemma 4.21 that the diagonal entries of P, coincide, that
is r_ = r,, and the off-diagonal entries are the same up to a sign, that
isu_ = —uy. If ugp =0, ie. we are in the case of ZBCs at infinity,

the result in Lemma 4.21 coincides with the one in Lemma 4.8.

— To prove in Lemma 4.22 that we actually obtain Robin BCs (3.1.12).

e To characterise the folding condition in terms of the scattering data; see
Theorem 4.23.

Despite this achievement, we were unable to construct solutions on the half-line

for the focusing NLS equation (1.1.1) that satisfy Robin BCs at = 0 and non-

zero boundary conditions at infinity.
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What we can do next. We would like to investigate closely the role that the
theta condition (2.3.42) can play in this construction.

Finally, we would like to mention that, in Tarasov (1991), the nonlinear mirror
image for the defocusing NLS equation with Robin BCs and non-zero boundary
at infinity was implemented. They found very similar symmetries to the ones
we obtained in Theorem 4.23. However, there is almost no explication of the
derivation of their symmetries or any explanation of the theta condition in their

case.
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Appendix A

Miscellaneous

In this appendix, we will introduce the general notions related to functional spaces
we used in this work. The content of this appendix can be found in Brezis (2011)
and Walter (1974).

A complex or real vector space X is called a normed space if to each of its
elements, we can associate a positive real number, denoted ||z|x and called the

norm of x, such that the following properties hold:
(a) ||z|]|x >0 for all z in X.
(b) ||z||x = 0 implies x = 0 if = belongs to X.
(¢) |lax||x = |a|l|z]|x if = belongs to X and « a real or complex number.
(d) [l +yllx < |lzllx + |lyllx for all z,y in X.

We say that || - ||x defines a seminorm on X if all the above properties hold but
the second.

A complex vector space X is called an inner product space if to each pair of
its elements = and y, we can associate a complex number, denoted (z,y)x and

called scalar or inner product of x and y, such that the following properties hold:
(a) (z,x)x >0 for all z in X.
(b) (z,x)x =0 only if x = 0.

(¢) (az,y)x = a(x,y)x if z,y belong to X and a a complex number.
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(d) (z+y,2)x = (x,2)x + (y,2)x if ,y, and z belong to X.

<e> (y,l’)X = (y,ﬂ?)}—

Every inner product on a vector space X defines a norm on X, given by

lzllx = v (2, 2)x.

A.1 LP? spaces

Let p be an element of [1,00) and d a positive integer. Consider  C RY. We
denote by LP(Q) the space of functions f : Q@ C R? — R such that

/ |f]Pdz < oot
Q

The following defines a norm on L?(2)

1/p
vy = ( / \f\p) .

[f ||y = ess sup|f],

We also define

where the essential supremum of a measurable function g is defined as the minimal

¢ € [—00,00] such that g(z) < c a.e., that is,
ess sup g = inf{c € [—o0,00] : [{z : g(x) > ¢}| = 0}.

A complex-valued function belongs to LP(£) if its real and imaginary parts belong
to LP(Q), for 1 < p < co. Elements of L'(Q) are called absolutely integrable

functions on (2.

Theorem A.l. Consider an integer d > 1. Let Q be an open subset of R,
Suppose that f : Q x R? — C and that f(x,-) : R? — C is absolutely integrable
for each x € Q. Let F(x) = [ga f(2,y)dy.

Tn addition to this condition, these functions must measurable. The same remark applies

to functions in L°.
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(a) Suppose that there exists g € L*(RY) such that |f(z,y)| < g(y) for all x,y.
If lim f(z,) = f(z0,y) for every y, then
T—rT0
lim F(x) = F(x).
T—TQ

In particular, if f(-,y) is continuous for each y, then F is continuous.

(b) Suppose that O, f(x,y) exists for all x,y and that there exists g € LY (RY)
such that |0, f(z,y)| < g(y) for all x. Then 0,,F(x) exists and is given by

0, ()= [ 0, 1.y

Definition A.2. Let (X, (+,)) be an inner product space, and let L : X — X be

a linear operator.

e The adjoint of L is the unique linear operator L* : X — X that satisfies
(Lf.9)=(f.L"9), forall f.g € X.

e The operator L is said to be self-adjoint if it is its own adjoint.

Consider 2 C R. Let f : Q — C? be a function such that f = (fi, f2)7. We
say that f € L?(Q,C?) if

1 = [ (5 +17P) do < .
It is known that this space is a complex vector space. The following relation
(F9) = [ (h@)gi(@) + L)) do
Q

defines an inner product space structure on L*(Q, C?).

Lemma A.3. If k = 1, then the linear operator £ defined in (2.1.9) is self-adjoint
on L*(R,C?).

Proof: A calculation yields the following

(Cfrg)s =i / ((Fr. — wfo)gi + (ufr — fo)g3) do.

The proof follows from simple integration by parts. [
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A.2 Schwartz space

Let j and d be positive integers. We denote by €7(R?) the space of complex-
valued functions that are j-times continuously differentiable on R?. We denote
by €>(R?) the space of complex-valued functions that are infinitely differentiable

on R? and defined as

C*(RY) = [ &/ (RY).
=0
Ifa=(ay,...,0q) € N and z = (x1,...,24), we define

a _ Qa] Qa2 %} a 01,02 g
8x_6xlaxg"'axd7 T =Xy Ty" Ty

Define

S(R?) = {f € C=(RY)| sup |220” f ()| < 00, Yo, B € Nd} :
z€R

8(R?) is called Schwartz space and its element are called Schwartz functions.

They can be understood as functions whose derivatives (including the function

itself) decay faster than any power of |z| as |x| — oo. For this reason, elements of

8(RY) are sometimes referred to as rapidly decaying functions. For all o, 8 € N¢,

the function || - || : S(RY) — R, such that

1 llas = sup 205 f (x)].

rER4

makes §(R?) a semi-normed space. The topology on 8(R?) is generated by this
family of semi-norms.

It is straightforward to deduce from the definition of §(R?) to deduce that its
elements will satisfy the following: for all positive integer N and o € N¢ there

exists a constant C > such that
02 f (@) < C1+2l) ", weRY

This property can be used to prove that §(R?) C LP(R?), for all 1 < p < co. One

can even prove that S§(R?) is in fact a dense subspace of LP(R?), for 1 < p < oo.

120



Appendix B

Proofs of Chapter 4

B.1 Proof of Lemma 4.1

It is convenient to work with P;(z) = P(x)o3 which satisfies

1 .
Py = [;0’3 -Q+ 20’3P1,P1] : (B.1.1)

We seek a solution of the form
i _
R@) = i) (o) i)
for some invertible matrix ¢;(z). Substituting the ansatz into (B.1.1) yields

p1z(x)p1(x) ", 1 () (%%) wl(fﬂ)_l] = [%}03 - Q+

ioser(@) (Bras ) or(@) @) () a(0),
which means that

pr@or(a)” — (Lo =@+ imapr(a) (o) o)) = M)

with

[M(I),Sﬁl(l’) (%03> sol(x)‘l} = 0.

In turn, this implies that o1 (z) "' M (z)¢1(z) is a diagonal matrix, which we denote
by D(z). The matrix ¢; is not uniquely defined and it is always possible to
consider the transformation ¢, — ¢1h where h is an invertible diagonal matrix
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without changing P;. We use this freedom to choose h such that h, = —Dh and
set o = ¢1h, with the conclusion that

Pia) = plo) (s ) o)

where ¢ is a nonsingular (or fundamental) solution of

0r(x) = (%Oag - Q) © + io3p(T) (%0_3) : (B.1.2)
Writing ¢ = (1, p2) where g 5 are the column vectors of ¢, we see that
Prala) = (=i = Qpr . panle) = (~iXpos = Q. Ay = =250
We impose the standard conditions
xgrfoo o1 (z)e™MT = e, IEIFOO o (z)e T = ey (B.1.3)

Equation (B.1.2) is unchanged under the transformation ¢(z) — (igs)p*(x)(ice) ™!

where o5 is the second Pauli matrix. Hence, in general there exists a nonsingular
matrix C' such that o(z) = (io9)p*(x)(ioy) ' C. Taking into account (B.1.3), we

find C' = 1, so po(x) = —ioapi(x), and hence the matrix ¢(x) can be written as
_ (&(@) —&(a)

Thus, P;(z) takes the following form

B . Q@P - L@ 2@ 6@
Pl(””)‘2<fl<x>\2+r§2<x>12>( 2% (2)"6: () —(r£1<w>\2—\§2<w>r2)>' .

Therefore, it is enough to solve for ; which we recall is a solution of the linear

problem
01z = (—iAro3 — Q)1 , (B.1.5)

with the condition xl_l)llloo @1(z)e™* = e;. The rest of the construction of P ()
and its properties hinges on the following important standard result, see e.g.
(Coddington & Levinson, 1955, pp. 104-105). Equation (B.1.5) admits two fun-
damental solutions y*(x) satisfying

lim Y& (z)e?+*3 = 1.
x—):tooX ( )
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Note that they are not necessarily unique. Also, we point out that their rela-
tionship with the columns of Jost solutions is key in the following. So we need

to distinguish the cases v, > 0 and v, < 0. In Lemma 2.4, we proved that for
A\ € C*,

ei’\x\IJEFl)(:U,)\) — ey, T — Foo, e”"\x\lff)(a:, A) = e, x— +00, (B.1.6)

exponentially with rate Im(A) and —Im(\), respectively.
Using similar arguments as in Proposition 2.2, Lemma 2.4, and Remark 2.8,

we can prove that

e’i’\x\Ilf)(x, ) = < i/\)) +0(1), z— —occand A e Ct. (B.1.7)
g (1) _ sV _
eV (z,N) = 0 +0(1), z— -cand AeC, (B.1.8)

e u (2, ) =< A>)+O<1>, v +ooand AECT,  (B.LY)

Case 74 < 0: In this case Ay € C* and it could be a zero of sy2(\) or not.
Suppose first that sgea(A;) # 0. Then we know that \I/(,l)(x, A4) and \Iff) (z,Ay)
are linearly independent. From (2.2.22) and the asymptotic behaviour in (2.2.26),
(B.1.6), and (B.1.7), we see that we can take

X(o) = o0 (0000} 50, 02 ) )

as a fundamental matrix for (B.1.5). Hence, we have

p1(z) = X(z) (l“) (B.1.10)

M2

for some constants p; and py. Condition (B.1.3) yields p3 = 1 but py is free. As

e [505 (A4 )

r — —o0, we have p;(z) ~ ( ) There are two sub-cases, either

L O
fo # 0 or gy = 0. Assume that pus # 0. Then, gg—g — 0 as x — —oo which leads
to )
. —1y
i, Pae) ==~
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If po = 0, then

lim P(x)= W—Jrag.

T——00 2

Suppose now that sge(A;) = 0. Then g (x,A+) and \Iff) (x,\;) are no longer

linearly independent. Our strategy is to use the fundamental solution x~(z) to

exhibit a convenient fundamental matrix that we will use to determine ¢ (z).
1

On the one hand, we know that ¢1(z) = x(x) for some constant ¢ and
c

that x*(z) = x)C for some constant invertible matrix C'. Hence ¢q(z) =

(5 for some constants «, 3. Finally, we also have that oy )<£L‘ Ay) =

( ) for some constant d. Hence, let us define Y (z) = (03\11(,1)(%7 At), X;(m))
where y5 (x) is the second column vector of x~(z). This is also a fundamental

1
matrix since Y (z) = x () (d (1)) and it satisfies

lim Y (x)e?+* = 1.

T—r—00

Putting everything together, we have p;(z) = Y(x) (; where 0 =  — ad is

some constant. We now show that § # 0 necessarily. Since so2(Ay) = 0, we know
that U (z,\,) = 7\1153)(% A4) so that Y(z) = (703\1153)(33, A+), X3 (2)). Finally,

we also have 5 (z) = x*(2) #) for some constants w, v. Hence,
v

; T (2) H S ) WP
xEI-‘:r-loo (Pl( ) o= xBr—iI-loc <’YO'3\I]+ (x7)\+)’x+<$) <y>> (5) e
2ihyx
_ . (2) —iALix —+ IALTO 12 ae +
_acgr—iI-loo (WU‘O’\P+ (2 A )T, X (@) <V62“‘+I>> < g )
0 0
- K . (B.1.11)
—v 0 é

Comparing with (B.1.3), we obtain ué = 1 thus showing that § # 0. Therefore,

going back to ¢1(z) = Y(x) ?) with Y (x) = (03\11(_1)(x, At+), Xz (z)), we obtain
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ae—z)\+x

that @1(x) ~ seitee

) as © — —oo, with 6 # 0. Hence, ggg —0asx — —o0

which leads to ,
lim Pi(z) = —W—Jrag.
T——00 2
Case v, > 0: In that case A\, € C~ and it could be a zero of s11(\) or not, or
equivalently, A% could be a zero of s55(\) or not. We follow a similar strategy as
for the previous case but the change of sign in ~, yields a major difference: here

p1(z) = 0'3\:[/&1)(1’, Ay). Indeed, in general we have

for some constants vy, vp, 71 and T,. Imposing (B.1.3) and the asymptotic of
\Ilsrl)(x, A) as in (B.1.6) requires v; = 1 = 7 and v» = 0 = 7». Suppose first that
s11(A4) # 0, then we can use (B.1.8) and deduce that

Y+

lim Pi(z) = —"03.
T——00 2

Suppose now that s1;(A;) = 0 so that \I/grl)(x, A4+) and Q/g)(x, A4+ ) are no longer
linearly independent and \I/Srl)(:v, Ay) = ~ o (z, Ay) for some nonzero constant
~'. We can use the asymptotic behaviour of % (x,\) given in (B.1.6) to conclude
that i

xl_l)IEloo Pi(x) = —7+03 :

This concludes the proof of part (a). For part (b), we can adapt the proof of
(Terng & Uhlenbeck, 1998, Theorem 6.6) whose main points are as follows. From
the construction of p;(z), in all cases, we have either & (x)/&(x) or &(z) /& ()
tends to 0 exponentially as eT"+1* as 2 — +00. Hence, from (B.1.4), we see that
[0, Pi(z)] decays exponentially as x — £o0o. We can see that in the equation
_ip

Plx_E

03, PA] + i[os, P[Py — [Q, P, (B.1.12)

the first two terms on the right-hand side decay exponentially while the third
term has the same decay as ) which is assumed to be in §(R). Thus P, has the
same decay as (). Hence, by repeated differentiation of (B.1.1), we obtain that
Py, has the same decay properties as () at 00 and therefore belongs to S(R).

125



B. PROOFS OF CHAPTER 4

B.2 Proof of Proposition 4.15

We consider the case 7 = v, and denote this common value by 7 instead of e«
for convenience in this proof. Similarly we keep p instead of S. Let us assume
that symmetries (4.1.26) and (4.1.31) are satisfied. We will adapt the strategy
proposed in Deift & Park (2011) to show that u(x) = —u(—=z) holds. Consider

m(z, ) = (mqy(x, \), ma(z, X)) the solution to a normalized RHP with jump ma-

oo, ) = (1 F P —rF(M)e ) |

—r(\)e?e 1

trix given by

Consider two functions ¢;(z) and E;(z) defined as

@ (x) = o3 (ml (x,X) , Mo <x,/):*>) ,

By(z) = qi(z)os (F) q(z) o3,

Set

2. M)mlz. N z(\) L +\ J =ptiln]
o =  Z@NmE ) Ae@\{_ili},
Z(z, Vm(z,\)z(\)"L, AeC \{%}

where Z(z,)) = (A + £) o3+ E1(z) and 2(A) = (A + £) o3+ 2 1. Consider other

two functions ¢a(x) and Fy(x)
q@(z) = (T?Ll <:L‘, —X) , Mo (:U, —X*)) ,
Ey(x) = 03q2() () 03q2(x) "

For convenience, we set
CL()\) = 822()\).

Let us define the following matrix function

102 z, Nz, N)w(X) " ta(N)73 (iog) 71, el L
e \) = (io2)W (, N)in(z, Nw(A)ra(A) 72 (io2) ™, A € @+\{ i } o
(i)W (2, M), (X)L (X)) 7L, Ae €\ {2l
where W(z,\) = (—=A+ £) 03 — E(2) and w(\) = (A + &) 03 — 21
We claim:
m(w, \) = m" (=, =\"). (B.2.2)
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We have the following straightforward computation

(=)™ i (2, 3) = (im2)a* ()7 2N w(No(z, A) (2w (W) ™ (W) (io2) !

2 2 2A+p+iy 2A+p—iy a*(A) —2iX
oy [ OEOBROE R me )
—p+iy 2XA—p—iy a 2i
“Ixtotin ate—in ar () NET EeE

_< L+ (=22 —e?i“r(—»)

76_27‘.)‘%7"*(7)\) 1
Set m(xz, A) = m*(—z, —A\*). Then,
() 7 (5, 0) = () iy (—2, =) = oz, ).
When a()) admits a finite number of simple zeros A\, € CT,

Resm(z, \) = /\lirg\l (A= Xp)m(z, \)
Ak

A=Ak
= lim m(z, \) 0 , 0 .
A= c(A\g)e2ree 0

Equivalently,

lim a(N)my(x, A) = y(Ap) X pg (2, \y).
>\_>>\k

For m(z, A), we have
(Res m-a)) = tim [\~ (-3g)m(—z.)

= lim —(\ = \)TA*(—z, —\*
Aim ( )M (=2, =A%)

- Algr;k [(wg)(WZ)(x, A) (A = Ap) X

m{z, Na(N) (z(w(A) <wz>1]

= —(io)(WZ)(x, \g) [O ’m] ((zw)(Ag)) " (i)~

= 4(i02)(WZ)(JJ, /\k)x

1 1 1
A B.2.
[2)\k+0—i’y 2\ — p — 1y a/(}\k)mQ(xa k) 0] , ( 3)

Thus at —\j, the second column of m(z, A) is analytic, and the first column has
a simple pole. Similarly, at —\; the first column of m(z, A) is analytic, and the
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second column has a simple pole. On the other hand, we have

0 0\ ]
lim |m(—=z,\) N e = lim |m"(—z,—\")x
A= =Af e RTe(=A) 0 A=A

0 0
2ka *( )\*) 0

= — lim [(iag)(WZ)(;c,)\)m(x,)\)x

A—))\k

()7 [(zw) (V)] 7 %

eQi)\kxE* (_)‘;;) 0
0 0

~ (i) W 2) (o 20) | 5
()

2 , —p+ iy

ma(z, \g) 0} ,  (B.2.4)

Note that ¢(A) stands for the discrete data that appears in the normalised RHP
for m(z, A). Compare (B.2.3) and (B.2.4), using (4.1.31) and the first equation
n (4.1.26), one gets

(=A%) =

2N —p+iy2 e +p+iy 1 1 }
2\ — p — iy 20+ p — iy Y (M) @' (M)
M) A=)
(@(Ak)* a(=A%)
= c(=Ap).

Hence, it follows that ¢(\;) = c¢(A\g). Let us discuss what happens at A =
2V, A, — A

m(x,\) = Z(x, \)m(z, )\)z()\)*l

= qi(x)o3 ( [(¢3Q1(x))—1m]11 _giizjg [(03Q1(m))‘1m]12>
_gf\iﬁ [(USQI(x))ilm]m [(03‘11(37))71”’] 22 7

Note that [(o3q:1(z)) " 'm(z, N)]y, = 0 and [(o3¢1(x)) " 'm(x, N)];, = 0 at X and A",
respectively. This means that m(z, ) does not have any pole at X and \*. Again,
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B.2 Proof of Proposition 4.15

we have

W (z, \)m(z, Nw(A) ™t = g3g2(z) %

( [73g2(2) 7 ], =y [‘73@(”7)_%]12)
- giiﬁlg [osga() 1], [o3g2(2) =10 ] 5,

Note that [o3ga(x) 1]y, (2, ~\) =0and lo3q2()~tm], (1, —2*) = 0. Combined
with the above discussion, we see that m*(—x, —A\*) does not have extra poles at
X, X*, —X, . Therefore, we have proved the above claim. In terms of vector
columns, Eq (B.2.2) is:

For A e C*
_ (o)(Wa)* (—x,— %)
T A) = -85 (B.2.5)
ol A) = S5 i) Wi ) (—, ),
and, for A € C—
(e, ) = i (i) (W) (—, =), -
mao(z, \) = ——————~(io9) (W) (—x, —\*).

a(-N) (A +2+9)
Assume that v < 0, so A € C*. Using

(io)ii* (2, ) (ica) ™) = i, M),

(o) W* (2, \*) (io2) ™ = W (x, \),

it follows from the first Eq. in (B.2.5) and the second in (B.2.6)

-~

mq (x,X) = ;W (—x, —X) mi(—z, —A),

ya (/)\\)
Mo <£C,/)\\*> =

1 - -
—AW <—£L', —>\*) mg (—ilf, —)\*) .
ya (—)\*)

A direct calculation shows that

W(—=, —X) = 03¢2(—1x) <_S'FY 8) o3qa(—z) 7",

0 —uy

W(-um, —X*) = 03¢2(—1) (0 0 ) o3q2(—x) 7",
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which implies

Therefore, one has

L 0
a( A
— (-0 | e
a(—)\*)
from which a direct calculation shows that
El(l‘) = O'3E2(—ZL‘)O'3.
; : \Il(_l)(a:,X) _ia ~
From the direct scattering problem, we know that 0 = e "My (x,A).

Hence, since a (X) # 0 and v, = v_, from (B.1.10) (the constant ps = 0) we

have

It follows that,
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The case 7 > 0 will lead to the same conclusion, one needs to use the other
equations in (B.2.5) and (B.2.6) instead. Let

m(x,)\):]I—i-@—i—o()\Q), G(A):l"‘%WLO()‘iQ)

be the asymptotic expansions as A — 0o. As m(z, \) = m*(—z, —\*), it follows
from (B.2.1) that
—m’(~x) = (io2) (m(z) + (a1 — p)os + o3(P(—2) + P(x))) (io2) ™"
Again, using the symmetries
m(z,\) = (ioo)m*(z, \*)(ion) ™',  P(z) = (iog) P*(x)(ioy) !,
we see that mis(z) = —m3; () and Pya(x) = — P}, (z). Then, it follows that
u(zx) = 2imqs(x)
= —2i [(io2) (m(—2z) + a103 — pos + 03P (x) + 03P (—x)) (ios) "]
=2i[m(—x) + P(—x) + P(x)]5
= 2imy (—x) + [P*(z) + P (=2)ly,
= —2imya(—x) — 2i [P(z) + P(—2)];
= — (u(=2) + 20 [P(z) + P(=2)];5)
= — (u(=2) + 20 [P(z) + P(=2)]}5) = —u(-xz).

*

12

B.3 Proof of Lemma 4.17

Let A\g = —ia. We have by definition that (see Section 2.3)

z(Ao) = Ao + k(X)) = —iav — ik /a? — @&,

where k = sign(a)e and ¢ is 1 on Cy, —1 on C,.
Let o] > go. In Section 2.3, we defined D* as

Dt ={z€C: (]z’—¢)Imz>0} and D~ ={z € C: (|2|* — ¢}) Imz < 0} .

Recall that k(\g) can be either —i\/a2 — ¢2 or i\/a? — ¢2. So, we distinguish two

sub-cases:
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l.e=1and a > gy or e = —1 and o < —qp, which implies that z(\g) € D~.
2. e=1land a < —qp or ¢ = —1 and « > qg, which implies that z(\g) € D*.

Consider the first sub-case, which means z(\g) € D~. Equation (2.3.3) admits a

non-unique solution g(z, z) on Rt such that

gz, z) = k)2 [<_’1“7+> + h(x,z)] ,

where h(z, z) is a column vector that goes to zero as © — oo for z(\) € D~ U .
Recall that X is defined as the union of the real axis with a circle of radius
qo centred at the origin. Indeed, we can show by a direct calculation that the

following integral equation solves (2.3.3)

A _tugq T efik(xfy)
g(z,2) = ™ ( L ) +/ E(2) ( 0 8) Ei(2) 7' AQ1(y)g(y, z)dy

- [ B (g eikfi_y)> B, ()" AQ ()(y, 2)dy,
where AQ, (z) = Q(z)— Q4 and Ey(z) = T—L03Q4. By using the above integral
representation of g(z, z), we can show using similar arguments as in Proposition
2.17 that g(x, z) is well defined on R* for z € D~ U X.

In this setting, \IJS:)(:I:, 2(N)) and g(x, z(N\g)) are linearly independent, then

we can write
Uz, 2(M)) = W (2, 2(M)) + 29 (2, 2(0)).
If the second component of \Ifgrl)(:v, 2(Ag)) does not vanish at = 0, we should

U

have that (£1(x), & ()T ~ etkQo)e _zl(/\o)> as = — co. Hence. &@) _y _ iug

? &2(w) 2(Xo)

as x — oo which implies that

Pi(z) — \z()\o)|2+u% (—Qiuiz(ko) _(qg_ ’Z()\D)P)) = —1 ot — g+ Q4 | 03.

If the second component of \Ifgrl)(x, 2(Ag)) vanishes at « = 0, then ¢; = 0 that is

. 1
(&1(2), &) = e, (2, 2(A)). Recall that U (z, 2(\g)) ~ e~ ko) (_ it )
z(Ao)
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u’
e
7 T00)

&a(z)
&1(z)

T L |Z(A0)‘2 — q% —2iU+Z()\0) _ 22T .
B2 Lo+ & (2iuiz()\0)* _(\Z(AO)F_Q@)) <mﬂ Q+> 3.

We summarise what we have done so far:

as r — 0o, hence as r — 00. As a result, as x — oo, we have

P(z) —»i(ryI—Q4+)o3 asx— +00

such that r, = —y/a? — ¢2 if the second component of \I/Srl)(O,z()\o)) does not
vanish, and 7, = \/a? — ¢3 if the second component of \IIS:)(O, 2(Ao)) does vanish.
To extract the asymptotic behaviour of Pj(x) at —oo, we need the following

column vector solution of (2.3.3) on R™:

(_i_*_> +v<x,z>] ,

where v(z,z) is a column vector that goes to zero as * — —oo. This vec-

f($, Z) =

tor solution can be obtained rigorously using a similar type of argument as for
g(x, z) above. In this case, f(x,z(\g)) and NS (x,z(Ao)) are linearly independent.
Hence,

V0(x, 2(Ao)) = erf(, 2(Mo)) + ¥ (, 2( ).

If the second component of ¥® (x,2(Xo)) does not vanish at x = 0, we should

. 1 it
have that (& (z), &(2))T ~ e *Ro)z i ) Hence, Z’Eg = — oo AT = —00

which implies that
Pi(z) =i < a?— gt - Q_]I> o3. (B.3.1)

If the second component of ¥ (x,2(Ao)) vanishes at « = 0, then ¢; = 0 that is

1

as r — —oo. As a result, we have

(&1(2), &(2)T = U (2, 2(Ag)). Again, recall that U (z, 2) ~ ik <_7_> as

&1(x) iu_

x — —oo. This implies that — —

€a2(2) z(Ao)
Py(z) = —i ( a? — @I+ Q_> o3.

Again, we summarise what we have done so far:

P(z)—i(r-I—Q_-)o3 asxz— —o0
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such that r_ = y/a? — g3 if the second component of \IJEQ)(O,Z(Ao)) does not
vanish, and r_ = /a2 — ¢ if the second component of ‘If(_2)(0, 2(Ao)) does vanish.
This concludes the proof.

B.4 Proof of Lemma 4.23

Assume that u(z) is a-symmetric. We prove relations given in (4.2.11). Using

Lemma 4.21, equation (4.2.10) in terms of Jost solutions becomes

Vo (—x,—2) =03V (x, 2). (B.4.1)
This implies that
S(z) = S7H(—2) = 52(2) = s11(—2) and 351(2) = —s91(—2).

Combining these symmetries, relations (2.3.35) and (4.2.7) one obtains the first
two relations in (4.2.11). Equation (B.4.1) together with

q]i($7z) :L(ZL‘,Z)\I/i(ZL‘,Z)Mi(Z), z € Z,
give
Uy (z,2) = L(—x,—2)VY¢(—2x,—2)Mi(—2), z€X.
Taking into consideration the analytic continuations of columns of Jost solutions,

for 2 € DT, we have

0 (2, 2) = — 122 L(—2, —2) 0 (—x, —2),

- 9(=2)
\Iff)(x,z): L 22L(—:c,—z)\11_2)(—3:,—z).

g9(—=

G

)*
In terms of column vectors, the first symmetry in (2.3.33) gives

W (2, 2) = —(i0) 8P (z, 27)", 0P (2, 2) = (i05) UV (2, 2*)*, 2 € D",
Using these relations one can show that

\I/(,l)(a:, Zn) = ’y(zn)\IJ(f) (x, 2zn)
v

_ _V(Zn) “(=23) o Ll — o YD (g s
- g(—z,’;)* 2 nL( ’ n>\1j+ ( ) n)
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Hence comparing this with the first equation in (B.4.2) evaluated at z,, we obtain

oy = 92" 9(z)
R =) T )

since g(—2;)" = g(zn) and g(—2,) = g(2;,)".
U (@, 12/ 2) = y(W2) 2,) 0P (2,42 ) 2,)

RICTED) “_(2) ez =22 VP~ —2 /2
‘geﬁwm*@%>L<’ .

— (“_+> 2o/ ) () <2“—3) L(~, — g2/ z) W (2, — 43 20)

u g(—ag/z;)* Zn

Hence comparing this with the first equation in (B.4.2) evaluated at u2/z,, we
) u\ g(=a5/2)" ut\ g(zn)
i e) =~ () - (&) g,
’ ur) 9(—43/zn) Uy

since g(—qi/2,)" = (ug/2)9(zn) and g(=q5/z) = (uf/z)g(2,)"

get
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