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Abstract

This thesis is focussed on machine-learning approaches to defining accurate models for

structural dynamics. The work is motivated by the concept of ‘digital twin’ and is an

attempt to build tools that could be included in a modelling campaign for structures or

within the context of a digital twin used for structural health monitoring (or more broadly,

asset management).

In recent years, machine learning has provided solutions to many modelling problems, of-

fering solutions that do not require exact knowledge of the physics of the phenomena that

are modelled. For structural dynamics this approach can be quite useful, since accurate

mathematical representations of the physics of several structures are often not available.

Moreover, for performing structural health monitoring SHM of structures, data should

be used, making machine learning a straightforward way to deal with such problems.

The thesis attempts to exploit powerful machine learning algorithms to perform infer-

ence for structures in situations that traditional methodologies might fail. The attempts

concern several fields of structural dynamics, such as population-based structural health

monitoring, modelling under uncertainty and with a combination of known and unknown

environmental conditions, performing modal decomposition for structures with nonlinear

elements and defining the remaining useful life of a structure within a population of similar

structures. The methodologies presented yield very promising results and reinforce the

idea that machine learning, in some cases combined with physics, can be used as a tool to

define accurate models of structures.
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As described in the first chapters of the thesis, an efficient modelling strategy for struc-

tures is to use various different models in order to model different parts, substructures or

functionalities of a structure. Therefore, an organising technique for all the available data

and models that are used is required. For this reason, an ontological approach is proposed

herein to include all the aforementioned elements and in order to facilitate knowledge

sharing.

After defining an organising technique for such a project, some data-driven schemes using

novel machine-learning algorithms are presented. Initially, a method to define nonlinear

normal modes of oscillations of structures is presented. The method is based on the use

of a variation of a generative adversarial network (GAN), and proves to provide quite

efficient modal decomposition, under specific assumptions. The generative adversarial

network algorithm is further explored and an algorithm is developed to define generative

mirror models of structures. The algorithm is developed to perform in an environment

where both known/measured and unknown variables affect a structure. The algorithm,

being a generative algorithm, provides a probability distribution of potential outcomes,

rather than single-point predictions, allowing probabilistic assessment and planning about

a structure to be undertaken.

Moreover, population-based structural health monitoring (PBSHM) is addressed using

machine-learning algorithms. Performing inference in heterogeneous populations can be

complicated, because of the big differences between structures within such populations. In

the current thesis, a graph neural network (GNN) approach is combined with the trans-

formation of structures into graphs, to perform inference in such a population. The novel

GNN algorithm proves able to learn efficiently the interaction physics between structural

members and their environment.

Finally, a generative model is used to deal with the problem of estimating the remaining

useful life of structures within a population. This algorithm is also a variation of the

GAN and is built to generate time series. Using this method, a probability density is

defined over the remaining lifetime of a structure, exploiting information available from

other structures of the population, for which data are available and which have reached

their total lifetime.
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The new contribution of this research is the use of currently-state-of-the-art machine

learning models for the purposes of structural dynamics. GANs are used for purposes

other than their original purpose (artificial data generation), i.e. to perform nonlinear

modal analysis and to define generative digital twins of structures. Such models are also

used with a view to defining a generative time-series model, which is exploited to estimate

the remaining useful lifetime of structures within a population. A second novel type of

model that is exploited in the current thesis for the purposes of structural dynamics is

that of graph neural networks, which are used to infer the normal condition characteristics

of structures within a population.
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Chapter 1

Introduction

1.1 Motivation

Infrastructure is an extremely important part of everyday life. In the UK only, for the

decade 2018-2028, it is expected that £600bn [1] will be invested on infrastructure for

energy, transportation, digital infrastructure, social infrastructure, protection from flood

and coastal erosion etc. All these assets are expected to be, first of all safe for the users,

but are also expected to benefit society and investors. In order for such structures to yield

profit, they should be carefully managed and extensively modelled. Modelling should be

aimed at reducing the risk of failure during design as well as during operation of the

structures.

Structures often fail, and their failure has very high cost for society. A major cost of

structural failure is that of human lives. On the 14th of August 2018, the Morandi Bridge

in Genova Italy collapsed, and as a result 43 lives were lost. A study after the catastrophe,

showed that in France, a third of the 12000 state-maintained bridges needed repair and

that 840 of them were in danger of collapse [2]. In the US it is estimated that maintaining

ageing structures will have an economic impact of $10.3tn between 2020 and 2039 [3].

Another field of structures that needs attention is that of wind energy. Electricity genera-

tion using wind has increased by 715% in the UK from 2009 to 2020 [4]. The wind energy

1
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Figure 1.1: Annual offshore installations by country (left axis) and cumulative
capacity (right axes) [5]

generated in the UK accounted for 24% of the total electricity generation for 2020. In

Europe, in 2019 only, 3623 MW of net offshore capacity were installed; this corresponds

to 502 offshore wind turbines [5]. In total, 22 GW of offshore wind capacity is installed

in Europe. In Figure 1.1, the installed offshore capacity per year for some countries in

Europe is shown, and in Figure 1.2, the corresponding invested amounts are shown for

years 2010-2019. The inconsistency regarding the installations in 2016 in the later figure

might be because of reductions of the funding by the EU or the governments of the EU

members.

Taking into account the “Net Zero by 2050” goals of many countries [6], wind turbines

shall be one of the most important aspects of infrastructure in the years to come. Their

role is extremely important as a means to achieve the aforementioned environmental goals,

as well as investments that should yield profit to society. They shall need careful design,

and attention should be paid in order to maintain their condition as efficiently as possible.

However, wind turbines face many challenges. They are exposed to extreme environmental

conditions and complicated materials are used for their construction. Therefore, designing

them and maintaining them becomes a complicated task.

Modelling such structures is necessary in order to make them live up to their expectations;

i.e. to perform as they should throughout the years of their operation. During the design
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Figure 1.2: Offshore wind energy investments and capacity financed in Europe
2010-2019 [5]

phase of the structures, as well as during operation, modelling is needed to avoid failure

and to maximise efficiency. For design, numerous hypothetical scenarios regarding the

influence of the environment need to be tested, and how the structure would behave

should be analysed. Consequently, engineers need to select the proper features for wind

turbines so that they do not fail under the projected environmental conditions. During

operation, maintenance should be performed often enough to avoid failure of the wind

turbine. Monitoring the condition of the structure is also a means to avoid failure and to

locate potential damage early enough to reduce the costs of extensive repairs.

All the aforementioned tasks can be performed using traditional structural analysis tools,

such as finite element models [7]. However, such methods often fail because of the lack

of knowledge one has about the behaviour of the materials and the exact stimuli of the

structures by the environment. To satisfy the need of modelling options in cases where

traditional methods fail, data-driven methods are often deployed. Such methods are based

on observations of the physical phenomena that one wants to model, and look for patterns

in them to define relationships between quantities.

Development of data-driven methods has skyrocketed in recent years for many disciplines.

Data are becoming available more widely and their exploitation is being introduced into

numerous fields. Major applications include imitating human behaviour and automating
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procedures that would normally be performed by humans. The fields of machine learning

[8–10] and artificial intelligence (AI), have offered great benefits to society and facilitated

many aspects of everyday life. The independence of these methods from extensive knowl-

edge of the entities which they are called to model, makes them extremely convenient, and

provides quick and sometimes very successful solutions to problems, which may have been

really difficult to solve over the years.

For structural dynamics, such methods can be used to perform analysis of structures,

as well as the functionalities of structural health monitoring (SHM) [11], that are much

needed for wind turbines. In the current work, several such methods are developed and

presented. The aim of these methods is to provide new modelling capabilities and to define

SHM methods that can assist in maintaining the healthy condition of structures.

1.2 Brief introduction

Modelling of systems has been a pursuit of researchers for many years. The desire to model

systems is brought out by the need to avoid danger, and to efficiently manage available

resources. Another reason why modelling of systems is studied is because it costs much less

than performing experiments on the actual systems and that simulations can be repeated

for many different values of the parameters of the systems. If studied more thoroughly, the

need of humans to predict the behaviour of various objects, or the outcome of situations,

is quite primal. Humans have been trying to predict the future in many situations in the

past. Many groups (usually affiliated to some religion), throughout human history have

had the belief that some humans are able, via some clairvoyant procedure, to predict the

future.

Naturally, most of these claims about future-predictive abilities have been proven false.

However, the need to predict the outcome of future situations, or at least to provide some

insight about the outcome, still exists. Everyday life activities have become safer than in

previous years, and this is largely because of efficiently modelling systems. In almost every

aspect of life, some system is involved, which has been studied and modelled in order to

ensure its efficiency and safety. A large class of such systems is that of structural systems.
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Structures participate in almost every aspect of modern life. Life in cities includes inter-

action with many different types of structures, including buildings, cars, roads, machinery

etc. Although such structures have existed for a long time, simulation of their behaviour

has not been always feasible. Today, the majority of these structures are modelled in order

to be deployed into the world with maximum safety. Before acquiring the knowledge and

the tools to analyse and predict the behaviour of these structures, humans mostly used

personal intuition and experiences in order to make them as safe as possible.

Years of studying the physics of these structures, their materials and their environment

together with modern technology have created the proper conditions in order to build very

efficient and accurate models of them. These models are used widely during the design

phase of the structures. Engineers try to model potential situations, in which under-

design structures might be found, and design it in order to avoid failure and to maintain

the quality of the structures’ service to the users.

While modelling methods are developed further in order to more accurately simulate

structures, materials which are used in order to build the structures, are becoming more

complicated. As mentioned, an important tool to model structural behaviour is studying

of the physics of the materials and the structures. However, some new materials have

not been studied yet. Furthermore, more complicated structure layout and connectivity

tends to cause problems in the modelling procedure, since interactions between different

structural members might cause alterations in the behaviour of each member.

Because of the lack of physical knowledge and the difficulty in acquiring it, in many

scientific fields, data-driven modelling has emerged. Using data to define models of some

phenomenon is a technique that has, of course, been used in many applications, before it

was considered a discipline of its own. For example, in order to define Young’s modulus

of materials, data from experiments were used and some linear or otherwise model was

fitted according to the observations. Although the concept of the scientific method is

fundamentally a data-driven process -i.e. observations (data), hypothesise (model), test

(data)- in the current thesis data-driven models refer to models which do not require

development of physical theory in order to define the model (i.e. to hypothesise).

In recent years, the field of data science has been developed even further. The discipline
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of machine learning is based on learning relationships between data mainly based on

observations and using no knowledge about the underlying connections. Such methods are

used to replace humans in tasks because of the efficiency and the accuracy the methods

have in performing their goal, and numerous applications reveal that the algorithms are

indeed able to substitute human involvement in several tasks. Although the algorithms

and methods of the machine learning discipline which get the most promotion are focussed

on performing tasks -such as image recognition or natural language processing- which are

functionalities of humans, such algorithms are also exploited quite successfully for the

purposes of physical sciences and engineering.

As mentioned, the behaviour of some materials is quite complicated and their modelling

solely via physical knowledge is difficult. In such cases, it its natural to seek solutions via

uninformed data-driven methods. The materials can be tested and studied in a laboratory,

or directly from the field of their deployment, and using these data one can build machine

learning models, in order to model their performance. Such methods could be considered

‘lazy’ in the sense that one does not spend any time or effort to define the underlying

physics of the modelled phenomenon. However, building such models requires extensive

study, since in order to deploy it in action, one needs to be completely sure that it will

perform as expected.

Another emerging field of study is that of defining digital twins of systems. The term

digital twin probably comes from the desire of humans to create exact replicas of physical

systems in the digital world, with emphasis on the word ‘exact’. The desire comes from

the need to acquire a digital copy of a real-world entity, which humans will be able to

analyse and make inference about the real entity, to monitor the condition of its real

world counterpart, to predict the future of the physical twin and even in hypothetical

scenarios, to see how the physical twin would behave. All these potential uses of such

digital twins might be motivated by science fiction, but they would indeed be very useful

in modern life. By using such simulation tools, engineers would be able to have a holistic

view of a structure and be able to maximise safety and profit from it. Therefore, a lot of

effort has been spent on defining such models or objects.

As expected, the digital twin should be ‘aware’ of the situation of the physical twin,

and therefore the real world structure should be monitored. As a consequence, data
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are acquired form the real-world structure. Data acquisition makes the use of machine

learning, and data-driven modelling in general, indisputably connected to the philosophy of

digital twins. As a matter of fact, data-driven modelling may be even more powerful than

traditional physics-based modelling techniques, when it comes to modelling complicated

systems with many uncertainties and when one has to deal with varying length and time

scales.

A field where machine learning has been the major strategy to follow is that of structural

health monitoring (SHM). The discipline of SHM is the subfield of structural dynamics,

which as its name states, is targeted at observing the condition/health of a structure.

Maintaining the healthy condition of structures is naturally wanted by engineers and

beneficiaries of the structure. Moreover, SHM is about real-time monitoring of structures,

as well as predicting future states and potential future damage of the structure. Therefore,

SHM can be integrated within the digital twin concept and be an important part of it.

Already, by including SHM into the digital twin, one can understand that it becomes

difficult for the digital twin to be a single holistic model of the real-world entity. Therefore,

an approach to achieve the creation of a digital twin could be the collection of many models.

As will be discussed further in this thesis, the digital twin can actually be a collection

of models, data, structural members, structures and modelling techniques. Although a

digital twin has no universally agreed definition, the goal of such an object is to model

as accurately as possible, the current, future and potential state of a system. The states

may refer to the health condition of the structure, its behaviour under external excitation,

control parameters or even action policies that have to be followed in order to increase

the safety and the economical benefit from the structure. In the current thesis, several

methods with such an intent are described.

1.3 Overview

In the current work, data-driven models for structural modelling are presented. The aims

are based on the admission that a digital twin is a collection of models, data etc. as

mentioned earlier. The models used herein are neural networks, a type of model that has
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dominated the machine learning discipline in recent years. Variations of classic machine

learning models are used, aiming to match the properties of the algorithms to the physics

of the phenomenon that is studied, and the nature of the data.

In Chapter 2, an introduction is given to data-driven modelling. An introduction to mirror

models is given, together with arguments about the use of generative models as mirrors.

Some basic theory about machine learning is presented and of neural network algorithms,

which has dominated the discipline of machine learning. Some aspects of the algorithm are

discussed, and a new type of neural network, the generative adversarial network (GAN)

[12], is presented and explained.

In Chapter 3, structural health monitoring (SHM) is discussed. The various levels at

which SHM is performed on structures are presented and some examples of applications

are discussed. Moreover, the new discipline of population-based SHM (PBSHM) is also

introduced. The reasons, for which this novel discipline is developed and some initial

works on the subject are presented.

In Chapter 4, an ontological scheme is presented for structural health monitoring. The

ontology is considered an appropriate way of organising data and knowledge about a topic.

Therefore, its definition including the data and the methods used in an digital twin scheme

or an SHM campaign shall prove useful when one needs to use them. The ontology is built

in a way which can help it include different structures and structural members allowing

potential transfer of knowledge between them, and the extension of knowledge. Such an

ontology can be of great importance for multidisciplinary applications, since it facilitates

knowledge sharing and can be used as a guide for implementation of the methods in terms

of creating software.

In Chapter 5, machine learning methods based on the generative adversarial network

(GAN) are presented. The newly-introduced method of adversarial training for generative

models is exploited for the purposes of structural dynamics. A method based on machine

learning that achieves a ‘modal’ decomposition of the dynamics of structures is presented.

Such a decomposition is very important when modelling structures, because it gives the

users ways of studying independent components of the movement, rather than the whole

movement of the structure, and making inference based on simple quantities.
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In Chapter 6, another variation of neural networks, which considers graphs as inputs

to the inference algorithm, is exploited in order to define the first natural frequency of

structures within a population. The natural frequencies of structures are important for the

procedure of monitoring, but also during the design procedure. The proposed algorithm is

data-based and seeks to exploit an algorithm that is able to take into account the layout

of structures. A great advantage of the algorithm is that it is able to perform efficiently

in a quite diverse population of structures.

In Chapter 7 a GAN is used to generate artificial structural data. Taking into account the

original goal of such an algorithm, which was to generate artificial images, one can use it

to generate artificial data regarding the behaviour of a structure. Rather than generating

data for conditions for which data have already been recorded, it was chosen to use a

variation of the algorithm and learn how to generate data that correspond to conditions

of the environment for which data have not been recorded.

In the same chapter, the same algorithm is also exploited in order to define generative

digital twin models, or mirror models of a structure. Since digital twins might be used

to model structures under uncertainty, it is natural to seek models that can take into

account such uncertainties. The variation of the GAN is able to learn transformations of

probability distributions according to various parameters, and can therefore be used to

define such a generative model. The algorithm is compared with the widely-used stochastic

finite element method (SFEM), which does not perform very well when the finite element

formulation physics do not match the physics of the structure. A combination of the two

algorithms -a hybrid model- is also presented, and is found to slightly outperform both

approaches.

In Chapter 8, the problem of damage prognosis is addressed via the use of another variation

of GAN. The approach is based on a population-based scheme, and the algorithm is used

in order to learn the physics of some type of damage, common in the structures of the

population. The proposed algorithm is a generative model and as a result, it provides

a probability over the remaining useful life of the structures rather than a single point

estimate. The method is tested on a simulated dataset, and the results reveal that it is

able to learn the damage evolution process and to provide estimates of the remaining useful

life, which are more confident than using a single probability density function according
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to the total lifetimes of the structures of the population.

Finally, in Chapter 9, conclusions are drawn regarding the presented methods, and future

research is proposed in order to further develop and validate current methods, but also

regarding the definition of new methods for digital twins.



Chapter 2

Data-driven modelling

2.1 What is a model?

A model means different things for different disciplines. A model for art or architecture

can be a three-dimensional miniature of an object, or even plans of a building; for some

commercial company, it could mean the different versions of a product; for graphic de-

signers, a model is a mathematical representation of real or imaginary objects via some

software. For engineering, a model is often a mathematical description or a representation

of some phenomenon or some object. Models in engineering are created in order to de-

scribe objects -such as structures- and to share their design with others, but also in order

to formulate the conceptualisation of the physics of how these objects behave and react

under certain situations, even for situations that one might not be able to evaluate with

an experiment.

The latter type of model has been the object of research for many years in many dis-

ciplines including: mechanical and civil engineering, computer science, social sciences,

biology, chemistry, medicine etc. In every discipline, different objects are modelled and

inferences are made about various aspects of these objects. Similarly to creating a model

for architecture or art, a model of the aforementioned disciplines offers a way to have su-

pervision over an object or a phenomenon. For example, a three-dimensional miniature of

a larger structure gives the architect the chance to rotate it, examine it, and have a better

11
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opinion about how it would look like after it is ‘embodied’. Similarly, having plans of a

building reduces the information given by the model, but offers the chance to pay attention

to different aspects of the structure than in the case of observing some three-dimensional

miniature. Respectively, models in more technical disciplines offer an abstraction of the

modelled object and phenomenon, with a view to better understanding them and also to

remove redundant information and focus on aspects of the phenomenon that are of interest

of the user of the model.

A major use of models in technical disciplines is to perform inference in hypothetical (‘what

if’) scenarios. Models are created using assumptions, limitations and understanding about

the underlying physics of the objects and the phenomena that are modelled. The creators

of the models use observations of the phenomena, understanding and intuition, in order

to build mathematical models which describe interactions of objects and predict how the

system behaves, given some stimulus or input. These models are often used during design

of objects in order to test what-if scenarios and avoid unwanted situations. They have

offered great capabilities during the design of structures, since one can use them to predict

how a structure (which has not been materialised yet) would behave under the conditions

of the environment in which it will operate. Furthermore, such models are used to model

existing objects and make inferences on how they might behave given different inputs. It

becomes clear that models are an attempt to predict the future, combining understanding

of phenomena and observations.

The performance of the models is based on the creators’ understanding of the phenomena

and the objects that are modelled. During the formulation of the mathematical model,

the creator translates his understanding of the underlying physics into mathematical op-

erations. It is common that one does not fully understand the underlying physics or

formulates this understanding mistakenly. This lack of knowledge is a common problem

when one models a phenomenon and is referred to as epistemic uncertainty. Sometimes,

complete knowledge of the underlying physics is not required in order to build accurate

models, since only a subset of the operations of the phenomenon might need modelling

in order to get the desired results. In every case, the predictive capabilities of the model

depend largely on whether one has captured correctly every part of the phenomenon that

one tries to predict via the model. Paradoxically, some models may predict quantities of
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Figure 2.1: Schematic representation of the physics-based modelling procedure
of some phenomenon.

interest quite well even if they have not at all capture the underlying physics, e.g. the

earth-centered solar system model.

The procedure of understanding, formulating and developing models is considered the

physics-based way of modelling. A schematic representation of the procedure followed to

create a physics-based model of some phenomenon is shown in Figure 2.1. Physics-based

models have been monopolising the model-development discipline for a long time. Most

models are based on physical theories, which in turn are based on understanding of funda-

mental operations of nature, or in general, the mechanisms that dictate the phenomenon

of interest. A major example of such models in structural engineering is the theory of elas-

ticity [13]. The specific theory provides a tool to analyse bodies under external loading

and to define the stresses and strains within their volume. Elasticity theory is the basis

for many methods used in structural engineering to define models and perform analysis or

design of structures. A physics-based method that has been widely and successfully used

in the aforementioned discipline is the finite element method (FEM) [7]. The finite element

method essentially allows the reduction an infinite-dimensional problem of elasticity into

a finite set of equations that need to be solved in order to define the state of a structure.

Finite elements are widely used in civil and mechanical engineering and provide efficient

solutions when one wants to study the behaviour of a structure. Of course, linear theory

of materials does not suffice to explain the behaviour of every structure. It is common

that materials have nonlinear stress-strain or load-deformation relationships, strain-rate
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effects, time-dependent effects, thermal effects, radiation effects, and so the finite element

formulation has been progressed in order to include and explain such behaviours. However,

finite elements are not always the solution to efficiently modelling structures. Quite often,

one has no knowledge about the exact behaviour of some materials and, even if experi-

ments are carried out in some laboratory to investigate the behaviour, the environmental

conditions to which the material will be exposed during deployment of the structure may

largely alter its behaviour.

The problem of missing information about the underlying physics of some structure be-

comes evident when calibration of a physics-based model is attempted. Calibration is the

procedure of defining the model parameters of a model of an existing system so that the

predictions match one’s observations of the system. The procedure of calibration can vary

from being as simple as an exhaustive search over some parameter space to being more

sophisticated; for example, using gradient descent methods [14–16] or genetic algorithms

[17, 18]. Matching of different quantities is attempted when one tries to calibrate a model

according to observations/acquired data from a system. For example, in the case of struc-

tures, attempts might be made to match some spectra or the maximum acceleration, or

the first n natural frequencies of the structure and the model. If such a model is created

using physics that do not correspond to the underlying physics of the structure, calibrating

the model could be possible and the model might predict quite accurately for the calibra-

tion data, but its predictive capabilities for other regimes could be minimal. Epistemic

uncertainty will be discussed further in next sections.

A common strategy to follow when one is concerned that the underlying physics of some

phenomenon are not fully understood, is to use data-driven models. Such models do not

require understanding of the underlying physics and are based only on the observation of

the phenomenon which is to be modelled. This time, the modelling procedure does not

require conceptualisation of the phenomenon and mathematical formulation of the theory;

a schematic representation, is shown in Figure 2.2. Data-driven models are defined based

on data, which are collected from some kind of sensor. The data should be quantities

that are varying during the phenomenon and affected by it. These quantities should in

general have some causality relationship. Variation of some of the quantities should also

mean variation of the others; i.e. correlation. Moreover, in order for the techniques to be
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Figure 2.2: Schematic representation of the data-driven modelling procedure
of some phenomenon.

successfully applied, every variable that causes variation of the quantity that one wants

to predict, should be recorded and used to define the data-driven model.

Data-driven models are often referred to as black-box models. This name comes from

the fact that it is common that one has no knowledge about how the model performs

inference, i.e. the model is not transparent. A common approach to using such models

is to collect every possible variable that is monitored during a phenomenon and use it

as an input to the black-box model. For every set of input variables, the quantity, for

whose prediction the model is created, is also monitored and is considered the output

of the model. Subsequently, the model is fitted to the data. Fitting the model is also

called training, and can be a deterministic procedure; for example, in linear regression, or

a stochastic one, as in the case of neural networks (described in next section). The result

of fitting is a model that has learnt some relationship between the input and the output

quantities. Having fitted the model, one expects that it will be able to generalise, i.e. to

approximate the quantity of interest for “unseen” values of the input variables.

Data-driven methods, and more specifically machine learning [8, 9], offer quite powerful

approaches when knowledge about a phenomenon does not exist. For structural dynamics,

a major example is not knowing details about the behaviour of some material. Given that

a material is nonlinear [19], for example, the exact type of nonlinearity should be defined

in order to properly model the behaviour of structures that have members made from the

specific material. Even if this result is achieved, temperature or loading variations may
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change the behaviour of the material.

Machine learning offers generic models that can be calibrated on almost any dataset, which

is based on some rules and relationships between the input and the output quantities. Us-

ing such models, the demand for understanding the underlying physics of phenomena,

systems and members of the system is bypassed. Models are created only based on data;

it has been proven that machine learning algorithms have great predictive capabilities

(mostly interpolation capabilities), in some cases even outperforming classic modelling

methods or even human performance in tasks which are based on imitating human be-

haviour (image recognition [20], natural language processing [21]).

Modelling methods based on data offer great capabilities especially when big data [22],

are concerned. When vast quantities of data need processing and models need to be

created based on them, classic modelling techniques may be computationally inefficient

or even intractable. Machine learning also offers ways to select the best data in order to

build the models (such techniques are included in the active learning discipline [23, 24]).

Another advantage of using such methods, when large quantities of data are available, is

the speed of inference. Machine learning methods are able to perform inference on large

quantities of data very fast, since their operations are usually simple matrix addition and

multiplication.

From what has been discussed so far, the impression might have been created that data-

driven methods is some kind of panacea to the problem of modelling systems (of course

this might be a result of the author’s preferences and the fact that the current work is a

thesis on data-driven methods for structural dynamics). However, machine learning, and

data-driven modelling in general, are far from being the cure to every problem one might

encounter when trying to model a system.

As mentioned, when using such models, the step of defining the physics of the problem, the

conceptualisation, is bypassed and this bypass is accompanied by drawbacks. First and

foremost, in order to define any data-driven model, naturally, data should be available. A

data-driven model is as good as the data used to define it. The quantity of data required

to define such models tends to be larger than the quantity required when a physics-based

model is to be calibrated. Secondly, data-driven models lack extrapolation capabilities



What is a model? 17

(something that quite often happens with physics-based models as well). Training a data-

driven model on data coming from a specific distribution, can only ensure the ability

of the model to perform inference on data coming from that distribution. In contrast,

physics-based models are based on physics that can be global (although quite often the

assumptions made in order to define the model are restrictive, e.g. small deformations

for various beam models) and can dictate the behaviour of the system in-hand under

every potential input or condition of operation. This difference can be thought as the

element that equalises the “energy” one needs to offer in order to define either a physics-

based or a data-driven model. In the case of data-driven models, there is no requirement of

knowledge of the underlying physics, and in return, the predictive capabilities of the model

outside the distribution of the training data are essentially minimised. Thirdly, one has no

supervision on how a black-box model performs inference. Evaluation of the performance

of such models is performed in terms of percentage of accuracy or some error metric over

a dataset of unseen data. These metrics may often mislead and create the impression that

a model performs very well, when in fact the model may be making elementary mistakes.

Such models may have good accuracy, but may also be quite unstable in their predictions,

and have catastrophic results if used for decision making without any human intervention.

The aforementioned problems of machine learning, and many others, have been the subject

of research of many researchers for many years. Especially in structural dynamics, an

attempt to deal with these problems is to try and combine the advantages of physics-based

models (white-box models) and data-driven models (black-box models). This strategy

leads to the creation of hybrid or grey-box models. Creation of hybrid models can be

attempted by inducing physics in the inference procedure of a data-driven model, by

using black-box models to correct the predictions of a physics-based model which is not

performing as expected, by favouring specific solutions of the black-box model according

to one’s knowledge of the underlying physics or by using some prior knowledge about some

quantities, in order to affect the training procedure. At the same time, these techniques

are preferred by engineers, since they are more interpretable than plain black-box models,

and malfunctions can more easily be addressed and fixed.

Another important aspect of applying data-based models is that of feature engineering.

Selection of appropriate features of some phenomenon before training a machine learning
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algorithm is a very important procedure, and may greatly affect the performance of the

model. The most basic requirement of feature selection is to define quantities as inputs

and outputs that have a cause and effect relationship. A data-driven model is able to

perform both forward and inverse inference between such quantities if the relationship

exists, otherwise the variables are just random and no model can define a relationship

between them. During feature selection, the user can induce some physical knowledge in

the model by preprocessing the data in a convenient way. For example, instead of trying to

model raw acceleration data coming from a sensor, one might try to model an aggregative

quantity of the data, such as the mean or maximum acceleration or the power spectral

density of the signal.

Various attempts have been made using many different modelling techniques and algo-

rithms to model structural systems. In some cases, the procedure has been simple, or

some simple model yields accurate results and more sophisticated approaches are not

needed and therefore not attempted. There are cases, however, especially when new ma-

terials are used, or have not been sufficiently studied, where more sophisticated approaches

are needed. In some cases, physics-blind methods, i.e. data-driven methods are needed,

since the physics of the materials are extremely complicated to conceptualise. As mate-

rials evolve and structures become more complicated, more accurate models are needed,

and sometimes the need emerges to model structures in real time to make decisions. To

deal with such issues, the field of digital twins has emerged. The term could mean many

different things and serve many different expediencies according to the needs and goals

of the users of the model. In the next section, the term ‘digital twins’ is discussed, an

alternative term is presented and some terminology about such models is given.

2.2 Digital twins - mirrors

The need to model systems with the highest possible accuracy, has lead to the creation

of the concept of a digital twin. A digital twin could essentially be defined as a digital

copy of some system, which is called the physical twin. Such a model would, ideally, react

the same way to inputs as the system that it models. The whole procedure of defining a

digital twin would naturally include calibration of the model according to data acquired
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from the system for different inputs and for varying parameters affecting the behaviour.

A digital twin should be able to yield accurate and trustworthy predictions, even in real

time, about the current and future condition of the structure. The goal of such models

is to operate the system safely and to maximise profit. The term ‘digital twin’ has been

used in many scientific disciplines and they have been a highly desired object especially

in industry. There have been examples of attempts to define such tools in manufacturing

[25, 26], control systems & the internet of things [27], smart cities [28], social networks,

management [29], structural engineering [30] etc [31, 32].

An initial approach to defining a digital twin would be to follow a holistic approach and

try to simulate the whole system via a single model. Such a strategy has been followed

in modelling structures using the finite element method [7]. Whole structures can be

modelled using FEM models, taking into account interactions between various structural

members as well as between environmental conditions and the parts of the structure.

Although such approaches are able to account for interactions between different elements

of the system, even in a recurrent way, they often fail.

The main reason that causes such models to fail to predict accurately the behaviour of

systems, is that the relationships between the inputs and the outputs of the system are

often quite complicated or the inability to practically model behavior over widely varying

length and time scales. In order for a model of the whole system to be defined, extended

knowledge about the mechanisms of the modelled system is required. In the case of struc-

tures, the knowledge refers to the materials of the members, the loading, the degradation

processes of the materials through time, etc. This knowledge is the physics of the structure.

By building models of the whole system, errors -because of insufficient knowledge of the

physics of members- accumulate and affect the final predictions. In addition, multi-scale

and multi-physics makes the creation of a single model very difficult and simulation and

calibration of such models are usually computationally-expensive procedures increasing

the operation cost.

For complex engineering applications, a holistic model of a system may not even be de-

finable. A simpler modelling solution is to define models that just govern limited envi-

ronmental and operational regimes or to define smaller-scale models for different parts of

the system [33]. A first advantage of modelling smaller parts of a structure is that the
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need to model interactions between structural members is reduced. A second advantage

is that more modelling techniques are made available in order to make predictions. Tech-

niques like machine learning [8, 34] and deep learning [10] can be exploited to increase the

modelling capabilities of the digital twins. Data-driven models are structurally able to

define relationships based on acquired data and their impact in the modelling procedure

of structures is of great importance.

By splitting the modelling procedure into smaller models that perform inference on a spe-

cific part or a specific functionality of the structure, the digital twin becomes something

more than just a single model. A digital twin can be a collection of submodels, each one

modelling a different aspect of the structure. This strategy allows inclusion of models

performing different functionalities than simply predicting accelerations or displacements

of the structural members. An important functionality that can be included in the mod-

elling process is that of structural health monitoring [11], which will be presented in later

chapters. Different submodels may be directly focussed on maximising the profit of the

structure’s operation; for example, by modelling the generated energy from a wind-turbine.

The submodel approach appears to be more appealing and applicable than the holistic ap-

proach; however, uncertainty affects the modelling procedure even for smaller members of

the system. Uncertainty has two different main forms -aleatory and epistemic uncertainty.

Aleatory uncertainty refers to phenomena that are inherently random. Varying material

parameters because of imperfections during the manufacturing process is a common source

of aleatory uncertainty. Variations of the loading might have some deterministic basis, but

trying to predict them could be really complicated, so they are also often considered as

random. This type of uncertainty cannot be reduced and has to be taken into account

when one models a procedure that is affected by such randomness.

The second type of uncertainty -epistemic- refers to lack of knowledge about the mecha-

nisms that are modelled. If one does not completely understand the physics that need to

be included in the model, then errors will be observed in the predictions, in comparison

with the real behaviour of the system. In structural engineering, a common source of

such uncertainty is the exact type of nonlinearity. Structures are often modelled as linear,

which may yield accurate enough predictions in order to design and perform maintenance,

because structures are often designed to operate in the linear region of their materials,
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for safety reasons. However, nonlinearity is present [19] and affects the performance of

models. Another source of such a type of uncertainty is to not know exactly which pa-

rameters affect the quantity of interest. In machine learning, these parameters are also

called lurking variables.

In order to deal with issues of uncertainty during prediction, the use of generative models as

mirrors is proposed in the current work. Generative models are models that either provide

a probability distribution or are able to generate samples of the quantities of interest.

Generative models, such as generative adversarial networks [12], learn to generate samples

according to acquired data and are able provide predictions taking uncertainties into

account. An approach to the digital twin concept taking into account uncertainty seems

more complete: on the one hand, it offers a way to deal with epistemic uncertainty, treating

it as variations in the observations, and on the other hand, takes aleatory uncertainty into

account. In a later chapter, a completely data-driven approach to defining such a model

will be presented.

2.2.1 Mirror terminology

In the current work, a different term for the aforementioned type of model is used. The

preferred term is that of a mirror model of a system, and more specifically a mirror model

(or just a mirror) of a structure; the term was introduced in [35]. A mirror refers to some

physical structure (physical twin) S, which has N different states s = {s1, s2, ...sN}. At

the same time, the structure exists within an environment E, which has N corresponding

environmental states e = {e1, e2, ...eN}. Different operational conditions may also be

included in e. The environmental states, of course, affect the structural states and play a

very important role in defining a proper mirror of the structure. Such environmental states

might be the temperature of the environment, the humidity, the wind speed and direction,

the ground conditions of the foundation etc. The corresponding structural states can be

anything that one monitors during the operation of a structure, such as displacements,

accelerations, strains etc.

The approach followed herein is to use models predict some quantities of interest instead

of defining a global model for a system. The collection of these quantities comprise the
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context C of the mirror, given by,

C = {sCj ∈ s, eCi ∈ E; i, j} (2.1)

where sCj are the quantities to be predicted or the response or predictive context and

eCi are the environmental parameters that affect the quantities of interest and therefore

the prediction process or the environmental context. The context C defines clearly the

capabilities of the mirror that will be defined. It clarifies, first of all, the quantities that can

be predicted using the specific mirror. Such a clarification is fundamental when one needs

accurate predictions about some aspect of the structure, since a common phenomenon is

to use models to perform inference about specific quantities but are built according to

their performance on different ones. The second important aspect of the context is the

specification of the environment into which the mirror can be used. The environment

defines the domain that the model has been tested on and proved to perform efficiently.

Using such a model for different environmental parameters would be similar to trying to

extrapolate, which models are often not able to perform.

According to the ability of a mirror to predict the behaviour of some structure, they can be

considered either ϵ-mirrors or α-mirrors [35]. The two different types of mirrors refer to

different ways of measuring their performance compared to data acquired from a structure.

An ϵ-mirror needs the definition of a proper distance metric dC so that,

dC(pC , rC) ≤ ϵ (2.2)

where pC are the predictions of the model within the context C and rC are the measured

data from the structure for the same context. The parameter ϵ is the tolerance of the

mirror and characterises its performance within the context C. Essentially, the tolerance ϵ

defines how close are the mirror’s predictions to the observations. For the case of generative

models, which generate distributions of data, the metric dC(pC) should be a probability

density function metric. The tolerance ϵ in that case describes how close the real and the

generated distributions of data are.

The second type of mirrors, the α-mirrors, refer explicitly to generative models and their

ability to include the observations within a predefined interval. More specifically, the
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function that describes the functionality of an α-mirror is given by,

P (rCi ∈ [m̄C
M − ασCM , m̄

C
M + ασCM ]) = f(α) (2.3)

where M is the generative model used as a mirror, rC is the observation, m̄C
M is the mean

value of the distribution of samples generated by M , σCM is the corresponding standard

deviation, P is the probability of rC to fall into the defined interval and α is a parameter

that controls the width of the interval. Clearly, the wider the interval, the more probable

it is for a sample to fall into it and therefore the probability P (α) becomes larger. An

α-mirror is a simpler way of evaluating a mirror model, since one could use it by adjusting

the parameter α in order to get prediction intervals, so that the probability of exceeding

the bounds fits one’s needs.

As far as the environmental parameters are concerned, they can be separated in two

categories; the first is the known or controlled variables (eCc ). This group includes every

parameter that one has records of and influences the behaviour of the structure. They

are the variables that will most definitely be used as inputs to the mirrors in order to

predict the behaviour of the structure. The second type of environmental variables are

the unknown or uncontrolled variables (eCu ). These variables are often present during the

operation of a structure and could refer to uncertain parameters, such as noise or some

stochastic material property, or even environmental parameters that one does not monitor

or does not know, that affect the performance of the system.

The unknown variables should also be included in the prediction procedure. To do so, a

generative model MEC
u should be used in order to provide the best estimate êCu for eCu , as

far as the stochastic parameters are concerned. Consequently, a mirror M , which in the

current work is also considered a generative model, provides predictions given by,

Pp =M(eCc , ê
C
u =MEC

u ). (2.4)

where Pp is the probability density function of the quantity of interest.



Machine learning 24

Collecting the elements described so far, the term of virtualisation can be introduced [35].

A virtualisation V C is defined within a context C as,

V C = (MC
ϵ1 ,M

EC
u,ϵ2) (2.5)

where MC
ϵ1 is a generative model, which is considered an ϵ-mirror with tolerance ϵ1 and

MEC
u,ϵ2 is the generative model used in order to model the uncontrolled parameters of the

environment and is also considered an ϵ-mirror with tolerance ϵ2. As described by equation

(2.4), MC
ϵ1 takes inputs generated byMEC

u,ϵ2 in order to provide predictions for the quantity

of interest. The variations that MEC
u,ϵ2 describes, account for a part or all the variations in

the predictions, which may be displacements, accelerations, natural frequencies etc.

A schematic illustration of the modelling strategy described so far is shown in Figure 2.3.

As shown, a generative modelMEC is used in order to provide the best estimates êCu of the

uncontrolled environmental variables eCu . At the same time, data D are acquired from the

physical twin S. A part of them is considered to be the training data Sc(Dtr) and is used to

calibrate the modelM that will be used as a mirror. The mirror is itself a generative model

and is informed by MEC in order to make predictions regarding quantities of interest.

The predictions are then compared to those of another part of the data, the testing data

(Sc(Dt)) in order to define the parameter ϵ1 and the function P (α), which characterise the

ability of M to serve as an ϵ-mirror or α-mirror respectively. The two latter elements are

the mirrors identity, as far as its predictive capabilities within the context C are concerned.

Finally, the model can be used to provide predictions pC .

2.3 Machine learning

The discipline of machine learning has been an emerging field, and has already dominated

the modelling approaches in many fields. The convenience of the various methods of the

field lies in the automation of the definition of models, i.e. without the need of under-

standing the exact underlying mechanisms of the problem. Modelling is based exclusively

on data and on finding relationships between some input and some output variables, a

procedure called learning (as discussed later, this physics-blind approach is not always the
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Figure 2.3: Schematic representation of the proposed framework for a digital
mirror.

case, and approaches that take into account the nature of the data are more appropriate

and perform better). A definition of learning is provided in [36]. A simplified version of

the definition is considered here.

Let X and Y be two measurable spaces andM(X ,Y) be the set of all measurable functions

(models) from X to Y . Consider a loss function L : M(X ,Y) → R and pairs of data

sit = (xi, yi), xi ∈ X , yi ∈ Y , i = 1, 2...n. A training algorithm is a mapping A such that,

A :
n⋃

i=1

sit = (xi, yi) → M(X ,Y) (2.6)

which is built in order to find a model fst = A(st) that performs well on the training data

st according to the loss function L and is able to perform well on unseen pairs of data su,

such that su ∩ st = ∅, according to the same loss function L or even some different loss

function L′ : M(X ,Y) → R.
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The above definition of learning is definitely not global and, strictly speaking, may not

include some machine learning algorithms (for example unsupervised learning [37] or re-

inforcement learning [38]). In any case, it mainly describes the tasks that are performed

in the current thesis and a basic modelling scheme which is, in parallel to classic schemes,

followed by physics-based methods.

References to machine learning tend to be about complicated methods, and are often about

algorithms that are considered artificial intelligence algorithms. Artificial intelligence

is a wider field than machine learning. Even software based on simple if statements,

that covers a wide range of potential inputs and performs well on some defined tasks,

can be considered artificial intelligence. Software used in automated customer service is

often of this type. A machine that passes the Turing test is essentially a machine whose

performance is indistinguishable from a human [39], and is considered to be artificial

intelligence.

Machine learning algorithms have a wide range and are sometimes far from what is con-

sidered to be artificial intelligence. A very simple but useful case of machine learning

algorithms is that of linear regression. The specific algorithm is a very trivial type of

model definition according to observations of a phenomenon. In practice, it is a simple

linear function, y = ax + b (in the one-dimensional case), fitted on data, which also has

a closed form deterministic solution regarding the trainable parameters of the function.

Although it is a very simple algorithm, it has been very successfully applied in many cases,

such as in structural statics and dynamics, when one wants to define the Young’s modulus

of some material by compression or tension tests in a laboratory. An example of a linear

regression problem, which could be considered as the most basic machine learning appli-

cation, is shown in Figure 2.4. In the figure, the data are the black points and the model,

which is trained according to them, provides the predictions of y for different values of x

is the blue line. The training algorithm of the method explicitly minimises the sum of the

distances of the predictions from the observations, i.e. the length of the red line segments

[40].

When defining a model in such a data-driven manner, it is expected that errors will be

present. This is clear from the error line segments in Figure 2.4, which cannot be zero in

this case for any straight linear model. Different types of models could achieve even lower
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Figure 2.4: Example of linear regression model (blue line) trained according to
observations (black points); testing data samples (green points), training errors

(red line segments) and testing errors (magenta line segments).

errors.

An obvious model choice, different and more complicated than linear regression, would

be polynomial regression. In a similar way to linear regression, where a linear binomial

is fitted, a polynomial of maximum order n is fitted on the data. An example of such a

machine learning algorithm is shown in Figure 2.5. In this figure, the observations are

once again the black points and the fitted polynomial regression model is the blue line.

Unseen data are shown as green points in the plot and their corresponding errors with

magenta line segments. It is clear that the errors of the model for the training data and

the unseen/testing data are of the same order of magnitude.

Polynomial regression offers a nice way of demonstrating the concept of overfitting. If one

tries to reduce the error of the training data in the specific example shown in Figure 2.5,

higher-order of polynomials could be considered as the model to be fitted on the data. By
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increasing the order of the model, higher accuracy can be achieved (in fact if the order

is one less than the number of points, the model should exactly fit on the training data).

However, this may lead to situations like the one shown in Figure 2.6, where the curve

predicts exactly the training data, but has quite an unstable behaviour and may have large

errors for unseen data. This result is called overfitting and avoiding it has been a major

objective of research in the machine learning community. A common way to avoid it is to

use as simple models as possible (a lower-order polynomial in this case), an approach also

referred to as Occam’s razor.
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Figure 2.5: Example of a polynomial regression model (blue line) trained ac-
cording to observations (black points); the errors of the training data are also
shown (red line segments) as well as some unseen data (green points) and their

corresponding errors (magenta line segments).

The two machine learning algorithms discussed so far belong to a wider category of machine

learning algorithms called supervised learning. This category refers to algorithms that seek

relationships, having instances of both input and output data. Some supervised machine

learning models that are often used are support vector machines (SVM) [41], decision
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Figure 2.6: Example of polynomial regression model of higher order (blue line)
trained according to observations (black points) which appears to be overfitted;
the errors of the training data are also shown (red line segments) as well as
some unseen data (green points) and their corresponding errors (magenta line

segments).

trees [42], Gaussian processes [43] and, of course, neural networks [8, 10]. The supervised

learning approach to defining models is the most relevant one for calibrating a physics-

based model according to data. Models can be defined both for regression as well as

classification tasks.

Supervised learning requires proper collection of data. As already mentioned, input and

output data should be dictated by some causal relationship in order for the algorithm

to perform proper inference. However, acquiring such data may be expensive. Since the

input and the output should both be measured, more than one sensor is usually needed to

define a proper dataset. Furthermore, when such an algorithm is used in order to imitate

human behaviour, humans should spend time defining the inputs and the outputs of the

data instances, which is a time and energy-consuming procedure. Nevertheless, supervised
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models are, arguably, the most common and useful type of machine learning algorithms

for structural dynamics.

A second type of learning often followed by machine learning algorithms is that of unsu-

pervised learning. According to this scheme, data instances do not have predefined target

outputs. Algorithms are called to perform inference (often classification) discovering pat-

terns without any guidance from the user. Some such algorithms are k-means clustering

[44], probability density function fitting [45], etc. The algorithms of the current category

offer solutions to problems of big data, since they can automatically, or semi-automatically

detect patterns within large datasets and therefore assist humans in managing them and

using them.

A combination of the two aforementioned approaches is a third type of learning, that of

semi-supervised learning. This type of learning often refers to having some labelled and

some unlabelled data, and looking for a way to extract as much information as possible

from both categories. Examples of such applications are presented in [46–48]. Semi-

supervised learning has been mainly focussed on exploiting unlabelled data with a view

to avoiding large labelling costs. In contrast to unsupervised learning, semi-supervised

regression schemes are more often encountered.

Similar to semi-supervised learning, active learning [23] is an attempt to deal with sit-

uations where few labelled data are available for model training. Active learning is the

discipline of selecting the unlabelled data samples whose labelling and inclusion in the

training process would yield the best results, i.e. provide better information during model

training. This training scheme is motivated by the large costs of acquiring and labelling

data, and also from the lack of data needed to properly train some model. In structural

dynamics -and more specifically structural health monitoring- active learning has been

effectively applied to address the common issue of lack of data in the discipline [49].

Another type of learning worth mentioning is reinforcement learning [38]. Reinforcement

learning is based on the idea of rewarding a trainee when he/she achieves good results

(and maybe penalising them when they achieve the opposite). The method is convenient

because an agent can be trained according to a simulated procedure and a score function

which reflects how well it is performing the tasks it is needed to perform. Via the simulation
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and a reward and/or penalty system, training of the agent is performed. Such training

schemes are often followed when one wants to train an agent to play some game efficiently

[50], because games tend to have scores of their own, whose maximisation is sought and

so the reward/penalty scheme is already defined for the training procedure.

A type of learning, which is particularly interesting and useful for structural dynamics,

is dimensionality reduction. The algorithms included in this type of learning could also

be considered to be unsupervised learning algorithms. The goal of these approaches is

to find a way of reducing the number of features for data samples of a dataset, losing

as little information as possible. A basic dimensionality reduction algorithm is that of

principal component analysis (PCA) [51]. That specific algorithm attempts to define

new features of the data as a linear combination of the existing features, so that the

correlation between the new features is minimised. A nonlinear version of the algorithm,

is based on using an autoassociative neural network (an autoencoder) [52], to define a

space with reduced dimensionality than the original data space, which preserves as much

information as possible. For many machine learning disciplines, these algorithms are

extremely useful, as they offer a way of reducing the input and output dimensionality of

other machine learning algorithms and to achieve faster results and more interpretable

models. For structural dynamics they are also very important, since there are parallels

between them and modal analysis, which is one of the most powerful and important tools

of the discipline of dynamics, and will be further discussed in Chapter 5. Dimensionality

reduction algorithms also provide convenient ways of visualising data [53].

The types of learning that have been described so far are strategies that can be followed

to fit different types of models. A specific type of model that has dominated the machine

learning applications in recent years and can be trained using all of the aforementioned

schemes is that of the neural network [8–10]. The algorithm has proven quite powerful

in performing various tasks, and yields results that are close or even outperform human

performance. In the current thesis, the machine learning algorithms studied are variations

of neural networks and therefore, some discussion should be made about the background

theory of the algorithm.
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2.3.1 Neural networks

Neural networks, as their name indicates, are motivated by the functionality of neurons

or nerve cells. A schematic representation of such a cell is shown in Figure 2.7. Neurons

are responsible for transferring electrical signals within the brain resulting in the various

functionalities of the human body. A common way that neurons function is that they are

considered as gates which allow or block electrical signals according to their power. This

latter functionality inspired the creation of a single neuron model.

Figure 2.7: Schematic representation of a human neuron, source https://en.
wikipedia.org/wiki/Neuron.

A single neuron function can be used in order to classify samples according to some

threshold value t. The function would then be the Heaviside step function given by,

H(x) =


0 x ≤ t

1 x > t

(2.7)

This function imitates the reaction of a neuron to an incoming electrical signal. The signal

is allowed to pass and be transmitted to the next neuron if its power is greater than some

threshold value. Equally, the function classifies inputs of x ≤ t to the class 0 and for every

https://en.wikipedia.org/wiki/Neuron
https://en.wikipedia.org/wiki/Neuron
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other x to the class 1. Such models are quite simple; however, decision trees essentially

use a collection of such functions in order to perform inference. Such a function is called

an activation function of the neuron, because it defines whether the neuron is activated

and lets the signal pass through it, or if it blocks the signal.

Although the Heaviside step function is convenient when a threshold is needed, it is not

a smooth and differentiable function. The need for the activation function to be dif-

ferentiable will become more clear when the training of the neural networks will be de-

scribed. In order to use a function that is differentiable, and at the same time, offer a

step-like behaviour like the Heaviside function, sigmoid functions are commonly used as

activation functions of neurons. Two of the most common functions used are the logis-

tic function (or just sigmoid function) f(x) = 1
1+e−x and the hyperbolic tangent function

f(x) = tanhx = ex−e−x

ex+e−x . The aforementioned functions do not have any trainable pa-

rameters in the form shown. Introducing a coefficient that multiplies x before passing it

through the activation function, the ‘slope’ of the sigmoid varies. The hyperbolic tangent

function tanh cx is shown in Figure 2.8. It is clear that for higher values of c, the function

becomes more steep and gets closer to the Heaviside step function.

For classification, a quite steep sigmoid function is an appropriate function to use since it is

close to the Heaviside step function. For regression, neural networks are, in fact, proven to

be global approximators [54], i.e. they are able to approximate any function with arbitrary

accuracy. An intuitive way to illustrate how they achieve such results is now described.

A collection of noisy observations of some underlying function are shown in Figure 2.9. A

single sigmoid function cannot be used in order to approximate such a function as the one

shown with the blue line. However, if the range of input values is divided in segments,

as done by the vertical red lines, the separate curve segments of the underlying function

can be approximated with better accuracy by a sigmoid function. Now, the ability of

the sigmoid functions to act as a threshold, becomes even more valuable. The neural

network can be considered to be a collection of neurons, each one fitted on a different

curve segment and deactivated for every other interval of the input space. Together with

some added quantity b to the sigmoid functions, which is called a bias and is also trainable

similar to the coefficient c, the neural network, considered as a collection of neurons, can

be used to approximate such curves. If the intervals are considered smaller and therefore,
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Figure 2.8: Hyperbolic tangent function tanh cx for different values of the
parameter c.

more neurons are included in the neural network, the approximation capabilities increase

even further, since the curve segments can be closer to straight lines, which can easily be

approximated; as shown in Figure 2.8, for higher values of the coefficient c, the sigmoid

function is closer to a straight line than a step function.

Neural networks can of course, approximate functions and relationships that include more

than one input and more than one output; their layout is often defined as in Figure 2.10.

This specific type of neural network is called a feed-forward neural network, since the

information flows exclusively from the input nodes to the output nodes. The input nodes

are called the input layer of the network and the output nodes the output layer. The

collection of nodes in the middle are the hidden layers. In Figure 2.10, only one hidden

layer is used. Such a neural network is considered to be a shallow neural network, while

neural networks with more than one hidden layers are considered deep neural networks and

are the main object of deep learning. Deep learning has interesting properties compared
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Figure 2.9: Noisy samples (black points) taken from some underlying function
(blue line).

to using shallow networks, but since in the current application, mainly shallow networks

are used, the interested reader is encouraged to refer to [10, 36] for further details.

A line connecting two nodes in Figure 2.10 is called a connection or a synapse. Every

synapse has a weight parameter value assigned to it and it defines how the values of

variables are transferred between nodes. The values of the variables of the input nodes

are multiplied by the corresponding weight value of the synapse and transferred to the

nodes of the hidden layer. Afterwards, every variable, multiplied by the corresponding

synapse weight, that ends to a node of the hidden layer, is summed and passed through

the activation function of the corresponding node. The same applies to define the values

of the variables in the output nodes of the network. The output z(k) of the kth neural

network layer is defined by,

z(k)(z(k−1)) = f(W (k)z(k−1) + b(k)) (2.8)
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Figure 2.10: Example of a neural network layout.

where W (k) is the weight matrix of the kth layer, whose elements wij are the weights of

the synapses that connect the ith synapse of the previous layer with the jth synapse of

the current layer, z(k−1) is the output of the previous layer, b(k+1) is the bias vector of the

kth layer and f is the activation function of the nodes applied element-wise on the output

vector. The above equation describes the calculations needed to calculate the output of

the kth layer, given the output of the (k−1)th layer. The calculation of the whole l-layered

neural network output, also called a forward propagation is given by,

z(l) = z(l−1)(z(l−2)(...(z(1)(x)))) (2.9)

Each hidden layer has different number of nodes, which is called the size of the hidden

layer. Using more nodes, the predictive capabilities of the neural network are increased,

as well as its trainable parameters. The weights of the synapses and the biases are the

parameters that need training. The neural network is essentially an overparametrised

function, organised in subsequent vector transformations via nonlinear functions, with
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trainable parameters that are trained according to some observations. Training of neural

networks is performed using backpropagation

Backpropagation is an optimisation algorithm, similar to gradient descent or steepest

descent [55]. The algorithm is used to minimise (or maximise if convenient) the value of

the loss function L of the neural network. The loss function most commonly used for

regression is the mean squared error, given by,

L =
1

n

∥∥∥∑(ŷi(xi)− yi(xi))
∥∥∥2 (2.10)

where xi is the ith input vector, ŷi(xi) is the prediction of the network for the ith input

and yi(xi) is the target value of the prediction.

The procedure of backpropagation is performed in steps. At every step, the gradient of

the loss function for every trainable parameter is calculated and then the value of each

trainable parameter is updated according to,

θ′i = θi − α
∂L
∂θi

(2.11)

where θi is the current value of the trainable parameter that is being updated, θ′i is the

updated value and α is the learning rate, which controls how fast or slow the value of the

trainable parameter changes according to the derivative of the loss function. The above

updating formula is applied iteratively in many steps, which are called training epochs.

After every update, the output of the neural network gets closer to the target values of

the dataset.

Equation (2.10) is used in regression tasks. For classification tasks, the corresponding loss

function is given by,

L =

nc∑
c=1

yi(xi) log ŷi(xi) (2.12)

where nc is the number of classes of the classification task, ŷi(xi) is the output of the

neural network for the ithinput-output sample and yi(xi) is the output value of the ith

sample of the dataset. Using the above loss function, the network classifies each sample

to the ith class with the higher output yi [8, 9].
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The most general framework for training a neural network, is by defining a dataset with

input and corresponding output samples and following the backpropagation procedure to

fit the neural network to the data. It has already become clear that there are parameters,

such as the number of layers and the number of neurons in each hidden layer, which are

not calculated by the training procedure. These parameters are called the hyperparameters

and the user must decide their values before training. A common practice to define the

best value of the hyperparameters is to follow a cross-validation training scheme to fine

tune them. Such a scheme involves splitting the available dataset into three subsets -

the training, validation and testing datasets. Subsequently, the training dataset is used

to perform backpropagation for various values of the hyperparameters. Every network

is evaluated on the validation dataset and the model that yields the best results in the

validation dataset is also tested on the testing dataset.

The neural network architecture can also be considered a hyperparameter. The neural net-

work shown in Figure 2.10, and similar networks with more hidden layers, are feedforward

neural networks, since information flows only from layer l − 1 to layer l. Moreover, the

way that this information flows, following equation (2.9) is via densely-connected layers;

this is the most general case of neural networks. More types of architectures exist and

serve different functionalities according to the users needs.

A major example of a different architecture is the convolutional neural network [20]. Their

main usage is in image processing. Such neural networks allow the input to the network

to be a whole image, which is processed according to filters that take into account the

locality of the pixels. A different and crude approach would be to consider every pixel an

input node. However, by considering trainable filters that perform convolutions locally on

the image to extract its features, the algorithm becomes more versatile and exploits, to

some extent, the “physics” of the image. At the same time inference is made in a more

natural way, since it follows a similar procedure that the human eye follows.

A second type of neural network architecture, is the recurrent neural network [56]. This

type is often used for time-series, since it is able to define relationships and temporal

characteristics of data. Recurrent neural networks allow exchange of information between

different hidden layers and are able to model time-series of different lengths. They are

also used in natural-language processing, since texts are sequences of words connected via
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grammar and semantics.

In every application, the type and architecture of neural network used should be defined

properly. As described in [36], considering a learning task, a hypothesis space F is defined

where the potential solutions to the learning problem live, also a search space Fδ ⊆ F

where one shall search for the approximation function, a hypothesis f ∈ Fδ is considered,

and the error of the learning task R(f) is bounded according to,

R(f) ≤ inf
f∈F

R(f) + ϵopt + ϵstat + ϵappr (2.13)

where ϵopt is the optimisation error, ϵstat is the statistical error and ϵappr is the approxi-

mation error. The term inff∈F R(f) defines the approximation capabilities of the hypoth-

esis space that has been selected; for neural networks -which are proven to be universal

approximators- this should be equal to zero. The optimisation error refers to the algo-

rithm used to search for the proper hypothesis. The approximation error is defined by

the best possible solution f∗ ∈ Fδ, and how well it explains the relationship to be learnt.

Finally, the statistical error relates to the error induced by picking a function from the

hypothesis set according to the available data (since values of the function for every point

in the desired space are in general not available). Proper selection of models essentially

means proper selection of the search space Fδ.

In [57], the idea of symmetry for the hypothesis space is introduced. By creating ma-

chine learning algorithms that respect symmetries in the data, the search space is largely

reduced. If the assumption that the underlying relationship respects the aforementioned

symmetries is correct, the statistical error is reduced, and at the same time, the approxi-

mation error is not increased; because the real underlying relationship of the data indeed

respects the induced symmetries. This whole idea coincides with the idea of inductive

biases [58], and is a smart and efficient way of driving the learning procedure faster and

more efficiently to the proper solutions. In [57], the symmetry of existing neural net-

work architectures is studied (such as convolutional neural networks and graph neural

networks). Symmetry properties may potentially explain why such models are able to

perform so well, even if they have a very high number of trainable parameters.

Many more types of neural networks exist and, according to the application, they have
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certain advantages and disadvantages. Specific types of networks, such as the autoencoders

and the graph neural networks are particularly useful in structural health monitoring. A

new type of neural networks, emerging in recent years, is that of generative adversarial

networks (GANs). The novelty of the algorithm lies mainly in the training procedure,

rather than in the architecture of the networks involved.

2.3.2 Generative adversarial networks

A novel approach to training neural networks is via adversarial training [12]. Traditional

schemes of training include using data in a supervised manner, to force the neural network

to learn the underlying relationships between the inputs and the outputs. According to

adversarial training, tuning of the parameters is achieved via a competition of two neural

networks, which have clashing objectives and, as training progresses, they become more

efficient at their tasks.

The two neural networks which are used in order to train a GAN are the generator and

the discriminator. Their original purpose was to create images that resemble reality. The

objective of the generator G is to create samples that look real according to some dataset.

The discriminator D, on the other hand, has the goal of distinguishing between artificial

samples and real samples, which are picked from the available dataset. The network which

at the end performs the desired task, is the generator, but bothD and G play an important

role in achieving the task.

Training is performed in two stages. During the first stage, samples x are sampled from

the available dataset and are fed into the discriminator network in order to define the

probability of them being real; i.e. Px∼pdata = D(x). The discriminator therefore is a

binary classification network, which is trained to predict zero if a sample is fake and unity

if the sample is real. Ttraining is performed in a supervised manner, by having zero as

target value, when artificial samples are used as inputs, and unity otherwise. During the

second stage of training, the two networks are connected together as shown in Figure

2.11. This time the discriminator is not trained; its trainable parameters are considered

constant. Random noise vectors z are sampled from a pre-defined probability distribution

pz(z), and the generator transforms them into samples, which are subsequently passed
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through the discriminator. This forward pass transforms the latent noise vector z into

samples of the real space and, at the same time, the discriminator is performing inference

about whether the sample is real or not. If trained with a target value of one, i.e. a

“real” label, the trainable parameters of the generator will gradually learn to fool the

discriminator into believing that its samples are real.

Noise, z Generator

Generated
samples G(z)

Real
samples x

Discriminator Probability D(G(z))

Figure 2.11: Layout of a generative adversarial network.

The optimisation problem for the competition between the two neural networks is given

by,

min
G

max
D

V (D,G) = Ex∼pdata(x)[logD(x)] + Ez∼pz(z)[log(1−D(G(z)))] (2.14)

where E[ ] is the mean value of the quantity in the brackets. The optimisation procedure

should reach a Nash equilibrium point [59]. Neither of the two networks can be dominant

in the competition, because this will lead to instabilities and phenomena such as mode

collapse, which means that the generator generates a single sample for every value of

the input noise vector. The performance of both networks should gradually and slowly

increase, so that both can reach a certain point, at which, in terms of the generator,

samples/images, which look real to the human eye, are generated.

In the original work [12], the goal of training a GAN was simply to generate artificial

data that look real. The experiments were initially performed on the MNIST dataset -a

dataset of images of handwritten digits between zero and nine. The algorithm was able to

efficiently generate images of handwritten digits that looked real and were not possible to

be distinguished by humans (an example of generated samples next to real ones is shown

in Figure 2.12), whether a sample was picked from the real dataset or it was artificial.

The results are impressive and, in later works, the algorithm and its variations are applied

to figures of human faces [60], animated faces [61], three-dimensional object generation

[62], and generic high-fidelity images [63], with equally and even more impressive results.
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Figure 2.12: Artificially generated samples of handwritten digits [12].

The power of GANs to generate such realistic figures has even triggered discussions about

cyber-security, because of the potential creation of artificial human faces and images in

general.

Apart from the impressive results in generating images that look real, GANs are able to

learn underlying distributions and manifolds of data. What the discriminator is doing, is

defining a boundary around the manifold of real data in the multidimensional space to

which they belong and indicating samples within the boundary as real, and outside it as

fake. At the same time, because the real samples belong to some probability distribution

p(x), it also learns the probability distribution of the data. In fact, in the original work

[12], it is proven that the equilibrium point of training is achieved if the generator gener-

ates samples from the same distribution as the real data. Of course, this functionality is

not new to data-driven modelling. Defining a probability distribution of data is a com-

mon practice in modelling data; for example when novelty detection is desired. Common

approaches to modelling the probability distribution of data include simply defining a

Gaussian distribution with mean and standard deviation calculated from the data. This
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approach obviously lacks versatility, since Gaussian distributions refer to unimodal distri-

butions of data. Another approach would be to fit a kernel density function [64], which

can explain distributions with many modes, but is computationally inefficient in high

dimensions.

In [65], an attempt is made to define a variation of the GAN algorithm, which is able

to disentangle underlying features of the available dataset. The algorithm is able to

generate samples conditioned on categorical and continuous variables. The generated

samples belong to a predefined class, in the case of the categorical variables, or have specific

intensity of some feature, in the case of continuous variables. The important aspect of the

algorithm is that the procedure of defining the underlying variables is done in an almost

unsupervised manner; the only prior knowledge needed is the number of continuous and

underlying variables. Given the number of the underlying variables, the algorithm searches

for equal numbers of features or classes of the data, which are statistically independent.

An application of the specific algorithm on a dynamics problem is presented in [66]. The

infoGAN model is applied on a structural health monitoring dataset and is able to generate

samples according to four different damage cases of a simulated structure. The model also

proves efficient in encapsulating damage intensity via its continuous variable and is able

to generate data with different damage levels by varying the specific input variable.

GANs prove quite efficient for high-dimensional data, even when they are combined with

convolutional layers in order to extract features from images. A rather interesting char-

acteristic of the algorithm, is that it maps noise into the real space, an operation usually

performed in the reverse direction from decomposition algorithms (data are often mapped

to some latent space [52]). This operation is interesting, since the algorithm, in an un-

supervised manner, looks for a way to map latent variables to features of the data. A

properly-trained GAN can be exploited in order to manipulate such features of the data,

by varying the latent noise vector, to generate new data. Such examples are presented

in [67, 68], where photos of human faces are being processed in the aforementioned way.

Another use of GANs is for translating images and paintings into different styles, from

realistic to famous painters’ styles etc. The specific variation of the GAN algorithm is

called a cycle-consistent generative adversarial network [69] and an application of it in

nonlinear modal analysis is presented here in Chapter 5.
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Other useful applications of GANs include filling gaps in images, which for some reason

are damaged [70], and predicting video sequences [71]. Moreover, attempts have been

made to learn underlying characteristics of the data in [65]. For structural dynamics, a

straightforward use of GANs is to generate artificial data in order to better train some

data-driven model. GANs can be used to generate as many samples as an algorithm may

need to perform satisfactorily in some task. Lack of data is a common problem in structural

dynamics, and GANs may be a way to deal with it. The rule of thumb for neural networks

is that they need about ten data samples for every trainable parameter [72]. Moreover,

GANs can be used to make use of unlabelled data [48, 73]. In a classification problem, a

dual training scheme can be followed. The first is the adversarial training, which forces

the generator to generate data within the manifold of the real data, and the second is a

classic classification training with target values only for the labelled data. In this way,

the generator is also a predictor of the classes of the data, is trained on both labelled and

unlabelled data and is expected to perform better than being trained only on the labelled

samples, since information from the unlabelled samples is also exploited.

In the current work, variations of GANs are used for different modelling approaches to

structures. In Chapter 5, GANs are used to perform nonlinear modal analysis. An at-

tempt to generate data for unseen environmental conditions and a generative scheme for

defining a digital twin of a structure are presented in Chapter 7. Finally, in Chapter 8,

an application of GANs for time series is presented, with a view to performing damage

prognosis and remaining useful life estimation for structures with evolving damage. From

such applications, it becomes clear that generative adversarial networks are a versatile

algorithm, based on a new way of training such models, which may unlock new potential

uses of data-driven algorithms. They have many applications in various disciplines and

are definitely going to be objects of research and applications for many years to come.
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Structural health monitoring

3.1 Structural health monitoring (SHM)

Structures are an essential part of modern life. Almost every human activity includes using

some structure. From living within a house and driving every day from home to work, to

using special equipment, such as medical equipment, structures are a fundamental part of

human society and civilisation. Just like humans and other living organisms, structures

live within a changing environment and are subject to alterations, ageing and accidents.

The length of their life is not infinite, and sometimes it is not even the length intended by

the designers. Unexpected events can happen and cause damage to structures that will

reduce their life.

A major way of avoiding such damage is by designing structures that can withstand

the worst-case scenarios of external loading; this has been the practice quite often with

civil structures. Engineers have to define the loading cases with the worst effects on the

structure and design it to cope with most of these events. This approach naturally works,

and has offered high levels of safety to humans for a long time, but there are definitely

some drawbacks.

First and foremost, designing in such a way can lead to wasting resources in materials,

space, human working hours etc. Structures may be able to withstand the worst-case

45
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scenarios, even with weaker members or with proper evaluation and repair techniques

throughout their lifetime. However, such design strategies may not allow engineers to try

new techniques in construction, which could lead to new ways of creating structures and

maybe even safer than before. A characteristic example of the above is rocking seismic

isolation of buildings [74], which is often not allowed in foundation design codes, but could

allow more slender buildings, saving space and economic resources from large and wasteful

foundations.

The second drawback is that, in order to perform such a worst-case-scenario analysis, one

has to have sufficient knowledge about the physics of the structure and its surrounding

environment. Having knowledge about the materials and the structures in general, may

have been the case for structures made of concrete (although even in this case the uncer-

tainties have been huge), but for new materials -for example, composite materials- such

knowledge may not be available. Moreover, from the stage of design to the stage of con-

struction, errors and defects will always be present increasing even further the uncertainty

about the design of the structure. This is aleatory uncertainty and does not allow proper

modelling of structures to define the unfavorable scenarios and design in order for the

structure to survive. If a probabilistic framework is used and the uncertainty is high, then

design might lead to over-dimensionalising the structure, which is costly and also has a

high-energy footprint on the planet.

A third problem is that, even if proper design is achieved, unwanted situations and acci-

dents still happen. There is no way to guarantee that the structure will be subjected only

to the loads which have been taken into account during the design phase. The environ-

ment around the structure constantly changes, and an unexpected situation might cause

problems that might cost human lives. Modelling the environment of the structure is even

more uncertain than the structure itself, because most of the environmental factors are

completely out of the control of humans. Materials are also subjected to degradation and

fatigue because of the environment, procedures which are largely stochastic phenomena

and might lead to sudden collapse of the structure. Such an example, probably in com-

bination with engineers not completely understanding the physics of the structure, is the

Tacoma Narrow bridge (Figure 3.1), which arguably collapsed because of wind vortexes

which caused the bridge to resonate and, eventually, collapse.
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Figure 3.1: Tacoma Narrows bridge after having collapsed; source https://

www.britannica.com/technology/bridge-engineering/Tacoma-Narrows.

Although such problems exist, structures still have to be created, exploited and have to

be safe. Thousands of people every day use airplanes or cars, drive over bridges and use

equipment for their work. Therefore, structural condition has to be maintained to such a

level that they are safe for people to use them. Because of this need and the problems that

arise in the design process, the field of structural health monitoring (SHM) has emerged

[11].

SHM is based on detecting damage in structures, but has evolved into an engineering

discipline with many more objectives than simply this. A first step to discussing what

SHM is, what damage is should be defined. In [11], damage is defined as intentional or

unintentional changes in a system, which adversely affect the current or future performance

of the system. As will be discussed later, ‘adversely’ is a key-word of the definition.

Systems change behaviour, but what is important for SHM, is to detect changes that

might cause problems. In general, the various methodologies and procedures that are

included in the SHM discipline can be categorised according to Rytter [75], and extended

in [11], in the hierarchical structure:

1. Is there damage (existence)?

https://www.britannica.com/technology/bridge-engineering/Tacoma-Narrows
https://www.britannica.com/technology/bridge-engineering/Tacoma-Narrows
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2. Where is the damage in the system (location)?

3. What kind of damage is present (type/classification)?

4. How severe is the damage (extent/severity)?

5. How much useful (safe) life remains (prognosis)?

As one might expect, SHM is indissolubly connected to data. In order to perform any

of the tasks of SHM, the most important part is to be able to acquire data from the

structure which needs monitoring. The next step is to process the data in order to extract

informative features. For centuries, engineers would try to understand whether a structure

is damaged. The main difference between these procedures and SHM, is that the former

has been performed for many years via maintenance and offline inspections. SHM is an

attempt to perform the whole task online and by minimising the human intervention

needed. Similarly to how the human neural system works, a structure with an integrated

SHM system would ideally be constantly monitored and only if something is wrong would

a maintenance or repair procedure be initiated. Consequently, the final step is to create

models based on the data. These models can be physics-based and calibrated according to

data, but it is arguably more convenient to use data-driven methods in order to perform

inference about the damage state of a structure. Structures have been monitored for many

years by engineers.

The above hierarchy, apart from indicating five different types of tasks that one might

encounter in an SHM campaign, also gives a context about the complexity of the tasks.

The first step, that of detecting the existence of damage, can be considered the most basic.

Models, which perform such detection, are often based on the idea of novelty detection

[76, 77]. In order to perform novelty detection, a baseline healthy condition of the structure

has to be defined and data need to be acquired from it. Afterwards, the procedure is

as simple as trying to identify whether new data, which are acquired from the structure

during monitoring, are similar to the data of the healthy condition. Methods that perform

this objective might be as simple conceptually as defining a probability density function

according to the healthy data, and calculating the probability density of the data during

the monitoring period. More complicated methods include decomposition algorithms that

describe the manifold of the healthy data using autoassociative neural networks [78].
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Figure 3.2: Photo of the Z24 bridge.

In most cases, novelty detection is performed in a completely data-based manner. What

is important for such methods is the availability of data that represent the healthy state

of some structure and a way or a metric to define how different newly-recorded data are.

A major problem with such approaches, is that the structure may be behaving differently

because of benign changes. Such behaviour is often detected because of nonlinearity or

changes in the loads or the environmental conditions. False alarms caused by benign

changes can initiate maintenance procedures and lead to unnecessary costs - false alarms.

A characteristic example of such behaviour in the discipline of SHM is the Z24 bridge

[79, 80]. In the case of the Z24 bridge (Figure 3.2), which is considered a benchmark for

many methods, environmental conditions affected the acquired data from the structure

more than damage did. To avoid such situations, it might be useful to use physical

knowledge about the behaviour of the structure to prevent unnecessary procedures. Again

though, because of epistemic uncertainties and deviations between the construction and

the design of the structure, most novelty-detection tasks are performed in a data-driven

manner.

The second level of the hierarchy is about localisation of damage. In some cases, it is very

important to know which part of the structure has been damaged. Specific members of a

structure might be of higher importance regarding safety, and being able to localise damage

to them could be crucial to avoide collapse. Moreover, localisation reduces maintenance
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and repair costs even more, since by knowing before starting the procedures, where the

damage is, targeted operations are performed and the procedure costs less and is faster.

As far as the methods used for this task, again data-driven methods are dominant. Using

local characteristics, such as transmissibilities, from a structure, can help identify the area

in which damage is present. Understanding the physics of the structure may assist, and

provide some prior knowledge about where damage might be present.

Completely data-driven ways of localising damage are also available and quite efficient. An

approach that has been successfully followed to localise damage is by training a classifier

model with data of a structure damaged in different locations [81]. One structure that

has been studied is a Gnat aircraft wing with several sensors placed on it (Figure 3.3).

The approach, is completely data-driven and requires no previous knowledge about how

damage in different locations of some structure will affect the quantities that are being

monitored. An interesting fact from the work presented in [81], is that, although local

features (transmissibilities between sensors shown in Figure 3.3) are used to locate the

damage, for localisation to be performed efficiently, the combined features have to be

taken into account. This may largely be because of the nonlinearity of the materials of

the structure and how damage affects the data that are monitored. Such a failure also

indicates that data-driven methods might need more information than the amount that is

available, and in some cases sensor placement might cost a lot or might even be impossible

to be placed at some points of the structure.

The next step of Rytter’s hierarchy is about defining the type of damage that has been

detected. Different types of damage require different treatment. Some structural member

might have been damaged because of failure of the material, corrosion, displacement of a

component and many other reasons. Each type of damage affects the performance of the

structure, and the required action to repair it, in a different way. In some cases, a simple

maintenance procedure might be required, or it might be that the member needs complete

replacement, which might be costly in terms of time and resources. SHM methods must

be able to inform the people responsible for the structure, about the reason and the result

of the damage that the structure has been subjected to.

The data-driven approach to deal with such problems is quite similar to the one followed for

localising damage. Different types of damage affect the structure in different ways and, if it
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Figure 3.3: Configuration of sensors placed on the GNAT wing [81].

is properly monitored, they also affect the data features that are acquired differently. Using

data, classification algorithms about different types of damage can be trained and provide

quite accurate predictions about the type of damage that has infected the structure. Again,

proper monitoring of the structure is essential for this procedure, since if some part of

the structure (or some quantity that might crucial for some type of damage), is not being

monitored, some classes of damage may be undetectable by data-driven techniques. Again

physics knowledge might increase one’s confidence about the type of damage, if one’s

knowledge about the damage mechanism is sufficient.

The final two stages of Rytter’s hierarchy are the most difficult tasks to address. Step Four

-defining the damage extent- requires knowledge about the mechanism and the evolution of
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specific types of damage. Different types of damage have different mechanical or chemical

rules of evolution through time and, in order to be able to define the current status of

damage on a structure, detailed knowledge about these mechanisms is required. Data-

driven approaches can be followed, but they would have many disadvantages. As in every

case, in order to build data-driven models, data are required from different stages of the

damage evolution. For a single structure, this may not be possible since, once damage is

located, it usually gets treated immediately. Moreover, once repaired, the structure might

behave differently in terms of the data that are recorded, and exactly the same behaviour

is not expected to be observed [82]. Attempts to follow data-driven methods in this case

are considered within the population-based SHM domain, which will be discussed later.

The most difficult stage of the hierarchy is that of damage prognosis. Damage prognosis

is naturally the next step after defining the current level of damage of a structure. It

is arguably the most difficult task of SHM and arguably the most uncertain procedure.

Damage evolution and the remaining useful life of a structure are the result of many

different factors, including environmental conditions, loading conditions, exact material

properties etc. Some models that sufficiently predict the evolution of specific damage

cases exist; one example is the Paris-Erdogan law for the propagation of cracks [83]. That

specific model is based on observations and empirical definition of a formula that describes

the propagation. Damage mechanisms are often quite complicated and cannot be trivially

modelled in a similar manner.

For many SHM applications, the use of physics-based methods is not rare [84]. A common

example is in the monitoring of bearings, which may develop cracks on their outer or inner

ring. Such cracks have quite specific effects on the monitored quantities of the bearing.

These effects have been studied and formulae which define the expected observations exist,

based on the understanding of engineers of the phenomenon. As a result, locating cracks

in such members is a standardised procedure and can be globally applied to almost any

bearing in almost any structure. This is a quite important example, which emphasises

the importance of including physics in the procedure of monitoring. The use of physical

understanding makes models robust, and in some cases, universally applicable to specific

types of structures.

In order to use a data-driven approach, data should be available for various stages of the
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damage evolution, which, as discussed previously, does not happen very often. Autore-

gressive models [85], can be used to predict future states of the structure according to

recorded states. However, there is no guarantee that damage will continue evolving in the

same way until failure, and that such models will be efficient in predicting future states.

Population-based structural health monitoring may be able to solve such problems. Such

an application of prediction of potential future damage states of a structure according

to data coming from a population of structures is presented in Chapter 8. Transferring

knowledge from similar structures, which have had damage evolving in them, may be the

only way of building trustworthy models of damage evolution for some structure which has

never been damaged before, and some specific types of damage which have been observed

and studied in similar structures. Otherwise, the task seems as if one is trying to predict

largely stochastic quantities, without any knowledge about them, which is intractable.

3.2 Population-based structural health monitoring (PBSHM)

It is clear that, as acquiring data is fundamental for SHM, data-driven methods are a

straightforward way of performing the various tasks described in the previous section.

However a problem, that quite often appears to discourage the use of data-driven methods

or SHM techniques in general, is a lack of data. In order to skip the step of understand-

ing and conceptualising the problem into a mathematical model, sufficient data acquired

from a phenomenon must be available. Data-driven methods are methods that perform

well when interpolating, but when one tries to predict the outcome of some phenomenon

without observing any similar phenomenon before, such models might fail. However, the

approaches remain powerful and their application is desired by many.

Motivated by how medicine is practiced on humans (and animals), a novel branch of SHM,

population-based structural health monitoring (PBSHM), has emerged. Medicine is largely

based on statistical facts from large populations of humans. A major example is how

the “normal” condition of humans is defined. Homeostasis is the function that maintains

some elements of the human organisms in certain levels, such as the temperature and

blood pressure. Variations exist, but the healthy intervals are overwhelmingly similar

for healthy humans. Based on this observation, novelty detection on humans is often
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performed by monitoring such values. It would have been impossible to try and define the

healthy values for every human separately and by defining some intervals in which every

human’s features should be, has proven quite successful and has triggered appropriate

investigations to people whose values did not fall into these intervals.

For medical diagnoses, approaches based on data are also preferred. Certain diseases

affect different health indices in humans and different parts of the body. Studies are

performed in order to define such relationships, in order to facilitate diagnosis of certain

health problems. Many of these relationships may have been defined in a physiology-based

way of thinking, but others are defined solely on data from patients and observations of

medical tests. Oftentimes, the observation of such phenomena leads to investigation and

explanation of the relationships between problems and how they affect blood test etc.

It is certain that, if one is able to understand why some health problems cause specific

indications in medical tests, the relationship between the two is more robust for diagnostic

purposes, thus doctors can trust such approaches more. Similarly, diagnosis of problems

and damage in structures can be both physics-based and data-driven. The data-driven

approach is more simple and easily applied, but the physics-based one is more robust,

since it is based on the mechanism of the damage.

Finally, the more macabre field of estimating remaining life of patients, is almost exclu-

sively based on data from other deceased patients with similar issues. The mechanisms

that cause death of patients with terminal diseases may be extremely complicated and

random, and largely based on the life of patients so far, which has not been monitored

by doctors. To be able to provide some estimate of remaining life, doctors need to match

each case with similar cases in the literature or some database and maybe make slight

adjustments according to what seems to differ from these cases. These adjustments may

be made according to characteristics of patients that clearly affect the progress of the dis-

ease. The doctor’s understanding of the disease mechanisms naturally guide them towards

better estimations but the most part of the estimates is often based on data.

One might argue that such approaches may not be appropriate, since data-driven methods

sometimes do not take into account different characteristics of humans and may have bad

results. However, no one can argue that these approaches do not work. Following such

methods, human life expectancy has been steadily increasing [86]. Further understanding
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of diseases is constantly an object of research, and it is expected that better understanding

will lead to better diagnosis and treatment; but, until that is achieved, data-driven methods

offer an excellent and efficient alternative.

Parallels between structural health monitoring and medical diagnosis are abundantly clear.

Although both procedures include detection, localisation, diagnosis and remaining life cal-

culation, SHM can be considered to be a more difficult task, because structures are much

more diverse than humans (as far as their organism is concerned). A global equivalent

to homeostasis for structures may not exist. Every structure has its own normal condi-

tion characteristics which may vary significantly according to environmental and loading

conditions. In some cases, they may vary even more because of the environment than

because of damage (Z24 bridge). Even structures of similar characteristics may have quite

different normal-condition characteristics, such as first natural frequency. Geometry of

structures varies a lot, something that does not happen that much with human bodies.

However, trying to be optimistic, one can think that mechanical mechanisms of struc-

tures are not as complicated as those of the human body, structures can be cut, repaired,

damaged on purpose without any ethical or humanitarian dilemmas. Studying them is a

matter of human safety, but leaving economic issues aside, one can almost always provide

relatively-safe solutions for avoiding loss of human life.

Having spotted the connection between the application of medicine based on human pop-

ulations, an initial attempt to define methods for population based SHM was performed

[47, 87–89]. The applications ranged from homogeneous to heterogeneous populations of

structures. Different methods were developed with a view to exploiting knowledge about

some of the structures of the population to build SHM systems for structures for which

knowledge may not be available.

In its most basic case, PBSHM for homogeneous populations is performed by defining

a form for the population. In [90], a ‘form’ is defined as a rule that the whole popula-

tion should follow. This rule may refer to the first natural frequency of the structures

or some frequency response function, which should be similar for all structures within

the population, since the structures are quite alike. It is common that the rule will have

some margins, within which the structures are allowed to move, similar to the margins

of human medicine for blood test results etc. The approach performs quite well, and is
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Figure 3.4: Graph representations of two structures following [91]: a wind
turbine (left), and an airplane (right).

useful especially in cases of populations of structural members. Such members might be

rolling bearings that are produced and used in many different structures; their monitor-

ing can be performed following such a framework, which defines their normal condition

characteristics.

For more diverse structures, different approaches are followed [91, 92]. Structures are

converted into graphs, which represent the connectivity of their members. The graphs

are created by considering every node to be an irreducible element (IE), and the edges to

be the connections between the IEs. As described in [91], the philosophy of decomposing

the structure into IEs is by considering the small parts of the structure, which have well-

defined dynamics and might be common within different structures; for example, beams,

plates etc. The connections between the IEs of a structure define the edges of the graph

and describe the connectivity of the structure. A schematic example of transforming a

wind turbine and an airplaine into graphs, presented in [91], is shown in Figure 3.4.

By performing such a transformation of the structures into graphs, one can detect common

subgraphs or similarities between the structures. The similarities allow a clustering of the
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structures with a view to defining subsets of the population, in between which knowledge

transfer is more applicable, since structures within the subset are closer, according to

some graph-distance metric. Moreover, one can detect common subgraphs within the

population and try to focus on transferring knowledge only between the subgraph areas of

the structures. For example, in Figure 3.4, nodes 7, 8, 9, 10 in both graphs form a similar

subgraph, unlocking potentially local transfer of knowledge capabilities.

For a more detailed description of the structure, attributed graphs were used. It would be

a very unlikely coincidence that every fundamental part or IE of every structure within

the population is identical. The IEs are most probably made of different materials and

have different dimensions. The same applies for the connections. IEs are connected by

different types of connections, and with connections that have different attributes, e.g.

bolted connections, welding connections etc. To make the graphs more informative, the

different materials or their structural properties can be encoded as attribute vectors of the

nodes and the edges of the graph; such an example is presented in the current thesis in

Chapter 6. The properties allow better inferences when one tries to use the graphs within

an algorithm. Furthermore, attributes allow a more detailed calculation of some distance

metric between graphs. Structures with similar materials and similar connection types are

more likely to be closer when their nodes and edges are attributed.

In [92], an application of knowledge transfer for heterogeneous populations is presented.

The methods presented are motivated by transfer learning [93–96], and aim at developing

classification models for some target domain Dt and task Tt that are based on models

trained for a source domain Ds and task Ts. The work in [92] exploits domain adaptation

techniques [97–99]. The results of the applications reveal that the methods are able to

efficiently transfer the distributions of the data and the labels from the source domain to

the target domain, allowing to develop models with very good accuracy. Such techniques

solve great issues with data-driven SHM and data-driven methods in general, since they

provide data in cases where one has no available, or insufficient, data from a structure.

Similar methods have been applied to solve the problem of repairing a structure. By

repairing a structure, the structural parameters change, thus making models which were

used before the repair, inaccurate. In [82], similar transfer learning methods were used to

overcome such a problem. The repaired structure is considered a different structure, and
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transfer learning is employed in order to make existing models able to predict accurately

after the repair procedure.

Population-based structural health monitoring is introduced as a way of addressing the

problem of lack of data when one needs to monitor the behaviour of structures within a

population. Essentially, it is motivated by the way that modern medicine is performed and

more specifically syndromic surveillance, which is the discipline of epidemiology, of moni-

toring common health trends in populations. By identifying such trends of damage within

structures, the proposed methods can be used to anticipate and prevent similar prob-

lems in new and undamaged structures. The framework is also able to exploit databases

and knowledge bases, like the one that will be described in Chapter 4. PBHSM can be

considered as a natural step forwards for the discipline of SHM but also for data-driven

structural modelling in general, since it deals with the major issue of lack of data.



Chapter 4

Developing an SHM ontology

4.1 Definition of an ontology

There are many definitions for ontologies, but the one that best describes the funtional-

ity of an ontology, as defined here, is given in [100]: “An ontology is a specification of

a conceptualisation”. The definition implies that the ontology is a way to make more

clear the definition of a concept. The specification is achieved by definition of different

elements/classes of the concept and introduction of connections between these classes that

define the semantics of their interaction.

Ontologies are often developed in programming languages such as OWL [101]. However,

it is easier to develop an ontology using software with a user interface, such as Protege

[102] and GATE [103]. Using the software, one can easily define different elements of

the ontology and also their interactions. Moreover, objects that belong to classes can be

created and even be automatically clustered into classes according to their characteristics

and axioms/rules defined by the user. A snapshot of the Protege software is shown in

Figure 4.1.

An ontology is essentially created by defining its various components. The basic types of

components that make an ontology are:

59
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Figure 4.1: Protege ontology editor.

1. Individuals: the members of the ontology. Individuals are objects that belong to

the classes. They inherit characteristics from the classes that they belong to and

they constitute the population of objects that the ontology explains.

2. Classes: clusters of individuals which share some characteristics. Classes are created

by collecting individuals with similar attributes and properties. Subclasses can also

be created. Individuals of the subclasses inherit characteristics from the superclass

as well.

3. Connections: are relationships between classes. The connections define how classes

interact with each other. The define the exact semantics of the link of two classes.

The connection relationship between classes can potentially be inherited to individ-

uals of the classes.

4. Attributes: are the features of the individuals. They are qualitative or quantitative

characteristics that an individual may have. Often they refer to values of some

feature that varies across the total population of individuals. Specific values of these

characteristics may be the way to define a class of individuals, e.g. some class A
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might be defined by collecting all individuals whose value of the attribute a is equal

to n.

5. Properties: are the connections which define the relationships between individuals

and their attributes. A property is similar to a connection, but instead of the

semantics of the link between classes, it defines the semantics of the link between

individuals and their attributes.

6. Annotations: are pieces of text that give further information about objects of

the ontology. Essentially, annotations are notes, including definitions and further

instructions on how parts of the ontology work.

The elements above are the main objects used in order to define an ontology about SHM

here. The ontology is focussed on organising the knowledge that might be needed in order

to implement an SHM project. Its construction begins by simply defining a hierarchy of

classes, resulting in a taxonomy or a tree graph of them. Subsequently, more connections

between the classes will be defined, resulting in a more complex construct, but at the same

time more informative about the functionality of the objects of the ontology.

4.2 Core SHM ontology classes

The creation of the ontology essentially begins with the reasons of beginning an SHM

project. The reasons are often based on the the maximisation of the economic benefit of

a structure, but might also be the preservation of a structure of historical significance.

Another important aspect that needs to be taken into account before creating such an

ontology, is the restrictions that are set by the environment. Quite often one is not able to

attach any sensor on a structure, because of the environmental conditions. An example of

restrictions might be that the structure is in space and therefore special sensors have to be

placed on it in order to perform in extreme conditions or that the structure is a structure

of great historical significance and people visit it quite often, so sensors placement on the

structure might be restricted. Therefore, before the creation of the ontology, the goal of

the SHM project and the restrictions have to be defined.
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Having defined the reason of the SHM project and identified the restrictions, the first

step needed in order to define the ontology is to define its core classes. The ontology

aims at explaining the relationships between elements that take part in an SHM project.

Therefore, the superclasses, which are chosen as the core of the ontology should be able

to include every element or class that is further used in SHM. These are,

1. analysis models;

2. data;

3. data processing;

4. physical parts;

5. SHM methods.

The first four classes include distinct elements, such as methods, and structures that are

monitored. The fifth class is the one that combines all of the above in a way to define

the different SHM methods that one might essentially use to perform inference about

structures. This latter class essentially combines elements from other classes in order to

define algorithms to perform SHM. The top classes and some of their subclasses are shown

in Figure 4.2.
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Figure 4.2: The five superclasses and some of their subclasses.

The first superclass contains different types of models that might be used in order to

perform the desired monitoring. A major separation of such models is between physics-

based models and data-driven models. These are also the two subclasses of the superclass
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‘analysis models’. The physics-based models include algorithms that are based on making

predictions according to knowledge of the underlying phenomena that they model, e.g. the

finite element method [7]. The second subclass, the data-driven models include models

that rely exclusively on data. Machine learning [8] models are included in this class.

Common types of such models are neural networks [9], K-means clustering [104], support

vector machines [105], autoassociative neural networks [52] etc. Data-driven models are

further split into classification and regression models. Both types are useful when one is

monitoring a structure. Of course, combinations of the two methods exist - the hybrid

models. Such models shall be individuals within the ontology that belong to both classes

of ‘data-driven models’ and ‘physics-based models’.

The second superclass, ‘Data’, contains any type of data that one might acquire from a

structure. For SHM, data are really important, since they are the way to make contact

with the structure and make inference about its condition. Data are required for both

data-driven and physics-based models. For the first case, data are the way of defining the

model and making inference. For the second case, data are needed in order to calibrate

the models or to quantify uncertainty in the prediction, as well as to use them on acquired

data to evaluate the condition of the structure. The class includes subclasses such as

“raw data”, which are the data in the form acquired from the structure, “simulation

data”, which may come from a model and “processed data”, which are the product of the

application of some signal processing method on raw data. A further subclustering could

be to define the type of data such as “accelerograms”, “contour plots”, “mode shapes”,

“displacement simulation data”, “displacement sensor data”, etc.

The next superclass, “Data processing”, contains methods that are traditionally used in

order to process raw data coming from sensors. These methods include fundamental sta-

tistical analysis methods and transformations such as normalisation and standardisation

schemes, envelope calculation, averaging, the Fourier transform [106], etc. More sophis-

ticated methods such as the wavelet decomposition [107] are included as classes. Some

examples, of subclasses within this superclass are “signal smoothing algorithms”, “Hilbert

transform”, “principal component analysis”, etc.

The fourth superclass includes tangible elements. Every monitoring scheme is focused on

some structure, from which the data are acquired and whose condition is evaluated. The
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sensors used are also included in this class in order to have a clear definition of the type

of data that is acquired from each one, and also the models that rely on each sensor to

make inference. Within population-based schemes [90–92], the different structures of the

population should be included in the ontology in order to have a clear distinction of the

data acquired from each one. At the same time, the different models that are available

are connected to the structure that they refer to and provide a more clear image of the

connectivity between models, data, sensors and structures.

The final superclass is the one containing all the SHM methods that are used in an SHM

project. The various methods combine models and data in order to evaluate if a structure

is damaged or not and what type of damage might exist. Almost every method refers to

a structure or a part of it and uses data from the data class. Moreover they exploit the

available models from the “model” class. Some types of SHM methods that are included,

are “acoustic emission monitoring” [108], and “guided wave approaches” [109], whose data

come from receivers trying to “hear” cracks in materials and ultrasound receivers corre-

spondingly. Similar methods are “novelty detection methods”, which are unsupervised

damage detection methods [110]. The list of the developed ontology is not exhaustive and

can of course be extended according to the needs of the users or some particular project.

4.3 Connections

The ontology, as defined so far is a simple taxonomy of classes that are connected only via

the class-subclass connection. In order for the ontology to become more comprehensive,

more connections should be defined between various classes and their individuals. Some

of these connections are straightforward, such as that raw data are acquired from some

sensor. Therefore, instances of raw data should be connected with instances of sensors via

the ‘is acquired from” type of connection.

By adding connections, the functionality of various components of the ontology are better

described. Various models exploit data in order to make inferences and so have to be

connected with the data using a connection called “uses data of type”. The same model,
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or an SHM method, might exploit a specific data processing method and as a consequence

be connected to it via a connection called “processes data using”.

Similar connections are defined between classes of the ontology, and the class whose ele-

ments create the most connections within the ontology is the “SHM methods” class. The

class, as mentioned, includes various algorithms used in the SHM discipline. Such algo-

rithms often combine many elements from different disciplines into one algorithm. An

example of a novelty detection method is shown in Figure 4.3, where different connections

are shown between various other classes of the ontology. The method is a simple autoen-

coder novelty detection method, like the one described in [111]. The class of the method is

connected with various other classes, such as the class of the standardisation method that

will be used for preprocessing of the data, the class of structure sensors that will provide

the data in order to apply the method, the class of the AANN model that is used as part

of the method, etc. Instances of the method are also connected to an attribute value, the

novelty index that they yield. This whole connectivity explains the functionality of the

class and its interaction with other classes of the ontology.
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Figure 4.3: Example of a novelty detection method as it is represented in the
ontology.



Aspects of the ontology 66

Equally important to defining connections, inverse connections have to be defined. Inverse

connections fully define the interaction between a class and the rest of the classes of the

ontology. A first important aspect of inverse connections, is the extensive explanation

of the functionality of every instance of every class of the ontology. The existence of a

class affects other classes, but is also affected by them, and inverse connections explain

the latter effect. A second important property of these connections is that they define

which classes are affected by the introduction of a new class or individual and how exactly

are they affected. They can be thought of as a guide pointing towards what needs to be

adapted when the ontology is extended by the addition of a new class. Therefore, they

assist in keeping every class of the ontology up-to-date with the latest additions to it. In

the example shown in Figure 4.3, the autoencoder novelty detection method uses some

data from sensors, but the class of sensors should also be updated in order to be able to

provide data to the method, as the inverse property dictates.

4.4 Aspects of the ontology

An ontology defined for SHM is a versatile diverse object and can be exploited in many

different ways. The first and most straightforward way is to use it for the purpose that

ontologies are originally built, to share knowledge. The various classes and methods that

are included in the ontology describe how an SHM project might function, which quite

often shall be a multidisciplinary project. Moreover, via the connections between the

classes, one can further understand their interactions and their role in the project. The

annotations and the descriptions of the classes provide further explanation of exactly how

each part of the ontology takes part in the SHM campaign. It is expected that by using

such a tool to share knowledge between people from different scientific backgrounds, the

total time needed in order to coordinate such a diverse group, shall be much lower than if

done in absence of the ontology.

A second aspect of the ontology might be the assistance in extending the existing knowl-

edge and to define more efficient methods to perform SHM. The modularity of graphs such

as the ontology can be exploited for this purpose. As shown in Figures 4.4 and 4.5, some

SHM method might use algorithms that belong to some wider category of algorithms. By
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Figure 4.4: Initial method of supervised damage localisation.

exchanging one method (from a neural network to support vector machines in this case)

for another from the same superset of algorithms might lead to more efficient SHM meth-

ods; this might be because of the nature of the data and the fact that some algorithms

might be able to perform better in some datasets. Following such an approach might allow

automation of the application of an SHM scheme, simply by trying different algorithms

and considering the one that performs best. The same applies for the data or the sensors

from which the data come from. One can exploit different sources of data or different

datasets from a structure by shuffling the nodes of the ontology according to the rules of

connectivity; i.e., exchange some sensor of a specific structure for a sensor of the same

structure and not a different structure.

It also becomes clear that the concept of ontologies is quite close to the philosophy of

object-oriented programming. The specific programming strategy has been a convenient

way of structuring large software projects, because of the reusability and modularity of

its elements. The ontology can provide a map of how to structure such a software project

for SHM. An advantage of such an approach shall be that the various coded methods can
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Figure 4.5: Alternative method of damage localisation created by switching
inference algorithm.

be reused, as well as the self-explainability of the code. The ontology, apart from a guide

in order to build such software, is also an explanation of how it works, and provides the

software developers with the knowledge they may need to implement the various methods.

Finally, the ontology can serve as a database. The layout of the SHM ontology allows

inclusion of various structures, parts of the structure, sensors and types of data. This,

together with the characterisation of instances via attributes, might consist of a proper

way to organise data for an SHM project. Especially by including different structures,

the ontology can be very useful for a population-based SHM campaign. The attributes of

the different sets of data can assist in navigating through the dataset and also through

the various available models. For example, one might be interested specifically on finite

element models that have a certain number of degrees of freedom and so, they can look

for individuals of the ontology of the class ‘Finite element models’ that have attribute

‘degrees of freedom’ greater than a specific number.

The ontology seems an appropriate way of organising the data, the knowledge and the
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models that are available for an SHM project. It can moreover be expanded in order to

serve the same purpose for digital twins. Digital twins can be much more than a simple

model. They might include many different models, lots of data and methods and even

more than one structures. Having such a variety of objects that need coordinating and

sharing, the ontology might prove quite useful by clearly defining interactions and sets of

similar objects that can be used for similar purposes.

4.5 Summary

Concluding, the ontology appears to be a useful tool with which to organise a project

of monitoring structures. The presented framework allows a comprehensive inclusion of

data, models, and methods, which are often used in such a framework. A schematic

representation, which describes the functionality of different entities that are used during

the project, is also created via the use of the ontology. The various entities and their

interactions are explained and knowledge can more easily be shared between members

which participate in the project. The methods that are described in following sections

can be included in the ontology; in this way, their role in the project and their interaction

with physical objects (such as sensors and structures), as well as with existing methods

and data is explained.

The framework could also include various structures and their corresponding data and

models. This approach could assist in identifying similarities between structures and in

applying population-based SHM. Organising knowledge and data in an ontological manner,

could be a way to motivate and promote smart structures. The ontological approach

facilitates knowledge exchange between projects, making it easier to apply similar methods

across different projects. The ontology could as well facilitate generation of methods by

some artificial intelligence agent, since the methods and the components that are used by

the methods are presented as graphs, which can be processed by such agents.



Chapter 5

Generative adversarial

networks for modal analysis

5.1 Modal analysis

As mentioned, the a project (and as a consequence an ontology referring to the specific

project) might include different types of models. Models that perform predictions, models

that monitor some structure, etc. A great part of modelling systems is often focused on

decompositions. The process of decomposition is aimed at extracting components of the

quantities of interest which have certain properties. Decomposition might be as important

as predicting future values of quantities of interest. By decomposing data acquired from

a system, one can study and understand further the behaviour of the system. A great

deal of effort has been spent on developing decomposition methods, and some of them

can be considered as important as the inference algorithms described before; e.g. principal

component analysis (PCA) [51]. A digital twin, being a collection of data and models

which describe the behaviour of a system, may also include such models. Enriching a

digital twin with decomposition models offers the opportunity to the users to have a more

comprehensive view of its behaviour, and the ability to make decisions according to an

augmented set of features of the system.

70



Modal analysis 71

A property that one often seeks when decomposition is applied is dimensionality reduction

of the data. Multidimensional data often live in subspaces of the full multidimensional

feature space. By decomposing the data one can describe them, with minimal loss of

information, using less variables than the ones needed for the whole space. This reduction

facilitates storing the data, studying them and applying machine learning methods, since

data of large dimensions make model fitting harder and create the need for acquisition

of large quantities of data (the curse of dimensionality). Two widely-used methods for

dimensionality reduction are PCA [51], and the use of autoencoders [52]. The first method

calculates components of the data so that each captures variance of the data in decreasing

order. The decomposition is linear and its calculation has a closed form. The second

decomposition method is based on using neural networks with a bottleneck layer in order

to decompose the data and then reconstruct them, maintaining as much information as

possible. This practice forces the algorithm to project the data on a space of smaller

dimension than their original feature space. The advantage of the algorithm is that it can

provide nonlinear projections, but the calculation of the decomposition is based on an

iterative process, therefore does not have a closed form.

Another desired property of the decomposed data is the independence of the components.

In the case of multidimensional data, a break down into components, which function sep-

arately would allow for studying them independently. Humans have difficulties studying

data with many components which interact all together. The decomposition into inde-

pendent components would make the solution of the equations more tractable and the

understanding of the engineer more thorough.

For structural dynamics, the method that has dominated the analysis of the vibration of

structures is modal analysis [19, 112, 113]. The specific type of analysis offers a decom-

position of the movement of structures into modes - meaning ways of motion. The modes

have several properties, which, in the case of linear structures are time-invariance and

reciprocity and allow one to study them almost separately and to make inference about

the structure according to them. In order to extract the modes for linear structures and

following notation from [19], the equation of motion of an unforced linear system is given

by,

[m]{ÿ}+ [k]{y} = 0 (5.1)
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where {y} is the n-dimensional displacement vector of the structure, {ÿ} is the correspond-

ing acceleration vector, [m] is the n× n mass matrix and [k] is the n× n stiffness matrix

of the structure. Assuming the excitation to be harmonic, the solution to the differential

equation above is,

{y(t)} = {ψ}eiωt (5.2)

where {ψ} is a constant vector. Substituting equation (5.2) into equation (5.1) yields,

− ω2[m]{ψ}+ [k]{ψ} = 0 (5.3)

which is a standard linear eigenvalue problem and, assuming that the mass matrix is

invertible (which usually it is), yields,

[m]−1[k]{ψi} −
1

ω2
i

{ψi} = 0 (5.4)

where ωi and {ψi} are the ith solutions to the eigenvalue problem.

The eigenvalues ωi of the problem of the equation above are actually the eigenfrequen-

cies/natural frequencies of the structure which is studied. The corresponding vectors {ψi}

are the modeshapes which, as shown in [19], are orthogonal with respect to the mass and

stiffness matrix; this means that,

{ψi}T [m]{ψj} = 0 i ̸= j (5.5)

{ψi}T [k]{ψj} = 0 i ̸= j (5.6)

This latter property of the modeshapes allows the decomposition of the system of equations

of motion. Consider the system of equations of motion given by,

[m]{ÿ}(t) + [c]{ẏ}(t) + [k]{y}(t) = {F}(t) (5.7)

where [m] is the mass matrix of the system, [c] is the damping matrix, [k] is the stiffness

matrix and {F} is the external load vector at time t. By substituting the displacement
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vector {y} by the calculated modal decomposition given by,

[Ψ]{u} = {y} (5.8)

where [Ψ] = [{ψ1}, {ψ2}...{ψn}] is the modal matrix and left-multiplying by [Ψ]T , equation

(5.7) becomes,

[Ψ]T [m][Ψ]{ü}(t) + [Ψ]T [c][Ψ]{u̇}(t) + [Ψ]T [k][Ψ]{u}(t) = [Ψ]T {F}(t) (5.9)

Because of the orthogonality condition in equation (5.5), the matrices [M ] = [Ψ]T [m][Ψ]

and [K] = [Ψ]T [k][Ψ] are diagonal. The damping matrix is often assumed to be a linear

combination of the mass and stiffness matrices (e.g. Rayleigh or proportional damping)

and therefore, the matrix [C] = [Ψ]T [c][Ψ] is also diagonal. Taking into account the

aforementioned orthogonality conditions, the equations of motion yield,

[M ]{ψ̈}(t) + [C]{ψ̇}(t) + [K]{ψ}(t) = {f}(t) (5.10)

where [M ], [C], [K] are all diagonal and {f}(t) = [Ψ]T {F}(t). The fact that the matrices

are diagonal means that the solution of the n-degree-of-freedom system of equation (5.7)

is reduced to the solution of n differential equations given by,

Mii{ψ̈i}(t) + Cii{ψ̇i}(t) +Kii{ψi}(t) = fi(t) i = 1, 2..., n (5.11)

where Mii, Cii, Kii are the ith diagonal element of the corresponding matrices and fi is

the ith element of the vector [Ψ]T {F}.

Solving the n equations (5.11), and combining the solutions according to equation (5.8), is

obviously a much easier task than solving the global equation of motion (5.7). Moreover,

the components {ψi} of the total motion of the structure oscillate with corresponding

frequencies ωi; a realisation that allows determining which modes will be affected by some

external forcing with specific frequency content.

Modal analysis, apart from a proper decomposition of the movement of linear systems,

offers a way of reducing the number of degrees of freedom of a system. Modern finite
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element [7] models have thousands or even millions of degrees of freedom and the solution

of equation (5.7) is not computationally efficient. By calculating the modal matrix [Ψ]

for a number of modes, which explain a sufficient percentage of the structure’s motion,

one can reduce the system of equations of motion to independent equations equal to the

number of modes considered. This strategy can also be followed when only a subset of the

modes of a structure are of interest.

Another way of exploiting the decomposition, is by isolating the modes that are affected

by some specific excitation. As mentioned, each mode refers to oscillations of some specific

frequency. Therefore, excitations with specified power spectral densities would affect only

specific modes. During the design phase of a structure, a common tactic would be to

design the structure so that no major modes are affected by the frequencies of the forcing

which contain the most energy.

It might seem that modal analysis is a perfect tool for analysis for structure, and it

might be, but only for linear structures. For structures with members which exhibit

nonlinear behaviour, modal analysis fails to provide the properties of orthogonality and

independence. Even the calculation of the modes would not be so straightforward. The

failure of modal analysis for nonlinear structures is also expected, since the decomposition

of equation (5.8), is based on the linear superposition of ways of motion, which stands only

for linear structures; i.e., the sum of the motions corresponding to two distinct external

excitations is equal to the motion corresponding to the sum of the excitations.

In order to decompose the motion of nonlinear structures, in the current work, machine

learning is employed. Since modal analysis is often applied on existing structures exploiting

acquired data, machine learning methods seem like a natural way to process the data and

extract decompositions that serve the purposes of modal analysis. In the following sections,

the machine learning algorithm which was selected for the purposes of the current work,

as well as the reasons and the goals of its application are described. Subsequently, results

of its application using simulated and experimental data coming from a structure with

harsh nonlinearity are presented. In a digital-twin framework, such a tool would be very

useful, allowing a completely data-driven decomposition of the motion of a structure into

independent components. These components can then be exploited by other parts of the

digital twin in order to perform inference.
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5.2 Cycle-consistent generative adversarial network (cycle-

GAN)

5.2.1 Problems of GANs

Generative adversarial networks, as described, are used to map some random noise vector

onto the manifold of the real data. However, this mapping is not subjected to any restric-

tions, and therefore there is no control over how the noise will be mapped onto samples

of the target feature space. A common problem with this approach is the entanglement

of features. Since there is no restriction on how the noise might be transformed into data

samples, it is quite possible that noise variables will not encode any meaningful features of

the data, and even that many different noise samples will correspond to the same generated

sample.

In order to illustrate the problem of entanglement of features, an SHM example is pre-

sented. The problem refers to the simulated three-degree-of-freedom system shown in

Figure 5.1. The system is subjected to a white noise excitation on its first mass. More-

over, damage is simulated via stiffness reduction of its springs. Two damage cases are

considered. The first damage case refers to stiffness reduction of k2 and the second of

stiffness reduction of k3. The stiffness reductions considered for each spring are within

the interval [0%, 20%] and according to the Cartesian product [0%, 20%]× [0%, 20%]. Col-

lecting samples of concatenated transmissibilities between the first and the second and

the second and the third masses for every combination of stiffness reduction, a dataset is

created.

m1 m2 m3

F

k1 k2 k3

Figure 5.1: Three-degree-of-freedom mass spring system.

In order to visualise the dataset, principal component analysis (PCA) [51] was performed

on the data. The resulting dataset can be seen as the blue points in Figure 5.2a. The
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manifold shown in the aforementioned figure is parametrised exclusively by the two stiffness

reduction parameters. The contour curves shown in red and green represent points that

have a constant value for one of the two parameters, while the other varies.

In the specific example, the problem of entanglement becomes clear if one tries to fit

a GAN on the created dataset. The underlying parameters of the dataset are the two

stiffness-reduction percentages. Therefore, the noise vector of the GAN is selected to

be a two-dimensional Gaussian noise vector. Ideally, after training, each noise variable

should approximately correspond to one of the damage parameters. However, this does not

happen. A potential result of training is shown in Figure 5.2b. The green and red curves

in the latter figure represent points with one of the two noise variables being constant and

the other one varying. The entanglement of the features is clear and expected, since there

is no restriction targeting avoiding such situations.

5.2.2 The property of invertibility

In the current work, the property of invertibility is studied as a way to assist avoiding

entanglement situations like the one shown before. Apart from noise variables not cor-

responding to explicit underlying features of the data, the entanglement also refers to

different noise samples generating the same artificial sample. In order to solve this issue

and move a step closer to the desired disentanglement, the invertibility of the mapping,

which GANs provide, is proposed.

Given a bijection ϕ : M → N , where M and N are manifolds, it is straightforward to

show that if c1, c2 are curves in N , then ϕ−1 ◦ c1 and ϕ−1 ◦ c2 are curves in M with the

same number of points of intersection. Considering ϕ :M → N and two curves c1, c2 ∈ N

then ϕ−1 ◦ c1 = c′1 and ϕ−1 ◦ c2 = c′2 are curves in M . For every point of intersection ti of

the two curves c1, c2, it stands that c1(ti) = c2(ti), which leads to c′1(ti) = c′2(ti) because

ϕ is a bijection. Therefore, c1 and c2 have the same points of intersection as c′1 and c′2.

Consequently, by introducing the inductive bias of invertibility in a GAN, helps to avoid

mappings like the one shown in Figure 5.2b, where two orthonormal axes from the latent

variable space are mapped onto the entangled green and red lines. Enforcing invertibility
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(a)

(b)

Figure 5.2: First three principal component scores of the dataset (blue). On the
top, points corresponding to constant damage for spring 1 and varying damage
percentage for spring 2 (red), and points corresponding to constant damage for
spring 2 and varying damage percentage for spring 1 (green). In the bottom,
GAN-generated samples (red and green) by locking one latent variable to 0 and

varying the other in the interval [−1, 1]; regular GAN used.

might force the GAN to more efficiently achieve a disentanglement of the features of the

data.

In order to illustrate the effect of imposing invertibility to the mapping, a cycle-consistent

generative adversarial network (cycleGAN), which will be described later, is trained using

the same dataset. The results are shown in Figure 5.3. It can be seen that indeed, the

entanglement which is observed in Figure 5.2b, is not present and that the mapping is
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Figure 5.3: First three principal component scores of the dataset (blue) and
cycleGAN-generated samples (red and green) by locking one latent variable to

various constant values and varying the other on the interval [−1, 1].

closer to the desired mapping according to the underlying parameters, shown in Figure

5.2a.

For the purposes of the current work, invertibility has a second and more important

meaning. It is a fundamental part of modal analysis. In modal analysis, it is required

to have both a forward mapping from the physical space to the modal space and inverse

mapping. The inverse mapping ensures that the forward mapping is meaningful, since, if

the inverse mapping does not exist, then the modal space could eventually be an arbitrary

space that satisfies the orthogonality restrictions but has no physical meaning.

5.2.3 The cycleGAN algorithm

The algorithm of cycle-consistent generative adversarial networks (cycleGANs) [69], is

used herein as a way to impose the desired invertibility property to the GAN. The algo-

rithm was originally developed in order to translate figures to different styles. For example,

to transform photographs into paintings of famous artists. In order to achieve such a task,

the algorithm learns a mapping and its inverse between two domains in an unsupervised

manner.

The architecture of the cycleGAN is schematically shown in Figures 5.4 & 5.5. The training

procedure is similar to training a GAN but with some additions. The first addition is that

the procedure is followed in order to learn two transformations, one from some domain

X to some domain Y , and the other its inverse transformation. Therefore there are
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two generators (GX→Y and GY→X) and two discriminators (DX and DY ). Training is

performed in two stages. The first stage is similar to training a GAN for a mapping from

domain X to domain Y , and the second is the inverse problem. As a consequence, the

generators learn the sought after mappings between the two domains. The discriminators,

as in the case of GANs, act as auxiliary networks. The adversarial loss L1, in similar

terms as in the GAN, is given by,

L1(GX→Y , DY , X, Y ) = Ey∼py(y)[logDY (y)] + Ex∼px(x)[log(1−DY (GX→Y ))] (5.12)

where py is the probability density function of the samples in domain Y and px the

corresponding probability density function of samples in domain X.

Sample from Domain X,
zX

Generator X → Y
Sample from Domain Y ,

zY

Domain Y samples Discriminator, domain Y

Adversarial Loss

Generator Y → X
Reconstructed sample

from Domain X,
zX

Reconstruction
loss

Figure 5.4: Cycle GAN layout assembled in order to learn the mapping from
domain X to domain Y and back. Samples are converted from X to Y by the
generator GX→Y . The generated samples are used for adversarial training of
the discriminator DY and the generator GX→Y . Subsequently, the samples are
inverse-mapped back to domain X via generator GY→X and both generators

are trained using the reconstruction-loss error.

The second, and most important difference compared to training a GAN, is the addition of

the reconstruction loss, which enforces the desired invertibility. Every sample mapped from

one domain to another is also mapped back to its original domain by the corresponding

generator and the error between the original and the reconstructed samples is calculated.
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Sample from Domain Y ,
zY

Generator Y → X
Sample from Domain X,

zX

Domain X samples Discriminator, domain X

Adversarial Loss

Generator X → Y
Reconstructed sample

from Domain Y ,
zY

Reconstruction
loss

Figure 5.5: Cycle GAN layout assembled in order to learn the mapping from
domain Y to domain X and backwards. Anti-symmetrical to the procedure

shown in Figure 5.4.

The reconstruction loss (or cycle loss in the original work) L2 is given by,

L2(GX→Y , GY→X) = Ex∼px(x)[∥GY→X(GX→Y (x))− x∥n]+

Ey∼py(y)[∥GX→Y (GY→X(y))− y∥n]
(5.13)

where ∥ ∥n is the n-norm. The norm used here is a second-order norm.

The total loss of the cycleGAN is calculated via,

L(GX→Y , GY→X , DX , DY ) = L1(GX→Y , DY , X, Y )+

L1(GY→X , DX , Y,X)+

λL2(GX→Y , GY→X)

(5.14)

where λ is a parameter that controls the magnitude of the reconstruction loss, compared

to the adversarial losses. The suggested value in the original paper is λ = 10. Finally, the

optimisation problem to-be-solved is,

G∗
X→Y , G

∗
Y→X = min

GX→Y ,GY →X

max
DX ,DY

L(GX→Y , GY→X , DX , DY ) (5.15)

Following the training scheme of the cycleGAN, and considering the physical space to be

X and the modal space to be Y , a mapping and its inverse between the two is defined.
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For consistency with [114], the modal space from now on will be referred to as U and

the physical space as Y . In order to enforce even more characteristics of modal analysis

into the training procedure, in the next paragraph, an orthogonality assembly of neural

networks is proposed to enforce the orthogonality of the mode shapes.

5.2.4 Orthogonality inductive bias

Although orthogonality has been imposed in previous works [115, 116], during GAN train-

ing, a different approach is needed in order to perform modal analysis using GANs. Modal

analysis includes different forms of orthogonality; statistical orthogonality is one of them,

in the sense that modes should be statistically independent and their value should not

be predictable from the values of the others. A second type of orthogonality is that of

the mode shapes. According to this latter type, physical coordinates that correspond to

different modes should give orthogonal vectors. This type of orthogonality is enforced as

an inductive bias in the current training scheme.

The mappings learnt, are established to be 1 − 1 functions. However, in order to be

considered a modal decomposition, a mapping should also be able to enforce some of the

orthogonalities mentioned previously. Statistical independence, as will be discussed later,

is enforced by predefining the modal coordinates as Gaussian white-noise vectors. As far as

the orthogonality of the mode shapes is concerned, it is enforced by training the algorithm

so that samples in the physical space that correspond to separate modal variables, are

orthogonal in terms of their inner product.

In order to enforce such an orthogonality, an assembly of neural networks using one of

the two generators of the cycleGAN is defined, as shown in Figure 5.6. The architecture

shown is the calculation, in a numerical manner, of the angle between two vectors tangent

to the manifold of data and each one parallel to a different axis of the feature space.

The procedure followed starts by sampling a random point u1 in domain U . Afterwards,

four points are defined in the neighbourhood of u1. Two by adding and subtracting a

small quantity ϵ to one of the coordinates of the point (u+
1a = u1 + {0, 0, ..., ϵ, 0..., 0} and

u−
1a = u1−{0, 0, ..., ϵ, 0..., 0}) and another two defined similarly for a different coordinate

(u+
1b = u1 + {0, 0, ..., 0, ϵ, 0..., 0} and u−

1b = u1 − {0, 0, ..., 0, ϵ, 0..., 0}). The two pair of
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Point u1

u+
1a = u1 + {0, 0, ..., ϵ, 0..., 0}

u−
1a = u1 − {0, 0, ..., ϵ, 0..., 0}

Generator

Generator

u+
1b = u1 + {0, 0, ..., 0, ϵ, 0..., 0}

u−
1b = u1 − {0, 0, ..., 0, ϵ, 0..., 0}

Generator

Generator

y+
1a = G(u+

1a)

y−
1a = G(u−

1a)

y+
1b = G(u+

1b)

y−
1b = G(u−

1b)

v1a = y+
1a − y−

1a

v1b = y+
1b − y−

1b

a =
vT
1av1b

∥v1a∥∥v1b∥

Figure 5.6: Orthogonality enforcement assembly using the generator that maps
samples from the source Cartesian space to the target manifold.

points are subtracted and two vectors which are orthogonal are defined, which are the

gradients along the two axes (in geometrical terms ∂
∂ui

|u1)).

The four points are subsequently transformed by the generator onto domain Y , resulting

in points y+
1a = G(u+

1a), y
−
1a = G(u−

1a), y
+
1b = G(u+

1b) and y−
1b = G(u−

1b). From the

four newly-defined points, the vectors v1a and v1b are defined as v1a = y+
1a − y−

1a and

v1b = y+
1b − y−

1b. Finally, the inner product of the two vectors is calculated and divided

by the product of their norms, yielding the cosine a =
vT
1av1b

∥v1a∥∥v1b∥ , of the angle of the two

vectors.

Considering domain U to be the modal space and domain Y to be the physical space,

the procedure calculates the angle between two vectors (each one is parallel to a different

axis in the modal space), after transforming them into the physical space. By setting the

target value of the calculated cosine equal to zero and training using back-propagation,

the mapping that the generator provides is forced to locally maintain the orthogonality.

Such a preservation is described in Figure 5.7. Mappings such as the one sought here,

which maintain the orthogonality locally are called conformal or angle-preserving.

5.3 Application of cycleGAN in nonlinear modal analysis

Following a similar machine learning framework as in [114], the cycleGAN algorithm,

together with enforcement of the orthogonality described in the previous section is used to

perform modal analysis for nonlinear structures. The statistical independence in [114] was
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Generator

Figure 5.7: Preservation of orthogonality of vectors by the mapping of the
generator from the source Cartesian space (x, y coordinate system) to the target

manifold (u, v, w coordinate system).

enforced using a genetic algorithm [117], whose cost function included correlation terms in

order to maximise statistical independence between modal coordinates. More specifically,

the decomposition proposed for a three-degree of freedom system was given by,


u1

u2

u3

 =


a11 a12 a13
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a31 a32 a33


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y2

y3
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
b11 . . . b19
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



y31

y21y2

y21y3

y32

y22y1

y22y3

y23

y23y1

y23y2
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(5.16)

where {y1, y2, y3}T are the physical coordinates, {u1, u2, u3}T are the modal coordinates

and aij , i, j ∈ {1, 2, 3} and bij , i ∈ {1, 2, 3}, j ∈ {1, 2..., 9} are trainable parameters in order

to provide the decomposition. The objective function whose minimisation was attempted
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was,

J = |{A1}{A2}|+ |{A1}{A3}|+ |{A2}{A3}|

+Cor(u1, u2) + Cor(u1, u3) + Cor(u2, u3)

+ Cor(u31, u2) + Cor(u31, u3) + Cor(u32, u1)

+ Cor(u32, u3) + Cor(u33, u1) + Cor(u33, u2)

(5.17)

where Ai = {a1i, a2i, a3i}. One can see that the proposed decomposition is a truncated

polynomial, restricting its potential to provide proper decoupling into independent modes

as the number of degrees of freedom increased.

As already mentioned, the objective function of equation (5.17) aims at defining a decom-

position into modal coordinates whose correlation is as close to zero as possible. Using the

cycleGAN algorithm proposed here, the statistical independence of the modal coordinates

is attempted by predefining the modal coordinates to be Gaussian white noise vectors,

i.e., defining the U domain to contain random vectors with mean value equal to zero and

a correlation matrix equal to In, which is an n-dimensional identity matrix. Be defining

the modal coordinates in such a way, the correlation terms of equation (5.17) are expected

to be zero. Moreover, to further enforce statistical independence, PCA is applied to the

physical coordinates before training; this way, existing initial correlations are minimised.

Further to minimising any initial linear correlations, PCA is expected to assist regarding

a scaling problem that might occur. Different modes (ways) of motion participate at a

different level to the whole movement of the structure. Different modal coordinates/axes,

correspond to axes of the manifold of the collected displacement samples in the physical

space. Since some modal coordinates have smaller magnitude, their corresponding axes

on the aforementioned manifold have smaller length than others. The difference in the

length of these axes may lead to difficulties of the algorithm to match the modal axes

to the ones of the physical space manifold. PCA, in combination with a scaling into the

interval [−1, 1], which the neural network training requires, can solve this problem.

Finally, the orthogonality assembly of Figure 5.6, with a target cosine value equal to

zero, is used in training. The generator that performs mapping from the modal space

to the physical space (GU→Y ) is subjected to such a training scheme, forcing physical

space displacement vectors that correspond to distinct modal coordinates to be orthogonal
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in terms of their inner product. The major advantage of the cycleGAN compared to

previous approaches, is that the decomposition has no restrictions, since neural networks

can approximate any function [54]. In the next sections, examples of the application of

the algorithm to simulated and experimental data are presented.

5.3.1 Simulated case studies

The first case study chosen to illustrate the potential of the algorithm is a simulated

two-degree-of-freedom system with a cubic nonlinearity, as shown in Figure 5.8. The

parameters of the model were m = 1.0, c = 0.1, k = 10 and k3 = 1500, which are similar

to the ones used in [114]. The excitation was a white noise with zero mean and standard

deviation equal to 5.0, which was low-pass filtered onto the frequency interval [0, 50] Hz.

In every simulated experiment, two datasets including 100000 points each were recorded.

The first was used in order to train the cycleGAN and to select the best model over the

whole training history and the second dataset was used in order to test the algorithm

and presents the results. The quality of the decomposition is tested in terms of mode

decoupling in the power spectral density (PSD), functions of the modal coordinates. The

PSDs are calculated using Welch’s method [118].

m m

F

k,k3 k k

c c c

Figure 5.8: Two degree-of-freedom mass-spring system.

The architecture of the neural networks in every experiment was similar. They all had

three layers and the size of the hidden layer was subjected to optimisation according

to the performance of the model. The hidden layer sizes tested belonged to the set

{50, 60, ...190, 200} and for every size, 20 random initialisations and training of the neural

networks were performed, since the algorithm is quite sensitive to the initial values of

the trainable parameters. The activation functions were hyperbolic tangents except for

the activation functions of the discriminators, which were sigmoid functions, since their
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outputs should be in the interval [0, 1], to represent the probability of a sample being real.

The value of the parameter λ of equation (5.14) was set to 10, as suggested in [69], and

the training algorithm used was the Adam algorithm [119].

Training followed a train-validate-test scheme, as in many machine learning applications.

Training was performed as described. As far as validation is concerned, in order to pick the

best model throughout the whole training history of the cycleGAN, a selection criterion

is defined, which is an attempt to imitate the ‘by eye’ model selection performed in [114].

The criterion is described by,

Lcos =

ndof∑
i=1,j=i+1

PSDi · PSDj

∥PSDi∥ ∥PSDj∥
(5.18)

where PSDi is the power spectral density of the i-th modal coordinate. By minimis-

ing Lcos, a decoupling of the modes is expected. Although the inner product may not

go to zero, because of damping, which causes energy to be concentrated on frequencies

around the natural frequencies, its minimisation should be able to provide a satisfactory

decoupling of the modes.

5.3.1.1 Two-degree-of-freedom system

The algorithm was applied on data from the structure shown in Figure 5.8. The PSDs

of the physical coordinates of the structure are shown in Figure 5.9. It is clear that the

nonlinearity is affecting the PSD of the first degree of freedom, since a movement and a

spread towards higher frequencies is observed, which is common in structures with such

types of nonlinearities [19]. The natural frequencies of the underlying linear problem are

equal to 0.5 Hz and 0.87 Hz, but because of the hardening behaviour of the nonlinear

member, energy in the PSDs is observed in higher frequencies.

The procedure described before was followed and the model that yielded the best results

in terms of the inner-product criterion of equation (5.18) had 100 units in its hidden layer.

For comparison between the PSDs that the cycleGAN algorithm yielded and the ones

that a common PCA decomposition yields, Figure 5.10 is shown. Linear PCA (top row)
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is naturally unable to decouple the modes, since the simulated structure has a nonlinear

member. In contrast the proposed algorithm provides a clear decoupling of the modes.
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Figure 5.9: PSDs of two-degree-of-freedom structure; physical coordinates.
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Figure 5.10: PSDs of two-degree-of-freedom structure, linear modal decom-
position (top) and cycle-GAN decomposition selected via the inner-product

criterion (bottom).

The ability of the algorithm to provide an inverse mapping for the modal decomposition

is also tested. At every step of training, the generator that maps the modal coordinates

back to the physical ones, is available by definition of the cycleGAN algorithm. To test

its accuracy, the modal coordinates of the testing dataset are calculated and then they
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are mapped back to the estimates of their original values using the second generator, i.e.

ŷi = GU→Y (G(Y → U)), where ŷi is the estimate of the reconstruction.

The accuracy of the inverse mapping (or superposition of the modes, as it is often referred

to), is tested according to the normalised mean-square error (NMSE) between the real

and estimated values of the physical coordinates. The NMSE error of the reconstruction

is given by,

NMSE =
100

Nσ2y

N∑
i=1

(ŷi − yi)
2 (5.19)

where yi is the real value of the displacement of the ith sample, N is the total number of

samples and σy is the standard deviation of the samples dataset. The NMSE is a proper

metric of accuracy for regression problems. It provides an unbiased way of evaluating the

results. NMSE values close to 100% indicate a model that is always providing predictions

close to the mean value of the data, values less than 5% indicate a well-fitted model and

values lower than 1% indicate an excellent-fitted model.

A part of the reconstruction results for the two-degree-of-freedom system is shown in

Figure 5.11. The results seem very good, and this is confirmed by the value of the NMSE,

which was 0.46% for this case.
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Figure 5.11: Superposition/inverse modal transformation for the two-degree-
of-freedom system (red) and original displacements (blue).
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5.3.1.2 Three-degree-of-freedom system

The algorithm was tested on systems with higher numbers of degrees-of-freedom. The

same system parameters were used as in the two-degree-of-freedom system of Figure 5.8,

but with an extra mass. The PSDs of the physical coordinates in this case, are shown

in Figure 5.12. The spread because of the nonlinearity is also visible, since the natural

frequencies of the underlying linear system are 0.39 Hz, 0.71 Hz and 0.93 Hz. The model

that performed best in this case, had 110 neurons in its hidden layer and the resulting PSDs

are shown in Figure 5.13, again in comparison with the PSDs from a PCA decomposition.

The results are satisfactory, since, in every PSD of the ‘modal’ coordinates, only one peak

is dominant and only small effects of other modes are present.
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Figure 5.12: PSDs of three-degree-of-freedom structure; physical coordinates.

The superposition of the modes provided by the inverse mapping is also tested in terms

of the NMSE error. Some results of the superposition are shown in Figure 5.14 and seem

to be quite accurate. The accuracy is confirmed by the value of the NMSE which in this

case was equal to 1.92%.
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Figure 5.13: PSDs of three-degree-of-freedom structure, linear modal decom-
position (top) and cycle-GAN decomposition selected via the inner-product

criterion (bottom).
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Figure 5.14: Superposition/inverse modal transformation for the three-degree-
of-freedom system(red) and original displacements (blue).

5.3.1.3 Four-degree-of-freedom system

A four-degree-of-freedom system was also tested, a case study that was not studied in

[114, 120], since the results on the three-degree-of-freedom system were not as good in

that case as here. The new system has the same parameters as the two systems studied
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before, except for its cubic nonlinearity parameter, which in this case was set to k3 = 3000

so that strongly-nonlinear behaviour is observed. In this case the model that had the best

performance was a neural network with 100 neurons in its hidden layer. The PSDs of the

physical coordinates are shown in Figure 5.15. The shift of natural frequencies is visible

as the natural frequencies of the underlying linear system are 0.31 Hz, 0.59 Hz, 0.81 Hz

and 0.96 Hz. In Figure 5.16, the decomposition provided by linear PCA is shown, and

in Figure 5.17, the decomposition provided by the cycleGAN algorithm is presented. The

PCA decomposition does not yield PSDs with specific dominant peaks, as shown in the

third and fourth PSD. However, the proposed algorithm seems to have only one dominant

peak per modal coordinate PSD.
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Figure 5.15: PSDs of four-degree-of-freedom structure; physical coordinates.

5.3.2 Experimental case studies

The algorithm was also tested on experimental data acquired from the set-up shown in

Figure 5.18. The structure was excited by random noise applied to its base. The exper-

iments were performed for 17 different states of the structure shown in Table 5.1. The

states that are of interest in the current work are states 10 − 14, where a nonlinearity is

introduced to the structure. The nonlinear element is shown in Figure 5.18; it is a bumper

and a column between the second and the third floor of the structure with a varying initial
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Figure 5.16: PSDs of four-degree-of-freedom structure, linear modal decompo-
sition coordinates.
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Figure 5.17: PSDs of four-degree-of-freedom structure selected via the inner-
product criterion, cycle-GAN latent variables.

gap between them. The element is essentially a bilinear stiffness element which might also

be introducing sudden energy dissipation to the structure. For the current analysis, two

of the aforementioned states are considered. The first is State 12, which corresponds to

an initial gap equal to 0.13mm and the second is State 14, which corresponds to a gap of

0.05mm. The second state is expected to have more intense nonlinearity and both cases
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have harsh nonlinearities compared to the smooth nonlinearities presented in the simu-

lated cases. In the experimental case studies, the acceleration of the base is considered to

be the excitation of the three-floor building. Such an approach could be the case when

one analyses such a structure for an earthquake case study.

Figure 5.18: Experimental set-up of three-floor and the bumper nonlinearity
between the second and third floor shown in the dashed box [121].

5.3.2.1 Experimental case study: State 12

The first experimental case study is that of State 12 of the experimental structure. The

procedure followed is exactly as before, with the only exception that for every state, 50

experiments were performed. A sample PSD of one experiment for State 12 is shown in

Figure 5.19.
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Label
State

Condition Description

State #1 Undamaged Baseline condition
State #2 Undamaged Added mass (1.2 kg) at the base
State #3 Undamaged Added mass (1.2 kg) on the 1st floor
State #4 Undamaged Stiffness reduction in base front column
State #5 Undamaged Stiffness reduction in base front and rear

column
State #6 Undamaged Stiffness reduction in 1st floor front col-

umn
State #7 Undamaged Stiffness reduction in 1st floor front and

rear column
State #8 Undamaged Stiffness reduction in 2nd floor front col-

umn
State #9 Undamaged Stiffness reduction in 2nd floor front and

rear column
State #10 Damaged Gap (0.20 mm)
State #11 Damaged Gap (0.15 mm)
State #12 Damaged Gap (0.13 mm)
State #13 Damaged Gap (0.10 mm)
State #14 Damaged Gap (0.05 mm)
State #15 Damaged Gap (0.20 mm) and mass (1.2 kg) at the

base
State #16 Damaged Gap (0.20 mm) and mass (1.2 kg) at the

1st floor
State #17 Damaged Gap (0.10 mm) and mass (1.2 kg) at the

1st floor

Table 5.1: Description of different states of the experimental set-up [121].

The cycleGAN was trained using the accelerations from all 50 experiments. The size of the

hidden layer that yielded the best results was 100 neurons. The achieved decomposition is

shown in the bottom plots of Figure 5.20. Compared to the top plots of the same figure,

which correspond to the decomposition provided by PCA, it is clear that the current

algorithm performs better, since PCA does not achieve decoupling of the modes, while the

cycleGAN has achieved single dominant peaks in every PSD.

As far as the (nonlinear) superposition of the modes is concerned, the inverse mapping

was evaluated as before. Part of the reconstruction is shown in Figure 5.21. The quality

of the reconstruction seems very good and this is confirmed by the NMSE value which is

1.23%.
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Figure 5.19: PSDs samples of three-floor experimental structure, physical co-
ordinates of State 12.

0 20 40 60 80 100
Frequency (Hz)

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

U P
CA

1(
f)

0 20 40 60 80 100
Frequency (Hz)

0.000

0.002

0.004

0.006

0.008

0.010

0.012

U P
CA

2(
f)

0 20 40 60 80 100
Frequency (Hz)

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

U P
CA

3(
f)

0 20 40 60 80 100
Frequency (Hz)

0.000

0.002

0.004

0.006

0.008

0.010

U C
G1

(f)

0 20 40 60 80 100
Frequency (Hz)

0.000

0.002

0.004

0.006

0.008

0.010

U C
G2

(f)

0 20 40 60 80 100
Frequency (Hz)

0.000

0.005

0.010

0.015

0.020

0.025

0.030

U C
G3

(f)

Figure 5.20: PSDs of three-floor experimental structure, PCA decomposition
(top) and cycle GAN decomposition selected via the inner-product criterion

(bottom); State 12.

5.3.2.2 Experimental case study: State 14

The same procedure was followed for State 14. The average PSDs of the physical coor-

dinates of all 50 experiments are shown in Figure 5.22. The generator which yielded the

best results had 100 nodes in its hidden layer. In Figure 5.23 the decomposition provided
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Figure 5.21: Superposition/inverse modal transformation for the experimental
system(red) and original displacements (blue), State 12.

by PCA is shown in the top-row plots, and it is clear that it does not achieve any modal

decoupling. The cycleGAN, on the other hand, as shown by the PSDs in the bottom-row

plots of Figure 5.23 achieves better results, since each modal coordinate PSD has clearly

one dominant peak.
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Figure 5.22: Average PSDs of three-floor experimental structure, physical co-
ordinates of State 14.
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Figure 5.23: PSDs of three-floor experimental structure, PCA decomposition
(top) and cycle GAN decomposition selected via the inner-product criterion

(bottom); State 14.

The superposition mapping was tested also in this case. Part of the results are presented

in Figure 5.24. The quality of the inverse mapping this time, seems to be lower and this

is confirmed by the NMSE value which was 10.93%. Clearly the harsh nonlinearity has

affected the quality of the inverse mapping.
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Figure 5.24: Superposition/inverse modal transformation for the experimental
system(red) and original displacements (blue), State 14.
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5.3.3 Modal correlation study

A major part of modal analysis is the statistical independence of the modal coordinates.

Statistically-independent modal coordinates mean that the value of one coordinate cannot

be estimated from the value of the others. The proposed algorithm attempts to achieve

such independence by predefining the modal coordinates as U ∼ N (µ, In). In the current

paragraph, the performance of the algorithm in maintaining the independence of the modal

coordinates is studied. The algorithm has to balance three types of losses (adversarial,

reconstruction and orthogonality), which may lead to overlooking one of them, and if that

one is the adversarial loss, then the modal coordinates may be associated.

The correlation of the modes is evaluated according to two correlation metrics, a linear

and a nonlinear one. The linear metric is Pearson’s correlation coefficient, which is widely

used in statistical analysis. Pearson’s correlation coefficient for a pair of random variables

(X,Y ) is given by,

ρX,Y =
E[(X − µX)(Y − µY )]

σXσY
(5.20)

where µX , µY are the mean values ofX and Y respectively, σX , σY the standard deviations

of X and Y and E[ ] is the expected value of the quantity in brackets. This correlation

coefficient has values in the range [−1, 1]. Values of the metric close to zero mean that

the variables X and Y are uncorrelated, while higher values indicate linear correlation of

the two variables. In the current work, only the magnitude of the coefficient is of interest

and therefore its absolute value is used.

The linear correlation is expected to be more easily minimised, since PCA is performed on

the samples before applying the algorithm. Therefore, a second metric is also considered,

which takes into account nonlinear correlations. The correlation metric is the distance

correlation metric [122].

The distance correlation between two random variables (X,Y ) is calculated by initially

defining matrices A and B as follows; elements αj,k and βj,k need to be defined by,

αj,k = ∥xj − xk∥ , k, j = 1, 2, ..., n

βj,k = ∥yj − yk∥ , k, j = 1, 2, ..., n
(5.21)
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where n is the number of observations. Having defined the elements, A and B are given

by,

Aj,k = αj,k − ᾱj· − ᾱ·k + ᾱ··, k, j = 1, 2, ..., n

Bj,k = βj,k − β̄j· − β̄·k + β̄··, k, j = 1, 2, ..., n
(5.22)

where ᾱ·k is the mean value of the kth column, ᾱj· the mean of the jth row and ᾱ·· the

mean value of all α elements. Finally, the distance covariance is calculated by,

dCov2(X,Y ) =
1

n2

n∑
j=1

n∑
k=1

Aj,kBj,k (5.23)

and the distance correlation dCor between X and Y is given by,

dCor(X,Y ) =
dCov(X,Y )√

dV ar(X)dV ar(Y )
(5.24)

The value of the distance correlation is within the range [0, 1] and, as with Pearson’s

correlation, values closer to zero indicate lower correlation between the variables, while

higher values indicate higher dependence. Next, the two correlation metrics are calculated

and presented between the inferred modal coordinates of the previously presented case

studies.

5.3.3.1 Two-degree-of-freedom simulated system

The correlation metrics between the modal coordinates for the two-degree-of-freedom sim-

ulated system are shown in Figure 5.25. The diagonal has values of 1 which is expected

since the correlation of the modal variables with themselves is expected to be the max-

imum. The values of the coefficients between two modal coordinates are quite low and

the value of the nonlinear correlation coefficient is higher, since it takes into account both

linear and nonlinear dependencies.
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Figure 5.25: Pearson’s linear correlation coefficient (left) and distance corre-
lation coefficient (right) of the modal decomposition computed for the two-

degree-of-freedom system.

5.3.3.2 Three-degree-of-freedom simulated system

Similarly, the coefficients of the modal coordinates of the three-degree-of-freedom system

are shown in Figure 5.26. Again the correlation coefficients between the modal coordinates

are quite low.
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Figure 5.26: Pearson’s linear correlation coefficient (left) and distance corre-
lation coefficient (right) of the modal decomposition computed for the three-

degree-of-freedom system.

5.3.3.3 Four-degree-of-freedom simulated system

The correlations for the four-degree-of-freedom system are shown in Figure 5.27. As before,

the correlation coefficients are quite low.
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Figure 5.27: Pearson’s linear correlation coefficient (left) and distance corre-
lation coefficient (right) of the modal decomposition computed for the four-

degree-of-freedom system.

5.3.3.4 Experimental system: State 12

For the case of the 12th state of the experimental set-up, the correlation coefficients are

shown in Figure 5.28. The values reveal that the modal coordinates seem quite uncorre-

lated.
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Figure 5.28: Pearson’s linear correlation coefficient (left) and distance corre-
lation coefficient (right) of the modal decomposition computed for the experi-

mental system.

5.3.3.5 Experimental system: State 14

In the case of the 14th state, the correlation coefficient values are shown in Figure 5.29.

This time, the correlation coefficients between the first and the second modal coordinates

seem to be higher than before.
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Figure 5.29: Pearson’s linear correlation coefficient (left) and distance corre-
lation coefficient (right) of the modal decomposition computed for the experi-

mental system.

5.4 Summary

The results of this chapter reveal that the proposed algorithm is able to efficiently decom-

pose the movement of the structures with nonlinearity. The decomposition, as far as the

PSDs are concerned, offers modal coordinates whose PSDs have a single dominant mode.

Moreover, the model, during training the forward transformation from the physical to the

modal coordinates, is also trained to provide the inverse transformation, which in most

cases was very accurate. Finally, the statistical independence of the modes is, in most

cases, achieved. The very harsh nonlinearity in one case appears to create issues, both in

the accuracy of the inverse transformation and in the achieved statistical independence of

the modes.

As a further step to the method, the velocities of the system could be included in the

process of the decomposition. Including the velocities could account for nonlinearities of

the damping of the system. Such a modification to the method may be closer to the

original Shaw-Pierre concept ansatz [123], according to which, NNMs were considered as

manifolds in the phase space of the structure. According to [123], if the movement of the

structure was initialised on one of these manifolds, it would remain on the same manifold,

which is considered an NNM.



Chapter 6

Feature spaces of structures

and potential state manifolds

6.1 Fibre bundles for PBSHM

As mentioned before, PBSHM is the subdiscipline of SHM that deals with performing

inferences within a population of structures. Each structure might behave different ac-

cording to its connectivity, dimensions etc. In order to connect the different behaviours in

a compact way, a mathematical object is needed. In the current work, fibre bundles were

selected to be the object used to connect the different behaviour of structures within a

diverse population. Fibre bundles are mathematical objects based on the idea of differ-

ential manifolds [124]. Some terminology about manifolds and vector spaces is given in

Appendix 9.2; they are tightly connected with the ideas of gauge field theories [125, 126].

Although they do not often appear in SHM literature, they are commonly encountered in

nonlinear dynamics [127–130]. In the current work they shall be combined with machine

learning techniques to perform inferences, which is also not something new, as algorithms

called manifold learning [131, 132] have been studied before.

The basic elements that compose a fibre bundle are two, a base manifold M and a total

manifold E. The two manifolds are connected via a mapping π, which is a projection

103
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from E to M . Using such a mapping, movement on one manifold causes movement on

the other. Since π is a mapping that projects points from E to M , it follows that the

dimension of E is higher or equal to the dimension of M . The inverse mapping of π (π−1)

might thus be a multi-valued mapping defined on every point of M . The definition of π−1

leads to definition of the objects Fx defined by,

Fx = π−1(x) ∈ E, π : E →M (6.1)

where Fx is called the fibre above x. A first requirement for fibre bundles is that all such

fibres are homeomorphic to each other.

Given the description of a fibre bundle so far, the set of objects needed to define it are

{M,E, π, F}. An example of such a fibre bundle is shown in Figure 6.1. The simplest

fibre bundle one can define is by selecting a fibre F to be a specific manifold, define the

base manifold M and then define the total space E as the Cartesian product E = F ×M .

However, this may not serve any useful purpose. In order for the fibre bundle to be more

versatile, E should have a more general structure. By working locally, one can allow

the properties described before to stand for local domains U of M . Then it stands that

π−1(U) = U × F locally. This assumption means that the homemorphism of the fibres

does not need to extend globally on all of M but only locally. Following such a scheme,

the whole bundle is defined as the set of objects {M, {Ui}, E, {φi}, π, F} where {Ui} is a

coordinate atlas on M and for each Ui on M , φi is a homeomorphism (Figure 6.2),

φi : π
−1(Ui) −→ Ui × F (6.2)

a property which is also called local triviality.

Fibre bundles can be used in order to formulate the procedure of performing inference

within a population of structures. The first step in order to do so, is to define the base

manifold to be the ‘space’ of structures S. Consequently, each structure si is assigned

a fibre Fi which is selected to describe the potential states that the structure may be

observed in. The states may describe the structure in terms of characteristics, such as

natural frequencies, frequency response functions (FRFs), transmissibilities etc. In any
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Figure 6.1: Schematic of basic objects in a fibre bundle.
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Figure 6.2: Local triviality property in a fibre bundle.

case, since the whole construct of the fibre manifold is going to be used for structural

health monitoring, these attributes should be damage sensitive.
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The fibres can be collected and glued together in order to define the total space together

with the base manifold. The procedure of making inference within the population is

reduced to moving from structure to structure in the base manifold and inferring the

corresponding fibre for every point/structure. Essentially, the function that needs to

be defined is the π−1 function which would map a structure to its potential states, i.e.

π−1(si) = Fi.

The fibres can describe the structure in its healthy as well as in its damaged conditions.

Since data are acquired from existing structures from different states, data from their

healthy conditions are quite often available, but damaged conditions could also be avail-

able. The fibres, as mentioned, describe the potential states of the structures; therefore,

their damaged states can also be included in the fibres, resulting in a more holistic ap-

proach to inferring potential states of the structure of interest.

If only healthy states are included in the fibres, the mapping π−1 provides a way to

infer the healthy characteristics of structures within the population from available data of

different structures. This strategy is useful, especially when one wants to perform novelty

detection in order to define whether damage is present in a structure [76, 78, 79, 133].

Novelty detection essentially learns a distribution or a manifold from the available data,

and indicates anything that does not belong to the learnt element, as an outlier. If trained

with healthy data, such methods indicate changes as damage. In any case, in order to train

such a model, one should have available data from the healthy state of some structure,

which is not always possible, since it might be difficult to acquire them, or the structure

may be relatively new. Following a PBSHM strategy in order to infer the healthy state

data of such a structure from other similar structures could be a way to deal with such

issues.

A more holistic approach would be to include all available data in the fibres and infer

the potential states for a range of damage cases. In this case, another useful element

of the fibre bundles is defined - this is a cross section. The cross section of a bundle is

defined by simply collecting a point or a set of points from every fibre. Then, by gluing

these submanifolds together, a subset of the total space is created which is called a cross

section. The points of the cross section may have something in common; for example, they

may refer to the healthy states of the structure, thus defining the normal condition cross
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section, a schematic representation of which is shown in Figure 6.3. The cross sections

may also refer to different types of damage.
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Figure 6.3: Normal section n(s) of a feature bundle over a space of structures
S. It is assumed that normal condition data are not known for the point s.
Interpolation/transfer of the normal condition from any neighbouring points si
should only be considered if they are sufficiently close to s in some metric on
S. In this diagrammatic example, s5 might be considered ‘too far away’; for

transfer.

If one wants to move further up Rytter’s hierarchy [75], and perform damage classification

[81], data from damaged states of the structure should be used. In that case, the fibres

should include data from damaged states of the structure. Including such data in the

potential states, one is transferring the knowledge of how damage mechanisms affect the

structures within the population. Following such a framework, multiple mappings π−1
i can

be defined in order to map a structure to different damage states i. One can see that the

fibre bundle formulation is quite versatile and allows one to decide which characteristics

to infer within the population, and under which circumstances.

An example to illustrate the above strategies within a fibre bundle framework, could be

to define such a bundle for a population of cantilevers. The cantilevers have a rectangular

cross section and their geometric characteristics are their length l, width w and thickness t.
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Moreover, they have some structural characteristics, which are their Young’s modulus E,

their Poisson’s ration ρ and their density ρ. The base manifold S can be trivially defined

to be equal to R6
+, since these are the potential values that these quantities might have.

A characteristic one might monitor in order to detect damage within such a population

could be the set of the n first natural frequencies of the cantilevers. Consequently, each

fibre includes sets of the n first natural frequencies of the cantilevers for different values

of environmental conditions that might affect their values (temperature, humidity etc.).

If one includes also damaged states within the formulation, then each fibre Fi would also

include sets of natural frequencies recorded for damage-states of the cantilevers. The

formulation of such a population-based SHM problem is schematically shown in Figure

6.4. By navigating in the space of cantilevers S, one can apply at any point the inverse

transformation π−1, and infer the potential states that a structure s can be observed in.

S = R6
+ = {(l, w, t, ρ, E, ν)}

E = F × R6
+

F

s

π−1

Figure 6.4: Collected feature spaces across a population of structures S con-
sidered as a vector bundle.

Even though the above formulation is quite appealing, its application has some obstacles

that one has to overcome. A major problem is that structures within populations cannot be

easily encoded into points in a multidimensional space, in order to allow the inference that
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is to be performed. Structures are complicated objects and therefore a different approach

should be followed. In the next sections, a way to avoid such problems is described, as is

the algorithm used to perform the whole procedure in a totally data-driven manner.

6.2 Graph neural networks (GNNs)

Machine learning is focussed on defining relationships between quantities, via the use

of data. The general scheme of a machine learning algorithm is to define sets of input

and output quantities, and try to define the function that maps the former to the latter.

Algorithms such as Gaussian processes [134], support vector machines (SVMs) [135] and

neural networks [8, 9] search exclusively for a relationship between data. Lately, the need

to define models whose functionality is more interpretable and controllable have led to

the need for algorithms that are further informed by the structure of the data and the

relationships that might exist between features of the data. This trend has been observed

in social network modelling [136–138], biology [139], chemistry [140], medicine [141], etc.

The new framework is focussed on improving existing methods by inducing some physics

into training and inference, as well as using more diverse objects for inputs and outputs,

other than simply vectors.

An algorithm that has been motivated by such problems is that of graph neural networks

(GNN) [58]. A simple problem presented in the original work, with a view to exposing

common problems of machine learning algorithms, is the calculation of the centre of mass

of a planetary system. The inputs to the model are the coordinates of the n planets of the

system; the output is the coordinates of the centre of mass. The problem seems trivial

but a ‘traditional’ data-driven model, trained to perform the task, would fail in two cases.

The first is if a permutation of the planets’ masses was used as an input. If the indices

of the planets are shuffled compared to the order they were given during training, the

data-driven model would fail to predict the center of mass, since it cannot be informed

somehow about the shuffle. The second way the model would fail, would be by considering

a different number of planets. Traditional machine learning algorithms learn mappings

from one space to another, where both spaces have fixed dimension.
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Graph neural networks have been developed to solve such problems. The algorithm is

based on using graphs as inputs and outputs to the inference procedure. The values of

interest are assigned as features to the nodes and edges, and as global features to the

graphs. As will be shown, the graphs used by the algorithm do not need to have the same

size in order for the algorithm to be able to perform. Therefore, one of the two problems

presented in the previous trivial example does not occur. Inference is based on information

exchange between nodes, via the edges that connect them. The edges reveal relationships

between the nodes and encode how these relationships affect the inference procedure.

The procedure of defining a graph of the data is equivalent to inducing existing knowl-

edge about the physics of the underlying problem into the inference algorithm. Such a

framework is often referred to as using inductive biases in the model. Such biases are

common when one trains a machine learning algorithm which should favour specific types

of solution to the problem, according to one’s knowledge about the problem. A major type

of inductive bias is the use of regularisation when one trains a neural network. Regulari-

sation of the weights of the neural network penalises the loss function for higher values of

the weights, favouring smaller values and therefore more smooth mappings, as an attempt

to avoid overfitting. A second commonly-used inductive bias is in the use of convolutional

neural networks [142, 143]. Convolutional neural networks use trainable filters which ex-

tract features from images, exploiting the fact that local substructures in images often

define their characteristics, such as edges and shapes. The inductive bias induced in this

case is that of the locality of the features.

The inductive bias in the case of graphs is inserted as connections between nodes of the

graph. Similar models are the probabilistic graphical models (PGMs) [144] and Markov

processes. In such models, the edges connect states of the system that affect each other. In

the current work, the connections will not refer to states of the structures but will represent

the connectivity between elements of the structure. Such connections are expected to

encode the layout of the structure and allow the algorithm to learn how these connections

affect the behaviour of the structures. Different patterns of connection between members

encompass the knowledge that is needed to be transferred within the population of the

structures.

As discussed earlier, the inputs and the outputs of the algorithm are graphs and more
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specifically attributed graphs. An example of such a graph is shown in Figure 6.5. The

graph has different elements, and each one has attributes in the form of vectors. As

shown, the edges are directed, revealing the direction of the flow of information. In the

most general case, all elements of the graph may have attributes, but, if it is convenient

for the user, some class of elements may not have.

vi
ek u u

vi

vsk vrk
ek

{Global attributes}

{Node attributes}

{Edge attributes}

Figure 6.5: General graph architecture.

Graphs like the above form the inputs and the outputs of the algorithm. The procedure

followed for the transition from one graph to another is called a computational block (CB).

A CB comprises three operations:

1. the edge updates,

2. the node updates, and

3. the global attribute updates.

During each step, the values of the features of a different element of the graph are updated.

A different number of CBs may be used sequentially in order to get the output graph with

the required target values. The number of CBs is a hyperparameter of the model.

6.2.1 Edge update

The edge update is the first step of a CB. During this step, the values of the edge attributes

of the graph are updated. A schematic representation of the updating is shown in Figure

6.6. The updated attributes e′k of the kth edge are updated according to,

e′k = ϕe(ek, vsk , vrk , u) (6.3)
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where ek are the values of the attributes of the kth edge before the updating, vsk are the

attributes of the sender node on the tail of the kth edge, which is updated in the current

step, vrk are the attributes of the receiver node and u are the global attributes of the

graph. The function ϕe is a trainable function used in order to update the edge attributes.

vsk vrk
e′k

u

Figure 6.6: Edge update step.

It is clear that the procedure of updating the edge is local. This makes the algorithm

invariant to permutations of the indices of the nodes and also ensures that only elements,

which are connected to the element which is updated, affect the new values. The function

ϕe plays a similar role to the convolutional kernel in a CNN.

6.2.2 Node update

The second step is to update the attributes of the nodes. The procedure is similar to

before, and only elements in the neighbourhood of the node affect its updating procedure.

The updating process is schematically shown in Figure 6.7. A major difference to the

edge update is that the number of elements that affect the update of every node varies.

A different number of edges points to every node and therefore, a way to aggregate the

information is needed. To do so, an aggregation function ρe→v is defined, which is applied

on the updated attributes of the set of edges E′ pointing to the node, which is currently

updated.
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v′
k

e′k

u

Figure 6.7: Node update.

Similarly to before, the updated values of the attributes of the kth node v′k are given by,

v′k = ϕv(ρe→v(E′), vk, u) (6.4)

where ϕv is the updating function of the nodes, which is learnt by the data. The aggre-

gation function ρe→v could be an averaging or summation function, and is selected by the

user as a hyperparameter of the algorithm.

6.2.3 Global update

The final step of updating is to update the global attributes of the graph. This updating

is illustrated in Figure 6.8. Every element of the graph participates in the updating, and

two aggregative functions are needed ρe→u and ρv→u; one for the updated values of the

edges E′ and one for the updated values of the nodes V ′. The updated values of the global

attributes u′ are given by,

u′ = ϕu(ρe→u(E′), ρv→u(V ′), u) (6.5)

where the function ϕu, as in the case of ϕv and ϕe, is learnt from the data.

The updating steps concern only neighbourhoods of the elements that are updated. This

is the reason that more than a single CBs might be needed to allow information to flow
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v′
k

e′k

u′

Figure 6.8: Global update.

between elements that are not close in the graph. Another way to allow such information

flow would be to include nodes and edges in the wider neighbourhood of the under-update

element to participate in the updating.

6.2.4 Training of graph neural networks

The three steps of the updating procedure presented are essentially the equivalent of a

forward pass in a neural network. A complete computational block can be seen in Figure

6.9. In practice, all three ϕ functions are selected to be neural networks for them to be

trainable. Considering that the whole procedure is differentiable, the error between some

target values of the output attributes can be backpropagated to train the neural network

functions, e.g. by using scaled conjugate gradients [8, 9] or the Adam training algorithm

[119].

Although a full computational block is shown in Figure 6.9, the target values that one

may be interested in may not be all the outputs (u′, V ′, e′). If the quantity of interest is

only one of them, then the computational block can be reduced, as shown in Figure 6.10,

where only the node attributes are of interest. This way, the computational cost of the

algorithm is reduced.
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Figure 6.9: Full computation block (motivated by [58]).
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v′ϕu
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Figure 6.10: Reduced computation block.

6.3 Application of graph neural networks in PBSHM

6.3.1 Structures as graphs

The algorithm of GNNs seems to fit really nicely the inferences between a population of

structures that are needed. As mentioned, structures are abstract objects that cannot
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be straightforwardly transformed into feature vectors in order to use a machine learning

algorithm to perform inference within a population. However, the GNN algorithm, being a

non-Euclidean algorithm, offers an alternative to this approach. Combining the conversion

of structures into graphs introduced in [91], with a GNN model, transferring knowledge

within a population of structures becomes plausible. In order to evaluate such a hypothesis,

a simulated population of trusses is considered here. Trusses were selected mainly because

of their unambiguous transformation into attributed graphs.

Trusses are structures comprising rod elements, which are connected only at their edges,

making them ‘two force elements’, i.e. loaded only in their axial direction. Even though

they are quite simple structures, they are used in a wide range of constructions, such as

roofs, antennae, cranes and bridges. A railway bridge and a simple planar truss model of

it are shown in Figure 6.11 1. Trusses within the simulated population are created in a

similar way to how the planar model was created.

The attributed graph models were formed in a reverse manner to that in [91], where

the members of the structures are represented as nodes and the connections as edges

of the graphs. The procedure here is the inverse, the members are the edges and the

joints are the nodes. The attributes describe the structural characteristics of the truss.

The node attributes are the x and y coordinates of the node, as well as binary variables

encoding whether the node is fixed in the x or y direction. The attributes of the edges are

selected to be binary variables that encode the different classes that each member belongs

to. These different classes correspond to different Young’s modulus E and different cross

sectional area A. Moreover, they encode how different member classes are affected by

environmental parameters, such as temperature. Moreover, it was found that, in order to

facilitate training, the edge attributes should also include the length L of the member,

which is needed to calculate its stiffness K = EA
L , as well as the sine and cosine of the

member’s angle with the horizontal axis. The categorical encoding of the members is a

convenient way of avoiding defining their exact parameters, which is usually done in a

laboratory test. The actual parameters change over time and via the exposure of the

structure to the environment. Therefore, a categorical encoding rather than an exact

definition of the material parameters is more feasible.

1The bridge image was taken from https://en.wikipedia.org/wiki/Truss: last accessed 11/11/20.

https://en.wikipedia.org/wiki/Truss
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(a)

(b)

Figure 6.11: (a) Truss railway bridge, and (b) simple planar model.

Following the described transformation strategy of trusses into graphs, the truss from

Figure 6.11 is encoded into the graphs shown in Figure 6.12. The members at the top of

the structure are considered to belong to the first category, the members in the ‘middle’

in a second and the members at the bottom in a third, explaining their binary encoding

at the top figure ({1, 0, 0} for the first category, etc. ). The nodes attributes include their

x and y coordinates and binary variables representing their boundary conditions. All

nodes are free to move except for the leftmost and rightmost nodes that are fixed in both

directions. A global feature could be the temperature of the environment to which the
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truss is exposed. In the example, the temperature is 30◦C

[x, y, 1, 1] [x, y, 0, 0] [x, y, 0, 0] [x, y, 0, 0] [x, y, 1, 1]

[x, y, 0, 0] [x, y, 0, 0] [x, y, 0, 0]

[0, 0, 1] [0, 0, 1] [0, 0, 1] [0, 0, 1]

[0
, 1
, 0
]

[1, 0, 0] [1, 0, 0]

[0
,1
,0
] [0, 1, 0]

[0
,1
,0
]

[0
, 1
, 0
] [0, 1, 0]

[0
,1
,0
]

[30]

(a) Detailed attribute representation.

[30]

(b) Simplified ‘categorical’ representation.

Figure 6.12: Network representation of the bridge shown in Figure 6.11. (a)
shows a detailed representation in terms or explicit node (blue) and edge (red)
attributes; (b) shows a simplified representation indicating fixed (black) and
pinned (white) nodes, with the three member types colour coded as ‘top’ (or-

ange), ‘middle’ (red) and ‘bottom’ (blue).

6.3.2 Case studies

In order to test the method, a population of structures should be defined. The population

here comprised two-dimensional trusses, by randomly sampling the number of nodes of

each truss from the interval [10, 40], and the coordinates x and y of every node from the

interval [0, 10]; the trusses were created by applying Delaunay triangulation [145] on the

nodes. The nodes were randomly fixed in no direction, x direction, y direction or both. In

the cases that a temperature was used, the temperature was also randomly sampled from

the interval [20, 40]. The value whose approximation is sought here, is the first natural

frequency of the trusses (denoted ω) and, in order to create the datasets, the natural
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frequencies were calculated by a simple eigenvalue decomposition of the stiffness matrices

of the trusses. The three case studies considered are:

1. Case Study One: The population is created by trusses whose members all belong

to the same member class (they all have the same EA quantity). In this case, the

categorical encoding of the member types is not needed. The variation in stiffness

of each members is exclusively due to variation in the length of the members. The

population is quite homogeneous in terms of the structural members, but quite

heterogeneous in terms of the topology of the structures.

2. Case Study Two: In this case study, temperature is introduced as an external

parameter of the simulations. Temperature affects the stiffness of the members

according to the relationship shown in Figure 6.13. In this case, as in the first case,

a categorical encoding of the member classes is not needed.

3. Case Study Three: For the third case study, a second type of member is introduced

in the population. Each truss member is randomly selected to belong to one of the

two classes. A temperature variation is introduced as in the second case study and

a second member type has a nonlinear relationship between its EA quantity and

temperature, as shown in Figure 6.14 (the relationship is given by EA = −13T 2 +

500T + 7200, where T is the temperature).

6.3.2.1 Case study One

For each case study, three datasets were created, one for training the algorithm, one for

validation/model selection and one for testing. All datasets included 16000 trusses; in

Figure 6.15 some samples of the randomly created trusses are shown. In order to train

the model, different GNN model architectures were tested and a cross-validation scheme

was used to select the optimum. The experiments showed that three computational blocks

yielded the best results

A major problem during the cross-validation procedure was the computational cost of

the experiments. Training models with different numbers of hidden layers and nodes in

them for a wide range of such parameters would be practically infeasible with conventional
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Figure 6.13: Linear relationship between temperature and EA of first type of
members (Case Studies Two and Three). Note that it is clearly unrealistic to
assume that the stiffness of a member would halve over a range of 20 degrees
Celcius. However, the point of the exercise here is to demonstrate that the
methodology works well, even in the presence of large confounding influences.

For this reason, the influence of temperature is deliberately exaggerated.

Figure 6.14: Nonlinear relationship between temperature and EA of second
type of members (Case Study Three).
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(a)

(b)

(c)

Figure 6.15: Three randomly-selected truss structures generated as part of the
training data for the GNN algorithm in Case Study One. Black nodes represent
fully fixed nodes, green nodes are fixed in the x direction, blue are fixed in the

y direction and in white are free (pinned) nodes).

hardware. Therefore, the approach followed was closer to a ‘hit and miss’ strategy, where

different parameters were tested in a limited range of parameters. The results do not

necessarily represent the best possible performance, but as will be seen, they are acceptable

to show that the algorithm is able to solve the problem in hand.
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As mentioned, the quantity that was approximated was the first natural frequency of the

trusses, which was set as the target for the global value of the output graph. Since the

problem is a regression problem, a normalised mean square error is used, defined by,

NMSE =
100

Nσ2ω

N∑
i=1

(ω̂i − ωi)
2 (6.6)

where ωi is the target value for the natural frequency and ω̂i is the value estimated by the

algorithm, σ2ω is the variance of ω over the data set concerned. As already mentioned the

NMSE is an unbiased way of evaluating the performance of a regression model.

The training was performed using an averaging aggregative function for the ρ functions of

the algorithm. This approach was proposed in [58]. The sizes of the neural networks were

tried incrementally and 10 random initialisation were performed for every architecture. It

was observed that as the sizes of the neural networks of the first CB were increased, the

sizes of the neural networks of the rest of the CBs needed to be increased for the algorithm

to perform well. Therefore, sizes of 20 to 600 units were tested with an increment of 20

for the first CB and larger neural networks for the rest of the CBs. In Table 6.1 the

architecture of the best performing model is shown. The numbers represent the number

of nodes of the neural networks’ layers. For example the array 3, 64, 32 means a neural

network with 3 nodes in its input layer, 64 nodes in its hidden layer and 32 nodes in the

output layer. In some cases, the input size is fully defined by the number of features of

the nodes (e.g the input features of the nodes are 4 as described before), or the edges, and

by the connectivity of the GNN model; for example, the edge network of the third CB has

an input layer of 290 nodes, which is the result of the concatenation of the updated edge

attributes (50) coming from the edge NN of the second CB, the updated node attributes

(2× 70) (sender and receiver nodes) and the updated global attributes of the second CB

(100). In each neural network, the activation function was selected to be a rectified linear

or ReLU function [146]. The training history of the model is shown in Figure 6.16.

First CB Second CB Third CB

Edge NN 3, 64, 32 132, 80, 50 290, 180, 80

Node NN 4, 72, 50 100, 100, 70 250, 300, 72

Global NN - 120, 200, 100 252, 300, 72, 1

Table 6.1: Sizes of neural networks used in the GNN model with mean aggrega-
tive function: first case study.
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Figure 6.16: Training history of model using the summation aggregative func-
tion, training (blue), validation (orange) and testing (green) datasets: first case

study.

Although the errors for the training dataset are quite low (1.55%), those on the validation

and testing datasets are 17.16% and 17.20% respectively. A positive aspect of the figure,

is that the errors of the validation and the testing datasets are quite similar, meaning

that the algorithm is consistent in generalising. This consistency indicates also that the

cross-validation procedure followed, worked as intended.

In order to reduce the error on the validation and training datasets, as well as the training

time, a slightly different aggregative function is considered. A lot of information is po-

tentially lost from the averaging (or summation) aggregation and therefore, an attempt is

made to maintain more information about the quantities that are aggregated. To maintain

more information, the aggregative function is selected to be both an averaging function

and the calculation of the variance of the aggregated vectors. The results of these two

functions is then concatenated into one vector, yielding an augmented aggregated vec-

tor. Following such a scheme, a more informative aggregative function is defined and the

performance of the algorithm is expected to be better.
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Following the same procedure as for the first case study, the architecture of the best

performing model is shown in Table 6.2. Since the augmented aggregative functions are

used, the size of the neural networks is obviously larger. The training history of the same

model is shown in Figure 6.17.

First CB Second CB Third CB

Edge NN 3, 64, 32 132, 80, 50 290, 180, 80

Node NN 4, 72, 50 150, 100, 70 330, 300, 72

Global NN - 240, 200, 100 404, 450, 150, 1

Table 6.2: Sizes of neural networks used in the GNN model with the augmented
aggregative function first case study.

Figure 6.17: Training history of model using the augmented aggregative func-
tion, training (blue), validation (orange) and testing (green) datasets: first case

study.

The minimum errors in this case were 10.54% and 10.61% on the validation and testing

datasets. The errors of the training and testing datasets are again similar throughout the

training history, and this time the minimum was achieved much faster than before, i.e.

after 18 epochs (1500 seconds = 25 minutes). Overall the training history seems improved

by the use of the augmented aggregation function.
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6.3.2.2 Case study Two

For the second case study, a similar training procedure was followed. The architecture of

the best performing model is shown in Table 6.3 and the corresponding training history in

Figure 6.18. The minimum errors were 10.96% and 11.21% for the validation and testing

datasets respectively. The results are considered satisfactory, since the algorithm performs

well, even for different temperatures.

First CB Second CB Third CB

Edge NN 3, 64, 32 167, 80, 50 220, 180, 80

Node NN 4, 72, 50 235, 100, 70 330, 300, 72

Global NN 1, 120, 85 325, 200, 100 404, 450, 150, 1

Table 6.3: Sizes of neural networks used in the GNN model with the augmented
aggregative function: second case study.
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Figure 6.18: Training history of model using the augmented aggregative func-
tion, training (blue), validation (orange) and testing (green) datasets: second

case study.
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6.3.2.3 Case study Three

The same procedure was followed for the third case study, which is considered the most

complicated. In Table 6.4, the architecture of the model that performed best is shown

and in Figure 6.19 the corresponding training histories are presented. The validation and

testing errors were 9.76% and 9.90% respectively. Given the complexity of the third case,

the results are quite impressive.

First CB Second CB Third CB

Edge NN 5, 100, 64 234, 100, 64 264, 250, 120

Node NN 4, 120, 85 298, 200, 100 440, 450, 150

Global NN 1, 120, 85 413, 200, 100 640, 450, 150, 1

Table 6.4: Sizes of neural networks used in the GNN model with the augmented
aggregative function: third case study.

0 1000 2000 3000 4000 5000 6000 7000
Time (sec)

5

10

15

20

25

30

No
rm

al
ise

d 
m

ea
n 

sq
ua

re
 e

rro
r (

%
)

10 20 30 40 50 60
Epoch

Figure 6.19: Training history of model using the augmented aggregative func-
tion, training (blue), validation (orange) and testing (green) datasets: third

case study.

The algorithm is performing for different sizes of trusses in all the case studies; however,

its generalisation potential is also tested here for trusses that have more nodes than the

trusses of the datastes used for training and testing. A new dataset was created, similarly

to before, but with the number of nodes randomly sampled from the interval [41, 60]. The
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total error in the newly defined dataset was 7.06%, which is an interesting result, implying

that the algorithm has learnt the physics of the interaction of different members of the

trusses.

The two latter case studies reveal that the algorithm is able to perform data normalisation,

together with inference within the populations of the structure. The GNN model proves

quite versatile in solving such complicated problems, and could be further exploited for

PBSHM applications. Although the application presented might seem quite complicated,

a schematic representation of the whole fibre bundle idea for PBSHM is shown in Figure

6.20. The algorithm essentially offers an alternative to explicitly embedding structures on

the manifold M, which most probably is not a trivial procedure and maybe requires a

straightforward embedding of the structures. Bypassing the embedding step, the algorithm

provides a way of directly performing inference on the structure/graph as an entity.

6.4 Summary

The method proposed in this chapter proves quite versatile and learns the physics of

the structures of the population quite efficiently. The three case studies here reveal that

the method can provide accurate predictions for structures with a variety of structural

members, which were encoded using categorical variables rather than their quantitative

characteristics. Moreover, the algorithm was able to perform in structures with more

structural members than those of the training population, enforcing further the belief that

the underlying physics of the interaction between structural members has been learnt. It

would be very interesting to test the method on populations of experimental structures, as

well as on tasks other than predicting the normal-condition characteristics, e.g. in building

predictive temporal models that can sufficiently perform throughout the population.
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M

E = R2 × M = (T, d)× M

n(s) = R1 × M = (T, d = 0)× M

Figure 6.20: Abstract scheme of the application. Nodes within M represent
random trusses from within the population (three examples are shown here;
black nodes represent fully-fixed nodes, green nodes are fixed in the x direction,
blue are fixed in the y direction and in white are free (pinned) nodes). A fibre Fi

for each structure si is schematically shown as a blue line; it is parametrised by
all potential first natural frequencies of the structure for varying temperature
T , and damage coefficient d. The algorithm here has approximated the normal
condition cross section n(s) where damage d is equal to 0 and for any potential

temperature T .



Chapter 7

Exploring structural-state

manifolds

7.1 The conditional adversarial network (cGAN)

A particularly-useful variation of the generative adversarial networks [12], is that of the

conditional adversarial networks (cGAN) [147]. The algorithm provides a generative model

whose output is conditioned on a vector of variables, called the code here. The model

learns from data, to generate sets of samples that look real, and change according to some

known measured variables defined by the user. Being able to learn such dependencies

between generated samples and control variables, the algorithm fits really well the needs

of modelling the behaviour of structures under uncertainty and varying environmental and

operational variables (EOVs).

The layout of the cGAN (Figure 7.1) is quite similar to the layout of the traditional

GAN, as defined in [12]. As shown in Figure 7.1, the output of the generator depends on

some noise vector z, but also on the aforementioned code vector c. The decision on the

probability of the discriminator, regarding whether a sample is considered real or fake, also

depends on the code c, forcing the discriminator to learn a different decision boundary

for different values of the code. The generator, in turn, is forced to generate batches of

129
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samples that depend on the code, in order for its samples to be accepted as real by the

discriminator.

Noise, z

Code, c

Generator

Generated
samples G(z, c)

Real samples x, c

Code, c Discriminator Probability D(G(z, c))

Figure 7.1: Layout of a cGAN.

The training procedure is similar to the training procedure of the GAN. As a result, the

generator learns to generate distributions of data, or manifolds of samples conditioned

on the code. The code can be categorical or continuous. In the case of categorical code,

which can be encoded as a set of binary variables, the generator simply learns to generate

data within the given-by-the-code class of data. For SHM purposes, this might result in

generating data for some structure that corresponds to its undamaged state or to some

specific damage case. More specifically, the generator G is able to generate artificial data

G(c, z) so that,

G(c, z) ∼ P (x|c) (7.1)

where x are the real data samples, z is the noise vector, c is some code vector and P (x|c)

is the probability density function of the real data, conditioned on the code c. Such an

approach can be exploited in order to generate artificial data in order to better train some

data-driven algorithm.

In the case of a continuous code, the results are more interesting. The continuous code

variables force the decision boundary of the discriminator, and in turn the manifolds

of generated data, to gradually transform according to the values of the code. These

transformations in structural dynamics could represent the effect of known variables on

the recorded behaviour of structures. At the same time, the noise vector is used by the

algorithm to model the effect of unknown variables and noise on the behaviour of the

structure.
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Because of its ability to encode the effect of known parameters in the code vector and the

effect of unknown ones in the noise vector, the algorithm may be exploited in several ways.

A first use, could be to generate data for varying EOVs that affect a structure, knowing

the values of only a subset of them. Since the algorithm can learn the transformation

of the manifold of potential states of some structure for different values of known EOVs,

the generator can be used with a view to generating manifolds for values of EOVs that

have not been recorded. A second use can be to consider a cGAN as a basis for a mirror

model [35] of some structure. As already mentioned, generative models could be used as

mirrors of structures, in order to deal with the inherent uncertainty that such modelling

procedures require.

7.2 Generating parametrised structural data using cGANs

As described, structures exist within an environment, which affects their behaviour. Vari-

ous parameters of the environment cause variations in the recorded features of structures.

Temperature, humidity, variations on the characteristic of the loading, boundary condition

variations, ground characteristics etc. may cause variations in the acquired data from the

structure of interest. For example, lower temperatures, in general, increase the stiffness

of structural members. Such an increase could lead to higher natural frequencies of the

structure in the recorded data.

When one monitors a structure, such benign variations may be misleading, creating the

impression that damage is present and initiating unnecessary maintenance procedures. In

order to deal with such problems, the model that is used to perform inference on the status

of the structure should be able to take into account the effect of unknown parameters and

noise that may be present in the acquired data. In the current section, the use of a cGAN

model is proposed, in order to generate structural data for different values of some recorded

environmental parameters along with the effect of unknown underlying parameters.

Considering an observation p, of some feature of a structure, then the model M that

models the behaviour of the structure according to the environmental parameters is,

p =M(ec, eu) (7.2)
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where ec is the vector containing the known and recorded environmental parameters that

affect the observation p, and eu are the unknown ones and the potential noise that might

affect the recordings of the data. The observation could be the first n natural frequencies

of the structure or an FRF or a transmissibility. In any case the observed value of such

features is affected by the environmental parameters.

A common approach to damage detection under varying EOVs, is to define a model that

predicts the behaviour of the structure for different values of the EOVs. The known

parameters, of course, could be the only ones used in a deterministic model in order to

perform such inference. The error of such an approach could be considered the effect of

epistemic and aleatory uncertainty, but excessive errors could also indicate the existence

of damage. However, cGANs offer a way to generate potential outcomes, taking into

account such uncertainties. Instead of generating a single prediction for every value of the

known parameters, the cGAN is able to generate a set of potential results. This way, for

every value of the code c, a range of potential outcomes is generated, assisting in avoiding

mistakes and false alarms because of benign variations.

Instead of using equation (7.2), the potential outcomes of the cGAN generator G are given

by,

p(c) ∈ {p
i
= G(c, zi), i = 1, 2..., N, zi ∼ P (z)} (7.3)

where p(c) is an observation of the structural features, given the value of the code c, N is

the number of artificially-generated samples by the generator, and P (z) is the probability

distribution of the noise vector, which is predefined. The set of p
i
defined in equation

(7.3), is the set of potential outcomes for some value of the code c.

7.2.1 Application example

The proposed algorithm can be applied to a simulated dataset to illustrate its potential.

The dataset here is created by considering the structure shown in Figure 7.2. The exci-

tation force, applied to the first degree of freedom of the mass-spring system, was white

Gaussian noise. As environmental parameters, temperature and humidity were considered

to affect the structure. Temperature is considered here to affect the stiffness of the springs

and humidity is affecting the value of the damping parameters. More specifically, the
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relationship between stiffness and temperature is given by,

k(T ) = k0 ∗ (1−
T − 30

100
) (7.4)

where T is the value of the temperature, kT is the stiffness of the members, for some

temperature T and k0 is the value of the stiffness for T = 30, considered the reference

temperature of the environment. According to equation (7.4), higher values of temperature

imply lower stiffness values, and lower temperatures have the opposite result.

Humidity was considered to affect the damping coefficients in a similar way; the relation-

ship between humidity and the damping coefficients is given by,

c(h) = c0 ∗ (1−
h− 90

100
) (7.5)

where h is the value of the humidity, c(h) is the damping coefficient for the value h and

c0 is the base damping coefficient considered for h = 90%.

m1 m2 m3 m4 m5 m6

F

k1 k2 k3 k4 k5 k6

c1 c2 c3 c4 c5 c6

Figure 7.2: The six-degree-of-freedom mass-spring system used in the current
application.

In order to create a dataset, simulations were performed for temperature values varying

in the interval [20, 40], and humidity in the interval [80%, 100%]. The base value of the

stiffness was k0 = 104, for the damping coefficient c0 = 10 and mi = 1, i = 1, 2...6. The

number of discrete temperatures considered within the aforementioned interval was 11 and

for each discrete temperature, 1000 simulations were performed. For every simulation, the

transmissibilities between masses 1 − 2 and 2 − 3 were recorded, polluted with Gaussian

noise (r.m.s. equal to 5% of the signal’s variance) and concatenated. A sample of the

concatenated transmissibilities is shown in Figure 7.3.
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Figure 7.3: Example of simulated transmissibilities recorded.

In order to reduce the dimensionality of the dataset and to visualise it, principal compo-

nent analysis (PCA) was performed on the samples. The first three principal components

explained 95% of the data and so they were considered a sufficient summary. In Figure 7.4,

the available dataset is shown. Different temperatures are shown with different colours.

Each small batch of points corresponds to a discrete temperature, and the variance within

the batch is caused only by the varying humidity. Moreover, one can notice the trans-

formation of the small manifolds as a function of the temperature. The cGAN is called

to learn such a transformation and generate potential transmissibilities for values of the

temperature that have not been recorded.

The procedure followed to train the cGAN model, is a cross-validation procedure, which

is commonly used in machine learning model training. From the 11 temperatures of the

simulated dataset, one of them is considered to be the validation dataset (the one corre-

sponding to 24◦C) and one was considered the testing dataset (the one corresponding to

34◦C). The generator and the discriminator were both neural networks with an input layer,

a hidden layer and an output layer. The noise vector was chosen to be a two-dimensional

noise vector, since higher-dimensional noise vectors did not yield better results. The noise

variables were uncorrelated random variables, sampled uniformly from the interval [−1, 1].

Different sizes for the hidden layers from the set {10, 20, ...790, 800} were used, initialising

the trainable parameters ten times for each size. The activation function used in each case
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Figure 7.4: First three principal components of simulation data.

was a hyperbolic tangent, except for the output node of the discriminator, which was a

sigmoid function, since it should correspond to the probability of the input sample being

real or artificial.

The validation procedure followed was to calculate how close are the manifolds of the

generated and the real data for some specific code. In the current work, to calculate such

a metric, the Kullback–Leibler divergence (KL divergence) was used [148]. KL divergence

is often used as a metric to measure the distance between two probability density functions.

The training procedure of the GAN implicitly minimises the KL divergence between the

probability density functions of the generated and the real data. However, the adversarial

loss used in training does not explicitly reflect the quality of training. Therefore, the model

that is considered to perform best shall be the one that has the minimum KL divergence

for the codes in the validation dataset.
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The total KL divergence of a model is calculated in its discrete form and is given by,

nval∑
n=1

DKL(Pi||Qi) =

nval∑
n=1

∑
x∈X

Pi(x) log(
Pi(x)

Qi(x)
) (7.6)

where the Pi and Qi distributions are kernel density estimates fitted to the real and

generated data, for the ith code. On both the generated and real data of the ith code,

a kernel distribution [64] is fitted and the above equation is used to calculate the KL

divergence over a grid of points in the feature space of the data. The range of all variables

of the feature space is the interval [−1, 1], since they are outputs of neural networks

and therefore normalised in the aforementioned interval. The bandwidth of the kernel

distributions used was 0.2, since it was considered that a value equal to 1
10 of the total

range can sufficiently describe the distribution of data.

Following the cross-validation approach, the model that performed best on the validation

dataset had 200 neurons in its hidden layer. The performance of the model on the test-

ing set can be visually evaluated from Figure 7.5. As shown, the generated points for

the testing temperature value are very close to the points of the testing dataset. Such

results reveal that the algorithm is able to learn the transformations of the manifolds of

potential structural states according to known EOVs - the temperature in this case. At

the same time, the algorithm takes into account the unknown parameters - the humidity

in this case. In order to evaluate the reconstructed transmissibilities, in Figure 7.6 a real

transmissibility for 20◦C is shown with, a real and a generated transmissibility for 34◦C.

The algorithm seems to have captured correctly the movement in the diagram as a result

of the temperature change.

Another use of a generator trained according to the procedure described, would be to

generate the whole manifold of potential states of the structure. Even if the accuracy, in

KL divergence terms, on the testing set is not sufficient, the algorithm might be able to

generate a compact manifold for every temperature in the desired interval. In contrast

to the small manifolds shown in Figure 7.4, the structural states could belong to a larger

manifold without any gaps. By generating samples for every value of temperature in the

interval [20, 40], the created manifold of potential states is shown in Figure 7.7.

Novelty detection approaches [76, 111, 149] to damage detection, require a complete set
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Figure 7.5: Real (orange), and generated (blue) points on the testing set for
the temperature value of 34◦C.
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Figure 7.6: Transmissibility recorded from simulations with temperature 20◦C
(blue) compared to recorded transmissibility in 34◦C (orange) and generated

(red).

of observations in order to perform as intended. Such approaches essentially learn the

distribution of the data or the manifold that the healthy data form. Therefore, they are

used in order to indicate when a test sample is not likely to belong to the distribution of the

healthy data or their manifold. By using the current approach in order to define a more

integrated dataset of potential states, the performance of novelty detection algorithms

could be enhanced, avoiding unnecessary damage alerts.
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Figure 7.7: Manifold representing samples for all temperature values in the
range [20, 40].

7.3 Generative models as mirrors of structures

As mentioned in Section 2.2, generative models can be used as mirrors of structures. In

particular, cGANs fit the framework well, since they are able to generate distributions of

data, given some deterministic known input. Following the terminology of mirrors, the

inputs to a generative model are separated into controlled eCc and uncontrolled eCu . The

controlled are known and recorded variables that affect the output of the model, and in

terms of a cGAN they can be represented by the code c. The uncontrolled variables, on

the other hand, affect the output of the model. As shown in the previous section, the

uncontrolled variables can be both noise and unknown parameters affecting the behaviour

of a structure.
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In order to illustrate the ability of cGANs to serve as mirrors of structures, two applications

and a comparison are presented here between the specific algorithm and a physics-based

generative model, the stochastic finite element method (SFEM). For further information

about the method, one can refer to the Appendix or to [150, 151]. The applications refer to

simulated datasets from a linear and a nonlinear structure. In both cases the quantities of

interest are displacements of the structure and the two methods are tested regarding their

ability to predict the distribution of these quantities. Apart from the two approaches, a

hybrid model is defined as the combination of the two and presented.

7.3.1 Simulated datasets definition

The structure considered here was a cantilever with random Young’s modulus E. In the

linear case, the random quantity is defined as a stochastic field along the length of the

cantilever, as shown in Figure 7.8. The length of the cantilever was 5 (length units), its

cross section was rectangular with height equal to 0.4 length units and width equal to

0.1. The stochastic field of the Young’s modulus was Gaussian, with mean value equal to

2 × 109 and standard deviation equal to 0.2 × 2 × 109 (pressure units). The correlation

length used in the application was 3. In order to generate data, an SFEM procedure was

followed using an order of m = 2 for the expansion of the random field [151].

E

109

Figure 7.8: Cantilever beam with constant Young’s modulus (black line) or
spatially varying (red and blue lines).

The input for the simulations, which played the role of the controlled variables, was a dis-

tributed load f along the cantilever with values in the interval [10, 200] (force units/length

units). For each load, 1000 samples were generated, and in Figure 7.9 samples of the tip
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displacements for different input loads f are shown. The tip displacement is the quantity

whose distribution was to be modelled using the generative mirror models. In order to

follow a machine learning training procedure, the dataset was split into three subsets; one

for training/calibrating the model, one for validation and one for testing.
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Figure 7.9: Samples of tip displacements (orange points), their mean values
(red line) and ±3 standard deviations (blue line).

The nonlinear dataset referred to a cantilever with the same geometrical characteristics.

This time the uncertainty was that the Young’s modulus was random from a normal

distribution with mean value equal to 2× 109 and standard deviation 0.1× 2× 109. The

simulations were performed using 40 loadsteps and Newton-Raphson iterations. The total

load this time was 400 load units. The difference in the displacement-load curves between

the linear and the nonlinear case can be seen in Figure 7.10. Again the dataset was split

in three subsets, one for training (load units {10, 40, 70..., 400}), one for validation (load

units {20, 50, 80..., 380}) and one for testing (load units {30, 60, 90..., 390}).

Both the SFEMmodel and the cGAN were fitted on the data of the corresponding datasets,

and the results are presented. Moreover, a combination of the two methods is developed

and presented as a hybrid approach to the problem. The results are compared and con-

clusions are drawn.
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Figure 7.10: Load curves for the linear (orange), and the nonlinear (blue),
material cantilevers.

7.3.2 SFEM model as mirror

The calibration of the SFEM model was performed by searching for the model parameters

that minimise the error in terms of distribution distance. The adjustable parameters of

the SFEM model are the mean value of the Young’s modulus stochastic field (µE), the

standard deviation of the Young’s modulus (σE) and the correlation length (lcorr). As far

as the search is concerned, an exhaustive search over a range of potential values for the

parameters was performed. The best-fitting parameters were considered to be the ones

that yielded the best results in terms of KL divergence of the distributions, for the loads

of the training dataset.

In the linear case of the current application, epistemic uncertainty does not exist. The

procedure followed to generate the data was almost the same as the procedure that the

SFEM model follows in order to make predictions. Therefore, it is expected that the error

will be really low. This is confirmed by the plot of generated distributions compared to

the real ones in Figure 7.11. As shown, the predicted and real distributions are almost

identical. This is also confirmed by the average KL divergence, which is equal to 0.0028.



SFEM model as mirror 142

In real-life situations, it is not expected to have so good results. Quite often, more param-

eters would affect the structure, which are not included in the modelling procedure, such

as humidity and temperature. It is, however expected that the algorithm could be able

to incorporate such variations via the stochastic parameters that are incorporated, in this

case the Young’s modulus.
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Figure 7.11: Distributions of tip displacements corresponding to Monte Carlo
samples (orange), and SFEM generated samples (blue) and different load cases,
(a) 30 load units, (b) 80 load units, (c) 120 load units and (d) 180 load units.

As far as the ability of the model to serve as an ϵ-mirror is concerned, the maximum

KL divergence observed between the available and the predicted datasets was 0.0029.

Therefore, the specific SFEM model for the specific cantilever and for the range of loads

[10, 200], can be considered an ϵ-mirror with tolerance ϵ = 0.0029. Regarding its ability

to be used as an α-mirror, a curve α − P (α) should be provided. The curve gives the

probability of the observations to fall into the interval defined in equation (2.3) as a
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function of α. The curve for this case is shown in Figure 7.12. A certain way to evaluate

such a curve is not available; however, it is clear that it can be used in order to perform

a probabilistic cost-benefit analysis of the structure, using the specific model.

The same method was used in order to define a digital mirror of the nonlinear simulated

structure. An exhaustive search was performed for the parameters of the SFEM model for

the nonlinear dataset. The yielded model was tested on the testing data of the nonlinear

structure. The results for some loads of the testing dataset are shown in Figure 7.13. As

expected, the performance of the model is not as good as before. The average KL diver-

gence in this case is 3.43. The observed divergence is because of the epistemic uncertainty

that is present in the application. The model is a linear one and the data refer to a nonlin-

ear structure. Although nonlinear SFEM models exist [152], they were not considered in

the current application, since the goal is to illustrate how a physics-based model would fail

in the presence of epistemic uncertainty. Even if a nonlinear model was used, knowledge

of the exact mechanism of the nonlinearity would still be required in order for the model

to perform as intended. Such knowledge is not always available in such applications.

Even though the results in the nonlinear case are not good, an SFEM model is still

considered a viable option for a mirror of a structure. Such models are generative models

and therefore can incorporate uncertainty during simulation of some structure. Moreover,

they provide a probability density function over potential outcomes, such as equation (2.4)

defines. In the aforementioned equation, the role of the generative model of the unknown

parameters MEC
u is played by the Karhunen-Loeve expansion of the stochastic field of

the Young’s modulus and the known and controlled parameters eCc are the different roles.

As the context of the model, one may consider the range of loads for each application

as the environmental context and the displacements of the tip as the predictive context.

However, as in every physics-based method, SFEM models are vulnerable to epistemic

uncertainty, and this is confirmed by the application of the method on the nonlinear case.

7.3.3 cGAN as mirrors of structures

As an alternative to the physics-based model presented previously, a black-box machine

learning approach to defining mirrors of structures is presented in the current paragraph.
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Figure 7.12: Probability defined in equation (2.3) as a function of the parameter
α for the SFE model applied on the linear cantilever case study.

The selected method is the cGAN algorithm, which was shown to have potential in mod-

elling structures under a generative framework and with the presence of unknown variables.

The model is tested on the same applications as the SFE model and results are presented.

At first, the method was applied on the linear structure dataset. The method followed

for training was similar to the one described in Section 7.2.1. The model was trained on

data, corresponding to loads {10, 40, 70, 100, 130, 160,

200}. The validation procedure was performed every several epochs on the validation

dataset, which included data corresponding to loads {20, 50, 80, 110, 140, 170, 190}. Fi-

nally, the algorithm was tested on a dataset which were the data corresponding to loads

{30, 60, 90, 120, 150, 180}.

The generator and the discriminator were both chosen to be three-layered feedforward

neural networks; they both had an input layer, a hidden one and an output. The size

of the input layer is defined by the dimensionality of the noise and the dimensionality

of the samples in the dataset. The noise was chosen to be ten-dimensional, since higher

dimensions of noise did not yield any better results. The code was the input load and

therefore the total dimension of the input layer of the generator was 11 nodes. The samples

are the tip displacement, therefore the input of the discriminator, which includes a sample

and the code value, is two-dimensional. The output of the generator is a sample, and is



cGAN as mirrors of structures 145

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Displacement

0

1

2

3

4

Pr
ob

ab
ilit

y 
De

ns
ity

(a)

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Displacement

0

1

2

3

4

Pr
ob

ab
ilit

y 
De

ns
ity

(b)

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Displacement

0

1

2

3

4

Pr
ob

ab
ilit

y 
De

ns
ity

(c)

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Displacement

0

1

2

3

4
Pr

ob
ab

ilit
y 

De
ns

ity

(d)

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Displacement

0

1

2

3

4

Pr
ob

ab
ilit

y 
De

ns
ity

(e)

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07
Displacement

0

1

2

3

4

Pr
ob

ab
ilit

y 
De

ns
ity

(f)

Figure 7.13: Distributions of tip displacements corresponding to Monte Carlo
samples (blue) and SFEM generated samples (red) regarding the nonlinear
problem, for different load cases; (a) 30 load units, (b) 90 load units, (c) 150

load units, (d) 240 load units, (e) 300 load units and (f) 360 load units.

therefore one-dimensional, as is the output of the discriminator, which is the probability

of a sample being real.
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The activation function which yielded the best results for the hidden layers was the

hyperbolic-tangent. The activation function of the discriminator is a sigmoid function,

in order to map the output into the interval [0, 1], which represents the probability of the

input sample to be real or not. The size of the hidden layers is a quantity which should

be optimised; in order to do so, different sizes were tried in the set {10, 20, ..., 3000}. The

best model was considered to be the one that yielded the minimum KL divergence on the

validation set. The size of the hidden layers of the best model was 3000 nodes. The same

size was used for both the generator and discriminator hidden layers, since the discrimi-

nator is an auxiliary network and its optimisation is not sought. It is also believed that

using the same size conceals a physical meaning, since the generator decodes the noise

into the real feature space and the discriminator maps the feature space into some latent

code (in its hidden layer), in order to distinguish real and fake samples.

In order to define the real and the generated distributions, kernel density estimates were

used [153]. The distributions of the samples were defined by fitting the kernel density

estimates on them. The method requires definition of a bandwidth parameter. All samples

are normalised in the interval [−1, 1] for the purposes of the training of the neural networks

and therefore a bandwidth equal to 0.1 was considered an appropriate value, as it is

equal to 1
20 of the total range of values. Validation was performed every 100 epochs and

KL divergence was calculated according to equation (7.6). Some results regarding the

performance of the cGAN on the testing dataset of the linear case are shown in Figure

7.14. The average KL divergence in the validation dataset was 0.081 and in the testing

dataset 0.083

As far as the ability of the cGAN to perform as an ϵ-mirror is concerned, the maximum

KL divergence observed on the testing data was 0.168. Therefore the model could be

considered an ϵ-mirror with ϵ = 0.168. Regarding its ability as an α-mirror, the plot in

Figure 7.15 shows the curve of the probability defined in equation (2.3). As mentioned,

this curve could be used by someone as a guide in order to use the generative model

without any interest in the exact shape of the distribution of samples. Such applications

are often used during design of structures, for example, in earthquake resilient design.

The same procedure was followed for the nonlinear case. The neural network that yielded

the best results in this case, had 1110 neurons in the hidden layer. Results of the generated
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Figure 7.14: Distributions of tip displacements corresponding to Monte Carlo
samples (blue) and cGAN generated samples (red) regarding the linear prob-
lem, different load cases, (a) 30 load units, (b) 90 load units, (c) 150 load units

and (d) 180 load units.

and real distributions for the testing dataset are shown in Figure 7.16. The KL divergence

between the generated and the real distributions of the validation dataset was equal to

0.045, and of the testing dataset equal to 0.050. The algorithm seems to have efficiently

learnt both the movement of the distribution towards larger displacements for higher loads,

as well as the larger spread. The results are obviously better than the results of the SFEM

model in the nonlinear case. The maximum KL divergence on the testing dataset was

0.25, making the model a potential ϵ-mirror of the structure with ϵ = 0.25. The α−P (α)

curve is also shown in Figure 7.17.
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Figure 7.15: Probability as defined in equation (2.3) as a function of the pa-
rameter α for the cGAN model applied on the linear cantilever case study.

7.3.4 A hybrid mirror model

A common approach to modelling structures is to combine physics-based methods (white-

box modelling) with data-driven approaches (black-box modelling) in order to define hy-

brid models (grey-box modelling), which are an attempt to combine the advantages of

both strategies [154]. In the current work a hybrid approach to defining a generative mir-

ror of a structure is proposed. The approach is an attempt to combine the SFEM model

with the cGAN model in order to define a more accurate model in terms of KL divergence,

as well as, in terms of extrapolation capabilities.

As described in [154], two types of grey-box models can be defined. The first group is

referred to as A-type models, and is focused on inferring the error between the white-box

model predictions and the observations using a black-box model. In the current frame-

work, this approach is not appropriate, since specific observations do not correspond to

specific predictions, rather a set/distribution of predictions corresponds to a set/distribu-

tion of observations and errors cannot be computed. Therefore only B-type models are

considered. In such an approach, one tries to use the output of a white-box model together

with some control variables, as inputs to one’s black-box model, i.e.,

y(X) = g(X, f(X)) (7.7)
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Figure 7.16: Distributions of tip displacements corresponding to Monte Carlo
samples (blue), and cGAN generated samples (red), regarding the nonlinear
problem, for different load cases: (a) 30 load units, (b) 90 load units, (c) 150

load units, (d) 240 load units, (e) 300 load units and (f) 360 load units.

where g is the black-box model, X is the controlled variable, f(X) is the prediction of

the white-box model given X and y(X) is the observation. The approach is focussed on
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Figure 7.17: Probability defined in equation (2.3) as a function of the parameter
α, for the cGAN model applied on the nonlinear cantilever case study.

informing the black-box model with the output of the white-box model. If the physics-

based model has correctly captured part of the total physics of the phenomenon which is

modelled, the grey-box model is expected to exploit this part and use the black-box model

in order to cope with the part of the physics that is not incorporated in the white-box

model.

In the current application, the white-box model has correctly captured part of the physics

of the problem. The movement of the distribution towards higher values of tip displace-

ments as the load increases, is the part of the physics that is correctly incorporated. As

shown in Figure 7.13, even though the distributions do not fit, the movement of the gener-

ated distribution follows the increase of the load. Using a hybrid approach, this knowledge,

which corresponds to the linear part of the physics, should be exploited by the black-box

model and provide accurate predictions.

The hybrid model herein is schematically shown in Figure 7.18. The output samples of

the physics-based SFEM model are used as the input noise to the generator of the cGAN.

The rest of the model is similar to the cGAN model described in the previous section.

Via such a model, the distribution of the noise is a function of the code, informing the

generator further about the target distributions of the algorithm.

Following the same cross-validation procedure as before, the neural network that yielded
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Figure 7.18: Layout of the SFE-cGAN hybrid model.

the best results had 1500 neurons in its hidden layers. The average KL divergences achieved

in the validation and testing dataset were 0.048 and 0.044 respectively. In Figure 7.19,

some generated and real distributions are shown. Regarding the model’s ability to serve

as an ϵ-mirror, the maximum KL divergence in the testing dataset was 0.22, making the

model a candidate ϵ-mirror with ϵ = 0.22. The corresponding α curve is shown in Figure

7.20.

7.3.5 Extrapolation capabilities

A major advantage that one expects the white-box models to have, and the hybrid models

to inherit, is their extrapolation capabilities. Since white-box models are built to model

the physics of the structure, they can potentially be used outside the range of data that

were used to calibrate it. In black-box models, especially in machine learning, such a

strategy is called extrapolation and is usually discouraged. Since grey-box models are

built in order to exploit the positive elements of both white and black-box models, in the

current section, the extrapolation capabilities of the hybrid model are studied.

In order to do so, the available dataset of the nonlinear structure is split into two subsets.

The first one contains the load units {10, 20...310}, and will be used for the cross-validation

procedure. The second subset, referred to as the extrapolation dataset, contains the rest

of the data corresponding to load units {320, 330...400}. The models are trained using

the first subset and are tested on the second set, in order to expose their extrapolation

capabilities.

A first step that needs to be performed before attempting extrapolation is to redefine the

interval into which the inputs and the outputs of the neural networks are scaled. A common

approach to defining such an interval, which was also followed in the applications so far,

is to scale every dataset in the interval [−1, 1]. This strategy, however, might saturate
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Figure 7.19: Distributions of tip displacements corresponding to Monte Carlo
samples (blue), and generated samples by the cGAN-SFEM hybrid approach
(red), regarding the nonlinear problem, for different load cases: (a) 30 load
units, (b) 90 load units, (c) 150 load units, (d) 240 load units, (e) 300 load

units and (f) 360 load units.

the sigmoid activation functions of the algorithm, whose outputs are always within the

interval [−1, 1], and makes extrapolation even more difficult. To deal with such an issue,
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Figure 7.20: Probability defined in equation (2.3) as a function of the parameter
α for the cGAN-SFEM hybrid model applied on the nonlinear cantilever case

study.

for the current application, the inputs and the outputs of the cGAN are scaled onto the

interval [−0.8, 0.8]. By doing so, the sigmoid functions may stop being saturated, and thus

the probability of the model to extrapolate increases.

The hybrid and the black-box models were tested as far as their extrapolation capabilities

are concerned. The black-box model yielded a KL divergence on the validation dataset

equal to 0.048, and equal to 0.054 on the testing dataset. In Figure 7.21, a similar com-

parison to the ones shown before, is presented. The predictions of the model on the

extrapolation dataset, had an average KL divergence equal to 0.77, and some of the dis-

tributions are shown in Figure 7.22. It can be seen that the distributions move slightly

towards higher values of displacements as the load increases, but in any case the generated

distributions do not fit the real ones.

Following the same procedure for the hybrid model, the model that yielded the best

results had 1500 neurons in its hidden layer. The average KL divergences achieved in

the validation and testing datasets were 0.034 and 0.038 respectively. In Figure 7.23,

some comparisons between real and generated distributions are shown. As before, the

model is also evaluated on the extrapolation dataset. The average KL divergence for this

latter dataset was 0.288 and some distribution comparisions are shown in Figure 7.24.

It is clear that the contribution of the white-box model is positive in the overall result.
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Figure 7.21: Distributions of tip displacements corresponding to Monte Carlo
samples (blue), and generated samples by the cGAN model (red), regarding
the nonlinear problem, trained according to the reduced dataset for different
load cases: (a) 60 load units, (b) 120 load units, (c) 210 load units, (d) 300

load units.

The distributions are moving more efficiently towards higher displacements as the load

increases, meaning that the correct part of the physics of the SFEM model is inherited.

The results encourage the belief that a hybrid model may be able to inherit positive as-

pects from both its black-box part and its white-box part. In the current application,

the combination of a black-box model and a white-box model for simulations under un-

certainty, was able to provide a model that is performing better than the plain black-box

model and at the same time is able to extrapolate, an ability that black-box models lack

completely.
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Figure 7.22: Distributions of tip displacements corresponding to Monte Carlo
samples (blue), and generated samples by the cGAN model (red), regarding
the ‘extrapolation dataset’ for the nonlinear problem for different load cases:
(a) 320 load units, (b) 350 load units, (c) 370 load units, (d) 400 load units.

7.4 Summary

Three generative approaches to defining mirrors of structures were presented. The first

was to use a physics-based generative model, such as an SFE model. As with most physics-

based methods, the SFE model is prone to epistemic uncertainty, but in the absence of

epistemic uncertainty, it outperforms every other method in providing accurate predictions

about the system under study. The second method was a data-driven method based on the

use of cGANs. The cGAN is a generative model which is able to learn transformations of

distributions according to some varying known variables. The method is able to perform

for both linear and nonlinear systems and is less prone to epistemic uncertainty, because of

its purely-data-driven nature. Finally, a hybrid approach was presented which combined
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Figure 7.23: Distributions of tip displacements corresponding to Monte Carlo
samples (blue), and generated samples by the hybrid model (red), regarding
the nonlinear problem, trained according to the reduced dataset for different
load cases: (a) 60 load units, (b) 120 load units, (c) 210 load units, (d) 300

load units.

the two methods aiming at exploiting the positive aspects of both. The combined model

yielded results and accuracy slightly better than those of the black-box data-driven model.

In addition, the hybrid model, was able to perform outside its training domain better than

the purely data-driven model, a characteristic which might be inherited from its physics-

based part.
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Figure 7.24: Distributions of tip displacements corresponding to Monte Carlo
samples (blue), and generated samples by the hybrid model (red), regarding
the ‘extrapolation dataset’ for the nonlinear problem for different load cases:
(a) 320 load units, (b) 350 load units, (c) 370 load units, (d) 400 load units.



Chapter 8

Generative adversarial

networks for damage prognosis

8.1 Time-series generative adversarial networks

Generative adversarial networks have yielded quite good results so far for various pur-

poses. Their initial goal was to generate images that look real and so convolutional neural

networks were used. In the current work, they also proved able to generate data of vector

type and to assist in nonlinear modal analysis. Naturally, the training scheme has been

extended to algorithms to generate time-series. In [155, 156] the architecture of the GAN

algorithm is directly applied using recurrent neural networks with a view to generating

music. Moreover, in [157] another approach is presented, according to which, medical

time-series are generated, dependent on additional inputs - similarly to conditional GANs

(cGANs) [147]. For the purposes of the current work, TimeGANs [158], were chosen, since

they are able to operate on arbitrary time-series data and they efficiently learn the tempo-

ral dynamics of the data rather than simply generating time-series that some discriminator

will classify as real.

The goal of the algorithm, as already mentioned, is to generate artificial time-series that

look real and, at the same time, to learn transition rules from data. It is also desired

158
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that this procedure is made in a stochastic manner, since the next step in the time-series

should be given via a probability density function, which is a function of the steps so far.

The first condition is similar to the classic GAN condition of generating samples that look

real, i.e. the probability density function of the artificial time-series x̂1:T (where x1:T are

the values of some feature vector x of the time-series from time-step 1 up to time-step T ),

should be approximately equal to the probability density function of the real time-series

x1:T (p̂(x̂1:T ) ≈ p(x1:T ) or p̂(C, x̂1:T ) ≈ p(C,x1:T )) if the generation is conditioned on

some input variables C). The second condition means that the algorithm should learn

to approximate p(xt|x1:t−1), where xt is the vector of values of the time-series at time

t. Furthermore, if the time-series is conditioned on some parameters C, which might be

constant throughout time or might have different values in time, the probability to be

approximated is p(xt|Ct,x1:t−1). The two conditions are expressed as,

min
p̂
D(p(C,x1:T )||p̂(C, x̂1:T )) (8.1)

where D is some appropriate probability density distance measure, and,

min
p̂
D(p(xt|Ct, X1:t−1)||p̂(xt|Ct, X1:t−1)) (8.2)

for every t.

The general framework that is followed in order to achieve a model that satisfies the

aforementioned conditions is shown in Figure 8.1. The original time series x1:t is mapped

onto the corresponding time series ht in the latent space H using an embedding function

e, i.e. ,

ht = e(Ct,h1:t−1,xt) (8.3)

where Ct are the controlled input variables at the time-step t, h1:t−1 are the embeddings

of the states of the previous time-steps (x1:t−1) and xt is the state of the time-series at

the current time-step. Similar to an autoencoder scheme [52], the encoded time-series

are subsequently mapped back to the original space X . This map is achieved using a

function r which respects the temporal characteristics of the time-series h1:t, and yields



Time-series generative adversarial networks 160

an approximation of the original time-series x1:t, i.e.,

x̂1:t = r(h1:t) (8.4)

where x̂1:t is the approximation of the reconstruction provided by r. In practice, both

functions are modelled using recurrent neural networks [56], and more specifically long

short-term memory (LSTM) neural networks [159], or gated recurrent units (GRU) net-

works [160], which take into account the temporal characteristics of the time-series during

prediction.
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Figure 8.1: Schematic layout of a TimeGAN model.
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The generator and the discriminator are also functions that are informed by the temporal

characteristics of the time series. More specifically, the generator takes as input time

series with noise variables zt from some predefined distribution; often this is a uniform

distribution in the interval [−1, 1], zt ∼ U(−1, 1). The generator g transforms the noise

time-series samples into samples in the latent space H, and should be informed by the

previous embeddings, i.e.,

ĥt = g(C, ĥ1:t−1, zt) (8.5)

where ĥt is the generated sample in the latent space. The discriminator, as in the classic

GAN scheme, is trying to discriminate between artificial and real time series. In the

current framework the discriminator acts in the embedding space H, instead of the real

space X , where it acts in the original work [12]. The function d of the discriminator is

given by,

y = d(C,h1:t) (8.6)

where y is the output label of the discriminator - zero for a fake time-series and unity for

real. The discriminator is also a recurrent neural network, LSTM or GRU, with a single

neuron output with a sigmoid activation in order to yield values in the interval [0, 1]

Various loss functions are used during training in order to achieve the multiple goals of

the model. First, the reconstruction loss is used between the recovered data x̂1:t and the

original time-series x1:t. The reconstruction loss LR is given by,

LR = EC,x1:T∼p[
∑
t

∥xt − x̂t∥2] (8.7)

where E[ ] is the mean value of the quantity within the brackets. The loss function is the

mean-squared error (mse) loss function, used widely in regression schemes.

The second loss function refers to the adversarial training. It is a similar loss function

to that of the GAN training, and is considered an unsupervised loss, since the minimal

supervision during this type of training is indicating which samples are real and which are

generated. The unsupervised loss LU is given by,

LU = EC,x1:T∼p[
∑
n

log yn] + EC,x1:T∼p̂[
∑
n

log(1− ŷn)] (8.8)
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Both terms are used during training the discriminator, and the minimisation of the loss

function is sought; however when the generator is trained, the second term only is used,

and the maximisation is attempted this time.

The last loss function used in the original TimeGAN framework is targeted to encouraging

the generator to create time-series further based on the underlying physics of the data.

This objective is achieved via training the generator as an autoregresive network, and is

done by using embeddings of the real time-series as training data for the generator. The

supervised loss function LS is given by,

LS = EC,x1:T∼p[
∑
t

∥ht − g(C,h1:t−1, zt)∥2] (8.9)

where each ht comes from the real-sample time-series dataset. The algorithm’s ability

to generate time-series that comply with the rules of the underlying physics is based on

the distinguishing process of the discriminator and on the ability of the LSTM or GRU

networks to learn according to steps in the time-series in the past of the current time-

step, in contrast to a Markov chain framework. In order to force the algorithm even

further to learn according to the aforementioned physics, the last supervised loss function

is introduced and the generator is further informed by the “rules” of the data.

In the current work, as embedding of time-series into the sampling space Z will be required,

another loss function is used. This loss function trains a neural network k that finds the

best possible sequence of noise z1:t in order to generate a specific real sequence x1:t. The

loss function of this Le is given by,

Le = E ∥r(g(k(x1:t)))− z1:t∥ (8.10)

During minimisation of this loss function, only the network k that finds the best encoding

ẑ1:t for the real time-series x1:t into the noise space (i.e. ẑ1:t = k(x1:t)) is trained, and the

trainable parameters of the generator and the recovery networks remain constant.

A TimeGAN model trained on time-histories of data, which are created according to some

rules (most often the rules are defined as the underlying physics of the problem), can be

exploited with a view to properly augmenting a dataset. The augmented dataset could, on
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the one hand, assist in training more robust models and, on the other hand, provide more

time-series samples in order to assist the user to further understand the processes that the

data describe. The time-series could be some acceleration records from some structure or,

as it is in the current work, the evolution in time of some feature of the structure that is

affected by damage.

8.2 TimeGANs for damage prognosis

The problem of estimating the remaining useful life of some structure, can be formulated

as a time-series prediction problem. Monitoring some quantity of interest that is sensitive

to damage, one can use a model to predict the evolution of the quantity in time and infer

the time that is needed until the structure reaches some state in which it definitely needs

maintenance, repair or replacement. A major aspect of modelling the evolution of the

damage sensitive feature, is that it should take into account uncertainty.

Uncertainty is an integral element in the procedure of damage evolution, as random events

and random environmental conditions affect the development of damage, and in some cases

are even the cause of it [161]. Classic machine learning approaches to the problem would

involve training autoregressive models, such as LSTM neural networks, with a view to

observing the current state of the structure and predicting the next one, and recurrently

the next state. One could also try to train such an algorithm in order to directly infer the

remaining useful life of the structure, or a probability distribution over it [162]. Although

these approaches could yield satisfactory results, they are inherently deterministic. The

output of the model is a single value for the next state and for the remaining useful life.

In an attempt to capture uncertainty in such a model, one could feed the network with

inputs representing the potential random events and environmental conditions. Then, a

Monte Carlo-like simulation scheme could be followed and many potential outputs would

be produced. This approach would require sufficient modelling of the uncertain conditions,

which are sometimes even unobservable or unknown.

An approach to modelling such degradation processes of structural members is presented

in [163], using a first-order Markov chain approach. Moreover, in the aforementioned
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work, it is stated that the form of the noise process used, usually affects the performance

of some damage-prognosis model. Using the TimeGAN model as proposed here, two

major advantages are expected, compared to existing approaches. First, the model that

transforms noise into observations is a neural network and the type of noise is not expected

to largely affect the result. Second, since LSTM or GRU networks are used, instead of a

first, second or higher-order Markov chain assumptions, the model is expected to better

capture the physics of the underlying phenomenon evolution and be able to generate the

required data more efficiently.

The framework chosen here is to define a Turing mirror for a structure [35], regarding the

evolution of some damage-sensitive feature. As mentioned in [35], such a model shall be

the oracle, which should be able to behave in such a way that some interrogator cannot

distinguish whether it is the real structure or some model of it. The interrogator in the

current framework is the discriminator, which at some point during training should not

be able to distinguish between real and artificial time-series.

Within a PBSHM framework, the algorithm seems to be even more appealing in predicting

the remaining useful life of structures. A requirement to train such a model is to have a

dataset with time-histories of damage-sensitive features acquired from a structure until the

point of its failure. Since it is difficult to acquire such a dataset, the proposed framework

seems more fitting for a PBSHM application. Considering a homogeneous population of

structures, the model can serve as a form [90] (i.e. a behaviour rule that the members

of the population follow), in modelling the degradation process until failure of similar

structures.

A TimeGAN model can be trained on an acquired dataset comprising time-histories of

monitored features from a homogeneous population of structures, which have reached

failure. Considering that the state of the structure, in terms of the monitored quantity, is

recorded in equidistant time instants, the dataset would be of the form,

D = {(Si,xi
1:Ti

) i = 1, 2..., N, Ti ∼ pT } (8.11)

where Si is the ith structure, N is the number of available time-histories, Ti is the time

of failure of the structure and pT is the probability density function of the lifetime of the
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structures. Having trained the model so that the discriminator cannot identify whether

a time-series is real or artificial, the model can then be exploited in order to define the

remaining life Tc of a monitored structure Sc, currently in operation.

In the absence of any other model of the remaining life of some structure, one could exploit

the probability density function (PDF), of the total life expectancy of the structures which

have reached the end of their lifetime in the dataset, and assume that the testing structure

will follow the same PDF, i.e. Tc ∼ pT . The PDF is a form that explains the behaviour of

the population in terms of the life-time of the structures. Using this PDF and subtracting

the time that the tested structure has lived so far, one gets a new PDF for the remaining

lifetime of the structure of interest.

A less naive way would be to try and classify the structures within the population according

to their external influence. Via the classification, a set of clusters is defined such as,

Si ∈ Cj i = 1, 2..., N, j = 1, 2...NC (8.12)

where Si is the i
th monitored structure, Cj the j

th cluster and NC the number of clusters.

If clusters are defined in a proper way, structures within the same cluster are expected to

behave in a similar way, and will have similar external influence. Therefore, PDFs of the

total lifetime of the structures defined within the clusters are potentially more accurate

than a global PDF of total lifetime for every structure. According to this assumption, one

gets,

Tc ∼ pjT | Sc ∈ Cj (8.13)

where pjT is the PDF of the total lifetime of a structure in the jth cluster. This approach

should be more effective than the previous, but it still does not take into account the

monitored features up until the present point in time of the tested structure.

A more sophisticated approach to take into account the state history of the tested struc-

ture, is to consider only structures that had similar state sequences. In order to do that,

one would need to define some distance criterion between the time-series of the structures

of the dataset and the testing structure, and filter out the data that do not meet some
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defined-by-the-user tolerance, i.e.,

d(x1:tc ,x
i
1:tc) < ϵ, i = 1, 2..., N (8.14)

where ϵ is the tolerance and tc is the current time point at which the structure is tested.

Using only the time-series data that satisfy equation (8.14), a better estimation of the

the remaining life PDF of the testing structure can be defined. The problem with such

an approach is that not many time-series within the dataset will be close enough to the

so-far-recorded time-series of the testing structure. This problem reveals a first advantage

in training a timeGAN - that of augmenting the dataset by generating random time-series.

Via such an augmentation, more samples will be available in order to define a PDF in the

aforementioned manner more properly.

In order to exploit even further the Turing model that is defined by training the TimeGAN,

the ability of the generator to generate potential states according to the already elapsed

structural states is employed. According to the TimeGAN loss functions, the generator

has been trained to generate time-series that the discriminator will misjudge as real, but

also to respect the physics of the time-series (h1:t−1), and randomly generate the next

step ht; as shown by equation (8.9). The information enclosed in the states time-history

of the tested structure (xe
1:tc where tc is the current time-step and the time elapsed from

the deployment of the structure until the present) can be further exploited. At first, the

latent code of the sampling space corresponding to the incomplete time-history, has to be

calculated. The search of the aforementioned code can be performed in many ways, such

as training an inverse model from the embedding space H to the sampling space Z. A

simple way of doing this would be using a simple “hit and miss” search, that is performed

by generating random noise series and considering the latent code corresponding to xc
1:tc

to be ze
1:tc so that it is closest to the testing time series in terms of some distance metric

similar to the one of equation (8.14), i.e.,

z1:tc = min
z1:tc

d(x1:tc , r(g(z1:tc))) (8.15)
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However, in the current work, an embedding network k has been introduced. Using k, one

can get an approximation of the embedding of the time-series given by,

z1:tc = k(x1:tc) (8.16)

The latent code zc
1:tc is then used in order to define the latent code of a set of generated

time-series, up to point tc in time. A set of latent codes Dz is generated according to,

Dz = {zk
1:Tf

| zk
1:tc = k(x1:tc), z

k
ti ∼ U(−1, 1) ∀ ti = tc + 1, tc + 2..., Tf} (8.17)

where tc is the current time-step of the tested structure, and Tf is a number of time-steps

large enough for the structure to have certainly reached its failure point. Feeding the

latent codes from Dz to the generator, and afterwards the recovery network, a new set of

time-series Dg
x is generated in the real space X , such that,

Dg
x = {xk

1:Tf
= r(g(zk

1:Tf
))} (8.18)

Every time-series in the new set is close enough to the reference time-series xe
1:tc up to

point tc, and the remaining points are considered potential time-histories that the structure

could follow until its failure. The time-series in Dg
x all have the exact same values up to

point tc, since their latent codes are the same up to that point and the generator, which

is an recurrent model (with LSTM or GRU units), generates the next point in the series

as a function of the previous points. From the point tc onwards, the generated time-series

will vary, since the latent codes ztc:Tf
are randomly sampled.

By studying the set of generated time-seriesDg
x, a more properly-defined PDF of estimated

lifetime of the structure can be extracted. As already mentioned, the time-series have

enough steps that each one has at some point reached the state that the structure is

considered not useful. By locating the time instant of failure T g
i , for every generated

time-series, an appropriate probability kernel can be fitted to the values, defining a PDF

of the remaining lifetime of the structure. The last method is considered more effective

and more robust than the previous methods, since it is applied specifically for a structure

and its exact time-history up to the evaluation point. It is expected that the potential
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random events of the environment of the structure so far, and in the future, as well as

the stochastic damage-evolution procedure will be sufficiently encoded by the timeGAN’s

functionality of converting random noise series z into appropriate real-looking time-series.

8.3 Application of TimeGANs

The simulated dataset developed to evaluate the efficiency of the algorithm was acquired

from a four-degree-of-freedom lumped-mass system like the one shown in Figure 8.2. The

excitation F was Gaussian white noise with variance equal to 5. In order to simulate

damage to the system, stiffness reductions were applied on springs 2 and 3. The damage-

sensitive feature selected for monitoring was the frequency response function (FRF) of the

second degree of freedom.

m1 m2 m3 m4

F

k1 k2 k3 k4

c1 c2 c3 c4

Figure 8.2: The mass-spring system used in the current application.

The damage reductions considered followed some rules induced, in order to define the

underlying physics of the problem and evaluate whether the TimeGAN algorithm had

learnt to generate time-series according to them. First of all, since the structure is expected

to fit a homogeneous PBSHM framework, 1000 structures with the same layout were

considered, but each one had stiffnesses k2 and k3 sampled independently from a Gaussian

distribution with mean value equal to 6000 and variance equal to 120. For every structure,

the state of failure was considered to be when the second natural frequency of the structures

reached a specific value. The rules that defined the damage evolution at every time-step

were that each structure had a nominal degradation step kn, randomly sampled in the

beginning of the simulations, in the interval [42, 90]. At every time-step, the value of

k2 of the degradation step was the sum of the nominal step and the absolute value of a

random variable sampled from a normal distribution with mean equal to zero and standard
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deviation equal to 0.1× kn, i.e.,

kt+1
2 = kt2 − (kn + N (0, 0.1× kn)) (8.19)

Following these damage evolution rules, there are two parameters that should be learnt

by the algorithm; the first is the nominal step, which is random, but can be estimated

as the mean of previous steps, if some of them are available. The second parameter is

the variance of the normal distribution in equation (8.19), which is inherently random

and should be encoded by the timeGAN. The value of k3 was also reduced at every step,

but with a much lower nominal step, i.e. 0.1 × kn. Samples of paths from the beginning

of the lifetime of such structures until the point that they are considered unusable are

shown in Figure 8.3. The result of such a procedure is that each structure begins from

different stiffness values and fails when a particular limit is reached and in a varying

number of time-steps. It becomes clear from the evolution process of damage that failure

of different structures will be achieved in different time-steps for every structure. The

maximum simulation time considered was 80 time-steps, and by the 80th time-step, every

structure had reached failure. In real-life applications each time-step should correspond

to a predefined time interval.

3500 4000 4500 5000 5500 6000
k1

5000

5200

5400

5600

5800

6000

6200

6400

k 2

Figure 8.3: Samples of paths from initial state (blue distribution) until total
failure (red distribution).
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One of the recorded FRFs is shown on the left of Figure 8.4, and next to it, the effect of

gradual stiffness reduction is shown as a gradual colour transition from pink to purple.

To visualise more effectively the whole dataset, principal component analysis (PCA) [51]

was performed on the FRFs, and some paths for different structures from the time of

deployment until their failure are shown in Figure 8.5.
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Figure 8.4: FRF sample at the beginning of the simulations (left), and FRFs
with increasing damage (right), from low damage (pink), to higher stiffness

reduction (purple).

The TimeGAN model was trained on the dataset described in the previous section. The

neural networks involved in the model had all hyberbolic tangent (tanh) activation func-

tions. All LSTM layers had 128 neurons in their neural networks and every model had

one layer of LSTM recurrent neural networks and a fully-connected feedforward layer.

The sizes of the output-layer neurons of every network are defined by the size of the

space into which their outputs belong. The sampling space Z was chosen to be a three-

dimensional space, the embedding space was 128-dimensional, and the real space was

three-dimensional, since the PCA components of the FRFs were used in order to reduce

the dimensionality of the samples. Using three principal components, 96% of the variance

of the data is explained. Training was performed using an Adam optimiser [119].

Being trained for several epochs, the model can be considered the oracle defined in the

Turing mirror framework. Since a universal framework to evaluate the quality of training

of GANs does not exist, for the current work, the distribution of the lifetimes of the real

structures and of the generated time-series is compared. In Figure 8.6, a comparison of

the two distributions is shown. The probability density functions were calculated using
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Figure 8.5: Principal components of paths from deployment until the failure
of structures within the population; different colours corespond to different

structures.

Silverman’s algorithm [45]. The distributions seem close and the KL divergence [148], cal-

culated between them was 0.25, which for the purposes of the current work was considered

low enough. Therefore, instead of interrogating the available data from the population,

the oracle can be interrogated.

The point that the recorded and the generated time-series reach failure was defined by

monitoring the second natural frequency of the structures; the damage limit was taken

equal to 119Hz herein. It is a simple criterion, and definitely, more sophisticated ap-

proaches could be used (like training an recurrent neural network in order to separate

failed from not-failed time-series). However, it is a simple and interpretable criterion that

could also be easily implemented in real-life structures.

Another example to illustrate how the algorithm yields more certain results when more

data are available from the testing structure, is shown in Figure 8.7. Every PDF in the



Application of TimeGANs 172

0 10 20 30 40 50 60 70 80
Total lifetime

0.00

0.01

0.02

0.03

0.04

0.05

Pr
ob

ab
ilit

y 
de

ns
ity

Figure 8.6: Probability density function of the total lifetime of the real samples
(blue) and of the artificial samples (orange).

aforementioned figure is created using the described procedure. Every time one more

time-step of observed data was added in the available time-series of the tested structure

and the procedure was used to define the remaining time until failure. The first PDF

corresponds to five recorded time-steps and the last to 30. The real total lifetime is shown

with a red line and is equal to 37 time-steps.

For comparison, a PDF of the total lifetime of all the structures in the population is shown

in Figure 8.6. If one would follow the naive approach, this PDF should have been used

in order to define the remaining lifetime of the tested structure. To compare the naive

approach with the TimeGAN algorithm, a testing population of structures was simulated

following the same rules with the simulations of the training dataset. Having collected the

time-histories until failure of all the testing structures, a random time-step was chosen for

each one to be the time that it is being tested. The metric P used to evaluate the two

approaches is the total probability assigned by each approach given by,

P =
1

ntest

ntest∑
i=1

p(Ti) (8.20)

where p is the PDF defined either by the TimeGAN algorithm or by the available dataset,
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Figure 8.7: Real life-time of tested structure (red vertical line) and evolution
of predicted total life-time PDF using data from one more time-step in every

figure; from left to right and from top to bottom.

ntest is the number of structures in the testing dataset and Ti is the total lifetime of

the ith structure. The higher the value of the metric, the better the model, since this

means that it assigns higher probability to the real value of total lifetime that is sought

to be approximated. The TimeGAN model yielded P = 0.058, and the naive approach

P = 0.037. Using the total probability, given by equation (8.20) one could even perform

optimisation of hyperparameters of the method, for example of the bandwidth of the kernel

density function used to define the probability density functions of the TimeGAN method,

but such a procedure would be computationally inefficient.
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8.4 Summary

In the current chapter, a generative method for definition of the remaining useful life of

structures is presented. The method is based on the TimeGAN algorithm, which is used

to generate artificial timeseries based on an available dataset. The algorithm is built in

such a way, that it attempts to learn the physics of the available timeseries and is able

to generate new ones in a generative/stochastic manner. The algorithm is trained using

timeseries data of some damage-sensitive feature of structures within the population, from

initiation of damage until failure. To provide predictions about the remaining lifetime of a

testing structure, the damage-sensitive feature of the new structure is monitored and used

as an input timeseries into the algorithm. The algorithm then generates potential outcome

trajectories of the feature, each trajectory reaching some predefined failure criterion at a

different time. Using the collection of different times that the generated trajectories reach

the failure criterion, a probability density function of the remaining useful life can be

extracted. The method proves to work efficiently for a simulated population of structures

and provides more accurate predictions than extracting a probability density function over

the total lifetime of the structures of the population and considering that all structures

should follow the same PDF regardless of the data acquired from them.



Chapter 9

Conclusions and next steps

9.1 Machine learning methods for digital twins

A selection of machine learning methods were presented in the current work. Their com-

mon theme, was the modelling of specific aspects of structures. All such models offer a

data-driven approach to solving problems that might arise during deployment of digital

twins. Their data-driven nature has certain advantages over corresponding physics-based

methods, but probably also some disadvantages. What is clear though, is that such models

can be integrated into the digital twin and offer modelling solutions to occasional problems.

In Chapter 4 an ontology about SHM was presented. The ontology is an attempt to

connect different methods, datasets, physical parts and knowledge in general, that play

some role within an SHM project. The ontology proves useful for sharing knowledge.

It might also be used as a database and a guide to develop software relevant to SHM.

Methods like the ones presented in the rest of the chapters can potentially be included in

a set of models considered to be a digital twin of a structure. The models have different

functionalities, which are useful for structural modelling and monitoring in different ways.

In order to organise many different methods and clearly define their purpose, functionality

and interaction with entities of the digital twin, a similar ontology like the one presented

in the third chapter could be used. Such a framework may prove useful especially for
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multidisciplinary projects and to provide a comprehensive list of the capabilities of the

digital twin.

In Chapter 5, a data-driven machine-learning-motivated method to perform modal analysis

for nonlinear structures is presented. The method proves to be efficient in decomposing the

movement of structures with nonlinearities, into components with certain desired charac-

teristics of modal analysis. The components have PSDs with single dominant modes, which

means that each component dominates a different range of frequencies of the movement

of the structure. Moreover, the components in most cases were statistically independent,

meaning that inferring the value of a component from observations of the rest of the com-

ponents is impossible. Finally, the presented algorithm offers an inverse mapping from the

modal space to the physical space, something equivalent to nonlinear superposition of the

modes, which is essential for modal analysis.

Modal analysis offers an extremely useful decomposition for the purposes of structural

analysis. Decompositions are a type of model, often used for the purposes of better

understanding of the data by the users. Linear modal analysis provides the users with

simple single degree-of-freedom systems to study, instead of a large dynamic system. Such

a decomposition is not trivial for nonlinear systems. Via the use of the method described

in Chapter 5, a completely data-driven decomposition is achieved. The decomposition is

efficient in many cases, and may be invariant of the type of nonlinearity. Integration of

such a method in a digital twin framework, could allow better analysis of the monitored

structure, as well as better understanding of the underlying physics of the structure.

In Chapter 6, a PBSHM framework for inferring the normal-condition characteristics of

structures within a heterogeneous population is presented. The framework is based on

the idea of fibre bundles. The potential structural states of members of the structure

population are considered to be the fibres of the bundle. The points of the base manifold

represent the structures of the population. The task of inferring the normal conditions of

the structures, reduces to navigation through the manifold and calculation of the normal-

condition cross-section of the fibre for every point. A major problem, is that structures

within a diverse population are not easily embeddable on a manifold. To bypass this issue,

the graph neural network algorithm is used in combination with a graph representation

of structures. As a result, the graphs representing structures are used as inputs to the
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inference algorithm. An application of the algorithm on a simulated population of truss

structures proves the potential of the algorithm to predict normal condition characteristics

of the structures quite efficiently.

In Chapter 7, two ways of using the cGAN for modelling structures are presented. The first

refers to generating artificial data for structures under varying environmental conditions.

The method focusses on generation of data for temperatures for which data have not been

acquired. Moreover, the algorithm performs its job even under the influence of unknown

and unmeasured parameters - in the current case, humidity. Digital twins rely largely

on data, therefore, missing data may reduce their accuracy. An algorithm like this can

be exploited to complete a dataset with missing data, and provide data for appropriate

training of algorithms, such as novelty detection algorithms.

The second algorithm presented in the same chapter is about using cGANs as the basis

for a digital-twin generative model. The algorithm, being able to generate distributions of

data according to some controlled input variables, is a great candidate for such a model. It

is a completely data-driven model, and it is shown that the cGAN outperforms a physics-

based generative model (SFEM), in the presence of epistemic uncertainty in the latter.

The algorithm is able to learn efficiently, transformations of the distributions of the quan-

tities of interest, according to some known input variable, and also incorporates the effect

of underlying uncertain variables on the distributions. Furthermore, a combination of the

data-driven and the physics-based algorithms is presented - a hybrid model - which per-

forms slightly better than the data-driven algorithm. Such algorithms are often preferred,

because they are partially driven by the physics of the problem, allowing them sometimes

to even perform outside the domain of the training data.

In Chapter 8 an algorithm based on GANs is presented, which is used to perform damage

prognosis in a population-based SHM framework. The algorithm is purely data-driven,

in the sense that the physics of the damage mechanism are not taken into account in the

modelling procedure. The method is based on learning about damage evolution of struc-

tures within a population, in order to perform damage prognosis for different structures

of the population. Given observations of some damage-sensitive feature of the structure,

potential time-series of the feature, until failure of the structure (or to some predefined

point) are generated. Each time-series reaches the final point at a different time and,
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considering all the time-series, one is able to define a probability density function on the

remaining useful life of the structure. The efficiency of the algorithm is evaluated via a

simulated example of damage that could reflect degradation of some material.

9.2 Further work

The methods presented were applied mainly to simulated data. Their further validation is

certainly desired by applying them to experimental data, or data from deployed structures

in operation. Each method can be useful in different situations, and they can all together

be included in a digital-twin framework. Therefore, an appropriate next step would be

to combine the discussed methods with existing ones, aiming at defining an integrated

digital twin of a structure. As a first step the structure could be in a laboratory and

appropriately monitored and tested.

Obviously, the primary buisiness of a digital twin is maximisation of profit. By increasing

the modelling capabilities of a digital twin, it is expected to also increase the efficiency

of its operation by reducing costs and better handling resources. The proposed methods

may solve existing problems of modelling structures, but a further analysis regarding their

benefit in structural operation should be performed.

The nonlinear modal analysis method presented in Chapter 5 may allow the application of

methods, which are based on linear modal analysis, on nonlinear structures. An example

of application of linear modal analysis, is that of ground vibration testing for aircraft [164],

which fail if the structure exhibits nonlinear behaviour. The modal assurance criterion

(MAC) [11], is also a method used for SHM or for calibration of models, which is mainly

applied on linear structures and could be enhanced using the nonlinear approach presented

herein. The proposed method should be checked on such applications, and its contribution

to their performance should be evaluated.

The population-based aspect of digital twins could prove quite useful. Since lack of data

is a common problem in modelling of structures, the population-based scheme presented

in Chapter 6, could solve major issues of definition of digital twins. Similar to sharing

knowledge to perform SHM between populations of structures, one could follow a similar
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framework to define digital twins of structures. Digital twins of different structures could

share knowledge in order to maximise their accuracy. A digital twin of a structure should

have captured part of the physics of the structure and transferring this knowledge to other

structures could increase the modelling capabilities even further.

Extending the idea of population-based digital twins even further, one could try to explic-

itly exploit digital-twin models to built digital twins of newly-observed systems. The idea

of transferring models between systems could give the opportunity to accurately model

structures from which data have not been acquired. By following such an approach, es-

tablished digital twins of structures can unlock the potential definition of digital twins for

new structures or structures, that have not been deployed yet. Similarly to the strategy

followed by engineers for many years, models can be built for structural members, which

are used in different structural systems, according to their characteristics.



Appendix A: Toplogy, Manifolds

and Vectors: Basic Definitions

The idea of a manifold begins with the concept of a topological space, which is essentially

a space with a notion of continuity. One also needs the idea of a homeomorphism, which

is essentially a continuous map with a continuous inverse. Homeomorphisms between

topological spaces exist if they are essentially the same in terms of topology e.g. have

the same number of holes etc. Many topological spaces are not homeomorphic – i.e.

topologically equivalent – to flat Euclidean spaces Rn. This inequivalence presents a

problem in physics and engineering because one usually wants to go beyond notions of

continuity and do calculus i.e. one needs differentiability. However, it is only clear how

to do calculus in flat spaces; this would not be a problem if the space of interest, X, was

globally homeomorphic to some Rn, one would then map the calculus problem into the

Rn, solve it (if possible), and map back. However, many problems of interest will be on

curved spaces – like the sphere. However, if one is concerned with differentiation, e.g. the

problem is to solve some differential equation, one can exploit the fact that differentiation

is a local operation. This observation means that one only needs to map some local region

of the space of interest into Rn, solve the problem and map back – one only needs local

homeomorphism. However, one may want a solution that covers X, and that means that

many local homeomorphisms may be needed; furthermore, if one wishes a well-behaved

solution to the problem on X, the solutions on different regions will need to knit together

in some appropriate manner. Generally speaking, if one has ‘solutions’ on two overlapping

regions of X, the solutions should agree on the region of overlap. Despite the rather woolly
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nature of this discussion, it does motivate the notion of a differentiable manifold.

The basic theory of manifolds is explained well in [124]. From a mathematical point of

view, one of the classic texts on differentiable manifolds is [165]; a discussion at a much

more sophisticated (and modern) level can be found in [126], which also covers applications

in gauge theories, which are mentioned later in this appendix.

One begins with a topological space X, and assumes that it is equipped with a family of

open sets {Ui} such that any point x ∈ X also satisfies x ∈ Ui for for at least one i.

A chart on X is a pair of one of the Ui, together with a homeomorphism ψi which carries

Ui onto an open set ψi(Ui) = Vi in Rn. The homeomorphism condition ensures that there

is an inverse ψ−1
i (Vi) = Ui. Thus, ψi : Ui −→ Rn and ψ−1

i : Rn −→ Ui. One can regard

ψi(x) = (x1, . . . , xn) ∈ Rn as providing a coordinate system on Ui.

If there is a map ψi for every Ui in the open cover of X, then one has coordinates for

any point in X, and the set {Ui, ψi} is referred to as an atlas for X. This construction

establishes the first thing needed, a set of local homeomorphisms from X into a flat Rn,

that covers X. One now needs the condition that the maps interact sensibly on the regions

of overlap of the charts, i.e. Ui ∩ Uj .

Suppose that some point x ∈ Ui ∩ Uj . As Ui and Uj are both open, so then is Ui ∩ Uj

(X is a topological space). Furthermore, both ψi and ψj restrict to homeomorphisms on

Ui∩Uj . These facts mean that both ψij = ψi ◦ψ−1
j and ψji = ψj ◦ψ−1

i are both flat-space

homeomorphisms i.e. ψij : Rn −→ Rn. Thus both ψij and ψji are subject to normal

flat-space calculus rules.

So, staying on Ui ∩ Uj = Uij , one can denote the coordinate system induced by ψi as

ψi(x ∈ Uij) = {x} = (x1, . . . , xn) ∈ Rn. (throughout this appendix, curved brackets will

denote vectors, while square brackets will denote matrices.) If one similarly denotes the

coordinate system induced by ψj by ψj(x ∈ Uij) = {x′} = (x′1, . . . , x
′
n) ∈ Rn, it is clear

that ψji({x}) = {x′}({x}) = (x′1({x}), . . . , x′n({x})) is nothing more than a change of

coordinates on Uij (Figure 1).

Now, the only conditions ensured on the maps so far (because they are homeomorphisms)

is that they are continuous. However, because they are maps/functions on flat space, it
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Figure 1: Coordinate mappings on open sets of a manifold, and the correspond-
ing ‘change of coordinates’ on the region of overlap.

is straightforward to determine their level of differentiability. The maps are referred to as

Cm if they are m-times differentiable under the conditions of normal flat-space calculus.

The charts are compatible if all the maps ψij are Cm, and one can then say that the atlas

is Cm, and gives X the structure of a Cm differentiable manifold. Some special cases are:

• C0 denotes a continuous manifold, so no real extra structure over the topology.

• C1 is a differentiable manifold.

• C∞ indicates an infinitely-differentiable manifold.

• Cω denotes an analytic manifold (C∞ and all Taylor series converge).

It is now necessary to define vectors on/in manifolds. If one thinks of a vector at a point

as an actual straight line segment, pointing in the direction of interest, with a certain

magnitude, curved manifolds present a problem; the line would leave the manifold. Only

an infinitesimal line would stay in the manifold, and in the limit of zero length, would

clearly be tangent to the manifold at the point of interest. In order to define vectors at

a point more generally, one assumes that a vector space is attached to the manifold at
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the point of interest; this is then where vectors ‘live’, and the space is called the tangent

space. At a point x in a manifold M , the tangent space is denoted Tx(M).

In order to do any sensible physics or engineering, one actually needs the idea of a vector

field. Suppose that the manifold of interest M is spacetime; in order to look at fluid

mechanics for example, one needs a way of defining vectors at all points within the flow

field. Furthermore, if one is going to use calculus on the vector fields, it will be necessary

to impose ideas of continuity etc. of the fields as one moves between points onM . What is

needed is a means of collecting together the tangent spaces of all points inM in such a way

that one can move between the tangent spaces smoothly, as one moves on the manifold

M . Gluing the tangent spaces together leads to the idea of the tangent bundle T (M);

however, one can make the construction more general, and this leads to the concept of the

fibre bundle.



Appendix B: Stochastic finite

elements method

Finite element method (FEM) models [7] have been a very powerful and useful tool to

numerically solve differential equations which describe mechanical systems. FEM trans-

forms a continuous problem and a continuous differential equation into a discrete system

of equations. Solutions are calculated only for a discrete number of points. Solutions for

intermediate points are calculated using interpolation functions called shape functions.

The continuous static differential equation most commonly used in FE models is given by,

∫
V
σϵdV =

∫
V
fV dV +

∫
Se

fSdS (1)

where the LHS is the internal potential energy of a body, where σ is stress, ϵ is strain and

V is the volume of the body of interest, the RHS is the potential work of the forces applied

on the body, which is the integral over the volume of all the volume forces (fV ), plus the

integral over the surface of the surface forces (fS). Using a finite element formulation

and minimising the total potential energy or the difference between the two sides of the

equation, one gets,

[K]{U} = {F} (2)

where [K] is the stiffness matrix of the structure for a specific meshing scheme applied,

{U} is the displacement vector of the nodal displacements and {F} is the equivalent nodal

force vector to the total applied forces on the body.
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For dynamic problems, inertia forces are introduced into the RHS of equation (1) resulting

in, ∫
V
σϵdV =

∫
V
fV dV +

∫
Se

fSdS −
∫
V
ρüdV −

∫
V
cu̇dV (3)

where ρ refers to the mass density function of the body, ü is the acceleration, c is the

damping parameter and u̇ is the velocity at every point. This equation holds for every

time instant t of the simulation. Once again, following the FEM formulation and defining

a discretisation of the body, the system of equations are,

[M ]{Ü}(t) + [C]{U̇}(t) + [K]{U}(t) = {F}(t) (4)

where [M ], [C], [K] are the mass, damping and stiffness matrices and {Ü}, {U̇}, {U} the

nodal accelerations, velocities and displacement vectors respectively.

The matrices in equations (2) and (4) are often calculated assuming deterministic struc-

tural parameters, e.g. Young’s modulus (E), Poisson’s ration (ν), mass density (ρ) etc.

However, these parameters are quite often not deterministic. Especially in composites,

such parameters are almost certainly spatially random. Young’s modulus might vary

within the volume of the body one tries to analyse using FEM. These variations are not

just discrete variables, almost certainly they are stochastic processes [166]. A stochas-

tic process has a correlation function that defines how values over some distance (spatial

or temporal) are correlated. Furthermore, every point has a mean value and a variance

defined by functions µ(x) and σ2(x) respectively. If the two functions are constant every-

where over the space where the process is defined, then it is called a stationary process.

An example of a deterministic consideration of Young’s modulus and a stochastic Young’s

modulus for a cantilever beam problem would look like the functions shown in Figure

2. The black line represents how conventional FEM is applied, assuming a constant and

deterministic value for structural parameters, while the red and blue lines show samples

drawn from a stochastic process. A way to address problems like this, in general, would

be to sample from the stochastic process and follow a Monte Carlo scheme. This ap-

proach would require solving a large number of deterministic FEM problems, performing

a sensitivity analysis and post-processing the results in order to infer the statistics of the

quantities of interest. In this case, the quantity of interest could be the displacement of
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E

109

Figure 2: Cantilever beam with constant Young’s modulus (black line) or spa-
tially varying (red and blue lines).

the beam tip and a probability distribution would be defined over the potential values of

this displacement.

The SFEM already mentioned, is a quite popular means of propagating uncertainty from

material properties and randomness in the excitation forces into the response characteris-

tics of a structure. In contrast to a Monte Carlo approach, SFEM infers the distribution

of interest as a function of a set of discrete normally-distributed variables. In order to

explain the SFEM formulation of a problem, first a method to decompose the random field

is needed. The expansion method used herein is the Karhunen-Loève expansion [151, 167].

Karhunen-Loève (KL) expansion

The KL expansion is based on the spectral (i.e. eigenvalue) decomposition of the autoco-

variance function of the given random field. Given a random field H(x) and its autoco-

variance function CHH(x, x′), any realisation of the field H(x) is expanded over a basis of

deterministic functions, defined by the eigenvalue problem [151],

∫
Ω
CHH(x, x′)ϕ(x′)dΩx′ = λiϕi(x) (5)

where the kernel CHH(x, x′) is a kernel autocovariance function; bounded, symmetric

and positive definite and Ωx′ is the total space of x′. The set of eigenvalues λi and

eigenfunctions/eigenvectors {ϕi} form a complete basis to express every realisation of the

field as,
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H(x, θ) = µ(x) +

∞∑
i=1

√
λiξi(θ)ϕi(x) (6)

where ξi(θ) are the coordinates of the realisation, which are independent random variables

and θ is the random event.

In practice, if one wishes to define an expansion of a random field and either generate

random realisations or use it, as it will subsequently be used, for the purposes of stochastic

FEM, a truncation is performed at mth order yielding,

H(x, θ) = µ(x) +
m∑
i=1

√
λiξi(θ)ϕi(x) (7)

where it is assumed that the eigenvalues λi are sorted in ascending order.

Solution of static SFEM problems

After defining the stochastic field in the finite-element formulation of a problem, this

field is expressed via the KL expansion. This approach leads to the stiffness matrix of

equation (2) appearing as a summation over stiffness matrices constructed according to

the eigenfunctions of equation (7); more specifically,

K(θ) = K0 +

m∑
i=1

ξi(θ)Ki (8)

where the Kis are deterministic matrices that are calculated using the eigenfunctions ϕi

from equation (7). Realisations from the set ξi can be used in order to generate realisations

for the stiffness matrix K(θ), in the case that a Monte Carlo simulation is to be followed.

Now, substituting equation (8) into equation (2) yields (assuming a deterministic load),

[K0 +

m∑
i=1

Kiξi(θ)]U(θ) =

m∑
i=0

[Kiξi(θ)]U(θ) = F (9)

In order to move further from this point, a polynomial chaos expansion (PCE) is used

[150]. PCE has been a very efficient and widely used method in engineering applications,
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for meta-modelling, structural health monitoring, etc. [168, 169]. Here, it is used to

decompose the field of displacements U(θ) yielding,

U(θ) =
∞∑
j=0

UjΨj(θ) (10)

where the Ψj(θ), for j = 0, 1, 2... are polynomials defined in ξi(θ) which satisfy,

Ψ0 ≡ 1 (11a)

Eξ(θ)[Ψj ] = Eθ[Ψj ] = 0 j > 0 (11b)

Eξ(θ)[Ψj(θ)Ψk(θ)] = Eθ[Ψj(θ)Ψk(θ)] = 0 j ̸= k (11c)

i.e. the terms Ψj(θ) are orthogonal in expectation (E[]).

By truncating at P terms and substituting into equation (9), one obtains,

m∑
i=0

Kiξi(θ)

P−1∑
j=0

UjΨj(θ) = F (12)

The solution to this equation can be found by minimising the error,

ϵm,P =
m∑
i=0

Kiξi(θ)
P−1∑
j=0

UjΨj(θ)− F (13)

The best approximation of the exact solution U(θ) in the space HP spanned by the

{Ψk}P−1
k=0 is obtained by minimising this residual in a mean-square sense. In a Hilbert

space this is equivalent to requiring that the residual be orthogonal to HP , yielding,

Eθ[ϵm,PΨk] = 0 k = 0, ...P − 1 (14)
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Substituting equation (14) in equation (12), one finds,

Eθ[
m∑
i=0

P−1∑
j=0

KiξiΨj(θ)Ψk(θ)Uj ] = Eθ[Ψk(θ)F ] (15)

Introducing the following notation,

cijk = Eθ[ξiΨjΨk] (16)

Fk = Eθ[ΨkF ] (17)

and,

Kjk =
M∑
i=0

cijkKi (18)

the stochastic FEM equation finally becomes,

P−1∑
j=0

KjkUj = Fk k = 0, 1...P − 1 (19)

In this equation, every Uj is an N-dimensional vector, where N is the number of degrees

of freedom in the system. In total, the P equations from above can be written as,


K00 . . . K0,P−1

K10 . . . K1,P−1

...
...

KP−1,0 . . . KP−1,P−1




U0

U1

...

UP−1

 =


F0

F1

...

FP−1

 (20)

Having solved this system for Uj , samples U(θ) can be generated by sampling ξi(θ) values

and using equation (10). Thus, samples of the distribution of all displacements are gen-

erated. Solving this system is equivalent to solving the problem for every potential value

of the random parameters. The augmented matrices in equation (20) are of dimension

NP × NP , where N are the degrees of freedom of the deterministic problem and P the
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order of the PCE. Solving such a system, instead of a deterministic one, is much more

computationally intensive, i.e. O(N3P 3). However, it might not be as computationally

inefficient as a sufficient number of Monte Carlo simulations. Solving the system yields

samples, and therefore distributions, establishing SFE models as generative models.
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