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Abstract

This thesis investigates the behaviour of charged scalar fields on curved background space-
times. In Part I of this thesis, a brief review of quantum field theory in Schwarzschild
spacetime is given.

In Part I1, the Reissner-Nordstrom solution is introduced, before a massless, minimally-
coupled charged scalar field is introduced and its dynamics on this spacetime are studied.
The field is then quantised via canonical quantisation and various quantum states are
defined in analogue with quantum states in Schwarzschild spacetime. This part concludes
with analytical and numerical investigations of the expectation values of observables in
various states.

In Part III, a charged scalar field of arbitrary mass and scalar coupling to the cur-
vature is considered in a general background spacetime. The Hadamard renormalisation
procedure is then developed for each of the three cases of two dimensions, an even num-
ber of dimensions and an odd number of dimensions. The renormalisation counterterms
required for the evaluation of the RSET are derived explicitly. This Part concludes with a

discussion of the renormalisation ambiguities associated with Hadamard renormalisation.
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Preface

The material studied in Part I is entirely review material and no original work has been
undertaken on the part of the author.

The material studied in Part II is the result of a collaboration between the author’s
supervisor, Prof Elizabeth Winstanley, Prof Luis Crispino, Dr Rafael Bernar and the
author. While some of the material contained in Chapter 3 is well-established in the
literature, almost all of the material in Chapters 4 and 5 represent new work. In particular,
while the author contributed towards all of the material in Chapter 4 as well as the
asymptotic calculations in Chapter 5, the author made very little contribution to the
numerical plots contained in Chapter 5; this work was mainly conducted by Dr Rafael
Bernar in close collaboration with Prof Elizabeth Winstanley and Prof Luis Crispino. In
particular, Dr Rafael Bernar produced all of the plots that are included in Part II. Part
of the work contained in §5.2 and §5.3.1 has been published in [1] and the remainder of
the work in Chapters 4 and 5 will be published shortly.

The entirety of the material studied in Part III represents new work on the part of
Prof Elizabeth Winstanley and the author, which has been published in [2].

The conventions used in this thesis are as follows. The metric has mostly minus

signature, i.e. (—,+,...,+) and we are using units in which 87G =c¢=h = 1.
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Chapter 1

Introduction

In §1.1, we introduce the general philosophy of quantum field theory in curved spacetime.
We take the opportunity to establish our conventions for various geometric quantities in
§1.2 and we also introduce the quantum observables that will be of interest throughout
this thesis in §1.3. We then discuss key results obtained from considering the behaviour
of quantum fields on various black hole spacetimes in §1.4; this sets the context for our
investigation of quantum field theory in Reissner-Nordstrom spacetime in Part II. We then
explain the importance of renormalisation as well as introducing Wald’s axioms in §1.5.
We conclude with a rapid overview of the Hadamard renormalisation scheme for neutral

scalar fields in §1.6; we extend this procedure to charged scalar fields in Part III.

1.1 Quantum field theory in curved spacetime

This thesis studies the behaviour of quantum charged scalar fields on curved background
spacetimes, which is an application of the rich subject known as quantum field theory in
curved spacetime (QFTCS). The general philosophy of QFTCS is to consider the behaviour
of a quantum field on a classical, fixed background spacetime. Furthermore, this thesis
considers background spacetimes possessing a charge, which requires the presence of a
background gauge field that is similarly left fixed and classical.

QFTCS has been responsible for some of the most profound advances in quantum grav-
ity, such as the realisation by Hawking that black holes formed by gravitational collapse
emit thermal radiation [3,4], the discovery of Unruh that an accelerating observer expe-
riences a thermal bath [5] and the insight of Parker that an expanding Universe leads to
the creation of particles [6-8]. Furthermore, any successful theory of gravity must reduce
to QFTCS in an appropriate limit meaning that a putative theory must reproduce the
predictions of QFTCS. A selection of reviews on the subject can be found in [9-13].

In general, one can consider a variety of specific background spacetimes and gauge fields
or we could leave these arbitrary. In this thesis, we will do both; in parts I and II, we
consider the Schwarzschild and Reissner-Nordstrom black hole solutions as our background
spacetimes and in part III, where we develop the Hadamard renormalisation procedure
for a charged scalar field, we consider an arbitrary curved background spacetime with a

general background gauge field. In order to study QFTCS further, we need to introduce

2



Introduction 3

a number of geometrical objects.

1.2 Geometrical preliminaries

Curved spacetimes are characterised by the existence of a (0,2) symmetric tensor g,
called the metric, which describes the geometry of the spacetime. Unlike the Minkowski
metric 7,,, it is not constant and its entries can, in general, depend on any coordinates
we introduce on the spacetime which it describes. The determinant of the metric tensor is
denoted by g. In differential geometry, vectors exist in tangent spaces at each spacetime
point. We can relate vectors in nearby points using a connection; the unique, metric-

compatible connection I" on a Riemannian manifold is related to the metric g, by [14]

1
Fﬁu = 59)@ (8;Lgl/p+aug,up _apg;w)~ (1.1)
We refer to the Ffw in (1.1) as the Christoffel symbols. The partial derivative d, is not

coordinate-independent. Instead, we define the covariant derivative of a (k,[) tensor as

- — B H1 A Kk .. A
vp T vi..vp 6P T Vi...1] + Fp)\ T Vi...] +.o.+ Fp,\ T Vi.../]
A - Al
-, T N —... =TI, T VLA (1.2)

We can use the Ff\w to define a geodesic, which is a parameterised curve z* (\) that satisfies

d2zH da¥ dx?
RSERT  pu—- ,
d)\2 P AN dA

known as the geodesic equation and which describes the path of a freely-falling particle.

(1.3)

The curvature of the spacetime is described by the Riemann tensor, which is given by

R“Vp)\ =0, —0» Iy, + 1%, ) - F’;y L), (1.4)

The Riemann tensor R, ,) with lowered indices has several useful properties, which include

Ryuvpn = —Ryupy = —Ruuxp, (1.5a)
Ryvor = Roxuws (1.5b)
Rpxn =0, (1.5¢)
Vi Ryujpn = 0. (1.5d)

In (1.5), indices contained within square brackets [.] are anti-symmetrised and indices
contained within round brackets (.) are symmetrised. Equation (1.5d) is referred to as the
Bianchi identity. Defining the Ricci tensor as the contraction of the Riemann tensor

Ry, = R (1.6)

ppvo

and the Ricci scalar, or scalar curvature, as the contraction of the Ricci tensor
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R=g¢"R,,, 1.7
m

we derive, by contracting (1.5d) on two pairs of indices, the contracted Bianchi identity

1
VER,, = §VVR. (1.8)
The Einstein tensor G, is defined by

1
G = Ry — §gWR, (1.9)

which leads to another expression of the contracted Bianchi identity (1.8) as V#G,, = 0.

The commutator of covariant derivatives [V, V,| acting on a general (k,[) tensor is

[vp’ v)\] Tulmukzzl...le = Rﬂle/\ T'y""ukulmyl + ...+ Rﬂkwp\ T‘u‘l“'vylmyl
— R’Yulp/\ T,Ull...,llk’y‘“l/l - = R’yukp/\ T,ul...ukylm7 . (1.10)

1.3 Quantum observables

Having introduced these geometrical quantities, an object of central importance in QFTCS

is the expectation value of the stress-energy tensor (SET) (7},,), which gives information

about the particle content, or flux of energy, associated to a quantum field. Since (T},,)

acts as a source term in Einstein’s semiclassical field equations, which are given by

G,uu = <Tuu> ; (111)

then evaluating the SET gives information about the quantum backreaction of the field
on the spacetime geometry, which we can see from the appearance of the Einstein tensor
Guv (1.9) on the Lh.s of (1.11). In the case of a charged scalar field, the expectation value

of the current (j ") acts as a source for the semiclassical Maxwell equations

V, F* = 4r(J"), (1.12)

which govern the quantum backreaction of the scalar field on the electromagnetic field.
The final observable that we will consider is the renormalised expectation value of the
square of the scalar field which, in this thesis, we will call the ‘expectation value of the
scalar condensate’ <§E> In order to evaluate the observables (@}, (J*) and (T,), we
first need to specify an appropriate vacuum state for the field.

A major conceptual difference between QFT in Minkowski spacetime and QFTCS is
the lack of a preferred vacuum state in the latter since curved spacetimes do not possess
isometries in general. In parts I and II, when working in specific background spacetimes,
we consider the expectation value of observables in specific quantum states. In part III,
when the geometry of the background spacetime is left arbitrary, we develop the Hadamard

renormalisation procedure for a charged scalar field for a general quantum state.
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1.4 Quantum field theory in black hole spacetimes

In this thesis, we will be particularly interested in black holes which, despite all their
elegance and rich structure, can be characterised by three parameters namely their mass
M, electromagnetic charge () and angular momentum J. While the most general solution
is represented by the Kerr-Newman metric which has all three parameters non-vanishing,

simplified solutions which set some parameters to zero are often easier to study.

1.4.1 The Schwarzschild solution

A solution with the latter two parameters set to zero is referred to as the Schwarzschild
solution and represents the simplest possible black hole. The behaviour of quantum fields
on this spacetime has been studied extensively and three different quantum states have
been defined [15]. These are the Boulware state which is as empty as possible to a static
observer far from the black hole [16], the Unruh state which is the natural state to use
when modelling a black hole formed from gravitational collapse [5] and the Hartle-Hawking
state which represents a black hole in an unstable equilibrium of thermal radiation at the
Hawking temperature [17,18]. Calculations of renormalised expectation values of the scalar
condensate <‘§Z’> and the SET (TW> in each of these quantum states have been performed

widely; further details can be found in [19-34] and references therein.

1.4.2 The Reissner-Nordstrom solution

The Reissner-Nordstréom metric is the black hole solution that has only the angular mo-
mentum parameter set to zero and which represents a charged, non-rotating black hole.
Such black holes are thought unlikely to be physically relevant since a charged black hole
can preferentially attract particles of the opposite charge. Also, when quantum effects are
taken into account, the black hole will preferentially emit Hawking radiation consisting
of particles of the opposite charge [39]. Both of these processes will tend to reduce the
charge of the black hole and ultimately neutralise it. Furthermore, most objects in the
Universe are spinning and thus have nonzero angular momentum.

Nevertheless, Reissner-Nordstrom spacetime is mathematically interesting from the
viewpoint of exploring how the presence of a black hole charge changes the behaviour of
quantum fields from that of Schwarzschild spacetime. In Part II of this thesis, we construct
a number of different analogues of the states defined in Schwarzschild spacetime in order
to study the behaviour of quantum fields in Reissner-Nordstrom spacetime.

We will be particularly interested in the phenomenon of superradiance, which is a
radiation enhancement effect involving dissipative systems [35]. In Reissner-Nordstrém
spacetime, charge superradiance arises due to the interaction of the charges of the black
hole and of the field [36-38]; this causes low-frequency modes of the classical field to
undergo superradiant scattering by which incoming waves are reflected, from the black
hole, back to infinity with a greater amplitude than they were incident with, thereby
extracting charge from the Reissner-Nordstrom black hole. There is also a quantum ana-
logue, whereby Reissner-Nordstrém black holes spontaneously emit a flux of particles in

the classically superradiant modes [1,39] and which we study in detail in Part II.
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The interaction of the charge of the black hole and the field charge also affects the
Hawking radiation emitted by the black hole, thereby influencing the process of black hole
evaporation [40-43]. The Unruh state has recently been constructed for a charged scalar
field in Reissner-Nordstrom-de Sitter spacetime [44,45]. Apart from the aforementioned
work, there has been relatively little study of either the phenomenon of quantum superra-
diance or the definition of quantum states for a charged scalar field in Reissner-Nordstrom
spacetime. Thus it is instructive to briefly review studies of quantum field theory in an-
other black hole spacetime that also exhibits superradiance, namely the Kerr spacetime,

and into which considerably more investigation has been conducted.

1.4.3 The Kerr solution

The Kerr metric is the black hole solution which has only the electromagnetic charge
parameter set to zero. This is the most physically relevant solution since it is thought to
be the category that is representative of astrophysical black holes. Superradiance arises
in Kerr spacetimes due to the co-rotation of a field with the black hole. Interestingly, the
only classical fields that exhibit superradiant scattering in Kerr spacetime are bosonic [46].
However, both bosonic and fermionic quantum fields cause Kerr black holes to emit Unruh-
Starobinskii radiation, which is the quantum analogue of classical superradiance [47,48].

The existence of quantum superradiance in the Kerr case diminishes our ability to
define certain analogue quantum states with the same interpretations as their correspond-
ing states in Schwarzschild spacetime. As we might expect from the absence of classical
superradiance for fermionic fields, this is more apparent in the case of bosonic fields than
fermionic ones [49-53]. For example, it is no longer possible to define a Boulware state
(see §2.3.1) associated to a scalar field that is simultaneously empty at both past and
future null infinity #* [50,52], and though it is possible to do so for a fermionic field,
such a state is not everywhere regular, i.e. the expectation values of quantum observables
in this state are divergent somewhere in the spacetime. Attempts to construct a Boulware
state fail due to a superradiant flux of particles outgoing at .#*, which further precludes
defining a state with the time-reversal invariance of the Schwarzschild Boulware state [54].

Though it is possible to construct an analogue of the Schwarzschild Unruh state in
Kerr spacetime with similar physical interpretations [55], this is not the case for the
Schwarzschild Hartle-Hawking state which is a Hadamard state (these are defined in §1.6).
One cannot define a state that is regular across both the past and future event horizons
unlike the Schwarzschild Hartle-Hawking state by the Kay-Wald theorem [56,57], which
proves rigorously the nonexistence of stationary Hadamard states in Kerr spacetime. In-
deed, attempts to do so either result in states which are divergent in some part of the
spacetime exterior to the black hole [49-53] or that are not in a thermal equilibrium [15].
Instead Candelas, Chrzanowski and Howard were led to define the CCH state in [15],
where the acronym “CCH” is derived from the authors’ names. While the CCH state is
indeed a thermal state, it is not regular across both the past and future event horizon [15].

As earlier stated, superradiance in Kerr spacetime arises due to the co-rotation of the
field with the Kerr black hole. Thus, it is not entirely clear as to whether the difficulties in

defining quantum states are primarily due to rotation or to superradiance. In Minkowski
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spacetime, in the absence of spacetime curvature, the construction of rotating states is
considerably involved [58,59] and rigidly-rotating states do not exist in the unbounded
spacetime for bosonic fields [60]; on the other hand, for fermionic fields, such states can
be constructed [61,62] but they are not everywhere regular. The references above have

studied the effects of rotation in flat spacetimes in the absence of superradiance.

1.4.4 Motivations for studying QFT in Reissner-Nordstrom spacetime

Thus, it is hoped that the work in Part II on quantum field theory in Reissner-Nordstrom
spacetime, which studies black hole superradiance in the absence of rotation, can help to
disentangle the physical effects of rotation and superradiance in the Kerr case. A further
advantage of our study here is that the Kerr solution lacks spherical symmetry due to
the black hole rotating about a given axis. Instead it is said to be axisymmetric, which
is a significantly weaker symmetry constraint and also makes performing renormalisation
more difficult [55]. In contrast, the irrotational nature of the Reissner-Nordstrém solution
means that it retains spherical symmetry which considerably simplifies calculations in this
spacetime and allows for potentially easier renormalisation.

We will not attempt direct calculations of renormalised expectation values of observ-
ables in Part II, instead relying on the geometric, state-independent divergent terms can-
celling when considering the difference between expectation values of observables in two
separate quantum states. We also consider components of observables which do not re-
quire renormalisation. However, the work in Part III of this thesis provides the general
framework by which the Hadamard renormalisation procedure can be performed for a
charged scalar field. We therefore introduce briefly the main concepts of renormalisation

of observables associated to a neutral scalar field, particularly the Hadamard procedure.

1.5 Renormalisation and Wald’s axioms

A~

The expectation values <§E>, (J") and (T,,) all contain products of field operators eval-
uated at the same spacetime point and are therefore formally divergent. For example, in

the case of a neutral scalar field, the expectation value of the scalar condensate (@)

(SC) = (%), (1.13)

is infinite without subtracting off the divergent parts. This requires the introduction of a
renormalisation scheme whereby we subtract off divergent terms in the expectation values
of observables to leave a physically reasonable quantity that, in the case of (Tw)ren and
(j H) en» can be used as source terms in Einstein’s semiclassical field equations (1.11) and
the semiclassical Maxwell equations (1.12) respectively.

There exist several such renormalisation schemes, each with its own advantages and
disadvantages. The question then arises as to which renormalisation method is the most
suitable for our study. The point-splitting approach developed in [63,64] has proven to be
an extremely powerful and general method. One of the advantages of this approach is that

it was developed in conjunction with Wald’s axioms, which are a set of four statements:
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1. Conservation of the renormalised stress-energy tensor (RSET), i.e. V“(TW) ren = 0.

2. Natural causality requirements are satisfied.

3. Value of the matrix element (A| T}, |B) for orthogonal states |A),|B) is preserved.

A

4. (Ty),,, should reduce to that of a normal-ordered SET in Minkowski spacetime.

All renormalisation methods for the RSET that satisfy Wald’s axioms result in a renor-
malised expectation value <TW)]r on, Which is unique up to the addition of a local conserved
tensor; this ambiguity in the RSET corresponds to the freedom to add any local conserved
to the r.h.s of Einstein’s semiclassical field equations (1.11).

The general philosophy of the point-splitting approach is to consider the product of
field operators evaluated at closely separated spacetime points [65—67]. In the case of the

expectation value of the scalar condensate (1.13), we would instead consider the expression

(SC) = (d(x) (<)), (1.14)

where z is in a normal neighbourhood of z’ such that there exists a unique geodesic
connecting the two spacetime points. Through a suitable regularisation procedure, the
divergences that arise in the coincidence limit 2/ — x can be identified and then subtracted
off before we bring the two spacetime points together; such an approach is agnostic of the
specific quantum state under consideration since the divergent terms are purely geometric

and therefore state-independent [2,68].

1.6 Hadamard renormalisation

In this section, we will give a rapid overview of the Hadamard renormalisation procedure
for a neutral scalar field, which has already been developed in detail for a scalar field of
arbitrary mass and coupling to the scalar curvature on a general background spacetime in
any number of spacetime dimensions in [68].

It is useful to note that it has been rigorously demonstrated that the Hadamard renor-
malisation procedure described below results in an RSET that satisfies Wald’s axioms and
which is unique to the addition of a local conserved tensor [69-77]. Hadamard renormali-
sation has also been developed for the electromagnetic field [78], the Stuckelberg massive
electromagnetic field [79], one-loop quantum gravity [80], p-forms [81] and fermions [82-85];
in part III, we will extend Hadamard renormalisation to charged scalar fields.

Hadamard renormalisation uses the point-splitting approach; in this scheme we write
the expectation value of the quantum observables in terms of the Feynman Green’s function
Gr(z, ') associated to the field, which is itself divergent in the coincidence limit 2’ — x.
We consider the Feynman Green’s function, as opposed to the Wightman function, since in
Part III we will generalise, to charged scalar fields, the treatment of Decanini and Folacci
in [68] where the former is considered.

Consider a massive, neutral scalar field ® satisfying the Klein-Gordon equation

(O-m?—¢R)® =0, (1.15)
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where the d’Alembertian [J = V#V, and ¢ is a coupling constant that describes the
coupling of the field to the scalar curvature R. In parts I and II of this thesis, we will
consider a minimally-coupled scalar field for which & = 0. In contrast, the field is said to

be conformally coupled if the coupling constant £ takes the value & = &, where

d—2
A(d—1)

In part III, when developing Hadamard renormalisation for charged scalar fields, we will

€ = (1.16)

consider the coupling constant & to be arbitrary. In [86], it is shown to be a physically
reasonable assumption that a quantised field is in a Hadamard state. Then, the Feynman

Green’s function Gp(x, ') associated to a Hadamard state can be written as

—i1G P (x,2) = (T [d(z) ! (2')]), (1.17)

where T' denotes normal-ordering and Géd) (z,2') satisfies the inhomogeneous field equation

(O—m? —¢R) Géd) (z,2') = — [—g(l‘)]_% 5@ (z—2a'), (1.18)

where §(?(z — 2’) denotes the Dirac delta function in d spacetime dimensions. We see
that Glgd) (z,2) (1.17) acts as a scalar in both of its arguments = and 2’; it is thus known
as a biscalar. Divergences in the various expectation values can then be identified from
the divergences that arise in the Feynman Green’s function as we take the limit 2/ — .
We therefore need to write the Feynman Green’s function in a form where we can
identify the divergent terms; we call this expansion the Hadamard parametrix. Given that
the point-splitting approach involves taking one of the field operators to a nearby spacetime
point z’ distinct from x, it is intuitive that the Hadamard parametrix should depend on
the geodetic distance between x and z’, which can be written in terms of Synge’s world
function o(z,2’). Assuming that the spacetime point 2’ is in a normal neighbourhood of
x, then there is a unique geodesic connecting x’ to x. We can parametrise this geodesic in
terms of an affine parameter A\, where A\g < A < A1, and the tensor z#(\) with the values
2H(Ag) = 2’ and 2#()\1) = x. Defining the tangent vector t* to 2#()\) as t to dz#/d\, we

have the following definition for Synge’s world function o(z,z'):

1 A
o(z,a') = 5 (A — )\0)/ Guv(2) MtV dA, (1.19)

Ao
where the integral in (1.19) is evaluated on the unique geodesic between z and z’. Synge’s

world function o(z,z’) is equal to half the geodetic distance between z and 2’ such that

20 (z,2") = g oo, (1.20)

In four spacetime dimensions, the Hadamard parametrix is given by

T 4r | [o(z, 7)) + i€] 02

ren

(4) / /
—iG{ (2,2) 1 {U(m +V® (2,2) m["(‘”’x) + ie] + W (, x/)} :
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where UW (z,2'), VW (z,2') and W® (z, 2') are symmetric biscalars regular in the limit

' — x, and which can be expanded in powers of the world function o(z,z’) as

U@ (z,2") = 54) (z,2), (1.22a)

148 (x,x’) = Z Vn(4) (x,x/) o” (x,x’) , (1.22b)
n=0

w (z,2") = Z Wb (z,2") 0™ (z,2"). (1.22¢)
n=0

The renormalisation length scale £, is required to make the argument of the logarithm
in (1.21) dimensionless. The expansion of the Feynman Green’s function in terms of the
Hadamard parametrix in (1.21) allows us to define a Hadamard state in four dimensions
as a state possessing a smooth W®) (x,2') biscalar. More generally, a Hadamard state in
any number of spacetime dimensions is one possessing a smooth w(d) (z,2") biscalar.

We can write Ggl) (z,2') (1.21) as the sum of a regular part GP({L) (z,2') and a part

GS(4) (x,2") which is divergent in the coincidence limit according to

G§4) (m,x’) = GS(4) (m,a?’) + Gg‘) (:z:,x') , (1.23)

where the quantity GS(4) (x,2') in (1.23) is defined by

(4) / /
4 ’ _i U (w,2') (4) N1 o(r,z') . 1.94
iGg (m,x)— W{[a(x,a:’)+ie]+v (ac,x) n 2N +iel ¢, (1.24)
and the quantity Gl({l)(x, 2') in (1.23) is defined by
1
- iGP({l) (z,2") = —i [Glffl) (z,2") — G’S(4) (m,x/)] = w (z,2). (1.25)

We can then write the renormalised expectation values of observables in terms of the
regularised Green’s function fo) (z,2') (1.25). For example, in the case of the scalar

condensate example given earlier in (1.14), we have simply
(SC)... = lim R {_ic;l;@ (w,x')} . (1.26)
' —x
In practice, we will need to evaluate explicitly the U®*) (z,2’) and V*) (x, 2') biscalars up

to a sufficient order for computation of the expectation value of the observables under

consideration. In order to do this, we require the van Vleck-Morette determinant A(z, ")

1
Az,a') =— [—g(:v)]fé det [0 (2, 2)] [—9(2)] 2, (1.27)
where the subscript ; i/ refers to the covariant derivative evaluated at the spacetime point

x’. The van Vleck-Morette determinant A(z,z’) (1.27) gives the rate at which geodesics

converge or diverge away from each other [87]. It is related to Synge’s world function by

1
Oo=d—2A"2A2,0", (1.28)
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in d dimensions, and with the boundary condition

lim A(z,2") = 1. (1.29)

' —x

If we were to consider an particular quantum state, in a particular background spacetime
with particular values of the scalar field mass m and coupling to the scalar curvature &, we
could generate explicit expressions for the renormalised expectation values of observables.

However, in part III we will instead develop the general framework for Hadamard
renormalisation of a charged scalar field in a general background spacetime of arbitrary
dimension leaving the charge, mass and coupling to the scalar curvature of the field unde-
termined. We will derive explicitly the geometric renormalisation counterterms contained
within the the biscalars U@ (z, z’) and V(@ (z, 2’) up to the required order for computation
of the RSET in two, three and four spacetime dimensions. We will also derive expressions
(JM).o,, and (T},). in terms of the bis-

for the renormalised expectations values (3’2) ren
calar W@ (z,2"). We will conclude with a discussion of the renormalisation ambiguities

ren’ ren

in each of the expectation values we derive.



Chapter 2

Quantum scalar field theory in

Schwarzschild spacetime

In this chapter, we review quantum field theory in Schwarzschild spacetime. Our aim in
this chapter is to provide context to our work in Part II and therefore we do not reproduce
some of the more involved derivations; analogous but novel calculations pertaining to the
Reissner-Nordstrom case can be found in Part II. In §2.1, we introduce the Schwarzschild
solution. We introduce a scalar field on this spacetime in §2.2 and, lastly, we define the

three main states associated to a scalar field in Schwarzschild spacetime in §2.3.

2.1 The Schwarzschild solution

The simplest possible black hole solution is Schwarzschild spacetime; it is convenient to use
the Schwarzschild coordinate system (¢, 7,0, ) in order to study it. The first coordinate, ¢,
is timelike and the rest are spacelike. The spacelike coordinates are the familiar spherical

polar coordinates. Then, Schwarzschild spacetime is described by the line element

ds? = —fo(r)dt® + fo(r) "t dr? 4+ r2d6% + r%sin6 d?, (2.1)
where the Schwarzschild metric function fs(r) is given by

fs(r)=1-— ¥ (2.2)
We have added a subscript “s” to the Schwarzschild metric function fs(r), and more gener-
ally to any quantities defined in Schwarzschild spacetime that have analogues in Reissner-
Nordstrom spacetime, in order to distinguish it from the metric function of Reissner-
Nordstrom spacetime that we introduce in Chapter 3.

The Schwarzschild solution describes the exterior of a spherically symmetric ball of
matter that is classically surrounded by an empty vacuum. However, when we consider a
quantum field on this spacetime, the background gravitational fields give rise to radiation
which can reach infinity and so the ball of matter is no longer surrounded by a vacuum.

Let us assume that the ball of matter is a star whose mass exceeds the Chandrasekhar

limit; in this case we can reasonably assume that the star will eventually collapse under

12
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the force of gravity to form a black hole. We will consider this black hole system a long
time after the collapse; in this case it is referred to as an eternal black hole. Then we
can interpret the quantity M in (2.2) as the black hole mass. The Schwarzschild metric
function fy(r) (2.2) has a root ry given by

rg = 2M. (2.3)

This is the familiar location of the event horizon of the Schwarzschild black hole. The

value of the metric function (2.3) on the Schwarzschild black hole horizon vanishes as
2M

and thus, from (2.1), the Schwarzschild metric (2.2) diverges on the horizon. This gives us

a clue that the Schwarzschild coordinates do not give the full picture. In order to proceed,

we define a new radial coordinate. Consider radial null geodesics; from (2.1), we have

oM\ 2
dt? = (1 — > dr?. (2.5)
r
If we define a new coordinate r,, which we refer to as the tortoise coordinate, such that
oM\ 2
dr? = <1 - > dr?, (2.6)
r

then radial null geodesics take the simple form d¢? = dr,?, and (2.1) becomes

ds? = —fs(r) de? + fs(r) dri + 72 d6? + r2sin%0 d<,02. (2.7)

Demanding that r, be real and monotonically increasing with r, we can solve (2.6) to give

r« =1r+2MIn <T_2M> . (2.8)

2M

The tortoise coordinate r, has a number of useful properties. Firstly, the range 2M < r <
oo is mapped onto the range —oo < r, < 00; we will see that this will be especially useful
when examining the asymptotic behaviour of quantities near the Schwarzschild black hole

horizon since r, — —oo as r — rg. We can differentiate (2.8) to obtain the useful relation

dr, _
5= fs(r) 7 (2.9)

Since the Schwarzschild metric function fs(r) is analytic, we can invert (2.9) to obtain

dr
= fs(r). 2.10
= 10) (2.10)
From (2.10), we see why r, is referred to as the tortoise coordinate; since 517’; — 0 as

r — 2M™, then r changes more and more slowly with 7, as we near the black hole event
horizon. The second useful property of the tortoise coordinate is that we can use it to
define new coordinates which will reveal more of the spacetime. We define a pair of new

coordinates, which we refer to as lightcone coordinates, by the expressions
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Figure 2.1. Penrose diagram for the maximally-extended Schwarzschild solution showing the space-
time regions I, II, TIIT and IV. Lines of constant Schwarzschild-like radial coordinate r and Kruskal
coordinate U,V corresponding to physically significant surfaces are shown. Surfaces of interest in
region I include the past (future) event horizon H~ (% ") and past (future) null infinity &~ (S 1);
their corresponding surfaces in region I'V are labelled with a subscript IV. Event horizons in region
I correspond to a constant rg = 2M and a spacetime singularity is located at r = 0. Past (future)
timelike infinity is denoted by i (i~) and spacelike infinity is denoted by i°.

u=t—ry, and v=1+r,, (2.11)

such that lines of constant u correspond to outgoing null geodesics and lines of constant v

correspond to ingoing null geodesics. Then the Schwarzschild line element (2.7) becomes

ds? = —fs(r) dudv + r2d6? + r2sin?0 dp?. (2.12)

A component of the inverse metric associated with the Schwarzschild metric (2.12) in
terms of lightcone coordinates is still divergent on the event horizon. From (2.11), we

define a new pair of coordinates, which we will refer to as Kruskal coordinates, given by

u v
U=- eXp(*m) s and V = eXp<m) . (213)
In terms of Kruskal coordinates, the Schwarzschild line element (2.12) becomes
2M°
ds2 = —° exp(—ﬁ) AUAV + r2d62 + r2sin20 dy?. (2.14)
r

From the expression for the Schwarzschild metric in terms of Kruskal coordinates (2.14),
which is defined for nonzero values of the radial coordinate r, we see that the divergence
in the line element in terms of Schwarzschild coordinates (2.1) is a coordinate singularity.
However, the point » = 0 represents a physical singularity in the spacetime curvature.
Having introduced Kruskal coordinates in (2.13), we can now access all regions of the
maximally-extended Schwarzschild solution in Figure 2.1. We now proceed to introducing

a scalar field ® on a background Schwarzschild spacetime.
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2.2 Scalar fields on a background Schwarzschild spacetime

In this section, we will restrict our attention to a massless neutral scalar field & which
is minimally-coupled to the spacetime curvature. In general, the scalar field may possess
a mass m as well as arbitrary coupling £ to the scalar curvature. However, in Part 11
of this thesis, we will consider a massless, minimally-coupled charged scalar field on a
background Reissner-Nordstrém spacetime; our purpose in Part I of this thesis is to study
a similar set-up in Schwarzschild spacetime, which is a simpler black hole solution without
the added complications of the charge possessed by a Reissner-Nordstrom black hole.

One might ask why we consider a neutral scalar field in Part I as opposed to a charged
scalar field, which we consider later on. As we will see in Part II, most of the interest-
ing physical phenomena that occur in charged scalar field theory in Reissner-Nordstrom
spacetime are as a result of the interaction of the scalar field charge and the charge of
the black hole. Since a Schwarzschild black hole does not possess a charge, it is simpler
to introduce the general formalism of quantum field theory in curved spacetime in this
chapter without the additional baggage of a scalar field charge.

A massless, minimally-coupled scalar field ® is governed by the scalar field equation

e
V=9

Our treatment of deriving solutions to the scalar field equation (2.15) is deliberately concise

06 = Ou(v/—go'®) =0. (2.15)

since we solve the scalar field equation associated to a charged scalar field in a background
Reissner-Nordstrom spacetime in considerable detail in §3.2. We can expand (2.15) in

terms of the Schwarzschild coordinates introduced in §2.1 to obtain

2 2
1 90 190 2&1)} 1 a[. 8<1>] 1 9% 0. (216)

©f(r) 02 + r2 or [f(r)r or * r2sin 6 00 r28in%0 0p®
where we have used both the inverse and the determinant g of the metric (2.1). The scalar

field equation (2.18) admits a separable solution of the form

e—lwt

Butm = —— N Xeelr) Yem 0, 0). (217
The harmonic time-dependence e~ of the solution in (2.17) is a consequence of the fact
that the Schwarzschild solution is stationary, as can be seen from the time-independence of
the metric (2.1); a stationary spacetime is one which admits a time-translation Killing vec-
tor. Furthermore, a stationary spacetime can be considered static if the time-translation
Killing vector is hypersurface-orthogonal. In terms of the spacetimes considered in this
thesis, both Schwarzschild and Reissner-Nordstrom spacetimes are static, whereas Kerr
spacetime is an example of a spacetime that is stationary but not static. The normalisa-
tion constant N,, allows us to generate an orthonormal basis from the solutions to (2.17),
which we require to quantise the field ®, while X,,,(r) and Yy,,(0, ¢) represent the radial
and angular functions respectively. Given the spherical symmetry of Schwarzschild space-
time, which is apparent from the angular parts of the metric (2.1) being proportional to

the metric on the 2-sphere go = d6? + sin?0 dp?, we anticipate that the angular functions
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Yim (0, ¢) will be the spherical harmonics. Substituting (2.17) into (2.16) and separating

the radial and angular parts, we obtain

rew r

o ma Lot ()

1 1 0 . 0 1 2
T Yim(0,9) Lmeag(sm%e> - nzeagoz} Yon(0,0) = A, (2.18)

where the constant A is a separation constant. The angular part of (2.18) is precisely the
equation that is solved by the spherical harmonics; from their properties, the separation

constant is written in terms of the total angular momentum quantum number ¢ as

A=L0Ll+1), Cin Z>p and £ > |m]. (2.19)

The spherical harmonics are explored in greater detail in §3.2.3 and further identities are
derived in Appendix A. The explicit form of the separation constant (2.19) allows us to

write the radial part of (2.18) in the form of the well-known Regge-Wheeler equation

d2
[~ V)| Xeatr) = (2:20)
where the scalar field effective potential Vig(r), which is the one-dimensional effective

potential felt by a field mode ¢, in a background Schwarzschild spacetime, is given by

Verr(r) = fg) e+ 1)+ )] - (2.21)

Near the horizon and far from the black hole, the scalar field effective potential Veg (2.21)

takes the particularly simple asymptotic form

Ve (r) ~ —w?, Ty —> —00, Ty — OO. (2.22)

Then, near the horizon and far from the back hole, the radial equation (2.20) becomes

d2
{er + wQ] Xo(r) =0, (2.23)

which has asymptotic solutions of the form

Xot(r) ~ e 1y = —00, 7y — o0, (2.24)

The asymptotic forms of the radial function X,,(r) allow us to generate various mode
solutions ¢,y to the scalar field equation (2.15). The mode solutions can be motivated
by physical considerations of how the field should behave in the background spacetime,
which is how we derive the modes in §3.3. For the sake of brevity, we will simply state the
asymptotic forms of the radial functions associated to each mode here and we refer the
reader to §3.3 for their detailed physical interpretation. The first mode solution we consider

are the in-modes ¢, . whose associated radial function X jd“e(r) has the asymptotic forms

wlm>
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. B g—iwrs Ty — —00

)~ o ’ 7 (2.25)
e W+ AN, ey — o0,

with X (r) taking the asymptotic forms

Another solution is the up-modes ¢}

elwrs 4 AP grlwre s o
up wl * ’
X0 (r) ~ — (2.26)
Bwe T+ T — 00.

The in- and up-modes form an orthogonal basis of scalar field modes; we will refer to this

out

oot and down-modes

basis as the ‘past’ basis. Another orthogonal basis of out-modes

down
wlm

conjugates of the radial functions X% (r) and X'V(r) respectively. Then, the asymptotic

which we will refer to as the ‘future’ basis, can be constructed from the complex
forms of the out-mode radial function X2J*(r) are given by

out Bln* iwrs e — —00,
XOU (1) ~ (2.27)
1wr* +A1n* —iwrs Te — 00,

and the asymptotic forms of the down-mode radial function X Sgwn(r) are given by

—1 *
e W 4 AT elvrs . —o0,

Xdown(py ~ (2.28)

* —
BEE e wrs T — 00.

Since X2 (r) = X!*(r), the in- and out-mode radial functions are linearly independent
solutions of the radial equation (2.20); similar comments apply for the up- and down-mode
radial functions since X39"1(r) = X'0*(r). The Wronskian W (X1, X»), which is given by

dXs dX;
— X

dr, 2 dr,’
of any two linearly independent solutions X1, X9 of (2.20) is independent of r.. Then we

can evaluate the Wronskian (2.29) for X' (r) and X°}*(r) near the horizon to obtain

W(X1,X2) = X3 (2.29)

n|2

W( X = B, g 7iwrs (iw Binx eiwr*) — Binr elwr (—inif’g e_iw*) =2 iw|

)

(2.30)
while evaluating the Wronskian (2.29) for X% (r) and X4 (r) near infinity, we obtain

wb

W( wﬁvXOUt) _ (efiwr* + A(ljle eiwr*) (iw eiwr* lwAm* 71&)7‘*)
_ (elwr* + A(ljlg* e—iwr*) (7iwe—iwr* + i(lu‘/éli.l}lZ ele*) — 2w [1 B ‘Am ’ } 2 31)

Equating (2.30) and (2.31) for the Wronskian W (X%, X3*) leads to the relation

1B = 1—|a . (2.32)

A similar set of calculations for the Wronskian W(X ;llg, X down) leads to the relation
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B> =1 A", (2.33)

Interpreting (2.32) and (2.33) as the standard scattering relations allows us to ascribe a
natural interpretation to the complex constants A, and By in (2.25 — 2.28) as reflection
and transmission coefficients respectively. From (2.32) and (2.33), we have |4,/ < 1
meaning that there is no superradiant scattering in Schwarzschild spacetime.

In order to quantise the field ®, we need to normalise each of the mode solutions
defined above by evaluating their normalisation constants N,. This is done by taking
the Klein-Gordon inner product of any two similar mode solutions over a suitably chosen
Cauchy surface ¥ and demanding that the modes be orthonormal. The Klein-Gordon

inner product for any two mode solutions ¢1, ¢2 of the scalar field equation (2.15) is [10]

(61,2} = —i /2 (6% (V) — (Vo 67) o] /=g dSF. (2.34)

In §3.4, we evaluate both the norms and the normalisation constants of each of the in-, up-,
out- and down-modes in Reissner-Nordstrom spacetime in considerable detail. Since the
calculation of the corresponding quantities in Schwarzschild spacetime is similarly involved
but somewhat less illuminating, given its comparative simplicity, we refer the reader to
§3.4 for a detailed reading. Instead, using the notation k = in, up, out, down to label the
specific mode solution, we write down the normalisation constants of each mode as

ko 1 (2.35)

N ;
Y Ar|wl

i.e. Nk takes the same value for all modes. The normalisation constants (2.35) ensure

(Bt D) = 6 (w — W) Sgtr Sy - (2.36)
From (2.36), the norm of the complex conjugate of a general mode qSlUj’Zm is given by

(Bt Prerme) = =6 (w0 — W) Seer S (2.37)
Then the general form of a scalar field mode ¢5€m is given by

Ko = e e X (1) Vi (6, 9) (239)

wlm \/W r

where the asymptotic forms of the radial functions X L‘E(r) associated to each of the different
mode solutions are those given in (2.25 — 2.28). Using relations derived by evaluating the
Wronskian (2.29) for various combinations of X olje(r) as well as the normalisation constants

(2.35), we can write the out-modes and the down-modes in terms of in- and up-modes as

out __ Ainx sin inx out
wlm — “twl w€m+ wl Pwlm> (2393)

Gl = Ao+ By (2.39D)

wlm wlm wlm*



Quantum scalar field theory in Schwarzschild spacetime 19

2.3 Quantum field theory in Schwarzschild spacetime

In order to canonically quantise the field, we need to decompose the scalar field modes
introduced in §2.2 into sets of positive- and negative-frequency modes; upon quantisa-
tion positive-frequency modes will be multiplied by annihilation operators and negative-
frequency modes will be multiplied by creation operators.

In Minkowski spacetime, there is a natural global vacuum. In QFTCS, however, there
does not generally exist a unique way to decompose the field into positive- and negative-
frequency modes; this, in turn, is intimately tied to the fact that there does not exist a
unique vacuum state in curved spacetimes. In particular, we can consider the scalar field
modes to be positive- and negative-frequency with respect to a variety of choices of time
coordinate in order to define states with a certain physical interpretation.

There are three main states that have been defined in Schwarzschild spacetime, namely
the Schwarzschild Boulware state |Bs) [16], the Schwarzschild Unruh state |Ug) [5] and the
Schwarzschild Hartle-Hawking state |Hg) [17]. We will now discuss each of these states in
turn, taking care to explain the physical choice of time coordinate with respect to which

we define positive- and negative-frequency modes in each case.

2.3.1 Schwarzschild Boulware state

The Schwarzschild Boulware state |Bg) [16] has the physical interpretation of being as
empty as possible to an observer far from the black hole, i.e. both past and future null
infinity #*. In terms of the scalar field modes defined in §2.1, this corresponds to an
absence of particles in both the in- and out-modes.

Schwarzschild spacetime is asymptotically flat and thus becomes indistinguishable from
Minkowski spacetime as r — oo. Then, far from the black hole, the proper time experi-
enced by a static observer is the Schwarzschild coordinate ¢ and we can define positive-

and negative-frequency modes in the way familiar from quantum field theory in Minkowski

spacetime. A general scalar field mode ¢¢lf;em given by
k 1 1 —iwt vk
Qb = 70— ¢ XwZ(T) nm(ea QO) y W Oa (240)

el

is considered to be positive-frequency with respect to ¢ and its complex conjugate @<

wlm

1 1
= el“’tX}j}f(r) Y, (0,0), w>0, (2.41)

wlm /747'(’(.«]‘ r

is considered to be negative-frequency with respect to t. Then, it is natural to expand the

field ®(z) in terms of in- and out-modes to obtain

00 . .
(I)(SC) = Z Z /0 dw {aglfmgbgﬁm + dﬂmﬁf’gfm + dc?.)%:n Z%:n + aglz}:l ?ull}:;;} ) (242)

where the mode expansion coefficients &i?em and d‘;‘é}n multiply positive-frequency modes
i

and the mode expansion coefficients &w?m and ELL(?;; multiply negative-frequency modes.
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However, the in- and out-modes are not orthogonal to each other, and therefore do not
form an orthonormal basis of scalar field modes which we require to quantise the field.
From §2.2, the in- and up-modes do form an orthonormal basis; we would then like to

re-express the out-modes in (2.42) in terms of in- and up-modes. Using (2.39a), we have

00 14 00
0) =30 Y [ o {aliolton + aldin+ ol + a0} (249
=0 m=—¢

where the mode coefficients in (2.43) are related to those in (2.42) by the expressions

in inx ~0ut
Auom = wﬁm + Awﬁ Aom> w > O’
* ~out
a® = B Gout w > 0. (2.44)

We quantise the field by promoting the mode expansion coefficients in (2.43) to operators

such that the field operator ®(z) is given by

S [ (i A+ + ) 29
=0 m=—/{

where the operators in (2.45) obey the following commutation relations

A ~int !
{aglfma aw’Z’m’:| = 6((»‘) —Ww ) Oeer O’ s

[a“p &“me,} = 5(w =) 620 S (2.46)

wlm> W'l

with any commutators not explicitly given in (2.46) vanishing. The Schwarzschild Boul-

ware state |Bg) is then defined as the state annihilated by the am/ P operators such that

’*IH ’B >

Auem

Q' |By) = (2.47)

Aotm

Using (2.47), we can act with the field operator ® (2.45) on |B) to generate an expression

for the scalar condensate < >|B y in the Schwarzschild Boulware state. We have

oo
B8 =3 z [ ae{aat,ma voman . e
=0 m

Z Z / dw {¢w€m B ’AgIZm wgm (Bs!&szm . (2.49)

=0 m=—/

Putting (2.48) and (2.49) together, we obtain
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v 0o int

/ in inck gin - am
/0 dw de { wlm Yw'l'm! <BS| Aot oyt promy ‘BS>
=0 m=—L £'=0 m/=—{'

wlm Yw'l'm wlm W' l'm

+ ¢up ¢up* , <Bs’ &up dupT , ‘BS>} . (250)

Using the commutation relations (2.46), (2.50) becomes

(B;|®* |Bs) (2.51)

> e El o0 . .
- Z Z Z Z / dw dw’ { fljlﬁm g’?’m’ + ¢3)ll?m ¢L1JI’);’m’} (5(00 - w/) 000 O -
yJ0

{=0 m=—~ £/=0 m'=—/¢
(2.52)

Then the scalar condensate @)2)\85) in the Schwarzschild Boulware state is given as

<Bs|<§2|BS):§: i /Ooodw{\ i?gm2+}¢22m2}. (2.53)

=0 m=—¢
The Schwarzschild Boulware state |Bg) is as empty as possible to a static observer near
past and future null infinity .#*. It respects the underlying symmetries of the background
Schwarzschild spacetime and it has the property of being time-reversal invariant [16, 88].
However, this state is divergent on the event horizon. It can be interpreted physically as

the vacuum state in the exterior of a star which does not possess a horizon.

2.3.2 Schwarzschild Unruh state

The Schwarzschild Unruh state |Usg) [5] has the physical interpretation of being as empty as
possible at past null infinity .# ~ as well as exhibiting outgoing Hawking radiation at future
null infinity .# ™. In terms of the scalar field modes defined in §2.2, this corresponds to an
absence of particles in the in-modes and a thermalised flux of particles in the up-modes.

We have already defined in-modes that are positive- and negative-frequency w.r.t the
Schwarzschild coordinate ¢, which is the proper time experienced by a static observer near
past null infinity .# ~, in (2.40) and (2.41) respectively.

The outgoing Hawking radiation at future null infinity #* in |Ug) is emanating from
the past horizon H~; the Kruskal coordinate U is the affine parameter along the null
generators of this surface. Near H ™, the natural choice of time coordinate is the Kruskal
retarded time U. In defining positive-frequency up-modes w.r.t U we make use of the

Lemma in Appendix H of [89] which states that, for positive real p and arbitrary real q,

/ dx e—1PX {e*iq In(X) g (%) + ¢~ g9 In(=%) @(—36)} = 0. (2.54)

o0
The quantity in the curly brackets of (2.54) is positive-frequency w.r.t X by the definition
in (4.2). We begin by expressing the asymptotic form (2.26) of the up-modes near the
past horizon H~ in Kruskal coordinates. Using (2.11) and (2.13), we have that near H~
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u 1 1 iwIn(—
¢w§m = —F——-¢ In(=0) Yém(&‘ﬂ), (255)

where we have defined @ = 4Mw. The Kruskal coordinates are defined in all four regions
of the Penrose diagram in Figure 2.1. The up-modes ¢_,, = are defined in regions I and IIT,
where U < 0. We can trivially extend their definition to regions IT and IV by using the
Heaviside function (4.5) to demand that they vanish when U > 0. Then, (2.55) becomes

u 1 1 iw In(—
¢w§m = —¢€ In(=0) nm(ea 90) @(_U) . (256)

VAm|w| T
The first term of (2.54) can be constructed from the asymptotic form of the up-modes
(2.56) if we take X = U and q = —w. The second term of (2.54) can be constructed by

down
wlm

taking the time-reverse complex conjugate to define a set of modes near ’Hf(, as

1 1 .
wdown _ - e_lw ln(U) }/ZTL(G’ SD) @(U) R (257)

wim el T

where taking the time-reverse corresponds to making the transformations U — —U, V —

down
wlm

—V, which means that the modes (2.57) are defined in regions II and IV, vanishing
in regions I and III. Since these modes are incident upon the future horizon HR/, they
can be understood as the region IV analogue of the down-modes defined in §2.1; we refer
to them henceforth as the region IV down-modes and we will continue to use the notation
Ywem to denote sets of modes that are defined in region IV, vanishing in region I.

We write the mathematical expression in (2.54), multiplied by an appropriate factor,
as a linear combination of the asymptotic form of the up-modes near H~ (2.56) and the

complex conjugate of the asymptotic form of the region IV down-modes near ”HIJQ, (2.57):

0 1 1 ng(ﬁ,ﬁp)/ dUT e—iPU {eiwln(U) O(U) + & 2 1n(-U) @(—U)}

\/47T|w\; —o0

= [ avew {ugm v e, ). (2.58)

—00

By the lemma above, the quantity {13o"1* +e™¢") 1 is positive-frequency w.r.t U for

wlm wlm

all &; multiplying by a normalisation factor M e™2 | we define a set of modes XE@;

N = TP (e Byl + ol ) (2.59)

wlm

that is positive-frequency w.r.t U for all ©. We define negative-frequency up-modes using

the complex conjugate of the Lemma (2.54); for positive real p and arbitrary real q,

/ dx ¥ {eiq (X 9(x) + e ™ lM(=X) @(—36)} =0. (2.60)

—0
The quantity in the curly brackets of (2.54) is negative-frequency with respect to the vari-
able X by the definition in (4.4). If we take X = U and q = & then the mathematical
expression in (2.60), multiplied by an appropriate factor, can be written as a linear combi-
nation of the asymptotic form of the up-modes near H~ (2.56) and the complex conjugate

of the asymptotic form of the region IV down-modes near ”HIJQ, (2.57); we obtain
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0— 1 Vi (6, ap)/ AU &PV {eimn(U) OU) + e~ i@ In(=U) @(—U)}

VA w]

= / AU e*v { downx 4 e*m"d)wém} : (2.61)

downx

oo+ e*m"qbwgm} is negative-frequency w.r.t U for

By the lemma above, the quantity {w

all @; multiplying by a normalisation factor 91,7 e 2, we define a set of modes XE;IZ?;

X = T (Tl e F o) 2.62)

that is negative-frequency w.r.t U for all @. The norm of the region IV down-modes can
be evaluated through a method similar to that used to evaluate the corresponding region
IV down-modes in Reissner-Nordstrom spacetime in §4.4.1. Again, due to the calculation
being considerably involved, we do not reproduce it here but instead refer the reader to
§4.4.1 for a detailed reading of an analogous case. We give the norm of a set of general

region IV modes wk and its complex conjugate 1% as

wlm

<T/}5[m, wi{)%/m/> = 5(&) — wl) 5(@ 5mm’ = <¢w€m7 /e/ /> = —(S(W — w/) (Sggl (Smm"
(2.63)
Then, we derive the form of the normalisation constants 9P in (2.59) and (2.62) to be
up+ 1
. S— (2.64)
(2] sinh(7w)])2

Since the in- and up-modes form an orthonormal basis of modes, we expand the field ® as

00 l . ) .
=50 0 [ (ot + o)

{=0 m=—¢

9]
+ / dw ( Aotm Xr)}l?:); + azlz;[n Xwém)} ’ (265)

—o
where the mode expansion coefficients a! o and a wé multiply positive-frequency modes
inf

wlm

m

and the mode expansion coefficients a’ and awem multiply negative-frequency modes.
We quantise the field by promoting the mode expansion coefficients in (2.65) to operators

such that the field operator ®(z) is given by

o) l

~in in ~int ink
Z Z {/ ( Aot w€m+aw£m me)

£=0 m=—¢

o0
o [ (a2 ) o (200)

—0o0

where the operators in (2.66) obey the following commutation relations
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~i Aln /
[agﬁm’ aw’Té/m/:| = 5(("-} —w ) 5%’ 5mm’7

|:dup d:)},)g,m,} = (S(W — w’) 5@5/ 5mm’; (2.67)

wlm?

with any commutators not explicitly given in (2.67) vanishing. The Schwarzschild Unruh
state |Ug) is then defined as the state annihilated by the a Am/ " operators such that

i, 10) =

Auom

Q' U = (2.68)

Aptm

Using (2.68), we can act with the field operator @ (2.66) on |Uy) to generate an expression
for the scalar condensate (® >|U y in the Schwarzschild Unruh state. We have

00 ¢
SED Y { / dw ¢t "t [UG) + / dwxz*z;i%;!w}, (2.69)

=0 m=—¢
o) y4 00 o0

(U= > { /O dw @ (Us| @m + / dw (X25) (U !L‘iifm}- (2.70)
(=0 m=—/4 o

Putting (2.69) and (2.70) together, we obtain

00 14 00
<Us|(i)2‘Us>:Z Z Z

=0 m=—L {'=0 m'=—¢

o0 K i
+ / dwdw/<xwgm) X2 (Ugla™ e /\Us)}. (2.71)

o0
{ / deo do ¢, G, (Us] %, a7, [U,)

00 l 00 0o '
(U@ [Ug) =D > > Y { /O dw dw’ $i2m O
+ / h dw dw’ (XZ)I!?;I) *XZ‘,}Tm,} §(w — ') Gy

£ ([

Restricting attention to region I, as well as using (2.62) and (2.64), (2.72) reduces to

up— 2}. (2.72)

0 ¢ _
29 €
i@t =32 5 [T i+ [ T g )

where we have used the fact that the ¢)9%" (2.57) vanish in region I. We can simplify the

wlm
integral over the square of the absolute value of the up-modes in (2.73) as



Quantum scalar field theory in Schwarzschild spacetime 25

—7Tw

00 e—m?.z
dw——
/ n (2] sinh(7w) ‘qb‘”ém
e 0
/ W e [ / dwe— 1P
0 2smh (7w) wzm oo (—2sinh(7mw) me
d(—
/0 251nh (7w) M)“Em /Oo ( w)( ZSlnh ’gb_“’ém
d dw———F——
/0 “ 2 sinh(ra)) 2smh (rw) ‘¢“’2m /0 (2 smh (mw) W“’em
:/ dw iy%m :/ dw coth(m \qbwém
0 ( 0

eﬂ'w

o
E

) 2.74
2 sinh(7w) ( )
where we have performed the substitution w —> —w in going from the first equality to the

second and we have used the fact that ‘qb ‘qbwgm‘ in going from the second equality

w@m
to the third, which follows from the general form of a mode (2.38) and the asymptotic
form of the up-mode radial function X7 (r) (2.26). Then the scalar condensate <(§2>|Us>

in the Schwarzschild Unruh state |U) is given as

(Uy| $2 [US) Z Z / dw gjgm + coth(4Mmw) |¢lh } (2.75)

=0 m=—¢
The Schwarzschild Unruh state |Ug) is empty to a static observer near past null infinity
#~ but contains an outgoing flux of Hawking radiation at future null infinity .#*. While
regular on the future horizon H*, it diverges on the past horizon H ~; it is not time-reversal

invariant [5,88]. This state represents a black hole formed by gravitational collapse.

2.3.3 Schwarzschild Hartle-Hawking state

The Schwarzschild Hartle-Hawking state |Hg) [17] has the physical interpretation of ex-
hibiting both incoming Hawking radiation from past null infinity .#~ as well as outgoing
Hawking radiation at future null infinity .# *. In terms of the scalar field modes defined
in §2.2; this corresponds to a thermal flux of particles in both the up- and down-modes.

The outgoing Hawking radiation at future null infinity .#% in |Hg) is emanating from
the past horizon H™; the Kruskal coordinate U is the affine parameter along the null
generators of this surface. We have already defined thermalised up-modes that are positive-
and negative-frequency w.r.t U in (2.59) and (2.62) respectively.

The incoming Hawking radiation from past null infinity .#~ in |Hg) is incident upon
the future horizon H™; the Kruskal coordinate V is the affine parameter along the null
generators of this surface. Then, near H™', the natural choice of time coordinate is the
Kruskal advanced time V. We define positive- and negative-frequency down-modes w.r.t
V using the Lemma (2.54) and its complex conjugate (2.60) respectively.

The asymptotic form (2.28) of the down-modes near the future horizon H* is given by

1 1 ..
down _ Ze M)y, (6,0)0(V). (2.76)

wlm \/W r
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The first term of (2.54) can be constructed from the asymptotic form of the down-modes
(2.76) if we take X = V and q = @; the second term can be constructed by taking the

time-reverse complex conjugate to define the region IV up-modes wggm near Hpy, as

1 1 ..
Vo = ==~ VY (0,0) O(=V). (2.77)
VAr|w| T
Then, multiplying the Lemma by an appropriate factor, we can write (2.54) as a linear
combination of the asymptotic form of the down-modes near H* (2.76) and the complex

conjugate of the asymptotic form of the region IV up-modes near H, (2.77); we obtain

11 oo : i o
0= ————Yin(0, ) / dv e #V {eﬂw V) Q(V) + ¢ g7 i@I(=V) @(—V)}
\/ 47r\w] r —00
= / av e #V {glomn s ommiyne L (2.78)

By the lemma (2.54), the quantity {¢I9%™ 4+ e~™¢ )" 1 is positive-frequency w.r.t V for

wlm wlm

all @; multiplying by a normalisation factor mgowﬁe%, we define a set of modes Xg%vln'F
down+ __ mdown+ % down —% up* 2.79
Xwem = o € ¢w€m +e ¢w€m ( : )

that is positive-frequency w.r.t V for all @w. We define negative-frequency down-modes
using the complex conjugate (2.60) of the Lemma; if we take X = V and q = —w, a
multiplication of (2.60) by an appropriate factor can be written as a linear combination
of the asymptotic form of the down-modes near H* (2.76) and the complex conjugate of

the asymptotic form of the region IV up-modes near Hy, (2.77); we obtain

0= 1 Y,em(a 90) / av elPV {e—i&; In(V) @(V) + eTw o0 In(—V) @(—V)}

\/47r|w] —00

= /OO dv eV { down | e”%ijﬁ:n} . (2.80)

—00

By the lemma (2.60), the quantity {gdor™ + ™" 1 is negative-frequency w.r.t V for

wlm wlm

all w; multiplying by a normalisation factor mgown—e—% we define a set of modes xi%‘;n_
g = e (o= % gl 4 %yl ) (281)

that is negative-frequency w.r.t V for all @. Then, using (2.59), (2.62), (2.79) and (2.79),

we expand the field ® in a basis of up- and down-modes as

) l 0
_ . + 5 — | ~d down+ | ~d down—
Ba) = 30 30 [ dw{alh, hn+ all ah al i alat e
=0 m=—0" —®
(2.82)

However, the up- and down-modes do not form an orthonormal basis, which we require to
quantise the field; the in- and up-modes do however. We would instead like define a set of

thermalised in-modes. Near H™, the asymptotic form (2.25) of the in-modes is given by
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. in 1 »
pin, = Dwl o—elm(V)y, g oy Q(V). (2.83)

wim e 7

Comparing the near H* asymptotic expressions of the in-modes (2.83) with that of the

down-modes (2.76), we see that we can define a set of modes XSZ,_H
X, = U (e ol + o F ) (2.84)

in—

that is positive-frequency w.r.t V for all @ and a set of modes x_,,,

Nl = O (o7 % gl + e F ity (2.85)
that is negative-frequency w.r.t V for all w, where the only difference in the derivation
of (2.84) and (2.85) relative to (2.79) and (2.81) respectively is that the lemma and its
complex conjugate have been multiplied by an extra factor of the transmission coefficient

Bg}. Then, the normalisation constants 9"+ are given by

N
(2| sinh(7w)]|)

int
wlm?

grint — (2.86)

N

down+

il X:féiv we need to relate both their region

In order to rewrite the in terms of x

I and IV parts. From the expression for ¢I9"" in terms of ¢\ . @7, = (3.71b), we have

Yo = Auy baom + By 2y (2.87)

wlm wlm wl Fwlm-

Then, using (2.39b) and (2.87), we have

down up*_ up up* _ in

Using (2.59), (2.62), (2.84) and (2.85), we can expand the field ® in an orthonormal basis

of in- and up-modes as

00 ¢ 0o
+ — i in in in—
Ba) = Y0 30 [ o {al a8+ ol X X (289
1=0m=—L" ~

where the mode coefficients in (2.89) are related to those in (2.82) by the expressions

up __ ~up up* ~down
Aotm = Qotm + Ao.;f Auom >
in __ pupx~down
awgm = sz aw@m . (290)

We quantise the field by promoting the mode expansion coefficients in (2.89) to operators

such that the field operator @(m) is given by

wlm Xwbm wlm wlm Xwbm

dw {dup Xi}g; + dupT up— &zifém Xin+ + &inT in— }? (2.91)
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where the operators in (2.91) obey the following commutation relations

[dglfma &gl/];/m/} = 5(0&) — w’) (Sggl 6mm’;
[&:}l;m’ &ol.lzl’)g/m’} = 5((") - w/) 666’ 5mm’7 (292)

with any commutators not explicitly given in (2.92) vanishing. The Schwarzschild Hartle-

Aln/ up

Hawking state is then defined as the state annihilated by the a operators such that

i H) =

Auom

Q'™ |H,) = (2.93)

Aotm

Using (2.93), we can act with the field operator ® (2.91) on |Hy) to generate an expression
for the scalar condensate <(i>2>|HS> in the Schwarzschild Hartle-Hawking state. We have

) l 00
GBI =3 >0 [ {i a1 + e )} (2.94)
(o9}

{=0 m=—0""

=3 > | ao{ () s, + () g, ) 2o

(=0 m=—0" "

Putting (2.94) and (2.95) together, we obtain

. 00 ¢ 0o A 00 .
<HS| (1)2 |HS> - Z Z Z / dw dw’ {( wfm) Xi.r)I/Z’ <H |aw€m A(T’TE/ / ’HS>

() X (L[5, 6250 )} (2.96)

Using the commutation relations (2.92), (2.96) becomes

o) l 00 Y o0 '
ey =3 3 S 3 [ awds () i
=0 m=—L £'=0 m'=—¢
+ (Xw2m> ’Z’ /} (w
00 ¢ 0o )
Z Z/ dw{’Xwém +
/=0 m=—/¢

Restricting attention to region I, (2.96) reduces to

w )528’ mm/

up- 2} . (2.97)

2 i in |2
i ;;m;/ | st 1%l + iy Pl
(2.98)

t/d . . . ..
out/down o nish in region I. Through a similar

where we have used the fact that the v _,"

calculation to that in (2.74), we derive the expression for the scalar condensate (® >|H )
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e ¢
(H,| 92 |Hy) :; Z/ dw coth(4M7Tw){| i&m + | oo } (2.99)

The Schwarzschild Hartle-Hawking state |Hg) can be interpreted as a black hole in an un-
stable equilibrium of thermal radiation at the Hawking temperature [88]. It has attractive
regularity properties in that it is regular on both the past and future horizons H* as well

as being time-reversal invariant [17,18].



Part 11

Quantum charged scalar fields in

Reissner-Nordstrom spacetime
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Chapter 3

Classical charged scalar fields in

Reissner-Nordstrom spacetime

In §3.1, we introduce the Reissner-Nordstrom solution and discuss its geometry. We include
a Penrose diagram. We introduce a scalar field on this spacetime in §3.2 and solve the
associated scalar field equation. In §3.3, we motivate different mode solutions to the
scalar field equation before demonstrating the phenomenon of classical superradiance. We
conclude by calculating the inner products of the various mode solutions in §3.4 in order

to evaluate their norms and associated normalisation constants.

3.1 The Reissner-Nordstrom solution

In this section, we introduce the Reissner-Nordstrom solution to Einstein-Maxwell theory
and discuss three possible scenarios, before restricting our attention to the sub-extremal
case that will be our focus for the rest of Part II of this thesis. We then introduce new co-
ordinate systems that progressively reveal more regions of Reissner-Nordstrom spacetime,

and which is summarised in the form of a Penrose diagram.

3.1.1 Einstein-Maxwell theory

The Einstein-Maxwell action, which describes the coupling of gravity to the electromag-

netic field and also to a charged scalar field in four spacetime dimensions, is given by

1
§=1o- / d*z (R — F,,F" — D, ®D"®) \/—g, (3.1)
m

where the electromagnetic field strength tensor F),,,, written in terms of the electromagnetic

gauge potential A, is defined by

Fup = VA, — V, A, (3.2)

and the gauge covariant derivative operator D, which depends upon the charge ¢ pos-

sessed by the scalar field, is given by

D, =V, —igA,. (3.3)

31
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Variation of the action (3.1) with respect to the metric leads to the following equation of
motion relating the curvature of the spacetime to the stress-energy tensors of the electro-
magnetic field and of the scalar field:

1
G = Ryy = 5 gu R = Ty + T, (3.4)

where the Einstein tensor G, is defined by the first equality in (3.4) and where T/f; is

1
T#I“; = FuplF,’ — 1 G Fpr FPT. (3.5)

The homogeneous Maxwell’s equation, which follows immediately from the definition of

F,, in (3.2), is given by

ViFun = 0. (3.6)

The inhomogeneous Maxwell’s equation can be derived by varying the action (3.1) with

respect to the gauge field A, to give

VR = JY. (3.7)

Varying the action (3.1) with respect to the field ® leads to the scalar field equation

D,D"® = 0. (3.8)

We will discuss the scalar field equation, as well as how to solve it, in detail in §3.2.2.

We introduce a new coordinate system (¢, 7, 8, ¢), which is analogous to the Schwarzschild
coordinate system introduced in §2.1; we will refer to this coordinate system as the
Schwarzschild-like coordinates. The geometry of Reissner-Nordstrom spacetime is de-

scribed, in terms of Schwarzschild-like coordinates, by the line element

ds? = —f(r) de? + f(r)_1 dr? + r2d#? + r%sin%0 dcp2, (3.9)

where the (Reissner-Nordstrom) metric function f(r) in (3.9) is given by

fr)=1-"24=_ (3.10)

We will drop the identifier “Reissner-Nordstrom” and refer to (3.10) as the metric function
for the remainder of Part II of this thesis. The metric function (3.10) differs to that
of Schwarzschild spacetime by the addition of a term proportional to @, which we can
interpret as the charge of the black hole. Its presence arises due to the electromagnetic

gauge field potential A,,, which is given explicitly by

Au:(—% 00 0). (3.11)

The expression for A, in (3.11) corresponds to a choice of gauge; in this case, we have
chosen a constant of integration such that the value of the gauge field potential A, vanishes
far from the black hole as r — oco. It is shown in [44,45] that A, can be chosen to vanish at

any fixed value of the radial coordinate r by means of a gauge transformation. In Part III
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of this thesis, which deals with Hadamard renormalisation of charged scalar fields, we will
leave the value of the gauge potential A, arbitrary; however, where an explicit expression
of the gauge field is specified, it will always be given by (3.11). One can easily see that

the electromagnetic potential A, (3.11) satisfies the Lorenz gauge condition

VHA, =V'A =0, (3.12)

since the expression in (3.11) is time-independent.

The metric function (3.10) has two roots 4 and r_, which are given by

re =M+ /M2 - Q2 (3.13)

From (3.13), there are three possible scenarios. The first, for which M? > Q?, is called
the sub-extremal case. In this case, ry is the location of the black hole event horizon and
r_ is an inner Cauchy horizon; the latter does not exist in Schwarzschild spacetime. The
second, for which M? = Q?, is the extremal case. In this case, the two horizons coincide.
The third, for which M? < @Q?, is called the super-extremal case and gives rise to a naked
singularity. In this thesis, we will only consider the sub-extremal case, i.e. M? > Q2.

Therefore, the location of the black hole event horizon r; is given herein by

re =M+ /M2 —Q2, (3.14)

and we note that the metric function (3.10) vanishes on the event horizon such that

f(re) =0, (3.15)

rendering the metric (3.9) of Reissner-Nordstrom spacetime singular on the black hole
event horizon. As was the case in Schwarzschild spacetime, this is a coordinate singularity;
in §3.1.2, we will introduce the analogues of the lightcone and Kruskal coordinate systems
in Reissner-Nordstrom spacetime, which are not plagued by this singularity.

Before we do so, however, it is useful to consider some of the general properties of the
Reissner-Nordstrom solution. The spacetime described by the Reissner-Nordstrom metric
(3.9) is both static and spherically symmetric; the fact that it is static is evident from the
metric (3.9) being independent of the time coordinate ¢ and the fact that it is spherically
symmetric is evident from the angular parts of the metric (3.9) being proportional to
the metric on the 2-sphere gq = d6? + sin?6dy?. It turns out that the line element
(3.9) together with the expression for the metric function (3.10) and the form of the
gauge field potential (3.11) is the unique static, spherically symmetric solution to the
FEinstein-Maxwell equations, by a statement analogous to Birkhoff’s theorem; the proof of
this statement is outside the scope of this thesis. The fact that the Reissner-Nordstrom
solution is static and spherically symmetric will continue to be important throughout
Part II of this thesis and, in particular, will inform our choice of ansatz for the scalar field
equation when we introduce a scalar field on this spacetime in §3.2.

Finally, for reference, we give the inverse metric g"*” and the determinant of the metric

g. From (3.9), the inverse metric is given, in terms of Schwarzschild-like coordinates, as
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Figure 3.1. Penrose diagram for the maximally-extended sub-extremal Reissner-Nordstréom solution
showing the spacetime regions I, II, ITI and IV. Lines of constant Schwarzschild-like radial coor-
dinate r and Kruskal coordinate U,V corresponding to physically significant surfaces are shown.
Surfaces of interest in region I include the past (future) event horizon H~ (H™) and past (future)
null infinity £~ (.#7T); their corresponding surfaces in region IV are labelled with a subscript IV.
Event horizons in both regions correspond to a constant r = r. The inner Cauchy horizon lies at
r = r_ and a spacetime singularity is located at » = 0. Past (future) timelike infinity is denoted
by it (i~) and spacelike infinity is denoted by i°.

g = diag (—f(?“)_1 Cfr) 2 cosecQH) , (3.16)

and the metric determinant g is given by

g = —rtsin?6. (3.17)

3.1.2 Geometry of Reissner-Nordstrom spacetime

The Schwarzschild-like coordinates used to describe the Reissner-Nordstrém solution (3.9)
are only defined in region I of the Penrose diagram in Figure 3.1. We can reveal more
regions of the spacetime by introducing lightcone coordinates. As was the case in §2.1, we
first introduce the tortoise coordinate r, which is defined only in region I, and which, in

Reissner-Nordstrom spacetime, is related to the Schwarzschild-like radial coordinate r by
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dr, = f(r)"tdr. (3.18)

In region I, the range 1 < r < oo of the Schwarzschild-like coordinate r is mapped on
to the range —oo < r, < oo of the tortoise coordinate. This makes r, particularly useful
in describing the asymptotic behaviour of quantities near to the horizon and far from the
black hole. Indeed, we will write down a basis of mode solutions to the scalar field equation
in terms of r, when we introduce a scalar field on Reissner-Nordstrom spacetime in §3.2.

Rewriting the line element (3.9) in terms of the tortoise coordinate 7., we have

ds? = —f(r)dt* + f(r) dr? + r2d6* + r2sin?0 dp?. (3.19)

Then, we can define the lightcone coordinates (u,v) according to

u=t—ry, and v=1+r,.. (3.20)

The equations in (3.20) can be inverted to give expressions for ¢ and r, as

1 1
t==(u+v), re == (v—u). (3.21)
2 2
We further note, from (3.20), that
du=dt —dr,, and dv=dt+dr,. (3.22)

Using (3.22), we rewrite the line element (3.19) in terms of the lightcone coordinates as

ds? = — f(r) dudv + r2d6? + r?sin0 d?. (3.23)

We can now define Kruskal coordinates in Reissner-Nordstrom spacetime, in relation to

the lightcone coordinates, by the following expressions

1 1
U=——¢e" and V=-—e"" (3.24)
K K

where the surface gravity at the event horizon, k, is given explicitly as

K= fr) = o (re = M). (3.25)
+

The equations in (3.24) can also be inverted to give expressions for the lightcone coordi-

nates (u,v) in terms of the Kruskal coordinates (U, V') according to

1 1
=——In(—rU =-1 V). 3.26
u=—-In(-kl),  v=_In(xV) (3.26)

We further note, from (3.24), that

dU =e " du, and dV =e"™dv. (3.27)

From (3.27), and using (3.20), we have

AU dV = """ du dv = X du dv, (3.28)
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Using (3.28), we can rewrite the line element in (3.23) as

ds? = — f(r)e 2" dU dV + r*d6* + r’sin*0 dy?

= —2((r)dU dV + r2d#* 4 r’sin?6 dy?, (3.29)
where we have defined
r 672/{1”*
C(r) = 1) SR (3.30)

and the factor of % in the definition of {(r) is such that we can simplify the expression of

the metric in terms of Kruskal coordinates. In Kruskal coordinates, the inverse metric is

0 — 0 0
¢(r)

0 0 r—2 0

0 0 0 7 2cosecd

and the metric determinant g is given, in terms of Kruskal coordinates, by

g = —C(r)?r*sin?0. (3.32)

Having defined Kruskal coordinates in (3.24), we can now access all regions of the
maximally-extended Reissner-Nordstrém solution in Figure 3.1. In Part II, our primary
concern is region I which is the only physically reasonable region in our opinion. One
might ask why we took the time to introduce Kruskal coordinates at all then.

Of course, from the point of view of completeness in studying the Reissner-Nordstrom
solution and its geometry, it is important to introduce Kruskal coordinates since these
are the only coordinates which are defined throughout the spacetime. However, it will
turn out that the Kruskal coordinate system will play a much larger role in Part II of this
thesis. In introducing a scalar field in Reissner-Nordstrém spacetime, the various scalar
field mode solutions that we will define will all take particularly simple asymptotic forms
either near the horizon or far from the black hole. This, in turn, enables the comparatively
simple evaluation of various quantities, be it the calculation of the norm of similar mode
solutions, the definition of quantum states near the horizon or the expectation values of
quantum observables in asymptotic regions, in terms of Kruskal coordinates. With this in
mind, before concluding this section, it is useful to define the dimensionless quantities

U = kU, V =&V, (3.33)

where £ is given by (3.25); the expressions for the lightcone coordinates (3.26) become

u:—%ln<—[7>, v:%1n<\7). (3.34)

We now have all of the necessary knowledge of Reissner-Nordstrom (RN) spacetime which,

in the language of QFTCS, will be the background spacetime we are working on throughout
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Part II of this thesis. We proceed to considering a classical charged scalar field in Reissner-

Nordstrom spacetime with an electromagnetic gauge potential A, given by (3.11).

3.2 Solving the scalar field equation in RN spacetime

In this section, we study the behaviour of a classical massless, charged scalar field in RN
spacetime. We introduce the scalar field equation, which admits a separable solution. We
generate ODEs describing the behaviour of the radial function and the angular function
separately. We introduce two orthogonal bases of scalar field modes, which allow us to
demonstrate classical charge superradiance for a charged scalar field in RN spacetime.

The section concludes with a calculation of the normalisation constants of these modes.

3.2.1 Introduction

In §3.1, we introduced the RN solution to the Einstein-Maxwell equations (3.1). In this
section, we consider the propagation of a classical charged scalar field ® in Reissner-
Nordstrom spacetime with an electromagnetic gauge potential A, given by (3.11).

In general, the charged scalar field ® can also possess a mass m and coupling to the
scalar curvature R, where the strength of the coupling is described by the dimensionless
constant £&. In Part II, we will restrict ourselves to considering a massless, minimally

coupled scalar field such that we have

m=0, and ¢=0. (3.35)
We should add a caveat to say that (3.35) is only valid in Part II. In Part III, we will
consider a charged scalar field of arbitrary mass m and coupling to the scalar curvature &.

3.2.2 Scalar field equation

The behaviour of a massless, minimally-coupled charged scalar field ® is governed by

D,D"® = 0. (3.36)

We refer to (3.36) as the scalar field equation. Expanding out the gauge covariant deriva-
tives in (3.36) and using the fact that the spacetime covariant derivative V, reduces to a

partial derivative 0, when acting on a scalar quantity, the scalar field equation becomes

O® —ig (V,A") & — 2igA*9,® — ¢*A,A P = 0. (3.37)
Rewriting the (0@ term in (3.37) in terms of the metric determinant g, we obtain

1
V=g

where the term involving (V,A*) in (3.38) vanishes because the gauge field A, satisfies

(V=g 0'®) — 2iqA"9,® — ¢°A, A" = 0, (3.38)

the Lorenz gauge condition (3.12). In Schwarzschild-like coordinates, (3.38) becomes
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1 1
00'® + — 0, (10" ®) + —— Oy (sinea%) + 0,090 — 2igA 9, ® — ¢?A, AP =0, (3.39)

where we have used the metric determinant ¢ (3.17). Then, (3.39) becomes

1 8% 190 5 0P 1 o[, 00 1 0°®
“imoe T {f (r)r a] 2506 90 [51“9 ae] 25120 9p°
_24Q0% | ¢*Q?

fr)rot — f(r)r?

The derivative operators in (3.40) only consist of partial derivatives acting with respect

®=0. (3.40)

to one of the Schwarzschild-like coordinates ¢, r, # or ¢. Then, we see that (3.40) admits
a separable solution in terms of scalar field modes, which we can represent by an ansatz
consisting of functions of the Schwarzschild-like coordinates. We use the symmetries of
the background Reissner-Nordstrom spacetime to inform us of the general form the ansatz
should take. As described when introducing the Reissner-Nordstrém solution in §3.1,
Reissner-Nordstrom spacetime is both static and spherically symmetric.

The staticity of the spacetime means that we would expect our ansatz to have a
harmonic time-dependence; it is natural to expect that this time-dependence will be pro-
portional to the frequency of the mode, which we will denote by w, such that we can
postulate a harmonic time dependence of the form e~

We would expect the angular part of the ansatz to respect the spherical symmetry of
RN spacetime. The functions which do this are the spherical harmonics Yy, (0, ¢), where
the quantum numbers £ and m correspond to the total angular momentum quantum
number and the azimuthal quantum number respectively. While we expect the angular
function to be given by the spherical harmonics, we will consider Y7,,(6,¢) to be an
arbitrary set of functions for now; we will derive the exact form of Y, (0, ¢) from the
separated angular part of the solution to the scalar field equation (3.40).

There is no special symmetry of RN spacetime that might inform us of the possible
form of the radial part of the ansatz and so we leave the radial function X,,(r) arbitrary.

If we were to consider a purely classical scalar field theory, then it would suffice to
postulate an ansatz which is formed of the product of the functions e ™! Y, (6, ) and
Xoe(r). However, we will eventually want to quantise the scalar field and we will be
required to expand the field ® in an orthonormal basis of mode solutions in order to do so.
Thus, we will need to include in our ansatz a normalisation constant N,,, which depends
on the particular mode solution under consideration. Then, we can express our ansatz for

the mode solutions of the scalar field equation (3.40) as

e—iwt

waém = Nw wa(r) Yv@m(& 90) ) (341)

where we have included a factor of r~! in (3.41) in anticipation of generating an equation
for the radial function X,,(r) analogous to the Regge-Wheeler equation (2.20). We can
substitute the mode solution ansatz (3.41) into the scalar field equation in (3.40) in order

to obtain a set of separable differential equations; given the harmonic time-dependence
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of the ansatz (3.41), we expect two such differential equations, one containing the radial

function X,¢(r) and another containing the angular function Yy, (6, »). We obtain

7+ o ()]

1 1 o (. 0
T2 Yo (6, ) 00 <Sm089> You (0, 0) +

1 1 0?
r25in%0 Yo, (0, ) 0p? Yim (0, )
1 2wq@ 1 qQQZ_
i T e D B8

Rearranging and multiplying through by a factor of 72 in order to separate the radial parts

and angular parts of (3.42), we obtain

fi) (- ch) Fema o w ()]
1
Y,

1 0 0 1 02
inf— ——— | Yim(0,¢) = 4
<Sln 89> + <ine 6802:| Zm( 7(10) )‘a (3 3)

m(0, ) [Sin@ﬁ@

where A is a separation constant. From (3.43), we can write down the PDE containing

the angular function Yy, (6, ), which we refer to as the angular equation, as

1 1 0 . 0 1 52
Vi (0,9) Lineae <Smeao> i ea@] Yo (6,0) = =X, (3.44)

and we can write down the ODE containing the radial function X, (r), which we refer to

as the radial equation, as

(o) smmaors ()] e

We will examine each of the differential equations (3.44) and (3.45) in turn, beginning

with the angular equation (3.44) since this will inform us as to the form of the constant A.

3.2.3 Angular equation

Given the spherical symmetry of the background Reissner-Nordstrém spacetime, we rea-
soned that we would expect the angular functions in our mode solution ansatz (3.41) to be
the spherical harmonics. Since the angular equation (3.44) is precisely the equation that
is solved by the spherical harmonics, this is indeed the case; then, the separation constant

is written in terms of the total angular momentum quantum number £ as

A=L0l+1), 0in Z>o and £ > |m]. (3.46)

The spherical harmonics are given by the expression

Yim (0, ©) = Ny, P (cos 0) €™ (3.47)
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where P;"(cosf) is a real Legendre function and the form of the normalisation constant
Ny is determined by the normalisation convention we choose for the spherical harmonics

Yo (0, ¢). We will choose a normalisation convention such that

/ng(ﬂ, (p) n’m’ (9, (p) sin 6 df d(p = 5“/ 5mm’- (348)

Then, the normalisation constant N, associated to Yy, (0, ) is given by [90, Eq.14.30.1]

Ny¢ = \/(%4;: D Eﬁ - Z;: (3.49)

Thus, the spherical harmonics Yy, (6, ¢) are given explicitly by the expression

Vi (6, 0) = \/ (%4;: D Eﬁ — Zi: P (cos ) 6™, (3.50)

The spherical harmonics Yy, (6, ) (3.50) solve the angular part (3.44) of the scalar field
equation (3.36), while respecting the spherical symmetry of the background RN spacetime.
We derive further identities concerning the spherical harmonics in Appendix A, which will
be useful when calculating the expectation values of quantum observables in Chapter 4.
Having derived the explicit form of the separation constant A\ (3.46), we now proceed

to solving the radial equation (3.45); this is the subject of the next section.

3.2.4 Radial equation and scalar field effective potential

Using the expression (3.46) for the separation constant A in terms of the total angular

momentum quantum number ¢, the radial equation (3.45) becomes

ﬁj)(w _ qf9>2 ; sz(r)i{f(r)r2£(Xwﬁ(T))] —0(e+1). (351

We can use the definition of the tortoise coordinate 7, (3.18) to simplify the second term
on the Lh.s of (3.51) as

4ot (54 - o - o)

- % r j: %Xwar) - f(r)XwAr)}

- % B dd*Xwg(T) —f (r)Xwe(T)]

= Xatr) + Xalr) = J0) 5 Xor) = £ 7 Xt
- J{T);;Xwg(r) — F(r) Xuulr). (3.52)

Substituting (3.52) into (3.51), the radial equation becomes

T r d2 , T2 qQ
Xo(r) deszz(r) — (") Xue(r)| —£(€+1)+ ; <
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Equation (3.53) simplifies to

We can write (3.54) as

2
[c(lirz — Veg(r)} Xoe(r) =0, (3.55)

where the scalar field effective potential Vig(r), which is the one-dimensional effective

potential felt by a charged scalar field mode ¢, in a background RN spacetime, is

Verr(r) = fg) e+ 1)+ Foyr] - <w - W>2. (3.56)

r

From (3.56), we see that the scalar field effective potential Vg (r) takes particularly simple
asymptotic forms; near the horizon, where r — r4 and f(r) — 0 (3.15), we may neglect
the first term in (3.56) while far away from the black hole, where r — 0o, we need only
consider leading order contributions in r. Then, we can summarise the asymptotic forms

of the effective potential Vog(r) near the horizon and far away from the black hole as

—-? = —(w — z—Q)Q, Ty — —00,
Vegg (1) ~ , + (3.57)
—w*, T — 00,
respectively, where we have defined the quantity
Gow- 19 (3.58)
r+

From the asymptotic forms of the scalar field effective potential Vog(r) (3.57), the radial

equation in (3.55) must thus have asymptotic solutions of the form

eii"j’"*, Ty — —00,
Xoe(r) ~ . (3.59)
etlwrs . — oo0.
That the near-infinity expression for the scalar field effective potential Veg(r) depends
neither on the charge of the black hole nor on the scalar field charge is to be expected
since (3.11) corresponds to a choice of gauge such that the electromagnetic field potential

A, vanishes far from the black hole. If we perform a gauge transformation of the form

: t
A, = A, +9,Y,  d—=efo T= @, (3.60)
o

for some fixed value r¢ of the radial coordinate, then A, becomes (4,0, 0) with

Ay=—-2+ 2. (3.61)

o r 1)
In this sense, fixing the gauge in (3.11) corresponds to choosing 19 = oco. However, we

could have equivalently chosen 7o = r such that the gauge potential A, instead vanishes
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at the black hole event horizon, rendering the near-horizon expression for the scalar field
effective potential Vg (r) independent of both the charge of the black hole and the scalar
field charge. Our choice of gauge is motivated by the desire to ascribe a natural physical
interpretation to the frequency w of a scalar field mode (3.41). In order to see this, consider

how the frequency w transforms under the gauge transformation given in (3.60); we have

_ 49

To

(3.62)

w=w

Thus the frequency w of a scalar field mode is not a gauge-invariant quantity and, moreover,
a constant shift in the frequency corresponds to a gauge transformation of the form (3.60).
Choosing ry = 0o, or equivalently making the same choice of gauge as in (3.11), enables us
to interpret w as the frequency of a mode as measured by a static observer near infinity.

From (3.59), the scalar field effective potential Vog and, consequently, the radial func-
tion X,¢(r) each have different forms near the horizon and far away from the black hole.

Far away from the black hole, Vg (r) and X, 4(r) are independent of both the charge
of the black hole ) and the scalar field charge ¢. This is intuitive since we chose a gauge
(3.11) that made the electromagnetic potential A, vanish far from the black hole. Then
the quantity w has a natural physical interpretation; it is the frequency of a mode as
measured by a static observer far from the black hole.

However, the charge of the black hole ) and the scalar field charge ¢ are present in
Vet (r) and X () near the horizon. This difference in effective potential near to and far
from the black hole will be a key theme running throughout Part II of this thesis; it will give
rise to the phenomenon of classical superradiance as well as having important consequences
when defining quantum states and studying the expectation values of observables.

A further observation is that, unlike the case in Schwarzschild spacetime, the radial
function X () is not invariant under the transformation w — —w due to the form the
effective potential Veg(r) takes near the horizon in (3.57). This means that while X, (r)
satisfies the same radial equation (3.55), the function X*, () is not the same as X_. (r).

This will become important when defining vacuum states for the field.

3.3 Scalar field mode solutions

In this section, we use physical considerations of the behaviour of the scalar field in the
background RN spacetime to introduce the in-, up-, out- and down-modes. We conclude
by deriving relations between the reflection and transmission coefficients associated to

each mode, which we use to demonstrate the phenomenon of classical superradiance.

3.3.1 Introduction

In §3.2.4, we derived the general form of the asymptotic solutions (3.59) of the radial
function X,(r) near the horizon as r, — —oo and far from the black hole as r, — 0.
Then, an intuitive way to develop an orthonormal basis of mode solutions is to impose
suitable boundary conditions on the radial function X,,(r) in these asymptotic regions.

The radial function X,4(r) and the harmonic time dependence of the scalar field modes,
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given by e7“! together describe wave propagation in the background Reissner-Nordstrém
spacetime. Thus we can motivate each mode solution by physical considerations of how
the mode ¢y, should behave in the asymptotic regions of the background spacetime.

Furthermore, since there are two surfaces in the asymptotic region r, — oo, namely
past null infinity .# ~ and future null infinity .# T, we can generate two separate mode so-
lutions by physical considerations near each surface separately. Similarly, we can generate
another two mode solutions in the asymptotic region r, — —oco from physical considera-
tions near the past horizon H~ and the future horizon H* separately.

From the expression for the asymptotic forms of the radial function X,(r) (3.59), the
exponent, which contains iwr, as r, — —oo and iwrs as r, — 00, is given up to a sign in
either case. This sign corresponds to the radial direction in which the wave is travelling;
a positive sign in front of the aforementioned factors corresponds to waves emerging from
the event horizon and travelling in the direction of increasing r, towards infinity, while a
negative sign corresponds to waves originating at infinity and travelling in the direction
of decreasing 7, towards the event horizon.

Our final remark, before we begin explicitly deriving mode solutions, is that the ex-
ponential in the asymptotic forms of the radial function X, (r) (3.59) is defined up to a
multiplicative constant; taking the multiplicative constant to be unity describes a wave
of unit flux. Thus it will be helpful to describe waves of unit flux near a certain surface.
It stands to reason that incident waves will be either reflected at or transmitted through
the potential barrier described by the scalar field effective potential Vog(r) (3.56); there-
fore, we will also specify the asymptotic form of the reflected and transmitted parts of
the incident waves multiplied by the complex coefficients A, and B, respectively. We
need not interpret the coefficients A, and B, as reflection and transmission coefficients
for the purpose of deriving a basis of mode solutions; in §3.3.4, we will indeed interpret
A, and B,y as reflection and transmission coefficients, and doing so will lead us to the
phenomenon of classical superradiance.

Now, we are ready to begin placing physical considerations on the behaviour of the

field mode ¢,pn in the background Reissner-Nordstrom spacetime.

3.3.2 The mode solutions
In- and up-modes

The first such physical consideration is that there should be no outgoing radiation from
the event horizon of the black hole, which means that no waves should emerge from the
past horizon H~, while it allows the propagation of waves towards the future horizon H*.
Consider a mode of unit flux coming up from past null infinity .# ~ with part of the mode
being transmitted down the future horizon H#* and the other part being reflected towards
future null infinity #*. Such a mode satisfies the requirement of an absence of outgoing
radiation from the horizon. We refer to these field modes as the in-modes gbifgm, where

wlm

. . . Xin
=N e Kty g ) (3.63)

and the asymptotic forms of the associated radial function X L‘Ung(r) can be summarised as
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B:jle e W Ty —» —00Q,

() ~ (3.64)

e s A gl o0,
The expressions (3.64) make explicit the requirements that the in-modes are incoming
from past null infinity .~ with unit flux and vanish near the past horizon H™.

The second such physical consideration is that there should be no incoming radiation
from infinity, which means that no waves should emerge from past null infinity .# ~, while
it allows the propagation of waves towards future null infinity .# . Consider a mode of
unit flux emerging from the past horizon H~ with part of the mode being transmitted
towards future null infinity .# T and the other part being reflected towards the future

horizon HT. Such a mode satisfies the requirement of an absence of incoming radiation

up

from infinity. We will refer to these field modes as the up-modes ¢, ,

which are given by

XD (r
o1, = N e Zarl)

Yo (0, ¢) (3.65)

and the asymptotic forms of the associated radial function X (r) can be summarised as

10T up | —iwrs o
XUP(r)N e +A, e Ty — —00,

wl

BHP ir (3.66)
o e Te — 00.

The expressions (3.66) make explicit the requirements that the up-modes are outgoing
from the past horizon H~ with unit flux and vanish near past null infinity % ~.

The in-modes (3.63) are defined near .# ~ where the up-modes vanish and the up-modes
(3.65) are defined near H~ where the in-modes vanish; together, they therefore form an
orthogonal basis of mode solutions in which we can expand the scalar field ®. They do
not yet, however, constitute an orthonormal basis which we require to quantise the field;
in order for them to do so, we will need to evaluate the explicit forms of the normalisation
constants N and Ni” which we do in §3.4. When normalised, we will refer to a basis
of in- and up-modes as the ‘past’ basis since we derived these mode solutions by placing

physical considerations upon the past horizon H~ and past null infinity .~ respectively.

Out- and down-modes

in

Since the radial functions X,

(r) and X7 (r) each constitute separate solutions to the

radial equation (3.55), then we may immediately find two further solutions by taking their

out

ot and the down-modes

complex conjugates; doing so will lead us to the out-modes ¢
ng‘z%“ respectively. The asymptotic forms of their associated radial functions X°*(r) and
XJd9wn (1) will then be given as the complex conjugates of X1(r) (3.64) and X7 (r) (3.66)
respectively. However, we can also derive these solutions by placing physical considerations
on the behaviour of a mode ¢y, in the background Reissner-Nordstrom spacetime as we
did when deriving the in- and up-modes.

Then, another such physical consideration is that there should be no ingoing radiation
incident upon the event horizon of the black hole, which means that no waves should be

incident upon the future horizon H*, while it allows the propagation of waves outgoing
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from the past horizon H~. Consider a mode of unit flux outgoing at future null infinity
T the parts of the mode that have been transmitted from the past horizon H~ and
reflected from past null infinity .# ~, must interfere in such a way as to cancel exactly any
radiation that might otherwise be scattered back down the horizon. Such a mode satisfies

the requirement of an absence of incoming radiation incident upon the event horizon. We

out

will refer to these field modes as the out-modes ¢, ,

which are given by

out
out __ Nout —iwt Xw€ (7’)
wim — Nw €

}/Zm(97 90) ’ (3'67)

and the asymptotic forms of the associated radial function X°ut

o0t (r) can be summarised as

in¥ Liwrs _
XOU (1) ~ B e Ty — —0Q,

wl

_ . _ (3.68)
e + AN ey — o0,

The expressions in (3.68) make explicit the requirements that the out-modes are outgoing

at future null infinity .# ™ with unit flux and vanish near the future horizon #*. One can

easily verify that the asymptotic forms of X°J*(r) (3.68) are the complex conjugate of the

corresponding asymptotic forms of X% (r) (3.64).

The final physical consideration is that there should be no outgoing radiation at infinity,
which means that no waves should escape to future null infinity .# ™, while it allows the
propagation of waves incoming from past null infinity .#~. Consider a mode of unit flux
incident upon the future horizon H™; the parts of the mode that have been transmitted
from past null infinity .#~ and reflected from the past horizon H~, must interfere in
such a way as to cancel exactly any radiation that might otherwise be scattered back to

infinity [89]. Such a mode satisfies the requirement of an absence of radiation escaping to

infinity. We will refer to these field modes as the down-modes ¢g%¥1n7 where
down down _—iwt ng)wn (7”‘)
¢w€m = Nw e T nm(ev QD) ) (369)

and the asymptotic forms of the associated radial function X 52‘”“(7") are summarised as

e—i@r* + AUP* eio?r* r. = —00
down wl * ’
X )~ g (3.70)
BV e Ty — 0O.
w.

The expressions in (3.70) make explicit the requirements that the down-modes are incom-
ing at the future horizon H™ with unit flux and vanish near future null infinity .# . One
can easily verify that the asymptotic forms of X49%1(r) (3.70) are the complex conjugate
of the corresponding asymptotic forms of X7 (r) (3.66).

The out-modes (3.67) are defined near .# where the down-modes vanish and the
down-modes (3.69) are defined near H where the out-modes vanish; together they form
an orthogonal basis of mode solutions in which we can expand the scalar field ®. Similar to
the case of the in- and up-modes, they do not yet constitute an orthonormal basis since we
are required to evaluate the explicit forms of the normalisation constants N and Nf};)wn,

which we do in §3.4. When normalised, we will refer to a basis of out- and down-modes as
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the ‘future’ basis since we derived these mode solutions by placing physical considerations
upon the future horizon H* and future null infinity .# ™ respectively.
We can write the radial functions of the out- (3.68) and down-modes (3.70) as linear

combinations of the in- (3.64) and up-mode radial functions (3.66) according to

X0t = Ay 5;+Bm* wﬁ, (3.71a)
X = AWX + BUYXY, (3.71b)

respectively. We can interpret (3.71a) and (3.71b) as expressing that up-modes transmitted
from the past horizon H~ and the in-modes reflected from past null infinity .#~ interfere
in such a way as to generate the out-modes, which are outgoing at future null infinity .#+
with unit flux and vanish near the future horizon H™', and the down-modes, which are
incoming at the future horizon H™ with unit flux and vanish near future null infinity .#*.

We can now derive the normalisation constants associated to each of the in-, up-, out-
and down-modes in order to be able to expand the field ® in an orthonormal basis before
quantisation. Before we do so, however, it is instructive use the Wronskian function to
derive expressions relating the complex coefficients A.; and B, associated to each mode,

which will enable us to demonstrate the phenomenon of classical superradiance.

3.3.3 Relations between reflection and transmission coeflficients

Given any two linearly independent solutions X7, Xs of a second order, linear ODE with
independent variable 7, of the form of the radial equation (3.55), the Wronskian W (X1, X2)
dX, dX;
dr, X2 dr,’
is independent of r,. This enables us to derive a series of expressions relating the complex
coefficients A,y and B, of different field modes by evaluating the Wronskian (3.72) for
the asymptotic forms of their corresponding radial functions X,(r) near to the horizon
and far from the black hole.

Since the in- and up-modes constitute an orthogonal basis of solutions to the radial

W(X1, X5) = X, (3.72)

equation (3.55), it is implied that they are linearly independent. Evaluating (3.72) for the
radial functions X7 (r) (3.64) and X'V (r) (3.66) near the horizon, we obtain

W( in X ) Bln —iwrs (1@ ele‘* 1wAw£e 1w

wb>

_ ( 10T 4 _|_AUP —IUJT’*) <_1&}B‘151€ e—i&r*) = 210.}ng, (373)

while evaluating (3.72) for the radial functions X% (r) and Xy (r) near infinity, we obtain

W( in Xup) — (efiwr* +A(ijl£ eiwr*)(leup 1wr*)

wlr i
— BWe“" (—iwe ™™ +iwAl ") = 2iwBl.  (3.74)
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Since the Wronskian (3.72) is independent of r,, equating the expressions for the Wron-
skian W (X1, X'7) near the horizon (3.73) and near infinity (3.74) leads to the relation

wl?

wBY, = wB. (3.75)

We may derive another relation by considering the Wronskian of the in- (3.64) and
out-mode radial functions (3.68); that these are linearly independent follows from the fact
that X°0'(r) = X%*(r). Then, evaluating W (X5, X°¥*) near the horizon, we obtain

wl?

W (X5, X28) = Blye (lw B ‘”’“*) Biny i (—i&)ij} e_f‘”"*> = 21| B,
(3.76)

while evaluating W(X s X, 0‘“) near infinity, we obtain

W( waout) _ ( —lwrs + Alljlg eiwr*) (iw elwrs _ lwAm* —1wr*)
_ (elwr* + Aglg* e—iwr*) (_iwe—iwr* + iwA(lAIJlK elw’r*) — 2w |:1 _ ‘Am ‘ :| 3 77)

Again, using the fact that the Wronskian (3.72) is independent of r,, equating the expres-
sions for W (XX, X24") near the horizon (3.76) and near infinity (3.77) leads to

wl
B |* = w[1 — |amm, 2} . (3.78)

A similar calculation for the Wronskian W(X moX Out) leads to the relation

wl?

w|BY* =1 - A% (3.79)

The final relation we derive is obtained from the Wronskian of the in- and down-
mode radial functions. That these are linearly independent follows from XJ9%n(r) (3.70)
being the complex conjugate of, and therefore linearly independent from, X ;15(7"); since
X% (r) (3.64) and X7 (r) are linearly independent of each other, it follows that X7 (r)

and X 52‘”“(7‘) are also linearly independent. Then, near the horizon, we obtain

W( uJb)(down) _ Bnlunf e—iUJr* (—1w —iwrs + lwAup* 1wr*>

_ (e,m + A eW*) (—ini,l; e*m) = 2iZA B (3.80)

while evaluating (3.72) for the radial functions X% (r) and X39""(r) near infinity, we have

W( Xdown> _ (efiwr* + Aglg eiwr*) (_IWBBIZ* e 1wr*)

wb

— B e W (—jwe W 4 jw Al ) = —2iwAlBIY. (3.81)

Again, using the fact that the Wronskian (3.72) is independent of 7., equating the expres-
sions for W (X, Xd9%1) near the horizon (3.80) and near infinity (3.81) leads to

wl?
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BAY Bl = —wALBLY" (3.82)
We note that we could equivalently have obtained the complex conjugate of the expression

in (3.82) had we considered the Wronskian W (X, X21") instead of W (X1, Xdown).

wl? wh>

3.3.4 Classical superradiance

Consider the expressions in (3.78) and (3.79), which relate the complex coefficients A,
and B,y; if we now interpret the A, as reflection coefficients and the B, as transmission

coefficients then, for ww < 0, we have

AR * > 1, sgn(wd) = —1, (3.83a)
A ? > 1, sgn(w@) = —1. (3.83b)

This is the classical phenomenon of charge superradiance [36]. An in-mode incoming from
past null infinity .#~ with w@ < 0 will be reflected back to future null infinity .# ™ with
an amplitude greater than it was incident with and, similarly, an up-mode outgoing from
the past horizon H~ with ww < 0 will be reflected back down the future horizon H* with
an amplitude greater than it was incident with. From the expression relating w and @ in
(3.58), we see that there are two cases where ww < 0 depending on the product of the

scalar field charge ¢ and the charge of the black hole Q. We can summarise these cases as

Case 1: If ¢ > 0 then modes with 0 < w < 9 or0>w> % have wi <0,
T4+ T+
. : qQ ~ qQ -
Case 2: If ¢@Q < 0 then modes with 0 > w > — or 0 < w < —— have ww < 0. (3.84)
T4+ T+
From (3.84), we see that only low-frequency modes, i.e. those with |w| < )% , are super-

radiantly scattered.

This is illustrated in Figure 3.2 in which we have plotted the in-mode reflection ‘Ai&f
and transmission coefficients w™ '@ !Bjj‘ef as a function of the frequency w for particular
choices of the total angular momentum number ¢ = 0, the black hole charge @ = M /2 and
scalar field charge ¢ = M/2. Superradiance, which occurs when the reflection coefficient
‘AE} % is greater than unity, only takes place for small, positive values of w; this is what
we would expect since this situation corresponds to Case 1 in (3.84). Furthermore, in
this range @ < 0 and the transmission coefficient w='@ }ij‘z‘z is negative in accordance
with the expression relating A, and B, in (3.78).

We find similar qualitative behaviour for other values of ¢ and ). Superradiant scat-
tering of a charged scalar field arises in background Reissner-Nordstrém spacetimes as
a result of the interaction between the charge of the black hole @ and the scalar field
charge ¢. A similar effect, namely rotational superradiance, occurs in a background Kerr
spacetime for a co-rotating field as a result of the interaction of the two angular momenta.
Interestingly, the plot in Figure 3.2 suggests that the amplification of low-frequency modes

is much greater than the corresponding case in Kerr spacetimes [35] (cf. Figure 16 in [91]).
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Figure 3.2. A plot of the in-mode reflection ‘Ag‘z ? and transmission coefficients w™1& | BIn, >asa
function of the frequency w for £ = 0 as well as black hole charge Q = M/2 and scalar field charge
g = M/2. Superradiance occurs when the reflection coefficient is greater than unity. This plot,

and all further plots in this thesis, were created by Dr. Rafael Bernar.

3.4 Normalisation constants and scalar field mode norms

3.4.1 Introduction

In §3.2.2, we wrote the expression for a generic mode solution (3.41) of the scalar field
equation (3.36), which contains a normalisation constant N, that is yet to be determined.
The exact form of N, depends on which of the modes introduced in §3.3 that we are con-
sidering. In this section, we derive the explicit expressions for the normalisation constants

Nin NgP, Nout and Ngown associated to the in-, up-, out- and down-modes respectively.

We will do so by evaluating the Klein-Gordon inner product between any two similar
mode solutions over a suitably chosen Cauchy surface ¥ and demanding that the modes be
orthonormal. In §2.1, we introduced the Klein-Gordon inner product of two real scalar field
modes in a general curved spacetime; it differed from an inner product in the traditional
sense since it is not positive-definite. In the case of the Klein-Gordon inner product of
charged scalar field modes, the spacetime covariant derivatives will be generalised to gauge

covariant derivatives; we do not expect this inner product to be positive-definite either.

Thus, evaluating the inner product between any two similar mode solutions will de-
termine the conditions under which each of the in-, up-, out- and down-modes are of
positive-norm or negative-norm. This, in turn, will have important consequences when we
come to canonically quantising the field in §4.1, where the value of the norm of a particu-
lar mode solution affects the commutation relation between the creation and annihilation

operators associated to that mode.
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3.4.2 Klein-Gordon inner product

The Klein-Gordon inner product for any two mode solutions ¢; and ¢5 of the scalar field

equation (3.36) is given by

(61, 2) = —i /E (6% (Dys) — (Do) 2] /=g A5, (3.85)

where dX* is the surface element and the integral is performed over the 3D hypersurface X.
Strictly speaking, our chosen Cauchy surface ¥ must be spacelike by definition as well as
spanning the entirety of the spacetime. However, it will suffice to consider a Cauchy surface
that is arbitrarily close to a null surface, or the union of several such surfaces. Outside of
these requirements, we are free to use any choice of Cauchy surface, particularly one that
is conducive to simplifying the expressions obtained in (3.85); the resulting expression for
the inner product of two scalar field modes will be independent of the choice of ¥ since the
integrand in (3.85) is a divergence-free vector which allows us to apply Gauss’ theorem,
the proof of which is outside the scope of this thesis.

The question then arises as to what is a suitable choice of Cauchy surface over which
to evaluate the inner product of any two modes. The asymptotic forms of the in-modes
(3.64) and up-modes (3.66) are both particularly simple near the past event horizon H~
as well as past null infinity .# ~. The union of the null surfaces H~ and .#~ also spans the
entirety of region I. We can extend the Cauchy surface throughout the Reissner-Nordstrom
spacetime by including within it the union of the null surfaces ”HR, and ﬂlf, that span
the entirety of region IV, in which the scalar field modes introduced in §3.3 vanish. Thus,
a convenient choice of Cauchy surface on which to evaluate the in- and up-modes is the

‘past’ Cauchy surface Ypast, which is given by

Spast = H~ U I~ UHL U ST (3.86)

In contrast, the asymptotic forms of both the out-modes (3.68) and down-modes (3.70)
are particularly simple near the future event horizon H™* as well as future null infinity
#*. The union of the null surfaces H* and .# T also spans the entirety of region I. We
can extend the Cauchy surface throughout the entire Reissner-Nordstrom spacetime by
including within it the union of the null surfaces Hy, and .#[y; that span the entirety of
region IV. Thus, a convenient choice of Cauchy surface on which to evaluate the out- and

down-modes is the Cauchy surface Yguure, Which is given by

Stuture = HT U LT UHL, U Sy (3.87)

The past event horizon H~ and future null infinity # ™ are both surfaces of constant
Kruskal coordinate V. Similarly, the future event horizon H™ and past null infinity .#—
are both surfaces of constant Kruskal coordinate U. Therefore, it will be convenient to
evaluate the inner product (3.85) of each of the scalar field modes in terms of the Kruskal
coordinates defined in (3.24); we will also require the lightcone coordinates (3.26) in order
to re-express the asymptotic forms of each of the modes in terms of Kruskal coordinates.

The calculation differs slightly between the in- and out-modes, for which the derivation

is simpler, and the up- and down-modes, for which the derivation is more subtle. This is
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due to the difference in the asymptotic forms of the scalar field effective potential (3.57)
at the horizon and infinity; the exponents in the asymptotic forms of the radial functions
X EE and X S;?W“ contain a factor of @ that cannot be combined as easily with the factor
of w in the scalar field mode harmonic time dependence e ! as opposed to the case of
the exponents in the asymptotic forms of X g} and Xg;t which also contain a factor of w.

Therefore, we will begin by deriving an expression for the normalisation constant N
of the in-modes, before moving on to that of the normalisation constant N’ of the up-
modes. It turns out that the derivation of expressions for the normalisation constants
Nout of the out-modes and N9°"" of the down-modes are very similar to that of N and
N.” respectively. Therefore, we will treat the cases of N°" in comparison with N, and
Ndown i comparison with Ni°, last.

In all cases, we shall derive the conditions upon which the particular mode under con-
sideration is of positive-norm or negative-norm. As previously stated, this is of paramount
importance when we come to canonically quantising the scalar field in §4.1. In all cases,

we will use the following standard result from Fourier analysis:

/ W=wT g — o §(w—w). (3.88)

T=—00
3.4.3 Evaluating the inner product of the mode solutions
In-modes

In order to derive an expression for the normalisation constant NI as well as to determine
the conditions under which the in-modes are of positive-norm or negative-norm, we can
use the expression for the Klein-Gordon inner product (3.85) to evaluate the inner product

of two in-modes (3.63) over the ‘past’ Cauchy surface Ypas (3.86); we have

<¢w€m ’ d) "0'm >
ZiJQ [(0ubim) St — Bsiom OuBidrtrmy + 210 A Gyt O ] V=9 ABy
past

:i/g_[ﬁh¢3%) ot — O O g + 210 A, 6 ] =g dSE (3.89)

where we have used the fact that the flux of the in-modes through the H~ vanishes (see
Appendix D), so the integral over the ‘past’ Cauchy surface ¥, reduces to one over the
past null infinity .#~. Since .#~ is a surface of constant Kruskal coordinate U, the normal

vector n,, to the surface which points in the direction of increasing U is given by

n, = dU = (1,0,0,0). (3.90)

Therefore, acting with the inverse metric in (3.31) on (3.90), we have

n* = (0,—¢"'(r),0,0), (3.91)

where the function () is defined in (3.30). Then, the volume element d¥*, _ in (3.89) is
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At = =6 r’sin 0 dVdo de. (3.92)

The factor of 6{, in (3.92) means that the partial derivatives in (3.89) will only act on the

in-mode ¢, and its complex conjugate with respect to the Kruskal coordinate V. Thus,

wlm
it will useful to rewrite the asymptotic form of in-modes near .#~ (3.64) in terms of the
lightcone coordinates (3.20), which are readily differentiated w.r.t V' from the expressions
given in (3.24). Near .#, and using the fact that the flux of the second term in (3.64)

through ¢~ vanishes through a calculation similar to that in Appendix D, we have

wlm

. 1 . . .
in — ; eflwt Nil)’l }/ém(‘ga 4,0) elwr*

1 . .
= Ze WUN Y, (6, ). (3.93)

r

So the expression for the derivative of an in-mode near .# ~ is given by

1 —iwv N\7in or iw —iwv N\7in dv
avqbwfm - 7,,7 e Nw nm(97 ‘P) W - —¢€ Nw nm(ev @) W

2
Since we are working near past null infinity .# ~, where r — oo, we can ignore sub-leading

(3.94)

order contributions in the radial coordinate r in (3.94). Then, (3.94) reduces to

iw —iwv N\7in dv
8V¢w€m - r —¢ Nw Yém(eﬁ ()0) W

In the expression for the inner product (3.89), we also require the V' component of the

(3.95)

gauge field A,. Using (3.11), and the usual procedure for changing coordinates, we have

ozt ot dv Ot Q dv
Ay = —A, = —A = ——A; = 3.96
Voo TR T vt T avaTt T 2radvs (3.96)
We also note that, since the partial derivative d, is real, we have 0, g‘é;l = (OH i&m)*.
Then, substituting equations (3.92), (3.95) and (3.96) into (3.89), we obtain
<¢in ¢in / / /271— |: 1wv Nm* v (9 ) dv « 1 —iw'v Nin Y, (9 )
wlm> Pw'l'm / m 17 —€ w! Yerm \U, @
‘ ‘ v=0Jo=0 Jp=0 ¢ v r
1 iwv N\rinx y/* (_iwl) —iw’v £\7in dv
—; € Nw Yém(@, SO) X , € Nw/ }/glm/(e’ QD) W
ti iwv NTin* V% dv 1 —iw’v \7in
r e Nw nm(07¢) av X r e }/Z’ ’(9 SD)
x r2sin 6 dV'dA d. (3.97)

Simplifying and rearranging (3.97), we have

<¢w€m7 (bin’ﬂ’ ’ Nm* Nm / / / vam ) Yo (97 SO) sin @ df de
V=0 J6=0

d
x <w—i—w’—QQ> i(w—w’ “%dv. (3.98)

The integrals with respect to € and ¢ are performed using (3.48), so (3.98) reduces to
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in in \yin > qQ i(w—w’)v dv
1Plan! ) — (5 / 5mm/ Nw N ! I ey dV 399
< wlm» ¢ 'm > 124 w /“/:0 <w + w r ) dv ( )

Since r — oo near _# ~, we can ignore the sub-leading order @ term in (3.99); then

(D50 B o) = (w0 + W) Sopr G NN / ellw=wv gy, (3.100)

V=—00

where we have changed the limits of the integral in (3.100) to reflect that we are now
integrating with respect to v instead of V. The integral with respect to the lightcone
coordinate v can be performed using the identity (3.88) and (3.100) becomes

(D> o) = 27 (w0 + &) 6w — ') S Gy NG™ N
= dmw §(w — o) Sge S [N (3.101)

Then, we obtain for the inner product of two in-modes with the same angular momentum

{ and azimuthal m quantum numbers, the expression

(D s B ) = A §(w — W) [N, (3.102)

wlm> Yw'bm

Requiring the orthonormality of the inner product in (3.102) gives us the expression for

the normalisation constant N, which is given by

. 1
Nt = . (3.103)

“ o Ar|w]

Then we can write the expression for the inner product of two generic in-modes as

< ol d) o' m, /> = sgn (W) 6((4} — w/) 5%/ 6mm’- (3]_04)

The norm of two in-modes (3.104) is dependent upon the sign of w, as is the case for the

Schwarzschild in-modes. We summarise the value of the inner product of two in-modes as

d(w — W) depr Oy for w > 0,
<¢w€m7 w’é’m’> - " (3105)
—(5(&) — w’) Oppr O’ » for w < 0,

meaning that in-modes are of positive-norm when w > 0 and of negative-norm when w < 0.

In concluding, we can use the expression for N (3.103) to write the in-modes as

1

in e—lwt

Xln( )
= T Ym 67 )

where the asymptotic forms of the radial function X% (r) are given in (3.64).

(3.106)
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Up-modes

In order to derive an expression for the normalisation constant Ni°, as well as to determine
the conditions under which the up-modes are of positive-norm or negative-norm, we can
use the expression for the Klein-Gordon inner product (3.85) to evaluate the inner product

of two up-modes (3.65) over the ‘past’ Cauchy surface Xp,st (3.86); we have

<¢w m’¢ '0'm ’)
= [ 1(0u0) 0 — 0L 0+ 21040 60 V5
past

- i/H [(Outim) O = Dot O by + 21040 O O ] V=g A, (3.107)

where we have used the fact that the flux of the up-modes through past null infinity .#~
vanishes, so the integral over the ‘past’ Cauchy surface Y.t reduces to one over the past
horizon H™. Since H™ is a surface of constant Kruskal coordinate V', the normal vector

n, to the surface which points in the direction of increasing V' is given by

n, =dV = (0,1,0,0). (3.108)

Therefore, acting with the inverse metric (3.31) on (3.108), we have

n* = (=¢"'(r),0,0,0), (3.109)

where the function ¢(r) is defined in (3.30). Then, the volume element dX%,_ in (3.107) is

dxh, = =6}, r’sinf dUd0 de. (3.110)

The factor of 6}, in (3.110) means that the partial derivatives in (3.107) will only act on
the up-mode qﬁfém and its complex conjugate with respect to the Kruskal coordinate U.
Thus, it will useful to rewrite the asymptotic form of up-modes near H~ (3.66) in terms
of the lightcone coordinates (3.20), which are readily differentiated with respect to U from
the expressions given in (3.24). Near H ™, and using the fact that the flux of the second

term in (3.66) vanishes through a calculation similar to that in Appendix D, we have

1 ) .
Gt = — XD —1wt | NEP Vi (0, ) expl iEr]

:iexp{_iw(“;“)} NP Yo (6, )exp[lw (”;“)} (3.111)

So the expression for the derivative of an up-mode near the past horizon H~ is given by

% Bt = _712 xp [—iw (U—QH})} NP Yo (6, ) exp [iﬁu (v “)] or

_ 1(“’;@ exp [_iw (“;”’)] N ¥y, (0, @) exp [i@ (v ; “)] (%. (3.112)
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From the chain rule, and using (3.18) and (3.20), we have

ﬁ_@dﬁu_ dr Gr*dl__f(r)dl (3.113)
oU  OudU  dr. Ou dU 2 dU’ '

Then, substituting (3.113) into (3.112), we have

2r2 2r 2 au
(3.114)

dogtt [f(r)_i(w+@)}exp[_iw <“;”>]ngygm<e, >exp[1w <v—u>]w

Near the horizon, the metric function f(r) vanishes from (3.15). Then, we can neglect the

term proportional to f(r) in (3.114) giving for the derivative of the up-modes near H~

(w + )
2r

OU P, = exp [—iw w ;r U)] NP Yy (6, ) exp [ia; o “)] du 3 15)

2 dU

In the expression for the inner product (3.107), we also require the U component of the

gauge field A,. Using (3.11), and the usual procedure for changing coordinates, we have

ozt ot ot du Q du

Ay = —A, = —A = ——A = ———. 3.116
VToutr T auTt T dudUuTt T 2rdU (3.116)
We note that, since the partial derivative 9, is real, we have auqsglg; = ( u¢wém) . Then,

substituting equations (3.110), (3.115) and (3.116) into (3.107) and simplifying, we have

<¢w€m’¢ ’Z’m’>
i [(w+d)  W+d) qQ : N (u+ )
/__00/00/073[ > T2 R G
up* N\JUP y/* .~~,(U )du2
X NEP* NP Y (0, ) Yo (6, ) exp | —i (@ — &) 5 a” sin @ dUdO dp.
(3.117)
Simplifying and rearranging (3.117), we have
<¢w£m’¢ "0'm ’>
0 ™ 2T
—ney | | ¥ia0.0) Vom0 )sin a0
U=—o00 J0=0 J p=0
(wH+o+w +a') ¢ . (u+v) i~ o (v—u)] du
x[ 5 - expl(w—w’)T exp —1(w—w') 5 @dU
(3.118)

The integrals with respect to 6 and ¢ are performed using (3.48), so (3.118) reduces to

0

1 ~ ~ 2
(0081 ) = S B NP NG [ (w FI T - QQ>
U=—00 r

X exp [i (w—w) . ”)} exp [—i @-a) 5 “)] % dU. (3.119)
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Since r — r4 near the past horizon ™, we can write the term @ in (3.119) as %. Then,

having also simplified the exponential terms, (3.119) becomes

0
1 . - 2
<¢Z§ma ¢Z€)Z’m’> = 5@5’ 5mm’ ng* N:,IJI/D/ = (W +w + W' + - QC2>
U=—o0 2 T+
du

X exp[i (w—w'+@ - g} exp[i (w—w'—@—i—w)f] @dU (3.120)

In order to simplify (3.120) further, we need to simplify the quantities in the brackets. We
can use the relationship between w and w (3.58) in order to do this. Beginning with the

bracket in (3.120) that is not being exponentiated, we can simplify this as

1 2 1 2
2(w+u~)+w/+w’—QQ> :<w+w—q(°2+w’+w’—QQ—QQ)

T4 2 T4 T4 T4

2
C o - 29 (3.121)

T+

The exponentiated bracket in (3.120) that is being multiplied by u can be simplified as

w—w’—i—@—&’:w—w'%—w—@—w'%——
T+ [

The exponentiated bracket in (3.120) that is being multiplied by v can be simplified as

=2(w—u). (3.122)

w—w -—04+d =w-— w—w+@+' qQ
T+ T+

Then, using (3.121), (3.122) and (3.123), equation (3.120) reduces considerably to

= 0. (3.123)

T ;2@ . /
<¢w m7¢ vty ) = 000 Oy NUP* N wHw — — exp[l (w —w ) u] du,
U=—00 T+
(3.124)
where we have changed the limits of the integral in (3.124) to reflect that we are now
integrating with respect to u instead of U. The integral with respect to the lightcone
coordinate u can be performed using the identity in (3.88) and (3.124) becomes
— qQ / up* \Jup
(o ok ) =2mw+w — =) §(w—w') S Gy NGPF NP (3.125)
Jr
From (3.58), both @ and & in (3.125) are offset from w and w’ by the same constant

Q . . . .
amount of ZT respectively. We can use this to simplify (3.125) as

<¢w£m, d) . > = 27T(L~u + (7),) 5(w — w') Oppr Opmt ng* N'P

w

= 47w (5(0) — OJ/) Sp0r Opmn |ng|2. (3.126)

Then, we obtain for the inner product of two up-modes with the same angular momentum

¢ and azimuthal m quantum numbers, the expression

<¢w£m’ ¢ ’Zm> = 47@(5(&1 - w,) |ng|2 (3127)
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Requiring the orthonormality of the inner product in (3.127) gives us the expression for
the normalisation constant N", which is given by

1
\ (3.128)

v NZ R

Then we can write the expression for the inner product of two generic up-modes as

(Dot Pvorgmr) = 581 (@) 8 (w — &) Spgr G, (3.129)

where we see that the norm of two up-modes is dependent upon the sign of @, in contrast
to the case of the Schwarzschild up-modes. This is a crucial point that will lead to many
subtleties when we come to canonically quantising the scalar field ® and defining quantum

states in Chapter 4. We can summarise the value of the norm of two up-modes as

5(&) — U.),) Seer Oy for w > 0,
(Pusms Pt} = , N (3.130)

—(5(&) —w ) Oppr (5mm/, for w < 0,
meaning that up-modes are of positive-norm when w > 0 and of negative-norm when
@ < 0. In concluding, we can use the expression for N,;¥ (3.128) to write the up-modes as

A 1 oiwt XSE(T)

- Y 07 9
wlm \/m r fm( 90)

where the asymptotic forms of the radial function X} (r) are given in (3.66).

(3.131)

Out-modes

We will now evaluate the inner product of two out-modes. In doing so, we need not go
through all of the details of the calculation since many of these will be analogous to the
case of the calculation of the norm of two in-modes in §3.4.3. It will suffice to give the
general outline and consider the differences between each calculation in order to derive an
expression for the normalisation constant N°"* and determine the conditions under which
the out-modes have positive-norm and negative-norm.

Using the expression for the Klein-Gordon inner product in (3.85), the inner product

of two out-modes over the ‘future’ Cauchy surface Ygypure (3.87) is given by

(D0t Brm)

= i/]+ [(8;1(;52%;) Zlflzlm/ — ¢oojléfqt O j’}/‘;,m, +2igA, d’g%; SJ‘};E,m,} \/ngz%, (3.132)

where we have used the fact that the flux of the out-modes through the future event
horizon H™ vanishes, so the integral over the ‘future’ Cauchy surface Yyiure reduces to
one over future null infinity .# . Since .# T is a surface of constant Kruskal coordinate V/,

the normal vector n, to the surface which points in the direction of decreasing V' is

n, = —dV = (0,—1,0,0) = n* = (¢7'(r),0,0,0), (3.133)
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where we have used the inverse metric (3.31). Then, the volume element dZ’}+ becomes

At , =6, r’sin @ dUdE dep. (3.134)

The factor of &}, in (3.134) means that the partial derivatives in (3.132) will only act on
the out-mode gbg‘}ﬁn and its complex conjugate with respect to the Kruskal coordinate U.
Thus, it will useful to rewrite the asymptotic form of out-modes near .#* (3.68) in terms
of the lightcone coordinates (3.20), which are readily differentiated with respect to U from

the expressions given in (3.24). Near .4, as well as using (3.20) and (3.68), we have

1 . .
oo.;%;@ =Ze 1wt Ngut ngm(e’ SD) e iwWrx

—

== e WUNO Y, (0, @) (3.135)

Comparing the expressions for the out-modes (3.135) and the volume element dX/, .
(3.134) with that of the in-modes (3.93) and the volume element d¥,_ (3.92), we see
that the inner product of two out-modes (3.132) is very similar to the inner product of
two in-modes (3.89); u and v are effectively dummy variables in (3.132) and (3.89) respec-
tively, while ¢°J¢ has the same dependence on U, which it is being differentiated with
respect to, as ¢, does on V. Furthermore, from (3.96) and (3.116), AU% = AV% and
we are similarly able to ignore sub-leading order contributions in r since r — 0o near .# .

However, there are two differences in the inner product of two out-modes as compared

to that of two in-modes. Firstly, the volume element d¥, . (3.134) contains a minus

sign relative to d¥,_ (3.92), which induces a minus sign in (¢25" , #2,,/) relative to
(D yms @2 gy - Secondly, where the in-modes are propagating away the surface of inte-
gration, .# ~, the out-modes are instead propagating towards the surface of integration

T, the corollary is that we integrate the out-modes from v = oo to —oo instead of

v = —00 to 0o as in the case of the in-modes (3.100), which induces a second minus sign
in (0% g0, ) relative to (@7, ,#%, ). These two minus signs cancel such that the

two inner products are equal. Then the normalisation constant N°' is given by

1
Nowt — —— (3.136)

N Var|w|’

and the expression for the inner product of two generic out-modes is given by

(82 6o = 581 (1) (0 — ') Bt Syt (3.137)

The norm of two out-modes (3.137) is dependent upon the sign of w, as is the case for the

Schwarzschild in-modes. We summarise the value of the norm of two out-modes as

out out _ 5(0‘] - w/) deer Ormm?» for w > 0, 3138
< wlm> w’Z’m’> - , ( . )
75((") —w )5€€’ 5mm’, for w < 0.
meaning that out-modes are of positive-norm when w > 0 and negative-norm when w < 0.

In concluding, we can use the expression for N°% (3.136) to write the out-modes as
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out __ 1 —iwt Xg?t (’I”)

wlm — /747_‘_’&]‘

where the asymptotic forms of the radial function X°}*(r) are given in (3.68).

Yem (0, 0) (3.139)

Down-modes

We will now evaluate the inner product of two down-modes. As was the case for the
out-modes in relation to the in-modes, the calculation of the norm of two down-modes
is very similar to that of two up-modes in §3.4.3. Therefore, it will suffice to give the
general outline and consider the differences between each calculation in order to derive
an expression for the normalisation constant N9°"» and determine the conditions under
which the down-modes have positive-norm and negative-norm.

Using the expression for the Klein-Gordon inner product in (3.85), the inner product

of two down-modes over the ‘future’ Cauchy surface Ygiture (3.87) is given by

d d,
(Blotm s Dot im’)

=i [ (oot ot — ot 0,080 + 2i0d, ol o5 | V=g 4.
(3.140)

where we have used the fact that the flux of the down-modes through future null infinity
#* vanishes, so the integral over the ‘future’ Cauchy surface g, iure reduces to one over
the future event horizon H™*. Since H™ is a surface of constant Kruskal coordinate U, the

normal vector n, to the surface which points in the direction of decreasing U is given by

n, = —dU = (~1,0,0,0) = n* = (0,¢7'(r),0,0), (3.141)

where we have used the inverse metric (3.141). Then, the volume element dE%r becomes

dsh , = 6 r’sinf dVde de. (3.142)

The factor of 4}, in (3.142) means that the partial derivatives in (3.140) will only act
on gbod;}‘r’"nn and its complex conjugate with respect to the Kruskal coordinate V. Thus, it
will useful to rewrite the asymptotic form of down-modes near H* (3.70) in terms of the
lightcone coordinates (3.20), which are readily differentiated with respect to V' from the

expressions given in (3.24). Near H™T, as well as using (3.20) and (3.70), we have

1 _
gbg‘zjvnn = exp[—iwt | Niown Yo (0, @) exp[—iwr]
1 _
— Zexp [—iw (“‘2“))] Ndown y, (9, ) exp [iw (u . ”)} . (3.143)
T

Comparing the expressions for the down-modes (3.143) and the volume element dE%Jr
(3.134) with that of the up-modes (3.111) and the volume element d¥4,_ (3.110), we see

that the inner product of two down-modes (3.140) is very similar to the inner product
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of two up-modes (3.107); both u and v are effectively dummy variables in (3.140) and
(3.107), while qﬁg‘émn has the same dependence on V', which it is being differentiated with
respect to, as ¢~ does on U. Furthermore, from (3.96) and (3.116), AU% = AV% and
we are similarly able to ignore contributions proportional to f(r) since the metric function
vanishes near the horizon from (3.15).

However, there are two differences in the inner product of two down-modes as com-
pared to that of two up-modes. Firstly, the volume element dE’;_[ + (3.142) contains a minus
sign relative to d¥4,_ (3.110), which induces a minus sign in (gpdown gdown ) relative to
<¢w€m, oy wome )+ Secondly, where the up-modes are propagating away the surface of inte-
gration, H~, the down-modes are instead propagating towards the surface of integration
HT; the corollary is that we integrate the down-modes from v = oo to —oo instead of

u = —00 to 0o as in the case of the up-modes (3.120), which induces a second minus sign

down _down
wlm > W'l m

two inner products are equal. Then the normalisation constant

in ( ;) relative to (¢, & 7y, ). These two minus signs cancel such that the

Ndown j5 oiven by

1
\ e — (3.144)

“ VAr|w|
and the expression for the inner product of two generic down-modes is given by

(pdown pdomm ) — sgn (@) 8 (w — w') Sepr G- (3.145)

wlm

The norm of two down-modes (3.145) is dependent upon the sign of w, in contrast to
the case of the Schwarzschild down-modes. This is a crucial point that will lead to many
subtleties when we come to canonically quantising the scalar field ® and when defining

quantum states in Chapter 4. We summarise the value of the norm of two down-modes as

S(w—w)ao ' O » for w > 0,
(e, o) = 4 T . (3.146)
—(5(&) - w’) Oppr O’ » for w < 0,

meaning that down-modes are of positive-norm when w > 0 and of negative-norm when

@ < 0. We can use the expression for N°"" in (3.144) to write the down-modes as

1 Xdown
¢down — eflwt ( ) Ylm(ea (;0) ’ (3147)

Al r

where the asymptotic forms of the radial function X9%n(r) are given in (3.70).

3.4.4 Relations between scalar field modes revisited

Having derived the normalisation constants associated to each of the scalar field modes, we

can use (3.71) to write the out-modes and the down-modes in terms of in- and up-modes:

in* CJ 2 *
e = AN S + ‘w' o B (3.148a)

down ups*
wlm A ¢

ol B:j?* ol (3.148b)



Chapter 4

Canonical quantisation and

definition of quantum states

In §4.1, we discuss the canonical quantisation procedure as well as the definition of positive-
and negative-frequency modes. We discuss the problems that arise when using canonical
quantisation to define states in RN spacetime in §4.2 and we outline two possible resolu-
tions to these problems that we will employ throughout the rest of the chapter. In §4.3, we
define analogues of the Schwarzschild Boulware state |Bg). In §4.4, we define analogues of
the Schwarzschild Unruh state |Ug) and in §4.5, we define analogues of the Schwarzschild
Hartle-Hawking state |Hg).

4.1 Canonical quantisation

4.1.1 Introduction

In Chapter 3, we described the properties of a classical massless, minimally-coupled
charged scalar field propagating on a classical background Reissner-Nordstrom spacetime.
In this section, we would like to quantise the field to define a variety of quantum states while
leaving the background RN spacetime classical, in line with the philosophy of QFTCS.
We choose to do so using the method of canonical quantisation.

The process of canonically quantising the scalar field relies upon being able to expand
the field ® into distinct sets of modes that are positive-frequency or negative-frequency
with respect to a suitable time coordinate. This is because we will promote the coefficients
multiplying these sets of modes, which we refer to as the mode expansion coefficients,
to quantum operators with the understanding that those operators multiplying positive-
frequency modes are annihilation operators and those operators multiplying negative-
frequency modes are creation operators. The correct interpretation of the creation and
annihilation operators, in turn, relies upon the positive-frequency modes being entirely
of positive-norm and the negative-frequency modes being entirely of negative norm since
only then will the canonical commutation relations associated to the operators be correct;
we will make this point clearer by means of an example in §4.1.4.

Since the decomposition of a charged scalar field into positive-frequency modes, which

61
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are entirely of positive-norm, and negative-frequency modes, which are entirely of negative-
norm, proceeds without issue in both Minkowski and Schwarzschild spacetimes, this re-
quirement is not often emphasised in texts concerning those subjects. However, as we
will see in this chapter, decomposing a charged scalar field in the aforementioned way in
Reissner-Nordstrom spacetime is non-trivial due to the presence of superradiant up- and
down-modes; again, this point will be made clearer by means of an example in §4.1.5.
We have already evaluated the norms of the in-, up-, out- and down-modes in §3.4;
note that we did not make any statements about whether these modes were of positive-
or negative-frequency. It is worth taking the time, now, to discuss how we define positive-

and negative-frequency modes in the absence of considerations about their norms.

4.1.2 Defining positive- and negative-frequency modes

In §4.2, when we come to defining quantum states for a charged scalar field ® in Reissner-
Nordstrom spacetime, we will want to consider modes that are positive- and negative-
frequency with respect to a variety of choices of time coordinate in order to define states
with a certain physical interpretation. Thus, it is useful to consider how we can define
positive- and negative-frequency modes with respect to a particular variable in general.

Consider the Fourier transform of an arbitrary function f(X) w.r.t a variable X

| axe @) = P, (4.1)
where F'(p) is the Fourier-transformed function. Then if
S .
/ dXe®Tf(X) =0, p>0, (4.2)

holds, the function f(X) is defined to be positive-frequency w.r.t the variable X. The
statement in (4.2) can be understood as saying that f(X) is positive-frequency w.r.t X if,
when Fourier decomposed w.r.t X, it only contains positive-frequency elements; then the

function f(X) is analytic in the lower-half of the complex plane. Similarly, if

/OO dxeP*f(X) =0, p>0, (4.3)

holds, the function f(X) is defined to be negative-frequency w.r.t the variable X. The

condition for f(X) to be negative-frequency in (4.3) can be equivalently expressed as

/Oo dxe™™Xf(x)=0, p<o. (4.4)

—o0
The statement in (4.4) can be understood as saying that the function f(X) is said to
be negative-frequency with respect to the variable X if, when Fourier decomposed w.r.t
X, it only contains negative-frequency elements; then the function f(X) is analytic in the
upper-half of the complex plane. Given the form of the harmonic time-dependence e 7% of
the modes (3.41), the definitions in (4.2) and (4.4) suffice to define positive-frequency and

negative-frequency modes with respect to the Schwarzschild-like coordinate t respectively.
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However, when defining quantum states in which modes are thermalised, such as the
analogues of the Schwarzschild Unruh (2.75) and Hartle-Hawking states (2.99), we will
want to define positive- and negative-frequency quantities w.r.t the Kruskal coordinates U
and V. Each of the scalar field modes we defined in §3.3 are non-zero in certain spacetime
regions only; specifically the in- and down-modes are non-zero in regions I and II of the
Penrose diagram in Figure 3.1, while the up- and out-modes are non-zero in regions I
and III. However, the Kruskal coordinates (3.24) are well-defined throughout Reissner-
Nordstrom spacetime. Thus, when defining positive- and negative-frequency modes w.r.t
Kruskal coordinates we will need to enforce their vanishing in the regions in which they

are defined to be zero; we do this by using the Heaviside function O(x)

1, >0,
O(x) = (4.5)
0, x=<0.
Thus, when defining positive-frequency thermalised modes, we will make use of the Lemma

in Appendix H of [89] which states that for positive real p and arbitrary real g

/ dx e ¥ {e—iq (X 9(x) + e ™M) @(fae)} = 0. (4.6)

—00
By (4.2), the quantity inside the curly brackets in (4.6) is positive-frequency w.r.t X.
When defining negative-frequency thermalised modes, we will make use of the complex

conjugate of the Lemma (4.6), which states that for positive real p and arbitrary real g

/ dX ePX {eiq In() @ (%) + e~ el In(-3) @(—35)} = 0. (4.7)

—00

By (4.3), the quantity inside the curly brackets in (4.7) is negative-frequency w.r.t X.

4.1.3 General outline of canonical quantisation

In this section, we will make our discussion of the canonical quantisation procedure con-
crete by means of an example; we consider a charged scalar field ® on an arbitrary back-
ground spacetime. Consider the Klein-Gordon inner product (3.85); while this represents a
natural choice of inner product for a free scalar field, it is not technically an inner product
since it is not positive-definite. Let us assume that we are able to expand the classical field
® in an orthonormal basis of mode solutions ¢; to the scalar field equation (3.36) where
the label j indexes the solutions; note that we have not said anything about whether we
can decompose the classical field ® into distinct sets of positive- and frequency-modes yet.
What we mean by expanding the field in an orthonormal basis of field modes ¢; is that
the Klein-Gordon inner product (3.85) of any two normalised field modes ¢;, which solve

the scalar field equation (3.36), is given by

(95, d51) =mj bj5 (4.8)
where §;; is either the Kronecker delta function or the Dirac delta function depending

on whether the spectrum of mode solutions is discrete or continuous respectively, and the
factor of n; in (4.8) is defined by
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0y = 1 if ¢; has positive norm, (4.9)
—1 if ¢; has negative norm.

The lack of positive-definiteness of the Klein-Gordon inner product is reflected in the
factor of n; (4.9) on the r.h.s of (4.8), which states that the inner product of two identical
positive-norm modes is positive and the inner product of two identical negative-norm
modes is negative. We have already seen this when calculating the norms of the in-,
up-, out- and down-modes in §3.4; the inner product of the in- and out-modes depends
on sgn(w) from (3.104) and (3.137) respectively, while the inner product of the up- and

down-modes depends on sgn(w) from (3.130) and (3.145) respectively.
Now, we would like to decompose our orthonormal basis of field modes ¢;, which satisfy
(4.8), into distinct sets of positive-frequency modes gbj and negative-frequency modes qﬁj_.
We assume that all field modes ¢; have a harmonic time-dependence on a suitable timelike

coordinate T such that

¢ < exp [—iwT], (4.10)

where w is the frequency associated to the mode ¢;. From our discussion in §4.1.2, ¢; is
considered to be a positive-frequency mode qu if w > 0 and a negative-frequency mode qu_
if w < 0. We can then decompose our orthonormal basis of field modes ¢; into positive-

and negative-frequency modes as

@:Z{aj¢j+b}¢j—}, (4.11)
J

where the mode expansion coefficients a; multiply positive-frequency modes gﬁ;r and the
mode expansion coefficients b; multiply negative-frequency modes <bj_. We will continue to
use the labels + and — throughout this chapter to denote positive- and negative-frequency
modes respectively and we will continue to use the notation a and b to denote mode
expansion coefficients multiplying positive- and negative-frequency modes respectively.
Canonical quantisation of the scalar field ® proceeds by promoting the mode expansion

coefficients a;, b; in (4.11) to operators such that the quantum field operator d is given by
$=3" {&]«bj n IS}¢;} , (4.12)
J

where, in (4.12), the operators a; multiply positive-frequency modes QS;“ and the opera-
tors l;j multiply negative-frequency modes qﬁj_. We can obtain the conjugate momentum

operator II associated to the field ® in (4.12) from the operation

9 .
M= -0 (4.13)

Then, the field operator P (4.12) and its associated conjugate momentum operator 11

(4.13) satisfy the canonical commutation relations
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[@(T, x) ,f[(T, ac’)] =i6%(z, '), (4.14a)

[cﬁ(T, z),d(T, a:’)] - [ﬂ(T, z), T(T, :1:’)] —0. (4.14D)

Equations (4.14a, 4.14b), taken together, are often referred to as equal-time commutation
relations since we have given these relations for a particular choice of the value of the time
coordinate T'. Using the inner product (4.8) of the field modes ¢; and the expansion of the
field operator ® in terms of positive- and negative-frequency modes (4.12), we can derive

the commutation relations for the a; and Ej operators in (4.12) as

with any commutators not explicitly given in (4.15) vanishing. In particular, we note
that the commutation relation between the operators I;j associated to negative-frequency
modes ¢ includes a minus sign that is absent in the commutation relation between the
operators a; associated to positive-frequency modes gb;r.

Thus far, our discussion has been valid for a charged scalar field ® on an arbitrary
background spacetime. However, we now restrict our attention to charged scalar fields in
two particular background spacetimes, namely Schwarzschild spacetime, which we treated

in Chapter 2, and Reissner-Nordstrom spacetime, which is the subject of this chapter.

4.1.4 Canonical quantisation in Schwarzschild spacetime

In Chapter 2, when treating charged scalar fields in Schwarzschild spacetime, we saw that
it is possible to choose a timelike coordinate such that positive-frequency modes qu are
entirely of positive-norm and negative-frequency modes ¢j_ are entirely of negative-norm.

For example, when defining the Schwarzschild Boulware state, we chose to decompose
the Schwarzschild in- and up-modes into distinct sets of positive- and negative-frequency
modes w.r.t the Schwarzschild coordinate ¢. Since the harmonic time-dependence of all
of the scalar field modes in Schwarzschild spacetime is given by e™! (2.17), then these
modes are positive-frequency for w > 0 and negative-frequency for w < 0 by (4.2) and
(4.4) respectively. Furthermore, we saw that all Schwarzschild modes are of positive-
norm for w > 0 and negative-norm for w < 0, separately to whether they are considered
positive-frequency or negative-frequency. From (4.9), n; takes the value 1 in the case
of positive-norm modes and —1 in the case of negative-norm modes. Then, the nonzero
commutation relations (4.15) for the a; and Bj operators associated to a charged scalar

field @ in a background Schwarzschild spacetime reduce to standard commutation relations

[&j,d},] = 0jj/, [i)j,i)},} = 04, (4.16)

allowing the a;, I;j and d;r-, IA); to retain their usual interpretation as annihilation and

creation operators respectively.
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The key point here is that in a background Schwarzschild spacetime, it is possible to
decompose the scalar field ® such that positive-frequency modes (bj are entirely of positive-
norm and negative-frequency modes ¢, are entirely of negative-norm. This, in turn, allows
the commutation relations for the creation and annihilation operators in (4.15), derived
for a charged scalar field ® in an arbitrary background spacetime, to reduce to standard
commutation relations such as those in (4.16) in a background Schwarzschild spacetime.
The commutation relations in (4.16) are required for the operators a;, l;j and &;, Bj to be

interpreted correctly as annihilation and creation operators respectively.

4.1.5 Canonical quantisation in Reissner-Nordstrom spacetime

In Reissner-Nordstrom spacetime, however, the inability to define positive- and negative-
frequency modes that are entirely of positive- and negative-norm respectively for all scalar
field modes raises the prospect of operators that are labelled incorrectly. In §3.4, we saw
that while the in- (3.104) and out-modes (3.137) are of positive- and negative-norm for
w > 0 and w < 0 respectively, the up- (3.129) and down-modes (3.145) are of positive- and
negative-norm for @ > 0 and w < 0 respectively. All of the in-, up-, out- and down-modes
share the same harmonic time-dependence on the Schwarzschild-like coordinate ¢ given
by e”“! (3.41); thus, all of these mode solutions are positive-frequency for w > 0 and
negative-frequency for w < 0 by (4.2) and (4.4) respectively.

Then, it follows that while for the in- and out-modes we are able to define positive-
frequency modes that are entirely of positive-norm and negative-frequency modes that are
entirely of negative-norm, we are not able to do this for the up- and down-modes because
the norm of the up- and down-modes depends on sgn(w) while the question as to whether
the up- and down-modes are positive- or negative-frequency depends on sgn(w).

From the expression for @ (3.58) in terms of w, we see there are two cases where the
quantities sgn(w) and sgn(w) differ depending on the product of the scalar field charge ¢

and the charge of the black hole (). We can summarise these cases as

Case 1: If ¢Q > 0 then modes with 0 < w < =— have sgn(w) = 1 and sgn(w) = —1,
Tt

Case 2: If ¢@ < 0 then modes with 0 > w > 99 have sgn(w) = —1 and sgn(w) = 1.
T+

(4.17)

If Case 1 holds, then the up- and down-modes will contain some terms that are positive-
frequency since sgn(w) = 1, but are of negative-norm since sgn(w) = —1. Conversely, if
Case 2 holds, then the up- and down-modes will contain some terms that are negative-
frequency since sgn(w) = —1, but are of positive-norm since sgn(w) = 1. We note that
(4.17) also holds for the in- and out-modes; however, as previously stated, there is no
difficulty in decomposing these modes into positive-frequency modes that are entirely
of positive-norm and negative-frequency modes that are entirely of negative-norm, since
they are defined to be positive- and negative-frequency and of positive- and negative-norm

with respect to the same variable w. Furthermore, we note that the up- and down-modes
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specified in (4.17) are exactly those of the up- and down-modes in (3.84) that give rise to
the phenomenon of classical superradiance.

We can use the fact that 7); takes the value 1 in the case of positive-norm modes
and —1 in the case of negative-norm modes from (4.9) in order to see what the operator
commutation relations (4.15) reduce to in the two cases stated in (4.17). Restricting
our attention to the case of the superradiant up- and down-modes, if Case 1 holds 7;
takes the value —1 since the positive-frequency superradiant up- and down-modes are of
negative-norm; then the nonzero commutation relations (4.15) for the a; and I;j operators

associated to these particular modes become

[aj,aj,} = 0 = [a},aj,] , [@,B},} — 5, (4.18)

leading to the mislabelling of the a; and &; operators associated to superradiant up- and
down-modes of positive frequency. In (4.18), for the operators a; associated to positive-
frequency modes, what we usually refer to as creation operators are in fact annihilation
operators and what we usually refer to as annihilation operators are in fact creation opera-
tors. On the other hand, if Case 2 holds 7; takes the value 1 since the negative-frequency
superradiant up- and down-modes are of positive-norm; then the nonzero commutation

relations (4.15) for the a; and I;j operators associated to these particular modes become

O o I

leading to the mislabelling of the Bj and la;f operators associated to superradiant up- and
down-modes of negative-frequency. In (4.19), for the negative-frequency mode operators
I;j, what we usually refer to as creation operators are in fact annihilation operators while
what we usually refer to as annihilation operators are in fact creation operators.

Thus, we can see that superradiant up- and down-modes of positive- or negative-
frequency that are of negative- or positive-norm respectively lead to the misinterpretation
of the creation and annihilation operators associated to those particular modes. Note
that if the creation and annihilation operators associated to all up- and down-modes were
similarly mislabelled, we could simply interchange their interpretations and we would be
able quantise the field consistently. However, operators multiplying sets of either positive-
or negative-frequency modes that contain modes of different norm renders the ability to
achieve a consistent interpretation of the creation and annihilation operators multiplying

those modes challenging.

4.2 Consequences for defining quantum states in Reissner-
Nordstrom spacetime
4.2.1 Possible resolutions

The question, then, is how do we proceed to define quantum states for a charged scalar

field in Reissner-Nordstrom spacetime. We will explore two possible resolutions.
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The first is to abandon defining both up- and down-modes as positive- and negative-
frequency with respect to their frequency w and, instead, to do so with respect to the
quantity w (3.58). Then, since both the question as to whether the up- and down-modes
will be positive- or negative-frequency as well as the question as to whether they are
of positive- or negative-norm depends on sgn(w), we will not have sets of positive- or
negative-frequency modes of varying norm in this case, which lead to operators with the
wrong commutation relations such as those in (4.18) and (4.19). However, our ability to
define quantum states becomes much more restrictive.

In particular, we can only define states in the ‘past’ and ‘future’ of the black hole in
this case, i.e. with respect to the ‘past’ (3.86) or ‘future’ Cauchy surfaces (3.87). Thus,
states that we define in this way in Reissner-Nordstrom spacetime, which are analogous
to a particular state in Schwarzschild spacetime, will only share the properties of the
corresponding Schwarzschild state on surfaces within either the ‘past’ or ‘future’ Cauchy
surfaces. For example, we may define a ‘past’ Boulware state or ‘future’ Boulware state in
Reissner-Nordstrom spacetime, and these states will only appear to be as empty as possible
to a static observer at past null infinity .~ or future null infinity .# " respectively; this is
in contrast to the Schwarzschild Boulware state which is as empty as possible to a static
observer at both past and future null infinity .#*. We will refer to states defined in this
way as ‘past’ and ‘future’ states, and their definition will be made clearer in §4.2.3.

The second possible resolution is to continue to define all scalar field modes as positive-
frequency for w > 0 and as negative-frequency for w < 0, but to include a factor in the
commutation relations of the operators associated to the up- and down-modes that ensures
the operators associated to these modes satisfy standard commutation relations such as
those in (4.16). We will introduce this factor explicitly in §4.2.4.

In order to make concrete our discussion about the two possible resolutions to the
problem of defining quantum states in Reissner-Nordstrom spacetime described in this
section, we will now consider the example of defining an analogue of the Schwarzschild

Boulware state in Reissner-Nordstrom spacetime; this is the subject of the next section.

4.2.2 Example: defining an analogue of Schwarzschild Boulware

Consider the process by which we defined the Schwarzschild Boulware state |Bg) in §2.3.1;
we expanded the field in terms of in- and out-modes since the absence of particles in these
modes corresponds to the interpretation of the Schwarzschild Boulware state |Bg) as being
as empty as possible to a static observer at infinity. Due to the fact that the in- and out-
modes did not form an orthogonal basis, we re-expressed the out-modes in terms of in- and
up-modes, which do indeed form an orthogonal basis. Nevertheless, since the in-, up- and
out-modes were all considered to be of positive- and negative-norm with respect to their
frequency w, then positive-norm out-modes were re-expressed in terms of positive-norm
in- and up-modes and negative-norm out-modes were re-expressed in terms of negative-
norm in- and up-modes. Thus, all of the positive-frequency in- and up-modes in our final
expression for the Schwarzschild Boulware state were of positive-norm and, similarly, all of
the negative-frequency in- and up-modes were of negative-norm. Therefore, we obtained

standard commutation relations, such as those in (4.16), for the operators associated to
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all modes and, correspondingly, we were able to interpret the creation and annihilation
operators associated to the Schwarzschild Boulware state |Bg) in a consistent manner.

If we were to think about an analogous process in Reissner-Nordstrom spacetime where
we expand the field ® in terms of in- (3.106) and out-modes (3.139), before re-expressing
the out-modes in terms of in-modes and up-modes (3.131), we would quickly find sets of
positive- and negative-frequency modes of varying norm. Specifically, the positive- and
negative-norm out-modes will be re-expressed in terms of positive- and negative-norm in-
modes respectively, since the norm of both of these mode solutions depends on sgn(w).
Furthermore, non-superradiant positive- and negative-norm out-modes will be re-expressed
in terms of non-superradiant up-modes of positive- and negative-norm respectively since,
though the norm of the former depend on sgn(w) while the norm of the latter depend on
sgn(w), all non-superradiant modes have sgn(ww) = 1. However, the superradiant positive-
and negative-norm out modes will be re-expressed in terms of negative- and positive-norm
superradiant up-modes respectively, due to the fact that the values of sgn(w) and sgn(w)
differ for these modes from (4.17). Thus, the set of positive-frequency up-modes in our final
expression for this state will contain positive-norm non-superradiant modes and negative-
norm superradiant modes. Similarly, the set of negative-frequency up-modes will contain
negative-norm non-superradiant modes and positive-norm superradiant modes. From our
discussion in §4.1.5, this will lead to commutation relations for the operators associated
to the up-modes of the form (4.18) and (4.19), and the consequent inability to interpret

creation and annihilation operators associated to the up-modes in a consistent manner.

4.2.3 ‘Past’ and ‘future’ states

One resolution would be to instead expand the field ® in terms of in- and up-modes
directly, integrating the in-modes with respect to their frequency w and the up-modes
with respect to the quantity w. The absence of particles in the in-modes corresponds to a
state that is as empty as possible to an observer at past null infinity .#~ only; we cannot
tell if the state will appear as empty as possible to an observer at future null infinity .+
as we have not expanded the field ® in terms of out-modes. However, the operators acting
on the state will have well-defined interpretations since positive-frequency modes will be
entirely of positive-norm and negative-frequency modes will be entirely of negative-norm.
Expanding the field in precisely this manner will lead us to the ‘past” Boulware state |[B™),
which we discuss in §4.3.1. We note that we could similarly expand the field ® in terms
of out- and down-modes instead, since these scalar field modes also form an orthonormal
basis. Expanding the field in this manner will lead us to the ‘future’ Boulware state |B),
which appears as empty as possible to an observer at future null infinity .~ but is not
necessarily empty to an observer at past null infinity .#; we discuss this state in §4.3.2.

The choice of Cauchy surface w.r.t which we define ‘past’ and ‘future’ quantum states
underlines why they are referred to as such. The in- and up-modes, which we expand
the field in terms of in order to define ‘past’ states, take particularly simple forms near
the past horizon H~ and past null infinity .#~. Thus, it makes sense to define ‘past’
quantum states with respect to the ‘past’ Cauchy surface ¥as (3.86). Similarly, the out-

and down-modes, which we expand the field in terms of in order to define ‘future’ states,
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take particularly simple forms near the future horizon H* and future null infinity .#*.
Thus, it makes sense to define ‘future’ quantum states with respect to the ‘future’ Cauchy
surface Leyture (3.87). ‘Future’ states are considered in [50,51].

Further examples of ‘past’ and future’ states include the analogues of the Schwarzschild
Unruh |Ug) and Hartle-Hawking states |Hg); we will define the ‘past” Unruh state [U™) in
§4.4.1, the ‘future’ Unruh state |[UT) in §4.4.2, the ‘past’ CCH state [CCH™) in §4.5.1 and
the ‘future’ CCH state |[CCH™) in §4.5.2.

4.2.4 ‘-like’ states

Returning to the example, in §4.2.2, of defining an analogue of the Schwarzschild Boulware
state |Bg) in Reissner Nordstrom spacetime, we can consider a different resolution to the
issue of mislabelled operators associated to the up-modes in this putative state. We
can continue to define the up-modes as being positive-frequency for w > 0 and negative-
frequency for w < 0, and instead multiply the commutation relations of their corresponding
operators by an appropriate factor so as to ensure that these operators obey standard
commutation relations in the case of both superradiant and non-superradiant up-modes.

We can use our discussion in §4.1.5 to inform us of the specific form this factor should
take. In (4.17) we saw that non-standard commutation relations between the operators
associated to superradiant up- and down-modes arise due to the fact that these modes have
sgn(w) # sgn(w); the result is an unwanted factor of —1 in either the commutation relations
between the operators associated to positive-frequency modes if Case 1 holds (4.18) or
the commutation relations between the operators associated to negative-frequency modes
if Case 2 holds (4.19). The factor of —1, in turn, leads to the mislabelling of creation
and annihilation operators in these two cases. Conversely, the operators associated to
modes which have sgn(@w) = sgn(w), i.e. in- and out-modes as well as non-superradiant
up- and down-modes, satisfy standard commutation relations. This leads us to multiply
the commutation relations of operators associated to the up- and down-modes by a factor

M. that we will refer to as the eta-function, and which is defined by

s = 1 if sgn(woj) =1, (4.20)
-1 if sgn(ww) = —1.
From (4.20), the eta-function 7,5 takes the value 1 for modes that have sgn(w) = sgn(w),
S0 as to retain standard commutation relations in this case, and —1 for modes that have
sgn(w) # sgn(w), so as to cancel the unwanted factor of —1 in this case.

Furthermore, we will refer to states defined using the eta-function 7,5 (4.20) as the
‘-like’ states, since these states are those that are defined in Reissner-Nordstrom spacetime
which remain as close in spirit as possible to their corresponding states in Schwarzschild
spacetime. For example, the ‘Boulware-like’ state |B) that we will define in §4.3.3 is
a state in Reissner-Nordstrom spacetime that is defined with the intention of being as
empty as possible to a static observer at both past and future null infinity #*, similar
to the Schwarzschild Boulware state |Bg) in §2.3.1. Whether the ‘Boulware-like’ state |B)

really does have this physical interpretation will be investigated in §5.5. Further examples
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of ‘-like’ states include the analogues of the Schwarzschild Hartle-Hawking state |Hg); we
will define the ‘Hartle-Hawking-like’ state |H) in §4.5.3 and the Frolov-Thorne state |F'T)
in §4.5.4. Finally, we note that ‘-like’ states were first developed in [49] to deal with
an analogous situation that arises in the case of quantising a neutral scalar field in a

background Kerr spacetime, where it was referred to as the “np-formalism”.

4.2.5 Summary

In this section we have examined in detail the two resolutions to the problem, discussed in
§4.1.5, that arises when defining quantum states in Reissner-Nordstrom spacetime due to
the inability to define positive-frequency up- and down-modes that are entirely of positive-
norm and negative-frequency up- and down-modes that are entirely of negative-norm.
These are the ‘past’ and ‘future’ states, which are described in §4.2.3, and the ‘-like’
states, which are described in §4.2.4.

We are now ready to define quantum states for a charged scalar field in Reissner-
Nordstrom spacetime. We organise the remainder of this chapter as follows; we first
define analogues of the Schwarzschild Boulware state |Bg) in §4.3, before moving on to
define analogues of the Schwarzschild Unruh state |Ug) in §4.4 and, finally, we conclude
this chapter by defining analogues of the Schwarzschild Hartle-Hawking state |Hg) in §4.5.

4.3 Boulware states

In §2.3.1, we introduced the Schwarzschild Boulware state |Bg), which has the physical
interpretation of being as empty as possible to a static observer at both past and future
null infinity .#* in Schwarzschild spacetime. We would like to define analogous states for

a charged scalar field ® in Reissner-Nordstrom spacetime.

In §3.3.4, we derived conditions for low-frequency modes of the classical scalar field ® to
undergo superradiant scattering in RN spacetime. This indicates that it may be impossible
to define a Boulware state that is as empty as possible as seen by an observer at both
past and future null infinity .#*. While an observer at .#~ may perceive the absence of
radiation, this may not necessarily be true of an observer at .# 7 if the quantised field were
to undergo superradiant scattering. Conversely, while a state may appear to be as empty

as possible to an observer at .# T, this may not necessarily be the case at % ~.

As such, it will be prudent to define separate ‘past’ and ‘future’ Boulware states,
namely the ‘past’ Boulware state |B™) in §4.3.1 that will have the physical interpretation
of being as empty as possible at past null infinity .#~, and the ‘future’ Boulware state |B*)
in 4.3.2 that will have the physical interpretation of being as empty as possible at future
null infinity # . We will also define a ‘-like’ state, namely the ‘Boulware-like’ state |B)
in §4.3.3, which is an attempt to remain as close in spirit as possible to the Schwarzschild

Boulware state |Bg). We will now define each of these states in turn.
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4.3.1 ‘Past’ Boulware state

We would like to construct a state that is as empty as possible to a static observer at past
null infinity .#~; this requirement corresponds to an absence of particles in the in-modes
(3.106) of the field ®. We require an orthonormal basis of scalar field modes in order
to quantise the field; the in-modes together with the up-modes (3.131) constitute such a
basis. Since the asymptotic forms of both the in-modes (3.64) and the up-modes (3.66)
take particularly simple forms near the past horizon H~ and past null infinity .#—, it
is convenient to define the ‘past’” Boulware state |B™) with respect to the ‘past’ Cauchy
surface Xpast defined in (3.86). From our discussion in §4.1, we will first need to decompose
the in- and up-modes into positive- and negative-frequency sets in order to canonically
quantise the field. We note that this state was first constructed in [1] where it was referred

to as the “in” vacuum.

Positive- and negative frequency in-modes

From the asymptotic forms of the in-mode radial function X%(r) (3.64), the flux of the
in-modes through the past horizon H~ vanishes. Near past null infinity .# ~, the proper
time experienced by a static observer is given by the Schwarzschild-like time coordinate t.
The time-dependence of the in-modes (3.106) with respect to the coordinate ¢ is given by

P8, o exp|—iwt] . (4.21)

wlm

Then, from (4.2), we define positive-frequency in-modes for w > 0 as
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VAT |w
where we note, from the expression for the norm of the in-modes (3.104), that the positive-

frequency in-modes in (4.22) are entirely of positive-norm since they have sgn(w) = 1.

Similarly, from (4.3), we define negative-frequency in-modes for w < 0 as

. 1 i X0 (r)
- D oWt Wl Ty, (0,0), w<0, 4.23
wlm \/m r Zm( 30) ( )

where we note, from the expression for the norm of the in-modes (3.104), that the negative-
frequency in-modes in (4.23) are entirely of negative-norm since they have sgn(w) = —1.
Since the positive- and negative-frequency in-modes are entirely of positive- and negative-
norm respectively then, from our discussion in §4.1, the operators associated to these
modes will obey standard commutation relations such as those given in (4.16).

While we have defined positive- and negative-frequency in-modes in order to construct
the ‘past’ Boulware state |[B™), we will also use the definitions in (4.22) and (4.23) when
defining the ‘Boulware-like’ state |B) in §4.3.3 and the ‘past’ Unruh state |[U™) in §4.4.1.

Positive- and negative frequency up-modes

From the asymptotic forms of the up-mode radial function X7 (r) (3.66), the flux of
the up-modes through past null infinity .#~ vanishes. Near the past horizon H~, the
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proper time experienced by a static observer is still the Schwarzschild-like time coordinate
t, although we note that a static observer near the event horizon of the black hole is

necessarily accelerating. The time-dependence of the up-modes (3.131) w.r.t ¢ is

@b o exp[—iwt], (4.24)

wlm

which suggests that we should similarly define up-modes to be positive- and negative-
frequency for w > 0 and w < 0 respectively; however, from (3.129) the norms of the
up-modes are proportional to sgn(@), not sgn(w). Thus, defining positive- and negative-
frequency up-modes for w > 0 and w < 0 respectively lead, from our discussion in §4.1,
to non-standard commutation relations for the creation and annihilation operators asso-
ciated to superradiant up-modes, such as those in (4.18) and (4.19), and their consequent
misinterpretation. Instead, we define positive-frequency up-modes for w > 0 as

1 X P(r)
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where we note, from the expression for the norm of the up-modes (3.129), that the positive-
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frequency up-modes in (4.25) are entirely of positive-norm since they have sgn(w) = 1.

Similarly, we define negative-frequency up-modes for w < 0 as

1 o XD (r)
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where we note, from the expression for the norm of the up-modes (3.129), that the negative-
frequency up-modes in (4.26) are entirely of negative-norm since they have sgn(w) =
—1. Since these positive- and negative-frequency up-modes are entirely of positive- and
negative-norm respectively then, from our discussion in §4.1, the operators associated to

these modes will obey standard commutation relations such as those given in (4.16).

Construction of the ‘past’ Boulware state

Together, the positive- (4.22) and negative-frequency in-modes (4.23) as well as positive-
(4.25) and negative-frequency up-modes (4.26) constitute an orthonormal basis in which
we can quantise the field ®; doing precisely this will lead us to the ‘past’ Boulware state.
However, it is useful to pause for a moment to contrast our construction of the
‘past’ Boulware state |B™) in Reissner-Nordstrom spacetime with the definition of the
Schwarzschild Boulware state |Bg) in §2.3.1. When defining |Bg), we initially expanded
the field in terms of the corresponding in- and out-modes in Schwarzschild spacetime; the
absence of radiation in these modes corresponds to the definition of the Schwarzschild
Boulware state |Bs) of being as empty as possible to an observer at both past and future
null infinity .#*. Since the in- and out-modes together do not constitute an orthonor-
mal basis, we then re-expressed the classical field in terms of the Schwarzschild in- and
up-modes; these do form an orthonormal basis of modes in which to quantise the field.
We would like to draw a distinction between the spirit of that discussion and our
present one. In defining the ‘past’ Boulware state |B™) in Reissner-Nordstrom spacetime,

we are seeking only a state which is as empty as possible to observers at past null infinity
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&~ specifically, as opposed to both past and future null infinity .#*. Thus, it does not
make sense to include the out-modes in our expansion of the classical field at all, and
instead we will expand the field ® in terms of in- and up-modes directly.

Then, the scalar field can be expanded in an orthonormal basis of in-and up-modes as

00 L 00 0
Z Z { / dw awem‘bfe; / dw bglgm¢$€7n

{=0 m=

0 0
+ /0 dwa'® @bt 4 / dwbggjnqsggm}. (4.27)

We quantise the field by promoting the mode expansion coefficients in (4.27) to operators

such that the field operator ®(z) is given by
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where the operators associated to the in-modes, &g}m and l;jf}em, are defined for w > 0

b">

and w < 0 respectively, and the operators associated to the up-modes, &fém and b,

are defined for @ > 0 and @ < 0 respectively. In (4.28), all of the positive-frequency

n/upt e of positive-norm and all of the negative-frequency modes qﬁglg/nulp_ are of
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negative-norm; then, the operators a,, wim  Obey standard commutation relations:
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with any commutators not explicitly given in (4.29) vanishing. The ‘past’ Boulware state
|B™) is then defined as the state annihilated by the a m/ "P and 3:}1}{;:13 annihilation operators:

an, BT =0, w>0,
bowm IB7) =0, w <0,
a® |B7)=0, @>0,
0P IB7)=0, @<O0. (4.30)

The ‘past’ Boulware state |B~) contains no particles or antiparticles incoming from past
null infinity .#~ nor emanating from the past horizon H~. It is therefore the state which
is as empty as possible as seen by a static observer at past null infinity .#~. However,
this state is not empty to an observer at future null infinity #+ where it contains an
outgoing flux of particles in the superradiant modes [1]. We consider expectation values
of observables in this state in §5.3.1.
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4.3.2 ‘Future’ Boulware state

We would like to construct a state that is as empty as possible to a static observer at future
null infinity .# ; this requirement corresponds to an absence of particles in the out-modes
(3.139) of the field ®. We require an orthonormal basis of scalar field modes in order to
quantise the field; the out-modes together with the down-modes (3.147) constitute such
a basis. Since the asymptotic forms of both the out-modes (3.68) and the down-modes
(3.70) take particularly simple forms near the future horizon H* and future null infinity
# T, it is convenient to define the ‘future’ Boulware state |B) with respect to the ‘future’
Cauchy surface Ygygure defined in (3.87). From our discussion in §4.1, we will first need to
decompose the out- and down-modes into positive- and negative-frequency sets in order
to canonically quantise the field ®. We note that this state was first constructed in [1]

where it was referred to as the “out” vacuum.

Positive- and negative-frequency out-modes

From the asymptotic forms of the out-mode radial function X°J(r) (3.68), the flux of
the out-modes through the future horizon H* vanishes. Near future null infinity £,
the proper time experienced by a static observer is given by the Schwarzschild-like time
coordinate t. The time-dependence of the out-modes (3.139) w.r.t ¢ is given by

out o< exp[—iwt] . (4.31)

wlm

Then, from (4.2), we define positive-frequency out-modes for w > 0 as

¢out+ _ 1 Xu(.)zll}t (T)

wlm — /47T|w’

where we note, from the expression for the norm of the out-modes (3.137), that the

e—iwt

}/Km(ea 90) y W > 07 (432)

positive-frequency out-modes (4.32) are entirely of positive-norm since they have sgn(w) =
1. Similarly, from (4.3), we define negative-frequency out-modes for w < 0 as
1 Xout(y)

out— __ —iwt Tl

wlm /47T|w|

where we note, from the expression for the norm of the out-modes (3.137), that the

Yim(0,¢), w<O0, (4.33)

negative-frequency out-modes in (4.33) are entirely of negative-norm since they have
sgn(w) = —1. Since the positive- and negative-frequency out-modes are entirely of positive-
and negative-norm respectively then, from our discussion in §4.1, the operators associated
to these modes will obey standard commutation relations such as those given in (4.16).

While we have defined positive- and negative-frequency out-modes in order to construct
the ‘future’ Boulware state |BT), we will also use the definitions in (4.32) and (4.33) when
defining the ‘future’ Unruh state |UT) in §4.4.2.

Positive- and negative-frequency down-modes

From the asymptotic forms of the down-mode radial function X9¥n(r) (3.70), the flux

of the down-modes through future null infinity .#* vanishes. Near the future horizon
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HT, the proper time experienced by a static observer is still the Schwarzschild-like time
coordinate t, although we note that a static observer near the black hole event horizon is

necessarily accelerating. The time-dependence of the down-modes (3.147) w.r.t ¢ is

down o exp[—iwt], (4.34)

wlm

which suggests that we should similarly define down-modes to be positive- and negative-
frequency for w > 0 and w < 0 respectively; however, from (3.145) the norms of the
down-modes are proportional to sgn(w), not sgn(w). Thus, defining positive- and negative-
frequency down-modes in this way would lead, from our discussion in §4.1, to non-standard
commutation relations for the creation and annihilation operators associated to superra-
diant down-modes, such as those in (4.18) and (4.19), and their consequent misinterpre-
tation. Instead, we define positive-frequency down-modes for @ > 0 as

—iwt

plown+ _ 1 X2 (r)

wlm /47T|a’

where we note, from the expression for the norm of the down-modes (3.145), that the

Yem(0,9), @ >0, (4.35)

positive-frequency down-modes in (4.35) are entirely of positive-norm since they have

sgn(w) = 1. Similarly, we define negative-frequency down-modes for w < 0 as

—iwt

Xdown( )

down— __ 1

wlm T \/TTW

where, from the expression for the norm of the down-modes (3.145), the negative-frequency

Yem(0,0), @ <0, (4.36)

down-modes in (4.36) are entirely of negative-norm since they have sgn(w) = —1. Since
these positive- and negative-frequency down-modes are entirely of positive- and negative-
norm respectively then, from our discussion in §4.1, the operators associated to these

modes will obey standard commutation relations such as those given in (4.16).

Construction of the ‘future’ Boulware state

Taken together the positive- (4.32) and negative-frequency out-modes (4.33) and the
positive- (4.35) and negative-frequency down-modes (4.36) constitute an orthonormal basis

in which we can quantise the field ®. Then, the scalar field can be expanded as

[eS) 4 0o 0
out out+ outf jout—
Z Z {/ dw aw4m¢w€m / dw bwlm wlm
—o0

{=0 m=
%) 0
w [T asazmotzm v [ amiiaine ).
—o0

We quantise the field by promoting the mode expansion coefficients in (4.37) to operators

such that the field operator ®(z) is given by



Canonical quantisation and definition of quantum states 77

¢

o 0
A t t —
=5 S [T awazont + [ aviziien
{=0 m=—¢ o
o0 0 d
+ [T amatzmotyme + [ awitrigtne ) s

where the operators associated to the out-modes, a4 and bOut s are defined for w > 0

7down

and w < 0 respectively, and the operators associated to the down-modes, ad"wn and b0,

are defined for @ > 0 and @ < 0 respectively. In (4.38), all of the positive-frequency modes

t/d o . t/down—
qﬁzl;né oWt are of positive-norm and all of the negative-frequency modes qﬁgléné I are of
. .out/d t/d . .
negative-norm; then, the 012 /down ond bzlzn/l " obey standard commutation relations:
A ~outt |
[ag%:na a?ul’léjm’ =0(w—u' Oeer Oy, w > 0,

7out

(w =)

[bwﬁmv bOI};/T /_ = 5(("} - w/) 00t Oy, w < 0,
(w =)
(w =)

~down sdownt |
[aw[m, w'l'm! 6

itz znl] =0

Oppr Oprnt, w0 < 0, (439)

with any commutators not explicitly given in (4.39) vanishing. The ‘future’ Boulware state
is then defined as the state annihilated by the a gout/down pout/down

Ay, s annihilation operators:

%, IBY) =0, w >0,
0% BT =0, w<0,
adgm [BY) =0, &>0,
blown |BTY =0, @& <0. (4.40)

The ‘future’ Boulware state |B*) contains no particles or antiparticles outgoing at future
null infinity .#* or going down the future horizon H*. It is therefore the state which is

as empty as possible as seen by a static observer at future null infinity #* [1].

4.3.3 ‘Boulware-like’ state

It is natural to ask as to whether it is possible to define a vacuum state in RN spacetime
that is as empty as possible to a static observer at both past and future null infinity #=.

In §4.3.1, we defined the ‘past’ Boulware state |B™), which is as empty as possible
to a static observer at past null infinity .#~ but contains an outgoing flux of particles in
the superradiant modes at future null infinity .#+. Analogous comments apply for the
‘future’ Boulware state |B™), which we defined in §4.3.2. This is unlike the case of the
Schwarzschild Boulware state |Bg) in §2.3.1, where we are able to define a state that is as
empty as possible as seen by an observer at both past and future null infinity .#*.

The questions remains, then, as to whether it is possible to define an analogue of

|Bs) in Reissner-Nordstrém spacetime that is similarly as empty as possible at .#*; this
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requirement corresponds to an absence of particles in both the in-modes (3.106) and the
out-modes (3.139) of the field ®. Using the definitions of positive- (4.22) and negative-
frequency in-modes (4.23) as well as those of positive- (4.32) and negative-frequency out-

modes (4.33), we can expand the field ® as

9] )4 0o
2=y Ej‘{[;dw(a&m¢$;,+awa¢$ﬂd

0 - ) -
# [ (o, s o)} an

—0o0

in/out—+
wlm

In (4.41), the positive-frequency modes ¢ are entirely of positive-norm since they

have sgn(w) = 1 and the negative-frequency modes (bi%im_ are entirely of negative-norm
since they have sgn(w) = —1.

However, the in-modes and the out-modes, together, do not form an orthonormal
basis of scalar field modes, which we require to quantise the field ®. The in-modes are
orthogonal to the up-modes; we would then like to re-express the out-modes in (4.41) in
terms of in- and up-modes in order to expand the field ® in an orthonormal basis before
quantisation. We note that, since the out-modes are defined to be positive-frequency for
w > 0 (4.32) and negative-frequency for w < 0 (4.33) then the in- and up-modes, which
we use to re-express the out-modes, should also be defined as being positive-frequency for
w > 0 and negative-frequency for w < 0.

We can use the expression in (3.71a) for the out-mode radial function X2} in terms
of the radial functions X% (r) and X7 (r) of the in-modes and the up-modes respectively;

then, multiplying (3.71a) by an appropriate factor, we have

1 . Xout
e—lwt wl ng(ﬁ, (P)

VAT w r

1 o1 — -
- - iwt - (ADF X5+ BorXED) Yo (0, 9)
. 1
me 1, X0 @1 X
— Alnx eflwt wl ng 0’ 4 piox |7 eflwt wl ng 07 .
wl /747r\w| r m( 90) wl w T’ﬂ&’ r m( (»0)

(4.42)

Using the expression for the in-, up- and out-modes in (3.106), (3.131) and (3.139) respec-
tively, (4.42) becomes

out __ Ainx gin el

w inx
wlm — “twl w€m+ w ol Doy (443)

wl Fwlm>

and so the set of positive-frequency out-modes gbf}l}f: in (4.41) is given, in terms of positive-

frequency in-modes (4.22) and up-modes, by

1
. . 2 .
gt = ALt + | 5 B (4.44)

w
wlm wim a
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while the set of negative-frequency out-modes gzﬁg‘éfn_ in (4.41) is given, in terms of negative-

frequency in-modes (4.23) and up-modes, by

|

: : (/J
out— inx ;in—
= +

wlm — “rwl Ywlm

RO (4.45)

Note, we have dropped the notation qﬁzlzi to denote positive- and negative-frequency up-
modes in (4.44) and (4.45); while it is simple to rewrite the out-modes in terms of in-modes,
there is a subtlety in re-writing the out-modes in terms of up-modes. Positive-frequency
in- (4.22) and out-modes (4.32) are defined for w > 0 and negative-frequency in- (4.23)
and out-modes (4.33) are defined for w < 0. In contrast, positive- and negative-frequency
up-modes are defined, in (4.25) and (4.26), for w > 0 and w < 0 respectively.

In defining the ‘Boulware-like’ state |B), we are changing the interpretation of positive-
and negative-frequency up-modes from the definitions in (4.25) and (4.26) respectively.
Specifically, when defining the ‘past’ Boulware state |[B™) in §4.3.1, we defined up-modes to
be positive-frequency for w > 0 (4.25) and negative-frequency for @ < 0 (4.26). In defining
the ‘Boulware-like’ state |B), we would like to define all field modes to be positive-frequency
for w > 0 and negative-frequency for w < 0, meaning that to denote positive-frequency
up-modes as qﬁfg and negative-frequency up-modes as ¢ wim, 110 Oour expansion of the field

® would be inconsistent with (4.25) and (4.26) respectively.

However, the labels gbupi remain useful; to see why this is the case, consider the

out+
wlm

following. If ¢QQ > 0, the up-modes in the set of positive-frequency out-modes ¢
(4.44) with 0 < w < ;{?, or equivalently —% < w < 0, will be of negative-norm from
(3.129). Similarly, if ¢@Q < 0, the up-modes in the set of negative-frequency out-modes

3‘2” in (4.45) with 0 > w > qQ , or equivalently —ﬂ > w > 0, will be of positive-norm

from (3.129). Therefore, we can denote up-modes of positive-norm using the notation

in

¢£:1 and up-modes of negative-norm using the notation qugm We wish to remind the
reader that denoting positive-norm up-modes as ¢UP+ and negative-norm up-modes as
up—

wem 18 @ change of notation from §4.3.1.

Now, we can return to the task of re-expressing the out-modes in (4.41) in terms
of in- and up-modes. In line with our discussion in the preceding paragraph, we will
separate the range of the integral of the positive-frequency up-modes, which is given by
0 < w < o0, and the range of the integral of the negative-frequency up-modes, which is
given by 0 > w > —oo, into two separate ranges in both cases such that we can correctly

denote up-modes that are of positive-norm as ¢'>" and up-modes that are of negative-

w@m

norm as ¢, . Then, using (4.44) and (4.45), the scalar field ® can be expanded in an

orthonormal basis of in- and up-modes as
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minq =%

where the expansion coefficients in (4.46) are related to those in (4.41) by the expressions

in in* ~out
Auom = wfm + Awﬁ Awom> w > O’
inf _ 7inf in* Foutf
bwlm - bwfm + A wlm? w < 07
1
w ~
D= 2] Bras, s
w
~ 1
w |2
pupt — ‘w Bl poutt, w < 0. (4.47)

We quantise the field by promoting the mode expansion coefficients in (4.46) to operators

such that the field operator CiD(x) is given by

14
(i) o - o Aln in+ d blnT in—
(x) - Z Z Aootm, wﬂm : WO, emPuem

~up up+ max{ T 0} P up*
max{ 0} awém wfm wEm wlm

0 T N mln{ < ;
u u u up—
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minq =%

Aln/up’[

in/up and bln/up s

where the operators @, wlim
pin/upt

wlm

are defined for w > 0, and the operators a and
are defined for w < 0.

n (4.48), the positive-frequency in-modes gbg‘gn are entirely of positive-norm and the
negative-frequency modes ¢, are entirely of negative-norm. Therefore, the operators
”“ , and bm follow standard commutation relations.

Furthermore, the positive-norm up-modes gbzll?;: in the first term of the second line on
the r.h.s of (4.48) are entirely of positive-frequency since they have sgn(w) = 1, meaning
that we would indeed like to interpret the d:fém as annihilation operators. From our
discussion in §4.1, since these modes have sgn(ww) = 1, i.e. they are both positive-
frequency and of positive-norm, we require that the operators associated to these modes

follow standard commutation relations when sgn(ww) = 1.

up

However, the situation is complicated by the fact that the same operators a,,,

are

also acting on the negative-norm up-modes ¢, "P~ in the second term of the second line on
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the r.h.s of (4.48). If ¢Q < 0, the modes in this term also have sgn(w) = —1 from (3.58);
however, in this case the integral in this term vanishes because 0 > % such that the
limits of the integral coincide. If g@) > 0, on the other hand, the modes in this term have
sgn(w) = 1, or equivalently w > 0, and are therefore positive-frequency modes. Therefore,
we would still like to interpret the dzlzm as annihilation operators, despite them multiplying
up-modes of negative-norm.

In summary, we would like to interpret the g as annihilation operators in both the

cases where they are acting on positive-norm up-modes with sgn(ww) = 1 and where they

are acting on negative-norm up-modes with sgn(ww) = —1. Analogous comments apply
in terms of wanting to interpret the I;:)gjn as creation operators in both the cases where

they are acting on negative-norm up-modes with sgn(ww) = 1 and where they are acting
on positive-norm up-modes with sgn(ww) = —1.
Then, recalling our discussion in §4.2.4, we can multiply the commutation relations

of the operators a m and b:}z by the eta-function 7,z (4.20). Therefore, the operators

~ln/u
a/p

wim and bg}/%p obey the following non-standard commutation relations

[@i?ema 85| = 6(0 — &) Sttt Sy w >0,
[Ag}m’ Z’iﬁzlmf =6 (w —w') Seer S, w <0,
(20,0 @ | = 136w = &) 600 By, >0,
[bii‘ém, bR | = §(w— ') bepr Orpimyr,  w <0, (4.49)

with any commutators not explicitly given in (4.49) vanishing. The ‘Boulware-like’ state

IB) is then defined as the state annihilated by the dm/ "Pand bm/ " annihilation operators:

aln, |B) =0, w > 0,
bn em | B) =0, w > 0,
apm IB) =0, w <0,
bg@m IB) = w < 0. (4.50)

The ‘Boulware-like’ state |B) contains no particles or antiparticles in the in-modes, as well
as the non-superradiant up-modes, which is similar to the case of the ‘past Boulware’ state
|IB™) that we defined in §4.3.1. However, the ‘Boulware-like’ state |B) differs from |B™) in
that it may contain particles and antiparticles in the superradiant ‘up’ modes. We explore

this further in §5.5 when we study the expectation values of observables in this state.

4.4 Unruh states

In §2.3.2, we introduced the Schwarzschild Unruh state |Ug); this state exhibits an ab-
sence of incoming radiation from past null infinity .#~ but predicts a thermalised flux of
radiation, i.e. Hawking radiation, outgoing at future null infinity .#*. We would like to

define analogous states for a charged scalar field ® in Reissner-Nordstrom spacetime.
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In §4.2.3, we introduced the concept of ‘past’ and ‘future’ states; it turns out that the
Schwarzschild Unruh state |Us) that we defined in §2.3.2 is effectively a ‘past’ state. To
see that this is the case, note that we defined |Ug) with respect to the corresponding ‘past’
Cauchy surface in Schwarzschild spacetime. Then |Ug) was defined using the Schwarzschild
in- and up-modes, with the lack of incoming radiation at .#~ corresponding to an absence
of particles in the in-modes and the outgoing Hawking radiation at .# ™ corresponding to
a thermalised flux of particles in the up-modes.

Then, the first analogue of the Schwarzschild Unruh state |Us) that we will define
in Reissner-Nordstrom spacetime is the ‘past’” Unruh state |[U™) in §4.4.1; this state is
as empty as possible to a static observer at past null infinity .~ but predicts outgoing
Hawking radiation at future null infinity .# . We note that the ‘past’ Unruh state [U™)
was first studied by Gibbons [39]. We need not define a ‘-like’ state since the ‘past’
Unruh state will be defined with a similar physical interpretation to the Schwarzschild
Unruh state. We will also define the ‘future’ Unruh state |UT) in §4.4.2; this state is the

time-reverse of the ‘past’ Unruh state |[U™).

4.4.1 ‘Past’ Unruh state

We would like to construct a state that exhibits an absence of incoming radiation from past
null infinity .# ~ but which predicts outgoing Hawking radiation at future null infinity .#*;
in terms of the scalar field modes defined in §3.3, this corresponds to as absence of particles
in the in-modes (3.106) and a thermalised flux of particles in the up-modes (3.131).

Together, the in- and up-modes constitute an orthonormal basis which we require to
quantise the field. From our discussion in §4.1, we first need to decompose the in- and
up-modes into positive- and negative-frequency sets to canonically quantise the field.

The lack of incoming radiation in the ‘past’ Unruh state |U™) corresponds to an absence
of particles in the in-modes of the field ® as seen by a static observer at past null infinity
#~. Far from the black hole, the proper time experienced by a static observer is given by
the Schwarzschild-like coordinate t. We have already defined in-modes that are positive-
and negative-frequency w.r.t ¢ when defining the ‘past’ Boulware state |B~) in §4.3.1.
Then, the definitions of positive- and negative-frequency in-modes that we require are
those given in (4.22) and (4.23) respectively.

It should be noted that it is unsurprising that, in defining the ‘past’ Unruh state |[U™),
we are able to use the same definitions of positive- and negative-frequency in-modes as
when we defined the ‘past’ Boulware state |B™); both of these states share the property
of being as empty as possible to a static observer at past null infinity .# ~. We now need

to define positive- and negative-frequency thermalised up-modes.

Positive- and negative-frequency thermalised up-modes

The construction of positive- and negative-frequency thermalised up-modes in this section
differs in some aspects from the corresponding derivation for a neutral scalar field, such
as that used in §2.3.2 or in [5,89]. Therefore, this section will be necessarily detailed.

The ‘past’ Unruh state [U™) has the additional interpretation of predicting Hawking



Canonical quantisation and definition of quantum states 83

radiation outgoing at future null infinity .#; this property corresponds to a thermalised
flux of particles in the up-modes emanating from the past horizon H~. The Kruskal
coordinate U (3.24) is the affine parameter along the null generators of the past horizon
H~. Then, near H~, the natural choice of time-coordinate w.r.t which we can define
positive- and negative-frequency up-modes is the Kruskal retarded time U.

From our discussion in §4.1.2 on defining positive- and negative-frequency modes w.r.t

Kruskal coordinates, we will make use of the lemma (4.6) and its complex conjugate (4.7).

Up-modes in region I: We begin by expressing the asymptotic form of the up-modes

(3.66) near H~ in terms of Kruskal coordinates; using (3.21) and (3.26), we have

1 1 . i~
up - _ = —lwt lwrey, 0
(bwgm 47‘(“(:5| Te € Zm( )50)
1 1 [

- i@ (v 3 u)] exp [—iw (ut v>] Yim (6, ©)
_ \/ﬁ %exp _iwtw) u] exp {—Mv] Yom (0, ¢)
11 :i(w+c~0)

= \/T?m — eXP T ln(—ﬁ)] exp [_1(&}2;@) ln(f/ﬂ Yo (0,¢), (4.51)

where we have used the dimensionless quantities U and V (3.33) to simplify the expres-

sion in (4.51). An important point to note is that the Kruskal coordinate U is defined
throughout the entire Reissner-Nordstrom spacetime, i.e. on all four regions of the Penrose
diagram in Figure 3.1. The up-modes are defined in regions I and III, where U < 0. We
can trivially extend their definition to regions II and IV by using the Heaviside function
(4.5) to demand that they vanish when U > 0. Then, (4.51) becomes

(jpzlzm = 4;(;’ iexp[i(w;;a)ln(—ﬁ)] exp [_1(w2;c~u)ln<‘7ﬂ ng(é, 90)@<_(7) :
(4.52)

Comparing the expression for the asymptotic form of the up-modes near the past horizon
H~ in (4.52) with the lemma (4.6), we see that the second term in the lemma can be

constructed from the expression in (4.52) if we take

(w+w)
2k

where the label up+ denotes that these values are chosen to define positive-frequency

xwt =7 and gt = —

(4.53)

up-modes with respect to the Kruskal coordinate U. Then the lemma (4.6) becomes
R 0 R E (R o Py

/ dU e {exp[ o n(0)|e(0)

- . [W(w;&:)} eXp[W1n<—ﬁ)] e(—ﬁ)} —0. (4.54)

We now need to define a set of modes to construct the first term of the lemma in (4.54).
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Region IV down-modes: We see that the first term of the lemma (4.54) can be con-
structed from a set of modes in regions II and IV, vanishing in regions I and III, with the
same dependence on q"P* (4.53) as the asymptotic form of the up-modes in (4.52) but
containing factors of —U as opposed to U ; this could be achieved by simply making the
transformation U — —U. However, the interpretation of such a set of modes is unclear.
It is attractive instead to define a set of modes by making both of the transformations
U — —U and V — —V [89], which results in a set of modes that are nonzero in regions II
and IV and vanishing elsewhere, as well as being orthogonal to the up-modes in (4.52) since

the two sets of modes are defined in different regions of spacetime. Then, the asymptotic

down

o near the region IV future horizon HR, is given by

form of a set of modes

5‘%“:\/:?@71«6Xp[wln(ﬁ>]exp[Wln(f/)]nmw’@@(ﬁ)'

(4.55)
In addition to having the desired dependence on the parameters q*P™ and U (4.53), the
modes in (4.55) have an intuitive interpretation in that they represent the region IV
analogue of the down-modes (3.147) that are defined in region I. In order to see this is
the case, recall that the up-modes in region I (3.131) are defined as emerging from the
past horizon H~ with unit flux and are travelling towards future infinity .# ", with modes
being scattered down the future horizon H™; they are nonzero in regions I and III only.

Performing the transformations U — —U and V — —V then shifts the modes such that
they are now nonzero in regions II and IV and vanish elsewhere, as we can see from the
factor of @((7 ) in (4.55). Specifically, the modes 1&2%1“ are now emerging from the future
horizon ”HIJ{, with unit flux, and are travelling to past null infinity %, with some modes
being scattered down the past horizon H;; the modes vanish near future null infinity JK,
These conditions are similar to those used the define the down-modes (3.147) in region I,
although the down-modes ¢g’;¥f are defined to be incident upon H* with unit flux where
the modes wg%mn are defined to be emanating from HR, with unit flux.

We have given the modes @Z)S‘zxn in (4.55) the label “down” but the qbg%’ln and 1#52%“
remain distinct and defined in different regions of the spacetime diagram. We will hence-
forth refer to the modes 1/132%“ in (4.55) as the region IV down-modes; the notation wg?mn
serves to distinguish these modes from the (region I) down-modes ¢d9"™ in (3.147).

It is instructive to examine the norms of these modes before proceeding. In order to
compare the calculation of the norms of the region IV down-modes with those of the scalar
field modes in §3.4, it will be helpful to rewrite the expression for the asymptotic form of
the region IV down-modes near ”HIJQ, in (4.55) in terms of another set of Schwarzschild-like
coordinates that are defined in region IV. This, in turn, will require us to first define

another set of lightcone coordinates, which are similarly defined in region IV.

Coordinates in region I'V: In defining the region IV down-modes, we made the trans-
formations U — —U and V — —V. This means that the Kruskal coordinate U , which
ranged over —oo < U < 0 in region I, now ranges over 0 < U < oo in region V. Similarly,

the Kruskal coordinate V', which ranged over 0 < V < oo in region I, now ranges over
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—o0o0 < V < 0 in region IV. Thus, in region IV, the coordinate U ranges over the same
interval that the coordinate V' does in region I. Similarly, in region IV, the coordinate V'
ranges over the same interval that the coordinate U does in region I.

Then, we can define a set of region IV lightcone coordinates (u,v), where v shares the
same relationship to the Kruskal coordinate V' as the (region I) lightcone coordinate u
does to U. Similarly, u should share the same relationship to the Kruskal coordinate U
as the (region I) lightcone coordinate v does to V. Then, using the expressions for the
(region I) lightcone coordinates in terms of the Kruskal coordinates (3.26), the region IV

lightcone coordinates are related to Kruskal coordinates by

U= 11n<(7> and U= —lln(—ﬁ) . (4.56)
K K
Furthermore, we can define a new set of Schwarzschild-like coordinates (f, 7,0, gb) in region
IV. We need only consider ¢ and 7, for our purposes and we recall that the natural
logarithm is a monotonically increasing function. In order to derive relations between the
region IV lightcone coordinates (4.56) and the region IV Schwarzschild-like coordinates,
it is useful to consider, in region I, how the lightcone coordinates (3.20) and the (region
I) Schwarzschild-like coordinates vary with respect to one another, where the relationship

between the two is well-established. From the Penrose diagram in Figure 3.1, we see that

4.57b

As U —0, then u —oco.  Wealso have t—oco and r.— —oo, (4.57c

As U — —oo, then wu— —oo. Wealso have ¢t — —oco and r, — o0, (4.57a)
As V —o00, then v—o00. Wealsohave t—o00 and 7,—o00, ( )
)
As V=0, then v — —oo. We also have ¢t — —oo and 7, — —o0. (4.57d)

Equations (4.57a — 4.57d) summarise the relationships between the Kruskal, lightcone and
Schwarzschild-like coordinate systems in region I. We can now turn our attention to region
IV in order to derive the corresponding relationships between the Kruskal coordinates, the
region IV lightcones coordinates (4.56) and the region IV Schwarzschild-like coordinates.

We remind the reader that the value of the region IV Schwarzschild-like coordinate ¢
increases from the past horizon Hy, to future null infinity JI'\F, and also increases from
past null infinity .#; to the future horizon HIJQ,. Similarly, the value of the region IV
Schwarzschild-like coordinate 7, increases from the past horizon Hy; to future null infinity
,ﬂf{,; however, it decreases from past null infinity .#y, to the future horizon ?—lf\,

Then, examining region IV of the Penrose diagram in Figure 3.1, we see that the
Kruskal coordinate U, which increases from U = 0 at the past horizon Hy, to U = oo
at future null infinity ﬂ{{,, is positively correlated to both ¢ and 7,; since @ is positively
correlated to U, we can conclude that 4 is also positively correlated with ¢ and 7,. Similarly,
we see that the Kruskal coordinate V', which increases from V = —oo at past null infinity
Sy to V= 0 at the future horizon HIJQ/, is positively correlated with ¢ but negatively
correlated with 7,; since v is positively correlated to V', we can conclude that v is also

positively correlated with ¢ and negatively correlated with 7,. More concisely, we have
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As U — oo, then u — oc. We also have ¢t — —oco and 7, — oo,

(4.58a)
As V — —oco, then ©— —oco. Wealso have t—oc0 and 7.— o0, (4.58b)
As U — 0, then @ — —oo. We also have t — oo and 7, — —oo, (4.58¢c)

)

As V =0, then v — oo. We also have ¢t — —oco and 7, — —oo. (4.58d

Therefore, from (4.58a — 4.58d), we deduce that the region IV lightcone coordinates are

related to the region IV Schwarzschild-like coordinates by the expressions

u=—-t+7. and U= —1—7,, (4.59)

which are different to the expressions (3.20) relating the lightcone coordinates and the
Schwarzschild-like coordinates in region I. Restricting our attention to region IV such
that we can ignore the factor of @([7 ) in (4.55), we can express the asymptotic form of

the modes ng%@n near ’HR, in terms of the region IV Schwarzschild-like coordinates as

down 1 1 l(w—’_w) r7 _i(w_w) RV 0~
o ks exp [ P ln<U> exp —on ln< V> Yim ((9, Lp)
B 1 1 f(w+w) i(w—w) _ = _
= =l exp [ — u] exp [ — vl Yo, (0, go)
— 1 %e—iwfei@f*nm (6_, @) ) (460)

Ny
2
=

Using (4.60), we are now ready to calculate the norms of the region IV down-modes.

Norms of the region IV down-modes: The expression for the region IV down-modes
in (4.60) depends on all four of the region IV Schwarzschild-like coordinates (f, 7,0, cﬁ).
Recalling the calculations in §3.4 of the norms of modes in region I however, when we
evaluate the norm of the region IV down-modes each of the coordinates (f, 7,0, @) will
appear as a dummy variable in the integrals within the Klein-Gordon inner product (3.85).

Then, in the understanding that all of the following coordinates are dummy variables,
if we make the identifications £ = ¢, 7 = r, # = 6 and @ = ¢ the asymptotic form of the
region IV down-modes near HIJQ, (4.60) is identical to the asymptotic form of the up-modes
near H~ in region I (3.66); we can use this, as well as the expression for the norm of two
up-modes in (3.129), in order to determine the norms of the region IV down-modes.

We will need to choose a Cauchy surface over which to evaluate the Klein-Gordon inner-
product (3.85) of two region IV down-modes. The modes in (4.55), take a particularly
simple asymptotic form near the future horizon ’HIJ{, and vanish near future null infinity
ff{, as well as in region I. Then, a convenient choice of Cauchy surface is the ‘past’ Cauchy

surface Ypase defined in (3.86). Then, the inner product of two region IV down-modes is
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< down _;down >
wlm » Fw'llm’!

-

where the integral over the ‘past’ Cauchy surface X, in (4.61) reduces to one over the

(B ) wliim — vl o, + 2ia A, v | V=g st |

(4.61)

+
v

future horizon HR, since the region IV down-modes vanish near future null infinity fﬁ“,

Contained within the integral over the future horizon in (4.61) is an integral w.r.t the
Kruskal coordinate U whose limits are given by the range of values U takes in region IV,
i.e. 0 < U < oo; using the relationship between the Kruskal coordinates and the region IV
lightcone coordinates (4.56), this integral can be re-expressed w.r.t the region IV lightcone
coordinate u with the limits —oo < % < oco. In the calculation of the norm of the up-modes
in §3.4.3, the limits of the integral w.r.t the (region I) lightcone coordinate u is given by
—00 < u < 00 (3.124). Again, since the coordinates @ and u are dummy variables in each
of the aforementioned integrals respectively, then we see that integrating over the future
horizon HR, in region IV, as opposed to integrating over the past horizon H™ in region I,
does not induce a minus sign in (Yo", w59%,> relative to (@5 @ rp. ).

However, the normal to the region IV future horizon ”HIJQ, is given by n, = —dV. This
is in contrast to the normal to the (region I) past horizon H ™, which is given by n, = dV

(3.108). Therefore, integrating w.r.t the volume element X" e as opposed to the volume

element Y7 _ down ydown ) relative to (Qon, O vy i)-

Thus, the expression for the norm of the region IV down-modes in (4.61) becomes

induces a minus sign in (

<7/)g%n»¢g9g%'> = <¢w£m’¢ ’Z’m’>

= —sgn(w) 6 (w — w') 8eer Gt (4.62)

where we have used the expression for the norm of the up-modes (3.129). Then, we can

write the expression for the inner product of two generic region IV down-modes as

(g gy = | 00T )0 b or @0, (163)
O(w — W) Sppr Oy s for w < 0,
meaning that region IV down-modes are of negative-norm when w > 0 and of positive-norm
when w < 0. This is different to the case of the up-modes (3.130) that have positive-norm
when @ > 0 and negative-norm when w < 0. This difference is crucial in the construction
of positive- and negative-frequency thermalised up-modes and we will see below that it
gives rise to the thermal factor of the modes.

Having evaluated the norm of the region IV down-modes, we now return to defining
positive- and negative-frequency thermalised up-modes. The lemma in (4.54) involves
integrating over a particular surface. We can use the properties of the asymptotic forms
of the up-modes in (4.52) and of the region IV down-modes in (4.55) to physically reason

what an appropriate surface of integration would be.
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Choice of surface over which to integrate: We need to specify a surface over which
to integrate the linear combination of up-modes and region IV down-modes given by the
lemma in (4.54). Near the past horizon H ™, the up-modes take the particularly simple
asymptotic form given in (4.52) and these modes vanish in region IV. Near the future
horizon ’HR,, the region IV down-modes take the particularly simple asymptotic form given
in (4.55) and these modes vanish in region I. Both the past horizon H~ and the region
IV future horizon ’HI+V are surfaces of constant V = 0.

Then it is convenient to choose our surface of integration to be a hypersurface of
constant V' = € > 0, where ¢ is a small, positive constant such that this surface lies
inside region I, close to H~, and inside region II, close to HR/ Our chosen surface of

integration will inform our choice of branch cut when simplifying the exp[ln(—V")] term

in the asymptotic form of the region IV down-modes in (4.55).

Both the

asymptotic form of the up-modes near H~ (4.52) and the asymptotic form of the region

Choosing a branch of the logarithm for positive-frequency modes:

IV down-modes near My, (4.55) have the same dependence on q"P* (4.53), as well as the

correct dependence on U according to the lemma in (4.54); however, the former contain a

factor of exp[In(V')], whereas the latter contain a factor of exp[In(—V')]. We are attempting
to define positive-frequency modes w.r.t U; these are analytic in the lower-half of the plane
and so we need to use a branch of the logarithm that is also analytic in the lower-half

plane. We can therefore choose to make a branch cut along the positive imaginary axis

In(—1) = —im. (4.64)
Then, integrating over a hypersurface of constant V' = € > 0, we have
i(w—w) ~\] [ i(w—©), /=] [ i(w—©)
exp[ —o ln( V)} = exp _ 2/{Lln(V>_ exp P In(—1)
= exp _1(c02;w) ln(ﬂ') exp ! (WQ; ©) (—iﬂ')]
(W =), (] m(w— @)
= exp —Tln (V) exp . (4.65)

Using (4.65), the asymptotic form of the region IV down-modes near Hj\, (4.55) becomes

pdown _ \/Z;Tmie}{p[wln<ﬁ)] exp [—W]n(f/ﬂ

m(w—-w)

2k } Yfm(f)w)@(ff) . (4.66)

X exp [—

We are now ready to construct a set of positive-frequency thermalised up-modes.
Defining positive-frequency thermalised up-modes: In order to define positive-
frequency modes with respect to the Kruskal coordinate U, we will have to multiply the

expression for the lemma in (4.54) by an appropriate factor such that we can write the
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lemma as a linear combination of the asymptotic forms of the up-modes in (4.52) and the

region IV down-modes in (4.66); explicitly, we obtain

0= J‘ﬁ %exp [—1(“’%@) ln(ffﬂ exp [—”(“’%a’)} Yo (6, 0)
X /Z 40 e~ iU {exp [1((’;@) 1n(ﬁ)] 9((7)
+exp [”(“’2:7")] exp[i(u;:w) In (—ﬁ)] @(—(7) } . (4.67)

The first term in (4.67) is exactly that of the asymptotic form of the region IV down-
modes near H;\, (4.66), while the second term in (4.67) is that of the asymptotic form of
the up-modes near H~ (4.52) multiplied by a factor of

oo =) [T D] _ [ 72T, )

2K 2K

Then we can write the linear combination of modes in (4.67) as

0= / al ey oS0l b b >0, (4.69)

By the statement (4.2), the quantity in the curly brackets in (4.69) is positive-frequency
w.r.t U (and therefore U) for all values of w. For reasons that will become apparent when

we come to normalise, we can multiply this quantity by a factor of P e~ 2« where the

up+

normalisation constant 9P is yet to be determined, to define a set of modes x ..

N = TP (B g, 4+ e Bydpm) (4.70)

wlm

which is positive-frequency with respect to the Kruskal coordinate U for all values of w.
Here the label + once again denotes that these are positive-frequency modes. The label
“up”, however, may be a little more mysterious. Eventually we will restrict our attention

to region I of the spacetime diagram where (4.70) reduces to

Xt = e UL (4.71)

wlm?

and the label “up” becomes more intuitive.

The modes (4.71) constitute a set of thermalised up-modes that are positive-frequency
with respect to the Kruskal coordinate U. We will eventually normalise these modes such
that they can be used to expand the field ® in an orthonormal basis of scalar field modes
before quantisation. Before we do so, however, we will define a set of thermalised up-modes

that are negative-frequency with respect to the Kruskal coordinate U.

Defining negative-frequency thermalised up-modes: We would also like to define
an analogous set of modes that are negative-frequency with respect to the Kruskal coor-
dinate U. We can do this by considering the complex conjugate of the lemma in (4.7).

Comparing the asymptotic expressions for the up-modes near H~ (4.52) and the region
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IV down-modes near Hj, (4.55) with the lemma in (4.7), we see that the terms in the

lemma can be constructed from the expressions in (4.52) and (4.55) if we take

X =, (4.72)

similar to the case when defining positive-frequency modes. However, in contrast to the
case when defining positive-frequency modes, we need to take
(w+w)

up— _ 4.
q P (4.73)

where the label up— denotes that these are the values we choose in order to define negative-

frequency up-modes w.r.t the Kruskal coordinate U. Then the lemma (4.7) becomes

e e HE D n(7) | 0(7)

—o0
+exp [_W(u;/—i—w)} exp [ 1(w2—,|;w) ln(—ﬁ)] @(—(7) } =0. (4.74)
We will again need to take a linear combination of the asymptotic forms of the up-modes
near H~ (4.52) and of the region IV down-modes near 1}, (4.55). The former contain a
factor of exp[In(V)] while the latter contain a factor of exp[In(—V)]. We are attempting to
define negative-frequency modes w.r.t U ; these are analytic in the upper-half of the plane
and so we need to use a branch of the logarithm that is also analytic in the upper-half of

the plane. We therefore choose to make a branch cut along the negative imaginary axis

In(—1) = ir. (4.75)

Then, integrating over a hypersurface of constant V' = ¢ > 0, we have

exp [—1(2;@ ln(—‘N/)] = exp _1(&:2;(5) ln(‘N/); exp ;_1(012;@) ln(—l)}
= exp :_1(u12’€w) In (‘7) exp :_1(w2nw) (iﬁ)]
= exp -_i(w2;@) ln(‘~/)_ exp _W] . (4.76)

Using (4.76), the asymptotic form of the region IV down-modes near Hj\, (4.55) becomes

oty = Lo D (1) e [P (7)]

T(w—-w)

2k } Yﬂm(&so)@(ff) . (477)

X exp[

In order to define negative-frequency modes with respect to the Kruskal coordinate U,
we will have to multiply the expression for the lemma in (4.74) by an appropriate factor
such that we can write the lemma as a linear combination of the asymptotic forms of the

up-modes near %~ (4.52) and the region IV down-modes near H, (4.77); we have
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0= J‘ﬁ %exp [1(“’2;@ m(f/)} exp [”(‘”2;&)] Yim (0, 0)
X /_Z au ®U {exp[Wln(ﬁ)] @((7)
+exp [—W] exp[i(wQ—,:&) 1n(—ﬁ>] @(—(7) } (4.78)

The first term in (4.78) is exactly that of the asymptotic form of the region IV down-
modes near H;\, (4.77), while the second term in (4.78) is that of the asymptotic form of
the up-modes near H~ (4.52) multiplied by a factor of

oo =2 x| T D] _ 73], )

Then we can write the linear combination of modes in (4.78) as

0= / A0 eV {wg%“ + e‘%cbfém} ;. p>0. (4.80)

—0o0
By the statement (4.3), the quantity in the curly brackets in (4.80) is negative-frequency
w.rt U (and therefore U) for all values of w. For reasons that will become apparent when
we come to normalise, we can multiply this quantity by a factor of NP~ e2x, where the

normalisation constant 91"~ is yet to be determined, to define a set of modes Xfé;l

X = TP (7Bl + Byl (4.81)
which is negative-frequency with respect to the Kruskal coordinate U for all values of .
Here the label — once again denotes that these are negative-frequency modes. Restricting
out attention to region I of the spacetime diagram, (4.81) reduces to

b, = e B g (4.82)

wlm*

The modes in (4.82) constitute a set of thermalised up-modes that are negative-frequency
w.r.t the Kruskal coordinate U. We have now defined positive- (4.70) and negative-
frequency thermalised up-modes (4.81) w.r.t U for all @. For these modes to form an

orthonormal basis in which we can expand the field, we are required to normalise them.

Normalisation of the thermalised up-modes: We can normalise the positive- (4.70)
and negative-frequency thermalised up modes (4.81) by using the Klein-Gordon inner prod-
uct (3.85) to evaluate their norm; since both these sets of modes are linear combinations
of the asymptotic forms of the up-modes near H~ and of the region IV down-modes near
HR,, we can use the expressions for the norm of the up-modes (3.129) and the norm of
the region IV down-modes (4.63) to evaluate the inner product of the Xilzi modes.

We also need to use the fact that the up-modes (3.131) and the region IV down-modes
(4.55) are orthogonal since the up-modes are defined in region I while vanishing in region
IV, and the region IV down-modes are defined in region I while vanishing in region IV.

Therefore, the inner product (¢ . wg‘,)l?)’;‘n,) vanishes.
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Then, requiring orthonormality of the X}:‘gi modes, we have

upt _ upt
<Xw€m7 Xw’f’m’>

= MPE NP (€520 9L, + €T 2 Yo, (€72 60, + T2 YL)

_ mgp*:l: ;nz}?:l: (ei%<¢up up > +9 <¢up down > +eF

Tw

d d
A GrRlirsn)

— |ouet|” (ei% - ﬁ%) sen() 6 (w — ') Sppr G (4.83)

wlm? Tw'l'm/ wlm Fw't'm!

where we have used the expressions for the norms in (3.129) and (4.63) to go from the
second equality to the third; (4.83) reduces to

<X5§i, XZ?ZFWJ =2 }mgpi ‘2 sinh <:l:7r:> sgn(@) 6 (w — w') 8eer Gy - (4.84)

Then, from (4.84), we have for the inner product of two generic XEIZ:;; modes

2 “J‘(EPJFF sinh(?) §(w — W) 8ger Sy > 0, w >0,
v

Xwtm Xw't'm! (485)

o |oet? smh<_7:’) 5w — ) S Gy > 0, B <0,

demonstrating that positive-frequency modes XZIZ:Q have positive norm for all w # 0.

Similarly, from (4.84), we have for the inner product of two generic x_, ~ modes

2 “J‘(gpff sinh(?) §(w — W) 8ger Sy < 0, w >0,
8 X ) =

Xwtm Xw't'm! (486)

o |oe|? smh<_7:’> 5w — ) S Gy < 0, <0,

demonstrating that negative-frequency modes x_ ) have negative norm for all @ # 0.

Then, we can express the inner product of two generic ngi modes as

P ) =9 \m;pifsmh(“) 5w =) b s All B, (487)
K
where we have used sinh (—z) = —sinh (x). Thus, for the inner products of two lezi

modes with the same angular momentum ¢ and azimuthal m quantum numbers, we obtain

(YBE Pty — 2 | e sinh(?) §(w—w), ald. (4.88)

Requiring the orthonormality of the inner products in (4.88) gives us the expression for

the normalisation constants ‘.Ttlf,pi, which are given by

1
i S (4.89)

2 sinh(%)‘

Therefore, a set of normalised modes having positive-frequency w.r.t U is given by
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X = (30, +e Bydan), an, (4.90)
2

smh ‘

and a set of normalised modes having negative-frequency w.r.t U is given by

N = (75 0%, + e ylnr), and. (4.91)

me
2 smh ““ ‘

Our final step is to restrict our attention to region I; in this case the 1/12‘2%“, which are
defined in regions II and IV, vanish such that (4.90) and (4.91) become

X = B all G, (4.92a)
2 ‘smh(%) ‘
Xootm = all @. (4.92D)

2

Smh ‘

Despite restricting our attention to region I, our earlier statements regarding (4.92a) and
(4.92b) still hold; the modes in (4.92a) and (4.92b) constitute thermalised up-modes that

are positive- and negative-frequency w.r.t the Kruskal coordinate U respectively.

Construction of the ‘past’ Unruh state

Recall that in defining the ‘past’ Unruh state [U™), we would like a state that is as empty
as possible to a static observer at past null infinity .#~ but which contains an outgoing
flux of Hawking radiation at future null infinity .#; this corresponds to an absence of
particles in the in-modes (3.106) as well as a thermalised flux of particles in the up-modes.

Then, we expand the scalar field ® in terms of an orthonormal basis of in-modes and
thermally populated up-modes, each divided into positive- and negative-frequency sets.
We recall that the in-modes are defined to be positive- (4.22) and negative-frequency (4.23)
with respect to the Schwarzschild-like coordinate ¢, which is the natural time coordinate
to use near .# ~. Using (4.22), (4.23), (4.92a) and (4.92b), we have

[e's) 0
= Z Z {/ dw awém gléjn_’_/ dw bﬂm (ljlﬁjn

=0 m=—4
/ A5 — g [e5a, +e BB | } (4.93)
1/2 smh W

We quantise the field by promoting the expansion coefficients to operators such that the

field operator ®(x) is given by
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e l 0
>y {/ sl +/ sl o,
{=0 m=—¢

lema® 4ei bf;;] } (4.94)
2 ‘smh W

where the operators associated to the in-modes, awg and b™ . are defined for w > 0

m wlm?

and w < 0 respectively, and the operators associated to the up-modes, "} wim and b'P

wlm?
in/up+

are each defined for all @. In (4.94), all of the pos1t1ve—frequency modes ¢ _; ©" are of

positive-norm and all of the negative-frequency modes qb

the operators a E/ "P and bm/ P

wém are of negative-norm; then,

obey the following, standard commutation relations

{di?gm, &EE,W- =6 (w —w') e Gy, w >0,
s W | = (w0 = &) B0 e, 0 <0,
[ = 6w — ) b b, 2l B,
0L B2 | = 0w = &) B Gy, a1 &, (4.95)

with any commutators not explicitly given in (4.95) vanishing. The ‘past’ Unruh state
|U™) is then defined as the state annihilated by the a G/ and b/ operators such that

Qom wlm

an, U7 =0, w>0,

b, UT) =0, w<O,

a® |[U7) =0, ala,

bP [UT) =0, alla. (4.96)

The ‘past’ Unruh state |U™) contains no particles or antiparticles incoming at past null
infinity .# ~. However, it does contain a thermal flux of particles and antiparticles outgoing
to future null infinity .# T, which corresponds to Hawking radiation at all frequencies in

agreement with [39]. We consider expectation values of observables in this state in §5.3.2.

4.4.2 ‘Future’ Unruh state

The ‘future’ Unruh state |[UT) can be understood as the time-reverse of the ‘past” Unruh
state |U™) that we defined in §4.4.1. Where the ‘past’ Unruh state |U™) was constructed
using an orthonormal basis of in- and thermalised up-modes near surfaces contained within
the ‘past’ Cauchy surface Xpast (3.86) , the ‘future’ Unruh state [UT) is constructed using
an orthonormal basis of out- and thermalised down-modes near surfaces contained within
the ‘future’ Cauchy surface Xgyture (3.87).

The lack of outgoing radiation in the ‘future’ Unruh state |[UT) corresponds to an

absence of particles in the out-modes as seen by a static observer at future null infinity .# T,
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where the proper time experienced by a static observer is given by the Schwarzschild-like
coordinate t. We have already defined out-modes that are positive- and negative-frequency
w.r.t t when defining the ‘future’ Boulware state [BT) in §4.3.2. Then, the definitions that
we require are those given in (4.32) and (4.33) respectively.

We now need to define positive- and negative-frequency thermalised down-modes.
Since their construction is analogous to the procedure used in §4.4.1 to construct positive-
and negative-frequency thermalised up-modes, our treatment of which was necessarily de-
tailed, our discussion of the construction of positive- and negative-frequency thermalised

down-modes will be restricted to parts of the derivation that we deem essential.

Positive- and negative-frequency thermalised down-modes

The ‘future’ Unruh state [UT) has the additional interpretation of predicting Hawking
radiation incoming from past null infinity .# ~; this property corresponds to a thermalised
flux of particles in the down-modes incident upon the future horizon H*. The Kruskal
coordinate V' (3.24) is the affine parameter along the null generators of the future horizon
H*. Then, near HT, the natural choice of time-coordinate w.r.t which we can define
positive- and negative-frequency down-modes is the Kruskal advanced time V.

We can begin by expressing the asymptotic form of the down-modes (3.70) near the
future horizon H™ in terms of Kruskal coordinates; using (3.21), (3.26) and (3.33) we have

glown _ \/41?!@\ %exp [ 1(“2;‘5) m(_(})] exp [_1(“’2:@) m(f/)] Yim(6,0).  (4.97)

The down-modes are defined in regions I and II of the Penrose diagram in Figure 3.1,
where V > 0. We can trivially extend their definition to regions III and IV by using the
Heaviside function (4.5) to demand that they vanish when V < 0. Then, (4.97) becomes

= o[ g (0 | | (1) im0 10(7).

(4.98)
Comparing the expression for the asymptotic form of the down-modes near the future
horizon H* in (4.98) with the lemma (4.6), we see that the first term in the lemma can

be constructed from the expression in (4.98) if we take

:{down+ — ‘7 and CIdovanr — (w;’;w) (499)

Then the lemma (4.6) becomes

/ T v eV {exp [— 1(”2:@ In (V)] o (17)

. +exp [w(”;@)] exp [i(‘“‘;@ln(?)] @(17)} —0. (4.100)

We see that the second term of the lemma (4.100) can be constructed from a set of modes

in regions III and IV, vanishing in regions I and II, with the same dependence on g%+
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(4.99) as the asymptotic form of the down-modes in (4.98) but containing factors of —V
as opposed to V. As was the case when defining the region IV down-modes in §4.4.1, we
will make both of the transformations U — —U as well as V — —‘7, which results in a
set of modes that are nonzero in regions III and IV and vanishing elsewhere, as well as

being orthogonal to the down-modes in (4.98) since the two sets of modes are defined in

different regions of spacetime. Then, the asymptotic form of a set of modes ¢ near the
region IV past horizon Hy, is given by
1 1 i(w—w) ~ i(w+w) ~ ~
S = e exp| S () = (V) | Y (0,9) 0(-V).
¢w€m \/W r eXp|: 2% n :| exXp |: %% n Zm( a‘p)
(4.101)

The modes in (4.101) have an intuitive interpretation in that they represent the region IV
analogue of the up-modes (3.131) that are defined in region I. Through a similar process
to that used to evaluate the norm of the region IV down-modes in §4.4.1, we find that the

expression for the inner product of two generic region IV up-modes is given by

WPy —0(w — W) dppr Sy for LE > 0, (4.102)
d(w — ') dpr O » for w < 0,
meaning that region IV up-modes are of negative-norm when w > 0 and of positive-norm
when w < 0. This is different to the case of the down-modes (3.146) that have positive-
norm when w > 0 and negative-norm when w < 0.

Near the future horizon H™, the down-modes take the particularly simple asymptotic
form given in (4.98) and these modes vanish in region IV. Near the past horizon Hy,
the region IV up-modes take the particularly simple asymptotic form given in (4.101)
and these modes vanish in region I. Both the future horizon H* and the region IV past
horizon Hy; are surfaces of constant U = 0. Then it is convenient to choose our surface of
integration of the modes in the lemma (4.100) to be a hypersurface of constant U = € > 0,
where € is a small, positive constant such that this surface lies inside region II, close to
HT, and inside region IV, close to Hyy.

The asymptotic form of the region IV up-modes near H~ (4.101) contain a factor of

exp[In(U)], whereas the asymptotic form of the down-modes near H™ (4.98) contain a
factor of exp| ln(—(} )]. We are attempting to define a set of positive-frequency modes with
respect to the Kruskal coordinate V'; these are analytic in the lower-half of the plane and
so we need to use a branch of the logarithm that is also analytic in the lower-half plane.

We can therefore choose to make a branch cut along the positive imaginary axis such that
In(—1) = —ir. (4.103)
Then, using the fact that we are integrating over a hypersurface of constant U = ¢ > 0

exp| M () oo M (@) x| T o

Using (4.104), the asymptotic form of the down-modes near H* (4.98) becomes
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glown _ \/:Tm iexp[i(w;a)m(ﬁ)] exp [—l(gj{_man?)}
X exp [W(MQ;&)

} Yo (6, 0) © <17) . (4.105)

Multiplying the expression for the lemma in (4.100) by an appropriate factor, we obtain

0= \/ﬁ %exp [1(“’2;‘7’) ln(ﬁﬂ exp [”(“2;“7)] Yo (0, )
« [ aven? o |- LD (7 | o(7)
roxp| T ED o | 1T (7)o (7). (aa00)

The first term in (4.106) is exactly that of the asymptotic form of the down-modes near
H* (4.105), while the second term in (4.106) is that of the asymptotic form of the region
IV up-modes near Hyy, (4.101) multiplied by a factor of

oo =2 x| T D] _ 73], )

Then we can write the linear combination of modes in (4.106) as

b ~ soT Tw
0= / dve #V {gz)g%n + e—7¢3§m} , p>0. (4.108)
—00

By the statement (4.2), the quantity in the curly brackets in (4.108) is positive-frequency

w.r.t V for all values of @. Multiplying this quantity by a factor of mf}OW“*e%, where the

down+

normalisation constant M9+ is yet to be determined, we define a set of modes Xeotrm,

wigmt = ot (o5 glgm 4 o~ Foygl ) (4.109)

which is positive-frequency with respect to the Kruskal coordinate V for all values of .
We would also like to define a set of modes that are negative-frequency w.r.t the

Kruskal coordinate V. We can do this by considering the complex conjugate of the lemma

in (4.7). Comparing the asymptotic expressions for the down-modes near H* (4.98) and

the region IV up-modes near Hy, (4.101) with the lemma in (4.7), we see that the terms

in the lemma can be constructed from the expressions in (4.98) and (4.101) if we take

(w+w)

%down— _ ‘7 and quWn— — _ 5 . (4110)
K

Then the lemma (4.7) becomes

e x| - (7) | o(7)

e +eXp[7T<w2:@>} exp [_Wln(_v)] @(_17)} =0, (4111)
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We will again need to take a linear combination of the asymptotic forms of the down-modes
near H1 (4.98) and of the region IV up-modes near Hpy, (4.101). The former contain a
factor of exp[In(—U)] while the latter contain a factor of exp[In(U)]. We are attempting to
define negative-frequency modes w.r.t ‘7; these are analytic in the upper-half of the plane
and so we need to use a branch of the logarithm that is also analytic in the upper-half of

the plane. We therefore choose to make a branch cut along the negative imaginary axis

In(—1) =in. (4.112)

Then, using the fact that we are integrating over a hypersurface of constant U = ¢ > 0

K K 2K

exp| M ()] = M (@) [ -]y

Using (4.113), the asymptotic form of the down-modes near H* (4.98) becomes

down _ \/ﬁ iexp[i(u;ﬂw)ln(ﬁﬂ exp [—Wln(ﬁ)]
X exp [—” (‘*’2; a)] Yim (0, ) @(f/) . (4.114)

Multiplying the expression for the lemma in (4.111) by an appropriate factor, we obtain

(- 1exp[wln(ﬁ>] exp [—M] Yo (0, )

N2k 2K 2K
X /_O; dv eV {exp [—i (w;’; “) 1n<17>] @(‘7)
+exp [_ﬂ(wz:@)} exp [_1(2:55) ln(—f/ﬂ @(—‘7)} . (4.115)

The first term in (4.115) is exactly that of the asymptotic form of the down-modes near
HT (4.114), while the second term in (4.115) is that of the asymptotic form of the region
IV up-modes near Hyy, (4.101) multiplied by a factor of

oo =) [ T B] _ e[0T, e

Then we can write the linear combination of modes in (4.115) as

0= / av eV {¢gzmn + e%%‘é’m} . p>0. (4.117)

By the statement (4.3), the quantity in the curly brackets in (4.117) is negative-frequency
w.r.t V for all values of w. Multiplying this quantity by a factor of mgown*e—%, where the

down—

normalisation constant M9°""~ is yet to be determined, we define a set of modes Xootm

XS}%:VRH_ = mgownf (eig(ﬁg%zvnn + Q%wup ) (4118)

wlm

which is negative-frequency with respect to the Kruskal coordinate V' for all values of w.
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We normalise the positive- (4.109) and negative-frequency thermalised down-modes
(4.118) through a similar process to that used to normalise the thermalised up-modes in
§4.4.1; using the fact that both sets of modes in (4.109) and (4.118) are a linear combination

of the asymptotic forms of the down-modes gzbdown and of the region IV up-modes @Z)wem,

we can use the norms of the ¢29%" and ) in (3.145) and (4.102) respectively to derive

wlm
the normalisation constants 91doWn+

1
R — (4.119)

2 sinh(%)’

Then, restricting our attention to region I where the wzlgm vanish, a set of normalised

down-modes positive-frequency with respect to the Kruskal coordinate V' is given by

1 T ~
X" = ¥ g, all®, (4.120)
Z‘Sinh(%ﬂ

and a set of normalised down-modes having negative-frequency w.r.t V is given by

1 s} ~
Xdown— - e—§¢down all w. (4121)

wbm ~ wlm
2 ‘Siﬂh(%) ‘

Construction of the ‘future’ Unruh state

Recall that in defining the ‘future’ Unruh |[UT) state, we would like a state that is as
empty as possible to a static observer at future null infinity .#* but which contains an
incoming flux of thermal radiation at past null infinity .# ~; this corresponds to an absence
of particles in the out-modes (3.139) and a thermalised flux of particles in the down-modes.

Then, we may expand the scalar field ® in terms of an orthonormal basis of out-modes
and thermally populated down-modes, each divided into positive- and negative-frequency
sets. We recall that the out-modes are defined to be positive- (4.32) and negative-frequency
(4.33) with respect to the Schwarzschild-like coordinate ¢, which is the natural time coor-
dinate to use near .#*. Using (4.32), (4.33), (4.120) and (4.121), we have

00 L 0

out 0ut+ outt ,out—
Z Z / dw awémd)wﬂm / dw bwﬂm wlm
{=0 m=—¢ —o0

/ [y — g;‘;’n“ e2 ~adovn |65 bj‘;m } (4.122)
1/2 smh W

We quantise the field by promoting the expansion coefficients to operators such that the

field operator ®(x) is given by
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00 L 0
Aout out+ 7outt ;out—
Z Z / w€m¢w£m + / dw bwﬁm wlm
=0 m=—¢ —o0
_ 1@ ~q
gz:;;n [ adgm + o Eiy] } (4.123)

/ do ——
\/2 smh W

where the operators associated to the out-modes, ao‘f and bOut

, are defined for w > 0 and

w < 0 respectively, and the operators associated to the down-modes, ag(g"n“ and bg%bn, are
0ut/d0wn+

defined for all @. In (4.123), all of the positive-frequency modes ¢ are of positive-

wlm

t/down— .
out/down= .1 of negative-norm; then, the

norm and all of the negative-frequency modes ¢_,,"

~out/down
wlm

and bout /down

operators a ol

obey the following, standard commutation relations

[dg%fn, Agf}jm, = 5(w w') Ope Ommmt,  w > 0,
{Bg}éﬁn, 0 = 0w — W) 6w O, w <0,
adg ateznt] = 80 =) O B, a1 &,
[gg%n, b ] — 6 (w — ) Gy Oy, ll @, (4.124)

with any commutators not explicitly given in (4.124) vanishing. The ‘future’ Unruh state

|UT) is defined as the state annihilated by the a AOUt/ oW and bzlgr/ldown operators such that
gsim [UF) =0, w>0,
0, [UTY =0, w<0,
adorm Uty =0, all @,
b Uty =0, all @. (4.125)

The ‘future’ Unruh state |UT) contains no particles or antiparticles outgoing at future
null infinity .# .

incoming from past null infinity #~. We explore this state further when we study the

However, it does contain a thermal flux of particles and antiparticles

expectation values of quantum observables in the ‘future’ Unruh state |[U*) in §5.4.1.

4.5 Hartle-Hawking states

In §2.3.3, we introduced the Schwarzschild Hartle-Hawking state |Hg); this state exhibits
d

outgoing thermal radiation at future null infinity .#*. We would like to define analogous

an unstable equilibrium of incoming thermal radiation from past null infinity .~ an

states for a charged scalar field in Reissner-Nordstrom spacetime.

In §3.3.4, we derived conditions for low-frequency modes of the classical scalar field
to undergo superradiant scattering in Reissner-Nordstrom spacetime. This indicates that
it may be impossible to define a Hartle-Hawking state which exhibits an equilibrium of

incoming and outgoing thermal radiation.
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As such, it will be prudent to define two separate ‘past’ and ‘future’ CCH states [15],
namely the ‘past’ CCH state |[CCH™) in §4.5.1 that will have a thermal distribution of
particles in the in- and up-modes, and the ‘future’ CCH state |[CCH™) in 4.5.2 that will
have a thermal distribution of particles in the out- and down-modes; however, it remains
to be seen whether either of these states represents a thermal equilibrium.

We will also define two ‘-like’ states, namely the ‘Hartle-Hawking-like’ state |H) in
§4.5.3, which is an attempt to remain as close in spirit as possible to the Schwarzschild
Hartle-Hawking state |Hg), as well as the Frolov-Thorne state |FT) in §4.5.4, which will
be defined in an analogous manner to the way in which the “Hartle-Hawking”-like state

for a neutral scalar field in Kerr spacetime was defined in [49].

4.5.1 ‘Past’ CCH state

We would like to construct a state that exhibits thermal radiation both incoming at past
null infinity .#~ as well as outgoing at future null infinity .#*; in terms of the scalar field
modes defined in §3.3, these requirements correspond to a thermalised flux of particles in
both the in-modes (3.106) and the up-modes (3.131) of the field.

Together, the in- and up-modes constitute an orthonormal basis which we require in
order to quantise the field. From our discussion in §4.1, we first need to decompose the in-
and up-modes into positive- and negative-frequency setsto canonically quantise the field.

The thermal radiation outgoing to future null infinity .#* in the ‘past’ CCH state
|CCH™) corresponds to a thermalised flux of particles in the up-modes emanating from
the past horizon H~. The Kruskal coordinate U (3.24) is the affine parameter along
the null generators of the past horizon H~. Then, near H ™, the natural choice of time-
coordinate w.r.t which we can define positive- and negative-frequency up-modes is the
Kruskal retarded time U. We have already defined thermalised up-modes that are positive-
and negative-frequency w.r.t U when defining the ‘past’ Unruh state |[U™) in §4.4.1. Then,
the definitions that we require are those given in (4.92a) and (4.92b) respectively.

It should be noted that it is unsurprising that, in defining the ‘past’ CCH state |[CCH™),
we are able to use the same definitions of positive- and negative-frequency thermalised up-
modes as when we defined the ‘past’ Unruh state [U™); both of these states exhibit an
outgoing flux of thermal radiation at future null infinity .# . We now need to define a set

of positive- and negative-frequency thermalised in-modes.

Positive- and negative-frequency thermalised in-modes

The ‘past’ CCH state |[CCH™) has the additional interpretation of predicting thermal
radiation incoming at past null infinity .#~; this property corresponds to a thermalised
flux of particles in the in-modes that is incident upon the future horizon H*. The Kruskal
coordinate V' (3.24) is the affine parameter along the null generators of the future horizon
H*. Then, near H', the natural choice of time-coordinate w.r.t which we can define
positive- and negative-frequency in-modes is the Kruskal advanced time V.

We can begin by expressing the asymptotic form of the in-modes (3.64) near the future
horizon HT in terms of Kruskal coordinates; using (3.21), (3.26) and (3.33) we have
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; B, 1 i(w—@ - i D)/~

ot = wl =~ exp M 1n<—U) exp _M 1n(V> Yom(6,¢).  (4.126)
VArlw| ¥ 2 2%

The in-modes are defined in regions I and II of the Penrose diagram in Figure 3.1, where

V > 0. We can trivially extend their definition to regions III and IV by using the Heaviside
function (4.5) to demand that they vanish when V < 0. Then, (4.126) becomes

i = i o9 0) e [ ()] i 0(7).

VAT w] 2K 2K
(4.127)

Comparing the expression for the asymptotic form of the in-modes near the future horizon
HT in (4.127) with the lemma (4.6), we see that the first term in the lemma can be

constructed from the expression in (4.127) if we take

(w—i—fu)‘

%in-i- _ ‘7 d int+ _
aln q o

(4.128)

Then the lemma (4.6) becomes

S ~ . T 1 N ~ ~
/ AV eV {exp [— Hwtd)y, (V)] (V)
oo 2K
7 (w+ W) i(w+w) ~ ~
texp| - exp |- BT (V) [©(-V) p =0 (4129)
2K 2K

We see that the second term of the lemma (4.129) can be constructed from a set of modes
in regions III and IV, vanishing in regions I and II, with the same dependence on g+
(4.128) as the asymptotic form of the in-modes in (4.127) but containing factors of —V
as opposed to V. As was the case when defining the region IV down-modes in §4.4.1, we
will make both of the transformations U — —U as well as V — —‘N/, which results in a set
of modes that are nonzero in regions III and IV and vanishing elsewhere, as well as being

orthogonal to the in-modes in (4.127) since the two sets of modes are defined in different

out

regions of spacetime. Then, the asymptotic form of a set of modes 0

near the region

IV past horizon Hyy, is given by

= e (0] [ 2() e0().

VAam|w] 2K 2K
(4.130)

The modes in (4.130) have an intuitive interpretation in that they represent the region IV
analogue of the out-modes (3.139) that are defined in region I. Through a similar process
to that used to evaluate the norm of the region IV down-modes in §4.4.1, we find that the

expression for the inner product of two generic region IV out-modes is given by

ou ou *5(&) — w’) Oper O » for w > 0,
< w&tﬂ? w’;’m’> = (4131)
5((,0 — w’) Oppr 5mm/, for w < 0,
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meaning that region IV out-modes are of negative-norm when w > 0 and of positive-norm
when w < 0. This is different to the case of the in-modes (3.105) that have positive-norm
when w > 0 and negative-norm when w < 0.

Near the future horizon H™*, the in-modes take the particularly simple asymptotic
form given in (4.127) and these modes vanish in region IV. Near the past horizon H,,
the region IV out-modes take the particularly simple asymptotic form given in (4.130)
and these modes vanish in region I. Both the future horizon H* and the region IV past
horizon H |y, are surfaces of constant U = 0. Then it is convenient to choose our surface of
integration of the modes in the lemma (4.129) to be a hypersurface of constant U = —e < 0,
where € is a small, positive constant such that this surface lies inside region I, close to H T,
and inside region III, close to Hyy,.

The asymptotic form of the in-modes near H* (4.127) contain a factor of exp[In( —(7)],
whereas the asymptotic form of the region IV out-modes near Hyy, (4.130) contain a factor
of exp[ln(ﬁ )]. We are attempting to define a set of positive-frequency modes with respect
to the Kruskal coordinate V'; these are analytic in the lower-half of the plane and so we
need to use a branch of the logarithm that is also analytic in the lower-half plane. We can

therefore choose to make a branch cut along the positive imaginary axis such that

In(—1) = —im. (4.132)
Then, using the fact that we are integrating over a hypersurface of constant U = —e < 0
exp{l(w_w)ln(ﬁ)} :exp[l(w_w)ln<—ﬁ>] exp{w(w_w)] : (4.133)

2K 2K 2K

Using (4.133), the asymptotic form of the in-modes near H™ (4.127) becomes

. % Fop| 1 (07)| exp [ 1D (7))
r(o-@)

- } Yim(0, ) @(17) . (4.134)

X exp [—

Multiplying the expression for the lemma in (4.129) by an appropriate factor, we obtain

o_ B iexp[wm(ﬁ)] exp {_M} Yi(0,9)

VArw] 2K 2k
« [ aven? o |- HE D (7 | o(7)
roxp| T ED o | 1T (7)o (7). (aa3s)

The first term in (4.135) is exactly that of the asymptotic form of the in-modes near H™
(4.134), while the second term in (4.135) is that of the asymptotic form of the region IV
out-modes near Hy, (4.130) multiplied by a factor of
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exp [—”(“;;‘7’)} exp [—W} = exp [—%} . (4.136)

Then we can write the linear combination of modes in (4.135) as

0= / dve wV { o+ e*%djg;}n} , p>0. (4.137)

—00

By the statement (4.2), the quantity in the curly brackets in (4.137) is positive-frequency
w.r.t V for all values of w. Multiplying this quantity by a factor of ‘)’ISJFe%, where the

in+

normalisation constant 97 is yet to be determined, we define a set of modes Xootm

A, = M (3 ol + e, ) (4.138)

wlm

which is positive-frequency with respect to the Kruskal coordinate V for all values of w.
We would also like to define a set of modes that are negative-frequency w.r.t the
Kruskal coordinate V. We can do this by considering the complex conjugate of the lemma
in (4.7). Comparing the asymptotic expressions for the in-modes near H* (4.127) and the
region IV out-modes near Hy, (4.130) with the lemma in (4.7), we see that the terms in
the lemma can be constructed from the expressions in (4.127) and (4.130) if we take
(w+ )

X" =V and " =-— o (4.139)

Then the lemma (4.7) becomes

/_ Z a7 7 {exp [_(“’;5’) m(vﬂ o(7)
rexp| T | 1T () o(-7) L 0. (a0

We will again need to take a linear combination of the asymptotic forms of the in-modes
near %1 (4.127) and of the region IV out-modes near H, (4.130). The former contain a
factor of exp[In(—U)] while the latter contain a factor of exp[In(U)]. We are attempting to
define negative-frequency modes w.r.t Y7; these are analytic in the upper-half of the plane
and so we need to use a branch of the logarithm that is also analytic in the upper-half of

the plane. We therefore choose to make a branch cut along the negative imaginary axis

In(—1) =ir. (4.141)
Then, using the fact that we are integrating over a hypersurface of constant U = —e < 0
exp[l(w_w)ln(ffﬂ = exp[l(w_w)ln(—(}ﬂ exp [_ﬂ'(w—w)} . (4.142)

2K 2K 2K

Using (4.142), the asymptotic form of the in-modes near H* (4.127) becomes
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™ (w—-0)

— } Yim (0, ) @(17) . (4.143)

X exp[

Multiplying the expression for the lemma in (4.140) by an appropriate factor, we obtain

Lo [1 ()] exo [T vimto.

T o] T 2 2%
« [~ avert {7 | o(7)
rexp| 0T | 1T (1) o(-7) ]

The first term in (4.144) is exactly that of the asymptotic form of the in-modes near H™
(4.143), while the second term in (4.144) is that of the asymptotic form of the region IV
out-modes near Hyy, (4.130) multiplied by a factor of

exp[ﬂ(w_w)] exp[”(“”ra’)] :exp[%}. (4.145)

2K 2K

Then we can write the linear combination of modes in (4.144) as

e Ve : Tw
0= / dv eV { otm €7 g‘é;l} , p>0. (4.146)
—00
By the statement (4.3), the quantity in the curly brackets in (4.146) is negative-frequency
w.r.t V for all values of w. Multiplying this quantity by a factor of ‘ﬁg‘_e_%, where the
in—

normalisation constant DU~ is yet to be determined, we define a set of modes Xootm

Xl = M (7 F ol + T ) (4.047)

which is negative-frequency with respect to the Kruskal coordinate V for all values of w.
We normalise the positive- (4.138) and negative-frequency thermal in-modes (4.147)
through a similar process to that used to normalise the thermal up-modes in §4.4.1; using
the fact that both sets of modes in (4.138) and (4.147) are a linear combination of the

asymptotic forms of the in-modes ¢, ~and of the region IV out-modes ¥°% | we can

wlm wlm
use the norms of the ¢, ~and ¥4 in (3.105) and (4.131) respectively to derive the
normalisation constants 910+
int 1
] R S— (4.148)

2 ]sinh(%)\

out

Then, restricting our attention to region I where the 0,

vanish, a set of normalised
in-modes having positive-frequency with respect to the Kruskal coordinate V is given by

i ]. Tw
Xt = ———=02% G, all w, (4.149)

2 ‘sinh(%)!
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and a set of normalised in-modes having negative-frequency w.r.t V is given by

Xeotm = SN — e gl allw, (4.150)
2 [sinh (72)|

Construction of the ‘past’ CCH state

Recall that in defining the ‘past’ CCH state |CCH™), we would like a state that exhibits
thermal radiation both incoming from past null infinity .#~ and outgoing to future null
infinity .#; this corresponds to a thermalised flux of particles in both the in-modes (3.106)
and the up-modes (3.131) of the field ®.

Then, we may expand the scalar field ® in terms of an orthonormal basis of thermally
populated in- and up-modes, each divided into positive- and negative-frequency sets. We
recall that the up-modes are defined to be positive- (4.92a) and negative-frequency (4.92b)
with respect to the Kruskal coordinate U, which is the natural time coordinate to use near
H~. Using (4.92a), (4.92b), (4.149) and (4.150), we have

- ‘ > 1 in ¢ in — T« int
@(w) - Z Z dw —=————= Pt |:e 28 Qg T € 2% bwém]
2 U ()
o0 ~ 1 Tw Tw
+ | A}, |5 a, + e B } (4.151)

o [2]sinn(52))|

We quantise the field by promoting the expansion coefficients to operators such that the

field operator ®(z) is given by

2 ‘sinh(%)‘

where the operators associated to the in-modes, @', and b, are each defined for all

wlm wlm?
w, and the operators associated to the up-modes, a_, —and b_, . are each defined for all

in/up+

wim | are of positive-norm and all of

w. In (4.152), all of the positive-frequency modes ¢

the negative-frequency modes gbglé/;p_ are of negative-norm; then, the operators di&/rzp and
f)i%ip obey the following, standard commutation relations

|:d<i,3€m7 diﬁ/mz_ = 5(w — w’) Oper Oy, &Il w,

[Ag}m, Bif‘/l,mf =6(w—w') 6¢pr Sy, all w,

[diﬁma @Z‘?me_ =6(w—w') 6gpr O, all @,

[Bilém’ DR | = 0(w =) S0 Sy, a1l &, (4.153)




Canonical quantisation and definition of quantum states 107

with any commutators not explicitly given in (4.153) vanishing. The ‘past’ CCH state is
then defined as the state annihilated by the a “m/ "Pand IA)Z}/TEP operators such that

Ag}m |ICCH™) =0, allw,
em [ICCHT) =0, all w,
Q' |CCH™) =0, all@,
b |CCH™) =0, all@. (4.154)

The ‘past’ CCH state |[CCH™) exhibits incoming thermal radiation from past null infinity
#~ and outgoing thermal radiation to future null infinity #*, which corresponds to a
thermalised flux of particles in the in-modes and in the up-modes respectively. However,
it is clear that there is no thermal equilibrium in this state, since the in- and up-modes
each contain different thermal factors. We explore this state further when we study the

expectation values of quantum observables in the ‘past’ CCH state |[CCH™) in §5.3.4.

4.5.2 ‘Future’ CCH state

The ‘future’ CCH state [CCH™) can be understood as the time-reverse of the ‘past” CCH
state |CCH™) that we defined in §4.5.1. Where the ‘past’ CCH state |CCH™) was con-
structed using an orthonormal basis of thermalised in- and up-modes near surfaces con-
tained with the ‘past’ Cauchy surface Xp.s (3.86), the ‘future’ CCH state |[CCHT) is
constructed using an orthonormal basis of thermalised out- and down-modes near surfaces
contained with the ‘future’ Cauchy surface Xgyture (3.87).

The thermal radiation incoming from past null infinity #* in the ‘future’ CCH state
|CCHT) corresponds to a thermalised flux of particles in the down-modes incident upon
the future horizon H*. The Kruskal coordinate V' (3.24) is the affine parameter along
the null generators of the future horizon H . Then, near H™, the natural choice of time-
coordinate w.r.t which we can define positive- and negative-frequency up-modes is the
Kruskal advanced time V. We have already defined thermalised down-modes that are
positive- and negative-frequency w.r.t V when defining the ‘future’ Unruh state |[UT) in

§4.4.2; the definitions that we require are those given in (4.120) and (4.121) respectively.

Positive- and negative-frequency thermalised out-modes

The ‘future’ CCH state [CCHT) has the additional interpretation of predicting thermal
radiation outgoing at future null infinity .#*; this property corresponds to a thermalised
flux of particles in the out-modes emanating from the past horizon H~. The Kruskal
coordinate U (3.24) is the affine parameter along the null generators of the past horizon
H~. Then, near H~, the natural choice of time-coordinate w.r.t which we can define
positive- and negative-frequency in-modes is the Kruskal retarded time U.

We can begin by expressing the asymptotic form of the out-modes (3.68) near the past
horizon H~ in terms of Kruskal coordinates; using (3.21), (3.26) and (3.33) we have
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Bin* 1 : ~ " : o~ "

out — @t " oxp Hw+&) ln<—U) exp A Cnl)) ln(V> Yim(6,¢). (4.155)
VAarlw| T 2K 2K

The out-modes are defined in regions I and III of the Penrose diagram in Figure 3.1, where

U < 0. We can trivially extend their definition to regions II and IV by using the Heaviside

function (4.5) to demand that they vanish when U > 0. Then, (4.155) becomes

2t = o Lo [M D (0)] [P (7) ] Yino.0)0(-0).

VAam|w] 2K 2K
(4.156)

Comparing the expression for the asymptotic form of the out-modes near the past horizon
H~ in (4.156) with the lemma (4.6), we see that the second term in the lemma can be

constructed from the expression in (4.156) if we take

XU = and ot = — (wz—;w)' (4.157)

Then the lemma (4.6) becomes

[ awen feo | M (1) 6 (0)

—0
+exp [”(“’2:“’)] exp [W 1n(—(7)] o(-0) } —0. (4.158)
We see that the first term of the lemma (4.158) can be constructed from a set of modes
in regions II and IV, vanishing in regions I and III, with the same dependence on q°"** as
the asymptotic form of the out-modes in (4.156) but containing factors of U as opposed
to —U. As was the case when defining the region IV down-modes in §4.4.1, we will make
both of the transformations U — —U as well as V — —X~/, which results in a set of modes
that are nonzero in regions II and IV and vanishing elsewhere, as well as being orthogonal
to the out-modes in (4.156) since the two sets of modes are defined in different regions of

in

Uum Dear the region IV future

spacetime. Then, the asymptotic form of a set of modes

horizon ’HR, is given by

i = 22 ~exp| (0] exp | -5 (<7 | vin 0.1 (D).

VAaT|w| 2K 2k
(4.159)

The modes in (4.159) have an intuitive interpretation in that they represent the region IV
analogue of the in-modes (3.106) that are defined in region I. Through a similar process
to that used to evaluate the norm of the region IV down-modes in §4.4.1, we find that the

expression for the inner product of two generic region IV in-modes is given by

in in 76(("} - w/) 6”’ 5mm’a for w > 0,
<ww€m7 ¢w’£’m’> = (4160)
5((,0 — w’) Oppr 5mm/, for w < 0,



Canonical quantisation and definition of quantum states 109

meaning that region IV in-modes are of negative-norm when w > 0 and of positive-norm
when w < 0. This is different to the case of the out-modes (3.138) that have positive-norm
when w > 0 and negative-norm when w < 0.

Near the past horizon H ™, the out-modes take the particularly simple asymptotic form
given in (4.156) and these modes vanish in region IV. Near the future horizon i, the
region IV in-modes take the particularly simple asymptotic form given in (4.159) and these
modes vanish in region I. Both the past horizon H~ and the region IV future horizon HIJQ/
are surfaces of constant V' = 0. Then it is convenient to choose our surface of integration
of the modes in the lemma (4.158) to be a hypersurface of constant V = —e < 0, where €
is a small, positive constant such that this surface lies inside region III, close to H~, and
inside region IV, close to ’HR,

The asymptotic form of the out-modes near H~ (4.156) contain a factor of exp] ln(‘7)],
whereas the asymptotic form of the region IV in-modes near Hf\, (4.159) contain a factor of
exp[ln(—f/)]. We are attempting to define a set of positive-frequency modes with respect
to the Kruskal coordinate U; these are analytic in the lower-half of the plane and so we
need to use a branch of the logarithm that is also analytic in the lower-half plane. We can

therefore choose to make a branch cut along the positive imaginary axis such that

In(—1) = —im. (4.161)
Then, using the fact that we are integrating over a hypersurface of constant V = —e < 0
exp —M ln<‘7) = exp —M ln(—‘7) exp —M . (4.162)

2K 2K 2K

Using (4.162), the asymptotic form of the out-modes near M, (4.127) becomes

7 (w— @)

X exp{ ] Yim (0, 0) @(ﬁ) . (4.163)

K

Multiplying the expression for the lemma in (4.158) by an appropriate factor, we obtain

0= D Lo [ 1) (0] e[ 74D v 0.

VArlw] T 2%
x /Z AU e w0 {exp [i(u;,;w)ln(ff)] @(ﬁ)
rexp| 0T g 1 () | o(-0) ). a0

The first term in (4.164) is exactly that of the asymptotic form of the region IV in-modes
near 1, (4.163), while the second term in (4.164) is that of the asymptotic form of the
out-modes near H~ (4.130) multiplied by a factor of
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exp [”(“;;&)] exp [M] - exp[%} . (4.165)

Then we can write the linear combination of modes in (4.164) as

o0 ~ ST . Tw

0= / a0 e 0 Ly, veF o} b0 (4.166)
—o

By the statement (4.2), the quantity in the curly brackets in (4.166) is positive-frequency

w.r.t U for all values of w. Multiplying this quantity by a factor of mgut+e—%, where the

out+

normalisation constant M2 is yet to be determined, we define a set of modes Xt

Xogm =N <e%¢3‘1§% + e_%wiﬁzm) (4.167)

which is positive-frequency with respect to the Kruskal coordinate U for all values of w.
We would also like to define a set of modes that are negative-frequency w.r.t the
Kruskal coordinate U. We can do this by considering the complex conjugate of the lemma
in (4.7). Comparing the asymptotic expressions for the out-modes near H~ (4.156) and
the region IV in-modes near 1, (4.159) with the lemma in (4.7), we see that the terms
in the lemma can be constructed from the expressions in (4.156) and (4.159) if we take
(w+w)

X" =U and ¢ = — (4.168)

Then the lemma (4.7) becomes

[ awe? fe| K ES (5) ] 0(7)

—0
+exp [—”(“’2:‘“)} exp [ 1(‘“2:“’) ln<—(7>] o(-0) } —0. (4.169)
We will again need to take a linear combination of the asymptotic forms of the out-modes
near H~ (4.156) and of the region IV in-modes near Hj, (4.159). The former contain a
factor of exp[In(V)] while the latter contain a factor of exp[In(—V)]. We are attempting
to define a set of negative-frequency modes w.r.t U ; these are analytic in the upper-half of
the plane so we need to use a branch of the logarithm that is also analytic in the upper-half

of the plane. We can therefore make a branch cut along the negative imaginary axis

In(—1) =in. (4.170)
Then, using the fact that we are integrating over a hypersurface of constant V = —e < 0
exp —M ln(ﬁ) = exp —M ln(—1~/> exp mw=4&) . (4.171)

2K 2K 2K

Using (4.171), the asymptotic form of the region IV in-modes near H;; (4.159) becomes
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" (w-5)

2% ] Yin(8.)0(T) . (4.172)

X exp [—

Multiplying the expression for the lemma in (4.169) by an appropriate factor, we obtain

0= 2 LoD ()] e[ 2= vin0.0)

VAT|@| 2k 2K
« [ are® {2 (0)] 6 (0)
roxp| T ED x| M (-0 o(-8)} . (aam)

The first term in (4.173) is exactly that of the asymptotic form of the region IV in-modes
near H;\, (4.172), while the second term in (4.173) is that of the asymptotic form of the
out-modes near H~ (4.156) multiplied by a factor of

exp {—”(“2;“7)} exp [—W(“;:‘N")] = exp [—%} . (4.174)

Then we can write the linear combination of modes in (4.173) as

0:/ dﬁeipff{ e n g;:n}, p>0. (4.175)

—0oQ
By the statement (4.3), the quantity in the curly brackets in (4.175) is negative-frequency
w.r.t U for all values of w. Multiplying this quantity by a factor of mgut*e%, where the

normalisation constant mgut— is yet to be determined, we define a set of modes XZ%;;
o = o (7B, + e, ) (4.176)

which is negative-frequency with respect to the Kruskal coordinate U for all values of w.

We can normalise the positive- (4.167) and negative-frequency thermalised out-modes
(4.176) through a similar process to that used to normalise the thermalised up-modes in
§4.4.1; using the fact that both sets of modes in (4.167) and (4.176) are a linear combination
of the asymptotic forms of the out-modes ¢°5¢ and of the region IV in-modes Pt we

wlm?

can use the norms of the ¢°3¢ and 9%, in (3.138) and (4.160) respectively to derive the

m
wlm wlm
normalisation constants 91U+

1

V2 lsinh (52)]

Then, restricting our attention to region I where the ¥

goutE — (4.177)

in

ovm vanish, a set of normalised

out-modes having positive-frequency with respect to the Kruskal coordinate U is given by

1 TW
ot = B allw, (4.178)
2 ‘sinh(%)}
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and a set of normalised out-modes having negative-frequency w.r.t U is given by

1 o

out— __ — 5~ out

XU = e gl all w. (4.179)
2 fanh (22|

Construction of the ‘future’ CCH state

Recall that in defining the ‘future’ CCH state |CCH™T), we would like a state that ex-
hibits thermal radiation at both past and future null infinity #*; this corresponds to a
thermalised flux of particles in both the out-modes (3.139) and the down-modes (3.147).

Then, we may expand the scalar field ® in terms of an orthonormal basis of thermally
populated out- and down-modes, each divided into positive- and negative-frequency sets.
We recall that the down-modes are defined to be positive- (4.120) and negative-frequency
(4.121) with respect to the Kruskal coordinate V', which is the natural time coordinate to
use near H*. Using (4.120), (4.121), (4.178) and (4.179), we have

- : OO 1 out L out — @, outt
(ID(.T) = E E dw 2’ - h( w)‘ ol |:62n Qg + € 25 bwﬁm]
=0 m=— o sin ’T?
> dN; down g—:’ down 7’;—5bdown1‘ 4.180
+ w wim | € 2% Aom +e 2 wlm . ( . )
—0o0 . o
2 smh(%)’

We quantise the field by promoting the expansion coefficients to operators such that the

field operator ®(z) is given by

9] l 00
ba) =) > { / dw—— it (B agit, + e~ 30
(=0 m=—1 -0 2 ‘smh(%)‘
> da 1 down g—a’Adown —g—a’i)downf 4.181
+ w wem | € 2" Qyem te " Outm ’ ( )
—o0 . o
2 smh(%)’

out rout
ot and 0250 | are each defined for all
w, and the operators associated to the down-modes, dg‘;ﬁ;ﬂ and bg‘é}”nn

out/down+
wlm

where the operators associated to the out-modes, a
, are each defined for

all @. In (4.181), all of the positive-frequency modes ¢ are of positive-norm and

out/down—

ol are of negative-norm; then, the operators

all of the negative-frequency modes ¢
~out/down and Z;Zlét/down

b, obey the following, standard commutation relations

wbm s Yyt prm! 5([/ 5mm/, all w,

X ~outt |
{aout outt 5

wlm V'l m

[&down gaownt 0w — w’ (5@@/ 5mm’; all (:Vd,

wbm, w'l'm’

(v =)

[i)out i)outT /_ = 5(w — w’) Oppr Oy, all w,
(w =)
(w—u)

(Sgg/ 5mm’7 all @, (4.182)

wbm o Yt erm!

[Bdown Bdown’[- -5
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with any commutators not explicitly given in (4.182) vanishing. The ‘future’ CCH state

is then defined as the state annihilated by the & Aout/ down nd IA)ZI?/ down operators such that

a2yt |CCHT) =0, allw,
S}éﬁn |CCH™) =0, all w,
adown |CCHT) =0, all @,
b |CCHY) =0, all @. (4.183)

We explore this state further when we study the expectation values of quantum observables
in the ‘future’ CCH state |[CCH™) in §5.4.2.

4.5.3 ‘Hartle-Hawking-like’ state

We would like to define a thermal state in RN spacetime that is as close in spirit as
possible to the Schwarzschild Hartle-Hawking state |Hg), defined in §2.3.3, and which
exhibits both incoming Hawking radiation from past null infinity .#~ as well as outgoing
Hawking radiation at future null infinity .# . In terms of the scalar field modes defined in
§3.3, this corresponds to a thermalised flux of particles in both the up- and down-modes.

The outgoing Hawking radiation at future null infinity .#% in [H) is emanating from
the past horizon H~; the Kruskal coordinate U is the affine parameter along the null
generators of this surface. We have already defined thermalised up-modes that are positive-
and negative-frequency w.r.t U in (4.92a) and (4.92b) respectively.

The incoming Hawking radiation from past null infinity .#~ in |H) is incident upon
the future horizon H™; the Kruskal coordinate V is the affine parameter along the null
generators of this surface. We have already defined thermalised down-modes that are
positive- and negative-frequency w.r.t V in (4.120) and (4.121) respectively.

Then, we may use (4.92a), (4.92b), (4.120) and (4.121) to expand the field ¢ as

ST [ B+ R e B
=0 m=—L"""
(4.184)

In region I, equation (4.184) reduces to

[e.e]

Sy [a (B, o i e,

£=0 m=—¢ Slnh

S Rl vl SRS

However, the up- and down-modes do not form an orthonormal basis of modes, which we
require to quantise the field. The in-modes are orthogonal to the up-modes; we would then
like to re-express the down-modes in (4.184) in terms of in- and up-modes. We note that
since the thermal factor of the down-modes depends on w, the in- and up-modes which we

use to re-express the down-modes should also have thermal factors depending on w.
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While we have already defined thermalised in-modes that are positive- and negative-
frequency w.r.t V in (4.149) and (4.150) respectively, these modes possess a thermal factor
depending on w. Thus, we need to define a new set of thermalised in-modes that are
positive- and negative-frequency w.r.t V but whose thermal factor instead depends on @.

Initially, their definition follows through in a similar way to the in-modes Xglzm used to
define the ‘past’ CCH state in §4.5.1. In particular, the asymptotic form of the in-modes
near H* is that given in (4.127), and we similarly make the transformations U — —U,
V' — =V to define a set of region IV out-modes, whose asymptotic form near Hr, is
that given in (4.130). Making the same choices X" = V and ¢t = % to define
positive-frequency modes as in (4.128), the lemma (4.6) takes the form given in (4.129).

However, when defining the ‘past’ CCH state |[CCH™), we chose our surface of inte-
gration to be a hypersurface of constant U = —e < 0, where ¢ is a small, positive constant
such that this surface lies inside region I, close to H ™, and inside region III, close to Hiy
Now, we will instead choose our surface of integration of the modes in the lemma (4.129)
to be a hypersurface of constant U = ¢ > 0, where € is a small, positive constant such that
this surface lies inside region II, close to H™, and inside region IV, close to Heyy-

The asymptotic form of the in-modes near H* (4.127) contain a factor of exp[In(=U)],
whereas the asymptotic form of the region IV out-modes near Hyy, (4.130) contain a factor
of exp[In(U)]. Initially attempting to define a set of positive-frequency modes w.r.t V,
which are analytic in the lower-half of the plane and therefore require us to use a branch
of the logarithm that is also analytic in the lower-half plane, we choose to make the same
branch cut along the positive imaginary axis such that In(—1) = —im, as in (4.132). Then,

using the fact that we are integrating over a hypersurface of constant U = ¢ > 0

exp{i(gmln(—ﬁﬂ - exp[i(ga’)ln(ﬁ)] exp[M] . (4.186)

K K 2K

Using (4.186), the asymptotic form of the in-modes near H* (4.127) becomes

X exp [”(“’2;‘7))] Yo (6, ) (9(\7) . (4.187)

Multiplying the expression for the lemma in (4.129) by an appropriate factor, we obtain

0= oL oxp[ M (7)o [T 0

Viarlw] K
X / Z AV e iV {exp [—i(";:@)ln(f/)] o(7)
+exp [—W} exp [—1(“’2:@) m(—vﬂ @(—17)} . (4.188)

The first term in (4.188) is exactly that of the asymptotic form of the in-modes near H*
(4.187), while the second term in (4.188) is that of the asymptotic form of the region IV
out-modes near Hyy, (4.130) multiplied by a factor of
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exp [ﬂ“‘;;a’)} exp {—”(“’Q:&)} = exp [—7::"} . (4.189)

Then we can write the linear combination of modes in (4.188) as

0= / dve v {¢>§3}£m e g@%} . p>0. (4.190)

—00
By the statement (4.2), the quantity in the curly brackets in (4.190) is positive-frequency
w.r.t V for all values of w. Multiplying this quantity by a factor of &E+e%, where the

normalisation constant ‘ﬁg‘* is yet to be determined, we define a set of modes iglgn

wlm wlm

Rk, = it (3 gl + e By, ) (4.191)

which is positive-frequency w.r.t V for all values of W and where the notation SZZIZ;H serves

to distinguish these modes from the positive-frequency modes Y (4.138) in §4.5.1.

wlm
In order to define negative-frequency modes, we make the same choices X~ = V and
g = —% as in (4.139) and thus the complex conjugate (4.7) of the lemma takes

the form given in (4.140). Since we are attempting to define a set of negative-frequency
modes w.r.t V, which are analytic in the upper-half of the plane and therefore require us
to use a branch of the logarithm that is also analytic in the upper-half plane, we choose to
make the same branch cut along the negative imaginary axis such that In(—1) = in, as in

(4.141). Using the fact that we are integrating over a hypersurface of constant U =€ > 0

exp| M ()] =] M (@) |-G

2K

Using (4.192), the asymptotic form of the in-modes near H* (4.127) becomes

T 5)

- } Yim(0, ) @(f/) . (4.193)

X exp [—

Multiplying the expression for the lemma in (4.140) by an appropriate factor, we obtain

o= Bh 1 o [ Hw=o) m(ﬁ)] exp {—M] Yo (0, )

NIk 2% 2%
« [~ avert {7 | o(7)
rexp| T g 1T ()| o(-7) ] (a0

The first term in (4.194) is exactly that of the asymptotic form of the in-modes near H™
(4.193), while the second term in (4.194) is that of the asymptotic form of the region IV
out-modes near Hy, (4.130) multiplied by a factor of
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exp [—ﬂ(“;;@)] exp [W(“’Q:a)] — exp [7:‘)} . (4.195)

Then we can write the linear combination of modes in (4.194) as

0:/ dVe‘pV{ in e 3};;1}, p>0. (4.196)

By the statement (4.3), the quantity in the curly brackets in (4.196) is negative-frequency
w.r.t V for all values of w. Multiplying this quantity by a factor of ‘fftin* ~3%, where the

normalisation constant ‘it}j‘ is yet to be determined, we define a set of modes X Xwem

X = M0~ ( B gl + e%?/ﬁ%n) (4.197)

which is negative-frequency w.r.t V for all values of w0 and where the notation X’g}:n serves
to distinguish these modes from the negative-frequency modes Xwem (4.147) in §4.5.1.
The derivation of the normalisation constants ‘ﬁmi is somewhat subtle in that, while

and 1°%  depend on w from

‘ﬁ‘ni will contain a factor of @, the norm of the modes i

wfm
(3.104) and (4.131) respectively. We go through this calculation in detail now.

We need to use the fact that the in-modes and the region IV out-modes are orthogonal
since the in-modes are defined in region I while vanishing in region IV, and the region
I\Y out—modes are defined in region I while vanishing in region IV. Therefore, the inner

product (¢, %%, ) vanishes. Requiring orthonormality of the )“{g‘;fn modes, we have

S e e g, +eT R UG, 8 s + T u)

_ qink+ qrind +79 , in in out :F@ out out
_mw mw’ (e ~ < wlm» w’Z’m’>+2< wlm> w’f’m’>+e K( wlm> w’é’m’))

~ 2
o int
_ ’mw

(ei% — ejF%) sgn(w) 6 (w — w') 8eer Gt (4.198)

where we have used the expressions for the norms in (3.104) and (4.131) to go from the

second equality to the third; equation (4.198) reduces to

~in+ ~in4 yind
<Xw€m’ Xw't'm '> =2 ‘mgl

9 ~
sinh (:l:ﬂ:j> sgn(w) 5(w — OJ/) 5@5/ 6mm’~ (4199)

Then, from (4.199), we have for the inner product of two generic )Z‘ife; modes

9 ‘;’ﬁinJr
w

2 Tw ,

sinh| — 5(w —w ) 0ppr Oy > 0, w > 0,
(g ) = K

wlm Aw''m/!

(4.200)
2 \Sw

9 ~
Sinh<m> (S(LU — w’) S0t Opmmt > 0, w < 0,
K

demonstrating that positive-frequency modes )?HJF have positive norm if sgn(ww) = 1 and

negative norm if sgn(w@) = —1. Similarly, from (4.199), we have for (Y, , )?n,z,m,>
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~. 2 o
2 “ﬁgl_ sinh<m> 5(w — w’) Oper O < 0, w >0,
~in— ~in— K
Xt Xererme) = o, = (4.201)
-2 ‘mg“* Sinh<> 5(w — w’) Oppr Oy < 0, w <0,
K

demonstrating that negative-frequency modes )?E};n have negative norm if sgn(ww) = 1

and positive norm if sgn(ww) = —1. The normalisation constants ‘ﬁg}i are given by

= 1
[ (4.202)

2 |sinh (22|

Therefore, a set of normalised modes having positive-frequency w.r.t V is given by

) 1 T Tw ~
R, =~ (B gl + e TG ), all (4.203)

wlm _ wlm
2 )sinh(ﬂ) )
K
and a set of normalised modes having negative-frequency w.r.t V is given by

_ 1 T s Tw —~
Wt = (e300, + B yl,), all & (4.204)

wlm _
2 [sinh <%) )

Having defined thermalised in-modes Xmi whose thermal factor depends on w, we can
down:l:

return to rewriting the thermahsed down-modes X, in terms of the Xmi and the

thermalised up-modes " z . In order to do so, we need to relate both their region I and

IV parts. From the expression for d)i}?wn in terms of ¢"> and o (3.148Db), we have

wlm

1
up __ qup*,_;down 2 pup* out
Votm = At Yotm +|=| Bot Yoim- (4.205)
Thus, we have
down=+ up* _ up=+ Bup* ~in+
wlm Aw@m Xewem wém Xwbm: (4206)

Using (4.92a), (4.92b), (4.203) and (4.204), we can expand the field ® in an orthonormal

basis of thermalised in- and up-modes as

9] l 0o
_ + T
o)=Y 30 { [ o (a2 )
o
+ / dw ( Qoom Xluljlé—"r_n + blulzlgm ~<1,LI)1€:n) } ? (4207)
—00

where the mode coefficients in (4.207) are related to those in (4.184) by the expressions
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up __ ~up up* ~down
Aem = Cem + Awﬁ Qutm s
upt __ jupt upxdownf
bwém - bwﬁm + Awl bw[m )
1
1 w 2 u ~
in  __ p* ~down
Auom = ’? Bwf Auom s
w
1
int _ |W|2 Hupxjdownt
bt = || B R, (4.208)

Restricting out attention to region I, (4.207) reduces to

00 L 00
~ 1 Tw Tw
0=3 3 [ —{[Fan, e Fu ok,
(=0 m=—t" = Q‘Sinh (H)‘
K
+ [e%ag}m + e_%bglgm] ¢glﬁm} ’ (4209)

from which we can see that all modes will have thermal factors that depend on w. We
quantise the field by promoting the mode expansion coefficients in (4.209) to operators

such that the field operator CiD(x) is given by

oS l
b0 =3 3 [ o ([, i o
r) = w — €20 Uy e wlm wlm
(=0 m=—£""% 2 |sinh (%)‘

T A~

+ (o5 all, + e B | ol b (4.210)

up+
wlm

In (4.207), the positive-frequency modes x are entirely of positive-norm and the

negative-frequency modes erl?;z are entirely of negative-norm. Therefore, the operators

a'b and b’

u . .
ol ol follow standard commutation relations.

However, the positive-frequency modes Zg‘;l are only of positive-norm when sgn(ww) =
1 and are of negative-norm when sgn(ww) = —1. Similarly, the negative-frequency
modes )?gzn are only of negative-norm when sgn(ww) = 1 and are of positive-norm when
sgn(ww) = —1. Then, recalling our discussion in §4.2.4, we can multiply the commutation
relations of the operators @, and b by the eta-function 7,5 (4.20). Therefore, the

wlm wlm
operators dzle/nlip and bfeﬁip obey the following non-standard commutation relations:

(20 6250 | = 8w = ) Gatr all &,
628,00 8280 ] = 80 = ) 820 B all &,
[&glew &i?fl/mf =N 0 (w — ') Ogpr Oy, Al @,
00 | = 0w = ) Gt S, 2L (4.211)

with any commutators not explicitly given in (4.211) vanishing. The ‘Hartle-Hawking-like’
state |H) is then defined as the state annihilated by the &zlg/;p and Bfe/nlip operators:
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' |H) =0, all@,
b H)y=0  all@,
al,, [Hy =0, ala,
o [H) =0,  all@. (4.212)

As well as the ‘Hartle-Hawking-like’ state |H), the ‘past’ Unruh state |[U~) and the ‘past’
CCH state |CCH™) are also defined using an orthonormal basis of in- and up-modes.
wim 10 [H) will be similar to that of [U™)
and |[CCH™), the particle distribution in the in-modes ¢, in |H) will be different to both
|U™) and |[CCH™).

While the particle distribution in the up-modes ¢'"

4.5.4 Frolov-Thorne state

In [49], Frolov and Thorne defined a “Hartle-Hawking”-like state for a neutral scalar field
in Kerr spacetime. In order to do so , they expanded the field in an orthonormal basis of
up- and in-modes with thermal factors depending on w, similar to the expansion (4.207)
we used to define the ‘Hartle-Hawking-like’ state |H) in RN spacetime in §4.5.3. However,
Frolov and Thorne labelled the expansion coeflicients multiplying each mode according
to the norm of that mode. This is in contrast to the expansion (4.207), where the mode

expansion coefficients were labelled according to the frequency of the mode they were

multiplying; in (4.207), for example positive-frequency modes Xw /mp+ are multiplied by
the mode expansion coefficients a e/ P and negative-frequency modes Xw/ P™ are multiplied
m/up’[

by the mode expansion coefficients b,

We will expand the field in an analogous way to that used to define the “Hartle-
Hawking”-like state in [49]; we will refer to the quantum state defined in this way as the
Frolov-Thorne state |FT). Using (4.92a), (4.92b), (4.203) and (4.204), we can expand the

field ® in an orthonormal basis of thermalised up- and in-modes as

00 L 00
~ +
=5 S {7 (a0 )
(=0 m Y4 -

~in+

inf ~in—
/max{ © 0} dw wém Xwem + bwém Xw[m)

mln{ f 0 i
~in+ in ~in—
+ / dw ( Ll/.IJlﬁm X:l.r;lfm + bw@m clz.rzlﬂm)

—00

max{—,[)}

T+ ~in— inf ~in

+ / dw < Qotm Xw@m + bwgm wZ—’T—n) . (4213)
min{%,ﬂ}

In (4.213), positive-frequency modes X:ﬁ; are entirely of positive-norm and negative-
frequency modes x_), ~ are entirely of negative-norm. Thus the first term on the r.h.s
of (4.213) is identical to the first term on the r.h.s of the expansion (4.207) of the field
leading to the ‘Hartle-Hawking-like’ state |H). However, the second term on the r.h.s of
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(4.207), which involves the modes X'

correctly label the expansion coefficients multiplying each mode according to the mode

wzm, is split into three terms in (4.213) so that we may

noria.

Specifically, positive- frequency modes Xcluém with sgn(ww) = 1 are of positive-norm and
negative-frequency modes x xw om With sgn(ww) = 1 are of negative-norm. In the second and

third terms on the r.h.s of (4.213) therefore, positive-frequency modes Xm+ are multiplied

by awém and negative-frequency modes Xwém are multiplied by bzlgm.
However, positive- frequency modes Xifé;l with sgn(ww) = —1 are of negative-norm and
negative-frequency modes X, with sgn(ww) = —1 are of positive-norm. Therefore, in

the fourth term on the r.h.s of (4.213), positive-frequency modes xifgﬁn are multiplied by
the expansion coefficients bwem and negative-frequency modes ngn are multiplied by the
expansion coefficients a'”, . Recall from (4.17) that, if ¢Q > 0, modes with 0 < w < qQ
have sgn(ww) = —1 and, 1f q@Q < 0, modes with 0 > w > Z? have sgn(ww) = —1. Thus,
the integral in the fourth term on the r.h.s of (4.213) reduces to the superradiant range
O<w< % if ¢@) > 0 and to the superradiant range 0 > w > % if ¢@Q < 0.

Restricting our attention to region I, (4.213) reduces to

4
— S * A 1 e e bupT up
- Z Z W — e Hawﬁm +e 2 wlm ¢w€m
(=0m=—¢ [ 77 2 )sinh (%) ‘
> 1 T8 §n int
+ 0 dw [e 26 Gy, € 2% bwlm} ol
q ~
max{ﬁ’o} 2 |sinh (%) ‘
min aQ 0 .
ry’ ]. W s
+/ { ! }dw [eﬁaglfm + eiibglgm} w(m
- 2 ‘sinh (%) ’
maxd 49
’ 1
+ / {(; }dw [e 5al, 4+ edn bgjm] in 4 (4.214)
mm{gj’o} 2 |sinh (%)‘

We quantise the field by promoting the mode expansion coefficients in (4.214) to op-
erators such that the field operator ®(z) is given by
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00 l oo
=>4/ @ % B4, + e BN o,
EZO m=—/ Slnh 7Tw
OO
+ 62*‘0/ bglgm:| wem
max
,/ smh %
mln{ ff 0 ;
Hl
+/ \/— e2f€a’ 2K wfm:| ¢w€m
-0
sinh
max{?—Q,O} 1 ~ _
7+ _ﬂ A. ﬂ)\
+/. (120} dw - [e B2aln, 4 edn bgjm} in L. (4.215)
Ty’ 2‘smh (%)‘

In (4.215), all modes with positive-norm are multiplied by annihilation operators dzlﬁ/rg P

and all modes With negative norm are multiplied by creation operators lee/;p f Therefore,
in/up n/up
and b"

wim wim Obey the following standard commutation relations:

the operators a

[dgfmv (Algl,z, | = 0w —w 5@/ 5mm’7 all w

blnT

|: wlmo Yourerm! 5@[ 5mm’7 all w

wlm W' l'm/

)
)

W — w’) (Sgg/ 6mm’7 all &,
)

(
(
{Aup ~upt | 5(
(

{bup pupt ,- =§(w—u'

wlm’ “w'l'm

(5@4/ 5mm’7 all &, (4.216)

with any commutators not explicitly given in (4.216) vanishing. The ‘Frolov-Thorne’ state
|[F'T) is then defined as the state annihilated by the a Am/ "P and f)g}/;fbp operators such that

asem IFT) =0, all w,
oem |[ET) =0, all w,
agm |FT) =0, all @,
B FT) =0  all &, (4.217)

From the expansion (4.215), we anticipate that this state will contain a thermal flux of
particles in both the in- and up-modes, with the thermal factor of each depending on .

However, the superradiant in-modes will require careful treatment.



Chapter 5

Expectation values of quantum

observables

In §5.1, we introduce each of the three main quantum observables considered in this
thesis. We derive the asymptotic mode contributions to each of these observables in
§5.2. In §5.3, we explore the expectation values of observables in the ‘past’ states. We
evaluate the differences in expectation values between the ‘future’ states in §5.4. In §5.5,
we investigate the ‘Boulware-like’ state. In §5.6, we investigate the Frolov-Thorne state.

In §5.7, we investigate the ‘Hartle-Hawking-like’ state.

5.1 Quantum observables

There are three main observables of interest in a quantum charged scalar field theory,
namely the scalar field condensate SC , the charged scalar field current J* and the stress-
energy tensor TW. In this section, we will introduce each of these observables in turn.
We will also use the classical expression for each of the observables, in terms of the field
®, to give the explicit forms of the mode contributions to the scalar condensate SC and
each component of the current J# and the stress-energy tensor T),,. We use the notation
O to denote the classical quantity corresponding to the quantum observable O, and the

scalar field mode contribution to the quantity O is denoted by oyem,.

5.1.1 Scalar condensate

The simplest nontrivial observable associated to a quantum charged scalar field d is the
scalar condensate SC , which is sometimes referred to as the vacuum polarisation; as the
name implies, it is a scalar quantity. Classically, the scalar condensate SC corresponds to

the square of the magnitude of the scalar field ®; therefore, we have

SC = |®)*. (5.1)

Since the scalar condensate is a scalar quantity, it should not be able to distinguish between
the ‘past’ states we defined in Chapter 4 and their corresponding ‘future’ states. In

order to see this, consider that the out-mode radial function X3 (3.68) is the complex

122
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conjugate of the in-mode radial function ;ne (3.64). Then, from the general form of a

scalar field ;node (3.41), we have | 3%1\2 = | :i:;lfm’Z' A similar line of reasoning shows
that |¢dovn|” = ]¢2‘2m|2. The ‘past’ states were defined in terms of the in-modes (3.106)

and the up-modes (3.131), while the ‘future’ states were defined in terms of the out-modes
(3.139) and the down-modes (3.147). Therefore corresponding ‘past’ and ‘future’ states
are indistinguishable to the scalar condensate.

In calculating the classical mode contribution sc,y,, to the scalar condensate SC, one
would ordinarily need to consider the product of fields with different quantum numbers,
i.e. different values of w, £ and m. However, as we can see from the calculation of
the expectation values of the quantum scalar condensate <<i>2> in §2.3.1, only the square
magnitudes of the individual modes contribute to the quantum expectation values since
the creation and annihilation operators associated to modes of different quantum numbers
commute. Thus, the classical mode contribution sc,g, to the scalar condensate SC can

be given for general values of the quantum numbers w, £ and m as

2
SCuwtm = ‘¢w€m| - ¢Z€m ¢w€m

Xonlr) Yem (0, ©)

1
= 5 NG [ Xt [Yim (0, 9) . (52)

. X* .
— elwt NZZ wﬁ(r) Yéjn(eﬂ@) % e—lwt Nw

Performing the sum over the azimuthal number m, we obtain

l

2041

SCut = Y SCutm = S NG| [ X (r) 2. (5.3)
m=—{

where we have used the addition formula (A.4) for the spherical harmonics.

The scalar condensate of a quantum field

The scalar condensate SC associated to a quantum charged scalar field @ is given by
o e ais
S¢=3 [(I)(I) +d @} . (5.4)

The expectation value <§E> of the scalar condensate will be a function of the radial co-
ordinate r only, irrespective of the quantum state under consideration. While this is
straightforward to see from the form of the mode contribution sc,e, (5.3), it is illustrative
to think about why this might be the case from physical considerations.

All of the quantum states defined in Chapter 4 are stationary, which means that
all observables associated to these states are time-independent. Furthermore, Reissner-
Nordstrom spacetime is both static and spherically symmetric, which corresponds to the
field modes defined on this background spacetime having a harmonic time dependence e«
and their dependence on the angular coordinates being given by the spherical harmonics

Yo (0, ) respectively, such as in the general form for a scalar field mode (3.41).
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Since the scalar condensate SC (5.4) depends only on the product of the field operator
® and its Hermitian conjugate ®f, then it is easy to see that the quantum scalar con-
densate SC is time-independent. Furthermore, from the addition formula of the spherical
harmonics Yz, (0, @) (A.4), we see that the scalar condensate is also independent of the
angular coordinates § and ¢. Thus, the expectation values <3’E> of the scalar condensate

will be functions of the radial coordinate r only.

5.1.2 Current
The next simplest observable associated to a quantum charged scalar field ® is the current
JE. For a classical field ® with scalar field charge ¢, the current J* is given by
q
JH = —=—[®*DHD 5.5
L@ pre), (55)

The classical current is conserved

V" = 0. (5.6)

The mode contributions to each component of the current J# are derived in §B.1 of

appendix B; the nonzero contributions are given by

ite = 12 (9= %) NG Xt (5.7a)
jz;e _ _qf(riéié—i_ 1) |Nw|2 %|:Xw7l:(r) % <Xw:i<r)>:| ) (57b)

The current of a quantum field
The current operator J* associated to a quantum charged scalar field d is given by

Jh = % 1 D1P + (DHD) DT — B(DHD)T — (D"D) 1] . (5.8)
T

The expectation values of the current operator J# are also conserved

V. (J*) = 0. (5.9)

All of the quantum states defined in Chapter 4 are stationary and all observables associated
to these states are therefore time-independent. Then, the derivative w.r.t ¢ vanishes in the

equation governing the conservation of the current operator <j #) and (5.9) reduces to

~

0=V, (J") =V, (J")
=0 (J7) +TH(J")
= 0p(J") + TL(J") + TL(J7) + T0(J") + T, (J7) . (5.10)

Then, using the expressions for the Christoffel symbols in §3.1.2, (5.10) reduces to

0=08,(J") + = (J7). (5.11)
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We can integrate (5.11) to give, for any quantum state, the expression

: (5.12)

where the constant K is a state-dependent quantity that can be interpreted as the flux
of charge emitted by the black hole in the particular quantum state under consideration.
While the absolute value || gives the magnitude of the flux of charge, the direction of its
flow depends on the product of the charge of the black hole () and K as follows:

> (0 = the black hole is losing charge,
KQq =0 = there is no net flux of charge, (5.13)

<0 = the black hole is gaining charge.

From the scalar field mode contributions to the classical current J#, we see that the
only nonzero components of the expectation value (.J*) of the current operator are (.J*) and
<j ™). We prove in Appendix C that the <j’“> component does not require renormalisation.
Therefore, we may consider the expectation value <j’"> of the radial component of the
current in a particular state without needing to consider the differences in expectation
values between two separate states; this allows us to investigate the flux of charge K
associated with a particular quantum state. It is shown, however, in [45] that while the
<jt) component does indeed require renormalisation, the renormalisation counterterms
associated to this component are finite in the case of a RN-de Sitter background spacetime.

We would expect such a result to extend to the case of a Reissner-Nordstrom spacetime.

5.1.3 Stress-energy tensor

The last observable we consider is the stress-energy tensor 7}, associated to a massless,

minimally coupled, charged scalar field on a Ricci-flat background spacetime, given by

* 1 *
Ty = R|(Du®)" Dy® = 5 g 9" (D,®)*(D)®)]| . (5.14)

The mode contributions to each component of the stress-energy tensor T}, are derived in
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§B.2 of appendix B; the nonzero contributions are given by

2
ttt,wf 288_; ! ‘Nw|2 { [:2 <w — qf?) + L(T) g[ff i 1) ’le(r)’2
2
+ f(r)? i(X“ﬁ(r>> } (5.15a)
b _2{;1 <w_ qf)) NWIQ%[XZﬁ(T)i<X“ﬁ(T)>] 7 (5.15D)
/ 2 v(¢ d Xw 2
et = { [f(r; Al ) e et [ (5) }
(5.15¢)
2

to0sot = 2T NP {J%(w— ) ualr)? - 100 () } (5150)
tcpcp,wﬁ = t@@,wﬁ Sin29- (5156)

The stress-energy tensor associated to a quantum field

From (5.14), the corresponding quantum stress-energy tensor operator TW is given by

»MH

{ (D,®)'D,® + D,®(D,®)! + D,®(D,®)" + (D,®) D,
1
59 [(D $) D& + Dy (D,®)' + D,& (Dy&) + (D, D, cp} } (5.16)

The expression for T,W is derived in §8.3.3. The expectation values <Tw/> of the stress-
energy tensor operator (5.16) associated to the quantum charged scalar field d are not
conserved due to the coupling between the charged scalar field and the classical, back-

ground electromagnetic field A,. The expectation values <Tw/> should instead satisfy

VA (T,) = 4w F, (J9) . (5.17)

As we would expect, the total stress-energy tensor associated to both the scalar field P
and the background electromagnetic field A, is conserved; this is discussed in detail §8.3.3.

For static states on a spherically symmetric black hole, <T/;L ) takes the form

Av)  PETE) 00
iy = | POFO TO A -200 N (5.18)
0 0 0 Q)

where A(r), P(r) and Q(r) are functions of the radial coordinate r only, which are yet to

be determined, and the trace T(r) of the stress-energy tensor is given by

T(r) = (TH) 6% = (TH). (5.19)



Expectation values of quantum observables 127

In the specific case of a minimally coupled, charged scalar field on a background spacetime

with vanishing Ricci scalar curvature, i.e. R = 0, the trace T(r) has the form

2
1 NN 1 uv q

T(r) = R — R'R,, —
(") = Sas072 WA T 988072 w1972

where we have derived (5.20) using equations (6.9), (7.274) and (8.130) from Part III of
this thesis. The first two terms on the r.h.s of (5.20) depend only on the geometry of

1~
F'Fy = 50(SC),  (5.20)

the classical background spacetime, while the third depends only on the field strength of
the classical background electromagnetic field; these terms are therefore state-independent
and will vanish when considering the differences of expectation values of observables in
separate quantum states. The final term, however, depends on the quantum state under
consideration; this term arises due to the minimal coupling of the scalar field to the
background spacetime geometry and vanishes for a conformally coupled field.

Restricting ourselves to the case of a background Reissner-Nordstrém spacetime, the

expression for the trace T(r) in (5.20) takes the explicit form

13Q% — 24MQ%*r + 12M?r?  ?Q* 1 _ =
T(r) = - - - (sc 5.21
r) 72072 G672t g = 5C) (5:21)
where we have used the expression for the electromagnetic field strength tensor Fj,, (3.2)

and the geometry of Reissner-Nordstrom spacetime (3.9).
We can write the mode contribution tl’j ¢ to the trace T(r) of the SET as

n _ gt r 0 ®
tu,wf - tt,wé + tT,wE + t@,wz + ts@wé

= gtt ttt,wZ =+ gTT trr,wZ + 909 t@@,w@ + gcpcp tgagp,wf
-1 _
= —f(?“) ttt,wﬂ + f(?") trr,wﬁ +2r 2 t99,w€a (522)
where we have used the expression (5.15¢) for t,, ¢ in terms of ¢pg . in the last line of

(5.22). We can use the expressions for the mode contributions ¢ ¢ (5.15a), tyr e (5.15¢)
and tgg e (5.15d) to derive explicitly the mode contribution tﬁ ¢ to the trace T(r) as

¢ 2 e
= (v 1) 2 o
d [ Xee(r)\ ?
- f) dr< r > }
2041 o X))
T T T N[O (ﬂ) ) (5.23)

where we have used the radial equation (3.45) to simplify (5.23). Using the expression
for the mode contribution sc, to the scalar condensate (5.3), we can write the mode

contribution tz,wé to the trace T(r) of the stress-energy tensor as

1
tﬁ,wg =3 O scye. (5.24)
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Returning to the expression (5.20) for the trace T(r), the first three terms on the r.h.s arise
as a result of the renormalisation process of the SET. Since we are considering differences,
the only part of the trace T(r) that should receive a mode contribution is the —% O (3@)
term in (5.20), which our result for the mode contribution tiwz in (5.24) reflects.

We can use the form of the expectation value of the RSET (5.18) to integrate the
t-component of the equations (5.17) governing its conservation to give

L 479K

—+
r2 FRER

(T7) = — (5.25)
where the constant £ is a state-independent quantity that can be interpreted as the flux
of energy emitted by the black hole in the particular quantum state under consideration.

The direction of the flux of energy depends on the value of £ as follows:

>0 = the black hole is losing energy,
L4 =0 = there is no net flux of energy, (5.26)

< 0 = the black hole is gaining energy.

We prove in Appendix C that the <Ttr> component does not require renormalisation. There-
fore, we may consider expectation values of the component (TA[> in a particular state with-
out needing to consider the differences in expectation values between two separate states;

this allows us to investigate the flux of energy £ in a particular quantum state.

5.1.4 Current and stress-energy tensor in Kruskal coordinates

The behaviour of the expectation value of the current (j #) and of the stress-energy tensor
<T,f‘ ) will aid us in investigating the regularity of the quantum states we defined in Chapter
4. Since the Schwarzschild-like coordinates are singular on the event horizon, we instead
examine the regularity of states on the horizon in terms of Kruskal coordinates (3.24). We
thus give the nonzero components of both observables in terms of Kruskal coordinates.

Recall that the J% and J¥ components of the current vanish from (B.3) and (B.4)
respectively. Then the only nonzero components of the current J* in terms of Kruskal
coordinates are JY and JV. Using the relations between the various sets of coordinates
we have defined in (3.10), (3.20) and (3.26), we have

oU ou ou Or
U __ u_ t * rr
JY = —8UJ kU [8tJ + or. or J ] , (5.27a)
19A% ov dv Or
vV _ v t * T
JV = avJ KV [(%J + o or J ] . (5.27b)

The nonzero components of the current are given in terms of Kruskal coordinates as

JU = kU [—Jt + ()t JT} , (5.284)

JV = kV [Jt +fr) J’“] . (5.28b)
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The only nonzero components of the stress-energy tensor 7}, in terms of Schwarzschild-
like coordinates are the Ty, Tj., Ty, Tpe and the T, components. The Tpy and the
T,, components are invariant under the change to Kruskal coordinates. Then, the only
components of the stress-energy tensor that we need to evaluate in terms of Kruskal
coordinates are Tyy, Tyy and Tyy. Using the relations between the various sets of
coordinates we have defined in (3.10), (3.20) and (3.26), we have

Tyv = 88(1}35 Tuu = HQLUQ [;gﬁ Ty + 222%2 Tyr, + 88::88:: rm]
— s 1T 3T T 4 1107, (5.200)
L [gigf} Tt o0y, 4 O %E%Z‘Tm]
— [T+ 1O e~ 1) T = 1107
_ _ﬁ [i T — if(r)QTr,} , (5.29b)
Tyy = g%g% v = # {gzgz Ty +2%% Lyr, + %% r*r*:|
— s [T+ 50 T+ 0P T (5.29)
since Ty = T;¢. The relevant components of the SET are given in Kruskal coordinates as
Ty = %-2 U2 [T = 2 (1) Top + () T | (5.30a)
Tyy = 32UV [Ty = (P T (5.300)
Tyy = 35—2 y2 [Ttt F2f(r) T + f(r)? TM} . (5.30¢)

5.1.5 A note on renormalisation

The quantum observables introduced in this section, namely the scalar condensate SC , the
current operator J* and the stress-energy tensor operator TW, all involve products of the
field operator d evaluated at the same spacetime point; therefore these observables are all
formally divergent. The divergent terms only depend on the geometry of the background
spacetime and the form of the background gauge field potential A,; in particular the
divergent terms are state-independent and therefore identical regardless of the particular
quantum state under consideration.

In Part III of this thesis, we develop the general framework for the Hadamard renormal-
isation procedure of the expectation values of observables associated to a charged scalar
field. The actual implementation of this procedure in a specific background spacetime for
a specific value of the background gauge potential A, is a subject that is still very much
in its infancy [44,45].

In this thesis, apart from the flux components <j ") and <T ¢) of the current and stress-

energy tensor respectively which do not require renormalisation, we will restrict ourselves
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to considering the differences in expectation values between two separate quantum states.
In this case the divergent terms in each of the expectation values cancel and we are left

with a finite expression, thus alleviating the need to renormalise.

5.2 Asymptotic mode contributions to observables

5.2.1 Introduction

In §5.1, we derived expressions for the mode contributions to the scalar condensate as well
as the components of the current and the stress-energy tensor. In general, these expressions
contain factors of the radial coordinate r as well as the metric function f(r). We would
like to find the expectation values of quantum observables in the various quantum states
that we defined in Chapter 4; evaluating these expectation values for arbitrary values of
the radial coordinate r requires numerical computation.

In asymptotic regimes however, the mode contributions derived in §5.1 simplify con-
siderably and we are able to derive comparatively simple expressions for the expectation
values of observables. There are two asymptotic regimes, namely far from the black hole
where r — 0o, f(r) — 1, and near the black hole horizon where r — 4, f(r) — 0.

Later in this chapter, we will consider the differences in expectation values of ob-
servables in two separate quantum states. As previously stated, the expressions for the
observables SC (5.4), J* (5.8) and T, w (5.16) involve products of field operators evaluated
at the same spacetime point, and are therefore formally divergent. Such divergences are
state-independent and cancel when considering differences in expectation values. Thus,
any divergences remaining in the expressions we derive are likely to be indicative of patho-
logical behaviour of (at least) one of the quantum states diverging in (at least) one of the
asymptotic regimes. On the other hand, the absence of such divergences is a necessary,
but not sufficient requirement for the quantum states under consideration to be regular.

In addition, our study of the expectation values of observables in asymptotic regimes

will provide a useful consistency check on our numerical computations for general 7.

5.2.2 The asymptotic regime far from the black hole

We would like to calculate the asymptotic mode contributions to observables far from
the black hole. We will only consider leading order contributions and, since r — oo far
from the black hole, we need only consider the lowest-order contributions in the radial
coordinate r. Furthermore, from the definition of the metric function f(r) (3.10), we see
that f(r) — 1 far from the black hole.

Preliminaries

Several expressions for the mode contributions to the components of the current and the
SET contain like terms; it will be useful to evaluate these terms now in order to simplify

the process of evaluating the mode contributions later on. We can begin by calculating

oY) 4 (X))

r dr T
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for the asymptotic form of the up- and down-modes far from the black hole. Beginning

with the asymptotic form of the up-modes (3.66) at infinity, we have

3 XLIE*('/") i XEE(T) g —XSE* (7") i BZE eiwr*
rdr r r dr ,
_ o[ X (riab (B e) - B e
T 7°2
g _X:j?*(r) Fr) "V (iwB er) — BUP el
T r2
Bt B (|
LT r? f(r)
- .
_ g |lel? wr
rs \f(r)
2
- Bul”

r2

(5.31)

Since the down-mode radial function X9"® (3.70) is the complex conjugate of the up-mode

radial function X} (3.66) then, from (5.31), we have immediately

B

r2

o[ & (X))

&
r dr r

We will also need to calculate the term

(222

2

)

for the asymptotic form of the up- and down-modes far from the black hole.

with the asymptotic form of the up-modes (3.66) at infinity, we have

d (X2)\]P | d (BRewr\|?
dr r |dr r

drs d (RUP jiwrs) _ RUP Liwr 2
™ ar dr. (Bwf € *) BwZ e

r2

. 2
f(r)riw (BB? e‘w*) — B e

2
B elwr= / jr 2
— wl -1
= ()

: up _iwrs 2
1wa£ e

r

We therefore obtain

2 2| pup|2
w?| B}
~Y —_— .

72

% <X5£(7“)>

(5.32)

Beginning

(5.33)

(5.34)
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Since the down-mode radial function X 52‘”“ (3.70) is the complex conjugate of the up-mode

radial function X7 (3.66) and the Lh.s of (5.34) is an absolute value, we have immediately

4 (i)
dr r

Near-infinity up-mode contributions to observables

2 2| pup|2
w ‘Bwé

r2

(5.35)

We would like to evaluate the up-mode contributions to the scalar condensate SC, the
current J# and the SET T}, far from the black hole. Throughout this section, we will use
the expression (3.128) for the normalisation constants NP of the up-modes.

We denote the up-mode contributions to the scalar condensate SC (5.1) as sc.}. Then,

using the asymptotic form of the up-modes (3.66) at infinity, we have

w 2+1 w ‘
wET 42 47r\w|
1
— 20+ 1) B . .
= 167272 |~| (20+1)] (5-36)

We denote the up-mode contributions to the current J* (5.5) as j""*. The only nonzero

mode contributions to the components of the current are j!, (5.7a) and 5", (5.7b). Using

the asymptotic form of the up-modes (3.66) at infinity, we have for jt P

wl 167r r2 47T|w|
q
=—————(20+1) B . 5.37
647r3r2\|( * ‘ (5.37)
7p

Using (5.31), we have for j,_,

cap q20+1) 1 w|B2J

© T 6r? Ame| o2
q
-1 _Z 20+ 1) B2 .
— 515 \~|( +1)] (5.38)

Then, we can write the up-mode contribution jgkuP to the current J* as

up q up T
Jot” ™ L (20+1)|B®| (1 10 0) : (5.39)

We denote the up-mode contributions to the SET T, (5.14) as ¢, ,. The only nonzero
mode contributions to the components of the stress-energy tensor are ty ¢ (5.15a), tir e
(5.15b), tyrwe (5.15¢), toawe (5.15d) and tuyp e (5.15¢). Using the asymptotic form of the
up-modes (3.66) at infinity and (5.34), we have for ¢, ,

204+1 1 1 2 1 2
up up 2 p
it ot ™ 747r|w[ w*| By T | By
1
(2£+1 )| B, (5.40)

" 16722 |~]
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Using (5.31), we have for ¢,° ,

26+1 w wB2f

up
trt ™ 4 47T\c~u| r2
1 2

Using the asymptotic form of the up-modes (3.66) at infinity and (5.34), we have for ¢?

rrwl

20+1 1
up 2 B - 2 B
rr,wl 87 47T‘LL)| ‘ ‘ + ‘
1
—_— 20+ 1) B . 5.42
~ 16722 \w[ ( +1] (542)

Using the asymptotic form of the up-modes (3.66) at infinity and (5.34), we have for ¢ ,

. 2041 1 PN TP
Wt ™ g 1nld] |2 5P |BEP +0( ) - |l
=0(r ), (5.43)

where we have used that O( _4) is subleading order in r compared to the leading order

O( ) terms in the other nonzero up-mode contributions to the SET. We have for t%w wl

i

wp,wl ~ t;g,wf Sin29

=0(r ), (5.44)

which is similarly subleading order in r. Then, we can write the up-mode contribution

t/w we b0 the stress-energy tensor 1), as

1 -1 1 0 0
P (2£+1 1B

v 5.45
prrwot ™ 167rr2]\ (5:45)

In §5.2.4, we will consider the expectation values <Tﬂ ). Then, acting with the inverse
metric (3.16) on (5.45), the up-mode contribution ¢/""7 to the SET T}’ is given by

-1 1 0 0

1 -1 1 0
(e (2£+1}B

vwl 1672712 ’~‘ (546)
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Near-infinity down-mode contributions to observables

We would like to evaluate the down-mode contributions to the scalar condensate SC, the
current J# and the SET T}, far from the black hole. Throughout this section, we will use
the expression (3.144) for the normalisation constants N4°"™ of the down-modes.

Furthermore, since the down-mode radial function X3 (3.70) is the complex con-
jugate of the up-mode radial function XSE (3.66), where down-mode contributions only
involve absolute values we may simply give the corresponding up-mode contribution that
has already been calculated in §5.2.2.

We denote the down-mode contributions to the scalar condensate SC (5.1) as scd‘gwn

down

Since the mode-contribution scf ;™" only consists of absolute values, it is given immediately

from the expression for sc_) (5.36) as

1 1 up |2
62 3] 20+ 1)|BY|". (5.47)

down
SCp

This makes sense since we reasoned, in §5.1.1, that the scalar condensate should not be

able to distinguish between ‘past’ and ‘future’ quantum states.

1L, down

We denote the down-mode contributions to the current J* (5.5) as j' 7 The only

nonzero mode contributions to the components of the current are 5!, (5.7a) and j”, (5.7b).

.t,down

Since the mode-contribution j , only consists of absolute values, it is given immediately

from the expression for j,® (5.37) as

t,d q
jhdown s 2‘~| (2¢+1)|BXY|". (5.48)

.r,down

Using (5.32), we have for j,_,

-r,down _q (2€ + 1) 1 _W‘B::Il? ’
Jut 1672 47|w| r2
q
WW (2¢+1)|BL) (5.49)

which has the opposite sign to the expression for j, (5.38). Then, we can write the

. p,down

down-mode contribution j; to the current J* as

o~ L2 20 +1) | B (- )T 5.50
i 647r3r2|~|( +1) 110 0). (5.50)

down

We denote the down-mode contributions to the stress-energy tensor 7}, (5.14) ast Lol

The only nonzero mode contributions to the components of the SET are tftog? (5.15a),

thowp (5.15b), towh (5.15¢), tgevy (5.15d) and ¢3%0, (5.15¢).

rr,wl

Since the mode-contributions t?tOZ)V?, tfﬁm}, tgg"fu% and tdo ot 1O the diagonal elements of

the stress-energy tensor only consist of absolute values, they are given immediately from

the corresponding expressions for the up-mode contributions in §5.2.2; then, we have
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1
down

thomp ~ 62 QW (2€+1 \B ,
down 1

tood ~ ——5 5 =T (2£+1\B ,

et T 622 |w|
thpet ~ O(r™1),

town, ~ O(r™1). (5.51)

Pp,wl

Using (5.32), we have for tff‘g?

2
tdownN_2£+1 w _W‘BBE
brywt 4 47T|o~J\ r2
1 up
Wlw\ (20+1) \ng : (5.52)

which has the opposite sign to the expression for tt o, (5.41). Then, we can write the

down-mode contribution tdOW“ to the stress-energy tensor 7}, as

11 0 0

down 1 11 0 0

uv,wl ™ 167272 |~| (26 + 1 ‘B 0 0 O(T’_Q) 0 (553)
00 0 00?2

In §5.2.4, we will consider the expectation values (T# ). Then, acting with the inverse
metric (3.16) on (5.53), the down-mode contribution t’;’SZWH to the SET T} is given by

-1 -1 0 0

1 2] 1 1 0 0
prodown __—__*_(20+1)|B™ 5.54
vwl 161 7,2 | ‘ +1 ‘ wl 0 O(T’72) ( )

5.2.3 The asymptotic regime near the event horizon

We would like to calculate the asymptotic mode contributions to observables near the event
horizon of the black hole. We will only consider leading order contributions which, since
the metric function f(r) diverges on the horizon, correspond to terms with the highest

power of f(r) in their denominator.

Preliminaries

Several expressions for the mode contributions to the components of the current and the
SET contain like terms; it will be useful to evaluate these terms now in order to simplify

the process of evaluating the mode contributions later on. We can begin by calculating

oY) & (X)),




136 Expectation values of quantum observables

for the asymptotic form of the in- and out-modes near the event horizon of the black hole.

Beginning with the asymptotic form of the in-modes (3.64) near the horizon, we have

%[XLIE*(T)d(XL‘;(r))] g _Xbiun;(r)d<3&6—iwr*>]

r dr T r dr T
o[ X () (rda (Ble ) - Ble
r r2
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_ g _Bgle* elrs BLHE g iwrs B ior _q
o T
in |2 e~
__g ‘Bg;e <1wr +1>
r f(r)
~ 12
_1BG (5.55)
NGO |

Since the out-mode radial function X°3* (3.68) is the complex conjugate of the in-mode
radial function X% (3.64) then, from (5.55), we have immediately

‘ 2

(5.56)

r dr

oA 4 (X)) &}!(B)z |

We will also need to calculate the term

()

for the asymptotic form of the in- and out-modes near the event horizon of the black hole.

2

i

Beginning with the asymptotic form of the in-modes (3.64) near the horizon, we have

. . i~ 2
d (X5 _ |4 (Ble
dr r ~|dr T

dry d in ,—iwrs) _ pin ,—iwor 2
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Bt e=ore ( ior
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_1wa€ e

TE (5.57)

We therefore obtain
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in 2 ~ in |2
A XGN] 2| By (5.58)
dr T f(r)2 r2’ :

Since the down-mode radial function X S?W“ (3.70) is the complex conjugate of the up-mode

radial function X7 (3.66) and the Lh.s of (5.58) is an absolute value, we have immediately

(o)

Near-horizon in-mode contributions to observables

2 ~2 in
w ’Bwﬁ
~Y

‘2
(5.59)

We would like to evaluate the in-mode contributions to the scalar condensate SC, the

current J# and the stress-energy tensor 7, near the horizon. Throughout this section,

we will use the expression (3.103) for the normalisation constants NI of the in-modes.
We denote the in-mode contributions to the scalar condensate SC (5.1) as sc%. Then,

using the asymptotic form of the in-modes (3.64) near the horizon, we have for sc'%,

in 2£ + 1 1 |B1n 2
SC g~ —F5 ——
Wl Y2 47 |w| wl
1 1 in 12
=————(20+1)|B%|". 5.60

We denote the in-mode contributions to the current J* (5.5) as jfjgn. The only nonzero

mode contributions to the components of the current are j!, (5.7a) and 5", (5.7b). Using

the asymptotic form of the in-modes (3.64) near the horizon, we have for jfj’;n

.t,in q (QE + 1) QQ 1 in |2
) ~N - 7 _ v B
Jut 1672 f (r)r? “ ry ) 4rm|w| | B2
qg W 2 1
=—————(20+1)|BY| —. 5.61
647312 |w| 20+ 1) B f(r) (5.61)
Using (5.55), we have for j:’én
| pin |12
jr,in -~ _qf(T‘)(Zf + 1) 1 _w|Bw€’
wt 1672 47 |w| f(r)r?
qg w in 12
Then, we can write the in-mode contribution jg’ein to the current J* as
. 7' q & in 2 _ T
L~ G o] 0 DB (~fm™ 10 0)" (5.63)
We denote the in-mode contributions to the SET T}, as tﬁlwe. The only nonzero mode

contributions to the components of the stress-energy tensor are ty ¢ (5.15a), tyy e (5.15b),
trrwe (5.15¢), tog.we (5.15d) and .y 40 (5.15e). Using the asymptotic form of the in-modes
(3.64) near the horizon and (5.58), we have for titng
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~ i 12
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Using (5.55), we have for ti?wz
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Using the asymptotic form of the in-modes (3.64) and (5.58), we have for ¢
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where we have used the fact that O(1) is subleading order in f(r). We have, for the

up-mode contribution ¢

oo wt 1O the component T,,,, the expression

in in i 02
t<p<p,w£ ~ teawz sin“6

—0(1), (5.68)

which is similarly subleading order in f(r). Then, we can write the in-mode contribution

tiimwe to the stress-energy tensor 1), as

1

1 f(r)” 0 0
in 1 & w2 | SO )00
0 0 0 0(1)

In §5.2.4, we will consider the expectation values (T# ). Then, acting with the inverse
metric (3.16) on (5.69), the in-mode contribution ™ to the SET T}' is given by
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—fr)t —fm 00
. 1 &2 1 f)yt o 0
N —— (2041 Bm 5.70
0 0 0 0Q)

Near-horizon out-mode contributions to observables

We would like to evaluate the out-mode contributions to the scalar condensate SC, the
current J# and the stress-energy tensor 7, near the horizon. Throughout this section,
we will use the expression (3.136) for the normalisation constants N of the out-modes.

Furthermore, since the out-mode radial function X°3*(r) (3.139) is the complex con-
jugate of the in-mode radial function X% (r) (3.106), where out-mode contributions only
involve absolute values we may simply give the corresponding in-mode contribution that
has already been calculated in §5.2.3.

We denote the out-mode contributions to the scalar condensate SC (5.1) as sc®4*. Since
the mode-contribution sc2}" only consists of absolute values, it is given immediately from

the expression for sc'%, (5.60) as

1
167272 |w|

This makes sense since we reasoned, in 5.1.1, that the scalar condensate should not be

SCO% (20+ 1) |BY)*. (5.71)

able to distinguish between ‘past’ and ‘future’ quantum states.

.p,out

We denote the out-mode contributions to the current J#* (5.5) as j/; The only

nonzero mode contributions to the components of the current are 5!, (5.7a) and j”, (5.7b).

.t,out

Since the mode—contrlbutlon Jue only consists of absolute values, it is given immediately

from the expression for ] " (5.61) as

.t,in q
Tt ™ G |(2£+1 | B, | f (5.72)
Using (5.56), we have for 57"
| pin |2
o, ¢f(RLAHD) 1 | Byl
wt 16772 47 |w| f(r)r2
q
=—— 20+ 1) B . .
6432 \w|( +1] (5:73)

which has the opposite sign to the expression for jL’én (5.62). Then, we can write the

- p,out

out-mode contribution j, ;" to the current J# as

pout 4O o0 qy|pin (s ) 5.74
g 6432 [ 20T )| f)7t 1 0 o). (5.74)
We denote the out-mode contributions to the stress-energy tensor 7),, (5.14) as tzllfwg.

The only nonzero mode contributions to the components of the SET are t; ¢ (5.15a),
tmwg (5.15b), tm«’wg (5.150), tggwg (5.15(1) and tw%wg (5.156).
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Since the mode-contributions t ¢, trrwe, tegwe and to, e to the diagonal elements of
the stress-energy tensor only consist of absolute values, they are given immediately from

the corresponding expressions for the in-mode contributions in §5.2.3; then, we have

1 @2 in 12
t
bt ~ 6722 ] (204 1) | B,
1 @2 a2 1
out n
~ Y 0y 1) B
rrwl 167272 |w’ ( + ) ‘ wé‘ f(T)Q’
tgg,twé ~ 0(1) )
t&?;’wz ~O(1).

Using (5.55), we have for 9\ ,
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trwl T g ry ) 4drlw| f(r)r?
1 @2 m2 1
= (2+1)|B%| — 5.75
167272 \w|( + )‘ ”A f(r)’ ( )

(5.65). Then, we can write the

out-mode contribution tZ‘;fwe to the stress-energy tensor 7, as

which has the opposite sign to the expression for it

1 —ft 0 0

out 1 EQ in |2 _f(r)il f(’l”)iQ 0 0

bt ™ 22,2 ] (20 + 1) | B 0 . 0w o (5.76)
0 0 0 O

In §5.2.4, we will consider the expectation values (T %Y. Then, acting with the inverse
metric (3.16) on (5.76), the out-mode contribution )" to the SET T}' is given by

—fr)7 () 0 0
1 &2 P [ N (0 I 0
pout. .~ % (904 1)|B™ 5.77
0 0 0 O1)

5.2.4 Expressions for expectation values of observables

In Chapter 4, we defined several putative quantum states for a charged scalar field in
Reissner-Nordstrom spacetime. We will now consider the differences in the expectation
values of the observables SC (5.4), J* (5.8) and TW (5.16) between separate quantum
states as well the expectation values of the flux components (J") and (I7) of the current
and the SET respectively. Thus, it will be useful to write down the explicit form of the

expectation value of a general quantum observable O in each of the states.
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We can write down the expectation values of observables in the Boulware states, which
are defined in §4.3, using the expression for the expectation value of the scalar conden-
sate in the Schwarzschild Boulware state |Bs) (2.53). Then, the expectation value of an
observable O in the ‘past’ Boulware state [B™) (4.28) is

(B0 |B") Z Z {/ dwowgm—i—/oo dwowem}. (5.78)

{=0 m= -

The expectation value of an observable O in the ‘future’ Boulware state [B1) (4.38) is

(B*|O|B*) = Z Z {/ dwog};:n+/ daogzynn}. (5.79)

{=0 m=—¢

The expectation value of an observable O in the ‘Boulware-like’ state |B) (4.48) is

max O,z—Q
(B|O|B) = Z Z / dw [0y, + 0 ] —2/. {QQ*}dwojj};m . (5.80)
=0m=—¢ |7~ mm{o’ﬁ}

We can write down the expectation values of observables in the Unruh states, which
are defined in §4.4, using the expression for the expectation value of the scalar condensate
in the Schwarzschild Unruh state |Us) (2.75). Then, the expectation value of an observable
O in the ‘past’ Unruh state [U~) (4.94) is

(U=10|U7) Z Z {/ dwowgm+/oo d@ o' coth“} (5.81)

{=0 m=—/ >

The expectation value of an observable O in the ‘future’ Unruh state [UT) (4.123) is

(Ut|o|ut) = Z Z { / dw o4t + / d 089" coth | -2

K
{=0 m=

} . (5.82)

We can write down the expectation values of observables in the Hartle-Hawking states,
which are defined in §4.5, using the expression for the expectation value of the scalar
condensate in the Schwarzschild Hartle-Hawking state |Hg) (2.99). Then, the expectation
value of an observable O in the ‘past’ CCH state |[CCH™) (4.152) is

o0

(CCH™|O|CCH™) Z Z {/ dwowemcoth’?‘+/ d@oy),, coth |—

—00

(5.83)
The expectation value of an observable O in the ‘future’ CCH state |CCH™) (4.181) is

W@}.

(5.84)

00 L 00 0o
(CCHY|O|CCHY) = 5 Z Z {/ dw 0%t coth‘yl +/ d@ 039" coth
=0 m=— ~7 "X & e
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The expectation value of an observable O in the ‘Hartle-Hawking-like’ state [H) (4.212) is

1 < o W
<H|O|H>:§Z Z {/ dw[wém"'szm coth’&
max O,z—Q

-2 { +}dw0w€mcoth ™

mln{O,ﬁ}
T+

The expectation value of an observable O in the ‘Frolov-Thorne’ state [FT) (4.217) is

(5.85)

W

= } . (5.86)

K

(FT|O|FT) = Z Z { / [0, + 0" ] coth

£=0 m=

Having defined the explicit expressions for the expectation values of observables in each
quantum state, we will now explicitly construct the differences in expectation values be-
tween different quantum states by substituting into (5.78-5.86) the leading order classical
mode contributions derived in §5.2. The expressions we generate will both inform and
augment the numerical computations by demonstrating either the regularity or divergence
of quantum states in asymptotic regimes.

Throughout the rest of this chapter, we will use the trigonometric identity:

1
cothex — 1 = FETaNEE (5.87)
We will also make use of the following identity:
1 1
—1= + . (5.88)

exp(x) —1  exp(—z)—1
5.3 The ‘past’ states

5.3.1 Fluxes of charge and energy in the ‘past’ Boulware state

In §4.3.1, we defined the ‘past’ Boulware state |B~) to be a state that is as empty as
possible to a static observer as past null infinity .#~, which corresponds to an absence
of particles in the in-modes (3.106) of the field ®. However, due to the phenomenon of
classical superradiance that we studied in §3.3.4, we do not anticipate that this state will
appear to be as empty as possible to a static observer at future null infinity .#+.

Since the up-modes (3.131) are field modes emanating from the past horizon H~ and
travelling towards future null infinity .# ", then we may calculate the fluxes of charge K-y
and energy L£|g-y in terms of up-modes in order to investigate the properties of the ‘past’
Boulware state |B™) from the point of view of a static observer at future null infinity #+.

From Appendix C, the expectation values <j ") and (T[ ) do not require renormalisation;
we can thus evaluate their expectation value in the ‘past’” Boulware state |[B™) directly.
Using the asymptotic near-infinity in- and up-mode contributions (5.38) to the current

component J" and (5.78), the expectation value (jT>‘B_> at # T becomes
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(B_|j’"\B_>~12;Wg{/_Zdw|g‘] | / 4@ 5 B }2£+1)
_ugfwg{/j;dw&;z / ~|}(212+1)}ng
:uswg/:dw{@—a}(%ﬁ)w;g?
:mngi/j;d M{w”;' }(2£+1)\B;§2
_ 12%3722 / dw {1 = sen(e )sen(@)} 20+ 1) [B]?,  (5.80)

where we have used the relationship between the in-mode transmission coefficient Bmg and
the up-mode transmission coefficient B} in (3.75) to go from the first equality in (5.89)
to the second. Furthermore, we have used the fact that the limits of the integral in (5.89)
are from —oo to oo; since w is offset from w by a constant amount of — (3 58), we may
simply replace the integration measure dw by the measure dw.

Equation (5.89) is nonzero only for sgn(ww) = —1, which corresponds to the case when
l<w< % if ¢g@ > 0, or to the case 0 > w > g if ¢g@Q < 0, i.e. the superradiant modes.

Then, the expression in (5.89) reduces to

max

(B~|J"|B) 647T3r2 Z/mm{qce o % (20+1)|B2J>. (5.90)

Using (5.12) and (5.90), we derive the flux of charge Kp-y at .#* as

Kip- :qi/max{gfo dw = (20 +1) | B (5.91)
B 64773 /—0 min{ﬂ,O} ‘w| . '
= T+

From (5.91), the flux of charge K-y always has the same sign as the charge of the black
hole Q. In order to see this, consider first the case that ¢@Q2 > 0 in which case the integral in
(5.91) is over the interval 0 < w < % such that w is positive; if ) > 0 then we must have
that g is positive such that K-y must also be positive, and if ¢) < 0 then we must have
that g is negative such that -y must also be negative. The reasoning follows through
in an analogous way if ¢@Q < 0. Therefore the product Kp-y@Q must always be positive
and, thus, the emission of particles in the superradiant modes in (5.90) corresponds to the
Reissner-Nordstrom black hole discharging.

Using a similar process to that in (5.89), the expectation value (TA[>|B,> at ST is

(B7|1} [B7)

maxq ;= 0}
6 T2 /mm{ Q*O} !w\ (2£+ 1)|BY|". (5.92)
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Using (5.25) and (5.92), we can derive the flux of energy Lig-y at & as

1o (o) 2 w2
Lip-) = 162 g/min{‘jf,o} dw o (20+1) |BY|". (5.93)
The expression for the flux of energy £z~ is always positive; thus the emission of particles
in the superradiant modes in (5.92) corresponds to the RN black hole losing energy.

In conclusion, the nonzero flux of charge Kp-) (5.91) and nonzero flux of energy
Lip-) (5.93) in the superradiant modes can be interpreted as the quantum analogue of the
phenomenon of classical superradiance that we studied in §3.3.4. This suggests that we
are correct in our intuition that the ‘past’ Boulware state |B™), while being as empty as
possible to a static observer at past null infinity .#~, is not empty to a static observer at

future null infinity .#*.

5.3.2 The ‘past’ Unruh state

In §4.4.1, we defined the ‘past’ Unruh state |[U™) to be a state that is as empty as possible
to a static observer at past null infinity .#~ while containing an outgoing flux of thermal
radiation at future null infinity .# . Since the ‘past’ Boulware state |B™) is defined to be
as empty as possible to a static observer at past null infinity .# —, then the difference in the
expectation values of observables between the two states should correspond to an outgoing
flux of thermal radiation at future null infinity .#T; this is represented by a thermalised
flux of particles in the up-modes (3.131) of the field ®.

We can use the expectation value of a general observable O with classical mode con-
tribution oy, to construct an explicit expression for the difference (OA>|U,>_|B,> in expec-

tation values in the ‘past’ Boulware state (5.78) and the ‘past’ Unruh state (5.81):

. . 00 l 00 1
U0 = (BT10BT) = Z/ ot v (5.94)

(=0m=—¢’~° exp|==| —1

where we have used the identity in (5.87). In §5.2.2, we evaluated the asymptotic up-mode
contributions to the classical quantities corresponding to the quantum observables SC , JH
and T} as 7 — oo. Using the near-infinity up-mode contribution (5.36) to the scalar
condensate SC, (5.94) becomes

= 20+ 1 up |2
(U~ 8C[U-) — (B~| SC |B-) 16W2r22/ A ool B2, (5.95)

Using the near-infinity up-mode contribution (5.39) to the current J#, (5.94) becomes

(U™ J#[U™) = (B7| J*|B)

w2041 .
i Z/ 2:; )_ ) BE (11 0 0). (5.96)

IWI exp
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Using the near-infinity up-mode contribution (5.46) to the SET T}/, (5.94) becomes

(UT| T4 |U™) = (BT 1Y |B)

|
—
—_ =
o O
(@)

(5.97)

[a)
S
—
ﬁ|
o}
~—

IWI exp

2(20+ 1) w2 | —1
1671'27"2 Z/ 27rw _ 1) |Bw£ 0

jen}
S
S
S
—~
ﬁI
[\
~—

The differences (5.95 — 5.97) are regular when w = 0 from the Wronskian relation in (3.75);
the !BSEF is of (9(62), which cancels the factor of (’)(5)*2) in the denominators as w — 0.

Furthermore, these differences diverge near the horizon as r — r,. The Schwarzschild
Boulware state |Bg) is divergent everywhere on the horizon while the Schwarzschild Unruh
state |Ug) is divergent on the past horizon H~ but regular on the future horizon H*.
Therefore, we expect that the divergence in the differences (5.95 — 5.97) arise due to
the singular nature of the ‘past’ Boulware state |B™) on the horizon, although only a
computation of the renormalised expectation values <§E>|B,>, (JA“>|B,> and (7 )|B ) as

opposed to calculating differences, would be able to confirm this.

Discussion of Figure 5.1: The plot of the difference <@>‘U_>_|B_> in the scalar con-
densate shows very little variation between different values of the scalar field charge gq.
Furthermore, this difference is positive for all of the positive values of ¢ considered, indi-
cating that the expectation value (@>|U_> is greater than (@)‘B_>, at least for ¢@Q > 0.

The plot of the difference <jt>|U_>_‘B_> in the time component of the current shows
that the magnitude of the difference vanishes in the uncharged limit ¢ — 0 and increases
with increasing scalar field charge ¢. This behaviour is similar to that found in [45] for a
massless, conformally coupled scalar field on a background RN-de Sitter spacetime.

The constant horizontal lines in the plot of 2 (j ) ju-y—|p-) Hlustrate that the difference
~2. Since TQ(JA’")‘U,>_|B,>

is negative then, from (5.12), we have that the difference between the flux of charges

in the radial component of the current is proportional to r

K|u-y—g-y must be positive and so the flux of charge in the ‘past’ Unruh state K-y is
greater than the flux of charge in the ‘past’ Boulware state Kg-y for a given value of the
scalar field charge ¢q. Recall, from §4.4.1, that |[U™) is defined to exhibit outgoing Hawking
radiation at .#*. From our discussion in §5.3.1, |B™) exhibits an outgoing flux of charge
K|g-y in the superradiant modes. Thus, it must be the case that the loss of charge due to
Hawking radiation in |[U™) is greater than the loss of charge due to quantum superradiance
in |B™) for a fixed value of q.

Furthermore, since the difference (jT>|U,>7|B,> increases with increasing scalar field
charge ¢, then we reason that K-y must increase more rapidly with increasing ¢ than
K|g-y does, which also increases with increasing g from [1]. Then, it must also be the case
that the loss of charge due to Hawking radiation in the ‘past’ Unruh state |U™) increases
more rapidly with increasing ¢ than the loss of charge due to quantum superradiance in

the ‘past’ Boulware state |B7).



146 Expectation values of quantum observables
3 ‘ ;
qg/M=0 ——
\ a/M =016 -
a/M = 0.32
S 2l a/M =0.48
<§ q/M =064 ——-
: /M =08
~t
=
ERES ]
0 _
12 3 4 6 7 8 9 10
r/ry
5 ‘ ‘ ; ; ;
/M =032 —— . /M =032 —— |
q/M =048 - - - - q/M =048 - - - -
af ]
QM = 0.64 —-ooov ol QM =064 —ooov ]
& q/M =0.8 _ g/M =08
= 3+ 9 ‘;:/ 1L ]
= B
ot i +
S ; - =2 L 4
g 2 1 %
R N
; - =1 ]
1k o 1
y e T 4 F ]
0 . . | n n — . . . . . . . .
1 3 4 5 6 T 8 9 10 1 2 3 4 5 6 T 8 9 10
r/ry /Ty
0 ; ; 5 ‘ ‘
/M =032 —— /M =032 ——
q/M =048 - - - - @/M =048 - - - -
a/M =064 - 4r a/M =064 - ]
o I}
- q/M =08 &= ‘, q/M =028
& el =3
) e = I
= T e pupipp . = i
ol ] < , |
=T s
,,,,,,,,,,,,,,,,,,,,,, S
| I
1r
_3 1l |
L L L L L L L L O
1 2 3 4 5 6 7 8 9 10 1
r/ry
2 ; ‘ 0
q/M =032 ——
q/M =048 - - - -
f\\ /M =064 o |
~ I\ /M =08 o1l
&0 / S
= =
= 1r B = |
<+ <+ !
=~ ~
- <
g S -2y /M =032 —— |
1 /M =048 - - - -
* /M =064 —ooeoe
q/M =028
(] 73 L L L L L L L L
1 708 9 10 12 3 4 5 6 T 8 9 10

r/ry r/ry

Figure 5.1. Difference in expectation values of the scalar condensate SC , components of the current
J and components of the stress-energy tensor T# between the ‘past’ Unruh state |U~) and the
‘past’ Boulware state |[B™) in Reissner-Nordstrom spacetime for black hole charge @ = 0.8 M and
positive values of the scalar field charge ¢. All expectation values are multiplied by powers of f(r)

so that the resulting quantities are regular at r = r.
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The plots of the differences of the diagonal components of the stress-energy tensor
<Ttt>|U_>7|B_>, <T[)‘U_>7|B_> and <Tg>‘U,>_|B,> each show little variation between different
values of the scalar field charge gq.

The magnitude of the difference in the flux component <Tt")|U,>7|B,>, however, in-
creases rapidly for increasing scalar field charge ¢q. Furthermore, (T[>‘U_>7|B_> is negative
for all values of ¢ which, from (5.25), indicates that the difference in the flux of energy
Liy-y_B-) is greater than the difference in the flux of charge Kjy-y_p-).

The differences in the scalar condensate, the time component of the current and the
diagonal components of the stress-energy tensor, i.e. those differences that do not pertain
to fluxes, all diverge near the horizon; as described earlier, we suspect that this divergence
is due to the singular nature of |B~) on the horizon as opposed to |[U~).

Lastly recall, from §5.3.1, that the ‘past’ Boulware state |B™) only contains a flux of
particles in the superradiant modes at .#T and is otherwise defined to be as empty as
possible to a static observer far from the black hole. All of the differences in expectation
values plotted here decay as 72 far from the black hole. Then, we reason that renormalised
expectation values of observables (O>‘U,> in the ‘past’ Unruh state directly will also vanish
far from the black hole.

5.3.3 Fluxes of charge and energy in the ‘past’ Unruh state

We would like to evaluate the flux of charge K-y and the flux of energy Lyyy-y in the ‘past’
Unruh state [U™) directly. We can do this by first calculating (J")y-y and (T}) -y, from
adding the expressions for (J")p-y (5.90) and (1) 5- (5.92) to the relevant components
of the differences (j“>|U_>_‘B_> (5.96) and (T#>|U_>_‘B_> (5.97) respectively. For example,

A

in the case of (J")y-), we can summarise the above as

ey = (UL [U7) = {U 17 [07) = B[ [U) b+ (BT U). (5.98)

The integral in the expression (5.90) for the difference <JA“)‘U,>_|B,> has the measure dw.
Since the limits of the integral are —oo < w < oo and w is offset from w by the constant
amount of %, then we can replace the integration measure dw in (5.90) by the measure

dw in order to rewrite the expression for the difference (j ’")‘U_>_|B_> as

(UTJ7|U7) = (BT J"|U7)

q i /oo w ‘ 2
~——— dw — (20+1) Bug
647372 /o0 | (exp 2| 1) w

K

00 00 0
20+ 1 20+ 1
= q322 / o — ! +~) +/ a2 +~) Ly
Gdmer® =5 | /o @ (exp| 22| — 1 —0o  [@](exp|Z| —1
K K

=1+ ls, (599)

where the integral | is given by
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w(20+1)
Il = g Bup 5.100
! 647['37’2 / ‘w| exp 27rw o ) ‘ ’ ( )
and the integral I is given by
w (20 + 1) up 12
Iy = d B"|”. 5.101
2 647(37“2 Z/ w |w‘ exp 27rw _ 1) | wl ( )

From our discussion in §3.3.4, one of the two integrals li,lo will contain superradiant
modes Whether the superradiant modes exist in either I; or ls depends on the sign of
H’ if ¢g@ > 0, the superradiant modes have 0 < w < q? such that they exist in I; and if
qQ@Q < 0, the superradiant modes have 0 > w > QQ such that they exist in ls.

As discussed in §5.3.1, the integral in the expressmn (5.90) for <Jr>|B_> is taken only
over superradiant modes. Then we can combine the two expressions in (5.90) and (5.99)
by considering in which of the two integrals I, lo the superradiant modes exist.

Consider firstly the case when ¢@) > 0; the superradiant modes occur as w ranges
through the interval 0 < w < %, and are thus present in |;. In this case, the expectation

value <j7”>|B_> (5.90) reduces to

N ) .
(J") gy = (B7|J"|B7) 647T3r2 Z/ = (20+1)|B®)*. (5.102)

In the following calculation, it will be convenient to define

__ 1y
L P %(2“ 1). (5.103)

Then, splitting the integral |; into two separate intervals of 0 < w < % and % < w < 00,
we can add the expression for <j">|B,> (5.102) to the integral l; (5.100) to give

L+ (B7|J"|B7)

- o)
=K /*d ~ L +1 +/ dw Y |B?
o B\ e B
qQ
y 1 >
=K _/+dw°ﬁ - +/ dw ~ |B|®
o EE) ] e ()
9 (e 9]
K{ T dw ;,u~ +/de :) !BZEz
0 w[exp(%) - 1} - w[exp( W) 1}

(5.104)
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where we have used the identity in (5.88) to go from the second equality in (5.104) to the
third. Furthermore, we have used the fact that @ is negative in the range 0 < w < %
and that W is positive in the range % < w < oo in order to go from the third equality in
(5.104) to the fourth. Using the fact that w is negative in the range 0 > w > —oo when
q@ > 0, we can rewrite the integral Iy (5.101) as

_ 0 w up |2
lo = K/_OO dw a [exp(_m> - 1} |BLY
w u
——K/ dw [exp[ %(w_ﬂ)} _1] B2
K/ dw - |BUP|>. (5.105)

~#8) oo (o) 1]

We can simplify (5.105) by making the substitution u = —w to give

up |2

L ]

u

K/ du (e @ Joxp 2= (w+ 22)] 1] B, |

:_K/o du( +qQ [exp[%(u—chz)} ] ‘B_uﬁ
_ _K/o dww[exp(:;“’) - 1B™ |7, (5.106)

where, in going from the penultimate line of (5.106) to the last one, we have used the fact
that wu is effectively a dummy variable enabling us to relabel u as w in the last line and,

furthermore, we have made the definition

w19 (5.107)
T4
Then, in the case that ¢@ > 0 such that the superradiant modes are contained in the

integral 1; (5.100), we obtain

{|1+<B—yj7"\B—>}+|2
|B"™®

-9 i/w dw (26 + 1w B — Sl - (5.108)
647312 =070 [exp<2”w> — 1] [eXp[%w] — 1]

A similar set of calculations show that in the case ¢@QQ < 0, when the superradiant modes

are instead contained in the integral |y (5.101), we obtain
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h+{lo+ (877" B7)

oo ) Bup2 BEI; 2
:_647;#373 ;;/0 dw (20 + 1w [exp’(;:w)—l} - [ex‘p[%j}_l] . (5.109)

Then, the expectation value <JAT>‘U,> is given by

(U-[J"|U7)

RN ol y B B - 1 G
w7 2 N ) ] el )

Using (5.12) and (5.110), we derive the flux of charge Ky~ in the ‘past’ Unruh state as

up |2 B
| Bt B2 . (5.111)

& 00
q
Kuy-y=——= / dw (204 1) w -
[U-) 6473 ; 0 |:eXp<27rw) _ 1:| |:eXp|:27rw] _ 1:|
A similar set of calculations shows that the expectation value (T tT>‘U_> is given by

(U™ |1} [U7)

up |2 B"
| Bt B . (5.112)

1 oo o0
o S i) ] o)

Using (5.25) and (5.112), we derive the flux of energy £;y-y in the ‘past’ Unruh state as

Liy- Z/ dw (20 + 1) w B + B
o Tl lonliz)

(5.113)
The expressions for the flux of charge Kjy-y (5.111) and the flux of energy Ljy-y (5.113)
each contain integrals over the entire spectrum of positive-frequency modes, i.e. w > 0.
This begs the question as to what has happened to the negative-frequency modes; the
second term in both the expressions (5.111) and (5.113) contain a factor of |BEIZU€‘2, which
we can interpret as the square of the magnitude of the transmission coefficient BEIZ;@
associated to negative-frequency modes. Then, as seen by a static observer near infinity,

the first term in both (5.111) and (5.113) is the flux from the emission of positive-frequency

modes with an effective chemical potential of %, while the second term is the flux from
the emission of negative-frequency modes with an effective chemical potential of _§'

The contribution to the flux of charge Kjy-y (5.111) from the emission of positive-
frequency modes has the same sign as the scalar field charge ¢, while the contribution

from the emission of negative-frequency modes has the opposite sign to q.
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On the other hand, the emission of positive- and negative-frequency modes both give
a positive contribution to the flux of energy L£;y-y (5.113), as we would expect. Then,
we deduce that the Reissner-Nordstrém black hole loses energy due to the emission of
Hawking radiation in the ‘past’ Unruh state |U7).

Finally, using (5.105) and (5.106), we see that in the limit x — 0 the Hawking tem-
perature Ty = - vanishes and both K-y (5.111) and Lyy-y (5.113) reduce to Kip-)
(5.91) and L~y (5.93), i.e. their corresponding fluxes in the ‘past’ Boulware state [B™),
respectively. This suggests that the ‘past’ Unruh state [U™) reduces to the ‘past’ Boulware

state |[B™) in the limit 73 — 0.

5.3.4 The ‘past’ CCH state

In §4.5.1, we defined the ‘past’ CCH state |[CCH™) to be a state that exhibits thermal
radiation, both incoming at past null infinity .# ~ and outgoing at future null infinity .#*.
Since the ‘past’ Unruh state |[U™) is defined to be as empty as possible to a static observer
at past null infinity .# ~ while exhibiting thermal radiation outgoing at future null-infinity,
then the difference in the expectation values of observables between the two states should
correspond to an incoming flux of thermal radiation incident upon the future horizon H*;
this is represented by a thermalised flux of particles in the in-modes (3.106) of the field.

We can use the expectation value of a general observable O with classical mode con-
tribution oy, to construct an expression for the difference <OA)‘CCH_> U-) in expectation
values in the ‘past’ Unruh state (5.81) and the ‘past’ CCH state (5.83); we have

(CCH™|O|0CH™) — (U~ 0[U7) =} Z/ dw‘%lw‘ o (5.114)
exp = |~

where we have used the identity in (5.87). In §5.2.3, we evaluated the asymptotic in-mode
contributions to the classical quantities corresponding to the quantum observables EE,
J# and T} as v — r,. Using the near-horizon in-mode contribution (5.60) to the scalar
condensate SC, (5.114) becomes

e 2041 .
(CCH™|SC |CCH™) — (U~|SC|U™) ~ 6o ZTQZ/ dw )‘BM}%

o] (exp|#72| —
(5.115)

Using the near-horizon in-mode contribution (5.63) to the current J*, (5.114) becomes

(CCH™| J*|CCH™) — (U™| J*|UT)

@(2041) - - T
647r3r2 Z/ 2] 1) | B (—f(r) 10 o) . (5.116)

!wl exp

Using the near-horizon in-mode contribution (5.70) to the SET T}, (5.114) becomes
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(CCH™|T#|CCH™) — (U | TH#[U™)

0 0
2(2041) 12 1 f)™t o0 0

167r 167272 Z/ 1) B o@1) o
0 (

|w’ exp’ 27rw‘
01

)
(5.117)

The differences (5.115 — 5.117) are regular when w = 0 from the Wronskian relation (3.75);
the ‘Bg‘gf is of O(wz), which cancels the factor of O(W*Q) in the denominators as w — 0.

We can check whether the difference (JA“>‘CCH_>_|U_) (5.116) of the current is regular
on the horizon by changing to Kruskal coordinates; defining the quantity C' as

&(20+1)
64W3T2 Z/ ) |B|” (5.118)

|w| exp‘ 27rw‘

and using (5.28), near the horizon we have

<jU>|CCH*>_|U7> ~ /@U{f(r)*l C+ f(r)*1 C} = 2/~@C’Uf(r)*1 , (5.119a)

<jv>|CCH—>7|U—> ~ KV [—f(?")_1 CH+ f(r)™! C} =0(1). (5.119b)

The difference (jU)‘CCH_>_|U_> (5.119a) contains a factor of f(r)~', which diverges as
r — r1; the future horizon is a surface of constant U = 0, and so the factor of U cancels
the divergence of the f (r)_l such that the difference is regular on H™ while, on the past
horizon H ™, the difference diverges. In contrast, the leading order divergences cancel in
the difference (J V>|CCH_>_|U_> (5.119b) such that it is regular everywhere. Therefore, the
differences (J*),cop-y_ju-y in the expectation values of the current operator (5.116) are
regular on H™ but diverge on H .

We can check whether the difference (7} )|CCH_>7‘U_> of the SET is regular on the

horizon by changing to Kruskal coordinates; we define the quantity S as

w?(20+1)
= To52 Z/ |B . (5.120)

’w‘ ex p‘Qmu‘

From (5.69), Ty ~ L , Ty ~ f(r)"* L and T, ~ f(r)"2 L. Using (5.30), near the horizon:

(oo oon-) -y ~ 352U [S =207 S + F02F) 28], (5a21a)
<TUV>|CCH—>,\U—> ~ —iR_QU_lv_l {S — f(?“)zf(r)_2 5'] , (5.121b)

Fovcons) vy ~ 152V 2 [S+ 20 F() S+ F2 1) 28] = 2V 2s,
(5.121c¢)
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The leading order divergences cancel in the differences (7; vU)icon-y—|u-y (5.121a) and
<TUV>\CCH_>7|U—) (5.121b). The difference (5.121c), which contains a factor of V=2, di-
verges on the past horizon since H™ is a surface of constant V' = 0. Therefore, the

differences <TW>‘CCH,>_|U,) in the expectation values of the SET (5.117) diverge on H ™.

Thus the differences between the ‘past’ CCH state and the ‘past’ Unruh state in the
expectation values of both the current (j“>|CCH_>_‘U_> and the SET <TNV>|CCH*)—\U*>
diverge on the past horizon H~, but may be regular on HT if the ‘past’ Unruh state is

regular as anticipated. We will return to this question in our discussion of Figure 5.2.

Discussion of Figure 5.2: All of the plots in Figure 5.2, exhibit a much greater vari-
ation between different values of the scalar field charge ¢ compared to the corresponding
plots in Figure 5.1 for the differences between the ‘past’ Unruh state [U™) and the ‘past’
Boulware state |[B™). Recall, from our discussion of Figure 5.1, that we deduced that the
expectation values of observables in [U™) must vanish far from the black hole because |B™)
is defined to be as empty as possible to a static observer at infinity. Figure 5.2 illustrates
that the differences between |[CCH™) and |U™) do not vanish far from the black hole,
leading us to infer that the ‘past’ CCH state is not empty at infinity, as we would expect

of a thermal state.
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Figure 5.2. Difference in expectation values of the scalar condensate SC , components of the current
J and components of the stress-energy tensor Tlﬁ‘ between the ‘past’ CCH state |[CCH™) and the
‘past’ Unruh state [U™) in Reissner-Nordstrom spacetime for black hole charge @ = 0.8M and
positive values of the scalar field charge ¢. All expectation values are multiplied by powers of f(r)
so that the resulting quantities are regular at r = r.
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Figure 5.3. Difference in expectation values for the Kruskal components of the current J and
stress-energy tensor T between the ‘past’ CCH state [CCH™) and the ‘past’ Unruh state [U~) in
Reissner-Nordstrom spacetime for black hole charge Q = 0.8 M and positive values of the scalar field
charge g. All expectation values are multiplied by powers of f(r) so that the resulting quantities

are regular at r =r.

The constant horizontal lines in the plot of r2<j T>|CCH7>—|U7> illustrate that the differ-
ence in the radial component of the current is proportional to r~2. Since r2<jr>|CCH7>_‘U,>
is negative then, from (5.12), we have that the difference between the flux of charges
Kiccu-y — Kju-) must be positive and so the flux of charge Kocy-y in the ‘past’” CCH
state is greater than the flux of charge K|y-) in the ‘past’ Unruh state for a given value
of the scalar field charge gq.

Furthermore, comparing Figures 5.1 and 5.2, we see that the magnitude of the differ-
ence <JAT>|CCH7>_|U,> is several times larger than <jr>|U,)_‘B,). Recall that the differences
in expectation values between |CCH™) and |[U™) should correspond to an incoming flux

of thermal radiation in the in-modes with a thermal factor proportional to w, while the
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differences in expectation values between [U~) and |B™) should correspond to an outgoing
flux of thermal radiation in the up-modes with a thermal factor proportional to w. Then,
we can infer that the outgoing flux of charge in the in-modes in [CCH™) is considerably
greater than the outgoing flux of charge in the up-modes in |[U™) due to the differing

thermal factors.

Discussion of Figure 5.3: From the Penrose diagram of Reissner-Nordstréom spacetime
in Figure 3.1, the past horizon H™ is a surface of constant V = 0 and the future horizon

Ht is a surface of constant U = 0.

The difference V_1<JAV>|CCH7>_‘U,> is regular everywhere as r — r;.. The difference
U_1<jU>|CCH7>_‘U,> diverges like f(r)™' as r — 7y, which is in agreement with the
expression in (5.119a), leading us to conclude that the difference (J “>|CCH_>7‘U_> is regular
on H* but diverges on H ™.

The leading order terms in the difference U?(T; UU)con-y—u-y as well as the difference
UV<TUV>|CCH*)7\U*> cancel as r — r4. The difference V2<TVV>|CCH*)7|U*> is finite as
r — r4 but does not vanish, which is in agreement with the expression in (5.121c). This
leads us to conclude that the difference <T,ﬁ‘ >|CCH7>_‘U,> is similarly regular on H* and

divergent on H™.

In §5.3.2, we explained that we expect the ‘past’ Unruh state |[U™) to be regular on H*
but singular on H~. If we are correct then, from the expressions in (5.119) and (5.121)
as well as the plots in Figure 5.2, we expect that the ‘past’ CCH state |CCH™) will be
similarly singular on the past horizon H~ and may also be regular on the future horizon

HT.

5.3.5 Fluxes of charge and energy in the ‘past’ CCH state

We would like to evaluate the flux of charge lC|CCH*> and the flux of energy [’\CCH*) with
respect to the ‘past’ CCH state |CCH™) directly. We can do this by first simplifying the
relevant components of the expressions for (JA“>‘CCH7>_|U,> (5.116) and <T#>|CCH7>_|U,>
(5.117) before adding to them, respectively, the expressions for (J") -y (5.110) and
(T7))y-y (5.112). Beginning with the radial component of the difference (J*)ccp—y_juy-)
(5.116), we can simplify this as
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(CCH™|J" |CCH™) — (U] J" [UT)

00 0o ~ in |2 0 in
q W‘ng / w‘BwE
647372 ;::o {/0 dw |w|(exp| 22| — 1) " —o0 A jw| (exp| 22| — 1) ey

= i ;OO { /OOO dw [exi}(iw;_ 7 / io duw w[exf(}_B%,; _— } (204 1)

o [ o w0 (g
- 6473372 gz:; { /0 de [exu;‘(iw) =i /: d(—u (<_u> [exii%)_“él] } (20+1)
s S [l [ G
o 2 et )
= G g/ooo dw (26+1) [eXp(leu) ] (@B @ |B=[), (5.122)

where w is given in (5.107). Using the Wronskian relation (3.75), (5.122) becomes

(CCH™|J"|CCH™) — (UT|J"|U™)

7 = [ w " "
~7§ dw (20 + 1 {~Bp ——Bp ] 5.123
647372 £=0/0 w( ) [eXp(ZZw) . 1] ‘ ‘ ‘ ( )

Using (5.12) and (5.123), we can derive the flux of charge Kiccy-y as

w 2
— BuP — = |B™, ] .
e [ 1 -
(5.124)
A similar set of calculations shows that the difference <T[>|CCH7>_|U,> is given by

¢~ [
=0

(CCH™ |1} |CCH™) — (U™ |1} [U7)

1 O oo w2 .
NW;/O Ao 6D o=y 1] MB AR ‘Bfwe ] (5.125)

Using (5.25) and (5.125), we can derive the flux of energy £,y in the ‘past” CCH state
|CCH™) as

w? 1 w 1o
(5.126)

We immediately notice, from the argument of the exponential in the denominator of
(5.126), that the difference in both fluxes between |CCH™) and |U™) corresponds to a
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thermalised flux of particles but without a chemical potential. When defining the ‘past’
CCH state in §4.5.1, we anticipated that the ‘past’ CCH state |[CCH™) would not be an
equilibrium state since the in-modes and up-modes in (4.152) had different thermal factors.
From the expressions for K-y (5.111) and £y~ (5.113), we see that the fluxes of charge
Kiccn-y (5.124) and energy £ey-y (5.126) in the ‘past” CCH state are indeed nonzero.
Therefore, as expected, the ‘past’ CCH state is not an equilibrium state. However, it does

have attractive regularity properties on the future horizon H™.

Considering first the flux of energy L qcy-y (5.126) in the ‘past’ CCH state, it is
apparent that nonsuperradiant modes, which have sgn(ww) = 1, act to reduce the flux of
energy as compared to the flux of energy Ly-) in the ‘past’ Unruh state. In contrast,
superradiant modes, which have sgn(ww) = —1, act to enhance E\CCH*) as compared to
Ljy-y. Recall that in §5.3.4, we described that since the ‘past’ CCH state exhibits thermal
radiation at both #~ and .#T, whereas the ‘past’ Unruh state only exhibits thermal
radiation at .# T while being as empty as possible to a static observer at .#~, then the
difference in observables between these two states should correspond to an incoming flux of
thermal radiation from .#~. Then we may tentatively interpret the reduction in £|CCH—>
relative to £y~ in nonsuperradiant modes as incoming thermal radiation from .#~ that is
incident upon H ' and the enhancement in E‘CCH7> relative to Lyy-y in superradiant modes
as corresponding to the same incoming thermal radiation from .#~ that has been reflected

back towards .# T with a greater amplitude through a process of quantum superradiance.

The interpretation of the expression (5.124) for the flux of charge K-y in the ‘past’
CCH state is more subtle as a result of the relative sign difference between the contributions
from positive- and negative-frequency modes. Of the superradiant modes, those of positive-
frequency give a contribution to IC‘CCH7> of the opposite sign to ¢, while those of negative-
frequency give a contribution of the same sign as ¢q. Of the nonsuperradiant modes,
however, those of positive-frequency give a contribution to IC|CCH—> of the same sign as ¢,

while those of negative-frequency give a contribution of the opposite sign to q.

Returning to the plot of the difference <J’">|CCH7)_‘U,> in Figure 5.2 we see that
(J T>\CCH*>—|U*) is negative and therefore that the difference between the fluxes Koop-y —
K|u-y must be positive for positive values of the scalar field charge g. Then, we deduce
that there must be considerably more contribution to the flux of charge IC|CCH—> in the
‘past’ CCH state from positive-frequency superradiant modes and negative-frequency non-
superradiant modes, as opposed to negative-frequency superradiant modes and positive-

frequency nonsuperradiant modes.

5.4 Differences in expectation values between ‘future’ states

5.4.1 The ‘future’ Unruh state

We can use the expectation value of a general observable O with classical mode contribu-

tion oy, to construct an explicit expression for the difference <O>|U+>7|B+> in expectation

values in the ‘future’ Boulware state (5.79) and the ‘future’ Unruh state (5.82); we have
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(U0 |U+) — (B+|O[B*) = ZZ/ 4B ol (5.127)

0|2
(=0 m=—g”/ —® ) 1

where we have used the identity in (5.87). In §5.2.2, we evaluated the asymptotic down-
mode contributions to the classical quantities corresponding to the quantum observables
SC , J#* and T} as r — oo. Using the near-infinity down-mode contribution (5.47) to the

scalar condensate SC, (5.127) becomes

2041 2
|BY|”. (5.128)

— — 1 X oo
(U*|SC|U) — (B SC|B*) ~ WZ/ i
=0 "

2rw

_1)

Using the near-infinity down-mode contribution (5.50) to the current J#, (5.127) becomes

5] (exp |22

(UH| JH[U) — (BT J*B)

647T3r22 / %2;1)_ ) BEP (-1 1 0 O)T- (5.129)

IWI exp

Using the near-infinity down-mode contribution (5.54) to the SET T}, (5.127) becomes

(UH| Ty |UT) - (B*| T BY)

-1 -1 0 0
2(20+1) 2l 1 1 0 0
B"P
167‘( 7‘22/ ‘w| exp 27rw _1) } wt 0 0 O(T’72) 0
0 0 0 O(r?)
(5.130)

The differences (5.128 — 5.130) are regular when @ = 0 from the Wronskian relation (3.75);
the |lel?‘2 is of (’)(&2), which cancels the factor of (’)(@_2) in the denominators as w — 0.

5.4.2 The ‘future’ CCH state

We can use the expectation value of a general observable O with classical mode con-
tribution o, to construct an explicit expression for the difference <O>|CCH+>_|U+> in
expectation values in the ‘future’ Unruh state (5.82) and the ‘future’ CCH state (5.84);

we have

1
(CCH*| O |CCH*) — (U*] O [U+) = ZZ/ Qo g o (5.131)

e exp| 272 |

where we have used the identity in (5.87). In §5.2.3, we evaluated the asymptotic out-

mode contributions to the classical quantities corresponding to the quantum observables
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S‘E, J# and T} as r — r,. Using the near-horizon out-mode contribution (5.71) to the

scalar condensate SC, (5.131) becomes

20 +1 ‘ ‘
FICTEED Rt
(5.132)

Using the near-horizon out-mode contribution (5.74) to the current J#, (5.131) becomes

_ ~ IR
(CCHT|SC|CCHT) — (UT|SC|UT) ~ WZ/ duw
£=0" ">

(CCH*| J* |CCHY) — (Ut J#|UT)

647T3T22/ © (26 1) )\332<f(r)1 10 0>T. (5.133)

|w| exp‘ 27Tw‘

Using the near-horizon out-mode contribution (5.77) to the SET T}/, (5.131) becomes

(CCH*|T#|CCHY) — (U*| TH [UT)

—fr)h )00
2(2041) el -1 et o 0
167r 167272 Z/ yw\ ex p|27:‘" —1) B 0 0 01 o
0 0 0 0)
(5.134)

The differences (5.132 — 5.134) are regular when w = 0 from the Wronskian relation (3.75);
the ’Bifef is of O(wQ), which cancels the factor of O(w_Q) in the denominators as w — 0.

5.4.3 Discussion of differences between ‘future’ states

In §5.1.1, we argued that the expectation value of the scalar condensate SC should not
distinguish between ‘past’ and ‘future’ states. Comparing (5.95) with (5.128) and (5.115)
with (5.132), we can see that this is indeed the case. Furthermore, we see that the
differences in the current J# (5.129, 5.133) as well as the SET T} (5.130, 5.134) could have
been obtained, by making the coordinate transformation ¢ — —t, from their corresponding
expressions in the ‘past’ states in (5.96, 5.116) and (5.97, 5.117) respectively. In this light,
we can consider the ‘future’ states as the time-reversal of their corresponding ‘future’
states. Since we have examined the properties of the ‘past’ states in considerable detail in

§5.2.4, we will not consider the ‘future’ states any further.

5.5 The ‘Boulware-like’ state

In §4.3.3, we defined the ‘Boulware-like’ state |B) which is an attempt to keep as close in
spirit as possible to the Schwarzschild Boulware state |Bg) in defining a state that is as
empty as possible to a static observer at both past and future null infinity .#*. Thus, the

fluxes of charge K|y and energy L) in the ‘Boulware-like’ state are of particular interest.
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5.5.1 Differences in expectation values between Boulware states

Having studied the ‘past’ and ‘future’ Boulware states in considerable detail in §5.3.1
and §5.4.1 respectively, we can use the expectation value of a general observable O with
classical mode contribution oy, to construct an expression for the difference <O>|B>—|Bi>
in expectation values in the ‘Boulware-like’ state (5.80) relative to both the ‘past’ (5.78)

and the ‘future’ Boulware state (5.79); we have

R R s 4 max{g—Q,O}
(BIOIB) - (BT[OB ) =->_ > / Q* dwo™® (5.135)
=0 m——2 mln{z—_‘_,O}
and
00 14 max{ 49
BlOB) - @oBH -3 3 [ U o (5.136)

where, in (5.136), we have used the fact that we could alternatively have defined the
‘Boulware-like’ state in an orthonormal basis of out- and down-modes. In §5.2.2, we
evaluated the asymptotic up- and down-mode contributions to the classical quantities
corresponding to the quantum observables S’\C, JH and T as r — oo. Using the near-

infinity up-mode contribution (5.36) to the scalar condensate S, (5.135) becomes

(B|SC|B) — (B~|SCB~) = <Byé€ B) — <Bﬂ§c rB+>

e ! (2¢+1) [B®|*, (5.137)
167T r2 mm{g@ 0} m whl 7 AT

where we have used the fact that the scalar condensate SC does not distinguish between
‘past’ and ‘future’ states to equate <3’E>|B>7|B_> with <S’E>|B>7|B+>. Using the near-infinity
up-mode contribution (5.39) to the current J*, (5.135) becomes

(B J*|B) — (B| J*[B)

5 max{%o}d Yoo+ BRP(1 1 0 o). (5138
- 0

The difference in the flux of charge across past null infinity .# ~ between |B) and |B™) is
proportional to the difference in the Kruskal component (j vy IB)—|B-)" Using the expression

(5.28) for the current in terms of Kruskal coordinates, as r — oo we have

(B]JY|B) — (B7|JV[B7)

l‘iqU max B
~ 64m3r2 Z/m{ © 0} ’~‘ (20+1) }B —141)=0. (5.139)

Using the near-infinity up-mode contribution (5.46) to the SET T}, (5.135) becomes
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(BT} |B) — (B™| T}/ [B7)

1 -1 0 0
max } 2 1 —1 0
up
16w2r22/mm w GV ) ) oy (>:140)
0 0 0 O(r2)

The difference in the flux of energy across past null infinity .#~, which is a surface of
constant U = —oo, between |B) and |B™) is proportional to the difference <TUU>|B)7|B—)'
Using the expression (5.30) for the stress-energy tensor in terms of Kruskal coordinates,
as r — oo we have <TUU>|B>—|B*> ~ O(r~2U~?%) which vanishes at leading order.

Using the down-mode contribution (5.50) to the current J* as r — oo, (5.127) becomes

(B J*|B) — (B*| J*[BF)

max } T
647r3r22;/ |w| (2¢+1) By ( -10 0) . (5.141)

rnm qQ 0}

The difference in the flux of charge across future null infinity .# * between |B) and |[B™) is
proportional to the difference in the Kruskal component <j vy B)—|B+)- Using the expression

(5.28) for the current in terms of Kruskal coordinates, as r — oo we have

(B|JV|B) — (B*|J"|B*)

gV & pra{ E.0) . B
™ dndy? /mian0 dw =+ 1) [BR A -1)=0. (5.142)
/=0 {T+’}

Using the near-infinity down-mode contribution (5.54) to the SET T}, (5.136) becomes

(BT} |B) — (B¥| T}/ [BY)

1 1 0 0
max } 1 -1 0 0
20+1)| B
1671'27’2 Z/mln{ aQ 0} ‘w| ( * ‘ 0 0 O(T’iQ) 0
0 0 0 O3
(5.143)

The difference in the flux of energy across future null infinity #*, which is a surface of
constant V' = oo, between |[B) and |B™) is proportional to the difference <TVV>|B)—|B—)'
Using the expression (5.30) for the stress-energy tensor in terms of Kruskal coordinates,
as r — 0o we have <TVV>|B>—|B+) = O(T_ZV_2) which vanishes at leading order.

The differences (5.137 — 5.143) are regular when w = 0 from the relation (3.75); the
‘B£?|2 is of (’)(&2), which cancels the factor of (’)((D*l) in the denominators as w — 0.
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5.5.2 Fluxes of charge and energy in the ‘Boulware-like’ state

We would like to evaluate the flux of charge Ky and the flux of energy Ly in the
‘Boulware-like’ state |B) directly. Using the expression for the expectation value of the
radial component of the current in the ‘past’ Boulware state <JA7">|B,> (5.91) and the radial
component of the difference (J*)gy_p-y (5.138), we have

(I")y = ((BIJ7 [B) = (B7[J" [B7)) + (B™| J" |B7)

maxq o~ 0}
647T3T2 /mm{ Q+0} !w\ (20+1)|BR|"(1-1)=0. (5.144)

A similar calculation shows that the expectation value <T[)‘B> also vanishes. Therefore,
we find that both the flux of charge K|gy and the flux of energy L gy in the ‘Boulware-like’

state vanish, i.e.
Kigy =0, L) = 0. (5.145)

5.5.3 Interpretation of the ‘Boulware-like’ state

The fact that the fluxes of charge Ky and energy L) in the ‘Boulware-like’ state |B)
vanish means that this state is an equilibrium state and it is invariant under time-reversal.

Recall that the ‘past’” Boulware state (4.28) is defined to be as empty as possible to
a static observer at past null infinity .#~ and that the ‘future’ Boulware state (4.38) is
defined to be as empty as possible to a static observer at past null infinity .# . Since
the differences <jU>|B>_|B,> and <TUU>|B>—|B*> vanish, then we can conclude that the
‘Boulware-like’ state has no incoming flux of particles at past null infinity .#~. Further-
more, since the differences <jv)‘B>7|B_> and <TVV>|B>—|B—> vanish, then we can conclude
that the ‘Boulware-like’ state has no outgoing flux of particles at future null infinity .#*.

Thus, it appears that, in defining the ‘Boulware-like’ state |B), we have succeeded
in defining an analogue of the Schwarzschild Boulware state for a charged scalar field in
Reissner-Nordstrom spacetime, which is as empty as possible to a static observer at both

past and future null infinity #*.

5.5.4 Discussion of Figures 5.4 and 5.5

All of the plots of the differences of observables between |B) and |B™) in Figure 5.4 vanish
in the uncharged limit ¢ — 0. Recall, from §5.3.1, that the ‘past’ Boulware state is defined
to be as empty as possible to a static observer at .#~ but exhibits an outgoing flux of
radiation in the superradiant modes at .#*. In the uncharged limit ¢ — 0, there is no
superradiant scattering of field modes and so |B) and |B™) coincide in this limit.

The difference in the scalar condensate vanishes far from the black hole but diverges
near the horizon. Unlike the difference <§E>‘U )—IB=) (see Figure 5.1), the difference
<8C>‘B/>:‘B  is negative leading us to conclude that <SC)‘B> is smaller than both <SC>|B )
and (SC)y--
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Figure 5.4. Difference in expectation values of the scalar condensate SC , components of the current

J and components of the stress-energy tensor 7 # between the ‘Boulware-like’ state |B) and the

‘past’ Boulware state |[B™) in Reissner-Nordstrom spacetime for black hole charge @ = 0.8 M and

positive values of the scalar field charge ¢q. All expectation values are multiplied by powers of f(r)

so that the resulting quantities are regular at r = r.
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ThAe differences in <j’“>|B>_|B,> and (TA{>|B>_‘B,> are exactly minus that of <j7">|B,>
and (I7)p-y in [1]. This is what we would expect; since the fluxes of charge K|p) and
energy Lp) in the ‘Boulware-like’ state vanish, there is no contribution to the differences
(J")By—|B-y and (T})|py_ |-y from the ‘Boulware-like’ state and they reduce to — (J") -,
and — (1) - respectively.

The difference (J t)|B>7|B_> in the time component of the current as well as the differ-
ences in the diagonal components of the stress-energy tensor all decay rapidly as the radial
coordinate r increases and vanish far from the black hole. Furthermore, the difference in
the charge density (jt>|B>_|B,> and the energy density <Ttt>|B>_|B,> are negative near the
horizon, but become positive further away from the black hole.

All of the differences, in terms of Kruskal coordinates, in Figure 5.5 diverge at the
horizon. Since the Schwarzschild Boulware state |Bg) is singular at the horizon, we expect
that both the ‘Boulware-like’ state |B) and the ‘past’ Boulware state |B~) will diverge at
the horizon. Then, we can expect that either |B™) diverges more rapidly than |B) as r —
oo, or that both of these states diverge at the same rate but with different coefficients. We
suspect that the latter is more likely, but only a computation of renormalised expectation
values with respect to either state directly would be able to prove this.

The difference U~ (.J U>|B>7|B_> decays rapidly far from the black hole, as we would
expect since past null infinity #~ is a surface of constant U = oo. The difference
V_1<jv>|B>_|B,> also decays as r — o0, although not as rapidly.

In our interpretation of the ‘Boulware-like’ state, we reasoned that |B) is time-reversal
invariant. Then Ufl(JAU>|B> should equal —V*1<jV>‘B>, From the plots, however, we have
that U_1<jU>|B>_|B,> # —V_1<jv>|B>_|B,> constituting further evidence that the ‘past’

Boulware state |[B™) is not time-reversal invariant.

5.5.5 Conclusions

The fact that the fluxes of charge K|py and energy Lg) vanish (5.145), as well as the plots
in Figures 5.4 and 5.5 lead us to the conclusion that our proposed ‘Boulware-like’ state
is an equilibrium state which is regular everywhere outside the horizon and has vanishing
fluxes of charge and energy.

However, when defining the ‘Boulware-like’ state in §4.3.3, we used non-standard com-
mutation relations (4.49) that were multiplied by the eta-function 7,5 (4.9). Therefore,
|B) is not a conventional vacuum state. In [50], it is shown that for a neutral scalar field on
a background Kerr spacetime, there is no state which is as empty as possible at both past
and future null infinity .#*. In this light, our results for vanishing flux in the ‘Boulware-
like’ state (5.145) are very interesting. However, further investigation is required in order
to determine whether this state can be constructed rigorously or whether it suffers from

any unforeseen pathologies.

5.6 The Frolov-Thorne state

In §4.5.4, we defined the Frolov-Thorne state |FT) to be a state that exhibits thermal
radiation at both past and future null infinity .#* with the thermal factors proportional
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Figure 5.5. Difference in expectation values for the Kruskal components of the current J and
stress-energy tensor T# between the ‘Boulware-like’ state |B) and the ‘past’ Boulware state |[B™)
in Reissner-Nordstrom spacetime for black hole charge Q = 0.8M and positive values of the
scalar field charge g. All expectation values are multiplied by powers of f(r) so that the resulting
quantities are regular at r = .
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to w; this corresponds to a thermalised flux of particles in both the in-modes (3.106) and

up-modes (3.131) of the field ®, with the frequency w in all thermal factors.

5.6.1 Differences between Frolov-Thorne and ‘past’ Unruh

Recall that the ‘past’” Unruh state |U™) is defined, in §4.4.1, to be as empty as possible
to a static observer at past null infinity 7~ while exhibiting an outgoing thermal flux
of radiation at .#*. Since the Frolov-Thorne state |FT) is defined to exhibit thermal
radiation at both past and future null infinity .#*, then the difference in the expectation
values of observables between the two states should correspond to an incoming flux of
thermal radiation at past null infinity .#~; this is represented by a thermalised flux of
particles in the in-modes (3.106) of the field ®.

We can use the expectation value of a general observable O with classical mode con-
tribution oy, to construct an explicit expression for the difference (OA>|FT>7|U_> in ex-
pectation values in the ‘Frolov-Thorne’ state (5.86) and the ‘past’ Unruh state (5.81); we

have

(FT|O|FT) — (U~|O|U7) = ZZ/ dw{_o}j‘em, (5.146)

where we have used the identity in (5.87). In §5.2.3, we evaluated the asymptotic in-mode
contributions to the classical quantities corresponding to the quantum observables SC L JH
and T as r — 7. Using the near-horizon in-mode contribution (5.63) to the current J*,
(5.114) becomes

(FT| J*|FT) — (U~| J*[U™)

~ o Z/ 2l )_ y B (~r)™ 10 o)T. (5.147)

|w’ exp 27rw

We can check whether the difference (j“>‘FT>7|U_> of the current operator is regular on

the horizon by changing to Kruskal coordinates; defining the quantity D as

w(20+1) in 12
647r37'2 Z/ 27rw _ 1> ‘Btglf ’ (5'148)

M exp

and using (5.28), near the horizon we have

ey -y ~ KU [F) D+ f(r) 7 D] = 26DU (), (5.149a)

V) ery—jumy ~ BV |=10) 7 D+ f(r) 7 D] = 0(1). (5.149b)

The difference (jU>|FT>7‘U,> (5.149a) contains a factor of f(r)”", which diverges as r —

r4+; the future horizon is a surface of constant U = 0, and so the factor of U cancels
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the divergence of the f (7‘)71 such that the difference is regular on H™ while, on the past
horizon H~, the difference diverges. In contrast, the leading order divergences cancel
in the difference (JAV>|FT>_‘U_> (5.149b) such that it is regular everywhere. Therefore,
the differences (J)ppy_|y-y in the expectation values of the current operator (5.147) are
regular on H™ but diverge on H .

Using the near-horizon in-mode contribution (5.70) to the SET T}, (5.146) becomes

(FT|T |FT) — (U |7} [U)

—f(r)™" =f(r)* 0 0
2204 1) 12 1 fm™t o0 0
~ 16722 Z/ dw M exp 2W 1) ‘Bwé‘ 0 0 o1 o0
0 0 0Q)
(5.150)

We can check whether the difference (70" )iFT)—|u-y of the SET is regular on the horizon
by changing to Kruskal coordinates; we define the quantity L as

2(20+1
= To52 Z/ ks )_ ) B (5.151)

’w| exp 27rw

From (5.69), Ty ~ L , Ty ~ f(r) "' L and T}, ~ f(r)"? L. Using (5.30), near the horizon:

<TUU>|FT>_\U7> ~ il‘iiQU*Q [L - 2f(7°)f(7")_1 L+ f(r)Qf(r)_Q L] =0(1), (5.152a)
<TUV>|FTHU—> ~ _%H_QU_lv_l [L —ffE) L} =0Q), (5.152b)

(T ) pry -y ~ iﬂv—? [L F 2V )T L+ F()2 () L} = k"2V 2L, (5.152¢)

The leading order divergences cancel in the differences <TUU>|FT>—|U*> (5.152a) and
<TUV>\FT>7|U—) (5.152b). The difference (5.152c), which contains a factor of V=2, diverges
on the past horizon since ‘H™ is a surface of constant V = 0, while it may be regular on
the future horizon #*. Therefore, the differences (T W>|FT>_|U,> in the expectation values
of the stress-energy tensor operator (5.150) diverge on H~ but may be regular on H*.

Thus the differences, between the Frolov-Thorne state |FT) and the ‘past’ Unruh state
|U™), in the expectation values of both the current <j“>|FT>_|U_> and the stress-energy
tensor <T/W>|FT)—|U*> diverge on the past horizon H~ but may be regular on the future
horizon H'. Given that we anticipate that the ‘past’ Unruh state |U™) is regular on H*,
then this suggests that the Frolov-Thorne state may also be regular on H*. We will return
to this question in our discussion of Figure 5.7.

All of the expressions from (5.147 — 5.152) are regular when w = 0 and @ = 0. From the
Wronskian relation in (3.75), the ‘BS‘AQ is of O(w?), which cancels the factor of O(w™)
in the denominators as w — 0 and the positive powers of w cancel the factor of (9(&_1)

in the denominator as w — 0.
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5.6.2 Fluxes of charge and energy in the Frolov-Thorne state

Since the up-modes (3.131) are field modes emanating from the past horizon H~, then we
may calculate the fluxes of charge Kjpr) and energy Ljpry in terms of up-modes in order
to investigate the properties of the Frolov-Thorne state |FT) near the horizon.

Since the expectation values (J") and (T7) do not require renormalisation, we can
evaluate their expectation value in the Frolov-Thorne state |[FT) directly. Using the in-

and up-mode contributions (5.38) to the current component J”, (5.86) becomes

(FT|J" [FT)

1287r3r2 Z{/ dw ‘1 1\2—/ dwﬁ\B }(2€+1)c0th’7::u’. (5.153)

The expression in (5.153) is exactly that of the first line on the r.h.s in the expression
(5.89) for the expectation value of the flux component J” in the ‘past’ Boulware state

Then, we may give the expression for the expectation

multiplied by a factor of coth) el

value of the flux component J"in the Frolov-Thorne state as

o max{ } ~ u
(FT| J" [FT) ~ 647T3r2 Z/ 20 |w| (20 + 1) co '”:‘ B>, (5.154)
O mln

Using (5.12) and (5.154), we can derive the flux of charge Kpr) as

QQO

max
FT) — (2€ +1)co
| 6471'3 —0 /Inln e 0} ‘ ’

(5.155)

Through a similar reasoning to that given immediately after equation (5.91), the flux of
charge Kpry (5.155) in the Frolov-Thorne state always has the same sign as the charge
of the black hole Q); thus, the thermal radiation emitted in the Frolov-Thorne state corre-
sponds to the Reissner-Nordstrom black hole discharging.

Using a similar process to that in (5.89), we can give the expectation value (7, £>|FT>:

max y ,O}

(FT|T7 |FT) ~ o 27‘2 Z/

e up
{20} Iw\ (2£+1 coth' ‘\B . (5.156)

Using (5.25) and (5.156), we can derive the flux of energy Lz~ as

N i/max{gf’o} dw 2 (20 + 1) coth| |B“P (5.157)
) 16772 /—0 min{ﬂ,O} ‘w| . ‘
= 7‘+

The expression for the flux of energy Lpry in the Frolov-Thorne state is always positive;
therefore the thermal radiation emitted in the Frolov-Thorne state corresponds to the

Reissner-Nordstrom black hole losing energy.
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In [49,50], it is argued that, in Kerr spacetime, the Frolov-Thorne state is an equilib-
rium state. However, the expressions for the fluxes of charge (5.155) and energy (5.157)
in the Frolov-Thorne state are both nonzero for ¢ # 0. Therefore, the Frolov-Thorne
state |F'T) is not an equilibrium state in Reissner-Nordstrom spacetime and neither is it

time-reversal invariant.

5.6.3 Discussion of Figures 5.6 and 5.7

Since the Frolov-Thorne state is a state defined with the Schwarzschild Hartle-Hawking
state |Hs) in mind, we will make comparisons with the differences <OA)‘CCH7>_|U,> in ex-
pectation values of observables O between the ‘past’” CCH state and the ‘past’” Unruh
state, which we studied in §5.3.4, throughout this discussion.

The difference <j”>|FT>_‘U,> is positive, so the flux of charge Ky~ in the ‘past’ Unruh
state must be greater than the flux of charge K|pry in the Frolov-Thorne state. This is
similar to what we saw when calculating the difference (j T>|U_>_|B_>, but in that case the
flux of charge K|y-) due to Hawking radiation was shown to be greater than the flux of
charge K\g-) due to a non-thermal flux of particles that were superradiantly scattered.
From (5.155), the flux of charge K|pr) is due to a thermalised flux of particles in only the
superradiant modes, which have exactly the same thermal factor as that of the Hawking
radiation in the flux of charge in |[U™). Then it is intuitive, despite the two fluxes of
charge containing thermal radiation with the same thermal factor, that Ky-) is greater
than IC|CCH7> since the former contains thermal radiation from all field modes while the
latter only contains thermal radiation in the superradiant modes.

From the above, we would also expect that the flux of energy Ly-y in the ‘past’ Unruh
state is greater than the flux of energy /J|CCH7> in the Frolov-Thorne state, which is indeed
the case since (1}) pr)_jy-) 1s positive.

The difference (.J t>|FT>_‘U,> as well as the differences in the diagonal elements of the
SET all appear to tend to constant values far from the black hole; while this is clearly
observable in the plots for small values of the scalar field charge g, we would need to
consider very large values of the radial coordinate in order to verify this observation
for large q. Of these differences, all but the difference in the energy density have the
opposite sign as compared with their corresponding differences between [CCH™) and |[U™).
In contrast, the difference <Tf>|FT>_|U_> in the energy densities has the same sign as
(T ccn)-ju-)-

Noting the above, we can say that while the Frolov-Thorne state |FT) and the ‘past’
CCH state |CCH™) share some properties, such as being non-empty far from the black
hole, ultimately their physical behaviour and interpretation are very different. Recall
that both states were defined to exhibit outgoing thermal radiation at .# ™ with the same
thermal factor, which was proportional to w. However, while each state also exhibits
thermal radiation incoming at .# —, the thermal factor of the in-modes in the |FT) state
is proportional to w while the thermal factor of the in-modes in the |[CCH™) state is
proportional to w. From our analysis in this section, this clearly has a significant effect on

the expectation values of observables in either state.
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Figure 5.6. Difference in expectation values of nonzero components of the current J and various
components of the stress-energy tensor 7’ # between the Frolov-Thorne state |FT) and the ‘past’
Unruh state [U™) in Reissner-Nordstrom spacetime for black hole charge @ = 0.8M and positive
values of the scalar field charge ¢g. All expectation values are multiplied by powers of f(r) so that

the resulting quantities are regular at r = r.
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5.6.4 Conclusions

Before we conclude our analysis of the Frolov-Thorne state |F'T), we may evaluate the dif-
ference <§E>‘FT>7|U_> in the expectation values of the scalar condensate SC between |FT)
and |[U7). Using the near-horizon in-mode contribution (5.60) to the scalar condensate

SC, (5.114) becomes

|w| exp 27rw _

—~ 2041 in (2
(FT|SC|FT) — (U|SC[U™) 16W2r22/ dw 1) |B,|”. (5.158)

The expression for the difference (§E>|FT> \u-y s regular as w — 0 since, from the Wron-
skian relation in (3.75), the ‘Bl } is of O( ) as w — 0. However, the integrand in
(5.158) diverges when w = 0. Since we expect the ‘past’ Unruh state to be regular on the
‘future’ horizon H™ at least, then it appears that the Frolon-Thorne state is ill-defined
on the horizon. We can investigate whether the Frolov-Thorne state is ill-defined in other
regions of the spacetime by using the in-mode contribution to the scalar condensate SC

for a general value of the radial coordinate r; then, (5.114) becomes

‘gbwzm . (5.159)

(FT|SC|FT) — (U"| SC[U™) Z Z/ dw

L=0m=—£" ~°

The integrand in the expression for the difference <§Zf )[FT)—|u~) outside the horizon (5.159)

has a pole when w = 0 unless the magnitudes of the in-mode contributions } } vanish

wém
at this frequency. However, numerical evaluations of (5.159) demonstrate that there is
at least one in-mode (3.106) with non-vanishing magnitude when w = 0, rendering the
difference (gé >|FT>_|U_> divergent everywhere on the spacetime. This leads us to conclude
that the Frolov Thorne [F'T) state is ill-defined despite the differences (J*) pr)_jy-y (5.147,
5.149) and (T, >|FT> u—y (5.150, 5.152) being well-behaved outside the horizon.
Calculations of the expectation value of the scalar condensate in the analogous Frolov-
Thorne state in Kerr spacetime, where it was originally defined, are similarly divergent
almost everywhere in the spacetime with the exception of the axis of symmetry [50]; here
the contribution from modes undergoing rotational superradiance vanish and |[FT) reduces
to the ‘past’” CCH state here. In RN spacetime, however, the event horizon receives a
contribution from superradiant modes everywhere in the exterior of the black hole and so

the Frolov-Thorne state defined in §4.5.4 is ill-defined throughout the spacetime.

5.7 The ‘Hartle-Hawking-like’ state

In §4.5.3, we defined the ‘Hartle-Hawking-like’ state |H) to be a state that exhibits thermal
radiation at both past and future null infinity #* with the thermal factors proportional
to wj; this corresponds to a thermalised flux of particles in both the in-modes (3.106) and

up-modes (3.131) of the field ®, with the frequency w in all thermal factors.
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5.7.1 Differences between ‘Hartle-Hawking-like’ and Frolov-Thorne

In the previous section, §5.6, we investigated the Frolov-Thorne state and concluded that it
is everywhere ill-defined on the spacetime. Despite this, in order to investigate the ‘Hartle-
Hawking-like’ state |H), it is convenient to consider the differences in the expectation values
of observables between |H) and |FT).

We can use the expectation value of a general observable O with classical mode contri-
bution o,z to construct an explicit expression for the difference <OA>|H>_‘FT> in expectation
values in the ‘Hartle-Hawking-like’ state (5.85) and the ‘Frolov-Thorne’ state (5.86) as

max 0}

. W
(H|O [H) — (FT|O |FT) = Z Z / dwowemcoth?

(5.160)
(=0 m—_g/min{ 220}

Since the expectation value <‘§E>IFT> in the |FT) state is divergent, we will only consider
differences involving <J“>|FT> and (7, >|FT), which are well defined from §5.6. In §5.2.3, we
evaluated the asymptotic in-mode contributions to the classical quantities corresponding
to the quantum observables J* and Tl’,‘ as r — r4. Using the near-horizon in-mode
contribution (5.63) to the current J#, (5.160) becomes

(H| J* [H) — (FT| J* [FT)

max qQ ,0 ~
Gt Z/mm{ 2y L

o (2£+1)\Bg;2(—f(r)—1 10 O)T

K

(5.161)

We can check whether the difference <j “>|H>_‘FT> of the current operator is regular on the

horizon by changing to Kruskal coordinates; defining the quantity K’ as

rnax qQ O} o 2
B 647r3r2 Z/ {120} “ Tl Coth’ '(2€+ 1) |BL|", (5.162)
and using (5.28), we have
Ty gwmy ~ RU 1)K+ 1) K| = 26K 01 0)7 (5.163a)
V) y—ry ~ &V [ F0) K+ f() T K = 0(1). (5.163b)

The difference (jU>|H>_|FT> (5.163a) contains a factor of f(r) ', which diverges as r — r;
the future horizon is a surface of constant U = 0, and so the factor of U cancels the
divergence of the f(r)~! such that the difference is regular on H* while, on the past
horizon H~, the difference diverges. In contrast, the leading order divergences cancel
in the difference (JAV>|FT>_‘U,> (5.163b) such that it is regular everywhere. Therefore,
the differences (J “>|H>7|FT> in the expectation values of the current operator (5.161) are

regular on H™ but diverge on H ™.
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Using the near-horizon in-mode contribution (5.70) to the SET T}, (5.160) becomes

‘ZQ 0 ~2

R max w in 2
(H|T# H) — (FT| T |FT) ~ 16W2T2 Z/mm{ o 0} “ coth| - (2z+1 |BL|
—f)h =f)* 00
-1
x ! f) 00 (5.164)
0 0 O@1) 0
0 0 0 O

The differences (5.161) and (5.164) are regular when w = 0 from the relation (3.75); the
|Bin ’2 is of (’)( 2) which cancels the factor of (’)( _1) in the denominators as w — 0.

We can check whether the difference (7, >|H> ipry of the SET is regular on the horizon
by changing to Kruskal coordinates; defining the quantity L’ as

“l 2041 )| By (5.165)

max{ 99 o 52
T Z/mm{ oy T

From (5.69), Tyy ~ L' , Ty ~ f(r) ' L' and T}, ~ f(r)" > L'. Using (5.30), we have

(Tvv)my—pr) ~ im—QU—Q [L’ —2f(r) f(r) 'L+ f(r)2f(r) L’] —0(1), (5.166a)
(Tov) jmy— ) ~ —in*U—lv—l [L/ — f(r)?f(r)7? L’] =0(1), (5.166b)

(TVV>|H>_\FT> ~ 3,52‘/72 [L’ + 2f(7‘)f(r)71 L + f(r)Qf(T)*Z L'} — 2y
(5.166¢)

The leading order divergences cancel in the differences <TUU>|H)—|FT> (5.166a) and
<TUV>\H>7|FT) (5.166b). The difference (5.166¢), which contains a factor of V=2, diverges
on the past horizon since H™ is a surface of constant V = 0, while it may be regular on
the future horizon H*. Therefore, the differences <TM,,>‘H>_|FT) in the expectation values
of the SET (5.164) diverge on H~ but may be regular on HT.

Thus the differences in the expectation values of both the current <j“)|H> pr) and
the SET ( W>|H> FT) diverge on the past horizon H~ but may be regular on the future
horizon H*. This suggests that the ‘Hartle-Hawking-like’ state may be regular on H™.

5.7.2 Fluxes of charge and energy in the ‘Hartle-Hawking-like’ state

We would like to evaluate the flux of charge K|y, and the flux of energy Ly in the
‘Hartle-Hawking-like’ state |H) directly. Using the expression for the expectation value of
the radial component of the current in the Frolov-Thorne state <jT>|FT> (5.155) and the
radial component of the difference (J*)yy_ppy (5.161), we have
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(I = ((H]J7 [H) = (FT|J7 [FT)) + (FT].J7 [FT)

qQ ~
max 0} o

in (2
th 204+ 1) By (1—=1)=0. (5.167
647r3r22/mm{w o) W ‘ " ‘( +D Bl (1-1) =0, (5.167
A similar calculation shows that the expectation value <T{)‘H> also vanishes. Therefore,

we find that both the flux of charge Ky and the flux of energy Ly vanish, i.e.

lC|H> =0, ,C|H> =0. (5.168)

We therefore conclude, from (5.168), that the ‘Hartle-Hawking-like’ state |H) is a time-
reversal invariant, equilibrium state. Since, we have shown that |H) is likely to be regular
on the future horizon H™, then it being time-reversal invariant implies that indeed be
regular everywhere on the horizon. However, only a study of the renormalised expectation

values of observables with respect to |H) directly could test this conjecture.

5.7.3 Discussion of Figures 5.8 and 5.9

The difference <j T>‘H>_|FT> is positive, so the difference in the flux of charge Kyy — Kpr) is
negative. However, from (5.168), Ky vanishes and so Kyy — Ky reduces to —Kjpry < 0,
meaning that the flux of charge K'|pr) is positive for a positive value of the black hole charge
() and positive values of the scalar field charge ¢. In fact, as we described in §5.6, Kjpr)
always has the same sign as @ and so, from (5.13), the thermalised flux of charge in the
superradiant modes in the Frolov-Thorne state |[FT) acts to discharge the RN black hole.
Similarly, £jp) is always positive and so the thermalised flux of energy in the superradiant
modes in the Frolov-Thorne state |FT) causes the RN black hole to lose energy.

The difference (j t>|H>_‘FT> in the time component of the current as well as the differ-
ences in the diagonal elements of the stress-energy tensor approach constant values near
infinity. The difference in the charge density <j t>‘H> FT) 18 negative and the difference in
the energy density <Tt >|H> FT) is positive away from the horizon and considerably larger
than the corresponding difference (J* )[FT)—|u-) between [FT) and [U™).

In §5.6, we explained that we expect the Frolov-Thorne |FT) to be regular on H™*
but singular on H~. If we are correct then, from the expressions in (5.163) and (5.166)
as well as the plots in Figure 5.9, we expect that the ‘Hartle-Hawking-like’ state |H) will
be similarly regular on the future horizon H™ with its behaviour on the past horizon H~
unclear. However, given the time-reversal invariance of |H), we conclude that |H) is regular
everywhere on the horizon, i.e. both the past and future horizons H*.

In conclusion, while we have been able to define an equilibrium state that is also time-
reversal invariant in the form of the ‘Hartle-Hawking-like’ state |H), we cannot claim |H)
to be an analogue of the Schwarzschild Hartle-Hawking state |Hg). The Kay-Wald theorem
proves the nonexistence of a stationary Hadamard state in Kerr spacetime for a neutral
scalar field [56,57]. It is natural to anticipate that a generalised form of this theorem
would apply to a charged scalar field. One of the assumptions in the Kay-Wald theorem
is the positivity condition, which is discussed in detail in App. B of [49]. When defining
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Figure 5.8. Difference in expectation values of nonzero components of the current J and various

components of the stress-energy tensor 7% between the ‘Hartle-Hawking-like’ state [H) and the

Frolov-Thorne state |FT) in Reissner-Nordstrom spacetime for black hole charge @ = 0.8M and

positive values of the scalar field charge ¢q. All expectation values are multiplied by powers of f(r)

so that the resulting quantities are regular at r = r.
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Figure 5.9. Difference in expectation values for the Kruskal components of the current J and
stress-energy tensor Tlf‘ between the ‘Hartle-Hawking-like’ state |H) and the Frolov-Thorne state
|[FT) in Reissner-Nordstrom spacetime for black hole charge @ = 0.8 M and positive values of the
scalar field charge g. All expectation values are multiplied by powers of f(r) so that the resulting

quantities are regular at r = .
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the |H) in §4.5.3, we included the eta-function 7,5 in the commutation relations of the
operators associated to the in-modes. We anticipate that the nonstandard commutation
relations will cause the state not to satisfy the usual positivity condition, thus not being
in violation of a generalised form of the Kay-Wald theorem which we think would preclude

the existence of a thermal equilibrium state for a charged scalar field.
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Hadamard renormalisation of a
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Chapter 6
The Hadamard parametrices

In §6.1, we outline the form of the Hadamard parametrices in all three cases, namely two
spacetime dimensions, even numbers of dimensions and odd numbers of dimensions. In
§6.2, we compare the properties of real symmetric biscalars, which arise in the Hadamard
parametrices associated to neutral scalar fields, to complex sesquisymmetric biscalars,
which arise in the Hadamard parametrices associated to complex scalar fields. We give an

assortment of identities that will be useful in Part III in 6.3.

6.1 Introduction

Consider a massive, charged field ® in a general background spacetime and with arbitrary
coupling £ to the scalar curvature. We henceforth assume that the field is in a Hadamard
state; it is shown in [86] that this is a reasonable assumption for physical states. The

equation satisfied by the scalar field is given by

(DyD" —m? — £R) @ = 0. (6.1)

The form of the electromagnetic potential A, is also arbitrary. In line with the general
philosophy of QFTCS, we consider the field ® to have been quantised but the background
spacetime and electromagnetic field A, remain classical. While the form of the scalar field
equation (6.1) is changed by the inclusion of a scalar field charge ¢, this does not affect
the principal part of the inhomogeneous scalar field equation in (1.18). Thus the Feynman

Green’s function G}gd) (x,2') satisfies

(D, D" — m? — ¢R) Glgd) (z,2') = - [—g(x)}fé 5@ (z—2'), (6.2)

and the Hadamard parametrices in any number of spacetime dimensions are identical to
that in [68]. However, in the charged case, the biscalar functions U@ (x, 2'), V(9 (z, 2) and
W) (x,2") are sesquisymmetric in the interchange of z and 2/, as opposed to symmetric
in the neutral case. Then we give the Hadamard parametrices in each case as follows.

In d = 2, the Hadamard expansion of the Feynman propagator Gg) (z,2') is given by

2 2

ren

. /
GIE}) (x,m') _ o {V(Q) (az,x') In [U(x’:lg ) + ie} +w® (%93,)} ) (6.3)

181



182 The Hadamard parametrices

where V(2 (x,2) W@ (x,2') are sesquisymmetric biscalars regular as ' — z, given by

= Z Vf) (m, x/) o" (1:, x’) , (6.4a)
n=0

2') = Z w2 (z,2") o™ (z,2"). (6.4b)
n=0

In even dimensions with d = 2p and p # 1, the Hadamard expansion of the Feynman

propagator GIQP ) (z,2') is given by

ren

i UeP) (z,2") o(x,z")
Ga z,2') = 104 ’ + () z,7') In [ L+ ie] + W) (g,
F ( ) [U(Z’,l’l) +i€]p—1 ( ) €2 ( )

(6.5)
where U®P)(z,2), V@) (2, 2') and W) (z,2") are sesquisymmetric biscalars, regular in

the limit 2’ — 2z and which can be expanded as

2p) (z,2") Z U, 2p (z,2') o™ (z,2'), (6.6a)
2p) w ac Z vV, 2p ”(:c,x’) , (6.6b)
2”) (z,2") ZW 2p) (z,2") 0" (z,2"). (6.6¢)

In odd dimensions with d = 2p + 1 and p > 1, the Hadamard expansion of the Feynman
propagator Gé?p H)(a:, x') is given by

i (2p+1) !
G oat) = G B W )y e)
[o(z,2") + ie]P’ 2

where UZP+) (2, ') and WP+ (2, 2') are symmetric biscalars, regular in the limit 2/ — z

and which can be expanded as

U (1) = 3 U (3,) " (3. ). 50
W (0,0') = S W (0,) 0" (0,) (6.0
n=0

We will adopt the convention of referring to the U@ (z,z'), V@ (z, 2') and W (z,2') in
(d)

the Hadamard expansion of G, as the biscalar functions. Similarly, we will refer to the

coefficients of their expansions, namely the Uld (x,2"), n(d) (z,2') and Wéd) (x,2'), as the

Hadamard coefficients. In equations (6.3), (6.5) and (6.7), the coefficient ay is given by

% for d = 2,

g = .
D|jkds] ford#2,

(6.9)
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while the factor ie with e — 0 is introduced to give Glgd) (z,2) a singularity structure that

is consistent with the definition of the Feynman propagator as a time-ordered product.

The biscalar functions U@ (z,2’) and V(@ (z,2') appearing in equations (6.3), (6.5)
and (6.7) are geometric quantities and therefore uniquely determined. They contain the
singular behaviour of Feynman Green’s function Géd) (x,2') entirely, which means we need
to find U@ (z,2') and V@ (x, 2’) explicitly. Decanini and Folacci have given the general
procedure for a neutral scalar field in [68].

We would like to extend this for a scalar field with an arbitrary charge q. We employ
a covariant Taylor expansion method. Substituting the Hadamard expansion of Glgd) into
(6.2) gives an expression in terms of o(z,z’). Equating powers of o(z,z’) will lead us
to the equations that U@ (z,2') and V(4 (z,2’) must satisfy. Bearing in mind practical

applications, it will be useful to expand the Ul (xz,2") and v, (x,2') as follows

Uy (z,2") = Z Ugllmaj ()0 (z,2')...0"% (z,2'), (6.10a)
=0

VD (z,2") = Véﬁlm% (z) o (z,2') ...0"% (z,2') . (6.10b)
7=0

6.2 Properties of sesquisymmetric biscalars

Before we proceed to derive explicit expressions for the biscalar functions, we can examine
some of the properties that we expect the Feynman Green’s function Géd) (z,2") and the
biscalar functions U@ (z,2), V(@ (z,2') and W@ (z, 2/), contained within (6.3), (6.5) and
(6.7), to satisfy. In the case of a neutral scalar field, both Géd) (z, ') as well as U@ (z, 2'),
V@ (z,2') and W@ (z, z') are real, symmetric biscalars; that is to say, they are symmetric
in the interchange of the spacetime points x and 2’. Given an arbitrary real, symmetric

biscalar function S(z,z’), we can write this condition compactly as

S(z,2") =S(2,2) . (6.11)

The condition (6.11) has interesting corollaries; suppose the biscalar S(x,z’) admits a

covariant Taylor series expansion of the form

S(z,2") = so(@) + s1u(2) 0 + S0 (@) 0 HT + S50 (@) ooV + .., (6.12)

where it is sufficient, for our purposes, to consider the lowest order terms in the covariant
Taylor expansion. Then the symmetry condition (6.11) of the biscalar S(x,z’) constrains
the expansion coefficients in (6.12) such that we can express odd coefficients in terms of

even ones. The expressions relating the lowest order coefficients are given explicitly by [68]

1
Siu = 5503 (6.13a)
1 1

88(uvp) = T 52uip) T 5 50;(uvp): (6.13b)
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Equations (6.11) - (6.13) no longer hold in the case of a charged scalar field, where
the aforementioned real, symmetric biscalar functions become complex, sequisymmetric

biscalars. Given an arbitrary complex, sequisymmetric biscalar fucntion K (x,z’), we have

K(z,2') = K*(2/, ). (6.14)

Now, suppose the biscalar K (z,z’) admits a covariant Taylor expansion of the form

K (z,2") = ko(x) + k(@) 0 + ko (2) 00 + ky(upy (@) o Ho¥o® + ..., (6.15)

where, again, it is sufficient for our purposes to consider the lowest order terms in the
covariant Taylor expansion. We deduce an interesting property about the lowest order
expansion coefficient ko(z) in (6.15) by working in the coincidence limit 2’ — z. Since o #
vanishes as 2/ — x, we need only keep track of the lowest order term in (6.15). Taking the

complex conjugate of (6.15) and interchanging the spacetime points z and 2/, we obtain

K*(2,z) = kj(2) + ..., (6.16)

Now taking the coincidence limit, (6.15) and (6.16) reduce to

K(z,z) = ko(x), (6.17a)
K*(2',2') = K*(z,z) = kj(z), (6.17b)

respectively. By (6.14), equations (6.17a) and (6.17b) are equal, meaning

ko(z) = ko(x) . (6.18)

Hence, the lowest order expansion coefficient kg(x) of a general complex, sesquisymmetric
biscalar K (x,z') is always real.

In general, the rest of the expansion coefficients in (6.15) are complex. However, since
K (z,2") should reduce to a real, symmetric biscalar when considering only its real part,
then the real parts of the expansion coefficients in (6.15) satisfy analogous relations to

(6.13). These are given explicitly by

1
%[klu] = _5 ko H7D (619)
1 1
§R[’“%uw)] Y §R[k?(w’ ;p)} + 2% Ko (uwp)s (6.20)

where we have used the statement that ko(z) is real (6.18) in simplifying (6.19) and
(6.20). Furthermore, we find an additional relation between the imaginary parts of the

lowest order coefficients given by

1 *
ko] = 75 [ Foww +2 k(] - (6.21)

We can use (6.19) to simplify (6.21) by



The Hadamard parametrices 185

1 *
%[k@(w)] 5 [VM ko +2 kl(,u;y)]
1 .
= 5 (F2VeR k] + 2V R [ky)] - 21V,S k) |}

= % {21V, Sk} (6.22)

Thus, for the imaginary parts of the lowest order expansion coefficients in (6.15), we obtain

S[k1gu)] - (6.23)

1
3 [kQ(MV)] ~— 9

6.3 Useful identities

In this section, we give a number of identities that will be useful throughout Part III.
When substituting the various Hadamard parametrices (6.3-6.8), the following identity

will be useful; given an arbitrary biscalar K (z,z') and suppressing arguments, we have

VIV, K —iq(VFAL)K — 2igA,[VFK] — ? AP A K — (m? + (R)K
= VAV, K —ig(V*A,)K —iqA,[VF K] — ig VF[A,K] + iq (V*A,) K
— PAFALK — (m® + ER)K
= VIV, K —igA,[VFK] —ig VA, K] — AP A, K — (m* + ER)K
= (D,D" —m® — €R)K. (6.24)

In order to derive explicit expressions for the expansion coefficients (6.10) of the
Hadamard coefficients U” (x,2), (@) (x,2"), we will require the covariant expansion of

the second derivative ., of Synge’s world function (1.20) which is given by [92]

1 0 o, 1 0 b
U;,uzzzguu_gR,u(B\ﬂd))a o +ER#(9‘V|¢;¢)U g-g

1 1 0 b
- <60Ru(9|u¢;w> + 45Ru<9|p|¢Rp¢y|»y)> oo o +. .. (6.25)

We also require the covariant expansion of the quantity A_%A%Wa;“, where we remind
the reader that A(z,2’) is the van Vleck-Morette determinant (1.28); this is given by [92]

1 1

A*%A%WU;# — 6RWU;;LU;V _ ﬂR(W;p)a;MU;Z/U;/)
| T30 Buwson) + g9 s g | oo Yoo+ (6.26)

We can relate the gauge covariant derivatives to the EM field strength tensor by
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DuA, — DA, = (V, —iqA)A, — (V, —igA,)A,
=V, A, —iqA, A, — V, A, +iqA, A,
=V, A, - V,A,
=F,. (6.27)

The commutator of two gauge covariant derivatives acting on the gauge field is given by

ig[Dy, Dy]A, =1q [V, VA, + ‘12 [V, Av]Ap + q2 [Ap, VoA, — iq3 [Au, AulA,

= —iqR*,,, Ax + @ VA Ay — AN LA, + PANV LA, — PV LALA,
= —iqR,,, A\ + (VAN A, — (VA A,
= _iqR)\puyA/\ + q2ApF/4V- (628)

Raising the index from the expression in (6.28), we also have

ig[D,,,D,JA? =iqR’, A+ ¢*APF,,. (6.29)

Ay

Finally, the following quantity will be very useful:

ig[D,,D)]D,Ar =iq [V, —igA,, YV, —igAy)| DyA;
=iq [v,u ) vu] DpAT + q2 [Au ) vu] DpAT + q2 [vu > Au] DpA‘r
—ig® [A,, A)) DyA;
= —ig (R DaAs + B, Dy ) + AWV DyAr = 2V, A,D, A,
+¢@* VA DA — PAN D, A,
= —ig (R, DAy + R, DpAy) = (Vo Au)DyAr + (Y, A,) Dy A,

— _ig (R’\ DA + R)‘TWDpAA) + FuD,A,. (6.30)

Using (6.30), we have

iq[D,, D, D,A™ = iq (—RApWDAAT + RTAWDPAA> + 2F,,D,A. (6.31)
Using (6.30), we also have
iq[D, D, DPA, = iq (RPAMVDAAT - RATWDPA,\) + 2F,, DP A, (6.32)

When simplifying products of Riemann tensor, we will make extensive use of the

identity

RMP_R R (6.33)

1
_ = puvp
T ovu T 2R T uvp -
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We can prove this by noting

RMP_R ~R™ R, .\~ R"PR

=RM"P R, \+R"_R
=RM"P R, \+R"" R

=2R"™P R, 5.

Hvph T PUVA
pUVA

PULUA
(6.34)



Chapter 7
Renormalisation counterterms

In §7.1, we develop the Hadamard renormalisation procedure in two dimensions and derive
the explicit renormalisation counterterms needed to evaluate the RSET. In 7.2, we de-
velop the Hadamard renormalisation procedure in even dimensions and derive the explicit
renormalisation counterterms in d = 4. In 7.3, we develop the Hadamard renormalisa-
tion procedure in odd dimensions and derive the explicit renormalisation counterterms in

d=3.

7.1 Two dimensions

In this section, we develop the general formalism for the Hadamard renormalisation pro-
cedure of charged scalar fields in a general background spacetime of two dimensions. We
derive equations satisfied by the V) (z,2’) and W) (z,2) biscalars in the Hadamard
parametrix (6.3) and we derive explicit expressions for the renormalisation counterterms
contained in the V(2 (x,2') biscalar up to the order required to evaluate the RSET.

We would like to evaluate the inhomogeneous scalar field equation (6.2) for the d = 2

Hadamard parametrix (6.3). From (6.9), we have as = 5=. Then (6.2) becomes

(DMD“ —m? - fR) GE@ (m, 9:')
= ﬁ (D, D" — m? — £R) [V(Q) (z,2")Ino(z,2") + w® (z, m/)]
S N 5@ (z—2a). (7.1)
—9(x)

It will be convenient instead to evaluate the equation

— 471 (D, D* — m® — €R) G (w,2')
= (DMD“ —m? — fR) [V(Q) (m, ﬂ:') In O'(IE, x') +w® (:L‘, x')]
__Am 52 (z—2"). (7.2)
—g(x)

Then, suppressing arguments of the biscalar functions, we begin by calculating the quantity

188



Renormalisation counterterms 189

—ami DG = (Y, —igA,) [V Ino + W

= VY@ o+ 07 VO (,0) + V0P —igA, VO g — iga, W,
(7.3)

Acting on (7.3) with another gauge derivative, we obtain

—4mi DMD“GéZ) = {V“VHV(Q)} Ino+20 1 [VMV(Z)} (VHho) — o2 V(2)(V“a)(vua)
+ o V(Y ,0) + VAV, WA —ig(VFA) V@ Ing
— 2igA, [WV@} Ino —2igo LA,V (Vo) —iq (VI A,) W
—2igA, [ VWP - 24 A,V o - 24" AW, (7.4)

We can simplify (7.4) using the identities involving Synge’s world function (1.20) and the

van Vleck-Morette determinant (1.28); we obtain

1
~4mi D, DG = [0,V g + 2071 [V, V| (Vi0) - 207 VD ATEA, (Vo)
+ VWD —ig (VA VD Ino — 2igA, |7V Ing
—2igo A,V (VFe) —iq(VFA ) WP —2igA, [v#w@}
- q2A“AuV(2) Ino — qQA“A“W(Q). (7.5)

This allows us to evaluate the 1.h.s of the inhomogeneous Klein-Gordon equation (6.2) for

d = 2 as follows

—47i (D, D* —m? — ¢R) G
= [V, V@ |mo + 207 [V, V@|(VH0) - 207 VOAIAL, (Vio) + VAV, W)
—iq(VFA,) V@ Ino — 2igA, [V“V(Z)]lna —2igot A,V (Vho) —ig (VFA,)W®
— 2igA, [ VW] = A AV g — A4, WP — (m? + RV o
— (m* + ER)W®. (7.6)

We can simplify (7.6) by use of the gauge covariant derivative, which then reduces to

— 4xi (D, D" —m? + ¢R) G
= |(DuD" = m? —¢R) V@ | o + (D, D" —m? — ¢R) W

1
+207! [(DM - A§A2W> v@)] ot (7.7)

From the r.h.s of the inhomogeneous scalar field equation (6.2), we know that (7.7) must

be equal to zero when the two points x and z’ are separated. Since Synge’s world function
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is nonzero when 2’ # x, we deduce that (7.7) must vanish identically at each power of
o(x,2'). This allows us to generate two equations by considering terms proportional to
In o and, separately, the remaining terms, i.e. those not proportional to Ino. In particular,
the terms that are proportional to Ino must vanish independently since no other terms

can contain this factor; this allows us to write

(D.D" —m? —¢R) VP (z,2') =0, (7.8)

which means that the biscalar V() (z,z’) solves the homogeneous scalar field equation.
Equation (7.8) generalises (35) in [68] and it enables us to derive the recurrence relations
for the Hadamard coefficients V,\°) (z,2'). Since the biscalar V() (z,2’) admits a power
series expansion in o(x,z’) (6.4a), we can derive the recurrence relation for the Vn(Q) (x,2)

by expanding the terms in (7.8). Suppressing arguments, we first need to evaluate

DNV(Q) _ i { [Van(Q)} o+ nVTg2)0nfl (VMO') _ iqAMVTEZ)Un} ’ (7.9)
n=0

and then

DDV = i { [v“v“v,?)} o+ [vuv,@] no" (Vo) +n [V“Vn@)] "1 (V,0)
n=0

+n(n—1)V@en2 (Vi) (Vo) + nV,2gn=1 (VIV o)
— ig(V"A,) V,2gn — igA, [V“Vn@)} o" —igA,n Vg1 (Vho)
— iqA,, [vuv,?)} 0" —igA, n V@ (Vo) — qQA#AMv,52>a"} . (7.10)

Then, using (1.20), (1.28), (6.24) and the gauge covariant derivative, (7.10) becomes

DDV = f: { [P DuV2]o" 4 20| DV 6" (V40) + 202 VDo !

n=0

— V@A (VMA%) o1 (V“a)}. (7.11)

Substituting (7.11) into (7.8), we obtain

n=0

— V@A (VMA%) o1 (v“a)}. (7.12)

Performing the relabelling n — n + 1 in terms proportional to ¢”~! in (7.12), we obtain

=S { [(D“D“ —m? —¢R) V,?)} o +2(n+1) [D#V,fi)l] o"(Vho)
n=0
+ 2+ 12V 0" —2n+ 1) VP A (VHA%) o (wa)} . (7.13)
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Since (7.13) must hold for each power of o, this enables us to obtain the recurrence relation
for the Hadamard coefficients V,\?) (z,2') of the biscalar function V() (z, 2'). We have

1
2n+1)° Vi +2n + 1) e DV, —2n + 1)V, AT2AL o
+ (D, D" — m?* — ¢R) V& =0 forninN. (7.14)

This generalises equation (33a) in [68]. Returning to (7.7), the remaining terms, i.e. those

not proportional to Ino, give

1
o (DuD"* —m? —¢R)W® = —25#D,V® 4 2VAIATIAZ o, (7.15)

which generalises (36) in [68]. It will be convenient to rewrite (7.15) as

1
(DD —m? —¢R)W® = —2575#D, V@ 4 207 WWAATIAZ o#  (7.16)

)

which we refer to as the wave equation in d = 2, and from which we will derive identities
concerning the expansion coefficients of the biscalar W®)(z, z') in Chapter 8. We derive
the recurrence relation for the Hadamard coefficients W7(L2) (x,2’) by inserting the power
series expansion for V) (z,2’) and W (z,2’) into (7.16). Since the power series expan-
sions for the biscalars V() (z,2’) (6.4a) and the W) (z,2’) (6.4b) are structurally similar
expressions, we can use (7.11) to evaluate the DMD“W(Q), remembering to interchange the

V,'? for the W2, Then the first term on the Lh.s of (7.16) is given by

(D, D" —m?* — ¢R) W
- i { [(D“DM —m? — ¢R) W,(L?)} o 4 2n {DMW,(LQ)} "L (VHo)
n=0
1

22 WPl — 2 WDAE (vum) o1 (wa)} . (7.17)

The first term on the r.h.s of (7.16) is given by

M

2 U_laWD#V(Q) {2 o gt Vi [Vrfz)a"} — 2iq U_la;MAHVTEz)J”}
= i {2 [V“V(Q)} oot 4o VP 2ot — 2iqA”Vn(2)J”_1cr?“}
= i {2 [DMVTP)} "l 4 an V,?)a"—l} : (7.18)

The second term on the r.h.s of (7.16) is given by

1 ° 1
— 20 W@ ATEA? ot = 2 VAo IATIAY o, (7.19)
n=0

Inserting (7.17), (7.18) and (7.19) into (7.16), we obtain
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0= i{[(DuD“ m? —ER) W, )}a +2n[D W2 )} n=L(Vhe) + 202 WD gn !
n=0

o WA (VNA%) o (Vo) + 2 [DNV,?)} " Lo 4 4n VD

1
- 2VT§2>0"—1A—§A2;#UW}. (7.20)

Performing the relabelling n — n + 1 in terms proportional to ¢”~! in (7.20), we obtain

0= i { [(D#D“ —m? —¢R) Wﬂ o™+ 2(n+ 1) [D Wfljl} o"(Vho)
n=0

+2n+ 12 W 0" — 2+ 1) WP, Az (v A3 ) 0" (Vio) + 2 [Duv,fi)l}a“aw
1
+ 4(n+1) VTEJr)lU -2 V(Jr)lanAfiA2 } +2071 (0’ "D, — AéAz;ua;“> VO(Q).
(7.21)

Since (7.21) must hold for each power of o, the terms proportional to ¢” enable us to

(2)

obtain the recurrence relation for the Hadamard coefficients W,,™ (2, 2’); we have
_ (2) wp W _ (2) A-LAZ i
0=2(n+17>WwW i1 T2+ 1) DWW, =2+ 1) W, AT2A% 0
1
+4n+1) V2 420D,V — 2V AmaAz  on
+ [(DuD" = m? —R) W] fornin N, (722)
This generalises equation (34) in [68]. The lowest order terms in o (z, 2’) in (7.21), i.e. those
proportional to 0!, give the boundary condition for the VO(Q) (x,2'") Hadamard coefficient:
1

0=0"D,V® - VPA 2AL o (7.23)

In the uncharged case, (7.23) reduces to

1
0= " Vi —o " PIATIAL, (7.24)

and we can see that (7.24) is solved by taking either VO(Q) = A? or VO(Z) = —Az. Our
guiding principle will be that the leading-order singularity in the Hadamard parametrix

(6.3) matches that of Minkowski spacetime [68]; in the coincidence limit z’ — x, we have

VO(Z)(I',ZL') =—1. (7.25)

Therefore, in the uncharged case, (7.24) is solved by

VO(Z) (z,2') = —A2, (7.26)

In the charged case (7.23) cannot be solved exactly and we expand V0(2) (x,2') as a power

series in o up to the order required for the evaluation of the RSET. Rewriting (7.23) as
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1

DV o~ vPaTiaz o —, (7.27)

we expand VO(Z) (x,2') as a covariant Taylor expansion according to (6.10b); in d = 2, we
are required to evaluate ‘/[](2) to O(o) in order to evaluate the RSET. Then, we have

VO = V@ VDo VR oo + @(U%) (7.28)

We can evaluate DMVO(Q) by first taking the covariant derivative of (7.28) to obtain

2 2 2 2) . 2
Vo(;/z = 0(0 ;)u + Vo(lg;yg’ + V0(130’ pt2 Vo(Q()up

2 2 .V 2) 2 y :
= Vioou + Voo 0™ + Vit 7 {ona} +2V50, 9 oru} o + O(0)

2 2 2 v 2 v
= Voo + Voir + Vota 0™ + 2V o + 0(0) (7.29)

)a;l’“a;p + O(o)

where we have used the expansion for o.,, (6.25) in going from the first equality in (7.29)

to the second. Then, we have
DV = DuVeg) + Vs + [ DVt + 2V [0 + (7.30)

Then, the first term in the equation for VO(2) (x,2") (7.27) is given by

2] 2 2] . 2 2 -
[Duvo( )}J’“ = [Duvo(o) + 1/0(1;]07“ T [Duvo(hz +2 Véfz(L@}"’“"’ oo (7.31)

The second term in the equation for VO(Q) (x,2") (7.27) is given by

1
— V@A AL ot = —— VIR, oM0" + .. (7.32)

1
6
We can find the explicit form of the expansion coefficients of the Hadamard coefficient
VO(Q) (z,2') by equating (7.27) at each order of . We have, by definition, at O(1)

v = -1. (7.33)

The terms at O(o'/2) in the equation for VO(Z) (x,2") (7.27) give

0=D,V? + VO%{ —igA, + Vo(fj, (7.34)

where we have used (7.33). So we obtain for the Vo(12 BL expansion coefficient
Vits = —igA,. (7.35)
The terms at O(co) in the equation for VO(Q) (x,2") (7.27) give

_ 2 (2) 1 @
0= D(N‘/Olz/) +2 ‘/(]Q(yzz) + 6 Voo Rw/

1
= —ig Dy, A,y +2Ve) 4+ -R

02(uv) 6 M (736)
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where we have used (7.33) and (7.35), and we have symmetrised the D(HVO(1 )) term in the

first line of (7.36) since it can be written in terms of the expansion coefficient VO(2()W) and
the Ricci tensor R, both of which are symmetric tensors by definition. Then, we have

9 1
‘/6(2/11/ = 2R,u1/ +5 lq D( Al/)a (737)
In d = 2, we can write R, in terms of the Ricci scalar as R, = %gwR; then we have

1
ve

1
02uv 24 gul/R +5 lq D( A V) (738)

As earlier stated, in d = 2 we require terms up to O(o) to evaluate the RSET. In the
expansion of the V() (x, 2') biscalar (6.4a), the Vl(z) (x,2") Hadamard coefficient is multi-
plied by o; therefore, we are also required to evaluate the zeroth order term of the Taylor
expansion of \/'1(2) (x,2'), ie. \/'1(02 ). We can obtain the equation satisfied by V1(2) (x,2') by
using (7.14) with n = 0; doing so, we have

1
2V ® 1 20#D,V® 2V A 2AZ, 0 + (D'D, —m? — (R) VP =0.  (7.39)

We can expand 1/1(2)(33, x') as a covariant Taylor expansion as follows

v =vP 4. (7.40)

Therefore, the first term in the equation for Vl( )(:c, z') (7.39) is given by

2vP =2V 4 . (7.41)

Neither the second term nor the third term in (7.39) contribute at O(1). We will evaluate
the final term in (7.39) in steps, beginning with the gauge covariant derivative of (7.28).
Since we only require the final expression up to O(o), we require DMVO(2) to (9(0’1/2). This
is given by (7.30). We then need to act on (7.30) with another gauge covariant derivative:

D#DMVE)(Q) — ;WDVD VO(O2) + gw/Dyv(Q) + gw/ D V()(lp) + 2v(2() p)}a;pV + ...

2)

-D D“Vb( ) 4+ QD“V(Q) + QQ;WV( Do)

- (7.42)

Then, the fourth term in the equation for Vl(Q) (x,2') (7.39) is given by

(DuD* = m? = €R) Vy? = (D, D" —m? — €R) Vo) + 2 DMViE) + 29" Vi) o+ ..

02(uv
(7.43)
Using (7.41) and (7.43), we can write the equation for V1(2) (x,2") (7.39) as
2 v
0=2Vy5) — (DuD" —m? — €R) Vi) — 2 DMV + 29" Vis) . (7.44)

We simplify (7.44) by using the relations between VO(O2 ), Vo(12 ;1 and V0(22() ,) in (7.34, 7.36):
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1
2 Vl((?) = DuDNVb(oQ) - (m2 + 5R)V0(02) -2 DMDMVO(OQ) - QWDALVO@ + = 9" 9w R

12
1
= DDV — (m? + ER)VY) — 2D, DMV + ¢ DDV + - BR
1

= — (m* + ER) Vg + ¢ RR, (7.45)

where we have used the fact that 6/, = 2 in d = 2. Then, (7.45) simplifies to

1 1

Vip' = =5 (m* + ER) Vg + 5 . (7.46)

Using the explicit expression for Vo((? ) (7.33) , we obtain for the V1(02 ) expansion coefficient

1 1
2 6
This is the same as in the uncharged case and so there are no gauge corrections to the

zeroth order coefficient of the covariant Taylor expansion of V1(2). This expression will be

important when considering the trace anomaly of the RSET in d = 2 in §8.131.

7.2 Hadamard form for even dimensions

In this section, we develop the general formalism for the Hadamard renormalisation pro-
cedure of charged scalar fields in a general background spacetime with an even number
of dimensions (apart from the special case of d = 2, which is treated in §7.1). We will
then focus on the specific case of d = 4 in order to derive explicit expressions for the

renormalisation counterterms up to the order required to evaluate the RSET.

7.2.1 Hadamard renormalisation procedure in even dimensions

We would like to evaluate the inhomogeneous Klein-Gordon equation (6.2) for the even-
dimensional Hadamard parametrix (6.5). We remind the reader that we write the number

of spacetime dimensions as d = 2p with p # 1. Then (6.2) becomes

(D,D" —m? — ¢€R) GV
Uer)(z,2")

[o(x,2') + i€e]P !

+ W@ (a:, a;')}

= ' (DMD“ —m?— fR) { + v ) (:c, x/) In [O’(SU, z/) + ie]

1
=Wz~ ). (748
VaToRN

It will be convenient instead to evaluate the equation
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_ 2 (DuD* —m? - ¢R) GV
Q2p

B e U(2p)(337$/)
= (D,uD'u' m €R) {[O’(ﬁ,.’ﬁ/) +ie]pfl
+ W) (:Jc,x')}
:_2# @p) (o
o T (x)(s (z—2'). (7.49)

+ v ) (a:, a:’) In [a (a:, a:’) + ie]

Then, suppressing arguments of the biscalar functions, we begin by calculating the quantity

_2t DG = (V, —iqA,) [gfpﬂ U 4y e+ W@p)}

Oégp
= PG — (p— 1)U (y0) + [V, V) Ino
+otVe(V,0) + VW) — oPH g, U —igA, VP Ino
—igA, W), (7.50)

Acting on (7.50) with another gauge derivative, we obtain

_jil DMDMGBQ?P) — o Pl vuqu@p) —2(p—1)07"P [VMU(%)] (VFo)
2p
+p(p—1) o P U (VH0)(Vo) = (p— 1) 0 P U (VHV 10)
+ {VHV“V(QP)} Ino+20! [VMV(QP)] (VFo) — o0~ V(2p)(qu)(V#0')
+ o V@ (VEY o) + VIV, W) — gL ig (VR A,) U
— 20 PtligA, [V“U(Qp)} +2(p—-1)0c7? iunU(Qp)(V“J)
—iq (V, AV Ing — 2igA, [VNV@P)} Ino — 2igo A,V (Vie)
—iq (VFA)W @) —2igA, [VHW(QP)] — o P24, AT P)
— PALAV P Ing — A, APV P (7.51)

We can simplify (7.51) using the identities involving Synge’s world function (1.20) and the

van Vleck-Morette determinant (1.28); we obtain
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—j;p DD G = oIV, U 2 (p 1)o7 [V,U) | (Vo)
+2(p—-1)c? UPIA~2 (V#A%) (VFo) + [VMV“VQP)} Ino
+207 [V, V| (Vio) +2(p — 1) o V)
— 207 VAT (V,A8)(TH0) + VIV, W)
— o PHig(VMA,) U@r) _ 9 —ptl iqA, [VMU(QP)}
+2(p—-1)c? iunU(Qp)(V“a) —iq (VNA”)V@”) Ino
— 2igA, [wv(ﬂ Ino —2igo A, V) (Vie) — iq (V4A,) W)
—2igA, [WW@P)} — o P PAP AU — A, VP 0o
— AP AW ), (7.52)
This allows us to evaluate the Lh.s of the inhomogeneous Klein-Gordon equation (6.2) for

d = 2p as follows

21

Q2p

(D"D,, —m? — €R) GV
— o PLVEY, U —2(p— 1) {VMU(QP)} (Vo)
Y2(p—1) o PUAS (vuA%> (VFo) + [vuv#v(%)} Ino
+207! [vuv(%)] (Vo) +2(p— 1) oL v
~ 207 VAT (V,A%) (Vo) + VIV, W)
— o PHyg (VFA,) Ur) _ 9 gptl igA, [V“U(ZP)}
+2(p—1) 0 PigA, U (VFo) —iq (V, ANV Ing
= 2igA, [ VTV [Ing - 2iq07 4,V (Vo) — iq (7 4,) W)
—2iqA, {V“W(zp)} — g Pt qZA“A#U(Qp) — qu“AMV(Qp) Ino
_ qQA“AMW(Qp) 2 (m2 + gR)U(Qp) _ (m2 + fR)V(Zp) Ino
— (m? +ER)yW ), (7.53)

We can simplify (7.53) by use of the gauge covariant derivative, which then reduces to
91
— =L (D*D, — m? — ¢R) G
Q2p
= o PP (D,DF —m? —¢R)UP) 4 (D,D" —m? — ¢R) VP Ing
+ (D,D" —m? — ¢ER) W)

1
—-2(p-1)o? [(Du - A‘%Afu) U(2p)] ik

1
P [T 1o e
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From the r.h.s of the inhomogeneous scalar field equation (6.2), we know that (7.54) must
be equal to zero when the two points x and z’ are separated. Since Synge’s world function
is nonzero when 2’ # x, we deduce that (7.54) must vanish identically at each power of
o(x,2’). This allows us to generate two equations by considering terms proportional to In o
and. separately, the remaining terms, i.e. those not proportional to Ino. In particular,
the terms that are proportional to In o must vanish independently since no other terms

can contain this factor. This allows us to write

(D,D" —m?* — ER) V) (z,2') =0, (7.55)

which means that the biscalar VP)(z,2') solves the homogeneous scalar field equation.
Equation (7.55) generalises (40) in [68] and it enables us to derive the recurrence relations

for the Hadamard coefficients V(% )(x, z'). Since the biscalar V#P)(z, 2/) admits a power

V(2p)

series expansion in o(z,z’) (6.5), we can derive the recurrence relation for the V™ (z, ')

by expanding the terms in (7.55). Suppressing arguments, we first need to evaluate

DHV(2P) — i { [VNVH(ZD)] o + nvﬂep)o-n—l(vuo_) o iqAMVT?P)O-n} 7 (7.56)

n=0

and then

D, DMV =3 { [v“vuvfﬂ o+ [V#Vn(?m} no"H(Vha) + n [v*‘vﬁm} "1 (V,40)
n=0
+ n(n—1) V" 2(Vro)(V,0) + nV, P e (VA ,0)
(

—ig (VFA,) Vo™ —igA, {V“VTSQP)} 0" — igA, n V&) gL (V)

— igA* [VMVH(QP)} o" —igA,n V2 gn=l(The) — qQA“Aan@p)J"} . (7.57)

Then using (1.20), (1.28), (6.24) and the gauge covariant derivative, (7.57) becomes

D, D"V @) = i { [P0V 0" + 2n [ DV | 6" (Vo)

n=0

+ 2 (n+p—1) Vel _on A3 (VMA%)anfl(v“a)} . (7.58)

Substituting (7.58) into (7.55), we obtain

0= i { [(DMD“ —m? — £R) Vn@p)} o™+ 2n [Duvfﬂ oL (V)
n=0

+on(ntp—1)Vgnl _op VA3 (VMA%)U"_I(V‘LU)} . (7.59)

Performing the relabelling n — n + 1 in term proportional to o™ ! in (7.59), we obtain
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0= i { [(DHD“ —m? —¢R) Vn@p)} o™ 4 2(n + 1) [D Vﬁﬁ)} o (Vo)
n=0

+2n+ Dn+p) Vo —2n+1) VA (VMA%> o (V“a)} . (7.60)

n

Since (7.60) must hold for each power of o, this enables us to obtain the recurrence relation
for the Hadamard coefficients V,\ ") (z, ') of the biscalar function VP)(x, z'). We have

(2p) wp (@) _ @) A5 A2, g
2(n+D)(n+p)Vy +2(n+1) 0 "D VY = 2(n + 1) Vn+1 AT2A]
+ (DyD" —m? — fR) 22) =0 forninN. (7.61)

This generalises equation (38a) in [68]. Returning once again to (7.54), we can consider
terms proportional to 0! to obtain the boundary condition for the V0(2p ) (z,2") Hadamard
coefficient. Inserting the power series expansion for U®P) (x, z) (6.6a), V2P)(x, 2') (6.6b)
and W) (z,z') (6.6c), we obtain

0=0"'|(D,D" —m? —¢R) U™ +2 <a D, 4+ (p—1) — A"2A2, UW> VO(QP)] , (7.62)
where we have used that

o PHlgr=2 — 571, (7.63)

Since (7.62) should hold for arbitrary o(z,z’), we may write

(20— 2V 4 204D,V — 2V ATIAY 0 + (D, D" — m? — ¢R) U =0

(7.64)
This generalises equation (38b) in D+F. We can consider the terms in (7.54) that are
proportional to o P! in order to derive the recurrence relations for the U (x,2'). Re-
membering that p > 1, we see that the terms in (7.54) involving the biscalars V(%) (z, 2')
and W) (z, 2") will not contribute at order O(J*p“) as long as p > 2. This would be
unsatisfactory as it means that the recurrence relations we will derive for the Hadamard
coefficients U™ (x,2") below would not be valid when p = 2. However, looking at the
form of the U®P)(z,2’) biscalar (6.6a), we can see that the power series expansion for
U®P)(z,2') truncates at zeroth order, i.e. U™ (z,2') = U(§4), rendering the notion of re-
currence relations meaningless in the case when p = 2. Thus, the recurrence relations
we will derive below for the U7(1 s )( a') are valid for general p and we need only consider
the terms in (7.54) involving the U®P)(z,2’) biscalar in order to derive them. Then, at

O(o=P*t1)  we have

1
o P (D,D" —m? — ¢R)UP) —2(p—1)07? [(Du - A_éA;Qu) U@”)} o =0. (7.65)
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Since the biscalar U®P)(z,2') in (6.5) admits a power series expansion in o(z,2’), we can
derive the recursion relation for the Hadamard coefficients U\ (x,2") by expanding the
terms in (7.65). We first need to evaluate D,DHU (2P); since the power series expansions
for the biscalars UP)(z, 2') and V?P)(z, ') are similar, we may simply write down the

quantity as

D, DU = pzz { [D“DMU,?”)} o+ 2n [D#USP)} o (Vho)

n=0

+ 2 (n+p— 1)U —on U A3 (VNA%)U””(V‘LJ)} . (7.66)

where we note that the upper limit of the summation in (7.65) is derived from the form of
the power series expansion (6.6a) of the biscalar U??)(z, 2'). Thus the first term in (7.65)
is given by
o PHY(D,D* —m? —€ER) U™
p—2
-y { [(DMD“ —m? — £R) USM} oPHHL 4 o [DMU,?@] o P (VHe)
n=0
+2n(n+p—1)UPPE _2p U,(fp)A_% (VHA%>J_’J+”(V“U)} (7.67)

In order to evaluate the second term in (7.65), we will need to evaluate D, U (2P); we can

write this down by comparison with (7.56), giving us
p—2

D, U®) = Z { [V#Uffp)] o™+ nUP "V ,0) - iqAMU,(fp)a”}

n=0
=S ([P ]o 4 nU 0 (7,0 (7.68)
n=0

Then, the second term in (7.65) is given by

1
—2(p—-1)o7" [(D# — A—éA?ﬂ) U@p)} ol

p—2 X
=-2(p—-1)oc Po# (Z { |:DM Uéﬂ’)} o + nU(2p)0'n_1(fW _ U(2p)o_nA—éA;2u}>
n=0
p—2 o
=-2(p—-1) (Z { [a‘ "D, Ué%)}g‘pﬂz + onUp) g—ptn _ U<2p)0—p+”A_§A?ug%“ ) _
n=0
(7.69)
Substituting (7.67) and (7.69) into (7.65), we obtain
p—2
0= Z { [(D“DH —m? — fR) U7(L2p):| LA (n—p+1) [0 ?I‘DM U}LQP)} g Ptn
n=0

1
+2n(n—p+ 1)U e™PH _2(n —p+1) UT(LQP)U_Z’+”A_%A?“ a;“} . (7.70)
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We may perform the relabelling n — n + 1 in the terms that are proportional to o 7" in
(7.70); then we obtain

-2
0= ”Z { [(D“D” —m* —¢R) Uﬁfp)}o*p*"“ +2(n—p+ 2)[ 5)) Uﬁf} Cptntl
n=0

n

+2(n+ 1) (n—p+2) U o~ py 2) UP)oPHHIATEAS, ’ﬂ} .
(7.71)

Since (7.71) must hold for each power of o, this enables us to obtain the recurrence relation
for the Hadamard coefficients U\ (z,2') of the biscalar function U%P)(z, 2’). We have

0=(n+1)2n+4—2p)U) + (2n+4 —2p) 0 #D Ufj?{

— (2n+4—2p) Uﬁbﬂ) ATEAZ, gt

+ (D,D* —m? —¢R) U forn=0,1,...,p—3. (7.72)

This generalises equation (37a) in D+F. We can consider the terms in (7.54) that are
proportional to positive powers of o(z,2’) in order to derive the recurrence relations for
the W% )(:U,:v’ ). Since the power series expansion of the biscalar U%P)(z,2') truncates
at O(oP™%), we see that the terms in (7.54) involving the biscalar U®P)(z,2') will not
contribute at positive powers of o (z, z’). Furthermore, the term containing a factor of In o

will also not contribute. This allows us to write

1
(D,D"* —m? — ER) W) 12571 KO— D, 4 (p—1) — A"2A3, 0”“”) V<2p>} =0. (7.73)

Since the biscalar W(P)(z, ') in (6.6¢) admits a power series expansion in o (z, z'), we can
derive the recursion relation for the Hadamard coefficients W(*)(z, ') by expanding the
terms in (7.73). We first need to evaluate D, DHW2P); since the power series expansions
for the biscalars W) (z, ') and W) (z, 2') are similar, we may simply write down the

quantity as

D, DFWEP) — DD, W) | 5" 4 2n | D, W) | g1 (GHe
12 nrrrn Hrrrn
n=0
Fon(ntp—1) W1 _ 2 WAL (VHA%>U7Z_1(VMU)} . (7.74)

Thus the first term in (7.65) is given by

(D, D" —m?—€¢R )W)
— i { [(D#Dp’ — m2 — gR) W7(12p)1| o™ +2n |:DHW7$2p)] O_n_l(vuo_)
n=0

F2n(n+p—1) Wl _on W EIA—S (VMA%>O'TL71(V“O')} (7.75)
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In order to evaluate the second term in (7.73), we will need to evaluate DMV(QP); this is

given by (7.56). Then, the second term in (7.73) is given by

1
201 |:<O’ D+ (p—1)— A_;A;QHO'W> V(Qp)}

n

0 l
=2 E { [a e Dﬂ,f%)}aml +@2n+p-1) ‘/752P)Jn—1 _ ) gn-1pA-% : a?“}
(7.76)

Substituting (7.75) and (7.76) into (7.73), we obtain

0= {[(DuD" = m? - ) WD) " 4 2m[o D, WiE] -1
n=0

1
+2n(n+p—1) Wt —2n W,ng)U”_lA_%A?# ot +2 [0 ”’“DMVn@p)} o™t

1
+2@2n4p—1) Vg1 2 V,ng)J”_IA_%A?“ U;'U'} . (7.77)

We may perform the relabelling n — n + 1 in the terms that are proportional to ¢! in

(7.77); then we obtain

0= i {{(DuD" = m? = ¢R) W) 6" 12 (n + 1) [0 D, W) 0"

n=0
+2(n+1)(n+p) Wéipl)a” —2(n+1) WT(L_H)G”A 2A2 ot 42 [ #D Véiﬁ)}
+2@2n+p+1)V 0 2V(il’1)a”A_%A?# UW} . (7.78)

Since (7.73) must hold for each power of o, this enables us to obtain the recurrence relation
for the Hadamard coefficients W% (z,2') of the biscalar function W) (z, 2'). We have

0=(n+1)2n+2p) W +2(n+1) 0D, W7
2+ )WA AL 0% 4 (dn+ 2+ 2p) V)

1 204D,V —avCIA-EAL, o

+ (DuD* —m? — R) W) for ninN. (7.79)

This generalises equation (39) in D+F. Returning to (7.54), we can consider terms pro-
portional to o* where k = —1,0,1,2,..., in order to derive a relationship between the
V) (z,2') and W) (z, 2') biscalars (check). We obtain

0= (DuD" —m? — €R) U + o(D,D* —m? — £R) W)

1
+2 [(0 D+ (p—1) — A—%Afua;ﬂ> V(2p)} . (7.80)
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It will be convenient to rewrite (7.80) as

(DuD¥* —m? — ¢R) W) = —¢~1 (D, D — m? — ¢€R) U™

1
— 2071 |:<0’ #Dy+(p—1) - A_éA;QMUW> V(zp)} . (7.81)

Returning to (7.54), we can consider the lowest order terms in o(x, '), i.e. those propor-
tional to 0 7P, to obtain the boundary condition for the U(§2p ) (z,2") Hadamard coefficient.

Inserting the power series expansion for UP)(z,2') (6.6a) into (7.54), we obtain

g S NN (2p)
0= (o"D,—AT2A% 0" ) U™, (7.82)

where we have again used the fact that the r.h.s of (7.54) must be equal to zero at each

power of o(x,z’). In the uncharged case, (7.82) reduces to

1
0=0" U — o U ATIAZ, (7.83)

and we can see that equation (7.83) is solved by taking either Ué2p) = A2 or UéQp) =
~Az. Our guiding principle will be that the leading-order singularity in the Hadamard

parametrix (6.5) matches that of Minkowski spacetime; in the coincidence limit we have

U (2, 2) = 1. (7.84)

Therefore, in the uncharged case, (7.83) is solved by

U (2,2') = Az, (7.85)

In the charged case, (7.82) cannot be solved exactly and we need to expand Ué2p ) (x,2)

as a power series in o(x,z’) up to the required order for the evaluation of the RSET.

7.2.2 Explicit renormalisation counterterms in four dimensions

In order to derive explicit renormalisation counterterms, we focus on the specific case of
d = 4. In the d = 4 Hadamard parametrix (6.5), there are terms contained within both
the U® (x,2’) and the V) (z,2’) biscalars that we need to derive explicitly in order to be
able to evaluate the RSET. We will begin with the terms contained within the U™ (z, z/)

biscalar, since these are much simpler to derive.

Evaluating terms within U® (z,1’) biscalar

From the expression (6.6a) for the series expansion of the U*)(z, 2') biscalar, we see that
in d = 4 we have U™ (z,2/) = Ué4) (x,2"). This means that we only need to calculate the
explicit expressions for the Ué4) (z,2") Hadamard coefficient up to the order required for
evaluating the RSET, i.e. up to O (02), in order to have all of the necessary renormalisation
counterterms contained within the U*)(z, 2’ biscalar.

Then, rewriting (7.82) in anticipation of calculating Ué4) (z,2") up to O(0?), we have
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1
oD, UMY — U ATIAZ gt =0, (7.86)

We can expand Ué4) (z,2') as a covariant Taylor expansion according to (6.10a):

0 =) + 08}

OHU;#_i_Uo(;lg O oilg +U() olg Vi

03(uvp)

+ Uézlzwp)\)a;“a;”a;pa;)‘ + (9(05/2) . (7.87)

We note that the form of equation (7.86), which is satisfied by Ué4) (x,2'), is identical
to that of (7.27), which is satisfied by VO(Q) (xz,2'). However, the zeroth order expansion
coefficient of VO(Q) (z,2") was given as Vo((? )= 1 (7.25), so that the leading-order singularity
in the d = 2 Hadamard parametrix (6.3) matches that of d = 2 Minkowski spacetime. In
the d = 4 Hadamard parametrix (6.5) on the other hand, the mathcing of the leading-order
singularity with d = 4 Minkowski spacetime enforces the zeroth order expansion coefficient
of U(§4) (x,2") to be Uéé) = 1. Then, we may write down the first three expansion coefficients
of Ué4) (x,2") by multiplying the corresponding expansion coefficients of ‘/0(2)(1’, x'), given
n (7.33), (7.35) and (7.38), by a factor of minus one; we obtain

Ul =1, (7.88)
U1, = iqAy, (7.89)
@ 1 1.
Uoa(u) = ERW - = 1qD(“Al,). (7.90)
We now need to evaluate the Uégz#w)) nd U(g42ul/p>\) expansion coefficients of U0(4) (x,2)
since we did not require an expression for VO( )( z,z") beyond O(o).

The first term in the equation (7.86) for U® (z, z') is a;“DuU(§4); since o is (’)(01/2)
(1.20), we need only consider D#Uéél) up to (9(0—3/2). We begin by evaluating VMU(E4) as

4 4 4 4 oy 4 o
U(g;c)x = UéO)'a + U(SJL N U( )‘7’“ + Uézg,w) QoMo 42 U(gzzuy)a’uaa’
(4) oY (4) ; ; (4) Y P T 2
+U, 03(uwp) s octoVoil + 3U03(Wp)a B oo+ 4U04(WpT)0 HooVolo™ + O(O’ ) )

(7.91)

Using the expansion for o, (6.25), (7.91) becomes

4)
s a?

4 4 4 0
Usier = Usta + Usipza @™ + Uiy 9 {gm 3 Ba@ale) 7 0 + waaw;w AR
L R 1 R RP 0 3¢ 3 3y U(4) T
~ \go " lalssumn T s ACIA6 T ylaly) ) 7T 0 F Va0 010
(4) A 1 0 s 1 0 ; v
+2Una(u) 9" {gm = 3 R@lale) 00 + 5 Bajalow) 0 00 0 w} 4
(4) H W (4) A Vo
+ U3(uwp) 10 @ foa? 43 Uos(uwp) g" {g)\a} ool

4 Yy
+4 Ué4zw,pf) g'u)\{g)\a} ocVoio’m + (9(02) , (7.92)
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which simplifies to

080, = [0+ O] + [0+ 20
+ [Uﬂ(gzu )ia T 3U( gaw) N ;UéﬂR/\(MIaIV)] oo
+ [112 UstinR avss) — ;Uégl( R o) *U&@MRAMV) + Uslupy o
+ 4U(§42awp)} octaVai + 0(c?). (7.93)

Thus, for the gauge covariant derivative of U(§4)(x, x'), we obtain

DUS" = U — 104aU) + US| + |UG1) —iqAaUé‘fLmUé“ )| o

01y 2(ap
(4) : (4) (4) (4) pA g
+ {Uozmu) o ~104aUgo0,) + 3 Upz(agu) — UouR (mau)] oo
1 @) pa L@ pa L@ pa (4)
t [HUOMR wlalip) ~ 3V wlal) ~ 3Vo2(on B lalv) T Vo) o
. 4 s
— igAq Ué32w'p) + 4U(§4zawp)] otoVoif + (’)(02) . (7.94)
We can write (7.94) compactly using the gauge derivative as
4 4 4 4 4 :
D.US" = DU + USR] + [ DalS), + 20, | o
() ) L) pa o
|:D UOQ(,LLV) + 3U03(a,uzx) B gUOIAR (,LLO{|I/):| o't
L 1) pa (4)  pA L@ pa (4)
+ {UouR (ulavip) ~ 3U02A< B ) = 3Y02o ¥ utal) + Dallog(up)
+ 4U(42awp)} otoVof + (’)(a ) . (7.95)

From (7.86), we need to contract (7.95) with a factor of ¢'“; doing so, we obtain

o = [+ ]+ [0 #2085 ] oo
[ WU w30l ;Ug;m(w)] g
+ [1UéﬂRA(uawp) - *Uézg\( R/\uay) - éUéézpr pov) T Dia Uégl)wp)
+4 Uéiimm] gotoa + 0 (05/ 2) : (7.96)

Given the antisymmetry of the lowered third and fourth indices of the Riemann tensor

(1.5a), all terms containing the Riemann tensor vanish; then, the first term in (7.86) is

Do U = | DU + U] o + [ Dal)

(4) s
01M)+2U }O’ ot

02(ap)

(4) 4) T
+ {D( UOQ;W) UOS(a,uu):| o %o
(4) (4) Ho S 5/2
[D( Ubsyup) +4U04(Wp)} oot Vo + 0(a / ) : (7.97)
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Using (6.26), the second term in the equation for U (z, 2') (7.86) is given by

1
(aiod e

=5 Uég)Rm,O'“uU + — UéO)R(W ) otoVoP+

! A s (4) 5 WV 5 (4) ; Vo
) {120R<w”> + G0 i B g | U 70 2 = GUGL R,y 0o
+ ﬂ Uéiz,LLRVp T) 0'7“0'7V0'?p0'7 — 6 U0(22,LLVRPT) O—uU«O-J/OﬂPO-,T + O<0,5/2) , (798)

which simplifies to

1
- (a7t Az oot

Loy@Wp pwgw | L@ L@ T
= 5 Uno RWJ Poi¥ + [ Uso R(W;p) ~ 5 UOl(MRVp) otoVogif
1 @ (4) pA 5 1@ 1@
- [120 Uoo Byusor) + 9 CUWR ol I piair) ~ 57 Yor(ultunm) T g Yoz(un o)
x otagVaPo’T + 0(05/2) . (7.99)
The terms at (9(03/2) in the equation for Ué4) (x,2") (7.86) give
(4) (4) L@ L@ _
DUty +3Uatyup) ~ 5 UstluBom + 55 Ubo Ry = 0. (7.100)
Using (7.88), (7.89) and (7.90), then (7.100) becomes
1 1 @ 1 1
0= 12 D Ryp) = ) iqD Dy Ay + 3 Upg ) — 6 iq A Ryp) + ﬂR(W;p)
1 1. (4) 1. 1
D) Dy ltyp) — 5 qu( Dy Ap) +3 Uo3(uvp) ~ lqA(uRVp) + ﬂD(uRw)
1 (4) ;
= 3 D(#R p) — qu( D,A p) T 3U03(MVP) 3 lqA(#Rl,p). (7.101)

Then, we obtain for the U, “) expansion coefficient
03(pvp)

(4) 1 1 1.
UOS(qu) _ﬁD(MRVp) + 24 lqA(,uRyp) + 6 1qD(,uDz/Ap)- (7.102)

The terms at O(o?) in the equation for Ué4)(ac, z') (7.86) give

(4) (4) L @ L @) pa 3
DUgsy ey + 41U, o5 Voo’ R (MWR

03vpT 04(puvpr) 1720 UOO (nvipr) pIAIT)
(4)
+ ﬂ U01

Using (7.88), (7.89), (7.90) and (7.102), then (7.103) becomes

(4) _
LBy — = UOQ(WRPT) =0. (7.103)

1 1 1, (4) 1
0 = _ﬂD(MD Rp’r) —|— qu( A R ) 6 qu(uDprA ) U04(MVPT) mR(IU/?pT)

1
5 14 [D(MAV] R

1
R(MVRPT) + 12

L -a 8 1.
=90 e B a5 940 R i — 7 oy (1:109)
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We can expand out the terms containing gauge covariant derivatives acting on the Ricci

tensor in (7.104) in order to simplify the expression; doing so, we obtain

0= —iv(uvyRm) + i iq V(AR + i iqA VR, + i qQA(NAVRpT)
+ i igV Ay R + i A AR ) + éiqD( D,D,Ay + Uéjgw)
1;0 VuVoBy = %RA<M|5\VR‘3P\A|T) + 914wVl - 5R<WRW>
+ % iq[V(,Av] R,y + %2 AL AR,
= —%v(#vyRm) + % iV, AR, + % iqA(L Vo R,y + éq2A(#A,,RpT)
+ éiqD(uDvaAT) + 4U(§izp,l/p’r) - ;*ORA(MMVRB,MT) - %R(#VRPT)

1.
+ 13 14 VuAy Rp‘r) 1qA( VR,

_ —%V(MVVR,JT) n é igV (AR, + é PAQAVR ) + é igD(,DyDpAry +4 Uéi%;wm)
%RA(MVRBM )_ %RW”R )

— —%V(HVZ,RPT) 61qD( A R,y + qu( D,D,A )+4U(§42uvm)
%RA(mmVRﬁpw - %R“‘”R’”)' )

Then, we obtain for the U, (4)

04(ppr) CXPanSIoN coefficient

(4) 1 1 1 3 1
U04(IWPT) - %v( \ RPT) + 288R( R )+ %R (,u\B|1/R pIAT) T 9g qu(/J,DI/DpAT)
L.
~ 57190 A R ) (7.106)

From the expression (6.6a) for the series expansion of the U¥)(z, 2) biscalar, we see that
in d = 4 we have U (,2') = Ué4) (x,2"). This means that by calculating all of the explicit
expressions for the Ué4) (z,2") Hadamard coefficient up to the order required for evaluating
the RSET, i.e. up to (’)(02), we have calculated all of the necessary renormalisation
counterterms contained within the U (z, z’) biscalar that we require to calculate of the
RSET. However, there are still terms in the d = 4 Hadamard parametrix (6.5) contained
within the V®) (z, 2’) biscalar that we need to evaluate explicitly in order to evaluate the

RSET; this is the subject of the next section.

Evaluating terms within V®(z,2’) biscalar

From the form of the d = 4 Hadamard parametrix (6.5), we see that we need to evaluate
renormalisation counterterms contained within the V(¥ (z,z’) biscalar up to O(c). This
means, from the expression (6.6b) for the series expansion of the V*)(z, 2’) biscalar, that
we need to evaluate the VO(4) (x,2") Hadamard coefficient up to O(o) and the V1(4) (x,2)

Hadamard coefficient to zeroth order in order to evaluate the RSET.
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We can begin with the ‘/0(4) (x,2") Hadamard coefficient; the boundary condition for
general VO(QP )(:1:, ') is given by (7.64) and we therefore have in d = 4:

1
2V + 204D, VY —2VIYATIAY 0¥ 4 (D,DF —m? — ¢R) UMY =0, (7.107)

We can expand 1/0(4)(37, 2') as a covariant Taylor expansion according to (6.10b):

W =V Vi Vit o Mo+ O(o72). (7109

Then the first term in the equation (7.107) for VO(4) (z,2') is given by

2V =2V 4 2o 4 2V, oM Y O(oYE). (1109

The second term in the equation for VO(4) (x,2') (7.107)is 20 ;“DMVO(ZI); since o is 0(01/2)
1.20), we need only consider D v up to O(c'/?). We begin by evaluating V Vi as
#ro nYo

4 4 1) . 4 v 4 v
Vi = Vaoru + Vi 0% + Vil 0¥ + 2V, ) 0,0 + O(0)

4 v 4 v
;—i—VO(lgma’ —I-QVO(Q()W)J’ +O(0), (7.110)

4 4
= Vol + Vi

where we have used the expansion for o, (6.25). Then, we obtain for D#VOM)
DuVe® = DV + Vi + [ DVt + 2V | + 0(0). (7.111)

So the second term in the equation (7.107) for V(®)(z, 2’) is given by

201D, Vg =2 DV + Vi o2 | Dy Vi) + 2V, o o v +0(o?) . (1.112)

Using (6.26), the third term in the equation (7.107) for V®(z,z’) is given by

1 1 e
_ 2%(4)A—%A;2uo"” =—3 V()((;I)RHV ota + (9(0'3/2> . (7.113)

We will evaluate the final term in (7.107) in steps, beginning with the calculation of
D#Ué4) (x,2"), which is given in (7.95). We can then act on (7.95) with another gauge
covariant derivative to obtain an expression DMD“U[E4) (x,2').

In (7.42), we calculated the quantity DHD“VO(Q) to O(1) in terms of the expansion
coefficients of 1/0(2)(16,53’); from (6.10a) and (6.10b), the expansion of U® (x,2’) in terms
of its expansion coefficients is identical to that of V() (z,2); then we may write down

(D,D" —m2 — ¢R) USY t0 O(1) from (7.42) as

F20" Ut +O (o).
(7.114)
We now have all four terms in the equation for %(4) (x,2") up to O(1); considering only

terms at O(1) in (7.109), (7.112), (7.113) and (7.114), the VO(Sl) expansion coefficient is

(DuD* €Y UY = (DD — i — €R) VLY +2 DHU)
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0=2Vy + (DuD" —m? — R) Uy +2 DMUSL), + 29" UG, (7.115)
Using the expressions for Uég) (7.88), éﬂ (7.89) and Uégzw) (7.90), (7.115) becomes

1
0=2V —igV, A" — PA A" — (m? + €R) +2iq V, A* + 2?4, A" + gR g V,A"
_ quuA“

1
— 2V — (m? +¢R) + R (7.116)

Examining (7.116), we see that all contributions containing the scalar field charge ¢ cancel
exactly. This is in line with our zeroth order results in d = 2 and for the U(g4) (z, ") biscalar

in d = 4 thus far. Then, we obtain for the V0(04 ) expansion coefficient

Vo % [m2 N (5 _ é) R] ' (7.117)

This is the same as in the uncharged case [68] and so there are no gauge corrections to

the lowest order expansion coefficient of the Hadamard coefficient ‘/0(4) (x,2').

Due to the computational complexity involved in evaluating DMD“US4), we now take a
slightly different approach in deriving the explicit expressions for the ‘/1(,11) and VO(;‘()W)
expansion coefficients. The complexity lies within the DU(§4) term contained within
DuD“Ué4). Since D#D“Ué@ reduces to [ Ué4) when we set ¢ = 0, i.e. in the uncharged
case, it makes sense to first re-derive the results due to [68], before generalising to the
charged case. Our first task, then, is to calculate [J Ué4); in order to do so, we would like
to consider VQUOM) (7.93) up to (’)(03/2), so we can get an expression for DU(§4) up to
second order. Since we have already calculated the zeroth order contribution to V0(4) (x,2")
in Vo((;l ) (7.117), we will ignore these terms in the following calculation and simply label

them as O(1). Then, acting with another covariant derivative on (7.93), we obtain

O U(g4) =0(1) + g*° [VQU&L +2 Uégza#)] oty + [D Uéﬁ +2 VaUégzau)} o ik
+2¢° [VQU(SEW) + 3 Ul — %U (f)ARA(mmu)] AT
" [D USstr + 39U = 5 [TUSA] B ) = 3 Ui VaRA(ume 7re”
+3g" {112 Ubia¥ R ol ~ % Uspr B vlalp) ~ é Vst B vlat) + VUit
AU | 05770 7 +0(2). (7.118)

Using the expansion for o, (6.25), (7.118) becomes
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) _ o (4) (4) 1 0
DUO = 0(1) +g s |:VO[U01'LL + 2U02(01H):| {_BRH(0|/B¢)J g (b}

+ [oug, +2veugy

St

af (4) 4) 2 7@ pa AP
+9 |:2v U02( V) +6UO3(auu) 3 OIAR (u|o¢1/):| {(5,8}0

(4) a7 L Gapr@® ] pa 1 @) gapa e
|:D U02( v) +3V UOS(auV) o § [v UOlz\}R (plaly) — g UOl)\v R (u|o¢y):| ot

1
af (4) A 4) A (4) (4)
+y9 |: UOI)\V(NR vialp) UOQ}\(’U,R vialp) UO2(,LL|)\\R v|alp) +3V U03(,u1/p)
(4) u W 3/2
+ 1200 | {05 o vo - 0(a2). (7.119)

Since we will be performing contractions over the p and « indices in some of the terms
n (7.119), it will be helpful to expand terms involving symmetrisations over p and other

indices into their constituent parts that do not involve symmetrisations over the p index:

4 1 a 4 4 4 . .
0ug? = o) - 5 ¢ [ValUSL) + Usshy + Ulta| B 15109

+ (DU, + 2V UG | o

+g™ [2 Val égzm/) +6 U<§§2aw) 3 U R o, — % UéiL)ARAmu} a
[D Usstun * 3V Usstoru) ~ 3 [VQU&QA} B o) = % Uath VO‘RA(MW)] oo™
4% | 55 UV gy + 15 UV P iy + 15 VAT 0
U(E;‘AMRA(V,M,)) Uégl( RAma\p) ;Uéz)m B o Uo(glxRA<u|a|p>
- éUézzuMRkuam) ! 3 Uosto e 3 Vgt + 12 Ué&w} oo’
+ (9(03/2> . (7.120)

Now we may perform the contractions in (7.120); bearing in mind the symmetries of the

Riemann tensor, some terms will vanish and some will become factors of the Ricci tensor:
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oul® = 0(1)

1 (Garr@) pa 1 ap @ pa L g @) pa v
— |5 (VUSD) B i) + 5.9 Ussn P oy + 5.9 USha B o) | 74

Iz 02(oup) 02(oup)

: . 1 .
+ (DU, + 2V US| o + [2 V Ugatap) + 69" Usglasi *+ 5 UéﬂRAu] ot

OuWw
+ DU02( (apv) (plalv

apr(4 L Igara L (4) ga o
w0 + 3V Uiiloy = 5 | V°U0) R ey = 5 UGtA V RA(u|a|u>]°"“U’

1
|12

1
(ulalv) ~ 13

(4) ga pA (4) A L ag i@ pa L@ o
+ 175 U\ V' R VoVl — 39  Upora B i) + 3 Vo 1)

1 1
B 1r(4)  pA (4)
= 39 Usoan B sy 3 Uoa(uin

3
+ 0(03/2) . (7.121)

A arr(4) afB rr(4) v
R, + 3V Ugg oy +129 g UMWWVJ oto

We can simplify like terms in (7.121) to obtain a final expression for [ Ué4), given by

4 4 1 4 arr(4 « 4 H
O Ué ) — o) + [D U(§1L + 3 Uo(lg\R/\u T4V UéQzau) +69% Ué3zaﬁu)] ot

L@ A L) Gapa 2 (Garr @) pa (4)
+ |:_12 UOI)\V(HR v) 4 UOI)\V R (nlajv) — § (v UOL\)R (nlalv) + DU(]Q(W/)
Lo@ pa 1@ px 2@ pr o 254 pA o«
+ § U02,\(uR v) + g Uoz(#p\R v) § U02,\aR (b v) — g Uoza,\R (n v)
arr(4) o 4) H 2 3/2
6V U ) + 1207 Ul | 70 + O] (7.122)

Having evaluated O Ué4), we now calculate the other parts of the fourth term in equation
(7.107) for V0(4) (x,2'). Using the expression for VaUé4) (7.93) up to O(o), we have

~2igA*V,USY = 0(1) - 2igA° | VaUSL), + 2081, | o™

1
— 2igA° {VQUQ;‘)W) +30l) -

(4) pA
( (apv) 3 UOI)\R

)] otaV + 0(03/2) .

(7.123)

(pledv

Using the expression for Ué4) (7.87) up to O(o), we have

—PA AT = O(1) = PAA U, 0 — P A, A US) oo + 0(03/2) ,

(pv)
(7.124)
—ig (V*Aa) U = O(1) = iq (V* Aa) Usy), 0 — iq (V2 Aa) Usy) ) 010 + 0(03/2) ,
(7.125)
— (m? + ER) USY = O(1) = (m? + €R) Uy, 0 — (m? + ER) Uy, 00 + O] .
(7.126)

Then the final term in (7.107) is given by
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(D,D¥* —m? — ¢R) USY

o (4) 1 (4) pA arr(4) a 4) ;
—00) + [(DMD“ —m? — ER) Uy, + 5 USARY, + 4 DU + 69 Uog(aﬁu)} o

4) Ta pA 2 arr(4) A
VoV (ujay) — 3 (D U01A>R (ulafv)

L@ o1
+ [_12 VoVl — 1

2 (4) L@ oy o lo@w v 2504 pa oo
+ (DMDM -m - §R) U02(W) + 3 Uoz,\(uR v) + 3 U02(,u|/\R v) 3 UOQ)\QR (1 v)
2 (4) A a arr(4) af yr(4) T 3/2
= S Ui B,%0) + 6 DU ) #1290 U 0 [0 W0 +O(o%2). (7.127)

One interesting observation to note in comparing (7.122) and (7.127) which, aside from the
missing factor of — (m2 + §R) Ué4) in the former equation, is effectively the generalisation
from the uncharged to the charged case, is that only the covariant derivatives acting on
expansion coeflicients of the Ué4) Hadamard coefficient are generalised to gauge derivatives;
the covariant derivatives that are acting on the Ricci and Riemann tensors in (7.122)
remain as ordinary spacetime covariant derivatives in (7.127).

Now we will evaluate the VO(14/1 and VO(24()W) expansion coefficients of the VO(4) (x,2")
Hadamard coefficient. Considering only those terms at 0(01/2) in (7.109), (7.112), (7.113)

and (7.127), we can obtain the explicit expression for V0(14 ;; we have

4 4 4 4 1 ) 5a arr(4
0:21/0(1;+2DHV0(0)+2Vb(13+(DﬂDﬂ_m2_§R)UO(1L+§Uél)ARM+4D Usplan

03" (7.128)

Since our method will be to first recover the results due to [68], we will rewrite the
gauge covariant derivatives in (7.128) in terms of ordinary spacetime derivatives and terms

proportional to the gauge field A,. Then, (7.128) becomes

0=4Vi) + 2V}, —2igA V) + (O —m? — €R) U, — 21qA°US,), . — ia (VoA USL),
24 gqarr@ | L@ pa arr(4) . rarr(d) aB 77(4)
— P A AUy, + 3 Uiy B, + 4V Uy, — 4104 Vg, + 697 Ugyiapy-  (7129)

However, (7.129) also contains nontrivial contractions involving symmetrised indices; we

will therefore expand these terms appropriately. Then, (7.129) becomes

0= 4Vl + 2V, — 2104,V + (O —m? — €R) Ugy), — 2iqA°Ugy), . — ia (VaA®) Uy,
24 gapr@ L) oA agr(4) apr(4) - apr(d) B 77(4)
= ¢ AaAUgy, + 5 Upp R, + 2V Upgay, + 2V U = 4104 Uy, + 29 A Uns(ap)u
aB 77(4) aB 77(4)
+ 29 Uggtatuzy T 29°° Usuian) (7.130)

It will be instructive to evaluate each term in (7.130) individually. The first term on the

r.h.s is trivial. Using (7.117), the second and third terms on the r.h.s are given by
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4 1
2Vo0 = Vi [m2 + <§ - 6>R]
:53;#_%3;”, (7.131)
1
—2igA, VW = —igA, [mQ + (g - 6)R]

1
= —igA,(m* + €R) + G igA,R. (7.132)

(4)

Using (7.89), the terms proportional to Uoilu are given by

(O—m?—€R) Uy, =iq (O —m? — R) A, (7.133)
~2iq AU, 0 = 2°A%(Vad,), (7.134)
—~iq (VaA®) US), = ¢*A, Vo A%, (7.135)
—PA AU, = —igPAa A% A, (7.136)
1 (4) pA L. «
§U01>\R u= glqA Ry, (7.137)
Using (7.90), the terms proportional to Uégzw) are given by
overl _lp e 2v.(474,) - igVOV,A
02ap — 6 oL q Oé( M) 1q pnla
1 .
=5 Ry, — *(VaAY) A, — A% (Vo Ay) —ig VoV, A%, (7.138)
1 .
2 vaU(gg;)ux = gRua - q2 voc(A/LAa) - lq VaVaAM
1 .
= o Ba - (VoA )AY — PAL (Vo A%) —ig Vo VYA, (7.139)
. 4 . 1 1, I
—41qAan2((m) = —4igA” ERa“ - iq AgA, — Zlq (VoA +V,AL)

1
=3 gAY Roy + 2i¢° A Ay A® — A% (Vo Ay) — PA (Vi AL) . (7.140)

Using (7.102), the terms proportional to Uégzuv,o) are given by
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«Q 4 1 « L. a « L. «
29° Uil = —75Ba" + § 194 Ray + (VoA Ay — 5 ig° A A% A,

1
+ gquuVaAa
1 1. « 2 « L. 3 o L. «
= —ERW + élqA Rop +q (VoA )AM - glq A A%Ay + glquV‘lA )
(7.141)
1., 1.
_ERQN + 61
1
Ligv,v,a (7142)
1 .

ap () _ :
29" Ugspap) = — 13 P

1,
+ 3¢ VaV*A4,
1

=—5R

2 gaﬁ U(4)

o W 1. .
03(alul8) GA Ray + ¢*(ViAa) A% = 2i¢° A Ay A

1 1
oy S igA, R, + ¢* (VoA A — 3 i3 A, AL A

1 1 1
“p 5 igA, R+ ¢*(VaA,) A — 3 i3 A Ag AY + 3 ig Vo VYA,
(7.143)

po’

Neutral scalar field: When the gauge field vanishes, we expect to recover the results
for a neutral scalar field in [68]. In this sense, setting A, = 0 is a useful sanity check.
We can introduce the notation U® (z,2) and V# (z,2') to denote the biscalar functions
that we obtain from the Hadamard parametrix in four dimensions (6.5) when setting the
scalar field charge to zero. Then, the biscalars U®) (x,2') and v (x,2') admit a power

series expansion analogous to those in (6.6a) and (6.6b), given explicitly by

0D (z,2) = U (w,2), (7.144)
VO (z,2') =3 VY (z,2") o™ (w,2") , (7.145)
n=0

respectively, where the expansion coefficients (77(14) (z,2") and ‘ZSZL) (z,2") can be expanded

as power series analogous to (6.10a) and (6.10b), explicitly given by

08 (2.a') = 32 0, (@) 0™ (a.2) ..o (2.2). (7.140)
j=0

U (wa) =3 U @) (@) o (m.a). (7.147)
j=0

Similarly, we can introduce the notation U® (z, 2') and V¥ (z, 2') to denote the correction
to the biscalar function U @ (z,2") and v (x, 2") respectively as a result of the presence of
the gauge field. Then the biscalars U®) (x,2') and V@®(z,2') admit power series expansions

analogous to those in (6.6a) and (6.6b), given explicitly by

o0

VO (z,2') =Y VI (2,2') 0" (2,2') (7.148)
n=0



Renormalisation counterterms 215

where the expansion coefficients A (x,2') and 17754)(33, ') can be expanded as power series

analogous to (6.10a) and (6.10b), given explicitly by

[715,4) (l‘, $/) = Z [77(3211...05]' (x) o (l" x/) .o (l‘, $/) ’ (7'149)
j=0

VO (@a!) = 3 VD, @) () o (). (7.150)
§=0

In this language, the biscalar functions U® (z,z') and V®* (z, 2’) given in the Hadamard

parametrix (6.5) in four spacetime dimensions are given by

@ (z,2") + TD (,2), (7.151)
(4) (x, x') +Vv® (:U,x') , (7.152)

)

a') =T
4% (x,a:') =V

i.e. they are the sum of the biscalar functions U® (z, ') and V® (2, 2’) when the gauge
field vanishes and the corrections due to the gauge field U®) (z,2') and V¥ (z,2’) respec-

tively. Equations (7.151) hold because all equations concerning the biscalars U® (z, z')
and V¥ (z,2') are linear. Then, using (6.6a), (7.144) and (7.148), we have

U (2,2 = O (w,2) + O (w,2) . (7.153)

Similarly, using (6.6b), (7.144) and (7.148), we have

Y Vi(x,a) 0" (z,a) = Y Vi (@) 0" (2,") + Y Vi (2,0)) 0" (2, 2)
n=0 n=0 n=0
= Z [‘7,1(4) (z,2") + V@ (z, x')} o"(z,2) (7.154)
n=0

Since (7.154) should hold for each power of o(z,z’), then we may write

VO (2,2') = VO (2,2') + VO (,2/) . (7.155)

A similar line of reasoning shows that

(4) _ 7@ r7(4)
Unjal...aj (l’) - Unjal...aj (x) + Unjozl...aj (x) )
4) _ 7@ (4
anal...aj (l‘) - anal...aj (:E) + anal...aj (x) . (7156)

Armed with this formalism, we now proceed to calculate the ‘70(4) expansion coefficient of

the Hadamard coefficient V¥ (x,2"). Setting A, = 0, (7.129) immediately reduces to

(4 4 =), 15 a4 a4
0= 4Vt +2 Vgl + (O —m” = €R) Uy, + 5 UG RN + 2V U, + 2V Uiy,

Lo G

af 77(4) ap 77(4)
+29° Us(ap), + 297U 03u(af)’

(aB) 03(at||8) (7.157)



216 Renormalisation counterterms

Substituting in the explicit expressions for each term in (7.157) using equations (7.131) -
(7.143), we have

5 () 1 1o 1o,
:4 e _ [— @ 3
0=4Vy1) +ER,, 6R +6R +6R ~ R~ 3B — T3 Ra
=4V3 +€R,, —fR +6Rw

1 1
=4V + <§R — Ryt R —R ) (7.158)

where we have split the factor of —iR; , In going from the penultimate line of (7.158) to

the last line in anticipation of using the Bianchi identity (1.8). Then, (7.158) reduces to

1 1 1
0=4V) + <gR "R, + R, —R;M>

6 12 7% 12
1
=4V + <§R - 6R;#) . (7.159)
So finally we obtain
~(4 1 1
‘/0(1;)1 = _Z <§ - 6>R;'L“ (7160)

which agrees with the results for a neutral scalar field in [68].

Charged scalar field: We want to calculate the ‘70(12 expansion coefficient of the
Hadamard coefficient V(%) (x,2"). Ignoring terms that do not involve A, (7.130) becomes

~ ~ 1 ~ ~
0= 4V = 2iqA Vg + (DuD¥ — m? = €R) US1), + 5 USARY, +2 D°U)

3 02ap
arr(4) af 77(4) af 77(4) af 77(4)
+2 D Ugpa + 29" Ugglam + 29 Ugsianus + 29 Ussnas)- (7.161)
Using (7.117), the second term in (7.161) is given by
: (4) . 2 1
—2igA V' = —igA,|m”+ (£ — 5 R
1
= —igA,(m* + €R) + G igA,R, (7.162)
Using (7.89), the terms proportional to Uéﬂ in (7.161) are given by

(DaD® — m? — €R) USy), = iq Da DAy, — igA, (m? + €R) , (7.163)

1~ 1
“USDR, = - iqA°R,,. (7.164)

3 3

Using (7.90), the terms proportional to p!

02(w) 10 (7.161) are given by
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. 1
2 DU, = 104" Royy — g D" Do Ay, (7.165)
- 1
2 DUy = 5 194" Royy —iq DDy A (7.166)

)

(uvp) I (7.161) are given by

Using (7.102), the terms proportional to Uég

2 P ﬁgggam - é ig 9°° Do Dy Ay + é ig9°° Ao Ry
- %iq DDA, + %iqu‘RaM, (7.167)
20 Ugytaf 1) = %iq 9" Do Dy Ap) + éiq 97 A Ryupp)
- %iq DD, Aq + éiqAO‘Rw, (7.168)
20 Ugyh o) = é ig9°? DD 0 Ay + é iq g*° Ay Rag
_ %iq D, Do A® + éiunR. (7.169)

Substituting in the explicit expressions for each term in (7.161) using equations (7.162) -
(7.169), we have

~4) . L. : . 1,
0= 4V0(1;1 —igA, (m2 + {R) + 6 igA R +1iq Do D" A, —iqA, (m2 + §R) + 3 igA“R,,,,
1. . 1, . 1, 1,
~ 5 igA®Roy —ig DDy A, — 6 igA* Ry —ig DDy Aq + 314 Do.D*A,, + 6 igA® Rq,,
1 1 1 1

Simplifying like terms in (7.170), we obtain

(4 . 1, 1. 1. 2,
0= 4V0(12L —2igA, (m2 + SR) + 3 igA, R + 3 igA“R,,,, + 3¢ D*D,A, — 31 D*D,Aq
1
+ 3 1¢ D Do A" (7.171)

In order to simplify (7.171) further, we can rewrite (7.171) as

0=4Vy) —2igA,(m® + €R) + %iqAMR + %iqAO‘RW + %iq DDy A, — %iq DD, Aq
+ %iq D, D, A” — %iq DoD, A®
_ 4170({‘; — 2igA, (m? + €R) + éiunR + %iqAO‘RW + %iq D*(DaA, — DyAy)
+ %iq [D,,, Dq] A, (7.172)

Using the expression for the commutator of two gauge covariant derivatives (6.28), equa-
tion (7.172) becomes
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~ . 1. 1. .. 1. . 1. .,
0:41/0(14;—21qAM(mZ+§R) +§1qAMR+§1qA Ra#—i—gqu Fau—glqA Rou
1
+*q2AaFua
3
— 4V —2igA, (m? LAR T gV R+ L a1 L Pacr
= *Voi — 4 #(m —|—§R)+§1q MR_"gqu a#"‘gq au+§q pa
=~ 1 1
= 4V — 2iqA,(m® + €R) + 3 1GAUR + 5ig V® Foy, (7.173)

where, in the last equality, we have used the fact that the electromagnetic field strength

tensor F),, is antisymmetric. So finally, the first order correction 170(14 BL is given by

~(4 1, 1 1. o

From (7.156) the Vo(l4 ZL expansion coefficient is given by
4y oM@ | S
Vot = Voin + Vot (7.175)

lL =
Then, using the expressions for 170(14 BL (7.160) and ‘Z)(f ZL (7.174), we have

a 1 1 1. 9 1 1. o
Voi, = ~1 <§— 6>R;M+21q{m + ({—6 R Au—ﬁlqv Fopu. (7.176)

Now we will evaluate the VO(;()W) expansion coefficient of the V0(4) (x,2") Hadamard
coefficient. Considering only those terms at O(c) in (7.109), (7.112), (7.113) and (7.127),

we can obtain the explicit expression for A

02()7 W have

_oy@ ) () L@ L@ A
0=2 Vo2(;w) +2 D(uvblu) + 4‘/62@1}) 3 Voo Ruw — 12 Uouv(uR v)
2

3
2.4) pa
~ 3 Un2aa It

L 2(4) ga pa
~ 1 YoV i )
1
A 4) A
R + 3 Uplupn B

4)
2(pv)

2
= 5 Usana B + 6 DUyl + 129 Ugy

@)) pA 2 ( Lo
(Dan1,\)R (ulaly) T (D.D" —m® —€R) Uy T3 Unox(u

i) W) ( Sty (7.177)
Again, since our method will be to first recover the results for a neutral scalar field in [68],
we will rewrite the gauge covariant derivatives in (7.177) in terms of ordinary spacetime
derivatives and terms proportional to the gauge field A,. However, (7.177) also contains
nontrivial contractions involving symmetrised indices; therefore, we will expand these

terms appropriately. Then, (7.177) becomes

0=6 1/0(24()W) +2 ‘/(J(;l()y;u) —2 iqA(uVo(fg) - %‘/()(é)Ruu - % UV R
- i UsinV* B i) — § (VU5) B iy + %iqAan(ﬂRAwa
+ (0—m?—¢R) Ug;*gw) .y iqAaUéng) o —i0(VaA®) U[ggg,w) - qQAaAaUgggW)
+ % Uég)x(#RAu) + % UégguuRﬁ) - ;USQI)MRA(M&V) - ; U(S;LARA(MQV) +2 V“Uéé,%(,w)
+2VUggtutat) + 2V Ui ~ 6194 Uglary + 29 Uty + 29 Ugihiusn)
+ 20" Ui * 29™ Usitasy + 29° Usituiedys * 29 Uiy (7.178)
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Neutral scalar field: From (7.156), the v expansion coefficient is given by

02(pv)
4  _ 5 ~(4)
Voo(uw) = Yooy T Vo2 (7.179)

We begin by calculating 17(4() V)’ which is the expression we would obtain for V0(2 () ») in the

absence of the gauge field. It will be useful to write down the explicit expressions for Uéo),

U(gl) ﬁ522w) ﬁégzwp) and U(42 vpr)- From (7.88), (7.102) and (7.106), they are given by
Ugy' = 1.
Uiy, = 0.
ﬁégzw) - 112Ruw
U(ggg,uup) _;ZR(#V§P)
Osatuer) = 30 Ftsor) + 288R(“”R 5+ %RA(M By (7.180)

It will also be useful to write down the explicit expressions for 170(61 ) and 170(3. We also
note that ‘70(0) V( ) given in (7.117) and that ‘70(14/1 is given in (7.160). Then, setting
A, =0 and using (7.180), equation (7.178) reduces to

. 1~
0=6V,, +2V VO(O)RHV +(0-m’—¢R) T, 2 v T3 U(g;lz\(uR)\V)

02(pr) 01(p;v) 3
+ % ﬁégszAu) - ; [7(523\(1}2/\(“&1/) -2 Uégl(ARA(ua )+ QVQU%L( » T QVaﬁégzmap)
2V Ugata + 29" Ut + 29" Ugaiusn + 29" Tgituns +29°° Usilpasiy
+ 260 U531 airs + 297 Uity (7.181)

where we have used the fact that (7.107) should vanish at each power of o. It will be
instructive to evaluate each term in (7.181) individually before substituting into the equa-
tion. The first term in (7.181) is trivial. Using (7.160), the second term in (7.181) is

_ _% <§ _ é)R;w (7.182)

Using (7.117), the third term in (7.181) is given by

1 1
1 0(0>RW -1 [mQ N (5 _ 6) R} R, (7.183)

Using (7.180), the terms proportional to (Afégzw) in (7.181) are given by
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(D o m2 B é‘]%) A(g;lgp,u)
L=y o 1o A
3 Uoanu 0y + 3 Voa(un i)
as well as

«

254)
_gUOQ)\aR (n v)

o (O- m? — fR) Ry, (7.184)
L@y o 5(4) A 7(4) pA 5(4) A
=5 Upor, B0 + = UOZ)\VR + = Uozu,\R + = UOZV)\R
1 A A AL A
= 72R R, + 72RMR + 72RMAR + 72RVAR P
= ERMRAZ,, (7.185)

4 o
-3 UézLARA( v)

1= A« A« 4 A« A«
= =5 Ui (B + R, )—gUSQLA(RMJrRW)
1 Ao Ao Ao 1 a\
- _%R RA“CW o %R RO‘HAV - %R R)\,Mau - %R Ra,u)\u
1
= _§R)\OCR)\MOW (7186)
Using (7.180), the terms proportional to ﬁégzuw) in (7.181) are given by
o - _ 1 Ao 1
2v U0304(/“’) - _ERA(M;V) _ﬂ A v R/\y TR (7187)
ajr(4) _ 1 Ao 1 A 1 A
2V U3l = ~ T Tnim)” = ~og s — gp s (7.188)
o _ 1 A1
2V UOB(;w)a _E AN _E DR/JJ/' (7.189)
Using (7.180), the terms proportional to Ué42#VpT) in (7.181) are given by

g8 T s
U04a6(W) T80
1

(RAA o+ B W) 288 (RAAR * RAAR”M)

t oo (BB + B0 R, )
410 o+ ﬁRR 360 (B3R o + B3R, )
= % St ﬁRRMV + @RWRWV, (7.190)
26 UL iy = 5 (B + Boy) + 55 (BB + BBy,
g 0do(p|Blv) — 80 Wiy VA 288 v Ak
+ 5 (R%uRﬂ s + BB

N % (B By + 144RA o
+ % (R, Ryra, + B MRQ/\ﬁl,>
— % (R + B ) + 1441%A Ry, + %R""\ﬁ Ropgy  (7.191)
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80 : 288
1 a 3 a 8
+ 360 (R /BMR Vo + R ﬂl/R uozA)
1
= % (R/\,u VA + R)\zx ,,LL)\) R)\ R)\Z/
N Ra)\ Rﬂ + Ra/\ Rﬂ
360 Bp aX Brt pax

g B oW _1 1 A A
U04(,u|a,8| ) % (R,u AV + Rl/ A,u) + @(RM R)\V + Rl/ R)\,u)
1
" 360

- % (Rﬂ v+ R W) 144RA Ry

1
+ % (Ro»\ﬁ Roz)\ﬂl/ + Ra ,LLROM,BV)

_ L
80

a AppB a Apb
(R R +RuﬁRMu)

Aav

A alfB
(Rp, AV + Ry )\#> 144R R)\Z, + @R Ra)\ﬂlﬂ (7193)

77(4) 1 1 A A
U04(M|a|u)6 S0 (Ru H2\ + RV u)\) + 288 (Ru Ru)\ + Rl/ RuA)

(RQ;LBAR[BVQA + Rauﬂ)\Rﬁua)\>

—

* 360

80 (Rﬂ wt R M) 144]‘[%A Bx,

1
360 <2RMBMR&ABV + Ra/\ﬁuRa/\ﬂu>

1 e
= % (Ru VA + Rl/ uA) 144R>\ R)\,/ + %R AB Ra/\ﬂw (7194)

=

oaﬁ 77 (4) _ 1 A L A A
UO4(;W)a,8 - 80 (R,uu')\ + Rl/,u A ) + 288 (R R AT RVMR )\>

" 360 (Ra Rmm TR me)
_ g + T PR + 565 (B° R°, + R%, 5 R°
40 (N 360 y7e1% a v «
1

1
- aff 1
R, + —~RR +—180R R (7.195)

T 40 144"t anpy:

where we have used the symmetries of the Riemann tensor (1.5) to simplify (7.190 -7.195).
Substituting in the explicit expressions for each term in (7.181) using equations (7.182) -

(7.195) and simplifying like terms, we have
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=(4) 1 1, 1 1
= — - — J—— - — I
0=6V30, )+12OR S ER = 7 Ry — 7 ERR, + RR +40 R,,
1 7 7
_~ pap « _ A _ A A A
R Ra;t,@u + 12R /J,ROUJ 120R TN 120R VA + 40R wiAv + 40R VAL
+ 6ORW R (7.196)

We can simplify (7.196) by combining terms containing the Ricci tensor acted on by two
covariant derivatives. Using the expression (1.10) for the commutator of two covariant

derivative operators, we have for the aforementioned terms in (7.196) the expressions

R, ,»=VAV,R*, =R* R, — R*°R,,5,+ V,VAR,
= R*,R,, — R*°R, 5, + R, ... (7.197)
R, »=VAV.R) =R°R,,— R°R,,5, + V.V R,
= R*,R,, — R*°R,,5,+ R, .,,. (7.198)
Using (7.197) and (7.198), equation (7.196) becomes
0=6Vg0, >+ﬁR ;fR;W—imzR —lgRRW—l—iRRW—i—ZlODRW
- % N — %R’\V; RauRw, + 2 Ra R, + %RM%RQWV (7.199)

We can simplify (7.199) by using the covariant derlvatlve of the Bianchi identity (1.8):

1
R, 5, = SR (7.200)

Using the fact that covariant derivatives acting on a scalar commute, we also have

1
R, .\, = 5 B (7.201)
Using (7.200) and (7.201), equation (7.199) simplifies to
TAS) =2 1 L, 1 1 1
0= 6V02(W) + 120R 5 R, M R, 1 §ERR,, + 24RRW + 10 UR,,
1 1 1 1
——R.,— —R.,, - LR R, +~R¥R — R R
60" 60 307"+ g aupy T o1 ultarsy
_ e 21 ey ] 1 E
=6V, o) T 40R 2§R;W ™ R, 4§RRW+ 24RRW+ 10 OR,,
1
o af ap
— %R wRoy + 60R Roupu + @R wRorso- (7.202)
So finally, we obtain for the YA/(J(;()W) expansion coefficient
(4) 1 1 3 1 1 1 o
= — — (e =2 L —(e-= —
Yozt = 94 ™ Fw + 73 <£ 20 ) o = 50 B T 55 (&~ 5 ) B T 180R R
1
_ L pesg, . — L g R 7.203
360 au,@l/ 360 Oé)\ﬂl/’ ( )

which agrees with the results for a neutral scalar field in [68].
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Charged scalar field: Having already calculated the correct expression when the gauge

field vanishes, we can ignore terms that do not involve A, and instead calculate the

7@

correction V|, 02() due to the gauge field. It will be useful to write down the expressions

for Ul (7.88), Ug1), (7:89), Ugy ) (7:90), Ugit ) (7:102) and Ty, ) (7.106) as
Uy =0,
ﬁéﬂ = iqAy,
Usatu) = *}iqD( Ay,
ﬁégzuup) qu(uD Ap) T35 : lqA( Ry,
ﬁéizw) = _ﬂ iqD(uDquAﬂ - i gD, [AvR,m)] - (7.204)

It will also be useful to write down the expressions for ‘70(61 ) (7.117) and 170(14 ;1 (7.174) as

~(4 1, 1 1. .
Vo(1,1 =51 {mQ + (€ - 6>R] Ay — T3 ig VAEF,,. (7.205)

Then, equation (7.178) becomes

0= 6V, +2 DGVt~ 2igAG Vi) — 5 TVGRY,) — 3 TSV R
- g [Daﬁél)k] RA(ula\z/) + (DaDa —m’ — §R) [7(4) pv) 21gA%V,, Uéﬁm
—iq (VaA®) UéQ%uu) — PAa ATy, zw/) T3 Ué;ll( R+ 3 U( 2mA|RAu) 3 ~é§)mRA(uaV)
2 175355“( “) T2 DaUé;lL(W) +2 DaU532u|a| y T2 D“Uégzw)a —6 iqAaﬁégzaW)
+29aﬁ Do) * 29" Ussauistr + 29 T + 29 Tottyiasn)
29" Ugatytaprs +28° Uiuyosr (7.206)

where we have used the fact that (7.107) should vanish at each power of ¢. It is instructive
to evaluate each term in (7.206) individually. The first term on the r.h.s is trivial. Using
(7.174), the second term in (7.206) is given by

ORI 1Y o] , 1
2D, Vo) =lg\m” + <€_ 6>R Apw) ~|—1q(§— 6>R;(MAV)

1\ ] 1
+ q2 m? + (f — 6>R AMAZ, % iqD(uVaF‘ah,)

,— 1\ ] . 1 1. o
=iq m? + (f — 6>R D(HAV) +1q (5 — 6>R;(“Ay) ~ 5 qu(”V F\ahj)
(7.207)

Using (7.160), the third term in (7.206) is given by
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. (4 1. 1
~2igAG V) = 5 g (5 - 6)R;(“A,,). (7.208)

Using (7.89), the terms proportional to ﬁéﬁ in (7.206) are given by

1 ~u 1.
12 Uél)AV(uRAV) BT lqA/\V(uR)‘,,), (7.209)
L =) ga pa _ Lo gap
— 7 VoV R o) = =7 10ANVER o), (7.210)
2 [Ha77@) ] pA 200 o
3 [D UOM}R (ulalv) = ~ 5 1B (o) D7 Ax. (7.211)

Using (7.204), the term proportional to ﬁéézw) in (7.206) is given by

(DaD* —m? = €R) Uy ) = —% igDo DDy, A, + %iq (m? + ER)D(, A, (7.212)
Using (7.180), the terms proportional to ﬁé;lzlw) in (7.206) are given by

~2igA°Vo Uy, = —é igA°V o Ry, (7.213)

—ig (Vo A®) Ugy!,.,) = —%iq (VaA®) Ry, (7.214)

—qQAaAaﬁéng) - —% PALAR,,. (7.215)

For the following terms, we must be careful to use the unsymmetrised version of g

02(pv)’
ie. Ué;‘l)w, since we have already expanded out the symmetrisation in these terms. Then,

using (7.204), the terms proportional to ﬁég)

. 10 (7.206) are given by

é Ugpr ) = —é igR, Dy Ay), (7.216)

%ﬁégzup\\R)\u) = *é igR, Dy A, (7.217)
S TR = 3 OB = 5 10Rauain DM + 3 0B ey DAY
= éiquQMDma + %iqRamwu)DAA“
= %iqRMMaMDMa + éiqRMu\amDAA”

= %iquw)DMa, (7.218)

where, in going from the first and second, the second and third, and the third and fourth
equalities in (7.218), we have performed a simple relabelling of the summed over indices,
used the symmetries of the Riemann tensor (1.5) and used the fact that we can arbitrarily
swap symmetrised indices, respectively. Using (7.204), the terms proportional to Gp%!

03(pvp)
in (7.206) are given by
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™ 1 1
2D UéSL(,U,Z/) - § qu D D(MAV) + = qu [AaR,u,y] s (7219)
a7 (4) N SN 1 N
2D Ugg(jalw) = 3 19D DuDia Av) + 510D [AuRjap)]
1 1
= 514D D(uDiaj Ay + 510D [AuRoa] (7.220)
afr() | P L.,
2D UOB(;w)a =3 igD*D(,, D,y Ao + 5 igD [A(HRV)Q] . (7.221)

Using (7.180), the term proportional to o

03(uvp) in (7206) is given by

1
—6iqAaU(§§gW) = 10A°V (R,

ElqAaV R, —|— lqA V(MR\MV) —|— 1qA V(MR Yo

E igA*V, R, + 6 iqAaV(HRl,)a. (7.222)

Using (7.204), the terms proportional to U(§42u - in (7.206) are given by

9" Uiy = %iqDaDal% Ay) = 1 15 14D [Aa ], (7.223)
g* ch4()1(u|,3\ ) = %iqDO‘D(MDMA,,) - % igD® [A(uRla\V)}

= —%qu D Djo Av) = %iqDa [AwRyal (7.224)

o8 Uéiiw)a ﬁ igD* DDy Aa — % igD*[ARy)al (7.225)
g U&zmam )= %iquDaDwAu) - fgiqu (A% Rjay)]

= —% igD D Do) Ayy = % igD(, [A"R,)a] , (7.226)

9 Uotutalnrs = % igD(,Djai Dy) A" — li igD ., [A" Ry)a] (7.227)

26 Uiuspas = = % igD(, D) DoA™ — 5 qum ARy

[
1. N
fﬁqu( DoAY — 7qu#[ R] . (7.228)

Substituting in the explicit expressions for each term in (7.206) using equations (7.207) -
(7.228), we obtain



226 Renormalisation counterterms

> . 1 . 1 1 o
0= 6V, +ia [mQ + <5 - 6) R} DAy +1iq (5 - 6>R;<w4u> ~ 5 4PV Flap)

1 . ]. 1 . by ]- . o P 2 . A «
+ = 1q <§ - 6>R’(’LLA 7lqA)\V(uR l/) - 1 lqA)\v R (.“|O‘|V) - g lqR (#‘041’) D A)\

2 v) T 12
1.
ig (Vo AR,

1 1 1
-3 igDaD*D(, A, + 514 (m® + €R)D(,A,) — G igA“V o R,y —

12
1 2 o 1, A 1. A 2. A po
— E qALA R'w/ - ElqR (/LD‘MAV) — glqR (#DV)A,\ + § lqR)\(Ma\V)D A
1. 1. 1. 1.
+ g1qD DoD, Ay + 81qD [AaRuw] + gqu D, D)ajAyy + 61qD (A Ru)a)

1. . 1. 1. . 1. .
+ 3 igD* D, D, Ao + 6 igD [A(MR,,)Q] + D igA*V R, + 5 igA*V (, R)a

1, 1. 1, . 1.
— —=i¢D“Do D, A, — ﬁ1qD [AaRy) — ﬁ1qD DD\, A,y — E1qD (AR

12
1. . 1. . 1. o 1. a

— 15 14D DDy Aa = 1514D [AuRy)a] = 514D D DiajAy) — 514D [A"Ry)al
1. L1 . 1. . 1

- E qu(uD|a|D,})A - ﬁ qu(H [A R,j)a] - ﬁ qu(#Dl,)DOCA - ﬁ qu(# [AV)R] .

(7.229)

Simplifying like terms in (7.229) and rearranging to group terms that are likely to combine,

we have

~(4 . 1 1.
0=6 %(2()W) +1g [m2 + (f - 6>R] DAy + 514 (m® + €R)D(, Ay

3 . 1 1 . o7 1 . o A 2 : A Ao
+ 51 (5 - 6>R;<w4u> — 5 14DV Flap) = 710ANV R ) + 3 10R o) F

1 1 1 1
—7'140[ o l/_i. aAa V_72A04Aa v 7'DCXA01 v
12 igAV R, 12 iq (V )Ru 12 q Ry + 12 igD*] Ry ]
1. o 1. 1, o 1. o
~ 5 iqR(, DAy + 6 igD [A(#Rl,)a} ~ 5 iR, DAY — 5 igDy, [A Ry)a}
1. . 1. 1. ., 1. .
+ 12 igA V(uRu)a BT qu(H [AI,)R] 1 igD DOCD(MA,/) + 1 igD D(#DM‘AV)
1 . @ ]. . o 1 . 6% ]‘ 3 (0%
— 1 qu(ND D|a\Az/) + 1 quozD(uDu)A — 1 qu(qu‘Dy)A - 1 qu(uDu)DaA R
(7.230)
where we have used
2 iR DA 2R D4y = 2igR D*A® — D* A
g 1L (ula|v) - g 1q9 (plalv) A= g 1L\ (ula)v) ( - )
2, o
= ZiqRy(yjaln) P, (7.231)

3
to simplify (7.230). We also note that

1 1 1
— —igA°V 4R, — — iq¢ (Vo AY) R, — — ¢PAL AR,
1g AVl = 1514 (VaA®) Ry — 154 "
1- @ 1 2 «
= _ﬁ 1q Va(A R“y) — E q AaA R#V

1
= ——iq D°[AaRyu), (7.232)
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which means that the third line of (7.230) cancels, leaving

— 67 iglm? 1 L. (2
0—6‘/02<W>+1q[m + <€—6>R]D(w4u>+21q (m® +ER) DAy

3 . 1 1 . o 1 . o pPA 2 . A Ao
+ 51(] (f - 6>R’(‘MAV) - gqu(uV ﬂah/) - Z IQA,\V R (plalv) + gl(]R (,u,|oc|l/)F

1, . 1. 1, L1 .
~ 5 iR, DAy + 6 igD [A(HRZ,)Q] ~ 5 igRo(, Dy A” — 6 igDy, [A Ry)a]

1. . 1. 1, 1.
+ ﬁ 1qA V(uRy)a - ﬁ qu(# [AV)R] - 1 qu DoeD(uAu) + Z qu D(uD|a|Au)

1. 1, 1. I,
- E qu(uDaD|a\Au) + Z quaD(MDV)Aa - E qu(uD|Oé|DV)Aa — E qu(MDV)DaAa.
(7.233)

Equation (7.233) is obviously still very complicated. Rather than make further ad-hoc
simplifications, we will attempt to be as systematic as possible in simplifying it. First let
us address the terms that contain three gauge covariant derivatives acting on the gauge
field. Our general strategy will be to commute the gauge covariant derivatives in the
relevant terms such that we can simplify as much as possible. There are two types of these
terms; the first are those where the gauge field itself has the index « and the second are
those where it has an index of p or v. In the former type, one term has the outermost gauge
covariant derivative with an index of «, one has the middle and one has the innermost.
Thus, in the first type, it is simplest to commute gauge derivatives such that each term of

this type has the middle gauge derivative with the index «. Using (6.29), we have

1. o 1. e 1. e 1 2 a
1 qu(MDy)DaA = 1z qu(“DW‘DV)A + 1 qu(uRu)aA 12 q D(HA }(‘_';);34)
Using (6.31), we have
1. e} 1. « 1. o 1. A a
1 igDo D, D,y A” = 1 igD, D)o D,y A" + 1 iRy, DAY — 1 iqR (ma\u)D)\A
1
+ = ¢*Foy D,y A" (7.235)

4
Therefore, the terms proportional to three gauge derivatives acting on a gauge field with

the index « in (7.233) are given by

iiqDaD(MDV)AO‘ -~ % iqD(,,Djo) D,y A” — % iqgD D,y Do A”
— iiqD(quD,,)Aa + iiqRa(HDl,)Aa — iiqR’\(ula‘y)DAAa
+ tiFa(uD,,)AO‘ — %2 igD(, D)o D, A* — % igD(,, Do) D,y A
+ % igD (R0 A% — % D, AF,,

1 . a 1 . o 1 . A «
= 15 14D (Do Dy A” + 7 iqRa(u Dy A% = ZigRY1,) DaA

1 1. 1
+ 1 QQFQ(MDV)Aa + 1 qu(uRu)aAa BRD q2D(MAaFV)a. (7236)
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In the second type, one term has the innermost gauge covariant derivative with an index
of 4 or v, one has the middle and one has the outermost. Thus, in the latter type, it is
simplest to commute gauge derivatives such that each term of this type has the middle

gauge derivative with the index p or v. Using (6.28), we have

| P | P— | P a
— Zqu DaD(uAu) = 1 igD D(,uD|a|Azz) + 1 igD R)‘( Ay —|— q ’D A( V)a-

mlalv)
(7.237)
Using (6.32), we have
1 1 o o
1qD( Dlal'D AV) = — qu D( D A) lqRa(“D AV) lqR (/.LlOL‘I/)D A)\
1
+ — q2F (u DaAV). (7238)

12

Therefore, the terms proportional to three gauge derivatives acting on a gauge field with

the index p or v are given by

1, 1
1 quaDaD(uAl,) + - qu D(ND|a|AV) qu(MD\OdD A V)

1
= —Z igD“D, D\ Ay + 1qD R (

1 o : (6%
Zqu DDAy — 1qD DD"A,y + 21qRa(HD Ay

1.
—ﬁlqR(

plal

1 2 o
V)A)‘—’_Zq D A(,qu)a

H|a‘ )D A,\‘i‘ﬁq F( DO‘AV)

1 1
= —Equ D( D\oa|A ) *qu R (

1
—I-ﬁlqR(DAV)— 1qR(

1 2 o
plal) X + 7 D AuF )

« 1 2 fo
WD A3+ 5 P Fou DA,
(7.239)

o
The sum of (7.236) and (7.239) gives us

1, o 1. o 1. o 1.

1 quaD(MDV)A - ﬁ qu(MD|0¢\DV)A - E qu(MDV)DaA - Z qu DaD(uAl,)
1. . 1 o

+ 714D D DiajAy) = 510D Dio D7 Ay

V)D)\A —I— q ’F (MDV)A(X

1. 1, 1. _a
-5 igD, D)o Dy A + — 1qRa(MDV)AO‘ ~1 qR” (10l

1 1 1 .
+ 15 9D RaA” = 15 DA Foyo = 15 10D° D DiatAuy + 110D R iy

1, 1 ) 1. 1,
+ Z q DaA(#Fy)a + ﬁ lqRa(uDaAy) — E lqR (M|a‘y)‘DaA)\ + E q Fa(#DaAl,). (7240)
We can use the definition of the electromagnetic field strength (3.2) to combine the two
terms proportional to three gauge derivatives acting on the gauge field. In order to do so,

we need to commute the gauge derivatives in one of these terms. Using (6.32), we have
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]. o 1 . a 1 3 « 1 : A (07
—EIQD D( DA V) = ﬁqu(ND‘MD Az/) — ElqRa(uD A,/) + ElqR (H|a|’/)D A
1

Then, inserting (7.241) into (7.240) and simplifying, we have

1, . 1. o 1. o 1.

Z quaD(HD,,)A — 712 qu(“D|a|Dl,)A — 712 qu(uDy)DaA — Z qu DaD(uAy)
1. ., 1. o

+ Z qu D(MD|0¢\AV) — E qu(,uD|a|D A,,)

i1qD( D*F . + iqR

« L. A « 1 2 a
12 oz(uDV)A — *lqR (H|a‘V)D)‘A =+ Zq Fa(uDu)A

1 1 . [6% 1 o
+ 15 10D R A = 5 ¢ DA o + 1qD R Ar + 5 P DA F . (7:242)

Substituting (7.242) back into (7.233), we have
0= 6Viy, +i [mQ + (g ~ é) R} DA + %iq (m? + €R)D(, A,
2 <f - é)R;wAu) - éiquVaFm\u) - iiqAAVaRAwmm +3 3 Ul T
é igR,(, DA, + éiqDo‘ [A(uRu)a] — %iqRa(uDy)Ao‘ — éiqD(M [A“R,), ]
+ % i AV

1. A « 1 2 « 1. « 1 2 ap

L. 1. 1,
/“‘RV)OC 19 gD, [AV)R] + 12 1qD(;LDaFV)a + 1qRa(“Dl,)A°‘

1
+= iqDaR’\(

4 u\a|z/)A)\ + q DaA( v)a: (7243)

Simplifying like terms in (7.243), we have

@) ol2 1 1.
GVOQ(W)—Hq[m + (5—6>R]D( Al,)—l— (m +£R) pAu)
3 1 . « . o pPA 2 .

5 f — = |R. (ILA ) — 6 1qD(HV _Flaly) - Z 1qAAV R (ple|v) + g lqR)\(;da\l/)F
1 o 1 W 1. o
6 + 6 qu [A(HRV)Q] + ﬁ lqRa(uD,})A - E qu(H [A R,j)a]

. o ]- . 1 . fe ]‘ s A [
T ANV Gy — 510D [A) R] + 15 1aDD Fya = 1101 ), DrA

1
)A,\ + - q D(XA( V) (7244)

plaly

e 1 2 o L. a pA
(MDV)A — Eq D(MA Fy)a—FZqu R (

Examining (7.244), we see that it contains several terms with derivative operators acting

on multiple quantities which can be simplified by using the product rule; then, we have
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~(4 . 1 1.
0=6 ‘/0(2();1,1/) +1g [m2 + (f - G)R] DAy + 91 (m2 +¢R) DAy

3. 1 1. a 1. a pPA 2, Ao
+5 g <€ - 6>A(MVV)R = 5 4PNV Flap) = 710ANVIR 0 + 310 o) I

2
L. o 1. o L. o L. a
= 1D [Ap Ryl + 514AWV Ryya + 510D [A Ry + 151D ARyl
1. ., 1, o 1. . 1,
13 igA V(uRy)a BT qu(‘u [A Ry)a] + 1 igA V(“Ry)a D] lqRD(#AV)
1 . 1 . o 1 . by o 1 2 «a
_ E 1qA(HVZ,)R =+ E qu(HD Fy)a — Z lqR (,u,|Oz|I/)'D>\A -+ Z q D('U'A ﬂody)

1 2z« 1 2 a 1 : A a 1 : o pPA
— 1T ANV — 5 CPEA o + 7108770 D7 As + 71 ANVIR o)

1
+ 5 "D A Fy)a- (7.245)

Simplifying like terms, we have

A C)) 3.1 o 1 3. 1 1. N
0= 0 Voaguu + 514 [m * (5 - 6>R} Dy + 51 (€ = G J AV R = 51aDV Flop
1. a 1, o 1 5 4 1 5. 4
+ 1 qu(MD Fy)a — g q D(MA Fu)a + 1 q-A v(uFu)a + 1 q°D A(uFu)ou (7246)

where we have used that

Ao Ao
F =Ry
_ Ao
= Roguam ¥
_ al
= Rt
— Ry (o) F* =0, (7.247)

By (ulalv)
ulalv)

and that

1, . 1, 1, . 1
6 igA, V'R, — 3 igA(,V, )R = 6 igA(, [V Ry — 3 V,,)R}

1 . 1
= 6 1(]4‘4(uv |:Ru)a - 291/)01R:|

=0, (7.248)

which follows from the Bianchi identity (1.8). We can further simplify by expanding the

gauge covariant derivatives in (7.246) into spacetime covariant derivatives and the part

which does not contain any derivative operators; then, we obtain
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~(4) 3. 1 3. 1 1. o
0= 6‘/02(#1,) 5 1q [m2 + (5 — 6>R] D(MA,,) + 5 iq (§ ~ % A(MVI,)R + g ig V(uv Fa

1 1 1 1 o
+ 6q2A(MV Fu)a 1q V( VF, V)a q V( AF, ,,)a + ﬁ ZA( v F)
1 1 o
- IPAGA F = 5 VA F + 3 IPAGA g+ ATV F,
12 3 3’
1 1
+ @ VOAGF e — 1A A F, o (7.249)

Simplifying like terms and using the product rule in (7.249) gives us

3 1 3. 1 1, N
0= 6V0(2()u”) + = 1q [m + (5 - )R} DAy + 5l (5 — 6>A(#VZ,)R + 1l Vi ViF,)a

1 1 .
+ = qu(uV Fo + 2A°‘V(u Vo *q2F<ma|Vu>A +§qA< Ve
1
- ngAaV(qu) 3 q F( |a|V )Aa—i- QZAaV( vat = QQA(MV F,,)a
1
+ Z q2F(M|a|VaAV). (7.250)

Simplifying like terms, we have

>(4) 3. 9 1 3. 1 1. a
6%2(#1/) + 5 19 |:m + <£ - >R:| D(,uAV) + 5 1q9 <£ - 6 A(uvy)R + Z 1q V(MV Fu)a

+5 ‘JQA(MV Fpa = q F(maW A%+ 1 CFla VoA
5 (4) 3.1 2 3. 1\ 4 L. a
- 6V02(W) o l|m 16— 6 R| Dy, Ay + 9 £~ 6 (V)R + 1 gV, Vo)),
1
+ B qu(uVaF,,)a + 1 qQFO‘M F,.. (7.251)

So finally, the second order correction 170(4) (z,2') is given by

~@) 1. 9 1 1. 1 1, o
‘/02(;1,1/) - _Z 1q |:m + (5 - 6>R:| D(,u,Av) - Zlq (5 - 6 A(HVV)R — ﬂlq V(#V Fu)a

1 2 « 1 2 pa
T2 AN e = g € e (7.252)
From (7.156), the Vo(z()uu) expansion coefficient is given by
@ _ oW ~(4)
VO?(,LLV) - VO2(/u/) + VOQ(,uz/)' (7.253)

Then, using (7.203) and (7.252), we have

@ _ 1 (e 3 g 11 L pa
Yoz = 94 ™ o T 15 (5 B = 540 i 50 &~ 5 ) + 1gp Tt wltow

1 1Y a\ 1 : 2 1
- 350 PReoup — %R b Rorgy — 11 [m + <§ — 6)3] D, A,

1, 1 1. N
— —igq <§ — )A(MVV)R — 5114 VuViF)ya —

1
2 2
1 ; PALVFy — — ¢*F%, Fyq

1
12 241
(7.254)
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Lastly, we are required to evaluate the Hadamard coefficient V1(4) (x,2') to O(1), i.e. we

(4)

. . . 4 .
are required to evaluate the expansion coefficient V};;”, where we have used the expansion

Vi (2,2 =V 4 (7.255)

The equation governing V1(4) (x,2') is given by

w4+ (D, D" —m? — ¢R) VM = 0. (7.256)
Expanding the Hadamard coefficient V0(4) (x,2') as
4 4 4 . 4 g
Ve = Vi) + Vio ¥ 4+ Vi o o + . (7.257)
Then, acting with the covariant derivative, we have
4 4 4y 4 . o
VoV = Vio + Vi@ ™ + Vorao™ + 2V, oo+ .. (7.258)
which gives

DV = Vi + Vil o+ Vi 2V o —iq ALV — gAY+

0lv;p 02(uv)
= DuVay + Vit + 0 DV + 2Vl o + . (7.259)

Acting with another covariant derivative, we obtain

VHDM‘/OM) — gu)\v/\DHVb(Sl) + gu)\v/\‘/o(l‘l; + O_;V)\gu)\Du‘/O(l‘lg + 2%(24()My)gu)\o.;u)\ +...
(7.260)

Then, we have

DuDHVY = VDRV + VAV + 85 DUV + 2Vl 070K — igArg" DV

— iqA,\g")‘VO(fBL + ...
(4

= DDV + 2DV + 2V g™+ (7.261)

Neutral scalar field: In the uncharged case, (7.261) reduces to

VY + (0= m? = €R) Vo + 2V + 29" V) ) = 0. (7.262)

We have

(D—mz—gR)VO(é):;(f—é) DR—%M [m2+ <§—é> R}

~ “¢R [m'z I <g _ > R] , (7.263)
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= 1 1 1
QV#VU%)L =5 (5 - 6) UR +1iq <§ — > APV, ,OR +iq [m + (5 — 6) R} VHEA,
1. .
— g4V (7.264)

v _ 1 1 1 3 1 1
29“%2(;@m[szr(f—G)R]RJr(f— OR = 5m* |m? + -5 R

1 1 1
—5¢R [mQ + (g - > } + —DR+ RW”R 5o B B

6 120
_ L g —liq m? + 5—7 R|VHA, **lq gff APV, R
180 HeeT 9 6
1 1
2 v 2 « . o
—¢*F™F,, — = ?A*V°F,, — — igV*V°F,,. 2
+ 12q W 6q Ve, G ig VEVYE,, (7.265)

Then, we obtain for the 171(5‘ ) expansion coefficient the expression

2
@) _ 1 2 _ 1 - o g Qv pT
v =3 [m + <§ 6> R] <§ >DR —720R R +—720R Ruvpr, (7.266)

which agrees with the results for a neutral scalar field in [68].
Charged scalar field: Having already calculated the correct expression when the gauge

field vanishes, we can ignore terms that do not involve A, and instead calculate the

correction V( ) due to the gauge field. Then, we have

0 =4y —2iqA"V, V3 —iq (V,A") Vo) — A, AV + 2DV — 2ig ATy,

v 77(4)
1207 . (7.267)

We have

—2igAPV V) —iq (VAR V) — 24, APV

= —igq (5 - ) A'R,, — %iq [m2 + (g - (1),) R] D, A" — %q2 [m2 + (5 - é) R} A, AR

(7.268)

2DV = —% (g - é) iq [mQ + (g - é) R} D, A" +iq (g - ) APV, R

1 1
— 6iq VHN* Fop — 6q%awvwa, (7.269)

1 1
—2igA"V) = 514 (g ) AFR., + ¢ [m2 + (5 - 6) R] A AP, (7.270)
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i@ _ 1 _ 1 w_ 1. R 1 o
29 VO2(W)— Q[m —}-<§ 6>R} D,A 519 £ 5 AVMR—i—quF Fi
1

1
6q2A“V”FW - ig VFVYF,,. (7.271)

Then, we obtain for the 171(64 ) expansion coefficient the expression

~ 1
Vi) = —quzF“”FW. (7.272)

From (7.156), the Vl(él ) expansion coefficient is given by

vy =V + vy, (7.273)

Then, using (7.266) and (7.272), we have

@ 1 1 12 1 1 1 1
2 v v
=3 - = - o —— |OR— —R! v — RMPT vpT
Yo' =3 [m * (5 6) R] 24 <5 5> R= 2o B Buw o 1877 v

1

2 uv
RCF" Fu (7.274)

7.3 Hadamard form for odd dimensions

In this section, we develop the general formalism for the Hadamard renormalisation pro-
cedure of charged scalar fields in a general background spacetime with an odd number of
dimensions. We will then focus on the specific case of d = 3 to derive explicit expressions

for the renormalisation counterterms up to the order required to evaluate the RSET.

7.3.1 Hadamard renormalisation procedure in odd dimensions

We would like to evaluate the inhomogeneous Klein-Gordon equation (6.2) for the odd-
dimensional Hadamard parametrix (6.7). We begin by noting, from (6.9), that oz = ?1\@.
We remind the reader that we write the number of spacetime dimensions as d = 2p + 1
with p > 1. Then (6.2) becomes

(DuD* —m? — ¢R) G
U (g, 1)

[o(z,2') + i€]P 2

- ) (z—2a'). (7.275)
—g (x)

_ 195 () i m? — ¢R) {

5 + W@t (z,2) }

It will be convenient instead to evaluate the equation
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21

Q2p+1

D,D" —m? — €R) GV
K 6 F

UPtD(z,2') WP (2 o)
oz, 2") +i€]""2
21 1

a2pt1 \/—g ()

~ 00—t

5P (z — ') . (7.276)

Then, suppressing arguments of the biscalar functions, we begin by calculating the quantity

_2i DuGng) = (V, —igA,) [a—p+§ @t 4 W(2p+1):|
Q2p+1
1
= o P2y, Ut (p _ 2) o P2 U ¥ o+ v, WD
— o Pt2igA, U g A, WY, (7.277)

Acting on (7.277) with another gauge derivative, we obtain

2i

Q2p+1

DND“GIGPH) — o Pt3 vuqu@pH) —(2p—1) o P 3 [VMU(QPH)} (VFa)

1 1
+ < - 2) <p + 2) o P2 U (VHe)(V ,0)

1
_ <p _ 2) o P35 U(2p+1)(vuvug) + V“VHWQP‘H)

_ o Pt ig (V*A,) @t _ 9 ptg iqA, [VMU(QP'H)}

+(2p — 1) o P 2 igA, U (Vo) — i (VFA,) WEPHD

—2igA, [VMW(QP'H)} _ o Pt QQAMAHU(QP-H) — QQAMAHWQPJ'_I).
(7.278)

We can simplify (7.278) using the identities involving Synge’s world function (1.20) and
the van Vleck-Morette determinant (1.28); we obtain

2i

a2p+1

D“DMGka—&-l) — o Pt3 VMV#U(Q:D—H) —(2p—1) o P 3 [qu(Zp—H)} (V,0)

+(2p—1)o P 3 UPTHAS (VMA%> (Vo) + VAV, W P+

— o Ptiig (VHA,) UCPHD 95 Pt3 igA, [VHU(2P+1):|

+(2p— 1) o P 2igA, U (Vi) — iq (VFA,) WEHD

—2igA, [VuW@pH)} _ o Pt3 QZA“AMU@”H) _ q2A“AMW(2p“).
(7.279)

This allows us to evaluate the Lh.s of the inhomogeneous Klein-Gordon equation (6.2) for
d=2p+ 1 as follows
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21

Q2p+1

(D"D,, —m? — €R) G
— o Pt3 vuqu(Zp—&-l) —(2p—1) o P35 [VMU(Zp—&-l)} (V,0)
+(2p—1)o P2 UPTDA2 (VMA%> (Vio) + VIV, W (2P HD)
_ o Pt ig (VFA,) et _ 9 ptg igA, [VMU(QP+1):|
+(2p — 1) o P 2igA, U (Vo) — i (VFA,) WEPHD
—2igA, [qu@pH)} o Pt3 qQA“AMU(QpH) _ qQA“AMW(Qp“)

— o PF3 (m? 4 ER) UCPHY — (m? 4 ¢R) WEPHD, (7.280)
We can simplify (7.280) by use of the gauge covariant derivative, which then reduces to
2i

Q2p+1
— P2 (D, D" —m? — ¢R) UPHY 4 (D, D" — m? — ¢R) WD)

D*D,, —m? — ¢R) G
(D¥ Dy ¢R) Gy

1
—(2p—1)o Pz [(D“ - A‘éA?M> U<2p+1>} ot (7.281)

From the r.h.s of the inhomogeneous scalar field equation (6.2), we know that (7.281) must
be equal to zero when the two points x and x’ are separated. Since Synge’s world function
is nonzero when 2/ # x, we deduce that (7.281) must vanish identically at each power
of o(x,2'). This allows us to generate two equations by considering terms proportional
to integer powers of o and, separately, terms proportional to fractional powers of o. In
particular, the terms that are proportional to integer powers of ¢ must vanish indepen-
dently since no other terms can contain this factor due to the form of the expansion for the
biscalar U+ (z,2') in (6.8a), which itself only contains terms proportional to integer

powers of . This allows us to write

(D, D" —m? — eR) WD (z,2") = 0, (7.282)

which means that the biscalar WP+ (2, 2') solves the homogeneous scalar field equation.
Equation (7.282) generalises (44) in [68] and it enables us derive the recurrence relations
for the Hadamard coefficients qu2p+1)(x, 2'). Since the biscalar W2+ (z, 2/) in (6.8b)
admits a power series expansion in o(z,z’), we can derive the recurrence relation for the

W,(LQP H)(az, z') by expanding the terms in (7.282). Suppressing arguments, we first evaluate

DW= S LG, WD | 4 aW " (V,,0) — iq A, WS o} (7.283)

n=0

and then
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D, DFW D) = i { [V“V,LW,(L%H)} o™+ 2n [VMW,(LZP+1)} oL (Vho)

n=0

+ n(n — 1) W2 (Vre)(V,,0) + nW, 2P (VY ,0)
—ig (VP A,) W&t Dem — 2igA, [V#Wff’“)} o
— 2igA,n Wt gn=1 (Yhg) — qQAMAHW7(L2p+1)0"} . (7.284)

Then, using (1.20), (1.28), (6.24) and the gauge covariant derivative, (7.284) becomes

D, DWW @+ = i { [D“DMW,?I’“)} o™+ 2n [DMWSP“)] 0" (Vo)

n=0

+n2(n—1)+ (2p+ )] WHen-1
o WHDAS (VuA%> o1 (wa)} . (7.285)

Substituting (7.285) into (7.282), we obtain

- i { [(DMD# -m? - fR) W7(12p+1)} o +2n [Dqugp‘*‘l)] g”—l(vua)

n=0

+n2(n—1)+ (2p+ )] WZHen1
— o WZHDAS (VMA%> o (wa)}. (7.286)

Performing the relabelling n — n 4 1 in terms proportional to ¢! in (7.286), we obtain

= S {00 = - ) W ]o 4200+ 1) o (9%
n=0

+ (n+1)2n+2p+ )W on
— 2+ 1) WA (VMA%> o (v“a)} . (7.287)

Since (7.287) must hold for each power of o, this enables us to obtain the recurrence

relation for the Hadamard coefficients W, +1)(m, x’). We have

(n+1)2n +2p+ 1) WP L 2(n 4 1) g# D, W7
1
—2(n+ )W ATIAZ, 6 # 4 (D,DF — m® — ER) WD —

for n in N. (7.288)

This generalises equation (43) in [68]. Returning to (7.281), the terms that are proportional

to fractional powers of o, give

N|=

1
o (DD —m? — ¢R) U = (2p — 1) KD# — A~ AQW) U<2P+1>} ot (7.289)
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It will be convenient to rewrite (7.289) as

(DHDN —m2?2_ ER) U@ertl) _ (2p—1) O-—lahuDMU(QP-H)

1
+(2p— 1) o tUPPTDATIAR, o = 0. (7.290)

U( p+1 )(

We derive the recurrence relation for the Hadamard coefficients ') by inserting

the power series expansion for UP*1)(z, 2’) into (7.290). Since the power series expansions
for the biscalars U P+ (z, /) (6.8a) and the WP+ (2, 27) (6.8b) are structurally similar
expressions, we can use (7.285) to evaluate the D, D*U (2p+1) | remembering to interchange
the quQpH) for the U752p+1). Then, the first term on the Lh.s of (7.290) is given by

(DD —m® — ¢R) UGPHY zi{[(D“D —m? — €R) U] o
n=0

+2n [D#U,?p“)} "N (VEo) + n[2(n — 1) + (2p + 1)) U+ gn—1

— o UPTDAS (VMA%>U"*1(VNU)}. (7.201)

The second term on the Lh.s of (7.290) is given by

—@2p-1)o lo*D,UHY
—2p-1ole"V [U 2p+1) } (2p—1)iq O'_IO';MA“U7(L2p+1)O'n
—(2p-1 { U(QPH) oo —1)n U,§2p+1)an7205“0m
+(2p —1)iqA, Urtgn=lgin
—(2p—1) [DMU,SQPH)} o Lo — 2 (2p — Nn U1, (7.292)

The third term on the L.h.s of (7.290) is given by

1 1
(2p— 1) o UG A AR ot = (2p — 1) UG TAT2 A%, o, (7.293)

Inserting (7.291), (7.292) and (7.293) into (7.290), we obtain

0= i { [(DMD“ m? — ER) 2p+1)] o"+(2n—-2p+1) [DMUquP'H)} Un_l(V“U)
n=0

Y n2n—2p+1) UG (2n —2p 4 1) UHDATS (VHA%>J”_1(V“U)} .
(7.294)

Performing the relabelling n — n + 1 in terms proportional to ¢”~! in (7.20), we obtain
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o0

0=%" { [(DND“ m? — €R) U 2p+1>] o+ [2n+ 4 — (2p+ 1)] [a 95) U,S?ff”] o
n=0
1
+ (4120 44— 2p+ DU o™ — 2n+4— (2p+ 1)UV 0" A2 A2, a%ﬂ}
1
—@2p—1)o " {UWDHUé?p“) —UPTIATzAR, aW} . (7.295)

Since (7.295) must hold for each power of o, the terms proportional to ¢” enable us to
U( P+1)(

obtain the recurrence relation for the Hadamard coefficients x,2'); we have

0=(n+1)2n+4— 2p+ DU + 20+ 4 (2p+ 1) [ DU o
1
—2n+4— (2p+ D UPTIAIAR, ok

n+1
+ [(DuD" —m? — R) UPHD] for nin N, (7.296)

This generalises equation (42a) in [68]. The lowest order terms in ¢ in (7.295), i.e. those

(2p+1)

proportional to o~ !, give the boundary condition for the Uy Hadamard coefficient:

1
0:< 1D, — AT2AZ, a’“) Uty (7.297)

In the uncharged case, (7.297) reduces to

1
0=o# U —gnUPTIATIAY,, (7.298)

and we can see that equation (7.298) is solved by taking either Ué2p+1) A3 or U(2p+1)
~Az. Our guiding principle will be that the leading-order singularity in the Hadamard

parametrix (6.7) matches that of Minkowski spacetime [68]; in the limit 2’ — 2, we have

U™ (2, 2) = 1. (7.299)

Therefore, in the uncharged case, (7.298) is solved by

U (2,2') = A2 (7.300)

In the charged case, (7.297) cannot be solved exactly and we can expand UéQp D as a

power series in o(x,2’) up to the order required for the evaluation of the RSET.

7.3.2 Explicit renormalisation counterterms in three dimensions

In order to derive explicit renormalisation counterterms, we focus on the specific case of
d = 3, which is the simplest non-trivial number of odd spacetime dimensions that we can
consider. We are required to evaluate U(g?’) (x,2') up to (’)(03/ 2) in order to evaluate the
RSET. Rewriting (7.297) as

1
(0. U |o — U aTh Az, 0 <0, (7.301)
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we note that (7.301), which is satisfied by the Uég) (x,2") Hadamard coefficient, is struc-
turally identical to (7.86), which is satisfied by the UéA‘) (x,2") Hadamard coefficient. Then,
we may write down the required terms of the Uég) (z,2") Hadamard coefficient by simple
comparison with (7.88), (7.89), (7.90) and (7.102). Then, we have

Ul =1, (7.302)
U, = iqAy, (7.303)
Usaly = %Rw - %iqD(MA,,) (7.304)
égzuup) - _iR(#v;p) + %qD(#DVAP) + %A(uRVp)' (7.305)

As earlier stated, in d = 3 we require terms up to (9(03/ 2) in order to evaluate the RSET.
In the expansion of the U®)(z, ') biscalar (6.8a), the Ul(s) (z,2") Hadamard coefficient
is multiplied by o; therefore, we are also required to evaluate the Taylor expansion of
Ul(g) (z,2") up to O(c/?). We can obtain the equation satisfied by U1(3) (x,2") by using
(7.296) with n = 0 and p = 1; doing so, we have

1
U oD, U —UPA A%, 6% + (D*D, —m? —¢R) UY = 0. (7.306)

At this point one may notice that the equation (7.306) satisfied by the U- 1(3) (x,2") Hadamard
coefficient in d = 3 has a very similar form to the equation (7.107) satisfied by the
VO(4)(9U, z') Hadamard coefficient in d = 4. The difference lies in the fact that in (7.306),
all terms share the same multiplicative constant, whereas in (7.107), the first three terms
on the r.h.s are multiplied by a factor of 2, while the last term is multiplied by 1. Thus,
adjusting for the minor difference in factor, we can write down the explicit expressions for

Ul(g) and Ul(il from Vb(al) (7.117) and (7.176) respectively; we have

UY =m?+ (5 - 1) R, (7.307)

1 1
U = 5 (g - ) R.,. (7.308)



Chapter 8
Renormalised expectation values

In §8.1, we give a detailed introduction to the Hadamard renormalisation procedure. We
derive several identities concerning the biscalars in §8.2 that will aid us in deriving expres-
sions for the renormalised expectation values of observables in §8.3. In §8.4, we consider
ambiguities in the renormalised expectation values of observables in and we examine the

trace anomaly in §8.5.

8.1 Introduction

In the previous section, we derived the explicit expressions for the biscalar functions
U (z,2") and V@ (z,2’) that appear in the Hadamard parametrices (6.3), (6.5) and
(6.7) associated to a charged scalar field, for a general spacetime geometry and gauge
field, up to the required order in o(z,2’) for the renormalisation of the stress-energy ten-
sor. These expressions depend only on the background spacetime geometry and the fixed,
classical, background gauge field.

The biscalar U (z, 2') is therefore uniquely determined in even dimensions with d #
2 by the boundary condition on Ué2p ) (x,2') (7.82) and the recurrence relations for the
U (z,2") (7.72), and in odd dimensions by the boundary condition on UéQpH)(x,:v’)
(7.297) and the recurrence relations for the UP +1)(x, x') (7.296). Similarly, the biscalar
V@ (z, z') is uniquely determined in d = 2 by the boundary condition on V0(2) (x,2")

(7.25) and the recurrence relations for the v, (x,2') (7.14), and in even dimensions with

d # 2 by the boundary condition on ‘/0(2;: ) (x,2") (7.64) and the recurrence relations for the
v, (z,2') (7.61). While the biscalar functions U@ (z, 2/) and V(@ (z, 2/) are both regular
in the coincidence limit 2’ — z, they each multiply terms in the Hadamard parametrix
that are divergent as x’ — x.

The biscalar W(4(z,2'), by contrast, neither depends purely on the spacetime geom-
etry and the background gauge field, nor can it be uniquely determined. Indeed, this
can be noted from the fact that one cannot derive a boundary condition for the lowest
order Hadamard coefficient Wéd) (z,2') of the W@ (z, z') biscalar, as opposed to the case
for the Uéd) (z,2") Hadamard coefficient of the U@ (z,2’) biscalar or for the case of the
Vo(d) (z,2") Hadamard coefficient of the V(4 (z,z') biscalar. As a consequence, this arbi-

trariness extends to all higher order Hadamard coefficients Wi (z, ') of the W@ (z, ')

241
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biscalar. The indeterminacy in the Wo(d) (x,2") Hadamard coefficient can be used to encode
the details of the quantum state under consideration. Once Wéd) (z,2’) has been specified,
however, the rest of the Hadmard coefficients of the W(%(z, z) biscalar can be uniquely
determined using the recurrence relations (7.22) in d = 2, the recurrence relations (7.79)
in even dimensions with d # 2 and the recurrence relations (7.288) in odd dimensions.
The W4 (z, 2') biscalar is regular in the coincidence limit 2/ — .

We can summarise the above by writing the Feynman Green’s function GF(d)(:L‘, x') as
the sum of a uniquely-determined, state-independent part Gs(d) (x,2"), which is singular in
the coincidence limit, and a state-dependent part Glgd) (z,2'), which is regular as 2’ — x.

Then, we have

Géd) (ac,a:') = Gs(d) (:L’,l'/) + GP({d) (;E, m’) , (8.1)

where the quantity Géd) (x,2') in (8.1) is defined by

2
gren

. /
Py (z,2') In [a(a:,x ) + ie] d=2,

U (z, ") o(x,x")
.~ (d (2p) ’ Vv (2p) ! ’ i =
—1GS( )(:L‘,a:’) _Ja { o) 1" + (z,2') In [ + 16:| d = 2p,

2p+1
a2r+1) e )(x,x')

[o(z,2') + i’ 2

d=2p+1,

(8.2)
and the quantity Géd) (z,2') in (8.1), which we will refer to as the regularised Green’s
function, is defined by

— iGlng) (ac,a:') =—i [GF(d) (iL',:E/) — Gs(d) (x,x')} = oD wd (as,x') . (8.3)

In this language, the first step of the Hadamard renormalisation procedure is to sub-

tract, from the Feynman’s Green function Géd) (x,2'), its singular part Gs(d) (x,2") order

by order in o(z,2’) to give a Green’s function Glgd) (x, ") that is regular in the coincidence
limit 2’ — . The next step is to perform the relevant operation on the regularised Green’s
function Gl—f{d) (z,2"), where the form of the operation performed on Glgd) (z,2") depends
on whether we are calculating the scalar field condensate, the renormalised current or the
RSET, before taking the coincidence limit 2’ — x.

Our aim is to provide the general framework for the extension of the Hadamard renor-
malisation procedure to charged scalar fields and, therefore, our discussion will be suf-
ficiently general so as not to specify a quantum state under consideration. We will also
consider an arbitrarily curved background spacetime as well as a general background gauge
field. Thus, the biscalar W@ (z,2’) will be left undetermined in the following sections.
If one were to use the framework developed below for a practical application, specifying
the quantum state under consideration as well as the spacetime geometry and background

gauge field, then explicit expressions for the biscalar W (@) (z,2"), the vacuum polarisation
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and the renormalised expectation values of the current and stress-energy tensor could be
computed.

It is useful, when using the Hadamard renormalisation procedure for practical appli-
cations, to replace the biscalar W@ (z,2’) in (8.3) by its covariant Taylor expansion in

the geodetic distance o #(x,z') between x and z’, which is given by

wd) (z,2") = w((]d) (x) —|—w§i) (x) o+ wé‘&y) (x)oto¥ 4 wé‘(i/)wp) (z) oo el ..., (8.4)

where we have not written down the expansion coeflicients past wéc(liyp)@) in (8.4) since
we will only require terms up to and including this expansion coefficient in our following
analysis.

Having constructed a regularised Green’s function Gl(%d) (z,2') in (8.3), we can now
derive expressions for the scalar condensate <@§>T>ren, the renormalised expectation value
of the current (J*) _, and the RSET <TW>

W (z, 2) defined in (8.4). In order to simplify the resulting expressions, it will be useful

in terms of the expansion coefficients of

ren’ ren’

to derive some identities concerning the expansion coefficients of the biscalar W@ (z, 2/).
This will be the topic of the next section, before returning to derive expressions for the

quantities listed above in following sections.

8.2 Identities concerning the biscalar W@ (z, 2/)

In the previous subsection, we described the general Hadamard renormalisation procedure,

which includes operating on the regularised Green’s function Gf({d) (x,2') in (8.3) before tak-

ing the coincidence limit ' — z. Any terms produced by operating on Géd)(x,x’ ) and,

from (8.3), thereby W4 (z,2’) that are O(c'/2) or higher, vanish as 2’ — z. Therefore,
we need only keep track of the lowest order coefficients of the covariant Taylor expansion
of W@ (x, 2') in (8.4), with the exact number depending on the form of the operation

performed on Glgd) (z,2'). Tt will turn out that the most complicated operation we will

perform on Gf({d) (z,2') is to apply a second-order differential operator to it when we calcu-

late the RSET. Thus, we need only keep track of terms upto and including the w[(g)(w)(m)

coefficient in (8.4) for the purpose of evaluating the RSET.
However, when we consider the conservation of the stress-energy tensor, we will obtain

a factor of V“wég)(w) from taking the divergence of the RSET, i.e. V“(Tw>ren. Therefore,

we will derive identities, concerning the expansion coefficients of the biscalar w(d) (z,2),
relating both w(()g)(w) and V“w((g)(w

This can be achieved by substituting the covariant Taylor expansion of W(4(z, ')
(8.4) into the scalar field equations satisfied by the W (9 (z,z') biscalar in d = 2 (7.16),

in even dimensions with d # 2 (7.81) and in odd dimensions (7.282) and considering the

) to lower order coefficients in (8.4) respectively.

resulting terms up to (9(01/ 2). Due to the presence of two derivative operators in the
scalar field equation for W@ (z,2’) in all dimensions, we anticipate that we should be
able to derive identities relating wé‘;)(w) and V“w(();l)(w) to lower order coefficients using
the resulting terms at O(1) and O(o/?) respectively.



244 Renormalised expectation values

We will treat the case with even dimensions (including d = 2) first. This case is more
complex than that in odd dimensions since the wave equation satisfied by W(2p+1)(m, x')
in odd dimensions is homogeneous, unlike that satisfied by W(2)(:U,:r’ ) in d = 2, which
contains contributions from V) (z, '), or that satisfied by W*P)(z, z') in even dimensions
with d # 2, which contains contributions from V) (z, 2') as well as Uf_pg) (x,2).

Since we will be substituting the covariant Taylor expansion of the biscalar W (%) (x,2")
into the wave equation for W (z,2') in d = 2 (7.16) and into the wave equation for
W®)(z,2') in even dimensions with d # 2 (7.81), before equating terms at each power
of o(z,2'), we can also substitute the power series expansions of the V() (z,2’) and the
V) (z, 2') biscalars into (7.16) and (7.81) respectively. In either case, we consider terms

upto 0(01/2) to derive identities relating both w® - and V!

02(uv) 02(u) to lower order coef-

ficients respectively.
Beginning with the wave equation in d = 2 (7.16) and substituting in the power series

expansion for V() (z, 2’) (6.4a), the first term on the r.h.s is given by

~207 10D,V = 2207109 D, VP — 20710 D, [VPa] + O(0)
= 200D, V® — 264D, VP — 207 VP55, + O(0)
=20 0D,V — 25D, V® —4v? 1+ 0(0), (8.5)

where we have used the definition of Synge’s world function (1.20) to go from the penul-

timate line to the last one. The second term on the r.h.s of (7.16) is given by

1 1 3
25 WA IAL, gl = 20—11/0(2)A_%A?“ o+ 2V ATIAL g+ O(o)
1
_ 20_1U;MD#VO(2) + O(U) , (8.6)

where we have used the expansion in (6.26) and the boundary condition for VO(Q) (x,2)
(7.23) to go from the penultimate line to the last one. Then, using (8.5) and (8.6), the
scalar field equation for W) (z,2’) in d = 2 (7.16) becomes

(DuD* —m? —¢RYW® = —267'¢#D,V® —20#D,V* —av® + 20D,V
+0(0), (8.7)

which simplifies to give

(DuD* —m? —¢R) W@ = —25#D, VP —4v? + O(0). (8.8)

Treating the wave equation in even dimensions with d # 2 (7.81) next, we can first use
(7.64) to eliminate Uf_pQ) from (7.81); doing so, we obtain
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(D D" —m?* — ¢R)W )
1
=201 (p-1) VO(QP) + 20_10;“DMVO(2P) -2 U_IVO(%)A_%A?M ot
1
— 207 (p—1) V) 257 1#HD, V) 49 J_IV(QP)A_%A?;L ot
— _2 0_—1 (p _ 1) |:V(2p) _ ‘/0(2]7)] _ 20_—10_;;11)‘u |:V(2p) _ %(219)

1
+207 1 [VED — v AThAg o (8.9)

From the expansion of the biscalar V(2P)(z, 2) (6.6b), we have that

v (2p) (:c, 1:/) _ VO(ZP) _ Z pr) (% x/) on (m, x’) ‘ (8.10)

n=1

Then, using (8.10), equation (8.9) becomes

(DuD* = m? = ER) W) = =2 (p — ) Vi) — 267104 D, [V{?g] 4+ O(0)
=20 - 1)V —25#D, V) — 257V oo, + O(0)
—2(p—1 VP —25#D, VP 4V L 0@),  (8.11)

where we have used (1.20) to go from the second equality to the third, and which simplifies

to

(D D" —m? —¢R) W) = —2(p+ Y VP —25#D, V™) + O(o). (8.12)

We can see that (8.7) is equivalent to (8.12) for the special case p = 1; therefore we can
treat (8.12) as being valid in arbitrary even dimensions including d = 2. Since (8.12)
holds for arbitrary even dimensions including d = 2, we will derive the same identities
relating the expansion coefficients of the biscalar W®)(z,2’) for the case of d = 2 as
those relating the expansion coefficients of the biscalar WP)(z, z') for even dimensions
with d # 2. Correspondingly, we will derive the same expressions for the scalar field
condensate, the renormalised expectation values of the current and stress-energy tensor,
as well as expressions for their divergence, and renormalisation ambiguities of each of the
aforementioned quantities, in d = 2 as in even dimensions with d # 2. Therefore, we will
drop the distinction between d = 2 and even dimensions with d # 2 for the rest of this
chapter and the superscript 2p will hold for all pinN from now on.

Interestingly, (8.12) contains the Hadamard coefficient V1(2p ) (x,2") but not the
Hadamard coefficient VO(QP ) (z,2'). Tt will be useful to substitute the covariant Taylor
expansions for W) (z, z') and Vl(zp )(:L', 2') into (8.12) in order to derive relations between
the expansion coefficients of the W(P)(z,2’) biscalar and the expansion coefficients of
the Vl(Qp ) (z,2') biscalar. We can begin by inserting the covariant Taylor expansion of
Vl(Qp) (x,2') (6.10b) into (8.12). Doing so, we obtain
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(DuDF = m? = ER) W) = —2(p+ 1) V" —2(p+ 1) VLo ¥ — 204D, V3"
— 20D, [V{{o ] + O(0)
=20+ ) VY 2+ ) VDo —20%D, V5P
20" VMo 1 O(0)
=20+ DV 20+ Vo — 204D,V
— 20"V 5% 4+ 0(0), (8.13)

where we have used the expression for ., (6.25). So finally, we obtain

(DuD" = m? = ¢R) W) = —2(p+ VTP = 2D,V +2 (p+2) Vi |0 + O(0).

(8.14)

Now we can insert the covariant Taylor expansion of W) (z,z’) (8.4) into (8.14). Since
we require (8.14) up to (’)(01/2), we begin by evaluating DMW(QP) up to O(o):

DaW®) = w8 4w o+ wiPot, +uwll) oo +2ull) o, o

o e 2(w) sex 2(p
+3 w((u)up) ot ool — 1qAaw(() 2 1qAaw§ P) in 1qAawg(Z)V) ot
ro(). 8.15)

Acting on (8.15) with another gauge covariant derivative, we have

DaDaw(Qp) — (2p) + Dwg ) N + 2“)(/J )aga,B Y + 'LU( p)l:l (O' 7#)

. o) . .,
+4wé(u2/) ago‘ﬁo’uﬁa’ +2wé(ﬁ)D(a’“)a’ —i—2wé(gj) ot g 3

+ 6wl ot g0 o —iq (Vo A®) wii —iqA"wi)
—ig (Vo A%) wgip)a o iqu‘wgﬂp)a ot — iqu‘wﬁp)a?”a

-2 iqu‘w(Qp)V) ot o — iqu‘w(() a) — iqAaw(2p.) ot — iqAawﬁp)a‘“a

2(p 1psa
- ZiqAO‘w;%iz/) ot oV — qQAO‘Aaw(()Qp) QAO‘Aawgip)o;“ +O(o). (8.16)

Using (6.25), equation (8.16) simplifies to

DD, Ww2p) — Dw@p) +Dw(2p) ’“+2w(2p) gaﬁ(;u

e

3 mv);

+ 2wé(u)u) V*(oh) o + 2w£%p) ) g B 05 + Gwi()jzsz) on g*? oot

—ig (VA% w (2p) — 21qA°‘w(() Z) ig (Vo AY) wgip)a’“ - 2iqAawﬁp) ot
— 2igA%wy (2 p) ok — 41qA°‘w§( )) oo — qQAO‘Aaw((]zp) — qQAO‘AawLL ) it
+ O(o). (8.17)

1 0 - .
wgip) v ((55 — fR“((;'aM))U’ U’¢> + 4w§p) o gaﬂég o’
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Then, (8.17) becomes

DD ) = [0~ ig(VaA®) — 2igA°V, — 2 A% A, wi™

+ 0¥ [0 =g (VaA?) - 2igA°V, — @ A% Ao] wi +2[V* — igA°] wfZ)
2

2 ; Vo s A v, (2
= S R ajg) 0% 0 40 [V — g A wyl) + 29wl
v, (2 ;
+6g* w((zzlp) o’ +0 (o). (8.18)

Equation (8.18) further simplifies to

a2 a (2p) ; a (21’) @ (2p ) 2P b
Da DW= D, D*w + 5Dy D + 2 DO 3 Wi B (gjajg) 0 @
Ao ¥ D (?p)> 49 gwwgi@% gwwﬁfgjp) 40O (0). (8.19)

So finally, we obtain

(DaD® —m? — €R) W) = (D, D* — m? — ¢R) wi™ + 2 Dawﬁp) +2g"wi)
o CONEICD 2P
+ [(DQD —m? —¢(R) wy, + g R, +4 D%y
n ﬁgaﬁngg)ﬁm] o4O (o). (8.20)

Substituting (8.20) into (8.12) and rearranging, we obtain

0= (DaDa §R) wOQP) + 2D04 (2])) + QQMVwé D) + 9 (p + )VI(OQP)
1
[(D D —m® — §R) wiil) + S it R, + 4Dl +69°Puwlll), 42D, v,
+2(p+2) Vl(fﬁ)} o+ 0 (o). (8.21)

Since (8.21) should hold at each power of o, the terms at O(1) in (8.21) give us

0= (DaD* —m? — €R) w® + 2 Dw(™ + 2 g™ w?) + 2 (p+ 1) V" (8.22)

Since the expansion coefficients in (8.22) are complex quantities, we can obtain two fur-
ther relations by considering the real and imaginary parts of the equation respectively.

Considering the real part of (8.22) first, we obtain

la la

0= [0 - ¢#4a A% — (m? + €R)| wf™ +2VR[w{?] + 2943 [w{P] + 2R [wlr)]
+2(p+ 1)V, (8.23)

where we have used the fact that & [w[()2p )] = 0 by definition (6.18) and & {Vl(ozp )] = 0 from
(7.47) and (7.274). (Note, we could also use the fact that the lowest order coefficient of
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the covariant expansion of a sequisymmetric biscalar is real by definition to deduce that
& [Vl(gp)} =0, as we did in the case of wézp)). Using (6.19), equation (8.23) reduces to

0= [0- ¢?4aA” = (m? + ¢R)] wf” — 29V, +2¢4°S [l | + 29 R[wl?)]
+2(p+1)Vig?, (8.24)

giving us the identity

29" R[wil)] = ~2q4°S[wiP] + (%424 +m? + ER) Wi —2(p+ 1) ViGY. (8.25)

Equation (8.25) generalises equation (56a) in [68] and its derivative will be useful in simpli-
fying the expression obtained from taking the divergence of the RSET in even dimensions.

We obtain, for the derivative of (8.25), the expression

1
v, gkréﬁ[wéil?r)} —q (VVAOc) %[ (273)] qucv \S[ ( P)] + <q2AavVAo¢ + 5 é.R;z/> w(()Zp)
1
5 ((PAaA + m* +ER)V, w® — (p+ 1)V, V. (8.26)

Returning to (8.22) and this time considering the imaginary part, we have

0=-2 qAaVaw(()Qp) — q(VaAY) w(()2p) + 2 Va%[wgp)} — 2qA°‘§R[wﬁp)} + 29“”%[10&!5}} .
(8.27)
Using (6.19) and (6.20), equation (8.27) becomes

0= —2 qAavaw(()%) — ¢ (VaA®) w((]2p) +2VS [w§a )} + qAavaw(()QP) g [v(“wgl)’)] ,
(8.28)

giving us the identity

Ve [wgap)} = qAaVaw(()2p) + q(V,A%) w((]2p). (8.29)

There is no analogue of (8.29) in the case of a neutral scalar field; this equation will be use-
ful in simplifying the expressions obtained from taking the divergence of the renormalised
expectation values of both the current and the stress-energy tensor in even dimensions.

Returning to (8.21), which must hold at each power of o, the terms at O (01/2) give

1
0= (D Da—m *fR) wlip)+§w§2ap)R#a+4Da (( ))+6ga5 ((a)ﬁu)+2DMV1(()2p)

+2(p+2) VY. (8.30)

We would like to derive an identity relating the term V“w(% P) i n (8.30) to the lower-order
coefficients of the biscalar W(Qp)(sc, 2'), as this will help simplify the expression obtained

from examining the conservation of the RSET; this term will not arise elsewhere in our
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analysis as only the expression for the RSET involves a second-order differential operator.
The operator for the RSET also involves taking the real part of the expression obtained
from operating on GF(fp ) (z,2'), and thereby W) (z,2’) (8.3). Therefore, we need only
consider the real part of (8.30) to derive an identity relating V#¥& {wé?i )V)} to the real parts
of the lower-order coefficients of W (%P)(z, z'). Then, taking the real part of (8.30), we have
— = g2 a _ (2 (2p) o a w'2P)

0= [0~ A A% = (m* + ER) | R|wy,” | +[29AVa + ¢ (VaA")] S| wy),
L[ (2p) asp [, (2p) o[, (2p) o (2p) (2p)

+ 5 R[] R+ aveR[wl?) | + 4q4°S[wll) ) | + 647 R [wlll), )]+ 29,V

+2(p+2) RV, (8.31)

where, again, we have used the fact that V1(02p) is real. Using (6.19), (6.20) and (6.23),
(8.31) becomes

0= —% [0 PAad® — (m* + €R)] wl) + [244°Vo +q (VaA™)] S [wi?]

_ 1 ep apl @p) ] ace [ (2p) af (2p) 1 . (2p)
6 Woio B, +4V %[ 2 )} 2q4 %[ Lo )} 39 %[ 2<aw>}+49 W' ()
+2v, V% — (p+2) v,V (8.32)

In order to simplify further, we expand the symmetric quantities in (8.32) to obtain

1 1
-3 VOV Vi + 5 [(°Aa A% + (m® + €R)] wozi) +2 qAaVa\s[wﬁp)]

oA g 2R 25l oo

6 2o 20
o ey 2 e 1 2
—qA VuS[wi] = Vg2 R[] - voR[wil)] - VoR[wED)] + - V. (Ouwl)
+ 5 L 0w, Vau® + 5 L 90w, v, — pv, v, (8.33)

Simplifying like terms in (8.33) and using the fact that the commutator of covariant

derivatives acting on a scalar vanishes, we have

= _évavuvawgzml (P40 A” + (m? + €R)] ) + qA° VoS |l

2
q (Vo AY) S [wﬁp)] —é ((] )R +V°‘§R[wéuoﬂ +V%R{w%ﬂ — qAaVM\s[wgp)}
—V, g% %[wéafg] - % \Y (D wéQp)> — quVl(OQp). (8.34)
(2p)

Commuting the outermost covariant derivatives acting on wy "’ in the first term on the
r.h.s of (8.34), we obtain

1 1 1
0— —§VM<|:| w(()2p) _ g,w(()QP)]:E a + 5 [QZAaAa (m —l—fR)] 217) + qAaV \S|: (ip)}

q(VaAO‘)%[wﬁp)} — R 4 2R [l | gV A%[wﬁf’)]
0(9,4%) S [wi?] - wgaﬁ%[wéag] 2V, (D) —p v, 2, (8.35)
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giving us the identity

ZVC“?R[ é(a)u)] = %VM <D w(Zp)) +V, g*" %[wéipg] + 1Ra“V (2r) qAaVa\s[wﬁp)}

+qV,AYS [wﬁp)} —2q (V(MAQ) R [wgg)}
1
= 5 [PAaA™ + (m + ER)] Vg™ 4+ pV, V5. (8.36)

This generalises equation (56b) in [68]. We can combine the identities in (8.36) and
(8.25) to establish another relation. Using (8.26) to replace the covariant derivative of the
gaﬁ%[wéapﬁ)] in (8.36), we obtain

2vR |t | = Zvu(m}(ﬁ?p)) — gV, A [wf)] + 5 [PAaA” + (m? + €R)] V0

(03 1 (0%

— gAY, S [wh”)} + vV, A8 | - 2q(9,47) S [wl?|

1
5 [PAa A"+ (m* + €R)] V™ +pv, VP, (8.37)

giving us the identity

2R |t | = fvu(m Cr >)+%Ra Vaw(()Qp)—qA“VaS{wﬁp)}

~2q (VA7) S|w | + [ 2497, Ay + = §R ] @) _ g, v (3.38)
Equation (8.38) generalises (57) in [68] and will be useful in simplifying the expression
obtained from taking the divergence of the RSET in even dimensions.

The identity in (8.25), its derivative in (8.26), and the identities in (8.36) and (8.38)
are valid for even dimensions, including d = 2. It turns out that the identity in (8.29)
is valid for all dimensions. We need not repeat the same process to derive the analogues
of the aforementioned identities in odd dimensions; since the scalar field equation for
Wt (2 2/) in odd dimensions (7.282) is homogeneous then, when using the covariant
expansion of W+ (z ') (8.4) to expand (7.282), we obtain

0= (DaDa —m? - fR) (2p+1) +92 D% (2P+1) +2g"w §2p+1)

ey, (8.39)

for the terms in (7.282) at O(1), and

0= (D DY — m _ fR) (2p+1) + 3 (2p+1)R + 4 D% (?Z:)l) 6g af (%Z—}j—i)) (840)

for the terms in (7.282) at 0(01/2), where (8.39) and (8.40), which do not receive con-
tributions from any another biscalar function due to the homogeneity of the scalar field
equation for WZPH+D (z, 2') (7.282), correspond to the odd-dimensional analogues of (8.21)
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and (8.30) respectively. Then, it is easy to adapt (8.25), (8.26), (8.29), (8.36) and (8.38)

to odd dimensions; we have

2 g“”%[wgipj”] - —2qAa%[wﬁp+”] + (PAa A% +m? + ER) wP Y, (8.41)

which generalises equation (58a) in [68]. The derivative of (8.41) is given by

v, g R[] = —q<vyA”>%[w(2p“} a4V, ﬂ“’gpﬂ)}

<2A V, A% + = fR ) (2p+1) 7( 2A Aa+m +§R) (2p+1).

[\]

(8.42)

Equation (8.42) will be useful in simplifying the expression obtained from taking the
divergence of the RSET in odd dimensions. We also have

Vs ] = g9V 4 g (Vo) i, (8.43)

There is no analogue of (8.43) in the case of a neutral scalar field; this equation will be use-
ful in simplifying the expressions obtained from taking the divergence of the renormalised
expectation values of both the current and the stress-energy tensor in odd dimensions. In

addition, we have

2% w (fp:)”} 7 Vi (Oug™) + 9, 077 0wl + 1R@Mvaw((fp“)

— qAO‘Va\s[wgupH)] +qV z‘lo‘“[wff+ )} 2q (V(MAO‘) %[wﬁgﬂ)}

- % [PAa A + (m? + €R)] V,wi Y, (8.44)

which generalises equation (58b) in [68], as well as

1 1
o R[ufl] - 9 () + 3R T gt v )

—2¢(V(,A%) %[wgiﬁ“)} + {q2A°‘VMAa + ;ng} wPT(8.45)
Equation (8.45) generalises (59) in [68] and will be useful in simplifying the expression
obtained from taking the divergence of the RSET in odd dimensions.

We now have the machinery required to generate expressions for the scalar field con-
densate, the renormalised current and the RSET, as well the divergence of the latter two
quantities. The identities derived in this section will also aid us in considering the renor-
malisation ambiguities in these quantities, as well as the trace anomaly of the RSET.
We will now proceed to deriving these expressions in the next section, before considering

renormalisation ambiguities in later sections.
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8.3 Renormalised expectation values of observables

In this section, we will derive expressions for the scalar field condensate, the renormalised
current and the RSET in terms of the expansion coefficients w[()d), w%i) and wéc(ll)w) (8.4) of
the biscalar W (@ (z,2’) (8.3). As we have mentioned previously, if we were to consider a
particular quantum state then we could derive explicit expressions for the aforementioned
quantities in terms of the spacetime geometry and the background gauge field. However,
our discussion is more general and our aim is to provide the general framework for the
extension of the Hadamard renormalisation scheme to charged scalar fields.

The general philosophy of the Hadamard renormalisation procedure is to identify the
divergent parts of the Hadamard parametrix contained in the U® (z,2’) and V@ (z, 2/)
biscalars and subtract these parts from the Feynman Green’s function G}gd) (x,2) in order
to give a regularised Green’s function G}({d) (z,2") (8.3). Having done so, we perform
the relevant operation on Glgd) (x,2'), the form of which will depend on whether we are
calculating the scalar condensate, the renormalised current or the RSET, before taking
the coincidence limit #’ — z. Since the covariant Taylor expansion (8.4) of the biscalar
W@ (z,2') is in terms of the derivative of Synge’s world function ¢ and ¢* — 0 as
' — x, then we will effectively be working to O(1) in o(z,2') in the remainder of the
chapter.

We will begin by considering the simplest quantity, the scalar field condensate, before

considering the renormalised expectation value of the current and finally the RSET.

8.3.1 Scalar field condensate

The scalar field condensate SC (5.1), which has no classical analogue, has a particularly

simple form in terms of the regularised Green’s function Gf({d) (x,2') that is given by

ey BT . (d) /
(SC)ron = gglflinxé]%{ iGR (z, )} . (8.46)

Then, using (8.1) and (8.4), equation (8.46) reduces to

= a@ (), (8.47)

where we have used the fact that w(()d) is real (6.18). From (8.47), we see that the scalar

condensate depends only on the lowest order expansion coefficient of (@) (z,2").

8.3.2 Renormalised expectation value of the current

The next quantity we will consider is the renormalised expectation value of the current.
In classical field theory, the current J* associated to a charged, complex scalar field ® is

given by



Renormalised expectation values 253

Jh = ;i [&* DID — B(DHD)]. (8.48)

™
We can simplify (8.48) by expanding the field ® in terms of its real and imaginary parts;
then, we obtain

8%{(9% @]) D (R[®] +1S[0]) — (R[®] +1S[@] ) [D" (R[@] +iS[0] )]}
8%{(3% o] )(DR[D] + iD'S[®] ) — (R[@] +iS[@] (D R(@] — iD"S[@] ) }
g{(m | DER[®] — i (DAR[®]) S[®] + i R[D] DI[®] + I[@] D“%[@])
— (R[@] DIR(@] + i (D R(@]) S[@] — i R[®] D S[@] + S[@] D S[] ) }

= L1 2i(Drwia)) S[e] + 2i%(9] D3] |

- _%C‘[cb DY), (8.49)

where we have used the fact that

3 [@*DHP| = — (DHR[D]) S[@] + R[®] DHSI[P], (8.50)

to go from the penultimate line in (8.49) to the last. Therefore, the renormalised expec-

tation value of the current is given by

(o = == Jim S {D* |6 (2.2') |} (8.51)

T 2’/ —x

Then, using (8.1) and (8.4), equation (8.51) becomes

(Tudsen = —Oﬁq tim & {0, W (2.2')}
=20 o o [, [ + i 7+ (o))
)
_ _azzq 3 {—igA,uf® + il 51}
= ot o[} -

(d)

where we have used the fact that wy  is real (6.18). We require that the renormalised

expectation value of the current be conserved, that is V“(ju)ren = 0 . This follows from

i @
VA e = o {0 (74" w? + 0449, — e[l ]}

ren 47T

=0. (8.53)

where we have gone from the first equality to the second by using (8.29) in the even-

dimensional case and (8.43) in the odd-dimensional case.
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8.3.3 Renormalised stress-energy tensor

The final quantity we will consider is the renormalised expectation value of the stress-
energy tensor. In classical field theory, the SET T}, associated to a charged, complex

scalar field ® that is non-minimally coupled to the spacetime curvature is given by [2]

T = 5 (1= 26) [(D,®)' Dy + D, (D, )’

1 1 * * * *
+5 (26 3) o (D) D+ DB (D3] - €[0°D,D,0 + @ (D,D,0)'

+ &9 [9"D,DP @+ & (D,DP @) + £ <RW —-3 gWR) O P — 3 mQQW 7.

(8.54)
We can simplify (8.54) by expanding the field ® in terms of its real and imaginary parts;

examining the first term on the r.h.s in (8.54) first, we have

(D,®)"D,® + D, (D,®)*

— (D, (R®] +1S[0])] "D, (R®] +3(0] ) + D, (R[®] +i3[0]) [D, (R[] +i3[e] )]
(D, R[®] — iD,S[®] )(D,R[®] + 1D, 3[P] )

+ (D RI®] +1D,3(0] (D, R[0] - iD,3[0])

= (Dﬂ%[@] D,R[®] +iD,R[®] D,S(®] — iD,3(®] D,R[®] + D,I(®] D,3(P] )

+ (D,JE[@] D R[®] — iD,R[®] D, (D] +iD,S[®] D,R[®] + D,S[®] D, 3[@] )

= 2D, R[®] D,R[®] + 2 D,S[®] D,3[D]

= 2R[(D,®)*D,®] (8.55)

where we have used the fact that

R[(D,®)*D,®] = D,R[®] D,R[®] + D,3[®] D, 3[®] (8.56)
to go from the penultimate line in (8.55) to the last. The relation (8.55) can also be used

to simplify the second term on the r.h.s in (8.54). Examining the third term on the r.h.s
n (8.54), we have

®*D,D,® + ®(D,D, )"

= (R[®] —i3[®] ) DD, (R[®] +i3[®] ) + (R[®] +iS[@]) [DuDy (R[®] +1S[@])]"
= (R[®] —iS[®] )(D,D,R[®] 41D, D,S[P])
+ (R[®] +1iS[@] )(DuD,R[®] — 1D, D, 3[®] )

]
(m[cp] D,D,R[®] +iR[®] D,D,3[®] — i 3[®] D, D, R[B] + 3[D] DMD,,%[CP])
+ (3‘%[@] D,D,R[®] — i R[®] D, D,S[®] +i3[®] D, D, R[®] + 3[®] DuDy%[cb])
2

R[®] D, D, R[®] + 2 3([®] D, D, 3[®)] )
2R[®*D, D, )], (8.57)
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where we have used the fact that

R[®*D,D,®] = R[®] D, D, R[] + (@] D, D,3[P], (8.58)
to go from the penultimate line in (8.57) to the last. The relation (8.57) can also be used
to simplify the fourth term on the r.h.s in (8.54). The fifth and sixth terms on the r.h.s
in (8.54) are easily simplified by using that

R[D* D] = "D, (8.59)

Then, using (8.55), (8.57) and (8.59), the classical SET (8.54) becomes

Ty = 3%{(1 —2¢)(D,®)*D,® + <2§ - ;) G 977 (D,®)* D, ® — 2£ ®*D,, D, ®

+ 25.9#1/{) Dprq> +& (R;w - QQ/WR> PP — §m29/“/(1) (I)}. (8.60)

Then, we can write the expectation value (7),,) of the quantum SET operator as the limit

(Tyw) = xl/il_lgx ?R{’]}W (z,2") [—iG}({d) (z, x’)} } , (8.61)

where the operator 7, (z,z’) is given by the expression [2]

d * 1 o’ *
7711/ = (1 _25)91/” DMDV’+ <2§_ 2) guugp DpDa’ _2§DuDu+2§guquDp

1 1
+¢£ (RW ~3 gWR> ~3 ngW, (8.62)
and g," " is the bivector of parallel transport. From Wald’s axioms, which are given in
§1.5, the renormalised expectation value of the stress-energy tensor is unique only up to
the addition of a local conserved tensor. Then, we can write the RSET as

~

(T )gen = @@ 1im %[EV (z,2") W@ (a:,x’)} +0 (8.63)

v
' —x ®

where (:),(fly) is a local tensor whose exact form will be constrained by the conservation of
the RSET. We would thus like to evaluate the quantity

lim %[7:“, (:U,x’) W (:U,x’)} , (8.64)

' —x

We will need to use the result [6§]

guy Upz/ = gul/ Uull’g“p = (*Q/W + .. ) gup = *61& (8'65)

and that, in the coincidence limit 2’ — x, we have [68]

lim ¢” , = lim o, = 0. (8.66)
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Since we will be taking the coincidence limit in (8.63), we need only consider (8.64) up to

first order in sigma. Then the first term in (8.64) is given by

(1-2¢) gl,”/D Dy, [w(d) + wgcpl) o’ + wéc(l;/\) oiPo + O(U%)}

=(1-28)g,”'D [w§p) .+ 2wl o o g, w(()d) +igA, w%‘j)) o4+ 0(0)

2(pA)
=(1-28)g" {wgp)u o, + w! )a’py,u + 2“)5(;)))\) o, o, +iqAu wé ) +igA, wé ;L

1p
+ igA, wg? o’ —iqAy wgi) o, + qQAMA,,/ w((]d) + O(O’é)}

=(1-2¢) { wgi)u 0r —2 w(‘?) N of 62‘ +igA, ., wéd) +iqA, w((ffL +igA, wg? o

+igAu wiy 8 + A A, wi? + O(ot)]

2(uv) Osp
+ ¢*ALA, w[()d) + O(U%)} . (8.67)

=(1-2¢) { wly o 2 w!? +1igA, ., wéd) +igA, wl® + igA, w( )+1qA wgy)

Taking the real part of (8.67), we have

(1-28)% {g”y/D"D”’ {“’t()d) + w§p) P+ wé()» ot 4 O(a%)]}
— (1 — 25) {—Vu% [wgi)] — 2%[10531})] - ZqA(M% [wg‘i))} + qu,qu/ w(()d) I O(U%>}

= (1-2¢) {; 0, = 2Rl | — 24445 wll) | + ¢4, wf? +O(aé)}. (8.68)

The second term in (8.64) is given by

1 / . .
<2£ - > 9w 9”7 DpDy, [wéd) + wgi) o+ wéﬁﬂ oo+ O(O’g>]

<2§ > 9uv 9°° D, {wg) o, 42 wé‘g\ﬂ o o™ +igAz w(? +igAy wl? o
+ 0(0)]
<25 - 2> Guv gp¢9¢ {wﬁl\);p a;)\a’ + wﬁl\) U;)\U/p +2 wéc(l;r) U;)\a' U;Tp +iqAs w(()d)
+ igAy (() 2, +igAy w%/\) o b= igA, wga/l\) 0;)‘0, + qupAo/ w(()d) + O(a%)}
= <2§ - ) w1 ” 5¢, — 2w§()A ) 62 0, +1iqAgp w((]d) +1igAg w[(ff)p +igAy wga/l\) 5;‘

+igd, wl? 8} + ¢*A, A¢wg)+o(g§)]
<2§ — > g,wg w1¢ . 2w§@p> +1igAg.p wéd) +1igAg w(() 2, +igAy wg ) +1igA, w§¢)
+ qQApA¢ w(() )y (9(02)

1
= <2§ — 2> G [—V’\wg) — 2g’\7w§il\)7 +iq (V,\A’\) w(()d) + ig AN wégg + 2ig AN wg\)

+ 2N, W + 0(0%)_ : (8.69)
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Taking the real part of (8.69), we have

<2§ - 1) R {g/w ng/DpD;’ [w(()d) + wg(f\) o + wéc(lz\T) ocai T4+ 0O (g%)] }
(25 > g {~VR[w}| =20 R[w ] - 2043 [w})] + 24245 wf”

+ O(a§>}
= (265 ) e { 500”20 R[ufl] — 2023 [uld] 4 2 a1 0(o) |
(8.70)

The third term in (8.64) is given by

-2¢(D,D, [w(()d) + wgi) o+ w((g )U;AO';T + O(g%)}

=-2¢D, [w(()d) +wg\)ya +w§d) L+ 2w(c(£) )J;AVJ;T —igA, w(()) igA, w( )

+ O(0)]

2+ ulf, o 0l o+l 2 7,0, (T
— igA, w(()dL igA, w§d) a”\ —igA, w(().,)/ —igA, wi/\) o Yy — qQAMA,, w(()d) + O(O’):|

= -2¢ w(()dLV + wgc)l\) W 5’\ Ec)l\) ” 42 5(2\7) o 6, —ig (V,AL) w(()d) — 2iqA(“VV)w((]d)

— igA, wg\) (5/\ —igA, w§d) o) — qQA“Al, w(()d) + O(0o)

wl e d . d . d
- quuA,, wg ) 4 O(U)] . (8.71)

Taking the real part of (8.71), we have

—25%{D Dy[w(d) —i—wgd)a;)‘—kwg(iz\ )O;AU;T—I—O(U%)}}
=26 {ull), 29 R|wi)| 2Rl | + 20409 |wl)| - P44, 0l + O0) }
:_25{2 [ @ )} +2gA,,S [ “)] ~ A 0l + 0(0)} . (8.72)

The fourth term in (8.64) is given by
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s D, [u) 40 1 2P0+ (o)
=289 9" Dy D7 |w [ o) + wgi) At wgz)m) oo 4 0(03)]
=260, 9" Dy [y +wi) o+ wlf 07 + 20 0P 0 —igdr

— igA; wgi) o+ O(O’)}

=289 9" [w(()d)m + wg\) o o »t+ wgfl\) - o -+ wg\) J’ o T 2 w(c(l) o) J;)\ J;O‘ —igqA- ., w(()d)
— igA; w(()cg) —igA, wg\) o , —iqA, w((] 3_ igA, ng) o 2A A w((] ) + (9(02”

=289w [D w(()d) + 2 V)‘wg) + 2g’\7w;‘§\)7 iq (VAA’\) w(() ) _ 2iqA>\V)‘w(() ) _ 2iqA)‘ wgﬁf\)
A Ay wl® + O(a%ﬂ . (8.73)

Taking the real part of (8.73), we have

28R {gw D,D? |w [ (d) + w( )09‘ + wg(iz\a) o e + O(o’%):| }
=289 {D w(()d) + 2V R {wg\)] +2¢ MR [wéﬁ” +2¢A S {wg)] — ?A* A,y w(()d)

)

= 2€ g {2@%[@&] —|—2qA)‘<‘[ ()} PAMA, wg)+0< %)} (8.74)

The fifth term in (8.64) is given by

¢ <RW - % gWR> w? +0(0%)] = ¢ (RW - ;gWR> Wi +0(0%).  (875)

The sixth term in (8.64) is given by

S g [l +0(04)] = 2 g m? w? + 0(o}) (5.76)

Equations (8.75) and (8.76) are obviously real. Inserting equations (8.68), (8.70), (8.72),
(8.74), (8.75) and (8.76) into (8.64), we have

A

1 @ d d
(L) o = ¥ {(1 —2¢) <2 wi, = 20w, | 20408 |wl)| + PAuA, wf >>
1 1
+ <2§ - > Juv <2 g w(()d) — 2R [wéﬁ} —2¢ANS [wgil\)] + ?A* Ay, w(()d)>

- (20[ufl] 204, 9[ul] -t ) 260 (201

1 1
+ 2qA)‘S[ ( )} P?ANA, w ) —i—f( — 2gWR> w(()d) — 39w m w(()d)}
d
+06(, (8.77)

which simplifies to
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1 1
(o =0 {3 88+ 4?28, 5[] ~ 28], ] ~ L 009

1 d 1 d d T d
— - PANA g w(() ) = G M w(() )+ gA g S [wg/\)] + g R [wg,\)f}

2 2
1
€ (bl + R + 0 D00l? — 5 0007 |
+0. (8.78)

Then, finally we obtain for the RSET

Boten =l {2l ] -28,3[uf2] - (6- 1) il
+ (R + PAuA) w” + g (9”3? {wg)f] +qAS [wﬁ)}

1 ~
<g - > Dw(® — 5 (m* +ER+ ¢4, A7) wgd>> } +0@. (8.79)

The expression for the RSET in (8.79) is manifestly symmetric in g and v, as we would
expect, and reduces to (71) in [68] when we take the uncharged limit ¢ — 0.
From Wald’s axioms in §1.5, we expect that the RSET is conserved, i.e. V“(fw)ren =

0. Taking the divergence of (8.79), we have

V“<Tm/> @ { -2 V“%[ (((1) V)} —2q (V“A(M) %[w(d)] — 2qA(MVM%[w§i))}

=« 1v)
(g - > V.V Vw4 [€VFR,, +2¢°A, V" A ] wl?
+ (ER

ren

w + PALA) Tl + 9, g”ﬂwg)] +q (V AA) [wm
+ QA/\V,/\S[UJS)} + (5 — i) \ (D w(()d)> _ <q2AvaAp i 2€R;u> w(()d)

1 ~
— 5 (W +ER+¢?4,47) ¥, wgd)} + Ve, (8.80)

Thus far, our expressions for the RSET in terms of the expansion coefficients of the biscalar
w(d) (z,2"), as well as its divergence, have been valid in any number of dimensions (greater
than one). In order to simplify (8.80), we will need to use the identities developed in §8.2,
which differ depending on whether we are considering an even number of dimensions or
an odd number. Given the presence of contributions, in the aforementioned identities,
from the expansion coefficients of the V(2P)(z, z) biscalar in even dimensions, which do
not appear in odd dimensions, we will consider an even number of dimensions in the
following calculation with the generalisation to odd number of dimensions consisting of
simply ignoring contributions from V(%) (z, z/).
(2p)

In order to eliminate the V, g’”?R[wQ r ] term from (8.80), we can use the identity in
(8.26); then (8.80) simplifies considerably and we obtain
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VAT ) o = 04(2”){ V”S‘E[ (2p) ] —2q(VFA,) S [ gﬂ —ZQA(Nvug[ Ez)’)}

ren Q(MV)

<g - ) YV VR0l 4 [€ VPR, + 224,V A ] wP

1
(6B + PAudy) V0ug™ (5 - 4> Vo (Tuf”) ~ v+ ) vuvlﬁ?p)}

+VreR. (8.81)

In order to eliminate the — V“?R[ (?p ) )} term from (8.81), we can use the expression in
(8.38); then (8.81) becomes

~

VAT ) o = (2 { “RM V0 (217) q(VFA) S [wgu )} +q(V, A" S {wﬁp)}

- A, VS|l - { 248V, Ay + 5 §R ] ) <§— > V.V, VH wl?)
+ [5 VFR +2 QQA(MVMAV)] w02p) + (ng/ + quuAV) vuw(()gp)

1 ~
+ <g - 2) v, (D w((fp)) - pvm&??’)} +VHeD). (8.82)

Commuting the spacetime derivatives (1.10) and using the definition of the EM field

strength tensor (3.2), we have

1p

|: QA"V A 4= fR :| (2p) (5 N 1) v, (Dw(()2p))

~ 1
V(T ) o = a(?P) {R“yvuw((fp) — qF“l,g{wgip)} - qA,,V“S[w@p)]

2
— 2 ) RE Vw0l + [€ VR, + 224, VP A, | wl)
£ nWo [’S w T 247 A V)] Wy

1
+ (R + qQAuAu) vl + (6= 3) v (Ou) - pov? |
+ Ve, (5.53)

Several terms in (8.83) cancel, with (8.83) simplifying considerably to give

ren

vu<flw> — o2 {_unyg[wgip)} _ quvug[wgp)} — PAM(V,A,) w(()?p)
wy

1
+ € (V“RW - QRW) PP 224, (VP A) wl™ + ¢?A, A,V 0P
, :
— VLGP |+ e, (8.84)

Using the Bianchi identity (1.8) and expanding out the symmetrised quantity, we have

A e R e

1p

ren
+ QQAM<VMAV) (2p) —|—q2A (VMA ) (2p) +q2A A, vuw@p) _pvyvl(o?p)}
a2
L vEe. (3.85)
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In order to eliminate the —gA, V*& [wgip )] term from (8.85), we can use the expression in
(8.29); then (8.85) becomes

V“(fw) = o) {qZA“FW w(()2p) —qFh, [wgip)} - pVVVI(OQp)} +VrORP)  (8.86)

ren [T

where we have, again, used the definition of F),, (3.2). Noticing that the first two terms
in (8.86) are multiples of the terms in the expression for the renormalised current (8.52),

we can use (8.52) to write the divergence of the RSET as

~

VA T)ron = PPV, VP 1 drFy, (1), + VHO2D), (8.87)

> ren ren

which holds for even dimensions including d = 2. In odd dimensions, the corresponding

expression is given by

VAT ) ron = ATEu (J1), 0 + VHOZPHD, (8.88)

Following the logic presented in [68] we can define another tensor @,(flu) which is locally
conserved, in contrast to the quantity (:jfﬁ,) introduced in (8.63), and which is defined as

>1‘61’1 ren

—ap Vi, + O d=2p,

ol ¢ (8.89)
g ®ﬁ23’+1) d=2p+1,
so that the divergence of the RSET is given, in all dimensions, by
VAT ) e = 4T Fp (™) o » (8.90)

meaning that the RSET, associated to the quantised scalar field, is not conserved in
any number of spacetime dimensions. There is an intuitive explanation for the result in
(8.90). In the physical system we are considering, there are two matter fields present; the
first is the quantised scalar field whose associated stress-energy tensor we are attempting
to renormalise by extending the Hadamard renormalisation procedure. The second field
present in the physical system under consideration is the classical, background gauge
field that gives rise to the charge possessed by the quantum field. This field also has an

associated classical, stress-energy tensor T:; given by

1
T:; = Fuprp - 1 guquTFpT- (891)

We then expect that the total stress-energy tensor, associated to both the quantised scalar
field and to the background gauge field, is conserved, i.e. that
VA T ) v + T | = V(T ) on + VFToh, = 0, (8.92)

ren ren

where we have used the fact that the covariant derivative V,, is a linear operator in (8.92).

Then, taking the divergence of (8.91), we have
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V”T;E/ =V (FupFup - iguquerT>
= FupVIF,? + (VIE,,) F,P — %QWFPT VA E
=F"N,F,,+ (VFF,,) F," — %F’” V., E,,
=F"V,Fy; + F,,V,F" — %FW Vo F,:
=F,,V, F' + FrT (VPFW — ;VZ,FPT)
= FypVuF" 4 3 P (VpFor +VpFor = Vi Fpr). (8.93)

In order to simplify (8.93) further, we will need to use Maxwell’s equations VipFr) =0
to cyclically permute the indices on the second term in the bracket on the r.h.s of the last
line in (8.93). Then, we have

VMT;E/ = F,pV P + %F'M (=VFry + Vi Ey =V, F)yr)
=F,,V,F' 4 %F"T (=V,Fry —V.:F,, —V,F,)
= FpVu B — %FPT Viptr
=F,,V, ', (8.94)

where we have used V[, F;,) = 0 to go from the penultimate equality to the last one. Then,

using the semiclassical Maxwell equation (1.12), we have

VAT, = AT Fy (), - (8.95)
Using (8.95), equation (8.92) becomes
VAU T ) yon + Tk | = AT F (J*) o, + AT Fyp(J7) 0 = 0, (8.96)

from the antisymmetry of F),,, meaning that the total stress-energy tensor associated to
the entirety of the physical system under consideration is conserved, as required. The
final act of this section, before proceeding to consider renormalisation ambiguities in the
scalar field condensate as well as the renormalised expectation values of the current and
stress-energy tensor, will be to use the definition of the locally conserved tensor @,(fly) in
(8.89) as well as the identities (8.25), in even dimensions, and (8.41), in odd dimensions,
to simplify the expression for the RSET in (8.79). In even dimensions, using (8.89) and

(8.25), equation (8.79) reduces to

N 2 2 1 2
T =0 {-2R[uf72) ] - 2080300 - (6= 5 ) i
1
+ (£RHV + qQA#A,,) w(()2p) + Guv [<€ B > = wéQp) B VI(OQP)] }

+a(2p)pV1(02p)gW + @&237)7 (8.97)
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so that the expression for the RSET in even dimensions is given by

T 2 2 1 2
<TNV>ren - a(2p) {2 %[wé(z)u)] N QqA(#% [w§y7)’)} B (5 o 2) w((J ,Z)u
1
+ (ERuw + *A,A,) w§™ + g Kg - 4) Ow(® — vfgm] } +0@). (8.98)

Using (8.89) and (8.25) to simplify (8.79), the expression for the RSET in odd dimensions

is given immediately by

7 2p+1 2p+1 1 2p+1
<TIW>ren - a(2p+1) {_2%[%05(!1:”) )} n 2qA(ﬂ%[w§VI)) )} B (5 - 2) w(() ;Zu )

1
(€ + ) o g (¢ ) DU o )

This concludes our study of the scalar field condensate, the renormalised current and
the RSET. We will now proceed to consider renormalisation ambiguities in each of the

aforementioned quantities.

8.4 Renormalisation ambiguities

In the previous section, we derived expressions for the scalar field condensate, the renor-
malised current and the RSET in terms of the expansion coefficients of the biscalar
W (z,2"); the expansion coefficients of the biscalar V() (z, 2') also appeared in the
expression for the RSET (8.98) in even dimensions. The expressions for the RSET in both
even (8.98) and odd dimensions (8.99) contain a renormalisation ambiguity in the form
of the locally conserved tensor @fﬁ,); this renormalisation ambiguity is to be expected and
corresponds to the freedom to add any locally conserved tensor to the r.h.s of Einstein’s
semiclassical equations (1.11). Discussion about the possible forms of (9,%) is beyond the
scope of this thesis; see [68] and the references therein for a more detailed treatment.

It turns out that the form of the locally conserved tensor @,(f,l,) is the only renormalisa-
tion ambiguity in odd dimensions. In even dimensions however, there exists an ambiguity
in the Hadamard parametrices (6.3) and (6.5) corresponding to the renormalisation length
scale £ron in the denominator of the logarithm of the V) (z,2') and V(%) (z, z') biscalars
respectively. The corollary is that the arbitrariness of fe, leads to the freedom to make

the replacement

W) (z,27) = W) (2,2) + V) (z,2') In 2. (8.100)

We can expand the biscalar V(%) (z,2') in terms of the expansion coefficients of its
Hadamard coefficients in order to derive expressions for the renormalisation ambiguities in
the expansion coefficients of the covariant Taylor expansion of W(Qp)(sc, 2’). Considering
terms up to O(o), we have on the r.h.s of (8.100)
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V(QP) (1" .’E/) — VE)(QP) + Vl(Qp)O' + 0(03/2>

— 0(02p) + ‘/0(125) ok 4 VQ(E(P}L) ohagi? + Vl(OQP)O_ + 0(0.3/2>

. - 1 .
VN Ve LV 0o

| 1 Y
= Voo + Vi o + {%(22&) +35 ngl(ozp)} oo +0(d¥?). (8101)

Then, using (8.101) and equating terms order by order in o(x,z’) on both sides of (8.100),

we have

w(()QP) N w(()QP) + ‘/0(021’) In E?ena (8102&)

wgff’) - wﬁp) + %(125) Inf2, (8.102b)
1

wgfﬁ)y) — wé?ﬁl) + Vo%jm T3 guvvl(ozp) Inf7,,, (8.102c)

We can first examine the renormalisation ambiguity in the simplest quantity of interest,
namely the scalar condensate. Using (8.102), the renormalisation ambiguity in the scalar
condensate in even dimensions is given by

(@31 — a4 vy 2 (8.103)

ren ren*

Using (8.103), the renormalisation ambiguity in the scalar condensate in d = 2 is given by

(6T — a® w(()2) — In ¢

ren ren’

(8.104)

such that the renormalisation ambiguity in d = 2 is a constant. Using (8.103), the renor-

malisation ambiguity in the scalar condensate in d = 4 is given by

(@31 = a®wl® + % [m2 + (5 - é) R} In %, (8.105)
such that the renormalisation ambiguity in d = 4 depends upon both the mass of the
scalar field and its coupling constant. From (8.105), we can see that the renormalisation
ambiguity in the scalar condensate in d = 4 vanishes for a massless, conformally coupled
scalar field.

Next consider the renormalised current. Using (8.102), the renormalisation ambiguity

in the renormalised expectation value of the current in even dimensions is given by

. (2p)
idhen = G {0 [0 + V" | =S ul? + Vi m 2, |} (8.106)

which simplifies to

il = "8 fa il — 5[] + (a4, — 5[V ) mez, ). (07

1p
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Using (8.103), the renormalisation ambiguity in the current in d = 2 is given by

(2p)

P «

<Jll>ren — ?q {qAﬂw(()Qp) -3 [wgip)} (_qA,U« + qA )hl gren}
a@)g

" ir {qA“wt()Qp)_”‘[wﬁp)H- (8.108)

Therefore, there is no renormalisation ambiguity in the renormalised expectation value of
the current in d = 2. Using (8.103), the renormalisation ambiguity in the renormalised

current in d = 4 is given by

A a(2p) 1
(Judpen = e 1 {unwo %[wl,u ] < [mQ + (5 - 6) R} Ay

1
- 34 [ (5 — > R|A, + 15 qv Fw> 1ne§en} , (8.109)
which simplifies to
j a(Qp)q A (2p) (2}7) 1 vaF 1 52 ].110
< >ren A7 qapWy ‘S[wl,u, } + E C]( OéM) Nlren (5 ( : )

such that the renormalisation ambiguity in the renormalised current is proportional to the
divergence of the electromagnetic field strength tensor Fj,,,.

Lastly, we will consider the renormalisation ambiguity in the RSET. Given the com-
plexity of the expressions involving the RSET, it will be helpful to write the renormalisa-
tion ambiguity in the RSET in the form

(8.111)

ren*

<Tl“’>ren - <T#V>ren + \II(Qp) In €2

where \Iff,)p) is a local tensor. Using the expression for the RSET (8.98) and (8.102), we

have, in terms of the expansion coefficients of the biscalar v (2p) (z,2"), the expression

2 2 1 2
’%)) =l { 2%[ 0(2(121/) 5 gl“’Vl( )} o 2‘1’4(#%[‘/0(15))} - (5 - 2> Vo(oﬁzy
1
+ (ERuw + PALA) V) + <g - 4> G O vggm} . (8.112)

(2

which simplifies to give for the tensor ¥, ) the expression in even dimensions

2 1 2
vy =atn L anlvn, ] - 2qA(#S[VO(15))] - (e-3) W
+ (ERu + ?4,A,) V), (g - > gy OVEP) — ngng} . (8.113)

Using (8.113), the renormalisation ambiguity in the RSET in d = 2 is given by
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1 1
D) = o) {—2 R {—24 gwB+ 5 iqD(MAV)] +2¢2 A, A, — (ERuw + ?ALA))

e

1 1 1
= a(2) {12 9u v — QQAMAV + q2AuAV - gRuu + 5 m2g/u/ + 5 ggw/R - E guuR}
o2

= m? G, (8.114)

Therefore the renormalisation ambiguity in the RSET in d = 2 depends only on the mass
of the field and vanishes for a massless scalar field. Using (8.113), the renormalisation

ambiguity in the RSET in d = 4 is given by

1 1 1 3 1
(2p) — ,2p) ) _ = |2 _Z _ = _ 2 =
v = q { = [m + (5 6)R]RW <§ 20>RW+ 35 R
1 1 1
_© pa - pap - padp -2 2 -
5 BB + 55 B Ry + 180R wBorg + 54 [m + (g 6>R]AMA,,

1 2 a 1 2 pa 2 2 1 1 2 «
+6q A(,uv F) +EqF Foo—q [m + 5_7 RA;LAV+6QA(MV F|a|1/)

e ) sene v e
e Dmon o (] e e

1
— of AT — ¢*’F*°F, 11
+ o5 G Rag = oo gu R Ram7+48q agg,w}, (8.115)

which simplifies to

e e

1 1 1
+ —0OR _Llpenr + —RYR +—RWR + = ¢*F%, Fua

120 W 90 HTev T g0 apfy 180 aBv T 19

1 1 1
a3 __— pafAr - - ]
R [720R Hap 720R Ragxr + 5 <5 35 4o> R
1, N1 1,
_ =z _Z — ¢*F°PF,
s[m +<’5 6>R} T g

} . (8.116)

Thus, the renormalisation ambiguity in the RSET in d = 4 does not vanish for a mass-

less field or for a conformally coupled field. Furthermore, the renormalisation ambiguity

contains a term proportional to the square of the electromagnetic field strength tensor.

8.5 Trace anomaly

Now, let us make the definition
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(2p) 1., p2
P 2 d=2p,
g P (8.117)

o
0 d=2p+1,

v i
so that we are only considering the renormalisation ambiguity arising from the choice of
lren. We would now like to consider the trace of the RSET. In order to do so, it will

be helpful to establish a relationship between the expansion coefficients of the biscalar
V)(z,2"). From (8.101), we have to O(1)

DoV @) = ViR 4 Vi) ot 4 Vi o, +2ViEE ot 0+ g VIGP oty o

—igA V" — gAY ot + O(0) . (8.118)
Acting on (8.118) with another gauge covariant derivative, we have

DDV = OV + 2Vl o™y + Vil (o) + 2Vl oo 6700,

[0}

—igAPV) — ig ATV o, — AR Vg + O(o' 1) (8.119)

+ G ‘/1(021’) O-;Ma gaﬂOJVB _ 1(] (VaAa) ‘/()((?p) _ lqAaVE](O%po)[ _ lqAaV'O(fﬁ’)o-#

Using (6.25), equation (8.119) simplifies to

DaDaV(Qp) - VO(OQP) +9 ‘/()(125);0[ gaﬁ(gg +2 ‘/(](22(72”) 55 gaﬁag + G V1(02p) 55 gaﬁgg

—iq (Vo A®) Vig? — iq AV — iqAVEP sl — igA*V?) — iq AVt

— A AV +0(o2). (8.120)

Then, (8.120) becomes

DD V) = [0~ iq(VaA®) — 2igAVa — 2A%Aa) Veg? +2[V* — igA° VTP

+29"VSE )+ g g VEY + 0 (o12). (8.121)

Since (8.121) should hold at each power of o, the terms at O(1) in (8.121) give us

0= (DaD® —m? — ER) VP +2D°VE + 2" ViS?) + 2p Vo). (8.122)

Taking the real part, we have

0 =0V5" = (¢P4aA® +m? + €R) Vi? + 2V 42445 [V | + 2R VG|
+2p Vi), (8.123)

which simplifies to give the identity
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29" R[ViGh | = (P4aA” +m? + €R) VeGP = 2¢4°S [V | —2p VY. (3.129)

Then, taking the trace of (8.113), we have

gW‘I/,(?,,p) — ) {—Qg’“’%[vmp) ] 2qA°S {VO(QP)] (5 _

1 (2p)
02(uv) ) O ‘/E)Op

2

+ (ER+ A Aa) V" +2p (5 - ) OVee” —2p V1<§p)}
1

— o(?p) {(2]9 _ 1)5[”/0(021)) -5 (p—1)0 VO(ng) 2 Vo(gp)}

which simplifies to give

g I = —a {m2 ViEP — (2p 1) (6 - &) OV" | (8.126)

As we can see, the trace of \I/ff) vanishes for a massless, conformally coupled field. Now

considering the trace of the RSET itself, we have, using (8.87)

. 1
()0 =0 | 20 R[uff] - 204°9[uf] - (¢ ) Bt

+ (fR—l— qQAozAa) (2p) +2p <£ i) Ow (217) 2pv( p)} +gMV@(2p)

1
= a(2P) {(2p ~1) £Dw(()2p) -3 (p-1) Dw((fp) —m2 w(()2p) + 2‘/1(0217)} + HV@LQVp)’
(8.127)
which simplifies to give
(1) =~ {2l — (2p 1) (€ &) Du —2VP ) + g0, (3.128)
in even dimensions, and
(1) = —a+D {m2 WY _9p (e — &) Dw(fp)} , (8.129)

in odd dimensions. Restricting our attention to massless, conformally coupled fields, we
have

({11 =222V P, (8.130)

Using (8.130), the trace of the RSET in d = 2 is given by

1

Iz -
(Tl ven = 54 B (8.131)
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that is to say that there is a constant, non-vanishing trace anomaly associated with a
massless, conformally-coupled field in d = 2. Using (8.130), the trace of the RSET in
d = 4 is given by

) 1 /1 1 1 1 1
“w e a3 o afBAT = 2paB
T)en = 22 (6 5) DB+ 7o B Rap = 7og 07 Rapar + 30 €' Fag
1 1 1 1
- O _—_RoB — _—_RoBAT — PFPE ;. 132
720 Tt g It Ras = g B apar + g af (8.132)

In this case, the trace anomaly associated with a massless, conformally-coupled field in
d = 4 depends on both the background spacetime geometry as well as the square of the

electromagnetic field strength tensor Fj,,.



Chapter 9

Conclusions and outlook

In Part II, we considered the behaviour of a massless, minimally-coupled charged scalar in
Reissner-Nordstrom spacetime. We were particularly interested in this study due to the
possibility of disentangling the effects of rotation and superradiance in Kerr spacetime,
given that an RN black hole is an irrotational spacetime that gives rise to superradiant
scattering. In Chapter 4, we defined a plethora of quantum states for the field, in analogue
with the states in Schwarzschild spacetime that are already well-established.

In particular the ‘past’ states were defined here in a similar way to their corresponding
states in Schwarzschild spacetime [50]. The ‘past’ Boulware state is as empty as possible to
an observer at infinity apart from a flux of particles in the superradiant modes. The ‘past’
Unruh state contained an outgoing flux of thermalised particles with a nonzero chemical
potential. The ‘past’ CCH state has in- and up-modes with different thermal factors. We
also defined their time-reversals, which are the corresponding ‘future’ states namely the
‘future’ Boulware state, the ‘future’ Unruh state and the ‘future’ CCH state.

Furthermore, we also attempted to define states as close as possible in spirit to their
corresponding states in Schwarzschild spacetime, namely the ‘Boulware-like’ state, the
‘Hartle-Hawking-like’ state and the ‘Frolov-Thorne’ state; we referred to these states as
the ‘-like’ states. All of these states relied on nonstandard commutation relations and thus
the ‘Boulware-like’ state cannot be considered a vacuum states in the conventional sense.
Nevertheless, it was as empty as possible to a static observer at infinity and was time-
reversal invariant. The ‘Frolov-Thorne’ state is a thermal state, but it does not represent
a thermal equilibrium and it was ill-defined everywhere in the spacetime. While we have
managed to define an equilibrium state in the ‘Hartle-Hawking-like’ state, it is likely to
evade a generalised version of the Kay-Wald theorem, as was explained in more detail
above.

All of our investigations in this thesis have relied on considering the differences be-
tween two quantum states when the state-independent divergent terms in the Hadamard
parametrix cancel, leaving finite quantities. Then the most obvious extension of our work
would be to develop a concrete realisation of the extension of Hadamard renormalisation
that we constructed in Part ITI. Such a realisation may result in generalising the extended
coordinates method for neutral scalar fields developed in [93,94]. Furthermore, in [68],

explicit renormalisation counterterms were provided for Hadamard renormalisation of a
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neutral scalar field in two to six dimensions, whereas only two to four dimensions were
considered in [95] with a partial extension to five dimensions in [95]. Another such exten-
sion of the work in Part III would be to develop Hadamard renormalisation in a systematic
way, such as that given in [68], but for a fermionic field.

This would be an interesting extension since it has been shown in [50] that super-
radiance does not restrict the ability to define states for a fermionic field in spacetimes
exhibiting superradiance, as much as it does for bosonic fields. Another interesting exten-
sion of the work in Part II then, is to study quantum charged fermionic fields in Reissner-
Nordstrom spacetime. Finally, it would be interesting to rigorously extend the Kay-Wald
theorem to a charged scalar field in order to see if our putative ‘Hartle-Hawking-like’ state

would indeed evade this theorem.
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Appendix A

Identities concerning the spherical

harmonics

The standard addition theorem for spherical harmonics is given by [90]

¢
D Yin(0,9) Y (0, 9), (A1)

m=—

47
20+ 1

Py(cosv) =
where the function cos~y in (A.1) is given by

cosy = cos f cos ' + sin O sin ' cos(go — <p’) . (A.2)

The Legendre polynomials P, have the boundary condition

P(1) =1. (A.3)

Then, taking the coincidence limit 8’ — 0, ¢’ — ¢ in (A.1) as well as using the boundary

condition (A.3), we obtain the well-known addition formula

L
20+1
S W0 0)? = == (A.4)

m=—/

Returning to the addition theorem of the spherical harmonics (A.1), we can differen-

tiate both sides of the equation with respect to 6 to obtain

¢
47 Yorn(0,0) u 1 4 _6((3057) /
20+ 1 ZE oo Ym0 #) = =50 Filcos), (4.5)

m=—

where the derivative of the function cos~y with respect to € in (A.5) is given by

d(cos )
a0
Then, taking the coincidence limit 8 — 6, ¢’ — ¢ in (A.5), we obtain the identity

= —sinfcosd + cosfsind cos(p — ¢'). (A.6)

L

Yy Anlhd)y 0.6) =0 (A7)

m=—/
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Returning to the expression in (A.5), we now differentiate (A.5) with respect to 6 to

obtain

Ar i i (0, 0) OV (0, )
20+ 1 00 oo’

_ 9*(cosm) d(cos~y) d(cos~y)
0000 00 06’

where the derivatives of the function cos~y in (A.8) are given by

Pj(cosy) + P/ (0,0), (A.8)

J(cos ")

50 —sin @’ cos 6§ + cos 0’ sinf cos(p — ¢') , (A.9a)
2
88(9(3%807) = sinfsin6 + cosfcosf’ cos(p — ¢') . (A.9Db)

The derivative of the Legendre polynomials P, has the boundary condition

LL+1)
5
Then, taking the coincidence limit 8’ — 60, ¢’ — ¢ in (A.8) as well as using the boundary

condition (A.10), we obtain the identity

Pi(1) =

(A.10)

¢

D

m=—~{

Yy (0, ) '2 2+ 1

BT o = 8%W+ 1)(20+1). (A.11)

Returning to the addition theorem of the spherical harmonics (A.1), we can differen-

tiate (A.1) first with respect to ¢ and then with respect to ¢’ to obtain

4m i i (0, 0) DY (0, ¢)
2041 Oy oy’

m=—

d(cosy) O(cos~y)
dy oy’

P/ (cosv), (A.12)

where the derivatives of the function cos~y in (A.11) are given by

d(cos ) o . 9(cos )

. = —sinfsind'sin(p — ¢') = — oy (A.13a)
0? (COS ’7) . Y /
0000 sinfsin 6 cos(p — ¢') . (A.13Db)

Then, taking the coincidence limit 8 — 6, ¢’ — ¢ in (A.11) as well as using the explicit
expression for the spherical harmonics Yy, (6, ¢) (3.50) and the boundary condition (A.10),
we obtain the identity

L

D

m=—/{

2 l

= > m’ Y (6, 0)

m=—/{

Y (0, ¢)

1 )
2 (0 +1) (20 +1)sin“6. (A.14)

T 8r




Appendix B

Mode contributions to the current

and stress-energy tensor

In this section we will calculate the classical mode contributions to the components of
quantum observables, several of which contain products of the square magnitude of field
operators. In general, these classical mode contributions will contain products of modes
with different quantum numbers. However, for reasons similar to those outlined when
evaluating the classical mode contribution sc,y, to the scalar condensate SC in §5.1.1, we

need only calculate the square magnitudes of the individual modes in this case.

B.1 Mode contributions to components of the current

In this section, we derive the explicit expressions for the classical mode contributions jﬁj@m
to each component of the current J# using the general form of a scalar field mode (3.41)

as well as the expression for the current (5.5). The mode contribution jf.)ﬁm is given by

tt o *

Jotm = *% 9" S [ Dhem (Vi — iqAr) uim ]
1
= I %|:¢:)€m (0 — igAy;) x

Ny, Xwé(r) vam(ea 90)
7 r
I A . igQ
ol (%))

q qQ
0] (“ - ) NG [ Xt (r) 1* [Yem (0, ). (B.1)

—iwt

B

W

The mode contribution j/, —is given by
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Ttm = =3 9" S [00em (Vo = 10Ar) st
- —7f( ) S [%ema ( N Xoe(r) Ym(%@)ﬂ
_af(r) o [ NG XE) Vi 6 o) x ¢ 9IN,, [d<m>]yzm(9,gp)]

e—lwt

47 dr r
Qf() 2 o [ Xoe(r) d [ Xee(r) 2
— N2 = Yo (0, 0) 2. B.2
o Tl 2 (F) |y 6. (8.
The mode contribution jzzm is given by
. q * .
Jotm = =7 9" S Phtm (Vo — 1040) bt

—iwt

= —% 7"2(\|:¢w€m 89<e Nw sz(r) }Qm(ﬁ,@))]

iwt —iwt

— e * Yok * €
- _ir 20|: N ( )nm(97¢) X , N, Xwé(r) Oy }/Km(ea(p)

0

00

q
— L N ) 313 0.9) 3

Yo (0, )] =0, (B.3)

where we have used the identity (A.7) for the spherical harmonics to show that the ex-
pression in the last line of (B.3) vanishes when the summation over m is taken. The mode

contribution j¥, is given by

. q .
jzf[m = _E gcpcp ) [(Z)wgm (V(P - 1qu0) ¢w€m]
q
- _E r~2 cosec?0 [ D mOp Puotm]
= 5 . 9, B4
4777“2 sin? ’¢w£m\ (B4)

While the mode contribution j7, (B.4) does not vanish, the expectation values with
respect to all quantum states involve sums over the azimuthal number m = —/,... /1.
However, the expression in (B.4) contains a factor of ’(Z)wgm‘Q. From the properties of the
spherical harmonics (3.50), we have |@uem|® = ‘gbwg(_m)‘z. Therefore, the expression in
(B.4) is an odd function of m, which vanishes when the summation with respect to m is
performed over —¢ > m < /.

Then, using the addition formula (A.4) for the spherical harmonics Yy, (0, ¢), we can
perform the sum over the azimuthal number m in the nonzero components of the current

J#. The mode contribution jfue to the component J? is given by

4
L . a2+l (o
Jwe = m§:e]w£m - 167T27“2f(7") < > ‘N ‘ |Xw€( ) | : (B'5)

The mode contribution j’, to the component J" is given by

i, = Z i = _(ié%;‘l) |Nw|2%[XZ£(T)£<Xwe(T)>] _ (B.6)

m=—/
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B.2 Mode contributions to components of the SET

In this section, we derive the explicit expressions for the classical mode contributions
tuvwem to each component of the stress-energy tensor T}, using the general form of a
scalar field mode (3.41) as well as the expression for the SET (5.14).

In order to do so, it will be convenient to first calculate the quantity g#?(D,®)*D,®
that will appear in many of the mode contributions to the stress-energy tensor components,

and which is given by

gp”(Dp<I>)*DU<I>
= ¢"(D;®)* Dy ® + g"" (D, ®)* D, ® + g% (Dp®)*Dyp® + g#?(D,®)* D,

1
= 7% [(at - ith) ¢w€m ]* X (815 - ith) ¢w€m + f(?“) (&“waﬁm)*arﬁbwﬂm
1 N 1 ¥
+ ﬁ (89¢w€m) 89¢w€m + m (8@¢wém) a&p¢w€m

- f(l) [( iw + qTQ> %e*m]* X (—m—i—QQ) Pwtm
N 1 (P (1) | Wm0
b NP Xt | 2 Yot [ Yim0,)] + i

2

1 2 X,
=5 (9= 22) lounl + 1) N (e”) Vim0,
L N |2 Vim0 )| Gt
rd Y wt 90 r2 51n29 wtm
[ Q m? ] ) d [ Xoe(r)\ [ )
- [_f(T) (w_r> +m |¢w€m’ +f( ) dr (7,) |Yﬁm(0790)’
L N2 Xt |2 Vo, B.7)
AN wl o0 m\V,9) - .

Then, using (B.7), the mode contribution t ¢ is given by

* 1 o *
tet wom = %{(th)) Di® — 5 Jtt 9" (D,®) DU‘I)}
[ (O

i

%{ <_iw + lqu> ¢w£m:| X <_1w + ch) ¢wﬁm + %f(?“) ng(DPq))*DG(I)}

. * . 1 1ol *
- 1th) ¢w£m] X (3t - lth) Pubm — ) g1t g° (qu)) DC,@}

|
(

:%{(“ QQ> unl” + 5 10 P”(D@)*Dgcp}
2 m2f(r )2 o(r 2
‘i[ w-12) +r28{£2;] uenl? + L5 2 | () v 0,0
o 2
+ T NP )| 2 Vi 6.0 -
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The mode contribution t,. e is given by

=R [(—M + QQ> ¢w€m:| * x e “IN, [;r (Xw:(r)ﬂ Yo (0, @)}
i (- 22) v |2 0 (2 0,02
- (o= ©) P00 i [ 2D L (X‘”fi(r)%} }

{ .

- afe{ [(8 — 1qAt) Putm ]*&mm}
{
{

(. 9@ 2 2 o [ Xoo(r) d [ Xoe(r)
— (= D) NP om0, ) 3| T2t L (Fet)) (8.9
The mode contribution ty ¢, is given by
tip wlm = %{( (I))*DOCI) - %gtﬁ gpg(Dp(I))*Dcf(I)}
= {10~ 14) bt "t |
* —iwt
= §R{ |:<_1w + QQ> ¢w€m:| X € r Nw Xw@(r) 889 vam<97 90)}
i 0
= (= 2 I Xt [¥5000,) g Yo 0|
1 0
=3 (9 22 P 1) 2 ¥ 0.9) 55 Vim0, |
1 0
= (- 22 I X S [Y50.9) 3 Va0,
—0, (B.10)

where we have used the identity (A.7) for the spherical harmonics to show that the expres-
sion in the last line of (B.10) vanishes when the summation over m is taken. The mode

contribution ts, e, is given by

1
ttgp wbm — i D ®— - gwg (DP‘I))*DU(I)}

=% lth ¢w€m] 8<p¢w€m

{(_w) o] )

— i (=12 foan . (B.11)

R

/—/H/—/H/—’H

Using (B.7), the mode contribution ¢, e is given by
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rr wlm

1
{ (D @) Dy® — & grv o (Dp<I>)*Dg<I>}

1 *
r¢wém Or Gustm — 5 Grr ng(Dp(I)) DU(I)}

{
nffe 2t <o [ (58 s

;f(r) ¢ (D,3)'D @}
- éﬁ{w? 2N oo + ;f(l) [f(l) (o) - ] bt
N (D) i 0,0 — g NP Xt [ i w)Q}
-5t () ot (o~ ) ]
- gy NP P ]Yem Q >2 (B.12)
The mode contribution #,g e is given by
byt = QR{(DT@)*D@(I) 590 gPU(Dpcb)*DU@}
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The mode contribution t,, ¢y, is given by

1 .
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Using (B.7), the mode contribution tgg ¢, is given by

196, wem
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The mode contribution tg, ¢ is given by

1 *
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where we have used the identity (A.7) for the spherical harmonics to show that the ex-
pression in the last line of (B.16) vanishes when the summation over m is taken. Using

(B.7), the mode contribution t,, 4em is given by
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top,wtm
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While the mode contributions ¢, wem (B.11) and ¢y, wem (B.14) do not vanish, the
expectation values with respect to all quantum states involve sums over the azimuthal
number m = —/,...,¢. The expressions in (B.11) and (B.14) are odd functions of m,
which vanish when the summation with respect to m is performed over —¢ > m < /.
Furthermore, the mode contribution t,¢ ¢y (B.13) also vanishes when the summation
with respect to m is performed from the spherical harmonic identity in (A.7).

Then, using the identities involving the spherical harmonics Y7,,,(6,¢) in §A, we can
perform the sum over the azimuthal number m in the nonzero components of the stress-
energy tensor Tj,,.

Performing the sum over m in the expression for the mode contribution i wem, wWe

obtain
20+ 1 2 2(04+1)(2¢ + 1) sin26
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20+ 1 2 £ +1)  f(r)ee+1

N
20+ 1 Xwg(T)

+ 2L g | & ()| (5.19)

where we have used the spherical harmonic identities (A.4), (A.11) and (A.14). Then, the

mode contribution # ¢ to the component Ty is given by
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‘wa(r)ﬁ

() @

Using the spherical harmonic identity in (A.4), the mode contribution t ¢ to the com-

2
bt = 2L { [; (o- 99" L0He+ D)

8 r r

+ f(r)?

ponent T3, is given by

bt = — 221 <w - QQ> N, |2 %[XMT) 4 (X“(T)ﬂ . (B.21)

47 T r dr r

Performing the sum over m in the expression for the mode contribution ¢, ¢, we obtain
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where we have used the spherical harmonic identities (A.4), (A.11) and (A.14). Then, the
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mode contribution t,.,. ,¢m to the component 75, is given by
Performing the sum over m in the expression for the mode contribution #g (,¢m, We obtain
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where we have used the spherical harmonic identities (A.4), (A.11) and (A.14). Then, the

mode contribution tgg ¢, to the component Tpy is given by

= G ;(X“ﬁ(r)) 2}. (B.25)

Performing the sum over m in the expression for the mode contribution ¢, ,,¢m, We obtain
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where we have used the spherical harmonic identities (A.4), (A.11) and (A.14). Then, the

mode contribution ., ,¢m to the component T, is given by
2 }

(B.27)
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Appendix C

Non-renormalisation of flux

components

We would like to show that the expectation values of the flux components of the current
(J7) and the SET (1},) do not require renormalisation. In order to do so, we follow the
procedure used in [49] to prove the corresponding results for a neutral scalar field in Kerr

spacetime. We work in d = 4.

Let Gp(z, ') be the Feynman Green’s function associated to a charged scalar field in
an arbitrary quantum state. The renormalised expressions for the current and SET in this

state are given in (8.51) and (8.61) respectively, where 7, takes the form given in (8.62).

Restricting our attention to the specific case of a massless, minimally-coupled charged

scalar fieldin a background Reissner-Nordstrom metric, the expansion coefficients of the

285



286 Non-renormalisation of flux components

biscalars U® (z, ') and V¥ (z,2') take the form

Usy = 1, (C.1a)
Ust), = g A, (C.1D)
: 2
@ _ 1 iq q
UOQ(/U/) - ERMV - EV(HAV) - 5AMAV7 (C.lC)
i 2 3 .
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4 1 afBvo 1 o q2 « .
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To show that <j ") and <Tt,n) do not require renormalization, we seek to prove that
§1=S{D" [-iGs(z,2")]} =0, (C.2a)
Fo = §R{7§r [—iGs (x,:z')]} = 0. (C.2b)

Since the Reissner-Nordstrom metric (3.9) is static and spherically symmetric, without

loss of generality we may consider two space-time points  and 2’ as follows:
x = (0,r,0,0), 2 =(0,7,6,0). (C.3)

Then the unique geodesic connecting the points x and z’ lies in the surface ¥ = {t =
0, = 0}. Using the letter X’ to denote the indices ¢, ¢, and A to denote r, 6, we have [49]

ot = (55‘0?“4, (C.4a)
9" = 00 g N + 0% 6% g (C.4b)
We can write the gauge potential (3.11) as
Ay =07 Ay, (C.4c)
where Ay depends only on A coordinates. Therefore the quantities (C.2) take the form
§1=S{V" [-iGs(z,2)]}, (C.5a)
Fo=*R {—i {grA/DtVA/} Gs (x, x/)} . (C.5Db)
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The biscalar o(z,2’) and its derivatives are real, as are the gauge field potential A, and
field strength F),,, as well as all curvature tensors and their derivatives. From (C.4), we
have A,0* = 0, which immediately simplifies the form of Gs(z,z).

The symmetries of the metric mean that Christoffel symbols F’V‘  having an odd number
of X indices vanish, while those with an even number of X indices are nonzero. Therefore
the nonzero components of all covariant derivatives of the gauge potential A, contain at
least one & index and hence all terms in (C.2) containing covariant derivatives of A, do not
contribute to UW (z,2') or V*(z,2') when contracted with ¢#. As a result, U® (z, 2')
is real and depends only on curvature tensors; the gauge potential does not contribute.

The gauge field strength has the form
Fu = [6:16 — 677 67'] Fax, (C.6)
where F4x depends only on the A coordinates. Hence we have
VO Foy = 65 VA x. (C.7)

Therefore V) (z, 2') is also real. We deduce that —i Gg(x, 2') is real and hence §; (C.5a)
is trivally zero, while §2 (C.5b) simplifies to

Fo =9 ViV [—iGs(z,2)]. (C.8)

The derivatives in the above expression commute since they are evaluated at different
space-time points and Gs(x, ') is a biscalar. Furthermore, Gs(x,2’) depends only on the
space-time geometry and the background electromagnetic field. Therefore Gs(z, z") does
not depend on t and thus V;(—iGg) must be zero. We then have §2 = 0, as required.

In conclusion, the components <j ") and <Ttr) do not require renormalization.



Appendix D

Vanishing of mode fluxes

Throughout this thesis we have referred to a set of modes vanishing near a certain hyper-
surface. For example, in §3.4.3, we have referred to the in-modes vanishing near H~. In
fact, what we mean specifically by this statement is that the flux of the in-modes through
the past horizon H~ vanishes. We can demonstrate this by the following calculation. Us-
ing the expression for the volume element d¥/,_ in (3.110), we have for the flux of the

in-modes through the past horizon

A Dm0~

—dZ _V, 1qu AH(JS

wﬁm wlm
= dz# #¢w€m lq dE A,M ¢w£m
1 —iwt -
= —(55r231n gdUude dQO 8M{\/m ¢ . Bglg e W }/Zm(ga 90)}
+ig 6Fr?sin 0 AUdO dp A, 8%,

d 1 1
= —r?sin@dUd0 dy d(zj'aau{ Tt exp [—iw (uto )] B exp [—m (v 5 u)} Yo (6, go)}

+1igr2sin @ dUdO dp Ay o™

du (W —w) ;i

= —r’sin 0 dUdO dyp T T ol

9Q » du i9Q 5. du i,
0dUdod - — 0dUdOdy —
27‘+ sin 0 dU godU - o, r°sin 0 AU de ol

o, (D.1)

wlm

which vanishes identically. Wherever in this thesis we have referred to a set of modes
vanishing near a certain hypersurface, it is meant that the flux of the modes under con-

sideration through the hypersurface vanishes through a similar calculation to (D.1).
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