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Abstract

Modelling Spray Fluidised Bed Granulation

By Sheikh Nabhan Ahmed

Research Supervisor: Professor James Litster

Industrial operation of particulate processes have historically been reliant

on accumulated corporate knowledge that is assimilated by trial-and-error

through decades of process operation. However, this accumulated knowl-

edge is often poor at dealing with new issues which may arise due to new

product formulations or new process conditions as the underlying science

is not well established or misunderstood. Issues such as overfilling of pack-

aging due to poor control of the bulk density and product which does not

meet specification are recurring issues which the process engineer has to

regularly tackle. As a response, food, pharmaceutical, detergent and, rele-

vant to this thesis, the agrochemical industries have emphasised increased

investments into developing understanding of the core scientific funda-

mentals of their processes. A convenient way to capture the fundamentals

is to deploy a model-based approach.

Through this thesis, a coupled one-dimensional population balance model

is proposed and implemented. The model framework considers the gran-

ule in four parts, the solid composition, the solvent content, gas content

and solid within the solvent phase. With these internal co-ordinates, a

novel wetting model is developed and validated which builds upon the

work of Kariuki et al. [2013] and integrates the particle coating number

into the continuous form of the population balance framework. Further to

this, a novel agglomeration model is implemented which builds upon the



wetting model. The model considers agglomeration-likelihood as a func-

tion of the surface wetting in addition to the collision behaviour via the

Stokes criterion. The model demonstrates that the collision and wetting

behaviour both play a key role to growth and integrates them within a

single framework for the first time.

The model is extended into a two-compartment framework. One com-

partment considers spray drying and the other compartment considers the

bulk particle bed. The bulk bed compartment integrates the population

balance framework, where the spray drying compartment is linked by a

mass flow which feeds the population balance model with nuclei generated

by spray drying. A sensitivity study is performed to characterise model

behaviour and the role of drying in the overall granulation mechanisms.

This model framework is finally validated against experimental data per-

formed on a pilot-scale continuous fluidised bed granulator. The process

parameters which were varied are the spray rate, inlet air temperature,

inlet fluidisation air flow rate and a combination of these. Lab-scale exper-

iments were performed to feed the model with key formulation properties;

the single particle drying curve and the sorption isotherm. Key model

parameters such as the agglomeration rate constant, spray bypass ratio,

spray droplet diameter and standard deviation were estimated using a

single model experiment. The model then predicted successfully changes

in all process parameters, which is a powerful validation of the model.

This highlights that we can capture granulation phenomena such as the

dependence on wetting and drying within particle growth, while not be-

ing reliant on computationally intensive methods such as computational

fluid dynamics and discrete element modelling. This work provides a

framework which may be attractive for industrial integration due to the

low computational intensity whilst still capturing the complex physics of

granulation.
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Chapter 1

Introduction

1.1 The Industrial Problem

Formulated products are ubiquitous to major industrial operations in the production

of agrochemicals, pharmaceuticals, food products and more. For example, the global

agrochemicals industry is estimated to be worth $304 billion dollars by 2025 [Phillips,

2020], with forecasts suggesting further increases year-on-year.

Fundamental to these industries are the unit operations which manufacture the

formulated products. The unit operation must enable the manufacturer the ability

to produce products with desireable properties. For example in the agrochemical

industry, fertiliser which is produced in solid form should have; high bulk density

to minimise packaging, high flowability and low friability for easier transport, and

desireable functional properties such as the suspensibility and redispersion.

The unit operations which produce formulated products are often lumped as par-

ticulate processes. These can include granulators, dryers, mills, size classifiers, hop-

pers and more. Particulate processes are well known to be difficult to operate. Most

are operated with empirical knowledge accumulated from years of operation. How-

ever, this empiricism rarely arms the operator with the appropriate knowledge to

problem-solve. Problems which often arise when moving towards new formulations

and process conditions. A typical industrial problem which industry has typically

struggled to solve quickly is the scenario where two process plants which manufac-

ture the same product producing vastly different outputs. The empirical knowledge

used to troubleshoot may only satisfy one process plant, but, the other may result

in a significantly worse output. As a result, this incurs heavy financial costs, loss of

product and operating bottlenecks to meet consumer demand.

Fluidised beds are among the most prominently used units due to their flexibility,

to act simultaneously as a granulator and dryer in either batch or continuous modes

1



Figure 1.1: Schematic of the granulation mechanisms

[Cryer, 1999]. They are known to achieve high heat and mass transfer ratios, but, are

often operated away from optimal points due to the limited mechanistic understanding

of the process. As more industries begin to emphasise technical excellence, there is a

push to integrate the state-of-the-art at the industrial scale; hence the drive to build

towards a model-driven approach and the development of mechanistic models.

1.2 The Mechanisms of Wet Granulation

Wet granulation is a particle size enlargement process to form larger entities known as

agglomerates by the mechanisms of layering and agglomeration. This size enlargement

is achieved by the addition of a liquid binder into a particle bed assisted by some

form of agitation. This agitation could be by impeller, rotation or fluidisation. Wet

granulation can be classified into three core phenomena where this is shown on Figure

1.1.

The wetting and nucleation is the process of liquid binder interacting with primary

2



particles to form either surface wet particles or nuclei; a liquid dense entity composed

of fine particles. Nucleation is usually categorised as either distributive, when the

droplet diameter is much smaller than the primary particles, or immersion when the

droplet diameter exceeds the primary particles. Distributive type nucleation often

results in surface wet particles, where immersive results in nuclei.

Often by advective movement (for example by impeller or fluidised air) the nuclei

or surface wet particle can interact with the rest of the bulk particle bed to consolidate

and coalesce. In the case of nuclei, it will first consolidate and redistribute the internal

liquid to the surface to form a surface wet particle, to then further coalesce with nearby

particles.

If the particle-particle collision energies exceed an appropriate threshold, two

modes of breakage can occur, attrition and breakage. Attrition often refers to ”shaving

off” small primary particles from the surface of an agglomerate structure. Breakage on

the other hand is the separation of an agglomerate into several smaller agglomerates.

These mechanisms have been described in detail in Iveson et al. [2001] with the

appropriate validation experiments referenced throughout this work. This framework

was a significant step in developing a core understanding of granulation from a funda-

mental approach. Using this framework, various researches have linked core process

parameters to the respective mechanisms; such as Tan et al. [2004a], Vreman et al.

[2009], Bertin et al. [2011] and Rajniak et al. [2009] for fluidised beds. In practice, the

studies are rarely integrated into industrial scenario due to the complexity of adapting

to real industrial problems and issues. These problems can include, complex formula-

tions, scaling from lab-scale batch to industrial-scale continuous, impractical process

controls, and most importantly a poor cost value to test unknown steady-states. In

essence, there are too many experiments required to find and test the new optimal

operating position.

As a way to help optimise processes, modelling tools have been developed. The

most popular tools include population balance models (PBM), discrete element mod-

els (DEM), computational fluid dynamics (CFD). In particular, population balance

modelling has become popular due to the low computational costs to model macro-

scale systems. This allows for population balance models to potentially be applicable

to industrial-scale processes due to the low computational cost and the ability to

scale-up across multiple operation plants.
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1.3 Population Balance Modelling

The generic one-dimensional population balance model can be written as Equation

1.1.

∂ (V n(x, t))

∂t
+
∂ (V Gn(x, t))

∂x
= Q̇inn(x, t)−Q̇outn(x, t)+V Bn(x, t)−V Dn(x, t) (1.1)

Where V is the volume of the equipment, n is the number density of particles

along the particle length co-ordinate x, G an appropriate differential growth function

(often expressed as the function of G = dx
dt

), Q̇in is the volumetric inflow of particles,

Q̇out the volumetric outflow, B any generic birth function and D any generic death

function.

The birth and death terms are fundamental to express the granulation rate mech-

anisms. Birth often refers to new agglomerates forming from two colliding particles,

nuclei forming after interacting with a droplet and daughter particles from breakage

events. On the other hand, death terms refer to the disappearance of smaller particles

to form agglomerates and disappearance of an agglomerate after breakage. Layering

of fine particles or liquid layered growth is dominated by the advective term where a

mechanistic function is defined by the growth function G.

Many researches have focused on defining mechanistic birth and death rates, as

well as growth functions for the granulation processes and have found success within

their studies [Cameron et al., 2005]. However, when integrating these models at the

larger scale, the accuracy of the model-space tends to fall short with varying process

parameters; such as the liquid loading rates, initial particle size and spray dynamics

[Iveson, 2002]. This issue has been discussed by many authors and is often attributed

to the over simplification of the mixing zones and the lack of relevant granule prop-

erties within typical population balance models [Biggs et al., 2003, Cameron et al.,

2005, Braumann et al., 2007, Li et al., 2012, Hussain et al., 2014, Barrasso, 2015, Liu

et al., 2019].

As a result, plenty of effort has been placed into building multi-dimensional models

and implementing compartmental models [Hounslow, 1998, Kumar et al., 2006, 2008,

Li et al., 2012, Barrasso and Ramachandran, 2012, Chaudhury et al., 2014, Barrasso,

2015]. Multi-dimensional models extend the particle properties to particle size, liquid

content and gas content; where previously only size would be modelled. As a result,

multi-dimensional models have the potential to integrate more physically based rate

models through the modelling of added granule co-ordinates.
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While there is promising work demonstrating compartmentalised multi-dimensional

models the computational costs are excessively high, such that it becomes aggressively

unattractive for practical use. While multi-dimensional frameworks are available, the

framework rarely integrate mechanistic rate models. This is either due to the lack of

available models or the numerical complexity leading to instabilities. Therefore, its

becoming an increasingly important question to ask:

• How many dimensions are necessary to model the process to a sufficient accu-

racy?

• What particle properties are necessary to develop a sufficient model to predict

particle growth?

• What granulation mechanisms should be included to successfully predict process

behaviour?

• How and what compartments are necessary to minimise the effects of the well-

mixed assumption of the population balance model?

The following work aims to tackle these questions by developing a reduced-order

multi-dimensional population balance model for a top-spray fluidised bed granula-

tor. There will be an emphasis on developing and using physically representative

multi-dimensional rate models which model the particle growth. Model compartmen-

talisation will be tested to identify the effectiveness on model accuracy to pilot-scale

data of an industrial product.

1.4 Thesis Objectives

The objective of the thesis is to:

• Develop and implement mechanistic multi-dimensional rate models for agglom-

eration, liquid layered growth and drying that is physically representative of the

granulation mechanisms within a top-spray fluidised bed granulator.

• Perform continuous pilot scale top-spray fluidised bed granulation studies using

an industrial application. Key outcomes are to identify and quantify the effects

of key operational parameters on particle size and drying.

• Integrate and implement a compartmental population balance model using

mechanistic rate models and validate this model against the pilot-scale data.
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Chapter 2

Literature Review

In the first section, this literature review aims to identify the core mechanisms which

drive the granulation processes within a top-spray fluidised bed granulator. The

second section will include the state-of-the-art of the current rate models available

in literature. The final section will discuss how current modelling tools have been

used within the literature, the key assumptions used and the accuracy to the model

outputs. More specifically, there will be discussion on the effects of model outputs

and properties by compartmentalised methods, and the integration of such methods

into multi-dimensional population balance models.

2.1 Granulation Mechanisms of a Top-spray Flu-

idised Bed Granulator

The modern understanding of the granulation mechanisms was popularised by the

works of Iveson et al. [2001] and Ennis and Litster [1997] who collated and demon-

strated all fundamental rate mechanisms occurring within the current research at

the time. It became an agreed understanding that granulation occurs by three core

phenomena; wetting an nucleation, consolidation and growth, and attrition and break-

age (discussed in Chapter 1). This was further accelerated by a popular modelling

framework by Hounslow et al. [1988] who integrated the current understanding of

nucleation, agglomeration and breakage into a single continuous integro-differential

equation, formally known as the population balance. This framework has seen great

success in works such as Hounslow [1998], Hounslow et al. [2001].

However more recently, there is a greater understanding that each type of granu-

lator often have certain mechanisms emphasised (or which can be largely ignored) by

the inherent virtue of the process design. Whether a mechanism can be made neg-
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ligible, or be considered important, fundamentally relies upon the type of agitation

of the particle bed, the location of spray, width of the spray and geometry of the

equipment.

Thus, it is important to understand how process dynamics influence key granula-

tion phenomena .This allows for both the operator and process engineer understand

how key process parameters influence the outputs, whether by experimental empiri-

cism or an appropriate model.

2.1.1 Process parameters and Rate Processes of Fluid Bed
Granulation

There is a plethora of research which correlate process parameters with the prop-

erties of the product for fluidised beds [Kristensen and Schaefer, 1987, Michael and

Michael, 1991, Kunii and Levenspiel, 1991, Nienow, 1995, Boerefijn and Hounslow,

2005]. These effects can be summarised in Table 2.1, which highlights the qualitative

effects on key process parameters on particle properties.

Table 2.1: The effects of key operational process parameters on particle growth and
fluidisation behaviour

Process Pa-
rameter

Effect at a
low relative
value

Effect at a high
relative value

References Comments

Spray rate Layering
dominant
growth

Agglomeration
dominant
growth, eventual
bed collapse

Cryer [1999],
Tan et al.
[2006],
Boerefijn
and Houn-
slow [2005],
Bertin et al.
[2011]

The effect of
spray rate has
been extensively
studied by many
authors and
have consis-
tently shown
strong links
to the growth
behaviour of the
particle bed.
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Binder
viscosity

Promotes
more suc-
cessful
agglomera-
tion

Blockage of the
spray nozzle,
poor distribu-
tion of binder
throughout the
particle bed

Tardos et al.
[1997], Ive-
son et al.
[2001], Zhai
et al. [2009],
Wade et al.
[2020]

Studies involving
binder viscosity
are relatively
limited and the
effects are rarely
isolated. The
viscosity of the
binder can result
in functional op-
erational issues
as, in the case
of it being too
large, it would
be too difficult
to pump. It is
typically a fixed
property as part
of the formula-
tion, but, can
be manipulated
during process-
ing to a more
desirable value.

Fluidisation
air flow rate

Maintain
fluidisation
and steady
growth,
increase in
drying rate

Elutriation of
fines to the head
of the equip-
ment, excessive
breakage of par-
ticles, can result
in spray-drying

Nienow
[1995], Tan
et al. [2006],
Moraga
et al. [2015]

Fluidisation
air is typically
controlled to
maintain bed
pressure drop.
There is cur-
rently very little
consideration for
the interaction of
the fluidisation
air and the spray
within both
industry and the
literature.
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Fluidisation
air tempera-
ture

Minor de-
crease in
particle size

Sintering of par-
ticles, spray dry-
ing the spray, in-
crease in break-
age

Goldschmidt
et al. [2002],
Tan et al.
[2006], Mörl
et al. [2007],
Bertin et al.
[2011], Mor-
aga et al.
[2015]

The current
literature is
relatively in-
consistent with
regards to the
effects of flu-
idisation air on
the granule size.
It’s clear that
the temperature
of the bed as
a multi-faceted
effect on the
collision be-
haviour, spray
dynamics and
growth. As a
result, the effects
measured have
shown alterna-
tive behaviours
depending on
the operational
envelope.

Primary
particle
size/droplet
diameter

Reduction
of agglom-
erates if
primary par-
ticle size is
greater than
the droplet
diameter

Complete re-
duction of
agglomeration,
increased de-
mand of air flow
rate to maintain
fluidisation

Kunii and
Levenspiel
[1991], Gold-
schmidt
et al. [2002,
2003], Tan
et al. [2002],
Kariuki
et al. [2013],
Villa et al.
[2016], Rieck
et al. [2016]

Most literature
investigate pri-
mary particle
size as an iso-
lated experiment
as opposed to
the relationship
with the droplet
diameter. More
recently studies
have been per-
formed charac-
terising the ratio
as an important
parameter for
experimental de-
sign and model
development.
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Figure 2.1: Rate process map proposed by Tan et al. [2006] for fluid bed melt gran-
ulation

Very little effort has been placed into adapting granulation phenomena into fluid

bed granulation. Some of the earliest work in linking granulation phenomena was

performed by Tan et al. [2006]. The author had proposed a generic rate process map

for fluid bed granulation. Figure 2.1 shows the proposed scheme.

Here, the sequence of events is characterised into five rate processes. Rate (I) is

the droplet capture process in which the droplet binder is captured onto the surface

of the particle to form a smooth (and temporary) liquid layer. In this case, a broad

assumption is made that the effects of nucleation by immersion is minimal. This

generally holds true given that; a) the droplet diameter is much smaller than the

particle bed and b) the bed is well fluidised such that the collision frequency of the

particle bed is much greater than the rate of nucleation [Goldschmidt et al., 2002,

Tan et al., 2002].

Once the particle captures the droplet, the particle is surface wet which can allow

for the further rate processes of either binder solidification (Rate II(a) and (b)) or

for event 3a where the surface wet particle collides with another local particle. If the

collision is successful this will form a temporary aggregate.
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The liquid bridge of the temporary aggregate can rupture to re-distribute the

liquid phase over the two primary particles, or can solidify to form the final aggregate.

The aggregate can then further go under a breakage event to reduce in size. The

process map was well validated in the following works by the same author [Tan et al.,

2002, 2004a,b, 2006, 2005].

Figure 2.1 provides a mechanistic model for a fixed envelope of a fluid bed gran-

ulation. However, there are clear omissions for some granulation phenomena, for

example; particle attrition and nucleation. Furthermore, there is no clear indication

within the proposed map that may lead to known operational issues such as the

collapsing of the particle bed [Cryer, 1999, Vreman et al., 2009].

Therefore, for a mathematical model to be generalised for all the relevant op-

erational design spaces; it is important that we define a model which unifies and

generalises all known mechanisms.

2.1.2 Impact of the Spray and Process Geometry on Granu-
lation Rate Mechanisms

The biggest advantage of adopting fluidised beds within any industrial circuit is the

flexibility of the unit. This is particularly desirable for maximising the operational

footprint of plant [Heinrich and Mörl, 1999, Peglow et al., 2007].

When designing a fluidised bed, a series of questions are often asked by the process

designer; ”where should the spray be placed?”, ”how many sprays are necessary?”,

”What type of nozzles should be used?” as well as other common questions such as

whether it should be operated as batch, semi-batch or fully continuous [Kunii and

Levenspiel, 1991]. Figures 2.2 and 2.3 provide a typical setup of a top-spray and

bottom spray (Wurster type) arrangement respectively. While both processes are

considered to be fluid bed granulation, the mechanisms and products outputs can

vary significantly. This is surprising given that the difference is the location of the

spray.

Often when equipment volumes become very large the distance from the fluidised

particle bed and the spray can become significant. This often leads to partial spray

drying of the spray which drives other core mechanisms such as layering (by pri-

mary particles) and agglomeration. A large spray-bed distance can also lead to a

spray-drying dominated regime if the drying capacity of the inlet fluidisation air is

large [Rajniak et al., 2009, Rieck et al., 2015]. A Wurster type arrangement can

avoid this issue due to the spray and particle bed being in direct contact. Further-

more, the spray interaction often leads to higher bed velocities which in-turn leads
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Figure 2.2: A typical setup for top-spray fluidised bed granulation
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Figure 2.3: A typical setup for a bottom spray (Wurster) fluidised bed granulator
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to less agglomeration [Cryer, 1999, Litster, 2016]. Often, this is the reason why

bottom-spray arrangements are favoured for coating applications whereas top-spray

for granulation/size-enlargement.

There is an important relationship between the spray and granulation mechanisms

within the bed. The way in which the droplet interacts with the bed significantly

influences the product output. Most literature tend to condense these mechanisms

that are specific to the arrangement type, such as in the works of Michael and Michael

[1991], Heinrich and Mörl [1999]) for bottom spray and Tan et al. [2004a], Peglow et al.

[2007] for the top-spray arrangement. This means there is space within the current

research to attempt to unify and generalise the rate processes.

2.1.3 Generalising the Rate Processes for Fluid Bed Granu-
lation

To generalise the mechanisms we consider the three core phenomena; nucleation and

wetting, consolidation and coalescence and finally breakage and attrition. We propose

a rate process map which expands on the works of Tan et al. [2006] as Figure 2.4.

Here, the mechanisms are proposed from the onset of drop generation to the inter-

action in the particle bed and the respective processes within the bulk. It is proposed

that the granulation mechanisms are driven by five events, droplet drying, nucleation,

collisions, drying and eventually breakage. Within each event there are multiple pro-

cesses which occur simultaneously. Rate processes which follow a solid black line

show a specific rate process which must follow its predecessor. For example, rate

I(b) follows directly into rate II(b). Whereas, processes in dashed lines suggest that

the rate can ”short-circuit” or skip a series of events based on the process geometry

or conditions; for example rate II(a) which can skip to rate VI(a). Here, the inten-

tion is to show that rate processes can be successive or altered based on the process

dynamics. Most of literature verify this, but, it is not explicitly described or shown.

Event 1: Droplet Drying is the event where the fluidisation air interacts with

the travelling droplets from the spray to the particle bed. There are two outcomes,

hence, two rates; Rate I(a) and Rate I(b). Rate I(a) is the rate process of droplet

drying where the drying capacity of fluidisation air is large enough to change the
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Figure 2.4: A proposed rate process map for fluidised bed granulation, adapted and modified from Tan et al. [2006]. The solid
lines refer to processes which happen directly after the specific event, where dashed lines are those which may ”short-circuit”
based on specific geometries or process conditions.
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droplet phase into the particle phase. Rate I(b) is the process of droplet shrinkage

where the drying capacity is not sufficient for complete spray drying. There is a

potential short-circuit into the nucleation phase to Rate II(b) where if the spray-to-

bed distance is small, or the spray is in direct contact with the particle bed then the

capacity to dry the droplets is non-existent.

Event 2: Nucleation describes the rate processes where the droplet (or spray

dried particle) interacts with the particle bed. Rate II(a) follows the process where if

the droplet has been spray-dried, it will interact with the particle bed to layer onto

the surface of the particles of the bed. Rate II(b) is the distributive type nucleation

where the droplet will interact with the particle to wet the surface, whereas, Rate

II(c) follows the immersion type where the droplet wets the particle bed to form a

liquid-dense nuclei. In this case, Rate II(b) and Rate II(c) are competitive with each

other depending on the size ratio of the droplet versus the particle. If the droplet

diameter is much smaller than the particle then Rate II(b) will be preferred and

vice-versa.

Event 3: Collision Driven Mechanisms describes the set of processes where

a wetted particle collides with the bulk of the particle bed. Rate III(a) is the agglom-

eration process where the surface wet particle forms a liquid-bridge with the adjoined

particle as a temporary agglomerate. Rate III(b) describes the rebound process where

the surface wet particle collides with the bulk to then immediately rebound. Rate

III(c) is the process of nuclei consolidation, where the liquid dense nuclei collides with

the equipment or neighbouring particles to densify and form a surface wet particle

(which can further undergo processes of Rate III(a) and (b)). As an extension, follow-

ing from Rate III(a) the process of liquid-redistribution/breakage of the temporary

agglomerate can occur as Rate (IV). This results in two surface wet particles which

can undergo Rates III(a) and (b).

Event 4: Drying describes the set of processes in which the bulk particle bed is

dried by the inlet fluidisation air. Rate V(a) is the drying of the temporary agglom-

erate produced from Rate III(a) where the liquid-bridge is dried. Rate V(b) is the

drying of any surface wet particle before it can interact with another particle to form

an agglomerate. It is important to note the short-circuits where if the surface wet-

particle cannot form a liquid-bridge before drying then there is preferential growth

by liquid-layering.

Event 5: Breakage describes the final set of events where a dried particle can

separate to form smaller particles (often referred to as daughter particles). In this

case, Rate VI(a) is the attrition of small fines from the surface of the particle. Rate
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VI(b) on the other hand is binary breakage of the agglomerate. From here, these

particles can then re-enter the nucleation phase.

One rate process that sits outside the defined events is Rate VII which is the bed

collapse. This rate process describes the over-wetting of the particle bed. If the spray

rate is too large then the bed will de-fluidised and collapse. Often, this process is

overlooked due to most rate process schematics ignoring the influence of the spray on

the particle dynamics.

2.2 Modelling Granulation Rate Mechanisms

This section will expand on the current understanding of the granulation mechanism.

There will be a deeper look into the state-of-the-art modelling techniques used to

represent granulation phenomena by a series of continuous equations as part of pop-

ulation balance frameworks, while also discussing the limitations of these techniques,

models and frameworks.

2.2.1 Nucleation & Wetting

Nucleation and wetting is the process which nuclei are formed from droplets interact-

ing with a dry powder bed. Typically, liquid binder is introduced by atomised spray.

The nucleation and wetting mechanism has become of recent interest as there has

been a greater focus on the spray dynamics on the overall granulation phenomena

[Schaafsma et al., 1999].

To characterise the influence of the spray on nucleation Litster et al. [2001] pro-

posed the dimensionless spray flux, Ψ, as a tool to characterise the behaviour of nuclei

formation across a moving powder bed. This is presented as Equation 2.1:

Ψ =
3V̇

2Ȧdd
(2.1)

where V̇ is the volumetric flow rate of binder from the nozzle, Ȧ is the powder

surface flux passing through the spray area and dd is the droplet diameter produced

from the nozzle.

The dimensionless spray flux, Ψ, describes the rate at which droplets impact

surface of the bed to the turnover rate of the powder bed. This allows for the char-

acterisation of two regimes. If the spray flux is low then the bed turnover rate is

sufficiently high such that any droplet which interacts with the bed will hit an area

of non-wetted powder, on the other hand, at a high spray flux the droplets are more
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Figure 2.5: Visual representation of the two nucleation mechanisms (a) distribution
and (b) immersion [Hapgood et al., 2003]

likely to overlap with wetted parts of the bed. Therefore, this allows for insight of

the nucleation characteristics.

The droplets have a large influence on the type of nucleation. Hapgood et al. [2003]

proposed two important nucleation regimes which relate to the droplet diameter; the

immersion type and the distributive type. These nucleation types are drawn as Figure

2.5.

If the droplet is small relative to the impacting particle, distributive nucleation

dominates whereas if the droplet is large compared to the particle size immersion

nucleation dominates. The nuclei formed by distribution nucleation are surface wet

particles coated by liquid binder whereas immersion-type nuclei are form liquid sat-

urated nuclei that are proportional to the size of the droplet [Iveson et al., 2001,

Hapgood et al., 2003].

The drop penetration time is an important thermodynamic property as this helps

quantify whether the droplets have fully penetrated the bed before additional drops

are introduced. Hapgood et al. [2003] defined the drop penetration time for droplets

to fully penetrate the bed by Equation 2.2:

tp = 1.35
Vd

2
3µl

Reffεeff 2γlvcosθ
(2.2)

where Vd is the volume of the droplet placed onto the powder bed, µ is the viscosity

of the fluid, Reff is the effective capillary size of the pores, εeff is the effective bed

voidage, γlv is the liquid-vapour surface tension and θ is the contact angle [Hapgood

et al., 2003].

Equation 2.2 has been well validated for hydrophilic, homogeneous, vapour-liquid

systems, but, has shown limited performance with hydrophobic formulations [Mundozah

et al., 2018, 2019]. By combining the dimensionless spray flux with the proposed di-

mensionless drop penetration time, Hapgood et al. [2003] was able to develop a regime
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Figure 2.6: The nucleation regime map proposed in Hapgood et al. [2003] which plots
dimensionless spray flux against the dimensionless drop penetration time.

map which quantifies nucleation types for a given process. The dimensionless drop

penetration time is defined as:

τp =
tp
tc

(2.3)

where tc is the residence (circulation) time for a quantity of powder to enter

and leave the spray zone. With this definition, a regime map which proposes three

distinctive regimes was developed (Figure 2.6).

The three regimes identified are the drop controlled regime, intermediate and

mechanical dispersion regime:

1. The drop controlled regime is often described to be the preferential regime

to design a process within [Litster, 2016]. This is because there is a one-to-

one relationship with the drop size distribution of the nuclei size distribution,

ensuring easily predictable growth behaviour.

2. The intermediate regime is currently poorly understood. The regime is sensitive

to changes in process parameters or formulation thermodynamics, which can

lead to significant changes to the nuclei size distribution and overall product

output.

3. The mechanical dispersion regime is where the nuclei size and liquid distribution

become independent to the spray conditions and is determined by the mechan-

ical mixing conditions of the particle bed (for example by impeller) [Hapgood

et al., 2003].
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The regime map is a useful tool for understanding the process as it allows for

insight on the current processing conditions and product formulation. The regime

map is limited in developing any quantitative understanding around the final product

after granulation. It is suggested that it is used as a tool exclusively for the nucleation

behaviour to ensure reasonable bed and spray dynamics.

Hapgood et al. [2004] extended the work by adopting a Monte-Carlo method to

model a spray which produces droplets which form nuclei. The model calculated the

nuclei distribution through the drop controlled regime into the transition regime, pro-

viding quantitative analysis on the effects of spray and process parameters. The model

is limited at high spray fluxes due to the statistical limitations of not encompassing

droplet overlap behaviour [Wildeboer et al., 2005].

Further to this work, a nuclei size distribution model was proposed as the Poisson

distribution model Hapgood et al. [2009]. The model incorporated the dimensionless

spray flux as the core variable and is shown as Equation 2.4:

Pn = exp(−4Ψ)
−4Ψn

(n− 1)!
(2.4)

where Pn is the probability of a nuclei to form by n drops. The nuclei diameter at

any given time t is calculated from the following relationship in Equation 2.5; initially

proposed by Hounslow et al. [2009] and is modified to include the number of drops

for an immersion nucleation scenario:

dn = ndd

(
1 +

1− φcp
φcp

√
t

tp

)
(2.5)

where dn is the nuclei diameter, dd is the droplet diameter, φcp is the critical

packing liquid volume fraction and tp is the drop penetration time. Equations 2.4

and 2.5 provides a framework to predict the nuclei size in any given system where

the droplet size is much larger than the primary particle size. However, this model

ignored the breakage and distribution of the nuclei. To include such phenomena,

the Poisson distribution model (Equation 2.4) was expanded to include the Stokes

deformation number as a controlling parameter for nuclei breakage [Liu et al., 2013].

The Stokes deformation number is defined as Equation 2.6:

Stdef =
ρgvc

2

2δp
(2.6)

where ρg is the granule density, vc is the impact velocity and δp is the dynamic

strength of the granule. The Stokes deformation number provides a criteria for nuclei
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breakage. If Stdef > Stcrit then this would lead to successful breakage. The nuclei

size distribution function with breakage is defined as:

n(v) =

∫∞
v

(Stdef )
puq−1n′(u)du

(Stdef )pvq
(2.7)

where n′(u) is the initial nuclei distribution, p and q are empirical fitting param-

eters. While this is certainly a step in the right direction to encompass greater detail

in nuclei formation and distribution, it is arguable that as the model uses the Hap-

good et al. [2009] model for nuclei formation probability, the inherent limitations of

spray fluxes generally greater than Φ > 0.5 were apparent. Further validation work

is necessary for understanding the mechanical dispersion regime.

Up to now, the models that have been described detail the mechanistic behaviour

for immersion-type nucleation only. Distribution nucleation has seen comparatively

little work. Pioneering work by Kariuki et al. [2013] proposed a dimensionless number,

the particle coating number, which quantifies the particle wetting behaviour during

distribution nucleation. The particle coating number, φp, is shown as Equation 3.11:

φp =
6xLSad
πd3

pρdASA
(2.8)

where xLS is the liquid to solid ratio, ASA is the specific surface area (of some

given roughness and geometry) and ad is the spherical area of a given particle with a

diameter d. The coating number is the ratio of the theoretical area coated by droplets

against the total surface area of the particle. The model was validated and provided

numerical insight on the extent of coating for particles. The model has yet to seen

use in any extensive population balance model, but, shows promising ability to help

characterise whether distribution nucleation occurs during granulation.

Nucleation in population balance models is largely treated as a source term for

small particles [Hounslow et al., 1988, Kumar and Ramkrishna, 1997]. In its sim-

plest form, the population balance equation for nucleation can be trivially written as

Equation 2.9:

dn(v, t)

dt
= Bnuc(v) (2.9)

Equation 2.9 simply represents the rate of change of number density at a rate of

Bnuc. A common approach for nucleation is to consider it as a process which adds

nuclei to the gridpoint of a given distribution. This is expressed as Equation 2.10

[Hounslow et al., 1988]:

Bnuc(v) = N0δ(v − v′) (2.10)
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where v′ is the desired volume of particle (of usually the first gridpoint), δ is the

dirac delta function and N0 is the number of particles added to the size class. This

expression suggests that any nuclei formed must be of the smallest size class and

therefore are treated as some source into the smallest boundary. This expression has

some considerable limitations. Given the current form, the nuclei input is fixed to

a specific size class. Nuclei formed are often distributed in size, liquid content and

powder content which this model cannot physically represent.

Hounslow et al. [2009] developed a mechanistic description for the growth of a

nuclei as particles are ”added” to a drop. For planar geometry, it is written as

Equation 2.11:

v =
vl
φcp

(
1− 1− φcp

1 + φcp
exp

(−4Deffφ
2
cp

h2
0

))
(2.11)

where Deff is the effective diffusivity, vl refers to the liquid volume, v is the volume

of the nuclei and h0 is the initial thickness of the nuclei. The model is derived on the

basis of deformation driven flow, where the liquid is driven to the surface by repeated

deformation of the nuclei. This model was later validated in Pitt et al. [2018] showing

good agreement between model predictions and experimental data. The limitations

of the model are related to the high sensitivity in the critical packing factor, φcp, in

addition to the absence of fundamental understanding on the parameter Deff with

regards to solid-liquid diffusive flow. In this case, these parameters are treated as

adjustable and must be fitted.

Poon et al. [2008] developed a mechanistic nucleation model for the use in a three

dimensional population balance by using a spreading coefficient analogy. This is

written as Equation 2.12:

knuc(s, l, g) = A0Q̇e
λ/RT (2.12)

In this equation, A0 is an adjustable parameter, Q̇ is the volumetric flowrate of

the spray, λ is the spreading coefficient, R and T the ideal gas coefficient and gas

temperature respectively. The model treated the primary particles and nuclei as sep-

arate phases. A mass balance was written as Equations 2.13 and 2.14 to describe the

growth and disappearance of the nuclei and primary particle phases by two coupled

population balance models:

dNnuc

dt
= knuc(s, l, g) (2.13)
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dNprimary

dt
= −knuc(s, l, g)N0x(s, l, g) (2.14)

where Nprimary is the number of primary particles, N0 is the initial particle count

and x is the fraction of primary particles within the nuclei. The model is limited due

to the assumed dynamics of the liquid penetration and spreading, where some key

assumptions are:

• The droplets are well spread and do not overlap.

• If existing particles are present in the system, they will only receive binder if the

droplets do not wet the bed quickly and do not penetrate into the bed quickly.

As a result of the assumptions, the model does not describe the drop formation and

spreading/penetration dynamics of nucleation, where authors have shown importance

to these dynamics, i.e. Hapgood et al. [2003], Wildeboer et al. [2005].

Bellinghausen et al. [2019] proposed an alternative approach to predict the nuclei

size distribution by expanding on the works of Hapgood et al. [2004] and Wildeboer

et al. [2005]. The author suggested that the nuclei size distribution can be modelled

using a log-normal distribution given as Equation 2.15:

f ′m(d′n, µn, σn) =
1

d′n((s1σx + s2)Ψn + s3)
√

2π

× exp

(
(ln(d′n − ((m1σx +m2)Ψn +m3)))2

2((s1σx + s2)Ψn + s3)2

)
(2.15)

where f ′m is the dimensionless mass density of the nuclei, d′n is the dimensionless

nuclei diameter, σx is the deviation of the spatial drop distribution, Ψn the dimen-

sionless nucleation number and s1, s2, s3,m1,m2,m3 are fitting parameters.

A Monte-Carlo method was used to fit the adjustable parameters of Equation 2.15,

which was then compared to available data within the literature. This model showed

more flexibility in modelling the nuclei size distribution than that of Hapgood et al.

[2004], Wildeboer et al. [2005] and Hapgood et al. [2009] - which often struggled to

predict outside the drop-controlled regime. What is particularly advantageous of the

model proposed by Bellinghausen et al. [2019], is the ability to integrate into other

process models such as the generic population balance. This was often the limiting

factor for models such as Hounslow et al. [2009] and Poon et al. [2008] where both

did not offer easy implementation.
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Nucleation within population balance modelling appears to be understudied, and

particularly the core issue may be related to the framework where nuclei are only

considered as a feed source, as opposed to a dynamic particle. The available models

which incorporate multiple dimensions are largely unimplemented in any commercial

format of population balance models.

2.2.2 Layering & Agglomeration

Layering and Agglomerations broadly describes the mechanism in which particles

collide and interact to form a single larger particle, where it is often attributed to

agglomeration (synonymous to coalescence) and layering. Fundamentally, agglomer-

ation of wet granules is a binary process. Layering is a differential growth process

where coating of successive layers of melt, solution, slurry or fine particles onto a

surface wet particle results in enlargement of the coated particle.

Layering is considered in two forms; growth by layering of the liquid on the surface

of the particle or by small fines (or primary particles) which accumulate onto surface

wet particles. For both types of layering the population balance equation can be

written as Equation 2.16:

dn(v, t)

dt
= −d[Gn(v, t)]

dv
(2.16)

Here, G represents the layering function which would describe the physical mech-

anism for layered growth.

For liquid layered growth a mechanistic model proposed by Heinrich and Mörl

[1999] is commonly used among many researches, this is shown as Equation 2.17

[Bertin et al., 2011]:

G =
2mspray

ρpAtot
(2.17)

where mspray refers to the total mass spray rate, ρp is the particle density and Atot

total particle surface area within the system respectively.

Equation 2.17 assumes that the liquid from the spray will immediately interact

with every particle within the bed, where clearly for systems with sprays the liquid will

only see the surface/or some fraction of a particle bed. Key dynamics such as liquid

dispersion and contact spreading are ignored or assumed negligible; although such

mechanisms are known to be dominant in fluidised bed coating systems [Dewettinck

and Huyghebaert, 1999, Hemati et al., 2003]. Despite the limitations, the biggest

advantage here is the lack of adjustable parameters; a true mechanistic model.
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Where most growth functions for liquid layered growth will include a term re-

lated to the spray rate, growth functions which describe layering by fines must then

intuitively include a term that includes total mass of fines and particles. Cameron

et al. [2005] proposed a mechanistic growth model for layering by fines as shown by

Equation 2.18:

G = Gm
Mfines

kMgranules +Mfines

exp[−a(xw − xwc)2] (2.18)

Where Gm is the maximum growth rate of the system, Mfines is the total mass

of fines, Mgranulate is the total mass of granules, xw is the moisture content of the

granule, xwc is the critical moisture content of the granule and k and a are fitting

parameters which relate to the kinetics.

Equation 2.18 describes the growth by layering to be proportional to the number

of fines in the system in relation to the overall granule mass. This intuition makes

sense and studies by Barrasso [2015] have shown that this model performs well for

twin-screw granulation systems. Notably, this model also has a term for moisture

content, hence, for this model to be useable it requires implementation within a

multi-dimensional model with at least two granule co-ordinates, particle diameter and

particle moisture content. The key weaknesses here are the use of fitting parameters

to describe kinetic behaviour that may deviate from formulation and processes.

Sayin [2016] proposed a model as an extension of Cameron et al. [2005]. The

model proposed is shown as Equation 2.19:

G =

{
kλ,

Mfines

Mtotal
> wp,crit

k
Mfines

Mtotal
λ

Mfines

Mtotal
≤ wp,crit

(2.19)

Where λ is the liquid height at the surface of a particle, k is the layering rate

constant and wp,crit is the critical fine powder mass fraction. The model extends from

Cameron et al. [2005] by taking into account the over-excess of fines in relation to the

liquid availability. This allows for more dynamic behaviour with regards to powder

input and growth, where if the critical fines fraction is exceed then the system will

grow at the rate of the maximum, k. Still, in this case two fitting parameters are

needed for k and wp,crit.

Agglomeration has been rigorously studied with many models implmeneted into

various forms of population balance models. Based on the fundamentals, for ag-

glomeration to occur a criterion was determined by [Ennis et al., 1991] where the
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phenomenon is controlled by the viscous Stokes number, Stv:

Stv =
4ρgUcdg

9µl
(2.20)

The viscous Stokes number is the ratio of viscous dissipation to the kinetic energy

at a binary particle collision, where Uc is the collision velocity. The criterion for

agglomeration is [Ennis et al., 1991]:

Stv < St∗v coalescence

Stv > St∗v rebound
(2.21)

Where the St∗ is the critical viscous Stokes number which is further defined as:

St∗v =

[
1 +

1

er

]
ln

(
hl
ha

)
(2.22)

The critical viscous Stokes number provides a minimum value which the rebound

velocity between two particles during agglomeration is zero. In this scenario, the

terms that drive this behaviour are: er which is the coefficient of restitution for

the surface-wet particle, ha which is some characteristic length scale of the surface

asperities and hl is the liquid layer thickness of the particle. The criterion develops

some core insight with regards to the operation of a granulation process, though it

is emphasised that this model assumes no deformation of the granule. Furthermore,

the assumption suggests that the model is only suitable for low shear processes.

Suppose that the average collision velocity can be measured throughout the par-

ticle bed, three distinct regimes are observed when compared to the critical viscous

Stokes number. The following regimes are:

1. Non-inertial regime: the scenario where the operational viscous Stokes num-

ber is sufficiently less than the critical Stokes number, or numerically where

Stv/St
∗
v → 0. The non-inertial regime identifies a point of operation where all

collisions are successful and thus, result in coalescence.

2. Inertial regime: the scenario where the operational viscous Stokes number is

close to or equal to the critical Stokes number, Stv/St
∗
v ≈ 1. This regime tends

to contain granules which are approaching the critical value. Within this regime,

physical inputs such as bubbling gas velocity and impeller rotation play a key

role in the success of collisions between granules through inertial input.
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3. Coating regime: the scenario where the operational viscous Stokes number is

larger than the critical Stokes number, in other words, Stv/St
∗
v > 1. This regime

is where granule collisions do not guarantee coalescence.

The aforementioned regimes do not describe the the entire particle space. In most

cases, specific regions of the process unit could be operating in different regimes. This

may be due to effects of segregation, poor mixing and/or poor distribution of liquid.

This creates difficulty in evaluating the dominant growth regime within the system,

hence limiting the effectiveness of the viscous Stokes number as a quantitative tool

for understanding the operational behaviour.

Within population balance models, agglomeration is described as a birth and

death term. Equations 2.23 and 2.24 shows this mathematically [Rumpf, 1958]:

ḃcoal =
1

2

∫ v

0

β(dp, d
′
p)n(dp − d′p)n(d′p)dd

′
p (2.23)

ḋcoal = n(dp, t)

∫ ∞
0

β(dp, d
′
p)n(d′p)dd

′
p (2.24)

where β(dp, d
′
p) is the rate model which physically describes agglomeration. This

often encompasses information about the powder formulation and process dynamics;

dp represents the particle diameter and d′p is the diameter of a particle which is

arbitrarily less than dp. While the internal co-ordinate of particle length is used in

this case, this can be any arbitrary intensive property which can be used to describe

a granule.

The majority of currently literature has focused on developing agglomeration mod-

els where β(dp, d
′
p) is expanded into forms that are dependent on core granule prop-

erties, e.g. size and liquid content. The simplest model is assuming size independent

growth where all particles agglomerate at a constant rate [Rumpf, 1958, 1973]. Analo-

gies have been made with the viscous stokes number, where growth behaviours are

separated by cases for values of Stv [Liu et al., 2000, Adetayo et al., 1995]. This was

adapted as a mechanistic model in Liu and Litster [2002] which set cases for type I

and type II coalescence; which characterises whether the granule collisions will lead

to the surfaces of the colliding granules to meet to result in deformation. The model

applies a mechanistic framework for the agglomeration rate, but, was not able to

predict a priori due to the need to fit adjustable parameters.

A multi-dimensional model was developed which suggested that the rate of ag-

glomeration is a component of the size of the particle and the fractional liquid content
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of the particle [Madec et al., 2003]. The model relies on the assumption that the pop-

ulation balance equation solved is multi-dimensional that is at least two dimensional

in solid volume and liquid volume. The model had some mechanistic basis where mass

is conserved during collision and liquid agglomeration rate is a function against some

experimentally determined ”optimum” operating liquid-to-solid ratio. The model has

been used by other authors such as Barrasso [2015], Chaudhury and Ramachandran

[2013], Boukouvala et al. [2013] and Prakash et al. [2013]. The model has not been ex-

tensively validated but allows liquid content to be a contributor to the growth rate as

opposed to the one-dimensional expressions that are currently in the literature. This

was among the first agglomeration models to integrate multiple granule co-ordinates

as part of the agglomeration rate, however, it is semi-empirical in nature thus lacking

a physical basis to achieve reasonable predictions.

Further agglomeration models are provided in Table 2.2 with an associated dis-

cussion.
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Table 2.2: Comparisons of various agglomeration models available in the current literature.

Coalescence model Comments

β0

The size independent model assumes that growth is independent of size
or any other internal parameter. Therefore, this model is only viable
for systems where all particles are of a similar size and growth is linear
at all time stages. In most literature it is considered as some ”fixing”
parameter which fundamentally has mechanistic meaning but is treated
as some calibration value [Rumpf, 1958, Hounslow et al., 1988].

β0
(v + v′)a

(vv′)b

The size dependent model relates the coalescence rate with the size of the
granule. The model describes the rate of growth being more preferential
for larger particles rather than smaller [Kapur and Fuerstenau, 1969].
a and b are adjustable parameters that require experimental fitting.
The coalescence model is largely empirical where experimental fitting
is necessary thus not being a truly predictive model. The growth model
was extensively tested against a pelletisation process which showed a
good level of agreement. However, the estimation of the parameters was
not well detailed.

β0(v2/3 + v′2/3)(
1

v
+

1

v′
)

The Sastry [1975] size dependent model considers that the rate of coa-
lescence is due to the ratio of surface area to volume for two colliding
particles. For particles that have low surface areas but a large volume
will agglomerate slower than for the reverse case. However, due to no
tracking of particle morphology, this is averaged across all size bins. In
addition, one key assumption is that the (apparent) density does not
change with time, which for high shear granulation or twin screw pro-
cesses is certainly not true [Djuric and Kleinebudde, 2008, Gao et al.,
2002].
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β =

{
β0 w < w∗

0 w > w∗

wherew∗ = (vv′)b

(v+v′)a = π
6

(16µ
ρv St

∗)3
The cutoff model states that after a given criteria granule growth be-
comes zero. In this case, a loose form of the Stokes criteria is given
which is related to the Kapur and Fuerstenau [1969] size dependent
model. This criteria is mechanistic in nature where it is understood
that for granules to coalesce they must have the internal Stokes number
less than the critical [Ennis et al., 1991].

β0(v + v′)
2
3

√(1

v
+

1

v

) The equipartition of kinetic energy (EKE) model is a mechanistic ex-
pression developed by [Hounslow, 1998] which adapts the kinetic theory
of gases to model the collision frequency of the granules. This expression
has been primarily used within fluid bed granulators [Tan et al., 2005,
2006] as there is convicing theory that the fluid bed dynamics resem-
ble the behaviour [Deen et al., 2007]. The model is particular useful as
this gives an approach to model collision frequency rather than the rate
of coalescence. In further work by Tan et al. [2005] the EKE model is
combined with a coalescence likelihood model which with experimental
fitting produces a model that shows good agreement for granule growth.

β0(v + v′)
2
3

The Smouluchowski shear model is a model that assumes the particles
are in a dilute phase which are carried by the fluid stream. This in reality
is vastly different for dense phase particulate systems such as in a high
shear mixer. The Smoluchowski shear model is likely to have greater ap-
plicability for dilute crystallisation systems or aerosol processes [Darelius
et al., 2005].

.

β =


β1 Type I coalescence

β2 Type II coalescence

0 Rebound

This model was developed and validated in Liu and Litster [2002] within
a drum granulation process. For Type I and Type II coalescence the rate
of agglomeration is different given the viscous Stokes criteria further de-
tailed in Liu et al. [2000]. The model is mechanistically based and gener-
ally has found good agreement with experiments, albeit, overestimating
the oversized particles.
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β0

∫ St∗

−∞
f(φ, t)dφ

This model was originally developed for an industrial continuous fluid
bed by Cryer [1999]. The model translates the calculations of particle
size into a distribution of viscous Stokes number (f(φ, t)), where the
critical viscous Stokes number is a variable that transitions over time by
a parameterised function. The model is semi-mechanistic in the sense
that it states that all particles under the critical stokes number can ag-
glomerate, but empirical as the viscous Stokes number is given a normal
distribution through a polynomial chaos expansion. This expansion was
also performed of the particle diameter (where the harmonic mean be-
tween a two particle collision is not an average of the mass) and the
collision velocity.

β0(v + v′)·((
l(v) + l(v′)

)a
(

1− l(v) + l(v′)

2

)b)a

The Madec et al. [2003] model is a multi-dimensional model which con-
siders the growth rate by particle size and liquid composition. the pa-
rameter b is a consolidation term and a is a random variable where
both parameters are experimentally fitted. This model is quite power-
ful in that it combines the growth rates from two major contributors
in particle growth the size and liquid content. Though in this case, the
liquid content is only the composition. No account for surface liquid is
considered. Though for suspension processes, this model is more likely
applicable (as this was originally developed for such processes) due to
the over-saturation of liquid within the particle geometry. It is necessary
to use a population balance which tracks both size and liquid for this
model to be used.
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β0ψi,jd
γ
p,4,3(v + v′)

2
3

√(1

v
+

1

v′

) The model developed by Rajniak et al. [2009] combines multiple aspects
which contribute to the likelihood for coalescence. The parameter ψi,j
is the success factor which is composed of a geometric likelihood func-
tion and a physical success function that is related to the viscous Stokes
criteria. By incorporation of some key mesoscale phenomena, the model
is rather sophisticated but requires a lot of inputs from external cal-
culations. The author, Rajniak et al. [2009], utilised a coupled CFD
model to calculate some of these core physical parameters, where if a
pure population balance model is used a majority of these parameters
will become unknown variables.
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2.2.3 Breakage & Attrition

Differential size reduction is attributed to attrition. Attrition is the process of small

fragments that are chipped from the surface which reduces the effective volume of the

particle, but in this case further small particles are added into the particle population

which is often treated as internal nucleation.

In population balance models, attrition is considered to be the opposite of dif-

ferential growth. An analogous form can be written as Equation 2.25 [Bertin et al.,

2016]:

dn(v, t)

dt
=
d[Gattrn(v, t)]

dv
(2.25)

The function Gattr, like layered growth, is the function which defines the physical

form of the phenomena within the population balance framework. The typical form

which Gattr takes is written as Equation 2.26 [Tan et al., 2004b]:

Gattr =
dv

dt
= −S(v)ϕ (2.26)

where S(v) is the apparent attrition rate of granule size v and ϕ is the average

mass of an attrition fragment.

The average mass of an attrition fragment is considered to be distributed prop-

erty, and has been frequently chosen to be the initial primary particle distribution

[Hounslow et al., 1988, Heinrich et al., 2002, Tan et al., 2004b, Bertin et al., 2016].

Tan et al. [2004b] justifies the assumption by stating that attrition particles are often

at sizes comparable to the primary particles. Consequently, S(v) can be rewritten in

terms of particle length in which the fragmentation function S(v) can be defined by

the initial size distribution. This is written as Equation 2.27:

S(v) =
S0d̄p0(d̄p

2

0 + 3σ2
0l
q−2)

3
(2.27)

given that S0 is some breakage rate constant, d̄p0 is the mean granule diameter

of the initial particle size distribution, σ0 is the standard deviation of the length

based particle size distribution and q is a parameter that signifies the order of size

dependence.

The resulting mass of fragments will result in the initial particle size distribution

of equal mass to the fragments. This effectively results in some apparent nucleation

term (this can also be read as a mass input). In doing so, a semi-mechanistic form

for attrition is developed.
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Breakage or fragmentation are modelled by a birth and death term within popu-

lation balance models. This form of breakage is not considered as a differential size

reduction, as the breakage will result in a significant size reduction with the produc-

tion of fragments, where the volume is typically assumed to be conserved. Following

this assumption, the birth term and death for breakage is written as Equation 2.28

and 2.29 respectively:

Ḃbreak =

∫ ∞
v

βbreak(v
′)b(v′, v)n(v′, t)dv′ (2.28)

and

Ḋbreak = βbreak(v)n(v, t) (2.29)

where βbreak is the breakage rate constant and b(v′, v) is the resulting breakage

fragment distribution function.

These two parameters define the breakage behaviour within population balances

models, where largely empirical models have been developed [Austin et al., 1976,

Austin and Klimpel, 1984, Hounslow et al., 2001, Vogel and Peukert, 2004]. Most

of these models were initially proposed for milling processes. Currently, breakage

in literature is still often treated as an analogy from milling. This has inherent

limitations due to the normal operation of mills being dry, where for wet granulation

the strength of the granule is dictated by a large amount of factors, in particular;

the viscous forces of the liquid bridges and processing environment that is largely

different to that of mills. Hounslow et al. [2001] performed tracer studies within a high

shear mixer to validate a simple breakage model. The model suggested that mother

particles would break and result in two equally sized daughter particles; essentially

being among the simplest breakage models available in the current literature for

granulation. Despite the simplicity, it was found to be effective in predicting breakage

behaviour in works of Tan et al. [2004b, 2005].

Many additional breakage models have been proposed recently, in works such as

Ramachandran et al. [2009], Pradhan et al. [2017], Hayashi and Watano [2019], Wang

et al. [2020, 2021]. These have seen plenty of success within high shear and twin screw

granulators. Modern fluidised bed models tend to ignore breakage, or use the simple

linear breakage model as proposed by Tan et al. [2004b].

2.2.4 Co-dynamics of Rate Mechanisms

Population balance models integrate the granulation mechanisms by combining all

the relevant birth and death terms into a single continuous form. Emphasis is placed
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Figure 2.7: Probability of wet collisions versus the probability of successful wet colli-
sions from Rieck et al. [2020].

into choosing a rate model for the birth and death terms which best describes the

type of growth or breakage. This results in a model framework where terms such as

agglomeration and breakage plug-in and out rate equations without much thought on

how these rate models affect one another. If we consider the fluidised bed granulator,

if the inlet fluidisation air is increased to a large value then it is expected that the

rate of breakage and attrition is increased, the rate of agglomeration decreases. With

the current state of rate models and the way they are used, most cannot represent

those respective changes; which in the current state of the literature, is because of

the lack of physically based multi-dimensional models and framework.

Ensuring a model can physically represent co-dynamic mechanisms are important

to maintain flexibility of the model design space. This is particularly important

for granulation where mechanisms such as liquid-layered growth or agglomeration

compete with one-another depending spray and drying conditions. As such, the rate

models must encompass those effects to accurately predict whether the system should;

take off due to agglomeration or grow slowly by layering.

Rieck et al. [2020] pioneered an approach to determine the dominant growth mech-

anism within a fluidised bed process. Here, it was suggested that if the Stokes cri-

terion is used (see Equation 2.21) to predict the likelihood of coalescence, and if the

frequency of wet collisions is known then the probability of successful collisions can

be calculated. Rieck et al. [2020] proposed that if the probability exceeds 0.001 then

agglomeration would become dominant. Figure 2.7 shows how experimental data

from the literature compares to the predictive model.
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The work is still limited in terms of integrating this format into the population

balance framework. The probability of collision here was treated as an adjustable

value where the successful collisions were calculated on the basis of the Stokes cri-

terion. To integrate the ability to model the co-dynamics, there is a need to ensure

both the collision rate and success are calculated as part of the rate model. This can

open the avenue to model the co-dynamics of layering and agglomeration as com-

petitive processes. To achieve this would require the appropriate population balance

framework that is multi-dimensional in at least particle length and liquid volume.

2.3 Multi-dimensional Population Balance Models

This section will cover the overall framework of multi-dimensional population balance

models and the implementation within current literature. A key focus will be on the

chose granule co-ordinates the authors have chosen to model as well as the rate models

used to simulate the process.

2.3.1 Framework of a Multi-dimensional Population Model

Multi-dimensional population balance models have become increasingly popular due

to larger computational resources becoming more available. Multi-dimensional models

are typically considered to be superior to that of a one-dimensional model due to

the ability to track multiple distributed granule properties and therefore can model

more complex phenomena and behaviours [Iveson, 2002]. Examples of the types of

properties tracked are described in Ramkrishna [2000] and is listed as; the particle

length, liquid volume of a particle, gas volume of a particle, masses of the components

within a granule, the age of the particle, shape and potentially more.

Commonly, multi-dimensional population balance models tracks the mass of solid,

liquid and gas as these are the most commonly observable properties of granule; by

measurement of mass, moisture content and porosity. The general form of the three-

dimensional population balance for a framework such as this is written as Equation

2.30 [Litster, 2016]:

∂n(s, l, g, t)

∂t
+
∂ [Glayern(s, l, g, t)]

∂s
+
∂ [Gwettingn(s, l, g, t)]

∂l

+
∂ [Gconsn(s, l, g, t)]

∂g
= Ḃ(s, l, g, t)− Ḋ(s, l, g, t)

(2.30)
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where s is the total solid mass, l is the total liquid mass and g is the total gas

mass of the granule, n(s, l, g, t) is the population density of the granule described by

the respective component property over time, and Ḃ and Ḋ are the birth and death

terms which would represent the granulation phenomena agglomeration, breakage and

nucleation. The three growth terms would represent the differential growth phenom-

ena such as solid layering, wetting (liquid layering) and gas consolidation [Immanuel

and Doyle Iii, 2003, Poon et al., 2008, Ramachandran and Barton, 2010, Sen and

Ramachandran, 2013, Barrasso, 2015].

The volume of the granule (and therefore length) can be calculated by taking the

additive sum of all three masses and dividing the total mass by the composite density

[Barrasso and Ramachandran, 2012, Barrasso, 2015, Muddu et al., 2018]. This is

shown as Equation 2.31:

v =
s+ l + g

ρcomp
(2.31)

where v in this case is the volume of the granule which is composed of s, l, g and

ρcomp is the composite density.

This framework has been implemented for multiple types of granulation processes

and have shown to be a robust approach to modelling multiple granule dimensions

[Immanuel and Doyle Iii, 2003, Poon et al., 2008, Li et al., 2012, Barrasso, 2015,

Chaudhury et al., 2015, Ismail et al., 2020b]. However, this is at the expense of

significant computational costs.

Importantly, a multi-dimensional population balance model is capable of mod-

elling the differential growth processes independently of the respective granule com-

ponent as opposed to the summative result used in one-dimensional population bal-

ance models. This is advantageous as it allows for the isolation of, and emphasis to,

the respective mechanisms across the particle distribution.

To model agglomeration, Equation 2.23 is expanded to include all distributed

granule co-ordinates. The general form for the birth and death equation for the

three-dimensional agglomeration model is written as Equation 2.32 and Equation

2.33 [Ramkrishna, 2000, Barrasso, 2015]:

Ḃagglom =
1

2

∫ s

0

∫ l

0

∫ g

0

β(s− s′, l − l′, g − g′, s′, l′, g′)

×n(s− s′, l − l′, g − g′, s′, l′, g′, t)n(s′, l′, g′, t)dg′dl′ds′
(2.32)
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Ḋagglom = n(s, l, g, t)

∫ ∞
0

∫ ∞
0

∫ ∞
0

β(s− s′, l − l′, g − g′, s′, l′, g′)

×n(s′, l′, g′, t)dg′dl′ds′
(2.33)

where s, l, g maintain the same definition and s′, l′, g′ is the particle which is arbi-

trarily smaller than s, l, g of the respective granule co-ordinate.

The framework here allows for more physically representative models to be imple-

mented as it allows tracking of properties which are relevant to the granule mechanism

[Iveson, 2002]. Many reseaches suggest that liquid content is an important property

to include within an agglomeration model; which a one-dimensional model is unable

to achieve [Hemati et al., 2003, Tan et al., 2006, Vreman et al., 2009, Bertin et al.,

2011, Barrasso and Ramachandran, 2012, Chaudhury et al., 2014] .

Similarly, breakage can be expanded into a multi-dimensional framework by ex-

panding on Equations 2.28 and 2.29. This forms both Equations 2.34 and 2.35:

Ḃbreak =

∫ ∞
0

∫ ∞
0

∫ ∞
0

βbreak(s
′, l′, g′)b(s′, l′, g′s, l, g)n(s′, l′, g′, t)dg′dl′ds′ (2.34)

Ḋbreak = βbreak(s, l, g)n(s, l, g, t) (2.35)

This framework was applied by various authors and validated against experimental

data for multiple granulation processes and have found success in predicting the size

distribution [Braumann et al., 2007, Li et al., 2012, Barrasso and Ramachandran,

2012, Chaudhury et al., 2014, 2015]. However, there was less success in tracking such

as moisture content and porosity. This is attributed by the authors to the lack of

physically representative models available in literature and poor validation tools which

cannot measure the respective distributed properties [Barrasso and Ramachandran,

2012, Barrasso, 2015, Muddu et al., 2018].

2.3.2 Model Reduction of Multi-dimensional Models

Multidimensional models are computationally intensive and are difficult to use [Ra-

machandran and Barton, 2010]. From an industrial stand-point, complexity is unattrac-

tive for internal integration. Biggs et al. [2003] proposed a multi-dimensional popula-

tion balance model which retained aspects of the traditional multi-dimensional model,

but, could be solved as a series of one-dimensional population balance equations; a

reduced order model. To convert the multi-dimensional model to a series of coupled

one-dimensional equations, a two assumptions are necessary:
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• The granule property is equally distributed over all granules for any given size

range, and

• The granule property is equally distributed within any granule

With these assumptions, the reduced order form for size and any other intensive

granule property can be written as Equation 2.36 and Equation 2.37:

∂n(v, t)

∂t
= −∂[Gn(v, t)]

∂v
+ Ḃ(v, t)− Ḋ(v, t) (2.36)

∂M(v, t)

∂t
= −∂[M(v, t)]

∂v

dM(v)

dt
+ Ḃ(v, t)− Ḋ(v, t) (2.37)

where n(v, t) represents the number distribution as a function of size and time,

and dM = M(v, t) is the mass of the intensive property (such as liquid volume or gas

volume) within the size range (v, v + dv) [Biggs et al., 2003].

The particular advantage here is that we retain the ability the model the multiple

dimensions of a granule but at a computational cost which is similar to that of a

one-dimensional model. Notably, we also retain the ability to model the differential

growth of each individual component separately; layering, wetting and consolidation

are treated as separate growth properties within their respective lumped distributions.

Hounslow et al. [2001] advises against using the intensive properties to model the

rates. However, this framework has seen success in predicting the intensive properties

in works such as Biggs et al. [2003], Barrasso [2015], Bellinghausen et al. [2019],

Bellinghausen [2021]. The authors suggest that the framework is appropriate given

that the rate models physically represent the intensive properties that are relevant to

the granulation mechanisms.

2.3.3 Compartmentalised Frameworks

Population balance models are often assumed that the particles are well-mixed within

the space of the equipment. This means that phenomena such as segregation and in-

ternal mixing are ignored entirely [Hounslow, 1998]. In recent literature, an approach

known as model compartmentalisation has become increasingly popular as a way cir-

cumvent the well-mixed assumption to emphasise rate processes which depend on

spatial properties [Li et al., 2012, Liu and Li, 2014, Lee et al., 2017, Wang et al.,

2021].

Compartmentalisation is the method of distributing the spatial co-ordinates of

the bed into discrete points. In fact, this is analogous to the concept of how a plug
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Figure 2.8: Generic process of compartmentalisation an equipment volume into two
discrete compartments

flow reactor can be treated as an infinite series of stirred tank reactors [Chaturbedi

et al., 2017, Ismail et al., 2020a]. Figure 2.8 shows how a single granulator volume

can be converted into two discrete regions, compartment one and two.

Compartmental models have seen plenty of success in validating experimental

studies in works such as Börner et al. [2013], Hussain et al. [2014], Barrasso [2015],

Muddu et al. [2018]. These authors repeatedly discussed that by separating the vol-

ume of the particle bed which interacts with the spray, the model tends to perform

better in predicting agglomeration. In particular, Kaur et al. [2019] shows that by

manipulating the volume of the compartment, the effect of mechanisms such as ag-

glomeration and breakage can have dramatic changes on the model outputs; which

introduces a new parameter to improve model accuracy.

Compartmentalisation allows for the improved treatment of rate processes for a

given equipment volume. However, most models fail to treat the spray with appro-

priate attention, and often, most current literature fail to integrate more than one

granulation mechanism within a compartmental framework [Li et al., 2012, Lee et al.,

2017, Liu and Li, 2014].

Figure 2.9 suggests three main compartments, spray drying, wetting and bulk

particle bed. Here, the spray drying compartment would encompass the volume of
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Figure 2.9: A proposed approach for a three-compartmental model of top-spray flu-
idised bed granulation

the spray and the mechanisms of spray drying. The wetting compartment would

include the volume of the particle bed that is in contact with the spray and would

include any wetting or layering mechanisms that are part of the droplet/particle

mechanisms. The bulk particle bed would then include the volume of the remaining

particle bed in addition to all other relevant mechanisms such as agglomeration,

drying and breakage. The material flow rate from the bulk particle bed compartment

to the wetting compartment is more difficult to define. Börner et al. [2013] and

Kaur et al. [2019] suggest describing the flow based on the relative volume of two

compartments. This can be calculated by Equations 2.38 and 2.39:

α =
V1

V1 + V2

(2.38)

t1 =
V1

Q̇
, t2 =

V2

Q̇
(2.39)

where α is the volume ratio of the compartments, V1 and V2 are the volumes of

the individual compartments, t1 and t2 are the respective residence times, and Q̇ is

the volumetric flow rate of the particle. If the volume ratio is set as an adjustable

parameter, then appropriate value for the volumetric flow rate is necessary. For any
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fluidised bed this can be satisfied by a turbulent free model found in Truckenbrodt

[2008] and Börner et al. [2013].

2.4 Conclusion

There has been significant progress in developing a mechanistic understanding of the

rate processes which drive fluid bed granulation. The understanding of the process

tends to be overly-specific, as the growth mechanisms studied tend to be fixed by the

process conditions. This has lead to limited attempts to unify the mechanisms to

build a generalised model; in which there must be significant improvements.

Population balance frameworks are moving quickly away from the classical one-

dimensional framework to a multi-dimensional framework. This is primarily due to

improved computing resources and valuable tools to simplify and reduce complexity.

While the modelling framework can integrate more intensive granule properties as

part of the rate models, there has been very little effort in developing rate models

which include these intensive properties. Therefore models within the current litera-

ture choose continue to use one-dimensional rate models. There is a strong demand

to integrate a multi-dimensional, physically relevant rate model for all granulation

mechanisms.

Compartmentalisation is particularly popular to help reduce the effects of the

well mixed assumption. Most models use two-compartmental approaches to discre-

tise the particle bed, but, very little focus on the spray. One compartment typically

involves the mechanisms which the particle-spray interacts and the other bulk drying,

breakage and agglomeration. Compartmental models show strong promise in mod-

elling agglomeration and breakage systems where additional control is provided by

the volume of the compartments. A particular issue is determining the material flow

between compartments where this knowledge can be limited for specific granulators.

In the case of a fluidised bed, there are a plethora of studies which investigate flow

and are readily available. Building a compartmental model for the spray has yet to

be studied and integrated within the literature and should be a focus to improve the

understanding of equipment dynamics.
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Chapter 3

Development of a Mechanistic
Growth Model for Liquid Layering
in Fluid Bed Granulation

3.1 Introduction

Within the domain of population balance modelling, growth by liquid layering, or

equally, by primary particles is described by an analogous advection equation in one

dimension. This is shown as Equation 3.1:

dn(v, t)

dt
= −d[Gn(v, t)]

dv
+ Q̇inn(v, t)− Q̇outn(v, t) (3.1)

The volume density function is represented by n(v, t) for any reasonable internal

co-ordinate v (typically solid, gas, liquid), G is the kinetic growth model and Q̇ is

the volumetric flowrate of the particle either in or out of the system. The kinetic

function, G, can be further expressed as Equation 3.2:

G =
dv

dt
G(n) = 0 (3.2)

where the final boundary of v is 0 given n grid co-ordinates (to ensure there is no

growth out of the grid).

The issue among a majority of kinetic growth models is the reliance on the as-

sumption that the spray will interact with all size classes of the particle bed at equal

rates, in other words, the interaction is well-mixed. A well-mixed assumption is not

capable of capturing the physical phenomenon that is observed in many practical

industrial scenarios. However, the necessity to make such an assumption lies with

the inherent population balance framework. As a majority of published models dy-

namically calculate the distributed solid volume/mass key granule properties, such
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as liquid and gas content, are not available as functional properties for a physically

representative kinetic model.

3.2 Multi-dimensional Population Balance Model

For Layering

To track multiple dimensions of a granule, a class of population balance equations

have been proposed by multiple authors [Barrasso and Ramachandran, 2012, Biggs

et al., 2003, Ding et al., 2006, Ramkrishna, 2000]. The form of a three-dimensional

population balance, which encompasses the solid, liquid and gas volumes of the gran-

ule can be represented by Equation 3.3:

∂n(s, l, g, t)

∂t
= −

[
∂n(s, l, g, t)

∂s

ds

dt
+
∂n(s, l, g, t)

∂l

dl

dt
+
∂n(s, l, g, t)

∂g

dg

dt

]
+

Q̇inn(s, l, g, t)− Q̇outn(s, l, g, t)

(3.3)

Where n(s, l, g, t) is the population density which describes the granule of the

vector [s, l, g], where s, l, g are the solid, liquid and gas volumes respectively. A

multi-dimensional model is capable of calculating all the granule co-ordinates as a

distributed properties; for increased computational costs. Studies performed by Bar-

rasso [2015] showed that for each individual co-ordinate added to the granule vector,

the time taken to compute the result increased ten-fold per ten gridpoints. There-

fore, it is often discussed that the conventional multi-dimensional population balance

model is quite impractical for industrial use.

Hounslow et al. [2001] proposed a reduced-order scheme to calculate multiple di-

mensions of a granule while having the computational cost similar to a one-dimensional

model. A reduced order model, calculates the multiple dimensions by coupling sets

of one-dimensional population balance equation. For each granule co-ordinate, one

set of population balance equations are added. The framework assumes that within

a single granule size class, all granules would share the same liquid content, gas con-

tent and/or similar. Therefore, a simplification of the multi-dimensional population

balance can be achieved. The mathematical form of a reduced order form follows in

Equation 3.4:

∂n(v, t)

∂t
= −∂[Gn(v, t)]

∂v
+ Q̇inn(v, t)− Q̇outn(v, t)

∂M(v, t)

∂t
= −∂[GM(v, t)]

∂v
+ Q̇inM(v, t)− Q̇outM(v, t)

(3.4)
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Where n(v, t) is the population distribution of co-ordinate v (often solid volume,

mass or length) and M(v, t) is the secondary distribution of the secondary granule co-

ordinate, e.g. liquid volume or gas volume. While the model solution is simplified, it

is not equivalent to the full multi-dimensional form and multiple authors warn against

using additional granule co-ordinates for the use in kinetic models and rate expressions

[Biggs et al., 2003, Barrasso, 2015]. However, the balance between computational

cost and speed of a reduced-order model provides a good platform for wide-spread

implementation.

3.3 Model Development and Implementation

The fluid bed granulator was discretised into a three co-ordinate system with a set

of coupled one-dimensional population balance equations. By modifying Equation

3.4 the internal granule co-ordinates which are modelled are the solid, liquid and gas

volumes.

∂s(v, t)

∂t
= −∂[Glayers(v, t)]

∂v
+ Q̇ins(v, t)− Q̇outs(v, t) (3.5a)

∂l(v, t)

∂t
= −∂[Gwettingl(v, t)]

∂v
+ Q̇inl(v, t)− Q̇outl(v, t) (3.5b)

∂g(v, t)

∂t
= −∂[Gconsg(v, t)]

∂v
+ Q̇ing(v, t)− Q̇outg(v, t) (3.5c)

Here s(v, t), l(v, t) and g(v, t) are the solid, liquid and gas distributions against

the gridpoints of size classes v. G here is separated into the three respective growth

processes relevant to the granule dimension. For this model, as we are interested

in the liquid layered growth over the particle surface, Gwetting is the function we

integrate which takes the form of dl(v)
dt

[Hounslow et al., 2001, Biggs et al., 2003].

Equations 3.5a - 3.5c provide the individual component balances for the properties of

the granule. Therefore, the granule should be a vector of the individual components,

as represented by Equation 3.6:

v(s, l, g, t) =

sl
g

T (3.6)

where the total volume of the granule is simply the additive sum of the individual

components at a given grid point as shown in Equation 3.7:

v = s+ l + g (3.7)
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and hence the particle diameter, dp:

dp(s, l, g) =
6v

π
(3.8)

3.3.1 Development of a Kinetic Model for Liquid Layered
Growth

The velocity at which the granule grows in size is dependent upon many factors. For

a system which grows by an accumulation of liquid layers the key factors are:

• The size and surface area of the particle that is in contact with the spray.

• The total mass flow rate entering the particle system by spray and the distri-

bution of the mass over the total particle bed.

• The solid composition and rheology of the liquid phase which contributes to the

surface growth.

• Surface thermodynamics such as wet-ability and contact angle.

We choose to a set a control volume around a particle which has made contact

with a droplet and has reached some level of surface coating. Figure 3.1 provides a

schematic representation of the control volume. To develop a mass balance we must

make a set of assumptions:

1. The droplet diameter is much smaller than the particle diameter such that

dd << dp.

2. We assume that the liquid which enters the system by spray is a two-phase

mixture of some solids and liquid content.

3. The mass distribution of the spray across the particle size distribution is only a

function of the visible surface area of the particle, that is, particles of a greater

surface area have a greater tendency to interact with the spray.

4. The external available liquid can be expressed purely by some critical pore

saturation.
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Figure 3.1: Schematic representation of the control volume for liquid layered growth
around a partially wet surface [Mörl et al., 2007]

The mass balance around the wetted portion of the particle at size class v can be

written as Equation 3.9:

dmp(v)

dt
=

σp(v, t)Ap(v, t)

π
∫∞

0
σp(v, t)dp(t)2dv

Ṁspray (3.9)

Here, σp is the fraction of surface area wetted by liquid, Ap is the area of the

particle, v the diameter of particle, Ṁspray the total mass flow rate of the spray enter-

ing the system and xspray is the fraction of the total solids content within the liquid

phase. The reader should note that the numerator refers to the total wetted surface

area within a single size class across a distributed population, whereas, the denom-

inator expresses the total wetted surface area across the entire distribution. Here,

it is also considered that all of the liquid from the spray contributes to the growth

of the particle, in reality, drying will be occurring simultaneously which evaporates

the solvent phase of the spray. While not extensively elaborated within this section

where an ideal scenario is assumed, this phenomenon is studied in-depth further in

the forthcoming chapters.

The rate of change in diameter can therefore be determined by a conversion to

a volume balance through the application of the appropriate chain-rule. The final
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result is shown as Equation 3.10:

Gwetting =
dl(v, t)

dt
=

2σp(v, t)

πρp
∫∞

0
σp(v, t)dp(t)2dv

Ṁspray (3.10)

It is now necessary to define the function which determines the surface wetness

of the particle, σ(v, t). This is calculated by adapting the results from Kariuki et al.

[2013] and the appropriate derivation for the proposed particle coating number, φp.

From Kariuki et al. [2013] the particle coating number is defined as Equation 3.11:

φp(v, t) =
6xLSad
πd3

dρdASA
(3.11)

Where xLS is the total external liquid on the surface of the particle, ad is the

contact area of the droplet interacting with the particle, dd is the droplet diameter

and ASA is the specific surface area of the particle.

By inspection, the particle coating number indicates the ratio of area covered by

droplets over the total particle area [Kariuki et al., 2013]. However, it should be noted

that ad is not simply the visible surface area of the droplet (π
4
d2
d) and it must therefore

be further defined. The expression provided Clarke et al. [2002] for the contact area

can be used if the assumption that the effects of the surface curvature is minimal.

The contact area ad is calculated by Equation 3.12:

ad =

(
3Vd
√
π sin3(θ)

2− 3 cos(θ) + cos3(θ)

) 2
3

(3.12)

Given that, Vd is the droplet volume and θ is the contact angle of the droplet with

the particle surface. As it is already assumed that dd << dp this function can be

safely applied within this scenario.

Finally, to determine the fraction of the surface coating another result from Kar-

iuki et al. [2013] is used. This follows as Equation 3.13:

σp(v, t) = 1− e−φp(v,t) (3.13)

The external liquid to solid ratio is a critical parameter to the model philosophy.

The liquid that is available in the granule array is assumed to be either within the

pores or available at the surface of the granule. An approach is adapted from Pohlman

[2015] to calculate the external liquid volume, this is shown as Equation 3.14:

lex(v, t) = l(v, t)− g(v, t)Φ (3.14)
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Given that lex is the external liquid, Φ is the critical pore saturation fraction and

l(v, t) and g(v, t), as previously mentioned, are the volume of liquid and gas volume

of the granule within the gridpoint v. The critical pore saturation is effectively the

parameter which determines the total maximum volume which can be occupied within

the granule. In reality, this saturation fraction is a function of the granule morphology,

pore radius and the surface thermodynamics of the liquid-gas-solid phases. In the

absence of a model to determine this parameter mechanistically, it is assumed that

this value remains constant throughout the entire simulation duration.

From Equation 3.14 it is possible to calculate the external liquid to solid ratio

around any gridpoint by Equation 3.15:

xLS =
lex(v, t)ρl

s(v, t)ρs + g(v, t)ρg
(3.15)

3.3.2 Discretisation Strategy

A simple first-order upwind finite volume scheme was implemented to transform the

component PDEs of Equations 3.5a-3.5c into a set of ordinary differential equations.

The set of equations were directly implemented into the gProms Formulated Prod-

ucts 2.0.0 custom modelling platform. The scheme discretises all length co-ordinate

differentials, to transform the partial differential equations into ordinary differential

equations. All time differentials are solved by the inbuilt DAEBsolver where the

intermediate mid-points along the grid vector are linearly interpolated.

3.3.3 Model Initialisation

A logarithmic grid was used to represent the length vector dp. Furthermore, as part

of the initial condition at t = 0, a log normal distribution was used to pre-allocate the

particles into the respective size classes. The log-normal distribution was initialised

with a mean value, v̄ and a standard deviation σ. A log-normal distribution was

chosen to remain consistent in respect to the chosen grid discretisation. The mean

value and standard deviation of the log-normal distribution are given within Table

3.1.

All further model parameters and initial values are summarised in Table 3.1.

3.3.4 Experimental Method

To test whether the model behaves reasonably, a small set of experiments were per-

formed with a lab-scale top-spray fluidised bed (Aeromatic Fielder, GEA Pharma
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Table 3.1: Table of parameters

Parameter Name Symbol Value

Spray mass flow rate Ṁspray 0.1-3 kg/hr
Initial bed mass Mbed 3 kg
Granulator volume Veq 1 L
Minimum particle size vmin 5 µm
Maximum particle size vmax 1000 µm
Number of size classes N 20
Mean particle size v̄ 250 µm
Standard deviation σ 90 µm
Initial solid composition xs 0.95 kg/kg
Initial liquid composition xl 0.05 kg/kg
Intra-particle void fraction xg 0.1 m3/m3

Density of solid phase ρs 1500 kg/m3

Density of solvent phase ρl 1000 kg/m3

Density of gas phase ρg 1.2 kg/m3

Simulation duration t 4000 s
Droplet diameter dd 15-100 µm
Solid composition of the spray xspray 0.5 kg/kg
Contact angle θ 30-60◦

Critical pore saturation Φ 0.5 m3/m3
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Systems Ltd.) using an industrial spray application by mixing an industrial placebo

with water to form a slurry. The slurry is a Newtonian mixture which has a viscosity

of 0.025Pa.s. The fluidised bed is conical in geometry with a base (tray) diameter of

0.108m to a maximum expanded diameter of 0.3m across a 0.5m height. The particle

bed when fluidised would typically occupy an average bed diameter of 0.16 m for a

inlet air flow rate of 0.055 m3/s. The experimental setup is shown on Figure 3.2.

The bed was charged with 600g particles composing of the industrial placebo with a

mean size of 226µm and initial bulk density of 780kg/m3. The fluidisation air was

pre-heated to a temperature of 60◦ which, during operation, maintained a bed tem-

perature of 30−40◦. The aim was to maximise drying of the slurry in the bulk whilst

minimising drying of the spray as much as reasonably achievable. Temperatures

greater than 70◦ were found to produce an excess of dust while below 60◦ resulted

in insufficient drying. Two experiments were performed under the same conditions

which had a total duration of 24 minutes.

Figure 3.2: Experimental setup for the fluidised bed process

The bed was pre-fluidised before the start of each experiment. The particle bed

was sprayed with the slurry for fixed duration while samples were taken from the

sampling port every 4 minutes. The slurry was sprayed for a total of 780 seconds at a

mass flow rate of 10 g/min with a further 660 seconds to dry the solvent. To account
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Table 3.2: Standard experimental conditions

Experimental Parameter Value

Slurry spray rate, g/min 10
Initial bed mass, kg 0.6 (226µm)
Atomisation pressure, bar 1.5 (14.7µm)
Gas temperature, ◦C 60
Bed temperature, ◦C 30-40
Solid loading of slurry, (kg/kg) 0.5
Superficial air velocity, m/s 2.73

for the removed solvent it is assumed in the model that all the solvent is removed

at all timepoints, therefore, Ṁspray in Equation 3.10 is multiplied by the solid mass

fraction of the solid in the slurry, which in this case is 0.5. The size distribution

of these samples was analysed by a optical imaging technique - QicPic (Sympatech

GmbH).

The droplet diameter was measured using a laser diffraction method (VisiSize

N60, Oxford Lasers, UK) externally from the fluidised bed. The droplet diameter

was measured as 14.7µm but is expected to be marginally lower due to drying effects.

As the droplet diameter has a minimal effect on the overall growth, the effect of

droplet drying within the bed is considered to be negligible.

The standard experimental conditions are detailed in Table 3.2.

3.4 Batch Fluid Bed Granulation

This section follows the study where the model is modified to simulate a batch fluid

bed granulator. This is achieved by defining a single inflow stream which adds liquid

mass and setting all outflow streams to 0.

A parametric study was performed to analyse the sensitivity of the model against

the key process inputs. The growth and surface coating of the particle bed was

analysed against three key input properties relating to the proposed model; the mass

flow rate of the spray, the mean droplet size of the spray and the contact angle of the

droplets against the particle.
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Figure 3.3: The change in the liquid-to-solid ratio for varying spray rates over a one
hour period.

3.4.1 Effect of Spray Rate

The growth of the granules and surface wetting was studied at four different spray

rates. The spray was initialised as a step-increase and decrease over a chosen spray

period. The effect on the total liquid-to-solid ratio of the bed can be shown for the

various scenarios on Figure 3.3:

From Figure 3.3 the total mass of spray added and the liquid-to-solid ratio are

consistent with each other verifying the mass balance. It should be highlighted that

the spray is composed of two components, some solid phase component and some

solvent phase component. The model treats both components to be within the liquid

phase, thus contributing to the liquid mass of the overall liquid-to-solid ratio. This

treatment is necessary when agglomeration and drying is considered and is further

elaborated later in Chapter 4 and 5.

Figure 3.4a shows how the average particle size of the granulator varies for multiple

mass spray rates over a spray period. The model captures the aspect where layered

growth occurs only when spray is added to the bed, which is physically represented at

the appropriate plateaus before and after the spray is turned on/off. The curve, while

initially appears linear, shows slight curvature for all spray rates where this is more

emphasised at higher spray rates. Equally, Figure 3.4b shows how the distribution

changes with increasing spray rates. The model follows the typical advective growth

pattern; with a translation across the grid and a slight widening of the distribution
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(a) (b)

Figure 3.4: (a) The variation in the mass-averaged mean particle size with respect to
time over the spray period; (b) The particle size distribution at varying mass spray
rates.

which is a typical characteristic to a mass based distribution. In particular, there

is slight emphasis that larger particles grow quicker than that of smaller particles,

capturing the physical behaviour of larger particles being more likely to interact with

the spray than smaller particles. The model shows limitations with regards to the

present liquid-to-solid ratio, where in this scenario growth will always occur regardless

of the mass spray rate. In this case, 3kg/hr represents a final liquid-to-solid ratio of

1, which would be an unrealistic scenario for a well-posed process.

Figure 3.5(a) shows that with an increase in mass spray rate, the average surface

coated by spray increases. The average coating of the distribution is calculated by

taking the mean of the coating fraction distribution (σ̄p =
∫∞

0
dpφp(dp, t)ddp). The

model asymptotes to a maximum value of one for all spray rates. The only key

difference is the speed at which the model reaches the asymptote, which for higher

mass spray rate is attained faster. Furthermore, larger particles also reach a full

surface coating quicker than that of smaller particles

The distribution of surface wetness is shown by Figures 3.5(b) and 3.5(c) which

identifies that with an increase in spray rate the overall distribution of surface wetness

approaches some steady-state value. Here at the 0.1 kg/hr scenario only a select few

bins see the most liquid as the model preferentially adds more liquid to those size

classes which have theoretically more visible area to interact with the spray. As the

spray rate increases, the distribution flattens indicating an evenness of spread where

the particles of all size classes are evenly coated relative to one-another.

Clearly, as more liquid is added over the spray period the surface wetness of all size
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(a)

(b) (c)

Figure 3.5: (a) The variation in the average surface coating versus time at varying
mass spray rates.; (b) A surface plot of how the coating fraction varies for the distri-
bution over the simulation duration for the 0.1 kg/hr mass spray rate scenario; (c) A
surface plot of how the coating fraction varies for the distribution over the simulation
duration for the 3 kg/hr mass spray rate scenario
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(a) (b)

Figure 3.6: (a) The variation in the mass-based average particle size for varying
droplet diameters. (b) the particle size distribution for varying droplet diameters

classes increases. For the grid points which have the most associated liquid mass, the

fractional coating values approach the maximum rapidly, but, fail to reach a value of

one. This is not surprising due to the exponential nature of Equation 3.13 requiring

a spray time of t→∞ to reach this value. However, the fractional coating values for

the most coated size classes are within 0.9− 0.96 indicating a surface wetness that is

practical to industrial coating.

3.4.2 Effect of Droplet Size

The droplet size primarily dictates the number of droplets available per unit volume

of spray and the contact area of the individual droplet over the particle size. The

droplet size was varied at values of 15, 60 and 100 µm. In a single droplet event, this

corresponds to a ratio of the droplet volume against the initial particle volume, vd/v,

of 0.014, 0.890, 4.100% respectively.

Figure 3.6a shows that with an increase in droplet diameter the average particle

size also increases. The overall differences result in a ±4µm between the droplet sizes,

where primarily, this is due to the surface area dependency of the model. As there are

less droplets at larger droplet sizes, these droplets have a greater tendency to interact

with particles of the larger size class, hence, larger particles grow ever slightly faster

than that of the smaller size classes. This is further emphasised by Figure 3.6b where

the distribution shows less growth of particles over the smaller size classes, albeit,

marginally.

56



Figure 3.7: The variation in the average surface coating versus time at varying droplet
diameters.

Figure 3.10 shows that the larger the droplet diameter the lower the surface coat-

ing of the distribution. With larger droplets the number of droplet events is reduced.

With a lower number of droplet events, the probability that these droplets will inter-

act with the entire distribution is reduced, hence, less uniform coating. The respective

surface plots agree with this statement where Figure 3.8(a) shows much greater uni-

formity across the distribution in comparison to Figure 3.8(b) and Figure 3.8(c).

3.4.3 Effect of Contact Angle

The contact area in which the droplet coats over a single particle is a function of

the contact angle. The effect of varying contact angle was analysed primarily to

understand how the change in droplet contact area affects the overall size distribution

and coating quality. The contact angle was varied at three values, 30◦, 45◦ and 60◦.

The contact angle has minimal effect on the overall growth of the size distribution.

Figure 3.9 shows that there is no significant change in the distribution profile.

The effect on the average surface coating for varying contact angle is more signif-

icant. The larger the contact angle the poorer the coating. Generally, large contact

angles translates into smaller droplet footprints per droplet (see Figure 3.10, there-

fore, reducing the overall coating per droplet event. Some scrutiny is necessary, the

model assumes that the effects of the particle curvature is minimal which is true for

dd << dp. If this assumption does not hold it is expected that the dependency of the
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(a) (b)

(c)

Figure 3.8: The surface plot of coating distribution with respect to time for a droplet
diameter of (a) 15µm (b) 60µm (c) 100µm
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Figure 3.9: The particle size distribution for varying contact angles

Figure 3.10: The variation in the average surface coating versus time at varying
droplet diameters.
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contact angle would be more prevalent by greater surface wetting over the curvature

of the particle.

3.4.4 Experimental and Model Comparisons

Plots of the size distribution and the d10, d50, d90 for the individual samples taken

across the experimental duration against the model outputs. Based on Figure 3.11,

the model shows good agreement with the experiments performed especially given

that there are no adjustable parameters. As the time progresses, the overall distri-

butions for both the experiments and model show growth in the positive direction

along the axis. Generally, the predicted size distributions are slightly broader than

those measured experimentally, but, the difference is small. The fit is particularly

impressive given that the model uses no adjustable parameters. This does allude to

layering as a process regime that is ”optimal-to-predict” as it can be well estimated

through a simple mass balance driven model.

The comparisons of the d10, d50 and d90 distribution parameters are shown as

Figure 3.12. Again, the model shows good agreement. There is scatter observed

among the experimental data, likely as a result of sampling inconsistencies from the

port. Given that the model simulates the spray period as a fix time step, growth

is only seen during this period and stops once the drying phase of the experiments

begin. There is some suggestion of growth after the spray period in the experiments,

particularly for the lower size classes, which suggests some form of agglomeration

persists throughout.

These results show that a 1-D coupled approach for granulation modelling is ad-

equate for modelling a layered growth process. This has many practical advantages

suggesting that lower-dimensional models are sufficient for model accuracy, captur-

ing the necessary granule parameters for use in complex rate models, with cheaper

computational costs compared to those of higher-dimensional models. In terms of

deploying the model in an industrial scenario, this is likely a more viable method

than the true multi-dimensional models.

3.5 Conclusion

A mechanistic growth equation is derived and implemented into a reduced-order

multi-dimensional scheme and studied at varying key parameter scenarios. By the im-

plementation of the particle coating number, φp, the mal-distribution of liquid across

a distributed domain can be modelled, analysed and quantified. Of three chosen
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 3.11: Comparisons of the normalised volume density distributions at each
sampling point for both experiments against the model
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Figure 3.12: Comparisons of the d10, d50 and d90 of the model versus the experiments
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parameters, the spray rate, droplet diameter and the contact angle, the spray rate

showed the most dominant contribution to growth and surface coating of the particle

bed. The model showed good agreement to experimental data demonstrating that

the model is both reasonable and accurate. Therefore, if the bed can be controlled

purely within the layering regime, the growth of the particle is easily predictable.

This allows for some determination of the coating quality during the process design

stage.
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Chapter 4

Development of a Mechanistic
Agglomeration Model for Fluid
Bed Granulation Processes

4.1 Introduction

Population balance equations are commonly used to model particulate processes as

the method is effective in tracking distributed properties. This is particularly use-

ful for granulation and powdered processes as size, liquid content and porosity are

distributed properties over a granule sample. Hounslow et al. [1988] developed a

convenient discretised framework to model granulation to include, nucleation, ag-

glomeration and breakage; a framework which provided some of the earliest studies

on dynamic particle growth via agglomeration. The agglomeration rate process is

defined as an integro-differential equation. The one-dimensional form is shown as

Equation 4.1:

dn(v, t)

dt
=

∫ v

0

β(v, v′)n(v, t)n(v′, t)dv′ −
∫ ∞

0

β(v, v′)n(v′, t)dv (4.1)

where n(v, t) is the distribution function of the solid volume v, n(v, t) is the

volume density function, v′ is the particle volume which is arbitrarily smaller than v

and β(v, v′) is the agglomeration kinetic rate equation; often times referred to as the

agglomeration kernel [Ramkrishna, 2000].

Significant effort has been placed into developing a representative agglomeration

rate equation. Authors in the past have defined one dimensional expressions which

depend only on the size of the colliding particles [Hounslow, 1998, Adetayo and Ennis,

1997, Ramkrishna, 2000, Tan et al., 2004a]. A majority of these models have shown

good accuracy for the envelope of experiments performed within these researches.
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However, universally it is often commented that these models are unsuitable because

the models do not scale effectively with changes in process dynamics. As a result,

there is a continuous drive within the current literature to develop agglomeration

models which are more physically representative. To achieve this, it is necessary to

include further particle dimensions which cannot be expressed in a one-dimensional

framework. Dimensions such as the particle liquid content, porosity and for some

cases the shape.

With the rise in computing power, multi-dimensional frameworks are becoming

increasingly popular [Barrasso, 2015]. With the ability to track multiple particle prop-

erties, agglomeration models have been proposed which include properties such as the

liquid content and particle porosity. Madec et al. [2003] proposed a multi-dimensional

agglomeration model which incorporate the liquid fraction as a component to the ag-

glomeration rate. It was clearly demonstrated within the work of Madec et al. [2003]

that non-mechanistic models such as the sum and product models were insufficient

and multi-dimensional models allow for improvements of the envelope of accuracy.

However, the model proposed by Madec et al. [2003] was limited with regards to the

physical representation of the particle-liquid interactions. Further models have been

proposed since [Darelius et al., 2005, Goodson et al., 2004, Pohlman, 2015].

Currently, there is still a lack of mechanistic agglomeration models that are use-

able within a population balance framework. Models which can accurately describe

the role of liquid binder between two-colliding particles. Often, over-simplifications

are made and/or semi-empirical models are employed to describe such interactions

[Rajniak et al., 2009]. Mechanistic models have been developed to describe such inter-

actions within Monte-Carlo methods [Braumann et al., 2007, Rieck et al., 2020], but,

very little for continuous methods. Monte-carlo methods have the advantage to de-

scribe each particle interaction explicitly whereas for continuous methods the particle

properties are lumped per gridpoint; a limitation that is difficult to circumvent.

The following work aims to fill this gap by proposing a mechanistic agglomeration

model which includes a modelling framework to describe the liquid-particle interaction

of colliding particles within a continuous population balance framework.

4.2 Model Development and Implementation

Equation 4.1 is modified into a series of four coupled population balance equations to

incorporate the solid, liquid, gas and solid in liquid phases. The overall population

balance equations are shown as Equations 4.2-4.5:
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∂s(v, t)

∂t
=

∫ v

0

β(v, v′)s(v, t)s(v′, t)∂v′

−
∫ ∞

0

β(v, v′)s(v′, t)∂v + Q̇ins(v, t)− Q̇outs(v, t) (4.2)

∂l(v, t)

∂t
=

∫ v

0

β(v, v′)l(v, t)l(v′, t)∂v′

−
∫ ∞

0

β(v, v′)l(v′, t)∂v + Q̇inl(v, t)− Q̇outl(v, t) (4.3)

∂g(v, t)

∂t
=

∫ v

0

β(v, v′)g(v, t)g(v′, t)∂v′

−
∫ ∞

0

β(v, v′)g(v′, t)∂v + Q̇ing(v, t)− Q̇outg(v, t) (4.4)

∂sliq(v, t)

∂t
=

∫ v

0

β(v, v′)sliq(v, t)sliq(v
′, t)∂v′

−
∫ ∞

0

β(v, v′)sliq(v
′, t)∂v + Q̇insliq(v, t)− Q̇outsliq(v, t) (4.5)

where s(v, t), l(v, t), g(v, t), sliq(v, t) refers to the density distribution of the re-

spective components, solid, liquid, gas and solid in liquid phase of particles with

a volume v while s(v′, t), l(v′, t), g(v′, t), sliq(v
′, t) refers to the distribution of the

particles with a volume arbitrarily smaller than v.

4.2.1 Development of the Agglomeration Model

To define the kinetic model for agglomeration, we assume that the agglomeration of

two particles is a function of two key physical interactions; the frequency of collision

and likelihood of coalescence and rebound [Cameron et al., 2005]. Explicitly, this can

be defined as Equation 4.6:

β(v, v′) = ΨcollΩcoal (4.6)

where β(v, v′) is the agglomeration rate model, Ψcoll is the collision function and

Ωcoal is the coalescence likelihood function.
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The frequency of collision within fluidised beds is determined by the hydrodynamic

properties of the bed. Tan et al. [2004a] showed that if the bed is well fluidised, then

the collision frequency can be defined by the equipartition of kinetic energy model

[Hounslow et al., 1988]. Assuming that the interactions are non-deformable, we choose

to define the collision frequency as Equation 4.7:

Ψcoll(dp, d
′
p) = β0(dp + d′p)

2

√
1

d3
p

+
1

d′3p
(4.7)

where β0 is an adjustable rate constant and dp is the particle diameter. β0 is

typically a parameter which is fitted against experimental data and would represent

mechanistic properties such as formulation characteristics, shape, equipment geome-

try and more.

If we assume that the interaction between any two particles are like those pro-

posed by Ennis et al. [1991], we can then characterise the coalescence likelihood as a

function of the surface liquid of a particle. The coalescence likelihood can therefore

be quantified by the viscous Stokes number as shown by Equation 4.8:

Stv =
8ρpUcd̃p

9µl
(4.8)

where Stv is the viscous Stokes number, ρp is the particle density, Uc is the rela-

tive velocity of the two colliding particles, d̃p is the harmonic mean diameter of the

colliding particles and µl the apparent viscosity of the liquid binder.

We can express the harmonic mean diameter of the colliding particles as Equation

4.9:

d̃p =
2didj
di + dj

(4.9)

where di and dj indicate the diameter of two particles i and j. To calculate the

bubble properties a standard approach is used from Kunii and Levenspiel [1991]. The

approach is detailed in Appendix B.

To quantify the relative velocity of the colliding particles a well-known empirical

approach is used and adapted from Kunii and Levenspiel [1991]. The relative velocity

is estimated by Equation 4.10:

Uc =
6Ubd̃p
d̄b

(4.10)

where Ub is the bubble rise velocity and d̄b is the mean bubble diameter across the

length of the bed.
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Ennis et al. [1991] suggests that the viscous Stokes number can be used to deter-

mine whether coalescence or rebound can occur. The boundary for both phenomena

is characterised by the critical Stokes number which is defined as Equation 4.11:

Stcrit =

(
1 +

1

e

)
log

(
h

h0

)
(4.11)

where e is the coefficient of restitution, h the liquid layer thickness on the surface

of the particle and h0 the characteristic length of the surface asperities. To estimate

the liquid layer thickness the external surface liquid must be known. Taking the

approach applied in Section 3.4 we can calculate the external liquid volume in the

exact same manner and further transform this value into a characteristic length. The

liquid layer thickness for an individual particle can therefore be defined as Equation

4.12:

h = lex/(πd
2
p) (4.12)

where h is the liquid layer thickness and lex the external liquid volume. For the

interaction of two particles, the average liquid thickness is taken in calculating the

critical Stokes number for this interaction. Therefore, the liquid layer thickness of

two colliding particles as the arithmetic mean which is simply defined as Equation

4.13:

h̄ =
hi + hj

2
(4.13)

For coalescence to occur the viscous Stokes number must be below the critical,

Stv < Stcrit; and for rebound, Stv ≥ Stcrit.

The models discussed and proposed are those which currently exist in the liter-

ature. However, there is a fundamental underlying limitation. There is a universal

assumption that the particles are fully surface wet. Realistically, particles are par-

tially wet. Therefore, there is a need to extend the inclusion of partial wetting to

support the Stokes criterion model.

In this study, we use the particle coating number to extend the current models

to include partial wetting. Adapting the same methodology as Section 3.3.1, the

particle coating number can be used to quantify the surface wetting; which can be

incorporated into the agglomeration model. This allows for the calculation of the

probability for a single particle to interact with a wet-surface of another particle. This

interaction can be classified as three types, a wet-wet, wet-dry and dry-dry particle

collision. Intuitively, any dry-dry particle collisions will result in no agglomeration,
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Figure 4.1: Types of coalescence interactions for wet-wet, wet-dry and dry-dry parti-
cles.

but, for wet-wet and wet-dry there are some subtleties needed to be considered. These

modes of interaction are shown visually on Figure 4.1.

Figure 4.1 shows that while we can achieve coalescence with both wet-wet and

wet-dry particles, there is a chance of these two particles to meet at the dry surfaces

which would lead to rebound. Integrating this aspect into the agglomeration model

is the primary focus for this work.

If the probability of interacting with the wet surface of a particle is given by the

fractional coating, and if it is assumed that the overlapping of two-liquid layers has

no impact on the probability, the overall probability of each interaction mode can be

expressed as Equation 4.14:

ηeff =


(1− fi)fj + fifj + fi(1− fj) {fi, fj} > 0

0 < fk k ∈ {i, j} fk = 0, k ∈ {i, j} i 6= j

0 fi = fj = 0

(4.14)
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Here, ηeff is the effective probability for partially wet particles to interact at a

wet surface and f represents the fractional coating of the two interacting particles i

and j which is defined by:

fi = 1− e−φp (4.15)

where φp is the particle coating number which is given by Equation 4.16:

φp(v, t) =
6xLSad
πd3

dρdASA
(4.16)

The product of ηeff and the Stokes criterion gives the coalescence probability

function. This is shown as Equation 4.17:

Ωcoal = ηeff ×

{
1 Stv < Stcrit

0 Stv ≥ Stcrit
(4.17)

What this function demonstrates is that for any particle that isn’t within the

criterion no agglomeration would occur, and in the case that it does, the probability

of agglomeration becomes a function of the total surface wetting of the colliding

particles.

Therefore, by substituting Equation 4.7 and 4.17 into Equation 4.6 we get the

final explicit form as Equation 4.18:

βagg = β0ηeff (dp + d′p)
2

√
1

d3
p

+
1

d′3p
×

{
1 Stv < Stcrit

0 Stv ≥ Stcrit
(4.18)

and in terms of volume v:

βagg = β0ηeff (v + v′)
2
3

√
1

v
+

1

v′
×

{
1 Stv < Stcrit

0 Stv ≥ Stcrit
(4.19)

4.2.2 Model Parameters and Initialisation

The population balance equations are solved simultaneously within gFormulate 2.0.0

using the powder processing library. The agglomeration model is a custom-defined

sub-model using the available custom template and is given by Equation 4.19. The

population balance equations are discretised via a finite volume method along the

particle length vector and a finite differences approach for any time differential. A

numerical solver, DAEsolver, is used to solve the respective set of discretised equations

using a variable step approach to solve the time domain. Details of the solver scheme

70



Table 4.1: Table of parameters

Parameter Name Symbol Value

Spray rate ṁspray 0.5-1.5 kg/hr
Number of size classes N 10
Mean particle size µ 350 µm
Standard deviation σ 50 µm
Initial Bed mass Mbed 5 kg
Initial solid composition xs 0.99 kg/kg
Initial liquid composition xl 0.01 kg/kg
Density of solid phase ρs 1300 kg/m3

Density of liquid phase ρl 1000 kg/m3

Density of gas phase ρg 1.2 kg/m3

Droplet diameter dd 15 µm
Solid composition of the spray xspray 0.5 kg/kg
Contact angle θ 30◦

Bed Diameter dbed 0.15 m

Inlet fluidisation air flow rate Ṁg 10-100 kg/hr
Rate constant β0 varies 1

s

Simulation duration t 3 hours

can be found in great detail by the following authors Vassiliadis et al. [1994a,b], Oh

and Pantelides [1996]. Further parameters necessary to initialise the model are given

in Table 4.1.

4.3 Numerical Study

In the following sections a parametric study is performed to analyse model behaviour

and performance against key process parameters. In this case, the mass spray rate,

fluidisation air flow rate is varied to quantify the effects of the outlet product pa-

rameters such as particle size, distributions, Stokes number and key hydrodynamic

properties. The mass spray rate and fluidisation air flow rate are linearised into the

spray rate to bed mass ratio and the superficial to minimum velocity ratio.

4.3.1 Model Analysis

The spray rate to bed mass ratio was varied from a value of 0.1 kg/kg.hr to 0.3

kg/kg.hr within a 5kg batch fluidised bed. This ratio was calculated from the current
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Figure 4.2: The effect of the spray rate/bed mass ratio on the growth for the ag-
glomeration model and the liquid-to-solid ratio (in dashed lines), where the lines of
inflexion are drawn for each respective ratio.

spray rate divided by the total bed mass, ṁspray
Mbed

. Figure 4.2 shows that with increas-

ing spray rate the overall growth of the particle bed increases. This is consistent

experimental literature which suggests that with the greater volumes of liquid, there

are more likely successful collisions which would lead to growth.

Interestingly, there are points of inflexion where growth shifts from a slow growth

regime to an rapid agglomeration dominant regime. The time in which the growth

regime shifts is slower at a lower spray rate. This indicates that with increasing spray

rate, the time taken to reach the point where the bulk of the particle bed meets the

criterion for agglomeration reduces. Similarly, we also see that for a lower spray rate

the required liquid-to-solid ratio to reach the point of inflexion for agglomeration is

higher, though minimal.

Figure 4.3 shows how the normalised mass distribution evolves with time. With

increasing spray rate the distribution grows quicker with more large particles in the

bed. At early time stages growth is shown to slow. It increases rapidly during later

stages of growth. Here, most particles initially do not have the necessary surface

wetting to achieve the Stokes criterion for growth and as the spray continues, the

Stokes criterion is met in the bulk and growth initiates.

Figures 4.4(a)-(j) and 4.5(a)-(j) show how the agglomeration probability coeffi-

cient, ηeff , changes for the given spray scenario of 0.1 kg/kg.hr and 0.3 kg/kg.hr. In
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.3: The evolution of the normalised particle size distributions for the spray
scenarios of 0.1 kg/kg.hr, 0.2 kg/kg.hr and 0.3 kg/kg.hr at specific time intervals of
(a) t = 0s, (b) t = 320s, (c) t = 1320s, (d) t = 2940s, (e) t = 2940s, (f) t = 4680s,
(g) t = 6380s, (h) t = 8140s, (i) t = final
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 4.4: The coalescence likelihood coefficient, ηeff , for a spray scenario of 0.1
kg/kg.hr for particles of sizes (a) 54.75 µm (b) 154.25 µm (c) 253.75 µm (d) 353.25
µm (e) 452.75 µm (f) 552.25 µm (g) 651.75 µm (h) 751.25 µm (i) 850.75 µm (j)
950.25 µm
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 4.5: The coalescence likelihood coefficient, ηeff , for a spray scenario of 0.3
kg/kg.hr for particles of sizes (a) 54.75 µm (b) 154.25 µm (c) 253.75 µm (d) 353.25
µm (e) 452.75 µm (f) 552.25 µm (g) 651.75 µm (h) 751.25 µm (i) 850.75 µm (j)
950.25 µm
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this case, the sub-figures (a)-(j) represent the probability of agglomeration with other

respective particles for a given size. Small particles, especially for sub-figures (a)-(c),

show a slower approach to unity. This indicates that for a small particle to become

sufficiently surface wet to agglomerate effectively with other small particles, the bed

must requires a large availability of liquid distributed throughout the bed.

On the other hand, large particles are not limited by the liquid availability. Larger

particles have a greater surface area and are more likely to interact with the spray,

therefore becoming surface wet quicker than the smaller particles. This is true for

both spray scenarios, indicating that if the bed has sufficient liquid loading, the

agglomeration of large particles are not limited by the liquid availability.

Figures 4.6 and 4.7 shows the variation in the Stokes criterion for the two spray

scenarios and 0.1 kg/kg.hr and 0.3 kg/kg.hr respectively. The Stokes criterion is a

binary number, 1 if the criterion is met and 0 if not. The value of 0.3 kg/kg.hr

indicates that a greater number of agglomeration possibilities leads meet the Stokes

criterion, hence, why it is observed that the inflexion for agglomeration from Figure

4.2 occurs earlier.

Smaller particles also show that they are more likely to meet the Stokes criterion

as opposed to larger particles; generally less than half of the agglomeration possi-

bilities meet the Stokes criterion for the largest particle size. The Stokes criterion

is proportional to the size of the particle and given that the viscous Stokes number

must be below a critical value, smaller particles are therefore likely to sit below this

critical value.

This provides surprising contrast to the parameter ηeff , where smaller particles

inherently hold lower values. This supports the idea that if the bed does attain a

sufficient level of liquid loading and/or the spray conditions are met, agglomeration is

predominantly limited by the collision behaviour as opposed to the viscous dissipation.

Figure 4.8 shows the how the average particle size changes with the fluidisation

ratio. The flow rates used were 10 kg/hr, 50 kg/hr and 100 kg/hr which corresponded

to a ratio against the minimum fluidisation velocity of 1.05, 5.27 and 10.6. At a ratio

of 1.05 the growth is slowest, where the growth diminishes rapidly across the duration

of the simulation. This does indicate that the particles do not satisfy the minimum

fluidisation criteria and hence the the Stokes criterion [Ennis et al., 1991]. As a

result, this culminates in less overall growth which reflects uniquely as a function of

this model.

Interestingly a ratio of 10.6 shows slightly less growth than that of 5.27. Here the

the internal kinetics of the particle exceed the critical Stokes value so rebound type
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 4.6: The condition of the Stokes criterion for a spray scenario of 0.1 kg/kg.hr
for particles of sizes (a) 54.75 µm (b) 154.25 µm (c) 253.75 µm (d) 353.25 µm (e)
452.75 µm (f) 552.25 µm (g) 651.75 µm (h) 751.25 µm (i) 850.75 µm (j) 950.25 µm.
One would refer to successful coalescence and zero would be unsuccessful
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 4.7: The condition of the Stokes criterion for a spray scenario of 0.3 kg/kg.hr
for particles of sizes (a) 54.75 µm (b) 154.25 µm (c) 253.75 µm (d) 353.25 µm (e)
452.75 µm (f) 552.25 µm (g) 651.75 µm (h) 751.25 µm (i) 850.75 µm (j) 950.25 µm.
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Figure 4.8: The effect of the ratio of the superficial gas velocity over the initial
minimum fluidisation, u0

umf
, on the mass-based average particle diameter

collisions are occurring more frequently. The model captures the over-fluidisation of

the bed which does imply some optimal value for agglomeration must sit below this

value. During real operation, a fluidisation air flow rate of this value for the given bed

diameter would most definitely lead to extensive elutriation of the fines and breakage

of the particles. It would be expected that there would be an even greater reduction

of particle size due to the contributions of breakage and attrition.

Figure 4.9 shows how the changing fluidisation ratios affect the distribution.

Growth is more pronounced at the larger granule size distributions for ratios of 5.27

and 10.6. Comparatively, for a ratio of 5.27 and 10.6 the lower value showed more

growth, particularly of the smaller particles as there is more growth into the larger

bins. This shows how larger fluidisation ratios can lead to more rebound of small

particles.

For a ratio of 1.05 there is initial growth for the larger particles grow but reduces

at later time stages. This suggests that for the scenario of 1.05 some particles were

below the minimum fluidisation velocity, resulting in no possibility for agglomeration

by collision (see Figure 4.10). The minimum increases with time and increases faster

when the average particle diameter of the bed increases. This is unsurprising as

larger particles demand more air flow to overcome a greater gravitational drag. In

the case of the fluidisation ratio of 1.05, as the minimum fluidisation velocity increases

above the superficial, the growth by agglomeration diminishes entirely and returns
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.9: The evolution of the normalised particle size distributions for the fluidis-
ation ratios of 1.05, 5.27 and 10.6 where (a) t = 0s, (b) t = 320s, (c) t = 1320s, (d)
t = 2940s, (e) t = 2940s, (f) t = 4680s, (g) t = 6380s, (h) t = 8140s, (i) t = final
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Figure 4.10: The variation of the superficial and minimum fluidisation velocities with
time

to the linear rate of liquid addition. Though reality might suggest that the bed has

collapsed; we would normally see formation of over-wetted large lumps. The model

does not capture this specific phenomenon but still retains the aspect of the minimum

fluidisation velocity which results in zero agglomeration.

4.3.2 Determining dominant growth mechanisms

To quantify the point at which agglomeration dominates the growth mechanism of a

particle bed, an agglomeration number is defined as Equation 4.20:

AN =
1

2N

∫ ∞
0

ηeff (dp, d
′
p, t)Stcond(dp, d

′
p, t)ddp (4.20)

where AN is the agglomeration number, N is the total number of gridpoints,

Stcond is the Stoke’s criterion and the rest as previously defined.

The agglomeration number provides a scalar value which varies from 0 to 1 and

indicates the fraction in which the bed is in the ”agglomeration state”. This provides

a theoretical basis to predict the position at which agglomeration type growth dom-

inates the bed. The time-point of inflexion in growth would suggest a specific value

for when the bed would shift from a layered-growth regime to one of agglomeration.

Applying Equation 4.20 to the previous spray and flow rate scenarios, we can observe

how the agglomeration number varies with time as Figure 4.11
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Figure 4.11: The variation of the agglomeration number with time for the spray and
air flow rate ratios

Figure 4.11 reflects similar information as that of particle growth. The greater the

agglomeration number the greater the growth, indicating that a greater total of par-

ticles are within the satisfactory regime to agglomerate. At early stages, the number

appears to be convoluted for all scenarios, suggesting that there is some instability

in the growth regime approaching agglomeration. Perhaps, this is a transition phase

of a combination of variables approaching a critical value, such as the liquid layer

thickness, particle velocity and size. Though once through this transition phase the

number stabilises and approaches an asymptotes.

The agglomeration number is calculated at the inflexion points of the particle

growth. This way, it is possible to identify the critical number for which agglomeration

dominates within this theoretical scenario. These values are shown in Table 4.2.

From Table 4.2 it suggests that the point at which agglomeration becomes no-

ticeable is when the proposed agglomeration number is roughly ≈ 0.45 based on the

closeness from all scenarios where agglomeration took place. For scenarios where ag-

glomeration did not take place (flow ratio of 1.05) showed a closeness at the point

of inflexion to 0.45, but never exceeding the value. This provides some valuable in-

sight as the proposed agglomeration number does suggest that the position at which

growth rapidly increases can be related to a single value.

82



Table 4.2: The values of the agglomeration number at the points of inflexion for
particle growth for the given scenarios

Spray-to-bed mass ratio Ratio above minimum fluidisation Value

0.1 5.27 0.4529
0.2 5.27 0.4525
0.3 5.27 0.4525
0.1 1.05 0.4424
0.1 10.6 0.4569
0.2 1.05 0.4384
0.2 10.6 0.4564
0.3 1.05 0.4389
0.3 10.6 0.4531

4.4 Conclusion

A reduced-order multi-dimensional agglomeration model was developed and imple-

mented. The model took the form of a 1-D coupled population balance model which

simulated a batch fluidised bed granulator. The model combines a coalescence like-

lihood function with a collision frequency function to provide a novel formulation of

an agglomeration model.

The model showed sensitivities to both the spray rate and fluidisation air flow

rate which resulted in changes to the particle growth. The agglomeration model

responded similarly to experimental literature for both process parameters; which is

unique to this model. The model demonstrated that it was possible to identify the

positions when agglomeration-type growth would become dominant; an aspect which

most current modelling literature has not clearly demonstrated.

The agglomeration number was proposed which combines the parameters, ηeff

and Stcond to characterise the agglomeration behaviour throughout the bed. The

number showed similar trends to growth and was consistent to the expectations of

the definition. The value was calculated at the points of inflexion for growth to

characterise the change from linear growth to agglomeration. It was found that at

these inflexion points a similar value was calculated at ≈ 0.45 suggesting that when

this value is exceeded, agglomeration is the dominant behaviour.
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Chapter 5

Integrated Models for Fluid Bed
Granulation

In the previous chapters, the focus was on understanding and developing mechanis-

tic models to incorporate into a reduced order multi-dimensional framework which

physically represent growth and agglomeration for fluidised beds. However, to fully

encapsulate the mechanisms of a fluidised bed there are a few phenomenon which

are necessary to be considered. On top of the models proposed so far, there is an

inclusion of particle drying, spray drying and simple bed hydrodynamics to describe

material discharge and flow.

This section aims to integrate layered growth, wetting, agglomeration, drying

and spray drying into a unified framework via well-mixed and compartmentalised

approaches.

5.1 Introduction

To build a framework that unifies the proposed models we draw a similar diagram to

that of Figure 2.4 and simplify. This is shown as Figure 5.1.

Figure 5.1 reduces to Figure 2.1 by simplifying the aspects of nucleation and break-

age, but, broadly considers similar aspects of spray drying, wetting, agglomeration

and drying. Importantly, to model these mechanisms they must be framed in a way

which reflects the real process. These considerations can include:

• Is the spray single-phase or two-phase?

• Is the spray above or below the bed?

• What is the shape of the bed? Cylindrical, conical, square, etc..?
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Figure 5.1: A rate process diagram for fluid bed granulation, simplified from Section
2.

• Is the bed continuous or batch? How are the granules discharged as a result?

Often these practical aspects have been overlooked which industrial operators

and engineers would naturally consider important [Heinrich and Mörl, 1999, Heinrich

et al., 2002, Tan et al., 2002, 2004a, Vreman et al., 2009, Fries et al., 2013, Börner

et al., 2013, Chaudhury et al., 2013, Bück et al., 2016, Neugebauer et al., 2017, Diez

et al., 2018]

Including all the discussed considerations is difficult. Lower dimensional models

aren’t sophisticated enough to mathematically incorporate the necessary information

to integrate the real physical process parameters, whereas, higher dimensional models

are difficult to solve and are numerically unstable. From a modelling perspective,

there must be a trade-off when building a framework so that the most important

mechanisms are considered, in addition to the important process parameters which

influence those mechanisms.

5.2 Framework for Fluid Bed Granulation

A model framework in two parts is proposed as Figure 5.2. The model considers a

single well-mixed model which encompasses the mechanisms as a single solution block.
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An alternative two-compartment model is also proposed, which separates the spray

and the bulk particle bed. Ultimately, both approaches will share similar population

balances, kinetic models and treatment of the particle space. The key differences will

be the way which the spray interacts with the particle bed. Figure 5.2 differentiates

between the well-mixed formulation and the two-compartment model through the

”orange” and ”red” process lines. For the example in Figure 5.2, when the well-

mixed model is chosen, the model de-activates the red pathways and uses the ones in

orange, and vice-versa.

The model is formulated together through series of sub-models which dictate

key physical behaviours of a fluidised bed. The model links the population balance

model with other sub-models such as bed hydrodynamics and drying to determine the

growth, drying and fluidisation performance. This approach expands upon modern

frameworks proposed by Chaudhury et al. [2015] and Neugebauer et al. [2017].

In many cases, some of these models are simplified to ensure numerical stability.

Despite the simplicity, the framework still provides a platform which incorporates the

relevant mechanisms. This ensures that there is room to expand to use other coupling

techniques to model a few of the sub-models.

5.3 Model Development for the Integrated Flu-

idised Bed Granulation Model

In this section, the overall balances and kinetic equations for a one-compartment and

two-compartment fluidised bed models will be proposed. The intention by the end of

this section is to provide the framework to build four models which will be studied

during Section 5.5. These models are a: one compartment model with no recycle, one

compartment model with a recycle, a two compartment model with no recycle, and

a two compartment model with a recycle.

5.3.1 Mass and Energy Balances

The heat and mass transfer of the fluidised bed is described using a heterogenous

model similar to that found by Burgschweiger et al. [1999] and Bertin et al. [2011].

The particle space is considered well-mixed and the gas phase is distributed across

the length of the bed. First, we derive the overall mass and energy balances for the

solution block. The overall mass balance is given by Equation 5.1:
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Figure 5.2: The proposed model framework for a fluidised bed granulator.
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d(ρV )

dt
=

inlets∑
i

Ṁin,i −
outlets∑
j

Ṁout,j {i, j} = 1, 2, 3...N (5.1)

where ρ is the composite density of the holdup, V the volume of the holdup, N

being the number of streams entering and leaving the fluidised bed, Ṁin is the mass

flow rate of the inlet streams into the fluidised bed granulator and Ṁoutlet is the mass

flow rate of the outlet streams.

The energy balance is written similarly as Equation 5.2:

dH

dt
=

inlets∑
i

Ḣin,i −
outlets∑
j

Ḣout,j {i, j} = 1, 2, 3...N (5.2)

where H is the enthalpy of the system, Ḣin is the total enthalpy entering the

system through the inlet streams and Ḣoutlet is the total enthalpy leaving.

To avoid convoluting the granule phase and the gas phase when calculating the

volumetric holdup, we choose to write separate balances for both. From Figure 5.4 and

we can derive the mass balances for the particle and gas phases for a typical industrial

continuous fluidised bed granulator. The mass balances for the one-compartment

particle and gas phases are:

d(ρpVp)

dt
= Ṁin + Ṁrecycle + Ṁspray − Ṁevap − Ṁout (5.3)

Ṁg
dYg
dt

= −Ṁevap + Ṁg,inYg,in − Ṁg,outYg,out (5.4)

and the mass and gas balance for the two-compartment form:

d(ρpVp)

dt
= Ṁin + Ṁrecycle + Ṁspray − Ṁevap − Ṁout + rṀg(Yspray,in − Yspray,out) (5.5)

Ṁg
dYg
dt

= −Ṁevap + Ṁg,inYg,in − Ṁg,outYg,out + rṀg(Yspray,out − Yspray,in) (5.6)

where ρp is the composite density of the particle, Vp the volume of the particles

and Yg is the moisture content of the evaporating phase.

The mass inlets and outlets for the particle phases can change depending on how

we choose to define the fluidised bed granulator. This can be more easily understood

by a series of typical scenarios.
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Figure 5.3: The control volume of the one-compartment fluidised bed granulator for
the particle and gas phases
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Figure 5.4: The control volume of the two-compartment fluidised bed granulator for
the particle and gas phases
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Scenario 1: Batch fluid bed granulation with a single phase spray: This

would mean that Ṁin, Ṁout and Ṁrecycle are set to 0. This is the simplest formulation

of the model, as there is no consideration of the spray outside of the growth mechanics

of the particles.

Scenario 2: Continuous fluid bed granulation and single phase spray:

For this scenario, all the mass flows proposed in Equation 5.3 and 5.5.

Scenario 3: Continuous fluid bed granulation and a two-phase spray

and recycle: In this scenario, we set Ṁin to 0 and separate the spray into two

components for the one compartment model. One component as Ṁsprayxs to represent

the solid content, where xs is the solids weight fraction of the spray, and, Ṁspray(1−
xs) which is the solvent fraction of the spray (see Figure 5.4). In essence, the one

compartment model needs to treat the solid’s addition through the spray as a ”false

nucleation” term. The two compartment model requires a small change by including a

bypass of the gas phase air into the spray-drying compartment. The two compartment

model does not require the separation of the solids fraction in the spray. The two-

compartment model can drive the nucleation through spray drying, whereas, the

one-compartment model does not have this benefit. This final scenario is of the most

interest for the rest of this work as this replicates the system described in Chapter

6, and as a result, the integrated models which are formulated will be structured on

this scenario with and without a recycle.

The energy balances for the system can be written as:

dHp

dt
= Ḣin + Ḣrecycle + Ḣspray − Ḣevap − Ḣout − Q̇wall (5.7)

dHg

dt
= Ḣevap + Ḣg,in − Ḣg,out (5.8)

and the enthalpy balance for the two compartment form:

dHp

dt
= Ḣin + Ḣrecycle + Ḣspray − Ḣevap − Ḣout − Q̇wall + Ḣspray,in − Ḣspray,out (5.9)

dHg

dt
= Ḣevap + Ḣg,in − Ḣg,out − Ḣspray,in + Ḣspray,out (5.10)

Where Hp is the accumulated enthalpy of the particle phase and Hg is the enthalpy

of the gas phase. The specific enthalpies of the particle and gas phases are given as

Equations 5.11 and 5.12:
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Ḣp = ρp

∫ ∞
0

n(v, t)

[
components∑

i

xicp,i

]
Tpdv (5.11)

Ḣg = cp,gTg + Yg(cp,wTg + ∆hv) (5.12)

where xi is the weight fraction of component i in the particle phase, cp,i is the

specific heat capacity of component i, Tp and Tg the temperature of the particle and

gas phases and ∆hv the latent heat of evaporation of the vaporising solvent (where

the latent heat is calculated at Tg = Tout).

5.3.2 Population Balance

A coupled 1-D population balance equation which considers wetting and agglomera-

tion for a four co-ordinate granule system is proposed. The co-ordinates chosen is the

solids, solids in the liquid phase, the solvent and the gas fractions, which are additive.

Therefore, m the mass of a granule, can be calculated as:

m = s+ sliq + l + g (5.13)

where s is the mass of the solid in the particle phase, sliq the mass of the solid

in the liquid phase, l the mass of the solvent and g the mass of gas by the inherent

porosity of the granule.

The overall population balance equations for each individual component, including

the respective stream flows from the inlets and outlets, is given as Equations 5.14-5.17:

∂[s(v, t)]

∂t
= −

[
ds

dt

∂s(v, t)

∂v

]
+

1

2

∫ v

0

β(v, v′)s(v, v′, t)s(v′, t)dv′

− s(v, t)
∫ ∞

0

β(v, v′)s(v′, t)dv′ + Ṁins(v, t) + Ṁrecycles(v, t)

+ Ṁsprayxss(v, t)− Ṁouts(v, t) (5.14)

∂[sliq(v, t)]

∂t
= −

[
dsliq
dt

∂sliq(v, t)

∂v

]
+

1

2

∫ v

0

β(v, v′)sliq(v, v
′, t)sliq(v

′, t)dv′

− sliq(v, t)
∫ ∞

0

β(v, v′)sliq(v
′, t)dv′ + Ṁrecyclesliq(v, t)

+ Ṁspray(1− xs)sliq(v, t)− Ṁoutsliq(v, t) (5.15)
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∂[l(v, t)]

∂t
= −

[
dl

dt

∂l(v, t)

∂v

]
+

1

2

∫ v

0

β(v, v′)l(v, v′, t)l(v′, t)dv′

− l(v, t)
∫ ∞

0

β(v, v′)l(v′, t)dv′ + Ṁinl(v, t) + Ṁrecyclel(v, t)

+ Ṁsprayl(v, t)− Ṁoutl(v, t)− Ṁevapl(v, t) (5.16)

∂[g(v, t)]

∂t
= −

[
dg

dt

∂g(v, t)

∂v

]
+

1

2

∫ v

0

β(v, v′)g(v, v′, t)g(v′, t)dv′

− g(v, t)

∫ ∞
0

β(v, v′)g(v′, t)dv′ + Ṁing(v, t) + Ṁrecycleg(v, t)

+ Ṁsprayg(v, t)− Ṁoutg(v, t) (5.17)

where s(v, t), sliq(v, t), l(v, t) g(v, t) are the mass density distributions of the

respective components along the length vector, β(v, v′) is the rate model which de-

scribes agglomeration, ∂s(v, t), ∂sliq(v, t), ∂l(v, t), ∂g(v, t) are the differential growth

functions which would represent layering, wetting and consolidation respectively.

The population balance framework provides the ability to model multiple inten-

sive properties of a granule while maintaining the computational intensity of a one-

dimensional model. This is advantageous as this allows for the incorporation of these

intensive properties in the kinetic models, but, with the disadvantage of assuming that

the properties are averaged over the size class. Another disadvantage is that when

compartmentalising the particle bed, there is no clear improvement of the model’s

ability to capture the distribution of wetted particles which have recently entered the

spray zone [Bellinghausen, 2021].

5.3.3 Wetting

The rate of particle wetting is dictated by differentials given in Equations 5.15 and

5.16. Before the model is defined, it is important to characterise the liquid-to-solid

ratio specific to each individual properties. This is given as Equations 5.18 and 5.19

for the component of solid in liquid phase and the solvent phase respectively:

xsliq =
sliq

s+ sliq + l + g
(5.18)

xl =
l

s+ sliq + l + g
(5.19)
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where the overall liquid-to-solid ratio is given by the addition of both:

xLS =
sliq + l

s+ sliq + l + g
(5.20)

The wetting rates for each component can then be given as Equations 5.21 and

5.22:

dsliq
dt

=
2fsliq(v, t)

π
4
ρp
∫∞

0
fsliq(v, t)d

2
pdv

Ṁsprayxsliq (5.21)

dl

dt
=

2fl(v, t)
π
4
ρp
∫∞

0
fl(v, t)d2

pdv
Ṁsprayxl (5.22)

where fsliq and fl is the surface wetting fraction of the respective components.

Both these properties can be given by the particle coating number, where we substi-

tute the liquid-to-solid ratio with the respective ratio for each individual component.

The advantage of separating the liquid phase into two-components for a two-phase

spray is that this allows us to track the spray properties over the granule phase easier.

It is simpler to assume that liquid which enters from the spray is predominantly part

of the external film of the granule. This allows for the characterisation of; the total

surface coating of the active ingredient of the spray, the total drying rate of solvent

from the liquid film, the crust formation and eutectics of the liquid film on the granule

surface. While only some of these advantages are implemented within the model, this

does provide a platform for expanded use in the future.

5.3.4 Agglomeration

To define the rate of agglomeration within the particle bed, the model proposed in

Chapter 4 is used. This is given as Equation 5.23:

βagg = β0ηeff (v + v′)
2
3

√
1

v
+

1

v′
×

{
1 Stv < Stcrit

0 Stv ≥ Stcrit
(5.23)

where ηeff is given by Equation 5.24:

ηeff =


(1− fi)fj + fifj + fi(1− fj) {fi, fj} > 0

0 < fk k ∈ {i, j} fk = 0, k ∈ {i, j} i 6= j

0 fi = fj = 0

(5.24)

The agglomeration model physically describes how the surface wetting and colli-

sion characteristics lead to agglomeration which is driven by the dimensionless num-

bers ηeff and Stv respectively.
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To calculate the surface wetting of each individual particle, the overall liquid-

to-solid ratio (as given by Equation 5.20) is considered and is substituted into the

particle coating number. This is more explicitly shown as Equation 5.25:

φp(v, t) =
6xLSad
πd3

dρdASA
(5.25)

The methodology for calculating Stv and the external surface liquid which are

necessary for the agglomeration model are given in Chapters 3 and 4.

5.3.5 Drying

The Burgschweiger et al. [1999] model is adapted and implemented as the drying

model for the bulk particle bed. As stated by the author, a set of assumptions are

made to formulate the kinetic expressions:

• The particle phase is well-mixed.

• All particles are considered to be spherical.

• The particle phase and gas phase interact by heat and mass transfer.

• The particle phase is not spatially distributed, hence, neither is the heat loss

through the wall.

• There is no back-mixing of gas along the length of the fluidised bed.

• The fluidised bed is well insulated such that Q̇wall = 0.

To describe the mass and heat transfer between the particle and gas phases, a

kinetic expression first proposed by Groenewold and Tsotsas [1997] is used. The

evaporation rate of the liquid solvent can be given as Equation 5.26:

Ṁevap = ν̇gρgβp→gAp (Yeq(X,Tp)− Yg) (5.26)

where ν̇g is the relative drying rate due to the influence of the sorptivity of the

particle, as frist described by Burgschweiger et al. [1999], βp→g is the mass transfer

coefficient between the particle and gas phase, Ap the surface area of the particle, Yeq

is the equilibrium moisture content and Yg is the moisture content of the gas phase.

The equilibrium moisture content is given by Equation 5.27:

Yeq =
M̃w

M̃g

(
psat(Tp, X)

Ptot − psat(Tp, X)

)
(5.27)
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where M̃w is the molecular weight of the solvent, M̃g is the molecular weight of

the drying gas, psat is the partial pressure of the solvent in the gas phase and Ptot is

the total pressure of the gas phase.

The relative drying rate, ν̇g is a property that is related to the ratio of the actual

drying rate over the drying rate of the first period - a property of the characteristic

drying curve. This is given as Equation 5.28:

ν̇g =
Ṁevap(η)

Ṁevap,1st(η)
(5.28)

whereby the drying rates are related to the normalised particle moisture content,

η. This is given as Equation 5.29:

η =
X −Xeq(RH)

Xcritical −Xeq(RH)
(5.29)

where Ṁevap,1st is the drying rate during the first drying period, X the particle

moisture content, Xeq the equilibrium moisture content of the particle phase and

Xcritical is the critical moisture content which is the moisture content which the par-

ticle shifts from the first drying period to the second.

Functionally, the relative drying rate takes the value 1 when the normalised mois-

ture content is greater than 1, and as a function of η when the normalised moisture

content is less than 1. This is more explicitly shown as Equation 5.30:

ν̇g =

{
1 η > 1

f(η) η < 1
(5.30)

To determine the equilibrium moisture content, a sorption isotherm is used. This

relates the relative humidity of the gas phase with the equilibrium moisture content.

The relative humidity can simply be given as:

RH =
p

psat
(5.31)

such that p is the partial pressure of the solvent in the gas phase.

This modelling approach requires two experimental inputs: the characteristic dry-

ing curve which is necessary to determine the relative drying rate and the sorption

isotherm. This ensures that the model is responsive to changes in input formulation

as the drying kinetics is severely dependent on the isotherm and drying curve proper-

ties. This has advantages in maintaining model accuracy for changes in formulation,

but, requires accurate experimental inputs to initialise the framework.
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5.3.6 Bed Hydrodynamics

The model combines the work of Werther [1977], Kunii and Levenspiel [1991] and

Goldschmidt et al. [2002] by building a framework which estimates key bed properties

such as; fluidisation condition, bulk collision velocities, bed height, heat and mass

transfer properties and discharge rates.

To determine these properties, we first need to determine the minimum fluidisation

velocity of a particle size di within the particle bed. This is shown as Equation 5.32:

1.75

ε3
mfφs

(
d3,2umfρg

µg

)2

+
150(1− εmf )

ε3
mfφ

2
s

(
d3,2umfρg

µg

)
=
d2

3,2ρg(ρp − ρg)g
µ2
g

(5.32)

where umf is the minimum fluidisation velocity, d3,2 is the sauter mean particle

size, εmf is the initial bed porosity, Φs is the shape factor of the particle, µg the gas

viscosity, ρg the gas density and ρp the granule skeletal density.

The expanded bed porosity is a function of the superficial and elutrition gas

velocities as shown by Equation 5.33 [Kunii and Levenspiel, 1991, Richardson and

Zaki, 1997]:

εn =
Re0

Reelu
(5.33)

where ε is the expanded bed porosity, n is an exponent, Re0 the superficial

Reynolds number and Reelu is the elutriation Reynolds number. These two dimen-

sionless numbers are calculated by Equations 5.34 and 5.35:

Re0 =
u0dp(ρp − ρg)

µg
(5.34)

Reelu =

√
4

3
Ar (5.35)

where Ar is the Archimedes number

Ar =
gρgd

3
p,i

µg

ρp − ρg
ρg

(5.36)

the variable n can be related by both the minimum Reynolds number and the

elutriation. This is given by Equation 5.37:

n =
ln (Remf/Reelu)

ln (εmf )
(5.37)
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To calculate the heat and mass transfer between the composite particle phase and

fluidisation gas, we adapt the approach of Gnielinski [2009] as described in Ammar

and Park [2020] and Peglow et al. [2007]. The approach is given by Equations 5.38a

through 5.38g:

Sc =
µg

Deff,g

(5.38a)

Shlam = 0.664Re0.5Sc0.33 (5.38b)

Shtur =
0.037Re0.8Sc

1 + 2.44Re−0.1(Sc2/3 − 1)
(5.38c)

Shsingle = 2 +
√
Sh2

lam + Sh2
tur (5.38d)

Sh = [1 + 1.5(1− εmf )]Shsingle (5.38e)

Nu = ShLe−1/3 (5.38f)

Le =
λg

cp,gρgDeff,g

(5.38g)

where Sc is the Schmidt number, Sh the Sherwood number, Nu the Nusselt

number and Le the Lewis number.

To determine the discharge rate of the fludised bed, we take a coefficient of dis-

charge approach which relates the height of the bed with the opening outlet. This is

given as Equation 5.39:

ṁdischarge = CdA0ρbed
√

2gHbed (5.39)

where Cd is the coefficient of discharge (set to 0.5 as suggested by Bertin et al.

[2011]) A0 is the discharge outlet area within the vessel, ρbed is the overall bed density

and Hbed is the bed height. The bed density can be given by Equation 5.40 and the

bed height by Equation 5.41:

ρbed = (1− ε)ρp + ερg (5.40)

Hbed =
Mbed

ρbedAbed
(5.41)

5.3.7 Nucleation (one compartment only)

In a one compartment model the droplets cannot be dynamically modelled. This

means that we need to treat the nucleation of the small particles which would be
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spray dried as a nucleation term which feeds small particles into the bed. Assuming a

log-normal distribution of a particle with mean size dnuc,m and a standard deviation

of σnuc we can write the nucleation rate as Equation 5.42:

Ṁnuc = xsṀspray

∫ ∞
0

1√
2πσnuc

exp
[
− (ln (dnuc − dnuc,m))2)

2σ2
nuc

]
ddnuc (5.42)

5.3.8 Spray Drying (two compartment only)

The final component of the model includes modelling the drying of the spray within

the fluidised bed. Key components include: predicting the initial droplet size, drying

of the droplets, droplet temperatures and residence time. To develop the equation

set, a few assumptions are made:

• The spray is treated as a well-mixed zone, therefore, effects of counter-current

flow are ignored.

• The material feed through the spray is two-phase; of a solvent and solid phase.

• Agglomeration and breakage of droplets is not considered.

• There is no accumulation of solid, liquid or gas within the spray drying zone.

• The droplet is distributed log-normally by one standard-deviation.

The mass balance for the evaporating phase in the spray inlet is given as Equation

5.43:

rṀg
dY

dt
= rṀg(Yin − Yout) +

∫ tmax

0

Ṁevapdt (5.43)

where tmax is the maximum residence time of the droplet and r is the recycle ratio

of the inlet fluidisation air into the spray drying compartment. The property r is

effectively the result of a gas bypass which indicates that not all of the fluidisation

air would be en-trained into the spray.

The droplet dries over the distance between the nozzle and the particle bed over

some residence time. Therefore, the total mass lost through drying will be the integral

of the evaporation rate across the residence time domain. The mass balance for the

droplet phase is given as Equation 5.44:

Ṁspray
∂X

∂t
= −Ṁevap (5.44)
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where t represents the residence time domain of the droplet. The heat balance for

the gas and solid phases are given as Equations 5.45 and 5.46:

dH

dt
= rṀg

components∑
i

xin,icp,iTinlet

− rṀg

components∑
i

xout,icp,iToutletcp,w

(∫ tmax

0

Mevapdt

)
Tout

− hd→air
∫ tmax

0

Ad(Tout − Td)dt (5.45)

Ṁspray (cp + xwcp,w)
dTd
dt

= hAdTout −∆hv

∫ tmax

0

Ṁevapdt (5.46)

The kinetic expression for drying is exactly the same as Equation 5.26. To predict

the heat and mass transfer coefficients between the droplet phase and gas phase a

simple Ranz-Marshall correlation is taken as Equation 5.47:

Nu = Sh = 2 (5.47)

To model the distribution of droplets from the nozzle a normal distribution model

is used. This is given as Equation 5.48:

n(dd) =
Ṁspray√

2πσ
exp

[
− (ln (d3,2 − d3,2,m))2)

2σ2

]
(5.48)

where d3,2 is the Sauter diameter of the droplet, d3,2,m is the Sauter mean diameter

of the droplet and σ the standard deviation.

To calculate the droplet shrinkage an approach suggested by Oakley [2004] is used.

If we suppose that the droplet shrinks until the critical moisture content, we can write

the change in diameter as:

ddd
dt

=

{
f(dd) X ≥ Xcr

0 X ≤ Xcr

(5.49)

where dd is the droplet diameter, f(dd) is the size change function, X the droplet

moisture content and Xcr the critical moisture content. We define the size change

function as suggested by Oakley [2004] as Equation 5.50:

dd = dd,0

(
ρsolid
ρd

) 1
3
(
ρd
ρdry

) 1
3

(5.50)
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where dd,0 is the initial droplet diameter, ρd is the density of the droplet and ρsolid

is the density of the droplet’s solid phase.

To calculate the density of the droplet, it is calculated as a weighted average as

shown in Equation 5.51:

1 +
∑components

i Xi

ρd
=

1

ρdry
+

components∑
i

Xi

ρi
(5.51)

5.4 Model Implementation

Four models were implemented within the gFormulate 2.3.0 environment (Seimens

PSE ltd.) using a custom library for the agglomeration, drying, heat transfer, bed

hydrodynamics and spray drying. These are:

1. A one compartment continuous fluidised bed model which includes all the previ-

ously discussed models with the exclusion of spray drying and a product recycle.

2. A one compartment continuous fluidised bed model which includes all rate mod-

els and a product recycle. This model excludes spray drying.

3. A two compartment continuous fluidised bed model which includes all rate

models and spray drying. This excludes a product recycle.

4. A two compartment continuous fluidised bed model which includes all rate

models, spray drying and a product recycle.

The internal library model ”fluidised bed granulator with population balance” was

used as the supporting hierarchical structure as this already integrates the proposed

population balance framework. To implement the product screen for the product

recycle, the screen model was used directly from the formulated products library.

This model was not customised and was used as featured within the 2.3.0 version.

The internal gProms DAEBDF solver was used with the default tolerances for the

relative and absolute errors. Details for the solver can be found within the gProms

documentation and in the works of Vassiliadis et al. [1994a,b], Oh and Pantelides

[1996].

A table of parameters used to initialise the model is provided as Table 5.1.
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Table 5.1: Table of parameters for the integrated models

Parameter Name Symbol Value

Spray rate ṁspray 45-55 kg/hr
Number of size classes N 15 (-)
Mean particle size of the bed µ 230 µm
Standard deviation of the bed σ 90 µm
Initial bed mass Mbed 10-25 kg
Solid composition of the spray xs 0.5 w/w
Initial moisture content of the bed xl 0.01 kg/kg
Density of solid phase ρs/ρdry 1300 kg/m3

Density of liquid phase ρl 1000 kg/m3

Density of gas phase ρg 1.2 kg/m3

Initial droplet diameter dd,0 100-200 µm
Droplet standard deviation σd 10 µm
Droplet residence time td 2 s
Discretisation points for spray drying Nd 10 (-)
Nuclei diameter dnuclei 100-200 µm
Standard deviation of the nuclei σnuc 10 µm
Solid composition of the spray xspray 0.5 kg/kg
Critical moisture content Xcr 0.3 kg/kg
Bed diameter dbed 0.5 m

Inlet fluidisation air flow rate Ṁg 1200-1300 m3/hr
Initial fluidisation gas temperature Tg,0 85 ◦C
Initial bed temperature Tb,0 25 ◦C
Inlet spray temperature Tspray,0 25 ◦C
Inlet relative humidity RH0 1 % w/w
Latent heat of evaporation δhv 2570 kJ

kg.K

Vapour thermal conductivity λg 0.024 W
m.K

Gas viscosity µg 1e-5 Pa.s
Rate constant β0 1e-16 1

s

Contact angle θ 35◦

Surface asperity length h0 1e-6 m
Coefficient of discharge Cd 0.5 (-)
Discharge area A0 0.03 m2 (15% of the area)
Recycle ratio r 0.9 (-)
Minimum fluidisation porosity εmf 0.43 (-)
Screen aperture size - 200 µm
Range below which the aperture is non-ideal - 30 µm
Simulation duration t 3 hours
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5.5 Numerical Study

This section will perform a numerical study on understanding the influence of the

initial bed mass, the spray rate, droplet size, fluidisation air flow rate and temperature

on key product properties. These properties include the; particle size and distribution,

vapour moisture content and temperature, granule moisture content, mass holdup and

the outlet flow rate from the bed and the screen.

5.5.1 Effect of Initial Bed Mass

For the simulations within this section, the initial bed mass was varied at initial

values of 10 kg and 25 kg. The mass spray rate was fixed at 50 kg/hr with a droplet

nuclei diameter of 30 µm. The agglomeration rate constant was fixed to a value of

1e− 16s−1 in addition to the inlet fluidisation air temperature and flow rate of 85 ◦C

and 1300 m3

hr
respectively.

Figure 5.5: The effect of the initial bed mass on the mass holdup

From Figures 5.5 and 5.6 we see how the four granulator models vary with changes

in the initial bed mass. The models which contain a recycle show that the total mass

holdup within the bed is higher and that the total discharge from the granulator is also

higher. This is expected as the undersize recycle contributes to the overall bed mass

(as seen on Figure 5.7). Interestingly for the models which do not include a recycle, the
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Figure 5.6: The effect of the initial bed mass on the outlet mass flow rate from the
granulator

holdup in the two compartment model is lower than that of the one compartment.

Whereas for the models which do include as recycle, the two compartment model

shows a greater mass holdup than that of the one compartment. This observation is

replicated in the outlet flow rate from the granulator.

The mass holdup and outlet flow rate reaches steady-state quicker depending on

how close the initial properties are to the steady-state. This can be seen for the

two compartment recycle model at 25 kg where the steady-state holdup and flow

rate is seemingly close to the initial value compared to the other models. This is

consistent with works by Cryer [1999], Vreman et al. [2009], Bertin et al. [2011] who

observed similar effects within their experiments; though as stated in Cryer [1999]

this is common practice for operators to seed the bed at the expected steady-state

(though without any physical reasoning). Timescale in which the models approach

steady-state differ, the change in initial bed mass does not change the final steady-

state.

From Figure 5.8 the average particle size does vary with the initial bed mass. Both

the two compartment and one compartment model show that they are both approach-

ing the same steady-state. Comparing the one compartment and two compartment

models, there is less growth in a two compartment model due to evaporation of spray
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Figure 5.7: The effect of the initial bed mass on the product and recycle streams from
the screen

leading to less liquid for growth.

Figure 5.10 shows the normalised mass density distributions are dominated by

the entering nuclei. The one compartment models generally show more growth with

the addition of a recycle also widening the distributions. The reason for why a two

compartment model shows less growth is likely due to the evaporation of the spray

resulting in less availability of liquid throughout the bed, hence less agglomeration.

The recycle ensures that small particles re-enter which increases the chance to ag-

glomerate, and therefore widening the distribution.

5.5.2 Effect of Mass Spray Rate

For the simulations within this section, the mass flow rate from the spray was varied

at 45-55 kg/hr. The initial bed mass was fixed at 25 kg with a droplet and nuclei

mean diameter of 100 µm. The agglomeration rate constant was fixed to a value of

1e − 161
s

in addition to the inlet fluidisation air temperature and flow rate of 85 ◦C

and 1300 m3

hr
respectively.

Figure 5.11 showed that with an increase in the mass flow rate through the spray,

we see more overall growth. This is the expected as the increase in liquid content

results in more agglomeration. The models which recycle the product output also
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Figure 5.8: Evolution of the average particle size in the fluidised bed outlet for varying
bed masses.

Figure 5.9: Evolution of the average particle size in the product stream of the recycle
circuits.
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Figure 5.10: The normalised mass density distribution at t = 3 hours

Figure 5.11: The evolution of the mass averaged particle diameter for spray mass flow
rates of 45, 50 and 55 kg/hr.
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Figure 5.12: The outlet humidity for the four model formulations. For the two com-
partment scenarios the outlet humidity from the fluidised bed and the outlet from
the spray drying compartment are included also.

show more growth as we are maximising the growth of small particles by increasing

the residence time through the bed.

Figure 5.12 shows that with an increase in mass flow rate through the spray we

see an increase in the overall outlet humidity. With more liquid available (and given

that the inlet air streams are not saturated) there is an increase of evaporation.

We see that for a one compartment model that there is little difference between

the outlet humidities of the models with and without recycle. This suggests that

for a compartment system that the drying is independent of bed mass, but rather,

the capacity of drying within the fluidisation air. This is not observed within a two

compartment model. There is a difference in the outlet humidity from both the

fluidised bed and spray drying compartment. The outlet humidity from the spray

drying compartment is shown to be generally larger than that of the fluidised bed.

This is expected, as the exhaust from the fluidised bed is recycled into the spray

drying compartment which ensures there is greater mass transfer into the air stream.

In the two compartment model with recycle, we see that the lower the spray rate

the greater the outlet humidity is from the the spray compartment. This is likely

due to the unique circumstance where the outlet temperature at lower spray rates
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being higher, hence, a greater capacity to hold moisture. As the drying gas isn’t

saturated at the bed due to the lower mass flow rate through the spray, it enters the

spray compartment at a higher temperature. The difference is marginal but is an

interesting scenario.

We see a numerical artifact for the two compartment recycle model, where there

is a sharp incline in the exhaust humidity from the initialised value. While the final

steady state is reached there is perhaps a numerical issue during the early stages

of the simulation. This issue however seems to be isolated to within the spray dry-

ing compartment and for early time values between 0-10 seconds of simulated time.

Therefore, this effect is negligible.

5.5.3 Effect of Droplet/Nuclei Diameter

All properties except the droplet/nuclei diameter were kept the same as previous

during these sets of simulations. The droplet/nuclei diameter was varied between 100

and 200 µm.

Figure 5.13 shows that with an increase in the nuclei and droplet diameter we see

more growth overall. As we are continuously seeding the bed with larger particles,

they agglomerate to grow even larger. Furthermore, larger droplets dry slower which

increases the overall liquid content within the bed. This allows for more agglom-

eration. Interestingly, the models which recycled the output show that the average

size tends towards a similar asymptote despite differences in the droplet and nuclei

diameter. While they do tend towards a similar size, Figure 5.14 shows that the mass

density of the size classes vary significantly. The nuclei/droplet diameter is often

shown as the modal peak along the distribution, where for the models with a recycle

show wider distributions.

We see how the droplet size distribution changes on Figure 5.15. In general,

changes seem minimal and the droplets largely enter the bed at a size slightly smaller

than that of the initial. The largest change is seen in the two compartment with no

recycle model where there is a notable reduction from the modal peak of 200 µm.

However, this seems almost exclusive to the 200 µm scenario as the 100 µm shows

almost no change. This can likely be attributed to the larger droplet diameter having

a larger area for heat and mass transfer hence more drying. This clearly diminishes

as the droplet reduces in size.

Figure 5.16 shows relative humidity and temperature for the spray compartment.

The recycle models show that the relative humidity in the outlet is considerably lower

than the model without recycle. The increase in bed mass within the recycle models
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Figure 5.13: The mass average particle size for changing droplet/nuclei diameter for
all four model formulations.

Figure 5.14: The mass density distribution for changing droplet/nuclei diameter for
all four model formulations at t = 3 hours
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Figure 5.15: The droplet size distribution of the atomised droplets in the spray drying
compartment for the two compartment models.

(a) (b)

Figure 5.16: The (a) relative humidity and (b) temperature for the spray drying
compartment in the two compartment model for varying droplet diameters.
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Figure 5.17: The mass average particle size for changing fluidisation air flow rate for
all four model formulations.

leads to more drying of the bed and ultimately reducing the temperature and drying

capacity of the gas. This is supported by Figure 5.16(b) where we can see that the

streams enters the spray compartment at a lower value for the recycle model where

after drying it reduces significantly, such that the drying capacity reduces and the

relative humidity increases.

5.5.4 Effect of Inlet Fluidisation Flow Rate

Figure 5.17 shows that there is very little sensitivity to the inlet fluidisation flow

rate with regards to the average particle size. Numerically, the changes are roughly

≈ 2µm where the greatest change is observed in the two compartment recycle model.

The fluidisation flow rate is often regarded as a process parameter which influences

breakage and drying [Werther, 1977, Hemati et al., 2003]. For the proposed model

we ignore breakage, so it is unsurprising that there is little change. The expected

changes would be in the behaviour of the Stoke’s criterion and liquid availability.

The models without a recycle show lower average particle size to the recycle vari-

ant. The difference is likely related to re-nucleating the bed with particles from the

recycle which promotes more growth given there is available liquid.
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Figure 5.18: The granule moisture content within the granule bed for all four model
formulations.

From Figure 5.18 we see the granule moisture content for the lower fluidisation flow

rates to be higher. With less air flow through the bed, the overall drying rate reduces.

An anomaly is seen for the two compartment model, where the moisture content

remains fixed at a value that seems unreasonable compared to the other formulations.

We hypothesise that the issue is related to the two compartment nature of the model.

As the air flows through the bed, there is initial drying, which then further dries

within the spray drying compartment. With a continuous flow out of the bed the

part of the available moisture leaves through this stream. With a reduced moisture

within the bed, this amplifies the capacity to dry in the spray compartment; which

then results in less liquid entering the bed. This results in an positive feedback loop

where the drying increases until the minimum equilibrium solid’s moisture content

is reached. This is clearly erroneous and is possibly a product of the simulation

parameters. This issue is avoided by the addition of a recycle as we ensure liquid

which leaves the bed re-enters through the recycle stream. For the models which

include a recycle we can see a clear sensitivity to the inlet drying air, whereas, the

no recycle models show that they reach an equilibrium quickly. We see from Figure

5.19 that there is a large change both the bed mass and discharge which is likely

destabilising the drying phenomena. This highlights a key issue when formulating
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(a) (b)

Figure 5.19: The (a) total mass holdup within the particle bed and (b) the discharge
rate from the particle bed for all four model formulations.

a two-compartment model for a continuous system - the model is very sensitive to

changes in the bed and drying conditions.

5.5.5 Effect of Inlet Fluidisation Temperature

Figure 5.20 shows that with an increase in fluidisation air temperature the average

particle size decreases slightly. Similar to the previous parameters, this is most em-

phasised in the two compartment model with a recycle. Increasing the temperature

reduces the overall liquid availability in the bed, which results in slightly less agglom-

eration. For the two compartment model, we see no change which is infact consistent

with the previous study as it was identified that the liquid availability was already

extremely low for the simulation conditions.

The temperatures for the solid, vapour and the spray drying compartment are

shown on Figure 5.21, where as expected, an increase in temperature leads to an

overall temperature increase for all phases. Importantly, the vapour phase sits at

temperatures slightly above the solid phase which confirms that the energy balance

is consistent. An interesting aspect of the model is the approach for which the tem-

perature increases for the vapour phase. As the simulation proceeds, the approach is

from below at 25°C to the steady-state. The system is initialised to treat the initial

holdup of vapour to be at the same temperature as the solid-phase, that is all phases

initially within the fluidised bed are the same temperature. Therefore, it should be

expected that the approach to steady-state is initially from below.

The moisture content decreases with an increase in temperature. With an increase

in the drying potential more moisture is removed from the granule phase. Within the
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Figure 5.20: The mass average particle size for changing inlet fluidisation air temper-
ature for all four model formulations.

spray drying compartment, for the two-compartment model with a recycle the change

in temperature only provided a small change in the moisture content of the droplets.

The two-compartment model without recycle remains almost unchanged, which given

the previous observations, ensures that the model is consistent.

5.6 Conclusion

A sensitivity analysis is performed on four model formulations to investigate how

key physical parameters influence the output for key outputs. Based on the results,

the model shows consistency with what is expected in literature; where the greatest

change to particle growth was influenced by the mass spray rate. The fluidisation

flow rate and temperature did hold some influence to growth, but, provided a more

dominant change to the drying conditions. The proposed model provides a stable

framework to model continuous fluidised bed granulators which can model to a steady-

state, which is particularly relevant to many industrial systems.

A clear limitation to the one compartment model is the dominance of nucleation

within the distributions, and the two-compartment model showing great sensitivity

to changes in the drying conditions. The issue with the nucleation rate is that the
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(a) (b)

(c)

Figure 5.21: The (a) solid temperature, (b) the vapour temperature and (c) the
temperature within the spray drying compartment

(a) (b)

Figure 5.22: The (a) granule moisture content of the four model formulations and
(b) the moisture content of the droplets in the spray drying compartment for the two
compartmental models.
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particles are added to the gridpoint but show little growth. This leads to a large

peak around the nuclei particle diameter, where intuitively, we should expect these

nuclei to agglomerate immediately. This is a product of a couple issues; the coupled

population balance approach, in addition to, the sensitivity of wetting rate to the size

of the particles. As the liquid which is added to each gridpoint is averaged over all

the particles, we lose the immediate information from the spray-drying compartment

that the particle is wet. When combined with the wetting rate we see that the model

prefers large particles; the droplets which enter the smaller gridpoints don’t receive

enough liquid to ensure rapid growth.
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Chapter 6

Experimental Studies of a
Pilot-scale Top-spray Fluidised Bed

6.1 Introduction

In this chapter, experimental studies on a pilot-scale top-spray fluidised bed granu-

lator are performed to develop a mechanistic understanding of the influence of the

mass spray rate, the fluidisation air temperature and the fluidisation air flow rate.

These three parameters are commonly varied to troubleshoot process anomalies, often

without much scientific understanding. Therefore, there is value in understanding the

influence of these process parameters on the granulation mechanisms to; validate the

proposed granulation rate process framework and to enhance the process operator’s

ability to troubleshoot.

The overall goal is to provide a quantitative analysis on the effects of the key

process parameters on the product output, such as the average particle size, the size

distribution and moisture content of the granule.

6.2 The Pilot-scale Fluidised Bed Granulator

A flow diagram of the continuous pilot-scale fluidised bed granulator is provided as

Figure 6.1. The fluidised bed has a tray diameter of 0.5 m and a top-spray arrange-

ment with an internal nozzle diameter of 4 mm. The material discharges through a

screw conveyor which roughly encompasses 10% of the tray area. The screw conveyor

aims to maintain a constant pressure drop across the bed through a PID control loop

which correlates to a constant bed mass. The PID responds to changes in sensors

P11 and P17 and adjusts the rotation speed of the rotary valve accordingly. The

fluidised bed product enters an over and undersize sieve, sized at 1600 µm and 200
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Figure 6.1: Flow diagram of the pilot scale unit.

µm respectively. The product stream is discharged into a material drum which sits

on top of a gravimetric scale. Once the material drum is full it is removed, stored

and replaced. The undersize is pneumatically transported back into the bed and the

oversize is normally returned back into the slurry tank, though this functionality was

not available during the period of this study. The unit is fitted with pulse jet filters

and a bag house to minimise the escape of small fines through the air stream. The

unit has an estimated maximum throughput of 500 kg/hr.

The author’s primary role was to design the experimental approach. The key

responsibilities was to decide what spray rates, air temperatures, air flow rates, the

choice of measurement technique, what measurements and sampling frequency. The

experiments were performed and managed by the Syngenta process engineers and

operators. They would set-up and clean the equipment, perform the appropriate

maintenance checks and perform all manual measurements. The manual measure-

ments include sampling from the bed, sampling from the product stream, performing

the size measurements, performing the moisture measurements and exporting the

sensor measurements.
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6.3 Materials and Methods

A placebo formulation was used as the granule material. This formulation shares

similar processing characteristics to trademarked products of Syngenta. It is relatively

cheap to manufacture and was readily available as a substitute to a ”real” industrial

product. As the placebo formulation is commonly used internally, key properties

such as size, densities, viscosity profiles and thermal properties are readily known;

which is a key advantage over using a manufactured formulation. Though for future

work, it is advised to move away from the placebo formulation to a a real API to test

validity and rigour of the experimental hypothesis. Due to disclosure agreements, the

composition of the placebo will not be detailed and from hereon will be referred to

as Placebo A7946T.

6.3.1 Size Characteristics

To characterise the size and distribution of the Placebo A7946T powder, a Malvern

Mastersizer 3000 with a dry cell (Malvern Panalytical Ltd.) was used. A sample

mass of 4 g was fed into the top hopper, which would vibrate and promote a flow

of particles into the analysis compartment. The equipment measures the intensity of

the light scattered as the dispersed, flowing particles, fall through the analysis region.

From the scattered patterns, this is converted into a size (as from the work of Rawle

[2003]). Three samples were measured to provide a volume based frequency. The grid

was initialised with fifty points from a minimum value of 0.01 to 3500 µm across a

logarithmic scale. The distribution properties are shown as Figure 6.2:

The methodology and samples show high reproducibility. All three curves show

a small peak at ≈30 µm which may indicate the capture of dust from the pulse jet

filter. Furthermore, additional size information is given on Table 6.1 which provides

values on the d10, d50, d90 and d3,2.

Table 6.1: The d10, d50, d90 and d3,2 for the Placebo A7946T.

Sample d10(µm) d50(µm) d90(µm) d3,2(µm)

1 123 207 338 183
2 121 206 337 182
3 119 200 325 177
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Figure 6.2: The initial size distribution of Placebo A7946T, (a) the volume density

6.3.2 Bulk Density

The bulk density is measured using the CIPAC MT 186 method, a standard cross-

industry method. Detailed information of this method can be found within the for-

mulated pesticide handbook [Ashworth et al., 1970]. A value of 653 kg/m3 was

measured.

6.3.3 Specific Heat Capcity

Given the specific nature of Placebo A7946T, calibrating a calorimeter is practically

difficult. An estimate of the specific heat is calculated based on the composition

of Placebo A7946T. From this calculation a specific heat value of 1.26 J/kg.K is

attained.

6.3.4 Granule Moisture Content

To measure the granule moisture content a coulometric Karl-Fischer titration method

was used. A two samples of 100 mg was placed into the measuring cell of the Titrator

Compact V10S (Mettler Toledo Solutions) that contains a solution of methanol, sul-

phur dioxide and iodide. The equipment is initially calibrated to remove the effects of

ambient moisture. The moisture of the granule sample reacts with the iodide to form
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iodine, which flows by a voltage differential provided by an anode and cathode. Once

the measured voltage dramatically drops, this indicates the end of the experiment as

all the contained water within the sample has reacted. The moisture content is then

calculated by measuring the current needed to electrochemical generation of Iodine

to iodide.

6.3.5 Desorption Isotherms and Drying Curves

To determine the isotherms and drying curves a dynamic vapour sorption (DVS)

technique was used. A slurry composed of 60% Placebo A7946T and 40% water was

placed in the DVS equipment, the DVS Endeavour (SMS Ltd.). The equipment is

loaded with ≈15mg of the solution which is set to sweep relative humidities of 0% to

90%. Steps of 10% were chosen. The equipment was set to shift to the next interval

after a percentage mass change, at the given humidity, reached a value of 0.0012

s−1. After the measurement at 90% relative humidity was measured, it would return

back to 0 in steps of -10% through a similar manner. The desorption isotherm is of

interest here, based on the suggestion by Burgschweiger et al. [1999] and Peglow et al.

[2007]. This is because the particle undergoes desorption-like kinetics during drying.

A third-order polynomial fit was used to generate a line of best fit for the experimental

data. The isotherm was measured at three different temperatures, 40°C, 50°C and

60°C. Figure 6.3 shows the desorption isotherms which shows some dependence on

temperature. The value at 100% relative humidity is interpolated from the line of

best fit.

To determine the single particle drying curve, the slurry was placed in a metal

cylinder and inserted into the DVS equipment. The slurry was exposed to a fixed

temperature where the loss-on-weight was measured. The air inlet was set to attain

a target partial pressure of 0% (bone-dry air) and was passed over the slurry at

creeping flow. To estimate the critical moisture content from the drying curve, a

linear interpolation is carried out on a polynomial fit. Once the rate of change of the

gradient is less than 5% the critical moisture content is estimated from this position.

This was carried out over three temperatures, 40°C, 50°C and 60°C. Figure 6.4 shows

the data. The critical moisture content is measured at 40°C to be 0.246 (as shown on

Figure 6.4), at 50°C a value of 0.278 and at 60°C a value of 0.463.

6.4 Experimental Method and Design

There are three key phases in the experimental process. These are:
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Figure 6.3: The desorption isotherm of the Placebo A7946T slurry.

Figure 6.4: Experimental drying curves.
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1. Preparing and mixing the slurry

2. Grinding of the slurry

3. Granulation and sampling

To prepare the slurry, the constituent components of Placebo A7946T were mixed

in a cooled vessel with a tooth disc stirrer. The contents were stirred until all the

components were completely dissolved and were homogeneously dispersed; this was

left to stir for at least 30 minutes.

The slurry was then placed into a colloid mill with an initial throughput of 150

kg/hr which ramped up to 250 kg/hr. Samples were taken every 10 minutes. The

target diameter of the colloid was d50 ≤ 2.5µm, where grinding would continue until

this criteria was reached. The discharge from the colloid mill was then pumped to a

slurry tank where it is continuously mixed by a flat blade impeller at 450 RPM.

Each experiment initially starts by passing the inlet fluidisation air at the desired

flow rate and temperature through an empty bed. The bed is kept empty until

the exhaust temperature reaches steady-state. Once the air temperature reaches a

steady-state, the bed is seeded via a feed nozzle with 25 kg of Placebo A7946T and

is initially mixed at the experimental inlet air flow rate and temperature (as set by

Table 6.3). Three samples are taken via the feed port which is then passed through

the Mastersizer 3000 to characterise the initial size properties.

The slurry is pumped from the slurry tank to a two-phase nozzle to the set point

of the experimental design. To minimise the effects of the droplet diameter when

changing spray rates, the liquid pressure to gas pressure ratio was kept constant. The

reasoning for this is related to the many works which suggest that maintaining a

constant Weber number results in similar droplet sizes [Negiz et al., 1995, Tan et al.,

2006, Cotabarren et al., 2018]. Table 6.2 shows the flow rates passed through the

nozzles to maintain a constant ratio.

As the experiment proceeds, the material discharge passes via the screw con-

veyor to the over-and-under sieve. The product is discharged into a collection drum.

During the experiments, no oversized particles were formed. Therefore, the typical

operational method of passing the oversized particles back into the slurry tank to be

re-mixed was not considered during operation. The under-size particles were fed back

into the bed via pneumatic transport. The discharge flow rate was measured every

30 minutes during sampling time using a ”stopwatch and bucket” method. The mass

over 5 minutes was measured to determine the mass flow rate for that period.
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Table 6.2: Nozzle parameters to maintain constant a constant ratio of liquid-to-gas
pressure.

Spray rate (kg/hr) Pliquid (barg) Ṁair (kg/hr) Q̇air (Nm3/hr) Pliquid/Pair (-)

50 1.8 36.93 30.68 0.7387
40 1.225 29.55 24.54 0.7387
60 2.371 44.32 36.81 0.7387

Samples of approximately 5g were taken every 30 minutes via the sampling port

of the bed. Three samples were collected and then immediately measured with the

Mastersizer 3000 and then later stored. Each experiment lasted approximately 4

hours. At the end the bed is discharged into the drum and the bed cleaned out. This

systematic process was repeated whereby the inlet air and spray parameters were set

to the desired value and the bed were seeded again. Each experiment took one entire

work day; from the generation of seeds and slurry, to the fluidisation experiments.

The process conditions were measured by sensors located at key points (as shown

on Figure 6.1). The sensor values were internally recorded as part of the automated

documentation system. The sensors are as follows: the inlet temperature (T11), the

inlet flow rate (F10), the inlet humidity (M18), the outlet temperature before the

baghouse (T14) , the outlet temperature after the baghouse (T21), outlet moisture

content (M21) and the pressure drop between the inlet air stream and the exhaust

(P11-P17).

A central-composite like experimental design was used. This approach was chosen

as it benefits in two ways; we develop an understanding of the product output with

changes in a single process parameter, and, we generate data which varies multiple

parameters which is valuable to rigour test the integrated model. Figure 6.5 visually

shows the design matrix and Table 6.3 provides the values for each individual exper-

iment. Experiments 1-7 are the central component of the composite design, where

the spray rate, inlet air temperature and inlet air flow rate would vary linearly and

independently from the initial value.
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Figure 6.5: The experimental design matrix performed on the continuous pilot plant
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Table 6.3: Table of experiments performed on the pilot scale fluidised bed.

Experiment No. Spray rate (kg/hr) Air temperature (°C) Air flow rate (m3/hr)

1 50 85 1300
2 40 85 1300
3 60 85 1300
4 50 75 1300
5 50 95 1300
6 50 85 1200
7 50 85 1400
8 60 75 1200
9 40 75 1200
10 50 75 1200
11 60 75 1300
12 70 75 1300

From experiments 8-11 there is a deviation to the typical central composite de-

sign. As the experimentation was time-limited and increasingly intensive, there was a

conscious decision to emphasise agglomeration as much as reasonably possible. This

resulted in focusing on maximising the spray rate, minimising the air temperature

and minimising the air flow rate. This maintains a relatively rigorous statistical set of

experiments which would complete the vertex of a composite box. Experiments 8-11

reflect this by making adjusted changes in those parameters. Experiment 12 was an

additional experiment, where unlike the other experiments which would start from a

seeded bed, was a step-change during experiment 11 to gauge a general understanding

of how such a change would influence the transient towards the next steady-state.

Despite the limited experimentation, this design provides three points of insight;

the influence of the chosen process parameters, the influence of the process parameters

in a hypothetical agglomeration dominated regime and an understanding of how a

step change influences the steady-state and the transient change from one steady-state

to another.

6.4.1 Calibrating the Moisture Sensor

The pilot plant is old, some sensors were poorly calibrated. The moisture sensor

M21 was not reading the correct levels of moisture in the outlet stream. As a quick

solution, a calibration curve was determined. Air of a known moisture content was
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Table 6.4: Moisture sensor calibration experiments

Moisture
set point
(°Cdp)

Actual
value
(°Cdp)

Outlet
tempera-
ture (°C)

Outlet
moisture
measured
(% RH)

Outlet
moisture
expected
(% RH)

-5 -5.11 42.81 0 4.85
0 -0.64 40.29 2.31 7.75
5 5.53 41.34 3.78 11.42
10 10.22 43.24 8.35 14.27
20 19.79 43.6 16.29 26.08

passed through the empty bed where the outlet moisture content and temperature

after steady-state was recorded. Table 6.4 shows the experimental results and Figure

6.6 shows the line of best fit used as the calibration curve.

6.4.2 Quantification of the Statistical Impact on the Particle
Size Distributions

To compare the distributions between the ”normal” and the deviations, the Hellinger

distance is used. The Hellinger distance measures the likeness of two normalised

distributions. This is a common method used within statistics and is often referred

to as the minimum Hellinger distance estimation [Tamura and Boos, 1986]. The

Hellinger distance is given as Equation 6.1:

H(f, g) =

√
1−

∫ ∞
0

(√
f(x)× g(x)

)
dx (6.1)

where f(x) and g(x) are normalised distributions describing the frequency against

size and H the Hellinger distance.

This is a particularly convenient approach to quickly, and cheaply, understand

which parameter had the greatest influence on the distribution and size. A value of

1 indicates that the distributions do not overlap, whereas a value of 0 quantifies that

the distributions are exactly the same.

6.4.3 Fraction of Solvent Evaporated

The fraction of solvent evaporated is a useful property to check whether the mass

balance of the system closes reasonably, in addition to, quantifying whether any
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Figure 6.6: Calibration curve for the moisture sensor fitted with a first order polyno-
mial, y = 1.2629x+ 5.112

sensors are providing poor data. This can be calculated with Equation 6.2:

Xevap =
(Yout − Yin)× ṁair

ṁspray × xl
(6.2)

where Yout is the outlet humidity, Yin the inlet humidity, ṁair the mass flow rate

of the inlet fluidisation air, ṁspray the mass spray rate and xl the solvent fraction of

the spray.

6.4.4 Relative Distance From Linear Growth

Another useful metric to quantify the growth behaviour is to check the relative dis-

tance of the mean particle size from an estimated linear growth model. A linear

growth model has been formulated similarly to that of Appendix A. We can formu-

late similar assumptions:

1. The number of particles within the bed is constant.

2. The particle bed is initially mono-sized.

3. The spray evenly distributes liquid across the entire particle bed.
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A big emphasis must be made, this is not an attempt to model the system, but

rather, a check on the relative distance away from ideal layered growth. As a result,

the model over-simplifies the dynamics of the bed and the treatment of particle size.

The important detail the comparison does provide is understanding the extent of

breakage and agglomeration within the measured outputs.

Based on the above assumptions, the model is shown as Equation 6.3:

dp,layering = dp,0 +
2ṁspray(1− xl) + ṁsprayxlXevap

πρpd2
p,0Mbed

(6.3)

where dp,0 is the initial particle diameter (the Sauter mean diameter is used in

this case), Xevap the fraction of solvent evaporated, ρp the particle density (taken to

be 1535 kg/m3 and Mbed the bed mass. To determine the bed mass a simple mass

balance is formulated and used:

Mbed = Mbed,initial + (ṁspray(1− xl) + ṁsprayxlXevap)− ṁout (6.4)

where ṁout is the product flow rate.

The relative distance can therefore be simply defined as:

Relative distance = dp,exp − dp,layering (6.5)

6.5 Results and Discussion

A summary of the final size, granule moisture content and the exhaust temperature

is provided on Table 6.5. As a statistical design of experiments used, these values can

be used to perform typical Design-of-experiment tests, e.g. ANOVA. While this will

not be performed as part of the work to follow, the author feels it is useful to provide

the data upfront.

6.5.1 Influence of Spray Rate

Figure 6.7 shows the key size characteristics of experiments 1-3 which varied the

spray rate between 40-60 kg/hr. In general, particles showed more growth with an

increase in spray rate. Figure 6.7(a)-(c) shows the d10, d50, d90 respectively where the

steady-state values (the horizontal black lines) are placed highest for 60 kg/hr.

The samples from the tower and product do not show any major difference and

generally sit at similar steady-states. Within experiments 1-3 it is unlikely that there

was any significant formation of agglomerates. Figure 6.7(d) supports this by showing
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Table 6.5: Summary of the final measured size, granule moisture and exhaust tem-
perature within the fluidised bed tower.

Experiment No. d10 (µm) d50 (µm) d90 (µm) Xw (kg/kg %) Texhaust(C)

1 159 260 409 2.74 47.6
2 139 232 372 2.23 49.0
3 180 305 490 3.58 40.2
4 151 262 416 3.62 38.7
5 138 236 375 2.22 50.2
6 156 270 438 3.295 41.3
7 137 232 375 2.66 45.7
8 330 581 964 5.43 31.9
9 138 236 380 - 39.5
10 200 374 633 - 33.9
11 193 362 596 - 37.1
12 394 688 1137 - 33.2

that the distributions translate smoothly across the x-axis with some widening of the

distribution, as you would typically observe for volume distributions which undergo

layered growth. As a result, the growth is tight and linear.

Figure 6.8 shows that with an increase in spray rate, the outlet relative humidity

increases. This is consistent with the observed model sensitivities in Chapter 5 which

suggested that the greater liquid availability allowed for more drying to occur. Figure

6.8 shows that the total evaporated solvent is slightly higher for the experiment 2 at

40 kg/hr. This could be a consequence of less liquid availability at lower spray rates

which saturates the drying air less, consequently maintaining a greater capacity to

hold liquid. Figure 6.8(c) and (d) shows that the capacity of drying available at the

lower spray rate is much higher given that both the exhaust temperature is higher

and the relative humidity is lower. There is clearly a balance between experiments

1 and 3. Despite having differing temperatures and relative humidities, the overall

solvent evaporated is the same.

6.5.2 Influence of Inlet Air Temperature

Figure 6.9 shows that increasing the inlet air temperature we see a decrease in the

overall particle size. As we increase the temperature, the drying rate of the solvent

in the spray and bed dries increases, which leads to less liquid availability, hence, a

decrease in both agglomeration and layered growth. The volume density distribution,
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(a) (b)

(c) (d)

Figure 6.7: Size characteristics of varying spray rates within a pilot scale fluidised bed
granulator where (a) is the d10, (b) d50, (c) d90, (d) the volume density distribution
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(a) (b)

(c) (d)

Figure 6.8: Drying characteristics of varying spray rates where (a) is the outlet hu-
midity and (b) is the total solvent evaporated after correction with the calibration
curve, (c) is the exhaust temperature and (d) the relative humidity of the exhaust.
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as shown by Figure 6.9(d), does not show any significant changes which might indicate

agglomeration. The translation of the density distribution across the size grid is

smooth.

(a) (b)

(c) (d)

Figure 6.9: Size characteristics of varying inlet air temperatures where (a) is the d10,
(b) d50, (c) d90 and (d) the volume density distribution

Surprisingly, there is not an obvious correlation between the outlet humidity and

inlet air temperature. Figure 6.10(a) and (b) have similar outputs, where normally

we would expect that the absolute humidity at 95°C to be greater than that of 85°C.

This may be an artifact of the calibration curve being poorly designed for higher

temperatures; as this curve was initially calibrated at 50°C. However, we do see the

expected trends on Figures 6.10(c) and (d) where the temperature correlates with the

inlet air temperature linearly, and the relative humidity inversely.

6.5.3 Influence of Inlet Air Flow Rate

Decreasing the inlet fluidisation air flow rate increases the particle size. Figure 6.11

shows the most growth for 1200 m3/hr and the least for 1400 m3/hr. As we reduce
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(a) (b)

(c) (d)

Figure 6.10: Drying characteristics of varying inlet air temperatures where (a) is the
outlet humidity and (b) is the total solvent evaporated, (c) is the exhaust temperature
and (d) the relative humidity of the exhaust.

the inlet air flow rate, the drying rate and particle collision velocity decreases which

can lead to less breakage and more liquid availability to promotes growth.

Figure 6.12 shows the drying characteristics for the varying inlet air flow rates.

We see that an increase in air flow rate lead to a lower uptake of solvent, a higher

exhaust temperature and consequently a lower relative humidity. Increasing the air

flow decreases the absolute humidity in the air stream, likely a result of greater air

volumes and mass transfer limitations by an increased gas by-pass. Interestingly,

the fraction of solvent evaporated shows similar values to 1300 m3/hr, with a slight

anomaly at t = 146 minutes. The anomaly is a result of a measurement error in the

mass spray rate. Figure 6.12(d) shows that the relative humidity increases with a

decrease in the flow rate, suggesting that there is more saturation of the drying air.

There is a lower volume of air flowing through the unit and less drying capacity as a
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(a) (b)

(c) (d)

Figure 6.11: Size characteristics of varying inlet air flow rates where (a) is the d10,
(b) d50, (c) d90 and (d) the volume density distribution

result.

6.5.4 Influence of Combined Process Parameters

The only experiment to consistently show less growth than the base case of experi-

ment 1 was experiment 9 (as seen on Figure 6.13). There were two competing effects,

a decrease in spray rate, which leads to less growth, and a decrease in temperature,

which emphasises more growth. In this case, the decrease in spray rate is more im-

pactful in controlling the size, though, the differences are small relative to experiment

1.

Figure 6.13 shows that both experiments 8 and 12 show large growth up until the

bed collapses. Both show a significant difference from the sample within the tower

and the sample within the product stream. The samples taken from the product
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(a) (b)

(c) (d)

Figure 6.12: Drying characteristics of varying inlet air flow rates where (a) is the outlet
humidity and (b) is the total solvent evaporated, (c) is the exhaust temperature and
(d) the relative humidity of the exhaust.

stream appear to be smaller than that within the tower. This is attributed to the

fact that large wet particles flow poorly which results in a segregation of particles as

smaller particles have a tendency to flow out the discharge. Experiments 8 and 12

were the only two experiments to cause a collapse of the fluidised bed. The rapid

growth and wetting of the bed resulted in gradual blockage of the discharge, where

eventually the bed collapses.

Experiment 12 shows a significant change from experiment 11, where after the

ramp increase to the next spray rate the particle growth showed an almost immediate

response. This is made clear on Figures 6.13(a)-(c) where after the transition line the

growth shows an immediate change. This is quite surprising as given most of literature

such as Cryer [1999], Heinrich et al. [2002] and Vreman et al. [2009] show that there

is lag from a change to an input to the measured output. Perhaps the sensitivity of
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(a) (b)

(c) (d)

Figure 6.13: Size characteristics for combined changes in process parameters where
(a) is the d10, (b) d50, (c) d90, (d) the volume density distribution. The transition from
experiment 11 to 12 is shown as a vertical dashed line position at t = 224 minutes.
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the equipment is related to both the recycle and the spray; the mentioned researches

added nuclei and binder through separate streams in a continuous system where this

process drives nucleation and growth primarily through the spray.

Surprisingly, experiment 10 showed more growth than experiment 11. Experiment

10 compares to experiment 11 by having a lower inlet fluidisation air flow rate and a

lower spray rate. It’s clear here that the combined change in the inlet air flow rate and

inlet air temperature, resulted in slightly more growth than a change in spray rate

and inlet air temperature. Given that experiment 10 showed less drying (as shown

by the results of Figures 6.14(b) and (c)) which ensures there is more liquid available

in the bed for agglomeration. It seems there is a careful balance when optimising for

growth; a change in air temperature and flow rate can have a larger influence than a

change in spray rate.

Similar to the particle growth profiles of experiment 12, the drying properties also

show a near immediate response when the system is ramped to the new steady-state.

Again, this highlights that the system is sensitive to changes in process parameters.

Figure 6.15 shows the Hellinger distance for each experimental subset. The

Hellinger distance is used as an alternative method to ANOVA which would use

other distribution parameters such as the d10, d50 and d50. Both experiment 8 and

12 showed the greatest deviation away from experiment 1. This is unsurprising given

that significant growth occurred during these two experiment. By quantifying the

Hellinger distance, clearly highlights the differences between the product and tower.

In most cases, the distribution within the tower showed the greatest distance away

from experiment 1. On the other hand, the product stream for experiment 8, 11 and

12 showed the greatest deviation. This is likely the result of the recycle contributing

less to the product distribution, shifting the distribution further along the grid and

reducing the total overlap.

For influences of a single parameter, the increase in spray rate showed the greatest

impact further highlighting the importance of the spray rate as a controlling factor for

growth. This is followed by the increase temperature and then an increase in air flow

rate. This indicates that controlling the drying and bed dynamics has a significant

impact on the shape of the distribution.

6.5.5 Product Flow Rate Control

The fluidised bed was operated in a way to maintain a constant differential pressure

across the entire bed by controlling the flow rate out of the bed. This is a common

method within industry to maintain a constant bed mass. Figure 6.16 shows how the
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(a) (b)

(c)

Figure 6.14: Drying characteristics of changes in combined process parameters where
(a) is the outlet humidity and (b) is the total solvent evaporated and (c) the relative
humidity of the exhaust. The position which the experiment 11 shifts to 12 is shown
as a vertical dashed line at t = 273 minutes (an added compensation of the ≈1 hour
later start compared to the particle size measurements).
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Figure 6.15: The calculated Hellinger distance for each experiment subset when com-
pared to experiment 1.

measured flow rate varied for each experiment. Generally, the spray rate influenced

the product flow rate the most as experiments 3, 8, 10 and 11 show that they are

approaching a similar steady-state. In the case of experiment 8, as the bed desta-

balises and collapses the product flow rate diminished significantly towards the end

of the sampling period. The other process parameters showed very little influence

individually where the results sit roughly between 25-28 kg/hr.

6.5.6 Granule Moisture Content

Figure 6.17 shows the measured granule moisture content for experiments 1-8. Ex-

periments 2 and 5, which corresponds to a decrease in spray rate and increase in

temperature respectively, show a lower granule moisture content when compared to

the base case of experiment 1. This is consistent with expectations. Reducing the

spray rate reduces the available liquid throughout the bed, whereas, an increase in

temperature increases the drying rate within the particle bed.

An incease in the spray rate and decreases in the air temperature and inlet air

flow rate shows an increase in the granule moisture content. Again, this is expected

as changes in these process dynamics promotes more liquid availability by either

increased spray rates, or reduced rates of drying.
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Figure 6.16: The measured flow rate out of the product stream for experiments 1-11.
Experiment 12 was not measured.

With regards to experiment 7, an increase in the inlet air flow rate had a marginal

decrease in the granule moisture content. This may suggest that the drying rate

within the bulk particle bed was not significantly increased, which may be due to

mass transfer limitations by a bubble gas bypass.

6.5.7 Relative Distance Against Linear Growth

Figure 6.18 quantifies the distance between a simple growth model and the experi-

ments. The growth model is considered ”simple” as this considers the growth of a

mono-sized particle by layering. This can clarify the extent of agglomeration.

A negative value for the relative distance is calculated for experiments 2, 5 and

9. The differences are small and could be attributed to a small degree of particle

breakage. Experiments 2 and 9 had reduced spray rates which may suggest that the

rate of breakage may have been slightly more dominant than the rate of growth. This

is further supported by Experiment 5 as the inlet air flow rate was increased, sug-

gesting an increased probability in particle breakage. Though for these experiments,

it is clear that breakage does not occur in excess.

Experiments 8 and 12 shows that there was large amounts agglomeration as the

relative distance value exceeds 300 µm. For experiments 3, 10 and 11 the distances
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Figure 6.17: The granule moisture content for experiments 1-8.

are roughly 50-80 µm which might suggest that some agglomeration occurred but not

enough to dominate the bed.

6.6 Conclusion

Experiments were performed on a continuous pilot scale fluidised bed where the in-

fluence of spray rate, inlet fluidisation air temperature, inlet fluidisation air flow rate

and select combinations of these parameters were performed. From the study, it was

found that the spray rate showed the greatest impact on the particle size distribution.

This was quantified by a Hellinger distance estimation for the distribution and the

relative distance against linear growth.

The measured particle sizes were consistent against the anticipated theory where

increasing the spray rate, decreasing the inlet air temperature and decreasing the

inlet air flow rate all resulted in more overall growth of the particle bed. While the

growth measurements appear to be reliable, the outlet humidity, relative humidity

and solvent evaporated may show inherent errors due to poor calibration of the mois-

ture sensor/and overall measurements. This was particularly emphasised at higher

temperatures which demonstrated poor consistency.
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Figure 6.18: The calculated relative distance for all experiments when compared to a
simple linear growth model. The product flow rate used to calculate the linear growth
rate is estimated to be the same as experiment 11.

When the spray was increased by a large amount it was found that agglomera-

tion dominates the bed. Over duration of the experiments the bed would begin to

destabalise and eventually collapse. This was clearly indicated by the rapid growth

in the particle size distribution and the gradual reduction flow rate of the product.

The over-wetting of particles leads to uncontrolled growth which would defluidise and

block the discharge, ultimately causing the bed to collapse.

The product flow rate didn’t show much sensitivity to the inlet air temperature

and the inlet air flow rate. The spray rate resulted in the most change as the discharge

rate was a function of the total mass holdup and the pressure drop within the bed.

Overall, this work has provided analysis and data for a continuous pilot scale

fluidised bed which uses a two-phase nozzle to drive nucleation and growth. This is

novel among the literature and provides an experimental link to characterise process

behaviour with granulation mechanisms.
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Chapter 7

Validation of a two-compartment
integrated population balance
model using pilot plant data

7.1 Introduction

The literature has rarely delved into modelling continuous fluidised beds, especially

one which drives nucleation and growth by a two-phase spray. Whilst most modern

models introduce multi-dimensional properties, these models are not physically rep-

resentative and most have not been extensively validated outside of lab-scale batch

processes.

This chapter’s goal is to validate the model formulated in Chapter 5 and critically

analyse the performance of a coupled 1-D population balance framework. The key

parameters against which the model is tested are the ability in predicting the size

and drying characteristics of the experimental results from Chapter 6, a pilot-scale

continuous fluidised bed granulator. The experimental table is repeated below as

Table 7.1 and the model was set to the respective process conditions to attempt to

predict the; size properties, the moisture content of the granule, the product flow rate

out of the granulator and the absolute humidity of the outlet.

7.2 Model Formulation and Validation Strategy

The model is formulated in the same manner as Chapter 5, where the two-compartment

model with recycle framework is used. Excluding the physical properties of the gas,

liquid and particle phases, and the process inputs, the model requires a set of inputs

to initialise. In some cases these parameters require estimation, but, others can be
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Table 7.1: Table of experiments performed on the pilot scale fluidised bed.

Experiment No. Spray rate (kg/hr) Air temperature (°C) Air flow rate (m3/hr)

1 50 85 1300
2 40 85 1300
3 60 85 1300
4 50 75 1300
5 50 95 1300
6 50 85 1200
7 50 85 1400
8 60 75 1200
9 40 75 1200
10 50 75 1200
11 60 75 1300
12 70 75 1300

derived either from literature or by lab-scale experiments. These parameters are listed

on Table 7.2 with the value and acquisition method.

The model has four parameters that require estimation, that is the agglomeration

rate constant, the droplet properties for the spray and the spray bypass ratio; the

gas that is entrained into the spray drying compartment from the bed compartment.

The droplet properties should be measured directly through common techniques such

as laser diffraction, but, given the throughput and the size of the spray nozzle this

is practically difficult. Therefore, the easiest method in this case is to estimate the

properties. Drying properties such as the drying curve and isotherms are necessary to

initialise the drying model, primarily to quantify the relative drying rate. Properties

such as the minimum fluidisation porosity, discharge coefficient and surface asperi-

ties height are values taken directly from literature as recommended, or due to the

relatively low sensitivity on the model outputs.

To estimate the parameters a maximum likelihood estimator is used. This has

particular advantages of considering the standard error relative to multiple exper-

iments in addition to solving dynamic and steady-state problems. The maximum

likelihood objective function is given as Equation 7.1:

χ =
Nexp

2
ln(2) +

1

2
min

NE∑
i=1

NVi∑
j=1

NMij∑
k=1

[
ln(σ2

ijk) +
(z̃ijk − zijk)2

σ2
ijk

] (7.1)
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Table 7.2: Table of parameters to initialise the model excluding physical properties.

Parameter Name Symbol Type Value

Agglomeration rate constant β0 Estimation -
Droplet diameter dd,0 Estimation -

Standard deviation of droplets σd Estimation -
Spray bypass ratio r Estimation -

Contact angle Ψ Experiment 34°
Characteristic drying curve - Experiment -
Critical moisture content Xcr Experiment 0.278

De-sorption isotherm - Experiment -
Minimum fluidisation porosity Literature 0.43(-)

Discharge coefficient Cd Literature 0.5(-)
Surface asperities height h0 Literature 1e-6 (m)

where Nexp is the number of measurements for all experiments, NE the number of

experiments performed, NVi the number of variables measured of the ith experiment,

NMij the number of measurements of the jth variable of the ith experiment, σ2
ijk is

the variance of the kth measurement, z̃ijk is the kth measured value of variable j in

experiment i and zijk is the kth model-predicted value of variable j in experiment i.

To initialise the estimation problem there are three requirements, an initial guess,

a variance model and the experimental inputs. Choosing an initial guess is critical

to the stability of the estimation problem [Barrasso, 2015]. Currently, there are

no any reasonable strategies to choose the initial value. Therefore, a value which

is known to result in a stable solution is chosen for the estimated parameters. A

simple relative variance model is used as this is simple and stable approach. A value

of 5% is used. The size distribution and humidity data of experiment 1 was used

to fit these parameters. The philosophy of only using one experiment for fitting is

paramount to test the model’s ability to provide true predictions of changes in process

parameters. If the model can reasonably predict the other experiments with only one

initial experiment, then this would provide significant cost savings when compared to

other models available in the literature.

Table 7.3 shows the results of the estimation problem. The parameter estima-

tor would result in solutions in more than one decimal point and these values were

rounded up to the closest one decimal point and/or integer as this would result in

a more stable simulation. Another minor point to discuss is that the upper grid

boundary was kept at 800 µm for all simulations except experiments 8 and 11-12 as
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Table 7.3: Initial value and final estimated values

Parameter Name Symbol Initial Value Final Value

Agglomeration rate constant β0 5e-17 s−1 1.5e-16 s−1

Droplet diameter dd,0 180 µm 226 µm
Standard deviation of droplets σd 30 µm 54 µm

Spray bypass ratio r 0.2 0.1 (0.0976) (-)

the growth in these experiments exceeded the maximum value of 800. To avoid the

growth being limited by the grid the upper boundary was set to 1500 µm for these

simulations. In addition, for experiment 11-12 the simulation duration was increased

to 5 hours as this experiment exceeded 4 hours.

Finally, to complete the formulation of the model the physical properties and

parameters necessary to initialise the numerical problem is given by Table 7.4.

7.3 Results & Discussion

Figures 7.1(a)-(k) show the comparison of the key size distribution values, the d10,

d50 and d90. Overall, the model shows good fit the experiments, particularly for the

dynamics and steady-states of the d10 and d50. Generally, the values the d90 show

poor dynamics during the early stages and often exceed the final steady-state value

towards the end. It is clear that the model is overtuned for the growth of large

particles. This could be attributed to the preferential wetting of large particles by

the wetting function ultimately resulting in rapid agglomeration.

This can also be attributed to the numerical method, as the liquid component

is not internally distributed. As growth continues, the liquid which is added is dis-

tributed over the current particle domain, any liquid in the lower particle size grid

also grow towards the final grid where the particles would see more liquid which

would realistically be attainable. As the agglomeration function is dependent on

liquid content, this results in the large particles being larger than measured.

The poor dynamics at the early stages can be explained by the model continuously

discharging granules that have the same distribution as within the bed. This may also

be another aspect of the model which is overtuned as the dynamics of the experiments

show that the large particles have a long residence time initially which allows these

particles to grow quickly before being regularly discharged at the steady-state. The
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Table 7.4: Table of parameters for the continuous fluidised bed model

Parameter Name Symbol Value

Number of size classes N 15 (-)
Grid type - Logarithmic
Lower grid boundary dmin 75 (µm)
Upper grid boundary dmax 800 (µm)
Initial bed mass Mbed 25 kg
Solid composition of the spray xs 0.6 kg/kg
Initial moisture content of the bed xl 0.01 kg/kg
Density of solid phase ρs 1289 kg/m3

Bulk density of solid phase ρbulk 653 kg/m3

Density of liquid phase ρl 1000 kg/m3

Density of gas phase ρg 1.2 kg/m3

Droplet residence time td 2 s
Discretisation points for spray drying Nd 10 (-)
Bed diameter dbed 0.5 m
Initial bed temperature Tb,0 25 ◦C
Inlet spray temperature Tspray,0 25 ◦C
Inlet relative humidity RH0 2 % w/w
Latent heat of evaporation ∆hv 2570 kJ

kg.K

Vapour thermal conductivity λg 0.024 W
m.K

Gas viscosity µg 1e-5 Pa.s
Minimum fluidisation porosity εmf 0.43 (-)
Undersize Screen aperture size - 200 µm
Discharge area A0 0.02 m2 (≈ 10% of plate area)
Range below which the aperture is non-ideal - 100 µm
Simulation duration t 4 hours
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model treats the particle residence times for all particle sizes equally, which means

that the large particles are ejected as quickly as the small particles; which are unlikely

to return to the bed as they are sieved out.

The worst fits are Figures 7.1(h) and (j). The comparison against Figure 7.1(h)

is perhaps unfair as during the experiment the discharge valve was blocked due to

operational error which resulted in the bed being operated as a batch granulator.

This accelerated growth rapidly before collapse. The model demonstrates that ag-

glomeration does occur later during the simulation but the operational aspects of the

are not considered in this case. For Figure 7.1(j) its clear that the model shows slow

growth towards the steady-state which might indicate that some aspects of the model

are over-damped.

The normalised volume density distributions are given by Figures 7.2(a)-(k). Sim-

ilar to the d10, d50 and d90 values, there is good agreement between the model and the

measured density distributions, especially for experiments which did not have exces-

sive agglomeration. This is particularly true for Figures 7.2(h), (j) and (k). The large

particles of the distribution continue to grow to the boundary, whereas the smaller

particles show very little growth across the grid. This again could be a factor relating

to the numerical method having little preference to retain liquid within the smaller

size classes.

The model responds well to all changes in the process parameters. This demon-

strates that a 1-D coupled population balance model, that is frameworked to consider

the relevant mechanisms, is capable of encompassing the mechanistic changes of gran-

ulation and the related process parameters. In some cases this is done well and in

other cases not as well.

The model shows very good accuracy in predicting the absolute humidity of the

exhaust air as shown by Figures 7.3(a)-(k). Generally, the model slight under-predicts

the humidity in most cases.

The experiments show that there isn’t a clear transient increase towards steady-

state, whereas the model jumps to the steady-state almost immediately. This is in

contrast to the growth results which showed that it was over-damped; in this case we

see that the drying is slightly under-damped.

What is re-assuring is that on Figure 7.3(k) we see that as the model switches from

the conditions of experiment 11 to 12 (a shift in spray rate of 60 to 70 kg/hr) that

we see a slight increase in the absolute humidity as a response to a new steady-state.

This is in contrast to Figure 7.1(k) which does not show any significant change in the
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(a) (b)

(c) (d)

(e) (f)
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(g) (h)

(i) (j)

(k)

Figure 7.1: A comparison of the d10, d50 and d90 between the experiment and model
where subfigures (a)-(j) are experiments 1-10 and subfigure (k) is both experiment 11
and 12, where experiment 12 initiates after 224 minutes.
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(a) (b)

(c) (d)

(e) (f)
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(g) (h)

(i) (j)

(k)

Figure 7.2: A comparison of the volume density distribution between the experiment
and model where subfigures (a)-(j) are experiments 1-10 and subfigure (k) shows the
final size distribution of experiment 12
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modelled growth after the change in spray rate. This indicates that the drying model

is well adjusted to the set process conditions.

Figures 7.4(a)-(k) shows how the exhaust temperature compares to the experimen-

tally measured data. At first glance, it seems that the model is offset consistently for

every experiment. This is not surprising considering that the exhaust air goes through

both a pulse jet filter and a baghouse before measurement. We can reasonably expect

heat losses at both these points which would result in a lower experimentally mea-

sured temperature. The model assumes that the exhaust leaves the bed adiabatically.

As part of the future work, a heat loss model should be included if this model is to

be successful in predicting the temperature of the exhaust.

Perhaps the weakest aspect of the model is the prediction of the product flow rate

(as shown on Figures 7.5(a)-(k)). The model is slow to reach steady-state, where the

experimental data shows that steady-state is attained very quickly. When the model

reaches steady-state, the values are close to that of the experiment. This similarly

suggests that the model is over-damped and perhaps an alternative discharge model

should be used to replicate the screw-conveyor used in the experiments.

The comparisons of the predicted moisture content of the granules when compared

to the measurements of experiments 1-8 are shown on Figure 7.6(a)-(f). For some

cases the model shows good agreement, such as on Figures 7.6(a),(d) and (f). The

model otherwise under-predicts on Figures 7.6(b),(e) and (g) whereas it over-predicts

on Figures 7.6(c) and (j).

The inaccuracy can be attributed the spray bypass ratio. For experiments 2 and 3

(Figures 7.6(b) and (c)) we would expect a change in the amount of air which would

bypass the spray zone. As detailed in Section 5, the model is incredibly sensitive

to the granule moisture content with regards to the extent of spray drying. A large

excess of air would lead to significant spray drying and a very dry bed, whereas, a

small bypass ratio would lead to very wet particles in the bed and less overall spray

drying. As the bypass ratio was fixed at a value of 0.1, this did not take into account

the change in spray dynamics as a result of change in spray rate, temperature or

air flow rate. For example, in experiment 2 (Figure 7.6(b)) as the spray is dropped

to 40 kg/hr we would expect less spray coverage and less entrainment of the air.

This would result in smaller value of the bypass ratio, hence less spray drying and

ultimately more wet granules within the bed; which would result in a more accurate

result.

This interaction is in fact a very interesting result. This provides a clear link with

the process dynamics and spray dynamics to the moisture content of the granule, a
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(a) (b)

(c) (d)

(e) (f)
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(g) (h)

(i) (j)

(k)

Figure 7.3: A comparison of the absolute humidity between the experiment and model
where subfigures (a)-(j) are experiments 1-10 and subfigure (k) is both experiment 11
and 12, where experiment 12 initiates after 224 minutes.
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(a) (b)

(c) (d)

(e) (f)
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(g) (h)

(i) (j)

(k)

Figure 7.4: A comparison of the exhaust temperature between the experiment and
model where subfigures (a)-(j) are experiments 1-10 and subfigure (k) is both exper-
iment 11 and 12, where experiment 12 initiates after 224 minutes.
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(a) (b)

(c) (d)

(e) (f)
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(g) (h)

(i) (j)

(k)

Figure 7.5: A comparison of the product flow rate between between the experiment
and model where subfigures (a)-(j) are experiments 1-10 and subfigure (k) is experi-
ment 11 only as no further measurements were made during experiment 12.
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behaviour that isn’t well documented in the current literature.

7.4 Conclusion

Validation of a two-compartment coupled 1-D population balance was performed

against a pilot scale fluidised bed granulator. The model impressively showed ac-

curate changes to growth and drying with changes in the spray rate, the inlet air

temperature and inlet air flow rate - something that the current literature has not

clearly demonstrated.

Growth was generally found to be over-damped as there was poor transience

towards the steady-state. The experimental data showed a very quick approaches

towards steady-state, and when the model attained a steady-state, showed a good

agreement. The growth predictions were weakest at demonstrating the extent of

agglomeration, as growth was heavily favourable for the larger particles, likely a limi-

tation of the wetting model and the numerical framework of a 1-D coupled population

balance model.

The model showed good agreements in predicting the outlet absolute humidity,

however, under predicting the result in most cases. The predicted exhaust tempera-

ture was shown to be offset from that of the experimental data, but, was attributed

to the experimental data having major heat losses through a pulse jet filter and a bag

house. The model treats the exhaust adiabatically, which therefore, made compar-

isons difficult. The predict moisture content showed good agreement in most cases,

however, it was identified that the spray bypass ratio (the extent at which the air

is entrained into the spray drying compartment) held a key role in achieving better

predictions of the moisture content of the bed. Process parameters which would have

a significant influence over the spray dynamics, such as the spray rate, would lead to

different values of the spray bypass ratio. This means that fixing the initial value of

spray bypass ratio was not the appropriate strategy and should have been a variable

which varies between process conditions.

Certainly, the weakest aspect of the model was the prediction for the product

flow rate. The model showed over-damped behaviour and was very slow to reach

a steady-state. The author suggests avoiding a height based discharge model for a

screw-conveyor type product discharge.
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(a) (b)

(c) (d)

(e) (f)
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(g) (h)

Figure 7.6: A comparison of the granule moisture content between the experiment
and model where subfigures (a)-(h) are experiments 1-8 where the upper and lower
error boundaries are shown for each individual figure.
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Chapter 8

Conclusion & Future Work

8.1 Major Conclusions

Through this thesis, a two compartment coupled 1-D population balance model for

a continuous pilot scale fluidised bed granulator is developed. The work integrates

novel aspects such as the particle coating number (following the work of Kariuki et al.

[2013]), in addition to well established methods proposed by Burgschweiger et al.

[1999] to simulate both particle growth and drying. These integrated methods has

led to the formulation of a novel, validated, particle wetting model and agglomeration

model that is useable within a population balance equation.

The model extends the current granulation mechanisms by including spray drying

as part of the framework for granule growth. By compartmentalising the spray and

the bed, a two compartment model is developed which can predict the extent of

spray drying, bulk bed drying and particle growth. The particle growth model is

driven by a coupled 1-D framework which considers internal granule co-ordinates

of the solid composition, liquid content, gas content and the solid content within

the solvent phase. This population balance framework allows for a novel, physically

representative, wetting and agglomeration model to be proposed and implemented.

The wetting model is validated against lab scale data and the agglomeration model

captures key dynamics which experimental studies have suggested, yet current models

have not regularly to demonstrated. By combining the novel population balance

framework with a two-compartment structure and drying, this offers a new model

formulation which captures more dynamics and granulation mechanisms than the

current works of the literature.

A core achievement of the model demonstrates that the particle growth, the drying

and the particle properties are sensitive to all changes of the key process control

parameters, in particular, the mass spray rate, the inlet air temperature and inlet
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air flow rate. This is demonstrated through sensitivity studies and model validation

against experimental data from a continuous pilot scale fluidised bed granulator. The

experiments not only vary the spray rate, inlet air temperature and inlet air flow

rate individually, but also, a varied combination of these parameters. There is good

agreement between the measured outputs and the model despite limitations with

regards to over-damped dynamics. This is very impressive given the breadth of the

experiments which are performed on a pilot scale unit.

The fundamental focus of this thesis is to develop a suitable modelling framework

which physically represents the granulation mechanisms and the fluidised bed process.

The model showed strengths and a few weaknesses. For example, the model struggled

to show rapid growth and collapsing of the particle bed as a result of a large spray

flux. This issue is attributed to the numerical framework of a 1-D coupled population

balance model and the over-tuned nature of the wetting model which would see pref-

erential growth of the larger particles. This leads to a bi-modal distribution which

suggests that the liquid content is swept along the particle grid, which accelerates the

growth of larger particles.

A simple robust methodology was used to describe the bed hydrodynamics. This

provides good results for drying but poor results for predicting the product flow rate.

There is room to improve how the model treats particle flow out of the granulator

8.2 Future Work

While this thesis focuses on developing a computationally cheap population balance

framework, by employing a fully distributed 2-D framework which considers the parti-

cle size and liquid content as key internal co-ordinates will help improve the treatment

of granule growth and drying. With an appropriate wetting function, the bias for large

particles can be subverted towards a bias of the particle flow-state (such as whether

the particle is likely to move into the spray zone or not). This could lead to more

growth of not only large particles but also the smaller particles, a property which a

1-D coupled framework struggles to encompass.

The product discharge model could be improved by using an alternative method.

Instead of using a simple discharge model, this could be expanded into using hybrid

methods such as DEM and/or CFD, or preferentially, a continuous method such

as an analogous CSTR discharge approach. By introducing one of these methods,

the segregation of particles and the prediction of the particle residence times can be

enhanced, though at a much greater computational cost.
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Appendix A

Simplified Analytical Model for
Batch Growth and Drying

This appendix is added as a point of interest which follows from the work of Chapter

3. The analytical model provided here is not novel in its formulation, but rather, an

extension of the work found in Heinrich and Mörl [1999], Salman et al. [2006] and

Mörl et al. [2007] through the use of the particle coating number, φp.

A.1 Introduction

Analytical solutions are valuable in providing immediate heuristic analysis of the

fundamental mechanistic behaviours for a majority of rate processes and phenomena.

Often, the criticisms of analytical solutions is the need to make many sweeping as-

sumptions to develop a solution. This results in overly simplified models which do not

respect the reality of the process. However, due to the almost non-existent compu-

tational costs, stability and sensitivity of the functional parameters can be identified

immediately without arduous computational effort. This provides an easy method

for apriori analysis for process design and optimisation.

A.2 Particle Growth Model

Initial assumptions are made about the system:

• The particle bed is exposed to a two-fluid spray which has some solids mass

fraction of xspray over some residence time t

• The bed is well mixed such that the liquid to solid ratio for particles of all size

classes is fixed.
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• The solid density is constant.

• The drying gas flows through the bed in a plug-flow like manner, where there

is no radial mixing or re-circulation.

To define the initial particle space, it is assumed that the particle distribution is a

vector along the length co-ordinate of some total number of particles, Np, that exists

as a Gaussian distribution of some mean value and standard deviation with a total

length of N gridpoints. This is formally expressed as Equation A.1:

f(dp|µ, σ) =
Np

σ
√

2π
exp
−(dp − µ)2

2σ2
(A.1)

Where Np is the total number of particles within the granulator, σ is the standard

deviation and µ is the mean particle size. It is assumed that the total number of

particles of each size class does not change with time, therefore, the total at t = 0 is

constant.

For a real solution of the growth equation to exist, a simplification must be made

around Equation 3.11 as xLS, the liquid-to-solid ratio, cannot have dependency on

the particle diameter. For a well mixed bed, the liquid-to-solid ratio is defined as

Equation A.2:

xLS =

∫ t
0
Ṁspraydt

Mbed

(A.2)

Where Ṁspray is the spray rate of the two-phase liquid added to the system, Mbed

is the mass of the particle batch within the bed.

Equation 3.10 can be simplified into the following form as Equation A.3 by con-

verting the integral into an equivalent summation:

ddp
dt

=
2σp∑p=N

p=1 npσpApρp
Ṁspray(1− xspray) (A.3)

where σp is the surface coating of the particle, np is the number of particles within

a size class, Ap is the particle surface area, ρp is the particle density, Ṁspray is the

mass flow rate of the spray and xspray is the solids fraction of the spray inlet.

Both sides of the equation can be integrated respectively with the appropriate

limits as shown in Equation A.4:∫ dp

dp0

ddp =

∫ t

0

2σp∑p=N
p=1 npσpApρp

Ṁspray(1− xspray)dt (A.4)
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which results in the explicit form:

dp(t) = dp0 +
2σp∑p=N

p=1 npσpApρp
Ṁspray(1− xspray)t (A.5)

For a constant spray rate the liquid-to-solid ratio of the particle bed can be simply

expressed xLS = Ṁsprayt

Mbed
. By substituting this expression into Equation A.5 the final

form of the model is shown as Equation A.6:

dp(xLS) = dp0 +
2σp∑p=N

p=1 npσpApρp
(1− xspray)MbedxLS (A.6)

which further can be simplified as:

dp(xLS) = dp0 +GxLS (A.7)

Equation A.7 can be rewritten in matrix form as the initial particle size distribu-

tion is a distributed property, this follows as Equation A.8:

dp,1
dp,2

...
dp,i
...

dp,N−1

dp,N


=



dp0,1
dp0,2

...
dp0,i

...
dp0,N−1

dp0,N


+



G1

G2
...
Gi
...

GN−1

GN


xLS i = 1, 2, ... N (A.8)

or

−→
dp =

−→
dp0 +

−→
GxLS (A.9)

This model shows the implication of the liquid-to-solid ratio as being the primary

factor in controlling the growth of a particle within a steady-state bed. If it was

assumed that all the particles within the particle bed were initially all the same size,

σp would eliminate itself from both the numerator and denominator. This solution

would therefore collapse to the same model which Mörl et al. [2007] has initially

proposed.

A.3 Drying Model

To model the drying of the liquid from the surface of the particle an adapted ap-

proach from Heinrich and Mörl [1999] is used and simplified. Here, we replace the
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defined ”wetness” parameter as the fractional coating function, σp, and perform sim-

ilar mathematical processes to form an analytical drying model.

From Heinrich and Mörl [1999] it is possible to define the rate of change of humidity

against the bed height by Equation A.10 assuming no re-circulation of the gas phase:

dY

dz
= βl→g

M̃aPT
RT

σ̄pAsp

Ṁa

(Y ∗ − Y ) (A.10)

where βl→g is the mass transfer coefficient of the solvent to the gas phase, M̃a is

the molecular mass of the gas phase, PT the total internal pressure of the fluidised

bed, R the gas constant, T the temperature of the gas phase, σ̄p the mean fractional

coating of the particle bed, Asp the specific solids surface area of the particle bed, Ṁa

the specific mass flow rate of the gas phase, Y ∗ the equilibrium moisture content of

the gas and Y the humidity of the gas.

Equation A.10 can be made non-dimensional by the appropriate substitution.

Here, ζ = z
L

is chosen resulting in Equation A.11:

dY

dζ
= βl→g

M̃aPT
RT

σ̄pAspL

Ṁa

(Y ∗ − Y ) (A.11)

where L is the total length of the fluidised particle bed. By defining the number

of transfer units as βl→g
M̃aPT
RT

AspL

Ṁa
= NTU , both sides can be integrated as shown by

Equation A.12: ∫ Y

Y0

dY

Y ∗ − Y
dY =

∫ ζ

0

NTUσ̄pdζ (A.12)

where the final result can be expressed by Equation A.13:

Y ∗ − Y (ζ)

Y ∗ − Y0

= e−NTUσ̄pζ (A.13)

The gas temperature as a function of dimensional bed height can be calculated

directly from Heinrich and Mörl [1999] by an enthalpy balance around the system.

This is shown by Equation A.14 assuming steady-state:

T (ζ) =
hg,0 − Y (ζ)∆Hevap

Cp,g + Y (ζ)Cp,e
(A.14)

where the initial gas enthalpy, hg,0, can be further defined as:

hg,0 = Tg,0(Cp,g + Y0Cp,w) (A.15)
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By substituting Equations A.13 and A.15 into Equation A.14 the final result for

the function of gas temperature with dimensionless height is:

T (ζ) =
Tg,0

(Cp,g+Y0Cp,w)

Y ∗−Y0 −∆Hevap(1− e−NTUσ̄pζ)
(Cp,g+Y0Cp,w)

Y ∗−Y0 + Cp,w(1− e−NTUσ̄pζ)
(A.16)

Given that Tg,0 is the initial gas temperature of the fluidisation air, Cp,g is the

specific heat capacity by mass of the gas, Cp,w is the specific heat capacity of the

solvent, ∆Hevap is the enthalpy of evaporation of the solvent and the other parameters

are previously defined.

Finally, the average value of the gas humidity and temperature can be determined

by taking the integral bounded by the dimensionless height over Equations A.13 and

A.16. The explicit results are shown as Equations A.17a and A.17b:

Ȳ = Y ∗ − (Y ∗ − Y0)

NTUσ̄p
(1− e−NTUσ̄p) (A.17a)

T̄ =
1

NTUσ̄p

(∆Hevap

Cp,w
+
C2

C3

)
ln
[Cp,we−NTUσ̄p − C3

Cp,w − C3

]
+
C2

C3

(A.17b)

where the constants are C1 = (Cp,g+Y0Cp,w)

Y ∗−Y0 , C2 = Tg,0C1 − ∆Hevap and C3 =

C1 − Cp,w as suggested in Salman et al. [2006] and Mörl et al. [2007].

A.4 Specific Mass Flowrate of Solvent

To determine the fraction of solvent evaporated a simple mass balance is conducted

around the bed. Assuming steady-state and no backflow of gas, the mass balance can

be written as Equation A.18:

ṁa(Y (ζ = 1)− Y0) = Ṁsprayxspray (A.18)

where ṁa is the mass flow rate of the air and the other parameters previously

identified. By substituting Equation A.13 into EquationA.18 the specific mass flow

rate of solvent can be determined and shown as Equation A.19:

Ṁw =
Ṁsprayxspray
ṁa(Y ∗ − Y0)

= 1− e−NTUσ̄p (A.19)
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Table A.1: Table of parameters

Parameter Name Symbol Value

Liquid-to-Solid Ratio xls 0.05-1 kg/kg
Granulator volume Veq 0.1 m3

Number of size classes N 50
Mean particle size µ 350 µm
Standard deviation σ 50 µm
Initial solid composition xs 1 kg/kg
Initial liquid composition xl 0 kg/kg
Density of solid phase ρs 1300 kg/m3

Density of liquid phase ρl 1000 kg/m3

Density of gas phase ρg 1.2 kg/m3

Droplet diameter dd 15-100 µm
Solid composition of the spray xspray 0.5 kg/kg
Contact angle θ 30-60◦

Specific heat capacity of the gas Cp,g 1 kJ/kgK
Specific heat capacity of the solvent Cp,w 2 kJ/kgK
Enthalpy of evaporation ∆Hevap 2300 kJ/kg
Inlet gas humidity Y0 0.01 kg/kg
Saturation gas humidity Y ∗ 0.0536 kg/kg
Inlet gas temperature T0 150 C
Number of transfer units NTU 1-6 (−)

A.5 Model Parameters

Table A.1 provides the model parameters used to study the outputs of the analytical

model.

A.6 Parametric Study

Figure A.1 shows how the mean particle size and the size distribution varies with the

liquid-to-solid ratio of the fluidised bed. The mean particle size shows linear depen-

dence with the liquid-to-solid ratio where there is some non-linearity with regards to

the coating number. At larger droplet diameters, the growth rate at lower liquid-

to-solid ratios is lower which agrees with Section 3.4 which showed similar results

with respect to contact angle. The size distribution also shows linear behaviour such

that f(dp0, 0) is a translation along the size co-ordinate for f(dp0 − GxLS, xLS). As

the liquid-to-solid ratio increases, the velocity from initial distribution is constant,
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(a) (b)

Figure A.1: (a) the volume based mean granule size against liquid-to-solid ratio at
multiple droplet diameters at and (b) the particle size distribution for varying liquid-
to-solid ratios for droplet properties of dd = 15µm and θ = 30◦.

indicating that growth for all size classes is not size dependent. Linear growth is

fundamentally true only under ideal conditions, particularly for large liquid-to-solid

ratios. Realistically, agglomeration and breakage would be occurring simultaneously

where non-linear growth can be observed. However, in certain cases for low liquid-

to-solid ratios linear growth can be observed as found by Rieck et al. [2015].

Figure A.2 shows how the mean coating fraction varies with liquid-to-solid ratio

at varying droplet diameters and contact angles. The most prominent difference is

found on A.2a where for a 15µm droplet the necessary liquid-to-solid ratio is roughly

0.12, but, for a 100µm droplet it is a 5-fold increase. With an increase in droplet

diameter, the number of droplets decreases greatly. As the coating number, φp, is

derived on the basis of a Bernoulli trial; the lower the number count of droplets, the

lower the N number of stochastic interactions. Hence, poorer surface coating.

Figure A.2 shows with an increase of contact angle the overall coating of the

particle bed decreases. The surface spreading of the droplet decreases with an increase

in the contact angle, so the area covered per droplet decreases as a result.

In a practical scenario, the droplet diameter should be minimised as much as

reasonably possible if complete surface coating is desired. The contact angle is often

a formulation dependent property, which from a process control point-of-view, cannot

be controlled.

The key gas properties during drying are shown on Figure A.3 for varying droplet

diameters. At the individual boundaries of xLS = 0 and ζ = 0 the gas temperature

sits at the initial value indicating that the solution sits at the boundaries reasonably.
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(a) (b)

Figure A.2: (a) the mean coating fraction of the particle bed for varying droplet sizes
(b) for varying contact angles

This statement also stands true for the gas humidity.

With an increase in the droplet diameter the curvature of the surface plots along

the liquid-to-solid ratio increases for both the gas temperature and humidity. This

is because the surface coating of the particles reduce the effective surface area of

drying, hence, the drying potential at lower to liquid-to-solid ratios decreases. This

becomes more prominent at larger droplet diameters due to the overall lower coating

values. Once a surface coating of 1 is attained, the drying is then dominated by the

exponential behaviour across the bed height. This is quite beneficial, as it indicates

that the most energetically stable value for drying is when the particle surface area

is entirely covered by liquid. This maximises drying and therefore should considered

as a design point for process design.

The mean gas temperature and humidity are shown on Figure A.4. With an

increase in the number of transfer units, the greater the extent of drying. As a result,

the gas temperature reaches an asymptote at a lower value, where in reverse, the

humidity at a higher. At higher NTU’s, the solution approaches some critical value

which is limited by the mass balance of the system; as it is not possible to dry more

than the available liquid within the system. This indicates a limit for the value of the

NTU before the model becomes unrealistic. In a practical application, the number of

transfer units is generally an unknown value as the mass transfer coefficient is specific

to the product formulation and the drying medium among other equipment related

properties.

The fraction of solvent evaporated is determined by the specific mass flow of

solvent as shown on Figure A.5. As the liquid-to-solid ratio increases the specific
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(a) (b)

(c) (d)

(e) (f)

Figure A.3: (a)(c)(e) show the surface plot of the gas temperature against the di-
mensionless height, ζ, and liquid to solid ratio for varying droplet diameters where
(a) dd = 15µm, (c) dd = 60µm, (e) dd = 100µm and (b)(d)(f) show the surface plot
of the gas humidity against the dimensionless height, ζ, and liquid to solid ratio for
varying droplet diameters where (b) dd = 15µm, (d) dd = 60µm, (f) dd = 100µm. All
simulations were performed at NTU = 1.
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(a) (b)

Figure A.4: (a) the mean gas temperature of the bed against the liquid-to-solid ratio
for varying number of transfer units (b) the mean humidity of the bed against the
liquid-to-solid ratio for varying number of transfer units.

Figure A.5: The specific mass flow of the solvent against the liquid-to-solid ratio for
varying transfer units.

mass flow approaches a constant. This is again due to the system approaching a

surface coating of 1, where drying is the most energetically stable. With an increase

in the NTU the specific mass flow approaches a value close to 1, where clearly, is

unrealistic as this would imply that all the solvent is evaporated prior to the spray

interacting with the particle bed.

A.7 Conclusions

By establishing a set of assumptions around the particle bed, the model was simplified

to form a batch growth and drying model. With increasing xLS growth was shown

to increase linearly where the final distribution of the particle was a translation by
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f(dp0−GxLS). Similarly, to the numerical model the surface coating showed minimal

effect on the particle growth. Drying was found to be strongly related to the surface

coating of the particle, where the most energetically stable point was at a surface

coating σp = 1. It is advised that when designing a fluid-bed process for simultaneous

drying and growth, achieving a surface coating of 1 would be optimal. The number

of transfer units, NTU , was found to also show a strong relationship with the drying.

An NTU of greater than 4 showed unrealistic behaviour where the spray would dry

before interacting with the bed. If process designers find that their experimental

data is showing a value of 4 or greater then this would be indicative of errors in

methodology or experimentation.
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Appendix B

Calculating the Bubble Phase
Properties of a Fluidised Bed

From Kunii and Levenspiel [1991] the minimum fluidisation velocity of the particle

bed for a distribution is calculated by Equation B.1:

1.75

ε3mfφs

(
d3,2umfρg

µg

)2

+
150(1− εmf )

ε3mfφ
2
s

(
d3,2umfρg

µg

)
=
d2

3,2ρg(ρs − ρg)g
µ2
g

(B.1)

where umf is the minimum fluidisation velocity for particle, εmf is the minimum

bed porosity, φs is the shape factor of the particle, d3,2 is the sauter mean diameter

of particle, ρg is the gas density, µg is the fluidisation gas viscosity, ρs is the particle

density and g the gravitational constant.

The minimum fluidisation velocity allows for the calculation of the initial bubble

diameter at the orifice. This is expressed as Equation B.2:

db0 =
2.78

g
(u0 − umf ) (B.2)

where uo is the superficial gas velocity through the inlet and umf is the minimum

fluidisation velocity of the bulk.

The superficial gas velocity this is calculated by Equation B.3:

u0 =
Q̇g

Abed
(B.3)

where Abed is the area of the distributor plate and Q̇g is the volumetric flow rate

of the fluidisation air.

The limiting bubble diameter can be estimated by Equation B.4:

178



dbm = 0.65

[
Abed(u0 − umf )

]0.4

(B.4)

If linear growth of the bubbles is assumed across the length of the bed, the average

bubble diameter across the height of the bed can be estimated by Equation B.5:

d̄b = dbm −
(dbm − db0)dbed

3Hbed

{
exp

(
−3Hbed

dbed

)
− 1

}
(B.5)

where dbed is the average diameter of the fluidised bed vessel and Hbed is the

height of the particle bed. If it is then assumed that the bubble velocity is only the

component of it’s rise velocity, then the overall bubble velocity can be estimated by

Equation B.6:

Ub = 0.711(gd̄b)
0.5 (B.6)
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Appendix C

Analytical Solution to the
Agglomeration Number in
Fluidised Beds

The agglomeration number provides a quantitative approach to determine whether

agglomeration is the dominant mechanism within a granulation process. Formally,

the agglomeration number takes the form of Equation C.1:

AN =
1

2N

∫ ∞
0

ηeff (dp, d
′
p, t)Stcond(dp, d

′
p, t)ddp (C.1)

where a double integral is solved across the functions, ηeff and Stcond for the

particle size of interest and any associated particles in which it may agglomerate

with.

Practically, Equation C.1 only has value within computational simulations as solv-

ing the double integral for a dynamic bed is time-consuming and impractical; not of

any value for apriori design of equipment. Analytical forms are cheap and quick, and

provide a quick approach to attain insight. An analytical form of Equation C.1 can

be derived, given that a few assumptions are made of the particle bed. These follow

as:

1. The particle bed is mono-sized.

2. The bed is well-mixed.

3. All particles within the bed receive equal amounts of liquid from the spray.

4. The dominant growth mechanism leading to agglomeration is wetting only.

5. The number of particles before agglomeration does not change.
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From these assumptions we can simplify Equation C.1 to a linear form as Equation

C.2:

AN =
1

2
ηeff (dp, t)Stcond(dp, t) (C.2)

where ηeff is the wetting probability factor and Stcond is the Stokes condition of

the particle. Given that assumptions two and three hold, we can expand ηeff as a

function of the surface wetting assuming wet-wet collisions only:

ηeff = 2f(1− f) + f 2 (C.3)

which simplifies to

ηeff = 2f − f 2 (C.4)

where f is the surface coating of the particles in the bed. We can expand f in

terms of the particle coating number, which results in Equation C.5:

ηeff = 2(1− e−φp)−
(
1− e−φp

)2
(C.5)

which simplifies to Equation C.6:

ηeff = 1− e−2φp (C.6)

where φp is the particle coating as shown by Equation C.7:

φp(dp, t) =
6xLSad
πd3

dρdASA
(C.7)

where xLS is the single particle liquid mass fraction -to-solid ratio, ad is the droplet

contact area, dd is the droplet diameter from the spray, ρd is the droplet density and

ASA is the specific area of the particle.

We substitute Equation C.7 into Equation C.6 and collect terms where appropri-

ate, we get Equation C.8:

ηeff = 1− e−12C1
ṁspray
Mbed

t
(C.8)

where C1 is:

C1 =
ad

πd3
dρdASA

(C.9)
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Equation C.8 provides the complete expansion of ηeff which can be substituted

into Equation C.2, but before doing so, we need to expand Stcond into an analytical

form.

We take the definition of Stcond as Equation C.10:

Stcond =

{
1 Stv < Stcrit

0 Stv < Stcrit
(C.10)

where Stv is the viscous Stokes number of the particle and Stcrit is the critical

Stokes number which are given as Equations C.11 and C.12:

Stv =
8ρpUcdp(t)

9µl
(C.11)

and

Stcrit = 2 ln

(
h

h0

)
(C.12)

We can convert Equation C.10 into a continuous form by taking a hyperbolic

analogy for the case structure. This follows as Equation C.13:

Stcond = 0.5− 0.5 tanh [A (Stcrit − Stv)] (C.13)

where A is some arbitrarily large number, for example, 1 × 106. Substituting

Equations C.11 and C.12 into Equation C.13 we get the explicit form as Equation

C.14:

Stcond = 0.5− 0.5 tanh

(
A

[
2 ln

(
h

h0

)
− 8ρpUcdp(t)

9µl

])
(C.14)

We can generalise h and dp(t), the liquid layer of the particle and particle diameter,

by an analytical growth model. Given that assumption four holds true and we set

the surface asperities height, h0, to be 1% of the initial particle diameter, the height

of liquid and particle diameter can be calculated by the analytical model found in

Section 3 as Equations C.15 and C.16.

h =
2ṁspray

[
(1− xw) + xw

(
1− e−NTU×f

)]
ρpnAp

t (C.15)

and

dp(t) = dp,0 +
2ṁspray

[
(1− xw) + xw

(
1− e−NTU×f

)]
ρpnAp

t (C.16)
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where xw is the liquid fraction of the spray, NTU is the number of transfer units

which is equal to NTU = βl→g
M̃aPT
RT

AspL

Ṁa
and n is the number of particles in the bed.

Equations C.15 and C.16 can be simplified by substituting n = Mbed

ρp
π
6
d3p

and collecting

terms where appropriate to form Equations C.17 and C.18:

h =
8ṁspraydp,0C2

3Mbed

t (C.17)

and

dp(t) = dp,0 +
8ṁspraydp,0C2

3Mbed

t (C.18)

where C2 is Equation C.19:

C2 =
[
(1− xw) + xw

(
1− e−NTU×f

)]
(C.19)

Substituting Equation C.17 and C.19 into Equation C.14 we can achieve the final

analytical form of Stcond as Equation C.20:

Stcond = 0.5− 0.5 tanh

(

A

[
2 ln

(
0.08ṁspraydp,0C2

3Mbed

t

)
−
(

8ρpUcdp0
9µl

+
192ρpUcµlṁspraydp,0C2

Mbed

)])
(C.20)

and finally, combining Equations C.20 and C.8 we find the overall form of the

agglomeration number as Equation C.21:

AN =
1− e−12C1

ṁspray
Mbed

t

4
− 1− e−12C1

ṁspray
Mbed

t

4
× tanh

(

A

[
2 ln

(
0.08ṁspraydp,0C2

3Mbed

t

)
−
(

8ρpUcdp0
9µl

+
192ρpUcµlṁspraydp,0C2

Mbed

t

)])
(C.21)
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Appendix D

Pilot Plant Raw Data

The pilot plant raw data is stored as excel files on a encrypted hard-drive. This hard-

drive is managed by the Particle Technology Group at the University of Sheffield. If

the reader wishes to have access of the raw data please contact Dr. Rachel Smith

(rachel.smith@sheffield.ac.uk) and Prof. James Litster (james.litster@sheffield.ac.uk).
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